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Preface

It is well realized that ‘Geotechnical Engineering is an engineering science but its practice is an

art!’ Foundations are essential interfaces between the superstructure and the supporting soil at

the site of construction. Thus they have to be designed logically to suit the loads coming from

the superstructure and the strength, stiffness and other geological conditions of the supporting

soil.With an enormous increase in construction activities all over theworld, structures and their

foundations have become very sophisticated while the supporting soil has to accommodate

these variations and complexities. This book focuses on the analysis and design of foundations

using rational as well as conventional approaches. It also presents structural design methods

using codes of practice and limiting state design of reinforced concrete (RCC) structures.

This book was evolved from the courses on Foundation Engineering taught by the author

formerly in the Indian Institute of Technology Kanpur, India and presently in the School of

Engineering and IT, Universiti Malaysia Sabah, Kota Kinabalu, Malaysia. Accordingly, the

contents of the book are presented in a user-friendly manner that is easy to follow and practice.

Contents

The book consists of 12 chapters plus appendices. Chapters 1–3 present the engineering

properties, tests and design parameters needed for the analysis and design of foundations.

Chapter 4 discusses the conventional and rational approaches for designing different types of

shallow foundations, including rafts. Methods for exact solutions using beams and plates on

elastic foundations are presented in Chapter 5. Numerical methods of analysis such as finite

difference method (FDM) andmethods of weighted residuals (Galerkin, least squares, etc.) are

discussed in Chapter 6. The finite element method (FEM) for foundation analysis is explained

in Chapter 7. The design criteria for shallow foundations are presented in Chapter 8 while

actual design principles are given in Chapter 12 along with structural design details. Chapter 9

discusses the design and construction of deep foundations such as piles, large diameter drilled

piers, pile raft systems and non-drilled piers/caissons. The construction aspects and design of

pile foundations are presented in Chapter 10. The principles of machine foundation design are

discussed in Chapter 11. Chapter 12 summarizes the important provision of RCC design codes

and comparative features of commonly used codes such as the Indian Code, Euro Code, and

ACI Code. Asmentioned earlier, detailed examples of structural design of shallow foundations

are also given in this chapter.



Special Features

Every effort has been made to include the background material for easy understanding of the

topics being discussed in the text. Both conventional and rational approaches to analysis and

design are included. For example, the provision of RCC codes, pile design and construction,

vibration theory and construction practices, as well as tests for obtaining the design parameters

are included in the respective chapters. Examples of structural design of foundations are also

discussed in detail. Comparative features of different RCC codes relevant to foundation design

are also examined to help designers. In addition, several examples have been worked out to

illustrate the analysis and design methods presented. Also, assignment problems are given at

the end of each chapter for practice.

The author hopes that this book will be a very useful resource for courses on Foundation

Engineering and Design, Soil-Structure Interaction, and so on, at undergraduate as well as

postgraduate levels, besides being helpful to research, development and practice.

N. S. V. Kameswara Rao

January, 2010
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1

Introduction

1.1 Foundations, Soils and Superstructures

Foundations are essential to transfer the loads coming from the superstructures such as

buildings, bridges, dams, highways, walls, tunnels, towers and for that matter every engineer-

ing structure. Generally that part of the structure above the foundation and extending above the

ground level is referred to as the superstructure. The foundations in turn are supported by soil

medium below. Thus, soil is also the foundation for the structure and bears the entire load

coming fromabove.Hence, the structural foundation and the soil together are also referred to as

the substructure. The substructure is generally below the superstructure and refers to that part

of the system that is below ground level. Thus, the structural foundation interfaces the

superstructure and the soil below as shown in Figures 1.1 and 1.2. The soil supporting the

entire structure above is also referred to as subsoil and/or subgrade. For a satisfactory

performance of the superstructure, a proper foundation is essential.

Themanmade superstructures or facilities/utilities are expected to becomevery intricate and

complex depending on creativity, architecture and infinite scope inmodern times. However, the

soil medium is mother earth which is a natural element and very little can be manipulated to

achieve the desirable engineering properties to carry the large loads transmitted by the

superstructure through the interfacing structural foundation (which is usually referred to as

the foundation). Further, almost all problems involving soils are statically indeterminate

(Lambe and Whitman, 1998) and soils have a very complex behavior, as follows:

1. Natural soilmedia are usually not linear and do not have a unique constitutive (stress–strain)

relationship.

2. Soil is generally nonhomogeneous, anisotropic and location dependent.

3. Soil behavior is influenced by environment, pressure, time and several other parameters.

4. Because the soil is belowground, its prototype behavior cannot be seen in its entirety and has

to be estimated on the basis of small samples taken from random locations (as per provisions

and guidelines).

5. Most soils are very sensitive to disturbances due to sampling. Accordingly, their predicted

behavior as per laboratory samples could be very much different from the in situ soil.

Foundation Design: Theory and Practice         N. S. V. Kameswara Rao
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Thus, foundation design becomes a challenging task to provide a safe interface between

the manmade superstructure and the natural soil media whose characteristics have limited

scope for manipulation. Hence, the above factors make every foundation or soil problem very

unique which may not have an exact solution.

Figure 1.1 Building with spread foundations.

Figure 1.2 Superstructure with pile foundations.

2 Foundation Design



The generally insufficient and conflicting soil data, selection of proper design parameters

for design, the anticipated mode for design, the perception of a proper solution and so on

require a high degree of intuition – that is, engineering judgment. Thus, foundation engineering

is a complex blendof soilmechanics as a science and its practice through foundation engineering

as an art. This may be also referred to as geotechnique or geotechnical engineering.

1.2 Classification of Foundations

Foundations are classified as shallow and deep foundations based on the depth atwhich the load

is transmitted to the underlying and/or surrounding soil by the foundation as follows.

1.2.1 Shallow Foundation

A typical shallow foundation is shown in Figure 1.3(a). IfDf /B� 1, the foundations are called

shallow foundations, where Df ¼ depth of foundation below ground level, and B ¼ width of

foundation (least dimension). Common types of shallow foundations are continuous wall

footing, spread footing, combined footing, strap footing, grillage foundation, raft or mat

foundation and so on. These are shown in Figure 4.2.

All design and analysis considerations of shallow foundations are discussed in Chapters 4–8

and 12. The shallow foundations are thus used to spread the load/pressure coming from the

column or superstructure (which is several times the safe bearing pressure of supporting soil)

horizontally, so that it is transmitted at a level that the soil can safely support. These are used

when the natural soil at the site has a reasonable safe bearing capacity, acceptable compress-

ibility and the column loads are not very high.

Figure 1.3 Shallow and deep foundations.
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1.2.2 Deep Foundations

A typical deep foundation is shown in Figure 1.3(b). If Df /B� 1, the foundations are called

deep foundations such as piles, drilled piers/caissons, well foundations, large diameter piers,

pile raft systems. The details of analysis and design of such foundations are discussed in

Chapters 9 and 10.

Deep foundations are similar to shallow foundations except that the load coming from

columns or superstructure is transferred to the soil vertically. These are used when column

loads are very large, the top soils are weak and the soils with a good strength and compress-

ibility characteristics are at a reasonable depth below ground level. Further, earth retaining

structures are also classified under deep foundations.

Foundations can be classified in terms of the materials used for their construction and/or

fabrication. Usually reinforced concrete (RCC) is used for the construction of foundations.

Plain concrete, stone and brick pieces are also used forwall footingswhen the loads transmitted

to the soil are relatively small. Engineers also use other materials such as steel beams and

sections (such as in grillage foundations and pile foundations), wood as piles (for temporary

structures), steel sheets (for temporary retaining structures and cofferdams) and other

composite materials.

Sometimes, these are also encased in concrete depending on the load and strength

requirements (Bowles, 1996; Tomlinson, 2001).

1.3 Selection of Type of Foundation

While engineering judgment and cost play a very important role in selecting a proper

foundation for design, the guidelines given in Table 1.1 can be helpful (please see also

Chapters 4–12).

1.4 General Guidelines for Design

Following broad guidelines may be useful for foundation design and construction, depending

on site.

1. Footings should be constructed at an adequate depth below ground level to avoid passive

failure of the adjacent soil by heaving.

2. The footing depth should be preferably below the zone of seasonal volume changes due to

freezing, thawing, frost action, ground water and so on.

3. Adequate precautions have to be taken to cater for expansive soils causing swelling pressure

(upward pressure on the footing).

4. The stability of the footing has to be ensured against overturning, sliding, uplift (floatation),

tension at the contact surface (base of the footing), excessive settlement and bearing

capacity of soil.

5. The foundation needs to be protected against corrosion and other harmfulmaterials thatmay

be present in the soil at site.

6. The design should have enough flexibility to take care ofmodifications of the superstructure

at a later stage or unanticipated site conditions.
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1.5 Modeling, Parameters, Analysis and Design Criteria

All practical problems need to be reduced to physical models and behavior represented by

corresponding analytical equations. The physical parameters of the system form the inputs in

the mathematical equations for computing the responses. The models used should be simple

enough that the physical parameters needed for computations are accurately and reliably

determined using inexpensive test procedures. For example, in a foundation–soil system, the

foundation can be modeled as rigid, while the soil may be assumed to be elastic. The physical

parameters needed in such a model are the elasticity parameters of the soil, that is. Young’s

modulus of elasticity, E, and Poisson’s ratio, v, of the soil. Naturally E and n have to be

Figure 1.4 Soils of India. (Adapted from B.K. Ramiah and L.S. Chickanagappa, Soil Mechanics

and Foundation Engineering, p. 3 (Figure 1.1), Oxford and IBH Publishing Co., New Delhi, India.

� 1981.)
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accurately determined for the soil under consideration as they will be needed for the

computation of the responses of the system. Thus modeling, evaluation of parameters and

analysis are closely linked and the solutions obtained are highly dependent on all these aspects.

The responses thus obtained have to be judged using appropriate design criteria specified

either by codes or evolved from practice and/or experience.

The design process necessarily has two vital components, namely the methods of analysis

and experimental data which have to be integrated with them to yield accurate results.

However, both the methods and data depend entirely on the mechanism chosen for mathemat-

ical idealization of the system components. At this juncture, engineering judgment and

experience is very useful. It may be noted that optimum accuracy in analysis and design can

be achieved only by properly matching the data and analytical methods used. It is also obvious

that any improvement in the data alone or any sophistication in the analytical methods alone

can even reduce the accuracy of the results/predictions (Lambe, 1973).

1.6 Soil Maps

Most countries have prepared maps of soil deposits, based on the geological and geotechnical

data available. These are very useful for a quick assessment of the project and its requirements.

A map of soil deposits in India is given in Figure 1.4 (Ramiah and Chickanagappa, 1981).
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2

Engineering Properties of Soil

2.1 Introduction

The physical and engineering properties of soil are necessary for foundation design, as all loads

are ultimately supported by the soil media and occasionally by rock medium if present at the

site. For engineering applications, soils include all earth materials, organic and inorganic,

present in the zone overlying the rock crust of the planet earth.

This chapter presents the engineering properties of soils relevant to foundation design, such

as simple soil properties, strength and compressibility characteristics and so on. The laboratory

and field tests necessary to evaluate the parameters are also discussed briefly.

However, for more detailed discussion, one may refer to classical and recent books on Soil

Mechanics, Geotechnical Engineering, and Foundation Engineering, such as Terzaghi (1943),

Taylor (1964), Terzaghi and Peck (1967), Ramiah and Chickanagappa (1981), Shamsher

Prakash and Sharma (1990), Cemica (1994), Coduto (2001), Tomlinson (2001), Das (2002,

2007) Reese, Isenhower and Wang (2005), Budhu (2006), Salgado (2007). In the case of

foundations on rock, the relevant properties of rock have to be studied, as discussed in standard

rock mechanics books, such as Goodman (1989), Brady and Brown (2006), Jaeger and Cook

(2007).

2.2 Basic Soil Relations

Soil is formed by the weathering of parent rock as a continuous geological process. It may be

identified broadly as residual and/or transported. Residual soils are formed due toweathering of

parent rock at its present location. Usually such soils consist of angular grains of different sizes.

Residual soils are considered good for supporting a foundation. Transported soils are those that

are formed at one location and are transported to their present location by nature, that is, wind,

water, ice or gravity. They are of poor quality and are fine grained with low strength and high

compressibility.

Thus, soils consist of irregular shaped particles of different sizes and shapes, that is, solids. In

addition, there are voids between these particles (pores), which may be filled partly or fully by

Foundation Design: Theory and Practice         N. S. V. Kameswara Rao
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air and water. Thus, the soil mass can be symbolically represented as a three phase material, as

shown in Figure 2.1.The various parameters shown in the figure are defined as follows

V, W ¼ total volume and weight of soil mass respectively

Vs, Ws ¼ volume and weight of soil solids respectively

Vw, Ww ¼ volume and weight of water respectively

Vg ¼ volume of gas.

Vv ¼ Vw þ Vg ¼ volume of voids

V ¼ Vv þ Vs

W ¼ Ws þ Ww

ð2:1Þ

The basic parameters used in geotechnical engineering studies are void ratio, e, porosity, n,

water content, w and degree of saturation, S. These are defined as follows

e¼ Vv

Vs

¼ n

1� n

n¼ Vv

V
¼ e

1 þ e

w ¼ Ww

Ws

S¼ Vw

Vv

ð2:2Þ

Besides these parameters, the unit weights of the soil mass and its variations with changes in

water content are important and they can be expressed as follows

gt ¼ bulk=total unit weight ¼ W

V
¼ G þ Se

1 þ e
gw

gs ¼ unit weight of soil solids ¼ Ws

Vs

gw ¼ unit weight of water ¼ Ww

Vw

ð2:3Þ

Figure 2.1 Representation of soil as a three-phase material.
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where G ¼ specific gravity of soil solids, which varies between 2.65 and 2.85 for the

majority of soils.

It can be shown from Equation (2.2) that, for a soil mass

Se ¼ wG ð2:4Þ
Hence

gt ¼ G þ Se

1 þ e
gw ¼ Gð1 þ wÞ

1 þ e
gw ¼ 1 þ w

1 þ e
gs ð2:5Þ

When layers of soils are submerged due to ground water present at site, then the soil mass in

saturated and is subjected to buoyancy. Accordingly, we can define

gsat ¼ saturated unit weight ¼ G þ e

1 þ e
gw ðsince S ¼ 100% ¼ 1Þ

gsub ¼ submerged unit weight ðbuoyant unit weightÞ ¼ gsat�gw ¼ G�1

1 þ e
gw

gdry ¼ dry unit weight ¼ G

1 þ e
gw ðsince S ¼ w ¼ 0 for dry soilsÞ

ð2:6Þ

All these soil properties are routinely determined by standard laboratory tests and also by field

tests (Lambe, 1951; Taylor, 1964).

2.2.1 Grain Size Distribution

Grain size distribution (GSD) is also a basic soil property which affects its engineering

properties considerably and is used in most soil classification systems. Mechanical sieve

analysis is used to determine the grain size distribution of coarse grained soils such as sands. For

fine grained soils, hydrometer analysis is used for determining the distribution of grain size

(Lambe, 1951; Taylor, 1964) as grain sizes less than 0.074mm (sieve size No. 200 BS and US)

are the smallest sizes that are visible to the naked eye and can be mechanically sieved. Typical

sieve sizes used for sieve analysis of coarse grained soils are given in Table 2.1.

Table 2.1 Sieve sizes.

United States British Standard German DIN French

Sieve no. mm Sieve no. mm Sieve no. mm Sieve no. mm

4 4.76 — — —

10a 2.00 8a 2.057 — 34a 2.000

20 0.841 16 1.003 — 31 1.000

30 0.595 30 0.500 500 0.500 28 0.500

36b 0.422 400b 0.400 27b 0.400

40b 0.420 — — —

50 0.297 52 0.295 — —

60 0.250 60 0.251 250 0.250 25 0.250

80 0.177 85 0.178 160 0.160 23 0.160

100 0.149 100 0.152 125 0.125 22 0.125

200 0.074 200 0.076 80 0.080 20 0.080

270 0.053 300 0.053 50 0.050 18 0.050

aLimit between sand and gravel.
bFor Atterberg’s limits.
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Also typical grain size distribution curves are shown in Figure 2.2. If the curve is smooth and

is spread evenlywith almost constant slope as shown in curve 1, it is called awell graded soil. If

the slope of the curve is wavy as shown in curve 2, it is called poorly graded. If the curve has

very steep slopewith most of the soil particles being of almost same size as shown in curve 3, it

is called uniformly graded soil. A commonly acceptedmethod to express the general features of

the GSD curve is due to Hazen (Taylor, 1964) which uses the grain sizes D10 and D60

(respectively, diameter finer than 10 and 60%) to define the uniformity coefficient, cu as

cu ¼ D60

D10

ð2:7Þ

where D10 ¼ effective size which is used in several engineering applications such as in

permeability studies. For example, Hazen’s formula (Taylor, 1964) for the coefficient of

permeability, k in filter sands is

k ¼ 100D2
10 ðusing units of centimeters and secondsÞ ð2:8Þ

GSD curves are used in almost all soil classification systems, as shown in Figures 2.3 and 2.4. A

typical classification system of soils using grain sizes of particles is given in Table 2.2 (Das,

2007), besides the ones shown in Figures 2.3 and 2.4.

The general names given to various soils in the above table and figures convey additional

information about their engineering behavior. For example, clays are cohesive with plasticity.

Figure 2.2 Typical grain size distribution curves.

Figure 2.3 Classifications based on grain size (inmm).
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The cohesion of the clay is represented by c. Similarly, sands and gravel are nonplastic with

only frictional properties represented by angle of internal friction, j. Silts have low plasticity

and have cohesion and very low friction. These soils can be identified by simple tests like the

dispersion test, shaking test and rolling test (Taylor, 1964).

2.2.2 Plasticity and the Atterberg’s Limits

Plasticity (mainly in clays or cohesive soils) is a predominant feature of fine grained soils such

as clays or cohesive soils. It is defined as the ability of the material or soil to undergo

Figure 2.4 United States Bureau of Soils triangular classification chart.

Table 2.2 General classification of soils.

Soil type Grain size (mm)

Unified AASHTO

Gravel 75–4.75 75–2

Sand 4.75–0.075 2–0.05

Silt <0.075 0.05–0.002

Clay <0.075 <0.002

Engineering Properties of Soil 13



deformation/distortion/change of shape without rupture or crack. Water content affects the

physical properties of clays. Atterberg (Taylor, 1964) proposed a series of tests for determining

these effects which are known as Atterberg Limits (also referred to as Consistency Limits). A

lot of useful empirical formulae have been developed over the years to correlate these limits to

strength, compressibility and other important engineering properties of the soil. These are

simple tests and are routinely conducted in the laboratories and throw lot of information on the

soil for soil mechanics and foundation engineering applications. The Atterberg limits are

shown in Figure 2.5.

These are briefly explained below depending on their physical state as functions of water

content. If a lot of water is added to a clayey soil, it may start flowing and behave like a

semiliquid state. The limit at which the soil behaves like a semiliquid is called the liquid limit

(LL). This is determined in the laboratory by Casagrande’s LL device and is defined as the

water content at which a groove closure of 12.7mm occurs at 25 standard blows.

If the soil is dried gradually, it behaves in a plastic, semi solid or solid state. The limit

between plastic and semi solid states is called the plastic limit (PL), as shown in Figure 2.5. It is

determined in the laboratory as the moisture content at which the soil shows visible cracks/

crumbles when rolled into a thread 3.18mm in diameter.

The water content limit at which the soil changes from a semi solid to solid state is

called the shrinkage limit (SL). It is also easily determined in the laboratory as the water

content at which the soil does not undergo any further volume change with loss of moisture

(Figure 2.5). The liquid and plastic limits of few well studied clays and silts are given in

Table 2.3.

Figure 2.5 Representation of Atterberg limits.
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The following indices are also useful in analyzing the behavior of soils.

Plasticity index ¼ PI ¼ LL�PL

Liquidity index ¼ LI ¼ w�wp

wL�wp

Toughness index ¼ If

PI
Flow index ¼ If ¼ slope of curve for no: of blows vs water content

ðCasagrande’s method for determination of LLÞ ð2:9Þ
where

w ¼ natural water content of the soil

wp ¼ water content at plastic limit

wL ¼ water content at liquid limit.

If LI� 1, it may indicate the possibility of liquefaction, that is, a loss of soil strength after a

few cycles of loading and unloading resulting in liquid like behavior.

2.3 Soil Classification

Based on the Atterberg’s limits and Grain size distribution, soils are classified by several

agencies in most countries, like the AASHTO and Unified systems. The focus in classification

is on the purpose forwhich the soil is used. Themost popular classification is due toCasagrande

and is referred to as the Unified classification. It is presented as a plasticity chart shown in

Figure 2.6; Table 2.4 shows the procedure for assigning symbols for various soils.

2.4 Permeability

Since soil is porous, water can flow through the pores, which is also referred to as seepage. The

ease with which water flows through the soils is represented by the coefficient of permeability

of soils, k. The velocity follows Darcy’s Law as

v ¼ ki ð2:10aÞ
where

v ¼ superficial velocity (assuming water is flowing through the entire cross section

including pores and soil particles)

i ¼ hydraulic gradient ¼ h
L

h ¼ loss of head between any two cross sections of flow

L ¼ straight distance between the cross sections.

Table 2.3 Liquid and plastic limits of clay minerals and clayey soils.

Soil LL PL

Kaolinite 35–100 25–35

Illite 50–100 30–60

Montmorillonite 100–800 50–100

Boston clay 40–45 20–25

London clay 65–70 25–30

Loessial soils of China 25–35 15–20
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k can be determined in the laboratory using constant head permeameter and/or variable head

permeameter (Taylor, 1964). k can also be determined in the field (in situ) by pumping tests.

2.4.1 Quick Sand Condition and Critical Hydraulic Gradient

As the hydraulic gradient increases, the seepage force acting on the soil particles gradually

increases and starts pulling the particles out in the direction of flow. This phenomenon is called

the quick sand condition where the soil particles appear to be boiling. This happens when the

buoyant weight or submerged weight of the soil equals the seepage force when the flow is

opposite to the direction of gravity. This gradient is called critical hydraulic gradient, ic and can

be obtained as

Seepage force ¼ icgw ¼ submerged unit weight of soil ¼ G� 1

1 þ e
gw

Hence

ic ¼ G� 1

1 þ e
ð2:10bÞ

This value generally ranges from 0.8 to 1.3 and it may be taken as 1.0 for average conditions in

the absence of data.

2.5 Over Consolidation Ratio

A soil whose present overburden pressure is the largest pressure ever experienced by this soil is

referred to as normally consolidated soil. If otherwise, it is called an over consolidated soil. The

Figure 2.6 Plasticity chart.
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ratio of the past effective pressure, s0p, to the present overburden pressure, s0o, is called the over
consolidation ratio (OCR), that is

OCR ¼ s0p
s0o

ð2:11Þ

For normally consolidation soils, OCR ¼ 1. For over consolidation soils, OCR> 1.

If OCR< 1, it has no significance.

If OCR> 1–3, the soils are lightly over consolidated.

If OCR> 3–8 or more, the soils are heavily over consolidated.

OCR has a very significant effect in the behavior of clayey soils though its effect is marginal

in sandy soils. OCR can be determined by the consolidation test (oedometer test) in the

laboratory as described in Section 2.9.

2.6 Relative Density

The degree of compaction in granular soils in the field can be determined by the relative density,

Dr, expressed as a percentage as

Dr ¼ emax�e

emax�emin

ð2:12Þ

where

emax ¼ void ratio of the soil in the loosest state

emin ¼ void ratio of the soil in the densest state

e ¼ in situ void ratio.

The various void ratios can be determined in the laboratory using standard methods. The

relative density can also be expressed in terms of dry unit weights as

Dr ¼ gd�gdðminÞ
gdðmaxÞ�gdðminÞ

 !
gdðmaxÞ
gd

� 100 ð2:13Þ

where

gd ¼ in situ dry density of soil

gd(max) ¼ dry unit weight in the densest state (corresponding emin)

gd(min) ¼ dry unit weight in the loosest state (corresponding emax).

The denseness of the soil is correlated to the relative density, Dr, as given in the Table 2.5.

Table 2.5 Denseness of soils.

Denseness Dr (%)

Very loose 0–20

Loose 20–40

Medium 40–60

Dense 60–80

Very dense 80–100
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2.7 Terzaghi’s Effective Stress Principle

If a soil mass shown in Figure 2.7 is subjected to a total stress, s, then from equilibriumwe can

express

P

A
¼ s ¼ ð1� aÞu þ s0 ð2:14Þ

where a ¼ As

A

As ¼ contact area between solid grains

A ¼ total area of cross section of the soil mass

u ¼ pore water pressure

s0 ¼ vertical component of stress of the contact (over the unit cross sectional area)

¼ vertical effective stress.

Usually a is negligible in comparison to 1 and hence Equation (2.14) can be expressed as

s ¼ s0 þ u ð2:15Þ

Figure 2.7 Intergranular or effective stress.
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where

s ¼ total stress at any point in the soil mass

s0 ¼ effective stress (stress between the solid to solid contact)

u ¼ pore water pressure.

This is called the effective stress principle formulated by Terzaghi (1943) and is one of the

important concepts in soil mechanics and foundation engineering. It can be readily recognized

that stresses and hence strains and displacements (settlements) occur only due to changes in

effective stresses.

2.8 Compaction of Soils

A soil mass can be made denser by compacting with some mechanical energy (static or

dynamic) and its unitweight generally increases. The dry unitweight increaseswith the gradual

increase of water content and subsequent compaction. This is because the additional water acts

as a lubricant and helps in rearranging the soil particles into a denser state of packing. The dry

unit weight increaseswith thewater content up to amaximumor limiting value beyondwhich it

decreases with increase in water content, as shown in Figure 2.8.

The moisture content at which the soil reaches its maximum dry density is called the

optimum moisture content (OMC).

The OMC and maximum dry density of soils can be determined by standard laboratory tests

such as the standard Proctor Test (using a 2.5 kg rammer and a drop of 305mm) and the

modified Proctor Test (using a 4.54 kg rammer and a drop of 457mm;Taylor, 1964; Das, 2002).

Figure 2.8 Standard and modified Proctor compaction curves for a fine grained soil.
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Typical curves from these compaction tests are shown in Figure 2.8. These results are used for

specifying themethods offield compaction.Usually the field compaction is required to achieve a

relative compaction (RC) of 90% or more of the max dry density obtained in laboratory using

either the standard or modified Proctor test (or other tests specified by local codes), that is

RC ¼ gdryðfieldÞ
gdðmaxÞ

¼ A

1�Drð1�AÞ ð2:16Þ

where A ¼ gdðminÞ
gdðmaxÞ

Dr ¼ relative density defined in Equation (2.13)

Another empirical relationship between RC andDr is given by Lee and Singh (Das, 2007) as

Drð%Þ ¼ RC�80

0:2
ð2:17Þ

The field compaction of soils is done by rollers such as sheep foot rollers, vibratory rollers,

pneumatic rubber tired rollers, smooth wheel rollers.

2.9 Consolidation and Compressibility

When a fine grained soil or cohesive soil is subjected to loads or stresses, some or all the

additional load or stress is supported by the pore water present in the soil mass initially. This

excess pore pressure creates hydraulic gradients in the pore water and the water flows out (due

to the soil permeability) and simultaneously transfers the load or stress to the soil particles

gradually. This amounts to the gradual transfer of porewater pressure to the intergranular stress

or effective stress, until the entire load or total stress becomes effective stress (as per

Equation (2.15)). This simultaneously produces compression/settlement of the soil mass (as

only effective stresses produce settlements). This gradual process involves simultaneously a

slow escape of water, a gradual load transfer and a gradual compression of the soil mass and is

called consolidation. The compressibility and consolidation characteristics of the soil are

determined in the laboratory using a consolidometer/oedometer, as shown in Figure 2.9.

The saturated soil sample (usually 64mm diameter and 25mm thick) is placed inside the

metal ring with porous stones at top and bottom to facilitate escape of water, as shown in the

Figure 2.9.

Figure 2.9 Schematic diagram of oedometer/consolidometer.
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A load is applied on the specimenwhich becomes the total vertical stress, s. Compression or

settlement readings are taken at 15 s, 1min, 4min, 16min and so on, in time ratios of four, up to

24 h or until no further settlement is noticeable, signifying the consolidation is practically

complete under the present load. Then the load on the specimen is doubled and the test is

repeated for several cycles to include the range of design stresses anticipated in the field. The

results of these tests can be plotted as a graph of void ratio at the end of consolidation

(corresponding to each applied load) versus corresponding vertical effective stress, as shown in

Figure 2.10. While the total effective stress can be directly calculated by dividing the applied

load by the area of cross section of the specimen, the change in void ratio (being directly

proportional to the change in thickness of the sample) can be obtained as

De
1 þ e

¼ DH
H

ð2:18Þ
where

De ¼ change in void ratio

e ¼ void ratio (initial)

DH ¼ change in thickness of the sample

H ¼ initial thickness of the sample.

Figure 2.10 Compressibility curves for a clayey soil.

Figure2.10(a) shows the semi logplotofeversus logs0. Figure2.10(b) shows theeversuss0 curve.
After completing the test up to the desired pressure, the specimen can be gradually unloaded

resulting in some recovery of the compression recorded, that is, increase in thickness as shown

in these figures.

2.9.1 Compressibility Characteristics and Settlement of Soils

Following compressibility characteristics can be determined from Figure 2.10:

1. Compression index, Cc

The slope of the straight line portion of the e log s0 graph (loading part) shown in

Figure 2.10(a) is called the compression index, Cc.
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Accordingly

Cc ¼ De
log s02�log s01

¼ e1�e2

log s02�log s01
¼ e1�e2

log
s0
2

s0
1

� � ð2:19Þ

There are several correlations of compression indexwith the other soil parameters (Bowles,

1996). The most popular one is due to Terzaghi and Peck (1967) and is expressed as

Cx ¼ 0:009ðLL�10Þ ð2:20Þ
where LL is the liquid limit of the soil.

2. Swelling index or recompression index, Cs

This is the slope of the unloading portion of the e log s0 graph, (Figure 2.10(a)), that is

Cs ¼ e3�e4

log
s0
4

s0
3

� � ð2:21Þ

In most cases
Cs

Cc

¼ 1

4
to

1

5
ð2:22Þ

3. The coefficient of compressibility, av, and the coefficient of volume decrease, mv.

av is the slope of the e� s0 graphwhich is idealized as a straight line between the ranges
of s0 needed for computations, as shown in Figure 2.10(b).

Accordingly

av ¼ � De
Ds02

¼ e1�e2

p2�p1
ð2:23Þ

Also, coefficient of volume decrease

mv ¼ av

1 þ e
ð2:24Þ

Change in the thickness or settlement of the soil sample or layer (DH) of total thickness
(H) is due to primary consolidation, Sc.

From Equations (2.18), (2.19), (2.23) and (2.24), we can write

Sc ¼ DH ¼ Cc

1 þ e
log

s02
s01

¼ CcH

1 þ e
log

s01 þ Ds0

s01
ðaÞ

¼ av

1 þ e
ðs02�s01ÞH ¼ av

1 þ e
Ds0H ¼ mvDs0H ðbÞ

ð2:25Þ

where e ands01 are the initial void ratio at effective stresss
0
1 andDs

0
1 is the change in effective

stress ¼ s02�s01.
Similarly the increase in thickness during swelling can be calculated using the swelling

index or coefficient of swelling.

4. Preconsolidation pressure, s0p
Thismayalsobecalled the over consolidationpressure,s0p. This is themaximumpast effective

pressure to which the soil specimen is subjected to, as mentioned in Section 2.5. It can be

determined from Figure 2.10(a), as shown there. The preconsolidation pressure can be

determined using Casagrande’s method (Taylor, 1964) as follows.
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i. Locate O on the e log s0 curvewhere the curve hasmaximum curvature, that is, smallest

radius of curvature.

ii. Draw the line OA horizontally.

iii. Draw the line OB tangentially to the e log s0 curve.
iv. Draw the line OC bisecting the angle AOB.

v. Extend the straight line portion of the e log s0 curve backward to intersect line OC at D.

The pressure corresponding to point D on the e log s0 curve is the preconsolidation

pressure s0p.

2.9.2 Time Rate of Consolidation

The one-dimensional consolidation equation (Terzaghi, 1943) for the laboratory soil sample

shown in Figure 2.9 is

Cv

q2u
qz2

¼ qu
qt

ð2:26Þ

where

Cv ¼ coefficient of consolidation ¼ k
gwmv

u ¼ pore water pressure

z ¼ vertical coordinate of the soil sample

t ¼ time parameter

k ¼ coefficient of permeability

mv ¼ coefficient of volume decrease (Equation (2.24))

gw ¼ unit weight of water.

The above equation was solved by Terzaghi (1943), and the following curve fitting methods

were developed for determining Cv, which is useful for calculating time rate of settlements.

These are:

1. Square root of time (
ffiffi
t

p
) fitting method (Taylor, 1964)

2. Logarithm of time (log t) fitting method – Casagrande’s method (Taylor, 1964).

From the exhaustive solution of Equation (2.26) given by Terzaghi, the most important ones

used for settlement calculations are given in Figure 2.11. These are in terms of value of average

degree of consolidation, U (%) versus nondimensional time factors, T where

U ¼ 1�

ðH
0

u dz

ðH
0

ui dz

¼ DH
H

ð2:27Þ

T ¼ Cvt

H
2

� �2 ð2:28Þ
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where

u ¼ pore pressure at time t

ui ¼ initial pore pressure at t ¼ 0

H ¼ total thickness of the soil layer or sample

z ¼ vertical coordinate

Cv ¼ coefficient of consolidation.

Noting that the solutions shown in Figure 2.11 are close to each other, only curve 1 (case 1) is

used for most of the calculations.

Using these results shown in Figure 2.11, Cv is determined using curve fitting methods

developed by Taylor (1964) and Casagrande (Taylor, 1964). Taylor’s method is called the

square root of time (Ht) fitting method and uses 90% consolidation results from experiments

and theory (Figure 2.11) for comparison; that is, he compares t90 from experiments and

T90 ¼ 0.848 from theory (Figure 2.11).

Casagrander’s method is called the logarithm of time (log t) fitting method and uses 50%

consolidation results from experiments and theory (Figure 2.11) for comparison; that is, he uses

t50 from experiments and T50 ¼ 0.197 from theory (Figure 2.11).

The solution details and several examples are given in all standard books in Geotechnical

Engineering (Taylor, 1964; Bowles, 1996; Das, 2007).

Figure 2.11 Consolidation curves as per Terzaghi’s theory.
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2.10 Shear Strength of Soils

Engineering materials may generally fail due to tension, compression, shear or a combination

of these factors. However, soils and rocks fail essentially due to shear. The corresponding shear

stress beyond which the soil fails is called the shear strength of the soil and is expressed by

Coulomb’s equation, that is

s ¼ c þ s tan f ¼ c þ s f ðin terms of total stress componentsÞ
s ¼ c0 þ s0 tan f0 ¼ c0 þ s0 f 0 ðin terms of effective stress componentsÞ ð2:29Þ

where

s ¼ shear strength of the soil

c,c0 ¼ cohesion of the soil

j, j0 ¼ angle of internal friction of the soil

s0 ¼ effective stress ¼ s�u (as in Equation (2.15))

u ¼ pore water pressure

f or f 0 ¼ tan f or tan f0 ¼ coefficient of friction.

Generally shear strength parameters depending on the total stresses, that is, c andj are used

to check the stability of the supporting soil at the end of construction stage, while c0 and j0

(shear strength parameters of the soil with reference to effective stress) are used for analyzing

long term stability. Hence, most of the following details are presented in terms of c and j,
though they equally apply for c0 and j0.

The cohesion c of the soil is independent of the normal stress. However, the frictional

component between the grains (i.e., f ¼ tanf) depends on the normal stress, s. The shear

strength of soils given by Equation (2.29) is shown in Figure 2.12 for different soils, such as (a)

cohesive soils, (b) cohensionless soils (sands and gravels) and (c) purely cohesive soils (clays)

or sometimes for end of construction analysis with f ¼ 0 (Taylor, 1964; Terzaghi and Peck,

1967; Lambe and Whitman, 1969).

The shear strength parameters of the soils can be determined in the laboratory by:

1. Direct shear test for sandy soils

2. Vane shear test for clayey soils

3. Triaxial shear test for general soils and loading conditions

4. Unconfined compression test for clayey soils.

Figure 2.12 Shear strength of soils.
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Some important aspects of these tests are briefly described below while more details can be

obtained from Lambe (1951), Taylor (1964), Das (2002) and other books.

2.10.1 Direct Shear Test

This test is mainly done on frictional soils/coarse grained soils/sandy soils using a shear box,

as shown in Figure 2.13(a). The sandy soil is to be tested in the shear box, which is split into two

halves (Figure 2.13(a)). A normal loadN is applied and then a shear force,Q is applied in steps

until the specimen fails along the horizontal plane dividing the two halves of the split shear box.

A plot of normal stress, s, versus shear stress, s, is drawn as shown in Figure 2.13(b), where

s ¼ N

A
; s ¼ Q

A
ð2:30Þ

whereA is the area of the failure plane, that is, the cross sectional area of the shear box. From the

graph, it can be noted that

f ¼ tan�1 s

s
ð2:31Þ

For sandy soils, f varies from 20� to 45� increasing with relative density Dr.

2.10.2 Vane Shear Test

This test can be done both in the laboratory as well as in the field and is applicable more for

cohesive soils. The vane consists of four thin plates welded to a torque rod as shown in

Figure 2.14. A torque is then gradually applied at the top of the torque rod (as shown in the

sketch) and the cylindrical surface of soil of height h and diameter d resists the applied torque

until the soil fails. Then, the shear strength (undrained, since practically no drainage occurs

Figure 2.13 Direct shear test for sands.

Engineering Properties of Soil 27



during the test) can be computed by this expression

s ¼ T

p
d2h

2
þ b d3

4

� � ð2:32Þ

where

s ¼ undrained shear strength

¼ cohesion, c (since f ¼ 0 for cohesive soils)

T ¼ torque at failure

d ¼ diameter of the shear vane

h ¼ height of the shear vane

b ¼ a factor depending on the slope of the zone of resistance/shear strength at the periphery of

cylindrical surface

¼ 1/2 for triangular mobilization

¼ 2/3 for uniform mobilization

¼ 3/5 for parabolic mobilization.

Figure 2.14 Sketch of vane shear test equipment.
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Uniformmobilization factor of 2/3 is commonlyusedandaccordingly s (¼ c) is calculated as

s ¼ c ¼ T

p
d2h

2
þ d3

6

� � ð2:33Þ

The commonly used laboratory vane size has d ¼ 13 mm and h ¼ 25 mm. The field vane is

generally bigger and there are several sizes prescribed by standards such asASTM (Das, 2002).

2.10.3 Triaxial Shear Test

This is a very comprehensive test that can be conducted on any general soil with cohesion, c,

and friction, j, components. The test set up is shown in Figure 2.15.

In this test, a cylindrical soil specimen of standard size (around 36mm diameter, 76mm

long; usually the length diameter ratio is 2.0 to 2.5) confined by a rubbermembrane is placed in

a lucite chamber. Then an all round confining pressure, s3, is applied to the specimen using

either water (mostly) or glycerin as the chamber fluid. This is also called hydrostatic stress, all

round pressure or cell pressure, s3. Then a vertical stress, Ds1, is applied in the vertical

direction until failure. This is also called the deviator stress. Thus the normal stress in the

vertical direction at failure becomes s1 ¼ s3 þ Ds1.
If drainage is allowed in the test, it is called a drained test. Otherwise, it is called an undrained

test where pore pressures are developed due to the applied deviator stress. The soil specimen is

Figure 2.15 Sketch of triaxial test equipment.
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usually tested after complete saturation but also can be tested at any desired water content. Out

of the several customized triaxial tests, following three main types of tests are commonly

conducted in the triaxial equipment (Lambe, 1951; Lambe and Whitman, 1969).

1. Unconsolidated undrained test (UU test)

2. Consolidated undrained test (CU test)

3. Consolidated drained test (CD test).

The test results are analyzed using Mohr’s circle, knowing the major and minor principal

stresses, that is, s3 (minor principal stress) and s1 ¼ s3 þ Ds1 (major principal stress), as

shown in Figure 2.16. Usually three or four samples are tested at different cell pressures, and a

common envelope is drawn tangential to the circumferences of these Mohr’s circles obtained

for each sample using minor and major principal stresses at failure. This is called the failure

envelope or Mohr–Coulomb failure envelope. These details are shown in Figure 2.16 for the

above types of tests. Noting that the failure envelope represents the shear strength of the soils, as

shown in Figure 2.12, the cohesion, c (or c0), and the angle of internal friction,j (orj0), can be
determined from these figures, as marked therein.

Thus, the triaxial test is very comprehensive and versatilewith lots of flexibility to customize

the test to simulate the design requirement. The literature available on this test is very

exhaustive (Lambe, 1951; Lambe and Whitman, 1969).

2.10.4 Unconfined Compression Test

The unconfined compression test (also called the UCC test) is more relevant to cohesive soils.

This is a special case of the unconsolidated undrained trixial test with no cell pressure (that is,

s3 ¼ 0, as shown in Figure 2.17(a)), Hence, it is called unconfined compression test since the

Figure 2.16 Mohr’s circles and failure envelopes for different triaxial tests.
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vertical compression stress, Ds1, is applied until failure. The corresponding Mohr’s circle and

failure envelope are shown in Figure 2.17(b). It may be noted that only oneMohr’s circle can be

drawn with s3 ¼ 0 for the same soil sample, and hence only one shear strength parameter can

be determined (as it requires two or more circles to draw a unique envelope tangential to these

circles). Thus only cohesion can be determined as shown.Hence, it ismore relevant to cohesive

soils where only cohesion, c exists while friction angle,f ¼ 0. Thus, themajor principal stress

s1 ¼ Dsf is the unconfined compression strength of the soil, usually referred to as Su. Then,

the shear strength

s ¼ c ¼ Su

2
ð2:34Þ

As can be seen from Figure 2.17(b), UCC tests are usually conducted on unsaturated soil

samples. The UCC strength decreases with the increase in degree of saturation as shown in

Figure 2.17(c).

2.10.5 Correlations

There are several well known correlations between the shear strength parameters, plasticity

index (PI), over burden pressure and the results of various field tests (Das, 2007).

Figure 2.17 Unconfined compression test.
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2.10.6 Sensitivity and Thixotropy

Usually the UCC strength is considerably reduced from its natural value when the soils are

tested using remolded (thus disturbed) samples of most natural clays. This is called sensitivity.

This is defined by the sensitivity ratio of the soil as

Sr ¼ SuðundisturbedÞ
SuðremoldedÞ ð2:35Þ

where Su is the UCC strength, as explained in the previous sections. Sr values range from 1.0 to

8.0. The loss of strength is mainly attributed to the destruction of the particle structure of clays

which existed prior to the disturbance or remolding.

In most clays, if a remolded soil specimen is kept in an undisturbed state (i.e., without any

change inwater content), it will gradually regain part of its strengthwith time. This phenomenon

is called thixotropy. Thixotropy is a time dependent and reversible process (Taylor, 1964;

Das, 2002).

2.11 Soil Exploration and Sampling

Foundation loads are supported by the soil below and it is in this context we have to know the

behavior of soil layers existing at the site. This process of identifying the nature of soils and

their physical properties is called soil or subsurface exploration. While carrying out the soil

exploration, disturbed and undisturbed soil samples are collected for carrying out all laboratory

tests discussed in the above sections. Also, some in situ tests are conductedwhile boring for soil

exploration.

2.11.1 Purposes of Soil Exploration

The purposes for soil exploration are to obtain the general and necessary information needed

for the project:

1. Selection of type and depth of foundation to suit the superstructure and soil at site

2. Determination of bearing capacity of the foundation

3. Determination of the settlement of the foundation due to loads

4. Locating the ground water level

5. Determination of the earth pressure against retaining walls, abutments, sheet piles and so on

6. To safeguard against construction difficulties

7. Assessing the suitability of soil and the degree of compaction of fill for base slabs,

pavements, retaining walls and so on

8. Soil exploration is also needed for investigation of the safety of existing structures, that is,

effect on settlement and carrying out the remedial measures if necessary for the structures to

ensure safety

9. For highways and runways it is necessary for carrying out the following:

a. The location of the roads (and runways)

b. The location and selection of soils for fills and ground improvement, if necessary

c. The design and location of ditches, culverts and drains

d. The design of highway or runways

e. The location of local construction materials when adopting them for construction.
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The planning of a soil exploration should always start by obtaining preliminary information.

For buildings and similar projects, the following information should be obtained first:

1. Available information of soils and existing structures

2. Reconnaissance of the area

3. Requirements of codes

4. Data for preliminary design.

After this information is obtained, a tentative exploration program is worked out. The first

two or three borings should be randomly located around the entire site to disclose the general

characteristics of the subsoils. As the boring operation progresses, the balance of the boring

program may be revised so that the number and types of borings furnish enough data

concerning the arrangement of the successive soil strata. Also sufficient number of soil

samples are taken for laboratory tests from these bore holes. Somefield tests are also carried out

to correlate the results with the laboratory tests.

The details of the above phases of exploration are given in Taylor (1964), Teng (1964),

Bowles (1996), Tomlinson (2001), Das (2007) and other books.

2.12 Site Investigation�Boring, Sampling and Testing

The site investigation phase consists of three steps, namely boring, sampling (taking soil or

rock sample from the bore hole) and testing. Testing may be done both in the field and in the

laboratory.

At least one soil sample may be taken at every 1.5� 2.0m of depth of the bore hole. A soil

sampler (split spoon, Shelby tube and others) is driven into the ground to take a soil sample. The

sample is visually examined and saved for laboratory test. Then, the bole hole is advanced for

about 1.0m. During the advancing of the hole, shavings and cuttings of soil brought up by the

boring tools areobserved. If soil shavings indicate change in soil characteristics, thedepthwhere

the changeoccurs needs tobe recorded and additional soil samples shouldbe taken.The sampler

is again advanced to take soil sample. In such alternative sequence, the test hole is advanced and

soil samples are taken. In certain critical layers, continuous sampling may have to be done.

While advancing the bole hole, water level in the test holes should be observed. Lack of

information concerning the groundwater level will result in inadequate designs and difficulties

in construction.

2.12.1 Minimum Depth of Bore Holes

The rules established by the American Society of Civil Engineers in 1972 (Das, 2007) may be

used for determining the minimum depth of boring required:

1. Determine the net increase in the effective stress, Ds0, under a foundation with depth as

shown in Figure 2.18, using expressions for stress distribution in soils (Chapter 3).

2. Estimate the variation of the vertical effective stress, s0o, with depth.

3. Determine the depth, D ¼ D1, at which the effective stress increase Ds0 is equal to (1/10) p
(where p ¼ estimated net stress on the foundation).

4. Determine the depth, D ¼ D2, at which Ds0=s0o ¼ 0:05.
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5. Choose the smaller of the two depths, D1 and D2, as the approximate minimum depth of

boring required, unless bedrock is encountered.

If the preceding guidelines are used, the approximate depths of boring for a building with a

width of 30m are given below in Table 2.6 (Das, 2007).

The approximate spacing of bore holes is given in Table 2.7 for planning the site

investigation.

Figure 2.18 Minimum depth of bore hole.

Table 2.6 Bore hole depths.

Number of stories in building Depth of bore hole (m)

1 3.5

2 6

3 10

4 16

5 24

Table 2.7 Spacing of bore holes.

Structure/project Bore hole spacing (m)

Multistorey building 10–30

Industrial plant (single storey) 20–60

Highways 250–500

Residential colony 250–500

Dams and dikes 40–80
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The literature available on soil exploration and site investigation is extensive in terms of

boring techniques, samplers and sampling techniques and other field techniques. The readers

and practitioners may refer to Hvorslev (1949), Tomlinson (2001) and several other books for

further details.

In addition to the laboratory tests that may be carried out on disturbed and undisturbed

samples described in the earlier sections, several field tests also are carried out while boring is

done at site. Some important field tests are described below. Field tests are generally more

preferable because they are done in situ with the soil being in almost undisturbed state.

However, they require lot of coordination at site and are generally expensive.

2.13 Split Spoon Sampler and Standard Penetration Test

The split spoon sampler is one of the samplers used in the field to obtain soil samples that are

generally disturbed, but still representative. A standard split spoon sampler is shown in

Figure 2.19. The sampler consists of a steel driving shoe, a steel tube that is split longitudinally

in half,with a coupling at the top as shown in the figure. The coupling connects the sampler to the

drill rod. The tube has an inside diameter of 34.93mm and an outside diameter of 50.8mm.

Figure 2.19 Standard split spoon sampler.
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However, samplers having inside and outside diameters up to 63.5mm and 76.2mm, respec-

tively, are also used.When a borehole has reached the required depth, the drill tools are removed

and the sampler is lowered to that level. The sampler is then driven into the soil by hammer blows

given at the top of drill rod. The standard weight of the hammer is 622.72N, and for each blow,

the hammer drops from a height of 0.762m. The number of blows required for the spoon

penetration at three intervals of 152.4mm are recorded. The number of blows required for last

two intervals are added to give the standard penetration number, N, at the depth. This number is

generally referred to as the N value. The sampler is then withdrawn, and the shoe and coupling

are removed. Then, the soil sample is recovered from the tube and is placed in a container and

brought to the laboratory for testing. This field test is called the standard penetration test (SPT).

The soil sample is usually disturbed due to drilling and hammering. The degree of

disturbance of the soil sample is expressed as

ARð%Þ ¼ D2
o�D2

i

D2
i

ð100Þ ð2:36Þ

where

AR ¼ area ratio (ratio of disturbed area to total area of soil)

Do ¼ outside diameter of the sampling tube

Di ¼ inside diameter of the sampling tube.

When the area ratio is 10% or less, the sample generally is considered as undisturbed. For a

standard split spoon sampler, with dimensions shown in Figure 2.19(a)

AR ¼ 111:5% ð2:37Þ
Hence, these samples are highly disturbed. Split spoon samples generally are taken at intervals

of about 1.5m. If the material encountered in the field is sand (particularly fine sand below

the water table), recovery of the sample by a split spoon sampler may be difficult. In that

case, a device such as a spring cone catcher may have to be placed inside the split spoon

(Figure 2.19(b)) to recover the sample.

It may be noted that several factors contribute to the variation of the standard penetration

number N at a given depth for similar soil profiles. These are the SPT hammer efficiency,

borehole diameter, sampling method and rod length factor (Das, 2007). A safety hammer and

donut hammer are commonly used in the field. They are dropped by a rope with two wraps

around a pulley.

On the basis of field observations, SPT values are standardized as a function of the input

driving energy and its dissipation around the sampler into the surrounding soil as

N60 ¼ NZHZBZSZR
60

ð2:38Þ
where

N60 ¼ standard penetration number, corrected for field conditions to an average energy ratio

of 60%

N ¼ measured penetration number

ZH ¼ hammer efficiency (%)

ZB ¼ correction for borehole diameter

ZS ¼ sample correction

ZR ¼ correction for rod length.
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Variations of ZH , ZB, ZS and ZR are summarized byDas (2007) based on recommendations by

Seed et al. and Skempton (Das, 2007). Besides, using it as a sampler, the split spoon sampler is

useful to obtain both the disturbed soil samples for laboratory tests and also theN values (SPT).

These SPT values provide several useful correlations. For example, the consistency of clayey

soils can often be estimated from the standard penetration number, N60, as shown in Table 2.8.

However, correlations for clays require tests to verify that the relationships are valid for the clay

deposit being examined.

There are many correlations between the standard penetration number and the undrained

shear strength or cohesion of clay, cu. On the basis of results of undrained triaxial tests

conducted on insensitive clays, Stroud (Das, 2007) suggested that

cu ¼ KN60 ð2:39Þ
where

K ¼ constant ¼ 3.5–6.5 kN/m2

N60 ¼ standard penetration number obtained from the field.

The OCR of a natural clay deposit can also be correlated with the standard penetration

number. On the basis of the regression analysis, Mayne and Kemper (Das, 2007) obtained the

relationship

OCR ¼ 0:193
N60

s0o

� �0:689

ð2:40Þ

where s0o ¼ effective vertical stress in MN=m2

In granular soils, the value of N is affected by the effective overburden pressure, s0o. For that
reason, the value of N60 obtained from field exploration under different overburden pressures

should be changed to correspond to a standard value of s0o. That is

ðN1Þ60 ¼ CNN60 ð2:41Þ
where

ðN1Þ60 ¼ value of N60 corrected to standard value of s0o (100 kN/m
2)

CN ¼ correction factor

N60 ¼ value of N obtained from field exploration (Equation (2.38)).

Table 2.8 Consistency of clays and approximate correlation with N60.

Standard penetration

number, N60

Consistency Unconfined compression

strength, qu (¼ Su) (kN/m
2)

0–2 Very soft 0–25

2–5 Soft 25–50

5–10 Medium stiff 50–100

10–20 Stiff 100–200

20–30 Very stiff 200–400

>30 Hard >400
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In the past, a number of empirical relations were proposed forCN. Themost commonly cited

relationships are those of Liao and Whitman, and Skempton (Das, 2007).

In the following relationships for CN, note that s0o is the effective overburden pressure and

pa ¼ atmospheric pressure (�100 kN/m2).

Liao and Whitman’s correlation:

CN ¼ 1

s0o
pa

� �0:5
ð2:42Þ

Skempton’s correlation:

CN ¼ 2

1 þ s0o
pa

� �
2
664

3
775 ð2:43Þ

where

s0o ¼ effective overburden pressure

pa ¼ atmospheric pressure (�100 kN/m2)

The other empirical correlation between the corrected standard penetration number and the

relative density of sand is given in Table 2.9. There are several such empirical correlations

available in literature (Das, 2007).

Table 2.9 Correlation between corrected (N1)60 values and the relative

density in sands, Dr (%).

(N1)60 Approximate relative density, Dr (%)

0–5 0–5

5–10 5–30

10–30 30–60

30–50 60–95

The peak friction angle, j0, of granular soil has also been correlated with N60 and (N1)60 by

several investigators. Some of these correlations are as follows:

1. Peck, Hanson and Thornburn (1974) give a correlation between (N1)60 andj0 in a graphical
form, which can be approximated as

f0ðdegÞ ¼ 27:1 þ 0:3ðN1Þ60�0:00054½ðN1Þ60�2 ð2:44Þ

Schmertmann provided an approximate correlation between N60, s0o and j
0 (Das, 2007) as

f0 ¼ tan�1 N60

12:2 þ 20:3
s0o
pa

2
664

3
775
0:34

ð2:45Þ
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where

N60 ¼ field standard penetration number

s0o ¼ effective overburden pressure

pa ¼ atmospheric pressure with the same units as s0o
j0 ¼ soil friction angle.

Although these correlations are approximate, the standard penetration test provides a good

evaluation of soil properties, if interpreted properly. The primary sources of error in standard

penetration testsare inadequatecleaningof theborehole, eccentrichammerstrikesonthedrill rod,

and inadequatemaintenanceofwater head in the borehole and soon. In addition to the split spoon

sampler, there are a large number of samplers used in site investigation such as thin walled tube

sampler, piston samplers and several other sophisticated samplers (Hvorslev, 1949).

2.14 Cone Penetration Test

The cone penetration test (CPT), originally known as the Dutch cone penetration test, is a

versatile method that can be used to determine the soil profile and estimate the engineering

properties. This is also called the static cone penetration test. In the original version, a 60� cone
with a base area of 10 cm2 was pushed into the ground at a steady rate of about 20mm/s and the

resistance to penetration (called the point resistance) was measured.

The cone penetrometers in use at present measure: (a) the cone resistance (qc) to penetration

developed by the cone, which is equal to the vertical force applied to the cone, divided by its

horizontally projected area, and (b) the frictional resistance (fc), which is the resistance

measured by a sleeve located above the cone with the local soil surrounding it. The resistance

is equal to the vertical force applied to the sleeve, divided by its surface area, which gives the

sum of friction and adhesion.

Two types of penetrometers are used to measure qc and fc:

1. Mechanical friction cone penetrometer (Figure 2.20)

The tip of the penetrometer is connected to an inner set of rods. The tip is first advanced

about 40mm, giving the cone resistance. With further pushing, the tip engages the friction

sleeve. As the inner rod advances, the rod force is equal to the sum of the vertical forces on

the cone and sleeve. Subtracting the force on the cone gives the side frictional resistance.

2. Electric friction cone penetrometer (Figure 2.21)

In this equipment, the tip of the penetrometer is attached to a string of steel rods. The tip is

pushed into the ground at the rate of 20mm/s. Wires from the transducers continuously

measure the cone and side resistance.

The typical results of penetrometer tests in a soil profile with point and friction resistance

measurements by a mechanical friction cone penetrometer are shown in Figure 2.22.

Several correlations of CPT values with properties of soils have been developed for the point

resistance (qc) and the friction ratio (Fr) obtained from the cone penetration tests. The friction

ratio is defined as

Fr ¼ frictional resistance

cone resistance
¼ fc

qc
ð2:46Þ
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Figure 2.20 Sketch of mechanical friction cone penetrometer.

As in the case of standard penetration tests, several correlations have been developed

between qc and other soil properties (Das, 2007).

Correlation Between Relative Density (Dr) and qc for Sand

The following relationship to correlate Dr, qc and the vertical effective stress s0o is given by
Kulhawy and Mayne (Das, 2007)

Dr ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

305QcOCR
1:8

	 
 qc=pa

s00:5=pa

� �0:5
2
64

3
75

vuuuut ð2:47Þ
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where

OCR ¼ overconsolidation ratio

pa ¼ atmospheric pressure

Qc ¼ compressibility factor.

The values of Qc are recommended as below:

1. Highly compressible sand ¼ 0.91

2. Moderately compressible sand ¼ 1.0

3. Low compressible sand ¼ 1.09

Correlation Between qc and Drained Friction Angle (j0) for Sand

A relationship between qc/N60 (N60 ¼ field standard penetration resistance) versus mean

grain size (D50) for various types of soils is shown in Figure 2.23 (Das, 2007). Several

such empirical correlations are available in literatures which are useful for interpretation of soil

data.

Figure 2.21 Sketch of electric friction cone penetrometer.
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Figure 2.22 Typical results of cone penetrometer test (CPT).

Figure 2.23 Correlation of qc/N60 for different soils.
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2.15 Field Vane Shear Test

The vane shear test is described in Section 2.10.2 except that the dimensions of the

field vane (diameter, d, and height, h) are bigger than the laboratory vane dimensions. The

in situ undrained shear strength can be obtained using the field vane test by the

Equation (2.32). However, it may be noted that this test is more suited for predominantly

cohesive soils.

2.16 Other In Situ Tests

In recent times, several other in situ static and dynamic tests are being used to correlate the

engineering properties of the soil with the results of these tests. These are the dilatometer test

(DMT), pressure meter test (PMT) and so on (Bowles, 1996). Plate load test and cyclic plate

load test are also used to obtain the pressure – settlement curves and determine the elastic

properties, coefficient of subgrade reaction, elastic settlements of the soil and these are

described in detail in Chapters 3 and 4 (Kameswara Rao, 2000). Several tests are also adopted

for evaluating the in situ elastic properties of the soil using wave propagation methods, and

correlating them with soil properties of soil layers.

These are geophysical refraction survey methods, cross-hole techniques, SASW

technique and so on and are described in several books on foundation dynamics and

geophysics (Kameswara Rao, 1998, 2002). Ground penetration radar (GPR) is also being

developed to explore the properties of soils using microwave transmission (Kameswara Rao,

1998).

2.17 Summary

Thus, brief descriptions of basic soil properties, laboratory tests, soil exploration, insitu field

tests and correlations with engineering properties of soils are presented in this chapter.

The determination of parameters for the design of foundation, such as bearing capacity,

settlement analysis, stress distribution in soils and lateral pressures are presented in the next

chapter.

2.18 Examples

In all these examples, acceleration due to gravity, g, is taken as 9.8m/s2 and the unit weight of

water, gw, is taken as 9.8 kN/m3, unless stated otherwise.

Example 2.1

Derive an expression forw (water content) in terms of gsub (submerged unitweight of soil) and S

(degree of saturation), and G (specific gravity). Find w, gs (bulk unit weight) and gdry (dry unit
weight) for a soil with S ¼ 85%, gsub ¼ 9.8 kN/m3, G ¼ 2.70.
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Solution:

i.

Se ¼ wG

gsub ¼ G�1

1 þ e
gw; ;e ¼ ðG�1Þgw�gsub

gsub

;w ¼ Se

G
¼ S

G

ðG�1Þgw�gsub
gsub

	 


ii.

,S ¼ 0:85; gsub ¼ 12 kN=m3; G ¼ 2:70; gw ¼ 9:8 kN=m3

;w ¼ S

G

ðG�1Þgw�gsub
gsub

	 

¼ 0:85

2:70

½ð2:70�1Þ ð9:8Þ��12

12

	 

¼ 0:122

e ¼ ðG�1Þgw�gsub
gsub

¼ ½ð2:7�1Þð9:8Þ��12

12
¼ 0:388

gbulk ¼ G þ Se

1 þ e
gw ¼ 2:7 þ 0:85� 0:388

1 þ 0:388
� 9:8 ¼ 21:387 kN=m3

gdry ¼ G

1 þ e
gw ¼ 2:7� 9:8

1 þ 0:388
¼ 19:06 kN=m3

Example 2.2

A fine sand has an in-place unit weight of 18.85 kN/m3 and a water content of 5.2%. The

specific gravity of solids is 2.66. Void ratios at densest and loosest conditions are 0.38 and 0.92,

respectively. Find the relative density.

Solution:

gt ¼ 18:85 kN=m3; w ¼ 5:2%; G ¼ 2:66; edense ¼ 0:38;

eloose ¼ 0:92; gw ¼ 9:8 kN=m3

gt ¼ Gð1 þ wÞ
1 þ e

gw; ;e ¼ Gð1 þ wÞgw
gt

�1

;e ¼ Gð1 þ wÞgw
gt

�1 ¼ 2:66ð1 þ 0:052Þð9:8Þ
18:85

�1 ¼ 0:455

Relative density; Dr ¼ emaz�e

emax�emin

¼ 0:92�0:455

0:92�0:38
¼ 0:86 ¼ 86%

Example 2.3

A0.082m3 sample of soil weighs 1.445 kN.When it is dried out in an oven, it weighs 1.301 kN.

The specific gravity of solids is found to be 2.65. Find the water content (w), void ratio (e),

porosity (n), degree of saturation (S) and the wet and dry unit weights.
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Solution:

V ¼ 0:082 m3; Bulk weight ¼ 1:445 kN;

After drying; Ws ¼ 1:445 kN

Ww ¼ 1:445�1:301 ¼ 0:144 kN

;w ¼ Ww

Ws

¼ 0:144

1:301
¼ 0:11 ¼ 11%

gt ¼ soil weight

sample volume
¼ 1:445 kN

0:082 m3
¼ 17:62 kN=m3

,G ¼ 2:65; gt ¼ G þ Se

1 þ e
gw ¼ Gð1 þ wÞ

1 þ e
gw ¼ 2:65ð1 þ 0:11Þ

1 þ e
� 9:8

¼ 17:62 kN=m3

;
2:65ð1 þ 0:11Þ

1 þ e
� 9:8 ¼ 17:62

e ¼ 2:65ð1 þ 0:11Þ
17:62

� 9:8

	 

�1 ¼ 0:636

n ¼ e

1 þ e
¼ 0:636

1 þ 0:636
¼ 0:39 ¼ 39%

Wet unit weight ¼ gt ¼ 17:62 kN=m3

Dry unit weight ¼ gdry ¼ G

1 þ e
gw ¼ 2:65

1 þ 0:636
� 9:8 ¼ 15:87 kN=m3

Example 2.4

A cylindrical sample 3.5 cm diameter and 6.0 cm long weighs 0.91N. S ¼ 43%, G ¼ 2.70,

gw ¼ 10 kN/m3. Determinew. If there had been an error of 10% inmeasuring theweight of the

sample, what would be the percentage error in w?

Solution:

S ¼ 43%; G ¼ 2:70; gw ¼ 10 kN=m3

Volume of sample ¼ p� 3:52

4
� 6 ¼ 57:73 cm3 ¼ 57:73� 10�6 m3

Weight ¼ 0:91� 10�3 kN; gt ¼ 0:91� 10�3

57:73� 10�6
¼ 15:76 kN=m3
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gt ¼ G þ Se

1 þ e
gw; ;e ¼ Ggwð1 þ wÞ�gt

gt

;gtð1 þ eÞ ¼ ðG þ SeÞgw
;eðgt�SgwÞ ¼ Ggw�gt

;e ¼ Ggw�gt
gt�Sgw

¼ ð2:7� 10Þ�15:76

15:76�ð0:43� 10Þ ¼ 11:24

11:46
¼ 0:98

Se ¼ wG; ;w ¼ Se

G
¼ 0:43� 0:98

2:7
¼ 0:156

w ¼ Se

G
; e ¼ Ggwð1 þ wÞ�gt

gt
; ;w ¼ S

G

Ggwð1 þ wÞ�gt
gt

	 


wGgt ¼ S½Ggwð1 þ wÞ�gt� ¼ SGgwð1 þ wÞ�Sgt

wGgt�SGgww ¼ SGgw�Sgt

w ¼ SGgw�Sgt
Ggt�SGgw

qw ¼ ½ðGgt�SGgwÞð�SqgtÞ��½ðSGgw�SgtÞGqgt�
ðGgt�SGgwÞ2

Noting that a 10% error in weight results in a 10% error in gt, we have
qgt
gt

¼ 0:1
Then

;
qw
w

¼ qgt
�SðGgt�SGgwÞ�GðSGgw�SgtÞ

ðGgt�SGgwÞ2
" #

1

w
¼ Error inw

¼ qgt
�SðGgt�SGgwÞ�GðSGgw�SgtÞ

ðGgt�SGgwÞ2
" #

� Ggt�SGgw
SGgw�Sgt

¼ qgt
gt

gt½�SðGgt�SGgwÞ�GðSGgw�SgtÞ�
ðGgt�SGgwÞðSGgw�SgtÞ

¼ qgt
gt

gt
SGgwðS�GÞ

ðGgt�SGgwÞðSGgw�SgtÞ
	 


¼ 0:1� 15:76� ½0:43� 2:7� 10� ð0:43�2:7Þ�
ð2:7� 15:76�0:43� 2:7� 10Þð0:43� 2:7� 10�0:43� 15:76Þ

¼ � 1:576� 11:61� 2:27

ð30:94� 4:9332Þ ¼ �0:2721

;% error inw ¼ 27:21%
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Example 2.5

An undistributed soil sample has a void ratio of 0.56, water content of 15% and specific gravity

of solids of 2.64. Find the wet (total) and dry unit weights (kN/m3), porosity and degree of

saturation.

Solution:

e ¼ 0:56; w ¼ 15%; G ¼ 2:64

Se ¼ wG ;S ¼ wG

e
¼ 0:15� 2:64

0:56
¼ 0:7071 ¼ 70:71%

gt ¼ Gð1 þ wÞ
1 þ e

gw ¼ 2:64ð1 þ 0:15Þ
1 þ 0:56

9:8 ¼ 19:07 kN=m3

gd ¼ G

1 þ e
gw ¼ 2:64

1 þ 0:56
9:8 ¼ 16:58 kN=m3

n ¼ e

1 þ e
¼ 0:56

1 þ 0:56
¼ 0:359 ¼ 35:9%

Example 2.6

Derive an expression for w (water content) in terms of gsub (submerged unit weight), degree of

saturation, S, and specific gravity, G. Find S and gdry if gsub is 10 kN/m3 and w ¼ 22%.

G ¼ 2.70, gw ¼ 10 kN/m3.

Solution:

Se ¼ wG; gsub ¼ G�1

1 þ e
gw; gsubð1 þ eÞ ¼ ðG�1Þgw

;e ¼ ðG�1Þgw
gsub

�1 ¼ ðG�1Þgw�gsub
gsub

;w ¼ Se

G
¼ S

G

ðG�1Þgw�gsub
gsub

	 


gsub ¼ 10 kN=m3; w ¼ 22%; G ¼ 2:70; gw ¼ 10 kN=m3

;e ¼ ðG�1Þgw�gsub
gsub

¼ ð2:7�1Þ10�10

10
¼ 0:7

S ¼ wG

e
¼ 0:22� 2:7

0:7
¼ 0:85 ¼ 85%

gdry ¼ G

1 þ e
gw ¼ 2:7

1 þ 0:7
� 10 ¼ 15:88 kN=m3
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Exercise Problems

2.1 Thewater content of a 100% saturated soil is 30%and the specific gravity of solids is 2.65.

Determine the void ratio and unit weight (kN/m3).

2.2 A soil sample has the following data:

i. Degree of saturation ¼ 46%

ii. Void ratio ¼ 0.8

iii. Specific gravity of solids ¼ 2.70.

Find its water content and unit weight (kN/m3).

2.3 A 0.08m3 sample of soil weighs 1.4 kN.When it is dried out in an oven, it weighs 1.3 kN.

The specific gravity of solids is found to be 2.70. Find the water content, void ratio,

porosity, degree of saturation and the wet and dry unit weights.

2.4 The unit weight of a soil sample is 18.00 kN/m3. Its specific gravity of solids and water

content are 2.70 and 15%, respectively. Find the dry unit weight, void ratio and degree of

saturation.

2.5 A fine sand has an in-place unit weight of 18.75 kN/m3 and a water content of 5.0%. The

specific gravity of solids is 2.70. Void ratios at densest and loosest conditions are 0.38 and

0.92, respectively. Find the relative density.

2.6 A container with soil sample of completely saturated clay weighs 0.7N. After drying, the

weight becomes 0.62N. The container weight is 0.35N and the specific gravity of the soil

is 2.70. Determine the void ratio, water content and porosity of the original sample.

2.7 Amoist sand sample has a volume of 464 cm3 in natural state and a weight of 8.5 N. The

dry weight is 7.4 N and the specific gravity is 2.68. Determine the void ratio, the porosity,

the water content and the degree of saturation.

2.8 i. A dry soil has a void ratio of 0.65, and its grains have a specific gravity of 2.70.

Determine the unit weight.

ii. Sufficient water is added to the sample to give a degree of saturation of 80%. There is

no change in void ratio. Determine the water content and the unit weight.

2.9 A completely saturated clay has a water content of 42% and unit weight of 18 kN/m3.

Determine the void ratio and the specific gravity.
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3

Bearing Capacity, Settlement,
Stresses and Lateral Pressures
in Soils

3.1 Introduction

The soil which is supporting the loads transmitted by the foundation should be capable enough

so that the structure–foundation–soil system is safe and stable besides being serviceable

without excessive settlements. Thus, stability and settlement aspects of soil have to be analyzed

to arrive at the design pressure that can be safely carried by the soil so that the foundation type,

shape, size and other parameters can be selected and designed accordingly. The limiting shear

resistance beyond which the soil collapses or becomes unstable is called the ultimate bearing

capacity (UBC). This is also referred to as soil shear failure and results in distortions in the

superstructure leading to collapse. The foundation sinks into the ground as if there is no

resistance from the soil below. This type of failure is also called bearing capacity failure.

3.1.1 General and Local Shear Failure of Soils

If the soil is generally dense, the settlement of the footing that precedes the ultimate shear

failure is relatively small. It is called general shear failure (GSF) as shown in Figure 3.1(a) and

curve 1 of the load settlement curves. If the soil is loose, then a large settlement precedes the

shear failure as shown in Figure 3.1(b) and curve 2, of the load settlement curve. Such a failure

is called a local shear failure (LSF).

3.1.2 Punching Shear Failure

In some structures like liquid storage tanks and rafts supported on loose soils, there could be a

base shear failure in which the base/foundation undergoes a punching failure as shown in

Figure 3.1c and curve 3 of the load settlement curve.

Foundation Design: Theory and Practice         N. S. V. Kameswara Rao
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3.1.3 Failure Due to Large Settlements

Structural damage can also be caused by excessive settlements of the foundation–soil–system

(without any shear failure of the soil) making the structure unserviceable with cracking, large

distortions and misalignments in various components. The limiting soil pressure for such a

failure due to large settlements is referred to as the allowable soil pressure (ASP).

In modern structures, the settlement failure is more common. The shear failures are reported

mostly from embankments and similar structures/constructions. Punching shear failure is

likely in liquid storage structures and raft foundations founded on soft soils.

3.1.4 Allowable or Design Soil Pressure

The criteria governing the allowable soil pressure depending on the breadth B of the

foundation is shown in Figure 3.2. It can be noted from the figure, that the bearing capacity

governs the allowable pressure up to certain breadth, beyond which it is the settlements that

Figure 3.1 Sketches of bearing capacity failures in soil.
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govern the design pressure, the limits, marked by the hatched region in the Figures 3.2(a)–(c)

(Taylor, 1964).

These engineering parameters, that is, bearing capacity, settlement analysis, and elastic

stress distribution in soils, lateral earth pressures are discussed with the focus on the

applications in foundation design.

3.2 Ultimate Bearing Capacity of Shallow Foundations

3.2.1 Prandtl’s Theory for Shallow Foundations

The earliest solution for ultimate bearing capacity (UBC) of soils for shallow foundations

(Df � B in Figure 3.3) is due to Prandtl (Terzaghi, 1943; Taylor, 1964; Terzaghi and Peck,

1967) using plastic equilibrium theory with Mohr Coulomb failure criterion for the soil

expressed in terms of shear strength as

s ¼ cþ s tan f ð3:1Þ

Figure 3.2 Relationships between allowable bearing pressure and breadth.

Figure 3.3 Bearing capacity theories of Prandtl and Terzaghi.
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where

s¼ shear strength of soil

c, f¼ cohesion and angle of internal friction of the soil

s¼ normal stress.

The failure zone obtained by Prandtl for continuous or strip footing (two-dimensional cases)

is shown on the left half of Figure 3.3 (keeping symmetry in view). It consists of three zones,

that is, unsheared conical zone I, which moves downwards as a unit (Rankine’s active zone),

zone II, which is plastic with its curved boundary as a logarithmic spiral with its center at A

(radial shear zone) and zone III which is forced by passive pressure upward and outward as

a unit (Rankine’s passive zone). Prandtl expressed the solution for ultimate bearing capacity,

qu, as

qu ¼ c

tanf
þ 1

2
gB

ffiffiffiffiffiffi
Kp

p� �
ðKpe

p tan f�1Þ ð3:2Þ

where

c, f¼ shear strength parameters of soil that is, cohesion and angle of internal friction

respectively as given in Equation (3.1).

g¼ unit weight of the soil.

Kp ¼ Rankine’s passive earth pressure coefficient ¼ 1þ sin f
1�sinf

ð3:3Þ

Prandtl’s solutionwas originally derived for aweightless soil, except that the term 1
2
g B

ffiffiffiffiffiffi
Kp

p
in Equation (3.2) is added later to account for the strength caused by the overburden pressure. It

may further be noted that Prandtl’s solution assumes that the foundation base (contact surface)

is smooth.

3.2.2 Terzaghi’s Theory for Shallow Foundations

Tergazhi modified Prandtl’s solutions to include the weight of the soil for the foundations with

smooth base aswell as rough base (such as concrete foundations). He however assumed that the

general shape of the various zones (I, II, III) remained the same as in Prandtl’s solution, in spite

of the fact that weight of the soil contained in the failure zones are included in the analysis. This

amounts to a superposition of the solution of the analysis with and without body weight, which

is not strictly correct since the failure envelopes in these two cases are slightly different

(Terzaghi, 1943) but acceptable for practical applications. The zones of failure for the smooth

and rough bases are shown on the left and right halves of the Figure 3.3. Only half the failure

zones are shown for comparison in each case, noting that they are symmetric. It can be seen

from Terzaghi’s solution for the smooth base that the failure zones are identical to those of

Prandtl while zones I, II and III are slightly different for a rough base (as shown on the right half

of the Figure 3.3).

The main difference in the failure zones is the angle the failure plane of zone 1 makes with

the base, that is,f for a rough base as at A0 and 45þ f
2
for a smooth base as at A. Terzaghi then
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considered the equilibrium of the wedge AB’C (for a smooth base) and A’B’C’ (for a rough

base) and expressed the ultimate bearing capacity of a continuous or strip footing as

qu ¼ cNc þ qNq þ 0:5g BNg ð3:4Þ
where

c¼ cohesion of the soil

f¼ angle of internal friction of the soil

g¼ unit weight of the soil

q ¼ gDf ¼ surcharge at the foundation base level

Df¼ depth of the foundation

Nc,Nq,Ng¼ nondimensional bearing capacity factors which are functions of f.

These factors for the rough base are obtained by Terzaghi as

Nc ¼ cot f
e2ð3p=4�f=2Þtan f

2cos2ð45þf=2Þ
� �

¼ cot fðNq�1Þ ð3:5Þ

Nq ¼ e2ð3p=4�f=2Þtan f

2 cos2ð45þf=2Þ ð3:6Þ

Ng ¼ 1

2

Kpg

cos2 f
�1

� �
tan f ð3:7Þ

where

KPg¼ passive earth pressure coefficient.

For example, for f ¼ 0, Nc ¼ 5:7; Nq ¼ 1; Ng ¼ 0 as shown in the Figure 3.4. The above

bearing capacity factors are derived by Terzaghi, assuming a general shear failure of the soil

Figure 3.4 Terzaghi’s bearing capacity factors for general shear failure – rough base.
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(Section 3.1.1). These factors are available in the form of graphs (as shown in Figure 3.4) and

also available in tabular form (Bowles, 1996; Das, 2007).

For local shear failure, Terzaghi modified the above equation as

qu ¼ c0Nc
0 þ qNq

0 þ 0:5gBNg
0 ð3:8Þ

where

c0 ¼ 2=3 c ð3:9Þ

and Nc
0; Nq

0; Ng
0 are bearing capacity factors given in Figure 3.4 corresponding to

f0 ¼ tan�1 2

3
tan f

� �
ð3:10Þ

in which c and f are the shear strength parameters of the soil as determined. The ultimate

bearing capacity for foundations of other common shapes are expressed as follows.

Square foundation:

qu ¼ 1:3 cNc þ qNq þ 0:4gBNg ð3:11Þ

where B is the width of the foundation.

Circular foundation:

qu ¼ 1:3cNc þ qNq þ 0:3gBNg ð3:12Þ

where B is the diameter of the foundation.

For local shear failure, Equations (3.11) and (3.12) are used withNc
0; Nq

0; Ng
0 with c0 andf0

given by Equations (3.9) and (3.10).

3.2.3 Modified Bearing Capacity Factors for Smooth Base

Based on laboratory and field studies, if the failure surface of zone 1 (Rankine active zone) is

inclined at 45þ f
2
, as may be applicable for smooth base, the bearing capacity factors can be

obtained as (Das, 2007)

Nc ¼ ðNq�1Þ cot f ð3:13Þ

Nq ¼ tan2ð45þf=2Þ ep tan f ð3:14Þ

Ng ¼ 2ðNq þ 1Þtan f ð3:15Þ

For example, for f ¼ 0, Nc ¼ 5:14;Nq ¼ 1;Ng ¼ 0 as per these factors.
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3.2.4 Factors of Safety

The allowable bearing capacity qall for purposes of foundation design is obtained as:

qall ¼ qult

FS
ð3:16Þ

where FS¼ the factor of safety, usually taken as 3.

Terzaghi’s bearing capacity factors are most commonly used for obtaining the UBC that is,

qult, assuming rough base while the factors for smooth base and other factors available in

literature are also used depending on the specific requirement. It may be observed that the

differences in values of bearing capacity factors developed by various contributors are

considered minor compared to the variations in soils at the same site whose parameters are

not known unless tested extensively.

3.2.5 General Bearing Capacity Solutions

The basic bearing capacity equation developed by Terzaghi (Equation (3.4)) was modified

by Terzaghi and others for application to general foundations to incorporate the effects of

shape, depth of foundation and inclination of the applied load. The general equation can be

written as

qu ¼ clcslcdlciNc þ qlqslqdlqiNq þ 0:5 lgslgdlgNg ð3:17Þ
where

lcs; lqs; lgs ¼ shape factors

lcd ; lqd ; lgd ¼ depth factors

lci; lqi; lgi ¼ inclination factors

c¼ cohesion of the soil

Nc,Nq,Ng¼ bearing capacity factors as described in Section 3.2.2 (commonly Terzaghi’s

factors given in Figure 3.4 are used though other factors are also adopted in

specific situations).

These l factors for shape, depth and inclination as given byMeyerhof (Das, 2002) are given

in Table 3.1.

3.2.6 Effect of Ground Water Table

The following modifications have to be made in the computation to take into account the

presence of groundwater table depending on its relative locationwith respect to the depth of the

foundation.

Case 1: If the groundwater table is between 0 andDf, as shown in Figure 3.5(a), then surcharge

term q (second term of the Equations (3.4) and (3.17)) has to be computed as

q ¼ gðDf�DÞþ gsubD ð3:18Þ

where gsub ¼ gsat�gw ¼ submerged unit weight of soil:
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Also, the unit weight of soil, g that appears in the third term of the bearing capacity equations

should be replaced by gsub.

Case 2: When thegroundwater table coincideswith the bottomof the foundation (Figure 3.5(b)),

the magnitude of q is equal to g Df. However, the unit weight g in the third term of the bearing

capacity Equations (3.4) and (3.17) should be replaced by gsub.

Case 3: Thegroundwater table is at a depthDbelow the bottomof the foundation (Figure3.5(c)).

In this case, compute with q ¼ gDf . Also the magnitude of g in the third term of the bearing

capacity Equations (3.4) and (3.17) should be replaced by gav where

gav ¼
1

B
gDþ gðB�DÞ½ � ðForD � BÞ ð3:19Þ

gav ¼ g ðForD > BÞ ð3:20Þ

3.2.7 Other Factors

There are several other factors which effect the bearing capacity such as eccentric loads,

layered and nonhomogeneous soils. These aspects are presented in Chapter 4.

Table 3.1 Meyerhof’s l factors for a rectangular footing (B¼width, L¼ length).

Shape factors

For f ¼ 0�: For f � 10� :

lcs ¼ 1þ 0:2
B

L

� �
lcs ¼ 1þ 0:2

B

L

� �
tan2 45þ f

2

� �

lqs ¼ 1 lqs ¼ lgs ¼ 1þ 0:1
B

L

� �
tan2 45þ f

2

� �
lgs ¼ 1

Depth factors

For f ¼ 0�: For f � 10� :

lcd ¼ 1þ 0:2
Df

B

� �
lcd ¼ 1þ 0:2

Df

B

� �
tan 45þ f

2

� �

lqd ¼ lgd ¼ 1 lqd ¼ lgd ¼ 1þ 0:1
Df

B

� �
tan 45þ f

2

� �

Inclination factors

lci ¼ 1� a�

90�

� �2

lqi ¼ 1� a�

90�

� �2

lgi ¼ 1� a�

f�

� �2

where a is the angle between

the inclined load and the vertical direction.
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3.3 Bearing Capacity of Deep Foundations

3.3.1 Types of Deep Foundations

When a good bearing stratum does not exist near the ground surface or at relatively shallow

depths, the structural loads are transmitted to deeper strata capable of supporting such loads by

means of deep foundations. Thus, deep foundations are thosewhere
Df

B
> 1 and generally>3–4

(Df and B are the depth and width of foundation as shown in Figures 3.3 and 3.6). The main

types are: pile foundations, piers or cylinder foundations and wells or caisson foundations. A

pile is a slender structural member of timber, concrete and/or steel, which is driven or bored/

cast in situ into the soil, generally for supporting vertical or lateral loads andmoments. A pier is

a vertical column of relatively larger cross section than a pile though similar to a pile. It

transmits structural loads to a hard deeper stratum. A caisson is a hallow box or well which is

sunk through ground with or no water. Subsequently it becomes an integral part of the

permanent foundation.

The details of these deep foundations are discussed in Chapters 9 and 10. The evaluation of

the bearing capacity of deep foundations is discussed below.

Figure 3.5 Effect of the location of groundwater table on the bearing capacity of soils.
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3.3.2 Bearing Capacity

Themain difference in the evaluation of bearing capacity of shallow and deep foundation is that

the shear resistance along the boundary of the failure zone is neglected in the case of shallow

foundations while it is included in the case of deep foundations.

The methods available in the literature (Ramiah and Chickanagappa, 1981; Bowles, 1996;

Tomlinson, 2001) are quite numerous and mainly differ in conceptualizing the failure zones

and mobilization of shear resistance along the boundary. The resistance offered by soil due to

applied loads on a pile/deep foundation is shown in Figure 3.6(a). Terzaghi’s theory considers

the pattern of failure zone as shown in Figure 3.6(b) for a slender deep foundation like a pile.

Thus, the bearing capacity at the base of the foundation is called point resistance or point

bearing and is calculated as per shallow foundation theory (as given in Equation (3.4)). But

there is an additional resistance due to friction and cohesion/adhesion along the surface of the

shaft of the foundation (called the shaft resistance or shaft friction and adhesion) in contactwith

the surrounding soil which is added to the total capacity. Thus the total capacity of the deep

foundation includes the two components, that is, point resistance and the shaft resistance.

These details are discussed in detail in Chapters 9 and 10.

In a similar way, Meyerhof (Ramiah and Chickanagappa, 1981) assumed the failure zones for

deep foundations as shown in Figure 3.6(c). Meyerhof further suggested that a failure zone based

onTerzaghi’s theory can be conceptualized for general deep foundations as shown in Figure 3.7(a).

Figure 3.6 Failure zones in deep foundations.
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However, he assumed a general failure zone as shown inFigure 3.7(b) (similar to Figure 3.6(c)) and

expressed the ultimate bearing capacity (UBC) at the base, that is, point resistance as

qp ¼ cNpc þ soNpq þ gB
2
Npg ð3:21Þ

where

Npc, Npq, Npg¼Meyehof’s bearing capacity factors for deep foundations

so¼ normal stress on an equivalent free surface as defined by Meyerhof

c¼ cohesion

g¼ unit weight of soil

Df¼ depth of the foundation below ground level

B¼width of the foundation.

The factorsNpc,Npq,Npg are given in Figures 3.8(a)–(c). The angles b, so can be found from
the values of the Df/B ratio and f values, as given in Figure 3.8(d).

Meyerhof also further simplified the bearing capacity factors for cohesive and cohesionless

soils separately (Ramiah and Chickanagappa, 1981).

3.4 Correlation of UBC and ASP with SPT Values and CPT Values

The SPT and CPT values and their correlation with soil properties are discussed in Chapter 2.

They are in situ tests and provide good correlation with angle of internal friction, f, allowable
soil pressure (ASP), settlements and so on.

3.4.1 SPT Values

The correlation off and allowable soil pressure for a 25mm settlement with SPT values,N, are

given in Figures 3.9(a) and (b). It may be noted that ultimate bearing capacity values for sands

canbe calculated usingFigure 3.9(a) knowing thevalue off. This is different from the allowable

soil pressure given in Figure 3.9(b) wherein the settlement of 25mm is the criterion. Ultimately,

the lower of the two values, that is, UBC (with FS of say 3) and ASP has to be adopted as the

design pressure for foundation design. These aspects are further elaborated in Chapter 8.

Figure 3.7 General deep foundations.
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3.4.2 Correlation to N Values

In saturated very fine or silty sands the values of N may be high if the void ratio is below the

critical void ratio which corresponds approximately to N¼ 15. In such soils the equivalent

value of N (Nequivalent) should be determined from the following relation, when N is greater

than 15:

Nequivalent ¼ 15þ 1

2
ðN�15Þ ð3:22Þ

The value of N gives an indication of the probable mode of soil failure under a footing,

(Terzaghi and Peck, 1967). Local shear failure can be assumed if N� 5 and general shear

failure if N� 30. For intermediate values of N between 5 and 30, linear interpolation between

the local and general shear failure values of bearing capacity factors may be used.

Gibbs and Holtz (Ramiah and Chickanagappa, 1981) showed that the effective overbur-

den pressure also affects the penetration resistance. It was found that the effect of

overburden on a cohesionless soil tend to increase the penetration resistance. Based on

this finding, it was proposed to modify the penetration resistance near the ground surface to

Figure 3.8 Meyerhof’s bearing capacity factors.
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include the effect of overburden pressure since the penetration resistance without this

correction tends to be too small. The modification for air-dried or moist sands proposed by

Gibbs and Holtz is

N ¼ Nr 5

1:422pþ 1

� �
ð3:23Þ

where

N¼ corrected value of penetration

N0 ¼ actual blow count

p¼ actual effective overburden pressure in kg/cm2 (but not greater than 2.8 kg/cm2).

Similar corrections for N values are also discussed in Chapter 2.

3.4.3 CPT Values

Meyerhof (Ramiah andChickanagappa, 1981) correlated CPT (Delft type cone) values (that is,

cone penetration resistance or static cone resistance) with SPT values as

qc ¼ 4N ð3:24Þ
where

qc¼ resistance in kg/cm2

N¼ SPT values (corrected or equivalent).

Figure 3.9 Correlation with SPT values.
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Shmertmann (Bowles, 1996) gave the following correlation of CPT values, qc, with

Terzaghi’s bearing capacity factors, Nq and Ng

qc ¼ 0:8Nq ¼ 0:8Ng ð3:25Þ
where

qc¼ average cone resistance of the soil between a depth of B/2 and 1.1 B in kg/m2

B¼width of the footing in m.

For cohesive soils (Df/B� 1.5),

qult for strip footing ðkg=cm2Þ ¼ 28�0:0052 ð300�qcÞ1:5 ð3:26Þ

qult for square footing ðkg=cm2Þ ¼ 48�0:009 ð300�qcÞ1:5 ð3:27Þ
For clayey soils,

qult for strip footingðkg=cm2Þ ¼ 2þ 0:28 qc ð3:28Þ

qult for square footing ðkg=cm2Þ ¼ 5þ 0:34qc ð3:29Þ

3.5 UBC and Probable Settlements Using Field Plate Load Test

The plate load test is a very useful field test and is described in detail in Section 4.8 (Kameswara

Rao, 2000) for evaluating the modulus of subgrade reaction, coefficient of elastic uniform

compression, spring constant, and modulus of elasticity and other related parameters. This test

can also be used for determining the ultimate bearing capacity, mode of failure (GSF, LSF) and

probable elastic settlements as outlined below.

The plate load test is conducted at site at the proposed depth of the foundationwith a standard

size plate of 30 or 75 cm (diameter or side width of a circular or square shape) and at least

25mm thickness for rigidity. The set-up and details of the test are described in Section 4.8.

Typical test results can be plotted between settlement, s, and bearing pressure, p ¼ P
A
, as shown

in Figure 3.10(a), whereP is the load applied on the plate andA is the area of the plate. The same

results can also be plotted on a log-log scale as shown in Figure 3.10(b).

3.5.1 Spring Constant from Total Deformation

The spring constant represents the force required for unit vertical deformation. In the

case of soil, the value of any parameter analogous to the spring constant will necessarily

depend on the type of soil, its density and moisture content, area, depth, shape of foundation

and so on.

Consider the curve shown in Figure 3.10(a) obtained from the plate load test on a soil. The

initial part of the curve is essentially a straight line or can be approximated to be so. This part at

low bearing pressure represents elastic deformation. Since the applied pressure in most cases

will be within this pressure range, it is reasonably safe to assume this as elastic deformation of
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the foundation–soil system subjected to static loads. The slope of the curve represents spring

constant of the soil.

Of course the plate load test curve represents the elastic characteristics for a single short-term

load application for a particular area of bearing plate. The curve is likely to be different for

different areas of bearing or for repeated loads or for long-term constant loading.

3.5.2 Settlement

It is well known that when two areas of different sizes are loaded, the one with larger area will

show larger deformation for the same bearing pressure.

The relation between the deformation and the area at a given pressure intensity is given by

several empirical expressions as follows:

1. For clays

s2 ¼ s1
B2

B1

ð3:30Þ

Figure 3.10 Plate load test results.

Bearing Capacity, Settlement, Stresses and Lateral Pressures in Soils 63



where B1 and s1 are the width of bearing plate and corresponding settlement at a given

pressure and s2 is the settlement of another area with width B2 at the same pressure.

Where the modulus of elasticity, E, of a soil is constant, such as saturated clay, the

settlement of area with width B and load intensity q is given by

s ¼ 0:6qB

E
ð3:31Þ

2. For sands: The settlements s2 of an area with width B2 in meters is related to the settlement

s1 of a plate with width B1 in meters as

s2 ¼ s1
B2ðB1 þ 0:3Þ
B1ðB2 þ 0:3Þ
� �2

ð3:32Þ

Several authors have evolved similar empirical relationships between the settlement and

area at given pressures.

From the plate bearing tests the elastic property of a soil in a given condition is generally

expressed by the modulus of subgrade reaction which is usually the pressure required per unit

deformation calculated at 0.5 in (12.7mm) of deformation. The units are pounds per cubic inch

in the FPS system (or N/m3 in SI units). This term relates the stress to the total deformation.

These parameters are used for carrying out static or pseudo static/dynamic analysis of

foundation soil systems. The details for getting others parameters are given in Section 4.8.

Amodified version of the plate load test is the cyclic plate load test which ismore relevant for

evaluating parameters that can be used in dynamic analysis ofmachine–foundation–soil (MFS)

systemwhich relates bearing stress to the elastic (recoverable) part of total deformation. This is

also discussed in Section 4.8.

3.5.3 Ultimate Bearing Capacity

If it is a soil with a probable general shear failure, the p-s curves look like curves 1 and 4 in

Figure 3.10(a). The load corresponding to the steep slope of the curve can be noted as the

ultimate bearing capacity of the soil.

However, if such a steep slope is not evident as in curves 2 and 3, it could be a local shear

failure. In such cases, it is difficult to determine the UBC form these curves. Then, p-s curves

can be plotted in log-log scale as shown in Figure 3.10(b). From the plot, the pressure

corresponding to the point where the two linear parts of the graph intersect, can be noted to be

the ultimate bearing capacity. Of course log-log plots can also be used for soils with GSF for

cross verification of the values of UBC.

These results from the standard plate load tests can be used to extrapolate the UBC,

settlements and other parameters for the actual foundations using several empirical and semi-

empirical relations (Ramiah and Chickanagappa, 1981; Bowles, 1996) and bearing capacity

equations discussed in Section 3.2.
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3.6 Elastic Stress and Displacement Distribution in Soils

Evaluation of stress in soils due to loads transmitted by foundations is necessary in many

geotechnical engineering problems such as in settlement calculation (both elastic and due to

consolidation), pore pressure estimation, stress transmission due to foundation loads, under-

ground constructions and effects on adjacent structures. Following methods are commonly

used to determine the stress distribution in soils due to foundation loads. These stresses will be

in addition to the existing stresses due to overburden pressure and so on.

1. Empirical method: For a quick and approximate estimation of stresses for stability

analysis of footings, the pressure under a footing may be assumed to spread like a

pyramid with a slope of 2 vertical to 1 horizontal as shown in Figure 3.11. Thus, a load

Q acting concentrically on a footing area of B� L is assumed to be distributed over an

area of ðBþ ZÞðLþ ZÞ at a depth Z below the footing as shown in Figure 3.11(a). If any

stratum of soil is inadequate to sustain this pressure, the design bearing pressure should

be reduced.

The slopes to be assumedmay depend on the soils. In loose soils, the slope can be steeper

and in strong and dense soils, they could be flat. However, for elastic displacements, a

logarithmically decreasing function of depth or similar functions may be used (Vlasov and

Figure 3.11 Approximate distribution of stresses and displacements below a footing.
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Leontev, 1966), that is,w at depth z ¼ woe
�bz wherewo is the surface displacement and b is

a parameter depending on soil as shown in Figure 3.11(b). b values may range from 0.5 (for

clayey soils) to 2.5 (for sandy soils).

However, for more accurate evaluation, the methods described in (2) may be preferable.

2. Methods using theory of elasticity: For settlement and stress analysis, a more accurate

approach based on elastic theory may be used. All elastic methods are developed from the

Boussinesq’s or Mindlin’s solutions (Timoshenko and Goodier, 1951; Taylor, 1964; Harr,

1966; Bowles, 1996). Mindlin’s solution is generally used for applications in piles, deep

foundations, deep excavations and so on and involves intensive computations. However,

Boussinesq’s solution is very simple and easy to compute.

Hence, Boussinesq’s solutions are most commonly used and are presented below.

Westergaard’s Solution which is applicable to anisotropic soils is also presented subse-

quently and is also used in specific situations.

1. Boussinesq’s solutions – elastic stresses and displacements:

a. Vertical concentricated load on the surface: The stresses and displacements in a semi-

infinite, homogeneous, isotropic and linearly elastic solid or soil medium caused by a

vertical, concentrated loadP applied on the surface at the originO (Figure 3.12) are obtained

by Boussinesq as follows

sz ¼ 3P

2p
z3

R5
¼ 3P

2p z2
1

1þ r2

z2

� �5=2

ttz ¼ 3P

2p
z2r

R5

Figure 3.12 Stresses in cylindrical coordinates caused by a vertical point load on the surface of soil

medium.
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sr ¼ P

2p
3zr2

R5
� 1�2n
RðRþ zÞ

� �
; sy ¼ P

2p
ð1�2nÞ 1

RðRþ zÞ�
z

R3

� �

u¼ Pð1þ nÞ
2pE

xz

R3
� ð1�2nÞx
RðRþ zÞ

� �

v ¼ Pð1þ nÞ
2pE

yz

R3
� ð1�2nÞy
RðRþ zÞ

� �

w ¼ Pð1þ nÞ
2pE

z2

R3
þ 2ð1�nÞ

R

� �
ð3:33Þ

where

E¼Young’s modulus of elasticity

n¼ Poisson’s ratio (ranges from 0 to 0.5)

R¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ z2

p ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2 þ z2

p
¼ spherically radial distance oA

r2¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p
¼ cylindrically radial distance as shown

x, y, z¼Cartesian coordinates of A with respect to the origin O

y ¼ tan�1r
z= ¼ radial coordinate as shown

u, v, w¼ displacements of A along the x, y, z coordinates

sr, sy, sz¼ normal stresses in the r, y, z coordinates
trz¼ shear stress.

It should be noted that although both the vertical normal stress and shearing stress are

independent of the elastic constants they are verymuch dependent on the assumptions of

linear elasticity.

The vertical stress, sz, can be written as

sz ¼ KB

P

z2
ð3:34Þ

where

KB ¼ 3

2p
1þ r

z

	 
2� ��5=2

ð3:35Þ

is a dimensionless influence factor. A plot of the coefficient KB is given in Figure 3.13.

Just as in the two-dimensional case, the effects of a number of forces on the surface can be

accounted for by superposition.

b. Stresses and displacement caused by a uniformly loaded rectangular surface area:

For the casewherein the load consists of a uniformly distributed vertical load of intensity

p over a rectangular area on the surface, Newmark (Taylor, 1964) has derived

expressions for the stresses at a point below a corner of this area by integration of

Equations (3.33). The expression for vertical stress is obtained as

sz ¼ p

4p
2mn

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ n2 þ 1

p

m2 þ n2 þ 1þm2n2
m2 þ n2 þ 2

m2 þ n2 þ 1
þ sin�1 2mn

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ n2 þ 1

p

m2 þ n2 þ 1þm2n2

"
ð3:36Þ
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where p is the uniform intensity of surface loading on a rectangle of dimensionsmz by nz,

and the stress sz occurs at distance z below the corner of this rectangular area. The second

term within the bracket is an angle in radians; this angle is less than p=2 when

m2 þ n2 þ 1 is larger than m2n2; otherwise it is between p=2 and p.
The above expression does not contain the dimension z, and stress depends only on the

ratios m and n and the surface intensity. Newmark also developed charts for calculating

vertical stress at the corner of the rectangular load using Equation (3.36). He has also

developed charts for other stresses and displacements (particularly vertical displace-

ment, w) by integrating Equation (3.33).

When the stress is desired at any point other than the corner, it may be obtained

by superposition of rectangular areas to represent the loaded area, each having the

point as its corner, as illustrated in Figure 3.14(a). Same procedure is applicable for

other stresses and displacements as the principle of superposition is valid for linear

problems.

For a point below any point K inside the rectangular area, the actual loaded area must

be considered to consist of four rectangles, KK1DK2, KK2EK3, KK3BK4 and KK4CK1,

the point desired being below their common corner, K. Then, the stress at any point below

K is the sum of the stresses due to these four rectangular areas (since K is the common

corner) by the principle of superposition.

For determination of the stress below a point such as A in Figure 3.14(a), due to

loading of the rectangle BCDE, the area may be considered to be composed of four

sections as follows: AHBF�AHEG þ AJDG�AJCF. Each of these four rectangles

has a corner at point A, and the stress below point A due to loading on each section may

Figure 3.13 Boussinesq’s and Westergaard’s solutions.
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be computed. Superposition of these values, with signs as indicated above, gives the

desired stress.

Out of all the stresses and displacements, the vertical stress sz and vertical displace-

ment, w at any point are most commonly needed in geotechnical engineering. The

expressions for point load are given in Equation (3.33). The vertical stress due to

rectangular shaped load is given in Equation (3.36). Charts and expressions are also given

by Newmark and others (Harr, 1966). The vertical displacement at the corner of the

rectangular shaped surface load (p) was obtained by Steinbrenner (Harr, 1966) by

integrating the expression for w due to point load (Equation (3.33)) as

wcðzÞ ¼ ap

2E
ð1�n2Þ A� 1�2n

1�n
B

� �

A ¼ 1

p
ln

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þm2 þ n2

p þmffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þm2 þ n2

p �m
þmln

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þm2 þ n2

p þ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þm2 þ n2

p �1

 !

B ¼ n

p
tan�1 m

n
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þm2 þ n2

p

ð3:37Þ

Figure 3.14 Stresses at any point below loaded area.
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where

m¼ b=a; n ¼ z=a
2a, 2b¼ dimension of the rectangular area

ln¼ natural logarithm¼ log to the base e

wc(z)¼ vertical displacement below the corner

Thevalues ofA andB are available in tables (Harr, 1966) for various values ofm and n.

For calculating the displacements at any point other than the corner of the rectangle,

similar procedure as in stresses using the principle of superposition can be adopted.

For the special case of vertical displacement at the surface, that is, z¼ 0, the above

constants simplify as B¼ 0, n¼ 0 and

w ¼ 2ap

E
ð1�n2ÞKo ð3:38Þ

where Ko is a dimensionless constant.

Ko can be obtained from the above tables given in Harr (1966). In particular for a

square shaped load the values of Ko for vertical displacement at center, average

displacement (from the center to the edges), and for a rigid footing are 1.12, 0.95 and

0.88 respectively. Some specific values of Ko which may be useful are given in

Table 3.2.

c. Stresses and displacements due to uniformly distributed load (UDL) on a circular

area: By integrating the expressions for sz and w, over a circular area, Egorov (Harr,

1966) gave the general expressions and charts. In particular the expressions for

sz and w along the center line of the circular area (r¼ 0) at any depth z can be

obtained as

ðszÞr¼0 ¼ p 1� 1

ða=zÞ2 þ 1

" #3=2
ð3:39Þ

Table 3.2 Ko values for rectangular foundations.

Shape of the area (2a� 2b) m ¼ b=a Ko values

Corner Center Average Rigid foundation

Square, m¼ 1 0.56 1.12 0.95 0.88

Circular with diameter, 2a 0.64 1.00 0.85 0.79

Rectangle

m¼ 1.5 0.68 1.36 1.15 1.08

m¼ 2.0 0.77 1.53 1.30 1.22

m¼ 5 1.05 2.10 1.83 1.72

m¼ 10 1.27 2.53 2.25 2.12

m¼ 100 2.00 4.00 3.69 —
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ðwzÞr¼0 ¼
2apð1�n2Þ

E

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ n2

p
�nþ n

2ð1�nÞ ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ n2

p
 !

ð3:40Þ

where

a¼ radius of the circular area

n¼ z
a=

p¼UDL on the circular area.

For stress and displacement at the center of the circle on the surface, that is, r¼ 0, z¼ 0,

the above expressions simplify as

ðszÞr¼z¼0 ¼ p ð3:41Þ

ðwÞr¼z¼0 ¼
2apð1�n2Þ

E
ð3:42Þ

The solution of an annular foundation can be obtained by appropriate superposition

that is, deducting the influence of the inner circle from the total influence of outer

circle.

d. Stresses and displacement for uniform loaded areas of general shape: While strip,

circular, square and rectangular shapes of foundations are more common, occasionally

general shaped foundations such as L-shaped, oval shaped, foundations with cut outs,

triangular and others are also used depending on the requirement. For calculating

stresses and displacements due to such general shaped foundation, Newmark (Harr,

1966) developed circular influence charts using Equations (3.39) and (3.40). A chart for

vertical stress is shown in Figure 3.14(b). The detailed procedure is available in standard

books (Teng, 1964; Harr, 1966; Bowles, 1996).

Besides the above charts, such general problems in elasticity can be solved using

numerical methods and the finite elementmethod. The details of thesemethods are given

in Chapters 6 and 7.

2. Westergaard’s solutions:Typical clay strata usually have partings or thin lenses of coarser

materialwithin them. Thematerial in such lenses represents the non-isotropic condition that

is so common in sedimentary soils. Hence, it increases resistance to lateral strain.

An elastic solution that is based on above conditions has been obtained by Westergaard

(Taylor, 1964). In this solution, an elastic material is assumed to be laterally reinforced by

numerous, closely spaced, horizontal sheets of negligible thickness but of infinite rigidity,

which prevent the mass as a whole from undergoing lateral strain. This material may,

therefore, be viewed as representative of an extreme case of non-isotropic condition.

Westergaard obtained the solution for the vertical stress caused by a point load as

sz ¼ P

z2

1
2p

ffiffiffiffiffiffiffiffiffiffiffi
1�2n
2�2n

r
1�2n
2�2n

þ r

z

	 
2� �3=2 ð3:43Þ
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For n ¼ 0, Equation (3.43) becomes

sz ¼ P

z2

1
p

1þ 2
r

z

	 
2� �3=2 ¼ Kw

P

z2
ð3:44Þ

This expression is similar toEquation (3.34)which represents the isotropic case.Aplot ofKw

as function of r/z is shown in Figure 3.13.

For stresses below a uniformly loaded rectangular area, an integration of Equation (3.43)

gives

sz ¼ p

2p
cot�1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1�2nÞ
ð2�2nÞ

1

m2
þ 1

n2

� �� �
þ 1�2n

2�2n

� �2
1

m2n2

s
ð3:45Þ

For n ¼ 0, the above expression becomes

sz ¼ p

2p
cot�1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2m2
þ 1

2n2
þ 1

4m2n2

r
ð3:46Þ

In Equations (3.45) and (3.46), the notations are the same as those used in Equation (3.36),

which is the corresponding formula for the Boussinesq case. A chart that may be used to obtain

sz values according to Equation (3.46) is also available (Taylor, 1964).

3.7 Settlement Analysis

The design soil pressure for the foundation analysis has to be taken as the lower of the two

values, that is, allowable bearing capacity (based on shear failure, presented in Section 3.2) and

allowable settlement of the structure (based on settlement analysis or compressibility,

presented in Chapter 2) as brought out in Section 3.1.

Foundations on granular soilswill not suffer detrimental settlement if the smaller value of the

two allowable pressures mentioned above is used. Footings on stiff clay, hard clay and other

firm soils generally require no settlement analysis if the design provides a minimum factor of

safety of 3. Soft clays, and otherweak soils settle undermoderate pressure and hence settlement

analysis is necessary.

The total settlement of a footing on clay may be considered to consist of three parts (Teng,

1964; Bowles, 1996), that is

S ¼ Si þ Sc þ Ss ð3:47Þ
where

S¼ total settlement

Si¼ immediate elastic settlement

Sc¼ settlement due to primary consolidation (for clayey soils)

Ss¼ settlement due to secondary consolidation (for clayey soils).
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3.7.1 Immediate Settlement

After the application of load on the footing, elastic compression of the underlying soil takes

place immediately causing elastic settlement of the footing. This amount can be computed by

elastic theory as discussed in Sections 3.5 and 3.6. It is usually very small and can be neglected

for all practical purposes.

3.7.2 Settlement Due to Consolidation

The settlement caused by consolidation is due to the slow extrusion of pore water from

the fine gravel soils. The amount of final consolidation settlement Sc can be calculated

using consolidation theory as discussed in Chapter 2. It may be recalled (Equation (2.25))

that

Sc ¼ primary consolidation settlement calculated by Terzaghi’s theory ðChapter 2Þ
¼ mvDpH

¼ Cc

1þ e
H log10

po þDp
po

ð3:48Þ

where

mv¼ coefficient of volume compressibility of the clay, determined by consolidation

test¼ av
1þ e

av¼ coefficient of compressibility (slope of the compressibility curve, that is, e vs. p curve,

Chapter 2)

e¼ void ratio

Dp¼ vertical stress at the middle of the compressible layer due to load on footing (as per

Section 3.6)

H¼ thickness of the compressible clay. For very thick layers, the clay thickness should be

divided into several layers to obtain accurate settlement

Cc¼ compression index, also determined by consolidation test (Chapter 2)

po¼ vertical effective pressure due to soil overburden.

The other important expressions which need to be used in settlement analysis in addition to

the details given in Chapter 2 are as follows (Taylor, 1964)

s ¼ USc

T ¼ Cvt

H2
� p

4
U2 for U < 60% ðapproximateÞ

T ¼ �0:9332 log10ð1�UÞ�0:085 for U > 60% ðapproximateÞ

Cv ¼ k

gwmv

ð3:49Þ
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where

s¼ settlement at any particular U corresponding to time t

Sc¼ ultimate consolidation settlement, that is, when U¼ 100%

U¼ average degree of consolidation at any time t

H¼ total thickness of compressible clay layer

Hdp¼ length of drainage path

¼ H
2
for two-way drainage and H for one-way drainage

k¼ coefficient of permeability

Cv¼ coefficient of consolidation

T¼ nondimensional time period

t¼ time coordinate

gw¼ unit weight of water

3.7.3 Settlement Due to Secondary Consolidation

When an undisturbed soil sample is tested in the consolidometer (or oedometer) the rate of

volume decrease follows consolidation theory for most part of compression as described in

Chapter 2. This is called primary consolidation. However, when the sample is 100%

consolidated (according to the theory of consolidation) the volume decrease does not stop

according to the theory, but instead the sample continues to compress at a reduced but

continuous rate. This slow consolidation that takes place afterwards is called secondary

consolidation. Rheological models are used to predict the secondary consolidation settlement,

Ss. This is a continuous and long drawn process. Usually the magnitudes of Ss are very small in

comparison to primary consolidation settlement, Sc and are not taken seriously. However, Ss
values could be reasonably large for organic soils and heavy clays with high plasticity.

3.8 Lateral Earth Pressure

Lateral earth pressure determination is needed in the design of many types of structures and

structural members, common examples being retaining walls of the gravity and other

types, sheet pile bulkheads, basement walls of buildings and other walls that retain earth

fills and excavation trenches (Figure 3.15). Often the lateral pressures are difficult to evaluate.

However, lateral pressures can be estimated accurately using earth pressure theories,

such as Rankine’s theory, Coulomb’s theory and other theories (Taylor, 1964; Teng,

1964; Das, 2007).

3.8.1 Fundamental Relationships Between Lateral Pressure and
Backfill Movement

Terzaghi (Taylor, 1964) demonstrated that the lateral force on a wall varies as the wall

undergoes lateral movement. The relationship between the force and themovement is shown in

Figure 3.16. The ordinate of point A represent the force on awall which has been held rigidly in

place while a soil backfill is behind it. This is called Earth pressure at rest where there is no
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Figure 3.15 Typical retaining structures and trenches.

Figure 3.16 Effect of movement of a wall on the lateral thrust.
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relative movement between the back fill and the soil. This is also called Ko condition where Ko

is the corresponding earth pressure coefficient.Ko values are around 0.4–0.5.Ko is referred to as

coefficient of earth pressure at rest.

If thewall moves in the direction away from the backfill, the force decreases and after a small

movement reaches a minimum value at point B. This is called active earh pressure. The

corresponding earth pressure coefficient is KA. KA values are around 1/3 to 1/4.

If the wall is forced against the backfill, the force between the wall and the fill increases,

reaching a maximum value at C. This is called passive earth pressure. The corresponding earth

pressure coefficient Kp. Kp values are around 3–4.

The earth pressures and hence the earth pressure coefficients are evaluated using several

earth pressure theories (Taylor, 1964;Bowles, 1996;Das, 2002). Themost popular among them

are Rankine’s theory and Coulomb’s theory, which are discussed below. They furnish

expressions for active and passive pressures and thrusts caused by a soil mass which is not

subject to seepage forces. Each applies to the cross section of a longwall of constant section and

gives results per unit of running length. These two theories are discussed in this and the

following sections.

3.8.2 Rankine’s Theory

This theory assumes a conjugate relationship between the vertical pressures and the lateral

pressures on vertical plane within the soil backfill behind a retaining wall. In other words, it is

assumed that the presence of the wall introduces no changes in shearing stresses at the surface

of contact between the wall and the backfill, since the conjugate relationship would hold. The

stresses on the wall would closely resemble those on vertical planes within the infinite slope,

Rankine’s theory would be more accurate were it not for changes in shearing stresses that are

introduced by the presence of the wall.

In its simplest form, Rankine’smethod refers to the active pressures and the active thrust on a

vertical wall that retains a homogeneous cohesionless fill. The backfill is at an inclination i, as

shown in Figure 3.17(a). At any depth z below the surface of the fill, the pressure for the totally

Figure 3.17 Rankine’s earth pressures – inclined backfill.

76 Foundation Design



active case acting parallel to the surface of the fill is given by

pA ¼ g z cos i
cos i�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cos2 i�cos2 f

p
cos iþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cos2 i�cos2 f

p ¼ KAigz ð3:50Þ

The resultant thrust on the wall for either the totally active or the arching-active case is

PA ¼ 1

2
gH2 cos i

cos i�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cos2 i�cos2 f

p
cos iþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cos2 i�cos2 f

p ¼ KAi

gH2

2
ð3:51Þ

where

H¼ height of the wall

g¼ unit weight of soil

z¼ depth coordinate from top of the wall

KAi ¼ active earth pressure coefficient for inclined backfill

¼ cos i
cos i�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cos2 i�cos2 f

p
cos iþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cos2 i�cos2 f

p ð3:52Þ

Since the pressure is of triangular distribution in the totally active case, the thrust acts at a

height of 1/3 H from the base of the wall. The active pressures and the resultant thrust are

expressed by Equations (3.50) and (3.51) and their directions are shown in Figure 3.17(a).

If the backfill is level (horizontal, i¼ 0), Equations (3.50)–(3.52) reduce to a simpler

form

pA ¼ g z
1�sinf
1þ sin f

¼ g z tan2 45� 1

2
f

� �
¼ KAg z ð3:53Þ

PA ¼ 1

2
gH2 1�sin f

1þ sin f
¼ 1

2
gH2 tan2 45� 1

2
f

� �
¼ KA

gH2

2
ð3:54Þ

where KA ¼ active earth pressure coefficient for level backfill

¼ 1�sin f
1þ sin f

¼ tan2 45�f
2

� �
ð3:55Þ

For this case, the p, PA and other details are shown in Figure 3.18(a). In Rankine’s Theory,

the failure planes are inclined at an angle of 45þ f
2
to the major principal plane, that is,

horizontal plane in the active case. s1 is the major principal stress which is along vertical

direction and s3 is the minor principal stress which is along the horizontal direction, as

shown in Figure 3.18(a). A totally passive case exists if the retaining wall is pushed in that is,

the wall moves towards the backfill (Figure 3.17(b)). This is Rankine’s passive case
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(Figure 3.17(b)). The lateral pressure at depth z is given by

pp ¼ g z cos i
cos iþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cos2 i�cos2 f

p
cos i�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cos2 i�cos2 f

p ¼ Kpi g z ð3:56Þ

The expression for total passive pressure can be obtained as

Pp ¼ 1

2
gH2 cos i

cos iþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cos2 i�cos2 f

p
cos i�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cos2 i�cos2 f

p ¼ Kpi

gH2

2
ð3:57Þ

where

Kpi ¼ cos i
cos iþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cos2 iþ cos2 f

p
cos i�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cos2 i�cos2 f

p ð3:58Þ

The total passive pressure acts at H/3 along the line parallel to the slope of the backfill. For a

horizontal backfill (i¼ 0), Equations (3.56)–(3.58) simplify as

pP ¼ g z
1þ sinf
1�sinf

¼ g z tan2 45þ 1

2
f

� �
¼ KPg z ð3:59Þ

PP ¼ 1

2
gH2 1þ sinf

1�sinf
¼ 1

2
gH2 tan2 45þ 1

2
f

� �
¼ KP

gH2

2
ð3:60Þ

where

KP ¼ 1þ sinf
1�sin f

¼ tan2 45þ f
2

� �
¼ 1

KA

ð3:61Þ

KA ¼ active earth pressure coefficient given in Equation (3.55).

Figure 3.18 Rankine’s earth pressures – horizontal backfill.
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The distribution of pp, Pp and other details are shown in Figure 3.18(b). The major principal

stress s1 in this passive case is along the horizontal direction (i.e., major principal plane is

vertical) and the minor principal stress s3 is along the vertical direction (i.e., minor principal

plane is horizontal). Hence, the failure planes in Rankine’s passive case are at an angle of

45þ f
2
with the vertical plane (major principal plane) or 45� f

2
with the horizontal plane as

shown in the Figure 3.18(b).

3.8.2.1 Cohesive Soils

For cohesive soils with horizontal backfill, the active and passive earth pressures can be

obtained (Teng, 1964) using Mohr’s circle as

pA ¼ KAgz�2c
ffiffiffiffiffiffi
KA

p ð3:62Þ

PA ¼ KA

gH2

2
�2c

ffiffiffiffiffiffi
KA

p
H ð3:63Þ

pP ¼ KPgzþ 2c
ffiffiffiffiffiffi
KP

p ð3:64Þ

PP ¼ KP

gH2

2
þ 2c

ffiffiffiffiffiffi
KP

p
H ð3:65Þ

The pA, PA and effect of cohesion are shown in Figure 3.19(a). pp,Pp and other details are

shown in Figure 3.19(b). The total pressures now can be found out from the areas of earth

pressure distribution shown in Figure 3.19.

Figure 3.19 Rankine’s pressures for cohesive soils – horizontal backfill.
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3.8.2.2 Tension Cracks in Cohesive Soils (Active Case)

As can be seen fromEquation (3.62) and Figure 3.19(a), the cohesion reduces the earth pressure

intensity by an amount of�2c
ffiffiffiffiffiffi
KA

p
. Hence up to z ¼ zc, there is a tension zone in the soil and

the tension cracks develop in the soil. zc can be obtained from Equation (3.62) as the depth at

which pA ¼ 0, that is

ðpAÞat z¼zc
¼ 0 ¼ gzcKA�2c

ffiffiffiffiffiffi
KA

p

;zc ¼ 2c

g
1ffiffiffiffiffiffi
KA

p ¼ 2c

g tan 45� f
2

	 
 ¼ 2c

g
tan 45þ f

2

� �
ð3:66Þ

since tan 45þ f
2

� �
¼ 1

tan 45� f
2

	 
 ð3:67Þ

The total lateral pressures can be obtained by computing the total areas of the earth pressure

diagrams shown in Figures 3.19(a) and (b). However, in the active case, the usual practice is to

neglect the negative pressure due to tensile zone up to z¼ zc and only calculate the net

compressive pressure from zc to H.

3.8.3 Coulomb’s Theory of Earth Pressure

Coulomb’s theory (Taylor, 1964; Bowles, 1996; Das, 2002) antedates Rankine’s theory. It is

based on the concept of a failure wedge which is bounded by the face of the wall and by a

surface of failure that passes through the foot of the wall. The main assumption is that the

surface of failure is a plane, and the other assumption is that the thrust on the wall acts in some

known direction. Once these assumptions have been made, the resultant thrust on thewall may

easily be determined by simple considerations based on principles of static equilibrium of the

wedge due to the forces acting on it. This can be easily done using graphic statics in which the

polygon of forces has to close for static equilibrium.

3.8.3.1 Active Case – Cohesionless Soils

The three forces acting on the wedge ABC (Figure 3.20) must be in equilibrium. The weight of

the wedge W is a known force for any arbitrarily chosen trial failure plane AB. Since an active

case exists, the resultant forcePF across planeABmust be at an angle offwith the normal to the

plane AB. The resultant force on the wall PA (active pressure) is assumed, in the most general

form of the Coulomb’s theory, to be at an arbitrarily chosen obliquity a. With W known in

magnitude and direction and the other two forces known in direction, the magnitude of force PA

is easily obtained bydrawing the force triangle (Figure 3.20(b)). This lateral forcePAdepends on

the choice of failure plane, and the critical valuemust be found by trial corresponding to the case

when PA is maximum (Taylor, 1964). The force PA also depends on the angle a.
However, a is usually taken as the wall friction angle, f0 which is slightly smaller than f

(angle of internal friction of soil). In the absence of enough data on thewall friction angle, a can
be taken as f0 (i.e., f0 ¼f).
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In addition to the above mentioned trial method using triangle of forces, several methods

such as Rebhann’s method, Engesser’s method, Poncelet method and Culmann’s method are

available in literature (Taylor, 1964; Teng, 1964) to get the critical value,PA. However, the trial

method is very general and can be used for all practical situations of backfills, retaining walls,

surcharge loads, underground loads and so on.

3.8.3.2 Coulomb’s Solution for Active Pressure – Simple Cases

The thrust PA as given by Coulomb’s theory for the simple case shown in Figure 3.21(a) is

as follows

PA ¼ 1

2
gH2 csc b sinðb�fÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sinðbþf0Þ

p
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sinðfþf0Þsinðf�iÞ

sinðb�iÞ

s
2
66664

3
77775

2

ð3:68Þ

where f is the angle of internal friction of the soil, that is also taken as the wall friction angle.

It is interesting to note that if b equals 90� and f0 equal i, the conditions conforms to the

Rankine’s theory, and Equation (3.68) reduces to Equation (3.51).

A special form of Equation (3.68) is that in which the wall is vertical, the surface of the

backfill is level and a ¼ f ¼ f0 (Figure 3.21(b)). Then the simplified solution is

PA ¼ 1

2
gH2 cos f

1þ ffiffiffiffiffiffiffiffiffiffiffiffiffi
2sin f

p� �2 ð3:69Þ

Figure 3.20 Coulomb’s theory – active pressure.
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3.8.3.3 Coulomb’s Theory for Passive Cases – Cohesionless Soils

The passive case differs from the active case in that the obliquity angles at the wall and on the

failure plane are of opposite sign, as shown in Figure 3.22 along with the force triangle.

Coulomb’s theory uses the assumption of plane failure for the passive case, as it did for the

active case, but the critical plane is that for which the passive thrust is a minimum. The critical

active thrust is a maximum value. The failure plane is at a much smaller angle to the horizontal

than in the active case. In general the passive thrust is several times larger than the active thrust.

The equation for the passive pressure according to Coulomb’s theory for the simple case

shown in Figure 3.23(a) is

PP ¼ 1

2
gH2 csc b sinðbþfÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sinðb�aÞp �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sinðfþ aÞsinðfþ iÞ

sinðb�iÞ

s
2
66664

3
77775

2

ð3:70Þ

with a¼f0 ¼f.

Figure 3.21 Coulomb’s solutions for simple retaining walls – active case.

Figure 3.22 Coulomb’s theory – passive pressure.
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For the special case with i¼ 0, a¼f¼f0 and b¼ 90� (retaining wall with vertical face as

shown in Figure 3.23(b)), Equation (3.70) further simplifies as

Pp ¼ 1

2
gH2 cos f

1� ffiffiffi
2

p
sin f

� �2 ð3:71Þ

3.8.3.4 Coulomb’s Theory – Active Earth Pressure Due to Cohesive Soils

Determination of the active earth pressure in the case of cohesive backfills (soils with cohesion,

c, and angle of internal friction,f) is generally complex due to the uncertain movements of the

wall relative to the soil. However, the general graphical solution using equilibriumof the failure

wedge as per Coulomb’s theory can be used in such cases of cohesive backfills (Figure 3.24(a)).

All the assumptions are the same as in the case of cohesionless soils except that the shear

strength along the plane of failure consists of both the adhesion component (due to cohesion)

and the friction component (due to friction angle,f) and is expressed as per theMohr–Coulomb

failure criterion, that is

s ¼ cþ sn tan f

where

s¼ shear strength

sn¼ normal stress on the failure plane

c, f¼ shear strength parameters of the soil.

While adhesion (due to c) along the failure plane (c1A¼ c.OG) is taken into account,

adhesion along the soil–wall interface is usually neglected. However, this also can be included

if needed as it can be easily added in the polygon of forces with its magnitude (c2A¼ c.OA), as

shown in Figure 3.24(a).

Taking any trial wedge OGA (Figure 3.24(a)), the directions of PFA and PA are drawn as

shown in Figure 3.24(a). Since f and a (wall friction angle¼f0) are known, and since the

wedge fails by sliding down in the active case, the magnitudes and direction of adhesion

along the trial failure plane C1A (¼ c.OG) and along the well C2A (¼ c.OA) are known. The

Figure 3.23 Coulomb’s solutions for simple retaining walls – passive case.

Bearing Capacity, Settlement, Stresses and Lateral Pressures in Soils 83



polygon of forces can be drawn as shown in Figure 3.24(a). Since the magnitudes of PA and

PFA are the only two unknowns, they can be obtained from the polygon of forces. This

gives the active pressure for this trial wedge. The trials are continued and values of PA in

each case are obtained. The maximum of these PA values gives the actual/critical active

pressure and the corresponding failure plane is the critical failure plane. Asmentioned above,

the adhesion along thewall–soil interfacemay be neglected, in which case C2A can be deleted

in the polygon of forces.

3.8.3.5 Coulomb’s Theory – Passive Pressure Due to Cohesive Soils

The trial wedge in this case along with the forces is shown in Figure 3.24(b). It may be noted

that thewedge fails by sliding up in the passive case. Correspondingly, the adhesions C1P and

C2P along the failure plane and along the wall–soil interface are in the opposite direction to

those shown in the case of active failure (opposite to direction of C1A and C2A shown in

Figure 3.24(a)). Similarly, the passive pressure Pp and the resultant pressure due to friction

PFP along the trial failure plane OG are also inclined to the normals of the planes in the

opposite directions by a andf (Figure 3.24(b)) in comparison to the forces PA andPFA shown

in Figure 3.24(a).

Then, the polygon of forces is drawn as shown in Figure 3.24(b) to determine PP for the trial

wedge. After a few trials, the minimum value PP is taken as the passive pressure corresponding

to that critical failure plane:

Figure 3.24 Coulomb’s theory for earth pressures in cohesive soils – trial wedge method.

84 Foundation Design



In this case also, the adhesion along the wall–soil interface can be neglected in which case

C2P can be deleted in the force polygon given in Figure 3.24(b).

3.8.3.6 Coulomb’s Theory for General Cases of Retaining Walls

The above procedure of trial wedges can be used to determine the active and passive pressures

on general retaining structures involving cohesive and cohesionless soils, partly or fully

submerged backfills, layered backfills, surcharge loads including concentrated loads, openings,

irregular wall faces and backfill surfaces and so on (Taylor, 1964; Teng, 1964; Peck, Hanson

and Thornburn, 1974; Bowles, 1996).

3.8.3.7 Point of Action of the Resultant Active or Passive Pressure

The point of action of the resultant pressures (active or passive) is obtained by drawing a

parallel line, GT to the failure plane AB form the center of gravity G of the failurewedge, ABC

(active or passive cases) as shown in Figure 3.25.

Then, the resultant pressure (active or passive) is assumed to act at J. The direction of the

pressure will be at an angle of a¼f¼f0 taken appropriately that is, anticlockwise (active

case) and clockwise (passive case) from the normal to the face at the point J as shown in

Figure 3.25. This method can be used in the case of all practical problems involving cohesive

and cohesionless soils, partially or fully submerged backfills, layered soils, surcharge loads,

irregular wall faces and backfill surfaces and so on, (Taylor, 1964; Teng, 1964; Peck, Hanson

and Thornburn, 1974; Bowles, 1996).

Figure 3.25 Direction and point of action of resultant active (PA) and passive (PP) pressures –

Coulomb’s theory.
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3.9 Coefficient of Earth Pressure at Rest

The earth pressure at rest (Section 3.8.1) can be expressed as

sh ¼ Kosv ð3:72Þ
where

sh¼ lateral pressure at rest at any point

Ko¼ coefficient of earth pressure at rest

sv¼ vertical pressure at that point (usually the overburden pressure)

¼ gz
g¼ effective unit weight of the soil

z¼ vertical depth of the point below ground level.

It is very difficult to determine Ko for various soils and conditions. The formulae for Ko can

also be derived from the theory of elasticity (Bowles, 1996) as

Ko ¼ n
1�n

ð3:73Þ

where n¼ Poisson’s ratio of the soil (values range from 0 to 0.5).

The formula developed by Jaky (Bowles, 1996) for all granular materials including

agricultural grains is

Ko ¼ 1�sinf
1þ sinf

1þ 2

3
sin f

� �
ð3:74Þ

where f¼ angle of internal friction of the granular material.

The above formula is subsequently simplified for soils as

Ko ¼ 1�sin f ð3:75Þ
Equation (3.75) is most widely used in geotechnical engineering. There are several other

formulae developed in literature (Bowles, 1996). The range of values ofKo is given in Table 3.3.

3.10 Other Theories of Lateral Pressure

There are several other theories proposed for the evaluation of lateral pressure based on

analysis with assumed failure planes such as log spirals and bilinear surfaces and so on.

Also solutions have been obtained using limiting equilibrium theory and method of

characteristics (Harr, 1966).

Table 3.3 Values of Ko.

Soil types Values of Ko

Sands and gravels 0.35–0.60

Clays and silts 0.45–0.75

Overconsolidated clays 1.0
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However, themost widely accepted theories are due toRankine and Coulomb and these have

been discussed in the above sections.

3.11 Examples

3.11.1 Examples in Bearing Capacity (Sections 3.2 to 3.5)

Example 3.1

Compute the bearing capacity per unit area of the following footings (Figure 3.26) on a soil for

which c ¼ 12 kN=m2, f ¼ 20o, gt ¼ 17 kN=m2 and gsub ¼ 10 kN=m2. The depth of founda-

tion is 1.0m and the water table is at a depth of 3.5m below ground level (GL). Nc ¼ 17:69,
Nq ¼ 7:44 and Ng ¼ 3:64.

1. Strip footing, 3m wide

2. Square footing, 3� 3m

3. Circular footing, 3m diameter

Solution:

c ¼ 12 kN=m2; f ¼ 20�; gt ¼ 17 kN=m3; gsub ¼ 10 kN=m2

gaverage for soil in cone of depression ABC

¼ gt � 2:5þ gsub � 0:5

3

¼ 17� 2:5þ 10� 0:5

3

¼ 15:83 kN=m3

Figure 3.26 Example 3.1.
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1. Strip footing, 3m wide

qu ¼ cNc þ qNq þ 0:5gav:BNg

¼ ð12� 17:69Þþ ð17� 1� 7:44Þþ ð0:5� 15:83� 3� 3:64Þ
¼ 425:2 kN=m2

2. Square footing, 3� 3m

qu ¼ 1:3cNc þ qNq þ 0:4gav:BNg

¼ ð1:3� 12� 17:69Þþ ð17� 1� 7:44Þþ ð0:4� 15:83� 3� 3:64Þ
¼ 471:6 kN=m2

3. Circular footing, 3m diameter

qu ¼ 1:3cNc þ qNq þ 0:3gav:BNg

¼ ð1:3� 12� 17:69Þþ ð17� 1� 7:44Þþ ð0:3� 15:83� 3� 3:64Þ
¼ 454:3 kN=m2

Example 3.2

A square footing and a circular footing are to be designed to carry a load of 120 kN at a depth of

2m below GL in a soil with the following data. gsoil ¼ 18 kN=m3, c ¼ 10 kN=m3, f ¼ 20o

(Nc ¼ 17:69, Nq ¼ 7:44 and Ng ¼ 3:64). Calculate their dimensions. What will be their

bearing capacities if the ground water level (GWL) is 3m below GL?

gsub ¼ 10 kN=m3; F:S ¼ 3

Solution:

c ¼ 10 kN=m2; f ¼ 20o; Nc ¼ 17:69; Nq ¼ 7:44; Ng ¼ 3:64; g ¼ 18 kN=m3;

gsub ¼ 10 kN=m3; Df ¼ 2 m

Qu

Qall

¼ F:S:; Qu ¼ F:S:Qall ¼ 3� 120 ¼ 360 kN

For square footing:

qu ¼ Qu

area
¼ 360

B2
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qu ¼ 1:3cNc þ qNq þ 0:4gBNg

360

B2
¼ ð1:3� 10� 17:69Þþ ð18� 2� 7:44Þþ ð0:4� 18� B� 3:64Þ

360

B2
¼ 497:81þ 26:21B

26:21B3 þ 497:81B2�360 ¼ 0

;B ¼ 0:83 m

For circular footing:

qu ¼ Qu

area
¼ 360

pB2=4

qu ¼ 1:3cNc þ qNq þ 0:3gBNg

360
pB 2

4

¼ ð1:3� 10� 17:69Þþ ð18� 2� 7:44Þþ ð0:3� 18� B� 3:64Þ

458:4

B2
¼ 497:81þ 19:66B

19:66B3 þ 497:81B2�458:4 ¼ 0

B ¼ 0:94 m

Bearing capacity if ground water level is at D¼ 3m, below GL:

If B< 1m, then bearing capacity is the same as above.

If B> 1m, then gaverage is to be used in place of g in the third term of bearing capacity

equations that is, 0.4gavBNg for square footing and 0.3gavBNg for circular footing (Figure 3.27).

Figure 3.27 Example 3.2.
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Example 3.3

Compute the bearing capacity per unit area of a continuous footing 3m wide on a soil

for which c ¼ 20 kN=m3; f ¼ 20o; Nc ¼ 20; Nq ¼ 9; Ng ¼ 5; g ¼ 19 kN=m3; and

gsub ¼ 12 kN=m3. The depth of foundation is 3m and the water table is at a depth of 5m

below GL (Figure 3.28).

Solution:

c ¼ 20 kN=m3; f ¼ 20o; Nc ¼ 20; Nq ¼ 9; Ng ¼ 5; g ¼ 19 kN=m3;

gsub ¼ 12 kN=m3; Df ¼ 3 m

gav ¼
1

3
ð19� 2Þþ 12½ � ¼ 50

3
¼ 16:67 kN=m3 ForD � B

qu ¼ cNc þ gDfNq þ 0:5gavBNg

¼ 20� 20þ 19� 3� 9þ 0:5� 16:67� 3� 5

¼ 1038:025 kN=m2

Example 3.4

Load tests were carried out on a 0.3m square plate and a 0.3m diameter circular plate on a

dense cohesionless sand having a unit weight of 17 kN/m3. The plates were tested at a depth

of 0.6m below GL. Failure occurred at 10 kN and 7 kN for square and circular plates

respectively. The settlement of the square plate was observed to be 1.5 cm just before

failure. What would be the failure load per unit area of (1) 0.3� 0.3m square footing and

Figure 3.28 Example 3.3.
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(2) 1.5� 3.0m rectangular footing, both located with their bases at the same depth in the

same soil?

Solution:

Df ¼ 0:6m; c ¼ 0 (For dense sand)

qu from tests ¼ 10

0:3� 0:3
kN=m2 for square plate

¼ 10

ðp=4Þ � 0:32
kN=m2 for circular plate

1. For square plate: 0:3� 0:3 m;;B ¼ 0:3 m

qu ¼ 1:3cNc þ qNq þ 0:4gBNg

ð1:3� 0� NcÞþ ð17� 0:6� NqÞþ ð0:4� 17� 0:3� NgÞ ¼ 10

0:3� 0:3

0:3� 0:3½ð17� 0:6� NqÞþ ð0:4� 17� 0:3� NgÞ� ¼ 10

0:918Nq þ 0:1836Ng ¼ 10

2. For circular plate: D¼ 0.3m, B¼ 0.3m

qu ¼ 1:3cNc þ qNq þ 0:3gBNg

ð1:3� 0� NcÞþ ð17� 0:6� NqÞþ ð0:3� 17� 0:3� NgÞ ¼ 7

p� 0:32=4

p� 0:32

4
ð17� 0:6� NqÞþ ð0:3� 17� 0:3� NgÞ
� � ¼ 7

0:721Nq þ 0:108Ng ¼ 7

Nq ¼

���� 10 0:1836

7 0:108

���������
0:918 0:1836

0:721 0:108

�����
¼ 6:175; Ng ¼

���� 0:918 10

0:721 7

���������
0:918 0:1836

0:721 0:108

�����
¼ 23:593

Failure load of 2m square footing:

qu ¼ 1:3cNc þ qNq þ 0:4gBNg ðnote : c ¼ 0Þ
qu ¼ ð17� 0:6� 6:175Þþ ð0:4� 17� 2� 23:593Þ ¼ 383:8498 kN=m2

Qu ¼ qu � area ¼ 383:8498� ð2� 2Þ ¼ 1535:4 kN
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Failure load of 1.5� 3.0m rectangular footing:

Shape factors;lcs¼1þ0:2
B

L
¼ 1:1 ðAssuming0�f� 10�Þ

lqs¼1

lgs¼1

qu¼ ð17�0:6�1:0�6:175Þþ 17�1:5

2
�23:593�1:0

� �� �
¼ 363:8kN=m2

Qu¼qu� area¼ 363:8�ð1:5�3Þ¼ 1637:1kN

3.11.2 Examples in Stress Distribution in Soils (Section 3.6)

Example 3.5

Soil with unit weight of 16 kN/m3 is loaded at the surface by a UDL of 200 kN/m2 over:

1. Circular area of 2m diameter

2. Annular area with 3m outer diameter and 2m inner diameter.

Calculate the change of vertical stress at a depth of 3m below surface for the above two cases

(Figure 3.29). What will be the total stress in both cases at that depth (¼ 3m)?

Solution:

gt ¼ 16 kN=m2;

sz ¼ p 1� 1

a

z

	 
2
þ 1

� �3=2
2
6664

3
7775

Figure 3.29 Example 3.5.
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1. Circular area:

p ¼ 200 kN=m2; a ¼ 1 m; z ¼ 3 m

;ðszÞz¼3m ¼ 200 1� 1

1

3

� �2

þ 1

" #3=2

2
666664

3
777775 ¼ 29:24 kN=m2

Total stress¼ð29:24Þþ ð3� 16Þ ¼ 77:24 kN=m2

2. Annular area:

p ¼ 200 kN=m2; z ¼ 3 m; a1 ¼ 1:5 m; a2 ¼ 1 m

s1 ¼ ðszÞa¼1:5m;z¼3m ¼ 200 1� 1

1þ 1:5

3

� �2
" #3=2

2
666664

3
777775 ¼ 56:89 kN=m2

s2 ¼ ðszÞa¼1m;z¼3m ¼ 200 1� 1

1þ 1

3

� �2
" #3=2

2
666664

3
777775 ¼ 29:24 kN=m2

ðszÞannular ¼ s1�s2 ¼ 56:89�29:24 ¼ 27:65 kN=m2

Total stress¼ð27:65Þþ ð3� 16Þ ¼ 75:65 kN=m2

Example 3.6

A 3� 3m square footing ABCD with its CG at E, carrying a UDL of 250 kN/m2 is located at

ground level (GL). Assuming it as an equivalent circular footing, calculate the vertical stress at

a depth of 4m directly below the following points.

1. Center E of the square ABCD (Figure 3.30)

2. Any corner (say A; Figure 3.31)

3. What will be the stresses at the same points given in (1) and (2), that is, below E andA, if the

above load is treated as a concentrated load acting at E.

Solution:

P ¼ 3� 3� 250 ¼ 2250 kN; p ¼ 2250

3� 3
¼ 250 kN; z ¼ 4 m
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Equivalent circle:

1. Center E of the square ABCD

Area ¼ 3� 3 ¼ 9m2 ¼ pr2

;r ¼
ffiffiffi
9

p

r
¼ 1:69 m

For circular area

sz
p

¼ 1� 1

1þ a

z

	 
2� �3=2
2
6664

3
7775

¼ 1� 1

1þ 1:69

4

� �2
" #3=2

2
666664

3
777775 ¼ 0:219

Figure 3.31 Example 3.6.

Figure 3.30 Example 3.6.
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;ðszÞbelow at 4 m ¼ 0:219� 250 ¼ 54:75 kN=m2

2. Corner A (4m below)

A is the center of the square A1B1CC1 and corner of ABCD.

Area of A1B1CC1 ¼ 6� 6 ¼ 36 m2 ¼ pr2

;Radius of equivalent circle; r ¼
ffiffiffiffiffi
36

p

r
¼ 3:385 m

For circle

ðszÞA
p

¼ 1� 1

1þ a

z

	 
2� �3=2
2
6664

3
7775 ¼ 1� 1

1þ 3:385

4

� �2
" #3=2

2
666664

3
777775 ¼ 0:556 m

;stress below A due to ABCD ¼ 1

4
p� 0:556 ¼ 1

4
� 250� 0:556

;szA ¼ 34:75 kN=m2

3. Treating it as a concentrated load, P¼ 2250 kN

Boussinesq’s solution

sz ¼ 3P

2p z2
1

1þ r

z

	 
2
2
64

3
75
5=2

¼ 3P

2p
z3

R5

ðsince R2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ z2

p
Þ

a. 4m below E

ðszÞE ¼ 3P

2p
z3

R5
¼ 3� 2250�

2p
43

45
¼ 67:14 kN=m2

b. 4m below A

r ¼ 1:5
ffiffiffi
2

p
from E; z ¼ 4 m;R2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ z2

p
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1:5

ffiffiffi
2

p
Þ2 þ 42

q
¼ 4:53

ðszÞA ¼ 3P

2p
z3

R5
¼ 3� 2250�

2p
43

4:535
¼ 36:04 kN=m2
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Example 3.7

Acolumn load of 1600 kN is supported by a circular footing of radius of 4m at the ground level.

Using the expression for vertical stress at any depth z below the center of the footing, compute

the stress at a depth of 6m below the center. If the footing is converted to an annular shapewith

outer and inner radii as 6 and 4m,what will be the vertical stress at the same depth of 6m below

center (Figure 3.32)? Find the vertical stress at 6m depth below the center if the column load is

treated as a concentrated load using Boussinesq’s equation.

Solution:

Circular footing radius, r ¼ 4 m

Area ¼ pr2 ¼ pð4Þ2 ¼ 50:27 m2

p ¼ 1600

50:27
¼ 31:83 kN=m2

r¼ 4m, z¼ 6m

ðszÞbelow center of circle

p
¼ 1� 1

1þ r

z

	 
2� �3=2
2
6664

3
7775 ¼ 1� 1

1þ 4

6

� �2
" #3=2

2
666664

3
777775 ¼ 0:424

ðszÞbelow center of circle ¼ 0:424p ¼ 0:424� 31:83

ðszÞbelow center of circle ¼ 13:5 kN=m2

r1 ¼ 6 m, r2 ¼ 4 m

If1 for r1 ¼ 6 m ¼ 1� 1

1þ 6

6

� �2
" #3=2

2
666664

3
777775 ¼ 0:646:

Figure 3.32 Example 3.7.
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If2 for r2 ¼ 4 m ¼ 1� 1

1þ 4

6

� �2
" #3=2

2
666664

3
777775 ¼ 0:424:

Net If ¼ If1�If2 ¼ 0:646�0:424 ¼ 0:222

Area A1 ¼ pr2 ¼ pð6Þ2 ¼ 113:10 m2

Area A2 ¼ pr2 ¼ pð4Þ2 ¼ 50:27 m2

Annular area ¼ A1�A2 ¼ 62:83 m2

p ¼ 1600

62:83
¼ 25:47 N=m2

sz ¼ 0:222 p ¼ 0:222� 25:47 ¼ 5:65 kN=m2

Boussinesq’s solution, concentrated load P at r¼ 0m

sz ¼ 3P

2p z2
1

1þ r
z

� �2
" #5=2

¼ 3� 1600

2pð6Þ2
1

1þð0Þ2
" #5=2

¼ 21:22 kN=m2

Example 3.8

Compute the vertical stress at a depth of 4m below the center of a circular footing of radius 3m

subjected to aUDL of 30 kN/m2.What should be the radius of footing if the influence value at a

depth of 6m is 0.3?

Solution:

sz
p
¼ 1� 1

1þ a

z

	 
2� �3=2
2
6664

3
7775 ¼ 1� 1

1þ 3

4

� �2
" #3=2

2
666664

3
777775 ¼ 0:488

sz ¼ 0:488; p ¼ 0:488� 30 ¼ 14:64 kN=m2
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If If ¼ 0:3;
r

z
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

ð1�If Þ2=3
" #

�1

vuut ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1

ð1�0:3Þ2=3
" #

�1

vuut ¼ 0:518

r ¼ 0:518� z ¼ 0:518� 6 ¼ 3:11 m

Example 3.9

AUDL of 250 kN/m2 is acting on a rectangular foundation ABCD shown in Figure 3.33. Find

the vertical stress at a depth of 4m below the points A, B, C, D, F and G using Newmarks

formula and/or charts.

Solution:

Stresses below A, B, C and D:

A, B, C, D are corners of the rectangular footing.

p ¼ 250 kN=m2; a ¼ 10 m; b ¼ 8 m; z ¼ 4 m:

m ¼ 10

4
¼ 2:5; n ¼ 8

4
¼ 2 ;If ðA;B;C;DÞ ¼ 0:236

;vertical stress at 4 m below the corner A;B;C;D ¼ 0:236� 250 ¼ 59 kN=m2

Stress below F: (interior point)

F is the corner of the four rectangles 1,2,3,4

;ðIf ÞF ¼ If of 1þ 2þ 3þ 4

¼ 4� If ð1Þ

Figure 3.33 Example 3.9.
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For rectangle 1: a1¼ 5m, b1¼ 4m, z¼ 4m

m ¼ 5

4
¼ 1:25; n ¼ 4

4
¼ 1 ;If ðA;B;C;DÞ ¼ 0:186

;ðIf ÞF ¼ 4� 0:186 ¼ 0:744

;vertical stress at 4 m below F ¼ 0:744� 250 ¼ 186 kN=m2

Stress below G:

G is the corner of the rectangles BHGK, HAJG, CIGK, IGJD. Hence, stress can be obtained by

superposition.

;ðIf ÞG due to ABCD ¼ ðIf ÞG ½HGKB-HAJG-CIGKþ IGJD�

(If)G due HGKB¼ (If)I
For rectangle HGKB: a¼ 10 þ 4¼ 14m, b¼ 8 þ 4¼ 12m, z¼ 4m

m ¼ 14

4
¼ 3:5; n ¼ 12

4
¼ 3 ;ðIf ÞI ¼ 0:246

(If)G due HAJG¼ (If)II
For rectangle HAJG: a¼ 4m, b¼ 8 þ 4¼ 12m, z¼ 4m

m ¼ 4

4
¼ 1; n ¼ 12

4
¼ 3 ;ðIf ÞII ¼ 0:205

(If)G due CIGK¼ (If)III
For rectangle CIGK: a¼ 14m, b¼ 4m, z¼ 4m

m ¼ 14

4
¼ 3:5; n ¼ 4

4
¼ 1 ;ðIf ÞIII ¼ 0:207

(If)G due IGJD¼ (If)IV
For rectangle IGJD: a¼ 4m, b¼ 4m, z¼ 4m

m ¼ 4

4
¼ 1; n ¼ 4

4
¼ 1 ;ðIf ÞIv ¼ 0:209

ðIf ÞG due to ABCD ¼ ðIf ÞI�ðIf ÞII�ðIf ÞIII þðIf ÞIV
¼ 0:246�0:205�0:207þ 0:209

ðIf ÞG due to ABCD ¼ 0:043

;Stress at 4 m below G ðexterior pointÞ ¼ 0:043� 250 ¼ 10:75 kN=m2

3.11.3 Examples in Settlement Analysis (Section 3.7)

The symbol r is used instead of s to refer to settlement in these examples, that is

r ¼ s; ru ¼ Sc

where Sc¼ ultimate settlement due to primary consolidation
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Example 3.10

After construction, the average settlement for a structure was 5 cm after 4 years. The total

settlement was known to be more than 15 cm. Estimate its settlement after 16 years. Calculate

the time taken for the settlement to be 10 cm.

Solution:

r ¼ Uru; ru ¼ mv dp H; T ¼ p
4
U2ðU < 60%Þ; T ¼ cvt

ðH=2Þ2
r4 ¼ 5 cm; t ¼ 4 years; ru � 15 cm ;U < 60%

1. r16 ¼ ?; t ¼ 16 years

r4 : r16 ¼ U4 : U16 ¼
ffiffiffiffiffi
T4

p
:
ffiffiffiffiffi
T6

p ¼ ffiffiffiffi
t4

p
:
ffiffiffiffi
t6

p

5 : r16 ¼
ffiffiffi
4

p
:
ffiffiffiffiffi
16

p
;
2

4
¼ 5

r16

;r16 ¼
4

2
� 5 ¼ 10 cm

2. r ¼ 10 cm; t ¼ ?

r4 : 10 ¼ ffiffiffiffi
t4

p
:
ffiffi
t

p

5

10
¼

ffiffiffi
4

p ffiffi
t

p

;
ffiffi
t

p ¼ 10

5
�

ffiffiffi
4

p

;t ¼ 10

5
�

ffiffiffi
4

p� �2

¼ 16 years

Example 3.11

The settlement analysis for a proposed structure indicated 5 cm of settlement after 4 years, with

an ultimate settlement of 10 cm. Subsequent tests indicated that the actual coefficient of

compressibility (av) is 20% smaller and the coefficient of consolidation (Cv) is 30% smaller

than the values used for the above estimate originally made. Based on these accurate values,

determine the ultimate settlement and the time for 3 cm settlement.

Solution:

r1 ¼ 5 cm; t1 ¼ 4 years; ru1 ¼ 10 cm; av2 ¼ 0:8av1; Cv2 ¼ 0:7cv1

ru1
ru2

¼ mv1

mv2

¼ av1

av2
¼ 1

0:8

;ru2 ¼ 0:8ru1 ¼ 8 cm
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r1
r2

¼ U1rU1

U2rU2

¼ 1

0:8

ffiffiffiffiffi
T1

T2

r
¼ 1

0:8

ffiffiffiffiffiffiffiffiffiffiffi
Cv1t1

Cv2t2

r
¼ 1

0:8

ffiffiffiffiffiffiffi
1

0:7

r ffiffiffiffi
t1

t2

r
1

0:8

ffiffiffiffiffiffiffi
1

0:7

r ffiffiffiffi
t1

t2

r
¼ r1

r2
¼ 5

3ffiffiffiffi
t1

t2

r
¼ 5

3
� 0:8�

ffiffiffiffiffiffiffi
0:7

p
¼ 1:1155;

t1

t2
¼ 1:11552;

;t2 ¼ t1

1:11552
¼ 4

1:11552
¼ 3:21 years

Example 3.12

The settlement analysis of a structure based on preliminary tests indicates 3 cm settlement in

4 years and an ultimate settlement of 10 cm. After detailed investigations it is found that the

coefficient of permeability k is 20% higher than the one in the preliminary tests. What will be

the ultimate settlement, the settlement in 5 years and the time required for 3 cm settlement of

the structure, based on detailed test results?

Solution:

ru2
ru1

¼ mvdp2H2

mvdp1H1

¼ 12� 1:2H1

2H1

¼ 7:2

Find ru2; r2 in t2¼ 5 years and t3 for r3 ¼ 3 cm

1.
ru2
ru1

¼ mvdpH

mvdpH
¼ 1; ru2 ¼ ru1 ¼ 10 cm

ru ¼ mvdpH

r
ru

¼ U

T ¼ p
4
U2 ðU < 60%Þ

T ¼ Cvt

ðH=2Þ2 ¼
k

gwmv

t

ðH=2Þ2

r2
ru2

ru1
r1

¼ U2

U1

¼
ffiffiffiffiffi
T2

T1

r
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2

gwmv

t2

H2
2

k1

gwmv

t1

H2
1

vuuuuut

;
r2
r1

¼
ffiffiffiffiffiffiffiffi
k2t2

k1t1

s
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2. r2 ¼ ? in t2 ¼ 5 years

r1 ¼ 3 cm in t1 ¼ 4 years

;
r2
r1

¼
ffiffiffiffiffiffiffiffi
k2t2

k1t1

s
;
r2
3

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1:2k1
k1

5

4

s
¼

ffiffiffiffiffiffiffi
1:5

p

;r2 ¼ 3�
ffiffiffiffiffiffiffi
1:5

p
¼ 3:674 cm

3. r3 ¼ 3 cm; t3 ¼ ?

r1 ¼ 3 cm in t1 ¼ 4 years

;
r3
r1

¼
ffiffiffiffiffiffiffiffi
k2t3

k1t1

s
;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1:2k1
k1

t3

4

s
¼ 3

3

;t3 ¼ 1� 4

1:2
¼ 3:33 years

Example 3.13

The settlement analysis of a structure based on preliminary tests indicates 3 cm settlement in

4 years and an ultimate settlement of 10 cm.After detailed investigations, it has been found that

the coefficient of consolidation,Cv, is 30%higher than the one in preliminary test.What will be

the ultimate settlement, settlement in 5 years and time required for 3 cm settlement of the

structure based on detailed test results?

Solution:

Cv2 ¼ 1:3Cv1; ru2 ¼ ?; r2 ¼ ?when t2 ¼ 5 years

r1 ¼ 3 cm in t1 ¼ 4 years; ru1 ¼ 10 cm; cv1

t3 ¼ ?when r3 ¼ 3 cm

ru2
ru1

¼ mvdpH

mvdpH
¼ 1; ;ru2 ¼ ru1 ¼ 10 cm

r2
ru2

ru1
r1

¼ U2

U1

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
Cv2

t2

H2

Cv1

t1

H2

vuuuut ¼
ffiffiffiffiffiffiffiffiffiffiffi
1:3

t2

t1

r
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,ru2 ¼ ru1 ¼ 10 cm; r2 ¼
ffiffiffiffiffiffiffiffiffiffiffi
1:3

t2

t1

r
r1 ¼

ffiffiffiffiffiffiffiffiffiffi
1:3

5

4

r
� 3

;r2 ¼ 3:82 cm

Similarly, r3 ¼
ffiffiffiffiffiffiffiffiffiffiffi
1:3

t3

t1

r
r1 ¼

ffiffiffiffiffiffiffiffiffiffiffi
1:3

t3

4

r
� r1

t3 ¼ r3
r1

� �2

� 4

1:3
¼ 3

3

� �2

� 4

1:3
¼ 3:08 years

Example 3.14

The settlement analysis for a proposed structure indicated 5 cm of settlement in 4 years and an

ultimate settlement of 10 cm. The estimated increment of pressure in the clay layer below is

2 kN/m2. The following variations are subsequently noticed.

1. A permanent 1m lowering of the water table will take place.

2. The compressive clay stratum is 20% thicker than assumed in the original analysis.

Compute the modified values of ultimate settlement, settlement after 2 years.

Solution:

ru ¼ mvdpH

r
ru

¼ U
;

T ¼ p
4
U2ðU < 60%Þ; T ¼ Cvt

ðH=2Þ2 ¼
k

gwmv

t

ðH=2Þ2

r1 ¼ 5 cm in t1 ¼ 4 years; ru1 ¼ 10 cm

Dp1 ¼ 2 kN=m2; h1

Dp2 ¼ 2þ 10 (due to 1m lowering, reduction in pore pressure, Du ¼ 10 kN=m2)

H2 ¼ 1:2H1

ru2 ¼ ?; r2 ¼ ?when t2 ¼ 2 years

1.
ru2
ru1

¼ mvdp2H2

mvdp1H1

¼ 12� 1:2H1

2H1

¼ 7:2;

;ru2 ¼ 7:2� ru1 ¼ 7:2� 10 ¼ 72 cm
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2.
r2
r1

¼ U2ru2
U1ru1

¼
ffiffiffiffiffi
T2

T1

r
;
r2
r1

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Cvt2

H2
2

H2
1

Cvt1

s
ru2
ru1

¼
ffiffiffiffi
t2

t1

r
H1

H2

ru2
ru1

r2
r1

¼
ffiffiffiffi
t2

t1

r
1

1:2
� 7:2 ¼ 6

ffiffiffiffi
t2

t1

r

r2
5

¼ 6

ffiffiffi
2

4

r

r2 ¼ 6

ffiffiffi
2

4

r
� 5 ¼ 21:213 cm

3.11.4 Examples in Lateral Pressures (Sections 3.8 to 3.10)

Example 3.15

A frictionless wall is shown in Figure 3.34. What is the total active earth pressure per meter of

wall, by Rankine’s theory and Coulomb’s theory (with wall friction angle f0 ¼f; use the

formulae)?

g ¼ 17:3 kN=m3

f ¼ 30�

c ¼ 0

Figure 3.34 Example 3.15.

104 Foundation Design



Solution:

1. By Rankine’s theory (Figures 3.35 and 3.36)

g ¼ 17:3 kN=m3; c ¼ 0; i ¼ 15�;f ¼ 30�

KA ¼ cos i
cos i�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cos2 i�cos2 f

p
cos iþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cos2 i�cos2 f

p

Figure 3.36 Example 3.15.

Figure 3.35 Example 3.15.
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KA ¼ cos 15�
cos 15��

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cos2 15��cos2 30�

p

cos 15� þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cos2 15��cos2 30�

p

KA ¼ cos 15�
0:5381

1:3937

KA ¼ 0:373

b

7
¼ tan 10�; b ¼ 7 tan 10� ¼ 1:234;

h1

b
¼ tan 15�; h1 ¼ 1:234 tan 15� ¼ 0:3306

;H ¼ 7þ 0:3306 ¼ 7:3306 m

At H ¼ 0; pA ¼ 0

At H ¼ 7:3306 m; pA ¼ HgKA�2c
ffiffiffiffiffi
kA

p

¼ ð7:3306� 17:3� 0:373Þ�0 ¼ 47:3 kN=m2

Total active pressure due to lateral pressure

PA ¼ 1

2
HpA ¼ 1

2
� 47:3� 7:3306 ¼ 173:37 kN=m2

PAh ¼ 173:37cos15� ¼ 167:46 kN=m2

PAv ¼ 173:37 sin 15� ¼ 44:87 kN=m2

Soil weight acting on the wall face

W ¼ 1

2
� 1:234� 7:3306� 17:3 ¼ 78:25 kN=m

;Total vertical force ¼ Pav þW

¼ 44:87þ 78:25

¼ 123:21 kN=m2

Total horizontal force ¼ Pah ¼ 167:46 kN=m2

;Total resultant force ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
123:122 þ 167:462

p
¼ 207:85 kN=m
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2. By Coulomb’s solution (Figure 3.37)

g ¼ 17:3 kN=m3;H ¼ 7 m; b ¼ 100�; i ¼ 15�;f0 ¼ f ¼ 30�

PA ¼ 1

2
gH2 cscbsinðb�fÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sinðbþf0Þ

p
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sinðfþf0Þsinðf�iÞ

sinðb�iÞ

s
2
66664

3
77775

2

¼ 1

2
ð17:3Þð7Þ2 cscð100�Þsinð100��30�Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sinð100�þ30�Þp þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sinð30�þ30�Þsinð30��15�Þ

sinð100��15�Þ

s
2
66664

3
77775

2

¼ 1

2
ð17:3Þð7Þ2 cscð100�Þsinð70�Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sinð130�Þp þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sinð60�Þsinð15�Þ

sinð85�Þ

s
2
66664

3
77775

2

¼1

2
ð17:3Þð7Þ2 0:9543

0:87523þ0:4743

� �2

¼ 211:94kN=m

The direction and point of action of PA are shown in the Figure 3.37.

Figure 3.37 Example 3.15.
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Example 3.16

Assume this is a frictionless wall (Figure 3.38). Draw the active pressure diagram and

determine the total active force after the tensile crack occurs.

g ¼ 17:3 kN=m3;f ¼ 30�; c ¼ 10 kN=m2

Solution:

KA ¼ 1�sin f
1þ sin f

¼ 1�sin 30�

1þ sin 30�
¼ 1

3

At H ¼ 0 m; pA ¼ HgKA�2c
ffiffiffiffiffiffi
KA

p þ qKA

pA ¼ 0� 17:3� 1

3

� �
� 2� 10�

ffiffiffi
1

3

r !
þ 15� 1

3

� �
¼ �6:55 kN=m2

At H ¼ 7 m; pA ¼ HgKA�2c
ffiffiffiffiffiffi
KA

p þ qKA

pA ¼ 7� 17:3� 1

3

� �
� 2� 10�

ffiffiffi
1

3

r !
þ 15� 1

3

� �
¼ 33:82 kN=m2

The active pressure diagram is shown in Figure 3.39

33:82

7�Hc

¼ 6:55

Hc

33:82Hc ¼ 6:55ð7�HcÞ

Figure 3.38 Example 3.16.
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Hc ¼ 6:55� 7

33:82þ 6:55
¼ 1:136 m ¼ zc

Total active force after tensile crack occurs, PA ¼ 5:864� 33:82� 1
2
¼ 99:16 kN=m2

Example 3.17

Avertical wall 7.5m high supports a level backfill of clayey sand (Figure 3.40). The samples of

the backfill soil were tested, and the following properties were determined:

f ¼ 20�; c ¼ 12:5 kN=m2; g ¼ 19:6 kN=m3

Figure 3.39 Example 3.16.

Figure 3.40 Example 3.17.
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Draw the active earth pressure diagram, using Rankine theory.

Solution:

PA ¼ gzKA�2c
ffiffiffiffiffiffi
KA

p

PP ¼ gzKP þ 2c
ffiffiffiffiffiffi
KP

p
For f ¼ 20�

KA ¼ 1�sin f
1þ sin f

¼ 1�sin 20�

1þ sin 20�
¼ 0:49

KP ¼ 1þ sin f
1�sin f

¼ 1þ sin 20�

1�sin 20�
¼ 2:04

At z ¼ 0; pA ¼ ð19:6� 0:49� 0Þ�ð2� 12:5�
ffiffiffiffiffiffiffiffiffi
0:49

p
Þ ¼ �17:5 kN=m2

At z ¼ 7:5 m; pA ¼ ð19:6� 0:49� 7:5Þ�ð2� 12:5�
ffiffiffiffiffiffiffiffiffi
0:49

p
Þ ¼ 54:53 kN=m2

zc ¼ 17:5

19:6� 0:49
¼ 1:82 m

Example 3.18

A vertical retaining wall 8m high supports a deposit of sand having a level backfill. Soil

properties are as follows

g ¼ 18:84 kN=m3;f ¼ 35�; c ¼ 0

Calculate the total active earth pressure per meter length of wall and point of application, by

Rankine’s theory and Coulomb’s theory taking f0 ¼ f (wall friction angle).

Solution:

1. By Rankine’s theory (Figure 3.41)

KA ¼ 1�sin f
1þ sin f

¼ 1�sin 35�

1þ sin 35�
¼ 0:271

At H ¼ 0; pA ¼ gzKA�2c
ffiffiffiffiffiffi
KA

p ¼ ð18:84� 0� 0:271Þ�0 ¼ 0

At H ¼ 8 m; pA ¼ gzKA�2c
ffiffiffiffiffiffi
KA

p ¼ ð18:84� 8� 0:271Þ�0 ¼ 40:85 kN=m2

PA ¼ 1

2
� 40:8� 8 ¼ 163:2 kN=m

Point of application, �z ¼ 8
3
¼ 2:67 m
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2. By Coulomb’s theory (Figure 3.42)

g ¼ 18:84 kN=m3;H ¼ 8 m; b ¼ 90�; i ¼ 0�;f0 ¼ f ¼ 35�

PA ¼ 1

2
gH2 csc b sinðb�fÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sinðbþf0Þ

p
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sinðfþf0Þsinðf�iÞ

sinðb�iÞ

s
2
66664

3
77775

2

¼ 1

2
ð18:84Þð8Þ2 cscð90�Þsinð90��35�Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sinð90� þ 35�Þp þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sinð35� þ 35�Þsinð35��0�Þ

sinð90��0�Þ

s
2
66664

3
77775

2

Figure 3.41 Example 3.18.

Figure 3.42 Example 3.18.
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¼1
2
ð18:84Þð8Þ2 cscð90Þsinð55�Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sinð125�Þp þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sinð70�Þsinð35�Þ

sinð90�Þ

s
2
66664

3
77775

2

¼1

2
ð18:84Þð8Þ2 0:8192

0:9051þ0:7342

� �2

¼150:55kN=m

The direction and point of action of PA in the retaining wall are shown in Figure 3.42.

Example 3.19

Determine the Rankine active pressure,PA, per unit length of thewall shown in Figure 3.43 and

the location of the resultant pressure. The parameters given in Figure 3.43 are

H ¼ 6 m; H1 ¼ 3 m; q ¼ 15 kN=m2; g1 ¼ 15 kN=m3

g2 ¼ 18 kN=m3; c1 ¼ 8 kN=m2; f1 ¼ 30�

c2 ¼ 4 kN=m2;f2 ¼ 36�

Solution (Figure 3.44):

Pressure due to soil:

For first layer; KA ¼ 1�sin f
1þ sin f

¼ 1�sin 30�

1þ sin 30�
¼ 1

3

Figure 3.43 Example 3.19.
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AtH ¼ 0; pA1 ¼ HgKA�2c
ffiffiffiffiffiffi
KA

p þ qKA ¼ 0�ð2� 8�
ffiffiffiffiffiffiffiffi
1=3

p
Þþ ð15� 1=3Þ ¼ �4:24

AtH ¼ 3 m; pA2 ¼ ð15� 3� 1=3Þ�ð2� 8�
ffiffiffiffiffiffiffiffi
1=3

p
Þþ ð15� 1=3Þ ¼ 10:76 kN=m2

For second layer, KA ¼ 1�sinf
1þ sin f

¼ 1�sin 36�

1þ sin 36�
¼ 0:26

AtH ¼ 3 m; pA3 ¼ ð15� 3� 0:26Þ�ð2� 4�
ffiffiffiffiffiffiffiffiffi
0:26

p
Þþ ð15� 0:26Þ ¼ 11:52 kN=m2

AtH ¼ 6 m; pA4 ¼ ½ð15� 3Þþ ð8� 3Þ� � 0:26Þ�ð2� 4�
ffiffiffiffiffiffiffiffiffi
0:26

p
Þþ ð15� 0:26Þ

¼ 17:8 kN=m2

Water pressure:

AtH ¼ 0; AtH ¼ 0; pw ¼ 0

AtH ¼ 3 m; pw ¼ 0

AtH ¼ 6 m; pw ¼ 3� 10 ¼ 30 kN=m2 ðassuming gw ¼ 10 kN=m3Þ
At critical depth; zc; pA1 ¼ zcgKA�2c

ffiffiffiffiffiffi
KA

p þ qKA ¼ 0

zc � 15� 1=3�2� 8
ffiffiffiffiffiffiffiffi
1=3

p þ 5� 1=3 ¼ 0

zc ¼ 2� 8
ffiffiffiffiffiffiffiffi
1=3

p �15� 1=3

15� 1=3
¼ 0:85 m

Figure 3.44 Example 3.19.
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Total Force ðkN=mÞ Lever arm from C Moment (kNm/m)

P1 ¼ 1

2
��4:24� 0:85 ¼ �1:802 6� 0:85

3
¼ 5:72 �10.29

P2 ¼ 1

2
� 2:15� 10:76 ¼ 11:57 3þ 2:15

3
¼ 3:72 þ 43.04

P3 ¼ 11:52� 3 ¼ 34:56 1.5 þ 51.84

P4 ¼ 1

2
� 3� 6:28 ¼ 9:42

1 þ 9.42

P5 ¼ 1

2
� 3� 30 ¼ 45

1 þ 45

P
PA ¼ 98:75

P
M ¼ 139:01

;�z above C ¼ 139:01

98:75
¼ 1:41 m

Thus, the resultant acts at a height of 1.41m above C.

Exercise Problems

Bearing Capacity

3.1 Compute the bearing capacity per unit area of a continuous footing 2mwide, supported

on a soil for which c¼ 20 kN/m2,f¼ 18� and g¼ 19 kN/m2. The depth of foundation is

2m. The water table is at depth of 5m below the ground surface. (Use GSF as well as

LSF criteria.)

3.2 Compute the bearing capacity per unit area of a square footing 2� 2m on dense sand

(f¼ 35�), if the depth of foundation is 1, 2 and 5m respectively. The unit weight of the

soil is 18 kN/m2. (Use GSF as well as LSF criteria.)

3.3 A load test was made on a square bearing plate 0.3� 0.3m on the surface of a

cohensionless deposit of sand having a unit weight of 17 kN/m3. The load–settlement

curve approaches a vertical tangent at a load of 18 kN. What is the value of f for the

sand? (Use the GSF criterion.)

3.4 A load test was made on a square plate 0.3� 0.3m on dense cohesionless sand having a

unit weight of 18 kN/m3. The bearing plate was enclosed in a box surrounded by a

surcharge 0.6m deep. Failure occurred at a load of 58 kN. What would be the failure

load per unit area of the base of a square footing 2� 2m locatedwith its base at the same

depth in the same material? (Use the GSF as well as LSF criteria.)

3.5 Astructurewas built on a squaremat foundation 30� 30m.Themat rested at the ground

surface on a stratum of uniform clay which extended to a depth of 60m. If failure

occurred at a UDL of 300 kN/m2, what was the average value of cohesion for the clay?

(Use Tezaghi’s charts as well as Meyerhof’s charts and GSF criterion.)
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3.6 (Redo problem 3.1.) Load is inclined at an angle of 15� with vertical and GWL is at a

depth of 3m below GL. gsub ¼ 10 kN=m3 (Use GSF.)

3.7 (Redo problem 3.2.) Df¼ 3m, depth of GWL¼ 2m, inclination of the load with

vertical¼ 10�, gsub ¼ 11 kN=m3.

3.8 (Redo problem 3.3.) Depth of GWL¼ 4m, surcharge on the ground surface qs¼ 30 kN/

m2, gsub ¼ 10:5 kN=m3.

3.9 (Redo problem 3.4.) Inclination of the load on a 1.5m square footing is 20� to the

vertical, gsub ¼ 11:5 kN=m3.

3.10 (Redo problem 3.5.) Depth of GWL¼ 10m. Inclination of the load is 15� with vertical.
gsub ¼ 12 kN=m3.

Stress Distribution in Soils

3.11 A concentrated load of 1500 kN is applied to the ground surface. What is the vertical

stress increment due to the load at a point 5m below the ground surface at a horizontal

distance of 3m from the line of the concentrated load?

3.12 Soil with a unit weight of 18 kN/m3 is loaded on the ground surface by a UDL of

350 kN/m2 over a circular area 3m in diameter. Determine:

a. the vertical stress increment due to the uniform load, at a depth of 4m under the edge

of the circular area

b. the total vertical pressure.

3.13 A 3m by 4m rectangular area carrying a uniform load of 300 kN/m2 is applied to the

ground surface.What is thevertical stress increment due to the uniform load at a depth of

4m below the corner of the rectangular loaded area?

3.14 The L-shaped area shown in Figure 3.45 carries a 200 kN/m2 uniform load. Find the

vertical stress increment due to the load at a depth of 8m below the following points:

(a) below corner A, (b) below corner E, (c) below point G and (d) below point H.

3.15 Draw Newmark’s circular influence chart with z¼ unit lengths¼ 1.0, 1.25, 1.5, 1.75,

2.0 cm.

Figure 3.45 Problem 3.14.
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3.16 Using the circular influence chart find the vertical stress sz at point A (4m directly

below the CG of the footing), due to a rectangular footing of 8� 6m on the surface

supporting a total load of 1000 kN.

3.17 Check this result with the result obtained by Steinbrenner’s chart, Newmark’s rectan-

gular chart and also by analytical expressions given by Newmark.

Settlement Analysis

3.18 A compressible clay layer 12m thick has an initial void ratio (in situ) of 1.04. Test and

computations show that the final void ratio of the clay layer after construction of a

structure is 0.978. Determine the estimated primary consolidation settlement of the

structure.

3.19 A foundation is to be constructed at a site where the soil profile is as shown in

Figure 3.46. The base of the foundation, which is 3m square, exerts a total load (weight

of structure, foundation, and soil surcharge on the foundation) of 1200 kN. The initial

void ratio in situ of the compressible clay layer is 1.058, and its compression index is

0.65. Find the estimated primary consolidation settlement for the clay layer.

3.20 In problem 3.19, tests and computations indicate that the coefficient of consolidation is

6.08� 10�7m2/kN. Compute the time required for 90% of the expected primary

consolidation settlement to take place if the clay layer is underlain by:

a. permeable sand and gravel

b. impermeable bedrock.

Lateral Pressures

3.21 What is the total active earth pressure per meter of the retaining wall in Figure 3.47

Angle of wall friction between backfill and wall is 25�. Use Coulomb’s theory as well as

Rankine’s theory.

Figure 3.46 Problem 3.19.
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3.22 Avertical wall 7.0m high supports a cohesionless backfillwith a horizontal surface. The

backfill soil’s unit weight and angle of internal friction are 17 kN/m3 and 31�,
respectively and the angle of wall friction between backfill and wall is 15�. Using
trial wedges, find the total active earth pressure against the wall.

3.23 A smooth, vertical wall is 9.5m high and retains a cohesionless soil with g¼ 19 kN/m3

and f¼ 20�. The top of the soil is level with the top of the wall, and the soil surface

carries a UDL of 25 kN/m2. Calculate the total active earth pressure on the wall per unit

length, and determine its point of application, by Rankine’s theory as well as by

Coulomb’s theory.

3.24 Solve problem 3.21 by Rebhann’s graphical solution.

3.25 Solve problem 3.21 by Culmann’s graphical solution.

3.26 Find passive pressure in problem 3.21.

3.27 Find passive pressure in problem 3.22.

3.28 Find passive pressure in problem 3.23.

Figure 3.47 Problem 3.21.
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4

Rational Design of Shallow
Foundations

4.1 Introduction

Every engineering structure, whether it is a building, bridge, highway pavement or railway

track, consists of a superstructure (above ground) and a foundation (below ground; Figure 4.1).

The function of the foundation is to transmit the load from the superstructure to the soil or rock

below as the casemay be. A proper foundation design has to ensure that no component of either

the superstructure or the foundation experiences distress of any kind in the above process of

load transmission. A description of shallow foundations (also referred to as footings) is given in

Section 4.2.

The conventional method of design of a footing is to assume the footing as rigid and the

distribution of contact pressure at the surface of contact between the base of a foundation and

the supporting soil as planar, that is, uniform or uniformly varying depending uponwhether the

foundation supports symmetric or eccentric loading. This assumption of planar contact

pressure distribution is far from reality and therefore, to be realistic in design, the flexibility

of the footing and the soil type (which together give rise to variable contact pressure

distribution) should be considered (Kurian, 1992).

Due to vast growth in computing power and due to the hurdles posed by classical solutions,

numerical methods (finite differences, finite element, etc.) have come to the aid of the

foundation designer in the form of easy to use packages to incorporate this flexibility into

the footing design.

The foundation system comprises of two components: (i) the structural part of founda-

tion such as the footing or pile and (ii) the natural foundation, meant to indicate the soil.

Similarly the design of foundation system consists of two phases. These are referred to as:

(i) geotechnical (GT) design and (ii) structural design. The aim of GT design essentially is

to arrive at the plan dimensions of the foundation, satisfying the soil design parameters, viz

bearing capacity and settlement. The structural design is taken up only after its GT design is

completed, which determines the footing thickness and also the quantum and location of

reinforcement. However the design has to be carried out as per local codes of practice.

Foundation Design: Theory and Practice         N. S. V. Kameswara Rao
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4.2 Shallow Foundations

Foundation structures are customarily divided into shallow or deep on the basis of their depth in

relation to their width, the typical divide being the unit value for the ratio (Df /B; Figure 4.1),

that is, DfB � 1 for shallow foundations and DfB > 1 for deep foundations.

The real difference between shallow and deep foundations is based on the structural response

as well as the depth towhich the foundation is taken. Thus bending (flexure) is the predominant

structural action in the case of shallow foundations. The behavior of deep foundations could

result in axial and lateral loads besides bending moments and torsional moments. The deep

foundation–soil interaction needs a detailed analysis. Shallow foundations or footings can be of

several types (see Figure 4.2) and can be classified further as:

1. Continuous (or Strip Footings)
These footings are primarily used for load bearing walls and are generally of rectangular

cross sections.

2. Independent (Isolated or Spread) Footings

These footings are generally used for individual columns and can be rectangular or

trapezoidal, square or circular in shape.

3. Strap Footings

These footings support more than one column or wall.

4. Combined Footings
These types of footings are used for two or more columns in one row. These are generally

rectangular, trapezoidal or cantilever type with two interconnected footings.

5. Mat Foundations

These foundations support two-dimensional arrays (regular or irregular) of columns.

Rafts are generally used for two or more columns in several rows. These can be rectangular,

square, circular, annular or octagonal in shape. Rafts also may have to be used if the allowable

design soil (contact) pressure is very low.

Figure 4.1 Shallow foundation (Df/B O 1).
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4.3 Conventional Design and Rational Design

In the conventional design of footings, the soil pressure is assumed to be uniform or linearly

varying depending upon whether the foundation supports symmetric or eccentric loading.

(Figure 4.3)

However the actual contact pressure distribution, which is the result of the soil foundation

interaction, can be far from the assumed uniform or linear distribution. The contact pressure

distribution for flexible footing could be uniform for both clay and sand. The contact pressure

for rigid footings is maximum at the edges in clay and for rigid footings on sand, it is minimum

at the edges. The typical distributions of immediate settlement and contact pressure for flexible

and rigid footings are shown in Figure 4.4.

Hence the assumption of uniform pressure distribution results in a slightly unsafe design for

rigid footings on clays as themaximum bendingmoment at the center is underestimated. It will

give a conservative design for rigid footings on sandy soils, as themaximumbendingmoment is

Figure 4.2 Common types of shallow foundations.
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overestimated. Similarly the actual bending moments and shear forces in flexible footings

could be at considerable variance with the design values obtained with the assumption of

uniform contact pressure distribution.

Hence the necessity for developing effective and safe design for foundations based on

realistic distribution of soil pressure, obtained by a rational interaction analysis, known as

flexible or elastic designs, arises from the above drawbacks (Kameswara Rao, 1969, 1971;

Kurian, 1992).

4.4 Procedures for the Design of Footings

Footings may be designed as outlined below:

1. Calculate the loads applied at top of footings. Two types of loads are necessary, one for

bearing capacity determination and the other for settlement analysis (Chapter 3).

2. Sketch a soil profile or soil profiles showing the soil stratification at the site. Draw an

outline of the proposed foundation on the soil profile of the site (Chapter 2).

3. Mark the maximum water level from the borehole data (Chapter 2).

4. Determine minimum depth of footings (Section 4.4.1).

5. Determine the bearing capacity of supporting stratum (Chapter 3).

6. Proportion the footing sizes (Section 4.4.2).

7. Check for danger of overstressing the soil strata at greater depths (Section 4.4.3).

8. Predict the total and differential settlements (Section 4.4.4).

9. Check stability due to eccentric loading (Section 4.4.5).

10. Check uplift on individual footings and basement slabs, footings on slopes (Section 4.4.8).

11. Design the footings (Section 4.5, Chapters 5, 8, 12).

12. Check for foundation drains, waterproofing or damp proofing (Teng, 1964; Bowles, 1996;

Tomlinson, 2001).

Figure 4.3 Soil contact pressures in conventional design.
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4.4.1 Depth of Footings

1. Footings should be carried below the top (organic) soil, miscellaneous fills, or weak soil. If

the top soil is too deep, alternatives may be used as shown in Figures 4.5(a) and (b).

2. Footings should be carried below the depth of frost penetration. In heated buildings,

the interior footings are not affected by frost, therefore they may be as high as other

Figure 4.4 Typical distribution of immediate settlements and contact pressures in soils.
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requirements permit. The minimum depths of footings are generally stipulated in the

local building codes or national codes. The damage of footings and of the superstructure,

due to frost action is caused by the volume expansion and contraction of water in the

soil at freezing temperatures. Gravel and coarse sand above water level containing less

than 3% silt, fine sand or clay particles cannot hold any water and consequently are

not subject to frost damage. Other soils are subjected to frost heave within the depth of

frost penetration.

3. Usually footings are not to be on the ground surface even in localities where freezing

temperatures do not occur because of the possibility of surface erosion. Theminimum depth

of footings is usually taken as 0.5m for one- and two-storey buildings and stores and 0.8m

for heavier constructions.

4. Footings on sloping ground should have sufficient edge distance (min. 0.6–0.9m) as

protection against erosion (Figure 4.5(c)).

5. The difference in footing elevations should not be so great as to introduce undesirable

overlapping of stresses in soil. This is generally avoided by maintaining the maximum

difference in elevation equal to or equal to one-half of the clear distance between two

footings as shown in Figure 4.5(d). This requirement is also necessary to prevent distur-

bance of soil under the higher footing due to the excavation for lower footing.

4.4.2 Proportioning the Size of the Footing

Footing sizes based on allowable bearing pressures are usually satisfactory provided that a

settlement analysis is made. However, the footing sizes have to be revised if the analysis

indicates excessive settlement. Some designers try to minimize the differential settlement due

to varying live loads by proportioning the footings such that all footings will have the same

average bearing pressure under the service load. The service load is the actual load expected to

act on the foundation during the normal service of the structure. In ordinary buildings, itmay be

Figure 4.5 Guidelines for minimum depth of footings.
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taken as dead load plus one half live loads. A larger percentage of live load should be used in

warehouses and other storage type floors. This procedure is outlined below.

Let

Ll þ d ¼ live load þ dead load for the columnwhich has the largest live load/dead load ratio.

Ls ¼ service load for the same column

qa ¼ allowable bearing pressure as determined by the principles discussed in Chapter 3.

qd ¼ design pressure for all footings except this one with largest live load/dead load

ratio.

Then

A ¼ area of footing supporting the column with the largest live load/dead load ratio.

¼ Ll þ d

qa
ð4:1Þ

qd ¼ Ls

A
ð4:2Þ

Area of other footings ¼ Service Load

qd
ð4:3Þ

4.4.3 Stress on Lower Strata

1. To safeguard against overstressing soil strata at greater depths, the followingmethods can be

used to calculate the stress at any desired depth belowground level (GL). The pressure under

a footingmay be assumed to spread out on a slope of 2 vertical to 1 horizontal. Thus, a loadQ

acting concentrically on a footing area of B�L is assumed to be distributed over an area of

(B þ Z) (L þ Z) at a depth Z below the footing, as shown in Figure 4.6. If any stratum of

soil cannot sustain this spread-out pressure, the design bearing pressure should be reduced.

However, for a two layer systemof clays, the procedure described in Teng (1964) givesmore

reliable results.

2. For settlement analysis, the above approximationmay not be sufficient, and amore accurate

approach based on elastic theory using Boussinesq’s solution has to be used (Harr, 1966).

This gives the vertical normal stress due to a concentrated vertical load acting on the surface

of semi-infinite elastic half-space (Figure 3.12) as given below.

sz ¼ 3Pz3

2pR5
ð4:4Þ

where

sz ¼ vertical stress at any point, A with coordinates x, y, z with reference to the point of

application of surface load, that is, O which is the origin.

P ¼ concentrated vertical surface load at point O (origin).

z ¼ vertical depth of point A below the surface.
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x, y ¼ coordinates along x and y (horizontal axes) of the point with reference to the point of

application of load (with respect to O).

R ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2 þ z2

p
¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

r2 þ z2
p

r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p
radial distance (in plan) that is, from O to A in plan.

Based on the Boussinesq’s solution, the vertical stresses due to footing of any shape and size

can be computed using integration or Newmark’s influence charts (Harr, 1966; Teng, 1964).

The concept of pressure bulb can also be used to find the vertical pressure at any point below the

surface of the soil (Chapter 10). Further details for the evaluation of stresses are discussed in

Chapters 3 and 9.

4.4.4 Settlement of Footings

Footings on granular soils may not have detrimental settlement if the smaller values of the two

allowable pressures (safe bearing capacity, SBC and allowable soil pressure, ASP) discussed in

Chapter 3 are used. Footings on stiff clay, hard clay, and other firm soils generally require no

settlement analysis if the design provides a minimum factor of safety of 3. Soft clay,

compressible silt, and other weak soils will settle even under moderate pressure, and therefore

settlement analysis is necessary.

The total settlement of a footing on clay may be considered to consist of three parts

(Teng, 1964):

S ¼ Si þ Sc þ Ss ð4:5Þ

Figure 4.6 Approximate distribution of vertical pressure with depth.
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where

S ¼ total settlement

Si ¼ immediate elastic settlement

Sc ¼ settlement due to primary consolidation of clay

Ss ¼ settlement due to secondary consolidation of clay

1. Immediate settlement, Si
Soon after the application of load on the footing, elastic compression of the underlying soil

takes place causing an immediate settlement of the footing. This is also called elastic

settlement and can be computed by elastic theory (Scott, 1963, Harr, 1966). However, it is

usually very small and can be neglected for all practical purposes. Further details are given

in Chapter 3.

2. Settlement due to primary consolidation, Sc
The settlement caused by consolidation is due to the slowmigration of water from the pores

of the clay. The amount of final consolidation settlement so can be calculated by the

following equation:

so ¼ Scb ð4:6Þ
where

b ¼ the coefficient depending on the geometry of the footing and the loading history of

the clay.Values ofb (givenbySkempton andBjerrum, 1957) are shown in Figure 4.7

Sc ¼ settlement calculated by Terzaghi’s theory of consolidation

¼ mnDp H ð4:7Þ

¼ Cc

1 þ e
H log10

p0 þ Dp
p0

ð4:8Þ

where

mv ¼ coefficient of volume compressibility of the clay. This value is determined by

consolidation test.

¼ av
1 þ e

av ¼ coefficient of compressibility.

e ¼ initial void ratio of the soil at the middle of the compressible layer.

Dp ¼ mean vertical stress at the middle of the compressible layer due to load on footing.

H ¼ total thickness of the compressible layer. For thick layers of clay, thickness should be

divided into several layers for better accuracy.

Cc ¼ compression index, also determined by consolidation test.

p0 ¼ initial vertical effective pressure due to soil overburden at the middle of the

compressible layer.

The computation of settlement due to consolidation is illustrated in Chapter 3. along with

all the details. Terzaghi’s consolidation theory is explained in Chapter 2.

3. Settlement due to secondary consolidation Sc
When an undisturbed soil sample is tested in the consolidometer (or odometer) the rate of

volume decrease/settlement checks very closely with the theory. However, even after one
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hundred percent consolidation (according to the theory of consolidation), the settlement

does not stop according to theory but continues to increase though at a reduced and rather

constant rate. The amount of consolidation that can be computed by the consolidation theory

is called primary consolidation; whereas the slow consolidation that takes place afterwards

is called secondary consolidation (Chapters 2 and 3).

4.4.5 Design Considerations for Eccentric Loading

A load may become eccentric if applied off-center on the footing or if a concentric load plus a

bendingmoment or horizontal load is applied on the column/superstructure (Figure 4.8). For the

purpose of determining the pressure under the footing themomentmay be removed/replaced by

shifting thevertical load to afictitious locationwith an eccentricity e ¼ moment/vertical load. In

the analysis of an eccentrically loaded footing, following aspects have to be considered.

Figure 4.7 Coefficient b. (Reproduced from A.W. Skempton and L. Bjerrum, ‘‘A contribution to the

settlement analysis of foundations on clay,’’G�eotechnique, vol. 7, no. 4, p. 168, � 1957, with permission

from The Institution of Civil Engineers (ICE), Thomas Telford Ltd.)
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1. For the purpose of conventional structural design, the pressure against the bottom of the

footing, that is, contact pressure, is assumed to have a planar distribution. When the load is

applied within the kern of the footing area, common flexural formulae are applicable.

q ¼ Q

A
� Mx

Ix
y þ My

Iy
x ð4:9Þ

where

q ¼ contact pressure at a given point (x, y);

Q ¼ vertical load

A ¼ area of footing ¼ L� B

(where L ¼ Length of the footing and B ¼ Breadth of the footing)

x and y ¼ coordinates of point (at which contact pressure is calculated) with respect to

the C.G of contact area.

Mx, My ¼ Moments about x and y axes respectively (i.e., Mx ¼ Qey; My ¼ Qex)

ex, ey ¼ eccentricities of the load along x and y axes respectively.

Ix,Iy ¼ moments of inertia of footing area about the x and y axes respectively.

Equation (4.9) is applicable for any of the following conditions:

a. The footing is symmetrical about x and y axes.

b. The footing is symmetrical about x axis and ey ¼ 0

c. The footing is symmetrical about y axis and ex ¼ 0.

For rectangular footings, Equation (4.9) may be written in a simpler form:

q ¼ Q

A
1 � 6

el

L
� 6

eb

B

� �
ð4:10Þ

where el and eb are the eccentricities of the resultant load along the length (L) and breadth

(B) of the footing respectively.

When ex, ey or eb, el exceed certain limits, Equations (4.9) and (4.10) give a negativevalue

of q which indicates tension between the soil and bottom of footing. Unless the footing is

weighed down by surcharge loads, the soil cannot be relied upon for bonding to the footing

and offering tensile resistance. Therefore, the formulae given by Equations (4.9) and (4.10)

are applicable onlywhen the load is appliedwithin a limited areawhich is known as the kern

and is shown shaded in Figure 4.8(a). The procedure for determination of soil pressurewhen

the load is applied outside the kern is simple in principle but laborious. Cases for rectangular

and circular footings have been worked out and the kerns are shown by shaded areas in

Figures 4.8(a) and (b). For footings of other shapes, the graphicalmethod of successive trials

is the simplest for practical solutions as given in Teng (1964).

The graphical method, similar to any other method, is based on the assumption that the

pressure varies linearly with the distance to the neutral axis from zero at the neutral axis to a

maximum at the most remote point and on the requirement of statical equilibrium that the

resultant of the soil pressure should lie on the line of action of the applied load Q. The

procedure is described in Teng (1964).
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For a rational/elastic/flexible design the contact pressure has to be computed from the soil

structure interaction analysis using beams or plates on elastic foundation approach

(Section 4.7 and Chapter 5).

2. For determination of ultimate or allowable bearing capacity of an eccentrically loaded

footing, the concept of useful width is also used. By this concept, the portion of the footing

Figure 4.8 Contact pressure distribution for eccentrically loaded footings.
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which is symmetrical about the load is considered useful and the other portion is simply

assumed superfluous for the convenience of computation. If the eccentricities are el and eb, as

shown in Figure 4.9, the useful widths are B� 2eb and L� 2el. The equivalent area (B� 2eb)

(L� 2el) is considered as subjected to a central load for determination of bearing capacity.

The above concept simply means that the bearing capacity of a footing decreases linearly

with eccentricity of load as is shown by a straight line in Figure 4.10 (AREA, 1958). In cohesive

soils, this linear relationship fails, but in granular soils, however, the reduction is parabolic

rather than linear (Meyerhof, 1953). Therefore the reduction factor shown in Figure 4.10

should be used for design purposes: The bearing capacity of the footing is first determined on

the basis that the load is applied at the centroid of the footing. Then this bearing capacity is

corrected by multiplying with the factor shown in Figure 4.10.

4.4.6 Inclined Loads

Footings may be subjected to inclined loads due to vertical and horizontal loads transmitted

by the superstructure or inclined columns such as in transmission towers. The conventional

method of stability analysis of footings subjected to inclined loads is as follows: the

inclined load Q is resolved into a vertical component QV and horizontal component QH. The

stability of the footing against ultimate failure under the vertical load is treated by the same

principles for footings subjected to vertical load only, and the effect of horizontal

component is ignored. Then, the stability of footing against the horizontal force is analyzed

by calculating the factor of safety against sliding which is defined as the ratio between the

total horizontal resistance and the horizontal force. The total horizontal resistance in

Figure 4.9 Useful widths.
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general consists of a passive resistance of soil, Pp, and a frictional resistance R (Figure 4.11).

The value of Pp can be determined by the principles of lateral earth pressure discussed in

Chapter 3.

However for minor projects, conservative values such as those given in Table 4.1 may be

used. It should be emphasized that high values of passive earth pressure Ppmay not be realized

for granular soils unless the backfill is well compacted in layers.

The bearing capacity theory has also been extended to the case of inclined loads

(Meyerhof, 1953; Janbu, 1957). Janbu’s analysis is based on Terzaghi’s theory with the

addition of a factor Nh to the Terzaghi’s bearing capacity factors Nc, Nq. and Ng (given in

Figure 4.11 Footings subjected to inclined loads.

Figure 4.10 Bearing capacity of eccentric footings. (Reproduced fromAmerican Railway Engineering

Association (AREA), Manual of Recommended Practice, Chicago Construction and Maintenance

Section, Engineering Division, � 1958, with permission from The American Railway Engineering and

Maintenance-of-Way Association (AREMA).)
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Chapter 3) and is expressed below.

Q þ NhQh

A
¼ Ncc þ NqgD þ 1

2
NggB ð4:11Þ

where

Q ¼ inclined load

Qh ¼ horizontal component of Q

Qv ¼ vertical component of Q as shown in Figures 4.12 and 4.13.

The notations and values of Nc, Nq, Ng and Nh (Janbu, 1957) are shown in Figure 4.12.

Table 4.1 Conservative pressure values and parameters for granular and cohesive soils.

Type of granular soil Pp psf submerged Pp psf dry

or moist

Coefficient

of friction, f

Sand and/or gravel with <5% silt 210 350 0.55

Sand and/or gravel with 5% or more silt 180 250 0.45

Silt or soils containing more than 30% silt 120 150 0.35

Type of cohesive soil Cohesive strength

c ¼ psf

Unit weight, g pcf

Very soft clay 200 110

Soft clay 400 120

Medium stiff and hard clay 600 125

Figure 4.12 Bearing capacity of continuous footings subjected to inclined loads. (Reproduced from

Proceedings of the 4th International Conference on Soil Mechanics and Foundation Engineering, vol. 2,

N. Janbu, “Earth pressure and bearing capacity calculations by generalized procedure of slices,”

pp. 207–213, August 12–24, � 1957, London, England, with permission from Elsevier.)
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Meyerhof (1953) has calculated ultimate bearing capacity of footings subjected to inclined

loads as given in Figure 4.13. The load is assumed to be acting vertically and the bearing

capacity is determined by the normal procedure. Then it ismultiplied by the reduction factorRi,

shown in Figure 4.13 to get the design value.

The bearing capacity and general equations for loads including inclined loads are given in

Chapter 3.

4.4.7 Footings on Slopes

The bearing capacity of footings on slopes may be determined using Meyerhof’s equation

(Meyerhof, 1957) as

q ¼ cNcq þ 1

2
gBNgq ð4:12Þ

The values of the bearing capacity factors Ncq and Ngq for continuous footings are shown in

Figure 4.14. These factors vary with the slope, the relative position of the footing and the angle

of internal friction of soil.

Figure 4.13 Bearing capacity of footings subjected to inclined loads.
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Before constructing footings on slopes, the stability of the slope itself must be investigated

(Taylor, 1964; Das, 2001). Footings should not be constructed on slopes which are unstable.

They should also be avoided on slopes where slow creep of the soil may occur. The stability of

slope may be endangered by the addition of loads due to footings.

4.4.8 Uplift of Footings

The resistance of a footing against uplift is computed from the weight of the footing and

the weight of soil above it. For soil below ground water level the submerged weight should

be used.

Figure 4.14 Bearing capacity of continuous footings on slopes. (Reproduced from Proceedings of the

4th International Conference on Soil Mechanics and Foundation Engineering, vol. 1, G.G. Meyerhof,

“The ultimate bearing capacity of foundations on slopes,” pp. 384–386, August 12–24,� 1957, London,

England, with permission from Elsevier.)
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As a footing is subjected to upward (pull out) load, a prism of soil is carried by the footing

at the time of failure, as shown in Figure 4.15(a). The shape of the prism depends upon the

characteristics of soil above the footing. Due to lack of conclusive data, no rational design rules

could be developed. However, conventional method assuming a 60� prism, as shown in

Figure 4.15(a) may lead to unsafe results. For footings subjected to a small uplift, the method

shown in Figure 4.15(b) may be used. If a large number of footings are subjected to high uplift

forces, some model tests or full sized field tests may be economically justified, in addition to

detailed analysis using the finite element method (FEM).

4.5 Conventional Structural Design of Footings

In practice all individual and wall footings and rafts are designed on the assumption that

the distribution of the soil pressure against the bottom of the footing is linear or planar.

Thus, when the load is applied at the centroid of the footing area, the unit pressure is

equal to the total load divided by the footing area. In case of eccentric load, the pressure

may be calculated by the procedure described in Section 4.4.5, with planar distribution of

contact pressure.

By far the majority of footings are constructed of concrete and the design of such footings

should follow the concrete codes prescribed. The design criteria used in practice are discussed

in Chapter 8 and the principles of structural design are presented in Chapter 12.

Footings with pedestal, grillage foundations and so on are also used in some cases as per

requirement.

If a pedestal is so proportioned that its height is at least equal to twice its width beyond the

face of column, as shown in Figure 4.16, the critical sections for computing bending, bond and

Figure 4.15 Uplift capacity of footings.
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shear stresses are as shown in Figure 4.17 and there is no need to analyze the stresses in the

pedestal. For pedestals having smaller depth/width ratio, the stresses in the pedestal must be

analyzed. The analysis may be made on the assumption that the bond stress along the entire

embedment of dowels below the top of the pedestal is uniformly distributed. Based on this

assumption, the total stress acting on the bottom of the pedestal is equal to the total stress in the

concrete of the column plus the amount of stress in the column vertical reinforcement

transmitted through bond within the depth of the pedestal. Figure 4.16 illustrates the stresses

acting on each element of the footing.

The members in a steel grillage are designed as cantilever beams subjected to uniformly

distributed soil pressure.

4.6 Foundations in Difficult Soil Formations

There are several situations when foundations have to be constructed in difficult soils

present at the site (Bowles, 1996). Precautions to be taken under a few such cases are

given below.

4.6.1 Sites with Possible Soil Erosion

Foundations for bridges, retaining walls and structures near flowing water must be constructed

at a depth more than the depth of erosion or scour.

4.6.2 Foundations with Susceptibility of Corrosion

If the soil is polluted such as in old garbage dumps and landfills, soils near leaking sewer lines

and industrial plants or backwater areas with dead vegetation, the foundations my get corroded

with time. It may be necessary to use air entrained concrete or sulfate resistant concrete in such

cases. Treated timber piles are preferable to metal piles in such cases.

Figure 4.16 Footings with pedestal.
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4.6.3 Sites with Water Fluctuation or Near Large-Scale Mining Operations

Special care has to be taken in the above cases due to the following reasons:

1. A raised water table may cause instability due to reduction in effective pressure and (or)

making the structure floating.

2. A lowered water table may cause additional settlements due to increased effective stress.

Figure 4.17 Concrete footings: (a) critical section (a–a) and load area for computing bond and bending

stresses; (b) critical section (b–b) and load area for computing shear stress.
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3. Waste from ore dumps may cause large-scale subsidence.

4. Areas adjacent to mining sites might become unstable due to removal of overburden for

mining.

4.6.4 Foundations in Loose Sand

Loose sand must be well compacted to improve bearing capacity and control the settlement.

The foundations should be placed at a sufficient depth such that the soil beneath the footing is

confined. A minimum depth as per Rankine’s theory of earth pressure to ensure confinement

can also be used (Taylor, 1964; Teng, 1964), that is

Df ¼ q

g
1�sinf
1 þ sinf

� �2

ð4:13Þ

where

Df ¼ minimum depth of foundation required for the stability of adjoining soil.

q ¼ contact pressure

g ¼ unit weight of soil

f ¼ angle of internal friction of soil.

The larger of the values given by Equation (4.13) and minimum depth that is, 0.5m as per

usual practice/codes should be adopted in such cases (Section 4.4.1).

4.6.5 Foundations on Loess or Other Collapsible Soils

Such soils are generally wind blown (aeolin) deposits usually referred to as loess, sand dunes,

and volcanic ash. They are loose but stable with water soluble bonding agent. Hence they

collapse with loading and wetting with water resulting in large settlements. The collapse

potential of such soils can be estimated (Bowles, 1996) and the following remedial measures

can be adopted.

1. Compacting the soil or excavation and replacement of the soil to achieve gdry (dry unit

weight of soil) �15.5 kN/m3.

2. Use lime, lime-fly ash or cement as admixture during compaction.

3. Avoid wetting of such soils if at all feasible.

4. Use piles to avoid zone of collapsible soil and reaching stable stratum.

4.6.6 Foundations on Clays or Silts

Silts and clays may vary from very soft, normally consolidated to very stiff and over

consolidated soils. Problems mainly occur in the case of soft deposits. Extra care should be

taken to estimate the design soil pressures in terms of bearing capacity and allowable soil

pressures (from allowable settlement criterion) in such cases.
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4.6.7 Foundations on Expansive Soils

Such soils undergo volume changes due to wetting and drying. These are found mostly in arid

and semi arid regions and contain large clay minerals. Following remedial measures may be

useful in such cases.

1. Alter the expansive nature of the soil by stabilizing the soil with lime, cement or other

admixtures.

2. Control the direction of expansion by allowing it to expand into cavities.A commonpractice

is to build waffle slabs (Bowles, 1996).

3. Control the water by excavating the soil to such a depth that the weight of the soil will be

sufficient to control the heave, lay a geotextile plastic fabric which is impermeable and then

backfill.

4. Increase the depth of the footing such that the heave does not cause any detrimental effect.

One can use belled piers with the bulged bell of sufficient depth (Bowles, 1996) or use under

reamed piles.

5. Increase the surcharge load on the soil surface to counter the swell pressure caused by

heaving.

4.6.8 Foundations on Garbage Land Fills or Sanitary Landfills

With the shrinking of usable normal construction sites specially in urban areas, it is becoming

increasingly necessary to use former garbage/sanitary landfills for construction. Extra precau-

tions need to be taken to safeguard against excessive settlement and bearing capacity failure. If

these are not possible, pile foundations have to be adoptedwith noncorrodingmaterials (Bowles,

1996). Adequate environmental protection steps may have to be taken to avoid foul smell,

escaping gases due to gradual degradation of the garbage and corrosion and so on.

4.7 Modeling Soil Structure Interactions for Rational Design of
Foundations

As summarized in Section 4.3, the contact pressure is taken as a uniform/linear/planar pressure

for the conventional design of foundation. While all other requirements and precautions

outlined in Section 4.4 are essentially the same for elastic/flexible/rational design of founda-

tions, the use of a realistic soil–structure interaction model can make the design more rational.

While the footing can be modeled as a beam (one-dimensional) or a plate or a shell (two-

dimensional) and classical bending theories can be used for representing their response, the soil

reaction has to be incorporated in the integrated analysis of soil–structure interaction equation

by modeling the soil appropriately using different models (Crandall, 1956; Timoshenko and

Krieger, 1959; Vlasov and Leontev, 1966; Kameswara Rao, 1969).

4.7.1 Elastic Foundations

The theory of elastic foundations has attracted considerable attention due to its useful

application in various technical disciplines besides foundation engineering. The problems of
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elastically supported structures are of interest in solid propellant rocket motors, aerospace

structures, construction projects in cold regions, and several other fields. While in some

problems, the structure and the elastic support, generally referred to as the foundation, can be

physically identified, in many others the concept of structure and foundation may be of an

abstract nature.

The problem of foundation–structure interaction is generally solved by incorporating the

reaction from the foundation, into the response mechanism of the structure, by idealizing the

foundation by a suitable mathematical model. Even if the foundation medium happens to be

complex in some problems, in a majority of cases, the response of the structure at the contact

surface is of prime interest and hence, it would be of immense help in the analysis, if the

foundation can be represented by a simple mathematical model, without foregoing the desired

accuracy. To accomplish this objective, many foundation models have been proposed and a

comprehensive review pertaining to these has been given by Reissner (1937) and Kameswara

Rao (1969, 1971). These are presented in Section 4.7.3.

4.7.2 Soil–Structure Interaction Equations

The foundation–soil system subjected to external loads is shown in Figures 4.18 and 4.19

depending on the geometry of the foundation that is, beamor a plate.Most of the footings can be

considered as either beams (one-dimensional) or plates (two-dimensional: rectangular,

squares, circular, annular or other shapes).

The differential equation of bending of the beam or plate on an elastic foundation can be

written as follows.

4.7.2.1 Beams on Elastic Foundations

Neglecting friction between beam and the soil medium, the governing equation can be written

from bending theory as

EI
d4w

dx4
¼ pðxÞ�qðxÞ ð4:14Þ

Figure 4.18 Beam on an elastic foundation.
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where

EI ¼ flexural rigidity of the beam

E ¼ modulus of elasticity of beam material

I ¼ moment of inertia of the beam cross section

¼ h3

12ð1�n2pÞ
per unit strip in the case of a plane strain structure ðstrip footingÞ ð4:15Þ

np ¼ Poisson’s ratio of the strip/plane strain structure

p(x) ¼ external load applied on the footing

q(x) ¼ reaction from the supporting soil

w ¼ vertical deflection along z axis

x, y, z ¼ right handed coordinate system

Es ¼ modulus of elasticity of soil

ns ¼ Poisson’s ratio of soil

E0; n0 ¼ elastic parameters of soil defined as

E0 ¼ Es

1�n2s
and n0 ¼ ns

1�ns
for strips (plane strain case) and three-dimensional problems.

The other parameters that can be defined for beams using classical bending theory are as

follows

w0 ¼ y ¼ slope ¼ dw

dx

M ¼ bending moment ¼ �EI
d2w

dx2

Q ¼ shear force ¼ �EI
d3w

dx3
qðxÞ ¼ soil reaction or contact pressure

¼ EI
d4w

dx4
�pðxÞ

ð4:16Þ

Figure 4.19 Plate on elastic foundation.
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The conventions from bending theory for bending moment (BM) and shear forces (SF) are

shown below (Figure 4.20)

4.7.2.2 Plates on Elastic Foundations

Consider a rectangular plate on elastic foundation as shown in Figure 4.19. The assump-

tions usually made in the theory of bending of thin plates will be deemed to apply to this

case. Friction and adhesion between the plate and the surface of the elastic foundation

is neglected.

The differential equation of bending of the plate, in Cartesian coordinates, is

Dr2r2wðx; yÞ ¼ pðx; yÞ�qðx; yÞ ð4:17Þ
where

r2 denotes the Laplace operator.

In expanded form

Dr4w ¼ D
@4w

@x4
þ @4w

@x2@y2
þ @4w

@y4

� �
¼ pðx; yÞ�qðx; yÞ ð4:18Þ

where

w ¼ w(x, y) ¼ vertical displacements of the plate surface,

p ¼ p(x, y) ¼ distributed load on the plate,

D ¼ Eph
3

12ð1�n2pÞ
¼ flexural rigidity of the plate ð4:19Þ

where

Ep ¼ modulus of elasticity of plate material

np ¼ Poisson’s ratio of plate material

h ¼ thickness of the plate

p(x, y) ¼ applied load on the plate

q(x, y) ¼ soil reaction

Figure 4.20 Convention sketch for bending theory of beams.
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AlthoughEquation (4.17) is known as the equation of bending of thin plates, it can be applied

to the analysis of most rectangular plates. Further, the soil properties of an elastic foundation as

shown in Figure 4.19 become

E0 ¼ Es

1�n2s
; n0 ¼ ns

1�ns
ð4:20Þ

whereEs and ns are respectively themodulus of elasticity and Poisson’s ratio for thematerial of

the foundation (soil).

After w(x, y) has been determined from Equation (4.17) and the boundary conditions, the

reactions q(x, y) can be found from Equation (4.17). The moments and shearing forces in the

plate (Figure 4.21) can be computed using formulae of the theory of bending of plates as

follows (Timoshenko and Krieger, 1959)

Mx ¼ �D
@2w

@x2
þ np

@2w

@y2

� �

My ¼ �D
@2w

@y2
þ np

@2w

@x2

� �

Mxy ¼ H ¼ Hx ¼ �Hy ¼ �Dð1�npÞ @2w

@x@y

Nx ¼ �D
@

@x

@2w

@x2
þ @2w

@y2

� �

Ny ¼ �D
@

@y

@2w

@x2
þ @2w

@y2

� �

ð4:21Þ

Following Kirchhoff (Timoshenko and Krieger, 1959; Vlasov and Leontev, 1966), the

shearing forces Nx, Ny, and the torque H at the plate edges are usually replaced by the reduced

Figure 4.21 Convention sketch for plate bending.
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shearing forces Qx and Qy which, for a rectangular plate, are

Qx ¼ �D
@3w

@x3
þ ð2�npÞ @3w

@x@y2

� �

Qy ¼ �D
@3w

@y3
þ ð2�npÞ @3w

@x2@y

� � ð4:22Þ

Equations (4.17) and (4.18) are valid for plates with other geometries such as circular,

annular, and so on, since Lapacean operator is invariant except that its expansion in other

coordinate systems has to be taken for solving the equation. For example for circular plates or

annular plates, the Laplacean operator!2 has the expanded form in a r,y coordinate system as

(Figure 4.22)

r2 ¼ @2

@r2
þ 1

r

@

@r
þ 1

r2
@2

@y2
ð4:23aÞ

If the load is axisymmetric, the y coordinate can be omitted in Equation (4.23a), resulting in

r2 ¼ @2

@r2
þ 1

r

@

@r
ð4:23bÞ

However, the bendingmoments and shear forces take the following forms in such a situation

(Timoshenko and Krieger, 1959). The convention sketch is shown in Figure 4.22.

Bending moments

Mr ¼ �D
@2w

@x2
þ np

@2w

@y2

� �
y¼ 0

¼ �D
@2w

@r2
þ np

1

r

@w

@r
þ 1

r2
@2w

@y2

� �� �

Mt ¼ �D
@2w

@y2
þ np

@2w

@x2

� �
y¼ 0

¼ �D
1

r

@w

@r
þ 1

r2
@2w

@y2
þ np

@2w

@r2

� �

Mrt ¼ 1�np
	 


D
@2w

@x@y

� �
y¼ 0

¼ 1�np
	 


D
1

r

@2w

@r@y
� 1

r2
@w

@y

� �
ð4:23cÞ

Figure 4.22 Convention sketch for circular plates.
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The expressions for shear forces are as follows

Qr ¼ �D
@

@r
r2w
	 


Qt ¼ �D

r

@

@y
r2w
	 
 ð4:23dÞ

4.7.2.3 Soil Reaction – Contact Pressure

To solve the final form of soil–structure interaction Equations (4.14) and (4.17), the soil

reaction, q(x), has to be incorporated in those equations which are dependent on the beam/

plate and soil characteristics and the bond at the interface. Assuming frictionless contact, and

complete bond at the interface between the beam/plate and the soil, q(x) can be expressed

in terms of soil displacements (mainly vertical displacement for vertical loads) using

different foundation models. A review of these models is given in references by Reissner

(1937), Kameswara Rao (1969, 1971) and others. The important features of these models are

summarized below.

4.7.3 Brief Review of the Foundation Models

The earliest formulation of the foundation model was due to Winkler, who assumed the

foundation model to consist of closely spaced independent linear springs, as shown in

Figure 4.23. If such a foundation is subjected to a partially distributed surface loading, q,

the springs will not be affected beyond the loaded region. For such a situation, an actual

foundation is observed to have the surface deformation as shown in Figure 4.24. Hence by

comparing the behavior of theoretical model and actual foundation, it can be seen that this

model essentially suffers from a complete lack of continuity in the supporting medium. The

load deflection equation for this case can be written as

q ¼ kw ð4:24Þ
where k is the spring constant and is often referred to as the foundation modulus, and w is the

vertical deflection of the contact surface. It can be observed that Equation (4.24) is exactly

satisfied by an elastic plate floating on the surface of a liquid and carrying some load which

causes it to deflect. The pressure distribution under such a platewill be equivalent to the force of

Figure 4.23 Load on Winkler’s foundation.
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buoyancy, k being the specific weight of the liquid. With this analogy in view, the first solution

for the bending of plates on a Winkler-type foundation was presented by Hertz (1884).

Also, in such a foundation model the displacements of the loaded region will be constant

whether the foundation is subjected to a rigid stamp or a uniform load as can be seen from

Figure 4.23. However, the displacement for these cases are quite different in actual foundations

as can be noted from Figures 4.24(a) and (b). Though this model leads to some inconsistencies,

being the simplest, it is amenable to an easy analysis. Through the years a large variety of

solutions have been presented on this basis (Winkler, 1867; Reissner, 1937; Hetenyi, 1946,

1950; Timoshenko and Krieger, 1959; Iyengar and Ramu, 1979).

Another approach is to assume the foundation medium to be a continuous elastic solid.

Though this hypothesis closely simulates the physical behavior of an actual foundation, it

makes the analysis unduly complex. Despite several mathematical complexities, solutions

were presented on these bases (Gorbunov-Posadov, 1949; Zimmermann, 1888), which,

however, were limited to relatively simple cases. Also it was observed that the foundation

performance as predicted by this theory differed from the actual behavior, probably due to the

questionable assumptions of elasticity, homogeneity and isotropy of the materials, inherent in

this hypothesis. As an example, in soils it has been observed that the surface displacements

away from the loaded region decreasedmore rapidly than predicted by this theory (Kameswara

Rao, 1969), and materials like soils and foam rubber hardly satisfy the basic assumptions

stipulated above.

The need for bridging the gap between these two extreme and limiting cases and to arrive at a

physically close and mathematically simple foundation model has been felt for some time.

Several authors have proposed foundation models which involve more than one parameter for

the characterization for the supporting medium.

One such attempt was presented by Filonenko–Borodich (Reissner, 1937), whomodified the

Winkler foundation by providing some continuity by connection top ends of the springs by a

Figure 4.24 Deformation of actual foundation.

Rational Design of Shallow Foundations 147



stretched elastic membrane subjected to a constant tension field, T, as shown in Figure 4.25.

The equilibrium in the vertical direction yields the equation

q ¼ kw�Tr2w ð4:25Þ

where

q is the distributed vertical load applied on the surface of the soil

w is the vertical deflection of the surface

r2 is the Laplace operator

k and T are the two parameters characterizing the foundation.

Hetenyi (1946, 1950) achieved the continuity in the Winklers’s foundation model by

embedding an elastic beam in the two-dimensional case and an elastic plate in the three-

dimensional case (Figure 4.25), with the stipulation that the hypothetical beamor plate deforms

in bending only. In this case the relation between the load q and the deflection of the surface w

can be expressed as

q ¼ kw þ Dr4w ð4:26Þ

where

D is the flexural rigidity of the embedded beam or plate

!4 is the bi-harmonic operator.

By providing for shear interaction between the Winkler’s spring elements, Pasternak

(Kameswara Rao, 1969) presented a foundation model as shown in Figure 4.25. The shear

interaction between the springs has been achieved by connecting the ends of the springs to a

beam or a plate (as the case may be), consisting of incompressible vertical elements, which

hence deform in transverse shear only. The corresponding equation relating the load, q, and

deflection, w, can be derived as

q ¼ kw�mr2w ð4:27Þ

Figure 4.25 Convention sketch showing various foundation models.
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where

m is the shear modulus of the foundation material

!2 is the Laplace operator.

It can be seen that this foundation model also consists of two parameters k and m, and is

equivalent to the models proposed by Filonenko–Borodich (Equation (4.25)) and Wieghardt

(Kameswara Rao, 1969).

Pasternak proposed another foundation model (Kameswara Rao, 1969) consisting of

two layers of springs connected by shear layer in between as shown in Figure 4.26. The

relation between the load q, and the deflection w of the surface of the foundation can be

expressed as

1 þ k

c

� �
q� m

c
r2q ¼ kw�mr2w ð4:28Þ

where

c and k are the spring constants of the upper and lower layers of springs

m is the shear modulus of the shear layer.

Several contributions based on Pasternak-type foundations are available in the literature.

In all the above models, the Winkler’s model has been modified by providing for some

interaction between the spring elements and hence assuring the continuity of the foundation to

some degree. In contrast to them, starting from the elastic-continuum theory, and introducing

simplifying assumptions with respect to the expected stresses and (or) displacements, some

models were proposed. One such contribution was from Reissner (Kameswara Rao, 1969),

who assumed that the in-plane stresses sx, sy and txy are negligible throughout the foundation
layer. Also the horizontal displacements at the upper and lower surfaces of the foundation layer

were assumed to be zero. Proceeding with these assumptions and solving the elastic continuum

equations, the equation relating the applied distributed surface load, q, and the resulting surface

Figure 4.26 Pasternak’s modified foundation model.
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displacement, w, has been derived as

c1w�c2r2w ¼ q� c2

4c1
r2q ð4:29Þ

where c1 ¼ E
H
and c2 ¼ Hn

3
.

E and n are the elastic constants of the foundation material and H is the thickness of

the foundation layer. It can be seen that Equations (4.28) and (4.29) are similar. Also,

for constant and linearly varying loads, this equation can be seen to be mathematically

equivalent to Equations (4.25) and (4.27), thus establishing the similarity of the models. In this

case, neglecting the in-plane stresses, it can be shown that shear stresses tzx and tzy are constant
throughout the depth of the foundation for a given surface point, which is inconsistent with the

actual foundation performance, especially for thick foundation layers.

Vlasov and Leontev (1966) have developed a foundation model starting from elastic-

continuum theory and neglecting the horizontal displacements of the supporting medium.

Using Vlasov’s general variational method, the load–displacement relation can be

derived as

q ¼ kw�2t1 r2w ð4:30aÞ
where

q is the distributed surface load

w is the vertical deflection.

k and t1 are the two parameters characterizing the foundation and can be expressed in terms

of the elastic constants of the material and geometric properties of the foundation layer(Vlasov

and Leontev,1966). In Equation (4.30a), these parameters can be obtained as

k ¼ E0B

1�n20

ðH
0

c2ðzÞ dz ð4:30bÞ

t1 ¼ E0B

1�n20

ðH
0

c2ðzÞ dz ð4:30cÞ

where

E0; n0 ¼ Es; ns of the soil respectively to be used for beams on elastic foundation problems

(plane stress problems).

However; E0 ¼ Es

1�n2s
; n0 ¼ ns

1�ns
ð4:30dÞ

for plates and plane strain case (strips and three-dimensional problems)

B ¼ width of the foundation.

cðzÞ is the assumed distribution function of vertical displacement with depth (preferably

a function with cð0Þ ¼ 1 and easy to integrate (Figure 4.18). cðzÞ can be chosen as
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e�bz for infinite soil layers (or layers with large depth), where b is the soil parameter, b can be

chosen between 0.5 and 2.5 (0.5 for clayey soils and 1.0–2.5 for sandy soils). cðzÞ can

be chosen as H�z
H

, linearly decreasing for soil layers of finite depth.

Comparing Equation (4.30a) and Equations (4.25) and (4.27), it can be observed that, this

model is equivalent to themodels proposed by Filonenko–Borodich, Pasternak andWieghardt.

A close examination of the various models reviewed above, reveals the fact that these

methods fall short for direct application to practical problems, either because the analysis is

cumbersome,or, because the assumptions made for natural foundation media cannot be fully

justified and often lead to some inconsistencies.

To overcome the above inconsistencies of the soil behavior, Kameswara Rao (1969, 1971)

modifiedVlasov and Leontev’smodel to account for the horizontal displacements in the elastic

foundation and basic equations have been presented using Vlasov’s general variational

method. The resulting model is very close to elastic-continuum hypothesis and is easy for

mathematical analysis and hence is expected to be useful for the solutions of many problems of

practical significance.

4.7.4 Winkler’s Model

After reviewing the various foundation models as outlined in Section 4.7.3, it can be seen that

Winkler’s model is the simplest both in terms of representation of the soil reaction at the footing

soil interface as well as analysis of the resulting soil–structure interaction Equations (4.14)

and (4.18), though it has inherent deficiencies as outlined in Section 4.7.3. It has an added

advantage that the soil parameter used for expressing the soil reaction, that is,k (Equation (4.24)),

referred to as spring constant (of the idealized springs of the Winkler’s model as shown in

Figure 4.23) is relatively easy to evaluate from laboratory and field experiments (Section 4.8).

ThusWinkler’s model is used for most of the rational analysis and design presented in this book.

Thus usingWinkler’smodel for representing the soil and usingEquation (4.24) for soil reactionq

the soil–structure interaction equation can be expressed as follows:

1. Beams on elastic foundations (Equation (4.14))

EI
d4wðxÞ
dx4

þ kwðxÞ ¼ pðxÞ ð4:31Þ

2. Plates on elastic foundation (Equation (4.18))

Dr4wðx; yÞ þ kwðx; yÞ ¼ pðx; yÞ ð4:32Þ
in which k ¼ spring or the soil constant, to be evaluated from suitable laboratory and field tests

(Section 4.8).

4.8 Evaluation of Spring Constant in Winkler’s Soil Model

4.8.1 Coefficient of Elastic Uniform Compression – Plate Load Test

The idea of modeling soil as an elastic medium was first introduced by Winkler and this

principle is now referred to as theWinkler soil model. The subgrade reaction at any point along
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the beam is assumed to be directly proportional to the vertical displacement of the beam at that

point. In other words, the soil is assumed to be elastic and obeys Hooke’s Law. Hence, the

modulus of subgrade reaction (ks) for the soil is given by

ks ¼ q

w
¼ Cu ð4:33Þ

where

q is the bearing pressure at a point along the beam

w is the vertical displacement of the beam at that point.

ks is also referred to as the coefficient of elastic uniform compression, Cu.

The main difficulty in applying theWinkler soil model is that of quantifying the modulus of

subgrade reaction (ks) to be used in the analysis, as soil is a very variable material. In practical

terms, ks can be found only by carrying out in-situ plate load tests or relating it in someway to

elastic characteristics of the soil. The plate load test is widely used and is described in BS 1377:

Part 9: 1990, IS: 1888–1982 (Jones, 1997) and so on. Plate load test is described in detail in

Chapter 3, while a few important aspects are summarized below. The test set up is also shown in

Figure 4.27.

The plate should obviously be as large as possible, consistent with being able to exert the

vertical forces required. The standard plate is either a circular shape of 760mm diameter

or a square shape 760� 760mm, 16mm thick, and requires stiffening by means of other

circular/square plates placed concentrically above it. Invariably, a large plate does not settle

uniformly. The settlementmust, therefore, bemonitored bymeans of three or four dial gauges

equally spaced around the perimeter in order to determine the mean settlement. Supports for

these dial gauges should be sited well outside the zone of influence of the jacking load which

is measured by a proving ring. When choosing a diameter of plate to use for the test, due

consideration should also be given to the limited zone of influence of the loaded plate.

Figure 4.27 Plate load test set up.
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Typically, the soil will only be effectively stressed to a depth of 1.25–1.50 times the diameter

of the plate. This limitation can be overcome to some extent by carrying out the plate test at

depth in pit, rather than on the surface. Small diameter plates are often used to overcome

the practical difficulties of providing the requisite reaction/vertical forces. Terzaghi used a

305mm square plate for evaluation.

Figure 4.28 shows a typical plot of q against w that would be obtained from a plate

bearing test.

In Foundation design, as distinct from pavement design, the value of ks is the secant

modulus of the graph over the estimated working range of bearing pressure as indicated in

Figure 4.28. The value of the modulus of subgrade reaction (ks) obtained from the test

varies according to the size of plate used. Figure 4.29 shows the variation of ks with plate

diameter based on experimental evidence. It is apparent, therefore, that ks depends not only

on the deformation characteristics of the soil but also on the size of contact area between

plate and subgrade. The variation of ks with plate size creates an obvious difficulty in

deciding which plate size should be used as the standard or reference for defining values of

ks for analysis.

Furthermore, due account must also be taken of the size and geometry of the loaded area.

Terzaghi (1955) made several useful recommendations to overcome these difficulties. Basi-

cally, he first proposed reference values of ks for sands and clays based on plate bearing tests

carried out using a 305mm square plate. He then advocated methods of conditioning these

values to allow for the geometry of the base. His recommendations are presented in

Section 4.8.2. As most plate bearing tests are carried out using circular plates, it is necessary

to relate the performances of circular and square plates in order to follow Terzaghi’s

Figure 4.28 q–w curve obtained from plate load test.
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recommendations. The theoretical relationship between values of ks obtained from plate

bearing tests using circular and square plates can be derived as follows.

Square Plate

The mean settlement (wsp) is given by

wsp ¼ 0:95ð1�n2s ÞqB
Es

ð4:34Þ
where

ns is the Poisson’s ratio of the soil

q is the average bearing pressure under plate

B is the side of square plate

Es is the modulus of elasticity of the soil.

Circular Plate

The mean settlement (wcp) for the same value of q is

wcp ¼ 0:85ð1�n2s ÞqB
Es

ð4:35Þ

where B is the diameter of the plate.

It can be noted from Equations (4.34) and (4.35) that

ksp ¼ 0:895 kcp ð4:36Þ
where the suffixes sp and cp refer to square plate and circular plate respectively.

Figure 4.29 Variation of subgrade reaction ratio with plate diameter.
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Example 4.1

The value of ks obtained from a plate bearing test using a 760mm diameter plate is 120 kN/m2/

mm. Estimate the value of ks corresponding to a test carried out using a 305mm square

plate. Assume the soil to be uniform and homogeneous.

Solution:

With reference to Figure 4.29:

ks for circular plate with diameter of 305mm ¼ 2.2� 120 ¼ 264 kN/m2/mm

ks for 305mm square plate ksp ¼ 0.895� 264 ¼ 236.28 kN/m2/mm.

Horizontal plate load tests can also be carried out in trial pits to obtain corresponding values of

the horizontal modulus of subgrade reaction (kh) which is relevant to the analysis of laterally

loaded piles, pile groups and sheet piling. More information about kh is given in Jones (1997)

and in Section 10.6. Themodulus of subgrade reaction corresponding to a 305mm square plate

will henceforth be referred to as the reference value and will be denoted by kt. Values of kt
proposed by Terzaghi for sands and clays are given in Tables 4.2 and 4.3 respectively.

Values of ks for long beamsmay also be assessed by relating them to the intrinsic parameters

of the soil such as the elastic modulus (Es), Poisson’s ratioðnsÞ and the California bearing ratio
(CBR). Es and nscan both be derived from the results of triaxial tests. Salvadurai (1979)

developed the following expressions for ks in terms of Es and ns for beams having a length/

breadth (L/B) ratio �10.

ks ¼ 0:65 Es

Bð1�n2s Þ
ð4:37Þ

ks ¼ p Es

2Bð1�n2s Þloge L
B

	 
 ð4:38Þ

Table 4.2 Terzaghi’s values of kt for sands (305mmplate test)

in kN/m2/mm.

Type Loose Medium Dense

Dry or moist sand 15 45 175

Submerged sand 10 30 105

Table 4.3 Terzaghi’s values of kt for clays (305mm plate test) in kN/m2/mm.

Consistency of clay Firm to stiff Stiff to very stiff Hard

Uniform compressive strength (kN/m2) 105–215 215–430 >430

Values of kt 30 50 100
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The two expressions are in close agreement for values of L/B in the range 10–13. Figure 4.30

plots an approximate, empirical relationship between the modulus of subgrade reaction (ks)

obtained using the standard 760mm diameter plate and the CBR for soils that are uniform in

depth (Jones, 1997).

Example 4.2

A dense sandy soil is uniform in depth and has a measured CBR of 40%. Estimate the value of

ks that is likely to be obtained from a plate bearing test using a 305mm square plate.

Solution:

1. Figure 4.30 gives k760 ¼ 130 kN/m2/mm (760mm diameter plate)

2. Figure 4.29 give k305 ¼ 2.2� 130 ¼ 286 kN/m2/mm (305mm diameter plate)

3. ;ks corresponding to 305mm square plate (Equation (4.36)) ¼ 0.895� 286 ¼
256 kN/m2/mm.

4.8.2 Size of Contact Area

It is evident from Figure 4.29 that the value of modulus of subgrade reaction (ks) varies

according to the size of the plate used in the plate bearing test. Similarly ks varies with the

breadth (B) of a continuous beam resting on an elastic subgrade. This fact was first reported

by Engesser (Jones, 1997) when he confirmed that the value of ks decreases with increasing

width (B) of the beam. Terzaghi (Taylor, 1964) also investigated this phenomenon and

derived expressions relating ks, kt and B for beams supported by both cohesionless and

cohesive soils as follows.

Figure 4.30 Empirical relationship between ks and CBR value.

156 Foundation Design



Cohesionless soils : ks ¼ kt
0:305 þ B

2B

� �2

ð4:39Þ

Cohesive soils : ks ¼ kt
0:305

B

� �
ð4:40Þ

In Equations (4.39) and (4.40) the units are: ks, kt in kN/m
2/mm, B in meters. Both of these

expressions infer that ks for a beam 0.305m wide is roughly equal to kt obtained from a plate

bearing test using a square plate of a side of 0.305m.

Vesic (1961) proposed an expression for ks in terms of Es and ns (of the soil) as

(Bowles, 1996):

ks ¼ 1

B
0:65

ffiffiffiffiffiffiffiffiffiffi
EsB4

Ef If

12

s" #
Es

1�n2s
� Es

Bð1�n2s Þ
ð4:41Þ

where

B; If ;Ef ¼ width, moment of inertia of the cross section and modulus of elasticity of the

footing respectively

Es; ns ¼ modulus of elasticity and Poisson’s ratio of the soil.

One can also adopt the expression of k (neglecting t1) from Vlasov’s elasticity model given

by Equation (4.30d) with appropriate choice of cðzÞ (Vlasov and Leontev, 1966).

4.8.3 Winkler’s Soil Medium with or without Tension

The common assumption made in conventional methods of analyzing loaded continuous

beams resting on a horizontal subgrade is that tension is not allowed to develop between the

beam and the underlying subgrade. It is therefore, necessary when using beam on elastic

foundation approach to condition the Winkler soil medium to detach springs which are not in

compression under the action of the applied loading under consideration. However, in most

other applications, tension in the springs is allowed.

Comparisons between the results of analyses carried out using these two conditions for the

same foundation beam problem usually differ by only small amounts (Jones, 1997).

4.8.4 Sensitivity of Responses on ks

When using the beam on elastic foundation concept to analyze geotechnical problems, it is

imperative that a range of values of themodulus of subgrade reaction (ks) are tested to ascertain

the sensitivity of soil parameter in the analysis. Usually, the resulting bending moments and

shear forces are not sensitive to changes in the value of ks.

4.8.5 Modulus of Subgrade Reaction for Different Plate Sizes and Shapes

The same plate load test results described in Section 4.8.1 can be used for obtaining ks of

different plate sizes and shapes (some of these have been discussed in the above sections) using

theory of elasticity solutions (Kameswara Rao, 2000) as follows.
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For a rigid circular plate of area A on an elastic half space subjected to vertical load

ks ¼ Cu ¼ 1:13
E

1�n2
:
1ffiffiffi
A

p ð4:42Þ

where

E and n are modulus of elasticity and Poisson’s ratio of the soil

Cu ¼ coefficient of elastic uniform compression/modulus of subgrade reaction.

For a rectangular plate of sides a and b on an elastic half space subjected to vertical load, ks
can be expressed as

ks ¼ cf
E

ð1�n2Þ
1ffiffiffi
A

p for flexible plate ð4:43Þ

ks ¼ cr
E

ð1�n2Þ
1ffiffiffi
A

p for rigid plate ð4:44Þ

where

A ¼ area of the plate ¼ ab

cf, cr ¼ shape constants depending on the flexibility or rigidity of the test plate used

E, n ¼ modulus of elasticity and Poisson’s ratio of the soilmedium respectively. Thevalues

of cf and cr are given in Table 4.4 for ready reference.

It can be seen from Table 4.4 and Equations (4.43) and (4.44), that the value of ks is not

greatly dependent on the flexibility or rigidity of the plate. It can be further observed from

Equations (4.42) and (4.44) that ks is proportional to (A)�1/2, that is

ks1
ks2

¼
ffiffiffiffiffi
A2

A1

r
ð4:45Þ

where ks1 is the value corresponding to a bearing plate of area A1 and ks2 is the value

corresponding to a bearing plate of area A2. From Equation (4.45), it is evident that if the

value of ks1 corresponding to a plate area A1 is known, ks2 corresponding to any other plate

Table 4.4 Coefficients cf and cr.

Shape of the plate a
b

cf cr

Circular — — 1.13

Square 1.0 1.06 1.08

Rectangular 1.5 1.07 —

2.0 1.09 1.10

3.0 1.13 1.15

5.0 1.22 1.24

10.0 1.41 1.41
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area A2 can be easily evaluated. It is convenient to convert all the test results and present the

values of corresponding to a bearing plate area of 10m2 (Kameswara Rao, 2000).

The average values of ks (corresponding to a plate area of 10m2) for different soils are

given in Table 4.5.

These results can also be summarized as presented in Table 4.6 (Kameswara Rao, 2000).

Table 4.5 Average values of ks for different soils (corresponding to a plate area of 10m2).

Soil description Permissible pressure

on soil (kN/m2)

ks (kN/m
3)

Gray plastic silty clay with sand

and organic salt

98 137.34� 102

Brown saturated silty clay with sand 147.15 196.20� 102

Dense silty clay with some sand

(above ground water level)

up to 490.5 1049.67� 102

Medium moist sand 196.2 196.20� 102

Dry sand with gravel 196.2 196.20� 102

Fine saturated sand 245.25 294.30–343.35� 102

Medium sand 245.25 304.11� 102

Gray fine dense, saturated sand 245.25 333.54� 102

Loess with natural moisture content 294.3 441.45� 102

Moist loess 196.2 461.07� 102

Table 4.6 Values of ks and m for different soil categories (assuming ns ¼ 0.3).

Soil

category

Soil description Permissible

pressure

on soil (kN/m2)

cu for A ¼ 10m2

(kN/m3)

Shear modulus,

m (kN/m2)

I Weak soils (clay and silty

clays with sand in a

plastic state)

Up to 147.15 98.1� 102 100.06� 102

196.2� 102 201.11� 102

294.3� 102 301.17� 102

II Soils of medium strength

(clays and silty clays

with sand close to

plastic limit)

147.15–343.35 294.3� 102 301.17� 102

392.4� 102 401.23� 102

490.5� 102 502.27� 102

III Strong soils (clays and silty

clays with sand of hard

consistency; gravels

and gravelly sand; loess

and loessial soils)

343.35–490.5 490.5� 102 502.27� 102

583.6� 102 602.33� 102

686.77� 102 702.40� 102

784.8� 102 803.44� 102

882.9� 102 903.50� 102

981� 102 1003.56� 102

IV Rocks >490.5 >981� 102 >1003.56� 102
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4.8.6 Poisson’s Ratio of the Soil Medium

It is possible to evaluate Poisson’s ratio (n) using dynamic test results mentioned in Chapter 2.

Also Poisson’s ratio can be evaluated using some simple soils tests which may result in large

errors. It has been observed that in general Poisson’s ratio varies from about 0.25 to 0.35 for

cohesionless soils and form about 0.35 to 0.45 for cohesive soils which are capable of

supporting foundation blocks. Hence, in the absence of any test data Poisson’s ratio can be

assumed as 0.3 for cohesionless soils and 0.4 for cohesive soilswithout causing any appreciable

error in the analysis and design of foundations (Kameswara Rao, 2000).

This is further justifiable from the fact that the responses to foundation soil system have been

found to be not much sensitive to the variations in the value of Poisson’s ratio.

4.8.7 Evaluation of Young’s Modulus

While it is ideal to evaluate Young’smodulus (E, or shearmodulus m) from dynamic tests, often

it may not be possible to do so due to physical limitations.

However, the same can be evaluated from the results of plate load test. It is obvious thatE can

be calculated (and hence shear modulus m ¼ E/(2(1 þ n))) from Equations (4.42)–(4.44).

Knowing thevalue ofks, and the shape and size of the plate used (flexible or rigid plate solutions

do notmakemuch difference, as can be seen fromTable 4.4). Poisson’s ratio can be assumed to

be either 0.3 or 0.4 as mentioned above (Section 4.8.6).

For a square plate of 30 cm side (fairly rigid), the values of shearmodulus,m, for different soil
categories listed in Table 4.6, can be computed using Equation (4.44) with cr ¼ 1.08 (from

Table 4.4) and n ¼ 0.3. The same are presented in Table 4.6.

4.8.8 ks for Foundations Subjected to Dynamic Loads

For the design of foundations subjected to dynamic loads such as in machine foundations, the

modulus of subgrade reaction, ks (also referred to as the coefficient of elastic uniform

compression, Cu), has to be obtained from a cyclic plate load test (instead of a plate load

test) or wave propagation tests (Kameswara Rao, 2000, 1998).

4.8.8.1 Cyclic Plate Load Test

As the name itself indicates, this is amodified version of the standard plate load test as shown in

Figure 4.27. The test is conducted using either standard plate (or square of circular shape of

0.305–0.760m size or any other size) and involves several loading cycles (loading, unloading,

reloading schedule), as per standard practice (Kameswara Rao, 2000). This facilitates in

separating the elastic (recoverable) part of the deformation from the plastic part (irrecoverable

part or permanent set) which in turn can be related to the Young’s modulus of the soil.

Some Salient Features

The bearing pressure–settlement curve obtained from a typical cyclic plate load test is shown

in Figure 4.31. After each load application, sufficient time is allowed to ensure
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that the settlement has attained a final value for all practical purposes at that load level.

In Figure 4.31, the recoverable part of the settlement (during unloading) represents the elastic

part and the nonrecoverable part signifies the plastic settlement (permanent set). The elastic

part of the settlement is plotted as a function of average contact pressure (bearing pressure)

in Figure 4.32 and the relationship is observed to be generally linear. The slope of this curve

is referred to as the modulus of subgrade reaction, ks, or the coefficient of elastic uniform

compression, Cu.

Coefficient of Elastic Uniform Compression and Spring Constant

From the curve shown in Figure 4.32, the slope referred to as the coefficient of elastic uniform

compression, Cu (or ks), can be expressed as

ks ¼ Cu ¼ q

w
ð4:46Þ

where q is the bearing pressure (load per unit area) and w is the elastic settlement and is

applicable for vertical displacement. Then the spring constant (k) for vertical deformation is

given by

k ¼ CuA ¼ ksA ð4:47Þ

where A ¼ contact area of plate, that is, bearing area.

Figure 4.31 Bearing pressure-settlement curve for cyclic plate load test.
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All other elasticity solutions discussed in Sections 4.8.5–4.8.7 remain the same except that

in dynamic situations ks (¼Cu) obtained from cyclic plate load test discussed above has to be

used instead of ks from normal plate load test.

4.9 Soil–Structure Interaction Equations

Thus after adopting suitable foundation model for soil medium to evaluate the soil reaction as

discussed in Section 4.7.3, the equation for soil–structure interaction can be written from

Equation (4.14) for beams and Equation (4.18) for plates. AdoptingWinkler’s model due to its

simplicity for analysis as well as evaluation of parameters from laboratory and field tests as

described in Sections 4.7.4 and 4.8, these equations can bewritten by replacing the soil reaction

qðxÞ ¼ kw and are given in Equations (4.31) and (4.32).

These are as follows, for beams on elastic foundations (Figure 4.18, Equation (4.14))

EI
d4wðxÞ
dx4

þ kwðxÞ ¼ pðxÞ ð4:48Þ
where

EI ¼ flexural rigidity of the beam or footing

w(x) ¼ vertical deflection of the beam soil interface

k ¼ spring constant ¼ ksB

ks ¼ modulus of subgrade reaction applicable to beams as described in Section 4.8 (for

example, Equations (4.37), (4.38), (4.41) or (4.30a), whichevermay be appropriate)

B ¼ width of the beam cross section

p(x) ¼ vertical load applied on the beam/footing

Figure 4.32 Determination of ks/Cu from cyclic plate load test data.
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For plates on elastic foundations (Figure 4.19, Equation (4.32); this equation is used for

rafts, mats, square foundations, annular foundations and foundations with L/B ratios not

more that 2–3).

Dr4wðx; yÞ þ kwðx; yÞ ¼ pðx; yÞ ð4:49Þ
where

D ¼ flexural rigidity of plate ¼ Eph
3

12ð1�n2pÞ
Ep; np ¼ modulus of elasticity and Poisson’s ratio of plate material

h ¼ thickness of the plate

r4 ¼ r2r2

r2 ¼ Laplace operator

k ¼ spring constant for plate

¼ modulus of subgrade reaction adjusted to the plate size and shape from the results

of the standard plate load test as discussed in Section 4.8.5

w(x,y) ¼ vertical deflection of the plate soil interface

p(x,y) ¼ vertical load applied on the plate/footing.

For dynamic loads on elastic foundations (machine foundations), the modulus of the

subgrade reaction has to be obtained preferably from cyclic plate load test or wave propagation

tests as outlined in Section 4.8.8. The spring constant in such cases can then be obtained using

Equation (4.47).

4.10 Summary

1. The role and types of foundations for transferring the loads to the soil stratum below is

described.

2. The essential features of foundation design using conventional methods as well as rational

method are highlighted.

3. Foundation design practices in difficult soils are outlined.

4. The need for soil–structure interaction analysis for rational design of foundations is

presented.

5. The behavior of beams and plates on elastic foundations is discussed.

6. Various foundation models are discussed.

7. Features of Winkler’s model and evaluation of necessary parameters for design from

laboratory and field tests are outlined.

8. The governing equations for beams and plates on elastic foundations are presented. The

expressions for the determination of all the parameters involved in the equations are

discussed in detail. A few examples for the evaluation of parameters are presented.
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5

Analysis of Footings
on Elastic Foundations

5.1 Introduction

As mentioned in Chapter 4, the two approaches for the analysis and design of foundations are:

1. The conventional approach, which assumes the foundation to be rigid and the contact

pressure at the interface to be planar.

2. The rational approach, which incorporates the flexibility of the footing as well as the soil

contact pressure based on elastic theories using modulus of subgrade reaction.

The footing can be idealized as a beam (spread footings, combined footings, strap footings,

wall footings, etc.) or as a plate (mat or raft foundations, circular footings, annular or ring

footings and footings of general shape which are two-dimensional in plan supporting several

loads from columns, walls, etc.). While several models for incorporating soil reaction in the

soil–structure interaction equations (Equations (4.14) and (4.18)) are discussed in Section 4.7,

the Winkler’s model is used extensively in this chapter for detailed solutions and rational

design due to its simplicity in analysis as well as evaluation of the soil parameters. A brief

review of important contributions is presented below.

5.2 Literature Review

Analysis of footings onWinkler foundationmodel using analytical and numerical methods has

been carried out by several pioneers in this area. Some important contributions are highlighted

in this section.

5.2.1 Analytical Solutions

The earliest classical works on the subject were due to Winkler (1867), Hertz (1884),

Zimmermann (1888), Reissner (1937), Hetenyi (1946), Gorbunov-Posadov (1949), Seely
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and Smith (1952), Timoshenko and Krieger (1959), Vlasov and Leontov (1966), and several

others. Vlasov and Leontev (1966) also gave solutions to a large number of problems of beams,

plates and shells on elastic foundations, idealizing the soil medium as a two parameter model

which ignores the horizontal displacements in the medium. Kameswara Rao (1969, 1971)

presented general solutions to beams and plates on elastic foundations using a discrete

continuum model for soil, which incorporates horizontal displacements also as a modification

toVlasov’smodel. They presented the solutions using theversatilemethod of initial parameters.

Butterfield and Banerjee (Sridhar, 1999) gave solutions for settlement and contact pressure

for rigid rectangular rafts. Brown (Sridhar, 1999) obtained solutions for contact pressure and

bending moment in rigid, square and rectangular rafts subjected to various combinations of

concentrated loads.

Fletcher and Herman (Sridhar, 1999) analyzed a beam resting on flexible elastic foundation

and determined the applicability of the Winkler model and more mathematically refined

models which included terms involving the derivative of the deflection without resulting in any

mathematical difficulty. A procedure for finding the foundation coefficients when the elastic

constants are known was developed.

Chan and Cheung (Sridhar, 1999) gave values of contact pressure for rectangular and

circular rigid footings due to concentric load and eccentric loading. These solutions enable an

estimate to be made of the bending moment in a rigid footing.

Dasgupta (Sridhar, 1999) considered an axially constrained beam resting on Winkler

foundation and obtained solutions for beam using finite element method as well as the

differential equation method. The two solutions are compared and are in close agreement

to each other.

Some of the exact solutions available for beams and plates on elastic foundations are

presented in the subsequent section (Section 5.3). Themethod of solution for general loads and

moments acting on the footing, is discussed in detail using the method of initial parameters

(MIP), which is very versatile (Vlasov and Leontev, 1966; Kameswara Rao, 1969, 1971).

5.2.2 Numerical Methods and Finite Difference Method

Several solutions have been presented using numerical methods such as the finite difference

method (FDM), the Runge–Kutta method and iterative methods to take care of the problems

not solvable by exact methods. Of these the most popular is FDM.

Malter (1958) gave solutions of beams on elastic foundations using FDM. Teng (1964)

worked out several examples using FDM. Rijhsinghani (1961) presented detailed solutions for

plates on elastic foundations (PEF) using FDM. There are a very large number of books and

publications on FDM and its applications in soil–structure interaction analysis (Teng, 1964).

Glyn Jones (1997) presented a detailed analysis of beams on Winkler’s elastic foundations

using finite difference theory.He also gave a number of references on the subject. He developed

a software package for beams on elastic foundations (BEF). The details on the application

of these methods to beams and plates on elastic foundations are given in Chapter 6.

5.2.3 Finite Element Method

The analysis of beams and plates on elastic foundations was also analyzed by various authors

using the finite element method (FEM) as summarized below. Further, a detailed discussion is

given in Chapter 7.
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Cheung and Zienkiewicz (Sridhar, 1999) obtained the solutions for square rafts of arbitrary

flexibility. The stiffness of the soil was derived fromBoussinesq’s equation and combinedwith

plate bendingfinite elements to form a stiffnessmatrix for thewhole system.The displacements

were solved using the FEM method. The method is capable of handling both isotropic and

orthotropic plates on elastic media with general loading using either a semi-infinite elastic

continuum model or a linear Winkler model for the soil medium.

Cheung and Nag (Sridhar, 1999) analyzed plates and beams on an elastic continuum using

the finite element method (FEM). The horizontal contact pressures at the interface between

structure and foundations were incorporated in the analysis. The effects due to separation of

contact surfaces and due to uplift were also investigated.

Svec and Gladwell (Sridhar, 1999) analyzed a thick plate resting on a Winkler foundation

and a homogenous isotropic elastic half space, using FEM. They improved the method of

Cheung and Zienkiewicz by assuming a continuous contact pressure distribution, described

by a third-degree polynomial, under each plate finite element. They also developed a 10-noded

triangular plate bending element specifically for contact problems.

Wood and Larnach (Sridhar, 1999) developed computer programmes using FEM for the

analysis of raft foundations using both linear and nonlinear soil models. It was shown that the

critical edge conditions associated with a stiff raft foundation could be correctly modeled only

if a nonlinear soil analysis is used.

Fraser and Wardle (Sridhar, 1999) presented numerical solutions for the displacements and

maximum bending moments for uniformly loaded raft foundations of arbitrary flexibility on a

homogenous elastic layer of finite thickness overlying a rough rigid base. The solutions were

obtained by FEM with the interaction between raft and finite soil layer being incorporated

through the use of surface elements. Variations in raft rigidity, L/B ratio, soil layer depth and n
(Poisson’s ratio) can markedly effect both displacements and bending moments in raft

foundations.

Ting andMocry (Sridhar, 1999) developed a stiffnessmatrix for a beamon elastic foundation

and element load vectors due to concentrated forces, concentrated moments, and linearly

distributed forces. The stiffness and flexibilitymatrices were derived from the exact solution of

the differential equation. The results of this finite element analysis are exact for Navier’s and

Winkler’s assumptions.

Puttonen and Varpasuo (Sridhar, 1999) applied the boundary element method (BEM) for

plates onelastic foundations.The resultsobtainedbyusinga small numberofboundary elements

compared favorably with the results obtained by finite element mesh using SAP IV. The study

was conducted by using both direct and indirect BEM, with direct BEM giving better results.

Zekai Celep (Sridhar, 1999) analyzed the behavior of elastic plates of rectangular shape on

a tensionless Winkler foundation. The rectangular plate problem was investigated here by

considering external uniformly distributed loads (UDLs), concentrated loads and moments

without using any assumption on the shape of the contact region. The tensionless character of

the foundation was taken into account by using an auxiliary function. UsingGalerkin’s method

the problem was reduced to the solution of a system of algebraic equations.

5.3 Analysis of BEF

The governing equations for the beam–foundation interaction (Figure 4.18, Section 4.7) is

derived as in Equation (4.14) as
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EI
d4w

dx4
þ kw ¼ pðxÞ ð5:1Þ

where

w¼ vertical deflection at the interface of the beam foundation system

EI¼ flexural rigidity of the beam

k¼ ksb¼ spring constant of the soil idealizing it as Winkler’s single parameter model

ks¼modulus of subgrade reaction to be evaluated from appropriate tests on soil outlined

in Section 4.8

kw¼ contact pressure/soil reaction

b¼width of the beam

h¼ depth of the beam

p(x)¼ vertical load applied on the beam.

The Cartesian coordinates x, y, z, conventions of the classical bending theory for shear

force Q, bending moment M, contact pressure q(x) (¼ kw) are shown in Figure 4.20.

The exact solution for the above problem was presented by Zimmerman (1888) and more

comprehensively by Hetenyi (1946). Some of these classical solutions are presented in the

following sections.

5.3.1 General Solution

The governing Equation (5.1) is an ordinary differential equation (ODE) and can be solved

exactly as follows. The equation can be nondimensionalized as

d4w

dZ4
þ 4ðlLÞ4w ¼ L4pðxÞ

EI
ð5:2Þ

where

l ¼
ffiffiffiffiffiffiffiffi
k

4EI

4

r
¼

ffiffiffiffiffiffiffiffi
bks

4EI

4

r
ðunits of L�1Þ ð5:3Þ

Z ¼ x

L
¼ dimensionless parameter ð5:4Þ

L¼ unit length for nondimensionalization (can be taken as length of the beam for finite

beams)

x¼ distance coordinate along the length of the beam

lL¼ dimensionless parameter of beam characteristics.

The characteristic Equation (ODE theory) (5.2) is

m4 þ 4ðlLÞ4 ¼ 0 ð5:5Þ
where

m ¼ d

dZ
¼ L

d

dx
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The characteristic roots of Equation (5.5) are

m1;2;3;4 ¼ � lLð1� iÞ ð5:6Þ
where i ¼ ffiffiffiffiffiffiffi�1

p
is an imaginary constant.

The total solution of the ODE (5.1) or (5.2) can be written as

w ¼ wh þ wp ð5:7Þ
where

wh¼ homogeneous part of the solution

wp¼ particular integral part of the solution depending on the intensity of the distributed load

p(x) per unit length of the beam.

The homogeneous solution can be written as

wh ¼ elxðC1 cos lx þ C2 sin lxÞ þ e�lxðC3 cos lx þ C4 sin lxÞ
¼ elLZ ðC1 cos lLZ þ C2 sin lLZÞ þ e�lLZðC3 cos lLZ þ C4 sin lLZÞ

ð5:8Þ

where C1 to C4 are arbitrary constants to be determined using boundary conditions.

Equation (5.8) can also be expressed in terms of hyperbolic functions as

wh ¼ C1F1 þ C2F2 þ C3F3 þ C4F4 ð5:9Þ
where C1, C2, C3, C4 are arbitrary constants to be solved uniquely from the total solution

(Equation (5.7)) using the four boundary conditions at both ends of the beam (two at each end

that is, 4 conditions). Functions F1 to F4 are called the bases of the solution and can be

expressed from Equation (5.8) as

F1 ¼ cosh lLZ cos lLZ

F2 ¼ cosh lLZ sin lLZ

F3 ¼ sinh lLZ cos lLZ

F4 ¼ sinh lLZ sin lLZ

ð5:10Þ

The more commonly used boundary conditions for the beam ends are given below.

1. Free end:

Bending moment ðB:MÞ ¼ M ¼ �EI
d2w

dx2
¼ �EI

L2
d2w

dZ2
¼ 0 ð5:11Þ

Shear force ðS:FÞ ¼ Q ¼ �EI
d3w

dx3
¼ �EI

L3
d3w

dZ3
¼ 0

2. Simply supported end:

Vertical deflection ¼ w ¼ 0

Bending moment ¼ M ¼ �EI
d2w

dx2
¼ �EI

L2
d2w

dZ2
¼ 0

ð5:12Þ
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3. Fixed end:

Vertical deflection ¼ w ¼ 0

Slope ¼ w0 ¼ dw

dx
¼ 1

L

dw

dZ
¼ 0

ð5:13Þ

For other types of boundary conditions, one can refer to Crandall, Dahl and Lardener (1972),

Jones (1997) and other books on applied mechanics. The particular integral wp in the

Equation (5.7) depends on the nonhomogenous function p(x) of the ODE (Equations (5.1)

and (5.2)). The various methods for obtaining the particular integral of ODE are available in

any of the standard books on engineering mathematics (Kreyszigh, 1967). For example p(x)¼
p(Z)¼ p0¼ constant, wp can be easily obtained as

wp ¼ p0

k
¼ p0

4EIl4
ð5:14Þ

For other types of continuous or discrete or partly continuous external loads acting on the

footing, the normal methods used in beam bending theory can be used for getting the particular

integral and the total solution. For finite beams on elastic foundations, general solution for such

cases is presented usingMIP in the following sections (Vlasov and Leontev, 1966; Kameswara

Rao, 1969, 1971).

5.4 Infinite Beams on Elastic Foundations

Consider an infinite beam on an elastic foundation subjected to a concentrated load P at the

origin (x¼ 0, without any loss of generality) as shown in Figure 5.1. Thus p(x)¼ 0 over the

whole length of the infinite beam except at the origin where there is a concentrated load P. This

concentrated load canbe considered as a shear boundary condition rather than as an external load

(as is the usual practice in applied mechanics/structural mechanics/beam theory). Also the

solution can be taken in the form of Equation (5.8) to take advantage of the infinite geometry of

the beam-foundation system. This essentially means that we can neglect the nonfeasible

functions in the solution, that is, terms containing elx ð¼ elLZÞ have to be neglected as

deflections exponentially increase with the distance x from the load, which is unrealistic along

the positive x axis. Similarly e�lx ð¼ e�lLZÞ terms have to be neglected for the negative x axis.

Hence the total solution (sincewp¼ 0 for p(x)¼ p (Z)¼ 0) can bewritten fromEquation (5.8) as

1. For 0 � x � 1 (along positive x – axis)

w ¼ e�lxðC3 cos lx þ C4 sin lxÞ ð5:15Þ

2. For 1 � x � 0 (along negative x-axis)

w ¼ elxðC1 cos lx þ C2 sin lxÞ ð5:16Þ

Arbitrary constants C1, C2, C3, C4 have to be solved from the continuity conditions of

w, w0 ¼ dw
dx

� �
, M

�¼ �EI d
2w
dx2

�
and jump discontinuity in shear force Q

�¼ �EI d
3w
dx3

�
, at x ¼ 0.
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Alternatively, using the symmetry at x ¼ 0, only one-half of the beam foundation system

can be considered [either þx axis (i.e., 0 to þ1) or –x axis (i.e., 0 to�1)] with half the load

acting on either side of the origin as shown in Figure 5.1(b). This is equivalent to solving the

problem of a semi-infinite beam on elastic foundation with the load P/2 acting at the origin.

Considering the positive x axis for the analysis (without any loss of generality), the solution

and boundary conditions in this case can be written as follows.

For 0 � x � 1 (along positive x axis)

w ¼ e�lxðC3 cos lx þ C4 sin lxÞ ð5:17Þ
Boundary conditions at x ¼ 1 are automatically satisfied by making C1 ¼ C2 ¼ 0 in the

general solution as deflections and all other parameters become zero at infinity. Equation (5.17)

satisfies these conditions and hence is a feasible solution.

Boundary conditions at x ¼ 0, with symmetry of the beam at x ¼ 0, we have

Bending moment; M ¼ �EI
d2w

dx2
¼ 0 ð5:18Þ

Figure 5.1 Beams on elastic foundations.
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Shear force; Q ¼ �EI
d3w

dx3
¼ �P

2
ð5:19Þ

Substituting for w from Equation (5.17) in (5.18) and (5.19) and putting x¼ 0, the resulting

expressions are

C4 ¼ 0 and C3 ¼ P

4l3EI
ð5:20Þ

Hence the solution for the deflection (Equation (5.17)) becomes

w ¼ P

4l3EI
e�lxcos lx ð5:21Þ

Knowing the deflection, the other parameters such as slope, BM, SF and contact pressure can

be written as follows

Slope; w0 ¼ dw

dx
¼ � P

4l2EI
e�lxðcos lx þ sin lxÞ ð5:22Þ

Bending moment; M ¼ �EI
d2w

dx2

¼ � P

2lEI
e�lxsin lx

ð5:23Þ

Shear force; Q ¼ �EI
d3w

dx3

¼ � P

2EI
e�lxðcos lx�sin lxÞ

ð5:24Þ

Contact pressure; qðxÞ ¼ kw ¼ Ple�lxcos lx ð5:25Þ

Typical distribution of the above parameters is shown in Figure 5.1(a). Solutions for other

types of loads can be obtained in a similar manner (Hetenyi, 1946).

5.4.1 Semi-Infinite Beams on Elastic Foundations Subjected to P at x¼ 0

These are shown in Figure 5.1(b) for 0 < x < 1, and (or) 0 > �x > �1. This problem has

been solved already above by treating an infinite beam as the superposition of two semi-infinite

beams each lying along the positive and negativex axes. Thus the solutions are exactly the same

as in Equations (5.21)–(5.25) with P/2 being replaced by P. For example the solution for

deflection in this case becomes (from Equation (5.21))

w ¼ P

2l3EI
e�lxcos lx ð5:26Þ

Similarly the other quantitiesw0,M,Q and q(x) can bewritten fromEquations (5.22)–(5.25).
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5.5 Finite Beams on Elastic Foundations

Consider a beam of finite length on an elastic foundation subjected to transverse loads

(Figure 5.1(c)). The general solution is already given by either Equation (5.8) or (5.9). For

further discussion, the solution is taken (without any loss of generality) in the form of

Equation (5.9) and the total solution can be obtained by adding the particular integral wp, as

given in Equation (5.7) to the homogeneous solution. Several exact solutions have been obtained

for various cases of loading by Hetenyi (1946) and others. Charts and tables for a few generic

solutions are available (Seely and Smith, 1952; Iyengar andRamu, 1979). The solutions given by

Seely and Smith (1952) for BM and deflection w for a finite beam (constant EI) on elastic

foundation acted by a concentrated load P are shown in Figure 5.2. Each curve corresponds to a

footing with P at 0, L/12, L/6. . . from the left end. The deflection is shown as a ratio of average

deflection w0 ¼ P
Lk

and

Bending moment; Mo ¼ P

4l
ð5:27Þ

where

L¼ length of the beam

k¼ spring constant of soil¼ ksb

ks¼modulus of subgrade reaction

b¼width of the beam

l¼
ffiffiffiffiffiffiffiffi
k

4EI

4

r
as defined in Equation (5.3).

These curves are useful in practice. By superposition of the results the solutions for other

loads such as multiple concentrated loads (as in combined footings), partially distributed loads

and so on can be computed. This is illustrated in the following example.

Example 5.1

Obtain the responses of a footing subjected to vertical concentrated loads as shown in

Figure 5.3

Modulus of elasticity of RCCbeam ¼ 2:8� 1010 N=m2

Moment of inertia ¼ I ¼ bd3=12

¼ 1:2� 0:53=12

¼ 0:0125 m4

Modulus of subgrade reaction (accounting for the rectangular geometry of the contact area)

of soil ¼ 35.28� 106N/m3

Spring constant of the beam foundation system

k ¼ ksb

¼ 1:2� 35:28� 106 N=m2

¼ 4:2336� 107 N=m2
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Figure 5.2 Responses of footings of finite length due to concentrated loads. (Reprinted from F.B. Seely

and J.O. Smith, Advanced Mechanics of Materials, 2nd edition, with permission of John Wiley & Sons,

Inc., New York. � 1952.)
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l ¼
ffiffiffiffiffiffiffiffi
k

4EI

4

r
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4:2336� 107

4� 2:8� 1010 � 0:0125

4

r
¼ 0:417 m�1

lL¼ 0:417� 4:8 ¼ 2

Accordingly, the response curves given in Figure 5.2(a) are applicable for computation of

responses. The 100 kN load is applied at 0.4m (L/12) from the left end and 200 kN load is

applied at 0.8m (L/6) from the right end. The responses can now be superposed to get the total

response as shown in Figure 5.4. For example the moment diagrams are superposed with curve

(1) for load P1 ¼ 100 kN acting at L/12 from the left end and curve (2) for load P2¼ 200 kN

acting at L/6 from the right end. It may be noted that curve (2) is plotted inversely for

superposition as the given curves in Figure 5.2 are applicable for loads at given distances from

the left end. The maximum ordinate between the two curves gives the maximum bending

moment in the beam, that is, Mmax.

Mmax ¼ ð0:63P1 þ 0:32P2Þ=4l ¼ ð0:63� 100 þ 0:32� 200Þ=ð4� 0:417Þ
¼ 76:2 kN=m

Similarly the deflection, slope, shear force and contact pressures can be calculated.

For other types of loads, the curves given in Figure 5.2 can be used and responses can be

obtained using superposition, interpolation and approximations as may be appropriate. Design

tables are also given by Hetenyi (1946), Iyengar and Ramu (1979) and others.

Figure 5.4 Bending moment diagram.

Figure 5.3 Finite beam on elastic foundation.
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5.5.1 MIP for General Loads and Beam Configurations

The use of graphs and tables for obtaining responses of beams on elastic foundations has been

illustrated above. However, the MIP is a powerful method for obtaining exact solutions of

ODEs in general and BEF in particular. The method is presented below while the details are

given in Vlasov and Leontev (1966) and Kameswara Rao (1969, 1971).

The general homogenous solution of BEF can be taken in the form of Equation (5.9), that is

wh ¼ C1F1 þ C2F2 þ C3F3 þ C4F4 ¼ CTFh ð5:28Þ
where

CT ¼ C1 C2 C3 C4f g

Fh ¼

F1

F2

F3

F4

8>>>><
>>>>:

9>>>>=
>>>>;

¼

cosh lx cos lx

cosh lx sin lx

sinh lx cos lx

sinh lx sin lx

8>>>><
>>>>:

9>>>>=
>>>>;

ð5:29Þ

CT, Fh are matrices. Fh is called the basis of solutions of the homogeneous ODE. Matrix C

represents the four arbitrary constants to be uniquely solved from the four boundary conditions

of the beam.Matrix Fh has very interesting properties for differentiation and integration which

are helpful for analysis and computation. For example

dFh

dx
¼ 1

L

dFh

dZ
¼ NhFh ð5:30aÞ

where

Nh ¼

0 �l l 0

l 0 0 l

l 0 0 �l

0 l l 0

2
66664

3
77775 ¼ l

0 �1 1 0

1 0 0 1

1 0 0 �1

0 1 1 0

2
66664

3
77775 ð5:30bÞ

in which Z ¼ x
L
is a dimensionless parameter as defined in Equation (5.4)

ð
Fhdx ¼ 1

2l

F3 þ F2

F4�F1

F1 þ F4

F2�F3

8>><
>>:

9>>=
>>; ¼ 1

2l

0 1 1 0

�1 0 0 1

1 0 0 1

0 1 �1 0

2
664

3
775

F1

F2

F3

F4

8>><
>>:

9>>=
>>; ¼ MhFh ð5:31aÞ

where

Mh ¼ 1

2l

0 1 1 0

�1 0 0 1

1 0 0 1

0 1 �1 0

2
664

3
775 ð5:31bÞ
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The higher order derivatives can be obtained by the repeated use of Equation (5.30a), that is

d2Fh

dx2
¼ 1

L2
d2Fh

dZ2
¼ N2

hFh ð5:32Þ

where

Nh
2 ¼ NhNh ð5:33Þ

dnFh

dxn
¼ 1

Ln
dnFh

dZn
¼ Nn

hFh ð5:34Þ

Matrix Nh can be noted to be symmetric about the secondary diagonal. The relevant

parameters can now be expressed in terms of the basis of solutions Fh and arbitrary constants

matrix C as below.

w ¼ CTFh ¼ FT
h C

w0 ¼ dw

dx
¼ 1

L

dw

dZ
¼ FT

h N
T
h C

M ¼ �EI
d2w

dx2
¼ �EbI

L2
d2w

dZ2
¼ �EIFT

h ðN2
hÞTC

Q ¼ �EI
d3w

dx3
¼ �EbI

L3
d3w

dZ3
¼ �EIFT

h ðN3
hÞTC

9>>>>>>>>>>=
>>>>>>>>>>;

ð5:35Þ

where the superscript T denotes transpose of the matrix. Equation (5.35) can be expressed in

matrix form as

w

w0

M

Q

8>>>><
>>>>:

9>>>>=
>>>>;

¼

FT
h

FT
h N

T
h

�EIFT
h ðN2

hÞT

�EIFT
h ðN3

hÞT

2
66664

3
77775C ¼ BC ð5:36Þ

The four arbitrary constants to be determined from the total solution using the boundary

conditions at both ends of the beam can be expressed in terms of the four relevant parameters

of the beam (which are usually used in prescribing the boundary conditions at both ends of the

beam)w,w0,M andQ evaluated or prescribed at any point, say x ¼ Z ¼ 0, Thus these are called

initial parameters. Accordingly, putting x ¼ Z ¼ 0 in Equation (5.36), we get

Ip ¼ ½B�x¼Z¼0C ¼ AC ð5:37Þ
where Ip is called the initial parameter matrix.

From Equation (5.37), the arbitrary constants C can be expressed in terms of the initial

parameters as

C ¼ A�1Ip ¼ GIp ð5:38Þ
Substituting for C in Equation (5.36), the beam parameters at any point along its length can

be expressed in terms of the initial parameters Ip as
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Ip ¼
w

w0

M

Q

8>>><
>>>:

9>>>=
>>>;

¼ BC ¼ BGIp ¼ KIp ¼ K

w0

w0
0

M0

Q0

8>>><
>>>:

9>>>=
>>>;

ð5:39Þ

These intermediate steps for deriving the matrices A, A�1 (¼ G), and K (¼B G) are given in

Appendix 5.A at the end of this chapter.

Matrix K is called the matrix of influence functions. Noting that Nh matrix is quite sparse

and values of Fh at x¼ 0 are either 0 or 1, K can be easily obtained from Equation (5.39) as

follows

½K� ¼

Kww Kww0 KwM KwQ

Kw0w Kw0w0 Kw0M Kw0Q

KMw KMw0 KMM KMQ

KQw KQw0 KQM KQQ

2
66664

3
77775

¼

F1

1

2l
ðF2 þ F3Þ �1

2l2EI
F4

�1

4l3EI
ðF2�F3Þ

lðF3�F2Þ F1

�1

2lEI
ðF3 þ F2Þ �1

2l2EI
F4

2l2EIF4 lEIðF2�F3Þ F1

1

2l
ðF2 þ F3Þ

2l3EIðF2 þ F3Þ 2l2EIF4 lðF3�F2Þ F1

2
66666666664

3
77777777775

ð5:40Þ

where F1 to F4 are the basis of solutions given by Equation (5.29). Matrix K has several

interesting mathematical properties (Vlasov and Leontev, 1966; Kameswara Rao, 1969,

1971). The following two can be readily noted:

1. The matrix K is symmetric about the secondary diagonal.

2. At x¼ 0, K reduces to an identity matrix I.

Thus, Equation (5.39) gives the homogeneous solution of the beam foundation interaction,

the arbitrary constants replaced by the initial parameters of the beam at the initial point (say left

end, that is, x¼ 0) of the beam.

The 16 influence functions given in Equation (5.40), that is, Kww,Kww0, . . . KQQ form a

matrix for the direct linear transformation of the initial parameters w0, w
0
0, M0, Q0 into any

derived parameters such asw,w0,M,Q at any point as given by Equation (5.39). After the initial

parameters are determined, the problem can be considered as solved.

Any section x ¼ s (s can be taken as zero without any loss of generality) in which ws, ws
0,

Ms, Qs are known can be taken as initial section. The solutions of w, w0,M, Q at a section x-s

from the initial section can be determined by the same influence functions provided the

homogeneous differential equation of bending [Equation (5.1) with pðxÞ ¼ 0] is valid

between these sections, that is, no additional loads are applied on the beam between

x ¼ s and x. Accordingly
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w

w0

M

Q

8>>>><
>>>>:

9>>>>=
>>>>;

¼ KfIpgx¼s
ð5:41Þ

However, the argument of the influence function matrix K (with the components Kww,

Kww
0 . . . KQQ) is x – s, implying that F1, F2, F3, F4 have the argument as x--s.

Knowing the initial parameters and the matrix of influence functions obtained from the

homogeneous solution of BEF, the nonhomogeneous solution (including the effect of external

loads,moments, changes in configurations) can be easily expressed (VlasovandLeontev, 1966;

Kameswara Rao, 1969, 1971). Brief details of this method are presented below.

5.5.2 Effect of External Loads – General Solution of the
Nonhomogeneous Equation

For the most general case of a beam on an elastic foundation carrying arbitrary external forces

and moments as shown in Figure 5.5, the solution of nonhomogeneous differential Equa-

tion (5.1) can be written as

w

w0

M

Q

8>>>><
>>>>:

9>>>>=
>>>>;

¼ ½K�fIpg�

Fw

Fw0

FM

FQ

8>>>><
>>>>:

9>>>>=
>>>>;

¼ ½K�fIpg�fPIg ð5:42Þ

in which Fw, Fw0, FM, FQ are known functions depending on the load and its distribution. The

elements of K are given in Equation (5.40). If any of the parameters w, w0, M, and Q has a

discontinuity at x ¼ sk the influence of this must be taken into account for sections x > sk.

This influence is equal to the magnitude of the discontinuity multiplied by the corresponding

Figure 5.5 Arbitrary loading on the beam.
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influence functions evaluated with the argument (x� sk). These influences are represented by

functions Fw, Fw0, FM, FQ in Equation (5.42). This is shown by considering a beam lying on an

elastic foundation with a general configuration and loading (Figure 5.5)

For 0 < x < s1;

Fw ¼ Fw0 ¼ FM ¼ FQ ¼ 0 ð5:43Þ
At x ¼ s1, there is a discontinuity in the load and thus Q is affected. The corresponding

influence functions which get affected are KWQ, Kw0Q, KMQ, and KQQ

Therefore, s1 < x < s2

Fw ¼ P1 � ðKwQÞx�s1

Fw0 ¼ P1 � ðKw0QÞx�s1

FM ¼ P1 � ðKwQÞx�s1

FQ ¼ P1 � ðKQQÞx�s1

ð5:44Þ

For s2 < x < s3

Fv ¼ P1 � ðKwQÞx�s1
þ P2 � ðKwQÞx�s2

Ff ¼ P1 � ðKw0QÞx�s1
þ P2 � ðKw0QÞx�s2

FM ¼ P1 � ðKMQÞx�s1
þ P2 � ðKMQÞx�s2

FN ¼ P1 � ðKQQÞx�s1
þ P2 � ðKQQÞx�s2

ð5:45Þ

In a similar manner, influences due to any number of concentrated loads can be taken care

of. In the region s3 < x < s4, there is a distributed load p(x). Accordingly for s3 < x < s4, for

example

Fw ¼ P1 � ðKwQÞx�s1
þ P2 � ðKwQÞx�s2

þ
ðx
s3

pðsÞðKwQÞx�sds

Fw0 ¼ P1 � ðKw0QÞx�s1
þ P2 � ðKw0QÞx�s2 þ

ðx
s3

pðsÞðKw0QÞx�sds

FM ¼ P1 � ðKMQÞx�s1
þ P2 � ðKMQÞx�s2 þ

ðx
s3

pðsÞðKMQÞx�sds

FQ ¼ P1 � ðKQQÞx�s1
þ P2 � ðKQQÞx�s2 þ

ðx
s3

pðsÞðKQQÞx�sds

ð5:46Þ

For s4 < x < s5, the equations remain the same as in Equation (5.46) with the upper limit of

integration in the last term being s4. A concentrated moment M1 acts at x ¼ s5. Therefore,

for s5 < x < s6

180 Foundation Design



Fw ¼ P1 � ðKwQÞx�s1
þ P2 � ðKwQÞx�s2

þ
ðs4
s3

pðsÞðKwQÞx�sds�M1ðKwMÞx�s5

Fw0 ¼ P1 � ðKw0QÞx�s1
þ P2 � ðKw0QÞx�s2

þ
ðs4
s3

pðsÞðKw0QÞx�sds�M1ðKw0MÞx�s5

FM ¼ P1 � ðKMQÞx�s1
þ P2 � ðKMQÞx�s2

þ
ðs4
s3

pðsÞðKMQÞx�sds�M1ðKMMÞx�s5

FQ ¼ P1 � ðKQQÞx�s1
þ P2 � ðKQQÞx�s2

þ
ðs4
s3

pðsÞðKQQÞx�sds�M1ðKQMÞx�s5

ð5:47Þ

Similarly the changes in slope of the beam as well as breaks in the beam (discontinuity in

deflection) and so on as shown in Figure 5.5 can be taken into account for the nonhomogeneous

solution of the BEF (Vlasov and Leontev, 1966; Kameswara Rao, 1969, 1971).

Thus all the functions Fw, Fw0, FM, FQ can be obtained by accounting for the corresponding

influence functions due to respective discontinuities in any of the parameters w, w0,M and Q.

Hence the complete solution of the nonhomogeneous differential Equation (5.1) is given by

Equation (5.42) and the required quantities can be evaluated at any section of the beam by

incorporating the particular integrals as explained above.

The initial parametersw0,w0
0,M0,Q0 can be obtained very simply by this method, the initial

section of the beam being chosen arbitrarily. Thus by selecting one of the beam ends as initial

section (x ¼ 0), we automatically know two of the four parameters that is, the two boundary

conditions at the left end of the beamprescribed in terms of any two ofw,w0,M andQ. The other

two initial parameters can always be found from two equations defining the boundary

conditions at the other end of the beam.

Thus, for a simply supported beam, we obtain respectively for x ¼ 0 and x ¼ L

wo ¼ 0; Mo ¼ 0 ð5:48Þ

wL ¼ 0; ML ¼ 0 ð5:49Þ

wL ¼ 0!w0
oKww0 þ QoKwQ�Fw ¼ 0 ð5:50Þ

ML ¼ 0!w0
oKMw0 þ QoKMQ�FM ¼ 0 ð5:51Þ

where Kww0, KwQ, KMw0, KMQ, Fw, FM are determined from x ¼ Li.

Thus, the two unknown initial parameters w0
0 and Q0 can be obtained very easily from the

two simultaneous Equations (5.50) and (5.51) as

w0
0 ¼

FwKMQ�FMKwQ

Kww0KMQ�KMw0KwQ

ð5:52Þ

Q0 ¼ FMKww0�FwKMw0

Kww0KMQ�KMw0KwQ

ð5:53Þ

Analysis of Footings on Elastic Foundations 181



Similarly for a free–free beam on elastic foundations, the boundary conditions are:

At x ¼ 0; Mo ¼ Qo ¼ 0 ð5:54Þ

At x ¼ L; ML ¼ QL ¼ 0 ð5:55Þ
Thus two of the IPs are known, that is,ML ¼ QL ¼ 0. The remaining two IPs w0 and w0

0 can
be obtained from the boundary conditions at x¼ L of the beam as below.

Substituting Equations (5.42) and (5.54) in (5.55) gives (two of the initial parametersMo ¼
Qo ¼ 0 are known)

ML ¼ KMwwo þ KMw0w0
o�FM ¼ 0 ð5:56Þ

QL ¼ KQwwo þ KQw0w0
o�FQ ¼ 0 ð5:57Þ

whereKMw,KMw0,KQw,KQw0,FM, FQ are calculated for x ¼ L. Then the two IPsw0 andw0
0 can

be obtained from the two simultaneous Equations (5.56) and (5.57) as

w0 ¼ FMKQw0�FQKMw0

KMwKQw0�KQwKMw0
ð5:58Þ

w0
0 ¼

FQKMw�FMKQw

KMwKQw0�KQwKMw0
ð5:59Þ

If the beam ends are fixed, the boundary conditions are

At x ¼ 0; wo ¼ w0
o ¼ 0 ð5:60Þ

At x ¼ L; wL ¼ w0
L ¼ 0 ð5:61Þ

Thus the two IPswo ¼ w0
o ¼ 0 being known, the remaining two IPsM0 andQ0 can be solved

from the boundary conditions of the beam at x ¼ L as given in Equations (5.60) and (5.61).

Accordingly from Equations (5.42), (5.60) and (5.61) we have these two equations

wL ¼ KwMMo þ KwQQo�Fw ¼ 0 ð5:62Þ

w0
L ¼ Kw0MMo þ Kw0QQo�Fw0 ¼ 0 ð5:63Þ

Then M0 and Q0 can be solved from the above Equations (5.62) and (5.63) as

M0 ¼ FwKw0Q�Fw0KwQ

KwMKw0Q�Kw0MKwQ

ð5:64Þ

Q0 ¼ Fw0KwM�FwKw0M

KwMKw0Q�Kw0MKwQ

ð5:65Þ

For beams with different combination of boundary conditions and other variations of

boundary conditions, the IPs can be similarly obtained. Once the IPs are known the total

solution at any cross section of the beam can be obtained as explained in detail in the above

Section 5.5.2. A few examples of MIP are presented below.
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Example 5.2

Obtain the solutions for BEF given in Example 5.1 (Figure 5.3). All the data is given in

Example 5.1

Solution:

l¼ 0.417m�1. Beam ends are free that is, M ¼ Q ¼ 0 at x ¼ 0 and L. Hence, the solution

at x ¼ 0 becomes,

w

w0

M

Q

8>>><
>>>:

9>>>=
>>>;

¼ ½K�

w0

w0
0

0

0

8>>><
>>>:

9>>>=
>>>;
�

Fw

Fw0

FM

FQ

8>>><
>>>:

9>>>=
>>>;

ð5:66Þ

Accordingly, for 0< x< 0.4m, the solution can be obtained as follows.

Noting that Mo ¼ Qo ¼ 0 as the beam end is free at x ¼ 0 and [K] is given by Equa-

tion (5.40), we can write the total solution as follows

w

w0

M

Q

8>>>><
>>>>:

9>>>>=
>>>>;

¼ ½K�

w0

w0
0

M0

Q0

8>>>><
>>>>:

9>>>>=
>>>>;

¼ ½K�

w0

w0
0

0

0

8>>>><
>>>>:

9>>>>=
>>>>;

ð5:67Þ

For 0:4 � x � 4, (there is load P1 ¼ 100 kN applied at x ¼ 0:4 m ¼ s1) in which

Fw ¼ P1 � ðKwQÞx�s1

Fw0 ¼ P1 � ðKw0QÞx�s1

FM ¼ P1 � ðKMQÞx�s1

FQ ¼ P1 � ðKQQÞx�s1

ð5:68Þ

where P1 ¼ 100 kN and s1 ¼ 0:4 m and KwQ toKQQ in Equation (5.68) have to be evaluated at

x�s1, that is, x�0:4 m.

For 4 � x � 4:8 m, there is another load P2 ¼ 200 kN at s2 ¼ 4:0 m. Therefore the solution

is

w

w0

M

Q

8>>><
>>>:

9>>>=
>>>;

¼ ½K�
w0

w0
0

0

0

8>>><
>>>:

9>>>=
>>>;
�P1

KwQ

Kw0Q

KMQ

KQQ

8>>><
>>>:

9>>>=
>>>;

x�s1

�P2

KwQ

Kw0Q

KMQ

KQQ

8>>><
>>>:

9>>>=
>>>;

x�s2

ð5:69Þ

Thus the total solutions for the entire BEF are given by Equations (5.66)–(5.69) with all the

quantities defined except for the two initial parameters (IPs): Out of the four IPs, two of the IPs

are known from boundary conditions of the beam at x ¼ 0 that is, Mo ¼ Qo ¼ 0. Hence we

should now obtain the remaining IPs, w0 and w
0
0 from the boundary conditions of the beam at

x ¼ L ¼ 4:8 m that is,ML ¼ QL ¼ 0. These can be readily calculated from Equation (5.69) as
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follows

ML ¼ KMwwo þ KMw0
o
w0
o�P1ðKMQÞL�s1

�P2ðKMQÞL�s2
¼ 0 ð5:70Þ

QL ¼ KQwwo þ KQw0
o
w0
o�P1ðKQQÞL�s1

�P2ðKQQÞL�s2
¼ 0 ð5:71Þ

Solving for w0, w0
0 from the above two equations, we get

w0 ¼
½P1ðKMQÞL�s1

þ P2ðKMQÞL�s2
�KQw0

0
�½P1ðKQQÞL�s1

þ P2ðKQQÞL�s2
�KMw0

0

KMwKQw0
0
�KQwKMw0

0

ð5:72Þ

w0
0 ¼

½P1ðKQQÞL�s1
þ P2ðKQQÞL�s2

�KMw�½P1ðKMQÞL�s1
þ P2ðKMQÞL�s2

�KQw

KMwKQw0
0
�KQwKMw0

0

ð5:73Þ

It may be noted that all the remaining K functions in Equations (5.72) and (5.73) have to be

evaluated at x ¼ L.

Thus all the four IPs w0 (Equation (5.72)), w
0
0 (Equation (5.73)), Mo ¼ Qo ¼ 0 are known.

Hence the total solutions in different regions of the beam, that is, 0–0.4, 0.4–4.0 and 4.0–4.8m

can be computed from Equations (5.66)–(5.69). Typical response curves for these are shown in

Example 5.1, Figure 5.4. The contact pressure at any point can be obtained as qðxÞ ¼ kwðxÞ for
0 � x � L.

The solutions for other types of loads and variations in beam configurations can be similarly

obtained as explained in Section 5.5.2.

Example 5.3

Obtain the responses of the BEF with the same details as in Example 5.1, but subjected to a

UDL of p0¼ 10 kN/m length as shown below in Figure 5.6.

From Example 5.1:

E ¼ 2:8� 1010 N=m2

I ¼ 0:0125 m4

l ¼ 0:417 m�1

Figure 5.6 Finite beam on elastic foundation subjected to UDL.
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Solution:

The solution can be expressed in terms of IPs as follows (notingMo ¼ Qo ¼ 0 as the beam ends

x¼ 0 and x¼ L are free). The integrals can be written directly as given in Equations (5.46)

and (5.47), using Equation (5.31a) as

w

w0

M

Q

8>>><
>>>:

9>>>=
>>>;

¼ ½K�
w0

w0
0

0

0

8>>><
>>>:

9>>>=
>>>;
�
ðx
0

p0

KwQ

Kw0Q

KMQ

KQQ

8>>><
>>>:

9>>>=
>>>;

x�s

ds ð5:74Þ

The particular integrals for the UDL po ¼ 10 kN=m are written as given in Equation (5.46).

KwQ, Kw0Q, KMQ, KQQ are influence functions given in Equation (5.40). Equation (5.74) can be

obtained after integration as given below.

w

w0

M

Q

8>>>><
>>>>:

9>>>>=
>>>>;

¼ K½ �

w0

w0
0

0

0

8>>>><
>>>>:

9>>>>=
>>>>;
� p0

2l

1

2l3EI
ðF1�1Þ

1

2l2EI
ðF3�F2Þ

F4=l

F2 þ F3

8>>>>>>><
>>>>>>>:

9>>>>>>>=
>>>>>>>;

ð5:75Þ

The unknown IPsw0 andw
0
0 can be obtained from the end conditions of the beam atx ¼ L are

as follows

ML ¼ ðKMwÞw0 þ ðKMw0 Þx¼Lw
0
o�

p0ðF4Þ
2l2

� �
x¼L

¼ 0 ð5:76Þ

QL ¼ ðKQwÞw0 þ ðKQw0 Þw0
o�

p0ðF2 þ F3Þ
2l

� �
x¼L

¼ 0 ð5:77Þ

w0 andw0
0 can be computed from the above two simultaneousEquations (5.76) and (5.77). Then

the total solution is given by Equation (5.75).

Alternate Method for Solution:

The solution in this case canalsobeobtaineddirectly from thehomogeneous solution andparticular

integral of the Equation (5.1) which can be obtained easily in this case of continuous UDL.

The total solution can be written from Equations (5.7), (5.9) and (5.14) as

w ¼ C1F1 þ C2F2 þ C3F3 þ C4F4 þ p0

4EIl4
ð5:78Þ

where F1 to F4 are the basis of homogeneous solutions of ODE (Equation (5.1)), C1 to C4 are

arbitrary constants to be calculated from the four boundary conditions at both ends of the beam,

that is

at x ¼ 0; Mo ¼ Qo ¼ 0 ð5:79Þ
at x ¼ L; ML ¼ QL ¼ 0 ð5:80Þ
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Substituting Equation (5.78) in the expressions M and Q as given in Equation (5.11) and

applying the boundary conditions as in Equations (5.79) and (5.80), we get four nonhomoge-

neous simultaneous equations withC1 toC4 as unknowns. These can be directly solved and the

responses at any section along the length of the beam can be computed from Equation (5.78).

5.5.3 Method of Superposition with MIP

The method of initial parameters becomes more involved in calculations when large numbers

of loads are acting on the beam. To simplify the computations in such cases, the following

modification can be made.

Using the same principle as outlined in previous sections, after determining the influence

functions the expression for the parameters, namelyw(x),w0(x),M(x),Q(x) can be determined

for a single point load and for a given set of boundary conditions.

Then by the method of superposition the solution for other point loads also can be

obtained.

Similar procedures can be adopted for UDLs and also for moments.

Thus, in the solution process, there is no need to calculate the particular integral at the end

of the beam to determine the initial parameters. The derived expressions can be easily used and

computational efficiency can be achieved.

5.5.4 General Comments on Exact Solutions of BEF

The exact solutions ofBEF for different loads, beamconfigurations are given inHetenyi (1946),

Seely and Smith (1952), Iyengar and Ramu (1979) and several others. These solutions can also

be obtained using MIP as presented in Section 5.5. The procedure involves several manipula-

tions and could be laborious aswell as computationally intensive.Hence for practical problems

involving several loads, variable characteristics of footing and soil, numerical methods such as

finite difference method (FDM) and finite element method are used which allow considerable

flexibility besides the availability of software packages (Bowles, 1996; Jones, 1997; Sridhar,

1999). These are discussed in Chapters 6 and 7.

5.5.5 Approximate Categorization of BEF for Simplification
and Idealization of Analysis

For purposes of possible simplifications in analysis BEF are approximately categorized as

below. (Bowles, 1996) based on the dimensionless parameter lL and analyzed accordingly.

1. If lL < p=4, the beam can be treated as rigid.

2. If p=4 < lL < p, the beam is of medium length and can be analyzed as a finite beam.

3. If lL > p, the beam can be analyzed as a long beam, that is, a semi-infinite or infinite beam.

However, Bowles (1996) observes that these criteria have limited application because of

the number of loads and their locations along the length of the beam.
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5.6 Plates on Elastic Foundations

Plates are structural elements extending in two dimensions in the horizontal plane that is, along

x and y axes. The convention of the dimensions and axes for PEF are shown in Figures 4.19

and 4.21 (rectangular plates). If the plates extend along the r and y directions, they are called
circular plates and the conventions are shown in Figure 4.22. Due to several reasons (discussed

in Chapters 2 and 3) such as poor supporting soil, two-dimensional geometry of columns/loads

being transferred to the foundation, footings have to be analyzed as PEF.

Considering rectangular plates, the analysis can be carried out depending on the L/B ratio

(L¼ length, B¼ breadth of plate, Figure 4.19) and the idealization, that is, the L/B ratio can be

used as a guideline for further simplification in analysis as follows.

1. If L=B > 5, the footing can be analyzed as a beam (Crandall and Dahl, 1972)

2. If L=B < 3, the footing has to be analyzed as a plate.

3. If 3 < L=B < 5, the footing can be analyzed as either a plate or a beam depending on the

practical considerations and engineering judgment.

5.6.1 Analysis of Rectangular PEF

Idealizing the foundation as per Winkler’s hypothesis, Hertz (1884) was probably the first to

analyze plates on elastic foundations. Avariety of solutions were latter developed starting from

the same hypothesis. Using the various modified foundation models reviewed in Section 4.7.3,

several solutions were also reported (Vlasov and Leontev, 1966; Reissner, 1937). Treating the

foundation as elastic continuum, few results are available for relatively simple problems of

plates on elastic foundations.

In the following sections, the general methods to solve the problems of rectangular and

circular plates on elastic foundations are presented using the Winkler’s foundation model for

the soil. However, exact solutions such as Levy type andNavier type (Timoshenko andKrieger,

1959) are feasible for rectangular plates with simple boundary conditions. However Vlasov’s

general variational/Kantorovich method (Vlasov and Leontev, 1966; Kameswara Rao, 1969),

Galerkin’s method and other energy methods, numerical methods such as FDM (Crandall,

1956) and FEM (Sridhar, 1999) can be used for general boundary conditions of plates and loads

acting on them. The method of initial parameters has also been developed for plate problems,

thus facilitating an easy approach to analyze the action of arbitrary external loads (Vlasov and

Leontev, 1966; Kameswara Rao, 1969). Some exact methods are outlined below in the case of

vertical loads acting on plates on elastic foundations. It may however be realized that the exact

solutions are available in few simple cases and one may have to apply FDM, FEM and other

numerical methods for many practical problems in general (Chapters 6 and 7).

5.6.2 Bending of Rectangular PEF

Consider a plate lying on an elastic foundation (Figures 4.19 and 4.21), carrying an arbitrary

external load p(x,y). It is assumed that the plate satisfies the assumptions of the classical

bending theory. Also the friction and adhesion at the contact between the plate and the

foundation is neglected, hence stipulating that the plate transfers only vertical reaction to the

foundation. Typical rectangular plates are shown in Figures 5.7 and 5.8.
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The governing PEF equation (in Cartesian coordinates) is given by Equations (4.18) and

(4.49), as

Dr4w ðx; yÞ ¼ pðx; yÞ�qðx; yÞ
¼ pðx; yÞ�kwðx; yÞ

ð5:81Þ

that is

Dr4w þ kw ¼ pðx; yÞ ð5:82Þ

Figure 5.7 Plate with all edges simply supported (Navier’s solution).

Figure 5.8 Plate with two opposite edges simply supported (Levy’s solution).
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where

r4 ¼ @4

@x4
þ 2

@4

@x2@y2
þ @4

@y4
ð5:83Þ

and D is the flexural rigidity of the plate, given by

D ¼ Eph
3

12 ð1�n2pÞ
ð5:84Þ

in which Ep and np are the Young’s modulus and the Poisson’s ratio of the plate material and

h is the thickness of the plate. k is the spring constant for the plate geometry as explained in

Section 4.8.5.

q(x,y) is the soil reaction and w(x,y) is the vertical deflection of the plate – soil interface.

The bending moments and shear forces (Figure 4.21) in the plate can be written as

(Equations (4.21) and (4.22))

Mx ¼ �D
@2w

@x2
þ np

@2w

@y2

� �
ðaÞ

My ¼ �D
@2w

@y2
þ np

@2w

@x2

� �
ðbÞ

ð5:85Þ

Mxy ¼ �Dð1�npÞ @2w

@x@y
ðcÞ

Nx ¼ �D
@

@x

@2w

@x2
þ @2w

@y2

� �
ðdÞ

Ny ¼ �D
@

@y

@2w

@x2
þ @2w

@y2

� �
ðeÞ

ð5:86Þ

The quantities Nx, Ny, Nxy can be combined to get the Kirchhoff shear (Timoshenko and

Krieger, 1959) as

Qx ¼ �D
@3w

@x3
þ ð2�npÞ @3w

@x@y2

	 

ðaÞ

Qy ¼ �D
@3w

@y3
þ ð2�npÞ @3w

@x2@y

	 

ðbÞ

ð5:87Þ

Boundary Conditions:

The commonly applicable boundary conditions at the four plate edges can be written as per

classical thin plate bending theory as follows:

1. Simply supported or hinged edges

w ¼ 0;
@2w

@x2
¼ 0 along x ¼ 0 and x ¼ a

w ¼ 0;
@2w

@y2
¼ 0 along y ¼ 0 and y ¼ b ð5:88Þ
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2. Clamped edges

w ¼ 0;
@w

@x
¼ 0 along x ¼ 0 and x ¼ a

w ¼ 0;
@w

@y
¼ 0 along y ¼ 0 and y ¼ b ð5:89Þ

3. Free edges

Mx ¼ @2w

@x2
þ np

@2w

@y2
¼ 0 along x ¼ 0 and x ¼ a

Qx ¼ @3w

@x3
þ ð2�npÞ @3w

@x@y2
¼ 0 along x ¼ 0 and x ¼ a

My ¼ @2w

@y2
þ np

@2w

@x2
¼ 0 along y ¼ 0 and y ¼ b

Qy ¼ @3w

@y3
þ ð2�npÞ @3w

@x2@y
¼ 0 along y ¼ 0 and y ¼ b

ð5:90Þ

The boundary conditions of the plate edges could be any combination of the above. The

boundary conditions for other types of plate edges are given in standard books on the theory

of plates (Timoshenko and Krieger, 1959).

5.6.2.1 Methods of Solution

Navier type or Levy type of solutions can be obtained for Equation (5.81), which are exact

but these are feasible for simple boundary conditions along the plate edges. For plates with

arbitrary boundary conditions many approximate methods such as Rayleigh’s method, the

Rayleigh–Ritz method, Galerkin’s method and Kantorovich’s method (Timoshenko and

Krieger, 1959; Crandall, 1956; Vlasov and Leontev, 1966) are available. In this section the

general solution of Equation (5.81) is presented using Navier and Levy type analysis.

5.6.2.2 Navier’s Solutions

If all the four edges of the plate, that is, x ¼ 0 and a, y ¼ 0 and b are simply supported as shown

in Figure 5.7, the boundary conditions at the edges can be expressed as in Equation (5.88).

Solutions using double Fourier sine series which satisfies all the four boundary conditions can

be obtained as follows. Accordingly

w ¼
X1
m¼1

X1
n¼1

Amn sin
mpx
a

sin
npy
b

ð5:91Þ

where the Fourier coefficients Amn have to be obtained from Equation (5.82). Substituting

Equation (5.91) in Equation (5.82) and using orthogonal properties of sine functions and
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Fourier theory, Amn can be obtained as

Amn ¼ 4

ab p4
m2

a2
þ n2

b2

� �2

þ k

D

" # ða
0

ðb
0

pðx; yÞ
D

sin
mpx
a

sin
npy
b

dxdy ð5:92Þ

where p(x, y) is the distributed load applied on the plate.

Knowing the applied load p(x, y), the double integral in Equation (5.92) can be evaluated and

Amn can be obtained. Then the total solution for w and other quantities such as moments, shear

forces, slopes and so on can be calculated fromEquation (5.91) (usingEquations (5.85)–(5.87)).

The contact pressure q(x, y) at any point can be obtained as q ðx; yÞ ¼ kw.

Example 5.4

If a plate simply supported on all four edges carries a UDL of pðx; yÞ ¼ po, calculate the

deflections w(x,y) of the plate.

Solution:

By substituting p ðx; yÞ ¼ po ¼ constant in Equation (5.92), we get

Amn ¼ 4

ab p4
m2

a2
þ n2

b2

� �2

þ k

D

" # 4poab

mnp2D

¼ 16po

p2Dmn p4
m2

a2
þ n2

b2

� �2

þ k

D

" # ð5:93Þ

Thus the deflection can be expressed from Equation (5.91) as

w ðx; yÞ ¼
X

m¼1;3;...

X
n¼1;3;...

16po sin
mpx
a

sin
npy
b

p2Dmn p4
m2

a2
þ n2

b2

� �2

þ k

D

" # ð5:94Þ

We can get the slopes, bending moments, shear forces and the contact pressure by

substituting the solution for w (Equation (5.94)) in Equations (5.85)–(5.87) and q(x,y)¼ kw.

The solution procedure for other types of transverse loads such as concentrated loads, UDL and

so on can be easily obtained fromEquations (5.91) and (5.92) (Timoshenko andKrieger, 1959).

5.6.2.3 Levy’s Solutions

If any two opposite edges of the PEF are simply supported as shown in Figure 5.8, Levy’s

solutions can be obtained using single Fourier series in the direction of the simply supported
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edges thus satisfying the boundary conditions given in Equation (5.88), Assuming that the

edges x ¼ 0 and x ¼ a are simply supported, the solution of Equation (5.82) can be written as

w ðx; yÞ ¼
X

m¼1;1
YmðyÞ sin mpx

a
ð5:95Þ

The above Levy’s solution satisfies the boundary conditions exactly along the plate edges

x¼ 0 and a. This type of solution has the advantage that the boundary conditions along y¼ 0

and b can be of general nature as given in Equations (5.88)–(5.90) or any other prescription.

Substituting Equation (5.95) in Equation (5.82) and using Fourier series procedure, we get the

following ODE in Ym(y) (Timoshenko and Krieger, 1959), as

d4Ym

dy4
� 2m2p2

a2
d2Ym

dy2
þ m4p4

a4
þ k

D

� �
Ym ¼ fmðyÞ m ¼ 1; 2; 3; . . . ð5:96Þ

where

fmðyÞ ¼ 2

a

ða
0

pðx; yÞ
D

sin
mpx
a

dx m ¼ 1; 2; 3; . . . ð5:97Þ

Ym(y) can be exactly solved fromEquation (5.96) as anODEwith the homogeneous solution

containing four arbitrary constants and a particular integral corresponding to the quantity

fm(y). These four arbitrary constants can be solved from the four boundary conditions of the

remaining plate edges at y ¼ 0 and b in a similar manner as discussed for BEF in Section 5.3.

Also the MIP can be developed for general loading and other variations as in Section 5.5.1

(Vlasov and Leontev, 1966, Kameswara Rao, 1969).

Example 5.5

Obtain the Levy type solution for a plate with its edges simply supported along x ¼ 0 and a

and general boundary conditions along y ¼ 0 and b and subjected to an UDL, po ¼ constant.

Solution:

The solution is assumed as in Equation (5.95) which results in Equation (5.96) where

fmðyÞ ¼ 2p0

aD

ða
0

sin
mpx
a

dx ¼ 4p0

pDm
; m ¼ 1; 3; 5; . . . ð5:98Þ

The total solution of Equation (5.96) can be expressed as

Ym ðyÞ ¼ Ymh þ Ymp ð5:99Þ
where

Ymh ¼ homogeneous solution

Ymp¼ particular integral.
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Since fm(y) is given by Equation (5.98), Ymp can be obtained as

Ymp ¼ 4p0

pDm
m4p4

a4
þ k

D

� � ; m ¼ 1; 3; 5; . . . ð5:100Þ

The homogeneous solution can be obtained as

Ymh ¼ C1mF1m þ C2mF2m þ C3mF3m þ C4mF4m; m ¼ 1; 3; 5; . . . ð5:101Þ
where C1m to C4m are the arbitrary constants and F1m to F4m are the basis of solutions of the

ODE (Equation (5.96)). They can be obtained from the characteristic roots of the ODE, that is,

roots of

D4
c�

2m2p2

a2
D2

c þ m4p4

a4
þ k

Dc

� �
¼ 0; m ¼ 1; 3; 5; . . . ð5:102Þ

where Dc is the differential operator¼ d/dy.

Thus knowing the total solution (Equation (5.99)), the four arbitrary constants C1m to C4m

can be uniquely solved by applying the four boundary conditions at the plate edges y¼ 0 andb as

given in Equations (5.88)–(5.90). These have to be solved for each harmonic (m ¼ 1; 3; 5; . . .)
and then the series solution can be obtained as expressed by Equation (5.95). Also the MIP can

be developed for general applications as in BEF (Section 5.5.1).

5.6.2.4 PEF with Other General Boundary Conditions

A solution for plates with general boundary conditions (other than the Navier and Levy type

discussed above), can be obtained using Galerkin’s method (Crandall, 1956) or Vlasov’s

general variational method (Vlasov and Leontev, 1966; Kameswara Rao, 1969) and a general

MIP can be developed. But these methods are laborious and computationally intensive. Hence

numerical methods such as FDM and FEM are used for such problems which can incorporate

the practical situations of various parameters of the problems easily. These are discussed in

Chapters 6 and 7.

5.6.3 Circular PEF

Circular and ring shaped (annular) footings are used to support foundations for tanks, columns

in a circular geometry, tower foundations, piers, and so on. The procedure for calculating the

contact pressure assuming the footing to be rigid and contact pressure to be planar is given in

(Section 4.4.5). Once the contact pressure is calculated, the bending moments of all the forces

from above and from below (contact pressures) are calculated by taking moments about any

cross section. Similarly, the shear forces at any cross section can be calculated by summing up

all the forces from above and below. These can be used in the conventional analysis and design

of circular footings.

To take care of the flexibility of the footing, the footing is analyzed as a circular plate on

an elastic foundation. The governing equation is given in Equation (4.18) with the operatorr2
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given in Equation (4.23) and the convention sketch is shown in Figure 4.22. The bending

equation is rewritten for an axially symmetric loading (omitting terms of y in Equation (4.23)) as

d2

dx2
þ 1

r

d

dr

� �
d2w

dr2
þ 1

r

dw

dr

� �
¼ p�kw

D
ð5:103Þ

In the particular case of a plate loaded at the center with a concentrated load P, p is equal to

zero over the entire surface of the plate except as a concentrated load at the center. By defining

k

D
¼ 1

l4
ð5:104Þ

Equation (5.103) becomes

l4
d2

dr2
þ 1

r

d

dr

� �
d2w

dr2
þ 1

r

dw

dr

� �
þ w ¼ 0 ð5:105Þ

where l has the dimension of length.

To simplify analysis, the following dimensionless quantities are defined

w

l
¼ z

r

l
¼ x ð5:106Þ

Then Equation (5.105) becomes

d2

dx2
þ 1

x

d

dx

� �
d2z

dx2
þ 1

x

dz

dx

� �
þ z ¼ 0 ð5:107Þ

Equation (5.107) can be written as

DD z þ z ¼ 0 ð5:108Þ
where

D ¼ d2

dx2
þ 1

x

d

dx

This is a linear differential equation of the fourth order, the general solution of which can be

represented in the following form

z ¼ A1X1ðxÞ þ A2X2ðxÞ þ A3X3ðxÞ þ A4X4ðxÞ ð5:109Þ
where A1 to A4 are constants of integration and the functions X1 to X4 are four independent

solutions of Equation (5.108).

The details of solution are given by Hertz (1884) and Timoshenko and Krieger (1959).

Typical results of an infinite circular plate on an elastic foundation subjected to a concentrated

load, P at the origin are presented in Figure 5.9.

5.6.3.1 Boundary Conditions for a Finite Circular Plate

The boundary conditions at the edge of the plate r¼ a can be expressed as follows (Timoshenko

and Krieger, 1959):
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Figure 5.9 Response of an infinite plate on elastic foundation due to a concentrated load.
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1. Simply supported edge (hinged edge)

w ¼ 0; Mr ¼ d2w

dr2
þ np

r

dw

dr
¼ 0 ð5:110Þ

2. Fixed edge (clamped edge)

w ¼ 0; slope; yr ¼ dw

dr
¼ 0 ð5:111Þ

3. Free edge

Radial BM;Mr ¼ d2w

dr2
þ np

r

dw

dr
¼ 0 ð5:112Þ

Edge shear force;Qr ¼ d3w

dr3
þ 1

r

d2w

dr2
� 1

r2
dw

dr
¼ 0

The conditions at r ¼ 0 are to be satisfied by ensuring that the solutions are finite at the

singular point of symmetry, that is, at the origin r ¼ 0.

Thus it can be observed that analysis of circular plates is also mathematically laborious and

it is convenient to use numerical methods such as FDM and FEM to deal with practical

problems because of their flexibility to be able to incorporate awide class of loads, geometrical

configurations and non-uniform situations. These are discussed in Chapters 6 and 7.

5.7 Summary

The analysis of beams, rectangular and circular plates on elastic foundations are discussedwith

Winkler’s foundation model to account for the soil reaction. Exact solutions for BEF are

derived. A solution by the method of initial parameters is presented in detail. A few examples

are discussed. For PEF, Navier’s and Levy’s solutions for simple boundary conditions along

plate edges are presented. Typical solutions for circular plates on elastic foundations are given.

Some useful solutions for circular and annular plates are given in Appendix 12.B. Some

structural design examples are also illustrated in Appendix 12.C.

To solve general problems of beams and plates on elastic foundations it may be necessary to

use numerical methods such as FDM and FEM which are presented in Chapters 6 and 7.

Exercise Problems

The problem assignments are organized as follows.

Exercise Problems Section(s) Topic(s)

5.1–5.3 5.4, 5.4.1 Infinite BEF

Semi-infinite BEF

5.4–5.17 5.5, 5.5.1 Finite BEF, MIP

5.18–5.20 5.5, 5.5.3 Finite BEF

5.21–5.26 5.6, 5.6.2 Rectangular PEF
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5.1 Obtain the solutions of (a) an infinite beam and (b) a semi-infinite beam on elastic

foundations subjected to amomentM0 at the origin. Derive the expressions for deflection,

slope, BM, SF and the contact pressure. Show that infinite beam solutions can be obtained

by superposing semi-infinite beam solutions.

5.2 If a concentrated load is applied as shown in Figure 5.10 to a semi-infinite BEF, derive the

responses of the beam at salient points and sketch the variations.

5.3 If a concentrated momentM0 is applied to the semi-infinite BEF as shown in Figure 5.11,

derive the expressions for the responses at salient points and sketch the variations.

Problems 5.4–5.10

Using MIP, obtain all the responses of the following problems (5.4–5.10) of BEF.

Data given : P1 ¼ 150 kN; P2 ¼ 200 kN;Mo ¼ 500 kNm; po ¼ 10 kN=m;

fo ¼ 15�; L ¼ 10 m;

l1 ¼ L

12
; l3 ¼ L

6
; b ¼ 1:5 m; d ¼ 0:5 m; lL ¼ 0:3; E ¼ 3� 1010 N=m2

5.4 Problem given in Figure 5.12

Figure 5.11 Problem 5.3.

Figure 5.10 Problem 5.2.
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5.5 Problem given in Figure 5.13

5.6 Problem given in Figure 5.14

5.7 Problem given in Figure 5.15

Figure 5.14 Problem 5.6.

Figure 5.12 Problem 5.4.

Figure 5.13 Problem 5.5.
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5.8 Problem given in Figure 5.16

5.9 Problem given in Figure 5.17

Figure 5.16 Problem 5.8.

Figure 5.15 Problem 5.7.

Figure 5.17 Problem 5.9.
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5.10 Problem given in Figure 5.18

5.11–5.17 Obtain the solutions of problems 5.4–5.10 using the principle of superposition.

5.18–5.20 Obtain the solutions of problems 5.4 and 5.5 with the following modifications.

M0 is to be replaced by a couple, that is, by two equivalent concentrated

loads separated by distance of 1m. Use Seely and Smith’s (1952) response

curves.

5.21 Obtain Navier’s solutions for a PEF (Figure 5.7) with the following loads

P1¼ 100 kN acting at a/4, b/4

a¼ 8 m, b¼ 10 m, h¼ 0.5 m

E¼ 2.5� 1010 N/m2, np¼ 0.3.

Assume simply supported edges along the four sides OA, OC, BC, AB

(Figure 5.7).

5.22–5.26 Obtain Levy’s solutions for the plate shown in Figure 5.8 with the load data given

below.

P1¼ 150 kN acting at a/2, b/4

a¼ 6 m, b¼ 8 m, h¼ 0.6 m

Ep¼ 4.5� 1010 N/m2, np¼ 0.2.

Use the following boundary conditions. Edges OA, BC are simply supported.

1. OC and AB are simply supported (Problem 5.22).

2. OC and AB are free (Problem 5.23).

3. OC and AB are fixed (Problem 5.24).

4. OC is simply supported and AB is free (Problem 5.25)

5. OC is free and AB is fixed (Problem 5.26).

Figure 5.18 Problem 5.10.
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Appendix 5.A Matrix of Influence Functions (Method of Initial
Parameters)

The variousmatrices needed in developing themethod of initial parameters (MIP) as discussed

in Section 5.5, are given below for computation wherever necessary.

Homogeneous solution:

wh ¼
w

w0

M

Q

8>>><
>>>:

9>>>=
>>>;

¼ CTFh ð5:A:1Þ

CT ¼ C1 C2 C3 C4f g ð5:A:2Þ

Fh
T ¼ F1 F2 F3 F4f g ð5:A:3Þ

F1 ¼ cosh lx cos lx
F2 ¼ cosh lx sin lx
F2 ¼ sinh lx cos lx
F2 ¼ sinh lx sin lx

ð5:A:4Þ

Derivatives:

dFh

dx
¼ Nh Fh ;

dnFh

dxn
¼ Nn

H Fh ð5:A:5Þ

where

NH ¼ l

0 �1 1 0

1 0 0 1

1 0 0 �1

0 1 1 0

2
6664

3
7775 ð5:A:6Þ

N2
H ¼ NH:NH ¼ l2

0 0 0 �2

0 0 2 0

0 �2 0 0

2 0 0 0

2
6664

3
7775 ð5:A:7Þ

N3
H ¼ N2

HNH ¼ NHNHNH ¼ l3

0 �2 �2 0

2 0 0 2

�2 0 0 �2

0 �2 2 0

2
6664

3
7775 ð5:A:8Þ
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w

w0

M

Q

8>>>><
>>>>:

9>>>>=
>>>>;

¼

FT
h

FT
h N

T
h

�EIFT
h ðN2

hÞT

�EIFT
h ðN3

hÞT

8>>>><
>>>>:

9>>>>=
>>>>;
C ¼ BC ð5:A:9Þ

B ¼

F1 F2 F3 F4

lðF3�F2Þ lðF1 þ F4Þ lðF1�F4Þ lðF2 þ F3Þ
2EIl2F4 �2EIl2F3 2EIl2F2 �2EIl2F1

2EIl3ðF2 þ F3Þ �2EIl3ðF1�F4Þ 2EIl3ðF1 þ F4Þ 2EIl3ðF2�F3Þ

2
6664

3
7775 ð5:A:10Þ

Bat x¼0 ¼ A ¼

1 0 0 0

0 l l 0

0 0 0 �2EIl2

0 �2EIl3 2EIl3 0

2
6664

3
7775 ð5:A:11Þ

A�1 ¼ G ¼

1 0 0 0

0
1

2l
0 � 1

4EIl3

0
1

2l
0

1

4EIl3

0 0 � 1

2EIl2
0

2
666666664

3
777777775

ð5:A:12Þ

Matrices of influence functions:

K ¼ BG ¼

Kww Kww0 KwM KwQ

Kw0w Kw0w0 Kw0M Kw0Q

KMw KMw0 KMM KMQ

KQw KQw0 KQM KQQ

2
666664

3
777775

¼

F1

ðF2 þ F3Þ
2l

�F4

2l2EI

F3�F2

4l3EI

lðF3�F2Þ F1 �ðF2 þ F3Þ
2lEI

�F4

2l2EI

2l2EIF4 lEIðF2�F3Þ F1

ðF2 þ F3Þ
2l

2l2EIðF2 þ F3Þ 2l2EIF4 lðF3�F2Þ F1

2
66666666664

3
77777777775

ð5:A:13Þ

K is thematrix of influence functions and is symmetric about the secondary diagonal. Also at

x ¼ 0, K reduces to the identity matrix.
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6

Numerical and Finite Difference
Methods

6.1 Introduction

The analysis of beams and plates on elastic foundations is presented in Chapter 5. It is observed

that the exact solutions are available in relatively simple cases of loading, uniform cross

sectional properties of the footing and soil and simple boundary conditions (particularly in the

case of plates). A few exact solutions are given which are computationally intensive and

laborious. Hence it may not be feasible to apply them for many practical problems of footing –

soil interaction and design. In recent times, due to easy availability of powerful PCs and

computers, software packages and advances in numerical and finite element methods (Teng,

1964; Bowles, 1996; Jones, 1997; Crandall, 1956; Sridhar, 1999), the analysis and design of

BEF and PEF are carried out using these methods which are easily adaptable and flexible for

practical applications. Numerical methods like the Runge–Kuttamethods, method of weighted

residuals (Crandall, 1956) and several others can be applied to solve BEF and PEF problems.

Some of these methods are described below, along with illustrations.

6.2 Trial Solutions with Undetermined Parameters

Among several numerical methods that are available in literature to solve the equilibrium

problems (Crandall, 1956), thismethod ismore popular because of its simplicity and flexibility.

The method involves a trial solution which, because of undetermined parameters or functions,

represents awhole family of possible approximations. There are several criteria for picking out

the best approximation among the family of solutions. There are, however, some differences

when we have an equilibrium problem that is equivalent to an extremum problem.

Consider the system of equations in the domain D as

L2m½c� ¼ f ; with the boundary conditions; Bi½c� ¼ gi i ¼ 1; . . . ;m ð6:1Þ
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in which the boundary conditions are linear in c. Furthermore, let the trial solution have the

linear form

c ¼ j0 þ
Xr

j¼1

cjjj ð6:2Þ

where thejj values are linearly independent known functions in the domainD and the cj values

are undetermined parameters. There are two basic types of criteria for fixing the cj. In the first,

the cj are chosen so as to make weighted averages of the residual vanish, and in the other the cj
are chosen so as to give a stationary value to a functional F which is related to the system of

Equation (6.1). In either case, applying the criterion results in a set of r simultaneous equations

for the determination of cj. These may therefore be considered as methods for reducing

a continuous equilibrium problem to an approximately equivalent equilibrium problem with

r degrees of freedom.

Boundary Conditions

For the weighted residual methods, we select the trial solution so that it satisfies all the

boundary conditions of Equation (6.1). This is accomplished by choosing the functions jj in

Equation (6.2) so as to satisfy the following boundary conditions:

Bi ½jo� ¼ gi i ¼ 1; . . . ;m

Bi ½jj� ¼ 0 i ¼ 1; . . . ;m; j ¼ 1; . . . ; r
ð6:3Þ

Then c of Equation (6.2) satisfies all the boundary conditions for arbitrary cj values.

In the case of the stationary functional method, it is enough if c satisfies only the essential

boundary conditions. This is accomplished by taking

Bi ½jo� ¼ gi i ¼ e1; e2; . . .

Bi ½jj� ¼ 0 i ¼ e1; e2; . . . ; j ¼ 1; . . . ; r
ð6:4Þ

Weighted-Residual Methods

When the trial solution given by Equation (6.2) which satisfies Equation (6.3) is inserted in

Equation (6.1), the equation gives the residual R as

R ¼ f�L2m½c� ¼ f�L2m j0 þ
Xr

j¼1

cjjj

" #
ð6:5Þ

For the exact solution the residual is identically zero. Within a trail family of solutions,

a close approximationmay be described as onewhichmakes R as small as possible. To achieve

this, the following criteria can be considered (Crandall, 1956) as requirements so that various

weighted averages of R should vanish if not R itself:

Collocation Method

The residual Equation (6.5) is set equal to zero at r points in the domain D. This provides

r simultaneous algebraic equations for solving cj. The location of the points is arbitrary but is

usually chosen such that D is covered more or less uniformly by a simple pattern.
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Subdomain Method

The domain D is subdivided into r sub domains, usually according to a simple pattern. The

integral of the residual Equation (6.5) over each subdomain is then set equal to zero to provide

r simultaneous equations for solving cj.

Galerkin’s Method

In this method, weighted integrals are taken over the entire domain using each of the known

function fk(k¼ 1 . . . r) and are equated to zero, that is, the r integralsð
D

jkR dD ð k ¼ 1; . . . ; rÞ ¼ 0 ð6:6Þ

These provide r equations for solving cj . Theweighing functions here are the same functions

used in constructing c.

Method of Least Squares

The integral of the square of the residual is minimized with respect to the undetermined

parameters to provide r simultaneous equations. If L2m is a linear operator, then

@

@ck

ð
D

R2 dD ¼ �2

ð
D

RL2m½jk� dD ¼ 0; k ¼ 1; . . . ; r ð6:7Þ

The resulting r simultaneous equations are used to solve cj .

6.2.1 Stationary Functional Method

Let F be a functional such that the extremum problem for F is equivalent to the equilibrium

problem that is, Equation (6.1). The Ritz Method (Crandall, 1956) consists in treating the

extremum problem directly by inserting the trial family of Equation (6.2) into F and setting

@F
@cj

¼ 0 j ¼ 1; . . . ; r ð6:8Þ

These r equations are solved for cj and the corresponding function c then represents an

approximate solution to the extremumproblem. It is an approximate solution because it givesF
a stationary value only for these variations ofcwhich are containedwithin the trail family. This

solution is not in general an extremum if more general variations are permitted.

An advantage of the stationary functional method is that admissible functions for the

extremum problem need satisfy only essential boundary conditions. This simplifies the

selection of the trial family (Equation (6.2)) whenever the conditions (Equation (6.4)) are

less restrictive than Equation (6.3).

6.2.2 General Comments

It should be emphasized that themost important (andmost difficult) step in all these methods is

the selection of the trial family, Equation (6.2). The purpose of the above criteria is merely to

pick the best approximation out of a given family. Good results cannot be obtained if good
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approximations are not includedwithin the trial family. Theoretically, if enough independentjj

are included in Equation (6.2), good approximations must be contained within the family;

however, the principal attraction of these methods lies in the possibility of obtaining good

approximations with a limited number of adjustable parameters.

Consideration should be given to symmetry or any other special characteristics of the

solution which may be known.

When the system of Equation (6.1) is linear, the equations for the cj obtained by any of the

weighted residual methods are also linear. The matrix of the coefficients of the cj is always

symmetric in the least squaresmethod but is generally nonsymmetric for the other threemethods.

When the functionalF is quadratic, the Ritz method leads to symmetric linear equations for

the cj. When it is known that the true solution minimizesF, then the value ofFmay be used as

ameasure of the relative accuracy of approximations; that is, the lower the value ofF, the better
the approximation.

For a particular trial family like Equation (6.2) which satisfies all the boundary conditions of

a linear equilibrium problem, the four weighted residual criteria generally produce slightly

different approximations. If there is an equivalent extremum problem and the Ritz method is

applied to the same trial family, the approximation obtained turns out to be identical with that

obtained by the Galerkin criterion. Thus Galerkin’s method provides the optimum weighted

residual criterion in the sense that the approximation so obtained is one which renders F
stationary for all variations within the given trial family.

There are differences in the amounts of computation required to be carried out using these

methods. Collocation, which involves only evaluation of functions, is usually substantially

quicker than the other methods which involve integration. Whether or not this is an important

consideration depends on how the resulting simultaneous equations are to be solved.

Example 6.1

Analyze the BEF shown in Figure 6.1 for the special case when k ¼ EI
L4

EI
d4w

dx4
þ kw ¼ p ð6:9Þ

Figure 6.1 Simply supported beam on elastic foundation.
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The boundary conditions for simply supported ends are

w ¼ 0

M ¼ �EI
d2w

dx2
¼ 0 at x ¼ 0 and x ¼ L

ð6:10Þ

Equations (6.9) and (6.10) can be expressed in nondimensional form as

d4c
dZ4

þ c ¼ 1 in the domain Z ¼ 0 to 1 ð6:11Þ

where Z ¼ x

L
and c ¼ EIw

pL4
ð6:12Þ

and making k ¼ EI
L4
for this particular problem for illustration as a special case.

Also the boundary conditions given by Equation (6.10) become

c ¼ d2c
dZ2

¼ 0 at Z ¼ 0 and 1 ð6:13Þ

Now consider first a trial family with two undermined parameters which satisfies all the

boundary conditions for the simply supported ends at x¼ 0 and x¼ L as shown in Figure 6.1,

that is, at Z¼ 0 and Z¼ 1.

c ¼ c1 sin pZ þ c2 sin 3pZ ð6:14Þ
Since the boundary conditions are homogeneous, there is no jo. The residual of the

Equation (6.11) with this trial solution can be obtained as

R ¼ 1� d4c
dZ4

�c ¼ 1�c1ðp4 þ 1Þ sin pZ�c2 ð81p4 þ 1Þ sin 3pZ ð6:15Þ

Treating this residual by the weighted-residual methods leads to simultaneous equations for c1
and c2. Thus if, using collocation, we can make R ¼ 0 at Z ¼ 1

4
and Z ¼ 1

2
, the resulting

equations are
p4 þ 1ffiffiffi

2
p c1 þ 81p4 þ 1ffiffiffi

2
p c2 ¼ 1

ðp4 þ 1Þc1�ð81p4 þ 1Þc2 ¼ 1 ð6:16Þ

Solving the two simultaneous equations, Equation (6.16), we get c1 ¼ 0:012267; c2 ¼ 0:000026
Then, the solution is given by Equation (6.14).

If instead, using the subdomain method, we can make the integral of R over the ranges

0 < Z < 1=4 and 1=4 < Z < 1=2 to be zero, then the resulting equations are

p4 þ 1

p

ffiffiffi
2

p �1ffiffiffi
2

p c1 þ 81p4 þ 1

p

ffiffiffi
2

p þ 1

3
ffiffiffi
2

p c2 ¼ 1

4
ðfor the region 0 < Z < 1=4Þ

p4 þ 1ffiffiffi
2

p
p

c1� 81p4 þ 1

3
ffiffiffi
2

p
p

c2 ¼ 1

4
ðfor the region 1=4 < Z < 1=2Þ ð6:17Þ
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Solving the above simultaneous equations, we get

c1 ¼ 0:013624; c2 ¼ 0:000029

The solution is then given by Equation (6.14).

If we use the Galerkin method, we can write

ð1
0

R sin pZ dZ¼ 2

p
� p4 þ 1

2
c1 ¼ 0

ð1
0

R sin 3pZ dZ¼ 2

3p
� 81p4 þ 1

2
c2 ¼ 0

ð6:18Þ

By solving the above two simultaneous equations, we get c1 ¼ 0:012938, c2 ¼ 0:000054. If we
use the method of least squares, we obtain the same equations as in the Galerkin method (for

this example only). This can be easily verified.

6.2.3 Trial Solutions with Undetermined Functions

The above procedures transformed a continuous problem into an approximately equivalent

lumped-parameter system. There are procedures which may be used to replace a two-

dimensional continuous problem with an equivalent system consisting of a finite number of

one-dimensional problems. This involves selecting a trial family of the form

c ¼
Xr

j¼1

cjjj ð6:19Þ

where the jj are linearly independent known functions in the two-dimensional domain

(say in x, y coordinates) and cj are undetermined functions of a single variable functions

of say y alone. jj can be a known function of say x alone, or of both x and y. If the jj are

suitably chosen and suitable boundary conditions are imposed on the cj, then Equa-

tion (6.8) will give r simultaneous ordinary differential equations for determining the cj
by applying the weighted-residual technique or by the calculus of variations to a related

functional.

The first method of this type was described by Kantorovich and is equivalent to Galerkin’s

method (Crandall, 1956).

6.2.4 Observations

From the above discussion, it appears that Galerkin’s method and Kantorovich’s method are

preferable in solving BEF and PEF due to inherent advantages, as mentioned in the previous

sections.
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6.3 Finite Difference Method

The finite difference method (FDM) is straightforward and may be successfully applied to

a large class of problems. Though themethods are simple, they result in much larger number of

equations for the system (Crandall, 1956; Teng, 1964; Jones, 1997).

The basic approximation involves the replacement of a continuous domain D by a pattern of

discrete points withinD as shown in Figure 6.2. Instead of obtaining a continuous solution forc
defined throughout D we find approximations to c only at these isolated points. Intermediate

values, derivatives, or integrals may be obtained from the discrete solution by interpolation.

The governing equation and boundary conditions for the continuous domain are reduced to

those for the discrete replacement, physically or mathematically. In the first approach,

the discrete system is modeled with lumped physical characteristics of the continuous system.

The governing equations are then obtained by directly applying them to the lumped-parameter

model. In the mathematical approach the continuous system is reduced to a discrete system by

simply replacing derivatives with finite difference approximations.

As examples of the physical approach, a continuous elastic foundation under a beam can be

replaced by a number of discrete springs of such stiffness and with such spacing that the

resulting displacement of the beam is unaltered to a large extent.

The governing equations are then obtained bywriting the equilibrium equations for the beam

at each spring. Though the physical approach is qualitatively useful, the mathematical

procedure using finite difference method is simpler and more flexible.

Figure 6.2 Finite difference representation of continuous domains.
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Either procedure leads to a system of n simultaneous algebraic equations if n discrete points

are involved. These equations are linear or nonlinear depending on whether the original

continuous system is linear or nonlinear. The resulting simultaneous equations can be solved

using standard methods like Gauss elimination and so on (Crandall, 1956).

The finite difference operation for a node j in the domain D is written for the first derivative
dc
dx

or dy
dx

� �
. This can then be recursively used to derive higher-order derivatives

d2c
dx2

� �
j
; d3c

dx3

� �
j
; d4c

dx4

� �
j
and so on. The different methods commonly used for FD approximation

of dc
dx

at node j are shown in Figure 6.3. These are:

1. Forward differences, using unknown functions at nodes j, and j þ 1 (error is of the order

of h).

2. Central differences, using unknown functions at j� 1 and j þ 1 (error is of the order of h2).

3. Backward differences, using unknown functions at nodes j� 1 and j (error is of the order

of h).

From Figure 6.3, it can be clearly seen that the central difference scheme is more accurate

and unbiased than the other two alternatives (Southwell, 1946; Salvadori and Baron, 1952;

Crandall, 1956). This can also be shown using Taylor’s series/Maclaurin’s series expansion of

a variable (Salvadori and Baron, 1952; Scott, 1963). Accordingly, the theory and applications

in the following sections are presented using the central difference scheme only.

6.3.1 Finite Difference Operators

For replacing differential equations with finite-difference relations, several basic finite

difference operators in one, two and three dimensions can be derived. While FD operators

can be derived with unequal spacing between nodes (say h) in one, two, three dimensions, it

Figure 6.3 Approximation of dc/dx using backward, forward and central differences.
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can be shown (Scott, 1963) that the operators with equal spacing between all nodes in the

domain are more accurate (error is of the order of h2) than those with the unequal spacing

(error is of the order of h). Hence, all the operators presented here are with equal spacing

between nodes. In one dimension we consider only the case of equally spaced points and in

two dimensions we consider only the square network or lattice. In both cases, the spacing

dimension can be taken as h without any loss of generality. Three-dimensional operators can

be similarly derived as a simple extension of the two-dimensional operators and are not

presented here. Triangular and hexagonal lattices also are used depending on the problem

(Southwell, 1946).

In Figure 6.2(a) let the points . . ., Pj�1, Pj, Pj þ 1. . . be separated by a distance h, and let the
value of c (x) at Pj be denoted by cj. Then for instance, the first derivative at Pj may be

approximated by the following finite-difference expression

dc
dx

� �
j

¼ cj þ 1�cj�1

2h
þ Oðh2Þ ð6:20Þ

This relation may be represented pictorially by a finite difference operator (FDO) as shown

in Figure 6.4.

The numbers in the circles (Figure 6.4) represent the multipliers that are to be applied to the

values of c at these stations. The corresponding formulae for the first four derivatives and the

integral by Simpson’s rule are given in Figure 6.5 in the form of FD operators.

Figure 6.4 FD operator for first derivative in one dimension – central difference.

Figure 6.5 FD operators for one-dimensional derivatives and integrals.
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Similar formulae for approximating partial derivatives can easily be obtained. The most

commonly used FD operators for square networks of spacing h are shown in Figure 6.6. The

integration formula given is the two-dimensional form of Simpson’s rule.

6.3.2 Application to Engineering Problems

The process of converting the continuous differential equation and boundary conditions of a

given problem into algebraic equations for a discrete approximation using FD is as follows. As

soon as the appropriate basic FD operators are available, the conversion is straight forward. At

each internal point the finite-difference approximation to the governing differential equation

provides an algebraic equation in terms of the values at the neighboring points. Exceptional

situations can arise near the boundaries, where it is possible that not all the neighboring

points of a FDO will lie within domain D. It is then necessary to introduce finite-difference

Figure 6.6 FD operators in two dimensions for partial derivatives and integrals.
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approximations to the given boundary conditions in terms offictitious points beyondD and then

eliminate these fictitious values in terms of the values that lie inside D using boundary

conditions. These fictitious points are shown in Figures 6.7–6.9 for illustration. The procedure

to deal with such cases is illustrated in the following example.

Figure 6.7 FD model for BEF with one internal and two fictitious nodes.

Figure 6.8 Model of BEF with one internal node.

Figure 6.9 FD model of BEF with three internal modes.
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Example 6.2

Obtain FD solution for the BEF shown in Figure 6.1 with data given in Example 6.1.

Consider the beam on elastic foundation, as shown in Figure 6.1 (Example 6.1). The

governing equations and boundary conditions are given inEquations (6.9) and (6.10). These are

nondimensionalized as given in Equations (6.11) and (6.12). Thus, the domain 0< x< L is

converted to a nondimensional domain 0< Z< 1where Z¼ x/L. This nondimensionalization is

only for convenience of computation and the equation can also be directly discretized in terms

of x. Then the continuous domain 0< Z< 1 is replaced by a discrete domain by discretizing at

the single point P1 at Z¼ 1/2 as shown in Figure 6.7 (variable x in the figure can be read as Z for
this example). To accommodate the FDO (Figure 6.5) two additional points P�1 and P3 are

needed outside the domain at Z¼� 1/2 and Z¼ 3/2 which are called fictitious points. Now the

problem is converted to the one of solving a one degree of freedom system for c1 at point P1

(since c0¼c2¼ 0 from simply supported boundary conditions given by Equations (6.10) and

(6.13)). An algebraic equation for c1 can be obtained by combining finite difference

approximations to the differential equation and boundary conditions given in Equations (6.11)

and (6.12). This can be obtained as shown in Figure 6.8 (variable x in the figure can be read as Z
for this example) where FDOs are written with the aid of Figure 6.5.

The finite difference discretization of boundary conditions provide uswith enough equations

to fix the boundary values c0 ¼ c2 ¼ 0 and to eliminate the fictitious values c�1 and c3 since

according to the third and fourth line of Figure 6.8, c�1 ¼ c3 ¼ �c1. Inserting these values

into the fifth line of the figure and setting h¼ 1/2 gives

�16c1 þ 0 þ ½ð6Þð16Þ þ 1�c1 þ 0�16c1 ¼ 1 ð6:21Þ
from which c1 ¼ �0:01538. Instead of a continuous deflection curve we get only an

approximation to the deflection at the center. It may be noted that in spite of the FD

approximation, the solution c1 is only 20% larger than the exact solution c1ðZ ¼ 1=2Þ ¼
0:01288 (Crandall, 1956).

Finer Discretization – BEF Discretization with Three Internal Nodes

The problem given in Example 6.2 is discretized with three internal nodes with spacing

h ¼ 1=4 as shown in Figure 6.9 (variable x in the figure can be read as Z for this example).

Because of symmetry we have c3 ¼ c1. The boundary nodes and the fictitious nodes outside

the boundary can be analyzed as before. The results of applying the boundary conditions are

indicated directly on the figure. The FDOs corresponding to the differential equation is written

twice, centered on P1 and P2. These lead to the simultaneous equations

�256c1 þ 0 þ 1537c1�1024c2 þ 256c1 ¼ 1

0�1024c1 þ 1573c2�1024c1 þ 0 ¼ 1
ð6:22Þ

which have the following solution

c1 ¼ 0:00965

c2 ¼ 0:01352
ð6:23Þ
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This solution provides approximation to c at the center and quarter points. Although giving

more detail than the previous approximation, this is still not close to the continuous solution.

However, the error at the center is now only 5%.

This procedure can be extended to finer and finer subdivisions. The treatment at the

boundaries is always the same, independent of the number of internal points. If there are n

independent cj values in the domain, the FDO corresponding to the differential equation is

written n times centered on n points Pj corresponding to the independent cj . This provides n

simultaneous equations from which the cj can be obtained.

6.3.2.1 Two- and Three-Dimensional Problems

The FDM is similar for application to two- and three-dimensional problems in Cartesian

and cylindrical polar coordinates. As the dimensionality increases, the nodal unknowns

increase and interpretation of boundary conditions becomes more cumbersome. The

method is illustrated in two dimensions for application to plates on elastic foundations

in Section 6.10. For general application of FDM problems in two and three-dimensional

problems, readers may refer to Salvadori and Baron (1952), Crandall (1956), Southwell

(1956) and so on.

6.3.3 Errors in FD

The errors in finite-difference approximations are extensively studied in numerical analysis.

The earlymathematical convergence proofs are being reexamined from the practical viewpoint

of numerical analysis.

It is generally understood that the error for FDwith central difference scheme is of the order

of h2 while for forward and backward differences it is of the order of h. Also for equal intervals

of discretization, that is, h, for the central difference scheme the error is of the order of h2, while

for unequal intervals it is of the order of h only.Detailed analysis of errors in FD are discussed in

Salvadori and Baron (1952), Crandall (1956), Southwell (1956) and other standard books on

numerical analysis.

It may also be noted that the interval, h, represents the fineness of the mesh for FD

discretization. It affects the two kinds of errors, that is, discretization error [O (h2)] and

the round off error in opposite directions. The discretization error decreases with

decreasing h, while the round off error generally increases. (Salvadori and Baron, 1952;

Crandall, 1956)

6.3.4 Improvizations of FDM – Iterative Methods, Relaxation, h2

Extrapolation and so on

To help in faster solution which can be carried out even without computers several improviza-

tions such as iterative methods, relaxation methods, and so on have been developed (Salvadori

and Baron, 1952; Teng, 1964). For improving the accuracy, procedures like h2 extrapolation

method have been also developed (Crandall, 1956). Details may be referred to in the above

references and in other standard books on numerical analysis.
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6.4 FDM Applications to General BEF Problems

Theapplication of FDM toBEF results in direct relationships between deflection, slope, bending

moment, shear force and loading in terms of the derivatives dw
dx
; d

2w
dx2

; d
3w
dx3

and d4w
dx4

of the deflection

w of the beam. Finite difference theory leads to approximations to these derivatives, at the

discretised nodes along the beam, in terms of the unknown deflections at these and adjacent

points as explained in Section 6.3. The theory is much simplified andmore accurate if the nodes

are equally spaced along the length of the beam, that is, h is kept constant over the entire domain.

Once the derivatives have been expressed in finite difference form, they are applied to each

node in turn using the simple theory of bending. This process relates the deflections at each of

the nodes to the externally applied loads, such as uniformly distributed loads (UDLs),

uniformly varying loads (UVLs), moment and point loads. These loads are all combined to

form an equivalent system of loads at nodes for solution. Support conditions, boundary

conditions and prescribed displacements can be accounted for by modifying the finite

difference equations, as explained in the following sections.

The resulting system of equations is then solved for the unknown deflections. Once these

deflections have been computed, it is a simple matter to calculate the magnitude of bending

moments, shear forces and reactions and other derived quantities.

Thus, finite difference theory affords an extremely versatile and powerfulmethod of analysis

to solve BEF problems. More importantly, the number of unknowns to achieve an acceptable

degree of accuracy is much less in comparison to other similar procedures.

6.4.1 Representation of Derivatives Using Central Differences

Consider the case of a beam on an elastic foundation as shown in Figure 6.10 (along with the

right handed Cartesian coordinate system x, y, z). The interval between all adjacent nodes is

equal to h.

Figure 6.10 FD model of BEF.
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The finite difference expressions for the derivatives of the vertical deflection w at distance

x from the left-hand side of the beam, aremuch simplified if the nodes are equally spaced along

the length (L) of the beam in addition to giving higher accuracy.

The governing differential equation has already been derived in Chapter 4 and exact and

analytical solution methods have been discussed in Chapter 5.

The general form of the equation, for beams with non-uniform EI on elastic foundations

(Crandall, Dahl and Lardener, 1972), is

d2

dx2
EI

d2w

dx2

� �
þ kw ¼ pðxÞ ð6:24aÞ

where EI, w, k, x, p(x) are all beam, foundation parameters as defined in Equations

(4.14)–(4.16). For a prismatic beam (beam with uniform cross section and flexural rigidity,

EI), Equation (6.24a) becomes Equation (4.48), that is

EI
d4w

dx4
þ kw ¼ pðxÞ ð6:24bÞ

The derivatives dw
dx
; d

2w
dx2

; d
3w
dx3

; d
4w
dx4

at any node i can be expressed in terms of w at i and its

adjacent nodes as discussed in Section 6.3 and shown as FDOs in Figure 6.5. The general

procedure for the solution of Equations (6.24a) and (b) using finite difference method is already

illustrated in Example 6.2 (Section 6.3). The applications of the various steps for general loads

and beamconfigurations thatmay occur in practice are discussed in the following sections. These

can alsobe obtained by logical application ofFDMandFDoperators to these problems.However

the following details may help in dealing with the wide variations in the problems of BEF.

6.4.2 Representation of Applied Loads

The FDM explained in Section 6.3 relates the unknown nodal deflections to the applied loads

and moments. For the purposes of analysis, it is convenient to replace the applied loads by an

equivalent system of nodal point loads. The method of evaluating the equivalent nodal point

loads for a beam on an elastic foundation can be demonstrated by considering the parts of

a loaded beambetween nodes i� 1, i and i þ 1, the nodes being placed at equal intervals h. Let

the beam be loaded with a varying load having an intensity of p(x) kN/m at a distance of x from

the left-hand end of the beam as shown in Figure 6.11. The equivalent nodal point loads can be

calculated on the basis of their being equal and opposite to the total reactions at each node had

the beam consisted of a series of simply supported beams spanning between the nodes. This

approximate approach is sufficiently accurate for most practical purposes.

It follows, therefore, that the magnitude of the equivalent point load at node i is

Pi ¼ 1

h

ðxi
xi�1

pxðx�xi�1Þ dx þ 1

h

ðxi þ 1

xi

pxðxi þ 1�xÞ dx ð6:25Þ

In the simple case of a continuous, uniformly distributed load of intensity p0 this expression

reduces to

Pi ¼ p0h ð6:26Þ
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A similar approach can be used for idealizing the effects of the subgrade reaction by treating

it as an upward acting load system. In this case, however, the equivalent nodal point loads are

directly proportional to the deflection at the nodes. The other types of loads such as point loads,

moments can be taken into analysis in the same way. The equivalent point loads acting on the

beam are taken as being equal and opposite of the resulting nodal reactions.

Each of different load types (point loads, uniformly varying/distributed loads and couples)

can now be considered separately in order to derive expressions for converting them to an

equivalent point load system. It is assumed that downward acting loads are positive and upward

acting loads are negative.

6.4.3 Equivalent Nodal Loads

6.4.3.1 Concentrated Loads

Figure 6.12 shows part of a beam between nodes i� 1 and i þ 1 loadedwith a point loadPx at

a distance x from the left-hand end of the beam. The equivalent point load, Pi, at node i is

calculated from

Pi ¼ 1

h

Xx<xi

x¼xi�1

Px ðx�xi�1Þ þ 1

h

Xx¼xi þ 1

x>xi

Px ðxi þ 1�xÞ þ
X

Pi ð6:27aÞ

This expression applies for the possibility of applied point loads being coincident with node

i. Every effort should be made to ensure that nodes coincidewith the positions of applied point

loads to optimize the accuracy of the solution by avoiding truncation errors.

Figure 6.11 Varying load on BEF.
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Alternative Method

Another practical and common approach is to distribute Px at i and i� 1 in proportion to the

proximity to the other node (as per reactions of a beam simply supported at i and i� 1), that is

Pi ¼ Pxðx�xi�1Þ
h

Pi�1 ¼ Pxðxi�xÞ
h

ð6:27bÞ

6.4.3.2 Uniformly Distributed and Uniformly Varying Loads

A uniformly distributed load (UDL) can be considered as a special case of a uniformly varying

load (UVL). General expressions for converting the latter to a system of equivalent nodal point

loads therefore cover all cases of uniformly distributed loading. Consider part of a beam loaded

with a UVL extending from x ¼ x1 to x ¼ x2 (Figure 6.13), where x is measured from the left-

hand end of the beam and the constant rate of change of the UVL is

p0 ¼ ðp2�p1Þ
ðx2�x1Þ ð6:28Þ

Then

Pi�1 ¼ ðxi�x1Þ2
6h

3p1 þ p0ðxi�x1Þ½ � ð6:29Þ

Figure 6.12 Point load on BEF.
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Pi ¼ p1 ðxi�x1Þ þ 0:5p0ðxi�x1Þ2�Pi�1 þ h

6
3p1 þ p0ð3xi�3x1 þ hÞ½ � ð6:30Þ

Applying Equation (6.30) to an intermediate node j, the equivalent point load Pj can be

obtained as

Pj ¼ ½ p1 þ p0ðxj�x1Þ� h ð6:31Þ

At nodes m and m� 1, the corresponding expressions for the equivalent point load

reduces to

Pm ¼ ðx2�xm�1Þ2
6h

3p1 þ p0ðxm�1�3x1 þ 2x2Þ½ � ð6:32Þ

Pm�1 ¼ p2�0:5p0ðx2�xm�1Þ½ �ðx2�xm�1Þ�Pm þ h

6
3p1 þ p0ð3xm�2�3x1 þ 2hÞ½ � ð6:33Þ

When a discontinuity occurs in the UVL between intermediate nodes j� 1 and j, the

equivalent nodal point loads can be calculated by considering the UVL to consist of two

separate parts, each similar to that shown in Figure 6.14(a). Equations (6.29)–(6.33) are

then applied to each part of the UVL in turn to determine the equivalent point load at each

node. At nodes j� 1 and j, care must be taken in summing the loads resulting from both

parts of the UVL.

Alternative Method

Calculate the total load coming at the node by finding the resultant load distributed up to h/2 on

either side of the node as shown in Figure 6.14(b).

Accordingly the total load at i becomes

Pi ¼ p1 þ p2

2
h ð6:34Þ

Figure 6.13 UVL on BEF.
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6.4.3.3 Moments Applied on BEF

Moments may be applied at nodes or in between nodes. As in the case of point loads, every

effort should be made in the FD discretization to ensure that nodes coincide with the points of

application of the moments in order to avoid truncation errors in the final solution. The sign

convention for applied moments are taken as positive or clockwise moment as shown. When a

positiveM is applied between two nodes i� 1 andmoments i (Figure 6.15) the equivalent nodal

point loads at nodes i� 1 and i are given by

P1 ¼ Pn�1 ¼ þ M

h
ð6:35Þ

P2 ¼ Pn ¼ �M

h
ð6:36Þ

If the positive momentM is applied at either end of the beam, as indicated in Figures 6.16(a)

and (b) the equivalent nodal point loads at nodes i� 1 and I are also given by Equations (6.35)

and (6.36) above.

Figure 6.14 (a) UVL with discontinuity; and (b) alternative method for nodal load calculation.
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When a positiveM is applied at an internal node i (Figure 6.17) it is replaced with equivalent

point loads acting at nodes i� 1 and i given by Equations (6.37a) and (6.37b) respectively.

Pi�1¼ þ M

2h
ðaÞ

Pi ¼ �M

2h
ðbÞ

ð6:37Þ

6.4.4 Subgrade Reaction and Contact Pressures

In the Winkler model, the subgrade reaction consists of a series of discrete spring reactions,

each acting at a node position. These reactions are directly proportional to the deflections at

Figure 6.16 Moment applied at ends of BEF.

Figure 6.15 Moment applied between nodes of BEF.
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the respective nodes. While these reactions are normally negative, that is, acting upwards,

they can also be positive (acting downwards) if tension between the beam and foundation

is allowed.

The spring reactions at the nodes are given by

end node1 : 0:5k1w1h

internal node i ð1 < i < nÞ : kiwih

end node n : 0:5knwnh

where the values of k are measured in kN/m2.

Referring to Section 4.8, it is evident that at node i, ki ¼ ksibi, where ksi is the modulus of

subgrade reaction (in kN/m3) and bi is the breadth of the beam at node i. When node i coincides

exactly with a sudden change in the width of the beam (Figure 6.18) the effective width bi at

node i may be taken as 0:5 ðbL þ bRÞ for the purposes of practical calculations.
If the change of width is continuous, the beamwidth can be taken as the averagewidth up to h

2

on either side (stepped approximation) as shown in Figure 6.19.

The treatment of sudden change in ks is shown diagrammatically in Figure 6.20. If the

sudden change occurs at a node i (Figure 6.20), then ks,i is taken as 0:5 ðkiL þ kiRÞ. When

the change occurs between two nodes, there is a truncation effect.

6.4.5 FD Analysis for BEF Problems

The FD analysis of a beam on an elastic foundation is carried out by relating the unknown nodal

deflections to the applied loading and then solving the resulting system of simultaneous

equations for the unknown deflections. These deflections can then be used to calculate the

Figure 6.17 Positive moment applied at an internal node of BEF.
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Figure 6.19 Continuously varying beam width at node i.

Figure 6.20 Sudden change in modulus of subgrade reaction at a node.

Figure 6.18 Sudden change of beam width at a node (plan).
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bending moments, shear forces and other reactions. As mentioned earlier, this can readily

account for sudden or gradual variations in the flexural rigidity of the beam, subgrade reaction

and applied loads and so on. Finite difference theory also enables various support conditions to

be easily modeled, thereby allowing almost any combination of loading and support condition

(s) to be investigated.

Consider the general case of a loaded non-prismatic beam on a variable elastic foundation

(Figure 6.21). The length of the beam is L and the node spacing is h. The governing differential

equation derived in Chapter 4 is

d2

dx2
EI

d2w

dx2

� �
¼ d2

dx2
ð�MÞ ¼ p�kw ð6:38Þ

where k ¼ ksb (kN/m
2), ks is the modulus of subgrade reaction (kN/m3) and b is the breadth of

beam (m), M is the bending moment in the beam and I is the moment of inertia of the beam

cross-section about its neutral axis.

At node i

EIi
d2w

dx2

� �
i

¼ �Mi ð6:39Þ

� d2M

dx2

� �
i

¼ pi�kiwi ð6:40Þ

where k ¼ ks;ibi and ks;i is the modulus of subgrade reaction at node i and bi is the breadth of

beam at node i. Using central differences, substitution for d2w
dx2

� �
, given by FDOs in Figure 6.5,

Figure 6.21 Non-prismatic beam on a variable elastic foundation subjected to general loads.
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into Equation (6.40) gives

Mi ffi �EIiðwi�1�2wi þ wi þ 1

h2
ð6:41Þ

Likewise

Mi�1 ffi �EIi�1 ðwi�2�2wi�1 þ wiÞ
h2

ð6:42Þ

Mi þ 1 ffi �EIi þ 1ðwi�2wi þ 1 þ wi þ 2Þ
h2

ð6:43Þ

Applying the same FD operator for the second derivative now in terms of M ¼ �EI d
2w
dx2

given by Equation (6.38) results in

�ðMi�1�2Mi þ Mi þ 1Þ
h2

ffi p�kiwi

Replacing pih by the equivalent point load Pi, as explained in Section 6.4 we have

�ðMi�1�2Mi þ Mi þ 1Þ
h

ffi Pi�kiwih ð6:44Þ

Substituting the values of Mi, Mi�1, and Mi þ 1 given by Equations (6.41)–(6.43), we get

E

h3
Ii�1wi�2�2ðIi�1 þ IiÞwi�1 þ ðIi�1 þ 4Ii þ Ii þ 1Þ wi½

�2ðIi þ Ii þ 1Þwi þ 1 þ Ii þ 1wi þ 2� ffi Pi�kiwih ð6:45Þ
This can be rewritten as

E

h3
Ii�1wi�2�2 ðIi�1 þ IiÞ wi�1 þ Ii�1 þ 4Ii þ Ii þ 1 þ kih

4

E

� �
wi

�

�2ðIi þ Ii þ 1Þwi þ 1 þ Ii þ 1wi þ 2� ffi Pi ð6:46Þ
If the beam isof uniformcross-sectionwith a flexural rigidityofEI,Equation (6.46) reduces to

EI

h3
wi�2�4wi�1 þ 6 þ kih

4

EI

� �
wi�4wi þ 1 þ wi þ 2

� �
ffi Pi ð6:47Þ

For a uniform beam, Equation (6.47) can be also written directly from FDOs given in

Figure 6.5 which can be readily verified.

6.5 Boundary Conditions

In dealing with boundary conditions, the end nodes and the interior nodes next to them require

special consideration when the finite difference analysis of the loaded beam is to be carried out.

It is convenient, to express the FD approximation of the load deflection equation for node i. The

value of i can, take the value of 1, 2, n–1 or n, where n is the total number of nodes used in the

discretization.
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Equation (6.46) can be modified and applied to nodes at the ends of the beam by introducing

fictitious nodes, if required, beyond the ends of the beam and considering different end

conditions (free, simply supported, encastre, restrained). This is illustrated in Example 6.2,

Section 6.3.2. In each case, the ends of the beam will be allowed to deflect freely or deflect by

a prescribed amount. This amount can be zero, of course. Load deflection equations are

developed in this chapter for the boundary nodes assuming free displacements at the ends of

the beam. These same equations can then be used to satisfy the conditions for end nodes with

prescribed displacements by substitution of the appropriate values.

6.5.1 Free Ends

Consider the case when node i is at the left-hand end of the beam (Figure 6.22), the bending

moment at node i is zero, that is, Mi¼ 0. The bending moment at node i þ 1 due to the

equivalent point load at node i and the subgrade reaction is

Mi þ 1 ¼ �Pih þ 0:5kiwih
2

Equation (6.43) expresses Mi þ 1 in terms of deflections wi, wi þ 1, wi þ 2, hence

EIi þ 1ðwi�2wi þ 1 þ wi þ 2Þ
h3

ffi Pi�0:5kiwih ð6:48Þ

Rearranging the equation we get

E

h3
Ii þ 1 þ 0:5kih

4

E

� �
wi�2Ii þ 1wi þ 1 þ Ii þ 1wi þ 2

� �
ffi Pi ð6:49Þ

Hence, substituting i¼ 1 (end node at the left-hand end of the beamas shown in Figure 6.22(a))

gives

E

h3
I2 þ 0:5k1h

4

E

� �
w1�2I2w2 þ I2w3

� �
ffi P1 ð6:50Þ

Figure 6.22 Free ends: (a) nodes at left end of beam; (b) nodes at right end of beam.

Numerical and Finite Difference Methods 227



The corresponding expression for a node i at the right-hand end of the beam (Figure 6.22b) is

E

h3
Ii�1wi�2�2Ii�1wi�1 þ Ii�1 þ 0:5kih

4

E

� �
wi

� �
ffi Pi ð6:51Þ

Accordingly, substituting i¼ n, where n is the total number of nodes, gives

E

h3
In�1wn�2�2In�1wn�1 þ In�1 þ 0:5knh

4

E

� �
wn

� �
ffi Pn ð6:52Þ

When node i is the penultimate node at the left-hand end of the beam (Figure 6.23(a)), we

have Mi�1¼ 0.

Substituting Mi�1¼ 0 into Equation (6.44) yields

�ð�2Mi þ Mi þ 1Þ
h

ffi Pi�kiwih

Further substitution for Mi and Mi þ 1 in terms of the unknown deflections, as given by

Equations (6.42) and (6.43) respectively, results in

E

h3
�2Iiwi�1 þ 4Ii þ Ii þ 1 þ kih

4

E

� �
wi�2ðIi þ Ii þ 1Þwi þ 1 þ Ii þ 1wi þ 2

� �
ffi Pi

ð6:53Þ
Substituting i¼ 2 (penultimate node at the left-hand end of the beam) gives

E

h3
�2I2w1 þ 4I2 þ I3 þ k2h

4

E

� �
w2�2ðI2 þ I3Þw3 þ I3w4

� �
ffi P2 ð6:54Þ

Figure 6.23 Free ends, penultimate nodes: (a) left end; (b) right end.
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The corresponding expression for a penultimate node i at the right-hand end of the beam

(Figure 6.23(b)) is

E

h3
Ii�1wi�2�2ðIi�1 þ IiÞwi�1 þ Ii�1 þ 4Ii þ kih

4

E

� �
wi�2Iiwi þ 1

� �
ffi Pi ð6:55Þ

Hence, the substitution of i¼ n� 1 in Equation (6.55) (for the penultimate end) gives

E

h3
In�2wn�3�2ðIn�2 þ In�1Þwn�2 þ In�2 þ 4In�1 þ kn�1h

4

E

� �
wn�1�2In�1wn

� �
ffi Pn�1

ð6:56Þ
6.5.2 Simply Supported Ends

If simply supported ends are allowed to deflect freely, they are similar to the cases of free ends

already considered in Section 6.5.1. It is appropriate, therefore, to consider only prescribed

displacements at the end nodes. Logically, it follows that the load deflection equations for these

nodes are the same as those on beams with free ends. This can be easily proved for instance, by

considering the left-hand end of a beamwhere the simple support is at the end and node i is the

penultimate node (Figure 6.24(a)). The boundary condition is Mi�1¼ 0.

Figure 6.24 Simply supported ends: (a) left end; (b) right end.
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This condition is satisfied if the beam is considered to be continuous with a fictitious beam

having flexural rigidities (EI), support conditions and loadings that are all mirrored about the

horizontal and vertical axes passing through, node i–1 as indicated in Figure 6.24(a). It

follows that wi�2 ¼ 2wi�1�wi. The substitution of this value into Equation (6.46) for node i

give exactly the same result as that obtained for the penultimate node of a beam with a free

left-hand end. Equations (6.47)–(6.56), therefore, apply equally to boundary nodes of beams

with simply supported ends having prescribed displacements.The penultimate node at the

right end (Figure 6.24(b)) can be similarly analyzed.

6.5.3 Fixed Ends

These can also be referred to as encastre ends.

Considering the left-hand end of the beam, we have

wi�1 ¼ wi þ 1; wi�2 ¼ wi þ 2; Ii�1 ¼ Ii þ 1; and Ii�2 ¼ Ii þ 2

Substituting these values into Equation (6.46) and halving the left-hand side of the equation

to account for this node being an end node gives

E

h3
2Ii þ Ii þ 1 þ 0:5kih

4

E

� �
wi�2ðIi þ Ii þ 1Þwi þ 1 þ Ii þ 1wi þ 2

� �
ffi Pi ð6:57Þ

Substituting i ¼ 1 for this node yields (Figure 6.25(a))

E

h3
2I1 þ I2 þ 0:5kih

4

E

� �
w1�2ðI1 þ I2Þw2 þ I2w3

� �
ffi P1 ð6:58Þ

Thecorresponding equation (toEquation (6.57)) for node i at the right-hand endof the beam is

E

h3
Ii�1 þ 2Ii þ 0:5kih

4

E

� �
wi�2ðIi þ Ii�1Þwi�1 þ Ii�1wi�2

� �
ffi Pi ð6:59Þ

Substituting i¼ n, where n is the total number of nodes, gives (Figure 6.25(b))

E

h3
In�1 þ 2In þ 0:5knh

4

E

� �
wn�2ðIn þ In�1Þwn�1 þ In�1wn�2

� �
ffi Pn ð6:60Þ

When there is no displacement at node 1, the deflection is simplywi ¼ 0 ði ¼ 1 or nÞ. Aswith
other boundary conditions, the penultimate nodes at each fixed end must also be considered,

that is, node 2 and node n� 1.

Considering the penultimate node i at the left-hand end of the beam, as shown in Figure 6.25,

we may note
wi�2 ¼ wi and Ii�2 ¼ Ii

Substituting these values into Equation (6.46), we get

E

h3
�2ðIi�1 þ IiÞwi�1 þ 2Ii�1 þ 4Ii þ Iiþ 1 þ kih

4

E

� �
wi�2ðIi þ Iiþ 1Þwiþ 1 þ Iiþ 1wiþ 2

� �
ffiPi

ð6:61Þ
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Substituting i¼ 2 gives

E

h3
�2ðI1 þ I2Þ w1 þ 2I1 þ 4I2 þ I3 þ k2h

4

E

� �
w2�2 ðI2 þ I3Þw3 þ I3w4

� �
ffi P2 ð6:62Þ

When w1¼ 0, the above Equation (6.62) becomes

E

h3
2I1 þ 4I2 þ I3 þ k2h

4

E

� �
w2�2ðI2 þ I3Þw3 þ I3w4

� �
ffi P2 ð6:63Þ

The corresponding equation for the penultimate node i at the right hand end of the beam

when wi> 0 is

E

h3
�2ðIi þ Iiþ 1Þwiþ 1 þ 2Iiþ 1 þ 4Ii þ Ii�1 þ kih

4

E

� �
wi�2ðIi�1 þ IiÞwi�1 þ Ii�1wi�2

� �
ffiPi

ð6:64Þ

Figure 6.25 Fixed ends, end nodes: (a) left end; (b) right end.
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Substituting i ¼ n�1 in the above Equation (6.64) gives

E

h3
�2ðIn�1 þ InÞwn þ 2In þ 4In�1 þ In�2 þ kn�1h

4

E

� �
wn�1

�

�2ðIn�2 þ In�1Þwn�2 þ In�2wn�3� ffi Pn�1 ð6:65Þ

When wn¼ 0, Equation (6.65) simplifies as

E

h3
2In þ 4In�1 þ In�2 þ kn�1h

4

E

� �
wn�1�2ðIn�2 þ In�1Þwn�2 þ In�2wn�3

� �
ffi Pn�1

ð6:66Þ

In addition to the above, we can also prescribe other types of boundary conditions and

internal restraints. These also can be taken care of easily by FDM (Jones, 1997).

6.6 Calculation of Bending Moments

Bending moments can be calculated at each of the nodes along the beam. It is assumed that the

bendingmoments vary linearly between the nodes. Thus, if a large number of nodes are used in

the analysis (finer discretization), the results will in general be more accurate.

6.6.1 Boundary Nodes

The bendingmoments at a free end or simply supported end is obviously zero unless a couple is

applied at the end. In the case of a fixed left-hand end, Figure 6.25(a), the bending moment at

end node 1 is calculated from Equation (6.41) as follows

M1 ¼ � 2EI1ðw2�w1Þ
h2

ð6:67Þ

If w1¼ 0, then this simplifies to

M1 ¼ � 2EI1w2

h2
ð6:68Þ

At the right-hand end of the beam, (Figure 6.25(b)), the corresponding equations for end

node n (n is the number of nodes) are

Mn ¼ � 2EInðwn�1�wnÞ
h2

ð6:69Þ

When wn¼ 0, this reduces to

Mn ¼ � 2EInwn�1

h2
ð6:70Þ
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6.6.2 Internal Nodes

In this context, an internal node i is defined as one numbered 2 < i < n�1, where n is the

number of nodes. The bending moment at a free internal node is generally calculated using

Equation (6.41) which gives

Mi ffi �EIiðwi�1�2wi þ wi þ 1Þ
h2

ð6:71Þ

While this equation also applies at an internal support, with orwithout vertical displacement,

it does require some modification (Jones, 1997). Locations requiring modification include:

1. A free internal node where several moments M (kNm) are applied.

2. An internal fixed support, with and without a vertical displacement.

3. An internal simple support having a rotational restraint, with and without a vertical

displacement.

Figure 6.26 Fixed ends, penultimate nodes: (a) left end; and (b) right end.

Numerical and Finite Difference Methods 233



6.7 Shear Forces

Using finite difference method we can compute deflections and bending moments at the nodes

along the beam. Bending moments between nodes are assumed to vary linearly. Consequently,

the shear forces between nodes are constant as indicated in Figure 6.27. A smoothing of the

shear force diagram is achieved by joining the average values of shear forces between nodes as

shown in Figure 6.27. Modifications are then only required at nodes affected by physical point

loads, applied couples and support reactions (Jones, 1997). Defining Qi,L as the shear force

immediately to left of node i,Qi,R as the shear force immediately to right of node i, andQi is the

average shear force at node i, the FD expressions for shear forces are given below.

6.7.1 Boundary Nodes

Consider the general case of the two end nodes (numbered 1 or n; Figure 6.28). The reactionsR1

and Rn occur at simple supports, fixed supports or simple supports with rotational restraint.

Clearly, if either end is free, the reaction at that end is zero. Consequently, the shear force at

node 1, Q1, at the extreme left-hand end of the beam is given by

Q1 ¼ R1�
X

P1 ð6:72Þ
where R1 is the support reaction at node 1, and

P
P1 is the algebraic sum of all vertical point

loads acting at node 1.

Likewise, at the right-hand end node n, the shear force (Qn) is given by

Qn ¼ �Rn þ
X

Pn ð6:73Þ
where Rn is the support reaction at node n, and

P
Pn is the algebraic sum of all vertical point

loads acting at node n.

Expressions for R1 and Rn are given in Section 6.8.

Figure 6.27 Shear forces between nodes (constant).
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In the case of the two penultimate nodes (numbered 2 and n� 1 respectively), as shown in

Figure 6.29, the shear forces acting immediately to the left and right of the node are given by:

Node 2ðleftÞQ2;L ¼ ð�M1;R þ M2;L�M2;R þ M3;LÞ
2h

�0:5 P2;L þ P2;R�
X

P2

� �
ð6:74Þ

whereM1,R is the bending moment acting immediately to right-hand side of node 1,M2,L is the

bending moment acting immediately to left-hand side of node 2,M2,R is the bending moment

acting immediately to right-hand side of node 2, M3,L is the bending moment acting

immediately to left-hand side of node 3, P2,L is the equivalent point load acting at node

2 derived from point loads and/or moments acting to the left of node 2, P2,R is the equivalent

point load acting at node 2 derived from point loads and/or moments acting to the right of node

2, and
P

P2 is the algebraic sum of all vertical point loads acting at node 2.

Node 2ðrightÞQ2;R ¼ Q2;L�
X

P2 ð6:75Þ
Similarly, at the right-hand penultimate node n� 1, the corresponding equations are:

Node n�1ðleftÞQn�1;L ¼ �ð�Mn;L þ Mn�1;R�Mn�1;L þ Mn�2;RÞ
2h

�0:5 Pn�1;L þ Pn�1;R�
X

Pn�1

� �
ð6:76Þ

Figure 6.29 Boundary nodes, penultimate nodes: (a) left end; (b) right end.

Figure 6.28 Boundary nodes, end nodes: (a) left end; (b) right end.
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whereMn,L is the bendingmoment acting immediately to left-hand side of node n.Mn�1,R is the

bending moment acting immediately to right-hand side of node n� 1, Mn�1,L is the bending

moment acting immediately to left-hand side of node n� 1, Mn�2,R is the bending moment

acting immediately to right-hand side of node n� 2,Pn�1,L is the equivalent point load acting at

node n� 1 derived from point loads and/or moments acting to the left of node n� 1, Pn�1,R is

the equivalent point load acting at node n� 1 derived from point loads and/or moments acting

to the right of node n� 1, and
P

Pn�1 is the algebraic sum of all vertical point loads acting at

node n� 1.

Node n�1ðrightÞQn�1;R ¼ Qn�1;L�
X

Pn�1 ð6:77Þ

6.7.2 Internal Nodes

Consider an internal node i at a point along a loaded beam supported only by the subgrade, that

is, with no point support of any kind at node i. The constant shear force (Qi,L) between internal

nodes i� 1 and i is given by

Qi;L ¼ ðMi�Mi�1Þ
h

ð6:78Þ

Substituting thevalues ofMi andMi�1 given byEquations (6.41) and (6.42) respectively gives

Qi;L ¼ � E

h3
�Ii�1wi�2 þ ð2Ii�1 þ IiÞwi�1�ðIi�1 þ 2IiÞwi þ Iiwi þ 1½ � ð6:79Þ

Similarly, the shear force between nodes i and i þ 1 is given by

Qi;R ¼ ðMi þ 1�MiÞ
h

ð6:80Þ

Hence, substituting the values of Mi and Mi þ 1 given by Equations (6.41) and (6.43)

respectively results in

Qi;R ¼ � E

h3
�Iiwi�1 þ ð2Ii þ Ii þ 1Þwi�ðIi þ 2Ii þ 1Þwi þ 1 þ Ii þ 1wi þ 2½ � ð6:81Þ

The average shear force at node i is therefore

Qi ¼ 0:5 ðQi;L þ Qi;RÞ
that is

Qi ¼ E

2h3
Ii�1wi�2�2Ii�1wi�1�ðIi þ 1 þ Ii�1Þwi þ 2Ii þ 1wi þ 1�Ii þ 1wi þ 2½ � ð6:82Þ

This equation takes into account the effects of uniformly distributed and varying loads but

requires modification for the effects of point loads and applied moments.

If the beam is prismatic with a flexural rigidity of EI, Equation (6.82) reduces to

Qi ¼ EI

2h3
wi�2�2wi�1 þ 2wi þ 1�wi þ 2½ � ð6:83Þ

Consider now an internal node i (Figure 6.30), where there is a total physical point load ofP
Pi and equivalent point loads of Pi,L and Pi,R, due only to other physical point loads acting

between nodes i� 1 and i þ 1. The values ofQi,L andQi,R at node i due to these point loads are
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given by

Qi;L ¼ E

2h3
Ii�1wi�2�2Ii�1wi�1�ðIi þ 1 þ Ii�1Þwi þ 2Ii þ 1wi þ 1�Ii þ 1wi þ 2½ �

�0:5 Pi;L�Pi;R�
X

Pi

� �
ð6:84Þ

Qi;R ¼ Qi;L�
X

Pi ð6:85Þ

Moments at and (or) between nodes will influence the values of the resulting

nodal displacements and, the values of the shear forces. Values of the shear forces given

by Equation (6.82) must be modified for nodes local to each of the acting moments (Jones,

1997).

6.8 Vertical Reactions

Expressions for vertical reactions acting at boundary and intermediate supports, coinciding

with nodes, are given below. In each case, the vertical displacement at a support may be zero,

prescribed or free. In the latter case (i.e., free end), the reaction at the support is zero.

6.8.1 Supports at Boundary Nodes

6.8.1.1 BEF with Simply Supported Ends

If the BEF is simply supported at one or both of the boundary nodes (numbered 1 and

n), as shown in Figure 6.31, the vertical reactions R at these nodes are expressed in

terms of the equivalent nodal point loads P (including the physical point loads acting at

the nodes), as:

Reaction at node 1

R1 ¼ P1� E

h3
I2 þ 0:5k1h

4

E

� �
w1�2I2w2 þ I2w3

� �
ð6:86Þ

Figure 6.30 Internal node with actual and equivalent point loads.
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If w1¼ 0, this expression reduces to

R1 ¼ P1�EI2

h3
ð�2w2 þ w3Þ ð6:87Þ

Reaction at node n

Rn ¼ Pn� E

h3
In�1wn�2�2In�1wn�1 þ In�1 þ 0:5knh

4

E

� �
wn

� �
ð6:88Þ

When wn¼ 0, this becomes

Rn ¼ Pn� E

h3
In�1wn�2�2In�1wn�1½ � ð6:89Þ

6.8.1.2 BEF with Fixed Supports

When the boundary supports are fixed (Figure 6.32), the corresponding expressions for the

reactions are as follows

R1 ¼ P1� E

h3
2I1 þ I2 þ 0:5k1h

4

E

� �
w1�2ðI1 þ I2Þw2 þ I2w3

� �
ð6:90Þ

Figure 6.32 Fixed end supports at boundary nodes: (a) left end; (b) right end.

Figure 6.31 Simple supports at boundary nodes.
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Again if w1¼ 0, then

R1 ¼ P1� E

h3
�2ðI1 þ I2Þw2 þ I2w3½ � ð6:91ÞSimilarly

Rn ¼ Pn� E

h3
In�1 þ 2In þ 0:5knh

4

E

� �
wn�2ðIn�1 þ InÞ wn�1 þ In�1wn�2

� �
ð6:92Þ

When wn¼ 0, this becomes

Rn ¼ Pn� E

h3
�2ðIn�1 þ InÞ wn�1 þ In�1wn�2½ � ð6:93Þ

6.8.1.3 Simple Supports with Rotational Restraint

When the boundary supports are simple supports with a rotational restraint of t (kNm/radian;

Figure 6.33), the corresponding reactions are given by (Jones, 1997)

R1 ¼ P1� E

h3
I1ð1 þ x1Þ þ I2 þ 0:5k1h

4

E

� �
w1�ðI1ð1 þ x1Þ þ 2I2Þw2 þ I2w3

� �
ð6:94Þ

where

x1 ¼
t1� 2EI1

h

� �

t1 þ 2EI1

h

� � ð6:95Þ

If w1¼ 0, the above Equation (6.94) simplifies as

R1 ¼ P1� E

h3
�ðI1ð1 þ x1Þ þ 2I2Þ w2 þ I2w3½ � ð6:96Þ

Note: If x1 ¼ �1 (simple support with no rotational restraint), Equation (6.96) yields the

same result as Equation (6.87). Similarly, if x1 ¼ þ 1 (fixed support), Equation (6.96) yields

the same result as Equation (6.91).

Figure 6.33 Simple supports with rotational restraint at boundary nodes: (a) left end; (b) right end.
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Similarly reaction at the right end node (n) is

Rn ¼ Pn� E

h3

In�1wn�2�ð2In�1 þ Inð1 þ xnÞÞwn�1

þ In�1 þ Inð1 þ xnÞ þ
0:5knh

4

E

� �
wn

2
64

3
75 ð6:97Þ

where

xn ¼
tn� 2EIn

h

� �

tn þ 2EIn

h

� � ð6:98Þ

When wn¼ 0, Equation (6.97) becomes

Rn ¼ Pn� E

h3
In�1wn�2�ð2In�1 þ Inð1 þ xnÞÞwn�1½ � ð6:99Þ

6.8.2 Internal Supports

In each of the cases shown in Figure 6.34, the reaction Ri is given by

Ri ¼ Pi� E

h3

Ii�1wi�2�2ðIi�1 þ IiÞwi�1

þ Ii�1 þ 4Ii þ Ii þ 1 þ kih
4

E

� �
wi�2ðIi þ Ii þ 1Þwi þ 1 þ Ii þ 1wi þ 2

2
4

3
5

ð6:100Þ

6.9 Simplification for Prismatic Beams

The FD analysis presented in Sections 6.5–6.8 are for nonprismatic beams on soils with

variable spring constants. If the flexural rigidity, EI, of the beam is constant throughout the

length of the beam, then the beam is called a prismatic beam. For such beams on uniform

soils (ks and hence k ¼ ksb are constant over the entire contact area), the expressions for

various parameters presented in the above Sections 6.5–6.8 become quite simple and are

summarized below.

6.9.1 FDO for Prismatic BEF

The FD analysis of BEF is illustrated with discretization using one and three internal nodes

earlier in Section 6.3.2 and Example 6.2 for simple configurations. However, the same is

extended to BEF with large number of internal nodes in this section.

The FDO for such a beam on elastic foundation at any node i is given in Equation (6.47) as

below:

EI

h3
wi�2�4wi�1 þ 6 þ kh4

EI

� �
wi�4wi þ 1 þ wi þ 2

� �
� Pi ð6:101Þ
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where the parameters and nodes are defined also in Figures 6.10, 6.21 and 6.35. It may be

recalled that the finite difference representation of the governing equation can be very easily

written using FDOs given in Figures 6.5 and 6.8. The above equation is valid for all internal

nodes except the two nodes, that is, end node and penultimate nodes near the two ends (1 and

2 for left end and n� 1 and n for right end) as discussed in Section 6.5 and shown in

Figures 6.35. This is because the FDO for the fourth derivative at any node i can be expressed in

terms of two nodes on either side of the node as shown in Figure 6.5. Hence, the finite difference

representation of BEF equation at these end nodes involves fictitious nodes �1 and �2 (for

Figure 6.34 Internal supports: (a) simple; (b) fixed; (c) simple with rotational restraint.
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nodes 1 and 2 for left end) and n þ 1, n þ 2 (for nodes n� 1 and n for right end). These

fictitious nodes are beyond the domain of the beam (0 � x � L) and hence have to be calculated

using boundary conditions at these ends as discussed in Section 6.5. Accordingly these are

simplified depending on the boundary conditions and are summarized below for prismatic

beams on elastic foundations.

6.9.2 Free Ends

Boundary conditions at x¼ 0 and L areM¼ 0 andQ¼ 0 which give the values at the fictitious

nodes �1 and �2 (left end) as

w�1 ¼ 2w1�w2 and w�2 ¼ 4w1�4w2 þ w3 ð6:102Þ

wn þ 1 ¼ 2wn�wn�1 and wn þ 2 ¼ wn�2�4wn�1 þ 4wn ð6:103Þ
Replacing thesevalues ofw at the fictitious nodes�1 and�2 located outside the domain ofBEF

with thevalues ofw at the nodeswithin the domain ofBEFgiven byEquations (6.102) and (6.103),

the governing FDO for BEF that is, Equation (6.101) can be expressed at nodes 1 and 2 as follows

At node 1 :
EI

h3
2 þ kh4

EI

� �
w1�4w2 þ 2w3

� �
¼ P1 ðaÞ

At node 2 :
EI

h3
�2w1 þ 5 þ kh4

EI

� �
w2�4w3 þ w4

� �
¼ P2 ðbÞ

At node n�1 :
EI

h3
wn�3�4wn�2 þ 5 þ kh4

EI

� �
wn�1�2wn

� �
¼ Pn�1 ðcÞ

At node n :
EI

h3
2wn�2�4wn�1 þ 2 þ kh4

EI

� �
wn

� �
¼ Pn ðdÞ

ð6:104Þ

6.9.3 Simply Supported Ends

Boundary conditions at x¼ 0 and L are w¼ 0 and M¼ 0.

Sincew is known (prescribed as 0) at x¼ 0 and L, the FDO for governing equation of BEF is

not required at nodes 1 and n (Figure 6.35). It is required to be written at nodes 2 and n� 1.

Hence only one fictitious node at each end is required that is, nodes�1 and n þ 1. The values

Figure 6.35 Finite difference notation for BEF.
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of w at these fictitious nodes can be written by noting that M¼ 0 at x¼ 0 and L as

w�1 ¼ �w2 and w1 ¼ 0 ð6:105Þ
wn þ 1 ¼ �wn�1 and wn ¼ 0 ð6:106Þ

The governing FDOs for BEF can then be written from Equation (6.101) as

At nodes 1 and n : FDO is not required as w1 ¼ wn ¼ 0

At node 2 :
EI

h3
5 þ kh4

EI

� �
w2�4w3 þ w4

� �
¼ P2 ðaÞ

At node n�1 :
EI

h3
wn�3�4wn�2 þ 5 þ kh4

EI

� �
wn�1

� �
¼ Pn�1 ðbÞ

ð6:107Þ

6.9.4 Fixed Ends

Boundary conditions at x¼ 0 and L are w¼ 0 and slope, w0 ¼ 0

Sincew is known (prescribed as 0), the FDO for governing equation of BEF is not required at

nodes 1 and n (Figure 6.35). It is required to be written at nodes 2 and n� 1. Hence only one

fictitious node at each end is required that is, nodes �1 and n þ 1. The values of w at these

fictitious nodes can be written by noting that w0 ¼ 0 at x¼ 0 and L as

w�1 ¼ w2 and w1 ¼ 0 ð6:108Þ
wn þ 1 ¼ wn�1 and wn ¼ 0 ð6:109Þ

The governing FDOs for BEF can then be written from Equation (6.101) as:

At nodes 1 and n : FDO is not required as w1 ¼ wn ¼ 0

At node 2 :
EI

h3
7 þ kh4

EI

� �
w2�4w3 þ w4

� �
¼ P2 ðaÞ

At node n�1 :
EI

h3
wn�3�4wn�2 þ 7 þ kh4

EI

� �
wn�1

� �
¼ Pn�1 ðbÞ

ð6:110Þ

6.9.5 Solutions of Simultaneous Equations

As explained in Sections 6.4–6.9, the BEF equation (Equation (6.101)) can be represented at

each node (except at those nodes where the deflections are prescribed as per boundary

conditions) as an algebraic equation in terms of the values of the function (w) at the neighboring

nodes. The resulting system of simultaneous equation will be nonhomogenous and consistent

with the number of unknowns (the nodal values of the function/deflection) depending on the

number of intervals (i.e., h) into which the beam is discretised and resulting nodes where the

function is not prescribed and hence governed by Equation (6.101). Standard procedures and

efficient algorithms like Gauss elimination technique and so on (Crandall, 1956; Kreyszig,

1967) can be used to solve these simultaneous equations uniquely. With the deflections

obtained from these solutions, the slope, the bending moment and the shear force can be

obtained by using FD representation of these quantities as explained in the above sections. The
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contact pressure (soil reaction) can be calculated at any point by multiplying the deflection, w

with the spring constant k as qðxÞ ¼ kw. The values of any of the above BEF parameters at any

point intermediate between nodes is computed by interpolation (Crandall, 1956) and also

explained in the earlier sections. These parameters can be graphically plotted for the entire

domain (lengthL of the beam) for further analysis and design noting salient values like the

maximum and minimum values, and their locations and so on. These are discussed in Chapter

12. A few examples of FD analysis of BEF are presented below.

Example 6.3

Analyze BEF with free edges given in Figure 6.36 using FDM

Length of the beam, L ¼ 6 m

Width, b ¼ 1 m

Depth, d ¼ 0:5 m
Modulus of subgrade reaction, ks ¼ 104 kN=m3

Spring constant, k ¼ ksb ¼ 104 kN=m2

Figure 6.36 BEF with applied loads.

Divide the beam into four equal intervals of 1.5m each for FDM discretization, that is

h ¼ 1:5 m; E of concrete ¼ 20� 106 kN=m2

I ¼ bd3

12
¼ 1� 0:53

12
¼ 0:01 m4

EI ¼ 20� 106 � 0:01 ¼ 20� 104 kNm2

l ¼
ffiffiffiffiffiffiffiffi
k

4EI

4

r
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
104

4� 20� 104
4

s
¼ 0:334 m�1

lL ¼ 6� 0:334 ¼ 2:004

kh4

EI
¼ 0:2531
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Symmetry in the BEF can be used noting that the deflections of the beam will be symmetric

about node 3, that is

w1 ¼ w5; w2 ¼ w4

Hence, if we can solve for w1, w2, w3, the remaining parameters can be calculated easily.

FDO for the governing equations at nodes 1, 2 and 3 can be written using Equations (6.104)

and (6.101) as follows (taking into account the boundary conditions at the free edges x¼ 0

and L).

Node 1 :
EI

h3
2 þ kh4

EI

� �
w1�4w2 þ 2w3

� �
¼ 0

which can be written as

2:2531w1�4w2 þ 2w3 ¼ 0 ð6:111Þ

Node 2 :
EI

h3
�2w1 þ 5:2531w2�4w3 þ w4½ � ¼ 100

which can be simplified (noting w4¼w2 by symmetry) as

�2w1 þ 6:2531w2�4w3 ¼ 1:686� 10�3 ð6:112Þ

Node 3 :
EI

h3
w1�4w2 þ 6:2531w3�4w4 þ w5½ � ¼ 0

which is simplified (noting w4¼w2, w5¼w1) as

2w1�8w2 þ 6:2531w3 ¼ 0 ð6:113Þ
w1, w2, w3 can now be solved from the Equations (6.111)–(6.113) as follows

w1 ¼ w5 ¼ 3:062� 10�3 m

w2 ¼ w4 ¼ 3:427� 10�3 m

w3 ¼ 3:406� 10�3 m

ð6:114Þ

The contact pressures at these nodes can be obtained by noting that qi ¼ kiwi as

q1 ¼ q5 ¼ 30:6 kN=m

q2 ¼ q4 ¼ 34:27 kN=m

q3 ¼ 34:06 kN=m

ð6:115Þ

The bearing pressure can be obtained by dividing Equation (6.115) by the width of the

footing, that is, b¼ 1m as

qb1 ¼ qb5 ¼ 30:6 kN=m2

qb2 ¼ qb4 ¼ 34:27 kN=m2

qb3 ¼ 34:06 kN=m2

ð6:116Þ
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From conventional analysis (Figure 6.37), the bearing pressure is uniformly equal to

qb1 to qb5 ¼ qbo ¼ 200

6� 1
¼ 33:33 kN=m2

Soil reaction ¼ qo ¼ qbo � b ¼ 33:33 kN=m

From conventional analysis (assuming the beam to be rigid and the contact pressure to

be uniform as shown in Figure 6.37) the deflections all along the beam will be the same,

that is

w1 ¼ w2 ¼ w3 ¼ w4 ¼ w5 ¼ ð100 þ 100Þ
k � b� L

¼ 200

104 � 1� 6
¼ 3:33� 10�3 ð6:117Þ

The bending moment can be calculated at various nodes using FD discretization as below

(using BEF approach)

M1 ¼ M5 ¼ 0 ðFree edgesÞ

M2 ¼ M4 ¼ �EI
d2w

dx2

� �
2;4

¼ �EI

h2
w3�2w2 þ w1½ �

¼ � 20� 104

1:52
3:406�2� 3:427 þ 3:062½ � � 10�3

¼ 34:3 kNm

M3 ¼ �EI
d2w

dx2

� �
3

¼ �EI

h2
w2�2w3 þ w4½ � ¼ � 2EI

h2
w2�w3½ �

¼ � 2� 20� 104

1:52
3:427�3:406½ � � 10�3

¼ �3:73 kNm

Figure 6.37 Conventional analysis.
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From conventional analysis these values can be obtained by taking themoments of all the loads

(including applied load and soil reaction) to the left or right of the section. These can be

obtained for comparison as follows (Figure 6.37)

M1 ¼ M5 ¼ 0

M2 ðfrom leftÞ ¼ M4 ¼ 33:33� 1:52

2
¼ 37:5 kNm

M3 ðfrom leftÞ ¼ 33:33� 32

2
�100� 1:5 ¼ �0:015 kNm

The shear forces at the nodes can be calculated from the finite difference expressions as

follows (using BEF approach)

Q1 ¼ Q5 ¼ 0 ðfree edgesÞ

Q2 ðfrom leftÞ ¼ Q4 ¼ �EI
d3w

dx3

� �
2;4

¼ � EI

2h3
�w�1 þ 2w1�2w3 þ w4½ � ð6:118Þ

where w�1 denotes the deflection at the fictitious node needed for the FD approximation

From Equation (6.102)

w�1 ¼ 2w1�w2 and from symmetry w4 ¼ w2 ð6:119Þ

Substituting these values in Equation (6.118) we get

Q2 ¼ Q4 ¼ � EI

2h3
�2w1 þ w2 þ 2w1�2w3 þ w2½ � ¼ � EI

2h3
2w2�2w3½ �

¼ � 20� 104

1:53
3:427�3:406½ � � 10�3 ¼ �1:244 kN

Q3 ¼ �EI
d3w

dx3

� �
3

¼ � EI

2h3
�w1 þ 2w2�2w4 þ w5½ � ¼ � EI

2h3
0½ � ¼ 0

ð6:120Þ

From conventional analysis (Figure 6.37) these values at any point can be calculated by

summing up all the forces acting on the beam either from the left or right side.

Accordingly these values are

Q1 ¼ Q5 ¼ 0

Q2 ðfrom leftÞ ¼ Q4 ¼ 33:33� 1:5 ¼ 50 kN

¼ �50 kN ðfrom rightÞ
Q3 ¼ 0

ð6:121Þ

The value of Q2 given by Equation (6.120) differs considerably from the value given by

conventional analysis Equation (6.121). This is because, the FD expressions assume that

the concentrated loads are distributed uniformly on either side of the node up to h/2 as

shown in Figure 6.38, that is, 100=1:5 ¼ 66:67 kN=m, as shown. If the shear force to the

left is calculated from this equivalent applied load of 66.67 kN/m, using conventional
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analysis, we get

Q2 ¼ Q4 ¼ 33:33� 1:5�66:67� 0:75 ¼ 0

which is close to the value given in Equation (6.120).

These values can be compared using exact solutions given by Seely and Smith (1952)

(Figure 5.2). Using the curves given in Figure 5.2(a) (corresponding toL ¼ 2
l and location of the

load atL/4 from each end as applicable to this problem), these values can be obtained as follows

M1 ¼ M5 ¼ 0

M2 ¼ M4 ¼ ð0:5 þ 0:1Þ P
4l

¼ 0:6� 100

4� 0:334
¼ 45 kNm

M3 ¼ 0

Similarly the other parameters can be calculated.

6.10 FDM for Rectangular Plates on Elastic Foundations

If the supporting soil is weak or made up or the loads are large, it may not be feasible to provide

isolated footings to transmit the loads from the superstructure to the soil below.

If the calculation of the total area of individual or combined footings based on settlement or

bearing capacity requirements shows it to be greater than one-half the area of the building itself,

it may be economical if mat foundation are used.

In the conventional analysis, the mat is assumed to be rigid and the contact pressure is

assumed as planar as discussed in Chapter 4. The distribution of stresses and displacements in

the mat and underlying soil is a three-dimensional problem in which there is a considerable

degree of interaction between structure (including the mat) and soil. The analysis of mat

foundations can also be carried out treating the mat as a plate resting on elastic Winkler

medium, which is consideredmore rational. The governing equation and conventions are given

in Equations (4.17)–(4.23) and Figures 4.19, 4.21 and 4.22 for PEF problems. The analytical

methods of solution are presented in Chapter 5. Noting that these solutions are of limited

practical use, numerical methods including FDM and FEM may have to be used due to their

flexibility and adaptability. FDM which is conceptually simple and results in smaller system

of unknowns (though less flexible than FEM) is discussed below for the analysis of PEF. The

Figure 6.38 Example 6.3.
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PEF problem is essentially two-dimensional and can be considered as a simple extension of

BEF discussed in Sections 6.4–6.9. Accordingly the concepts of FDM are essentially same and

are presented below.

Figures 4.19 and 4.21 show the rectangular PEF with convention of coordinates and the

parameters. From Equation (4.49), the governing partial differential equation for rectangular

PEF is

D
@4w

@x4
þ 2

@4w

@x2@y2
þ @4w

@y4

� �
þ kw ¼ pðxÞ ð6:122Þ

that is

Dr4w þ kw ¼ pðxÞ
that is

r4 ¼ r2ðr2Þ ð6:123Þ
where r4 is called the bi-harmonic operator.

D is the flexural rigidity of the plate

w¼ vertical deflection at the contact surface between the plate and the soil foundation.

For the application of FDM, the plate is divided into a two-dimensional lattice as shown in

Figure 6.2(b) preferably with equal intervals for efficient computation (though not essential) of

say h� h along both x and y directions. The FDOs for two-dimensional partial derivatives are

given in Figure 6.6. Equation (6.122) can now be discretized using FDOs given in Figure 6.6,

thus converting a continuous partial differential equation (PDE) into algebraic equation at any

node j, k in terms of the deflections at the neighboring nodes. The rest of the procedure for

representation of applied loads and moments, modulus of subgrade reaction, ks (Chapter 4

for PEF), boundary conditions (Equations (5.88)–(5.90)), fictitious nodes, boundary nodes,

internal nodes and then calculation of bending moments, shear forces are simple extensions of

FDM for BEF (Section 6.4–6.9). However FDOs given in Figure 6.6 have to be used for PEF

instead of FDOs given in Figure 6.5 used for BEF. In view of the increasing complexity of these

expressions, these are to be carried out using computers (with customized or commercial

software packages) for general application. However, the FDM is explained below for a plate on

elastic foundations (Figure 4.19) with all the four edges free (i.e., along x¼ 0, a and y¼ 0, b).

6.10.1 PEF with Free Edges

The governing equation is given by Equation (6.122) and the boundary conditions for free

edges are given by Equation (5.90), that is

At x¼ 0 and a

Mx ¼ �D
@2w

@x2
þ np

@2w

@y2

� �
¼ 0

Qx ¼ �D
@3w

@x3
þ ð2�npÞ @3w

@x@y2

� �
¼ 0

ð6:124Þ
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At y¼ 0 and b

My ¼ �D
@2w

@y2
þ np

@2w

@x2

� �
¼ 0

Qy ¼ �D
@3w

@y3
þ ð2�npÞ @3w

@x2@y

� �
¼ 0

ð6:125Þ

where np is the Poisson’s ratio of the plate andQx andQy are the edge shears which are different

from the shear force at the interior points (Timoshenko and Krieger, 1959).

The FDO for the governing PDE, Equation (6.122) can be written using FDOs for partial

derivatives given in Figure 6.6 for all the nodes except for suitablemodifications at penultimate,

ultimate and corner nodes depending on the boundary conditions. The procedure is similar to

themethod followed forBEF in Sections 6.4–6.9. Since the governing equation is having fourth

order partial derivatives in x and y coordinates, the corresponding FDOs (Figure 6.6) at any

node i, j need two nodes on either side of i, j along x and y direction as shown in Figure 6.39(a).

Thus the FDO for the governing equation (using FDOsgiven in Figure 6.6) can be obtained as in

Figure 6.39(b).

Thus, the difference equation for the governing equation of PEF (Equation (6.122)) at any

interior node 0, (including the soil reaction) can be written as

20wo�8ðwt þ wb þ wr þ wlÞ þ 2ðwtl þ wlr þ wbl þ wbrÞ þ ðwtt þ wbb þ wll þ wrrÞ

þ kh4wo

D
¼ poh

4

D
þ Poh

2

D

ð6:126Þ
where po(x,y) is the distributed load and P0 is the concentrated load at node 0. The notations

wl, wt . . . represent deflection at points l, t and so on.

The moments and shear force for any interior point can be computed from the following

equations and their corresponding FDOs as given below.

Mx ¼ �D
@2w

@x2
þ np

@2w

@y2

� �

¼ � D

h2
ðwl�2w0 þ wrÞ þ np

h2
ðwt�2w0 þ wbÞ

h i ð6:127Þ

My ¼ �D
@2w

@y2
þ np

@2w

@x2

� �

¼ � D

h2
ðwt�2w0 þ wbÞ þ np

h2
ðwl�2w0 þ wrÞ

h i ð6:128Þ

Nx ¼ �D
@3w

@x3
þ @3w

@x@y2

� �

¼ � D

2h3
�wll þ 2wl�2wr þ wrr þ wtl�wtr�2ðwl�wrÞ þ wbl�wbr½ �

ð6:129Þ
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Figure 6.39 Finite difference equations for analysis of PEF.
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Ny ¼ �D
@3w

@y3
þ @3w

@x2@y

� �

¼ � D

2h3
�wtt þ 2wl�2wb þ wbb þ wtl�wbl�2ðwt�wbÞ þ wtr�wbr½ �

ð6:130Þ

The edge shearsQx andQy (Equations (6.124) and (6.125)) can be written in terms of FDOs

as follows

Qx ¼ �D
@3w

@x3
þ ð2�npÞ @3w

@x@y2

� �

¼ � D

2h3
�wll þ 2wl�2wr þ wrr þ ð2�npÞ

(
wtl�wtr�2wl þ 2wr þ wbl�wbr

)" #

ð6:131Þ

Qy ¼ �D
@3w

@y3
þ ð2�npÞ @3w

@x2@y

� �

¼ � D

2h3
�wtt þ 2wt�2wb þ wbb þ ð2�npÞðwtl�wbl�2wt þ 2wb þ wtr�wbrÞ
	 


ð6:132Þ

The Equations (6.126)–(6.132) can be written at all interior nodes, that is, nodes which

have two more adjacent nodes within the domain along x and y directions. At penultimate,

ultimate and corner nodes, we have to introduce fictitious nodes located beyond the

domain along x and y directions as may be necessary and solve for the values of these

fictitious nodes in terms of the values of the adjacent nodes within the domain using the

two or four boundary conditions depending on their locations, that is, penultimate,

ultimate, corner nodes. This is the same method followed in BEF and explained in detail

in Sections 6.4–6.9 above. In two dimensions such as for PEF, this procedure is somewhat

more cumbersome than BEF, though it does not make much difference in the efforts to

arrive at the system of equations if one uses computers and software packages. Then these

values of deflections at the fictitious nodes need to be replaced in the governing FDO, that

is, Equation (6.126) for all such effected nodes (penultimate, ultimate, corner nodes) by

the values obtained in terms of the deflections at the nodes within the domain. Then the

resulting system of simultaneous equations with nodal deflections (within the domain) as

unknowns become a consistent and nonhomogeneous system which can be uniquely solved

using methods like Gauss elimination and so on (Crandall, 1956; Kreyszig, 1967). It may

also be noted that the FDO for the governing equation need not be written at all those nodes

whose deflections are specified or known, that is, simply supported and fixed edges with

zero or specified deflections.

These manipulations have been carried out by Rijhsinghani (Teng, 1964) for PEF with free

edges. The governing FDOs for the PEF to be used for interior penultimate points on the edges
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and boundaries (in both directions), corner points and other points on the boundary have been

worked out (after accounting for fictitious points wherever needed as mentioned above) by

Rijhsinghani (Teng, 1964) and are given in Figures 6.39(c)–(g). The note about adding kh4

D
to the

FDOs to account for the soil reaction is mentioned in the figure. Once the system of equations

are arrived at and solved for the deflections, the design parameters of the PEF such as bending

moments and shear forces (Equations (6.124)–(6.132)) can be calculated using the correspond-

ing FDOs, as given in Equations (6.127)–(6.132). The contact pressure (soil reaction) at any

node (i, j) is computed by multiplying deflection with ks, that is, qi;j ðx; yÞ ¼ ki;jwi;j . These

values for points intermediate to the nodes can be computed using interpolation (Crandall,

1956). The example worked out by Rijhsinghani (Teng, 1964) is presented with some changes

in dimensions.

Example 6.4

Analyze the plate on elastic foundation using FDM with the following data. A square footing

1.2� 1.2m is subjected to a concentrated load at the center, P¼ 100 kN.

Thickness t¼ 12 cm, Ep ¼ 30� 106 kN=m2, np ¼ 0:15, Interval h ¼ 15 cm (in both direc-

tions, ks ¼ 105 kN=m3 ¼ k for plates).

Solution:

D ¼ Ept
3

12ð1�n2pÞ
¼ 4:42� 103 kNm

kh4

D
¼ 0:01145

Ph2

D
¼ 5:09� 10�4 m

The PEF is divided into grids of 15 cmas shown in Figure 6.40,with nodal numbers indicated

therein. Due to symmetry in both directions, only 15 unknowns at these nodes are needed for

solution, though there are 64 nodes totally. The governing FDO equations are arranged in

Table 6.1. The solutions of the deflections are given at the bottom line of the table. With these

values, all the parameters required for the design including soil reaction can be calculated

using Equations (6.124)–(6.132). For example, the moment Mx at node 2 can be calculated

using Equations (6.124) and (6.127) as

ðMxÞ2 ¼ � D

h2
ðw1�2w2 þ w3Þ þ npðw6�2w2 þ w6Þ
	 
 ¼ 7:37 kNm=m ð6:133Þ

The bending momentsMx andMy have been computed along the center line of the footing

and are graphically shown in Figure 6.41. These values are compared with the values obtained

by conventional analysis (shown by dotted line) in the figure.
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Figure 6.40 FD discretization of PEF.

Figure 6.41 Comparison of BMs Mx and My along the center line of PEF.
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6.11 FDM for Circular and Annular Plates on Elastic Foundations

Circular and annular shaped footings are commonly used for towers, chimneys, water tanks,

silos and other structures with circular geometry. The closed form solutions are very few and

are of limited practical use as mentioned in Chapter 5. FDM and FEM can be used

conveniently for analysis of such foundations. Though FDM can be used for plates and rings

with axially symmetric loading, the procedure becomes very cumbersome for nonsymmetric

geometry (sector shaped) and nonsymmetric loads. In such cases the equations in radial

coordinates (r,y) can be transformed into rectangular coordinates as given by Scott (1963)

and the standard FDOs developed for Cartesian coordinates given in Figures 6.5 and 6.6 can

be conveniently used for FDM applications. The method can obviously be used also for

problems with axial symmetry with much easier coordinate transformations as explained by

Scott (1963), Southwell (1946), Salvadori and Baron (1952), and Timoshenko and Krieger

(1959). Scott (1963) gives the basic transformations and FDOs for other geometries like

triangular and hexagonal meshes and so on. As these are essentially similar to FDM for

Cartesian coordinate problems, the reader may refer to the above references for details.

Jones (1997) analyzes the axially symmetric PEF by treating the circular plate as an

assembly of several sectors. He then considers each sector as a BEF with linearly varying

cross section and the FDM equations given in Sections 6.3–6.9 are readily applicable for

solving these problems.

Bowles (1996) presented FEM and also FEM like method referred to as finite grid method

(FGM) and gave examples of rectangular, circular, ring-shaped (annular) footings on elastic

foundations. Since these methods are based mainly on FEM concepts, these are presented in

Chapter 7. Further it may be noted that these methods are computationally more intensive than

FDMas the number of unknowns are usually very large and need computerized procedures and

(or) software packages.

6.12 BEF Software Package

Jones (1997) developed a general purpose interactive and user friendly software package using

FDM and Winkler models for soil. He presented several examples of BEF, circular, and ring-

shaped and axially symmetric footings, laterally loaded piles, pile foundations, pile group

analysis and a variety of problems in soil structure interactionwhose behavior can be simplified

to that of a general BEF.

6.13 Summary

This chapter presents numerical and finite difference methods which are very useful to solve

problems of BEF and PEF. The flexibility of these methods make them quite adaptable to

analyze several problems of practical significance such as spread footings, combined footings,

footings with varying size, varying soil characteristics, general loads, moments, circular and

ring-shaped foundations, mat foundations (rafts) with rectangular and square shapes, laterally

loaded piles and so on (Jones, 1997). Software packages such as BEF (Jones, 1997) are

available for easy application using computers/PCs.
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Exercise Problems

The problem assignments are organized as follows:

Exercise Problems Sections Topics

6.1–6.8 6.2 Trial solutions with undetermined parameters

6.9–6.15 6.3–6.9 Prismatic BEF

6.15, 6.17 6.11 Circular and ring-shaped

Footings

6.18, 6.19 6.10 Rectangular footings

6.1–6.4 Analyze the following BEF problem shown in Figure 6.42 using

1. Galerkin’s approach

2. Least squares method

3. Collocations method

4. Subdomain approach.

L ¼ 6m; l1 ¼ 2m; l2 ¼ 1m;P1 ¼ 200kN;P2 ¼ 100kN; both ends are free.

6.5–6.8 Repeat problems 6.1–6.4 with the following loads on the beam as shown in

Figure 6.43. l1 ¼ l2 ¼ 1 m; p0 ¼ 30 kN=m
6.9 Solve the BEF given in Figure 6.42 by FDM with three nodes.

6.10 Solve the BEF given in Figure 6.43 by FDM with four nodes with symmetry.

6.11–6.12 Solve the BEF problems given in Figures 6.42 and 6.43 using FDMwith all the

data remaining the same except that ks varies linearly from 20� 106 kN/m3 at

x ¼ 0 to 30� 106 kN/m3 at x ¼ L.

6.13 Solve problemgiven in Figure 6.42 using FDM ifmomentsM1¼ 200 kNmand

M2¼ 100 kNm are applied at B and C in addition to P1 and P2.

Figure 6.42 Problems 6.1–6.4.
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6.14–6.15 Solve the problems given in Figures 6.42 and 6.43 with all the data remaining

the same except that the width of the beam varies from b¼ 0.5m at x¼ 0 to

b¼ 1.5m at x¼ L, that is, the footing is trapezoidal in shape. Use FDM.

6.16 Analyze the circular footing with the following data by FDM by dividing the

footing into 12 sectors and applying it to any one sector (all the sectors will

have identical behavior). The footing section and soil data are given as in

Figure 6.44. The footing is free at its outer edge. P1¼ 100 kN/m (annular

line load) acting along a circle with radius 2.5m. ks ¼ 2� 104 kN=m3;
E (concrete)¼ 32� 106 kN=m2; v (concrete)¼ 0:2, depthof footing,d ¼1m.

Figure 6.43 Problems 6.5–6.8.

Figure 6.44 Problem 6.16.
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6.17 Analyze the ring foundation shown in Figure 6.45 using FDM. The ring footing is

supporting a udl of 20 kN/m2 all around. ks¼ 104 kN/m3, E¼ 30� 106 kN/m2,

vp ¼ 0:2, depth of footing, d¼ 0.8m. Divide the ring into 12 sectors.

Figure 6.45 Problem 6.17.

Figure 6.46 Problem 6.18.
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6.18 Analyze the following mat foundation/PEF with free edges shown in Figure 6.46 taking

symmetry for simplification wherever possible.

1. E ¼ 25� 106kN=m2; np ¼ 0:1
2. Thickness of the mat¼ 0.4m

3. Concentrated loads P1, P2, P3, P4¼ 150 kN, L¼ 8m, B¼ 6m

4. l1 to l4¼ b1 to b4¼ 1m

5. Divide the mat into a grid with h¼ 2m in both directions.

6.19 Analyze the above problemwith udl, applied on the areaABCDof themat (Figure 6.46).
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7

Finite Element Method

7.1 General Philosophy

The finite element method was originally developed in the aircraft industry to facilitate a

refined (approximate) analysis of complex airframe structures. Though the procedure was

developed as a concept of structural analysis, thewider basis of thismethodmakes it applicable

to a variety of field problems such as soil structure interaction, elasticity, structural analysis,

heat conduction, fluid flow and so on. In general this method is applicable to almost all

problems where a variational formulation of the physical phenomenon is feasible. The

important characteristics of the finite element procedure are: (1) the method is a general one

based on an approximate solution of an extremum problem (whichmakes it applicable tomany

problems) and (2) unlike the Ritz process, physical quantities which have an obvious meaning

are chosen as the parameters (Zienkiewicz, 1971).

Because of its origin and development as a tool for structural analysis, let us first examine the

basic philosophy as applied to problems in structural mechanics. The method in its popular

form is essentially a generalization of standard procedure in structural analysis known as direct

stiffness analysis. The basic concept involved is that every structuremay be considered to be an

assemblage of finite number of individual structural components or elements. In many

engineering problems, analysis of stress and strain in elastic continua is required. In all such

problems the number of interconnections between any finite element isolated by some

imaginary boundaries and the neighboring elements is infinite. However to make the analysis

feasible by this method, the continuum is idealized as an assemblage of one, two or three

dimensional elements of proper shape and size, with a finite number of inter connections. It is to

be noted that this approximation of discretization is purely of a physical nature and that there

need be no approximation in the mathematical analysis of the substitute system. This feature

distinguishes the finite element technique from finite difference methods in which the exact

equations of the actual physical system are solved by approximate mathematical procedures.

Another important attribute of the finite element method is its capacity for treating arbitrary

material properties, such as nonhomogeneity, anisotropy, nonlinearity, and so on, as all of the
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material properties of the original system can be retained in the discrete elements used in the

substitute system. Before we actually go into the finite element procedure let us briefly

recapitulate some of the structural analysis concepts involved.

Let Figure 7.1 represent a two dimensional structure assembled from individual components

and interconnected at the nodes designated (1) to (n). The joints at the nodes are pinned.

Considering the element (a) in Figure 7.1 and knowing its characteristics, the forces at the

associated nodes 1, 2 and 3 can be uniquely determined using the displacement of these nodes,

the distributed load, p, and its initial strain if any. The initial strain may be due to temperature,

shrinkage or simply an initial lack of fit. Let the forces and displacements be defined by

components (U, V and u, v) in a common coordinate system.

The forces at the nodes of element (a) in Figure 7.1 can be written in matrix form as

Ff ga ¼
F1

F2

F3

8<
:

9=
; ¼

U1

V1

U2

V2

U3

V3

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;

ð7:1Þ

Figure 7.1 A typical structural assemblage using interconnected elements.
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and the corresponding nodal displacements as

df ga ¼
d1
d2
d3

8<
:

9=
; ¼

u1
v1
u2
v2
u3
v3

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;

ð7:2Þ

Assuming elastic behavior, the characteristic relationship between the forces and the

displacements of the element are of the form

Ff ga ¼ K½ �a df ga þ Ff gap þ Ff gae0 ð7:3Þ

The first term represents the forces due to displacements at the nodes, Ff gap represents the nodal
forces required to balance any distributed loads acting on the element and Ff gae0 represent the
nodal forces required to balance any initial strains. Similarly stresses, s, at any specified point
or points of the element can be written in terms of nodal displacements as

sf ga ¼ S½ �a df ga þ sf gap þ sf gae0 ð7:4Þ

Then the matrix [K]a is known as the element stiffness matrix and [S]a as the element stress

matrix. To get the complete solution of the structural assembly, just as the one shown in

Figure 7.1, the two conditions to be satisfied are

1. Displacement compatibility

2. Equilibrium.

By listing the nodal displacements for all the elements of the structural assembly, the first

condition is taken care of. As can be seen, the overall equilibrium has already been satisfied

within each element, as expressed by Equations (7.3) and (7.4). Hence by writing down the

equilibrium conditions at the nodes, the resulting equations will contain the displacements as

unknowns. Once these are solved, the rest of the analysis for forces, stresses and so on is

obvious. Let us now proceed to the study of the finite element procedure.

7.2 Finite Element Procedure

This can be divided into three phases:

1. Structural idealization

2. Evaluation of the element properties

3. Structural analysis of element assemblage.

The structural idealization is the process of subdivision of the original system into an

assemblage of discrete segments of proper sizes and shapes. Judgment is required as the results

can be valid only to the extent that the behavior of the substitute structure simulates the actual

structure. In general better results can be achieved by finer subdivision.
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The objective of the second phase is to find the stiffness or the flexibility of the element,

which is an important step in the analysis and will be discussed later.

The third phase is a standard structural problem as has been briefly outlined earlier. The

individual element configurations are of no concern. The same techniques apply to systems of

one-, two- or three-dimensional elements or any combinations of these. The essential problem

is to satisfy the three conditions of equilibrium, compatibility and force–deflection relation-

ships. Either of the basic approaches of structural analysis, known as the force method and the

displacement method, or hybrid methods can be used. However, the displacement method is

preferred as it is simpler for formulation and computer programming. The fundamental steps

involved are:

1. Evaluation of the stiffness properties of the individual structural elements, expressed in any

convenient local (element) coordinate system.

2. Transformation of the element stiffness matrix from the local coordinates to a form relating

to global coordinates system of the complete structural assemblage. This can be done as

explained in Section 7.2.2.

3. Superposition of the individual element stiffnesses contributing to each nodal point to

obtain the total assemblage nodal stiffness matrix [K].

4. Formulation and solution of the equilibrium equations expressing the relationship between

the applied nodal forces {R} and the resulting nodal displacements {d} as

Rf g ¼ K½ � df g þ Ff gp þ Ff g eo ð7:5Þ
5. Evaluation of the element deformations from the computed nodal displacements by

kinematic relationships and determination of element forces from the element deformations

by means of the element stiffness matrices.

7.2.1 Finite Element Deformation Patterns

In the analysis of framed structures, the evaluation of the element stiffnesses can be done by

simple procedure. The stiffness characteristics of two- and three-dimensional elements cannot

be obtained by equivalent methods because of several obvious reasons. To quote the more

important one, the results obtained using element stiffness properties defined in this waywould

differ greatly from the stresses and deflections of the actual continuum. Hence, in order that the

finite element idealization may represent the behavior of the continuum closely, the deforma-

tion patterns which may develop in the element have to be prescribed. The choice of the proper

deformation pattern is the critical step in the evaluation of element stiffness.

Another important point to be considered while prescribing the deformation patterns is the

compatibility. It is not always easy to ensure displacement compatibility between adjacent

elements. The compatibility condition on such common boundary lines may be violated,

thoughwithin each element it is obviously satisfied due to uniqueness of displacements implied

in its functional representation. However for the simple triangular plane stress elements it is

easy to prescribe fully compatible deformation patterns.

Also, by concentrating the equivalent forces at the nodes, equilibrium conditions are

satisfied in the overall sense only; and local violations of equilibrium conditions within

each element and on its boundaries usually arise. But the artificial boundary forces are local,
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self-equilibrating effects which have little influence on the general behavior of the structure

(Zienkiewicz and Taylor, 1989).

To ensure convergence of the solution by this method the displacement function chosen

should satisfy the following criteria:

1. The displacement function chosen should be such that it does not permit straining of an

element to occur when the nodal displacements are caused by a rigid body displacement.

2. The displacement function has to be of such a form that if nodal displacements

are compatible with a constant strain condition such constant strain will in fact

be obtained.

7.2.2 Transformation of Coordinates

It is generally convenient to compute the characteristics of an individual element in a local

coordinate system best suited to the geometry of the element. Then these can be easily

transformed into any convenient global coordinate system chosen for the whole systems for

obtaining the global characteristics. Then the total assemblage to represent the system can be

obtained by superposing the individual element characteristics and assembling them. A

different coordinate system may conveniently be used for every element to facilitate the

computation. It is easy to transform the coordinates of the displacement and force components

of Equations (7.1)–(7.3) to any other global coordinate system. It is necessary to do so before

an assembly of the structure can be made.

Let a prime superscript denote the local coordinate system in which the element properties

have been evaluated and let the global coordinate systemnecessary for assembly be nonprimed.

The displacement components can be transformed by a suitable matrix of direction cosines

[L] as

d0f ga ¼ L½ � df ga ð7:6aÞ
Equating the work done by the forces in both coordinate systems as force components must

perform the same amount of work, we have

Ff gað ÞT df ga ¼ F0f ga� �T d0f ga

Inserting Equation (7.6a) in the above equation, we get

Ff gað ÞT df ga ¼ F0f ga� �T
L½ � df ga

that is

Ff ga ¼ L½ �T F0f ga ð7:6bÞ
The stiffnesses which may be available in local coordinates can be transformed to global

ones as follows. The force displacement relationship in local coordinates can be written from

Equation (7.3) as

F0f ga ¼ k0½ �a d0f ga ð7:6cÞ
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Substituting Equations (7.6a) and (7.6b) in Equation (7.6c), we have

Ff g ¼ L½ �T k0½ �a L½ � df ga ¼ k½ �a df ge

Hence

k½ �a ¼ L½ �T k0½ � L½ � ð7:6dÞ
where k0 and k are element stiffness matrices in local and global coordinates.

Similarly the reverse transformations from global to local coordinates can also be done as

follows.

Noting that L½ ��1 ¼ L½ �T (since direction cosine matrix L is an orthonormal matrix), from

Equations (7.6a)–(7.6d)

df ga ¼ L½ ��1 d0f ga ¼ L½ �T d0f g ð7:6eÞ

F0f ga ¼ L½ � Ff ga ð7:6fÞ

k0½ �a ¼ L½ � k½ �a L½ �T ð7:6gÞ

7.3 Formulation of Finite Element Characteristics (Stiffness Analysis)

The stiffness of any arbitrary element of the assemblage can be evaluated using the assumed

deformation patterns. Besides providing boundary compatability, the number of displacement

functions chosen must agree with the number of degrees of nodal displacement freedom of the

element. The procedure of stiffness analysis will be illustrated with a simple plane stress

analysis of a thin slice, but the extension to other problems is straightforward.

Consider the region shown in Figure 7.2 subdivided into triangular elements. The following

are basic operations:

Figure 7.2 Finite element discretization of a plane stress problem.
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1. Consider a typical element (e) of the assembly, associated with nodes i, j,m and straight line

boundaries.

Let the displacements of any point within the element be defined by f (x,y), as

ff g ¼ N½ � df ge ¼ Ni Nj Nm . . .
� �

di
dj
dm
:
:
:

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;

ð7:7Þ

where components of [N] are functions of position and df ge represents a listing of nodal

displacements for a particular element.

2. In the case of plane stress, for example ff g ¼ uðx; yÞ
vðx; yÞ

� �
which represent horizontal and

vertical displacements of a point within the element and dif g ¼ ui
vi

� �
, the displacements

of node i. The displacement functions should satisfy internal compatability and also

maintain boundary compatability as far as possible, as cited earlier. The strains can be

evaluated as

ef g ¼ B½ � df ge

For the plane stress case, for instance

ef g ¼
exx
eyy
gxy

8<
:

9=
; ¼

qu
qx
qv
qy

qu
qy

þ qv
qx

8>>>>>>><
>>>>>>>:

9>>>>>>>=
>>>>>>>;

¼ B½ � df ge ð7:8Þ

Knowing Ni,Nj and Nm, [B] can be easily found.

3. Assuming linear elastic behavior, the stress–strain relation for the particular case of plane

stress can be expressed as

sf g ¼
sx
sy
txy

8<
:

9=
; ¼ ½D� feg�fe0gf g�fs0g ð7:9Þ

where e0f g and s0f g are the initial strains and stresses if any.

The matrix [D] will be the usual isotropic stress–strain matrix relationship and is

written as

D½ � ¼ E

1�n2

1 n 0

n 1 0

0 0
1�n
2

8>><
>>:

9>>=
>>;

ð7:10Þ

It may be noted that [D] matrix for the cases of plane strain, 3-D problems, orthotropic

materials, axisymmetric problems will be different and are available in standard books/

manuals on FEM (Zienkiewicz, 1971).
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4. Equivalent nodal forces: the nodal forces which are statically equivalent to the boundary

stresses and distributed loads on the element are represented as

Ff ge ¼
Fi

Fj

Fm

..

.

8>><
>>:

9>>=
>>;

ð7:11Þ

The number of components of (Fi) should be the same as the components of dif g and be

designated in the appropriate, corresponding directions.

The distributed loads {p} are defined as those acting on a unit volume of material within the

element with directions corresponding to those of the displacements [d] at that point.
For the plane stress case

Fif g ¼ Ui

Vi

� �
and pf g ¼ X

Y

� �
ð7:12Þ

whereU,V correspond to the directions of displacements u and v andX and Y are the body force

components along x and y directions.

To make the nodal forces statically equivalent to the actual boundary stresses and

distributed loads, the simplest procedure is to impose a virtual nodal displacement and to

equate the external and internal work done by the various forces and stresses during that

displacement.

Taking the virtual displacement at the nodes as �d
� 	e

, fromEquations (7.7) and (7.8) we have

�f
� 	 ¼ N½ � �d

� 	e
and �ef g ¼ B½ � �d

� 	e ð7:13Þ

Then work done by the nodal forces over the corresponding virtual displacements can be

written as

�d
� 	e� 	T

Ff ge ð7:14Þ

The internal work done per unit volume by the stresses and distributed forces is

ef gT sf g� �f
� 	T

pf g ð7:15Þ

From Equation (7.13), the same can be written as

�d
� 	e� 	T

B½ �T sf g� N½ �T pf g� 	 ð7:16Þ

Equating external work done to the total internal work obtained by integrating over the

volume of the element we have

�d
� 	e� 	T

Ff g ¼ �d
� 	e� 	T

ðVol
B½ �T sf gdðVolÞ�

ðvol
N½ �T pf gdðvolÞ

2
4

3
5 ð7:17Þ
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As this is identically true for any virtual displacement we have from the above

Ff ge ¼
ð
B½ �T sf gdðVolÞ�

ð
N½ �T pf gdðVolÞ

¼
ð
B½ �T D½ � B½ �dðVolÞ df ge�

ð
B½ �T D½ � e0f gdðVolÞ�

ð
N½ �T pf gdðVolÞ

ð7:18Þ

(from Equations (7.7) and (7.8)).

This relation can be identified to be the typical characteristic of any structural element as

seen earlier (see Equation (7.3)). By comparison of Equations (7.3) and (7.18), the stiffness

matrix and other parameters can be written as

k½ �e ¼
ð
B½ �T D½ � B½ �dðVolÞ ð7:19Þ

Ff gep ¼ �
ð
N½ �T pf gdðVolÞ ð7:20Þ

Ff gee0 ¼ �
ð
B½ �T D½ � e0ð ÞdðVolÞ ð7:21Þ

Ff ges0 ¼
ð
B½ �T s0f g dðVolÞ ðin case there is an initial stress s0Þ ð7:22Þ

If initially the system is in equilibrium with residual stresses s0f g, then the forces given by

Equation (7.22) will be equal to zero after assembling the elements to form the total system.

All these relations are quite general. The total solution of the assembly of the finite elements,

now follows the standard structural procedures. In general, external concentrated forces may

exist at the nodes and the matrix

Rf g ¼
R1

R2

:
Rn

8>><
>>:

9>>=
>>;

ð7:23Þ

will be added to the consideration of equilibrium at the nodes as given in Equation (7.5).

Solving for the nodal displacements from these equations the stresses at any point can be got

from Equations (7.8) and (7.9), that is

sf g ¼ D½ � B½ � df ge� D½ � e0f g þ s0f g ð7:24Þ
This equation can be identified to be similar to Equation (7.4) and by comparison, the stress

matrix can be written as

Sf ge ¼ D½ � B½ � ð7:25Þ
The initial stress due to initial strain is

sf gee0 ¼ � D½ � e0f g ð7:26Þ

Finite Element Method 269



All the above equations are very general and can be interpreted depending on the problem.

For example, if it is of an elastic continuum problem, then the displacements, strains, stresses

and forces have the samemeaningmentioned in the above sections. However, if it is a beam or a

plate or solid of other shapes and responses the generalized displacements can be interpreted as

vertical deflections, slopes, curvatures and generalized forces could be interpreted as bending

moments, shear forces and so on.Accordingly, FEMcan also be used for analyzing several field

problems such as heat conduction, seepage, steady and unsteady fluid flow, current and

magnetic field problems and so on (Zienkiewicz, 1971; Desai and Abel, 1972; Canale and

Chapra, 1989; Bowles, 1996). These are in addition to solid mechanics problems of general

shapes, constitutive relationships (linear and nonlinear) external loads and so on, wherever the

problems involveminimization of an extremum problem such asminimization of energy (as in

the case of elasticity problems).

However, for problems where such aminimization process is not either easily identifiable or

difficult to formulate, an alternate formulation of FEM can be carried out using Galerkin’s

method of weighted residuals wherein the residues are minimized (Crandall, 1956; Zienkie-

wicz, 1971; Zienkiewicz and Taylor, 1989). This procedure makes FEM very versatile and

adaptable to all problems where governing equations are known with proper boundary

conditions and (or) initial conditions. All these details are very well explained in standard

books on FEM as well as in the large number of general purpose software packages such as

SAP, NASTRAN, ANSYS, ABAQUS and so on.

Using the general equations discussed in Sections 7.1–7.3, we can derive the relevant

expressions for the bending of beams and plates which are needed to analyze BEF and PEF.

7.4 Beam Elements

Consider a beam element with two nodes according to the bending theory, as shown in

Figure 7.3 which shows a uniform beam element subjected to the transverse distributed force

Figure 7.3 Beam element.
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p(x). In this case, the joints undergo both translational and rotational displacements, so the

unknown joint displacements are labeled as w1, w2, w3 and w4. Thus, there will be linear joint

forces f1 and f3 corresponding to the linear joint displacements w1 and w3 and rotational joint

forces (bending moments) f2 and f4 corresponding to the rotational joint displacements w2 and

w4 respectively. The transverse displacement within the element can be expressed as

wðxÞ ¼
X4
i¼1

NiðxÞwi ¼ ½N�fdg ð7:27Þ

where Ni(x) are shape functions and d is the matrix of nodal displacements of the element, that

is, w1, w2, w3, w4.

Noting that wð0Þ ¼ w1;
dwð0Þ
dx

¼ w2; wðlÞ ¼ w3;
dwðlÞ
dx

¼ w4

Ni(x) must satisfy the following boundary conditions

N1ð0Þ ¼ 1; N1ðlÞ ¼ 0;
dN1

dx
ð0Þ ¼ 0;

dN1

dx
ðlÞ ¼ 0 ð7:28Þ

N2ð0Þ ¼ 0; N2ðlÞ ¼ 0;
dN2

dx
ð0Þ ¼ 1;

dN2

dx
ðlÞ ¼ 0 ð7:29Þ

N3ð0Þ ¼ 0; N3ðlÞ ¼ 1;
dN3

dx
ð0Þ ¼ 0;

dN3

dx
ðlÞ ¼ 0 ð7:30Þ

N4ð0Þ ¼ 0; N4ðlÞ ¼ 0;
dN4

dx
ð0Þ ¼ 0;

dN4

dx
ðlÞ ¼ 1 ð7:31Þ

Since four conditions are known for each Ni(x), we can assume a polynomial involving four

constants (a cubic equation) for Ni(x), that is,

NiðxÞ ¼ ai þ bix þ cix
2 þ dix

3; i ¼ 1; 2; 3; 4 ð7:32Þ

Substituting the four sets of boundary conditions of Equations (7.28)–(7.31) into Equa-

tion (7.32), the shape functions are obtained as

N1ðxÞ ¼ 1�3
x

l


 �2

þ 2
x

l


 �3

ð7:33Þ

N2ðxÞ ¼ x�2l
x

l


 �2

þ l
x

l


 �3

ð7:34Þ

N3ðxÞ ¼ 3
x

l


 �2

�2
x

l


 �3

ð7:35Þ

N4ðxÞ ¼ �l
x

l


 �2

þ l
x

l


 �3

ð7:36Þ

Finite Element Method 271



Now, the displacements within the finite beam element can be written from Equation (7.27) as

wðxÞ ¼ 1�3
x2

l2
þ 2

x3

l3

� 
w1 þ x

l
�2

x2

l2
þ x3

l3

� 
lw2

þ 3
x2

l2
�2

x3

l3

� 
w3 þ � x2

l2
þ x3

l3

� 
lw4

ð7:37Þ

Wemay also note that the strain matrix e consists of only the curvature in the case of the beam
and the corresponding s matrix refers to the bending moment. Hence

ef g ¼ � q2w
qx2

¼ B½ � df g

[B] from Equations (7.33)–(7.36) can be obtained as

B½ � ¼ Bi;Bj

� 	 ¼ � d2

dx2
Ni Nj

� 	

¼ 1

l2
6�12

x

l
4�6l

x

l


 �
�6 þ 12

x

l


 �
2�6l

x

l


 �n o ð7:38Þ

sf g ¼ M ¼ EI
d2w

dx2
¼ D ef g ð7:39Þ

where

D½ � ¼ EI

Then the stiffness matrix can be obtained from Equation (7.19) as

K½ � ¼
ðl

0

BTDB dx ¼ EI

ðl

0

BTB dx ð7:40Þ

Substituting forB andN fromEquations (7.38) and (7.33)–(7.36) in Equations (7.40) and (7.20)

and integrating the resulting expressions, we get

K½ � ¼ EI

l3

12 6l �12 6l

6l 4l2 �6l 2l2

�12 �6l 12 �6l

6l 2l2 �6l 4l2

2
664

3
775 ð7:41Þ

and

fi ¼
ðl

0

pðxÞNiðxÞ dx i ¼ 1; 2; 3; 4 ð7:42Þ

However another simpler and alternate method to express the equivalent nodal forces due to p

(x) applied on the beam (or concentrated loads applied in between the nodes), is to distribute the
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resultant force at both the nodes judiciously (depending on the proximity of the applied forces

to the node under consideration) as mentioned in the following two alternatives:

1. Prorate loads to adjacent nodes using a simple beam model

2. Prorate loads to adjacent nodes as if the element has fixed ends so that the values include

fixed end moments and shears (vertical forces). This is more accurate but involves

cumbersome computations.

Accordingly alternative 1 is preferable because of its simplicity.

Equations (7.41) and (7.42) can also be directly derived bywriting the expressions for bending

strain energy and virtual work done by the virtual displacements of the element (Rao, 1982).

The corresponding generalized forces at the two nodes from the force matrix F of the

element are

Ff ge ¼ F1

F2

� �
¼

Q1

M1

Q2

M2

8>><
>>:

9>>=
>>;

¼ K½ �
w1

w2

w3

w4

8>><
>>:

9>>=
>>;

þ
f1
f2
f3
f4

8>><
>>:

9>>=
>>;

ð7:43Þ

where [K] and {f} are given by Equations (7.41) and (7.42).

It may be noted that Q and M are shear forces and bending moments and are given by

M ¼ EI
d2w

dx2

Q ¼ �EI
d3w

dx3

ð7:44Þ

at nodes 1 and 2. It may be noted that Equations (7.44) differ from Equations (4.16) due to

change in conventions as shown in Figure 4.20 and Figure 7.3.

7.4.1 Incorporating Soil Reaction for BEF Analysis

The soil reaction using Winkler’s model is expressed as (Chapter 4)

qðxÞ ¼ kw

The corresponding soil reactions at the two nodes of the beam (Figure 7.3) can be

incorporated as nodal forces either at the time of formulating the stiffness matrix of the beam

element or while assembling the global stiffness matrix of the beam for applying equilibrium

equations as follows:

1. Incorporating soil reactions in the element stiffness matrix for BEF (Bowles, 1996). Noting

that the soil reaction has to be converted into equivalent nodal forces at the nodes of the beam

element, the corresponding node soil spring (stiffness) to be added to the diagonal element

of the beam stiffness matrix, that is, K11 and K33 in Equation (7.43).

The soil spring stiffness (noting that the units should be FL�1) can be expressed from the

soil reactions at the nodes as
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Qs1 ¼ k1w1 ¼ l

2
bksw1

Qs2 ¼ k2w3 ¼ l

2
bksw3

ð7:45Þ

where

b¼width of the beam

ks¼modulus of subgrade reaction (FL�3)

l¼ length of the element

k1, k2¼ equivalent soil spring stiffnesses at nodes 1, 2

¼ l

2
bks ð7:46Þ

w1, w3¼ vertical displacements at nodes 1, 2

Qs1, Qs2¼ equivalent soil reactions at nodes

By adding terms k1 and k2 to the corresponding beam stiffness elements k11 and k33 in the

K matrix given by Equation (7.41), the stiffness matrix for BEF element can be written as

K½ �bef ¼
EI

l3

12 þ k1l
3

EI
Symmetric

6l 4l2

�12 �6l 12 þ k2l
3

EI
6l 2l2 �6l 4l2

2
6666664

3
7777775

ð7:47Þ

where k1 and k2 are given in Equation (7.46)

The global stiffness matrices will thus include the contributions of soil reaction coming

from the adjacent elements at that node.

2. Another alternative method is to incorporate the soil reactions at the nodes directly while

assembling the global stiffness matrix. This method is essentially the same as mentioned

above except that Equation (7.41) is used forK instead of Equation (7.47) forKbef. Thus the

soil reactions are directly added at the nodes as external forces, that is, contributions form

either side of the node are taken into account (Bowles, 1996).

The rest of the FEM is the same that is, assembling the total beam in terms of global stiffness

matrix (using the element stiffness matrices given by Equations (7.47) or (7.41), satisfying the

equilibrium equations at the nodes, solving for unknown nodal displacements from the

resulting simultaneous equations and computing the bending moments, shear forces either

from element characteristics or from finite difference approximation in terms of known

displacements (Chapter 6), as outlined in Section 7.2.

7.5 Plate Elements for Bending Theory

7.5.1 Introduction

Foundations which have comparable dimensions along both directions (length and breadth)

need to be analyzed as plates on elastic foundations (PEF) in the rational approach. The exact
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solutions and the numerical and FDM solutions for PEF have been discussed in Chapters 5 and

6. The details for applying FEM to PEF are discussed in the following sections using classical

bending theory of plates. The FEM approach is the same as presented in the earlier Section 7.4

except that the plate problem is two-dimensional.

The state of deformation of a plate can be described entirely by the lateral displacementw of

themiddle plane of the plate. Continuity conditions between elements have now, however, to be

imposed not only on this quantity but on its derivatives. This is to ensure that the plate remains

continuous and does not kink. At each node, therefore, three conditions of equilibrium and

continuity need to be imposed.

Determination of suitable shape functions is now much more complex. Indeed, if complete

slope continuity is required on the interfaces between various elements, the mathematical and

computational difficulties often rise disproportionately fast. It is, however, relatively simple to

obtain shape functions which, while preserving the continuity of w, may violate the slope

continuity between elements, though naturally not at the node where continuity is imposed. If

such functions satisfy the constant strain criterion, then convergence may still be found.

Accordingly nonconforming shape functions are usually adapted. The solutionwith such shape

functions gives bounds to the correct answer, but on many occasions it yields an inferior

accuracy. For practical applications using nonconforming shape functions presented below are

preferable.

The simplest type of element shape is a rectangle and this will be discussed. Triangular and

quadrilateral elements present some difficulties and are used for solutions of plates of arbitrary

shape and shell problems (Zienkiewicz, 1971; Rao, 1982).

7.5.2 Displacement Formulation of the Plate Problem

Displacement of a plate, under the usual thin plate theory, is uniquely specified once the

deflection,w, is knownat all points. This can bewritten in general form similar toEquation (7.7)

as

w ¼ N½ � df ge ð7:48Þ

in which the shape functions are dependent on Cartesian coordinates x, y and df ge lists the
element (nodal) parameters.

The generalized strains and stresses have to be specified in such a way that their scalar

product gives the internalwork in themanner discussed in Section 7.3. Thuswe define the strain

as (Figure 7.4)

ef g ¼

� q2w
qx2

� q2w
qy2

2
q2w
qxqy

8>>>>>>>>><
>>>>>>>>>:

9>>>>>>>>>=
>>>>>>>>>;

ð7:49Þ

This is similar to Equation (7.8)
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The corresponding stresses are in fact the usual bending and twisting moments per unit

lengths in x and y directions, as given below

sf g ¼
Mx

My

Mxy

8<
:

9=
; ð7:50Þ

This is similar to Equation (7.9)

As true strains and stresses vary linearly across the plate thickness these can be found from

such expressions as

sx ¼ 6Mx

t2
z; etc ð7:51Þ

where z is measured from the plate midplane and t is the thickness of the plate.

The product of Equations (7.49) and (7.50) will be equal to the internal work expression

exactly. As the strains are now defined by second derivatives, the continuity criterion requires

that the shape functions be such that both w and its slope normal to the interface between

elements be continuous.

The criterion of constant strain requires that any constant arbitrary value of second derivative

should be reproducible within the element.

To ensure at least an approximate satisfaction of slope continuity three displacement

components are considered as nodal parameters: the first is the actual displacement w in the

z direction, the second is a rotation about the x axis yxð Þ and the third is a rotation about the y
axis yy

� �
. Figure 7.5 shows these rotations with their positive directions; and their magnitudes

are shown by vectors directed along the axes.

Now we can write the generalized displacement matrix at each node (similar to Equa-

tion (7.2)) as

dif g ¼
wi

yxi
yyi

8<
:

9=
; ¼

wi

� qw
qy

� 
i

qw
qx

� 
i

8>>>>><
>>>>>:

9>>>>>=
>>>>>;

ð7:52Þ

The nodal forces corresponding to these displacements can be interpreted as a direct force and

two moments

Figure 7.4 Stresses in plate bending.
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Fif g ¼
Fwi

Fy xi

Fy yi

8<
:

9=
; ð7:53Þ

as shown in Figure 7.5.

The stiffness and other element matrices will be obtained in the usual manner by the

expressions of Section 7.3 once the [B] matrix has been determined.

From Equations (7.48) and (7.49) it follows that

Bi½ � ¼

� q2

qx2
Ni½ �

� q2

qy2
Ni½ �

2
q2

qxqy
Ni½ �

8>>>>>>>><
>>>>>>>>:

9>>>>>>>>=
>>>>>>>>;

ð7:54Þ

The elasticity matrix [D] is similar to the usual definition as mentioned in Equation (7.10).

Accordingly

sf g � Mf g ¼ D½ � ef g� e0f gð Þ þ s0f g ð7:55Þ
For an isotropic plate this is expressed as (Timoshenko and Krieger, 1959)

D½ � ¼ Et3

12 1�n2ð Þ

1 n 0

n 1 0

0 0
1�n
2

� 
2
664

3
775 ð7:56Þ

where E and n¼Young’s modulus of elasticity and Poisson’s ratio of the plate material

respectively.

t ¼ the thickness of the plate.

Figure 7.5 A rectangular plate element.
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For an orthotropic slab with principal directions of orthotropy coincidingwith the x and y axes,

four constants are needed to define the behavior, that is

D½ � ¼
Dx D1 0

D1 Dy 0

0 0 Dxy

2
4

3
5 ð7:57Þ

These can be related to the appropriate elastic constants of the material (Timoshenko and

Krieger, 1959), but it is more convenient to leave them in the above form as the plate theory is

often used to solve grillage problems. In such cases the constants must be related to the

properties of the grillage. Clearly, for a most complete case of anisotropy, six constants at most

are needed to define [D] since the matrix always has to be symmetric (Zienkiewicz, 1971).

7.5.3 Continuity of Requirement for Shape Function

To ensure the continuity of both w and its normal slope across an interfacewemust have bothw

and qw
qn uniquely defined by values along such an interface.

However, it is impossible to specify simple polynomial expressions for shape functions

ensuring full compatibility when only w and its slopes are prescribed at nodes (Zienkiewicz,

1971; Rao, 1982).

If any functions satisfying the compatibility are found with the three nodal variables, they

must be such that at corner nodes they are not continuously differentiable and the cross

derivative is not unique (Zienkiewicz, 1971).

The difficulties of finding compatible displacement functions led to several attempts at

ignoring the complete slope continuity while still continuing with the other necessary criteria.

Proceeding with the idea that the imposition of slope continuity at node must, in the limit, lead

to complete slope continuity, several very successful elements have been developed. The

convergence of some of these can be demonstrated and proved by other means. In view of their

simplicity, they are usually adopted for applications as discussed below.

7.5.4 Nonconforming Shape Functions

Consider a rectangular element of a plate ijkl coinciding with the x, y planes as shown in

Figure 7.5. At each node displacements df g are introduced. These have three components: the

first a displacement in the z direction, w the second a rotation about the x axis, yxð Þ, the third a
rotation about the y axis yy

� �
.

The nodal displacements are defined byEquation (7.52) while the element displacement will

be given by the listing of the four nodal displacements, that is

df ge ¼
di
dj
dk
dl

8>><
>>:

9>>=
>>;

ð7:58Þ

A polynomial expression is conveniently used to define the shape functions in terms of the

twelve parameters. Certain terms must be omitted from a complete fourth-order polynomial.
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Writing

w ¼ a1 þ a2x þ a3y þ a4x2 þ a5xy þ a6y2 þ a7x3 þ a8x2y

þ a9xy2 þ a10y3 þ a11x3y þ a12xy3
ð7:59Þ

has certain advantages. In particular, along any x¼ constant or y¼ constant line, the displace-

mentw varies as a cubic. The element boundaries or interfaces are composed of such lines. As a

cubic is uniquely defined by four constants, the two end values of slopes and displacements at

the ends of the boundaries therefore define the displacements uniquely along this boundary. As

such end values are common to adjacent elements, continuity of w is imposed all along any

interface.

It can be observed that the gradient of w normal to any of the boundaries varies along it in a

cubic way (consider, for instance, qwqx along a line on which x is constant). As on such lines only

two values of the normal slope are defined, the cubic is not specified uniquely and, in general, a

discontinuity of the normal slope occurs. The function is thus nonconforming.

The constants a1 to a12 can be evaluated by writing down the twelve simultaneous equations

linking the values ofw and its slopes at the nodeswhen the coordinates take up their appropriate

values. For instance

wi ¼ a1 þ a2xi þ a3yi þ etc:

� qw
qy

� 
i

¼ yxi ¼ �a3 þ etc:

qw
qx

� 
i

¼ yyi ¼ a2 þ etc:

ð7:60Þ

The 12 equations can be written, in matrix form, as

df ge ¼ C½ � af g ð7:61Þ
where [C] is a 12� 12 matrix depending on nodal coordinates and af g is a vector of the 12

unknown constants given by

af g ¼ C½ ��1 df ge ð7:62Þ
This inversion can be carried out by computer or, if an explicit expression is desired for the

stiffnesses and so on, it can be performed algebraically (Zienkiewicz, 1971).

It is now possible to write the expression for the displacement within the element in a

standard form as

ff g ¼ w ¼ N½ � df ge ¼ P½ � C½ ��1 df ge ð7:63Þ
where

P½ � ¼ 1; x; y; x2; xy; y2; x3; x2y; xy2; y3; x3y; xy3
� � ð7:64Þ

An explicit form of the above expression was derived by Melosh (Zienkiewicz, 1971).

The expressions can be written simply in terms of normalized coordinates as described by

Zienkiewicz (1971). This can be written for any node as
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Ni½ � ¼ PC�1 ¼ 1

2

x0 þ 1ð Þ Z0 þ 1ð Þ 2 þ x0 þ Z0�x2�Z2
� �

;

axi x0 þ 1ð Þ2 x0�1ð Þ Z0 þ 1ð Þ;
bZi x0 þ 1ð Þ Z0 þ 1ð Þ2 Z0�1ð Þ

2
664

3
775 ð7:65Þ

where

x ¼ x�xeð Þ
a

; Z ¼ y�yeð Þ
b

x0 ¼ x � xi; Z0 ¼ Z � Zi
ð7:66Þ

The matrix [B] is obtained directly from Equation (7.59) or from Equation (7.65) by use of

Equation (7.54). Writing the expressions for ef g, we have

ef g ¼
�2a4 �6a7x �2a8y �6a11xy
�2a6 �2a9x �6a10y �6a12xy
2a5 þ4a8x þ4a9y þ6a11x2 þ6a12y2

8<
:

9=
; ð7:67Þ

This can be expressed as

ef g ¼ Q½ � af g ¼ Q½ � C½ ��1 df ge; and B½ � ¼ Q½ � C½ ��1 ð7:68Þ
in which

Q½ � ¼
0 0 0 �2 0 0 �6x �2y 0 0 �6xy 0

0 0 0 0 0 �2 0 0 �2x �6y 0 �6xy

0 0 0 0 2 0 0 4x 4y 0 6x2 6y2

2
4

3
5 ð7:69Þ

It is of interest to note that the displacement function chosen does in fact permit a state of

constant strain (curvature) to exist and therefore satisfies the criterion of convergence stated in

Section 7.2.

7.5.5 Stiffness and Load Matrices

The standard procedure given in Section 7.3 can now be followed to obtain these matrices

according to Equation (7.19)

K½ � ¼
ðð

B½ �T D½ � B½ � dx dy ð7:70Þ

Substituting B from Equation (7.68) in Equation (7.70) and taking t as constant within the

element, we get

K½ � ¼ C½ ��1
n oT

ðð
Q½ �T D½ � Q½ � dx dy

� 
C½ ��1 ð7:71Þ

The terms not containingx and y have nowbeen removed from the operation of integration. The

term within the integration sign can be multiplied out and integrated explicitly without

difficulty, if t is constant.
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An explicit expression for the stiffness matrix [K] has been evaluated for the case of an

orthotropic material and is given in Appendix 7.A.1 (Zienkiewicz, 1971).

The corresponding stress matrix for the internal moments of all the nodes is given in

Appendix 7.A.2 (Zienkiewicz, 1971).

The external forces at nodes due to distributed loading can be approximately calculated by

allocating specific areas as contributing to any node. However, it ismore logical and accurate to

use once again the standard expression Equation (7.20) instead of the simple approach.

If a distributed loading p is acting per unit area of an element in the direction of w then, by

Equation (7.20), the contribution of these forces to each of the nodes is

Ff gep ¼ �
ðð

N½ �Tp dx dy ð7:72Þ

Or by Equation (7.65)

Ff gep ¼ � C½ ��1
n oT

ðð
P½ �Tp dx dy ð7:73Þ

The integral is again evaluated simply. It will now be noted that, in general, all three

components of external force at any node have nonzero values. This is a result which the

simple allocation of external loads would have missed. Appendix 7.A.3 shows the nodal load

vector for a uniform loading p0.

7.5.6 Stiffness Matrix for Isotropic Plates

Explicit expressions for [K], sf g, Ff g matrices for isotropic plates can be obtained by

substituting

Dx ¼ Dy ¼ D ¼ Et3

12 1�n2ð Þ

D1 ¼ nD ð7:74Þ

Dxy ¼ 1�nð Þ
2

D ð7:75Þ

inAppendix 7.A (i.e., Sections 7.A.1–7.A.3). This obvious substitution can be noted by comparing

the [D] matrices of isotropic and orthotropic plates given by Equations (7.56) and (7.57).

7.5.7 Incorporating Soil Reaction for PEF Analysis

The soil reaction in such cases for plates on elastic foundations is incorporated in the analysis

by either of the following idealizations.

1. The soil is idealized asWinkler’smodel and the soil reaction qðxÞ ¼ kw is incorporated as a

resultant nodal force at all the four nodes of the rectangular plate element. This can be done

either at the time of formulation of the stiffness matrix of the plate element or while
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assembling the global stiffness matrix of the plate for applying equilibrium equations as

follows (similar to the methods presented in Section 7.4.1 for BEF analysis).

a. Incorporating soil reaction in the element stiffness matrix for PEF (Bowles, 1996).

Noting that the soil reaction has to be incorporated as nodal forces at the nodes of the plate

element, the corresponding node soil spring (stiffness) has to be added to the diagonal

elements of the plate element stiffness matrix, that is, K11, K44, K77 and K1010 in

Equation (7.71) given by Appendix 7.A.1.

Accordingly

Qsi ¼ kiwi ¼ ksabwi i ¼ 1; 2; 3; 4 ð7:76Þ
where

Qsi¼ nodal force due to soil reaction at node i.

a, b¼ half of the dimensions of the rectangular plate element (Figure 7.5) along x

and y axes respectively.

ks¼modulus of subgrade reaction.

ki¼ equivalent spring stiffness at node i for the element under consideration

¼ksab

Now by adding Ki (i¼ 1, 2, 3, 4) to the corresponding plate stiffness elements K11, K44,

K77, and K1010 in the [K] matrix for plate element given in Appendix 7.A.1, the soil

reactions get incorporated in the PEF analysis. Thus, we have

Kiið Þpef ¼ Kii þ ki ¼ Kii þ ab ks i ¼ 1; 4; 7; 10 ð7:77Þ
It should be noted that the Kii of the global stiffness matrix gets contributions of soil

reaction from all such plate elements with i as the common node. In Equation (7.77), a

and b are the half dimensions of each of such elements joining at i.

b. Another alternativemethod is to incorporate the soil reactions at the nodes directly while

assembling the global stiffness matrix (similar to BEF problems mentioned in Sec-

tion 7.4.1). This can be done by computing the node spring stiffness based on the

contributing plan area (Bowles, 1996) of an element to any node as shown in Figure 7.6

and is given below.

Figure 7.6 Alternate method to include soil reactions at nodes.
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Contributing area:

i: Corner node ðAÞ - 1=4 of the rectangular area ABDE
ii: Side node ðB; D; etc:Þ - 1=4 of ABDE þ 1=4 of BCEF

iii: Interior node ðE;F; etc:Þ - 1=4 of each of the four rectangular areas joining at the common

interior node: ð7:78Þ
Then the node spring force at any node i due to soil reaction can be calculated as

kiwi ¼ ks � contribution area at the node i; as indicated in Equation ð7:78Þ � wi ð7:79Þ
For other irregular shapes of elements, these can be expressed using judgment of the area

of influence of each of the node, as outlined in Equation (7.78).

2. Soil as elastic half space. In view of the computational intensity anyway involved in FEM,

soil also can be idealized as an elastic half space and the plate can be connected to it by

suitable idealizations. Accordingly, the inputs for soil continuum are Young’s modulus of

elasticity, Es, and Poisson’s ratio, ns. It may be noted that Es and ns are directly related to the
modulus of subgrade reaction, ks, as discussed in Chapter 4.

However, it may be computationally simple and preferable to use Winkler’s model because

of its widespread applications in footing analysis and design in practice.

The rest of the FEM is the same as indicated in Sections 7.2 and 7.4, which involves

assembling global stiffness matrix for the total PEF, writing down the equilibrium equations at

all the nodes, solving for unknown nodal displacements and slopes and computing the bending

moments, shear forces and contact pressure (soil reaction) and so on.

7.5.8 Circular, Ring Shaped and Plates of General Shapes

The main difference in FEM for nonrectangular shapes including circular and ring shaped

foundations is in discretization using finite elements to fit the shape of the prototype plate as

closely as possible and to interpret displacements, strains, stresses and constitutive relation-

ships (Dmatrix in Equation (7.10)) appropriately. This can even be achieved using rectangular

or triangular elements with finer mesh for discretization near the boundaries which may not be

strictly fitting into rectangular or triangular geometry. One can also use quadrilateral or

parallelogram shaped elements. For circular and ring shaped elements, Bowles (1996) used

beam elements for analysis when the problems were axisymmetric. The formulation for other

cases can be done using cylindrical polar coordinates (Zeinkiewicz, 1971; Rao, 1982).

The details of analysis for such plates can be referred to in standard books on FEM

(Zienkiewicz, 1971; Desai andAbel, 1972; Rao, 1982; Zienkiewicz and Taylor, 1989). The rest

of the FEM procedure is the same as for rectangular plates (Section 7.5.1–7.5.7) including the

incorporation of soil reaction for PEF.

7.5.9 Finite Grid Method and Boundary Element Method

These are methods similar to FEM and bring in lot of simplification in computations. The

details of the finite gridmethod are given inBowles (1996) and the boundary elementmethod is

given in Becker (1992).
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7.5.10 General Comments on FEM

From the details outlined in this chapter, following general comments can be made.

1. The FEM is a very simple and very versatile method to deal with complex problems.

2. The procedure involves too many unknowns to be solved from simultaneous equations and

is practical only if programmed on computers or software packages are used. A large

number of general purpose software packages are available (SAP, STAAD, NASTRAN,

ABAQUS, ANSYS, NISA and so on). Analysis is difficult to be carried out manually by

hand calculators unless the unknowns are small in number (by using very few elements) and

mathematical software like MATLAB� is available.

3. Since a large number of equations need to be solved in FEM the program output should

always be carefully checked. A finite element computer program should be somewhat self-

checking. This is accomplished by checking the input and comparing sums of input versus

output forces, even in commercial software packages.

4. One should not use a very short element next to a long element. Usemore finite elements and

effect a transition between short and long members. Try to keep the ratio
Llong
Lshort

� 2 and not

more than 3.

5. The value of ks directly affects the deflection but has very little effect on the computed

bending moments at least for reasonable values of ks.

6. Since ks is usually estimated, the use of refinedmethods may give undeserved confidence in

the computed results.

7.6 Summary

The general concepts of FEM are presented and expressions needed in the analysis are given in

detail. The procedure is explained and versatility of FEM is reiterated. Problems of BEF and

PEF are discussed including the details for incorporation of soil reaction in the analysis. The

beam and plate elements are presented and approaches to deal with several complexities are

outlined. General comments on the use of FEM are summarized. A few examples of BEF and

PEF are illustrated.

7.7 Examples

A large number of examples of BEF and PEF using FEM are available in theses, books, papers

and software packages. A few of these are presented in this section.

7.7.1 FEM Analysis of BEF

Example 7.1

Determine the distribution of bending moments and bearing pressures under the loaded,

nonprismatic foundation resting on dense sand as shown in Figure 7.7. Assume that the density

of concrete¼ 24 kN/m3, Young’s modulus of elasticity of concrete, Ec¼ 15 kN/mm2 and

ks¼ 140 kN/m2/mm (from 305mm square plate bearing test).
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The results of FEM analysis using SAP-2000 package are presented in Figure 7.8 and

compared with FDM results obtained by using BEF package (Jones, 1997). Tension in the soil

contact pressure is not allowed in the option used in BEF package for FDM (Sridhar, 1999).

Example 7.2

Determine the bending moment distribution for the loaded foundation resting on stiff clay as

shown in Figure 7.9, when ks is discontinuous. Assume that the density of concrete¼ 24 kN/m2,

Ec¼ 15 kN/mm2 and ks¼ 131 kN/m2/mm (from 305mm square plate bearing test)

The results of FEM (using SAP 2000) are presented in Figure 7.10 and compared with FDM

results. No tensile contact pressure is allowed in the FDM package.

Example 7.3

Determine the fixed end moments in the base slab of the circular tank shown in Figure 7.11.

Neglect the effects of Poisson’s ratio and assume: modulus of subgrade reaction of soil

ks ¼ 18 kN/m2/mm, Young’s modulus of concrete, Ec¼ 15 kN/mm2 and density of concrete

¼ 24 kN/m3. The loading diagram is shown in Figure 7.11

When the tank wall is integral with the base, a simple moment distribution procedure can be

adopted to calculate the bending moments induced into the wall and base.

The base slab is analyzed by assuming a wedge shaped base of length R, radius of the tank

and unit breadth at the outside edge along the center line of the wall and zero breadth at the

center of the tank. The only base loading that needs to be considered is an edge shear equal to

Figure 7.7 Non-prismatic foundation – loading diagram.
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the weight of the wall minus the weight of an equal volume of water, that is, an edge shear of

ðcc�clÞHtw, where cc is the unit weight of concrete and cl is the unit weight of the liquid andH
and tw are the height and wall thickness of the circular tank.

Only half of the base slab is to be analyzed because of symmetry. The results of FEM using

SAP 2000 are presented in Figure 7.12 along with FDM results.

Figure 7.8 Non-prismatic foundation – deflection, bending moment and shear force diagrams.
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7.7.2 FEM Analysis of PEF

All the plates that are analyzed here are considered to be in the x–y plane and the results

presented are according to this convention. In every analysis of footings idealized as plates, the

self weight of the footing (which does not induce any shear or bending forces for freely

supported edges) is neglected and is not taken into account during analysis. All footings

considered are of uniform cross section. All plates are considered to have smooth boundaries,

that is, no curved edges are present. The results presented here are from values taken from the

nodal points.

Example 7.4

A 3.0� 3.0� 0.5m square footing with a central concentrated load of 3000 kN has been

analyzed. Only one quarter of the plate has been analyzed in discretizing the plate by 64,

Figure 7.9 Trapezoidal foundation.
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Figure 7.10 Trapezoidal foundation – discontinuous subgrade – deflection, bending moment and shear

force diagrams.
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four noded plate elements of equal length, taking advantage of symmetry. The results of this

footing for ks¼ 6MN/m3 are presented in Figures 7.13 and 7.14. The properties of concrete are

taken as Ec¼ 25.5� 106 kN/m2 and nc ¼ 0:2. The deflection diagram and Mxx diagram are

symmetrical for the remaining part of the plate.

From Figure 7.13, the deflection diagram shows that it is not constant when seen on a large

scale, as the difference in maximum and minimum deflection is about 19%. This shows the

footing is neither completely flexible nor rigid. The deflected shape also shows that the plate

has more deflections at the center, characteristic of the Winkler model.

From Figure 7.14, theMxx diagram shows rapid decrease in bending moments close to the

center and there upon the decrease is slow as we move to the edges.

Examples 7.5 and 7.6

A parametric study was conducted on a square footing resting on elastic subgrade. The

influence of the following parameters on deflection, bending moment, shear force was studied.

The parameters studied are:

1. Effect of ks (modulus of subgrade reaction)

2. Effect of depth of the footing.

Figure 7.11 Circular tank – loading diagram.
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Example 7.5

Effect of ks:

A square footing of 3� 3m by 0.375m in size is loaded centrally with 3000 kN.

The effect of ks on deflection, bendingmoment and shear force is plotted in Figure 7.15. The

decrease in deflection is pronounced as ks increases. For small values of ks and rate of decrease

Figure 7.12 Circular tank base slab – deflection, bending moment and shear force diagrams.
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is less asks increases, for higher values ofks. The difference in bendingmoment and shear force

is very small for all values of ks except for ks¼ 300. This result is common in all elastic

analysis, due to the fact that shear force and bending moment are proportional not to deflection

but to differentials (rates of change) of different orders of deflection.

Example 7.6

Effect of depth:

A square footing of side B loaded centrally with 3000 kN was analyzed for the effect of depth.

The variations in deflection, bending moment and shear force for two different values of depth

Figure 7.13 Centrally loaded square footing – deflection diagram.
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for B¼ 2 and 3m are presented (ks¼ 75MN/m3) in Figures 7.16 and 7.17. The decrease in

deflection amply shows the increase in rigidity of the footing as the depth increases. But though

there is an increase in the depth of the footing, there is no significant increase in both the values

of shear force and bending moment.

7.7.3 General FEM Examples of Soil Structure Interaction

Several examples of FEM for soil–structure interaction analysis such as laterally loaded piles,

sheet pile walls, pile groups, integrated analysis of a frame–foundation–soil system are

presented by Das (1977) and Sridhar (1999) to bring out its versatility and diversity.

Figure 7.14 Centrally loaded square footing – Mxx diagram.
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Figure 7.15 Parametric study – effect of ks.
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Figure 7.16 Parametric study – effect of depth for B¼ 2m.
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Exercise Problems

7.1–7.25: Redo problems 6.1–6.25 of Chapter 6 with FEM. Use 5–10 elements for manual

analysis and obtain the solutions using computers and packages likeMATLAB�. Also compare

these analyses with finer discretization and solution using commercial FEM packages.

Figure 7.17 Parametric study – effect of depth for B¼ 3m.
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Appendix 7.A Stiffness and Stress Matrices for Plate Elements

7.A.1 Stiffness Matrix

Stiffness matrix for a rectangular orthotropic plate element (Figure 7.5):

K½ � ¼ 1

60ab
L½ � Dx K1½ � þ Dy K2½ � þ D1 K3½ � þ Dxy K4½ �� 	

L½ �

with

Fi

Fj

Fk

Fl

8>><
>>:

9>>=
>>;

¼ K½ �
di
dj
dk
dl

8>><
>>:

9>>=
>>;

K1 ¼ p�2

60

0 0 p�2 ¼ b2

a2
30 0 20

30 0 15 60 Symmetrical

0 0 0 0 0

15 0 10 30 0 20

�60 0 �30 �30 0 �15 60

0 0 0 0 0 0 0 0

30 0 10 15 0 5 �30 0 20

�30 0 �15 �60 0 �30 30 0 �15 60

0 0 0 0 0 0 0 0 0 0 0

15 0 5 30 0 10 �15 0 10 �30 0 20

2
66666666666666666664

3
77777777777777777775

K2 ¼ p2

60

�30 20 p2 ¼ a2

b2
0 0 0

�60 30 0 60 Symmetrical

�30 10 0 30 20

0 0 0 0 0 0

30 �15 0 �30 �15 0 60

�15 10 0 15 5 0 �30 20

0 0 0 0 0 0 0 0 0

�30 15 0 30 15 0 �60 30 0 60

�15 5 0 15 10 0 �30 10 0 30 20

0 0 0 0 0 0 0 0 0 0 0 0

2
66666666666666666664

3
77777777777777777775
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K3 ¼

30

�15 0

15 �15 0 Symmetrical

�30 0 �15 30

0 0 0 15 0

�15 0 0 15 15 0

�30 15 0 30 0 0 30

15 0 0 0 0 0 �15 0

0 0 0 0 0 0 �15 15 0

30 0 0 �30 �15 0 �30 0 15 30

0 0 0 �15 0 0 0 0 0 15 0

0 0 0 0 0 0 15 0 0 �15 �15 0

2
6666666666666666664

3
7777777777777777775

K4 ¼

84

�6 8

6 0 8

�84 6 �6 84

�6 �2 0 6 8

�6 0 �8 6 0 8

�84 6 �6 84 6 6 84

6 �8 0 �6 2 0 �6 8

6 0 �2 �6 0 2 �6 0 8

84 �6 6 �84 �6 �6 �84 6 6 84

6 2 0 �6 �8 0 �6 �2 0 6 8

�6 0 2 6 0 �2 6 0 �8 �6 0 8

2
6666666666666666664

3
7777777777777777775

L ¼
l 0 0 0

0 l 0 0

0 0 l 0

0 0 0 l

2
664

3
775 where l ¼

1 0 0

0 2b 0

0 0 2a

2
4

3
5

where the dimension of the rectangular plate are 2a� 2b along x and y directions respectively

and t is the thickness of the plate (Figure 7.5).

7.A.2 Stress Matrix

Stress matrix for rectangular orthotropic plate element ( p ¼ a
b
):
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s f
g¼

M
i
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l

8 > > > > > > < > > > > > > :
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7.A.3 Load Matrix

Load matrix for a rectangular element orthotropic (Figure 7.5) under uniform load po:

Fi
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8

Parameters and Criteria
for Foundation Design

8.1 Introduction

The foundation, being an important interface between the superstructure and the soil, has to

safely transfer the large loads and moments coming from the superstructure to the soil at site.

While the superstructure loads depend on the needs of the project, the soil capacities are limited

to its natural properties at site though minor manipulations are possible using suitable but

expensive ground improvement methods. Thus the foundation design needs a very judicial

selection of parameters and design methods and acceptability criteria. Some of these aspects

are discussed in this chapter while the specific considerations for shallow foundations and pile

foundations are presented in Chapters 4–7 and 9–12.

8.2 Design Considerations

There are many aspects to be considered for a proper design of foundations, as outlined in

Chapters 1–3, besides the specific requirements of the particular type of foundation being

designed, as discussed in subsequent chapters. These are broadly classified as follows:

1. Requirements of the project and choice of superstructures.

2. Loads and moments coming from the superstructures.

3. Selection of suitable site.

4. Soil properties at the chosen site.

5. Bearing capacity, settlement and compressibility, stress distribution and lateral pressure

where necessary.

6. Choice of the foundations based on items 2, 4, and 5, as follows:

a. Shallow foundations; spread footings, combined footings, strip footings, mat/raft

foundations.

b. Deep foundations; piles and pile groups, piers (including large diameter piers), well

foundations, that is, caissons, pile–raft systems and others.
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c. Foundations subjected to vibratory/dynamic loads. In addition to the normal require-

ment for static loads, additional criteria regarding resonance, dynamic amplitudes,

additional pressures/loads at interfaces, natural frequency, noise due to vibration and so

on, have to be considered for these foundations. These are discussed in Chapter 11.

7. Geotechnical aspects for the design of the selected type of foundations, that is, guided by

items 2, 4, 5, 6 as per codes and practices.

8. Structural design of the foundation based on items 6 and 7 as per standard codes and

practices.

9. Criteria for assessment as per codes, practices and assessment of the structure designed

with respect to criteria based on item 8.

10. Acceptability of the design if the foundation designed satisfies the criteria specified based

on item 8.

11. If the foundation does not satisfy the specified criteria, it has to be redesigned or the soil

properties have to be improved to meet the requirements until the soil and foundation

requirements are acceptable with specified factors of safety.

The items mentioned in 7, 8 and 9 are presented in the following sections while most of the

other aspects are described in the respective chapters of this book.

8.3 Codes, Practices and Standards

All designs, whether foundations, soils or structures, have to meet prescribed codes, practices

and standards. These are developed as per national, provincial, city and local requirements and

have to be complied with for acceptable design and construction practices. Since these are

country-specific, only a few of the most commonly adopted criteria for the design of

foundations are described below.

8.4 Design Soil Pressure

For any foundation design, one of the basic parameters to be computed is the design soil

pressure, that is, the safe pressure that can be borne by the soil when the foundations transmit

the superstructure loads to the soil below. This depends on many foundation factors, such as

shape, size, depth and type, as described in Chapter 3. Even the parameters for design depend

on the method of analysis, that is, conventional or rational methods, as presented in Chapter 4.

While the specific requirements have to be closely studied, broadly the design soil pressure can

be obtained using either the bearing capacity criterion or settlement/differential settlement

criterion. Settlements to be considered are the long term consolidation settlements and bearing

capacity relates to shear/or punching shear failure, as discussed in Chapter 3.

The design pressure also depends on breadth of the foundation, as explained in Section 3.1

(Figure 3.2). Thus, the design pressure is the lower of the allowable/safe bearing capacity

(SBC) value or punching shear (based on shear failure with factor of safety of 3) and the

allowable soil pressure (ASP) based on allowable maximum settlement or differential

settlement (based on consolidation theory), as per prescribed criteria. The details of evaluation

of these values are discussed in Chapters 2 and 3. The following sections present some more

details to provide clarity for the determination of these values.
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8.5 Gross and Net Values of the Safe Bearing Capacity
and Allowable Soil Pressure

It needs to be noted that Terzaghi’s ultimate bearing capacity equations are developed based on

gross soil pressure, (qult ¼ qu) which includes all loads above the foundation level. Thus it is

the gross pressure that can be considered by the foundation including the overburden pressure

and is based on shear strength of the soil at the foundation level.

However, the settlements are caused only by net increase of effective pressure over the

existing overburden pressure. Thus, the ASP is based on net pressure and is based on

consolidation settlement/differential settlement considerations.

8.6 Presumptive Bearing Capacity

These are the design soil pressure values recommended by various national or local building

codes and standards. These are somewhat arbitrary and are termed presumptive because it is

presumed that the soil can support the load safely without shear failure or undue total/

differential settlements. These can be used only as a helpful guide for preliminary design of

foundations and should be supplemented and verified by laboratory tests, field tests and

analysis. Some typical values are given in Tables 8.1 and 8.2 (IS: 1904–1966, 1966; Ramiah

and Chickanagappa, 1981; Bowles, 1996).

Table 8.1 Typical values of safe bearing capacity.

Cohesionless soils Cohesive soils

Description Safe bearing

capacity (t/m2)

Description Safe bearing

capacity (t/m2)

1. Gravel, sand and gravel,

compact and offering high

resistance penetration when

excavated by tools

45 1. Soft shale, hard or stiff clay in

deep bed, dry

45

2. Coarse sand, compact and dry 45 2. Medium clay readily indented

with a thumb nail

25

3.Medium sand, compact and dry 25 3. Moist clay and sand clay

mixture which can be indented

with strong thumb pressure

15

4. Fine sand, silt (dry lumps easily

pulverized by the fingers)

15 4. Soft clay indented with

moderate thumb pressure

10

5. Loose gravel or sand gravel

mixture; loose coarse to

medium sand and dry

25 5. Very soft clay which can be

penetrated several inches with

the thumb

5

6. Fine sand, loose and dry 10 6. Black cotton soil or other

shrinkage or expansive clay in

dry condition (50% saturation)

15

(Reproduced from B.K. Ramiah and L.S. Chickanagappa, Soil Mechanics and Foundation Engineering,

p. 394 (Table 4.12), Oxford and IBH Publishing Co., New Delhi, India. � 1981.)
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8.6.1 Design Loads and Factors of Safety

While a factor of safety of 3 is used for safe bearing capacity with respect to all dead loads, the

following factors of safety (Table 8.3) for various combinations of dead and live loads may be

used (Ramiah and Chickanagappa, 1981; Bowles, 1996).

However, the designers should be aware of the factor of safety adopted in foundation design

and provisions of codes of practice and standards.

8.7 Settlements and Differential Settlements

The total settlement of a structure consists of three components as given in Equation (3.47)

(Section 3.7), that is

S ¼ Si þ Sc þ Ss

Table 8.2 Summary of presumptive/safe bearing capacities from some building codes (in kN/m2).

Soil description Chicago, 1995 National Board of Fire

Underwriters, 1976

BOCA 1993a Uniform Building

Code, 1991

Clay, soft 75 100 100 100

Clay, medium stiff 175 100 — 100

Clay, stiff 210 — 140 —

Sand, compact and clean 240 140–400 140 200

Sand, compact and silty 100 140–400 — —

Inorganic silt compact 125 140–400 — —

Sand, loose and fine — 140–400 140 210

Sand, loose and coarse, or

sand–gravel mixture, or

compact and fine

— 140–400 240 300

Gravel, loose and compact

coarse sand

300 140–400 240 300

Sand–gravel, compact — 140–400 240 300

aBuilding Officials and Code Administrators International, Inc.

Table 8.3 Design loads and factors of safety.

Design load Factor of safety for safe bearing capacity

KDDL þ KL.LL þ KW.WL þ KS.SL þ HL 3

KD.DL þ KL.LL þ KW.WL þ HL 2

KD.DL þ KL.LL þ KEE þ KSS 2

whereKD, LL,KW,KS,KE are reduction factors specified by codes for particular combination of loads, and

DL ¼ dead load, LL ¼ live load, WL ¼ wind load, SL ¼ Snow load, HL ¼ Hydrostatic load, E ¼
earthquake load.
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where

Si ¼ immediate/elastic settlement

Sc ¼ settlement due to primary consolidation

Ss ¼ settlement due to secondary consolidation

Out of these, usually the consolidation (primary) settlement Sc is the most important part of the

total settlement as discussed in Section 3.7. Though theremay not be a collapse or shear failure of

the soil due to large settlement, the structures and foundationsmay become unserviceable. Further

tilting and cracking of beams and slabsmay occur due to differential settlements. These are shown

in Figure 8.1. If the foundation of structure settles uniformly as shown in Figure 8.1(a), theremay

not be any structural damage. However, if one part settles differentially with respect to other parts

of the foundation, as shown in Figures 8.1(b) and (c), then the structure undergoes distortion and

the connecting beams, slabs and interfaces may crack and the floors may become unusable. For

example a building with rigid components undergoes a uniform settlement (Figure 8.1(a)).

Figure 8.1(b) shows a uniform tilt, where the entire structure rotates. Figure 8.1(c) shows a

common situation of non-uniform settlement, namely dishing. Non-uniform settlement results

from: 1. uniform stress acting upon a homogeneous soil, or 2. non-uniform bearing stress, or

3. nonhomogeneous subsoil conditions. As shown in Figure 8.1 the differential settlement Ds
between two points is the larger settlement minus the smaller one. Differential settlement is also

characterized by angular distortion d
L
which is the differential settlement between two points

divided by the horizontal distance between them and may be referred to as a ratio.

The amount of settlement a structure can withstand is called the allowable settlement or

permissible settlement. This depends on many factors, including the type, size, location and

intended use of the structure and the pattern, rate, cause and source of settlement. Tables 8.4

and 8.5 give typical values of allowable settlements and differential settlements.

8.7.1 Total Settlement

Generally the amount of total settlement is not a problem of concern. But it is primarily a

question of serviceability. However, there are situationswhere large total settlements can cause

Figure 8.1 Settlement and differential settlement.
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serious problems, for example, a tank on soft clay near a waterfront can settle below the water

level. The allowable total settlements are given in several building codes and the values

specified by IS: 1904–1966 are illustrated in Table 8.4. The table also gives a range of values for

permissible differential settlement.

8.7.2 Differential Settlement

It is usually the differential settlement (rather than the total settlement) that is important in the

designing of a foundation as the consequences of differential settlement are more detrimental.

The magnitude of differential settlement is affected greatly by the nonhomogeneity of natural

soils and also by the ability of foundation to bridge over soft soil. Theoretical settlement should

be computed for various points in a structure, such as center, corner, lightest and heaviest

column locations, in order to compute differential settlement. The allowable angular distor-

tions in buildings have been given in several codes and research reports (Ramiah and

Chickanagappa, 1981; Bowles, 1996; Das, 2007). Some useful values given by Skempton

(1956) are presented in Table 8.5.

Table 8.4 Permissible settlement as per Indian Standards.

Criterion Permissible settlement (cm)

Angular distortion: office buildings,

flats and factories

Differential settlement (as a ratio)

should not exceed 1/500–1/1000

Maximum differential settlement:

Clays 4.0

Sands 2.5

Maximum total settlement:

Isolated footings on clay 6.5

Isolated footings on sand 4.0

Raft foundations on clay 6.5–10.0

Raft foundation on sand 4–6.5

(Reproduced from B.K. Ramiah and L.S. Chickanagappa, Soil Mechanics and

Foundation Engineering, p. 406 (Table 4.27), Oxford and IBH Publishing Co.,

New Delhi, India. � 1981.)

Table 8.5 Permissible maximum total and differential settlements of buildings (in cms).

Criterion Isolated foundations Rafts

Angular distortion 1/300

Greatest differential settlement (cm)

Clays 4.44 (3.81)

Sands 3.17 (2.54)

Maximum settlement (cm)

Clays 7.5 (6.35) 7.5–12.5 (6.35–10.0)

Sands 5.0 (3.81) 5.0–7.5 (3.81–6.35)

Note: The values in parenthesis take into account a safety factor of 1.25.

(A.W. Skempton and D.H. MacDonald, “The allowable settlements of buildings,” Proceedings of the

Institution of Civil Engineers, London, part III, vol. 5, pp. 759–760, � 1956, with permission from The

Institution of Civil Engineers (ICE), Thomas Telford Ltd.)
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8.8 Cracks Due to Uneven Settlement

Uneven settlement creates cracks in connecting structural components such as beams and

slabs. Even connecting walls and slabs develop cracks due to these uneven settlements. The

cracks usually develop in the diagonal direction though vertical cracks are also possible. They

may start from top if one end of the wall settles more than the next, as shown in Figures 8.2(a)

and (b). If the middle part of the wall settles more than the ends, then cracks may start from the

bottom, as shown in Figure 8.2(c). The cracks developed in walls due to differential settlement

in nonhomogeneous soils are shown in Figure 8.3. The cracks in walls developed by causes

other than settlements such as shrinkage are usually irregular or may terminate before reaching

the edges of the wall, as shown in Figure 8.4.

Figure 8.2 Sketches showing the nature of differential settlement and cracks.

Figure 8.3 Differential settlement due to nonhomogeneous soils.
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8.9 Suggestions to Reduce Large Differential Settlements

As pointed out in the above section, large differential settlements are more detrimental than the

individual settlement to structures and foundations. To safeguard against large differential

settlements, the following alternatives in design could be helpful

1. Use a raft foundation with or without stiffening beams in one or more directions.

2. Reduce the net pressure transmitted to the soil by providing deep basements.

3. Use piles, piers or basement slab foundations, pile–raft systems to transfer large loads from

the superstructure to strong deeper soils with low compressibility.

4. Provide jacking pockets or brackets in columns to relevel the alignment of the superstruc-

ture when necessary.

5. Provide additional loads on lightly loaded parts of the structure if feasible.

Figure 8.4 Sketch showing wall cracks not caused by foundation settlement.
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9

Deep Foundations – Piles,
Drilled Piers, Caissons
and Pile-Raft Systems

9.1 Introduction

Deep foundations are those where
Df

B
> 1, usually greater than 3–4 (where Df and B are the

depth and width of the foundations as shown in Figure 3.6). These are needed when the soil at

shallow depths is unable to support the loads being transferred by foundations or the low

strength of soils need very large-sized shallow foundations which become uneconomical and

unviable. Accordingly, deep foundations have to be adopted to transfer the loads to deeper soil

strata capable of supporting such large loads coming from the superstructure. The bearing

capacity for such deep foundation can be determined by including the shear strength of the soil

all along the boundary of the failure zone, as explained in Section 3.3.

The most commonly used deep foundations are piles and pile groups. Others include piers,

well foundations, caissons (which are used to resist very large loads coming from super-

structures such as bridges), heavy industrial and offshore structures. Occasionally, pile-raft

systems are also used to support large loads of multistoried buildings. A pile is a relatively

slender member made of timber, concrete, steel or composite material usually either driven

into the soil or placed/bored into the soil to provide vertical or lateral support or for other

engineering functions. A caisson or a well foundation is a hollow box type structure which is

sunk slowly into the soil with or without water and gets integrated with the superstructure

subsequently. Pile-raft systems are foundations consisting of piles connected by a raft and can

effectively control differential settlements (Section 8.9). In such systems the load is expected to

be shared primarily by piles and partly by the raft. The important details of these deep

foundations are presented in the following sections, while the specific details including the

design of piles and pile groups are discussed in Chapter 10.
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9.2 Piles

Pilesmade of the followingmaterial are used in constructions. The different types of piles, their

advantages, disadvantages and composition/applications are summarized in Table 9.1

Table 9.1 Common piles and their applications.

Type of pile Advantages Disadvantages Applications

Timber (plain and

treated)

Low cost per unit

length of pile

Small bearing capacity Foundations with

moderate load

Timber is resilient

and suitable for

absorption of

impact load

Untreated piles above

ground water may last

more than 25 years

but are not permanent

Protection of waterfront

structures from

damage by floating

objects

Prone to damage by hard

driving

Timber trestles and

bents

Foundations for

temporary structures

Precast concrete

(normal and

prestressed,

pipe piles)

Fairly large bearing

capacity

Must be reinforced to

withstand handling

stresses

Trestles and bridge bents

Permanent

foundations

Requires space for

casting and storage

Waterfront structures

(docks, piers,

bulkheads, etc.)

Can be treated for sea

water installation

and corrosion

Takes time to set and cure

before installation

Foundations for bridges

Requires heavy

equipment for

handling and

transportation

Prestressed piles if large

bearing capacity is

needed

Incurs large cost in

cutting off extra

lengths or adding

more lengths

Cast in situ

concrete (with

or without

curing, under-

reamed piles,

pedestal piles)

Large bearing

capacity

Difficult to ensure the

uniformity of

underground

concreting

Foundations for

buildings, bridges and

so on, of moderate to

heavy loads

Permanent

foundations

Can be treated for

corrosion and

installation

Easy to alter pile

lengths
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9.2.1 Timber Piles/Plain Timber Piles

Piles of timber treated with preservatives are used mostly for short-term requirements and can

not carry large loads like temporary supports and so on. These are to be driven at site and the

load carrying capacity is limited to the compressive strength of the wood. Accordingly

Qall ¼ Ap fw ð9:1Þ
where

Qall ¼ allowable pile load based on strength of the wooden pile/structure

Ap ¼ area of cross-section of pile

fw ¼ allowable compressive strength of wood

Table 9.1 (Continued )

Damage due to

handling or

driving can be

eliminated

May be installed by

pre-excavation,

thus eliminating

vibration due to

driving

Composite Relatively low cost,

permanent

foundations

Small bearing capacity Foundations for

buildings, bridges,

and so on, of

moderate loads where

the upper part of the

piles are above

ground water

Joints between two parts

constitute a weak

point, prone to

damage due to

driving

Steel (pipe piles as

well as other

cross sections

such as H

shape)

Large bearing

capacity

Possibility of damage

from corrosion and

electrolysis

For large structures

and heavy loads

Can penetrate

through stiff layer

or boulders

Expensive unless the

bearing stratum can

develop large pile

capacity

Trestles and bridge bents

Small volume

displacement

of soil

Less effective as friction

piles or compaction

piles

Can stand rough

handling
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HoweverQall should be also determined based on soil properties and the lower of the twovalues

should be used for design.

9.2.2 Concrete Piles

These are of two types, that is, precast piles and cast in situ piles.

1. Precast piles: These are reinforced concrete piles and are transported to the site after

casting at the yard. They may also be cast at site depending on convenience and costs.

They are usually of square, octagonal or circular shapes with uniform cross-section, as

shown in Figure 9.1. If required they may also be tapered along length. Pipe or hollow

piles may also be used for economy of material as well as improving the load carrying

capacity, though they are more common in steel piles (Figure 9.2). Usually a conical

end section is provided for the pile which is also called a shoe (Figure 9.2(a)).

Sometimes, a flat base is also used, depending on the method of pile installation

(Figure 9.2(b)).

2. Cast in situ piles: These are also called bored piles. These are constructed by boring a hole

in the soil and then casting the concrete in situ usually with reinforcement. These are

widely used and provided by several organizations. They can be cased (shell type), uncased,

Figure 9.1 Precast concrete piles with reinforcement.
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under-reamed and pedestal type of piles.Generally a bore hole is drilledwhile advancing the

steel casing to protect the soil from caving in. Then the drill is withdrawn, the reinforcement

is lowered into the bored hole and concrete is cast in place. If the casing is left in place, it is

called a cased pile. If the casing is withdrawn gradually while concreting is done, it is called

an uncased pile.

Sometimes to take care of uplift pressures and swelling pressures in expansive soils, the

bulb type enlargement is made either by cutting or scooping the soil out at one or two locations

along the depth of the pile. These are called under-reamed piles (Figures 9.3(a) and (b)). If the

enlargement ismade at the base of the pile, it is called a pedestal pile (Figure 9.3(c)). These piles

Figure 9.3 Under-reamed and pedestal type of piles.

Figure 9.2 Pipe pile.
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can be tapered or of uniform cross section. Tapered piles are preferred for frictional resistance

(friction piles) and for compaction of soil strata (compaction piles).

9.2.3 Composite Piles

Such piles are made by combining two portions of the pile, each of a different material, that is,

timber, steel and concrete. These are used in cases where the required length of piles is greater

than that available for the bored piles. It is difficult to form proper joints between the two

portions of the piles. Also the capacity of the piles may be limited to the capacity of theweaker

portion of the pile. Hence they are rarely used.

9.2.4 Steel Piles

A steel pile may be a rolled section, such as an H-shape or a fabricated shape (such as a box) or

a flat sheet. The length of such piles can be extended as per requirement by jointing/welding

additional length of pile. H-shaped steel piles are commonly used. Pipe piles (also called

hollow piles) are also used in constructions which have the advantage of low material and

higher capacity. They can be of large diameters and lengths. Hollow piles of larger capacities

(of the order of 10 000 kN) are being used as foundations for bridge, piers and so on. Piles are

made of seamless or welded pipes and can be driven close ended or open ended. The hollow

portionmay be filled with concrete or soil if necessary. Pipe piles can be driven to larger depths

either by drop hammers or by static pressure.

9.3 Functions of Piles

Depending on their applications, piles may be broadly categorized as:

1. Point bearing piles

2. Friction piles

3. Piles to resist uplift forces

4. Anchor piles

5. Compaction piles

6. Fender piles

7. Dolphins and others.

Among these, analyses for load carrying functions are considered primarily for discussion

in this chapter.

9.4 Design of Pile Foundations

The design of pile foundations can be done as per following steps:

1. Calculate the total load acting on the pile. The loads to be used for bearing capacity analysis

and the loads for the settlement analysis have to be identified.
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2. Sketch the soil profile and the soil properties up to a depth beyond the expected maximum

length of piles. Locate the ground water level in the sketch.

3. Determine the type and length of the pile with alternatives.

4. Evaluate the pile capacity.

5. Establish the number and spacing of piles based on the pile capacity and loads to be

supported. Establish the pile group and the number of piles in each group and size of the

pile cap.

6. Check the stresses transmitted to lower strata, particularly if there is a weak layer of soil

below the bottom of the piles.

7. Carry out the structural design of piles and pile cap.

8. Carry out settlement analysis of the pile group.

9. Check for uplift pressure and lateral load capacity of each pile group.

10. Plan for proper pile load tests for verifying the computed values.

The details of loads (vertical and lateral) on piles and design are presented in detail in

Chapter 10. The input for the pile design such as length, diameter and pile capacity

determination, settlement analysis and so on are discussed in the following sections.

9.5 Type and Length of Piles

The selection of type, length and capacity of piles depend on the soil condition at site and the

load to be supported. Usually the people in the execution of piling projects have a better idea

because of their experience. The preliminary selection is based on estimates. However, pile

load tests have to be conducted to verify and confirm the estimated values before the actual

construction begins.Otherwise these values have to be revised for design. Following guidelines

may be helpful in selecting the type and length of the piles.

1. Point/End Bearing Piles: If pile resists/supports the superstructure loads through the

bearing capacity at its base (or point), they are called point/end bearing piles. Such piles

are used if the base is resting on a strong soil or bedrock and soil in between may be

selectively loose. Thus the length of the piles depends on depth of the soil stratum where

the pile base/point rests. The determination of the bearing capacity is discussed in the

next section.

2. Friction and Adhesion Piles: If the pile resistance to superstructure load is through

friction and adhesion developed along the shaft surface in contact with the surrounding soil,

then, the piles are called friction piles. Such piles are used where there is no hard stratum of

soil at reasonable depth for founding the pile point to get the advantage of point bearing

capacity. The length needed of such piles can be computed based on soil properties and the

magnitude of the loads to be supported. These aspects are discussed in the following section.

3. Combined Point Bearing and Friction Piles: These piles may resist/support the super-

structure loads partly by end/point bearing capacity and partly by friction and adhesion

developed along its shaft.

4. Compaction Piles: If piles are used to compact granular soils near the ground surface and

improve the relative density, they are called compaction piles. These are also termed as

granular piles (sand piles), stone columns, micro piles (concrete piles) and are of shorter
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length. Such piles are used for general ground improvement of soft granular soils up to

shallow depths as compaction may be needed only up to the required depth.

5. Other Piles: Piles are also used as anchor piles, fender piles, dolphins and other purposes

based on their application. The design of such piles is based on requirements and special

practices.

9.6 Pile Load Capacity

As mentioned earlier, the load carrying capacity of piles is governed both by its structural

strength and the supporting soil properties. Obviously, the smaller of the two values should be

used for the design.Usually, the pile capacity based on soil properties governs the design except

probably in timber piles. However, the methods for determination of these values are similar

in all these types of piles. The capacity of piles based on structural strength can be obtained

by multiplying the area of pile cross section with the allowable compressive strength of the

material of the pile as given for timber pile in Equation (9.1). The pile capacity determination

based on soil properties is done using: (a) dynamic pile driving formula, (b) static methods,

(c) correlationwith field penetration tests such as SPTandCPTand (d) prototype pile load tests

at site.

9.6.1 Dynamic Pile Driving Formulae and Wave Equation

These formulae have been developed for driven piles (precast type) using dynamic principles.

A drop/falling hammer is used to drive the pile to the desired depth or until refusal. It is assumed

that the kinetic energy of the hammer falling from aheight is used partly to drive the pile into the

soil and partly as a loss due to damping and so on. Using the dynamic penetration of the

pile, several empirical formulae have been developed by various professional bodies and

manufacturers (Teng, 1964; Ramiah and Chickanagappa, 1981; Bowles, 1996; Das, 2007).

The simplest of such formula is the Engineering News Record (ENR) formula as expressed

below

R ¼ 2E

S þ C
ð9:2Þ

where

R ¼ resistance of soil, in pounds

S ¼ pile penetration per blow, in inches

E ¼ driving energy ¼ weight� stroke of the hammer, in foot-pound force (for drop

hammers or single action hammers)

C ¼ empirical constant ¼ 0.1 for steam hammers and 1.0 for drop hammers.

The above formula is obtained using a factor of safety ¼ 6.

Similarly there are other formulae that are also used for driven piles such as Pacific Coast

UniformBuildingCode formula, Janbu’s formula, Danish formula, AASHTO formula,Hiley’s

formula, Indian National Building Code formula and many others.

Sincemost of these formulae are empirical and involve several parameterswhich are difficult

to quantify, the evaluation of pile capacitymay have a large range of variation. Thus their utility

may be limited.
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9.6.2 Static Method

These methods are developed for piles and deep foundations using the soil properties in

which they are founded. They assume equilibrium of the pile under the applied loads and

resistance offered by the soil in terms of point bearing capacity and the friction and adhesion

of the shaft. A single pile subjected to a vertical load and themechanism of load transfer to the

soil is shown in Figure 9.4. Thus the load is transferred to the soil partly as point bearing

pressure at its base and partly as friction and adhesion along the surface of the shaft. Hence

the ultimate load carrying capacity of the pile can be obtained from its static equilibrium

equation as

Qu ¼ Qp þ Qaf

¼ Apqp þ AsSaf
ð9:3Þ

where

Qu ¼ ultimate load capacity of the pile

Qp ¼ point/end bearing capacity

Ap ¼ area of the pile tip

qp ¼ unit point bearing capacity of the pile

Qaf ¼ resistance due to adhesion and friction along the shaft of pile

As ¼ surface area of the shaft of embedded length of pile in soil

Figure 9.4 Pile capacity.
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Saf ¼ average unit shaft resistance due to adhesion and friction over the entire depth (As and

Saf refer to only that portion of the pile embedded in soil contributing to shaft

resistance.)

qp can be obtained using Terzaghi’s or Meyerhof’s bearing capacity theory (for deep

foundation) as explained in Section 3.3.

Using Terzaghi’s theory for simplicity, qp is given as

qp ¼ 1:3cNc þ qNq þ 0:3gDNg ðcircular footing of diameterDÞ
qp ¼ 1:3cNc þ qNq þ 0:4gBNg ðsquare footing of width BÞ

ð9:4Þ

where

Nc, Nq, Ng ¼ Terzaghi’s bearing capacity factors

q ¼ surcharge load/overburden at the base of the pile

¼ g L þ qo
g ¼ unit weight of soil

L ¼ length of the pile embedded in soil

qo ¼ surcharge load on the surface (if any)

D ¼ diameter for circular pile

B ¼ width for square pile

c ¼ cohesion/adhesion of soil

j ¼ angle of internal friction of soil

For piles of other shapes, the general bearing capacity equation (Equation (3.17)) can be

used. Qaf can be estimated using the principles of mechanics and lateral earth pressure

distribution along the embedded length of the shaft. Accordingly

Qaf ¼
X

Dz assat ¼
ðL
o

assaf dz ð9:5Þ

where

Dz ¼ increment of length of pile shaft at any depth z

as ¼ perimeter of pile shaft surface at depth z ¼ p d

d ¼ diameter of the pile at depth z

saf ¼ shear strength of soil at depth z, that is, unit resistance of the shaft due to adhesion/

cohesion and friction

¼ c þ sn tand

¼ c þ Koðgz þ qoÞtand
where

d ¼ angle of friction between the soil and pile shaft

sn ¼ normal stress to the surface of shaft at depth z ðhorizontal stress at depth
z ¼ Koðg z þ qoÞÞ

gz ¼ vertical overburden stress at depth z

Ko ¼ lateral earth pressure coefficient as discussed in Section 3.8. This is usually taken as

coefficient of earth pressure at rest.

qo ¼ surcharge pressure on the surface of the soil (if any)
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In Equation (9.5), the summation sign (
P

) can be used for piles in layered soils and

integration can be used for soils with uniform or continuously varying properties.

For a concrete pile of uniform diameterD (i.e., d ¼ D), embedded in soil up to a length L, the

shaft friction can be obtained by integration as

Qaf ¼
ðL
0

pDDzsaf ¼
ðL
0

pDðc þ sn tandÞdz ð9:6Þ

Hence

Qaf ¼ pD
ðL
0

fðc þ Koðgz þ qoÞgtandÞdz

¼ pDL c þ Ko

gL
2

þ qo

� �
tand

� �
¼ Asðc þ Ko�q tandÞ

ð9:7Þ

where

c ¼ average cohesion of the soil in which the pile is embedded.

�q ¼ effective average (at mid height) vertical stress

that is, at mid height of the soil layer.

If qo ¼ 0, Equation (9.7) becomes

Qaf ¼ As c þ Ko

gL
2
tand

� �
¼ Asðc þ Koq tandÞ ð9:8Þ

¼ AsðSaf Þaverage ð9:9Þ
From Equation (9.8) it may be noted that (Saf)at z ¼ L/2 is the average shear strength

corresponding to the soil at the mid depth of the embedded pile length L, if the soil is uniform

and the pile is of uniform diameter. For layered soils with and without ground water, tapered

piles and piles of other shapes, Qaf can be obtained by simple piecewise integration of

Equation (9.5).

Equations (9.7) and (9.8) can also bewritten for layered soils (say n layers) with different soil

characteristics as

Qaf ¼
Xn
i¼ 1

Qaf i ¼
Xn
i¼ 1

pDiðLici þ Koi�qiLi tandiÞ ð9:10Þ

where n is the total number of soil layers up towhich the pile is embedded and the suffix denotes

the corresponding soil characteristics of i-th layer.

In Equation (9.10), the term �qiLi can also be interpreted as the area of the overburden

pressure diagram in the i-th layer and
Xn
i¼ 1

�qiLi is the total area of the overburden pressure

diagram in all layers up to the tip of the pile.

Usually if values of d are not known, it is assumed to be same as angle of internal friction of

the soil. Also, themost conservative analysis assumesKo ¼ coefficient of earth pressure at rest

(Section 3.8) and can be taken as

Ko ¼ 1�sinf ð9:11Þ
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However, several modifications have been suggested to evaluate Qaf based on

Equations (9.8)–(9.10), as discussed below.

9.6.3 The a Method

Tomlinson (1977) suggested that Equation (9.8) may be modified since full cohesion/adhesion

may not be mobilized at the shaft soil interface during load transfer as observed by Peck,

Hanson and Thornburn (1974). Accordingly, he suggested the general equation in any soil

layer as

Qaf ¼ Asða c þ qK tandÞ ð9:12Þ
where

a ¼ adhesion coefficient as given in Figure 9.5

c ¼ average cohesion of the soil layer under consideration (average over depth of pile

embedded in that layer)

�q ¼ effective average (or mid height) vertical stress ¼ g L
2

þ qo

qo ¼ surcharge pressure on surface, if any

K ¼ coefficient of lateral earth pressure

¼ ranges from Ko ¼ 1�sinf to about 1:75 ð9:13Þ

¼ ð1�sinfÞ
ffiffiffiffiffiffiffiffiffiffi
OCR

p
; for overconsolidated clays ð9:14Þ

Figure 9.5 Average values of the adhesion coefficient, a.
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d ¼ effective friction angle between soil and pile material, may be taken as j in the

absence of other data

As ¼ area of embedded shaft surface in the soil layer under consideration

OCR ¼ over consolidation ratio.

9.6.4 The b Method

This is suggested by Burland (Bowles, 1996) and is similar to the amethod. The Equation (9.9)

for shaft resistance can be expressed (assuming qo ¼ 0) as

Qaf ¼ Asb
gL
2

ð9:15Þ

where

b ¼ K tanf0 ð9:16Þ

j0 ¼ drained friction angle of remolded clay or soil

c ¼ 0 (for remolded clays)

K ¼ 1�sinf0 ðfor normally consolidated claysÞ ð9:17Þ

¼ ð1�sinf0Þ
ffiffiffiffiffiffiffiffiffiffi
OCR

p
ðfor over consolidated claysÞ ð9:18Þ

L ¼ embedded length of the pile in the soil layer under consideration.

9.6.5 The l Method

Vijayvergia and Focht (Das, 2007) suggested a slightly different expression (assuming

surcharge load, qo ¼ 0) for the shaft resistance of piles as

Qaf ¼ Asl
g L
2

þ 2c

� �
ð9:19Þ

where

c ¼ mean undrained shear strength (i.e., j ¼ 0 condition)

l ¼ coefficient given in Figure 9.6 (Das, 2007)

As ¼ surface area of the embedded shaft.

9.6.6 Allowable Pile Capacity

In view of the several methods available for the determination of pile capacity, the designers

choose the method that suits the site conditions most. However, a simple approach can be

adopted using the static approach discussed in Section 9.6.2with a factor of safety ranging from
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2.5 to 4.0 (preferably 3.0) to evaluate the allowable pile capacity, that is

Qall ¼ Qu

F:S:
ð9:20Þ

where

Qall ¼ allowable pile capacity

Qu ¼ ultimate pile capacity

F.S. ¼ Factor of safety (2.5–4.0, preferably 3.0)

9.6.7 Pile Load Tests

Load tests on piles may be conducted for determining and (or) verifying the pile capacity in

the vertical direction (compressive loads or uplift loads) as well as in the horizontal direction

(lateral loads). The vertical pile load test is conducted normally and other parameters required or

deduced from these tests results. Though the lateral load test on piles is conducted occasionally, it

is very difficult and expensive. However, the test set up for all these tests are similar except for the

direction of loading. Hence, the vertical load test on piles is described below.

The test set up for vertical load test on piles is similar to plate load test as discussed in

Sections 3.5 and 4.8. The test is also useful to verify the pile capacity computed by other

methods such as thosementioned in the preceding sections (Ramiah andChickanagappa, 1981;

Bowles, 1996).

Figure 9.6 Values of l with pile embedment length.
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The test pile is driven/cast in situ at the site under consideration up to the design depth. The

rest of the procedure of load application and measurements of displacement is the same as

described in Sections 3.5 and 4.8 for plate load test. The results are plotted as load versus

settlement as shown in Figure 9.7. The plot is similar to the plot for plate load test (Section 3.5).

The test is conducted up to failure, as may be observed from the steep load–settlement curve

1 in Figure 9.7 or up to a large settlement with gradually varying slope of the load-settlement

plot, as shown in curve 2. The ultimate pile capacity can be obtained directly for load tests

with results as in curve 1 as indicated in the Figure 9.7. Then the allowable load is calculated

by dividing the ultimate load with a factor of safety (say 3) or as that load corresponding to

a specified value of settlement.

In cases of load test with results obtained as in curve 2, the ultimate load cannot be clearly

identified. In such cases, the allowable load is determined by any prescribed criteria using

displacements. For example the allowable load may be taken from any one of the following

criteria.

1. One-half to one-third of the final load which causes a total settlement equal to 10% of the

pile diameter or least dimension of the pile cross section.

2. Two-thirds of the final load which causes a total settlement of 12mm

3. Two-thirds of the final loadwhich causers a net settlement (residual settlement after removal

of all the load/unloading) of 6mm.

Figure 9.7 Load test on piles.
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Usually the design values from the pile load tests are chosen as per the codes and practices.

There are a few other methods available in literatures besides the methods prescribed in codes.

However the above methods are useful for practical applications of design.

9.6.8 Correlation with SPT and CPT Values

The values of unit point resistance of piles, qp and the shaft resistance, sat are also correlated to

the field tests, that is, SPTand CPT. The correlations are summarized by Das (2007) as given in

Table 9.2. N60 values mentioned in the table are the average SPT values of the soil near the tip

of the pile, that is, soil from 10D above and 4D below the tip of the pilewhereD is the diameter

of the pile.

The unit point resistance of the pile, qp is correlated to CPT values by Meyerhof and others

(Ramiah and Chickanagappa, 1981) as

qp ¼ nqc ð9:21Þ

where

qp ¼ unit point resistance of pile

n ¼ coefficient ranging from 2/3 to 1.5 with average value taken as 1

qc ¼ unit resistance of Dutch cone penetrometer.

Similarly, for driven piles, the skin friction sat is correlated with the skin friction qf of the

shaft of the penetrometer as

saf ¼ n qf ð9:22Þ
where

saf ¼ unit shaft resistance

qf ¼ skin friction of the Penetrometer shaft

n ¼ coefficient varying from 1.25 to 3.0

¼ 2.0 (average value)

¼ 1.0 (for small displacement piles such as steel H-piles).

Once qp and saf are obtained from Equations (9.21) and (9.22), pile capacity can be

determined using Equation (9.3).

Table 9.2 Correlation with SPT values.

Soil type Type of pile Correlation

Sand qp ¼ 19:7 paN
0:36
60

Sand Cast in situ qp ¼ 3pa
Sand Bored pile qp ¼ 0:1paN60

Gravely sand Bored pile qp ¼ 0:15paN60

All types of soil Driven pile qp ¼ 0:3paN60

where pa ¼ atmospheric pressure ¼ 100 kN/m2.
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9.7 Lateral Load Capacity of Piles

Lateral loads due towind, load transfer in framed structures, earthquakes, hydrostatic pressure,

movement of vehicles and over head cranes and so on are transferred from the superstructure to

the pile foundations in many cases. Thus piles have to resist lateral loads in addition to vertical

loads. Lateral loads also occur due to twisting moment transmitted by the superstructure as

discussed in Chapter 10. Detailed analysis of lateral loads as well as all other loads and

moments transferred to the piles/pile groups have been presented in Chapter 10. Lateral pile

response analysis and determination of lateral pile capacity have also been presented therein

(Chapter 10). However a few details are given in subsequent sections.

The problem of response of piles is a complex phenomenon involving three-dimensional

considerations. However to simplify the analysis, the problem is usually analyzed using semi-

empirical approaches and (or) beams on elastic foundation (BEF) approach (Chapter 10). The

responses also depend on the flexural rigidity of pile and analysis is broadly categorized as rigid

pile or elastic pile analysis. The responses of rigid piles and elastic piles due to lateral loads are

shown in Figures 9.8 and 9.9 respectively. The general analysis using BEF approach is given

in detail in Chapters 4–7 and 10. The general solutions of elastic piles are given in Chapter 10.

The practical design of piles subjected to general loads and moments are presented therein.

These solutions are also available in terms of design tables, charts for ready use (Hetenyi, 1950;

Teng, 1964; Iyengen and Ramu, 1979; Ramiah and Chickanagappa, 1981).

9.8 Stresses on Lower Strata Due to Pile Foundations

The stress distribution in soil layers due to pile loads is very complicated and can be attempted

using FEMand so on.However, stresses caused due to the pile loads need to be checked at some

depths particularly if there are weak soil layers present below these foundations. Hence the

Figure 9.8 Response of rigid piles due to lateral loads.
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following approximate and empirical methods are suggested for judicious application. These

are shown in Figure 9.10.

1. Themethod for pile groupwith point bearing piles is shown in Figure 9.10(a). The pile group

is treated as rigid foundation at the bottom of the weak soil as shown. Then the total load on

pile group is assumed to spread out (in a pyramidal shape) at a 60� angle or in a slope of 2
vertical to 1 horizontal from the fictitious footing. The stresses at any depth can be easily

computed using this approximate dispersion of load along the depth.

2. The approximate dispersion of the loads for pile groups with friction resistance is shown in

Figure 9.10(b). The loads are assumed to spread out like a pyramidal with 60� angle (or 2 : 1
slope) starting at the top of the soil layer offering friction support. In this case the pile group

is treated as a rigid footing at the top of the frictional soil layer.

3. Another alternative method for friction pile group is suggested by Peck, Hanson and

Thornburn (1974) is shown in Figure 9.10(c). In this method, the load is assumed to spread

Figure 9.9 Response of elastic piles due to lateral loads.
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out from a depth h/3 measured from the pile tip where h is the length of pile embedded in

the soil layer offering frictional resistance as shown in the figure. Since it is known that

greater penetration would bring the load to a lower level, this method appears to be more

realistic.

The above methods are approximate and the settlement calculated using the above methods

are smaller than the actual values measured in the field in some cases. If the calculated stress

exceeds the allowable bearing capacity of any weak layer below (if present), the design should

be revised either by reducing the pile load, or by increasing the pile spacing or by extending the

piles up to a deeper layer below.

9.9 Settlement Analysis

As explained in Chapter 3 (Section 3.7), the total settlement of any foundation consists of the

three components expressed as

S ¼ Si þ Sc þ Ss ð9:23Þ
where

S ¼ total settlement

Si ¼ immediate elastic settlement

Sc ¼ settlement due to primary consolidation

Ss ¼ settlement due to secondary consolidation

Out of these, the elastic settlement, Si can be determined using the solutions given in

Section 3.6 and also explained in Section 10.8 in detail. Usually its magnitude is very small and

may be neglected. Similarly the secondary consolidation is not significant as mentioned in

Section 3.7. The primary consolidation settlement, Sc is important both due its magnitude and

effect on superstructure and has to be computed if there is a compressible soil (cohesive soil)

layer below the tip of pile group. The settlement, Sc is evaluated using Terzaghi’s consolidation

Figure 9.10 Stresses in lower strata due to pile groups – approximate methods.
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theory as presented in Section 3.7 and is expressed (Equation (3.48)) as

Sc ¼ mvDpH ¼ Cc

1 þ e
H log10

po þ Dp
po

ð9:24Þ

where

mv ¼ av

1 þ e
¼ coefficient of volume decrease ð9:25Þ

Dp ¼ change in stress at middle of the compressible soil layer due to applied load on pile

foundation.

H ¼ total thickness of the compressible layer

av ¼ coefficient of compressibility

Cc ¼ compression index

po ¼ existing/initial overburden pressure at the middle of the compressible soil layer

e ¼ existing/initial void ratio of the compressible soil.

Other useful expressions of the computation concerning consolidation theory are given in

Equation (3.49). Coefficient av and Cc can be obtained from the consolidation/compressibility

test, H, po and e can be obtained from the field exploration and laboratory tests. The change

of stress of the middle of the compressible layers can be obtained using any of the three

approximate methods of stress distribution discussed in the previous section, that is,

Section 9.8. Out of these, the use of the method shown in Figure 9.10(c) is commonly used

for friction piles (Peck, Hanson and Thornburn, 1974; Das, 2007).

If the compressible layer is either very large or it consists of several layers with different

thicknesses and properties, the total thickness is divided into smaller layers of suitable

thickness. Then, the settlement Sci for each layer is calculated from Equation (9.24) using

the properties and thickness of that layer and the total settlement can be obtained as

Sc ¼
Xn
i¼ 1

Sci ð9:26Þ

where the suffix indicate the layer i of the compressible soil. The change in stress Dp, is
computed at the middle of each layer for substitution in Equation (9.24).

The charts and expression such as those of Newmark can also be used (Chapter 3) for

calculating Dp with the relocation of the pile group as a fictitious rigid foundation at the

suggested depth as explained in the previous Section 9.8.

9.10 Design of Piles and Pile Groups

The practical considerations and detailed design of piles and pile groups aswell as construction

aspects are presented in Chapter 10.

9.11 Drilled Piers or Drilled Caissons

These are also called drilled shafts or drilled caissons or large diameter piers or large diameter

bored piles with or without under-ream at bottom. These are bored cylindrical holes filled with
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concrete. They are essentially piles but with large diameters (�750mm). The bore holemay be

drilled with or without casing. The casing if used can be left as part of the structure or

withdrawn gradually during concreting. The bottom of the pier or caisson may be enlarged or

under-reamed or belled out either manually or by machine which facilitates a larger bearing

area and hence higher bearing capacity (Teng, 1964; Ramiah and Chickanagappa, 1981;

Bowles, 1996; Das, 2007). A few types of these drilled piers or caissons are shown in

Figure 9.11. The drilled piers or caissons consist of a shaft with or without bell and a cap as

shown. The drilled piers are used where the soil is weak and the loads are too large and

vibrations have to be avoided (i.e., to avoid effect of vibrations such as in driven piles).

The term caisson is also referred to the non-drilled type of large prefabricated box-type

structure which may be round or rectangular in shape. They are discussed in the next

section.

Drilled piers and caissons are extensively used for bridge piers, abutments, other massive

structures, docks, harbors and offshore structures. They are highly specialized type of deep

foundations used only for major projects. Their foundations have several advantages but they

Figure 9.11 Types of drilled piers.
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need very careful and skilled construction operations. The drilled piers are also used in

underpinning works.

9.11.1 Construction of Drilled Piers

In the earlier methods like Chicago method and Gow’s method, the drilling used to be done

manually. The shaft excavations are presently done mechanically using augers. When the

excavation reaches the load bearing stratum, the augers are replaced by under-reaming tools to

construct the bell, if required. Casing is used to prevent caving in of soil as the bore hole is

advanced deeper into the soil. Sometimes drilling mud/bentonite slurry can be used in drilling

through sandy and gravely soils instead of casing. The bottom of the hole must be inspected

physically by descending to the bottom to make sure that the load bearing stratum has been

reached and also that the under reaming is properly done. The construction details are

very elaborate and these are carried out only by specialized construction agencies (Tomlinson,

1977, 2001).

9.11.2 Other Design Details

The following are the steps involved in the design of drilled piers or drilled caissons:

1. The loads coming on top of the foundation are calculated. The weight of the pier is not

usually included.

2. Establish the water level and soil profile at the location of the pier.

3. Identify the bearing stratum, that is, depth up to which the pier has to be constructed.

Calculate the allowable bearing capacity.

4. Check for the safety of stresses in weak soil layers if present below the pier.

5. Check for settlements.

6. Design the shaft, bell (if required) and the cap.

7. Check lateral load capacity, bending stresses and eccentricity.

8. Check for the uplift force.

Most of the above steps are similar to those used in the pile foundations since drilled piers

are essentially large diameter piles. However a few additional approaches used in practice are

given below.

9.11.3 Bearing Capacity and Shaft Resistance

The total pier capacity consists of point bearing and shaft resistance as explained in

Section 9.6. The same methods used for piles can also be used for piers and other deep

foundations. The pier is essentially designed as a compression member, that is, as a composite

column. In compressive soils, the negative skin friction or downward drag force along the

shaft of the pier has to be considered in the design. A few additional methods available in

literature (Ramiah and Chickanagappa, 1981) for the determination of the pier capacity are

given below.
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9.11.3.1 Ultimate Bearing Capacity of Drilled Caissons

The expression is given by Skempton (Ramiah and Chickanagappa, 1981) as

qu ¼ cNc ð9:27Þ

where

qu ¼ ultimate bearing capacity

c ¼ cohesion

Nc ¼ 7.7–9.0 with an average value of 8.4 depending on the depth to diameter ratio of the

pier.

The allowable bearing capacity, qall can be written with Nc ¼ 8.4 as

qall ¼ qu

F:S:
¼ 8:4c

3
¼ 2:8c ð9:28Þ

Similarly there are other formulae such as those given by Cooke and Whitaker and others

(Ramiah and Chickanagappa, 1981; Bowles, 1996; Das, 2007).

9.11.3.2 Drilled Piers in Sands and Gravely Soils

The formulae given by Teng (1964) for the allowable bearing pressure based on shear failure

and settlement criteria are as follows

q1 ¼ N2BW

100
þ 100 þ N2

30
LW 0 ð9:29Þ

q2 ¼ 7ðN�3Þ B þ 0:3

2B

� �2

W 0 ð9:30Þ

where

q1 ¼ allowable soil bearing pressure (t/m2) with factor of safety ¼ 3 using shear failure

criterion

q2 ¼ allowable soil pressure in (t/m2) for a maximum settlement of 2.5 cm

N ¼ SPT values for 30 cm penetration

B ¼ diameter of caisson bottom (m)

L ¼ depth of caisson in meters (if L�B use B in calculations)

W, W0 ¼ reduction factors for water level.

The lower of the q1 and q2 values has to be taken as the allowable design pressure.

9.11.3.3 Shaft Friction of Drilled Piers

The methods used for piles can be suitably adopted for the determination of shaft friction of

drilled piers, and are given in Section 9.6.

Additional empirical formulae given by Meyerhof (Ramiah and Chickanagappa, 1981) and

others for piers in sandy soils are given below
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Qf ¼ 0:7gD L2 tanf ð9:31Þ

where

Qf ¼ ultimate shaft friction in sandy soils

g ¼ average unit weight of soil (if the soil is submerged, use submerged unit weight)

L ¼ depth of pier below ground level

D ¼ diameter of pier shaft

j ¼ angle of internal friction of soil.

Meyerhof (Ramiah and Chickanagappa, 1981) has also given a correlation between shaft

friction and SPT and CPT values as

SaF ¼ 0:01N � 0:5 kg=cm2 ð9:32Þ

¼ fc � 0:5 kg=cm2 ð9:33Þ
where

SaF ¼ ultimate shaft resistance (kg/cm2)

N ¼ SPT value

fc ¼ value of frictional component from CPT

9.11.4 Stresses in Lower Strata

Stresses in lower strata have to be checked if there is a weak soil layer below the depth of

foundation. The approximate methods used for piles as given in Section 9.8 can be used for

drilled piers also.

9.11.5 Other Design Considerations

Design considerations such as settlement analysis, lateral load capacity, bending moment

due towind,water and other lateral loads, can be analyzed using the similar approaches used for

piles as given in Sections 9.6–9.9.

9.11.6 Construction Problems

Drilled piers are used formajor projects and construction process is very elaborate, difficult and

time-consuming. Hence only specialized agencies carry out such construction. The problems

during construction are quite a few, as mentioned below:

1. Dewatering problems

2. Casing problems

3. Concreting problem particularly under water environment

4. Alignment problems

5. Tilting of piers

6. Exacting quality control requirements.
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Detailed procedures for design and construction are also given in books on bridges,

construction, structural design, geotechnical engineering and so on.

9.12 Non-Drilled Caissons

As mentioned earlier, these are prefabricated box-type structures which may be round or

rectangular in shape, as shown in Figure 9.12. These are partially or fully filled with concrete

and constructed at site. Sometimes they are partially constructed at a convenient place and

towed to the site for completing the construction. They are sunk through water and soft soil to

provide a dry work place.

Figure 9.12 Types of caissons.
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Non-drilled caissons can be advantageous under the following situations:

1. Drilling is difficult and hence drilled piers are not feasible.

2. Massive foundations are required at or below the river beds which can resist large forces

due to floating objects, scour, and so on (as in bridge foundations).

3. Large lateral forces need to be resisted.

As in drilled piers, non-drilled caissons are very expensive.

9.12.1 Types of Caissons

The following types of caissons are used.

1. Open Caissons: These are structures which are open at top and bottom (i.e., well

foundations). Upon reaching the final depth, a concrete seal of 2–5m thick is cast through

water (if present) to seal the bottom. After the seal has matured, the water present inside the

caisson is pumped out and filled with concrete.

2. Box Caissons (Floating Caissons): These are made of concrete with the top being open

and the bottom closed. These are cast on land and towed to the site like barges. They are sunk

slowly by filling the inside with sand, gravel, water and concrete. Sometimes the bottom is

made of wood to make it float for towing purposes.

3. Pneumatic Caissons: In this type of caisson, the top is sealed and compressed air is used to

prevent water from entering the inside working chamber. This will help in sinking and

concreting indry condition.On reaching the requireddepth, the chamber is filledwith concrete.

9.12.2 Design Considerations – Bearing Capacity and Shaft Friction

The heavy loads coming on to the caisson are borne both by end bearing capacity (treating it as

a rigid foundation at that depth) and skin friction of the portion sunk/embedded in the soil. The

formulae for deep foundations and piles can be used to determine these values. Additionally the

following empirical correlations can also be used.

For caissons in granular soils

qp ¼ 0:064N2BW þ 0:192ð100 þ N2ÞLW 0 ð9:34Þ
For caissons in cohesive soils

qp ¼ cNc ð9:35Þ
where

qp ¼ ultimate bearing capacity of the caisson

N ¼ SPT value

B ¼ width of the caisson (m)

L ¼ depth of the caisson (m)

W, W0 ¼ reduction factors for water level

c ¼ cohesion (t/m2)

Nc ¼ bearing capacity factor
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The allowable bearing pressure on bed rock should not exceed that for the concrete bed.

Half of the shaft friction for deep caissons is assumed for design. The caissons are designed to

have enough weight to overcome the skin friction. The shaft friction can be evaluated using the

same methods used for piles (Section 9.6).

9.12.3 Concrete Seal

A concrete seal is placed at the bottom of an open caisson that forms a part of the caisson

foundation. The seal may be designed as a thick plate subjected to the pressure caused by the

maximum vertical load. The thickness of the seal is given by the following expressions

(Ramiah and Chickanagappa, 1981).

1. For round caissons, assuming the edge is fixed

t ¼ 6qR2

8fc

� �1=2

ð9:36Þ

2. For round caisson with simply supported edge

t ¼ 3qR2ð3 þ nÞ
8fc

� �1=2

ð9:37Þ

3. For rectangular caissons with simply supported edges

t ¼ 6b q B2

fc

� �1=2

ð9:38Þ

4. For rectangular caissons with fixed edges

t ¼ 6 a qB2

fc

� �1=2

ð9:39Þ

where

t ¼ thickness (cm)

fc ¼ allowable concrete stress (kg/cm2): use 0.1 f 0c for a safety factorffi1.5 and f 0c ¼ 28 days

cylinder strength

n ¼ Poisson’s ratio ¼ 0.15 for concrete

q ¼ soil pressure (kg/cm2)

R ¼ radius of circular caisson (cm)

B ¼ width of rectangular caisson (cm)

A ¼ length of rectangular caisson (cm).

The a and b factors for use in the above equations are given below in Table 9.3.

Table 9.3 a and b factors.

A/B 1 1.2 1.4 1.6 1.8 2.0 3.0 ¥

a 0.051 0.064 0.073 0.078 0.081 0.083 0.083 1/12 at edge in B direction

b 0.048 0.063 0.075 0.086 0.095 0.102 0.119 1/8 at center
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9.13 Pile-Raft Systems

Foundations for heavy structures on weak soils are usually on piles and (or) pile-raft systems.

These are also called basement raft supported piles or piled basements (Poulos, 2001;

Tomlinson, 2001). Pile-raft systems are shown in Figure 9.13. The pile groups are connected

together to a raft (can also be used as a basement floor) instead of separate pile caps for each

column. The piles also stiffen the raft and reduce the differential settlements and tilting.

When piles are founded on a compressible soil like clays, the pile-raft system settles gradually

resulting in a gradual build up of pressure at the bottom of the raft. Thus, there is a gradual

transfer of the total load to the raft and a reduction in the load carried by the piles. The soil

beneath the raft (located at a relatively shallowdepth) is then compressed, causing a partial load

Figure 9.13 Piled basements in various soil conditions.
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transfer back to the piles. This is a continuous interaction process with the total load being

shared by the raft and the piles.

Hence the piles must be designed to carry the full superstructure load initially, but the raft

should be designed to carry a portion of the total load due to the subsequent load transfer

process. To apportion these loads between the raft and the piles over a period of time is very

difficult as it is a complex three-dimensional time-dependent problem. Several case studies

carried out indicate varying load-sharing percentages. For example, the results of the study

conducted by Hooper (1973, 1979) for the load shared between raft and piles and the

settlements are shown in Figure 9.14. It can be seen from the figure that after the construction

(40 months) piles and raft carried about 60% and 40% of the superstructure load. After that

more loads got transferred to the piles from the raft and the percentages of total load shared by

piles and raft became 66% and 34%, respectively.

9.13.1 Analysis of Pile-Raft Systems

There are several parameters that affect the responses of pile-raft systems to applied loads

(Poulos, 2001). These are also identified byClancy andRandolph (1996) and are given below in

Table 9.4.

With such large number of parameters and wide ranging values for practical applications, it

is very difficult to carry out a general analysis and present appropriate correlations. However

detailed FEM analysis can be carried out for specific problems whose applicability has to be

looked into judiciously in view of the complex nature of input values of parameters and large

scale computations. Clancy and Randolph (1996) presented selectively simple methods to

carry out the preliminary design of the pile-raft systems. However, they recommend that a

detailed FEM analysis with proper inputs of the parameters of pile, soil and raft is essential to

arrive at a final design.

Figure 9.14 Load sharing between piles and raft.
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9.13.2 General Observations

Pile-raft systems or basement rafts are very useful in minimizing the differential settlements

in structures. The piles have to be designed to carry full superstructure loads initially and

the raft has to be designed to carry a part of the total load resisted by the contact pressure at the

bottom of the raft. The determination of this pressure acting on the raft involves an extensive

FEM analysis with reasonably reliable input parameters of the pile, soil, raft and their

three-dimensional interaction. However a few simple methods are available (Clancy and

Randolph, 1996) to carry out the preliminary design. Generalization of the behavior of such

systems may not be practicable. Lot of research is being carried out on the subject in the areas

of analysis, design and field measurements which may be helpful in practice.

9.14 Examples

Examples Topic Sections

9.1 to 9.3 Pile capacity 9.6, 9.10

9.4 to 9.7 Stresses in soils and settlement of pile groups 9.7, 9.8, 9.9

Example 9.1

A square concrete pile (0.6� 0.6m) 16m long is embedded in a cohesive soil with c ¼
25 kN/m2, j ¼ 20f, gt ¼ 18 kN/m3, calculate the ultimate load as well as the allowable load

that can be carried by the pile using Terzaghi’s theory (Figure 9.15).

Table 9.4 Significant dimensionless parameters for the analysis of pile-raft systems.

Dimensionless parameters Expression Practical range of values

Pile slenderness ratio
Lp

Dp

10–100

Pile spacing ratio
sp

Dp

2.5–8

Pile–soil stiffness Kps ¼ Ep

Es

100–10 000

Aspect ratio of raft dimensions
Lr

Br

1–10

Raft–soil stiffness Krr ¼ 4ErBrt
3
r ð1�n2s Þ

3pEsL4r ð1�n2r Þ
0.001–10

where Lp, Dp, sp, Ep ¼ pile parameters – length, diameter, spacing and modulus of elasticity.

Es, ns ¼ soil parameters – modulus of elasticity and Poisson’s ratio, respectively.

Lr, Br, tr, Er, nr ¼ raft parameters – length, width, thickness, modulus of elasticity and Poisson’s ratio,

respectively.
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Solution:

gt ¼ 18 kN=m3; c ¼ 25 kN=m2; f ¼ 30�; Assume adhesion coefficient; a ¼ 1:0

K ¼ Ko ¼ 1�sinf ¼ 1�sin30� ¼ 0:5

d ¼ f ¼ 30�; tand ¼ tanf ¼ tan30� ¼ 0:5773

Ap ¼ area of pile ¼ 0:6� 0:6 ¼ 0:36 m2

Perimeter of pile shaft ¼ 4� 0:6 ¼ 2:4 m

From Equation (9.3)

Qu ¼ Qp þ Qat ð9:40Þ
From Equations (9.8) and (9.9)

Qu ¼ Apqp þ AsSat

¼ Apqp þ Asðac þ Koq tandÞ ð9:41Þ

For f ¼ 30�, Terzaghi bearing capacity factors are

Nc ¼ 37:16; Nq ¼ 22:46; Ng ¼ 19:13

qp ¼ 1:3cNc þ gDfNq þ 0:4gBNg

¼ 1:3� 25� 37:16 þ 18� 16� 22:46 þ 0:4� 18� 0:6� 19:13

¼ 1207:7 þ 6468:5 þ 82:6 ¼ 7758:8 kN=m2

ð9:42Þ

Assuming a ¼ 1

Sat ¼ c þ Koq tand ¼ 25 þ ð0:5� 144� 0:5773Þ
¼ 66:6 kN=m2

) From Equation (9.41)

Qu ¼ ½ð0:36� 7758:8Þ þ ð2:4� 16� 66:6Þ� ¼ 5350:56 kN

Figure 9.15 Example 9.1.
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Allowable total capacity of pile ðFS ¼ 3Þ ¼ 5350:56

3
¼ 1783:5 kN

Example 9.2

Compute the total pile capacity of a circular pile (0.5m diameter) of length 20m embedded in

a soil with c ¼ 20 kN/m2, j ¼ 20f, gt ¼ 19 kN/m3, gsub ¼ 12 kN/m3. The GWL is at a depth

of 5m below the GL (Figure 9.16).

Solution:

Pile diameter; Dp ¼ 0:5 m;

Ap ¼ p� 0:52

4
¼ 0:196 m2

Perimeter of pile ¼ p� Dp ¼ 1:57 m

;

Soil parameters: layer 1, soil above GWL

gt ¼ 19 kN=m3; c ¼ 20 kN=m2; f ¼ 20�; depth of layer ¼ 5 m

K ¼ Ko ¼ 1�sinf ¼ 1�sin20� ¼ 0:66

d ¼ f ¼ 20�; tand ¼ tanf ¼ tan20� ¼ 0:364

�q1 ¼ overburden pressure at mid depthði:e: 2:5 m below GLÞ
¼ 2:5� 19 ¼ 47:5 kN=m2

Layer 2, all properties are the same except gsub ¼ 12 kN=m3, depth of layer ¼ 15 m.

Figure 9.16 Example 9.2.
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q2 ¼ effective overburden pressure at mid depth of layer 2 ði:e: 12:5m belowGLÞ
¼ ½ð5� 19Þ þ ð7:5� 12Þ� ¼ 185 kN=m2

Ultimate pile capacity, Qu

Qu ¼ Qp þ Qat ¼ Apqp þ Asðac þ Koq tandÞ ð9:43Þ
Using Terzaghi’s bearing capacity factors for the soil at the end of pile

c ¼ 20 kN=m2; f ¼ 20�; Nc ¼ 17:69; Nq ¼ 7:74; Ng ¼ 3:64

Point resistance

qp ¼ 1:3cNc þ ðg1Df1 þ g2Df2ÞNq þ 0:3g2DpNg

¼ ½ð1:3� 20� 17:69Þ þ ðð19� 5 þ 12� 15Þ7:44Þ þ ð0:3� 12� 0:5� 3:64Þ
¼ 459:9 þ 2046 þ 6:6 ¼ 2512:5 kN=m2

Ultimate point bearing load of pile

Qp ¼ Apqp

¼ 0:196� 2512:5 ¼ 492:45 kN
ð9:44Þ

Shaft resistance in layer 1: assuming a ¼ 1

Sat1 ¼ c1 þ Koq1tand ¼ 20 þ ð0:66� 47:5� 0:364Þ ¼ 31:4

Qat1 ¼ pDpL1Sat1 ¼ 1:571� 5� 31:4 ¼ 246:7 kN
ð9:45Þ

In layer 2: assuming a ¼ 1

Sat2 ¼ c2 þ Koq2tand ¼ 20 þ ð0:66� 185� 0:364Þ
¼ 64:4

Qat2 ¼ pDpL2 	 Sat2 ¼ 1:571� 15� 64:4 ¼ 1517:6 kN

ð9:46Þ

Total shaft resistance

Qat ¼ Qat1 þ Qat2 ¼ 246:7 þ 1517:6 ¼ 1764:3 kN

Total ultimate pile load capacity

Qu ¼ Qp þ Qat1 þ Qat2 ¼ 492:5 þ 1764:3 ¼ 2256:8 kN

Qallowable ¼ 2256:8

3
¼ 752:3 kN

Example 9.3

A square pile (0.8� 0.8m) 18m long is cast in a two-layered soil as shown in Figure 9.17.

Calculate the allowable load that can be carried by the pile (FS ¼ 3).
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Layer 1 : g1 ¼ 18 kN=m3; c1 ¼ 0; f1 ¼ 15�; d ¼ f1

Layer 2 : gsub ¼ g2 ¼ 11 kN=m3; c2 ¼ 18 kN=m2; f2 ¼ 12�; d ¼ f2

Solution:

Layer 1 : K1 ¼ Ko1 ¼ 1�sinf1 ¼ 1�sin15� ¼ 0:74; tand1 ¼ tanf1 ¼ tan15� ¼ 0:268

Layer 2 : K2 ¼ Ko2 ¼ 1�sinf2 ¼ 1�sin12� ¼ 0:792; tand2 ¼ tanf2 ¼ tan12� ¼ 0:213

This is like a drilled pier without under-ream/bell.

Ap ¼ area of pile

¼ 0:8� 0:8 ¼ 0:64m2

Perimeter of pile ¼ 4� 0:8

¼ 3:2m

Qu ¼ Qp þ Qat1 þ Qat2

¼ Apqp þ As1Sat1 þ As2Sat2 ð9:47Þ
Point bearing

Using Terzaghi’s theory for end bearing in layer 2

c2 ¼ 18 kN=m2; f2 ¼ 12�; Nc ¼ 10:76; Nq ¼ 3:29; Ng ¼ 0:85

qp ¼ 1:3c2Nc þ ðg1Df1 þ g2Df2ÞNq þ 0:4g2BNg

¼ ½ð1:3� 18� 10:76Þ þ ðð144 þ 110Þ3:29Þ þ ð0:4� 11� 0:8� 0:85Þ�
¼ 251:8 þ 835:7 þ 3 ¼ 1090:5 kN=m2

Figure 9.17 Example 9.3.
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Qp ¼ Apqp ¼ 0:64� 1090:5 ¼ 697:9 kN=m2 ð9:48Þ
Shaft resistanceIn layer 1: assume a ¼ 1

Qat1 ¼ As1½c1 þ Ko1�q1 tand1� ¼ 3:2� 8½0 þ 0:74� 72� 0:268�
¼ 25:6ð14:28Þ ¼ 365:5 kN

ð9:49Þ

In layer 2: assume a ¼ 1

Qat2 ¼ As2½c2 þ Ko2�q2 tand2� ¼ 3:2� 15½18 þ ð0:792� 199� 0:213Þ�
¼ 48ð18 þ 33:57Þ ¼ 2475:4 kN

ð9:50Þ

Total ultimate pile load capacity

Qu ¼ Qp þ Qat1 þ Qat2

¼ 697:9 þ 365:5 þ 2475:4

¼ 3538:8 kN

Qallowable ¼ 3538:8

3
¼ 1179:6 kN

Example 9.4

Apile group (4� 4m square) shown below is to carry a load of 2500 kN. The length of the piles

is 20m embedded in soil as shown in Figure 9.18. Compute the primary consolidation

settlement.

Solution:

The piles are embedded into the strong layer of sandy soil up to 18m (ignoring the length in

weak soil). Referring to Section 9.8, Figure 9.10(c), the superstructure load is approximately

carried to a fictitious rigid footing at a depth of 2
3
� 18 ¼ 12 m in the stronger sandy soil, that is,

level CD. Using the approximate dispersion of load downward to deeper layer with slope of

2V : 1H as shown, the change in vertical stress at mid depth of compressible clay layer 4, that is,

EF can be written as

ðDpÞEF ¼ 2500

ðEFÞ � ðEFÞ ¼ 2500

17� 17
¼ 8:65 kN=m2

where

EF ¼ 4 þ 13

2
þ 13

2
¼ 17

The existing over burden pressure at the midlevel, EF, of the clay layer

po ¼ 2� 15 þ 6� 18 þ 16� 11 þ 3� 12 ¼ 350 kN=m2
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The consolidation settlement due to the clay layer can be obtained using Equation (9.24) as

Sc ¼ Cc

1 þ e
H log10

po þ Dp
po

¼ 0:18

1 þ 0:68
� 6� log10

3:50 þ 8:65

3:50
¼ 6:894 mm

Example 9.5

If in the above problem the clay compression index, av ¼ 0:22� 10�3 m2=kN, calculate the
consolidation settlement.

Solution:

Sc ¼ mvDpH ¼ av

1 þ e
Dp:H ¼ 0:22� 10�3

1:68
	 8:65 	 6 ¼ 6:796� 10�3 m ¼ 6:796 mm

Example 9.6

In Example 9.4, if the dimensions of the pile cap are 8m� 6m, what will be the consolidation

settlement (Figure 9.19)?

Figure 9.18 Example 9.4.
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Solution:

In this case, the load on the fictitious footing CD (8� 6m) gets dispersed as a pyramid (with

slope 2V : 1H).At the mid depth of compressible layer (EF)

Area of dispersion

¼ ð8 þ 13Þ � ð6 þ 13Þ
¼ 399 m2

Hence, change in pressure at EF

Dp ¼ 2500

399
¼ 6:27 kN=m2

Initial overburden pressure will remain the same (i.e.,po ¼ 350 kN=m2). Then, the consoli-

dation settlement can be obtained using Equation (9.24) as

Sc ¼ Cc

1 þ e
H log10

po þ Dp
po

¼ 0:18

1 þ 0:68
� 6� log10

350 þ 6:27

350

¼ 4:98� 10�3 m ¼ 4:98 mm

Using the value of av, the settlement can be computed as

Sc ¼ mvDpH ¼ av

1 þ e
Dp:H ¼ 0:22� 10�3

1:68
� 6:27� 6 ¼ 4:93� 10�3 m ¼ 4:93 mm

Example 9.7

In Example 9.4, soil layer 5 was subsequently identified as a compressible soil with gsub ¼
11 kN=m3; Cc2 ¼ 0:14; e2 ¼ 0:53; av2 ¼ 0:12� 10�3 m2=kN. What is the consolidation

settlement due to the two compressible clay layers 4 and 5 (Figure 9.20)?

Figure 9.19 Example 9.6.
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Solution:

With all other data remaining the same as in Example 9.4, the dispersion of the load from the

fictitious level CD of the foundation, is as shown above. Settlement due to layer 4: all

computations are the same as in Example 9.4: Accordingly

Sc4 ¼ 6:894 mm ðusing Cc1Þ ð9:51Þ
¼ 6:796 mm ðusing av; Ex: 9:5Þ ð9:52Þ

Now the settlements due to compressible layer 2 have to be added, as explained in Section 9.9

(Equation (9.26)).

Settlement due to layer 2:

The change in pressure Dp2 at mid depth of layer 2 (level GH) has to be calculated. Accordingly

from the dispersion, the load gets dispersed over an area of ð4 þ 20Þm� ð4 þ 20Þm, that

is, 24� 24m.

Dp2 ¼ 2500

24� 24
¼ 4:34 kN=m2

Existing overburden pressure at level GH

ðpoÞ2 ¼ ðpoÞ1ðatEFÞ þ 3� 12 þ 4� 11 ¼ 350 þ 36 þ 44 ¼ 430 kN=m2

;Sc5 ¼ Cc2

1 þ e
H 	 log po2 þ Dp2

po2
¼ 0:14

1 þ 0:53
	 8 	 log 430 þ 4:34

430

¼ 0:732� 4:36� 10�3 ¼ 3:19� 10�3 m ¼ 3:19 mm

ð9:53Þ

Figure 9.20 Example 9.7.
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Settlement by using av can be computed as

Sc5 ¼ av2

1 þ e2
Dp2:H ¼ 0:12� 10�3

1:53
� 8� 4:34 ¼ 2:72� 10�3 m ¼ 2:72 mm ð9:54Þ

Total settlement ðusing CcÞ ¼ Sc4 þ Sc5 ðfrom Eq: 1 and 3Þ
¼ 6:894 þ 3:19 ¼ 10:084mm

Total settlement ðusing avÞ ¼ Sc4 þ Sc5 ðfrom Eq: 2 and 4Þ
¼ 6:796 þ 2:72 ¼ 9:516mm

Exercise Problems

9.1 A concrete pile is 18m long and 450� 450mm in cross section. The pile is fully

embedded in sand. Given: for sand csub ¼ 17.3 kN=m3and f ¼ 30�. Calculate:

a. The ultimate point load, Qp by Terzaghi’s method and compare with Meyorhof’s

method.

b. The total frictional resistance. Use Ko ¼ 1:3 and d ¼ 0:8f.

9.2 Apipe pile (closed end) that has been driven into a layered sand is shown in Figure 9.21.

Calculate:

a. The ultimate point load by Terzaghi’s method.

b. The ultimate frictional resistance, Qat, Ko ¼ 1:4 and d ¼ 0:7f
c. The allowable load of the pile – use FS ¼ 3.

Figure 9.21 Problem 9.2.
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9.3 A circular concrete pile 500mm diameter is shown in Figure 9.22. Determine the

allowable load that the pile can carry (FS ¼ 3). Use the amethod for determination of

the skin resistance, g.

Figure 9.22 Problem 9.3.

Figure 9.23 Problem 9.5.
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9.4 For the pile shown in Figure 9.22, determine the ultimate skin resistance by using the l
method.

9.5 A concrete pile 600� 600mm in cross section is shown in Figure 9.23. Calculate the

ultimate skin resistance by using the bmethod. Use f ¼ 0� for all clays. All clays are
normally consolidated.

Figure 9.25 Problem 9.8.

Figure 9.24 Problem 9.6.
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9.6 If a pile group and pile cap with an overall plan dimensions of 5� 8m is subjected to

a total load of 3000 kN as shown in Figure 9.24, compute the consolidation settlement

of the group. Length of embedded piles ¼ 24m.

9.7 Acircular pile groupwith a diameter of 8m in plan is subjected to a total load of 3200 kN

in a soil with details as shown in Figure 9.24. Compute the consolidation settlement.

9.8 A square pile group with overall dimension of 6� 6m in plan is constructed in a soil,

as shown in Figure 9.25. Compute the consolidation settlement. Length of embedment

is 22m.

9.9 If the pile group in problem 9.8 is rectangular in plan of size 6� 8m with the soil data

being the same as shown in Figure 9.25, calculate the consolidation settlement.

9.10 If the pile group in Figure 9.25 is circular in plan of 10m diameter, calculate the

consolidation settlement.
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10

Design of Piles and Pile Groups

10.1 Introduction

Piles are structuralmembers made of timber, concrete, steel or othermaterials which are used to

transmit loads from superstructure to deeper soil strata. These are referred to as deep foundations

as the foundation level is much below the depth of shallow foundations (Chapter 4). The

definitions, classifications and details of pile foundations are given in Chapter 9. The situations

where pile foundations may have to be used are indicated below.

10.2 Use of Pile Foundations

Pile foundations may be used for the following situations:

1. To transfer loads throughwater or soft soil to a suitable bearing stratum (end bearing or point

bearing piles).

2. To transfer loads in a relatively weak soil by means of skin friction along the length of the

piles (friction piles).

3. To compact granular soils (thus increasing their bearing capacity) (compaction piles).

4. To carry the foundation beyond the depth of scour to provide safety in the event the soil is

eroded away.

5. To anchor down the structures subjected to uplift due to water pressure or excessive

moments (tension piles or uplift piles).

6. To provide anchorage against horizontal forces from sheetpiling walls or other pulling

forces (anchor piles).

7. To shield water front structures against impact from ships or other floating objects (fender

piles and dolphins).

8. To carry large horizontal or inclined loads (batter piles).

10.3 Types of Piles and Pile Groups

Piles may be classified according to their installation, composition or function. The details are

given in Chapter 9. Generally piles are used in groups to carry the large loads coming from the
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superstructure as shown in Figure 10.1. The groupmay consist of three ormore piles in general,

and two piles occasionally. Theminimum spacing (center to center) of piles suggested by a few

building codes are given in the following Table 10.1 (Bowles, 1996).

Optimum spacing between piles, s, generally recommended for use is 2.5D to 3.5D or 2H to

3H. For pile groups carrying lateral and/or dynamic loads, larger spacing is more efficient.

Though maximum spacing between piles is not prescribed in building codes, spacing up to 8D

to 10D are used depending on the design and economy.

10.4 Efficiency of Pile Groups

The typical stresses/soil pressures produced from shaft friction or end bearing of a single pile

and a group of piles are shown in Figure 10.2. If piles are used in groups, there may be an

overlap of stresses, as shown in Figures 10.2(b), (d) and (e), if the spacing is too close. If the

overlap is large, the soil may fail in shear or settlement will be very large. Though the

overlapping zone of stresses obviously decreases with increased pile spacing, it may not be

feasible since the pile cap size becomes too large and hence expensive.

Figure 10.1 Pile groups carrying heavy superstructures.

Table 10.1 Minimum spacing of piles.

Type of pile BOCA, 1993 NBC, 1976 Chicago, 1974

Friction 2D or 1:75 H � 760 mm 2D or 1:75 H � 760 mm 2D or 1:2 H � 760 mm

Point bearing 2D or 1:75 H � 610 mm 2D or 1:75 H � 610 mm

where D: pile diameter; H: diagonal distance for rectangular shaped piles.
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It is a common practice to calculate the capacity of a pile group by means of an efficiency

factor Z given as

Z ¼ ultimate load capacity of pile group

sum of ultimate load capacities of individual piles
ð10:1Þ

Several empirical efficiency formulae are used to relate group efficiency to pile spacings for

piles in cohesive soils (Poulos, 1980), as follows:

1. Converse–Labarre formula (Poulos, 1980)

Z ¼ 1�
B ðn�1Þm þ ðm�1Þn

mn

h i
90

ð10:2Þ

where B ¼ tan�1ðd=sÞ
m¼ number of columns of piles in the group

n¼ number of rows of piles in the group

Figure 10.2 Stresses in soil due to loads on single pile and pile groups.
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d¼ diameter of the pile

s¼ spacing of the piles in the group.

This equation can only be applied to rectangular groups with regular arrangement, that is,

m, n and s can be identified.

2. Feld’s rule, which reduces the calculated load capacity of each pile in a pile group by 1/16

for each adjacent pile taking no account of the pile spacing (Ramiah and Chickanagappa,

1981).

3. There is another empirical rule (Iyer, 1995) in which the calculated load capacity of each

pile is reduced by a proportion a for each adjacent pile where

a ¼ 1

8

d

s
ð10:3Þ

where d¼ diameter of the pile and s¼ spacing of the piles

For pile groups in sands it is fairly well established that the group efficiencymay often be

greater than 1. The axial capacity of a pile groupmay be calculated inmuch the sameway as

that for a single pile, the only difference being that the failure of the pile group as a block has

now to be considered as shown in Figure 10.3 and discussed in subsequent sections.

10.5 Analysis and Design of Pile Foundations

Due to the wide variety of choices of piles based on materials, methods of construction, pile

capacity assessment, applications, site conditions and so on, methods of analysis and design

also vary in some details but mainly follow the usual laws of mechanics. The usual methods

followed are discussed below.

10.5.1 Loads and Pile Configuration

The pile group can be designed and analyzed for any number of loads coming on the structure.

However, a configuration of the pile group has to be selected (as an initial guess) in accordance

with the loads that the pile group has to cater for. This is achieved by a set of heuristics inherent

Figure 10.3 Maximum capacity of pile group.
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in any design process. The first section gives the handling of the loads tomake itmore amenable

for the choice of a pile group, the second section deals with how an initial selection of a pile

group is made and the final section deals with the checks imposed on the group and how a final

selection is made.

10.5.2 Loads

The loads are specified in the form of a point of action of the load, the x, y and z components of

the forces and the x, y and z components of the moments. The axis that is chosen by the user to

specify the loads is not important since the loads are transformed so that the origin passes

through the C.G. of the pile group (C.G. of cross sectional area of piles).

There are distinct advantages of transforming the axis so that the origin passes through the

C.G. of the pile group (C.G. of cross sectional area of piles). These advantages are listed below.

1. The major advantage of such a transformation is the alignment of the pile group. Once the

loads have been so transformed, the pile group can be placed so that the length and breadth of

the pile group are in conformity with the spatial distribution of the loads. An alignment in

variation to this would result in a pile group spread over an extent that is much more than is

required.

2. It is also preferable to make the center of the pile group coincide with the center of the load

system to minimize the difference in loads coming on the individual piles in the group. This

is very important in order to optimize the piles used.

3. Such a transformation also helps in the competitions.

The piles in the group can all be definedwith the center of pile group at the origin.Apile group

with the right handed Cartesian coordinate system is shown in Figure 10.4. The process of

transformation is achieved byfirst rotating the loads about the origin. The loads are then laterally

shifted so that the center of the load system coincides with the origin. In such a case, the loads

and moments also have to be suitably transformed. Sometimes due to excessive moments or

Figure 10.4 Pile group subjected to general loads and moments.
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excessive differences in the loads, the center of the force systemmay be very far away from the

geometric center of the points of application of the loads. In such a case the center has to be

limited to the middle third of the area over which the loads are spread or else the moments

coming on the pile cap may become excessive.

10.5.3 Pile Configuration

The number of piles can be easily selected on the basis of the axial and lateral loads on the

system and the axial and lateral capacities of the piles. There are two criteria which govern the

initial selection of the pile configuration:

1. The pile group should be oriented such that the length of the group lies in the direction

perpendicular to the axis having a greatermoment. Since thepiles have nowbeenorientedwith

respect to the loads, this leaves us to choose only between two perpendicular directions.

2. The pile group should be oriented such that the length of the group lies as far as possible

along the length of the load system.

On the basis of these two criteria an initial number is assigned according to which we can

choose an appropriate length to width ratio of the group.

10.5.4 Checks Imposed on the Pile Group

Checks are imposed on the selected pile group in stages. Initially a check for the extent of the

load and the pile group is imposed in order to ensure that the loads do not come on the pile cap at

a point outside the pile group. This would result in excessive moments in the pile cap. It is

assumed that all loads Px, Py, and Pz transmitted from the superstructure are shared by piles in

the group in proportion to their areas of cross section.

Next, checks are imposed such that the individual piles have adequate factors of safety

against axial load, lateral load, moments and combined axial and lateral load. The axial load

coming on a pile is calculated by the expression

Pzi ¼ PzAiP
Ai

� MxyiAi

Ixx
�MyxiAi

Iyy
ð10:4Þ

where

Pzi is the axial load coming on the i-th pile

n is number of piles in the group

Pz is the resultant of all the vertical loads

Mx is the resultant moment about the x axis

My is the resultant moment about the y axis.

Ai is the area of cross section of the i-th pile. If Ai is the same for all the piles (i¼ 1 to n) in the

group, then AiP
Ai

¼ 1
n
and the first termon the right hand side (RHS) ofEquation (10.4) simplifies

as Pz

n
.

xi,yi are the x, y coordinates of the i-th pilewith respect to the origin (C.G. of pile group). x, y,

z are the right handed coordinate axes as shown in Figure 10.4.

Ixx, Iyy and Izz are the moments of inertia of the pile group about the x, y and z axes

respectively. Ixx , Iyy and Izz are obtained as given below (using parallel axes theorem and

neglecting the moments of inertia of the pile cross sections about their own axes).
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Ixx ¼ A1y
2
1 þ A2y

2
2 þ � � � þ Any

2
n ¼

P
Aiy

2
i

Iyy ¼ A1x
2
1 þ A2x

2
2 þ � � � þ Anx

2
n ¼

P
Aix

2
i

Izz ¼ Ixx þ Iyy ¼
P

Air
2
i

ð10:5Þ

where

r2i ¼ x2i þ y2i

The lateral loads coming on any pile along x and y direction (horizontal axes) can be

expressed as

Phxi ¼ PxAiP
Ai

�MzyiAi

Izz
ð10:6Þ

Phyi ¼ PyAiP
Ai

þ MzxiAi

Izz
ð10:7Þ

Thus the resultant horizontal load on the i-th pile is

Phi ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P2
hxi þ P2

hyi

q
ð10:8Þ

where

Phxi is the lateral load coming on the i-th pile in the x direction.

Phyi is the lateral load coming on the i-th pile in the y direction.

Px is the resultant of all the horizontal loads in the x direction.

Py is the resultant of all the horizontal loads in the y direction.

Mz is the torsional moment about the z axis.

xi, yi are the x and y coordinates of the i-th pilewith respect to the origin (C.G. of pile group).

Ai is the area of the i-th pile. If Ai is the same for all the piles (i¼ 1 to n) in the group, thenAi /

SAi¼ 1/n and the first term on the right hand side (RHS) of Equations (10.6) and (10.7)

simplifies as Px

n
and

Py

n
respectively.

Izz is the torsional moment of inertia of the pile group.

The safety against combined axial and lateral load can be checked by treating the pile as a

column under combined axial and lateral load.

After this the pile group is checked for group capacities. Finally a check on the settlements of

the individual piles as well as on the pile group is made.

It is possible, that after all these checks there are several alternative designs feasible. In order

tomake a final choice a representative economic analysis is made. Three factors are considered

in the economic analysis:

1. The quantity of concrete

2. The quantity of steel

3. Additional costs per unit length of the pile which could be interpreted as the cost of

installation of the pile.

10.6 Lateral Capacity of Piles

Deep foundations subjected to lateral loads should be designed so that they satisfy the

following conditions (Iyer, 1995):
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1. The pile or drilled shaft should be able to carry the imposed loadwith an adequate margin of

safety against failure in bending.

2. The deflection of the foundation under the load should not be larger than the tolerable

deflection for the structure it supports.

3. The soil around the pile or shaft should not be loaded so heavily that it reaches its ultimate

load carrying capacity.

10.6.1 Single Pile

A single pile with the lateral load is shown in Figure 10.5. There are different design

philosophies prevalent for the estimation of the lateral load carrying capacity of a single pile.

1. Conventional Statical Approach

The simplest method of estimating the ultimate lateral resistance of a floating pile is to

consider the statics of the pile by drawing an approximate soil resistance profile along the

length of the pile. Brom’s (1964) theory is an application of this approach in which

simplifications are made to the ultimate soil resistance distribution along the pile and also

full consideration is given to restrained or fixed-headed piles as well as unrestrained or free

headed piles. For a general distribution of soil resistance with depth the method given by

BrinchHansen andChristensen (1961), described in detail byTomlinson (1977),maybeused.

Figure 10.5 Single pile subjected to lateral/horizontal load.
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2. Subgrade Reaction Approach

This approach is based on the assumption that the soil reaction q is proportional to the

deflection of the pile. The ratio of the soil reaction to the deflection is called the modulus of

subgrade reaction, ks, which is a function of the modulus of elasticity,Es (further details are

given in Chapter 4). Solutions have been developed for Es constant with depth (Hetenyi,

1946) and also for variation of Es with depth and for layered soils.

3. p–y Curves

The subgrade reaction approach is only applicable to the deflection of pile within the elastic

compression of soil caused by the lateral loading of piles. The p – y curves developed by

Reese (Tomlinson, 1977) represent the deformation of the soil at any given depth below the

soil surface for a range of horizontally applied pressures from zero to the stage of yielding of

the soil in ultimate shear.

4. Characteristic Load Method

The characteristic load method described by Duncan, Evans and Ooi (1994), like the p–y curve

approach, takes into account the nonlinearity in the soil response to a lateral load. It gives

nondimensional characteristic loads andmoments as a means of normalizing the soil response.

Curves are then given for the estimation of the ratio of applied load to the characteristic load and

applied moment to the characteristic moment for different levels of deflections.

10.6.2 Additional Considerations

The lateral load carrying capacity of a single pile depends not only on the horizontalmodulus of

subgrade reaction of the surrounding soil but also on the structural strength of the pile shaft

against bending consequent upon application of a lateral load.While considering lateral load of

piles, effect of other coexistent loads including the axial load on the pile should be taken into

consideration for checking the structural capacity of the shaft. Values of modulus of horizontal

subgrade reaction are given for different types of soils in the codes and are given in Tables 10.2

and 10.3. Also the fixity lengths for the various values of the modulus of subgrade reaction are

given in the form of graphs in Figures 10.6(a) and (b) (Part 1 of IS: 2911–1984, 1984).

The concept of the fixity length of a pile can also be used to calculate the approximate

bending moments caused by the lateral loads in piles to avoid the cumbersome calculations of

the BEF approach (Section 10.6.4). This fixity length approach is used by several designers and

is illustrated in Sections 10.14 and 10.15.

Table 10.2 Typical values of nh as defined in Figure 10.6(a).

Soil type nh (kg/cm
3)a

Dry Submerged

Loose sand 0.26 0.146

Medium sand 0.775 0.526

Dense sand 2.076 1.245

Very loose sand under repeated loading — 0.041

akg is in units of force.
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Table 10.3 Typical values of Kh for preloaded clays.

Unconfined compression

strength (kg/cm2)a
Range of values

of Kh (kg/cm
2)a

Probable values

of Kh (kg/cm
2)a

2–4 7–42 7.73

10–20 32–65 48.79

20–40 65–130 97.73

40 — 195.46

akg is in units of force.

Figure 10.6 Fixity length of piles subjected to lateral loads.
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This is an approximate approach which needs to be used with caution after verifying with

local practices and codes. From the distribution of shear force and bending moment diagrams

shown in Figures 9.8 and 9.9, such a simplification as illustrated in Sections 10.14 and 10.15

appears to be reasonable. However, it should be verified by the BEF approach or othermethods.

Itmay be also noted thatmaximumBMdue to lateral loads in piles is usedmainly to compute

the reinforcement needed in the pile in combinationwith thevertical load as in a column. It does

not affect any other parameters of pile design, once the maximum allowable lateral load of

individual pile is decided. Further, the construction agencies have usually their customized

procedures to ensure the allowable maximum bending moment in individual piles (both for

driven piles as well as cast in situ piles).

10.6.3 Methods of Analysis

In most cases consideration of bending moments and deflections govern design, because the

ultimate load carrying capacity of the soil is reached only at very large deflections. The statical

approach does not consider the load–deflection response.

The method of p–y curves requires a great deal of time to develop the input and is highly

computer-intensive.

The characteristic loadmethodworks only for uniform soil conditions, that is, it assumes that

the pile is embedded in the same type of soil throughout its length.Hence themethod that can be

adopted is one based on the beam on elastic foundation approach described by Vlasov and

Leontev (1960), Kameswara Rao (1971). Themethod is explained in detail in Chapters 4 and 5.

Since the method suggested by Brinch-Hansen is much more easy to apply for the case of a

short pile it may be used in preference to the beam on elastic foundation approach. Thismethod

is given in Section 10.6.5.

10.6.4 Beam on Elastic Foundation Approach

This approach is discussed in detail in Chapters 4 and 5. However, a brief discussion is

presented below with focus on laterally loaded piles.

Noting that the axis of the pile is along the z direction as shown in Figure 10.5, the governing

equation for a beam on Winkler foundation can be expressed (Chapter 4) by the differential

equation (Hetenyi, 1946) as

EpIp
d4u

dz4
þ khu ¼ p ð10:9Þ

where

Ep is the Young’s modulus of the material of the pile

Ip is the moment of inertia of the cross-section of the pile

u is the lateral/horizontal displacement of the pile

p is the load distribution on the pile, that is, external lateral load applied along lateral (x axis)

direction

kh is the modulus of subgrade reaction in the horizontal direction.
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Vesic (1961) analyzed an infinite (horizontal) beam on an elastic foundation and compared

the results with those obtained by the use of Winkler’s hypothesis. He concludes that the

problem of bending of beams resting on a semi-infinite elastic subgrade can be treated with

reasonable accuracy with the use of the concept of a coefficient of subgrade reaction. He has an

expression for the value of kh, which can be adopted for piles as

kh ¼ 1:3

B

ffiffiffiffiffiffiffiffiffiffi
EsB4

EpIp

12

s
Es

1�n2s
ð10:10Þ

where B is the beam width and Es, vs are elastic constants of the soil.

Ep Ip are, respectively, the modulus of elasticity andmoment of inertia of the cross section of

the pile about the axis of bending.

The expression for ks in the vertical direction is given in Equation (4.41).

The differential equation needs to be used for piles which are subjected to both axial loads

and lateral loads as applicable to a beam–column (Hetenyi, 1946), that is, Equation (10.9)

needs to be modified to also take into account the axial load.

Accordingly, the modified equation is

EpIp
d4u

dz4
�N

d2u

dz2
þ khu ¼ p ð10:11Þ

where N is the axial load on the beam–column/pile which actually varies with depth due to the

friction on the surface of the pile. For the case when N¼ 0, Equation (10.11) reduces to

Equation (10.9). For the casewhenN varies with depth, numerical solutions can be obtained as

described in Chapters 6 and 7. For the case when N¼ 0, exact or numerical solutions can be

obtained usingmethods discussed in Chapters 5–7. For the casewhenN¼ constant again exact

solutions can be obtained by the methods described in Chapter 5 (including the method of

initial parameters). However for the case when N¼ constant, initial steps for obtaining the

exact solutions as described in Chapter 5 are presented below.

The characteristic equation of the ODE that is, Equation (10.11) is

EpIpm
4�Nm2 þ kh ¼ 0 ð10:12Þ

The roots of characteristic equation are

m1;2;3;4 ¼ �ða � ibÞ ð10:13Þ
where

a ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2 þ N

4EpIp

s
ð10:14Þ

b ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2� N

4EpIp

s
ð10:15Þ

in which

l ¼
ffiffiffiffiffiffiffiffi
kh

4EI

4

r
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Hence the homogeneous solution for Equation (10.11) can be written as

uh ¼ C1F1 þ C2F2 þ C3F3 þ C4F4 ¼ CTF ¼ FTC ð10:16Þ
C is the matrix of constant coefficients which have to be solved from the boundary

conditions. C can be expressed in a matrix form as

C ¼
C1

C2

C3

C4

8>><
>>:

9>>=
>>;

F is the basis of solution and is given by

F ¼

F1

F2

F3

F4

8>>><
>>>:

9>>>=
>>>;

¼

eazcos bz

e�azcos bz

eazsin bz

e�azsin bz

8>>><
>>>:

9>>>=
>>>;

ð10:17Þ

The derivative of the basis of solutions for the homogeneous solution can be expressed as

dfFg
dz

¼ NH½ � Ff g ð10:18Þ

where NH is given by

NH ¼

a 0 �b 0

0 �a 0 �b

b 0 a 0

0 b 0 �a

2
6664

3
7775 ð10:19Þ

The parameters, that is, displacement u, slope u0, momentMb and shear forceQ at any point

can be expressed as

u ¼ fCgTfFg

u0 ¼ du

dz
¼ fCgT NH½ �Fg

Mb ¼ EI
d2u

dz2
¼ Ef If fCgT ½NH �2Fg

Q ¼ �EI
d3u

dz3
¼ �Ef If fCgT ½NH �3Fg ð10:20Þ

Hence

u

u0

Mb

Q

8>><
>>:

9>>=
>>;

z¼0

¼ ½B�z¼0fCg ð10:21Þ

or

uþ

u0

Mb

Q

8>>>>>>><
>>>>>>>:

9>>>>>>>=
>>>>>>>;

¼ BC (10.20)
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If we refer to thematrix on the left of the equality as {Ip}, thematrix of initial parameters, we

can write

fIpg ¼ ½B�z¼0fCg ¼ ½A�fCg ð10:22Þ
Hence the {C} matrix can be written as

fCg ¼ ½A��1fIpg ¼ ½G�fIpg ð10:23Þ
From Equations (10.20), we get

fIpg ¼ ½B�fCg ¼ ½B�½G�fIpg ¼ ½K�fIpg ð10:24Þ
The total solution can be given by

uT ¼ uh þ up

where uh and up are the homogenous solution and particular integral. The details of obtaining

the total solution from now on will be the same as given in Chapter 5.

Equations (10.20)–(10.24) are similar to Equations (5.35)–(5.39) in Chapter 5, except that

the basis of solutions F1 to F4 (Equation (10.17)), the coordinate axes and the direction of the

displacement are different. The general solutions can be obtained as given in Section 5.5.

For example, if the parameters at any point (say z¼ l) are represented as {Fp}, they can be

written as

fFpg ¼ ½K�fIpg�fFpartg ð10:25Þ
where {Fpart} is the matrix of functions depending on the external load. These can be obtained

bymultiplying the relevant terms of the [K] matrix by the force applied. For the case of a lateral

load at the head of the pile the terms of the {Fpart} can be obtained as

Fu ¼ PxðK1;4Þ
Fu0 ¼ PxðK2;4Þ
FM¼ PxðK3;4Þ
FQ ¼ PxðK4;4Þ

ð10:26Þ

where Px is the lateral force applied at the head of the pile.

For a layered soil profile one could proceed down the length of the pile by expressing the final

parameters, at the bottom of the layer, in terms of the initial parameters, at the top of the layer,

and considering these final parameters as the initial parameters for the subsequent layer.

Proceeding in this fashion one could express the parameters at the bottom of the pile in terms of

the parameters at the top of the pile.

10.6.4.1 Infinitely Long Beam

For a pile with a lateral load applied at its head, the deflection and slope, tend to zero with

increasing depth as is for a beam with a concentrated load as we move away from the point of

application of the load. Hetenyi (1946) has found that this distance can be expressed as 1:5p=l.
Hence if we were to consider a pile with length greater than 1:5p=l as a infinitely long pile,

we could determine the parameters at the top of the pile. Once these have been determined, we

could proceed from top to bottom and calculate the lateral carrying capacity as the sum of the

soil reaction over the length given by (khu) from top to bottom.
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10.6.5 Short Piles – Brinch Hansen’s Method

For short piles Brinch Hansen (Brinch Hansen and Christensen (1961)) suggested a simple

method for calculating the lateral load capacity as shown in Figure 10.7. The resistance of the

pile to rotation about the point x in Figure 10.7 is given by the sum of the moments of the soil

resistance above and below this point. The passive resistance diagram is divided into a

convenient number of n horizontal elements of depth L/n. The unit passive resistance of an

element at depth z below the ground surface is then given by

pz ¼ pozKqz þ cKcz ð10:27Þ
where poz is the effective overburden pressure at depth z, c is the cohesion of the soil at depth z,

and Kqz and Kcz are the passive earth pressure coefficients for the frictional and cohesive

components respectively at depth z (Figure 10.8).

The total passive resistance on each horizontal element is pz(L/n)B and by taking the

moments about the point of application of the horizontal load, we get

X
M ¼

Xz¼x

z¼0

pz
L

n
ðe þ zÞB�

Xz¼l

z¼x

pz
L

n
ðe þ zÞB ð10:28Þ

where B is the width/diameter of the pile cross section. The point of rotation has to be obtained

by trial and error and it is correctly obtained when
P

M ¼ 0. Having obtained the center of

rotation from Equation (10.28), the ultimate lateral resistance of the pile to the horizontal force

Figure 10.7 Brinch-Hansen’s method for short piles.
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Hu can be obtained by taking moments about the point of rotation, that is

Huðe þ zÞ ¼
Xx
0

pz
L

n
Bðx þ zÞ þ

Xx þ L

x

pz
L

n
Bðz�xÞ ð10:29Þ

The ultimate bendingmoment, which occurs at the point of zero shear, should not exceed the

ultimate moment of resistanceMu of the pile shaft. However it is quite often found thatMu is

exceeded. For cases where this does take place the ultimate lateral load carrying capacity is

calculated on the basis of a scheme suggested by Carter and Kulhawy which is reported by

Randolph (1981) and Randolph et al. (1992).

10.6.6 Structural Checks

It has to be checked that the solution obtained does not violate either the maximum deflection

criterion, the limiting moment criterion or the maximum permissible shear force criterion.

The maximum permissible lateral deflection of the pile would depend on the use to which the

superstructure is to be put and hence is user-defined criterion. The maximum moment of a

pile section can be calculated from the shape, dimensions and quantity of reinforcement steel in

the pile section by the limit state theory. The minimum quantity of steel to be used as

longitudinal reinforcement for bored piles is given as 0.4% of the cross-sectional area of the

pile or as required to cater for handling stresses (Part 1 of IS: 2911–1984, 1984). Theminimum

quantity of steel to be used as longitudinal reinforcement in a driven pile is given as

(IS: 2911–1984, Part 1, Section 3) as follows:

1. For piles of length <30� the least width – 1.25%

2. For piles with a length 30–40� the least width – 1.5%

3. For piles with a length >40� the least width – 2.0%.

Figure 10.8 Brinch-Hansen’s coefficients Kq and Kc.
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10.7 Pile Group

In the estimation of the lateral load capacity of a pile group an approach similar to that adopted

for the calculation of vertical load capacity can be taken. The group capacity of a group of piles

is the smaller of the following two values, that is:

1. n times the lateral load capacity of a single pile.

2. The lateral load capacity of an equivalent single block containing the piles in the group and

the soil in between them.

10.7.1 Methods Available

The concept of efficiency factor for lateral loading, like one for vertical loading, has been

suggested byPoulos (1980).He has attempted to plot curves of group efficiencyversus spacing/

pile diameter.

Instead, Randolph et al. (1992) suggested (avoiding calculations based on efficiency factors)

a method taking into account the shear stresses developed on the soil between two piles as

shown in Figure 10.9. They gave the expression

Pu ¼ 2Ks0vs tan f0 ð10:30Þ
where

K¼ earth pressure coefficient

s0v ¼ effective vertical stress

f0 ¼ angle of internal friction

s¼ spacing between piles.

However, they state that the value ofK to be used in the above expression is open to question.

10.8 Settlement of Piles

The settlement of a pile is the sum of the immediate or elastic settlement and long-term or

consolidation settlement. Only the immediate or elastic settlement of the pile/pile group is

Figure 10.9 Plan view of block failure of piles under lateral load.
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discussed in this section along with discussion on the implications of soil pile interaction.

The evaluation of primary consolidation settlement of pile groups is discussed in detail in

Sections 9.8 and 9.9.

The total settlement of a single pile under axial load consists of the following components:

1. Elastic compression of the pile

2. Movement of pile relative to the surrounding soil

3. Settlement of surrounding soil due to pile load; this comprises of elastic deformation and

consolidation settlement

4. Settlement of soil under the pile tip (elastic as well as consolidation)

5. Creep of pile material under constant axial load.

The settlement of a pile group is more complex because of overlapping of stresses in the

soil introduced by the closely spaced piles. Under equal axial load per pile, the pile group

generally settles more than a single pile due to the stress overlapping (Figure 10.2). The

procedures for settlement analysis varies with the type of piles and the soil conditions, as

discussed below.

10.8.1 Point-Bearing Piles on Bedrock

If the pile tips are on the rock and if the rock is not soft, the net settlement of a pile is generally

not more than a few millimeters after deduction of rebound. However, well designed and

constructed buildings supported on piles driven to solid hard rock have been subjected to total

settlements several times as much as the net settlement of the test pile. The larger settlements

are thought to be the result of one or more of the following factors:

1. Small uplift of piles due to driving of adjacent piles

2. Long-term creep of pile material under constant load

3. Overlapping of stresses in soil

4. Negative skin friction as a result of disturbance of clay due to pile driving.

However, the total net settlement of well designed and constructed pile foundations on rock

generally will not be so large as to cause concern, unless the bedrock is soft. In this case,

quantitative analysis is very difficult and in practice it can only be estimated by judging from the

characteristics of the rock core samples and local experience, if available.

10.8.2 Point-Bearing Piles in Sand and Gravel

The settlement of a single pile driven in granular soils can be readily determined by load test

since the settlements of such soils take place immediately after load application. However, the

testmust be somade to differentiate or eliminate the skin friction. The settlement of a pile group

is considerably greater than that of a single point-bearing pile as discussed above. For a group of

piles having the customary pile spacing, the tentative relationship shown in Figure 10.10 may

be used. Pile groups closely located should be considered as one large cluster if they are

connected to different pile caps.
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Also, there could be the possibility of additional settlement due to layer or layers ofweak soil

below the compact or hard layer which supports the pile caps. The stress in lower layers may be

approximated by the 60	 distribution method as discussed in Section 9.8.

10.8.3 Point-Bearing Piles on Hard Clay

Settlement of a single pile or a group of piles driven to hard clay cannot be determined by

practical means. Avery rough idea as to the order of magnitude of settlement may be obtained

by laboratory tests on the basis of broad assumptions, approximations, and simplifications.

Records of existing pile foundations are the most valuable information, if available.

Load tests on such piles usually give optimistic results because an extremely long time is

necessary for consolidation. The process of consolidation may be accelerated if the tip of the

test pile is provided with porous material and the excess water is drained out during the test.

Even so, a load test may require long time for complete consolidation. Such lengthy load test is

not feasible in all construction projects. Therefore, if pile load tests are conducted for the

purpose of determining the ultimate bearing capacity, the load settlement relationship as

established by the tests must be interpreted very carefully.

10.8.4 Friction Piles in Sand and Gravel

The load–settlement relationship of a single friction pile in granular soils can be determined

reliably by pile load test. The time required for the test is relatively brief since settlement in

such soils takes place shortly after load application.

If the settlement of the test pile is acceptable, the settlement of a pile group in such soils will

be of no concern. This is because the granular soil between the piles is compacted by

displacement of the piles and becomes locked in between as a dense mass. The settlement

Figure 10.10 Settlement of group of point-bearing piles in sand. (Reproduced from Proceedings of the

3rd International Conference on Soil Mechanics and Foundation Engineering, vol. 3, A.W. Skempton,

“Discussion: settlement of pile group in sand,” p. 172, August 16–27,� 1953, Z€urich, Switzerland, with
permission from Geotechnik Schweiz, formerly SGBF Swiss Society for Soil and Rock Mechanics.)
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probably approaches that of a pier foundation having a depth and base area equal to those of the

pile group.

10.8.5 Friction/Adhesion Piles in Clays

The settlement of a single friction pile in clay cannot be determined within a short period

because of the long time taken for consolidation.With elaborate laboratory tests, the settlement

may be computed by elastic theory (Seed and Reese, 1957). There is no accurate method for

determination of settlement of friction piles in clays. In practice an approximate settlement

analysis may bemade by the aid of consolidation on the assumption that the clay is subjected to

vertical stresses determined by the methods given in Sections 9.8 and 9.9.

Driving piles in clay considerably effects the engineering properties of the clay. The

pile driving operation disturbs the clay surrounding each pile, several centimeters thick

around the pile surface. The clay in this zone loses a part of its strength due to disturbance.

Immediately the disturbed clay begins to loose water due to the stresses setup by volume

displacement. If the clay in this disturbed zone is very sensitive, it may lose a large part of its

strength and becomes unable even to support the soil above. Hence, it begins to consolidate

under its own weight. The strength is usually regained very rapidly as a result of water

expulsion. Some 90% or more of its original undisturbed strength may be regained. Eventually

the clay in the disturbed zone may become stronger than the original soil. In practice the full

load is never applied until several months after pile driving, and hence, the damage due to

driving disturbance does not affect the useful strength of the soil. However there are doubtful

cases where the clay may not regain its full strength or may not regain it rapidly enough.

In either case, laboratory tests of the undisturbed and disturbed samples need to be conducted

and analyzed.

10.8.6 Settlement Under Axial Load – Single Pile

The existing methods of analysis can be broadly categorized as given below (Poulos, 1980):

1. The load transfermethod developed byCoyle andReese (1966), uses relationships between

pile resistance and pile movement measured at various points along the pile. In this method

the pile is divided into a finite number of segments. Assuming a tip movement, the

movement of the pile segment at midheight is estimated from load transfer/shear strength

versus pile movement curves and the elastic deformation equation in an iterative manner.

Thus one proceeds up the length of the pile to obtain the load and displacement of the pile

head. From a series of such calculations load–settlement curves can be plotted.

2. Analyses based on elastic theory have been carried out by many investigators, such as

Butterfield andBanerjee (1971), Randolph andWroth (1978), and Poulos andDavis (1980).

In these analyses the pile is divided into a number of uniformly loaded elements and a

solution is obtained by imposing the compatibility constraints between the displacement of

the soil and the pile. The displacements of the pile are obtained by considering the

compressibility of the pile under axial loading and the soil displacements in most cases

are obtained by using Mindlin’s equations for the displacement of a soil mass caused by a

loading within the mass.

370 Foundation Design



3. Finite element solutions have been described by Ellison et al., Desai, Lee and Balaam et al.,

among others (Iyer, 1995).

10.8.7 Settlement Under Axial Load – Pile Group

The settlement of a pile group is the sum of the immediate or elastic settlement ri and the long-
term or consolidation settlement rc. The general equation for the calculating ri for a flexible
foundation at the ground surface level (discussed in Chapters 3 and 4) is

ri ¼ qn2B
1�n2

Eu

� �
If ð10:31Þ

where

ri is the settlement at the center of the flexible loaded area

qn is the net foundation pressure

B is the width of an equivalent flexible raft

n is the Poisson’s ratio
If is an influence factor

Eu is the deformation modulus for the undrained loading conditions.

10.8.8 Methods of Computation

It can be seen from Equation (10.31) that the values of If depends on the ratios H/B and L/B of

the pile group, where H¼ depth of the compressible soil layer, B¼width of the pile group,

L¼ length of the pile group.

However, it may be more convenient to use the expression given by Janbu, Bjerrum and

Kjaernsli (Tomlinson, 1977) to obtain the average immediate settlement of a foundation at

depth D below the surface where the equivalent raft foundation is to be located.

The base of the equivalent raft for different cases of soil conditions is as shown in

Figures 10.11 and 10.12. In layered soils with different values of the deformation modulus

Eu in each layer, the strata below the base of the equivalent raft are divided into a number of

representative horizontal layers and an average value ofEu is assigned to each layer as shown in

Figure 10.13. The dimensions L and B in Figure 10.13 are determined on the assumption that

the load is spread to the surface of each layer at an angle of 30	 from the edges of the equivalent

raft. The total settlement of the pile foundation is then the sum of the average settlements

Figure 10.11 Base of equivalent raft in sandy soils for pile groups.
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Figure 10.12 Base of equivalent raft for soft soils.

Figure 10.13 Load distribution beneath pile group in layered soils.

Figure 10.14 Interaction factors for floating piles, L/d¼ 10.
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calculated for each soil layer from Equation (10.31). The computation of the settlement of a

group of piles is often done by the application of influence factors. There are many such

influence factors in literature given by Skempton, Pitchumani and D’Appolonia, Poulos,

Randolph and Wroth (Iyer, 1995). Influence factors (aF) were obtained by Poulos by the

integration of the Mindlin’s equation for the vertical displacement in a semi-infinite mass

resulting from an interior vertical loading and are given in Poulos and Davis (1980). These are

given in Figures 10.14–10.17 for various L/d and s/d ratios where L¼ length of the pile,

d¼ diameter of pile and s¼ spacing of the piles. The charts are given for different values of soil

stiffness K at a value of Poisson’s ratio of the soil ns ¼ 0:5.
In these figures, K ¼ ðEpIpÞ=ðEsL

4Þ
where

EpIp ¼ flexural rigidity of the pile

Es ¼ modulus of elasticity of soil

L ¼ embedded length of pile.

Figure 10.15 Interaction factors for floating piles, L/d¼ 25.

Figure 10.16 Interaction factors for floating piles, L/d¼ 50.
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Since these values are obtained for a load acting in a semi-infinite media, curves for

correction factor Nh for the effect of finite layer are given in Figure 10.18.

Also, since these curves are plotted for a Poisson’s ratio of 0.5, curves for correction factorNv

for the effect of Poisson’s ratio are given in Figure 10.19.

Figure 10.17 Interaction factors for floating piles, L/d¼ 100.

Figure 10.18 Correction factor Nh to interaction factors for the effect of finite layer depth.
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Figure 10.19 Correction factor Nv to interaction factors for the effect of Poisson’s ratio.

10.9 Settlement Under Lateral Load

The lateral load capacity of the pile can be computed by the beam on elastic foundation

approach on the basis of the permissible lateral deflections, as discussed in Section 10.6.4.

10.10 Design of Pile Caps

Pile caps are almost invariably made of reinforced concrete and are designed as individual

footings subjected to the column loads plus theweight of the pile cap and the soil above the cap.

Under a concentric load, all piles in the same group are assumed to take equal axial loads.

Theory, model tests, and field measurements have proved that piles in one group do not take

equal loads. Instead, the center piles take less than the outer piles and the corner piles are

subjected to maximum loads. The soil under the pile cap is not assumed to offer any support.

Wherever the conditions permit, the piles should be arranged in the most compact geometric

form in order to keep the stresses in the pile cap to the minimum (Teng, 1964). The criteria for

the structural design of the pile caps are illustrated in Figure 10.20.

Under an eccentric loading or a concentric loading plus amoment, the pile cap is designed in

accordance with the following assumptions:

1. Pile cap is perfectly rigid.

2. Pile heads are hinged to the pile cap; therefore, no bending moment is transmitted from pile

cap to piles.

3. Piles are short, elastic columns. Therefore, deformations and stress distribution are planar.

These assumptions permit the use of elastic theory for calculation of the pile loads and the

stresses in the pile cap, as explained in Section 10.5.
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Figure 10.20 Critical sections for the design of pile cap.

Pile caps, similar to spread footings, may have pedestals, stepped or sloping tops. One cap

may also support more than two columns.

Pile caps should be large enough to have a minimum edge distance of 100–150mm of concrete

beyond the outside face of the exterior piles. In difficult driving conditions where the actual

locationsofpilesmaydeviate considerably from the required, the edgedistance shouldbe increased

to provide for such field variations. Ordinarily the piles are embedded at least 150mm into the cap

and the reinforcing bars are placed at a clear distance of 75mm above the pile head. Therefore the

effective depth d of a pile cap is generally about 250mm less than the total depth d of the pile cap.

10.11 Uplift

When piles are required to resist uplift force in excess of the dead load of the structure, the

following steps must be taken:

1. The piles must be anchored sufficiently into the cap, the cap tied to the column and the cap

designed for the uplift stresses.
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2. Concrete piles must be reinforced with longitudinal steel for the full net uplift. Splices in all

types of piles should be designed for the full uplift.

3. Uplift resistance of a pile is not necessarily a function of its bearing capacity under

compression. For friction piles in soft clay, the capacities against compression and uplift are

about equal. A friction pile in granular soils may not have an uplift resistance approaching

its bearing capacity. Except for friction piles in soft clays, the uplift capacity of the pilemust

be determined by pull out tests. When large uplift forces are anticipated, pedestal type piles

may be beneficial.

The total uplift resistance of a pile group is calculated as the smaller of the following two

values:

1. Uplift resistance of a single pile� number of piles in the group.

2. Uplift resistance of the entire group as a block (Figure 10.21).

10.12 Batter Piles

When piles are subjected to excessive lateral loads, it might be more economical and desirable

to provide batter piles. Common batter varies from 1 horizontal:12 vertical to 5 horizontal:12

vertical. When batter exceeds 3 horizontal:12 vertical, special driving equipment is necessary

and hence may be very costly.

The usual assumption in the design of batter piles is that the pile is capable of resisting the

same axial load as a vertical pile of the same type and size and driven to the same stratum. There

are several methods for analysis of pile foundations involving batter piles. Some of these are

given below:

1. The most conservative method is one that provides enough batter piles to resist all the

horizontal force. The capacity of a batter pile in resisting a horizontal force is assumed, in

Figure 10.21 Uplift capacity of pile group.
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this case, to be equal to the horizontal component of the pile capacity along the direction of

batter. This method certainly requires more piles than necessary for a given condition and is

not commonly used.

2. A commonly usedmethod of analysis is known asCulmann’s graphicalmethod, as shown in

Figure 10.22. Piles are grouped according to their slopes. It assumes that all piles are

subjected to axial load only and that piles in each group are subjected to equal axial load.

Based on these assumptions, the center of reactions can be located. Culmann’s method may

be described step by step as follows:

a. Sketch a profile of the pile foundation and locate the center line of each group of parallel

piles.

b. Draw the resultant R of all external forces applied on the pile foundation. R intersects

the center line of the pile group 1 (vertical piles) at point a.

c. Center line of group 2 and center line of group 3 intersect at b. Connect ab.

d. Resolve R into components V and B. V is vertical and B is parallel to line ab.

e. Group 1 is subjected to total axial forceV. Group 2 andGroup 3 are subjected to forceB.

f. Resolve force B into axial loads along center line of group 2 and center line of group 3.

This method is statically determinate where piles are arranged in not more than three

directions; some examples are given by Teng (1964).

Figure 10.22 Graphical method (Culmann’s method). Column base plate.
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10.13 Design of Pile Foundations

The general criteria for the design of pile groups is that:

1. The load-carrying capacity of a single pile should not be exceeded due to loads andmoments

coming from the superstructure.

2. The load-carrying capacity of the group should not be exceeded by the total superposed loads.

3. The settlements, both total and differential, should be within permissible limits.

The design of pile foundation may be carried out in the following steps:

1. Calculate the loads. The total load acting on the piles includes theweight of the pile cap and

the soil above it. If the ground is newly filled or will be filled in the future, the additional load

on piles due to negative skin friction should be included (Chapter 9).

2. Get the soil profile of the site and, superimpose the outline of the proposed foundation and

substructure on this. Mark the ground water level.

3. Determine type and length of piles.

4. Determine pile capacity.

5. Establish pile spacing (Section 10.3).

6. Check stresses in lower strata (Section 10.8).

These aspects are summarized below in terms of design guidelines.

10.14 Summary of Assumptions and Guidelines for Design

The details presented in the previous sections for pile foundation design are summarized for

practical applications as follows:

1. Under a concentric load the piles are assumed to take equal axial loads in proportion to

their areas of cross section (Section 10.5).

2. Under an eccentric loading or a concentric loading plus a moment, the pile group is

designed with the following assumptions:

a. Pile cap is rigid.

b. Pile heads are hinged to the pile cap and therefore no bending moment is transmitted

from the pile cap to the piles directly.

c. Piles are short elastic columns. Therefore, the deformations and stress distribution are

planar.

d. The axial and lateral loads coming on any pile are calculated as explained in

Section 10.5 (Equations (10.4)–(10.8)).

3. Uplift equal to the submerged self weight of the pile can be allowed.Where the uplift is due

to load, including wind load, an additional resistance due to skin friction can be allowed.

4. When the pile is close to a deep foundation, skin friction should be neglected.

5. The following loadings on the pile need to be considered:

a. Loads as supplied by the shop/structural requirements.

b. Full weight of the pile cap.

c. Submerged weight of pile cap.
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d. Full weight of soil above pile cap.

e. Submerged weight of soil above pile cap.

f. A surcharge on the gross area of the pile cap.

6. Combination of loads.

a. The combination of loading for a maximum compressive load is

a þ b þ d þ f þ maximum bending moment at the CG of the pile

group due to Px;Py;Pz

The combination of loading for a minimum compressive or maximum tensile load is
aþ cþ eþminimum bending moment at the CG of the pile group due to Px;Py;Pz

b. The bending moment at the CG of the pile group is

Moment due to Px or Py; i:e: ;My ¼ Px � h ð10:32Þ

Mx ¼ Py � h ð10:33Þ
where h is the thickness of the pile cap.

c. Torsional moments on the pile group:

These are caused due to eccentricity of horizontal loads acting at the center line of the

column and also due to eccentricity of the horizontal loads acting on the whole

structure, For example

Mz ¼ Pxey þ Pyex þ Mzc ð10:34Þ
where ex and ey are eccentricities of the center line of the column with respect to CG of

the pile group along x and y directions.Mzc is the torsional moment transmitted by the

columns of the structure.

7. Pile groups in some cases have to be made eccentric with respect to the module axis (axes

passing through C.G of the columns) to reduce the effect of overturning moment, keeping

in view that this eccentricity deos not cause any adverse effect in any case of loadings,

including reversal of direction of moment. When there is an increase of moment due to

eccentricity, it has to be taken into account.

8. TorsionalmomentMz is shared in proportion to the torsional stiffness Izz/L of the pilewhere

Izz is the polar moment of inertia and L is the length of pile.

9. Minimum center to center spacing between piles is taken as 2.5D to 3.0D where D is the

diameter of the pile.

10. Clearances from the edge of pile cap to the various members are as follows:

Piles �15 cm

Base plate �15 cm

Center of anchor bolts �35 cm

Depth of pile cap is taken as equal to the maximum length of anchor bolts in concretewith

a cover of 0.25m.

11. Bending moment in the i-th pile, Mbi due to horizontal force is calculated as

Mbi ¼ Phi � Lfi

2
ð10:35Þ
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where Phi is the total horizontal force coming on the i th pile (Equation 10.8), Lfi is the

fixity length of i th pile (Section 10.5.4). This is an empirical/approximate method based

on some design practices, as discussed in Sections 9.7 and 10.6. This needs to be verified

by local practices and codes as well as by other methods discussed in Sections 9.7

and 10.6. As per the design practice, only the pile reinforcement is computed using BM

due to lateral load and the vertical load on a pile as in a RCC column.

12. Maximumallowable stresses in steel and concrete are increased by 33%when that increase

is due to wind load only.

UsuallyMbi is obtained by analysis of pile subjected to lateral loads or by pile load tests

(Section 10.6). However to make the computation simple, Mbi may be calculated using

Equation (10.35).

The fixity length Lf can be taken from the graphs given in Figure 10.6 (IS: 2911–1984,

1984). In the absence of any data, it may be assumed to be around 5d to 10dwhere d is the

diameter of the pile.

13. Batter piles: when excessive horizontal forces are encountered, batter piles could be used.

14. The axial loads and horizontal loads coming on a pile in a group are calculated using

Equation (10.4) (Section 10.5).

10.15 Example

An example of the analysis and design of pile foundations is given below which essentially

highlights the important steps involved, the use of specifications and assumptions and

simplified approach to practical problems.

Example 10.1

Design a pile foundation with the following data. The details of column base plate and the pile

group are shown in Figures 10.23 and 10.24.

Loads coming from the column to the pile group are:

Pz ¼ 1663 kN; Py ¼ 0; Mx ¼ 0; Px ¼ ðwind ¼ 60:62 kN; crane ¼ 64:90 kNÞ;
My ¼ ðwind ¼ 1036:8 kNm; due to loads ¼ 1579:8 kNmÞ

where Px, Py, Pz are the loads along the x, y, z axes.

Mx,My,Mz are the moments about the x, y, z axes coming from the column (superstructure).

The loads and moments are considered positive if they are acting along and about the

positive direction of the respective axes as per usual convention.

10.15.1 Types of Piles

Type Diameter (m) Capacity (kN) 3d spacing (m)

A 0.50 1200 1.5

10.15.2 Concrete Data

Unit weight of concrete ¼ 24 kN=m3

Submerged unit weight of concrete ¼ 14 kN=m3
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Figure 10.23 Column base plate.

Figure 10.24 Pile group.
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10.15.3 Soil Data

The soil is uniform with the following data:

Cohesion; c ¼ 14 kN=m3

Angle of internal friction; f ¼ 340

Bulk unit weight ¼ gt ¼ 17:5 kN=m3

Submerged unit weight ¼ gsub ¼ 10 kN=m3

10.15.4 Loads From the Superstructure

Px ¼ 1663 kN

Px ¼ 60:62 kNðwindÞ þ 64:90 kNðcraneÞ ¼ 125:2 kN

My ¼ 1036:8 kNm ðwindÞ þ 1579:8 kNm ðloadÞ ¼ 2616:6 
 2617 kNm

Py ¼ 0;Mx ¼ 0

Surcharge ¼ 50 kN=m2

Let us assume that there is no eccentricity between the module axis (column center line) and

the pile group. Let us try a group of four piles.

10.15.5 Modulus of Piles About the Axes Passing Through the CG

of the Pile Group

Neglecting the moment of inertia of piles about their own centroidal axes passing through the

center of gravity, the moments of inertia of the pile group can be written by parallel axis

theorem as follows:

About y axis; Iyy ¼ ð4� 1:252Þ A ¼ 6:25 A
About x axis; Ixx ¼ ð4� 0:752Þ A ¼ 2:25 A
About z axis; Izz ¼ 8:50 A

where A is the area of the pile.

Modulus of extreme piles:

fy ¼ xA

Iyy
¼ 1:25

ð4� 1:252Þ ¼ 0:2; fx ¼ yA

Ixx
¼ 0:75

ð4� 0:752Þ ¼ 0:33

Approximate size of pile cap ¼ð2:5 þ 0:5 þ 0:3Þ � ð1:5 þ 0:5 þ 0:3Þ ¼ 3:3 m� 2:3 m.

Take 0.75m to be the depth of the pile cap (area ¼ 3:3� 2:3 ¼ 7:6 m2) as shown in

Figure 10.24.

10.15.6 Loads

1. Column load¼ 1663 kN.

2. Self weight of pile cap¼ 3:3� 2:3� 24� 0:75 ¼ 137 kN.
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3. Submerged weight pile cap¼ 3:3� 2:3� 14� 0:75 ¼ 80 kN.

Assume the top of the pile cap to be 1m below ground level.

4. Soil weight (1m thick)¼ 3:3� 2:3� 1:0� 17:5 ¼133 kN.

5. Submerged weight of soil¼ 3:3� 2:3� 1:0� 10 ¼ 76 kN.

6. Surcharge (including floor weight if any) ¼3:3� 2:3� 50 ¼ 380 kN.

10.15.7 Moments

1. Data¼ � 2617 kNm.

2. Data (without wind)¼ � 1580 kNm.

3. Moment due to horizontal load¼ � 125:2� 0:75 ¼ � 94 kNm.

4. Moment due to horizontal load (without wind)¼ � 64:9� 0:75 ¼ � 49 kNm.

10.15.8 Combination of Loads and Moments for Maximum
Load on Pile

10.15.8.1 Loads

Using data listed in Section 10.15.6

¼ item 1 þ item 2 þ item 4 þ item 6

¼ 1663 þ 137 þ 133 þ 380

¼ 2313 kN

10.15.8.2 Moments

Using data listed in Section 10.15.7

¼ item 1 þ item 3

¼ � 2617 � 97

¼ � 2711 kNm

10.15.8.3 Maximum Load on Piles

¼ 2313=4 þ 2711=5
¼ 580 þ 540

¼ 1120 kN

10.15.8.4 Minimum Load on Piles

¼ 580�540

¼ 40 kN

The maximum allowable load with wind is 33.33% above 1200 kN (1600 kN).

Hence, it is acceptable.
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10.15.9 Combination of Loads and Moments for Minimum Load on Pile

10.15.9.1 Loads

Using data listed in Section 10.15.6

¼ item 1 þ item 3 þ item 5

¼ 1663 þ 8 þ 76

¼ 1819 kN

10.15.9.2 Moments

Using data listed in Section 10.15.7

¼ item 1 þ item 3

¼ � 2617 � 97

¼ � 2711 kNm

10.15.9.3 Minimum Load Per Pile

¼ 1819=4�2711=5
¼ 455�542

¼ �87 kN (tension)

Allowable tensile load on the pile ¼ Self weight of about 18 m long pile

¼ 18� p
4
� 0:5082 � 24 þ skin friction

¼ 87:5 kN þ skin friction > 87 kN ðtensionÞ
Hence, it is acceptable.

10.15.10 Maximum Load on Pile Without Wind

10.15.10.1 Loads

Using data listed in Section 10.15.6

¼ item 1 þ item 2 þ item 4 þ item 6

¼ 2313 kN

10.15.10.2 Moments

¼ � 1580 � 49

¼ � 1629 kNm

10.15.10.3 Maximum Load Per Pile

¼ 2313=4 þ 1629=5
¼ 910 kN< 1200 kN

Hence, it is acceptable.
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10.15.11 Design of Reinforcement in Pile

The pile has to carry a vertical load of 1120 kN (with wind).

Fixity length of pile is taken as 5d (2.50m).

Horizontal load per pile¼ 125.2/4¼ 31.3 kN (about 3% of nominal allowable load).

Hence, it is acceptable.

Bending moment to be carried by pile ¼ 31:3� 5d=2 ¼ 31:3� 1:25 
 40 kNm:
A proper percentage of reinforcement has to be used for a vertical load of 1120 kN and

bending moment of 40 kNm.

10.15.12 Pile Cap

10.15.12.1 Longer Direction (x–Axis)

BM at the face of the base plate

¼ 2� 1120� 1:25 (due to two piles at a distance of xc¼ 1.25m from the CG of pile group and

CL of column)

¼ 2800 kNm

Shear at the face of the base plate

¼ 2� 1120 (due to two piles)

¼ 2240 kN

Provide reinforcement, check the adequacy of depth for BM and check for shear and

bond stress.

10.15.12.2 Shorter Direction (y–Axis)

Loads on piles ¼ 1120 þ 40 ¼ 1160 kN (due to one pile with 1120 kN and second pile with

40 kN).

Bending moment at the face of the base plate¼ 1160� yc ¼ 1160� 0:75 ¼ 870 kNm

(yc for both the piles is 0.75m from the CG of the group and CL of column).

Shear at the face of the base plate ¼ 1160 kN.

Provide reinforcement for the BM and check for shear and bond stress.

10.15.13 Check for Vertical Load Capacity of Pile

Pile parameters:

L ¼ 18 m; h ¼ 0:75 m; D ¼ 0:5 m

Soil parameters:

f ¼ 34
	
; c ¼ 14 kN=m2; gsub¼10 kN=m3; assume Ko ¼ lateral earth pressure coefficient at

rest ¼ 1:0
End bearing for f ¼ 34

	
; c ¼ 14 kN=m2; Nc ¼ 52:64; Nq ¼ 36:5; Ng ¼ 38:04:

Pb ¼ pD2

4
1:3 CNc þ gDFNq þ 0:3gDNg
� �
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Pb ¼ pð0:5Þ2
4

ð1:3� 14� 52:64Þ þ ð10ð18 þ 0:75Þ36:5Þ½

þ 0:3ð0:5Þ � 10� 38:04�
Pb ¼ 1543 kN

10.15.13.1 Friction and Adhesion

Shear strength of the mid depth of the pile (assuming adhesion factor of a ¼ 1:0) and taking

Ko ¼ 1:0, that is, at L/2 (neglecting the additional effect due to h),

s ¼ c þ Kogsub
L

2

� �
tan f

� �

¼ 14 þ 10
18

2

� �
0:5774

� �
¼ 66 kN=m2

Pf ¼ pDLs ¼ p� 0:5� 18� 66

Pf ¼ 1866 kN

Total pile capacity¼Pb þ Pf ¼ 1543 þ 1866 ¼ 3409 kN

Safe capacity of vertical load on pile with factor of safety¼ 3 is

3409

3
¼ 1136:4 kN > 1120 kN

Hence, it is safe.

10.16 Construction Guidelines

Noting that piles transfer loads from the superstructure by either end-bearing and/or by skin

friction, they can be used at sites where the above load transfer mechanisms are possible in the

subsoil. Construction of pile foundations require a judicious choice of piling system depending

on soil conditions, loads coming from the superstructure and constraints of total and differential

settlements besides special requirements. The installation of piles requires careful control on

position, alignment, depth which involves skilled and experienced manpower. Pile load test

(Section 9.6.7) is the most direct method to assess the above requirements and judging its

performance. The details of testing are similar to the plate load test (Chapter 4) but

instrumentation needs to be elaborate as described in standard text books such as Taylor

(1964), Teng (1964), Terzaghi and Peck (1967) and Bowles (1996).

10.16.1 Construction Details

The construction of pile foundations involves two steps, namely construction of piles and the

pile caps. The second step is a simple process similar to the construction of spread footings.

Procedures and equipment required for installation of piles are described below.

Driven piles are installed by a pile driving device known as a pile hammer. The hammermay

be suspended from the boomof a crane, supported on a large frame called a pile driver or carried

on a barge for construction in water. In all cases, the hammer is guided between two parallel
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steel members known as leads. The leads may be adjusted at various angles for driving vertical

and batter piles.

Usually the information concerning the pile driving should be kept in an orderly form. It

should include the details of the hammer and accessories. The behavior of the pile during the

entire period of driving should be observed. It is time to stop driving a timber pile when the

following phenomena are observed:

1. The pile vibrates and springs near the ground surface.

2. The pile hammer bounces.

3. The pile head shows distress under moderate driving.

Pile may be already damaged if the following behavior is noticed:

1. Penetration suddenly increases or becomes irregular, while the soil profile cannot account

for it.

2. Pile suddenly changes direction.

Cast in situ piles are provided by drilling a bore hole with or without casing using drilling

equipment and then placing reinforcement and concrete in the drilled bore hole (Section 9.2.2).

10.16.1.1 Alignment

Piles cannot be driven (or cast in situ) absolutely vertical and true to position. Even in ideal

conditions the center of a pile head must be allowed to deviate a certain amount from the

required location, and the pile at lower depth to vary from the required vertical or batter line.

However, every precaution should be exercised to maintain the piles in position. The general

procedure for determining the pile alignment and elevations is as follows:

1. Measure the elevation at top of piles immediately after driving of each and check the final

elevations after the adjacent piles are driven or at the completion of all pile driving. If point-

bearing piles are uplifted, they should be redriven.

2. Check the location of all piles after adjacent piles are driven or at the completion of all pile

driving. In ordinary soil conditions an 8 cm tolerance is considered reasonable.

3. Inspect the pile shaft for verticality or required batter. In the case of heavily loaded piles

measurement must be made by specially devised instruments, unless load test is made with

piles having questionable verticality.

The above steps are equally applicable for cast-in-situ piles as well.

10.16.1.2 Defective Piles

A pile may be considered defective if:

1. It is damaged by driving.

2. It is driven out of position and/or is bent along its length.

To avoid damage to fresh concrete in a cast in place pile by the driving of adjacent piles, the

pile should not be concreted until all piles within a certain radius are driven. The radius depends

upon soil condition, length and size of pile and spacing.
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A damaged or defective pile has to be withdrawn and replaced by another pile adjacent to it

after checking the design with the new position of the replaced pile. Alternatively a new pile

may be driven/cast while leaving the damaged pile as it is.

10.16.1.3 Effect of Pile Driving

Pile driving may introduce some of the following effects on the ground:

1. Subsidence. Vibration due to pile driving in loose sand may cause compaction of the sand.

Consequently, the area may settle and adjacent structures may be affected. In saturated fine

sand and silt, the shock may introduce large settlements.

2. Heave. Pile driving in clays and dense sand is commonly associatedwith surface heave and

sometimes with lateral displacement. The heave of clay is followed by settlement

immediately after driving. Piles uplifted by ground heave should be redriven. To avoid

heave and lateral movement, pile driving should be started from the center of the ground and

proceed outwards.

3. Compaction. Sand and gravel within a lateral distance of about three diameters of the pile

and two diameters below the tip is largely compacted due to the displacement of pile.

Consequently, a pile group in sand behaves as a rigid block of compacted soil.

4. Disturbance. Clayey soil surrounding the pile is greatly disturbed due to the displacement

of pile. The disturbance may extend to a large lateral distance and the strength of clay is

largely reduced. However, in ordinary cases it starts to regain its strength and in 30–50 days;

90% or more of its strength may be regained.

Exercise Problems

The problem assignments are mainly on pile foundation design, that is, Sections 10.13

and 10.14. Use concrete of grade M20 and steel of grade Fe450, unless stated otherwise.

10.1 Analyze a pile foundation with the following data. Pile diameter¼ 0.6m, number of

piles¼ 5. Soil data: c ¼ 15 kN=m2, f ¼ 20	, g ¼ 17 kN=m3. Depth of pile cap surface

belowGL¼ 1m. No ground water at site. Column size¼ 0.6� 0.6m. Length of anchor

bolt in the pile cap¼ 0.4m. Px ¼ 1000 kN, Py ¼ 500 kN, Pz ¼ 200 kN,

Mx ¼ 1000 kNm, My ¼ 200 kNm, Mz ¼ 150 kNm, surcharge¼ 50 kN/m2. Use five

piles as shown in Figure 10.25 and find the length of pile required to get the required

capacity with a Factor of safety ¼3. All specifications are to be satisfied.

10.2 Design a pile foundation with a group of circular piles of 0.5m diameter with the same

data for soil, top of pile cap, column, loads and moments. Also find the length of pile

required with a factor of safety¼ 3.

10.3 Calculate the elastic and consolidation settlements of the group (Problem 10.1 and

Figure 10.25) if there is a compressible layer of 10m thick clay from 20 to 30m from

ground level, mv of compressible soil ¼ 25� 10�3m2=kN:
10.4 Analyze the pile group given in Figure 10.25 if the piles are of different diameters. P1

and P2¼ 0.4m diameter, P3 and P4¼ 0.6m diameter, P5¼ 1.0m diameter. Use the

same data as given in Problem 10.1 except for the diameters of piles.

10.5 Design the pile group of Problem 10.2 if the water table is at a depth of 5m below GL.
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10.6 For the pile group shown in Figure 10.26, find design loads and moments on each pile

with the following data (loads in kN; moments in kNm):

Pz ¼ �2250; Px ¼ 200; Py ¼ �150; Mx ¼ 3000; My ¼ �2000

Depth of pile cap¼ 2m

Unit weight of concrete¼ 24 kN/m2

Figure 10.25 Problem 10.1.

Figure 10.26 Problem 10.6.
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Depth of top surface of pile cap below GL¼ 1.5m

Unit weight of soil¼ 17.7 kN/m3

Surcharge¼ 50 kN/m2

Fixity length of pile¼ 6d (d is diameter of pile)

Submerged unit weight of soil¼ 10.5 kN/m3

Submerged unit weight of concrete¼ 14 kN/m3

Diameters of piles 1 and 2¼ 0.5m

Diameters of piles 3 and 4¼ 0.75m

Water table can rise up to GL.

10.7 Compute the permissible lateral load for the offshore circular pile shown inFigure 10.27.

If the maximum permissible lateral displacement is d/10 where d is the diameter of pile.

Diameter of pile¼ 0.5m. Pile is quite long and can be analyzed as a semi-infinite beam

on elastic foundation. Esoil¼ 15MPa, nsoil ¼ 0.2. Econcrete may be taken appropriately.

Use BEF approach.

10.8 Redo the example 10.7 with pile head at the ground level.

Figure 10.27 Problem 10.7.
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11

Machine Foundations

11.1 Introduction

Rapid industrialization being the key to the development of a country, engineers and

technologists are adopting machines, machine tools and heavy equipment with a wide range

of speeds, loads and operating conditions. Foundations to support these machines play a vital

role in their operating performance besides satisfying stringent environmental stipulations. An

improperly designed machine foundation impairs the efficiency of the machine itself besides

creating structural, acoustic, environmental and abnormal maintenance problems, even when

themachine is perfectly sound on its own. Thus technical and industrial progress hasmotivated

the intensive study of machine foundations. Essentially in this, the engineer has to study the

problems of shocks and vibrations on the foundations supporting industrial installations, as

well as the laws governing the propagation of waves from these foundations through the soil.

11.1.1 Design of Foundations in a Dynamic Environment

A stepwise process for the satisfactory design of foundations in a dynamic environment can

be outlined as follows:

1. Evaluation of dynamic forces and moments produced by the operating machines.

2. Definition of proper design criteria in terms of permissible limits of system responses.

3. Simplification and idealization of the physical system and its representation by appropriate

mathematical models guided by relevant response mechanisms.

4. Determination of relevant system parameters characterizing the elements of the above

idealized models (step 3) through field and laboratory investigations.

5. Selection of analytical methods and system parameters to compute system responses.

6. Choice of geometrical design parameters of the various components of the system which

yield acceptable responses satisfying the design criteria stipulated in step 2.

7. Optimization of the design parameters.

Foundation Design: Theory and Practice         N. S. V. Kameswara Rao
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11.2 Types of Machine Foundations

Foundations formachines are generally of the following types, based on their structural shapes,

as shown in Figure 11.1.

1. Block type (rigid foundations)

2. Box or caisson type

3. Wall type

4. Framed type

5. Nonrigid or flexible type

In a majority of cases block type (rigid) foundations are adopted especially for machines

producing periodic and impulsive forces. For rotatory machines at high speeds (such as turbo

machinery) framed type foundations are preferred. In certain specific situations flexible

foundations can also be effectively designed.

11.3 General Requirements of Machine Foundations and Design
Criteria

Some of the important requirements of a machine–foundation–soil system (MFS) can be listed

as follows (Richart, Hall and Woods, 1970; Srinivasulu and Vaidyanathan, 1976; Kameswara

Rao, 1998):

1. Settlements should be within permissible limits.

2. Foundation block should be structurally adequate to carry the loads.

Figure 11.1 Common types of machine foundations.
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3. The combined center of gravity (CG) of machine and foundation and the center of contact

area (with the soil) should lie on the same vertical line as far as possible.

4. Resonance should not occur. Accordingly, wherever possible, the operating frequency o
should be lower than the natural frequency of the system, on, that is

o
on

should be less than 0:5 ð11:1Þ

If the operating frequency happens to be more than the natural frequency, then

o
on

should be more than 2:0 ð11:2Þ

Thus the design criterion on frequency can be written as

o
on

� 0:5 or
o
on

� 0:2 ð11:3Þ

The amplitudes of displacement or velocity or acceleration of the MFS should be within

permissible limits. These are generally prescribed by the machine manufacturers. Some

general design criteria (IS: 2974–1966, 1966) are shown in Figures 11.2–11.4. Tolerable

levels of vibration are related to:

a. human perception

b. maintenance problems and potential damage to machines or instruments

c. potential damage of structural components

d. avoidance of total failure

e. the dimensions of machine foundations.

These should conform to operational requirements of the machine in addition to the

minimum clearances from the foundation bolts as stipulated by codes (IS: 2974–1966,

1966) and manufacturers. As a guideline, the approximate weights of the foundation blocks

in terms of multiples of the weight of the machines being supported can be used as an initial

guess and are given in Table 11.1 (Leonards, 1962).

11.4 Dynamic Loads

The foundations are generally excited by any of the following:

1. Unbalanced rotating and reciprocating parts of the machines which produce transient and

steady state dynamic loads

2. Impact loads

3. Neighborhood of vibration environment

4. Earthquakes

5. Wind-induced forces

6. Other periodic and aperiodic forces and moments such as those due to blasting, mining,

drilling and piling operations and sonic booms

7. Moving loads.
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Among these, situationswhere foundations are excited by forces andmoments caused due to

the machines operating on them are of great interest. The location and magnitudes of these

loads and moments have to be carefully assessed (Richart, Hall and Woods, 1970) if not

provided by the manufacturer. Machine details including static loads (magnitude and point

of action), operating speeds and other geometrical features are usually furnished by the

manufacturer.

11.5 Physical Modeling and Response Analysis

While the structural and machine components do not leave much of an alternative for

idealization (hence chances of misjudgment are expected to be very limited), it is the soil

mediumwhere the study has to be intensive coupled with judgment. A brief and critical review

on dynamics of soil–structure systems (Woods, 1976; Kameswara Rao, 1977) brings out the

Figure 11.2 Limiting amplitudes for vertical vibration. (Richart, F.E./Hall, J.R./Woods, R.D., Vibra-

tions of Soils and Foundations, 1st Edition, � 1970, p. 311. Printed and electronically reproduced by

permission of Pearson Education, Inc., Upper Saddle River, New Jersey.)
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status of the various methods. However, some important aspects of the approaches are

highlighted below.

11.5.1 Dynamic Interaction of Rigid Foundations and Soil Media

A rigid foundation on soil medium having six degrees of freedom: three components of

position (translation – vertical, longitudinal and lateral motions) and three angles defining

Figure 11.3 Criteria for vibrations of rotating machinery. (Reproduced from M.P. Blake, “New

vibration standards for maintenance,” Journal of Hydrocarbon Processing and Petroleum Refiner, vol.

43, no. 1, pp. 111–114, � 1964, with permission from Gulf Publishing Company, Houston, Texas.)
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its orientation (rotation – yawing, pitching and rocking motions), is shown in Figure 11.5.

A flexible foundation has infinite degrees of freedom. The vibratory motions can occur

independently or in a coupled manner. Often the dynamics of continuous systems can be

handled without much loss in accuracy by resolving them into equivalent systems with

finite degrees of freedom idealizing parts of such systems as rigid bodies. In general the

machine and the foundation block are idealized as rigid bodies in almost all methods

of analysis in practice.

Starting from some of the approximate approaches as suggested by Barkan, Pauw, Ford and

Haddow (Barkan, 1962; Kameswara Rao, 1998), the theory as well as experimental techniques

have attained a high level of sophistication so as to be able to treat the soil medium either as

elastic, or elastoplastic or as a viscoelastic medium. Translational as well as rotational modes

Figure 11.4 Response spectra for vibration limits. (Richart, F.E./Hall, J.R./Woods, R.D., Vibrations of

Soils and Foundations, 1st Edition,� 1970, p. 316. Printed and electronically reproduced by permission

of Pearson Education, Inc., Upper Saddle River, New Jersey.)
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Table 11.1 Guidelines for choosing weight of foundation block.

Type of engine Weight of foundation/weight

of engine

Gas engines

One cylinder 3.00

Two cylinders 3.00

Four cylinders 2.75

Six cylinders 2.25

Eight cylinders 2.00

Diesel engines

Two cylinders 2.75

Four cylinders 2.10

Six cylinders 2.10

Eight cylinders 1.90

Others

Rotary converter 0.50–0.75

Vertical compound steam engine coupled to generator 3.80

Vertical triple-expansion steam engine coupled to generator 3.50

Horizontal cross-compound engine coupled to generator 3.25

Horizontal steam turbine coupled to generator 3.00–4.00

Horizontal steam turbine coupled to generator 3.50

Vertical diesel engine coupled to generator 2.60

Vertical gas engine coupled to generator 3.50

Figure 11.5 Rigid body (foundation block) on soil medium.
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can be analyzed. A few important approaches among these are discussed in the following

sections.

11.5.2 Idealization of Foundation Dynamics Problems

To predict the dynamic performance of a MFS, in a large number of cases the system can be

conveniently and satisfactorily analyzed by idealizing it as a single degree of freedom system

(SDF;Richart, Hall andWoods, 1970), forwhich the solutions are readily available. Depending

on the situation, an idealized model consisting of a multidegree of freedom system (MDF) can

also be formulated and solutions can be attempted. A few typical idealizations are shown in

Figure 11.6. While the SDF appears to be a gross simplification of a real problem of MFS,

experience has shown that it provides satisfactory solutions to predict the dynamic behavior. In

fact, a footing resting on an elastic soil medium has been shown to be equivalent to an SDF

system for dynamic analysis (Kameswara Rao, 1998).

Figure 11.6 Typical equivalent multidegree of freedom systems.
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The theory of vibrations of discrete systems has been presented in detail in several books

on vibrations (Thomson, 1965; Rao, 1986; Kameswara Rao, 1998; Kameswara Rao, 2005).

Solutions to specific problems can be readily obtained using the methods presented in these

books aswell as fromother references. Elements of the theory and a brief summary of solutions

are given in Appendix 11.A at the end of this chapter for ready reference.

Thus the spring–mass–dashpot system represents one of the theoretical models developed

for an easy and direct application to the problems of machine foundations. The elastic half

space model which deals with the problem of vibratory loads on semi-infinite half space using

elastic theory represents another useful model and has been discussed in detail by Richart, Hall

andWoods (1970) andKameswara Rao (1998). Besides these, a number of empirical and semi-

empirical approaches have been developed. These are applicable to problems of foundation

vibration in a restricted sense and the degree of empiricism should be properly understood

before application to specific problems. The empirical methods have been evolved based on

observed behavior of foundations subjected to vibratory loads. The uncertainty regarding the

mutual influence among the applied vibratory load, the geometric parameters of the founda-

tions and the dynamic properties of the soil warrants caution in the choice of empirical

relationships in machine foundation design. A few important results from these simple

approaches are presented below.

11.5.3 Resonant Frequency

Referring to SDF idealization of the MFS, the natural frequencyon, of an undamped system is

expressed as

on ¼
ffiffiffiffiffiffiffiffiffiffiffi
k

m

� �s
ð11:4Þ

where

k¼ equivalent spring constant

m¼mass of machine and foundation.

The theory of vibration for spring–mass–dashpot systems considers the spring to be

weightless and accordingly Equation (11.4) has been derived. This theory can be applied to

foundation vibrations only if the mass of the soil participating in the vibration can also be

included. If the effect of the mass of the soil,ms, is taken into account, the expression as shown

in Equation (11.4) becomes (Kameswara Rao, 1998)

on ¼ k

mþms

� �1=2
and fn ¼ 1

2p
k

mþms

� �1=2
ð11:5Þ

where

fn ¼ on

2p
¼ natural frequency in cps

ms¼mass of soil participating in vibration.

In the case ofmachine foundations, themass of soil,ms, participating invibration needs to be

determined. There have been several approaches suggested to determine the effective or

equivalent mass of soil,ms, in calculating the natural frequency. The choice of any one method

still remains the designer’s preference. Some of these methods are discussed below.
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Barkan (1962), Pauw, Ford and Haddow, Converse, Newcomb, Tschebotarioff and Ward,

Lorenz, Crockett and Hammond, Rao and Nagaraj (Kameswara Rao, 1998) are some of the

earlier contributors for the analysis and design of machine foundations using empirical and

semi-empirical methods based on tests and simple idealizations. The details of these methods

are discussed by Richart, Hall andWoods (1970) and Kameswara Rao (1998). However, these

approaches mainly use SDF systems and the determination of the mass (including apparent

mass of soil participating in vibrations), spring constant of the soil and damping ratio. Then the

natural frequencies are determined using Equations (11.4) and (11.5) and responses are

computed using the available solutions of SDF (Rao, 1986; Kameswara Rao, 1998). In this

context a few observations on some of these parameters, that is, apparent mass of soil

participating in vibrations, spring constants and damping coefficients needed for computations

are summarized below.

11.5.4 Apparent Mass of Soil

If the apparent mass of soil,ms, participating in vibration is determined, the natural frequency

of the soil can be easily obtained from Equation (11.5).

Barkan (1962) has suggested that the mass of the vibrating soil should lie between 2/3 to 1.5

times the total mass of the vibrator and foundations.

Lorenz (Kameswara Rao, 1998) reasoned from his investigations that the apparent mass of

soil did not depend either on the unit contact pressure or on the size of the contact area but

appeared to increase with increasing vibratory force. He also concluded that the natural

frequency itself was only slightly affected by the size of the contact area.

Crockett and Hammond (Kameswara Rao, 1998) observed that the natural frequency is

a function of the Rayleigh wave velocity in the medium, which depends on the density and

elastic modulus of the medium. They also introduced the concept that the apparent mass of soil

is equivalent to the soil contained in some bulb of pressure. Later Rao andNagaraj (Kameswara

Rao, 1998) suggested that the soil contained in the pressure bulb corresponding to r psf, where
r is the density of the soil in pcf, will be equivalent to the apparent soil mass. This suggestion is

based on their experimental data.

11.5.5 Spring Constants and Damping Coefficients

As brought out in the above section, computations of the resonant frequency, responses ofMFS

using a spring–mass–dashpot type of discrete system idealization required the determination of

the spring constant, damping constant and the mass of the machine and foundation as well as

apparent mass of soil participating in vibration. One of the important approaches is due to

Barkan (1962) and is briefly discussed below.

11.5.6 Barkan’s Approach

Barkan (1962) used the cyclic plate load tests to obtain the equivalent spring constants in

various modes of vibration. A detailed presentation of these results and expressions are given

by Kameswara Rao (1998) and discussed in Chapter 4. For example, by plotting the

recoverable or elastic deformation against the bearing pressure from the cyclic plate load
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test in the vertical mode, we can get the coefficient of elastic uniform compression, Cu, as the

slope of the linear portion of the plot. Then the spring constant, kv, in the vertical direction can

be obtained as
kv ¼ Cu � A ð11:6Þ

where

Cu¼ coefficient of elastic uniform compression in the vertical direction

A¼ area of the plate/foundation used for the test.

It may be noted that Cu ¼ ks, where ks is called the modulus of subgrade reaction of the soil

as discussed in Section 4.8.

Cu is also related to the elastic properties of the soil and can be obtained from theory of

elasticity as

Cu ¼ E

1�n2
Cffiffiffi
A

p ð11:7Þ

where

E, n¼Young’s modulus of elasticity and Poisson’s ratio of the soil/half space respectively

A¼ area of the plate/foundation

C¼ constant depending on the shape and flexibility of the plate/foundation.

The values of C (cf for flexible plate, cr for rigid plate) are given by Kameswara Rao (1998,

2000) and discussed in Chapter 4.

From Equation (11.6) it can be noted that Cu is inversely proportional to the contact area of

the plate. The same can be used to compute the value of Cu2 for a plate of area A2, knowing the

value of Cu1 for the plate of area A1 as

Cu2

Cu1

¼ A1

A2

� �1=2
ð11:8Þ

Similar expressions for other modes of test (lateral, horizontal, rotational, etc.) can be

obtained as given by Barkan (1962) and are summarized by Kameswara Rao (1998, 2000).

Since there is no direct way of obtaining Poisson’s ratio, n, from the cyclic plate load test, the

same has to be obtained from other relevant laboratory and/or field tests (Kameswara Rao,

1998, 2000). Since it is generally noted that the elastic response values are not very sensitive to

a wide variation in the values of Poisson’s ratio, usually the following values are taken in the

absence of specific test results (Richart, Hall and Woods, 1970):

n for cohesionless soils ¼ 0:25 to 0:3
n for cohesive soils ¼ 0:35 to 0:45

ð11:9Þ

Accordingly an average value of n¼ 0.3 for cohesionless soils and 0.4 for cohesive soils

could be used for computational purposes in the absence of any test data.

11.6 Analysis by Lysmer and Richart

11.6.1 Introduction

Lysmer and Richart (1966) presented in their analysis a method of finding a simplified analog

for the dynamic behavior of footings on elastic half spacewhich can be applied for all frequency
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ranges of steady statemotion. They also calculated the transient response caused by an arbitrary

pulse loading using the steady state solutions. The components of this analog consist of mass,

spring and dashpot and are independent of the frequency of the exciting force. This approach

facilitates the application of classical methods of elastic theory for the study of the dynamic

behavior using simpler models of mass, spring and dashpot. The investigations are limited to

the case of axisymmetric dynamic vertical force on a rigid circular footing, though it can be

extended to othermodes. It has been assumed that the soil is elastic, homogeneous and isotropic

and only normal stresses are transferred at the contact area between soil and footing. Important

details of the method are also given by Richart, Hall and Woods (1970) and Kameswara Rao

(1998). The components of the equivalent analog model are obtained as below. The equivalent

analog is taken as SDF consisting of mass, spring and a dashpot as shown in Figure 11.7.

Thus the simplified analog has the components as

mo ¼ mass of footing ð11:10Þ

k ¼ equivalent spring constant ¼ 4mr0
1�v

ð11:11Þ

c ¼ equivalent damping constant ¼ 0:85
kr0

Vs

¼ 3:4

1�v
r20

rm
g

� �1=2
ð11:12Þ

where

m¼ shear modulus of the soil

r0¼ radius of the circular footing

r¼ unit weight of soil

g¼ acceleration due to gravity

Vs¼ shear wave velocity in the soil medium.

The accuracy of the results using the analogmodel with the choice ofmo, c, and k as given in

Equations (11.10)–(11.12) can be clearly noted by comparing these results with those of elastic

half space theory obtained by Lysmer (1966). Lysmer and Richart also compared the results

Figure 11.7 Simple damped oscillators.

404 Foundation Design



with the field test results reported by Fry and others (Richart, Hall and Woods, 1970) and

reported satisfactory agreement.

For these values of c and k, it can be shown that resonance occurs only when bo � 0:36,
where

bo ¼ mass ratio ¼ ð1�nÞmog

4rr03
ð11:13Þ

Accordingly the approximate expressions for frequency and amplitude at resonance can be

obtained as

ores ¼ Vs

ro

bo � 0:36

bo

� �1=2

dres ¼ Q0

k

b0

0:85ðb0 � 0:18Þ1=2
ð11:14Þ

where

Q0¼ amplitude of harmonic force acting on the mass mo.

If bo< 0.36, it is obvious that the resonance does not occur and the static amplitude itself is

themaximum for such a system. This is similar to the situation observed for an SDF for cases of

damping factor z> 1 (Kameswara Rao, 1998).

As the steady state solutions tally well for the footing soil system and its simplified analog, it

can be expected that they behave very closely in free vibrations and under transient motion.

Lysmer and Richart (1966) presented analysis for the above cases also and some important

results are given below.

1. Free vibrations

dln ¼ logarithmic decrement ¼ loge
dn

dnþ 1

� �
¼ 2:67

ðb0 � 0:18Þ1=2
ð11:15Þ

od ¼ damped natural frequency ¼ Vs

r0

ðb0 � 0:18Þ1=2
b0

ð11:16Þ

where dn and dnþ 1 are amplitudes of motion in the nth and (nþ 1)th cycles of the free

vibration motion, and loge is the natural logarithm.

2. Frequency-dependent dynamic loads

If the dynamic load is frequency-dependent, that is, of the type

Qo ¼ meeo2

where

me¼ eccentric rotating mass

e¼ eccentricity

o¼ frequency of rotation,
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then expressions for ores and dres can be obtained as

ores ¼ Vs

ro

1

ðbo � 0:36Þ1=2
ð11:17Þ

dres ¼ Q0

ka20

1

0:85ðb0 � 0:18Þ1=2
ð11:18Þ

11.6.2 Other Modes

All modes of vibration of a rigid circular (or an equivalent circle for rectangular shaped)

footing resting on an elastic half space can be expressed in terms of analog parameters of an

equivalent single degree of freedom system, in which the parameters are frequency

independent. Hall followed the approach of Lysmer (Richart, Hall and Woods, 1970) and

derived analog parameters for rocking, sliding along and about horizontal direction

and torsional modes. The expressions for stiffness and damping parameters are given in

Table 11.B.1.

11.6.3 Analog Models for Dynamic Analysis of Single Piles

Novak (1974) analyzed the vibration of single piles in differentmodes of vibration. He gave the

pile head stiffness and damping parameters for floating and endbearing piles. These parameters

are frequency-independent. The stiffness and damping parameters are expressed in terms of

nondimensional parameters. These expressions as well as the values of the nondimensional

parameters are given in Kameswara Rao (1998).

Example 11.1

A rectangular RCC machine foundation of size 2.0� 2.0� 0.75m thick is supporting

a machine of negligible weight. The machine transmits an unbalanced vertical load passing

through the combinedCGof themachine and foundationwhose amplitude is 10 1�sin
p
4
t

h i
kN.

Soil medium has the following properties:

1. Young’s modulus, E¼ 0.6� 105 kN/m2.

2. Poisson’s ratio, v¼ 0.4.

3. Unit weight of soil, c¼ 18 kN/m3.

Find the response of the system and natural frequency using the analog model of Lysmer and

Richart.

Solution:

Assume unit weight of concrete¼ 24 kN/m3

Then, the weight of the foundation block, W ¼ 2:0� 2:0� 0:75� 24 ¼ 72 kN
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Equivalent radius of the foundation block; rz ¼ ab

p

� �0:5

¼ 2:0� 2:0

p

� �0:5

¼ 1:13

ð11:19Þ

Shear modulus; m ¼ E

2ð1þ vÞ ¼
0:6� 105

2ð1þ 0:4Þ ¼ 0:214� 105 kN=m2 ð11:20Þ

Velocity of the shear wave; Vs ¼ mg
r

� �0:5

¼ 0:214� 105 � 9:81

18

� �0:5
¼ 108 m=s

ð11:21Þ

Mass ratio; bz ¼ 0:25mg ð1�vÞ
rr3z

¼ 0:25� 72� ð1�0:4Þ
18� 1:133

¼ 0:416 ð11:22Þ

Damping ratio; zzz ¼
0:425ffiffiffiffiffi

bz
p ¼ 0:425ffiffiffiffiffiffiffiffiffiffiffi

0:416
p ¼ 0:66 ð11:23Þ

Spring constant; kzz ¼ 4msrz
ð1�vÞ ¼

4� 0:214� 105 � 1:13

ð1�0:4Þ ¼ 1:61� 105 kN=m ð11:24Þ

Damping constant; czz ¼ 2zz
ffiffiffiffiffiffiffiffi
kzm

p
¼ 2� 0:66�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1:61� 105 � 72

9:81

r
¼ 1435 kN s=m

ð11:25Þ

Natural frequency of the system; on ¼
ffiffiffiffiffi
kz

m

r
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1:61� 105

72=9:81

s
¼ 148 rad=s ð11:26Þ

Operating frequency of the machine; o ¼ p
4
rad=s

Therefore; the frequency ratio ¼ o
on

¼ p=4
148

¼ 0:0053

The equation of motion in case of the underdamped vibrations is given by (Kameswara Rao,

1998)

m €zþ c _zþ kz ¼ Fo�F1 sinot ¼ 10 1� sin
p
4
t

� �
ð11:27Þ

Amplitude of motion can be obtained for FðtÞ ¼ Fo, and FðtÞ ¼ F1 sinot separately and then
superposing the two solutions (Kameswara Rao, 1998).

The solution for FðtÞ ¼ Fo ¼ 10 is
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z1 ¼ Fo

kzz
¼ 10

1:61� 105
¼ 6:21� 10�5 m ð11:28Þ

The solution for FðtÞ ¼ F1 sinot ¼ �10 sin
p
4
t is

z2 ¼ F1

kzz

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� o

on

� �2
" #2

þ 2zz
o
on

� �2

vuut
sin

p
4
t�j

� �
ð11:29Þ

where j is the phase angle given by

tan j ¼
2zz

o
on

� �

1� o
on

� �2
ð11:30Þ

Therefore

j ¼ tan�1 2� 0:66� 0:0053

1�0:00532

� �
¼ 6:996� 10�3 rad

Now

z2 ¼ �10

1:61� 105
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

½1�0:00532�2 þð2� 0:66� 0:0053Þ2
q

2
64

3
75sin p

4
t�6:996� 10�3

� �

¼ �62:1� 10�6sinð0:785t�6:996� 10�3Þm

The steady state solution is given by

z ¼ z1 þ z2

¼ 6:21� 10�5�6:21� 10�5sinð0:785t�6:996� 10�3Þm
ð11:31Þ

11.7 General Analysis of Machine–Foundation–Soil Systems
Using Analog Models

Modern industrial construction practice requires solutions to many problems concerning

machine foundations. The most important aspect which ensures the successful performance

of machine is the proper dynamic behavior of the foundation–soil systems. Vibrations due

to machines may cause damage to structures nearby or even to machines themselves. Hence

a knowledge of the dynamic behavior of the foundation, the energy transmitted through soil and
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the response of the foundation system is essential for proper design of the system. Machine

installations can, in general, be supported either by rigid blocks directly resting on soil or by

piles. The choice of the foundation system depends on the strength and compressibility

characteristics of the soil and the performance criteria required.

Rational dynamic analysis of the foundation soil systems has been carried out by Sung,

Quinlan, Richart, Hall andWoods, Lysmer and Richart, and Lysmer and Kuhlemeyer, Kausel,

Luco and Westman, Ahmad and Banerjee and several others (Richart, Hall and Woods, 1970;

Kameswara Rao, 1998). Besides methods which are either empirical or semi-empirical, the

methodologies that are used for the prediction of dynamic behavior of machine foundation soil

system (MFS) are: (1) elastic half space theory approach and (2)methods using discrete system

representation using equivalent analog parameters. Closed form solutions have been obtained

for foundations resting on a homogeneous elastic half space under different modes of vibration

for regular shaped (circular, rectangular) foundations subjected to harmonic loads (Richart,

Hall andWoods, 1970; Kameswara Rao, 1998). Based on elastic half space results (andmaking

use offinite elementmethodswithwave-absorbing boundaries and boundary elementmethods)

some simplified (analog) models have been developed which are essentially models based on

discrete representation of the system.

In general, machines transmit unbalanced dynamic loads and moments of general nature

(consisting of several frequencies of different amplitudes) generated at various locations. The

forces may be present in all the sixmodes of vibration and hence complete response analysis of

MFS requires the formulation of equations of motion which are generally coupled and provide

a solution in all six modes (Kameswara Rao, 1998). The coupled equations of motion of an

MFS and machine–pile foundation–soil system (MPFS) are derived in the next section. A few

examples of such coupled vibration problems subjected to arbitrary excitations are illustrated.

Fourier analysis is used for problems involving arbitrary excitations of periodic nature. For

exciting forces of general nature, solutions using numerical integration techniques can be used

(Venugopala Rao, 1995). These methods give the total solution to the coupled equations of

motion with arbitrary forcing functions and can be applied to any engineering system with any

number of (finite) degrees of freedom, including continuous systems. However, the method is

illustrated for machine–foundation–soil systems and machine–pile foundation–soil systems

with six degrees of freedom (taking the foundation block to be rigid, as is normally done)

subjected to dynamic forces of general nature in terms of amplitudes, directions, locations and

time dependency. Total solutions can be obtained with very little computing effort and hence

are easily adaptable to analyze a wide variety of problems of practical interest. These methods

are particularly well suited for general machine foundation design and analysis. Lysmer’s

analog parameters (Richart, Hall and Woods, 1970) are used to model the soil medium while

Novak’s functions (Novak, 1974) are used to model pile–soil system for illustration. However,

other modified parameters can also be used (if physical modeling so requires) such as those

obtained by Wolf (1988), Mita and Luco (1989), Kameswara Rao (1998).

11.8 General Equations of Motion

11.8.1 Machine–Block Foundation–Soil System

A typical machine–foundation–soil system (MFS) is shown in Figure 11.8 with the foundation

block supported on piles. However, for the present discussion consider the foundation block
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only (without piles). Typical views of the block with the sign convention are shown in

Figure 11.9. Point A refers to the combined CG of the system and reference axes pass through

point A. Now displacements at any point s can be expressed in terms of displacements of

combined CG as

ws

us

jys

vs

jxs

jzs

8>>>>>>>>>>>>><
>>>>>>>>>>>>>:

9>>>>>>>>>>>>>=
>>>>>>>>>>>>>;

¼

1 0 �xs 0 ys 0

0 1 zs 0 0 �ys

0 0 1 0 0 0

0 0 0 1 �zs xs

0 0 0 0 1 0

0 0 0 0 0 1

8>>>>>>>>>>>>><
>>>>>>>>>>>>>:

9>>>>>>>>>>>>>=
>>>>>>>>>>>>>;

wA

uA

jyA

vA

jxA

jzA

8>>>>>>>>>>>>><
>>>>>>>>>>>>>:

9>>>>>>>>>>>>>=
>>>>>>>>>>>>>;

ð11:32Þ

where u, v, w and jx, jy, jz are displacements and rotations in the x, y, z directions,

respectively. The subscripts A and s denote the corresponding values at locations A and s.

Equation (11.32) can be written in matrix form as

fdsg ¼ ½Gs�fdAg ð11:33Þ

where {ds}, {dA} denote displacement vectors at points s and A respectively, and [Gs] is the

geometric matrix of coordinates of the point s with respect to A.

Rearranging Equation (11.33), fdAg can also be expressed in terms fdsg as

fdAg ¼ ½Gs��1fdsg ¼ ½GA�fdsg ð11:34Þ

Figure 11.8 Typical machine–foundation system showing coordinate axes, forces and moments.
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Figure 11.9 Rigid foundation block supporting the machine.

where

½GA� ¼

1 0 xs 0 �ys 0

0 1 �zs 0 0 ys
0 0 1 0 0 0

0 0 0 1 zs �xs
0 0 0 0 1 0

0 0 0 0 0 1

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;

ð11:35Þ

[GA] can be identified to be the matrix of coordinates of A with respect to s.

The resultant soil reactions may be taken to be acting at point s without loss of

generality (usually taken as center of contact area of the block) and consist of the forces
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Pxs, Pys, Pzs and moments Mxs, Mys, Mzs. These quantities can be expressed

(Kameswara Rao, 1998) as

Pzs

Pxs

Mys

Pys

Mxs

Mzs

8>>>>>>>><
>>>>>>>>:

9>>>>>>>>=
>>>>>>>>;

¼ �

kzz 0 0 0 0 0

0 kxx 0 0 0 0

0 0 kjyy
0 0 0

0 0 0 kyy 0 0

0 0 0 0 kjxx
0

0 0 0 0 0 kjzz

8>>>>>>>><
>>>>>>>>:

9>>>>>>>>=
>>>>>>>>;

ws

us

jys

vs

jxs

jzs

8>>>>>>>><
>>>>>>>>:

9>>>>>>>>=
>>>>>>>>;

�

czz 0 0 0 0 0

0 cxx 0 0 0 0

0 0 cjyy
0 0 0

0 0 0 cyy 0 0

0 0 0 0 cjxx
0

0 0 0 0 0 cjzz

8>>>>>>>>>><
>>>>>>>>>>:

9>>>>>>>>>>=
>>>>>>>>>>;

_ws

_us

_jys

_vs

_jxs

_jzs

8>>>>>>>>><
>>>>>>>>>:

9>>>>>>>>>=
>>>>>>>>>;

ð11:36Þ

kxx, cxx . . . and so on are the equivalent stiffness and damping parameters along the directions

indicated by the subscripts and are called analog parameters of an equivalent mass–spring–-

dashpot system. The symbol j indicates rotation about the axis mentioned in the second

subscript. Expressions derived by Richart, Hall and Woods (1970) and several others are

available in literature as mentioned earlier in this chapter and are given by Kameswara Rao

(1970). The commonly used analog parameters given by Richart, Hall and Woods (1970)

discussed in Section 11.6 are given in Appendix 11.B (Table 11.B.1).

Equation (11.36) can be written in matrix form as

fPsg ¼ �½K�fdsg�½C�fdsg ð11:37Þ
The negative sign in Equations (11.36) and (11.37) indicates that the soil reactions on the

foundation block are opposite in direction to the applied forces coming from the machine, and

subscript s refers to the center of all such reactive forces usually taken as the center of contact

area. These soil reactions (Equations (11.36) and (11.37)) are taken to be equal and opposite to

the amplitude of contact pressure acting on the soil medium for the translational mode. Since

the directions of these soil reactions are taken care of appropriately in Equations (11.36)

and (11.37), they can now bevectorially added to the other forces acting on the rigid foundation

block for writing down the governing equations of motion. The unbalanced forces and

moments coming from various machine components/units can in general be converted into

equivalent forces andmoments acting at the combinedCG (pointA) of themachine–foundation

system. In general these can be three forces �Px; �Py; �Pz and three moments �Mx; �My; �Mz acting

along and about the x, y, z axes respectively. The soil reaction force vector {Ps} given by

Equation (11.37) can also be transformed as a vector acting at the combined CG (point A) as

fPAg ¼ ½GA�fPsg ð11:38Þ
where fPAg is the equivalent force vector acting at A and GA is given by Equation (11.35).

The dots over the variables denote their corresponding derivatives with respect to time.
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11.8.1.1 Equations of Motion of MFS

Now dynamic equilibrium equations of rigid block can bewritten for all six modes of vibration

of MFS as
m€wA ¼ �Pz þPzA

m€uA ¼ Px þPxA

Ijy €jyA ¼ �My þMyA

m€vA ¼ �Py þPyA

Ijx €jxA ¼ �Mx þMxA

Ijz €jzA ¼ �Mz þMzA

ð11:39Þ

where m is the total mass of the machine and foundation (including piles in case of pile

foundation) and Ijx, Ijy, Ijz are mass moments of inertia of the machine and foundation about

the x, y, z axes respectively.

These equations (Equation (11.39)) can be expressed in matrix form as

½m� fd€Ag ¼ f�PgþfPAg ð11:40Þ
wheref�Pg is thevector of forces andmoments �Px, �Py, �Pz, �Mz, �My and �Mz acting at the combined

CG of the MFS transmitted by the machine as explained above.

Substituting expression for {PA} fromEquation (11.38) and expressions for {ds}, {Ps} from

Equations (11.33)–(11.37) in Equation (11.40), we get the equations of motion of machine-

foundation-soil system as

½m�fd€Agþ½GA�½C�½GS�f _dAgþ½GA�½K�½GS�fdAg¼ ½m�fd€Agþ½CA�f _dAgþ½KA�fdAg¼f�Pg
ð11:41Þ

where m, CA, KA are the system mass, damping and stiffness matrices of the MFS.

11.8.2 Machine–Pile Foundation–Soil System

In the case of machine–block–pile foundation–soil system (MPFS) shown in Figure 11.8, the

dynamic reactions acting on the pile cap at sth pile head can be expressed similarly

(Kameswara Rao, 1998) as

Pzs

Pxs

Mys

Pys

Mxs

Mzs

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;

¼ �

kzzs 0 0 0 0 0

0 kxxs kxjys 0 0 0

0 kjyxs kjyys 0 0 0

0 0 0 kyys kyjxs 0

0 0 0 kjxys kjxxs 0

0 0 0 0 0 kjzzs

8>>>>>>><
>>>>>>>:

9>>>>>>>=
>>>>>>>;

ws

us
jys

vs
jxs

jzx

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;

�

czzs 0 0 0 0 0

0 cxxs cxjys 0 0 0

0 cjyxs cjyys 0 0 0

0 0 0 cyys cyjxs 0

0 0 0 cjxys cjxxs 0

0 0 0 0 0 cfzzs

8>>>>>>><
>>>>>>>:

9>>>>>>>=
>>>>>>>;

_ws

_us
_jys

_vs
_jxs

_jzx

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;

ð11:42Þ
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which can be written as

fPsg ¼ �½Ks�fdsg�½Cs�f _dsg ð11:43Þ

The negative sign in Equations (11.42) and (11.43) indicates that the reactions on the pile cap

are opposite in direction to the applied forces and subscript s indicates that the quantities refer

to sth pile. kxxs, cxxs, and so on, are the stiffness and damping parameters of the individual piles

along the directions indicated by the subscripts. Expressions for these parameters as derived

by Novak (1974) are given in Kameswara Rao (1998). The reactions on the pile cap

(Equations (11.42) and (11.43)) are taken to be equal and opposite to the forces due to piles

acting on the soil medium. Since the directions of these reactions are taken care of

appropriately in Equations (11.42) and (11.43) they can now be vectorially added to the other

forces and moments acting on the rigid pile cap for writing down the governing equation of

motion. The unbalanced forces andmoments coming from variousmachine components can in

general be converted into equivalent forces and moments acting at the combined CG (point A).

It consists, in general, of three forces, �Px; �Py; �Pz and three moments �Mx; �My; �Mz denoted

by vector f�PAg. The reaction force vector fPsg acting at any point/pile s can be transformed to

a force vector acting at point A as

fPAg ¼ ½GA�fPsg ð11:44Þ

where fPAg is an equivalent force vector acting at point A andGA is given by Equation (11.35).

11.8.2.1 Equations of Motion of MPFS

Equations of motion of rigid pile cap of MPFS can now be written as

m€wA ¼ �Pz þ
X
s

PzA

m€uA ¼ �Px þ
X
s

PxA

Ijy €jyA ¼ �My þ
X
s

MyA

m€vA ¼ �Py þ
X
s

PyA

Ijx €jxA ¼ �Mx þ
X
s

MxA

Ijz €jzA ¼ �Mz þ
X
s

MzA

ð11:45Þ

These equations can be written in matrix form as

½m� fd€Ag ¼ f�Pgþ
X
s

fPAg ð11:46Þ
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Substituting expression for fPAg from Equation (11.44) and expression for fdsg and fPsg
fromEquations (11.33) to (11.37), in Equation (11.46), results in equations of motion ofMPFS

system as

½m�fd€Agþ
X

ð½GA�½C�½Gs�f _dAgÞþ
X
s

ð½GA�½K�½Gs�fdsgÞ

¼ ½m�fd€Agþ ½CAp�f _dAgþ ½KAp�fdAg ¼ f�Pg ð11:47Þ
where [m], [CAp], [KAp] are the system mass, damping and stiffness matrices of the MPFS

respectively.

The summation has to be carried out for all the piles in the group. It may be noted that

Equations (11.41) and (11.47) are similar in form.

In Equations (11.40) and (11.46), [m] is the diagonal mass matrix consisting ofm,m, Ijy, k,

Ijx, Ijz as diagonal elements and f�Pg and fPAg are vectors of equivalent external forces and

soil reactions respectively acting at point A.m is the total mass of the machine and rigid block/

pile cap including piles. Ijx, Ijy, Ijz are the mass moments of inertia of machine foundation

block/pile cap about the x, y, z axes passing through point A respectively.

In Equation (11.45)fPzAg and so on (i.e., second terms of the right hand side of the equations)

are equivalent soil reactions due to any piles converted as equivalent forces andmoments acting

at point A (the combined CG). In Equations (11.45) and (11.46) the summation is carried out

over all s, signifying the number of piles on which the foundation block and machine assembly

is supported.

Thus, Equations (11.41) have to be analyzed in case only block foundation is used while

Equations (11.47) have to be analyzed if pile foundation are used.

These six coupled equations (linear) will uniquely determine the responses uA; vA;wA;jx;
jy;jz of the rigid body subjected to dynamic loads andmoments �Px; �Py; �Pz; �Mx; �My; �Mz. These

equations are similar to those of MDF and accordingly analytical and numerical methods

discussed by Kameswara Rao (1998) and Rao (1986) can be used to study the free and forced

vibrations of such systems. Solutions can also be directly attempted using ordinary differential

equations theory (for simultaneous variables).

11.8.3 Some Simplifications for MFS

Under some conditions of symmetry which can be easily adopted by the designer, Equa-

tion (11.41) can be considerably simplified. For example, if the center of contact area,B, can be

made to lie on the vertical line passing through the combined CG of the machine and

foundation, A (z axis), then it is obvious that

xA ¼ xs ¼ 0; yB ¼ ys ¼ 0; zB ¼ zs ð11:48Þ
Substituting xs ¼ ys ¼ 0 in Equation (11.41), the resulting equations are

m
d2uA

dt2
þ cx

duA

dt
þ kxuA þ zB cx

dfy

dt
þ kxjy

� �
¼ �Px ð11:49Þ

m
d2vA

dt2
þ cy

dvA

dt
þ kyvA�zB cy

djx

dt
þ kyjx

� �
¼ �Py ð11:50Þ
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m
d2wA

dt2
þ cz

dwA

dt
þ kzwA ¼ �Pz ð11:51Þ

Ix
d2jx

dt2
þðHx þ z2BcyÞ

djx

dt
þðSx þ z2BkyÞjx�zB cy

dvA

dt
þ kyvA

� �
¼ �Mx ð11:52Þ

Iy
d2jy

dt2
þðHy þ z2BcxÞ

djy

dt
þðSy þ z2BkxÞjy�zB cx

duA

dt
þ kxuA

� �
¼ �My ð11:53Þ

Iz
d2jz

dt2
þHz

djz

dt
þ Szjz ¼ �Mz ð11:54Þ

where

kx; ky; kz ¼ kxxs; kyys; kzzs respectively
cx; cy; cz ¼ cxxs; cyys; czzs respectively
zB ¼ zs
Ix; Iy; Iz ¼ Ijx; Ijy; Ijz respectively
Hx;Hy;Hz ¼ cjxxs; cjyys; cjzzs respectively
Sx; Sy; Sz ¼ kjxxs; kjyys; kzzs respectively.

It can be seen from Equations (11.49)–(11.54) that equations of motion for translation along

the z axis (vertical direction) and rotation about the z axis (Equations (11.51) and (11.54)), are

completely uncoupled, that is, the quantities wA and jz can be independently solved from

Equations (11.51) and (11.54) respectively. Further Equations (11.49) and (11.53) involving

the quantities uA and jy are coupled (the coupling now is in terms of these quantities only).

Similarly Equations (11.50) and (11.52) involving vA and jx are also coupled. Thus the

translation of the point A (combined CG of the machine and foundation) along any horizontal

axis (x or y axis) is always associated with rotation about the horizontal axis perpendicular to

the axis of translation (i.e., y or x axis) and vice versa. This statement is obvious from the fact

that the combined CG, A is not in the same horizontal plane as the center of contact area B (i.e.,

zB ¼ zs 6¼ 0), as can be seen from Figure 11.9.

It can be observed that Equations (11.49)–(11.54) are considerably simplified both in the

order of coupling (and hence mathematical complexities) as well as computational adaptabili-

ty. Hence solutions can be conveniently attempted. This symmetry can be easily prescribed by

the designer (even if xB and/or yB are of the order of 5% (or less) of the respective dimensions of

the contact area, symmetry can be assumed; IS: 2974–1966, 1966).

In several cases thevertical distance of the combinedCG,A from the horizontal contact plane

(containing point B) is quite small (zB is quite small) in comparison to the other dimensions of

themachine and foundation block. In such cases, it appears to be quite reasonable to neglect zB.

Thus if xB ¼ yB ¼ zB ¼ 0, Equation (11.41) can further be simplified as

m
d2uA

dt2
þ cx

duA

dt
þ kxuA ¼ �Px ð11:55Þ

m
d2vA

dt2
þ cy

dvA

dt
þ kyvA ¼ �Py ð11:56Þ
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m
d2wA

dt2
þ cz

dwA

dt
þ kzwA ¼ �Pz ð11:57Þ

Ix
d2jx

dt2
þHx

djx

dt
þ Sxjx ¼ �Mx ð11:58Þ

Iy
d2jy

dt2
þHy

djy

dt
þ Syjy ¼ �My ð11:59Þ

Iz
d2jz

dt2
þHz

djz

dt
þ Szjz ¼ �Mz ð11:60Þ

It can be noticed that Equations (11.53)–(11.60) are completely uncoupled and hence all the

components of displacements and rotations of the rigid body can be independently solved.

Further a close examination of these equations reveals the fact that these equations of motion

are identical in form with that of a single degree of freedom system and hence all the available

solutions to SDF can be readily used for analyzing theMFS. In this context the solutions to SDF

are of direct significance for analysis of MFS. However, the equivalent spring and dashpot

constants of the soil in various modes of vibration (kx; ky; kz, cx; cy; cz; Hx;Hy;Hz; Sx; Sy; Sz)
have to be computed to directly adopt the results of SDF.

In view of the similarity of Equations (11.41) and (11.47), similar simplifications can also be

made in the case of MPFS.

11.9 Methods of Solution

Equation (11.41) forMFS and Equation (11.47) forMPFS are coupled and represent motion of

multi degree of freedom systems. The solution to such equations in all their generalities, that is,

free and forced vibrations, arbitrary forcing functions, and so on, have been discussed in detail

by Kameswara Rao (1998).

Solutions to such coupled equations can also be obtained using numerical methods Several

practical examples have been discussed in detail by Richart, Hall and Woods (1970) and

Kameswara Rao (1998).

11.9.1 Observations

A general methodology is presented to analyze MFS systems and MPFS systems. The present

studymakes use of frequency-independent foundation impedances and the total response of the

machine foundation is obtained in time domain. Steady state solutions can also be obtained

using Fourier analysis (Kameswara Rao, 1998) whenever the excitation forces and moments

are periodic (with several periods) though the amplitudes are of general nature. Themethod has

the following advantages:

1. The system can be modeled using as many degrees of freedom as may be appropriate.

2. Loads of general nature, acting at different locations and directions can be incorporated.

3. Analog parameters with more accurate physical modeling can be introduced.
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4. Transient and impact type of loads can be easily handled.

5. Since the integration methodology is adaptive, the desired degree of accuracy can be

maintained throughout the time interval of interest.

6. The presence of piles reduces the displacements significantly.

Contrary to the normal belief, heavier block foundations do not produce lower displace-

ments.Responses canbecontrolled inweak soils byprovidingpile foundations.Theeffect of

thickness isstronglyfeltat lowermoduli thanathighermoduli.Theanalysispresented isquite

general innatureandcanbeusedtopredict theresponseofMFSsystemswithall their inherent

complexities in terms of general loads, locations, modeling, support conditions, interation

between components and so on.

11.10 General Remarks

The empirical and semi-empirical methods mentioned in this chapter have been widely used

with varying degrees of success. These may be constantly reviewed in the light of further

evidences and observations. Many times, these are the only tools conveniently available to

a designer and hence a foundation engineer should be familiar with the basis of their

development and limitations in application. By now it is quite apparent that the continuum

problem of a foundation soil system subjected to dynamic loads can be conveniently idealized

and simplified in terms of simple discrete systems with mass–spring–dashpot components

using analogsmentioned in the previous sections. Of these, themost logical and comprehensive

models are the ones given by Lysmer and Richart (1966) and Richart, Hall and Woods (1970)

for MFS, who developed them from the basic solutions of elastic continua. Even in the case of

pile foundations (used in the case of weak soils), it is feasible to represent the continuum

problem by equivalent simple mass–spring–dashpot systems (Kameswara Rao, 1998).

11.11 Framed Foundations

Framed foundations are generally preferred for high-speed machines such as turbo generators,

compressors, dynamos, blowers and so on, as they are quite flexible, versatile for construction

on any site, and cost effective. Further, they are very convenient for connecting and servicing,

pipes, airvents and wiring besides providing easy access to inspection and maintenance. The

analysis and design aspects are quite specialized and are given by Kameswara Rao (1998). Use

of the finite element method for such foundations is also discussed in the above reference.

Exercise Problems

The problems for exercise are mainly based on Section 11.6.

11.1 Explain briefly the Lysmer and Richart’s analog and derive the following in terms of the

dimensionless frequency ratio and dimensionless mass ratio for machine foundation

acted upon by a frequency dependent dynamic load of the type m1eo2 sinot

1. Resonant frequency, omr

2. Amplitude at operating frequency, z

3. Amplitude at resonant frequency, zres.
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11.2 A rigid machine foundation block of mass m, resting on a soil medium with spring

constant k and damping constant c is being subjected to a dynamic vertical load of

F0 ¼ sinont through its CG, where on ¼
ffiffiffiffi
k

m

r
. If the system starts from rest (initial

displacement and velocity are zero), obtain expressions for the responses of the system

for all ranges of damping.

11.3 A rectangular RCC machine foundation block of size 3.0� 2.0� 0.8m thick is

supporting amachineweighing 15 kN.Themachine is bolted at the top of the foundation

block by a base plate. The machine transmits an unbalanced sinusoidal moment

about the longitudinal axis (horizontal) whose amplitude is 20 kNm and frequency is

p/2 rad/s. The soil medium has the following properties.

1. Young’s modulus, E ¼ 6:0� 107 kN=m2

2. Poisson’s ratio, n ¼ 0:4
3. Unit weight, r ¼ 18 kN=m3.

Assuming that the combined CG of the machine is directly above the center of contact

area of the foundation block, find the response of the system and the natural frequencies

using analog model.

1. Unit weight of concrete¼ 24 kN/m3

2. Acceleration due to gravity, g ¼ 9:81 m=s2.

11.4 For the Example 11.1, assuming that themass of the soil participating in thevibrations to

be 50% of the mass of the machine and foundation block, compute the displacements at

operating frequency using soil spring analogs.

11.5 A cylindrical machine foundation block of radius r and height h is subjected to

a horizontal dynamic load¼F0 sinot at its top surface. Assuming that the CG of the

machine foundation block is at a height of h/2 from the ground level, write the coupled

equations of motion. The spring constant and damping constant of the soil are kh, ch in

the horizontal direction and kf; cf in the rotational motion about the horizontal axis.

Obtain the natural frequencies and steady state responses assuming no damping.
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Appendix 11.A Elements of Vibration Theory

11.A.1 Introduction

Many complex practical problems can be judiciously simplified as simple discrete systems having

finite degrees of freedom. Dynamic analysis of these systems can be carried out using several

approaches outlined in standard books onvibrations (Thomson, 1965;Rao, 1986;KameswaraRao,

1998, 2005). Study of an idealized simplemass–spring–dashpot provides an insight into thevarious

steps leading to the solution to corresponding practical problems.However, it is re-emphasized that

a proper idealization of the original system, which facilitates the realization of the objectives of the

study, is essential though the mathematical solution is by and large a routine classical step. Hence

elements of the theory and a few solutions of the SDF are summarized in this section. The

formulation of multi degree of freedom systems (MDF) is also introduced. Details of analysis and

design of these discrete systems are discussed in the above references.

11.A.2 SDF Translational Systems

11.A.2.1 Equation of Motion

An idealized SDF for translational motion is shown in Figure 11.A.1 in a vertical position. If

the system is in horizontal position, the mass is supported on frictionless rollers and the

unstretched length of the spring is lo. FromNewton’s second law, the equation ofmotion can be

written as

m €x ¼ �c _x�kxþFðtÞ ð11:A:1Þ

ðunbalanced forceÞ ¼ ðdamping forceÞþ ðspring forceÞþ ðapplied forceÞ

Figure 11.A.1 A spring–dashpot system.
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where

_x ¼ dx

dt
; €x ¼ d2x

dt2

m¼mass

c¼ viscous damping constant

k¼ spring constant.

Equation (11.A.1) can be rewritten as

m €xþ c _xþ kx ¼ FðtÞ ð11:A:2Þ
The spring is assumed to be massless or of negligible mass in comparison to the mass

attached to it.

Here the displacement x is measured from the static equilibrium position.

Referring to Equation (11.A.2), the following types of vibrations can be useful for study:

1. Undamped free vibration (if c ¼ 0; FðtÞ ¼ 0)

2. Damped free vibrations, that is, FðtÞ ¼ 0 with: (a) viscous damping, (b) Coulomb

damping, (c) hysteretic damping. However, solutions for viscous damping only are

presented in this section.

3. Forced vibrations with harmonic excitation, that is

FðtÞ 6¼ 0 and FðtÞ ¼ Fo sinot or Foe
iot

4. Steady state vibrations

5. Transient vibrations, and so on.

In the following sections several useful solutions to the single degree of freedom systems

such as those mentioned above are presented.

11.A.3 General Solutions

Starting from the general equation of motion for a SDF (Equation (11.A.2) and Figure 11.A.1),

solutions to different cases, that is, different forms of the input parameters are summarized below.

11.A.3.1 Undamped Free Vibrations

In the absence of damping, the systemcanbe symbolically represented as shown inFigure 11.A.1

with c ¼ 0. In the absence of an external force, themotion resulting fromany initial disturbance is

a freevibration.The systemmayvibrate freely if it is subjected to initial displacement or velocity.

The governing equations, solution, important results and characteristics are given below.

Equation of motion:
m €xþ kx ¼ 0 ð11:A:3Þ

where m and k are mass and spring constants.

Solution:

The characteristic roots of the above second order ordinary differential equation are � ion

where

on ¼
ffiffiffiffi
k

m

r
¼ natural frequency of the system ð11:A:4Þ
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Then the solution to the differential (Equation (11.A.2) with c¼ 0) can be expressed as

xðtÞ ¼ A1 cosontþA2 sinont ð11:A:5Þ
¼ A cosðont�fÞ ¼ A0 sinðontþf0Þ ð11:A:6Þ

where A1, A2, A, j, Ao and j0 are arbitrary constants. Equation (11.A.6) represents a typical

harmonic motion as shown in Figure 11.A.2.

The above solution can also be expressed in terms of initial conditions, that is, initial

displacement x0 and initial velocity v0 as

xðtÞ ¼ x0 cosontþ v0

on

sinont ð11:A:7Þ

The motion is shown in Figure 11.A.2.

1. Significant characteristics:

Natural frequency of the system ¼ on ¼
ffiffiffiffiffiffiffiffiffi
k=m

p
ð11:A:8Þ

Amplitude of motion ¼ A ¼ Ao ¼ ðA2
1 þA2

2Þ1=2 ð11:A:9Þ

Phase angle; f ¼ tan�1 A2

A1

ð11:A:10Þ

Phase angle; f0 ¼ tan�1 A1

A2

ð11:A:11Þ

Natural period; tn ¼ 2p
on

ð11:A:12Þ

Natural frequency in cycles per second; fn ¼ on

2p
ð11:A:13Þ

Figure 11.A.2 Graphical representation of harmonic motion.
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If the spring mass system is in vertical position, then

k ¼ mg

dst
¼ W

dst
ð11:A:14Þ

where W is the weight, and dst is the static deflection due to weight W and g is the

acceleration due to gravity.Correspondingly, the above characteristics can also be expressed

in terms of the static weight and static deflection by replacing k by W=dst as given in

Equation (11.A.14). For example

fn ¼ 1

2p
g

dst

� �1=2

ð11:A:15Þ

tn ¼ 1

fn
¼ 2p

dst
g

� �1=2

ð11:A:16Þ

From the solution given by Equation (11.A.6), that is, xðtÞ ¼ A cos ðont�jÞ
_xðtÞ ¼ dx

dt
¼ velocity ¼ onA sin ðont�jÞ ¼ onA cos ðont�jþ p=2Þ ð11:A:17Þ

€xðtÞ ¼ d2x

dt2
¼ acceleration ¼ �o2

nA cos ðont�jÞ ¼ o2
nA cos ðont�jþ pÞ ð11:A:18Þ

From the above expressions it can be noted that the velocity leads the displacement by p/2
and the acceleration leads the displacement by p.

2. Solutions in terms of initial disturbances given to the system:If the initial displacement

xo¼ 0, Equation (11.A.7) simplifies to

xðtÞ ¼ _xo
on

sinont ¼ vo

on

sinont ð11:A:19Þ

Alternatively, if the initial velocity vo¼ 0, then Equation (11.A.7) becomes

xðtÞ ¼ xo cosont ð11:A:20Þ
It can however be noted that xðtÞ ¼ 0, if both xo and vo are zero, signifying that there cannot

be any free vibration with the absence of initial disturbances.

11.A.3.2 The Energy Method – Rayleigh’s Method

For conservative systems, there is no dissipation of energy and at any instant of time, the energy

in free vibrations is partly kinetic and partly potential. However, the total energy in the system

at any instant is constant, that is,

T þU ¼ constant ð11:A:21Þ
where T andU are the kinetic and potential energies respectively. FromEquation (11.A.21) it is

obvious that
d

dt
ðT þUÞ ¼ 0 ð11:A:22Þ

Equation (11.A.22) can be interpreted as

Tmax ¼ Umax ð11:A:23Þ
Using these energy principles, the natural frequency of the system can be determined if the

vibrational motion is assumed to be harmonic.
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11.A.4 Damped Free Vibrations – Viscous Damping

11.A.4.1 Equations of Motion and Solutions

Referring to Figure 11.A.1, taking FðtÞ ¼ 0, the equation of motion of the rigid body in this

case can be written as

m €xþ c _xþ kx ¼ 0 ð11:A:24Þ
Seeking the solution to this homogeneous second order differential equation in the form

x ¼ est ð11:A:25Þ
the characteristic equation can be written as

s2 þ c

m
sþ k

m
¼ 0 ð11:A:26Þ

and the characteristic roots are

s1;2 ¼ � c

2m
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c

2m

� �2

� k

m

r

¼ �z �
ffiffiffiffiffiffiffiffiffiffiffi
z2�1

p� �
on

ð11:A:27Þ

where

z ¼ damping ratio ¼ c

cc
ð11:A:28Þ

cc ¼ critical damping constant ¼ 2
ffiffiffiffiffiffiffi
km

p
¼ 2mon ð11:A:29Þ

on ¼ natural frequency ¼
ffiffiffiffiffiffiffiffiffi
k=m

p
ð11:A:30Þ

The general solution to the homogeneous Equation (11.A.24) can be written as

x ¼ A1e
s1t þA2e

s2t ð11:A:31Þ
The actual form of the solutions depends on the nature of roots given by Equation (11.A.27),

that is, imaginary (complex conjugate) roots, real distinct (z > 1) roots or real repeated roots

(z ¼ 1) and are presented below.

Case 1: Underdamped (z < 1:0)
The characteristic roots given by Equation (11.A.27) are complex conjugate in this case. The

solution can be obtained as

xðtÞ ¼ e�zontðA1 cosodtþA2 sinodtÞ ð11:A:32Þ
whereA1 andA2 are arbitrary constants to be evaluated from the initial conditions of the system

and od is the damped natural frequency of the system given by

od ¼ onð1�z2Þ1=2 ð11:A:33Þ
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It can be seen from Equation (11.A.33) that od is always less than undamped natural

frequency on. Equation (11.A.32) can also be expressed as

xðtÞ ¼ Xe�zont sinðodtþj0Þ ð11:A:34Þ

¼ Xoe
�zont cos ðodt�jÞ ð11:A:35Þ

where A1, A2 and X, j and Xo, jo have to be evaluated from the initial conditions.

The motion can be seen to be oscillatory with diminishing amplitude, as shown in

Figure 11.A.3. For the initial conditions x (at t ¼ 0)¼ xo and v (at t ¼ 0)¼ vo A1, A2 can

be obtained as

A1 ¼ xo; A2 ¼ _xo þ zonxo

od

¼ vo þ zonxo

od

ð11:A:36Þ

The solution can now be written in terms of x0, v0 as

xðtÞ ¼ e�zont x0 cosodtþ v0 þ zonx0

od

sinod t

� �
ð11:A:37Þ

X, j and Xo, jo can also be obtained as

X ¼ Xo ¼ ðA2
1 þA2

2Þ1=2 ð11:A:38Þ

j0 ¼ tan�1 A1

A2

ð11:A:39Þ

j ¼ tan�1 A2

A1

ð11:A:40Þ

Case 2: Overdamped (z > 1:0)
In this case the characteristic roots given by Equation (11.A.27) are real and distinct. The

solution can be expressed as

xðtÞ ¼ A1e
½�zþðz2�1Þ1=2�ont þA2e

½�z�ðz2�1Þ1=2�ont ð11:A:41Þ

Figure 11.A.3 Solution to underdamped system: z< 1.0.
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whereA1 andA2 are arbitrary constants to be evaluated from the initial conditions of the system.

Themotion as given byEquation (11.A.41) is no longer oscillatory (as shown in Figure 11.A.4)

and is aperiodic. Equation (11.A.41) can also be expressed in terms of the general initial

conditions xo and v0 (initial displacement and initial velocity) as

xðtÞ ¼ voðes1t�es2tÞþ xoðs1es2t�s2e
s1tÞ

ðs1�s2Þ ð11:A:42Þ

where

s1 ¼ f�zþðz2�1Þ1=2gon < 0 ð11:A:43Þ

s2 ¼ f�zþðz2�1Þ1=2gon < 0 ð11:A:44Þ
Case 3: Critically damped (z ¼ 1:0)
The characteristic roots given by Equation (11.A.27) will be real but repeated in this case.

The solution can be written as

xðtÞ ¼ ðA1 þA2tÞe�ont ð11:A:45Þ
where A1 and A2 are the arbitrary constants to be evaluated in terms of the initial conditions.

Equation 11.A.45 represents an aperiodic motion which is essentially a transition between the

oscillatory and non-oscillatory conditions, as shown in Figure 11.A.5.

In terms of the general initial conditions xo and vo (initial displacement and initial velocity at

t ¼ 0), Equation (11.A.45) can be expressed as

xðtÞ ¼ x0 þ v0

on

þ x0

� �
ont

� �
e�ont ð11:A:46Þ

Figure 11.A.4 Solution to overdamped system: z> 1.0.
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Since critical damping represents the limit of aperiodic damping, the motion returns

to rest in the shortest time without oscillation. This property can be advantageously used

in many practical vibration problems such as large guns, measuring instruments and

electrical meters.

A comparison of motions with different types of damping is shown in Figure 11.A.6.

11.A.4.2 Logarithmic Decrement

The damping present in a system can be conveniently evaluated from the free vibration

response curve. However, it is of major interest only in underdamped systems which makes the

motion oscillatory as shown in Figure 11.A.3. This can be easily expressed in terms of the

natural logarithm of the ratio of any two successive amplitudes, generally referred to as

logarithmic decrement. The logarithmic decrement can be expressed (usingEquation (11.A.34)

Figure 11.A.5 Solution to critically damped system: z¼ 1.0.

Figure 11.A.6 Comparison of motions with different types of damping.
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and Figure 11.A.3) as

d ¼ ln
x1

x2
¼ ln

e�zont1

e�zonðt1 þ tÞ

� �
¼ ln ezont ¼ zont ¼ 2pz

ð1�z2Þ1=2
ð11:A:47Þ

For small values of z, Equation (11.A.47) can be approximately written as

d � 2pz ð11:A:48Þ
The plot of logarithmic decrement versus damping ratio is shown in Figure 11.A.7. The

logarithmic decrement can easily be determined from a free vibration test by taking the natural

logarithm of the ratio of any two successive amplitudes of the free vibration response

curve obtained from the test. The damping ratio, z, can than be obtained either from

Equations (11.A.47) or (11.A.48). From Equation (11.A.48)

z � d
2p

ð11:A:49Þ

As can be seen from Equations (11.A.47) and (11.A.48), in the presence of viscous damping

in the system, the decay of vibrations shows a pattern in which the ratio of amplitudes of any

two successive peaks is a constant. Thus the logarithmic decrement can be obtained from any

two-peak amplitudes x1 and xnþ 1 which are separated by n cycles as

d ¼ 1

n
ln

x1

xnþ 1

ð11:A:50Þ

It can also be noticed from Figure 11.A.7 that the two curves represented by Equations

(11.A.47) and (11.A.48) are difficult to be distinguished for z < 0:3. The damping ratio, z, can
also be obtained from Equation (11.A.49).

11.A.5 Forced Vibrations

11.A.5.1 Introduction

Dynamic systems are often subjected to time dependent forces or exciting functions. These

forces may be harmonic (hence periodic), nonharmonic but periodic, aperiodic or nonperiodic,

or random in nature. The response of a system to harmonic forces is called harmonic response

and usually such forces act for a longer duration. However, nonharmonic but periodic forces

can always be expressed in terms of a series of harmonic functions using Fourier series

(Kameswara Rao, 1998) and are called harmonics. Such forces also may act for longer

duration. Nonperiodic forces may act for a longer or a shorter duration. The response of the

system to suddenly applied forces is called transient response. In view of the feasibility of

expressing a general forcing function (periodic or nonperiodic) in terms of Fourier series, the

harmonic analysis of a system is very useful as a means to obtain solutions to most cases

involving general dynamic inputs.

The harmonic response of a single degree of freedom system is presented below. The most

general forms of the forcing functions are

FðtÞ ¼ Fo sinðotþjÞ; Fo cosðotþjÞ; Foe
iot; Fo sinot; Fo cosot ð11:A:51Þ
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where Fo is the amplitude of exciting force, o is the frequency of harmonic motion, j is the

phase angle. The value of j depends on the nature of F(t) at t ¼ 0 and it can be noted

that there is no loss of generality if j is taken to be zero. It may also be further noted that

mathematically it may be convenient to take the forcing function as real or imaginary part of

Foe
iot and the expressions are all equivalent even though it is represented as a complex

function.

11.A.5.2 Forced Vibration of SDF

A viscously damped SDF subjected to a dynamic force F(t) is shown in Figure 11.A.1. The

equation of motion (Equation (11.A.2)) is

m€xþ c _xþ kx ¼ FðtÞ ð11:A:52Þ
The general solution to the above second order ordinary differential equation consists of

a homogeneous part xh which can be recognized to be the free vibration solution dealt in

Section 11.A.4, and a particular integral xp which essentially depends on the nature of the

forcing function F(t) and the system parameters m, c and k.

For example xh, xp and the total solution xðtÞ ¼ xh þ xp for a typical case of an undamped

system are shown in Figure 11.A.8. It may be noted that the free vibration solution (i.e., xh)

vanishes with time for all the cases of damping, for example, underdamping, critical damping

Figure 11.A.7 Logarithmic decrement versus damping.
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and overdamping (Section 11.A.4), or for that matter any other type of damping (e.g., Coulomb

damping or hysteretic damping).

This part of themotionwhich vanishes with time, is also called transient motion and the rate

of decrease of the amplitude of motion depends on k, c andm as can be seen from the response

curves given in Section 11.A.4 Hence for a physical system where there is always some

(however small) damping present, the general solution eventually reduces to the particular

solution xp(t) which represents the steady state solution and logically exists as long as F(t) is

present. In view of the relatively short duration of the transient motion, steady state motion is

usually of more practical interest since the system response ultimately reduces to the steady

state motion (viz., turbines, blowers, compressors, machines, machine tools, machine founda-

tions, etc.) where the systems operate under F(t) for a considerable time. However, in cases

where F(t) exists for a short duration (viz., impact loads, blasts, wind, earthquake, etc.) the

transient response becomes important and cannot be ignored while steady state motion has no

practical significance. Hence except in cases where transient response considerations are

important, only steady state solutions are presented in the following sections. Also, majority of

solutions presented below correspond to the case when F(t) is harmonic, in view of the ready

extendability of these solutions for several general cases of forcing function as mentioned

earlier in Section 11.A.5.1.

Figure 11.A.8 Homogeneous, particular, and general solutions of an underdamped MFS.
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11.A.5.3 Forced Vibrations – Undamped Case

Taking c ¼ 0, the relevant equation of motion can be written as

m €xþ kx ¼ FðtÞ ð11:A:53Þ
The general solution to Equation (11.A.53) can be obtained as

xðtÞ ¼ A1 cosontþA2 sinontþ
ðt
0

FðxÞ
mon

sinonðt�xÞdx ð11:A:54Þ

where A1 and A2 are arbitrary constants to be evaluated from initial conditions.

The first two terms of the response Equation (11.A.54) can be identified to be the

homogeneous part of the solution and is the same as the free vibration solution (Section

11.A.3.1). Depending on the nature of the exciting force, the particular integral can be obtained

either using the integral in Equation (11.A.54) or directly. A few solutions are given below.

Case 1: Force FðtÞ ¼ Fo ¼ constant

Substituting FðtÞ ¼ Fo in Equations (11.A.53) and (11.A.54), the solution can be simplified as

xðtÞ ¼ A1cosontþA2sinontþ Fo

k
ð1�cosontÞ

¼ A3cosontþA4sinontþ Fo

k

ð11:A:55Þ

The motion represented by Equation (11.A.55) corresponds to an oscillatory motion about the

new equilibrium position of the rigidmass corresponding to the additional forceFo (in addition

to its own weight W).

Case 2: Force F(t)¼Fosinot – harmonic excitation

In this case the exciting harmonic force has a circular frequencywhich is independent ofon (the

undamped natural frequency). Substituting for FðtÞ ¼ Fosinot in Equation (11.A.51), the

general solution can be obtained as

xðtÞ ¼ A1cosontþA2sinontþ xðtÞ ¼ A1cos
Fo=k

1� o
on

� �2
sinot ð11:A:56Þ

¼ Aosin ðontþjoÞþ
F0=k

1�ðo=onÞ2
sinot ð11:A:57Þ

where Ao and jo can be determined in terms of A1 and A2 as explained in Section 11.A.3.1.

In terms of the general initial conditions xo and vo (initial displacement and velocity at

t ¼ 0), Equation (11.A.57) can also be expressed as

xðtÞ ¼ v0

on

�F0

k

o=on

f1�ðo=onÞ2g

" #
sinontþ x0cosontþ Fo=k

1� o
on

� �2
sinot ð11:A:58Þ
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The last terms in Equations (11.A.56)–(11.A.58) represent the particular integral while the

remaining terms represent the homogeneous solution. For a real system the homogeneous part

of the solution will eventually vanish because of some damping present in the system, thus

yielding the so-called steady state solution, which is the particular integral, xp(t) itself, that is

xpðtÞ ¼ Fo=k

1�ðo=onÞ2
sinot ¼ Xsinot ð11:A:59Þ

The amplitude corresponding to the particular solution given by Equation (11.A.59) can be

written as

X ¼ Fo=k

1�ðo=onÞ2
sinot ð11:A:60Þ

The ratio between the amplitude of motion, X, and the static displacement corresponding to

the amplitude of the dynamic force, dst ¼ Fo

k

� �
, is often referred to as the magnification factor,

M, and can be expressed as

M ¼ X

dst
¼ X

Fo=k
¼ 1

1�ðo=onÞ2
ð11:A:61Þ

M is also referred to as amplification factor or amplitude ratio and it is customary to represent

X and M as positive. The steady state magnification factor M given by Equation (11.A.61)

depends on the value of the denominator as given below.

Case 1: 0 <
o
on

< 1

The denominator of Equation (11.A.61) is positive and the response is given byEquation (11.A.59)

without change. Hence the response xp(t) can be noted to be in phase with the forcing functions.

The total response can be expressed as

xðtÞ ¼ Aosin ðontþjoÞþ
dstsinot

1� o
on

� �2
ð11:A:62Þ

Case 2:
o
on

> 1

The denominator in Equation (11.A.61) becomes negative and Equation (11.A.59) can now be

expressed as

xpðtÞ ¼ �Xsinot ¼ Xsin ðot�pÞ ð11:A:63Þ
and

M ¼ X

dst
¼ 1

1�ðo=onÞ2
ð11:A:64Þ

Here, xp(t) and F(t) can be seen to be of opposite sign and xp(t) lags the forcing function by p,
that is, 180	.

Further as
o
on

!¥; M! 0 and x! 0 ð11:A:65Þ
as can be seen from Equation (11.A.64).
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The total response in this case can be expressed as

xðtÞ ¼ Aosin ðontþjoÞ�
dstsinot

1�ðo=onÞ2
ð11:A:66Þ

Case 3:
o
on

¼ 1

From Equations (11.A.60) and (11.A.61) the values of X and M become infinite.

This implies that the frequency of the exciting force, o, is equal to the natural frequency of
the system, on, and is referred to as resonance. Using L’Hospital’s rule, the response of the

system at resonance can be obtained as

xðtÞ ¼ xocosontþ _xo
on

sinontþ ðsinont�ont cosontÞ
2

ð11:A:67Þ
It can be seen from the above equation that x(t) increases indefinitelywith time at resonance.

Variation of M and j ð¼ �joÞ with o/on is shown in Figure 11.A.9.

If the forcing function is of the formFðtÞ ¼ Focosot orFoe
iot expressions can be derived in

a similar manner.

11.A.5.4 Forced Vibrations with Viscous Damping

Referring to Figure 11.A.1, the equation of motion for the SDF can be written as

m €xþ c _xþ kx ¼ FðtÞ ð11:A:68Þ
Solutions to the above ordinary differential equation can be readily written for general

expressions of F(t) from theory using Green’s function or convolution integral.

Figure 11.A.9 Magnification factor and phase angle for an undamped SDF system.
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Since the general solutions (homogeneous solution and particular integral) depend on

the damping present in the system, they can be listed as below as per the cases discussed in

Section 11.A.4.1.

Case 1: Underdamped systems (z < 1:0)
The general solution in this case can be expressed as

xðtÞ ¼ e�zontðA1cosodtþA2sinodtÞþ
ðt
0

FðxÞe�zonðt�xÞ

mod

sinodðt�xÞdx ð11:A:69Þ

where z, on and od are the damping ratio, natural frequency and damped natural frequency as

defined earlier.A1 andA2 are arbitrary constants to be evaluated from the initial conditions. The

first term in Equation (11.A.69) represents the homogeneous part of the solution and the second

part represents the particular integral. The homogeneous part of solution vanishes with time

(which represents the free vibration part), while the particular integral persists thus represent-

ing a steady state motion (after a sufficient time interval).

Case 2: Overdamped systems (z > 1:0)
The general solution in this case can be expressed as

xðtÞ ¼ ðA1e
s1t þA2e

s2tÞþ
ðt
0

FðxÞ es1ðt�xÞ�es2ðt�xÞ	 

dx

mðs1�s2Þ ð11:A:70Þ

in which s1 and s2 are quantities given by Equations (11.A.43) and (11.A.44) and A1 and A2 are

arbitrary constants to be evaluated from the initial conditions of the system.

Case 3: Critically damped systems (z ¼ 1:0)
The general solution to this case can be obtained as

xðtÞ ¼ ðA1 þA2tÞ e�ont þ
ðt
0

FðxÞ
m

ðt�xÞ e�onðt�xÞdx ð11:A:71Þ

in whichon is the natural frequency and A1 and A2 are arbitrary constants to be evaluated from

the initial conditions.

Since the homogeneous part of the solutions given by Equations (11.A.69)–(11.A.71) vanishes

after sufficient duration of time, steady state solutions (represented by the particular integrals in

the above equations) are presented below in detail for a variety of situations. However, the total

behavior (including the transient behavior) of the system subjected to any arbitrary exciting

force can be evaluated using the Equations (11.A.69)–(11.A.71).

11.A.5.5 Steady State Solutions

After a sufficiently long duration of time, steady state conditions are reached and the steady

state responses of the system become important to predict the long-term behavior (beyond

the transient stage). Accordingly, steady state solutions to a variety of cases are summarized

below.
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Case 1: Constant force, FðtÞ ¼ F0 ¼ constant

The particular integral in this case can be obtained from ordinary differential equations

theory as

xpðtÞ ¼ Fo

k
ð11:A:72Þ

Hence, it can be concluded that after the transient motion vanishes, the mass m remains

motionless at the new equilibrium position corresponding to the additional force Fo.

Case 2: Harmonic exciting force of constant amplitude, FðtÞ ¼ F0sinot
For such a harmonic forcing function, the nonhomogeneous solution can be easily obtained

using the theory of ordinary differential equations. However, the same can also be solved using

vectorial representation of all the forces acting on the system. The particular solution in this

case can be assumed as

xpðtÞ ¼ Xsin ðot�jÞ ð11:A:73Þ
where X is the amplitude andj is the phase angle. We can solve for X andj by substituting the

above solution in the differential equation of motion given by Equation (3.122). The

expressions on substitution come out as

mo2Xsin ðot�jÞ�codXsin ot�jþ p
2

� �
�kXsin ðot�jÞþFosinot ¼ 0 ð11:A:74Þ

that is

Inertia forceþ damping forceþ spring forceþ external force ¼ 0 ð11:A:75Þ
These forces can be vectorially represented as shown in Figure 11.A.10. From this vector

diagram X and j can be readily obtained as

X ¼ F0=kffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� o

on

� �2
( )2

þ 2z
o
on

� �2

vuut
ð11:A:76Þ

and

tan j ¼ 2zo=on

1�ðo=onÞ2
¼ 2zr

1�r2
ð11:A:77Þ

Figure 11.A.10 Vector representation of forced vibration with viscous damping.
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where r¼o=on ¼ frequency ratio. The particular solution xp(t) can then be obtained from

Equation (11.A.73).

The following observations can be made from the vector diagrams (Figure 11.A.10) which

help in the understanding of the physical behavior of the system:

1. There is a phase lag of j between the exciting force and displacement response which can

vary from 0 to 180	.
2. The spring force being a reactive force is opposite to the direction of the displacement.

3. The phase lag between displacment and the damping force is 90 degrees and is opposite to

the direction of velocity.

4. The inertial force is in the same direction as the displacement but opposite to the direction of

acceleration.

From Equation (11.A.76), the dynamic magnification factor, M can be expressed as

M ¼ X

F0=k
¼ X

dst
¼ 1

½ð1�ðo=onÞ2Þ2 þð2zo=onÞ2�1=2

¼ 1

½ð1�r2Þ2 þð2zrÞ2�1=2
ð11:A:78Þ

where dst ¼ Fo=k ¼ static deflection under force Fo.

The dynamic magnification factor, M and phase angle, j are graphically shown in

Figure 11.A.11 for various values of z (mainly for values of z � 1:0, since these are the

most relevant solutions to practical situations).

Figure 11.A.11 Forced vibration response of a viscously damped system.
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It can be observed from the figures that the frequency at which the maximum amplitude

occurs is less than the undamped natural frequency and is equal to

om ¼ onð1�2z2Þ1=2 ð11:A:79Þ
om is referred to as the resonant frequency for constant force amplitude type of exciting

force. The magnification factor at this frequency can be obtained as

Mmax ¼ 1

2zð1�z2Þ1=2
ð11:A:80Þ

FromEquations (11.A.79) and (11.A.80), it can be inferred that for z � 1=
ffiffiffi
2

p
, static response

itself is the maximum response. The phase angle j [Figure 11.A.11(b)] has a value of p/2 at
o
on

¼ 1 for all cases of damping.

Force transmitted to the base:

To assess the safety of the base supporting the SDF it may be necessary to calculate the force

transmitted to the base. This can be expressed as

FT ¼ kxp þ c _xp ð11:A:81aÞ
By substituting for xp from Equations (11.A.73) and (11.A.76), the amplitude of the force

transmitted to the base can be obtained as

FT ¼ Fo

1þð2zrÞ2
ð1�r2Þ2 þð2zrÞ2

" #1=2

ð11:A:81bÞ

Hence transmissibility; Tr ¼
�����FT

F0

����� ¼ 1þð2zrÞ2
ð1�r2Þ2 þð2zrÞ2

" #1=2

ð11:A:82Þ

The transmissibility is plotted in Figure 11.A.12.

It can be seen from Figure 11.A.12, thatTr < 1 for r ¼ o=on >
ffiffiffi
2

p
for all values of damping,

with Tr reducing with reduction in damping ratio, z.
For small values of z and r >

ffiffiffi
2

p
, transmissibility can be approximated as

Tr � 1

r2�1
� 1

ð2pf Þ2dst
g

�1

ð11:A:83Þ

where f ¼ o=2p ¼ frequency in cycles per second and g is the acceleration due to gravity.

Solving for f from Equation (11.A.83) and expressing it in cycles per minute, we obtain

fm ¼ 60 f ¼ 188
1

dst

1

Tr
þ 1

� �� �1=2
¼ 188

2�R

dstð1�RÞ
� �1=2

ð11:A:84Þ

where dst is the static deflection in inches, and R is the ratio representing the percentage

reduction in the transmitted vibratory force defined as

R ¼ 1�Tr ð11:A:85Þ
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The same is called isolation efficiency and is shown in Figure 11.A.13 which is quite useful

for practical applications in vibration isolation problems.

The following features can be noted from the above solutions and Figure 11.A.11:

1. For z ¼ 0, the solutions to xp, X,M and j are given by Equations (11.A.73)–(11.A.78) and

coincidewith the corresponding solutions to undamped system derived in Section 11.A.5.3.

Phase angle, j can be noted to be zero for r < 1:0 and j ¼ p for r > 1:0.
2. Amplitude ratio,M reduces with increasing damping for all values ofo and the reduction of

M is significant in the vicinity of resonance.

3. Maximum value of amplitude ratio Mmax ¼ 1

2z
ffiffiffiffiffiffiffiffiffiffiffi
1�z2

p occurs when o ¼ om ¼
onð1�2z2Þ1=2 which is lower than the damped natural frequency od ¼ onð1�z2Þ1=2. At
r ¼ 1, M ¼ 1

2z
. These expressions can be advantageously used for the evaluation of

damping in a system.

4. For z � 1=
ffiffiffi
2

p
, curve forM (or X) has peak value only at r ¼ 0, that is, static situation. This

implies that static deflection itself is the maximum amplitude for damping ratios � 1=
ffiffiffi
2

p
.

5. The sharpness at resonance is qualitatively expressed as 2z. This also can be conveniently

used for the experimental determination of the damping present in a system using a forced

vibration test.

6. The total response of the system in all the above cases can be obtained by adding the

corresponding homogeneous part of the solution (same as those obtained in the free

vibration analysis given in Section 11.A.4) to the particular integral, that is,

xðtÞ ¼ xhðtÞþ xpðtÞ

Figure 11.A.12 Transmissibility versus frequency ratio.
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Case 3: Harmonic exciting force – rotating mass type excitation, FðtÞ ¼ meeo2sinot
Sometimes, vibrations are produced by unbalanced rotating masses such as in reciprocating

and rotating engines. A typical mechanism of this type is shown in Figure 11.A.14, which

consists of two counter rotating eccentric massesm1, at an eccentricity e. The eccentric masses

are positioned in such a manner, that the horizontal forces at any instant of time, balance each

Figure 11.A.13 Isolation efficiency graphs for flexibly mounted systems.

Figure 11.A.14 Forces produced by two counter rotating masses.
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other and produce an unbalanced vertical harmonic force equal to

FðtÞ ¼ 2m1eo2sinot ¼ meeo2sinot ð11:A:86Þ
where

me ¼ 2m1 ¼ total eccentric mass ð11:A:87Þ
A typical SDF subjected to reciprocating and rotating imbalance is shown in Figure 11.A.15.

The equation ofmotion in the vertical direction for the SDF shown in Figure 11.A.15 (b) can be

obtained as follows.

The vertical displacement of the eccentric mass me is

xe ¼ xþ e sinot ð11:A:88Þ

Ifm is the total mass of the system including the eccentric massme, the equation of motion of

the system can be written as

ðm�meÞ d
2x

dt2
þme

d2

dt2
ðxþ esinotÞ ¼ �kx�c

dx

dt
ð11:A:89Þ

This can be written as

m €xþ c _xþ kx ¼ meeo2sinot ð11:A:90Þ
Equation (11.A.90) can be noted to be the same asEquation (11.A.68)where the forcing function

isFðtÞ ¼ meeo2sinot. Hence the solutions obtained for the casewhereFðtÞ ¼ Fosinot can be
readily used replacing Fo bymeeo2 in Equation (11.A.76). Accordingly, the particular integral

for Equation (11.A.90) can beobtained fromEquation (11.A.76)while the phase anglej remains

the same as given by Equation (11.A.77). Thus the steady state displacement can be expressed as

xpðtÞ ¼ meeo2=k

½ð1� o=onð Þ2Þ2 þð2z o=onÞ2�1=2
sin ðot�jÞ

¼ mee

m

r2

½ð1�r2Þ2 þð2zrÞ2�1=2
sin ðot�jÞ ¼ Xsin ðot�jÞ

ð11:A:91Þ

Figure 11.A.15 Periodic force from a reciprocating or rotating imbalance.
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Hence,

mX

mee
¼ r2

½ð1�r2Þ2 þð2zrÞ2�1=2
ð11:A:92Þ

and

tan j ¼ 2zr
1�r2

ð11:A:93Þ

A plot of mX
mee

with frequency ratio r (¼ o=on) for different values of z is shown in

Figure 11.A.16.

It should be noted that m is the total vibrating mass and includes the eccentric mass me. The

resonant frequency occurs in this case when

o
on

¼ 1

ð1�2z2Þ1=2
ð11:A:94Þ

Accordingly, denoting o at resonance in this case as omr, the same can be expressed from

Equation (11.A.94) as

omr ¼ on

ð1�2z2Þ1=2
ð11:A:95Þ

The value of mX
mee

at the resonant frequency omr can be evaluated as

mX

mee

� �
max

¼ 1

2z
ffiffiffiffiffiffiffiffiffiffiffi
1�z2

p ð11:A:96Þ

Figure 11.A.16 Response of a viscously damped system with reciprocating or rotating imbalance.
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It can also be observed from Figure 11.A.16 that for z � 1=
ffiffiffi
2

p
no peak exists in the response

curves for forced vibration of this type.

The following features can be observed from the solution to SDF subjected to rotating

imbalances.

1. The response starts from zero for all values of damping. The amplitude near resonance is

very sensitive to the values of damping ratio z.
2. As o=on goes on increasing, that is, at high speeds of rotation,

mX

mee
tends to unity for all

values of damping.

3. The maximum value of mX
mee

occurs at

r ¼ o
on

¼ 1

½1�2z2�1=2
ð11:A:97Þ

that is, slightly to the right of resonance value of r ¼ 1.

11.A.5.6 Natural Frequencies and Resonant Frequencies

As brought out in the above sections, there exist the quantities on, od, om and omr associated

with the resonance phenomenon of a single degree of freedom system and are expressed as in

Equations (11.A.8), (11.A.33), (11.A.79), and (11.A.95). These are graphically shown as

functions of the damping ratio (viscous damping) in Figure 11.A.17.

11.A.5.7 SDF Subjected to Base Excitation

Several times vibrations may be produced due to the motion of the base as shown in

Figure 11.A.18. If for example the base excitation is of the type

y ¼ Ysinot ð11:A:98Þ
the equation of motion of SDF in this case can be written as

m €xþ cð _x� _yÞþ kðx�yÞ ¼ 0 ð11:A:99Þ
where x and y are the time dependent displacements/motions of the mass and the base

respectively.

Using Equations (11.A.98) and (11.A.99) we get

m €xþ c _xþ kx ¼ kYsinotþ coYcosot ð11:A:100Þ
The response of the rigid mass can be expressed as

xp ¼ Xsin ðot�jÞ ð11:A:101Þ
Then the absolute value of the ratio of amplitudes can be obtained as�����XY

����� ¼ 1þð2zo=onÞ2
½1�ðo=onÞ2�2 þð2zo=onÞ2

" #1=2

¼ 1þð2zrÞ2
ð1�r2Þ2 þð2zrÞ2

" #1=2

ð11:A:102Þ
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Figure 11.A.17 Frequency ratio versus damping ratio of a single degree of freedom system.

Figure 11.A.18 Single degree of freedom system subjected to base excitation.
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and the phase angle, j can be expressed as

tan j ¼ 2zðo=onÞ3
1�ðo=onÞ2 þð2zo=onÞ2

¼ 2zr3

1�r2 þð2zrÞ2 ð11:A:103Þ

where z and r are damping and frequency ratios. The plots of Equations (11.A.102) and (11.

A.103) are shown in Figure 11.A.19.

The ratio X/Y is called transmissibility and the right hand side of Equation (11.A.102) can be

noted to be identical with that of Equation (11.A.82) wherein
FT

Fo
is also called transmissibility,

Tr. Thus the problemofdisplacement transmissibility is identical to that of force transmissibility.

Accordingly all the observations made in connection with force transmissibility and isolation

efficiency in Section 11.A.5.5 apply equally to the case of displacement transmissibility.

1. Force transmitted to the base

The force transmitted to the base in this case of basemotion can be similarly expressed from

Figure 11.A.18 as

FT ¼ kðx�yÞþ cð _x� _yÞ ¼ �m €x ð11:A:104Þ
From Equations (11.A.101) and (11.A.102), the same can be expressed as

FT ¼ �m €x ¼ mo2Xsin ðot�jÞ

¼ kYr2
1þð2zrÞ2

ð1�r2Þ2 þð2zrÞ2
" #1=2 ð11:A:105Þ

Thevariation ofFT=kY with frequency ratio r and damping ratio z are shown in Figure 11.A.20.

2. Relative motion

Referring to Figure 11.A.18, it can be noted that

Figure 11.A.19 Response of viscously damped system subjected to base excitation.
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x�y ¼ z ð11:A:106Þ
denotes the relative motion between the base and the mass. The equation of motion

(Equation (11.A.99)) can also be expressed in terms of relative displacement z as

m €zþ c _zþ kz ¼ �m €y ¼ mo2Ysinot ð11:A:107Þ
where

z¼ relative displacement

x¼ displacement of the mass

y¼ displacement of the base.

Taking the base motion to be harmonic of the form given by Equation (11.A.98), the steady

state solution to Equation (11.A.107) can readily be written as

z ¼ mo2Ysin ðot�fÞ
½ðk�mo2Þ2 þðcoÞ2�1=2

¼ Zsin ðot�jÞ ð11:A:108Þ

where the amplitude

Z ¼ mo2Y

½ðk�mo2Þ2 þðcoÞ2�1=2
¼ Y

r2

ð1�r2Þ2 þð2zrÞ2
h i1=2 ð11:A:109Þ

or

Z

Y
¼ r2

½ð1�r2Þ2 þð2zrÞ2�1=2
ð11:A:110Þ

Figure 11.A.20 Force transmitted versus frequency ratio.
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The phase angle j is the same as in the case of forced vibration with either constant amplitude

or frequency dependent harmonic force. Results for Z/Y and j are shown in Figure 11.A.21.

These results are also applicable for computing the response of simple vibration measuring

instruments which essentially measure relative motion characteristics.

The ratio Z/Y from Equation (11.A.110) can be seen to have identical expression with that of
mX

mee
in the case of frequency dependent harmonic force as given by Equation (11.A.92). Hence

the variation of Z/Y with frequency ratio r is identical to the variation of mX
mee

with r as given in

Figure 11.A.16.

11.A.5.8 Other Types of Loads

The solutions for other types offloads such as general periodic loads, aperiodic loads, impact

loads can be referred to Thomson (1965), Rao (1986), Kameswara Rao (1998, 2005) and other

standard books on vibrations.

11.A.6 Multi Degree of Freedom Systems

11.A.6.1 Introduction

Though many physical systems can be analyzed fairly accurately using a single degree of

freedom (SDF) idealization, sometimes it might become necessary tomodel the system, as one

having more than one degree of freedom. These are called multi degree of freedom systems

(MDFs). The topic has just been introduced to give a general idea of the formulation. The

details can be referred to in standard text books on the subject (Thomson, 1965; Rao, 1986;

Kameswara Rao, 1998, 2005).

Figure 11.A.21 Relative motion versus frequency ratio.
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In the system shown in Figure 11.A.22, the motion of the body moving in a horizontal plane

(same for vertical orientation also if the system is in static equilibrium position, as mentioned

for SDF in Section 11.A.2.1) can be specified by x1(t) and x2(t). Hence the system has two

degrees of freedom. The number of degrees of freedom, n can be usually computed as

n¼ðnumber of masses in the systemÞ�ðnumber of possible types of motion of eachmassÞ.

An n degree of freedom system needs n independent coordinates to describe its motion by

a set of n simultaneous coupled ordinary differential equations of the second order. The system

has as many natural frequencies as the degrees of freedom. A mode of vibration is associated

with each natural frequency and the configuration is called a normal mode, principal mode or

natural mode of vibration.

If the system is given an initial excitation, the resulting free vibrations will be the

superposition of all the normal modes of vibration. However if the system vibrates under

an external harmonic force, the response of the system will be at the frequency of the external

force and the response tends to a maximum at any of the natural frequencies.

Although the equations ofmotion of anMDFare generally coupled, itmay be possible to find

a set of coordinates such that these are uncoupled, that is, each equation ofmotion involves only

one independent coordinate and can be solved independently. Such a system of coordinates is

called principal coordinates. Hence once the equations get uncoupled, all the solutions to

a single degree of freedom system (SDF) can be conveniently used for studying the response of

the MDF.

11.A.6.2 Equations of Motion

The equations of motion can be derived using either Newton’s laws of motion or influence

coefficients or more conveniently by using Lagrange’s equation. The procedures for obtaining

Figure 11.A.22 A two degrees of freedom spring–mass–dashpot system.
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the equations of motion, and solutions are essentially the same whether the system has two

degrees of freedom or more. To illustrate the steps involved, a two degrees of freedom system

(Figure 11.A.22(a)) is considered and equations of motion are derived using Newton’s laws of

motion. The motion can be described by the generalized coordinates x1(t) and x2(t) which are

measured from the respective equilibrium positions of the masses, m1 and m2. From the free

body diagrams of the masses m1 and m2 shown in Figure 11.A.22(b), the equations of motion

can be written using Newton’s second law of motion as

m1 €x1 þðc1 þ c2Þ _x1�c2 _x2 þðk1 þ k2Þx1�k2x2 ¼ F1ðtÞ ð11:A:111Þ

m2 €x2�c2 _x1 þðc1 þ c2Þ _x2 þðk3 þ k2Þx2�k2x1 ¼ F2ðtÞ ð11:A:112Þ
These are two coupled equations and can also be conveniently written in matrix form as

½m� €xðtÞþ ½c� _xðtÞþ ½k�xðtÞ ¼ FðtÞ ð11:A:113Þ
where [m], [c] and [k] are called the mass, damping and stiffness matrices respectively and are

given by

½m� ¼ m1 0

0 m2

� �

½c� ¼ c1 þ c2 �c2
�c2 c2 þ c3

� �
ð11:A:114Þ

½k� ¼ k1 þ k2 �k2
�k2 k2 þ k3

� �

and xðtÞ and FðtÞ are the displacement and force vectors respectively and are given by

xðtÞ ¼ x1ðtÞ
x2ðtÞ

( )

FðtÞ ¼ F1ðtÞ
F2ðtÞ

( )
ð11:A:115Þ

It can be noted that [m], [c] and [k] are square and symmetric matrices of second order, the

order being the same as the degrees of freedom of the system. The equations of motion for any

MDFwill be of the samematrix form as Equation (11.A.113) and the order of the matrices will

be equal to the degrees of freedom of the system under consideration. If another set of

coordinates p1, p2 (instead of x1, x2) are used to describe the motion of the same system, it is

obvious to see that the elements of matrices [m], [c], [k] will differ from those shown in

Equation (11.A.114). However, the system characteristics such as natural frequencies will be

independent of the coordinates used to describe the motion. Hence the general form of a two

degrees of freedom system can be

½m� €xðtÞþ ½c� _xðtÞþ ½k�xðtÞ ¼ FðtÞ ð11:A:116Þ
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where

½m� ¼ m11 m12

m21 m22

� �
¼ mass matrix

½c� ¼ c11 c12
c21 c22

� �
¼ damping matrix

½k� ¼ k11 k12
k21 k22

� �
¼ stiffness matrix ð11:A:117Þ

The concept can be generalized for a multi degree of freedom system (say, n degrees).

Equation (11.A.116) describes themotionwhere thematriceswill now be of the nth order, that is

½m� ¼ ½mij�; ½c� ¼ ½cij�; ½k� ¼ ½kij�

xðtÞ ¼

x1
x2




xn

8>>>><
>>>>:

9>>>>=
>>>>;
; FðtÞ ¼

F1

F2

:
:
Fn

8>>>><
>>>>:

9>>>>=
>>>>;

ð11:A:118Þ

where i, j¼ 1, 2 . . . n andx(t) andF(t) are thegeneralized coordinates and forcevector of ordern.
But for the matrix form, Equations (11.A.113) and (11.A.116) can also be seen to be similar

to the forced vibration equation of SDF given by Equation (11.A.2) in Section 11.A.2. The

solution to Equations (11.A.111) and (11.A.112) (represented in matrix form by Equation

(11.A.113) for general values ofF1ðtÞ andF2ðtÞ, that is,FðtÞ) is difficult to obtainmainly due to

coupling of the variables x1ðtÞ and x2ðtÞ represented by the nonzero off-diagonal terms in

the coefficient matrices [c] and [k]. If the coupling exists in matrix [m], it is called dynamic

coupling, or inertial coupling or mass coupling. If it exists in matrix [k], it is called static

coupling or elastic coupling. If the coupling exists in matrix [c] it is called damping or

velocity coupling. It is possible to choose a different set of coordinates say q1ðtÞand q2ðtÞwhich
can uncouple the equations completely thus yielding two uncoupled equations of motion

resembling two SDF equations of motion. Such coordinates are called principal or natural

coordinates. It is obviously advantageous to uncouple the equations of motion so that all the

existing solutions to SDF can be readily used and all the equations can be solved independently

of one another (Thomson, 1965; Rao, 1986; Kameswara Rao, 1998, 2005). These references

give the various methods of solution using analytical and numerical approaches.
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Appendix 11.B Stiffness and Damping Parameters

11.B.1 Introduction

The stiffness and damping parameters (also called analog parameters of an equivalent

mass–spring–dashpot SDF model) derived by several research workers are available in

literature. These are useful in analyzing MFS and MPFS as equivalent MDF systems. Lysmer

and Richart’s (1966) analysis which is presented in Section 11.6 is one such example of

obtaining an equivalent SDF model for each mode of vibration. A few such important

expressions/values for these stiffness and damping parameters commonly used in the analysis

are presented in this appendix.

11.B.2 Analog Parameters of Lysmer and Richart

The stiffness and damping parameters for surface foundations derived by Lysmer and Richart

(Richart, Hall and Woods, 1970; discussed in Section 11.6) are given in Table 11.B.1.

11.B.3 Other Parameters

Similar parameters for analog models for block foundations incorporating the actual field

conditions as closely as possible have been derived by Gazetas and Tassoulas (1987), Wolf

(1988) and Mita and Luco (1989) and are given by Kameswara Rao (1998). In the case of

machine foundations with piles, Novak et al. derived the stiffness and damping parameters and

these are presented by Kameswara Rao (1998). Their applications in the actual analysis of

MPFS are discussed in Section 11.8.

11.B.4 Parameters of Machine Foundation for Computations

It has been shown clearly in this chapter that the general equations of motion of a machine

foundation–soil system resemble those involving multi degree of freedom systems. Under

certain conditions of symmetry, these equations simplify such that they are identical (in form)

to the equations of motion of several single degree of freedom systems. This section presents

the expressions for various constants that are needed for the computational purposes involving

the equations discussed in this chapter.

11.B.4.1 Various Modes of Vibration

Using the elasticity solutions for the dynamic responses of a rigid foundation block resting on

semi-infinite, homogeneous, isotropic, linearly elastic soilmedium in all sixmodes of vibration

(corresponding to the six degrees of freedomof a rigid body) SDF analogs have been developed

by Lysmer and Richart and several others (Richart, Hall and Woods, 1970) which give the

various constants (spring and dashpot constants). The expressions of these constants are listed

in Table 11.B.1. The expressions of these parameters reported by several others are given by

Kameswara Rao (1998). In particular, the analog parameters for pile foundations reported by

Novak are also presented in the above reference of Kameswara Rao (1998).
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Table 11.B.1 Analog parameters for surface foundations.

Mode Parameters

Vertical along z axis rz ¼ ab

p

� �0:5

; bz ¼ 0:25mð1�vÞg
rsr3z

; kzz ¼ 4msrz
1�v

zz ¼
0:425ffiffiffiffiffi

bz
p ; czz ¼ 2zz

ffiffiffiffiffiffiffiffiffiffi
kzzm

p

Horizontal along x axis rx ¼ ab

p

� �0:5

; bx ¼ ð7�8vÞmg

32ð1�vÞrsr3x
; kxx ¼ 32ð1�vÞmsrx

7�8v

zx ¼ 0:288ffiffiffiffiffi
bx

p ; cxx ¼ 2zz
ffiffiffiffiffiffiffiffiffiffiffi
kxxm

p
Horizontal along y axis Same as above with subscripts as y

Torsional about z axis rzz ¼ abða2 þ b2

6p

� �0:25

; brz ¼ Ijzg

rsr5rz
; kjzz

¼ 16msr
3
rz

3

zrz ¼
0:5

1þ 2brz
; cjzz

¼ 2zrz
ffiffiffiffiffiffiffiffiffiffiffiffiffi
kjzz

Ijz

q

Rocking about x axis rrx ¼ ab3

3p

� �1=2

; brx ¼ 0:375ð1�vÞIjx
g

rsr5rx
; kjxx

¼ 8msr
3
rx

3ð1�vÞ

zrx ¼ 0:15

ð1þ brxÞ
ffiffiffiffiffiffi
brx

p ; cjxx
¼ 2zrx

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kjxx

Ijx

q

Rocking about y axis rry ¼ a3b

3p

� �0:25

; bry ¼
0:375ð1�vÞIjy

g

rsr5ry
; kjyy

¼ 8msr
3
ry

3ð1�vÞ

zry ¼
0:15

ð1þ bryÞ
ffiffiffiffiffiffi
bry

p ; cjyy
¼ 2zry

ffiffiffiffiffiffiffiffiffiffiffiffiffi
kjyy

Ijy

q
Notation used

a; b Dimensions of the block in x, y directions

rz; rx; ry; rrx; rry; rrz Equivalent radii for translational modes in vertical and

horizontal modes, rotational modes about x, y and

z directions, m mass of the footing

Ifx; Ify; Ifz Moment of inertia about x, y and z directions

bz; bx; by; brx; bry; brz Mass ratios for translational modes in vertical and horizontal

directions and rotational modes about x, y and z axes

kzz; kxx; kyy; kfxx; kfyy; kfzz Stiffness parameters for translational modes along

vertical and horizontal directions and for rotational

modes about x, y and z axes

czz; cxx; cyy; cfxx; cfyy; cfzz Damping parameters for translational modes along vertical

and horizontal directions and for rotational modes

about x, y and z axes

Bz; Bx; By; Brx; Bry; Brz Damping ratios for translational modes along vertical and

horizontal directions and for rotational modes about

x, y and z axes

m Shear modulus of the soil

v Poisson’s ratio of the soil

r Unit weight of the soil, and g acceleration due to gravity
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11.B.4.2 Mass and Mass Moment of Inertia

In Equations (11.39)–(11.41)

m ¼ total mass of machine and foundation ¼ WT

g

¼ mF þ
X
i

mi

ð11:B:1Þ

where

WT ¼ total weight

g¼ acceleration due to gravity

mF ¼mass of the foundation (including piles in case of pile foundations)

mi ¼ m1;m2 ðI ¼ 1; 2; . . .Þ ¼ masses of machines and accessories

Ix; Iy; Iz ¼ total mass moment of inertia of the machine and foundation about the x; y

and z axes respectively:

11.B.4.3 Rectangular Solids

For a foundation of the type shown in Figure 11.8 (rectangular parallelopiped with dimensions

a, b, c along the x, y, z axes respectively) supporting machine, Ix; Iy; Iz can be expressed as

Ix ¼ mF

b2 þ c2

12

� �
þ

X
i

Imxi þ
X
i

mi y
2
i þ z2i

� 

Iy ¼ mF

c2 þ a2

12

� �
þ

X
i

Imyi þ
X
i

mi z
2
i þ x2i

� 

Iz ¼ mF

a2 þ b2

12

� �
þ

X
i

Imzi þ
X
i

mi x
2
i þ y2i

� 
ð11:B:2Þ

11.B.4.4 Right Circular Cylinder of Radius r, Length l

Iv ðthrough axis of figureÞ ¼ mF

r2

2
þ

X
i

Imvi þ
X
i

mi x
2
i þ y2i

�  ð11:B:3Þ

Ihðthrough centre perpendicular to axis of figure; say along x axisÞ

¼ mF

l2

12
þ r2

4

� �
þ

X
i

Imhi þ
X
i

mi y
2
i þ z2i

�  ð11:B:4Þ

xi; yi; zi ¼ coordinates of mass mi with reference to the combined CG of mass and

foundation, that is, point A in Figure 11.8; and

Imvi; Imhi; Imxi; Imyi; Imzi ¼massmoment of inertia of the ithmachine/accessory about its own

axis parallel to the axis about which the mass moment of inertia is being calculated.

It can be noted from the above expressions that parallel axis theorem is used for computing

the mass moments of inertia of other machines and accessories. Usually the mass moments of

inertia of machines and accessories about their own axes may be negligible in comparison to

other terms. The summation is to be taken on all the masses on the foundation such as all

machines and accessories, and so on. Expressions for other shapes of foundations can be

derived or taken from standard mathematical tables.
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Appendix 11.C General Guidelines for Design and Construction
of Machine Foundations

11.C.1 Introduction

The design and construction practices of machine foundations have evolved over several

decades and are based on local codes of practice. Since the codesmay not exhaustively cover all

aspects, the information needed by designers and professional engineers has to be supple-

mented from existing books and literature. Some of these broad guidelines relevant to design

and construction are highlighted in this section. The relevant codes of practice (such as IS:

456–2000 for reinforced concrete, IS: 2974–1966 for machine foundations, IS: 5249–1969 for

tests to determine the dynamic parameters, IS: 1888–1982, IS: 2720–1983 for various tests on

soils) provide the broad guidelines for the design and construction of machine foundations.

Elaborate details on the topic are also given by Barkan (1962), Major (1962), Richart, Hall and

Woods (1970), Srinivasulu and Vaidyanathan (1976) and Kameswara Rao (1998, 2000).

11.C.2 Data for Analysis and Design

1. Soil data

Usual soil data shall be obtained from soil investigation report. In particular values of

Young’s modulus of elasticity, E, and Poisson’s ratio, n, are needed for analysis, and

coefficients of elastic uniformand/or non-uniformcompression are required for analysis. The

details can be seen in the above codes. Some of the above test results are complimentary and

the actual tests to be carried out have to be decided based on the design problem and site

conditions. The details of dynamic soil tests are also given by Barkan (1962), Richart, Hall

and Woods (1970) and Kameswara Rao (1988, 2000).

2. Machine data

All relevant data for the machines including their layout should be obtained from the

manufacturer/supplier of the equipment. In particular, the static and dynamic loads, their

points of application and so on must be obtained or computed from the machine data. The

details needed for various types of machines are given in the above codes and references.

11.C.3 Guidelines for Design

11.C.3.1 Reciprocating Engines

1. Natural frequency

For machines with an operating speed <300 rpm, the foundation should be designed such

that the natural frequency of the foundation–soil system is much higher than 2 times the

operating speed/frequency of the dynamic load. For machines with an operating speed

>500 rpm, the natural frequency of the system should be less than 0.5� the operating speed/

frequency of the dynamic load.
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2. Amplitudes

a. The permissible amplitude of vibration shall be based on the criteria given in IS:

2974–1966 (1966) and in no case greater than 0.2mm or the limiting amplitude specified

by the manufacturer. Some guidelines are given in Figures 11.2–11.4.

b. Any other stipulation on amplitudes or differential amplitude between two points

connected by rigid members (such as shafts connecting generator and alternator etc.)

specified by the manufacturer to ensure smooth operation of the machine(s), noise

control and human comfort and so on.

3. Permissible stresses

The soil stressbelow the foundation shall not exceed80%of the allowablebearingpressureon soil

under static loading determined in accordance with IS: 1904–1966 (1966). When seismic forces

are considered the allowable stresses on soil may be increased as per IS: 1893–1984 (1984).

M15 toM20 concrete shall be used for the foundation. The allowable stresses for concrete

and steel specified in IS: 456–2000 (2000) shall be reduced to 40% for concrete and 55%

for steel, if the detailed design of foundation and components is limited to static load of

foundation and machine. Considering temperature or shrinkage and all other loading

together these reduced stresses may be exceeded by 33.33%. If dynamic loads are

separately considered in detailed design with suitable dynamic and fatigue factor, no

reduction in allowable stresses as given in IS: 456–2000 (2000) is necessary.

4. Dimensional criteria

a. The size of the foundation block in plan should be larger than base plate of the machine

with a minimum all round clearance of 150mm.

b. The eccentricity of the CG of foundation block plus theweight of themachine should not

exceed 5% of the least width of the base area of foundation unless the imbalances are

accounted for in the design.

c. According to Rausch (Kameswara Rao, 1998) the recommended weight of foundation

may be 5–10 times that ofmachines of up to 500 rpm and 10–20 times for machines of up

to 1000 rpm (see also the recommended thicknesses and weights given in Table 11.C.1

and Table 11.C.2).

5. Reinforcement

The amount of reinforcement in the foundation shall not be less than 250N/m3. Around all

openings, pits, and so on, a steel reinforcement equal to 0.50–0.75% of the cross sectional

area of the opening shall be provided in the form of a cage. All units of foundation shall be

provided with reinforcement both ways. The minimum diameter of bars shall be 12mm,

with a maximum spacing of 200mm in order to take care of shrinkage in concrete. The

concrete cover to reinforcement shall be minimum 75mm at the bottom and 50mm at the

sides and top.

Table 11.C.1 Recommended thickness of foundation for impact type of machines.

Weight of tup (kN) Minimum thickness (m)

<10 1.00

10–20 1.25

20–40 1.75

40–60 2.25

>60 2.50
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11.C.3.2 Impact Type Machines

1. Natural frequency

The natural frequency of the foundation system shall not be a whole number multiple of the

operating frequency of impact. A natural frequency of the system of two and a half times the

frequency of impact is considered satisfactory and for undertuned systems it shall be at least

30% less than the frequency of impact.

2. Amplitudes

a. The maximum vertical vibrational amplitude of the foundation shall not be more than

1.2mm. In case of foundations on sand below ground water table amplitude shall not be

more than 0.8mm.

b. Vibrational amplitudes of the anvil shall not be more than 1mm for tup weight up to

10 kN, 2mm for tup weight 20 kN and 3–4mm for tup weights more than 30–40 kN.

c. Any other limits prescribed by the manufacturer should be taken into account.

3. Permissible stresses

The stresses produced at the time of impact in the foundation base (soil, timber sleepers,

cork, spring elements or piles) shall be within 0.8 times allowable static stress.

4. Dimensional criteria

a. The CG of the system should coincide with the line of fall of the hammer tup.

b. The depth of foundation block shall be so designed that the block is safe both in punching

shear and bending. However, the minimum thickness shall be as given in Table 11.C.1.

c. Weight of the anvil may be generally kept at 20 times the weight of the tup and weight of

the foundation block generally varies from 66 to 120 times the weight of the tup

depending on the type of soil as given in Table 11.C.2.

5. Reinforcement

Reinforcement shall be arranged along the three axes and also diagonally under the anvil to

prevent shear. Reinforcement at top may be provided in the form of layers of grills made of

16mm diameter bars suitably spaced. The top layer should have a cover of at least 50mm.

The minimum reinforcement shall be 250N/m3 of concrete.

11.C.3.3 Rotary Type Machines

1. Natural frequency

For high frequency machines with framed foundations the natural frequency of any

foundation member should not preferably be within 20% of the operating speed of the

Table 11.C.2 Recommended weight of foundation.

Type of foundation/soil Weight of foundation block:

weight of tup

Pile foundations in weak soils 66–120

Block foundations on stiff clays, compact sandy deposits 75–90

Block foundations on moderately firm to soft clays,

medium dense to loose sandy deposits

90–120
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machine/frequency of the dynamic loads and moments. Foundations under low frequency

machines should have their natural frequencies much higher than the operating speed of the

machines/frequency of the dynamic loads and moments.

2. Amplitudes

Permissible amplitudes at bearing level for framed foundations shall be as follows:

a. For low to medium frequency machines:

Vertical vibration¼ 0.04–0.06mm

Horizontal vibration¼ 0.07–0.09mm

b. For high frequency machines:

Vertical vibration¼ 0.02–0.03mm

Horizontal vibration¼ 0.04–0.05mm

The amplitude of vibration of the foundation or anyof its components shall not exceed half

of the above values. Permissible amplitudes of low frequency machines with block

foundations shall not exceed 0.3mm.

3. Permissible stresses

The soil stress below foundation shall not exceed the allowable bearing pressure. When seis-

mic forces are considered thesevaluesmay be increased as specified in IS: 1893–1984 (1984).

M20 or higher grade concrete may be used for framed foundations and M15 or M20 grade

concrete for block foundationsof low frequencymachines.The allowable stresses as specified

in IS: 456–2000 (2000) shall be reduced to 40% for concrete and 55% for steel to take care of

fatigue. Considering temperature or shrinkage and all other loading together, these reduced

stresses may be exceeded by 33.33%.

4. Dimensional criteria

In framed foundations the effective thickness of the base slab shall be at least one-tenth of its

length or minimum width of any column. The weight of the base slab shall not be less than

the total weight of the machine plus the weight of the foundation without the base slab. As

far as possible the foundation shall be so dimensioned that the resultant force due to the

weight of the machine, the upper deck, intermediate slabs and the base slab together with

columns passes through the CG of the base area in contact with soil.

In case of block foundations for low frequencymachines, theweight of foundation should be

at least 2.5 times the weight of the whole machine. The CG of machine and foundation

should pass through the CG of the area in contact with the soil.

5. Reinforcement

In case of framed foundations the vertical reinforcement of columns should reach the

bottom of base slab up to 1m thickness. In thicker slabs 50% of the reinforcement may be

cut off at half the height of the base slab. All units of the foundation shall be provided with

double reinforcement. Symmetric reinforcement shall be provided on the sides of cross

section of beams and columns even if it is not required by calculations. The amount of

reinforcement in separate foundation units shall not be less than 1 kN/m3 of concrete.

The minimum diameter of longitudinal steel for beams and columns should be 20mm for

machines up to 10MW and 25mm for machines over 10MW. The maximum spacing of

longitudinal bars in columns and beams shall not be more than 150mm.Minimum cover to

reinforcement shall be as follows:

Base slab¼ 100mm all sides

Columns¼ 50mm all sides

Beams¼ 40mm all sides
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In case of block foundations for low frequency machines reinforcement in the form of

cage in three dimensions should be provided. The amount of reinforcement shall not be less

than 500N/m3. The minimum diameter of bars shall be 12mm and maximum spacing shall

be 200mm. Cover to reinforcement shall be minimum 75mm at the bottom and 50mm on

sides and top.

11.C.4 Miscellaneous Guidelines

11.C.4.1 Pile Foundations

The use of piles inmachine foundations subjected to vibrations and shocksmay be necessary in

the following cases:

a. If the total pressure on the soil, both static and dynamic, is larger than the bearing capacity of

the soil, considering the dynamic action of the foundation on the soil.

b. If it is necessary to increase the natural frequency of vibrations of the foundation, but it is

impossible to alter its dimensions.

c. If it is necessary to decrease the amplitude of natural or forced vibrations.

d. If it is necessary to decrease the residual dynamic settlement of the foundation.

e. Due to presence of ground water table, vibrations are frequently transmitted undamped to

considerable distances. However, in cohesive soils such as clay and loam, considerable

damping may take place, yet the soil may become plastic and this, in turn, may result in the

transmission of harmful vibrations to the environment. In both these cases, depending upon

soil characteristics, pile foundations may be resorted to. However, the pile foundations

should be adopted based on the soil investigation report and the nature of machines.

11.C.4.2 Location

It should be noted that in case of important and heavy machines, it is the machine foundations

that decide the layout of the building and not vice versa. It is advisable to separate at all levels,

usually by means of expansion joints, machine foundations from adjacent structures. For low

capacitymachines separationmay not be necessary. Building foundations can be constructed at

a level higher than that of machine foundations; however, the possible decrease of angle of

internal friction of soil due to dynamic forces should be studied. If the distance between two

foundations is small they should be founded at same elevation. The machine foundation

should not be used as a bearing foundation for other structures. In unavoidable circumstances

suitable insulations against vibrations, such as gaskets of rubber, cork, felt and so on should be

employed at the interface.

11.C.4.3 Several Machines on Common Raft

A number of similar machines erected on individual pedestals may be mounted on a common

raft. The raft is designed conventionally by taking sections of raft corresponding to separate

foundations and vibration computations made. Design values of permissible amplitudes of

vibration can be increased by 30% in such raft foundations.

11.C.4.4 Foundations for Machine Tools

Foundations for machine tools require dynamic analysis only in special cases. Allowance for

static loads is in general sufficient.
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Automatic lathes, turret lathes,millingmachines, gear shapingmachines, drilling and boring

machines and other automaticmachines can be carried by concrete grade floors of 150–200mm

thickness. Vertical boring and turning machines, grinding machines, transverse planning

machines as well as planers and planer type milling machines should always have separate

foundations. The approximate depth required can be calculated as follows (Table 11.C.3).

While designing the foundations care should be taken so that the clearance between pockets

for bolts and the edge of the foundation is not less than 200mm and that between base plate/

frame and edge is not less than 100mm.

11.C.4.5 Machine Foundations on Suspended Floors

Smooth running machines such as machine tools and small electric motors can be set on

suspended floors with proper vibration damping. For the determination of natural frequencies

of floors/beams with different end conditions, tables are given in Major (1962).

11.C.5 Construction Guidelines

Besides the specifications given in IS: 456–2000 (2000) for RCC construction, some useful

guidelines for the construction of machine foundations are outlined below.

11.C.5.1 Concrete Details

As mentioned in earlier sections, concrete grade used should be at least M15 for block

foundations and M20 for framed foundations and structures. All the precautions and proce-

dures applicable for normal concrete construction should be adopted. Cold joints in the body of

the foundation should be avoided. A perfectly dense concrete should be used especially for

columns and loadbearing walls. Construction joints should be judiciously chosen ensuring

monolithicity of the structure at the joint. Accordingly, shear keys and suitable number of

dowel bars should be provided at the joint. Epoxy cements should be used under the base plate

of the machine and for filling the anchor bolt holes. The concreting of foundation should be

Table 11.C.3 Minimum depth of foundation from surface.

Type of machine Minimum depth of foundation

below ground level (where L is

length of the foundation in meters)

Milling machines, gear shaping machines,

drilling machines

0.25 meters

Lathes 0.2 HL

Vertical boring and turning machines 0.6 HL

Grinding machines 0.4 HL

Planers, planer type milling machines

Transverse planing machine

0.3 HL

0.8–1.2 meters

458 Foundation Design



done in horizontal lifts without interruption, if possible. If interruption is unavoidable, it should

be done at those pointswhere superstructurewalls and columns join the foundation. To simplify

construction process, flat slab foundation may be preferred instead of ribbed foundations. The

top surface of the machine foundation should be at least 50mm below the floor level with

provision for drainage.

11.C.5.2 Reinforcement Details

The guidelines for the reinforcement have been given in earlier sections depending on the type

of machine for which the foundation is constructed. However fewmore details are presented in

this section from practical considerations besides the specifications given in IS: 456–2000

(2000).

Reinforcement should be provided along all surfaces, around openings, conduits and so on in

all the three directions in block foundations as well as base slab of framed foundations.

Typical reinforcement details for a framed foundation are shown in Figure 11.C.1. As already

mentioned earlier, additional reinforcement equal to 0.5–0.75% of cross sectional area of the

opening should be provided in the form of a cage around openings as shown in Figure 11.C.2.

Typical reinforcement details at junction of structural members are shown in Figures 11.C.3

and 11.C.4. Reinforcing bars in the proximity of say 50 cm radius of openings left for power

cables should be properly insulated.

Structural steel can also be used as reinforcement for heavy foundations. Structural steel

reinforcement is generally self supporting. After fabricating the steel framework, the super

structure should be concreted in a single operation.

It may be expedient to use prefabricated cage reinforcement in the block type of machine

foundations as well as the base slab of a framed foundation. This is feasible when the

prefabricated reinforcement can be transported to the site easily.

11.C.5.3 Expansion Joints

Transmission of vibrations from machine foundations to adjoining structural components

could be prevented by separating them through an expansion joint. Debris should not be

Figure 11.C.1 Typical reinforcement in a base slab of a framed foundation.
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allowed to fill up the expansion joint for its efficient functioning. Usually the width of the

expansion joints is 20–40mm, depending on requirements.

It is advisable to provide expansion joints all around the zones to be separated including

zones of adjoining structures to safeguard against failures due to differential settlement.

Bituminous felt or corrugated sheets could be used at the interfaces of structural components

thatmay be coming into contactwith each other. Several examples of expansion joints are given

by Major (1962).

11.C.5.4 Foundation Bolts and Fixtures

The machine is fixed to the foundation through a base plate and anchor bolts of appropriate

dimensions as provided by the manufacturer. Concreting therefore should be stopped a few

centimeters below the lower plane of the base plate. The gap should be filled up by cement

mortar/epoxy cement and the base plate brought up to the desired level. For base plates of

Figure 11.C.2 Reinforcement around (a) rectangular and (b) circular openings.

Figure 11.C.3 Typical reinforcement in longitudinal beams with cantilever projection.
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30–40 cmwidth, the underfilling could be 2–3 cm thick. For wider base plates, the filling could

be up to 5 cm thickness.

The base plates can be placed directly on concrete or on an intermediate grillage or jacks as

shown in Figure 11.C.5. The leveling can be done through wedges or jacks which also support

the base plate until the mortar has set in.

Figure 11.C.4 Detail at a beam–column junction.

Figure 11.C.5 Positioning of base plate (a) with mortar; (b) with steel beams.
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Base plates are then fixed to the foundation by anchor bolts which have to be concreted into

the block in prescribed positions corresponding to the holes in the base plate. It is difficult to put

the bolts in correct position and maintain them in subsequent concreting except in small

machines. Hence the bolts are positioned bymeans of a templatewhose holes coincidewith the

holes in the base plate as shown in Figure 11.C.6. Then the concreting is done by holding the

bolts in position by template and nuts. After the concrete has set in, the templates and nuts can

be removed. This method however will not allow any subsequent adjustments in the position of

bolts if required.

To facilitate some adjustments while fixing the base plate, the bolt pockets holes are left in

the foundation block while concreting as shown in Figure 11.C.7 and these pockets are filled

with mortar/epoxy after the base plate is placed in position and the bolts are correctly aligned.

The bolt holes are left such that they are accessible at the bottom through a horizontal shaft

leading to the outer surface of the foundation block or extending them through the entire block.

This will help in cleaning the holes while concreting and to fix the bolts correctly.

Figure 11.C.6 Fixing anchor bolts by a drilled plate, the holes of which correspond to those of steel

plate.

Figure 11.C.7 Bolt holes accessible from the cleaning duct.
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The bolt holes should not normally be larger than 15� 15 cm (to avoid dislocation of

reinforcement) with a minimum clearance of 8 cm from the edge/surface of the foundation

block. The length of the bolt in concrete should be sufficient to have enough bondwith concrete

and to hold the machine in position during operation and is usually 30–40 times the diameter of

the bolt. These are supplied alongwith themachine by themanufacturer as per requirements. If

the thickness of the foundation block is smaller than the bolt length in concrete, a washer plate

and nut must be used to secure the fixity. Some usual methods of fixing the bolts in foundation

pockets are illustrated in Figure 11.C.8.

The bolt holes are filledwith concrete after aligning the bolts. If machines are placed directly

on floors, the anchor length may not be sufficient. In such cases either washer or nuts may be

used at the lower end or expansion bolts can be used as shown in Figure 11.C.8(e). Since anchor

bolts transmit the vibrations without much damping, in some special cases the machines are

Figure 11.C.8 Details of anchor bolt fixtures. (a) Fastening anchor bolt with cast-in flat iron.

(b) Fastening anchor bolt with angle iron. (c) Fastening anchor bolt with cast steel plate. (d) Anchor

bolts welded to tube bottom. (e) Fixing with expanding wedge and with upper and lower threads.
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bonded to the foundations block through high strength special adhesives. The adhesives

eliminate the drawbacks of conventional bolt holes and also damp the vibrations and noise.

To reduce excessive vibration transmission to the foundation, sometimes a shock absorbing

medium may be placed below the base plate. The bolt holes should be concreted only after the

shrinkage of the foundation block is complete. The underfilling below the base plate has to be

done with cement mortar of 1 : 2 or epoxy cement of proper specifications. Grouting is

recommended wherever possible. Machine operations can be started only after a gap of at least

15 days from installation.

11.C.5.5 Connection with Floors and Protection of Edges

Special care should be taken at the junction between floors and machine foundations to avoid

cracks as illustrated in Figure 11.C.9.

Edges and openings of foundation blocks should be protected with plates, angles and lugs as

shown in Figures 11.C.10 and 11.C.11. Holes should be left for the lugs and angle irons while

concreting the foundation block and these holes should be concreted along with floor finish.

The maximum spacing of lugs is 50 cm center to center.

Figure 11.C.9 (a) Connection of machine foundation and floor cover: (b) incorrect; (c) correct.

Figure 11.C.10 Edges of corner and channels. (a) Edges at corner. (b) Edges with railing on the ground.

(c) Edges at expansion joint.

464 Foundation Design



11.C.5.6 Prestressed Concrete Foundations

Prestressed concrete foundations can be used to support machines such as hammers. This

improves fatigue behavior of materials since the material does not experience alternating

tensile and compressive stresses and experiences only compression of varying intensities due to

prestressing and eliminates the possibilities of cracking. A typical foundation with stressing

ducts for a hammer is shown in Figure 11.C.12. However prestressed foundations can be

adopted for simple cross sections and small dimensions.

11.C.5.7 Provisions for Tuning of Foundations

Due provisions in construction should be made to allow tuning of foundations, that is,

changing the natural frequency as may be required to avoid resonance, at a later stage.

Accordingly provisions to increase the contact area of the foundation, thus to increase the

stiffness and natural frequency and reduce the amplitudes as well as to increase the mass of

the foundation (to reduce the natural frequency) at a later stage should be kept during

construction. Accordingly enough dowel bars on the sides of the foundation block may be

kept in addition to space for enlarging the base area subsequently if needed. Similarly, few

hollow spaces could be kept in the block to be filled by concrete to increase the mass later if

necessary.

In the case of framed foundations desired tuning can be achieved by altering any of the

following:

1. The rigidity of the frame by reducing the effective length of the columns by connecting the

columns at intermediate levels and also leaving enough dowel bars in columns at

appropriate levels during initial construction. The columns may also be rigidly connected

to the walls by bracings.

2. Changing the rigidity of the column by changing the end conditions. For example, if the

column is designed as a fixed–fixed column, the fixed end connection can be altered to

a pinned or partially fixed case by removing excess concrete at the connection and relieving

the fixity.

3. Changing the effective length of the column by placing the column base in a sleeve and

fixing it with the base slab. By concreting the sleeve up to the desired depth, the required

Figure 11.C.11 Edges at openings and various ways of providing support.
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change in effective length can be obtained. Alternatively, the columns can be connected by

an additional longitudinal beam cast on the top of base slab to reduce the effective length.

4. Enlargement of the area of columns by encasing and/or by providing additional columns.

11.C.6 Guidelines for Providing Vibration Absorbers

When the vibration characteristics can not be altered or turned using methods mentioned in

Section 11.C.5.7, vibration absorbers can be employed to bring in the necessary changes. In

fact, vibration absorbers may prove to be more cost effective and easy in many cases than the

elaborate structural changes suggested in Section 11.C.5.7. However, maintaining these

absorbers regularly to ensure their efficient performance over a reasonable period of time

could prove to be difficult and costly. These absorbers aremainly used for mechanical isolation

and have to be designed using proper analysis such as analysis of multi degree of freedom

systems. Only a few practical applications of spring type absorbers are illustrated in this

section.

Figure 11.C.12 Part of pre-stressed concrete hammer foundation showing stressing ducts.
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11.C.6.1 Spring Type Absorbers

Two types of spring type absorbers are commonly adopted for vibration isolation: (a) the

supported system and (b) the suspended system. While the principles of their analysis and

functioning are similar, the difference essentially lies in the location of the springs. In the

supported system, the springs are directly placed under themachine or the foundation, as shown

in Figures 11.C.13–11.C.17. In the suspended system the foundation is suspended from springs

which are located at or close to the floor level as shown in Figure 11.C.18. The suspended

system provides easy access to the springs for regular maintenance.

1. Supported system

Properly designed spring absorbers can be used for machines which are well balanced with

small dynamic forces generated in higher harmonics, having light weight including

mountings, as shown in Figure 11.C.14. In such an installation, the machine is mounted

on a rigid frame of structural steel which in turn is placed directly on the spring absorbers.

Also, installation of the type shown in Figure 11.C.15 can be adopted for low frequency

Figure 11.C.13 Small one-spring vibration absorber.

Figure 11.C.14 Supporting spring type of vibro-isolation of a six-cylinder diesel enginewith generator

on the shaft.
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Figure 11.C.15 Vibro-isolation of high-speed two-cylinder diesel engine with generator on the same

shaft. System has unbalanced first harmonic of exciting loads.

Figure 11.C.16 Supported system.

Figure 11.C.17 Supported system with additional concrete block.
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machineswith large unbalanced forces necessitating an increase in weight coming onto the

absorbers. As can be noted in Figure 11.C.15, an additional concrete block is added to

the machine mounting which in turn is placed on the absorbers fixed to the base slab.

In both the cases the absorbers are directly supporting the machine installations and

hence are called supported systems.

Different types of spring absorbers such as the one shown in Figure 11.C.13 are

commercially available. Construction details of such systems are given by Barkan

(1962) and Kameswara Rao (1998). These absorbers are relatively inexpensive, reliable

in operation and effective in decreasing the amplitudes of vibrations. For high capacity

machines, absorber units with multiple springs are used.

2. Suspended system

A schematic diagram of this system is shown in Figure 11.C.18. It differs from the supported

type only by the long length of the anchor bolt passing through the absorber. The foundation

is connected to the lower ends of the anchor bolts using girders and cantilever projections

taken out of the foundation block needed for such a suspended connection. The absorbers

are placed on the top edges of the foundation mass below the springs. This mass is designed

Figure 11.C.18 Suspended type absorber.
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in the shape of a base in which the mass to be suspended is located. The construction

procedure of the suspended type absorbers is similar to the supported type of systems. As

already mentioned earlier, suspended systems provide easy access to the spring casings for

frequent inspection and maintenance.

11.C.6.2 Passive Isolation Using Lead Asbestos Pads

Lead asbestos pads can be used for passive isolation of heavy column footings as illustrated in

Figure 11.C.19. These pads are effective since vibrations get partially dissipated at the

interfaces of different materials in contact.

11.C.6.3 Other Vibration-Absorbing Devices

The use of other materials such as cork, felt and so on for vibration absorption have been

discussed by Barkan (1962), Richart, Hall and Woods (1970) and Kameswara Rao (1998).

Figure 11.C.19 Passive isolation using lead-asbestos pads.
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12

Structural Design of Foundations

12.1 Introduction

In previous chapters, we discussed the various aspects that are needed for structural design of

foundations. A few of these are reiterated below.

1. Shape of the foundation: The shape of the foundation can be square, rectangle, circular,

annular, rafts and other shapes as may be decided based on the requirements of the

superstructure and economy of construction.

2. Shallow and deep foundations: The foundations can be shallow such as the ones

mentioned in (1) above or can be taken to deeper soil layers such as piles, wells and so

on, depending on the loads, soils and site conditions.

3. Design soil pressure: This is the lower value of the allowable bearing capacity (based on

failure load) and allowable soil pressure (based on allowable settlement). The net design

pressure can be obtained by deducting the weight of soil removed for construction which is

usually adopted in design.

4. Depth of foundation: Aminimum depth of 50 cm below ground level is usually necessary

for a foundation (IS: 1080–1962, 1962). Theminimumdepth of footing below theGL can be

calculated by Rankine’s formula as follows (Section 4.6.4)

h ¼ p

g
1�sinf
1 þ sinf

� �2
ð12:1Þ

where

h¼minimum depth of foundation below GL

p¼ gross bearing pressure from the structure

g ¼ unit weight of soil

f ¼ angle of internal friction of soil.

12.2 Analysis of Foundations

In the conventional analysis, the foundations are assumed to be rigid and the contact pressure to

be planar. In the rational analysis using BEF approach, the foundation is assumed to be flexible

Foundation Design: Theory and Practice         N. S. V. Kameswara Rao
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and the soil is represented by Winkler model. These aspects have been discussed in detail in

Chapters 4–7.

For the analysis and design of foundations the theory of bending is used as for any structural

member. All relevant limit states must be considered in design to ensure adequate safety

and serviceability.

12.3 Structural Design

The foundations are usually constructed using reinforced cement concrete (RCC). Working

stressmethod (WSM)was commonly used earlier.Now limit statemethod (LSM) ismore in use

thesedays. In thepresent chapter,LSMisused for the examples.Thedetails about thesemethods

are available in standard text books on RCC (Punmia, Jain and Jain, 1992; Jain, 1997;

IS: 456–2000, 2000). The evaluation of design parameters such as bending moments (BM)

and shear forces (SF) and punching shear and critical sectionswhere these have to be calculated

are available in the above books and codes. However some of these are explained below. Some

important factors needed for the design of RC structures are given in Appendix 12.A.

12.3.1 Bending Moment

The critical sections for computing maximum bending moment for design of an isolated

concrete footing supporting different types of structures are given below and shown in

Figure 12.1.

1. At the face of the column, pedestal or wall for footings supporting a concrete column,

pedestal or wall respectively (Figures 12.1(a) and (b)).

Figure 12.1 Critical sections for bending moment in isolated footings.
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2. Midway between the center line and edge of the wall for footings under masonry walls

(Figure 12.1(c)).

3. Midway between the face of the column or pedestal and the edge of the gusseted base for

footings under gusseted bases.

The formulae for calculating effective depth, reinforcement and so on, are given in

Appendix 12.A.

12.3.2 Shear Force

The shear capacity of footings is checked in one-way bending action as well as in two-way

bending action in accordance with the codes. When bending is primarily one way, the footings

should be checked in vertical shear. When bending is primarily two-way, the footing should be

checked in punching shear. A shear failure should not occur prior to reaching the member

flexural capacity. The critical sections for shear capacity are as follows:

1. Vertical shear across the full width of the base on a vertical section located from the face of

the column, pedestal or wall at a distance equal to:

a. the effective depth of footing in case of footings on soils and

b. half the effective depth of the footing for footings on piles.

2. Punching shear around the column on a perimeter 0.5 times the effective depth away from

the face of column or pedestal.

These are shown in Figures 12.2 and 12.3. For one-way shear action, the nominal shear stress

is calculated as follows

tn ¼ Vu

Lxd
ð12:2Þ

Figure 12.2 Critical section for one-way shear capacity.
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Figure 12.3 Critical section for two-way shear capacity.

where

Vu¼ factored vertical shear force

Lx¼ breadth of the critical section

d¼ effective depth

If shear reinforcement is not provided, the nominal shear stress at the critical section should

not exceed ktc
where

k¼ factor for calculating shear strength of concrete

tc¼ shear strength of concrete

The factor k depends on the overall thickness of the slab, Ds and is given in Table 12.1.

In solid slabs or footings, the nominal shear stress, tn < ktc. Shear reinforcement may be

provided for slabs of depth greater than 200mm. The development length has to be checked at

the same critical sections as for beams. It is important to check deflections in slab design. For

this the strip of slab may be checked against span to effective depth ratio (Jain, 1997).

For two-way shear action, the nominal shear stress is calculated in accordance with codes as

follows

tn ¼ Vu

bod
ð12:3Þ

where bo¼ periphery of the critical section

Table 12.1 k values for solid slabs.

Ds (mm) 300 or more 275 250 225 200 175 150 or less

k 1.00 1.05 1.10 1.15 1.20 1.25 1.30
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If shear reinforcement is not provided, the nominal shear stress at the critical section should

not exceed kstc
where

ks ¼ 0:5 þ be ðshould not be greater than 1Þ ð12:4aÞ

be ¼
short dimension of column or pedestal

long dimension of column or pedestal
ð12:4bÞ

and

tc ¼ 0:25
ffiffiffiffiffiffiffi
sck
p

N=mm2 ð12:4cÞ
where sck is compression strength of concrete.

It is general practice to make the base deep enough so that shear reinforcement is not

required. The thickness of the foundation is usually governed by shear.

12.3.3 Development Length

The critical section for checking the development length in a footing can be assumed at the

same planes as those specified for bendingmoments. In addition, it should also be checked at all

other vertical planes where abrupt change of section occurs. In case the reinforcement is

curtailed, anchorage requirements must be satisfied as in the case of beams (Jain, 1997).

12.3.4 Deflection and Cracking

There is no need to check deflection in foundations. For checking cracks, the spacing of tension

bars should be the same as those for slabs. There is no need to provide side reinforcement in

foundation slabs as done in the case of deeper beams.

12.3.5 Transfer of Load at Base of Column

All forces acting at the base of column or pedestal should be transferred into the footing. Tensile

forces are transferred through developed reinforcement. Compressive forces are transferred

through direct bearing. The permissible bearing stress on full area of concrete is given by

sbr ¼ 0:45sck ð12:5Þ
where sbr is the bearing stress and sck is the compressive strength of concrete.

It may be noted that this stress is the allowable stress in concrete column. Since the footing

area is much larger than the column area, the permissible bearing stress in the footing may be

increased, thus permitting dispersion of the concentrated load. The permissible bearing stress

for concrete in such situations can be specified as

sbr ¼ 0:45sck

ffiffiffiffiffi
A1

A2

r
� 0:90sck

ð12:6Þ

in which:

A1 ¼maximumarea of the portion of the supporting surface that is geometrically similar to and

concentric with the loaded area.
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A2 ¼ loaded area at the column base.

sck¼ compression strength of concrete.

In sloped or stepped footings, area A1 may be taken as the area of the lower base contained

wholly within the footing and having for its upper base, the area actually loaded and having a

side slope of one vertical to two horizontal as shown in Figure 12.4.

If the permissible bearing stress is exceeded either in column or in footing, reinforcement

must be provided for developing the excess force. The reinforcementmay be provided either by

extending the longitudinal bars into the footing or by providing dowels (in accordancewith the

code) as given below:

1. Minimumarea of extended longitudinal bars or dowelsmust be 0.5%of cross-sectional area

of the supported column or pedestal.

2. A minimum of four bars must be provided.

Figure 12.4 Bearing area in a stepped or sloped footing.
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3. If dowels are used, their diameter should not exceed the diameter of the column bars bymore

than 3mm.

4. Enough development length should be provided to transfer the compression or tension to the

supporting member.

5. Column bars of diameter larger than 36mm, in compression only can be doweled into the

footings with bars of smaller diameters. The dowel must extend into the column a distance

equal to the development length of the column bar. At the same time, the dowel must extend

vertically into the footing up to a distance equal to the development length of the dowel as

shown in Figure 12.5.

12.3.6 Tensile Reinforcement

The total tensile reinforcement at any section should be adequate to resist the bending moment

at the section caused by the factored forces. The tensile reinforcement should be provided in

accordance with the following guidelines:

1. In one-way reinforced footings, the reinforcement must be distributed uniformly across the

full width of the footing.

2. In two-way reinforced square footings, the reinforcement extending in each direction must

be distributed uniformly across the full width of the footing.

Figure 12.5 Development length of dowel bars.
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3. In two-way reinforced rectangular footings, the reinforcement in the longer direction should

be distributed uniformly across the full width of the footing. The reinforcement in the short

direction should be provided by dividing the length in three zones as shown in Figure 12.6.

The reinforcement in the central zone should be provided in accordance with the following

equation

Ato ¼ 2At

1 þ Ly=Lx
ð12:7Þ

where

Ato ¼ area of reinforcement in central band

At¼ total area of reinforcement in the shorter direction

Lx¼ length of the shorter side

Ly¼ length of the longer side

The reinforcement in each of the end zones should be provided in accordance with the

following equation

Ate ¼ 0:5ðAt�AtoÞ ð12:8Þ
where

Ate¼ area of reinforcement in one end band

The reinforcement in each of the three zones must be distributed uniformly.

12.4 Isolated Footings

These are also called spread footings. An isolated footing may be of a square, rectangular or

circular shape. It may be axially loaded or eccentrically loaded. The design of square footings

Figure 12.6 Zones for reinforcement in a rectangular footing.
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amounts to calculating the size and depth of the footing and amount of main reinforcement and

dowels. The bendingmoments and shear forces are obtained at the critical sections as discussed

above. Rectangular footingsmay be usedwhere space is restricted and it may not be possible to

provide a square footing. Rectangular footing is also provided for rectangular columns or

pedestals. The design of rectangular footings is identical to that of a square footing except that it

has to be designed in both directions separately. Accordingly, bending moment and one way

shear action must be considered in both directions. Once the total area required for the footing

has been determined, the dimensions of the footing must be selected such that the maximum

bending moment on each of the two adjacent projections is equal, that is, the projections on all

sides of the column should be equal.

For the design of a circular footing which supports a circular column or pedestal, the

expressions applicable for the circular slabs have to be used. These are given inAppendix 12.B.

Alternatively, the circular footing is replaced by an equivalent square footing which can be

inscribed within its perimeter. Then the design procedure of the footing is similar to that of a

square footing.

12.4.1 Eccentrically Loaded Footings

The details regarding the evaluation of contact pressure due to eccentrically loaded footings are

given in Section 4.4.5. However, a few important aspects are reiterated below for ready

reference.

Columnsmay transmit axial loads andmoments to the footing. In such cases the soil reaction

below the footing will not be uniform if the column is placed centrally on the footing as shown

in Figure 12.7. The moment M may be replaced by an axial load P acting at an eccentricity

e¼M/P. Hence a column may be placed at an eccentricity e so that the soil pressure becomes

uniform as shown in Figure 12.8. Alternatively, the footing should be designed for the actual

soil pressure distribution which depends on the amount of eccentricity. There are normally two

cases for footings under uniaxial bending:

Figure 12.7 Pressure distribution under a centrally placed column subjected to vertical load and

moment.
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Case 1: Load eccentricity not greater than L/6 (M/P< L/6).

Case 2: Load eccentricity greater than L/6 (M/P> L/6).

Case 1

A section carrying axial load and bending moment or an eccentric load is subjected to uniform

stresses and bending stresses. The footing is considered to be rigid and soil pressure can be

computed from principles of mechanics of materials for combined axial and bending stresses

assuming a planar distribution. The resultant soil pressure in this case is the algebraic sumof the

uniform pressure due to axial load P and varying pressure due to moment about the center of

gravity of the section as shown in Figure 12.9.

Uniform pressure¼ P

A
ð12:9Þ

Varying pressure¼ M

I
y ¼ Pey

I
ð12:10Þ

where

P¼ axial load

M¼moment¼P e

e¼ eccentricity measured from the center line of the footing

A¼ area of the footing¼ L�B

I¼moment of inertial of the footing

¼ BL3

12

y¼ L/2

B¼width of the footing

L¼ length of the footing

The resultant soil pressure, q at any section is given by

q ¼ P

A
� Pey

I
ð12:11Þ

Figure 12.8 Uniform pressure distribution under an eccentrically placed column with e¼M/P.
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Figure 12.9 Soil pressure distribution below footings due to axial load and moment.

where

þ ve sign indicates compression

�ve sign indicates tension.

It can be shown that if e lies within � L/6 on either side of the center of footing, the resultant

pressure throughout the footing is compressive. If eccentricity exceeds L/6, part of the footing

looses contact with the ground being in tension.

For footing subjected to moments or eccentricity along both axes, the soil pressure, q at any

point is given by the equation

q ¼ P

A
� My

Iyy
x � Mx

Ixx
y ð12:12Þ

as long as there is no tension along the contact surface.

where

Ixx¼moment of inertia of footing about x axis.

Iyy¼moment of inertia of footing about y axis.
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x¼ distance from y axis to the point.

y¼ distance from x axis to the point.

Case 2
When eccentricity exceeds L/6, cracking of the structure may be allowed on the tension face

provided the compressive pressure is within the safe limit and sufficient factor of safety is

available against overturning. Themaximumcompressive pressuremaybe calculated as follows.

If x is the length of contact as shown in Figure 12.10, its value can be determined by the

condition that the load P should lie on its outer third point so that point C may carry zero

pressure. Thus

AB ¼ x

3

or
x ¼ 3ð0:5L�eÞ ð12:13Þ

The maximum base pressure is now equal to twice the average pressure, that is

qmax ¼ 2P

Bx
¼ 2P

3Bð0:5L�eÞ ð12:14Þ

Thus, it is possible to design an isolated footing in plain cement concrete by using either

Equations (12.11) and (12.14). The following requirement regarding the depth of such a footing

is also specified by some codes.

tan a < 0:9

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
100q0

sck
þ 1

r
ð12:15Þ

where

a¼ angle between the plane passing through the bottom edge of the footing and the

corresponding junction edge of the column with footing and horizontal plane as shown

in Figure 12.11

q0¼ calculated maximum bearing pressure at the base of the footing in N=mm2.

Figure 12.10 Soil pressure distribution with tension on a part of contact surface (e> L/6).
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However, in reinforced concrete footings sufficient steel should be provided in the tension zone

and the design is done by using Equations (12.11) and (12.12) or Equation (12.14).

12.4.1.1 Unsymmetrical Footings

There are situations where a footing needs to be designed with a hole or notch and is thus

unsymmetrical inplan about both the axes.Thecontact pressure distribution (q) in such footings

can be obtained from the principles of mechanics assuming linear stress distribution as follows

q ¼ P

A
þ MyIxx�MxIxy

IxxIyy�I2xy
ðxÞ þ MxIyy�MyIxy

IxxIyy�I2xy
ðyÞ ð12:16Þ

in which

Mx ¼ moment about x axis

My ¼ moment about y axis

Ixy ¼ product of inertia (may be þ ve or �ve)
Ixx; Iyy ¼ moments of inertia of footing about x and y axes respectively.

12.5 Wall Footings

Wall footings carrying direct vertical loads may be designed either in plain concrete or in

reinforced concrete. Since a wall footing deflects essentially in one-way, it is analyzed by

consideringasastripofunitwidthalong its length.Thecritical sectionsforcomputingmaximum

bending moments in different types of wall footing are given in Figures 12.1 and 12.2.

12.6 Combined Footings

When two columns are too close and separate footingsmay overlap, a combined footingmay be

adopted as shown in Figure 12.12. Further if one column is close to a property line or pipe line,

Figure 12.11 Thickness of plain concrete pedestal/footing.
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the load on an isolated footing will be eccentric. It may be economical to combine this footing

with that of adjacent column in such amanner that the center of gravity of the loads from the two

columns coincides with the center of gravity of the combined footing. If this is not feasible,

moments of forces are taken about the center of base andmaximumpressure is determined from

the total vertical load and moment as outlined in Section 12.4.1. In such a situation, the footing

will deflect in both the directions as shown in Figure 12.12. In the longitudinal direction the

cantilever portion and the portion under the columns will develop saggingmoments (tension at

bottom fibers), the central portion of the footing will develop hogging moment (tension at top).

Thus at any section, shear force is the sum of the forces andmoment is themoment of all forces

on one side of section. The footing may be treated as a beam loaded on its underside and

supported on columns. In the transverse direction, the footing develops sagging moments. The

moments and shears are found in the same manner as for an isolated footing.

Combined footings may be rectangular or trapezoidal in plan or may consist of isolated

footings connectedwith a narrowbeam. Such a footing is called a strap footingwith strap beam,

connecting both the footings so that theywill act in unison (Figure 12.13). Each footingmust be

checked for one-way shear action and two-way shear action.

12.7 Strap Footings

Astrap footingconsistsof spread footingsof twocolumnsconnectedbyastrapbeamasshown in

Figure12.13.This typeoffootingcanbeadoptedwhentheexternalcolumn(wall column) isvery

near to the property line and hence its footing cannot be extended beyond the property line. If a

combined trapezoidal footing is provided, thebendingmoment and shear force in the footing are

veryhigh since the footing is continuous under both the columns. In the case of strap footing, the

individual footingshaveverylargeareaunder thecolumns, resulting indecrease in themaximum

bending moment and shear force. It is assumed that the strap beam connecting the two spread

Figure 12.12 Deflections under combined footing in both directions.

484 Foundation Design



footingsdoesnot transferanyloadto thesoil.The individual footingareasaresoarranged that the

centerofgravity (C.G)of thecombined loadsof the twocolumnspass through thecombinedC.G

of the two footing areas. Once this criterion is achieved the pressure distribution below each

individual footingwillbeuniform.Thefunctionof thestrapbeamis to transfer the loadofheavily

loadedouter column to the inner one. Indoing so, the strapbeam is subjected tobendingmoment

and shear force and has to be suitably designed to withstand these.

Figure 12.13 shows two columns C1 and C2, transmitting axial loadsW1 andW2 with center

to center (c/c) distance of l. Let W 0 be the total weight of both the individual footings. If

A1 and A2 are the individual footing areas, and q0 is the safe bearing capacity of soil, we have

A1 þ A2 ¼ W1 þ W2 þ W 0

q0

that is

bðL1 þ L2Þ ¼ W1 þ W2 þ W 0

q0
ð12:17Þ

Figure 12.13 Strap footing.
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where b is the common width of each footings and L1 and L2 are the individual lengths of the

footings. Length L2 is arranged centrally under column C2.

The C.G of the resultant load W ¼ W1 þ W2 falls at �X from the center of the column C2.

Hence

�X ¼ W1l

W1 þ W2

ð12:18Þ

Let ðb1� b1Þ and ðb2 � b2Þ be the sizes of the columns C1 and C2 respectively. Taking

moments of the footing areas about center of column C2, we get

�X ¼ b� L1ð Þ l þ b1
2
� L1

2

� �
b L1 þ L2ð Þ ð12:19Þ

From Equations (12.18) and (12.19), we get

L1 l þ b1
2
� L1

2

� �� �
L1 þ L2

¼ W1l

W1 þ W2

ð12:20Þ

FromEquations (12.19) and (12.20), the unknowns L1 and L2 can be obtained in terms of any

suitable value of b.

Net upward soil pressure; q ¼ W1 þ W2

bðL1 þ L2Þ
Each individual footing is designed as cantilever slab, having sagging bending moment in

each of the cantilever portion.

The strap beam transfers a part of load of footing C1 to footing C2 in such a way that C.G of

two loads coincides with the C.G of the footing areas. In doing so, it is subjected to bending

moment and shear forces all along its length, Figure 12.13 shows the loading diagram on the

strap beam CDEF.

The upward uniform load, q1 per unit length, under CD and EF will be equal to ðq� BÞ. The
downward load p2 per unit length is in the portion under column C1 ¼ W1

b1
per unit length.

Similarly, downward load under column C2 is p2 ¼ W2

b2
per unit length. The bending moment

diagram andSF diagram are sketched in Figures 12.13(e) and (d), respectively. For large portion

of the strap beam, itwill experience hoggingbendingmoment, themaximumbeing at the section

where SF is zero. For the cantilever portion beyond B, it also has a sagging bending moment, its

maximumvalue being at the placewhere SF is zero. The rest of the design is to be done as per the

codes for RCC, such as Eurocode, ACI code and Indian code IS: 456–2000 (2000).

12.8 Raft Foundations

Raft foundations are also called mat foundations. These are combined foundations supporting

several columns arranged in one or more rows and columns. These may be necessary in the

following situations (Chapters 1 and 8):

1. Soil strength is very poor.

2. Area of individual footings if provided, exceeds half the total area.

3. To minimize excessive differential settlements.
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4. The soil is not uniform.

5. In cases when floating foundations are to be designed.

6. To supportmachine foundationswhere differential settlements need to be reduced such as in

power generators, bar mills, large tanks and so on.

7. When large hydrostatic pressure is encountered at site, a mat foundation is preferable

because of its structural strength and the feasibility of making it watertight.

8. To reduce the settlements and differential settlements of structures to be constructed on soils

with high compressibility.

Since rafts are constructed at some depth below ground level, a large volume of excavation

may be required. If weight of the excavated soil is equal to theweight of structure and that of the

raft, and the centers of gravity of excavation and structure coincide, settlement should be

negligible. Such foundations are called floating foundations. Where complete compensation is

not feasible, a shallower raft may be acceptable if the net increase in loads is small enough to

lead to tolerable settlement. A raft foundation may be rectangular or circular or annular as

shown in Figures 12.14 and 12.15.

If the columns are equally spaced and loads are not very heavy a raft may be designed as

having uniform thickness. The conventional design of such a raft consists of establishing its

dimensions using loads and design soil pressure. Then, the soil pressure at various points

beneath the slabmay be computed. The raft is divided into a series of continuous strips centered

on the appropriate column rows in both directions as shown in Figure 12.16. The shear and

bending moment diagrams may be drawn treating it as a continuous beam. The depth is

provided to satisfy bending moment and shear force requirements. The steel requirements will

vary from strip to strip. This method generally gives a conservative design since the interaction

of adjacent strips is neglected.

If the columns are equally spaced and their loads are equal, the pressure on the soil will be

uniform, otherwise, moments of the loadsmay be taken about the center of the contact area and

pressure distribution determined using Equations (12.12) and (12.16). These equations are

derived assuming the raft to be rigid. However, since a raft in general is not a rigid member, the

pressures and resulting internal stresses may be seriously in error if the eccentricity is very

large. Theweight of the raft is not considered in the structural design because it is assumed to be

carried directly by subsoil.

Figure 12.14 Rectangular raft.
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Figure 12.15 Circular raft.

Figure 12.16 Raft foundation with strips centered on columns.
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Rafts may be ribbed where the column spacing is irregular or for economy by reducing slab

thickness over most of the area as shown in Figure 12.17.

Alternatively, rafts may also bemade thicker at the column for economy and depth should be

made sufficient to resist shear. A ribbed raft consists of a slab acted upon by upward soil

pressure and supported by beams and columns at its top which balance the upward pressure

with downward column loads. It is similar to a floor slab resting on a system of beams and

columns. The portion between beams is designed as a conventional oneway or twoway slab. If

the beams are deep, they should be designed as deep beams.

If the mat rests on a soft soil, an eccentricity of loading may cause large differential

settlement at extreme corners. In such cases, a computation of settlement should be made for

the corners. The vertical pressure in any soil stratum under each corner of the mat may be

determined by means of Newmark’s influence chart (Teng, 1964; Bowles, 1966). Since a mat

occupies the entire area of the building, it may not be feasible to proportion the mat so that the

centroid of the mat coincides with, or is close to, the line of action of the resultant force.

12.8.1 Conventional Design of Rafts

The mat is analyzed as a whole in each of two perpendicular directions. The total shear force

acting on any section of the mat is equal to the sum of all forces and reactions (due to bearing

pressure) to the left or right of the section. The total bending moment acting on such section is

equal to the sum of all moments to the left, or right, of this section, as per the classical bending

theory of beams.

Although the total shear forces and moments can be determined by the principles of simple

structures, the stress distribution along this section is a problem of highly indeterminate nature.

If the column loads and spacing are almost equal, an approximate idea as to how the moment

and shear are distributed along each section may be arrived at. In most cases, however, the

variation of moment and shear is often far different from the average value. This point can be

illustrated by a simple example shown in Figure 12.18. The total bending moment on section

a-a is equal to the difference between the positive moment (tension on the bottom of the slab)

due to the soil reaction and the negativemoment due to the column load. Let us say the net total

moment is positive. Then the average bending moment on section a-a is equal to this net

moment divided by the length of section a-a. But it is obvious in this case that the strip b is

subjected to a positive moment and the strip c is subjected to a negative moment. Thus, the

Figure 12.17 Raft foundation with wall as stiffener.
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average moment is not indicative of the sign and the magnitude of the bending moments in the

individual strips.

In order to obtain some idea of the upper limit of stresses, each strip bounded by center lines

of column bays may be analyzed as independent, continuous, or combined footings.

Full column loads are used and the soil reaction under each strip is determined without

referencetotheplanardistributiondeterminedwiththematasawhole.Thismethodundoubtedly

gives very high stresses because it ignores the two way action of the mat. Therefore certain

arbitrary reductions in stresses (e.g., 15.0, 25.0, or sometimes >33.33%) are used.

In the design by conventional method, the column loads, wall loads and allowable bearing

pressure are already known. The centroid of all column loads and wall loads
P

P; �x and �y are
first determined. Then a trial size for the mat is assumed.

The eccentricity of the centroid of all loads from the columns and walls with reference to the

C.G of the mat or raft can now be obtained as ex and ey along the x and y directions. Then, the

soil pressure under the mat is determined by the general equation (Equation (12.12))

q ¼
P

P

BL
1 � 6

ex

L
� 6

ey

B

	 

ð12:21Þ

whereP
P¼ sum of vertical loads from all columns and walls.

L¼ length of the mat (along the x direction)

B¼width of the mat (along the y direction)

ex, ey¼ eccentricities of theC.Gof loadswith respect to theC.Gof the contact area of themat

along the x and y directions.

With the soil pressure determined, the mat is analyzed as individual bands along column

center lines. In this analysis, a moment coefficient of 1/10 is used.

12.9 Circular and Annular Footings

Circular and annular shaped footings andmats are used as foundations for circular water tanks,

transmission towers and so on. The design of such foundations is similar to the design of

circular or annular slabs (Punmia, Jain and Jain, 1992; Jain, 1997; IS: 11089–1984, 1984).

Figure 12.18 Example illustrating variation of bending moment in raft foundation.
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The theory is presented in Chapter 5 for circular plates on elastic foundations. The

expressions for axially symmetric circular and annular slabs are given in Appendix 12.B for

ready reference. The same can be applied to design circular and annular foundations subjected

to symmetric loads with an appropriate sign for the load as the soil reaction is vertically

upwards while the loads on circular slabs are taken in the expressions (Appendix 12.B) as

vertically downwards. The rest of the design details are similar to those of slabs.

12.10 Construction Guidelines for Footings

Footings are very simple to construct. The few steps to be pursued are:

1. The adequacy of subsoil conditions

2. The relative depth of footings

3. The dewatering of the excavation when necessary.

The construction of footings for buildings is usually started after the ground is leveled at

surface or at 15 cm below the bottom of the lowest floor slab. Then the area is excavated. The

bottom of the excavation is taken up to the required depth. The form work for the sides of

footing is placed and held by stakes, and reinforcement is placed on cement block supports (and

high chairs if top bars are used). Before placing the concrete, anchor bolts or column dowels

have to be accurately secured on the form work. Short and straight dowels of small diameter

may be placed by hand immediately after the concrete is poured. The form work for the sides

may not be necessary and the concrete may be poured against the vertical sides of the

excavation if the soil does not cave in.

12.10.1 Relative Depth of Footings

Adjacent footings should not be constructed at such different levels that the construction of the

lower footing would disturb the soil supporting the upper footing. Also the pressure from the

upper footing should not introduce large additional stress to the soil under the lower footing.

This difficulty is generally avoided by keeping the difference in footing elevations not greater

than one-half the clear distance between the footings. For this reason it is always a good

practice to construct the lower footings first. If it is necessary to construct a lower footing at a

greater depth than contemplated, the elevation of the upper footing can be adjusted accordingly

(Section 4.4.1).

If adjacent footings must be constructed at largely different levels, for example, when a new

basement is constructed adjacent to footings under an existing first floor, sheet pile walls/

retaining walls may be used to retain the adjacent ground when excavation is made.

12.10.2 Dewatering

The excavation should be kept dry during the construction period. In clayey soils, water tends to

soften the upper portion of the soil and causes settlement of footings. The soil conditions under

water cannot be readily inspected. Excavation in water is expensive and not satisfactory.

Furthermore, the quality of concrete placed in water may not be up to the mark, particularly

when the water is flowing.
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12.11 Construction of Raft Foundations

Rafts/mats are usually constructed of RCC. Concrete is poured in small quantities to avoid

excessive shrinkage cracks.

Construction joints should be carefully located at sections of low shear stress. The common

practice is to locate them along the center lines between columns. A lapse of at least 24 hours is

desired between concreting of adjacent areas. Reinforcing bars should be placed to run across

the joints. The concrete should be strong enough to transfer the shear stress across the joint.

This is commonly done by providing a shear key along the joint. The shear key, usually

occupies the middle third of the thickness of the raft and should be designed for the maximum

shear stress. The mat may be thickened to strengthen the joints if necessary.

12.12 Examples of Structural Design

Examples of structural design of footings and rafts discussed in this chapter are presented in

Appendix 12.C for illustration. It may however be noted that the designs have to follow the

standard codes specified by the local regulatory agencies.

Exercise Problems

All the problems assignments are based on Sections 12.4–12.8. Take the load factor as 1.5

unless specified.

12.1 Design a footing for a 40 cm square column carrying a load of 1050 kN and reinforced

with 10–20mmFe 415grade bars. One side of the footing is restricted to 1.6m.Thegross

bearing capacity of the soil is 150 kN/m2. Use M25 concrete for column and footing.

12.2 Design a stepped footing for a 50 cm square column carrying a load of 1500 kN and

reinforced with eight 25mm Fe 415 grade bars. The gross bearing capacity of the soil is

120 kN/m2. Use M25 concrete for both column and footing.

12.3 Design a footing of a brickwall 30 cm thickwhich is transmitting a load of 180 kN/mper

unit length. The gross bearing capacity of the soil is 100 kN/m2. Use M20 concrete and

Fe 250 steel bars.

12.4 Design a footing for a rectangular column 30� 40 cm carrying an axial service load of

1200 kN. The net bearing capacity of the soil is 130 kN/m2. Use M30 concrete and Fe

250 grade steel.

12.5 Design a combined footing for two columnsAandBcarrying axial loads of 1000 kNand

800 kN respectively. Both columns are 40 cm in diameter and spaced 4m c/c. Columns

are reinforcedwith 20mmbars and consist ofM25 concrete. The bearing capacity of the

soil is 120 kN/m2. Use M20 mix and Fe 415 grade steel for the footing.

12.6 Design a strap footing for the columns given in problem 12.5 if the edge of column A is

on the property line.

12.7 A building contains 12 columns 40� 40 cm in three rows of four each. The distance

between the columns is 4m. Each of the four corner columns carry a load of 600 kN,

each of the exterior columns carry a load of 900 kN and each of the interior columns

carry a load of 1500 kN. The net bearing capacity of the soil is 100 kN/m2. Design a raft

foundation using M30 concrete and Fe 415 grade steel.
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12.8 Design a raft foundation for the layout as shown in Figure 12.19. Net bearing capacity of

the soil is 60 kN/m2, diameter of exterior columns is 50 cm and that of interior columns

is 60 cm. Assume load factor¼ 2.

Figure 12.19 Plan layout and factored column loads.
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Appendix 12.A Details of RC Design

12.A.1 Introduction

As discussed in the Chapters 4–11 of this book, the analysis of foundations can be carried out

using either conventional approaches (assuming the foundation to be rigid and soil reaction/

contact pressure to be planar) or rational approaches such as flexible/elastic foundation

approaches. Usually soil is represented as Winkler’s spring model (or by two parameter

models such as Vlasov, Pasternak). Both these approaches have been presented in detail in

Chapters 4–11.Once the design parameters such as bendingmoment (BM) and shear force (SF)

are known either from conventional or rational/elastic foundation approach, the rest of the

design procedure is the samewhich uses principles of RC design (Punmia, Jain and Jain, 1992;

Jain, 1997; ACI 318, UBC, Eurocode 2, IS: 456–2000). A few of these details which can be

readily used for foundations are summarized in the following sections, while further details can

be referred from any other standard books and codes. The following details are based on Indian

standard code of practice IS: 456–2000 (2000) for plain and reinforced concrete and limit state

design method. Some variations in these details in other codes (such as ACI 318, UBC,

Eurocode 2) are given in Appendix 12.D for information. The parameters used in the following

sections forRCCbeams are shown in Figure 12.A.1 (sck is the 28 days characteristic strength of
concrete in N/mm2 and sy is the yield stress of steel in N/mm2).

12.A.2 Factored Loads

A factored load is obtained bymultiplying a characteristic load by an appropriate partial safety

factor. This factored load is used to calculate factored bending moment, and shear force, thrust

and so on. Alternatively, bendingmoment, shear force and thrust can be calculated based on the

characteristic load values and then factored values can be obtained by multiplying them by an

appropriate partial safety factor as given in Tables 12.A.1 and 12.A.2. The stresses in steel bars

are given in Tables 12.A.3 and 12.A.4.

Figure 12.A.1 RC beams – parameters.
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12.A.3 Yield Stress

The types of steels to be used in limit state design in reinforced concrete and their characteristic

strengths are give in Table 12.A.4.

Table 12.A.1 Partial safety factors for loads under limit state of failure.

Load combination DL LL WL

DL þ LL 1.5 1.5 —

DL þWL 1.5 1.5 —

DL þWLa 0.9 — 1.5

DL þ LL þWL 1.2 1.2 1.2

aThis value should be considered when stability against overturning or stress

reversal is critical.

DL¼ dead load, LL¼ live load, WL¼wind or earthquake load.

Table 12.A.2 Partial safety factors for loads under limit state of serviceability.

Load combination DL LL WL

DL þ LL 1.0 1.0 —

DL þWL 1.0 — 1.0

DL þ LL þWL 1.0 0.8 0.8

Table 12.A.3 Mechanical properties of structural steel marketed by the Steel

Authority of India – micro alloy (SAIL-MA).

Grade Yield stress,

sy N/mm2 (min)

Tensile strength

N/mm2 (min)

% elongation (min)

SAIL-MA: 300 HY 300 440–560 20

SAIL-MA: 350 HY 350 490–610 20

SAIL-MA: 410 HY 410 540–660 19

SAIL-MA: 450 HY 450 570–720 18

Table 12.A.4 Yield stress of different steels.

Type of steel Indian standard Yield stress or 0.2% proof stress

(N/mm2)

Mild steel IS: 432 (part 1) 260 for bars up to 20mm

IS: 1139 240 for bars over 20mm

Medium tensile steel IS: 432 (part 1) 360 for bars up to 20mm

IS: 1139 345 for bars between 20–40mm

330 for bars over 40mm

High yield strength steel IS: 1139 425 for bars of all sizes

IS: 1786 415 for bars of all sizes

500 for bars of all sizes

SAIL-MA IS: 8500 Given in Table 12.A.3
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12.A.4 Maximum Depth of Neutral Axis

A compression failure is a brittle failure. Themaximum depth of neutral axis (NA) is limited to

ensure that tensile steel will reach its yield stress, sy, before concrete fails in compression, thus

a brittle failure is avoided. The limiting values of the depth of neutral axis xm for different

grades of steel are given in Table 12.A.5.

12.A.5 Limiting Values of Tension Steel and Moment of Resistance

Themaximumvalue of themoment of resistance is limited since themaximumdepth of neutral

axis is limited. Its value for singly reinforced rectangular section is given belowwhile for other

types of structural members, it can be referred to books on RCC.

Mlim with respect to concrete ¼ 0:36sckb:z
¼ 0:36sckbxmðd�0:42xmÞ ð12:A:1Þ

Mlimwith respect to steel ¼ 0:87syAtðd�0:42xmÞ ð12:A:2Þ
For a beam of rectangular cross-section, the limiting value ofMlim depends on the grade of

concrete mix and the steel. The values of limiting moment of resistance Mlim with respect to

concrete for a few grades of concrete and steel are given in Table 12.A.6

The percentages of tensile reinforcement corresponding to the limitingmoment of resistance

are obtained by equating the forces of tension and compression and are given in Table 12.A.7.

Table 12.A.5 Maximum depth of neutral axis (NA).

sy (N/mm2) xm

250 0.53d

415 0.48d

500 0.46d

Table 12.A.6 Limiting moment of resistance values (Nmm).

Grade of concrete Fe 250 steel Fe 415 steel Fe 500 steel

General 0.148 sckbd2 0.138 sckbd2 0.133 sckbd2

M15 2.22 bd2 2.07 bd2 2 bd2

M20 2.96 bd2 2.76 bd2 2.66 bd2

M25 3.70 bd2 3.45 bd2 3.33 bd2

Table 12.A.7 Limiting tensile steel in rectangular sections.

Grade of concrete Percentage of tensile steel

sck N/mm2

250N/mm2 415N/mm2 500N/mm2

15 1.32 0.72 0.57

20 1.76 0.96 0.76

25 2.20 1.19 0.94

30 2.64 1.43 1.13
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12.A.6 Maximum and Minimum Tension Reinforcement

Codes specify that the minimum area of tension reinforcement A0 should not be less than the

following
A0

bd
¼ 0:85

sy
ð12:A:3Þ

where sy¼ characteristic strength of steel in N/mm2.

Also the maximum area of tension reinforcement should not exceed 4% of the gross cross-

sectional area to avoid difficulty in placing and compacting concrete properly in the formwork.

12.A.7 Moment of Resistance

The values of moment of resistance for under reinforced, balaced and over reinforced concrete

sections are summarized below (parameters are shown in Figure 12.A.1).

1. For an under-reinforced section, the value of x is less than xm value. The moment of

resistance is calculated by the following equations:

x ¼ 0:87syAt

0:36sckb
ð12:A:4Þ

z ¼ d� syAt

sckb

� �
ð12:A:5Þ

Mu ¼ 0:87syAtz

that is

Mu ¼ 0:87syAt d� syAt

sckb

� �
ð12:A:6Þ

2. For a balanced section, the moment of resistance is calculated by the following equations:

x ¼ xm ð12:A:7Þ

x ¼ d�0:42xm ð12:A:8Þ

Mu ¼ 0:36sckbxmðd�0:42xmÞ ð12:A:9Þ
that is

Mu ¼ 0:87syAtðd�0:42xmÞ ð12:A:10Þ
The value of xm is obtained from Table 12.A.5.

3. For an over-reinforced section, the value ofx is limited toxm and themoment of resistance is

computed based on concrete behavior, as follows

x ¼ xm ð12:A:11Þ
z ¼ d�0:42xm ð12:A:12Þ

Mu ¼ 0:36sckbxmðd�0:42xmÞ ð12:A:13Þ
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12.A.8 Design Tables

It is possible to generate design curves and design tables for singly reinforced beams bymaking

use of Equation (12.A.6), that is

Mu

bd2
¼ 0:87syAt

bd2
d� syAt

sckb

� �
ð12:A:14Þ

If p is the percentage of steel, then

At ¼ pbd and
Mu

bd2
¼ m:

Therefore, m ¼ 0:87sypð1�psy=sckÞ
that is

0:87
s2y
sck

p2�0:87syp þ m ¼ 0 ð12:A:15Þ

For a given concrete mix and type of steel, it is possible to obtain a relation between p andm.

For example, Table 12.A.8 gives percentagevalues of p for a givenvalue of Mu

bd2 forM15mix and

Fe 415 grade steel.

12.A.9 Shear Reinforcement

To prevent the possibility of concrete being crushed in the web of a member, the maximum

shear stress values are limited as shown in Table 12.A.9. The shear strength of concrete tc based
on the percentage of longitudinal tensile reinforcement is shown in Table 12.A.10. The values

Table 12.A.8 Reinforcement (%) in singly reinforced beams ðsck ¼ 15MPa and

sy ¼ 415MPaÞ.
Mu

bd2
N=mm2 p% Mu

bd2 N=mm2 p%

0.30 0.085 1.30 0.406

0.50 0.144 1.40 0.442

0.60 0.175 1.45 0.462

0.80 0.237 1.55 0.500

0.90 0.270 1.65 0.538

0.95 0.286 1.70 0.558

1.00 0.302 1.75 0.578

1.10 0.336 1.85 0.619

1.20 0.370 1.95 0.662

1.25 0.390 2.00 0.682

Intermediate values can be obtained by interpolation or from Equation (12.A.15).

Table 12.A.9 Maximum shear stress in concrete section.

Concrete grade M15 M20 M25 M30 M35 M40

tcN=mm2 2.5 2.8 3.1 3.5 3.7 4.0
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given in the table are based on the following equation

tc ¼ 0:85

6b

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
0:80sck

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 þ 5bÞ

p
�1

	 

ð12:A:16Þ

where
b ¼ 0:8sck

6:89pt
31 ð12:A:17Þ

pt ¼ 100At

bwd
ð12:A:18Þ

Thus when shear reinforcement is necessary, the shear strength of the beam is calculated on

the following basis:

Total shear strength ¼ shear resistance of effective concrete area as a function of

longitudinal main steel bars:

þ shear resistance of vertical shear stirrups

þ shear resistance of inclined shear stirrups:

It may be noted that inclined bars alone do not provide a satisfactory solution and their

contribution is limited to 50%of the net shear obtained after deducting the shear due to concrete.

The balance shear resistance has to be provided by vertical stirrups. The inclined bars at an angle

of 45� are considered very effective, though the angle of inclination can vary from 30� to 60�.

12.A.10 Bond and Development Length

The bond stress, tbd for mild steel bars in various grades of concrete are given in Table 12.A.11.

The code specifies that these tbd values may be increased by 60% for deformed steel bars in

tension. These values may be further increased by 25% for bars in compression. In case of

Table 12.A.10 Design shear strength of concrete.

tc ðN=mm2Þ
100As

bd
M15 M20 M25 M30 M35 M40

0.25 0.35 0.36 0.36 0.37 0.37 0.38

0.50 0.46 0.48 0.49 0.50 0.50 0.51

0.75 0.54 0.56 0.57 0.59 0.59 0.60

1.00 0.60 0.62 0.64 0.66 0.67 0.68

1.25 0.64 0.67 0.70 0.71 0.73 0.74

1.50 0.68 0.72 0.74 0.76 0.78 0.79

1.75 0.71 0.75 0.78 0.80 0.82 0.84

2.00 0.71 0.79 0.82 0.84 0.86 0.88

2.25 0.71 0.81 0.85 0.88 0.90 0.92

2.50 0.71 0.82 0.88 0.91 0.93 0.95

Note: the term As is the area of longitudinal tension reinforcement which continues at least one effective

depth beyond the section being considered except at supports where the full area of tension reinforcement

may be used provided the detailing conforms to the specifications.

Structural Design of Foundations 499



bundled bars in contact, the development length is given by that for the individual bar when

increased by:

1. 10% for two bars in contact

2. 20% for three bars in contact

3. 33% for four bars in contact.

The reduction in development length of bundled bars with increase in number of bars is due

to the reduced contact area between steel and concrete.

Development lengths for steel bars of different grades and different concretes are given in

Table 12.A.12.

12.A.10.1 Flexural Bond

At certain locations in a beam, high bond stress may arise due to large variation of bending

moment over a short distance, that is, high shear force. These bond stresses are called flexural

bond stresses and must be checked at the face of a simple support and at the points of inflection

within continuous spans. At these locations, tensile capacity to be developed is usually small

but the rate of change of tensile stress in the bars is high.

12.A.11 Clear Cover for Reinforcement

A reinforcing bar must be surrounded by concrete for two principal reasons:

1. To develop the desired strength of a bar by ensuring proper bond between concrete and steel

throughout its perimeter.

2. To provide protection against corrosion and fire.

The clear cover to reinforcement which is nearest to the face of a member should be as follows:

1. At each end of the reinforcing bar not less than 25mm, nor less than twice the diameter of

such bar.

2. For a longitudinal bar in a beam not less than 25mm, nor less than the diameter of such bar.

Table 12.A.11 Design bond stress, tbd for mild steel bars.

Concrete M15 M20 M25 M30 M35 M40

tbd N=mm2 1.0 1.2 1.4 1.5 1.7 1.9

Table 12.A.12 Development lengths for single bars (f is the diameter of the bar).

sy Tension bars Compression bars

N/mm2
M15 M20 M15 M20

250 55f 46f 44f 37f
415 56f 47f 45f 38f
500 69f 58f 54f 46f
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3. For tensile, compressive, shear or other reinforcement in a slab, not less than 15mm, nor less

than the diameter of such bar.

4. For a longitudinal reinforcing bar in a column, not less than 40mm, nor less than the

diameter of such bar. Such a large cover is required so as to prevent buckling of the main

longitudinal bars under compression.

5. In the case of columns ofminimum dimensions of 200mmor below, whose reinforcing bars

do not exceed 12mm, a cover of 25mm may be used.

6. For any other reinforcement, not less than 15mm, nor less than the diameter of such

bar.

12.A.12 Spacing of Reinforcement

The diameter of a round bar is referred to as its nominal diameter. In case of non circular bars or

deformed bars, the diameter is taken as the diameter of a circle giving an equivalent effective

area. Where minimum concrete cover and spacing limitations are based on diameter of a bar, a

group of bars bundled in contact, must be treated as a single bar of diameter derived from the

total equivalent area.

Maximum distance between bars:

1. The clear horizontal distance between two parallel main reinforcing bars should not be less

than the greatest of the following:

a. the diameter of the bar if the diameters are equal

b. the diameter of the larger bar if the diameters are unequal

c. 5mm more than the nominal maximum size of coarse aggregate.

2. If needle vibrators are used, the horizontal distance between bars of a groupmay be reduced

to two-thirds the nominal maximum size of the coarse aggregate provided that sufficient

space is left between groups of bars to permit the vibrator to be operated.

3. The clear vertical distance between two parallel main reinforcing bars should not be less

than the greatest of the following:

a. 15mm

b. the diameter of the larger bar if the diameters are unequal

c. two-thirds the nominal maximum size of the coarse aggregate.

Maximum distance between bars in tension:

In tension, the maximum distance between bars is restricted to control cracking of concrete

which depends on the stress in the reinforcing bars and the distance between bars. In normal

environments, the crack widths should not exceed 0.3mm. This value decreases for aggressive

environments.

Beams:

The maximum clear horizontal distance between parallel reinforcement bars or groups, near

the tension face of a beam should not exceed the values given in Table 12.A.13. These values

depend on the amount of redistribution of moment carried out in the analysis and the

characteristic strength of the reinforcement.
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Reinforcement in slabs:

1. The horizontal distance between parallel main reinforcement bars should not be more than

three times the effective depth of a solid slab or 450mm whichever is smaller.

2. The horizontal distance between parallel reinforcement bars provided against shrinkage and

temperature should not be more than five times the effective depth of a solid slab or 450mm

whichever is smaller.

Tolerance on placing reinforcement:

The code specifies the following tolerances on placing reinforcement in concrete members:

1. for an effective depth of 200mm or less: tolerance of � 10 mm

2. for an effective depth more than 200mm: tolerance of � 15 mm.

The clear cover should not be reduced bymore than one-third of the specified cover or 5mm

whichever is less.

12.A.13 Reinforcement Requirements in Beams and Slabs

Beams:

a. Minimum tension reinforcement: Theminimumarea of tension reinforcement should not

be less than that given by Equation (12.A.3).

b. Maximumreinforcement: Themaximum reinforcement in tension or compression should

not exceed 0.04bD where, D¼ overall depth of section (i.e., 4%).

c. Side face reinforcement: If the depth of the web in a beam exceeds 750mm, side face

reinforcement should be provided along the two faces. The total area of such reinforcement

should not be less than 0.1% of theweb area. It should be equally distributed on each of the two

faces.The spacingof such reinforcement should not exceed300mmorweb thicknesswhichever

is less. However, there is no need to provide side reinforcement in footings (Section 12.3.4).

d. Spacing of shear reinforcement: For vertical shear stirrups, maximum spacing measured

along the axis of the member is restricted to 0.75d. For inclined shear bars, maximum

spacing measured along the axis of the member should not exceed the effective depth d. In

any case, the maximum spacing of shear stirrups is limited to 450mm.

e. Minimumshear reinforcement: Even if calculations show that a beamhas sufficient shear

strength and shear stirrups are not required, a small quantity of shear stirrups is still provided.

The reason is that tensile forces may be induced into a beam through shrinkage or some

restraint which will reduce the shear strength of the concrete in the compression zone. Shear

Table 12.A.13 Maximum clear distance between reinforcement bars.

sy % redistribution to or from section considered

N/mm2 �30 �15 0 15 30

250 215 260 300 300 300

415 125 155 180 210 235

500 105 130 150 175 195
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failures in concrete beams without secondary reinforcement are essentially brittle which

should be avoided. The spacing of minimum shear reinforcement is computed as

x ¼ syA0

0:4b
where

A0 ¼ total cross-sectional area of stirrups effective in shear

b¼width of the beam

sy¼ characteristic strength of stirrup reinforcement (not greater than 415N/mm2).

Slabs – Minimum Reinforcement:

Certain minimum reinforcement is provided in slabs to prevent excessive local curvature and

provide some resistance to shear forces. It also helps provide resistance to some unforeseen

forces applied during construction. The minimum reinforcement in either direction in slabs

should not be less than 0.15% of the total cross-sectional area when using mild steel

reinforcement, and 0.12% of the total cross-sectional area when using high yield strength

reinforcement or welded wire fabric. The maximum diameter of reinforcing bars should not

exceed one-eighth of the total thickness of the slab.

12.A.14 Reinforcement in Piles

Longitudinal reinforcement:

The minimum longitudinal reinforcement in piles is given as follows:

1. In piles whose length is less than 30 times the least lateral dimension, the minimum

reinforcement should be 1.25%.

2. In pileswhose length is 30–40 times the least lateral dimension, theminimum reinforcement

should be 1.5%.

3. In piles whose length exceeds 40 times the least lateral dimension, the minimum reinforce-

ment should be 2%.

Lateral reinforcement:

The minimum lateral reinforcement in a pile should be as follows:

1. The diameter of bars of lateral reinforcement should not be less than 5mm.

2. Inthebodyof thepile,minimumreinforcementshouldbe0.2%ofthegrossvolumeof thepile.

3. At each end of a pile for a length of about three times the least lateral dimension, the

minimum reinforcement should be 0.6% of the gross volume of the pile.

Cover:

Longitudinal bars should normally be provided with a clear cover of 40mm.

12.A.15 Under-Reamed Piles

Part III of IS: 2911–1984 (1984) provides a readymade table for the design of under-reamed

piles. It gives safe load carrying capacity in bearing, uplift, and lateral thrust and reinforcement

details in the piles of various sizes.
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12.A.16 Pile Caps

Pile caps are structural elements that tie a group of piles together. Pile capsmay support bearing

walls, isolated columns or groups of several columns. Pile caps are used to transmit forces from

the columns or walls to the piles. Plan dimensions of a pile cap depend on the closest allowable

spacing of the piles which is generally 1m. Its depth is based on the shear and/or development

length for the column bars. Details of pile cap design are given in Chapter 10. Additional

general guidelines for the design of pile caps are given below:

1. The pile cap along with column pedestal should be deep enough to allow for the necessary

anchorage of the column and pile reinforcement.

2. The clear overhang of the pile cap beyond the outermost pile in the group should be within

10–15 cm.

3. A leveling course ofmass concrete of about 8 cm thicknessmay be provided under the pile cap.

4. Reinforcement from pile must be properly tied to the pile cap.

5. Clear cover to themain reinforcement frombottomof the cap should not be less than 60mm.

6. Computations ofmoments and shearsmay be based on the assumption that the reaction from

any pile is concentrated at the center of the pile.

7. In computing the external shear on any section c–c through a footing supported on piles as

shown in Figure 12.A.2, the entire reaction fromany pile of diameterDPwhose centerx1 is

located at 0.5DP or more outside the section will be assumed as producing shear on the

section. The shear force will be zero at a section c0�c0, due to reaction from a pile whose

center x2 is at 0.5DP or more inside the section. For intermediate positions of the pile

center, the portion fo the pile reaction to be assumed as producing shear on the section is

based on a straight line interpolation between full value (when the pile center is at

x1¼ 0.5DP outside the section c–c) and zero value (when the pile center is at x2¼ 0.5DP

inside the section c0�c0).
8. Minimum thickness of pile cap at edges should not be less than 30 cm.

Figure 12.A.2 Critical section for shear in pile cap.
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Appendix 12.B Expressions for BM and SF for Circular
and Annular Slabs, and Foundations

12.B.1 Introduction

Circular slabs and foundations are used for the following purposes:

1. Shape of structures is circular in plan.

2. Floor of circular water tanks or towers.

The bending of such a slab is essentially different from a rectangular slabwhere bending takes

place in distinctly two perpendicular directions along the two spans.When a circular slab, simply

supported at the edge is loaded with uniformly distributed load, it bends in the form of a saucer,

due towhich stresses are developed both in the radial aswell as in circumferential directions. The

tensile, radial and circumferential stresses develop towards the convex side of the saucer, and

hence reinforcement has to be provided at the convex face of the slab. Theoretically, reinforce-

ment should be provided both in the radial and circumferential directions, but this arrangement

would cause congestion and anchoring problem at the center of the slab. Hence, an alternative

method of providing reinforcement in the form of a mesh of bars having an equal area of cross-

section in both the directions can be adopted, the area being equal to that required for the bigger of

the radial and circumferential moments. However, if the stresses near the edge are not negligible,

or if the edge is fixed, radial and circumferential reinforcement near the edge has to be provided.

The exact analysis of slab, based on theory of elasticity and assuming Poisson’s ratio equal to

zero is given byTimoshenko andWoinowsky-Krieger (1959). The expressions can also be used for

symmetrically loaded circular and annular foundations noting that the applied load on footings is

from soil reaction and hence the applied load is in the opposite direction to that of the load applied

on slabs. Sometimes, empirical formulae are used for bendingmoments and shear forces and so on.

Expressions are given for following cases for ready reference and application (Punmia, Jain

and Jain 1992):

1. Plate/slab freely supported at edges carrying uniformly distributed load (UDL)

2. Slab fixed at edges and carrying UDL

3. Slab simply supported at the edges, with load W uniformly distributed along the circum-

ference of a concentric circle

4. Slab simply supported at the edges with UDL, inside a concentric circle

5. Slab simply supported at the edges with a central hole and carrying UDL

6. Slab simply supported at the edges, with a central hole and carryingW distributed along the

circumference of a concentric circle.

12.B.2 Slab Freely Supported at the Edges and Carrying UDL

This is shown in Figure 12.B.1.

The parameters are:

w¼ uniformly distributed load

a¼ radius of slab
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Mr¼ radial bending moment at any point at radius r from the center of the slab

ðMrÞc and ðMrÞe¼ radial moments at center and edge respectively

My¼ circumferential bending moment at any point at radius r from the center of the slab

ðMyÞc and ðMyÞe¼ circumferential moments at center and edge respectively.

The circumferentialmoment ðMyÞ distribution diagram along any diameter is shown in Figure 12.

B.1. The moment varies parabolically with a maximum value of 3
16
wa2 at the middle to a minimum

value of 2
16
wa2 at the edges. Similarly, the radial moment ðMrÞ distribution along any diameter is

shown in Figure 12.B.1(c). The moment varies from 3
16
wa2 at the middle to zero at the edges.

The values of various moments, per unit width, are given below:

ðMyÞc ¼ þ
3

16
wa2 ð12:B:1Þ

ðMyÞe ¼ þ
2

16
wa2 ð12:B:2Þ

My ¼ þ w

16
ð3a2�r2Þ;at any radius r ð12:B:3Þ

ðMrÞc ¼ þ
3

16
wa2 ð12:B:4Þ

ðMrÞe ¼ 0 ð12:B:5Þ
Mr ¼ 3

16
wða2�r2Þ ð12:B:6Þ

Figure 12.B.1 Slab with UDL.
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The radial shear force Fr, at any radius r is given by

Fr ¼ 1

2
w:r ðper unit widthÞ ð12:B:7Þ

The circumferential shear force is zero everywhere. Assuming redistribution of moments in

the slab due to plasticity of materials, during failure, Reynolds and Steadman (1981)

recommend maximum values of My andMr as
1
9
wa2 instead of 3

16
wa2 given above.

12.B.3 Slabs Fixed at Edges and Carrying UDL

The slab is shown in Figure 12.B.2. Figure 12.B.2(b) shows the circumferential moment

distribution diagram, whereMy varies parabolically from amaximum value at center to zero at

the edge. The moment is positive throughout. Figure 12.B.2(c) shows the radial moment

distribution diagram. Mr varies from a maximum positive value at the center to zero at a

distance affiffi
3
p ¼ 0:577a from the center and then becomes negative at the edges. The various

values of moments and shear per unit width are:

ðMyÞc ¼ þ
1

16
wa2 ð12:B:8Þ

My ¼ þ 1

16
wða2�r2Þ ð12:B:9Þ

Figure 12.B.2 Slab with fixed edges.
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ðMyÞe ¼ 0 ð12:B:10Þ

ðMrÞc ¼ þ
1

16
wa2 ð12:B:11Þ

Mr ¼ þ 1

16
wða2�3r2Þ ð12:B:12Þ

ðMrÞe ¼ �
2

16
wa2 ð12:B:13Þ

Fr ¼ 1

2
w:r ðper unit widthÞ ð12:B:14Þ

Slabs partially fixed at the edges:

This case is in between the cases of a freely supported slab and a fixed slab.Hence, themoments

may be assumed to be the average of the corresponding moment of the two cases. For radial

moment the point of contraflexure occurs at a radius r ¼ a
ffiffiffiffiffiffiffiffi
2=3

p
. Thevariousmoments per unit

width are:

ðMrÞc ¼ ðMyÞc ¼ þ
2

16
wa2 ð12:B:15Þ

ðMrÞe ¼ �
1

16
wa2 ð12:B:16Þ

ðMyÞe ¼ þ
1

16
wa2 ð12:B:17Þ

12.B.4 Slab Simply Supported at the Edges with Load W Uniformly
Distributed Along the Circumference of a Concentric Circle

The slab is shown in Figure 12.B.3. Here Mr as well as My are constant from r¼ 0 to r¼ b.

When r is greater than b (i.e., outside the load circle), bothMy andMr decrease parabolically, to

values ðMyÞe and zero respectively at the edges. Various values of moments and so on, per unit

width are as follows:

For r< b

Mr ¼ ðMrÞb ¼ My ¼ ðMyÞb ¼
W

8p
2loge

a

b

	 

þ 1� b

a

� �2
" #

ð12:B:18Þ

Fr ¼ 0 ð12:B:19Þ
For r> 0

My ¼ W

8p
2loge

a

r

	 

� b

r

� �2

þ 2� b

a

� �2
" #

ð12:B:20Þ

Mr ¼ W

8p
2loge

a

r

	 

� b

a

� �2

þ b

r

� �2
" #

ð12:B:21Þ

Fr ¼ W

2pr
ð12:B:22Þ
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12.B.5 Slab Simply Supported at Edges, withUDL Inside aConcentric Circle

This case is shown in Figure 12.B.4. Let b be the radius of concentric circle carrying UDL per

unit area. The bending moment (My and Mr) diagrams are shown in Figures 12.B.4(b) and (c),

respectively. The various values of moments per unit width are as follows:

For r< b

Mr ¼ � 3

16
wr2 þ 1

4
wb2 1�loge

b

a

� �
� b2

4a2

� �
ð12:B:23Þ

My ¼ � 1

16
wr2 þ 1

4
wb2 1�loge

b

a

� �
� b2

4a2

� �
ð12:B:24Þ

ðMrÞc ¼ þ
1

4
wb2 1�loge

b

a

� �
� b2

4a2

� �
ð12:B:25aÞ

ðMrÞb ¼ ðMrÞe ¼
3

16
wb2 ð12:B:25bÞ

ðMyÞc ¼ þ
1

4
wb2 1�loge

b

a

� �
� b2

4a2

� �
ð12:B:26aÞ

Figure 12.B.3 Simply supported slab.
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ðMyÞb ¼ ðMyÞc ¼ �
1

16
wb2 ð12:B:26bÞ

Fr ¼ wr

2
ð12:B:27Þ

For r> b

Mr ¼ �wb2 1

4
loge

r

a

	 

þ b2

16

1

a2
� 1

r2

� �� �
ð12:B:28Þ

My ¼ �wb2 1

4
loge

r

a

	 

� 1

4
þ b2

16

1

a2
þ 1

r2

� �� �
ð12:B:29Þ

ðMrÞe ¼ 0 ð12:B:30Þ

ðMyÞe ¼ �wb2 �
1

4
þ b2

8a2

� �
ð12:B:31Þ

Fr ¼ wb2

2r
ð12:B:32Þ

Figure 12.B.4 Slab with concentric load.
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12.B.6 Slab Simply Supported at Edges, with a Central Hole
and Carrying UDL

The slab is shown in Figure 12.B.5. Let b be the radius of the hole. The BMdiagrams are shown

in Figures 12.B.5(b) and (c). The various values of the moments per unit width are:

My ¼ � 1

16
wr2 þ wb2

4
loge

r

a

	 

þ 3

4
� 1

3
þ a2

b2
þ a2

r2

� ��
� a2 þ r2

r2
! 

a2

a2�b2 loge
a

b

	 
�
ð12:B:33Þ

Mr ¼ � 3

16
wr2 þ wb2

4
loge

r

a

	 

þ 3

4
1 þ a2

b2
� a2

r2

� ��
þ a2�r2

r2
� ! 

b2

a2�b2 loge
a

b

	 
�
ð12:B:34Þ

Fr ¼ wr

2
�wb2

2r
ð12:B:35Þ

Figure 12.B.5 Annular slab.
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12.B.7 Slab Simply Supported at the Edges with a Central Hole and Carrying
W Distributed Along the Circumference of a Concentric Circle

The slab is shown in Figure 12.B.6. Let b¼ radius of the hole and c¼ radius of load circle.

The bending moment (My andMr) diagrams are shown in Figures 12.B.6(b) and (c),

respectively. Various values per unit width are given below.

For r< c

My ¼ W

4p
a2

a2�b2 1 þ b2

r2

� �
loge

a

c
þ 1

2
� c2

2a2

� �
ð12:B:36Þ

Mr ¼ W

4p
a2

a2�b2 1� b2

r2

� �
loge

a

c
þ 1

2
� c2

2a2

� �
ð12:B:37Þ

Fr ¼ 0 ð12:B:38Þ
For r> c

My ¼ W

4p
loge

c

r

	 

þ 1

2
þ a2

a2�b2
r2 þ b2

r2
loge

a

c

	 

þ 1

2
� c2

2a2

� �
� c2

2r2

� �
ð12:B:39Þ

Figure 12.B.6 Slab with concentric line load.
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Mr ¼ W

4p
loge

c

r

	 

� 1

2
þ a2

a2�b2
r2�b2
r2

loge
a

c

	 

þ 1

2
� c2

2a2

� �
þ c2

2r2

� �
ð12:B:40Þ

F ¼ W

2pr
ð12:B:41Þ

12.B.8 Application of Expressions to Foundations

Asmentioned in Section 12.B.1, all the above expressions can be used for foundation design by

noting that the loads are vertically upwards due to soil reactions while in the case of slabs, they

are vertically downwards. Hence by inserting a negative sign for the loads (w), that is, by

replacing w by –w, the expressions given in Sections 12.B.2–12.B.7, the BM, SF and so on, can

be computed. The rest of the design procedure will be similar to that of any concrete structure.
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Appendix 12.C Structural Design of Shallow Foundations

12.C.1 Introduction

Several examples of structural design of commonly used foundations of reinforced cement

concrete (RCC) are presented below. The examples are worked out using the limit state method

(LSM) based on IS: 456–2000 (2000). The design parameters for the footing, such as shear

forces, bending moments, deflections, and soil reactions or contact pressures, are obtained using

both the conventional method as well as the beams on elastic foundation (BEF) method. Once

thesevalues are available fromeither of thesemethods the rest of the designprocedure is the same

following LSM and IS: 456–2000 (2000) or other codes which are followed in the country/city

where the structure is being designed and constructed. The structural designs are presented in

detail using the values obtained from conventionalmethod for illustration. In view of using LSM

for structural design, the design parameters for conventional method have been calculated for

factored loads, that is, design loadsmultipliedby the load factor. These results for factored aswell

as design loads are compared,with the BEF responses for design loads only (withoutmultiplying

with the load factor). However comparison of these design parameters obtained from both the

conventional and BEF methods are qualitative in nature as explained below.

The important features of IS: 456–2000 (2000) relevant to foundation design are presented in

Chapter 12 and Appendices 12.A and 12.B. Also, comparative features of other commonly

used codes, such as Eurocode, ACI and so on, are given in Appendix 12.D, along with a design

example using these codes for illustration and easy understanding.

12.C.2 Input of Soil Parameters for Structural Design

The soil data needed for conventional design is the design soil pressure (q; based on the lower of

the two values, that is, bearing capacity and allowable soil pressure, as explained in Chapters 3

and 8). In contrast, the data input for BEF solution is Young’s modulus (E) of soil, Poisson’s

ratio (n) of soil, modulus of subgrade reaction (ks) and spring constant (k) derived from these

values as outlined in the INPUT section ofWINBEF solutions. Essentially these values have to

be obtained from laboratory and field tests as discussed inChapters 3 and 4 and are site-specific.

They also may not have any correlation in view of the variations in testing objectives and

procedures besides being site specific. Hence the comparison of soil–foundation responses

based on the conventional and BEF methods presented at the end of the design are only

qualitative and indicative of the likely differences in the response parameters, such as

deflections, bending moments, shear forces and bearing pressures and so on. Further, factored

loads are used for conventional design while design loads only are used for calculating BEF

responses (for illustration) as mentioned above.

12.C.3 Modulus of Subgrade Reaction for the Analysis

The conventional approach for obtaining a solution for foundations resting on elastic half space

utilizes Winkler-based models such as proposed by Vesic (1961), Vlasov and Leontev (1966)

and so on (see Chapters 4 and 5 for details). In such a case, an appropriate subgrade modulus

needs to be assumed both for linear elastic and nonlinear analyses. In linear elastic analysis the

subgrademodulus is usually determined bymeans of the expression given byVesic (1961) and/
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or other approaches discussed in Chapters 4 and 5. Vesic’s expression essentially allows a

beam on a Winkler foundation to exhibit similar displacements and moments to that of a

beam on an elastic half space when loaded with the same load. Therefore, Vesic’s expression

given by Equation (4.41) is used for the evaluation of the modulus of subgrade reaction (ks) in

this chapter.

12.C.4 BEF Solutions for Circular and Annular Rafts

It is possible to analyze circular and annular rafts using BEF by considering a sector of any

angular dimension with the loads and treating it as a beam with its width varying from zero to

the chord length at its periphery (for full raft) and inner chord width to outer chord width for an

annular sector. This is possible as the circular raft or annular raft can be seen as an assemblage

of these sectors which are axially symmetric. However BEF analysis of these sectors is feasible

only when the load is also axially symmetric. This condition makes BEF somewhat restrictive

for applications, though some improvizations can be made (Jones, 1997). Hence for examples

of circular rafts (Examples 12.8 and 12.9), BEF solutions are not included in this appendix.

12.C.5 Examples of Structural Design

The detailed design of most commonly used foundations, such as isolated footings, combined

footings, strap footings, rafts of rectangular as well as circular shape and so on, are presented in

the following pages. Area of steel reinforcement is calculated as per the expressions given in

Appendix 12.A and are summarized below.

The bending moment at any section is equated to the resisting moment given by

(Equation (12.A.6))

M ¼ 0:87fyAst d� fyAst

fckB

� �
ð12:C:1Þ

where

M¼ bending moment

fck ¼ sck ¼ compressive/characteristic strength of concrete

fy ¼ sy¼ characteristic/yield strength of steel.

d¼ effective depth of the cross-section of the footing

B¼width of the footing

Ast¼ area of steel reinforcement

The area of tension steel (Ast) can be obtained by solving the above quadratic equation in Ast

(Punmia, Jain and Jain, 1992; IS: 456–2000, 2000) as

Ast ¼ 0:5
fck

fy
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4:6�M � 106

fckBd2

s2
4

3
5Bd ð12:C:2Þ

Example 12.1 Spread Footing – Square Shape

Design a square footing (Figure 12.C.1(a)) to carry a load of 800 kN transmitted through a 40 cm

square column reinforced with 20mm steel bars in the longitudinal direction. The design soil

pressure (DSP) is 100 kN/m2. The footing is based at 1.0m below ground level. The unit weight of
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soil (gs) is 18 kN/m
3. Use concretewith fck ¼ 20 N=mm2 (MPa), steel with fy ¼ 415 N=mm2 and

load factor¼ 1.5.

A. Soil Pressure

Axial load ¼ 800 kN

Approximate area of footing required ¼ 800

100
¼ 8 m2

Weight of the footing including earth ðapproximateÞ ¼ 18� ð1� 8Þ ¼ 144 kN

Total weight on soil ¼ 800 þ 144 ¼ 944 kN

Actual area of footing required ¼ 944

100
¼ 9:44 m2

Provide 3:2 m� 3:2 m square footing giving total area ¼ 10:24 m2 ) 10 m2

B. Bending Moment: The net earth pressure acting upward due to factored loads is

q ¼ 800� 1:5

10
¼ 120 kN=m2

where 1.5 is the partial safety factor.

Bending moment about an axis x–x passing through the face of the column as shown in

Figure 12.C.1(a) is

M ¼ 120� 3:2� 3:2�0:40
2

� �2
� 1

2
¼ 376:32 kNm ð12:C:3Þ

Bending moment at any section is given by

M ¼ 0:138fckBd
2 ð12:C:4Þ

where B¼ breadth of the beam.

The effective depth required is

d ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

M

0:138fckB

s
ð12:C:5Þ

d ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

376:32� 106

0:138� 20� 3200

s
¼ 206 mm

Adopt 560mm effective depth and 600mm overall depth. Increased depth is taken due to

shear requirements.

Bending moment at any section is given by (Equations (12.A.6) and (12.C.1))

M ¼ 0:87fyAst d� fyAst

fckB

� �
ð12:C:6Þ
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where fck ¼ sck ¼ compressive/characteristic strength of concrete and fy ¼ sy¼ charac-

teristic/yield strength of steel.

The area of tension steel (Ast) can be obtained by solving the above quadratic equation in

Ast (Punmia, Jain and Jain, 1992; IS: 456–200, 2000) as given in Equation (12.C.2).

Accordingly

Ast ¼ 0:5
fck

fy
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4:6�M � 106

fckBd2

s2
4

3
5Bd ð12:C:7Þ

Ast ¼ 0:5
20

415
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4:6� 376:32� 106

20� 3200� 5602

s2
4

3
53200� 560 ¼ 1904 mm2

Percent reinforcement; pr ¼ 1904� 100

3200� 560
¼ 0:11%

Use 10mm bars @ 120mm c/c (Ast ¼ 2094:3 > 1904 mm2).

C. Shear –One-WayAction: The critical section is taken at distance d away from the face of

the column as shown in Figure 12.C.1(a).

Shear force; Vu ¼ 120� 3:2
3:2�0:40

2

� �
�0:56

� �
¼ 322:56 kN

Nominal shear stress; tv ¼ Vu

Bd
¼ 322560

3200� 560
¼ 0:18 N=mm2

Shear strength of M20 concrete with 0.11% steel, tc ¼ 0:20 N=mm2 > tv – OK.

D. Shear – Two-WayAction: The critical section is taken at a distance 0.5d away from face

of column as shown in Figure 12.C.1(b).

Shear force; Vu ¼ 120 3:22� 0:40 þ 0:56ð Þ2
h i

¼ 1118:208 kN

Nominal shear stress; tv ¼ Vu

bod
¼ 1118:208� 1000

4 400 þ 560ð Þ560 ¼ 0:5546 N=mm2 ð12:C:8Þ

Shear strength of M20 concrete; tjc ¼ kstc ð12:C:9Þ
where

ks ¼ 0:5 þ bc ) bc ¼
a

b
ð12:C:10Þ

where a¼ length of shorter side of column, b¼ length of longer side of

columnks ¼ 0:5 þ 1 ¼ 1:5 (should not be greater than one)

;ks ¼ 1:0

tjc ¼ tc ¼ 0:25
ffiffiffiffiffiffiffi
sck
p ¼ 0:25

ffiffiffiffiffi
20
p

¼ 1:118 N=mm2 > 0:5546 N=mm2 OK:
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This shows that a footing having as effective depth of 206mm would not be safe in shear.

Reinforcement details are shown in Figures 12.C.1(c) and (d).

E. Development Length of Reinforcement: Development length for 10mm bars

Ld ¼ ssf
4tbd

¼ 0:87� 415f
4� 1:6� 1:0ð Þ ¼ 56f ð12:C:11Þ

where 1.6 is a factor due to deformed bars.

;Ld ¼ 560 mm

Actual embedment provided from the face of the column is ¼ 3200�400
2

�50
� �
¼ 1350 mm > Ld OK

F. Load Transfer from Column to Footing: Nominal bearing stress in the column

concrete

scr ¼ Pu

Ac

¼ 1:5� 800� 1000

400� 400
¼ 7:5 N=mm2

where 1.5 is the partial safety factor.

Allowable bearing stress ¼ 0:45sck ¼ 0:45� 20 ¼ 9:0 N=mm2 > 7:5N=mm2 OK

Hence it is safe. Thus no separate dowel bars are required for the transfer of load.

However it is advisable to continue all the bars of the column into the foundation.

Figure 12.C.1 (a) Critical section formoment and one-way shear; (b) critical section for two-way shear;

(c) reinforcement in the footing base; and (d) sectional elevation showing reinforcement (Example 12.1).
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WINBEF Solution (BEF Method):

WINBEF Input

Young’s modulus of soil: Es ¼ 105 kN=m2

Unit weight of soil: gsoil ¼ 18 kN=m3

Poisson’s ratio of soil: ns ¼ 0:3

Figure 12.C.1 (Continued )
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Young’s modulus of concrete:

Ef ¼ 5000
ffiffiffiffiffiffiffi
sck
p ¼ 5000

ffiffiffiffiffi
20
p

¼ 22360 N=mm2 ¼ 2:236� 107 kN=m2

Moment of inertia of the concrete beam:

If ¼ Bd3

12
¼ 3:2� 0:5603

12
¼ 0:0468 m4

Modulus of subgrade reaction is given by

ks ¼ 1

BðmmÞ 0:65

ffiffiffiffiffiffiffiffiffiffi
EsB4

Ef If

12

s" #
Es

1�n2s
¼ 86547:72

3200
¼ 27:04 kN=m2=mm

The length of the beam¼ 3200mm, breadth of the beam¼ 3200mmand the other details are

given below.

Loading Data for WINBEF and Results

The loading data is shown in Figure 12.C.2. The deflections, shear force, bending moment and

bearing pressure obtained from BEF analysis are shown in Figure 12.C.3. Table 12.C.1 shows

the comparative study of the results.

Figure 12.C.1 (Continued )
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Figure 12.C.2 Details of loading and modulus of the subgrade reaction of a beam resting on an elastic

foundation (Example 12.1).
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Figure 12.C.3 (a) BEF deflection diagram; (b) BEF bending moment diagram; (c) BEF shear force

diagram; and (d) BEF bearing pressure diagram (Example 12.1).
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Example 12.2 Rectangular Footing

Design a rectangular footing with length/breadth ratio¼ 1.5 to carry a load of 800 kN

transmitted through a 40 cm square column reinforcedwith 20mmsteel bars in the longitudinal

direction. The design soil pressure (DSP) is 100 kN/m2. The footing is based at 1.0m below

Table 12.C.1 Comparative study (see comments in Section 12.C.2).

Maximum

bearing

pressure

(kN/m2)

Maximum

bending

moment (kNm)

Maximum shear

force (kN)

Maximum

deflection

(mm)

Conventional

design

With factored

load

120 376.32 322.56 120/ks¼ 4.436

With design

load

120/1.5

¼ 80

376.32/1.5

¼ 250.88

322.56/1.5

¼ 215.04

4.436/1.5¼ 2.97

Design using BEF

(with design load only)

80.21 316.21 400.00 2.96
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Figure 12.C.3 (Continued )
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ground level. The unit weight of soil, gs, is 18 kN/m
3. Use concrete with sck ¼ 15N/mm2

(MPa), and steel with sy¼ 415N/mm2 and load factor¼ 1.5. (This is the same column as given

in the above Example 12.1. However, a rectangular footing is to be designed instead of square

footing with M15 concrete.)

A. Soil Pressure
Axial load ¼ 800 kN

Approximate area of footing required ¼ 800

100
¼ 8 m2

Weight of the footing including earthðapproximateÞ ¼ 18� ð1� 8Þ ¼ 144 kN

Total weight on soil ¼ 800 þ 144 ¼ 944 kN

Actual area of footing required ¼ 944

100
¼ 9:44 m2

Length/breadth ratio¼ 1.5
L ¼ 1:5B ð12:C:12Þ

B� L ¼ 9:44 m2

1:5B2 ¼ 9:44

B ¼ 2:5 m and L ¼ 3:76 m:

Adopt 4:0 m� 2:5 m rectangular footing giving total area¼ 10.0m2

B. Bending Moment: The net earth pressure acting upward due to factored load is

q ¼ 800� 1:5

10
¼ 120 kN=m2

where 1.5 is the partial safety factor.

Bending moment (M1) about an axis x–x passing through the face of the column as

shown in Figure 12.C.4(a). The column dimensions are a ¼ b ¼ 0:4m.

M1 ¼ qB
L�a
2

� �2

� 1

2
ð12:C:13Þ

M1 ¼ 120� 2:5� 4:0�0:40
2

� �2

� 1

2
¼ 486 kN

The effective depth required is; d ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

M1

0:138fckL

s
ð12:C:14Þ

d ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

486� 106

0:138� 15� 4000

s
¼ 243 mm

Bendingmoment,M2, about an axis y–y passing through the face of the column as shown in

Figure 12.C.4(a) is given by

M2 ¼ qL
B�b
2

� �2
� 1

2

M2 ¼ 120� 4:0� 2:5�0:40
2

� �2

� 1

2
¼ 264:6 kN

ð12:C:15Þ
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Thus, M2 < M1, the effective depth found above has to be checked for shear.

Keep d¼ 500mm and total depth¼ 550mm for shear requirements.

C. Design for Reinforcement: Area of reinforcement (Ast1) of long bars calculated for

moment M1 is given by

Figure 12.C.4 (a) Critical section for one- and two-way shear; (b) sectional elevation showing

reinforcement; and (c) reinforcement in the footing base (Example 12.2).
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Ast1 ¼ 0:5
fck

fy
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4:6�M1 � 106

fckBd2

s2
4

3
5Bd ð12:C:16Þ

Ast1 ¼ 0:5
15

415
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4:6� 486� 106

15� 2500� 5002

s2
4

3
52500� 500 ¼ 2876:64 mm2

Area of steel (%)

pr ¼ 2876:64

2500� 500
� 100 ¼ 0:23%

Use 12mm bars, area of reinforcement bar (Af)¼ðp=4Þd2¼ 113.09mm2

Number of bars¼ 2876.64/113.09¼ 25.43� 26 bars

Spacing of long bars¼ 2500/26¼ 96.15mm� 100mm

Use 12mm F bars for longitudinal reinforcement @ 100mm c/c.

Area of reinforcement (Ast2) of short bars calculated for moment, M2 is given by

Ast2 ¼ 0:5
fck

fy
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4:6�M2 � 106

fckLd2

s2
4

3
5Ld ð12:C:17Þ

Figure 12.C.4 (Continued)
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Ast1 ¼ 0:5
15

415
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4:6� 264:6� 106

15� 4000� 5002

s2
4

3
54000� 500 ¼ 1497:47 mm2

This area is to be provided in two distinct bandwidths. AreaAst2ðBÞ in central band ofwidth
B¼ 2.5m is given by

Ast2ðBÞ ¼ 2Ast2

L
B
þ 1
¼ 2� 1497:47

4:0
2:5 þ 1

¼ 1151:9 mm2 ð12:C:18Þ

Number of 12mm F bars¼ 1151.9/113.09� 11, to be provided in the central band width

(B)¼ 2.5m. Remaining area in each end band strip¼ 1
2
ð1497:47�1151:9Þ ¼ 172:78 mm2

Number of 12mm F bars¼ 172.78/113.09� 2

These two bars provided in each end band of width 1
2
ðL�BÞ ¼ 1

2
ð4�2:5Þ ¼ 0:75 m.

Spacing of short bars in each end band¼ 750/2¼ 350mm

The reinforcement details are shown in Figures 12.C.4(b) and (c).

D. Shear – One-Way Action: The critical section is taken at a distance, d, away from the

face of the column (size a� b) as shown in Figure 12.C.4(a).

Shear force; Vu ¼ qB
L�a
2

� �
�d

� �
ð12:C:19Þ

Vu ¼ 120� 2:5
4:0�0:40

2

� �
�0:50

� �
¼ 390 kN

Nominal shear stress; tv ¼ Vu

Bd
¼ 390000

2500� 500
¼ 0:312 N=mm2 ð12:C:20Þ

Shear strength of M15 concrete with 0.23% steel, tc¼ 0.34N/mm2> tv OK.
E. Shear – Two-Way Action: The critical section is taken at a distance d=2 away from face

of column as shown in Figure 12.C.4(a).

Net shear force at the periphery; F ¼ q BL�ða þ dÞðb þ dÞ½ �
¼ 120 2:5� 4:0�ð0:40 þ 0:50Þð0:40 þ 0:50Þ½ �
¼ 1102:8 kN

ð12:C:21Þ

Nominal shear stress; tv ¼ F

2 a þ dð Þ þ b þ dð Þ½ �d
¼ 1102:8� 1000

2 400 þ 500ð Þ þ 400 þ 500ð Þ½ �500 ¼ 0:6126 N=mm2

ð12:C:22Þ

Shear strength of M15 concrete; tjc ¼ kstc ð12:C:23Þ
where

ks ¼ 0:5 þ bc; bc ¼
a

b
ð12:C:24Þ
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a¼ length of shorter side of column

b¼ length of longer side of column

ks¼ 0.5 þ 1¼ 1.5 (should not be greater than one)

;ks ¼ 1:0

tjc ¼ tc ¼ 0:25
ffiffiffiffiffi
fck

p
¼ 0:25

ffiffiffiffiffi
15
p

¼ 0:9682 N=mm2 > 0:6126 N=mm2 OK:

This shows that a footing having as effective depth of 243mm would not be safe in shear.

Reinforcement details are shown in Figure 12.C.4(c).

F. Development Length of Reinforcement: Development length for 12mm bars

Ld ¼ ssF
4tbd

¼ 0:87� 415F
4� 1:6� 1:0ð Þ ¼ 56F ð12:C:25Þ

where 1.6 is a factor due to deformed bars and F¼ diameter of the steel bar.

;Ld ¼ 56F ¼ 56� 12 ¼ 672 mm

Providing 50mm side cover, actual embedment provided from the face of the column is

given by 2500�400
2
�50� � ¼ 1000 mm > Ld OK.

G. LoadTransfer fromColumn to Footing: Nominal bearing stress in the column concrete

sbr ¼ Pu

Ac

¼ 1:5� 800� 1000

400� 400
¼ 7:5 N=mm2

where 1.5 is the partial safety factor

Permissible bearing stress ¼ 0:45sck

ffiffiffiffiffi
A1

A2

r
ð12:C:26Þ

where A1 ¼ maximum area of the portion of the supporting surface that is geometrically

similar to and concentric with the loaded area (used 2: 1 method for the load distribution).

A1 ¼ 400 þ 2ð2� 550Þ½ �2 ¼ 6:76� 106 mm2

A2 ¼ Loaded area at the column base ¼ 400� 400 ¼ 160000 mm2

Permissible bearing stress ¼ 0:45� 15

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
6:76� 106

160000

r
¼ 43:875 N=mm2 > 7:5 N=mm2; hence it is satisfactory:

WINBEF Solution (BEF Method):

WINBEF Input

Young’s modulus of soil, Es ¼ 105 kN=m2

Unit weight of soil, gsoil ¼ 18 kN=m3

Poisson’s ratio of soil, ns ¼ 0:3

Young’s modulus of concrete; Ef ¼ 5000
ffiffiffiffiffiffiffi
sck
p ¼ 5000

ffiffiffiffiffi
15
p

¼ 19364:92 N=mm2 ¼ 1:9364� 107 kN=m2
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Moment of inertia of the concrete beam; If ¼ Bd3

12
¼ 2:5� 0:553

12
¼ 0:03466 m4

Modulus of subgrade reaction; ks ¼ 1

BðmmÞ 0:65

ffiffiffiffiffiffiffiffiffiffi
EsB4

Ef If

12

s" #
Es

1�n2s
ð12:C:27Þ

ks ¼ 0:65

2500

105

ð1�0:32Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
105 � 2:54

1:9364� 107 � 0:02604

12

s
¼ 82721:17

2500
¼ 33:08 kN=m2=mm:

Loading Data for WINBEF and Results

The loading data is shown in Figure 12.C.5. The details of deflection, bending moment, shear

force and bearing pressure are shown in Figure 12.C.6. Table 12.C.2 shows the comparative

study of the results.

Figure 12.C.5 Details of loading and modulus of the subgrade reaction of a beam resting on an elastic

foundation (Example 12.2).

Table 12.C.2 Comparative study (see comments in Section 12.C.2).

Maximum

bearing

pressure

(kN/m2)

Maximum

bending

moment

(kNm)

Maximum

shear force

(kN)

Maximum

deflection

(mm)

Conventional

design

With factored

load

120 486 390 120/ks
¼ 3.636

With design

load

120/1.5

¼ 80

486/1.5

¼ 324.1

390/1.5

¼ 260

3.636/1.5

¼ 2.424

Design using BEF

(with design load only)

87.45 383.50 400.00 2.60
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Figure 12.C.6 (a) BEF deflection diagram; (b) BEF bending moment diagram; (c) BEF shear force

diagram; and (d) BEF bearing pressure diagram (Example 12.2).
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Example 12.3 Continuous Footing

Design a continuous footing for a brick wall of 40 cm thick transmitting a load of 150 kN/m.

The allowable design soil pressure (ADSP) is 100 kN/m2. Assume unit weight of soil (gs) is
17 kN/m3

. Use concrete with sck ¼ 15MPA and load factor¼ 1.5.

Assume base of the footing to be 0.5m below the ground level.

Axial load ¼ 150 kN=m

Width of the footing required ¼ 150

100
¼ 1:5 m

Approximateweight of the footing including earth above it¼ð1:5�1�0:50Þ�17¼ 12.75kN/m�
20kN/m

Total weight on soil ¼ 150 þ 20 ¼ 170 kN=m

Actual width of the footing required ¼ 170

100
¼ 1:7 m

Therefore, use B¼ 1.7m wide footing. Consider 1m length for design, that is, L¼ 1.0m.

Applying the load factors; wu ¼ 150� 1:5 ¼ 225 kN=m

Net soil pressure acting upward; q ¼ 225

1:7
¼ 133 kN=m2=m

The critical section for bending moment in footing under masonry wall occurs half way

between the middle and the edge of the wall.

; M ¼ 133� 0:852

2
¼ 48:05 kNm

The effective depth required is given by

d ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

M

0:138fckL

s
ð12:C:28Þ

d ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

48:046� 106

0:138� 15� 1000

s
¼ 152:35 mm

Let us adopt an overall depth as 300mm and effective depth as 270mm.

A. Design for Reinforcement: Area of steel bars, Ast, calculated for moment,M, is given by

Ast ¼ 0:5
fck

fy
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4:6�M � 106

fckLd2

s2
4

3
5Ld ð12:C:29Þ

Ast ¼ 0:5
15

250
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4:6� 48:046� 106

15� 1000� 2702

s2
4

3
51000� 270 ¼ 864:72 mm2
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Percent area of steel; pr ¼ 864:72

1000� 270
� 100 ¼ 0:32%

Use 10mm diameter bars, then area of steel bar (Af)¼ðp=4Þ102¼ 78.5398mm2

Number of bars¼ 864:72

78:5398
¼ 11 bars

Spacing of long bars ¼ 1000=11 ¼ 90:90 � 90 mm

Use 10mm F bars for reinforcement @ 90mm c/c.

B. Development Length of Reinforcement: The development length for 10mm bars is

given by

Ld ¼ ssF
4tbd

¼ 0:87� 250F
4� 1:0ð Þ ¼ 34F ¼ 34� 10 ¼ 340 mm

Actual embedment provided from the face of the column

¼ 1700�400
2

� �
¼ 650 mm > Ld ; OK:

Provide longitudinal reinforcement for shrinkage equal

to 0:15% sectional area ¼ 0:15

100
� 1700� 300 ¼ 765 mm2

Use 10mm bars, Af ¼ 78:5398 mm2

Number of bars ¼ 765

78:5398
¼ 9:74 � 10 bars

Spacing of long bars ¼ 1700=10 ¼ 170 mm

Use 10mm F bars for reinforcement @ 170mm c/c.

C. Shear –One-WayAction: The critical section is taken at distance d away from the face of

the column (side dimension of square column, a ¼ 0:4 m).

Shear force; Vu ¼ q
B�a
2

� �
�d

� �
ð12:C:30Þ

Vu ¼ 133� 1� 1:7�0:40
2

� �� �
¼ 86:45kN

Nominal shear stress; tv ¼ Vu

Bd
¼ 86450

1000� 270
¼ 0:32N=mm2 ð12:C:31Þ

% area of steel; pr ¼ 864:72

1000� 270
� 100 ¼ 0:32%

Shear strength of M15 concrete with 0.32% steel, tc ¼ 0.38N/mm2> tv OK
Reinforcement details are shown in Figures 12.C.7(a) and (b).
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WINBEF Solution (BEF Method):

WINBEF Input

Young’s modulus of soil, Es ¼ 105 kN=m2

Unit weight of soil, gsoil ¼ 17 kN=m3

Poisson’s ratio of soil, ns ¼ 0:3

Young’s modulus of concrete,Ef ¼ 5000
ffiffiffiffiffi
15
p ¼ 19364:92 N=mm2 ¼ 1:9364� 107 kN=m2

Moment of inertia of the concrete beam, If ¼ Ld3

12
¼ 1:0�0:303

12
¼ 0:0022 m4

Figure 12.C.7 (a) Sectional elevation showing reinforcement; and (b) Reinforcement in the footing

base (Example 12.3).
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where L¼ breadth of foundation¼ 1.0m (perpendicular to plane of the paper, that is, along the

length of the continuous footing)

Modulus of subgrade reaction; ks ¼ 1

LðmmÞ 0:65

ffiffiffiffiffiffiffiffiffiffi
EsL4

Ef If

12

s" #
Es

1�n2s
ð12:C:32Þ

ks ¼ 0:65

1000

105

1�0:32� �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

105 � 1:04

1:9364� 107 � 0:0022
¼12

s
76692

1000
¼ 76:69 kN=m2=mm

Loading Data for WINBEF and Results

The loading data is shown in Figure 12.C.8. The details of deflection, bending moment, shear

force and bearing pressure are shown in Figure 12.C.9. Table 12.C.3 shows the comparative

study of the results.

Figure 12.C.8 Details of loading and modulus of the subgrade reaction of a beam resting on an elastic

foundation (Example 12.3).

Table 12.C.3 Comparative study (see comments in Section12.C.2).

Maximum

bearing

pressure

(kN/m2)

Maximum

bending

moment

(kNm)

Maximum

shear

force (kN)

Maximum

deflection

(mm)

Conventional

design

With factored

load (150 kN)

133 48.046 86.45 133/ks

¼ 1.76

With design

load (100 kN)

133/1.5

¼ 88.67

48.04/1.5

¼ 32.03

86.45/1.5

¼ 55.63

1.76/1.5

¼ 1.173

Design using BEF

(with design load only)

61.41 20.84 50.00 0.81
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Figure 12.C.9 (a) BEF deflection diagram; (b) BEF bending moment diagram; (c) BEF shear force

diagram; and (d) BEF bearing pressure diagram (Example 12.3).
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Example 12.4 Combined Footing

Design a combined footing for two square columns A (40� 40 cm) and B (50� 50 cm)

respectively carrying axial loads of 900 kN and 1200kN with a spacing of 4m c/c. They are

reinforced longitudinally with 20mm bars. The property line is at a distance of 0.5m from the

center line of the columnA.ADSP of soil is 140 kN/m2.Assumeweight of footing and earth above

as 10% of the total loads carried by the columns. Use M20 concrete mix and Fe 460 grade steel.

A. Length and Width of Footing: Center of gravity of loads from the property line

x ¼ 900� 0:5 þ 1200� 4:5

900 þ 1200
2:79 m ffi 2:80 m

;Length of the footing ¼ 2� 2:8 ¼ 5:6 m:

Use 5.6m length of the footing. There will be a slight eccentricity of 5:6�5:58 ¼ 0:02 which
will cause a moment of 2100� 0:02 ¼ 42 kNmwith respect to the centroid of the footing. But

this effect can be neglected and pressure beneath the footing will be assumed to be uniform.

Assume weight of footing and earth above it as 10% of the total weight.

Total load on soil ¼ 2100� 1:1 ¼ 2310 kN

; Footing width;B ¼ 2310

5:6� 140
¼ 2:946 m ffi 3:0 m:

Adopt 3.0m width of footing. The columns and loads are shown in Figure 12.C.10(a).

B. Longitudinal Bending Moment and Shear:

Factored load on column A ¼ 1:5� 900 ¼ 1350 kN

Factored load on column B ¼ 1:5� 1200 ¼ 1800 kN

B
 =

 3
00

0

L = 5600 mm
(a)

400

40
0

500

50
0

13
00

13
00

12
50

12
50

500

PA=900 kN

B nmuloCA nmuloC

PB = 1200 kN

 4000 1100

Figure 12.C.10 (a) Combined footing in plan; (b) shear force and bending moment diagrams; (c) plan

of top reinforcement; and (d) plan of bottom reinforcement (Example 12.4).
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5600 mm

(c)

30
00

 m
m

20 mm φ bars@ 250 mm c/c  (12 bars) 

4000 mm

16 mm φ bars @ 180 mm c/c (16 bars) 

500 mm

1100 mm

Figure 12.C.10 (Continued )
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Net upward soil pressure, q ¼ 1350 þ 1800
5:6�3:0 ¼ 187:5 kN=m2

Net upward soil pressure per unit length of footing ¼ 187:5� 3:0

¼ 562:5 kN=m ffi 563 kN=m

Maximum shear force at the center line of column A

V1 ¼ �563� 0:5 ¼ �281:5 kN ð12:C:33Þ

V2 ¼ �281:5 þ 1350 ¼ 1068:5 kN ð12:C:34Þ
Maximum shear force at the center line of column B

V3 ¼ 563� 1:1 ¼ 619:3 kN ð12:C:35Þ

V4 ¼ �619:3 þ 1800 ¼ 1180:7 kN ð12:C:36Þ
Point of zero shear force from the center line of column A

1069

x
¼ 1180

4�x ) x ¼ 1:90 m ð12:C:37Þ

Maximum BM computed from left side M ¼ 563� 0:5 þ 1:90ð Þ2
2

�1350� 1:90

¼ �943:56 kN
Maximum BM computed from right side ¼ 563� 1:1 þ 2:1ð Þ2

2
�1800� 2:1

¼ �897:44 kN
There is a slight difference in the maximum BM computed at the same section with

respect to the two sides of the footing. This is because of the slight eccentricity of the

5600 mm

(d)

30
00

 m
m

16 mm φ bars@ 160 mm c/c  (8 bars) 16 mm φ bars@ 170 mm c/c  (10 bars)

2480 mm 1780 mm

20 mm φ bars @ 250 mm c/c 

1340 mm

Figure 12.C.10 (Continued )
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resultant of the two footings. Take larger moment for computing depth of footing and

reinforcement. The resulting shear force and bending moment diagrams are shown in

Figure 12.C.10(b).

The effective depth required is d ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

M

0:138fckB

r

d ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

944� 106

0:138� 20� 3000

r
¼ 337:653 mm

ð12:C:38Þ
Adopt overall depth as 700mm and effective depth as 660mm.

C. Main Negative Longitudinal Reinforcement: Area Ast1 of long bars calculated for

moment, M1 is given by

Ast1 ¼ 0:5
fck

fy
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4:6�M � 106

fckBd2

s2
4

3
5Bd ð12:C:39Þ

Ast1 ¼ 0:5
20

460
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4:6� 944� 106

20� 3000� 6602

s2
4

3
53000� 660 ¼ 3738:07 mm2

No of bars ¼ 3738:06

314:151
¼ 11:89 ffi 12

Spacing of long bars ¼ 3000

12
¼ 250 mm

Use 12–20mm F bars for longitudinal reinforcement @ 250mm c/c.

Development length forM20 concrete and Fe 460 grade steel ¼ Ld ¼ 0:87fy
4tbd

� �
F

ð12:C:40Þ
where tbd ¼ 1:92 for M20 concrete.

Ld ¼ 0:87� 460

4� 1:92

� �
F ¼ 52:11F

D. Shear – One-Way Action (Column B): The shear at a distance, d, from the face of the

support is

Vu ¼ 1180 þ 0:5

2
þ 0:66

� �
563 ¼ 667:67 kN

Nominal shear stress; tv ¼ Vu

Bd
¼ 668� 1000

3000� 660
¼ 0:33N=mm2
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% area of steel; pr ¼ 3738:06

3000� 700
� 100 ¼ 0:178%

Shear strength of M20 concrete with 0.178% steel, tc ¼ 0:36 N=mm2 > tv OK.

E. Shear – Two-WayAction: The critical section is taken at a distance 0:5daway from face

of column.

Net shear force at the periphery;¼ 1800� 0:5

2
þ d

2

� �2
187:5

¼ 1800� 0:5

2
þ 0:66

2

� �2
� 187:5 ¼ 1735:44 kN

Nominal shear stress; tv ¼ 1735:44� 1000

4 0:5 þ d
2

� �� �
d
¼ 1735:44� 1000

4 0:5 þ 0:66
2

� �� �� 1000� 0:66

¼ 0:792 N=mm2

Shear strength of M20 concrete

tjc ¼ kstc

ks ¼ 0:5 þ bc; bc ¼
a

b
ð12:C:41Þ

where

a¼ length of shorter side of column

b¼ length of longer side of column

ks ¼ 0:5 þ 1 ¼ 1:5 (should not be greater than one)

;ks ¼ 1:0

tjc ¼ tc ¼ 0:25
ffiffiffiffiffi
fck

p
¼ 0:25

ffiffiffiffiffi
20
p

¼ 1:12 N=mm2 > 0:792 N=mm2 OK:

F. Points of Inflection: Let us assume that zero bending moment occurs at a distance, x,

from the center of column A. Then taking moments about the point of inflection,

563� 0:5 þ xð Þ2
2

�1350x ¼ 0) x ¼ 0:067 m ð12:C:42Þ

Similarly the point of inflection near column B can be obtained, that is

563� 1:1 þ xð Þ2
2

�1800x ¼ 0) x ¼ 0:311 m ð12:C:43Þ

The shear force and bending moment diagrams are shown in Figure 12.C.10(b).Let us

check development length at points of inflection.All the 12–20mmbars extend through the

inflection points.At column A inflection point:

M1 ¼ 944� 106
3769:91

3738:06

� �
¼ 951:83� 106 kNm
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V ¼ 1069 kN ðat column AÞ
Lo ¼ 500 þ 65�25 ¼ 540 mm

Ld ¼ 52:11F

Ld � M1

V
þ Lo or ð12:C:44Þ

52:11F � 951:83� 106

1069� 103
þ 540

1042:2 mm � 1430:4 mm; hence it is OK:
At column B, inflection point

M1 ¼ 951:83� 106

V ¼ 1180 kN

Lo ¼ d ¼ 660 ¼ 660 mm

Ld ¼ 52:11F

Ld � M1

V
þ Lo or

52:11F � 951:83� 106

1180� 103
þ 660

1042:2 mm � 1466:63 mm Hence it is OK:

G. Positive Longitudinal Reinforcement at Bottom of Footing Beyond Column Faces

Bending moment at the face of column A ¼ 563� 0:32

2
¼ 25:335 kNm

Bending moment at the face of column B ¼ 563� 1:1�0:5=2ð Þ2
2

¼ 203:383 kNm

Area of tension steel is given by

At ¼ 0:5
fck

fy
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4:6�M � 106

fckBd2

s2
4

3
5Bd ð12:C:45Þ

Ast1 ¼ 0:5
20

460
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4:6� 203:383� 106

20� 3000� 6602

s2
4

3
53000� 660 ¼ 779:4783 mm2

Minimum steel ¼ 0:15% ¼ 0:15

100
3000� 700ð Þ ¼ 3150 mm2

Use 16mm bars

Af ¼ 201:06 mm2
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Number of bars ¼ 3150

201:06
¼ 15:66 ffi 16

Spacing of long bars ¼ 3000

16
¼ 187:5 mm

Use 16–16mm F bars near the bottom of the slab for longitudinal reinforcement @

180mm c/c eight bars are curtailed at Ld (ffi1500mm) away from the point of maximum

bendingmoment near columnA. Similarly eight bars are curtailed atLd (ffi1500mm) away

from the point of maximum bending moment near column B (1100� 500
2
¼ 850 mm).

The reinforcement details are shown in Figures 12.C.10(c) and (d).

H. Transverse Reinforcement: It is suggested that transverse reinforcement should be

provided into groups proportionate in sectional area to the column loads. The transverse

reinforcement under each column should be providedwithin a band having awidth equal to

the width of the column plus two times the effective depth of the foundation. The effective

column band widths are shown in Figure 12.C.10(c).

Effective depth

d ¼ 700�40ðcoverÞ-20ðbarÞ ¼ 640 mm:

Width of bending strip at column A ¼ 400 þ 2ð640Þ ¼ 1680 mm:

However, width available to the left of outer face of column A¼ 500� 200¼ 300mm only

instead of 640mm. Hence available band width (B1)¼ 300 þ 400 þ 640¼ 1340mm.

Factored upward pressure under column A ¼ 1350

3:0
¼ 450 kN=m

Bending moment at the face of column A ¼ 450� 1:32

2
¼ 380:25 kN-m

Area of tension steel is given by

At ¼ 0:5
fck

fy
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4:6�M � 106

fckB1d2

s2
4

3
5B1d

Ast1 ¼ 0:5
20

460
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4:6� 380:235� 106

20� 1340� 6402

s2
4

3
51340� 640 ¼ 1549:76 mm2

Use 16mm bars
Af ¼ 201:06 mm2

Number of bars ¼ 1549:6

201:06
¼ 7:70 ffi 8

Spacing of long bars ¼ 1340

8
¼ 167:5 mm

Use 8–16mmF bars in 1.34m width under column A at the bottom of the slab @ 160mm c/c.

Structural Design of Foundations 541



Factored upward pressure under column B ¼ 1800

3:0
¼ 600 kN=m

Bending moment at the face of column A ¼ 600� 1:252

2
¼ 468:75 kNm

Width of bending strip at column B2 ¼ 500 þ 2ð640Þ ¼ 1780 mm:

Area of tension steel is given by

At ¼ 0:5
fck

fy
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4:6�M � 106

fckB2d2

s2
4

3
5B2d

At ¼ 0:5
20

460
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4:6� 468:75� 106

20� 1780� 6402

s2
4

3
51780� 640 ¼ 1904:26 mm2

Use 16mm bars
Af ¼ 201:06 mm2

Number of bars ¼ 1904:26

201:06
¼ 9:47 ffi 10

Spacing of long bars ¼ 1780

10
¼ 178 mm

Use 10–16mmF bars in 1.78mwidth under columnB at the bottom of the slab@ 170mm c/c.

Full development length of Ld (ffi1500mm) for 20mm bars is available in the transverse

direction. In the remaining central portion provide temperature reinforcement consisting of

12mm bars@ 250mm c/c. The reinforcement details are shown in Figures 12.C.10(c) and (d).

WINBEF Solution (BEF Method):

WINBEF Input

Young’s modulus of soil, Es ¼ 105 kN=m2

Unit weight of soil, ysoil ¼ 20 kN=m3

Poisson’s ratio of soil, ns ¼ 0:3
Young’s modulus of concrete,

Ef ¼ 5000
ffiffiffiffiffi
20
p

¼ 22360:68 N=mm2 ¼ 2:236� 107 kN=m2

Moment of inertia of the concrete beam, If ¼ Bd3

12
¼ 5:6� 0:6603

12
¼ 0:07187 m4

Modulus of subgrade reaction; ks ¼ 1

BðmmÞ 0:65

ffiffiffiffiffiffiffiffiffiffi
EsB4

Ef If

12

s" #
Es

1�n2s

ks ¼ 0:65

3000

105

1�0:32� �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

105 � 3:04

2:236� 107 � 0:07187

12

s
¼ 81735:50

3000
¼ 27:245 kN=m2=mm
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Loading Data for WINBEF and Results

The loading data is shown in Figure 12.C.11. The details of deflection, bending moment, shear

force and bearing pressure are shown in Figure 12.C.12. Table 12.C.4 shows the comparative

study of the results.

Example 12.5 Combined Footing – Trapezoidal Shape

Design a combined footing (trapezoidal shape) for two square columns A (40� 40 cm) and

B(50� 50 cm) respectively carrying axial loads of 900 kN and 1200 kN with a spacing of

4m c/c with width of footing towards columnA as 0.6 times thewidth of the footing on the side

of column B. They are reinforced with 20mm bars longitudinally. The property line is at a

distance of 0.5m from the left face of columnA. ADSP of soil is 140 kN/m2. Assumeweight of

footing and earth above as 10% of the total loads carried by the columns. Use M 20 concrete

mix and Fe 460 grade steel. (The data is the same as for Example 12.4.)

Thus, factored load of Column A ¼ 1350 kN and factored load of Column B ¼ 1800 kN.

Weight of footing and earth above ¼ (1200 � 900) � 0.1 ¼ 210 kN

The footing is shown in Figure 12.C.13(a).

Let thewidths of footing be B1 and B2 as shown in Figure 12.C.13(a). The values of B1 and B2

should be such that C.G of footing coincides with the C.G of the column loads.

Total area required for the footing

ðB1 þ B2ÞL
2

¼ W1 þ W2 þ 10%ðW1 þ W2Þ
qo

ð12:C:46Þ

where W1¼PA¼ 900 kN and W2¼PB¼ 1200 kN.

It is given that B1 ¼ 0:6 B2 ð12:C:47Þ

Figure 12.C.11 Details of loading and modulus of the subgrade reaction of a beam resting on an elastic

foundation (Example 12.4).
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Figure 12.C.12 (a) BEF deflection diagram; (b) BEF bending moment diagram; (c) BEF shear force

diagram; and (d) BEF bearing pressure diagram (Example 12.4).
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Figure 12.C.13 (a) Combined footing in plan (with design loads); (b) shear force and bending moment

diagrams (with factored loads); and (c) reinforcement details (Example 12.5).
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B1 þ B2ð ÞL
2

¼ 900þ 1200þ 210ð Þ
140

1:6B2L

2
¼ 16:5

B2L ¼ 20:625

Distance of C:G of load ¼ W2l

W1 þ W2

¼ 1200� 4

900 þ 1200
¼ 2:285 ffi 2:3 m

Distance of C:G of load from the edge B1 ¼ 0:5 þ 2:3 ¼ 2:8 m ð12:C:48Þ

Distance of C:G of footing from edge B1 ¼ L

3

B1 þ 2B2

B1 þ B2

� �
¼ 2:8 ð12:C:49Þ

From Equation (12.C.49), we get L
3

2:6B2

1:6B2

	 

¼ 2:8

Hence, L ¼ 5:1692 m ffi 5:2 m

B2 ¼ 3:966 m ffi 4:0 m; B1 ¼ 2:4 m

Net upward soil pressure intensity is given by (taking factored loads into consideration)

po ¼ W1 þ W2ð Þ
1
2
ðB1 þ B2ÞL

¼ 900 þ 1200ð Þ1:5
1
2
ð2:4 þ 4Þ5:2 ¼ 189:30 kN=m ð12:C:50Þ

A. Bending Moment and Shear Force: Consider the bending of the footing in the

longitudinal direction. At any distance, x from the face A1A2 (Figure 12.C.13(a)), the

width of section X1X2 is given by

Bx ¼ B1 þ B2�B1

L

� �
x ¼ 2:4 þ 4�2:4

5:2

� �
x ¼ 2:4 þ 0:308x

Figure 12.C.13 (Continued )
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; Area Ax to the left of section X1X2 is given by ¼ 1

2
ðB1 þ BxÞx

Ax ¼ 1

2
ð2:4 þ ð2:4 þ 0:308xÞÞx ¼ x

2
ð4:8 þ 0:308xÞ

Distance of C:G from sectionX1X2¼x
3

2B1 þ Bx

B1 þ Bx

� �
¼ x

3

2� 2:4 þ 2:4 þ 0:308xð Þ
2:4 þ 2:4 þ 0:308xð Þ

� �

¼x
3

7:2 þ 0:308x

4:8 þ 0:308x

� �
Hence;total upward force to the left of X1X2 ¼ pox

2
ð4:8 þ 0:308xÞ

¼ 189:3x

2
ð4:8 þ 0:308xÞ

¼ 94:65xð4:8 þ 0:308xÞ
) Shear force (SF) at outer face of column of A, where x¼ 0.3 is given by

F1 ¼ 94:65� 0:3� ð4:8 þ 0:308� 0:3Þ ¼ 138:92 kN

SF atx to the right of A¼ 1350�94:65xð4:8 þ 0:308xÞ ð12:C:51Þ
SF at inner face of column A, where x¼ 0.5 þ 0.2¼ 0.7m, is given by

F2 ¼ 1350�94:65� 0:7� ð4:8 þ 0:308� 0:7Þ ¼ 1017:70 kN

Tofind the position of the sectionwhere SF is zero, equate Equation (12.C.51) to zero, that

is

1350�94:65xð4:8 þ 0:308xÞ ¼ 0:0 ð12:C:52Þ

1350�ð454:32x þ 29:152x2Þ ¼ 0:0

29:152x2 þ 454:32x�1350¼ 0:0 ) x¼ 2:553m

Bending moment (BM) at section X1X2 is given by

M2¼1350ðx�1Þ�ðupward force� distance of its C:GÞ

¼1350ðx�1Þ� 94:65x 4:8 þ 0:308xð Þ 2� 2:4 þ 2:4 þ 0:308xð Þ
2:4 þ 2:4 þ 0:308xð Þ

� �
x

3

 �
¼1350ðx�1Þ�31:55x2 7:2 þ 0:308xð Þ

ð12:C:53Þ

The maximum hogging bending moment (M1) occurs at x¼ 2.553m, where SF is zero.

; M1 ¼ 1350ð2:55�1Þ�31:55ð2:55Þ2 7:2 þ 0:308ð2:55Þ½ � ¼ 456:86 kN-m

To find the value of x when Mx is zero, equate Equation (12.C.53) to zero, that is

Mx¼ 1350ðx�1Þ�31:55x2 7:2 þ 0:308xð Þ ¼ 0:0

¼9:7174x3 þ 227:16x2�1350x þ 1350¼ 0:0
ð12:C:54Þ
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Solving this by trial and error, we get x¼ 1.30m and 3.76m.

Thus the position of both the points of contraflexure is known. For getting the value of

SF (F3) at the first point of contraflexure, put x¼ 1.30m in Equation (12.C.51) that is

F3 ¼ 1350�94:65� 1:30� ð4:8 þ 0:308� 1:30Þ ¼ 709:90 kN

Similarly, SF (F4) at x¼ 3.76m is

F4 ¼ 1350�94:65� 3:76� ð4:8 þ 0:308� 3:76Þ ¼ �768:566 kN
SF at the inner face of column of B, at x¼ 4.25m is

F5 ¼ 1350�94:65� 4:25� ð4:8 þ 0:308� 4:25Þ ¼ �1107:42 kN
SF at the outer face of column of B, at x¼ 4.75m is

F6 ¼ 1350�94:65� 4:75� ð4:8 þ 0:308� 4:75Þ þ 1800¼ 334:23 kN

Sagging bending moment (M2) at the outer face of column A is obtained by putting

x¼ 0.3m in the second term of Equation (12.C.53) and neglecting the first term, that is

M2 ¼ 31:55ð0:3Þ2 7:2 þ 0:308ð0:3Þ½ � ¼ 20:71kNm

Sagging bending moment for the cantilever portion to the right of column of B is given by

Mx ¼ 31:55ð0:3Þ2 7:2 þ 0:308ð0:3Þ½ ��1350ðx�0:5Þ�1800ðx�4:5Þ
Putting x¼ 4.75m, we get BM (M3) at the outer face of column B, as shown below

M3 ¼ 31:55ð4:75Þ2 7:2 þ 0:308ð4:75Þ½ ��1350ð4:75�0:5Þ�1800ð4:75�4:5Þ ¼ 129:23 kN-m

The BM and SF diagrams are shown in Figure 12.C.13(b).

The SF diagram differs slightly at the column centerlines as the values calculated above

are at the inner and outer faces of the columns though they are shown at the centerlines of

columns in the SFdiagramwhere the actual jumpdiscontinuities are 1350 kNand1800 kN.

The effective depth is determined on the basis of the hogging moment,

M1 ¼ 456:86kNm, which is the maximum bending moment in the footing. It occurs at

a section distant, x¼ 2.553m from edge A1A2. The width Bx at that section is given by

Bx ¼ 2:4 þ 0:308ð2:55Þ ¼ 3:1854m

; d ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

M1

0:138fckBx

s
ð12:C:55Þ

d ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

456:86� 106

0:138� 20� 3185:4ð Þ

s
¼ 227:96mm

This depth should be sufficient from punching shear point of view. Punching shear will be

maximum near column B, where load W2¼ 1800 kN.

Side bo ¼ b þ d ¼ ð500 þ dÞmm where b is the width of the column.
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Punching shearF ¼W2�pob2o ð12:C:56Þ

F ¼ 1800�189:3ð500 þ dÞ2
1000

kN

tv ¼
1800� 103�0:1893ð500 þ dÞ2
h i

4ð500 þ dÞd½ �
Permissible shear stress¼ kstc ¼ 1� tc ¼ 0:25

ffiffiffiffiffi
fck

p
¼ 1:118N=mm2

tv ¼
1800� 103�0:1893ð500 þ dÞ2
h i

4ð500 þ dÞd½ � ¼ 1:118N=mm2

Rearranging the above terms, we get 4:6613d2 þ 2425:3d�1758675:00¼ 0:0
From which we can obtain d¼ 405.96mm which is greater than the one found from

bending compression. Anyhow, keep D¼ 500mm.

Using 60mm cover, effective depth, d ¼ 500�60¼ 440mm.

B. Reinforcement in the Longitudinal Direction

1. Reinforcement for hogging bending moment, M1

Area Ast1of long bars calculated for moment, M1, is given by

Ast1 ¼ 0:5
fck

fy
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4:6�M1 � 106

fckBxd2

s2
4

3
5Bxd

The width of the section at x ¼ 2:553 m, Bx ¼ 2:4 þ 0:308� 2:55 ¼ 3185:40 mm

Ast1 ¼ 0:5
20

460
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4:6� 456:86� 106

20� 3185:40� 4402

s2
4

3
53185:40� 440 ¼ 2047:03 mm2

Use 20mm bars, Af ¼ 314:151 mm2

Number of bars ¼ 2047:03
p
4
202

¼ 6:52 ffi 7

Spacing of long bars ¼ 3185:40

7
¼ 455 mm

Use 7–20mm F bars for longitudinal reinforcement @ 450mm c/c.

Thus, provide seven bars at the top face of the footing. These bars should be checked

for development length at each point of contraflexure, to satisfy the criteria

M1

V
þ Lo 
 Ld ð12:C:57Þ
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Out of these two points of contraflexure in the hogging bending moment range, the one

near column B, has maximum shear force V ¼ F4 ¼ 768:566 kN

M1 ¼ 468:80 kNm

Lo ¼ 12Fð240 mmÞ or dð440 mmÞwhichever is more ¼ 440 mm

Ld ¼ 0:87fy
4tbd

� �
F ¼ 0:87� 460

4� 1:92

� �
F ¼ 52:11F

Ld ¼ 1042:2 mm

468:80� 106

768:566� 103
þ 440 
 52:11� 20

1046:576 
 1042:2 Hence it is OK:

So all seven bars are taken up to the point of contraflexure. These bars are to be taken

beyond this point for a distance of 12F (240mm) or 440mm, whichever is more. After

that, curtail four bars and continue three bars straight up to edge of the footing, so that

these may serve as anchorage bars for shear stirrups.

2. Reinforcement for sagging bending moment, M3, near outer face of column

The width of the section at x ¼ 4:75 m is Bx ¼ 2:4 þ 0:308� 4:75 ¼ 3863 mm

Ast3 ¼ 0:5
20

460
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4:6� 20:77� 106

20� 3863� 4402

s2
4

3
53863� 440 ¼ 73:445 mm2

; Minimum reinforcement@ 0:12% ¼ 0:15

100

� �
� 3863� 440 ¼ 2039:66 mm2

Use 12mm bars, Af ¼ 113:09 mm2

Number of bars ¼ 2039:66
p
4
122

ffi 18 bars

Spacing of long bars ¼ 3863

18
¼ 214:611 mm

Use 18–12mm F bars for longitudinal reinforcement @ 200mm c/c.

This reinforcement should be checked for development length at the point of

contraflexure, near inner face of column B, so as to satisfy the criteria

1:3
M3

V

� �
þ Lo 
 Ld

M3 ¼ 129:23 kNm; Lo ¼ 12Fð144 mmÞ or dð440 mmÞwhichever is more ¼ 440 mm

1:3
129:23� 106

768:5� 103

� �
þ Lo 
 Ld

V ¼ F4 ¼ 768:5 kN
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1:3
129:23� 106

768:5� 103

� �
þ 440 
 Ld ¼ 0:87fy

4tbd

� �
F ¼ 0:87� 460

4� 1:92

� �
F ¼ 52:11F

658:36 
 625:20:

Hence it is safe, provided all the 18 bars are available at the point of contraflexure.

However, these bars are to be taken beyond this point for a distance of 12F (144mm) or

440mm, whichever is more. After that curtail ten bars and continue eight bars straight

up to edge of the footing so that these may serve as anchorage bars for shear stirrups.

3. Reinforcement for sagging bending moment, M2, near other face of column A

The width of the section at x ¼ 0:3 m is Bx ¼ 2:4 þ 0:308� 0:3 ¼ 2500 mm

Ast2 ¼ 0:5
20

460
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4:6� 20:71� 106

20� 2500� 4402

s2
4

3
52500� 440 ¼ 117:961 mm2

; Min reinforcement@ 0:12% ¼ 0:12

100

� �
� 2500� 440 ¼ 1320 mm2

Use 12mm bars, Af ¼ 113:09 mm2

Number of bars ¼ 1320
p
4
122
ffi 12 bars

Spacing of long bars ¼ 2500

12
¼ 208:33 mm

Use 12–12mm F bars for longitudinal reinforcement @ 200mm c/c.

This reinforcement should be checked for development length at the point of

contraflexure, near column A, so as to satisfy the criteria

1:3
M2

V

� �
þ Lo 
 Ld ð12:C:58Þ

M2 ¼ 0:87fyAst d� syAst

sckB

� �
ð12:C:59Þ

M2 ¼ 0:87� 460� 1320� 440� 460� 1320

20� 2500

� �
¼ 230:29kNm

Lo ¼ 12Fð144 mmÞ or dð440 mmÞ; whichever is more ¼ 440 mm

1:3
230:29

V

� �
þ Lo 
 Ld

V ¼ F3 ¼ 709:90 kN
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1:3
230:29� 106

709:90� 103

� �
þ 440 
 Ld ¼ 0:87fy

4tbd

� �
F ¼ 0:87� 460

4� 1:92

� �
F ¼ 52:11F

861:717 
 625:20: Hence it is safe:

However extend the bars up to Lo ¼ dði:e:; 440 mmÞ from the point of contraflexure,

that is, 0.5 þ 0.2 þ 0.440¼ 1.140m from the edge of the footing. After that curtail

four bars but continue the remaining eight bars.

C. Check for Diagonal Tension: Test for the diagonal tension should be made in the

cantilever portion at a distance d from the column face. In the present case, d¼ 400mm¼
0.4m. At 0.4m from the outer face of column B, distance x¼ 4 þ 0.7 þ 0.2 þ 0.44¼
5.34m.At this section shear force is extremely small and availablewidthBx is large.Hence

shear stress will be small. Similarly, for the cantilever portion to the left of the column A,

shear force and hence shear stress will be small.

For diagonal tension between A and B, near column B, crack can occur at the bottom of

the footing (i.e., for hogging BM) at a distance d¼ 440mm, or at the top of footing (i.e.,

hogging BM) at the point of contraflexure distant from the center of column B. When the

point of contraflexure is nearer,more SF are at the point. SF at point of contraflexure¼F4¼
768:566 kN.

At the point of contraflexure x ¼ 3:75, Bx ¼ 2:4 þ 0:308� 3:75 ¼ 3555 mm

tv ¼ 768:566� 103

3555� 440
¼ 0:4913 N=mm2

100As

Bd
¼ 100� 2047

3555� 440
¼ 0:13%

Hence for 0:13% steel tc ¼ 0:36 N=mm2ðfor M20 concreteÞ:
.Thus, actual shear stress is more than the permissible one, and shear reinforcement is

necessary.
Vc ¼ tcBd ¼ 0:36� 3555� 440 ¼ 563112 N ¼ 563:112 kN

Vs ¼ V�Vc ¼ 768:566�563:112 ¼ 205:454 kN

Using 10 mmF 8-legged stirrups Asv ¼ 8� p
4
ð102Þ ¼ 628:318 mm2

Sv ¼ 0:87fyAsvd

Vus

¼ 0:87� 460� 628:318� 440

205:454� 103
¼ 538:511 mm

Maximum spacing of nominal stirrups is given by

Svmax ¼ 2:5Asvfy

B
¼ 2:5� 628:318� 460

3555
¼ 203:253 mm

Svmin ¼ 0:75d or 450 mmwhichever is less

¼ 330 or 450 mm whichever is less

Svmin ¼ 330 mm

Hence provide these nominal stirrups @ 200mm c/c throughout the length.
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D. Transverse Reinforcement: The footing will bend transversely near column face.

Projection a2
j beyond the face of the column

B ¼ 1

2
ðBx�b2Þ ð12:C:60Þ

where Bx is the width of footing at the center of the column B, where x ¼ 4:5 and b2 ¼
column width¼ 0.5m.

Bx ¼ 2:4 þ 0:308� 4:5 ¼ 3:786 m

a
j
2 ¼

1

2
ð3:786�0:5Þ ¼ 1:6430 m

Width of bending strip near column B ¼ 440 þ 500 þ 440 ¼ 1380 mm

;Average area of bending strip ¼ 3:786� 1:380 ¼ 5:2246 m2

Net upward pressure pjo ¼
1800

5:2246
¼ 344:52 kN=m2

(This is approximately double the value of average pressure, po.)

Maximum bending moment at the face of the column is

M ¼ 344:52� ð1:6430Þ
2

2
¼ 465kNm

drequired ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

465� 106

0:138� 20� 3:786� 1000

s
¼ 210:95 mm

Actual d available is 440mm. Hence the transverse beam, of width¼ 1.38mwill be of the

same thickness as the remaining footing. The transverse reinforcement is given by

Ast ¼ 0:5
20

460
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4:6� 465� 106

20� 3786:40� 4402

s2
4

3
53786� 440 ¼ 2741:81 mm2

Use 16mm bars, Af ¼ 201:061 mm2

Number of bars ¼ 2741:81
p
4
162

ffi 14

Spacing of long bars ¼ 3786

14
¼ 73:33 mm

Use 14–16mm F bars for transverse reinforcement @ 70mm c/c

Similarly for column A, width Bxat the center of column, where x ¼ 0:5

Bx ¼ 2:4 þ 0:308� 0:5 ¼ 2:55 m

Projectiona
j
1 ¼

1

2
ð2:55�0:4Þ ¼ 1:075
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Width of bending strip ¼ 2� 440 þ 400 ¼ 1280 mm

;Area of bending strip ¼ 2:55� 1:28 ¼ 3:264 m2

Net upward pressure pjo ¼
1352

3:264
¼ 413:60 kN=m2

Maximum bending moment at the face of the column is given by

M ¼ 413:60� 1:0752

2
¼ 238:98kNm

The available depth d¼ 440mm is sufficient. Area of transverse reinforcement is

Ast ¼ 0:5
20

460
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4:6� 238:98� 106

20� 2550� 4402

s2
4

3
52550� 440 ¼ 1396:21 mm2

Use 16mm bars, Af ¼ 201:061 mm2

Number of bars ¼ 1396:21
p
4
162

ffi 7 bars

Spacing of long bars ¼ s ¼ 1000 p
4
162

� �
1396:21

¼ 143:98 mm

Use 7–16mm F bars for transverse reinforcement @ 140mm c/c in the strip of width 1.28m.

For the remaining portion, provide 16mm F bars @ 140mm c/c, so that this reinforcement at

any section is not less than 0.12% of the cross-sectional area. The details of reinforcement and

so on are shown in Figure 12.C.13(c).

WINBEF Solution (BEF Method):

WINBEF Input

Young’s modulus of soil, Es ¼ 105 kN=m2
, Unit weight of soil, gsoil ¼ 20 kN=m3

Poisson’s ratio of soil, ns ¼ 0:3
Young’s modulus of concrete, Ef ¼ 5000

ffiffiffiffiffi
20
p ¼ 22360:68 N=mm2 ¼ 2:236� 107 kN=m2

Moment of inertia of the concrete beam, If1 ¼ Bd3

12
¼ 2:4� 0:4403

12
¼ 0:01703 m4

If2 ¼ Bd3

12
¼ 4:0� 0:4403

12
¼ 0:02839 m4

Modulus of subgrade reaction

ks ¼ 1

BðmmÞ 0:65

ffiffiffiffiffiffiffiffiffiffi
EsB4

Ef If

12

s" #
Es

1�n2s
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ks1 ¼ 0:65

2400

105

1�0:32� �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

105 � 2:44

2:236� 107 � 0:01703

12

s
¼ 85550

2400
¼ 35:64 kN=m2=mm

ks2 ¼ 0:65

4000

105

1�0:32� �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

105 � 4:04

2:236� 107 � 0:02839

12

s
¼ 97201:32

4000
¼ 24:30 kN=m2=mm

The data is shown below in Figure 12.C.14.

Loading Data for WINBEF and Results

The loading data is shown in Figure 12.C.14. The details of deflection, bending moment, shear

force and bearing pressure are shown in Figure 12.C.15. Table 12.C.5 shows the comparative

study of the results.

Example 12.6 Strap Footing

Design a strap footing for two square columns A (40� 40 cm) and B (50� 40 cm) carrying

axial loads of 900 kN and 1200 kN with a c/c spacing of 6m. The columns are reinforced with

20mm bars longitudinally and are to be supported by square footings. The property line is at a

distance of 0.5m from the left face of columnA.ADSP of soil¼ 140 kN/m2. Assumeweight of

footing and earth above is 10% of the total loads carried by the columns. UseM20 concrete mix

and Fe 460 grade steel. (This example is similar to Example 12.4 but a strap footing has to be

designed now.)

Figure 12.C.16(a) shows the general arrangement of the footing.

Let the width of footings be B1 and B2 as shown in Figure 12.C.16(a). The values of B1 and

B2should be such that theC.Gof the footing coincideswith theC.Gof the column loads. Length

of footing under A¼B1 and length of footing under B¼B2 centrally arranged under A and B

Figure 12.C.14 Details of loading and modulus of the subgrade reaction of a beam resting on an elastic

foundation (Example 12.5).
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(square footings).

; B2
1 þ B2

2

� � ¼ W1 þ W2 þ 10%ðW1 þ W2Þ
qo

B2
1 þ B2

2

� � ¼ 900 þ 1200 þ 210ð Þ
140
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Figure 12.C.15 (a) BEF deflection diagram; (b) BEF bending moment diagram; (c) BEF shear force

diagram; and (d) BEF bearing pressure diagram (Example 12.5).
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B2
1 þ B2

2

� � ¼ 16:5 ð12:C:61Þ
Let �x¼ distance of C.G of loads from center of column B, as given by

�x ¼ W1l

W1 þ W2

¼ 900� 6

900 þ 1200
¼ 2:571 ffi 2:6 m

If �x is also the distance of C.G of areas from the center of column B, we have

�x ¼ B2
1 l þ b1

2
þ B1

2

� �
B1

2 þ B2
2

� � ¼ 2:5713

where l¼ distance between center lines of columns and b1¼width of column A.

Substituting the values of �x, b1 and l1, we get

B2
1 6 þ 0:2 þ B1

2

� �
¼ 2:5713 B2

1 þ B2
2

� �
B3
1 þ 12:4B2

1�84:84 ¼ 0) B1 ¼ 2:4 m

2:42 þ B2
2

� � ¼ 16:5) B2 ¼ 3:3 m

Net upward soil pressure intensity is given by

po ¼ W1 þ W2ð Þ
B2
1 þ B2

2

� � ¼ 900 þ 1200ð Þ1:5
16:5

¼ 190:90 kN=m

A. Design of Footing Slab for Column A: Cantilever projection beyond the beam is

a ¼ 1

2
ð3:3�0:5Þ ¼ 1:4 m

Maximum bending moment
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Figure 12.C.16 (a) Strap footing in plan; (b) shear force andbendingmoment diagrams; (c) section of the

strap beam; (d) section of the strap beamdetails; (e) plan of square footing (2.4� 2.4m)with reinforcement

details; and (f) plan of square footing (3.3� 3.3m) with reinforcement details (Example 12.6).

M ¼ po
a2

2
¼ 190:90� 0:52

2
¼ 23:86 kN-m

;d ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

M

0:138fckB1

s
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
23:86� 106

0:138� 20� 2400

s
¼ 60:02 mm
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Keeping the cover to the center of the steel¼ 60mm.D ¼ 60 þ 40 ¼ 100 mm, However

keep D ¼ 150 mm and d ¼ 110 mm

Ast ¼ 0:5
fck

fy
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4:6�M � 106

fckB1d2

s2
4

3
5B1d ð12:C:62Þ

Ast1 ¼ 0:5
20

460
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4:6� 23:86� 106

20� 2400� 1102

s2
4

3
52400� 110 ¼ 570:64 mm2

Use 16mm bars, Af ¼ 201:62 mm2

Number of reinforcement bars ¼ 570:64
p
4
122

¼ 5:045 ffi 6 bars

Figure 12.C.16 (Continued )
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Figure 12.C.16 (Continued )
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Spacing of long bars ¼ 2400

6
¼ 400 mm

Use 6–12mm F bars for longitudinal reinforcement @ 400mm c/c.

As per (IS: 456–2000 (2000)), the HYSD steel reinforcement in either direction in

footings shall not be less than 0.12% of the total cross-sectional area (B1d).

Therefore distribution reinforcement ¼ 0:12

100
ð2400� 110Þ ¼ 316:8 mm2

Use 10mm bars, Af ¼ 78:54 mm2

Number of reinforcement bars ¼ 316:8
p
4
102
¼ 4:03 ffi 5 bars

Spacing of long bars ¼ 2400

5
¼ 480 mm

Use 5–10mm F bars for distribution reinforcement @ 480mm c/c.

B. Design of Footing Slab for Column B: Let the width of strap beam¼ 400mm.

; Cantilever projection, beyond the beam is

a ¼ 1

2
ð3:3�0:5Þ ¼ 1:4 m

Maximum bending moment; M ¼ po
a2

2
¼ 190:90� 1:42

2
¼ 185:4052kNm

;d ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

M

0:138fckB2ð Þ

s
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
185:4052� 106

0:138� 20� 3300ð Þ

s
¼ 142:67 mm

Keeping the cover to the center of the steel¼ 60mm. D ¼ 142:67 þ 60 ¼ 202:67 mm.

However keep D ¼ 300 mm and d ¼ 240 mm.

Ast ¼ 0:5
fck

fy
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4:6�M � 106

fckB2d2

s2
4

3
5B2d ð12:C:63Þ

Ast1 ¼ 0:5
20

460
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4:6� 185:40� 106

20� 3300� 2402

s2
4

3
53300� 240 ¼ 2053:80 mm2

Use 16mm bars, Af ¼ 201:62 mm2

Number of reinforcement bars ¼ 2053:80
p
4
162

¼ 10:25 ffi 11 bars

Spacing of long bars ¼ 3300

11
¼ 300 mm

Use 11–16mm F bars for longitudinal reinforcement @ 300mm c/c

As per (IS: 456–2000 (2000)), the HYSD steel reinforcement in either direction in

footings shall not be less than 0.12% of the total cross-sectional area (B2d).
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Therefore distribution reinforcement ¼ 0:12

100
ð3300� 240Þ ¼ 950:4 mm2

Use 10mm bars, Af ¼ 78:54 mm2

Number of reinforcement bars ¼ 950:4
p
4
102
¼ 12:10 ffi 12 bars

Spacing of long bars ¼ 3300

12
¼ 275 mm

Use 12–10mm F bars for distribution reinforcement @ 275mm c/c

C. Bending Moment and Shear Force Diagrams for Strap Beam: Upward load w per

meter run on the strap beams is given by

w1 ¼ poB ¼ 189:189� 2:4 ¼ 454:053 kN=m

w2 ¼ poB ¼ 189:189� 3:3 ¼ 624:323 kN=m

Downward load of column A ¼ w1 ¼ 1350

0:4
¼ 3375 kN=m

Downward load of column B ¼ w2 ¼ 1800

0:5
¼ 3600 kN=m:

The loading diagram on the strap beam is shown in Figure 12.C.16(a).

The shear force and bending moment diagrams for the strap beam are shown in

Figure 12.C.16(b).

SF at the inner face of column A

F1 ¼ 454:053� ð0:5�0:2Þ ¼ 136:22 kN

SF at the outer face of column A

F2 ¼ 1350�454:053� ð0:5 þ 0:2Þ ¼ 1032:20 kN

SF at the edge D ¼ F4 ¼ 1350�454:053� ð2:4Þ ¼ 260:27 kN

SF at the edge E

F4 ¼ 1350�454:053� ð2:4Þ ¼ 260:27 kN

S:F: at the inner edge face of column B ¼ F5 ¼ 624:323� 1:65ð Þ�1800 ¼ �769:86 kN6
S:F: at the outer edge of column B ¼ F6 ¼ 624:323� ð1:4Þ ¼ 874:052 kN

In the range EF shear force is zero at a distance x from F and its value is given by

769:86�624:323� ðx�1:9Þ ¼ 0:0) x ¼ 3:133 m

The bending moment diagram for the strap beam is shown in Figure 12.C.16(b).

The hogging bending moment is maximum at this section, its value given by

M1 ¼ 624:323� 3:1332

2

� �
�3600� 0:5� 3:133� 0:5

2
�1:4

� �
¼ 394:68kNm

Bending moment at the edge D is given by
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M2 ¼ 454:053� 2:42

2

� �
�3375� 0:4� 2:4�0:5�0:2ð Þ ¼ 987:327kNm

Bending moment at the outer face of column B is given by

M3 ¼ 624:323� 1:42

2

� �
¼ 611:836kNm

D. Depth of Strap Beam: Let the width of strap beam (bs)¼ 400mm.

Maximum bending moments in the strap beam are

M1 ¼ 394:680 kN-m, M2 ¼ 987:32736 kN-m, consider M2 which is > M1

d ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

M

0:138 fckbs

s
ð12:C:64Þ

d ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
987:33� 106

0:138� 20� 400

s
¼ 945:683 mm ffi 1000 mm

E. Reinforcement in the Strap Beam: For bending moment, M1 ¼ 394:680kNm

Ast1 ¼ 0:5
20

460
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4:6� 394:68� 106

20� 400� 10002

s2
4

3
5400� 1000 ¼ 1050:10 mm2

For bending moment, M2 ¼ 987:32736kNm

Ast2 ¼ 0:5
20

460
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4:6� 987:33� 106

20� 400� 10002

s2
4

3
5400� 1000 ¼ 2978:4 mm2

So provide reinforcement for Ast2 ¼ 2978:36 > Ast1.

Use 20mm bars, Af ¼ 314:151mm2.

Number of bars ¼ 2978:4
p
4
202

¼ 9:48 ffi 10 bars

Spacing of long bars ¼ 400

10
¼ 40 mm

Use 10–20mm F bars for longitudinal reinforcement @ 40mm c/c.

These bars should be checked for development length to satisfy the criteria
M2

V
þ Lo 
 Ld

V ¼ F4 ¼ 260:27 kN

Lo ¼ 12Fð240mmÞ or dð1000 mmÞwhichever is more ¼ 1000 mm

Ld ¼ 0:87fy
4tbd

� �
F ¼ 0:87� 460

4� 1:92

� �
F ¼ 52:11F
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Ld ¼ 1042:2 mm

987:33� 106

260:27� 103

� �
þ 1000 
 Ld ¼ 0:87fy

4tbd

� �
F ¼ 0:87� 460

4� 1:92

� �
F ¼ 52:11F

4973:472 
 1042 Hence it is OK:

Near support B

M2 ¼ 987:327kNm

S:F: at the inner edge face of column B ¼ V ¼ 624:323� ð1:65Þ�1800 ¼ �769:86 kN

Lo ¼ b

2
�cover þ anchorage ¼ 400

2
�60 þ 13F ¼ 400

2
�60 þ 13F

Ld ¼ 0:87fy
4tbd

� �
F ¼ 0:87� 460

4� 1:92

� �
F

987:33� 106

769:86� 103

� �
þ 400 
 Ld

1682:47 
 1042 Hence; it is satisfactory:

Hence, 10 bars of 20mmF is sufficient. These are the bars arranged in two layers, keeping a

clear distance of 20mm between the two layers. Hence, the required total depth

D ¼ d þ 10 þ F=2 þ cover ¼ 1000 þ 10 þ 20=2 þ 60 ¼ 1080 mm.

Similarly at the outer face of column B, M3 ¼ 611:386kNm

Ast ¼ 0:5
20

460
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4:6� 611:386� 106

20� 400� 10802

s2
4

3
5400� 1080 ¼ 1543:05 mm2

Use 16mm bars, Af ¼ 201:06 mm2

Number of bars ¼ 1543:05
p
4
162

¼ 7:67 ffi 8 bars

Spacing of long bars ¼ 400

8
¼ 50 mm

Use 8–16mm F bars for longitudinal reinforcement in the strap beam @ 50mm c/c.

These bars should be checked for development length to satisfy the criteria

1:3 M3

V

� � þ Lo 
 Ld

M3 ¼ 611:386kNm

V ¼ SF at the outer edge of column B ¼ F6 ¼ 624:323� ð1:4Þ ¼ 874:052 kN

The required total depth at outer face of column B

D ¼ 1000 þ 10 þ 20

2
þ 60 ¼ 1080 mm
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Lo ¼ 12Fð240 mmÞ orDð1080 mmÞwhichever is more ¼ 1080 mm

1:3
611:386� 106

874:05� 103

� �
þ 1080 
 Ld ¼ 52:11� 16

1989:99 
 833:60 Hence it is satisfactory:

F. Reinforcement for Diagonal Tension

Reinforcement ¼ 1000� 14� p
4
ð16Þ2

400� 1000
¼ 0:7037%:

Hence, for 0:7037% steel tc ¼ 0:544 N=mm2ðforM20 concreteÞ
Vc ¼ tcbd ¼ 0:544� 400� 1000 ¼ 217:600 kN

Hence, shear reinforcement is necessary wherever shear force exceeds 217:600 kN.

Shear force F1 @ A ¼ 1032:20 kN

Vus ¼ F1�Vc ¼ 1032:20�217:60 ¼ 814:40 kN

10 mmF 4-legged stirrups Asv ¼ 4� p
4
ð102Þ ¼ 314:16 mm2

Sv ¼ 0:87fyAsvd

Vus

¼ 0:87� 460� 314:16� 1000

814:40� 103
¼ 154:376 mm ffi 150 mm

At the point B; Sv ¼ 0:87� 460� 314:16� 1000

769:86�217:5ð Þ � 103
¼ 227:65 mm ffi 220 mm:

At the outer face of B

Sv ¼ 0:87� 460� 314:16� 1000

874:052�217:5ð Þ � 103
¼ 191:51 mm ffi 190 mm

Maximum spacing of nominal stirrups is given by

Svmin ¼ 2:5Asvfy

b
¼ 2:5� 314:16� 460

400
¼ 903:19 mm

Svmax ¼ 0:75d or 450 mmwhichever is less

¼ 750 or 450 mmwhichever is less

Svmax ¼ 450 mm

Hence provide these nominal stirrups @ 450mm c/c throughout the length.

The details of the reinforcement are shown in Figures 12.C.16(c)–(f).
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WINBEF Solution (BEF Method):

WINBEF Input

For a 2.4� 2.4m square column:

Young’s modulus of soil, Es ¼ 105 kN=m2

Unit weight of soil, gsoil ¼ 20 kN=m3

Poisson’s ratio of soil, ns ¼ 0:3

Young’s modulus of concrete,

Ef ¼ 5000
ffiffiffiffiffi
20
p ¼ 22360:68N=mm2 ¼ 2:236� 107 kN=m2

The cross sectional details of the footings and strap beam are given in Table 12.C.6.

Table 12.C.6 Cross-section details of footings and strap beam (non-prismatic beam).

Length of beam,

x (mm)

Width of beam,

B (mm)

Depth of beam,

d (mm)

0 2400 500

2400 2400 500

2400 400 1080

5050 400 1080

5050 3300 500

8350 3300 500

B1¼ breadth of foundation which is 2.4m from 0 to 2.4m (distance from left edge of the

footing towards right hand side) and with subgrade modulus ks1 and moment of inertia of the

concrete beam If1 ¼ B1d
3

12
¼ 2:4�0:5003

12
¼ 0:025 m4

Modulus of subgrade reaction; ks ¼ 1

BðmmÞ 0:65

ffiffiffiffiffiffiffiffiffiffi
EsB4

Ef If

12

s" #
Es

1�n2s

ks1 ¼ 0:65

2400

105

1�0:32� �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

105 � 2:44

2:236� 107 � 0:025

12

s
¼ 82547:72

2400
¼ 34:52 kN=m2=mm

For a 3.3� 3.3m square column:

B2¼ breadth of foundation which is 3.3m from 5.05m (that is, 2.4 þ 2.65) to 8.35m (distance

from left edge of the footing towards right hand side) and with subgrade modulus ks2.

B2¼ breadth of foundation¼ 3.3m

If2 ¼ B2d
3

12
¼ 3:3� 0:5003

12
¼ 0:03438 m4

ks2 ¼ 0:65

3300

105

1�0:32� �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

105 � 3:34

2:236� 107 � 0:03438

12

s
¼ 89721:213

3300
¼ 27:188 kN=m2=mm

Breadth of the footing is 400mm from 2.4m to 5.05m (which is 2.4 þ 2.65) with

ks¼ 0 kN=m2=mm. The details are shown in the Figure 12.C.17.
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Loading Data for WINBEF and Results

Loading data is shown in Figure 12.C.17. The details of deflection, bending moment, shear

force and bearing pressure are shown in Figure 12.C.18. Table 12.C.7 shows the comparative

study of the results.

Figure 12.C.17 Details of loading and modulus of the subgrade reaction of the beam resting on the

elastic foundation (Example 12.6).

70006000500040003000200010000
6

5

4

3

D
ef

le
ct

io
n 

(i
n 

m
m

)

Length of the beam (in mm)
(a)

(b)

70006000500040003000200010000

400

200

0

-200

-400

B
en

di
ng

 m
om

en
t (

in
 k

N
 - 

m
)

Figure 12.C.18 (a) BEF deflection diagram; (b) BEF bending moment diagram; (c) BEF shear force

diagram; and (d) BEF bearing pressure diagram (Example 12.6).
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Example 12.7 Raft Foundation

Design a raft foundation for the layout of columns shown in Figure 12.C.19(a). All columns are

of square shape of size 40� 40 cm. ADSP¼ 80 kN/m3. Use M 15 concrete and Fe 415 steel.

Assume 10% as the load of raft and soil above.

A. Design of Raft Slab

Total vertical column load ¼ ð600 þ 1600 þ 2000 þ 600 þ 800 þ 1800 þ 2000

þ 1000 þ 800 þ 1000 þ 1200 þ 600Þ ¼ 14000

Eccentricity along the x direction is obtained by takingmoment of column loads about the

grid 1–1

x ¼ 6ð1600 þ 1800 þ 1000Þ þ 12ð2000 þ 2000 þ 1200Þ þ 18ð600 þ 1000 þ 600Þ½ �
14000

¼ 9:1714m

ex ¼ 9:1714�ð6 þ 3Þ ¼ 0:1714m

Eccentricity along the y direction is obtained by taking moment of column loads about the

grid C–C
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Figure 12.C.18 (Continued )
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Figure 12.C.19 Raft layout and column loads; (b1) critical section in shear; (b2) critical section in

shear; and (c) details of reinforcement along the longitudinal section (Example 12.7).
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y ¼ 5ð800 þ 1800 þ 2000 þ 1000Þ þ 10ð600 þ 1600 þ 2000 þ 600Þ½ �
14000

¼ 5:4285m

ey ¼ 5:4285�5¼ 0:4285m

Ix ¼ 19:4� 11:43

12
¼ 2395:16m4

Iy ¼ 11:4� 19:43

12
¼ 6936:31m4

A¼ 19:4� 11:4¼ 221:16m2

Mx ¼ pey ¼ 14000� 0:4285¼ 6000 kNm ð12:C:65Þ

My ¼ pex ¼ 14000� 0:1714¼ 2400 kNm ð12:C:66Þ

P

A
¼ 14000

221:16
¼ 63:302 kN=m2

Soil pressure at different points is as follows

s¼ P

A
� My

Iy
x � Mx

Ix
y ð12:C:67Þ

s¼ 63:302 � 2400

6936:31
x � 6000

2395:16
y¼ 63:158 � 1:5269x � 0:4745y

At corner A–4

sA�4 ¼ 63:158 þ 0:346� 9:7 þ 2:505� 5:7¼ 80:93ffi BC of soil ð80 kN=m2Þ

At corner C–4

sC�4 ¼ 63:158 þ 0:346� 9:7�2:505� 5:7¼ 74:225 kN=m2

At corner A–1

sA�1 ¼ 63:158�0:346� 9:7 þ 2:505� 5:7¼ 52:38 kN=m2

At corner C–1

sC�1 ¼ 63:158�0:346� 9:7�2:505� 5:7¼ 45:67 kN=m2

At corner B–4
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sB�4 ¼ 63:158 þ 0:346� 9:7 ¼ 66:658 kN=m2

At corner B–1

sB�1 ¼ 63:158�0:346� 9:7¼ 59:943 kN=m2

In the x direction, the raft is divided in three strips, that is three equivalent beams:

1. Beam A–A with 3.2m width and soil pressure of 80 kN=m2

2. Beam B–B with 5.0m width and soil pressure of
ð80 þ 66:65Þ

2
¼ 73:32 kN=m2

3. Beam C–C with 5.0m width and soil pressure of
ð66:65 þ 52:38Þ

2
¼ 59:52 kN=m2.

The bending moment is obtained by using a coefficient 1/10 and L as the center to center of

column distance

þ M ¼ �M ¼ wL2

10
ð12:C:68Þ

For strip A–A

Maximum moment ¼ 80� 62

10
¼ 288 kNm=m

For strip B–B

Maximum moment ¼ 73:32� 62

10
¼ 263:95 kNm=m

For strip C–C

Maximum moment ¼ 59:52� 62

10
¼ 214:272 kNm=m

For any strip in the y direction, take M ¼ wL2

8
since there is only a two-span equivalent beam.

For strip 4–4

Maximum moment ¼ 80� 52

8
¼ 250 kNm=m

The depth of the raft is governed by two-way shear at one of the exterior columns. If the location

of critical shear is not obvious, it may be necessary to check all possible locations.

Shear strength of concrete, tc ¼ 0:25
ffiffiffiffiffi
fck
p ¼ 0:25

ffiffiffiffiffi
15
p ¼ 0:97N=mm2

For a corner column (say C–1)

Perimeter bo ¼ 2 d
2
þ 900

� � ¼ d þ 1800 mm (Figure 12.C.19(b))

tv ¼ Vu

bod
¼ 1:5� 800� 1000

ðd þ 1800Þd ¼ 0:97

¼ 1200000

ðd þ 1800Þd ¼ 0:97

) d2 þ 1800d�1237113:40 ¼ 0
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d ¼
�1800 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð18002 þ 4� 1� 1237113:40Þ

q
2� 1

¼ 530:773 mm

For a corner column (say A–2)

Perimeter bo ¼ 2
d

2
þ 900

� �
þ d þ 400ð Þ ¼ 2d þ 2200 mm

tv ¼ Vu

bod
¼ 1:5� 1600� 1000

ð2d þ 2200Þd ¼ 0:97

d2 þ 1100d�1237113:40 ¼ 0 ð12:C:69Þ

) d ¼
�1100 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð11002 þ 4� 1� 1237113:40Þ

q
2� 1

¼ 690:811 mm

However, adopt an effective depth of 750mm and overall depth of 800mm

Reinforcement in the longitudinal direction is given by (considering a 1m wide strip)

At ¼ 0:5
15

415
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4:6� 288� 106

15� 1000� 7502

s2
4

3
51000� 750 ¼ 1109:51 mm2

Use 20mm bars, Af ¼ 314:151 mm2

Number of bars ¼ 1109:51
p
4
202

¼ 3:531 ffi 4 bars

Spacing of long bars ¼ 1000� p
4
202

1109:51
¼ 283:152 mm

Provide 4–20mmF bars for reinforcement@ 260mm c/c at top and bottom in both directions.

Minimum reinforcement in the slabs ¼ 0:12%

¼ 0:12

100
� 800� 1000

¼ 960 mm2=m < 1109:51 mm2=m

Minimum steel governs in the remaining raft. Critical sections in shear.

WINBEF Solution:

WINBEF Input

Young’s modulus of soil, Es ¼ 105 kN=m2, unit weight of soil, gsoil ¼ 20 kN=m3.
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Poisson’s ratio of soil, ns ¼ 0:3.
Young’s modulus of concrete

Ef ¼ 5000
ffiffiffiffiffiffiffi
sck
p ¼ 5000

ffiffiffiffiffi
15
p

¼ 19364:92 N=mm2 ¼ 1:9364� 107 kN=m2

B¼ breadth of foundation¼ 1.0m (considering a 1m wide strip for design).

Moment of inertia of the concrete beam If ¼ Bd3

12
¼ 1:0�0:83

12
¼ 0:04267 m4.

Modulus of subgrade reaction, ks ¼ 1
BðmmÞ 0:65

ffiffiffiffiffiffiffi
EsB4

Ef If

12

qh i
Es

1�n2s .

ks ¼ 0:65

1000

105

1� 0:32
� �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
105 � 1:04

1:9364� 107 � 0:04267

12

s
¼ 59902

1000
¼ 59:902 kN=m2=mm:

Loading Data for WINBEF and Results

The loading data is shown in Figure 12.C.20.

Note: In the loading diagram, the load coming on to the beam is taken as maximum of A, B

and C strip loads as explained below (see Figure 12.C.19(a)).

The maximum load on strip 1–1: maximum of A1 (600 kN), B1 (800 kN) and C1 (800 kN),

which is 800 kN.

The maximum load on strip 2–2: maximum of A2 (1600 kN), B2 (1800 kN) and C2

(1000 kN), which is 1800 kN.

The maximum load on strip 3–3: maximum of A3 (2000 kN), B3 (2000 kN) and C3

(1200 kN), which is 2000 kN.

Themaximum load on strip 4–4:maximumofA4 (600 kN), B4 (1000 kN) andC4 (1000 kN),

which is 1000 kN.

The details of deflection, bending moment, shear force and bearing pressure are shown in

Figure 12.C.21. Please see also comments given in Section 12.C.2.

Figure 12.C.20 Loading data for WINBEF solution (Example 12.7).
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Example 12.8 Annular Raft Foundation

Design an annular (circular) raft for a circular tank whose outer diameter is 12m and is

supported by a ring beam of 9m diameter. The inner diameter of the annulus is 8m. The

factored soil pressure under the raft is 80 kN/m2 and a linearly varying soil pressure due to
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Figure 12.C.21 (a) BEF deflection diagram; (b) BEF bending moment diagram; (c) BEF shear force

diagram; and (d) BEF bearing pressure diagram (Example 12.7).
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wind/earthquake¼ � 30 kN/m2, as shown in Figure 12.C.22(a). UseM20 concrete and Fe 460

grade steel.

A. Design of Annular Raft Slab

Let the thickness of the raft slab be 20 cm. The self weight of raft slab and that of the earth

directly above it are not considered for the design of raft slab itself as these are directly
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Figure 12.C.21 (Continued )

20
0 

80 kN/m2 80 kN/m2

30 kN/m2

30 kN/m2

Raft slab

4000 mm

5000 mm 6000 mm

(a)

Figure 12.C.22 (a) Sectional elevation of raft with opening and pressure distribution; and (b)

reinforcement in raft slab (Example 12.8).
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supported by the soil below it (see Figure 12.C.22(a) for details).

For the purpose of analysis of the base raft slab, it may be assumed to be supported on

fictitious supports at the outer periphery and loaded with:

1. A uniformly distributed load of þ 60 kN/m2 acting upward.

2. A uniformly varying factored load of�30 to þ 30 kN/m2 due to reversible earthquake

load.

3. A downward load of p
4
ð122�82Þ � 80 ¼ 5026:5 kN acting on the periphery of a

concentric circle of 9.0m diameter.

The moments due to each of these three types of load may be computed as follows.

1. Moments due to uniformly distributed load acting upward

The radial and circumferential moments are given as follows:

Mr ¼ 3

16
wr2�wb2

4
loge

r

a

	 

þ 3

4
1 þ a2

b2
� a2

r2

� �
þ a2�r2

a2�b2
� �

b

r

� �2

loge
a

b

	 
h i( )

ð12:C:70Þ

My ¼ 1

16
wr2�wb2

4
loge

r

a

	 

þ 3

4
� 1

3
þ a2

b2
þ a2

r2

� �
� a2 þ r2

a2�b2
� �

b

r

� �2

loge
a

b

	 
h i( )

ð12:C:71Þ
where

w ¼ 80 kN=m2; a ¼ 12=2 ¼ 6 m; b ¼ 8=2 ¼ 4 m

The values of Mr and My for different values of r are given in Table 12.C.8

2. Moments due to uniformly varying load � p per unit area
The radial and circumferential moments are given as follows:

20
0

10 mm bars @ 90 mm c/c

(11 bars)

10 mm bars @ 100 mm c/c

(9 bars)

10 mm bars @ 90 mm c/c

(11 bars)

10 mm bars @ 60 mm c/c

(15 bars)

(b)

10 mm bars @ 450 mm c/c

(3 bars)

4000 mm

Figure 12.C.22 (Continued )
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Assuming Poisson’s ration m ¼ 0

Mr ¼ pa2

48d3
5 d4�d6� a4

a2 þ 1

� �
þ 3

a6

a2 þ 1
�a4d2

� �
þ 8a4d4

a2 þ 1

� �
cosy ð12:C:72Þ

My ¼ � pa2

48d3
d6� 8

3

a4d4

a2 þ 1

� �� �
þ 3

a6

a2 þ 1
þ a4d2

� �
�5 d4

3
þ a4

a2 þ 1

� � �
cosy

ð12:C:73Þ
where

b ¼ aa or a ¼ b

a
¼ 4

6
¼ 0:667

r ¼ da or d ¼ r

a
¼ r

6

cosy ¼ 1:0 for y ¼ 0; p ¼ 30 kN=m2

The values of Mr and My for different values of r are given in Table 12.C.9.

3. Moments due to concentric load

The radial and circumferential moments are given as follows:

For r( c

Mr ¼ P

4p
a2

ða2�b2Þ 1� b2

r2

� �
l ð12:C:74Þ

My ¼ P

4p
a2

a2�b2ð Þ 1 þ b2

r2

� �
l ð12:C:75Þ

For r > c

Mr ¼ P

4p
loge

c

r

	 

�0:5 þ r2�a2

a2�b2
� �

a

r

	 
2

l þ c2

2r2

� �
ð12:C:76Þ

Table 12.C.8 Moments due to uniformly distributed load.

r 4.0 5.0 6.0

Mr (kNm/m) 0 �46.72 0

My (kNm/m) �452.90 �368.98 �312.40

Table 12.C.9 Moments due to uniformly varying pressure.

r � 4.0 � 5.0 � 6.0

Mr (kNm/m) 0 � 13.66 0

My (kNm/m) � 41.88 � 28.56 � 21.15
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My ¼ P

4p
loge

c

r

	 

þ 0:5 þ r2 þ b2

a2�b2
� �

a

r

	 
2

l� c2

2r2

� �
ð12:C:77Þ

where

l ¼ loge
a

c

	 

þ 0:5� c2

2a2
; c ¼ 5

P ¼ 5026:5 kN acting on the periphery of concentric circle.

The values of Mr and My for different values of r are given in Table 12.C.10.

The netmoments in the slab can be obtained by adding algebraically themoments due to

each type of loads. The net moments are given in Table 12.C.11.

The depth of slab will be based on a maximummoment of 71.52 kNm/m. It can be seen

that radial moments are sagging throughout. Circumferential moments are hogging in one

half of the slab, with sagging in the other half. Since the earthquake loading on the tank is

reversible, circumferential steel should be provided for sagging as well as hogging

moments in each half of the raft slab. Consider a 1m wide strip for design, B¼ 1m.

Effective depth d is given by

d ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

M

0:138fckB

s
ð12:C:78Þ

d ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

71:524� 106

0:138� 20� 1000ð Þ

s
¼ 160:98 mm

Note that stresses are not increased by 33.33% in the limit state designmethod in the case of

earthquake loading. Adopt effective depth as d ¼ 180 mm and overall depth as

D ¼ 200 mm. The code requires a minimum depth of raft equal to 150mm.

Table 12.C.10 Moments due to concentric load.

r 4.0 5.0 6.0

Mr (kNm/m) 0 86.86 0

My (kNm/m) 482.54 395.68 336.68

Table 12.C.11 Net moments in raft slab.

r � 4.0 � 5.0 � 6.0

Mr (kNm/m) 0 53.78 0

26.47

My (kNm/m) þ 71.52 55.53 45.43

�12.24 �1.86 3.13
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B. Design for Reinforcement:

1. Radial steel for a moment of 53.785 kNm/m

Ast1 ¼ 0:5
20

460
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4:6� 53:785� 106

20� 1000� 1802

s2
4

3
51000� 180 ¼ 836:41 mm2

Use 10mm bars, Af ¼ 78:5398 mm2

Number of bars ¼ n ¼ 836:41
p
4
102

¼ 10:64 ffi 11bars

Spacing of long bars ¼ s ¼ 1000� 78:5398

836:41
¼ 93:90 mm ffi 90 mm

Use 11–10mm F bars @ 90mm c/c radially.

2. Circumferential steel for a sagging moment of 71.52 kNm/m @ r¼ 4m

Ast ¼ 0:5
fck

fy
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4:6�My � 106

fckBd2

s2
4

3
5Bd

Ast1 ¼ 0:5
20

460
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4:6� 71:524� 106

20� 1000� 1802

s2
4

3
51000� 180 ¼ 1167:6 mm2

Use 10mm bars, Af ¼ 78:5398 mm2

Number of bars ¼ 1167:6
p
4
102

¼ 14:86 ffi 15 bars

Spacing of long bars ¼ s ¼ 1000� 78:5398

1167:6
¼ 67:266 mm ffi 60 mm

Use 15–10mm F bars for circumferential steel reinforcement sagging moment

(@ r¼ 4m) @ 60mm c/c.

3. Circumferential steel for a sagging moment of 55.25 kNm/m @ r¼ 5m

Ast1 ¼ 0:5
20

460
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4:6� 55:2563� 106

20� 1000� 1802

s2
4

3
51000� 180 ¼ 862:5042 mm2

Use 10mm bars, Af ¼ 78:5398 mm2

Number of bars ¼ n ¼ 862:50
p
4
102

¼ 10:98 ffi 11 bars

Spacing of long bars ¼ s ¼ 1000� 78:5398

862:50
¼ 91:06 mm ffi 90 mm

Use 11–10mm F bars for circumferential steel reinforcement sagging moment

(@ r¼ 5m) @ 90mm c/c.
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4. Circumferential steel for sagging moment of 45.43 kNm/m @ r¼ 6m

Ast1 ¼ 0:5
20

460
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4:6� 45:4345� 106

20� 1000� 1802

s2
4

3
51000� 180 ¼ 692:2708 mm2

Use 10mm bars, Af ¼78.5398mm2

Number of bars ¼ n ¼ 692:27
p
4
102

¼ 8:81 ffi 9 bars

Spacing of long bars ¼ s ¼ 1000� 78:5398

692:27
¼ 113:45 mm ffi 100 mm

Use 9–10mm F bars for circumferential steel reinforcement for sagging moment (@ r

¼ 6m) @ 100mm c/c.

5. Circumferential steel for hogging moment of 12.24 kNm/m

Ast1 ¼ 0:5
20

460
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4:6� 12:24� 106

20� 1000� 1802

s2
4

3
51000� 180 ¼ 173:86 mm2

Use 10mm bars, Af ¼ 78:5398 mm2

Number of bars ¼ n ¼ 173:86
p
4
102

¼ 2:21 ffi 3 bars

Spacing of long bars ¼ s ¼ 1000� 78:5398

173:86
¼ 451:74 mm ffi 450 mm

Use 3–10mm F bars for circumferential steel reinforcement for hogging moment (at

the top of the slab thought) @ 450mm c/c. The raft can be checked for shear and

development length.

The reinforcement details are shown in Figure 12.C.22(b).

Example 12.9 Circular Raft Foundation

Design a circular raft for a circular tankwhose outer diameter is 12m and is supported by a ring

beam of 9m diameter. The inner diameter of the annulus is 8m. The factored soil pressure

under the raft is 80 kN/m2 and a linearly varying soil pressure due to wind/earthquake¼
� 30 kN/m2. Use M 15 concrete and Fe 415 grade steel.

A. Design of Circular Raft Slab
The raft and loading details are shown in Figure 12.C.23(a).

The self weight of raft slab and that of the earth directly above it are not considered for

the design of raft slab itself as these are directly supported by the soil below it. For the

purpose of analysis of the base raft slab, it may be assumed to be supported on factious

supports at the outer periphery and loaded with:

1. A uniformly distributed load of þ 80 kN/m2 acting upward.

2. Auniformly varying factored load of�30 to þ 30kN/m2 due to reversible earthquake load.

Themoments due to each of these two types of loadmay be computed as follows (Kurian,

1992).
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1. Moments due to uniformly distributed load acting upward

The radial and circumferential moments are given as follows.

Let a ¼ c

a
; b ¼ b

a
; r ¼ r

a

If r � b

55
0

80 kN/m2 p = 80 kN/m2

30 kN/m2

q = 30 kN/m2

Circular 
raft slab

b = 5000 mm

(a)

a = 6000 mm

c = 0

 = r/a

 = r/a

Figure 12.C.23 (a) Sectional elevation of circular raft and pressure distribution; and (b) reinforcement

in raft slab (Example 12.9).
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K1 ¼ 2ð1 þ a2Þ 3 þ m
1 þ m

� �
� 8a4logea

1�a2 �4b
2 1�m
1 þ m

� �
�8 1 þ logeð1 þ bÞ½ �

K2 ¼ 4a2
3 þ m
1�m

� �
� 16a4logea

1�a2
1 þ m
1�m

� �
�16a2 1 þ m

1�m
� �

1 þ logeð1 þ bÞ½ ��8a2b2

2
6664

ð12:C:79Þ

VMr1 ¼ pa2

64
4ð3 þ mÞr2�16a2ð1 þ mÞloger�8a2 3 þ mð Þ þ 2ð1 þ mÞK1�ð1�mÞK2r�2
� �

ð12:C:80Þ

VMy1¼pa
2

64
4ð1þ3mÞr2�16a2ð1þmÞloger�8a2ð1þ3mÞþ2ð1þmÞK1þð1�mÞK2r�2
� �

ð12:C:81Þ
If r>b

K jq¼K1þ8 1þ logeð1þbÞ½ �ð1�a2Þ ð12:C:82Þ

K
j
2¼K2�8b2ð1�a2Þ ð12:C:83Þ

VMr2¼pa
2

64
4ð3þmÞr2�16ð1þmÞloger�8ð3þmÞþ2ð1þmÞK j1�ð1�mÞK j2r�2
h i

ð12:C:84Þ

VMy2¼pa
2

64
4ð1þ3mÞr2�16ð1þmÞloger�8ð1þ3mÞþ2ð1þmÞK j1þð1�mÞK j2r�2
h i

ð12:C:85Þ

VQr2¼pa
2
ðr�r�1Þ ð12:C:86Þ

2. Moments due to uniformly varying load � q per unit area

The radial and circumferential moments are given as follows.

If r <¼ b

K3 ¼ 3

b2
�3b2 1�m

3 þ m

� �
�8 1 þ a4

1 þ a2

� �
2 þ m
3 þ m

� �

K4 ¼ 3b2a4� 3a4

b2
3 þ m
1�m

� �
þ 8

a4

1 þ a2

� �
2 þ m
1�m

� �

K5 ¼ 12a4

2
6666664

ð12:C:87Þ

MMr1 ¼ qa2

192
4ð5 þ mÞr3 þ 2ð3 þ mÞK3r þ 2ð1�mÞK4r�3 þ ð1 þ mÞK5r�1
� �

cosy

ð12:C:88Þ
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MMy1 ¼ qa2

192
4ð1 þ 5mÞr3 þ 2ð1 þ 3mÞK3r�2ð1�mÞK4r�3 þ ð1 þ mÞK5r�1
� �

cosy

ð12:C:89Þ
MQr1 ¼ qa

192
ð72r2 þ 8K3�2K5r�2Þcosy ð12:C:90Þ

If r > b

K
j
3 ¼ K3� 3

b2
ð1�a4Þ

K
j
4 ¼ K4 þ 3b2ð1�a4Þ

K
j
5 ¼ 12:0

8>>><
>>>:

ð12:C:91Þ

The expressions forMMr1
j and so on, are the same as for r( b with K3

j, K4
j and K5

j

replacing K3, K4 and K5 respectively. The details of various terms in the above

expression are as follows:

a ¼ 12=2 ¼ 6 m, b ¼ 10=2 ¼ 5 m, a ¼ c
a
¼ 0, b ¼ b

a
¼ 5

6
, r ¼ r

a
¼ r

6
,

cosy ¼ 1:0 for y ¼ 0, q ¼ þ� 30 kN=m2, r varies from 0 to 6 m.

The depth of slab will be based on a maximummoment ofM¼ 499.18 kNm/m (My

@ r¼ 1.0; see Tables 12.C.12–12.C.15). Considering a 1m strip for design, B¼ 1m.

Effective depth d is given by

d ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

M

0:138fckB

s
ð12:C:92Þ

Table 12.C.12 Radial moments and steel reinforcement due to uniformly distributed load and

uniformly varying pressure.

Mr (kNm/m) r¼ 0�0 r¼ 0.1 r¼ 0.2 r¼ 0.3 r¼ 0.4 r¼ 0.5

(1) Due to UDL

80 kN/m2
�346.35 �340.41 �322.59 �292.89 �251.31 �197.85

(2) Due to UVL

þ 30 kN/m2
0.00 �6.18 �11.65 �15.69 �17.58 �16.61

(3) Due to UVL

� 30 kN/m2
0.00 6.18 11.65 15.69 17.58 16.61

(4)¼ (1) þ (2) �346.35 �346.59 �334.24 �308.58 �268.89 �214.45
(5)¼ (1)� (2) �346.35 �334.22 �310.94 �277.20 �233.73 �181.24
Maximum design

value from (4)

and (5)

�346.35 �346.59 �334.24 �308.58 �268.89 �214.45

Radial steel

reinforcement,

Ast (mm2/m)

2183.30

@ top

2185.00

@ top

2095.40

@ top

1912.60

@ top

1638.80

@ top

1279.00

@ top

Number of steel

bars (12mm dia

bars; n)

20 19 17 15 12

Spacing (S; mm c/c

radially)

50 55 60 70 90
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d ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

499:18� 106

0:138� 15� 1000ð Þ

s
¼ 491:07 mm

Note that stresses are not increased by 33.33% in the limit state design method in the case

of earthquake loading. Adopt effective depth as d ¼ 500 mm and overall depth as

Table 12.C.13 Radial moments and steel reinforcement due to uniformly distributed load and

uniformly varying pressure.

Mr (kNm/m) r¼ 0.6 r¼ 0.7 r¼ 0.8 r¼ 0.9 r¼ 1.0

(1) Due to UDL

80 kN/m2
�132.51 �55.29 33.81 26.81 0.00

(2) Due to UVL

þ 30 kN/m2
�12.06 �3.22 10.64 �4.67 0.00

(3) Due to UVL

�30 kN/m2
12.06 3.22 �10.64 4.67 0.00

(4)¼ (1) þ (2) �144.56 �58.50 44.45 22.13 0.00

(5)¼ (1)� (2) �120.45 �52.07 23.18 31.48 0.00

Maximum design value

from (4) and (5)

�144.56 �58.50 44.45 31.48 0.00

Radial steel

reinforcement,

Ast (mm2/m)

840.20

@ top

330.30

@ top

249.80

@ bottom

176.20

@ bottom

0.00

@ bottom

Number of steel bars

(12mm dia bars; n)

8 3 3 2 0.00

Spacing (S) (mm c/c

radially)

130 340 450 600 —

Table 12.C.14 Circumferential moments and steel reinforcement due to uniformly distributed load and

uniformly varying pressure.

My (kNm/m) r¼ 0.0 r¼ 0.1 r¼ 0.2 r¼ 0.3 r¼ 0.4 r¼ 0.5

(1) Due to UDL

80 kN/m2
�346.35 �340.41 �322.59 �292.89 �251.31 �197.85

(2) Due to

UVL þ 30 kN/m2
0.00 �3.57 �6.81 �9.37 �10.92 �11.11

(3) Due to UVL

�30 kN/m2
0.00 3.57 6.81 9.37 10.92 11.11

(4)¼ (1) þ (2) �346.35 �343.98 �329.39 �302.25 �262.22 �208.96
(5)¼ (1)� (2) �346.35 �336.83 �315.78 �283.52 �240.39 �186.73
Maximum design value

from (4) and (5)

�346.35 �343.98 �329.39 �302.25 �262.22 �208.96

Circumferential steel

reinforcement, Ast

(mm2/m)

2183.30

@ top

2166.00

@ top

2060.50

@ top

1868.30

@ top

1593.80

@ top

1243.70

@ top

Number of steel bars

(10mm dia rings; n)

28 28 27 24 21 16

Spacing (S; mm) 30 30 35 40 50 60
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D ¼ 550 mm. The code requires a minimum depth of raft equal to 150mm. Radial and

circumferential steel reinforcement can be calculated by using the following equation

Ast ¼ 0:5
fck

fy
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4:6�M � 106

fckBd2

s2
4

3
5Bd ð12:C:93Þ

Ast ¼ 0:5
15

415
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4:6� 346:35� 106

15� 1000� 5002

s2
4

3
51000� 500 ¼ 2183:30 mm2

Use 12mm bars, Af ¼ 113:09 mm2

Number of bars ¼ n ¼ Ast

AF
¼ 20 bars

Spacing of long bars ðSÞ ¼ 1000� AF

Ast

ffi 50 mm

Use 20–10mm F bars for radial steel reinforcement for hogging moment (@ r¼ 0.0) @

50mm c/c. Similarly we can calculate the radial and circumferential steel reinforcement

for other r values. The details are shown in Tables 12.C.12–12.C.15

The raft can be checked for shear and development length.

The reinforcement is shown in Figure 12.C.23(b).

Table 12.C.15 Circumferential moments and steel reinforcement due to uniformly distributed load and

uniformly varying pressure.

My (kNm/m) r¼ 0.6 r¼ 0.7 r¼ 0.8 r¼ 0.9 r¼ 1.0

(1) Due to UDL

80 kN/m2
�132.51 �55.29 33.81 �405.29 �350.00

(2) Due to UVL þ
30 kN/m2

�9.62 �6.11 �0.23 93.89 91.31

(3) Due to UVL�
30 kN/m2

9.62 6.11 0.23 �93.89 �91.31

(4)¼ (1) þ (2) �142.13 �61.39 33.58 �311.40 �258.69
(5)¼ (1)� (2) �122.88 �49.18 34.04 �499.18 �441.31
Maximum design

value from (4)

and (5)

�142.13 �61.39 34.04 �499.18 �441.31

Circumferential

steel

reinforcement,

Ast (mm2/m)

825.40

@ top

346.90

@ top

190.70

@ bottom

3409.90

@ bottom

2916.50

@ bottom

Number of steel

bars (10mm dia

rings; n)

10 5 3 44 37

Spacing (S; mm) 95 220 400 20 25
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Appendix 12.D Comparative Features of Concrete Codes for
Foundation Design

12.D.1 Introduction

Engineeringdesign ingeneral and foundationdesign inparticular is an iterative process involving

detailed analysis based on appropriate modeling, conceptualization, evaluation of input para-

meters for computation and satisfying the design criteria. Foundation design criteria and final

choice of the dimensions and specifications may have to comply with local practices, building

codes, design codes, and standards.Cities, countries, and regions have developed these codes and

standards depending on the local conditions,materials, and practices and are updated regularly to

keeppacewiththe technicaldevelopments.While themodelingandanalysis isamajorcomponent

of the design process, the final choice of design parameters and specifications (which is the

concluding part of the design process) is essential and has to be based on the local codes and

standards. Thus a major portion of the design process is common to all codes but the final design

dimensions have to be decided as per the local codes and standards. Thus the structural design

examples presented in this book (mainly Appendix 12.C) are based on Indian codes such as IS:

456–2000 (2000) to present a complete design though most of the analysis used is general and

universal. Thus the designs presented in this book (Appendix 12.C) can be easilymodified to suit

applications based on local codes in the final phase since the analysis is general.

To facilitate this final process of foundation design, the comparative features of a few

commonly used structural concrete design codes, that is, Indian code, BS code, Eurocode, and

ACI Code are summarized in this Appendix. The information presented below is considered

relevant to RCC foundation design and is not exhaustive. For further details, the presently

active codes applicable to the geographical location of the site have to be referred to.

All the information given in this Appendix is summarized from the following codes, except

for those mentioned specifically in the text. Symbols not defined here can be taken as those

given in Appendix 12.A or referred to the relevant code mentioned:

1. Indian Standard refers to IS: 456–2000 (2000).

2. British Standard refers to BS 8110-1 (1997).

3. Eurocode refers to DD ENV 1992-1-1:1992 (Eurocode, 1992).

4. ACI code refers to ACI 318M-95 (ACI, 1995).

12.D.2 Partial Safety Factors and Load Combinations

Table 12.D.1 lists partial safety factors. For Eurocode, see Table 12.D.2.

Table 12.D.1 Partial safety factors for loads under ultimate limit states.

Load combination Indian standard British standard ACI code

DL þ LL 1.5DL þ 1.5LL 1.4DL þ 1.6LL 1.4DL þ 1.7LL

DL þ WL 1.5DL þ 1.5WL 1.4DL þ 1.4WL. 0.9DL þ 1.3WL
a0.9DL þ 1.5WL a1.0DL þ 1.4WL

DL þ LL þ WL 1.2DL þ 1.2LL

þ 1.2WL

0.75(1.4DL þ 1.7LL

þ 1.7WL)

aThis value should be considered if stability against overturning or stress reversal is critical.
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12.D.3 Steel Details

Table 12.D.3 lists steel details.

12.D.4 Concrete Details

Table 12.D.4 lists concrete details, Table 12.D.5 lists grades of concrete and steel, and

Table 12.D.6 lists the elastic modulus for concrete and steel.

12.D.5 Maximum Depth of Neutral Axis

Table 12.D.7 lists depth data given by the four codes.

12.D.6 Limiting Moment of Resistance and Tensile Reinforcement Area

1. From Indian Standard

a. If xm
d
<

xm;max

d
, the resistance moment of the section is

Mlim with respect to steel ¼ 0:87syAtðd�0:42xmÞ
¼ 0:87syAtd 1� At

bd

sy
sck

� �

Table 12.D.2 Load combinations and values of partial safety factors for the ultimate limit state

according to Eurocode.

Load combination Load type

Permanent Variable Earth and

water

pressure

Wind

Adverse Beneficial Adverse Beneficial

Permanent and

variable (and

earth and water

pressure)

1.35 (1.40) 1.0 (1.0) 1.50 (1.60) 0 (0) 1.35 (1.40) —

Permanent and

wind (and earth

and water

pressure)

1.35 (1.40) 1.0 (�) — — 1.35 (1.40) 1.50 (1.40)

Permanent and

variable and

wind (and earth

and water

pressure)

1.35 (1.2) 1.0 (�) 1.35 (1.2) 0 (�) 1.35 (1.2) 1.35 (1.2)

Note: figures in brackets refer to British standard BS8110 values.
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Table 12.D.3 Yield stress of different steels.

Types of steels Indian standard Eurocode ACI code British standard

Mild steel (MPa) From IS: 432 (part 1),

for bar up to

20mm, 260

— — Hot rolled mild

steel, 250

From IS: 1139, for

bar over 20mm,

240

High-yield

steel (MPa)

From IS: 1139, 425 500 — Hot rolled or cold

worked, 460

Medium tensile

steel (MPa)

From IS: 1786, 415:

for bars up

to 20mm, 360

— — —

For bars between

20–40mm, 345

For bars over 40mm,

330

SAIL-MA (MPa) 300HY, 300 — — —

350HY, 350

410HY, 410

450HY, 450

Billet steel (MPa) — — Grade 40, 276 —

Grade 60, 414

Grade 75, 518

Rail steel (MPa) — — Grade 50, 345 —

Grade 60, 414

Deformed

wire (MPa)

— — Reinforcing, 518 —

Fabric, 483

Cold-drawn

wire (MPa)

— — Reinforcing, 483 —

Fabric, 448 or 386

Table 12.D.4 Shape of test specimen for concrete strength.

Code and clause Clause and contents

Indian standard (IS: 456–2000) Cube 150� 150� 150mm

ACI-318 Cylinder 152.4� 304.8mm

Eurocode Cylinder 152.4� 304.8mm

British standard (BS 1881:1983) Cube 150� 150� 150mm or 100� 100� 100mm

where

At¼ area of tension reinforcement

b¼ breath of beam or breath of web of T-beam.

At ¼ 0:5
sck
sy

1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4:6Mlim � 106

sckbd2

s2
4

3
5
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b. If xm
d
¼ xm;max

d
, the resistance moment of the section is

Mlim ¼ 0:36
xm;max

d
1�0:42 xm;max

d

	 

bd2sck

c. If xm
d
>

xm;max

d
, the section should be redesigned.

2. From Eurocode

For a concrete class less than C 50/60

Mlim with respect to steel ¼ 0:95syAtz

Table 12.D.6 Elastic modulus for concrete and steel.

Standard Elastic modulus

IS: 456–2000 (6.2.3.1) Elastic modulus of concrete

Ec ¼ 5000
ffiffiffiffiffi
fck
p

(in N/mm2)

where fck ¼ characteristic compressive strength

of concrete in N/mm2

Yield strength of steel, Es ¼ 200� 103 (in N/

mm2)

ACI-318 (23.2.1) Ec ¼ 4700
ffiffiffiffiffi
f 0c

p
(in N/mm2) where

fck ¼ specified compressive strength of

concrete, (in N/mm2)

Es ¼ 200� 103 (in N/mm2)

Eurocode Mean value of secant modulus of elasticity of

concrete, Ecm ¼ 9500 fck þ 8ð Þ1=3 (in N/

mm2)

Es ¼ 200� 103 (in N/mm2)

British standard code (BS 8110-2 1985) Ec ¼ 5:5
ffiffiffiffi
fcu
gm

q
(in N/mm2)

where fcu¼ characteristic strength of concrete

and gm is partial safety factor for strength of

materials

Mean values for normal-weight concrete

Ec;28 ¼ K0 þ 0:2fcu;28
where Ec;28¼ static modulus of elasticity at 28d

fcu;28¼ characteristic cube strength at 28 d (in N/

mm2)

Ko¼ constant closely related to the modulus of

elasticity of the aggregate (taken as 20 kN/

mm2 for normal-weight concrete)

At an age t

Ec;t ¼ Ec;28ð0:4 þ 0:6fcu;t=fcu;28Þ
Es ¼ 200� 103 (in N/mm2)

Test for dynamic modulus can be used to obtain

an estimated value for the static modulus of

elasticity of natural aggregate concrete from

the following formula

Ec ¼ 1:25Ecq�19
where Ecq is the dynamic modulus of elasticity
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where

z ¼ d

2
ð1 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�3:53k
p

Þ � 0:95d

k ¼ M

bd2fck

and k0 ¼ 0:60d�0:18d2�0:21
Redistribution ratio, d � 1:0
If k � k0, single tension reinforcement is required.

At ¼ Mlim

0:95syz

where

At¼ area of tension reinforcement

b¼ breath of beam or breath of Web of T-beam.

3. From British Standard

Mlim with respect to steel ¼ 0:95syAtz

where

z ¼ ð0:5 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð0:25�k=0:9Þ

p
Þd � 0:95d

and

k ¼ M

bd2scu
< 0:156

Mlim¼ design ultimate moment, scu¼ characteristic strength of concrete

Table 12.D.7 Maximum depth of neutral axis.

Indian standard Eurocode ACI code British standard

Maximum

depth of

neutral

axis, xm

sy¼ 250N/mm2,

xm ¼ 0:53d
scu� 45N/mm2,

xm ¼ 0:45d
sy¼ 40 ksi (276MPa),

xm ¼ 0:685d
For all values

of scu,
xm ¼ 0:5d

sy¼ 415N/mm2,

xm ¼ 0:48d
scu> 45N/mm2,

xm ¼ 0:35d
sy¼ 50 ksi (345MPa),

xm ¼ 0:635d
sy¼ 500N/mm2,

xm ¼ 0:46d
sy¼ 56 ksi (386MPa),

xm ¼ 0:608d
(d¼ effective depth

of steel)

sy¼ 60 ksi (414MPa),

xm ¼ 0:592d
sy¼ 65 ksi (448MPa),

xm ¼ 0:572d
sy¼ 70 ksi (483MPa),

xm ¼ 0:554d
sy¼ 75 ksi (518MPa),

xm ¼ 0:537d
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At ¼ Mlim

0:95syz

4. From ACI Code

Mlim with respect to steel ¼ fAtsyðd�ðAtsy=1:7scubÞÞ
where

Steel ratio at cross section; r ¼ 0:85scu
sy

1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4Mlim

1:7fscubd2

s" #

Tension steel area, As ¼ rbd
Equation A (for Table 12.D.8)

Mu ¼ fbd2sckqð1�0:59qÞ
For balance design, steel ratio at cross-section

Pmax ¼ 0:75Pb

Pb ¼ 0:85bsck
sy

600

sy þ 600
ðfor S:I: unitsÞ

Since q ¼ pmax
sy
sck

q ¼ 0:75� 0:85bsck
sy

600

sy þ 600

� �
sy
sck

and b1 ¼ 0:85 ðfor concrete with sck < 30 N=mm2Þ:

12.D.7 Limiting Tensile Steel in Rectangular Sections

Table 12.D.9 lists the data provided by all four codes.

12.D.8 Minimum Tension Reinforcement

1. From Indian Standard

a. Beams

The minimum area of tension reinforcement shall be not less than that given by the

following equation

Design consideration j

Moment, without axial load 0.90

Two-way action, bond and anchorage 0.85

Compression members, spiral 0.75

Compression members, tied 0.70

Unreinforced footings 0.65

Bearing on concrete 0.70
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Aminimum

bd
¼ 0:85

sy

Aminimum¼minimum area of tension reinforcement, b¼ breadth of beam or the breadth

of the web of the T-beam, d¼ effective depth, and sy¼ characteristic strength of

reinforcement in N/mm2.

b. Slabs and Footings

Themild steel reinforcement in either direction in slabs shall not be less than 0.15%of the

total cross-sectional area. However, this value can be reduced to 0.12% when high

strength deformed bars or welded wire fabric are used.

Table 12.D.8 Limiting moment of resistance values, N/mm2.

Indian standard Eurocode ACI code British

standard

General

equations

For Fe 250 steel,

0:148sckbd2

For sck� 45N/mm2,

0:136sckbd2

Equation A

(from

Section 12.D.5)

0:156sckbd2

For Fe 415 steel,

0:138sckbd2

For sck> 45N/mm2,

0:11sckbd2

For Fe 500 steel,

0:133sckbd2

For concrete –

grade 15

For Fe 250 steel,

2:22bd2

2:04bd2 For grade 40 steel

(276MPa, 40 ksi)

4:349f bd2

2:34bd2

For Fe 415 steel,

2:07bd2

For grade 50 steel,

(345MPa, 50 ksi)

4:113f bd2

For Fe 500 steel,

2bd2

For grade 60 steel,

(414MPa, 60 ksi)

3:900f bd2

For concrete –

grade 20

For Fe 250 steel,

2:96bd2

2:72bd2 For grade 40 steel

(276 MPa, 40 ksi)

5:798f bd2

3:12bd2

For Fe 415 steel,

2:76bd2

For grade 50 steel,

(345MPa, 50 ksi)

5:484f bd2

For Fe 500 steel,

2:66bd2

For grade 60 steel,

(414MPa, 60 ksi)

5:199f bd2

For concrete –

grade 25

For Fe 250 steel,

3:70bd2

3:40bd2 For grade 40 steel

(276MPa, 40 ksi)

7:247f bd2

3:90bd2

For Fe 415 steel,

3:45bd2

For grade 50 steel,

(345MPa, 50 ksi)

6:855f bd2

For Fe 500 steel,

3:33bd2

For grade 60 steel,

(414MPa, 60 ksi)

6:499f bd2
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2. From British Standard

Aminimum ¼ 0:0024bd ðFor sy ¼ 250MPaÞ
Aminimum ¼ 0:0013bd ðFor sy ¼ 460MPaÞ

3. From ACI Code

a. Flexural Members

At every section of a flexural member where tensile reinforcement is required by

analysis, the minimum area of reinforcement (Aminimum) provided shall not be less than

that given by:

Aminimum ¼
ffiffiffiffiffiffiffi
scu
p
4sy

bd 
 1:4bd

b. Slabs and Foundation
Aminimum ¼ 0:14%

For grade 300 or 350 deformed bars steel – 0.2%.

For grade 420 deformed bars steel – 0.18%.

4. From Eurocode

Aminimumn ¼ 0:26sctmbd
syk

� 0:0013bd ðsctm ¼ 0:3s2=3ck for sck � 50MPaÞ

Table 12.D.9 Limiting tensile steel in rectangular sections (%).

Indian standard Eurocode ACI code British standard

For concrete

– grade 15

For Fe 250 steel,

1.32

— For Fe 250 steel,

2.30

For Fe 250 steel,

1.27

For Fe 415 steel,

0.72

For Fe 415 steel,

1.16

For Fe 415 steel,

0.77

For Fe 500 steel,

0.57

For Fe 500 steel,

0.89

For Fe 500 steel,

0.64

For concrete

– grade 20

For Fe 250 steel,

1.76

For Fe 250 steel,

1.9

For Fe 250 steel,

3.06

For Fe 250 steel,

1.70

For Fe 415 steel,

0.96

For Fe 460 steel,

1.0

For Fe 415 steel,

1.54

For Fe 415 steel,

1.02

For Fe 500 steel,

0.76

For Fe 500 steel,

0.9

For Fe 500 steel,

1.18

For Fe 500 steel,

0.85

For concrete

– grade 25

For Fe 250 steel,

2.20

For Fe 250 steel,

2.4

For Fe 250 steel,

3.83

For Fe 250 steel,

2.12

For Fe 415 steel,

1.19

For Fe 460 steel,

1.3

For Fe 415 steel,

1.93

For Fe 415 steel,

1.28

For Fe 500 steel,

0.94

For Fe 500 steel,

1.2

For Fe 500 steel,

1.48

For Fe 500 steel,

1.06

For concrete

– grade 30

For Fe 250 steel,

2.64

For Fe 250 steel,

2.8

For Fe 250 steel,

4.59

For Fe 250 steel,

2.54

For Fe 415 steel,

1.43

For Fe 460 steel,

1.5

For Fe 415 steel,

2.32

For Fe 415 steel,

1.53

For Fe 500 steel,

1.13

For Fe 500 steel,

1.4

For Fe 500 steel,

1.77

For Fe 500 steel,

1.27
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12.D.9 Maximum Tension Reinforcement

From Indian Standard, Eurocode, and British Standard, the maximum area of tension

reinforcement is limited to 4% of gross cross-sectional area to avoid difficulty in placing

and compacting concrete properly in formwork.

From ACI Code, the maximum area of tension reinforcement is

Amax ¼ 0:75rb
where

Pb ¼ 0:85bsck
sy

600

sck þ 600

12.D.10 Shear Reinforcement

From Eurocode, the maximum permissible shear stress of concrete is

0:243 0:7� scu
247

� �
scu if scu � 50 N=mm2.

From British Standard, the nominal shear stress of concrete must not exceed 0:8
ffiffiffiffiffiffiffi
scu
p

or

5N/mm2.

From ACI, the allowable value of shear stress of concrete should not be more than
f

ffiffiffiffiffiffiffi
scu
p
3

and f ¼ 0:85 (for S.I. units).

Table 12.D.10 lists the data provided by all four codes.

The shear strength of concrete¼ vc.

From Indian Code

vc ¼ 0:85

6b

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
0:80sck

p
ð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 þ 5bÞ

p
�1Þ

b ¼ 0:80sck
6:89pt

pt ¼ 100At

bwd

where bw¼ average web width of a flanged beam

From Eurocode

vc ¼ 0:03sð2=3Þcu 1:6� d

1000

� �
1:2 þ 0:4 100

At

bd

� �� �

Table 12.D.10 Maximum shear stress.

Concrete grade Maximum shear stress, Vcm (N/mm2)

Indian

standard

Eurocode ACI code British

standard

Grade 15 2.5 2.33 1.1 3.10

Grade 20 2.8 3.01 1.3 3.58

Grade 25 3.1 3.64 1.4 4.00

Grade 30 3.5 4.22 1.6 4.38

Grade 35 3.7 4.75 1.7 4.73

Grade 40 4.0 5.23 1.8 5.06
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From British Code

vc ¼
0:79ð100At

bvd
Þ1=3ð400

d
Þ1=4

gm
where

gm ¼ 1:25

100At

bvd
should not be taken as greater than 3.0

400
d

� �1=4
should not be taken as less than 0.67 for members without shear reinforcement

400
d

� �1=4
should not be taken as less than 1.0 for members with shear reinforcement

where bv¼ breath of section (for a flanged beam, this should be taken as the averagewidth of

the rib below the flange).

From ACI code, vc ¼ 0:17
ffiffiffiffiffiffiffi
scu
p

(for S.I. units).

Take into account the effect of ultimate moment and shear at critical section, as follows.

vc ¼ 0:16
ffiffiffiffiffiffiffi
scu
p þ 17:2rw

Vud

Mu

� �� �
� 0:29

ffiffiffiffiffiffiffi
scu
p ðfor S:I: unitsÞ

rw ¼
At

bwd
and

Vud

Mu

� 1:0 ðwhere Vu ¼ design shearÞ:

12.D.11 Punching Shear

Punching shear occurs around the column on a perimeter away from the face of the column or

pedestal. Table 12.D.11 shows values of the perimeter.

Nominal shear stress at the critical section:

From Indian Standard:

For one-way shear action, the nominal shear stress is calculated as follows

tv ¼ vu

bd
where

vu¼ factored vertical shear force

b¼ breadth of the critical section

d¼ effective depth

When shear reinforcement is not provided, the nominal shear stress at critical section should

not exceed ktc, where

Table 12.D.11 Value of the critical section.

Indian standard or ACI code Eurocode or British standard

One-way shear Two-way shear One-way shear Two-way shear

The effective depth

away from the

face of column

or pedestal

0.5 times the

effective depth

away from the

face of column

or pedestal

The effective depth

away from the

face of column

or pedestal

1.5 times the

effective depth

away from the

face of column

or pedestal
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k¼ factor for calculating shear strength of concrete,

tc¼ shear strength of concrete.

The factor k depends on the overall thickness of the slab, Ds, and is given in Table 12.D.12.

On solid slabs, the nominal shear stress, tv¼ k tc. Shear reinforcement may be provided for

slabs of depth greater than 200mm. The development length has to be checked at the same

critical sections as for beams. It is important to check deflections in slab design. For this, the

strip of slab may be checked against span to effective depth ratio (Jain, 1997).

For two-way shear action, the nominal shear stress is calculated as follows

tv ¼ vu

bod

where bo¼ periphery of the critical section.

When shear reinforcement is not provided, the nominal shear stress at the critical section

should not exceed kstc, where

ks ¼ 0:5 þ bc < 1 and bc ¼
short dimension of column or pedestal

long dimension of column or pedestral

tc ¼ 0:25
ffiffiffiffiffiffiffi
sck
p

N=mm2

From Eurocode:

1. The method for punching shear design set out is based on three values of the design shear

resistance at the critical perimeter, as follows:

a. VRd1¼ the design shear resistance per unit length of the critical perimeter, for a slab

without shear reinforcement.

b. VRd2¼ the maximum design shear resistance per unit length of the critical perimeter, for

a slab with shear reinforcement.

c. VRd3¼ the design shear resistance per unit length of the critical perimeter, for a slab with

shear reinforcement.

2. No shear reinforcement is required if Vsd � VRd1

3. IfVsd exceeds VRd1, then shear reinforcement or other forms of shear connector, where their

application can be justified, should be provided such that Vsd � VRd3

4. In the case of a concentrated load or support reaction, the applied shear per unit length is

Vsd ¼ Vsdb
u

where

Vsd is total design shear force developed. In a slab this is calculated along the perimeter u.

For a foundation this is calculated along the perimeter of the base of the truncated punching

shear cone, assumed to form at 33.7�, provided this falls within the foundation.

u is the perimeter of the critical section.

Table 12.D.12 k values for solid slabs.

Ds (mm) 300 275 250 225 200 175 150

k 1.00 1.05 1.10 1.15 1.20 1.25 1.30
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b is a coefficient which takes into account of the effects of eccentricity of loading. In cases
where no eccentricity of loading is possible, b may be taken as 1.0. In other cases:

b¼ 1.50 for corner column.

b¼ 1.40 for edge column.

b¼ 1.15 for internal column.

Based on more rigorous analysis, other values for b may be used, when associated with

appropriate methods for ensuring the anchorage of the reinforcement at the edge of the slab.

From ACI code:

1. One-way shear

For footing with bending action in one direction, the allowable shear is equal to

a. vc ¼ 2
ffiffiffiffiffiffiffiffiffiffiffiffi
sckbd
p ðfor US customary unitsÞ

b. vc ¼ 0:17
ffiffiffiffiffiffiffiffiffiffiffiffi
sckbd
p ðfor S:I: unitsÞ

where f ¼ 0:85 and b¼width of critical section.

2. Two-way shear

ACI Code, Section 11.12.2, allows shear strength (vc) in footings without shear reinforce-

ment for two-way shear action. The smallest of the following is to be taken.

a. For US customary units:

i. vc1 ¼ 4
ffiffiffiffiffiffiffi
sck
p

bod

ii. vc2 ¼ 2 þ 4
bc

	 
 ffiffiffiffiffiffiffi
sck
p

bod

iii. vc3 ¼ asd
bo
þ 2

	 
 ffiffiffiffiffiffiffi
sck
p

bod

b. For S.I. units:

i. vc1 ¼ 1
3

ffiffiffiffiffiffiffi
sck
p

bod

ii. vc2 ¼ 1 þ 2
bc

	 
 ffiffiffiffiffi
sck
p

bod

6

iii. vc3 ¼ asd
bo
þ 2

	 
 ffiffiffiffiffi
sck
p

bod

12

where

bc¼ ratio of long side to short side of rectangular area

bo¼ perimeter of the critical section taken at d/2 from the loaded area

d¼ effective depth of footing

For interior column; as ¼ 40

For edge column; as ¼ 30

For corner column; as ¼ 20

12.D.12 Bond Stress and Development Length

Table 12.D.13 lists design bond stress data.

From Indian Standard:

tbd may increase by 60% for deformed steel bars in tension. These values may be further

increased by 25% for bars in compression. In case of bundled bars in contact, the

development length is given by that for the individual bar and can be increased by 10%

for two bars in contact, 20% for three bars in contact and 33% for four bars in contact.

From Eurocode:

These values are derived from the following formulae: (with gm ¼ 1:5)
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For plain bars, tbd ¼ 0:36
ffiffiffiffiffi
sck
p
gm

and for high bond bars, tbd ¼ 2:25
ffiffiffiffiffiffiffiffiffi
sck0:05
p
gm

(sctk 0.05 is lower characteristic tensile strength (5% fractile), that is, sctk0:05 ¼ 0:21s2=3ck .)

From ACI Code:

This code permits the use of simplified expression to calculate the development length, Ld.

This is based on the fact that current practical construction cases utilize spacing and cover

values along with confining reinforcement, such as stirrups and ties that produced values of
ðC þ KtrÞ

db

 1:5, whereC is a factor which represents the smallest of the side cover, cover over

the bar or wire (in both cases measured to the center of the bar or wire) or one-half the center

to center spacing of the bars or wires, db¼ nominal diameter of bar, wire (in mm), andKtr is

a factor which represents the contribution of confining reinforcement across potential

splitting planes.Moreover, tests indicated that the development length Ld can be reduced by

20% for no.6 and smaller bars.

Based on the ACI Code assumptions and assuming
ðC þ KtrÞ

db

 1:5, the following equations

are adopted for computing the development length.

Table 12.D.13 Design bond stress for mild steel bars.

Concrete Design bond stress, tbd (N/mm2)

Indian standard Eurocode

Plain bars High bond bars

Grade 12 — 0.9 1.6

Grade 15 1.0 0.93 1.9

Grade 16 — 1.0 2.0

Grade 20 1.2 1.1 2.3

Grade 25 1.4 1.2 2.7

Grade 30 1.5 1.3 3.0

Grade 35 1.7 1.4 3.4

Grade 40 1.9 1.5 3.7

Grade 45 — 1.6 4.0

Grade 50 — 1.7 4.3

No. 19 and smaller

bars and deformed wires

No. 22 and larger bars

Clear spacing of bars being

developed or spliced not less than

db, clear cover not less than db,

and stirrups or ties throughout Ld
not less than the code minimum

Ld
db
¼ 12sybcm

25
ffiffiffiffi
sc
p Ld

db
¼ 3sybcm

5
ffiffiffiffi
sc
p

Clear spacing of bars being developed

or spiced not less than 2db and

clear cover not less than db
Other cases Ld

db
¼ 18sybcm

25
ffiffiffiffi
sc
p Ld

db
¼ 9sybcm

10
ffiffiffiffi
sc
p

Note: The entire notations are defined as below.

Structural Design of Foundations 603



b¼ reinforcement location factor

b¼ 1.3when the horizontal reinforcement is so placed thatmore than 300mmof fresh concrete

is cast in the member below the development length or splice

b¼ 1.0 for other reinforcement

c¼ coating factor

c¼ 1.5 when epoxy-coated bars or wires with cover less than 3db, or clear spacing less than 6db
c¼ 1.2 for all other epoxy-coated bars or wires

c¼ 1.0 for uncoated reinforcement

the product of b c need not be taken greater than 1.7

m¼ lightweight aggregate concrete factor

m¼ 1.3 when lightweight aggregate concrete is used

m¼ 1.0 when normal weight concrete is used.

Table 12.D.14 lists data for development length.

12.D.13 Clear Cover for Reinforcement

From Indian Standard, the clear cover to reinforcement which is nearest to the face of amember

should be as follows:

1. At each end of reinforcing bar, not less than 25mm, nor less than twice the diameter of such

bar.

2. For longitudinal bar in a beam, not less than 25mm, nor less than the diameter of such bar.

3. For tensile, compression, shear or other reinforcement in a slab, not less than 15mm, nor less

than the diameter of such bar.

4. Fora longitudinal reinforcingbar inacolumn,not less than40mm,nor less than thediameterof

such bar. Such a large cover is required so as to prevent buckling of themain longitudinal bars

under compression. In the caseof columnsofminimumdimensionof200mmorunder,whose

reinforcing bars do not exceed 12mm, a cover of 25mm may be used.

5. For any other reinforcement, not less than 15mm, nor less than the diameter of such bar.

From Eurocode:

1. To transmit bond forces safely, and to ensure adequate compaction, the concrete cover, to

the bar or tendon being considered, should never be less than:

Table 12.D.14 Development length for single bar.

sy (N/mm2) Concrete grade 15 Concrete grade 20

Indian standard Eurocode Indian standard Eurocode

Tension

bars

Compression

bars

Tension

bars

Compression

bars

250 (plain bars) 55 j 44 j 58 j 46 j 37 j 49 j
415 56 j 47 j 47 j 47 j 38 j 39 j
500 69 j 58 j 57 j 58 j 46 j 47 j
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a. j¼ diameter of the bar, diameter of a tendon or of the duct (post-tensioning)

b. jn¼ equivalent diameter for a bundle

c. (j þ 5mm) or (jn þ 5mm) if dg > 32 mm where dg¼ largest nominal maximum

aggregate size.

2. Theminimum concrete cover to all reinforcement including links and stirrups should not be

less than the appropriate values given in Table 12.D.15.

.

From ACI Code, for cast in place concrete, the minimum concrete cover provided for

reinforcement shall conform with data in Table 12.D.16.

Table 12.D.15 Minimum cover for reinforcement according to Eurocode.

Exposure class Minimum cover for

reinforcement (mm)

Dry environment 15

Humid environment without frost 20

Humid environment with frost 25

Humid environment with frost and de-icing salts 40

Seawater environment without frost 40

Seawater environment with frost 40

Slightly aggressive chemical environment 25

Moderately aggressive chemical environment 30

Highly aggressive chemical environment 40

Table 12.D.16 Minimum cover for reinforcement according to ACI code.

Exposed condition Member type Bar type Minimum

cover (mm)

Concrete cast against

permanently exposed

earth

— All 70

Concrete exposed to earth

or weather

— No. 19 through no. 57 bars 50

No. 16 bar, W31 or D31

wire and smaller

40

Concrete not exposed to

weather or in contact

with ground

Slabs, walls, joists No. 43 and no. 57 bars 40

No. 36 bar and smaller 20

Beams, columns Primary reinforcement,

ties, stirrups, spirals

40

Shells, folded

plate members

No. 19 bar and larger 20

No. 16 bar, W31 or D31

wire, and smaller

15
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12.D.14 Spacing of Reinforcement

From Indian Standard:

1. Minimum distance between bars

a. The clear horizontal distance between two parallel main reinforcing bars should not be

less than the greatest of the following:

i. the diameter of the bar if the diameters are equal

ii. the diameter of the larger bar if the diameters are unequal and

iii. 5mm more than the nominal maximum size of coarse aggregate.

If needle vibrators are used, the horizontal distance between bars of a group may

be reduced to two-thirds the nominalmaximumsize of the coarse aggregate provided that

sufficient space is left between groups of bars to permit the vibrator to be immersed.

b. The clear vertical distance between two parallel main reinforcing bars should not be less

than the greatest of the following:

i. 15mm

ii. The diameter of the larger bar if the diameters are unequal and two-thirds the nominal

maximum size of the coarse aggregate.

2. Maximum distance between bars in tension

The maximum distance between bars is restricted in order to control cracking of concrete

which depends on the stress in the reinforcing bars and the distance between bars. In normal

environments, the crack widths should not exceed 0.3mm. This value decreases for

aggressive environments.

3. Beams

The horizontal distance between parallel reinforcement bars, or groups, near the tension

face of a beam should not exceed the values given in Table 12.D.17. These values depend on

the amount of redistribution of moment carried out in the analysis and the characteristic

strength of the reinforcement.

Table 12.D.17 Maximum clear distance between bars.

sy
(N/mm2)

Code % redistribution to or from section considered

�30 �20 �15 �10 0 þ 10 þ 15 þ 20 þ 30

250 Indian

standard

215 — 260 — 300 — 300 — 300

British

standard

200 225 — 225 280 300 — 300 300

415 Indian

standard

125 — 155 — 180 — 210 — 235

460 British

standard

110 125 — 140 155 170 — 185 200

500 Indian

standard

105 — 130 — 150 — 175 — 195

British

standard

— — — — — — — — —
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From ACI code:

A. Minimum spacing for reinforcement

1. The minimum clear spacing between parallel bars in a layer shall be:

i. db¼ nominal diameter of bar, wire or prestressing strand, mm

ii. but not less than 25mm.

2. Where parallel reinforcement is placed in two or more layers, bars in the upper layers

shall be placed directly above bars in the bottom layer with clear distance between

layers not less than 25mm.

3. In spirally reinforced or tied reinforced compression members, clear distance between

longitudinal bars shall be not less than 1.5db nor 40mm.

4. Clear distance limitation between bars shall apply also to the clear distance between a

contact lap splice and adjacent splices and bars.

B. Maximum spacing for reinforcement

1. Inwalls and slabs other than concrete joist construction, primary flexural reinforcement

shall be spaced not farther apart than three times the wall or slab thickness, or 500mm.

From Eurocode

A. Spacing of reinforcement bars

1. The clear distance (horizontal and vertical) between individual parallel bars or

horizontal layers of parallel bars should be not less than:

i. maximum bar diameter or 20mm

ii. dg þ 5mm if dg > 32 mm (where dg is largest nominal maximum aggregate size).

2. Where bars are positioned in separate horizontal layers, the bars in each layer should be

located vertically above each other and the space between the resulting columns of bars

should permit the passage of an internal vibrator.

3. Lapped bars may touch one another within the lap length.

12.D.15 Design Examples Using Different Codes

Design a square footing to carry a dead load of 500 kN and an imposed load of 300 kN through a

400mmsquare column reinforcedwith 20mmsteel bars in a longitudinal direction. The design

soil pressure (DSP) is 100 kN/m2. The footing is based at 1mbelowground level, unit weight of

soil, gs is 18 kN/m
3. Design the footing according to difference concrete code.

Solution:

Size of bases

Approximate area of footing required (without including self weight)

¼ 500 þ 300

100
¼ 800

100
¼ 8 m2

Assume the area of footing¼ 10m2

Weight of footing including earth ¼ 10� 1� 18 ¼ 180 kN

Total weight of footing on soil ¼ imposed load þ died load þ self weight

¼ 500 þ 300 þ 180

¼ 980 kN

Actual area of footing required ¼ 980

100
¼ 9:8 m2
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Provide 3.2� 3.2m footing (total area¼ 10m2).

1. Net upward pressure

a. According to Indian Standard code (Table 12.D.1)

Ultimate load ¼ 1:5DL þ 1:5LL
¼ 1:5� 500 þ 1:5� 300

¼ 1200 kN

Net soil bearing pressure acting upward due to factored load

¼ 1200

3:2� 3:2

¼ 118 kN=m2

b. According to Eurocode (Table 12.D.2)

Ultimate load ¼ 1:35� Permanent load þ 1:5� Variable load

¼ 1:35� 500 þ 1:5� 300

¼ 1125 kN

Net soil bearing pressure acting upward due to factored load

¼ 1125

3:2� 3:2
¼ 110 kN=m2

c. According to ACI code (Table 12.D.1)

Ultimate load ¼ 1:4DL þ 1:7LL
¼ 1:4� 500 þ 1:7� 300

¼ 1210 kN

Net soil bearing pressure acting upward due to factored load

¼ 1210

3:2� 3:2

¼ 119 kN=m2

2. Moment calculation

The critical section due to moment is at the face of the column on pad footing or at wall in a

strip footing, as shown in the Figure 12.D.1.

a. According to Indian Standard

Bending moment; M

¼ 118� 3:2� 3:2�0:4
2

� �
� 3:2�0:4

2
� 1

2

� �� �
¼ 370:05 kNm

b. According to Eurocode

Bending moment; M

¼ 110� 3:2� 3:2�0:4
2

� �
� 3:2�0:4

2
� 1

2

� �� �
¼ 345 kNm
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c. According to ACI code

Bending moment; M

¼ 119� 3:2� 3:2�0:4
2

� �
� 3:2�0:4

2
� 1

2

� �� �
¼ 373 kNm

3. Effective depth

a. According to Indian Standard code (using Fe 415 steel and grade 20 concrete):

For Fe 415 steel, Mu ¼ 0:138sckbd2 (Table 12.D.8)

d ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Mu

0:138sckb

r
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
370:05� 106

0:138� 20� 3200

s
¼ 205 mm

Adopt 560mmas effective depth and 600mmas overall depth. This increased depth is taken

due to shear requirements.

b. According to Eurocode (using Fe 415 steel and grade 20 concrete):

For sck < 45 N=mm2, Mu ¼ 0:136sckbd2 (Table 12.D.8)

d ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Mu

0:136sckb

r
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
345� 106

0:136� 20� 3200

s
¼ 199 mm

Adopt 560mmas effective depth and 600mmas overall depth. This increased depth is taken

due to shear requirements.

Figure 12.D.1 Critical section due to moment.
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c. According to ACI code [using grade 60 steel (equivalent to Fe 415 steel) and grade 20

concrete], for grade 60 steel (414MPa) and grade 20 concrete, Mu ¼ 5:199fbd2

(Table 12.D.8)

d ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Mu

5:199� f� b

s
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
373� 106

5:199� 0:9� 3200

s
¼ 157 mm

Adopt 560mmas effective depth and 600mmas overall depth. This increased depth is taken

due to shear requirements.

4. Design for tension reinforcement

a. According to Indian Standard code, from Section 12.D.5

As ¼ 0:5
sck
sy

1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4:6�M � 106

sckbd2

s2
4

3
5bd

¼ 0:5
20

415
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4:6� 370:05� 106

20� 3200� 5602

s2
4

3
5� 3200� 560

¼ 1871:71 mm2

Use 10mm bars at 130mm c/c. Area of steel provided¼ 1885mm2.

b. According to Eurocode, from Section 12.D.5

k ¼ M

bd2sck
¼ 345� 106

3200� 5602 � 20
¼ 0:017

Assume d ¼ 1

k0 ¼ 0:60d�0:18d2�0:21
¼ 0:60ð1Þ�0:18ð1Þ2�0:21
¼ 0:21

Since k < k0, no compression steel is required.

z ¼ d

2
1 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�3:53k
ph i

� 0:95d

¼ 560

2
1 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�3:53� 0:0171
ph i

¼ 551:4 mm > 0:95dð532 mmÞ

;As ¼ M

0:95syz
¼ 345� 106

0:95� 415� 532
¼ 1645 mm2

Use 10mm bars at 150mm c/c. Area of steel provided¼ 1649mm2.
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c. According to ACI code, from Section 12.D.5

r ¼ 0:85sck
sy

1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4Mu

1:7fsckbd2

s" #

¼ 0:85� 20

414
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4� 373� 106

1:7� 0:85� 21� 3200� 5602

s2
4

3
5

¼ 1:02� 10�3

As ¼ rbd
¼ 1:02� 10�3 � 3200� 560

¼ 1827:84 mm2

Use 10mm bar at 130mm c/c. Area of steel provided¼ 1885mm2.

5. Shear

a. According to Indian Standard code:

i. One-way shearThe critical section is taken as effective depth, d, away from face of

column, as shown in Figure 12.D.2.

Shear force

Vu ¼ qub
L

2
� c

2
�d

� �

Vu ¼ 118� 3:2� 3:2

2
� 0:4

2
�0:56

� �
¼ 317:18 kN

Nominal shear stress

tv ¼ Vu

bd
¼ 317:18� 103

3:2� 0:56
¼ 0:177 N=mm2:

Figure 12.D.2 Critical section of one-way shear.

Structural Design of Foundations 611



From Section 12.D.9

Shear strength of M20 concrete with 0.11% steel

Pt ¼ 100At

bwd
¼ 100� 1885

3200� 560
¼ 0:1052

b ¼ 0:80sck
6:89Pt

¼ 0:80� 20

6:89� 0:1052
¼ 22:07

vc ¼ 0:85

6b

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
0:80sck

p
ð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 þ 5bð Þ

p
�1Þ

¼ 0:85

6� 22:07

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
0:80� 20
p

ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 þ 5� 22:07ð Þ

p
�1Þ

¼ 0:25 N=mm2

;tv < vc! ok:

ii. Two-way shear.

The critical section is taken at 0.5d away from the face of the column, as shown in

Figure 12.D.3.

Shear force; Vu ¼ Pu b2�ðd þ cÞ2
	 


¼ 118 3:22�ð0:4 þ 0:56Þ2
	 


¼ 1100 kN

From Section 12.D.10

Nominal shear stress; tv ¼ Vu

bod
¼ 1100� 103

4� ð400 þ 560Þ½ � � 560
¼ 0:52 N=mm2

Figure 12.D.3 Critical section of two-way shear.
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Shear strength of concrete¼ kstc

ks ¼ 0:5 þ bc! bc ¼
length of short side of column

length of longert side of column

ks ¼ 0:5 þ 1 ¼ 1:5 � 1:0
;ks ¼ 1:0

tc ¼ 0:25
ffiffiffiffiffiffiffi
sck
p ¼ 0:25�

ffiffiffiffiffi
20
p

¼ 0:52

Shear strength of concrete ¼ kstc ¼ 1:0� 0:52 ¼ 1:118 N=mm2 > 0:52 N=mm2! ok:
b. According to Eurocode:

i. One-way shear

The critical section is taken at an effective depth, d, away from face of column, as

shown in Figure 12.D.2.

Shear force

Vu ¼ qub
L

2
� c

2
�d

� �

Vu ¼ 110� 3:2� 3:2

2
� 0:4

2
�0:56

� �
¼ 295:68 kN

Nominal shear stress

tv ¼ Vu

bd
¼ 295:68� 103

3:2� 0:56
¼ 0:165 N=mm2

From Section 12.D.9, shear strength of concrete

vc ¼ 0:03sð2=3Þck 1:6� d

1000

� �
1:2 þ 0:4 100

At

bd

� �� �

¼ 0:03� ð20Þð2=3Þ � 1:6� 560

1000

� �
1:2 þ 0:4 100

1649

3200� 560

� �� �
¼ 0:284 N=mm2

;tv < vc! ok:

ii. Two-way shear

The critical section is taken at 1.5d away from face of column, as shown in

Figure 12.D.3.

Shear force

Vu ¼ Pu

	
b2�ð1:5d þ cÞ2



¼ 110

	
3:22�ð1:5� 0:56 þ 0:4Þ2



¼ 957 kN

From Section 12.D.10

bo ¼ 4� ð1:5d � 2 þ cÞ ¼ 4� ð3� 560 þ 400Þ ¼ 8320 mm
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Nominal shear stress

tv ¼ Vu

bod
¼ 957� 103

½8320� � 560
¼ 0:21 N=mm2

Shear strength of concrete, vc ¼ 0:284 N=mm2

;tv < vc! ok:

c. According to ACI code:

i. One-way shear

The critical section is taken at an effective depth, d away from the face of the

column, as shown in Figure 12.D.2.

Shear force

Vu ¼ qub
L

2
� c

2
� d

2

� �

Vu ¼ 119� 3:2� 3:2

2
� 0:4

2
�0:56

� �
¼ 319:87 kN

Nominal shear stress

tv ¼ Vu

bd
¼ 319:87� 103

3:2� 0:56
¼ 0:178 N=mm2

From Section 12.D.9

Shear strength of grade 20 concrete

vc ¼ 0:17
ffiffiffiffiffi
fck

p
¼ 0:17�

ffiffiffiffiffi
20
p

¼ 0:76 N=mm2 ;tv < vc! ok:

ii. Two-way shear

The critical section is taken at 0.5d away from the face of the column, as shown in

Figure 12.D.3.

Shear force

Vu ¼ Pu b2�ðd þ cÞ2
	 


¼ 119 3:22� 0:4 þ 0:56ð Þ2
	 


¼ 1109 kN

Nominal shear stress

tv ¼ Vu

bod
¼ 1109� 103

½4� ð400 þ 560Þ� � 560
¼ 0:516 N=mm2

From Section 12.D.10

vc1 ¼ 1

3

ffiffiffiffiffi
fck

p
¼ 1

3
�

ffiffiffiffiffi
20
p

¼ 1:49 N=mm2

bc ¼
long side of rectangular area

short side of rectangular area
¼ 1;

vc2 ¼ 1 þ 2

bc

� � ffiffiffiffiffi
fck
p
6
¼ 1 þ 2

1

� � ffiffiffiffiffi
20
p

6
¼ 2:24 N=mm2
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Assume as¼ 20 (corner column)

vc3 ¼ asd
bo
þ 2

� � ffiffiffiffiffiffiffi
sck
p
12
¼ 20� 560

3840
þ 2

� � ffiffiffiffiffi
20
p

12
¼ 1:83 N=mm2

;tv < vc1; vc2; vc3! ok:

6. Development length of reinforcement

Actual embedment provided at the face of the column¼ 3200�400
2

� ��50¼ 1350mm

a. According to Indian Standard code:

From Table 12.D.14, for sy ¼ 415 N=mm2; scu ¼ 20 N=mm2,f ¼ 10 mm deformed

bars, development length for single bar, Ld ¼ 47f ¼ 47� 10 ¼ 470 mm

;Ld < actual embedment! ok:

Figure 12.D.4 Reinforcement details of footing.

Structural Design of Foundations 615



b. According to Eurocode:

From Table 12.D.14, for sy ¼ 415 N=mm2; scu ¼ 20 N=mm2,f ¼ 10 mm deformed

bars, development length for single bar, Ld ¼ 39f ¼ 39� 10 ¼ 390 mm

;Ld < actual embedment! ok:

c. According to ACI code:

FromSection 12.D.11, for clear spacing of bars (130mm)> diameter of bar (db; 10mm)

Ld

db
¼ 12sybcm

25
ffiffiffiffiffi
sc
p

b ¼ reinforcement location factor ¼ 1:3 horizontal reinforcementð Þ
c ¼ coating factor ¼ 1:2 for expoxy-coated bars or wiresð Þ
m ¼ lightweight aggregate concrete factor ¼ 1:0 for normal weight concreteð Þ

Development length for single bar

Ld ¼ 12sybcm
25

ffiffiffiffiffi
sc
p db ¼ 12� 414� 1:3� 1:2� 1:0

25
ffiffiffiffiffi
20
p � 10 ¼ 693 mm

;Ld < actual embedment! ok:

Table 12.D.18 shows how the codes compare.

Table 12.D.18 Comparison of results according to different codes.

Result Code

Indian Standard code Eurocode ACI code

1. Net upward pressure 118 kN/m2 110 kN/m2 119 kN/m2

2. Moment 370.05 kNm 345 kNm 373 kN/m2

3. Effective depth 205mm (560mm) 199mm (560mm) 157mm (560mm)

4. Tension

(a) Tension reinforcement

required

1871.71mm2 1645mm2 1827.84mm2

(b) Tension reinforcement

provided

10mm bars at

130mm c/c

(1885mm2)

10mm bars at

150mm c/c

(1649mm2)

10mm bars at

130mm c/c

(1885mm2)

5. Shear

(a) One-way shear

(i) Shear force 317.18 kN 295.68 kN 319.87 kN

(ii) Nominal shear stress 0.177N/mm2 0.165N/mm2 0.178N/mm2

(iii) Shear strength of

concrete

0.25N/mm2 0.284N/mm2 0.76N/mm2

(b) Two-way shear

(i) Shear force 1100 kN 957 kN 1109 kN

(ii) Nominal shear stress 0.52N/mm2 0.21N/mm2 0.516N/mm2

(iii) Shear strength of

concrete

1.118N/mm2 0.284N/mm2 1.49N/mm2

6. Development length of

reinforcement required

470mm 390mm 693mm
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The reinforcement details, designed according to these three codes are shown inFigure 12.D.4.

From Table 12.D.18, it can be clearly seen that according to Indian Standard and ACI codes, the

net upward pressure (118 and 119 kN/m2), moment (370.05 and 373 kN/m2), tension reinforce-

ment required (1871.71 and 1827.84mm2) and shear force (317.18 and 319.87 kN for one way,

1100 and 1109kN for twoways) are comparable. However, according Eurocode all these values

are slightly smaller than the values obtained using IS and ACI codes. This is due to the lower

values of partial load factors used in Eurocode.

Whereas for effective depth, the values computed from Indian Standard and Eurocodes are

similar (205 and 199mm), but from ACI codes the value obtained is much smaller (157mm).

However, this value usually will be as per the critical shear force on footing. Therefore, for ACI

code, the effective depth is usually governed by the critical shear force requirement.

From Table 12.D.18, it can also be seen that the shear strength of concrete due to one way

shear according to Indian Standard and Eurocode (0.25 and 0.284N/mm2) are similar but the

value according to ACI code (0.76N/mm2) is much higher. For development length of

reinforcement required, Indian Standard and Eurocode provided similar values (470 and

390mm). These values are much smaller if compared to those obtained from ACI code

(693mm). Since the development lengths provide from the footing is much higher than these

values, it may not influence the design.
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