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Part 1
The Proposition and its Sense

I

1 How can one talk about ‘“‘understanding” and “not under-
standing” a proposition ?
Surely it’s not a proposition until it’s understood ? 39

2 Understanding and signs. Frege against the formalists. Under-
standing like seeing a picture that makes all the rules clear; in that
case the picture is itself a sign, a calculus.

“To understand a language” - to take in a symbolism as a
whole.

Language must speak for itself. 39

3 One can say that meaning drops out of language.
In contrast: “Did you mean that seriously or as a joke?”
When we mean (and don’t just say) words it seems to us as if
there were something coupled to the words. 41

4 Comparison with understanding a piece of music: for explana-
tion I can only translate the musical picture into a picture in
another medium - and why just #hat picture? Comparison with
understanding a picture. Perhaps we see only patches and lines -
“we do not understand the picture”. Secing a genre-picture in
different ways. 41

5 “l understand that gesture” - it says something.

In a sentence a word can be felt as belonging first with one word
and then with another.

A ‘proposition’ may be what is conceived in different ways or
the way of conceiving itself.



A sentence from the middle of a story I have not read.
The concept of understanding is a fluid one. 42

6 A sentencein a code: at what moment of translating does under-
standing begin?

The words of a sentence are arbitrary; so I replace them with
letters. But now I cannot immediately think the sense of the
sentence in the new expression.

The notion that we can only imperfectly exhibit our under-
standing: the expression of understanding has something missing
that is essentially inexpressible. But in that case it makes no sense to
speak of a more complete expression. 43

7 What is the criterion for an expression’s being meant #hus? A
question about the relationship between two linguistic expressions.
Sometimes a translation into another mode of representation. 45

8 Must I understand a sentence to be able to act on it? If “to
understand a sentence” means somehow or other to act on it, then
understanding cannot be a precondition for our acting on it. -
What goes on when I suddenly understand someone else? There
are many possibilities here. 45

9 Isn’t there a gap between an order and its execution ? “I under-
stand it, but only because I add something to it, namely the inter-
pretation.” — But if one were to say “any sentence still stands in
need of an interpretation”, that would mean: no sentence can be
understood without a rider. 46

10 “Understanding a word” — being able to apply it. — “When 1
said ‘I can play chess’ I really could.” How did I know that I
could ? My answer will show in what way I use the word “can”.
Being able is called a szafe. ““To describe a state” can mean various
things. “After all I can’t have the whole mode of application of a
word in my head all at once.” 47



11 It is not a question of an instantaneous grasping. ~

When 2 man who knows the game watches a game of chess, the
experience he has when a move is made usually differs from that of
someone else watching without understanding the game. But this
experience is not the knowledge of the rules. — The understanding
of language seems like a background; like the abi/ity to multiply.

12 When do we understand a sentence ? - When we’ve uttered the
whole of it? Or while uttering it? 50

13 When someone interprets, or understands, a sign in one sense
or another, what he is doing is taking a step in a calculus. -
“Thought” sometimes means a process which may accompany the
utterance of a sentence and sometimes the sentence itself in the
system of language. 50

11

14 Grammar as (e.g.) the geometry of negation. We would like to
say: “Negation has the property that when it is doubled it yields an
affirmation”. But the rule doesn’t give a further description of
negation, it constitutes negation. 52

15 Geometry no more speaks about cubes than logic does about

negation.
It looks as if one could infer from the meaning of negation that
“~ ~ p’’ means p. 52

16 What does it mean to say that the ““is”” in “The rose is red” has a
different meaning from the “is” in “twice two is four” ? Here we
have ome word but as it were different meaning-bodies with a
single end surface: different possibilities of constructing sentences.
The comparison of the glass cubes. The rule for the arrangement of
the red sides contains the possibilities, i.e. the geometry of the
cube. The cube can also serve as a notation for the rule if it belongs
to a system of propositions. 53



17 “The grammatical possibilities of the negation-sign”. The
T-F notation can illustrate the meaning of “not”. The written
symbol becomes a sign for negation only by the way it works — the
way it is used in the game. 55

18 If we derive geometrical propositions from a drawing or a
model, then the model has the role of a sign in a game. We use the
drawing of a cube again and again in different contexts. It is this
sign that we take to be the cube in which the geometrical laws are
already laid up. 55

19 My earlier concept of meaning originates in a primitive
philosophy of language. — Augustine on the learning of language.
He describes a calculus of our language, only not everything that
we call language is this calculus. 56

20 As if words didn’t also have functions quite different from the
naming of tables, chairs, etc. — Here is the origin of the bad
expression: a fact is 2 complex of objects. 57

21 In a familiar language we experience different parts of speech
as different. It is only in a foreign language that we see clearly the
uniformity of words. 58

22 If I decide to use a new word instead of “red’’, how would it
come out that it took the place of the word “red” ? 59

23 The meaning of a word: what the explanation of its meaning
explains. (If, on the other hand by “meaning” we mean a charac-
teristic sensation, then the explanation of meaning would be a
cause.) 59



24 Explanation can clear up misunderstandings. In that case
understanding is a correlate of explanation. — Definitions.

It seems as if the other grammatical rules for a word had to follow
from its ostensive definition. But is this definition really unam-
biguous ? One must understand a great deal of a language in order
to understand the definition. 6o
25 The words “shape”, “colour” in the definitions determine the
kind of use of the word. The ostensive definition has a different role
in the grammar of each part of speech. 61

26 So how does it come about that on the strength of this defi-
nition we understand the word?

What’s the sign of someone’s understanding a game? Can’t he
learn a game simply by watching it being played? Learning and
speaking without explicit rules. We are always comparing language
with a game according to rules. 61

27 The names I give to bodies, shapes, colours, lengths have differ-
ent grammars in each case. The meaning of a name is not the thing
we point to when we give an ostensive definition of the name. 63

28 What constitutes the meaning of a2 word like “perhaps”?

I know how it is used. The case is similar when someone is
explaining to me a calculation “that 1 don’t quite understand”.
“Now I know how to go on.” How do I know that I know how
to goon? 64

29 Is the meaning really only the use of the word ? Isn’t it the way
this use meshes with ourlife ? 65

30 The words “fine” ,“oh™, “perhaps”...can each be the
expression of a feeling. But I don’t call that feeling the meaning of
the word.



I can replace the sensations by intonation and gestures.
I could also treat the word (e.g. “oh”) itself as a gesture. 66

31 A language spoken in a uniform metre.

Relationships between tools in a toolbox.

“The meaning of 2 word: its role in the calculus of language.”
Imagine how we calculate with “red”. And then: the word
“oh” — what corresponds now to the calculus? 67

32 Describing ball-games. Perhaps one will be unwilling to call
some of them ball-games; but it is clear where the boundary is to
be drawn here?

We consider language from one point of view only.

The explanation of the purpose or the effect of a word is not
what we call the explanation of its meaning. It may be that if it is
to achieve its effect a particular word cannot be replaced by any
other, just as it may be that a gesture cannot be replaced by any
other. - We only bother about what’s called the explanation of
meaning and not about meaning in any other sense. 68

33 Aren’t our sentences parts of a mechanism? As in a pianola?
But suppose it is in bad condition? So it is not the effect but the
purpose that is the sense of the signs (the holes in the pianola roll).
Their purpose within the mechanism.

We need an explanation that is part of the caleslus.

“A symbol is something that produces this effect.” — How do 1
know that it is zhe one I meant?”’

We could use a colour-chart: and then our calculus would have
to get along with the visible colour-sample. 69

34 “We could understand a penholder too, if we had given it a
meaning.” Does the understanding contain the whole system of its
application?

10



When I read a sentence with understanding something happens:
perhaps a picture comes into my mind. But before we call “under-
standing” is related to countless things that happen before and
after the reading of #bis sentence.

When I don’t understand a sentence — that can be different
things in different cases.

“Understanding a word” ~ that is infinitely various. 71

35 “Understanding” is not the name of a single process but of more
or less interrelated processes against a background of the actual
use of a learnt language. — We think that if I use the word “under-
standing” in all these cases there must be some one thing that
happens in all of them. Well, the concept-word certainly does show
a kinship but this need not be the sharing of 2 common property
or constituent. — The concept-word “game”. “By ‘knowledge’ we
mean these processes, and these, and similar ones.” 74

111

36 If for our purposes we wish to regulate the use of a word by
definite rules, then alongside its fluctuating use we set a different
use. But this isn’t like the way physics'§ives a simplified descrip-
tion of a natural phenomenon. It is not as if we were saying
something that would hold only of an ideal language. 77

37 We understand a genre-picture if we recognize what the people
in it are doing. If this recognition does not come easily, there is a
period of doubt followed by a familiar process of recognition. If
on the other hand we take it in at first glance it is difficult to say
what the understanding — the recognition say — consists of. There
is no one thing that happens that could be called recognition.

If T want to say “I understand it Jke that” then the “/ike that”
stands for a translation into a different expression. Or is it a sort of
intransitive understanding ? 77
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38 Forgetting the meaning of a word. Different cases. The man
feels, as he looks at blue objects, that the connection between the
word “blue” and the colour has been broken off. We might restore
the connection in various ways. The connection is not made by a
single phenomenon, but can manifest itself in very various pro-
cesses. Do I mean then that there is no such thing as understanding
but only manifestations of understanding ? - a senseless question.

79

39 How does an ostensive definition work ? Is it put to work again
every time the wotd is used ? Definition as a part of the calculus
acts only by being applied. 80

40 In what cases shall we say that the man understands the word
“blue” ? In what circumstances will be be able to say it? or to say
that he understood it in the past?

If he says “I picked the ball out by guesswork, I didn’t understand
the word”, ought we to believe him? “He can’t be wrong if he
says that he didn’t understand the word™’: a remark on the grammar
of the statement “I didn’t understand the word™. 81

41 We call understanding a mental state, and characterize it as a
hypothetical process. Comparison between the grammar of mental
processes and the grammar of brain processes.

In certain circumstances both our picking out a red object from
others on demand and our being able to give the ostensive defi-
nition of the word “red” are regarded as signs of understanding.

We aren’t interested here in the difference between thinking out
loud (or in writing) and thinking in the imagination.

What we call ‘““understanding” is not the behaviour that shows us
the understanding, but a state of which this behaviour is a sign.

82
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42 We might call the recital of the rules on its own a criterion of
understanding, or alternatively tests of use on their own. Or we
may regard the recital of the rules as a symptom of the man’s
being able to do something other than recite the rules.

To understand = to let a proposition work on one.

When one remembers the meaning of a2 word, the remembering
is not the mental process that one imagines at first sight.

The psychological process of understanding is in the same case
as the arithmetical object Three. 84

43 An explanation, a chart, is first used by being looked up, then
by being looked up in the head, and finally as if it had never existed.

A rule as the cause or history behind our present behaviour is of
no interest to us. But a rule can be a hypothesis, or can itself enter
into the conduct of the game. If a disposition is hypothesized in
the player to give the list of rules on request, it is a disposition
analogous to a physiological one. In our study of symbolism there
is no foreground and background. 85

44 What interests s in the sign is what is embodied in the gram-
mar of the sign. 87

v

45 The ostensive definition of signs is not an application of lan-
guage, but part of the grammar: something like a rule for transla-
tion froma gesture language into a word-language. - What belongs
to grammar are all the conditions necessary for comparing the
proposition with reality —all the conditions necessary for its
sense. 88

46 Does our language consist of primary signs (gestures) and
secondary signs (words)?

Obviously we would not be able to replace an ordinary sentence
by gestures.

13



“Is it an accident that in order to define the signs I have to go
outside the written and spoken signs ?”” In that case isn’t it strange
that I can do anything at all with the written signs ? 88

47 We say that a red label is the primary sign for the colour red,
and the word a secondary sign. — But must a Frenchman have a
red image present to his mind when he understands my explana-
tion “red = rouge”? 89

48 Are the primary signs incapable of being misinterpreted? Can
one say they don’t any longer need to be understood? 90

49 A colour chart might be arranged differently or used differently,
and yet the words mean the same colours as with us.

Can a green label be a sample of red?

Can it be said that when someone is painting a certain shade of
green he is copying the red of a label?

A sample is not used like a name. 90

so “Copy” can mean various things. Various methods of com-
parison.

We do not understand what is meant by “‘this shade of colour is
a copy of this note on the violin.” It makes no sense to speak of a
projection-method for association. 91

51 We can say that we communicate by signs whether we use
words or samples, but the game of acting in accordance with
words is different from the game of acting in accordance with
samples. 92

s2 “There must be some sort of law for reading the chart. — Other-
wise how would one know how the table was to be used ?” It is part of
human nature to understand pointing with the finger in the way
we do.

The chart does not compel me to use it always in the same way.

93
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53 Is the word “red” enough to enable one to look for something
red ? Does one need a memory image to do so?

An order. Is the real order “Do now what you remember doing
then?”

If the colour sample appears darker than I remember it being
yesterday, I need not agree with my memory. 94

54 “Paint from memory the colour of the door of your room”
is no more unambiguous than *“paint the green you see on this
chart.”

I see the colour of the flower and recognize /7.

Evenif1say “no, this colour is brighter than the one I saw there,”
there is no process of comparing two simultaneously given shades
of colour.

Think of reading aloud from a written test (or writing to dic-
tation). 95

55 “Why do you choose #4is colour when given this order?” -
“Because #his colour is opposite to the word ‘red’ in my chart.”
In that case there is no sense in this question: “Why do you call
‘red’ the colour in the chart opposite the word ‘red’ ?”

The connection between “language and reality” is made by
definitions of words — which belong to grammar. 96

56 A gesture language used to communicate with people who have
no word-language in common with us. Do we feel there too the
need to go outside language to explain its signs?

The correlation between objects and names is a part of the
symbolism. It gives the wrong idea if you say that the connection
is a psychological one. 97

57 Someone copies a figure on the scale of 1 to 10. Is the under-
standing of the general rule of such mapping contained in the
process of copying ?

I



Or was the process merely in agreement with that rule, but also in
agreement with other rules? 97

58 Even if my pencil doesn’t always do justice to the model, my
intention always does. 98

s9 For our studies it can never be essential that a symbolic phe-
nomenon occurs in the mind and not on paper.

An explanation of a sign can replace the sign itself ~ this con-
trasts with causal explanation. 99

6o Reading. — Deriving a translation from the original may also
be a visible process.

Always what represents is the sysfem in which a sign is used.

If ‘mental’ processes can be true and false, their descriptions
must be able to as well. 99

61 Every case of deriving an action from a command is the same
kind of thing as the written derivation of a result.

“I write the number ‘16’ here because it says ‘x?’ there.”

It might appear that some causality was operating here, but that
would be a confusion between ‘reason’ and ‘cause’. 101

v

62 “That’s bim”’ — that contains the whole problem of representa-
tion.

I make a plan: I see myself acting thus and so. “How do I
know that it’s myself?”” Or “How do I know that the word ‘I’
stands for me?”

The delusion that in thought the objects do what the proposition
states about them.

“I meant the victor of Austerlitz” — the past tense, which looks
as if it was giving a description, is deceptive. 102

16



63 “How does one think a proposition? How does thought use
its expression ?”’

Let’s compare belief with the utterance of a sentence: the pro-
cesses in the larynx etc. accompany the spoken sentence which alone
interests us — not as part of a mechanism, but as part of a calculus.

We think we can’t describe thought after the event because the
delicate processes have been lost sight of.

What is the function of thought ? Its effect does not interest us.

103

64 But if thinking consists only in writing or speaking, why
shouldn’t a machine do it?

Could 2 machine be in pain?

It is a travesty of the truth to say: thinking is an activity of our
mind, as writing is an activity of the hand. 10§

65 ‘Thinking’ ‘Language’ are fluid concepts.

The expression “mental process” is meant to distinguish
‘experience’ from ‘physical processes’; or else we talk of ‘uncon-
scious thoughts’ — of processes in 2 mind-model; or else the word
“thought” is taken as synonymous with “sense of a sentence”. 106

66 The idea that one language in contrast to others can have an
order of words which corresponds to the order of thinking.

Is it, as it were, a2 contamination of the sense that we express it in
a particular language ? Does it impair the rigour and purity of the
proposition 25 x 25 = 625 that it is written down in a particular
number system?

Thought can only be something common-or-garden. But we
are affected by this concept as we are by that of the number one. 107

67 What does man think for ? There is no such thing as a “thought-

17



experiment”. I believe that more boilers would explode if people
did not calculate when making boilers. Does it follow that there
will in fact be fewer ? The belief that fire will burn me is of the same
nature as the fear that it will burn me. 109

68 My assumption that this house won’t collapse may be the
utterance of a sentence which is part of a calculation. I do have
reasons for it. What counts as a reason for an assumption deter-
mines a calculus. - So is the calculus something we adopt arbi-
trarily ? No more so than the fear of fire.

As long as we remain in the province of true-false games a
change of grammar can only lead us from one game to another,
and never from something true to something false. 110

Vi

69 Whatis a proposition ? - Do we have a single general concept of
proposition ? 112

70 “What happens when a new proposition is taken into the
language: what is the criterion for its being a proposition 2>’

In this respect the concept of number is like the concept of propo-
sition. On the other hand the concept of cardinal number can be
called a rigorously circumscribed concept, that’s to say it’s a
concept in a different sense of the word. 113

71 I possess the concept ‘language’ from the languages I have
learnt. “But language can expand”: if “‘expand’ makes sense here,
I must #ow be able to specify how I imagine such an expansion.

No sign leads us beyond itself.

Does every newly constructed language broaden the concept of
language ? - Comparison with the concept of number. 114
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72 The indeterminacy of generality is not a logical indeterminacy.

The task of philosophy is not to create an ideal language, but to
clarify the use of existing language.

I’m allowed to use the word “rule” without first tabulating the
rules for the word. - If philosophy was concerned with the
concept of the calculus of all calculi, there would be such a thing
as metaphilosophy. But there is not. 188

73 Itisn’t on the strength of a particular property, the property of
being a rule, that we speak of the rules of a game. - We use the

word “rule” in contrast to “word”, “projection’ and some other
words. 116

74 We learnt the meaning of the word “plant” by examples. And
if we disregard hypothetical dispositions, these examples stand
only for themselves. —

The grammatical pace of the word “game” “rule” etc is given
by examples in rather the way in which the place of a meeting is
specified by saying that it will take place beside such and such 2
tree. 117
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75 Meaning as something which comes before our minds when we
hear a word.

“Show the children a game™.

The sentence “The Assyrians knew various games” would
strike us as curious since we wouldn’t be certain that we could give
an example. 118

76 Examples of the use of the word ““wish””. Our aim is not to give
a theory of wishing, which would have to explain every case of
wishing.

The use of the words “proposition”, “language”, etc. has the
haziness of the normal use of concept-words in our language. 119

77 The philosophy of logic speaks of sentences and words in the
sense in which we speak of them in ordinary life.
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(We are not justified in having any more scruples about our
language than the chess player has about chess, namely none.) 121

78 Sounding like a sentence. We don’t call everything ‘that sounds
like 2 sentence’ a sentence. - If we disregard sounding like a
sentence do we still have a general concept of proposition ?

The example of a language in which the order of the words ina
sentence is the reverse of the present one. 122

79 The definition “A proposition is whatever can be true or false”.
~ The words “true” and “false” are items in a particular notation
for the truth-functions.

€€ € 9

Does ““ ‘p’ is true’ state anything about the sign ‘p’? 123

80 In the schema “This is how things stand” the “how things
stand” is a handle for the truth-functions.

A general propositional form determines a proposition as part
of a calculus. 124

81 The rules that say that such and such a combination of words
yields no sense.

“How do I know that red can’t be cut into bits ?”” is not a ques-
tion. I must begin with the distinction between sense and nonsense.
I can’t give it a foundation. 125

82 “ How must we make the grammatical rules for words if they
are to give a sentence sense ?”’ —

A proposition shows the possibility of the state of affairs it
describes. “Possible” here means the same as “conceivable”;
representable in a particular system of propositions.

The proposition “I can imagine such and such a colour tran-
sition connects the linguistic representation with another form of
representation; it is a proposition of grammar. 127

83 It looks as if we could say: Word-language allows of senseless

combinations of words, but the language of imagining does not
allow us to imagine anything senseless.

20



“Can you imagine it’s being otherwise ?”” — How strange that
one should be able to say that such and such a state of affairs is
inconceivable! 128

84 The role of a proposition in the calculus is its sense.
It is only in language that something is a proposition. To
understand a proposition is to understand a language. 130

Vil

85 Symbols appear to be of their nature unsatisfied.
A proposition seems to demand that reality be compared with it.
“A proposition like a ruler laid against reality.” 132

86 If you see the expression of an expectation you see what is being
expected.
It looks as if the ultimate thing sought by an order had to remain
unexpressed. — As if the sign was trying to communicate with us.
A sign does its job only in a grammatical system. 132

87 Itseems as if the expectation and the fact satisfying the expecta-
tion fitted together somehow. Solids and hollows. — Expectation
is not related to its satisfaction in the same way as hunger is related
to its satisfaction. 133

88 The strange thing that the event I expected isn’t distinct from
the one I expected. — ““The report was not so loud as I had expec-
ted.”

“How can you say that the red which you see in front of you is
the same as the red you imagined ?”’ — One takes the meaning of the
word “red” as being the sense of a proposition saying that some-
thing is red. 134

89 A red patch looks different from one that is not red. But it
would be odd to say ““a red patch looks different when it is there
from when it isn’t there”. Or: “How do you know that you are
expecting a red patch?” 135

21



90 How can I expect the event, when it isn’t yet there at all? -
I can imagine a stag that is not there, in this meadow, but not kill
one that is not there. — It is not the expected thing that is the ful-
filment, but rather its coming about. It is difficult for us to shake
off this comparison: a man makes his appearance ~ an event makes
its appearance. 136

91 A search for a particular thing (e.g. my stick) is a particular
kind of search, and differs from a search for something else because
of what one does (says, thinks) while searching, not because of
what one finds. — Contrast looking for the trisection of the angle.

138

92 The symptoms of expectation are not the expression of expec-
tation.

In the sentence “I expect that he is coming” is one using the
words “he is coming™ in a different sense from the one they have
in the assertion “he is coming”’?

What makes it the expectation precisely of him ?

Various definitions of “‘expecting a person X’

It isn’t a later experience that decides what we are expecting.
“Let us put the expression of expectation in place of the expecta-
tion.” 138

93 Expectation as preparatory behaviour.

“Expectation is a thought”

If hunger is called a wish it is a hypothesis that just that will
satisfy the wish.

In “I have been expecting him all day”” “expect’ does not mean
a persistent condition. 140
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94 When I expect someone, ~ what happens ?
What does the process of wanting to eatanapple consistin? 141
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95 Intention and intentionality. —

“The thought that p is the case doesn’t presuppose that it is the
case; yet I can’t think that something is red if the colour red does
notexist.” Here we mean the existence of a red sample as part of our
language. 142

96 It’s beginning to look somehow as if intention could never be
recognized as énsention from the outside, But the point is that one
has to read off from a thought that it is the thought that such and
such is the case. 143

97 This is connected with the question whether a machine could
think. This is like when we say: “The will can’t be 2 phenomenon,
for whatever phenomenon you take is something that simply
happens, not something we do.”” But there’s no doubt that you alse
have experiences when you move your arm voluntarily, although
the phenomena of doing are indeed different from the pheno-
mena of observing. But there are very different cases here. 144

98 The intention seems to interpret, to give the final interpretation.

Imagine an ‘abstract’ sign-language translated into an un-
ambiguous picture-language. Here there seem to be no further
possibilities of interpretation. — We might say we didn’t enter into
the sign-language but did enter into the painted picture. Exam-
ples: picture, cinema, dream. 145

99 What happens is not that this symbol cannot be further inter-
preted, but: I do no interpreting.

I imagine N. No interpretation accompanies this image; what
gives the image its interpretation is the path on which it lies. 147

100 We want to say: “Meaning is essentially a mental process, not

a process in dead matter.” — What we are dissatisfied with here is
the grammar of process, not the specific kind of process. 148

23



101 Doesn’t the system of language provide me with a medium
in which the proposition is no longer dead? - “Even if the
expression of the wish is the wish, still the whole language isn’t
present during this expression.” But that is not necessary. 149

102 In the gesture we don’t see the real shadow of the fulfilment,
the unambiguous shadow that admits of no further interpretation.

149

103 It’s only considering the linguistic manifestation of a wish
that makes it appear that my wish prefigures the fulfilment. -
Because it’s the wish that just that were the case. - It is in language
that wish and fulfilment meet. 150

104 “A proposition isn’t a mere series of sounds, it is something
more.” Don’t I see a sentence as part of a system of consequences?
152

105 “This queer thing, thought.” — It strikes us as queer when we
say that it connects objects in the mind. - We’re all ready to pass
from it to the reality. — “How was it possible for thought to deal
with the very person himself?”” Here 1 am being astonished by my
own linguistic expression and momentarily misunderstanding

it. 154

106 “When I think of what will happen tomorrow I am mentally
already in the future.” — Similarly people think that the endless
series of cardinal numbers is somehow before our mind’s eye,
whenever we can use that expression significantly.

A thought experiment is like a drawing of an experiment that is
not carried out. 155

107 We said “one cannot recognize intention as intention from
the outside” - i.c. that it is not something that happens, or happens
to us, but something we do. It is almost as if we said: we cannot see
ourselves going to a place, because it is we who are doing the
going. One does have a particular experience if one is doing the
going oneself. 156
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108 Fulfilment of expectation doesn’t consist in some third thing’s
happening, such as 2 feeling of satisfaction. 157

VIII

109 A description of language must achieve the same result as
language itself.

Suppose someone says that one can infer from a propsotion the
fact that verifies it. What can one infer from a proposition apart
from itself?

The shadowy anticipation of a fact consists in our being able
already to think that that very thing will happen which basn’t yet
happened. 159

110 However many steps I insert between the thought and its
application, each intermediate step always follows the previous
one without any intermediate link, and so too the application
follows the last intermediate step. - We can’t cross the bridge to the
execution (of an order) until we are there. 160

111 It is the calenlus of thought that connects with extra-mental
reality. From expectation to fulfilment is a step in a calculation.

160

112 We are - as it were — surprised, not at anyone’s knowing the
future, but at his being able to prophesy at all(right or wrong). 161

IX

113 Isthe pictorial character of thought an agreement with reality ?
In what sense can I say that a proposition is a picture ? 163

114 The sense of a proposition and the sense of a picture. The
different grammar of the expressions:
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“This picture shows people at a village inn.”
“This picture shows the coronation of Napoleon.” 164

115 A picture’s telling me something will consist in my recog-
nizing in it objects in some sort of characteristic arrangement. —
What does “this object is familiar to me” mean? 165

116 “I see what I see.” I say that because I don’t want to give a
name to what I see. — I want to exclude from my consideration of
familiarity everything that is ‘historical’. ~ The multiplicity of
familiarity is that of feeling at home in what I see. 165

117 Understanding a genre picture: don’t we recognize the painted
people as people and the painted trees as trees, etc. ?

A picture of 2 human face is a no less familiar object than the
human face itself. But there is no question of recognition here. 166

118 The false concept that recognizing always consists in com-
paring two impressions with one another. -

“We couldn’t use words at all if we didn’t recognize them and the
objects they denote.” Have we any sort of check on this recog-
nition ? 167

119 This shape I see is not simply 4 shape, but is one of the shapes
I know. — But it is not as if I were comparing the object with a
picture set beside it, but as if the object coincided with the picture.
I see only one thing, not two. 168

120 “This face has a quite particular expression.” We perhaps look
for words and feel that everyday language is here too crude. 169
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121 That a picture tells me something consists in its own form and
colours. Or it narrates something to me: it uses words so to speak,
and I am comparing the picture with a combination of linguistic
forms. — That a series of signs tells me something isn’t constituted
by its now making this impression on me. “It’s only in a language
that something is a proposition.” 169

122 ‘Language’ is languages. — Languages are systems.
It is units of languages that I call “propositions”. 170

123 Certainly, I read a story and don’t give a hang about any
system of language, any more than if it was a story in pictures.
Suppose we were to say at this point “something is a picture only
in a picture-language.”? 171

124 We might imagine a language in whose use the impression
made on us by the signs played no part.
What I call 2 “proposition” is a position in the game of language.
Thinking is an activity, like calculating. 171

125 A puzzle picture. What does it amount to to say that after the
solution the picture means something to us, whereas it meant
nothing before ? 172

126 The impression is one thing, and the impression’s being
determinate is another thing. The impression of familiarity is
perhaps the characteristics of the determinacy that every strong
impression has. 174

127 Can I think away the impression of individual familiarity
where it exists; and think it into a situation where it does not?
The difficulty is not a psychological one. We have not determined
what that is to mean.

Can I look at a printed English word and see it as if I hadn’t
learnt to read?

I can ascribe meaning to a meaningless shape. 175§
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128 We can read courage into a face and say “now once more
courage fits this face”. This is related to “an attributive adjective
agrees with the subject”.

What do I do if I take a smile now as a kind one, now as mali-
cious? This is connected with the contrast between saying and
meaning. 176

129 A friendly mouth, friendly eyes, the wagging of a dog’s tail
are primary symbols of friendliness: they are parts of the pheno-
mena that are called friendliness. If we want to imagine further
appearances as expressions of friendliness, we read these symbols
into them. It is not that I can imagine that this man’s face might
change so that it looked courageous, but that there is a quite
definite way in which it can change into a courageous face.

Think of the multifariousness of what we call “language”:
word-language, picture-language, gesture-language, sound-lan-
guage. 178

130 ““ “This object is familiar to me’ is like saying ‘this object is
portrayed in my catalogue’.” We are making the assumption that
the picture in our catalbgue is itself familiar.

The sheath in my mjnd as a “form of imagining”. — The pattern
is no longer presented as an object, which means that it didn’t make
sense to talk of a pattern at all.

“Familiarity: an object’s fitting into a sheath” — that’s not quite
the same as our comparing what is seen with a copy.

The question is “What do 1 recognize as what ?”’ For “to recog-
nize a thing as itself” is meaningless. 179

131 The comparison between memory and a notebook.

How did I read off from the memory image that I stood thus at
the window yesterday > What made you so certain when you spoke
those words? Nothing; I was certain.

How do I react to a memory? 181

132 Operating with written signs and operating with “imagina-
tion pictures”.
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An attitude to a picture (to a thought) is what connects it with
reality. 182

X

133 Grammatical rules determine a meaning and are not answer-
able to any meaning that they could contradict.

Why don’t I call cookery rules arbitrary, and why am I tempted
to call the rules of grammar arbitrary?

I don’t call an argument good just because it has the conse-
quences I want.

The rules of grammar are arbitrary in the same sense as the
choice of a unit of measurement. 184

134 Doesn’t grammar put the primary colours together because
there is a kind of similarity between them? Or colours, anyway, in
contrast to shapes or notes?

The rules of grammar cannot be justified by shewing that their
application makes a representation agree with reality.

The analogy between grammar and games. 185

135 Langauge considered as a part of a psychological mechanism.
I do not use “this is the sign for sugar” in the same way as the
sentence “if I press this button, I get a piece of sugar”. 187

136 Suppose we compare grammar to a keyboard which I can use
to direct a man by pressing different combinations of keys. What
corresponds in this case to the grammar of language ?

If the utterance of a ‘nonsensical’ combination of words has the
effect that the other person stares at me, I don’t on that account
call it the order to stare. 188
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137 Language is not defined for us as an arrangement fulfilling
a definite purpose. 189

138 Grammar consists of conventions — say in a chart. This might
be a part of 2 mechanism. But it is the connection and not the effect
which determines the meaning.

Can one speak of a2 grammar in the case where a language is
taught to a person by a mere drill ? 190

139 I do not scruple to snvent causal connections in the mechanism
of language.

To invent a keyboard might mean to invent something that had
the desired effect; or else to devise new forms which were similar
to the old ones in various ways.

“It is always for living beings that signs exist.” 191

140 Inventing a language - inventing an instrument - inventing
a game.

If we imagine a goal for chess - say entertainment — then the
rules are not arbitrary. So too for the choice of a unit of measure-
ment.

We can’t say “without language we couldn’t communicate with
one another”. The concept of language is contained in the concept
of communication. 192

141 Philosophy is philosophical problems. Their common element
extends as far as the common element in different regions of our
language.

Something that at first sight looks like a proposition and is not
one. Something that looks like a design for a steamroller and is not
one. 193

142 Are we willing to call a series of independent signals “a
language™?

Imagine a diary kept with signals. Are explanations given so that
the signals are connected to another language ?
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A language consisting of commands. We wouldn’t say that a
series of such signals alone would enable me to dersve a picture of
the movement of a man obeying them unless in addition to the
signal there is something that might be called a general rule for
translating into drawing.

The grammar explains the meaning of the signs and thus makes

the language pictorial. 194
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Part 1
The Proposition and its Sense






1 How can one talk about ‘understanding’ and ‘not under-
standing’ a proposition? Surely it is not a proposition until it’s
understood ?

Does it make sense to point to a clump of trees and ask “Do you
understand what this clump of trees says?” In normal circum-
stances, no; but couldn’t one express a sense by an arrangement of
trees ? Couldn’t it be a code?

One would call ‘propositions’ clumps of trees one under-
stood; others, too, that one didn’t understand, provided one
supposed the man who planted them had understood them.

“Doesn’t understanding only start with a proposition, with a
whole proposition? Can you understand half a proposition?” -
Half a proposition is not a whole proposition. — But what the
question means can perhaps be understood as follows. Suppose a
knight’s move in chess was always carried out by two movements
of the piece, one straight and one oblique; then it could be said
“In chess there are no half knight’s moves’’ meaning: the relation-
ship of half a knight’s move to a whole knight’s move is not the
same as that of half a bread roll to a whole bread roll. We want to
say that it is not a difference of degree.

It is strange that science and mathematics make use of propo-
sitions, but have nothing to say about understanding those propo-
sitions.

2 We regard understanding as the essential thing, and signs as
something inessential. - But in that case, why have the signs at
all? If you think that it is only so as to make ourselves understood
by others, then you are very likely looking on the signs as a drug
which is to produce in other people the same condition as my own.
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Suppose that the question is “what do you mean by that ges-
ture?” and the answer is “I mean you must leave”. The answer
would not have been more correctly phrased: “I mean what I

? 3

mean by the sentence ‘you must leave’.

In attacking the formalist conception of arithmetic, Frege says
more or less this: these petty explanations of the signs are idle
once we understand the signs. Understanding would be something
like seeing a picture from which all the rules followed, or a picture
that makes them all clear. But Frege does not seem to see that sucha
picture would itself be another sign, or a calculus to explain the
written one to us.

What we call “understanding a language” is often like the
understanding we get of a calculus when we learn its history ot its
practical application. And there too we meet an easily surveyable
symbolism instead of one that is strange to us. - Imagine that
someone had originally learnt chess as a writing game, and was
later shown the ‘interpretation’ of chess as a board game.

In this case “to understand’ means something like “to take in
as a whole”’.

If I give anyone an order I feel it to be quite enough to give him
signs. And if I am given an order, I should never say: “this is only
words, and I have got to get behind the words”. And when I have
asked someone something and he gives me an answer I am con-
tent — that was just what I expected — and I don’t raise the objec-
tion: “but that’s a mere answer.”

But if you say: “How am I to know what he means, when [ see
nothing but the signs he gives?” then I say: “How is ke to know
what he means, when he has nothing but the signs either ?”

What is spoken can only be explained in language, and so in this
sense language itself cannot be explained.

Language must speak for itself.
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3 One can say that meaning drops out of language; because what a
proposition means is told by yet another proposition.

“What did you mean by those words?” “Did you mean those
words.” The first question is not a more precise specification of the
second. The first is answered by a proposition replacing the
proposition which wasn’t understood. The second question is
like: “Did you mean that seriously or as a joke ?”

Compare: “Did you mean anything by that gesture —if so
what »”

In certain of their applications the words “understand”, “mean”
refer to a psychological reaction while hearing, reading, uttering
etc. a sentence. In that case understanding is the phenomenon that
occurs when I hear a sentence in a familiar language and not when
I hear a sentence in a strange language.

Learning a language brings about the understanding of it. But
that belongs to the past history of the reaction. — The under-
standing of a sentence is as much something that happens to me as
is the hearing of a sentence; it accompanies the hearing.

I can speak of ‘experiencing’ a sentence. “I am not merely
saying this, I mean something by it.”” When we consider what is
going on in us when we mean (and don’t just say) words, it seems to
us as if there were something coupled to the words, which other-
wise would run idle. As if they comnected with something in us.

4 Understanding a sentence is more akin to understanding a piece
of music than one might think. Why must these bars be played
just so ? Why do I want to produce just this pattern of variation in
loudness and tempo ? 1 would like to say “Because I know what
it’s all about.” But what is it all about ? I should not be able to say.
For explanation I can only translate the musical picture into a
picture in another medium and let the one picture throw lighton the
other.
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The understanding of a sentence can also be compared with
what we call understanding a picture. Think of a still-life picture,
and imagine that we were unable to see it as a spatial representation
and saw only patches and lines on the canvas. We could say in that
case “we do not understand the picture”. But we say the same thing
in a different sense when although we see the picture spatially we
do not recognize the spatial objects as familiar things like books,
animals and bottles.

Suppose the picture is a genre-picture and the people in it are
about an inch long. If I had ever seen real people of that size, 1
would be able to recognize them in the picture and regard it as a
life-size representation of them. In that case my visual experience
of the picture would 7o# be the same as the one I have when I see the
picture in the normal way as a representation in miniature, although
the illusion of spatial vision is the same in each case. — However,
acquaintance with real inch-high people is put forward here only
as one possible cause of the visual experience; except for that the
experience is independent. Similarly, it may be that only someone
who has already seen many real cubes can see a drawn cube
spatially; but the description of the spatial visual presentation
contains nothing to differentiate a real cube from a painted one.

The different experiences I have when I see a picture first one
way and then another are comparable to the experience I have
when [ read a sentence with understanding and without under-
standing.

(Recall what it is like when someone reads a sentence with a
mistaken intonation which prevents him from understanding it —
and then realizes how it is to be read.)

(To see a watch as a watch, i.e. as a dial with hands, is like seeing
Orion as a man striding across the sky.)

s How curious: we should like to explain the understanding of a
gesture as a translation into words, and the understanding of
words as a translation into gestures.

And indeed we really do explain words by a gesture, and a
gesture by words.
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On the other hand we say “I understand that gesture” in the
same sense as “I understand this theme”, “it says something” and
what that means is that I have a particular experience as I follow it.

Consider the difference it makes to the understanding of a
sentence when a word in it is felt as belonging first with one word
and then with another. I might have said: the word is conceived,
understood, seen, pronounced as belonging first with one word
and then with another.

We can call a ‘proposition’ that which is conceived first in one
way and then in another; we can also mean the various ways of
conceiving it. This is a source of confusions.

I read a sentence from the middle of a story: “After he had said
this, he left her as he did the day before.” Do I understand the
sentence? — It’s not altogether easy to give an answer. It is an
English sentence, and to that extent I understand it. I should know
how the sentence might be used, I could invent a context for it.
And yet I do not understand it in the sense in which I should under-
stand it if I had read the story. (Compare various language-games:
describing a state of affairs, making up a story, etc. What counts as
a significant sentence in the several cases ?)

Do we understand Christian Morgenstern’s poems, or Lewis
Carroll’s poem ““Jabberwocky” ? In these cases it’s very clear that
the concept of understanding is a fluid one.

6 A sentence is given me in unfamiliar code together with the key
for deciphering it. Then, in a certain sense, everything required
for the understanding of the sentence has been given me. And yet
if I were asked whether I understood the sentence I should reply
“I must first decode it” and only when I had it in front of me
decoded as an English sentence, would I say “now I understand
it”.

If we now raise the question “At what moment of translating into
English does understanding begin?” we get a glimpse into the
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nature of what is called “understanding™.

I say the sentence “I see a black patch there”; but the words are
after all arbitrary: so I will replace them one after the other by the
first six letters of the alphabet. Now it goes “a b ¢ d e f. But now
it is clear that — as one would like to say ~ I cannot think the sense
of the above sentence straight away in the new expression. I
might also put it like this: I am not used to saying ““a” instead of
“I”, “b” instead of “see”, “c” instead of “a” and so on. I don’t
mean that I am not used to making an immediate association
between the word “I”” and the sign ““a”; but that I am not used
to using “a” in the place of “I”.

“To understand a sentence” can mean “to know what the
sentence signifies”; i.e. to be able to answer the question “what
does this sentence say ?”’

It is a prevalent notion that we can only imperfectly exhibit our
understanding; that we can only point to it from afar or come
close to it, but never lay our hands on it, and that the ultimate
thing can never be said. We say: “Understanding is something
different from the expression of understanding. Understanding
cannot be exhibited; it is something inward and spiritual.” - Or
“Whatever 1 do to exhibit understanding, whether 1 repeat an
explanation of a word, or carry out an order to show that I have
understood it, these bits of behaviour do not Aave to be taken as
proofs of understanding.” Similarly, people also say “I cannot
show anyone else my toothache; I cannot prove to anyone else that
I have toothache.” But the impossibility spoken of here is supposed
to be a logical one. “Isn’t it the case that the expression of under-
standing is always an incomplete expression?” That means, I
suppose, an expression with something missing — but the some-
thing missing is essentially inexpressible, because otherwise I



might find a better expression for it. And “essentially inexpressible™
means that it makes no sense to talk of a more complete expression.

The psychological processes which are found by experience to
accompany sentences are of no interest to us. What does interest
us is the understanding that is embodied in an explanation of the
sense of the sentence.

7 To understand the grammar of the word “to mean” we must ask
ourselves what is the criterion for an expression’s being meant
thus. What should be regarded as a criterion of the meaning ?

An answer to the question “How is that meant?” exhibits the
relationship between two linguistic expressions. So the question
too is a question about that relationship.

The process we call the understanding of a sentence or of a
description is sometimes a process of translation from one symbo-
lism into another; tracing a pictute, copying something, or
translating into another mode of representation.

In that case understanding a description means making oneself
a picture of what is described. And the process is more or less like
making a drawing to match a description.

We also say: “I understand the picture exactly, I could model
it in clay™.

8 We speak of the understanding of a sentence as a condition of
being able to apply it. We say “I cannot obey an order if I do not
understand it” or “I cannot obey it before I understand it”.

“Must I really understand a sentence to be able to act on it? -
Certainly, otherwise you wouldn’t know what you had to do.” -
But how does this knowing help me? Isn’t there in turn a jump
from knowing to doing ?

“But all the same I must understand an order to be able to act
according to it”’ ~ here the “must” is fishy. If it is 2 logical must,
then the sentence is a grammatical remark.
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Here it could be asked: How long before obeying it mus# you
understand the order? — But of course the proposition “I must
understand the order before I can act on it” makes good sense:
but not a metalogical sense. - And ‘understanding’ and ‘mean-
ing’ are not metalogical concepts.

If “to understand a sentence” means somehow or other to act
on it, then understanding cannot be a precondition for our acting
on it. But of course experience may show that the specific be-
haviour of understanding is a precondition for obedience to an
order.

“I cannot carry out the order because I don’t understand what
you mean. ~ Yes, I understand you now.”” — What went on when 1
suddenly understood him? Here there are many possibilities. For
example: the order may have been given in a familiar language
but with a wrong emphasis, and the right emphasis suddenly
occurred to me. In that case perhaps I should say to a third party:
“Now I understand him: he means . ..” and should repeat the
order with the right emphasis. And when I grasped the familiar
sentence I'd have understood the order, — I mean, I should not
first have had to grasp an abstract sense. — Alternatively: I under-
stood the order in shat sense, so it was a correct English sentence,
but it seemed preposterous. In such a case I would say: “I do not
understand you: because you can’t mean sbat.” But then a more
comprehensible interpretation occurred to me. Before 1 under-
stand several interpretations, several explanations, may pass
through my mind, and then I decide on one of them.

(Understanding, when an absent-minded man at the order
“Right turn!” turns left, and then, clutching his forehead, says
“Oh! right turn” and does a right turn.)

9 Suppose the order to square a series of numbers is written in the
form of a table, thus:
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— It seems to us as if by understanding the order we add some-
thing to it, something that fills the gap between command and
execution. So that if someone said “You understand it, don’t you,
so it is not incomplete’” we could reply ““Yes, I understand it, but
only because I add something to it, namely the interpretation.”
- But what makes you give just /bis interpretation ? Is it the order?
In that case it was already unambiguous, since it demanded this
interpretation. Or did you attach the interpretation arbitrarily ?
In that case what you understood was not the command, but only
what you made of it.

(While thinking philosophically we see problems in places where
there are none. It is for philosophy to show that there are no
problems.)

But an interpretation is something that is given in signs. It is
this interpretation as opposed to a different one (running differ-
ently). So if one were to say “Any sentence still stands in need of an
interpretation” that would mean: no sentence can be understood
without a rider.

Of course sometimes I do inferpret signs, give signs an inter-
pretation; but that does not happen every time I understand a sign.
(If someone asks me “What time is it?”’ there is no inner process
of laborious interpretation; I simply react to what I see and hear.
If someone whips out a knife at me, I do not say “I interpret that
as a threat™.)

10 “Understanding a word” may mean: gnowing how it is used;
being able to apply it.

“Can you lift this ball?” - “Yes”. Then I try and fail. Then
perhaps I say “I was wrong, 1 cannot”. Or perhaps “I can’t now,
because 1 am too tired; but when I said I could, I really could.”
Similarly “I thought I could play chess, but now I have forgotten
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how”, but on the other hand “When I said ‘I can play chess’ I
really could, but now I’ve lost it.”’— But what is the criterion for
my being able at that particular time? How did I know that I
could ? To that question I would answer “I’ve always been able to
lift that sort of weight™, ““I lifted it just a moment before, “I’ve
played chess quite recently and my memory is good”, “Id just
recited the rules’” and so on. What I regard as an answer to that
question will show me in what way I use the word “can”.

Knowing, being able to do something, a capacity is what we
would call a ssate. Let us compare with each other propositions
which all in various senses describe states.

“I have had toothache since yesterday.”

“I have been longing for him since yesterday.”

“I have been expecting him since yesterday.”

“I have known since yesterday that he is coming.”

“Since yesterday I can play chess.”

Can one say: “I have known continuously since yesterday that
he is coming ?”’ In which of the above sentences can one sensibly
insert the word “continuously” ?

If knowledge is called a “state” it must be in the sense in which
we speak of the state of a body or of a physical model. So it must
be in 2 physiological sense or in the sense used in a psychology that
talks about unconscious states of a mind-model. Certainly no one
would object to that; but in that case one still has to be clear that
we have moved from the grammatical realm of ‘conscious
states’ into a different grammatical realm. I can no doubt speak of
unconscious toothache, if the sentence “I have unconscious
toothache” means something like “I have a bad tooth that doesn’t
ache”. But the expression “conscious state” (in its old sense)
doesn’t have the same grammatical relationship to the expression
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“unconscious state” as the expression “a chair which I see” has to
“a chair which I don’t see because it’s behind me”.

Instead of “to know something” we might say “to keep a piece
of paper on which it is written”.

If “to understand the meaning of a word” means to know the
grammatically possible ways of applying it, then I can ask “How
can I know what I mean by a2 word at the moment I utter it ? After
all, I can’t have the whole mode of application of a word in my
head all at once”.

I can have the possible ways of applying a word in my head
in the same sense as the chess player has all the rules of chess in his
head, and the alphabet and the multiplication table. Knowledge is
the hypothesized reservoir out of which the visible water flows.

11 So we mustn’t think that when we understand or mean a word
what happens is an act of instantaneous, as it were non-discursive,
grasp of grammar. As if it could all be swallowed down in a single

gulp.

It is as if I get tools in the toolbox of language ready for future
use.

“I can use the word ‘yellow’ ”’ is like “I know how to move the
king in chess”.

In this example of chess we can again observe the ambiguity of
the word “understand”. When a man who knows the game
watches a game of chess, the experience he has when a move is
made usually differs from that of someone else watching without
understanding the game. (It differs too from that of a man who
doesn’t even know that it’s 2 game.) We can also say that it’s the
knowledge of the rules of chess which makes the difference be-
tween the two spectators, and so too that it’s the knowledge of the
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rules which makes the first spectator have the particular experience
he has. But this experience is not the knowledge of the rules. Yet
we are inclined to call them both “understanding”.

The understanding of language, as of a game, seems like 2
background against which a particular sentence acquires meaning.
~ But this understanding, the knowledge of the language, isn’t a
conscious state that accompanies the sentences of the language.
Not even if one of its consequences is such a state. It’s much more
like the understanding or mastery of a calculus, something like the
ability to multiply.

12 Suppose it were asked: “When do you know how to play
chess ? All the time ? Or just while you say that you can? Or just
during a move in the game ?”’ - How queer that knowing how to
play chess should take such a short time, and a game of chess so
much longer!

(Augustine: “When do 1 measure a period of time ?”")

It can seem as if the rules of grammar are in a certain sense an
unpacking of something we experience all at once when we use a
word.

In order to get clearer about the grammar of the word “‘under-
stand”, let’s ask : when do we understand a sentence ? — When we’ve
uttered the whole of it ? Or while uttering it? — Is understanding,
like the uttering of a sentence, an articulated process and does its
articulation correspond exactly to that of the sentence? Or is it
non-articulate, something accompanying the sentence in the way a
pedal note accompanies a melody?

How long does it take to understand a sentence?

And if we understand a sentence for a whole hour, are we always
starting afresh?
13 Chess is characterized by its rules (by the list of rules). If I

define the game (distinguish it from draughts) by its rules, then
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these rules belong to the grammar of the word “chess”. Does that
mean that if someone uses the word “chess” intelligently he must
have a definition of the word in mind? Certainly not. — He will
only give one if he’s asked what he means by “chess”.

Suppose I now ask: “When you uttered the word, what did you
mean by it?”” - If he answered “I meant the game we’ve played so
often, etc. etc.” I would know that this explanation hadn’t been in
his mind at all when he used the word, and that he wasn’t giving an
answer to my question in the sense of telling me what “went on
inside him’’ while he was uttering the word.

When someone interprets, or understands, a sign in one sense
or another, what he is doing is taking a step in a calculus (like a
calculation). What he does is roughly what he does if he gives
expression to his interpretation.

“Thought” sometimes means a particular mental process which
may accompany the utterance of a sentence and sometimes the
sentence itself in the system of language.

“He said those words, but he didn’t think any thoughts with
them.” - “Yes, I did think a thought while I said them”. “What
thought ?” “Just what I said.”

On hearing the assertion “This sentence makes sense” you
cannot really ask “what sense?”” Just as on hearing the assertion
“this combination of words is a sentence” you cannot ask “what
sentence ?”

51



II

14 Can what the rules of grammar say about a word be described
in another way by describing the process which takes place when
understanding occurs ?

Suppose the grammar is the geometry of negation for example,
can I replace it by the description of what “lies behind” the word
“not” when it is applied ?

We say: “Anyone who understands negation knows that two
negations yield an affirmation.”

That sounds like “Carbon and oxygen yield carbonic acid”.
But in reality a doubled negation does not yie/d anything, it is
something.

Something here gives us the illusion of a fact of physics. As if
we saw the result of a logical process. Whereas the only result is the
result of the physical process.

We would like to say: “Negation has the property that when it is
doubled it yields an affirmation,” But the rule doesn’t give a
further description of negation, it constitutes negation.

Negation has the property that it denies truly such and such a
sentence.

Similarly, a circle - say one painted on a flat surface - has the
property of being in such and such a position, of having the colour
it has, of being bisected by a certain line (a boundary between two
colours) and so on; but it doesn’t have the properties that geometry
seems to ascribe to it(i.e. the abi/ity to have the other properties).

Likewise one doesn’t have the property that when it’s added to
itself it makes two.

15 Geometry no more speaks about cubes than logic does about
negation.

Geometry defines the form of a cube but does not describe it.
If the description of a cube says that it is red and hard, then ‘a
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description of the form of a cube’ is a sentence like “This box has
the form of a cube”.

But if I describe how to make a cubical box, doesn’t this contain
a description of the form of a cube? A description only insofar as
this thing is said to be cubical, and for the rest an analysis of the
concept of cube.

““This paper is mo¢ black, and two such negations yield an affirma-
tion”,

The second clause is reminiscent of “‘and two such horses can
pull the cart”. But it contains no assertion about negation; it is
a rule for the replacement of one sign by another.

“That two negations yield an affirmation must already be
contained in the negation that I am using now.” Here I am on the
verge of inventing a mythology of symbolism.

It looks as if one could infer from the meaning of negation that
“ ~ ~ p” means p. As if the rules for the negation sign follow from
the nature of negation. So that in a certain sense there is first of all
negation, and then the rules of grammar.

It also looks as if the essence of negation had a double expression
in language: the one whose meaning I grasp when 1 understand
the expression of negation in a sentence, and the consequences of
this meaning in the grammar.

16 What does it mean to say that the *““is” in “The rose is red”” has a
different meaning from the ““is” in “Twice two is four”? If it is
answered that it means that different rules are valid for these two
words, we can say that we have only one word here. — And if all 1
am attending to is grammatical rules, these do allow the use of the
word “is” in both connections. — But the rule which shews that the
word “is” has different meanings in the two sentences is the one
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allowing us to replace the word “is” in the second sentence by
“equals” and forbidding this substitution in the first sentence.

“Is this rule then only the consequence of the firs# rule, that the
word ‘is’ has different meanings in the two sentences? Or is it
rather that this very rule is the expression of the word’s having a
different meaning in the two contexts ?”

It looks as if a sentence with e.g. the word “ball” in it already
contained the shadow of other uses of this word. That is to say, the
possibility of forming those other sentences. To whom does it look
like that ? And under what circumstances ?

The comparison suggests itself that the word “is” in different
cases has different meaning-bodies behind it; that it is perhaps each
time a square surface, but in one case it is the end surface of a
prism and in the other the end surface of a pyramid.

Imagine the following case. Suppose we have some completely
transparent glass cubes which have one face painted red. If we
arrange these cubes together in space, only certain arrangements of
red squares will be permitted by the shape of the glass bodies. 1
might then express the rule for the possible arrangements of the red
squares without mentioning the cubes; but the rule would none
the less contain the essence of the form of cube — Not, of course,
the fact that there are glass cubes behind the red squares, but the
geometry of the cube.

But suppose we see such a cube: are we immediately presented
with the rules for the possible combinations, i.e. the geometry of
the cube ? Can I read off the geometry of the cube from a cube?

Thus the cube is a notation for the rule. And if we had discovered
such a rule, we really wouldn’t be able to find anything better than
the drawing of a cube to use as a notation for it. (And it is sig-
nificant that here a drawing of a cube will do instead of a cube.)
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But how can the cube (or the drawing) serve as a notation for a
geometrical rule? Only if it belongs, as a proposition or part of a
proposition, to a system of propositions.

17 “Of course the grammatical possibilities of the negation sign
reveal themselves bit by bit in the use of the signs, but I shink
negation all at once. The sign ‘not’ is only a pointer to the thought
‘not’; it is only a stimulus to produce the right thought, only a
signal.”

(If I were asked what I mean by the word “and” in the sentence
“pass me the bread and butter” I would answer by a gesture of
gathering together; and that gesture would illustrate what I mean,
in the same way as a green pattern illustrates the meaning of
“green” and the T-F notation illustrates the meaning of “not”,
“and” etc.)

For instance, this sign for negation: T is worth no
F

more and no less than any other negation sign; it is a complex of
lines just like the expression “not-p” and it is only made into a sign
for negation by the way it works — I mean, the way it is used in the
game.

(The same goes for the T-F schemata for tautology and contra-
diction.)

What I want to say is that to be a sign a thing must be dynamic,
not static.

18 Here it can easily seem as if the sign contained the whole of the
grammar; as if the grammar were contained in the sign like a
string of pearls in 2 box and he had only to pull it out. (But this
kind of picture is just what is misleading us). As if understanding
were an instantaneous grasping of something from which later we
only draw consequences which already exist in an ideal sense before
they are drawn. As if the cube already contained the geometry of
the cube, and I had only to unpack it. But which cube ? Or is there
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an ideal geometrical cube ? — Often we have in mind the process of
deriving geometrical propositions from a drawing, a representation
(or a model). But what is the role of the model in such a case? It
has the role of a sign, a sign employed in a particular game. — And
it is an interesting and remarkable thing how this sign is employed,
how we perhaps use the drawing of a cube again and again in
different contexts. — And it is this sign, (which has the identity proper
to a sign) that we take to be the cube in which the geometrical laws
are already laid up. (They are no more laid up there than the
disposition to be used in a certain way is laid up in the chessman
which is the king).

In philosophy one is constantly tempted to invent a mythology
of symbolism or of psychology, instead of simply saying what we
know.

19 The concept of meaning I adopted in my philosophical dis-
cussions originates in a primitive philosophy of language.

The German word for “meaning” is derived from the German
word for “pointing”.

When Augustine talks about the learning of language he talks
about how we attach names to things, or understand the names of
things. Naming here appears as the foundation, the be all and end
all of language.

Augustine does not speak of there being any difference between
parts of speech and means by “names” apparently words like
“tree”, ‘“table”, “bread” and of course, the proper names of
people; also no doubt “eat”, “go”, “here”, “there” - all words,
in fact. Certainly he’s thinking first and foremost of nouns, and of
the remaining words as something that will take care of itself.

(Plato too says that a sentence consists of nouns and verbs.)!

1. Sophist, 261E, 262A. [I have replaced “kinds of word’’ which appears
in the translation of the parallel passages in Philosophbical Investigations
§1 with “parts of speech”, which appears to have been Wittgenstein’s
preferred translation. I am indebted for this information to Mr. R. Rhees,
Trs.]
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They describe the game as simpler than it is.

But the game Augustine describes is certainly a part of language.
Imagine I want to put up a building using building stones someone
else is to pass me; we might first make a convention by my pointing
to a building stone and saying ““that is a pillat”, and to another and
saying ‘““thatis called ‘ablock’ ’, “that is called ‘a slab’ >>and so on.
And then I call out the words “pillar”, “slab”, etc. in the order in
which I need the stones.

Augustine does describe a calculus of our language, only not
everything that we call language is this calculus. (And one has to
say this in many cases where we are faced with the question “Is this
an appropriate description or not?” The answer is: “Yes, it is
appropriate, but only Aere, and not for the whole region that you
were claiming to describe.”) So it could be said that Augustine
represents the matter too simply; but also that he represents
something simpler.

It is as if someone were to say ‘““a game consists in moving ob-
jects about on a surface according to certain rules...” and we
replied: You must be thinking of board games, and your descrip-
tion is indeed applicable to them. But they are not the only games.
So you can make your definitions correct by expressly restricting
it to those games.

20 The way Augustine describes the learning of language can
show us the way of looking at language from which the concept
of the meaning of words derives.

The case of our language could be compared with a script in
which the letters were used to stand for sounds, and also as signs
of emphasis and perhaps as marks of punctuation. If one conceives
this script as a language for describing sound-patterns, one can
imagine someone misinterpreting the script as if there were
simply a correspondence of letters to sounds and as if the letters
had not also completely different functions.
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Just as the handles in the cabin of a locomotive have different
kinds of job, so do the words of language, which in one way are
like handles. One is the handle of a crank, it can be moved con-
tinuously since it operates a valve; another works a switch,
which has two positions; a third is the handle of a pump and only
works when it is being moved up and down etc. But they all look
alike, since they are all worked by hand.

A connected point: it is possible to speak perfectly intelligibly
of combinations of colours and shapes (e.g. of the colours red and
blue and the shapes square and circle) just as we speak of combina-
tions of different shapes or spatial objects. And this is the origin
of the bad expression: a fact is 2 complex of objects. Here the
fact that a man s sick is compared with a combination of two things,
one of them the man and the other the sickness.

21 A man who reads a sentence in a familiar language experiences
the different parts of speech in quite different ways. (Think of the
comparison with meaning-bodies.) We quite forget that the
written and spoken words “not”, “table” and “green” are similar
to each other. It is only in a foreign language that we see clearly the
uniformity of words. (Compare William James on the feelings that
correspond to words like “not”, “but’ and so on.)

(“Not” makes a gesture of rejection.
No, it is a gesture of rejection. To grasp negation is to under-
stand a gesture of rejection.)

Compare the different parts of speech in a sentence with lines
on a map with different functions (frontiers, roads, meridians,
contours.) An uninstructed person sees a mass of lines and does
not know the variety of their meanings.
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Think of a line on a map crossing a sign out to show that it is
void

The difference between parts of speech is comparable to the
differences between chessmen, but also to the even greater diffes-
ence between a chessman and the chess board.

22 We say: the essential thing in a word is its meaning. We can
replace the word by another with the same meaning. That fixes
a place for the word, and we can substitute one word for another
provided we put it in the same place.

If I decide to say 2 new word instead of “red” (perhaps only in
thought), how would it come out that it took the place of the
word “red” ?

Suppose it was agreed to say “non” in English instead of “not”,
and “not” instead of “red”. In that case the word “not” would
remain in the language, and one could say that “non” was now used
in the way in which “not” used to be, and that “not” now had a
different use.

Would it not be similar if I decided to alter the shape of the chess
pieces, or to use a knight-shaped piece as the king ? How would it
be clear that the knight is the king ? In this case can’t I very well talk
about a change of meaning?

23 I want to say the place of a word in grammar is its meaning.

But I might also say: the meaning of a word is what the explana-
tion of its meaning explains.

“What 1 c.c. of water weighs is called ‘1 gram’ - Well, what
does it weigh ?”

The explanation of the meaning explains the use of the word.
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The use of a word in the language is its meaning.

Grammar describes the use of words in the language.
So it has somewhat the same relation to the language as the
description of a game, the rules of a game, have to the game.

Meaning, in our sense, is embodied in the explanation of mean-
ing. If, on the other hand, by the word “meaning” we mean a
characteristic sensation connected with the use of a word, then the
relation between the explanation of a word and its meaning is
rather that of cause to effect.

24 An explanation of meaning can remove every disagreement
with regard to a meaning. It can clear up misunderstandings.

The understanding here spoken of is a correlate of explanation.

By “explanation of the meaning of a sign” we mean rules for use
but above all definitions. The distinction between verbal defini-
tions and ostensive definitions gives a rough division of these
types of explanation.

In order to understand the role of a definition in the calculus we
must investigate the particular case.

It may seem to us as if the other grammatical rules for a word had
to follow from its ostensive definition; since after all an ostensive
definition, e.g. “that is called ‘red’ > determines the meaning of
the word “red”.

But this definition is only those words plus pointing to a red
object, e.g. a red piece of paper. And is this definition really un-
ambiguous? Couldn’t I have used the very same one to give the
word “red” the meaning of the word “paper”, or “square”, or
“shiny”, or “light”, or “thin” etc. etc.?

However, suppose that instead of saying “that is called ‘red’



I had phrased my definition “that colour is called ‘red’ ”. That
certainly is unambiguous, but only because the expression “colour”
settles the grammar of the word “red” up to this last point. (But
here questions could arise like “do you call just #4is shade of
colour red, or also other similar shades ?”’). Definitions might be
given like this: the colour of this patch is called “red”, its shape
“ellipse”.

I might say: one must already understand a great deal of a
language in order to understand that definition. Someone who
understands that definition must already know where the words
“red”, “ellipse”) are being put, where they belong in language.

25 The wotds *“shape” and “colour” in the definitions determine
the kind of use of the word, and therefore what one may call the
part of speech. And in ordinary grammar one might well distin-
guish “shape words”, “colour words”, “sound words”, “sub-
stance words” and so on as different parts of speech. (There
wouldn’t be the same reason for distinguishing “metal words”,
“poison words”, “‘predator words”. It makes sense to say “iron is

a metal”, “phosphorus is a poison”, etc. but not “red is a colour”,
“‘a circle is a shape” and so on.)

I can ostensively define 2 word for a colour or a shape or a
number, etc. etc. (children are given ostensive explanations of
numerals and they do perfectly well); negation, too, disjunction
and so on. The same ostension might define a numeral, or the name
of a shape or the name of a colour. But in the grammar of each
different part of speech the ostensive definition has a different role;
and in each case it is only ore rule.

(Consider also the grammar of definitions like: “today is called
Monday”, “I will call this day of the year ‘the day of atonement’ ”*).

>

26 But when we learn the meaning of a word, we are very often
given only the single rule, the ostensive definition. So how does it
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come about that on the strength of this definition we understand
the word ? Do we guess the rest of the rules?

Think also of teaching a child to understand words by showing
it objects and uttering words. The child is given ostensive defi-
nitions and then it understands the words. ~ But what is the cri-
terion of understanding here? Surely, that the child applies the
words correctly. Does it guess rules? — Indeed we must ask our-
selves whether we are to call these signs and utterances of words
“definitions™ at all. The language game is still very simple and the
ostensive definition has not the same role in this language-game
as in more developed ones. (For instance, the child cannot yet ask
“What is that called ?’) But there is no sharp boundary between
primitive forms and more complicated ones. I wouldn’t know what
I can and what I can’t still call “definition. I can only describe
language games or calculi; whether we still want to call them
calculi or not doesn’t matter as long as we don’t let the use of the
general term divert us from examining each particular case we wish
to decide.

I might also say of a little child “he can use the word, he knows
how it is applied.” But I only see what that means if I ask “what is
the criterion for this knowledge ?”’ In this case it isn’t the ability
to state rules.

What’s the sign of someone’s understanding a game ? Must he
be able to recite the rules? Isn’t it also a criterion that he can play
the game, i.e. that he does in fact play it, even if he’s baffied when
asked for the rules? Is it only by being told the rules that the game
is learnt and not also simply by watching it being played? Of
course 2 man will often say to himself while watching “oh, so
that’s the rule”’; and he might perhaps write down the rules as he
observes them; but there’s certainly such a thing as learning the
game without explicit rules.

The grammar of a language isn’t recorded and doesn’t come into
existence until the language has already been spoken by human
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beings for a /Jong time. Similatly, primitive games are played with-
out their rules being codified, and even without a single rule
being formulated.

But we look at games and language under the guise of a game
played according to rules. That is, we are always comparing language
with a procedure of that kind.

27 The names I give to bodies, shapes, colours, lengths have
different grammars in each case. (“A” in “A is yellow” has one
grammar if A is a body and another if A is the surface of a body;
for instance it makes sense to say that the body is yellow all through,
but not to say that the surface is.) And one points in different sense
to a body, and to its length or its colour; for example, a possible
definition would be: “to point to a colour” means, to point to the
body which has the colour. Just as a man who marries money
doesn’t marry it in the same sense as he marries the woman who
owns the money.

Money, and what one buys with it. Sometimes a material object,
sometimes the right to a seat in the theatre, or a title, or fast travel,
or life, etc.

A name has meaning, a proposition has sense in the calculus to
which it belongs. The calculus is as it were autonomous. — Lan-
guage must speak for itself.

I might say: the only thing that is of interest to me is the consent
of a proposition and the content of a proposition is something
internal to it. A proposition has its content as part of a calculus.

The meaning is the role of the word in the calculus.

The meaning of a name is not the thing we point to when we give
an ostensive definition of the name; that is, it is not the bearer of



the name. - The expression “the bearer of the name ‘N’” is
synonymous with the name “N”. The expression can be used in
place of the name. ‘“The bearer of the name ‘N’ is sick” means
“N is sick”. We don’t say: The meaning of “N” is sick.

The name doesn’t lose its meaning if its bearer ceases to exist
(if he dies, say).

But doesn’t “Two names have a single bearer” mean the same
as “two names have the same meaning?” Certainly, instead of
“A = B” one can write “the bearer of the name ‘A’ = the bearer
of the name ‘B’ .

28 What does “to understand a word” mean?

We say to a child “No, no more sugar” and take it away from
him. Thus he learns the meaning of the word “no”. If, while saying
the same words, we had given him a piece of sugar he would have
learnt to understand the word differently. (In this way he has learnt
to use the word, but also to associate a particular feeling with it,
to experience it in a particular way.)

What constitutes the meaning of a word like “perhaps”? How
does a child learn the use of the word “perhaps’ ? It may repeat a
sentence it has heard from an adult like “perbaps she will come™;
it may do so in the same tone of voice as the adult. (That is a kind
of a game). In such a case the question is sometimes asked: Does
it already understand the word “perhaps” or is it only repeating
it? — What shows that it really understands the word ? — Well, that
it uses it in particular circumstances in a particular manner - in
certain contexts and with a particular intonation.

What does it mean “to understand the word ‘perhaps’ ”? — Do
I'understand the word “perhaps” ? - And how do I judge whether
Ido? Well, something like this: I know how it’s used, I can explain
its use to somebody, say by describing it in made-up cases. I can
describe the occasions of its use, its position in sentences, the
intonation it has in speech. — Of course this only means that “I
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understand the word ‘perhaps’”’ comes to the same as: “I know how
itis used etc.”’; not that I try to call to mind its entire application in
order to answer the question whether I understand the word.
More likely I would react to this question immediately with the
answer “yes”, perhaps after having said the word to myself once
again, and as it were convinced myself that it’s familiar, or else I
might think of a single application and pronounce the word with
the correct intonation and a gesture of uncertainty. And so on.
This is like the case in which someone is explaining to me a
calculation “that I don’t quite understand”, and when he has
reached a particular point of his explanation, I say: “ah, now I
understand; now I know how to go on”. How do I know that I
know how to go on? Have I run through the rest of the calculation
at that moment ? Of course not. Perhaps a bit of it flashed before
my mind; perhaps a particular application or a diagram. If I were
asked: how do you know that you can use the word “perhaps” I
would perhaps simply answer “I have used it a hundred times”.

29 But it might be asked: Do 1 snderstand the word just be des-
cribing its application? Do I understand its point? Haven’t I
deluded myself about something important ?

At present, say, I know only how men use this word. But it
might be a game, or a form of etiquette. I do not know why they
behave in this way, how Janguage meshes with their life.

Is meaning then really only the use of a2 word ? Isn’t it the way
this use meshes with our life ?

But isn’t its use a part of our life ?

Do I understand the word “fine”” when I know how and on what
occasions people use it? Is that enough to enable me to use it
myself ? I mean, so to say, use it with conviction.

Wouldn’t it be possible for me to know the use of the word and
yet follow it without understanding ? (As, in a sense, we follow the



singing of birds). So isn’t it something else that constitutes under-
standing -~ the feeling “in one’s own breast”, the living experience
of the expressions ? — They must mesh with my own life.

Well, language does connect up with my own life. And what is
called “language” is something made up of heterogeneous ele-
ments and the way it meshes with life is infinitely various.

30 We may say that the words “fine”, “oh”, and also “perhaps” are
expressions of sensation, of feeling. But I don’t call the feeling the
meaning of the word. We are not interested in the relation of the
words to the senesation, whatever it may be, whether they are
evoked by it, or are regularly accompanied by it, or give it an
outlet. We are not interested in any empirical facts about language,
considered as empirical facts. We are only concerned with the
description of what happens and it is not the truth but the form of
the description that interests us. What happens considered as a
game.

I am only describing language, not explaining anything.

For my purposes I could replace the sensation the word is said
to express by the intonation and gestures with which the word is
used.

I might say: in many cases understanding a word involves being
able to use it on certain occasions in a special tone of voice.

You might say that certain words are only pegs to hang intona-
tions on.

But instead of the intonation and the accompanying gestures, I
might for my own purposes treat the word itself as a gesture.
(Can’t I say that the sound “ha ha” is a laugh and the sound “oh!”
is a sigh?)

66



31 I could imagine a language that was spoken in a uniform
metre, with quasi-words intercalated between the words of the
sentences to maintain the metre. Suppose we talked about the mean-
ing of these quasi-words. (The smith putting in extra taps between
the real strokes in order to maintain a rhythm in striking).

Language is like a collection of very various tools. In the tool
box there is a hammer, a saw, a rule, a lead, a glue pot and glue.
Many of the tools are akin to each other in form and use, and the
tools can be roughly divided into groups according to their
relationships; but the boundaries between these groups will often
be more or less arbitrary and thete are various types of relationship
that cut across one another.

I said that the meaning of a word is its role in the calculus of
language. (I compared it to a piece in chess). Now let us think how
we calculate with a word, for instance with the word “red”. We are
told where the colour is situated; we are told the shape and size of
the coloured patch or the coloured object; we are told whether
the colour is pure or mixed, light or dark, whether it remains
constant or changes, etc. etc. Conclusions are drawn from the
propositions, they are translated into diagrams and into behaviour,
there is drawing, measurement and calculation. But think of the
meaning of the word “oh!” If we were asked about it, we would
say “‘oh’! is a sigh; we say, for instance, things like ‘Oh, it is
raining again already’”’. And that would describe the use of the
word. But what corresponds now to the calculus, the complicated
game that we play with other words ? In the use of the words “oh!”,
or “hurrah”, or “hm”, there is nothing comparable.

Moreover, we mustn’t confuse signs with symptoms here. The
sound “hm” may be called an expression of dubiousness and also,
for other people, a symprom of dubiousness, in the way that
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clouds are a symptom of rain. But “hm” is not the name of du-
biousness.

32 Suppose we want to describe ba//-games. There are some games
like football, cricket and tennis, which have a well-developed and
complicated system of rules; there is a game consisting simply of
everyone’s throwing a ball as high as he can; and there is the game
little children play of throwing a ball in any direction and then
retrieving it. Or again someone throws a ball high into the air
for the fun of it and catches it again without any element of com-
petition. Perhaps one will be unwilling to call some of these ball
games at all; but is it clear where the boundary is to be drawn here ?

We are interested in language as a procedure according to
explicit rules, because philosophical problems are misunder-
standings which must be removed by clarification of the rules
according to which we are inclined to use words.

We consider language from one point of view only.

We said that when we understood the use we didn’t yet under-
stand the purpose of the word “perhaps”. And by “purpose” in this
case we meant the role in human life. (This role can be called the
“meaning” of the word in the sense in which one speaks of the
‘meaning of an event for our life’.) ‘

But we said that by “meaning” we meant whatan explanation of
meaning explains. And an explanation of meaning is not an empiri-
cal proposition and not a causal explanation, but a rule, a conven-
tion.

It might be said that the purpose of the word “hey!” in our
language is to alarm the person spoken to. But what does its having
this purpose amount to? What is the criterion for it? The word
“purpose” like all the words of our language is used in various
more or less related ways. I will mention two characteristic games.
We might say that the purpose of doing something is what the
person doing it would say if asked what its purpose was. On the
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other hand if we say that the hen clucks in order to call her chicks
together we infer this purpose from the ¢ffecs of the clucking. We
wouldn’t call the gathering of the chicks the purpose of the
clucking if the clucking didn’t have this result always, or at least
commonly or in specifiable circumstances. — One may now say
that the purpose, the effect of the word “hey” is the important
thing about the word; but explaining the purpose or the effect is
not what we call explaining the meaning.

It may be that if it is to achieve its effect a particular word
cannot be replaced by any other; just as it may be that a gesture
cannot be replaced by any other. (The word has a se#/ and not just
a meaning.) No one would believe that a poem remained essen-
tially unaltered if its words were replaced by others in accordance
with an appropriate convention.

Our proposition “meaning is what an explanation of meaning
explains” could also be interpreted in the following way: let’s only
bother about what’s called the explanation of meaning, and let’s
not bother about meaning in any other sense.

33 But one might say something like this. The sentences that we
utter have a particular purpose, they are to produce certain
effects. They are parts of a mechanism, perhaps a psychological
mechanism, and the words of the sentences are also parts of the
mechanism (levers, cogwheels and so on). The example that seems
to illustrate what we’re thinking of here is an automatic music
player, a pianola. It contains a roll, rollers, etc., on which the piece
of music is written in some kind of notation (the position of holes,
pegs and so on). It’s as if these written signs gave orders which
are carried out by the keys and hammers. And so shouldn’t we say
that the sense of the sign is its effect ? — But suppose the pianolais in
bad condition and the signs on the roll produce hisses and bangs
instead of the notes. — Perhaps you will say that the sense of the
signs is their effect on 2 mechanism in good condition, and corres-
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pondingly that the sense of an order is its effect on an obedient man.
But what is regarded as a criterion of obedience here?

You might then say that the sense of the signs is not their effect,
but their purpose. But consider too, that we’re tempted to think
that this purpose is only a part of the larger purpose served by the
pianola. — This purpose, say, is to entertain people. But it’s clear
that when we spoke of “the sense of the signs” we didn’t mean any
part of that purpose. We were thinking rather of the purpose of the
signs within the mechanism of the pianola. - And so you can say
that the purpose of an order is its sense, only so far as the purpose
can be expressed by a rule of language. “I am saying ‘go away’
because I want you to leave me alone”, “I am saying ‘perhaps’
because I am not quite sure.”

An explanation of the operation of language as a psychophysical
mechanism is of no interest to us. Such an explanation itself uses
language to describe phenomena (association, memory etc); it is
itself a linguistic act and stands outside the calculus; but we need
an explanation which is part of the calcslus.

“How is he to know what colour he is to pick out when he hears
the word ‘red’? — Very simple: he is to take the colour whose
image occurs to him when he hears the word” — But how will he
know what that means, and which colour it is “which occurs to
him when he hears the word” ?

Certainly there is such a procedure as choosing the colour which
occurs to you when you hear that word. And the sentence “red is
the colour that occurs to you when you hear the word ‘red’ ” is a
definition.

If I say, “a symbol is something which produces this effect” the
question remains: how can I speak of “this effect”? And if it
occurs, how do I know that it’s #be one I meant 2 “Very simple”,
we may say “‘we compare it with our memory image.” But this
explanation does not get to the root of our dissatisfaction. For
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how are we given the method we’re to use in making the compari-
son — i.e. how do we know what we’re to do when we’re told to
compare ?

In our language one of the functions of the word “red” is to
call that particular colour to mind; and indeed it might be dis-
covered that this word did so better than others, even that it alone
served that purpose. But instead of the mechanism of association
we might also have used a colour chart or some such apparatus;
and then our calculus would have to get along with the associated,
or visible, colour sample. The psychological effectiveness of a
sign does not concern us. I wouldn’t even scruple to invent that
kind of mechanism.

Investigating whether the meaning of 2 word is its effect or its
purpose, etc. is 2 grammatical investigation.

34 Why can one understand a2 word and not a penholder? Is it
the difference between their shapes ? But you will say that we could
understand a penholder too, if we had given it a meaning. But then
how is giving it 2 meaning done ? — How was meaning given to the
wotd “red”? Well, you point at something, and you say “I call
that ‘red’ »”. Is that a kind of consecration of mystical formula?
How does this pointing and uttering words work ? It works only
as part of a system containing other bits of linguistic behaviour.
And so now one can understand a penholder too; but does this
understanding contain the whole system of its application?
Impossible. We say that we understand its meaning when we know
its use, but we’ve also said that the word ‘“know’” doesn’t denote
a state of consciousness. That is: the grammar of the word “know”’
isn’t the grammar of a “state of consciousness”, but something
different. And there is only one way to learn it: to watch how the
word is used in practice.

A truthful answer to the question “Did you understand the
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sentence (that you have just read)” is sometimes “yes” and some-
times “no”. “So something different must take place when I
understand it and when I don’t understand it.”

Right. So when I understand a sentence something happens like
being able to follow 2 melody as 2 melody, unlike the case whenit’s
so long or so developed that I have to say “I can’t follow this bit”.
And the same thing might happen with a picture, and here I mean
an ornament. First of all I see only a maze of lines; then they group
themselves for me into well-known and accustomed forms and I
see a plan, a familiar system. If the ornamentation contains repre-
sentations of well-known objects the recognition of these will
indicate a further stage of understanding. (Think in this connec-
tion of the solution of a puzzle picture.) I then say “Yes, now I see
the picture rightly”.

Asked “what happened when you read that sentence with under-
standing” I would have to say “I read it as a group of English
words linked in a familiar way”. I might also say that a picture
came into my mind when I heard it. But then I am asked: “Is
that all? After all, the understanding couldn’t consist in that and
nothing else!” Well, that or something like it is all that happened
while I read the sentence and immediately afterwards; but what we
call “understanding” is related to countless things that happen
before and after the reading of #4is sentence.

What of when I don’t understand a sentence ? Well, it might be a
sentence in a foreign language and all I see is a row of unknown
words. Or what I read seemed to be an English sentence, but it
contained an unfamiliar phrase and when I tried to grasp it (and
that again can mean various things) I didn’t succeed. (Think of
what goes on when we try to understand the sense of a poem in our
native language which makes use of constructions we don’t yet
understand.)

But I can say that I understand a sentence in a foreign language -
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say a Latin one that I can only decipher by a painful effort to
construe - even if I have only turned it into English bit by bit and
have never succeeded in grasping the overall phrasing of the
sentence.

But all the same, in order to understand a sentence 1 have to
understand the words in it! And when I read, I understand some
words and not others.

I hear 2 word and someone asks me “did you understand it ?”
and I reply truly “yes”. What happened when I understood ? How
was the understanding different from what happens when I don’t
understand a word ? — Suppose the word was “tree”. If I am to say
truly that I understood it, must the image of a tree have come before
my mind ? No; nor must any other image. All I can say is that when
I was asked “do you understand the word tree ?”> I’d have answered
“yes” unthinkingly and without lying. — If the other person had
asked me further “and what is a tree ?”’ I would have described one
for him, or shown him one, or drawn one; or perhaps I would have
answered “I know, but I don’t want to explain.” And it may be
that when I gave my reply the image of a tree came before my mind,
or perhaps I looked for something which had some similarity with
a tree, or perhaps other words came into my head, etc. etc.

Let’s just look how we actually use the word “understand”.

The word might also have been one of which I would say “I
used to know what it meant, and it will come back to me”, and then
later on say “‘now it’s come back to me”. What happened then? -
Perhaps there came into my mind the situation in which the word
was first explained to me: I saw myself in a room with others, etc.
etc. (But if now I read and understand the word in a sentence that
picture wouldn’t have to come before my mind; perhaps no
picture at all comes to mind.)

Or it was a word in a foreign language; and I had already often
heard it, but never understood it. Perhaps I said to myself “what
can it mean ?”’ and tried to give it a meaning which fitted the con-
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text (again various possibilities). Perhaps now this situation comes
to mind and I say “I don’t understand the word”. But I might also
react immediately to the foreign word with the answer “I don’t
understand it”, just as I reacted to the word “tree” with the
opposite answer.

Suppose it is the word “red” and I say automatically that I
understood it; then he asks again “do you really understand it ?”
Then I summon up a red image in my mind as a kind of check.
But how do I know that it’s the right colour that appears to me?
And yet I say now with full conviction that T understand it. - But
I might also look at a colour chart with the word “red” written
beneath the colour. - I could carry on for ever describing such
processes.

35 The problem that concerns us could be summed up roughly
thus: “Must one see an image of the colour blue in one’s mind
whenever one reads the word ‘blue’ with understanding?”
People have often asked this question and have commonly ans-
wered no; they have concluded from this answer that the character-
istic process of understanding is just a different process which
we’ve not yet grasped. — Suppose then by ‘“understanding” we
mean what makes the difference between reading with under-
standing and reading without understanding; what does happen
when we understand ? Well, “Understanding” is not the name of a
single process accompanying reading or hearing, but of more or
less interrelated processes against a background, or in a context,
of facts of a particular kind, viz. the actual use of a learnt language or
languages. — We say that understanding is a “psychological
process”, and this label is misleading, in this as in countless other
cases. It compares understanding to a particular process like trans-
lation from one language into another, and it suggests the same
conception of thinking, knowing, wishing, intending, etc. That
is to say, in all these cases we see that what we would perhaps
naively suggest as the hallmark of such a process is not present in
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every case or even in the majority of cases. And our next step is
to conclude that the essence of the process is something difficult
to grasp that still awaits discovery. For we say: since I use the word
“understand” in all these cases, there must be some one thing
which happens in every case and which is the essence of under-
standing (expecting, wishing etc.). Otherwise, why should I call
them by all the same name?

This argument is based on the notion that what is needed to
justify characterizing a number of processes or objects by a general
concept-word is something common to them all.

This notion is, in a way, f0 primitive. What a concept-word
indicates is certainly a kinship between objects, but this kinship
need not be the sharing of a common property or a constituent. It
may connect the objects like the links of a chain, so that one is
linked to another by intermediary links. Two neighbouring mem-
bers may have common features and be similar to each other, while
distant ones belong to the same family without any longer having
anything in common. Indeed even if a feature is common to all
members of the family it need not be that feature that defines the
concept.

The relationship between the members of a concept may be set
up by the sharing of features which show up in the family of the
concept, crossing and overlapping in very complicated ways.

Thus there is probably no single characteristic which is common
to all the things we call games. But it can’t be said either that
“game” just has several independent meanings (rather like the
word “bank”). What we call “games” are procedures interrelated
in various ways with many different transitions between one and
another. '

It might be said that the use of the concept-word or common
noun is justified in this case because there are transitional steps
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between the members. — Then it might be objected that a tran-
sition can be made from anything to anything, and so the concept
isn’t bounded. To this I have to say that for the most part it isn’t
in fact bounded and the way to specify it is perhaps: “by ‘know-
ledge’ we mean these processes, and these, and similar ones’.
And instead of “and similar ones” I might have said ““and others
akin to these in many ways”.

But if we wish to draw boundaries in the use of 2 word, in order
to clear up philosophical paradoxes, then alongside the actual
picture of the use (in which as it were the different colours flow
into one another without sharp boundaries) we may put another
picture which is in certain ways like the first but is built up of
colours with clear boundaries between them.



11

36 If we look at the actual use of 2 word, what we see is something
constantly fluctuating.

In our investigations we set over against this fluctuation
something more fixed, just as one paints a stationary picture of
the constantly altering face of the landscape.

When we study language we emvisage it as a game with fixed
rules. We compare it with, and measure it against, a game of that
kind.

If for our purposes we wish to regulate the use of 2 word by
definite rules, then alongside its fluctuating use we set up a different
use by codifying one of its characteristic aspects.

Thus it could be said that the use of the word “good” (in an
ethical sense) is 2 combination of a very large number of inter-
related games, each of them as it were a facet of the use. What makes
a single concept here is precisely the connection, the relationship,
between these facets.

But this isn’t like the way physics gives a simplified description
of a natural phenomenon, abstracting from secondary factors. It
can’t be said that logic depicts an idealised reality, or that it holds
strictly only for an ideal language and so on. For where do we
get the concept of this ideal? The most that could be said is that
we are constructing an ideal language which contrasts with ordinary
language; but it can’t be said that we are saying something that
would hold only of an ideal language.

37 There is something else I would like to say about the under-
standing of a picture. Take a genre-picture: we say we understand
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it if we recognise what is happening in it, what the people in it are
doing. Here the criterion for this recognition is perhaps that if
asked what they are doing we explain it in words or represent it in
mime etc. It’s possible that this recognition doesn’t come easily,
perhaps because we don’t immediately see the figures in the picture
as figures (as in puzzle pictures), perhaps because we can’t make
out what they are doing together, etc. In these cases there may be
a period of doubt followed by a familiar process of recognition.
On the other hand, it may be the kind of picture we’d say we took
in at first glance, and in that case we find it difficult to say what the
understanding really consists of. In the first place what happened
was not that we took the painted objects for real ones. And again
“I understand it” in this case doesn’t mean that finally, after an
effort, I understand that it is #his picture. And nothing takes place
like recognizing an old acquaintance in the street, no saying “oh,
there’s . . . ”. If you insist on saying there is a recognition, what
does this recognition consist of ? Perhaps I recognize a certain part
of the picture as a human face. Do I have to look at 2 real face, or
call before my mind’s eye the memory of a face I’ve seen before?
Is what happens that I rummage in the cupboard of my memory
until I find something which resembles the picture ? Is the recog-
nition just this finding? In our case there is no one thing that
happens that could be called recognition, and yet if the person who
sees the picture is asked “do you recognize what it is?”> he may
truly answer “yes”, or perhaps reply “it is a face”. It can indeed be
said that when he sees the complex of signs as a face he sees some-
thing different from when he doesn’t do so. In that case I'd like to
say that I see something familiar' in front of me. But what con-
stitutes the familiarity is not the historical fact that I’ve often seen
objects like that etc; because the history behind the experience is
certainly not present in the experience itself. Rather, the familiarity

1. Cf p. 165f (Ed.)
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lies in the fact that I immediately grasp a particular ryhthm of the
picture and stay with it, fell at home with it, so to speak. For the
rest it is a different experience that constitutes the familiarity in
each particular case; a picture of a table carries one experience with
it and a picture of a bed another.

If T say: “I understand this picture” the question arises: do I
mean “I understand it ke that” ? With the “/ike that” standing for
a translation of what I understand into a different expression? Or
is it a sort of intransitive understanding ? When I’'m understanding
one thing do I as it were think of another thing? Does under-
standing, that is, consist of thinking of something else? And if
that isn’t what 1 mean, then what’s understood is as it were
autonomous, and the understanding of it is comparable to the
understanding of a melody.

(It is interesting to observe that the pictures which come before
our minds when we read an isolated word and try to understand
it correctly just like that are commonly altogether absent when we
read a sentence; the picture that comes before our minds when we
read a sentence with understanding is often something like a
resultant of the whole sentence).

38 It is possible for a person to forget the meaning of a word
(e.g. “blue’”). What has he forgotten? — How is that manifested ?

He may point, for instance, to a chart of different colours and
say ‘I don’t know any longer which of these is called ‘blue’ ””.Or
again, he may not any longer know at all what the word means
(what purpose it serves); he may know only that is it an English
word.

We might say: if someone has forgotten the meaning of the
word “blue” and is asked to choose a blue object from among
others he feels as he looks at the objects that the connection between
the word “blue” and the colour no longer holds but has been
broken off. The connection will be reestablished, it might be said,
if we repeat the definition of the word for him. But we might
reestablish the connection in various ways: we might point to a
blue object and say “that is blue”, or say “remember your blue
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patch” or we perhaps utter the German word “blau”, etc. etc.
And if I now say there are these different ways in which we can
establish the connection this suggests there’s a single particular
phenomenon I call the connection between word and colour, or
the understanding of the word, a phenomenon I’ve produced in
all these different ways, just as I can use objects of different shapes
and materials as conductors to connect the ends of two wires. But
there is no need for such a phenomenon of connection, no need,
say, that when I hear the word a picture of the colour should occur
before my inner eye. For if what is reestablished in his under-
standing of the word, this can manifest itself in very various
processes. There isn’t a further process hidden behind, which is
the real understanding, accompanying and causing these mani-
festations in the way that toothache causes one to groan, hold
one’s cheek, pull faces, etc. If I am now asked if I think that there’s
no such thing as understanding but only manifestations of under-
standing, ] must answer that this question is as senseless as the
question whether there is 2 number three. I can only describe
piecemeal the grammar of the word “understand” and point out
that it differs from what one is inclined to portray without looking
closely. We are like the little painter Klecksel who drew two eyes
in a man’s profile, since he knew that human beings have two eyes.

39 The effect of an explanation of the meaning of 2 word is like
‘knowing how to go on’, when you recite the beginning of a
poem to someone until he says “now I know how to go on”.
(Tell yourself the various psychological forms this knowing how
to go on may take.)

The way in which language was learnt is not contained in its use.
(Any more than the cause is contained in the effect.)

How does an ostensive definition work ? Is it put to work again
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every time the word is used, or is it like a vaccination which changes
us once and for all?

A definition as a part of the calculus cannot act at a distance. It
acts only by being applied.

40 Once more: in what cases shall we say that the man understands
the word “blue” ? Well, if he picks out a blue object from others on
demand; or if he credibly says that he could now pick out the blue
object but doesn’t want to (perhaps we notice that while he says
this he glances involuntarily at the blue object; perhaps we
believe him simply on account of his previous behaviour). And
how does he know that he understands the word? i.e. in what
circumstances will b be able to say it ? Sometimes after some kind
of test, but sometimes also without. But in that case won’t he
sometimes have to say later “I was wrong, I did not understand it
after all” if it turns out that he can’t apply it ? Can he justify himself
in such cases by saying that he did indeed understand the word
when he said he did, but that the meaning later slipped his memory ?
Well, what can he offer as a criterion (proof) that he did understand
the word at the previous time ? — Perhaps he says “At that time I
saw the colour in my mind’s eye, but now I can’t remember it.”
Well, if that implies that he understood it, he did understand it
then. — Or he says: “I can only say I’ve used the word a hundred
times before™, or “I’d used it just before, and while I was saying 1
understood it I was thinking of that occasion.” Itis what is regarded
as the justification of an assertion that constitutes the sense of the
assertion.

Suppose we say “he understands the word ‘blue’, he picked the
blue ball out from the others right away’” and then he says “I just
picked it out by guesswork, I didn’t understand the word”. What
sort of criterion did he have for not having understood the word ?
Ought we to believe him ? If one asks oneself “How do I know that
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I don’t understand this word” it produces a very strange thought
sensation. One wants to say ““ I don’t connect anything with it”,
“it says nothing to me”, “It’s a mere noise”, and in order to
understand these utterances one has to call to mind what it’s like
“when one connects something with a word”, when a definition
has made the sound into a meaningful word, when one can do
something with the word.

You will say: “But he certainly can’t be wrong when he says that
he didn’t understand the word.” And that is an observation about
the grammar of the statement “I didn’t understand the word”. It
is also an observation about grammar when we say, ‘“Whether he
understood, is something he knows which we cannot &7ow but
only guess”. Moreover the statement “I didn’t understand the
word” doesn’t describe a state at the time of hearing the word;
there are many different ways in which the processes characteristic
of not understanding may have taken place later.

41 We speak of understanding (a process of understanding, and
also a state of understanding) and also of certain processes which
are criteria for this understanding.

We are inclined to call understanding a mental process or a state
of mind. This characterizes it as a Aypothetical process etc., or
rather as a process (or state) in the sense of a hypothesis. That is,
we banish the word “understanding” to a particular region of
grammar.

The grammar of a mental state or process is indeed in many
respects similar to that of e.g. a brain-process. The principal
difference is perhaps that in the case of a brain-process a direct
check is admitted to be possible; the process in question may
perhaps be seen by opening the skull. But there is no room for a
similar “immediate perception” in the grammar of mental process.
(There is no such move in this game.)
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What is the criterion for our understanding the word “red”?
That we pick out a red object from others on demand, or that we
can give the ostensive definition of the word “red”?

We regard both things as signs of understanding. If we hear
someone use the word “red” and are in doubt whether he under-
stands it, we can check by asking: ““which colour do you call red ?*
On the other hand, if we’d given someone the ostensive definition
of the word and then wanted to see whether he’d understood it
rightly, we wouldn’t ask him to repeat it, but we would set him a
task like picking out the red objects from a row.

Here it can be asked: ““are we talking about 7y understanding or
other people’s understanding ?

“Oanly I can know whether I understand, others can only guess.”
“ ‘He understands’ is a hypothesis; ‘I understand’ is not.”

If that’s what we say, then we’re conceiving “understanding”
as an experience, analogous e.g. to a pain.

People say: “You cannot know whether I understand (whether
1am glad), etc.; you can’t look inside me.” ““You can’t know what
I think.” Yes, but that’s so only as long as you don’t think aloud;
and we aren’t interested here in the difference between thinking
out loud (or in writing) and thinking in the imagination.

Here you may object that thinking is after all private even if
it is only the visual experience of writing, and that though another
person can see what my physical hand is writing he cannot have
my visual experience. These questions must occupy us in another
place.

But for our present purpose can’t we say “he is writing” and

“I am writing”instead of “he understands” and “I understand ?”’
Then we leave the question of experience completely out of the
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game. Also, for instance, the question of private understanding.
For then it appears unimportant here.

What we call “understanding” is not the behaviour—whatever
it may be — that shows us the understanding, but a state of which
this behaviour is a sign. And that is a statement about the grammar
of denoting such a state.

42 We might call the recital of the rules on its own a criterion for
understanding, or alternatively tests of use on their own. Then in
the one case ““he understands” would mean: “if you ask him for
for the rules, he will tell you them”; in the other case “if you require
him to apply the rule, he will carry out your order”.

Or we may regard the recital of the rules as a symptom of the
man’s being able to do something other than recite the rules. As
when I hold a watch to my ear, hear it ticking and say: it is going.
In that case I don’t just expect it to go on ticking, but also to show
the time.

One might say: “The recital of the rules is a criterion of under-
standing, if the man recites them with understanding and not
purely mechanically.” But here once again an intelligent intonation
during the recitation can count as understanding; and so why not
the recitation itself ?

To understand is to grasp, to receive a particular impression from
an object, to let it work on one. To let a proposition work on one;
to consider consequences of the proposition, to imagine them, etc.

What we call “understanding” is a psychological phenomenon
that has a special connection with the phenomena of learning and
using our human language.

What happens when I remember the meaning of a word? I see
before me an object of a certain colour and I say “this book is
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brown and I have always called this colour ‘brown’ >’. What sort of
act of remembering must take place for me to be able to say that?
This question could be put in 2 much more general form. For
instance, if someone asked me “have you ever before seen the
table at which you are now sitting »”’ I would answer “yes, I have
seen it countless times”. And if I were pressed I would say “I have
sat at it every day for months”. — What act or acts of remembering
occur in such a case ? After all I don’t see myself in my mind’s eye
“sitting at this table every day for months”. And yet I say that I
remember that I’ve done so, and I can later corroborate it in various
ways. Last summer too, for example, I was living in this room.
But how do I know that? Do I see it in my mind’s eye ? No. In this
case what does the remembering consist of ? If I as it were hunt for
the basis of the memory, isolated pictures of my earlier sojourn
surface in my mind; but even so they don’t have, say, a date written
into them. And even before they’ve surfaced and before I've called
any particular evidence into my mind, I can say truly that I remem-
ber that I lived here for months and saw this table. Remembering,
then, isn’t at all the mental process that one imagines at first sight.
If 1 say, rightly, “I remember it”’ the most varied things may
happen; perhaps even just that I say it. And when I here say
“rightly”” of course I’m not laying down what the right and wrong
use of the expression is; on the contrary I'm just describing the
actual use.

The psychological process of understanding is in the same case
as the arithmetical object Three. The word “process” in the one
case, and the word “object” in the other produce a false grammatical
attitude to the word.

43 Isn’titlike this? First of all, people use an explanation, a chart,
by looking it up; later they as it were look it up in the head (by
calling it before the inner eye, or the like) and finally they work
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without the chart, as if it had never existed. In this last case they are
playing a different game. For it isn’t as if the chart is still in the
background, to fall back on; it is excluded from our game, and if
1 “fall back on it” I am like a blinded man falling back on the sense
of touch. An explanation provides a chart and when I no longer
use the chart it becomes mere history.

I must distinguish between the case in which I follow the table,
and the case in which I behave in accordance with the table witl.out
making use of it. - The rule we learnt which makes us now
behave in such and such a way is of no interest to us considered as
the cause or history behind our present behaviour. — But as a
general description of our manner of behaving it is a hypothesis.
It is the hypothesis that the two people who sit at the chess board
will behave (move) in such and such a manner. (Here even a breach
of the rules falls under the hypothesis, since it says something about
the behaviour of the players when they become aware of the
breach). But the players might also use the rules by looking up in
each particular case whatis to be done ; here the rule would enterinto
the conduct of the game itself and would not be related to it as
hypothesis to confirmation. But there is a difficulty here. For a
player who plays without using the list of rules, and indeed has
never seen one, might nevertheless if asked give the rules of his
game — not by ascertaining through repeated observation what he
doesinsuchand such a position in the game, but by superintending
a move and saying “in such a case #his is how one moves”. — But, if
that is so, that just shows that in certain circumstances he can enun-
ciate the rules, not that he makes explicit use of them while playing.

It is a hypothesis that he will if asked recite a list of rules; if a
disposition or capacity for this is postulated in him, it is a psycho-
logical disposition analogous to a physiological one. If it is said
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that this disposition characterizes the process of playing, it
characterizes it as the psychological or physiological one it really
is. (In our study of symbolism there is no foreground and back-
ground; it isn’t a matter of a tangible sign with an accompanying
intangible power or understanding.)

44 What interests #s in the sign, the meaning which matters for
us is what is embodied in the grammar of the sign.

We ask “How do you use the word, what do you do with it” -
that will tell us how you understand it.

Grammar is the account books of language. They must show
the actual transactions of language, everything that is not a matter
of accompanying sensations.

In a certain sense one might say that we are not concerned with
‘nuances.

(I could imagine a philosopher who thought that he must have

a proposition about the essence of knowing printed in red,
otherwise it would not really express what it was meant to express.)

87



v

45 The interpretation of written and spoken signs by ostensive
definitions is not an application of language, but part of the gram-
mar. The interpretation remains at the level of generality pre-
paratory to any application.

The ostensive definition may be regarded as a rule for trans-
lating from a gesture language into a word language. If I say “the
colour of this object is called ‘violet’”, I must already have denoted
the colour, already presented it for christening, with the words
“the colour of that object” if the naming is to be able to take place.
For I might also say “the name of this colour is for you to decide”
and the man who gives the name would in that case already have
to know what he is to name (where in the language he is stationing
the name).

That one empirical proposition is true and another false is no
part of grammar. What belongs to grammar are all the conditions
(the method) necessary for comparing the proposition with
reality. That is, all the conditions necessary for the understanding
(of the sense).

In so far as the meaning of words becomes clear in the fulfilment
of an expectation, in the satisfaction of a wish, in the carrying out
of an order etc., it already shows itself when we put the expectation
into language. It is therefore completely determined in the gram-
mar, in what could be foreseen and spcken of already before the
occurrence of the event.

46 Does our language consist of primary signs (ostensive gestures)
and secondary signs (words)? One is inclined to ask, whether it
isn’t the case that our language has to have primary signs while it
could get by without the secondary ones.

The false note in this question is that it expects an explanation of



existing language instead of a mere description.

It sounds like a ridiculous truism to say that 2 man who thinks
that gestures are the primitive signs underlying all others would
not be able to replace an ordinary sentence by gestures.

One is inclined to make a distinction between rules of grammar
that set up ““a connection between language and reality” and those
that do not. A rule of the first kind is “‘this colour is called ‘red’ >,
- a rule of the second kind is “~ ~ p = p””. With regard to this
distinction there is a common error; language is not something
that is first given a structure and then fitted on to reality.

One might wish to ask: So is it an accident that in order to
define signs and complete the sign-system I have to go outside the
written and spoken signs? When I do that don’t I go right into
the realm where what is to be described occurs ? — But in that case
isn’t it strange that I can do anything at all with the written signs?
— We say perhaps that the written signs are mere representatives
of the things the ostensive definition points to. — But how then is
this representing possible? I can’t after all make just anything
stand in for anything else. - It is indeed important that such
representing is possible; for the representative must, in certain
cases at least, do the job as well as the principal.

47 We say that something like a red label is the primary sign for the
colour red, and the word is a secondary sign, because the meaning
of the word “red” is explained if I point, etc. to a red label, but not
if I say ““red” means the same as “rouge”. But don’t I explain the
meaning of the word “red” to a Frenchman in just this way?
“Yes, but only because he has learnt the meaning of ‘rouge’ by
ostensive definition”. But if he understands my explanation “red =

89



rouge” does he have to have this definition - or a red image -
present to his mind ? If not, it is mere history. Must he have such a
picture present whenever we would say he was using the word
“rouge” with understanding ? (Think of the order: “Imagine a
round red patch.”)

48 Are the signs one wants to call ‘primary’ incapable of being
misinterpreted ?

Can one perhaps say, they don’t really any longer need to be
understood? — If that means that they don’t have to be further
interpreted, that goes for words too; if it means, they cannot be
further interpreted, then it’s false. (Think of the explanation of
gestures by words and vice versa).

Is it correct, and if so in what sense, to say that the ostensive
definition is like the verbal definition in replacing one sign by
another — the pointing by the word ?

49 Suppose I lay down a method of designation. Suppose, for
example, I want to give names to shades of colours for my private
use. I may do so by means of a chart; and of course I won’t write
a name beside a wrong colour (beside a colour I don’t want to give
that name to). But why not? Why shouldn’t “red”” go beside the
green label and “‘green” beside the red, etc.? If the ostensive
definition merely replaces one sign by another, that shouldn’t
make any difference. — Here there are at any rate two different
possibilities. It may be that the table with green beside “red” is
used in such a way that 2 man who ‘looks it up’ goes diagonally
from the word “red” to the red label, and from the word “‘green”
to the green one and so on. We would then say that though the
table was arranged differently (had a different spatial scheme) it
connected the signs in the same way as the usual one. — But it
might also be that the person using the table looks from one side
horizontally to another, and in some sentences uses a green label

instead of the word ““red”, and yet obeys an order like “give me a



red book” not by bringing a green book, but perfectly correctly
by bringing a red one (i.e. one that we too would call “red”).
Such a man would have used the table in a different way from the
first, but still in such a way that the word “red” means the same
colour for him as it does for us.

Now it is the second case which interests us, and the question is:
can a green label be a sample of red ? -

I can imagine an arrangement according to which a man to
whom I show a green label with the words “paint me this colour”
is to paint me red and if I show him blue with the same words, is
to paint me yellow (always the complementary colour). And
someone might interpret my order in that way even without such
a convention. The convention might also have been “if I say,
‘paint this colour’, then always paint one slightly darker”, and
again we could imagine the order being thus interpreted even
without this prearrangement. — But can it be said that when
someone is painting a certain shade of green he is copying the red of
the label —as he may copy a geometrical figure according to
various methods of projection, copying it in different but equally
exact ways? — Can 1 compare colours with shapes? Can a green
label be used both as the name of a particular shade of red, and
also as a sample of it just as a circle can serve as the name of a
particular elliptical shape, and also as a sample for it ?

It is clear that a sample is not used like a word (a name). And an
ostensive definition, a table, which leads us from words to samples,
is used differently from a table which replaces one name by another.

so However, the word “copy” has different meanings in different
cases and what I mean by “pattern” changes correspondingly.
What does “to copy a figure exactly’” mean ? Does it mean copy it
exactly with the unaided eye ? Or with measuring instruments, and
if so which? What shall we be willing to call the same colour as
that of the pattern ? Think of various methods of comparison. How
far is the rule to copy darker comparable to a rule to copy a figure

91



on a larger, or small scale?

Imagine a2 man who claimed to be able to copy shades of red
into green, who fixed his eye on a red sample and with every out-
ward sign of exact copying mixed a shade of green. For us he
would be on a par with someone who listened carefully and mixed
colours in accordance with notes on a violin. In such a case we’d
say “I don’t know how he does it”’; not because we didn’t under-
stand the processes in his brain or in his muscles, but because we
don’t understand what is meant by “this shade of colour is a copy
of this note on the violin”. Unless that means that as a matter of
experience a man associates a particular shade of colour with a
particular note(sees itin his mind’s eye, paintsit etc). The difference
between the meanings of ‘““associate” and “‘copy” shows itself in
the fact that it doesn’t make sense to speak of a projection-method
(rule of translation) for association. We say: “you haven’t copied
correctly”, but not “you haven’t associated correctly”.

On the other hand it is certainly conceivable that human beings
might agree so exactly with each other in associating colours with
violin notes that one might say to another: “No, you haven’t
represented that violin note correctly, it was yellower than you
painted it” and the other would answer something like “you’re
right, the same thought occurred to me”.

s1 If the table connects the word with a sample, then it isn’t in-
different which label the word is linked with when the table is
consulted - “So then there are signs that are arbitrary and signs
that are not!” Compare the giving of information by maps and
drawings, with the giving of information by sentences. The
sentences are no more arbitrary than the drawings are; only the
words are arbitrary. On the other hand the projection of the maps
is arbitrary; and how would you decide which of the two is the
more arbitrary ?
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Certainly I can compare deciding on the meanings of words
with deciding on a method of projection, such as that for the
representation of spatial forms (“the proposition is a picture™).
That is a good comparison, but it doesn’t exempt us from investi-
gating the way words signify, which has its own rules. We can of
course say — that is, it accords with usage - that we communicate
by signs whether we use words or patterns, but the game of acting
in accordance with words is not the same game as acting in accor-
dance with patterns. (Words are not essential to what we call
“language”, and neither are samples). Word-language is only one
of many possible kinds of language, and there are transitions
between one kind and another. (Think of two ways of writing the
proposition “I see a red circle”: it might be done by writing a
circle and giving it the appropriate colour (red), or by writing a
circle with a red patch beside it. Consider what corresponds in a
map to the form of expression of a word-language.)

s2 “I won’tinsist that the red patternin the explanatory chart must
be horizontally opposite the word ‘red’, but there must be some
sort of law for reading the table or it will lose its sense.” But is
there no law if the chart is read in the way indicated by the arrows
of the following schema ?

“But in that case mustn’t this schema of arrows be given in ad-
vance ?”’ — Well, must you give this schema before we follow the
normal use?

HEE
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“But in that case mustn’t there at least be a regularity through
time in the use of the table? Would it work if we were to use the
table in accordance with different schemata at different times?
How would one know in that case how the table was to be used ?”
Well, how does one know amyway? Explanations of signs come
to an end somewhere.

Of course if I showed someone the way by pointing my finger not
in the direction in which he was to go, but in the opposite direction,
in the absence of a special arrangement I should cause a misunder-
standing. It is part of human nature to understand pointing with
the finger in the way we do. (As it is also part of human nature to
play board games and to use sign languages that consist of written
signs on a flat surface.)

The chart doesn’t guarantee that I shall pass from one part of it
to another in 2 uniform manner. It doesn’t compel me to use it
always in the same way. It’s there, like a field, with paths leading
through it: but I can also cut across. - Each time I apply the chart
I make a fresh transition. The transitions aren’t made as it were once
for all in the chart (the chart merely suggests to me that I make
them).

(What kind of propositions are these? — They are like the
observation that explanations of signs come to an end somewhere.
And that is rather like saying “How does it help you to postulate
a creator, it only pushes back the problem of the beginning of the
world.” This observation brings out an aspect of my explanation
that I perhaps hadn’t noticed. One might also say: “Look at your
explanation in #bis way — now are you still satisfied with it ?**)

53 Is the word “red” enough to enable one to look for something
red ? Does one need a memory image to do so?

Can one say that the word “red” needs a supplement in memory
in order to be a usable sign?

If I use the words “there is a red book in front of me”’ to describe
an experience, is the justification of the choice of these words,



apart from the experience described, the fact that I remember that
I’ve always used the word “red” for this colour ? Does that have fo
be the justification ?

In order to be ableto obey a spoken order do we need something
like a memory picture of what we did when we last obeyed it ?

So is the real order “Do now what you remember doing then” ?
This order too might be given. But does that mean that in order to
obey it, I need a memory image of searching my memory?

The order “do now what you remember doing then” tells me
that I am to look in a particular place for a picture that will tell me
what I am to do. So the order is very similar to “Do what is written
on the piece of paper in this drawer”. If there is nothing on the
piece of paper then the order lacks sense.

If the use of the word “red” depends on the picture that my
memory automatically reproduces at the sound of this word, then
I am as much at mercy of this reproduction as if I had decided to
settle the meaning by looking up a chart in such a way that I would
surrender unconditionally to whatever I found there.

If the sample I am to work with appears darker than I remember
it being yesterday, I need not agree with the memory and in fact
I do not always do so. And I might very well speak of a darkening
of my memory.

54 If I tell someone “paint from memory the colour of the door
of your room” that doesn’t settle what he is to do any more un-
ambiguously than the order ““paint the green you see on this chart”.
Here too it is imaginable that the first of the sentences might be
undetstood in the way one would normally understand a sentence
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like “paint a colour somewhat lighter than the one you remember
seeing there”. On the other hand the man ordered to paint the
shade of colour in accordance with the sample will usually be in
no doubt about the method of projection.

If I’'m told: “look for a red flower in this meadow and bring it
to me” and then I find one - do I compare it with my memory
picture of the colour red ? — And must I consult yet another picture
to see whether the first is still correct? — In that case why should
I need the first one ? - I see the colour of the flower and recognize
i¢. (It would naturally be conceivable that someone should hallucinate
a colour sample and compare it, like a real sample, with the object
he was looking for.)

But if I say “no, this colour isn’t the right one, it’s brighter than
the colour I saw there” that doesn’t mean that I see the colour in
my mind’s eye and go through a process of comparing two simul-
taneously given shades of colour. Again, it isn’t as if when the
right colour is found a bell rings somewhere in my mind and 1
carry round a picture of this ringing, so as to be able to judge when
it rings.

Searching with a sample which one places beside objects to test
whether the colours match is one game; acting in accordance with
the words of a word-language without a sample is another. Think
of reading aloud from a written text (or writing to dictation). We
might of course imagine a kind of table that might guide us in this;
but in fact there isn’t one, there’s no act of memory, or anything
else, which acts as an intermediary between the written sign and the
sound.

55 Suppose I am now asked “why do you choose #bis colour when
given this order; how do you justify the choice ?”’ In the one case
I can answer “because #Ais colour is opposite the word ‘red’ in
my chart.” In the other case there is no answer to the question and
the question makes no sense. But in the first game there is no sense
in this question: “why do you call ‘red’ the colour in the chart



opposite the word ‘red’”? A reason can only be given within a
game. The links of the chain of reasons come to an end, at the
boundary of the game. (Reason and cause.)

If one calls to mind ““that the chart does not compel us” to use it
in a particular way, or even always to use it in the same wayj, it
becomes clear to everyone that our use of the words “rule” and
“game” is a fluctuating one (blurred at the edges).

The connection between *‘language and reality” is made by
definitions of words, and these belong to grammar, so that lan-
guage remains self-contained and autonomous.

56 Imagine a gesture language used to communicate with people
who have no word-language in common with us. Do we feel there
too the need to go outside the language to explain its signs ?

“The connection between words and things is set up by the
teaching of language.” What kind or sort of connection is this? A
mechanical, electrical, psychological connection is something
which may or may not function. Mechanism and Caleulus.

The correlation between objects and names is simply the one set
up by a chart, by ostensive gestures and simultaneous uttering of the
name etc. It is a part of the symbolism. Giving an object 2 name is
essentially the same kind of thing as hanging a label on it.

It gives the wrong idea if you say that the connection between
name and object is a psychological one.

57 Imagine someone copying a figure on the scale of 1 to 10. Is the

understanding of the general rule of such mapping contained in
the process of copying? — The pencil in my hand was free from
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presuppositions, so to speak, and was guided (influenced) only by
the length of the lines in the pattern. -~ I would say that if the
pattern had been longer, I should have drawn my pencil further
and if it had been shorter, not so far. But is the mind which thus
expresses itself already contained in the copying of the line ?

Suppose I want to meet someone on the street. I can decide “I
will go on until I find N”” - and then go along the street and stop
when I meet him at a particular point. Did the process of walking,
or some other simultaneous process, include acting in accordance
with the general rule I intended ? Or was what 1 did only in agree-
ment with that rule, but also in agreement with other rules?

A

a
S—
b

I give someone the order to draw from A a line parallel to a.
He tries (intends) to do it, but with the result that the line is
parallel to b. Was what happened when he copied the same as if
he had intended to draw a line parallel to b and carried out his
intention ?

If T succeed in reproducing a paradigm in accordance with a
prescribed rule, is it possible to use a different general rule to
describe the process of copying, the way it took place? Or can I
reject such a description with the words “No, I was guided by #bis
rule, and not by the other, though admittedly in this case the other
would have given the same result’?

s8 One is inclined to say: If I intentionally copy a shape, then the
process of copying has the shape in common with the pattern. The
form is a facet of the process of copying; a facet which fits the
copied object and coincides with it there.

98



Even if my pencil doesn’t do justice to the model, my intention
always does.

If I intend to play the piano from written music, it is experience
that will show which notes I actually play and the description of
what is played need not have anything in common with the written
notes. But if I want to describe my intention, the description must
be that I wanted to reproduce #bese written notes in sounds. — That
alone can be the expression of the fact that intention reaches up to
the paradigm and contains a general rule.

An expression of intention describes the model to be copied;
describing the copy does not.

59 For the purposes of our studies it can never be essential that a
symbolic phenomenon occurs in the mind and not on paper so
that others can see it. One is constantly tempted to explain 2a
symbolic process by a special psychological process; as if the mind
“could do much more in these matters’” than signs can.

We are misled by the idea of a mechanism that works in special
media and so can explain special movements. As when we say:
this movement can’t be explained by any arrangement of levers.

A description of what is psychological must be something which
can itself be used as a symbol.

A connected point is that an explanation of a sign can replace the
sign itself. This gives an important insight into the nature of the
explanation of signs, and brings out a contrast between the idea
of this sort of explanation and that of causal explanation.

6o It could be said that it can’t be decided by outward observation
whether I am reading or merely producing sounds while a text runs
before my eyes. But what is of interest to us in reading can’t
be essentially something /nfernal. Deriving a translation from the
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original may also be a visible process. For instance, it must be
possible to regard as a derivation what takes place on paper when
the terms of the series 100, 121, 144, 169 are derived from the
terms of the series 10, 11, 12, 13 by the following calculations

10X 10 I1I X II 12 X 12 13 X 13
00 11 24 39

> . >
100 121 144 169

(The distinction between “inner” and “outer” does not interest
us.)

Every such more or less behaviourist account leaves one with the
feeling that it is crude and heavy handed; but this is misleading —
we are tempted to look for a “better’ account, but there isn’t one.
One is as good as the other and in each case what represents is the
system in which a sign is used. - (“Representation is dynamic, not
static.”).

(Even a psychological process cannot “leave anything open”
in any way essentially different from the way in which an empty
bracket in the symbolism leaves open an argument place.)

One may not ask ‘“What sort of thing are mental processes, since
they can be true and false, and non-mental ones cannot ?” For, if
the ‘mental’ ones can, then the others must be able to do as well and
vice versa. - For, if the mental processes can, their descriptions
must be able to as well. For how this is possible must show itself
in their descriptions.

If one says that thought is a mental activity, or an activity of the
mind, one thinks of the mind as 2 cloudy gaseous medium in which
many things can happen which cannot occur in a different sphere,
and from which many things can be expected that are otherwise
not possible.

(The process of thinking in the human mind, and the process of
digestion).
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61 Every case of copying (acting in obedience to, not just in
accordance with, particular rules), every case of deriving an action
from a command or justifying an action by a command, is the same
kind of thing as writing down the steps that lead to the answer of
a sum, or pointing to signs standing beside each other in a table.

x| 1 2 3 4

x? 16

x3 64

“I write the number ‘16’ here because it says ‘x?’ there, and ‘64’
here because it says x3 there.” That is what every justification looks
like. In a certain sense it takes us no further. But indeed it can’t
take us further i.c. into the realm of metalogic.

(The difficulty here is: in not trying to justify what admits of
no justification.)

Suppose, though, I said “I write a ‘+” here because it says ‘x?’
there? You would ask “Do you always write a ‘+’ where it says
“x2”? — that is, you would look for a general rule; otherwise the
“because” in my sentence makes no sense. Or you might ask
“So how do you know that #4a# is why you wrote it ?”’

In that case you’ve taken the “because” as introducing a state-
ment of the cause, instead of the reason.

If I write “16” under *“4” in accordance with the rule, it might
appear that some causality was operating that was not a matter of
hypothesis, but something immediately perceived (experienced).

(Confusion between ‘reason’ and ‘cause’.)

What connection do I mean in the sentence “I am going out,
because he’s telling me to”? And how is this sentence related to
“I am going out, although he told me to”. (Or “I am going out,
but not because he told me to”” “I am going out, because he told
me not to”.)
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62 “That’s him” (this picture represents 4im) — that contains the
whole problem of representation.

What is the criterion, how is it to be verified, that this picture is
the portrait of that object, i.e. that it is meant to represent it? It is
not similarity that makes the picture a portrait (it might be a
striking resemblance of one person, and yet be a portrait of some-
one else it resembles less).

How can I know that someone means the picture as a portrait
of N? — Well, perhaps because he says so, or writes it underneath.

What is the connection between the portrait of N and N him-
self ? Perhaps, that the name written underneath is the name used
to address him.

When I remember my friend and see him “in my mind’s eye”,
what is the connection between the memory image and its sub-
ject? The likeness between them?

Well, the image, gua picture, can’t do more than resemble him.

The image of him is an unpainted portrait.
In the case of the image too, I have to write his name under the
picture to make it the image of him.

I have the intention of carrying out a particular task and I make
a plan. The plan in my mind is supposed to consist in my seeing
myself acting thus and so. But how do I know, that it is myself
that I’m seeing ? Well, it isn’t myself, but a kind of a picture. But
why do I call it the picture of me?

“How do I know that it’s myself ?”’: the question makes sense if
it means, for example, “how do I know that I’'m the one I see there”.
And the answer mentions characteristics by which I can be recog-
nized.

But it is my own decision that makes my image represent myself.

And I might as well ask “how do I know that the word ‘I’ stands

for myself ?”’ For my shape in the picture was only another word
“I’,.
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“I can imagine your being about to go out of the door.” We
suffer from a strange delusion that in the proposition, the thought,
the objects do what the proposition states about them. It’s as
though the command contained a shadow of the execution. But
a shadow of just #his execution. It is you in the command who go to
such and such a place. —- Otherwise it would be just a differens
command.

This identity is indeed the identity contrasted with the diversity
of two different commands.

“I thought Napoleosi was crowned in the year 1805.” - What
has your thought got to do with Napoleon? — What connection
is there between your thought and Napoleon? — It may be, for
example, that the word “Napoleon” occurs in the expression of my
thought, plus the connection that word had with its bearer; e.g.
that was the way he signed his name, that was how he was spoken
to and so on.

“But when you utter the word ‘Napoleon’ you designate that
man and no other” — “How then does this act of designating work,
in your view ? Is it instantaneous? Or does it take time ?” - *“But
after all if someone asks you ‘did you mean the very man who won
the battle of Austerlitz’ you will say ‘yes’. So you meant that man
when you uttered the sentence.” — Yes, but only in the kind of way that
I then knew also that 6 x 6 = 36.

The answer “‘I meant the victor of Austerlitz” is a new step in
our calculus. The past tense is deceptive, because it looks as if it
was giving a description of what went on “inside me” while I
was uttering the sentence.

(“But I meant bim”. A strange process, this meaning! Can you
mean in Europe someone who’s in America? Even if he no longer
exists ?)

63 Misled by our grammar, we are tempted to ask “Hon' does one

think a proposition, how does one expect such and such to happen?
(how does one do that?)”
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“How does thought work, how does it use its expression?” —
This question looks like “How does a Jacquard loom work, how
does it use the cards”.

In the proposition “I believe that p is the case ” we feel that the
essential thing, the real process of belief, isn’t expressed but only
hinted at; we feel it must be possible to replace this hint by a
description of the mechanism of belief, a description in which the
series of words “p”” would occur as the cards occur in the descrip-
tion of the loom. This description, we feel, would be at last the full
expression of the thought.

Let’s compare belief with the utterance of a sentence; there too
very complicated processes take place in the larynx, the speech
muscles, the nerves, etc. These are accompaniments of the spoken
sentence. And the sentence itself remains the only thing that
interests us — not as part of a mechanism, but as part of a calculus.

“How does thought manage to represent ?”’ — the answer might
be “Don’t you really know ? You certainly see it when you think.”
For nothing is concealed.

How does a sentence do it ? Nothing is hidden.

But given this answer “But you know how sentences do it, for
nothing is concealed”” one would like to say “yes, but it all goes by
so quick, and I should like to see it as it were laid open to view”.

We feel that thoughts are like a landscape that we have seen and
are supposed to describe, but don’t remember exactly enough to
describe how all the parts fitted together. Similarly, we think, we
can’t describe thought after the event because then the many
delicate processes have been lost sight of. We would like as it were
to see these intricacies under the magnifying glass. (Think of the
proposition “Everything is in flux™.)
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Weask: “Whatis a thought ? What kind of thing must something
be to perform the function of thought?” This question is like:
“What is a sewing machine, how does it work ? — And the answer
which would be like ours would be “Look at the stitch it is meant
to sew; you can see from that what is essential in the machine,
everything else is optional.”

So what is the function, that makes thought what it is? -

If it is its effect, then we are not interested in it.

We are not in the realm of causal explanations, and every such
explanation sounds trivial for our purposes.

64 If one thinks of thought as something specifically human and
organic, one is inclined to ask “could there be a prosthetic appara-
tus for thinking, an inorganic substitute for thought?” But if
thinking consists only in writing or speaking, why shouldn’t a
machine do it? “Yes, but the machine doesn’t know anything.”
Certainly it is senseless to talk of a prosthetic substitute for seeing
and hearing. We do talk of artificial feet, but not of artificial pains
in the foot.

“But could a machine think ?”’ — Could it be in pain ? - Here the
important thing is what one means by something besng in pain. I
can look on another person — another person’s body — as a machine
whichis in pain. And so, of course, I can in the case of my own body.
On the other hand, the phenomenon of pain which I describe when
I say something like “I have toothache” doesn’t presuppose a
physical body. (I can have toothache without teeth.) And in this
case there is no room for the machine. - It s clear that the machine
can only replace a physical body. And in the sense in which we can
say of such a body that it is in pain, we can say it of a machine as
well. Or again, what we can compare with machines and call
machines is the bodsies we say are in pain.
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In the consideration of our problems one of the most dangerous
ideas is the idea that we think wizh, or in, our heads.

The idea of a process in the head, in a completely enclosed space,
makes thinking something occult.!

“Thinking takes place in the head” really means only “the head
is connected with thinking”. -~ Of course one says also “I think
with my pen’” and this localisation is at least as good.

It is a travesty of the truth to say “Thinking is an activity of our
mind, as writing is an activity of the hand”. (Love in the heart.
The head and the heart as loci of the soul).

65 We may say “Thinking is operating with symbols”. But
‘thinking’ is a fluid concept, and what ‘operating with symbols’.
is must be looked at separately in each individual case.

I might also say “Thinking is operating with language” but
‘language’ is a fluid concept.

It is correct to say “Thinking is a mental process” only if we
also call seeing a written sentence or hearing a spoken one a mental
process. In the sense, that is, in which pain is called a mental state.
In that case the expression “mental process’ is intended to dis-
tinguish ‘experience’ from ‘physical processes’. — On the other
hand, of course, the expression “mental process” suggests that we
are concerned with imperfectly understood processes in an in-
accessible sphere.

Psychology too talks of ‘unconscious thought’ and here
“thought” means a process in a mind-model. (‘Model’ in the
sense in which one speaks of a mechanical model of electrical
processes).

By contrast, when Frege speaks of the thought a sentence
expresses the word “thought” is more or less equivalent to the
expression ““sense of the sentence”.

1. The parallei passage in Zettel 606 is translated in a way that does not
fit this context (Trs.)
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It might be said: in every case what is meant by “thought” is the
living element in the sentence, without which it is dead, a2 mere
succession of sounds or series of written shapes.

But if I talked in the same way about a something that gives
meaning to an arrangement of chessmen, something that makes it
different from an arbitrary collection of bits of wood, I might mean
almost anything! I might mean the rules that make the arrangement
of chessmen a position in a game, or the special experiences we
connect with positions in the game or the use of the game.

It is the same if we speak of a something that makes the difference
between paper money and mere printed bits of paper, something
that gives it its meaning, its life.

Though we speak of a thought and its expression, the thought is
not a kind of condition that the sentence produces as a potion
might. And communication by language is not a process by which
I use a drug to produce in others the same pains as I have myself.

(What sort of process might be called “thought-transference”
or “thought-reading” ?)

66 A French politician once said it was a special characteristic of
the French language that in French sentences words occurred in
the sequence in which one thinks them.

The idea that one language in contrast to others has a word order
which corresponds to the order of thinking arises from the notion
that thought is an essentially different process going on inde-
pendently of the expression of the thoughts.

(No one would ask whether the written multiplication of two
numbers in the decimal system runs parallel with the thought of the
multiplication.)

“I meant something definite by it, when I said . ..”

- “Did you mean something different when you said each
word, or did you mean the same thing throughout the whole
sentence ?”’
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It is strange, though: you can mean something by each word and
the combination of them can still be nonsense!

““At the time when you said the sentence, did you think of the
fact that . . .”

“I thought only what I said.”

(It perplexes us that there is no moment at which the thought of a
sentence is completely present. Here we see that we are comparing
the thought with a thing that we manufacture and possess as a
whole; but in fact as soon as one part comes into being another
disappears. This leaves us in some way unsatisfied, since we are
misled by a plausible simile into expecting something different.)

Does the child learn only to talk, or also to think? Does it
learn the sense of multiplication before or after it learns multipli-
cation ?

Is it, as it were, a contamination of the sense that we express it
in a particular language which has accidental features, and not as it
were bodiless and pure ?

Do I really not play chess itself because the chessmen might have
had a different shape ?

(Is a mathematical proof in the general theory of irrational
numbers less general or rigorous because we go through it using
the decimal notation for those numbers ? Does it impair the rigour
and purity of the proposition 25 x 25 = 625 that it is written down
in a particular number system?)

Thought can only be something common-or-garden and
ordinary. (We are accustomed to thinking of it as something
ethereal and unexplored, as if we were dealing with something
whose exterior alone is known to us, and whose interior is yet
unknown like our brain.) One is inclined to say: “Thought,
what a strange thing!”” But when I say that thought is something
quite common-or-garden, 1 mean that we are affected by this
concept as we are by a concept like that of the number one. There
seems to be something mysterious about it, because we mis-
understand its grammar and feel the lack of a tangible substance
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to correspond to the substantive. (It is almost like hearing a
human voice coming from in front of us, and seeing nobody there.)

67 What does man think for? What use is it? Why does he calcx-
Jate the thickness of the walls of a boiler and not leave it to chance or
whim to decide ? After all it is 2 mere fact of experience that boilers
do not explode so often if made according to calculations. But
just as having once been burnt he would do anything rather than
put his hand into the fire, so he would do anything rather than not
calculate for a boiler. ~ Since we are not interested in causes, we
might say: human beings do in fact think: this, for instance, is
how they proceed when they make a boiler. - Now, can’t a boiler
produced in this way explode ? Certainly it can.

We think over our actions before we do them. We make pictures
of them — but why ? After all, there is no such thing as a “thought-
experiment”.

We expect something, and act in accordance with the expecta-
tion; must the expectation come true? No. Then why do we act
in accordance with the expectation ? Because we are impelled to, as
we are impelled to get out of the way of a car, to sit down when we
are tired, to jump up if we have sat on a thorn.

What the thought of the uniformity of nature amounts to can
perhaps be seen most clearly when we fear the event we expect.
Nothing could induce me to put my hand into a flame - although
after all it is only in the past that I have burnt myself.

The belief that fire will burn me is of the same nature as the fear
that it will burn me.

Here I see also what “it is certain” means.

If someone pushed me into the fire, I would struggle and go on
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resisting; and similarly I would cry out “it will burn me!” and not
“perhaps it will be quite agreeable”.

“But after all you do believe that more boilers would explode if
people did not calculate when making boilers!” Yes, I believe it;
- but what does that mean? Does it follow that there will in fact
be fewer explosions ? — Then what is the foundation of this belief ?

68 I assume that his house in which I am writing won’t collapse
during the next half hour. - When do I assume this? The whole
time ? And what sort of an activity is this assuming?

Perhaps what is meant is a2 psychological disposition; or perhaps
the thinking and expressing of particular thoughts. In the second
case perhaps I utter a sentence which is part of a train of thought
(a calculation). Now someone says: you must surely have a reason
to assume that, otherwise the assumption is unsupported and
worthless. — (Remember that we stand on the earth, but the
earth doesn’t stand on anything else; children think it’ll have to
fallif it’s not supported). Well, I do have reasons for my assumption.
Perhaps that the house has already stood for years, but not so
long that it may already be rickety, etc. etc. - What counts as a
reason for an assumption can be given a priori and determines a
calculus, a system of transitions. But if we are asked now for a
reason for the calculus itself, we see that there is none.

So is the calculus something we adopt arbitrarily ? No more so
than the fear of fire, or the fear of a raging man coming at us.

“Surely the rules of grammar by which we act and operate are
not arbitrary!” Very well; why then does a man think in the way
he does, why does he go through these activities of thought?
(This question of course asks for reasons, not for causes.) Well,
reasons can be given within the calculus, and at the very end one is
tempted to say “‘it just is very probable, that things will behave in
this case as they always have” - or something similar. A turn of



phrase which masks the beginning of the chain of reasons. (The
creator as the explanation at the beginning of the world).!

The thing that’s so difficult to understand can be expressed like
this. As Jong as we remain in the province of the true-false games
a change in the grammar can only lead us from oze such game to
another, and never from something true to something false. On
the other hand if we go outside the province of these games, we
don’t any longer call it ‘language’ and ‘grammar’, and once
again we don’t come into contradiction with reality.

1. Cf. p. 94



VI

69 What is a proposition ? — What am I distinguishing a proposi-
tion from? What do I want to distinguish it from? From things
which are only parts of propositions in the same grammatical
system (like the parts of an equation)? Or from everything we
don’t call propositions, including this chair and my watch, etc. etc?

The question “how is the general concept of proposition
bounded ?”> must be countered with another: “Well, do we have a
single concept of proposition?”

“But surely I have a definite concept of what I mean by ‘proposi-
tion’.” Well, and how would I explain it to another or to myself?
This explanation will make clear what my concept is (I am not
concerned with a feeling accompanying the word ‘proposition’).
I would explain the concept by means of examples. —~ So my
concept goes as far as the examples. — But after all they’re only
examples, and their range is capable of extension. — All right, but
in that case you must tell me what “capable of extension’ means
here. The grammar of this word must have definite boundaries.

“But I know a proposition when I see one, so I must also be
able to draw the boundaries of the concept precisely.” But is it
really the case that no doubt is possible ? — Imagine a language in
which all sentences are commands to go in a particular direction.
(This language might be used by a primitive kind of human beings
exclusively in war. Remember how restricted the use of written lan-
guage once was.) Well, we would still call the commands “come
here”, “go there”, “sentences”.! But suppose now the language
consisted only in pointing the finger in one direction orthe other. -
Would this sign still be a proposition? ~ And what about a
language like the early speech of children whose signs expressed
only desire for particular objects, a language which consisted
simply of signs for these objects (of nouns, as it were) ? Or consider

1. The same German word corresponds to “sentence” as to “proposition”
(Tr.)
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a system consisting of two signs, one expressing acceptance and
the other rejection of proferred objects. Is this a language, does it
consist of propositions ?

And on the other hand: does everything that sounds like a
sentence in English fall under our concept of proposition? “I am

tired”, “2 x 2 = 47, “time passes”, “there is only one zero”?

The word “proposition” does not signify 2 sharply bounded
concept. If we want to put a concept with sharp boundaries beside
our use of this word, we are free to define it, just as we are free to
narrow down the meaning of the primitive measure of length “a
pace” to 75 cm.

70 “What happens when a #ew proposition is taken into the lan-
guage: what is the criterion for its being a proposition?” Let us
imagine such a case. We become aquainted with a new experience,
say the tingling of an electric shock, and we say it’s unpleasant.
What right have I to call this newly formed statement a “proposi-
tion” ? Well, what right did I have to speak of a new “experience”,
or a new “muscular sensation” ? Surely I did so by analogy with
my earlier use of these words. But, on the other hand, did I 4ave to
use the word “‘experience” and the word “proposition” in the
new case? Do I already assert something about the sensation of
the electric shock when I call it an experience ? And what difference
would it make if I excluded the statement ‘““the tingling is un-
pleasant” from the concept of proposition, because I had already
drawn its boundaries once and for all?

Compare the concept of proposition with the concept ‘number’
and then with the concept of cardinal number. We count as
numbers cardinal numbers, rational numbers, irrational numbers,
complex numbers; whether we call other constructions numbers
because of their similarities with these, or draw a definitive
boundary here or elsewhere, depends on us. In this respect the
concept of number is like the concept of proposition. On the
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other hand the concept of cardinal number [1, &, £ + 1] can be
called a rigorously circumscribed concept, that’s to say it’s a
concept in a different sense of the word.

71 How did I come by the concept ‘proposition’ or the concept
‘language’? Only through the languages I've learnt. — But in
a certain sense they seem to have led me beyond themselves, since
I’m now able to construct a new language, for instance to invent
words. - So this construction too belongs to the concept of
language. But only if I so stipulate. The sense of my “etc.” is
constantly given limits by its grammar.

That’s also what I meant when I said “there are surprises in
reality but not in grammar.”

“But language can expand” - Certainly; but if this word
“expand” has a sense here, then I know a/ready what 1 mean by it.
I must be able to specify how I imagine such an expansion. And
what I can’t think, I can’t now express or even hint at. And in #his
case the word “now” means: “in this calculus” or *“if the words
are used according to these grammatical rules™.

But here we also have this nagging problem: how is it possible
even to think of the existence of things when we always see only
images, copies of them? — We ask: “Then how did I come by this
concept at all?”” It would be quite correct to add in thought the
rider: “It is not as if I was able to transcend my own thought™, “It
is not as if I could sensibly transcend what has sense for me.” We
feel that there is no way of smuggling in by the back door 2
thought I am barred from thinking directly.

No sign leads us beyond itself, and no argument either.
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What does 2 man do when he constructs (invents) a new lan-
guage; on what principle does he operate ? For this principle is the
concept of ‘language’. Does every newly constructed language
broaden (alter) the concept of language ? — Consider its relationship
to the earlier concept: that depends on how the earlier concept
was established. - Think of the relation of complex numbers to
the earlier concept of number; and again of the relation of a rew
multiplication to the general concept of the multiplication of
cardinal numbers, when two particular (perhaps very large)
cardinal numbers are written down for the first time and multiplied
together.

72 In logic one cannot employ generality in a void. If I determine
the grammar of my generality, then there are no more surprises
in logic. And if I do not determine it, then I am no longer in the
realm of an exact grammar.

That’s to say, the indeterminacy of generality is not 2 logical
indeterminacy. Generality is a freedom of movement, not an
indeterminacy of geometry.

But if the general concept of language dissolves in this way,
doesn’t philosophy dissolve as well ? No, for the task of philosophy
is not to create a new, ideal language, but to clarify the use of our
language, the existing language. Its aim is to remove particular
misunderstandings; not to produce a real understanding for the
first time.

If a man points out that 2 word is used with several different
meanings, or that a certain misleading picture comes to mind
when we use a certain expression, if he sets out (tabulates) rules
according to which certain words are used, he hasn’t committed
himself to giving an explanation (definition) of the words “rule”,
“proposition”, “word”, etc.

I’m allowed to use the word “rule” without first tabulating the
rules for the use of the word. And those rules are not super-rules.
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Philosophy is concerned with calculi in the same sense as it is
concerned with thoughts, sentences and languages. But if it was
really concerned with the concept of calculus, and thus with the
concept of the calculus of all calculi, there would be such a thing as
metaphilosophy. (But there is not. We might so present all that
we have to say that this would appear as a leading principle.)

73 How do we use the word “rule”, say when we are talking of
games ? In contrast to what? — We say for instance “that follows
from this rule”, but in that case we could cite the rule in question
and thus avoid the word “rule”. Or we speak of ““all the rules of a
game” and in that case either we’ve listed them (in which case we
have a repetition of the first case) or we’re speaking of the rules as
a group of expressions produced in a certain way from given
basic rules, and then the word “rule” stands for the expression of
those basic rules and operations. Or we say “#his is a rule and #hat
isn’t” — if the second, say, is only an individual word or a sentence
which is incomplete by the standards of English grammar, or the
illustration of a position of pieces in a game. (Or “No, according
to the new convention that too is a rule”). If we had to write down
the list of rules of the game, something like that might be said and
then it would mean “#his belongs in it and #bas doesn’t””. But this
isn’t on the strength of a particular property, the property of being
a rule, like the case when one wants to pack only apples in a box
and says, “no, that shouldn’t go in there, that’s a pear”.

Yes, but there are many things we call games and many we don’t,
many things we call rules and many we don’t! - But it’s never a
question of drawing a boundary between everything we call
games and everything else. For us games are #be games of which
we have heard, the games we can list, and perhaps some others
newly devised by analogy; and if someone wrote a book on games,
he wouldn’t really need to use the word “game” in the title of the
book, he could use as a title a list of the names of the individual
games.
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If he’s asked “but what’s common to all these things that makes
you collect them together?”” he might say: I can’t give it straight
off — but surely you may see many analogies. Anyway the question
seems to me idle, because proceeding by analogy, I can also come
by imperceptible steps to things that no one in ordinary life would
any longer call “games”. Hence I call games things on this list, and
whatever is similar to these games up to a certain point that I don’t
further specify. Moreover, I reserve the right to decide in every
new case whether I will count something as 2 game or not.

The case is the same with the concepts ‘rule’, ‘proposition’,
‘language’, etc. It is only in special cases (i.e. not every time we
use the word “rule”) that it is a question of drawing a boundary
between rules and what are not rules, and in all cases it is easy to
give the distinguishing mark. We use the word “rule” in contrast
to “word”, “projection” and some other words and these demarca-
tions can be clearly drawn. On the other hand we commonly do
not draw boundaries where we do not need them. (Just as in
certain games a single line is drawn in the middle of the field to
separate the sides, but the field is not otherwise bounded since it is
unnecessary.)

We are able to use the word “plant” in a way that gives rise to
no misunderstanding, yet countless borderline cases can be con-
structed in which no one has yet decided whether something still
falls under the concept ‘plant’. Does this mean that the meaning
of the word “plant” in all other cases is infected by uncertainty, so
that it might be said we use the word without understanding it?
Would a definition which bounded this concept on several sides
make the meaning of the word clearer to us in @/ sentences?
Would we understand better all the sentences in which it occurs?

74 How did we learn to understand the word “plant”, then?

Perhaps we learnt a definition of the concept, say in botany, but I
leave out that of account since it only has a role in botany. Apart
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from that, it is clear that we learnt the meaning of the word by
example; and if we disregard hypothetical dispositions, these
examples stand only for themselves. Hypotheses about learning
and using language and causal connections don’t interest us.
So we don’t assume that the examples produce something in the
learner, that they set before his mind an essence, the meaning of
the concept-word, the concept ‘plant’. If the examples should
have an effect, say they produce a particular visual picture in the
learner, the causal connection between the examples and this
picture does not concern us, and for us they are merely coincidental.
So we can perhaps disregard the examples altogether and look on
the picture alone as a symbol of the concept; or the picture and the
examples together.

If someone says “we understand the word ‘chair’, since we
know what is common to all chairs” — what does it mean to say we
know that ? That we are ready to say it (like ““we know that 6 x 6 is
36°’)? What is it that is common, then? Isn’t it only because we
can apply the word ““chair” that we say here we know what is
common ? Suppose I explained the word “red”” by pointing to a
red wall, a red book, and a red cloth and in accordance with this
explanation someone produced a sample of the colour red by
exhibiting a red label. One might say in this case that he had
shown that he had grasped the common element in all the examples
I gave him. Isn’t it an analogy like this that misleads us in the case
of “chair”?

The grammatical place of the words “game”, “rule”, etc. is
given by examples in rather the way in which the place of 2 meeting
is specified by saying that it will take place beside such and such a
tree.

75 One imagines the meaning as something which comes before
our minds when we hear a word.

What comes before our minds when we hear a word is certainly
something characteristic of the meaning. But what comes before



my mind is an example, an application of the word. And this coming
to mind doesn’t really consist in a particular image’s being present
whenever I utter or hear the word, but in fact that when I’m asked
the meaning of the word, applications of the word occur to me.

Someone says to me: “Shew the children a game” I teach them
gaming with a dice, and the other says “I didn’t mean that sort of
game”. Must the exclusion of the game with dice have come before
his mind when he gave me the order?

Suppose someone said: “No. I didn’t mean that sort of game;
I used ‘game’ in the narrower sense.” How does it come out, that
he used the word in the narrower sense ?

But can’t one also use the word “game” in its broadest sense?
But which is that? No boundaries have been drawn unless we fix
some on purpose.

If we found a sentence like “The Assyrians knew various games”
in a history book without further qualifications, it would strike us
as very curious; for we wouldn’t be certain that we could give an
example that even roughly corresponded to the meaning of the
word “game” in this case.

Someone wants to include in the list of rules of a game the
proposition that the game was invented in such and such a year.
1say “No, that doesn’t belong to the list of rules, that’s not a rule.”
So I'm excluding historical propositions from the rules. And
similarly I would exclude from the rules, as an empirical proposi-
tion, a proposition like “this game can only be learnt by long
practice”. But it could easily be misleading to say boundaries had
thereby been drawn around the area of rules.

76 If I try to make clear to someone by characteristic examples
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the use of a word like “wish”, it is quite likely that the other will
adduce as an objection to the examples I offered another one that
suggests a different type of use. My answer then is that the new
example may be useful in discussion, but isn’t an objection to my
examples. For I didn’t want to say that those examples gave the
essence of what one calls “wishing”. At most they present different
essences which are all signified by this word because of certain
inter-relationships. The error is to suppose that we wanted the
examples to illustrate the essence of wishing, and that the counter
examples showed that this essence hadn’t yet been correctly
grasped. That is, as if our aim were to give a theory of wishing,
which would have to explain every single case of wishing.

But for this reason, the examples given are only useful if they
are clearly worked out and not just vaguely hinted at.

The use of the words “proposition”, “language”, etc. has the
haziness of the normal use of concept-words in our language. To
think this makes them unusable, or ill-adapted to their purpose,
would be like wanting to say “the warmth this stove gives is no
use, because you can’t feel where it begins and where it ends”.

If I wish to draw sharp boundaries to clear up or avoid mis-
understandings in the area of a particular use of language, these
will be related to the fluctuating boundaries of the natural use of
language in the same way as sharp contours in a pen-and-ink
sketch are related to the gradual transitions between patches of
colour in the reality depicted.

Socrates pulls up the pupil who when asked what knowledge is
enumerates cases of knowledge. And Socrates doesn’t regard that
as even a preliminary step to answering the question.

But our answer consists in giving such an emuneration and 2

120



few analogies. (In a certain sense we are always making things
easier and easier for ourselves in philosophy.)

77 The philosophy of logic speaks of sentences and words in
exactly the sense in which we speak of them in ordinary life when
we say ‘“Here is a Chinese sentence”, or “No, that only looks like
writing; it is actually just an ornament” and so on.

We are talking about the spatial and temporal phenomenon of
language, not about some non-spatial, non-temporal phantasm.
But we talk about it as we do about the pieces in chess when we are
stating the rules of the game, not describing their physical
properties.

The question “what is 2 word ?”” is analogous to “What is a piece
in chess (say the king) ?”

In reflecting on language and meaning we can easily get into a
position where we think that in philosophy we are not talking of
woras and sentences in a quite common-or-garden sense, but in 2
sublimated and abstract sense. - As if a particular proposition
wasn’t really the thing that some person utters, but an ideal entity
(the “class of all synonymous sentences” or the like). But is the
chess king that the rules of chess deal with such an ideal and
abstract entity too?

(We are not justified in having any more scruples about our
language than the chess player has about chess, namely none.)

Again, we cannot achieve any greater generality in philosophy
than in what we say in life and in science. Here too (as in mathe-
matics) we leave everything as it is.

When I talk about language (words, sentences, etc.) I must
speak the language of every day. Is this language somehow too
coarse and material for what we want to say ? Then how is another
one to be constructed ? — And how strange that we should be able
to do anything at all with the one we have!
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In giving philosophical explanations about language I already
have to use language full-blown (not some sort of preparatory,
provisional one); this by itself shows that I can adduce only exterior
facts about language.

“Yes, but then how can these explanations satisfy us ?”” ~ Well,
your very questions were framed in this language! - And your
scruples are misunderstandings. Your questions refer to words,
so I have to talk about words.

You say: the point isn’t the word, but its meaning, and you
think of the meaning as a thing of the same kind as the word,
though also different from the word. Here the word, there the
meaning. The money, and the cow that you can buy with it. (But
contrast: money, and its use).

78 If we ask about the general form of proposition — bear in mind
that in normal language sentences have a particular rhythm and
sound but we don’t call everything ‘that sounds like a sentence’
asentence. — Hence we speak also of significant and non-significant
“sentences’.

On the other hand, sounding like a sentence in this way isn’t
essential to what we call a proposition in logic. The exptession
“sugar good” doesn’t sound like an English sentence, but it may
very well replace the proposition “sugar tastes good”. And not
e.g. in such a way that we should have to add in thought something
that is missing. (Rather, all that matters is the system of expressions
to which the expression “sugar good” belongs.)

So the question arises whether if we disregard this misleading
business of sounding like a sentence we still have a general concept
of proposition.

Imagine the English language altered in such a way that the
order of the words in a sentence is the reverse of the present one.
The result would be the series of words which we get if we read
sentences of an English book from right to left. It’s clear that the
multiplicity of possible ways of expression in this language must
be exactly the same as in English; but if a longish sentence were
read thus we could understand it only with great difficulty and we’d

122



perhaps never learn “to think in this language”. (The example of
such a language can make clear a lot about the nature of what we call
“thought”.)

79 The definition “A proposition is whatever can be true or false”
fixes the concept of proposition in a particular language system as
what in that system can be an argument of a truth-function.

And if we speak of what makes a proposition a proposition, we
are inclined to mean the truth-functions.

“A proposition is whatever can be true or false” means the same
as “a proposition is whatever can be denied”.

“p”istrue=p
€c_ 3

p” is false=~p
What he says is true = Things are as he says.

One might say: the words “true’”” and “false are only items in
a particular notation for truth-functions.

So is it correct to write *“ ‘p’ is true”, “ ‘p’ is false”; mustn’t it

be “p is true” (or false)? The ink mark is after all not #rue; in the
way in which it’s black and curved.

€c €.

Does “ ‘p’ is true” state anything about the sign “p”” then?
“Yes, it says that ‘p’ agrees with reality.” Instead of a sentence of
our word language consider a drawing that can be compared with
reality according to exact projection-rules. This surely must show

€c ¢ [YFeg ]

as clearly as possible what * ‘p’ is true” states about the picture “p”.

€ €.

The proposition “ ‘p’ is true” can thus be compared with the
proposition “this object is as long as this metre rule” and “p” to
the proposition *“this object is one metre long”. But the comparison
is incorrect, because “this metre rule’ is a description, whereas
“metre rule” is the determination of a concept. On the other hand

in “ ‘p’ is true” the ruler enters immediately into the proposition.
[{Pwg}]

p”’ represents here simply the length and not the metre rule. For
the representing drawing is also not ‘true’ except in accordance
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with a particular method of projection which makes the ruler 2
purely geometrical appendage of the measured line.

€< €2

It can also be put thus: The proposition “ ‘p’ is true” can only
be understood if one understands the grammar of the sign “p” as
a propositional sign; not if “p”’ is simply the name of the shape of a
particular ink mark. In the end one can say that the quotation marks

in the sentence * ‘p’ is true” are simply superfluous.

If one explains: “(x).fx” is true, if “f( ) gives true sentences
for all substitutions — we must reflect that the sentence “(x).fx”
follows from the proposition “‘f()’ gives true sentences for all
substitutions”, and vice versa. So the two propositions say the same.

So that explanation does not assemble the mechanism of
generality from its parts.

One can’t of course say that a proposition is whatever one can
predicate “true” or “false” of, as if one could put symbols together
with the words “true” and “false” by way of experiment to see
whether the result makes sense. For something could only be
decided by this experiment if “true” and “false” already have
definite meanings, and they can only have that if the contexts in
which they can occur are already settled. — (Think also of identi-
fying parts of speech by questions. “Who or what . . . ?”)

80 In the schema “This is how things stand” the “how things
stand” is really a handle for the truth-functions.

“Things stand”, then, is an expression from a notation for
truth-functions. An expression which shows us what part of
grammar comes into play here.

If I let “that is how things stand” count as the general form of
proposition, then I must count “z2+2=4" as a proposition.
Further rules are needed if we are to exclude the propositions of
arithmetic.
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Can one give the general form of a proposition? — Why not? In
the same way as one might give the general form of a number, for
example by the sign “|o, £, £ +1|”. I am free to restrict the name
“number” to zhat, and in the same way I can give an analogous
formula for the construction of propositions or laws and use the
word “proposition” or “law” as equivalent to that formula. — If
someone objects and says that this will only demarcate certain laws
from others, I reply: of course you can’t draw a boundary if you’ve
decided in advance not to recognize one. But of course the question
remains: how do you use the word “proposition” ? In contrast to
what ?

(““Can a proposition treat of all propositions, or all propositional
functions ?”” What is meant by that? Are you thinking of a pro-
position of logic? — What does the proof of such a proposition
look like ?)

A general propositional form determines a proposition as part
of a calculus.

81 Are the rules that say that such and such a combination of
words yields no sense comparable to the stipulations in chess that
the game does not allow two pieces to stand on the same square,
for instance, or a piece to stand on a line between two squares ?
Those propositions in their turn are like certain actions; like e.g. ..
cutting a chess board out of a larger sheet of squared paper. They
draw a boundary. '

So what does it mean to say “this combination of words has no
sense”? One can say of a name (of a succession of sounds): “I
haven’t given anyone this name”; and name-giving is a definite
action (attaching a label). Think of the representation of an
explorer’s route by a line drawn in each of the two hemispheres
projected on the page: we may say that a bit of line going outside
the circles on the page makes no sense in this projection. We might
also express it thus: no stipulation has been made about it.
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“How do I manage always to use a word significantly ? Do I
always look up the grammar ? No, the fact that I mean something, —
what I mean prevents me from talking nonsense.” — But what do
I mean? -1 would like to say: I speak of bits of an apple, but not
bits of the colour red, because in connection with the words “bits
of an apple”, unlike the expression “bits of the colour red”, I can
imagine something, picture something, want something. It would
be more correct to say that 1 do imagine, picture, or want something
in connection with the words “bits of an apple” but not in connect-
tion with the expression “bits of the colour red”.

But the expression “I’'m cutting red into bits’ can have a sense
(c.g. the sense of the proposition “I’m cutting something red into
bits”). — Suppose 1 asked: which word is it, which mistake, that
makes the expression senseless ? This shows that this expression,
in spite of its senselessness, makes us think of a quite definite
grammatical system. That’s why we also say “red can’t be cut into
bits” and so give an answer; whereas one wouldn’t make any
answer to a combination of words like “is has good”. But if one is
thinking of a particular system, 2 language game plusits application,
then what is meant by * ‘I’'m cutting red into bits’ is senseless” is
first and foremost that this expression doesn’t belong to the
particular game its appearance makes it seem to belong to.

If we do give a sense to the set of words “I’m cutting red into
bits’> how do we do it? — We can indeed turn it into quite different
things; an empirical proposition, a proposition of arithmetic (like
2 + 2 = 4), an unproved theorem of mathematics (like Goldbach’s
conjecture), an exclamation, and other things. So I've a free
choice: how is it bounded ? That’s hard to say — by various types
of utility, and by the expression’s formal similarity to certain
primitive forms of proposition; and all these boundaries are
blurred.

“How do I know that the colour red can’t be cut into bits ?”
That isn’t a question either.
I would like to say: “I must begin with the distinction between
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sense and nonsense. Nothing is possible prior to that. I can’t give
it a foundation.”

82 Can one ask: “How must we make the grammatical rules for
wortds if they are to give a sentence sense’ ?

Isay, forinstance: Thereisn’ta book here, but there could be one;
on the other hand it’s nonsensical to say that the colours green and
red could be in a single place at the same time. But if what gives a
proposition sense is its agreement with grammatical rules then let’s
make just this rule, to permit the sentence “red and green are both
at this point at the same time”. Very well; but that doesn’t fix the
grammar of the expression. Further stipulations have yet to be made
about how such a sentence is to be used; e.g. how it is to be
verified.

If a proposition is conceived as a picture of the state of affairs it
describes and a proposition is said to show just how things stand
if it’s true, and thus to show the possibility of the asserted state of
affairs, still the most that the proposition can do is what a painting
or relief does: and so it can at any rate not set forth what is just not
the case. So it depends wholly on our grammar what will be called
possible and what not, i.e. what that grammar permits. But surely
that is arbitrary! Certainly; but the grammatical constructions we
call empirical propositions (e.g. ones which describe a visible
distribution of objects in space and could be replaced by a repre-
sentational drawing) have a particular application, a particular use.
And 2 construction may have a superficial resemblance to such an
empirical proposition and play a somewhat similar role in a calculus
without having an analogous application; and if it hasn’t we won’t
be inclined to call it a proposition.

“Possible” here means the same as “conceivable”; but “con-

ceivable” may mean “capable of being painted”, “capable of
being modelled”, “capable of being imagined™; i.e. representable
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ina particular system of propositions. What matters is the system. —
For example someone asks: “is it conceivable that a row of trees
might go on forever in the same direction without coming to an
end ?”’ Why shouldn’t it be ‘conceivable’? After all it’s expressible
in a grammatical system. But if so what’s the application of the
proposition? How is it verified ? What is the relation between its
verification and the verification of a proposition like “this row of
trees ends at the hundredth tree” ? That will tell us how much this
conceivability is worth, so to speak.
Chemically possible (l)—O—H

O—H!

“I haven’t ever in fact seen a black line gradually getting lighter
until it was white, and then more reddish until it was red: but I
know that it is possible, because I can imagine it.” The form of
expression “I know that it is possible, because . . . ”* is taken from
cases like “I know that it is possible to unlock the door with this
key, because I once did so”. So am I making #hat sort of conjecture:
that the colour transition will be possible since I can imagine it? —
Isn’t this rather the way it is: here “the colour transition is possible”
has the same meaning as “I can imagine it ?”” What about #bis: “The
alphabet can be said aloud, because I can recite it in my mind”?

“I can imagine the colour transition” isn’t an assertion here
about a particular power of my own imagination, in the way that
“I can lift this stone” is about the power of my own muscles. The
sentence “l can imagine the transition”, like “this state of affairs
can be drawn”, connects the linguistic representation with
another form of representation; it is to be understood as 2 proposi-
tion of grammar.

83 It looks as if we could say: Word-language allows of senseless
combination of words, but the language of imagining does not

1. Cf. Philosophical Investigations § 521 (Ed.)
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allow us to imagine anything senseless. Hence too the language of
drawing doesn’t allow of senseless drawings. — But that isn’t how
itis: fora drawing can be senseless in the same way as a proposition.
Think of a blueprint from which a turner is to work; here it is very
easy to represent an exact analogy with a senseless pseudo-
proposition. Remember too the example of drawing a route on a
projection of the globe.

When one wants to show the senselessness of metaphysical
turns of phrase, one often says “I couldn’t imagine the opposite of
that”’, or “What would it be like if it were otherwise ?”> (When, for
instance, someone has said that my images are private, that only I
alone can know if I am feeling pain, etc.) Well, if I can’t imagine
how it might be otherwise, I equally can’t imagine that it is so. For
here “I can’t imagine” doesn’t indicate a lack of imaginative
power. I can’t even #ry to imagine it; it makes no sense to say “I.
imagine it”. And that means, no connection has been made between
this sentence and the method of representation by imagination (or
by drawing).

But why does one say “I can’t imagine how it could be otberwise”
and not “I can’t imagine the thing itself” ? One regards the sense-
less sentence (e.g. “this rod has a length””) as a tautology as opposed
to a contradiction. One says as it were: “Yes, it has a length; but
how could it be otherwise; and why say so?”” To the proposition
“This rod has a length” we respond not “Nonsense!”” but “Of
course!” We might also put it thus: when we hear the two proposi-
tions, “This rod has a length’’ and its negation “This rod has no
length”, we take sides and favour the first sentence, instead of
declaring them both nonsense. But this partiality is based on a
confusion: we regard the first proposition as verified (and the
second as falsified) by the fact “that the rod has a length of 4
metres”, “After all, 4 metres is a length” — but one forgets that
this is a grammatical proposition.
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It is often possible to show that a proposition is meant meta-
physically by asking “Is what you affirm meant to be an empirical
proposition ? Can you conceive (imagine) its being otherwise ?”” —
Do you mean that substance has never yet been destroyed, or that
it is imconceivable that it should be destroyed? Do you mean that
experience shows that human beings always prefer the pleasant to
the unpleasant ?

How strange that one should be able to say that such and such a
state of affairs is inconceivable! If we regard thought as essentially
an accompaniment going with an expression, the words in the
statement that specify the inconceivable state of affairs must be
unaccompanied. So what sort of sense is it to have ? Unless it says
these words are senseless. But it isn’t as it were their sense that is
senseless ; they are excluded from our language like some arbitrary
noise, and the reason for their explicit exclusion can only be that
we are tempted to confuse them with a sentence of our language.

84 The role of a sentence in the calculus is its sense.

A method of measurement — of length, for example — has exactly
the same relation to the correctness of a statement of length as the
sense of a sentence has to its truth or falsehood.

What does “discovering that an assertion doesn’t make sense”
mean ? — and what does it mean to say: “If I mean something by it,
surely it must make sense to say it”’ ? “If I mean something by it” —
if I mean what by it? —

One wants to say: a significant sentence is one which one can
not merely say, but also think. But that would be like saying: a
significant picture is one that can not merely be drawn but also
represented plastically. And saying this would make sense. But the
thinking of a sentence is not an activity which one does from the
wortds (like singing from a score). The following example shews
this.

Does it make sense to say “The number of my friends is equal to
a root of the equation x? + 2 x — 3 = 0?” Here, one might think,
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we have a notation whose grammar doesn’t settle by itself whether
a sentence makes sense or not, so that it wasn’t determined in
advance. That is a fine example of what is meant by understanding
a proposition.

If the expression ““the root of the equation ...” were a Russellian
description, then the proposition “I have n apples and 2 + n = 6
would have a different sense from the proposition “I have 4
apples”.

The sense of a proposition (or athought)isn’tanything spiritual;
it’s what is given as an answer to a request for an explanation of
the sense. Or: one sense differs from another in the same way as
the explanation of the one differs from the explanation of the
other. So also: the sense of one proposition differs from the sense
of another in the same way as the one proposition differs from
the other.

The sense of a proposition is not a soul.

Itis only in alanguage that something is a proposition. To under-
stand a proposition is to understand 2 language.

A proposition is a sign in a system of signs. It is ome com-
bination of signs among a number of possible ones, and as
opposed to other possible ones. As it were oe position of an indi-
cator as opposed to other possible ones.

“Go in the direction the arrow points.”

“Go a hundred times as far as the arrow is long.”

“Go as many paces as I draw arrows.”

“Draw a copy of this arrow.”

“Come at the time shown by this arrow considered as the hour
hand of a clock.”

For all of these commands the same arrow might do.

4 in contrast to » is a different sign from { in contrast to ¢.
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85 Symbols appear to be of their nature unsatisfied.

Wishes, conjectures, beliefs, commands appear to be something
unsatisfied, something in need of completion. Thus I would like to
characterize my feeling of grasping a command as a feeling of
an innervation. But the innervation in itself isn’t anything un-
satisfied, it doesn’t leave anything open, or stand in need of com-
pletion.

And I want to say: “A wish is unsatisfied because it’s a wish for
something; opinion is unsatisfied, because it’s the opinion that
something is the case, something real, something outside the
process of opining.”

I would like to say: “my expectation is so made that whatever
happens has to accord with it or not™.

The proposition seems set over us as a judge and we feel answer-
able to it. — It seems to demand that reality be compared with it.

1 said that a proposition was laid against reality like a ruler.
And a ruler - like all logical comparisons for a proposition — is
itself in a particular case a propositional sign. Now one would like
to say: “Put the ruler against a body: it does not say that the body
is of such-and-such a length. Rather it is in itself dead and achieves
nothing of what thought achieves.” It is as if we had imagined that
the essential thing about a living being was the outward form.
Then we made a lump of wood in that form, and were abashed to
see the stupid block, which hasn’t even any similarity to life.

86 Iwant to say: “if someone could see the process of expectation,
he would necessarily be seeing what was expected.” - But that is the
case: if you see the expression of an expectation you see what is
being expected. And in what other way, in what other sense would
it be possible to see it ?
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When we give an order, it can look as if the ultimate thing
sought by the order had to remain unexpressed, as there is always
a gulf between an order and its execution. Say I want someone to
make a particular movement, say to raise his arm. To make it
quite clear, I do the movement. This picture seems unambiguous
till we ask: how does he know that be is 20 make that movemenr? —
How does he know at all what use he is to make of the signs I give
him, whatever they are ? Perhaps I shall now try to supplement the
order by means of further signs, by pointing from myself to him,
making encouraging gestures etc. Here it looks as if the order were
beginning to stammer.

Suppose I wanted to tell someone to square the number 4, and
did so by means of the schema:

Now I'm tempted to say that the question mark only hints at
something it doesn’t express.

As if the sign were precariously trying to produce understanding
in us. But if we now understand it, by what token do we under-
stand ?

The appearance of the awkwardness of the sign in getting its
meaning across, like a dumb person who uses all sorts of suggestive
gestures — this disappears when we remember that the sign does
its job only in a grammatical system.

(In logic what is unnecessary is also wseless.)

87 In what sense can one call wishes as such, beliefs, expectations
etc. ‘unsatisfied’? What is the prototype of nonsatisfaction from
which we take our concept? Is it 2 hollow space? And would one
call that unsatisfied ? Wouldn’t this be a metaphor too ? Isn’t what
we call nonsatisfaction a feeling — say hunger?
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In a particular system of expressions we can describe an object
by means of the words “satisfied” and ‘““unsatisfied”. For example,
if we lay it down that we call a hollow cylinder an “‘unsatisfied
cylinder” and the solid cylinder that fills it its “‘satisfaction”.

It seems as if the expectation and the fact satisfying the expecta-
tion fitted together somehow. Now one would like to describe an
expectation and a fact which fit together, so as to see what this
agreement consists in. Here one thinks at once of the fitting of a
solid into a corresponding hollow. But when one wants to describe
these two one sees that, to the extent that they fit, a single description
holds for both. (On the other hand compare the meaning of:
“These trousers don’t go with this jacket™!)

Expectation is not related to its satisfaction in the same way as
hunger is related to its satisfaction. I can describe the hunger, and
describe what takes it away, and say that it takes it away. And it
isn’t like this either: I have a wish for an apple, and so I will call
‘an apple’ whatever takes away the wish.

88 The strange thing is expressed in the fact that if this is the event
I expected, it isn’t distinct from the one I expected.

I say: “that’s just how I imagined it”; and someone says some-
thing like “That’s impossible, because the one was an image and
the other isn’t. Did you take your image for reality ?”

I see someone pointing a gun and say “I expect a report”. The
shot is fired. - Well, that was what you expected, so did that bang
somehow already exist in your expectation ? Or is it just that there
is some other kind of agreement between your expectation and
what occurred; that that noise was not contained in your expecta-
tion and merely accidentally supervened when the expectation was
being fulfilled ? But no, if the noise had not occurred, my expecta-
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tion would not have been fulfilled; the noise fulfilled it; it was not
an accompaniment of the fulfilment like a second guest accom-
panying the one I expected. — Was the thing about the event that
was not in the expectation too an accident, an extra provided by
fate ? — But then what was nof an extra ? Did something of the shot
already occur in my expectation? - Then what was extra? for
wasn’t I expecting the whole shot?

“The report was not so loud as I had expected.” “Then was there
a louder bang in your expectation ?”’

“The red which you imagine is surely not the same (the same
thing) as the red which you see in front of you; so how can you
say that it is what you imagined ?”” — But haven’t we an analogous
case with the propositions “Here is a red patch” and “Here there
isn’t a red patch”? The word “red” occurs in both; so this word
cannot indicate the presence of something red. The word “red”
does its job only in the propositional context. Doesn’t the
misunderstanding consist in taking the meaning of the word “red”
as being the sense of a sentence saying that something is red ?

The possibility of this misunderstanding is also contained in the
ambiguity of expressions like “the colour red as the common
element of two states of affairs” — This may mean that in each
something /s red, has the colour red; or else that both propositions
are about the colour red.

What is common in the latter case is the harmony between reality
and thought to which indeed a form of our language corresponds.

89 If we say to someone “imagine the colour red” he is to imagine
a patch or something that is red, not one that is green, since that is
not red.

(Could one define the word “red” by pointing to something
that was nof red? That would be as if one were supposed to explain
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the word “modest” to someone whose English was weak, and one
pointed to an arrogant man and said “That man is #o# modest”.
That it is ambiguous is no argument against such a method of
definition. Any definition can be misunderstood. But it might well
be asked: are we still to call this “definition” ? ~ For, of course,
even if it has the same practical consequences, the same effect on
the learner, it plays a different part in the calculus from what we
ordinarily call “ostensive definition” of the word “red”.)

It would be odd to say: “A process looks different when it
happens from when it doesn’t happen.” Or “a red patch looks
different when it is there from when it isn’t there; but language
abstracts from this difference, for it speaks of a red patch whether
it is there or not.”

Reality is not a property still missing in what is expected and
which accedes to it when one’s expectation is fulfilled. - Nor is
reality like the daylight that things need to acquire colour, when
they are already there, as it were colourless, in the dark.

“How do you know that you are expecting a red patch; that is,
how do you know that a red patch is the fulfilment of your ex-
pectation ?”> But I might just as well ask: “how do you know that
that s a red patch ?”

How do you know that what you did really was to recite the
alphabet in your head ? — But how do you know that what you are
reciting aloud really is the alphabet?

Of course that is the same question as “How do you know that
what you call ‘red’ is really the same as what another calls ‘red’?”
And in its metaphysical use the one question makes no more
sense than the other.

In these examples, I would like to say, you see how the words are
really used.

90 One might think: What a remarkable process willing must be,



if I can now will the very thing I won’t be doing until five minutes
hence!

How can I expect the event, when it isn’t yet there at all?

“Socrates: so if someone has an idea of what is not, he has an
idea of nothing ? ~ Theaetetus: It seems so. Socrates: But surely if
he has an idea of nothing, then he hasn’t any idea at all? - Theae-
tetus: That seems plain.»’!

If we put the word “kill”, say, in place of “have an idea of” in
this argument, then there is a rule for the use of this word: it
makes no sense to say “I am killing something that does not exist”.
I can imagine a stag that is not there, in this meadow, but not kill
one that is not there. And ““to imagine a stag in this meadow”
means to imagine shat a stag is there. But to kill a stag does not
mean to kill zba# . . . But if someone says “in order for me to be able
to imagine a stag it must after all exist in some sense”, the answer
is: no, it does not have to exss? in any sense. And if it should be
replied: “But the colour brown at any rate must exist, for me to be
able to have an idea of it”” — then we can say ‘the colour brown
exists’ means nothing at all; except that it exists here or there as
the colouring of an object, and that is not necessary in order for
me to be able to imagine a brown stag.

We say that the expression of expectation ‘describes’ the expected
fact and think of an object or complex which makes its appearance
as fulfilment of the expectation. - But it is not the expected thing
that is the fulfilment, but rather: its coming about.

The mistake is deeply rooted in our language: we say “I expect
him” and “I expect his arrival”.

It is difficult for us to shake off this comparison: a2 man makes
his appearance — an event makes its appearance. As if an event
even now stood in readiness before the door of reality and were
then to make its appearance in reality - like coming into a room.

1. Plato: Theactetus 189A. (I have translated Wittgenstein’s German rather
than the Greek original. Trs.)
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91 Icanlook for him when he is not there, but not hang him when
he is not there.

One might want to say: ‘“But he must be somewhere there if I
am looking for him.” - Then he must be somewhere there too if
I don’t find him and even if he doesn’t exist at all.

A search for a particular thing (e.g. my stick) is a particular
kind of search, and differs from a search for something else because
of what one does (says, thinks) while searching, not because of
what one finds.

Suppose while I am searching I carry with me a picture or an
image — very well. If I say that the picture is a picture of what I am
looking for, that merely tells the place of the picture in the process
of searching. And if I find it and say “There it is! That’s what I was
looking for” those words aren’t a kind of definition of the name of
the object of the search (e.g. of the words “my stick”), a definition
that couldn’t have been given until the object had been found.

“You were looking for Aim? You can’t even have known if he
was there!” (Contrast looking for the trisection of the angle.)

One may say of the bearer of a name that he does not exist; and
of course that is not an activity, although one may compare it with
one and say: he must be there all the same, if he does not exist.
(And this has certainly already been written some time by a
philosopher.)

The idea that it takes finding to show what we were looking for,
and fulfilment of a wish to show what we wanted, means one is
judging the process like the symptoms of expectation or search in
someone else. I see him uneasily pacing up and down his room;
then someone comes in at the door and he relaxes and gives signs
of satisfaction. And I say “obviously he was expecting this person.”

The symptoms of expectation are not the expression of expecta-
tion.



One may have the feeling that in the sentence “I expect he is
coming” one is using the words “he is coming” in a different
sense from the one they have in the assertion “‘he is coming”. But
if it were so, how could I say that my expectation had been ful-
filled? And the words “he is coming” mean the same in the ex-
pression of expectation as in the description of its fulfilment,
because if I wanted to explain the words “he” and “is coming”, say
by means of ostensive definitions, the same definitions of these
words wouid go for both sentences.

But it might now be asked: what’s it like for him to come?
— The door opens, someone walks in, and so on. — What’s it like
for me to expect him to come? — I walk up and down the room,
look at the clock now and then, and so on. But the one set of events
has not the smallest similarity to the other! So how can one use the
same words in describing them? What has become now of the
hollow space and the corresponding solid ?

But perhaps I say as I walk up and down: “I expect he’ll come
in.”” Now there is a similarity somewhere. But of what kind ?!

But of course I might walk up and down in my room and look at
the clock and so on without expecting him to come. I wouldn’t
describe doing that by saying “I expect he is coming”. So what
made it e.g. the expectation precisely of bim?

I may indeed say: to walk restlessly up and down in my room, to
look at the door, to listen for a noise is: to expect N. — That is
simply a definition of the expression ““to expect N””. Of course it
isn’t a definition of the word “expect”, because it doesn’t explain
what e.g. “to expect M” means. Well, we can take care of that; we
say something like: to expect X means to act as described and to
utter the name “X” while doing so. On this definition the person
expected is the person whose name is uttered. Or I may give as a
definition: to expect a person X is to do what I described in the
second example, and to make a drawing of a person. In that case,
the person expected is the bearer of the name X, the person who
corresponds to the drawing. — That of course wouldn’t explain
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what “to expect N to go” means, and I would have to give either an
independent definition of that, or a general definition including
going and coming. And even that wouldn’t explain say what “to
expect a storm’ means; etc. etc.

What characterizes all these cases is, that the definition can be
used to read off the object of the expectation from the expectant
behaviour. It isn’t a later experience that decides what we are
expecting.

AndImaysay:itisinlanguage that expectation andits fulfilment
make contact.

So in this case the behaviour of the expectant person is behaviour
which can be translated in accordance with given rules into the
proposition ‘“‘He is expecting it to happen that p”’. And so the
simplest typical example to illustrate this use of the word “expect”
is that the expectation of its happening that p should consist in the
expectant person seying “‘I expect it to happen that p”’. Hence in so
many cases it clarifies the grammatical situation to say: let us put
the expression of expectation in place of the expectation, the
expression of the thought in place of the thought.

93 One can conceive expectation as expectant, preparatory
behaviour. Expectation is like a player in a ball game holding his
hands in the right position to catch the ball. The expectation of
the player might consist in his holding out his hands in a particular
way and looking at the ball.

Some will pethaps want to say: “An expectation is a thought”.
Obviously, that corresponds to one use of the word “expect”.
And we need to remember that the process of thinking may be very
various.'

And if expectation is the thought “I am expecting it to happen
that p” it is senseless to say that I won’t perhaps know until later
what I expected.

1. A line has dropped out of the translation of the corresponding passage
in Zettel (§63).
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Something analogous might be said of wishing, fear and hope.
(Plato called hope ““a speech™?).

But it is different if hunger is called “a wish”, say the body’s wish
for food to satisfy it. For it is 2 hypothesis that just that will satisfy
the wish; there’s room for conjecture and doubt on the topic.

Similarly if what I call “expectation” is a feeling, say a feeling
of disquiet or dissatisfaction. But of course these feelings are not
thoughts in an amorphous form.

The idea of thought as an unexplained process in the human
mind makes it possible to imagine it turned into a persistent
amorphous condition.

If I say “ I have been expecting him all day”, “expect” here
doesn’t mean a persistent condition including as ingredients the
person expected and his arrival, in the way that a dough may
contain flour, sugar and eggs mixed into a paste. What constitutes
expectation is a series of actions, thoughts and feelings.

94 When I expect someone, — what happens ? I perhaps look at my
calendar and see his name against today’s date and the note “s
p.m.” I say to someone else “I can’t come to see you today, because
I’m expecting N”. I make preparations to receive a guest. I
wonder “Does N smoke ?””, I remember having seen him smoke
and put out cigarettes. Towards 5 p.m. I say to myself “Now he’ll
come soon’’, and as I do so I im: gine a man looking like N; then I
imagine him coming into the room and my greeting him and
calling him by his name. This and many other more or less similar
trains of events are called “expecting N to come”.

1. Philebus, 40A. (The Greek word in the context means rather “a word”,
“a proposition™. Tr.)
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But perhaps I’m also prepared to say “I have been expecting N”’
in a case where the only thing that connects him with my expectant
activity is for instance that on a particular day I prepare 2 meal for
myself and one other person, and that N. has announced his
intention of taking that meal with me.

What does the process or state of wanting an apple consist in ?
Perhaps I experience hunger or thirst or both, and meanwhile
imagine an apple, or remember that I enjoyed one yesterday;
perhaps I say “I would like to eat an apple”; perhaps I go and look
in a cupboard where apples are normally kept. Perhaps all these
states and activities are combined among themselves and with
others.

95 The same sort of thing must be said of intention. If 2 mechan-
ism is meant to act as 2 brake, but for some reason does not slow
down the motion of the machine, then the purpose of the mechan-
ism cannot be found out immediately from it and from its effect.
If you were to say “that is a brake, but it doesn’t work” you would
be talking about intention. But now suppose that whenever the
mechanism didn’t work as a brake a particular person became
angry. Wouldn’t the intention of the mechanism now be expressed
in its effect ? No, for now it could be said that the lever sometimes
triggers the brake and sometimes triggers the anger. For how does
it come out that the man is angry because the lever doesn’t operate the
brake? “Being annoyed that the apparatus does not function”
is itself something like “wishing that it did function in that way”. -
Here we have the old problem, which we would like to express in
the following way: “the thought that p is the case doesn’t pre-
suppose that it is the case; yet on the other hand there must be
something in the fact that is 2 presupposition even of having the
thought (I can’t think that something is red, if the colour red does
not exist)”. It is the problem of the harmony between world and
thought. — To this it may be replied that thoughts are in the same
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space as the things that admit of doubt; they are laid against them
in the same way as a ruler is laid against what is to be measured.

What I really want to say is this: the wish that he should come
is the wish that really e should really come. If a further explanation
of this assurance is wanted, I would go on to say “and by ‘he’ I
mean that man there, and by ‘come’ I mean doing this . . .”” But
these are just grammatical explanations, explanations which create
language.

It is #n language that it’s all done.

“I couldn’t think that something is red if red didn’t exist.”
What that proposition really means is the image of something red,
or the existence of a red sample as part of our language. But of course
one can’t say that our language Aas fo contain such a sample; if it
didn’t contain it, it would just be another, a different language.
But one can say, and emphasize, that it does contain it.

96 It’s beginning to look somehow as if intention could never be
recognized as intention from outside; as if one must be doing the
meaning of it oneself in order to understand it as meaning. That
would amount to considering it not as a phenomenon or fact but
as something intentional which has a direction given to it. What
this direction is, we do not know; it is something which is absent
from the phenomenon as such.

Here, of course, our earlier problem returns, because the point
is that one has to read off from a thought that it is the thought that
suchand such s the case. If one can’t read it off (as one can’t read off
the cause of a stomach-ache) then it is of no logical interest.

My idea seems nonsensical if it is expressed like £bis. It’s supposed
to be possible to see what someone is thinking of by opening up
his head. But how is that possible ? The objects he’s thinking about
are certainly not in his head - any more than in his thoughts!
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If we consider them ‘from outside’ we have to understand
thoughts as thoughts, intentions as intentions and so on, without
getting any information about something’s meaning. For it is with
the phenomenon of thinking that meaning belongs.

If a thought is observed there can be no further question of an
understanding; for if the thought is seen it must be recognized
as a thought with a certain content; it doesn’t need to be inter-
preted! — That really is how it is; when we are thinking, there isn’t
any interpretation going on.

97 If I said “but that would mean considering intention as some-
thing other than a phenomenon” that would make intention
reminiscent of the will as conceived by Schopenhauer. Every
phenomenon seems dead in comparison with the living thought.

“Intention seen from outside™ is connected with the question
whether a machine could think. “Whatever phenomenon we saw,
it couldn’t ever be intention; for that has to contain the very thing
that is intended, and any phenomenon would be something com-
plete in itself and unconcerned with anything outside itself, some-
thing merely dead if considered by itself.”

This is like when we say: “The will can’t be a phenomenon, for
whatever phenomenon you take is something that simply bappens,
something we undergo, not something we do. The will isn’t
something 1 see happen, it’s more like my being involved in my
actions, my being my actions.” Look at your arm and move it and
you will experience this very vividly: “You aren’t observing it
moving itself, you aren’t having an experience — not just an ex-
perience, anyway — you’re doing something.” You may tell yourself
that you could also imagine exactly the same thing happening to
your hand, but merely observed and not willed by you. But shut
your eyes, and move your arm so that you have, among other
things, a certain experience: now ask yourself whether you still can
imagine that you were having the same experience but without
willing it.
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If someone wants to express the distinction between voluntary
and involuntary movements by saying that voluntary movements
of the arm, for example, are differentiated from involuntary ones
by a feeling of innervation, you feel an urge to say “But I don’t
undergo this experience, I db it — > But can one speak of a distinction
between undergoing and doing in the case of an experience of
innervation? I would like to say: “If I will, then there isn’t any-
thing that happens to me, neither the movement nor a feeling; I am
the agent.” Very well; but there’s no doubt that you a/se have
experiences when you voluntarily move your arm; because you
see(and feel) it moving whether or not you take up the attitude of an
observer. So just for once try to distinguish between a// zhe experiences
of acting plus the doing (which is not an experience) and a// those
experiences without the element of doing. Think over whether you
still need this element, or whether it is beginning to appear
redundant. — Of course you can say cotrectly that when you do
something, there isn’t anything happening to you, because the
phenomena of doing are different from the phenomena of observing
something like a reflex movement. But this doesn’t become clear
until one considers the very different sorts of things that people
call voluntary activities and that people call unintentional or
involuntary processes in our life. (More about this in another

place.)

98 By “intention” I mean here what uses a sign in a thought.
The intention seems to interpret, to give the final interpretation;
which is not a further sign or picture, but something else, the thing
that cannot be further interpreted. But what we have reached is 2
psychological, not a logical terminus.

Think of a sign language, an ‘abstract’ one, I mean one that is
strange to us, in which we do not feel at home, in which, as we
should say, we do not think (we used a similar example once before),
and let us imagine this language interpreted by a translation into -
as we should like to say —an unambiguous picture-language, a
language consisting of pictures painted in perspective. It is quite
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clear that it is much easier to imagine different interpresations of the
written language than of a picture painted in the usual way de-
picting say a room with normal furniture. Here we shall also be
inclined to think that there is no further possibility of interpreta-
tion.

Here we might also say we didn’t enter into the sign-language,
but did enter into the painted picture.

(This is connected with the fact that what we call a ‘picture by
similarity’ is not a picture in accordance with some established
method of projection. In this case the “likeness” between two
objects means something like the possibility of mistaking one for
the other.)

“Only the intended picture reaches up to reality like a yard-
stick. Looked at from outside, there it is, lifeless and isolated.” —
It is as if at first we looked at a picture so as to enter into it and the
objects in it surrounded us like real ones; and then we stepped
back, and were now outside it; we saw the frame, and the picture
was a painted surface. In this way, when we intend, we are surroun-
ded by our intention’s pictures and we are inside them. But when
we step outside intention, they are mere patches on a canvas, with-
out life and of no interest to us. When we intend, we exist among the
pictures (shadows) of intention, as well as with real things. Let us
imagine we are sitting in a darkened cinema and entering into the
happenings in the film. Now the lights are turned on, though the
film continues on the screen. But suddenly we see it “from out-
side” as movements of light and dark patches on a screen.

(In dreams it sometimes happens that we first read a story and
then are ourselves participants in it. And after waking up after a
dream it is sometimes as if we had stepped back out of the dream
and now see it before us as an alien picture.) And it also means
something to speak of “living in the pages of a book”. That is
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connected with the fact that our body is not at all essential for the
occurrence of our experience. (Cf. eye and visual field.)

(Compare also the remark: if we understand a sentence, it has a
certain depth for us.)

99 What happens is not that this symbol cannot be further
interpreted, but: I do no interpreting. I do not interpret because
I feel natural in the present picture. When I interpret, I step from
one level of my thought to another.

If I see the thought symbol “from outside”, I become conscious
that it cou/d be interpreted thus or thus; if it is a step in the course
of my thoughts, then it is a stopping-place that is natural to me,
and its further interpretability does not occupy (or trouble) me.
As I have a railway time-table and use it without being concerned
with the fact that a table can be interpreted in various ways.

When I said that my image wouldn’t be a portrait unless it bore
the name of its subject, I didn’t mean that I have to imagine it
and his name at the same time. Suppose I say something like:
“What I see in my mind isn’t just a picture which is like N (and
perhaps like others too). No, I know that it is him, that he is the
person it portrays.” I might then ask: when do 1 know that and
what does knowing it amount to? There’s no need for anything
to take place during the imagining that could be called “knowing™
in this way. Something of that sort may happen after the imagining;
I may go on from the picture to the name, or perhaps say that I
imagined N, even though at the time of the imagining there
wasn’t anything, except a kind of similarity, to characterize the
image as N’s. Or again there might be something preceding the
image that made the connection with N. And so the interpretation
isn’t something that accompanies the image; what gives the image
its interpretation is the path on which it lies.

That all becomes clearer if one imagines images replaced by
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drawings, if one imagines people who go in for drawing instead of
imagining.

100 If I try to describe the process of intention, I feel first and
foremost that it can do what it is supposed to only by containing an
extremely faithful picture of what it intends. But further, that that
too does not go far enough, because a picture, whatever it may be,
can be variously interpreted; hence this picture too in its turn
stands isolated. When one has the picture in view by itself it is
suddenly dead, and it is as if something had been taken away from
it, which had given it life before. It is not a thought, not an inten-
tion; whatever accompaniments we imagine for it, articulate or
inarticulate processes, or any feeling whatsoever, it remains
isolated, it does not point outside itself to a reality beyond.

Now one says: “Of course it is not the picture that intends, but
we who use it to intend.” But if this intending, this meaning, is
something that is done with the picture, then I cannot see why that
has to involve a human being. The process of digestion can also
be studied as a chemical process, independently of whether it
takes place in a living being. We want to say “Meaning is surely
essentially a mental process, a process of consciousness and life,
not of dead matter.” But what will give such a thing the specific
character of what goes on? - so long as we speak of it as a process.
And now it seems to us as if intending could not be any process at
all, of any kind whatever. — For what we are dissatisfied with
here is the grammar of process, not the specific kind of process. —
It could be said: we should call any process ‘dead’ in this sense.

Let’s say the wish for this table to be a little higher is the act of
my holding my hand above the table at the height I wish it to be.
Now comes the objection: “The hand above the table can’t be
the wish: it doesn’t express that the table is to be higher; it is
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where it is and the table is where it is. And whatever other gesture
I made it wouldn’t make any difference.”

(It might almost be said: “Meaning moves, whereas a process
stands still.””)

101 However, if I imagine the expression of a wish as the act of
wishing, the problem appears solved, because the system of
language seems to provide me with a medium in which the
proposition is no longer dead.

If we imagine the expression of a wish as the wish, it is rather as
if we were led by a train of thought to imagine something like a
network of lines spread over the earth, and living beings who
moved only along the lines.

But now someone will say: even if the expression of the wish is
the wish, still the whole language isn’t present during this ex-
pression, yet surely the wish is!

So how does language help? Well, it just isn’t necessary that
anything should be present except the expression.

102 You might as it were locate (look up) all of the connections in
the grammar of the language. There you can see the whole net-
work to which the sentence belongs.

Suppose we’re asked “When we’re thinking, meaning and so on
why don’t we come upon the bare picture ?”’ We must tell ourselves
that when we’re thinking we don’t wonder whether the picture is
the thought or the meaning, we simply ase pictures, sentences and
so on and discard them one after the other.

But of course if you call the picture the wish (e.g. that this table
were higher) then what you’re doing is comparing the picture with
an expression of our language, and certainly it doesn’t correspond
to such an expression unless it’s part of a system translatable into
our language.

One says: how can this way of holding the hand, this picture
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be the wish that such and such were the case ? It is nothing more
than a hand over a table, and there it is, alone and without a sense.
Like a single bit of scenery from the production of a play which has
been left by itself. It had life only in the play.

In the gesture we don’t see the real shadow of the fulfilment,
the unambiguous shadow that admits of no further interpretation.

We ask: “does the hand above a table wish ?”” Does anything,
spiritual or material, that we might add, wish? Is there any such
situation or process that really contains what is wished? - And
what is our paradigm of such containing? Isn’t it our language?
Where are we to find what makes the wish #4is wish, even though
it’s only a wish ? Nowhere but in the expressed wish.

“After all, the wish must show what is wished, it must prefigure
in the realm of wishes that which is wished.” But what actual
process do you have in mind here as the prefiguring ? (What is the
mirror in which you think you saw what was wished ?)

“The gesture #rées to prefigure” one wants to say “but it can’t”.

103 Can one say that while 'm wishing my wish seems to prefigure
the fulfilment ? While I’'m wishing it doesn’t sees to do anything;
I notice nothing odd about it. It’s only considering the linguistic
manifestation of the wish that produces this appearance.

We are considering an event that we might call an instance of
the wish that this table were higher. But this event doesn’t even seem
to contain the fulfilment. Now someone says: “But this event does
have to be a2 shadow of the very state of affairs that is wished, and



these actions aren’t that.”” But why do you say that’s what a wish
has to be ? ““Well, because it’s the wish that just that were the case”.
Precisely: that’s the only answer you can give to the question.
So after all that event is the shadow, insofar as it corresponds
within a system to the expression of the wish in the word-lan-
guage. (It is in language that wish and fulfilment meet.) Remember
that the expression of a wish can be the wish, and that the expression
doesn’t derive its sense from the presence of some extraordinary
spirit.

Think also of a case vetry similar to the present one: “This
table isn’t 8o cm high”. Must the fact that it is 9o cm, and so o/
80 cm, high contain the shadow of the fact of its being 80 cm
high? What gives this impression? When I see a table which is
9o cm high does it give a shadowy impression of having a height it
doesn’t have ?

This is rather as if we misunderstood the assertion “p- ~ p”
in such a way as to think that it contained the assertion “i p”,
rather as “b p.q” contains in its sense “- p”.

Someone describes to me what went on when he, as he says,
had the wish that the table were 10 cm higher. He says that he held
his hand 10 cm above the table. I reply “But how do you know that
you weren’t just wishing that the table were higher, since in that
case too you would have held your hand at some height above the
table.” He says “After all, I must know what I wished” I reply
“Very well, but I want to know by what token you remember when
you remember your wish. What bappened when you wished, and
what makes you say you wished just that ?”” He says “I know that I
intentionally held my hand just 10 cm above.” I say “But what
constituted just fhaf intention?”’ — I might also ask “Is it certain
that when you were wishing you were using the scale 1:1? How
do you know that ?”

If he had described the process of wishing by saying “I said
‘I would like to have the table 10 cm higher’”, then the question



how he could know what he wished wouldn’t have arisen. (Unless
someone had gone on to ask: “And did you mean those words in
the way they are usually meant ?.)

What it always comes to in the end is that without any further
meaning he calls what happened the wish that that should happen.
[Manifestation, not description.]

“How do I know it’s A/ I’m remembering, if the remembering
is a picture ?”” To what extent do I know it ? (“When two men look
perfectly alike, how can I remember one of them in particular?”’)

104 We say “A proposition isn’t just a series of sounds, it is some-
thing more”. We think of the way a Chinese sentence is a mere
series of sounds for us, which just means that we don’t understand
it, and we say this is because we don’t have any thoughts in con-
nection with the Chinese sentence (e.g. the Chinese word for “red”
doesn’t call up any image in us). “So what distinguishes a signifi-
cant sentence from mere sounds is the thoughts it evokes.” The
sentence is like a key-bit whose indentations are constructed to
move levers in the soul in a particular way. The sentence, as it
were, plays a melody (the thought) on the instrument of the soul.
But why should I now hypothesize, in addition to the orderly
series of words, another series of mental elements running parallel ?

That simply duplicates language with something else of the same
kind.

Suppose the sentence is: “This afternoon N went into the
Senate House.” The sentence isn’t a mere noise for me, it evokes
an image of a man in the vicinity of the Senate House, or something
similar. But the sentence and the image aren’t just a noise plus a
faint image; calling up the image, and having certain other con-
sequences, is something as it were internal to the sentence; #hat
is what its sense is. The image seems only a faint copy of the sense,
or shall we say, only a single view of the sense. - But what do I
mean by this? Don’t I just see the sentence as part of a system of
consequences ?



Let us suppose that proposition evoked in me a very clear
picture of N on the way to the Senate House and that in the picture
there could also be seen the setting sun (“‘evening”) and a calendar
with today’s date. Suppose that instead of letting the sentence
call up this picture, I actually painted it and showed it to someone
else as a means of communication in place of the sentence. He
might say of this too that it expressed a thought but needed to be
understood; what he would think of as an act of understanding
would probably be a translation into word languages.

“I arrive in Vienna on the 24th of December.” They aren’t
mere words! Of course not: when I read them various things
happen inside me in addition to the perception of the words:
maybe I feel joy, I have images, and so on. — But I don’t just mean
that various more or less inessential concomitant phenomena
occur in conjunction with the sentence; I mean that the sentence
has a definite sense and I perceive it. But then what is this definite
sense? Well, that this particular person, whom I know, arrives
at such and such a place etc. Precisely: when you are giving the
sense, you are moving around in the grammatical background of
the sentence. You’re looking at the various transformations and
consequences of the sentence as laid out in advance; and so they
are, in so far as they are embodied in a grammar. (You are simply
looking at the sentence as a move in 2 given game.)

I said that it is the sysfem of language that makes the sentence a
thought and makes it a thought for xs.

That doesn’t mean thatitis while we are using a sentence that the
system of language makes it into a thought for us, because the
system isn’t present then and there isn’t any need for anything to
make the sentence alive for us, since the question of being alive
doesn’t arise. But if we ask: “why doesn’t a sentence strike us as
isolated and dead when we are reflecting on its essence, its sense,
the thought etc.” it can be said that we are continuing to move
in the system of language.

153



To match the words “I grasp the sense” or “I am thinking the
thought of this sentence” you hypothesize a process which unlike
the bare propositional sign contains these consequences.

105 “This queer thing, thought”: but it does not strike us as queer
while we are thinking /#. It strikes us as queer when we tell our-
selves that it connects objects in the mind, because it is the very
thought that this person is doing that; or that it isn’t a sign or a
picture, because I would still have to know how they were meant
in their turn; or that thought isn’t something dead, because for me
what I think rea//y happens.

What is the source of this odd way of looking at things?

What makes us think that a thought, or a proposition we think,
contains the reality ? It’s that we’re all ready to pass from it to the
reality, and we feel this transition as something already potentially
contained in it (when, that is, we reflect on it), because we say “that
word meant him”. We feel this transition as something just as
legitimate as a permitted move in a game.

Thought does not strike us as mysterious while we are thinking,
but only when we say, as it were retrospectively: “How was that
possible ?”” How was it possible for thought to deal with the very
person himself? But here I am merely being astonished by my own
linguistic expression and momentarily misunderstanding it.

Thought strikes us as mysterious. But not while we think. And
we don’t mean that it’s psychologically remarkable. It isn’t only
that we see it as an extraordinary way of producing pictures and
signs, we actually feel as if by means of it we had caught reality in
our net.

It isn’t while we’re Jooking at it that it seems a strange process;
but when we let ourselves be guided by language, when we look
at what we say about it.

We mistakenly locate this mystery in the nature of the process.
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(We interpret the enigma created by our misunderstanding as the
enigma of an incomprehensible process.)

106 “Thought is a remarkable process, because when I think of
what will happen tomorrow, I am mentally already in the future.”
If one doesn’t understand the grammar of the proposition “I am
mentally in the future” one will believe that here the future is in
some strange way caught in the sense of a sentence, in the meaning
of words. Similarly people think that the endless series of cardinal
numbers is somehow before our mind’s eye, whenever we can use
that expression significantly.

“For me this portrait is bin’’ ? What does that mean ? I have the
same attitude to the portrait, as to the man himself. For I do of
course distinguish between him and his picture.

A thought experiment comes to much the same as an experiment
which is sketched or painted or described instead of being carried
out. And so the result of a thought experiment is the fictitious
result of a fictitious experiment.

“The sense of this proposition was present to me.” What was it
that happened ?

“Only someone who is comvinced can say that”’. - How does the
conviction help him when he says it ? - Is it somewhere at hand by
the side of the spoken expression ? (Or is it masked by it, as a soft
sound by a loud one, so that it can, as it were, no longer be heard
when one expresses it out loud?) What if someone were to say
“In order to be able to sing a tune from memory one has to hearitin
one’s mind and sing from that”?

Try the following experiment: Say a sentence, perhaps “The

weather is very fine today”’; right, and now think the thought of the
sentence, but unadulterated, without the sentence.
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107 “Itlooks as if intention could never be recognized as intention
“from outside”, as if one must be doing the meaning of it oneself
in order to understand it as meaning.”!

Can one recognize stomach-ache as such “from outside” ? What
are stomach-aches “from outside”? Here there is no outside or
inside! Of course, in so far as meaning is a specific experience, one
wouldn’t call any other experience “meaning”. Only it isn’t any
remarkable feature of the sensation which explains the direction-
ality of meaning. And if we say “from outside intention cannot be
recognised as intention etc.” we don’t want to say that meaning is
a special experience, but that it isn’t anything which happens, or
happens to us, but something that we do, otherwise it would be
just dead. (The subject — we want to say — does not here drop out
of the experience but is so much involved in it that the experience
cannot be described.)

It is almost as if one said: we can’t see ourselves going hither and
thither, because it is we who are doing the going (and so we can’t
stand still and watch). But here, as so very often, we are suffering
from an inadequate form of expression, which we are using at the
very time we want to shake it off. We clothe the protest against our
form of expression in an apparently factual proposition expressed
in that very form. For if we say “we see ourselves going thither”
we mean simply that we see what someone sees when he is going
himself and not what he sees if someone else is going. And one does
indeed have a particular visual experience if one is doing the going
oneself.

That is to say, what we are speaking of is a case in which contrary
to experience the subject is linked like an element in a chemical
compound. But where do we get this idea from ? The concept of
living activity in contrast with dead phenomena.

1. p. 143 above.
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Imagine someone now saying: “going somewhere oneself isn’t
an experience’’.

We want to say: ‘“When we mean something, there isn’t 2 dead
picture (of any kind); it’s as if we went up to someone. We go up
to what we mean.”

But here we’re constructing a false contrast between experience
and something else, as if experience consisted of sitting still and
letting pictures pass in front of one.

“When one means, it is oneself doing the meaning””; similarly,
it is oneself that does the moving. One rushes forward oneself,
and one can’t simultaneously observe the rushing. Of course not.

Yes, meaning something is like going up to someone.

108 Fulfilment of expectation doesn’t consist in this: a third thing
happens which can be described otherwise than as “the fulfilment
of this expectation”, i.e. as a feeling of satisfaction or joy or what-
ever it may be. The expectation that something will be the case is
the same as the expectation of the fulfilment of that expectation.

Could the justification of an action as fulfilment of an order run
like this: “You said ‘bring me a yellow flower’, upon which this
one gave me a feeling of satisfaction; that is why I have broughtit”?
Wouldn’t one have to reply: “But I didn’t set you to bring me the .
flower which should give you that sort of feeling after what I
said!”

(I go to look for the yellow flower. Suppose that while I am
looking a picture comes before my mind, — even so, do I need it
when I see the yellow flower — or another flower? If I say: “as
soon as I see a yellow flower, something as it were clicks into
place in my memory” - rather like a lever into a cog in the striking
mechanism of a clock - can I foresee, or expect, this clicking into
place any better than the yellow flower ? Even if in a particular case

157



it really is true that what I’'m expecting isn’t what I am looking for,
but some other (indirect) criterion, that certainly isn’t an explana-
tion of expectation.)

But isn’t the occurrence of what is expected always accompanied
by a phenomenon of agreement (or satisfaction ?). Is this pheno-
menon something different from the occurrence of what is expec-
ted ? If so, then I don’t know whether fulfilment is always accom-
panied by such a phenomenon.

If I say: the person whose expectation is fulfilled doesn’t have
to shout out “yes, that is it”” or the like — I may be told: “Certainly,
but he must &now that the expectation is fulfilled.” Yes, if the
knowledge is part of its being fulfilled. “Yes, but when someone
has his expectation fulfilled, there’s always a relaxation of ten-
sion!” - How do you know that?
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VIII

109 A description of language must achieve the same result as
language itself. “For in that case I really can learn from the propo-
sition, from the description of reality, how things are in reality.” -
Of course it’s only #his that is called description, or “learning how
things are”. And that is all that is ever said when we say that we
learn from the description how things are in reality.

“From the order you get the knowledge of what you have to
do. And yet the order only gives you itself, and its effect is neither
here nor there.” But here we are simply misled by the form of
expression of our language, when it says “the knowledge of what
you have to do” or “the knowledge of the action”. For then it
looks as if this something, the action, is a thing which is to come
into existence when the order is carried out, and as if the order
made us acquainted with this very thing by showing it us in such
a way that it already in a certain sense brought it into existence.
(How can a command — an expectation — show us a man before
he has come into the room?)

Suppose someone says that one can infer from an order the action
that obeys it, and from a proposition the fact which verifies it.
What on earth can one infer from a proposition apart from izself?
How can one pull the action out of the order before it takes place ?
Unless what is meant is a different form of description of the action,
such as say making a drawing, in accordance with the order, of
what I’'m to do. But even this further description isn’t there until
I have drawn it; it doesn’t have a shadowy existence in the order
itself.

Being able to do something seems like a2 shadow of the actual
doing, just as the sense of 2 sentence seems like the shadow of a
fact, and the understanding of an order the shadow of its execution.
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In the order the fact as it were “casts its shadow before it”! But
this shadow, whatever it may be, is not the event.

The shadowy anticipation of the fact consists in our being able
already to think that #hat very thing will happen, which basn’t yet
happened. Or, as it is misleadingly put, in our being now able to
think of (or about) what basn’t yet happened.

110 Thinking plus its application proceeds step by step like a
calculus. - However many intermediate steps I insert between the
thought and its application, each intermediate step always follows
the previous one without any intermediate link, and so too the
application follows the last intermediate step. It is the same as
when we want to insert intermediate links between decision and
action.

The ambiguity of our ways of expressing ourselves: If an order
were given us in code with the key for translating in into English,
we might call the procedure of constructing the English form of.
the order “derivation of what we have to do from the code” or
“derivation of what executing the order is”. If on the other hand
we act according to the order, obey it, here too in certain cases one
may speak of a derivation of the execution.

We can’t cross the bridge to the execution until we are there.

111 Itis as a calculus that thinking has an interest for us; notasan
activity of the human imagination.

It is the calewlus of thought that connects with extra-mental
reality.

From expectation to fulfilment is a step in a calculation. Indeed,
the relation between the calculation
2§ X 2§
o
12§

and its result 625 is exactly the same as that between expectation
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and its fulfilment. Expectation is a picture of its fulfilment to
exactly the same degree as this calculation is a picture of its result,
and the fulfilment is determined by the expectation to exactly the
same degree as the result is determined by the calculation.

112 When I think in language, there aren’t meanings going
through my mind in addition to the verbal expressions; the
language is itself the vehicle of thought.

In what sense does an order anticipate its execution ? By ordering

Just that which later on is carried out? But one would have to say

“which later on is carried out, or again is not carried out”. And
that is to say nothing.

“But even if my wish does not determine what is going to be the
case, still it does so to speak determine the theme of a fact, whether
the fact fulfils the wish or not.” We are - as it were — surprised,
not at anyone’s knowing the future, but at his being able to
prophesy at all (right or wrong).

As if the mere prophecy, no matter whether true or false, fore-
shadowed the future; whereas it knows nothing of the future and
cannot know less than nothing.

Suppose you now ask: then are facts defined one way or another
by an expectation — that is, is it defined for whatever event may
occur whether it fulfils the expectation or not? The answer has to
be: Yes, unless the expression of the expectation is indefinite,
e.g. by containing a disjunction of different possibilities.

“The proposition determines in advance what will make it
true.” Certainly, the proposition “p” determines that p must be
the case in order to make it true; and that means:

(the proposition p) = (the proposition that the fact p makes true).
And the statement that the wish for it to be the case that p is satis-
fied by the event p, merely enunciates 2 rule for signs:
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(the wish for it to be the case that p) = (the wish that is satisfied by
the event p).

Like everything metaphysical the harmony between thought and
reality is to be found in the grammar of the language.
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X

113 Here instead of harmony or agreement of thought and
reality one might say: the pictorial character of thought. But is
this pictorial character an agreement? In the Tractazus 1 had said
something like: it is an agreement of form. But that is misleading.

Anything can be a picture of anything, if we extend the concept
of picture sufficiently. If not, we have to explain what we call a
picture of something, and what we want to call the agreement of
the pictorial character, the agreement of the forms.

For what I said really boils down to this: that every projection
must have something in common with what is projected no matter
what is the method of projection. But that only means that I am
here extending the concept of ‘having in common’ and am making
it equivalent to the general concept of projection. So I am only
drawing attention to a possibility of generalization (which of
course can be very important).

The agreement of thought and reality consists in this: if I say
falsely that something is red, then, for all that, it isn’t red. And
when I want to explain the word “red” to someone, in the sen-
tence ‘“That is not red”, I do it by pointing to something red.

In what sense can I say that a proposition is a picture ? When I
think about it, I want to say: it must be a picture if it is to show me
what I am to do, if I am to be able to act in accordance with it. But
in that case all you want to say is that you act in accordance with a
proposition in the same sense as you act in accordance with a
pictuare.

To say that a proposition is a picture gives prominence to certain
features of the grammar of the word “proposition”.

Thinking is quite comparable to the drawing of pictures.



But one can also say that what looks like an analogue of a propo-
sition is actually a particular case of our general concept. When I
compared the proposition with a ruler, strictly speaking what I did
was to take the use of a ruler in making a statement of length as an
example for all propositions.

114 The sense of a proposition and the sense of a picture. If we
compare a proposition with a picture, we must think whether we
are comparing it to a portrait (a historical representation) or to a
genre-picture. And both comparisons have point.

Sentences in fiction correspond to genre-pictures.

“When I look at a genre-picture, it ‘tells’ me something even
though I don’t believe (imagine) for 2 moment that the people I
see in it really exist, or that there have really been people in that
situation.”

Think of the quite different grammar of the expressions:

“This picture shows people in a village inn.”

“This picture shows the coronation of Napoleon.”

(Socrates: “And if you have an idea must it not be an idea of
something?” — Theaetetus: “Necessarily.”” — Socrates: “And if you
have an idea of something, mustn’t it be of something real?”’ —
Theaetetus: “It seems so”).!

Does the picture tell me, for instance, “two people are sitting in
an inn drinking wine ?”” Only if this proposition somehow enters
into the process of understanding outside the picture, say if I say which
I look at the picture “here two people are sitting etc.” If the picture
tells me something in this sense, it tells me words. But how far does
it declare itself in these words ? After all, if reality is declaring itself
via language, it is taking a long way round.

So for the picture to tell me something it isn’t essential that
wortds should occur to me while I look at it; because the picture was
supposed to be the more direct language.

Here it is important to realise that instead of a picture one might
have considered a slice of material reality. For although our
1. Theaetetus, 189A (immediately before the passage quoted in §90).
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attitude to a painted table derives historically from our attitude to
real tables, the latter is not a part of the former.

115 So what the picture tells me is itself.

Its telling me something will consist in my recognizing in it
objects in some sort of characteristic arrangement. (If I say: “I
see a table in this picture’ then what I say characterizes the picture —
as I said — in 2 manner which has nothing to do with the existence
of a ‘real’ table. “The picture shows me a cube’ can e.g. mean:
It contains the form £3.)

Asked “Did you recognize your desk when you entered your
room this morning ?”” ~ I should no doubt say “Certainly!” and
yet it would be misleading to call what took place “a recognition”.
Certainly the desk was not strange to me; I was not surprised to
see it, as I should have been if another one had been standing there,
or some unfamiliar kind of object.

“Something is familiar if I know what it is.”

“What does it mean: ‘this object is familiar to me’?”” - “Well,
I know that it’s a table.” But that can mean any number of things,
such as “I know how it’s used”, “I know it looks like a table when
it’s opened out”, “I know that it’s what people call ‘a table’.”

What kind of thing is “familiarity’’ ? What constitutes a view’s
being familiar to me? (The question itself is peculiar; it does not
sound like a grammatical question.)

I would like to say: “I see what I see”. And the familiarity can
only consist in my being at home in what I see.

116 “I see what I see”: I say that because I don’t want to give a
name to what I see. I don’t want to say “I see a flower” because that



presupposes alinguistic convention,and I want a form of expression
that makes no reference to the history of the impression.

The familiarity consists in my recognizing that what I see is a
flower. I may say: the utterance of the words “that is a flower”
is a recognition reaction; but the criterion for recognition isn’t
that I name the object correctly, but that when I look at it I utter
a series of sounds and have a certain experience. For that the sounds
are the correct English word, or that they are 2 word at all in any
existent language, isn’t part of my experience during the utterance.

I want to exclude from my consideration of familiarity every-
thing that is ‘historical’. When that’s been done what remains is
impressions (experiences, reactions). Even where language does
enter into our experience, we don’t consider it as an existing
institution.

So the multiplicity of familiarity, as I understand it, is that of
feeling at home in what I see. It might consist in such facts as these:
my glance doesn’t move restlessly (inquiringly) around the
object. I don’t keep changing the way I look at it, but immediately
fix on one and hold it steady.

I see the picture of a heavy coat and have a feeling of warmth and
cosiness; I see the picture of 2 winter landscape and shiver. These
reactions, it might be said, are justified by earlier experience.
But we aren’t concerned zow about the history of our experiences
or about any such justification.

No one will say that every time I enter a room, my long familiar
surroundings, there is enacted a recognition of all that I see and
have seen hundreds of times before.

117 If we think of our understanding of a picture, of a genre
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picture say, we are perhaps inclined to assume that there is a
particular phenomenon of recognition and that we recognize
the painted people as people, the painted trees as trees and so on.
But when I look at a genre picture do I compare the painted
people with real people etc. ?
So should I say that I recognize the painted people as painted
people ? And similarly real people as real people ?

Of course there is a phenomenon of recognition in a case where
it takes some sort of investigation to recognize a drawing as a
representation of a human being; but when I see 2 drawing
immediately as the representation of a2 human being, nothing of
that kind happens.

A picture of 2 human face is 2 no less familiar object than the
human face itself. But there is no question of recognition here.

118 It is easy to have a false concept of the processes called
“recognizing”; as if recognizing always consisted in comparing
two impressions with one another. It is as if I carried a picture of an
object with me and used it to perform an identification of an object
as the one represented by the picture. Our memory seems to us to be
the agent of such a comparison, by preserving a picture of what has
been seen before, or by allowing us to look into the past(as if down

a spy-glass).

In most cases of recognition no such process takes place.

Someone meets me in the street and my eyes are drawn to his
face; perhaps I ask myself “who is that ?”’; suddenly the face begins
to look different in a particular way, “it becomes familiar to me”’;
I smile, go up to him and greet him by name; then we talk of the
past and while we do so perhaps a memory image of him comes
before my mind, and I see him in a particular situation.



Perhaps someone will say: if I hadn’t kept his image in my
memory, I couldn’t have recognized him. But here he is either
using a metaphor, or expressing a hypothesis.

One might say: “What I saw was memory-laden.”

We say: “we couldn’t use words at all, if we didn’t recognize
them and the objects they denote.” If (because of a faulty memory)
we didn’t recognize the colour green for what it is then we couldn’t
use the word “green”. But have we any sort of check on this
recognition, so that we know that it is really a recognition? If we
speak of recognition, we mean that we recognize something as
what, in accordance with other criteria, it is. “To recognize”
means “to recognize what is”.

119 Familiarity gives confirmation to what we see, but not by
comparing it with anything else. It gives it a stamp, as it were.

On the other hand I would like to say: “what I see here in front
of me is not any o/d shape seen in a particular manner: what I see is
my shoes, which I know, and not anything else”. But here it is just
that two forms of expression fight against each other.

This shape that I see — I want to say — is not simply 4 shape; it is
one of the shapes I know; it is a shape marked out in advance. It
is one of those shapes of which I already had a pattern in me; and
only because it corresponds to such a pattern is it this familiar
shape. (I as it were carry a catalogue of such shapes around with
me, and the objects portrayed in it zre the familiar ones.)

But my already carrying the pattern round with me would be
only a causal explanation of the present impression. Itis like saying:
this movement is made as easily as if it had been practised.
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And it is not so much as if I were comparing the object with a
picture set beside it, but as if the object coincided with the picture. So
I see only one thing, not two.

120 We say: ““This face has a quite particular expression”, and look
perhaps for words to characterise it.

Here it is easy to get into that dead-end in philosophy, where one
believes that the difficulty of the task consists in this: our having to
describe phenomena that are hard to get hold of, the present
experience that slips quickly by, or something of the kind. Where
we find ordinary language too crude, and it looks as if we were
having to do, not with the phenomena of every-day, but with ones
that “‘easily elude us, and in their coming to be and passing away,
produce those others as an average effect”.

And here one must remember that all the phenomena that now
strike us as so remarkable are the very familiar phenomena that
don’t surprise us in the least when they happen. They don’t
strike us as remarkable until we put them in a strange light by
philosophizing.

121 “What the picture tells me is itself”” is what I want to say. That
is, its telling me something consists in its own structure, in izs own
forms and colours.

It is as if, e.g. ““it tells me something™ or “it is a picture” meant:
it shows a certain combination of cubes and cylinders.

“It tells me something” can mean: it narrates something to me,
it is a story.

1t tells me itself, just as a proposition, a story tells me itself.

The concept of a narrative picture is surely like that of a genre
picture (or a battle scene). If I wanted to explain what a battle
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scene is, I wouldn’t need to refer to any reality outside the picture,
I would only have to talk about painted men, painted horses,
painted cannon and so on.

“The picture tells me something™: it uses words, so to speak:
here are eyes, mouth, nose, hands etc. I am comparing the picture
to a combination of linguistic forms.

The system of language, however, is not in the category of
experience. The experiences characteristic of using the system are
not the system. (Compare: the meaning of the word “or” and the
or-feeling).

“Now, that series of signs tells me something; earlier, before I
learnt the language, it said nothing to me”’. Let us suppose what we
mean by that is that the sentence is now read with a particular
experience. Certainly, before I learnt the language, that series of
signs used not to make the same impression on me. Of course, if we
disregard the causal element, the impression is quite independent
of the system of language. -~ And there is something in me that is
reluctant to say: the sentence’s telling me something is constituted
by its making this impression on me.

“It’s only in a language that something is a proposition” is what
Iwant to say.

122 ‘Language’ is only languages, plus things I invent by analogy
with existing languages. Languages are systems.

“A proposition belongs to a language.” But that just means: it is
units of languages that I call “propositions”.

But we must pay attention to the ase of the expression “English
language’’, otherwise we shall ask questions like ‘“What is the lan-
guage? Is it all the sentences which have so far been spoken? Or
the set of rules and words? etc. etc.”” What is the system ? Where is
it? What is chess? All the games that have been played ? The list
of rules?

“A proposition is a unit of language.” “After all, what consti-
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tutes propositions is the combination of words which might be
otherwise combined.” But that means: what constitutes propo-
sitions for me. That is the way I regard language.

What we want to attend to is the system of language.

123 Certainly I read a story and don’t give a hang about any
system of language. I simply read, have impressions, see pictures
in my mind’s eye, etc. I make the story pass before me like pictures,
like a cartoon story. (Of course I do not mean by this that every
sentence summons up one or more visual images, and that that is,
say, the purpose of a sentence.)

Let us imagine a picture story in schematic pictures, and thus
more like the narrative in a language than a series of realistic
pictures. Using such a picture-language we might in particulare.g.
keep our hold on the course of battles. (Language-game.) And a
sentence of our word-language approximates to a picture in this
picture language much more closely than we think.

Let us remember too that we don’t have to translate * ﬁ

such pictures into realistic ones in order to ‘understand’ them, any
more than we ever translate photographs or film pictures into
coloured pictures, although black-and-white men or plants in
reality would strike us as unspeakably strange and frightful.

Suppose we were to say at this point: “Something is a picture
only in a picture-language” ?

A sentence in a story gives us the same satisfaction as a picture.

124 We can on the other hand imagine a language in whose use the
impression made on us by the signs played no part; in which there
was no question of an understanding, in the sense of such an
impression. The signs are e.g. written and transmitted to us and we
are able to sake notice of them. (That is to say, the only impression
that comes in here is the pattern of the sign.) If the sign is an order,
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we translate it into action by means of rules, tables. It does not get
as far as an impression like that of a picture; nor are stories written
in this language. But there is perhaps a kind of reading for enter-
tainment which consists in certain series of signs being translated
into bodily movements to make a kind of dance. (Compare the
remark about translation and code.)

Inthis case one really might say “the series of signs is dead without
the system”.

We could of course also imagine that we had to use rules and
translate a verbal sentence into a2 drawing in order to get an im-
pression from it. (That only the picture had a soul.)

(I might say to my pupils: When you have been through these
exercises you will think differently.)

But even in our normal speech we may often quite disregard the
impression made by a sentence so that all that is important is how
we operate with the sentence (Frege’s conception of logic).

“There is no such thing as an isolated proposition.” For what
I call a “proposition” is a position in the game of language.

Isn’t what misleads us the fact that I can look ever so closely
at a position in a game without discovering that it is a position in a
game ? What misleads us here is something in the grammar of the
expression “position in a game”.

Thinking is an activity, like calculating. No one would call
calculating, or playing chess, a state.

125 Let us imagine a kind of puzzle picture: there is not onme
particular object to find; at first glance it appears to us as a jumble
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of meaningless lines, and only after some effort do we see it as, say,
a picture of a landscape. — What makes the difference between the
look of the picture before and after the solution ? It is clear that we
see it differently the two times. But what does it amount to to say
that after the solution the picture means something to us, whereas
it meant nothing before ?

We can also put this question like this: What is the general mark
of the solution’s having been found?

I will assume that as soon as it is solved I make the solution
obvious by strongly tracing certain lines in the puzzle picture and
perhaps putting in some shadows. Why do you call the picture you
have sketched in a solution?

a) Because it is the clear representation of a group of spatial
objects.

b) Because it is the representation of a regular solid.

c) Because it is a symmetrical figure.

d) Because it is a shape that makes an ornamental impression on
me.

e) Because it is the representation of a body I am familiar with.

f) Because there is a list of solutions and this shape (this body) is
on the list.

g) Because it represents a kind of object that I am very familiar
with; for it gives me an instantaneous impression of familiarity,
I instantly have all sorts of associations in connexion with it; I
know what it is called; I know I have often seen it; I know what
it is used for etc.

h) Because it represents a face which strikes me as familiar.

1) Because it represents a face which I recognize: a) it is the face
of my friend soand so; B)itis a face which I have often seen pictures
of.

k) Because it represents an object which I remember having seen
at some time.

1) Because it is an ornament that I know well (though I don’t
remember where I have seen it).
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m) Because it is an ornament that I know well; I know its name,
I know where I have seen it.

n) Because it represents part of the furniture of my room.

o) Because I instinctively traced out those lines and now feel
easy.

p) Because I remember that this object has been described.

q) Because I seem to be familiar with the object, 2 word occurs
to me at once as its name (although the word does not belong to
any existent language); I tell myself “of course, that is an « such
as L have often seen in §; one vs §’s with it until thcy e.” Something
of the kind occurs e.g. in dreams.

And so on.

(Anyone who does not understand why we talk about these
things must feel what we say to be mere trifling.)

126 The impression is one thing, and the impression’s being
determinate is another thing.

What I call the impression of familiarity is as multifarious as
being determinate is.

When we look into a human face that we know very well, we
need not have any impression, our wits may be completely dull,
so to speak; and between that case and a strong impression there
are any number of stages.

Suppose the sight of a face has a strong effect on us, inspiring
us say with fear. Am I to say: first of all there must occur an
impression of familiarity, the form of the human face as such must
make an impression of familiarity on me, and only then is the
impression of fear added to that impression ? — Isn’t it like this, that
what I call the impression of specific familiarity is a characteristic
of every strong impression that a face makes on me? - The
characteristic, say of determinacy. I did indeed say that the im-
pression of familiarity consists in things like our feeling at home

in what we see, in our not changing our way of looking and the
like.
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127 Can I think away the impression of individual familiarity
where it exists; and think it into a situation where it does not?
And what does that mean? I see e.g. the face of a friend and ask
myself : what does this face look like if I see it as an unfamiliar face
(as if T were seeing it now for the first time) ? What remains, as it
were, of the look of this face, if I think away, subtract, the im-
pression of familiarity from it? Here I am inclined to say: “It is
very difficult to separate the familiarity from the impression of the
face.” But I also feel that this is a misleading way of putting things.
For I have no notion how I should so much as try to separate these
two things. The expression “to separate them” does not have any
clear sense for me.

I know what #his means: “Imagine this table black instead of
brown”; it means something like: “paint a picture of this table,
but black instead of brown”; or similarly: “draw this man but
with longer legs than he has”.

Suppose someone were to say “Imagine this butterfly exactly as
it is, but ugly instead of beautiful”?!

“It is very difficult to think away . . .”’: here it looks as if it was
a matter of a psychological difficulty, a difficulty of introspection or
the like. (That is true of a large range of philosophical problems:
think of the problem of the exact reproduction or description of
what is seen in the visual field; of the description of the perpetual
flux of phenomena; also of “how many raindrops do you see, if
you look at the rain ?””)

Compare: “It is difficult fo wi// that table to move from a dis-
tance.”

In this case we have not determined what thinking the familiarity
away is to mean.

It might mean, say, to recall the impression which I had when I
saw the face for the first time. And here again one must know what
it means to “#ry” to remember the impression. For that has
several meanings. Let us ask ourselves what activities we call
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“trying to remember something”. What do we do if we want to
remember what we had for lunch yesterday? Is that method
available for the early memories of an adult ? Can one #ry to remem-
ber one’s own birth ?

I tell myself: I want to try to look at a printed English word and
see it as if | hadn’t learnt to read, as if the black shapes on the paper
were strange drawings whose purpose I couldn’t imagine or
guess. And then what happens is that I can’t look at the printed
word without the sound of the word or of the letter I’'m actually
looking at coming before my mind.

For someone who has no knowledge of such things a diagram
representing the inside of a radio receiver will be a jumble of
meaningless lines. But if he is acquainted with the apparatus and
its function, that drawing will be a significant picture for him.

Given some solid figure (say in a picture) that means nothing to
me at present — can I at will imagine it as meaningful ? That’s as if
I were asked: Can I imagine a body of any old shape as an ap-
pliance ? But for what sort of use?

Well, at any rate one class of corporeal shapes can readily be
imagined as dwellings for beasts or men. Another class as weapons.
Another as models of landscapes. Etc. etc. So here I know how I
can ascribe meaning to a meaningless shape.

128 If I say that this face has an expression of gentleness, or kind-
ness, or cowardice, I don’t seem just to mean that we associate
such and such feelings with the look of the face, I'm tempted to
say that the face is itself one aspect of the cowardice, kindness, etc.
(Compare e.g. Weininger). It is possible to say: I see cowardice in
this face (and might see it in another too) but at all events it doesn’t
seem to be merely associated, outwardly connected, with the face;



the fear has the multiplicity of the facial features. And if, for
example, the features change slightly, we can speak of a corres-
ponding change in the fear. If we were asked “Can you think of
this face as an expression of courage too ?”* — we should, as it were,
not know how to lodge courage in these features. Then perhaps
I say “I don’t know what it would mean if this is a courageous
face.” [This sentence cannot be corrected by saying “for this to be
a courageous face’ instead of “if this is a courageous face”].! But
what would an answer to such a question be like ? Perhaps one
says: “Yes, now I understand: the face as it were shews indiffer-
ence to the outer world.” So we have somehow read courage into
the face. Now once more, one might say, courage fi#s this face.
But whar fits what here ?

There is a related case (though perhaps it will not seem so)
when for example we (Germans) are surprised that the French do
not simply say “the man is good” but put an attributive adjective
where there should be a predicative one; and when we solve the
problem for ourselves by saying : they mean: “the man is 2 good one”.

Couldn’t different interpretations of a facial expression consist
in my imagining each time a different kind of sequel? Certainly
that’s often how it is. I see a picture which represents a smiling
face. What do I do if I take the smile now as a kind one, now as
malicious ? Don’t I imagine it with a spatial and temporal context
which I call kind or malicious ? Thus I might supply the picture
with the fancy that the smiler was smiling down at a child at play,
or again on the suffering of an enemy.

This is in no way altered by the fact that I can also take the at
first sight gracious situation and interpret it differently by putting
it into a wider context. — If no special circumstances reverse my
interpretation I shall conceive a particular smile as kind, call it a
“kind” one, react correspondingly.

1. Cf. Philosopbical Investigations, 1, §537 (Tts.)
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That is connected with the contrast between seying and meaning.

““Any expression can lie”’: but you must think what you mean by
“lie”’. How do you imagine a lie? Aren’t you contrasting one
expression with another? At any rate, you are contrasting with
the expression some other process which might very well be an
expression.

129 What does it mean: “to read kindness into the smile”” ? Perhaps
it means: I make a face which is coordinated with the smiling face
in a particular way. I coordinate my face to the other one in some
such way as to exaggerate one or other of its features.

A friendly mouth, friendly eyes. How would one think of a
friendly hand ? Probably open and not as a fist. - And could one
think of the colour of a man’s hair as an expression of friendliness
or the opposite ? Put like that the question seems to ask whether
we can manage to. The question ought to run: Do we want to call
anything a friendly or unfriendly hair-colour ? If we wanted to give
such words a sense, we should perhaps imagine a man whose hair
darkened when he got angry. The reading of an angry expression
into dark hair, however, would work viz a previously existent
conception.

It may be said: the friendly eyes, the friendly mouth, the wagging
of a dog’s tail, are among the primary and mutually independent
symbols of friendliness; I mean: They are parts of the phenomena
that are called friendliness. If one wants to imagine further ap-
pearances as expressions of friendliness, one reads these symbols
into them. We say: ““He has a black look™, perhaps because the
eyes are more strongly shadowed by the eyebrows; and now we
transfer the idea of darkness to the colour of the hair. He has
glowering hair. If I were asked whether I could imagine a chair
with a friendly expression, it would be above all a friendly facia/
expression 1 would want to imagine it with; I would want to
read a friendly face into it.
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I say “I can think of this face (which at first gives an impression
of timidity) as courageous too.” We do not mean by this that I can
imagine someone with this face perhaps saving someone’s life
(that, of course, is imaginable in connexion with any face). I am
speaking rather of an aspect of the face itself. Nor do I mean that
I can imagine that this man’s face might change so that, in the
ordinary sense, it looked courageous; though I may very well
mean that there is quite a definite way in which it can change into a
courageous face. The reinterpretation of a facial expression can be
compared with the reinterpretation of a chord in music, when we
hear it as a modulation first into this, then into that key. (Compare
also the distinction between mixed colours and intermediary
colours).

Suppose we ask ourselves “what proper name would suit the
character of this man” - and portray it in sound ? The method of
projection we use for the portrayal is something which as it were
stands firm. (A writer might ask himself what name he wants to
give to a person.) But sometimes we project the character into the
name that has been given. Thus it appears to us that the great
masters have names which uniquely fit the character of their works.

Experience of the real size. Suppose we saw a picture showing a
chair-shape; we are told it represents a construction the size of a
house. Now we see it differently.

What happens when we learn to feel the ending of a church
mode as an ending ?

Think of the multifariousness of what we call “language”.
Word-language, picture-language, gesture-language, sound-lan-
guage.

130 “ “This object is familiar to me’ is like saying ‘this object is
portrayed in my catalogue’.” In that case it would consist in the fact
that it was a picture filed with others in a particular folder, in #his
drawer. But if that really is what I imagine - if I think I simply
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compare the seen object with pictures in my catalogue and find
it to agree with one of them - it is something quite unlike the
phenomenon of familiarity. That is, we are making the assumption
that the picture in our catalogue is itself familiar. If it were some-
thing strange, then the fact that it was in this folder, in this drawer,
would mean nothing to us.

When I speak of a pattern in my mental catalogue, or of a sheath
into which an object fits if it is familiar, what I would like to say
is that the sheath in my mind is, as it were, the “form of imagining”’,
so that it isn’t possible for me to say of a pattern that it is in my
mind unless it really is there. — The pattern as it were retires into
my mind, so that it is no longer presented to it as an object. But
that only means: it didn’t make sense to talk of a pattern at all.
(The spatial spectacles we can’t take off.)

If we represent familiarity as an object’s fitting into a sheath,
that’s not quite the same as our comparing what is seen with a copy.
What we really bave in mind is the feeling when the object slips
smoothly into the contour of the sheath. But that is a feeling we
might have even if there were no such perfectly fitting sheath
there at all.

We might also imagine that every object had an invisible sheath;
that alters nothing in our experience, it is an empty form of repre-
sentation.

It shouldn’t really be “Yes, I recognize it, it’s a face” but “I
recognize it, I see a face”. (Here the word face might mean for me
the mere ornament @ and have no reference to the human face;
it might be on a level with any other familiar figure, e.g. a swastika.)
For the question is: “What do I recognize as what ?”” For ““to recog-
nize a thing as itself”” is meaningless.
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131 The comparison between memory and a notebook. On the
one hand this comparison serves as a picture of the conscious
phenomena, and on the other hand it provides a psychological
model. (And the word “conscious” is a reference to a chapter of the
grammar and is not one side of the psychological contrast between
“conscious” and “unconscious”.

Many very different things happen when we remember.

“Have you been in your room?” “Yes”. “Are you sure?”
“I would know if I hadn’t been here yesterday!” For this I don’t
need to see myself, even for a moment, in memory in my room.
But let’s assume that when I said that I saw myself standing at the
window in my room; how does the picture show me that it was
yesterday ? Of course, the picture could show that as well, if for
instance I saw in it a wall-calendar with yesterday’s date. But if
that wasn’t the case, how did I read off from the memory image, or
from the memory, that I stood thus at the window yesterday ? How
do I translate the experience of remembering into words? — But
did I translate an experience into words? Didn’t I just utter the
words in a particular tone of voice with other experiences of
certainty ? But wasn’t that the experience of remembering ? (The
experience of translating is the same kind of thing as the experience
of the tone of voice.) But what made you so certain when you spoke
those words ? Nothing made me certain; I was certain.

Of course, I have other ways of checking — as one might say —
what I then uttered. That is: I can now try to remember particular
things that happened yesterday and to call up pictures before my
mind’s eye etc. But certainly that didn’t beve to have happened
before I answered.

When we narrate a set of events from memory we do sometimes
see memory pictures in our mind; but commonly they are only
scattered through the memory like illustrations in a story book.

Someone says to me “Imagine a patch of the colour called ‘red’
on this white wall”. I do so - shall I now say that I remembered
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which colour is called ‘red’? When 1 talk about this table, do I
remember that this object is called a ‘table’?

Mightn’t someone object: “So if a man has not learned a lan-
guage is he unable to have certain memories?” Of course — he
cannot have verbal memories, verbal wishes and so on. And
memories etc. in language are not mere threadbare representations
of the real experiences; for is what is linguistic not an experience ?
(Words are deeds.)

Some men recall a musical theme by having an image of the score
rise before them, and reading it off.

It could be imagined that what we call “memory” in some man
consisted in his seeing himself looking things up in a notebook in
spirit, and that what he read in that book was what he remembered.
(How do I react to a memory ?)

Incidentally, when I treat the objects around me as familiar, do I
think of that comparison ? Of course not. I only do so when I look
at the act of recognition (individual recognition) after the event;
and not so much when I look at it to see what actually happened, as
when I look at it through a preconceived schema. (The flux of
time.)!

132 If one takes it as obvious that a man takes pleasure 1n his own
fantasies, let it be remembered that fantasy does not correspond
to a painted picture, to a sculpture or a film, but to a complicated
formation out of heterogeneous components — words, pictures,
etc. Then one will not contrast operating with written and spoken

1. [Earlier draft of the parenthesis]. (Something very similar to this is the
problem of the nature and flow of time).
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signs with operating with “imagination-pictures” of events.

(The ugliness of 2 human being can repel in a picture, in a pain-
ting, as in reality, but so it can too in a description, in words.)

Attitude to a picture (to a thought). The way we experience a
picture makes it real for us, that is, connects it with reality; it
establishes a continuity with reality.

(Fear connects a picture with the terrors of reality.)



133 Can an ostensive definition come into collision with the other
rules for the use of a word ? — It might appear so; but rules can’t
collide, unless they contradict each other. That aside, it is they that
determine a meaning ; there isn’t a meaning that they are answerable
to and could contradict.

Grammar is not accountable to any reality. It is grammatical
rules that determine meaning (constitute it) and so they themselves
are not answerable to any meaning and to that extent are arbitrary.

There cannot be a question whether these or other rules are the
correct ones for the use of “not” (that is, whether they accord with
its meaning). For without these rules the word has as yet no
meaning; and if we change the rules, it now has another meaning
(or none), and in that case we may just as well change the word too.

“The only correlate in language to an intrinsic necessity is an
arbitrary rule. It is the only thing which one can milk out of this
intrinsic necessity into a proposition.”!

Why don’t I call cookery rules arbitrary, and why am I tempted
to call the rules of grammar arbitrary? Because I think of the
concept “cookery’ as defined by the end of cookery, and I don’t
think of the concept “language” as defined by the end of language.
You cook badly if you are guided in your cooking by rules other
than the right ones; but if you follow other rules than those of
chess you are playing another game; and if you follow grammatical

1. In pencil in the MS: [Perhaps apropos of the paradox that mathematics
consists of rules.]
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rules other than such and such ones, that does not mean you say
something wrong, no, you are speaking of something else.

If I want to carve a block of wood into a particular shape any
cut that gives it the right shape is a good one. But I don’t call an
argument a good argument just because it has the consequences I
want (Pragmatism). I may call a calculation wrong even if the
actions based on its result have led to the desired end. (Compare
the joke “I’ve hit the jackpot and he wants to give me lessons!”!)
That shows that the justifications in the two cases are different,
and also that “justification” means something different in each
case. In the one case one can say “Just wait, you will soon see that
it will come out right (i.e. as desired)”. In the other case that is no
justification.

The connection between the rules of cookery and the grammar
of the word “cook” is not the same as that between the rules of
chess and the expression “play chess’ or that between the rules of
multiplication and the grammar of the word “multiply”.

The rules of grammar are arbitrary in the same sense as the
choice of a unit of measurement. But that means no more than that
the choice is independent of the length of the objects to be measured
and that the choice of one unit is not ‘true’ and of another ‘false’
in the way that a statement of length is true or false. Of course that
is only a remark on the grammar of the word “unit of length”.

134 One is tempted to justify rules of grammar by sentences like
“But there are really four primary colours”. And if we say that the

1. A tells B that he has hit the jackpot in the lottery; he saw a box lying in the
street with the numbers 5 and 7 on it. He worked out that § x 7 = 64 — and
took the number 64.

B: But § x 7isn’t 64!

A: Pve hit the jackpot and he wants to give me lessons!

185



rules of grammarare arbitrary, thatis directed against the possibility
of this justification. Yet can’t it after all be said that the grammar
of colour words characterizes the world as it actually is? One
would like to say: May I not really look in vain for a fifth primary
colour? (And if looking is possible, then finding is conceivable.)
Doesn’t grammar put the primary colours together because there
isa kind of similarity between them ? Or colours, anway, in contrast
to shapes or notes? Or, when I set this up as the right way of
dividing up the world, have I a preconceived idea in my head as a
paradigm ? Of which in that case I can say: “Yes, that is the way
we look at things” or “We just do want to form this sort of
picture.” For if I say “there is a particular similarity among the
primary colours” ~ whence do I derive the idea of this similarity ?
Just as the idea ‘primary colour’ is nothing else but ‘blue or red
or green or yellow’ is not the idea of that similarity too given
simply by the four colours ? Indeed, aren’t these concepts the same ?
(For here it can be said: “what would it be like if these colours did
not have this similarity ?”’) (Think of a group containing the four
primary colours plus black and white, or the visible colours plus
ultraviolet and infrared.)

I do not call rules of representation conventions if they can be
justified by the fact that a representation made in accordance with
them will agree with reality. For instance the rule “paint the sky
brighter than anything that receives its light from it” is not a
convention.

The rules of grammar cannot be justified by shewing that their
application makes a representation agree with reality. For this
justification would itself have to describe what is represented. And
if something can be said in the justification and is permitted by its
grammar — why shouldn’t it also be permitted by the grammar
that I am trying to justify ? Why shouldn’t both forms of expression
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have the same freedom ? And how could what the one says restrict
what the other can say?

But can’t the justification simply point to reality ?

How far is such pointing a justification? Does it have the
multiplicity of a justification ? Of course it may be the cause of our
saying one sentence rather than another. But does it give a reason
for it ? Is zhat what we call a justification ?

No one will deny that studying the nature of the rules of games
must be useful for the study of grammatical rules, since it is beyond
doubt there is some sort of similarity between them. — The right
thing is to let the certain instinct that there is a kinship lead one
to look at the rules of games without any preconceived judgement
or prejudice about the analogy between games and grammar.
And here again one should simply report what one sees and not be
afraid that one is undermining a significant and correct intuition,
or, on the other hand, wasting one’s time with something supet-
fluous.

135 One can of course consider language as part of a psychological
mechanism. The simplest case is if one uses a restricted concept of
language in which language consists only of commands.

One can then consider how a foreman directs the work of a

group of people by shouting.

One can imagine a2 man inventing language, imagine him dis-
covering how to train other human beings to work in his place,
training them through reward and punishment to perform certain
tasks when he shouts. This discovery would be like the invention
of a machine.

Can one say that grammar describes language ? If we consider
language as part of the psycho-physical mechanism which we use



when we utter words - like pressing keys on a keyboard — to make
a human machine work for us, then we can say that grammar
describes that part of the machine. In that case a correct language
would be one which would stimulate the desired activities.

Clearly I can establish by experience that a2 human being (or
animal) reacts to one sign as I want him to, and to another not.
That e.g. a human being goes to the rightat thesign ““ — *’and goes
to the left at the sign “ < ”’; but that he does not react to the sign
“O—|7as to “—".

I do not even need to fabricate a case, I have only to consider
what is in fact the case; namely, that I can direct 2 man who has
learned only German, only by using the German language. (For
here I am looking at learning German as adjusting (conditioning) a
mechanism to respond to a certain kind of influence; and it may
be all one to us whether someone else has learned the language, or
was perhaps from birth constituted to react to sentences in German
like a normal person who has learned it.)

Suppose I now made the discovery that someone would bring
me sugar at a sign plus the cry “Su”, and would bring me milk ata
sign and the cry “Mi”’, and would not do so in response to other
words. Should I say that this shows that “Su” is the correct (the
only correct) sign for sugar, “Mi” the correct sign for milk ?

Well, if I say that, I am not using the expression “sign for sugar”
in the way it is ordinarily used or in the way I intended to use it.

I do not use “that is the sign for sugar” in the same way as the
sentence “if I press this button, I get a piece of sugar”.

136 All the same, let us compare grammar with a system of buttons,
a keyboard which I can use to direct a man or a machine by pressing
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different combinations of keys. What corresponds in this case to
the grammar of language ?

It is easy to construct such a keyboard, for giving different
“commands” to the machine. Let’s look at a very simple one: it
consists of two keys, the one marked “go” and the other “come”.
Now one might think it must obviously be a rule of the grammar
that the two keys shouldn’t be depressed simultaneously (that
would give rise to a contradiction). But what does happen if we
press them both at the same time ? Am I assuming that this has an
effect? Or that it has no effect? In each case I can designate the
effect, or the absence of an effect, as the point and sense of the
simultaneous depression of both keys.

Or: When I say that the orders “Bring me sugar” and “Bring
me milk” make sense, but not the combination “Milk me sugar”,
that does not mean that the utterance of this combination of words
has no effect. And if its effect is that the other person stares at me
and gapes, I don’t on that account call it the order to stare and
gape, even if zhat was precisely the effect that I wanted to produce.

“This combination of words makes no sense” does not mean it
has no effect.
Not even ““it does not have the desired effect”.

137 To say “This combination of words makes no sense’” excludes
it from the sphere of language and thereby bounds the domain of
language. But when one draws 2 boundary it may be for various
kinds of reasons. If I surround an area with a fence or a line or
otherwise, the purpose may be to prevent someone from getting
in or out; but it may also be part of a game, and the players be
supposed, say, to jump over the boundary; or it may show where
A’sproperty ends and B’s begins; and so on. Soif I draw a boundary
line that is not yet to say what I am drawing it for.



Language is not defined for us as an arrangement fulfilling a
definite purpose. Rather “language” is for me 2 name for a collec-
tion and I understand it as including German, English, and so on,
and further various systems of signs which have more or less
affinity with these languages.

Language is of interest to me as a phenomenon and not as a
means to a particular end.

138 Grammar consists of conventions. An example of such
conventions be one saying “the word ‘red’ means this colour”.
Such a convention may be included say in a chart. - Well, now,
how could a convention find a place in a mechanism (like the works
of a pianola?) Well, it is quite possible that there is a part of the
mechanism which resembles a chart, and is inserted between the
language-like part of the mechanism and the rest of it.

Of course an ostensive definition of 2 word sets up a connection
between a word and ‘a thing’, and the purpose of this connection
may be that the mechanism of which our language is a part should
function in a certain way. So the definition can make it work
propetly, like the connection between the keys and the hammers in
a piano; but the connection doesn’t consist in the hearing of the
words now having #his effect, since the effect may actually be
caused by the making of the convention. And it is the connection
and not the effect which determines the meaning.

When someone is taught language, does he learn at the same
time what is sense and nonsense ? When he uses language to what
extent does he employ grammar, and in particular the distinction
between sense and nonsense ?
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When someone learns musical notation, he is supplied with a
kind of grammar. This is to say: this note corresponds to this key
on the piano, the sign # sharpens a note, the sign b cancels the  etc.
etc. If the pupil asked whether there was a distinction between
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— and—]

- - .
or what the sign =—{— meant, we would tell him that

il

the distance between the top of the note and the stave didn’t mean
anything, and so on. One can view this instruction as part of the
preparation that makes the pupil into a playing-machine.

So he can speak of a grammar in the case where a language is
taught to a person by a mere drill ? It is clear that if I want to use
the word “grammar” here I can do so only in a “degenerate”
sense, because it is only in a degenerate sense that I can speak of
“explanation”, or of “convention”.

And a trained child or animal is not acquainted with any
problems of philosophy.

139 When I said that for us a language was not something that
achieved a particular end, but a concept defined by certain systems
we call “languages” and such systems as are constructed by
analogy with them - I could also have expressed the same thing
in the following way: causal connections in the mechanism of
language are things that I don’t scruple to invent.

Imagine that someone were to explain “Language is whatever
one can use to communicate’”. What constitutes communication ?
To complete the explantation we should have to describe what
happens when one communicates; and in the process certain causal
connections and empirical regularities would come out. But these
are just the things that wouldn’t interest me; they are the kinds of
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connection I wouldn’t hesitate to make up. I wouldn’t call just
anything that opened the door a “key-bit”, but only something
with a particular form and structure.

“Language’ is a word like “keyboard”. There are machines
which have keyboards. For some reason or other I might be
interested in forms of keyboard (both ones in actual use and others
merely devised by myself). And to invent a keyboard might mean
to invent something that had the desired effect ; or else to devise new
forms which were similar to the old ones in various ways.

“It is always for living beings that signs exist, so that must be
something essential to a sign.” Yes, but how is a “living” being
defined ? It appears that here I am prepared to use its capacity to
use a sign-language as a defining mark of a living being.

And the concept of a living being really has an indeterminacy
very similar to that of the concept “language”.

140 To invent a language could mean to invent an instrument for
a particular purpose on the basis of the laws of nature (or consis-
tently with them); but it also has the other sense, analogous to that
in which we speak of the invention of a game.

Here I am stating something about the grammar of the word
“language” by connecting it with the grammar of the word
“invent”.

Are the rules of chess arbitrary ? Imagine that it turned out that
only chess entertained and satisfied people. Then the rules aren’t
arbitrary if the purpose of the game is to be achieved.

““The rules of a game are arbitrary’ means: the concept ‘game’
is not defined by the effect the game is supposed to have on us.
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There is an analogous sense in which it is arbitrary which unit
of measurement we use to express a length, and another sense in
which the choice of units is limited or determined.

For us language is a calculus; it is characterized by Jinguistic
activities.

Where does language get its significance ? Can we say “Without
language we couldn’t communicate with one another”? No. It’s
not like “without the telephone we couldn’t speak from Europe
to America”. We can indeed say “without a mouth human beings
couldn’t communicate with each other”. But the concept of
language is contained in the concept of communication.

141 Is philosophy a creation of word-language ? Is word-language
a necessary condition for the existence of philosophy? It would
be more proper to ask: is there anything like philosophy outside
the region of our word-languages ? For philosophy isn’t anything
except philosophical problems, the particular individual worries
that we call “philosophical problems™. Their common element ex-
tends as far as the common element in different regions of our
language.

Let us consider a particular philosophical problem, such as
“How is it possible to measure a period of time, since the past and
the future aren’t present and the present is only a point?” The
characteristic feature of this is that a confusion is expressed in the
form of a question that doesn’t acknowledge the confusion, and
that what releases the questioner from his problem is a particular
alteration of his method of expression.

I could imagine an organ whose stops were to be operated by
keys distributed among the keys of the manual which looked
exactly like them. There might then arise a philosophical problem:
“How are silent notes possible?”” And the problem would be
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solved by someone having the idea of replacing the stop-keys by
stops which had no similarity with the note-keys.

A problem or worry like a philosophical one might arise
because someone played on all the keys of the manual, and the
result didn’t sound like music, and yet he was tempted to think that
it must be music etc.

(Something that at first sight looks like a sentence and is not
one.)

The following design for the construction of a steam roller was
shown to me and seems to be of philosophical interest. The
inventor’s mistake is akin to a philosophical mistake. The in-
vention consists of a motor inside a hollow roller. The crank-shaft
runs through the middle of the roller and is connected at both ends
by spokes with the wall of the roller. The cylinder of the petrol-
engine is fixed onto the inside of the roller. At first glance this
construction looks like a machine. But it is a rigid system and the
piston cannot move to and fro in the cylinder. Unwittingly we
have deprived it of all possibility of movement.

142 “Could a language consist simply of independent signals ?*’
Instead of this we might ask: Are we willing to call a series of
independent signals “a language”? To the question “can such a
language achieve the same as one which consists of sentences, or
combinations of signs ?”’ one would have to answer: it is experience
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that will show us whether e.g. these signals have the same effect on
human beings as sentences. But the effect is of no interest to us;
we are looking at the phenomenon, the calculus of language.

Imagine something like a diary kept with signals. One side is
divided into sections for the hours of the day, like a timetable. The
sign “A” means: I am sleeping; “B” means “I am working”;
“C” I am eating, etc. etc. But now the question is: are explanations
likethisgiven, so thatthe signals are connectedtoanotherlanguage ?
Is the signal-language supplemented with ostensive definitions of
the signals? Or is the language really only to consist of the signs
A, B, Cetc.?

Suppose someone asked: “how do you know, that you are now
doing the same as you were an hour ago?”, and I answered: “I
wrote it down, yes, here there’s a ‘C’”” — Can one ask whether the
sign “A’ always means the same ? In what circumstances can this
question be answered one way or the other? (One can imagine 2
language in which the words, the names of the colours, say, changed
their meanings with the day of the week; this colour is called “red”
on Monday, “blue” on Tuesday. “A = A” might say that in the
language to which this rule applies there is no change in the meaning
of the sign “A”.)

Imagine again a language consisting of commands. It is to be
used to direct the movements of a human being; a command
specifies the distance, and adds one of the words “forwards”,
“backwards”, “right” and “left” and one of the words “fast” and
“slowly”. Now of course all the commands which will actually be
used to direct the movements of 2 human being; a command
such signals in the first place as abbreviations of the sentences of
the first language, perhaps translating them back into it before
obeying them, and then later on act immediately in response to the
signals. ~ In that case we might speak of two languages and say
the first was more pictorial than the second. That is, we wouldn’t
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say that a series of such signals by itself would enable me to derive
a picture of the movement of a man obeying them unless in
addition to the signal there is something that might be called a
general rule for translating into drawing. We wouldn’t say: from
the signa b b cd you can derive the figure

Y

I..__;_y.
Pr——

but we would say that you can derive itfrom a b b c d plus the table

a | ¢

b | —
c |1
d |~

We can say: the grammar explains the meaning of the signs and
thus makes the language pictorial.

I can justify the choice of a word by a grammar. But that doesn’t
mean that I do, or have to, use definitions to justify the words I
use in a description or something similar.

A comparable case is when ordinary grammar completes an
elliptical sentence, and so takes a particular construction as an
abbreviated sentence.



Appendix






I

Complex and Fact

The use of the words ‘fact’ and ‘act’ —*That was a noble act.’
~ ‘But, that never happened.’ -

It is natural to want to use the word ‘act’ so that it only corres-
ponds to a #rue proposition. So that we then don’t talk of an act
which was never performed. But the proposition ‘That was a
noble act’ must still have a sense even if I am mistaken in thinking
that what I call an act occurred. And that of itself contains all that
matters, and I can only make the stipulation that I will only use the
words ‘fact’, ‘act’ (perhaps also ‘event’) in a proposition which,
when complete, asserts that this fact obtains.

It would be better to drop the restriction on the use of these
words, since it only leads to confusion, and say quite happily:
“This act was never performed’, “This fact does not obtain’,
“This event did not occur’.

Complex is not like fact. For I can, e.g., say of a complex that it
moves from one place to another, but not of a fact.
But that this complex is now situated here is a fact.

“This complex of buildings is coming down’ is tantamount to:
“The buildings thus grouped together are coming down’.

I call a flower, a house, a constellation, complexes: moreover,
complexes of petals, bricks, stars etc.

That this constellation is located here, can of course be described
by a proposition in which only its stars are mentioned and neither
the word ‘constellation’ nor its name occurs.

But that is all there is to say about the relation between complex
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and fact. And a complex is a spatial object, composed of spatial
objects. (The concept ‘spatial’ admitting of a certain extension.)

A complex is composed of its parts, the things of a kind which
go to make it up. (This is of course a grammatical proposition
concerning the words ‘complex’, ‘part’ and ‘compose’.)

To say that a red circle is composed of redness and circularity, or
is a complex with these component parts, is 2 misuse of these words
and is misleading. (Frege was aware of this and told me.)

It is just as misleading to say the fact that this circle is red (that
I am tired) is a complex whose component parts are a circle and
redness (myself and tiredness).

Neither is a house a complex of bricks and their spatial relations.
i.e. that too goes against the correct use of the word.

Now, you can of course point at a constellation and say: this
constellation is composed entirely of objects with which I am
already acquainted; but you can’t ‘point at a fact’ and say this.

“To describe a fact’, or ‘the description of a fact’, is also a
misleading expression for the assertion stating that the fact ob-
tains, since it sounds like: ‘describing the animal that I saw’.

Of course we also say: ‘to point out a fact’, but that always
means; ‘to point out the fact that ...". Whereas ‘to point at (or
point out) a flower’ doesn’t mean to point out that this blossom is
on this stalk; for we needn’t be talking about this blossom and this
stalk at all.

It’s justas impossible for it to mean: to point out the fact that this
flower is situated there.

To point out a fact means to assert something, to state something.
“T'o point out a flower’ doesn’t mean this.
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A chain, too, is composed of its links, not of these and their
spatial relations.

The fact that these links are so concatenated, isn’t ‘composed’
of anything at all.

The root of this muddle is the confusing use of the word ‘object’.

The part is smaller than the whole: applied to fact and compo-
nent part (constituent), that would yield an absurdity.

The schema: thing-property. We say that actions have properties,
like swiftness, or goodness.
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2

Concept and Object, Property and Substrate

When Frege and Russell talk of concept and object they really
mean property and thing; and here I’m thinking in particular of a
spatial body and its colour. Or one can say: concept and object are
the same as predicate and subject. The subject-predicate form is
one of the forms of expression that occur in human languages.
It is the form “x is y”’ (“x € y’): “My brother is tall”’, ““The storm
is nearby”, “This circle is red”, “Augustus is strong”, “2 is a
number”, “This thing is a piece of coal”.

The concept of 2 material point in physics is an abstraction from
the material objects of experience; in the same way the subject-
predicate form of logic is an abstraction from the subject-predicate
form of our languages. The pure subject-predicate form is sup-
posed to be a € f(x), where “a” is the name of an object. Now let’s
look for an application of this schema. The first things that come to
mind as “names of objects” are the names of persons and of other
spatial objects (the Koh-i-Noor). Such names are given by osten-
sive definitions (“that x is called ‘N’ ”*). Such a definition might be
conceived as a rule substituting the word “N” for a gesture
pointing to the object, with the proviso that the gesture can
always be used in place of the name. Thus, I may have explained
“this man is called ‘N’ »*, and I go on to say ““ ‘N’ is a mathema-
tician”, “N is lazy”, and in each of these sentences I might have
said “this man” (with the ostensive gesture) instead of “N”. (In
that case, incidentally it would have been better to phrase the
ostensive definition ““this man iscalled ‘N’ ”! or “I want to call this
man ‘N’ , because the version above is also the proposition that
this man bears this name).

However, this isn’t the normal way of using a name; it is an
essential feature of the normal use that I can’t fall back on to a
sign of the gesture language in place of the name. That’s to say, in
the way in which we use the name “N”°, if N goes out of the room
and later 2 man comes into the room it makes sense to ask whether

1. There appears to be something wrong with the German text here. Possibly
Wittgenstein meant to write “let this man be called ‘N’ " and inadvertently
wrote a version which is the same as the one he is correcting. (Trs.)
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this man is N, whether he is the same man as the one who left the
room earlier. And the sentence “N has come back into the room”
only makes sense if I can decide the question. And its sense will
vary with the criterion for this being the object that I earlier called
‘N’. Different kinds of criteria will make different rules hold for
the sign ‘N’, will make it a2 ‘name’ in a different sense of the
word. Thus the word ‘name’ and the corresponding word ‘object’
are each headings to countless different lists of rules.

If we give names to spatial objects, our use of such names
depends ona criterion of identity which presupposes the impenetra-
bility of bodies and the continuity of their movement. So if 1
could treat two bodies A and B as I can treat their shadows on the
wall, making two into one and one into two again, it would be
senseless to ask which of the two after the division is A and which
is B, unless I go on to introduce a totally new criterion of identity
c.g. the direction of their movements. (There is a rule for the name
of a river arising from the confluence of two rivers, thus:

B\
A

— — A

The resulting river takes the name of that source in whose approxi-
mate direction it flows onward.)

Think of the possible criteria of identity for things like colour
patches in my visual field (or figures on a cinema screen) and of the
different kinds of use of names given to such patches or figures.

If we turn to the form of expression “(3x).fx” it’s clear that this
is a sublimation of the form of expression in our language: “There
are human beings on this island’ “There are stars that we do not
see”. To every proposition of the form *“(3x). fx” there is supposed
to correspond a proposition “fa”, and “a” is supposed to be a
name. So one must be able to say “(3x).fx, namely a and b”,
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(“There are some values of x, which satisfy fx, namely a and b”’),
or “(3x).fx, e.g. 2”, etc. And this is indeed possible in a case like
“There are human beings on this island, namely Messts A, B, C,
D.” But then is it essential to the sense of the sentence “There are
men on this island” that we should be able to name them, and fix
a particular criterion for their identification ? That is only so in the
case where the proposition “(3x).fx” is defined as a disjunction of
propositions of the form “f(x)”, if e.g. it is laid down that “There
are men on this island”” means “Either Mr. A or Mr. B or Mr. C
ot Mr. D. or Mr. E is on this island” ~ if, that is, one determines
the concept “man” extensionally (which of course is quite contrary
to the normal use of this word.) (On the other hand the concept
“primary colour” really is determined extensionally.)

So it doesn’t always make sense when presented with a propo-
sition “(3x).fx” to ask “Which xs satisfy £?” “Which red circle a
centimetre across is in the middle of this square” ? ~ One mustn’t
confuse the question “which object satisfies f?*’ with the question
“what sort of object . . .etc.?” The first question would have to be
answered by a name, and so the answer would have to be able to
take the form “f(a)”’; the question “what sort of . . .?” is answered
by “(3x).fx.¢x”. So it may be senseless to ask “which red spot
do you see ?” and yet make sense to ask “what kind of a red spot
do you see (a round one, a square one, etc.) ?”’

I would like to say: the old logic contains more convention and
physics than has been realised. If a noun is the name of a body, a verb
is to denote a movement, and an adjective to denote a property of a
body, it is easy to see how much that logic presupposes; and it is
reasonable to conjecture that those original presuppositions go
still deeper into the application of the words, and the logic of
propositions.

(Suppose we were set the task of projecting figures of various
shapes on a given plane I into a plane II. We could then fix a
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method of projection (say orthogonal projection) and carry out the
mapping in accordance with it. We could also easily make in-
ferences from the representations on plane If about the figures on
plane 1. But we could also adopt another procedure: we might
decide that the representations in the second plane should all be
circles, no matter what the copied figures in the first plane might be.
(Perhaps this is the most convenient form of representation for
us.) That is, different figures on I are mapped onto II by different
methods of projection. In order in this case to construe the circles
in II as representations of the figures in I, I shall have to give the
method of projection for each circle; the mere fact that a figure in I
is represented as a circle in II! by itself tells us nothing about the
shape of the figure copied. That an image in II is a circle is just the
established norm of our mapping. — Well, the same thing happens
when we depict reality in our language in accordance with the
subject-predicate form. The subject-predicate form serves as a
projection of countless different logical forms.

Frege’s “Concept and Object” is the same as subject and predi-
cate.

If a table is painted brown, then it’s easy to think of the wood as
bearer of the property brown and you can imagine what remains the
same when the colour changes. Even in the case of one particular
circle which appears now red, now blue. It is thus easy to imagine
what is red, but difficult to imagine what is circular. What remains
in this case if form and colour alter? For position is part of the
form and it is arbitrary for me to lay down that the centre should
stay fixed and the only changes in form be changes in the radius.

We must once more adhere to ordinary language and say thata
pateh is circular.

It is clear that here the phrase “bearer of a property” in this
context conveys a completely wrong —an impossible — picture.
If T have a lump of clay, I can consider it as the bearer of a form, and
that, roughly, is where this picture comes from.

1. 1 have here corrected an inadvertent transposition of “I"” and “II” in
Wittgenstein’s German, (Trs.)
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“The patch changes its form” and “the lump of clay changes its
form” are different forms of propositions.

You can say ‘“Measure whether #hat is a circle’ or “See whether
that over there is a hat”. You can also say “Measure whether that
is a circle or an ellipse”, but not *. . . whether that is a circle or a
hat”; nor “See whether that is a hat or red”’.

If 1 point to a curve and say ““That is a circle” then someone can
object that if it were not a circle it would no longer be #bar. That is
to say, what I mean by the word “that” must be independent of
what I assert about it.

(“Was that thunder, or gunfire ?”’ Here you could not ask “Was
that a noise ?”")

How are two circles of the same size distinguished? This
question makes it sound as if they were pretty nearly one circle
and only distinguished by a nicety.

In the technique of representation by equations what is common
is expressed by the form of the equation, and the difference by the
difference in the coordinates of the centres.

So it is as if what corresponds with the objects falling under the
concept were here the coordinates of the centres.

Couldn’tyou then say, instead of “This is a circle”, “This point is
the centre of a circle” ? For to be the centre of a circle is an external
property of the point.

What is necessary to a description that — say —a book is in a
certain position ? The internal description of the book, i.e. of the
concept, and a description of its place which it would be possible
to give by giving the co-ordinates of three points. The proposition
“Such a book is bere” would mean that it had #hese three co-ordin-
ates. For the specification of the “here” must not prejudge what
is here.

But doesn’t it come to the same thing whether I say “This is a
book” or “Here is 2 book’ ? The proposition would then amount
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to saying, ““These are three corners of such a book™.

Similarly you can also say “This circle is the projection of a
sphere’ or “This is 2 man’s appearance”.

All that I am saying comes to this, that ®(x) must be an external
description of x.

If in this sense I now say in three-dimensioral space “Here is a
circle” and on another occa.ion “Here is a sphere’ are the two
“here’s” of the same type? I want to ask: can one significantly
say of the same ‘object’: it is a circle, and: it is a sphere? Is the
subject of each of these predicates of the same type ? Both could be
the three coordinates of the relevant centre-point. But the position
of the circle in three-dimensional space is not fixed by the coordin-
ates of its centre.

On the other hand you can of course say “It’s not the noise, but
the colour that makes me nervous” and here it might look as if a
variable assumed a colour and a noise as values. (“Sounds and
colouts can be used as vehicles of communication™.) It is clear that
this proposition is of the same kind as ““if you hear a shot, or see me
wave, run”. For this is the kind of co-ordination on the basis of
which a heard or seen language functions.

“Is it conceivable that two things have all their properties in
common ?” — If it isn’t conceivable, then neither is its opposite.

We do indeed talk about a circle, its diameter, etc. etc., as if
we were describing a concept in complete abstraction from the
objects falling under it. — But in that case ‘circle’ is not a predicate
in the original sense. And in general geometry is the place where
concepts from the most different regions get mixed up together.
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3
Objects

“In a certain sense, an object cannot be described.” (So too
Plato: “You can’t give an account of one but only name it.””)
Here “object” means “reference of a not further definable word”,
and “description” or “explanation” really means: “definition”.
For of course it isn’t denied that the object can be “described from
outside”, that properties can be ascribed to it and so on.

So when we use the proposition above we are thinking of a
calculus with signs or names that are indefinable — or, more
accurately, undefined — and we are saying that no account can be
given of them.

“What a word means a proposition cannot tell.”

What is the distinction, then, between blue and red?
We aren’t of the opinion that one colour has one property and

the other another. In any case, the properties of blue and red are
that this body (or place) is blue, and that other is red.

When asked “what is the distinction between blue and red ?”
we feel like answering : one is blue and the other red. But of course
that means nothing and in reality what we’re thinking of is the
distinction between the surfaces or places that have these colours.
For otherwise the question makes no sense at all.

Compare the different question: “What is the distinction between
orange and pink ?”’ One is 2 mixture of yellow and red, the othera
mixture of white and red. And we may say accordingly: blue
comes from purple when it gets more bluish, and red comes from
purple when that gets more and more reddish.
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So what I am saying means: red can’t be described. But can’t we
represent it in painting by painting something red ?

No, that isn’t a representation in painting of the meaning of the
word ‘red’ (there’s no such thing).
The portrait of red.

Still, it’s no accident that in order to define the meaning of the
word “red” the natural thing is to point to a red object.

(What is natural about it is portrayed in that sentence by the
double occurrence of the word ‘red’).

To say that blue is on the bluish side of blue-red and red on the
reddish side is a grammatical sentence and therefore akin to a

definition. And indeed one can also say: more bluish = more like
blue.

“If you call the colour green an object, you must be saying that
it is an object that occurs in the symbolism. Otherwise the sense of
the symbolism, and thus its very existence as a symbolism, would
not be guaranteed.”

But what does that assert about green, or the word ““green’ ?
((That sentence is connected with a particular conception of the
meaning-relation and a particular formulation of the problem the
relation raises)).
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4
Elementary Propositions

Al

Can a logical product be hidden in a proposition? And if so,
how does one tell, and what methods do we have of bringing the
hidden element of a proposition to light ? If we haven’t yet got a
method, then we can’t speak of something being hidden or
possibly hidden. And if we do have a method of discovery then
the only way in which something like a logical product can be
hidden in a proposition is the way in which a quotient like 753/3 is
hidden until the division has been carried out.

The question whether a logical product is hidden in a sentence
is 2 mathematical problem.

So an elementary proposition is a proposition which, in the
calculus as I am now using it, is not represented as a truth-function
of other sentences.

The idea of constructing elementary propositions (as e.g.
Carnap has tried to do) rests on a false notion of logical analysis.
It is not the task of that analysis to discover a theory of elementary
propositions, like discovering principles of mechanics.

My notion in the Tractatus Logico-Philosophicus was wrong:
1) because I wasn’t clear about the sense of the words “a logical
product is hidden in a sentence” (and suchlike), 2) because I too
thought that logical analysis had to bring to light what was hidden
(as chemical and physical analysis does).

The proposition “this place is now red” (or “this circle is now
red””) can be called an elementary proposition if this means that it is

1. From the 1932(?) typescript where it appears as a chapter by itself.
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neither a truth-function of other propositions nor defined as such.
(Here I am disregarding combinations such as p.: qv ~ q and the
like.)

But from “a is now red” there follows “a is now not green”
and so elementary propositions in this sense aren’t independent
of each other like the elementary propositions in the calculus 1
once described - a calculus to which, misled as I was by a false
notion of reduction, I thought that the whole use of propositions
must be reducible.

Bl

If you want to use the appellation “elementary proposition™ as
I did in the Tractatus Logico-Philosophicus, and as Russell used
‘““atomic proposition”, you may call the sentence “Here there is a
red rose” an elementary proposition. That is to say, it doesn’t
contain a truth-function and it isn’t defined by an expression which
contains one. But if we’re to say that a proposition isn’t an ele-
mentary proposition unless its complete logical analysis shows
that it isn’t built out of other propositions by truth-functions, we
are presupposing that we have an idea of what such an ‘analysis’
would be. Formerly, I myself spoke of a ‘complete analysis’, and
T used to believe that philosophy had to give a definitive dissection
of propositions so as to set out clearly all their connections and
remove all possibilities of misunderstanding. I spoke as if there was
a calculus in which such a dissection would be possible. I vaguely
had in mind something like the definition that Russell had given
for the definite article, and I used to think that in a similar way one
would be able to use visual impressions etc. to define the concept
say of a sphere, and thus exhibit once for all the connections
between the concepts and lay bare the source of all misunder-
standings, etc. At the root of all this there was a false and idealized
picture of the use of language. Of course, in particular cases one can

1. From a later MS note book, probably written in summer 1936, some two
years after the main text of this volume.
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clarify by definitions the connections between the different types
of use of expressions. Such a definition may be useful in the case
of the connection between ‘visual impression’ and ‘sphere’.
But for this purpose it is not a definition of the concept of a physical
sphere that we need; instead we must describe a language game
related to our own, or rather a whole series of related language
games, and it will be in these that such definitions may occur.
Such a contrast destroys grammatical prejudices and makes it
possible for us to see the use of a word as it really is, instead of
inventing the use for the word.

There could perhaps be a calculus for dissecting propositions; it
isn’t hard to imagine one. Then it becomes a problem of calculation
to discover whether a proposition is or is not an elementary
proposition.

The question whether e.g. a logical product is hidden in a sen-
tence is a mathematical problem. - What “hidden” means here
is defined by the method of discovery (or, as it might be, by the
lack of a method).

What gives us the idea that there is 2 kind of agreement between
thought and reality ? — Instead of “agreement” here one might say
with a clear conscience “pictorial character”.!

But is this pictorial character an agreement? In the Tractatus
Logico-Philosophicus 1 said something like: it is an agreement of
form. But that is an error.

First of all, “picture” here is ambiguous. One wants to say that
an order is the picture of the action which was carried out on the

order; but also, a picture of the action which is s be carried out as
an order.

1. Cf., p. 163.
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We may say: a blueprint serves as a picture of the object which the
workman is to make from it.

And here we might call the way in which the workman turns
such a drawing into an artefact “the method of projection”. We
might now express ourselves thus: the method of projection
mediates between the drawing and the object, it reaches from the
drawing to the artefact. Here we are comparing the method of
projection with projection lines which go from one figure to
another. - But if the method of projection is a bridge, it is a bridge
which isn’t built until the application is made. — This comparison
conceals the fact that the picture p/us the projection lines leaves
open various methods of application; it makes it look as if what is
depicted, even if it does not exist in fact, is determined by the
picture and the projection lines in an ethereal manner; every bit
as determined, that is to say, as if it did exist. (It is ‘determined
give or take a yes or no.”) In that case what we may call ‘picture’
is the blueprint plus the method of its application. And we now
imagine the method as something which is attached to the blue-
print whether or not it is used. (One can “describe” an application
even if it doesn’t exist).

Now I would like to ask “How can the blueprint be used as a
representation, unless there is already an agreement with what is
to be made?” - But what does that mean? Well, perhaps this:
how could I play the notes in the score on the piano if they didn’t
already have a relationship to particular types of movement of the
hand ? Of course such a relationship sometimes consists in a certain
agreement, but sometimes not in any agreement, but merely in
our having learnt to apply the signs in a particular way. What the
comparison between the method of projection and the projection
lines connecting the picture with the object does is to make all
these cases alike — because #hat is what attracts us. You may say:
I count the projection lines as part of the picture - but not the
method of projection.

1. Cf. Tractatus 2. 1513 (Editor).
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You may of course also say: I count a description of a method of
projection as part of the picture.

So I am imagining that the difference between proposition and
reality is ironed out by the lines of projection belonging to the
picture, the thought, and that no further room is left for 2 method
of application, but only for agreement and disagreement.
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Is time essential to propositions?

Comparison between time and truth-functions

If we had grammar set out in the form of a book, it wouldn’t
be a series of chapters side by side, it would have quite a different
structure. And it is here, if I am right, that we would have to see
the distinction between phenomenological and non-phenomeno-
logical. There would be, say, a chapter about colours, setting out
the rules for the use of colour-words; but there would be nothing
comparable in what the grammar had to say about the words
“not”, “or”, etc. (the “logical constants™).

It would, for instance, be a consequence of the rules, that these
latter words unlike the colour words were usable in every propo-
sition; and the generality belonging to this “every” would not be
the kind that is discovered by experience, but the generality of a
supreme rule of the game admitting of no appeal.

How does the temporal character of facts manifest itself ? How
does it express itself, if not by certain expressions having to occur
in our sentences? That means: how does the temporal character
of facts express itself, if not grammatically ? “Temporal character”
- that doesn’t mean that I come at 5 o’clock, but that I come at
some time or other, i.e. that my proposition has the structure it has.

Weareinclined to say that negationand disjunction are connected
with the nature of the proposition, but that time is connected with
its content rather than with its nature.

But if two things are equally universal, how can it show itself
in grammar that one of them is connected with the nature of the
proposition and the other is not ?

Or should I have said that time is not equally universal since
mathematical propositions can be negated and occur in dis-
junctions, without being temporal ? There is indeed a connection
here, though this form of portraying the matter is misleading.
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But that shows what I mean by “proposition.” or “nature of the
proposition™.

Why — I want to ask — is the temporal character of propositions
so universal ?

Might one also put the question thus: “How does it happen
that every fact of experience can be brought into a relationship
with what is shown by a clock ?”

Having two kinds of generality in the way I spoke of would be as
strange as if there were two equally exceptionless rules of a game
and one of them were pronounced to be more fundamental. As if
one could ask whether in chess the king or the chess board was
more important; which of the two was more essential, and which
more accidental.

There’s at least one question that seems in order: suppose I had
written up the grammar, and the different chapters on the colour
wotds, etc. etc. were there one after the other, like rules for each
of the chess pieces, how would I know that those were 2/ the
chapters ? If there turns out to be a common property in all the
chapters so far in existence, we seem to have encountered a
logical generality that is not an essential, i.e.  priori generality.
But we can’t say that the fact that chess is played with 16 pieces is
any less essential to it than its being played on a chessboard.

Since time and the truth-functions taste so different, and since
they manifest their nature only and wholly in grammar, it is
grammar that must explain the different taste.

One tastes like content, the other like form of representation.

They taste as different as a plan and a line through a plan.
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It appears to me that the present, as it occurs in the proposition
“the sky is blue” (if this proposition isn’t meant as a hypothesis),
is not a form of time, so that the present in #5is sense is atemporal.

Does time enter into a landscape picture ? or into a still life ?
Literature consisting of descriptions of landscapes.

It is noteworthy that the time of which I am here speaking is not
time in a physical sense. We are not concerned with measuring time.
It is fishy that something which is unconnected with measurement
is supposed to have a role in propositions like that of physical time
in the hypotheses of physics.

Discuss:

The distinction between the logic of the content and the logic
of the propositional form in general. The former seems, so to
speak, brightly coloured, and the latter plain; the former seems to
be concerned with what the picture represents, the latter to be a
characteristic of the pictorial form like a frame.

By comparison with the way in which the truth-functions are
applicable to all propositions, it seems to us accidental that all
propositions contain time in some way or other.

The former seems to be connected with their nature as propo-
sitions, the latter with the nature of the reality we encounter.

((Added later in the margins))

A sentence can contain time in very different senses.
You are hurting me.

The weather is marvellous outside.

The Inn flows into the Danube.

Water freezes at 0°.

I often make slips of the pen

Some time ago . ..

I hope he will come.

At 5 o’clock.
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This kind of steel is excellent.
The earth was once a ball of gas.
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6
The Nature of Hypotheses

You could obviously explain an hypothesis by means of pictures.
I mean, you could e.g. explain the hypothesis “there is a book lying
here” with pictures showing the book in plan, elevation and various
cross-sections.

Such a representation gives a law. Just as the equation of a
curve gives a law, by means of which you may discover the ordin-
ates, if you cut at different abscissae.

In which case the verifications of particular cases correspond to
cuts that have actually been made.

If our experiences yield points lying on a straight line, the
proposition that these experiences are various views of a straight
line is an hypothesis.

The hypothesis is a way of representing this reality, for a new
experience may tally with it or not, or possibly make it necessary
to modify the hypothesis.

If for instance we use a system of coordinates and the equation
for a sphere to express the proposition that a sphere is located at a
certain distance from our eyes, this description has a greater
multiplicity than that of a verification by eye. The first multi-
plicity corresponds not to one verification but to a Jaw obeyed by
verifications.

An hypothesis is 2 law for forming propositions.

You could also say: an hypothesis is a law for forming expecta-
tions.

A proposition is, so to speak, a particular cross-section of an
hypothesis.

According to my principle two suppositions must have the same
sense if every possible experience that confirms the one also con-
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firms the other, if, that is, no decision between the two is con-
ceivable on the basis of experience.

The representation of a curve as a straight line with deviations.
The equation of the curve includes a parameter whose course
expresses the deviations from a straight line. It isn’t essential
that these deviations should be “slight”. They can be so large that
the curve doesn’t look like a straight line at all. “Straight line with
deviations” is only one form of description. It makes it easier for
me to eliminate, or neglect, a particular component of the descrip-
tion if I so wish. (The form “rule with exceptions™).

What does it mean, to be certain that one has toothache ? (If one
can’t be certain, then grammar doesn’t allow the use of the word
“‘certain” in this connection.)

The grammar of the expression “to be certain™.

We say “If I say that I see a chair there, I am saying more than
1 know for certain’. And commonly that means “But all the same,
there’s one thing that I do know for certain.” But if we now try to
say what it is, we find ourselves in a certain embarrassment.

“I see something brown — that is certain.” That’s meant to say
that the brown colour is seen and not perhaps merely conjectured
from other symptoms. And we do indeed say quite simply: “I see
something brown.”

If someone tells me “Look into this telescope, and make me a
sketch of what you sec”, the sketch I make is the expression of a
proposition, not of a hypothesis.

If1 say “Here there is a chair”, I mean more - people say — than
the mere description of what I perceive. This can only mean that
that proposition doesn’t have to be true, even though the descrip-
tion fits what is seen. Well, in what circumstances would I say
that that proposition wasn’t true? Appareatly, if certain other
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propositions aren’t true that were implicit in the first. But it isn’t
as if the first turns out to have been a logical product all along.

The best comparison for every hypothesis, — something that is
itself an example of an hypothesis - is a body in relation to a
systematic series of views of it from different angles.

Making a discovery in a scientific investigation (say in experi-
mental physics) is of course not the same thing as making a
discovery in ordinary life outside the laboratory; but the two are
similar and a comparison with the former can throw light on the
latter.

There is an essential distinction between propositions like
“Thatisalion”, “Thesunislargerthantheearth”,and propositions
like “Men have two hands”. Propositions like the first pair con-
tain a “this”, “now”, “here” and thus connect immediately with
reality. But if there happened to be no men around, how would I
go about checking the third proposition?

It is always single faces of hypotheses that are verified.

Perhaps this is how it is: what an hypothesis explains is itself
only expressible by an hypothesis. Of course, this amounts to
asking whether there are any primary propositions that are
definitively verifiable and not merely facets of an hypothesis.
(That is rather like asking: are there surfaces that aren’t surfaces
of bodies ?)

At all events, there can’t be any distinction between an hypo-
thesis used as an expression of an immediate experience and a
proposition in the stricter sense.

There is a distinction between a proposition like “Here there is a
sphere in front of me”” and “It looks as if there is a sphere in front
of me”. The same thing shows itself also thus: one can say “There
scems to be a sphere in front of me”, but it is senseless to say “It
looks as if there seems to be a sphere here”. So too one can say
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“Here there is probably a sphere’, but not “Here there probably
appears to be a sphere”. In such a case people would say “Afterall,
you must know whether there appears to be”.

There is nothing hypothetical in what connects the proposition
with the given fact.

It’s clear that reality—I mean immediate experience - will
sometimes give an hypothesis the answer yes, and sometimes the
answer no (here of course the “yes” and “no” express only con-
firmation and lack of confirmation); and it’s clear that these
affirmations and denials can be given expression.

The hypothesis, if that face of it is laid against reality, becomes a
proposition.

It may be doubtful whether the body I see is a sphere, but it
can’t be doubtful that from here it looks to be something like a
sphere. — The mechanism of hypothesis would not function if
appearance too were doubtful so that one couldn’t verify beyond
doubt even a facet of the hypothesis. If there were a doubt here,
what could take the doubt away ? If this connection too were loose,
there would be no such thing as confirming an hypothesis and it
would hang entirely in the air, quite pointless (and therefore
senseless).

If I say “I saw 2 chair”, that (in oze sense) isn’t contradicted by
the proposition “there wasn’t one there”. For I could use the first
proposition in the description of a dream and then nobody would
use the second to contradict me. But the description of the dream
throws a light on the sense of the words “I saw”.

Again, in the proposition “there wasn’t one there”, the word
“there” may have more than one meaning.
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Iam in agreement with the opinions of contemporary physicists
when they say that the signs in their equations no longer have any
“meanings” and that physics cannot attain to any such meanings,
but must stay put at the signs. But they don’t see that the signs have
meaning in as much as —and only in as much as - observable
phenomena do or do not correspond to them, in however circuitous
a manner.

Let us imagine that chess had been invented not as a board game,
but as a game to be played with numbers and letters on paper, so
that no one had ever imagined a board with 64 squares in connec-
tion with it. And now suppose someone made the discovery that
the game corresponded exactly to a game which could be played
ona board in such and such a way. This discovery would have been
a great simplification of the game (people who would earlier have
found it too difficult could now play it). But it is clear that this new
illustration of the rules of the game would be nothing more than
a new, more easily surveyable symbolism, which in other respects
would be on the same level as the written game. Compare with this
the talk about physics nowadays not working with mechanical
models but “only with symbols”.
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Probability

The probability of an hypothesis has its measure in how much
evidence is needed to make it profitable to throw it out.

It’s only in this sense that we can say that repeated uniform
experience in the past renders the continuation of this uniformity
in the future probable.

If, in this sense, I now say: I assume the sun will rise again
tomorrow, because the opposite is so unlikely, I here mean by
“likely” and “unlikely” something completely different from what
I mean by these words in the proposition “It’s equally likely that
I’ll throw heads or tails”. The two meanings of the word “likely”
are, to be sure, connected in certain ways, but they aren’t identical.

We only give up an hypothesis for an ever higher gain.

Induction is a process based on a principle of economy.

The question how simple a representation is yielded by assum-
ing a particular hypothesis is directly connected, I believe, with
the question of probability.

We may compare a part of an hypothesis with the movement of a
part of 2 gear, a movement that can be stipulated without preju-
dicing the intended motion. But then of course you have to make
appropriate adjustments to the rest of the gear if it is to produce
the desired motion. I'm thinking of a differential gear. - Once I've
decided that there is to be no deviation from a certain part of my
hypothesis no matter what the experience to be described may be,
I have stipulated a mode of representation and this part of my
hypothesis is now a postulate.
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A postulate must be such that no conceivable experience can
refute it, even though it may be extremely inconvenient to cling
to the postulate. To the extent to which we can talk here of greater
or slighter convenience, there is a greater or slighter probability
of the postulate.

intended motion

It’s senseless to talk of a measure for this probability at this
juncture. The situation here is like that in the case of two kinds of
numbers where we can with a certain justice say that the one is
more like the other (is closer to it) than a third, but there isn’t any
numerical measure of the similarity. Of course you could imagine a
measure being constructed in such cases, too, say by counting the
postulates or axioms common to the two systems, etc. etc.

I give someone the following piece of information, and no more:
at such and such a time you will see 2 point of light appear in the
interval AB.

A C B

{ } )
' ¥ -

Does the question now makes sense “Is it more likely that this
point will appear in the interval AC than in CB”? I believe, ob-
viously not. - I can of course decide that the probability of the
event’s happening in CB is to be in the ratio CB/AC to the proba-
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bility of its happening in AC; however, that’s a decision I can have
empirical grounds for making, but about which there is nothing
to be said a priori. It is possible for the observed distribution of
events not to lead to this assumption. The probability, where in-
finitely many possibilities come into consideration, must of course
be treated as a limit. That is, if I divide the stretch AB into arbi-
trarily many parts of arbitrary lengths and regard it as equally
likely that the event should occur in any one of these parts, we
immediately have the simple case of dice before us. And now I
can — arbitrarily — lay down a law for constructing parts of equal
likelihood. For instance, the law that, if the lengths of the parts are
equal, they are equally likely. But any other law is just as permis-
sible.

Couldn’t 1, in the case of dice too, take, say, five faces together
as one possibility, and oppose them to the sixth as the second
possibility ? And what, apart from experience, is there to prevent
me from regarding these two possibilities as equally likely ?

Let’s imagine throwing, say, a red ball with just one very small
green patch on it. Isn’t it much more likely in this case for the red
area to strike the ground than for the green ? — But how would we
support this proposition ? Presumably by showing that when we
throw the ball, the red strikes the ground much more often than the
green. But that’s got nothing to do with logic. - We may always
project the red and green surfaces and what befalls them onto a
surface in such a way that the projection of the green surface is
greater than or equal to the red; so that the events, as seen in this
projection, appear to have a quite different probability ratio from
the one they had on the original surface. If, e.g. I reflect the events
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in a suitably curved mirror and now imagine what I would have
held to be the more probable event if I had only seen the image in
the mirror.

The one thing the mirror can’t alter is the number of clearly
demarcated possibilities. So that if I have n coloured patches on
my ball, the mirror will also show n, and if I have decided that these
are to be regarded as equally likely, then I can stick to this decision
for the mirror image too.

To make myself even clearer: if I carry out the experiment with
a concave mirror, i.e. make the observations in a concave mirror, it
will perhaps then look as if the ball falls more often on the small
surface than on the much larger one; and it’s clear that neither
experiment — in the mirror or outside it — has a claim to precedence.

We may apply our old principle to propositions expressing a
probability and say, we shall discover their sense by considering
what verifies them.

If I say ““That will probably occur”, is this proposition verified
by the occurrence or falsified by its non-occurrence? In my
opinion, obviously not. In that case it doesn’t say anything about
either. For if a dispute were to arise as to whether it is probable or
not, it would always be arguments from the past that would be
adduced. And this would be so even when what actually happened
was already known.

Causality depends on an observed uniformity. This does not
mean that a uniformity so far observed will always continue, but
what cannot be altered is that the events so far have been uniform;
that can’t be the uncertain result of an empirical series which in its
turn isn’t something given but something dependent on another
uncertain one and so on ad infinitum.

When people say that the proposition “it is probable that p will

occur” says something about the event p, they forget that the
probability remains even when the event p does no# occur.
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The proposition “p will probably occur” does indeed say
something about the future, but not something “about the event
p”’, as the grammatical form of the statement makes us believe.

If T ask for the grounds of an assertion, the answer to the question
holds not only for this person and for #his action (assertion), but
quite generally.

If I say “the weather looks like rain> do I say anything about
future weather? No; I say something about the present weather,
by means of a law connecting weather at any given time with
weather at an earlier time. This law must already be in existence,
and we are using it to construct certain statements about our
experience. —

We might say the same of historical statements too. But I was
too quick to say that the proposition “the weather looks like rain”
says nothing about future weather. It all depends what is meant
by “saying something about something”. The sentence says just
what it says.

The sentence “p will probably occur” says something about the
future only in a sense in which its truth and falsehood are com-
pletely independent of what will happen in the future.

If we say: “the gun is now aiming at the point p”> we aren’t
saying anything about where the shot will hit. Giving the point
at which it is aiming is a geometrical means of assigning its direction.
That this is the means we use is certainly connected with certain
observations (projectile parabolas, etc.) but these observations
don’t enter into our present description of the direction.

Parabola

=\,
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A Galtonian photograph is the picture of a probability.
The law of probability is the natural law you see when you
screw up your eyes.

“On average, the points yielded by the experiment lie on a
straight line”. “If I throw with a good die, then on average I
throw a one every six throws”’. What does that mean ? Is the propo-
sition compatible with any experience I may have? If so, it says
nothing. Have I decided in advance which experiences are in-
compatible with it and what is the limit beyond which exceptions
may not go without upsetting the rule? No. But couldn’t I have
set such a limit ? Of course. — Suppose that the limit had been set
thus: if 4 out of 6 successive throws turn out the same, then it’s
a bad die. Now someone says: “But if that happens only very
seldom, mayn’t it be a good one after all ?” — To that the answer is
as follows. If I permit the turning up of 4 similar throws among
6 successive ones to occur within a certain number of throws,
then I am replacing the first limit with a different one. But if I say
“any number of similar successive throws is allowed, as long as it
happens sufficiently rarely”, then strictly speaking I’ve defined the
goodness of the die in a way that makes it independent of the
result of the throws; unless by the goodness of a die I do not mean
a property of the die, but a property of a particular game played
with it. In that case I can certainly say: in any game I call the die
good provided that among the N throws of the game there occur
not more than log N similar successive throws. However, that
doesn’t give a test for the checking of dice, but a criterion for
judging a particular game.

We say that if the die is quite regular and isn’t interfered with
then the distribution of the numbers 1, 2, 3, 4, 5, 6 among the
throws must be uniform, since there is no reason why one number
should occur more often than another.

229



But now let’s represent the throws by the values of the function
(x — 3)? for the arguments 1 to 6, i.e. by the numbers o, 1, 4, 9
instead of by the numbers 1 to 6. Is there a reason why one of zhese
numbers should turn up in the new results more often than
another? This shows us that the 4 priors law of probability, like
the minimum-principles of mechanics etc., is 2 form that laws may
take. If it had been discovered by experiment that the distribution
of the throws 1 to 6 with a regular die was such that the distribu-
tion of the values of (x — 3)? was uniform, it would have been #his
regularity that was defined as the a priori regularity.

We do the same thing in the kinetic theory of gases: we represent
the distribution of molecular movements in the form of some sort
of uniform distribution; but we make the choice of what is uni-
formly distributed — and in the other case of what is reduced to a
minimum - in such a way that our theory agrees with experience.

“The molecules move purely according to the laws of proba-
bility” is supposed to mean: physics gets out of the way, and now
the molecules move as it were purely according to laws of logic.
This idea is similar to the idea that the law of inertia is an @ priori
proposition: there too one speaks of what a body does when it
isn’t interfered with. But what is the criterion for its not being
interfered with ? Is it ultimately that it moves uniformly in a straight
line ? Ot is it something different ? If the latter, then it’s a matter of
experience whether the law of inertia holds; if the former, then it
wasn’t 2 law at all but a definition. So too with the proposition, “if
the particles aren’t interfered with, then the distribution of their
motions is such and such”. What is the criterion for their not
being interfered with ? etc.

To say that the points yielded in this experiment lie roughly on

this line, e.g. a straight line, means something like: “seen for this
distance, they seem to lie on a straight line”.
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I may say that a stretch gives the general impression of a straight
line; but I cannot say: “This bit of line looks straight, for it could
be a bit of a line that as a whole gives me the impression of being
straight.” (Mountains on the earth and moon. The earth a ball.)

Anexperiment with dice lasts a certain time, and our expectations
about future throws can only be based on tendencies we observe in
what happens during this experiment. That is to say, the experi-
ment can only give grounds for expecting that things will go in i
the way shown by the experiment; but we can’t expect that the
experiment, if continued, will now yield results that tally better
with a preconceived idea of its course than did those of the ex-
periment we have actually performed. So if, for instance, I toss a
coin and find no tendency in the results of the experiment itself
for the number of heads and tails to approximate to each other
more closely, then the experiment gives me no reason to suppose
that if it were continued such an approximation would emerge.
Indeed, the expectation of such an approximation must i#self refer
to a definite point in time, since we can’t say we’re expecting some-
thing to happen eventually, in the infinite future.

Any “reasonable expectation’ is an expectation that a rule we
have observed up to now will continue to hold.

(But the rule must have been observed and can’t, for its part too,
be merely expected.)

The logic of probability is only concerned with the state of
expectation in the sense in which logic in general is concerned with
thinking.

A ray is emitted from the light source S striking the surface AB
to form a point of light there, and then striking the surface AB'.
We have no reason to suppose that the point on AB lies to the
left or to the right of M, and equally none for supposing that the
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point on AB’ lies on one side or the other of m. This yields therefore
incompatible probabilities. But if I make an assumption about the
probability of the point on AB lying in AM, how is this assumption
verified ? Surely, we think, by a frequency experiment. Supposing
this confirms the view that the probabilities of AM and BM are
equal (and so the probabilities of Am and B'm differ), then it is
recognized as the right one and thus shows itself to be an hypo-
thesis belonging to physics. The geometrical construction merely
shows that the fact that AM = MB was n0 ground for assuming
equal likelihood.

Suppose that measurement shows the die to be accurate and
regular, that the numbers on its sides don’t influence the throws,
and that it is thrown by a hand whose movements follow no
definite rules: does it follow that the distribution among the
throws of each of the throws from 1 to 6 will be uniform on
average? Where is the uniform distribution supposed to come
from ? The accuracy and regularity of the die can’t establish that the
distribution of throws will be uniform on average. (It would be, as it
were, 2 monochrome premise with a mottle conclusion.) And we



haven’t made any suppositions about the movements while
throwing. (Making the bundles of hay equal gives reason to
believe that the donkey will starve to death between them; it
doesn’t give reason to believe that he will eat from each with
roughly equal frequency.) - It is perfectly compatible with our
assumptions for one hundred ones to be thrown in succession, if
friction, hand-movements and air-resistance coincide appro-
priately. The experimental fact that this never happens is a fact
about those factors, and the hypothesis that the throws will be
uniformly distributed is an hypothesis about the operation of
those factors.

Suppose someone says thatalever with arms of equal length must
remain at rest under the influence of equal and opposite forces,
since there is no cause to make it move to one side rather than to
the other. That only means that if the lever moves to one side after
we have ascertained the equality of the arms and the equal and
opposite nature of the forces, then we can’t explain this on the
basis of the preconditions we know or have assumed. (The form
that we call “explanation” must be asymmetrical: like the opera-
tion which makes “2a + 3b” out of “a + b”). But on the basis of
our presuppositions we can indeed explain the lever’s continuance
at rest. — Could we also explain a swing to left and right with
roughly equal frequency? No, because once again the swing
involves asymmetry; we would only explain the symmetry in this
asymmetry. If the lever had rotated to the right with a uniform
motion, one could similarly have said: given the symmetry of the
conditions I can explain the uniformity of the motion, but not its
direction.

A lack of uniformity in the distribution of the throws is 7oz to be
explained by the symmetry of the die. It is only to this extent that
the symmetry explains the uniformity of the distribution. - For
one can of course say: if the numbers on the sides of the die have
no effect, then the difference between them cannot explain an
irregularity in the distribution; and of course similar circum-
stances can’t explain differences; and so to that extent one might
infer a regularity. But in that case why is there any difference at
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all between different throws? Whatever explains that must also
explain their approximate regularity. It’s just that the regularity
of the die doesn’t interfere with that regularity.

Suppose that 2 man throwing dice every day threw nothing but
ones for a week, using dice that proved good by every other
method of testing and that gave the usual results when thrown by
others. Has he grounds, now, for supposing that there is a law of
nature that he will always throw ones? Has he grounds for be-
lieving that it will go on like this, or has he grounds for believing
that this regularity can’t last much longer? Has he reason to
abandon the game since it has become clear that he can only
throw ones, or reason to play on since in these circumstances it is
all the more probable that he will throw a higher number at the
next throw ? In actual fact, he will refuse to accept the regularity
as a natural law: at least, it will have to go on for a long time
before he will entertain the possibility. But why? I believe it is
because so much of his previous experience in life speaks against
there being a law of nature of such a sort, and we have - so to
speak — to surmount all that experience, before embracing a
totally new way of looking at things.

If we infer from the relative frequency of an event its relative
frequency in the future, we can of course only do that from the
frequency which has in fact been so far observed. And not from
one we have derived from observation by some process or other
for calculating probabilities. For the probability we calculate is
compatible with any frequency whatever that we actually observe,
since it leaves the time open.

When a gambler or insurance company is guided by probability,
they aren’t guided by the probability calculus, since one can’t be
guided by this on its own, because anything that happens can be
reconciled with it: no, the insurance company is guided by a
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frequency actually observed. And that, of course, is an absolute
frequency.
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8
The concept “about”
Problem of the “heap”

“He came from about there —.”

“About there is the brightest point of the horizon”.

“Make the plank about 2 m long”.

In order to say this, must I know of limits which determine the
margin of tolerance of this length ? Obviously not. Isn’t it enough
e.g. to say “A margin of +1 cm is perfectly permissible; 2 would be
too much”? — Indeed it’s an essential part of the sense of my
proposition that I’m not in a position to give “precise’ bounds to
the margin. Isn’t that obviously because the space in which I am
working here doesn’t have the same metric as the Euclidean one?

Suppose one wanted to fix the margin of tolerance exactly by
experiment, by altering the length, approaching the limits of the
margin and asking in each case whether such a length would do or
not. After a few shortenings one would get contradictory results:
at one time a point would be described as being within the limits,
and at another time a point closer in would be described as
impermissible, each time perhaps with the remark that the answers
were no longer quite certain.

It is the same sort of uncertainty as occurs in giving the highest
point of a curve. We just aren’t in Euclidean space and here there
isn’t a highest point in the Euclidean sense. The answer will mean
““The highest point is about #here”” and the grammar of the word
“about” - in this context — is part of the geometry of our space.

Surely it is like the way the butcher weighs things only to the
nearest ounce, though that is arbitrary and depends on what are
the customary counterweights. Here it is enough to know: it
doesn’t weigh more than P, and it doesn’t weigh less than P,.
One might say: in principle giving the weight thus isn’t giving a
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number, but an interval, and the intervals make up a discontinuous
series.

Yet one might say: “at all events keep within + 1 cm”, thus
setting an arbitrary limit. — If someone now said “Right, but that
isn’t the real limit of the permissible tolerance; so what is?” the
answer would be e.g. “I don’t know of any; I only know that
+2 is too much”.

Imagine the following psychological experiment.

a\ehf cb Bt
-\ |

g

The subject is shown curves g, g, with a straight line a drawn
across them. I will call the section of this line between g, and g, a.
Parallel to a we now draw b at an arbitrary distance and ask the
subject whether he sees the section b as bigger than a, or cannot
any longer distinguish between the two lengths. He replies that
b seems bigger than a. Next we move closer to a, measuring
half the distance from a to b and drawing c. “Do you see c as bigger
than a?” “Yes.” — We halve the distance c-a and draw d. “Do you
see d as bigger than a?”” “Yes.” We halve a-d. “Do you see ¢ as
bigger than 2?”” — “No.” - So we halve e-d. “Do you see f as
bigger than e ?”” - “Yes.” — So we halve e-f and draw h. We might
approach the line a from the left hand side as well and then say
that what corresponds in Euclidean space to a seen length a is not
a single length but an interval of lengths, and in a similar way
what corresponds to a single seen position of a line (say the pointer
of an instrument) is an interval of positions in Euclidean space; but
this interval has no precise limits. That means: it is bounded not by
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points, but by converging intervals which do not converge upon a
point. (Like the series of binary fractions that we get by throwing
heads and tails.) The special thing about two intervals which are
bounded in this blurred way instead of by points is that in certain
cases the answer to the question whether they overlap or are
quite distinct is “undecided”; and the question whether they
touch, whether they have an end-point in common, is always a
senseless one since they don’t have end-points at all. But one
might say “‘they have de facto end-points™, in the sense in which
the development of n has a de facto end. There is of course
nothing mysterious about this property of “blurred” intervals;
the somewhat paradoxical character is explained by the double use
of the word “interval”.

The case is the same as that of the double use of the word
“chess” to mean at one time the totality of the currently valid
chess rules, and at another time the game invented in Persia by
N. N. which developed in such and such a way. In one case it is
nonsensical to talk of a development of the rules of chess and in
another not. What we mean by “the length of a measured section”
may be either what results from a particular measurement which
I carry out today at § o’clock - in that case there is no *“ + etc.” for
this assignment of length — or, something to which measurements
approximate, etc. ; in the two cases the word “length” is used with
quite different grammars. So too the word “interval” if what I
mean by an interval is at one time something fixed and at another
time something in flux.

But we must not be surprised that an interval should have such
a strange property; for we’re now just using the word “interval” in
a sense different from the usual one. And we can’t say that we have
discovered new properties of certain intervals, any more than we
would discover new properties of the king in chess if we altered
the rules of the game while keeping the designation “chess” and
“king”. (On the other hand cf. Brouwer on the law of excluded
middle.)
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I) theintervals are separate
IT) they are separate with a de facto contact
ITI) undecided
IV) undecided
V) undecided
VI) they overlap
VII) they overlap

So basically that experiment gives what we have called a
“blurred’ interval; on the other hand of course we could conceive
experiments which would give a sharp interval instead. Suppose
we moved a straight-edge from the starting position b, in the
direction of a, keeping it parallel to b, until our subject began to
display 2 particular reaction; in that case we could call the point
at which the reaction first occurs the limit of our strip. Likewise
we might of course call the result of a weighing “the weight of 2
body” and in that sense there would be an absolutely exact weigh-
ing, that is, one whose result did not have the form“W + w”’. We
would thus have altered the form of our expression, and we would
have to say that the weight of bodies varied according to a law
that was unknown to us. (The distinction between “absolutely
exact” weighing and “essentially inexact weighing” is 2 grammati-
cal distinction connected with two different meanings of the ex-
pression “result of weighing”).
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The indeterminacy of the word “heap”. I could give as a defi-
nition: a body of a certain form and consistency etc. is 2 heap, if it
has a volume of K cubic metres, or more; anything less than that I
will call a heaplet. In that case there is no largest heaplet; that
means, it is senseless to speak of a largest heaplet. Conversely, 1
could decide: whatever is bigger than K cubic metres is to be a
heap, and in that case the expression “the smallest heap” has no
meaning. But isn’t this distinction an idle one? Certainly - if by
the volume we mean a result of measurement in the normal sense;
for such a result has the form “V + v”. But otherwise the distinc-
tion would be no more idle than the distinction between threescore
apples and 61 apples.

About the problem of the “heap”: Here, as in similar cases, one
might think that there is an official concept like the official length
of a pace; say “A heap is anything that is bigger than half a cubic
metre”. But this would still not be the concept we normally use.
For that there exists no delimitation (and if we fix one, we are
altering the concept); it is just that there are cases that we count as
within the extension of the concept, and cases that we no longer
count as within the extension of the concept.

“Make me a heap of sand here.”” - “Fine, that is certainly some-
thing he would call a heap.” I was able to obey the command, so it
was in order. But what about this command “Make me the smallest
heap you would still call a heap”? I would say: that is nonsense;
I can only determine a 4z facto upper and lower limit.
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Part 11
On Logic and Mathematics






I LOGICAL INFERENCE

Is it because we understand the propositions that we know that q entails p?
Does a sense give rise to the entailment ?

pP-q. = .p means “q follows from p”.

T ey
p q pPvq q Pvad.qllPpvevyg
T T T T T T
T F T F F T
F T T T T T
F F F F F F

(3x).fx v fa. = .(Ix) .fx, (Ix) .fx.fa. = .fa. How do I know that?
(Because for the equation above I gave a kind of proof). One might
say something like: “I just understand ‘(3x).fx’ . (An excellent
example of what “understand’’ means).

But I might equally ask “How do I know that (3x).fx follows
from fa ?”’ and answer “because I understand ‘(3x).fx’.”

But really how do I know that it follows ? — Because that is the
way I calculate.

How do I know that(3x).fx follows from fa ? Is it that I as it were
see behind the sign “(3x).fx”, that I see the sense lying behind it and
see from that that it follows from fa? Is #ha# what understanding
is?

No, what that equation expresses is a part of the understanding
(that is thus unpacked before my eyes).

Compare the idea that understanding is first of all grasping
in a flash something which then has to be unpacked like that.

If I say “I know that (3x).fx follows, because I understand it”
that would mean, that when I understand it, I see something
different from the sign I'm given, a kind of definition of the sign
which gives rise to the entailment.
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Isn’t it rather that the connection is set up and prescribed by the
equations ? For there is no such thing as a hidden connection.

(3x).fx | fa

T T

T F
ST

F F

But, I used to think, mustn’t (3x).fx be a truth function of fa for
that to be possible, for that connection to be possible ?

For doesn’t (3x).Fx v Fa = (3x).fx simply say that fa is already
contained in (Ix).fx? Doesn’t it show the connection between
the fa and the (3x).fx ? Not unless (3x).fx is defined as a logical sum
(with fa as one of the terms of the sum). — If that is the case, then
(3x).fx is merely an abbreviation.

In logic there is no such thing as a hidden connection.
You can’t get behind the rules, because there isn’t any behind.

fE.fa. = fa. Can one say: that is only possible if fE follows from
fa? Or must one say: that settles that fE is to follow from fa?

If the former, it must be the structure that makes it follow, say
because fE is so defined as to have the appropriate structure. But
can the entailment really be a kind of result of the visible structure
of the signs, in the way that a physical reaction is the result of a
physical property ? Doesn’t it rather always depend on stipulations
like the equation fE.fa. = .fa? Can it be read off from p v q that
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it follows from p, or only from the rules Russell gives for the truth-
functions ?

And why should the rule fE.fa. = .fa be an effect of another
rule rather than being itself the primary rule?

For what is “fE must somehow contain fa” supposed to mean?
It doesn’t contain it, in so far as we can work with fE without
mentioning fa; but it does in so far as the rule fE.fa = .fa holds.

But the idea is that fE.fa. =fa can only hold in virtue of a
definition of fE.

That is, I think, because otherwise it looks, wrongly, as if a
further stipulation had been made about fE after it had already
been introduced into the language. But in fact there isn’t any
stipulation left for future experience to make.

And the definition of fE in terms of “all particular cases” is o
Jess impossible than the enumeration of @/ rules of the form
fE.fx. =fx.

Indeed the individual equations fE.fx.= fx are just precisely an
expression of this impossibility.

If we are asked: but is it now really certain that it isn’t a different
calculus being used, we can only say: if that means “don’t we use
other calculi too in our real language ?”’ I can only answer “I don’t
know any others at present”. (Similarly, if someone asked ‘“‘are
these all the calculi of contemporary mathematics?”> I might say
“I don’t remember any others, but I can read it up and find out
more exactly”). But the question cannot mean “can no other
calculus be used ?”” For how is the answer to that question to be
discovered ?

A calculus exists when one describes it.
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Can one say ‘calculus’ is not 2 mathematical concept ?

If I were to say “whether p follows from q must result from
p and q alone”: it would have to mean this: that p follows from
q is a stipulation that determines the sense of p and q, not some
extra truth that can be asserted about the sense of both of
them. Hence one can indeed give rules of inference, but in doing so
one is giving for the use of the written signs rules which determine
their as yet undetermined sense; and that means simply that the
rules must be laid down arbitrarily, i.e. are not to be read off from
reality like a description. For when I say that the rules are arbitrary,
I mean that they are not determined by reality in the way the
description of reality is. And that means: it is nonsense to say that
they agree with reality, e.g. that the rules for the words “blue” and
“red” agree with the facts about those coloutrs etc.

What the equation p.q=p really shows is the connection
between entailment and the truth-functions.

1. Cf. Tractatus 5. 132 (Ed.).
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2
“If p follows from q, then thinking that q must involve thinking that p.>’

Remember that a general proposition might entail a logical sum
of 2 hundred or so terms, which we certainly didn’t think of when
we uttered the general proposition. Yet can’t we say that it follows
fromit?

“What follows from a thought must be involved in thinking it.
For there is nothing in a thought that we aren’t aware of while we
are thinking it. It isn’t 2 machine which might be explored with
unexpected results, a machine which might achieve something
that couldn’t be read off from it. That is, the way it works is Jogical,
it’s quite different from the way a machine works. Qua thought, it
contains nothing more than was put into it. As a machine function-
ing causally, it might be believed capable of anything; but in logic
we get out of it only what we meant by it.”

If I say that the square is entirely white, I don’t think of ten
smaller rectangles contained in it which are white, and I can’t
think of “a//” rectangles or patches contained in it. Similarly in
the proposition “he is in the room” I don’t think of a hundred
possible positions he might be in and certainly not of a// possible
positions.

“Wherever you hit the target you’ve won. You’ve hit it in the
upper right hand section, so...”

At first sight there seem to be two kinds of deduction: in one of
them the premise mentions everything the conclusion does and in
the other not. An instance of the first kind is the inference from
P-q to q; an instance of the second is the inference; the whole
stick is white, so the middle third of it is white too. This conclusion
mentions boundaries that are not mentioned in the first proposition.
(That is dubious.) Again, if I say “If you hit the target anywhere in
this circle you will win the prize . . . ” and then “You have hit it
here, so . . . ”” the place mentioned in the second proposition was
not prescribed in the first. The target after the shot stands in a
certain internal relation to the target as I saw it before, and that
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relation consists in the shot’s falling within the bounds of the
general possibility that we foresaw. But the shot was not in itself
foreseen and did not occur, or at least need not have occurred, in
the first picture. For even supposing that at the time I thought of a
thousand definite possibilities, it was at least possible for the one
that was later realised to have been omitted. And if the foreseeing of
that possibility really had been essential, the overlooking of this
single case would have given the premise the wrong sense and the
conclusion wouldn’t any longer follow from it.

On the other hand you don’t add anything to the proposition
“Wherever you hit this circle . . .”” by saying “Wherever you hit
this circle, and in particular if you hit the black dot...” If the
black dot was already there when the first proposition was uttered,
then of course it was meant too; and if it wasn’t there, then the
actual sense of the proposition has been altered by it.

But what is it supposed to mean to say “If one proposition
follows from another, thinking the second must involve thinking
the first”, since in the proposition “I am 170 cm tall” it isn’t
necessary to think of even a single one of the negative statements
of height that follow from it?

““The cross is situated thus on the straight line: | ———X¢—|”-

“So it is between the strokes”.

“It is 164° here” - “So it is certainly more than 15°”

Incidentally, if you are surprised that one proposition can follow
from another even though one doesn’t think of the former while
thinking of the latter, you should consider that p v q follows from
p, and I certainly don’t think all propositions of the form pv §
while I am thinking p.

The whole idea that a proposition has to be thought along with
any proposition that entails it rests on a false, psychologising
notion. We must concern ourselves only with what is contained in
the signs and the rules.
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If the criterion for p’s following from q consists in “thinking of
p being involved in thinking of q” then while thinking of the
proposition “in this box there are 10° grains of sand”, you are
thinking also of the 10% sentences “In this box there is one grain
of sand” *“. . . 2 grains of sand”, etc. etc. What’s the criterion here
for the thought of one proposition’s being involved in the thought
of another?

And what about a proposition like “There is a patch (F) between
the limits AA”?

1 e 1 | |
C B AF A BC

Doesn’t it follow from that that F is also between BB and CCand
so on? Don’t infinitely many propositions follow from a single
one ? Does that make it infinitely significant ? — From the proposi-
tion “There is a patch between the limits AA” there follow as many
propositions of the type “there is a patch between the limits BB”
as I write out — and no more than I write out. Similarly, from p
there follow as many propositions of the form p v £ as I write out
(or utter etc.).

(A proof by induction proves as many propositions of the
form. .. as I write out.)
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3
The case of infinitely many propositions following from a single one

Is it impossible that infinitely many propositions should follow
from a single one - in the sense, that is, that we might go on
ad infinitum constructing new propositions from a single one
according to a rule?

Suppose that we wrote the first thousand propositions of the
series in conjunction. Wouldn’t the sense of this product necessarily
approximate more closely to the sense of our first proposition than
the product of the first hundred propositions ? Wouldn’t we obtain
an ever closer approximation to the first proposition the further
we extended the product ? And wouldn’t that show that it can’t be
the case that from one proposition infinitely many others follow,
since I can’t understand even the product with 10!? terms and yet I
understood the proposition to which the product with 10!°° terms
is a closer approximation than the one with 10'? terms ?

We imagine, perhaps, that the general proposition is an abbrevia-
ted expression of the product. But what is there in the product to
abbreviate ? It doesn’t contain anything superfluous.

If we need an example of infinitely many propositions following
from a single one, perhaps the simplest is the way in which “a is
red” entails the negation of all propositions that ascribe a different
colour to 2. The negative propositions are certainly not contained
in the thought of the single positive one. Of course we might say
that we don’t distinguish infinitely many shades of colour; but the
question is whether the number of shades of colour we distinguish
has anything at all to do with the complexity of the first sentence:
is it more or less complex the more or fewer colours we distinguish ?

Wouldn’t this be what we’d have to say: it’s only when a
proposition exists that it follows from it. It’s only when we have
constructed ten propositions following from the first one that ten
propositions do follow from it.

250



I want to say that one proposition doesn’t follow from another
until it is confronted with it. The “etc ad infinitum™ indicates only
the possiblity of constructing propositions following from the
first; it doesn’t yield a definite number of such propositions.

So mightn’t I simply say: it is because it is impossible to write out
infinitely many propositions (i.e. to say that is a piece of nonsense)
that infinitely many propositions don’t follow from a single
proposition.

What about the proposition “the surface is white from A to
B”’? It does follow from it that the surface is white from A’ to B’.
It needn’t be a seen patch of white that is in question; and certainly
the inference from the first proposition to the second is often
drawn. Someone says to me “I have painted the patch white from
A to B” and then I say “so it’s certainly painted white from A’ to
B’ .

It must be possible to say a priori that F(A’ B’) wos/d follow from
F(AB).

If the lines A’ and B’ exist, then the second proposition certainly
does follow from the first (in that case the compositeness is
already there in the first proposition); but in that case it is only as
many propositions as correspond to its compositeness that follow
" from the first proposition (and so never infinitely many).

“The whole is white, therefore a part bounded by such and such
a line is white.” ““The whole was white, so that part of it also was

white even if I didn’t then perceive it bounded within it.”

“A surface scen as undivided has no parts.”
But let’s imagine a ruler laid against the sutface, so that the
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appearance we are presented with is first [ ] and then
11 and then [CT_T T 7. It doesn’t at all follow from
the first strip’s being entirely white that in the second and the third
everything except the graduating lines is white.

“If you hit the target anywhere within the circle, you have won.”

“I think you will hit the target somewhere within the circle.”

Someone might ask about the first proposition: how do you
know ? Have you tried a// possible places ? And the answer would
have to be: that isn’t a proposition at all, it is a general stipulation.

The inference doesn’t go like this: “If the shot hits the target
anywhere, you have won. You have hit the target #bere, so you have
won”. For where is this there? Is it marked out in any way other
than by the shot — say by a circle? And was that already there on
the target beforehand ? If not, then the target has changed; if so, it
must have been foreseen as a possible place to hit. We should
rather say: “You have hit the target,so...”

The place on the target does not necessarily have to be given by
a mark on the target, like a circle. For there are always descriptions
like “nearer the centre”, “nearer the edge”, “on the right side at
the top”, etc. Wherever the- target is hit such descriptions mus#
always be possible. (But there are not “infinitely many”” such

descriptions.)

Does it make sense to say: “But if you hit the target, you must
hit it somewhere” or “Wherever he hits the surface it won’t be a
surprise, we won’t have to say ‘I didn’t expect that. I didn’t know
there was such a place’?”” What that means is that it can’t be a
geometrical surprise.



What sort of proposition is: “On this strip you may see all
shades of grey between black and white”? Here it looks at first
glance as if we’re talking about infinitely many shades.

Indeed, we are apparently confronted here by the paradox that
we can, of course, only distinguish a finite number of shades, and
naturally the distinction between them isn’t infinitely slight, and
yet we see a continuous transition.

tl t

2

It is just as impossible to conceive of a particular grey as being
one of the infinitely many greys between black and white as it is to
conceive of a tangent t as being one of the infinitely many transi-
tional stages in going from t, to t,. If I see a ruler roll around the
circle from t, to t, I see — if its motion is continuous - none of the
intermediate positions in the sense in which I see t when the
tangent is at rest; or else I see only a finite number of such positions.
Butif in such a case I appear to infer a particular case from a general
proposition, then the general proposition is never derived from
experience, and the proposition isn’t a real proposition.

If, e.g., I say “I saw the ruler move from t, to t, therefore I must
have seen it at t”’ this doen’t give us a valid logical inference. That
is, if what I mean is that the ruler must have agppeared to me at t and
so, if I’'m talking about the position in visual space, then it doesn’t
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in the least follow from the premise. But if I'm talking about the
physical ruler, then of course it’s possible for the ruler to have
skipped over position t and yet for the phenomenon in visual
space to have remained continuous.
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4
Can an experience show that one proposition follows from another?

The only essential point is that we cannot say that it was through
experience we were made aware of an extra application of grammar.
For in making that statement we would have to describe the
application, and even if this is the first time I have realised that the
description is true I must have been able to understand it even
before the experience.

Itis the old question : how far can one now speak of an experience
that one is not now having ?

What I cannot foresee I can not foresee.

And what I can now speak of, I can now speak of independently
of what I can’t now speak of.

Logic just is always complex.

“How can I know everything that’s going to follow ?”” What
I can know then, I can also know now.

But are there general rules of grammar, or only rules for general
signs ?

What kind of thing in chess (or some other game) would count as
a general rule or a particular rule? Every rule is general.

Still, there is one kind of generality in the rule that p v q follows
from p and a different kind in the rule that every proposition of the
form p,~~p,~~~~p...follows from p.q. But isn’t the
generality of the rule for the knight’s move different from the
generality of the rule for the beginning of a game?

Is the word “rule” altogether ambiguous? So should we talk
only about particular cases of rules, and stop talking about rules
in general, and indeed about languages in general ?

“If F,(a) [= a has the colour F, ] entails ~F, (a) then the possibility
of the second proposition must have been provided for in the
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grammar of the first (otherwise how could we call F, and F,
colours?)

“If the second proposition as it were turned up without being
expected by the first it couldn’t possibly follow from it.”

“The first proposition must acknowledge the second as its
consequence. Or rather they must be united in a single grammar
which remains the same before and after the inference.”

(Here it is very difficult not to tell fairy tales about symbolic
processes, just as elsewhere it is hard not to tell fairy tales about
psychological processes. But everything is simple and familiar
(there is nothing new to be discovered). That is the terrible thing
about logic, that its extraordinary difficulty lies in the fact that
nothing must be constructed, and everything is already present
familiar.)

“No proposition is a consequence of p unless p acknowledges it
as its consequence.”

Whether a proposition entails another proposition must be
clear from the grammar of the proposition and from that alone. It
cannot be the result of any insight into a new sense: only of an
insight into the old sense. It is not possible to construct a new
proposition that follows from the old one which could not have
been constructed (perhaps without knowing whether it was true
or false) when the old one was constructed. If a new sense were
discovered and followed from the first proposition, wouldn’t that
mean that that proposition had altered its sense ?
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II GENERALITY

The proposition “The circle is in the square” is in a certain sense inde-
Dendent of the assignment of a particular position. (In a certain sense it
is totally unconnected.)

I would like to say: a general picture like | o | does not have the
same metric as a particular one.

In the general sign “|o]” the distances play no greater part than
they do in the sign “aRb”.

The drawing | o | can be looked on as a representation of the
“general case”. It is as if it were not in a measurable space: the
distances between the circle and the lines are of no consequence.
The picture, taken thus, is not seen as occurring in the same
system as when one sees it as the representation of a particular
position of the circle between the lines. Or rather, taken thus, it is
a part of a different calculus. The rules that govern variables are
not the same as those that govern their particular values,

“How do you know he is in the room?”” “Because I put him in
and there is no way he can get out.” Then your knowledge of the
general fact that he is somewhere in the room has the same multi-
plicity as that reason.

Let us take the particular case of the general state of affairs of
the cross being between the end-lines.

| X ] | VA /IR VAl |
| | 3} 4 Vb A I | N

Each of these cases, for instance, has its own individuality. Is
there any way in which this individuality enters into the sense of
the general sentence ? Obviously not.

‘Being between the lines, or the walls’ seems something simple
and the particular positions (both the visual appearances and the

257



positions established by measurement) seem quite independent
of it.

That is, when we talk about the individual (seen) positions we
appear to be talking about something quite different from the
topic of the general proposition.

There is one calculus containing our general characterization
and another containing the disjunction. If we say that the cross
is between the lines we don’t have any disjunction ready to take the
place of the general proposition.

If we consider a general proposition like “the circle is in the
square” it appears time and again that the assignment of a position
in the square is not (at least so far as visual space is concerned) a
more precise specification of the statement that the circle is in the
square any more than a statement of the colour of a material is a
morte precise specification of a statement of its hardness. — Rather,
“in the square” appears a complete specification which in itself
does not admit of any more precise description. Now of course the
statements about the circle are not related to each other like the
statements about colour and hardness, and yet that feeling is not
baseless.

The grammatical rules for the terms of the general proposition
must contain the multiplicity of possible patticular cases provided
for by the proposition. What isn’t contained in the rules isn’t

provided for.
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All these patterns might be the same state of affairs distorted.
(Imagine the two white strips and the middle black strip as elastic.)

AN

Does fa’s following from (x).fx mean that a is mentioned in
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(x).fx? Yes, if the general proposition is meant in such a way that
its verification consists in an enumeration.

If I say “there is a black circle in the square”, it always seems to
me that here again I have something simple in mind, and don’t
have to think of different possible positions or sizes of the circle.
And yet one may say: if there is a circle in the square, it must be
somewhere and have some size. But in any case there cannot be any
question of my thinking in advance of 4// the possible positions
and sizes. — It is rather that in the first proposition I seem to put
them through a kind of sieve so that “circle in a square” corres-
ponds to a single impression, which doesn’t take any account of
the where etc., as if it were (against all appearance) something only
physically, and not logically, connected with the first state of
affairs.

The point of the expression “‘sieve” is this. If I look at a land-
scape or something similar through a glass which transmits only
the distinction between brightness and darkness and not the
distinctions between colours, such a glass can be called a sieve; and
if one thinks of the square as being looked at through a glass
which transmits only the distinction “circle in the square ot not in
the square” and no distinction between positions or sizes of the
circle, here too we might speak of a sieve.

I would like to say that in the proposition “there is a circle in the
square” the particular positions are not mentioned at all. In the
picture I don’t see the position, I disregard it, as if the distances
from the sides of the square were elastic and their lengthsof no
account.

Indeed, can’t the patch actually be moving in the square? Isn’t
that just a special case of being in the square? So in that case it
wouldn’t be true that the patch has to be in a particular position
in the square if it is there at all.

I want to say that the patch seems to have 2 relation to the edge
that is independent of its distance. — Almost as if I were using a

259



geometry in which there is no such thing as distance, but only
inside and outside. Looked at in this way, there is no doubt that

[«]
the two pictures O | and are the same.

By itself the proposition “The patch is in the square” does no
morte than hold the patch in the square, as it were; it is only in this
way that it limits the patch’s freedom; within the square it allows
it complete freedom. The proposition constructs a frame that
limits the freedom of the patch but within the frame it leaves it
free, that is, it has nothing to do with its position. For that to be so
the proposition must have the logical nature of the frame (like a
box enclosing the patch). And so it has, because I could explain the
proposition to someone and set out the possibilities, quite inde-
pendently of whether such a proposition is true or not, indepen-
dently of a fact.

“Wherever the patch is in the square . . .”” means “as long as it
is in the square...” and here all that is meant is the freedom
(lack of restraint) in the square, not a set of positions.

Of course between this freedom and the totality of possibilities,
there is a logical similarity (formal analogy), and that is why the
same words are often used in the two cases (“all’”’, *‘every”, etc.).

“No degrees of brightness below this one hurt my eyes.” Test
the type of generality.

“All points on this sutface are white.” How do you verify that?
- then I will know what it means.
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6
The proposition ““The circle is in the square’” is not a disjunction of cases.

If I say the patch is in the square, I know — and must know —
that it may have various possible positions. I know too that I
couldn’t give a definite number of all such positions. I do not
know in advance how many positions “I could distinguish”. -
And trying it out won’t tell me what I want to know here either.

The darkness veiling the possible positions etc. is the current
logical situation, just as dim lighting is a particular sort of lighting.

Here it always seems as if we can’t quite get an overall view of
a logical form because we don’t know how many or what possible
positions there are for the patch in the square. But on the other
hand we do know, because we aren’t surprised by any of them
when they turn up.

Of course “position of the circle in this square” isn’t a concept
which particular positions fall under as objects. You couldn’t
discover objects and ascertain that they were positions of the
circle in the square which you didn’t know about beforehand.

Incidentally, the centre and other special positions in the
circle are quite analogous to the primary colours on the colour
scale. (This comparison might be pursued with profit.)

Space is as it were a single possibility ; it doesn’t consist of several
possibilities.

So if T hear that the book is somewhere on the table, and then
find it in a particular position, it isn’t possible for me to be sur-
prised and say “oh, I didn’t know that there was this position”;
and yet ] hadn’t foreseen this particular position i.e. envisaged it in
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advance as a particular possibility. It is physical, not logical
possibilities that take me by surprise!

But what is the difference between “the book is somewhere on
the table” and “the event will occur sometime in the future?”
Obviously the difference is that in the one case we have a sure
method of verifying whether the book is on the table, while in the
other case there is no such method. If a particular event were
supposed to occur at one of the infinitely many bisections of a
line, or better, if it were supposed to occur when we cut the line
at a single point, not further specified, and then waited a minute at

that point, that statement would be as senseless as the one about
the infinite future.

Suppose I stated a disjunction of so many positions that it was
impossible for me to see a single position as distinct from all those
given; would #hat disjunction be the general proposition (Ix).fx?
Wouldn’t it be a kind of pedantry to continue to refuse to recog-
nize the disjunctionas the general proposition? Or is there an
essential distinction, and is the disjunction totally unlike the
general proposition ?

What so strikes us is that the one proposition is so complicated
and the other so simple. Or is the simple one only anabbreviation
for the more complicated one?

What then is the criterion for the general proposition, for the
circle’s being in the square ? Either, nothing that has anything to do
with a set of positions (or sizes) or something that deals with a
finite number of such positions.

If one says that the patch A is somewhere between the limits B
and C, isn’t it obviously possible to describe or portray 2 number
of positions of A between B and C in such a way that I see the
succession of all the positions as a continuous transition? And in
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that case isn’t the disjunction of all those N positions the very
proposition that A is somewhere between B and C?

But what are these N pictures really like ? It is clear that a picture
must not be visually discernible from its immediate successor, or
the transition will be discontinuous.

The positions whose succession I see as a continuous tran-
sition are positions which are not in visual space.

How is the extension of the concept “lying between” detes-
mined ? Because it has to be laid down in advance what possi-
bilities belong to this concept. As I say, it cannot be a surprise that
I call #hat too “lying between”. Or: how can the rules for the
expression “lie between” be given when I can’t enumerate the
cases of lying between? Of course that itself must be a character-
istic of the meaning of the expression.

Indeed if we wanted to explain the word to someone we wouldn’t
try to do so by indicating a// particular instances, but by showing him
one or two such instances and intimating in some way that it
wasn’t a question of the particular case.

It is not only that the enumeration of positions is unnecessary:
in the nature of things there can be no question of such an enumera-
tion here.

Saying “The circle is either between the two lines or here”
(where “‘here” is a place between the lines) obviously means no
more than “The circle is between the two lines”, and the rider
“or here” is superfluous. You will say: the “here” is already
included in the “somewhere’. But that is strange, since it isn’t
mentioned in it.

There is a particular difficulty when the signs don’t appear to
say what the thought grasps, or the words don’t say what the
thought appears to grasp.
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As when we say “this theorem holds of all numbers”” and think
that in our thought we have comprehended all numbers like apples
in a box.

But now it might be asked: how can I know in advance which
propositions entail this general proposition, if I can’t specify the
propositions ?

But can one say “We can’t say which propositions entail this
proposition” ? That sounds like: we don’t know. But of course
thatisn’t how itis. I canindeed say, and say in advance, propositions
that entail it. “Only not @/ of them.” But that just has no meaning.

There is just the general proposition and particular propositions
(not #he particular propositions). But the general proposition does
not enumerate particular propositions. In that case what charac-
terizes it as general, and what shows that it doesn’t simply com-
prise the particular propositions we are speaking of in this par-
ticular case?

It cannot be characterized by its instantiations, because however
many we enumerate, it could still be mistaken for the product of
the cited cases. Its generality, therefore, lies in a property (a
grammatical property) of the variables.
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7
The inadequacy of the Frege-Russell notation for generality

The real difficulty lies in the concept of “(3n)” and in general
of “(Ix)”. The original source of this notation is the expression of
our word-language :“Thereisa. . . with such and such properties”.
And here what replaces the dots is something like “book from my
library” or “thing (body) in this room”, “word in this letter”, etc.
We think of objects that we can go through one after the other. As
so often happens a process of sublimation turned this form into
“there is an object such that...” and here too people imagined
originally the objects of the world as like ‘objects’ in the room (the
tables, chairs, books, etc.), although it is clear that in many cases
the grammar of this “(3x), etc.” is not at all the same as the grammar
of the primitive case which serves as a paradigm. The discrepancy
between the original picture and the one to which the notation is
now applied becomes particularly palpable when a proposition
like “there are two circles in this square” is rendered as “there is
no object that has the property of being a circle in this square
without being the circle a or the circle b or “there are not three
objects that have the property of being a circle in this square”.
The proposition “there are only two things that are circles in this
square” (construed on the model of the proposition “there are
only two men who have climbed this mountain’) sounds crazy,
with good reason. That is to say, nothing is gained by forcing the
proposition “there are two circles in this square’ into that form;
it only helps to conceal that we haven’t cleared up the grammar of
the proposition. But at the same time the Russellian notation here
gives an appearance of exactitude which makes people believe
the problems are solved by putting the proposition into the
Russellian form. (This is no less dangerous than using the word
“probably” without further investigation into the use of the word
in this particular case. For understandable reasons the word
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“probably”, too, is connected with an idea of exactitude.)

“One of the four legs of this table doesn’t hold”;*There are
Englishmen with black hair”, “There is a speck on this wall”
“The two pots have the same weight”, “There are the same
number of words on each of the two pages™. In all these cases in
the Russellian notation the “(3...)...” is used, and each time witha
different grammar. The point I want to make is that nothing much
is gained by translating such a sentence from word-language into
Russellian notation.

It makes sense to say “write down any cardinal number” but
not “write down all cardinal numbers”. “There is a circle in the
square” [(3x).fx)] makes sense, but not ~3Ix. ~ fx: ““all circles
are in the square.” “There is a red circle on a background of a
different colour’ makes sense, but not “there isn’t a background-
colour other than red that doesn’t have a red circle on it.”

“In this square there is a black circle”. If this proposition has the
form “(3x).x is a black circle in a square” what sort of thing is it
that has the property of being a black circle (and so can also have
the property of not being a black circle) ? Is it a place in the square ?
But then there is no proposition “(x).xis a black . . .”> On the other
hand the proposition could mean “There is a speck in the square
that is a black circle”. How is that proposition verified ? Well, we
take the different specks in the square in turn and investigate
whether they are quite black and circular. But what kind of
proposition is “There isn’t a speck in the square’? For if in the
former case the ‘x’ in ‘(3x)” meant ‘speck in the square’, then
though “(3x).fx” is a possible proposition both “(3x)” and
“~(3x)” are not. Or again, I might ask: what sort of thing is it
that has (or does not have) the property of being a speck in the
squate ?

And if we can say “There is a speck in the square” does it then
also make sense to say “All specks are in the square”? All which?
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Ordinary language says “In this square there is a red circle”;
the Russellian notation says ‘“There is an object which is a red
circle in this square”. That form of expression is obviously
modelled on “There is a substance which shines in the dark™
“There is a circle in this square which is red”. — Perhaps even the
expression “there is” is misleading. “There is”” really means the
same as ‘“Among these circles thereis one . . .”” or “. . . there exists
one...”.

So if we go as far as we can in the direction of the Russellian
mode of expression and say “In this square there is a place where
there is a red circle”, that really means, among these places there

is one where.. . . etc.

(In logic the most difficult standpoint is that of sound common
sense. For in order to justify its view it demands the whole truth;
it will not help by the slightest concession or construction.)

The correct expression of this sort of generality is therefore the
expression of ordinary language “There is a circle in the square”,
which simply leaves the position of the circle gpen (leaves it un-
decided). (“Undecided” is a correct expression, since there just
has not been any decision.)
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8
Criticism of my former view of generality

My view about general propositions was that (3x). ¢x is a logical
sum and that though its terms aren’t enumerated kere, they are
capable of being enumerated (from the dictionary and the grammar
of language).

For if they can’t be enumerated we don’t have a logical sum.
(A rule, perhaps, for the construction of logical sums).

Of course, the explanation of (3x).¢x as a logical sum and of
(x). ¢x as a logical product is indefensible. It went with an incorrect
notion of logical analysis in that I thought that some day the
logical product for a particular (x). x would be found. — Of course
it is correct that (3x). ¢x behaves in some ways like a logical sum
and (x).¢x like a product; indeed for one use of words “all’” and
“some”” my old explanation is correct, - for instance for “all the
primary colours occur in this picture’ or “all the notes of the C
major scale occur in this theme”. But for cases like “all men die
before they are 200 years old”” my explanation is not correct. The
way in which (3x). px behaves like 2 logical sum is expressed by its
following from ga and from ga vigb, i.e. in the rules

(3x).px:pa. = .92  and
(3x).px:9a v pb. =.pave¢b
From these rules Russell’s fundamental laws follow as tautolo-
gies:
¢x.2.(3z) .92
Px VvV py. D.(32).9z
Fot (3x). px we need also the rules:
(3x).px v Yx. = .(3x). px.v.(3x).¢x
(Bx,y) px.¢y.v.(Ix). px. ¢x. = .(Ix). px :(Ix). ¢x.
Every such rule is an expression of the analogy between (3x). x
and a logical sum.

268



Incidentally, we really could introduce a notation for (3x). ¢x in
which it was replaced by a sign “prv ¢s v gt . . .”” which could then
be used in calculation like a logical sum; but we would have to
provide rules for reconverting this notation at any time into the
“(3x).9x”’ notation and thus distinguishing the sign “ga v ¢b
v gc...” from the sign for a logical sum. The point of this nota-
tion could simply be to enable us to calculate more easily with
(3x). ¢x in certain cases.

If T am right, there is no concept “pure colour”; the proposition
“A’s colour is a pute colour” simply means “A is red, or yellow,
or blue, or green”. “This hat belongs either to A or B or C” is not
the same proposition as ““This hat belongs to a person in this room™
even when in fact only A, B and C are in the room, for that itself
is something that has to be added. - “On this surface there are
two pure colours” means: on this surface there is red and yellow,
or red and green, or . . . etc.

If this means I can’t say “there are 4 pure colours™, still the
pure colours and the number 4 are somehow connected with each
other and that must express itself in some way. - For instance, I
may say “on this surface I see 4 colours: yellow, blue, red, green™.

The generality notation of our ordinary language grasps the
logical form even more superficially than I earlier believed. In
this respect it is comparable with the subject-predicate form.

Generality is as ambiguous as the subject-predicate form.

There are as many different “alls” as there are different “ones”.

So it is no use using the word “all” for clarification unless we
know its grammar in this particular case.
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9
The explanation of generality by examples

Let us think how we explain the concept plant. We show some-
one several objects and say they are plants; then he points to
another object and asks “is that a plant too ?”” and we reply “yes,
that too” etc. I would once have said that he has now seen in
what he has been shown the concept ‘plant’ — the common ele-
ment — and that he does not see the examples used in the explana-
tion in the same way when he sees the concept in them as when he
views them just as representatives of a particular shape and colour
or the like. (Just as I also used to say that when he understands
variables as variables he sees something in them which he doesn’t
see in the sign for the particular case). But the notion of “seeing in”
is taken from the case in which I see a figure like |||| differently
“phrased”. In that case, I really do see different figures, but in a
different sense; and what these have in common, apart from their
similarity, is their being caused by the same physical pattern.

But this explanation cannot be applied without further ado to
the case of the understanding of a variable or of the examples
illustrating the concept “plant”. For suppose we really had seen
something in them that we don’t see in plants that are shown only
for their own sake, the question remains whether this, or any other,
picture can entitle us to apply them as variables. I might have
shown someone the plants by way of explanation and given him
in addition 2 drug causing him to see the examples in the special
way. (Just as it would be possible that a drunken man might
always see a group like |||| as ||| |). And this would give the ex-
planation of the concept in an unambiguous manner, and the
specimens exhibited and the accompanying gestures would
communicate to anyone who understood just sbis picture. But
that is not the way it is. - It may well be true that someone who
sees a sign like |||||| as a numeral for 6 sees it differently (sees
something different in it) from someone who views it only as a
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sign for “some”, since he fixes his attention on something different;
but what matters is the system of rules governing the signs, and
itisn’t seeing the signs in a particular manner that is the essence of
understanding.

It would be possible to say “now I don’t see it as a rose, butasa
plant”.

Or “now I see it only as a rose, and no longer as #5is rose”’.

“I see the patch merely in the square and no longer in a specific
position.”

The mental process of understanding is of no interest to us
(any more than the mental process of an intuition).

“Still, there’s no doubt that someone who understands the
examples as arbitrary cases chosen to illustrate the concept doesn’t
understand the same as a man who regards them as a definitely
bounded enumeration.”” Quite right, but what does the first man
understand that the second doesn’t ? Well, in the things he is shown
he sees only examples to illustrate certain features; he doesn’t
think that I am showing him the things for their own sake as well. -

I would like to call the one class “logically bounded’ and the
other “logically unbounded”.

Yes, but is it really true that he sees only these features in the
things? In a leaf, say, does he see only what is common to all
leaves ? That would be as if he saw everything else blank like an
uncompleted form with the essential features ready printed. (But
the function “f(. . .)” is just such a form.)

But what sort of a process is it when someone shows me several
different things as examples of a concept to get me to see what is
common to them, and when I look for it and then actually see it?
He may draw my attention to what is common. - But by doing this
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does he make me see the object differently ? Pethaps so; for surely
I may take a special look at one of the parts, when otherwise I
would have seen the whole with equal clarity. But this seeing is
not the understanding of the concept. For what we see isn’t
something with an empty argument place.

One might also ask: Does 2 man who regards the sign “||| ...”
as a sign for the concept of number (in contrast with ““|||”* to denote
3) see the first group of lines differently from the second ? Even if
he does see it differently (perhaps, as it were, more blurred) does he
see there anything like the essence of the concept of number?
Wouldn’t that mean that he would actually have to be unable to
distinguish “[|| ... and “|||| ...” from each other? (As indeed
he would, if I had given him some drug that made him see the
concept.)

For if I say: by givingus a few examples he makes us see the
common element in them and disregard the rest, that really means
that the rest falls into the background, as it were becomes paler
(or altogether disappears — why not ?) and “‘the common element”,
say the oval shape, remains alone in the foreground.

But that isn’t the way it is. Apart from anything else, the multi-
plicity of examples would be no more than a mechanical device,
and once I had seen what I was supposed to, I could see it in a2
single example too. (As indeed ‘(3x).fx’ itself contains only one
example.)

So it is the rules governing the example that make it an example.

But by now at any rate, if someone says to me something like
“make an egg shape” the bare concept word without any illustra-
tion suffices to make itself understood (and the past history of this
understanding is of no interest to us): and I do not want to say
that when I understand the command (and the word “egg”) I see
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the concept of an egg before my mind’s eye.

When I make an application of the concept “egg’ or “plant”
there certainly isn’t some general picture in front of my mind
before I do so, and when I hear the word “plant” it isn’t that
there comes before my mind a picture of a certain object which
I then describe as a plant. No, I make the application as it were
spontaneously. Still, in the case of certain applications I might
say “No, I didn’t mean that by ‘plant’ ”, or, “Yes, I meant that
too””. But does that mean that these pictures came before my
mind and that mentally I expressly rejected and admitted them? —
And yet that is what it looks like, when I say: “Yes, I meant
all those things, but not #bst.”” But one might then ask: “But
did you foresee all those cases?”” and then the answer might
be ‘“yes’ or “no, but I imagined there must be something
between this form and that one” or the like. But commonly
at that moment I did not draw any bounds, and they can only
be produced in a roundabout way after reflection. For instance,
I say “Bring me a flower about so big”; he brings one and I
say: Yes, that is the size I meant. Pethaps I do remember a
picture which came before my mind, but it isn’t that that makes the
flower that has been brought acceptable. What I am doing is
making an application of the picture, and the application was not
anticipated.

The only thing of interest to us is the exac? relationship between
the example and the behaviour that accords with it.

The example is the point of departure for further calculation.
Examples are decent signs, not rubbish or hocus-pocus.

The only thing that interests us is the geometry of the mechanism.
(That means, the grammar of its description.)

But how does it come out in our rules, that the instances of fx
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we are dealing with are not essentially closed classes ? — Only in-
deed in the generality of the general rule. - How does it come out
that they don’t have the same significance for the calculus as a
closed group of primitive signs (like the names of the 6 basic
colours) ? How else could it come out except in the rules given for
them ? — Suppose that in some game I am allowed to help myself
to as many pieces as I like of a certain kind, while only a limited
number of another kind is available; or suppose a game is un-
bounded in time but spatially bounded, or something similar.
The case is exactly the same. The distinction between the two
different types of piece in the game must be laid down in the
rules; they will say about the one type that you can take as many
pieces as you want of that kind. And I mustn’t look for another
more restrictive expression of that rule.

That means that the expression for the unboundedness of the
particular instances in question will be a general expression; there
cannot be some other expression in which the other unconsidered
instances appear in some shadowy way.

It is clear that I do not recognize any logical sum as a definition
of the proposition “the cross is between the lines”. And that says
everything that is to be said.

There is one thing I always want to say to clarify the distinc-
tion between instances that are offered as examples for 2 concept
and instances that make up a definite closed group in the grammar.
Suppose, after explaining “a, b, c, d are books”, someone says
“Now bring me a book™. If the person brings a book which isn’t
one of the ones shown him he can still be said to have acted correctly
in accordance with the rule given. But if what had been said was
“a, b, ¢, d, are my books. - Bring me one of my books”, it would
have been incorrect to bring a different one and he would have
been told “I told you that a, b, ¢, d are my books™. In the first case
it isn’t against the rule to bring an object other than those named,
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inthe second case it is. But if in the order you named onlya, b, ¢, and
d, and yet you regarded the behaviour f(e) as obeying the order,
doesn’t that mean that by F(a, b, ¢, d, . . .) you meant F(a, b, c, d, €)
after all ? Again, how are these orders distinct from each other if the
same thing obeys both of them ? - But f(g) too would have been in
accordance with the order and not only f(e). Right, then your first
order must have meant F(a, b, ¢, d, ¢, g) etc. Whatever you bring me
is something I could have included in a disjunction. So if we con-
struct the disjunction of all the cases we actually use, how would it
differ syntactically from the general proposition ? For we can’t say:
by the fact that the general proposition is also made true by r(which
doesn’t occur in the disjunction), because that doesn’t distinguish
the general proposition from a disjunction which contains r.
(And every other similar answer too is impossible.) But it will make
sense to say: F(a, b, ¢, d, e) is the disjunction of all the cases we have
actually used, but there are also other cases (we won’t of course,
mention any) that make true the general proposition “F(a, b, c, d,
...)”. And here of course we can’t put the general proposition in

place of F(a, b, ¢, d, ¢,).

It is, by the way, a very important fact that the parenthesis in the
previous paragraph ‘“and every other similar answer too is im-
possible” is senseless, because though you can give as instances
of a generalization different particular cases, you can’t give
different variables because the variables t,s,t don’t differ in their
meaning.

Of course one couldn’t say that when we do f(d) we don’t obey
f(3) in the same way as we obey a disjunction containing f(d),
because f(3) = £(3) v f(d). If you give someone the order “bring
me some plant or other, or this one” (giving him a picture of it), he
will simply discard the picture and say to himself “since any one
will do, the picture doesn’t matter”. By contrast, we won’t simply
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discard the picture if we are given it plus five others and the order
to bring one of these six plants. (So what matters is which disjunc-
tion contains the particular command.) And you wouldn’t be
guided in the same way by the order “f(a) v f(b) v f(c)”” as by the
order “f(3)” (= £(3) v £(c)), even if in each case you do f(c). — The
picture f(c) sinks into f(3). (It is no good sitting in a boat, if you and
it are under water and sinking). Someone may be inclined to say:
“Suppose you do f(c) on the command f(3); in that case f(c) might
have been expressly permitted and then how would the general
command have differed from a disjunction?” - But if the per-
mission had occurred in a disjunction with the general sentence,
you couldn’t have appealed to it.

So is this how it is: “bring me a flower” can never be replaced
by an order of the form “bring me a or b or ¢, but must always be
“bring me a ot b of ¢ or some other flower”?

But why does the general sentence behave so indeterminately
when every case which actually occurs is something I could have
described in advance?

But even that seems to me not to get to the heart of the matter;
because what matters, I believe, isn’t really the infinity of the
possibilities, but a kind of indeterminacy. Indeed, if I were asked
how many possibilities a circle in the visual field has of being
within a particular square, I could neither name a finite number, nor
say that there were infinitely many (as in a Euclidean plane).
Here, although we don’t ever come to an end, the series isn’t
endless in the way in which | 1, §, £ + 1 | is.

Rather, no end to which we come is really the end; that is, I
could always say: I don’t understand why these should be all the
possibilities. - And doesn’t that just mean that it is senseless to
speak of “all the possibilities” ? So enumeration doesn’t touch the
concepts “plant” and “egg” at all.
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And although we say that we could always have forseen f(a) asa
possible particular execution of the otder, still we didn’t in fact
ever do so. — But even if I do foresee the possibility f(a) and
expressly include it in my order, it gets lost beside the general
proposition, because I can see from the general proposition
itself that this particular case is permitted; it isn’t just from its
being expressly permitted in the order that I see this. If the general
proposition is there, the addition of the particular case isn’t any
extra use to me (that is, it doesn’t make the command more ex-
plicit). Indeed it was only the general proposition that gave me
the justification for placing this particular case beside it. What
my whole argument is aiming at, is that someone might believe
that the addition of the particular case supersedes the — as it were
blurred — generality of the proposition, that you could say “we
don’t need it any more, now we have the particular case.” Yes,
but say I admit that the reason I put in the particular case is that
it agrees with the general proposition! Or suppose I admit that I
recognize that f(a) is a particular case of f(3)! For I can’t say: that
just means that f(3) is a disjunction with f(a) as one of its terms; for
if that is so, the disjunction must be capable of being stated, and
£(3) must be defined as a disjunction. There would be no difficulty
in giving such a definition, but it wouldn’t correspond to the use of
f(3) that we have in mind. It isn’t that the disjunction always leaves
something over; it is that it just doesn’t touch the essential thing
in generality, and even if it is added to it it depends on the general
proposition for its justification.

First I command f(3); he obeys the order and does f(a). Then 1
think that I could just as well have given him the command
“f(3) v f(a)”. (For I knew in advance that f(a) obeyed the order
f(3) and to command him f(3) v f(a) would come to the same.)
In that case when he obeyed the order he would have been acting
on the disjunction “do something orf(a)”’. Andif he obeys the order
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by doing f(a) isn’t it immaterial what else is disjoined with f(a)?
If he does f(a) in any case, the order is obeyed whatever the alter-
native is.

I would also like to say: in grammar nothing is supplementary,
no stipulations come gffer others, everything is there simul-
taneously.

Thus I can’t even say that I first gave the command f(3) and only
later realised that f(a) was a case of f(3); at all events my order was
and remained f(3) and I added f(a) to it in the knowledge that
f(a) was in accordance with f(3). And the stipulation that f(a) is in
accordance with f(3) presupposes the sense that belongs to the
proposition f(3) if it is taken as an independent unit and not defined
as replaceable by a disjunction. And my proposition “at all events
my order was and remained f(3) etc.”” only means that I didn’t
replace the general order by a disjunction.

Suppose I give the order p v f(a), and the addressee doesn’t
clearly understand the first part of the order but does understand
that the order goes ““ ... v f(a)”. He might then do f(a) and say
“I know for certain that I’ve obeyed the command, even though I
didn’t understand the first part”. And that too is how I imagine it
when I say that the other alternative doesn’t matter. But in that
case he didn’t obey the order that was given, but simply treated it as
“f(a)!” One might ask: if someone does f(a) at the command
“f(3) v f(a)”’ is he obeying the order because (i.e. in so far as) the
order is of the form £ v f(a), or because f(3) v f(a) = f(3)? If you
understand f(3) and therefore know that f(3) v f(a) = f(3), then by
doing f(a) you are obeying f(3)evenif I write it “f(3) v f(a)”’ because
you can see none the Jess that f(a) is a case of f(3). And now someone
might object: if you see that Fa is a case of F(3) that just means that
f(a) is contained disjunctively in f(3), and therefore that f(3) is
defined by means of f(a). The remaining parts of the disjunction -
he will have to say — don’t concern me because the terms I see are
the only ones I now need. - By explaining ‘that f(a) is an instance of
£(3)’ you have said no more than that f(a) occurs in f(3) alongside
certain other terms.” — But that is precisely what we don’t mean.
It isn’t as if our stipulation was an incomplete definition of £(3);
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for that would mean that a complete definition was possible.
That would be the disjunction which would make the addition
“vwf(3)” as it were ridiculous, since it would only be the enumerated
instances which concerned us. But according to our idea of f(3),
the stipulation that f(a) is a case of f(3) is not an incomplete defi-
nition of f(3); it is not a definition of f(3) at all. That means that I
don’t approximate to the sense of f(3) by multiplying the number
of cases in the disjunction; though the disjunction of the cases
v f(3) is equivalent to f(3), it is never equivalent to the disjunction
of the cases alone; it is a totally different proposition.

What is said about an enumeration of individual cases cannot
ever be a roundabout explanation of generality.

But can I give the rules of entailment that hold in this case?
How do I know that (3x).fx does follow from fa? Afterall I can’t
give 4/l the propositions from which it follows. — But that isn’t
necessary; if (3x) . fx follows from fa, that at any rate was something
that could be known in advance of any particular experience, and
stated in the grammar.

I said “in advance of any experience it was possible to know and
to state in the grammar that (3x).fx follows from fa”. But it
should have been: ‘(3x).fx follows from fa’ is not a proposition
(empirical proposition) of the language to which ‘(3x).fx’ and
‘fa’ belong;; it is a rule laid down in their grammar.
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10
The law of a series
“And s0 on”

We can of course set up a rule for the use of the variables, and
the fact that in order to do so we need the same kind of variable
does not make it pleonastic. For if we didn’t use it, then the
variable would be defined by the rules, and we don’t assume that it
can be defined, or that it must be defined (for sooner or later defi-
nitions come to an end).

This means only that - e.g. - the variable “x?”” is not an ab-
breviation (say for a logical sum), and that in our thought too
there is only a sign for this multiplicity.

For suppose I had enumerated 7 particular instances and said
“but their logical sum isn’t the general proposition™ that still
wouldn’t be enough; and I want to say further that no other
number of instances yields the general proposition either. But
in this rider once again I seem to go through an enumeration, in a
kind of shadowy manner if not in actuality. But that is not the way
it is, because the words that occur in the rider are quite different
from the numerals.

“But how can I forbid a particular numeral to be inserted in
such and such a place ? I surely can’t foresee what number someone
will want to insert, so that I can forbid it”. You can forbid it
when it comes. — But here we are already speaking of the general
concept of number!

But what makes a sign an expression of infinity ? What gives the
peculiar character that belongs to what we call infinite ? I believe
that it is like the case of a sign for an enormous number. For the
characteristic of the infinite, conceived in this way, is its enormous
size.

But there isn’t anything that is an enumeration and yet not an
enumeration; a generality that enumerates in a cloudy kind of
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way without really enumerating or enumerating to a determined
limit.

The dots in “1 4+ 1+ 1 + 1...” are just the four dots: a sign,
for which it must be possible to give certain rules. (The same rules,
in fact, as for the sign “and so on ad inf.”.) This sign does in a
manner ape enumeration, but it isn’t an enumeration. And that
means that the rules governing it don’t totally agree with those
which govern an enumeration; they agree only up to a point.

There is no third thing between the particular enumeration and
the general sign.

Of course the natural numbers have only been written down up
to a certain highest point, let’s say 10!°. Now what constitutes the
possibility of writing down numbers that have not yet been written
down ? How odd is this feeling that they are all somewhere already
in existence! (Frege said that before it was drawn a construction
line was in a certain sense already there.)

The difficulty here is to fight off the thought that possibility is a
kind of shadowy reality.

In the rules for the variable 4 a variable  may occur and so may
particular numerals; but not any totality of numbers.

But now it seems as if this involved denying the existence of
something in logic: perhaps generality itself, or what the dots
indicate; whatever is incomplete (loose, capable of further exten-
sion) in the number series. And of course we may not and cannot
deny the existence of anything. So how does thisindeterminacy find
expression ? Roughly thus: if we introduce numbers substitutible
for the variable a, we don’t say of any of them that it is the last, or the
highest.
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But suppose someone asked us after the explanation of a form
of calculation “and is 103 the last sign I can use ?”” What are we to
answer? “No, it isn’t the last” or “there isn’t a last?”” Mustn’t
I ask him in turn “If it isn’t the last, what would come next?”
And if he then says “1ro4” I should say “Quite right, you can
continue the series yourself”.

Of an end to the possibility, I cannot speak at all.

(In philosophy the one thing we must guard against is waffle.
A rule that can be applied in practice is always in order.)

It is clear that we can follow a rule like |a, £, £ + 1|. I mean by
really following the rule for constructing it without previously
being able to write down the series. In that case it’s the same as if
I were to begin a series with 2 number like 1 and then say “now
add 7, multiply by s, take the square root of the result, and always
apply this complex operation once again to the result”. (That
would be the rule |1, £, V(E+ 7).5].)

The expression “and so on” is nothing but the expression “and
so on” (nothing, that is, but a sign in a calculus which can’t do
more than have meaning via the rules that hold of it; which can’t
say more than it shows).

That is, the expression “and so on” does not hatbour a secret
power by which the series is continued without being continued.

Of course it doesn’t contain #hat, you’ll say, but still it contains
the meaning of infinite continuation.

But we might ask: how does it happen that someone who now

applies the general rule to a further number is still following #bis
rule? How does it happen that no further rule was necessary
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to allow him to apply the general rule to this case in spite of the
fact that this case was not mentioned in the general rule?

And so we are puzzled that we can’t bridge over this abyss
between the individual numbers and the general proposition.

“‘Can one imagine an empty space ?”’ (Surprisingly, this is where
this question belongs.)

It is one of the most deep rooted mistakes of philosophy to see
possibility as a shadow of reality.
 But on the other hand it can’t be an error; not even if one calls
the proposition such a shadow.

Here again, of course, there is a danger of falling into a positivism,
of a kind which deserves a special name, and hence of course must
be an error. For we must avoid accepting party lines or particular
views of things; we must not disown anything that anyone has
ever said on the topic, except where he himself had a particular
view or theory.

For the sign “and so on”, or some sign corresponding to it, is
essential if we are to indicate endlessness — through the rules, of
course, that govern such a sign. That is to say, we can distinguish
the limited series “1, 1 + 1, 1 + 1 + 1”° from the series “1, 1 + 1,
1+ 1+ 1 and so on”. And this last sign and its use is no less essen-
tial for the calculus than any other.

What troubles me is that the “and so on’ apparently has to
occur also in the rules for the sign “and so on”. For instance, 1,
1+1andsoon.=.1,1+4 1,1+ I + 12andso on,and so on.

But then isn’t this simply the old point that we can describe

language only from the outside? So that we can’t expect by des-
cribing language to penetrate to depths deeper than language
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itself reveals: for it is by means of language that we describe
language.

We might say: there’s no occasion to be afraid of our using the
expression “and so on’ in a way that transcends the finite.

Moreover, the distinctive part of the grammar of “and so on”
can’t consist in rules connecting “and so on’ with particular
numerals (not “#he particular numerals”) — for these rules in turn
mention some bit of a series — but in rules connecting “and so on”
with “and so on™.

The possibility of introducing further numbers. The difficulty
seems to be that the numbers I’ve in fact introduced aren’t a group
that is essential and yet there is nothing to indicate that they are
an arbitrary collection: Out of all numbers just those numbers that
bappen to have been written down.

(Asif I had all the pieces of 2 game in 2 box and a chance selection
from the box on the table beside it.

Or, as if one lot of numerals was traced in ink, while all of them
are as it were drawn faintly in advance.)

But apart from the ones we happen to have used we have only
the general form.

Isn’tit here, by the way, — odd as it may sound - that the distinc-
tion between numerals and numbers comes?

Suppose, for example, I say “By ‘cardinal number’ I mean
whatever results from 1 by continued addition of 1”’. The word
“continued” doesn’t represent a nebulous continuationof 1, 1 + 1,
1+ 1+ 1; on the contrary the sign “r, 1+ 1, 1+141...”isto
be taken as perfectly exact; governed by definite rules which are
different from those for “1, 1 + 1, 1 + 1 + 17, and not a substitute
for a series “which cannot be written down”.
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In other words: we calculate with the sign “1, 1+ 1, 1+ 141
... ” just as with the numerals, but in accordance with different
rules.

But what is it then that we imagine? What is the mistake we
make ? What kind of thing do we take the sign “1,1 + 1...” to be?
That is: where does what we think we see in this sign really occur?
Something like when I say “he counted 1, 2, 3, 4 and sc on up to
1000, where it would also be possible really to write down all the
numbers.

What do we see “1, 141, 1+1+1....7as?

As an inexact form of expression. The dots are like extra
numerals indistinctly visible. It is as if we stopped writing
numerals, because after all we can’t write them all down, but as if
they are there all right in a kind of box. Again, it is something
like when I sing only the first notes of a melody distinctly, and then
merely hint at the rest and let it taper off into nothing. (Or when in
writing one writes only a few letters of a word distinctly and ends
with an unarticulated line.) In all such cases the ‘indistinctly’ has a
‘distinctly’ corresponding to it.

I once said that there couldn’t be both numbers and and the
concept of number. And that is quite correct, if it means that a
variable doesn’t have the same relation to a number as the concept
apple has to an apple (or the concept sword to Nothung).

On the other hand, a #umber-variable is not a numeral.

But I also wanted to say that the concept of number couldn’t
be given independently of the numbers, and that isn’t true. A
number-variable is independent of particular numbers in the sense
that there does exist a calculus with a class of our numerals and
without the general number-variable. In that calculus, of course,
not all the rules which hold of our numerals will be valid, but those
numerals will correspond to ours in the way that the draughtsmen
in draughts correspond to those in losing draughts.

What I am opposing is the view that the infinite number series is
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something given concerning which there are both particular
number theorems and also general theorems about all numbers of
the series; so that the arithmetical calculus wouldn’t be complete
if it didn’t contain the general theorems about cardinal numbers,
i.c. general equations of the form a+(b+c)=(a+b)+c.
Whereas even 1/3 =o0-3 belongs to a different calculus from
1/3 =o0-3. And similarly a general sign-rule (e.g. a recursive
definition) that holds for 1,(1) + 1,((1) + 1) + ,(((1) + 1)+ 1) + 1,
and so on is something different from a particular definition. The
general rule adds to the number calculus something extra, without
which it would have been no less complete than the arithmetic
of the number series 1, 2, 3, 4, §.

The question also arises: where is the concept of number (or of
cardinal number) indispensable ? Number, in contrast to what?
If 1, €, £+ 1|, perhaps, in contrast to |5, EVE | etc. — For if I
really do introduce such a sign (like | 1, €, £ + 1 |) and don’t just
take it along as a luxury, then I must do something with it, i.e.
use itin a calculus, and then it loses its solitary splendour and occurs
in a system of signs coordinated with it.

You will perhaps say: but surely “cardinal number” is contrasted
with “rational number”’, “real number”’, etc. But this distinction
is a distinction between the rules (the rules of the appropriate
game) - not a distinction between positions on the chessboard -
not a distinction demanding different coordinated words in the

same calculus.

We say “this theorem is proved for all cardinal numbers”. But
let us just see how the concept of cardinal numbers enters into the
proof. Only because 1 and the operation £ + 1 are spoken of in the
proof — not in contrast to anything the rational numbers have. So
if we use the concept-word “cardinal number” to describe the
proof in prose, we see — don’t we ? — that no concept corresponds
to that word.
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The expressions “the cardinal numbers”, “the real numbers”,
are extraordinarily misleading except where they are used to help
specify particular numbers, as in “the cardinal numbers from 1 to
100”, etc. There is no such thing as “the cardinal numbers”, but
only “cardinal numbers” and the concept, the form ‘“‘cardinal
number”. Now we say “the number of the cardinal numbers is
smaller than the number of the real numbers” and we imagine
that we could perhaps write the two series side by side (if only we
weren’t weak humans) and then the one series would end in endless-
ness, wheteas the other would go on beyond it into the actual
infinite. But this is all nonsense. If we can talk of a relationship
which can be called by analogy “greater’’ and “smaller”, it can only
be a relationship between the forms “cardinal number” and “real
number”. I learn what a series is by having it explained to me and
only to the extent that it is explained to me. A finite series is
explained to me by examples of the type 1, 2, 3, 4, and infinite one
by signs of the type “1, 2, 3, 4,and soon” or “1, 2, 3,4 .. .”

It is important that I can understand (see) the rule of projection
without having it in front of me in a general notation. I can detect
a general rule in the series 1, %, 3, % — of course I can detect any
number of others too, but still I can detect a particular one, and that
means that this series was somehow for me the expression of that
one rule.

If you have “intuitively”’ understood the law of a series, e.g.
the series m, so that you are able to construct an arbitrary term
m(n), then you’ve completely understood the law, just as well as
anything like an algebraic formulation could convey it. That is, no
such formulation can now make you understand it better, and
therefore to that extent no such formulation is any more rigorous,
although it may of course be easier to take in.

We are inclined to believe that the notation that gives a series

by writing down a few terms plus the sign “and so on” is essentially
inexact, by contrast with the specification of the general term.
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Here we forget that the general term is specified by reference to a
basic series which cannot in turn be described by a general term.
Thus 20 + 1 is the general term of the odd numbers, if n ranges
over the cardinal numbers, but it would be nonsense to say that n
was the general term of the series of cardinal numbers. If you want
to define that series, you can’t do it by specifying “the general
term n”, but of course only by 2 definition like “1, 1 + 1, 1 4+ 1 4 1
and so on”. And of course there is no essential difference between
that seriesand “1, 1 + 14+ 1, 14+ 1 4+ 1 4+ 1 + 1 and so on”’, which
I could just as well have taken as the basic series (so that then the
general term of the cardinal number series would have been

Ho—-1).)

(3x). ¢x: ~ (3, y). px.py
(3x, y).9x.9y: ~ (X, y, 2). pX. 9y . @z
(3x,y,2).9x.9y.92: ~(3Ix,y, 2, u).cpx.cpy.cpz.<pu

“How would we now go about writing the general form of such
propositions ? The question manifestly has a good sense. For if
I write down only a few such propositions as examples, you under-
stand what the essential element in these propositions is meant to
be.”

Well, in that case the row of examples is already a notation: for
understanding the series consists in our applying the symbol, and
distinguishing it from others in the same system, e.g. from

(3x).¢x
(3x, v, 2). px. py. 9z.
(3x,y,2,u, V). pX. QY. ¢Z. pu. pv
But why shouldn’t we write the general term of the first series
thus:

(Gxy e )T oxe(3X, . Xpy) T px P
Is this notation inexact? It isn’t supposed by itself to make
anything graphic; all that matters are the rules for its use, the
system in which it is used. The scruples attaching to it date from a
train of thought which was concerned with the number of primi-
tive signs in the calculus of Principia Mathematica.

1. Perhaps Wittgenstein inadvertently omitted a negation sign before the
second quantifier. (Trs.)
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http://9x.9y.9z
http://9x.9y.9z.9u

III FOUNDATIONS OF MATHEMATICS

11
The comparison between mathematics and a game

What are we taking away from mathematics when we say it is
only a game (or: it is 2 game)?

A game, in contrast to what? — What are we awarding to
mathematics if we say it isn’t a game, its propositions have a sense ?

The sense outside the proposition.

What concern is it of ours? Where does it manifest itself and
what can we do with it ? (To the question “what is the sense of this
proposition ?”’ the answer is a proposition.)

(“But 2 mathematical proposition does express a thought.” —
What thought? -.)

Can it be expressed by another proposition? Or only by #his
proposition ? — Or not at all? In that case it is no concern of ours.

Do you simply want to distinguish mathematical propositions
from other constructions, such as hypotheses ? You are right to do
so: there is no doubt that there is a distinction.

If you want to say that mathematics is played like chess or
patience, and the point of it is like winning or coming out, that
is manifestly incorrect.

If you say that the mental processes accompanying the use of
mathematical symbols are different from those accompanying
chess, I wouldn’t know what to say about that.

In chess there are some positions that are impossible although

each individual piece is in a permissible position. (E.g. if all the
pawns are still in their initial position, but a bishop is already in
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play.) But one could imagine a game in which a record was kept of
the number of moves from the beginning of the game and then
there would be certain positions which could not occur after n
moves and yet one could not read off from a position by itself
whether or not it was a possible nth position.

What we do in games must correspond to what we do in calculat-
ing. (I mean: it’s there that the correspondence must be, or again,
that’s the way that the two must be correlated with each other.)

Is mathematics about signs on paper? No more than chess is
about wooden pieces.

When we talk about the sense of mathematical propositions, or
what they are about, we are using a false picture. Here too, I mean,
it looks as if there are inessential, arbitrary signs which have an
essential element in common, namely the sense.

Since mathematics is a calculus and hence isn’t really abour
anything, there isn’t any metamathematics.

What is the relation between a chess problem and a game of
chess ? - It is clear that chess problems correspond to arithmetical
problems, indeed that they are arithmetical problems.

The following would be an example of an arithmetical game: We
write down a four-figure number at random, e.g. 7368; we are to
get as near to this number as possible by multiplying the numbers
7, 3, 6, 8 with each other in any order. The players calculate with
pencil and paper, and the person who comes nearest to the number
7368 in the smallest number of steps wins. (Many mathematical
puzzles, incidentally, can be turned into games of this kind.)

Suppose 2 human being had been taught arithmetic only for use
in an arithmetical game: would he have learnt something different
from a person who learns arithmetic for its ordinary use? If he
multiplies 21 by 8 in the game and gets 168, does he do something
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different from a person who wanted to find out how many 21 x 8
is?

It will be said: the one wanted to find out a truth, but the other
did not want to do anything of the sort.

Well, we might want to compare this with a game like tennis. In
tennis the player makes a particular movement which causes the
ball to travel in a particular way, and we can view his hitting the
ball either as an experiment, leading to the discovery of a particular
truth, or else as a stroke with the sole purpose of winning the game.

But this comparison wouldn’t fit, because we don’t regard a
move in chess as an experiment (though that too we might do); we
regard it as a step in a calculation.

Someone might perhaps say: In the arithmetical game we do
indeed do the multiplication 21 x 8,
168
but the equation 21 x 8 =168 doesn’t occur in the game. But
isn’t that a superficial distinction ? And why shouldn’t we multiply
(and of course divide) in such a way that the equations were written
down as equations ?

So one can only object that in the game the equation is not a
proposition. But what does that mean? How does it become 2
proposition ? What must be added to it to make it a proposition?
- Isn’t it 2 matter of the use of the equation (or of the multiplica-
tion) ? — And it is certainly a piece of mathematics when itis used in
the transition from one proposition to another. And thus the
specific difference between mathematics and a game gets linked up
with the concept of proposition (not ‘mathematical proposition’)
and thereby loses its actuality for us.

But one could say that the real distinction lay in the fact that in
the game there is no room for affirmation and negation. For
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instance, there is multiplication and 21 x 8 = 148 would be a false
move, but “(21x 8 =148)", which is a correct arithmetical
proposition, would have no business in cur game.

(Here we may remind ourselves that in elementary schools they
never work with inequations. The children are only asked to carry
out multiplications correctly and never — or hatdly ever — asked to
prove an inequation.)

When I work out 21 X 8 in our game the steps in the calculation,
at least, are the same as when I do it in order to solve a practical
problem (and we could make room in a game for inequations
also). But my attitude to the sum in other respects differs in the
two cases.

Now the question is: can we say of someone playing the game
who reaches the position “21 x 8 = 168" that he has found out
that 21 x 8 is 1682 What does he lack? I think the only thing
missing is an application for the sum.

Calling arithmetic a game is no more and no less wrong than
calling moving chessmen according to chess-rules a game; for that
might be a calculation too.

So we should say: No, the word “arithmetic” is not the name
of a game. (That too of course is trivial) - But the meaning of the
word “‘arithmetic” can be clarified by bringing out the relationship
between arithmetic and an arithmetical game, or between a chess
problem and the game of chess.

But in doing so it is essential to recognize that the relationship is
not the same as that between a tennis problem and the game of
tennis.

By “tennis problem” I mean something like the problem of
returning a ball in a particular direction in given circumstances.
(A billiard problem would perhaps be a clearer case.) A billiard
problem isn’t a mathematical problem (although its solution may
be an application of mathematics). A billiard problem is a physical
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problem and therefore a “problem” in the sense of physics; a chess
problem is a mathematical problem and so a “problem” in a
different sense, a mathematical sense.

In the debate between “formalism’ and ‘“‘contentful mathe-
matics’ what does each side assert ? This dispute is so like the one
between realism and idealism in that it will soon have become
obsolete, for example, and in that both parties make unjust asser-
tions at variance with their day-to-day practice.

Arithmetic isn’¢ a game, it wouldn’t occur to anyone to include
arithmetic in a list of games played by human beings.

What constitutes winning and losing in a game (or success in
patience) ? It isn’t of course, just the winning position. A special
rule is needed to lay down who is the winner. (“Draughts” and
“losing draughts” differ only in this rule.)

Now is the rule which says “The one who first has his pieces in
the other one’s half is the winner’’ a statement ? How would it be
verified? How do I know if someone has won? Because he is
pleased, or something of the kind ? Really what the rule says is:
you must try to get your pieces as soon as possible, etc.

In this form the rule connects the game with life. And we could
imagine that in an elementary school in which one of the subjects
taught was chess the teacher would react to a pupil’s bad moves in
exactly the same way as to a sum worked out wrongly.

I would almost like to say: It is true that in the game there isn’t

any “true” and “false” but then in arithmetic there isn’t any
“winning” and “losing™.
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I once said that is was imaginable that wars might be fought on
a kind of huge chessboard according to the rules of chess. But if
everything really went simply according to the rules of chess, then
you wouldn’t need a battlefield for the war, it could be played on
an ordinary board; and then it wouldn’t be a war in the ordinary
sense. But you really could imagine a battle conducted inaccordance
with the rules of chess - if, say, the “bishop” could fight with the
“‘queen” only when his position in relation to her was such that he
would be allowed to “‘take” her in chess.

Could we imagine a game of chess being played (i.e. a complete
set of chess moves being carried out) in such different surroundings
that what happened wasn’t something we could call the playing of
a game?

Certainly, it might be a case of the two participants collaborating
to solve a probler. (And we could easily construct a case on these
lines in which such a task would have a utility).

The rule about winning and losing really just makes a distinction
between two poles. It is not concerned with what later happens to
the winner (or loser) — whether, for instance, the loser has to pay
anything.

(And similarly, the thought occurs, with “right’ and “wrong”
in sums.)

In logic the same thing keeps happening as happened in the
dispute about the nature of definition. If someone says that a
definition is concerned only with signs and does no more than
substitute one sign for another, people resist and say that that isn’t
all a definition does, or that there are different kinds of definition
and the interesting and important ones aren’t the mere “verbal
definitions™.

They think, that is, that if you make definition out to be a mere
substitution rule for signs you take away its significance and
importance. But the significance of a definition lies in its application,
in its importance for life. The same thing is happening today in the
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dispute between formalism and intuitionism, etc. People cannot
separate the importance, the consequences, the application of a
fact from the fact itself; they can’t separate the description of a
thing from the description of its importance.

We are always being told that a mathematician works by instinct
(ot that he doesn’t proceed mechanically like a chessplayer or the
like), but we aren’t told what that’s supposed to have to do with the
nature of mathematics. If such a psychological phenomenon does
play a part in mathematics we need to know how far we can speak
about mathematics with complete exactitude, and how far we can
only speak with the indeterminacy we must use in speaking of
instincts etc.

Time and again I would like to say: What I check is the account
books of mathematicians; their mental processes, joys, depressions
and instincts as they go about their business may be important in
other connections, but they are no concern of mine.
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12
There is no metamathematics.

No calculus can decide a philosophical problem.
A calculus cannot give us information about the foundations of
mathematics.

So there can’t be any “leading problems” of mathematical logic,
if those are supposed to be problems whose solution would at long
last give us the right to do arithmetic as we do.

We can’t wait for the lucky chance of the solution of a mathe-
matical problem.

I said earlier “calculus is not 2 mathematical concept’; in other
words, the word “calculus” is not a chesspiece that belongs to
mathematics.

There is no need for it to occur in mathematics. — If itisusedina
calculus nonetheless, that doesn’t make the calculus into a
metacalculus; in such a case the word is just a chessman like all the
others.

Logic isn’t metamathematics either; that is, work within the
logical calculus can’t bring to light essential truths abow# mathema-
tics. Cf. here the “decision problem’” and similar topics in modern
mathematical logic.

(Through Russell and Whitehead, especially Whitehead, there
entered philosophy a false exactitude that is the worst enemy of real
exactitude. At the bottom of this there lies the erroneous opinion
that a calculus could be the mathematical foundation of mathe-
matics.)

2]
.

Number is not at all a “fundamental mathematical concept

1. According to Dr. C. Lewy Wittgenstein wrote in the margin of F. P.
Ramsey’s copy of the Tractatus at 6.02: “Number is #he fundamental idea of
calculus and must be introduced as such.” This was, Lewy thinks, in the year
1923. See Mind, July 1967, p. 422.
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There are so many calculations in which numbers aren’t mentioned.

So far as concerns arithmetic, what we are willing to call numbers
is more or less arbitrary. For the rest, what we have to do is to
describe the calculus ~ say of cardinal numbers — that is, we must
give its rules and by doing so we lay the foundations of arithmetic.

Teach it to us, and then you have laid its foundations.

(Hilbert sets up rules of a particular calculus as rules of meta-
mathematics.)

A system’s being based on first principles is not the same as its
being developed from them. It makes a difference whether it is
like a house resting on its lowest walls or like a celestial body
floating free in space which we have begun to build beneath
although we might have built anywhere else.

Logic and mathematics are not based on axioms, any more than
a group is based on the elements and operations that define it. The
idea that they are involves the error of treating the intuitiveness, the
self-evidence, of the fundamental propositions as a criterion for
correctness in logic.

A foundation that stands on nothing is a bad foundation.

(-9 v(p.- ~q9 V(~p.q) ¥(~p. ~q.): That is my tautology,
and then I go on to say that every “proposition of logic” can be
brought into this form in accordance with specified rules. But that
means the same as: can be derived from it. This would take us as
far as the Russellian method of demonstration and all we add to it
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is that this initial form is not itself an independent proposition, and
that like all other “laws of logic™ it has the property that p.Log =
p, p v Log = Log.

Itisindeed the essence of a “logical law”” that when it is conjoined
with any proposition it yields that proposition. We might even
begin Russell’s calculus with definitions like

p=2p:q.= .9
p:pvq.=.p,etc

298



13
Proofs of Relevance

If we prove that a problem can be solved, the concept “solution”
must occur somewhere in the proof. (There must be something in
the mechanism corresponding to the concept.) But the concept
cannot have an external description as its proxy; it must be
genuinely spelt out.

The only proof of the provability of a proposition is a proof of
the proposition itself. But there is something we might call a
proof of relevance: an example would be a proof convincing me
that I can verify the equation 17 x 38 = 456 before I have actually
done so. Well, how is it that I know that I can check 17 x 38 = 456,
whereas I perhaps wouldn’t know, merely by looking, whether 1
could check an expression in the integral calculus ? Obviously, it is
because I know that the equation is constructed in accordance with
a definite rule and because I know the kind of connection between
the rule for the solution of the sum and the way in which the
proposition is put together. In that case a proof of relevance would
be something like a formulation of the general method of doing
things like multiplication sums, enabling us to recognize the
general form of the propositions it makes it possible to check. In
that case I can say I recognise that this method will verify the
equation without having actually carried out the verification.

When we speak of proofs of relevance (and other similar
mathematical entities) it always looks as if in addition to the par-
ticular series of operations called proofs of relevance, we had a
quite definite inclusive concept of such proofs or of mathematical
proof in general; butin fact the word is applied with many different,
more or less related, meanings. (Like words such as “people”,
“king”’, “religion”, etc.; cf Spengler.) Just think of the role of
examples in the explanation of such words. If I want to explain
what I mean by “proof”’, I will have to point to examples of proofs,
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just as when explaining the word “apple” I point to apples. The
definition of the word “proof™ is in the same case as the definition
of the word “number”. I can define the expression “‘cardinal
number” by pointing to examples of cardinal numbers; indeed in-
stead of the expression I can actually use the sign*1, 2, 3,4,and soon
ad inf”’. I can define the word “number’ too by pointing to various
kinds of number; but when I do so I am not circumscribing the
concept “number” as definitely as I previously circumscribed
the concept cardinal number, unless I want to say that it is only
the things at present called numbers that constitute the concept
“number”, in which case we can’t say of any new construction that
it constructsa kind of number. But the way we want to use the word
“proof™ in is one in which it isn’t simply defined by a disjunction
of proofs currently in use; we want to use it in cases of which
at present we “can’t have any idea”. To the extent that the concept
of proof is sharply circumscribed, it is only through particular
proofs, or through series of proofs (like the number series), and
we must keep that in mind if we want to speak absolutely precisely
about proofs of relevance, of consistency etc.

We can say: A proof of relevance alters the calculus containing
the proposition to which it refers. It cannot justify a calculus
containing the proposition, in the sense in which carrying out the
multiplication 17 x 23 justifies the writing down of the equation
17 X 23 = 391. Not, that is, unless we expressly give the word
“justify”” that meaning. But in that case we mustn’t believe that if
mathematics lacks this justification, it is in some more general and
widely established sense illegitimate or suspicious. (That would be
like someone wanting to say: “the use of the expression ‘pile of
stones’ is fundamentally illegitimate, until we have laid down
officially how many stones make a pile.”” Such a stipulation would
modify the use of the word “pile” but it wouldn’t “justify” it in
any generally recognized sense; and if such an official definition
were given, it wouldn’t mean that the use earlier made of the word
would be stigmatized as incorrect.)

300



G

The proof of the verifiability of 17 x 23 = 391 is not a “proof™
in the same sense of the word as the proof of the equation
itself. (A cobbler heels, a doctor heals: both ...) We grasp the
verifiability of the equation from its proof somewhat as we grasp
the verifiability of the proposition “the points A and B are not
separated by a turn of the spiral”’ from the figure. And we see that
the proposition stating verifiability isn’t a “proposition” in the
same sense as the one whose verifiability is asserted. Here again, one
can only say: look at the proof, and you will see what is proved
here, what gets called “the proposition proved”.

Can one say that at each step of 2 proof we need a new insight ?
(The individuality of numbers.) Something of the following sort:
if I am given 2 general (variable) rule, I must recognize each time
afresh that this rule may be applied bere too (that it holds for #bis
case too). No act of foresight can absolve me from this act of
insight. Since the form in which the rule is applied is in fact a2 new
one at every step. But it is not a matter of an act of insight, but of an
act of decision.

What I called a proof of relevance does not climb the ladder to

its proposition —since that reguires that you pass every rung -
but only shows that the ladder leads in the direction of that propo-
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sition. (There are no surrogates in logic). Neither is an arrow that
points the direction a surrogate for going through all the stages
towards a particular goal.
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14
Consistency proofs

Something tells me that a contradiction in the axioms of a
system can’t really do any harm until it is revealed. We think of a
hidden contradiction as like a hidden illness which does harm even
though (and perhaps precisely because) it doesn’t show itself in an
obvious way. But two rules in a2 game which in a particular instance
contradict each other are petfectly in order until the case tutns up,
and it’s only then that it becomes necessary to make a decision
between them by a further rule.

Mathematicians nowadays make so much fuss about proofs of
the consistency of axioms. I have the fecling that if there were a
contradiction in the axioms of a system it wouldn’t be such a great
misfortune. Nothing easier than to remove it.

“We may not use a system of axioms before its consistency has
been proved.”

“In the rules of the game no contradictions may occur.”

Why not? “Because then one wouldn’t know how to play.”

But how does it happen that our reaction to a contradiction is 2
doubt?

We don’t have any reaction to a contradiction. We can only say:
if it’s really meant like that (if the contradiction is supposed to be
there) I don’t understand it. Or: it isn’t something I’ve leamnt. I
don’t understand the sign. T haven’t learnt what I am to do with it,
whether it is 2 command, etc.

Suppose someone wanted to add to the usual axioms of arith-
metic the equation 2 x 2 = 5. Of course that would mean that the
sign of equality had changed its meaning, i.e. that there would now
be different rules for the equals-sign.

303



If I inferred ““I cannot use it as a substitution sign” that would
mean that its grammar no longer fitted the grammar of the word
“substitute’ (“substitution sign”, etc.). For the word “can” in
that proposition doesn’t indicate a physical (physiological,
psychological) possibility.

“The rules many not contradict each other” is like “negation,
when doubled, may not yield a negation”. That is, it is part of the
grammar of the word ““rule” that if “p” is a rule, “p. ~ p”’isnota
rule.

That means we could also say: the rules may contradict each
other, if the rules for the use of the word “rule’ are different — if
the word “rule’ has a different meaning.

Here too we cannot give any foundation (except a biological or
historical one or something of the kind); all we can do is to
establish the agreement, or disagreement between the rules for
certain wotds, and say that these words are used with these rules.

It cannot be shown, proved, that these rules can be used as the
rules of this activity.

Except by showing that the grammar of the description of the
“activity fits the rules.

“In the rules there mustn’t be a contradiction” looks like an
instruction: “In a clock the hand mustn’t be loose on the shaft.”
We expect a reason: because otherwise . . . But in the first case the
reason would have to be: because otherwise it wouldn’t be a set
of rules. Once again we have a grammatical structure that cannot
be given a logical foundation.

In the indirect proof that a straight line can have only ome con-

tinuation through a certain point we make the supposition that a
straight line could have two continuations. — If we make that
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supposition, then the supposition must make sense. — But what
does it mean to make that supposition ? It isn’t making a supposition
that goes against natural history, like the supposition that a lion
has two tails. — It isn’t making a supposition that goes against an
ascertained fact. What it means is supposing a rule; and there’s
nothing against that except that it contradicts another rule, and
for that reason I drop it.
Suppose that in the proof there occurs the following drawing
————""""_ to represent a straight line bifurcating.
There is nothing absurd (contradictory) in that unless we have
made some stipulation that it contradicts.

If a contradiction is found later on, that means that hitherto the
rules have not been clear and unambiguous. So the contradiction
doesn’t matter, because we can now get rid of it by enunciating a
rule.

In a system with a clearly set out grammar there are no hidden
contradictions, because such a system must include the rule which
makes the contradiction is discernible. A contradiction can only
be hidden in the sense that it is in the higgledy-piggledy zone of
the rules, in the unorganized part of the grammar; and there it
doesn’t matter since it can be removed by organizing the grammar.

Why may not the rules contradict one another ? Because other-
wise they wouldn’t be rules.
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1§
Justifying arithmetic and preparing it for its applications
(Russell, Ramsey)

One always has an aversion to giving arithmetic a foundation
by saying something about its application. It appears firmly
enough grounded in itself. And that of course derives from the
fact that arithmetic is its own application.

You could say: why bother to limit the application of arithmetic,
that takes care of itself. (I can make 2 knife without bothering
about what kinds of materials I will have cut with it; that will show
soon enough.)

What speaks against our demarcating a region of application is
the feeling that we can understand arithmetic without having any
such region in mind. Or put it like this: our instinct rebels against
anything that isn’t restricted to an analysis of the thoughts already
before us.

You could say arithmetic is a kind of geometry; i.e. what in
geometry are constructions on paper in arithmetic are calculations
(on paper). You could say, it is a more general kind of geometry.

It is always a question of whether and how far it’s possible to
represent the most general form of the application of arithmetic.
And here the strange thing is that in a certain sense it doesn’t seem
to be needed. And if in fact it isn’t needed, then it’s also impossible.

The general form of its application seems to be represented by
the fact that nothing is said about it. (And if that’s a possible repre-

sentation, then it is also #be right one.)

The point of the remark that arithmetic is a kind of geometry is
simply that arithmetical constructions are autonomous like
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geometrical ones and hence so to speak themselves guarantee
their applicability.

For it must be possible to say of geometry too that it is its own
application.

(In the sense in which we can speak of lines which are possible
and lines which are actually drawn we can also speak of possible
and actually represented numbers.)

L
||

That is an arithmetical construction, and in a somewhat extended
sense also a geometrical one.

Suppose I wish to use this calculation to solve the following
problem: if I have 11 apples and want to share them among some
people in such a way that each is given 3 apples how many people
can there be ? The calculation supplies me with the answer 3. Now
suppose I were to go through the whole process of sharing and at
the end 4 people each had 3 apples in their hands. Would I then say
that the computation gave a2 wrong result ? Of course not. And that
of course means only that the computation was not an experiment.

It might look as though the mathematical computation entitled
us to make a prediction, say, that I could give three people their
share and there will be two apples left over. But that isn’t so. What
justifies us in making this prediction is an hypothesis of physics,
which lies outside the calculation. The calculation is only a study
of logical forms, of structures, and of itself can’t yield anything
new.

If 3 strokes on the paper are the sign for the number 3, then you
can say the number 3 is to be applied in our language in the way in
which the 3 strokes can be applied.

I said “One difficulty in the Fregean theory is the generality of
the words ‘Concept’ and ‘Object’. For, even if you can count
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tables, tones, vibrations and thoughts, it is difficult to bracket
them all together.”! But what does “you can count them’ mean?
What it means is that it makes sense to apply the cardinal numbers to
them. But if we know that, if we know fbese grammatical rules,
why do we need to rack our brains about the other grammatical
rules when we are only concerned to justify the application of
cardinal arithmetic ? It isn’t difficult “to bracket them all together”;
so far as is necessary for the present purpose they are already
bracketed together.

But (as we all know well) arithmetic isn’t at all concerned about
this application. Its applicability takes care of itself.

Hence so far as the foundations of arithmetic are concerned all
the anxious searching for distinctions between subject-predicate
forms, and constructing functions ‘in extension’ (Ramsey) is a
waste of time.

The equation 4 apples + 4 apples = 8 apples s a substitution rule
which I use if instead of substituting the sign “8” for the sign
“4 4 47, I substitute the sign *‘8 apples” for the sign “4 + 4 apples.”

But we must beware of thinking that “4 apples + 4 apples = 8
apples” is the concrete equation and 4 + 4 = 8 the abstract propo-
sition of which the former is only a special case, so that the
arithmetic of apples, though much less general than the truly
general arithmetic, is valid inits own restricted domain(for apples).
There isn’t any “arithmetic of apples”, because the equation 4
apples + 4 apples = 8 apples is not a proposition about apples. We
may say that in this equation the word “apples’ has no reference.
(And we can always say this about a sign in a rule which helps to
determine its meaning.)

1. Philosophical Remarks, p. 119.
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How can we make preparations for the reception of something
that may happen to exist —in the sense in which Russell and
Ramsey always wanted to do this? We get logic ready for the
existence of many-placed relations, or for the existence of an infinite
number of objects, or the like.

Well, we can make preparations for the existence of a thing:
c.g. I may make a casket for jewellery which may be made some
time or other — But in this case I can say what the situation must
be —~ what the situation is — for which I am preparing. It is no more
difficult to describe the situation now than after it has already
occurred; even, if it never occurs at all. (Solution of mathematical
problems). But what Russell and Ramsey are making preparations
for is a possible grammar.

On the one hand we think that the nature of the functions and of
the arguments that are counted in mathematics is part of its
business. But we don’t want to let ourselves be tied down to the
functions now known to us, and we don’t know whether people
will ever discover a function with 100 argument places; and so we
have to make preparations and construct a function to get every-
thing ready for a 100-place relation in case one turns up. — But
what does “a 100-place relation turns up (or exists)”’ mean at all?
What concept do we have of one? Or of 2 2-place relation for that
matter ? — As an example of a 2-place relation we give something
like the relation between father and son. But what is the significance
of this example for the furtherlogical treatment of 2-place relations ?
Instead of every “aRb” are we now to imagine “a is the father of
b>’? ~ If not, is this example or any example essential? Doesn’t
this example have the same role as an example in arithmetic, when
I use 3 rows of 6 apples to explain 3 x 6 = 18 to somebody ?

Here it is a matter of our concept of application. - We have an
image of an engine which first runs idle, and then works a machine.

But what does the application add to the calculation? Does it
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introduce a new calculus? In that case it isn’t any longer tbe same
calculation. Or does it give it substance in some sense which is
essential to mathematics (logic) ? If so, how can we abstract from
the application at all, even only temporarily ?

No, calculation with apples is essentially the same as calculation
with lines or numbers. A machine is an extension of an engine, an
application is not in the same sense an extension of a calculation.

Suppose that, in order to give an example, I say “love is a 2-place
relation” - am I saying anything about love? Of course not. I am
giving a rule for the use of the word “love” and I mean perhaps
that we use #bis word in such and such a way.

Yet we do have the feeling that when we allude to the 2-place
relation ‘love’ we put meaning into the husk of the calculus of
relations. — Imagine a geometrical demonstration carried out using
the cylinder of a lamp instead of a drawing or analytical sym-
bols. How far is this an application of geometry? Does the use
of the glass cylinder in the lamp enter into the geometrical thought ?
And does the use of word “love” in a declaration of love enter into
my discussions of 2-place relations?

We are concerned with different uses or meanings of the word
“application”. “Division is an application of multiplication;
“the lamp is an application of the glass cylinder”; “the calculation
is applied to these apples™.

At this point we can say: arithmetic is its own application. The
calculus is its own application.

In arithmetic we cannot make preparations for a grammatical
application. For if arithmetic is only a game, its application too is
only a game, and either the same game (in which case it takes us no
further) or a different game — and in that case we could play it in
pure arithmetic also.
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So if the logician says that he has made preparations in arithmetic
for the possible existence of 6-place relations, we may ask him:
when what you have prepared finds its application, what will be
added to it? A new calculus? — but that’s something you haven’t
provided. Or something which doesn’t affect the calculus? — then
it doesn’t interest us, and the calculus you have shown us is appli-
cation enough.

What is incorrect is the idea that the application of a calculus in
the grammar of real language correlates it to a reality or givesita
reality that it did not have before.

Here as so often in this area the mistake lies not in believing
something false, but in looking in the direction of a misleading
analogy.

So what happens when the 6-place relation is found? Is it like
the discovery of a metal that has the desired (and previously
described) properties (the right specific weight, strength, etc.)?
No; whatis discovered is a word that we in fact use in our language
as we used, say, the letter R. “Yes, but this word has meaning, and
‘R’ has none. So now we see that something can correspond to
‘R’.”” But the meaning of the word does not consist in something’s
corresponding to it, except in a case like that of a name and what it
names; but in our case the bearer of the name is merely an extension
of the calculus, of the language. And it is nof like saying “this story
really happened, it was not pure fiction™.

This is all connected with the false concept of logical analysis
that Russell, Ramsey and I used to have, according to which we
are writing for an ultimate logical analysis of facts, like a chemical
analysis of compounds - an analysis which will enable us really
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to discover a 7-place relation, like an element that really has the
specific weight 7.

Grammar is for us a pure calculus (not the application of a

calculus to reality).

“How can we make preparations for something which may or
may not exist ?”’ means : how can we hope to make an a priori con-
struction to cope with all possible results while basing arithmetic
upon a logic in which we are still waiting for the results of an
analysis of our propositions in particular cases? — One wants to
say: “we don’t know whether it may not turn out that there are no
functions with 4 argument places, or that there are only 100
arguments that can significantly be inserted into functions of one
variable. Suppose, for example (the supposition does appear
possible) that there is only one four-place function F and 4 argu-
ments a, b, ¢, d; does it make sense in that case to say ‘2 + 2 =4’
since there aren’t any functions to accomplish the division into 2
and 2?” So now, one says to oneself, we will make provision for
all possible cases. But of course that has no meaning. On the one
hand the calculus doesn’t make provision for possible existence;
it constructs for itself all the existence that it needs. On the other
hand what look like hypothetical assumptions about the logical
elements (the logical structure) of the world are merely specifica-
tions of elements in a calculus; and of course you can make these
in such a way that the calculus does not contain any 2 + 2.

Suppose we make preparations for the existence of 100 objects
by introducing 100 names and a calculus to go with them. Then let
us suppose 100 objects are really discovered. What happens now
that the names have objects correlated with them which weren’t
correlated with them before? Does the calculus change ? — What
has the correlation got to do with it at all ? Does it make it acquire
more reality? Or did the calculus previously belong only to
mathematics, and now to logic as well ? - What sort of questions

” <¢

are “‘are there 3-place relations”, ““are there 1000 objects” ? How is
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it to be decided ? — But surely it is a fact that we can specify a 2-place
relation, say love, and a 3-place one, say jealousy, but perhaps nota
27-place one! - But what does “to specify a 2-place relation” mean ?
It sounds as if we could point to a thing and say “you see, that is
the kind of thing” (the kind of thing we described eatlier). But
nothing of that kind takes place (the comparison with pointing is
altogether wrong). “The relation of jealousy cannot be reduced to
2-place relationships” sounds like “alcohol cannot be decomposed
into water plus a solid substance”. Is that something that is part of
the nature of jealousy ? (Let’s not forget: the proposition “A is
jealous of B because of C’” is no more and no less reducible than the
proposition “A is not jealous of B because of C”.) What is pointed
to is, say, the group of people A, B and C. - “But suppose that
living beings at first knew only plane surfaces, but none the
less developed a 3-dimensional geometry, and that they suddenly
became acquainted with 3-dimensional space!” Would this alter
their geometry, would it become richer in content ? — “Isn’t this the
way it is? Suppose at some time I had made arbitrary rules for
myself prohibiting me from moving in my room in certain
directions where there were no physical hindrances to get in my
way; and then suppose the physical conditions changed, say
furniture was put in the room, in such a way as to force me to move
in accordance with the rules which I had originally imposed on
myself arbitrarily. Thus, while the 3-dimensional calculus was
only a game, there weren’t yet three dimensions in reality because
the x, y, z belonged to the rules only because I had so decided; but
now that we have linked them up to the real 3 dimensions, no
other movements are possible for them.”” But that is pure fiction.
There isn’t any question here of a connection with reality which
keeps grammar on the rails. The “connection of language with
reality”, by means of ostensive definitions and the like, doesn’t
make the grammar inevitable or provide a justification for the
grammar. The grammar remains a free-floating calculus which
can only be extended and never supported. The “connection with
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reality” merely extends language, it doesn’t force anything on it.
We speak of discovering a 27-place relation but on the one hand
no discovery can force me to use the sign or the calculus for a
27-place relation, and on the other hand I can describe the operation
of the calculus itself simply by using this notation.

When it looks in logic as if we are discussing several different
universes (as with Ramsey), in reality we are considering different
games. The definition of a “universe” in a case like Ramsey’s

would simply be a definition like

(Ix). ¢x = 9a Vv gb v pc v ¢d.
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16
Ramsey’s theory of identity

Ramsey’s theory of identity makes the mistake that would be
made by someone who said that you could use a painting as a
mirror as well, even if only for a single posture. If we say this we
overlook that what is essential to a mirror is precisely that you can
infer from it the posture of a body in front of it, whereas in the-case
of the painting you have to know that the postures tally before you
can construe the picture as a mirror image.

If Dirichlet’s conception of function has a strict sense, it must
be expressed in a definition that uses the table to define the function-
signs as equivalent.

Ramsey defines' x =y as
(Pe)- PeX = ey
But according to the explanations he gives of his function-sign
({4 ¢¢”
(9e)- PX = @ X is the statement: “every sentence is equivalent to
itself.”
(Pe)- PeX = @,y is the statement: “every sentence is equivalent to
every sentence.”
So all he has achieved by his definition is what is laid down by the
two definitions

Def
x=Xx. =. Tautology

Def .
x=y. =. Contradiction

(Here the word ““tautology’ can be replaced by any arbitrary
tautology, and similarly with “contradiction’). So far all that has
happened is that definitions have been given of the two distinct
signs x = xand x = y. These definitions could of course be replaced
by two sets of definitions, e.g.

a=a a=b
b=>b = Taut. b=c¢ }| = Contr.
c=¢ c=2a

1. F. P. Ramscy, The Foundations of Matbematics, London 1931, p. §3.
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But then Ramsey writes:
“(Ix,y).x£y”, ie “(Ax,y).~Ex=y)" -

but he has no right to: for what does the “x = y”’ mean in this
expression ? It is neither the sign “x = y*’ used in the definition
above, nor of course the “x = x” in the preceding definition. So it
is a sign that is still unexplained. Moreover to see the futility of
these definitions, you should read them (as an unbiased person
would) as follows: I permit the sign “Taut”, whose use we know,
to be replaced by the sign “a =a” or “b =1, etc.; and the sign
“Contr.”” (“~Taut.”) to be replaced by the sign “a=b" or“a=c”,
etc. From which, incidentally, it follows that (a=b) =(c=d) =
(a # a) =etc.!

It goes without saying that an identity sign defined like that has
no resemblance to the one we use to express a substitution rule.

Of course I can go on to define “(3x,y).x # y”, say as
a#a.v.a#b.v.b#c.v.a#c; but this definition is pure hum-
bug and I should have written straightaway (3x,y). x# y. = . Taut.
(That is, I would be given the sign on the left side as a new -
unnecessary — sign for “Taut.””) For we mustn’t forget that accord-
ing to the definitions “a =a”, “‘a = b”’, etc. are independent signs,
no more connected with each other than the signs “Taut.”” and
“Contr.” themselves.

What is in question here is whether functions in extension are
any use; because Ramsey’s explanation of the identity sign is just
such a specification by extension. Now what exactly is the specifi-
cation of a function by its extension ? Obviously, it is a group of
definitions, e.g.

fa=p Def.
fb=q Def.
fc=r1r Def.

These definitions permit us to substitute for the known proposi-
tions “p”, “q”, “r” the signs “fa” “fb” “fc”. To say that these
three definitions determine the function f(£) is either to say
nothing, or to say the same as the three definitions say.
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For the signs “fa” “fb” “fc” are no more function and argument
than the words “Co(rn)”, “Co(al)”’ and “Co(lt)”’ are. (Here it makes
no difference whether or not the “arguments” “rn”, “al”, “It” are
used elsewhere as words). '

(So it is hard to see what purpose the definitions can have except
to mislead us.) .

To begin with, the sign “(3x).fx’’ has no meaning ; because here
the rules for functions in the old sense of the word don’t hold at all,
According to them a definition like fa = . . . would be nonsense.
If no explicit definition is given for it, the sign “(3x).fx’’ can only
be understood as a rebus in which the signs have some kind of
spurious meaning.

Each of the signs “a=2a”, “a=c”, etc. in the definitions
(a=a). > .Taut. etc. is 2 word,

Moreover, the purpose of the introduction of functions in
extension was to analyse propositions about infinite extensions, and
it fails of this purpose when a function in extension is introduced
by a list of definitions.

There is a temptation to regard the form of an equation as the
form of tautologies and contradictions, because it looks as if one
can say that x =x is self-evidently true and x =y self-evidently
false. The comparison between x = x and a tautology is of course
better than that between x =y and a contradiction, because all
correct (and “‘significant”) equations of mathematics are actually
of the form x=y. We might call x=x a degenerate equation
(Ramsey quite correctly called tautologies and contradictions
degenerate propositions) and indeed a correct degenerate equation
(the limiting case of an equation). For we use expressions of the
form x = x like correct equations, and when we do so we are fully
conscious that we are dealing with degenerate equations. In
geometrical proofs there are propositions in the same case, such as
“the angle a is equal to the angle B, the angle y is equal to itself . . .”

At this point the objection might be made that correct equations
of the form x =y must be tautologies, and incorrect ones contra-
dictions, because it must be possible to prove a correct equation
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by transforming each side of it until an identity of the form x = x
is reached. Butalthough the original equation is shown to be correct
by this process, and to that extent the identity x = x is the goal of
the transformation, it is not its goal in the sense that the purpose
of the transformation is to give the equation its correct form -
like bending a crooked object straight; it is not that the equation
atlong last achieves its perfect form in the identity. So we can’t say:
a correct equation is really an identity. It just isn’f an identity.
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17
The concept of the application of arithmetic' (mathematics)

If we say “it must be essential to mathematics that it can be
applied”” we mean that its applicabi/ity isn’t the kind of thing I
mean of a piece of wood when I say “I will be able to find many
applications for it”.

Geometry isn’t the science (natural science) of geometric planes,
lines and points, as opposed to some other science of gross
physical lines, stripes and surfaces and #hesr properties. The relation
between geometry and propositions of practical life, about stripes,
colour boundaries, edges and corners, etc. isn’t that the things
geometry speaks of, though idea/ edges and corners, resemble
those spoken of in practical propositions; it is the relation between
those propositions and their grammar. Applied geometry is the
grammar of statements about spatial objects. The relation between
what is called a geometrical line and a boundary between two
colours isn’t like the relation between something fine and some-
thing coarse, but like the relation between possibility and actuality.
(Think of the notion of possibility as a shadow of actuality.)

You can describe 2 circular surface divided diametrically into 8
congruent parts, but it is senseless to give such a description of an
elliptical surface. And that contains all that geometry says in this
connexion about circular and elliptical surfaces.

(A proposition based on a wrong calculation (such as “he cut a
3-metre board into 4 one metre parts™) is nonsensical, and that
throws light on what is meant by “making sense” and “meaning
something by a proposition™.)

1. The section does not mention arithmetic. It may be conjectured that it was
never completed. (Ed.)
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What about the proposition “the sum of the angles of a triangle
is 180 degrees” ? At all events you can’t tell by looking at it that it
is a proposition of syntax.

The proposition “corresponding angles are equal’ means that if
they don’t appear equal when they are measured I will treat the
measurement as incorrect; and “the sum of the angles of a
triangle is 180 degrees” means that if it doesn’t appear to be 180
degrees when they are measured I will assume there has been a
mistake in the measurement. So the proposition is a postulate
about the method of describing facts, and therefore a proposition
of syntax.
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IV ON CARDINAL NUMBERS

18
Kinds of cardinal number

What are numbers ? — What numerals signify; an investigation
of what they signify is an investigation of the grammar of numerals.

What we are looking for is not a definition of the concept of
number, but an exposition of the grammar of the word “number”
and of the numerals.

The reason why there are infinitely many cardinal numbers, is
that we construct this infinite system and call it the system of
cardinal numbers. There is also a number system “1, 2, 3, 4, 3,
many”’ and even a system “1, 2, 3, 4, 5”°. Why shouldn’t I call that
too a system of cardinal numbers (a finite one)?

It is clear that the axiom of infinity is not what Russell took it
for; it is neither a proposition of logic, nor - as it stands -2
proposition of physics. Perhaps the calculus to which it belongs,
transplanted into quite different surroundings (with a quite
different “interpretation”), might somewhere find a practical
application; I do not know.

One might say of logical concepts (e.g. of the, or a, concept of
infinity) that their essence proves their existence.

(Frege would still have said: “perhaps there are people who have
not got beyond the first five in their acquaintance with the series of
cardinal numbers (and see the rest of the series only in an indeter-
minate form or something of the kind), but this series exists inde-
pendently of us”. Does chess exist independently of us, or not? -)

Here is a very interesting question about the position of the
concept of number in logic: what happens to the concept of
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number if 2 society has no numerals, but for counting, calculating,
etc. uses exclusively an abacus like a Russian abacus?

(Nothing would be more interesting than to investigate the
arithmetic of such people; it would make one really understand
that here there is no distinction between 20 and 21.)

Could we also imagine, in contrast with the cardinal numbers, a
kind of number consisting of a series like the cardinal numbers
without the 5? Certainly; but this kind of number couldn’t be
used for any of the things for which we use the cardinal numbers.
The way in which these numbers are missing a five is not like the
way in which an apple may have been taken out of a box of apples
and can be put back again; it is of their essence to lack a §; they
do not &now the 5 (in the way that the cardinal numbers do not
know the number 4). So these numbers (if you want to call them
that) would be used in cases where the cardinal numbers (with the
5) couldn’t meaningfully be used.

(Doesn’t the nonsensicality of the talk of the “basic intuition”
show itself here ?)

When the intuitionists speak of the “basic intuition” - is this a
psychological process ? If so, how does it come into mathematics ?
Isn’t what they mean only a primitive sign (in Frege’s sense); an
element of a calculus?

Strange as it sounds, it is possible to know the prime numbers -
let’s say — only up to 7 and thus to have a finite system of prime
numbers. And what we call the discovery that there are infinitely
many primes is in truth the discovery of a new system with no
greater rights than the other.

If you close your eyes and see countless glimmering spots of
light coming and going, as we might say, it doesn’t make sense to
speak of a ‘number’ of simultaneously seen dots. And you can’t
say “there is always a definite number of spots of light there, we
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just don’t know what it is”’; that would correspond to a rule
applied in a case where you can speak of checking the number.

(It makes sense to say: I divide many among many. But the
proposition “I couldn’t divide the many nuts among the many
people’ can’t mean that it was logically impossible. Also you can’t
say “‘in some cases it is possible to divide many among many and in
others not”; for in that case I ask: in which cases is this possible and
in which impossible ? And to that no further answer can be given
in the many-system.)

To say of a part of my visual field that it has no colour is non-
sense; and of course it is equally nonsense to say that it has colour
(or a colour). On the other hand it makes sense to say it has only one
colour (is monochrome, or #niform in colour) or that it has at least
two colours, only two colours, etc.

So in the sentence “this square in my visual field has at least two
colours” I cannot substitute “one” for “two”. Or again: “the
square has only one colour” does not mean - on the analogy of

(Ix).px. ~(3x,y) . px. @y — “the square has one colour but not
two colours”.

I am speaking here of the case in which it is senseless to say “that
part of space has no colour”. If I am counting the uniformly
coloured (monochrome) patches in the square, it does incidentally
make sense to say that there aren’t any there at all, if the colour of
the square is continually changing. In that case of course it also
makes sense to say that there are one or more uniformly coloured
patches in the square and also that the square has one colour and
not two. — But for the moment I am disregarding that use of the
sentence ‘“‘the square has no colour” and am speaking of a system
in which it would be called a matter of course that an area of a
surface had a colour, a system, therefore, in which strictly speaking
there is no such proposition. If you call the proposition self-evi-
dent you really mean something that is expressed by 2 grammatical
rule giving the form of propositions about visual space, for
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instance. If you now begin the series of statements giving the
number of colours in the square with the proposition “there is one
colour in the square”, then of course that mustn’t be the propo-
sition of grammar about the “colouredness” of space.

What do you mean if you say “space is coloured” ? (And, a very
interesting question: what kind of question is this ?) Well, perhaps
you look around for confirmation and look at the different colours
around you and feel the inclination to say: “wherever I look there
is a colour”, or “it’s all coloured, all as it were painted.” Here you
are imagining colours in contrast to a kind of colourlessness, which
on closer inspection turns into a colour itself. Incidentally, when
you look around for confirmation you look first and foremost at
static and monochromatic parts of space, rather than at unstable
unclearly coloured parts (flowing water, shadows, etc.) If you then
have to admit that you call just everything that you see colour, what
you want to say is that being coloured is a property of space in
itself, not of the parts of space. But that comes to the same as saying
of chess that it is chess; and at best it can’t amount to more than a
description of the game. So what we must do is describe spatial
propositions; but we can’t justify them, as if we had to bring them
into agreement with an independent reality.

In order to confirm the proposition “the visual field is coloured”
one looks round and says “that there is black, and black is a
colour; that is white, and white is a colour”, etc. And one regards
“black is a colour” as like “iron is a metal” (or perhaps better,
“gypsum is a sulphur compound”).

If I make it senseless to say that a part of the visual field has a
colour, then asking for the analysis of a statement assigning the
number of colours in a part of the visual space becomes very like
asking for the analysis of a statement of the number of parts of a
rectangle that I divide up into parts by lines.

Here too I can regard it as senseless to say that the rectangle
“consists of no parts”. Hence, one cannot say that it consists of
one or more parts, or that it has at least one part. Imagine the
special case of a rectangle divided by parallel lines. It doesn’t
matter that this is a very special case, since we don’t regard a game
as less remarkable just because it has only a very limited applica-
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tion. Here I can if I want count the parts in the usual manner, and
then it is meaningless to say there are o parts. But I could also
imagine a way of counting which so to say
o 1 2 regards the first part as a matter of course
and doesn’t count it or counts it as o, and
counts only the parts which are added to
this by division. Again, one could imagine
[ 1 ] @ custom according to which, say, soldiers
° in rank and file were always counted by
giving the number of soldiers in a line over
and above the first soldier (perhaps because we wanted the number
of possible combinations of the fugleman with another soldier
of the rank.). But a custom might also exist of always giving the
number of soldiers as 1 greater than the real one. Perhaps this
happened originally in order to deceive a particular officer about
the real number, and later came into general use as a way of counting
soldiers. (The academic quarter).! The number of different colours
on a surface might also be given by the number of their possible
combinations in pairs and in that case the only numbers that would
count would be numbers of the form (n— 1); it would be as
senseless then to talk of the 2 or 4 colours of a surface as it now is to
talk of the V2 or i colours. I want to say that it is not the case that
the cardinal numbers are essentially primary and what we might
call the combination numbers — 1, 2, 6, 10 etc. — are secondary. We
might construct an arithmetic of the combination numbers and it
would be as self-contained as the arithmetic of the cardinal num-
bers. But equally of course there might be an arithmetic of the
even numbers or of the numbers 1, 3, 4, §, 6, 7. . . Of course the
decimal system is ill-adapted for the writing of these kinds of
number.

Imagine a calculating machine that calculates not with beads
but with colours on a strip of paper. Just as we now use our
fingers, or the beads on an abacus, to count the colours on a strip

1. ‘This is an allusion to the German academic custom of announcing a lecture
fot, say, 11.15 by scheduling it “11.00 c.t.”” (Trs.)
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so then we would use the colours on a strip to count the beads on a
bar or the fingers on our hand. But how would this colour-calcu-
lating machine have to be made in order to work? We would
need a sign for there being no bead on the bar. We must imagine
the abacus as a practical tool and as an instrument in language. Just
as we can now represent a number like 5 by the five fingers of a
hand (imagine a gesture language) so we would then represent it
by a strip with five colours. But I need 2 sign for the o, otherwise
I do not have the necessary multiplicity. Well, I can either stipulate
that a black surface is to denote the o (this is of course arbitrary and
a monochromatic red surface would do just as well): or that any
one-coloured surface is to denote zero, a two-coloured surface 1,
etc. It is immaterial which method of denotation I choose. Here
we see how the multiplicity of the beads is projected onto the
multiplicity of the colours on a surface.

It makes no sense to speak of a black two-sided figure in a white
circle; thisis analogous toits being senseless to say that the rectangle

consists of o parts (no part). Here we have something like a lower
limit of counting before we reach the number one.

I
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Is counting parts in I the same as counting points in IV ? What
makes the difference? We may regard counting the parts in I as
counting rectangles; but in that case one can also say: ““in this row
there is 0 rectangle”; and then one isn’t counting parts. We are
disturbed both by the analogy between counting the points and
counting the parts, and by the breakdown of the analogy.

There is something odd in counting the undivided surface as
“one”; on the other hand we find no difficulty in seeing the surface
after a single division as a picture of 2. Here we would much
prefer to count “o, 2, 3°, etc. And this corresponds to the series
of propositions ‘“‘the rectangle is undivided”, “the rectangle is
divided into 2 parts”, etc.

If it’s a question of different colours, you can imagine a way of
thinking in which you don’t say that here we have two colours,
but that here we have a distinction between colours; a style of
thought which does not see 3 atallin red, green and yellow; which
does indeed recognise as a seties a series like: red; blue, green;
yellow, black, white; etc., but doesn’t connect it with the series
[5 15 ]]; ete., or not in such a way as to correlate | with the term
red.

From the point of view from which it is ‘odd’ to count the
undivided surface as one, it is also natural to count the singly
divided one as two. That is what one does if one regards it as two
rectangles, and that would mean looking at it from the standpoint
from which the undivided one might well be counted as one
rectangle. But if one regards the first rectangle in I as the undivided
surface, then the second appears as a whole with one division (one
distinction) and division here does not necessarily mean dividing
line. What I am paying attention to is the distinctions, and here
there is a series of an increasing number of distinctions. In that
case I will count the rectangles in 1 “o, 1, 2, etc.”

This is all right where the colours on a strip border on each other,
as in the schema | red | green | white |
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Butitisdifferent if thearrangementis | r

orjwiglwirigir] Of course 1 might also correlate
each of these two schemata with the schema

r bl

and correlate schemata like g w with

theschema { w | g | r | bl |, etc. And that way of thinking though

certainly unnatural is perfectly correct.
The most natural thing is to conceive the series of schemata as

A
A B
A B C

A B CD
etc. And here we may denote the first schema by ‘o’, the second by
‘1’, but the third say with ‘3’, if we think of all possible distinc-
tions, and the fourth by ‘6’ Or we may call the third schema ‘2’
(if we are concerned simply with azarrangement) and the fourth ‘3’.

We can describe the way a rectangle is divided by saying: it is
divided into five parts, or: 4 parts have been cut off it, or: its
division-schema is ABCDE, or: you can reach every part by
crossing four boundaries or: the rectangle is divided (i.c. into 2
parts), one part is divided again, and both
parts of zhis part divided, etc. I want to
show that there isn’t only ore method of
describing the way it is divided.
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But perhaps we might refrain altogether from using a number to
denote the distinction and keep solely to the schemata A, AB,
ABC, etc.; or we might describe it like this: 1, 12, 123 etc., or, what
comes to the same, o, o1, o012 etc.

We may very well call these too numerals.

The schemata A, AB, ABCetc,, |, ||, |||, etc.; D , E] .

DB , m , 61C.3 0, 1, 2, 3, €C.; 1, 2, 3, €IC.; 1, 12, 121323, etC,,
etc., are all equally fundamental.

We are surprised that the number-schema by which we count
soldiers in a barracks isn’t supposed also to hold for the parts of a
rectangle. But the schema for the soldiers in the barracks is

(1 ] , -] , Stc,theone for the parts of the rectangle is
?

ERE ]’[ ] ]’ctc. Neither is primary in comparison
2

with the other.

I can compare the series of division-schemata with the series
1, 2, 3, etc. as well as with the series o, 1, 2, 3, etc.

If T count the parts, then there is no o in my number series
because the series

A
A B
A B C

etc. begins with one letter whereas the series D , E] , E] ,

ctc. does not begin with oze dot. On the other hand, I can represent
any fact about the division by this series too, only in that case
“I’m not counting the parts™.

A way of expressing the problem which, though incorrect, is
natural is: why can one say “there are z colours on this surface” but
not “there is one colour on this surface ?”> Or: how must I express
the grammatical rule so that it is obvious and so that I'm not any
longer tempted to talk nonsense ? Where is the false thought, the
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false analogy by which I am misled into misusing language ? How
must I set out the grammar so that this temptation ceases? I
think that setting it out by means of the series

A ]

A B
A B C and D
and so on B
and so on

removes the unclarity.

What matters is whether in order to count I use a number series
that begins with o or one that begins with 1.

It is the same if I am counting the lengths of sticks or the size of
hats.

If T counted with strokes, I might write them thus l , \/ R

\V |é: in order to show that what matters is the distinction
’ ’

between the directions and that a simple stroke corresponds to
o (i.e. is the beginning).

Here incidentally there is a certain difficulty about the numerals
(1), ((1) + 1), etc.: beyond a certain length we cannot distinguish
them any further without counting the strokes, and so without
translating the signs into different ones. “||||{|||1]”” and “||}{| ||| ||”’
cannot be distinguished in the same sense as 10 and 11, and so
they aren’t in the same sense distinct signs. The same thing could
also happen incidentally in the decimal system (think of the
numbers rrrrrrrrrr and 1rrrrtrrzat), and that is not without
significance.

Imagine someone giving us a sum to do in a stroke-notation, say
[T+ L and, while we age calculating, amusing himself
by removing and adding strokes without our noticing. He would
keep on saying: “but the sumisn’t right”’, and we would keep going
through it again, fooled every time. - Indeed, strictly speaking,
we wouldn’t have any concept of a criterion for the correctness of
the calculation.
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Here one might raise questions like: is it only very probable that
464 + 272 = 736? And in that case isn’t 2 + 3 = 5 also only very
probable ? And where is the objective truth which this probability
approaches ? That is, how do we get a concept of 2 + 3’s really
being a certain number, apart from what it seems to us to be ?

For if it were asked: what is the criterion in the stroke-notation
for our having the same numeral in front of us twice ? — the answer
might be: “if it looks the same both times” or “if it contains the
same number of lines both times’’. Or should it be: if a one-one
correlation etc. is possible ?

How can I know that |||{|||||] and ||||||||]] are the same sign?
After all it is not enough that they look a/ike. For having roughly
the same gestalt can’t be what is to constitute the identity of the
signs, but just their being the same in number.

(The problem of the distinction between 1 + 1+ 1+ 1+1+1
+1and 14+ 14+141+1+1+ 141 is much more fundamental
than appears at first sight. It is 2 matter of the distinction between
physical and visual number.)
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19
24+2=¢4

A cardinal number is an internal property of a list. Are num-
bers essentially concerned with concepts? I believe this amounts
to asking whether it makes sense to ascribe a number to objects
that haven’t been brought under a concept. Does it, for example,
make sense to say ‘a, b and c are three objects”? — Admittedly
we have a feeling: why talk about concepts, the number of
course depends only on the extension of the concept, and once
that has been determined the concept may drop out of the picture.
The concept is only a method for determining an extension, but
the extension is autonomous and, in its essence, independent of the
concept; for it’s quite immaterial which concept we have used to
determine the extension. That is the argument for the extensional
viewpoint. The immediate objection to it is: if a concept is really
only an expedient for aiming at an extension, then there is no place
for concepts in arithmetic; in that case we must simply divorce a
class completely from the concept which happens to be associated
with it. But if it isn’t like that, then an extension independent of the
concept is just a chimaera, and in that case it’s better not to speak of
it at all, but only of the concept.

The sign for the extension of a concept is a list. We might say,
as an approximation, that a number is an external property of a
concept and an internal property of its extension (the list of
objects that fall under it). A number is a schema for the extension
of a concept. That is, as Frege said, a statement of number is a
statement about a concept (a predicate). It’s not about the extension
of a concept, i.e. a list that may be something like the extension of a
concept. But 2 number-statement about a concept has a similarity
to a proposition saying that a determinate list is the extension of
the concept. I use such a list when I say “a, b, ¢, d, fall under the
concept F(x)”’: “a, b, ¢, d,” is the list. Of course this proposition
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says the same as Fa.Fb.Fc.Fd; but the use of the list in writing
the proposition shows its relationship to “(3x, y, z, u). Fx.Fy.Fz.
Fu” which we can abbreviate as “(3||||x). F(x).”

What arithmetic is concerned with is the schema ||||. - But
does arithmetic talk about the lines that I draw with pencil on
paper? — Arithmetic doesn’t talk about the lines, it operates with
them.

A statement of number doesn’t always contain a generalization
or indeterminacy: “The line AB is divided into 2 (3, 4, etc.) equal
parts.”

If you want to know what 2 + 2 = 4 means, you have to ask how
we work it out. That means that we consider the process of
calculation as the essential thing; and that’s how we look at the
matter in ordinary life, at least as far as concerns the numbers that
we have to work out. We mustn’t feel ashamed of regarding
numbers and sums in the same way as the everyday arithmetic
of every trader. In everyday life we don’t work out 2+ 2=4 or
any of the rules of the multiplication table; we take them for
granted like axioms and ase zhem to calculate. But of course we
could work out 2 + 2 = 4 and children in fact do so by counting off.
Given the sequence of numbers 1 2 3 4 5 the calculationis 1 2 1 2

1 23 4

Abbreviative Definitions:
(3x). px: ~ (3%, y). ¢x. py. pos .(ex). (PxDef
(3x,y).9x.9y: ~(3X,7,2). pX. ¢y. 9z. — .(eX,y).pX.qy, etc.
Def
(ex). px. = .(el:ez.qax
(ex,y).9x. @y. = .(gf|x). px. D (e2x). X, etc.
P 02

It can be shewn that
(el ). -l [} 4x. ~ (3x). ox.4x. 3 (el |||}2). gxv ¥
a—— et

Ind.
is a tautology.
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Does that prove the arithmetical proposition 2 4+ 3 =5? Of
course not. It does not even show that
(e]|x). px.(e]||x).¢x.Ind.. D .(¢|| + |||X).px v ¢x is tautologous,
because nothing was said in our definitions about a sum (|| + |||).
(I will write the tautology in the abbreviated form “e||.¢]||.>.
e|||}]’.) Suppose the question is, given a left hand side, to find what
number of lines to the right of *“2’” makes the whole a tautology.
We can find the number, we can indeed discover that in the case
above it is || + |||; but we can equally well discover that it is
|+ 11|} of | +1|] + |, for it is all of these. We can also find an
inductive proof that the algebraic expression

en.em.>D.cn+m
is tautologous. Then I have a right to regard a proposition like
€17.€28. D .¢(17 + 28)

as a tautology. But does that give us the equation 17 + 28 = 45 ?
Certainly not. I still have to work it out. In accordance with this
general rule, it also makes sense to write e2.€3. D . &5 as a tautology
if, as it were, I don’t yet know what 2 + 3 yields; for 2 + 3 only has
sense in so far as it has still to be worked out.

Hence the equation || + ||| = ||||| only has a point if the sign
“[1}]]” can be recognised in the same way as the sign “5”, that is,
independently of the equation.

The difference between my point of view and that of contem-
porary writers on the foundations of arithmetic is that I am not
obliged to despise particular calculi like the decimal system. For
me one calculus is as good as another. To look down on a particular
calculus is like wanting to play chess without real pieces, because
playing with pieces is too particularized and not abstract enough.
If the pieces really don’t matter then one lot is just as good as
another. And if the games are really distinct from each other, then
one game is as good, i.e. as interesting, as the other. None of them
is more sublime than any other.
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Which proof of || .¢]||. .¢||||] expresses our knowledge that
this is a correct logical proposition ?

Obviously, one that makes use of the fact that one can treat
(3x) . . . as a logical sum. We may translate from a symbolism like

% | % | (“if there is a star in each square, then there are two

in the whole rectangle”) into the Russellian one. And it isn’t as if
the tautologies in that notation expressed an idea that is confirmed
by the proof after first of all appearing merely plausible; what
appears plausible to us is that this expression is a tautology (2 law
of logic).

The series of propositions
(3x): aRx.xRb
(3x,y):aRx.xRy.yRb
(3x,y,2):aRx.xRy.yRz.zRb, etc.
may perfectly well be expressed as follows:

“There is one term between a and b™.

“There are two terms between a and b”, etc.,
and may be written in some such way as:

(31x).aRxRb, (32x).aRxRb, etc.

But itis clear that in order to understand this expression we need
the explanation above, because otherwise by analogy with
(32x).9x .= .(3x, y).px.9y you might believe that (32x).aRxRb
was equivalent to the expression (3x, y).aRxRb.aRyRb.

Of course I might also write “(32x, y).F(x, y)” instead of
“(3x,y).F(x,y)”. But then the question would be: whatam I to take
“(33x, y).F(x, y)”’ as meaning ? But here a rule can be given; and
indeed we need one that takes us further in the number series as far
as we want to go. E.g.:

(33x,y).F(x, y). = .(3x, y, 2):F(x, y).F(x, ) . F(y, 2)

(34x,y).F(x,y). = .(3x,y,2,u):F(x,y).F(x,2). . . .
followed by the combinations of two elements, and so on. But
we might also give the following definition:

(33x,y).F(x,y). = .(3x,v,2):F(x,y).F(y, x) . F(x, ).

F(z,x).F(y,z).F(x,y), andsoon.
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“(33 x, y).F(x, y)” would perhaps correspond to the propo-
sition in word-language “F(x, y) is satisfied by 3 things’’; and that
proposition too would need an explanation if it was not to be
ambiguous.

Am I now to say that in these different cases the sign *““3” has
different meanings ? Isn’t it rather thatthesign 3’ expresses whatis
common to the different interpretations ? Why else would I have
chosen it ? Certainly, in each of these contexts, the same rules hold
for the sign “‘3”. It is replaceable by 2 + 1 as usual and so on. But
at all events a proposition on the pattern of ¢||.¢||]. > .¢||||| is no
longer a tautology. Two men who live at peace with each other and
three other men who live at peace with each other do not make five
men who live at peace with each other. But that does not mean that
2 + 3 are no longer §; it is just that addition cannot be applied
in that way. For one might say: 2menwho . . . and s menwho . . .,
each of whom lives at peace with each of the first group, = § men
who...

In other words, the signs of the form (31x, y).F(x, y), (32x, y).
F(x, y) etc. have the same multiplicity as the cardinal numbers, like
the signs (31x).9x, (32x).¢x, etc. and also like the signs (e1x). ¢x,
(e2x). px, etc. ’

“There are only 4 red things, but they don’t consist of 2 and 2,
as there is no function under which they fall in pairs”. That would
mean regarding the proposition 2 + z = 4 thus: if you can sce 4
circles on a surface, every two of them always have a particular
property in common; say 2 sign inside the circle. (In that case of
course every three of the circles too will have to have a sign in

common etc.) If I am to make any assump-

tion at all about reality, why not #bat? The
e @ ‘axiom of reducibility’ is essentially the same
kind of thing. In this sense one might say
that 2 and 2 do always make 4, but 4 doesn’t
always consist of 2 and 2. (It is only because
of the utter vagueness and generality of the

axiom of reducibility that we are seduced
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into believing that - if it is a significant sentence at all - it is more
than an arbitrary assumption for which there is no ground. For
this reason, in this and all similar cases, it is very illuminating to
drop this generality, which doesn’t make the matter any more
mathematical, and in its place to make very specific assumptions.)

We feel like saying: 4 does not always have to consist of 2 and 2,
but if it does consist of groups it can consist of 2 and z, or of 3 and
1 etc.; but not of 2 and 1 or 3 and 2, etc. In that way we get-every-
thing prepared in case 4 is actually divisible into groups. But in
that case arithmetic doesn’t have anything to do with the actual
division, but only with the possibility of division. The assertion
might just as well be the assertion that any two of a2 group of 4 dots
on paper are always joined by a line.

Or that around every 2 such groups of 2 dots in the real world
there is always a circle drawn.

Add to this that a statement like “you can see two black circles
in a white rectangle’ doesn’t have the form “(3x, y), etc.”. For, if
I give the circles names, the names refer to the precise location of
the circles and I can’t say of them that they are either in this
rectangle or in the other. I canindeed say “there are 4 circles in both
rectangles taken together” but that doesn’t mean that I can say of
each individual circle that it is in one rectangle or the other. For
in the case supposed the sentence “this circle is in this rectangle” is
senseless.

But what does the proposition “there are 4 circles in the 2
rectangles taken fogether’ mean? How do I establish that? By
adding the numbers in each ? In that case the number of the circles
in the two rectangles means the result of the addition of the two
numbers. - Or is it something like. the result of taking a count
through both rectangles ? Or the number of lines I get if I correlate
a line to a circle no matter whether it is in this rectangle or in the
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other? If “this circle” is individuated by its position, we can say
““every line is correlated either to a circle in this rectangle or to a
circle in the other rectangle” but not “this circle is 