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Preface

Logic appears in a ‘sacred’ and in a ‘profane’ form; the sacred form is domi-
nant in proof theory, the profane form in model theory. The phenomenon is
not unfamiliar, one observes this dichotomy also in other areas, e.g. set the-
ory and recursion theory. Some early catastrophies, such as the discovery of
the set theoretical paradoxes (Cantor, Russell), or the definability paradoxes
(Richard, Berry), make us treat a subject for some time with the utmost
awe and diffidence. Sooner or later, however, people start to treat the mat-
ter in a more free and easy way. Being raised in the ‘sacred’ tradition, my
first encounter with the profane tradition was something like a culture shock.
Hartley Rogers introduced me to a more relaxed world of logic by his ex-
ample of teaching recursion theory to mathematicians as if it were just an
ordinary course in, say, linear algebra or algebraic topology. In the course
of time I have come to accept this viewpoint as the didactically sound one:
before going into esoteric niceties one should develop a certain feeling for the
subject and obtain a reasonable amount of plain working knowledge. For this
reason this introductory text sets out in the profane vein and tends towards
the sacred only at the end.

The present book has developed out of courses given at the mathematics
department of Utrecht University. The experience drawn from these courses
and the reaction of the participants suggested strongly that one should not
practice and teach logic in isolation. As soon as possible examples from ev-
eryday mathematics should be introduced; indeed, first-order logic finds a
rich field of applications in the study of groups, rings, partially ordered sets,
etc.

The role of logic in mathematics and computer science is two-fold — a
tool for applications in both areas, and a technique for laying the foundations.
The latter role will be neglected here, we will concentrate on the daily matters
of formalised (or formalisable) science. Indeed, I have opted for a practical
approach, — I will cover the basics of proof techniques and semantics, and
then go on to topics that are less abstract. Experience has taught us that the
natural deduction technique of Gentzen lends itself best to an introduction,
it is close enough to actual informal reasoning to enable students to devise
proofs by themselves. Hardly any artificial tricks are involved and at the end
there is the pleasing discovery that the system has striking structural prop-
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erties, in particular it perfectly suits the constructive interpretation of logic
and it allows normal forms. The latter topic has been added to this edition
in view of its importance in theoretical computer science. In chapter 3 we
already have enough technical power to obtain some of the traditional and
(even today) surprising model theoretic results.

The book is written for beginners without knowledge of more advanced
topics, no esoteric set theory or recursion theory is required. The basic in-
gredients are natural deduction and semantics, the latter is presented in con-
structive and classical form.

In chapter 5 intuitionistic logic is treated on the basis of natural deduction
without the rule of Reductio ad absurdum, and of Kripke semantics. Intu-
itionistic logic has gradually freed itself from the image of eccentricity and
now it is recognised for its usefulness in e.g., topos theory and type theory,
hence its inclusion in a introductory text is fully justified. The final chap-
ter, on normalisation, has been added for the same reasons; normalisation
plays an important role in certain parts of computer science; traditionally
normalisation (and cut elimination) belong to proof theory, but gradually
applications in other areas have been introduced. In chapter 6 we consider
only weak normalisation, a number of easy applications is given.

Various people have contributed to the shaping of the text at one time
or another; Dana Scott, Jane Bridge and Henk Barendregt have been most
helpful for the preparation of the first edition. Since then many colleagues
and students have spotted mistakes and suggested improvements; this edi-
tion benefitted from the remarks of Eleanor McDonnell, A. Scedrov and Karst
Koymans. To all of these critics and advisers I am grateful.

Progress has dictated that the traditional typewriter should be replaced
by more modern devices; this book has been redone in INTgXby Addie Dekker
and my wife Doke. Addie led the way with the first three sections of chapter
one and Doke finished the rest of the manuscript; I am indebted to both
of them, especially to Doke who found time and courage to master the se-
crets of the [ATXtrade. Thanks go to Leen Kievit for putting together the
derivations and for adding the finer touches required for a IATgXmanuscript.

Paul Taylor’s macro for proof trees has been used for the natural deduction
derivations.

De Meern, June 1994 Dirk van Dalen
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0. Introduction

Without adopting one of the various views advocated in the foundations of
mathematics, we may agree that mathematicians need and use a language,
if only for the communication of their results and their problems. While
mathematicians have been claiming the greatest possible exactness for their
methods, they have been less be sensitive as to their means of communication.
It is well known that Leibniz proposed to put the practice of mathematical
communication and mathematical reasoning on a firm base; it was, however,
not before the nineteenth century that those enterprises were (more) suc-
cessfully undertaken by G. Frege and G. Peano. No matter how ingeniously
and rigorously Frege, Russell, Hilbert, Bernays and others developed math-
ematical logic, it was only in the second half of this century that logic and
its language showed any features of interest to the general mathematician.
The sophisticated results of Godel were of course immediately appreciated,
but they remained for a long time technical highlights without practical use .
Even Tarski’s result on the decidability of elementary algebra and geometry
had to bide its time before any applications turned up.

Nowadays the application of logic to algebra, analysis, topology, etc. are
numerous and well-recognised. It seems strange that quite a number of simple
facts, within the grasp of any student, were overlooked for such a long time.
It is not possible to give proper credit to all those who opened up this new
territory, any list would inevitably show the preferences of the author, and
neglect some fields and persons.

Let us note that mathematics has a fairly regular, canonical way of formu-
lating its material, partly by its nature, partly under the influence of strong
schools, like the one of Bourbaki. Furthermore the crisis at the beginning of
this century has forced mathematicians to pay attention to the finer details
of their language and to their assumptions concerning the nature and the
extent of the mathematical universe. This attention started to pay off when
it was discovered that there was in some cases a close connection between
classes of mathematical structures and their syntactical description. Here is
an example:

It is well known that a subset of a group G which is closed under multi-
plication and inverse, is a group; however, a subset of an algebraically closed
field F* which is closed under sum, product, minus and inverse, is in general
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not an algebraically closed field. This phenomenon is an instance of some-
thing quite general: an axiomatizable class of structures is axiomatised by a
set of universal sentences (of the form Viri,...,znp, with ¢ quantifier free)
iff it is closed under substructures. If we check the axioms of group theory
we see that indeed all axioms are universal, while not all the axioms of the
theory of algebraically closed fields are universal. The latter fact could of
course be accidental, it could be the case that we were not clever enough to
discover a universal axiomatization of the class of algebraically closed fields.
The above theorem of Tarski and Los tells us, however, that it is impossible
to find such an axiomatization!

The point of interest is that for some properties of a class of structures
we have simple syntactic criteria. We can, so to speak, read the behaviour
of the real mathematical world (in some simple cases) off from its syntactic
description.

There are numerous examples of the same kind, e.g. Lyndon’s Theorem:
an axiomatisable class of structures is closed under homomorphisms iff it can
be axiomatised by a set of positive sentences (i.e. sentences which, in prenex
normal form with the open part in disjunctive normal form, do not contain
negations).

The most basic and at the same time monumental example of such a
connection between syntactical notions and the mathematical universe is of
course Gédel’s completeness theorem, which tells us that provability in the
familiar formal systems is extensionally identical with truth in all structures.
That is to say, although provability and truth are totally different notions,
(the first is combinatorial in nature, the latter set theoretical), they determine
the same class of sentences: ¢ is provable iff ¢ is true in all structures.

Given the fact that the study of logic involves a great deal of syntactical
toil, we will set out by presenting an efficient machinery for dealing with
syntax. We use the technique of inductive definitions and as a consequence
we are rather inclined to see trees wherever possible, in particular we prefer
natural deduction in the tree form to the linear versions that are here and
there in use.

One of the amazing phenomena in the development of the foundations
of mathematics is the discovery that the language of mathematics itself can
be studied by mathematical means. This is far from a futile play: Godel’s
incompleteness theorems, for instance, lean heavily on a mathematical anal-
ysis of the language of arithmetic, and the work of Gédel and Cohen in the
field of the independence proofs in set theory requires a thorough knowledge
of the mathematics of mathematical language. These topics are not with in
the scope of the present book, so we can confine ourselves to the simpler
parts of the syntax. Nonetheless we will aim at a thorough treatment, in the
hope that the reader will realise that all these things which he suspects to be
trivial, but cannot see why, are perfectly amenable to proof. It may help the
reader to think of himself as a computer with great mechanical capabilities,
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but with no creative insight, in those cases where he is puzzled because ‘why
should we prove something so utterly evident’! On the other hand the reader
should keep in mind that he is not a computer and that, certainly when he
gets to chapter 3, certain details should be recognised as trivial.

For the actual practice of mathematics predicate logic is doubtlessly the
perfect tool, since it allows us to handle individuals. All the same we start
this book with an exposition of propositional logic. There are various reasons
for this choice.

In the first place propositional logic offers in miniature the problems that
we meet in predicate logic, but there the additional difficulties obscure some
of the relevant features e.g. the completeness theorem for propositional logic
already uses the concept of ‘maximal consistent set’, but without the com-
plications of the Henkin axioms.

In the second place there are a number of truly propositional matters that
would be difficult to treat in a chapter on predicate logic without creating a
impression of discontinuity that borders on chaos. Finally it seems a matter
of sound pedagogy to let propositional logic precede predicate logic. The
beginner can in a simple context get used to the proof theoretical, algebraic
and model theoretic skills that would be overbearing in a first encounter with
predicate logic.

All that has been said about the role of logic in mathematics can be re-
peated for computer science; the importance of syntactical aspects is even
more pronounced than in mathematics, but it does not stop there. The lit-
erature of theoretical computer science abounds with logical systems, com-
pleteness proofs and the like. In the context of type theory (typed lambda
calculus) intuitionistic logic has gained an important role, whereas the tech-
nique of normalisation has become a staple diet for computer scientists.



1. Propositional Logic

1.1 Propositions and Connectives

Traditionally, logic is said to be the art (or study) of reasoning; so in order
to describe logic in this tradition, we have to know what ‘reasoning’ is. Ac-
cording to some traditional views reasoning consists of the building of chains
of linguistic entities by means of a certain relation ‘... follows from ...’, a
view which is good enough for our present purpose. The linguistic entities
occurring in this kind of reasoning are taken to be sentences, i.e. entities
that express a complete thought, or state of affairs. We call those sentences
declarative. This means that, from the point of view of natural language our
class of acceptable linguistic objects is rather restricted.

Fortunately this class is wide enough when viewed from the mathemati-
cian’s point of view. So far logic has been able to get along pretty well under
this restriction. True, one cannot deal with questions, or imperative state-
ments, but the role of these entities is negligible in pure mathematics. I must
make an exception for performative statements, which play an important role
in programming; think of instructions as ‘goto, if ... then, else ...’, etc. For
reasons given below, we will, however, leave them out of consideration.

The sentences we have in mind are of the kind ‘27 is a square number’,
‘every positive integer is the sum of four squares’, ‘there is only one empty
set’. A common feature of all those declarative sentences is the possibility
of assigning them a truth value, true or false. We do not require the ac-
tual determination of the truth value in concrete cases, such as for instance
Goldbach’s conjecture or Riemann’s hypothesis. It suffices that we can ‘in
principle’ assign a truth value.

Our so-called two-valued logic is based on the assumption that every sen-
tence is either true or false, it is the cornerstone of the practice of truth
tables.

Some sentences are minimal in the sense that there is no proper part
which is also a sentence. e.g. 5 € {0,1,2,5,7}, or 2+ 2 = 5; others can be
taken apart into smaller parts, e.g. ‘c is rational or c is irrational’ (where c is
some constant). Conversely, we can build larger sentences from smaller ones
by using connectives. We know many connectives in natural language; the
following list is by no means meant to be exhaustive: and, or, not, if ... then
..., but, since, as, for, although, neither ... nor ... . In ordinary discourse, and



6 1. Propositional Logic

also in informal mathematics, one uses these connectives incessantly; how-
ever, in formal mathematics we will economise somewhat on the connectives
we admit. This is mainly for reason of exactness. Compare, for example, the
following two sentences: “r is irrational, but it is not algebraic”, “Max is a
Marxist, but he is not humourless”. In the second statement we may dis-
cover a suggestion of some contrast, as if we should be surprised that Max
is not humourless. In the first case such a surprise cannot be so easily imag-
ined (unless, e.g. one has just read that almost all irrationals are algebraic);
without changing the meaning one can transform this statement into “r is
irrational and 7 is not algebraic”. So why use (in a formal text) a formulation
that carries vague, emotional undertones? For these and other reasons (e.g.
of economy) we stick in logic to a limited number of connectives, in partic-
ular those that have shown themselves to be useful in the daily routine of
formulating and proving.

Note, however, that even here ambiguities loom. Each of the connectives
has already one or more meanings in natural language. We will give some
examples:

1. John drove on and hit a pedestrian.

. John hit a pedestrian and drove on.

. If T open the window then we’ll have fresh air.
. If I open the window then 1 + 3 = 4. '
.If 1 + 2 = 4, then we’ll have fresh air.

. John is working or he is at home.

7. Euclid was a Greek or a mathematician.

O GV N

From 1 and 2 we conclude that ‘and’ may have an ordering function in time.
Not so in mathematics; “x is irrational and 5 is positive” simply means that
both parts are the case. Time just does not play a role in formal mathematics.
We could not very well say “mr was neither algebraic nor transcendent before
1882". What we would want to say is “before 1882 it was unknown whether
7w was algebraic or transcendent”.

In the examples 3-5 we consider the implication. Example 3 will be gen-
erally accepted, it displays a feature that we have come to accept as inherent
to implication: there is a relation between the premise and conclusion. This
feature is lacking in the examples 4 and 5. Nonetheless we will allow cases
such as 4 and 5 in mathematics. There are various reasons to do so. One is the
consideration that meaning should be left out of syntactical considerations.
Otherwise syntax would become unwieldy and we would run into an esoteric
practice of exceptional cases. This general implication, in use in mathemat-
ics, is called material implication. Some other implications have been studied
under the names of strict implication, relevant implication, etc.

Finally 6 and 7 demonstrate the use of ‘or’. We tend to accept 6 and to
reject 7. One mostly thinks of ‘or’ as something exclusive. In 6 we more or
less expect John not to work at home, while 7 is unusual in the sense that we
as a rule do not use ‘or’ when we could actually use ‘and’. Also, we normally
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hesitate to use a disjunction if we already know which of the two parts is the
case, e.g. “32 is a prime or 32 is not a prime” will be considered artificial (to
say the least) by most of us, since we already know that 32 is not a prime. Yet
mathematics freely uses such superfluous disjunctions, for example “2 > 27
(which stands for “2 > 2 or 2 =27).

In order to provide mathematics with a precise language we will create an
artificial, formal language, which will lend itself to mathematical treatment.
First we will define a language for propositional logic, i.e. the logic which
deals only with propositions (sentences, statements). Later we will extend
our treatment to a logic which also takes properties of individuals into ac-
count.

The process of formalisation of propositional logic consists of two stages:
(1) present a formal language, (2) specify a procedure for obtaining valid or
true propositions.

We will first describe the language, using the technique of inductive def-
initions. The procedure is quite simple: First give the smallest propositions,
which are not decomposable into smaller propositions; nezt describe how
composite propositions are constructed out of already given propositions.

Definition 1.1.1. The language of propositional logic has an alphabet con-
sisting of

(i)  proposition symbols : po, p1, P2, .-,

(ii) connectives: A, V, —, =, e, L,

(ili) auwiliary symbols : (, ).

The connectives carry traditional names:

A - and - conjunction

vV - or - disjunction

— - 4f.., then.. - implication

- - not - negation

= - aff - equivalence, bi-implication
1 - falsity - falsum, absurdum

The proposition symbols and 1 stand for the indecomposable proposi-
tions, which we call atoms, or atomic propositions.

Definition 1.1.2. The set PROP of propositions is the smallest set X with
the properties

(i) pieX(ieN), Le X,

(1)) pypeX= (pAY), (pVY), (p—o 1Y), (o) eX,

(1) o€ X = () € X.

The clauses describe exactly the possible ways of building propositions. In
order to simplify clause (ii) we write p,9¥ € X = (¢ Oy) € X, where O is
one of the connectives A, V, —, «.
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A warning to the reader is in order here. We have used Greek letters ¢, 9
in the definition; are they propositions? Clearly we did not intend them to be
so, as we want only those strings of symbols obtained by combining symbols
of the alphabet in a correct way. Evidently no Greek letters come in at all!
The explanation is that ¢ and 1 are used as variables for propositions. Since
we want to study logic, we must use a language to discuss it in. As a rule
this language is plain, everyday English. We call the language used to discuss
logic our meta-language and ¢ and i are meta-variables for propositions. We
could do without meta-variables by handling (ii) and (iil) verbally: if two
propositions are given, then a new proposition is obtained by placing the
connective A between them and by adding brackets in front and at the end,
etc. This verbal version should suffice to convince the reader of the advantage
of the mathematical machinery.

Note that we have added a rather unusual connective, 1. Unusual, in
the sense that it does not connect anything. Logical constant would be a
better name. For uniformity we stick to our present usage. L is added for
convenience, one could very well do without it, but it has certain advantages.
One may note that there is something lacking, namely a symbol for the true
proposition; we will indeed add another symbol, T, as an abbreviation for
the ”true” proposition.

Ezamples.

(p7 — po), ((L Vps2) A(-p2)) € PROP.
p1 < p7, L, ((—= A¢gPROP

It is easy to show that something belongs to PROP (just carry out the
construction according to 1.1.2); it is somewhat harder to show that some-
thing does not belong to PROP. We will do one example:

—~— 1¢ PROP.

Suppose —— L€ X and X satisfies (i), (ii), (iii) of Definition 1.1.2. We
claim that Y = X — {—- L} also satisfies (i), (ii) and (iii). Since L,p; € X,
also L,p; € Y. If p,¢ € Y, then ¢, ¥ € X. Since X satisfies (ii) (¢ O9) € X.
From the form of the expressions it is clear that (¢ ) # —— L (look at
the brackets), so (pOy) € X — {=— L} =Y. Likewise one shows that Y’
satisfies (iii). Hence X is not the smallest set satisfying (i), (ii) and (iii), so
== 1 cannot belong to PROP.

Properties of propositions are established by an inductive procedure anal-
ogous to definition 1.1.2: first deal with the atoms, and then go from the parts
to the composite propositions. This is made precise in
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Theorem 1.1.3 (Induction Principle). Let A be a property, then A(p)
holds for all ¢ € PROP if

(i)  A(pi), for alli,and A(L),

(i) Alp), A(p) = A((p O ¥)),

(i)  A(p) = A((=p))-

Proof. Let X = {¢ € PROP | A(¢)}, then X satisfies (1), (ii) and (iii) of
definition 1.1.2. So PROP C X, i.e. for all ¢ € PROP A(p) holds. O

We call an application of theorem 1.1.3 a proof by induction on . The
reader will note an obvious similarity between the above theorem and the
principle of complete induction in arithmetic.

The above procedure for obtaining all propositions, and for proving
properties of propositions is elegant and perspicuous; there is another ap-
proach, however, which has its own advantages (in particular for coding):
consider propositions as the result of a linear step-by-step construction. E.g.
((=po) —L) is constructed by assembling it from its basic parts by using
previously constructed parts: po... L ...(—po)...((—po) —L). This is for-
malised as follows:

Definition 1.1.4. (a) A sequence yy, ..., ¥y is called a formation sequence
of pif o, = p and for all 1 <n ¢, is atomic, or
©; = (@; O gy) for certain j,k <1, or
@; = (—yp;) for certain j <.
(b) ¢ is a subformula(cf. Exercise 7 ) of ¢ if ¢ =1, or
¥ = (1 Os) and ¢ is a subformula of ¥; or of 1, or
¥ = (—1) and ¢ is a subformula of ;.

Observe that in this definition we are considering strings ¢ of symbols
from the given alphabet; this mildly abuses our notational convention.
Egamples. (a) L,p2,p3,(L Vp2),(=(L Vp2)),(—ps) and ps,(—p3) are both
formation sequences of (—p3). Note that formation sequences may contain
‘garbage’.

(b) p2 is a subformula of ((p7 V (=p2)) — p1). (p1 —1) is a subformula of
(((p2 V (p1 A o)) < (p1 — 1))

We now give some trivial examples of proof by induction. In practice we

actually only verify the clauses of the proof by induction and leave the con-
clusion to the reader.

1. Each proposition has an even number of brackets.

Proof. (i) Each atom has 0 brackets and 0 is even.

(ii) Suppose ¢ and v have 2n, resp. 2m brackets, then (¢ O ) has
2(n 4 m + 1) brackets.
(iii) Suppose ¢ has 2n brackets, then (=) has 2(n + 1) brackets. a
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2. Fach proposition has a formation sequence.

Proof. (i) If ¢ is an atom, then the sequence consisting of just ¢ is a formation
sequence of .

(ii) Let @o,...,pn and ¥yp,...,¥m be formation sequences of ¢ and ),
then one easily sees that ¢o,...,¢n, Y0,.-.,%m, (on Ovy,) is a formation
sequence of (¢ O ).

(iii) Left to the reader. O

We can improve on 2:

Theorem 1.1.5. PROP is the set of all expressions having formation se-
quences.

Proof. Let F be the set of all expressions (i.e. strings of symbols) having
formation sequences. We have shown above that PROP C F.

Let ¢ have a formation sequence @y, ...,¢n, we show ¢ € PROP by
induction on n.

n =0 : ¢ = o and by definition ¢ is atomic, so ¢ € PROP.

Suppose that all expressions with formation sequences of length m < n
are in PROP. By definition ¢, = (p; [y;) for i,j < n, or ¢, = (—¢;) for
i < m, or ¢y, is atomic. In the first case ¢; and ¢; have formation sequences
of length ¢,7 < n, so by induction hypothesis ¢;,¢; € PROP. As PROP
satisfies the clauses of definition 1.1.2, also (¢;0¢;) € PROP. Treat negation
likewise. The atomic case is trivial. Conclusion F C PROP. O

Theorem 1.1.5 is in a sense a justification of the definition of formation
sequence. It also enables us to establish properties of propositions by ordinary
induction on the length of formation sequences.

In arithmetic one often defines functions by recursion, e.g. exponentiation
is defined by 2% = 1 and z¥*! = 2¥ - z, or the factorial function by 0! = 1
and (z+ 1)l =z!- (x + 1).
The jusitification is rather immediate: each value is obtained by using the
preceding values (for positive arguments). There is an analogous principle in
our syntax.

Ezample. The number b(¢), of brackets of ¢, can be defined as follows:

b(p) = 0 for ¢ atomic,
b((¢O9)) = blp) +byY)+2,
b((—p)) = b(y) + 2.

The value of b() can be computed by successively computing b(v) for its
subformulae .

1.1 Propositions and Connectives 11
We now formulate the general principle of

Theorem 1.1.6 (Definition by Recursion). Let mappings Hp : A% 5 A
and H- : A — A be given and let Hy: be a mapping from the set of atoms
into A, then there exists exactly one mapping F : PROP — A such that

F(p) = Hqy(p) for ¢ atomic,
F((¢Ov)) = Ha(F(e), F(¥)),
F((~¢)) = H-(F(¢)).

In concrete applications it is usually rather easily seen to be a correct princi-
ple. However, in general one has to prove the existence of a unique function
satisfying the above equations. The proof is left as an exercise, cf. Exercise

12.
We give some examples of definition by recursion:

1. The (parsing) tree of a proposition ¢ is defined by

T(p) = oY for atomic ¢
T((pO¥)) = wa
T(p) T(¥)
T((~¢) = I (=)
T(p)

Ezamples. T((p1 — (L V(=p3))); T(~(=(p1 A (-p1))))

(pr = (L V (=p3))) (=(=(pr A (=p1))))

(L V (-p3)) (=(p1 A (=p1)))
D1
(=p3) (P A (—p1))
1
(—p1)
Ps3 Y41

2!

A simpler way to exhibit the trees consists of listing the atoms at the
bottom, and indicating the connectives at the nodes.
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Ps3 4!

2. The rank r(p) of a proposition ¢ is defined by

() = 0 for atomic ¢,
r((¢0v)) =max(r(e),r(¥)) +1,
r((~¢))  =r(p)+1L

In order to simplify our notation we will economise on brackets. We will
always discard the outermost brackets and we will discard brackets in the
case of negations. Furthermore we will use the convention that A and V bind
more strongly than — and « (cf. - and + in arithmetic), and that — binds
more strongly than the other connectives. '

Ezamples. —¢V stands for  ((—¢) V @),
—(==mpA 1) stands for (=((=(=(=¢)))A 1)),
VY - stands for  ((¢p V) — ©),

p— V(- x) standsfor (¢ — (¢ V(¥ — X))
Warning. Note that those abbreviations are, properly speaking, not propo-
sitions.

In the proposition (p; — p1) only one atom is used to define it, it is how-
ever used twice and it occurs at two places. For some purpose it is convenient
to distinguish between formulas and formula occurrences. Now the definition
of subformula does not tell us what an occurrence of ¢ in 1 is, we have to add
some information. One way to indicate an occurrence of ¢ is to give its place
in the tree of ¥, e.g. an occurrence of a formula in a given formula % is a pair
(¢, k), where k is a node in the tree of 1. One might even code & as a sequence
of 0’s and 1’s, where we associate to each node the following sequence: ()
(the empty sequence) to the top node, (so, ..., Sp-1,0) to the left immediate
descendant of the node with sequence (so,...,Sn—1) and {sg,...,8,-1,1) to
the second immediate descendant of it (if there is one). We will not be overly
formal in handling occurrences of formulas (or symbols, for that matter), but
it is important that it can be done.

1.1 Propositions and Connectives 13

Exercises

. Give formation sequences of

(=p2 — (p3V (p1 < p2))) A —p3,
(pr =~ L) « ((pa A =p2) — p1)s
(((pr — p2) — p1) — p2) — P1.

. Show that ((—¢ PROP.

. Let ¢ be a subformula of 4. Show that ¢ occurs in each formation se-

quence of .

. If ¢ occurs in a shortest formation sequence of 9 then ¢ is a subformula

of .

. Let 7 be the rank function.

(a) Show that r(¢) <number of occurrences of connectives of ©,
(b) Give examples of ¢ such that < or = holds in (a),
(c) Find the rank of the propositions in exercise 1.

. (a) Determine the trees of the propositions in exercise 1 ,

(b) Determine the propositions with the following trees.
—

—_

y4! I4!

- Recast definition 1.1.4(b) in the form of a definition by recursion of the

function sub : PROP — P(PROP) which assigns to each proposition ¢
the set sub(y) of its subformulas.

- Let #(T'()) be the number of nodes of T'(). By the “number of con-

nectives in ¢” we mean the number of occurrences of connectives in .
(In general #(A) stands for the number of elements of a (finite) set A) .

(a) If ¢ does not contain 1, show: number of connectives of ¢+ number
of atoms of ¢ < #(T'(¢)).
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(b) #(sub(p)) < #(T(¢))-

(c) A branch of a tree is a maximal linearly ordered set.
The length of a branch is the number of its nodes minus one. Show
that 7(y) is the length of a longest branch in T'(y).

(d) Let ¢ not contain L. Show: the number of connectives in ¢ + the
number of atoms of p < 27(@)+1 _ 1

9. Show that a proposition with n connectives has at most 2n + 1 subfor-
mulas.

10. Show that the relation “is a subformula of” is transitive.

11. Show that for PROP we have a unique decomposition theorem: for each
non-atomic proposition ¢ either there are two propostions ¢ and % such
that ¢ = @[, or there is a proposition ¢ such that o = —.

12. (a) Give an inductive definition of the function F, defined by recursion
on PROP from the functions H,¢, Ho, H-, as a set F™* of pairs.
(b) Formulate and prove for F* the induction principle.
(¢) Prove that F* is indeed a function on PROP.
(d) Prove that it is the unique function on PROP satisfying the recur-
sion equations.

1.2 Semantics

The task of interpreting propositional logic is simplified by the fact that the
entities considered have a simple structure. The propositions are built up
from rough blocks by adding connectives.

The simplest parts (atoms) are of the form “grass is green”, “Mary likes
Goethe”,“6 — 3 = 2”7, which are simply true or false. We extend this assign-
ment of truth values to composite propositions, by reflection on the meaning
of the logical connectives.

Let us agree to use 1 and 0 instead of ‘true’ and ‘false’. The problem we
are faced with is how to interprete ¢ 04, -y, given the truth values of ¢
and .

We will illustrate the solution by considering the in-out-table for Messrs.
Smith and Jones.

Conjunction. A visitor who wants to see both Smith and Jones wants the
table to be in the position shown here, i.e.
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in | out iy . C . )
Smith | x “Smith is in” A“Jones is in” is true iff
ml . . . . . . .
“Smith is in” is true and “Jones is in” is true.
Jones | X

We write v(p) = 1 (resp. 0) for “p is true” (resp. false). Then the above
consideration can be stated as v(pAY) = 1 iff v(p) = v(¥) =1, or v{pAY) =
min(v(p), v(¥))-

One can also write it in the form of a truth table:

AlO]1
0j]0]O0
1 (0(1

One reads the truth table as follows: the first argument is taken from the
leftmost column and the second argument is taken from the top row.

Disjunction. If a visitor wants to see one of the partners, no matter which
one, he wants the table to be in one of the positions

in | out in | out in | out
Smith | x Smith X Smith | x
Jones X Jones | X Jones | x

In the last case he can make a choice, but that is no problem, he wants
to see at least one of the gentlemen, no matter which one.
In our notation, the interpretation of V is given by

vieVvy)=1 iff v(p)=1 or wv(y)=1
Shorter: v(i V ) = max(v(), v(¥)).

V1|0
In truth table form: [0 | 0
111

Negation. The visitor who is solely interested in our Smith will state that
“Smith is not in” if the table is in the position:

in | out
Smith X

So “Smith is not in” is true if “Smith is in” is false. We write this as
V(=) = 1iff v(p) = 0, or v(—p) =1 — v(p).
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)
—

In truth table form:

Implication. Our legendary visitor has been informed that “Jones is in if
Smith is in”. Now he can at least predict the following positions of the table

in | out in | out
Smith | x Smith X
Jones | x Jones X
in | out
If the table is in the position Smith | x
Jones X

then he knows that the information was false.

in | out
The remaining case, Smith x i+ cannot be dealt with in
Jones | X

such a simple way. There evidently is no reason to consider the information
false, rather ‘not very helpful’, or ‘irrelevant’. However, we have committed
ourselves to the position that each statement is true or false, so we decide to
call “If Smith is in, then Jones is in” true also in this particular case. The
reader should realise that we have made a deliberate choice here; a choice that
will prove a happy one in view of the elegance of the system that results. There
is no compelling reason, however, to stick to the notion of implication that
we just introduced. Various other notions have been studied in the literature,
for mathematical purpose our notion (also called ‘material implication’) is
however perfectly suitable.

Note that there is just one case in which an implication is false (see

the truth table below), one should keep this observation in mind for future
application — it helps to cut down calculations.

In our notation the interpretation of implication is given by v{¢ — ¥) =0
iff v(v) =1 and v(¢) =0.

— [0[1
Its truth table is: 0 11
1 01

Equivalence. If our visitor knows that “Smith is in if and only if Jones is in”,
then he knows that they are either both in, or both out. Hence v(p < 9) =1
iff v(p) = v(¥).

101
The truth table of < is: 0 1
1 0|1
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Falsum. An absurdity, such as “0 # 0”, “some odd numbers are even”, “I
am not myself’, cannot be true. So we put v(L) = 0.

Strictly speaking we should add one more truth table, i.e. the table for
T, the opposite of falsum.

Verum. 'This symbol stands for manifestly true propostion such as 1 = 1;
we put v(T) =1 for all v.

We collect the foregoing in

Definition 1.2.1. A mapping v: PROP — {0,1} is a valuation if
v(pAY) = min(v(e),v(¥)),

v(pVy) = max(v(p),v(¥)),

vie—v) = 0 & v(p)=1landv(y)=0,
vpey) = 1 & v(e)=v(),

v(—¢p) = 1-v(p)

v(Ll) = 0

If a valuation is only given for atoms then it is, by virtue of the definition
by recursion, possible to extend it to all propositions, hence we get:

Theorem 1.2.2. If v is a mapping from the atoms into {0,1}, satisfying
v(L) = 0, then there ezists a unique valuation [-],, such that [p], = v(y) for
atomic .

It 'has become common practice to denote valuations as defined above
by [¢], so will adopt this notation. Since [-] is completely determined by
its values on the atoms, [] is often denoted by [¢],. Whenever there is no
confusion we will delete the index v.

Theorem 1.2.2 tells us that each of the mappings v and [-], determines
the other one uniquely, therefore we call v also a valuation (or an atomic
valuation, if necessary). From this theorem it appears that there are many
valuations (cf. Exercise 4).

It is also obvious that the value [¢], of ¢ under v only depends on the
values of v on its atomic subformulae:

Lemma 1.2.3. Ifu(p;) = v/(p;) for all p; occurring in ¢, then [¢]y, = [¢]w -
Proof. An easy induction on ¢. O

An important subset of PROP is that of all propositions ¢ which are
always true, i.e. true under all valuations.
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Definition 1.2.4. (i) ¢ is a tautology if [¢], = 1 for all valuations v,

(ii) k= ¢ stands for ‘p is a tautology’,

(iii) Let I" be a set of propositions, then I' |= ¢ iff for all v: ([¢], = 1 for all
vel)=[¢ls =1

In words: I |= o holds iff ¢ is true under all valuations that make all ¢ in
I" true. We say that ¢ is semantical consequence of I". We write I' } ¢ if
I' &= ¢ is not the case.

Convention. ©1,...,¢n =9 stands for {¢1,...,0,} E ¢.
Note that “[¢], = 1 for all v” is another way of saying “[¢] = 1 for all
valuations”.

Ezamples. () Ee— @ Ep o9 EeVy oV,
i) g, o EoAYy; wp—=YEY o=, Y E e
One often has to substitute propositions for subformulae; it turns out to
be sufficient to define substitution for atoms only.
We write ¢[1/p;] for the proposition obtained by replacing all occurrences
of p; in ¢ by 9. As a matter of fact, substitution of ¢ for p; defines a mapping
of PROP into PROP, which can be given by recursion (on ).

Definition 1.2.5. ¢[¥/pi) = ¢ if ¢ atomic and ¢ # p;

Yif op=p;
(pr O@)b/pil = ealY/pi] O w2(t/ i)
(=¢)[¥/pi] = —p[/pi).

The following theorem spells out the basic property of the substitution of
equivalent propositions.

Theorem 1.2.6 (Substitution Theorem). If = 1 < @2, then
= ¥le1/p] « Ylp2/p|, where p is an atom and distinct from L.

The substitution theorem is actually a consequence of a slightly stronger

Lemma 1.2.7. [¢1 < ¢2]v < [¥[p1/p] < ¥lp2/p]]y and
= (p1 © w2) = (Ylo1/p] < Ylp2/p])

Proof. Induction on . We only have to consider [p1 < ¢2], =1 (why?).

— 9 atomic. If ¢ = p, then ¢¥[p;/p] = ¢; and the result follows immediately.
If ¢ # p, then Y[pi/p] = ¢, and [Y[p1/p] & Y[p2/p]]l. = [¥ < ¢]v = 1.

—~ % = 91 O . Induction hypothesis: [1;[p1/p]]s = [¢i[p2/pl]v. Now the
value of [(¢10v2){pi/pllv = [¥1]w:/p|O%2(pi/p]], is uniquely determined
by its parts [v;{p;/p], hence [(11 O ¥2)w1/p|], = [(¥1 O ¥2)[w2/pllv.

— 1 = ). Left to the reader.
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The proof of the second part essentially uses the fact that = ¢ — ¢ iff
[¢lo < [4]v for all v(cf. Exercise 6). O

The proof of the substitution theorem now immediately follows . O

The substitution theorem says in plain english that parts may be replaced
by equivalent parts.

There are various techniques for testing tautologies. One such (rather
slow) technique uses truth tables. We give one example:

(p =) & (¢ — )
o Y e W =Y WP oop (o) e (P = p)
0 0 1 1 1 1 1
o1 1 o0 1 1 1
10 0 1 0 0 1
11 0 0 1 1 1

The last column consists of 1’s only. Since, by lemma 1.2.3 only the values
of ¢ and 9 are relevant, we had to check 2? cases. If there are n (atomic)
parts we need 2" lines.

One can compress the above table a bit, by writing it in the following

form:
(p = ) & (% — -9
0 1 O 1 1 1 1
0o 1 1 1 0 1 1
1 0 O 1 1 0 0
1 1 1 1 0 1 0

Let us make one more remark about the role of the two 0-ary connectives,
1 and T. Clearly, b T «_L—1, so we can define T from L. On the other
hand, we cannot define L from T and —; we note that from T we can never
get anything but a proposition equivalent to T by using A, V, —, but from L
we can generate | and T by means of applying A, V, —.

Exercises

1. Check by the truth table method which of the following propositions are
tautologies
(a) (e V) & (¥ — )
(b) ¢ = (¥ = 0) = (¢ — ¥) = (¢ — 9)))
(c) (p = —p) & —p
(d) =(v — —p)
(€ (p— (¥ =) = (e AY) = 0)
(f) ¢ V —¢ (principle of the excluded third)
(8) L (9 Ap)
(h) L— ¢ (ex falso sequitur quodlibet)
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2. Show (a) ¢ k&=
(b) ¢Evandy Eo =9k o;
() Fe—v=>pEy.

3. Determine p[—po — p3/po] for ¢ = p1 Apy — (po — p3);
¢ = (p3 < po) V (p2 — —po)-

4. Show that there are 2% valuations.

5. Show [ A Yy = [¢]v - [¥]vs
e Vol = [elo + [¥]o = [0l - [¥]0,
[[90 - 7wzj]]v =1- ‘I‘pﬂv + [[90 : W]]v,
H‘p o w]]v =1- '[I‘p]]v - [[w]]vl

6. Show [y = 9¥]u =1 & [p]s < [¥]..

1.3 Some Properties of Propositional Logic

On the basis of the previous sections we can already prove a lot of theorems
about propositional logic. One of the earliest discoveries in modern proposi-
tional logic was its similarity with algebras.
Following Boole, an extensive study of the algebraic properties was made
by a number of logicians. The purely algebraic aspects have since then been
studied in the so-called Boolean Algebra.

We will just mention a few of those algebraic laws.

Theorem 1.3.1. The following propositions are tautologies

(pV)Voo oV (Vo) (pAY)Ao— pA(YAo)
associativity
PVY o yYpVe oAy e PAp
commutativity
eV Ao) o (pVY)A(pVa) @AY Vo)e (pAY)V(pAa)
distributivity
(V) o oAy S(pAY) o oV
De Morgan’s laws
PV PAp e

idempotency

double negation law
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Proof. Check the truth tables or do a little computation. E.g. De Morgan’s
law: [~V =1leevi]l=0&[p=]=0&[v]=[¢]=1s
[~ A—¥]=1.

So [~(¢ V ¥)] = [~¢ A—y] for all valuations, i.e | =(p V) & —p A 9.
The remaining tautologies are left to the reader. a

In order to apply the previous theorem in “logical calculations” we need
a few more equivalences. This is demonstrated in the simple equivalence
=@ A (¢ V) < ¢ (exercise for the reader). For, by the distributive law
EeA(pVy) o (pAp)VeAy)and = (Ap) V(e AY) — oV (pAY), by
idempotency and the substitution theorem. So = A (@ V¥) « @V (p AY).
Another application of the distributive law will bring us back to start, so just
applying the above laws will not eliminate !
We list therefore a few more convenient properties.

Lemma 1.3.2. If Ep — 9, then Ep Ay o ¢ and
Fevy ey

Proof. By Exercise 6 of section 1.2 = ¢ — 1 implies J¢], < [¢], for all v. So
le A w]]v = min([p]s, [¥]s) = [els and [ V Y], = max([¢]s, [¥].) = [¥].
O

for all v.

Lemma 1.3.3.

Proof. Left to the reader. s

The following theorem establishes some equivalences involving various
connectives. It tells us that we can “define” up to logical equivalence all
connectives in terms of {Vv, -}, or {—, -}, or {A,—}, or {—, L}.

That is, we can find e.g. a proposition involving only V and —, which is
equivalent to ¢ < ¥, etc.
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Theorem 1.3.4. (a) F(p = 9¥) o (9= P)A @R > @),
) Elp—=9) < (e V),

) EeVY e (np =),

) EeVY e a(-pA-y),

) EeAY o a(-p V),

) Ee e (p—l),
) }ZLH(p/\ﬂ(p.

Proof. Compute the truth values of the left-hand and right-hand sides. 0O

We now have enough material to handle logic as if it were algebra. For
convenience we write ¢ & 9 for = ¢ — .

Lemma 1.3.5.

=~ is an equivalence relation on PROP,i.e.
o = (reflezitivity),
p=Y = = (symmetry),

pxyYandyY=o = ¢ o (transitivity).
Proof. Use | ¢ < ¢ iff [¢]y = [¥], for all v. O

We give some examples of algebraic computations, which establish a chain
of equivalences.

LlElp—-@-oo)elpry—o,

b W—0) ~ —pV(p—a), (L34(D)
~pV{p—o) = —-pV(mpVe), (1.3.4(b)and subst. thm.)
oV (Vo) ~ (V) Vo, (ass)
(mpV-Y)Vo = =(pAY)Vao, (De Morgan and subst. thm.)
@ADVe ~ (pA¥)—o,  (L134(D))

Sop—(p—o) = (pAyY)—o.

We now leave out the references to the facts used, and make one long
string. We just calculate till we reach a tautology.
2.2 (¢ = ¥) < (¥ — ~p),
W PR YV R YV g R VY R oY
3.3 - (¥ —v),
o= (P —=p)m-pV(WVe)x (e V)V

We have seen that V and A are associative, therefore we adopt the convention,
also used in algebra, to delete brackets in iterated disjunctions and conjunc-
tions; i.e. we write 1 V @2 V @3 V g4, etc. This is alright, since no matter
how we restore (syntactically correctly) the brackets, the resulting formula is
determined uniquely up to equivalence.

Have we introduced all connectives so far? Obviously not. We can always
invent new ones. Here is a famous one, introduced by Sheffer; ¢ | ¥ stands
for “not both ¢ and vy”. More precise: | 9 is given by the following truth
table
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| [0 1
Sheffer stroke 0|1]1
1{110

Let us say that an n-ary logical connective $ is defined by its truth table,
or by its valuation function, if [$(p1,...,ps)] = f([p1],-..,[pn]) for some

function f.
Although we can apparently introduce many new connectives in this way,

there are no surprises in stock for us, as all of those connectives are definable
in terms of V and —:

Theorem 1.3.6. For each n-ary connective $ defined by its valuation func-
tion, there is a proposition T, containing only p1,...,pn, V and -, such that
=7 8P, Pa)-

Proof. Induction on n. For n = 1 there are 4 possible connectives with truth
tables

$1 $, $3 $4
010 0|1 010 01f1
170 111 191 110

One easily checks that the propositions =(pV —p), pV -p, p and —p will meet
the requirements.
Suppose that for all n-ary connectives propositions have been found.

Consider $(py,...,Pn,Pnt1) With truth table:

P1 P2...Ps P+l S(P1,-- -y PnyPni1)
0 0 O 0 11
. 0 1 19
0 1 .
. 1 1
0 .
1
.1 ..... 0 ................................. where i, < 1.
0 .
1 0
. 0 .
1 1 0
1 1 Ton+1
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We consider two auxiliary connectives $; and $9 defined by

$1(p2, ces apn+1) = $(—L7p27 e 7pn+1) and
$2(pa, - .. ,Pns1) = 8(T, pa, ... yPn+1), where T = - L
(as given by the upper and lower half of the above table).
By the induction hypothesis there are propositions ¢, and o2, containing
only p2,...,Pnt1, V and - so that = $;(p2,...,ppy1) « 04
From those two propositions we can construct the proposition 7:
7 := (p1 = 02) A (mp1 — 01)-
We consider two auxiliary connectives $; and $, defined by

$l(p27 s apn+1) = $(—L7p27 e ap’n.+1) and
$2(p2, ey Prtl) = $(T,p2, eesDn+t1), where T = L
(as given by the upper and lower half of the above table).

By the induction hypothesis there are propositions ¢; and o3, containing
only pa,...,Pna1, V and = so that = 8,(ps,...,pnt1) < ;. From those two
propositions we can construct the proposition 7:
7:= (p1 — 02) A (-p1 — 01).

Claim = $(p1,. .., Pnt1) & T.

If [p1], = 0, then [p1 — o2]y = 1, s0 [ty = [-p1 — o1]v = [01]s =
[$1(p2, - -, Pnt1)]w = [8(P1. P2, - - -, Pry1)]o, using [p1], =0 = L],

The case [p1], =1 is similar. :

Now expressing — and A in terms of V and - (1.3.4), we have [7] =
[$(p1, - - -, Pn+1)] for all valuations (another use of lemLa 1.2.3), where 7' = 7
and 7' contains only the connectives v and —. a

For another solution see Exercise 7.

The above theorem and theorem 1.3.4 are pragmatic justifications for our
choice of the truth table for —: we get an extremely elegant and useful theory.
Theorem 1.3.6 is usually expressed by saying that v and - form a function-
ally complete set of connectives. Likewise A, - and —, — and 1, — form
functionally complete sets.

In analogy to the > and [] from algebra we introduce finite disjunctions

and conjunctions:

Definition 1.3.7.

/X\%’ = ¥ \X/%‘ = Yo

i<0 i<0
/X\ Y = /X\ Pi N\ Pny \X/ p; = \X/ Wi V Ppi1
i<n+1 i<n i<n+1 i<n
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Definition 1.3.8. If <p> = /X\ \X/ ©ij, where @;; is atomic or the negation
i<n j<m;
of an atom, then ¢ is a conjunctive normal form. If p = \X/ /X\ ©ij, where
i<n j<m;
@ij is atomic or the negation of an atom, then ¢ is a disjunctive normal form.

The normal forms are analogous to the well-known normal forms in alge-
bra: ax? +byzx is “normal”, whereas z(az +by) is not. One can obtain normal
forms by simply “multiplying”, i.e. repeated application of distributive laws.
In algebra there is only one “normal form”; in logic there is a certain duality
between A and V, so that we have two normal form theorems.

Theorem 1.3.9. For each o there are conjunctive normal forms ©” and
disjunctive normal forms ¢V, such that |= ¢ — ¢" and = ¢ & @Y.

Proof. First eliminate all connectives other than L, A, V and —. Then prove
the theorem by induction on the resulting proposition in the restricted lan-
guage of L, A, V and —. In fact, 1 plays no role in this setting; it could just
as well be ignored.

(a) ¢ is atomic. Then ¢ = ¢¥ = ¢.

(b) ¢ = ¥ Ao. Then 9" = ¢ Ac”. In order to obtain a disjunctive
normal form we consider ¥V = \/ ¢;, 0¥ = { o;, where the 9;'s and o;’s
are conjunctions of atoms and negations of atoms.

Now g =Y Ao =yY AgY %\X/ (¥i A oj).

1)
The last proposition is in normal form, so we equate "V to it.

(c) ¢ =% V o. Similar to (b).

(d) ¢ = —¢. By induction hypothesis ¢ has normal forms ¢V and ¢".
Wt -V A Yy~ AV g~ AV g, where vl = gy, if
¥i; is atomic, and ¥;; = —9;; if ¢4; is the negation of an atom. {Observe
~wi; & ;). Clearly A W ¥i; is a conjunctive normal form for ¢. The
disjunctive normal form is left to the reader.

For another proof of the normal form theorems see Exercise 7. O

When looking at the algebra of logic in theorem 1.3.1, we saw that V
and A behaved in a very similar way, to the extent that the same laws hold
for both. We will make this ‘duality’ precise. For this purpose we consider a
language with only the connectives v, A and -.

Definition 1.3.10. Define an auxiliary mapping * : PROP — PROP re-

Cursively by ©* = - if ¢ is atomic,
(pAY) = "V,
(V) = @AY,

*

(mp)r = "
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Ezample. ((po A —p1) V p2)* = (po A —p1)* Aps = (pg V (-p1)*) A P2 =
(=po V =pI) A —p2 = (=po V ==p1) A =p2 = (=pg V p1) A —pa.

Note that the effect of the *-translation boils down to taking the negation
and applying De Morgan’s laws.

Lemma 1.3.11. [¢*] = [~¢]

Proof. Induction on ¢. For atomic ¢ [¢*] = [~¢].

lpre)]=le" vyl =[-eV -9l = [=(e A 9D
[(¢ Vv ¥)*] and [(—p)*] are left to the reader. a

Corollary 1.3.12. | ¢* & —p.

Proof. Immediate from Lemma 1.3.11. O

So far this is not the proper duality we have been looking for. We really
just want to interchange A and V. So we introduce a new translation.

Definition 1.3.13. The duality mapping ¢ : PROP — PROP is recursively
defined by @ = ¢ for patomic,

(pAp)d = pivyd,
(pvi)d = piAyd
()t = et

Theorem 1.3.14 (Duality Theorem). = ¢ « ¥ & = ¢ < ¢,

Proof. We use the * -translation as an intermediate step. Let us introduce
the notion of simultaneous substitution to simplify the proof:

o710y - Tn/Do, - - -, Pr] is obtained by substituting 7; for p; for all { < n simul-
taneously (see Exercise 15). Observe that ¢* = ¢[=pq, ..., =Pn/Po;- - -, Pnl,
0 @*[=Po; .-, Pn/Dos-- -, Pn] = ©4[="Po,..., " Pn/Do, ..., pn], Where the
atoms of ¢ occur among the py,...,pn.

By the Substitution Theorem = ¢¢ < ¢*[-po, ..., Pn/Po,---,Pn]. The
same equivalence holds for .

By Corollary 1.3.12 = ¢* — —p, &= ¢* & 9. Since = ¢ « 9, also |=
- — —p. Hence = ¢* — ¢*, and therefore = ¢*[—pg, . .., ~Dn/Dos- - -, Pn] <
w*[—jpﬂa B ﬂpn/poa < 7Pn]

Using the above relation between ¢ and * we now obtain = % « 4.
The converse follows immediately, as p%¢ = . O

The duality Theorem gives us one identity for free for each identity we
establish.
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Exercises

1. Show by ‘algebraic’ means

(¢ = ¥) « (- — ~p), Contraposition,

(¢ = ¥) A (Y - o) = (p — o), transitivity of —,
(6 — (@ A=) = —,

(p = ~p) = —p,

—(p A o),

o= (Y- pAY),

(¢ = ¥) — @) — . Peirce’s Law .

TTwTTTmTmTTT

2. Simplify the following propositions (i.e. find a simpler equivalent propo-
sition).
(@) (v = ¥) Ao,
(d) o = (e AP),

(b) (¢ = ) V -y,
(e) (e AY) Vo,

(c) (¢ = %) — 9,
) =) — .

3. Show that {—} is not a functionally complete set of connectives. Idem
for {—, V} (hint: show that each formula ¢ with only — and V there is
a valuation v such that Jp] =1 ).

4. Show that the Sheffer stroke, |, forms a functionally complete set (hint:
e ool

5. Show that the connective |, with valuation function [¢ | ] = 1 iff
[¥] = [#] = 0, forms a functionally complete set ( neither ¢, nor ).

6. Show that | and | are the only binary connectives $ such that {§} is
functionally complete.

7. The functional completeness of {V, -} can be shown in an alternative way.
Let $ be an n-ary connective with valuation function [$(p1,...,pn)] =
f([p1l, ..., [pn]). We want a proposition 7 (in V, =) such that [r] =
f(ipil,- - -, [pn))-

Suppose F(Ip], .., [pn]) =1 at least once. Consider all tuples

Ipd), ..., [pa]) mth f ([[p1]| ,[pr]) = 1 and form corresponding con-

jlmctlons DLAD2 A .. APy such that p; = p; if [[p,]] =1, p; = —p; if
[p:] = 0 . Then show = (B} ABLA ... ABL) V...V (BEABEA... AE) o
$(p1,...,pn), where the d1s3unct10n is taken over all n—tup]es such that
el Ipa) = 1.

Alternatlvely, we can consider the tuples for which f([p1],..., [pn]) =
0. Carry out the details. Note that this proof of the functional complete-
ness at the same time proves the Normal Form Theorems.
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8. Let the ternary connective $ be defined by [$(¢1,¢2,¢3)] = 1 ©

[e1] + [w2] + [wa] = 2 (the majority connective). Express $ in terms
of V and —.

<o
—

9. Let the binary connective # be defined by

o
—

i
0
1

Express # in terms of V and —.

10. Determine conjunctive and disjunctive normal forms for =(p < ),

(=) =) =9, (v = (PAD) A — (¥ A-p)).

11. Give a criterion for a conjunctive normal form to be a tautology.

12. Prove /X\ w; V /X\ Y & /X\ (pi V ;) and

i<n i<m i<n
Jj<m
W oein\W wi~ W (eing).
i<n j<m i1<n
j<m

13. The set of all valuations, thought of as the set of all 0 — 1—sequences,
forms a topological space, the so-called Cantor space C. The basic open
sets are finite unions of sets of the form {v | [pi,]v = ... = [piJv =1
and [pj,]v = ... = [pj,.]v = 0}, ix # Jp for k < m; p <m.

Define a function [ ] : PROP — P(C) (subsets of Cantor space) by:
[e] =A{v [ [¢]o = 1}.
(a) Show that [¢] is a basic open set (which is also closed),
() [ v ol = [ U []; e A 9] = [e) 0 [¥]; [l = 9]
CEFeell=Clil=6kFr—-yv e[ C Y]
Extend the mapping to sets of propositions I" by
[I']={v| [¢]v =1 forall p € I'}. Note that [I'] is closed.
(d) ' [ C el

14. We can view the relation = ¢ — 1 as a kind of ordering. Put o C 9 :=
Fe—yand Eyp — o
(i) for each ¢, such that ¢ C ¥, find o with p C o C ¥,
(ii) find @1, 2, ¢3,.. - such that py Cwa C s Cps T ...,
(iii) show that for each ¢, ¢ with ¢ and ¢ incomparable, there is a least
o with ¢, C 0.

15. Give a recursive definition of the simultaneous substitution

@Y, ...y ¥n/P1,-..,Pn] and formulate and prove the appropriate ana-
logue of the Substitution Theorem (theorem 1.2.6).
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1.4 Natural Deduction

In the preceding sections we have adopted the view that propositional logic
is based on truth tables, i.e. we have looked at logic from a semantical point
of view. This, however, is not the only possible point of view. If one thinks
of logic as a codification of (exact) reasoning, then it should stay close to the
practice of inference making, instead of basing itself on the notion of truth.
We will now explore the non-semantic approach, by setting up a system for
deriving conclusions from premises. Although this approach is of a formal na-
ture, i.e. it abstains from interpreting the statements and rules, it is advisable
to keep some interpretation in mind. We are going to introduce a number of
derivation rules, which are, in a way, the atomic steps in a derivation. These
derivations rules are designed (by Gentzen), to render the intuitive meaning
of the connectives as faithfully as possible.

There is one minor problem, which at the same time is a major advantage,
namely: our rules express the constructive meaning of the connectives. This
advantage will not be exploited now, but it is good to keep it in mind when
dealing with logic (it is exploited in intuitionistic logic).

One small example: the principle of the excluded third tells us that |= ¢V
-, i.., assuming that ¢ is a definite mathematical statement, either it or its
negation must be true. Now consider some unsolved problem, e.g. Riemann’s
Hypothesis, call it R. Then either R is true, or R is true. However, we do
not know which of the two is true, so the constructive content of RV - R
is nil. Constructively, one would require a method to find out which of the
alternatives holds.

The propositional connective which has a strikingly different meaning in a
constructive and in a non-constructive approach is the disjunction. Therefore
we restrict our language for the moment to the connectives A, — and L. This
is no real restriction as {—, 1} is a functionally complete set.

Our derivations consist of very simple steps, such as “from ¢ and ¢ —
conclude ¢”, written as:

@ p =P
P

The propositions above the line are premises , and the one below the line
is the conclusion . The above example eliminated the connective —. We can
also introduce connectives. The derivation rules for A and — are separated
into
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INTRODUCTION RULES ELIMINATION RULES

wn LY ey MY .p PNV LE
pAY © Y
[¢]
(~n ~p) 22t p
P N
-

We have two rules for 1, both of which eliminate 1, but introduce a for-
mula.

[l

1
(L) =1 (RAA)
P

1
—RAA
2

As usual ‘—¢’ is used here as an abbreviation for ‘p — L’

The rules for A are evident: if we have ¢ and ¢ we may conclude ¢ A 1,
and if we have ¢ A ¥ we may conclude ¢ (or ¢). The introduction rule for
implication has a different form. It states that, if we can derive v from ¢
(as a hypothesis), then we may conclude ¢ — ¢ (without the hypothesis
¢). This agrees with the intuitive meaning of implication: ¢ — 1 means “y¥
follows from ¢”. We have written the rule (— I) in the above form to suggest
a derivation. The notation will become clearer after we have defined deriva-
tions. For the time being we will write the premises of a rule in the order
that suits us best, later we will become more fastidious

The rule (— E) is also evident on the meaning of implication. If ¢ is
given and we know that 1) follows from ¢, then we have also 1. The falsum
rule, (1), expresses that from an absurdity we can derive everything (ex falso
sequitur quodlibet), and the reductio ad absurdum rule , (RAA), is a formu-
lation of the principle of proof by contradiction : if one derives a contradiction
from the hypothesis -, then one has a derivation of ¢ (without the hypoth-
esis ¢, of course). In both (— I) and (RAA) hypotheses disappear, this is
indicated by the striking out of the hypothesis. We say that such a hypothesis
is cancelled. Let us digress for a moment on the cancellation of hypotheses.
We first consider implication introduction. There is a well-known theorem in
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plane geometry which states that Yif a triangle is isosceles, then the angles
opposite the equal sides are equal to one another” (Euclid’s Elements, Book
1, proposition 5). This is shown as follows: we suppose that we have an isosce-
les triangle and then, in a number of steps, we deduce that the angles at the
base are equal. Thence we conclude that the angles at the base are equal if
the triangle is isosceles.

Query 1: do we still need the hypothesis that the triangle is isosceles? Of
course not! We have, so to speak, incorporated this condition in the state-
ment itself. It is precisely the role of conditional statements, such as ”if it
rains I will use my umbrella”, to get rid of the obligation to require (or verify)
the condition. In abstracto: if we can deduce 3 using the hypothesis ¢, then
@ — ¥ is the case without the hypothesis ¢ (there may be other hypotheses,
of course).

Query 2: is it forbidden to maintain the hypothesis? Answer: no, but it
clearly is superfluous. As a matter of fact we usually experience superfluous
conditions as confusing or even misleading, but that is rather a matter of the
psychology of problem solving than of formal logic. Usually we want the best
possible result, and it is intuitively clear that the more hypotheses we state
for a theorem, the weaker our result is. Therefore we will as a rule cancel as
many hypotheses as possible.

In the case of reductio ad absurdum we also deal with cancellation of
hypotheses. Again, let us consider an example.

In analysis we introduce the notion of a convergent sequence (a,) and
subsequently the notion “a is a limit of (n)”. The next step is to prove that
for each convergent sequence there is a unique limit; we are interested in the
part of the proof that shows that there is at most one limit. Such a proof may
run as follows: we suppose that there are two distinct limits a and o', and
from this hypothesis, a # a’, we derive a contradiction. Conclusion: a = a’.
In this case we of course drop the hypothesis a # a/, this time it is not a
case of being superfluous, but of being in conflict! So, both in the case (— I)
and of (RAA), it is sound practice to cancel all occurrences of the hypothesis
concerned.

In order to master the technique of Natural Deduction, and to get familiar
with the technique of cancellation, one cannot do better than to look at a few
concrete cases. So before we go on to the notion of derivation we consider a
few examples.

1 1 2 S
[p A Y] AE [ A ] \E ] [i ] B
I ¥ YAl 1 — g
YAp I (p—1)—1 L
_¥Yr¥Y R
eANY = PAp = ((p—1)-~1)
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[w/\wllAE
1 - 2
[ A Y] \E o [ — (¥ — o)) B
1 id Y29 g
a
S
YAy —o

— Iy

(= @W—0) = (pAY—o0)

If we use the customary abbreviation ‘—¢’ for ‘9 —L’, we can bring some
derivations into a more convenient form. (Recall that -¢ and ¢ — 1, as given
in 1.2, are semantically equivalent). We rewrite derivation II using the ab-
breviation:

(P12 [-e]! B
L

II’ -_ Il
—|—\(p
(,0 - —\——\(p )
In the following example we use the negation sign and also the bi-implication;
@ 1 for (0 = Y) A (P — @)

— I

]3

lp = ¢
— AE
el o — e [p = -~
- . E —— AE
-y ) e v
- F _— O F
L [p = ) —¢ )
IV —_ I _— AE — F
- —p — @ iR
— F \ —_ Iy
@ —p
— E
1
—_— I3
—(p o —p)

The examples show us that derivations have the form of trees. We show
the trees below:
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II v

One can just as well present derivations as (linear) strings of propositions: we
will stick, however, to the tree form, the idea being that what comes naturally
in tree form should not be put in a linear straight-jacket.

We now shave to define the notion of derivation in general. We will use
an inductive definition to produce trees.
Notation

D D D DD
if , , are derivations with conclusions ¢,¢’, then ¢ , ¢ ¢

vl 3N

are derivations obtained by applying a derivation rule to ¢ (and ¢ and ¢').

P
The cancellation of a hypothesis is indicated as follows: if D is a derivation
¥
¥}

with hypothesis v, then is a derivation with 1 cancelled.

o

With respect to the cancellation of hypotheses, we note that one does
'not necessarily cancel all occurrences of such a proposition . This clearly
is justified, as one feels that adding hypotheses does not make a proposition
underivable (irrelevant information may always be added). It is a matter of
prudence, however, to cancel as much as possible. Why carry more hypotheses
than necessary?

Furthermore one may apply (— I) if there is no hypothesis available for

cancellation e.g.

" I is a correct derivation, using just (— I). To sum

1t up: given a derivation tree of 1 , we obtain a derivation tree of ¢ — 1 (or

) at the bottom of the tree and striking out some (or all) occurrences, if

any, of ¢ (or —) on top of a tree.

der .fe_W Wor‘ds on the practical use of natural deduction: if you want to give a
®Ivation for a proposition it is advisable to devise some kind of strategy, just

An_,
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like in a game. Suppose that you want to show [p A — a] — [¢ — (¥ — 0)]
(Example III), then (since the proposition is an implicational formula) the
rule (— I) suggests itself. So try to derive ¢ — (¢ — o) from ¢ AY — 0.

Now we know where to start and where to go to. To make use of pAY — &
we want @ Ay (for (— E)), and to get ¢ — (1 — o) we want to derive ¢y — o
from . So we may add ¢ as a hypothesis and look for a derivation of ) — ¢.
Again, this asks for a derivation of ¢ from %, so add v as a hypothesis and
look for a derivation of ¢. By now we have the following hypotheses available:
@ A — o, and . Keeping in mind that we want to eliminate p A9 it is
evident what we should do. The derivation III shows in detail how to carry
out the derivation. After making a number of derivations one gets the practi-
cal conviction that one should first take propositions apart from the bottom
upwards, and then construct the required propositions by putting together
the parts in a suitable way. This practical conviction is confirmed by the
Normalization Theorem, to which we will return later. There is a particular
point which tends to confuse novices:

] [—¢]

and
L L RAA
-

look very much alike. Are they not both cases of Reductio ad absurdum?
As a matter of fact the leftmost derivation tells us (informally) that the as-
sumption of ¢ leads to a contradiction, so ¢ cannot be the case. This is in
our terminology the meaning of “not ¢”. The rightmost derivation tells us
that the assumption of — leads to a cﬁntradiction, hence (by the same rea-
soning) — cannot be the case. So, on account of the meaning of negation,
we only would get ——¢. It is by no means clear that ——y is equivalent to ¢
(indeed, this is denied by the intuitionists), so it is an extra property of our
logic. (This is confirmed in a technical sense: ~—¢ — ¢ is not derivable in
the system without RAA.
We now return to our theoretical notions.

Definition 1.4.1. The set of derivations is the smallest set X such that
(1) The one element tree ¢ belongs to X for all ¢ €PROP.

, D D

DD ,
(2/\)If<p,(pl€X,then 7 ' eX.

14

pAp
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D D D
If € X,then pAY,poAyYy €X.
YAY —_—
@ Y
” [+0]
D
(2—) If D € X, then €eX.
" (4
Y
, D D
It , € X, then ¢ p— €X.
00— =
(
D
D
(2L)If € X,then L €X.
_L —_—
@
[l
I D
If D € X, then N e X.
i_ —
P

The bottom formula of a derivation is called its conclusion . Since the class
of derivations is inductively defined, we can mimic the results of section 1.1.

E.g. we have a principle of induction on D: let A be a property. If A(D)
for one element derivations and A is preserved under the clauses (2A), (2 —)
and (2 L), then A(D) holds for all derivations. Likewise we can define map-
pings on the set of derivations by recursion (cf. Exercises 6 ,8).

Definition 1.4.2. The relation I' + ¢ between sets of propositions and
propositions is defined by: there is a derivation with conclusion ¢ and with
all (uncancelled) hypotheses in I".

We say that @ is derivable from I'. Note that by definition I" may contain
many superfluous “hypotheses”. The symbol F is called turnstile .

If I = 9, we write - ¢, and we say that ¢ is a theorem.

We could have avoided the notion of ‘derivation’ and taken instead the
notion of ‘derivability’ as fundamental, see Exercise 9. The two notions, how-
ever, are closely related.
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Lemma 1.4.3. a) I'Fypifpel,

b) I'Fe,I"FYy=TUl'k+ gAY,
¢) 'bpAyYy=Tt+pand 'l

d) TUpky=TF¢—,

e) 't I"'bo—oy=>TUI'"F1y,
(fy 'tLl=Tte,

(
(
(
(
(
(g) TU{-yptrLl=TIFe¢

Proof. Immediate from the definition of derivation. g

We now list some theorems. — and < are used as abbreviations.

Theorem 1.4.4. (1) Fo¢— (¥ — ),
(2) Fo—(mp— ),
(3) F(p—y) = —a)=(p— o)
(4) F(p =) o (¥ — ),
(5) F = e o,
6) Flp—@W—o)elpAy—oal,
() FLe{pA-e).
Proof.
(02 [~
» @ . ¢ £
) — 1T -1
Y-y I 2 Y L1
=W —09) i — P ol
<pZ(ﬂ<p—H/1) ’
1 AT
' e — ¥ B 2
Y [¢ — a] B
g
3. — I
p—0o

— I
(¥ —0) = (p—0) .
(o =) = (¥ —0) = (p—0))

I3

4. For one direction, substitute L for o in 3, then - (¢ — ) —= (- — —p).

Conversely:
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[yt [~y — ]

- - 2
p [l L E
1
— RAA,
-1
oY :
— I
(-9 — ~p) = (¢ = V)
D 2
So now we have (¢ — ¢) — (=¢ — —p) (= — —p) = (¢ = ¥)
(o =) &= (% = ~9p)

5. We already proved ¢ — ——y as an example. Conversely:

[~e]t [~me)? B

4
— RAA,

%
——)I2
—xﬂl(p—)(p

The result now follows. The numbers 6 and 7 are left to the reader. U

The system, outlined in this section, is called the “calculus of natural
deduction” for a good reason. That is: its manner of making inferences corre-
sponds to the reasoning we intuitively use. The rules present means to take
formulas apart, or to put them together. A derivation then consists of a skil-
ful manipulation of the rules, the use of which is usually suggested by the
form of the formula we want to prove.

We will discuss one example in order to illustrate the general strategy of

;)illilding derivations. Let us consider the converse of our previous example

To prove (¢ Ayp — o) — [p — (¥ — o)) there is just one initial step:
assume @ A — ¢ and try to derive ¢ — (¥ — o). Now we can either look at
the assumption or at the desired result. Let us consider the latter one first:
fo show ¢ — (¥ — o), we should assume ¢ and derive ¢y — o, but for the
atter we should assume 1 and derive o.

. So, aljcogether we may assume @AY — o and ¢ and . Now the procedure
Ug%ests itself: derive ¢ A from ¢ and 1, and ¢ from p Ay and @ A — o.
ut together, we get the following derivation:

i
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[p]? [}
— Al
eAY leAny — o)
g I -
w—m—} !
_— I
o— (Y —o)

— I3
(pAYp =)= (0= (¥ > 0))

Had we considered ¢ A 9 — ¢ first, then the only way to proceed is to
add ¢ A ¢ and apply — E. Now ¢ A ¢ either remains an assumption, or it is
obtained from something else. It immediately occurs to the reader to derive
¢ A ¢ from ¢ and ¢¥. But now he will build up the derivation we obtained
above.

Simple as this example seems, there are complications. In particular the
rule of reductio ad absurdum is not nearly as natural as the other ones. Its
use must be learned by practice; also a sense for the distinction between
constructive and non-constructive will be helpful when trying to decide on
when to use it. ,

Finally, we recall that T is an abbreviation for -1 (i.e. L — L).

Exercises

1. Show that the following propositions are derivab{e.
(@) ¢—o,
() L1—o,
(¢) ~(pA-p),
(d) (p— ) = (A1),
(€) (pA) e ~(p— ),
(f) (o= (b—pAD).
2. Idem for ) (v — ) - e,
) L= (6= o] o [ — (¢ — o,
) (e = Y)A(p — ) — =y,
) (p—=¥)=llp— @ —0)— (¢—o0)
3. Show ) ek =(mp Ay,
) (e A-y), 09,
) ek (p— ) e -y,
) Feo=ty o,
) —eke—p
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4. Show F [(p = %) = (p = 0)] = [(¢ = (¥ — 0))],
F (g —=¥) = ¢) = o

5 Show 't =TUAF ¢,
T'Fe;Apbyp=>TUAE Y.

6. Analogous to the substitution operator for propositions we define a sub-
stitution operator for derivations. D[ /p] is obtained by replacing each
occurrence of p in each proposition in D by ¢. Give a recursive defini-
tion of D[¢/p|. Show that Dlp/p] is a derivation if D is one, and that
I'+ o = I'le/p] b ole/p]. Remark: for several purposes finer notions of
substitution are required, but this one will do for us.

7. (Substitution Theorem) I (1 < 2) — (Y[p1/p] < PYlp2/p))-
Hint: use induction on ; the theorem will also follow from the Sub-
stitution Theorem for k=, once we have established the Completeness
Theorem. .

8. The size, s(D), of a derivation is the number of proposition occurrences
in D. Give an inductive definition of s(D). Show that one can prove prop-
erties of derivations by it induction on the size.

9. Give an inductive definition of the relation I~ (use the list of Lemma 1.4.3),
show that this relation coincides with the derived relation of Defini-
tion 1.4.2. Conclude that each I' with I" - ¢ contains a finite A , such
that also A+ ¢

10. Show (a) + T,
(b) FporkpeT,
(¢) Fpetpol.

1.5 Completeness

In the present section we will show that “truth” and “derivability” coincide,
to be precise: the relations “E ” and “F” coincide. The easy part of the
cla:im is: “derivability” implies “truth”; for derivability is established by the
eXistence of a derivation. The latter motion is inductively defined, so we can
Prove the implication by induction on the derivation.

Lemma 1.5.1 (Soundness). I'p=1T .

Proof. Since, by definition 1.4.2, I" - ¢ iff there is a derivation D with all its
YPotheses in I, it suffices to show: for each derivation D with conclusion ¢

_&‘
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and hypotheses in I" we have I" = ¢. We now use induction on D.

(basis) If D has one element, then evidently ¢ € I'. The reader easily sees
that I' = .

/
(A 1) Induction hypothesis: Z<P) and o are derivations and for each I',

I'" containing the hypotheses of D, D', I' E ¢, I'" = ¢'.

D D’
Now let I'” contain the hypotheses of ¢ '

p A

Choosing I" and I" to be precisely the set of hypotheses of D, D', we
seethat """ D Ul
So I = pand I'" |= ¢'. Let [¢], = 1 for all ¢ € I'”, then [p], =
[¢']u = 1, hence [ A ¢'], = 1. This shows I'” |= p A ¢'.

(A E) Induction hypothesis: For any I" containing the hypotheses of o f ”

D
we have I' = ¢ A 1. Consider a I' containing all hypotheses of @ A9
: @
D
and @ A1 . It is left to the reader to show I' |= ¢ and I' = 9.
(4
@
(— I) Induction hypothesis: for any I" containing all hypotheses of D ,
Y
]
I = 1. Let I contain all hypotheses of 5 . Now I'" U {¢} con-
=Y

14
tains all hyptheses of D | soif [¢] =1 and [x] =1 for all x in I, then
(
[¥] = 1. Therefore the truth table of — tells us that [¢ — 9] = 1 if all
propositions in IV have value 1. Hence I'" = ¢ — 9.

(— E) An exercise for the reader.

D

J_ 3

I' =1. Since [L] = 0 for all valuations, there is no valuation such that
D

[¥] =1 for all ¢ € I'. Let I'"” contain all hypotheses of L and suppose
2

(1) Induction hypothesis: For each I' containing all hypotheses of
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that I'" = ¢, then [[w]] =1 for all ¥ € I'" and [¢] = 0 for some valu-
ation. Since I'” contains all hypotheses of the first derivation we have a
contradiction.

(RAA)- Induction hypothesis: for each I' containing all hypotheses of

[~¢]
D , we have I' E L. Let I contain all hypotheses of 1 and
L

®

suppose I [~ ¢, then there exists a valuation such that [¢] = 1 for all
peI"and [¢] =0, ie [-¢] = 1. But I = I'" U {~yp} contains all
hypotheses of the first derivation and [/] = 1 for all ¢y € I'". This is
impossible since I’ =1. Hence I |= . O

This lemma may not seem very impressive, but it enables us to show that
some propositions are not theorems, simply by showing that they are not
tautologies. Without this lemma that would have been a very awkward task.
We would have to show that there is no derivation (without hypotheses) of
the given proposition. In general this requires insight in the nature of deriva-
tions, something which is beyond us at the moment.

Ezamples . i po, i/ (¢ = ¥) = ¢ A

In the first example take the constant 0 valuation. [po] = 0, so = po
and hence ¥ pg. In the second example we are faced with a meta proposition
(a schema); strictly speaking it cannot be derivable (only real propositions
can be). By F (¢ — %) — ¢ A ¢ we mean that all propositions of that
form (obtained by substituting real propositions for ¢ and 1, if you like) are
derivable. To refute it we need only one instance which is not derivable. Take

v =19y = po. In order to prove the converse of Lemma 1.5.1 we need a
few new notions. The first one has an impressive history; it is the notion of
freedom from contradiction or consistency. It was made the cornerstone of
the foundations of mathematics by Hilbert.

Definition 1.5.2. A set I' of propositions is consistent if I' /L.

r In words: one cannot derive a contradiction from I'. The consistency of
can be expressed in various other forms:

Lemma 1.5.3. The following three conditions are equivalent:
() I' is consistent,
(11) For no ¢, I'+ p and I' + —y,
(iii) There s at least one @ such that I K

P ) . .
'N{of. Let us call I' inconsistent if I" 1, then we can just as well prove the
€quivalence of

,.&n
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(iv) I' is inconsistent,
(v) There is a ¢ such that I' - ¢ and I' - -,
(vi) I' F ¢ for all .

(iv) = (vi) Let I' k1, i.e. there is a derivation D with conclusion 1 and
hypotheses in I'. By (L) we can add one inference, L + ¢, to D, so that
I' . This holds for all ¢.

(vi}) = (v) Trivial.

(v) =(iv) Let I - ¢ and I'  —p. From the two associated derivations
one obtains a derivation for I' L by (— E). O

Clause (vi) tells us why inconsistent sets (theories) are devoid of mathe-
matical interest. For, if everything is derivable, we cannot distinguish between
“aood” and “bad” propositions. Mathematics tries to find distinctions, not
to blur them.

In mathematical practice one tries to establish consistency by exhibiting
a model (think of the consistency of the negation of Euclid’s fifth postulate
and the non-euclidean geometries). In the context of propositional logic this
means looking for a suitable valuation.

Lemma 1.5.4. If there is a valuation such that [¢], = 1 for ally € T, then
I' is consistent.

Proof. Suppose I' L, then by Lemma 1.5.1 I =1, so for any valuation v
[(¥)]o = 1forall = I' = [L], = 1. Since [L], = 0 for all valuations,
there is no valuation with [¢], = 1 for all ¥ € I'. Contradiction. Hence I is

consistent.
O
Eramples.

1. {po,—p1,p1 — p2} is consistent. A suitable valuation is one satisfying
IIpO]] =1, [[pl]] =0.

2. {po,p1,- ..} is consistent. Choose the constant 1 valuation.

Clause (v) of Lemma 1.5.3 tells us that I' U {¢, —¢} is inconsistent. Now,
how could I"U {—} be inconsistent? It seems plausible to blame this on the
derivability of . The following confirms this.

Lemma 1.5.5. (a) I' U {—p} is inconsistent = I' ¢,
(b) I'U {p} is inconsistent = I' - —p.

Proof. The assumptions of (a) and (b) yield the two derivations below: with
conclusion L. By applying (RAA), and (— I), we obtain derivations with
hypotheses in I', of ¢, resp. .
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D D’
1 1
— RAA — I
¥ @
0

Definition 1.5.6. A set I' is mazimally consistent iff
(a) I' is consistent,
(b) ' C I'" and I consistent = I" = I"".

Remark. One could replace (b) by (b’): if I" is a proper subset of I, then
I is inconsistent. Le., by just throwing in one extra proposition, the set be-
comes inconsistent.

Maximally consistent sets play an important role in logic. We will show
that there are lots of them.

Here is one example: I' = {o|[¢] = 1} for a fixed valuation. By
Lemma 1.5.4 I is consistent. Consider a consistent set I’ such that I" C I'"".
Now let 9 € I and suppose [¢y] = 0, then [-¢] = 1, and so ~¢ € I.

But since I' € I this implies that I is inconsistent. Contradiction.
Therefore [1] = 1 for all 9 € I", so by definition I = I'. From the proof
of Lemma 1.5.11 it follows moreover, that this basically is the only kind of
maximally consistent set we may expect.

The following fundamental lemma is proved directly. The reader may
recognise in it an analogue of the Maximal Ideal Existence Lemma from ring
theory (or the Boolean Prime Ideal Theorem), which is usually proved by an
application of Zorn’s Lemma.

Lemma 1.5.7. Each consistent set I' is contained in a mazimally consistent

set ™.

Proof. There are countably many propositions, so suppose we have a list
$0:¥1,2, ..... of all propositions (cf. Exercise 5). We define a non-decreasing
Sequence of sets I'; such that the union is maximally consistent.

I = T,

r _ I, U {@n }if I, U {p, }Hs consistent,
n+l =
. I, else.

- = U{l» | n >0}

(a) I, is consistent for all n.
Immediate, by induction on n.
(b) I'* is consistent.
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Suppose I'* L then, by the definition of L there is derivation D of L
with hypotheses in I'*; D has finitely many hypotheses g, . . . , ¥&. Since
I* = |J{I'n|n > 0}, we have for each i < k1; € I, for some n;. Let n
be maz{n;|i < k} , then ¢y,..., 9% € I}, and hence I, 1. But I, is
consistent. Contradiction.

(c) I'* is maximally consistent. Let I'"* C A and A consistent. If ¢y € A, then
¥ = @, for some m. Since I, € I'* C A and A is consistent, Iy, U{¢m}
is consistent. Therefore Iy 11 = I'm U {pm}, 1.e. om € Imy1 € I'*. This
shows I'* = A. O

Lemma 1.5.8. If I" is mazimally consistent, then I' is closed under deriv-
ability (i.e. ' =>pel).

Proof. Let I' - ¢ and suppose ¢ ¢ I'. Then I' U {¢} must be inconsistent.
Hence I' + —p, so I' is inconsistent. Contradiction. O

Lemma 1.5.9. Let I' be mazimally consistent; then
(a) for all p eitherp eI’y or ~p €T,
(b) forallp,p p > el' & (pel'=>ypel).

Proof. (a) We know that not both ¢ and —¢ can belong to I. Consider
I'" = I'U {}. If I'" is inconsistent, then, by 1.5.5, 1.5.8, ~¢ € I'. If I'" is
consistent, then ¢ € I' by the maximality of I'.
(b) Let ¢ — 3p € I and ¢ € I'. To show: ¢ € I'. Since ¢, — o € I' and
since I' is closed under derivability (Lemma 1.5.8), we get ¢ € I' by — E.
Conversely: let ¢ € I' = op € I'. If ¢ € I' then obviously I' ¥, so
I'tp— . Ifyp g I'ythen ~p € I', and hence I" + —~p. Therefore I' - ¢ — 9.
O

Note that we automatically get the following:

Corollary 1.5.10. If I' is mazimally consistent, thenp € I' © -~ & I',
and el &gl

Lemma 1.5.11. If I is consistent, then there exists a valuation such that

[¥] =1 forallyp eI

Proof.(a) By 1.5.7 I is contained in a maximally consistent I™
ifp. € T'*
(b) Define v(p;) = { 1 ifp; e

and extend v to the valuation [ J,.
0 else
Claim: [p] = 1 & ¢ € I'*. Use induction on ¢.
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1. For atomic ¢ the claim holds by definition.

2. ¢ =y Ao [¢]ly =1 & [¥]s = [0] =1 & (induction hypothesis)
W,0 € I'* and so ¢ € I'*. Conversely Y Ao € I'* & 0 € I'* (1.5.8).
The rest follows from the induction hypothesis.

3. p=9% >0 [(¥—o0c]=0%[y], =1and [o], = 0 < (induction
hypothesis) ¥ € I'* and 0 ¢ " & ¢ — o ¢ I'* (by 1.5.9).
(c) Since I' C I'* we have [}, =1 for allp € I'. O

Corollary 1.5.12. I' tf ¢ & there is a valuation such that [¢] = 1 for all
Y e and[p] =0.

Proof. 't ¢ & I'U{~y} consistent ¢ there is a valuation such that [ =1
for all p € I'U {—¢}, or [¢] =1 for all ¢ € I" and [¢] = 0. O

Theorem 1.5.13 (Completeness Theorem). I'Fo& I’ E .
Proof. T't/ ¢ = I' [~ ¢ by 1.5.12. The converse holds by 1.5.1. O

In particular we have - ¢ & = ¢, so the set of theorems is exactly the
set to tautologies.

The Completeness Theorem tells us that the tedious task of making
derivations can be replaced by the (equally tedious, but automatic) task
of checking tautologies. This simplifies the search for theorems considerably;
for derivations one has to be (moderately) clever, for truth tables one has to
possess perseverance.

For logical theories one sometimes considers another notion of complete-
ness: a set I' is called complete if for each ¢, either I' - ¢, or I' - —p. This
notion is closely related to “maximally consistent”. From Exercise 6 it fol-
lows that Cons(I") = {o|I" - o} (the set of consequences of I') is maximally
consistent if I" is a complete set. The converse also holds (cf. Exercise 10).
Propositional logic itself (i.e. the case I' = 0) is not complete in this sense,
e.g. ¥/ po and H -pg.

.There is another important notion which is traditionally considered in
logic: that of decidability. Propositional logic is decidable in the following
sense: there is an effective procedure to check the derivability of propositions
. Put otherwise: there is an algorithm that for each ¢ tests if - .
tl’he algorithm is simple: write down the complete truth table for ¢ and check
if the last column contains only 1’s. If so, then |= ¢ and, by the Complete-
ness Theorem, - . If not, then j= ¢ and hence I/ . This is certainly not the
best possible algorithm, one can find more economical ones. There are also
a-!gOIithms that give more information, e.g. they not only test - ¢, but also
yield a derivation, if one exists. Such algorithms require, however, a deeper
analysis of derivations. This falls outside the scope of the present book.

.dnmhu
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There is one aspect of the Completeness Theorem that we want to discuss
now. It does not come as a surprise that truth follows from derivability. After
all we start with a combinatorial notion, defined inductively, and we end up
with ‘being true for all valuations’. A simple inductive proof does the trick.

For the converse the situation is totally different. By definition I’ E o

means that [p], = 1 for all valuations v that make all propositions of I’
true. So we know something about the behaviour of all valuations with re-
spect to I' and ¢. Can we hope to extract from such infinitely many set
theoretical facts the finite, concrete information needed to build a deriva-
tion for I' + ¢7 Evidently the available facts do not give us much to go
on. Let us therefore simplify matters a bit by cutting down the I'; after
all we use only finitely many formulas of I' in a derivation, so let us sup-
pose that those formulas 4, ...,vY, are given. Now we can hope for more
success, since only finitely many atoms are involved, and hence we can con-
sider a finite “part” of the infinitely many valuations that play a role. That
is to say only the restrictions of the valuations to the set of atoms occur-
ring in ¥1,...,%n, @ are relevant. Let us simplify the problem one more
step. We know that ¥1,...,¢%, F ¢ (¥1,...,%n = ®) can be replaced by
Fyr A A Y, — o(E Y AL A Y, — @), on the ground of the derivation
rules (the definition of valuation). So we ask ourselves: given the truth table
for a tautology o, can we effectively find a derivation for o?
This question is not answered by the Completeness Theorem, since our proof
of it is not effective (at least not prima facie so). It has been answered posi-
tively, e.g. by Post, Bernays and Kalmar (cf. Kleene IV, §29) and it is easily
treated by means of Gentzen techniques, or semantic tableaux. We will just
sketch a method of proof: we can effectively find a conjunctive normal form
o* for o such that - ¢ < o”. It is easily shown that ¢* is a tautology iff each
conjunct contains an atom and its negation, or - 1, and glue it all together
to obtain a derivation of *, which immediately yields a derivation of o.

Exercises

1. Check which of the following sets are consistent.
(a) {-p1 Ap2 = po,p1 — (—p1 — P2),po < —p2},
(b) {po — p1,P1 — P2,P2 — P3,P3 — Do},
(c) {Po — p1,Po AP2 = p1 Ap3,po Ap2 Aps — p1 Ap3s Aps,...}

2. Show that the following are equivalent:
(a) {e1, .-+, Yn} is consistent.
(b)) =1 Apa Ao n).
(C) VSOIA(:OQ/\---A‘PTL—I - 7Pn.

3. ¢ is independent from I' if I' tf ¢ and I' I/ —p. Show that: p1 — ps is
independent from {p; < po A —p2,p2 — po}.
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4. A set I' is independent if for each o € I' I' — {p} I .

(a) Show that each finite set I" has an independent subset A such that
Abpforallpe I

(b) Let I' = {p0, ¢1,¢2,...}. Find an equivalent set I = {1o,%1, ...}
(iie. I' 4, and I F o, for all i) such that & ¢¥p41 — 9y, but
7 1)y, — ¥p41. Note that IV may be finite.

(c) Consider an infinite I'" as in (b). Define 0o = %0, 0n+1 = ¥n — Ynt1.
Show that A = {09, 01,02,...} is independent and equivalent to I".

(d) Show that each set I" is equivalent to an independent set A.

(e) Show that A need not be a subset of I' (consider {po,po A p1,

Po Ap1AD2 .. .})

5. Find an effective way of enumerating all propositions (hint: consider sets
T, of all propositions of rank < n with atoms from py,...,pn).

6. Show that a consistent set I' is maximally consistent if either ¢ € I" or
- € I for all ¢.

7. Show that {po,p1,P2,--+Pn, ...} is complete.

8. (Compactness Theorem). Show : there is a v such that [¢], = 1 for all
¥ € I' & for each finite subset A C I' there is a v such that [o], = 1 for
allo € A.

Formulated in terms of Exercise 13 of 1.3: [I'] # 0 if [A] # 0 for all finite
ACT.

(=]

. Consider an infinite set {1, ¥2, @3, .. .}. If for each valuation there is an
n such that [¢,] = 1, then there is an m such that b ¢; V... Vey,. (Hint:
consider the negations =1, ~@s ... and apply Exercise 8) .

10. Show: Cons(I") = {o|I" I ¢} is maximally consistent < I" is complete.

11. Show : I' is maximally consistent < there is a unique valuation such

that [1] = 1 for all ¢ € I", where I' is a theory, i.e. I' is closed under
I'Fo=oel).

12. Let ¢ be a proposition containing the atom p. For convenience we write

(o) for plo/p]. As before we abbreviate - L by T.
Show: (i) @(T)F(T) e~ T and
o(T) F o(e(T))-
(i)  —p(T)Fe(T) =L,
e(p), ~p(T) Fp e,
@(p), ~p(T) = 9(p(T)).
(#3)  p(p) F p(e(T)).



48 1. Propositional Logic

13. If the atoms p and ¢ do not occur in ¥ and ¢ respectively, then
E o) = ¢ = E¢(o) — ¢ forall o,
Ee— 9@ = F¢— ¢o) forall o.

14. Lett ¢ — 1. We call o an interpolantif - ¢ — o and - ¢ — 9, and more-
over ¢ contains only atoms common to ¢ and 1. Consider ¢(p,7),%(r,q)
with all atoms displayed. Show that ¢(,(T,r),r) is an interpolant (use
Exercise 12, 13).

15. Prove the general Interpolation Theorem (Craig): For any ¢,9 with
¢ — 1) there exists an interpolant (iterate the procedure of Exercise 13).

1.6 The Missing Connectives

The language of section 1.4 contained only the connectives A,— and L.
We already know that, from the semantical point of view, this language is
sufficiently rich, i.e. the missing connectives can be defined. As a matter of
fact we have already used the negation as a defined notion in the preceding
sections. :

It is a matter of sound mathematical practice to introduce new notions if
their use simplifies our labour, and if they codify informal existing practice.
This, clearly, is a reason for introducing —, < and V.

Now there are two ways to proceed: one can introduce the new connectives
as abbreviations (of complicated propositions), or one can enrich the language
by actually adding the connectives to the alphabet, and providing rules of
derivation.

The first procedure was adopted above; it is completely harmless, e.g.
each time one reads y « 1, one has to replace it by (¢ — ¢¥) A (¥ — ).
So it is nothing but a shorthand, introduced for convenience. The second
procedure is of a more theoretical nature. The language is enriched and the
set of derivations is enlarged. As a consequence one has to review the theo-
retical results (such as the Completeness Theorem) obtained for the simpler
language.

We will adopt the first procedure and also outline the second approach.

Definition 1.6.1. o V¢ = =(—g A ),
o = ol
peop = (o)A —e).

N.B. This means that the above expressions are not part of the language, but
abbreviations for certain propositions.

The properties of V,— and « are given in the following:
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Lemma 1.6.2. (i) ooV, YoV,
(i) proand Y Fo=TeVyto,
(i) o, F L,
(ivyI,pFl=T'F -,
(V) p = po-Yand p oYY g,
(viylIoFyand Y kFeo=TFpe .

Proof. The only non-trivial part is (i5). We exhibit a derivation of ¢ from I’
and ¢ V ¥ (ie. ~(—¢ A 7)), given derivations Dy and Dy of I',¢ - o and

ryko.

[l* [v)?
D1 D,
o -o)3 o —o?
o bl g 2 DA g
L L /
— =1 - -1
i AL
A\~ == N\ —
© N Cen-v) o
L
— RAA;
o
The remaining cases are left to the reader. O

Note that (i) and (i) read as introduction and elimination rules for V,
(48) and (iv) as ditto for -, (vi) and (v) as ditto for —.
They legalise the following shortcuts in derivations:

el W]
(]
— VI — VI
VY eV oVYy o -
vE
g
]
¢ o
1 1
— I
—p
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(I
¢ peoy Y pe
- F
v p ¥ ¢
ALY
ey
Consider for example an application of VE
o) W)
Do Dy D-
\% o o
VY VE
o
This is a mere shorthand for
) [¥)?
D, Dy
a [~o)3 o [-o]?
1 1
—1 2
Do ~p -1
(= A —p) A
1
-3
o

The reader is urged to use the above shortcuts in actual derivations, when-
ever convenient. As a rule, only VI and VE are of importance, the reader has
of course recognised the rules for - and « as slightly eccentric applications

of familiar rules.
Examples. - (pAP)Vo = (pVao)A (Vo).

o Ayl [p A2
o [o]* P [o]?
(pAY)Vo pVo chal (pAY) Vo YVao 1[)V0’2
Vo YVo

(Vo)A (P Ao)

1)
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Conversely
[ 1)
(pvayn{ypvao) wAY (o)t
@V AWV a) YVo (brw)ve  (prw)ve Gk
pVeo (pAY)Veo (wAYP)Vo
(¢ AY) Vo
(2)
Combining (1) and (2) we get one derivation:
[(pA¥) Vol [(pVa)A(p Vo)
D v
(pVa)A (¥ Vo) (wAw)VaHI
(pAY) Voo (pVa)A(pVo)
/
= 72 \ g
1 ]2
(¢l vI 3 (=] v 3
pVe (~(¢ V —¢)] eV -p [H(e Vo)l

4 4

1 —2

—p "

RAAj3
PV e
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F{pAY) = oV -y

[—p] [~¢]
[~(—p V)] eV -y [~ VoY) VoY
1 1
@ P
[~(p AP)] pAY
i
VY

“(pAY) = —pV -y

O

We now give a sketch of the second approach. We add Vv,— and < to
the language, and extend the set of propositions correspondingly. Next we
add the rules for vV, — and « listed above to our stock of derivation rules. To
be precise we should now also introduce a new derivability sign, we will how-
ever stick to the trusted - in the expectation that the reader will remember
that now we are making derivations in a larger system. The following holds:

Theorem 1.6.3. + ¢V ) — (- A ).
F g o (p —L).
Floey) o (p- ) AW =)

Proof. Observe that by Lemma 1.6.2 the defined and the primitive (real) con-
nectives obey exactly the same derivability relations (derivation rules, if you
wish). This leads immediately to the desired result. Let us give one example.

pk =(—pA-¢) and ¢ - —=(—p A —9) (1.6.2 (i), so by VE we get
VY (e A=) (1)
Conversely ¢ - ¢ V1 (by VI), hence by 1.6.2 (ii)
Apply « I, to (1) and (2), then F ¢ V¢ & (= A —)). The rest is left to
the reader. O

For more results the reader is directed to the exercises.

The rules for V, <, and — capture indeed the intuitive meaning of those
connectives. Let us consider disjunction: (VI) : If we know ¢ then we certainly
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know ¢ V ¢ (we even know exactly which disjunct). The (VE)-rule captures
the idea of “proof by cases”: if we know ¢ V 1 and in each of both cases
we can conclude o, then we may outright conclude o. Disjunction intuitively
calls for a decision: which of the two disjuncts is given or may be assumed?
This constructive streak of V is crudely but conveniently blotted out by the
identification of ¢ V 1 and —(—¢ A —1)). The latter only tells us that ¢ and
1) cannot both be wrong, but not which one is right. For more information
on this matter of constructiveness, which plays a role in demarcating the
borderline between two-valued classical logic and effective intuitionistic logic,
the reader is referred to Chapter 5.

Note that with V as a primitive connective some theorems become harder
to prove. E.g. F =(==¢ A —p) is trivial, but F ¢ V —¢ is not. The following
rule of the thumb may be useful: going from non-effective (or no) premises
to an effective conclusion calls for an application of RAA.

Exercises

1. ShowF VY =YV ,FoVe e e

2. Consider the full language £ with the connectives A, —, 1, «> V and the
restricted language £’ with connectives A, —, 1. Using the appropriate
derivation rules we get the derivability notions + and . We define an
obvious translation from £ into £/: >

pt = ¢ for atomic ¢
(pOY)T = TOy*t forQ=A,—,
(V)T = ~(~pT A —pt),where- is an abbreviation,
(peoy)t = (pF o ¢PT) AW - pT),
()t = et oL
Show (i) koot

(1) FooH et

(1) ot = pforp e L',

(iv) Show that the full logic, is conservative over the restricted
logic, ie. forp € L +p &+ .

Show that the Completeness Theorem holds for the full logic. Hint: use
Exercise 2.

4. Show (@) FTvL.
(0) FpeT)V(ped).
() Foe(peT).



54 1. Propositional Logic

5. Show F (¢ V) « ((¢ — ¥) — ¥).

6. Show (a) I' is complete <> (' @V & '+ g or '+, for all ¢,¢),
(b) I' is maximally consistent < I' is a consistent theory and for
all p, v (pvyel s peloryel).

7. Show in the system with V as a primitive connective
F (e — ) o (o V),
Flp =)V (¥ — o)

2. Predicate Logic

2.1 Quantifiers

In propositional logic we used large chunks of mathematical language, namely
those parts that can have a truth value. Unfortunately this use of language
is patently insufficient for mathematical practice. A simple argument, such
as “all squares are positive, 9 is a square, therefore 9 is positive” cannot be
dealt with. From the propositional point of view the above sentence is of the
form ¢ A — o, and there is no reason why this sentence should be true,
although we obviously accept it as true. The moral is that we have to extend
the language, in such a way as to be able to discuss objects and relations. In
particular we wish to introduce means to talk about all objects of the domain
of discourse, e.g. we want to allow statements of the form “all even numbers
are a sum of two odd primes”. Dually, we want a means 6f expressing “there
exists an object such that ...”, e.g. in “there exists a real number whose
square is 2”.

Experiefice has taught us that the basic mathematical statements are of
the form “a has the property P” or “a and b are in the relation R”, etc. Exam-
ples are: “n is even”, “f is differentiable”, “3 = 5”7, “7 < 127, “B is between
A and C”. Therefore we build our language from symbols for properties, re-
lations and objects. Furthermore we add variables to range over objects (so
called individual variables), and the usual logical connectives now including
the quantifiers vV and 3 (for “for all” and “there exists”).

We first give a few informal examples.

3zP(z) — there is an x with propertyP,

VyP(y) — for all y P holds (all y have the
property P),

VzIy(z = 2y) — for all = there is a y such that z is

two times y,
for all positive € there is an n such

Ve(e >0 — 3n(: <¢))

. that % <€,
T<y—3(r<zAz<y) — ifz <y, then there is a z such that
r<zand z <y,
VzSy(m.y =1) — for each z there exists an inverse y.
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We know from elementary set theory that functions are a special kind
of relations. It would, however, be in flagrant conflict with mathematical
practice to avoid functions (or mappings). Moreover, it would be extremely
cumbersome. So we will incorporate functions in our language.

Roughly speaking the language deals with two categories of syntactical
entities: one for objects - the terms, one for statements - the formulas. Ex-
amples of terms are: 17, x, (2 + 5) ~ 7,231,

What is the subject of predicate logic with a given language? Or, to put it
differently, what are terms and formulas about? The answer is: formulas can
express properties concerning a given set of relations and functions on a fixed
domain of discourse. We have already met such situations in mathematics;
we talked about structures, e.g. groups, rings, modules, ordered sets (see any
algebra text). We will make structures our point of departure and we will get
to the logic later.

In our logic we will speak about “all numbers” or “all elements”, but
not about “all ideals” or “all subsets”, etc. Loosely speaking, our variables
will vary over elements of a given universe (e.g. the n X n matrices over the
reals), but not over properties or relations, or properties of properties, etc.
For this reason the predicate logic of this book is called first-order logic, or
also elementary logic. In everyday mathematics, e.g. analysis, one uses higher
order logic. In a way it is a surprise that first-order logic can do so much for
mathematics, as we will see. A short introduction to sefond-order logic will
be presented in chapter 4.

2.2 Structures

A group is a (non-empty) set equipped with two operations , a binary one and

a unary one, and with a neutral element (satisfying certain laws). A partially

ordered set is a set, equipped with a binary relation (satisfying certain laws).
We generalise this as follows:

Definition 2.2.1. A structure is an ordered sequence

(A,Ry,...,Ru, Fy,...,Fn,{ci|i € I}), where Ais a non-empty set. Ry,..., Ry
are relationson A, Fy,..., F,, are functionson A, the ¢; (i € I) are elements
of A (constants).

Warning. The functions F; are fotal, i.e. defined for all arguments; this calls
sometimes for tricks, as with 07! (cf. p. 85).
Ezamples. (R, +,-,71,0,1) — the field of real numbers,

(N, <) — the ordered set of natural numbers.

We denote structures by Gothic capitals: A, B, &, D, . ... The script letters
are shown on page 102. ’
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If we overlook for a moment the special properties of the relations and
operations (e.g. commutativity of addition on the reals), then what remains
is the type of a structure, which is given by the number of relations, functions
(or operations), and their respective arguments, plus the number (cardinal-
ity) of constants.

Definition 2.2.2. The similarity type of a structure A = (A, Ry, ..., Ry, Fi,
..., Fm,{cili € I}) is a sequence, (r1,...,Tn;Q1, ..., Gm; K), where R; C A™,
F;: A% — A, & = |{c; [t € T} (cardinality of I).

The two structures in our example have (similarity) type {(—;2,2,1;2) and
(1; —;0). The absence of relations, functions is indicated by —. There is no
objection to extending the notion of structure to contain arbitrarily many
relations or functions, but the most common structures have finite types
(including finitely many constants).

It would, of course, have been better to use similar notations for our
structures, i.e. (A;Ry,...,Rn; F1,..., Fpicli € I), but that would be too
pedantic.

If R C A, then we call R a property (or unary relation), if RT A2, then
we call R a binary relation, if R C A", then we call R an n-ary relation.

The set A is called universe of 2. Notation. A = |2|. U is called (in)finite
if its universe is (in)finite. We will mostly commit a slight abuse of language
by writing down the constants instead of the set of constants, in the example
of the field of real numbers we should have written: (R, +,-,71,{0,1}), but
(R,+,-,71,0,1) is more traditional. Among the relations one finds in struc-
tures, there is a very special one: the identity (or equality) relation.

Since mathematical structures, as a rule, are equipped with the identity
relation, we do not list the relation separately. It does, therefore, not occur in
the similarity type. We henceforth assume all structures to possess an iden-
tity relation and we will explicitly mention any exceptions. For purely logical
investigations it makes, of course, perfect sense to consider a logic without
identity, but the present book caters for readers from the mathematics or
computer science community.

One also considers the “limiting cases” of relations and functions, i.e. 0-ary
relations and functions. An 0-ary relation is a subset of A?. Since A? = {0}
there are two such relations: ¢ and {8} (considered as ordinals: 0 and 1). 0-ary
relations can thus be seen as truth values, which makes them play the role
of the interpretations of propositions. In practice 0-ary relations do not crop
up, e.g. they have no role to play in ordinary algebra. Most of the time the
reader can joyfully forget about them, nonetheless we will allow them in our
definition because they simplify certain considerations. A 0-ary function is a
Mmapping from A? into A, i.e. a mapping from {0} into A. Since the mapping
has a singleton as domain, we can identify it with its range.
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In this way O-ary functions can play the role of constants. The advantage
of the procedure is, however, negligible in the present context, so we will keep
our constants.

Exercises

1. Write down the similarity type for the following structures:

i) (0,<.0)

(i) (N, +,-,5,0,1,2,3,4,...,n,...),whereS(z) =z + 1,

(i) (PN),C,u,n,c°,0),

Gv) (Z/(5),+,,—,1,0,1,2,3,4),

(v) ({0,1}, A,Vv,—,—,0,1) , where A, V, —, ~ operate according to
the ordinary truth tables,

(vi) (R,1),

(vi)) (R),

(viii) (R,N,<,T, 2,| |,—), where T'(a, b, c) is the relation‘b is between

a and ¢,2%is the square function, and | | the absolute value.
2. Give structures with type (1,1; —;3), (4; —;0).

2.3 The Language of a Similarity Type

The considerations of this section are generalizations of those in section 1.1:1.
Since the arguments are rather similar, we will leave a number of details
to the reader. For convenience we fix the similarity type in this section:
(P1y..-,Tn} @1,...,0m; k), Where we assume r; > 0,a; > 0.

The alphabet consists of the following symbols:

1. Predicate symbols: Pi,..., P, =

2. Function symbols:  f1,..., fm

3. Constant symbols: ¢; foriel

4. Variables: Tg, %1, T2, - . -(countably many)
5. Connectives: V,A,—, -, LV, 3

6.

Auxiliary symbols: (,),.

¥ and 3 are called the universal and existential quantifier. The curiously look-
ing equality symbol has been chosen to avoid possible confusion, there are in
fact a number of equality symbols in use: one to indicate the identity in the
models, one to indicate the equality in the meta language and the syntactic
one introduced above. We will, however, practice the usual abuse of language,
and use these distinctions only if it is really necessary . As a rule the reader
will have no difficulty in recognising the kind of identity involved.
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Next we define the two syntactical categories.

Definition 2.3.1. TERM is the smallest set X with the properties
(i)e;e X(i€I)and z; € X(i € N),
(ll) t1y-. s a; eX > fi(tla"'7ta,') eX,fori<i:<m

TERM is our set of terms.

Definition 2.3.2. FORM is the smallest set X with the properties:
(l) le X;PeX if r; =0; t1,.-,tr € TERM =
P’I:(t17""t'ri) € X;t1,to e TERM = t; =t; € X,
(ii) ¢, ¥ € X = (¢ O¥) € X, where O € {A,V,—, <},
(iii) p € X = (—p) € X,
(iv) ¢ € X = ((Vzi)p), (Fz:)p) € X.

FORM is our set of formulas. We have introduced t; = t3 separately, but
we could have subsumed it under the first clause. If convenient, we will not
treat equality separately. The formulas introduced in (%) are called atoms. We
point out that(i) includes the case of 0-ary predicate symbols, conveniently
called proposition symbols.

A proposition ssymbol is interpreted as a 0O-ary relation, i.e. as 0 or 1
(cf. 2.2.2). This is in accordance with the practice of propositional logic to
interpret propositions as true or false. For our present purpose propositions
are a luxury. In dealing with concrete mathematical situations (e.g. groups
or posets) one has no reason to introduce propositions (things with a fixed
truth value). However, propositions are convenient (and even important) in
the context of Boolean-valued logic or Heyting-valued logic, and in syntactical
considerations.

We will, however, allow a special proposition: 1, the symbol for the false
proposition (cf. 1.2).

The logical connectives have, what one could call ‘a domain of action’,
€.8. in ¢ — 1) the connective — yields the new formula ¢ — 1 from formulas
¥ and ¢, and so — bears on ¢,? and all their parts. For propositional
connectives this is not terribly interesting, but for quantifiers (and variable-
bmfﬁng operators in general) it is. The notion goes by the name of scope .
So in ((Vz)p) and ((3z)¢), ¢ is the scope of the quantifier. By locating the
matching brackets one can easily effectively find the scope of a quantifier. If
a variable, term or formula occurs in ¢, we say that it is in the scope of the
Quantifier in Yz or Jze.

FOI‘]{lll\?[t_ as in the case of PROP, we have induction principles for TERM and
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Lemma 2.3.3. Let A(t) be a property of terms. If A(t) holds for t a vari-
able or a constant, and if A(t1), A(ta),..., A(tn) = A(f(t1,.--,tn)), for all
function symbols f, then A(t) holds for allt € TERM.

Proof. cf. 1.1.3. O

Lemma 2.3.4. Let A(p) be a property of formulas. If
(i) A(yp) for atomic o,
(i) A(g), A(%) = AlpOv)),
(ii}) A(p) = A(~0)),
(iv) A(p) = A((Vz;)p), A(Fzi)p) for alli, then A(p) holds for all
¢ € FORM.

Proof. cf. 1.1.3. O

We will straight away introduce a number of abbreviations. In the first
place we adopt the bracket conventions of propositional logic. Furthermore
we delete the outer brackets and the brackets round Vx and 3z, whenever
possible. We agree that quantifiers bind more strongly than binary connec-
tives. Furthermore we join strings of quantifiers, e.g. Vrizo3zazep stands
for Vz;Vzo3z33zdyp. For better readability we will sometimes separate the
quantlﬁer and the formula by a dot: Vz - ¢. We will also assume that 7 in
f(ty, ... tn), P(t1,...,ts) always indicates the correct number of arguments.
A word of warning: the use of = might confuse a careless reader. The sym-

bol ‘=’ is used in the language L, where it is a proper syntactic object, It
occurs in formulas such as o = z7, but it also occurs in the meta-langudge,
e.g. in the form z = y, which must be read “z and y are one and the same
variable”. However, the identity symbol in z = y can just as well be the
legitimate symbol from the alphabet, i.e. z = y is a meta-atom, which can be
converted into a proper atom by substituting genuine variable symbols for
and y. Some authors use = for “syntactically identical”, as in “z and y are
the same variable”. We will opt for “=" for the equality in structures (sets)
and “=” for the identity predicate symbol in the language. We will use = a
few times, but we prefer to stick to a simple “ = ” trusting the alertness of
the reader.

Example 2.3.5. Example of a language of type (2;2,1;1).
predicate symbols: L,=
function symbols: p,1?
constant symbol: €

Some terms: t; := Tp; t2 := p(x1,T2); t3 = p(€,€); ta := i(xz7); t5 =
p(i(p(l‘z,é)),i(.’l)l)).
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Some formulas

Y1 = To= T2,

w2 = t3 =1y,

w3 = L(i(zs),®),

ps = (To =11 > 71 = 20),

ws = (Yzo)(Vx1)(zo = x1 — ~L(x0, 1),
we = (Yzo)(Fz1)(p(x0,21) =€),

pr = (@z)(~z1 =€Ap(z1,21) =€).

(We have chosen a suggestive notation; think of the language of ordered
groups: L for “less than”, p,7 for “product” and “inverse”). Note that the
order in which the various symbols are listed is important. In our example p
has 2 arguments and ¢ has 1.

In mathematics there are a number of variable binding operations, such
as summation,integration, abstraction: consider, for example, integration, in
fol sinzdz the variable plays an unusual role for a variable. For £ cannot
“vary”; we cannot (without writing nonsense) substitute any number we like
for . In the integral the variable z is reduced to a tag. We say that the
variable z is bound by the integration symbol. Analogously we distinguish in
logic between free and bound variables.

In defining various syntactical notions we again freely use the principle
of definition by recursion (cf.1.1.6). The justification is immediate: the value
of a term (formula) is uniquely determined by the values of its parts. This
allows us to find the value of H(t) in finitely many steps.

Definition by Recursion on TERM: Let Hy : Var U Const — A (i.e.Hy
is defined on variables and constants),
mapping H : TERM — A such that

H; : A% — A, then there is a unique

{ H(t) = Hy(t) for a a variable or a constant,

H(fi(ty,...,ta,)) = Hi(H(t1),...,H(ts,))-

Definition by Recursion on FORM:
Let H, :At— A (i.e.Hyy is defined on atoms),
Hg 1 A2 — A, (Oe {V,A,—,<})
H.: A A
Hy:AxN— A,
Hy: Ax N - A,

then there is a unique mapping H : FORM — A such that

H{yp) = Hy(yp) for atomice ¢,
H(eOvy) = Ho(H(p), HY)),
H (=) = H-(H(¥)),
H(Vzip) = Hy(H(p),1),
= Ha(H(p),1).

H(3zi(p)
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Definition 2.3.6. The set FV(t) of free variables of t is defined by
(1) FV{(x;) = {z;},
FV(Ei) = @
(i) FV(f(t1,..-,tn)) = FV(t))U...UFV(t,).
Remark. To avoid messy notation we will usually drop the indices and
tacitly assume that the number of arguments is correct. The reader can eas-
ily provide the correct details, should he wish to do so.

Definition 2 3.7. The set FV () of free variables of ¢ is defined by

(i)  FV(P(t1,..-,tp)) = FV(t1)U...UFV(tp),
(tl = tg) 1= FV(tl) U FV(tg),
FV(L ) Fv(P) := ) for P a proposition symbol,
(i)  FV(pOy) = FV(p) UFV(¥),
FV(~y) = FV(p),
(itd) FV(Vzip) := FV(3zip) = FV(p) - {z:}.

Definition 2.3.8. t or ¢ is called closed if FV(t) = 0, resp. FV(p) = 0.
A closed formula is also called a sentence. A formula without quantifiers is
called open. TERM, denotes the set of closed terms; SENT denotes the seq

of sentences.

It is left to the reader to define the set BV (p) of bound variables of .
Continuation of Example 2.3.5.
FV{ty) = {x1,22}; FV(t3) = 0; FV(p2) = FV(t3) UFV(ts) = {zz}; ¥
FV(g7) =0; BV(pa) =0; BV(ps) = {Zo,Z1}. 5, e, p7 are sentences.

Warning. FV(p)NBV(p) need not be empty, in other words, the same vari-
able may occur free and bound. To handle such situations one can consider
free (resp. bound) occurrences of variables. When necessary we will make in-
formally use of occurrences of variables.

Ezample. Vzi(z1 = z2) — P(z1) contains z; both free and bound, for the
occurrence of x; in P(x;) is not within the scope of the quantifier

In predicate calculus we have substitution operators for terms and for
formulas.

Definition 2.3.9. Let s and t be terms, then s[t/z] is defined by:
) ult/a) - {yze
clt/x] = ¢
(i) flta,.. tp)t/z] = flalt/z],... tplt/z]).

Note that in the clause (i) ¥ = = means “z and y are the same variables”.
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]‘_)eﬁmtlon 2.3.10. @[t/z] is defined by:
@ L[t/x] =L,
Plt/x] := P for propositions P,
P(ty,...,tp)[t/x] P(t\[t/x], ... tplt/x]),
(t1 =to)[t/x] t[t/z] = talt/z],

Il

I

(i) (¢ O)[t/a] = elt/zl0yt/l,
(=)t /2] = elt/r]

(i11)  (Vyp)lt/z] = 3%[???5 Z .
(Fue)[t/] = 3%[%?;; 7

Substitution of formulas is defined as in the case of propositions, for con-
venience we use ‘$’ as a symbol for the propositional symbol (0-ary predicate
symbol) that acts as a ‘place holder’.

Definition 2.3.11. o[yp/$] is defined by:

(1) ole/$ ; iiig ¢E$$ for atomic o,

(i) (01002)[p/8] = o1lp/8]Oozp/3]
(—o1)[o/$) = —oqe/8]
(Vyo)le/3) = Vy.olp/9]
(Fyo)le/9] = Jy.ole/9].

Continuation of Example 2.3.5.

talta/z1] = i(x7); tafte/z7] = i(p(z1, T2));

t5[m2/xl] = p(i(p(xbé)vi(‘r?))v

p1lts/zo] = p(&€) = x2; wsts/z0] = 5.

We will sometimes make simultaneous substitutions, the definition is a
slight modification of definitions 2.3.9, 2.3.10 and 2.3.11. The reader is asked
to write down the formal definitions. We denote the result of a simultaneous
substitution of t1,...,t, for y1,...,yn in t by t[t1,...,tn/Y1,-- ., Yn] (simi-
larly for ).

Note that a simultaneous substitution is not the same as its corresponding
repeated substitution.

Ezample. (z9 = 21)[z1,20/0,21) = ($1 = 29),
but ((zg = z1)[x1/z0])[To/z1] = (z1 = z1)[70/Z1] = (T0 = T0)-

The quantifier clause in definition 2.3.10 forbids substitution for bound
Variables. There is, however, one more case we want to forbid: a substitution,
In which some variable after the substitution becomes bound. We will give
an example of such a substitution; the reason why we forbid it is that it can
change the truth value in an absurd way. At this moment we do not have a
truth definition, so the argument is purely heuristic.
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Ezample. 3z(y < z)[z/y] = 3z (z < z).

Note that the right-hand side is false in an ordered structure, whereas
Jdz(y < x) may very well be true. We make our restriction precise:

Definition 2.3.12. t is free for x in ¢ if
(i) ¢ is atomic,
(ii) ¢ := 1 Oepa (or ¢ := —¢p1) and t is free for x in 1 and 2 (resp.p1),
(iii) ¢ = Jyy, or ¢ := Vyy, and y ¢ FV(t) and ¢ is free for z in 9,
where = # y.

Ezamples.

1. xo is free for x¢ in Jz3 Pz, x3),
2. f(zo, 1) is not free for zy in Iz, P(xg, T3),
3. zs is free for z1 in P(xy,z3) — 321Q(z1,z2).

For all practical purposes the use of “¢ is free for = in ¢” consists of the fact
that the (free) variables of ¢ are not going to be bound after substitution in ¢.

Lemma 2.3.13. t is free for  in ¢ < the variables of t in p[t/z} are not in

the scope of a quantifier.
Proof. Induction on .

— For atomic ¢ the lemma is evident.

—p=p0 cpg t is free for z in ¢ %L ¢ is free for z in 1 and t is free for
z in @ “% the variables of t in @1[t/x] are not in the scope of a quantifier
and the variables of ¢ in 2[t/z] are not in the scope of a quantifier < the
variables of ¢ in (p; O2)[t/z] are not in the scope of a quantifier.

— ¢ = —1, similar.

— @ =Vyy. tisfreefor zin ¢ def- y &€ FV(t) and t is free for x in ¢ 4R the
variables of ¢ are not in the scope of Vy and the variables of ¢ in 9[t/z] are
not in the scope of (another) quantifier < the variables of ¢t in ¢[t/x] are
not in the scope of a quantifier. O

There is an analogous definition and lemma for the substitution of for-

mulas.

Definition 2.3.14. ¢ is free for § in o if:
(i) o is atomic,
(ii) 0 := 01O 02 (or —01) and o is free for $ in o1 and in o2 (or in 1),
(iii) o := Jy7 (or Vy7) and y &€ FV () and ¢ is free for $ in 7.
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Lemma 2.3.15. ¢ is free for $ in o & the free variables of ¢ are in olp/9)
not in the scope of a quantifier.

Proof. As for Lemma 2.3.13. O
\
From now on we tacitly suppose that all our substitutions are ”free for”.

For convenience we introduce an informal notation that simplifies reading
and writing. Notation. In order to simplify the substitution notation and to

conform to an ancient suggestive tradition we will write down (meta-) expres-
sions like ©(z,y, 2),¥(x, ), etc. This neither means that the listed variables
occur free nor that no other ones occur free. It is merely a convenient way
to handle substitution informally: ¢(¢) is the result of replacing x by ¢ in
@(x); p(t) is called a substitution instance of ().

We use the languages introduced above to describe structures, or classes
of structures of a given type. The predicate symbols, function symbols and
constant symbols act as names for various relations, operations and constants.
In describing a structure it is a great help to be able to refer to all elements
of || individually, i.e. to have names for all elements (if only as an auxiliary
device). Therefore we introduce:

Definition 2.3.16. The extended language, L(), of 2 is obtained from the
language L, of the type of 2, by adding constant symbols for all elements of
2A. We denote the constant symbol, belonging to a € |2, by @.

Ezample. Consider the language L of groups; then L(?1), for 2 the additive
group of integers, has (extra) constant symbols 0, 1, 2, ..., =1, =2, =3, .....
Observe that in this way 0 gets two names: the old one and one of the new

ones. This is no problem, why should not something have more than one
name?

Exercises

1. Write down an alphabet for the languages of the types given in Exercise
1 of section 2.2

- Write down five terms of the language belonging to Exercise 1, (iii), (viii),
Write down two atomic formulas of the language belonging to Exercise 1,
(vii) and two closed atoms for Exercise 1, (iii), (vi).

3. Write down an alphabet for languages of types (3;1,1,2;0), {—;2;0) and
(1;-;3).
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4. Check which terms are free in the following cases, and carry out the

substitution:
(@) zforzinz=r, (f) z+w for z in Vw(z + 2z =10),
() yforzinz=r, (9) x+yfor zinVw(z+2z=0)A
(¢) z+yforyinz=0, Jy(z = z),
(d) O+yforyin3z(y==zx), (h) zx+y for z in Vu(u =v) —
(¢) z-+yforzin Vz(z = y).

Juw(w + z = 0),

2.4 Semantics

The art of interpreting (mathematical) statements presupposes a strict sepa-
ration between “language” and the mathematical “universe” of entities. The
objects of language are symbols, or strings of symbols, the entities of math-
ematics are numbers, sets, functions, triangles, etc. It is a matter for the
philosophy of mathematics to reflect on the universe of mathematics; here
we will simply accept it as given to us. Our requirements concerning the
mathematical universe are, at present, fairly modest. For example, ordinary
set theory will do very well for us. Likewise our desiderata with respect to
language are modest. We just suppose that there is an unlimited supply of
symbols.

The idea behind the semantics of predicate logic is very simple. Following
Tarski, we assume that a statement ¢ is true in a structure, if it is actudlly
the case that o applies (the sentence “Snow is white” is true if snow actually
is white). A mathematical example: “2 + 2 = 4” is true in the structure of
natural numbers (with addition) if 2 + 2 = 4 (i.e. if addition of the numbers
2 and 2 yields the number 4). Interpretation is the art of relating syntactic
objects (strings of symbols) and states of affairs “in reality”.

We will start by giving an example of an interpretation in a simple case.
We consider the structure 9 = (Z, <, +, —,0), i.e. the ordered group of inte-
gers.

The language has in its alphabet:

predicatesymbols : =, L
Sfunctionsymbols : P, M
constantsymbol : 0

L(2A) has, in addition to all that, constant symbols T for all m € Z. We first
interpret the closed terms of L(2l); the interpretation t% of a term t is an
element of Z.

2.4 Semantics 67
t |
m m
P(tlth) t‘i’i+t%1
M(t) —t%

Roughly speaking, we interpret m as “its number”, P as plus, M as minus.
Note that we interpret only closed terms. This stands to reason, how should
one assign a definite integer to =7

Next we interpret sentences of L(2) by assigning one of the truth values
0 or 1. As far as the propositional connectives are concerned, we follow the
semantics for propositional logic.

v(Ll) = 0,

Lif t* = %
v(t =) - 0 else, ’

g2 2

e = {1
vg‘p[j)d’) } as in 1.2.1
v(~p
o(¥og) = minfo(el/z)) |ne 2}
v(3zo) = max{v(g[n/z]) | ne€ Z}

A few remarks are in order.

1. In fact we have defined a function v by recursion on .

2. The valuation of a universally quantified formula is obtained by taking
the minimum of all valuations of the individual instances, i.e. the value
is 1 (true) iff all instances have the value 1. In this respect V is a gener-
alisation of A. Likewise 3 is a generalisation of V.

3. v is uniquely determined by 2, hence vy would be a more appropriate
notation. For convenience we will, however, stick to just v.

4. As in the semantics of propositional logic, we will write [¢]a for va(p),
and when no confusion arises we will drop the subscript 2.

5. It would be tempting to make our notation really uniform by writing
[t]a for t%. We will, however, keep both notations and use whichever
is the most readable. The superscript notation has the drawback that it
requires more brackets, but the [ J-notation does not improve readability.

Ezamples.

1 gP(I)D(Z 3), MO =PEH2+ M2 =@ +3) +(-T) =2+3+

~7) = -2,

I[ii—*l]] =0, since 2 # —1,

3. [[6 =1 — L(25,10)] = 1, since [0 = 1] = 0 and [L(25,10)] = 0; by the
interpretation of the implication the value is 1,

4. [Vz3y(L(z,y))] = min,(max,[L(7,m))]
[(m,m)] = 1 for m > n, so for fixed n, max,,[L(%,7)] = 1, and hence
min,, max,, [L(7,m)] = 1.

L
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Let us now present a definition of interpretation for the general case.
Consider % = (A, Ry,..., Ry, F1,...,F,, {¢;]i € I}) of a given similarity

type <T1,~- s Ty A1y -0 s am7|I|>
The corresponding language has predicate symbols Ry, ..., Rn, function
symbols F1, ..., F,, and constant symbols ;. L(2), moreover, has constant

symbols @ for all a € |YU.

Definition 2.4.1. An interpretation of the closed terms of L{?) in %, is a
mapping (.)* : TERM, — || satisfying:

(’L) C?L = ¢
a* = a,
(i) Filts, .. t,))* = Fi(t},...,t}), where p = a;.

Definition 2.4.2. An interpretation of the sentences ¢ of L(2) in 2, is a
mapping [.Jo : SENT — {0, 1}, satisfying:

(@) [Lla = 0,
[P]a = P (i.‘e. Oq(l)r 1). o

@ Pl = | g P ST

i A _ 42U !

[[ti = t2]]Qla = (1) eflste. t2

(i) [ Ao = min([¢]a, [¢]a),
[e v ¥la = max([e]a, [¥]a), .
[e = ¥]a = max(1 - [o]a, [¥]a), 4
lo = vla = 1-|[ela - [¥lal,
4 b = 1—[e]a.

(v) [Vzela = min{[p[a/z]]al a € |2},
[Bre]a = max{[p[a/z]lal a € [A[}.

In predicate logic there is a popular and convenient alternative for the
valuation-notation:

Notation. U k= ¢ stands for []a = 1. We say that“p is true, valid, in 2" if

2 = ¢. The relation k= is called the satisfaction relation.

So far we have only defined truth for sentences of L(2). In order to extend
k= to arbitrary formulas we introduce a new notation.
Of course, the same notation is available in propositional logic — there the
role of U is taken by the valuation, so one could very well write v &= ¢ for

[l =

Definition 2.4.3. Let FV () = {z1,...,2k}, then Cl(p) := Vz1 ... zxp I8
the universal closure of ¢ (we assume the order of variables z; to be fixed in
some way).
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Definition 2.4.4. (i) A E ¢ iff A = Cl(y),
(ii) = ¢ iff 2 |=  for all 2 (of the appropriate type),
(i) A = T iff A =y for all € T,
() I'Eeiff (AT =2 @), where I' U {p} consists of sentences.

If A = o, we call A a model of 0. In general: if A = I' , we call 2A a
model of I'. We say that ¢ is true if |= ¢, @ is a semantic consequence of I if
I' E g ie. ¢ holds in each model of I'. Note that this is all a straight-forward
generalisation of 1.2.4.

If ¢ is a formula with free variables, say FV(¢) = {z1,..., 2}, then we
say that ¢ is satisfied by a1,...,ar € || if A = play, ..., q%/21,-. ., 2] ¢
is called satisfiable in 2 if there are aq,...,ax such that ¢ is satisfied by
a1, --,ar and @ is called satisfiable if it is satisfiable in some 2(. Note that ¢
is satisfiable in 20 iff A =3z ... 2.

The properties of the satisfaction relation are in understandable and con-
venient correspondence with the intuitive meaning of the connectives.

Lemma 2.4.5. If we restrict ourselves to sentences, then
(i) UAERpAYeAEpandli=1,
(W) UpeVyeUAEporldEy
(1)) AE oA,
(i) Apove @Fe=AEp),
() UAEpeoyvpe@AEpeUAREY),
(vi) AEVrp e UkE=ypa/z], for alla € |,
(vii) A Jzp & U= pla/x], for some a € |A|.

Proof. Immediate from Definition 2.4.2. We will do two cases.

(iv) A = ¢ — ¢ & [¢ = Yo = maz(l — [@]a, [¢]a) = 1. Suppose A |= ¢,
ie. [p]a =1, then clearly [¢]a =1, or A = 9.
Conversely, let A = ¢ = 2 E 9, and suppose 2 ¥ ¢ — 1, then
[e — ¢]a = maz(l - [¢la, [¥]a) = 0. Hence [¢]la = 0 and [pla = 1.

Contradiction.
(vii) U = Fzp(z) & maz{([p(@)]U|a € |U|} =1 < there is an a € || such
that [¢(a]2 = 1 & there is an a € || such that A = ¢(a). O

Lemma 2.4.5 tells us that the interpretation of sentences in 2 runs parallel
to the construction of the sentences by means of the connectives. In other
words, we replace the connectives by their analogues in the meta-language
and interpret the atoms by checking the relations in the structure.

E.g., take our example of the ordered additive group of integers. 2 |=
~Vz3y(z = P(y,y)) < It is not the case that for each number n there exists
an m such that n = 2m < not every number can be halved in 2(. This clearly
is correct, take for instance n = 1.
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Let us reflect for a moment on the valuation of proposition symbols; an
0-ary relation is a subset of AP — {0}, ie. it is @ or {@} and these are,
considered as ordinals, 0 or 1. So [P]y = P, and P is a truth value. This makes
our definition perfectly reasonable. Indeed, without aiming for a systematic
treatment, we may observe that formules correspond to subsets of AF | where
k is the number of free variables. E.g. let FV(p) = {z1,...,2k}, then we
could stretch the meaning of [¢]a a blt by putting [¢]a = {{a1,...,ax)|U =
(@1, ...,ax)} = {{a1,...,an)l[(@1,-..,q)]a = 1} It is immediately clear
that applying quantifiers to ¢ reduces the “dimension”, e.g. [FzP(x,y)]u =
{a|2 = P(b,a@) for some b}, which is the projection of [P(z,y)] onto the
y-axis.

Exercises
1. Let M = (N, +,-,5,0), and L a language of type (—;2,2,1;1).

(i) Give two distinct terms t in L such that t™ = 5,
(i) Show that for each natural number n € N there is a term ¢ such

that ¢t = n,
(iii) Show that for each n € N there are mﬁmtely many terms ¢ sucl
that t% = n.

2. Let 2% be the structure of exercise 1 (v) of section 2.2. Evaluate (a-
) = ~0)%, (T ~(-TV)™

3. Let 2l be the structure of exercise 1 (viii). Evaluate (|(v/3)% — =5])*, (1 -

(=2) — (~=(=2)™

4. Which cases of Lemma 2.4.5 remain correct if we consider formulas in
general?

5. For sentences o we have 2 |= ¢ or 2 |= —o. Show that this does not hold
for ¢ with FV(p) # 0. Show that not even for sentences |= o or = —0
holds.

6. Show for closed terms t and formulas ¢ (in L(%)):
At=[tly,
A k= o(t) & ¢([t]y) (We will also obtain this as a corollary to the
Substitution Theorem, (2.5.11).

7. Show that 2 |= ¢ = 2 = 1 for all 2, implies = ¢ = [= ¢, but not vice

versa.
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2.5 Simple Properties of Predicate Logic

Qur definition of validity (truth) was a straightforward extension of the
valuation-definition of propositional logic. As a consequence formulas which
are instances of tautologies are true in all structures 2 (exercise 1). So we
can copy many results from sections 1.2 and 1.3. We will use these results
with a simple reference to propositional logic.

The specific properties concerning quantifiers will be treated in this sec-
tion. First we consider the generalisations of De Morgan’s laws .

Theorem 2.5.1. (i) |k —Vzp « Jz—p
(1) = Jzp o Vg
(iti) EVze « —Jz-p
(iv) | 3wy o V-

Proof. If there are no free variables involved, then the above equivalences are
almost trivial. We will do one general case.

(i) Let FV(Vzyp) = {21,..-, 2k}, then we must show
AV ... zx(-Vop(z, z1,.. ., 2k) & Fz-p(T, 21,. .., 2k)), for all A
So we have to show % E -Vzy(z,a1,...,8) <« Jz-p(z,ay,...,0)
for arbitrary ai,...,ax € |2|. We apply the properties off= as listed
in Lemma 2.4.5:
A E —Vzo(r,a,...,ak) <& A ¥ Vee(z,ay,...,a;) © not for all
be A A = o(b,@y,...,a) & there is a b € |2| such that % }=
—p(b,a1,...,a5) A= EIz—wp(x Q1,y.-y8n).

(ii) is similarly dealt with,

(iii) can be obtained from (i), (ii),

(iv) can be obtained from (i), (ii). O

The order of quantifiers of the same sort is irrelevant, and quantification
over a variable that does not occur can be deleted.

Theorem 2.5.2. (i) |k VaVyp < YyVzop,
(1) | 3z3yp © Fydzp,
(it1) EVze «— pifz & FV (),
(iv) EIzp e pifz g FV(p).
Proof. Left to the reader

O
We have already observed that V and 3 are , in a way, generalisations of
A and V. Therefore it is not surprising that V (resp 3) distributes over A

(resp.v). V (and 3) distributes over V (resp. A) only if a certain condition is
met.
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Theorem 2.5.3. (i) |=Vz(p Ay) < Yzp AVzy,

(11) = 3z(p V) o 3xp v Iry,
(#11) = Vz(p(z) V) o Vop(z) Vi if € FV (),
(iv)  F 3z(p(z) AY) & Jzp(x) Ay if & FV(¥).

Proof. (i) and (ii) are immediate.

(iii) Let FV (Vz(p(z) V ¢)) = {z1,.. ., 2x}. We must show that
A = Vzr ... Vz(elz) V) « Vze(z) Vo] for all U, so we show, us-
ing Lemma 2.4.5, that % = Vz[p(z,a1,...,8k)) V ¥(@1,..-,8)] © A =
Vzo(z,ay,...,ak) V¥(ay,...,ax) for all % and all ay,...,ax € |2
Note that in the course of the argument ay,...
the future we will no longer write them down.

,ax remain fixed, so in

< U = Vre(z, YV p( ) & A b= Vap(e, yor A EyY(—) &
2A = (b, ) for all b or 2 £ ¢Y(—).
If A = ( ), then also A = (b, )V ( ) for all b, and so
A = Vao(z, YV ( ). If for all b A = (b, ) then
A = (b, )V ) for all b, so A = Vr(o(z, YV p(—)).
In both cases we get the desired result.

= : We know that for each b € || 2% = p(b,——) V ¥( ). 8

If 2 = ), then also 2% = Vzo(z, YV ( ), so we are done.
If A = o ) then necessarily 2% = (b, ) for all b, so
A = Vzp(z, ) and hence A = Vro(z, )V ( ).

(iv) is similar. O

In the proof above we have demonstrated a technique for dealing with"the
extra free variables z1,..., 2k, that do not pl@y an actual role. One chooses
an arbitrary string of elements ay, ..., ax to substitute for the z;’s and keeps
them fixed during the proof. So in future we will mostly ignore the extra
variables.

WARNING. Vz(p(z) V ¥(z)) — Yzp(z) V Vzy(z), and
Azp(z) A Jzy(z) — 3z(p(x) A ¥(z)) are not true.

One of the Cinderella tasks in logic is the bookkeeping of substitution,

keeping track of things in iterated substitution, etc. We will provide a number
of useful lemmas, none of them is difficult - it is a mere matter of clerical
labour.
A word of advice to the reader: none of these syntactical facts are hard to
prove, nor is there a great deal to be learned from the proofs (unless one is
after very specific goals, such as complexity of certain predicates); the best
procedure is to give the proofs directly and only to look at the proofs in the
book in case of emergency.
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Lemma 2.5.4. (i) Let z and y be distinct variables such that x ¢ FV(r),
then (¢[s/x])[r/y) = (t[r/y])s[r/y] /=),

(ii) let x and y be distinct variables such that x & FV'(s) and let t and s be
free for z and y in @, then (p[t/x])[s/y] = (ls/y])[tls/y]/x],

(iii) let ¥ be free for § in ¢, and let t be free for x in ¢ and ¢, then
(plw/8D[t/x] = (plt/z])t/]/9],

(iv) Let o, 9 be free for 81,82 in o,let Y be free for 83 in ¢, and let $; not
occur in ¥, then (o(p/81])[/32] = (a[/82])[o(v/$2]/81].

Proof. (i) Induction on ¢.

— t = ¢, trivial.
—t = z. Then t[s/z] = s and (t[s/z])[r/y] = slr/y]; (t[r/y])[s[r/y]l/z] =
z[slr/yl/z] = slr/y].
— t =y. Then (t[s/x])[r/y] = y[r/y] = r and (t[r/y])[slr/y]/z] = r(s[r/y]/x} =
r, since z/not € FV(c).
— t = z, where 2z # x,y, trivial.
—t=f(t1,...,tn). Then (t[s/z])[r/y] = (f(ts[s/x],.. )Ir/y] =
F((tals/2D)lr/y),-. ) = F((lr/o))islr/yl/a), - ) =
ftalr/y), - lslr/yl/al = (tlr/y)[slr /3 /=) !
(ii) Induction on . Left to the reader.
(iii) Induction on ¢.
— ¢ =1 or P distinct from $. Trivial.
— ¢ =$. Then (8[v/8])[t/z] = ¥[t/x] and (8[t/z])[¥[t/z]/8] =
$[yit/x]/8] = lt/z].
— =y Oy, g Trivial.
— ¢ = Vypr. Then (Vy - o1 [9/8])[t/z] = (Vy - o1 [9/3)[t /2] =
Wy - ((galw/8))[t/2]) 2 Vy((pnt/a]) Wit /2] /8)) =
((Vypr)[t/x])[w[t/x]/9].
¢ = Jy:. Idem.

(iv) Induction on o. Left to the reader. 0

We immediately get

Corollary 2.5.5. (i)
(17)

If = ¢ FV(t), then t[a/z] = (t[z/x])[@/z],
If z ¢ FV(p) andz free forzin ¢, then
pla/z] = (plz/z))[a/z].

It is possible to pull out quantifiers from formula. The trick is well-
known in analysis: the bound variable in an integral may be changed. E.g.
Jzdz + [sin ydy = fzdz + [sinzdz = [(z + sinz)dzr. In predicate logic we
have a similar phenomenon.

! i h.’ indicates the use of the induction hypothesis
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Theorem 2.5.6 (Change of Bound Variables). . If r,y are free for z in
¢ and z,y € FV(p), then |= 3xplz/z2] o Jyply/z],
= Vrple/z] < Yyply/z].
Proof. Tt suffices to consider ¢ with FV(¢) C {z}. We have to show
A = Jzrplz/z] © U = yely/z] for any 2.
A = 3zp(z/z] & U E (plz/z])[@/z] for some a
& U = pla/z) for some a & A (¢[y/z])[@/z] for some a < A = Jyply/z].
The universal quantifier is handled completely similarly. a
The upshot of this theorem is that one can always replace a bound vari-
able by a “fresh” one, i.e. one that did not occur in the formule. From this
one easily concludes

Corollary 2.5.7. Every formula is equivalent to one in which no variable
occurs both free and bound.

We now can pull out quantifiers: Vzp(z) V Vay(z) « Vze(z) V Vy(y)
and Vzo(z) V Vyy(y) « Vzy(e(z) V ¥(y)), for a suitable y.

In order to handle predicate logic in an algebraic way we need the tech-
nique of substituting equivalents for equivalents.

Theorem 2.5.8 (Substitution Theorem).
(i) Eti=t2— st1/z] = s[tz2/x]
(il) Ft1=ts — p[t1/7] & plta/z])
(iii) |= (¢ © ¥) = (o[v/8] & aly/3]) ’

Proof. It is no restriction to assume that the terms and formulas are closed.
We tacitly assume that the substitutions satisfy the "free for” conditions.

(i) Let 2 |= t1 = to, i.e. tI = t3. Now use induction on s.

— 5 is a constant or a variable. Trivial.

—s = F(sy,...,s). Then s[t;/z] = F(s1[ti/z],...) and (slt;/z])* =
F((s1]t:))%/x,...). Induction hypothesis: (s;[t1/z])* = (s;[t2/x])*,
1<j <k So (sfta/a))? = F((s1[t/2])%,...) =
F((s1[t2/z))?,...) = (s[tz/z])®. Hence U |= sft1/z] = s[ta/z].

(ii) Let A |=t; = 2, so t7 = t3. We show U |= ¢[t;/z] & A = p[ta/z] by

induction on .

— ¢ is atomic. The case of a propositional symbol (including 1) is
trivial. So consider ¢ = P(s1,...,5k). A | P(s1,...,8)[t1/2] ©
A = P(sifti/z],...) & {(silti/a])?, ..., (skt1/2])* € P. By (i)
(Sj[tl/.'L'])Ql = (Sj[tQ/.’L‘DQl,j = 1, PN ,k.

So we get ((s1[t1/z])%,...)

€P<=>...<=>91t:P(81,...>[t2/.’l:].
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— @ =@1 Vs, ©1 A2, Y1 — Y2, ~p1. We consider the disjunction:

% = (p1Via)[t1/z] & A k= gift1 /2] or A | paltr /2] B A = g1 ta/2)
or A |= pofta/x] & Ak (p1V p2)lta/z].
The remaining connectives are treated similarly.

- =3JyY, o = Vyy.
We consider the existential quantifier. 2 |= (Jyy)[t1/z] &
A =yt /z]) © A |E [t1/z][a/y] for some a.
By 2.5.6 % E y[ti/z][a/y] < A = ($a/y)ti(a/yl/z]. Apply the
induction hypothesis to ¥ [a/y] and the terms ¢,[@/y], tz[a/y]. Observe
that ¢t; and t are closed, so t1[a/y] = tiandty = t2fa/y]. We get
A = Ylte/z][a/y], and hence A = Jysp[ta/z]. The other implication is
similar, so is the case of the universal quantifier.

(iii) Let 2 = ¢ & A = 1. We show 2 |= o[p/$] @ A k= o[1/$] by induction

on .

— o is atomic. Both cases ¢ = $ and o # $ are trivial.

— 0 =0y 0oy (or —oq). Left to the reader.

— 0 = Vz - 7. Observe that ¢ and v are closed, but even if they were not
then z could not occur free in ¢, .
A= (Vz-7)[p/8] © U | Vz(r]p/$]). Pick an a € ||, then A |=

(rlo/8)[a/z) 2&° o = (rla/z)lela/zl/s] & % E (rla/a))lp/s) &
2 = rla/zllw/8] & A E rla/z)vla/z)/8) & U E (Th/8])a/z).
Hence 2 = olp/$] & U k= o[1/9].

The existential quantifier is treated similarly. |

Observe that in the above proof we have applied induction to “o[p/$] for
all ¢”, because the substitution formula changed during the quantifier case.

Note that also the o changed, so properly we are applying induction to
fhe rank (or we have to formulate the induction principle 2.3.4 a bit more
iberal).

Corollary 2.5.9. (i) [s[t/=]] = [s([t]/z]

(@) [olt/2]] = [#([t]/21]
Proof We apply the Substitution Theorem. Consider an arbitrary 2. Note
?hat [[t] = [t]] (by definition), so % & [t] = ¢t. Now (i) and (ii) follow
Immediately. 0

In a more relaxed notation, we can write (i) and (ii) as
[s(t)] = [s(FD], or % k= s(t) = s(FD) and [(t)] = [o(ED], or
A= p(t) = o([tD).

Observe that [t](= [t]a) is just another way to write t2.

Proofs involving detailed analysis of substitution are rather dreary but,
unfortunately, unavoidable. The reader may simplify the above and other
Proofs by supposing the formulas involved to be closed. There is no real loss
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in generality, since we only introduce a number of constants from L(2) and
check that the result is valid for all choices of constants.

We now really can manipulate formulae in an algebraic way. Again, write
peq for E g — 1.

Ezamples.

1. Vap(z) — ¥ eq ~Vap(z) V § eq Jo(~p(z)) V ¥ eq Ja(-p(z) V ¥) eq
Az(p(z) — ), where x & FV (¢).

2. Vzp(z) — Jzp(z) eq “Vap(z)VIzp(r) eq Ix(-¢(z)Ve(z)). The formula
in the scope of the quantifier is true (already by propositional logic), so
the formula itself is true.

Definition 2.5.10. A formula ¢ is in prenez (normal) form if ¢ consists of
a (possibly empty) string of quantifiers followed by an open (i.e. quantifier
free) formula. We also say that ¢ is a prenex formula.

Ezamples. 3xVyIzIv(z =2z V y =z — v <y), VaVy3z(P(z,y) AQ(y,z) —
P(z,z)).

By pulling out quantifiers we can reduce each formula to a formula in
prenex form.

Theorem 2.5.11. For each ¢ there is a prenex formula v such that

Fy ey

Proof. First eliminate — and <. Use induction on the resulting formula ¢’.
For atomic ¢’ the theorem is trivial. If ¢’ = 1 V w2 and ¢f 2

are equivalent to prenex 1,2 then ¥1 = (Q1y1)...(Qnyn)¥t. 2 =

(Q121) - - - (Qo2m )%, where Q, Q; are quantifiers and 1!, 12 open. By The-

orem 2.5.6 we can choose all bound variables distinct, taking care that no

variable is both free and bound. Applying Theorem 2.5.3 we find |= ¢’ <

(Q1y1) -+ - (Qnyn) (@1 21) - - - (Qr2m) (¥ V 9?), 50 We are done.

The remaining cases are left to the reader. d

In ordinary mathematics it is usually taken for granted that the benev-
olent reader can guess the intentions of the author, not only the explicit
ones, but also the ones that are tacitly handed down generations of math-
ematicians. Take for example the definition of convergence of a sequence:
Ve > 03nvYm(|a, — apnym| < €). In order to make sense out of this expression
one has to add: the variables n,m range over natural numbers. Unfortu-
nately our syntax does not allow for variables of different sorts. So how do
we incorporate expressions of the above kind? The answer is simple: we add
predicates of the desired sort and indicate inside the formula the “nature” of
the variable.
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Ezample. Let 2 = (R,Q, <) be the structure of the reals with the set of
rational numbers singled out, provided with the natural order. The sentence
o :=Vzy(r <y — 32(Q(2) Az < 2Az < y)) can be interpreted in 2 : 2 = o,
and it tells us that the rationals are dense in the reals (in the natural order-
ing). We find this mode of expression, however, rather cumbersome. There-
fore we introduce the notion of relativised quantifiers. Since it does not matter
whether we express informally “ z is rational” by x € Q or Q(z), we will suit
ourselves and any time choose the notation which is most convenient. We use
(3z € Q) and (Vz € Q) as informal notation for “there exists an z in @” and
“for all z in Q7. Now we can write 0 as Vry(z <y — 3z € Q(z < zAz < ).
Note that we do not write (Vzy € R){ ), since: (1) there is no relation R
in 2, (2) variables automatically range over |2| = R.

Let us now define the relativisation of a quantifier properly:

Definition 2.5.12. If P is a unary predicate symbol, then (Vz € Py :=
Va(P(z) — ), (3 € P)p = (3z)(P(z) A o).

This notation has the intended meaning, as appears from
A (Vz € P)p & for all a € P U | p[a/z], U = (3x € P)p < there
exists an a € P? such that 2 |= ¢[a/z]. The proof is immediate. =~ We will
often use informal notations, such as (Vx > 0) or (3y # 1), which can be cast
into the above form. The meaning of such notations will always be evident.
One can restrict all quantifiers to the same set (predicate), this amounts to
passing to a restricted universe (cf. Exercise 11).

It is a common observation that by strengthening a part of a conjunction
(disjunction) the whole formula is strengthened, but that by strengthening
@ in -~ the whole formula is weakened. This phenomenon has a syntactic
origin, and we will introduce a bit of terminology to handle it smoothly. We
inductively define that a subformula occurrence ¢ is positive (negative) in o:

Definition 2.5.13. The notion “occurs positive (negative) in”, ¢ <, o
(p <_ o), is given by:
) <49
(i) T=pVY,PVe,p A YA Y mpandT<y0=0<;0
(i) r=pVi,..., v ospandr<_oc=>p<_0o
(iv)] 7=p—gandr<_o=p<i0
(V) T=¢—vandT<,0=>p<_o
(M) T=-pandr<_o=2¢p<,0
(Vi) T=-gpandr < o=>p<_o
(viii) 7=3zp,VepandT<i4o0=>p<io
(ix) 7=3zp,VopandT<_o0=p<_o

We could have restricted ourselves to A, — and V, but it does not cost
much extra space to handle the other connectives . Moreover, in intuitionistic
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logic the connectives are not interdefinable, so there we have to consider the
full language.

The following theorem makes the basic intuition clear: if a positive part of
a formula increases in truth value then the formula increases in truth value
(better: does not decrease in truth value). We express this role of positive
and negative subformules as follows:

Theorem 2.5.14. Let ¢ (¥) be positive (negative) in o, then:
(1) 1] £ [w2] = [oler/¢l] < lolp2/¢]]
(i) [¥1] < (2l = [o[¥1/¥]] 2 [op2/4]]
(iii) A = (o1 = @2) = (ole1/¢] = olw2/])
(iv) A= (1 — ¥2) = (o[2/¥] — ol¥1/Y]).

Proof. Induction on o. |

Exercises

1. Show that all propositional tautologies are true in all structures (of the
right similarity type).

2. Let x ¢ FV(¢). Show (i
i

3. Show that the condition on FV () in exercise 2 is necessary.
4. Show [ VaIyp « IyVze.

5. Show | ¢ = | Vzy and | 3ze.

6. Show [ Jzp — V.

7. Show [~ Jzp Az — Jz(p A ).

8. Show that the condition on z,y in Theorem 2.5.6 is necessary.

9. Show = Va(p — ¥) — (Vop — Vay); E (3zp — o) — Ia(p — ¥);
= Va(p o ) — (Vzp o Vay); E (Vap — Ja) o Fz(p — )
= (Jzp — Vay) — Valp — v).
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10. Show that the converses of exercise 9(i) - (iii) and (v) do not hold.

11. Let L have a unary predicate P. Define the relativisation oF of o by

of := ¢ for atomic ¢,
(@'(:W;i = SOPPD PP,
Y = T¢
(Vzp)? = Va(P(z) — ¢),
(3zp)? = Jz(P(z) Ae).

Let 2 be a structure without functions and constants. Consider the struc-
ture B with universe P% and relations which are restrictions of the rela-
tions of 2, where P2 # (. Show 2 = oF & B | o for sentences 0. Why
are only relations allowed in 2?7

12. Let S be a binary predicate symbol. Show = —~3yvz(S(y,z) < ~S(z,)).
(Think of “y shaves «” and recall Russell’s barber’s paradox).

13. (i) Show that the condition “free for” cannot be dropped from 2.5.8.
(ii) Show k=t = s == ¢[t/z] & »[s/2] .
(iii) Show = ¢ & ¥ = olp/$] « o[/9$] .

14. Find prenex normal forms for
(8) ~((-Vzyp(z) VVzy(z)) A (30 (2) — VI7(2)),
(b) Yzp(z) < Jzy(z),
(¢) ~(Bzp(z,y) AVy(Y(y)) — w(z,z)) — F2Vyo(z,v))),
(d) (Vzo(z) — Jyp(z,y)) — ¥(z, x)) — JeVyo(z,y).

15. Show = 3x(p(x) — Vye(y)). It is instructive to think of p(z) as ‘z
drinks’).

2.6 Identity

We have limited ourselves in this book to the consideration of structures with
identity, and hence of languages with identity . Therefore we classified ‘=’
as a logical symbol, rather than a mathematical one. We can, however, not
treat = as just some binary predicate, since identity satisfies a number of
characteristic axioms, listed below.

I Vz(z = x),

I Voy(z=y—y=u1),

I3 Voyz(z=yAy=2—z=2),

I ‘v’zl...:cnyl...yn(/X\ T, =1Y; ——»t(:pl’,_,’xn) :t(yl’,_.7yn))’
i<n
Vil:l - Tt .- yn(/X\ Ty =Y — (‘P(xh 7*1:") - <p(y17‘ . ,yn)))
i<n
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One simply checks that Iy, I, I3 are true, in all structures 2. For Iy, 7. Consider the schema o5 : z ~ y — (plz/z] — ¢ly/z]). Show that
observe that we can suppose the formulas to be closed. Otherwise we add 01,05 = 02 A os. N.B. if ¢ is a schema, then A U {0} = ¢ stands
quantifiers for the remaining variables and add dummy identities, e.g. for AU X = ¢, where X' consists of all instances of o.

Vzl...zkxl...znyl...yn(/X\xi =y /\/X\z,c = 2z — Hx1, . %) =

i<n i<k 8. Derive the term-version of I, from the formula version.
t(y1,---+Yn)). Now (t(@1, ...,@n))* defines a function t* on ||, obtained
from the given functions of A by various substitutions, hence a; = bi(i <
n) = (t(a@,... ,Tn))2 = t(b1,...,b,))%. This establishes the first part of I4. 2.7 Examples

The second part is proved by induction on ¢ (using the first part): e.g.

consider the universal quantifier case and let a; = b; for all ¢ < n. We will consider languages for some familiar kinds of structures. Since all

A = Vucp(_u,&l, e ,Gn) & AEpEan,... 1 @n) for all ¢ pLS languages are built in the same way, we shall not list the logical symbols. All
A= (@ b,y...,by) for all c & A= Yup(u, by, ..., bn). structures are supposed to satisfy the identity axioms I; — I,.
So U = (/X\ @ = b;) = A = Yup(u, @i, ..., @n) — Yup(u,b1,...b)) & For a refinement see | 2.10.2 .
i<n 1. The language of identity. Type: (—;—;0).
for all a, ..., Gy, b1, ..., by, hence A |=Vzy,.. . Tayy .. yn(m T;=1Y; —
isn Alphabet.

(Vup(u, T1, - .. Tn) — VU@, Y1, -+, Un))-
Note that ¢ (respectively t), in I4 can be any formula (respectively term),
so I, stands for infinitely many axioms. We call such an “instant axiom” an

Predicate symbol : =

axtom schema . ) The structures of this type are of the form A = (A4), and satisfy I, I3, Is. (In
The first three axioms state that identity is an equivalence relation. I4 this language I follows from Iy, Iy, I, cf. 2.10 Exercise 5).
states that identity is a congruence with respect to all (definable) relations. In an identity structure there is so little “structure”, that all one can vir-
It is important to realise that from the axioms alone, we cannot deter- tually do is look for the number of elements (cardinality). There are sentences
mine the precise nature of the interpreting relation. We explicitly adopt the An and p,, saying that there are at least (or at most) n elements (Exercise 3,
convention that “=" will always be interpreted by real equality. N section 3.1)
Exercises
Api=3yr ... ; iy(n>1),
1. Show = Yz3y(z = y). niE y"/)i\J v # v (n>1)
pn = Yo . yn\X/ Yi = Yi, (n>0).

2. Show = Vz(p(z) « Jy(z = y A ¢(y))) and i
k= Vz(p(z) < Vy(z = y — ¢(y))), where y does not occur in ¢(z).
So A = A\, Ay, iff |2 has exactly n elements. Since universes are not empty
= 3z(z = z) always holds.

3. Show that = ¢(t) « Va(z =t — ¢(z)) if = & FV(t). We can also formulate “there exists a unique x such that ...”.

4. Show that the conditions in exercises 2 and 3 are necessary.

Definition 2.7.1. Nzp(z) = Jx(p(z) AVy(p(y) — = = y)), where y does

5. Consider 0y = Vz(x ~ ), 09 = Vay(z ~y — y ~ 1), 03 = Vayz(z ~ pot occur in ¢(z).

YAy~ z — T ~ z). Show that if 2 = 01 A 02 A 03, where 2 = (A, R), Note that 3lzp(z) is an (informal) abbreviation.
then R is an equivalence relation. N.B. z ~ y is a suggestive notation for
the atom R(z,y).

6. Let 04 = Varyz(z ~yAx ~ 2z — y~ 2). Show that 01,04 = 02 A o3,

| N
4
N
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2. The language of partial order. Type: (2; —;0).

Alphabet.
Predicate symbols : =, <.

r<y:=x<YAT#Y,
z2>y:=y<7,

Abbreviations z # y:=-x =y,
x>y =y<rz,
z<y<z:=z<yAy <z

Definition 2.7.2. 2 is a partially ordered set(poset) if U is a model of

Voyz(z <y <z-—z<z),
Vey(z <y <z >z =1Y)

The notation may be misleading, since one usually introduces the relation
< (e.g. on the reals) as a disjunction: £ < y or z = y. In our alphabet
the relation is primitive, another symbol might have been preferable, but we
chose to observe the tradition. Note that the relation is reflexive: x < x.
Partially ordered sets are very basic in mathematics, they appear in many
guises. It is often convenient to visualise posets by means of diagrams, where
a < b is represented as equal or above (respectively to the right). One of

the traditions in logic is to keep objects and their names apart. Thus we -

speak of function symbols which are interpreted by functions, etc. However,
in practice this is a bit cumbersome. We prefer to use the same notation
for the syntactic objects and their interpretations, e.g if ® = (R, <)) is the
partially ordered set of reals, then R |= Vx3y(x < y), whereas it should be
something like Vz3y(z<y) to distinguish the symbol from the relation..

The ‘<’ in R stands for the actual relation and the ‘<’ in the sentence
stands for the predicate symbol. The reader is urged to distinguish symbols
in their various guises.

We show some diagrams of posets.

I I I v

From the diagrams we can easily read off a number of properties. E.g.
2, = JzVy(z < y)(; is the structure with the diagram of figure i), i.e. 2%
has a least element (a minimum). Uz |= Vz-Iy(z < ). i.e. in A3 no element
is strictly less than another element.
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4 Definition 2.7.3. (i) % is a (linearly or totally) ordered set if it is a poset

and 2 |=Vzy(z <y Vy < z) (each two elements are comparable).
(ii) 2 is densely ordered if A = Vry(r <y — Jz(z < 2 Az < y)) (between
any two elements there is a third one).

It is a moderately amusing exercise to find sentences that distinguish be-
tween structures and vice versa. E.g. we can distinguish 23 and 24 (from
the diagram above) as follows: in 2, there is precisely one element that is
incomparable with all other elements, in 23 there are more such elements.
Put o(z) :=Vyly #z — ~y <z A-z < y). Then

A4 | Vay(o(z) Ao(y) — = =y), but As = —Vay(o(z) Ao(y) — = =y).

3. The language of groups. Type: (—;2,1;1).

Alphabet.
Predicate symbol: =
Function symbols: -,~!
Constant symbol: e

Notation: In order to conform with practice we write ¢t - s and ¢~! instead of
-(t,s) and ~1(t).

Definition 2.7.4. 2 is a group if it is a model of
Veyz((z-y) 2=z (y-2)),
Ve(z-e=zAhe -z =1),

Ve(z-z l=eAnz -z =¢).

When convenient, we will write ts for £.s; we will adopt the bracket conven-
tions from algebra. A group 2 is commutative or abelian if A = Vry(zy = yx).

Commutative groups are often described in the language of additive
groups, which have the following alphabet:

Predicate symbol: =

Function symbols: +, -

Constant symbol: 0

4. The language of plane projective geometry. Type: (2; —;0)

The structures one considers are projective planes, which are usually taken
to consist of points and lines with an incidence relation. In this approach the
type would be (1,1,2; —; 0). We can, however, use a more simple type, since
a point can be defined as something that is incident with a line, and a line as
something for which we can find a point which is incident with it. Of course
this requires a non-symmetric incidence relation.

We' will now list the axioms, which deviate somewhat from the tradi-

tional set. It is a simple exercise to show that the system is equivalent to the
standard sets.

Alphabet.
Predicate symbols: I, =.
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We introduce the following abbreviations:

Definition 2.7.5. U is a projective plane if it satisfies
o : Vz(II(z) < ~A(z)),
v Voy(II(z) A (y) — 3z(xlz Aylz)
e : Yuv(A{u) A Alv) — Fz(zlu A zlv)) ,
v Voywo(zlu AylunzlvAylv — 2 =y Vu =),
Y4 onxlexguouluQu;;(/X\ x;Tu; A /X\ zilu; A /X\ -z luj).

j=i—1(mod3) j#i—1(mod3)

i#]

o tells us that in a projective plane everything is either a point, or a line, v3
and 72 tell us that “any two lines intersect in a point” and “ any two points
can be joined by a line”, by 3 this point (or line) is unique if the given lines
(or points) are distinct. Finally 4 makes projective planes non-trivial, in the
sense that there are enough points and lines.

I% = {a € |A|A = 1@)} and A* = {b € |2A[|2 |= A(b)} are the sets of
points and lines of AU; 1 2 is the incidence relation on 2.

The above formalisation is rather awkward. One usually employs a two-
sorted formalism, with P, Q, R, ... varying over points and £,m,n... varying
over lines. The first axiom is then suppressed by convention. The remaining
axioms become
vy : VPQI(PILAQIE),

75 : Vém3AP(PI{ A PIm),
¥4 : YPQIM(PIEA QIEAPImAQIm — P=QVE=m), «
vi: ARPIP Pstolibats(N\ PiIGA N\ P A M\ —-PIg).

j=i—1(mod3) j#i—1(mod3)

i#]

The translation from one language to the other presents no difficulty. The
above axioms are different from the ones usually given in the course in pro-
jective geometry. We have chosen these particular axioms because they are
easy to formulate and also because the so-called Duality principle follows im-
mediately. (cf. 2.10, Exercise 6). The fourth axiom is an existence axiom, it
merely says that certain things exist; it can be paraphrased diffently: there
are four points no three of which are collinear (i.e. on a line). Such an ex-
istence axiom is merely a precaution to make sure that trivial models are
excluded. In this particular case, one would not do much geometry if there
was only one triangle!

5. The language of rings with unity. Type: (—;2,2,1;2)
Alphabet.
Predicate symbol: =

Function symbols: +, -, —
Constant symbols: 0, 1
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Definition 2.7.6. 2 is a ring (with unity) if it is a model of

Veyz((z+y)+ 2=z + (y + 2)),
Vey(z +y =y +2x),

Vzyz((zy)z = z(yz)),

Vezyz(z(y + z) = zy + x2),

Vz(z 4+ 0 = z),

Vz(z + (-z) = 0),
Ve(l-z=zAz-1=2zx),

0#1

A ring 2 is commutative if A = Vey(zy = yz).
A ring ¥ is a division ring if A = Vz(z # 0 — Jy(zy = 1)).
A commutative division ring is called a field .

Actually it is more convenient to have an inverse-function symbol available
in the language of fields, which therefore has type (—;2,2,1,1;2).
Therefore we add to the above list the sentences
Vez(z#0—>z-z7'=1Az27 -2 =1)and 07 = 1.

Note that we must somehow “fix the value of 0717, the reason will appear
in 2.10, Exercise 2 .

6. The language of arithmetic . Type {—;2,2,1;1).

Alphabet.

Predicate symbol: =

Function symbols: +,-, S

Constant symbol: 0

(S stands for the successor function n +— n + 1).

. Historically, the language of arithmetic was introduced by Peano with the
Intention to describe the natural numbers with plus, times and successor up
to an isomorphism. This in contrast to, e.g. the theory of groups, in which one
tries to capture a large class of non-isomorphic structures. It has turned out,
however, that Peano’s axioms characterise a large class of structures, which
we will call (lacking a current term) Peano structures. Whenever confusion
threatens we will use the official notation for the zero-symbol: 0, but mostly
we will trust the good sense of the reader.

Definition 2.7.7. A Peano structure 2 is a model of
vz (0 # S(z)),
Vey(S(z) = S(y) — z =),

Vz(zr + 0 = z),
Vzy(z + S(y) = S(z +y)),
Vz(z - 0 = 0),

Vey(z-S(y) =z-y + 1),
©(0) AVz(p(z) — @(S(z)) — Vzp(z).
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The last axiom schema is called the induction schema or the principle of
mathematical induction.

It will prove handy to have some notation. We define:
1:=5(0), 2:= 5(1), and in general n + 1 := S(7),

z <y:=3Jz(z+ Sz =y),
rLy=c<yVer=y.

There is one Peano structure which is the intended model of arithmetic,
namely the structure of the ordinary natural numbers, with the ordinary
addition, multiplication and successor {e.g. the finite ordinals in set theory).
We call this Peano structure the standard model N, and the ordinary natural
numbers are called the standard numbers.

One easily checks that 7™ = n and N |= 7 < W < n < m: by definition
of interpretation we have 0" = 0. Assume 7 = n,n+ 1" = (S@)" =
it +1 = n+ 1. We now apply mathematical induction in the meta-language,
and obtain "' = n for all n. For the second claim see Exercise 13. In
we can define all kinds of sets, relations and numbers. To be precise we say
that a k-ary relation R in 91 is defined by ¢ if {a1,...,ax) € R & N =
©(@1, . ..,ax). An element a € |N| is defined in N by ¢ if N E ¢(b) © b=a,
or N = Vz(p(z) « z =1).

Ezamples. '
(a) The set of even numbers is defined by E(z) := Jy(z =y + y).

(b) The divisibility relation is defined by x|y := 3z(xz = y).

(c) The set of prime numbers is defined by P(z) :=Vyz(r=yz 2 y=1V
z=1)Az #1.

We can say that we have introduced predicates E,| and P by (explicit)
definition.

7. The language of graphs.

We usually think of graphs as geometric figures consisting of vertices and
edges connecting certain of the vertices. A suitable language for the theory
of graphs is obtained by introducing a predicate R which expresses the fact
that two vertices are connected by an edge. Hence, we don’t need variables
or constants for edges.

Alphabet.
Predicate symbols: R,=.

Definition 2.7.8. A graph is a structure A = (A, R) satisfying the following
axioms: Vzy(R(z,y) — R(y,x))
Vz-R(x,x)

This definition is in accordance with the geometric tradition. There are ele-
ments, called vertices, of which some are connected by edges. Note that two
vertices are connected by at most one edge. Furthermore there is no (need
for an) edge from a vertex to itself. This is geometrically inspired, however,
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from the point of view of the numerous applications of graphs it appears that
more liberal notions are required.

Ezamples.

& ©H

We can also consider graphs in which the edges are directed. A directed
graph A = (A, R) satisfies only Vz-R(z, ).

Ezxzamples.

@ Ve

If we drop the condition of irreflexivity then a “graph” is just a set with
a binary relation. We can generalise the notion even further, so that more
edges may connect a pair of vertices.

In order to treat those generalised graphs we consider a language with
two unary predicates V, E and one ternary predicate C. Think of V(z) as “z
is a vertex”. E(z) as “z is an edge”, and C(z, 2,7) as “z connects = and y”.
A directed multigraph is a structure = (A,V, E, C) satisfying the following
axioms: vz (V(z) < —-E(x)),

Vzyz(C(z, z,y) — V(z) AV(y) A E(2)).

The edges can be seen as arrows. By adding the symmetry condition,

Vayz(C(z, 2,y) — C(y,2,Z)) one obtains plain multigraphs.
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Ezamples.

D

Remark: The nomenclature in graph theory is not very uniform. We have
chosen our formal framework such that it lends itself to treatment in first-

order logic.
For the purpose of describing multigraphs a two-sorted language (cf. ge-
ometry) is well-suited. The reformulation is left to the reader.

Exercises

1. Consider the language of partial order. Define predicates for (a) z is the
mazimum; (b) z is mazimal; (c) there is no element between z and y;
(d) z is an 4mmediate successor (respectively predecessor) of y; (e) z is
the infimum of = and y.

2. Give a sentence o such that 2y = ¢ and 24 = —o (for 2; associated to
the diagrams of p.82).

3. Let U, = (N, <) and s = (Z, <) be the ordered sets of natural, re-
spectively integer, numbers. Give a sentence o such that A E o and
2, = —o. Do the same for Uz and B = (Q, <) (the ordered set of ra-
tionals). N.B. ¢ is in the language of posets; in particular, you may not
add extra constants, function symbols, etc., defined abbreviations are of
course harmless.

4. Let o = JzVy(x < yVy < z). Find posets 2 and B such that A |= o and
B = —o.

5. Do the same for ¢ = Vay3z[(z < 2 Ay <2) V(2 <z Az <y

6. Using the language of identity structures give an (infinite) set I’ such
that 2 is a model of I" iff ? is infinite.
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7. Consider the language of groups. Define the properties: (a) x is idempo-
tent; (b) z belongs to the centre.

8. Let 2 be a ring, give a sentence o such that % | o < 2l is an integral
domain (has no divisors of zero).

9. Give a formula o(z) in the language of rings such that 2 = o(a) < the
principal ideal (a) is prime (in ).

10. Define in the language of arithmetic: (a) z and y are relatively prime; (b)
z is the smallest prime greater than y; (¢) z is the greatest number with
2z < y.

11. o :=Vz1...2,3y — 1... Yy and 7 := Jy; ... Yy are sentences in a
language without identity, function symbols and constants, where ¢ and
1 are quantifier free. Show: &= ¢ < ¢ holds in all structures with n
elements. = 7 < 7 holds in all structures with 1 element.

12. Monadic predicate calculus has only unary predicate symbols (no iden-
tity). Consider 2 = (A, Ry,..., R,) where all R; are sets. Define a ~
b:=a€ R, &be R; for all i < n. Show that ~ is an equivalence
relation and that ~ has at most 2™ equivalence classes. The equivalence
class of @ is denoted by [a]. Define B=A/ ~and [a] € S; < a € R;,'B =
(B,S1,...,5,). Show A = ¢ & B |= o for all ¢ in the corresponding
language. For such o show = o < % k= o for all 2 with at most 2" ele-
ments. Using this fact, outline a decision procedure for truth in monadic
predicate calculus.

13. Let 91 be the standard model of arithmetic. Show MER <M & n < m.

14. Let 2 = (N, <) and B = (N, A), where n Am iff (i) n < m and n, m
both even or both odd, or (ii) if n is even and m odd. Give a sentence o
such that 2 =0 and £ | —o.

15. If (4,)R) is a projective plane, then (A, R) is also a projective plane (the
dual plane), where R is the converse of the relation R. Formulated in

the two sorted language: if (Ap, Ar,I) is a projective plane, then so is
(AL, Ap, I)).
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2.8 Natural Deduction

We extend the system of section 1.5 to predicate logic. For reasons similar
to the ones mentioned in section 1.5 we consider a language with connectives
A,—, L and V. The existential quantifier is left out, but will be considered
later.

We adopt all the rules of propositional logic and we add

¢(z) V()
VI ———- VE ——
Vrp(z) ©(t)
where in VI the variable £ may not occur free in any hypothesis on which
¢(z) depends, i.e. an uncancelled hypothesis in the derivation of ¢(z). In VE
we, of course, require ¢ to be free for z.

VI has the following intuive explanation: if an arbitrary object z has
the property ¢, then every object has the property ¢. The problem is that
none of the objects we know in mathematics can be considered “arbitrary”.
So instead of looking for the “arbitrary object” in the real world (as far as
mathematics is concerned), let us try to find a syntactic criteria. Consider
a variable z (or a constant) in a derivation, are there reasonable grouns for
calling = “arbitrary” ? Here is a plausible suggestion: in the context of the
derivations we shall call z arbitrary if nothing has been assumed concerning
z. In more technical terms, z is arbitrary at its particular occurrence in a
derivation if the part of the derivation above it contains no hypotheses con-
taining x free.

We will demonstrate the necessity of the above restrictions, keeping in
mind that the system at least has to be sound, i.e. that derivable statements
should be true.

Restriction on VI:

[z =0
vYz{z = 0)
z=0—>VYz(z=0)
Vz(z = 0 — Vz(z = 0))
0=0>va(z =0)

The V introduction at the first step was illegal.

So k0 =0 — Vz(z = 0), but clearly £ 0 = 0 — Vz(z = 0) (take any
structure containing more than just 0).
Restriction on VE:
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[Vz-Vy(z = y)]

“Vyly =y)
Vz-Vy(z =y) — ~Vy(y = y)

The V elimination at the first step was illegal.

Note ?hat y is not free for z in =Vy(x = y). The derived sentence is clearly
not true in structures with at least two elements.

We now give some examples of derivations. We assume that the reader
has by now enough experience in calcelling hypotheses, so that we will not
longer indicate the cancellations by encircled numbers.

[VazVyp(z, y)) vE [Vz(p(z) A ()] [Vz(e(z) A 9(x)))
Vyo(z,y) VE p(x) A p(x) e(z) Ay(x)
o(z,y) VI o(z) Y(z)
Vzo(z,y) VI Vrp(z) Vzy(z)

vy (p(z, y)

. Vep(z) AVzy(z)
VaVyp(z,y) — YyvVze(z,y)

Vz{p A1) — Vrp AV

Let x & FV (@)

(Vz(p —»wz(b(;f))] vE y
w =Pz @
Y(z) VI —F L’OJ—W MVE
o = Vap(z) i

Vz(p — () — (Y — Vz(y(z))

In the righthand derivation VI is allowed, since z & FV{(p), and VE is

applicable.

Note that VI in the bottom left derivation is allowed because z & FV{p),

for at that stage ¢ is still (part of) a hypothesis,

The reader will have grasped the technique behind the quantifier rules:

reduce a Vzp to ¢ and reintroduce V later, if -
s , If necessary. Intuitively,
. the following step: to show “forallz...z . .» ¥> one makes

it suffices to show “...z...”
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for an arbitrary x. The latter statement is easier to handle. Without go-
ing into fine philosophical distinctions, we note that the distinction “for all
z ...z...” = “for an arbitrary x ...x...” is embodied in our system by
means of the distinction.“ quantified statement” —  free variable statement”.

The reader will also have observed that under a reasonable derivation
strategy, roughly speaking, elimination precedes introduction. There is a
sound explanation for this phenomenon, its proper treatment belongs to proof
theory, where normal derivations (derivations without superfluous steps) are
considered. See Ch. 6. For the moment the reader may accept the above men-
tioned fact as a convenient rule of thumb.

We can formulate the derivability properties of the universal quantifier in
terms of the relation |

I'Fo()=T'FVeplz)ifa g FV () forally € I'

I'+=Vzp(z) = T - @(t) if t is free for z in .
The above implications follow directly from (VI) and (VE).

Our next goal is the correctness of the system of natural deduction for
predicate logic. We first extend the definition of .

Definition 2.8.1. Let I' be a set of formulae and let {z;,zi,,...} =
U{FV(¥)|w € T'u{c}}. Ifais asequence (a1, az .. .)) of elements (repetitions
allowed) of 2|, then I'(a) is obtained from I" by replacing simultaneously in
all formulas of I" the z;, by @;(j < 1) (for I' = {} we write ¢/(a)). We now
define

(i) AETI(a) if ARy foraly e '(a)

(i) I'Eco if AkEI(a)=UEo(a)forall A, a

In case only sentences are involved, the definition can be simplified:
F'kcifd=I=>AkEo forall A
If I' = 0, we write = 0.

We can paraphrase this definition as : I' }= o, if for all structures 2 and
all choices of a,o(a) is true in 2 if all hypotheses of I'(a) are true in 2.

Now we can formulate
Lemma 2.8.2 (Soundness). I'-o =1 =o0.

Proof. By definition of I' - ¢ is suffices to show that for each derivation D
with hypothesis set I' and conclusion ¢ I = 0. We use induction on D (cf.
1.6.1 and exercise 2).
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Since we have cast our definition of satisfaction in terms of valuations,
which evidently contains the propositional logic as a special case, we can
copy the cases of (1) the one element derivation, (2) the derivations with a
propositional rule at last step, from Lemma 1.6.1 (please check this claim).

So we have to treat derivations with (VI) or (VE) as the final step.

(vI) D D has its hypotheses in I" and z is not free in I.
p(x) Induction hypothesis: I' k= ¢(z), i.e. ¥ |= I'(a) =
Vro(z) A = (¢(z))(a) for all A and all a.

It is no restriction to suppose that x is the first of the free variables in-
volved (why?). So we can substitute @; for z in ¢. Put a = (ay,a’).Now we
have:

for all a; and a' = (ag,...) A = I'(a’) = A = ¢(a7)(a’), so

foralla’ A= I'(@') = (AU E (¢(@))(@’) for all ay, so

for all 2’ }= I'(a’) = A = (Vze(z))(a').

This shows I' = Vzp(z). (Note that in this proof we have used Vz(o —
1(z)) — (0 — Vzr(x)), where z ¢ FV (o), in the metalanguage. Of course
we may use sound principles on the metalevel).

(VE) D Induction hypothesis: I' = Vzp(z),
Vzp(z) i.e = I'(a) = U= (Yop(x))(a),
p(t) for all a and 2.

So let 2 |= I'(a), then A |= @(b)(a) for all b € |2|. In particular we may
take t[a/z] for b, where we slightly abuse the notation; since there are finitely
many variables z1,...,z,, we ounly need finitely many of the a;’s, and we
consider it therefore an ordinary simultaneous substitution.

A = (pla/z))tla/z]/z], hence by Lemma 2.5.4, % k= (pt/ /z} or
A= (o(0)(a). AR

Having established the soundness of our system, we can easily get non-
derivability results.

Ezamples.

L. ¥ V23yp — Iyvze.
Take 2 = ({0, 1}, {(0,1),(1,0)}) (type (2;—;0)) and consider
¥ := P(x,y), the predicate interpreted in .
A k= VzdyP(z,y), since for 0 we have (0,1) € P and for | we have
(1,0) € P.

1(3ut,>2l ¥ IV P(z,y), since for 0 we have (0,0) ¢ P and for 1 we have
1,1) & P.

2. Vop(z,z), Voy(e(z, y) — @y, x))) ¥ Voyz(e(z, y) A oy, 2) — olz, 2)).
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Consider B = (R, P) with P = {(a,b) | |a — b| |< 1}.

Although variables and constants are basically different, they share some
properties. Both constants and free variables may be introduced in deriva-
tions through VE, but only free variables can be subjected to VI, — that is free
variables can disappear in derivations by other than propositional means. It
follows that a variable can take the place of a constant in a derivation but in
general not vice versa. We make this precise as follows.

Theorem 2.8.3. Let x be a variable not occurring in I" or ¢.
) I'to=I'z/dtF elz/d.
(i) If ¢ does not occur in I, then I' - p(c) = I' F Vzo(zx).

Proof. (ii) follows immediately from (i) by VI. (i) Induction on the deriva-
tion of I" - . Left to the reader. a

Observe that the result is rather obvious, changing ¢ to z is just as harm-
less as colouring c red - the derivation remains intact.

Exercises

1. Show: (i

) FVz(p(z) = ¥(z) - (Ve(z) — Yei(z)),

(
(i) Vop(z) — Vae(),

(iii)  F Vzo(r) — Vze(z)if zdoesnotoccuring(z),
(iv) F VaVye(z,y) — Yyvze(z, y),

(v)  FVaVye(z,y) — Vop(z, z),

(vi)  FVz(p(z) A(z)) « Yrp(z) AVzy(z),
(vii) F¥a(p — ¥(z)) © (p — Vau(z)).

2. Extend the definition of derivation to the present system (cf. 1.5.1).
3. Show (s()fa/a))® = (s((E@/a) D (a/a))™
4. Show the inverse implications of 2.8.3.

5. Assign to each atom P({ti,...,¢,) a proposition symbol, denoted by P.
Now define a translation 1 from the language of predicate logic into the
language of propositional logic by

P(ty,.. ., t,)):=P and 1hi=1
(pOp)t =l Oyt

(—p)t = =l

(Vzp)' = o
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Show I' - ¢ = I'' I !, where - stands for “derivable without using
(VI) or (VE)” (does the converse hold?)

Conclude the consistency of predicate logic.

Show that predicate logic is conservative over propositional logic (cf.
definition 3.1.5).

2.9 Adding the Existential Quantifier

Let us introduce Jzy as an abbreviation for -Vz—¢ (Theorem 2.5.1 tells us
that there is a good reason for doing so). We can prove the following:

Lemma 2.9.1. (1) (t) F Jzp(z) (t free for z in @)
(1) Te(z)Fy =TI dre(z) ¢
if x is not free in ¢ or any formula of I'.

Proof. (i) Weoe@l g
—(t) @(t) o E
1
N
v—
so p(t) = Jzp(z)
, [p(2)]
(i) .
v i
1
— I
~o(z)
—Va-p(x) Vz-p(z) .
— RAA

O

_E:I:planation. The subderivation top left is the given one; its hypotheses are
In I"'U{p(z)} (only ¢(z) is shown). Since p(z) (that is, all occurrences of it)

+ 18 cancelled and = does not occur free in I' or ¥, we may apply VI. From the
¢ derivation we conclude that I', 3zo(z) & 1.

We can compress the last derivation into an elimination rule for 3:
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[p(=)]

3
zp(x) (] -

with the conditions: z is not free in v, or in a hypothesis of the subderivation
of 1, other than p(x).

This is easily seen to be correct since we can always fill in the missing
details,as shown in the preceding derivation.

By (i) we also have an introduction rule: elt) 31 for t free for x in ¢.
3z p(z)
Ezamples of derivations.
Vz(p(z) — ¥)]° VE
p(x) =P @ o
2
(B (x)] - E, z d FV(0)
v
Sep(a) - ¢ ;
— I3
Vz(p(z) = ¥) — (Fze(z) — ¥)
()" [W(x))'
Se(a) Iy (z)
[p(z) Vop(x))?  Frp(e)VIrdz)  ze(z) vV Izy(z) VE
(Bz(p(z) v ()] Jzp(x) V Izp(z) -
zp(z) V 3xyp(zx) . ?
— 13

3z (p(z) V ¥(z)) — Fzp(r) V Ixp(z)

We will also sketch the alternative approach, that of enriching the language.

Theorem 2.9.2. Consider predicate logic with the full language and rules
for all connectives, then - Jxp(x) — ~Ve—p(z).

Proof. Compare 1.6.3. ]
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It is time now to state the rules for ¥V and 3 with more precision. We want
t  to allow substitution of terms for some occurrences of the quantified variable
" in (VE) and (3F). The following example motivates this.

Vz(r = x) VE
=7 g
y(z =y))

The result would not be derivable if we could only make substitutions for
all occurrences at the same time. Yet, the result is evidently true.
The proper formulation of the rules now is:

¥ Vo
g E ]
[l
olt/2] e ¢
3r EEm IE =

with the appropriate restrictions.

Exercises

Show: 1.+ 3a(p(z) A¢) o Jzp(z) AV if 2 ¢ FV(4),

- Va(p(z) V ) o Yop(e) Vi if 2 ¢ FV (),

= Vap(z) < ~Jz-ep(z),

F =Vzp(z) & z-p(z),

F —3zp(z)  V-p(z),

F 3a(p(z) — ) o (Vap(z) - ¥) if 2 ¢ FV (),
F3x(p — ¥(z)) < (¢ — Jzp(z)) if z & FV (),
F 3xdye — Jydze,

bF3zp — ¢ if z & FV(p).

© 0 NSO W
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2.10 Natural Deduction and Identity

We will give rules, corresponding to the axioms I; — I of section 2.6.

RI,
r=x
=1y

RI,
y=1r

x= y=2z

RIs
r=2z
1 = Y1y yTn = Yn RI4
Ty, -y Zn) =tWY1,- - Yn)
Ty =Yy Tn =Yn P(T1,...,Zn) RL,
oY1, -+ Yn)
where yi,...,yn are free for z1,...,z, in ¢. Note that we want to allow

substitution of the variable 3;(i < n) for some and not necessarily all oc-
currences of the variable z;. We can express this by formulating RIy in the
precise terms of the simultaneous substitution operator:

T1 =Yy +-1Tn = Yn
HE1y s T2y -y Zn) = UYL - Yn/ 2150 - -5 20)
Ty =Y1,--,Tn = Yn (p[xla"',mn/zlv"‘azn]

Yty Yn/71, s Zn)]
Ezample.
T=y 2?2 +y? > 12z
2y% > 12z

z=y z*+y’>12z

z? -{—y2 > 12y

z=y z2+y®>12z

2y2 > 12y
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The above are three legitimate applications of RI4 having three different con-
clusions.

The rule RI; has no hypotheses, which may seem surprising, but which
certainly is not forbidden.

The rules RI4 have many hypotheses, as a consequence the derivation
trees can look a bit more complicated. Of course one can get all the benefits
from RI4 by a restricted rule, allowing only one substitution at the time.

Lemma 2.10.1. + I; fori=1,2,3,4.

Proof. Immediate. O

We can weaken the rules RI4 slightly by considering only the simplest
terms and formulae.

Lemma 2.10.2. Let L be of type (r1,...,Tn;Q1,...,am; k). If the rules

R R T S
oralli<mn
Pi(y1,-- 5 Yr;)
and
LT YL Te; = Y forall j <m

fj(zl7"'7mﬂj) :fj(yla"'vyaj)

are given, then the rules RI4 are derivable.

Proof. We consider a special case. Let L have one binary predicate symbol
and one unary function symbol.

(i) We show = = y I t(x) = t(y) by induction on ¢.
(a) t(z) is a variable or a constant. Immediate.
(b) t(z) = f(s(z)). Induction hypothesis: z = y - s(z) = s(y)

[z =]
f(@) = f(y) I 9 r=y
Vzy(z =y — f(z) = f(¥)) D
s(z) = s(y) — f(s(z)) = f(s(¥)) s(z) = s(y)

f(s(x)) = f(s(y))

This shows z = y - f(s(z)) = f(s(y)).
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(i) We show & = §, () - (§)

(a) @ is atomic, then ¢ = P(t,s). t and s may (in this example) contain

at most one variable each. So it suffices to consider
1 =Y, T2 = 927P(t($1v$2)73($17$2)) + P(t(yl,yQ),S(ylyyz)),
(i.e.P(t[ml, 1112/2'1, ZQ], .. )

Now we get, by applying — E twice, from
[21 =91] [z2=1w2] [Pla1,22)]

P(y1,y2)
T, =12 — (T2 = y2 — (P(z1,72) = P(y1,2)))

— I 3x

Vz1zay1ye(t: = 22 — (z2 = y2 — (P(z1,22) = P(y1,%2))))
S($1,$2) = S(y1,y2) - (t(ﬂfl,@) = t(yl,y2) - (P(Sl'ata:) = P(Syvty)))

vVE

and the following two instances of (i)
I1 =Y T2=Y2 T1=Y1 T2=Y2
D and 24 ,
s(z1,72) = s(y1,y2) t(z1,x2) = t(y1,2)

the required result, (P(sz,t;) = P(8y,1ty))-

So z1 = y1,x2 = ya - P(sz,tz) — P(sy,ty)
where s, = s(wl,wz), Sy = S(yl,y2)
ty = t($1,12), ty = t(yl’yQ)'

(byp=0—r.

Induction hypotheses: = ¢,0(9) F (&)
z

&=y [o(7)]
D
o(z) — 7(2) o(Z)
T(&) =9
D/
(%)

a(g) — 7(J)
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So ¥ =¢,0(&) — 7(&) - o(g) — 7(¥)-
(¢) p = o AT, left to the reader.

(d) ¢ = Vai(z,T)

Yz, :'j)
Vzp(z,9)

So T = ¢,Vz¢(z,T) F V2 (z, §).
This establishes, by induction, the general rule. ]

Exercises

1.

Show that Vz{z = z),Voyz(z = yAz =y — 2 = z) b Io A I3 (using
predicate logic only).

. Show I 3z(t = z) for any term t. Explain why all functions in a structure

are total (i.e. defined for all arguments), think of 0~1.
Show FVz(z=z - 2=y) =z =1.

Show FVayz(z £y -z #2zVy # 2).

Show that in the language of identity I, I3, I3 - I4.

Prove the following Duality Principle for projective geometry (cf. section
2.7, definition 2.7.5): If I' F ¢ then also I' F ¢%, where I' is the set of
axioms of projective geometry and (2 is obtained from ¢ by replacing
each atom zIy by yIz. (Hint: check the effect of the translation d on the
derivation of ¢ from I').
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Gothic Alphabet

Qadae Vb . C o
DN . & FFA
Gy gg G0 B S I
RE &L O 2 Mmm
Aot . Oo 00 By Pp
A g SRr R u@ﬁ e
St U v Bo D
LB wfmo Xx Xy yggr) gh?
33 %

3. Completeness and Applications

3.1 The Completeness Theorem

Just as in the case of propositional logic we shall show that ‘derivability’ and
‘semantical consequence’ coincide. We will do quite a bit of work before we
get to the theorem. Although the proof of the completeness theorem is not
harder than, say, some proofs in analysis, we would advise the reader to read
the statement of the theorem and to skip the proof at the first reading and
to return to it later. It is more instructive to go to the applications and it
will probably give the reader a better feeling for the subject.
The main tool in this chapter is the

Lemma 3.1.1 (Model Existence Lemma). If I" is a consistent set of
sentences, then I' has a model.

A sharper version is

Lemma 3.1.2. Let L have cardinality k. If I' is a consistent set of sentences,
then I' has a model of cardinality < k.

From 3.1.1 we immediately deduce Godel’s
Theorem 3.1.3 (Completeness Theorem). ' p & I' |= .

We will now go through all the steps of the proof of the completeness theo-
rem. In this section we will consider sentences, unless we specifically mention
non-closed formulas. Furthermore ‘ +’ will stand for ‘derivability in predicate
logic with identity’.

Just as in the case of propositional logic we have to construct a model and
the only thing we have is our consistent theory. This construction is a kind of
Baron von Miinchhausen trick; we have to pull ourselves (or rather, a model)
out of the quicksand of syntax and proof rules. The most plausible idea is to
make a universe out of the closed terms and to define relations as the sets of
(tuples of) terms in the atoms of the theory. There are basically two things
we have to take care of: (i) if the theory tells us that Izp(x), then the model
has to make 3z (z) true, and so it has to exhibit an element (which is in this
case a closed term t) such that o(t) is true. This means that the theory has
to prove (t) for a suitable closed term ¢. This problem is solved in so-called
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Henkin theories. (ii) A model has to decide sentences, i.e. it has to say ¢ or
-0 for each sentence o. As in propositional logic, this is handled by maximal
consistent theories.

Definition 3.1.4. (i) A theory 11 T is a collection of sentences with the
property T+ ¢ = ¢ € T (a theory is closed under derivability).

(ii) A set I" such that T'= {p|I" - ¢} is called an aziom set of the theory T'.
The elements of I" are called axioms.

(iii) T is called a Henkin theory if for each sentence 3z (z) there is a constant
¢ such that 3zp(z) — @(c) € T (such a c is called a witness for zp(z).

Note that T = {o|I" - o} is a theory. For, if T - ¢, then 01,...,00 - ¢
for certain o; with I' - o;.

D1 D, ... D, From the derivationsDy,..., Dy of I'Foy,...,
o1 02 ... or I'bkogandDofoy,...,orF ¢ aderivation
D of I' F ¢ is obtained, as indicated.
2

Definition 3.1.5. Let T and T’ be theories in the languages L and L'.
(i) T is an extension of T if T C T",
(ii) T' is a conservative extension of T if T'NL =T (i.e. all theorems of
T’ in the language L are already theorems of T').

Example of a conservative extension: Consider propositional logic P in
the language L with — ,A , L,
& , . Then Exercise 2, section 1.6, tells us that P’ is conservative over P.

Our first task is the construction of Henkin extensions of a given theory
T, that is to say: extensions of T" which are Henkin theories.

Definition 3.1.6. Let T be a theory with language L. The language L*
is obtained from L by adding a constant ¢, for each sentence of the form
Jzy(z), a constant ¢, . T* is the theory with axiom set
T U {3zp(z) — ¢(c,)| Fzp(x) closed, with witness ¢, }.

Lemma 3.1.7. T* is conservative over T.

Proof. (a) Let 3zp(x) — ¢(c) be one of the new axioms. Suppose I', Izp(z) —
{c) 1, where 1 does not contain ¢ and where I is a set of sentences, none
of which contains the constant ¢. We show I" - ¢ in a number of steps.

L ' (3zp(z) — @(c) — b,
2. I'+ (3zp(z) — ¢(y)) — ¥, where y is a variable that does not occur in
the associated derivation. 2 follows from 1 by 2.8.4.
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(2]

. I'=Yy[(3ze(z) — ¢(y)) — ¥]. This application of (VI) is correct, since
¢ did not occur in I'.

I't y(Fzp(z) — ¢(y)) — ¥, (cf. example of 2.9).

'+ (3ze(x) — Jye(y)) — ¢, (2.9 Exercise 2.9).

F 3zp(z) — Jye(y).

I'+ 4, (from 5,6).

(b) Let T* + ¢ for a 9 € L. By the definition of derivability T' U
{o1,...,0n} F 1, where the o; are the new axioms of the form Jxp(zr) —
¢(c). We show T + 9 by induction on n. For n = 0 we are done. Let
TU{o1,...,0ns1} F . Put I" = T U {oy1,...,0n}, then T", 011 b @
and we may apply (a). Hence T U {01,...,0,} I 9. Now by induction
hypothesis T+ .

NSO

Although we have added a large number of witnesses to T', there is no
evidence that T* is a Henkin theory, since by enriching the language we also
add new existential statements dz7(z) which may not have witnesses. In or-
der to overcome this difficulty we iterate the above process countably many
times.

Lemma 3.1.8. Define Ty := T;Tny1 = (Tn)*; To 1= U{Tn|n > 0}. Then
T, is a Henkin theory and it is conservative over T'.

Proof. Call the language of T,, (resp. T,,) L (resp. Lu).

(i) T,, is convervative over 1. Induction on n.

(ii) T, is a theory. Suppose T, + o, then q,...,pn F o for certain
©0,.--,¢n € Ty,. For each i < n ¢; € T, for some m;. Let m =
maz{m;|i < n}. Since Ty C Ty41 for all k, we have Tp,, C Ty (1 < n).
Therefore T,, - 0. T, is (by definition) a theory, so o € T;, C 1o,

(iii) T,, is a Henkin theory. Let Iz (z) € L,,, then Ixp(x) € L, for some n.
By definition 3zp(x) — ¢(c) € Thy1 for a certain ¢. So Izp(x) — (c) €
T,.

(iv) T,, is conservative over 1. Observe that T, F ¢ if T,, - o for some n
and apply (i).

As a corollary we get: T, is consistent if T is so. For suppose T, in-
consistent, then 7T, 1. As T, is conservative over T' (and Le L) T L.
Contradiction.

Our next step is to extend T, as far as possible, just as we did in propo-
sitional logic (1.5.7). We state a general principle:

Lemma 3.1.9 (Lindenbaum). FEach consistent theory is contained in a
mazimally consistent theory.
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Proof. We give a straightforward application of Zorn’s Lemma. Let T be
consistent. Consider the set A of all consistent extensions T of T, partially
ordered by inclusion. Claim: A has a maximal element.

1. Each chain in A has an upper bound. Let {7};|i € I} be a chain. Then
T’ = UT; is a consistent extension of T containing all T;’s (Exercise 2).
So T is an upper bound.

2. Therefore A has a maximal element T}, (Zorn’s lemma).

3. T,y is a maximally consistent extension of T. We only have to show:
T,, CT" and T' € A, then T,,, = T'. But this is trivial as T}, is maximal
in the sense of C. Conclusion: T is contained in the maximally consistent
theory Tp,. O

Note that in general T has many maximally consistent extensions. The
above existence is far from unique (as a matter of fact the proof of its existence
essentially uses the axiom of choice).

‘We now combine the construction of a Henkin extension with a maximally
consistent extension. Fortunately the property of being a Henkin theory is
preserved under taking a maximally consistent extension. For, the language
remains fixed, so if for an existential statement Izp(z) there is a witness ¢
such that dzp(z) — ¢(c) € T, then trivially, 3zp(z) — ¢(c) € T,,. Hence

Lemma 3.1.10. An extension of a Henkin theory with the same language is
again o Henkin theory.

We now get to the proof of our main result.

Lemma 3.1.11 (Model Existence Lemma). If I' is consistent, then I’
has a model.

Proof. Let T = {c|I" F o} be the theory given by I". Any model of T is, of
course, a model of I'.

Let T, be a maximally consistent Henkin extension of T' (which exists by
the preceding lemmas), with language L,,.

We will construct a model of T;,, using T, itself. At this point the reader
should realise that a language is, after all, a set, that is a set of strings of
symbols. So, we will exploit this set to build the universe of a suitable model.

1. A= {t € Lyt is closed}.

2. For each function symbol F we define a function f : A* — A by
f(tl,...,tk) = f(tl,...,tk_). .

3. For each predicate symbol P we define a relation P C AP by (t;,...,t,) €
Po Tt P(ty,... tp).

4. For each constant symbol ¢ we define a constant ¢ := c.

T Sl T e i
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Although it looks as if we have created the required model, we have to

improve the result, because ’=’ is not interpreted as the real equality. We can

only assert that
(a) The relation t ~ s defined by T, F t = s for ¢, s € A is an equivalence
relation. By lemma 2.10.1 Iy, I, I3 are theorems of Ty, so T\, - Vz(z = z),

. and hence (by VE) T,, -t =t, or t ~ t. Symmetry and transitivity follow in

the same way. X )
(b) t; ~ s;(i <p) and (t1,...,tp) € P = (81,...,8p) € P.
t; ~ s(i < k)= f(t1,...,t,) ~ f(s1,...,sg) for all symbols P and f.

The proof is simple: use Ty, + Iy (Lemma 2.10.1).

Once we have an equivalence relation, which, moreover, is a congruence
with respect to the basic relations and functions, it is natural to introduce
the quotient structure.

Denote the equivalence class of ¢t under ~ by [t].

Define 2 :=(A/ ~,Py,...,Pu, f1,..., fm, {Gli € I}),where

]j-j’,- = {{[t1],. .-, [tri]>J<tl» .o tr) € B}
{c]([tl][’”] i [taj]) = [fj(tl, cen ’taj)]

One has to show that the relations and functions on A/ ~ are well-defined,
but that is taken care of by (b) above.

Closed terms lead a kind of double life. On the one hand they are syntacti-
cal objects, on the other hand they are the stuff that elements of the universe
are made from. The two things are related by t* = [t]. This is shown by
induction on ¢.

(i) t =c, then t* = &= [¢g] = [t], ‘
(i) = f(ta,.... b, then £2 = F(, ™) 2 f((u],..., a)
= [f(tl,...,tk) = [f(tlyatk)]

Furthermore we have 2 = ¢(t) < U = ¢([t]), by the above and by Exercise
6 section 2.4.

Claim. 2 |= ¢(¢) for all sentences in the language L, of T, which, by the
way, is also L{%1), since each element of A/ ~ has a name in L,,. We prove
the claim by induction on .

(i) ¢ is atomic. 2 | P(ty,...,tp) < (t2,...
P@ (tl,...,tp> EP@Tm }—P(tl,...

(i) ¢ = o A 7. Trivial.

(iii) ¢ = 0 — 7. We recall that, by lemma 1.6.9 T, - 0 — 7 & (T, F
o = T,, b 7). Note that we can copy this result, since its proof only uses
propositional logic, and hence remains correct in predicate logic. 2 =
(p—>T<=>(Q(}=O’=>Q[}=T)Z<'—b>. (Tptro=>Thtr)eThto— .

(iv) ¢ = Vay(z). A = Vz(z) & A B Jz—y(z) & A ¥ (@), for all
a € | « for all a € |A(A = ¥(@)). Assuming A = Vry(x), we get

A e p e ([t [t)) €
,tp). The case ¢ =1 is trivial.
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in particular, 2 = ¥(c) for the witness ¢ belonging to 3z-y¥(z). By
induction hypothesis: Tp, F ¥(c). T, + Jz—p(z) — —Y(c), so Ty F
¥(c) — —3-(z). Hence Ty, F Vrp(z).

Conversely: Tr, F Vzy(z) = Ty F 9(t), so T, F ¥(t) for all closed ¢,
and therefore by induction hypothesis, 2 k= v(t) for all closed t. Hence
A = Vay(x).

Now we see that U is a model of I', as I' C T,,.

The model constructed above goes by various names, it is sometimes called
the canonical model or the (closed) term model. In logic programming the set
of closed terms of any language is called the Herbrand universe or - domain
and the canonical model is called the Herbrand model.

In order to get an estimation of the cardinality of the model we have to
compute the number of closed terms in L,,. As we did not change the language
going from T, to Tp,, we can look at the language L,,. We will indicate how to
get the required cardinalities, given the alphabet of the original language L.
We will use the axiom of choice freely, in particular in the form of absorption
laws (i.e. K + X = k- A = maz(k, A) for infinite cardinals). Say L has type
(T1yevyTn; @15 - G ).

1. Define
TERM, {CiliEI}U{J}jleN}
TERM,4; = TERM,U{f;(t,....ta,)li <m,
tyx € TERM,, for k < a;}.
Then TERM = J{TERM,|n € N} (Exercise 5)
|TERMy| = maz(k,Ro) = p.
Suppose [I'ERM,,| = p. Then
H{Fits. .o ta)lt1y .- ta, € TERMy}| = [TERM,|% = p* = p. So
[TERMp 11| = p+p+ ...+ p (m+1 times) = p.
Finally [TERM| =Y |TERM,|=Ro-p = p.
neN

2. Define
FORM, {Pi(ty,...,tp]i <n,ty e TERM}U{Ll}
FORM,,, := FORM,U{p | €{A —},¢,v € FORM,}
U{Vzipli € N,y € FORM,}.

Then FORM = |J{FORM,|n € N} (Exercise 5)
As in 1. one shows |[FORM| = p.

3. The set of sentences of the form 3z¢(z) has cardinality p. It trivially is
< p. Consider A = {3z (z¢ = ¢;)| € I}. Clearly {A] = k- Xy = u. Hence
the cardinality of the existential statements is p.

4. L, has the constant symbols of L, plus the witnesses. By 3 the cardinality
of the set of constant symbols is p. Using 1 and 2 we find Lo has 4 terms
and p formulas. By induction on n each L, has u terms and p formulas.

Il
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Therefore L, has Ro - 4 = p terms and formulas. L, is also the language
of T,,.

5. L, has at most u closed terms. Since L1 has u witnesses, L, has at least
4, and hence exactly u closed terms.

6. The set of closed terms has < i equivalence classes under ~, so ||| < u.

All this adds up to the strengthened version of the Model Existence
Lemma:

Lemma 3.1.12. I' is consistent <> I' has a model of cardinality at most the
cardinality of the language.

Note the following facts:
—If L has finitely many constants, then L is countable.
—If L has k > g constants, then |L| = k.

The completeness theorem for predicate logic raises the same question
as the completeness theorem for propositional logic: can we effectively find
a derivation of ¢ is ¢ is true? The problem is that we don’t have much to
go on; ¢ is true in all structures (of the right similarity type). Even though
(in the case of a countable language) we can restrict ourselves to countable
structures, the fact that ¢ is true in all those structures does not give the
combinatorial information, necessary to construct a derivation for ¢. The
matter is at this stage beyond us. A treatment of the problem belongs to
proof theory; Gentzen’s sequent calculus or the tableau method are more
suitable to search for derivations, than natural deduction.

In the case of predicate logic there are certain improvements on the com-
pleteness theorem. One can, for example, ask how complicated the model is
that we constructed in the model existence lemma. The proper setting for
those questions is found in recursion theory. We can, however, have a quick
look at a simple case.

Let T be a decidable theory with a countable language, i.e. we have an
effective method to test membership (or, what comes to the same, we can test
I' - ¢ for a set of axioms of T'). Consider the Henkin theory 7" introduced
in 3.1.6.; ¢ € T, if ¢ € T, for a certain n. This number n can be read off
from o by inspection of the witnesses occurring in ¢. From the witnesses we
can also determine which axioms of the form Jzp(z) — ¢(c) are involved.
Let {r1,...,7,} be the set of axioms required for the derivation of o, then
TU{r,...,7,} F o. By the rules of logic this reduces to T + 1y A...AT;, — o.
Since the constants c; are new with respect to T, this is equivalent to T +
Vzi,...,zx (7, — o') for suitable variables 2y, ..., 2, where Tiy..., T}, 0 are
obtained by substitution. Thus we see that o € T}, is decidable. The next
step is the formation of a maximal extension T,.

Let @0, %1, %2, - - - be an enumeration of all sentences of T,,. We add sen-
tences to T, in steps.
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T, U{po} if TU{wo} is consistent,

T, U{—po} else.

Ty U{pns1} if T, U {pnt1} is consistent,
T U {~@ns1} else.

stepO:TO—_—{
stepn+1:Tn+1={

T° = UT,, (T° is given by a suitable infinite path in the tree). It is easily seen
that T° is maximally consistent. Moreover, T° is decidable. To test ¢, € T°
we have to test ¢, € Ty, or Tp,—1 U{pn} FL is decidable. So T° is decidable.

The model 2 constructed in 3.1.11 is therefore also decidable in the fol-
lowing sense: the operations and relations of 2 are decidable, which means
that ([t1],...,[tp]) € P and f([t1],. .., [te]) = [t] are decidable.

Summing up we say that a decidable consistent theory has a decidable
model (this can be made more precise by replacing ‘decidable’ by ‘recursive’).

Exercises

1. Consider the language of groups. T = {o|2 = o} , where U is a fixed
non-trivial group. Show that T is not a Henkin theory.

2. Let {T;]i € I} be a set of theories, linearly ordered by inclusion. Show
that T = U{T;|i U I} is a theory which extends each T;. If each T; is
consistent, then T is consistent.

3. Show that A, F ¢ & ¢ holds in all models with at least n elements.
iin F 0 © o holds in all models with at most n elements. A, Apup, Fo &0
holds in all models with exactly n elements, {A,|n € N} F o & ¢ holds
in all infinite models, (for a definition of A,, py, cf. section 2.7).

4. Show that T = {o|A2 t 0} U {c1 # c2} in a language with = and two
constant symbols ¢y, ¢z, is a Henkin theory.

5. Show TERM = |J{TERM,|n € N}, FORM = | J{FORMu|n € N} (cf.
1.1.5).

s
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] 3.2 Compactnesskand Skolem-Lowenheim

% Unless specified otherwise, we consider sentences in this section. From the
i Model Existence Lemma we get the following:

Theorem 3.2.1 (Compactness Theorem). I' has a model < each finite
subset A of I' has a model.

An equivalent formulation is:
I has no model < some finite A C I' has no model.

Proof. We consider the second version.

<&: Trivial.

=>: Suppose I" has no model, then by the Model Existence Lemma I is incon-
sistent, i.e. I' - L. Therefore there are 0y,...,0, € I'such that o1,...,0, FL.
This shows that A = {01, ...,0,} has no model.

Let us introduce a bit of notation: Mod(I') = {2 }= o for all 0 € I'}.
For convenience we will often write 2 = I' for % € Mod(I'). We write
Mod(g1,...,p2) instead of Mod{¢1,...,¢n}).

In general Mod(I') is not a set (in the technical sense of set theory:
Mod(T") is most of the time a proper class). We will not worry about that
since the notation is only used as a abbreviation.

Conversely, let K be a class of structures (we have fixed the similarity
type), then Th(K) = {c|2 |= o for all 2 € K}. We call Th(K) the theory of
K.

We adopt the convention (already used in section 2.7) not to include the
identity axioms in a set I'; these will always be satisfied.

Ezamples.

1. Mod(Vey(z < yrh <y <z oz =y),Vayz(z <yAy<z—z < 2))is
the class of posets.
2. Let G be the class of all groups. Th(G) is the theory of groups.

We can consider the set of integers with the usual additive group struc-

ture, but also with the ring structure, so there are two structures 2 and B,

of which the first one is in a sense a part of the second (category theory uses
a forgetful functor to express this). We say that 2 is a reduct of B, or B is
an ezpansion of U .

In general

Definition 3.2.2. 2 is a reduct of B (B an expansion of ) if || = |B| and
moreover all relations, functions and constants of 2 occur also as relations,
functions and constants of 8.
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Notation. (%, S1,...
the indicated extras.

»Sna g1, -+, gm, {a;l7 € J}) is the expansion of 2 with

In the early days of logic (before “model theory” was introduced) Skolem
(1920) and Lowenheim (1915) studied the possible cardinalities of models
of consistent theories. The following generalisation follows immediately from
the preceding results.

Theorem 3.2.3 (Downward Skolem-Léwenheim Theorem). Let I' be
a set of sentences in a language of cardinality x, and let K < A. If I has a
model of cardinality A, then I' has a model of cardinality k', with k < k' < X.

Proof. Add to the language L of I" a set of fresh constants (not occurring in
the alphabet of L) {c;|i € I} of cardinality , and consider I" = I' U {¢; #
cjli,j € I,i # j}. Claim: Mod(I"") # 0.

Consider a model 2 of I' of cardinality X\. We expand 2 to 2’ by adding
x distinct constants (this is possible: || contains a subset of cardinality
k). A" € Mod(I') (cf. Exercise 3) and 2" = ¢; # ¢;(i # j). Consequently
Mod(I") # 0. The cardinality of the language of I is k. By the Model
Existence Lemma I'"” has a model 9B’ of cardinality < &, but, by the axioms
¢ # ¢j, the cardinality if also > . Hence B’ has cardinality . Now take the
reduct B of B’ in the language of I', then B € Mod(I')) (Exercise 3). 0O

Ezxamples.

1. The theory of real numbers, Th(R), in the language of fields, has a count-
able model.

2. Consider Zermelo-Fraenkel’s set theory ZF. If Mod(ZF) # 0, then ZF
has a countable model. This fact was discovered by Skolem. Because
of its baffling nature, it was called Skolem’s paradozr. One can prove in
ZF the existence of uncountable sets (e.g. the continuum), how can ZF
then have a countable model? The answer is simple: countability as seen
from outside and from inside the model is not the same. To establish
countability one needs a bijection to the natural numbers. Apparently
a model can be so poor that it misses some bijections which do exist
outside the model.

Theorem 3.2.4 (Upward Skolem-Léwenheim Theorem). Let I have
a language L of cardinality k, and % € Mod(I'") with cardinality A\ > k.
For each p > A I" has a model of cardinality p.

Proof. Add p fresh constants ¢;, ¢ € I to L and consider I'" = I'U{¢; # ¢;li #
Jri,7 € I}. Claim: Mod(I'") # 0. We apply the Compactness Theorem.

Let A C I" be finite. Say A contains new axioms with constants
Cigy+--1Ciy, then A C T'U {Ci,, # ¢, lpyq < k} = To. Clearly each model

of I is a model of A (Exercise 1(i)).
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Now take 2 and expand it to 2’ = (U, a1,...,ax), where the a; are dis-

: tinct.

Then obviously 2’ € Mod(I), so 2’ € Mod(A). By the Compactness

| Theorem there is a B’ € M od(I"). The reduct B of 2’ to the (type of the)

language L is a model of I'. From the extra axioms in I'" it follows that 9B’,
and hence B, has cardinality > p.

We now apply the downward Skolem-Léwenheim Theorem and obtain the
existence of a model of I" of cardinality . O

We now list a number of applications.

Application I. Non-standard Models of PA.

Corollary 3.2.5. Peano’s arithmetic has non-standard models.

Let P be the class of all Peano structures. Put PA = Th(P). By the Com-
pleteness Theorem PA = {¢|X I o} where X is the set of axioms listed
in section 2.7, Example 6. PA has a model of cardinality Ry (the standard
model 91), so by the upward Skolem-Loéwenheim Theorem it has models of

every k > ¥y. These models are clearly not isomorphic to 91. For more see
3.3.

Application II. Finite and Infinite Models.

Lemma 3.2.6. If I has arbitrarily large finite models, then I' has an infinite
model.

Proof. Put I'" = I'U{A,|n > 1}, where A, expresses the sentence “there are at
least n distinct elements”, cf. section 2.7, Example 1. Apply the Compactness
Theorem. Let A C I be finite, and let A,, be the sentence )\, in A with
the largest index n. Verify that Mod(A) € Mod(T U {pm}). Now I" has
arbitrarily large finite models, so I' has a model 9 with at least m elements,
i.e. 2 € Mod(I'U{\,}). Now I has arbitrarily large finite models, so I" has a
model A with at least m elements, i.e. A € Mod(I"U{ )\, }). So Mod(A) # 0.

By compactness Mod(I") # @, but in virtue of the axioms ),,, a model
of I'" is infinite. Hence I"', and therefore I', has an infinite model. O

We get the following simple

Corollary 3.2.7. Consider a class K of structures which has arbitrarily large
finite models. Then, in the language of the class, there is no set X of sen-
tences, such that U € Mod(X) < U is finite and A € K.

Proof. Immediate. O

We can paraphrase the result as follows: the class of finite structures in
such a class K is not axiomatisable in first-order logic.
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We all know that finiteness can be expressed in a language that contains
variables for sets or functions (e.g. Dedekind’s definition), so the inability to
characterise the notion of finite is a specific defect of first-order logic. We say
that finiteness is not a first-order property.

The corollary applies to numerous classes, e.g. groups, rings, fields, posets,
sets (identity structures).

Application III. Axiomatisability and Finite Axiomatisability.

Definition 3.2.8. A class K of structures is (finitely) aziomatisable if there
is a (finite) set I" such that K = Mod(I"). We say that I" aziomatises K; the
sentences of I are called it axioms (cf. 3.1.3).

Examples for the classes of posets, ordered sets, groups, rings, Peano-
structures axiom sets I' are listed in section 2.7.

The following fact is very useful:

Lemma 3.2.9. If K = Mod(I') and K is finitely ariomatisable, then K is
aziomatisable by a finite subset of I'.

Proof. Let K = Mod(A) for a finite A, then K = Mod(o), where o is the
conjunction of all sentences of A (Exercise 4). Then o =9 for all ¢ € I" and
I = 0, hence also I' - . Thus there are finitely many 91, ... , e € I' such
that ¥1,...,%% - 0. Claim K = Mod(1, ..., ¥k).

() {1, ¥k} C I so Mod(I') € Mod(¢1,. .., %)

(ii) From t1,...,%x I o it follows that Mod(1, ..., %) € Mod(o).

Using (i) and (ii) we conclude Mod(¢1,..., %) = K. 0

This lemma is instrumental in proving non-finite-axiomatisability results.
We need one more fact.

Lemma 3.2.10. K is finitely ariomatisable & K and its complement K¢ are
both ariomatisable.

Proof. =. Let K = Mod(p1, - - ., ¢n), then K = Mod(p1 A... Apg). U € K
(complement of K ) & A w1 A... App &A= =(p1 A...pn). So
K¢ = Mod(~(@1 A...Apy)). <. Let K = Mod(I'),K® = Mod(4). KNK* =
Mod(I" U A) = @ (Exercise 1).
By compactness, there are ¢1,...,¢n € I' and ¢1,...,¥m € A such that
Mod(¢1,- -y 0n, W1, .-, ¥Ym) =0, or

Mod(¢1,...,on) N Mod(¥r,...,¢%m) =0, (1)

’CZMOd(F)gMOd((pl,,(Pn), (2)
K = Mod(A) € Mod(1, . ., ¥m), (3)
(1), (2), @) = K = Mod(py,...,¥n). d
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We now get a number of corollaries.

Corollary 3.2.11. The class of all infinite sets (identity structures) is ax-
somatisable, but not finitely ariomatisable.

Proof. 2 is infinite & A € Mod{\,|n € N}). So the axiom set is {\,|n € N}.
On the other hand the class of finite sets is not axiomatisable, so, by Lemma
(b), the class of infinite sets is not finitely axiomatisable. O

Corollary 3.2.12. (i) The class of fields of characteristic p(> 0) is finitely
axiomatisable.

(ii) The class of fields of characteristic 0 is axiomatisable but not finitely
aziomatisable.

(ili) The class of fields of positive characteristic is not aziomatisable.

Proof. (i) The theory of fields has a finite set A of axioms. AU {p = 0}
axiomatises the class F), of fields of characteristic p (where p = 0} axiomatises
the class F,, of fields of characteristic p (where p stands for 1+1+...+1, (px)).

(i) AU{Z #0,3#0,...,p #0,...} axiomatises the class Fy of fields of
characteristic 0. Suppose Fy was finitely axiomatisable, then by Lemma 3.2.9
Fo was axiomatisable by I' = AU {p; #0,...,D; # 0}, where py,...,px are
primes (not necessarily the first k ones). Let ¢ be a prime greater than all p;
(Euclid). Then Z/(g) (the integers modulo ¢) is a model of I', but Z/(q) is
not a field of characteristic 0. Contradiction.

(iii) follows immediately from (ii) and Lemma 3.2.10. a

Corollary 3.2.13. The class A. of all algebraically closed fields is arioma-
tisable, but not finitely axiomatisable.

Proof. Let 0, = Vy1...yn3z(z" + 12" 1 + ... + Yn-1T + yn = 0). Then
I'=AU{on|n > 1}(A as in corollary 3.2.12) axiomatises A.. To show non-
finite axiomatisability, apply Lemma 3.2.9 to I" and find a field in which a
certain polynomial does not factorise. a

Corollary 3.2.14. The class of all torsion-free abelian groups is axiomatis-
able, but not finitely aziomatisable.

Proof. Exercise 3.2.14. a

Remark: In Lemma 3.2.9 we used the Completeness Theorem and in Lemma
3.2.10 the Compactness Theorem. The advantage of using only the Com-
Pactness Theorem is that one avoids the notion of provability altogether.
The reader might object that this advantage is rather artificial since the
Compactness Theorem is a corollary to the Completeness Theorem. This is
true in our presentation; one can, however, derive the Compactness Theorem
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by purely model theoretic means (using ultraproducts, cf. Chang-Keisler) , so
there are situations where one has to use the Compactness Theorem. For the
moment the choice between using the Completeness Theorem or the Com-
pactness Theorem is largely a matter of taste or convenience.

By way of illustration we will give an alternative proof of Lemma 3.2.9
using the Compactness Theorem:

Again we have Mod(I") = Mod(c)(x). Consider I" = I' U {—c'}.

A e Mod(I") & A€ Mod(I') and U= o,
& Ae ModlT  and A& Mod(o).

In view of (x) we have Mod(I"') = 0.

By the Compactness Theorem there is a finite subset A of I with
Mod(A) = . It is no restriction to suppose that ~o € A, hence
Mod(vy, ..., ¥k, ~c) = 0. It now easily follows that Mod(iy,...

J/)k) =
Mod(o) = Mod(I'). O

Application IV. Ordering Sets.

One easily shows that each finite set can be ordered, for infinite sets this
is harder. A simple trick is presented below.

Theorem 3.2.15. Each infinite set can be ordered.

Proof. Let |X| = & > No. Consider I', the set of axioms for linear order
(section 2.7.3. I" has a countable model, e.g. N. By the upward Skolem-
Léwenheim Theorem I' has a model A = (4, <) of cardinality . Since X
and A have the same cardinality there is a bijection f : X — A. Define
z <z’ := f(z) < f(z'). Evidently, < is a linear order. O

In the same way one gets: Each infinite set can be densely ordered. The
same trick works for axiomatisable classes in general.

Exercises

1. Show: (i) I’ C A = Mod(A) € Mod(I'),
(ii) K1 € K2 = Th(K2) C Th{K,),
(iii) Mod(I" U A) = Mod(I"y N Mod(A),
(iv) Th(K1 U K3) = Th(K:) N Th(Ky),
(v) K C Mod(I') & I' C Th(K),
(vi) Mod(I' N A) € Mod(I') U Mod(A),
(vii) Th(K1 N K2) € Th{(K1) U Th(Ky).
Show that in (vi) and (vii) C cannot be replaced by =.
2. (i) I' C Th(Mod(I')},
(it) X € Mod(Th(K)),
(iii) Th{Mod(I")) is a theory with axiom set I".

epenis e
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11.

12,
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14.

. MOd((,OI,...

3.2 Compactness and Skolem-Léwenheim 117

. If 2 with language L is a reduct of B, then A =0 & B =0 for o € L.

yon) = Mod(pr AL .. Awp).

.I'l= ¢ = A = ¢ for a finite subset A C I". (Give one proof using

completeness, another proof using compactness on I' U {-c}).

. Show that well-ordering is not a first-order notion. Suppose that I' ax-

iomatises the class of well-orderings. Add countably many constants c;
and show that I' U {¢;+1 < ¢;]i € N'} has a model.

. If I has only finite models, then there is an n such that each model has

at most n elements.

. Let L have the binary predicate symbol P. ¢ := Vz—P(z, 2)AVzyz(P(z, y)A

P(y, z) — P(z,2)) AVzIyP(x,y). Show that Mod(c) contains only infi-
nite models.

. Show that ¢ V Vzy(z = y) has infinite models and a finite model, but no

arbitrarily large finite models (¢ as in 8).

Let L have one unary function symbol.

(i) Write down a sentence  such that 2 = ¢ < f% is a surjection.

(ii) Idem for an injection.

(iif) Idem for a bijection (permutation).

(iv) Use (ii) to formulate a sentence ¢ such that A k= o < 2 is infinite
(Dedekind).

{v) Show that each infinite set carries a permutation without fixed points
(cf. the proof of 3.2.15).

Show: o holds for fields of characteristic zero, => ¢ holds for all fields of
characteristic g > p for a certain p.

Consider a sequence of theories T; such that T; # Tij;; and T; C Tyyq.
Show that U{T}|i € N'} is not finitely axiomatisable.

If Ty and T3 are theories such that Mod(T, U T3) =0, then thereis a o
such that 71 = ¢ and T} | —o.

(i) A group can be ordered < each finitely generated subgroup can be
ordered.
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(ii) An abelian group 2 can be ordered < 2 is torsion free. (Hint: look
at all closed atoms of L(2l) true in 2.)

15. Prove Corollary 3.2.14.
16. Show that each countable, ordered set can be embedded in the rationals.

17. Show that the class of trees cannot be axiomatised. Here we define a tree
as a structure (T, <,t), where < is a partial order, such that for each a
the predecessors form a finite chain a = a, < anp—1 <... < a1 <ap =1t.
t is called the top.

18. A graph (with symmetric and irreflexive R) is called k-colourable if we
can paint the vertices with k-different colours such that adjacent vertices
have distinct colours. We formulate this by adding k£ unary predicates
Ci,...,Ck, plus the following axioms

V:L‘\X/ CZ(.’IJ),/X\ ﬂ(Cz(I) A Cj(x))a

i#]
/)(\ Vzy(ci(z) A Ci(y) — —R(z,y))-

Show that a graph is k-colourable if each finite subgraph is k-colourable
(De Bruijn-Erdoés).

3.3 Some Model Theory

In model theory one investigates the various properties of models (struc-
tures), in particular in connection with the features of their language. One
could say that algebra is a part of model theoryome parts of algebra indeed
belong to model theory, other parts only in the sense of the limiting case in
which the role of language is negligible. It is the interplay between language
and models that makes model theory fascinating. Here we will only discuss
the very beginnings of the topic.

In algebra one does not distinguish structures which are isomorphic; the
nature of the objects is purely accidental. In logic we have another criterion:
we distinguish between two structures by exhibiting a sentence which holds
in one but not in the other. So, if A = 0 < B = o for all o, then we cannot
(logically) distinguish 2 and B.

e e

b satisfies (a1, ..

’ Definition 3.3.1. (i) f : || — |B| is a homomorphism if (a1, ...
P2 = (f(a1),--.
. F2(f(a1), ..., f(ap)) for all Fy, and f(c) =c®, for all ¢;.
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7ak> €
,f(ax)) € PP for all P;, f(F(ay,...,ap)) =

(i) f is an isomorphism if it is a homomorphism which is bijective and
San) € P2 & (f(a1),..., f(an)) € PB, for all Pi.

We write f: A — B if f is a homomorphism from 2 to ‘B. 2 = B stands

¥ for "2 is isomorphic to B”, i.e. there is an isomorphism f: 2 — B.

Definition 3.3.2. 2 and B are elementarily equivalent if for all sentences o
of LLAEc =B Eo.

Notation. A = B. Note that A = B < Th(2U) = Th(B).

Lemma 3.3.3. A =B = 2A=B.
Proof. Exercise 2. O

Definition 3.3.4. 2 is a substructure (submodel) of B (of the same type)
if %] C B PN = PELEER 11U = F* and ¢ = ¢ (where n is the
number of arguments).

Notation. A C B. Note that it is not sufficient for 2 to be contained in B
“as a set”; the relations and functions of 9B have to be extensions of the cor-
responding ones on 2, in the specific way indicated above.

Ezamples. The field of rationals is a substructure of the field of reals, but not
of the ordered field of reals. Let 2 be the additive group of rationals, ®8 the
multiplicative group of non-zero rationals. Although |B| C ||, B is not a
substructure of 2. The well-known notions of subgroups, subrings, subspaces,
all satisfy the above definition.

The notion of elementary equivalence only requires that sentences (which
do not refer to specific elements, except for constants) are simultaneously

: true in two structures. We can sharpen the notion, by considering 2 C B

and by allowing reference to elements of |2|.

Definition 3.3.5. 2 is an elementary substructure of B (or ‘B is an el-
ementary extension of A) if A C B and for all p(x1,...,2,) in L and
ai,...,a, € |AL, A E o(@1,...,8,) & B Ep(@,...,a,).

Notation. A < B.

We say that 2 and B have the same true sentences with parameters in 2.
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Fact 3.3.6. A < B = A =B.

The converse does not hold (cf. Exercise 4).

Since we will often join all elements of || to % as constants, it is conve-
nient to have a special notation for the enriched structure: % = (2, |%]).

If one wants to describe a certain structure 2, one has to specify all the
basic relationships and functional relations. This can be done in the language
L(2) belonging to 2 (which, incidentally, is the language of the type of 21).

Definition 3.3.7. The diagram, Diag(2), is the set of closed atoms and
negations of closed atoms of L(2), which are true in 2. The positive diagram,
Diagt (), is the set of closed atoms ¢ of L(2) such that U = .

Ezample.

1 Ql (N)D ag(2 {n—n|n€N}U{n7ém|n7ém ,m
= ({1,2,3}, ) (natural order). Diag®B = {1 =1, 2
#55 3,2#1,3#1,3+#2,1<2,1<3,2<3

3, -3<T, -T<1, -2<3, -3<3).
Diagrams are useful for lots of purposes. We demonstrate one here: We

say that U is isomorphically embedded in ‘B if there is an isomorphism f from
2l into a substructure of ‘B.

Lemma 3.3.8. A is isomorphically embedded in B < B is a model of
Diag(®).
Proof. =. Let f be an isomorphic embedding of 2 in B, then U =
Pi(a1,...,32) © B £ Pi(f@1),....flan) and % k= t(@,....3,) =
5(@1,...,8n) & B E t(f(a1),...) = s(fa1),...) (cf. Exercise 2.). By inter-
preting @ as f(a) in B (i.e. a® = f(a)), we immediately see B = Diag(21).
«: Let B | Diag(2). Define a mapping f : (| — [B| by f(a) = a@®). Then,
clearly, f satisfies the conditions of definition 3.3.1 on relations and functions
(since they are given by atoms and negations of atoms). Moreover if ay # a2
then A ‘:— -] = 62, SO % |: -] = aa.

Hence af # a2, and thus f(a;) # f(az2). This shows that f is an isomor-
phism. O

We will often identify 20 with its image under an isomorphic embedding
into ‘B, so that we may consider 2 as a substructure of B

We have a similar criterion for elementary extension. We say that 2 is
elementarily embeddable in B if A = A" and A < B for some A’'. Again, we
often simplify matters by just writing % < B when we mean “elementarily
embeddable”.
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. Lemma 3.3.9. % < B & B = Th(dl).

N.B. 2 < B holds “up to isomorphism”. B is supposed to be of a simi-

. larity type which admits at least constants for all constant symbols of L(2).

' Proof. =. Let ©(ay,. ..,an) € Th(ﬁl), then 2 = (a1, ...,a), and hence
& B =@, ,Tn)- S0 B = Th(2).

<. By 3.3.8, 2 C B (up to isomorphism). The reader can easily finish

}  the proof now. O

We now give some applications.

Application I. Non-standard Models of Arithmetic.

Recall that M1 = (N, +,-,s,0) is the standard model of arithmetic. We
know that it satisfies Peano’s axioms (cf. example 6, section 2.7). We use the
abbreviations introduced in section 2.7.

Let us now construct a non-standard model. Consider T = Th(MN). By
the Skolem-Lowenheim Theorem T has an uncountable model 9. Since M =
Th(‘51), we have, by 3.3.9, 91 < M. Observe that N ¥ M (why?). We will
have a closer look at the way in which 9 is embedded in 9.

We note that M Vazyz(z <yAy<z—z<z) (1)
ME Veyziz<yVr=yVy<z) (2
NE V(0 < z) (3)
NE -Im<zAz<n+l) 4)

Hence, 91 being an elementary substructure of 9, we have (1) and (2) for
M, i.e. M is linearly ordered. From N < M and (3) we conclude that 0 is the
first element of 9. Furthermore, (4) with 91 < 9 tells us that there are no
elements of M between the “standard natural numbers”.

As a result we see that 91 is an initial segment of IM:

standardnumbers non—standardnumbers
N A

Remark: it is important to realise that (1) - (4) are not only true in the
standard model, but even provable in PA. This implies that they hold not
only in elementary extensions of 91, but in all Peano structures. The price one
has to pay is the actual proving of (1) - (4) in PA, which is more cumbersome
than the mere establishing their validity in 91. However, anyone who can give
an informal proof of these simple properties will find out that it is just one
more (tedious, but not difficult) step to formalise the proof in our natural
deduction system. Step-by-step proofs are outlined in the Exercises 25, 28.

So, all elements of || — |N|, the non-standard numbers, come after the

}' standard ones. Since M is uncountable, there is at least one non-standard

number a. Note that n < a for all n, so MM has a non-archimedean order
(recall that n' =1+ 1+ ... +1(nx)).
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We see that the successor S(n)(= n+1) of a standard number is standard.
Furthermore N = Vz(z # 0 — Jy(y + 1 = z)), so, since N < M, also
M= Ve(z # 0 - Jy(y + 1 = z)), ie. in M each number, distinct from
zero, has a (unique) predecessor. Since ¢ is non-standard it is distinct from
zero, hence it has a predecessor, say a;. Since successors of standard numbers
are standard, a; is non-standard. We can repeat this procedure indefinitely
and obtain an infinite descending sequence @ > a; > ay > as > ... of non-
standard numbers. Conclusion: 91 is not well-ordered.

However, non-empty definable subsets of 9 do possess a least element.
For, such a set is of the form {b|9 = ¢(b)}, where ¢ € L(M), and we know
N = Jrp(z) — Jz(p(z) AVY(p(y) — = < y)). This sentence also holds in M
and it tells us that {b|"M &= w(b)} has a least element if it is not empty.

The above construction not merely gave a non-standard Peano structure
(cf. 3.2.5), but also a non-standard model of true arithmetic, i.e. it is a model
of all sentences true in the standard model. Moreover, it is an elementary
extension.

The non-standard models of PA that are elementary extensions of 91 are
the ones that can be handled most easily, since the facts from the standard
model carry over. There are also quite a number of properties that have been
established for non-standard models in general. We treat two of them here:

Theorem 3.3.10. The set of standard numbers in a non-standard model is
not definable.

Proof. Suppose there is a ¢(z) in the language of PA, such that: M |=
p(@) < “a is a standard natural number”, then —p(z) defines the non-
standard numbers. Since PA proves the least number principle, we have
M = Iz(—p(z) AVy < zp(y)), or there is a least non-standard number.
However, as we have seen above, this is not the case. So there is no such
definition. O

A simple consequence is the

Lemma 3.3.11 (Overspill Lemma). Ifo(R) holds in a non-standard model
for infinitely many finite numbers n, then p(a) holds for at least one infinite
number a.

Proof. Suppose that for no infinite a ¢(@) holds , then Jy(z < y A ¢(¥))
defines the set of standard natural numbers in the model. This contradicts
the preceding result. |

Qur technique of constructing models yields various non-standard models
of Peano’s arithmetic. We have at this stage no means to decide if all models
of PA are elementarily equivalent or not. The answer to this question is pro-
vided by Gédel’s incompleteness theore, which states that there is a sentence
~ such that PA I/ v and PA ¥ —y. The incompleteness of PA has been
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I re-established by quite different means by Paris-Kirby-Harrington, Kripke,
¥ and others. As a result we have now examples for v, which belong to ‘normal
. mathematics’, whereas Godel’s v, although purely arithmetical, can be con-
> sidered as slightly artificial, cf. Barwise, Handbook of Mathematical Logic,
b D8. PA has a decidable (recursive) model, namely the standard model. That,
i however, is the only one. By the theorem of Tennenbaum all non-standard
I models of PA are undecidable (not recursive).

Application II. Non-standard Real Numbers.

Similarly to the above application, we can introduce non-standard models

£ for the real number system. We use the language of the ordered field R of
i real numbers, and for convenience we use the function symbol, | |, for the ab-
8 solute value function. By the Skolem-Lowenheim Theorem there is a model

¥ *R of Th(R) such that *R has greater cardinality than R. Applying 3.3.9,
B we see that R < *R, so *R is an ordered field, containing the standard real
B numbers. For cardinality reasons there is an element a € [*R| — |R|. For the
element a there are two possibilities:

(i) |al > |r| for all r € |R)|,
(ii) there is an r € |R| such that |a| < 7.

In the second case {u € |R| | © < la|} is a bounded, non-empty set, which
therefore has a supremum s (in R). Since [a| is non-standard number, there
is no standard number between s and |a|. By ordinary algebra, there is no
standard number between 0 and | |a| — s |. Hence [|a| — s|~! is larger than all

& standard numbers. So in case (ii) there is also a non-standard number greater
- than all standard numbers. Elements satisfying the condition (i) above, are

called infinite and elements satisfying (ii) are called finite (note that the

- standard numbers are finite).

We now list a number of facts, leaving the (fairly simple) proofs to the

" reader.

1. *R has a non-archimedean order.

2. There are numbers a such that for all positive standard 7,0 < |a| < 7.
We call such numbers, including 0, infinitesimals.

3. a is infinitesimal < a™! is infinite.

4. For each non-standard finite number a there is a unique standard number
st(a) such that a — st(a) is infinitesimal.

Infinitesimals can be used for elementary calculus in the Leibnizian
tradition. We will give a few examples. Consider an expansion R’ of R
with a predicate for N and a function v. Let *R’ be the corresponding
non-standard model such that R* < *R’'. We are actually considering
two extensions at the same time. N is contained in R’, i.e. singled out
by a special predicate N. Hence N is extended, along with R’ to *N.
As is to be expected *N is an elementary extension of N (cf. Exercise
14). Therefore we may safely operate in the traditional manner with real
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numbers and natural numbers. In particular we have in *R’ also infinite
natural numbers available. We want v to be a sequence, i.e. we are only
interested in the values of v for natural number arguments. The concepts
of convergence , limit, etc. can be taken from analysis.

We will use the notation of the calculus. The reader may try to give the
correct formulation.

Here is one example: 3mV¥n > m(|v, — vy,| < €) stands for 3z(N(z) A
Vy(N(y) Ny > =z — |v(y) — v(z)] < €). Properly speaking we should
relativise quantifiers over natural numbers (cf. 2.5.9), but it is more con-
venient to use variables of several sorts.

5. The sequence v (or (v,)) converges in R’ iff for all infinite natural num-
bers n,m |v, — U is infinitesimal.
Proof. (v,) converges in R’ if R’ }= Ve > 0InVm > n(|vn — vm| < €).
Assume that (v,) converges. Choose for € > 0 an n(e) € |R’| such that
R’ = Ym > n(|vn — vm| < €). Then also *R’ = Vm > n(jvn — vm| < ).
In particular, if m,m’ are infinite, then m,m’ > n(e) for all ¢. Hence
[m — Um,| < 2€ for all e. This means that |vm — vp| is infinitesi-
mal. Conversely, if Jvn, — vy is infinitesimal for all infinite n,m, then
*R = ¥Ym > n(Jv, — vm| < €) where n is infinite and € standard, pos-
itive. So *R’ &= 3InVm > n(jvn — vm| < ¢), for each standard € > 0.
Now, since R’ < *R',R' k& Invm > n(lv, — vm| < €) for € > 0, s0
R’ |= Ve > 03nYm > n(lvp, — vm| < €). Hence (v,) converges. O

6. lim v, = a & |a — vy is infinitesimal for infinite n.
n—o0

Proof. Similar to 5. O

We have only been able to touch the surface “non-standard analysis”. For
an extensive treatment, see e.g. Robinson, Stroyan-Luzemburg.

We can now strengthen the Skolem-Lowenheim Theorems.

Theorem 3.3.12 (Downward Skolem-Lowenheim). Let the language L
of A have cardinality x, and suppose 2 has cardinality A > k. Then there is
a structure B of cardinality k such that B < 2.

Proof. See corollary 3.4.11. 0O

Theorem 3.3.13 (Upward Skolem-Ldwenheim). Let the language L of
A have cardinality & and suppose U has cardinality A > k. Then for each
i > X there is a structure B of cardinality p, such that A < 8.

Proof. Apply the old upward Skolem-Lowenheim Theorem to Th(ﬁl). O

In the completeness proof we used maximally consistent theories. In model
theory these are called complete theories. As a rule the notion is defined with
respect to axiom sets.
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I Definition 3.3.14. A theory with axioms I" in the language L, is called
complete if for each sentence ¢ in L, either I' - o, or I'  —o.

A complete theory leave, so to speak, no questions open, but it does not

% prima facie restrict the class of models. In the old days mathematicians tried
L to find for such basic theories as arithmetic axioms that would determine up
£ to isomorphism one model , i.e. to give a set I" of axioms such that

b A,B € Mod(I') = U = B. The Skolem-Léwenheim Theorems have taught
i us that this is (barring the finite case) unattainable. There is, however, a
I significant notion:

8 Definition 3.3.15. Let s be a cardinal. A theory is x-categorical if it has
% at least one model of cardinality x and if any two of its models of cardinality
B « are isomorphic.

Categoricity in some cardinality is not as unusual as one might think. We

£ list some examples.

1. The theory of infinite sets (identity structures) is s-categorical for all
mfinite K.

Proof. Immediate, because here “isomorphic” means “of the same cardinal-

- ity’. O

2. The theory of densely ordered sets without end-points is Ro-categorical.

Proof. See any textbook on set-theory. The theorem was proved by Cantor
using the so-called back-and-forth method. O

3. The theory of divisible torsion-free abelian groups is -categorical for
K> No.

Proof. Check that a divisible torsion-free abelian group is a vector space over

‘ _"' the rationals. Use the fact that vector spaces of the same dimension (over the
@ same field) are isomorphic. g

4. The theory of algebraically closed fields (of a fired characteristic) is
K-categorical for kK > Ng.

¢ Proof. Use Steinitz’ Theorem: two algebraically closed fields of the same char-
j acteristic and of the same uncountable transcedence degree are isomorphic.

O
The connection between categoricity and completeness, for countable lan-

1 Buages, is given by
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Theorem 3.3.16 (Vaught’s Theorem). If T has no finite models and is
K - categorical for some k not less than the cardinality of L, thenT' is complete.

Proof. Suppose T is not complete. Then there is a ¢ such that T I/ ¢ and
T i/ —o. By the Model Existence Lemma, there are 2 and B in Mod(T')
such that % |= ¢ and B & —o. Since 2 and B are infinite we can apply
the Skolem-Léwenheim Theorem (upwards or downwards), so as to obtain 2/
and B’, of cardinality %, such that 2 = 2/, and B = B’. But then 2’ = B/,
and hence 2’ = B, so A =B.

This contradicts A |= ¢ and B & —o. O

As a consequence we see that the following theories are complete:

1. the theory of infinite sets;

2. the theory of densely ordered sets without end-points;

3. the theory of divisible torsion-free abelian groups;

4. the theory of algebraically closed fields of fixed characteristic.

A corollary of the last fact was known as Lefschetz’ principle: if a sentence
o, in the first-order language of fields, holds for the complex numbers, it holds
for all algebraically closed fields of characteristic zero.

This means that an “algebraic ” theorem o concerning algebraically closed
fields of characteristic 0 can be obtained by devising a proof by whatsoever
means (analytical, topological, ...) for the special case of the complex num-
bers.

Decidability.
We have seen in chapter I that there is an effective method to test whether a
proposition is provable - by means of the truth table technique, since “truth
= provability”.

It would be wonderful to have such a method for predicate logic. Church
has shown, however, that there is no such method (if we identify “effective”
with “recursive”) for general predicate logic. But there might be, and in-
deed there are, special theories which are decidable. A technical study of
decidability belongs to recursion theory. Here we will present a few informal
considerations.

If T, with language L, has a decidable set of axioms I, then there is an
effective method for enumerating all theorems of T'.
One can obtain such a enumeration as follows:

(a) Make an effective list 01,02,03,... of all axioms of T (this is possible
because I' is decidable), and a list 1, 9, ... of all formulas of L.
(b)
(1) write down all derivations of size 1, using using o1, ¢1, with at most
o1 uncancelled,
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(2) write down all derivations of size 2, using 01, 02, @12, With at most
01,02 uncancelled,

(n) write down all derivations of size n, using o1,...,0n,,¢, ..., ¥Y,, With
at most o1, ...,0, uncancelled,

Each time we get only finitely many theorems and each theorem is even-

B tually derived. The process is clearly effective (although not efficient).

We now observe

% Lemma 3.3.17. If I and I'® (complement of I') are effectively enumerable,
B then I' is decidable.

Proof. Generate the lists of I" and I'® simultaneously. In finitely many steps
5 we will either find ¢ in the list for I" or in the list for I'°. So for each o we
B can decide in finitely many steps whether o € I or not. O

As a corollary we get the

Theorem 3.3.18. If T is effectively axiomatisable and complete, then T is

| :f‘ decidable.

Proof. Since T is complete, we have I' - ¢ or I' + —¢ for each o (where I
axiomatizes 7). Soc € T 't/ o & I' - —o.

% From the above sketch it follows that T and T° are effectively enumerable.

By the lemma T is decidable. O

Application. The following theories are decidable:

1. the theory of infinite sets;

2. the theory of densely ordered sets without end-points;

3. the theory of divisible, torsion-free abelian groups;

4. the theory of algebraically closed fields of fixed characteristic.

3 Proof. See the consequences of Vaught’s Theorem (3.3.16). The effective enu-
" merating is left to the reader (the simplest case is, of course, that of a finitely

axiomatisable theory, e.g. (1), (2). O

We will finally present one more application of the non-standard approach,

| by giving a non-standard proof of

Lemma 3.3.19 (Ko6nig’s Lemma). An infinite, finitary tree has an nfi-

nite path.
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A finitary tree, or fan, has the property that each node has only finitely
many immediate successors (’zero successors’ is included). By contraposition
one obtains from Kénig’s Lemma the so-called Fan Theorem (which was ac-
tually discovered first):

Theorem 3.3.20. If in a fan all paths are finite then the length of the paths
s bounded.

Note that if one considers the tree as a topological space, with its canonical
topology (basic open set “are” nodes), then Kénig’s Lemma is the Bolzano-
Weierstrasz Theorem and the Fan Theorem states the compactness.

We will now provide a non-standard proof of Kénig’s Lemma.
Let T be a fan, and let T* be a proper elementary extension (use 3.3.13).

Y

(1) the relation “... is an immediate successor of ....” can be expressed in
the language of partial order:
<y =z <yAVz(z <z<y—z=2zVy=z) where, as usual,

z < ystands for z <y Az #y.

(2) If @ is standard, then its immediate successors in T* are also standard.
Since T is finitary, we can indicate ay,...,a, such that

TEV(z<;a« \X/ a@r = x). By T < T*, we also have
1<k<n

T* V(T <i a < ar = I), SO lf b is an immediate successor Of a
k )
1<k<n

in T*, then b = a;, for some k < n, i.e. b is standard.
Note that a node without successors in T has no successors in T either,
for TEVr(z<@ez=a)eT EVi(z<ier=a)

(3) In T we have that a successor of a node is an immediate successor of
that node or a successor of an immediate successor, i.e.

TEVzy(z <y—Jz(z <z < 9)). (%)

This is the case since for nodes a and b with @ < b, b must occur in the
finite chain of all predecessors of a. Solet a = a, < ap,-1 < ... < a; =
b<a;j_1<..,thena<a;4; <;b

Since the desired property is expressed by a first-order sentence (*), (3)
also holds for 1.
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'
)
a*

Let a* be a non-standard element of T*. We claim that

P = {a € |T||la* < a} is an infinite path (i.e. a chain).

(i) P is linearly ordered since T' = Vzyz(z <yAz <z—-y<zVz<y)
and hence for any p,q € P C |T*| we have p < g or ¢ < p.

(ii) Suppose P is finite with last element b, then & has a successor and
hence an immediate successor in 7%, which is a predecessor of a*.

By (2) this immediate successor belongs to P. Contradiction. Hence P is
infinite.
This establishes that T has an infinite path. O

Quantifier Elimination

Some theories have the pleasant property that they allow the reduction
of formulas to a particularly simple form: one in which no quantifiers oc-
cur. Without going into a general theory of quantifier elimination, we will
demonstrate the procedure in a simple case: the theory DO of dense or-
der without end points, cf. 2.7.3(ii); ‘without end points’ is formulated as
YzIyz(y <z Az < z).

Let FV(¢) = {y1,-.-,Yn}, where all variables actually occur in ¢. By
standard methods we obtain a prenex normal form ¢’ of ¢, such that
¢ = Qir1Q2z2 . . QmTmW(T1, -y Tmy Y1, - -+, Yn), Where each Q; is one of
the quantifiers ¥, 3. We will eliminate the quantifiers starting with the inner-
most one.

Consider the case ¢, = 3. We bring ¢ into disjunctive normal form
V 1;, where each 1), is a conjunction of atoms and negations of atoms. First
we observe that the negations of atoms can be eliminated in favor of atoms,
since DOF—z=2 < (2<2'Vz <2)and DOF -z < 2/ &

(z =2’V 2’ < z). So we may assume that the 1;’s contain only atoms.

By plain predicate logic we can replace 3z, VY ¥; by the equivalent for-

mula Y Jzm¥;.
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Notation: for the rest of this example we will use 1 < T as an abbreviation
for DOFo & 7.

We have just seen that it suffices to consider only formulas of the form
3z, N op, where each o, is atomic. A systematic look at the conjuncts will
show us what to do.

(1) If z,, does not occur in J\ o,, we can delete the quantifier (cf. 2.5.2).
(2) Otherwise, collect all atoms containing x,, and regroup the atoms, such
that we get A\ op SA i Tm < Ui/\AjUj < Zm AN | Wk = TmAX, Where
x does not contain z,,. Abbreviate this formula as 7 A x. By predicate
logic we have 3z, (7 A X) <& 3zmT A x (cf. 2.5.3). Since we want to
eliminate 3z,y,, it suffices to consider 3z,,7 only.
Now the matter has been reduced to bookkeeping. Bearing in mind that
we are dealing with a linear order, we will exploit the information given
by 7 concerning the relative position of the u;,v;, wy’s with respect to
Tm-
(2a) T:= A Tm <ui A A v <ZTm A N Wk =T
Then 3z,,7 < 7/, with 7/ := A wo < u; A A v; <wo A A wo = wy
(where wq is the first variable among the wy’s). The equivalence follows
immediately by a model theoretic argument (i.e. PO = 32,7 & 7').
2b) T:= A Tm <us AN v; < Tpn.
Now the properties of DO are essential. Observe that 3z, (A Tm <8 <
AN b; < zm) holds in a densely ordered set if and only if all the a;’s lie to

the right of the b;’s. So we get (by completeness) 3z,,7 & /X\ 0V < u;.

(20) 7= A Tm <us AN Wk = T,
Then 3z, 7 &S A\ wo < u; AN wk = wo.
@d)T:=A v <zm AN Wk =ZTm-
Cf. (2¢).
(2¢) T:= A Tm < Ui
Observe that 3z,,7 holds in all ordered sets without a left endpoint. So
we have 3z,,7 < T, since we work in DO.
@2f) 7= A v; < 2m.
Cf. (2e).
(2g) T:= N\ wk = Tm.
Then e, < A wo = Wk

Remarks.
(i) The cases (2b), (2e) and (2f) make essential use of DO.

(ii) It is often possible to introduce shortcuts, e.g. when a variable (other
than z,,) occurs in two of the big conjuncts we have 3z, T &1
If the innermost quantifier is universal, we reduce it to an existential one

by Ve, «— 3z, —ep.
Now it is clear how to eliminate the quantifiers one by one .
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Ezample.
dry(z <y ATz < zAz2<yAVu(u# 2z »u <y Vu=1)))

JryVulz < yAr <zAz<yA(u=zVu<yVu=rz)
dryz-Fu[-z <yV-or<zV-oz<yV(-u=zA-u<yA-u=z)

Tv Ix Ix

Jzyz-Juz =yVy<zVz=2zVz<zVz=yVy<zV
(u<zVz<u)A(u=yVy<u)A(u<zVzr<u))

T*

Jryz-Fujr=yVy<zVz=zVz<zVz=yVy<zV
(u<zAu=yAu<z)V@<zAu=yAz <u)V
(u<zAy<uAu<z)V@u<zAy<uAz<u)V
(z<uAu=yAu<z)V(z<uAu=yAz <u)V
(z<uAy<uAu<z)V(z<uAy<uAz<u).

T+

Jryz-[r=yVy<zVz=zVz<zrVz=yVy<zV
Juu<zAu=yAu<z)VIu(u<zAu=yAz<u)V...V
Julz < uAy<uAz<u).

T

Jzyz-lz=yV...Vy<zV({y<zAy<z)V(y<zAz<y)
Viy<zAy<z)V(y<zAz<z)V(Ez<yAy<z)
Viz<yAz<y)Viz<zAy<z)VT]

Jzyz(—T).

L.

Evidently the above quantifier elimination for the theory of dense order
without endpoints provides an alternative proof of its decidability. For, if ¢
is a sentence, then ¢ is equivalent to an open sentence ¢’. Given the language
of DO it is obvious that ¢’ is equivalent to either T or L. Hence, we have
an algorithm for deciding DO F ¢. Note that we have obtained more: DO is
complete, since DO F ¢ <L or DOF ¢ « T, 50 DO F —p or DO F .

In general we cannot expect that much from quantifier elimination: e.g.
the theory of algebraically closed fields admits quantifier elimination, but it
is not complete (because the characteristic has not been fixed in advance);

*
«—
*
«—

the open sentences may contain unprovable and unrefutable atoms such as
L 7T=12, 23=0.

We may conclude from the existence of a quantifier elimination a cer-
tain model theoretic property, introduced by Abraham Robinson, which has

turned out to be important for applications in algebra (cf. the Handbook of
Mathematical Logic, Ay).

Definition 3.3.21. A theory T is model complete if for A, B € Mod(T)
ACHB = A <B.

We can now immediately obtain the following:
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Theorem 3.3.22. If T admits quantifier elimination, then T is model com-
plete.

Proof. Let 2 and B be models of T, such that A C 8. We must show
that U = (@i, ...,a,) © B E p(@i,...,a,) for all ay,...,a, € ||, where
FV{(p)={z1,...,Zn}

Since T admits quantifier elimination, there is a quantifier free
W(xy,...,2Tn) such that I' b ¢ < 1.

Hence it suffices to show 2 - ¥(@1,...,a,) © B F ¥(ai,...,qy) for a
quantifier free 1. A simple induction establishes this equivalence. d

Some theories T have a particular model that is, up to isomorphism,
contained in every model of 7. We call such a model a prime model of T

Ezxamples.

(i) The rationals form a prime model for the theory of dense ordering without
endpoints;

(ii) The field of the rationals is the prime model of the theory of fields of
characteristic zero;

(iii) The standard model of arith- metic is the prime model of Peano’s
arithmetic.

Theorem 3.3.23. A model complete theory with a prime model is complete.

Proof. Left to the reader. O

Exercises
1. Let 2% = (A, <) be a poset. Show that Diagt(A)U{@#5b | a # b,a,b €
12|} U{Vzy(z <yVy<z)} has a model. (Hint: use compactness).
Conclude that every poset can be linearly ordered by an extension of its
ordering.

2. If f:UA2B and FV(p) = {z1,...,2s}, show

A+ (p[al,.. .,(_J:n/.’l,'l,.. . ,iL'n] S B cp[f(al),.. .,f(an)/atl,. . ,.’L‘n].
In particular, 2 = B.

3. Let 2 C B. ¢ is called universal (ezistential) if ¢ is prenex with only
universal (existential) quantifiers.

(i) Show that for universal sentences ¢ B = = A = ¢.

(ii) Show that for existential sentences ¢ A = = B = ¢.
(Application: a substructure of a group is a group. This is one reason
to use the similarity type (—;2,1;1) for groups, instead of (—;2;0), or
{—;2;1), as some authors do).

3.3 Some Model Theory 133

. (Tarski). Let 24 C B. Show A < B & for all p € L and a3,...,a, €

12,8 + Jyp(y,ai,...,8n) = there is an element @ € [2| such that
B+ ©(a@,ay,...,8,), where FV(p(y,a,...,a,) = {y}. Hint: for < show
() t*(ay,...,an) =t2@,...,a,) fort e L,
(i) A F p(@y,...,an) < BF p(@1,...,a) for ¢ € L by induction on ¢
(use only V, -, 3).

. Another construction of a non-standard model of arithmetic: Add to the

language L of arithmetic a new constant c. Show I' = Th(9) U {c >
7iln € |91} has a model M. Show that M ¥ 9. Can M be countable?

. Consider the ring Z of integers. Show that there is an 2 such that Z < 2

and Z % 2 (a non-standard model of the integers). Show that % has an
“infinite prime number”, po.

Let (poo) be the principal ideal in 2 generated by poo . Show that 2/(peo)
is a field F. (Hint: look at Vz(“z not in (poo)” — Fyz(zy = 1 + 2p0)),
give a proper formulation and use elementary equivalence). What is the
characteristic of F? (This yields a non-standard construction of the ra-
tionals from the integers: consider the prime field).

. Use the non-standard model of arithmetic to show that “well-ordering”

is not a first-order concept.

. Use from the non-standard model of the reals to show that “archimedean

ordered field” is not a first-order concept.

. Consider the language of identity with constants ¢;(i € N)

I ={LL,I,Is} U{c; # ¢;li,j € N,i # j}. Show that the theory of I is
k-categorical for k > Ny, but not Ny-categorical.

. Show that the condition “no finite models” in Vaughts’s Theorem is nec-

essary (look at the theory of identity).

. Let X C |2U|. Define Xog = X U C where C is the set of constants

Of Ql,Xn+1 = Xnu{f(ala~~-,am)lf in QI', a1y...,am € Xn}: Xu) =
U{Xn|n € N}.
Show that B = (Xu, RiNXJ, ..., RyN XY, f1| X%, ..., frm| X2, {e1i €
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13.

14.

15.

16.

17.

18.

19.
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I}) is a substructure of 2. We say that 9B is the substructure generated
by X. Show that ‘B is the smallest substructure of 2 containing X; B can

also be characterized as the intersection of all substructures containing
X.

Let *R be a non-standard model of Th(R). Show that st (cf. page 123)
is a homomorphism from the ring of finite numbers onto R. What is the
kernel?

Consider R’ = (R, N, <,+,.,—,7!,0,1), where N is the set of natural
numbers. L(R’) has a predicate symbol N and, we can, restricting our-
selves to + and -, recover arithmetic by relativizing our formulas to N
(ct. 2.5.9).

Let R <* R’ = (*R,* N,...}. Show that 1 = (N, <,+,.,0,1) <
(*N,<,+,.,0,1) =* 91 (Hint: consider for each ¢ € L(91) the relativized
©N € L(R)).

Show that any Peano-structure contains 91 as a substructure.

Let L be a language without identity and with at least one constant.
Let ¢ = 3z1 ... znp(z1,...,2,) and Ty = {@(t1,...,tn)]t; closed in L},
where ¢ is quantifier free.

(i) = 0 < each U is a model of at least one sentence in X,. (hint: for
each 2, look at the substructure generated by 0).

(ii) Consider X, as a set of propositions. Show that for each valuation
v (in the sense of propositional logic) there is a model 2 such that
[ty - tn)]o = [(ty, . -- 7tn)]]_917 for all Pty .. tn) € X5.

(iif) Show that - o ©F Y io, o(t,...,t4) for a certain m (hint: use
Exercise 9, section 1.5).

Let A,B € Mod(T) and % = B. Show that Diag() U Diag(B) U T
is consistent (use the Compactness Theorem). Conclude that there is a
model of T in which both 2 and ‘B can be isomorphically embedded.

Consider the class K of all structures of type (1; —;0) with a denumerable
unary relation. Show that any 2 and 9B in K of the same cardinality
K > Ny are isomorphic. Show that T = Th(K) is not x—categorical for
any & > Ny.

Consider a theory T of identity with axioms A, for all n € N. In which
cardinalities is 7" categorical? Show that T is complete and decidable.
Compare the result with Exercise 10.

24.
25.
26.

27.
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. Show that the theory of dense order without end-points is not categorical
in the cardinality of the continuum.

. Consider the structure 20 = (R, <, f), where < is the natural order, and
where f is a unary function. Let L be the corresponding language. Show
that there is no sentence ¢ in L such that A = ¢ & f(r) > 0 for all
r € R. (hint: consider isomorphisms z — z + k).

. Let 2 = (A, ~), where ~ is an equivalence relation with denumerably
many equivalence classes, all of which are infinite. Show that Th(2) is
Wo-categorical. Axiomatize Th(2). Is there a finite axiomatisation? Is
Th() k-categorical for kK > Ng?

. Let L be a language with one unary function symbol f. Find a sentence
Tn, Which says that “f has a loop of length n”, i.e. U |= 7, & there
are ay,...,a, € || such that f%(a;) = a;+1(i < n) and f%(a,) = a1
Consider a theory T with axiom set {3, ~7y, =72, 773, . . -,

“Tp,-..}(n € w), where (3 expresses “f is bijective”.

Show that T is k-categorical for £ > Np. (hint: consider the partition
{(f®(a)|i € w} in a model ). Is T Ro-categorical?

Show that T is complete and decidable. Is T finitely axiomatisable?

Put Ty = {¢|T + o and o is universal}. Show that 7y axiomatizes the
theory of all substructures of models of T. Note that one part follows
from Exercise 3. For the converse: let 20 be a model of Ty and consider
Diag(4) UT. Use compactness.

We say that a theory is preserved under substructures if A C B and
B € Mod(T) implies % € Mod(T).

( Los-Tarski). Show that T is preserved under substructures iff T' can be
axiomatized by universal sentences (use Exercise 24).

Let 2 = B, show that there exists a € such that A < €, < € (up
to isomorphism). Hint: assume that the set of new constants of B is

disjoint with the set of new constants of 2. Show that Th(‘)l) U Th(i%)
has a model.

Show that the ordening <, defined by z < y := Ju(y = z+Su) is provably
transitive in Peano’s Arithmetic, i.e. PA F Vzyz(z < yAy < z — z < 2).
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28. Show (i) PA+ Vz(0 < z) (use induction on x),

i) PAFVz(z=0V3Iy(z = Sy)) (use induction on x),

iti) PAFVry(z+y=vy+z),

iv) PAFVy(x <y— Sz <y), (use induction on y),

v) PAFVzy(z <yVz=yVy<z) (use induction on z, the
case of z = 0 is simple, for the step from  to Sz use (iv))

(iv) PAF Vy-3z(y < z Az < Sy) (compare with (iv)).

29. (i) Show that the theory Lo, of identity with “infinite universe” (cf.
section 3.1, Exercise 3 or Exercise 19 above) admits quantifier elim-
ination.

(ii) Show that L., has a prime model.

3.4 Skolem Functions or How to Enrich Your Language

In mathematical arguments one often finds passages such as “.....there is an z
such that ¢(z) holds. Let a be such an element, then we see that ...”. In terms
of our logic, this amounts to the introduction of a constant whenever the ex-
istence of some element satisfying a certain condition has been established.
The problem is: does one thus strengthen the theory in an essential way? In
a precise formulation: suppose T F Jzy(x). Introduce a (new) constant a and
replace T by T" = T U {¢(a)}. Question: is T’ conservative over T, i.e. does
T’ b o = T+ 3 hold, for ¥ not containing a? We have dealt with a similar
problem in the context of Henkin theories, (section 3.1), so we can use the
experience obtained there.

Theorem 3.4.1. Let T be a theory with language L, such that T + Azp(x),
where (FV (p) = {z}, and let ¢ be a constant not occurring in L. Then
T U {p(c)} is conservative over T.

Proof. By Lemma 3.1.7, T/ = T U {3zp(z) — ¢(c)} is conservative over T'. If
Y e Land T'U {p(c)} F 9, then T" U {3zp(x)} F ¢, or T' + 3zep(z) — ¥
Since T" is conservative over T we have T + dzp(z) — + Using T + Jzp(x),
we get T'F 4. (For an alternative proof see Exercise 6). 0

The above is but a special case of a very common piece of practice; if one,
in the process of proving a theorem, establishes that “for each z there is a ¥
such that ¢(z,y)”, then it is convenient to introduce an auxilliary function
f that picks a y for each z, such that ¢(z, f(x)) holds for each x. This tech-
nique usually invokes the axiom of choice. We can put the same question in
this case: if T + VzI3yp(z,y), introduce a function symbol f and replace T
by T' = T UVzp(z, f(z)). Question: is T’ conservative over T'? The idea of
enriching the language by the introduction of extra function symbols, which
take the role of choice functions, goes back to Skolem.

N
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¥ Definition 3.4.2. Let ¢ be a formula of the language L with FV(p) =

t {z1,---,Tn,y}. Associate with ¢ an n-ary function symbol f,, called the

’ Skolem function (symbol) of . The sentence

VIy... 2, (Fye(T1, - Tny YY) = 0(T1, ., T, folT1, - - ,Tn)))

is called the Skolem aziom for .

Note that the witness of section 3.1 is a special case of a Skolem function

(take n = 0) : f, is a constant.

Definition 3.4.3. If T is a theory with language L, then T°F = T U {o|o is
b 5 Skolem axiom for some formula of L} is the Skolem extension of 7' and its
B language L°F extends L by including all Skolem functions for L. If 2 is of the

type of L and Ak an expansion of 2 of the type of L%, such that %% = o
 for all Skolem axioms o of L and |2| = |%°¥|, then A** is called a Skolem
i expansion of 2.

The interpretation in ¥ of a Skolem function symbol is called a Skolem

. function.

Note that a Skolem expansion contains infinitely many functions, so it is
a mild extension of our notion of structure. The analogue of 3.1.7 is

¥ Theorem 3.4.4. (i) T** is conservative over T

(ii) each 2 € Mod(T) has a Skolem ezpansion %*F € Mod(T**).

Proof. We first show (ii). We only consider the case of formulas with FV () =
{z1,...,Tn,y} for n > 1. The case n = 0 is similar, but simpler. It requires
the introduction of new constants in 2 (cf. Exercise 6). Let 2 € Mod(T') and
¢ € L with FV(p) = {z1,...,Zn,y}. We want to find a Skolem function for
pin 2. _

Define V,, ., ={be | | A ¢(@1,...,qn,b)}.

Apply AC to the set {Va,, .a..|Vas,...an, # 0}: there is a choice function F
such that F(V,,, 4.) € Vay...an

Define a Skolem function by

Fw(aly . F(Val,...an) if Val,...an 7é (ba

e else,

where e € |2].

Now it is a routine matter to check that indeed
Ak =V, .z, (yp(y, -y Tnyy) = O(T1, - - -y Ty fo(T1y -, Tn))), Where
F, = f%”, and where 2°* is the expansion of 2 with all Skolem functions
F, (including the “Skolem constants”, i.e. witnesses). (i) follows immediately
from (ii): Let T 1/ o (with 9 € L), then there is an A such that 2 1/ ¢. Since
¥ € L, we also have 2% I/ ¢ (cf. section 3.2, Exercise 3), hence T°* 1/ . O

'aan):
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Remark. It is not necessary (for 3.4.4) to extend L with all Skolem function
symbols. We may just add Skolem function symbols for some given set S of
formulas of L. We then speak of the Skolem extension of T with respect to
S (or with respect to ¢ if S = {¢}).

The following corollary confirms that we can introduce Skolem functions
in the course of a mathematical argument, without essentially strengthening
the theory.

Corollary 3.4.5. If T + Vzi,...z,3yp(2y,...,2p,y), where FV(p) =

{z1,...,2n,y}, then T! = T U {Va1 ... 20p(z1,...,Zn, fo(T1,...,Zn))} is
conservative over T.

Proof. Observe that T" =T U {Vz1...2,(3ye(z1,. .-, Tn,y) —

o(z1,.. ., Za), fl@(T1, - s TR))} F VEL (21, . Ty fo(Z1, - -5 Z0)). SO
T+ = T" 1. Now apply 3.4.4. O

The introduction of a Skolem extension of a theory T results in the “elimi-
nation” of the existential quantifier in prefixes of the form Vz,...,z,3y. The
iteration of this process on prenex normal forms eventually results in the
elimination of all existential quantifiers.

The Skolem functions in an expanded model are by no means unique. If,
however, U = Vz;...z,3lyp(z1,...,Zn,y), then the Skolem function for ¢
is uniquely determined; we even have A** |= V... z,y(0(21,- .., Tn,y) <
y = folz1,...,2n)).

We say that ¢ defines the function F, in A%k, and
V. zpy(e(e, .. TnyY) © ¥y = fo(z1,...,2,)) is called the definition of
F, in Ak,

We may reasonably expect that with respect to Skolem functions the
V3l-combination yields better results than the V3-combination. The follow-
ing theorem tells us that we get substantially more than just a conservative
extension result.

Theorem 3.4.6. Let T + Vzp...z,yp(z1,...,Tn,y), where FV(p) =
{z1,...,Zn,y} and let f be an n-ary symbol not occurring in T or ¢. Then
Tt =TU{Vzy...zay(p(z1,...,Zn,y) &y = f(Z1,...,T,))} is conservative
overT.

Moreover, there is a translation 7 — 7° from L* = LU {f} to L, such that

(V)THh 7170,
@) T+HrreTH1,
3)r=10for T € L.
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: Proof. (i) We will show that f acts just like a Skolem function; in fact T is
£ equivalent to the theory T” of Corollary 3.4.5 (taking f for f,).

(a) TH FVzy ... 2np(T1, - Ty f(T1,- -, T0)).
For, Tt +Vz1 ...z, yp(x1,. .., Tn,y) and
Tt EVzy. .. zoy(p(T1, - o Tnyy) © ¥ = f(T1,...,Z0)).
Now a simple exercise in natural deduction, involving RIy, yields (a).
Therefore 77 C T (in the notation of 3.4.5).

®)y = flz1,...,2p), V21 ... Zpo(x1 ... Tn, f(Z1,. .-, 2n)) F
e(r1,. - ZTnyy), so TV F y = flz1,...,2n) — @(z1,...,Zn,y) and
o1,y Ty Y), V21 . T @(T1, . - T, F(T1, .., Th),

Vzy...z,3 lyo(zy, .. T, ¥) By = flz1,. .., Zn),

so T+ p(x1,.. -, Zn,y) =y = f(z1,...,Zn).

Hence T' F Vz1 ... zoy(0(Z1, -« o s Zny¥) © ¥y = f(21,. -, Zn))-
So T+ C T’, and hence T/ = T™.

Now, by 3.4.5, Tt is conservative over 7.

(ii) The idea, underlying the translation, is to replace occurrences of f(—) by
a new variable and to eliminate f. Let 7 € L* and let f(—) be a term in L* not
containing f in any of its subterms. Thent 7(..., f(=),...) & Jy(y = f(-)A
7(...,9,...)), where y does not occur in 7, and T* + 7(..., f(=),...) «
Jy(o(—,y) AT(-..,¥,...)). The right-hand side contains one occurrence of f
less than 7. Iteration of the procedure leads to the required f-free formula
79. The reader can provide the details of a precise inductive definition of 79;
note that one need only consider atomic 7 (the translation extends trivially
to all formulas). Hint: define something like “f-depth” of terms and atoms.
From the above description of 70 it immediately follows that 7% + 7 « 79,
Now (2) follows from (i) and (1). Finally (3) is evident. =

As a special case we get the explicit definition of a function.

Corollary 3.4.7. Let FV(t) = {z1,...,zpn} and f € L. Then T* = T U
Vo1 ... 2u(t = f(z1,...,20)} is conservative over T

Proof. We have Vz,...z,3ly(y = t), so the definition of f, as in 3.4.6, be-
comes Vx;...z,y{y =t « y = f(z1,...,Zn)), which, by the predicate and
identity rules, is equivalent to ¥z ...z, (t = f(z1,...,Za)). O

We call f(z1,...z,) =t the explicit definition of f. One can also add new
predicate symbols to a language in order to replace formulas by atoms.

Theorem 3.4.8. Let FV(p) = {zy,...,z,} and let Q be a predicate symbol
not in L. Then

() Tt =T U{Vz1...2a(p « Q(z1,...,2,))} is conservative over T.
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(ii) there is a translation T — 7° into L such that
() THF71 e 79
@) T+hr Tk,
3)r=710forr e L.

Proof. Similar to, but simpler than, the above. We indicate the steps; the
details are left to the reader.

(a) Let A be of the type of L. Expand 2 to AT by adding a relation Q* =
{{a1, ..., an)|U E ¢(@1,...,qn)}

(b) Show %A =T & At = T+ and conclude (i).

(c) Imitate the translation of 3.4.6. O

We call the extensions shown in 3.4.6, 3.4.7 and 3.4.8, extensions by defi-
nition. The sentences

Vry...zpy(e <« y = f(z1,...,2n)),

VIy ... 2 (f(x1,...,2n) = 1),

YIy...2p(p « Q(z1,...,2Zn)),

are called the defining axioms for f and @ respectively.

Extension by Definition belongs to the daily practice of mathematics (and
science in general). If a certain notion, definable in a given language, plays
an important role in our considerations, then it is convenient to have a short,
handy notation for it.

Think of “r is a prime number”, “z is equal to y or less than y”, “z is
the maximum of z and y”, etc.

Examples.

1. Characteristic functions

Consider a theory T with (at least) two constants ¢y, c1, such that T +
co # c1. Let FV(p) = {x1,...,Zn}, then T F Vo1 ...z, y(0 Ay = 1) V
(¢ Ay = cg)). (Show this directly or use the Completeness Theorem).

The defining axiom for the characteristic function K, is

Voy...zpylp Ay =c1) V(cp Ay =c2)) oy = Kyo(1,...,20)).

2. Definition by (primitive) Recursion.

In arithmetic one often introduces functions by recursion, e.g. z!,z¥%. The
study of these and similar functions belongs to recursion theory; here we
only note that we can conservatively add symbols and axioms for them. Fact
(Godel, Davis, Matijasevich): each recursive function is definable in PA, in
the sense that there is a formula ¢ of PA such that

(i) PAFVzy...zp3lyp(x1, ..., 20, y) and B
(ii) for k1,...,kn,m € Nf(k1,...,kn) =m = PAF o(kr,..., kn, ™).

For details see Smorynski, 1991; Davis, 1958.
Before ending this chapter, let us briefly return to the topic of Skolem
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i functions and Skolem expansions. As we remarked before, the introduction

of Skolem functions allows us to dispense with certain existential quantifiers

E in formulas. We will exploit this idea to rewrite formulas as universal formulas
! (in an extended language !).

First we transform the formula ¢ into prenex normal form ¢’. Let us

‘ suppose that ¢’ = Vxi...zn3yP(z1,...,Tn, Y, 21,...,2k), Where 21,..., 2
¢ are all the free variables in . Now consider

T*=TU{Vzy...2p21... 26(Fy¥(z1,. .., Tny Yy 21, -+, 28) —

” ', '(/1(-'1:17 e ’wnvf(zla R PR PR ,Zk),Zl, LR ,Zk))}.

By Theorem 3.4.4 T* is conservative over T', and it is a simple exercise in

] logic to show that

T* F V... .op3y0(—,y,—) « Vo1 ... zo(=, f(...), —).

We now repeat the process and eliminate the next existential quantifier
in the prefix of ¢; in finitely many steps we obtain a formula ¢? in prenex
normal form without existential quantifiers, which, in a suitable conservative
extension of T obtained by a series of Skolem expansions, is equivalent to ¢.

Warning: the Skolem form ¢* differs in kind from other normal forms, in
the sense that it is not logically equivalent to .

Theorem 3.4.4 shows that the adding of Skolem Axioms to a theory is
conservative, so we can safely operate with Skolem forms. The Skolem form
¢* has the property that is satisfiable if and only if ¢ is so (cf. Exercise 4).
Therefore it is sometimes called the Skolem form for satisfiability. There is a
dual Skolem form ¢, (cf. Exercise 5), which is valid if and only if ¢ is so. @5
is called the Skolem form for validity.

Ezample. Vr13;3yaVeoysVasVesTys o(T1, T2, T3, Tas Y1, Y2, Y3, Y4, 21, 22)-
step 1. Eliminate y;:

Vz13yaVzeTysVesVeays ¢(21, T2, T3, Ts, f (21, 21, 22), Y2, Y3, Y4, 21, 22)
step 2. Eliminate y;:

Vz1223ysVrazaIya o(. .., (21, 21, 22), 9(21, 21, 22), Y3, Ya, 21, 22)-
step 3. Eliminate y3:

VIL'1:E2£I,‘3I43y4 (p(. “ey f(:rl, 21, Zz), g(Il, 21, Zz), h(.’L‘l, T2, 21, 22), Y4, 21, 22)
step 4. Eliminate yy:

Vrizoxazy (..., f(z1, 21, 22), 9(T1, 21, 22), h(z1, T2, 21, 22),
k(z1, 22,23, 74, 21, z2), 21, 22)-

In Skolem expansions we have functions available which pick elements for
us. We can exploit this to obtain elementary extensions.

Theorem 3.4.9. Consider 2 and B of the same type.
If Bk is a4 Skolem expansion of B and A* C B** where A* is some expansion
of A, then A < B.
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Proof. We use Exercise 5 of section 3.3. Let ay, ..., an € |2,
B E Jye(y,81,-..,8.) © B* = o(f,(@1,...,8,),81,..-,0n), Where f, is
the Skolem function for . Since 2* C B**, f2" (ay,...,an) =

27 (a1, 1 0n) a0d 50 b= (£ (@1, ..., )2 = (fy(@, .-, T)™ € [2].
Hence B°* |= ¢(b,@y,...,dy,). This shows 2% < B. O

Theorem 3.4.10. Let X C ||. The Skolem Hull &x of X is the substruc-
ture of A which is the reduct of the structure generated by X in the Skolem
expansion A* of A (cf. Exercise 12, section 3.3).

In other words G x is the smallest substructure of 2, containing X, which
is closed under all Skolem functions (including the constants).

Corollary 3.4.11. For all X C || &x < .

We now immediately get the strengthening of the downward Skolem-
Lowenheim Theorem formulated in Theorem 3.3.12, by observing that the
cardinality of a substructure generated by X is the maximum of the cardi-
nalities of X and of the language. This holds too in the present case, where
infinitely many Skolem functions are added to the language).

Exercises

1. Consider the example concerning the characteristic function.
(i) Show TH b Vzy...zh(p < Ky(z1,...,Z0) = c1).
(if) Translate K, (z1,...,Zn) = Ko(y1,... 1 Yn)-
(iii) Show TF FVzq ... oY1, -, Un(Kp (21, .., Tn) =
Koy, Yn)) @ V1. Zpp(T1, ..., Zn) V
VZ1 .. (Tl ey T

2. Determine the Skolem forms of
(a) Vy3z(22? + yz — 1 = 0),
(b) Vedb(e >0 — (6 > 0AVz(lz —a| <6 — |f(z) — f(@)] < &),
(c) VzIy(z = f(y)),
(d) Vezy(z < y = Ju(u < z) AJv(y < v) ASw(z < v Aw < y)),
(e) VrIy(z = 42 vz = —y?).

3. Let ¢° be the Skolem form of . Consider only sentences.
(i) Show that I" U {¢*} is conservative over I' U {c}.
(ii) Put I'* = {o®|o € I'}. Show that for finite I, I'* is conservative over

r.
(iii) Show that I'® is conservative over I for arbitrary I
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4. A formula ¢ with FV(p) = {z1,...,z,} is called satisfiable if there is
an 2 and ay,...,a, € || such that A = ¢(a,...,a,). Show that ¢ is
satisfiable iff * is satisfiable.

5. Let o be a sentence in prenex normal form. We define the dual Skolem
form o, of o as follows: let 0 = (Q121) ... (Qnz, )7, where 7 is quantifier
free and Q; are quantifiers. Consider o/ = (Q12;) ... (Q,,x,)~T, where

Q, =V, 3 iff Q1 = 3,V. Suppose (¢/)° = (Qi,xy,) ... (Qy, i, )~7'; then

0s = (Qi,Zi,) - - - (Qi 2) 7"

In words: eliminate from ¢ the universal quantifiers and their variables

just as the existential ones in the case of the Skolem form. We end up

with an existential sentence.
Ezample. (YzIyVzp(zyr))s = Jyp(c,y, f(v))-

We suppose that L has at least one constant symbol.
(a) Show that for all (prenex) sentences o, = o iff = o5. (Hint: look at
Exercise 4). Hence the name: “Skolem form for validity”.
(b) Prove Herbrand’s Theorem:

m
Fo & l—\X/ al(th, ... th)
i=1

for some m, where o, is obtained from o, by deleting the quantifiers.
The t;(z < m,j < n) are certain closed terms in the dual Skolem
expansion of L. Hint: look at —(—¢)®. Use Exercise 16, section 3.3

6. Let T - 3xp(z), with FV(p) = {z}. Show that any model % of T can
be expanded to a model A* of T with an extra constant ¢ such that
A* = ¢(c). Use this for an alternative proof of 3.4.1

7. Consider I, the theory of identity “with infinite universe” with axioms
An(n € N) and I, with extra constants ¢;(i € N) and axioms ¢; # ¢;
for i # j, i,j € N. Show that I/ is conservative over ..
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L 4. Second Order Logic

In first-order predicate logic the variables range over elements of a structure,
in particular the quantifiers are interpreted in the familiar way as “for all
elements a of |U|...” and “there exists an element a of |2]...”. We will now
allow a second kind of variable ranging over subsets of the universe and its
cartesian products, i.e. relations over the universe.

The introduction of these second-order variables is not the result of an
unbridled pursuit of generality; one is often forced to take all subsets of
a structure into consideration. Examples are “each bounded non-empty set
of reals has a suppremum”, “each non-empty set of natural numbers has a
smallest element”, “each ideal is contained in a maximal ideal”. Already the
introduction of the reals on the basis of the rationals requires quantification
over sets of rationals, as we know from the theory of Dedekind cuts.

Instead of allowing variables for (and quantification over) sets, one can also
allow variables for functions. However, since we can reduce functions to sets
(or relations), we will restrict ourselves here to second-order logic with set
variables.

When dealing with second-order arithmetic we can restrict our attention to
variables ranging over subsets IV, since there is a coding of finite sequences of
numbers to numbers, e.g. via Godel’s S-function, or via prime factorisation.
In general we will, however, allow for variables for relations.

The introduction of the syntax of second-order logic is so similar to that
of first-order logic that we will leave most of the details to the reader.
The alphabet consists of symbols for
(i) individual variables: zg, z1, z2, . - -,
(ii) individual constants: cg,c1,Co, - - -,
and for each n > 0,
(iii) n-ary set (predicate) variables: X7, X7, X%,..., (iv) n-ary set (pred-
icate) constants: L, P§, Pl*, P&*,..., (v) connectives : A, —,V,, —, 3, V.
Finally we have the usual auxiliary symbols: (, ), , .

Remark. There are denumerably many variables of each kind. The number of
constants may be arbitrarily large.
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Formulas are inductively defined by:
(i) X?,P?, Le FORM,
(ii) for n > 0 X™(¢t1,...,tn) € FORM, P™(ty,...,t,) € FORM,
(iii) FORM is closed under the propositional connectives,
(iv) FORM is closed under first- and second-order quantification.

Notation. We will often write (x1,...,2,) € X" for X™(z,,...
we will usually drop the superscript in X™.

,Zn) and

The semantics of second-order logic is defined in the same manner as in
the case of first-order logic.

Definition 4.1. A second-order structure is a sequence A = (A, A*, c*, R*),
where A* = (Apjn € N),c* = {cili € N} C A4,
R* = (R}i,ne N), and A, C P(A™),R} € A,.

In words: a second-order structure consists of a universe A of individuals
and second-order universes of n-ary relations (n > 0), individual constants
and set (relation) constants, belonging to the various universes.

In case each A,, contains all n-ary relations (i.e. A, = P(A")), we call A
full.

Since we have listed L as a 0-ary predicate constant, we must accomodate
it in the structure 2.

In accordance with the customary definitions of set theory, we write
0=0,1=0and2={0,1}. Also we take A° = 1, and hence 4o C P(4°) =
P(1) = 2. By convention we assign 0 to L. Since we also want a distinct 0-ary
predicate (proposition) T := — 1, we put 1 € 4o. So, in fact, Ag = P(A°%) = 2.

Now, in order to define validity in A, we mimic the procedure of first-
order logic. Given a structure 2, we introduce an extended language L(2)
with names S for all elements S of A and A,(n € N). The constants R are
interpretations of the corresponding constant symbols P

We define U = @, ¢ is true or valid in 2, for closed .

Definition 4.2. (i) A Sif S =1,
(i) AES G1,...,5n)if(s1,...,s,) € S™,
(iii) the propositional connectives are interpreted as usual (cf. 1.2.1, 2.4.5),
(iv) A Vze(x)ifd = p(3)for alls € A,
A = Jzp(z)ifd = ¢(3)for somes € A,
(v) AEVX (XA = o(S™)for allS™ € A,
A = AXp(X™M)ifA = o(S™)for someS™ € Ap,.

If 2 |= ¢ we say that ¢ is true, or valid, in 2L
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“ As in first-order logic we have a natural deduction system, which con-
f sists of the usual rules for first-order logic, plus extra rules for second-order
} quantifiers.

\v/ n
1 V2] X" V2E
VXn(,D 90*
(2
3;" 327
¥ xn
_u J2F
‘ P
g ;5‘.1 where the conditions on V2I and 32E are the usual ones, and ¢* is obtained
@ from ¢ by replacing each occurrence of X"(t1,...,ts) by o(t1,...,ts) for a

B certain formula o, such that no free variables among the ¢; become bound
¥ after the substitution.

Note that 327 gives us the traditional Comprehension Schema:

AX™Vzry ... zolp(z1, -
where X™ may not occur free in ¢.
Proof.

3 Tp) & X1, Zn))s

Yy ... zop(p(T1, .-y Zn) & @(T1,...,Tn)) 27
IX™Wzy ... Ta(p(x1,. ., Zn) & XM (T1, ..., Tn))

Since the topline is derivable, we have a proof of the desired principle.
Conversely, 321 follows from the comprehension principle, given the ordinary
rules of logic. The proof is sketched here (& and f stand for sequences of
variables or terms; assume that X™ does not occur in o).

VE(o (%) = X™(2))]

()= XME)  el..0(2),..) T
(. XM ),...)
AXE(o(Z) « X™(Z)) Ax"e( ., X1 ),...)

X (., X))

In t a number of steps are involved, i.e. those necessary for the Substitu-
tion Theorem. In * we have applied a harmless 3-introduction, in the sense
that we went from a instance involving a variable to an existence statement,
exactly as in first-order logic. This seems to beg the question, as we want to




148 4. Second Order Logic

justify 3%-introduction. However, on the basis of the ordinary quantifier rules
we have justified something much stronger than * on the assumption of the
Comprehension Schema, namely the introduction of the existential quanti-
fier, given a formula ¢ and not merely a variable or a constant.

Since we can define V2 from 32 a similar argument works for V2E.

The extra strength of the second-order quantifier rules lies in V2] and
32E. We can make this precise by considering second-order logic as a special
kind of first-order logic (i.e. “flattening” 2"-order logic). The basic idea is to
introduce special predicates to express the relation between a predicate and
its arguments.

So let us consider a first-order logic with a sequence of predicates Apo,
Ap1, Apa, Aps, . .., such that each Apy, is (n + 1)-ary. We think of
Apn(Z,y1, -+, Yn) 88 T (Y1, - - -, Yn)-

For n = 0 we get Apo(z) as a first-order version of X°, but that is in
accordance with our intentions. X© is a proposition (i.e. something that can
be assigned a truth value), and so is Apo(z). We now have a logic in which
all variables are first-order, so we can apply all the results from the preceding

chapters.
For the sake of a natural simulation of second-order logic we add unary
predicates V, Uy, Uy, Us, . . ., to be thought of as “is an element”, “is a o-ary

predicate (i.e. proposition)” “is a l-ary predicate”, etc.
We now have to indicate axioms of our first-order system that embody
the characteristic properties of second-order logic.

() Vzyz(Ui(z) AU;(Y) AV(2) mz £ yAy#zAz#z) forall i # j.
(i.e. the Uy’s are pairwise disjoint, and disjoint from V).
(ii) Vzyi . . . Yn(Apn(T,y1, - - Yn) = Un(@) AN V(yi)) for n > 1.
(ie. if z,y1,...,Yn are in the relation Ap,, then think of z as a predicate,
and the y;’s as elements).
(iii) Up(Co, V(Cyi+r), for i > 0, and Un(Cgi.sn), for i,n > 0.
(i.e. certain constants are designated as “elements” and “predicates”).
(iv) Vz1 . . . 2m32[Un(@) AV¥Y1 - . Un(A V(5:) = (9" = Apn(@,y1,- -, yn)));
where = ¢ FV(p*), see below. (The first-order version of the comprehen-
sion schema. We assume that FV(¢) C {z1,.--,2n: Y1, -+ ¥n}-
(v) =Apo(Cp). (so there is a 0-ary predicate for ‘falsity’).

‘We claim that the first-order theory given by the above axioms represents
second-order logic in the following precise way: we can translate second-order
logic in the language of the above theory such that derivability is faithfully
preserved.

The translation is obtained by assigning suitable symbols to the various
symbols of the alphabet of second-order logic and defining an inductive pro-
cedure for converting composite strings of symbols. We put
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(mi)* = Toisl,
(¢:;)* = cgirr, fori >0,
(XP) = z3isn,
(PP = cgign,fori>0,n2>0
(X9* = Apo(zs:i)fori >0,
(P2)* := Apo(csi),for i >0,
(L)* = Apo(co).
Furthermore:
(e Ov)* = ¢* [Y* for binary connectives [ and
(mp)* = —¢*and
(Vaip(e)) = VI (V(z]) — ¢*(z})
Gap(@)) = ol (V) Ae* (@)
(VXPQ(XD) = V(X (Un(XD)) = 6" (a)")
@EXPR(XM) = XD (Un((XP)) A ™ (&))

It is a tedious but routine job to show that k5 ¢ &b ¢*, where 2 and 1 refer
to derivability in the respective second-order and first-order systems.

Note that the above translation could be used as an excuse for not doing
second-order logic at all, were it not for the fact that first-order version is not
nearly so natural as the second-order one. Moreover, it obscures a number
of interesting and fundamental features, e.g. validity in all principal models
see below, makes sense for the second-order version, whereas it is rather an
extraneous matter with the first-order version.

Definition 4.3. A second-order structure 2 is called a model of second-order
logic if the comprehension schema is valid in 2.

If 2 is full (i.e. A, = P{A™) for all n), then we call U a principal (or
standard) model.

From the notion of model we get two distinct notions of “second-order
validity”: (i) true in all models, (ii) true in all principal models.

Recall that 2 = ¢ was defined for arbitrary second-order structures; we
will use = ¢ for “true in all models”.

By the standard induction on derivations we get F2 ¢ = k= .

Using the above translation into first-order logic we also get = ¢ = 2 ¢.
Combining these results we get

Theorem 4.4 (Completeness Theorem). 3 ¢ <k ¢

Obviously, we also have = ¢ = ¢ is true in all principal models. The
converse, however, is not the case. We can make this plausible by the following
argument:
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(i) We can define the notion of a unary function in second-order logic, and
hence the notions ‘bijective’ and ‘surjective’. Using these notions we can
formulate a sentence o, which states “the universe (of individuals) is
finite” (any injection of the universe into itself is a surjection).

(ii) Consider I' = {o} U {An|n € N}. I' is consistent, because each finite

subset {0, An,,. .-, An, } is consistent, since it has a second-order model,
namely the principal model over a universe with n elements, where n =
maz{ni,...,ng}.

So, by the Completeness Theorem above I" has a second-order model. Sup-
pose-now that I' has a principal model 2. Then |?| is actually Dedekind
finite, and (assuming the axiom of choice) finite. Say A has ng elements, then
A = Apo+1- Contradiction.

So I has no principal model. Hence the Completeness Theorem fails for
validity w.r.t. principal models (and likewise compactness). To find a sentence
that holds in all principal models, but fails in some model a more refined ar-
gument is required.

A peculiar feature of second-order logic is the definability of all the usual
connectives in terms of ¥V and —.

Theorem 4.5. (a) Fole VX0.X0,
(b) F2pAY o VX ((p— (¥ — X)) = XO),
(0 FapVY VXY (o= XA (Y- X% — X,
(d) F2 Jp o YXO(Va(p — XO) — XO),
(€) F23X"p o VXWX ((p — XO) — XO).

Proof. (a) is obvious.
(b)
[o A Y]
¢ o= (WX oAy
¥ — X° (4
X0
(p— (¥ > X%) - X°
VX (9 — (¥ — X)) = X0)
o A — VX ((p— (¥ — X)) = X0)
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Conversely,
le] [¥]
PAY
Y- (e AY) VX (9 = (¥ — X)) — X°)
= (Y- (pAY)) e W= (eAY) =AY
pAY

V2

(d)
[Vz(p(z) — X)]
[p(z)] p(z) - X
X
Jrp(x) Vr{p(z) - X) = X
Vr{p(z) - X) - X
VX(Vz(p(z) = X) - X)

& Conversely,

[o(z)]
Jzp(z)
o) — Jzp(z) VX (Vz(p(z) — X) = X)
VI(p(z) — Jop(z)  Vz(p(z) — Jzp(z) — Izp(2)
Jzp(z)

(c) and (e) are left to the reader. O

In second-order logic we also have natural means to define identity for

" individuals. The underlying idea, going back to Leibniz, is that equals have
L exactly the same properties.

| Definition 4.6 (Leibniz-identity). r =y := VX (X (x) «+ X (y))

This defined identity has the desired properties, i.e. it satisfies Iy, . .., Iy.
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Theorem 4.7. (i) tezx=1z
(ZZ) }“QIE:yHy:J;
(1i1) Foz=yAy=z—z=12
() Faz=y—(p(z) > oY)
Proof. Obvious. a

In case the logic already has an identity relation for individuals, say =,
we can show

Theorem 4.8. Fox =y =z =1y.

Proof. — is obvious, by I4. «— is obtained as follows:

VX(X(z) < X(y))

=z IT=x & T=Y

=y

In V2E we have substituted z = z for X(z). a

We can also use second-order logic to extend Peano’s Arithmetic to
second-order arithmetic.
We consider a second-order logic with (first-order) identity and one binary

predicate constant S, which represents, intuitively, the successor relation. The
following special axioms are added:

1. Javy-S(y,x)
2. Vz3lyS(z,y)
3. Veyz(S(z,2) AS(y,z) mx=y)
For convenience we extend the language with numerals and the succes-
sor function. This extension is conservative anyway, under the following
axioms:
(i) Vy=S(y,0),
(ii) S(m,n + 1),
(iii) y = 21 & S(z,y).
We now write down the induction axiom (N.B., not a schema, as in first-
order arithmetic, but a proper axiom!).
4. VX(X(0O) AVZ(X(z) — X(zT)) — VzX(z))

The extension from first-order to second-order arithmetic in not conser-
vative. It is, however, beyond our modest means to prove this fact.

One can also use the idea behind the induction axiom to give an (induc-
tive) definition of the class of natural numbers in a second-order logic with
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‘: axioms (1), (2), (3): N is the smallest class containing 0 and closed under the
f successor operation.

Let v(z) := VX[(X(0) AVy(X(y) - X (1)) —» X(z)].
Then, by the comprehension axiom 3YVz(v(z) o Y(z)).

As yet we cannot assert the existence of a unique Y satisfying Vz(v(z) <

i Y(z)), since we have not yet introduced identity for second-order terms.
f Therefore, let us add identity relations for the various second-order terms,
. plus their obvious axioms.

Now we can formulate the

" Aziom of Eztensionality.

VI (XYZ) e YHT)) o XP=Y"
So, finally, with the help of the axiom of extensionality, we can assert
NYVz(v(z) < Y(x)). Thus we can conservatively add a unary predicate

) constant N with axiom Vz(v(z) « N(z)).

The axiom of extensionality is on the one hand rather basic - it allows
definition by abstraction (“the set of all x, such that ...”), on the other
hand rather harmless - we can always turn a second-order model without
extensionality into one with extensionality by taking a quotient with respect
to the equivalence relation induced by =.

Exercises

1. Show that the restriction on X™ in the comprehension schema cannot be
dropped (consider =X (z)).

2. Show I' kg p & I'* b1 p* (where I'™* = {*|vp € I'}).
Hint: use induction on the derivation, with the comprehension schema
and simplified V, 3—rules. For the quantifier rules it is convenient to con-
sider an intermediate step consisting of a replacement of the free variable
by a fresh constant of the proper kind.

3. Prove (c) and (e) of Theorem 4.5.
4. Prove Theorem 4.7.
5. Give a formula ¢(X?), which states that X2 is a function.

6. Give a formula p(X?) which states that X2 is a linear order.
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10.

11.

12.

4. Second Order Logic

Give a sentence o which states that the individuals can be linearly ordered
without having a last element (o can serve as an infinity axiom).

Given second-order arithmetic with the successor function, give axioms
for addition as a ternary relation.

. Let a second-order logic with a binary predicate constant < be given with

extra axioms that make < a dense linear ordering without end points.
We write z < y for < (z,y). X is a Dedekind Cut if IzX (z) AJz—X(x) A
Vz(X(z) Ay <  — X(y)). Define a partial ordering on the Dedekind
cuts by putting X < X' := Vz(X(z) — X'(z)). Show that this partial
order is total.

Consider the first-order version of second-order logic (involving the pred-
icates Apn, Uy, V) with the axiom of extensionality. Any model 2 of this
first-order theory can be “embedded” in the principal second-order model
over Ly = {a € |Y||U = V(a}, as follows.
Define for any r € U,  f(r) = {{a1,...,an)|% E Apn(F,@1,...,0n)}
Show that f establishes an “isomorphic” embedding of % into the cor-
responding principal model. Hence principal models can be viewed as
unique maximal models of second-order logic.

Formulate the axiom of choice — for each number z thereis a set X ... -
in second-order arithmetic.

Show that in definition 4.6 a single implication suffices.

: then we have solved the problem. Should V2 vz be irrational then \/5\/5

b 5. Intuitionistic Logic

‘ 5.1 Constructive Reasoning

k' In the preceding chapters, we have been guided by the following, seemingly
harmless extrapolation from our experience with finite sets: infinite universes
i can be surveyed in their totality. In particular can we in a global manner

- determine whether 2 |= Jxy(x) holds, or not. To adapt Hermann Weyl’s

¢ phrasing: we are used to think of infinite sets not merely as defined by a
b property, but as a set whose elements are so to speak spread out in front of
. us, so that we can run through them just as an officer in the police office
I goes through his file. This view of the mathematical universe is an attractive
but rather unrealistic idealisation. If one takes our limitations in the face of
infinite totalities seriously, then one has to read a statement like “there is a

)

* prime number greater than 1010"°” in a stricter way than “it is impossible

b that the set of primes is exhausted before 1019"°" For we cannot inspect the
i set of natural numbers in 2 glance and detect a prime. We have to ezhibit a
. prime p greater than 1010 ",

Similarly, one might be convinced that a certain problem (e.g. the deter-

: mination of the saddle point of a zero-sum game) has a solution on the basis
I of an abstract theorem (such as Brouwer’s fixed point theorem). Nonethe-
E' less one cannot always exhibit a solution. What one needs is a constructive
t method (proof) that determines the solution.

One more example to illustrate the restrictions of abstract methods. Con-

.- sider the problem “Are there two irrational numbers a and b such that a is

'y rational?” We apply the following smart reasoning: suppose v/2 V2 is rational,

V2

' is rational. In both cases there is a solution, so the answer to the problem is:
] Yes. However, should somebody ask us to produce such a pair a, b, then we

have to engage in some serious number theory in order to come up with the

: _“ right choice between the numbers mentioned above.

Evidently, statements can be read in an inconstructive way, as we did in

- the preceding chapters, and in a constructive way. We will in the present chap-

ter briefly sketch the logic one uses in constructive reasoning. In mathematics

+ the practice of constructive procedures and reasoning has been advocated by
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a number of people, but the founding fathers of constructive mathematics
clearly are L. Kronecker and L.E.J. Brouwer. The latter presented a com-
plete program for the rebuilding of mathematics on a constructive basis.
Brouwer’s mathematics (and the accompaying logic) is called intuitionistic,
and in this context the traditional nonconstructive mathematics (and logic)
is called classtical.

There are a number of philosophical issues connected with intuitionism,
for which we refer the reader to the literature, cf. Dummett, Troelstra-van
Dalen.

Since we can no longer base our interpretations of logic on the fiction
that the mathematical universe is a predetermined totality which can be
surveyed as a whole, we have to provide a heuristic interpretation of the
logical connectives in intuitionistic logic. We will base our heuristics on the
proof-interpretation put forward by A. Heyting. A similar semantics was
proposed by A. Kolmogorov; the proof-interpretation is called the Brouwer-
Heyting-Kolmogorov (BHK)-interpretation .

The point of departure is that a statement ¢ is considered to be true
(or to hold) if we have a proof for it. By a proof we mean a mathematical
construction that establishes ¢, not a deduction in some formal system. For
example, a proof of ‘2 + 3 = 5’ consists of the successive constructions of 2,3
and 5, followed by a construction that adds 2 and 3, followed by a construction
that compares the outcome of this addition and 5.

The primitive notion is here “a proves ¢”, where we understand by a
proof a (for our purpose unspecified) construction. We will now indicate how
proofs of composite statements depend on proofs of their parts.

(A) a proves ¢ Ay := a is a pair (b, ¢) such that b proves ¢ and c proves ¥.

(V) a proves ¢ V 4 := a is a pair (b,¢) such that b is a natural number and
if b = 0 then c proves o, if b # 0 then ¢ proves .

(—) a proves ¢ — ¢ := a is a construction that converts any proof p of ¢
into a proof a(p) of ¥.

(L) no a proves L.
In order to deal with the quantifiers we assume that some domain D of
objects is given.
(V) a proves Vxy(z) := a is a construction such that for each b € D a(b)
proves @(b).
(3) a proves 3zp(z) := a is a pair (b, c) such that b € D and ¢ proves ¢(b).
The above explanation of the connectives serves as a means of giving the

reader a feeling for what is and what is not correct in intuitionistic logic. It
is generally considered the intended intuitionistic meaning of the connectives.
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:. Examples.

,; 1. ¢ AY — g is true, for let {(a,b) be a proof of ¢ A, then the construction

¢ with ¢{a, b) = a converts a proof of p A1) into a proof of p. So ¢ proves
(pAY — ).

t 2. (pAY —0) = (¢ = (¢ — ). Let a prove p Ay — 0, i.e. a converts

each proof (b, c) of ¢ Ay into a proof a(b, ¢} of 0. Now the required proof
p of ¢ — (¢ — o) is a construction that converts each proof b of ¢ into
a p(b) of ¢ — . So p(b) is a construction that converts a proof ¢ of ¢
into a proof (p(b)(c) of o. Recall that we had a proof a(b, ¢) of o, so put
(p(b)(c) = a(b,c); let g be given by g(c) = a(b,c), then p is defined by
p(b) = q. Clearly, the above contains the description of a construction
that converts a into a proof p of ¢ — (¢p — ). (For those familiar with
the A-notation: p = Ab.Ac.a(b, c), so Aa.Ab.Xc.a(b, ¢) is the proof we are
looking for).
3. ~Jrp(x) — Vz—p(z).

We will now argue a bit more informal. Suppose we have a construction
a that reduces a proof of Jxp(z) to a proof of 1. We want a construction
p that produces for each d € D a proof of ¢(d) — L, i.e. a construction
that converts a proof of ¢(d) into a proof of L. So let b be a proof of
©(d), then (d,b) is a proof of Iz¢(x), and a(d,b) is a proof of 1. Hence
p with (p(d)}(b) = a(d, b) is a proof of Yz—¢(x). This provides us with a
construction that converts a into p.

The reader may try to justify some statements for himself, but he should

§. not worry if the details turn out to be too complicated. A convenient handling
B of these problems requires a bit more machinery than we have at hand (e.g.
B \-notation). Note, by the way, that the whole procedure is not unproblematic
since we assume a number of closure properties of the class of constructions.

Now that we have given a rough heuristics of the meaning of the logical

£ connectives in intuitionistic logic, let us move on to a formalisation. As it
k' happens, the system of natural deduction is almost right. The only rule that
8 lacks constructive content is that of Reduction ad Absurdum. As we have
b seen (p. 37), an application of RAA yields F ~—¢ — ¢, but for =—p — ¢ to
4 hold informally we need a construction that transforms a proof of ~—¢ into a
b Proof of ¢. Now a proves -y if a transforms each proof b of —y into a proof
E of L, i.e. there cannot be a proof b of —. b itself should be a construction
¥ that transforms each proof ¢ of ¢ into a proof of 1. So we know that there

cannot be a construction that turns a proof of ¢ into a proof of L, but that

is a long way from the required proof of ! (cf. ex. 1)
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5.2 Intuitionistic Propositional and Predicate Logic

We adopt all the rules of natural deduction for the connectives V, A, —, L,3,V
with the exception of the rule RAA. In order to cover both propositional and
predicate logic in one sweep we allow in the alphabet (cf. 2.3.,p. 58) O-ary
predicate symbols, usually called proposition symbols.

Strictly speaking we deal with a derivability notion different from the one
introduced earlier (cf. p.35), since RAA is dropped; therefore we should use
a distinct notation, e.g. ;. However, we will continue to use - when no con-
fusion arises.

We can now adopt all results of the preceding parts that did not make
use of RAA.

The following list may be helpful:

Lemma 5.2.1. (1) FoAyp e P Ap(p3l)
(2) FeVyeypVe
(3) F(pAP)Aa oA (YAo)
(4) F(pVi)Vaoeo oV (YVo)
(5) FeV@AT) = (pV)A(pVo)
6) FoA@Va) e (pAd)V(pAo) (p50)
(1) k- - (p32)
8) Flp—=(W—o0) (A —o) (p32
9) Fe—= (-9 (p36)
(10) Fo— (~p — 1) (p.36)
(11) F=(pVY) & ~p Ay
(12) F-pV Y — (pAY)
(13) F(mpVy)—(p— )
(15) F (¢ = ) = (=% — ~¢)(p.36)
(14) F(e—1¥) = (¥ —0) = (¢ — 0)) (p.36)
(16) +Lle (@A) (p.36)
(17) F 3z(p(x) Vv P(z)) « Jzp(z) V Iz9(z)
(18) F Vz(p(z) AY(x)) « Yzp(z) AVzy(z)
(19) + —3zp(z) « Vr-p(z)
(20) F Jz-p(z) — Vzp(T)
)

FVz(p — p(z)) < (¢ — Vey(z))
(22) +3x(e = ¥(z)) — (¢ — Vay(z))
(23) F (o VVzy(z)) = V(o V 9(x))
(24) + (¢ AJzp(x)) « Fz(e A(z))
(25) F 3z(p(z) — ¥) — (Vop(z) — ¥)
(26) F Vxz(p(z) — ¢) & (Fre(x) — ¥)
(Observe that (19) and (20) are special cases of (26) and (25).
All of those theorems can be proved by means of straight forward appli-
cation of the rules. Some well-known theorems are conspicuously absent, and

E Lemma 5.2.2.
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| in some cases there is only an implication one way; we will show later that
i these implications cannot, in general, be reversed.

From a constructive point of view RAA is used to derive strong conclu-

k' sions from weak premises. E.g. in —(p A ¢) b —p V —p the premise is weak
b (something has no proof) and the conclusion is strong, it asks for an effective
decision. One cannot expect to get such results in intuitionistic logic. Instead
L there is a collection of weak results, usually involving negations and double
f negations.

2) F(oA~Y) — (¢ — )

3) Flp— P) = (g — ——))

4) F=(p = 9) o (mme — )
5 F-o(pA) o (mmp A-y)
6) F ——Vze(z) — Yr-—o(z)

In order to abbreviate derivations we will use the notation in a

. derivation when there is a derivation for I" - 9(I" has 0,1 or 2 elements).

i Proof. (1) ~¢p — ——¢ follows from Lemma 5.2.1 (7). For the converse we
b again use 5.2.1(7)

, I [p A —)?
]! o= @ o=yl [pA—yP
’ % [=——)? W -
L L
i 9 —p =1 9
Tty Y (P A=) = =(p = )
[Pt o — 9)?
P (]2
2
[~ -
L
—" 2
———

(0 =) = (= - )
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Prove (3) also by using (14) and (15) from 5.2.1

(4) Apply the intuitionistic half of the contraposition (Lemma 5.2.1(14)) to
(2):
a2 M 7 A

—(p A=) A~
1
—1 3
1
—1/1 2
_3

(g = ) = (g = )

For the converse we apply some facts from 5.2.1.

[=(e — )]
(= V 9) [=(e — )]
2 A _'w ﬁ(—'ﬁp \ w)
¢ [~ — =2 ——p A
~~ ~
L
S |
(¢ = )

2

(mmp = =) = == (e — ¥)

(5) —: Apply (3) to o AY — v and @A — 2. The derivation of the converse
is given below.

[Pt [

[~ Ay PAY
L [==p A =)
~p -~

[~ A -] 2+,
- ¥
_+
——{p A Y)

(mmp A=) = (e AY)
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(6) F Jz—p(z) — -Vze(z), 5.2.1(20)

S0 ~—Vep(z) — ~Jr-e(z), 5.2.1(14)

hence -—Vzyp(x) — Vz--p(z). 5.2.1(19)
Most of the straightforward meta-theorems of propositional and predicate

.': logic carry over to intuitionistic logic. The following theorems can be proved
¥ by a tedious but routine induction.

Theorem 5.2.3 (Substitution Theorem for Derivations). IfD is a deriva-

tion and $ a propositional atom, then D{yp/$] is a derivation if the free vari-
ables of ¢ do not occur bound in D.

Theorem 5.2.4 (Substitution Theorem for Derivability). If I' + ¢
and $ is a propositional atom, then I'(¢/$] & olp/$], where the free vari-
ables of ¢ do not occur bound in o or I

Theorem 5.2.5 (Substitution Theorem for Equivalence). I' - (¢, <
p2) = (Ylp1/8] = Ple2/8),

i TF oy o o= I'Flp1/8] o ¥lpa/$], where $ is an atomic proposition,

the free variables of 1 and w2 do not occur bound in I' or ¢ and the bound
variables of 1 do not occur free in I.

The proofs of the above theorems are left to the reader. Theorems of this

i kind are always suffering from unaesthetic variable-conditions. In practical

applications one always renames bound variables or considers only closed

hypotheses, so that there is not much to worry. For precise formulations cf.
Ch. 6.

The reader will have observed from the heuristics that v and 3 carry most
of the burden of constructiveness. We will demonstrate this once more in an
informal argument.

There is an effective procedure to compute the decimal expansion of
m(3,1415927...). Let us consider the statement @, := in the decimal ex-
pansion of 7 there is a sequence of n consecutive sevens.

Clearly w100 — g9 holds, but there is no evidence whatsoever for
~P100 V Pgg.

The fact that A, —,V, L do not ask for the kind of decisions that vV and
3 require, is more or less confirmed by the following

Theorem 5.2.6. If ¢ does not contain V or 3 and all atoms but L in ¢ are
negated, then b ¢ « =,

Proof. Induction on ¢.
We leave the proof to the reader. (Hint: apply 5.2.2.) ]
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By definition intuitionistic predicate (propositional) logic is a subsystem
of the corresponding classical systems. Gédel and Gentzen have shown, how-
ever, that by interpreting the classical disjunction and existence quantifier in
a weak sense, we can embed classical logic into intuitionistic logic. For this
purpose we introduce a suitable translation:

Definition 5.2.7. The mapping © : FORM — FORM is defined by

(i) 1° = 1 and ¢° := -~ for atomic ¢ dinstinct from L .
(i)  (pAY)° = @°AY°

(i) (pVe)° = —(9°A-e°)

(iv) (p—9)° = ¢°—=9y°

(v)  (Vzp(z)° = Vze(z)

(vi)  (Fzp(z)® =  Vzoe(2)

The mapping ° is called the Gédel translation.
We define I'® = {¢°|¢ € I'}. The relation between classical derivability ()
and intuitionistic derivability (; is given by

Theorem 5.2.8. '+, o & I° |, ¢°.

Proof. It follows from the preceding chapters that . go « °, therefore < is
an immediate consequence of I'+; ¢ = ', ¢.
For =, we use induction on the derivation D of ¢ from I".

1. ¢ € I', then also ¢° € I'° and hence I'® I; ¢°.
2. The last rule of D is a propositional introduction or elimination rule. We
consider two cases:
-1 ¢ Induction hypothesis I'°, ©° ; ¥°.
D By = I I'° +; ¢° — 9°, and so by definition
ek, (¢ — ¥)°.

(4
=P
VE [¢] [¢] Induction hypothesis: I'® +; (o V ¥)°,
D Dl D2 FO’ <p0 }—i UOFO"wO }_’L 0,0
(where I' contains all uncancelled
VY o o hypotheses involved).

ag
T b ~(~p® A=), T by ¢ — 0°, T by 4 — 0°.
The result follows from the derivation below:

5.2 Intuitionistic Propositional and Predicate Logic 163

]! @ oo [y°)? ¢°—0°
o° [~o°]? o° [mo°)?
1 1
Qo 1 1/10 2
ﬁ(p -
—(=p° A =9°) —p° A —p°
1
3

g
0,0

The remaining rules are left to the reader.

. The last rule of D is the falsum rule. This case is obvious.
. The last rule of D is a quantifier introduction or elimination rule. Let us

consider two cases.

vI D Induction hypothesis: I'° +; ¢(x)°
o(z) ByVI I'® F; Vap(z)° so I'° +; (Vzp(z))°.
Yxp(z)
[o(z)] Induction hypothesis:I™ F; (Jzp(x))°,
JdE D D re '_’i c°.
! So I'° ; (=V-yp(z))° and
Jzp(z) o e by Va(p(z)° — a°).
o
Va(p(z)® — 0°)
[p(z)°]* p(z)° —0°
o’ [-o°]?
1
~p(z)°
Yz (z)® —r—r
L
2
—\'10'0
0_0

We now get I'® F; o°.
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5. The last rule of D is RAA.

[—¢] Induction hypothesis I"°, (=)° ;L .
D so I'"° +; ~—¢°,and hence by Lemma 2.5.8 I"° -; ¢°
4
7 O

Let us call formulas in which all atoms occur negated, and which contain
only the connectives A, —,V, L, negative.
The special role of V and 3 is underlined by

Corollary 5.2.9. Classical predicate (propositional) logic is conservative
over intuitionistic predicate (propositional) logic with respect to negative for-
mulae, i.e. b p <t ¢ for negative ¢.

Proof. ¢°, for negative ¢, is obtained by replacing each atom p by ——p. Since
all atoms occur negated we have F; ¢° « ¢ (apply 5.2.2(1) and 5.2.5). The
result now follows from 5.2.8. O

In some particular theories (e.g. arithmetic) the atoms are decidable, i.e.
I' + oV~ for atomic . For such theories one may simplify the Godel trans-
lation by putting ¢° := ¢ for atomic ¢.

Observe that Corollary 5.2.9 tells us that intuitionistic logic is consistent
iff classical logic is so (a not very surprising result!).
For propositional logic we have a somewhat stronger result than 5.2.8.

Theorem 5.2.10 (Glivenko’s Theorem). k. p < ; ==,
Proof. Show by induction on ¢ that b; ¢° «— -y (use 5.2.2), and apply 5.2.8.
0

5.3 Kripke Semantics

There are a number of (more or less formalised) semantics for intuitionistic
logic that allow for a completeness theorem. We will concentrate here on the
semantics introduced by Kripke since it is convenient for applications and it
is fairly simple.

Heuristic motivation. Think of an idealised mathematician (in this context
traditionally called the creative subject), who extends both his knowledge and
his universe of objects in the course of time. At each moment & he has a stock
32, of sentences, which he, by some means, has recognised as true and a stock
Ay, of objects which he has constructed (or created). Since at every moment
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k the idealised mathematician has various choices for his future activities
(he may even stop alltogether), the stages of his activity must be thought
of as being partially ordered, and not necessarily linearly ordered. How will
the idealised mathematician interpret the logical connectives? Evidently the
interpretation of a composite statement must depend on the interpretation
of its parts, e.g. the idealised mathematician has established ¢ or (and) v at
stage k if he has established ¢ at stage k or (and) v at stage k. The implica-
tion is more cumbersome, since ¢ — 1 may be known at stage k without ¢ or
1) being known. Clearly, the idealised mathematician knows ¢ — 1 at stage
k if he knows that if at any future stage (including k) ¢ is established, also ¢
is established. Similarly Vzy(x) is established at stage k if at any future stage
(including k) for all objects a that exist at that stage (@) is established.

Evidently we must in case of the universal quantifier take the future into
account since for all elements means more than just “for all elements that
we have constructed so far”! Existence, on the other hand, is not relegated
to the future. The idealised mathematician knows at stage k that Jzp(x) if
he has constructed an object a such that at stage k he has established ¢(@).
Of course, there are many observations that could be made, for example that
it is reasonable to add “in principle” to a number of clauses. This takes care
of large numbers, choice sequences etc. Think of Vezy3z(z = z¥), does the
idealised mathematician really construct 10!° as a succession of units? For
this and similar questions the reader is referred to the literature.

We will now formalise the above sketched semantics.

It is for a first introduction convenient to consider a language without
functions symbols. Later it will be simple to extend the language.

We consider models for some language L.

Definition 5.3.1. A Kripke model is a quadruple X = (K, ¥, C, D), where
K is a (non-empty) partially ordered set, C' a function defined on the con-
stants of L, D a set valued function on K, X' a function on K such that

— C(c) € D(k) for all k € K,
- Dk)#£Pforall ke K,
~ X(k) C Aty forall k € K,

where Aty is the set of all atomic sentences of L with constants for the
elements of D(k). D and X satisfy the following conditions:

(i) k <l= D(k) € D{).
(ii) L¢g X(k), for all k.
(ifi) k < | = Z(k) C 2(0).

D(k) is called the domain of K at k, the elements of K are called nodes

of K. Instead of “p has auxilliary constants for elements of D(k)” we say for
short “p has parameters in D(k)”.
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Y assigns to each node the ‘basic facts’ that hold at k, the conditions (i),
(ii), (iii) merely state that the collection of available objects does not decrease
in time, that a falsity is never established and that a basic fact that once has
been established remains true in later stages. The constants are interpreted
by the same elements in all domains (they are rigid designators).

Note that D and X together determine at each node k a classical structure
24(k) (in the sense of 2.2.1). The universe of A(k) is D(k) and the relations of
2(k) are given by (k) as the positive diagram: (a) € R*® iff R(@) € Z(k).
The conditions (i) and (iii) above tell us that the universes are increasing:

k<l=|Uk) C A0
and that the relations are increasing:

k <1= R*® C RO,

Furthermore ¢2(%) = ¢2® for all k and [.

In Z(k) there are also propositions, something we did not allow in classical
predicate logic. Here it is convenient for treating propositional and predicate
logic simultaneously.

The function X tells us which atoms are “true” in k. We now extend X
to all sentences.

Lemma 5.3.2. ¥ has a unique extension to a function on K (also denoted
by X) such that X(k) C Senty, the set of all sentences with parameters in
D(k), satisfying:

(i) oV e (k) e X(k) oryp e X(k)

(i) p A € (k) & v € (k) and p € T(k)

(iii) ¢ = € D(k) & foralll > k (p € Z(I) = ¢ € Z(I))

(iv) Jzp(z) € D(k) < there is an a € D(k) such that p(@) € X' (k)
(v) Vzo(z) € X(k) < for alll > k and for all a € D(l) (@) € X(1).

Proof. Immediate. We simply define ¢ € X(k) for all k € K simultaneously
by induction on . O
Notation. We write kli- ¢ for p € 3 (k), pronounce ‘k forces ¢’

Exercise for the reader: reformulate (i) - (v) above in terms of forcing.

Corollary 5.3.3. (i) k - ¢ & for alll > Kk I/ .
(ii) k IF ==p & for alll > k there exists a p > | such that (pl- ¢).

Proof klF —p & kIF ¢ — 1o for alll > k(llF ¢ = lIF1) & for all
L> kU

klF ——p < for all | > k [/ ~p < for all | > k not ( for all p > I plif ) &
for all { > k there is a p > [ such that pl- . O

The monotonicity of X for atoms is carried over to arbitrary formulas.

b P Jzp1(z)
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, Lemma 5.3.4 (Monotonicity of ). k<[, kirp=Il¢.
I" Proof. Induction on ¢.

f atomic ¢ : the lemma holds by definition 5.3.1.
F o =p1 A2 et kIF o1 Apg and k < 1, then kIF @1 A o & klIF @1 and

kl- @2 = (ind. hyp.) Ik @1 and Ik @2 & L= o1 A 2.

l @ = @1V @2 : mimic the conjunction case.
o = @1 — @2 Let kI o1 — @2, [ > k. Suppose p > [ and plr ¢, then, since

p > k,plt pa. Hence lI- 1 — @o.

” immediate.
¢ =Vzp(z) : let kI- Vryp,(x) and | > k. Suppose p >l and a € D(p), then,
since p > k,plF ¢1(@). Hence [ - Vo, (z). O

We will now present some examples. It suffices to indicate which atoms are

forced at each node. We will simplify the presentation by drawing the partially
k ordered set and indicate the atoms forced at each node. For propositional logic
} no domain function is required (equivalently, a constant one, say D(k) = {0}),

so we simplify the presentation accordingly.

kogy  kiay kog 1 2k kig®1,p2
\/ gaQw,w
kq ko
a b C

ko® 1
d

(a) In the bottom node no atoms are known, in the second one only ¢, to
be precise ko t/ ¢, k1 1+ @. By 5.3.3 kolb ==, 50 kgl = — . Note,
however, that ko It/ —¢, since k1l ¢. So kol ¢ V —p.

(b) kil ¢ A (i =0,1,2), so kol (¢ At). By definition, ko l- —¢ V-t <
kol =@ or kol —ip. The first is false, since k1l ¢, and the latter is
false, since kgl 4. Hence kol —(p A ) — —~p V —1h.

(c) The bottom node forces 1) — ¢, but it does not force —t) V ¢ (why?). So
it does not force (¢ — ¢) — (- V ).

(d) In the bottom node the following implications are forced: @5 — P1,03 —
©2,%3 — @1, but none of the converse implications is forced, hence kg I
(1 < @2) V (p2 & p3) V (03 © ©1).

We will analyse the last example a bit further. Consider a Kripke model

with two nodes as in d, with some assignment X of atoms. We will show

that for four arbitrary propositions o1, 05, 03, 04

kol \X/ o; <> 0j, i.e. from any four propositions at least two are
1<:<; <4

equivalent.
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There are a number of cases. (1) At least two of 01,02,03,04 are forced
in kp. Then we are done. (2) Just one o; is forced in k. Then of the
remaining propositions, either two are forced in &y, or two of them are not
forced in k;. In both cases there are two ¢, 0, such that kol- 0; < 0;,.
(3) No 0 is forced in ko. Then we may repeat the argument under (2).

0, 9(0),0(D)
(3

(o
(e)

(i) kolF ¢ — Fzo(z), for the only node that forces ¢ is k1, and indeed
kil o(1), so kiIF 3zo(z). Now suppose kot 3z(¢ — o(z)), then
- since D(ko = {0} — ko!F ¢ — ¢(0). But kil ¢ and k11 o(0).
Contradiction. Hence ko (¢ — Jza(z)) — z(p — o(z)).

Remark. (¢ — 3zo(z)) — Jz(p — o(z)) is called the independence of
premise principle. It is not surprising that it fails in some Kripke models,
for ¢ — Azo(x) tells us that the required element a for o(a@) may depend
on the proof of ¢ (in our heuristic interpretation); while in 3x(p — o()),
the element a must be found independently of ¢. So the right hand side
is stronger.

(i) kolF —Vay(z) & killf Vay(z)(i = 0,1). killf ¥(1), so we have
shown ko lF ~Vzy(z). kolF 3z—p(x) & —(0). However, ki I- 1(0),
so kol 3z—(z). Hence ko ltf -Vzi(z) — Jz—(x).

(iii) A similar argument shows kol (Vzi(z) — 7) — Jz(P(z) — ),
where 7 is not forced in £;.

(f) D(k;) = {0,...,1}, Z(ki) = {©(0),..., (i — 1)}, kol Vz——p(z) & for
all i ki~ =—¢(j), 7 < i. The latter is true since for all p > @ kp I ©(5),J <
i. Now kol =—Vzp(z) < for all i there is a j > i such that k; IF Vrp(z)-
But no k; forces Vzp(z). So kol Ve——p(z) — —-Vrp(x).

Remark.(1) Note that all formulas of (a) ... (f) are classically true.
(2) We have seen that ~—Vzyp(z) — Vz——p(z) is derivable — and the reader
may check that it holds in all Kripke models (or he may wait for the Sound-
ness Theorem) - the converse fails, however, in some models. The schema
Vz——p(z) — ~~Vzp(z) is called the double negation shift (DNS).
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The next thing to do is to show that Kripke semantics is sound for intuition-
istic logic.
We define a few more notions for sentences:

(i) Ki- @ if kI ¢ for all k € K.
(i) I ¢ if K- ¢ for all K.

For formulas containing free variables we have to be more careful. Let ¢
contain free variables, then we say that kIt ¢ iff kI Cl(p) (the universal
closure). For a set I" and a formula ¢ with free variables Tior Tigy Tigye - -
(which we will denote by 5), we define I'l- ¢ by: for all K, k € K and for all
(¢ D(k)) [kIF (@) for all ¥ € I" = klF (a)]. (ae D(k) is a convenient
abuse of language).

Before we proceed we introduce an extra abuse of language which will
prove extremely useful: we will freely use quantifiers in our meta-language.
It will have struck the reader that the clauses in the definition of the Kripke
semantics abound with expressions like “for all | > k”,“ for all a € D(k)” .
It saves quite a bit of writing to use “vl > k”, “VYa € D(k)” instead, and it
increases systematic readability to boot. By now the reader is well used to
the routine phrases of our semantics, so he will have no difficulty to avoid a
confusion of quantifiers in the meta-language and the object-language.

By way of example we will reformulate the preceding definition:

I' ¢ := (VK)(Vk € K)(¥ ae D(k))[Vy € T(kl-9(a) = k- o(a)).

There is a useful reformulation of this “semantic consequence” notion.

Lemma 5.3.5. Let I" be finite, then 'l ¢ < |- CI(N I’ — ¢) (where
Cl(X) is the universal closure of X).

Proof. Left to the reader. a

Theorem 5.3.6 (Soundness Theorem). I't ¢ = I'l~ .

Proof. Use induction on the derivation D of ¢ from I". We will abbreviate
“ki-y(a) for all 9 € I by “kl- I'(@)”. The model K is fixed in the proof.

(1) D consists of just ¢, then obviously kl- I'(@) = kl- Lp(?f) for all £ and
(@) € D(k).
(2) D ends with an application of a derivation rule.
(AI) Induction hypothesis: VkY ae D(k)(kiF I'(a) = kI ¢;(a), for
i = 1,2. Now choose a k € K and a€ D(k) such that kI I'(a), then
k- @1(a) and klF 92(d), so kI (01 A pa)(a).

Note that the choice of @ did not really play a role in this proof. To

simplify the presentation we will suppress reference to @, when it does
not play a role.
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(AE)) Immediate.

(vI) Immediate.

(VE) Induction hypothesis: Vk(kl- I' = kiF ¢ V 9), Vk(kW&- I, ¢ = kl- o),
Vk(kIF I',% = kl- o). Now let kI I", then by i.h. ki ¢ V4, so klF @ or
ki~ 1. In the first case kI I', , so kI~ o. In the second case kI T4, so
k- o. In both cases kI o, so we are done. B _

(— I) Induction hypothesis: (Vk)(¥ a€ D(k))(kl- I'(a),p(a) =
k- $(@)). Now let kI I'(@) for some a€ D(k). We want to show
ki (¢ — ¥)(@), so let [ > & and lIF o(a). By monotonicity LI~ I'(a),
and a€ D(l), so the ind. hyp. tells us that I+ (a). Hence VI > k(l1-
0(@) = lI-9(a)), so k- (¢ — ¥)(a).

(— E) Immediate. ‘

(1) Induction hypothesis Vk(k!F I" = klF1). Since, evidently, no k can
force I', Vk(kI- I" = k& ¢) is correct.

(VI) The free variables in I" are Z, and z does not oceur in the sequence
7. Induction hypothesis: (Vk)(¥ a,b € D(k))(kI- I'(a) = kI (a,b)).
Now let kI I'(a) for some ae D(k), we must show kll;‘v’ch(a,z). So
let I > k and b € D(l). By monotonicity !I- I'(a¢) and a€ D(l), 50 by
the ind. hyp. LIF @(@,b). This shows (VI > k)(Vb € D(1))(II+ ¢((a,b),
and hence kI Vzp(a, 2).

(VE) Immediate.

(3I) Immediate.

(3E) Induction hypothesis: (Vk)(V ac D(k)(kll; Ir'(a) = k!— Azp(a, z))
and (Vk)(V @,b € D(k)(kIF ¢(a,b), kI I'(a) = ki o(a)). Here the
variables in I" and o are E, and z does not occur in the sequence . §ow
let kI I'(@), for some a€ D(k), then ki 3z¢(a, 2). So let k- ¢(a,)
for some b € D(k). By the induction hypothesis ki o(a). O

For the Completeness Theorem we need some notions and a few lemma’s.

Definition 5.3.7. A set of sentences I is a prime theory with respect to a
language L if

(i) I' is closed under

(ii)pvypel=>pelorypel

(iti) Fzp(z) € I' = ¢(c) € I for some constant ¢ in L.

The following is analogue of the Henkin construction combined with a
maximal consistent extension.

Lemma 5.3.8. Let I' and ¢ be closed, then if I' i/ p, there is a prime theory
I’ extending I' such that I'' I/ .
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In general one has to extend the language L of I' by a suitable set of
‘witnessing’ constants.
Proof. Extend the language L of I" by a denumerable set of constants to a
new language L’. The required theory I" is obtained by series of extensions
IZwCInCIy.... Weput Iy :=1T.

Let I be given such that I'; I/ ¢ and I contains only finitely many new
constants. We consider two cases.

k is even. Look for the first existential sentence 3xv(z) in L’ that has not
yet been treated, such that Iy - 3zy(z). Let ¢ be the first new constant
not in I'x. Now put I'kiy := It U {9(c)}.

k is odd. Look for the first disjunctive sentence 11 Vibo with I, F 4, Vipo that
has not yet been treated. Note that not both I, %1 F ¢ and I, ¢ F @
for then by v3a I', - ¢.

i _J Teu{m}if I, o
Now we put: [k := { I, U {42} otherwise.

Finally: I'" := U I.
k>0
There are a few things to be shown.

1. I'" i/ p. We first show I I ¢ by induction on 4. For i = 0, Iy t/ ¢ holds
by assumption. The induction step is obvious for ¢ odd. For ¢ even we
suppose ;11 F . Then I3, 9(c) F . Since I'; + 3xip(z), we get I F ¢
by 3E, which contradicts the induction hypothesis. Hence ;11 i ¢, and
therefore by complete induction I I/ ¢ for all 4.

Now, if I + ¢ then I} F ¢ for some i. Contradiction.

2. I is a prime theory.

(a) Let ¢1 Voo € I and let k be the least number such that I - P1Vipa.
Clearly 11 V92 has not been treated before stage k, and I'y, F 11 Vibo
for A > k. Eventually 4 V 12 has to be treated at some stage i > k,
so then 9y € I'hy1 or 92 € I'hy1, and hence ¥ € I or g € I,

(b) Let Jzy(z) € I, and let k be the least number such that I} F
Jz+p(z). For some h > k Ixy(z) is treated, and hence ¥(c) € I'hyy C
I for some c.

(c) I'" is closed under +. If I + 4p, then I + 4 V ¢, and hence by (a)
Yel.

Conclusion: I is a prime theory containing I', such that I I/ ¢. a
Note that in the above construction of I 41 we can easily skip (in the

even case) a few constants, so that the resulting I does not necessarily con-
tain all new constants. We will make of use this in the proof below.
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The next step is to construct for closed I" and ¢ with I" I/ ¢, a Kripke
model, with X+ I" and klif ¢ for some k € K.

Lemma 5.3.9 (Model Existence Lemma). If I' If o then there is a
Kripke model K with a bottom node ko such that kol I" and ko I .

We first extend I to a suitable prime theory I such that I'' I/ . I'" has
the language L’ with set of constants C’. Consider a set of distinct constants
{ci.li > 0,m > 0} disjoint with C'. A denumerable family of denumerable
sets of constants is given by C* = {c},|m > 0}. We will construct a Kripke
model over the poset of all finite sequences of natural numbers, including the
empty sequence (), with their natural ordering, “initial segment of”.

Define C({)) := €’ and C(7) = C(()) UCOU...UC* ! for 7 of “positive
length k. L(n) is the extension of L by C(n), with set of atoms At(_’l;b). Now
put D(n) = C(T—{) We define () by induction on the length of 7.

2(()) = I'" N At({)). Suppose 2(n) has already been defined. (z?nsider
an enumeration {cg, 7o), (01, 71),... of all pairs of sentences in I’ (n) such
that F(?L’),cri I 7;. Apply Lemma 5.3.8 to F(-ﬁ) U {o;} and 7; foi each .
This yields a prime theory I'(n,4) and L(n,1) such that o; € I'(n,i) and
I(n, i) ¥ .

Now put D({ng,...,ng=1)) = F(_ﬁ iyn At(ﬁ,z’). We observe that all
conditions for a Kripke model are met. The model reflects (like the model of
3.1.1) very much the nature of the prime theories involved.

Claim: 7 I+ ¢ & I'(n) F 9.
We prove the claim by induction on .
— For atomic 1) the equivalence holds by definition.
— 9 = 1 A P9 - immediate
— Y =91V R
(a) T Ik oy Vi &7 IF ¢y or m 1= by = (ind. hyp.) I'(n) ¢ or
P(n) ko = I(n) F ey V. -
(b) D(7) + ¢1 Vo2 = T(n) F ¢y or I'(n) F 1o, since I'(n) is a prime
theory (in the right language). So, by induction hypothesis, n Ik 4y or
7 I 1, and hence n - 41 V 9q.
— Y =91 — Yo -
(a) ™ It 91 — to. Suppose I'(n) i/ ¥1 — o, then I'(n), 41 V 92. By
the definition of the model there is an extension m= (ngy...,ng—1,4) of M
such that I'(n) U {¢n} C I'(m) and I'(n) ¥ v,. By induction hypothesis
7 |k 4, and by m>7n and 7 |+ 41 — g, m |k vo. Applying the
induction hypothesis once more we get F(Fz) F 4. Contradiction. Hence
r(n) &1 — to.
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(b) The converse is simple, it is left to the reader.

- b= Va(z).

(a) m I Vzp(z) & Vm>n Ve € C(m)(m I o(c)). Assume I(n) ¥ Vop(z),
then for a suitable 7 I'(7, i) i Yzo(z) (take T for o; in the above construc-
tion). Let ¢ be a constant in L(7,4) not in I'(n, i), then I(n,4) ¥ o(c),
and by induction hypothesis (7, 1) It/ ¢{c). Contradiction.

(b)I" + VYzp(z). Suppose 1 |t Vzp(z), then m 11 ¢(c) for some m>n

and for some ¢ € L(m), hence I'(m) ¥ ¢(c) and therefore I(m) Y Vzo(z).
Contradiction.

- — ¢ = Jzp(z).

The implication from left to right is obvious. For the converse we use the
fact that I"(n) is a prime theory. The details are left to the reader.

We now can finish our proof. The bottom node forces I' and ¢ is not

. forced. 0

We can get some extra information from the proof of the Model Existence
Lemma: (i) the underlying partially ordered set is a tree, (ii) all sets D(m)

. are denumerable.

From the Model Existence Lemma we easily derive the following

t Theorem 5.3.10 (Completeness Theorem — Kripke). I' ; ¢ & I'l-
L © (" and ¢ closed).

Proof. We have already shown =>. For the converse we assume I I/ ¢ and
¢ apply 5.3.9, which yields a contradiction. 0

Actually we have proved the following refinement: intuitionistic logic is

complete for countable models over trees.

The above results are completely general (safe for the cardinality restric-

¥ tion on L), so we may as well assume that I" contains the identity axioms

L,..., I, (2.6). May we also assume that the identity predicate is interpreted
by the real equality in each world? The answer is no, this assumption consti-

tutes a real restriction, as the following theorem shows.

[ Theorem 5.3.11. Ifforallk e K kiFr@=b=a=bforabec D(k) then

KibVey(z =y vz #y).

Proof. Let a,b € D(k) and kIl @ = b, then a # b, not only in D(k), but in all
D(l) for [ > k, hence for all [ > k,lit/ @ =b, so kI-a # b. O

For a kind of converse, cf. Exercise 18.
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The fact that the relation a ~ b in (k), given by ki @ = b, is not the iden-
tity relation is definitely embarrassing for a language with function symbols.
So let us see what we can do about it. We assume that a function symbol F'
is interpreted in each k by a function Fj. WS require k <! = Fp C Fi. F
has to obey Iy : V e (§=§—> F(z) = F(¥)). For more about functions
see Exercise 34.

Lemma 5.3.12. The relation ~y, is a congruence relation on A(k), for each

k.

Proof. Straightforward, by interpreting I — Iy O

For convenience we usually drop the index k.

We now may define new structures by taking equivalence classes: A* (k) :=
A(k)/ ~, i.e. the elements of [A*(k)| are equivalence classes a/ ~y of ele-
ments a € D(k), and the relations are canonically determined by

Ri(a/ ~,...) & Rk(a,...), similarly for the functions Fy(a/ ~,...) =
Fk(a,...)/ ~, ] .

The inclusion (k) € AU(l), for k < I, is now replaced by a map fu :
A* (k) — U*(I), where fi is defined by fri(a) = a®? for a € |%*(k)|. To be
precise: )

a/ ~p— a/ ~, so we have to showa ~r o’ = a~a to ensure the vggll—
definedness of fi;. This, however, is obvious, since kl-@ = a’ = IFa=ad.

Claim 5.3.13. fx; is a homomorphism.

Proof. Let us look at a binary relation. Rj(a/ ~,b/ ~) ¢ Rg(a,b) & kIF
R(a,b) = I R(a,b) & Ri(a,b) & Rf(a/ ~,b/ ~).
The case of an operation is left to the reader. O

The upshot is that we can define a modified notion of Kripke model.

Definition 5.3.14. A modified Kripke model for a language L isa tFipIe K=
(K, %, f) such that K is a partially ordered set, 2 and f are mappings sucb
that for k € K, (k) is a structure for L and for k,l € K with k < I f(k,0)1s
a homomorphism from (k) to %(l) and f(I,m) o f(k,1) = f(k,m),
fk, k) =1d.

Notation. We write fx for f(k,l), and kIF* ¢ for 2(k) = ¢, for atomic
®.

Now one may mimic the development presented for the original notion of
Kripke semantics.

In particular the connection between the two notions is given by
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Lemma 5.3.15. Let K* be the modified Kripke model obtained from K by
dividing out ~. Then kI~ p(@) & kI-* (@ / ~) for all k € K.

Proof. Left to the reader. d

Corollary 5.3.16. Intuitionistic logic (with identity) is complete with re-
spect to modified Kripke semantics.

Proof. Apply 5.3.9 and 5.3.15. O

We will usually work with ordinary Kripke models, but for convenience we
will often replace inclusions of structures (k) € 2(!) by inclusion mappings
A(k) — A(l).

5.4 Some Model Theory

We will give some simple applications of Kripke’s semantics. The first ones
concern the so-called disjunction and existence properties.

Definition 5.4.1. A set of sentences I" has the

(1) disjunction property (DP)if T+ oV =T @or I+ .
(i) emistence property (EP) if I' t 3zp(x) = I' F (t) for some closed term
t (where ¢ V9 and Jzyp(z) are closed).

In a sense DP and EP reflect the constructive character of the theory

' I' (in the frame of intuitionistic logic), since it makes explicit the clause ‘if
. we have a proof of Jxy(z), then we have a proof of a particular instance’,

similarly for disjunction.

Classical logic does not have DP or EP, for consider in propositional

L logic po V —py. Clearly . pp V =po, but neither +, py nor k. —po!

. Theorem 5.4.2. Intuitionistic propositional and predicate logic without func-

tions symbols have DP.

Proof. Let & ¢ V 9, and suppose I/ ¢ and I/ 1, then there are Kripke models
K1 and K2 with bottom nodes k; and k2 such that k; I/  and koltf 9. It is

no restriction to suppose that the partially ordered sets K, Ky of K; and Ky
are disjoint.
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N A N

k1 k2

fo 1 f02

\e

We define a new Kripke model with K = K1 UK,U{ko} where ko ¢ K1UK>,
see picture for the ordering.

911(’6) for k € K,
We define (k) = ¢ 22(k) for k € K2
|| for k = ko.

where || consists of all the constants of L, if there are any, otherwise |Ql| con-
tains only one element a. The inclusion mapping for (ko) — A(k)(Z = 1, 2)
is defined by ¢ — ki) if there are constants, if not we pick a; € 2A(k;)
arbitrarily and define fo1(a) = a1, foz(a) = az. U satisfies the definition of a
Kripke model.

The models K; and K are ‘submodels’ of the new model in the sense that
the forcing induced on K; by that of K is exactly its old forcing, cf. Exercise
13. By the Completeness Theorem ko = ¢V 9, so ko Ik or kol . If kol @,
then ki I+ ¢. Contradiction. If ko - 1, then k2 I 9. Contradiction. So I/ ¢
and |/ 1 is not true, hence b ¢ or - . O

Observe that this proof can be considerably simplified for propositional
logic, all we have to do is place an extra node under k; and ko in which no
atom is forced (cf. Exercise 19).

Theorem 5.4.3. Let the language of intuitionistic predicate logic contain at
least one constant and no function symbols, then EP holds.

Proof. Let + Jz¢(z) and i ¢(c) for all constants c. Then for each ¢ there is a
Kripke model K. with bottom node k. such that k. i ¢(c). Now mimic Fhe
argument of 5.4.2 above, by taking the disjoint union of the K.’s and adding
a bottom node kp. Use the fact that kol 3xp(z). a

The reader will have observed that we reason about our intuitionistic logic
and model theory in a classical meta-theory. In particular we use the principle
of the excluded third in our meta-language. This indeed detracts from the
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constructive nature of our considerations. For the present we will not bother
to make our arguments constructive, it may suffice to remark that classical
arguments can often be circumvented, cf. Ch. 6.

In constructive mathematics one often needs stronger notions than the
classical ones. A paradigm is the notion of inequality. E.g. in the case of the
real numbers it does not suffice to know that a number is unequal (i.e. not
equal) to 0 in order to invert it. The procedure that constructs the inverse
for a given Cauchy sequence requires that there exists a number n such that
the distance of the given number to zero is greater than 2~ ™. Instead of a
negative notion we need a positive one, this was introduced by Brouwer and
formalised by Heyting.

Definition 5.4.4. A binary relation # is called an apartness relation if
(i) Vzy(z = y & —z#y)
(il) Vay(z#y < y#z)
(iii) Vzyz(z#y — x#z V y#z)

Ezamples.

1. For rational numbers the inequality is an apartness relation.

2. If the equality relation on a set is decidable (i.e. Yzy(z = y v z # y)),
then # is an apartness relation (Exercise 22).

3. For real numbers the relation |a — b| > 0 is an apartness relation (cf.
Troelstra-van Dalen).

We call the theory with axioms (i), (ii), (iii) of 5.4.4 AP, the theory of
apartness (of course the obvious identity axiom z; = o Ay; = ya Az Hy1 —
To#yo is included).

Theorem 5.4.5. AP FVzy(-——z =y — z = y).
Proof. Observe that ~—z = y & ~——x#y & —a#y o =y. |

We call an equality relation that satisfies the condition Vzy(——z = y —
z =y) stable. Note that stable is essentially weaker than decidable (Exercise
23).

In the passage from intuitionistic theories to classical ones by adding the
principle of the excluded third usually a lot of notions are collapsed, e.g.
m-z = y and * = y. Or conversely, when passing from classical theories to
intuitionistic ones (by deleting the principle of the excluded third) there is
a choice of the right notions. Usually (but not always) the strongest notions
fare best. An example is the notion of linear order.

The theory of linear order, LO, has the following axioms:
(i) Veyz(t < yAy<z—sz< z)
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(i) Vzyz(z<y—2<yVz<z)
(iii) Vryz(z =y e T <yA-y<z).
One might wonder why we did not choose the axiom Vryz(z < yVz =yVy <
z) instead of (ii), it certainly would be stronger! There is a simple reason:
the axiom is oo strong, it does not hold, e.g., for the reals.
We will next investigate the relation between linear order and apartness.

Theorem 5.4.6. The relation x < yV y < T is an apartness relation.

Proof. An exercise in logic. O

Conversely, Smoryhski has shown how to introduce an order relation in
a Kripke model of AP: Let Kl AP, then in each D(k) the following is an
equivalence relation: kIt a#b.

(a) kI a = a < —a#a, since kIl a = a we get k|l —a#a and hence
kI a#a.

(b) kIl a#b < b#a, so obviously kI a#b < klf b#a.

(c) let kltf a#b, kI bfc and suppose kIF a#c, then by axiom (iii) kI- a#b
or ki c#tb which contradicts the assumptions. So kltf a#c.

Observe that this equivalence relation contains the one induced by the iden-
tity; kI a = b = k' a#b. The domains D(k) are thus-split up in equivalence
classes, which can be linearly ordered in the classical sense. Since we want
to end up with a Kripke model, we have to be a bit careful. Observe that
equivalence classes may be split by passing to a higher node, e.g. if k¥ < [ and
kItf a#b then I~ a#b is very well possible, but [t/ a#b = klif a#tb. We take
an arbitrary ordering of the equivalence classes of the bottom node (using
the axiom of choice in our meta-theory if necessary). Next we indicate how
to order the equivalence classes in an immediate successor l of k.

The ‘new’ elements of D(l) are indicated by the shaded part.

(i) Consider an equivalence class [ao]x in D(k), and look at the corresponding
set ag == J{[alila € laolx}-
This set splits in a number of classes; we order those linearly. Denote the
equivalence classes of ao by aob (where b is a representative). Now the
classes belonging to the b's are ordered, and we order all the classes on
U dolao € D(k)} lexicographically according to the representation agb.

(ii) Finally we consider the new equivalence classes, i.e. of those that are not
equivalent to any b in | J{ao|ao € D(k)}. We order those classes and put
them in that order behind the classes of case (i).

Under this procedure we order all equivalence classes in all nodes.

We now define a relation Ry, for each k: Ry(a,b) := [alx < [b]k, where < is the
ordering defined above. By our definition k < I and Ri{a,b) = Ry(a,b). We
leave it to the reader to show that Iy is valid, i.e. in particular k- Vzyz(z =
¢ Az <y — x’ <y), where < is interpreted by Rg.

(iii) anti-symmetry. We must show ko
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Observe that in this model the following holds:

(#)  Vayle#y oz <yvy<a),

for in all nodes k, k- aftb = kl-a<borklFb<aq
Now we must check the axioms of linear order. .

(i) transitivity. kol Vzyz(z < yAy <z — z < z) & for all k >
all a,bc € D(k)kIFa <bAb<c—a<coforalk> k. I;O’ ol
(Sz,b,c €D(k)and for all [ > k Il a < b and IFb<c= ll!—; <0’c or ol
t}? we have to s}}ow R(a, b? and Ry(b,c) = Ry(a,c), but that is ‘ind d
_ the case by the linear ordering of the equivalence cl -
(ii) (weak)linearity. We must show ko oy
in our model Vzy(z#y & z < Y
to pure logic: show:
AP +Vayz(z < yAy <z — g < z) + Vay(
Vezyz(z < Yo z<yVz<z).
We leave the proof to the reader.

ses.
FVryz(z <y — 2z < yvaz < z). Since
V¥ < z) holds the problem is reduced

x#y«——»x<yVy<x)i—

H—ny(z:y«—»—'a:<y/\—1y<x).
o logic. Show:
:v#y«—»:c<yVy<m)}—\/xy(:c=y+—»—'x<y/\—-y<x)

N . .
ow we have finished the job — we have put a linear order on a model

As before the problem is red
uced t
AP + Vzy( .

with a i
n apartness relation. We can now draw some conclusions

Th )
eorem 5.4.7. AP + LO + (#) is conservative over LO.
Proof. Immediate, by Theorem 5.4.¢
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Theorem 5.4.8 (van Dalen-Statman). AP + LO + (#) is conservative
over AP.

Proof. Suppose AP I/ ¢, then by the Model Existence Lemma there is a tree

model K of AP such that the bottom node k¢ does not force .

We now carry out the construction of a linear order on K, the resulting model

K* is a model of AP +LO + (#), and, since ¢ does not contain <, kol ¢.

Hence AP + LO + (#) i ¢. This shows the conservative extension result:
AP +LO + (#)F ¢ = AP | o, for ¢ in the language of AP. O

There is a convenient tool for establishing elementary equivalence between
Kripke models:

Definition 5.4.9. (i) A bisimulation between two posets A and B is a rela-
tion R C A x B such that for each a,a’,b with a < a’,aRb there is a b’ with
a‘Rb' and for each a,b,b’ with aRb,b < b’ there is an a’ such that a'RV'.

(ii) R is a bisimulation between propositional Kripke models A and B if it
is a bisimulation between the underlying posets and if aRb = X(a) = X(b)
(i.e. a and b force the same atoms).

Bisimulations are useful to establish elementary equivalence node-wise.

Lemma 5.4.10. Let R be a bisimulation between A and B then for all
a,b,o, aRb= (al- ¢ < bl ).

Proof. Induction on . For atoms and conjunctions and disjunctions the
result is obvious.
Consider ¢ = 1 — a.
Let aRb and al- @1 — 3. Suppose bliY ¢ — g, then for some b’ > b bl
1 and V' I/ 2. By definition, there is an @’ > @ such that o’ Rb. By induction
hypothesis a’ I+ ;1 and o'l 2. Contradiction.

The converse is completely similar. O

Corollary 5.4.11. IfR is a total bisimulation between A and B, i.e. domR =
A,ranR = B, then A and B are elementarily equivalent (Al- ¢ & Bl ¢).
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We end this chapter by giving some examples of models with unexpected

properties.
: " o)
\ g

1.
f is the identity and g is the canonical ring homomorphism Z — Z/(2).
K is a model of the ring axioms (p. 88).
Note that kgl 3 # 0,kgll/ 2 = 0,ko!t/ 2 # 0 and ko!t/ Vz(x # 0 —
Jy(zy = 1)), but also kgl Jz{z # 0 AVy(zy # 1)). We se that K is a
commutative ring in which not all non-zero elements are invertible, but
in which it is impossible to exhibit a non-invertible, non-zero element.

)
e

Again f and g are the canonical homomorphisms. X is an intuitionistic,
commutative ring, as one easily verifies.

K has no zero-divisors: kgl —~Jzy(z # 0Ay # 0 Azy = 0) &< for all
i kil 3rxy(x #0Ay #£0Azy =0). (1)

For ¢ = 1,2 this is obvious, so let us consider i = 0. kol+ Jzy(z #
0Ny #0ANzy =0) & kol m # 0An #0Amn =0 for some m,n. So
m # 0,n # 0,mn = 0. Contradiction. This proves (1).
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The cardinality of the model is rather undetermined. We know kolt
Azy(z # y) - take 0 and 1, and kol- ~3z12073 /X\ z; # zj. But note

1<i<j<4
that kolt/ 3x1z273 m T £ zj, koll/ VT1x273T4 \X/ z; = x; and
1<i<j<3 1<i<j<4
kol =3z1z973 /X\ T1 # zj.
1<i<j<3

Observe that the equality relation in X is not stable: kol =—0 = 6, but
kol/ 0 = 6.

ki | S,

ko {8}

S, is the (classical) symmetric group on n elements. Choose n > 3. ko
forces the group axioms (p. 86). koI~ —Vzy(zy = yx), but ko It/ Izy(zy #
yz), and ko It/ Voy(zy = yz). So this group is not commutative, but one
cannot indicate non-commuting elements.

Define an apartness relation by k; - a#b & a # b in Z/(2), idem for k2.
Then K- Vz(z#0 — Jy(zy = 1)).

This model is an intuitionistic field, but we cannot determine its char-
acteristic. k; - Vz(z + 2 = 0), k2 Ik Vz(z + = + = = 0). All we know is
Kl Va (6.2 = 0).

In the short introduction to intuitionistic logic that we have presented we

have only been able to scratch the surface. We have intentionally simplified
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the issues so that a reader can get a rough impression of the problems and
methods without going into the finer foundational details. In particular we
have treated intuitionistic logic in a classical meta-mathematics, e.g. we have
freely applied proof by contradiction (cf. 5.3.10). Obviously this does not do
justice to constructive mathematics as an alternative mathematics in its own
right. For this and related issues the reader is referred to the literature. A
more constructive appraoch is presented in the next chapter.

Exercises

1. (informal mathematics). Let ¢(n) be a decidable property of natural
numbers such that neither Inp(n), nor Vn-p(n) has been established
(e.g. “n is the largest number such that n and n + 2 are prime”). Define
a real number a by the cauchy sequence:

> 27" if Vk < nop(k)
i=1
Qp 1=
k

Z2‘i if k < n and p(k) and —p(i)for i < k.
i=1
Show that (an) is a cauchy sequence and that “
there is no evidence for “a is rational”.

—-a is rational”, but

2. Prove
Fo=(p = 9) - (¢ =), Foo(e Vo),
t _'(<P A —’(P)a F ﬁ_'(ﬁﬁso - 90)7
ﬂﬁ({)’—r‘!((p g ’l/)) }— ﬁ—\'w’ }— (ﬂﬂgo — ’L[}) “— -1((‘0 A ﬂ’[[})’

Fo(p V) o (- - ¢).

3. (@) eV V(e Y)V-(p ¢), where €(AV,—).
(b) Let the proposition ¢ have atoms py, ..., P, show

A piV-pit Ve

4. Define the double negation translation ¢~ of ¢ by placing —— in front
of each subformula. Show F° ¢° « ™" and . ¢ &F; 7.

5. Show that for propositional logic F; —¢ <. —p.

6. Intuitionistic arithmetic HA (Heyting’s arithmetic) is the first-order in-
tuitionistic theory with the axioms of page 85 as mathematical axioms.
Show HA F Vzy(z = y V z # y) (use the principle of induction). Show
that the Godel translation works for arithmetic, i.e. PA F ¢ < HA + ¢°
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10.

11.

12.

13.

14.
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(where PA is Peano’s (classical) arithmetic). Note that we need not dou-
bly negate the atoms.

Show that PA is conservative over HA with respect to formula’s not
containing V and 3.

Show that HAF o V¢ « Jz(x =0 — @) A (z # 0 — 1)).

(a) Show I (p — ¥) V (¥ = ¢); I (~p — @) = (¢ V ~9);
i =@ V ==l (g = P Vo) = [(c = PV (-¢ = a));
rd \X/ ISstn(goi — p;), for all n > 2.
(b) Use the completeness theorem to establish the following theorems:
i) e— W —e)
(ii) (V) = ¢
(iil) Yzyp(z,y) — Yyzo(z, y)
(iv) 3zVyep(z,y) — Yydze(z,y) _
(¢) Show kI Vzyp(zy) & VI > kVa,b € D(1) LI~ (@, b).
kit ¢ — ¢ < 3> k(LI ¢ and I/ ¢).

Give the simplified definition of a Kripke model for (the language of)
propositional logic by considering the special case of def. 5.3.1 with (k)
consisting of propositional atoms only, and D(k) = {0} for all .

Give an alternative definition of Kripke model based on the “structure-
map” (k) and show the equivalence with definition 5.3.1 (without propo-
sitional atoms).

Prove the soundness theorem using lemma 5.3.5.

A subset K' of a partially ordered set K is closed (under <) if k € K’,
k<l=1¢e K If K'is a closed subset of the underlying partially
ordered set K of a Kripke model X, then K’ determines a Kripke model
K’ over K’ with D'(k) = D(k) and kI ¢ < kil ¢ for k € K" and ¢
atomic. Show kI ¢ < kI ¢ for all p with parameters in D(k), for
k € K' (i.e. it is the future that matters, not the past).

Give a modified proof of the model existence lemma by taking as nodes
of the partially ordered set prime theories that extend I" and that have
a language with constants in some set COUCtU...UC*=1 (cf. proof of
5.3.8 ) (note that the resulting partially ordered set need not (and, as a
matter of fact, is not) a tree, so we lose something).

15.

16.

17.

18.

19.

20.
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Consider a propositional Kripke model K, where the X function assigns
only subsets of a finite set I' of the propositions, which is closed under
subformulas. We may consider the sets of propositions forced at a node
instead of the node: define k] = {¢ € I'|klt- ©}. The set {[k]lk € K}
is partially ordered by inclusion define X'r([k]) := X(k) N At, show that
the conditions of a Kripke model are satisfied; call this model X, and
denote the forcing by IFr. We say that Kr is obtained by filtration from
K.

(a) Show [k|lFr o & kI, for p € T

(b) Show that K has an underlying finite partially ordered set.

(c) Show that F ¢ < ¢ holds in all finite Kripke models.

(d) Show that intuitionistic propositional logic is decidable (i.e. there is

a decision method for F ), apply 3.3.17.

Each Kripke model with bottom node kg can be turned into a model
over a tree as follows: K, consists of all finite increasing sequences
<k0, ki,..., kn>, k; < k¢+1(0 <1< n), and Qltr((ko, ey kln)) = Ql(k}n)
Show (ko, ..., kn), IFtr ¢ & k,I- @, where I, is the forcing relation in
the tree model.

(a) Show that (¢ — ) V (¢ — ¢) holds in all linearly ordered Kripke
models for propositional logic.

(b) Show that LC I ¢ = there is a linear Kripke model of LC in
which o fails, where LC is the propositional theory axiomatized by
the schema
(¢ — ¢¥) V(¥ — ) (Hint: apply Exercise 15). Hence LC is complete
for linear Kripke models (Dummett).

Consider a Kripke model K for decidable equality (i.e. Vzy(x = y Vv
x # y)). For each k the relation kI @ = b is an equivalence relation.
Define a new model X’ with the same partially ordered set as K, and
D'(k) = {la]x|a € D(k)}, where [a] is the equivalence class of a. Replace
the inclusion of D(k) in D(l), for k < I, by the corresponding canonical
embedding [ali — [a];. Define for atomic ¢ klIF' ¢ := kI ¢ and show
k- @ < ki ¢ for all .

Prove DP for propositional logic directly by simplifying the proof of
5.4.2.

Show that HA has DP and EP, the latter in the form: HA + 3zp(z)) =
HA + ¢(7) for some n € N. (Hint, show that the model, constructed in
5.4.2 and in 5.4.3, is a model of HA).
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21.

22.

23.

24.

25.

26.

27.

28.

29.
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Consider predicate logic in a language without function symbols and
constants. Show F 3zp(z) =+ Vap(x). (Hint: add an auxilliary constant
¢, apply 5.4.3, and replace it by a suitable variable).

Show Vxy(r = y Ve # y) - A AP, where AP consists of the three
axioms of the apartness relation, with z#y replaced by #.

Show Vxy(-—~z =y -z =y) ¥ Veylr =y Vz #£y).

Show that ki ¢ V- for maximal nodes & of a Kripke model, so £'(k) =
Th{(2(k)) (in the classical sense). That is, “the logic in maximal node is
classical.”

Give an alternative proof o1 Glivenko’s theorem, using 15 and 24.

Consider a Kripke model with two nodes ko, k1, ko < ki and (ko) =
R,2(ky) = C. Show kol ~Vx(z? 4+ 1 # 0) — 3z(2? + 1 = 0).

Let D = R{X]/X? be the ring of dual numbers. D has a unique max-
imal ideal, generated by X. Consider a Kripke model with two nodes
ko, k1; ko < ki and A(ky) = I, A(k;) = R, with f : D — R the canonical
map f(a+ bX) = a. Show that the model is an intuitionistic field, define
the apartness relation.

Show that Yz (e V¥(z)) — (¢ VVzy(z))(z € FV(y)) holds in all Kripke
models with constant domain function (i.e. Vkl(D(k) = D(1)).

This exercise will establish the undefinability of propositional connectives
in terms of other connectives. To be precise the connective | is not
definable by 2,..., p if there is no formula ¢, containing only the
connectives 1,..., p and the atoms pg,p1, such that -pp 1 p2 < ¢

(i) V is not definable by —, A, L. Hint: suppose ¢ defines V, apply the
Godel translation.

(ii) A is not definable in —,V, L. Consider the Kripke model with three
nodes ki, k2,k3 and k; < k3, ky < k3, k1l p, koI q,kgn— p,q. Show
that all A-free formulas are either equivalent to L or are forced in k1
or k.

(iii) — is not definable in A, V,=, L. Consider the Kripke model with
three nodes ki1, ko, k3 and k1 < k3, ko < ks, k1l p, ka2l ¢, k3l p, g
Show for all — —free formulas ksl ¢ = k1l .
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30. We consider now only propositions with a single atom p. Define a se-

quence of formulas by o :=_1, 91 1= p, vz := =P, Yon13 = Pant1VP2ni2,
V2044 1= Panta — Pony1 and an extra formula @, := T. There is a spe-
cific set of implications among the ¢, indicated in the diagram on the

left.
p

.: o} alﬂ by
. s b b,
2n+3 2n+4
X 2n+1 ag$ Vb
2n+2 ! s 3
' a4 P by
351 Dbs

bmmmm e mm———

beesmccacorcaman

(i) Show that the following implications hold:
F pont1 = Pant3s F Pont1 = Vontd, F Qa2 — Ponss,
F o = @n, Fon — .
(ii) Show that the following ‘identities’ hold:
F (p2n+1 = P2nt2) © P2ng2, F (P2nt2 = Vontd) © Oonta,
F (P2n+3 = P2ant1) © Pantd, F (P2ntda = Vont1) © Oonts,
E (@25 = Pant1) © Pant1, F (P2n46 = P2nt1) © Ponta,
F @k = V2n41) « Pangr for k> 2n 47,
F (pk = Poant2) © pony2 for k> 2n 4+ 3.
Determine identities for the implications not covered above.
(ili) Determine all possible identities for conjunctions and disjunctions
of ¢;’s (look at the diagram).
(iv) Show that each formula in p is equivalent to some ;.
(v) In order to show that there are no other implications than those
indicated in the diagram (and the compositions of course) it suffices
to show that no ¢, is derivable. Why?
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31.

32.

33.

34.
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(vi) Consider the Kripke model indicated in the diagram on the right.
a1 I+ p and no other node forces p. Show: Va,3e:Vk(kl- ¢; <
k> an), VanLPij(k“" pj = k > bn)
Clearly the @;(y;) is uniquely determined, call it (a,), resp. ¢(bn)-
Show p(ay) = @1, ¢(b1) = w2, p(az) = w4, P(b2) = ¥s, @(ant2) =
[(o(ans1)Ve(bn)) = (p(an)Ve(ba))] = (9(an+1)Ve(bn), #(bni2) =
[(p(ant1) V @(bn41)) = (plant1) V @(bn))] = (plan+1) v @(bnt1)-
(vii) Show that the diagram on the left contains all provable implica-
tions.
Remark. The diagram of the implications is called the Rieger-Nishimura
lattice (it actually is the free Heyting algebra with one generator).

Consider intuitionistic predicate logic without function symbols. Prove

the following extension of the existence property: F Aye(zi,. s T Y) &
F p(x1,...,%n,t), wheret is a constant or one of the variables 1, ..., Zn.
(Hint: replace 1,..-,Tn by new constants a, ... ,0n)-

Let Qiz1...QnZnp(Z,¥) be a prenex formula (without function sym-
bols), then we can find a suitable substitution instance ¢’ of ¢ obtained
by replacing the existentially quantified variables by certain universally
quantified variables or by constants, such that + Q121 . .. Qun (&, ) &F
¢’ (use Exercise 31).

Show that F ¢ is decidable for prenex ¢. (use ex. 32, 17).

Remark. Combined with the fact that intuitionistic predicate logic is
undecidable, this shows that not every formula is equivalent to one in
prenex normal form.

Consider a language with identity and function symbols, and interpret
a n-ary symbol F by a function Fj : D(k)* — D(k) for each k in a
given Kripke model K. We require monotonicity: k < l =>qu C F; and
preservation of equality, where a ~j b kl-a=>b,ad~kb= Fr(@) ~k
F(b).
(i) Show K I VZ3ly(F(%) = y)
(ii) Show Kl I4.
(iii) Let KI+ VZyp(Z,y), show that we can define for each k and Fi
satisfying the above requirements such that
K- Y(zp(Z, F(Z)).
(iv) Show that one can conservatively add definable Skolem functions.
Note that we have shown how to introduce functions in Kripke mod-
els, when they are given by “functional” relations. So, strictly speaking,
Kripke models with just relations are good enough.

6. Normalisation

6.1 Cuts

Anyone with a reasonable experience in making natural deduction derivations
will have observed that one somehow gets fairly efficient derivations. The
worst that can happen is a number of steps that end up with what was

already derived or given, but then one can obviously shorten the derivation.
Here is an example:

[0 Agl® N [0 Ap)? B

@ [p — ]! a

P P —0o
- F
o
—
(g —>9)—o

— Iy

(cAhp) = (g = ¥) — o)
o occurs twice, the first time it is a premise for a — I, and the second
time the result of a — E. We can shorten the derivation as follows:

[o Al

g

ANE

Y 4
(p—Y)—o

ohe) = (g —v)—0)

. It is apparently not a good idea to introduce something and to eliminate
it right away. This indeed is the key-idea for simplifying derivations: avoid
eliminations after introductions. If a derivation contains an introduction fol-
lowed by an elimination, then one can, as a rule, easily shorten the derivation,
the question is, can one get rid of all those unfortunate steps? The answer is
‘ves’, but the proof is not trivial.

The topic of this chapter belongs to proof theory; the system of natural
deduction was introduced by Gentzen, who also showed that “detours” in
derivations can be eliminated. The subject was revived again by Prawitz
who considerable extended Gentzen’s techniques and results. ’

L
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We will introduce a number of notions in order to facilitate the treatment.

Definition 6.1.1. The formulas directly above the line in a derivation rule
are called the premises, the formula directly below the line, the conclusion.
In elimination rules the premise containing the connective is called the major
premise, the other premises, if any, are called the minor premises.

Convention The major premises will from now on appear on the left hand
side.

Definition 6.1.2. A formula occurrence v is a cut in a derivation when it is
the conclusion of an introduction rule and the major premise of an elimination
rule. «v is called the cut formula of the cut.

In the above example ¥ — ¢ is a cut formula.

We will adopt a slightly changed VI-rule, this will help to streamline the
system.

_r
Vz ol /y]

where y does not occur free in a hypotheses of the derivation of ¢, and x
is free for y in .

VI

The old version of VI is clearly a special case of the new rule. We will use
the familiar notations, e.g.

©(y)
vz o(x)

Note that with the new rule we get a shorter derivation for

\7]

D
v<p(916) VI D
zp(z) VE namely e(z) VI
v(y) VI Yyo(y)
Vye(y)

The adoption of the new rule is not necessary, but rather convenient.

We will first look at predicate calculus with A, —, 1,V.
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perivations will systematically be converted into simpler ones by “elimi-
nation of cuts”; here is an example:

D
1) D
-]
Yoo " converts to ;
— F
o

.In general, when the tree under consideration is a subtree of a larger
derivation the whole subtree ending with ¢ is replaced by the second one
The rest of the derivation remains unaltered. This is one of the features 01'c
natural deduction derivations: for a formula ¢ in the derivation only the part
above o is relevant to o. Therefore we will only indicate conversions as far
as required, but the reader will do well to keep in mind that we make the
replacement inside a given bigger derivation.

We list the possible conversions:

Dl D2
1 V2 5
o1 Ao \yi is converted to t
1 .
= AE @i
2
[¥]
D2 Dl
P L is converted to v
— 7 D2
Y Yo
— F ’
@
D
: Dt
m I is converted to t/y]
o E plt/y]
elt/y]

It is nqt immediately clear that this conversion is a legitimate operation
on derivations, e.g. consider the elimination of the lower cut which converts
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Vugp(u, 2)
D o(v, 2) Yup(u, v)
_"i(_z’_i_ — Yvp(v, 2) to (v, v) v = Dlv/z]
Vrp(z, z) w(z,z) VI Vup(v,v)
(,D(U,’U) VCL‘C,O(Q:, 1;) VE (p(’l),'U)
e(v,v)

The thoughtless substitution of v for z in D is questionable because v is
not free for z in the third line and we see that in the resulting derivation VI
violates the condition on the proper variable.

In order to avoid confusion of the above kind, we have to look a bit
closer at the way we handle our variables in derivations. There is, of course,
the obvious distinction between free and bound variables, but even the free
variables do not all play the same role. Some of them are “the variable”
involved in a VI. We call these occurrences proper variables and we extend
the name to all occurrences that are “related” to them. The notion “related”
is the transitive closure of the relation that two occurrences of the same
variable have if one occurs in a conclusion and the other in a premise of a
rule in “related” formula occurrences. It is simplest to define “related” as the
reflexive, symmetric, transitive closure of the “direct relative” relation which

_ o) Ap(z,y)
is given by checking all derivation rules, e.g. in —7(——)—— AE the top
Yy
occurrence and bottom occurrence of (x,y) are directly related, and so are
the corresponding occurrences of z and y . Similarly the ¢ at the top and the

one at the bottom in

The details are left to the reader.

Dangerous clashes of variables can always be avoided, it takes just a rou-
tine renaming of variables. Since these syntactic matters present notorious
pitfalls, we will exercise some care. Recall that we have shown earlier th‘ftt
bound variables may be renamed while retaining logical equivalence. We will
use this expedient trick also in derivations.
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Lemma 6.1.3. In a derivation the bound variables can be renamed so that
no vartable occurs both free and bound.

Proof. By induction on D. Actually it is better to do some ‘induction loading’,
in particular to prove that the bound variables can be chosen outside a given
set of variables (including the free variables under consideration). The proof
is simple, and hence left to the reader. O

Note that the formulation of the lemma is rather cryptic, we mean of
course that the resulting configuration is again a derivation. It also expedient
to rename some of the free variables in a derivation, in particular we want to
keep the proper and the non-proper free variables separated.

Lemma 6.1.4. In a derivation the free variables may be renamed, so that
unrelated proper variables are distinct and each one is used exactly once in
its inference rule. Moreover, no variable occurs as a proper and a non-proper
variable.

Proof. Induction on D. Choose always a fresh variable for a proper variable.
Note that the renaming of the proper variables does not influence the hy-
potheses and the conclusion. O

In practice it may be necessary to keep renaming variables in order to
satisfy the results of the above lemmas.

From now on we assume that our derivations satisfy the above condition,
ie.

(i) bound and free variables are distinct,
(ii) proper and non-proper variables are distinct and each proper variable is
used in precisely one VI.

Lemma 6.1.5. The conversions for —, A,V yield derivations.

Proof. The only difficult case is the V-conversion. But according to our
variables-condition D[t/u] is a derivation when D is one, for the variables
in ¢ do not act as proper variables in D. a

Remark There is an alternative practice for formulating the rules of logic,
which is handy indeed for proof theoretical purposes: make a typographical
distinction between bound and free variables (a distinction in the alphabet).
Free variables are called parameters in that notation. We have seen that
the same effect can be obtained by the syntactical transformations described

above. It is then necessary, of course, to formulate the V-introduction in the
liberal form!
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6.2 Normalisation for Classical Logic

Definition 6.2.1. A string of conversions is called a reduction sequence. A
derivation D is called irreducible derivation if there is no D’ such that
D > D',

Notation D >; D' stands for “D is converted to D'”. D > D’ stands for
“there is a finite sequence of conversions D =Dy >1 D1 >1...>1 D1 =D
and D > D’ stands for D > D’ or D = D'. (D reduces to D').

The basic question is of course ‘does every sequence of conversions termi-
nate in finitely many steps?’, or equivalently ‘is > well-founded?’ The answer
turns out to be ‘yes’, but we will first look at a simpler question: ‘does every
derivation reduce to an irreducible derivation?’

Definition 6.2.2. if there is no D] such that D; >; D (i.e. if D; does
not contain cuts), then we call D; a normal derivation, or we say that D,
is in normal form, and if D > D’ where D’ is normal, then we say that D
normalises to D',

We say that > has the strong normalisation property if > is well-founded,
i.e. there are no infinite reduction sequences, and the weak normalisation
property if every derivation normalises.

Popularly speaking strong normalisation tells you that no matter how
you choose your conversions, you will ultimately find a normal form; weak
normalisation tells you that if you choose your conversions in a particular
way, you will find a normal form.

Before getting down the normalisation proofs, we remark that the 1-rule
can be restricted to instances where the conclusion is atomic. This is achieved
by lowering the rank of the conclusion step by step.

Ezxample.
D D
D
1L 1
€L is replaced by — —
pAY u AN
eAY
D
D
1 is replaced by i ete.
w— P v -1

o=
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(Note that in the right hand derivation some hypothesis may be cancelled,
this is, however, not necessary; if we want to get a derivation from the same
hypotheses, then it is wiser not to cancel the ¢ at that particular VI ) A sim-
ilar fact holds for RAA: it suffices to apply RAA to atomic instances. The
proof is again a matter of reducing the complexity of the relevant formula.

o Ay [p A Y]
% ¢ (-¥] 07
[—(e AY)] L 1
b is replaced by e ny) (e ny)
1 D D
pAY 4 1
— RAA — RAA
®
AN
pAY
[v] [p— ]
¥ (9]
[(p — )] n
P is replaced by o=
L D
= L
— RAA
Y
-
[V ()]
[e(z)] o(z)
[-Vz o(z)] L
D -V
N is replaced by :vpnp(as)
Vz ¢(z) 1
——RAA
o(x)
vz o(z)
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Some definitions are in order now:

Definition 6.2.3. (i) a mazimal cut formula is a cut formula with maximal
rank.

(ii) d = maz{r{y)|¢ cut formula in D} (observe that max @ = 0).

n = number of maximal cutformulas and ¢r(D) = (d,n), the cut rank of D.

If D has no cuts, put er(D) = (0,0). We will systematically lower the cut
rank of a derivation until all cuts have been eliminated. The ordering on cut

ranks is lexicographic:
(d,n) < (d',n'):=d<d V({d=d An<n').

Fact 6.2.4. < is a well-ordering (actually w + w) and hence has no infinite
descending sequences.

Lemma 6.2.5. Let D be a derivation with a cut at the bottom, let this cut
have rank n while all other cuts have rank < n, then the conversion of D at
this lowest cut yields a derivation with only cuts of rank < n.

Proof. Consider all the possible cuts at the bottom and check the ranks of
the cuts after the conversion.

(i) —-cut
] D
Dy
” D, =D TheD> D ="
1
o= @
—_— (4
(4
Observe that nothing happened in D; and Ds, so all the cuts in D’ have
rank < n.
(ii) V-cut
D
x
i(l— =D. Then'D>1D’=<D>[t/x]
vy o(y) g
e(t)

The substitution of a term does not affect the cut-rank of a derivation,
so in D’ all cuts have rank < n.
(iil) A-cut. Similar. d
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Observe that in the A, —, L,V - language the reductions are fairly simple, i.e.
parts of derivations are replaced by proper parts (forgetting for a moment
about the terms) - things get smaller!

Lemma 6.2.6. If cr(D) > 0, then there is a D' with D >1 D’ and
er(D') < er(D).

Proof. Select a maximal cut formula in D such that all cuts above it have
lower rank. Apply the appropriate reduction to this maximal cut, then the
part of the derivation D ending in the conclusion ¢ of the cut is replaced,
by Lemma 6.2.5, by a (sub-) derivation in which all cut formula have lower
rank. If the maximal cut formula was the only one, then d is lowered by 1,
otherwise n is lowered by 1 and d remains unchanged. In both cases er(D)
gets smaller. Note that in the first case n may become much larger, but that
does not matter in the lexicographic order.

Observe that the elimination a cut ( here!) is a local affair, i.e. it only
affects the part of the derivation tree above the conclusion of the cut.

Theorem 6.2.7. All derivations normalise.

Proof. By Lemma 6.2.6 the cut rank can be lowered to (0,0) in a finite num-
ber of steps, hence the last derivation in the reduction sequence has no more
cuts. O

Normal derivations have a number of convenient properties, which can be
read off from their structure. In order to formulate these properties and the
structure, we introduce some more terminology.

Definition 6.2.8. A pathin a derivation is a sequence of formulas ¢y, . .., @y,
such that oo is a hypothesis, ¢, is the conclusion and ¢; is a premise imme-
diately above ¢;4+1(0 < 7 < n —1). (ii) A track is an initial part of a path
which stops at the first minor premise or at the conclusion. In other words,
a track can only pass through the major premises of elimination rules.

Ezample.
[p A Y]
[p — (v — 0)] v [ A 9]
Yo "
a
pAY > o

=W =) = (pAY —0)
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The underlying tree is provided with number labels:

9
6 7 18
4 5

3

2

1

and the tracks are (6,4,3,2,1),(9,7) and (8,5).

Fact 6.2.9. In a normal derivation no introduction rule (application) can
precede an elimination rule (application) in a track.

Proof. Suppose an introduction rule precedes an elimination rule in a track,
then there is a last introduction rule that precedes the first elimination rule.
Because the derivation is normal, one cannot immediately precede the other.
So there has to be a rule in between, which must be the L-rule or the RAA,
but that clearly is impossible, since 1 cannot be the conclusion of an intro-
duction rule. O

Fact 6.2.10. A track in o normal derivation is divided into (at most) three
parts: an elimination part, followed by a L-part, followed by an introduction
part. Each of the parts may be empty.

Proof. By Fact 6.2.9 we know that if the first rule is an elimination, then all
eliminations come first. Look at the last elimination, it results in the conclu-
sion of D, or it results in L, in which case the L-rule or RAA may be applied,
or it is followed by an introduction. In the last case only introductions can
follow. If we applied the 1 — or RAA - rule, then an atom appears, which
can only be the premise of an introduction rule (or the conclusion of D). O

Fact 6.2.11. Let D be a normal derivation. Then D has at least one maxzimal
track, ending in the conclusion.

The underlying tree of a normal derivation looks like
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The picture suggests that the tracks are classified as to “how far” they
are from the maximal track. We formalise this in the notion of order.

Definition 6.2.12. Let D be a normal derivation.
o(tm) = O for a maximal track t,,.
o(t) = o(t')+1if the end formula of track ¢ is a minor premise
belonging to a major premise in ¢’

The orders of the various tracks are indicated in the picture

Fact 6.2.13 (Subformula Property). In a normal derivation D, which is
not the hypothesis of a RAA-application, each formula of I' - ¢ is a subfor-
mula of v of a hypothesis in .

Proof. Consider a formula ¢ in D, if it occurs in the elimination part of its
track t, then it evidently is a subformula of the hypothesis at the top of ¢.
If not, then it is a subformula of the end formula 1);, of t. Hence v, is a
subformula of a formula 1, of a track ¢; with o(¢;) < o(t). Repeating the ar-
gument we find that ¢ is a subformula of a hypothesis or of the conclusion. [

Sofar we considered all hypotheses, but we can do better. If ¢ is a sub-
formula of a cancelled hypothesis, it must be a subformula of the resulting
implicational formula in case of an — I application, or of the resulting for-
mula in case of an RAA-application, or (and this is the only exception) it is
the cancelled hypothesis of the RA A-application.

One can draw some immediate corollaries from our results so far.
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Corollary 6.2.14. Predicate logic is consistent.

Proof. Suppose F L, then there is a normal derivation ending in L with all
hypotheses cancelled. There is a track through the conclusion; in this track
there are no introduction rules, so the top (hypothesis) is not cancelled. Con-
tradiction. O

Note that 6.2.14 does not come as a surprise, we already knew that pred-
icate logic is consistent on the basis of the Soundness Theorem. The nice
point of the above proof is, that it uses only syntactical arguments.

Corollary 6.2.15. Predicate logic is conservative over propositional logic.

Proof. Let D be a normal derivation of I' - ¢, where I' and ¢ contain no
quantifiers, then by the subformula property D contains only quantifier-free
formulas, hence D is a derivation in propositional logic. O

6.3 Normalisation for Intuitionistic Logic

When we consider the full language, including V and 3, some of the notions
introduced above have to be reconsidered. We briefly mention them:

o(u)

D
— in the 3F u is called the proper variable.
Jz p(x) o

0- .
— the lemmas on bound variables, proper variables and free variables remain
correct.
— cuts and cut formulas are more complicated, they will be dealt with below.

As before we assume that our derivations satisfy the conditions on free

and bound variables and on proper variables.

Intuitionistic logic adds certain complications to the technique developed
above. We can still define all conversions:

D [pa]  [we] D;

X D D .

V — conversion i vI ! 2 converts to vi
@Y1V 2 o o VE Dy
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D e(y) D
t 24 t
3 — conversion ﬂ_ converts to w(t)
Az p(x) 4 D'[t/y]
o o
e(y)
Lemma 6.3.1. For any derivation D' with y not free in o and t free for
o
o(t)
y i (y), D'[t/y] is also a derivation.
o
Proof. Induction on D, O

It becomes somewhat harder to define tracks; recall that tracks were
introduced in order to formalise something like “essential successor”. In
i 2 2 Tﬂw Ld we did not consider ¢ to be an “essential successor” of ¢ (the
minor premise) since ¢ has nothing to do with .

In VE and 3F the cancelled hypotheses have something to do with the
major premise, so we deviate from the geometric idea of going down in the
tree and we make a track that ends in ¢ V 9 continue both through (the
cancelled) ¢ and 4, similarly a track that gets to 3zp(z) continues through
(the cancelled) o (y).

The old clauses are still observed, except that tracks are not allowed to
start at hypotheses, cancelled by VE or 3E. Moreover, a track (naturally)

ends in a major premise of VE or 3E if no hypotheses are cancelled in these
rule application.

Ezample.
()] [¥(y)]
Azp(z) Jzy(x)
[e(y) Vip(y)]  Fwp(z) Vv Iry(z) Jzp(z) Vv Jzp(z)
(Fz(p(z) V ()] Jzp(z) V Izp(z) .

Jzp(z) V Izp(x)
Jz(p(z) Vv ¢(z)) — 3zp(z) V Iz(z)

In tree form:
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9 J10
7 18
4 5/ 6
2 3

The derivation contains the following tracks:
(2,4,9,7,5,3,1),(2,4,10,8,6, 3, 1).
There are still more problems to be faced in the intuitionistic case:

(i) There may be superfluous applications of VE and 3E in the sense that

“nothing is cancelled”.
D Y2

Le.in  3zy(z) o no hypotheses ¢(y) are cancelled in D’.

o
We add extra conversions to get rid of those elimination rule applications:

D D Dy

pVY o o converts to

o
if ¢ and 1 are not cancelled in resp. D, Ds.

D 124
Jzp(x) o converts to

g

if (y) is not cancelled in D’.

(ii) An introduction may be followed by an elimination in a track without
giving rise to a conversion.
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Ezample.
wlowp '
[¢] HAI (] MM
eV A" pAp
A VE
pAp
— AE
7]

In each track there is an A-introduction and two steps later an A-
elimination, but we are not in a position to apply a reduction.

We would still not be willing to accept this derivation as ‘normal’, if
only because nothing is left of the subformula property: ¢ A ¢ is neither a
subformula of its predecessor in the track, nor of its predecessor. The problem
is caused by the repetitions that may occur because of VE and 3E, e.g. one
may get a string of occurrences of the same formula:

D,
Jrip1(z1) o
Jzop2(x2) o

Jx3p3(T3) o

Exn‘pn (I’n) o

g

Clearly the formulas that would have to interact in a reduction may be
too far apart. The solution is to change the order of the rule applications, we
call this a permutation conversion.

Our example is converted by ‘pulling’ the AE upwards:

I
A A
.(p_f/\E u/\E’
\%
PV ® ¢ B
4

Now we can apply the A—conversion:

Ve [o [¢
77

VE
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In view of the extra complications we have to extend our notion of cut.

Definition 6.3.2. A string of occurrences of a formula o in a track which
starts with the result of an introduction and ends with an elimination is called
a cut segment. A maximal cut segment is one with a cut formula of maximal
rank.

We have seen that the elimination at the bottom of the cut segment can
be permuted upwards:

Ezxample. . ]
D D
o o
Jzpi(z) Yoo converts to Jzer(z) Y —o
yia(y) v—o voo v
Yoo () Jyp2(y) o
o o

(%]

D

o

and then to Y—0o P
Jrpy () o
Jypa(y) 4
a

Now we can eliminate the cut formula ¢ — ¢:

P
D
Azpi(z) o
Jypa(y) o
o

So a cut segment may be eliminated by applying a series of permutation
conversions followed by a “connective-conversion”.

As in the smaller language, we can restrict our attention to applications
of the L —rule for atomic instances.
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We just have to consider the extra connectives:

T
D
1
L can be replaced by —
VY 7
oVY
D
D
4
L can be replaced by —_—
o(y)
Jzp(x)

Jzp(z)
We will show that in intuitionistic logic derivations can be normalised.

Define the cut rank as before; but now for cut segments:

Definition 6.3.3. (i) The rank of a cut segment is the rank of its formula.
(i) d = max{r(y)|y cut formulain D}, n = number of maximal cut segments,
cr(D) = (d,n) with the same lexicographical ordering.

Lemma 6.3.4. If D is a derivation ending with a cut segment of mazrimal
rank such that all cut segments distinct from this segment, have a smaller
rank, then a number of permutation conversions and a conversion reduce D
to a derivation with smaller cut rank.

Proof. (i) Carry out the permutation conversions on the maximal segment,
so that an elimination immediately follows an introduction. E.g.

v v a
s ehy PNV
pAY S 4
pAY @
pAY 4
¢ ¢

Observe that the cut rank is not raised. We now apply the “connective”
conversion to the remaining cut. The result is a derivation with a lower d. O

Lemma 6.3.5. If cr(D) > (0,0), then there is a D’ such that D > D' and
cr(D') < er(D).

Proof. Let s be a maximal segment such that in the sub derivation D ending
with s no other maximal segments occur. Apply the reduction steps indicated
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in Lemma 6.3.4, then D is replaced by D’ and either the d is not lowered,
but n is lowered, or d is lowered. In both cases cr(D’) < cr(D). O

Theorem 6.3.6. Each intuitionistic derivation normalises.

Proof. Apply Lemma 6.3.5. a

Observe that this time the derivation may grow in size during the reduc-
tions, e.g.

]! ]!
pVy eVY eV e—o WP Yoo [y
o
pVY o 0
o
is reduced by a permutation conversion to
]! W w—o WP Yoo
pVy o o 0
pVy o D )
o
where
(] W ¢—o WP ¥voo
\% o o
_ ¥ (2 3
o

In general, parts of derivations may be duplicated.

The structure theorem for normal derivations holds for intuitionistic logic
as well; note that we have to use the extended notion of frack and that seg-
ments may occur.

Fact 6.3.7. (i) In a normal derivation, no application of an introduction
rule can precede an application of an elimination rule.

(ii) A track in a normal derivation is divided into (at most) three parts:
an elimination part, followed by a L part, followed by an introduction part.
These parts consist of segments, the last formula of which are resp. the major
premise of an elimination rule, the falsum rule or (an introduction rule or

the conclusion). .
(iii) In a normal derivation the conclusion is in ot least one maximal track.
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Fact 6.3.8. (i) In a normal derivation, no application of an introduction
rule can precede an application of an elimination rule.

(ii) A track in a normal derivation is divided into (at most) three parts:
an elimination part, followed by a L part, followed by an introduction part.
These parts consist of segments, the last formula of which are resp. the major
premise of an elimination rule, the falsum rule or (an introduction rule or
the conclusion).

(iif) In a normal derivation the conclusion is in at least one maximal track.

Theorem 6.3.9 (Subformula Property). In a normal derivation of I' -
@, each formula is o subformula of a hypothesis in I', or of .

Proof. Left to the reader. O

Definition 6.3.10. The relation ”¢ is a strictly positive subformula occur-
rence of ¥” is inductively defined by:

(1) ¢ is a strictly positive subformula occurrence of ¢,

(2) ¢ is a strictly positive subformula occurrence of ¢ A, ¥ A ¢,
eV YV, o -1,

(3) ¥ is a strictly positive subformula occurrence of Yz, 3x.

Note that here we consider occurrences ; as a rule this will be tacitly un-
derstood. We will also say, for short, ¢ is strictly positive in 1, or ¢ occurs
strictly positive in 9. The extension to connectives and terms is obvious, e.g.
“Y is strictly positive in 9”.

Lemma 6.3.11. (i) The immediate successor of the major premise of an
elimination rule is strictly positive in this premise (for — E,AE,VE this
actually is the conclusion). (ii) A strictly positive part of o strictly positive
part of v is a strictly positive part of p.

Proof. Immediate. O

We now give some applications of the Normal Form Theorem.

Theorem 6.3.12. Let I' + ¢ V 4, where I' does not contain V in strictly
positive subformulas, then 't or I' - 4.

Proof. Consider a normal derivation D of ¢ V ¢ and a maximal track ¢. If
the first occurrence ¢ V ¢ of its segment belongs to the elimination part of
t, then ¢ V ¥ is a strictly positive part of the hypothesis in ¢, which has not
been cancelled. Contradiction,
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Hence ¢ V 1 belongs to the introduction part of ¢, and thus D contains a
subderivation of ¢ or of .

o
®
Dy oV
D looks like Dy '
D1 VY
Dy VY
VY

The last k steps are 3E or VE. If any of them were an V-elimination then
the disjunction would be in the elimination part of a track and hence a Vv
would occur strictly positive in some hypothesis of I'. Contradiction.

Hence all the eliminations are 3E. Replace the derivation now by:

D/
D1 e
Dy @

Dy ¢
©

In this derivation exactly the same hypothesis have been cancelled, so
I't . a

Consider a language without function symbols (i.e. all terms are variables
or constants).

Theorem 6.3.13. If I' + 3zp(x), where I' does not contain an existential
formula as a strictly positive part, then I' b @(t1) V... V ¢(t,), where the
terms ti,...,tn occur in the hypotheses or in the conclusion.

Proof. Consider an end segment of a normal derivation D of 3xyp(x) from I.
End segments run through minor premises of VE and 3E. In this case an end
segment cannot result from 3E, since then some Jup(u) would occur strictly
positive in I'. Hence the segment runs through minor premises of VE’s. Le.
we get:
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(o] [51]
Dy D
a1 VB Jxe(x) Jzp(z)
as V (9 dzp(z) dzp(x)

Jzp(z)

Jzp(z)

Jzp(z) at the beginning of an end segment results from an introduction
(else it would occur strictly positive in I'), say from ¢(t;). It could also result
from a L rule, but then we could conclude a suitable instance of p(x).

We now replace the parts of D yielding the tops of the end segments by
parts yielding disjunctions:

[aa] (61]
D, Dy
o(t1) o(t2)
a1 VP p(t) Velts)  e(t) Velts)
az V B p(t) V (ta) ¢(t3)

P(t1) Ve(ta) V...V p(ts)

So I' \X/ w(t;) . Since the derivation was normal the various t;’s are
subterms of I or Jzp(x). O

Corollary 6.3.14. Ifin addition V does not occur strictly positive in I', then
'+ o(t) for a suitable t.

Corollary 6.3.15. If the language does not contain constants, then we get
I’ -Vzp(z).

We have obtained here constructive proofs of the Disjunction and Exis-

tence Properties, which had already been proved by classical means in Ch.
5.

Exercises

1. Show that there is no formula ¢ with atoms p and ¢ without Vv, L so that
F o prq (hence V is not definable from the remaining connectives).
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2. If ¢ does not contain — then I#; ¢. Use this to show that p — ¢ is not
definable by the remaining connectives.

3. Let A not occur in ¢, then ¢ - p and ¢ g (where p and g are distinct
atoms) = ¢ 1.

4. Eliminate the cut segment (o V 7) from

Ds
Dy o
Dy Jzipo(z) ovT [o] [7]
Jyer(y) ovT Dy Ds
ovT P P
P

5. Show that a prenex formula (Q1z1) ... (QnTn)y is derivable if and only
if a suitable quantifier-free formula, obtained from ¢, is derivable.

Additional Remarks:
Strong Normalization and Church-Rosser

As we already mentioned, there is a stronger result for natural deduction:
every reduction sequence terminates (i.e. <y is well-founded). For proofs see
Girard 1987 and Girard et al. 1989. Indeed, one can also show for > the so-
called Church-Rosser property (or confluence property): if D > D1, D > Dy
then there is a D3 such that D; > D3 and D3 > Ds3. As a consequence each
D has a unique normal form. One easily shows, however, that a given ¢ may
have more than one normal derivation.
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extended language, 65
extension, 104

extension by definition, 140

falsum, 7, 17

fan, 128

field, 85

filtration, 185

finite, 123

finite axiomatisability, 114
finite models, 113
first-order logic, 56
forcing, 166

FORM, 59, 108

formation sequence, 9
formula, 59, 146

free for, 64

full model, 146

functional completeness, 27
functionally complete, 24
functions, 56
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Henkin extension, 104
Henkin theory, 104
Herbrand model, 108
Herbrand universe, 108
Herbrand’s theorem, 143
Heyting, 156
homomorphism, 119
hypothesis, 30

idempotency, 20
identity, 79, 98, 173
identity axioms, 79
identity relation, 57
identity rules, 98
implication, 7, 16
inconsistent, 41

independence of premise principle, 168

independent, 46
induction axiom, 152
induction principle, 8
induction schema, 86
infinite, 123
infinitesimals, 123
interpolant, 48
Interpolation theorem, 48
interpretation, 68
introduction rule, 29
irreducible, 194
isomorphism, 119

Konig’s lemma, 127
Kolmogorov, 156
Kripke model, 165
Kripke semantics, 164
Kronecker, 156

language of plane projective geometry,

83
language of a similarity type, 58
language of arithmetic, 85
language of graphs, 86
language of groups, 83
language of identity, 81
language of partial order, 82
language of rings with unity, 84
Lefschetz’ principle, 126
Leibniz-identity, 151
Lindenbaum, 105
linear order, 177
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linearly ordered set, 83
Los-Tarski, 135

major premise, 190

material implication, 6

maximal cut formula, 196
maximally consisten, 105
maximally consistent, 43
meta-language, 8

meta-variable, 8

minimum, 82

minor premise, 190

model, 69

model complete, 131

model existence lemma, 103, 172
model of second-order logic, 149
modified Kripke model, 174
monadic predicate calculus, 89
multigraph, 87

natural deduction, 29, 90, 147
negation, 7, 15

negative formula, 164

negative subformula, 77
non-archimedean order, 121
non-standard models, 113
non-standard models of arithmetic, 121
non-standard real numbers, 123
normal derivation, 194

normal form, 194

normalises to, 194

occurrence, 12

open formula, 62
order of a track, 199
ordering sets, 116
overspill lemma, 122

parameters, 119, 193
partially ordered set, 82
path, 127, 197

Peano structures, 85
Peirce’s law, 27
permutation conversion, 203
poset, 82

positive diagram, 120
positive subformula, 77
premise, 29

prenex (normal) form, 76
prenex formula, 188
preservation under substructures, 135
prime model, 132

prime theory, 170

principal model, 149

principle of induction, 35

principle of mathematical induction, 86
principle of the excluded third, 29
projective plane, 84

proof by contradiction, 30
proof-interpretation, 156

PROP, 7

proper variable, 192

proposition, 7

proposition symbol, 7

quantifier elimination, 129
quantifiers, 55

RAA, 30

rank, 12

recursion, 11

reduces to, 194

reduct, 111

reductio ad absurdum rule, 30
reduction sequence, 194
relations, 56

relativisation, 77

relativised quantifiers, 77
Rieger-Nishimura lattice, 188
rigid designators, 166

ring, 85

satisfaction relation, 68
satisfiable, 69, 143

scope, 59

second-order structure, 146
semantics, 66

Sheffer stroke, 23, 27

similarity type, 57, 58
simultaneous substitution, 63
size, 39

Skolem axiom, 137

Skolem constant, 137

Skolem expansion, 137

Skolem form, 141

Skolem function, 137

Skolem hull, 142

soundness, 39, 92, 169
soundness theorem, 169
standard model, 86

standard model of arithmetic, 121
standard numbers, 86

strictly positive subformula, 207
strong normalisation, 210
strong normalisation property, 194
structure, 56

subformula, 9

subformula property, 199, 207

submodel, 119
substitution, 18, 39, 62
substitution instance, 65
substitution operator, 62

substitution theorem, 18, 39, 74, 161

substructure, 119

Tarski, 133

tautology, 18

TERM, 59, 108

term, 59

term model, 108
theory, 47, 104
torsion-free abelian groups, 115
totally ordered set, 83
track, 197

tree, 11

truth, 39

truth table, 15

truth values, 14
turnstile, 35
two-valued logic, 5
type, 57
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unique normal form, 210

universal closure, 68

universal quantifier, 58

universal sentence, 132

universe, 57

upward Skolem-Léwenheim theorem,
112, 124

valid, 146

valuation, 17

variable binding operations, 61
variables, 55

Vaught’s theorem, 126

vertex, 86

verum, 17

weak normalisation property, 194
well-ordering, 117

Zorn’s lemma, 43



