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CHAPTER 1

1.1 (a) #(p) = - pinp - (1-p) 2n(l-p) nats.
2
d 1-p . 1 d L
—_— = = T = e— d'—" = — < .
T 7 (p) = &n . 0 p =7 an dpzej?(P) i) 0
. 1
(b) 2 P H(%,) = p°log — + 1-p)1 L
2 )) =P gpz p(1-p)log = —s
2
1 2
a.a P + p(1-p)lo + (1- lo
11 p{l-p)log —1— (1-p) "log 2
p(1-p) (1-p)
il 1
a.a )- =2[ 1 = 4 " —
122 P(-p) ERLoEs- (1-p)log l-p]
% Pdp) = 2.2 ()
2
a,a, (1-p)
(c) 1) HGH = log 52 = 5.7 bits
ii) H@) = log 13 = 3.7 bits
" _3 .13 .10, 13 _ .
iii) H@) = 13 log + 13 log 10 .77 bits
(d) i) H(fair die) = log 6 = 2.58 bits
ii) P(k) = kC k =1,2,3,4,5,6
6 6
ZP(k)=CZk=1——-~—>c=z'.‘.
k=1 k=1

& x
== H(JZ[) =2-2—l-10g
k=1

21

1.2 Inequality (1.1.8) gives

i)

ne@d) .. aM'W)

< - i : o8\ es
"%E Py(u)log agzgy i ((SREEERRE NS

Choose Qu(u) z ﬁ- P(n) (u)

n=1

1
= %: Py(u)log P

o 2.39 bits

P ()

where



P(n)oﬁg =2 > P, (w) n=1,2,...,N.

1+n uy
are the marginal probability distributions. Then

H(‘7/(];) 50 ,OZ/(N)) f_ZPN(u)( % log —l——)
u n=]1

P(n)(un)

- 1
= Z(ZP (u) log —-——)
AT P ()

N
-2 (ZP‘“) (u)log — )
n=1‘y P(n) (u)

N
=3 na™).

n=1

ith lity iff P _(u) o - L
with equality i y e 'n;P (H")
n

1.3 (a) Given discrete random variables x,y € & x % with joint

probability P(x,y), we can define marginal probabilities

P(x) =ZP(X,Y), P(y) =ZP(x,y) and conditional probability
y X

P(y/x) = P(x,y)/P(x). Then using inequality (1.1.8),

H(% |2) 22,0, P(x,y)1og 1
el P(y[x)

: 1

=) P(x) P(y|x)log )
%“, (; P(y[x)

§ZP(x>(ZP(ny>1og %},))
X y

1
;2(}}{: P(X)P(le)) log 1)

H(Z). o))

(1)

Now fix N and consider sequences geﬁ?/N =9 x...xo?/(N) where

k
52/( ) =39/ is the alphabet of the ktP term in the sequence. Using

2



the relations

Pnlug, .. 00) © “1,...,“N-1) ER Lo
N
=TrP(un ul nl) P(U)
n=2 D O00p
we have
H(asy) = By p) + H(OZ/(N) u?;1)}{._.}{,2/@—1)) x
and ‘ 8 )
weg) = n(#fV)+ 3 H(@;ml,”u)xmx%m n) o
n=2

Note that from (1) we have

H(J <l) }?Zl(n-l))_{ (szn) OZ}Z)X. c .x@/(n—l) )
= H&éb-l)‘qél)x...qu(n_z)) (4)

where the second equality comes from the stationary property. Hence

(3) is bounded by
HGy) > (3

Using (5) in (2) gives

@}l)x...qu(N_l)) (5)

HO4) < B 1) + 3 H@L).
or 1 ) 1
N M%< 77 B ) - ©

Then
HOZ)  H@4)
n B k

for k < n.

(b) This follows directly from the proof of Theorem 1.1.1

when we define

S(N,e)

|

{E . 2—N[H+e] S-PN(En) §>2—N[H—e]}.

and use lim FN =0 from (1.1.31) to (1.1.33).
N->0



1.4 (a) 02 = E{(x—m)z} = E{(x-—m)2| |x-m| > e} Pr{|x-m| > €}

+ E{(x—m)zl |x-m| < €} Pr{|x-m| < €}

> E{(x-—m)2 |x-m| > €} Pr{|x-m| > €} > ezPr{lx-mI > el
N
Var{l EZ }
1 . 1y - Noa®
(b)Pr{g:ﬁz_zni Z+el <prily Lz - 2| >e¢) 5
n=1 n=1 &
2
X _©
N€2

N
s[): z - N(H+€)j|
. For ue S(N,€)+ we have 1 < 2 L , 8 > 0.
| —— - N

s[z Zn-N(H+€)]
FN*' =T ¢ T pyw2 "

ye S(N,e) . ue S(N,e)

N
s [Z z N (H+s)]

n=1
<2 Byw?
u

Hence,

N
ey

{Zs[zn-(me)]}

n=1
_ ,~NG()
where G(s) = s(Hte) - log E{Z"Z}.
& 1-s
= g(H+€) -log{z P(ak) }
k=1

and G(0) = 0.
Next note that

A
1-s 1
PO ELE Tow

.di(_s_)_ =H 4+ ¢ - =l
ds A 1-s
2, Blay)
k=1
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where

ds
$=0
and
2 A ‘) A 2
d 6G)_ _| 30, (a)(1o0g )_ >0 (a,) log
252 -t s ‘A P(a,) = s 3y P(a,)
<0

since this is negative of the variance of log i%ﬁ? with respect to
distribution

P(u)l—’
A

E:P(ak)l—s
k=1

Q (u) =

Thus, there is a unique maximum of G(s) for some 5*> 0 where

*
G(s*) > 0. Then we have F; 5_2~NG(5 ). Similarly we get
_ N2 **k -
FN <2 NGE(s™) where G(s**) > 0. Then
* %o kk
> = -NG(s™) -NG(s™")
= <
BT L IE 2 + 2

.6 Multiply the inequalities
log == < £(u) < log —0— + 1
Py(w) = 7~ = Py (w)

by PN(u) and sum over all gequ. Then

H(%N) < <L, > < H(JZ/N) e

N
But from (1.1.14), H(@VN) = NH(%) giving us (a) and (b). To show

< L(u) == 272 (w)

(c) note that in (a) the inequality log §%GY'— < P(u)

Hence we satisfy the Kraft-McMillan inequality,

Bet o @ =k
u u



The solution is best understood in terms of a tree diagram where
left directed branches correspond to "0" and right to "1". Each
node corresponds to a binary sequence so that code words can be

represented as nodes in a tree such as

0 =« -1

000 001 100 101 110 111

If node (a) is selected as a codeword of length 2, then in order
that no other codeword have 0l as a prefix no nodes that branch out
from node (a) can ever be selected as a codeword. Hence we can ter-
minate the branching at this node. Thus uniquely decodable codes
with the property that no codeword is a prefix of another codeword
corresponds to nodes in a tree where no codeword node branches out

2 2, be the

17 “ps sty
A :
set of codeword lengths where £ 2o < 0o £ 8,. If E 2_52'1 =1
i=1

from a shorter codeword node. In general, let %
<

I = "2 A

then we can easily find such a code with these lengths where all

branch paths of the code tree terminate in a codeword node. If
A

2: 2“5Ll < 1 then some branch paths can continue forever without

i=1

encountering a codeword node. Let §1 be any node sequence with Kl



branches leading to it and denote it the first codeword. There re-
main 2£l—l unterminated nodes at the same level that can be a code-

word or a prefix of a codeword. If Rz = 21 choose any one of these

remaining nodes as the codeword node of sequencelgz. I3 22 > 21

then use any one of these as a prefix and proceed along any 22 - 21

additional branches to find a codeword node of EZ' There now remains

(er_l) 221“21

-1 nodes at the level KZ that can be a codeword or a

prefix of a codeword. Continue in this manner until XA is selected.

If at any point this procedure cannot be completed because of no

A

remaining nodes then z: 2—Ri > 1, which is a contradiction.
i=1

1.7 (a) (25 %) = P log 2Xr.x) _

1.7 (a) (25 %) ZE 7,0 108 534 G

_ZEP(y x)log ZZP(y x)log——(;l—y—

: V
H(Z) H(.'Zl”l &)

-

But H(Z'|#) > 0 (see 1.1.9) so I(X;%) < H(Z) and by symmetry
(%) < H(%).
(b) Use P(x,y) = P(y)q(x|y) in

1
H Q", = 5 P = B
(X, %) E:%:P(x y) log P(x,y)

1 1
§§P(x’y)1°g PG " };?P(X’ynog aGx[y)

H(%) + H(Z'|%).

1.8@gq 0o e © 0 P(0) = q(l-p)
P E P(E) = P
1-q 1 1-p o1l P(1) = (1-q)(1-p)



. - " 1P P - P
(A5 %) = q(1 F')l°g(q(1—‘p))+ qp log (P)+ (1-9)p log(P)
‘ 1-p
+ (1-q) (1-p)log (m)
= (1-p)#(q)
q = %-maximizestzf(q) so C = 1-p.
®aq 0 o V2o 0 p0)=2%4
1/2
1 s
l-q 1 o— o 1 P(1) =1 - 2 4
1 1
I(a;%) = -]2; q log lL +%q log -]—_2—- + (1-q) log ll
7 ¢ 2 e

1 ' 2
log = + (1-q) log {=—
G (1-q) g(z_q

& raia) =Liog (29 1-0=>q=2
5
Hence C = log Z

1.9 Since the encoder keeps sending the information symbol until an
unerased channel output is achieved there is no error and Pe = 0.

The probability that n channel symbols are transmitted for an infor-

n-1

mation symbol is Pn = (1-plp . The average length of a codeword
is thus - o
-1 1
L= nP = n(1l-p) P
r?:‘l B nz—:l 2 Lp

Thus R = %—= 1 -p bits per channel use is the rate which also equals

the channel capacity (see problem 1.8a).

. oy o !
1.10 There are two coins Cl and C2 where P(HICl) A and P(H|C2) 4

Here Q(Cl) = q(Cz) = %'are the probabilities of selecting each coin.



1
We can interpret this as a BSC with p =73 s follows:

i 3/4 pegn |
2 C1 o] 172 o H P(H) = >
1/4

1 3/4 21
2 C20 O’Il P(T)_z

Y = 3/4 _ 3 4;

(a) I(Cl,H) = log 12 = log 2 bit
. _ 1/4 _ N .
I(CZ’H) = log 172 = log > 1 bit

®) I@X;%) =1 —x(%) bits.

1.11 (a) There are 13 ways one coin may be heavier, 13 ways one coin
abmted

may be lighter, and the possibility that all coins weigh the same.
Thus we are attempting to determine one of 27 possible situations
using a balance and a known standard coin. We are thus asked to ob-
tain at most log 27 = 3 log 3 bits of information on the average.
Each weighing has 3 possible outcomes (left, right, balance) and
provides at most log 3 bits of average information. Two weighings
has 9 possible outcomes and at most 2 log 3 bits of average informa-
tion. Three weighings has 27 possible outcomes. Clearly two weigh-
ings cannot guarantee determining one of 27 possible situations
while with three it may be possible.

(b) The maximum amount of average information from three weigh-
ings is log 27 which is achieved if all 27 weighing sequences are
equally probable. This means that we must choose a weighing strategy
where the outcomes of each weighing are equal probable and each

weighing outcome is independent of other weighing outcomes. Clearly



each weighing must reduce the number of possible cases by 1/3.
Strategy: Let S denote the standard coin, C denote a coin that can
be heavy, light, or normal, h denote a coin that is heavy or normal,
and 2 denote a coin that is light or normal. We start with 13C and
an S.

1st Weighing: Set aside 4C and place 5C on the left pan and 4C + S

T Balance => 4C remain

Left => 5h, 4% remain
Right == 5%, 4h remain
5C 4C + S

Note that for each of the three possible outcomes we have 9 remain-

on the right pan.

ing unknown possibilities to be resolved with two more weighings.

2nd Weighing When lst Outcome is Balanced: Of the 4C set aside C

and place 2C on the left and C + S on the right.

f

Balance => C remain
Left => 2h, £ remain

Right = 2%, h remain
2C C+S5S

Note that here each outcome leaves only 3 remaining unknown possi-

bilities to be resolved with one more weighing. The third weighing

given the 2nd weighing outcome is as follows:

10



(i) Balance: Place C on the left and S on the right.
(1i) Left: Place h on the left and h on the right.
(iii) Right: Place & on the left and % on the right.

2nd Weighing When lst Outcome is Left: Of the 5h and 42 remaining

set aside h + 2% on the left and 2h + £ on the right.

f

Balance => h, 2% remain
Left ==> 2h, £ remain
Right == 2h, £ remain

2h + 2 2h + &

One more weighing easily resolves the 3 remaining unknown possibili-
ties by placing the same type of coin on the balance. That is, if
2h, 2 remain then place h on the left and h on the right.

(¢) Without a standard coin we cannot always reduce the number of
unknown possibilities by 1/3 with each weighing. This is a neces-
sary requirement.

1.12 Using (1.1.8) we have

Py = 1 o s =
Hi(u?/) —zu:Pi(u)log Pi(u) _{?Pi(u)log Px(u) , 1=1,2.

Hence AHl(QV) + (1-)) HZ(QV)

| A

1
N l:)\Pl(u) + (1-)) P2(u)j\ log N

u

1
= ?Pk(u)log W = H, (@).

2
L YR
2
. 1 20
1.13 Let F(y) = e Y . Then (1.1.8) gives
\/2 2
™o

y

11



o] o]

/P(y)log -P—%;)— ff’(y)log -,:—- dy fP(y) {—l— log e + l1og (Zno ﬂ
y

s P&

=1 1 2y_ 1 2
= 21og e + 21og (2ﬂ0y) 21og (2neoy)

with equality when P(y) = ﬁ(y) or y is a Gaussian random variable.

For the additive Gaussian noise channel we have

_ x)?
202

1
y|x) =——e
P JZHOZ

With input probability density q(x), the average mutual information

is

o - [ p 1
(A5 %) oo_/'P(y)log 1) dy /q(X){fp(ﬂX)log PO dy} dx
But

[o¢] oo 2
- 1 2
-;/(%(le)log FY%T;Y dy =./rp(y|x){£§;§l— ot Eiog (2mo )}dy

= %1og (Zﬂeoz)

Using this plus the above bound we have

I(a; ) f_%iog (2ﬂe0§) - %10g (2ﬂe02)

with equality if and only if y is a Gaussian random variable. It is

Gaussian if

2
= 2
qx) = ——e 2¢
Vv 2né&
2

with the result that 05 &+ 0. Hence

2



2
g

which is channel capacity.

1.14 From problem 1.6(b) we have inequalities

- log PN(g) 5_2(5) < - log PN(g) + 1.

Thus
- log Py(w) .
2(u) -
and
- log P () (u) -1
L(w) = (W L(w) — log Py (w)
But
P (u) = . P(u ) < ) = p(u*)N
x i u <TT P = P(u
n=1 n:l
and
log Py (u) < N log P(u”)
Hence
- 1 . - loi(P§(g) o
N log P (u*) £
and
1y — = Hy < 1.
N log P(u®)
- log Py(u)
If H. = 1 for all N then —m—m—————=1 for all N.
N 2(u)

Hence PN(g)= 2—1(9) for all N which is possible only if PN(E) = Z—N

and the source is a BSS.

13



1.15 For u € S(N,¢),

N[H(%) + €] < 2(u) < N[H(%) + €] +1

and
N[H(%) - €] < - log P (w) < N[H(®%) + €]

Thus for u € S(N,¢),

N[H@) - €] 108 By(W

= log Py (u)

(1

(2)

: <1
1+ N[H(%) + €] — 2 (u) -
For u € S(N,¢),
N log A < f(uw) <N logA+1
and
- N log P(u*) < - log PN(g) < = N log P(u*¥)
where P(u**) = min P(u) > 0. Thus for u € S(N,g),
S
- N log P(u®) < - log PN(E) < =N log'P(u**)
N logA+1 — 2 (u) = N log A
Define FN = Pr {g € S(N,e) }and using the form
H =EP W |~ log PN(E)
NG NI\~
- log P_(u)
N ~
Enew (), 2 e
ue S(N, &) Y€ S(Ng)

we have from inequalities (1) and (2),

*
HN>M(1_FN)+—N1°gP(u)F

— 1 + N[H+e] Nlog A+ 1 °N

*
__H -~ el (1_FN) £ = log P(ul} F
H+ ¢ +-§ log A +'§

N

m;I;g since R— 0,

N = o

14
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and

- N log P(u*) A
N log A N

< Q-F) +

=a

1 - F. - log P(u**)
N log A N

Hence for any £ > 0,

H-¢€
< lim <1
H+ € = e HN =
or
lim =1
N—rooHN

-] —

15



CHAPTER 2

2.1 (a) ] ; | The noise compo-
Xl * Xga”‘ X3{ X4 nents in the per-
l
— __*__~.I___ _— e ~4. — e pendicular coordi-
l l nate directions are
a3 =%
Xs! Xe X7| Xs
L % ; ) | 1 L independent with
T T ] T -
-3a | -a a ! 3a variance NO/Z.
X, | Xat X | X
9 | 10 11! 12 Let q = Pr{n>a}
SR _r —_— 4_ —_—— -
x -Q\/—Z—a)
X | Xat X, X I\
13 14 15 16
| o) l . i &
a o) L3 oo &
av 16 i1 i
= lOa2
2 =
P, =P, =P, =P = Pr{n,<a,n. <a} = (1-q)
© %% Ci3 C L
P, =P, =P, =P =P =P, =P, =P =Pr{n <a,-a<n.<a} = (1-q)(1-2q)
C2 C3 C5 C8 C9 C12 C14 C15 1 2
2
P, =P, =P =P = Pr{-a<n <a,-a<n,<a} = (1-2q)
C6 C7 ClO Cll 1 2
Hence
it 2 2
P = 15 [40-9)% + 8(1-q) (1-2q) + 4(1-20)°]
l,[ 2 2]
=% | -9)" + 2(1-q) (1-2q) + (1-2q)
1 2 _ (2-39)? 3 )2
- 7 [ao+ a2 = (B2 - (1-24
and

a9 2
Pp =3¢ -74q

(b) Rotation and translation does not change PE'

16



(b) Am = {Z:llx’x_,mlllz < llz-§m“ fFor Q“ h\.#Mi m = 1’2,"'97 are

the optimum decision boundaries. We have

s = {y: H:/_-zcmll2 < VE2Ye A m=1,2,...,7.

Hence
PEm - Pr{ziAm|§m} < Pr{z¢5ml§m}
<
_ 2, 2 é”}_ Y
= Pr{nl+n2 > i e 0 =1,2, 57/
L 1 '_(15_
PE=—7' PE e 0
m=1l m

17



2.3 PE < 2: PE(Eﬁm‘) where
- m m'+m
(ot Q(|l§m-_m|||> . .
P (mrm?) = |8 ere we have
£ \/ZNO
|’§1"§ml!l =v4§_ m' = B0 a6 54

l'§2_§mlll = VCé— m'" = 3,7

[18,=S0 1] = V3& ' =46
lIs,=sa || = 2v& o =5

Pp 2 X2 1"1~:(1*”")=6Q( 2(1\?)

17
0)+a< ﬁf)

PL < 2 P <2+m)-za(\/2‘;~)+ za(\/h

2 l+2 0.
By symmetry P =P =P =P =P =P <P
E2 E3 E4 E5 E6 E7 E1
Hence
(o3
P <P <6Q( )
E El 2N0
_ &
4N
From problem 2.2 we have PE <e 0 which is "exponentially" the

same since Q(x) is bounded as shown in (2.3.18).
= 1 L
2.4 (a) Choose ¢m(t) =T xm(t) m=1,2,..., M as the orthonormal
basis. Then x__ = v4§é m,n = 1,2,..., M and ||x Ilz = & for all m.
mn mn -m
The decision boundries become

2 2
Am = {Z:'!IZ-x_ml| <l]Z—§m,|l for all m'4m}

{y: (y,x )>(Z,x ) for all m'+m}

. ' 2
{y: Y, >V for all m 4m} m=1,2,...,M.
Hence by symmetry,
P.=P, =1-P =1 - Pr{yl>ym for all m+l!§l}
18



(b) Given x, was sent we have probability density functions for the

i
independent random variables Yi» y2,...,yM given by

_ g-ver:
N
1 0
p. (y) = e
y1 VﬂNO 2
o
p. (y) = 1 e 0 m= 2,3, ,M
ym Vv ﬂNO

Hence
Pr{ym<yl for all m % l|§l}

o]

=fPr{ym<oL for all m+l|}~<l,yl=a} py (o) do
i

-00

(¢) Using & = (?blogzM, the fact that as € gets small 1In(l+e)

x2/2

behaves as £, and Q(x) behaves like e

lim ln[l— a(x+,/2é° logM/N )}M'l
e b 0
1im (M-1) 1nl:l- Q(x+,/2 é"blogM/No )]

for large x,

Moo
= -1lim M Q(x+,/2 é"blogM/NO)
Moo
1 2
= -lim M exp {- 7 x+ 2 eblogM/N0
Moo
£blogM
= -1im M exp < - ;—_Tf—__
Moo 0
y- ‘o
N01n2
= -1lim M
Moo
&
- o 5 ﬁh- < 1n2
- 0
&
0 { ﬁh > In2
0



Hence

&
0 o Tl In2
M-1 Yo
lim | 1- Q [(x+V/2&/N =
0 é%
Mpeo 1 3 = > 1n2
N
0
But
Pr{y _<a for allm#ihﬁjyl al
M
= TT-Pr{ym<a|§1}
mz=2
M-1
)
N0/2 ,
. _ (o= V€&
ence - M-1 N
a 1 0 d
P_=1 -f I: -Q } —— e o
-00 - 2
X
1 T2 7& \1'51
=1 -— e P:—Cl(x-k N :] dX
V 2m =eo 0
2.5 (a) K= 1= % =,/&/2 [1 1], %, = V&2 [1 -1]
1
and (x1,~2) (&/2) [1 1] [ ]= 0.
-1
Let Qéfi denote the ith row of ’HK—l and hK the i et row of HK 3
The codewords of length M = 2K are given by
e K-1
(1) (1) (1) (+2" 7)) _ [, (1) e
[ 1 on)| and b - [~ Do), am1,.,2

H

or

Suppose(héli, héii) 0

Then

héii héf), (Ji ~(fi) =0 foralli$j<

and

(€5 (

a

(3 i)
(bK—l B-10 Bxo1 &g

114 4§ < 21

) = 0 for all 1, j <

20

A
N



yields
(13121) r}éj))=o for all 1 4 j < 2K .
(b) Note that (héi), béj))= (?61j. Hence 1f we subtract the 1°°

product term of this inner product we have

(e -

(&),%,) = gajk—g/ml B
& .

“wTTwmTo itk

(c) Let a =y/&/M [100 ... 0]. Then the orthogonal signal set
{béi)}and the simplex signal set are essentilally related by a simple

translation of the signal set given by,

LT géi)— S O T S

(Since the FBt component of %

WD

~

1 is always "0" we can ignore it.) This

means the error probability of the orthogonal signal set of energy

M
£)=(§'(ﬁ:I) is the same as the error probability of the simplex signal

set of energy &'.

M
(d) Let W = Z %;- Then,
i=1
osww=YX% (x4,%,)
13 L
-3 (x,,%,) + 20 (x,%.)
T T
=M&+ zi,h (:Si,x )

or

21



or 1
1 2 2(x5%) > -7

= —
EMM-1) i3y 4

(e) Let z Zy be an orthogonal signal set of energy & .

ZysZgsee s
Then (gi,gj) =(§GiJ

Let

:zlr—-

M
Zu

and consider the translation set formed by

Zi = Ei - §
Then
Gi0¥5) = (§i‘§’éj'§)
= (51’53) = (z ,a) - (z a) + (a, a)
- ésij - aé/M - a&/M + o &/
(d§(1—2a/M+a2/M)
T2
lé"(cx -2a) /M
Choosing
&€ and o to satisfy the equations,
& 2
&€ = & (1-20/M+0° /M)
and

2
&p =& ~20) /M ,
yields a signal set {yi} with the same energy and inner products as
the signal set {gj}. It then has the same error probability and

& _ & (1-p)
PE(NO ’ p)_PE( No 7 O).

W : _%
2.6 (a) h(t) = 1 1wt oo le 1 eJﬂWt-e jmae _ sinmWt
. 2 w e Y= 2mw i1t Wt
-TW
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z(t) y(t) v(5)

= h(t) o \W
€=
y(0 = [ -0z ar < fSRHED] , 4
0]

(o]

and y(ﬁ) =/°-° sin[TrW(% —T)] A =fz(t) sin nw( ﬁ)]

W n o
0 “w(ﬁ ’T) 0 ( "W
(c) In Figure 2.9, y(t)@zn(t) is integrated over [(n-1)T/N,nT/N]
where V2 sinfmi(e- 21]
<I>2n(t) = o sin u)OT c
W (t- W)
Thus B nT/N sin[ﬁw(t _ %)] .
Yon —f y(t) \/Z_Sinwot o dt .
(n-1)T/N “W (t - W)

Replace the integration over [(n-1)T/N,nT/N to [O, °°) we obtain

5§ sin[ﬂW(t - =
Von fy(t) ﬁ sin Wyt

n
0 TTW(t —ﬁ)

which is the process in Figure 2.11.

dt

Ei (a) Here y(t) = ynq)n(t) where ¢>n(t) = /2N/T sin wot for (n-1)T/N

<t< nT/N whereas we compute

nT/N
v = [ 3 ehoa
(n-1)T/N

where

0! (£) = V2N/T sinlw +iw) (t-(a-1)T/N) + ¢],

(n-1)T/N<t<nT/N.
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T/N wOT
Using.//.cos[(2w0+Aw)t+¢]dt = 0 since — >> 1

N
0 nT/N
we have y:l v, _/(on(t) g (t)dt
(n-1)T/N
nT/N
v, f (2N/T)sin we sin[ (W +Aw) (t=(n=1)T/N)+o]
(n-1)T/N

T/N

Y J/”(ZN/T)sin wot sin[(w0+Aw)t+¢]dt
0

T/N
yn(N/T).)/ﬁ{cos(Awt+¢) - cos[(2wO+Aw)t+¢]}dt
0

T/N
yn(N/T)/Z cos (Awt+¢) dt

0
T/N

yn(N/T)J/ﬂ {cos Awt cos¢ - sin Awt singldt .
0

We assumed here that wOT/N is a multiple of m. Also since AWI/N << |

12

we have sin Awt = 0 for 0 < t < T/N .

Hence T/N
Yr'l = yn(N/T)coscb /cos Awt dt
0
_ sin (AWT/N)
= ¥, cosé ( (AWT/N) )
(b) Here nT/N
Y;n = ~//‘Y(t) V2N/T sin(w0t+¢)dt

(n-1)T/N

24



nT/N

‘ -
Yon+l v//Qy(t) vV2N/T cos(w0t+¢)dt
(n-1)T/N
where
y(t) = X2n ¢2n(t) M *on+1 ¢2n+1(t)
nT/N
v - !
Thus Yon = %on ~//.(ZN/T)sin wot 51n(w0+t¢)dt
(n-1)T/N
nT/N
+ x2n+l.)/.(2N/T)cos Wyt sin(w0t+¢)dt
(n-1)T/N
nT/N nT/N
S XZn(N/T) fcoscp dt + x2n+l(N/T) /sin(b dt
(n-1)T/N (n-1)T/N
= xzncos¢ i X041 sing
Similarly
' ot .
y20+l = x2n sing + x2n+lcos¢ .

(c) The four possible phases are given by

SRR NGRRGN)

Suppose X, =\A§, Xynt] = 0. Then the signal components in the ob-

servables become yén =V&  cosp, y;n+l =Vﬂ§; sin ¢ .
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The error probability is the probability that the noise components

cause the observable vector to lie outside the correct decision re-

gion. Hence
98 T g e {nl < dj, m, < dz}
=1 - Pr {nl < d } Pr {n < d2}
2 2
{ ( N :][ sy
> 2 2 _ 2
= Q(J;O d1)+ o(*/;o dz) Q(J;O dl)
2
a2 0)
- 2& ul 2¢ T
- affEes(3-4)) - @ (ffem (3 9)
- ofE () - alFen o)
0 0
2.8
¢S (a) The boundries
/

p )( >\ )( of the optimum de-
cision regions are
shown as radial

X X
5 ,, SEs——N _— lines. Each deci-
A/ : Ny sion region is a
/ /\/ > : \" q)c gion
/ £ / I ™
: cone of = radiams.
S/ y / 8
)< 7 )] 3 -~/
X/ 4 e 4 s
/)(/ 7/ 2 &
72 ) /
/\ ’ >/ / X///



(b) The distance from any signal vector to the boundary is d = V&

sin(m/16). Suppose x =(\ﬂ§,0) is the tfansmitted vector and ny and

~

n, are the two noise components that are perpendicular to the two

2

nearest boundries. Then an error occurs if the event {nl > d}

\){nzlz d} occurs. Hence

P, = Pr{{nl > d} LJ{nZ > d}}
In general ny and n, are not independent. However we have the bounds,
Pr{nl >d} < P, <Pr {n1 > d} + Prin, > d}
or
< <
P __PE < 2P
where
P = Pr{nl.z d}

No

Q( 25 sin(ﬂ/lé))

is the probability that the noise forces the observation vector to

lie in the shaded region above.
(c) 1In problem 2.1 the average energy is € = 1Oa2 or a = V& /10.

The error probability is

g
=
] I
w w
O o
—_~ —_———
2 v
ENEEN
& O\/
L'L\n |
~ |
N
J O
=)o —_——
O “é’l%
/—\ (o]
N —————
c?h%
~
g
v}
-
N—

which is generally smaller than P = Cl( ﬁg-(.20)>.

Hence the signal set of Figure 2.12(a) is superior to the set of

Figure 2.12(b).
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2.9 (a) Before quantization the random variable y has conditional

probability density 2
(y-a,)

F(y |ak) =

V nNO

The transition probabilities to the quantized outputs bl, b2, o Ol

b, are given by

8

p(ylay) p(vla)

- (OO. ét’ o B
2

P(bjlak) =J/. (ylak)dy k=1,2; j =1,2, «co, 8.
14
]
where

G.j 3 43- ja J = 1’2’000’7
Bj = 5a - ja 5 B Zndlp s g
a8 = < o Bl = oo

(b) Let x = (xl,xz,...,xN) be any sequence of N symbols from {al,az}

and z = (zl,zz,...,zN) be a sequence of N quantized outputs where

z E{bl,bz,...,bS}. Then the maximum likelihood (optimum) estimate

29



of x € E= {31,52,...,?&4} is given by

WD
n

-1
mgx PN(§|>_5)
-1 X
= mgx IHlP(zn|Xn)

N
_ -1
— mgx log ;[l_:['lP(znlxn)

- N
max Z log P(znlxn)

~ n=1
-1 N
= min E Y(znlxn)
& n=1
where Y(z[x) = -~ log P(z|x).
2.10 (a) Let u(z) = 15 220
0 ; z<0

Then if u(z) < f(z) for all z, we have
Pr{z>0} = E{u(z)} < E{f(2)}.

(b) Since u(z) < eP® s P> 0 for all z

Pr{z>0} < E{e’*} , p > 0

(c) Note that

PE(m-rm') Pr{z(z[xm) > 0}

E {e"z(le‘m)}

| A

I

Pz (y|x )

- 8 PN (Z lg:-{m)

2
y
2 [l eyl Pty w
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P 1-p
==§: P lzp)” Byly x)) » >0,

(d) Let p = =1 - p in (c) and we have

N

Ppmnty < 50\ By Qlag) Py@ley)

b4
(e) For X = 00 ... 0 and X = 11 ... 1 we have
1 = Il oqo 4L
PelEy) = R
0 0 , elsewhere
o oy, (N-w(y)
PN(Z|§m) p 2 -p) %

where w(y) = # of "1" in y. Hence the Chernoff bound is

~

PoGmom') <p L 0> 0

The bound is minimized by maximizing (1 - p) or letting p = O.

Then PE(m+m’).i PN. The maximum likelihood rule is simply: choose
X if y =11 ... 1; otherwise choose X Then an error occurs

only when X is transmitted and y = 11 ... 1 is the output which .

occurs with probability PE(m+mt) = PN. The Bhattacharyya bound is

PE(m-*m') i" FN = F%.

P
BT @) bl jild |k PhaniGR=N [P
e ~ I -~ ~K o~
Cr g
Here
0 1 1| 1000011
0" 161 e3 0100101
P = =D G =
- 110 ~ 0010110
i "2 = i 000111 %!
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(b) Rows of gT consist of all ZL_K possible binary sequences
except the all zero sequence. The rows of gT having more than a
single "1" form the rows of the matrix P. Then G = [E B] is the
generator matrix.

(c) Let h, be the ith row of HT. Then v = (v, v, ..., V_)
~i L o 1 2 L

~

. . T .

is a codeword if vH = 0 or E Vn hi = 0. Since no two rows of
; h by e = =

H™ are the same, v must have weight of at least 3. Since the sum

of any two row vectors of HT form a non zero vector which must also
be a row vector of HT we see that there are 3 rows that sum
(modulo-2) to O. Hence d ., = 3.

p min
2.12 (a) 1If £b is the energy per bit then for K bits there is a
total of éBK units of energy. If L = 2K binary symbols per code-
word is used then each binary symbol has energy é% = ébK/L. The

BSC formed by hard quantizing an AWGN has transition probability

-

1l; if an error occurs in the i symbol

€ =
Let i 30; if no error occurs in the ith symbol

Then E{ei} =p , E{€§} =P , and Var {Ei} = p- P2 = p(1-p).

Since {Ei} are independent for
I
T1=E€i
i=1

we have

L
E{n} = 3 E{e.} =Lp

i=1
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and

Ik
Var {n} = Z Var {Ei} = LP(l—P)

i=1
(b) Keeping @@6 fixed, as K increases /ES. = gbK/L decreases.

For small x we have from

© £
Q<x>=[i_e T
x V2w

2
_ e
2

and

d 1
= Az = - —e
dx /2-1?

The expansion approximation

Q) T Q(0) + -0 | x
x=0
or
Q) Tk - = x
V2
Then
26 K &K
b b L
E{n} = LQ >~LI/-\/ >~—
(NZK ’ ﬂNOZK 2
(o}
and
2& K 2& K
b
var {n} = 1q{ [—2 |[1 - q ——]
(NZK N 2%
o
e K K
~L(‘/5— % )(ls+ % )
K J\”® K
TN 2 mN_2
up
4



(c) (2.10.14) can be expressed as

Pr{n > (d_, + 1)/2} , d ;, odd
P L
e =
Pr{n = dmin/z} s dmin even
or
Pp < Pr{n > dmin/Z} » d_; ~odd or even.

Using dmin = L/2 for the binary orthogonal codes of (a) we have

P < Pr{n > L/4}.

(d) The Chebyshev inequality gives

pr{|n - E{n}| = €} < %ﬂi
€
or for large K,
Pr{|n - L} > L/4} < L4 _ 4 _ 5~ (K=2)
’ wa? T
Hence
Pri{n < L/4} = Pr{n - L/2 < - L/4}
< Pr{|n - %-| > %}
. 2—(K—2) . -
Hence
Prin 2 L/4} 52> 1
&
2.13 (a) Let x = = B
(o]
’ s\2
—a —1/2 y- ..._S.
P_(-2) =f 2. ( N ) dy
— /0T
e @Eg)Z
0 1 —'i(y VNO
.[; v < dy =P,(2)
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Po (+1)

P0 (+2)

(a + x)
V2T
2&
S
No dy

2&
a -%(Y"" N—s
= — e o
o m
u2
a+x =%
= — e 2 du =f
x V27 p'e
2
o _u
[ A e 2 du
+x V2T
Q(x) - Q(x + a)
268
a —%(y- N—S
=] — e o

2
x _u o -
'—:l‘ Le?'du= ie du -
-a V21 x-a v2m
2
/°°1 ‘%
— e =Q(x - a) - Q (x)
X V2T
28 2
s
. L
a/27r
2&
-a _ ; s
= i %(y +~/N g
f., e 0 dy
V2T
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2

u
x-a -
=f —Lezdu=l—Q(x—a)
o /27

(b) d = -1n2[/Po(2)po(-2) + /Po(l)Po(-l)]
= -1n2{\[1-Q(x-a)]Q(x+a) + J[Q(x-a)-Q(x)][Q(x)-Q (x+a) ]}
For é;/No = 2 we have x = 2. We find "a" to minimize
f(a) = W[1-Q(2-a)1Q(2+a) + N/[Q(2-2)-Q(2)1[Q(2)-Q(2+a)]
by solving Q%éél =0 .
2.14 (a) Since X1s Xy» -» Xy are orthogonal the noise in the 2M

CLIEETRE IS Y1e> Y1s® Y2c2 Y252 v Yye YMs are independent.

Since we have noncoherent detection let yh =,JQ§£)(in + y2 )
o

ms

m=1, 2, ..., M. Assuming Xy is sent then

Py, lx) = v, expl-G7/2) = @M)] + T (V2EIN, y,)
and
POzl = 5 exp(—yfl/Z) m=2, ..., M

The maximum likelihood decision rule is simply: choose Xa that

corresponding to the largest YV, ™= 1, 2, ..., M. Hence

d
|

=1 - Pr{y1 >y~ forallm= 1|xl}
o0
1 'fP (yllxl) Pr{ym<yl for all m = 1lx1}dy1
0

71

1 -f opo(y1|xl)[f

0 0

M-1
p(y,[%)) dyz] dy,
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Y y1 M-1

0 0
(b) Here
Yl y —y2/2 —}’2/2
oy lxay, = [(Lye 2 dy,=1-e '
2 111 2 2 2
0 0
(c) Using the binomial expansion
2 M-1 M-1 2
-y;/2 . ~ -jys /2
(l—e 1 ) =E(—1)J(M.l)e L 5
3=0 ’
2 M-1 2
-y, /2 M-1 . B -jys/2
1_(1_8 1 ) =Z(_1)J+1(Mjl)e 1
3=t

and the integrai

©  _ii1)o2 .
fyle-(aﬂ)yl/z 1 (ARTRy )éy, _ 1 6/GHNo

J+1
0
we get
M-1 . &/ (F+L)N
_ _ ~6/N ¥l /M- 1) 1 0
PESBE ° XD < j ) 341 ©
J=1
e 1%
- oMo 3 DY (M) E/3N,
=2 "\

S



2.15 (a) Define events Am =

{ym >y}

Then
Pr{ym >y for some m = 1lxl}
M —_—
=Pr{ v Alx.}=1-pPr{n A %, }
- 1 ., m'T1
= m=2
M _ g2 |41
=1 -7 Pr{a |x,} =1 -{1 -7
= m' ] \
m=2
M
Certainly Pr{u A |x } <1 and also
m' 1
m=2
M M
Pr{ E Am[xl} < ZPr{Am]xl}
m=2 m=2
2
= M-1) eV /2
Hence

2 M-1 2
1-(1-e"y /2) < min [(M-l)e‘y /2, 1] <1

IA

and for 0 < p 1

2
min [(M - 1eY /2 . 1]

(b) Note that

o

IN

A

2 p
{min [(M - 1)e_y /2 s l]}

2 p
{(M - 1e” /2}

PE =J/~ P(Yllxl) Pr{ym > ¥y for some m # llxl}dyl

0

0

38
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=f p(yllxl) {l = (1 - e_y /2> }dyl



e}

- 2/2
sf p(yl|x1) ™ - l)pe 24 dy

2 i
S
= (M - 1)p e—évNoi!;le 1 Io(/QéVNoyfdyl
e 1)0 e—éo/No 3L | eéb/ (1+p)Ng

1+p

IA
Pany
2
|
'.—I
g
©
(0]
"
ho]
|
e [G'a
N
'—l
+|o
o]
]

(¢) Although the signal phase is unknown, it is constant
during the signaling time. As signaling time increases our know-
ledge of the unknown phase increases and it can be estimated with
increased accuracy. The maximum likelihood detector incorporates
this knowledge so that in the limit of large signal energy (and
corresponding signal duration) the noncoherent performance

approaches the coherent performance.

2.16 (a) Add the first row of G to the second row to get the

standard form

10000 1 1
010010 1
L =

g 00101 1 0 [1 P]

000 1 1 1 1

Hence 0 1 1]

1 M=ol i

p 1 1 0

0 s il = S b

s I 1 0 0

01 0

L0 0 1

which is a Hamming code.
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(b) s = yHT = (1 10) implies an error in the 3rd position

since s is the third row of H. Hencev=((1111111)

(¢) s = yHT

(0 0 1) implies an error in the 7th position.
Hence v = (100110 0)

(d) dmin = 3 for Hamming codes. See problem 2.11 (c).

2.17 (a) 1If x (t) is sent then A,, A .y A, are independent
o — m 1

2’ M

Gaussian random variables where Am has mean b and unit variance.
All the other normalized observables have zero mean and unit

variance. Hence

Pr(erasure) Pr{k'nus § allm }

it
2
~
—
>
§—
IN
[o2]
[—;

Pri{d < &} T Pridpt < &}

|
m #m

Qb - &)1 - &)1

(b) By symmetry assume x 1is sent and Pr{correct decision} =

Pr{A_ > X , for all m' #m, A > Slx_} .
m m m m

=fPr{}\m| < o for all m' # m, )\m > 6Ixm,>\m = a}p)\m(a)da

-0

= ]
—f Pr{)\ml <o for allm = m|xm}p}\m(a)da
§
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3 (a-b)?

./'[1 @l e 2 g
; V2

® M-1  —x2/2
= — [1 - Q(x + b)] e d
T
§-b
T
2.18 Form observable vy =./f y(t)o(t)dt . Then without loss in
0
optimality we have
Ho : y=n
x,n ~ N(0,1)
Hl y=x+n
and
2 2
1 -y~ /2 1 -y“/4
(y) =—= e , (y) = —=
Po™ = an PO ==

Since y is a Gaussian random variable with zero mean and unit vari-

ance if H0 and variance 2 if Hl' The decision region of HO is
given by
A=y + pO <p M}
2 2
1 -y/4 -y /2
= i ——e <
{y " e }
={y : y2 < gn4} = {y : -/ink <y < von4}
while Al = EE ={y : y<-/gnd and y > vin4}
Here we have error probabilities,
PE1 = Priy ¢ A0|Hl} =1 - Pr{y ¢ AllHl}
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1 - 2prly > /%ah|H} = 1 - 2(vEn2)

and
PEo = Priy ¢ AllHo} = 2Pr{y = ¢2n4[Ho}
= 2Q(v2n4)
Hence P, =}P. +}4P. =% +Q(/nd) - Q(/n2)
o} 1
P (y)
Pl(}’)
+ + y
\.V-'
A
o
2.19
Simplex Orthogonal

(a) The signal set is a Simplex signal set with M = 3 and
energy &. This is merely a translation of an orthogonal signal
set of energy &' = %ug. Hence we can use the error probability
expression for orthogonal signals given by (2.11.1), to get the

desired result.
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(b) Since 52 = 0 , there are only two signals of equal proba-

bility. Hence the error probability is

Il =, [
PE:Q(——/{N.O ) Q( %f-)

since ||§_1 = §0||2 = 3&.

(c) Here we have two signals .5 and %, with priori probabili-

ties El = %—and EZ = %—. Consider distances between these signals

and the decision boundary,

4
F
4 = d
e
= |
X1 % z )
-1 =
873 873
The point z between X and X, must satisfy
Pyzlxy) = E,Ry(zlxy)
or
2 2
Iz - % ll"- llz - x 1| ¥ = N_gn3
2 2 3
or d2 - d1 = Noﬁn
and also dl ah d2 = ]|§2- §l|] V3&
Thus
L. AE No£n3 | AE NOQn3
272 T =% T2 -
2/3& 2/3&
and
i 3 38 No
Pp = zQ( N 3) Qo tJse W3-



m

2.20 Let n(t) = 2. nkwk(t) + nr(t)
k=1
T
where n, =fn(t)1pk(t)dt k=1,2,..., m
0
and

n_(t) = n(t) - Zn Uy (8) .
k=1

Then we see that

T
fnr(t)lbk(t)dt =0 k=1, ..., m

o

Elan,} = 1}[7”n<a>n<s>w (@, (B) du dB

f Cb(oz B)IJJ (a)w (B) da dB

o O

T
[ 2
-ijwj (a)wi(a)da

(o}

and

0g.0..
J J]1
Also

m
E{ninr(t)} = E 1“1 (n(t) - EEAnkwk(t)>

m

- E{n;n(t)} - ZE; E{n;n, }, (t)
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18
E .)rn(a)wi(a)da°n(t) = OEwi(t)

(o}

T 2
=f¢(t,q)wi(a)da ANO)
o

2 2
= oiwi(t) - ciwi(t) = 0 enll @

m
Hence the processes z:nkwk(t) and nr(t) are independent of each
k=1 ’

other and there is no loss in optimality by considering only the

observables,

T
Yy =f y(t)wk(t)dt
0
) { AEL + n if Xl(t) is sent
_V@i + n if xz(t) is sent .

(a) For = (yl,yz, cee ym) we have p 2
()
m 2
1 20
P (ylx,)) = T ——=——=e k
e k=1 /2nok2
’ 2
(v+&)
. fl - 2
and P (ylx ) = TT e 20
HRe e k=1 ;Znok s
Hence
A=y = R Glx) > po(ylx)))
= 2
{ m (y, VZE) (yk+/Zi)
of ool g e
il 20k =1 ZOk



m %?; m VZE(
: 32 Xz 2T LYoy

k=1 Gk k=1 Ok

m /é"—k
= 32’ 2 3 >0

k=1 (o]

k
(b) By symmetry PE = PEl = PE2 . For xl(t) sent we have

m v m & m V&,
z Tk 02 k=1 62 kz=:lnk g
k=1 k - k Gk

N

where
2 m o &y
E{N} = 0, E{N°} = 1:2'_:1—2
Hence
m Ve,
P, =Pr Zyk——zk_olﬂl
1 k=1 o
k
m & m &
= Pr Ns-E—l?f =Q( ):—15)
k=1ok k=1cfk
2 No e
For O =% and & = Z (9k we have
k=1
_ |28
PE = Q( N ) .
o

2.21 (a) The union of events bound for any signal set over the

AWGN channel is (assuming x, is sent)
x -
X ( I %n ~1n)
P < Ql———————
G V2N
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But here 5

26 , k=21 and k=5 +1
”x_leZ ; M 2
=g L& k=§+1
Hence
—
i & 2¢
P < (M 2)Q(JN )+Q(}N )
1 o o

IA

- 1>Q(J§_)
o

which is the "Union of events' bound for an orthogonal code.
(b) Since {[ymlz A for more than one m} and {|ym| < A for all

m} are disjoint events

P = Pr{lym| > A for more than one m} + Pr{|ym| < A for all m} .

Without loss in generality, suppose xl(t) is sent. Then
= > = = M
vy ‘ﬂ§+-n1 and y,=n, ™ 2, 3, ..., M/2,
and
Pr{|ym| > A for more than one m}
< Pr{|ym| > A for some m # 1}
e M [2
52; Pr{lym| > A} <5 - 20| 5 A) =R,
m=2 o
Also
Pr{|ym| < A for all m} < Pr{|yl| < A}

1—2Q<J—(A— )
1—Q(JE(A- «9))

=P

IA

1
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<

Hence Pr Pl et MPZ Q

Next define events

e, = {yl < -A, lyml <A allm=1}

A, [yml <A all m = k}

o}
~
|
.
«
o~
v

k=2,3, ..., M/2

Since for k = 1

e, < {ly | =4, y; < A}
we have
Pr{ek} < Pr{lykl > A, yq < A}
= Pr{1yk] 2 A} Pr{yl < A} = 2P,P,
, 2 2
Since ]!xM - xlll = 4&> || X, = xlll = 2&
~§-+l h i~ o

we see that the error event el

other error event e k=21

M
k 2 > + 1

must be less probable than any

k
Hence
Pr{el} < Pr{ek} < 2P1P2
and
§M/2 M§2
P.=P_, =Pr{ u e, } < Pr{e, } < MP_P
E El k=1 k k=1 k 1°2
oo nT
2 .
2.22 (a) .)r¢2n(t)¢2n+l(t)dt = J/. T sin wot cos th dt
=2 (n-%)1
nT
1 .
= = sin 2w.t dt
T 0
(n-%)1
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= - ZwOT cos 2w0t
T
(n-%)
o [cos 2w.(n - %)T - cos 2w.nt]
ZwOT 0 0
=0
Thus {¢k(t)} are orthonormal functions. The performance would then

be the same as binary modulation of any set of orthonormal functions
such as those for QPSK modulation given by Table 2.1 (b). Since

¢k(t) is merely the same as QPSK signals only staggered, the spec-

trum is the same. It is the spectrum of the square wave f(t)
shifted in frequency by # Wq -
(b) y(e) = E x 0y (8) = E [y 093 (6) + X5y Fopeqg (8]
y o= (t)wﬂz in (w.t + ¢)d
Y2n = y = sin wo ¢)dt
(n-1)T

(n-
2
=X, 1 7 ./: cos wjt 31n(w t + ¢)dt

nt
2 . .
Xon T sin wot sin (wot + ¢)dt
(n-1)1
nt
2 .
+ Xontl T u/. cos wot 91n(w0t + ¢)dt
(n-Y5)T
=1 1 ~ 1 :
*s X, _p sin ¢ + X, ~cos o+ % Xy 41 sin ¢
. (nths)T 5
Fomsy m* y(t) \[;.cos(wot + ¢)dt
(n-Y5)T
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Note that

(c)

ntT

sin wot cos (wot + ¢)dt
n-%)T

(n+s) T

= X2n

AN

+ 2 cos Ww.t cos(wot + ¢)dt

Lontl T 0
n-)T

“(nHs)T

2 ,
+ X2(n+l) ;l/f sin wot cos(wot + ¢)dt
nt

= -L x, sin ¢ + x cos ¢ - & sin ¢

2n 2n+1 X2(n+1)

1

Xop €08 &, If x, 0= Xy
y2n

sin¢ + x, cos ¢ , if x

Xon-1 2n on-1" *2n+1

J/.¢2n(t) Popty (EIAE

nt

%— cos [g(t—(n—%)T)]cos[%(t—nT)]

(n-%)7

sin w.t cos tdt
0 ®g

= %f {l cos T + % cos [%(Zt-Zn’H‘%T)]}

) sin Zwotdt

nT
=1 m 1 .
= Tf cos [T(Zt + %1)] sin Zthdt
(n-%)T
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nT

-—?f sin (2mt/T) sin 2w0tdt
(n-%)T

nT
n-%)T
sin (2w,=-27/T)t sin QQw.+21/71T)t
1 ) 0~ 4 0
2T (ZwO-ZW/T) (2w0+2W/T)

1
o [cos (2wO - 2m/T)t - cos (Zw0 + 2n/7)t]dt

nt

(n-%)T

=0

Again the signals {¢k(t)} are orthonormnl and binary modulation of

orthonormal waveforms give the same performance over the AWGN

channel.

(d) For (n - %)T < t < nT we have

x2n¢2n(t) + x2n+1¢2n+l(t)

= 2 cos E(t - (n - 1)T) i t
%o V7 °°% |7 DT)| sin

-

+ 2 cos I—(t - nT) t
Xontl VT T ntjpcos Wy

Ui
But
L \ rﬂ (0
Win = N o LLIP i)
cos [T(t (n 1)Lﬂ cos T(t nT) + 2]
= - sin [g(t - nrﬁ
Hence
XonPon () + %o 1109047 (E)

. Tz sin [Z(t - n1)| sin w.t
X,n /& sin | T nT sin w,
e B T
o+l o 0s % t - nT) cos wot

Sl



= V(t) cos [u)ot +A4(t)]

where
v(t) =/(—x2n /—%rsin [%(t-nT)})z + (x2n+1 %cos[%(t—n’r)]')z
= 2//T
and
2 T
-X sin | =(t - nT)
N(t) = tan—1 i ;ﬁz [ﬁ ]
Xp 11 /o cosE;(t - nTﬂ
X
= tan_1 - tan [E(t - nTﬁ
Xon+1 T
=+ (m/1)(t - nT)
= % (m/T)t 7 ar
Hence
XonPan (8) %o 4189041 (V)
= (2/V1) cos [wot + (m/T)t % nﬂ]
=t (2/V/T) cos [}wo * ﬂ/T)t]
(e)

Y2 sin (mt/T1) , -~ 1T/2 £t < T/2
f(t) =

0 s otherwise

has spectrum
2

(zﬂ)z [cos (wt/2) }
T w2 F (ﬂ/T)z
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Chopter 3

38 E(UP=-bh Z(Z 7(@@)2

@) B = b [ (V7 +9F Ve (0P s o V]
=l [ g g2 499 P 0]

By sym\z}w]; , 1‘-,1?_:12. moximizes . Hence

Eo(h)= max olig) - -zn (M@)

- s - a0 20FT)

) £043) = - b [RVTF) 0 07
= -[n [,9 ¢ (1‘2‘7'72)(“2")]

37 $~/mme}v7 9,29 - A moximiges Gonc

x BORs -lnfiap) < 2ol (o)

©) E(49)= - bn[ (949,07 ) +(,)57)" |

= <ln[ 1-249, (+VP) |

Altho the chamne) is mot sywmmebric | Eo(4, ?,) is Symwmehvic
n 1‘;@512-‘!&% ?‘: 1= %YMWIMIZ@S o CJ)%).

MOA Eo(l,':'{,)‘.: -!.‘VL [i-%(f—ﬁ]: -[11, -—1"’7@)
= (n2 —[n(_ﬂl/;))
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[ N

22 (o)
6] BY S\/'M'Mckvy 3' (4/3 /3, 5/3) Hence

Pl 2 (2 4 o -t )]
=i 52 =>C=—éfﬂl9 / . [ngz_

(u)@y s7mw°.£r7 q’ (% l/q Yy 1/4) Hence
E ()0)— ~ln Z_(Z, 4 F(ysx)u)a __L”[ 1/0 1)") 14/0]

spln2 == C= 2&p) . (w2
Jo 9/) /:O

(b)
(L) ER)= Mo [FL‘*%'f’Q] =lnw3z-R:=C-R

os}os i 2

i) E(R (w2-pR| = (n R =C-&
66 g [ o] 3-8

23 (#) By symmedry 9, __C!Z__ keiz.. Q.

Thew LT
i 22 4 oL - LS VP
Eo(p) [ Zy'.(x i plyIx) f‘) _ é(g)

ek f(V"Q =>-= Q
E®R)= mox [pn@ -pR]= (nQ-R=C-R

0{ <4
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(b) By S7mm’cr7 9.2 .‘JQ k= 1,2,.. @Q.
Ik ?(7\)(\ = f«k(?-?} 57,)( ) Then
Eo(f>=‘(’7" >< Q F(w,()q:?' 1+f

4 44}0
=-ln 2 A (pilp-p) Sy« )
7(2 (P PF 7<) ‘)

_5b(fq,¢@0 T?
= f ) (i*fJZW[(GZ ﬂ)f) *f' [0 1’%/3]
speea-tliont P HEHETEE

Eo(t)= bn Q-2 bn [@4 )7+ /F [
C - E CO)-- (n Q +(Q J)P[nlp CmF

EY):




(c') BY Symmdry we ka\/(, o ncl
Comsider (3.2.21) %t e Ts=1e

*(y,4) = Z 900 nylx)“f’

| [(97)11‘71\3(01)1?] 5[5(5)”,” ajlr
“»’4.« W&}C‘“‘i JCao\wok Con«:{‘bo”s /ov the Opl'wum daou,c. of%
(Obd §= 92229 =0 s 9 =T V2

5
by
&bz 04(7,$): Ji(.g)({%z{é)%%g

To check co“A jaow(g-l-zg) Lt for X = 0-5 omd ag

1
T oy TF yiy.q) -
. ?\,N o 74) = 2(1 *’(_L (_L)f
For %= a«o.zaasméoﬂ we heve

Z 7(‘!"‘)”? 20y, @)f [(.91)‘1? s 3(on TP ](.L )(zL,
“W% ﬁar r u.)\wve, (3 2 13) s sc& sf Q,é 8“]”
[Cany™Fs (o) ](-‘- Wl (£

or (Q‘[)Hj’ % 3(05)$*f > (__:)—1'&-

wk\c)ﬂr i< sc&s.g—‘ul gov- 2 fo= 1 Q
Hewce fov- 7 fo the thZwM choice of ,‘f. S

=% ‘1* ‘\4- ) {829 = %2
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{0 Lck 1‘=CKL:C‘5 :%: ‘/A ; 1546:0

6' ) 91 - b'

(Siw;\cw conwmections fvm Gg,03 ¥ O

Gy o b, mot thowm for s;w‘,\cd{? )
G3e by “(Y’%’) _\_[(91)14‘) 4 3(01)14'}’]
a"t 'Y L4

For %z Q02,035 awd du we have

0 P‘Y"‘)ﬂ-‘; wty,9)F :(%)" [ Con¥r s 3] “f

md for x=0s,0¢

+ 5 P L o
§ P Lyg) = 2(LNH (£)'[E9) ™ 1sConF]P
Yov (3.2-23)%0 L\a\i u v‘equ.ivc

& 1
(L)LY [cov s eLoﬂ’J'?f’/(:.f-)" (57)5% 4 3009 fﬁv]F !
o - s
(—‘;{)I*ef" 3 (91)'7, 2 (o) P
W\\w\\ \$ *“\e, (DWJI+IO% fro'm H‘CJ' in (t) oud thus is Stale,

J"f" ¢

Howee {ov F‘?o {‘Lg, Fl’fwum choice of % S

U=92==% = A amd 9= = O

We condude that for o<p < 1.9 we use the

Ganwnel in Go) for jq<£><ov we wse the
homne) wa (V). vaﬁe. ov EC

uxz,ouo.)aw\
O‘f‘i we use ow}" Hm d\awnel w @) ﬁ);d Jfom(b)
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(@) = wax [ E(pg)-pe]

OSPSL

= WMGX {f(‘”4 -G*f) (u[(,g‘l)fg‘]f’ 4.3(.01).7%]’]-102}
osfsl

and
Cznd+3Ca)belot) +(97) buls1) - {22

Uo"c: if "'5: 31 s c\mwzd to o smeller yalue Heem
<1 s Yossi\o\e, OAML both chemnds w () and i)
will P be wsed to walwate ELR) fov R bebicen O and C.

A SLC"()N % EC@X for cases (i) and (ic) is shown bdou,

, E(R)
8.

w2

w2 ‘3? 1.22

.3;.4 (O\—) Feom 3.2.23 uwe have ‘H\& ConAJ‘JOn,

??(‘/"‘)AF oéCy,%)P 3 ? "(7’4.)w, , for all x

where T%
A(y,g)= T 900 PO
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m\;\xl l\a‘;rms wihade qu> > 0.
e hove "
Bolp.g) < -l Z(Z qeopeyio? )
- "'L')\- % x(,)q’)ii'f

and ks .
opd-Blpg)Y = Z ety ) i

For Bhe medimiging vohe of ¢ Lot &(y)e d(y,g) and
Eb(j’)= Eo(f»ﬂ,% w fokta%k Owl'(aw{} ) 3‘)
4

odlbi)= Zi g plh;lx) P

(bs)= Z 90 plejle)
= (o i L
—(f.ir) Pﬁz‘*P}".J fa.ap) ﬁj’

and -
d(b')“ ﬂ:—;‘, .fq':‘-j-r
o (by) = e g}_
d:(,ba) | ?;4'-? ..... g}’l,
R Q ..l
w L o]y
Now sote Fhek
?1;?5‘16 o((ba-)f’ o€ ﬁ{‘f

for each k which s ‘l’l\e, \Iu}or o€ - (x(b,)q...,d(&,f) medt; 4«!
bY the |t coluwmm of [P‘Z"f’] . r
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The c,owc\{sﬂw (3.2.23) e berowes

of [%‘:ﬁf] > OP {"Eo((’)z % (3)
withh o,g‘ug&\\\r {o\- fhose cow-Poww}CS where c'(\c)>o .

(b) 9, 7©

is

or ol k wweaws (4) holds with AR [F‘/‘*F]
t, msimam SGuae WAV (z’iq ).l(rﬂmcg"‘

£lefrl= o <Py

O ug 2y

Oy

where
gf,(%,i,,,)'?g) a”“l .E]"‘(;YU"':.%J)
Thew Q,E"(e)/ g %T 2 ﬁT
or Rl [? g\'/}*ﬂ %‘r ) ?PT
or A Rlp)fp [ ?{é"’f}-l X

-1
R O i/ A
™ R - 0 e {w [?S:f,,‘,}-i 3 }

3.5 (o) 1

o i A
ia — [?;‘{hfl B { (%) P I

AL
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A B 3
¥y [?5%5?} STivUeiE 3’“?]:[1 2"1’?-5]

o 2

(27-1)
- :)f(miﬂ(l&"-l)%f}
(b) i‘ . @’E"CV/P [Féé_f]-i g'r

Thus | Eocf)r_flm{[i a‘““}’-s][i 4}

=[!*(2 %*f_a)uﬁc]-i LT
o 2™ [ 2% -4
L 8 N :
= [“,(znf_i)'i?e] 1_(2}&9_4)%’ ’
(a5 4 %

ik i o gwc}c:w
FOV‘ f:O we \'\&VL

e D R
f:O 5/{‘ Q/CA/A) 2/5

e BN G S

of p amd thus varies with R,

b{



A'M‘, &ov f:i we %G}‘

e [1 -m-nl ] [ 1/21
f:\ 5*(\}?-5)2 \E-(\);"A) A/'4’-

© C= Jim L;(f) = Jiwn f"gﬁ)’fo(,O) = liwe EoCp)

T

4

67-90 10-70 ‘0-0 p-oo (D
-(lguo (ﬂ[4'+(2*"?f-4)“‘/f’]= cu[u %]_. fn Z

@) EBo(0)= ln [1+(7-1)*] = bu(1.18)
1 E(R)

(118 )

N

R

WIRY  C.ns
4

3.6 (0) By sywmeby XG0 L fomallx .

L
x(y,q)=] &@)T  yhnobe
X
(Ji) HP 7=bQ,u

We dhede mow condikion (3.2.23)
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o
? o(yx)"*f d(y,q,)e = Ji(Q.m 1) for alf x

z x(y,qr)"r . (@ Fes)  and (3.223) holds itk epdidy
Y 2 Siwnte 7Cx)>o f""‘ all x .

B) Folp)e <l Z atp)' = -buf@f :
) (?) ; «0y) (.Q_f_i‘) for %"_(é,...)é_)
=l I (4QT)  Gnd Eyld)= bz bu (14

E"/CF)"’ Q-f[wQ, - heQ . E;Ci} > fwg
1+ qQ-F 1+05 ° 14Q

c = EO/(O): ét_«_@
Z

E(p)-php) k& <R<C
E(ﬁ) = Qz:Eofo)

2 - 14
lu“Qd 1% 0O <K<« 1+Q

wWe oW fmcl E(R) ax :d‘l‘/y
2B . @ —s 11@Fz bQ =5 QT2
] 1+Qf 7 R ¢ -2
=2 l*Q-r: -
l—ﬁ/(uQ

o E(R)= Elp)-pRotp)= b2 - ‘{1-;4,.@)':@ L"(%Q- !)
L gt )

:L»Z-'J-((@/laQ) ][OY 720'42<C
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where H(X)= - x lwx - (A-x) [ (4-x) .

E(R)
(w2
Q!
|\
[} \\
! N
[ 2 '
“'1%(-2 [“‘HQ" Cx 0@ 1%

2

3.1 From F"JUW' 24, using (2.3.28) with 9= 3
E"(F’g’) = -)O [w[.!-ﬂa?i ') (i-z-(/P)]
Ex(p) = WRM Elp.g) = -p bu[1-%(1-2%)]
- ..f Lw[i(iJezyF)]
(mla Yk K;i/, comes from '»:?’ax E"Cﬁi):”;fx %0+9,)
=>1t=<(1= X/L)
wheve Z =z ;;.' /f(y/a,) F(//azy
for hawndl (a) (BSC) Z= z;/,au-p)’3 for &) (BEC ) 22 p
for (<) (Z hawd) z= 1/? -
() EL(p)= - bo[Lazk) , 2l

2 p(s+2 ')
© E (@)= Edp) -p B0 = - 2Pl
C.) Q.xa-' = ’(F -.r 9/0 ia 1e 2

o4



. -Lu(.u.z.i‘.'iy z%lz . El(p)

“ FC“‘Z%’) - -;‘MZ
£ - bz, 2z %
x 2 1+z

£ (0)= lim E(R) Loz §

F-bao z

0
38 (a)’57 sywwv\&w, Aheose 1(}()- S for all x . Thew

ﬁ,(‘o) —]3 b Z : x' 7 (Z ,/];Cylx)/%ylx ) i

= -f’LW /o[wQ
E CTZ) sSwpP [ @ -/02].- Suf {o([wQ -R)-co
1<Io<cb J.(,o«v
’ Re<C
C: Ex(OJz A&Q E(ﬂ—)
wﬁu(’z’)
C R

(b) fow (@) , Choaose $ 6(’/3 ¥,%3)
Ex(p)= E (f> ) = —f[w

e -‘-(Z/Io(ylx)/?(y/x))f
= -laln[_ 3 ' G(J.) /P)}- -F (nf.l.(uz' /‘°)]

E (1) = (n 3%
05



EQ(g):-én[.é(uz“/’)J? _%__f_[_‘:_?_ 5(1) les . b2
2

11259 I I
Now use (3.3.24) and (3.3.29)

Eex(0) = - ZZ ‘ lan/pcy/x)/X)'/xv) }

X x!
-.--.4_(3(%1-} 6ni) o
9 ‘_/'Eq,x(ﬁ)

E(e)

-‘-.Z.(.nZ
3

(ﬁ3'(_w2 (g\i/z R
fO" (1) we furs)t {'rr C10‘) Y 5:0\- u\\x Thew

Elp, )= -pln 232 (ZVW)
el o

g,((i),: (,‘WZ

AR _zw(%i;%) ..,a(m“/( ).L o
= ) 2 Wbz éa) oz-la2 -h2

m' e f(kz‘ %) 2

121( (00) :éi:;gx (?) n

=4
3

'
'
g a2 w2

L b
Now we toke Ch:i%:”ij aial C‘z:‘t‘\:O.WLkova\\m
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Bx(p)= -p (n ie) =f[n2 E(1)= luz

Kox(R) = suwo io(tuzqz) = 0O g<lnz

45{(&
(wz Eyvte)
- Bhe or‘:imuw\ dishibubtion is \[
a_,:( 1/2)0,5/1)0) w2

33 (@) L& 9= 9. “‘13-74- Y4 ond check (3.2.23)
0((1 2,) Z' 76’() /o()//x)ﬂlp - J_ Z_ F(ﬂx)“/o

ot (b,) = .1.[(3 ?)“P + F“f’] x(bz) = albs)-a(ty)
e g€ = X cpdn + o7 THP
% PR d(y (4) [(J pPIr+f f]

P N el L a7
240"t ] i ]
and (3-2-23) decks wedke o “.L\—\;T ] N ‘
Ec,(fh -n '27'_ ac(y)“f’ = Io}n4 '(“ID) (n [(i-f)**f’*fn;]

EW)z{nd 2 LW[JI:FirO;]
E;Cg) =lwé- (w[(i-f)# + P if—p‘]

(Hf)(m)[ﬁ ?)“f’ (%Ci P)*?‘*P xw]
@—?)“f’ + P nf
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C:E0)= (ud-HP) where Fbexlng -0 ix)

(b) Ex(f): Ex(fj-}i); -r(w i éé(‘ZW Yo
ld z = Z‘/rci_P) I\

E*(fh -f (n A.(uz /f = (%[1*1/(’]
E.(4) = (w['fi].—. (w4 - bu (142 @)J""A{"F*W
il bz ] -G

- Lv\(f.z_%- ( h /P (‘wz

1+z *

Q,‘(oo)z liwe 22(): (w2

p-re0
C- L%‘C-W(P)
n2 EW ¢ 2
.%}_O_ (0') %1 ‘“\b wWRav velwe theovrem Eo(fa g’)
E(i%,) )g’(ex i) fwsomf*e(oi) '
Bt E(0%9) 7 Eo(43) for pHet swce |1
E" (e, 3)¢o => EOC(,%)W witl e . AN
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Thus £,(4,9) = B(P%9) % £,(4,9)

) ke vengalicbgicol cheomel for which
Lim E,‘(V,g,) = E“ (0) ¢ @ thew

f
Jine Exlp)%)= Eex (o) € Egp(0)= ‘f_';; A(r9)
p>@

then E,‘(O,g,) = 5,(@%);0
S E ) = E.(1,9)
both {uw.)caous are convex N awd thus
cawnol Wwerset ok maone Hhow two
?olw\’vs So
Ex(ﬁ%)?, Eo(f’,,‘i,) fcr o<p<d
Ex((;%)éEo(f‘\%) fa- 1<f<w

e v - > - - -

oo siwee the, fww\d'tows are smootl E; (1, %) < EOIC{,%)
341 (o) E,‘(jo,sr)z -/ol” Z Z q)90) &y

X X'
‘uww ( = X - Ex( )
f(g) = exe{ —fﬁ-—%}
Gssuwpliown & s a ive rnte Qu @
SYMW" wi so ,byd&f.‘m\'h‘ol:\.ow cé‘f
Z L, 9090hex 9029 7 O

B ria\'@ H Fravefor YoM ~(‘x,) F 5 x))
wZ: ‘Vm"sz:‘;:”&“ %j:évc&fo fojm, ‘ko O(O(Iuw
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P Llameeen] ad et

i&' we GSSuwe €s << i we hove

(-
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Q) fe(gﬂ = f)t'n 3 . ESF(p)-,- max F[&%_z];w

' Osfsm
%um f"' oM R<n3
Eepl®) z
a
E(R)
lu’#l_ R’
(ix) ﬁon) :f)l.wz o ESP(Q') - co or all R<lz2
w2
\‘[\jsg(m * B (p)
EA
E(R) (see ryoblzm: 3.2 and 3.8 )

Wz

L)O‘\'e,: 5’& (v) ESP(B) is mowhere é{?h‘ )w}‘u./{, in () of
Y Q.Vu‘fwkm &yld’

(%) s‘)l\eve,-‘:uddm% bound for Proé/e.m 3.3
33a Eﬁ(e):f[na => E;PCE) = o /[or adl A [MQ
85



wN £ ()<, (2) Cile avery whare
A tight' )
0

mQ
33b Eo(p)= fth -(4p) buj(@-4) Fff:'f +4-p) i‘i}]
él"w B~ pha -{4p) l»[( -4/ +4ff Luf?» 144 bulip)

1+
f
= plnQ ~(4p) b/ @+ @1 Lt bp s L btep)]
~SO(MQ (Hf)(%@ atfj(’w J-}.Q__i (uF-; be
el g et
~E(@) 2 -[wQ+@-1 lwru_l_ [uF
Q < for 3-3C
Ef» . ] Eo(p>
1 20) p{ CR/) for 3.3
> fon m»l
f:ct) M /
122 15
Esp for 330 2
‘[Esf {p‘-%.‘-’sb . /_Esr for 3.3¢
w2 L %/x] l,::z 1722

(0) S gvocass with fon) os %ivw prve probw 35,
g6



@) for probem 3.6 we hoe  E ()= Eo(P)- pEp)
k= L)
Here we cam sdve ch;c?\m\'\y Lek\;t»w.a l;)->oo +them
Es?(@) LMZ—':"'(?'/LWQ> fov- N o¢Rr« Coe= LviQ/_

ond liwr Es‘;(Pu) (w 2

€20

2. 21 (o') wlnsm% v\ec‘wo&\’iy (?) Y AWWMA(X QA) \-z,PLumé x
bYS W’ e (Zae) - Za‘.s fo'_256(qﬂ

a@» O
b L |
G’ = § B %) By (i) oo

Bl < Z [Z JR GyI%u po ;/&u)] , w42 M
(2), Wa?m? over The onsemble of He m® coderd
5

-Nz#m'g, z_‘{CX) Z WDC%/xJ/?(%’/gw“)]

(i\fsum that all codevords m & sa*sh/ Tﬂ(x)>O , thew
’b’(s,s‘,) = iz “(X)(ZJF(‘/lx)’{?(\/lx‘ ) }

f‘(xbo

87



Then we have " 3 R
2,0 <(-4)[wsp)] < M [63)]

(c_,) ’hpw.« odoove ‘wegvcli’f MRS M z)m a c.oclg, @3235-",5"}
heve wists aklws{' one codeword Kaa swih that 4he

C‘O& éM&g Z-’S'J"')!M-Iggmazﬂﬂl"')szi} Sa:{"k«f;e&
RL6w) ¢ B,(8) ¢ WE[ss)]™ ,se(od]
hecuise v owiradicd ausewble overo-ge

8) We cam cowsw code gm frapw ) O follows :
consider code €., , fx ol codewords 2xcept X

thew, as we dd im fxw'é(c‘) theye uc\kﬁr aflean{' owe
Fan such that

B* (Gu) € B (bur)

Rt bs/ ”;sw GMCi ‘@.ﬁ,?m% aJ/ {l(, Of/»er (ac’cwvdzlfrou é,u_,.
Them BY (b) amd (©) we have

. R N/
Q)':m(éw) < BM(@M) < Mv‘[‘tf(s,%)l : se(0,4]
fov all = i,2 M

)-ch

wheve w-1
Bm(?’”‘) =2 é‘ d?uq‘%u) Fp(‘/\w')'
w=1

= - -
+ 2 Z e, (%) B (\Bw)

w2 M #’

@ for code &y = 1R, %, s R ] v hoe
88



B (&)= 2 ol g i)
bk ciil JL/F sk

2 ()¢ 8 (84 Z 2 o (4B Gpiser)

m'= M

B W Bu g y4e) +m,__?l|2/}2—f¥fim>g(;lw)‘

,LM:*M%

Z

A

fi\f (18 By o)
) * w{zmn ZJ%N (X"Z(:‘"‘) ?06/'\%""')‘

{mr w= 12, l"\ .

(6 %(Q)-J-zmcm « L Z B4,

o

—

22 ZRwges)

LT

Il’l

"
¢ L ZB(6)+
M wmst

d\awa,ma u\b or&r o( sumwca\"ow " Jfkb Sro\A ‘tuw» we Wa
%lbe L7 8, )*_Lﬁ Z 2[R teied

= J- Z 3 («%M)‘{’j- Z (gw)

H\&ve&orb /P(Q ¢ Z B ((M‘) ond USW? Q)
TR zm‘/‘ [y 1™

g9



(@ For amy g we Moo s
%E C‘Cx)f‘(x')( é\hxym \’(7"")) < T(s,%)
We mow fi-ml, MARSSArY conditions ow % Jck& Mimini 225

the lett hand side of the above imeguality .
LY ;ﬁbc Cv Lc\%va:\fae, m&i?‘iw?ﬁo ch.«/:m'm{w@e

J( )= ZZ ci(xv‘(x‘)( 2 fr(ylx) pe 7“‘),)5_ AZ 76
7 X

X X!

then dhe Nessary condition is
23 s 2> o s
.y = 2 F I Z/P) - 350
¢ X n % . or 4 _ y

L LD3G el for b e

i,V
?ﬁ(é> S e’lﬂq}' ZZ:. C((x)f((x’)( Z /f(ylx) F(ylx’f)‘o} P
X X Yy
. g ¢ Ve pR]

H

22 (0 Rx 4 .
3.2Z (0 :Z #Imﬂ,(yls )
»LZ 2 ol xm)

e T\Mﬂ C’zr(ﬁm)



on G‘(,ﬁﬂ___{% ﬁ(¥]5“) s 2 N(a'(pf’)w)ﬁ(y,,,”)}

For Ye KMf\G.O-(z‘M) we have
2 (yiu) % PP 5
N 7

B (1)
“c\\fmﬁov«,

ezl Z Z £, (HKw)
Mo g,el\..‘(\(z‘.(m

MUB((A D
WS L7 = Fope
M wat Y€ TN Gy %)

z 9

buk T = [ Fu 0 G2} | U[ K B 5o ]

them

Z__ \“9;(1135@ = 7 R,(¥I"-n~ + Z ﬁv(#« )
ye M #A‘“n Gy ¥e/hun6 (%)

Sz Aw N Glxw) € G,.( Xm) we hove
Z ) ¢ 3 cplse
X£G

3¢ A'In Qé"/(%‘“} .6.(’.‘.%»)
Z 3G ¢ 7 B + Z P (ylx)
:)(_ehmfﬂ ? 457{,116:2’%) ,veéf(rc»g’ ;
*\t\&w

Z. o) > Z'X'ﬁa@’*») Z J Gr1s)

€ '6' (%) XMA)



G S0

W[3Ge)vI( M «
4 ; (Y 1%
’\7)’:?'9/ {?E-HNZ:';ZG-EJZ.L?* )j (4)
whee P_ 1S T By
?E- -'-'&le‘-'-\ ;6-&(?‘, *’bﬂ)

© Z G- 5‘.{ J.Lnﬁ»_(}‘_ﬁ*_*)-ﬁ(?,y)»w}
¢ Gl Vo a(ism)

_.;{7:.{.1. 2: Lw_'é_(h\i"“.*l - T(p,p) zf}

N mst F(yﬁlm)

Ld 2, 2 [n ?()’n”‘mw) m=4,2.. N
F(‘fnh(m\m)
Thew the Zw are iid ranwdom verichles  witl meam

Z = E{ka = ‘?‘F(YD‘) b E(lez o J‘(ﬁ,)] )a,//u,

PC;’PO
'87 e wedke law of \awée, wmbvxs)a: N —>00 fov ¥>0
RiL Za-227] o (2)
N ma

(€)the comverse 1o the Coding theovem sars: theve axists % >0
sudh bt B 7o for AV, whewerer R 5 T fz-T(p)

wnfw [cmze MV we have

> & e/—u[a’(?’f)wl

JweL bs{(z) e secomd {‘u-m i (1) %OQ«S ‘&o %ro 05

N=>c0,
92



3.3 % i-p

P? ey

5 ol AF
?’E - .!9:(?5‘1-?,31) where @;Afﬁ’(ﬂ’ﬁ) 4nd g,:ﬁ%ﬁ@)ﬁ)

Consider o "dummy” BSC wih B = 4/2.Thew C = ln2-H(p)=0
w \)‘: W(’S\ @51.) = mwmber of P‘W wheve ‘Am,#’(zn .
Thew dearly P is the some 3?“""’"’3’ cowsider V' of %,
and X2 where ‘HN?.Y e Aiﬁu’u\k.:ﬂ‘- i n%ul%\%w% ko consider

}_(,\'3(00...-0) 1‘-?
T ;
N —> ___;#
ba €1 as ’
%=(f1.... 1) o
N’

H\cw ?g = ?}'_—,’ S ?21 s ?Ez ‘.:#2 R,.(#,‘\Zfé)
Al
Thew as w Vvo‘okm 3.22 go:am?v Tyo lek

C%é ;,’: .:.)1 («ﬂ. fr (¥18) _ J‘(.%)F) <Y
P (1)
%2 2 plgis) 5 SNERNTE 5 Ws@}
AN Glx:) | Ggl%e)
bk Z 5 (¥) 2250
e
) 57 the converse ko the coAiuz theoreur there axists 250
such M Pg 7 X fm- all N7, From d\éfkwl we fmA
g3



B\&* fov ?:1/2,)6:0 s &z 4/9, . Thew
NLT(Lp)+s]
L N ?-JF
% > Le

where J(VISP5= -‘il‘“ %-&é‘m% :-L‘wlﬁp(i-,)]

f{M\Y ? L e_w()ﬁ_\@JSz) [-(M{IZP(A-?) +'5-]

Tt

3.24 FOr as\Y >0 and ax ?.Sexnl Lz{

- 2041%) _ 715
c%(z)-{;z: s Bl Tpe s f

thus

=/

M
%= F{' E’ fﬁ’(,ugg..,)al?x >4 Z fg(;/zm)cly,(n
A o AN G (%)

{ simce MG (w) 47:4...) )

Bt Y& Glx) mphies AT 1Tgp175V f’: (yl2m) .
Then bx/ the same mzst)uiﬁ% wsed i ?mblm 3.22 we haw

| Bodddy > | Pyl dy - [ PCalx)dy

KmnG{(’.‘,..) 78
amd thas from ) "
w[T(5 pre7 "
> e,p[ (fsprev] _'_‘LZ



wheve % .1_ Z S?’)C*‘xw)d* is the evror probaoiliky

Mzl

whew, e Oots u;soc\ ovey Hhe Auwa AWGN chowme] ond
R6)= 15 oo
" Byltw)

We wow waw)c Yo show H«c&' (MW P(‘J) =0
VI ’

S Pyl oy = Rg IMRACTS > (%, PH“‘}
Gl Vo Qy(fim)

.,.Ié{.i_ 7, b PORIA) SC%F)m}

N F(y,,,h(m)

led z,, 2 [w PORDoww) P(plmn)  aud as e Fvob[aw 3.22 theiz]
ki)

ove ité v'o«MAOww VW»&H@S wvﬂv WML Z - E{Zm} J(P)P)

'BY‘WP. weak 0? \cwaa, mumbers foyauf 70

;wv ( Pp ()’.\*w&)é*/ (uw ?2.1. b3 Zy - -Z 3 } = O

o0 G 5 (%) w-soo (N ma

‘-ov oy w2 M oaud so fiwe :17:,(1’): o
N>

'@M w\WQXSﬂ— %o the codt Yreovrem H\Lﬂ- vcis{’s an adlp
ol ok B2k for 25> “% refor éw?eﬂwh%

. - ﬂ +
DR M[I(§,?)+~r] 5 T{ T(PJP) 5'}
where ’_"?3('{5)?) = ESPCR) and ? sa,-l'.‘;f-’ex Cr =Fr |

45



Now we W bdw\ww Jc\u.s‘b fwo ()wwmk W\Y J(f,p)
.
35,90 = § BCfultonn) b %,—2“5 dy

Y

W) ?»(ﬂl‘m) Jd
ﬂatws ’ﬁ,ww *
L)

R’(*‘w){”¥ Ml [[¥ FXW” } C{%
WOS?'J(*‘*“)["# w15 Sl Ry pll” f dy
(i-f) ad® = !_ﬂ E

Es(z) Jia'(pp.) _Lji)_zﬁ (lfz.fr_-r-

=(1-y) Cr 5 where by(s3) Cr- %.o_o
M\A e soA’Jsfics Rrx = ET * szT — ng:_z—_l:
Pherefore E;\a(xz)%i-[fr:)zg (G -7

_5_._2_5_ EK(F,¥)= -F(w}rz Z 7(x)7(x) Z/P(Y/X)ﬂﬂx/}

ot z2 ZFYIX)[IY/X—')‘ /Car any X # X, For x'=x we

have Zrlx)f’(rlx) - Zp(y/xjx L.
X = {x Ky oo Fom §

96



Dafine

f (M,) Z.Z cf(x)qcx')[Z,/ﬁyu)f(rM 4

( )'&‘/0
(=) a(x")| Zyplyix) p(yix'
PSRN >{ [SRIS

0

- z.T(xH Z'Z. 90 §¢x) Z
The W\‘\M\%\Mﬁ thSanb.i\w% »S‘b&aw‘koke q, [.L, }i]

F (f %)’ z2 ?&)7(x')[2 ylx)F(ylx)j F

X x/

u)k\c\w s a V'Q.a.somo\o\z hoice sinte the Q?w‘»‘ em‘v s;éwa\s
ore "Mu*w—l\r aw:l ‘k\st mo

\M‘»\\ v ‘H\(- O'(;va St )\j
ool s i s g B e %

To cavry o {'\,\p, w»oux»w}ccknow [
‘:,‘(?) = MOX F“(f’ig’): FXCF’?’)/ _ * i thew we have

% wm -1 / ’)“'.
,,(@—Z‘..L,»Q,ZZ L 427 g,22% J-y
Lz M2 ‘nai"“’“‘ m @ ozl

=4y .:_L _W_VQ -1) zi/() Ll 7 /P: _____J‘(m")zvp
W m*

d thus +
Ex(p)z wix Ex(p,g); E,((F@ ) = - [n EC‘O)

- m[h(*x)z‘/"]

%7

G5 desived .



(O~) ?O?‘ M MWQX u);'&‘\ ‘«ayd M-M" CL,C:\S(O‘\A, ov.‘l'x;\.&:
we ‘\DNQ/ i_g
(<% b,
' fov- (2123,

f(b.;\a‘) @{7’561\ iu}
, ®s whexe
A ool 4]

O b
1-p
From Ymk\zw» 24 .2
o) mm&&ww\*i e

-0

OMA UD; is the V‘OBCJOL(A{'
0(, anYQ,er\- wQM, &Lf Xy Us Szw‘\' r '

‘ ,Yhe wwor 0CCurs
e oolw™ ‘ ‘ VY of
Jmumuﬁm 12 °‘,$3“’4=,EI"
Thws ()*‘ and b\/?

?-(m A)c( o T

" otbila) e P ,
?Cbala,,):. P sl hye 42,0 m
—qf-_-i }%"#a
Now ul cowTd'e Z:
Z- ZWM?‘?‘” - ,F m,la)p(u/aa) it

T T O3 + 2 Jptuleoplile)

n;éa

98



2 TR e T

(wm-1) ~1 Ma-l

= fiw2)p 44 plp)ns |

(b) L)Onw\\exzwl( (&\mﬂ\& with hard m-ary Aecision aufpu‘l‘s g
b7 Frob\ew\ 244 wr haye

Y= o;%o £ _(-_cla(ﬂ) @%M“z P
=

vaﬁ\dwé is thon e same o ?ow{’ ©) ond z is
o e _i_({w-z)y +{4p¢i-p) (w-1) ]
e
where ? g s %\vm aoove -
(0) Co\/\&rewj( chownd with um%w{;—u_é Wngfsz

Z = j JF(¥"X)V(¥‘X.;A¥’ x'#x
I o] 5o

0 o 40y # T3 L ] 14
=(rr N.,)mizjgcixy{-z{;okﬁ .E )%(Yi Je) B exp { ;Jgo(ﬁ 2, 732)}
) Mo MWEi Y } A’Y’



[22]

".z% iy uv('i;ﬁ%} (1 ?@“"F{}t{*%‘*g)}
H h

oL 05 £ ) iy =955
(S) Nowcoherant chowmd with wslxwaaw{‘&zak ou}fwks :

Z= Sﬁ(}l,\x)"(;,\%')' x'$x
o

(\ %) d (
§ PLY) plpiky) Sy, S\F%M? y) s

S*_’_ig

$

i w 5 VPU%) PORal) AYM
i

uq
When i, W#g g\/f(y..(&ﬁr(ﬁ. )ﬂ‘ﬁf?%\*v)c‘y =4

T “[ fioseryle” I°(/--77a') P4
2ol )| [yortar)HEE ] T

Now we show dnak Dz (R) sarisfios
Rz lwm- w(D/cl_) -(D/A) [w (M*ﬂ) 3 where cl: -lwz,

100




D= B (R) - Ex(f)-fE;Cf) , wheve ¢ soisfies

S EL(0) = -l [ty 2 ¥ m i
EEMOPE [H( ,,;)z F]’Jo[[u@-:)zs/‘o]h‘iz [ Z(“F‘)]
= [wm -[,,_[4 +(m-4)z’/"_] +.L('m-¢)2‘/*’ [w z

y P A 4fu-0)z %
- _(m-1)Z7P s ¥,
=lnm -[1 S#::)_-Ef] Iﬁv\[(l m-1)Z P:(

)7 13m0 2'lF
=l o ]L”( ‘ ,)+(m——4)z'/" Lzt )
-0 0 12 P] 14w1) 2 gofu-r)2¥
@_J__j" 2! :\(» (w4 (-1 22 i (M(‘Mz-ﬁ
+ ::(MH)Z‘ ( ) +(w‘)z'r] )

= (,w w - ':1'((5}9) -Sl-abv(w"i)
wheve

G (w2 and OO sxlax -G-x) lulsx)
f 14(%—1)z‘19

Bui' D: Eex(ﬂ): EX(}O)'/DQ

& ~}o [w[i+(m“zz%’]-/o lam

+f)7'((5‘}) c%[n(m-!)
Dol ( P Gnt) 24 H Yo 5 o
B S LS MO B AR )

‘O 1 H{wa-1) z3/p
i04



D. u[ (m-4) 2 € p} bn 2 ¥ (1-80) batoat) 4 F(5,)

14(m-1) 2%}

 bn - W20 )Ll G- G- D) i)

- G'Sf) ( %}]_ 2

'J‘%,M. iy 2 sy 2¥ - 29

('M-ﬁ(i SV) 1+(~M)z‘/P (m-14)

oo
I (R AT AP S
f Fr
or ’D:."Sflmz= S(A —_ S’r:y/d

Wmaﬁow
R zlww-HOL) () bubn-4) |
2, 26 CII\OOSVN% msa,?,a ﬁwpro&él we have

t . .{. z: ?g
Fm. ie ]\ Wi, sl«owmhdﬂ% ”( /’&’“) rSOML 4
K,z;l&w)
Dt ~ - &Gﬁ ) Hf .
Then

Z flrlon) € 2. p(plsm) = 2 Z ((¥) P (ylxw)
102

em ® 4



H . -.‘f- - .1.](7
< }-i-f;‘ i: ﬁ,(ﬁp\’b»)ﬁ,(#ﬁu) FLZ’;’» ﬁ,(,;hsu')“f’ 5 020
Vote thad accordimg to the fvo‘oa}o’n\ijc WMLGSANE oi%e, code
sg\ukiow_, %e, v vaviaoles p',(y.lw)ﬁ(aug,“) ﬁ? ond

[{.,#jp(}lw)%*f Tave M@%FZ\«* Amgv‘wé, Y& over
the onseude of codes we ddtain , for 0¢p € 4

Y < :4.-%__5 ?’,(*M"?ﬂ(ﬁm’&r L&M “é)(;lw);i;]e

P~ m B
<Z %’_ qe) BRI, (pix) [(M—i) ; )P, 31¢) 4.,,]

Datine Q(ﬂ*)g@(:ﬂg%*f’?w ond wolo dhol
Z, 400%,4) op

Q%13)>0 and Z Qxig)=L and then

= we fl
% < W0 7 qu TR
103



Sne T a5 e By s :
» %c{(é)ﬂ,q\&) = ﬁLQ(z{u;I s independent of

~
C‘(.%\\]) = ?(YVJ il ?()‘) Q) ( Y awn is w.wovyless)
E 16&)'\3 S \x)y’*f’

ond QUx1) 15 fole He wfild produck o qexiy).
Rebath w0 Mae®™ sd thus
M

_ oy -¥(p,q,2,300  -N{F(p5.8.8)-Rp]
?E S e 1% -

wheve o 2.9) 2 _(WZZ 90" iy
(,9.0.% {7 Z 1 ﬁ
and C‘C*\y) it vaoded o ?f %) ﬂwow&\v @,

.3..‘.2._7 The cowcl\‘[fw] froha):ﬁ bidies fa— s chanwne) are
gven ‘07 | Q-Yg/z.

s V#)

?(7 l)(;,) = 73 -4 —é—z— a

) y o % hale }__a-
iy gs,/po

The deasion vule icthe same og fw the mnw'www{'
dmwm),s'm(c the same decoder is o#iwm.ﬂwc ‘o
t?im:;%?ﬂ we asswme, without bss of %zmm\f‘l‘r , that

104



The ?robcdo\\\’t? of a corveck decision gien X is sewl is
fhew “ 3
By = BIN2 Y for ol mii|x,

: O%H‘h(‘)[“h‘} SY'?(YM\’(') JYM ] A’Yq

~Yalz

Tor i, SYCY‘“\’(‘)AY [ f ‘{7' = ( e e'ylz/z )

Tkzva&ove »
Wn () 4y

J e (il

g d- ?
CCL\' or{"w a\ue 2r s the sowme as
w:‘ ?VY;‘O{ 3. 25vlb) A ? . YJAML%

= (M-Z)? + ﬂo(s -?) (m=3)
-

For ‘H\L cuse of wwrumV‘u‘zecl Ou}'Fw{’ vectors we have
; i T pbabptuis) 4y 14y

5[ (Yal"u)]’()'alia)cly f,?%/xa) PO;1%)’ ‘//a
f ,?(x.lx)/o():./xajc/%

..;Eo
/ 105




Cov nfi, %#6 the lost Frocfud" (s uw?/ »‘/‘meom
[S 3/?(7 %) f(yalx») dyd J

-;f{“:wozxf[ 1+§§7~° /z 7}
-H'E‘/l’o[ £7 w? * (h&/uo )}47:{

(o]

= 4 8S/rjo
(3+ 55/21%_)

228 k()= Eclp)-pE(p)= Ex(p)-pR
ov i £, (p) <)2<£,‘@
f 2= ‘Z_
By syame}v *x) = Y for A\ x, and
st T el 2R
c-p W ZZ L onp f- -‘-c‘(:gx)} f,u 2o

= x' Q%
M\A‘unu )
RECRRE £

"Al/ U-l '
I
D = f = EY] "e/ 5s=_{/

E'w(. R) = % @J/r & =3; P

v V=t

106

Phew




ReEp)s -AD-WL 5% sD_ b
P¢ (52

Q vel
and fov .{sfsm we have S";‘ge [-1107
For J(‘(w, si%wax Sai Oﬁ— {,.,cb 2.2 we have .
Hyylyxm

d0,¢)= - b ((otropyeldy = -bff e

= .__e,xp{ y- L2 "*”‘N\} [ ”’;‘:Z/?J%

_ JHx-xr Y o J13-%'2

% %r{ 4Vo } 4”0 %

-2 = P - 203,%) = 26(8-cs0) A2

Phen
Ak' 650 COSILE LC:JJZJ...)ié
JEVA

2.29 (a,) The op{Tmum ecision nuau’ons are
A AL AC N i

i {;: max £y (5e) = P (i) |
Hence

H
’Pc, Z Pc .-L.Z 2 ﬁ,(%/ggw)

H sz ;e
21
w2 Wax P (/5o )
o7



(b) gor Owy @>0

s e 4 y ﬁ
max ﬂ,(;,lzm):(w By (Hi%n) ) s( Z ﬁ,(;lzs...)ﬂ)
el o (Z ?.»ww’/")P

4&
(?) w.'wvb' Jewsew's IMT“"H y we heve.

(Pcaﬁ C Z.(Z Y‘,q,\%mﬁ'> <_LZ(Z F(7‘b'”‘)3/F

M } Wz M *Bv M|
o P
= R—_&{:—? ;IEN:J” ﬁ,(i\"m) " iz ( Z geaply fy f

Py { ( Z G plyfT )Hf }
-NE(p.g) -pR}

= Q wheve

= gS-i
ond wheve and fei-d,o{ for o< ped

iy |
Eo(r, g)=- {M{%@ 9C%) PLyX) P) 7 j
o) {"’" 1(9@ >0 we have

7E,Co, : ~
9(’ >0 _9_&{&2_{ I(%) fo(s 2) ¢ 0
Eo(fﬂ()‘ z0 <k (f ) «f0v p20

108



omd Eo(e,z)l =0:0 > £,(f)$) fo;- F(o
: o ¢ sue thed T2 © 3
for B2C we see. dhed {«or-
Some € [’L.)o'.\ we hawe
E°(f"3’ -pR >0 cwd dwr\7
Foe(R) = wax (Eo(p,g) - p ) 7©

'iéfﬁo

@) k\m vesut s ws theve wast codes with {vvobabl\&y
of covreck Aewlw\% that Sajluis-szs

?C» < Q/-')E“(g) 3,,1{44, E.(R) >0 fov R>C .
Theve owe way _b_a_J; codes we ceon Hhimk of Hoak

do worse .

What we are wleveshd we is & bound o 2 for dlf codes.

320 Oy Azl b
- Clearly by symnd
o, i—g bz, 7 7 Y 7
Gy M Lg ‘f*(ak) = J;Z
I
. ? : for k= 1,2,... K
Qg . &;b& Let "{'5 z i-p
=
E( E( *) X K [K s _1:7 .H'f
EO(@: M;x ?’%’) Rl - Eﬂ(ﬂ#)f% k) )

N (s A IR P
109



- Eo(f): fLw\(« -(-‘*r) Lu,[ 'pﬁ?-‘? i'«‘,',]
ol o S

0N L Pino+e e 45 i ...Hi..
Eocf)_wm,“f ?yﬁg*?%fP -( G;my P
Lk §4 ?*?F Y w*r ?‘*Nv"“’ POp =4-§

PP 43 P et o VY

L ) _ L

Folp)= ln K+ﬁF[X lww(.l-s)lmf] - Lw[? fap + 1p ]

<K+ S g ) - 0% 45 |
1-5) (w [?\‘1’9 *\31{?]
= b W+ §ln§ +E-5) b (1-5)
= W% =)

(b C = DEn(g)’ [k -‘J(G]/ = bw ke - HGp)
(_,..

(C)D wwL a $€§’ O? Ccéworck fwf}w u’lCJ«' %, € 'fmsuH‘s

n’:ﬁ 7 0{' ¥/ yneve/ ove two l‘WV [Adf

%\d’r Y, \\* Q’%O wkﬁ ove 2 cld’luo\' caJ:F:osz

c%m:%;: }l, e Gre K fosmb’ed IM-C%

(AF i,_z etﬁ’} = _{f’_ (
(Lt Ekz?_ﬁkef}' J k=23,..,M

110



@{Q B« .%ﬂ fe ¥ =(H'1)(72'<')N< (&)
@) Let p= T2tk
Eo(f) (le' (5“'@ bn 2(17.-39" =f by }é

E(R)= wot [BCp) - ¢ § = wax Jplnic - fzf v it -2
fov ReC: (,w%

0<f<4 0¢<s
S VR M2
ewm = -
in @) we %}L
QN -N N -”LW'E:
?{u Ek}< r&(_) O
_ @.p{w —ﬂ}

which, is uaA\w/ the same ufoM
§) For p=0 EJ@:WK
E(R) = Mot i\’““'f“ﬁ c K -R

Oifél

-&ov 2¢<C = (m,\( (1‘0‘\%\@55 W“WA) .

g-‘}"j‘" 5;&?\9059 Xy :[:,"2 'S Sew\' and Jefme e,vm‘\'s

A

: é{ll;-x ¢ lly- xn} u/AerL;['S#"medwdbr

i



The Fvobabimy Of error Given that x, wos sewt ic them :

H M wheve Hre€:5 is fhe prob.
?B.l = py {L%E; } < EZPY {fﬁ} ¥ ofk:yror?ﬁgﬁuzﬁ'g?dsfoﬂyo

ouk % -xl?
?”{Ei} 2 ‘”’f"‘(—-——"l(\)_%}dl ) <e 4Mm wsing éh’h}a&j
2No

©

the bownd over the tasewmlde of cadawords

“ .
?%1 . Z Q,)(? i_ ".’.‘b-.’fll[zj anA nu we werege.
vzl

L (Xek - %k)?
TR Voo
o1 (M- e o < MT e %

e =1
N

_ Bik-xa® _
sMge, S } < r\lc"”

o Co§ Loy | i T ]

@ Ly 22« -
s ‘-,k-’('k —> Z s & ‘WVGMAO
ricHe T gro menm ed
Mo Vaviene, otz 2€

z? @ _z
- o -Z
: {e» h } =5 ¢ /%_...4 e Zhe dz
» - [/411'8

;-O.E (ﬁ%? e,-?(g‘_b*gg)dz = CH_.A%)-%

Hew(b
Cox L ly(0g)
112



3.32 . .
IX)= i- dvyx
| , pami= Tl op)

s 2 S,(r.4 37"‘

3 s 7 ios“/#’(

La) ,87 57%(&(7 ‘{*(X) = 4/4 fov X2014,2%

Cz ZZ p(yIxX) @) W olyx) = 5 Z otyxo¥)In
<7 PaT s S5 P

= lz-xi-x.'-x(,w_'&é_= (JW4/S
2 4 s/

i+
() Fo o) = va‘ax &(f,g)=fo(f,%#):-&7§ ”Zjo-é-ﬂwaf'/:] f
J; e 440
e 4[%(%)4 j’l - b4 (2) P ol

« z PRl lwd-
9 E(®) WX[Eon’) Sm]_L 55 R

Oifsi ’
£ulp ") p bz Z o ZiRgmrg ] §
== (m{-ah% [%%] ‘/P} - ,falu :“_(u s(%)%’);

143

- R eCzlnd
3

J




Eeu(®)= e LEc(pgD -pR)

ey = IE(7.4*) = -(ng(u ;(%)yp)f-e(%fi)#@(;@
N 5 (33)%)
=md.-Z 3
3 3 2

B e

£+ - % 2 7"6«)7*(%’) (w 5 JPOr pyix)”

= -(i)zx 12 (M[-L-’:—L] :3 w3
4 3 3 4 e

&?(Qﬁ = X zfqu)‘T]z‘} s W{f(c'?’)}=m J-[W E<C

(77/0 g 20
(v d
? Esp(P)
A
B(e)

Cz:nd R
3

E’_?j (Cl) Cons[c[er -ﬂw bima COJ& .23 Coclevbr:l'ors
éimzws»‘omJi“y V-(K-g') ,as?/we, edL:’)u(( . This code is ckj;
(imear Simce our om'go‘fu‘/ o wios fivecr. ,dm:/ &w 1Y, c/d"

ac the mimimum 'u/e,p‘au’ veckor i this 20 code . =

Cizarf?/ C{m,;w £ cf,,ém (the chosen e is o subsct afﬂe O”(’?"M‘Q

14



lewwa 371 G any bimor sz, 29 Cod‘?«“fﬁlb"s
Viiolly ch)’ PN

Anw\ ¢ dim < _(Z%t) or c!m<”"(“3) 23231)

(b)\k)e,kvw%(k Ve M axélél:]_m{_!. , thus
k2 \) 'HQV ore W w choose, 0<A <4
Swo\v\aé\n* - I:{G‘M m\fk anad then d'iaose,
6 b%n ofy) w\\mve igéd‘, 57 fc«v(f(a)wz,\aa\/&

. 2 N-KilogN -4, A
i € QL"% o 523,"_ 1) (4)

woow ZzlwH - Kz or K= NE
M N (n2

SW‘OSS‘;%\A}‘"\’% for K ownd AWC&M& both sides of (4) ’01'\)
dui 5[ __@__,,g%g-du:{ N >
N

Y AU A N L%y

%ov V) Smﬁidom)(\j [a.vcgc we hewe

A‘(\-Z +O__4_ w}ereo_LN—m
'fm > 72 2w (M) ()=
© the OW\T ms\vxc}\ow we,waso e linear code wos J%M 4 3& 3\&}
n ‘wawhl wde & is Yue Jw‘m, € AMCWo tubsc\’ the code),
W Cowswder tha, s‘uo\d suwhbsd ax 29 COcheCl’ovs weth {:rstl V bits
\«A"Vo vo Cb (oc‘@)s&.. (s dsd’se})é
SL@W e fwsjf ©- ma)l vechrs téz::s“buf<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>