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PREFACE

R egrettably, Professor Jayavel Sounderpandian passed away before the revision
of the text commenced. He had been a consistent champion of the book, first
as a loyal user and later as a productive co-author. His many contributions and
contagious enthusiasm will be sorely missed. In the seventh edition of Complete Business
Statistics, we focus on many improvements in the text, driven largely by recom-
mendations from dedicated users and others who teach business statistics. In their
reviews, these professors suggested ways to improve the book by maintaining the
Excel feature while incorporating MINITAB, as well as by adding new content
and pedagogy, and by updating the source material. Additionally, there is increased
emphasis on good applications of statistics, and a wealth of excellent real-world prob-
lems has been incorporated in this edition. The book continues to attempt to instill a
deep understanding of statistical methods and concepts with its readers.

The seventh edition, like its predecessors, retains its global emphasis, maintaining
its position of being at the vanguard of international issues in business. The economies
of countries around the world are becoming increasingly intertwined. Events in Asia
and the Middle East have direct impact on Wall Street, and the Russian economy’s
move toward capitalism has immediate effects on Europe as well as on the United
States. The publishing industry, in which large international conglomerates have ac-
quired entire companies; the financial industry, in which stocks are now traded around
the clock at markets all over the world; and the retail industry, which now offers con-
sumer products that have been manufactured at a multitude of different locations
throughout the world—all testify to the ubiquitous globalization of the world economy.
A large proportion of the problems and examples in this new edition are concerned
with international issues. We hope that instructors welcome this approach as it increas-
ingly reflects that context of almost all business issues.

A number of people have contributed greatly to the development of this seventh
edition and we are grateful to all of them. Major reviewers of the text are:

C. Lanier Benkard, Stanford University
Robert Fountain, Portland State University
Lewis A. Litteral, University of Richmond
Tom Page, Michigan State University
Richard Paulson, St. Cloud State University
Simchas Pollack, St. John’s University
Patrick A. Thompson, University of Florida
Cindy van Es, Cornell University

We would like to thank them, as well as the authors of the supplements that
have been developed to accompany the text. Lou Patille, Keller Graduate School of
Management, updated the Instructor’s Manual and the Student Problem Solving
Guide. Alan Cannon, University of Texas—Arlington, updated the Test Bank, and
Lloyd Jaisingh, Morehead State University, created data files and updated the Power-
Point Presentation Software. P. Sundararaghavan, University of Toledo, provided an
accuracy check of the page proofs. Also, a special thanks to David Doane, Ronald
Tracy, and Kieran Mathieson, all of Oakland University, who permitted us to in-
clude their statistical package, Visual Statistics, on the CD-ROM that accompanies
this text.

© The McGraw-Hill
Companies, 2009
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viii Preface

We are indebted to the dedicated personnel at McGraw-Hill/Irwin. We are thank-
ful to Scott Isenberg, executive editor, for his strategic guidance in updating this text
to its seventh edition. We appreciate the many contributions of Wanda Zeman, senior
developmental editor, who managed the project well, kept the schedule on time and
the cost within budget. We are thankful to the production team at McGraw-Hill /Irwin
for the high-quality editing, typesetting, and printing. Special thanks are due to Saeideh
Fallah Fini for her excellent work on computer applications.

Amir D. Aczel
Boston University
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LEARNING OBJECTIVES

After studying this chapter, you should be able to:

¢ Distinguish between qualitative and quantitative data.
e Describe nominal, ordinal, interval, and ratio scales of
measurement.

¢ Describe the difference between a population and a sample.

¢ Calculate and interpret percentiles and quartiles.

e Explain measures of central tendency and how to compute
them.

* Create different types of charts that describe data sets.

e Use Excel templates to compute various measures and
create charts.
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1-1 Using Statistics

‘ E 1t is better to be roughly right than precisely wrong.
” —John Maynard Keynes
-

You all have probably heard the story about Malcolm Forbes, who once got lost
floating for miles in one of his famous balloons and finally landed in the middle of a
cornfield. He spotted a man coming toward him and asked, “Sir, can you tell me
where I am?” The man said, “Certainly, you are in a basket in a field of corn.”
Forbes said, “You must be a statistician.” The man said, “That’s amazing, how did you
know that?” “Easy,” said Forbes, “your information is concise, precise, and absolutely
useless!”!

The purpose of this book is to convince you that information resulting from a good
statistical analysis is always concise, often precise, and never useless! The spirit of
statistics is, in fact, very well captured by the quotation above from Keynes. This
book should teach you how to be at least roughly right a high percentage of the time.
Statistics is a science that helps us make better decisions in business and economics
as well as in other fields. Statistics teach us how to summarize data, analyze them,
and draw meaningful inferences that then lead to improved decisions. These better
decisions we make help us improve the running of a department, a company, or the
entire economy.

The word statistics is derived from the Italian word stafo, which means “state,” and
statista refers to a person involved with the affairs of state. Therefore, statistics origi-
nally meant the collection of facts useful to the statista. Statistics in this sense was used
in 16th-century Italy and then spread to France, Holland, and Germany. We note,
however, that surveys of people and property actually began in ancient times.?
Today, statistics is not restricted to information about the state but extends to almost
every realm of human endeavor. Neither do we restrict ourselves to merely collecting
numerical information, called data. Our data are summarized, displayed in meaning-
ful ways, and analyzed. Statistical analysis often involves an attempt to generalize
from the data. Statistics is a science—the science of information. Information may be
qualitative or quantitative. To illustrate the difference between these two types of infor-
mation, let’s consider an example.

Realtors who help sell condominiums in the Boston area provide prospective buyers
with the information given in Table 1-1. Which of the variables in the table are quan-
titative and which are qualitative?

The asking price is a guantitative variable: it conveys a quantity—the asking price in M@/ f/ETo77)
dollars. The number of rooms is also a quantitative variable. The direction the apart- *
ment faces is a qualitative variable since it conveys a quality (east, west, north, south).
Whether a condominium has a washer and dryer in the unit (yes or no) and whether
there is a doorman are also qualitative variables.

"From an address by R. Gnanadesikan to the American Statistical Association, reprinted in American Statistician 44,
no. 2 (May 1990), p. 122.

“See Anders Hald, A History of Probability and Statistics and Their Applications before 7750 (New York: Wiley, 1990),
pp. 81-82.
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TABLE 1-1 Boston Condominium Data

Number of  Number of
Asking Price Bedrooms  Bathrooms Direction Facing Washer/Dryer?  Doorman?

$709,000 2 1 E Y Y
812,500 2 2 N N Y
980,000 3 3 N Y Y
830,000 1 2 w N N
850,900 2 2 w Y N

Source: Boston.condocompany.com, March 2007.

A quantitative variable can be described by a number for which arithmetic
operations such as averaging make sense. A qualitative (or categorical)
variable simply records a quality. If a number is used for distinguishing
members of different categories of a qualitative variable, the number
assignment is arbitrary.

The field of statistics deals with measurements—some quantitative and others
qualitative. The measurements are the actual numerical values of a variable. (Quali-
tative variables could be described by numbers, although such a description might be
arbitrary; for example, N=1, E=2,8§=3, W=4,Y=1,N=0.)

The four generally used scales of measurement are listed here from weakest to
strongest.

Nominal Scale. In the nominal scale of measurement, numbers are used simply
as labels for groups or classes. If our data set consists of blue, green, and red items, we
may designate blue as 1, green as 2, and red as 3. In this case, the numbers 1, 2, and
3 stand only for the category to which a data point belongs. “Nominal” stands for
“name” of category. The nominal scale of measurement is used for qualitative rather
than quantitative data: blue, green, red; male, female; professional classification; geo-
graphic classification; and so on.

Ordinal Scale. In the ordinal scale of measurement, data elements may be
ordered according to their relative size or quality. Four products ranked by a con-
sumer may be ranked as 1, 2, 3, and 4, where 4 is the best and 1 is the worst. In this
scale of measurement we do not know how much better one product is than others,
only that it is better.

Interval Scale. In the interval scale of measurement the value of zero is assigned
arbitrarily and therefore we cannot take ratios of two measurements. But we can take
ratios of intervals. A good example is how we measure time of day, which is in an interval
scale. We cannot say 10:00 A.M. is twice as long as 5:00 A.M. But we can say that the
interval between 0:00 A.M. (midnight) and 10:00 A.M., which is a duration of 10 hours,
is twice as long as the interval between 0:00 A.M. and 5:00 A.M., which is a duration of
5 hours. This is because 0:00 A.M. does not mean absence of any time. Another exam-
ple is temperature. When we say 0°F, we do not mean zero heat. A temperature of
100°F is not twice as hot as 50°F.

Ratio Scale. If two measurements are in ratio scale, then we can take ratios of
those measurements. The zero in this scale is an absolute zero. Money, for example,
is measured in a ratio scale. A sum of $100 is twice as large as $50. A sum of $0 means
absence of any money and is thus an absolute zero. We have already seen that mea-
surement of duration (but not time of day) is in a ratio scale. In general, the interval
between two interval scale measurements will be in ratio scale. Other examples of
the ratio scale are measurements of weight, volume, area, or length.
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Introduction and Descriptive Statistics

Samples and Populations

In statistics we make a distinction between two concepts: a population and a sample.

The population consists of the set of all measurements in which the inves-
tigator is interested. The population is also called the universe.

A sample is a subset of measurements selected from the population.
Sampling from the population is often done randomly, such that every
possible sample of n elements will have an equal chance of being
selected. A sample selected in this way is called a simple random sample,
or just a random sample. A random sample allows chance to determine
its elements.

For example, Farmer Jane owns 1,264 sheep. These sheep constitute her entire pop-
ulation of sheep. If 15 sheep are selected to be sheared, then these 15 represent a sample
from Jane’s population of sheep. Further, if the 15 sheep were selected at random from
Jane’s population of 1,264 sheep, then they would constitute a random sample of sheep.

The definitions of sample and population are relative to what we want to consider. If
Jane’s sheep are all we care about, then they constitute a population. If, however, we
are interested in all the sheep in the county, then all Jane’s 1,264 sheep are a sample
of that larger population (although this sample would not be random).

The distinction between a sample and a population is very important in statistics.

Data and Data Collection

A set of measurements obtained on some variable is called a data set. For example,
heart rate measurements for 10 patients may constitute a data set. The variable we’re
interested in is heart rate, and the scale of measurement here is a ratio scale. (A heart
that beats 80 times per minute is twice as fast as a heart that beats 40 times per
minute.) Our actual observations of the patients’ heart rates, the data set, might be 60,
70, 64, 55, 70, 80, 70, 74, 51, 80.

Data are collected by various methods. Sometimes our data set consists of the
entire population we’re interested in. If we have the actual point spread for five foot-
ball games, and if we are interested only in these five games, then our data set of five
measurements is the entire population of interest. (In this case, our data are on a ratio
scale. Why? Suppose the data set for the five games told only whether the home or
visiting team won. What would be our measurement scale in this case?)

In other situations data may constitute a sample from some population. If the
data are to be used to draw some conclusions about the larger population they were
drawn from, then we must collect the data with great care. A conclusion drawn about
a population based on the information in a sample from the population is called a
statistical inference. Statistical inference is an important topic of this book. To
ensure the accuracy of statistical inference, data must be drawn randomly from the
population of interest, and we must make sure that every segment of the population
is adequately and proportionally represented in the sample.

Statistical inference may be based on data collected in surveys or experiments,
which must be carefully constructed. For example, when we want to obtain infor-
mation from people, we may use a mailed questionnaire or a telephone interview
as a convenient instrument. In such surveys, however, we want to minimize any
nonresponse bias. This is the biasing of the results that occurs when we disregard
the fact that some people will simply not respond to the survey. The bias distorts the
findings, because the people who do not respond may belong more to one segment
of the population than to another. In social research some questions may be sensitive—
for example, “Have you ever been arrested?” This may easily result in a nonresponse
bias, because people who have indeed been arrested may be less likely to answer the
question (unless they can be perfectly certain of remaining anonymous). Surveys

© The McGraw-Hill
Companies, 2009
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conducted by popular magazines often suffer from nonresponse bias, especially
when their questions are provocative. What makes good magazine reading often
makes bad statistics. An article in the New York Times reported on a survey about
Jewish life in America. The survey was conducted by calling people at home on a
Saturday—thus strongly biasing the results since Orthodox Jews do not answer the
phone on Saturday.?

Suppose we want to measure the speed performance or gas mileage of an auto-
mobile. Here the data will come from experimentation. In this case we want to make
sure that a variety of road conditions, weather conditions, and other factors are repre-
sented. Pharmaceutical testing is also an example where data may come from experi-
mentation. Drugs are usually tested against a placebo as well as against no treatment
at all. When an experiment is designed to test the effectiveness of a sleeping pill, the
variable of interest may be the time, in minutes, that elapses between taking the pill
and falling asleep.

In experiments, as in surveys, it is important to randomize if inferences are
indeed to be drawn. People should be randomly chosen as subjects for the experi-
ment if an inference is to be drawn to the entire population. Randomization should
also be used in assigning people to the three groups: pill, no pill, or placebo. Such a
design will minimize potential biasing of the results.

In other situations data may come from published sources, such as statistical
abstracts of various kinds or government publications. The published unemployment
rate over a number of months is one example. Here, data are “given” to us without our
having any control over how they are obtained. Again, caution must be exercised.
The unemployment rate over a given period is not a random sample of any future
unemployment rates, and making statistical inferences in such cases may be complex
and difficult. If, however, we are interested only in the period we have data for, then
our data do constitute an entire population, which may be described. In any case,
however, we must also be careful to note any missing data or incomplete observations.

In this chapter, we will concentrate on the processing, summarization, and display
of data—the first step in statistical analysis. In the next chapter, we will explore the the-
ory of probability, the connection between the random sample and the population.
Later chapters build on the concepts of probability and develop a system that allows us
to draw a logical, consistent inference from our sample to the underlying population.

Why worry about inference and about a population? Why not just look at our
data and interpret them? Mere inspection of the data will suffice when interest cen-
ters on the particular observations you have. If, however, you want to draw mean-
ingful conclusions with implications extending beyond your limited data, statistical
inference is the way to do it.

In marketing research, we are often interested in the relationship between adver-
tising and sales. A data set of randomly chosen sales and advertising figures for a
given firm may be of some interest in itself, but the information in it is much more
useful if it leads to implications about the underlying process—the relationship
between the firm’s level of advertising and the resulting level of sales. An under-
standing of the true relationship between advertising and sales—the relationship in
the population of advertising and sales possibilities for the firm—would allow us to
predict sales for any level of advertising and thus to set advertising at a level that
maximizes profits.

A pharmaceutical manufacturer interested in marketing a new drug may be
required by the Food and Drug Administration to prove that the drug does not cause
serious side effects. The results of tests of the drug on a random sample of people may
then be used in a statistical inference about the entire population of people who may
use the drug if it is introduced.

Laurie Goodstein, “Survey Finds Slight Rise in Jews Intermarrying,” The New York Times, September 11, 2003, p. A13.
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A bank may be interested in assessing the popularity of a particular model of
automatic teller machines. The machines may be tried on a randomly chosen group
of bank customers. The conclusions of the study could then be generalized by statis-
tical inference to the entire population of the bank’s customers.

A quality control engineer at a plant making disk drives for computers needs to
make sure that no more than 3% of the drives produced are defective. The engineer
may routinely collect random samples of drives and check their quality. Based on the
random samples, the engineer may then draw a conclusion about the proportion of
defective items in the entire population of drives.

These are just a few examples illustrating the use of statistical inference in busi-
ness situations. In the rest of this chapter, we will introduce the descriptive statistics
needed to carry out basic statistical analyses. The following chapters will develop the
elements of inference from samples to populations.

© The McGraw-Hill
Companies, 2009

PROBLEMS

1-1. A survey by an electric company contains questions on the following:
. Age of household head.

. Sex of household head.

. Number of people in household.

. Use of electric heating (yes or no).

. Number of large appliances used daily.

. Thermostat setting in winter.

. Average number of hours heating is on.

. Average number of heating days.

© 0 N O G W N =

. Household income.

—_
j=}

. Average monthly electric bill.

11. Ranking of this electric company as compared with two previous electricity
suppliers.

Describe the variables implicit in these 11 items as quantitative or qualitative, and
describe the scales of measurement.

1-2. Discuss the various data collection methods described in this section.
1-3. Discuss and compare the various scales of measurement.

1-4. Describe each of the following variables as qualitative or quantitative.

The Richest People on Earth 2007

Name Wealth ($ billion) Age Industry Country of Citizenship
William Gates IlI 56 51 Technology U.S.A.

Warren Buffett 52 76 Investment US.A.

Carlos Slim Helu 49 67 Telecom Mexico

Ingvar Kamprad 33 80 Retail Sweden
Bernard Arnault 26 58 Luxury goods France

Source: Forbes, March 26, 2007 (the “billionaires” issue), pp. 104-156.

1-5. TFive ice cream flavors are rank-ordered by preference. What is the scale of
measurement?

1-6. What is the difference between a qualitative and a quantitative variable?

1-7. A town has 15 neighborhoods. If you interviewed everyone living in one particu-
lar neighborhood, would you be interviewing a population or a sample from the town?
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Would this be a random sample? If you had a list of everyone living in the town, called
a frame, and you randomly selected 100 people from all the neighborhoods, would
this be a random sample?

1-8. What is the difference between a sample and a population?
1-9. What is a random sample?

1-10. TFor each tourist entering the United States, the U.S. Immigration and Natu-
ralization Service computer is fed the tourist’s nationality and length of intended stay.
Characterize each variable as quantitative or qualitative.

1-11. What is the scale of measurement for the color of a karate belt?

1-12. An individual federal tax return form asks, among other things, for the fol-
lowing information: income (in dollars and cents), number of dependents, whether
filing singly or jointly with a spouse, whether or not deductions are itemized, amount
paid in local taxes. Describe the scale of measurement of each variable, and state
whether the variable is qualitative or quantitative.

1-2 Percentiles and Quartiles

Given a set of numerical observations, we may order them according to magnitude.
Once we have done this, it is possible to define the boundaries of the set. Any student
who has taken a nationally administered test, such as the Scholastic Aptitude Test
(SAT), is familiar with percentiles. Your score on such a test is compared with the scores
of all people who took the test at the same time, and your position within this group is
defined in terms of a percentile. If you are in the 90th percentile, 90% of the people
who took the test received a score lower than yours. We define a percentile as follows.

The Pth percentile of a group of numbers is that value below which lie P%
(P percent) of the numbers in the group. The position of the Pth percentile
is given by (n + 1)P/100, where n is the number of data points.

Let’s look at an example.

EXAMPLE 1-2

Solution

The magazine Forbes publishes annually a list of the world’s wealthiest individuals.
For 2007, the net worth of the 20 richest individuals, in billions of dollars, in no par-
ticular order, is as follows:*

33, 26, 24, 21, 19, 20, 18, 18, 52, 56, 27, 22, 18, 49, 22, 20, 23, 32, 20, 18
Find the 50th and 80th percentiles of this set of the world’s top 20 net worths.

First, let’s order the data from smallest to largest:
18, 18, 18, 18, 19, 20, 20, 20, 21, 22, 22, 23, 24, 26, 27, 32, 33, 49, 52, 56

To find the 50th percentile, we need to determine the data point in position
(n+ 1)P/100 = (20 + 1)(50/100) = (21)(0.5) = 10.5. Thus, we need the data point in
position 10.5. Counting the observations from smallest to largest, we find that the
10th observation is 22, and the 11th is 22. Therefore, the observation that would lie in
position 10.5 (halfway between the 10th and 11th observations) is 22. Thus, the 50th
percentile is 22.

Similarly, we find the 80th percentile of the data set as the observation lying in
position (n + 1)P/100 = (21)(80/100) = 16.8. The 16th observation is 32, and the
17th is 33; therefore, the 80th percentile is a point lying 0.8 of the way from 32 to 33,
that is, 32.8.

*Forbes, March 26, 2007 (the “billionaires” issue), pp. 104-186.



Aczel-Sounderpandian: 1. Introduction and Text
Complete Business Descriptive Statistics
Statistics, Seventh Edition

Introduction and Descriptive Statistics

Certain percentiles have greater importance than others because they break down
the distribution of the data (the way the data points are distributed along the number
line) into four groups. These are the quartiles. Quartiles are the percentage points
that break down the data set into quarters—first quarter, second quarter, third quarter,
and fourth quarter.

The first quartile is the 25th percentile. It is that point below which lie
one-fourth of the data.

Similarly, the second quartile is the 50th percentile, as we computed in Example 1-2.
This is a most important point and has a special name—the median.

The median is the point below which lie half the data. It is the 50th
percentile.

We define the third quartile correspondingly:

The third quartile is the 75th percentile point. It is that point below which
lie 75 percent of the data.

The 25th percentile is often called the lower quartile; the 50th percentile point, the
median, is called the middle quartile; and the 75th percentile is called the upper
quartile.

© The McGraw-Hill ‘ a

Companies, 2009

Find the lower, middle, and upper quartiles of the billionaires data set in Example 1-2.

Based on the procedure we used in computing the 80th percentile, we find that
the lower quartile is the observation in position (21)(0.25) = 5.25, which is 19.25. The
middle quartile was already computed (it is the 50th percentile, the median, which
is 22). The upper quartile is the observation in position (21)(75/100) = 15.75, which
is 30.75.

EXAMPLE 1-3

Solution

We define the interquartile range as the difference between the first and
third quartiles.

The interquartile range is a measure of the spread of the data. In Example 1-2, the
interquartile range is equal to Third quartile — First quartile = 30.75 — 19.25 = 11.5.

PROBLEMS

1-13. The following data are numbers of passengers on flights of Delta Air Lines
between San Francisco and Seattle over 33 days in April and early May.

128, 121, 134, 136, 136, 118, 123, 109, 120, 116, 125, 128, 121, 129, 130, 131, 127, 119, 114,
134, 110, 136, 134, 125, 128, 123, 128, 133, 132, 136, 134, 129, 132

Find the lower, middle, and upper quartiles of this data set. Also find the 10th, 15th,
and 65th percentiles. What is the interquartile range?

1-14. The following data are annualized returns on a group of 15 stocks.
12,5, 13, 14.8, 11, 16.7, 9, 8.3, — 1.2, 3.9, 15.5, 16.2, 18, 11.6, 10, 9.5

Find the median, the first and third quartiles, and the 55th and 85th percentiles for
these data.
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TABLE 1-2  Frequencies of

Occurrence of Data Values

in Example 1-2

Value

18
19
20
21
22
23
24
26
27
32
33
49
52
56

Frequency

N

U S | S NG T N SO gy
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1-15. The following data are the total 1-year return, in percent, for 10 midcap
mutual funds:®

0.7,0.8,0.1, —0.7, —0.7, 1.6, 0.2, —0.5, —0.4, —1.3
Find the median and the 20th, 30th, 60th, and 90th percentiles.

1-16. TFollowing are the numbers of daily bids received by the government of a
developing country from firms interested in winning a contract for the construction
of a new port facility.

2,3,2,4,3,5,1,1,6,4,7,2,5,1,6

Find the quartiles and the interquartile range. Also find the 60th percentile.

1-17. Find the median, the interquartile range, and the 45th percentile of the fol-
lowing data.

23, 26, 29, 30, 32, 34, 37, 45, 57, 80, 102, 147, 210, 355, 782, 1,209

1-3 Measures of Central Tendency

Percentiles, and in particular quartiles, are measures of the relative positions of points
within a data set or a population (when our data set constitutes the entire population).
The median is a special point, since it lies in the center of the data in the sense that
half the data lie below it and half above it. The median is thus a measure of the location
or centrality of the observations.

In addition to the median, two other measures of central tendency are commonly
used. One is the mode (or modes—there may be several of them), and the other is the
arithmetic mean, or just the mean. We define the mode as follows.

The mode of the data set is the value that occurs most frequently.

Let us look at the frequencies of occurrence of the data values in Example 1-2,
shown in Table 1-2. We see that the value 18 occurs most frequently. Four data points
have this value—more points than for any other value in the data set. Therefore, the
mode is equal to 18.

The most commonly used measure of central tendency of a set of observations is
the mean of the observations.

The mean of a set of observations is their average. It is equal to the sum
of all observations divided by the number of observations in the set.

Let us denote the observations by xi, A, . . . x,. That is, the first observation is
denoted by x;, the second by &y, and so on to the nth observation, x,. (In Example
1-2, % = 33, % = 26,...,and x, = xy = 18.) The sample mean is denoted by x

Mean of a sample:

g X1+ Xx2+ 0+ Xy -1

where X is summation notation. The summation extends over all data points.

*“The Money 70,” Money, March 2007, p. 63.
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When our observation set constitutes an entire population, instead of denoting the
mean by ¥ we use the symbol w (the Greek letter mu). For a population, we use Nas
the number of elements instead of 7. The population mean is defined as follows.

Mean of a population:

N
X
_ =1

N

(1-2)

W

The mean of the observations in Example 1-2 is found as

x=(x + x + -+ x)/20 = (33 + 26 + 24 + 21 + 19
+20 + 18 + 18 + 52 + 56 + 27 + 22 + 18 + 49 + 22
+20 + 23 + 32 + 20 + 18)/20

538/20 = 26.9

The mean of the observations of Example 1-2, their average, is 26.9.

Figure 1-1 shows the data of Example 1-2 drawn on the number line along with
the mean, median, and mode of the observations. If you think of the data points as
little balls of equal weight located at the appropriate places on the number line, the
mean is that point where all the weights balance. It is the fulcrum of the point-weights,
as shown in Figure 1-1.

What characterizes the three measures of centrality, and what are the relative
merits of each? The mean summarizes all the information in the data. It is the aver-
age of all the observations. The mean is a single point that can be viewed as the point
where all the mass—the weight—of the observations is concentrated. It is the center of
mass of the data. If all the observations in our data set were the same size, then
(assuming the total is the same) each would be equal to the mean.

The median, on the other hand, is an observation (or a point between two obser-
vations) in the center of the data set. One-half of the data lie above this observation,
and one-half of the data lie below it. When we compute the median, we do not consider
the exact location of each data point on the number line; we only consider whether it
falls in the half lying above the median or in the half lying below the median.

What does this mean? If you look at the picture of the data set of Example 1-2,
Figure 1-1, you will note that the observation x,, = 56 lies to the far right. If we shift
this particular observation (or any other observation to the right of 22) to the right,
say, move it from 56 to 100, what will happen to the median? The answer is:
absolutely nothing (prove this to yourself by calculating the new median). The exact
location of any data point is not considered in the computation of the median, only

FIGURE 1-1 Mean, Median, and Mode for Example 1-2

© The McGraw-Hill
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its relative standing with respect to the central observation. The median is resistant to
extreme observations.

The mean, on the other hand, is sensitive to extreme observations. Let us see
what happens to the mean if we change x,, from 56 to 100. The new mean is

x =(33+26+24+ 21+ 19+ 20+ 18 + 18 + 52 + 100 + 27
+22 + 18 + 49 + 22 + 20 + 23 + 32 + 20 + 18)/20
= 29.1

We see that the mean has shifted 2.2 units to the right to accommodate the change in
the single data point x

The mean, however, does have strong advantages as a measure of central ten-
dency. The mean is based on information contained in all the observations in the data set, rather
than being an observation lying “in the middle” of the set. The mean also has some
desirable mathematical properties that make it useful in many contexts of statistical
inference. In cases where we want to guard against the influence of a few outlying
observations (called outliers), however, we may prefer to use the median.

EXAMPLE 1-4

Solution

To continue with the condominium prices from Example 1-1, a larger sample of ask-
ing prices for two-bedroom units in Boston (numbers in thousand dollars, rounded to
the nearest thousand) is

789, 813, 980, 880, 650, 700, 2,990, 850, 690

What are the mean and the median? Interpret their meaning in this case.

Arranging the data from smallest to largest, we get
650, 690, 700, 789, 813, 850, 880, 980, 2,990

There are nine observations, so the median is the value in the middle, that is, in the
fifth position. That value is 813 thousand dollars.

To compute the mean, we add all data values and divide by 9, giving 1,038 thou-
sand dollars—that is, $1,038,000. Now notice some interesting facts. The value 2,990
is clearly an outlier. It lies far to the right, away from the rest of the data bunched
together in the 650-980 range.

In this case, the median is a very descriptive measure of this data set: it tells us
where our data (with the exception of the outlier) are located. The mean, on the other
hand, pays so much attention to the large observation 2,990 that it locates itself at
1,038, a value larger than our largest observation, except for the outlier. If our outlier
had been more like the rest of the data, say, 820 instead of 2,990, the mean would
have been 796.9. Notice that the median does not change and is still 813. This is so
because 820 is on the same side of the median as 2,990.

Sometimes an outlier is due to an error in recording the data. In such a case it
should be removed. Other times it is “out in left field” (actually, right field in this case)
for good reason.

As it turned out, the condominium with asking price of $2,990,000 was quite dif-
ferent from the rest of the two-bedroom units of roughly equal square footage and
location. This unit was located in a prestigious part of town (away from the other
units, geographically as well). It had a large whirlpool bath adjoining the master bed-
room; its floors were marble from the Greek island of Paros; all light fixtures and
faucets were gold-plated; the chandelier was Murano crystal. “This is not your aver-
age condominium,” the realtor said, inadvertently reflecting a purely statistical fact in
addition to the intended meaning of the expression.
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FIGURE 1-2 A Symmetrically Distributed Data Set

Mean = Median = Mode

The mode tells us our data set’s most frequently occurring value. There may
be several modes. In Example 1-2, our data set actually possesses three modes:
18, 20, and 22. Of the three measures of central tendency, we are most interested
in the mean.

If a data set or population is symmetric (i.e., if one side of the distribution of the
observations is a mirror image of the other) and if the distribution of the observations
has only one mode, then the mode, the median, and the mean are all equal. Such a
situation is demonstrated in Figure 1-2. Generally, when the data distribution is
not symmetric, then the mean, median, and mode will not all be equal. The relative
positions of the three measures of centrality in such situations will be discussed in
section 1-6.

In the next section, we discuss measures of variability of a data set or population.

PROBLEMS

1-18. Discuss the differences among the three measures of centrality.

1-19. Find the mean, median, and mode(s) of the observations in problem 1-13.
1-20. Do the same as problem 1-19, using the data of problem 1-14.

1-21. Do the same as problem 1-19, using the data of problem 1-15.

1-22. Do the same as problem 1-19, using the data of problem 1-16.

1-23. Do the same as problem 1-19, using the observation set in problem 1-17.
1-24. Do the same as problem 1-19 for the data in Example 1-1.

1-25. Find the mean, mode, and median for the data set 7, 8, 8, 12, 12, 12, 14, 15,
20, 47, 52, 54.

1-26. For the following stock price one-year percentage changes, plot the data and
identify any outliers. Find the mean and median.’

Intel -6.9%
AT&T 46.5
General Electric 121
ExxonMobil 20.7
Microsoft 16.9
Pfizer 17.2
Citigroup 16.5

“Stocks,” Money, March 2007, p. 128.
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1-27. The following data are the median returns on investment, in percent, for 10
industries.”

Consumer staples 24.3%
Energy 233
Health care 22.1
Financials 21.0
Industrials 19.2
Consumer discretionary 19.0
Materials 18.1
Information technology 15.1
Telecommunication services 11.0
Utilities 10.4

Find the median of these medians and their mean.

1-4 Measures of Variability
Consider the following two data sets.

Set I: 1,2,3,4,5,6,6,7,8,9, 10, 11
Set II: 4,5,5,5,6,6,6,6,7,7,7,8

Compute the mean, median, and mode of each of the two data sets. As you see from your
results, the two data sets have the same mean, the same median, and the same mode,
all equal to 6. The two data sets also happen to have the same number of observations,
n = 12. But the two data sets are different. What is the main difference between them?

Figure 1-3 shows data sets I and II. The two data sets have the same central ten-
dency (as measured by any of the three measures of centrality), but they have a dif-
ferent variability. In particular, we see that data set I is more variable than data set II.
The values in set I are more spread out: they lie farther away from their mean than
do those of set I1.

There are several measures of variability, or dispersion. We have already dis-
cussed one such measure—the interquartile range. (Recall that the interquartile range

FIGURE 1-3 Comparison of Data Sets | and Il

Mean = Median = Mode = 6

Set I
°
ooooooooooo‘x
12 3 4 5 A 7 8 9 10 1
e— == e = =
Data are spread out
Mean = Median = Mode = 6
)
Set II: ot e e
e o o
e o o o o .
4 5 A 7 8

Hé/_/

Data are clustered together

7“Sector Snapshot,” BusinessWeek, March 26, 2007, p. 62.
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is defined as the difference between the upper quartile and the lower quartile.) The
interquartile range for data set I is 5.5, and the interquartile range of data set II is 2
(show this). The interquartile range is one measure of the dispersion or variability of
a set of observations. Another such measure is the range.

The range of a set of observations is the difference between the largest
observation and the smallest observation.

The range of the observations in Example 1-2 is Largest number — Smallest
number = 56 — 18 = 38. The range of the data in set I'is 11 — 1 = 10, and the range
of the data in set ITis 8 — 4 = 4. We see that, conforming with what we expect from
looking at the two data sets, the range of set I is greater than the range of set II. Set I is
more variable.

The range and the interquartile range are measures of the dispersion of a set of
observations, the interquartile range being more resistant to extreme observations.
There are also two other, more commonly used measures of dispersion. These are
the variance and the square root of the variance—the standard deviation.

The variance and the standard deviation are more useful than the range and the
interquartile range because, like the mean, they use the information contained in all
the observations in the data set or population. (The range contains information only on
the distance between the largest and smallest observations, and the interquartile range
contains information only about the difference between upper and lower quartiles.) We
define the variance as follows.

The variance of a set of observations is the average squared deviation of
the data points from their mean.

When our data constitute a sample, the variance is denoted by s% and the aver-
aging is done by dividing the sum of the squared deviations from the mean by n — 1.
(The reason for this will become clear in Chapter 5.) When our observations consti-
tute an entire population, the variance is denoted by ¢, and the averaging is done by
dividing by N. (And o is the Greek letter sigma; we call the variance sigma squared.
The capital sigma is known to you as the symbol we use for summation, 3.)

Sample variance:

n s 5
,':21()(’ X) (—I _3)

n—1

§? =

Recall that ¥ is the sample mean, the average of all the observations in the sample.
Thus, the numerator in equation 1-3 is equal to the sum of the squared differences of
the data points x; (where i = 1, 2, . . ., n) from their mean x. When we divide the
numerator by the denominator # — 1, we get a kind of average of the items summed
in the numerator. This average is based on the assumption that there are only n — 1
data points. (Note, however, that the summation in the numerator extends over all n
data points, not just z — 1 of them.) This will be explained in section 5-5.

When we have an entire population at hand, we denote the total number of
observations in the population by N. We define the population variance as follows.

Population variance:

N
> — w?

o2 = Sl (1-4)

where p is the population mean.

© The McGraw-Hill
Companies, 2009
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Unless noted otherwise, we will assume that all our data sets are samples and do
not constitute entire populations; thus, we will use equation 1-3 for the variance, and
not equation 1-4. We now define the standard deviation.

The standard deviation of a set of observations is the (positive) square
root of the variance of the set.

The standard deviation of a sample is the square root of the sample variance, and the
standard deviation of a population is the square root of the variance of the population.®

Sample standard deviation:

(1-5)

(1-6)

Why would we use the standard deviation when we already have its square, the
variance? The standard deviation is a more meaningful measure. The variance is
the average squared deviation from the mean. It is squared because if we just compute
the deviations from the mean and then averaged them, we get zero (prove this with any
of the data sets). Therefore, when seeking a measure of the variation in a set of obser-
vations, we square the deviations from the mean; this removes the negative signs, and
thus the measure is not equal to zero. The measure we obtain—the variance—is still a
squared quantity; it is an average of squared numbers. By taking its square root, we
“unsquare” the units and get a quantity denoted in the original units of the problem
(e.g., dollars instead of dollars squared, which would have little meaning in most
applications). The variance tends to be large because it is in squared units. Statisti-
cians like to work with the variance because its mathematical properties simplify
computations. People applying statistics prefer to work with the standard deviation
because it is more easily interpreted.

Let us find the variance and the standard deviation of the data in Example 1-2.
We carry out hand computations of the variance by use of a table for convenience.
After doing the computation using equation 1-3, we will show a shortcut that will
help in the calculation. Table 1-3 shows how the mean ¥ is subtracted from each of
the values and the results are squared and added. At the bottom of the last column we
find the sum of all squared deviations from the mean. Finally, the sum is divided by
n — 1, giving s2, the sample variance. Taking the square root gives us s, the sample
standard deviation.

8A note about calculators: If your calculator is designed to compute means and standard deviations, find the
key for the standard deviation. Typically, there will be two such keys. Consult your owner’s handbook to be sure you
are using the key that will produce the correct computation for a sample (division by # — 1) versus a population
(division by N).



Aczel-Sounderpandian: 1. Introduction and Text
Complete Business Descriptive Statistics
Statistics, Seventh Edition

Introduction and Descriptive Statistics

TABLE 1-3  Calculations Leading to the Sample Variance in Example 1-2

X X—X (x —x)?
18 18 — 269 = -89 79.21
18 18 — 269 = -89 79.21
18 18 — 269 = -89 79.21
18 18 — 269 = -89 79.21
19 19 - 269 = -79 62.41
20 20— 269 = -6.9 47.61
20 20 - 269 = -6.9 47.61
20 20— 269 = -6.9 47.61
21 21 — 269 = -59 34.81
22 22 -269=-49 24.01
22 22 - 269 = -49 24.01
23 23 -269= -39 15.21
24 24 -269=-29 8.41
26 26 —269=-09 0.81
27 27 —269= 0.1 0.01
32 32-269= 5.1 26.01
33 33 -269 = 6.1 37.21
49 49 — 269 = 22.1 488.41
52 52 -26.9 = 25.1 630.01
56 56 —26.9 = 29.1 846.81

0 2,657.8

By equation 1-3, the variance of the sample is equal to the sum of the third column
in the table, 2,657.8, divided by n — 1: s? = 2,657.8/19 = 139.88421. The standard
deviation is the square root of the variance: s = V139.88421 = 11.827266, or, using
two-decimal accuracy,” s = 11.83.

If you have a calculator with statistical capabilities, you may avoid having to use
a table such as Table 1-3. If you need to compute by hand, there is a shortcut formula
for computing the variance and the standard deviation.

Shortcut formula for the sample variance:

23/

n-—1

S

(1-7)

Again, the standard deviation is just the square root of the quantity in equation 1-7.
We will now demonstrate the use of this computationally simpler formula with the
data of Example 1-2. We will then use this simpler formula and compute the variance
and the standard deviation of the two data sets we are comparing: set I and set II.

As before, a table will be useful in carrying out the computations. The table for
finding the variance using equation 1-7 will have a column for the data points x and

“In quantitative fields such as statistics, decimal accuracy is always a problem. How many digits after the decimal point
should we carry? This question has no easy answer; everything depends on the required level of accuracy. As a rule, we will
use only two decimals, since this suffices in most applications in this book. In some procedures, such as regression analysis,
more digits need to be used in computations (these computations, however, are usually done by computer).

© The McGraw-Hill
Companies, 2009
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TABLE 1-4 Shortcut
Computations for the
Variance in Example 1-2

X

18
18
18
18
19
20
20
20
21
22
22
23
24
26
27
32
33
49
52
56

538

XZ
324
324
324
324
361
400
400
400
441
484
484
529
576
676
729

1,024
1,089
2,401
2,704

3,136

17,130
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a column for the squared data points x2. Table 1-4 shows the computations for the
variance of the data in Example 1-2.
Using equation 1-7, we find

n n 2
2 (S, ‘
- 2% <21x) / " 17,130 — (538)%/20 17,130 — 289,444/20
- n—1 - 19 - 19
= 139.88421

52

The standard deviation is obtained as before: s = V' 139.88421 = 11.83. Using the
same procedure demonstrated with Table 1-4, we find the following quantities lead-
ing to the variance and the standard deviation of set I and of set II. Both are assumed
to be samples, not populations.

Set I: Sx=72,3x2 = 542, 52 = 10, and s = V10 = 3.16
Set II: Sx=72,3x> =446, s> = 1.27,and s = V1.27 = 1.13

As expected, we see that the variance and the standard deviation of set II are smaller
than those of set I. While each has a mean of 6, set I is more variable. That is, the val-
ues in set I vary more about their mean than do those of set II, which are clustered
more closely together.

The sample standard deviation and the sample mean are very important statistics
used in inference about populations.

EXAMPLE 1-5

Solution

In financial analysis, the standard deviation is often used as a measure of volatility and
of the risk associated with financial variables. The data below are exchange rate values
of the British pound, given as the value of one U.S. dollar’s worth in pounds. The first
column of 10 numbers is for a period in the beginning of 1995, and the second column
of 10 numbers is for a similar period in the beginning of 2007."° During which period,
of these two precise sets of 10 days each, was the value of the pound more volatile?

1995 2007
0.6332 0.5087
0.6254 0.5077
0.6286 0.5100
0.6359 0.5143
0.6336 0.5149
0.6427 0.5177
0.6209 0.57164
0.6214 0.5180
0.6204 0.5096
0.6325 0.5182

We are looking at two populations of 10 specific days at the start of each year (rather
than a random sample of days), so we will use the formula for the population standard
deviation. For the 1995 period we get ¢ = 0.007033. For the 2007 period we get o =
0.003938. We conclude that during the 1995 ten-day period the British pound was

OFrom data reported in “Business Day,” The New York Times, in March 2007, and from Web information.
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The data for second quarter earnings per share (EPS) for major banks in the
Northeast are tabulated below. Compute the mean, the variance, and the standard

deviation

of the data.

Name

Bank of New York

Bank of America

EPS

$2.53
4.38

Banker’s Trust/New York 7.53

Chase Manhattan 7.53
Citicorp 7.96
Brookline 4.35
MBNA 1.50
Mellon 2.75
Morgan |P 7.25
PNC Bank 3.11
Republic 7.44
State Street 2.04
Summit 3.25
Sx=$61.62; x=$474; > & = 363.40;

& =

5.94; s = $2.44.

Figure 1-4 shows how Excel commands can be used for obtaining a group of the
most useful and common descriptive statistics using the data of Example 1-2. In sec-
tion 1-10, we will see how a complete set of descriptive statistics can be obtained

from a spreadsheet template.

FIGURE 1-4 Using Excel for Example 1-2

Al B | c | D E F
1
2 | Wealth (Sbillion)
| 3 | 33
| 4 | 26
24 -

% 21 Desc_r |p_t|ve Excel Command Result
7 | 19

8 20 Mean —AVERAGE(A3:A22) 26.9
[0 | 18 Median =MEDIAN(A3:A22) 22
10 18 Mode —MODE(A3:A22) 18
(11 | 52 Standard Deviation | =STDEV(A3:A22) 11.8272656
| 12 | 56 Standard Error =F11/SQRT(20) 2.64465698
| 13 | 27 Kurtosis =KURT(A3:A22) 1.60368514
14 22 Skewness —SKEW(A3:A22) 1.65371559
15 | 18 Range —MAX(A3:A22)-MIN(A3:A22) 38
16 49 Minimum =MIN(AB:A22) 18
(17 | 22 Maximum =MAX(A3:A22) 56
E 20 Sum —SUM(A3:A22) 538
(19 | 23 Count —COUNT(A3:A22) 20
| 20 | 32
| 21 | 20
| 22 | 18

23

EXAMPLE 1-6

Solution
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PROBLEMS

1-28. Explain why we need measures of variability and what information these
measures CONnvey.

1-29. What is the most important measure of variability and why?

1-30. What is the computational difference between the variance of a sample and
the variance of a population?

1-31. Find the range, the variance, and the standard deviation of the data set in
problem 1-13 (assumed to be a sample).

1-32. Do the same as problem 1-31, using the data in problem 1-14.
1-33. Do the same as problem 1-31, using the data in problem 1-15.
1-34. Do the same as problem 1-31, using the data in problem 1-16.
1-35. Do the same as problem 1-31, using the data in problem 1-17.

1-5 Grouped Data and the Histogram

Data are often grouped. This happened naturally in Example 1-2, where we had a
group of four points with a value of 18, a group of three points with a value of 20,
and a group of two points with a value of 22. In other cases, especially when we
have a large data set, the collector of the data may break the data into groups even
if the points in each group are not equal in value. The data collector may set some
(often arbitrary) group boundaries for ease of recording the data. When the salaries
of 5,000 executives are considered, for example, the data may be reported in the
form: 1,548 executives in the salary range $60,000 to $65,000; 2,365 executives in
the salary range $65,001 to $70,000; and so on. In this case, the data collector or
analyst has processed all the salaries and put them into groups with defined bound-
aries. In such cases, there is a loss of information. We are unable to find the mean,
variance, and other measures because we do not know the actual values. (Certain
formulas, however, allow us to find the approximate mean, variance, and standard
deviation. The formulas assume that all data points in a group are placed in the
midpoint of the interval.) In this example, we assume that all 1,548 executives in
the $60,000-$65,000 class make exactly ($60,000 + $65,000)/2 = $62,500; we estimate
similarly for executives in the other groups.

We define a group of data values within specified group boundaries as a
class.

When data are grouped into classes, we may also plot a frequency distribution of
the data. Such a frequency plot is called a histogram.

A histogram is a chart made of bars of different heights. The height of
each bar represents the frequency of values in the class represented by the
bar. Adjacent bars share sides.

We demonstrate the use of histograms in the following example. Note that a his-
togram is used only for measured, or ordinal, data.

EXAMPLE 1-7

Management of an appliance store recorded the amounts spent at the store by the 184
customers who came in during the last day of the big sale. The data, amounts spent,
were grouped into categories as follows: $0 to less than $100, $100 to less than $200,
and so on up to $600, a bound higher than the amount spent by any single buyer. The
classes and the frequency of each class are shown in Table 1-5. The frequencies,
denoted by f{x), are shown in a histogram in Figure 1-5.
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TABLE 1-5 Classes and Frequencies for Example 1-7
X f(x)
Spending Class ($) Frequency (Number of Customers)
0 to less than 100 30
100 to less than 200 38
200 to less than 300 50
300 to less than 400 31
400 to less than 500 22
500 to less than 600 13
184
FIGURE 1-5 A Histogram of the Data in Example 1-7
f(x) Frequency
: 50
50
_ 38
40 . 31
30 22
== 13
10
T T T T T > X
0 100 200 300 400 500 600  Dollars

TABLE 1-6 Relative Frequencies for Example 1-7

X f(x)
Class ($) Relative Frequency

0 to less than 100 0.163
100 to less than 200 0.207
200 to less than 300 0.272
300 to less than 400 0.168
400 to less than 500 0.120
500 to less than 600 0.070
1.000

As you can see from Figure 1-5, a histogram is just a convenient way of plotting
the frequencies of grouped data. Here the frequencies are absolute frequencies or counts
of data points. It is also possible to plot relative frequencies.

The relative frequency of a class is the count of data points in the class
divided by the total number of data points.

The relative frequency in the first class, $0 to less than $100, is equal to count/total = Solution
30/184 = 0.163. We can similarly compute the relative frequencies for the other classes.
The advantage of relative frequencies is that they are standardized: They add to 1.00.
The relative frequency in each class represents the proportion of the total sample in the
class. Table 1-6 gives the relative frequencies of the classes.
Figure 1-6 is a histogram of the relative frequencies of the data in this example.
Note that the shape of the histogram of the relative frequencies is the same as that of
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FIGURE 1-6 A Histogram of the Relative Frequencies in Example 1-7
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the absolute frequencies, the counts. The shape of the histogram does not change;
only the labeling of the f(x) axis is different.
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Relative frequencies—proportions that add to 1.00—may be viewed as probabili-
ties, as we will see in the next chapter. Hence, such frequencies are very useful in sta-
tistics, and so are their histograms.

1-6 Skewness and Kurtosis

In addition to measures of location, such as the mean or median, and measures of vari-
ation, such as the variance or standard deviation, two more attributes of a frequency
distribution of a data set may be of interest to us. These are skewness and kurtosis.

Skewness is a measure of the degree of asymmetry of a frequency
distribution.

When the distribution stretches to the right more than it does to the left, we say that the
distribution is right skewed. Similarly, a lefi-skewed distribution is one that stretches asym-
metrically to the left. Four graphs are shown in Figure 1-7: a symmetric distribution, a
right-skewed distribution, a left-skewed distribution, and a symmetrical distribution
with two modes.

Recall that a symmetric distribution with a single mode has mode = mean =
median. Generally, for a right-skewed distribution, the mean is to the right of the
median, which in turn lies to the right of the mode (assuming a single mode). The
opposite is true for left-skewed distributions.

Skewness is calculated!! and reported as a number that may be positive, negative,
or zero. Zero skewness implies a symmetric distribution. A positive skewness implies a
right-skewed distribution, and a negative skewness implies a left-skewed distribution.

Two distributions that have the same mean, variance, and skewness could still be
significantly different in their shape. We may then look at their kurtosis.

Kurtosis is a measure of the peakedness of a distribution.
The larger the kurtosis, the more peaked will be the distribution. The kurtosis is cal-

culated? and reported either as an absolute or a relative value. Absolute kurtosis is

- Ny — 3
IThe formula used for calculating the skewness of a population is E [Xiu] /N.
i=1 o

Nl — plt
"2The formula used for calculating the absolute kurtosis of a population is > [7“} /N.
a

i=1
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FIGURE 1-7 Skewness of Distributions
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FIGURE 1-8 Kurtosis of Distributions
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always a positive number. The absolute kurtosis of a normal distribution, a famous dis-
tribution about which we will learn in Chapter 4, is 3. This value of 3 is taken as the
datum to calculate the relative kurtosis. The two are related by the equation

Relative kurtosis = Absolute kurtosis — 3

The relative kurtosis can be negative. We will always work with relative kurtosis. As
a result, in this book, “kurtosis” means “relative kurtosis.”

A negative kurtosis implies a flatter distribution than the normal distribution, and
itis called platykurtic. A positive kurtosis implies a more peaked distribution than the
normal distribution, and it is called leptokurtic. Figure 1-8 shows these examples.

© The McGraw-Hill
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1-7 Relations between the Mean
and the Standard Deviation

The mean is a measure of the centrality of a set of observations, and the standard
deviation is a measure of their spread. There are two general rules that establish a
relation between these measures and the set of observations. The first is called
Chebyshev’s theorem, and the second is the empirical rule.

Chebyshev’s Theorem

A mathematical theorem called Chebyshev’s theorem establishes the following
rules:

1. At least three-quarters of the observations in a set will lie within 2 standard
deviations of the mean.

2. At least eight-ninths of the observations in a set will lie within 3 standard
deviations of the mean.

In general, the rule states that at least 1 — 1/4? of the observations will lie within
k standard deviations of the mean. (We note that £ does not have to be an integer.)
In Example 1-2 we found that the mean was 26.9 and the standard deviation was
11.83. According to rule 1 above, at least three-quarters of the observations should
fall in the interval Mean *+ 25 = 26.9 * 2(11.83), which is defined by the points 3.24
and 50.56. From the data set itself, we see that all but the three largest data points
lie within this range of values. Since there are 20 observations in the set, seventeen-
twentieths are within the specified range, so the rule that at least three-quarters will
be within the range is satisfied.

The Empirical Rule

If the distribution of the data is mound-shaped—that is, if the histogram of the data is
more or less symmetric with a single mode or high point—then tighter rules will
apply. This is the empirical rule:

1. Approximately 68% of the observations will be within 1 standard deviation of
the mean.

2. Approximately 95% of the observations will be within 2 standard deviations of
the mean.

3. A vast majority of the observations (all, or almost all) will be within 3 standard
deviations of the mean.

Note that Chebyshev’s theorem states at least what percentage will lie within
k standard deviations in any distribution, whereas the empirical rule states approx-
imately what percentage will lie within £ standard deviations in a mound-shaped
distribution.

For the data set in Example 1-2, the distribution of the data set is not symmetric,
and the empirical rule holds only approximately.

PROBLEMS

1-36. Check the applicability of Chebyshev’s theorem and the empirical rule for
the data set in problem 1-13.
1-37. Check the applicability of Chebyshev’s theorem and the empirical rule for
the data set in problem 1-14.
1-38. Check the applicability of Chebyshev’s theorem and the empirical rule for
the data set in problem 1-15.
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1-39. Check the applicability of Chebyshev’s theorem and the empirical rule for
the data set in problem 1-16.

1-40. Check the applicability of Chebyshev’s theorem and the empirical rule for
the data set in problem 1-17.

1-8 Methods of Displaying Data

In section 1-5, we saw how a histogram is used to display frequencies of occurrence of
values in a data set. In this section, we will see a few other ways of displaying data,
some of which are descriptive only. We will introduce frequency polygons, cumulative
frequency plots (called ogives), pie charts, and bar charts. We will also see examples of
how descriptive graphs can sometimes be misleading. We will start with pie charts.

Pie Charts

A pie chart is a simple descriptive display of data that sum to a given total. A pie chart
is probably the most illustrative way of displaying quantities as percentages of a given
total. The total area of the pie represents 100% of the quantity of interest (the sum of the
variable values in all categories), and the size of each slice is the percentage of the total
represented by the category the slice denotes. Pie charts are used to present frequencies
for categorical data. The scale of measurement may be nominal or ordinal. Figure 1-9 is
a pie chart of the percentages of all kinds of investments in a typical family’s portfolio.

Bar Charts

Bar charts (which use horizontal or vertical rectangles) are often used to display cat-
egorical data where there is no emphasis on the percentage of a total represented by
each category. The scale of measurement is nominal or ordinal.

Charts using horizontal bars and those using vertical bars are essentially the same.
In some cases, one may be more convenient than the other for the purpose at hand.
For example, if we want to write the name of each category inside the rectangle that
represents that category, then a horizontal bar chart may be more convenient. If we
want to stress the height of the different columns as measures of the quantity of inter-
est, we use a vertical bar chart. Figure 1-10 is an example of how a bar chart can be
used effectively to display and interpret information.

Frequency Polygons and Ogives

A frequency polygon is similar to a histogram except that there are no rectangles,
only a point in the midpoint of each interval at a height proportional to the frequency

FIGURE 1-9 Investments Portfolio Composition

Adding more foreign stocks should boost returns.

Foreign

Small-cap/
midcap

Large-cap
blend

Large-cap
value

Source: Carolyn Bigda, “The Fast Track to Kicking Back,” Money, March 2007, p. 60.
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FIGURE 1-10 The Web Takes Off

Registration of Web site domain names has soared since 2000,
in Millions.
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Source: S. Hammand and M. Tucker, “How Secure Is Your Domain,” BusinessWeek, March 26, 2007, p. 118.

TABLE 1-7 Pizza Sales

Sales ($000) Relative Frequency
6-14 0.20
15-22 0.30
23-30 0.25
31-38 0.15
39-46 0.07
47-54 0.03

FIGURE 1-11 Relative-Frequency Polygon for Pizza Sales
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or relative frequency (in a relative-frequency polygon) of the category of the interval.
The rightmost and leftmost points are zero. Table 1-7 gives the relative frequency of
sales volume, in thousands of dollars per week, for pizza at a local establishment.

A relative-frequency polygon for these data is shown in Figure 1-11. Note that the
frequency is located in the middle of the interval as a point with height equal to the
relative frequency of the interval. Note also that the point zero is added at the left
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FIGURE 1-12 Excel-Produced Graph of the Data in Example 1-2
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FIGURE 1-13 Ogive of Pizza Sales
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boundary and the right boundary of the data set: The polygon starts at zero and ends
at zero relative frequency.

Figure 1-12 shows the worth of the 20 richest individuals from Example 1-2
displayed as a column chart. This is done using Excel’s Chart Wizard.

An ogive is a cumulative-frequency (or cumulative relative-frequency) graph.
An ogive starts at 0 and goes to 1.00 (for a relative-frequency ogive) or to the maxi-
mum cumulative frequency. The point with height corresponding to the cumulative
frequency is located at the right endpoint of each interval. An ogive for the data in
Table 1-7 is shown in Figure 1-13. While the ogive shown is for the cumulative relative
frequency, an ogive can also be used for the cumulative absolute frequency.

A Caution about Graphs

A picture is indeed worth a thousand words, but pictures can sometimes be deceiv-
ing. Often, this is where “lying with statistics” comes in: presenting data graphically
on a stretched or compressed scale of numbers with the aim of making the data
show whatever you want them to show. This is one important argument against a
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FIGURE 1-14 German Wage Increases (%)
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Source: “Economic Focus,” The Economist, March 3, 2007, p. 82. Reprinted by permission.

FIGURE 1-15 The S&P 500, One Year, to March 2007
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Source: Adapted from “Economic Focus,” The Economist, March 3, 2007, p. 82.

merely descriptive approach to data analysis and an argument for statistical inference.
Statistical tests tend to be more objective than our eyes and are less prone to deception
as long as our assumptions (random sampling and other assumptions) hold. As we
will see, statistical inference gives us tools that allow us to objectively evaluate what
we see in the data.

Pictures are sometimes deceptive even though there is no intention to deceive.
When someone shows you a graph of a set of numbers, there may really be no
particular scale of numbers that is “right” for the data.

The graph on the left in Figure 1-14 is reprinted from 7he Economist. Notice that
there is no scale that is the “right” one for this graph. Compare this graph with the one
on the right side, which has a different scale.

Time Plots

Often we want to graph changes in a variable over time. An example is given in
Figure 1-15.
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PROBLEMS

1-41. The following data are estimated worldwide appliance sales (in millions of
dollars). Use the data to construct a pie chart for the worldwide appliance sales of the
listed manufacturers.

Electrolux $5,100
General Electric 4,350
Matsushita Electric 4,180
Whirlpool 3,950
Bosch-Siemens 2,200
Philips 2,000
Maytag 1,580

1-42. Draw a bar graph for the data on the first five stocks in problem 1-14. Is
any one of the three kinds of plot more appropriate than the others for these data?
If so, why?

1-43. Draw a bar graph for the endowments (stated in billions of dollars) of each of
the universities specified in the following list.

Harvard $3.4
Texas 2.5
Princeton 1.9
Yale 1.7
Stanford 1.4
Columbia 1.3
Texas A&M 11

1-44. The following are the top 10 private equity deals of all time, in billions of
dollars.®

38.9, 82.7, 311, 274, 25.7, 21.6, 176, 174, 15.0, 13.9

Find the mean, median, and standard deviation. Draw a bar graph.

1-45. The following data are credit default swap values:* 6, 10, 12, 13, 18, 21 (in
trillions of dollars). Draw a pie chart of these amounts. Find the mean and median.

1-46. The following are the amounts from the sales slips of a department store
(in dollars): 3.45, 4.52, 5.41, 6.00, 5.97, 7.18, 1.12, 5.39, 7.03, 10.25, 11.45, 13.21,
12.00, 14.05, 2.99, 3.28, 17.10, 19.28, 21.09, 12.11, 5.88, 4.65, 3.99, 10.10, 23.00,
15.16, 20.16. Draw a frequency polygon for these data (start by defining intervals
of the data and counting the data points in each interval). Also draw an ogive and a
column graph.

1-9 Exploratory Data Analysis

Exploratory data analysis (EDA) is the name given to a large body of statistical and
graphical techniques. These techniques provide ways of looking at data to determine
relationships and trends, identify outliers and influential observations, and quickly
describe or summarize data sets. Pioneering methods in this field, as well as the name
exploratory data analysis, derive from the work of John W. Tukey [ John W. Tukey,
Exploratory Data Analysis (Reading, Massachusetts: Addison-Wesley, 1977)].

BR. Kirkland, “Private Money,” Fortune, March 5, 2007, p. 58.
“John Ferry, “Gimme Shelter,” Worth, April 2007, p. 89.
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Stem-and-Leaf Displays

A stem-and-leaf display is a quick way of looking at a data set. It contains some
of the features of a histogram but avoids the loss of information in a histogram that
results from aggregating the data into intervals. The stem-and-leaf display is based
on the tallying principle: | || ||| ||/l W; but it also uses the decimal base of our number
system. In a stem-and-leaf display, the stem is the number without its rightmost digit
(the leaf). The stem is written to the left of a vertical line separating the stem from the
leaf. For example, suppose we have the numbers 105, 106, 107, 107, 109. We display
them as

10 | 56779

With a more complete data set with different stem values, the last digit of each num-
ber is displayed at the appropriate place to the right of its stem digit(s). Stem-and-
leaf displays help us identify, at a glance, numbers in our data set that have high
frequency. Let’s look at an example.

EXAMPLE 1-8

Solution

Virtual reality is the name given to a system of simulating real situations on a computer
in a way that gives people the feeling that what they see on the computer screen is
a real situation. Flight simulators were the forerunners of virtual reality programs. A
particular virtual reality program has been designed to give production engineers expe-
rience in real processes. Engineers are supposed to complete certain tasks as responses
to what they see on the screen. The following data are the time, in seconds, it took a
group of 42 engineers to perform a given task:

11, 12, 12, 13, 15, 15, 15, 16, 17, 20, 21, 21, 21, 22, 22, 22, 23, 24, 26, 27, 27, 27, 28, 29, 29,
30, 31, 32, 34, 35, 87, 41, 41, 42, 45, 47, 50, 52, 53, 56, 60, 62

Use a stem-and-leaf display to analyze these data.

The data are already arranged in increasing order. We see that the data are in the 10s,
20s, 30s, 40s, 50s, and 60s. We will use the first digit as the stem and the second digit of
each number as the leaf. The stem-and-leaf display of our data is shown in Figure 1-16.

As you can see, the stem-and-leaf display is a very quick way of arranging the
data in a kind of a histogram (turned sideways) that allows us to see what the data
look like. Here, we note that the data do not seem to be symmetrically distributed;
rather, they are skewed to the right.

FIGURE 1-16 Stem-and-
Leaf Display of the Task
Performance Times of
Example 1-8
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We may feel that this display does not convey very much information because
there are too many values with first digit 2. To solve this problem, we may split the
groups into two subgroups. We will denote the stem part as 1* for the possible num-
bers 10, 11, 12, 13, 14 and as 1. for the possible numbers 15, 16, 17, 18, 19. Similarly, the
stem 2* will be used for the possible numbers 20, 21, 22, 23, and 24; stem 2. will be
used for the numbers 25, 26, 27, 28, and 29; and so on for the other numbers. Our
stem-and-leaf diagram for the data of Example 1-8 using this convention is shown in
Figure 1-17. As you can see from the figure, we now have a more spread-out histogram
of the data. The data still seem skewed to the right.

If desired, a further refinement of the display is possible by using the symbol * for
a stem followed by the leaf values 0 and 1; the symbol t for leaf values 2 and 3; the
symbol f for leaf values 4 and 5; s for 6 and 7; and . for 8 and 9. Also, the class con-
taining the median observation is often denoted with its stem value in parentheses.
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We demonstrate this version of the display for the data of Example 1-8 in Figure 1-18.
Note that the median is 27 (why?).

Note that for the data set of this example, the refinement offered in Figure 1-18
may be too much: We may have lost the general picture of the data. In cases where
there are many observations with the same value (for example, 22, 22, 22, 22, 22, 22,
22, ...), the use of a more stretched-out display may be needed in order to get a good
picture of the way our data are clustered.

Box Plots

A box plot (also called a box-and-whisker plot) is another way of looking at a data set in an
effort to determine its central tendency, spread, skewness, and the existence of outliers.

A box plot is a set of five summary measures of the distribution of the data:

1. The median of the data
2. The lower quartile

3. The upper quartile

4. The smallest observation
5. The largest observation

These statements require two qualifications. First, we will assume that the Ainges of the
box plot are essentially the quartiles of the data set. (We will define hinges shortly.) The
median is a line inside the box.

FIGURE 1-18 Further Refined Stem-and-Leaf Display of Data of Example 1-8
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FIGURE 1-17 Refined
Stem-and-Leaf Display for
Data of Example 1-8
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Second, the whiskers of the box plot are made by extending a line from the upper
quartile to the largest observation and from the lower quartile to the smallest observa-
tion, only if the largest and smallest observations are within a distance of 1.5 times the
interquartile range from the appropriate hinge (quartile). If one or more observations
are farther away than that distance, they are marked as suspected outliers. If these
observations are at a distance of over 3 times the interquartile range from the appro-
priate hinge, they are marked as outliers. The whisker then extends to the largest or
smallest observation that is at a distance less than or equal to 1.5 times the interquar-
tile range from the hinge.

Let us make these definitions clearer by using a picture. Figure 1-19 shows the parts
of a box plot and how they are defined. The median is marked as a vertical line across
the box. The hinges of the box are the upper and lower quartiles (the rightmost and
leftmost sides of the box). The interquartile range (IQR) is the distance from the
upper quartile to the lower quartile (the length of the box from hinge to hinge): IQR =
Q ;— Q ;. We define the inner fence as a point at a distance of 1.5(IQR) above the
upper quartile; similarly, the lower inner fence is Q ; — L.5(IQR). The outer fences
are defined similarly but are at a distance of 3(IQR) above or below the appropriate
hinge. Figure 1-20 shows the fences (these are not shown on the actual box plot; they
are only guidelines for defining the whiskers, suspected outliers, and outliers) and
demonstrates how we mark outliers.

FIGURE 1-19 The Box Plot
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Box plots are very useful for the following purposes.

1. To identify the location of a data set based on the median.

2. To identify the spread of the data based on the length of the box, hinge to
hinge (the interquartile range), and the length of the whiskers (the range of the
data without extreme observations: outliers or suspected outliers).

3. To identify possible skewness of the distribution of the data set. If the portion
of the box to the right of the median is longer than the portion to the left of the
median, and/or the right whisker is longer than the left whisker, the data are
right-skewed. Similarly, a longer left side of the box and/or left whisker implies
a left-skewed data set. If the box and whiskers are symmetric, the data are
symmetrically distributed with no skewness.

4. To identify suspected outliers (observations beyond the inner fences but within
the outer fences) and outliers (points beyond the outer fences).

5. To compare two or more data sets. By drawing a box plot for each data set and
displaying the box plots on the same scale, we can compare several data sets.

A special form of a box plot may even be used for conducting a test of the equality
of two population medians. The various uses of a box plot are demonstrated in
Figure 1-21.

Let us now construct a box plot for the data of Example 1-8. For this data set, the
median is 27, and we find that the lower quartile is 20.75 and the upper quartile is 41.
The interquartile range is IQR = 41 — 20.75 = 20.25. One and one-half times this dis-
tance is 30.38; hence, the inner fences are —9.63 and 71.38. Since no observation lies
beyond either point, there are no suspected outliers and no outliers, so the whiskers
extend to the extreme values in the data: 11 on the left side and 62 on the right side.

As you can see from the figure, there are no outliers or suspected outliers in this
data set. The data set is skewed to the right. This confirms our observation of the
skewness from consideration of the stem-and-leaf diagrams of the same data set, in
Figures 1-16 to 1-18.

FIGURE 1-21 Box Plots and Their Uses
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PROBLEMS

1-47. The following data are monthly steel production figures, in millions of tons.

7.0,6.9,8.2,78,77,73,6.8,6.7,8.2,84,70,6.7, 75,72, 79, 7.6, 6.7, 6.6, 6.3, 5.6, 7.8, 5.5,
6.2,5.8,58,6.1,6.0,73, 7.3, 7.5, 7.2, 72, 74, 7.6
Draw a stem-and-leaf display of these data.

1-48. Draw a box plot for the data in problem 1-47. Are there any outliers? Is the
distribution of the data symmetric or skewed? If it is skewed, to what side?

1-49. What are the uses of a stem-and-leaf display? What are the uses of a box plot?
1-50. Worker participation in management is a new concept that involves employees
in corporate decision making. The following data are the percentages of employees

involved in worker participation programs in a sample of firms. Draw a stem-and-leaf
display of the data.

5,39, 33, 35, 42, 43, 42, 45, 46, 44, 47, 48, 48, 48, 49, 49, 50, 37, 38, 34, 51, 52, 52, 47, 53,
55,56, 57, 58, 63, 78

1-51. Draw a box plot of the data in problem 1-50, and draw conclusions about the
data set based on the box plot.

1-52. Consider the two box plots in Figure 1-24 (on page 38), and draw conclu-
sions about the data sets.

1-53. Refer to the following data on distances between seats in business class for
various airlines. Find p, o, 02, draw a box plot, and find the mode and any outliers.

Characteristics of Business-Class Carriers

Distance between
Rows (in cm)

Europe
Air France 122
Alitalia 140
British Airways 127
Iberia 107
KLM/Northwest 120
Lufthansa 101
Sabena 122
SAS 132
SwissAir 120

Asia
All Nippon Airw 127
Cathay Pacific 127
JAL 127
Korean Air 127
Malaysia Air 116
Singapore Airl 120
Thai Airways 128
Vietnam Airl 140

North America
Air Canada 140
American Airl 127
Continental 140
Delta Airlines 130
TWA 157

United 124
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1-54. The following data are the daily price quotations for a certain stock over a
period of 45 days. Construct a stem-and-leaf display for these data. What can you
conclude about the distribution of daily stock prices over the period under study?

10, 11, 10, 11, 11, 12, 12, 13, 14, 16, 15, 11, 18, 19, 20, 15, 14, 14, 22, 25, 27, 23, 22, 26, 27,
29, 98, 31, 32, 30, 32, 34, 33, 38, 41, 40, 42, 53, 52, 47, 37, 23, 11, 32, 23

1-55. Discuss ways of dealing with outliers—their detection and what to do about
them once they are detected. Can you always discard an outlier? Why or why not?

1-56. Define the inner fences and the outer fences of a box plot; also define the
whiskers and the hinges. What portion of the data is represented by the box? By the
whiskers?

1-57. The following data are the number of ounces of silver per ton of ore for two
mines.

Mine A: 34, 32, 35, 37, 41, 42, 43, 45, 46, 45, 48, 49, 51, 52, 53, 60, 73, 76, 85
Mine B: 23,24, 28,29, 32, 34, 35, 37, 38, 40, 43, 44, 47, 48, 49, 50, 51, 52, 59

Construct a stem-and-leaf display for each data set and a box plot for each data set.
Compare the two displays and the two box plots. Draw conclusions about the data.

1-58. Can you compare two populations by looking at box plots or stem-and-leaf
displays of random samples from the two populations? Explain.
1-59. The following data are daily percentage changes in stock prices for 20 stocks
called “The Favorites.”%
-0.1,0.5,0.6,0.7, 1.4, 0.7, 1.3, 0.3, 1.6, 0.6, —3.5, 0.6, 1.1, 1.3, —0.1, 2.5, —0.3, 0.3, 0.2, 0.4
Draw a box plot of these data.
1-60. Consult the following data on a sports car 0 to 60 times, in seconds. 6
49,4.6,42,5.1,52, 5.1, 4.8, 4.7, 49, 5.3

Find the mean and the median. Compare the two. Also construct a box plot. Inter-
pret your findings.

1-10 Using the Computer

Using Excel for Descriptive Statistics and Plots

If you need to develop any statistical or engineering analyses, you can use the Excel
Analysis Toolpack. One of the applicable features available in the Analysis Toolpack
is Descriptive Statistics. To access this tool, click Data Analysis in the Analysis Group
on the Data tab. Then choose Descriptive Statistics. You can define the range of input
and output in this window. Don’t forget to select the Summary Statistics check box.
Then press OK. A table containing the descriptive statistics of your data set will be
created in the place that you have specified for output range.

If the Data Analysis command is not available in the Data tab, you need to load
the Analysis Toolpack add-in program. For this purpose follow the next steps:

e Click the Microsoft Office button, and then click Excel Options.
¢ Click Add-ins, and then in the Manage box, select Excel Add-ins.
e Click Go.

e In the Add-ins Available box, select the Analysis Toolpack check box, and then
click OK.

BData reported in “Business Day,” The New York Times, Thursday, March 15, 2007, p. C11.
16“Sports Stars,” BusinessWeek, March 5, 2007, p. 140.
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FIGURE 1-22 Template for Calculating Basic Statistics
[Basic Statistics.xls]

Al B | c | D | E | F | G | I O K

| 1 |Basic Statistics from Raw Data |Sales Data
| 2 | Data Entry
| 3 | Measures of Central tendency 1 33
| 4 | 2 26
| 5 | Mean| 26.9 Median 22 Mode| 18 3 24
| 6 | 4 21
| 7 | Measures of Dispersion 5 19
| 8 | If the data is of a 6 20
| 9 | Sample Population 7 18
[ 10 | Variance| 139.884211 132.89 Range 8 18
| 11 | St. Dev. | 11.8272656 11.5277925 IQR 8.5 9 52
[ 12 | 10 56
| 13 | Skewness and Kurtosis 11 27
| 14 | If the data is of a 12 22
| 15 | Sample Population 13 18
| 16 | Skewness | 1.65371559 1.52700876 14 49
| 17 | (Relative) Kurtosis | 1.60368514 0.94417958 15 22
| 18 | 16 20
| 19 | Percentile and Percentile Rank Calculations 17 23
| 20 | x-th Percentile 18 32
| 21 | X Percentile y rank of y 19 20
| 22 | 50 22 22.0 47 20 18
| 23 | 80 32.2 32.2 80
[ 24 | 90 49.3 49.3 90
25 |
| 26 | Quartiles
| 27 | 1st Quartile 19.75
[ 28 | Median 22 IGR
| 29 | 3rd Quartile 28.25
[ 30 |
| 31 | Other Statistics
[ 32 | Sum 538
| 33 | Size 22
| 34 | Maximum 56

35 Minimum 18

In addition to the useful features of the Excel Analysis Toolpak and the direct use of
Excel commands as shown in Figure 1-4, we also will discuss the use of Excel tem-
plates that we have developed for computations and charts covered in the chapter.
General instructions about using templates appear on the Student CD.

Figure 1-22 shows the template that can be used for calculating basic statistics of
a data set. As soon as the data are entered in the shaded area in column K, all the sta-
tistics are automatically calculated and displayed. All the statistics have been
explained in this chapter, but some aspects of this template will be discussed next.

PERCENTILE AND PERCENTILE RANK COMPUTATION

The percentile and percentile rank computations are done slightly differently in Excel.
Do not be alarmed if your manual calculation differs (slightly) from the result you see
in the template. These discrepancies in percentile and percentile rank computations
occur because of approximation and rounding off. In Figure 1-22, notice that the
50th percentile is 22, but the percentile rank of 22 is 47. Such discrepancies will get
smaller as the size of the data set increases. For large data sets, the discrepancy will be
negligible or absent.

HISTOGRAMS

A histogram can be drawn either from raw data or from grouped data, so the work-
book contains one sheet for each case. Figure 1-23 shows the template that used
raw data. After entering the data in the shaded area in column Q, select appro-
priate values for the start, interval width, and end values for the histogram in
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FIGURE 1-23 Template for Histograms and Related Charts
[Histogram.xls; Sheet: from Raw Data]

37

Al c | o Je] u [ + [ o | « [ v | ™ | N JofP | Q
1 ) [ Virtual Reality |
— | Histogram from Raw Data
z Interval Freq. Data
| 4 | <=10 0 4 ™\ 1 11
| 5 | (10, 20] 10 Frequency 2[ 12
| 6 | (20, 30] 16 18 3 12
| 7 | (30, 40] 5 4 13
[ 5 | (40, 50] 6 16 5[ 15
| 9 | (50, 60] 4 " 6 15
[ 10 | (60, 70] 1 715
[ 11 | >70 0 12 8 16
| 12 | 9 17
| 13 | 10 10 20
| 14 | 11 21
| 15 | 8 12 21
| 16 | 13 21
17| g 142
| 18 | 4 15 22
| 19 | 16 22
| 20 | 2 17 23
21 18 24
[22 | 0 ! 19 26
| 23 | <=10  (10,20] (20,30] (30,40] (40,50] (50,60] (60,70] >70 20 27
24 Total |42 21 27
—— < J
| 25 | 22 27
26 | Start Interval Width End 23 28
| 27 | 24 29
| 28 | Construct the histogram on this sheet using suitable Start, Interval width and End values. 25 29
129 | See all the charts on the next sheet. 26 30
30 27 31

cells H26, K26, and N26 respectively. When selecting the start and end values,
make sure that the first bar and the last bar of the chart have zero frequencies.
This will ensure that no value in the data has been omitted. The interval width
should be selected to make the histogram a good representation of the distribution
of the data.

After constructing the histogram on this sheet, go to the next sheet, named
“Charts,” to see all the related charts: Relative Frequency, Frequency Polygon, Rela-
tive Frequency Polygon, and Ogive.

At times, you may have grouped data rather than raw data to start with. In this
case, go to the grouped data sheet and enter the data in the shaded area on the right.
This sheet contains a total of five charts. If any of these is not needed, unprotect the
sheet and delete it before printing. Another useful template provided in the CD is
Frequency Polygon.xls, which is used to compare two distributions.

An advantage of frequency polygons is that unlike histograms, we can superpose
two or more polygons to compare the distributions.

PIE CHARTS

Pie chart.xls is one of the templates in the CD for creating pie charts. Note that the
data entered in this template for creating a pie chart need not be percentages, and
even if they are percentages, they need not add up to 100%, since the spreadsheet
recalculates the proportions.

If you wish to modify the format of the chart, for example, by changing the colors
of the slices or the location of legends, unprotect the sheet and use the Chart Wizard.

To use the Chart Wizard, click on the icon that looks like this: ﬂ . Protect the sheet
after you are done.
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FIGURE 1-24 Box Plot Template to Compare Two Data Sets
[Box Plot 2.xls]

Al B D | E | F | @& H | [ Kl ™ | N | [¢)
| 1 |Comparing two data sets using Box Plots Title
2 Data 1 Data 2
T Name 1 Name 2
[ 4 | 1 8 5
(5 | o[ 13 8
Lower Lower Upper Upper
| 6 | Whisker Hinge Median Hinge | Whisker 3 8 6
e Name 1 2 5 6.5 8.75 13 4 12 9
| 8 | Name 2 3 6 10 12 17 5 4 17
| 9 | 6 7 24
| 10 | 7 10 10
| 11 | 8 5 5
| 12 | 9 6 6
| 14 | Name 1 | | 11 5 5
| 15 | 12 4 3
| 17 | ‘ ‘ ‘ ‘ ‘ ‘ 14 9 12
& 15 -10 5 0 5 10 15 20 25 30 35 15 "
| 19 | 16 10
| 20 | 17 9
| 21 | 18 10
| 22 | 19 14
23 20 15
BAR CHARTS

Bar chart.xls is the template that can be used to draw bar charts. Many refinements
are possible on the bar charts, such as making it a 3-D chart. You can unprotect the
sheet and use the Chart Wizard to make the refinements.

BOX PLOTS

Box plot.xls is the template that can be used to create box plots. Box plot2.xls is the
template that draws two box plots of two different data sets. Thus it can be used to
compare two data sets. Figure 1-24 shows the comparison between two data sets
using this template. Cells N3 and O3 are used to enter the name for each data set.
The comparison shows that the second data set is more varied and contains relatively
larger numbers than the first set.

TIME PLOTS

Time plot.xls is the template that can be used to create time plots.

To compare two data sets, use the template timeplot2.xls. Comparing sales in
years 2006 and 2007, Figure 1-25 shows that Year 2007 sales were consistently below
those of Year 2006, except in April. Moreover, the Year 2007 sales show less variance
than those of Year 2006. Reasons for both facts may be worth investigating.

SCATTER PLOTS

Scatter plots are used to identify and report any underlying relationships among
pairs of data sets. For example, if we have the data on annual sales of a product and on
the annual advertising budgets for that product during the same period, then we can
plot them on the same graph to see if a pattern emerges that brings out a relationship
between the data sets. We might expect that whenever the advertising budget was
high, the sales would also be high. This can be verified on a scatter plot.

The plot consists of a scatter of points, each point representing an observation.
For instance, if the advertising budget in one year was x and the sales in the same
year was J, then a point is marked on the plot at coordinates (x, y). Scatter plot.xls is
the template that can be used to create a scatter plot.
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FIGURE 1-25 Time Plot Comparison
[Time Plot 2.xIs]
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Al B8 | ¢ | o [ e | F | & H v K M| N
| 1 |Comparison using Time Plot Sales comparison
2 |
[ 3 | 2006 2007 7 N\
| 4 | Jan 115 109
[ 5 | Feb 116 107
| 6 | Mar 116 106 120 .
| 7 | Apr 101 108 n\
[ 8 | May 112 108 5] o2 / 7\ .
[ 9 | Jun 119 108 / o N\
10 Jul 110 106 d
[11] Aug 115 107 110 o \ —o- 2006
[12] Sep 118 109 \\/o_o_\/o/o—o—o—o —o— 2007
[ 13] Oct 114 109 5
| 14 Nov 115 109
15 Dec 110 109 o
16 100
[17]
18] o
1]
[20]
21 90 T T T T T T T T T T T ]
22 | Jan Feb Mar Apr May Jun Jul Aug Sep Oct Nov Dec
E J
24

Sometimes we have several data sets, and we may want to know if a relation
exists between any two of them. Plotting every pair of them can be tedious, so it
would be faster and easier if a bunch of scatter plots are produced together. The tem-
plate Scatter plot.xls has another sheet named “5 Variables” which accommodates
data on five variables and produces a scatter plot for every pair of variables. A glance
at the scatter plots can quickly reveal an apparent correlation between any pair.

Using MINITAB for Descriptive Statistics and Plots

MINITAB can use data from different sources: previously saved MINITAB work-
sheet files, text files, and Microsoft Excel files. To place data in MINITAB, we can:

e Type directly into MINITAB.
e Copy and paste from other applications.
e Open from a variety of file types, including Excel or text files.

In this section we demonstrate the use of MINITAB in producing descriptive statistics
and corresponding plots with the data of Example 1-2. If you are using a keyboard to
type the data into the worksheet, begin in the row above the horizontal line containing
the numbered row. This row is used to provide a label for each variable. In the first col-
umn (labeled C1) enter the label of your variable (wealth) and press Enter. By moving the
cursor to the cell in the next row, you can start entering data in the first column.

To open data from a file, choose File » Open Worksheet. This will provide you
with the open worksheet dialog box. Many different files, including Minitab worksheet
files (MTW), Microsoft Excel (XLS), data (DAT), and text (TXT), can be opened
from this dialog box. Make sure that the proper file type appears in the List of Files of
Type Box. You can also use the Session window and type the command to set the data
into the columns.

For obtaining descriptive statistics, you can type the appropriate command in the
Session window or use the menu. Figure 1-26 shows the command, data, and output
for Example 1-2.
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FIGURE 1-26 Using MINITAB to Describe Data

B Session

MTE > SET C1
DATA> 33 Z6 24 Z1
DATA> END

MTE > DESCRIEE CL.

Descriptive Statistics: C1

Total
Wariable Count Mean SE Mean StDev Minimum Ql HMedian 03 Maximum
Cl 19 27.16 2.77 1lz.09 153.00 19.00 22Z.00 32.00 56.00
HTE > B
]
am & .

19 20 18 15 52 56 27 18 49 Zz 20 23 32 20 18

FIGURE 1-27 MINITAB Output

=3 Minitab - Untitled

|

ZH & L me

| Fle Edt Dats Cole stat | Graph Edtor Tooks

Window  Help

catterplot...

[ 7 |22 o i | %] 7

L Session

Makrix Plot.

- [B]x]

[E# Marginal Flot.

dlh Hstagram... Histogram of Wealth
UTE > Histogram 'Wealth '

SUBC>  YFremuency; £
SUBC> Bar.

Dotplot...

tem-and-Leaf ..

| Probability Plat...

|#" Empirical COF...

"\ Probability Distribution Plot...

logh Boxplot..

|tx" Interval Pict. .

£ LinePlot...

Histogram of Wealth
UTE > Boxplet 'Wealth'
SUBC>  IQRBox;

SUBC>  Dutlier.

Boxplot of Wealth

indiyidual Yalue Plot...

Il Bar chart...

» pieChart...

|+ Time Series Plot..
| |ad Areacraph...

Bouplat of Wealth

FJ Contour Fiot...
3 3D Scatterplat...
B 30 suface Pict...

10

i (i
Weicome bo Minitab, press F1 For help,

To obtain descriptive statistics using the menu, choose Stat » Basic Statistics »
Display Descriptive Statistics. In the Descriptive Statistics dialog box choose C1 in the
Variable List box and then press zero. The result will be shown in the Session window.
Some users find menu commands quicker to use than session commands.

As was mentioned earlier in the chapter, we can use graphs to explore data and
assess relationships among the variables. You can access MINITAB’s graph from the
Graph and Stat menus. Using the Graph menu enables you to obtain a large variety of
graphs. Figure 1-27 shows the histogram and box plot obtained using the Graph menu.

Finally, note that MINITAB does not display the command prompt by default. To
enter commands directly into the Session window, you must enable this prompt by
choosing Editor » Enable Commands. A check appears next to the menu item.

When you execute a command from a menu and session commands are enabled,
the corresponding session command appears in the Session window along with the
text output. This technique provides a convenient way to learn session commands.
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1-11  Summary and Review of Terms

In this chapter we introduced many terms and concepts. We defined a population
as the set of all measurements in which we are interested. We defined a sample as a
smaller group of measurements chosen from the larger population (the concept of ran-
dom sampling will be discussed in detail in Chapter 4). We defined the process of using
the sample for drawing conclusions about the population as statistical inference.

We discussed descriptive statistics as quantities computed from our data. We
also defined the following statistics: percentile, a point below which lie a specified
percentage of the data, and quartile, a percentile point in multiples of 25. The first
quartile, the 25th percentile point, is also called the lower quartile. The 50th per-
centile point is the second quartile, also called the middle quartile, or the median.
The 75th percentile is the third quartile, or the upper quartile. We defined the
interquartile range as the difference between the upper and lower quartiles. We
said that the median is a measure of central tendency, and we defined two other
measures of central tendency: the mode, which is a most frequent value, and the
mean. We called the mean the most important measure of central tendency, or loca-
tion, of the data set. We said that the mean is the average of all the data points and is
the point where the entire distribution of data points balances.

We defined measures of variability: the range, the variance, and the standard
deviation. We defined the range as the difference between the largest and smallest
data points. The variance was defined as the average squared deviation of the data
points from their mean. For a sample (rather than a population), we saw that this aver-
aging is done by dividing the sum of the squared deviations from the mean by n — 1
instead of by n. We defined the standard deviation as the square root of the variance.

We discussed grouped data and frequencies of occurrence of data points
in classes defined by intervals of numbers. We defined relative frequencies as the
absolute frequencies, or counts, divided by the total number of data points. We saw
how to construct a histogram of a data set: a graph of the frequencies of the data.
We mentioned skewness, a measure of the asymmetry of the histogram of the data
set. We also mentioned kurtosis, a measure of the flatness of the distribution. We
introduced Chebyshev’s theorem and the empirical rule as ways of determining
the proportions of data lying within several standard deviations of the mean.

We defined four scales of measurement of data: nominal—name only; ordinal—
data that can be ordered as greater than or less than; interval—with meaningful dis-
tances as intervals of numbers; and ratio—a scale where ratios of distances are also
meaningful.

The next topic we discussed was graphical techniques. These extended the
idea of a histogram. We saw how a frequency polygon may be used instead of a
histogram. We also saw how to construct an ogive: a cumulative frequency graph
of a data set. We also talked about bar charts and pie charts, which are types of
charts for displaying data, both categorical and numerical.

Then we discussed exploratory data analysis, a statistical area devoted to analyz-
ing data using graphical techniques and other techniques that do not make restrictive
assumptions about the structure of the data. Here we encountered two useful tech-
niques for plotting data in a way that sheds light on their structure: stem-and-leaf
displays and box plots. We saw that a stem-and-leaf display, which can be drawn
quickly, is a type of histogram that makes use of the decimal structure of our number
system. We saw how a box plot is made out of five quantities: the median, the two
hinges, and the two whiskers. And we saw how the whiskers, as well as outliers
and suspected outliers, are determined by the inner fences and outer fences; the
first lies at a distance of 1.5 times the interquartile range from the hinges, and the
second is found at 3 times the interquartile range from the hinges.

Finally, was saw the use of templates to compute population parameters and
sample statistics, create histograms and frequency polygons, create bar charts and pie
charts, draw box plots, and produce scatter plots.

© The McGraw-Hill
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ADDITIONAL PROBLEMS

1-61. Open the workbook named Problem 1-61.xls. Study the statistics that have
been calculated in the worksheet. Of special interest to this exercise are the two cells
marked Mult and Add. If you enter 2 under Mult, all the data points will be multi-
plied by 2, as seen in the modified data column. Entering 1 under Mult leaves the
data unchanged, since multiplying a number by 1 does not affect it. Similarly, enter-
ing 5 under Add will add 5 to all the data points. Entering 0 under Add will leave the
data unchanged.

1.

Set Mult = 1 and Add = 5, which corresponds to adding 5 to all data
points. Observe how the statistics have changed in the modified statistics
column. Keeping Mult = 1 and changing Add to different values, observe
how the statistics change. Then make a formal statement such as “If we
add x to all the data points, then the average would increase by x,” for
each of the statistics, starting with average.

. Add an explanation for each statement made in part 1 above. For the

average, this will be “If we add « to all the data points, then the sum of
all the numbers will increase by x*n where n is the number of data
points. The sum is divided by 7 to get the average. So the average will
increase by x.”

. Repeat part 1 for multiplying all the data points by some number. This

would require setting Mult equal to desired values and Add = 0.

. Repeat part 1 for multiplying and adding at once. This would require set-

ting both Mult and Add to desired values.

1-62. Fortune published a list of the 10 largest “green companies”—those that follow
environmental policies. Their annual revenues, in $ billions, are given below.!”

Company Revenue $ Billion
Honda $84.2
Continental Airlines 13.1
Suncor 13.6
Tesco 71.0
Alcan 23.6
PG&E 12.5
S.C. Johnson 7.0
Goldman Sachs 69.4
Swiss RE 24.0
Hewlett-Packard 91.7

Find the mean, variance, and standard deviation of the annual revenues.

1-63. The following data are the number of tons shipped weekly across the Pacific
by a shipping company.

398, 412, 560, 476, 544, 690, 587, 600, 613, 457, 504, 477, 530, 641, 359, 566, 452, 633,
474, 499, 580, 606, 344, 455, 505, 396, 347, 441, 390, 632, 400, 582

Assume these data represent an entire population. Find the population mean and the
population standard deviation.

1-64. Group the data in problem 1-63 into classes, and draw a histogram of the
frequency distribution.

7“Green Is Good: Ten Green Giants,” Fortune, April 2, 2007, pp. 44-50.
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1-65. Find the 90th percentile, the quartiles, and the range of the data in problem
1-63.

1-66. The following data are numbers of color television sets manufactured per
day at a given plant: 15, 16, 18, 19, 14, 12, 22, 23, 25, 20, 32, 17, 34, 25, 40, 41. Draw
a frequency polygon and an ogive for these data.

1-67. Construct a stem-and-leaf display for the data in problem 1-66.

1-68. Construct a box plot for the data in problem 1-66. What can you say about
the data?

1-69. The following data are the number of cars passing a point on a highway per
minute: 10, 12, 11, 19, 22, 21, 23, 22, 24, 25, 23, 21, 28, 26, 27, 27, 29, 26, 22, 28, 30,
32,25, 37, 34, 35, 62. Construct a stem-and-leaf display of these data. What does the
display tell you about the data?

1-70. For the data problem 1-69, construct a box plot. What does the box plot tell
you about these data?

1-71.  An article by Julia Moskin in the New York Times reports on the use of cheap
wine in cooking.!® Assume that the following results are taste-test ratings, from 1 to
10, for food cooked in cheap wine.

7,7,5,6,9, 10, 10, 10, 10, 7, 3, 8, 10, 10,9
Find the mean, median, and modes of these data. Based on these data alone, do you
think cheap wine works?

1-72. 'The following are a sample of Motorola’s stock prices in March 2007.%

20, 20.5, 19.8, 19.9, 20.1, 20.2, 20.7, 20.6, 20.8, 20.2, 20.6, 20.2
Find the mean and the variance, plot the data, determine outliers, and construct a
box plot.

1-73. Consult the corporate data shown below. Plot data; find p, o, 02; and identify
outliers.

Morgan Stanley 91.36%
Merrill Lynch 40.26
Travelers 39.42
Warner-Lambert 35.00
Microsoft 32.95
J.P. Morgan & Co. 29.62
Lehman Brothers 28.25
US Airways 26.71
Sun Microsystems 25.99
Marriott 25.81
Bankers Trust 25.53
General Mills 25.41
MClI 24.39
AlliedSignal 24.23
ITT Industries 24.14

1-74. 'The following are quoted interest rates (%) on Italian bonds.

2.95, 4.25, 8.55, 1.90, 2.05, 1.78, 2.90, 1.85, 8.45, 1.75, 3.50, 1.69, 2.85, 4.10, 3.80, 3.85,
2.85, 8.70, 1.80, 2.87, 8.95, 3.50, 2.90, 3.45, 3.40, 3.55, 4.25, 1.85, 2.95

Plot the data; find p, o, and o%; and identify outliers (one is private, the rest are banks
and government).

BJulia Moskin, “It Boils Down to This: Cheap Wine Works Fine,” The New York Times, March 21, 2007, p. D1.
Adapted from a chart in R. Farzad, “Activist Investors Not Welcome,” BusinessWeek, April 9, 2007, p. 36.

© The McGraw-Hill
Companies, 2009

43



‘ Aczel-Sounderpandian:
Complete Business
Statistics, Seventh Edition

44

1. Introduction and

Text

Descriptive Statistics

Chapter 1

1-75. Refer to the box plot below to answer the questions.

© The McGraw-Hill
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-5

10 15

1. What is the interquartile range for this data set?

a. The first quartile rather than the median.

b. The median rather than the first quartile.

¢. The mean rather than the mode.

d. The mode rather than the mean.

plot be affected?

20 25

2. What can you say about the skewness of this data set?

3. For this data set, the value of 9.5 is more likely to be (choose one)

4. If a data point that was originally 13 is changed to 14, how would the box

1-76. The following table shows changes in bad loans and in provisions for bad
loans, from 2005 to 2006, for 19 lending institutions.?’ Verify the reported averages,
and find the medians. Which measure is more meaningful, in your opinion? Also find
the standard deviation and identify outliers for change in bad loans and change in
provision for bad loans.

Menacing Loans

Bank/Assets $ Billions

Bank of America ($1,459.0)
Wachovia (707.1)
Wells Fargo (481.9)
Suntrust Banks (182.2)
Bank of New York (103.4)
Fifth Third Bancorp (100.7)
Northern Trust (60.7)
Comerica (58.0)
M&T Bank (57.0)
Marshall & Isley (56.2)
Commerce Bancorp ($45.3)
TD Banknorth (40.2)
First Horizon National (37.9)
Huntington Bancshares (35.3)
Compass Bancshares (34.2)
Synovus Financial (31.9)
Associated Banc-Corp (21.0)
Mercantile Bankshares (17.72)
W Holding (17.2)

Average** (149.30)

Change in
Bad Loans*
12/06 vs. 12/05

16.8%
91.7
24.5
123.5
42.3
19.7
15.2
55.1
44.9
96.5
45.5
116.9
79.2
22.9
17.3
17.6
43.4
37.2
159.1
11.00

Change in
Provisions for
Bad Loans
12.1%
233
-2.8
4.4

-12.0

3.6
12.0
—4.5
1.9
15.6
13.8
25.4
14.0
1.4
8.9
8.6
0.0
-8.7
37.3
4.1

*Nonperforming loans.

**At 56 banks with more than $10 billion in assets.

Data: SNL financial.

20'Mara der Hovanesian, “Lender Woes Go beyond Subprime,” BusinessWeek, March 12, 2007, p. 38. Reprinted by

permission.
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1-77. Repeat problem 1-76 for the bank assets data, shown in parentheses in the
table at the bottom of the previous page.

1-78. A country’s percentage approval of its citizens in European Union member-

ship is given below.?!
Ireland 78% Luxembourg 75% Netherlands 70%
Belgium 68 Spain 62 Denmark 60
Germany 58 Greece 57 Italy 52
France 52 Portugal 48 Sweden 48
Finland 40 Austria 39 Britain 37

Find the mean, median, and standard deviation for the percentage approval. Compare
the mean and median to the entire EU approval percentage, 53%.

1-79. The following display is adapted from an article in Fortune.*?

Insanely Lucrative

Number of Apple Stores: 174 and counting

Flagships: Fifth Avenue (below) and SoHo, New York City; San Francisco;
North Michigan Ave., Chicago; Regent Street, London;
the Grove, Los Angeles; Ginza, Tokyo; Shinsaibashi, Osaka

Under construction: Boston

*Data are for the past 12 months Source: Sanford C. Bernstein

Interpret the chart, and find the mean and standard deviation of the data, viewed as
a population.

1-80. The future Euroyen is the price of the Japanese yen as traded in the European
futures market. The following are 30-day Euroyen prices on an index from 0 to 100%:
99.24, 99.37, 98.33, 98.91, 98.51, 99.38, 99.71, 99.21, 98.63, 99.10. Find w, o, ¢?, and
the median.

1-81. The daily expenditure on food by a traveler, in dollars in summer 2006, was
as follows: 17.5, 17.6, 18.3, 17.9, 174, 16.9, 171, 17.1, 18.0, 17.2, 18.3, 17.8, 17.1, 18.3, 17.5,
17.4. Find the mean, standard deviation, and variance.

1-82. For the following data on financial institutions’ net income, find the mean and
the standard deviation.??

Goldman Sachs $ 9.5 billion
Lehman Brothers 4.0 billion
Moody’s $753 million
T. Rowe Price $530 million
PNC Financial $ 2.6 billion

2“Four D’s for Europe: Dealing with the Dreaded Democratic Deficit,” The Economist, March 17, 2007, p. 16.
“Jerry Useem, “Simply Irresistible: Why Apple Is the Best Retailer in America,” Fortune, March 19, 2007, p. 108.
23“The Rankings,” BusinessWeek, March 26, 2007, pp. 74-90.
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1-83. The following are the percentage profitability data (%) for the top 12 Ameri-
can corporations.?*

39, 33, 63, 41, 46, 32, 27, 13, 55, 35, 32, 30

Find the mean, median, and standard deviation of the percentages.

1-84. Find the daily stock price of Wal-Mart for the last three months. (A good
source for the data is http://moneycentral.msn.com. You can ask for the three-month
chart and export the data to a spreadsheet.)

1. Calculate the mean and the standard deviation of the stock prices.

2. Get the corresponding data for Kmart and calculate the mean and the
standard deviation.

3. The coefficient of variation (CV) is defined as the ratio of the standard
deviation over the mean. Calculate the CV of Wal-Mart and Kmart stock
prices.

4. If the CV of the daily stock prices is taken as an indicator of risk of the
stock, how do Wal-Mart and Kmart stocks compare in terms of risk?
(There are better measures of risk, but we will use CV in this exercise.)

5. Get the corresponding data of the Dow Jones Industrial Average (DJIA)
and compute its CV. How do Wal-Mart and Kmart stocks compare with
the DJIA in terms of risk?

6. Suppose you bought 100 shares of Wal-Mart stock three months ago and
held it. What are the mean and the standard deviation of the daily market
price of your holding for the three months?

1-85. To calculate variance and standard deviation, we take the deviations from
the mean. At times, we need to consider the deviations from a target value rather
than the mean. Consider the case of a machine that bottles cola into 2-liter (2,000~
cm’) bottles. The target is thus 2,000 cm®. The machine, however, may be bottling
2,004 cm? on average into every bottle. Call this 2,004 cm?® the process mean. The
damage from process errors is determined by the deviations from the target rather
than from the process mean. The variance, though, is calculated with deviations
from the process mean, and therefore is not a measure of the damage. Suppose we
want to calculate a new variance using deviations from the target value. Let
“SSD(Target)” denote the sum of the squared deviations from the target. [For exam-
ple, SSD(2,000) denotes the sum of squared deviations when the deviations are
taken from 2,000.] Dividing the SSD by the number of data points gives the Average
SSD(Target).

The following spreadsheet is set up to calculate the deviations from the target,
SSD(Target), and the Average SSD(Target). Column B contains the data, showing a
process mean of 2,004. (Strictly speaking, this would be sample data. But to simplify
matters, let us assume that this is population data.) Note that the population variance
(VARP) is 3.5 and the Average SSD(2,000) is 19.5.

In the range G5:H13, a table has been created to see the effect of changing the
target on Average SSD(Target). The offset refers to the difference between the target
and the process mean.

1. Study the table and find an equation that relates the Average SSD to
VARP and the Offset. [Hint: Note that while calculating SSD, the devia-

tions are squared, so think in squares.]

2. Using the equation you found in part 1, prove that the Average SSD(Target)
is minimized when the target equals the process mean.

24From “Inside the Rankings,” BusinessWeek, March 26, 2007, p. 92.
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Working with Deviations from a Target
[Problem 1-85.xls]
A B | © I D HE_F T @& T H [ [
1_|Deviations from a Target
2
[s ] Target 2000 |
4|
Deviation Squared Average
5 Data from Target Deviation Offset | Target SSd
6 2003 3 9
7 2002 2 4 -4 2000 19.5
8 2005 5 25 -3 2001 12.5
9 2004 4 16 -2 2002 7.5
10 2006 6 36 -1 2003 4.5
11 2001 1 1 0 2004 3.5 |« VARP
12 2004 4 16 1 2005 4.5
13 2007 7 49 2 2006 7.5
14 3 2007 12.5
15 Mean| 2004 | ssd 156 | 4 2008 19.5
16| VARP[ 3.5 |  Avg.ssd| 19.5 |

1-86. The Consumer Price Index (CPI) is an important indicator of the general
level of prices of essential commodities. It is widely used in making cost of living
adjustments to salaries, for example.

1. Log on to the Consumer Price Index (CPI) home page of the Bureau of
Labor Statistics Web site (stats.bls.gov/cpihome.htm). Get a table of the last
48 months’ CPI for U.S. urban consumers with 1982-1984 as the base.
Make a time plot of the data. Discuss any seasonal pattern you see in the
data.

2. Go to the Average Price Data area and get a table of the last 48 months’
average price of unleaded regular gasoline. Make a comparison time plot
of the CPI data in part 1 and the gasoline price data. Comment on the
gasoline prices.

1-87. Log on to the Center for Disease Control Web site and go to the HIV statistics
page (www.cdc.gov/hiv/stats.htm).

1. Download the data on the cumulative number of AIDS cases reported in
the United States and its age-range breakdown. Draw a pie chart of the
data.

2. Download the race/ethnicity breakdown of the data. Draw a pie chart of
the data.

1-88. Search the Web for major league baseball (MLB) players’ salaries. ESPN and
USA Today are good sources.

1. Get the Chicago Cubs players’ salaries for the current year. Draw a box
plot of the data. (Enter the data in thousands of dollars to make the num-
bers smaller.) Are there any outliers?

2. Get the Chicago White Sox players’ salaries for the current year. Make a
comparison box plot of the two data. Describe your comparison based on
the plot.

1-89. The following data are bank yields (in percent) for 6-month CDs.?®
3.56, 5.44, 5.37, 5.8, 5.19, 5.35, 5.48, 5.27, 5.39

Find the mean and standard deviation.

23“Wave and You've Paid,” Money, March 2007, p. 40.
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The NASDAQ Combined Composite Index is a

measure of the aggregate value of technological

stocks. During the year 2007, the index moved
up and down considerably, indicating the rapid changes
in e-business that took place in that year and the high
uncertainty in the profitability of technology-oriented
companies. Historical data of the index are available at
many Web sites, including Finance.Yahoo.com.

1. Download the monthly data of the index for the
calendar year 2007 and make a time plot of the
data. Comment on the volatility of the index,
looking at the plot. Report the standard deviation
of the data.

2. Download the monthly data of the index for the
calendar year 2006 and compare the data for
2006 and 2007 on a single plot. Which year has
been more volatile? Calculate the standard

© The McGraw-Hill
Companies, 2009

deviations of the two sets of data. Do they
confirm your answer about the relative volatility
of the two years?

. Download the monthly data of the S&P 500

index for the year 2007. Compare this index with
the NASDAQ index for the same year on a
single plot. Which index has been more volatile?
Calculate and report the standard deviations of
the two sets of data.

4. Download the monthly data of the Dow Jones

Industrial Average for the year 2007. Compare
this index with the NASDAQ index for the same
year on a single plot. Which index has been more
volatile? Calculate and report the standard
deviations of the two sets of data.

. Repeat part 1 with the monthly data for the latest

12 full months.
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LEARNING OBJECTIVES

After studying this chapter, you should be able to:

Define probability, sample space, and event.

Distinguish between subjective and objective probability.
Describe the complement of an event and the intersection

and union of two events.

Compute probabilities of various types of events.

Explain the concept of conditional probability and how to
compute it.

Describe permutation and combination and their use in certain
probability computations.

Explain Bayes’ theorem and its application.



Aczel-Sounderpandian:
Complete Business
Statistics, Seventh Edition

2. Probability Text

2-1 Using Statistics

A Missed Pickup Is a Missed Opportunity

A bizarre sequence of events took place on the University of California campus
at Berkeley on October 20, 2003. An employee of the university took a package
containing 30 applications by graduate students at the university for the presti-
gious Fulbright Fellowship, administered by the U.S. Department of Education,
and dropped them at the Federal Express pickup box on campus. October 20 was
the deadline the Department of Education had set for posting by each university
of all its applications for awards on behalf of its students.

But just that day, something that had never happened before took place.
Because of a “computer glitch,” as Federal Express later described it, there was no
pickup by the company from its box on Sproul Plaza on the U.C. campus. When
the problem became apparent to the university, an employee sent an e-mail mes-
sage late that night to the Department of Education in Washington, apologizing
for the mishap, which was not the University’s fault, and requesting an extension
of time for its students. The Department of Education refused.

There ensued a long sequence of telephone calls, and the Chancellor of
the University, Robert M. Berdahl, flew to Washington to beg the authorities
to allow his students to be considered. The Department of Education refused.
At one point, one of the attorneys for the Department told the University that
had the e-mail message not been sent, everything would have been fine since
FedEx would have shown the date of posting as October 20. But since the
e-mail message had been sent, the fate of the applications was sealed. Usually,
15 out of 30 applications from U.C. Berkeley result in awards. But because of
this unfortunate sequence of events, no Berkeley graduate students were to
receive a Fulbright Fellowship in 2004.

Dean E. Murphy, “Missed Pickup Means a Missed Opportunity for 30 Seeking a Fellowship,” The New York
Times, February 5, 2004, p. Al4.

This story demonstrates how probabilities affect everything in our lives. A priori,
there was an extremely small chance that a pickup would be missed: According to
FedEx this simply doesn’t happen. The university had relied on the virtually sure
probability of a pickup, and thus posted the applications on the last possible day.
Moreover, the chance that an employee of the university would find out that the pick-
up was missed on that same day and e-mail the Department of Education was very
small. Yet the sequence of rare events took place, with disastrous results for the grad-
uate students who had worked hard to apply for these important awards.

A probability is a quantitative measure of uncertainty—a number that conveys
the strength of our belief in the occurrence of an uncertain event. Since life is full of
uncertainty, people have always been interested in evaluating probabilities. The stat-
istician I. J. Good suggests that “the theory of probability is much older than the
human species,” since the assessment of uncertainty incorporates the idea of learning
from experience, which most creatures do.!

'T. J. Good, “Kinds of Probability,” Science, no. 129 (February 20, 1959), pp. 443-47.
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The theory of probability as we know it today was largely developed by European
mathematicians such as Galileo Galilei (1564-1642), Blaise Pascal (1623-1662), Pierre
de Fermat (1601-1665), Abraham de Moivre (1667-1754), and others.

As in India, the development of probability theory in Europe is often associated
with gamblers, who pursued their interests in the famous European casinos, such as
the one at Monte Carlo. Many books on probability and statistics tell the story of the
Chevalier de Mere, a French gambler who enlisted the help of Pascal in an effort to
obtain the probabilities of winning at certain games of chance, leading to much of the
European development of probability.

Today, the theory of probability is an indispensable tool in the analysis of
situations involving uncertainty. It forms the basis for inferential statistics as well as
for other fields that require quantitative assessments of chance occurrences, such as
quality control, management decision analysis, and areas in physics, biology, engi-
neering, and economics.

While most analyses using the theory of probability have nothing to do with
games of chance, gambling models provide the clearest examples of probability and
its assessment. The reason is that games of chance usually involve dice, cards, or
roulette wheels—mechanical devices. If we assume there is no cheating, these
mechanical devices tend to produce sets of outcomes that are equally likely, and this
allows us to compute probabilities of winning at these games.

Suppose that a single die is rolled and that you win a dollar if the number 1 or 2
appears. What are your chances of winning a dollar? Since there are six equally likely
numbers (assuming the die is fair) and you win as a result of either of two numbers
appearing, the probability that you win is 2/6, or 1/3.

As another example, consider the following situation. An analyst follows the
price movements of IBM stock for a time and wants to assess the probability that
the stock will go up in price in the next week. This is a different type of situation.
The analyst does not have the luxury of a known set of equally likely outcomes,
where “IBM stock goes up next week” is one of a given number of these equally
likely possibilities. Therefore, the analyst’s assessment of the probability of the event
will be a subjective one. The analyst will base her or his assessment of this probability
on knowledge of the situation, guesses, or intuition. Different people may assign dif-
ferent probabilities to this event depending on their experience and knowledge,
hence the name subjective probability.

Obijective probability is probability based on symmetry of games of chance or
similar situations. It is also called classical probability. This probability is based on the
idea that certain occurrences are equally likely (the term equally likely is intuitively
clear and will be used as a starting point for our definitions): The numbers 1, 2, 3, 4, 5,
and 6 on a fair die are each equally likely to occur. Another type of objective prob-
ability is long-term relative-frequency probability. If, in the long run, 20 out of 1,000 con-
sumers given a taste test for a new soup like the taste, then we say that the probability
that a given consumer will like the soup is 20/1,000 = 0.02. If the probability that a
head will appear on any one toss of a coin is 1/2, then if the coin is tossed a large num-
ber of times, the proportion of heads will approach 1/2. Like the probability in games
of chance and other symmetric situations, relative-frequency probability is objective
in the sense that no personal judgment is involved.

Subjective probability, on the other hand, involves personal judgment, infor-
mation, intuition, and other subjective evaluation criteria. The area of subjective
probability—which is relatively new, having been first developed in the 1930s—is
somewhat controversial.? A physician assessing the probability of a patient’s recovery
and an expert assessing the probability of success of a merger offer are both making a
personal judgment based on what they know and feel about the situation. Subjective

?The earliest published works on subjective probability are Frank Ramsey’s The Foundation of Mathematics and Other
Logical Essays (London: Kegan Paul, 1931) and the Italian statistician Bruno de Finetti’s “La Prévision: Ses Lois Logiques,
Ses Sources Subjectives,” Annales de L'lnstitut Henri Poincaré 7, no. 1 (1937).
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probability is also called personal probability. One person’s subjective probability may
very well be different from another person’s subjective probability of the same event.

Whatever the kind of probability involved, the same set of mathematical rules
holds for manipulating and analyzing probability. We now give the general rules for
probability as well as formal definitions. Some of our definitions will involve counting
the number of ways in which some event may occur. The counting idea is imple-
mentable only in the case of objective probability, although conceptually this idea
may apply to subjective probability as well, if we can imagine a kind of lottery with a
known probability of occurrence for the event of interest.

2-2 Basic Definitions: Events, Sample Space,
and Probabilities

To understand probability, some familiarity with sets and with operations involving
sets is useful.

A set is a collection of elements.

The elements of a set may be people, horses, desks, cars, files in a cabinet, or even
numbers. We may define our set as the collection of all horses in a given pasture, all
people in a room, all cars in a given parking lot at a given time, all the numbers
between 0 and 1, or all integers. The number of elements in a set may be infinite, as
in the last two examples.

A set may also have no elements.

The empty set is the set containing no elements. It is denoted by .
We now define the universal set.

The universal set is the set containing everything in a given context. We
denote the universal set by S.

Given a set A, we may define its complement.

The complement of set A is the set containing all the elements in the uni-
versal set S that are not members of set A. We denote the complement of
A by A. The set A is often called “not A.”

A Venn diagram is a schematic drawing of sets that demonstrates the relationships
between different sets. In a Venn diagram, sets are shown as circles, or other closed
figures, within a rectangle corresponding to the universal set, S. Figure 2-1 is a Venn
diagram demonstrating the relationship between a set A and its complement A.

As an example of a set and its complement, consider the following. Let the uni-
versal set S be the set of all students at a given university. Define A as the set of all
students who own a car (at least one car). The complement of A, or A, is thus the set
of all students at the university who do nof own a car.

Sets may be related in a number of ways. Consider two sets A and B within the
context of the same universal set S. (We say that A and B are subsets of the universal
set S.) If A and B have some elements in common, we say they intersect.

The intersection of A and B, denoted A N B, is the set containing all ele-
ments that are members of both A and B.

When we want to consider all the elements of two sets A and B, we look at their
union.

The union of A and B, denoted A U B, is the set containing all elements
that are members of either A or B or both.

© The McGraw-Hill
Companies, 2009

53



‘ Aczel-Sounderpandian:
Complete Business
Statistics, Seventh Edition

54

2. Probability Text © The McGraw-Hill

Companies, 2009

Chapter 2

FIGURE 2-1 A Set A and Its Complement A FIGURE 2-2 Sets A and B and Their Intersection

>|

FIGURE 2-3  The Union of A and B FIGURE 2-4 Two Disjoint Sets

o=

As you can see from these definitions, the union of two sets contains the intersec-
tion of the two sets. Figure 2-2 is a Venn diagram showing two sets A and B and
their intersection A N B. Figure 2-3 is a Venn diagram showing the union of the
same sets.

As an example of the union and intersection of sets, consider again the set of all
students at a university who own a car. This is set A. Now define set B as the set of
all students at the university who own a bicycle. The universal set S is, as before, the
set of all students at the university. And A N B is the intersection of A and B—it is the
set of all students at the university who own both a car and a bicycle. And A U B is
the union of A and B—it is the set of all students at the university who own either a
car or a bicycle or both.

Two sets may have no intersection: They may be disjoint. In such a case, we say
that the intersection of the two sets is the empty set &. In symbols, when A and B are
disjoint, A N B = J. As an example of two disjoint sets, consider the set of all
students enrolled in a business program at a particular university and all the students
at the university who are enrolled in an art program. (Assume no student is enrolled
in both programs.) A Venn diagram of two disjoint sets is shown in Figure 2-4.

In probability theory we make use of the idea of a set and of operations involving
sets. We will now provide some basic definitions of terms relevant to the computation
of probability. These are an experiment, a sample space, and an event.

An experiment is a process that leads to one of several possible outcomes.
An outcome of an experiment is some observation or measurement.

Drawing a card out of a deck of 52 cards is an experiment. One outcome of the
experiment may be that the queen of diamonds is drawn.

A single outcome of an experiment is called a basic outcome or an elementary event.
Any particular card drawn from a deck is a basic outcome.

The sample space is the universal set S pertinent to a given experiment.
The sample space is the set of all possible outcomes of an experiment.
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FIGURE 2-5 Sample Space for Drawing a Card
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The sample space for the experiment of drawing a card out of a deck is the set of all
cards in the deck. The sample space for an experiment of reading the temperature is
the set of all numbers in the range of temperatures.

An event is a subset of a sample space. It is a set of basic outcomes. We say
that the event occurs if the experiment gives rise to a basic outcome
belonging to the event.

For example, the event “an ace is drawn out of a deck of cards” is the set of the four
aces within the sample space consisting of all 52 cards. This event occurs whenever
one of the four aces (the basic outcomes) is drawn.

The sample space for the experiment of drawing a card out of a deck of 52 cards is
shown in Figure 2-5. The figure also shows event A, the event that an ace is drawn.

In this context, for a given experiment we have a sample space with equally likely
basic outcomes. When a card is drawn out of a well-shuffled deck, every one of the cards
(the basic outcomes) is as likely to occur as any other. In such situations, it seems rea-
sonable to define the probability of an event as the relative size of the event with respect
to the size of the sample space. Since a deck has 4 aces and 52 cards, the size of A is 4
and the size of the sample space is 52. Therefore, the probability of A is equal to 4/52.

The rule we use in computing probabilities, assuming equal likelihood of all basic
outcomes, is as follows:

Probability of event A:
n(A)

PA) =)

(2-1)
where

n(A) = the number of elements in the set of the event A
n(S) = the number of elements in the sample space S

© The McGraw-Hill
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FIGURE 2-6 The Events A and ¥ and Their Union and Intersection
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The probability of drawing an ace is P(A) = n(A)/n(S) = 4/52.

EXAMPLE 2-1 Roulette is a popular casino game. As the game is played in Las Vegas or Atlantic
City, the roulette wheel has 36 numbers, 1 through 36, and the number 0 as well as
the number 00 (double zero). What is the probability of winning on a single number
that you bet?

Solution The sample space S in this example consists of 38 numbers (0, 00, 1, 2, 3,..., 36),

each of which is equally likely to come up. Using our counting rule P (any one given
number) = 1/38.

Let’s now demonstrate the meaning of union and intersection with the example
of drawing a card from a deck. Let A be the event that an ace is drawn and ¥ the
event that a heart is drawn. The sample space is shown in Figure 2-6. Note that
the event A N ¥ is the event that the card drawn is both an ace and a heart (i.e., the
ace of hearts). The event A U ¥ is the event that the card drawn is either an ace or a
heart or both.

PROBLEMS

2-1. What are the two main types of probability?

2-2. What is an event? What is the union of two events? What is the intersection of
two events?

2-3. Define a sample space.

2-4. Define the probability of an event.
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2-5. Let G be the event that a girl is born. Let F be the event that a baby over
5 pounds is born. Characterize the union and the intersection of the two events.

2-6. Consider the event that a player scores a point in a game against team A and
the event that the same player scores a point in a game against team B. What is the
union of the two events? What is the intersection of the two events?

2-7. A die is tossed twice and the two outcomes are noted. Draw the Venn diagram
of the sample space and indicate the event “the second toss is greater than the first.”
Calculate the probability of the event.

2-8. Ford Motor Company advertises its cars on radio and on television. The com-
pany is interested in assessing the probability that a randomly chosen person is
exposed to at least one of these two modes of advertising. If we define event R as the
event that a randomly chosen person was exposed to a radio advertisement and
event T as the event that the person was exposed to a television commercial, define
R U T and R N T in this context.

2-9. A brokerage firm deals in stocks and bonds. An analyst for the firm is inter-
ested in assessing the probability that a person who inquires about the firm will even-
tually purchase stock (event S) or bonds (event B). Define the union and the
intersection of these two events.

2-10. The European version of roulette is different from the U.S. version in that the
European roulette wheel doesn’t have 00. How does this change the probability of win-
ning when you bet on a single number? European casinos charge a small admission
fee, which is not the case in U.S. casinos. Does this make sense to you, based on your
answer to the earlier question?

2-3 Basic Rules for Probability

We have explored probability on a somewhat intuitive level and have seen rules that
help us evaluate probabilities in special cases when we have a known sample space
with equally likely basic outcomes. We will now look at some general probability
rules that hold regardless of the particular situation or kind of probability (objective
or subjective). First, let us give a general definition of probability.

Probability is a measure of uncertainty. The probability of event A is a
numerical measure of the likelihood of the event’s occurring.

The Range of Values

Probability obeys certain rules. The first rule sets the range of values that the proba-
bility measure may take.

For any event A, the probability P(A) satisfies
0=PA) =1 (2-2)

When an event cannot occur, its probability is zero. The probability of the empty set
is zero: P(J) = 0. In a deck where half the cards are red and half are black, the prob-
ability of drawing a green card is zero because the set corresponding to that event is
the empty set: There are no green cards.

Events that are certain to occur have probability 1.00. The probability of the
entire sample space S is equal to 1.00: P(S) = 1.00. If we draw a card out of a deck,
1 of the 52 cards in the deck will certainly be drawn, and so the probability of the
sample space, the set of all 52 cards, is equal to 1.00.
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FIGURE 2-7 Interpretation of a Probability
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Within the range of values 0 to 1, the greater the probability, the more confidence
we have in the occurrence of the event in question. A probability of 0.95 implies a
very high confidence in the occurrence of the event. A probability of 0.80 implies
a high confidence. When the probability is 0.5, the event is as likely to occur as it is
not to occur. When the probability is 0.2, the event is not very likely to occur. When
we assign a probability of 0.05, we believe the event is unlikely to occur, and so on.
Figure 2-7 is an informal aid in interpreting probability.

Note that probability is a measure that goes from 0 to 1. In everyday conversation
we often describe probability in less formal terms. For example, people sometimes
talk about odds. If the odds are 1 to 1, the probability is 1/2; if the odds are 1 to 2,
the probability is 1/3; and so on. Also, people sometimes say, “The probability is 80
percent.” Mathematically, this probability is 0.80.

The Rule of Complements

Our second rule for probability defines the probability of the complement of an
event in terms of the probability of the original event. Recall that the complement of
set A is denoted by A.

Probability of the complement:

PA) = 1 — P(A) (2-3)

As a simple example, if the probability of rain tomorrow is 0.3, then the probability of
no rain tomorrow must be 1 — 0.3 = 0.7. If the probability of drawing an ace is 4/52,
then the probability of the drawn card’s not being an ace is 1 — 4/52 = 48/52.

The Rule of Unions. We now state a very important rule, the rule of unions. The
rule of unions allows us to write the probability of the union of two events in terms of
the probabilities of the two events and the probability of their intersection:?

The rule of unions:
P(A U B) = P(A) + P(B) — P(A N B) (2-4)

9The rule can be extended to more than two events. In the case of three events, we have P(A U B U C) = P(A) + P(B) +
P(C) - PIANB) — P(ANC) — PB N C) + P(A N BN C). With more events, this becomes even more complicated.
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[The probability of the intersection of two events P(A N B) is called their joint
probability.] The meaning of this rule is very simple and intuitive: When we add the
probabilities of A and B, we are measuring, or counting, the probability of their inter-
section twice—once when measuring the relative size of A within the sample space and
once when doing this with B. Since the relative size, or probability, of the intersection of
the two sets is counted twice, we subtract it once so that we are left with the true proba-
bility of the union of the two events (refer to Figure 2-6). Note that instead of finding the
probability of A U B by direct counting, we can use the rule of unions: We know that the
probability of an ace is 4/52, the probability of a heart is 13/52, and the probability of
their intersection—the drawn card being the ace of hearts—is 1/52. Thus, P(A U ¥) =
4/52 + 13/52 — 1/52 = 16/52, which is exactly what we find from direct counting.

The rule of unions is especially useful when we do not have the sample space for
the union of events but do have the separate probabilities. For example, suppose
your chance of being offered a certain job is 0.4, your probability of getting another
job is 0.5, and your probability of being offered both jobs (i.e., the intersection) is 0.3.
By the rule of unions, your probability of being offered at least one of the two jobs
(their union) is 0.4 + 0.5 — 0.3 = 0.6.

Mutually Exclusive Events

When the sets corresponding to two events are disjoint (i.e., have no intersection), the
two events are called mutually exclusive (see Figure 2-4). For mutually exclusive
events, the probability of the intersection of the events is zero. This is so because
the intersection of the events is the empty set, and we know that the probability of
the empty set & is zero.

For mutually exclusive events A and B:
PANB)=0 (2-5)

This fact gives us a special rule for unions of mutually exclusive events. Since the
probability of the intersection of the two events is zero, there is no need to subtract
P(A N B) when the probability of the union of the two events is computed. Therefore,

For mutually exclusive events A and B:
P(A U B) = P(A) + P(B) (2-6)

This is not really a new rule since we can always use the rule of unions for the union
of two events: If the events happen to be mutually exclusive, we subtract zero as the
probability of the intersection.

To continue our cards example, what is the probability of drawing either a heart or
a club? We have P(¥ U &) = P(¥) + P(%) = 13/52 + 13/52 = 26/52 = 1/2. We need
not subtract the probability of an intersection, since no card is both a club and a heart.
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2-11. According to an article in Fortune, institutional investors recently changed the
proportions of their portfolios toward public sector funds.* The article implies that 8%
of investors studied invest in public sector funds and 6% in corporate funds. Assume
that 2% invest in both kinds. If an investor is chosen at random, what is the probability
that this investor has either public or corporate funds?

*“Fueling the Fire,” Fortune, March 5, 2007, p. 60.
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2-12. According to The New York Times, 5 million BlackBerry users found their
devices nonfunctional on April 18, 2007 If there were 18 million users of handheld
data devices of this kind on that day, what is the probability that a randomly chosen
user could not use a device?

2-13. In problem 2-12, assume that 3 million out of 18 million users could not use
their devices as cellphones, and that 1 million could not use their devices as a cell-
phone and for data device. What is the probability that a randomly chosen device
could not be used either for data or for voice communication?

2-14. According to a report on CNN Business News in April 1995, the probability
of being murdered (in the United States) in 1 year is 9 in 100,000. How might such a
probability have been obtained?

2-15. Assign a reasonable numerical probability to the statement “Rain is very likely
tonight.”

2-16. How likely is an event that has a 0.65 probability? Describe the probability
in words.

2-17. If a team has an 80% chance of winning a game, describe its chances in words.

2-18. ShopperTrak is a hidden electric eye designed to count the number of shoppers
entering a store. When two shoppers enter a store together, one walking in front of the
other, the following probabilities apply: There is a 0.98 probability that the first shop-
per will be detected, a 0.94 probability that the second shopper will be detected, and a
0.93 probability that both of them will be detected by the device. What is the probabil-
ity that the device will detect at least one of two shoppers entering together?

2-19. A machine produces components for use in cellular phones. At any given
time, the machine may be in one, and only one, of three states: operational, out of
control, or down. From experience with this machine, a quality control engineer
knows that the probability that the machine is out of control at any moment is 0.02,
and the probability that it is down is 0.015.

a. What is the relationship between the two events “machine is out of control”
and “machine is down”?

b. When the machine is either out of control or down, a repair person must be
called. What is the probability that a repair person must be called right now?

¢. Unless the machine is down, it can be used to produce a single item. What is
the probability that the machine can be used to produce a single component
right now? What is the relationship between this event and the event
“machine is down”?

2-20. TFollowing are age and sex data for 20 midlevel managers at a service com-
pany: 34 F,49 M, 27 M, 63 F, 33 F,29F, 45 M, 46 M, 30 I, 39 M, 42 M, 30 F, 48 M,
35F,32F,37F, 48 F, 50 M, 48 F, 61 F. A manager must be chosen at random to
serve on a companywide committee that deals with personnel problems. What is the
probability that the chosen manager will be either a woman or over 50 years old or
both? Solve both directly from the data and by using the law of unions. What is the
probability that the chosen manager will be under 30?

2-21. Suppose that 25% of the population in a given area is exposed to a television
commercial for Ford automobiles, and 34% is exposed to Ford’s radio advertisements.
Also, it is known that 10% of the population is exposed to both means of advertising.
If a person is randomly chosen out of the entire population in this area, what is the
probability that he or she was exposed to at least one of the two modes of advertising?

2-22. Suppose it is known that 85% of the people who inquire about investment
opportunities at a brokerage house end up purchasing stock, and 33% end up
purchasing bonds. It is also known that 28% of the inquirers end up getting a portfolio

°Brad Stone, “Bereft of BlackBerrys, the Untethered Make Do,” The New York Times, April 19, 2007, p. C1.
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with both stocks and bonds. If a person is just making an inquiry, what is the probabil-
ity that she or he will get stock or bonds or both (i.e., open any portfolio)?

2-23. A firm has 550 employees; 380 of them have had at least some college edu-
cation, and 412 of the employees underwent a vocational training program. Further-
more, 357 employees both are college-educated and have had the vocational
training. If an employee is chosen at random, what is the probability that he or she is
college-educated or has had the training or both?

2-24. In problem 2-12, what is the probability that a randomly chosen user could
use his or her device?

2-25. As part of a student project for the 1994 Science Fair in Orange, Massachusetts,
28 horses were made to listen to Mozart and heavy-metal music. The results were as
follows: 11 of the 28 horses exhibited some head movements when Mozart was played;
8 exhibited some head movements when the heavy metal was played; and 5 moved
their heads when both were played. If a horse is chosen at random, what is the proba-
bility the horse exhibited head movements to Mozart or to heavy metal or to both?

2-4 Conditional Probability

As a measure of uncertainty, probability depends on information. Thus, the
probability you would give the event “Xerox stock price will go up tomorrow”
depends on what you know about the company and its performance; the probability
is conditional upon your information set. If you know much about the company, you
may assign a different probability to the event than if you know little about the com-
pany. We may define the probability of event A conditional upon the occurrence of
event B. In this example, event A may be the event that the stock will go up tomor-
row, and event B may be a favorable quarterly report.

The conditional probability of event A given the occurrence of event B is

P(A N B)

PAIB) = gy

(2-7)
assuming P(B) # 0.

The vertical line in P(A | B) is read given, or conditional upon. The probability of event
A given the occurrence of event B is defined as the probability of the intersection of
A and B, divided by the probability of event B.
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As part of a drive to modernize the economy, the government of an eastern Euro-
pean country is pushing for starting 100 new projects in computer development
and telecommunications. Two U.S. giants, IBM and AT&T, have signed contracts
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EXAMPLE 2-2
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for these projects: 40 projects for IBM and 60 for AT&T. Of the IBM projects,
30 are in the computer area and 10 are in telecommunications; of the AT&T proj-
ects, 40 are in telecommunications and 20 are in computer areas. Given that a ran-
domly chosen project is in telecommunications, what is the probability that it is
undertaken by IBM?

PIBMNT) 10/100
P(T)  50/100

P(IBM|T) =

But we see this directly from the fact that there are 50 telecommunications projects
and 10 of them are by IBM. This confirms the definition of conditional probability in
an intuitive sense.

When two events and their complements are of interest, it may be convenient to
arrange the information in a contingency table. In Example 2-2 the table would be
set up as follows:

AT&T IBM Total
Telecommunications 40 10 50
Computers 20 30 50
Total 60 40 100

Contingency tables help us visualize information and solve problems. The definition
of conditional probability (equation 2-7) takes two other useful forms.

Variation of the conditional probability formula:

P(A N B) = P(A | B)P(B)
and

P(A N B) = P(B | A)P(A) (2-8)

These are illustrated in Example 2-3.

EXAMPLE 2-3

Solution

A consulting firm is bidding for two jobs, one with each of two large multinational
corporations. The company executives estimate that the probability of obtaining
the consulting job with firm A, event A, is 0.45. The executives also feel that if the
company should get the job with firm A, then there is a 0.90 probability that firm B
will also give the company the consulting job. What are the company’s chances of
getting both jobs?

We are given P(A) = 0.45. We also know that P(B | A) = 0.90, and we are looking for
P(A N B), which is the probability that both A and B will occur. From the equation
we have P(A N B) = P(B| A)P(A) = 0.90 X 0.45 = 0.405.

EXAMPLE 2-4

Twenty-one percent of the executives in a large advertising firm are at the top salary
level. It is further known that 40% of all the executives at the firm are women. Also,
6.4% of all executives are women and are at the top salary level. Recently, a question
arose among executives at the firm as to whether there is any evidence of salary
inequity. Assuming that some statistical considerations (explained in later chapters)
are met, do the percentages reported above provide any evidence of salary inequity?
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To solve this problem, we pose it in terms of probabilities and ask whether the
probability that a randomly chosen executive will be at the top salary level is approx-
imately equal to the probability that the executive will be at the top salary level given
the executive is a woman. To answer, we need to compute the probability that the
executive will be at the top level given the executive is a woman. Defining T as the
event of a top salary and W as the event that an executive is a woman, we get

P(TOW) _ 0.064
P(W) 0.40

P(T|W) = = 0.16

Since 0.16 is smaller than 0.21, we may conclude (subject to statistical considerations)
that salary inequity does exist at the firm, because an executive is less likely to make
a top salary if she is a woman.
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Example 2-4 may incline us to think about the relations among different events.
Are different events related, or are they independent of each other? In this example,
we concluded that the two events, being a woman and being at the top salary level,
are related in the sense that the event W made event T less likely. Section 2-5 quan-
tifies the relations among events and defines the concept of independence.

2-26. SBC Warburg, Deutsche Morgan Grenfell, and UBS are foreign. Given that
a security is foreign-underwritten, find the probability that it is by SBC Warburg (see
the accompanying table).®

American Dream
Largest wholesale and investment banks
Market share, 1996, %*
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*As % of top 25 banks. Bond and equity underwriting and placement,
M&A advice, lead management of syndicated loans and medium-term
notes.

SFrom “Out of Their League?” The Economist, June 21, 1997, pp. 71-72. © 1997 The Economist Newspaper Group,
Inc. Reprinted with permission. Further reproduction prohibited. www.economist.com.
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2-27. If alarge competitor will buy a small firm, the firm’s stock will rise with prob-
ability 0.85. The purchase of the company has a 0.40 probability. What is the prob-
ability that the purchase will take place and the firm’s stock will rise?

2-28. A financial analyst believes that if interest rates decrease in a given period,
then the probability that the stock market will go up is 0.80. The analyst further
believes that interest rates have a 0.40 chance of decreasing during the period in
question. Given the above information, what is the probability that the market will go
up and interest rates will go down during the period in question?

2-29. A bank loan officer knows that 12% of the bank’s mortgage holders lose their
jobs and default on the loan in the course of 5 years. She also knows that 20% of the
bank’s mortgage holders lose their jobs during this period. Given that one of her
mortgage holders just lost his job, what is the probability that he will now default on
the loan?

2-30. An express delivery service promises overnight delivery of all packages
checked in before 5 P.M. The delivery service is not perfect, however, and sometimes
delays do occur. Management knows that if delays occur in the evening flight to a
major city from which distribution is made, then a package will not arrive on time
with probability 0.25. It is also known that 10% of the evening flights to the major city
are delayed. What percentage of the packages arrive late? (Assume that all packages
are sent out on the evening flight to the major city and that all packages arrive on
time if the evening flight is not delayed.)

2-31. The following table gives numbers of claims at a large insurance company by
kind and by geographic region.

East South Midwest West
Hospitalization 75 128 29 52
Physician’s visit 233 514 104 251
Outpatient treatment 100 326 65 99

Compute column totals and row totals. What do they mean?

a. If abill is chosen at random, what is the probability that it is from the Midwest?

b. What is the probability that a randomly chosen bill is from the East?

¢. What is the probability that a randomly chosen bill is either from the Midwest
or from the South? What is the relation between these two events?

d. What is the probability that a randomly chosen bill is for hospitalization?

e. Given that a bill is for hospitalization, what is the probability that it is from
the South?

f Given that a bill is from the East, what is the probability that it is for a
physician’s visit?

g. Given that a bill is for outpatient treatment, what is the probability that it is
from the West?

h. What is the probability that a randomly chosen bill is either from the East or
for outpatient treatment (or both)?

i. What is the probability that a randomly selected bill is either for hospitaliza-
tion or from the South (or both)?

2-32. One of the greatest problems in marketing research and other survey fields is
the problem of nonresponse to surveys. In home interviews the problem arises when
the respondent is not home at the time of the visit or, sometimes, simply refuses to
answer questions. A market researcher believes that a respondent will answer all ques-
tions with probability 0.94 if found at home. He further believes that the probability
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that a given person will be found at home is 0.65. Given this information, what
percentage of the interviews will be successfully completed?

2-33.

An investment analyst collects data on stocks and notes whether or not

dividends were paid and whether or not the stocks increased in price over a given period.
Data are presented in the following table.

2-34.

Price No Price
Increase Increase Total
Dividends paid 34 78 112
No dividends paid 85 49 134
Total 119 127 246

. If a stock is selected at random out of the analyst’s list of 246 stocks, what is

the probability that it increased in price?

. If astock is selected at random, what is the probability that it paid dividends?
. If a stock is randomly selected, what is the probability that it both increased

in price and paid dividends?

. What is the probability that a randomly selected stock neither paid divi-

dends nor increased in price?

. Given that a stock increased in price, what is the probability that it also paid

dividends?

If a stock is known not to have paid dividends, what is the probability that it
increased in price?

. What is the probability that a randomly selected stock was worth holding

during the period in question; that is, what is the probability that it increased
in price or paid dividends or did both?

The following table lists the number of firms where the top executive officer

made over $1 million per year. The table also lists firms according to whether share-
holder return was positive during the period in question.

2-35.

Top Executive Top Executive
Made More Made Less
than $1 Million than $1 Million Total
Shareholders made money 1 6 7
Shareholders lost money 2 1 3
Total 3 7 10

. If a firm is randomly chosen from the list of 10 firms studied, what is the

probability that its top executive made over $1 million per year?

. If a firm is randomly chosen from the list, what is the probability that its

shareholders lost money during the period studied?

. Given that one of the firms in this group had negative shareholder return,

what is the probability that its top executive made over $1 million?

. Given that a firm’s top executive made over $1 million, what is the prob-

ability that the firm’s shareholder return was positive?

According to Fortune, 90% of endangered species depend on forests for the

habitat they provide.” If 30% of endangered species are in critical danger and depend
on forests for their habitat, what is the probability that an endangered species that
depends on forests is in critical danger?

7“Environmental Steward,” Fortune, March 5, 2007, p. 54.
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2-5 Independence of Events

In Example 2-4 we concluded that the probability that an executive made a top
salary was lower when the executive was a woman, and we concluded that the two
events T and W were not independent. We now give a formal definition of statistical
independence of events.

Two events A and B are said to be independent of each other if and only if the
following three conditions hold:

Conditions for the independence of two events A and B:

P(A | B) = P(A)
P(B 1 A) = P(B) (2-9)
and, most useful:
P(A N B) = P(A)P(B) (2-10)

The first two equations have a clear, intuitive appeal. The top equation says that
when A and B are independent of each other, then the probability of A stays the
same even when we know that B has occurred—it is a simple way of saying that
knowledge of B tells us nothing about A when the two events are independent.
Similarly, when A and B are independent, then knowledge that A has occurred
gives us absolutely no information about B and its likelihood of occurring.

The third equation, however, is the most useful in applications. It tells us that
when A and B are independent (and only when they are independent), we can
obtain the probability of the joint occurrence of A and B (i.e., the probability of their
intersection) simply by multiplying the two separate probabilities. This rule is thus
called the product rule for independent events. (The rule is easily derived from the
first rule, using the definition of conditional probability.)

As an example of independent events, consider the following: Suppose I roll a
single die. What is the probability that the number 6 will turn up? The answer is 1/6.
Now suppose that I told you that I just tossed a coin and it turned up heads. What is
now the probability that the die will show the number 6? The answer is unchanged,
1/6, because events of the die and the coin are independent of each other. We see
that P(6 | H) = P(6), which is the first rule above.

In Example 2-2, we found that the probability that a project belongs to IBM
given that it is in telecommunications is 0.2. We also knew that the probability that a
project belongs to IBM was 0.4. Since these two numbers are not equal, the two
events IBM and telecommunications are not independent.

When two events are not independent, neither are their complements. Therefore,
AT&T and computers are not independent events (and neither are the other two
possibilities).

EXAMPLE 2-5

The probability that a consumer will be exposed to an advertisement for a certain
product by seeing a commercial on television is 0.04. The probability that the con-
sumer will be exposed to the product by seeing an advertisement on a billboard is
0.06. The two events, being exposed to the commercial and being exposed to the
billboard ad, are assumed to be independent. () What is the probability that the
consumer will be exposed to both advertisements? (5) What is the probability that
he or she will be exposed to at least one of the ads?
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(a) Since the two events are independent, the probability of the intersection of the two
(i.e., being exposed to both ads) is P(A N B) = P(A)P(B) = 0.04 X 0.06 = 0.0024.
(b) We note that being exposed to at least one of the advertisements is, by definition, the
union of the two events, and so the rule for union applies. The probability of the inter-
section was computed above, and we have P(A U B) = P(A) + P(B) — PIAN B) =
0.04 + 0.06 — 0.0024 = 0.0976. The computation of such probabilities is important in
advertising research. Probabilities are meaningful also as proportions of the population
exposed to different modes of advertising, and are thus important in the evaluation of
advertising efforts.
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Product Rules for Independent Events

The rules for the union and the intersection of two independent events extend nicely
to sequences of more than two events. These rules are very useful in random
sampling.

Much of statistics involves random sampling from some population. When we
sample randomly from a large population, or when we sample randomly with
replacement from a population of any size, the elements are independent of one
another. For example, suppose that we have an urn containing 10 balls, 3 of them red
and the rest blue. We randomly sample one ball, note that it is red, and return it to
the urn (this is sampling with replacement). What is the probability that a second ball
we choose at random will be red? The answer is still 3/10 because the second draw-
ing does not “remember” that the first ball was red. Sampling with replacement in
this way ensures independence of the elements. The same holds for random sam-
pling without replacement (i.e., without returning each element to the population
before the next draw) ifthe population is relatively large in comparison with the size
of the sample. Unless otherwise specified, we will assume random sampling from a
large population.

Random sampling from a large population implies independence.

Intersection Rule

The probability of the intersection of several independent events is just the
product of the separate probabilities.

The rate of defects in corks of wine bottles is very high, 75%. Assuming
independence, if four bottles are opened, what is the probability that all
four corks are defective? Using this rule: P (all 4 are defective) = P (first cork
is defective) X P (second cork is defective) X P (third cork is defective) X
P (fourth cork is defective) = 0.75 X 0.75 X 0.75 X 0.75 = 0.316.

If these four bottles were randomly selected, then we would not have
to specify independence—a random sample always implies independence.

Union Rule

The probability of the union of several independent events—A,, A,,..., A,—
is given by the following equation:

P(ATUAU --- UA) =1 — P(A) P(A) - - - P(Ap) (2-171)

The union of several events is the event that at least one of the events happens. In the
example of the wine corks, suppose we want to find the probability that at least one of
the four corks is defective. We compute this probability as follows: P (at least one is
defective) = 1 — P (none are defective) = 1 — 0.25 X 0.25 X 0.25 X 0.25 = 0.99609.
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EXAMPLE 2-6

Solution

Read the accompanying article. Three women (assumed a random sample) in a
developing country are pregnant. What is the probability that at least one will die?

Poor Nations’ Mothers at Serious
Health Risk

In the industrialized world, a woman’s 7 million newborns die within a week
odds of dying from problems related to  of birth because of maternal health
pregnancy are 1 in 1,687 But in the de- problems. The bank and the United
veloping world the figure is 1 in 51. The  Nations are in the midst of an initiative
World Bank also says that each year to cut maternal illnesses and deaths.

Edward Epstein, “Poor Nations’ Mothers at Serious Health Risk,” World Insider, San Francisco Chronicle,
August 10, 1993, p. A9. © 1993 San Francisco Chronicle. Reprinted by permission.

P (at least 1 will die) = 1 — P(all 3 will survive) = 1 — (50/51)% = 0.0577

EXAMPLE 2-7

Solution

A marketing research firm is interested in interviewing a consumer who fits certain
qualifications, for example, use of a certain product. The firm knows that 10% of
the public in a certain area use the product and would thus qualify to be inter-
viewed. The company selects a random sample of 10 people from the population as
a whole. What is the probability that at least 1 of these 10 people qualifies to be
interviewed?

First, we note that if a sample is drawn at random, then the event that any one of the
items in the sample fits the qualifications is independent of the other items in the sam-
ple. This is an important property in statistics. Let Q ;, where i = 1,2, . . ., 10, be the
event that person i qualifies. Then the probability that at least 1 of the 10 people will
qualify is the probability of the union of the 10 events Q; (i = 1, ..., 10). We are thus
looking for P(Q, U Q, U -+ - U Q).

Now, since 10% of the people qualify, the probability that person ¢ does not
qualify, or P(Qi), is equal to 0.90 for each i = 1, . .., 10. Therefore, the required
probability is equal to 1 — (0.9)(0.9) - - - (0.9) (10 times), or 1 — (0.9)'. This is equal
to 0.6513.

Be sure that you understand the difference between independent events and
mutually exclusive events. Although these two concepts are very different, they often
cause some confusion when introduced. When two events are mutually exclusive,
they are notindependent. In fact, they are dependent events in the sense that if one
happens, the other one cannot happen. The probability of the intersection of two
mutually exclusive events is equal to zero. The probability of the intersection of
two independent events is not zero; it is equal to the product of the probabilities of
the separate events.
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PROBLEMS

2-36. According to USA Today, 65% of Americans are overweight or obese.® If five
Americans are chosen at random, what is the probability that at least one of them is
overweight or obese?

2-37. 'The chancellor of a state university is applying for a new position. At a certain
point in his application process, he is being considered by seven universities. At three
of the seven he is a finalist, which means that (at each of the three universities) he is in
the final group of three applicants, one of which will be chosen for the position. At two
of the seven universities he is a semifinalist, that is, one of six candidates (in each of the
two universities). In two universities he is at an early stage of his application and
believes there is a pool of about 20 candidates for each of the two positions. Assuming
that there is no exchange of information, or influence, across universities as to their
hiring decisions, and that the chancellor is as likely to be chosen as any other appli-
cant, what is the chancellor’s probability of getting at least one job offer?

2-38. A package of documents needs to be sent to a given destination, and deliv-
ery within one day is important. To maximize the chances of on-time delivery, three
copies of the documents are sent via three different delivery services. Service A is
known to have a 90% on-time delivery record, service B has an 88% on-time delivery
record, and service C has a 91% on-time delivery record. What is the probability that
at least one copy of the documents will arrive at its destination on time?

2-39. The projected probability of increase in online holiday sales from 2004 to
2005 is 95% in the United States, 90% in Australia, and 85% in Japan. Assume these
probabilities are independent. What is the probability that holiday sales will increase
in all three countries from 2004 to 2005?

2-40. An electronic device is made up of two components A and B such that the
device would work satisfactorily as long as at least one of the components works. The
probability of failure of component A is 0.02 and that of B is 0.1 in some fixed period
of time. If the components work independently, find the probability that the device
will work satisfactorily during the period.

2-41. A recent survey conducted by Towers Perrin and published in the Financial
Times showed that among 460 organizations in 13 European countries, 93% have
bonus plans, 55% have cafeteria-style benefits, and 70% employ home-based work-
ers. If the types of benefits are independent, what is the probability that an organiza-
tion selected at random will have at least one of the three types of benefits?

2-42. Credit derivatives are a new kind of investment instrument: they protect
investors from risk.” If such an investment offered by ABN Amro has a 90% chance
of making money, another by AXA has a 75% chance of success, and one by the ING
Group has a 60% chance of being profitable, and the three are independent of each
other, what is the chance that at least one investment will make money?

2-43. In problem 2-42, suppose that American investment institutions enter this
new market, and that their probabilities for successful instruments are:

Goldman Sachs 70%
Salomon Brothers 82%
Fidelity 80%
Smith Barney 90%

What is the probability that at least one of these four instruments is successful?
Assume independence.

8Nancy Hellmich, “A Nation of Obesity,” USA Today, October 14, 2003, p. 7D.
? John Ferry, “Gimme Shelter,” Worth, April 2007, pp. 88-90.
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2-44. In problem 2-31, are the events “hospitalization” and “the claim being from
the Midwest” independent of each other?

2-45. Inproblem 2-33, are “dividends paid” and “price increase” independent events?

2-46. In problem 2-34, are the events “top executive made more than $1 million”
and “shareholders lost money” independent of each other? If this is true for all firms,
how would you interpret your finding?

2-47. The accompanying table shows the incidence of malaria and two other similar
illnesses. If a person lives in an area affected by all three diseases, what is the proba-
bility that he or she will develop at least one of the three illnesses? (Assume that con-
tracting one disease is an event independent from contracting any other disease.)

Cases Number at Risk (Millions)
Malaria 110 million per year 2,100
Schistosomiasis 200 million 600
Sleeping sickness 25,000 per year 50

2-48. A device has three components and works as long as at least one of the com-
ponents is functional. The reliabilities of the components are 0.96, 0.91, and 0.80.
What is the probability that the device will work when needed?

2-49. In 2003, there were 5,732 deaths from car accidents in France.! The popula-
tion of France is 59,625,919. If I am going to live in France for five years, what is my
probability of dying in a car crash?

2-50. The probabilities that three drivers will be able to drive home safely after
drinking are 0.5, 0.25, and 0.2, respectively. If they set out to drive home after drink-
ing at a party, what is the probability that at least one driver drives home safely?

2-51. When one is randomly sampling four items from a population, what is the
probability that all four elements will come from the top quartile of the population
distribution? What is the probability that at least one of the four elements will come
from the bottom quartile of the distribution?

2-6 Combinatorial Concepts

In this section we briefly discuss a few combinatorial concepts and give some formulas
useful in the analysis. The interested reader may find more on combinatorial rules and
their applications in the classic book by W. Feller or in other books on probability.!!

If there are n events and event j can occur in N, possible ways, then the num-
ber of ways in which the sequence of n events may occuris Ny N, - - - N

n

Suppose that a bank has two branches, each branch has two departments, and each
department has three employees. Then there are (2)(2)(3) choices of employees, and
the probability that a particular one will be randomly selected is 1/(2)(2)(3) = 1/12.

We may view the choice as done sequentially: First a branch is randomly chosen,
then a department within the branch, and then the employee within the department.
This is demonstrated in the tree diagram in Figure 2-8.

For any positive integer n, we define n factorial as
nn—"1)n—-2)---1

We denote n factorial by nl. The number n! is the number of ways in which
n objects can be ordered. By definition, 0! = 1.

FJaine Sciolino, “Gargon! The Check, Please, and Wrap Up the Bordelais!,” The New York Times, January 26, 2004, p. A4.

"William Feller, An Introduction to Probability Theory and Its Applications, vol. 1, 3d ed. (New York: John Wiley & Sons, 1968).
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FIGURE 2-8 Tree Diagram for Computing the Total Number of Employees by Multiplication

Employee:
Department: 12
Branch: 1 N\ 3
1
1 2 2
a3
1
2
2 1 < 3
'\ 1
2 2
N 3
Total: 12

For example, 6! is the number of possible arrangements of six objects. We have 6! =
(6)(5)(4)(3)(2)(1) = 720. Suppose that six applications arrive at a center on the same
day, all written at different times. What is the probability that they will be read in the
order in which they were written? Since there are 720 ways to order six applications,
the probability of a particular order (the order in which the applications were written)
is 1/720.

Permutations are the possible ordered selections of r objects out of a total
of n objects. The number of permutations of n objects taken r at a time is
denoted nPr.

n!

nPr = (2-12)

Suppose that 4 people are to be randomly chosen out of 10 people who agreed to be
interviewed in a market survey. The four people are to be assigned to four inter-
viewers. How many possibilities are there? The first interviewer has 10 choices, the
second 9 choices, the third 8, and the fourth 7. Thus, there are (10)(9)(8)(7) = 5,040
selections. You can see that this is equal to n(n — 1)(n — 2) - - - (n — r + 1), which is
equal to n!/(n — 17)!. If choices are made randomly, the probability of any predeter-
mined assignment of 4 people out of a group of 10 is 1/5,040.

Combinations are the possible selections of r items from a group of n items
regardless of the order of selection. The number of combinations is denoted
by (") and is read n choose r. An alternative notation is nCr. We define the
number of combinations of r out of n elements as

n\ _ n!
<f> T oritn — n! 2-13)

This is the most important of the combinatorial rules given in this chapter and
is the only one we will use extensively. This rule is basic to the formula of the
binomial distribution presented in the next chapter and will find use also in
other chapters.

© The McGraw-Hill
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Suppose that 3 out of the 10 members of the board of directors of a large corpo-
ration are to be randomly selected to serve on a particular task committee. How
many possible selections are there? Using equation 2-13, we find that the number of
combinations is () = 10!/(3!7!) = 120. If the committee is chosen in a truly random
fashion, what is the probability that the three committee members chosen will be the
three senior board members? This is 1 combination out of a total of 120, so the
answer is 1/120 = 0.00833.

EXAMPLE 2-8

Solution

A certain university held a meeting of administrators and faculty members to discuss
some important issues of concern to both groups. Out of eight members, two were
faculty, and both were missing from the meeting. If two members are absent, what is
the probability that they should be the two faculty members?

By definition, there are (§) ways of selecting two people out of a total of eight people,
disregarding the order of selection. Only one of these ways corresponds to the pair’s
being the two faculty members. Hence, the probability is 1/(§) = 1/[8!/(2!6!)] = 1/28 =
0.0357. This assumes randomness.

PROBLEMS

2-52. A company has four departments: manufacturing, distribution, marketing,
and management. The number of people in each department is 55, 30, 21, and 13,
respectively. Each department is expected to send one representative to a meeting
with the company president. How many possible sets of representatives are there?

2-53. Nine sealed bids for oil drilling leases arrive at a regulatory agency in the
morning mail. In how many different orders can the nine bids be opened?

2-54. Fifteen locations in a given area are believed likely to have oil. An oil
company can only afford to drill at eight sites, sequentially chosen. How many
possibilities are there, in order of selection?

2-55. A committee is evaluating six equally qualified candidates for a job. Only
three of the six will be invited for an interview; among the chosen three, the order of
invitation is of importance because the first candidate will have the best chance of
being accepted, the second will be made an offer only if the committee rejects the
first, and the third will be made an offer only if the committee should reject both the
first and the second. How many possible ordered choices of three out of six candidates
are there?

2-56. In the analysis of variance (discussed in Chapter 9) we compare several pop-
ulation means to see which is largest. After the primary analysis, pairwise compar-
isons are made. If we want to compare seven populations, each with all the others,
how many pairs are there? (We are looking for the number of choices of seven items
taken two at a time, regardless of order.)

2-57. In a shipment of 14 computer parts, 3 are faulty and the remaining 11 are in
working order. Three elements are randomly chosen out of the shipment. What is the
probability that all three faulty elements will be the ones chosen?

2-58. Megabucks is a lottery game played in Massachusetts with the following
rules. A random drawing of 6 numbers out of all 36 numbers from 1 to 36 is made
every Wednesday and every Saturday. The game costs $1 to play, and to win a
person must have the correct six numbers drawn, regardless of their order. (The
numbers are sequentially drawn from a bin and are arranged from smallest to
largest. When a player buys a ticket prior to the drawing, the player must also
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arrange his or her chosen numbers in ascending order.) The jackpot depends on
the number of players and is usually worth several million dollars. What is the
probability of winning the jackpot?

2-59. In Megabucks, a player who correctly chooses five out of the six winning
numbers gets $400. What is the probability of winning $400?

2-7 The Law of Total Probability
and Bayes’ Theorem

In this section we present two useful results of probability theory. The first one, the
law of total probability, allows us at times to evaluate probabilities of events that are
difficult to obtain alone, but become easy to calculate once we condition on the occur-
rence of a related event. First we assume that the related event occurs, and then we
assume it does not occur. The resulting conditional probabilities help us compute the
total probability of occurrence of the event of interest.

The second rule, the famous Bayes’ theorem, is easily derived from the law of
total probability and the definition of conditional probability. The rule, discovered
in 1761 by the English clergyman Thomas Bayes, has had a profound impact on the
development of statistics and is responsible for the emergence of a new philosophy
of science. Bayes himself is said to have been unsure of his extraordinary result,
which was presented to the Royal Society by a friend in 1763—after Bayes’ death.

The Law of Total Probability

Consider two events A and B. Whatever may be the relation between the two
events, we can always say that the probability of A is equal to the probability of the
intersection of A and B, plus the probability of the intersection of A and the comple-
ment of B (event B).

The law of total probability:
P(A) = P(ANB) + P(ANB) (2-14)

The sets B and B form a partition of the sample space. A partition of a space is the
division of the space into a set of events that are mutually exclusive (disjoint sets) and
cover the whole space. Whatever event B may be, either B or B must occur, but not
both. Figure 2-9 demonstrates this situation and the law of total probability.

The law of total probability may be extended to more complex situations, where the
sample space X is partitioned into more than two events. Say we partition the space into

a collection of nsets By, B, . .., B,. The law of total probability in this situation is
n
P(A) = Y P(ANB) (2-15)
=1

Figure 2-10 shows the partition of a sample space into the four events B,, B,, B,, and
B, and shows their intersections with set A.

We demonstrate the rule with a more specific example. Define A as the event that
a picture card is drawn out of a deck of 52 cards (the picture cards are the aces, kings,
queens, and jacks). Letting H, C, D, and S denote the events that the card drawn is a
heart, club, diamond, or spade, respectively, we find that the probability of a picture
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Partition of Set A into Its
Intersections with the
Two Sets B and B, and the
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FIGURE 2-10 The Partition of Set A into Its Intersection with Four Partition Sets

FIGURE 2-11 The Total Probability of Drawing a Picture Card as the Sum of the Probabilities
of Drawing a Card in the Intersections of Picture and Suit
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cardis P(A) = PANH)+ PANC)+ PAND) + PANS) =4/52 + 4/52 +
4/52 + 4/52 = 16/52, which is what we know the probability of a picture card to be
just by counting 16 picture cards out of a total of 52 cards in the deck. This demon-
strates equation 2-15. The situation is shown in Figure 2-11. As can be seen from the
figure, the event A is the set addition of the intersections of A with each of the four
sets H, D, C, and S. Note that in these examples we denote the sample space X.

The law of total probability can be extended by using the definition of condition-
al probability. Recall that P(A N B) = P(A | B)P(B) (equation 2-8) and, similarly,
P(ANB) = P(A|B)P(B). Substituting these relationships into equation 2-14 gives
us another form of the law of total probability. This law and its extension to a parti-
tion consisting of more than two sets are given in equations 2-16 and 2-17. In equa-
tion 2-17, we have a set of conditioning events B, that span the entire sample space,
instead of just two events spanning it, B and B.

The law of total probability using conditional probabilities:

Two-set case:

P(A) = P(A|B)P(B) + P(A|B)P(B) (2-16)
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More than two sets in the partition:
n
P(A) = ZP(AI B)P(B) (2-17)
=
where there are n sets in the partition: B, i=1, ..., n.
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An analyst believes the stock market has a 0.75 probability of going up in the next
year if the economy should do well, and a 0.30 probability of going up if the economy
should not do well during the year. The analyst further believes there is a 0.80 prob-
ability that the economy will do well in the coming year. What is the probability that
the stock market will go up next year (using the analyst’s assessments)?

We define U as the event that the market will go up and W as the event the economy
will do well. Using equation 2-16, we find P(U) = P(U | W)P(W) + P(U | W)P(W) =
(0.75)(0.80) + (0.30)(0.20) = 0.66.

EXAMPLE 2-9

Solution

Bayes’ Theorem

We now develop the well-known Bayes’ theorem. The theorem allows us to reverse
the conditionality of events: we can obtain the probability of B given A from the
probability of A given B (and other information).

By the definition of conditional probability, equation 2-7,

PB|A) = P(;Q)B) (2-18)
By another form of the same definition, equation 2-8,
P(A N B) = P(A|B)P(B) (2-19)
Substituting equation 2-19 into equation 2-18 gives
PB|A) = 7P<A|B)P(B) (2-20)
P(A)

From the law of total probability using conditional probabilities, equation 2-16, we have

P(A) = P(A|B)P(B) + P(A|B)P(B)

Substituting this expression for P(A) in the denominator of equation 2-20 gives us
Bayes’ theorem.
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Bayes’ Theorem
P(A[B)P(B)
P(A|B)P(B) + P(A|B)P(B)

P(B|A) = (2-21)

As we see from the theorem, the probability of B given A is obtained from the prob-
abilities of B and B and from the conditional probabilities of A given B and A given B.

The probabilities P(B) and P(B) are called prior probabilities of the events B
and B; the probability P(B|A) is called the posterior probability of B. Bayes’
theorem may be written in terms of B and A, thus giving the posterior probability of
B, P(B|A). Bayes’ theorem may be viewed as a means of transforming our prior
probability of an event B into a posterior probability of the event B—posterior to the
known occurrence of event A.

The use of prior probabilities in conjunction with other information—often
obtained from experimentation—has been questioned. The controversy arises in
more involved statistical situations where Bayes’ theorem is used in mixing the objec-
tive information obtained from sampling with prior information that could be subjec-
tive. We will explore this topic in greater detail in Chapter 15. We now give some
examples of the use of the |

EXAMPLE 2-10

Solution

Consider a test for an illness. The test has a known reliability:

1. When administered to an ill person, the test will indicate so with probability 0.92.

2. When administered to a person who is not ill, the test will erroneously give a
positive result with probability 0.04.

Suppose the illness is rare and is known to affect only 0.1% of the entire population.
If a person is randomly selected from the entire population and is given the test and
the result is positive, what is the posterior probability (posterior to the test result) that
the person is ill?

Let Z denote the event that the test result is positive and I the event that the person
tested is ill. The preceding information gives us the following probabilities of events:

PI) = 0001 PO = 0999  PZ|I) =092 PZ[I) = 0.04

We are looking for the probability that the person is ill given a positive test result; that
is, we need P(I|Z). Since we have the probability with the reversed conditionality,
P(Z|1), we know that Bayes’ theorem is the rule to be used here. Applying the rule,
equation 2-21, to the events Z, I, and I, we get

) PZ|1)P(I) B (0.92)(0.001)
1jz) = PZ|DP() + PZ|DPT)  (0.92)(0.001) + (0.04)(0.999)

= 0.0225

This result may surprise you. A test with a relatively high reliability (92% correct
diagnosis when a person is ill and 96% correct identification of people who are not ill)



Aczel-Sounderpandian: 2. Probability Text
Complete Business
Statistics, Seventh Edition

Probability

is administered to a person, the result is positive, and yet the probability that the per-
son is actually ill is only 0.0225!

The reason for the low probability is that we have used two sources of information
here: the reliability of the test and the very small probability (0.001) that a randomly
selected person is ill. The two pieces of information were mixed by Bayes’ theorem,
and the posterior probability reflects the mixing of the high reliability of the test with
the fact that the illness is rare. The result is perfectly correct as long as the informa-
tion we have used is accurate. Indeed, subject to the accuracy of our information,
if the test were administered to a large number of people selected randomly from the
entire population, it would be found that about 2.25% of the people in the sample
who test positive are indeed ill.

Problems with Bayes’ theorem arise when we are not careful with the use of prior
information. In this example, suppose the test is administered to people in a hospital.
Since people in a hospital are more likely to be ill than people in the population as a
whole, the overall population probability that a person is ill, 0.001, no longer applies.
If we applied this low probability in the hospital, our results would not be correct.
This caution extends to all situations where prior probabilities are used: We must
always examine the appropriateness of the prior probabilities.
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Bayes’ theorem may be extended to a partition of more than two sets. This is
done using equation 2-17, the law of total probability involving a partition of sets B,,
By, ..., B,. The resulting extended form of Bayes’ theorem is given in equation 2-22.
The theorem gives the probability of one of the sets in partition B, given the occur-
rence of event A. A similar expression holds for any of the events B,.

Extended Bayes’ Theorem

P(Bi|A) = M (2-22)

; P(A|B)P(B)

We demonstrate the use of equation 2-22 with the following example. In the solution,
we use a table format to facilitate computations. We also demonstrate the computations
using a tree diagram.

An economist believes that during periods of high economic growth, the U.S. dollar
appreciates with probability 0.70; in periods of moderate economic growth, the dollar
appreciates with probability 0.40; and during periods of low economic growth, the
dollar appreciates with probability 0.20. During any period of time, the probability of
high economic growth is 0.30, the probability of moderate growth is 0.50, and the
probability of low economic growth is 0.20. Suppose the dollar has been appreciating
during the present period. What is the probability we are experiencing a period of
high economic growth?

Figure 2-12 shows solution by template. Below is the manual solution.

Our partition consists of three events: high economic growth (event H), moderate
economic growth (event M), and low economic growth (event L). The prior probabil-
ities of the three states are P(H) = 0.30, P(M) = 0.50, and P(L) = 0.20. Let A denote

EXAMPLE 2-11

Solution
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FIGURE 2-12 Bayesian Revision of Probabilities
[Bayes Revision.xls; Sheet: Empirical]

A B ] ¢ | o [ e | F | & | #w | 1+ [ o |kl ¢ |m
| 1 |Bayesian Revision based on Empirical Conditional Probabilities | Example 2-11
2
[ 3 | [ High [Moderate | Low | [ [ [ [ |
| 4 ] s1 s2 s3 s4 s5 s6 s7 s8 Total
| 5 | Prior Probability [ 03 | 05 [ 02 ] [ [ [ [ 1
6
[ 7| Conditional Probabilities
8 s1 s2 s3 s4 s5 s6 s7 s8
9 | $ Appreciates [ P(I1].) 0.7 0.4 0.2
10 | $ Depreciates | P(I2 | .) 0.3 0.6 0.8
11 P(I3].)
12 P(14].)
13 P(I5].)
| 14 | Total 1 1 1 0 0 0 0 0
15
| 16 | Joint Probabilities
| 17 | s1 s2 s3 s4 s5 s6 s7 s8 Marginal
| 18 | 11| 0.2100 0.2000 0.0400 0.4500
| 19 | 12| 0.0900 0.3000 0.1600 0.5500
20 | 13
21| 1
22 15
23
| 24 | Posterior Probabilities
| 25 | s1 s2 s3 s4 s5 s6 s7 s8
| 26 | P(.|11) | _0.4667 0.4444 0.0889
[ 27 | P(.[12)| 0.1636 | 0.5455 | 0.2909
[ 28 | P(.|13)
[ 29 | P(. | 14)
30 P(.| 15)

the event that the dollar appreciates. We have the following conditional probabilities:
P(A|H) = 0.70, P(A | M) = 0.40, and P(A | L) = 0.20. Applying equation 2-22 while
using three sets (n = 3), we get

P(A|H)PH)
(A|HPH) + P(A|M)P(M) + P(A|L)P(L)
(0.70)(0.30)

" (0.70)0.30) + (0.40)(050) + (0.20)0.20) ~ "7

PHA) = 5

We can obtain this answer, along with the posterior probabilities of the other two
states, M and L, by using a table. In the first column of the table we write the prior
probabilities of the three states H, M, and L. In the second column we write the three
conditional probabilities P(A|H), P(A|M), and P(A|L). In the third column we write
the joint probabilities P(A N H), P(A N M), and P(A N L). The joint probabilities
are obtained by multiplying across in each of the three rows (these operations make
use of equation 2-8). The sum of the entries in the third column is the total proba-
bility of event A (by equation 2-15). Finally, the posterior probabilities P(H|A),
P(M|A), and P(L|A) are obtained by dividing the appropriate joint probability by
the total probability of A at the bottom of the third column. For example, P(H|A) is
obtained by dividing P(H N A) by the probability P(A). The operations and the
results are given in Table 2-1 and demonstrated in Figure 2-13.

Note that both the prior probabilities and the posterior probabilities of the
three states add to 1.00, as required for probabilities of all the possibilities in a
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TABLE 2-1 Bayesian Revision of Probabilities for Example 2-11
Prior Conditional Joint Posterior
Event Probability Probability Probability Probability
H P(H) = 0.30 P(A1H)=10.70 P(ANH)=0.21 P(HIA) = % = 0.467
0.20
M P(M) = 0.50 P(AIM) =0.40 P(ANM)=0.20 P(MITA) = 045 = 0.444
0.04
L P(L) = 0.20 P(AIL)=0.20 P(ANL)=0.04 P(LIA) = 045 = 0.089
Sum = 1.00 P(A) = 0.45 Sum = 1.000

FIGURE 2-13  Tree Diagram for Example 2-11

Conditional  Joint probabilities:
probabilities:  (by multiplication)
— P(A | H) = 0.70
Probabilities: ———— P(HN A) = (0.30) (0.
P(H) =0.30 P(A1H) =0.30

P(H N A) = (0.30) (0.
P(A 1 M) = 0.40

P(A1M) = 0.60
P(AIL) =0.20

P(L) = 0.20
Sum = 1.00

PAIL) = 0.80

P(M N A) = (0.50) (0.40) = 0.20

P(M N A) = (0.50) (0.60) = 0.30
P(L N A) = (0.20) (0.20) = 0.04

P(L N A) = (0.20) (0.80) = 0.16

70) = 0.21

30) = 0.09

given situation. We conclude that, given that the dollar has been appreciating, the

probability that our period is one of high economic growth is
that it is one of moderate growth is 0.444, and the probability

0.467, the probability
that our period is one

of low economic growth is 0.089. The advantage of using a table is that we can
obtain all posterior probabilities at once. If we use the formula directly, we need to

apply it once for the posterior probability of each state.

79

2-8 The Joint Probability Table

A joint probability table is similar to a contingency table, except that it has proba-
bilities in place of frequencies. For example, the case in Example 2-11 can be sum-

marized with the joint probabilities shown in Table 2-2. The

body of the table can

be visualized as the sample space partitioned into row-events and column-events.

TABLE 2-2 Joint Probability Table
High Medium Low Total
$ Appreciates 0.21 0.2 0.04 0.45
$ Depreciates 0.09 0.3 0.16 0.55
Total 0.3 0.5 0.2 1
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Every cell is a joint event of that row and column. Thus the joint probability of High
and $ Appreciates is 0.21.

The row totals and column totals are known as marginal probabilities. For exam-
ple, the marginal probability of the event “High” is 0.3. In Example 2-11, this was the
prior probability of High. The marginal probability of the event “$ Appreciates” is 0.45.
The computations shown in Table 2-1 yield the top row of values in the joint probabili-
ty table. Knowing the column totals (which are the prior or marginal probabilities of
High, Medium, and Low), we can quickly infer the second row of values.

The joint probability table is also a clear means to compute conditional proba-
bilities. For example, the conditional probability that $ Appreciates when economic
growth is High can be computed using the Bayes’ formula:

P($ Appreciates and High)
P(High)

P($ Appreciates|High) =

Note that the numerator in the formula is a joint probability and the denominator is
a marginal probability.

P($ Appreciates | High) = = 0.467

which is the posterior probability sought in Example 2-11.

If you use the template Bayesian Revision.xls to solve a problem, you will note
that the template produces the joint probability table in the range C18:J22. It also
computes all marginal and all conditional probabilities.

2-9 Using the Computer

Excel Templates and Formulas

Figure 2-14 shows the template which is used for calculating joint, marginal, and con-
ditional probabilities starting from a contingency table. If the starting point is a joint
probability table, rather than a contingency table, this template can still be used.
Enter the joint probability table in place of the contingency table.

The user needs to know how to read off the conditional probabilities from this
template. The conditional probability of 0.6667 in cell C23 is P(Telecom|AT&T),
which is the row label in cell B23 and the column label in cell C22 put together.
Similarly, the conditional probability of 0.8000 in cell K14 is P(AT&T| Telecom).

Figure 2-12 shows the template that can be used to solve conditional probability
problems using Bayes’ revision of probabilities. It was used to solve Example 2-11.

In addition to the template mentioned above, you can also directly use Excel func-
tions for some of the calculations in this chapter. For example, functions COMBIN
(number of items, number to choose) and PERMUT (number of items, number to
choose) are used to provide us with the number of combinations and permutations
of the number of items chosen some at a time. The function FACT (number) also
returns the factorial of a number. The numeric arguments of all these functions should
be nonnegative, and they will be truncated if they are not integers. Note that the
entries in the range C10:E10 of probabilities of the dollar depreciating have been
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Al B | ¢ | o | E | F | @& H 1] kK [t | m
| 1 |Contingency Table and Conditional Probabilities [ Title: |
2
Z Contingency Table
| 4 | AT&T IBM Total
| 5 | Telecom 40 10 50
| 6 | Comp 20 30 50
[ 7 |
& |
9
(70 | Total 60 40 100
m
| 12 | Joint Probabilities Row-Conditional Probabilities
| 13 | AT&T IBM Marginal P(AT&T P(IBM
| 14 | Telecom 0.4000 0.1000 0.5000 |Telecom) | 0.8000 0.2000
| 15 | Comp 0.2000 [ 0.3000 0.5000 |Comp) [ 0.4000 | 0.6000
[ 16 |
A
15 |
| 19 | Marginal 0.6000 0.4000 1.0000
20
| 21 | Column-Conditional Probabilities
[ 22 | |AT&T) [IBM)
| 23 | P(Telecom | 0.6667 0.2500
| 24 | P(comp 0.3333 0.7500
25
[ 26 |
27
28

entered for completeness. The questions in the example can be answered even with-
out those entries.

Using MINITAB
We can use MINITAB to find a large number of arithmetic operations such as factorial,
combination, and permutation. The command Let C1 = FACTORIAL (n) calcu-

lates n factorial (n!), the product of all the consecutive integers from 1 to z inclusive,
and puts the result in the first cell of column C1. The value of 7 (number of items)
must be greater than or equal to 0. You can enter a column or constant and missing
values are not allowed. You can also use the menu by choosing Calc » Calculator. In
the list of functions choose FACTORIAL and then specify the number of items. You
need also define the name of the variable that will store the result, for example, C1,
then press OK.

The command Let C1 = COMBINATIONS (n, k) calculates the number of com-
binations of 7 items chosen £ at a time. You can specify the number of items (z) and
the number to choose (k) as columns or constants. The number of items must be
greater than or equal to 1, and the number to choose must be greater than or equal
to 0. Missing values are not allowed. The same as before, you can use menu Calc »
Calculator and choose COMBINATIONS in the list of functions. Then specify the number
of items, the number to choose, and the name of the variable that will store the results.
Then press OK.

The next command is Let C1 = PERMUTATIONS (n, k), which calculates the
number of permutations of n things taken £ at a time. Specify the number of items
(n) and the number to choose (£). The number of items must be greater than or
equal to 1, and the number to choose must be greater than or equal to 0. Missing
values are not allowed.

Figure 2-15 shows how we can use session commands and the menu to obtain
permutations and combinations.
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FIGURE 2-15 Using MINITAB for Permutation and Combination Problems
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PROBLEMS

2-60. In a takeover bid for a certain company, management of the raiding firm
believes that the takeover has a 0.65 probability of success if a member of the
board of the raided firm resigns, and a 0.30 chance of success if she does not
resign. Management of the raiding firm further believes that the chances for a
resignation of the member in question are 0.70. What is the probability of a suc-
cessful takeover?

2-61. A drug manufacturer believes there is a 0.95 chance that the Food and Drug
Administration (FDA) will approve a new drug the company plans to distribute if
the results of current testing show that the drug causes no side effects. The manu-
facturer further believes there is a 0.50 probability that the FDA will approve the
drug if the test shows that the drug does cause side effects. A physician working for
the drug manufacturer believes there is a 0.20 probability that tests will show that
the drug causes side effects. What is the probability that the drug will be approved
by the FDA?

2-62. An import—export firm has a 0.45 chance of concluding a deal to export agri-
cultural equipment to a developing nation if a major competitor does not bid for the
contract, and a 0.25 probability of concluding the deal if the competitor does bid for
it. It is estimated that the competitor will submit a bid for the contract with probabil-
ity 0.40. What is the probability of getting the deal?

2-63. A realtor is trying to sell a large piece of property. She believes there is a 0.90
probability that the property will be sold in the next 6 months if the local economy
continues to improve throughout the period, and a 0.50 probability the property will
be sold if the local economy does not continue its improvement during the period. A
state economist consulted by the realtor believes there is a 0.70 chance the economy
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will continue its improvement during the next 6 months. What is the probability that
the piece of property will be sold during the period?

2-64. Holland America Cruise Lines has three luxury cruise ships that sail to Alaska
during the summer months. Since the business is very competitive, the ships must run
full during the summer if the company is to turn a profit on this line. A tourism expert
hired by Holland America believes there is a 0.92 chance the ships will sail full during
the coming summer if the dollar does not appreciate against European currencies, and
a 0.75 chance they will sail full if the dollar does appreciate in Europe (appreciation of
the dollar in Europe draws U.S. tourists there, away from U.S. destinations). Econo-
mists believe the dollar has a 0.23 chance of appreciating against European currencies
soon. What is the probability the ships will sail full?

2-65. Saflok is an electronic door lock system made in Troy, Michigan, and used
in modern hotels and other establishments. To open a door, you must insert the elec-
tronic card into the lock slip. Then a green light indicates that you can turn the
handle and enter; a yellow light indicates that the door is locked from inside, and
you cannot enter. Suppose that 90% of the time when the card is inserted, the door
should open because it is not locked from inside. When the door should open, a
green light will appear with probability 0.98. When the door should not open,
a green light may still appear (an electronic error) 5% of the time. Suppose that you
just inserted the card and the light is green. What is the probability that the door will
actually open?

2-66. A chemical plant has an emergency alarm system. When an emergency sit-
uation exists, the alarm sounds with probability 0.95. When an emergency situation
does not exist, the alarm system sounds with probability 0.02. A real emergency sit-
uation is a rare event, with probability 0.004. Given that the alarm has just sounded,
what is the probability that a real emergency situation exists?

2-67. When the economic situation is “high,” a certain economic indicator rises
with probability 0.6. When the economic situation is “medium,” the economic indi-
cator rises with probability 0.3. When the economic situation is “low,” the indicator
rises with probability 0.1. The economy is high 15% of the time, it is medium 70% of
the time, and it is low 15% of the time. Given that the indicator has just gone up, what
is the probability that the economic situation is high?

2-68. An oil explorer orders seismic tests to determine whether oil is likely to be
found in a certain drilling area. The seismic tests have a known reliability: When oil
does exist in the testing area, the test will indicate so 85% of the time; when oil does
not exist in the test area, 10% of the time the test will erroneously indicate that it does
exist. The explorer believes that the probability of existence of an oil deposit in the
test area is 0.4. If a test is conducted and indicates the presence of oil, what is the
probability that an oil deposit really exists?

2-69. Before marketing new products nationally, companies often test them on
samples of potential customers. Such tests have a known reliability. For a particu-
lar product type, a test will indicate success of the product 75% of the time if
the product is indeed successful and 15% of the time when the product is not suc-
cessful. From past experience with similar products, a company knows that a
new product has a 0.60 chance of success on the national market. If the test indi-
cates that the product will be successful, what is the probability that it really will
be successful?

2-70. A market research field worker needs to interview married couples about
use of a certain product. The researcher arrives at a residential building with three
apartments. From the names on the mailboxes downstairs, the interviewer infers
that a married couple lives in one apartment, two men live in another, and two
women live in the third apartment. The researcher goes upstairs and finds that there
are no names or numbers on the three doors, so that it is impossible to tell in which

© The McGraw-Hill
Companies, 2009

83



‘ Aczel-Sounderpandian: 2. Probability Text © The McGraw-Hill
Complete Business Companies, 2009
Statistics, Seventh Edition

84 Chapter 2

of the three apartments the married couple lives. The researcher chooses a door at
random and knocks. A woman answers the door. Having seen a woman at the
door, what now is the probability of having reached the married couple? Make
the (possibly unrealistic) assumptions that if the two men’s apartment was reached,
a woman cannot answer the door; if the two women’s apartment was reached,
then only a woman can answer; and that if the married couple was reached, then
the probability of a woman at the door is 1/2. Also assume a 1/3 prior probability
of reaching the married couple. Are you surprised by the numerical answer you
obtained?

2-10 Summary and Review of Terms

In this chapter, we discussed the basic ideas of probability. We defined probability as
a relative measure of our belief in the occurrence of an event. We defined a sample
space as the set of all possible outcomes in a given situation and saw that an event is a
set within the sample space. We set some rules for handling probabilities: the rule of
unions, the definition of conditional probability, the law of total probability, and
Bayes’ theorem. We also defined mutually exclusive events and independence of
events. We saw how certain computations are possible in the case of independent
events, and we saw how we may test whether events are independent.

In the next chapter, we will extend the ideas of probability and discuss random
variables and probability distributions. These will bring us closer to statistical infer-
ence, the main subject of this book.

PROBLEMS

2-71. AT&T was running commercials in 1990 aimed at luring back customers who
had switched to one of the other long-distance phone service providers. One such
commercial shows a businessman trying to reach Phoenix and mistakenly getting
Fiji, where a half-naked native on a beach responds incomprehensibly in Polynesian.
When asked about this advertisement, AT&T admitted that the portrayed incident
did not actually take place but added that this was an enactment of something that
“could happen.”’2 Suppose that one in 200 long-distance telephone calls is misdirect-
ed. What is the probability that at least one in five attempted telephone calls reaches
the wrong number? (Assume independence of attempts.)

2-72. Refer to the information in the previous problem. Given that your long-
distance telephone call is misdirected, there is a 2% chance that you will reach a for-
eign country (such as Fiji). Suppose that I am now going to dial a single long-distance
number. What is the probability that I will erroneously reach a foreign country?

2-73. The probability that a builder of airport terminals will win a contract for con-
struction of terminals in country A is 0.40, and the probability that it will win a con-
tract in country B is 0.30. The company has a 0.10 chance of winning the contracts in
both countries. What is the probability that the company will win at least one of these
two prospective contracts?

2-74. According to BusinessWeek, 50% of top managers leave their jobs within
5 years."® If 25 top managers are followed over 5 years after they assume their posi-
tions, what is the probability that none will have left their jobs? All of them will have

2While this may seem virtually impossible due to the different dialing procedure for foreign countries, AT&T argues
that erroneously dialing the prefix 679 instead of 617, for example, would get you Fiji instead of Massachusetts.

BRoger O. Crockett, “At the Head of the Headhunting Pack,” BusinessWeek, April 9, 2007, p. 80.
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left their jobs? At least one will have left the position? What implicit assumption are
you making and how do you justify it?

2-75. 'The probability that a consumer entering a retail outlet for microcomputers
and software packages will buy a computer of a certain type is 0.15. The probability
that the consumer will buy a particular software package is 0.10. There is a 0.05 prob-
ability that the consumer will buy both the computer and the software package. What
is the probability that the consumer will buy the computer or the software package
or both?

2-76. The probability that a graduating senior will pass the certified public accountant
(CPA) examination is 0.60. The probability that the graduating senior will both pass
the CPA examination and get a job offer is 0.40. Suppose that the student just found
out that she passed the CPA examination. What is the probability that she will be
offered a job?

2-77. Two stocks A and B are known to be related in that both are in the same indus-
try. The probability that stock A will go up in price tomorrow is 0.20, and the proba-
bility that both stocks A and B will go up tomorrow is 0.12. Suppose that tomorrow
you find that stock A did go up in price. What is the probability that stock B went up

as well?

2-78. The probability that production will increase if interest rates decline more
than 0.5 percentage point for a given period is 0.72. The probability that interest rates
will decline by more than 0.5 percentage point in the period in question is 0.25. What
is the probability that, for the period in question, both the interest rate will decline
and production will increase?

2-79. A large foreign automaker is interested in identifying its target market in
the United States. The automaker conducts a survey of potential buyers of its high-
performance sports car and finds that 35% of the potential buyers consider engi-
neering quality among the car’s most desirable features and that 50% of the people
surveyed consider sporty design to be among the car’s most desirable features.
Out of the people surveyed, 25% consider both engineering quality and sporty
design to be among the car’s most desirable features. Based on this information, do
you believe that potential buyers’ perceptions of the two features are independent?
Explain.

2-80. Consider the situation in problem 2-79. Three consumers are chosen ran-
domly from among a group of potential buyers of the high-performance automobile.
What is the probability that all three of them consider engineering quality to be
among the most important features of the car? What is the probability that at least
one of them considers this quality to be among the most important ones? How do
you justify your computations?

2-81. A financial service company advertises its services in magazines, runs billboard
ads on major highways, and advertises its services on the radio. The company esti-
mates that there is a 0.10 probability that a given individual will see the billboard
ad during the week, a 0.15 chance that he or she will see the ad in a magazine, and a
0.20 chance that she or he will hear the advertisement on the radio during the week.
What is the probability that a randomly chosen member of the population in the area
will be exposed to at least one method of advertising during a given week? (Assume
independence.)

2-82. An accounting firm carries an advertisement in The Wall Street Journal.
The firm estimates that 60% of the people in the potential market read The Wall
Street Journal; research further shows that 85% of the people who read the Jjournal
remember seeing the advertisement when questioned about it afterward. What
percentage of the people in the firm’s potential market see and remember the
advertisement?
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2-83. A quality control engineer knows that 10% of the microprocessor chips pro-
duced by a machine are defective. Out of a large shipment, five chips are chosen at
random. What is the probability that none of them is defective? What is the proba-
bility that at least one is defective? Explain.

2-84. A fashion designer has been working with the colors green, black, and red in
preparing for the coming season’s fashions. The designer estimates that there is a 0.3
chance that the color green will be “in” during the coming season, a 0.2 chance that
black will be among the season’s colors, and a 0.15 chance that red will be popular.
Assuming that colors are chosen independently of each other for inclusion in new
fashions, what is the probability that the designer will be successful with at least one
of her colors?

2-85. A company president always invites one of her three vice presidents to
attend business meetings and claims that her choice of the accompanying vice pres-
ident is random. One of the three has not been invited even once in five meetings.
What is the probability of such an occurrence if the choice is indeed random? What
conclusion would you reach based on your answer?

2-86. A multinational corporation is considering starting a subsidiary in an Asian
country. Management realizes that the success of the new subsidiary depends, in part,
on the ensuing political climate in the target country. Management estimates that the
probability of success (in terms of resulting revenues of the subsidiary during its first
year of operation) is 0.55 if the prevailing political situation is favorable, 0.30 if the
political situation is neutral, and 0.10 if the political situation during the year is unfa-
vorable. Management further believes that the probabilities of favorable, neutral, and
unfavorable political situations are 0.6, 0.2, and 0.2, respectively. What is the success
probability of the new subsidiary?

2-87. The probability that a shipping company will obtain authorization to include
a certain port of call in its shipping route is dependent on whether certain legislation
is passed. The company believes there is a 0.5 chance that both the relevant legisla-
tion will pass and it will get the required authorization to visit the port. The company
further estimates that the probability that the legislation will pass is 0.75. If the com-
pany should find that the relevant legislation just passed, what is the probability that
authorization to visit the port will be granted?

2-88. The probability that a bank customer will default on a loan is 0.04 if the econ-
omy is high and 0.13 if the economy is not high. Suppose the probability that the
economy will be high is 0.65. What is the probability that the person will default on
the loan?

2-89. Researchers at Kurume University in Japan surveyed 225 workers aged
41 to 60 years and found that 30% of them were skilled workers and 70% were
unskilled. At the time of survey, 15% of skilled workers and 30% of unskilled work-
ers were on an assembly line. A worker is selected at random from the age group
41 to 60.

a. What is the probability that the worker is on an assembly line?

b. Given that the worker is on an assembly line, what is the probability that
the worker is unskilled?

2-90. SwissAir maintains a mailing list of people who have taken trips to Europe in
the last three years. The airline knows that 8% of the people on the mailing list will
make arrangements to fly SwissAir during the period following their being mailed
a brochure. In an experimental mailing, 20 people are mailed a brochure. What is
the probability that at least one of them will book a flight with SwissAir during the
coming season?

2-91. A company’s internal accounting standards are set to ensure that no more than
5% of the accounts are in error. From time to time, the company collects a random
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sample of accounts and checks to see how many are in error. If the error rate is
indeed 5% and 10 accounts are chosen at random, what is the probability that none
will be in error?

2-92. At a certain university, 30% of the students who take basic statistics are first-
year students, 35% are sophomores, 20% are juniors, and 15% are seniors. From
records of the statistics department it is found that out of the first-year students who
take the basic statistics course 20% get As; out of the sophomores who take the course
30% get As; out of the juniors 35% get As; and out of the seniors who take the course
40% get As. Given that a student got an A in basic statistics, what is the probability
that she or he is a senior?

2-93. The probability that a new product will be successful if a competitor does not
come up with a similar product is 0.67. The probability that the new product will be
successful in the presence of a competitor’s new product is 0.42. The probability that
the competing firm will come out with a new product during the period in question is
0.35. What is the probability that the product will be a success?

2-94. In 2007, Starbucks inaugurated its Dulce de Leche Latte. If 8% of all
customers who walk in order the new drink, what is the probability that out of
13 people, at least 1 will order a Dulce de Leche Latte? What assumption are you
making?

2-95. Blackjack is a popular casino game in which the objective is to reach a card
count greater than the dealer’s without exceeding 21. One version of the game is
referred to as the “hole card” version. Here, the dealer starts by drawing a card for
himself or herself and putting it aside, face down, without the player’s seeing what it
is. This is the dealer’s £ole card (and the origin of the expression “an ace in the hole”).
At the end of the game, the dealer has the option of turning this additional card face
up if it may help him or her win the game. The no-hole-card version of the game is
exactly the same, except that at the end of the game the dealer has the option of
drawing the additional card from the deck for the same purpose (assume that the
deck is shuffled prior to this draw). Conceptually, what is the difference between the
two versions of the game? Is there any practical difference between the two versions
as far as a player is concerned?

2-96. For the United States, automobile fatality statistics for the most recent
year of available data are 40,676 deaths from car crashes, out of a total population
of 280 million people. Compare the car fatality probability for one year in the
United States and in France. What is the probability of dying from a car crash in
the United States in the next 20 years?

2-97. Recall from Chapter 1 that the median is that number such that one-half the
observations lie above it and one-half the observations lie below it. If a random
sample of two items is to be drawn from some population, what is the probability that
the population median will lie between these two data points?

2-98. Extend your result from the previous problem to a general case as follows. A
random sample of 7 elements is to be drawn from some population and arranged
according to their value, from smallest to largest. What is the probability that the
population median will lie somewhere between the smallest and the largest values of
the drawn data?

2-99. A research journal states: “Rejection rate for submitted manuscripts: 86%.”
A prospective author believes that the editor’s statement reflects the probability of
acceptance of any author’s first submission to the journal. The author further believes
that for any subsequent submission, an author’s acceptance probability is 10% lower
than the probability he or she had for acceptance of the preceding submission. Thus,

Burt Helm, “Saving Starbucks’ Soul,” BusinessWeek, April 9, 2007, p. 56.
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the author believes that the probability of acceptance of a first submission to the jour-
nalis 1 — 0.86 = 0.14, the probability of acceptance of the second submission is 10%
lower, that is, (0.14)(0.90) = 0.126, and so on for the third submission, fourth submi-
ssion, etc. Suppose the author plans to continue submitting papers to the journal
indefinitely until one is accepted. What is the probability that at least one paper will
eventually be accepted by the journal?®

2-100. (The Von Neumann device) Suppose that one of two people is to be randomly
chosen, with equal probability, to attend an important meeting. One of them claims
that using a coin to make the choice is not fair because the probability that it will land
on a head or a tail is not exactly 0.50. How can the coin still be used for making the
choice? (Hint: Toss the coin {wice, basing your decision on two possible outcomes.)
Explain your answer.

2-101. At the same time as new hires were taking place, many retailers were cutting
back. Out of 1,000 Kwik Save stores in Britain, 107 were to be closed. Out of 424
Somerfield stores, 424 were to be closed. Given that a store is closing, what is the
probability that it is a Kwik Save? What is the probability that a randomly chosen
store is either closing or Kwik Save? Find the probability that a randomly selected
store is not closing given that it is a Somerfield.

2-102. Major hirings in retail in Britain are as follows: 9,000 at Safeway; 5,000 at
Boots; 3,400 at Debenhams; and 1,700 at Marks and Spencer. What is the probabil-
ity that a randomly selected new hire from these was hired by Marks and Spencer?

2-103. The House Ways and Means Committee is considering lowering airline
taxes. The committee has 38 members and needs a simple majority to pass the new
legislation. If the probability that each member votes yes is 0.25, find the probability
that the legislation will pass. (Assume independence.)

Given that taxes are reduced, the probability that Northwest Airlines will com-
pete successfully is 0.7 If the resolution does not pass, Northwest cannot compete
successfully. Find the probability that Northwest can compete successfully.

2-104. Hong Kong’s Mai Po marsh is an important migratory stopover for more
than 100,000 birds per year from Siberia to Australia. Many of the bird species that
stop in the marsh are endangered, and there are no other suitable wetlands to replace
Mai Po. Currently the Chinese government is considering building a large housing
project at the marsh’s boundary, which could adversely affect the birds. Environmen-
talists estimate that if the project goes through, there will be a 60% chance that the
black-faced spoonbill (current world population = 450) will not survive. It is estimat-
ed that there is a 70% chance the Chinese government will go ahead with the build-
ing project. What is the probability of the species’ survival (assuming no danger if the
project doesn’t go through)?

2-105. Three machines A, B, and C are used to produce the same part, and their
outputs are collected in a single bin. Machine A produced 26% of the parts in the bin,
machine B 38%, and machine C the rest. Of the parts produced by machine A, 8%
are defective. Similarly, 5% of the parts from B and 4% from C are defective. A part
is picked at random from the bin.

a. If the part is defective, what is the probability it was produced by machine A?
b. If the part is good, what is the probability it was produced by machine B?

Since its appearance in the first edition of the book, this interesting problem has been generalized. See N. H.
Josephy and A. D. Aczel, “A Note on a Journal Selection Problem,” ZOR-Methods and Models of Operations Research 34
(1990), pp. 469-76.
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business graduate wants to get a job in any one
Aof the top 10 accounting firms. Applying to

any of these companies requires a lot of effort
and paperwork and is therefore costly. She estimates
the cost of applying to each of the 10 companies and
the probability of getting a job offer there. These data
are tabulated below. The tabulation is in the decreas-
ing order of cost.

1. If the graduate applies to all 10 companies, what
is the probability that she will get at least one
offer?

2. If she can apply to only one company, based
on cost and success probability criteria alone,

Company 1 2 3 4 5
Cost $870 $600 $540 $500 $400
Probability 0.38 0.35 0.28 0.20 0.18

© The McGraw-Hill
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Probability 89

should she apply to company 5? Why or why
not?

. If she applies to companies 2, 5, 8, and 9, what

is the total cost? What is the probability that she
will get at least one offer?

. If she wants to be at least 75% confident of

getting at least one offer, to which companies
should she apply to minimize the total cost?
(This is a trial-and-error problem.)

. If she is willing to spend $1,500, to which

companies should she apply to maximize her
chances of getting at least one job? (This is a
trial-and-error problem.)

6 7 8 9 10
$320 $300 $230 $200 $170
0.18 0.17 0.14 0.14 0.08
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LEARNING OBJECTIVES

After studying this chapter, you should be able to:

Distinguish between discrete and continuous random variables.
Explain how a random variable is characterized by its
probability distribution.

Compute statistics about a random variable.

Compute statistics about a function of a random variable.
Compute statistics about the sum of a linear composite of
random variables.

Identify which type of distribution a given random variable is
most likely to follow.

Solve problems involving standard distributions manually using
formulas.

Solve business problems involving standard distributions using
spreadsheet templates.
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Recent work in genetics makes assumptions
about the distribution of babies of the two
sexes. One such analysis concentrated on the
probabilities of the number of babies of each
sex in a given number of births. Consider the sample space made up of the 16 equally

likely points:
BBBB BBBG BGGB GBGG
GBBB GGBB BGBG GGBG
BGBB GBGB BBGG GGGB
BBGB GBBG BGGG GGGG

All these 16 points are equally likely because when four children are born, the sex
of each child is assumed to be independent of those of the other three. Hence the
probability of each quadruple (e.g., GBBG) is equal to the product of the proba-
bilities of the four separate, single outcomes—G, B, B, and G—and is thus equal to
(1/2)(1/2) (1/2)(1/2) = 1/16.

Now, let’s look at the variable “the number of girls out of four births.” This num-
ber varies among points in the sample space, and it is random—given to chance. That’s
why we call such a number a random variable.

A random variable is an uncertain quantity whose value depends on
chance.

A random variable has a probability law—a rule that assigns probabilities to the

different values of the random variable. The probability law, the probability assign- V
ment, is called the probability distribution of the random variable. We usually denote S
the random variable by a capital letter, often X. The probability distribution will then

be denoted by P(X). CHAPTER 2

Look again at the sample space for the sexes of four babies, and remember that
our variable is the number of girls out of four births. The first point in the sample
space is BBBB; because the number of girls is zero here, X = 0. The next four points
in the sample space all have one girl (and three boys). Hence, each one leads to the
value X = 1. Similarly, the next six points in the sample space all lead to X = 2; the
next four points to X = 3; and, finally, the last point in our sample space gives X = 4.
The correspondence of points in the sample space with values of the random variable
is as follows:

Sample Space Random Variable

BBBB} X=0
GBBB
BGBB X1
BBGB

BBBG
GGBB
GBGB
GBBG
BGGB
BGBG
BBGG
BGGG
GBGG
GGBG
GGGB

GGGG}
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This correspondence, when a sample space clearly exists, allows us to define a random
variable as follows:

A random variable is a function of the sample space.

What is this function? The correspondence between points in the sample space and
values of the random variable allows us to determine the probability distribution of X
as follows: Notice that 1 of the 16 equally likely points of the sample space leads to
X = 0. Hence, the probability that X = 0 is 1/16. Because 4 of the 16 equally likely
points lead to a value X = 1, the probability that X = 1 is 4/16, and so forth. Thus,
looking at the sample space and counting the number of points leading to each value
of X, we find the following probabilities:

P(X=0)=1/16 = 0.0625
P(X=1) = 4/16 = 0.2500
P(X=2) = 6/16 = 0.3750
P(X=3) = 4/16 = 0.2500
P(X=14) = 1/16 = 0.0625

The probability statements above constitute the probability distribution of the ran-
dom variable X = the number of girls in four births. Notice how this probability law
was obtained simply by associating values of X with sets in the sample space. (For
example, the set GBBB, BGBB, BBGB, BBBG leads to X = 1.) Writing the probabil-
ity distribution of X'in a table format is useful, but first let’s make a small, simplifying
notational distinction so that we do not have to write complete probability statements
such as P(X = 1).

As stated earlier, we use a capital letter, such as X, to denote the random variable.
But we use a lowercase letter to denote a particular value that the random variable
can take. For example, x = 3 means that some particular set of four births resulted in
three girls. Think of X as random and x as known. Before a coin is tossed, the num-
ber of heads (in one toss) is an unknown, X. Once the coin lands, we have x = 0 or
x=1

Now let’s return to the number of girls in four births. We can write the probability
distribution of this random variable in a table format, as shown in Table 3-1.

Note an important fact: The sum of the probabilities of all the values of the ran-
dom variable X must be 1.00. A picture of the probability distribution of the random
variable Xis given in Figure 3-1. Such a picture is a probability bar chart for the
random variable.

Marilyn is interested in the number of girls (or boys) in any fixed number of
births, not necessarily four. Thus her discussion extends beyond this case. In fact, the

TABLE 3-1  Probability Distribution of the Number of Girls in Four Births

Number of Girls x Probability P(x)
0 1/16
1 4/16
2 6/16
3 4/16
4 1/16

16/16 = 1.00
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FIGURE 3-1 Probability Bar Chart
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random variable she describes, which in general counts the number of “successes”
(here, a girl is a success) in a fixed number 7 of trials, is called a binomial random variable.
We will study this particular important random variable in section 3-3.
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Figure 3-2 shows the sample space for the experiment of rolling two dice. As can be
seen from the sample space, the probability of every pair of outcomes is 1/36. This
can be seen from the fact that, by the independence of the two dice, for example, P(6
on red die N 5 on green die) = P(6 on red die) X P(5 on green die) = (1/6)(1/6) =
1/36, and that this holds for all 36 pairs of outcomes. Let X = the sum of the dots on
the two dice. What is the distribution of x?

Figure 3-3 shows the correspondence between sets in our sample space and the
values of X. The probability distribution of Xis given in Table 3-2. The probability
distribution allows us to answer various questions about the random variable of interest.
Draw a picture of this probability distribution. Such a graph need not be a histogram,
used earlier, but can also be a bar graph or column chart of the probabilities of the
different values of the random variable. Note from the graph you produced that the
distribution of the random variable “the sum of two dice” is symmetric. The central
value is x = 7, which has the highest probability, P(7) = 6/36 = 1/6. This is the mode,

FIGURE 3-2 Sample Space for Two Dice
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EXAMPLE 3-1

Solution
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FIGURE 3-3  Correspondence between Sets and Values of X

X=12
1/36

a
() QQ

TABLE 3-2  Probability Distribution of the Sum of Two Dice

X P(x)
2 1/36
3 2/36
4 3/36
5 4/36
6 5/36
7 6/36
8 5/36
9 4/36
10 3/36
11 2/36
12 1/36
36/36 = 1.00

the most likely value. Thus, if you were to bet on one sum of two dice, the best bet is
that the sum will be 7.

We can answer other probability questions, such as: What is the probability that
the sum will be at most 5? This is P(X = 5). Notice that to answer this question, we
require the sum of all the probabilities of the values that are less than or equal to 5:

P(2) + P(3) + P(4) + P(5) = 1/36 + 2/36 + 3/36 + 4/36 = 10/36

Similarly, we may want to know the probability that the sum is greater than 9. This is
calculated as follows:

P(X>9) = P(10) + P(11) + P(12) = 3/36 + 2/36 + 1/36 = 6/36 = 1/6

Most often, unless we are dealing with games of chance, there is no evident sample
space. In such situations the probability distribution is often obtained from lists or
other data that give us the relative frequency in the recorded past of the various values
of the random variable. This is demonstrated in Example 3-2.
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800, 900, and Now: the 500 Telephone Numbers EXAMPLE 3-2

The new code 500 is for busy, affluent people who travel a lot: It can work with a

cellular phone, your home phone, office phone, second-home phone, up to five addi-

tional phones besides your regular one. The computer technology behind this service

is astounding—the new phone service can find you wherever you may be on the planet

at a given moment (assuming one of the phones you specify is cellular and you keep

it with you when you are not near one of your stationary telephones). What the com-

puter does is to first ring you up at the telephone number you specify as your primary ~TABLE3-3
one (your office phone, for example). If there is no answer, the computer switches to I?fh':ﬁﬁ,mg 3';;/”;:2;':5"
search for you at your second-specified phone number (say, home); if you do not answer

there, it will switch to your third phone (maybe the phone at a close companion’s x P(x)
home, or your car phone, or a portable cellular phone); and so on up to five allowable 0 0.1
switches. The switches are the expensive part of this service (besides arrangements 1 0.2
to have your cellular phone reachable overseas), and the service provider wants to 2 0.3
get information on these switches. From data available on an experimental run of 3 0.2
the 500 program, the following probability distribution is constructed for the number 4 0.1
of dialing switches that are necessary before a person is reached. When X = 0, the 5 0.1

person was reached on her or his primary phone (no switching was necessary); when 1.00
X = 1, a dialing switch was necessary, and the person was found at the secondary
phone; and so on up to five switches. Table 3-3 gives the probability distribution for
this random variable.

A plot of the probability distribution of this random variable is given in Fig-
ure 3—4. When more than two switches occur on a given call, extra costs are incurred.
What is the probability that for a given call there would be extra costs?

Solution
P(X>2)= P3)+ P4) + P5) =02+ 0.1 +0.1 =04

What is the probability that at least one switch will occur on a given call?
1 — P(0) = 0.9, a high probability.

Discrete and Continuous Random Variables

Refer to Example 3-2. Notice that when switches occur, the number X jumps by 1. rcure 34

It is impossible to have one-half a switch or 0.13278 of one. The same is true for the  The Probability Distribution
number of dots on two dice (you cannot see 2.3 dots or 5.87 dots) and, of course, the ~ of the Number of Switches
number of girls in four births.

A discrete random variable can assume at most a countable number of P(x)
values.
03 —

The values of a discrete random variable do not have to be positive whole num-
bers; they just have to “jump” from one possible value to the next without being able
to have any value in between. For example, the amount of money you make on an
investment may be $500, or it may be a loss: —$200. At any rate, it can be measured 0.1 H

0.2

at best to the nearest cent, so this variable is discrete.
What are continuous random variables, then?

A continuous random variable may take on any value in an interval of
numbers (i.e., its possible values are uncountably infinite).
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FIGURE 3-5 Discrete and Continuous Random Variables

Discrete Continuous

The values of continuous random variables can be measured (at least in theory) to
any degree of accuracy. They move continuously from one possible value to another,
without having to jump. For example, temperature is a continuous random variable,
since it can be measured as 72.00340981136 . . . °. Weight, height, and time are other
examples of continuous random variables.

The difference between discrete and continuous random variables is illustrated in
Figure 3-5. Is wind speed a discrete or a continuous random variable?

The probability distribution of a discrete random variable X must satisfy the
following two conditions.

1. P(x) = O for all values x 3-1)
2. EP(X) =1 (3-2)
all x

These conditions must hold because the P(x) values are probabilities. Equation 3-1
states that all probabilities must be greater than or equal to zero, as we know from
Chapter 2. For the second rule, equation 3-2, note the following. For each value #,
P(x) = P(X = x) is the probability of the event that the random variable equals x.
Since by definition all x means all the values the random variable X may take, and
since X may take on only one value at a time, the occurrences of these values are
mutually exclusive events, and one of them must take place. Therefore, the sum of all
the probabilities P(x) must be 1.00.

Cumulative Distribution Function

The probability distribution of a discrete random variable lists the probabilities of
occurrence of different values of the random variable. We may be interested in
cumulative probabilities of the random variable. That is, we may be interested in
the probability that the value of the random variable is at most some value x. This
is the sum of all the probabilities of the values i of X that are less than or equal to x.
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TABLE 3-4  Cumulative Distribution Function of the Number of Switches (Example 3-2)

X P(x) F(x)
0 0.1 0.1
1 0.2 0.3
2 0.3 0.6
3 0.2 0.8
4 0.1 0.9
5 0.1 1.00
1.00

We define the cumulative distribution function (also called cumulative probability function)
as follows.

The cumulative distribution function, F(x), of a discrete random variable X is

Fx) = P(X = x) = > P(i) (3-3)

all i=x

Table 3-4 gives the cumulative distribution function of the random variable of
Example 3-2. Note that each entry of F(x) is equal to the sum of the corresponding
values of P(i) for all values 7less than or equal to x. For example, F(3) = P(X = 3) =
P0) + P(1) + P2) + P3) = 0.1 + 0.2 + 0.3 + 0.2 = 0.8. Of course, F(5) = 1.00
because F(5) is the sum of the probabilities of all values that are less than or equal to
5, and 5 is the largest value of the random variable.

Figure 3-6 shows F(x) for the number of switches on a given call. All cumulative
distribution functions are nondecreasing and equal 1.00 at the largest possible value
of the random variable.

Let us consider a few probabilities. The probability that the number of switches
will be less than or equal to 3 is given by F(3) = 0.8. This is illustrated, using the
probability distribution, in Figure 3-7.

FIGURE 3-6 Cumulative Distribution Function of Number of Switches

—

0.9 - —
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FIGURE 3-7 The Probability That at FIGURE 3-8 Probability That More than One
Most Three Switches Switch Will Occur
Will Occur
P(x)
P(x)
P(X = 3) = A3) 0.3 4
0.3 K1) P(X>1) =
1-K1)
0.2 | Total
0.2 4 probability = 1.00
0.1
0.1
——
: 0123 45 |*
012345 «x

The probability that more than one switch will occur, P(X> 1), is equal to 1 — F(1) =
1 — 0.3 = 0.7 This is so because F(1) = P(X=1),and P(X= 1) + P(X> 1) = 1 (the two
events are complements of each other). This is demonstrated in Figure 3-8.

The probability that anywhere from one to three switches will occur is P(1 =
X = 3). From Figure 3-9 we see that this is equal to F(3) — F(0) = 0.8 — 0.1 = 0.7.
(This is the probability that the number of switches that occur will be less than or
equal to 3 and greater than 0.) This, and other probability questions, could cer-
tainly be answered directly, without use of F(x). We could just add the probabili-
ties: P(1) + P(2) + P(3) = 0.2 + 0.3 + 0.2 = 0.7 The advantage of F(x) is that
probabilities may be computed by few operations [usually subtraction of two val-
ues of F(x), as in this example], whereas use of P(x) often requires lengthier
computations.

If the probability distribution is available, use it directly. If, on the other hand,
you have a cumulative distribution function for the random variable in question, you
may use it as we have demonstrated. In either case, drawing a picture of the proba-
bility distribution is always helpful. You can look at the signs in the probability state-
ment, such as P(X = x) versus P(X < x), to see which values to include and which
ones to leave out of the probability computation.

FIGURE 3-9 Probability That Anywhere from One to Three Switches Will Occur

P(x)
F3)
0.3 4 P(1 = X =3) = K(3) - K0)
H0)
0.2
0.1
012345 X
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PROBLEMS

3-1. The number of telephone calls arriving at an exchange during any given minute
between noon and 1:00 P.M. on a weekday is a random variable with the following
probability distribution.

P(x)
0.3
0.2
0.2
0.1
0.1
0.1

“ A W N = O X%

a. Verify that P(x) is a probability distribution.
b. Find the cumulative distribution function of the random variable.

¢. Use the cumulative distribution function to find the probability that between
12:34 and 12:35 P.M. more than two calls will arrive at the exchange.

3-2. According to an article in Travel and Leisure, every person in a small study of
sleep during vacation was found to sleep longer than average during the first vacation
night.! Suppose that the number of additional hours slept in the first night of a vaca-
tion, over the person’s average number slept per night, is given by the following
probability distribution:

P(x)
0.01
0.09
0.30
0.20
0.20
0.10
0.10

N L AW N = O X%

a. Verify that P(x) is a probability distribution.

b. Find the cumulative distribution function.

¢. Find the probability that at most four additional hours are slept.

d. Find the probability that at least two additional hours are slept per night.

3-3. The percentage of people (to the nearest 10) responding to an advertisement is
a random variable with the following probability distribution:

x(%) P(x)
0 0.10
10 0.20
20 0.35
30 0.20
40 0.10
50 0.05

a. Show that P(x) is a probability distribution.
b. Find the cumulative distribution function.
¢. Find the probability that more than 20% will respond to the ad.

!Amy Farley, “Health and Fitness on the Road,” Travel and Leisure, April 2007, p. 182.
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3-4. An automobile dealership records the number of cars sold each day. The data
are used in calculating the following probability distribution of daily sales:

P(x)
0.1
0.1
0.2
0.2
0.3
0.1

“w A W N = O x

a. Find the probability that the number of cars sold tomorrow will be
between two and four (both inclusive).

b. Find the cumulative distribution function of the number of cars sold
per day.

¢. Show that P(x) is a probability distribution.

3-5. Consider the roll of a pair of dice, and let X denote the sum of the two num-
bers appearing on the dice. Find the probability distribution of X, and find the cumu-
lative distribution function. What is the most likely sum?

3-6. The number of intercity shipment orders arriving daily at a transportation
company is a random variable X with the following probability distribution:

P(x)
0.1
0.2
0.4
0.1
0.1
0.1

“v A W N = O x

a. Verify that P(x) is a probability distribution.
b. Find the cumulative probability function of X.

¢. Use the cumulative probability function computed in (4) to find the prob-
ability that anywhere from one to four shipment orders will arrive on a
given day.

d. When more than three orders arrive on a given day, the company
incurs additional costs due to the need to hire extra drivers and
loaders. What is the probability that extra costs will be incurred on
a given day?

e. Assuming that the numbers of orders arriving on different days are inde-
pendent of each other, what is the probability that no orders will be
received over a period of five working days?

Jf Again assuming independence of orders on different days, what is the
probability that extra costs will be incurred two days in a row?

3-7. An article in The New York Times reports that several hedge fund managers now

make more than a billion dollars a year? Suppose that the annual income of a hedge

Jenny Anderson and Julie Creswell, “Make Less Than $240 Million? You’re Off Top Hedge Fund List,” The New York
Times, April 24, 2007, p. Al.



Aczel-Sounderpandian: 3. Random Variables
Complete Business
Statistics, Seventh Edition

Text © The McGraw-Hill
Companies, 2009

Random Variables

fund manager in the top tier, in millions of dollars a year, is given by the following

probability distribution:

x ($ millions)

$1,700
1,500
1,200
1,000
800

600

400

P(x)
0.2
0.2
0.3
0.1
0.1
0.05
0.05

a. Find the probability that the annual income of a hedge fund manager will
be between $400 million and $1 billion (both inclusive).

b. Find the cumulative distribution function of X.

¢. Use F(x) computed in (b) to evaluate the probability that the annual
income of a hedge fund manager will be less than or equal to $1 billion.

d. Find the probability that the annual income of a hedge fund manager will
be greater than $600 million and less than or equal to $1.5 billion.

3-8. The number of defects in a machine-made product is a random variable X with

the following probability distribution:

AW N = O X%

P(x)
0.1
0.2
0.3
0.3
0.1

a. Show that P(x) is a probability distribution.
b. Find the probability P(1 < X= 3).
¢. Find the probability P(1 < X= 4).

d. Find F(x).

3-9. Returns on investments overseas, especially in Europe and the Pacific Rim,
are expected to be higher than those of U.S. markets in the near term, and analysts
are now recommending investments in international portfolios. An investment con-
sultant believes that the probability distribution of returns (in percent per year) on

one such portfolio is as follows:

x(%)

9
10
11
12
13
14
15

P(x)
0.05
0.15
0.30
0.20
0.15
0.10
0.05

a. Verify that P(x) is a probability distribution.
b. What is the probability that returns will be at least 12%?

¢. Find the cumulative distribution of returns.
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3-10. The daily exchange rate of one dollar in euros during the first three months
of 2007 can be inferred to have the following distribution.?

X P(x)
0.73 0.05
0.74 0.10
0.75 0.25
0.76 0.40
0.77 0.15
0.78 0.05

a. Show that P(x) is a probability distribution.

b. What is the probability that the exchange rate on a given day during this
period will be at least 0.75?

¢. What is the probability that the exchange rate on a given day during this
period will be less than 0.77?

d. If daily exchange rates are independent of one another, what is the prob-
ability that for two days in a row the exchange rate will be above 0.75?

3-2 Expected Values of Discrete Random Variables

In Chapter 1, we discussed summary measures of data sets. The most important sum-
mary measures discussed were the mean and the variance (also the square root of the
variance, the standard deviation). We saw that the mean is a measure of centrality, or
location, of the data or population, and that the variance and the standard deviation
measure the variability, or spread, of our observations.

The mean of a probability distribution of a random variable is a measure of the
centrality of the probability distribution. It is a measure that considers both the values
of the random variable and their probabilities. The mean is a weighted average of the
possible values of the random variable—the weights being the probabilities.

The mean of the probability distribution of a random variable is called the
expected value of the random variable (sometimes called the expectation of the random
variable). The reason for this name is that the mean is the (probability-weighted)
average value of the random variable, and therefore it is the value we “expect” to
occur. We denote the mean by two notations: p for mean (as in Chapter 1 for a popu-
lation) and E(X) for expected value of X. In situations where no ambiguity is possible,
we will often use . In cases where we want to stress the fact that we are talking about
the expected value of a particular random variable (here, X), we will use the notation
E(X). The expected value of a discrete random variable is defined as follows.

The expected value of a discrete random variable X is equal to the sum of
all values of the random variable, each value multiplied by its probability.

b= EX) = 2 xP(x) (3-4)

all x

Suppose a coin is tossed. If it lands heads, you win a dollar; but if it lands tails, you
lose a dollar. What is the expected value of this game? Intuitively, you know you have
an even chance of winning or losing the same amount, and so the average or expected

*Inferred from a chart of dollars in euros published in “Business Day,” The New York Times, April 20, 2007, p. C10.
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TABLE 3-5 Computing the Expected Number of Switches for Example 3-2

X P(x) xP(x)
0 0.1 0

1 0.2 0.2
2 0.3 0.6
3 0.2 0.6
4 0.1 0.4
5 o1 05

1.00 2.3 « Mean, EX)

value is zero. Your payoff from this game is a random variable, and we find its
expected value from equation 3—-4: E(X) = (1)(1/2) + (—1)(1/2) = 0. The definition
of an expected value, or mean, of a random variable thus conforms with our intuition.
Incidentally, games of chance with an expected value of zero are called fair games.

Let us now return to Example 3-2 and find the expected value of the random vari-
able involved—the expected number of switches on a given call. For convenience, we
compute the mean of a discrete random variable by using a table. In the first column
of the table we write the values of the random variable. In the second column we write
the probabilities of the different values, and in the third column we write the products
xP(x) for each value x. We then add the entries in the third column, giving us E(X) =
> xP(x), as required by equation 3—4. This is shown for Example 3-2 in Table 3-5.

As indicated in the table, w = E(X) = 2.3. We can say that, on the average, 2.3
switches occur per call. As this example shows, the mean does not have to be one of
the values of the random variable. No calls have 2.3 switches, but 2.3 is the average
number of switches. It is the expected number of switches per call, although here the
exact expectation will not be realized on any call.

As the weighted average of the values of the random variable, with probabilities
as weights, the mean is the center of mass of the probability distribution. This is
demonstrated for Example 3-2 in Figure 3-10.

The Expected Value of a Function of a Random Variable

The expected value of a function of a random variable can be computed as follows.
Let 2(X) be a function of the discrete random variable X.

The expected value of h(X), a function of the discrete random variable X, is

E[h(X)] = X h()P(x) (3-5)

all x

The function 4(X) could be X2, 3X*, log X, or any function. As we will see shortly, equa-
tion 3-5 is most useful for computing the expected value of the special function A(X) =
X2 But let us first look at a simpler example, where A(X) is a linear function of X. A lin-
ear function of Xis a straight-line relation: A(X) = a + X, where a and b are numbers.

© The McGraw-Hill ‘ @
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FIGURE 3-10

The Mean of a Discrete
Random Variable as a
Center of Mass for

Example 3-2
P(x)
0.31
0.21
0.11
0124345
Mean = 2.3

Monthly sales of a certain product, recorded to the nearest thousand, are believed to
follow the probability distribution given in Table 3-6. Suppose that the company has
a fixed monthly production cost of $8,000 and that each item brings $2. Find the
expected monthly profit from product sales.

EXAMPLE 3-3
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TABLE 3-6  Probability Distribution of Monthly Product Sales for Example 3-3

Number of Items x P(x)
5,000 0.2
6,000 0.3
7,000 0.2
8,000 0.2
9,000 0.1
1.00

TABLE 3-7 Computing Expected Profit for Example 3-3

X h(x) P(x) h(x)P(x)
5,000 2,000 0.2 400
6,000 4,000 0.3 1,200
7,000 6,000 0.2 1,200
8,000 8,000 0.2 1,600
9,000 10,000 0.1 1,000

E[h(X)] = 5,400

The company’s profit function from sales of the product is A(X) = 2X — 8,000. Equa-
tion 3-5 tells us that the expected value of 4(X) is the sum of the values of A(X), each
value multiplied by the probability of the particular value of X. We thus add two
columns to Table 3-6: a column of values of A(x) for all x and a column of the prod-
ucts 4(x)P(x). At the bottom of this column we find the required sum E[A(X)] =
2.1« B(x)P(x). This is done in Table 3-7. As shown in the table, expected monthly
profit from sales of the product is $5,400.

In the case of a linear function of a random variable, as in Example 3-3, there is
a possible simplification of our calculation of the mean of A(X). The simplified for-
mula of the expected value of a linear function of a random variable is as follows:

The expected value of a linear function of a random variable is
E(aX + b) = aE(X) + b (3-6)

where a and b are fixed numbers.

Equation 3-6 holds for any random variable, discrete or continuous. Once you
know the expected value of X, the expected value of aX + b is just aE(X) + b.
In Example 3-3 we could have obtained the expected profit by finding the mean of
X first, and then multiplying the mean of X by 2 and subtracting from this the fixed
cost of $8,000. The mean of Xis 6,700 (prove this), and the expected profit is there-
fore E[A(X)] = E(2X — 8,000) = 2E(X) — 8,000 = 2(6,700) — 8,000 = $5,400, as we
obtained using Table 3-7.

As mentioned earlier, the most important expected value of a function of Xis the
expected value of 4(X) = X2. This is because this expected value helps us compute the
variance of the random variable X and, through the variance, the standard deviation.

Variance and Standard Deviation of a Random Variable

The variance of a random variable is the expected squared deviation of the random
variable from its mean. The idea is similar to that of the variance of a data set or a



Aczel-Sounderpandian: 3. Random Variables Text
Complete Business
Statistics, Seventh Edition

Random Variables

population, defined in Chapter 1. Probabilities of the values of the random variable
are used as weights in the computation of the expected squared deviation from the
mean of a discrete random variable. The definition of the variance follows. As with a
population, we denote the variance of a random variable by 2. Another notation for
the variance of Xis V(X).

The variance of a discrete random variable X is given by

= V(X) = E[(X — p)?] = 2 (x — WP (3-7)

all x

Using equation 3-7, we can compute the variance of a discrete random variable by
subtracting the mean p. from each value x of the random variable, squaring the result,
multiplying it by the probability P(x), and finally adding the results for all x. Let us
apply equation 3-7 and find the variance of the number of dialing switches in
Example 3-2:

02 = 3(x — p)*P(x)
() —2.3)2(0.1) + (1 — 2.3)2(0.2) + (2 — 2.3)2(0.3)
+ (3 — 2.3)2(0.2) + (4 — 2.3)2(0.1) + (5 — 2.3)2(0.1)
=201

The variance of a discrete random variable can be computed more easily. Equa-
tion 3-7 can be shown mathematically to be equivalent to the following computa-
tional form of the variance.

Computational formula for the variance of a random variable:
2= V(X) = EQA) = [EQOP (3-8)

Equation 3-8 has the same relation to equation 3-7 as equation 1-7 has to equa-
tion 1-3 for the variance of a set of points.

Equation 3-8 states that the variance of Xis equal to the expected value of X2
minus the squared mean of X. In computing the variance using this equation, we use
the definition of the expected value of a function of a discrete random variable, equa-
tion 3-5, in the special case A(X) = X 2. We compute x? for each x, multiply it by P(x),
and add for all x. This gives us E(X %). To get the variance, we subtract from E(X?) the
mean of X, squared.

We now compute the variance of the random variable in Example 3-2, using this
method. This is done in Table 3-8. The first column in the table gives the values of X,
the second column gives the probabilities of these values, the third column gives the
products of the values and their probabilities, and the fourth column is the product of
the third column and the first [because we get x2P(x) by just multiplying each entry
xP(x) by x from column 1]. At the bottom of the third column we find the mean of X,
and at the bottom of the fourth column we find the mean of X2 Finally, we perform
the subtraction E(X?) — [E(X)]? to get the variance of X:

V(X) = E(X?) — [E(X))2 = 73 — (2.3)2 = 2.01

© The McGraw-Hill
Companies, 2009
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TABLE 3-8 Computations Leading to the Variance of the Number of Switches in Example 3-2
Using the Shortcut Formula (Equation 3-8)

X P(x) XxP(x) x2P(x)
0 0.1 0 0
1 0.2 0.2 0.2
2 0.3 0.6 1.2
3 0.2 0.6 1.8
4 0.1 0.4 1.6
5 01 05 25
1.00 2.3 « Mean 7.3 < Mean
of X of X?

This is the same value we found using the other formula for the variance, equa-
tion 3-7. Note that equation 3-8 holds for all random variables, discrete or otherwise.
Once we obtain the expected value of X? and the expected value of X, we can com-
pute the variance of the random variable using this equation.

For random variables, as for data sets or populations, the standard deviation is
equal to the (positive) square root of the variance. We denote the standard deviation
of a random variable X by ¢ or by SD(X).

The standard deviation of a random variable:

o = SD(X) = VVX) (3-9)
In Example 3-2, the standard deviation is 0 = V' 2.01 = 1.418.

What are the variance and the standard deviation, and how do we interpret
their meaning? By definition, the variance is the weighted average squared devia-
tion of the values of the random variable from their mean. Thus, it is a measure of
the dispersion of the possible values of the random variable about the mean. The
variance gives us an idea of the variation or uncertainty associated with the random
variable: The larger the variance, the farther away from the mean are possible val-
ues of the random variable. Since the variance is a squared quantity, it is often
more useful to consider its square root—the standard deviation of the random vari-
able. When two random variables are compared, the one with the larger variance
(standard deviation) is the more variable one. The risk associated with an invest-
ment is often measured by the standard deviation of investment returns. When
comparing two investments with the same average (expected) return, the investment
with the higher standard deviation is considered riskier (although a higher standard
deviation implies that returns are expected to be more variable—both below and
above the mean).

Variance of a Linear Function of a Random Variable

There is a formula, analogous to equation 3-6, that gives the variance of a linear func-
tion of a random variable. For a linear function of X given by aX + 5, we have the
following:

Variance of a linear function of a random variable is
V(aX + b) = a*U(X) = d’c? (3-10)

where a and b are fixed numbers.
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Using equation 3-10, we will find the variance of the profit in Example 3-3.
The profit is given by 2X — 8,000. We need to find the variance of Xin this example.
We find

E(X?) = (5,000)2(0.2) + (6,000)2(0.3) + (7,000)2(0.2) + (8,000)2(0.2)
+ (9,000)2(0.1)
— 46,500,000

The expected value of Xis E(X) = 6,700. The variance of Xis thus

V(X) = E(X?) — [E(XX)]? = 46,500,000 — (6,700)> = 1,610,000

Finally, we find the variance of the profit, using equation 3-10, as 2%(1,610,000) =
6,440,000. The standard deviation of the profit is V6,440,000 = 2,537.72.

3-3 Sum and Linear Composites of Random Variables

Sometimes we are interested in the sum of several random variables. For instance, a
business may make several investments, and each investment may have a random
return. What finally matters to the business is the sum of all the returns. Sometimes
what matters is a linear composite of several random variables. A linear composite
of random variables X}, X,, . . ., X, will be of the form

aX + aX, + -+ gX,

where a,, a,, . . ., a; are constants. For instance, let X), X,, . . ., X} be the random
quantities of £ different items that you buy at a store, and let a,, a,, . . . , @, be their
respective prices. Then ¢, X, + a,X, + - - - + ¢, X, will be the random total amount
you have to pay for the items. Note that the sum of the variables is a linear compos-
ite where all &’s are 1. Also, X|; — X, is a linear composite with ¢, =1 and ¢, = —1.

We therefore need to know how to calculate the expected value and variance of
the sum or linear composite of several random variables. The following results are
useful in computing these statistics.

The expected value of the sum of several random variables is the sum of the
individual expected values. That is,

EX; + X, + -+ X) = E(X)) + E(X) + -+ KXY
Similarly, the expected value of a linear composite is given by

Ea, X; + a, X, + - - - + aX) = a,E(X;) + a,E(X,) + - - - + a.E(X)

In the case of variance, we will look only at the case where X, X,, . . ., X, are
mutually independent, because if they are not mutually independent, the compu-
tation involves covariances, which we will learn about in Chapter 10. Mutual inde-
pendence means that any event X; = x and any other event X; = y are independent.
We can now state the result.
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If X;, X,, ..., X, are mutually independent, then the variance of their sum
is the sum of their individual variances. That is,

VX, + Xy + -+ X)) = X)) + X)) + - - - + V(XY
Similarly, the variance of a linear composite is given by
V(o X, + a,X, + - - 4+ a X)) = a?V(X)) + adU(Xy) + - - - + a?V(X,)

We will see the application of these results through an example.

EXAMPLE 3-4

Solution

A portfolio includes stocks in three industries: financial, energy, and consumer goods
(in equal proportions). Assume that these three sectors are independent of each other
and that the expected annual return (in dollars) and standard deviations are as fol-
lows: financial: 1,000 and 700; energy 1,200 and 1,100; and consumer goods 600 and
300 (respectively). What are the mean and standard deviation of annual dollar-value
return on this portfolio?

The mean of the sum of the three random variables is the sum of the means 1,000 +
1,200 + 600 = $2,800. Since the three sectors are assumed independent, the variance
is the sum of the three variances. It is equal to 700% + 1,100? + 300% = 1,790,000. So the
standard deviation is V1,790,000 = $1,337.90.

Chebyshev’s Theorem

The standard deviation is useful in obtaining bounds on the possible values of the ran-
dom variable with certain probability. The bounds are obtainable from a well-known
theorem, Chebyshev’s theorem (the name is sometimes spelled Tchebychev, Tchebysheff,
or any of a number of variations). The theorem says that for any number £ greater
than 1.00, the probability that the value of a given random variable will be within k
standard deviations of the mean is at least 1 — 1/£2. In Chapter 1, we listed some results
for data sets that are derived from this theorem.

Chebyshev’s Theorem

For a random variable X with mean . and standard deviation o, and for any
number k > 1,

PUX — pul < ko) =1 — 1/k2 (3-11)

Let us see how the theorem is applied by selecting values of £. While £ does not
have to be an integer, we will use integers. When & = 2, we have 1 — 1/k? = 0.75:
The theorem says that the value of the random variable will be within a distance of
2 standard deviations away from the mean with at least a 0.75 probability. Letting
k = 3, we find that X will be within 3 standard deviations of its mean with at least a
0.89 probability. We can similarly apply the rule for other values of £. The rule holds
for data sets and populations in a similar way. When applied to a sample of obser-
vations, the rule says that at least 75% of the observations lie within 2 standard devi-
ations of the sample mean x. It says that at least 89% of the observations lie within
3 standard deviations of the mean, and so on. Applying the theorem to the random
variable of Example 3-2, which has mean 2.3 and standard deviation 1.418, we find
that the probability that X will be anywhere from 2.3 — 2(1.418) to 2.3 + 2(1.418) =
—0.536 to 5.136 is at least 0.75. From the actual probability distribution in this exam-
ple, Table 3-3, we know that the probability that X will be between 0 and 5 is 1.00.

Often, we will know the distribution of the random variable in question, in which
case we will be able to use the distribution for obtaining actual probabilities rather
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than the bounds offered by Chebyshev’s theorem. If the exact distribution of the
random variable is not known, but we may assume an approximate distribution, the
approximate probabilities may still be better than the general bounds offered by
Chebyshev’s theorem.

The Templates for Random Variables

The template shown in Figure 3-11 can be used to calculate the descriptive statistics of
a random variable and also those of a function #(x) of that random variable. To calcu-
late the statistics of /(x), the Excel formula for the function must be entered in cell G12.
For instance, if 4(x) = 5x% + 8, enter the Excel formula =5*x"2+8 in cell G12.

The template shown in Figure 3-12 can be used to compute the statistics about the
sum of mutually independent random variables. While entering the variance of the
individual X’s, be careful that what you enter is the variance and not the standard
deviation. At times, you know only the standard deviation and not the variance. In
such cases, you can make the template calculate the variance from the standard devi-
ation. For example, if the standard deviation is 1.23, enter the formula =1.23"2,
which will compute and use the variance.

The template shown in Figure 3-13 can be used to compute the statistics about
linear composites of mutually independent random variables. You will enter the coef-
ficients (the as) in column B.

FIGURE 3-11 Descriptive Statistics of a Random Variable X and h(x)

[Random Variable.xls]

Al B | © | D | E| F G H | | J
1 |Statistics of a Random Variable Title
L2
| 3 | X P(x) F(x)
| 4 | 0 0.1 0.1 istics of X
| 5 | 1 0.2 0.3 Mean 2.3
| 6 | 2 0.3 0.6 Variance| _ 2.01
| 7 | 3 0.2 0.8 Std. Devn.| 1.41774
| 8 | 4 0.1 0.9 Skewness| 0.30319
| 9 | 5 0.1 1 (Relative) Kurtosis| -0.63132
10 |
| 11 | Definition of h(x) X
(12| h(x = l:o
13
E of h(x)
| 15 | Mean 44.5
| 16 | Variance| 1400.25
| 17 | Std. Devn.| 37.4199
| 18 | Skewness| 1.24449
| 19 | (Relative) Kurtosis| 0.51413
20

FIGURE 3-12 Template for the Sum of Independent Variables

AlB| ¢ | b | E | _F |
1 |Sum of Independent Random Variables
| 2
| 3 | Mean Variance  Std Devn.
| 4 | X, 18.72 5.2416 | 2.289454
[ 5 | X, 4.9 3.185 | 1.784657
| 6 | X, 2.4 2.4 1.549193
| 7 X,
| 8 X
| 9 X
[ 10] X,
| 11 X
[ 12 X,
| 13 Xio
| 14
15 sum]_ 26.02 10.8266 _ 3.29038 |
E Mean Variance  Std Devn.

© The McGraw-Hill
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FIGURE 3-13 Template for Linear Composites of Independent Variables
[Random Variables.xls, Sheet: Composite]

Al B ¢ b | E | F | & |
1 |Linear Composite of Independent Random Variables
2
| 3 | _ Coef. Mean Variance  Std Devn.
4 20 X, 18.72 5.2416 | 2.289454
5 10 X, 4.9 3.185 | 1.784657
6 30 X, 24 2.4 1.549193
| 7 | X,
| 8 | X
| 9 | Xs
| 10 ] X;
| 11] X
| 12 ] X,
| 13 ] X0
| 14 ]
15 Composite] 4954 [ 4575.14 | 67.63978 |
16 | Mean Variance  Std Devn.

PROBLEMS

3-11. Find the expected value of the random variable in problem 3-1. Also find the
variance of the random variable and its standard deviation.

3-12. Find the mean, variance, and standard deviation of the random variable in

problem 3-2.

3-13. What is the expected percentage of people responding to an advertisement
when the probability distribution is the one given in problem 3-3? What is the vari-
ance of the percentage of people who respond to the advertisement?

3-14. Find the mean, variance, and standard deviation of the number of cars sold
per day, using the probability distribution in problem 3-4.

3-15. What is the expected number of dots appearing on two dice? (Use the prob-
ability distribution you computed in your answer to problem 3-5.)

3-16. Use the probability distribution in problem 3-6 to find the expected number
of shipment orders per day. What is the probability that on a given day there will be
more orders than the average?

3-17. Find the mean, variance, and standard deviation of the annual income of a
hedge fund manager, using the probability distribution in problem 3-7.

3-18. According to Chebyshev’s theorem, what is the minimum probability that a
random variable will be within 4 standard deviations of its mean?

3-19. At least eight-ninths of a population lies within how many standard devia-
tions of the population mean? Why?

3-20. The average annual return on a certain stock is 8.3%, and the variance of the
returns on the stock is 2.3. Another stock has an average return of 8.4% per year and
a variance of 6.4. Which stock is riskier? Why?

3-21. Returns on a certain business venture, to the nearest $1,000, are known to fol-
low the probability distribution

X P(x)
—2,000 0.1
—1,000 0.1

0 0.2
1,000 0.2
2,000 0.3

3,000 0.1
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a. What is the most likely monetary outcome of the business venture?
b. Is the venture likely to be successful? Explain.

¢. What is the long-term average earning of business ventures of this kind?
Explain.

d. What is a good measure of the risk involved in a venture of this kind?
Why? Compute this measure.

3-22. Management of an airline knows that 0.5% of the airline’s passengers lose
their luggage on domestic flights. Management also knows that the average value
claimed for a lost piece of luggage on domestic flights is $600. The company is
considering increasing fares by an appropriate amount to cover expected com-
pensation to passengers who lose their luggage. By how much should the airline
increase fares? Why? Explain, using the ideas of a random variable and its
expectation.

3-23. Refer to problem 3-7. Suppose that hedge funds must withhold $300 million
from the income of the manager and an additional 5% of the remaining income. Find
the expected net income of a manager in this group. What property of expected val-
ues are you using?

3-24. Refer to problem 3-4. Suppose the car dealership’s operation costs are well
approximated by the square root of the number of cars sold, multiplied by $300.
What is the expected daily cost of the operation? Explain.

3-25. In problem 3-2, suppose that a cost is imposed of an amount equal to the
square of the number of additional hours of sleep. What is the expected cost?
Explain.

3-26. All voters of Milwaukee County were asked a week before election day
whether they would vote for a certain presidential candidate. Of these, 48%
answered yes, 45% replied no, and the rest were undecided. If a yes answer is coded
+1, ano answer is coded -1, and an undecided answer is coded 0, find the mean and
the variance of the code.

3-27. Explain the meaning of the variance of a random variable. What are possible
uses of the variance?

3-28. Why is the standard deviation of a random variable more meaningful than its
variance for interpretation purposes?

3-29. Refer to problem 3-23. Find the variance and the standard deviation of
hedge fund managers’ income.

3-30. Tor problem 3-10, find the mean and the standard deviation of the dollar to
euros exchange rate.

3-31. Lobsters vary in sizes. The bigger the size, the more valuable the lobster per
pound (a 6-pound lobster is more valuable than two 3-pound ones). Lobster mer-

chants will sell entire boatloads for a certain price. The boatload has a mixture of
sizes. Suppose the distribution is as follows:

x(pound) P(x) v(x) ($)
% 0.1 2
% 0.1 2.5
1 0.3 3.0
1% 0.2 3.25
1% 0.2 3.40
1% 0.05 3.60
2 0.05 5.00

What is a fair price for the shipload?
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3-4 Bernoulli Random Variable

The first standard random variable we shall study is the Bernoulli random variable,
named in honor of the mathematician Jakob Bernoulli (1654-1705). It is the building
block for other random variables in this chapter. The distribution of a Bernoulli ran-
dom variable Xis given in Table 3-9. As seen in the table, x is 1 with probability p
and 0 with probability (1 — p). The case where x = 1 is called “success” and the case
where x = 0 is called “failure.”

Observe that

EX)=1*p+0*(1-p=p
EX) =P p+02*(1=p)=p
VIX) = B(X?) — [EX)]2 = p— p* = p(1 — p)

Often the quantity (1 — p), which is the probability of failure, is denoted by the sym-
bol ¢, and thus MX) = pg. If Xis a Bernoulli random variable with probability of suc-
cess p, then we write X ~ BER(p), where the symbol “~” is read “is distributed as”
and BER stands for Bernoulli. The characteristics of a Bernoulli random variable are
summarized in the following box.

Bernoulli Distribution

If X ~ BER(p), then
PA)Y=p; PO)=1-p

ElX] = p

V(X) = p(1 = p)
For example, if p = 0.8, then

E[X] =0.8

V(X) = 0.8*0.2 = 0.16

Let us look at a practical instance of a Bernoulli random variable. Suppose an
operator uses a lathe to produce pins, and the lathe is not perfect in that it does not
always produce a good pin. Rather, it has a probability p of producing a good pin and
(1 — p) of producing a defective one.

Just after the operator produces one pin, let X denote the “number of good pins
produced.” Clearly, Xis 1 if the pin is good and 0 if it is defective. Thus, X follows
exactly the distribution in Table 3-9, and therefore X ~ BER(p).

If the outcome of a trial can only be either a success or a failure, then the
trial is a Bernoulli trial.

The number of successes X in one Bernoulli trial, which can be 1 or 0,
is a Bernoulli random variable.

Another example is tossing a coin. If we take heads as 1 and tails as 0, then the
outcome of a toss is a Bernoulli random variable.

A Bernoulli random variable is too simple to be of immediate practical use. But
it forms the building block of the binomial random variable, which is quite useful
in practice. The binomial random variable in turn is the basis for many other useful
cases.
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3-5 The Binomial Random Variable

In the real world we often make several trials, not just one, to achieve one or more
successes. Since we now have a handle on Bernoulli-type trials, let us consider cases
where there are n number of Bernoulli trials. A condition we need to impose on these
trials is that the outcome of any trial be independent of the outcome of any other
trial. Very often this independence condition is true. For example, when we toss a
coin several times, the outcome of one toss is not affected by the outcome of any
other toss.

Consider n number of identically and independently distributed Bernoulli random
variables X, X,, . . ., X,. Here, identically means that they all have the same p, and
independently means that the value of one X does not in any way affect the value of
another. For example, the value of X, does not affect the value of X; or X;, and so on.
Such a sequence of identically and independently distributed Bernoulli variables is
called a Bernoulli process.

Suppose an operator produces 7 pins, one by one, on a lathe that has probability
p of making a good pin at each trial. If this p remains constant throughout, then
independence is guaranteed and the sequence of numbers (1 or 0) denoting the good
and bad pins produced in each of the 7 trials is a Bernoulli process. For example, in
the sequence of eight trials denoted by

00101100

the third, fifth, and sixth are good pins, or successes. The rest are failures.

In practice, we are usually interested in the total number of good pins rather than
the sequence of 1’s and 0’s. In the example above, three out of eight are good. In the
general case, let X denote the total number of good pins produced in 7 trials. We then
have

X=X+X%+ --+X

where all X; ~ BER(p) and are independent.

An X that counts the number of successes in many independent, identical
Bernoulli trials is called a binomial random variable.

Conditions for a Binomial Random Variable

Note the conditions that need to be satisfied for a binomial random variable:

1. The trials must be Bernoulli trials in that the outcomes can only be either
success or failure.

2. The outcomes of the trials must be independent.
3. The probability of success in each trial must be constant.

The first condition is easy to understand. Coming to the second condition, we already
saw that the outcomes of coin tosses will be independent. As an example of dependent
outcomes, consider the following experiment. We toss a fair coin and if it is heads
we record the outcome as success, or 1, and if it is tails we record it as failure, or 0. For
the second outcome, we do not toss the coin but we record the opposite of the previ-
ous outcome. For the third outcome, we toss the coin again and repeat the process
of writing the opposite result for every other outcome. Thus in the sequence of all
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outcomes, every other outcome will be the opposite of the previous outcome. We
stop after recording 20 outcomes. In this experiment, all outcomes are random and of
Bernoulli type with success probability 0.5. But they are not independent in that every
other outcome is the opposite of, and thus dependent on, the previous outcome. And
for this reason, the number of successes in such an experiment will not be binomially
distributed. (In fact, the number is not even random. Can you guess what that number
will be?)

The third condition of constant probability of success is important and can be
easily violated. Tossing two different coins with differing probabilities of success will
violate the third condition (but not the other two). Another case that is relevant to the
third condition, which we need to be aware of, is sampling with and without replacement.
Consider an urn that contains 10 green marbles (successes) and 10 red marbles (fail-
ures). We pick a marble from the urn at random and record the outcome. The prob-
ability of success is 10/20 = 0.5. For the second outcome, suppose we replace the first
marble drawn and then pick one at random. In this case the probability of success
remains at 10/20 = 0.5, and the third condition is satisfied. But if we do not replace the
first marble before picking the second, then the probability of the second outcome
being a success is 9/19 if the first was a success and 10/19 if the first was a failure.
Thus the probability of success does not remain constant (and is also dependent on
the previous outcomes). Therefore, the third condition is violated (as is the second
condition). This means that sampling with replacement will follow a binomial distri-
bution, but sampling without replacement will not. Later we will see that sampling
without replacement will follow a hypergeometric distribution.

Binomial Distribution Formulas

Consider the case where five trials are made, and in each trial the probability of suc-
cess is 0.6. To get to the formula for calculating binomial probabilities, let us analyze
the probability that the number of successes in the five trials is exactly three.

First, we note that there are (}) ways of getting three successes out of five trials.
Next we observe that each of these (3) possibilities has 0.6 * 0.4 probability of occur-
rence corresponding to 3 successes and 2 failures. Therefore,

5 o i
PX=3)= <5> *0.6% * 0.42 = 0.3456

We can generalize this equation with # denoting the number of trials and p the prob-
ability of success:

P(X = x) = <Z>px(1 — p)r= forx=0,1,2,...,n (3-12)

Equation 3-12 is the famous binomial probability formula.

To describe a binomial random variable we need two parameters, n and p. We
write X ~ B(n, p) to indicate that X'is binomially distributed with 7 number of trials
and p probability of success in each trial. The letter B in the expression stands for
binomial.

With any random variable, we will be interested in its expected value and its vari-
ance. Let us consider the expected value of a binomial random variable X. We note
that X'is the sum of n number of Bernoulli random variables, each of which has an
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expected value of p. Hence the expected value of X must be np, that is, E(X) = np.
Furthermore, the variance of each Bernoulli random variable is p(1 — p), and they
are all independent. Therefore variance of Xis np(1 — p), thatis, V(X) = np(l — p).
The formulas for the binomial distribution are summarized in the next box, which
also presents sample calculations that use these formulas.

Binomial Distribution
If X ~ B(n, p), then

n
P(X = x) = X)p*(] — p)r=o x=0,1,2,...,n

EX) = np
V(X) = np(1 — p)

For example, if n = 5 and p = 0.6, then

P(X =3) =10 *0.63* 0.42 = 0.3456
EX)=5%0.6 =3
VX)=5*0.6*0.4=1.2

The Template

The calculation of binomial probabilities, especially the cumulative probabilities, can
be tedious. Hence we shall use a spreadsheet template. The template that can be used
to calculate binomial probabilities is shown in Figure 3-14. When we enter the values
for n and p, the template automatically tabulates the probability of “Exactly x,” “At
most x,” and “At least ” number of successes. This tabulation can be used to solve
many kinds of problems involving binomial probabilities, as explained in the next
section. Besides the tabulation, a histogram is also created on the right. The his-
togram helps the user to visualize the shape of the distribution.

FIGURE 3-14  Binomial Distribution Template
[Binomial.xls]
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AlB] ¢ T o T € T F T @ T H T 1+ T 31 L | ™
| 1 | Binomial Distribution
| 3 | [ n ¥ p 3 Mean | Variance | Stdev
| 4 | [ 5 [ 06 | 3 1.2 1.095445
S
6 x | P(Exactly x) | P(At most x) | P(At least x)
7 0 0.0102 0.0102 1.0000 )
8 0.0768 0.0870 0.9898 0.4000 - HEECH )
9 0.2304 0.3174 0.9130 -
10 0.3456 0.6630 0.6826 0.3500 |
11 0.2592 0.9222 0.3370
12 0.0778 1.0000 0.0778 0.3000
13
= 0.2500
=151 0.2000
[ 16 |
17 | 0.1500
| 18 |
19 0.1000
20 0.0500 1
[ 21 |
[ 22 | 0.0000 | | | ’
23 0 1 2 3 4 5
24 X
25 S J
26
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Problem Solving with the Template

Suppose an operator wants to produce at least two good pins. (In practice, one would
want at least some number of good things, or at most some number of dad things.
Rarely would one want exactly some number of good or bad things.) He produces
the pins using a lathe that has 0.6 probability of making a good pin in each trial, and
this probability stays constant throughout. Suppose he produces five pins. What is the
probability that he would have made at least two good ones?

Let us see how we can answer the question using the template. After making sure
that nis filled in as 5 and p as 0.6, the answer is read off as 0.9130 (in cell E9). That is,
the operator can be 91.3% confident that he would have at least two good pins.

Let us go further with the problem. Suppose it is critical that the operator have at
least two good pins, and therefore he wants to be at least 99% confident that he would
have at least two good pins. (In this type of situation, the phrases “at least” and “at
most” occur often. You should read carefully.) With five trials, we just found that he
can be only 91.3% confident. To increase the confidence level, one thing he can do is
increase the number of trials. How many more trials? Using the spreadsheet tem-
plate, we can answer this question by progressively increasing the value of n and
stopping when P(At least 2) in cell E9 just exceeds 99%. On doing this, we find that
eight trials will do and seven will not. Hence the operator should make at least eight
trials.

Increasing 7 is not the only way to increase confidence. We can increase p, if that
is possible in practice. To see it, we pose another question.

Suppose the operator has enough time to produce only five pins, but he still
wants to have at least 99% confidence of producing at least two good pins by improv-
ing the lathe and thus increasing p. How much should p be increased? To answer this,
we can keep increasing p and stop when P(At least 2) just exceeds 99%. But this
process could get tiresome if we need, say, four decimal place accuracy for p. This is
where the Goal seek . . . command (see the Working with Templates file found on the
student CD) in the spreadsheet comes in handy. The Goal seek command yields
0.7777. That is, p must be increased to at least 0.7777 in order to be 99% confident of
getting at least two good pins in five trials.

We will complete this section by pointing out the use of the AutoCalculate com-
mand. We first note that the probability of at most x number of successes is the same
as the cumulative probability F(x). Certain types of probabilities are easily calculated
using F(x) values. For example, in our operator’s problem, consider the probability
that the number of successes will be between 1 and 3, both inclusive. We know that

P(l = x=3) = F3) — F0)

Looking at the template in Figure 3-14, we calculate this as 0.6630 — 0.0102 =
0.6528. A quicker way is to use the AutoCalculate facility. When the range of
cells containing P(1) to P(3) is selected, the sum of the probabilities appears in the
AutoCalculate area as 0.6528.

PROBLEMS

3-32. Three of the 10 airplane tires at a hangar are faulty. Four tires are selected at
random for a plane; let 7 be the number of faulty tires found. Is F'a binomial random
variable? Explain.

3-33. A salesperson finds that, in the long run, two out of three sales calls are suc-
cessful. Twelve sales calls are to be made; let X be the number of concluded sales. Is
Xa binomial random variable? Explain.
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3-34. A large shipment of computer chips is known to contain 10% defective chips.
If 100 chips are randomly selected, what is the expected number of defective ones?
What is the standard deviation of the number of defective chips? Use Chebyshev’s
theorem to give bounds such that there is at least a 0.75 chance that the number of
defective chips will be within the two bounds.

3-35. A new treatment for baldness is known to be effective in 70% of the cases
treated. Four bald members of the same family are treated; let X be the number of
successfully treated members of the family. Is X a binomial random variable?
Explain.

3-36. What are Bernoulli trials? What is the relationship between Bernoulli trials
and the binomial random variable?

3-37. Look at the histogram of probabilities in the binomial distribution template
[Binomial.xls] for the case n =5 and p = 0.6.

a. Is this distribution symmetric or skewed? Now, increase the value of 7 to
10, 15, 20, . . . Is the distribution becoming more symmetric or more
skewed? Make a formal statement about what happens to the distribu-
tion’s shape when 7 increases.

b. With n = 5, change the p value to 0.1, 0.2, . . . Observe particularly the
case of p = 0.5. Make a formal statement about how the skewness of the
distribution changes with p.

3-38. A salesperson goes door-to-door in a residential area to demonstrate the use
of a new household appliance to potential customers. At the end of a demonstration,
the probability that the potential customer would place an order for the product is a
constant 0.2107. To perform satisfactorily on the job, the salesperson needs at least
four orders. Assume that each demonstration is a Bernoulli trial.

a. If the salesperson makes 15 demonstrations, what is the probability that
there would be exactly 4 orders?

b. If the salesperson makes 16 demonstrations, what is the probability that
there would be at most 4 orders?

¢. If the salesperson makes 17 demonstrations, what is the probability that
there would be at least 4 orders?

d. If the salesperson makes 18 demonstrations, what is the probability that
there would be anywhere from 4 to 8 (both inclusive) orders?

e. If the salesperson wants to be at least 90% confident of getting at least
4 orders, at least how many demonstrations should she make?

f The salesperson has time to make only 22 demonstrations, and she still
wants to be at least 90% confident of getting at least 4 orders. She intends
to gain this confidence by improving the quality of her demonstration and
thereby improving the chances of getting an order at the end of a demon-
stration. At least to what value should this probability be increased in
order to gain the desired confidence? Your answer should be accurate to
four decimal places.

3-39. An MBA graduate is applying for nine jobs, and believes that she has in each
of the nine cases a constant and independent 0.48 probability of getting an offer.

a. What is the probability that she will have at least three offers?

b. If she wants to be 95% confident of having at least three offers, how many
more jobs should she apply for? (Assume each of these additional appli-
cations will also have the same probability of success.)

¢. If there are no more than the original nine jobs that she can apply for,

what value of probability of success would give her 95% confidence of at
least three offers?
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3-40. A computer laboratory in a school has 33 computers. Each of the 33 com-
puters has 90% reliability. Allowing for 10% of the computers to be down, an instructor
specifies an enrollment ceiling of 30 for his class. Assume that a class of 30 students is
taken into the lab.

a. What is the probability that each of the 30 students will get a computer in
working condition?

b. The instructor is surprised to see the low value of the answer to (a) and
decides to improve it to at least 95% by doing one of the following:

i. Decreasing the enrollment ceiling.
ii. Increasing the number of computers in the lab.
iii. Increasing the reliability of all the computers.

To help the instructor, find out what the increase or decrease should be for each of
the three alternatives.

3-41. A commercial jet aircraft has four engines. For an aircraft in flight to land
safely, at least two engines should be in working condition. Each engine has an inde-
pendent reliability of p = 92%.

a. What is the probability that an aircraft in flight can land safely?

b. If the probability of landing safely must be at least 99.5%, what is the mini-
mum value for p? Repeat the question for probability of landing safely to
be 99.9%.

c. If the reliability cannot be improved beyond 92% but the number of
engines in a plane can be increased, what is the minimum number of
engines that would achieve at least 99.5% probability of landing safely?
Repeat for 99.9% probability.

d. One would certainly desire 99.9% probability of landing safely. Looking
at the answers to () and (¢), what would you say is a better approach
to safety, increasing the number of engines or increasing the reliability of
each engine?

3-6 Negative Binomial Distribution

Consider again the case of the operator who wants to produce two good pins using a
lathe that has 0.6 probability of making one good pin in each trial. Under binomial
distribution, we assumed that he produces five pins and calculated the probability of
getting at least two good ones. In practice, though, if only two pins are needed, the
operator would produce the pins one by one and stop when he gets two good ones.
For instance, if the first two are good, then he would stop right there; if the first
and the third are good, then he would stop with the third; and so on. Notice that
in this scenario, the number of successes is held constant at 2, and the number of

trials is random. The number of trials could be 2, 3, 4, . . . . (Contrast this with the
binomial distribution where the number of trials is fixed and the number of successes
is random.)

The number of trials made in this scenario is said to follow a negative binomial
distribution. Let s denote the exact number of successes desired and p the probabil-
ity of success in each trial. Let X denote the number of trials made until the desired
number of successes is achieved. Then X will follow a negative binomial distribution
and we shall write X ~ NB(s, p) where NB denotes negative binomial.

Negative Binomial Distribution Formulas

What is the formula for P(X = x) when X ~ NB(s, p)> We know that the very last trial
must be a success; otherwise, we would have already had the desired number of successes
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with x — 1 trials, and we should have stopped right there. The last trial being a success,
the first x — 1 trials should have had s — 1 successes. Thus the formula should be

The formula for the mean can be arrived at intuitively. For instance, if p = 0.3, and
3 successes are desired, then the expected number of trials to achieve 3 successes
is 10. Thus the mean should have the formula w. = s/p. The variance is given by the
formula o2 = s(1 — p)/p*

Negative Binomial Distribution
If X ~ NB(s, p), then

P(X=x)=<)s(::>p5(1 P x=ss+1,5+2,...

E(X)=s/p
V(X) = s(1 — p)/p?

For example, if s = 2 and p = 0.6, then
4
P(X=15) = (1 )* 0.62*0.4> = 0.0922

E(X) = 2/0.6 = 3.3333
V(X) = 2 *0.4/0.62 = 2.2222

Problem Solving with the Template

Figure 3-15 shows the negative binomial distribution template. When we enter the s
and p values, the template updates the probability tabulation and draws a histogram
on the right.

FIGURE 3-15 Negative Binomial Distribution Template
[Negative Binomial.xIs]
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Let us return to the operator who wants to keep producing pins until he has two
good ones. The probability of getting a good one at any trial is 0.6. What is the
probability that he would produce exactly five? Looking at the template, we see that
the answer is 0.0922, which agrees with the calculation in the preceding box. We can,
in addition, see that the probability of producing at most five is 0.9130 and at least
five is 0.1792.

Suppose the operator has enough time to produce only four pins. How confident
can he be that he would have two good ones within the available time? Looking at
the template, we see that the probability of needing at most four trials is 0.8208 and
hence he can be about 82% confident.

If he wants to be at least 95% confident, at least how many trials should he be pre-
pared for? Looking at the template in the “At most” column, we infer that he should
be prepared for at least six trials, since five trials yield only 91.30% confidence and
six trials yield 95.90%.

Suppose the operator has enough time to produce only four pins and still
wants to be at least 95% confident of getting two good pins within the available
time. Suppose, further, he wants to achieve this by increasing the value of p.
What is the minimum p that would achieve this? Using the Goal Seek command,
this can be answered as 0.7514. Specifically, you set cell D8 to 0.95 by changing
cell C3.

3-7 The Geometric Distribution

In a negative binomial distribution, the number of desired successes s can be
any number. But in some practical situations, the number of successes desired
is just one. For instance, if you are attempting to pass a test or get some infor-
mation, it is enough to have just one success. Let X be the (random) number of
Bernoulli trials, each having p probability of success, required to achieve just one
success. Then X follows a geometric distribution, and we shall write X ~ G(p).
Note that the geometric distribution is a special case of the negative binomial
distribution where s = 1. The reason for the name “geometric distribution” is
that the sequence of probabilities P(X = 1), P(X = 2), . . ., follows a geometric
progression.

Geometric Distribution Formulas

Because the geometric distribution is a special case of the negative binomial distribu-
tion where s = 1, the formulas for the negative binomial distribution with s fixed as 1
can be used for the geometric distribution.

Geometric Distribution Formulas
If X ~ G(p), then
P(X = x) = p(1 — p)»=» x=1,2,...
EX)=1/p
V(X) =@ - p)/p?
For example, if p = 0.6, then

P(X = 5) = 0.6 * 0.4* = 0.0154
E(X) = 1/0.6 = 1.6667
V(X) = 0.4/0.62 = 1.1111
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FIGURE 3-16 Geometric Distribution Template
[Geometric.xls]
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Al ¢ T o T € T[ e T w T 1+ T v T k | |
| 1 | Geometric Distribution
3 | [ p Mean | Variance | Stdev.
4 | 06 | 1.666667 | 1.111111 | 1.054093
S
6 x | P(Exactly x) | P(At most x) | P(At least x)
[ 7 | 1 0.6000 0.6000 1.0000 s ™
| 8 | 2 0.2400 0.8400 0.4000 P(Exactly x)
[ 9 | 3 0.0960 0.9360 0.1600 07
10 | 4 0.0384 0.9744 0.0640
[ 11 | 5 0.0154 0.9898 0.0256 06
[ 12 | 6 0.0061 0.9959 0.0102
13 ]| 7 0.0025 0.9984 0.0041 05
14 | 8 0.0010 0.9993 0.0016
[ 15 | 9 0.0004 0.9997 0.0007 04
16 | 10 | 0.0002 0.9999 0.0003
(97| [ [ o.0001 1.0000 0.0001 S 1
18 | 12 0.0000 1.0000 0.0000 02 1
19 | 13 | 0.0000 1.0000 0.0000 :
[ 20 | 14 | 0.0000 1.0000 0.0000 o1 1
[ 21| 5 | 0.0000 1.0000 0.0000 :
[ 22| 6 | 0.0000 1.0000 0.0000 ® Ll D N S J
23 | 7 | 0.0000 1.0000 0.0000 T 2 8 4 & & = P
[ 24 | 8 | 0.0000 1.0000 0.0000 x
[ 25 | 9 | 0.0000 1.0000 0.0000 N )
[ 26 | 20 | 0.0000 1.0000 0.0000

Problem Solving with the Template

Consider the operator who produces pins one by one on a lathe that has 0.6 probabil-
ity of producing a good pin at each trial. Suppose he wants only one good pin and
stops as soon as he gets one. What is the probability that he would produce exactly
five pins? The template that can be used to answer this and related questions is shown
in Figure 3-16. On that template, we enter the value 0.6 for p. The answer can now be
read off as 0.0154, which agrees with the example calculation in the preceding box.
Further, we can read on the template that the probability of at most five is 0.9898 and
at least five is 0.0256. Also note that the probability of exactly 1, 2, 3, . . ., trials follows
the sequence 0.6, 0.24, 0.096, 0.0384, . . . , which is indeed a geometric progression
with common ratio 0.4.

Now suppose the operator has time enough for at most two pins; how confident
can he be of getting a good one within the available time? From the template, the
answer is 0.8400, or 84%. What if he wants to be at least 95% confident? Again from
the template, he must have enough time for four pins, because three would yield only
93.6% confidence and four yields 97.44%.

Suppose the operator wants to be 95% confident of getting a good pin by pro-
ducing at most two pins. What value of p will achieve this? Using the Goal Seek com-
mand the answer is found to be 0.7761.

3-8 The Hypergeometric Distribution

Assume that a box contains 10 pins of which 6 are good and the rest defective. An
operator picks 5 pins at random from the 10, and is interested in the number of good
pins picked. Let X denote the number of good pins picked. We should first note that
this is a case of sampling without replacement and therefore X'is no¢ a binomial ran-
dom variable. The probability of success p, which is the probability of picking a good
pin, is neither constant nor independent from trial to trial. The first pin picked has
0.6 probability of being good; the second has either 5/9 or 6/9 probability, depend-
ing on whether or not the first was good. Therefore, X does not follow a binomial
distribution, but follows what is called a hypergeometric distribution. In general,
when a pool of size N contains Ssuccesses and (N — §) failures, and a random sample
of size n is drawn from the pool, the number of successes X in the sample follows

%
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FIGURE 3-17  Schematic for Hypergeometric Distribution
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a hypergeometric distribution. We shall then write X ~ HG(n, S, N). The situation is
depicted in Figure 3-17.

Hypergeometric Distribution Formulas

Let us derive the formula for P(X = x) when Xis hypergeometrically distributed. The
xnumber of successes have to come from the Ssuccesses in the pool, which can hap-
pen in (%) ways. The (n — x) failures have to come from the (N — ) failures in the
pool, which can happen in (}~5) ways. Together the x successes and (n — x) failures

can happen in (5)(¥=5) ways.nﬁnally, there are (%) ways of selecting a sample of size

X n—x

n. Putting them all together,

In this formula 7 cannot exceed N'since the sample size cannot exceed the pool size.
There is also a minimum possible value and a maximum possible value for x,
depending on the values of 7, S, and N. For instance, if =9, § = 5, and N = 12, you
may verify that there would be at least two successes and at most five. In general, the
minimum possible value for x is Max(0, n — N + §) and the maximum possible value
is Min(n, ).

Hypergeometric Distribution Formulas

If X ~ HG(n, S, N), then
S\(N-=S5
x/)\n—x

N
n

V0 = np(1 — p) [z - ;’]

P(X =x) = Max(0, n — N + §) = x = Min(n, S)

EX) = np where p = S/N
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For example, if n =5, S =6, and N = 10, then
6\/10 -6
2/)\5-2
10
5
E(X) =5*(6/10) = 3.00
UX)=5*0.6*(1 —0.6)*(10 — 5)/(10 — 1) = 0.6667

P(X =2) = = 0.2381

The proportion of successes in the pool, which is the ratio S/N, is the probability
of the first trial being a success. This ratio is denoted by the symbol p since it resem-
bles the pused in the binomial distribution. The expected value and variance of Xare
expressed using p as

EX)=mnp

V(x) = 1 —p)[x‘ ﬂ

Notice that the formula for £(X) is the same as for the binomial case. The formula for
V(X) is similar to but not the same as the binomial case. The difference is the additional
factor in square brackets. This additional factor approaches 1 as N becomes larger and
larger compared to 7 and may be dropped when N is, say, 100 times as large as 7. We
can then approximate the hypergeometric distribution as a binomial distribution.

Problem Solving with the Template

Figure 3-18 shows the template used for the hypergeometric distribution. Let us con-
sider the case where a box contains 10 pins out of which 6 are good, and the operator
picks 5 at random. What is the probability that exactly 2 good pins are picked? The
answer is 0.2381 (cell C8). Additionally, the probabilities that at most two and at least
two good ones are picked are, respectively, 0.2619 and 0.9762.

Suppose the operator needs at least three good pins. How confident can he be of
getting at least three good pins? The answer is 0.7381 (cell E9). Suppose the operator
wants to increase this confidence to 90% by adding some good pins to the pool. How
many good pins should be added to the pool? This question, unfortunately, cannot be
answered using the Goal Seek command for three reasons. First, the Goal Seek com-
mand works on a continuous scale, whereas Sand N must be integers. Second, when n,
S, or N is changed the tabulation may shift and P (at least 3) may not be in cell E9! Third, the
Goal Seek command can change only one cell at a time. But in many problems, two
cells (Sand N) may have to change. Hence do not use the Goal Seek or the Solver on
this template. Also, be careful to read the probabilities from the correct cells.

Let us solve this problem without using the Goal Seek command. If a good pin is
added to the pool, what happens to Sand N? They both increase by 1. Thus we should
enter 7 for Sand 11 for N. When we do, P(at least 3) = 0.8030, which is less than the
desired 90% confidence. So we add one more good pin to the pool. Continuing in this
fashion, we find that at least four good pins must be added to the pool.

Another way to increase Plat least 3) is to remove a bad pin from the pool. What
happens to § and N when a bad pin is removed? § will remain the same and N will
decrease by one. Suppose the operator wants to be 80% confident that at least three
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FIGURE 3-18 The Template for the Hypergeometric Distribution
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[Hypergeometric.xls]

Text
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Alsl ¢ 1 o | & [l e | w T + | o | « | ¢ | wm ||
1_|Hypergeometric Distribution
3 [ nY S 3 N | Mean | Variance | Stdev. Min x Max x
4 5 | 6 [ 9 | 3.333333 [ 0.555556 | 0.745356 2 5
S
6 x | P(Exactly x) | P(At most x) | P(At least x)
7 2 0.1190 0.1190 1.0000 4 )
8 3 0.4762 0.5952 0.8810 P(Exactly x)
9 4 0.3571 0.9524 0.4048 0.5
10 5 0.0476 1.0000 0.0476 0.45
11
o 0.4
13 0.35
| 14 0.3
15
16 0.25
17 0.2
18 0.15
19
20 01 +—]
= 005 {— | |
22 | ) :
= 2 3 4 5
| 24 | X
| 25 | & J
| 26 |

good pins will be selected. How many bad pins must be removed from the pool?
Decreasing N one by one, we find that removing one bad pin is enough.

3-9 The Poisson Distribution

Imagine an automatic lathe that mass produces pins. On rare occasions, let us assume
that the lathe produces a gem of a pin which is so perfect that it can be used for a very
special purpose. To make the case specific, let us assume the lathe produces 20,000
pins and has 1/10,000 chance of producing a perfect one. Suppose we are interested
in the number of perfect pins produced. We could try to calculate this number by
using the binomial distribution with # = 20,000 and p = 1/10,000. But the calcula-
tion would be almost impossible because 7 is so large, p is so small, and the binomial
formula calls for n! and p”~*, which are hard to calculate even on a computer. How-
ever, the expected number of perfect pins produced is #p = 20,000%(1/10,000) = 2,
which is neither too large nor too small. It turns out that as long as the expected value
W = npis neither too large nor too small, say, lies between 0.01 and 50, the binomial
formula for P(X = x) can be approximated as

e Mu”¥
PX = x = '“ x=20,1,2,...
x!
where ¢is the natural base of logarithms, equal to 2.71828. . . . This formula is known

as the Poisson formula, and the distribution is called the Poisson distribution. In
general, if we count the number of times a rare event occurs during a fixed interval,
then that number would follow a Poisson distribution. We know the mean p. = np.

Considering the variance of a Poisson distribution, we note that the binomial
variance is np(1 — p). But since pis very small, (1 — p) is close to 1 and therefore can
be omitted. Thus the variance of a Poisson random variable is np, which happens to
be the same as its mean. The Poisson formula needs only p, and not z or p.

We suddenly realize that we need not know 7 and p separately. All we need to
know is their product, p, which is the mean and the variance of the distribution. Just
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one number, W, is enough to describe the whole distribution, and in this sense,
the Poisson distribution is a simple one, even simpler than the binomial. If X follows
a Poisson distribution, we shall write X ~ P(p) where . is the expected value of the
distribution. The following box summarizes the Poisson distribution.

Poisson Distribution Formulas
If X ~ P(w), then
e
P(X =x) = o] x=0,1,2,
EX) =np=p
X) =np=p
For example, if @ = 2, then
7223
P(X = 3) = 63' = 0.1804
EX) = n = 2.00
V(X) = n = 2.00

The Poisson template is shown in Figure 3-19. The only input needed is the
mean p in cell C4. The starting value of x in cell B7 is usually zero, but it can be
changed as desired.

Problem Solving with the Template

Let us return to the case of the automatic lathe that produces perfect pins on rare
occasions. Assume that the lathe produces on the average two perfect pins a day, and
an operator wants at least three perfect pins. What is the probability that it will pro-
duce at least three perfect pins on a given day? Looking at the template, we find the
answer to be 0.3233. Suppose the operator waits for two days. In two days the lathe

FIGURE 3-19 Poisson Distribution Template
[Poisson.xls]

125

Al | ¢ | o | e Je| & | H | 1 [ v T« T1
| 1 |Poisson Distribution
5 | [ Mean | [ Variance | Stdev. |
=
6 P(Exactly x) | P(At most x) | P(At least x) Ve ~
7 | 0 0.0003 0.0003 1,0000 P(Exactly x)
[ 8 | 0.0027 0.0030 0.9997 0.16
[ o | 0.0107 0.0138 0.9970
[ 10 | 0.0286 0.0424 0.9862 0.14
11 | 4 0.0573 0.0996 0.9576
12 | 5 0.0916 0.1912 0.9004 0.12 m
13 | 6 0.1221 03134 0.8088 - | |
14 | 7 0.1396 0.4530 0.6866 :
[ 15 | 8 0.1396 0.5925 0.5470 0.08 ||
[ 16 | 9 0.1241 0.7166 0.4075
17| 10 0.0993 0.8159 0.2834 0.06 = —
[ 18 | 11 0.0722 0.8881 0.184
[ 19 | 12 0.0481 0.9362 0.111 0.04 m m
[ 20 | 13 0.0296 0.9658 0.063
21| 4 | 00169 0.9827 0.0342 e 4[" n n
[ 22 | 5 0.0090 0.9918 0.0173 0 = e P P
23 | 6 0.0045 0.9963 0.0082 o i 2 3 4 5 6 7 8 9 1o
[ 24 | 7 0.0021 0.9984 0.0037 X
[ 25 | 18 0.0009 0.9993 0.0016 N Y,
[ 26 | 19 0.0004 0.9997 0.0007
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will produce on average four perfect pins. We should therefore change the mean in
cell C4 to 4. What is the probability that the lathe will produce at least three perfect
pins in two days? Using the template, we find the answer to be 0.7619. If the operator
wants to be at least 95% confident of producing at least three perfect pins, how many
days should he be prepared to wait? Again, using the template, we find that the oper-
ator should be prepared to wait at least four days.

A Poisson distribution also occurs in other types of situations leading to other forms
of analysis. Consider an emergency call center. The number of distress calls received
within a specific period, being a count of rare events, is usually Poisson-distributed. In
this context, suppose the call center receives on average two calls per hour. In addition,
suppose the crew at the center can handle up to three calls in an hour. What is the prob-
ability that the crew can handle all the calls received in a given hour? Since the crew
can handle up to three calls, we look for the probability of at most three calls. From the
template, the answer is 0.8571. If the crew wanted to be at least 95% confident of han-
dling all the calls received during a given hour, how many calls should it be prepared
to handle? Again, from the template, the answer is five, because the probability of at
most four calls is less than 95% and of at most five calls is more than 95%.

3-10 Continuous Random Variables

Instead of depicting probability distributions by simple graphs, where the height
of the line above each value represents the probability of that value of the random
variable, let us use a histogram. We will associate the area of each rectangle of the his-
togram with the probability of the particular value represented. Let us look at a sim-
ple example. Let X be the time, measured in minutes, it takes to complete a given
task. A histogram of the probability distribution of Xis shown in Figure 3-20.

The probability of each value is the area of the rectangle over the value and is writ-
ten on top of the rectangle. Since the rectangles all have the same base, the height of
each rectangle is proportional to the probability. Note that the probabilities add to 1.00,
as required. Now suppose that X can be measured more accurately. The distribution of
X, with time now measured to the nearest half-minute, is shown in Figure 3-21.

Let us continue the process. Time is a continuous random variable; it can take on
any value measured on an interval of numbers. We may, therefore, refine our meas-
urement to the nearest quarter-minute, the nearest 5 seconds, or the nearest second,
or we can use even more finely divided units. As we refine the measurement scale,
the number of rectangles in the histogram increases and the width of each rectangle
decreases. The probability of each value is still measured by the area of the rectangle
above it, and the total area of all rectangles remains 1.00, as required of all probability
distributions. As we keep refining our measurement scale, the discrete distribution of

FIGURE 3-20 Histogram of the Probability Distribution FIGURE 3-21 Histogram of the Probability Distribution
of Time to Complete a Task, with Time of Time to Complete a Task, with Time
Measured to the Nearest Minute Measured to the Nearest Half-Minute

P(x)

P(x)
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FIGURE 3-22 Histograms of the Distribution of Time to Complete a Task as Measurement Is
Refined to Smaller and Smaller Intervals of Time, and the Limiting Density
Function f(x)

Probability that X will be between
f(x) 2 and 3 is the area under f(x)

between the points 2.00 and 3.00

f(x)
Total area under
f(x) is 1.00

X'tends to a continuous probability distribution. The steplike surface formed by the
tops of the rectangles in the histogram tends to a smooth function. This function is
denoted by f(x) and is called the probability density function of the continuous
random variable X. Probabilities are still measured as areas under the curve. The
probability that the task will be completed in 2 to 3 minutes is the area under f{x)
between the points ¥ = 2 and x = 3. Histograms of the probability distribution of X
with our measurement scale refined further and further are shown in Figure 3-22.
Also shown is the density function f{x) of the limiting continuous random variable X.
The density function is the limit of the histograms as the number of rectangles
approaches infinity and the width of each rectangle approaches zero.

Now that we have developed an intuitive feel for continuous random variables,
and for probabilities of intervals of values as areas under a density function, we make
some formal definitions.

A continuous random variable is a random variable that can take on any
value in an interval of numbers.

© The McGraw-Hill
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The probabilities associated with a continuous random variable X are
determined by the probability density function of the random variable.
The function, denoted f(x), has the following properties.

1. f(x) = 0 for all x.

2. The probability that X will be between two numbers a and b is equal
to the area under f(x) between a and b.

3. The total area under the entire curve of f(x) is equal to 1.00.

When the sample space is continuous, the probability of any single given value is
zero. For a continuous random variable, therefore, the probability of occurrence of
any given value is zero. We see this from property 2, noting that the area under a
curve between a point and itself is the area of a line, which is zero. For a continuous
random variable, nonzero probabilities are associated only with intervals of numbers.

We define the cumulative distribution function F(x) for a continuous random vari-
able similarly to the way we defined it for a discrete random variable: F(x) is the
probability that Xis less than (or equal to) x.

The cumulative distribution function of a continuous random variable:*

F(x) = P(X = x) = area under f(x) between the smallest possible value of X
(often —) and point x

The cumulative distribution function F(x) is a smooth, nondecreasing function that
increases from 0 to 1.00. The connection between f(x) and F(x) is demonstrated in
Figure 3-23.

The expected value of a continuous random variable X, denoted by E(X), and its
variance, denoted by V(X), require the use of calculus for their computation.’

FIGURE 3-23  Probability Density Function and Cumulative Distribution
Function of a Continuous Random Variable

F(x)
A
e e ==
F(b)
e
Fa)
f(x) a b
\ P(a < X < b) = Area under
f(x) between a and b = F(b) — F(a)
— |
Area =
Fa)

*If you are familiar with calculus, you know that the area under a curve of a function is given by the integral of the
function. The probability that X will be between a and 4 is the definite integral of f(x) between these two points:
Pla< X< ) = [ f(x) dx. In calculus notation, we define the cumulative distribution function as F(x) = [, f(3) dy.

SEX) = Jyfxxf(x)dx; VX) =" [x— E(X)]? f(x)dx.
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3-11 The Uniform Distribution

The uniform distribution is the simplest of continuous distributions. The probability
density function is

fR=1/b-a9 a=x=b
=0

all other x

where ¢ is the minimum possible value and & is the maximum possible value of X.
The graph of f(x) is shown in Figure 3-24. Because the curve of f{x) is a flat line, the
area under it between any two points x; and x,, where a = x; < x, = 5, will be a rectan-
gle with height 1/(6 — @) and width (x, — ;). Thus P(x, = X = x,) = (x, — x,)/(b — a).
If Xis uniformly distributed between a and b, we shall write X ~ U(q, ).

The mean of the distribution is the midpoint between a and b, which is (a + §)/2.
By using integration, it can be shown that the variance is (b — @)%/12. Because the
shape of a uniform distribution is always a rectangle, the skewness and kurtosis
are the same for all uniform distributions. The skewness is zero. (Why?) Because the
shape is flat, the (relative) kurtosis is negative, always equal to —1.2.

The formulas for uniform distribution are summarized in the following box.
Because the probability calculation is simple, there is no special spreadsheet function
for uniform distribution. The box contains some sample calculations.

Uniform Distribution Formulas

If X ~ U(a, b), then
f(x) =1/(b - a) a=x=b
=0 all other x
Py = X=x) = (x, = x)/(b— a) a=x,<x=b
EX)=(a+ b)/2
V(X) = (b — a)’/12
For example, if a = 10 and b = 20, then
P(12=X=18)=(18 —12)/(20 — 10) = 0.6
E(X) = (10 + 20)/2 =15
V(X) = (20 — 10)?/12 = 8.3333

A common instance of uniform distribution is waiting time for a facility that goes
in cycles. Two good examples are a shuttle bus and an elevator, which move, roughly,
in cycles with some cycle time. If a user comes to a stop at a random time and waits
till the facility arrives, the waiting time will be uniformly distributed between a mini-
mum of zero and a maximum equal to the cycle time. In other words, if a shuttle bus
has a cycle time of 20 minutes, the waiting time would be uniformly distributed
between 0 and 20 minutes.

FIGURE 3-24 The Uniform Distribution

fix)

(b—-a)

0/

© The McGraw-Hill
Companies, 2009

129



‘ Aczel-Sounderpandian: 3. Random Variables Text © The McGraw-Hill
Complete Business Companies, 2009
Statistics, Seventh Edition

130 Chapter 3

FIGURE 3-25 Template for the Uniform Distribution
[Uniform.xls]

Al B8 | ¢ o e | ¢ Jel w [ 1+ | J | Kk | |
| 1 _|Uniform Distribution
3| [ Min [ wax | Mean Var. Stdev.
[ 4 | 15 8.333333333_| 2.88675
5
[ 6 |
7
i L B B [ B[
| 9 | P(<=x) X X P(>=x) Xq P(x1<X<x5) X
| 10 | 0.2000 12 12 0.8000 12 0.6000 18
| 11 | 11 0.1000 12
[ 12 | 1.0000 22 22 0.0000 11 0.9000 22
| 13 | 0.0000 2 5 1.0000 21 0.0000 22
[ 14 ]
| 15 |
| 16 |Inverse Calculations
17
i | | [ ]
| 19 | P(<=x) X X P(>=x)
[ 20 | 0.2 12 17 0.3
21 ]
[ 22 | 20 0
[ 23 | 0 10
| 24 | 10 1
[25 |

Problem Solving with the Template

Figure 3-25 shows the template for the uniform distributions. If X ~ U(10, 20), what
is P(12 = X = 18)? In the template, make sure the Min and Max are set to 10 and 20
in cells B4 and C4. Enter 12 and 18 in cells H10 and J10. The answer of 0.6 appears
in cell I10.

What is the probability P(X < 12)? To answer this, enter 12 in cell C10. The
answer 0.2 appears in cell B10. What is P(X > 12)? To answer this, enter 12 in cell
E10. The answer 0.8 appears in F10.

Inverse calculations are possible in the bottom area of the template. Suppose you
want to find x such that P(X < x) = 0.2. Enter 0.2 in cell B20. The answer, 12, appears
in cell C20. To find x such that P(X > x) = 0.3, enter 0.3 in cell F20. The answer, 17,
appears in cell E20.

As usual, you may also use facilities such as the Goal Seek command or the
Solver tool in conjunction with this template.

3-12 The Exponential Distribution

Suppose an event occurs with an average frequency of N occurrences per hour and
this average frequency is constant in that the probability that the event will occur dur-
ing any tiny duration fis A¢. Suppose further we arrive at the scene at any given
time and wait till the event occurs. The waiting time will then follow an exponential
distribution, which is the continuous limit of the geometric distribution. Suppose
our waiting time was x. For the event (or success) to occur at time x, every tiny duration
tfrom time O to time x should be a failure and the interval xto x + ¢ must be a success.
This is nothing but a geometric distribution. To get the continuous version, we take
the limit of this process as ¢ approaches zero.

The exponential distribution is fairly common in practice. Here are some examples.

1. The time between two successive breakdowns of a machine will be exponentially
distributed. This information is relevant to maintenance engineers. The mean
. in this case is known as the mean time between failures, or MTBF.
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2. The life of a product that fails by accident rather than by wear-and-tear follows
an exponential distribution. Electronic components are good examples. This
information is relevant to warranty policies.

3. The time gap between two successive arrivals to a waiting line, known as the
interarrival time, will be exponentially distributed. This information is
relevant to waiting line management.

When Xis exponentially distributed with frequency \, we shall write X ~ E(\).
The probability density function f{x) of the exponential distribution has the form

flx) = Ne ™

where \ is the frequency with which the event occurs. The frequency \ is expressed
as so many times per unit time, such as 1.2 times per month. The mean of the distri-
bution is 1/\ and the variance is (1/)\)2. Just like the geometric distribution, the expo-
nential distribution is positively skewed.

A Remarkable Property

The exponential distribution has a remarkable property. Suppose the time between
two successive breakdowns of a machine is exponentially distributed with an MTBF
of 100 hours, and we have just witnessed one breakdown. If we start a stopwatch as
soon as it is repaired and put back into service so as to measure the time until the next
failure, then that time will, of course, be exponentially distributed with a . of 100
hours. What is remarkable is the following. Suppose we arrive at the scene at some
random time and start the stopwatch (instead of starting it immediately after a break-
down); the time until next breakdown will still be exponentially distributed with the
same p of 100 hours. In other words, it is immaterial when the event occurred last
and how much later we start the stopwatch. For this reason, an exponential process is
known as a memoryless process. It does not depend on the past at all.

The Template

The template for this distribution is seen in Figure 3-26. The following box summa-
rizes the formulas and provides example calculations.

Exponential Distribution Formulas
If X ~ E(\), then

f(x) = Ne ™ x=0
PX=x)=1—e™M forx=0
PX=x)=e™ forx=0

Py =X=x)=e™M—e™ o<y <x

E(X) = 1/\

V(X) = 1/\?

For example, if A = 1.2, then
P(X = 0.5) = 1205 = 0.5488
Pl=X=2)=¢e 121 —122=0.2105
E(X)=1/1.2 =0.8333
V(X) =1/1.22 = 0.6944

To use the exponential distribution template seen in Figure 3-26, the value of \
must be entered in cell B4. At times, the mean p rather than A may be known, in
which case its reciprocal 1/ is what should be entered as \ in cell B4. Note that \ is

© The McGraw-Hill
Companies, 2009

131



‘ Aczel-Sounderpandian:
Complete Business
Statistics, Seventh Edition

132

3. Random Variables Text © The McGraw-Hill

Companies, 2009

Chapter 3

FIGURE 3-26 Exponential Distribution Template
[Exponential.xls]
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Inverse Calculations

[
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the average number of occurrences of a rare event in unit time and . is the average
time gap between two successive occurrences. The shaded cells are the input cells
and the rest are protected. As usual, the Goal Seek command and the Solver tool can
be used in conjunction with this template to solve problems.

EXAMPLE 3-5

Solution a.

A particular brand of handheld computers fails following an exponential distribution
with a w of 54.82 months. The company gives a warranty for 6 months.

a.
b.

What percentage of the computers will fail within the warranty period?

If the manufacturer wants only 8% of the computers to fail during the warranty
period, what should be the average life?

Enter the reciprocal of 54.82 = 0.0182 as \ in the template. (You may enter the
formula “=1/54.82” in the cell. But then you will not be able to use the Goal
Seek command to change this entry. The Goal Seek command requires that the
changing cell contain a number rather than a formula.) The answer we are
looking for is the area to the left of 6. Therefore, enter 6 in cell C11. The area
to the left, 0.1037, appears in cell B11. Thus 10.37% of the computers will fail
within the warranty period.

. Enter 0.08 in cell B25. Invoke the Goal Seek command to set cell C25 to the

value of 6 by changing cell B4. The \ value in cell B4 reaches 0.0139, which
corresponds to a p value of 71.96 months, as seen in cell E4. Therefore, the
average life of the computers must be 71.96 months.

Value at Risk

When a business venture involves chances of large losses, a measure of risk that many
companies use is the value at risk. Suppose the profit from a venture has a negatively
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FIGURE 3-27 Distribution of Profit Showing Value at Risk
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FIGURE 3-28 Distribution of Loss Showing Value at Risk
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skewed distribution, shown in Figure 3-27. A negative profit signifies loss. The distri-
bution shows that large losses are possible. A common definition of value at risk is the
amount of loss at the 5th percentile of the distribution. In Figure 3-27, the 5th per-
centile is $-130,000, meaning a loss of $130,000. Thus the value at risk is $130,000.

If the profit is a discrete random variable, then the percentile used may be a con-
venient one closest to 5%.

If the distribution of loss rather than profit is plotted, then we will have the mirror
image of Figure 3-27, which is shown in Figure 3-28. In this case, the value at risk is
the 95th percentile.

Keep in mind that value at risk applies only to distributions of profit/loss where
there exist small chances of large losses.

3-13 Using the Computer

Using Excel Formulas for Some Standard Distributions

Excel has built-in functions that you may use to calculate certain probabilities with-
out using templates. These formulas are described in this section.

You can use BINOMDIST to obtain the individual term binomial distribution prob-
ability. In the formula BINOMDIST (x, n, p, cumulative), xis the number of
successes in trials, 7 is the number of independent trials, p is the probability of success
on each trial, and cumulative is a logical value that determines the form of the function.
If cumulative is TRUE, then BINOMDIST returns the cumulative distribution func-
tion, which is the probability that there are at most x successes; if FALSE, it returns the
probability mass function, which is the probability that there are x successes.
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NEGBINOMDIST returns the negative binomial distribution. By using the for-
mula NEGBINOMDIST (£, s, p) you can obtain the probability that there will be f
failures before the sth success, when the constant probability of a success is p. As
we can see, the conventions for negative binomial distributions are slightly differ-
ent in Excel. We have used the symbol x in this chapter to denote the total number
of trials until the sth success is achieved, but in the Excel formula we count the
total number of failures before the sth success. For example, NEGBINOMDIST
(3,2,0.5) will return the probability of three failures before the 2nd success,
which is the same as probability of 5 trials before the 2nd success. It returns the
value 0.0922.

No function is available for geometric distribution per se, but the negative bino-
mial formula can be used with s=1. For example, the geometric probability of 5 tri-
als when p=0.6 can be computed using the formula NEGBINOMDIST (4,1,0.6).
It returns the value of 0.2381.

HYPGEOMDIST returns the hypergeometric distribution. Using the formula
HYPGEOMDIST (x, n, s, N) you can obtain the probability of x success in a ran-
dom sample of size n, when the population has s success and size N. For example, the
formula HYPGEOMDIST (2,5, 6,10) will return a value of 0.2381.

POISSON returns the Poisson distribution. In the formula POTSSON (x, mean,
cumulative), xis the number of events, meanis the expected numeric value and cumu-
lative is a logical value that determines the form of the probability distribution returned.
If cumulative is TRUE, POISSON returns the cumulative Poisson probability that the
number of random events occurring will be between zero and x inclusive; if FALSE, it
returns the Poisson probability mass function that the number of events occurring will be
exactly .

EXPONDIST returns the exponential distribution. In the formula EXPONDIST (x,
lambda, cumulative), xis the value of the function, lambda is the parameter value,
and cumulativeis a logical value that indicates which form of the exponential function to
provide. If cumulative is TRUE, EXPONDIST returns the cumulative distribution func-
tion; if FALSE, it returns the probability density function. For example, EXPONDIST
(0.5, 1.2, TRUE) will return the cumulative exponential probability P(X < x),
which is 0.4512, while EXPONDIST (0.5, 1.2, FALSE) will return the expo-
nential probability density function f(x), which we do not need for any practical
purpose.

No probability function is available for the uniform distribution but the prob-
ability formulas are simple enough to compute manually.

Using MINITAB for Some Standard Distributions

In this section we will demonstrate how we can use MINITAB to obtain the probability
density function or cumulative distribution function of various random variables.

Start by choosing Calc » Probability Distributions from the menu. This option
will display commands that allow you to compute probability densities and cumula-
tive probabilities for continuous and discrete distributions. For example when you
select Calc » Probability Distributions » Binomial, the Binomial Distribution dialog
box will appear. From the items available in the dialog box, you can choose to cal-
culate probabilities or cumulative probabilities. You also need to specify the param-
eters of the binomial distribution, which are number of trials and event probability.
In the input section the values for which you aim to obtain probability densities or
cumulative probabilities are specified. These values can be a constant or a set of val-
ues that have been defined in a column. Then press OK to observe the obtained
result in the Session window. Figure 3-29 shows how MINITAB has been used for
obtaining probability distributions for a binomial distribution with parameters 4
and 0.6. The final result and corresponding session commands are presented in the
session window.
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FIGURE 3-29  Using MINITAB for Generating a Binomial Distribution
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3-14 Summary and Review of Terms

In this chapter we described several important standard random variables, the asso-
ciated formulas, and problem solving with spreadsheets. In order to use a spread-
sheet template, you need to know which template to use, but first you need to know
the kind of random variable at hand. This summary concentrates on this question.

A discrete random variable X will follow a binomial distribution if it is the
number of successes in 7 independent Bernoulli trials. Make sure that the probabil-
ity of success, p, remains constant in all trials. X will follow a negative binomial
distribution if it is the number of Bernoulli trials made to achieve a desired number
of successes. It will follow a geometric distribution when the desired number of
successes is one. X will follow a hypergeometric distribution if it is the number of
successes in a random sample drawn from a finite pool of successes and failures. X
will follow a Poisson distribution if it is the number of occurrences of a rare event
during a finite period.

Waiting time for an event that occurs periodically is uniformly distributed.
Waiting time for a rare event is exponentially distributed.
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ADDITIONAL PROBLEMS

3-42. An investment portfolio has equal proportions invested in five stocks.
The expected returns and standard deviations (both in percent per year) are (8, 3),
(5, 2), (12, 8), (7, 9), (14, 15). What are average return and standard deviation for
this portfolio?
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3-43. A graduating student keeps applying for jobs until she has three offers. The
probability of getting an offer at any trial is 0.48.

a. What is the expected number of applications? What is the variance?

b. If she has enough time to complete only six applications, how confident
can she be of getting three offers within the available time?

¢. If she wants to be at least 95% confident of getting three offers, how many
applications should she prepare?

d. Suppose she has time for at most six applications. For what minimum
value of p can she still have 95% confidence of getting three offers within
the available time?

3-44. A real estate agent has four houses to sell before the end of the month by
contacting prospective customers one by one. Each customer has an independent
0.24 probability of buying a house on being contacted by the agent.

a. If the agent has enough time to contact only 15 customers, how confident
can she be of selling all four houses within the available time?

b. If the agent wants to be at least 70% confident of selling all the houses
within the available time, at least how many customers should she con-
tact? (If necessary, extend the template downward to more rows.)

¢. What minimum value of p will yield 70% confidence of selling all four
houses by contacting at most 15 customers?

d. To answer (¢) above more thoroughly, tabulate the confidence for p values
ranging from 0.2 to 0.6 in steps of 0.05.

3-45. A graduating student keeps applying for jobs until she gets an offer. The
probability of getting an offer at any trial is 0.35.

a. What is the expected number of applications? What is the variance?

b. If she has enough time to complete at most four applications, how confi-
dent can she be of getting an offer within the available time?

¢. If she wants to be at least 95% confident of getting an offer, how many
applications should she prepare?

d. Suppose she has time for at most four applications. For what minimum
value of p can she have 95% confidence of getting an offer within the
available time?

3-46. A shipment of pins contains 25 good ones and 2 defective ones. At the
receiving department, an inspector picks three pins at random and tests them. If
any defective pin is found among the three that are tested, the shipment would be
rejected.

a. What is the probability that the shipment would be accepted?

b. To increase the probability of acceptance to at least 90%, it is decided to
do one of the following:

i. Add some good pins to the shipment.
ii. Remove some defective pins in the shipment.

For each of the two options, find out exactly how many pins should be added or
removed.

3-47. A committee of 7 members is to be formed by selecting members at random
from a pool of 14 candidates consisting of 5 women and 9 men.

a. What is the probability that there will be at least three women in the
committee?
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b. It is desired to increase the chance that there are at least three women in
the committee to 80% by doing one of the following:

i. Adding more women to the pool.
ii. Removing some men from the pool.
For each of the two options, find out how many should be added or removed.

3-48. A mainframe computer in a university crashes on the average 0.71 time in a
semester.
a. What is the probability that it will crash at least two times in a given
semester?
b. What is the probability that it will not crash at all in a given semester?
¢. The MIS administrator wants to increase the probability of no crash at
all in a semester to at least 90%. What is the largest p that will achieve
this goal?
3-49. The number of rescue calls received by a rescue squad in a city follows a Pois-
son distribution with p = 2.83 per day. The squad can handle at most four calls a day.
a. What is the probability that the squad will be able to handle all the calls

on a particular day?

b. The squad wants to have at least 95% confidence of being able to handle
all the calls received in a day. At least how many calls a day should the
squad be prepared for?

¢. Assuming that the squad can handle at most four calls a day, what is the
largest value of w that would yield 95% confidence that the squad can
handle all calls?

3-50. A student takes the campus shuttle bus to reach the classroom building. The
shuttle bus arrives at his stop every 15 minutes but the actual arrival time at the stop
is random. The student allows 10 minutes waiting time for the shuttle in his plan to
make it in time to the class.

a. What is the expected waiting time? What is the variance?
b. What is the probability that the wait will be between four and six minutes?
¢. What is the probability that the student will be in time for the class?

d. If he wants to be 95% confident of being on time for the class, how much
time should he allow for waiting for the shuttle?

3-51. A hydraulic press breaks down at the rate of 0.1742 time per day.
a. What is the MTBF?
b. On a given day, what is the probability that it will break down?

¢. If four days have passed without a breakdown, what is the probability that
it will break down on the fifth day?

d. What is the probability that five consecutive days will pass without any
breakdown?

3-52. Laptop computers produced by a company have an average life of 38.36
months. Assume that the life of a computer is exponentially distributed (which is a
good assumption).
a. What is the probability that a computer will fail within 12 months?
b. If the company gives a warranty period of 12 months, what proportion of
computers will fail during the warranty period?

¢. Based on the answer to (b), would you say the company can afford to give
a warranty period of 12 months?
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d. If the company wants not more than 5% of the computers to fail during
the warranty period, what should be the warranty period?

e. If the company wants to give a warranty period of three months and
still wants not more than 5% of the computers to fail during the
warranty period, what should be the minimum average life of the
computers?

3-53. In most statistics textbooks, you will find cumulative binomial probability
tables in the format shown below. These can be created using spreadsheets using the
Binomial template and DatalTable commands.

n=35 p
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
0 [0.5905 |0.3277 |0.1681 |0.0778 |0.0313 |0.0102 |0.0024 |0.0003 |0.0000
1 (09185 [0.7373 |0.5282 |0.3370 |[0.1875 |0.0870 [0.0308 [0.0067 |0.0005
x| 2 [0.9914 [0.9421 |0.8369 |0.6826 |0.5000 |0.3174 [0.1631 [0.0579 |0.0086
3 [0.9995 [0.9933 |0.9692 |0.9130 [0.8125 |0.6630 [0.4718 [0.2627 |0.0815
4 |1.0000 |0.9997 [0.9976 |0.9898 |0.9688 |0.9222 |0.8319 |0.6723 |0.4095

a. Create the above table.
b. Create a similar table for n = 7.

3-54. Look at the shape of the binomial distribution for various combinations of 7
and p. Specifically, let n = 5 and try p = 0.2, 0.5, and 0.8. Repeat the same for other
values of n. Can you say something about how the skewness of the distribution is
affected by p and n?

3-55. Try various values of s and p on the negative binomial distribution template
and answer this question: How is the skewness of the negative binomial distribution
affected by sand p values?

3-56. An MBA graduate keeps interviewing for jobs, one by one, and will stop
interviewing on receiving an offer. In each interview he has an independent proba-
bility 0.2166 of getting the job.

a. What is the expected number of interviews? What is the variance?

b. If there is enough time for only six interviews, how confident can he be
of getting a job within the available time?

¢. If he wants to be at least 95% confident of getting a job, how many inter-
views should he be prepared for?

d. Suppose there is enough time for at most six interviews. For what mini-
mum value of p can he have 95% confidence of getting a job within the
available time?

¢. In order to answer (&) more thoroughly, tabulate the confidence level for
p values ranging from 0.1 to 0.5 in steps of 0.05.

3-57. A shipment of thousands of pins contains some percentage of defectives. To
decide whether to accept the shipment, the consumer follows a sampling plan where
80 items are chosen at random from the sample and tested. If the number of defec-
tives in the sample is at most three, the shipment is accepted. (The number 3 is
known as the acceptance number of the sampling plan.)

a. Assuming that the shipment includes 3% defectives, what is the pro-
bability that the shipment will be accepted? (Hint: Use the binomial
distribution.)

b. Assuming that the shipment includes 6% defectives, what is the probabil-
ity that the shipment will be accepted?
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¢. Using the DatalTable command, tabulate the probability of acceptance
for defective percentage ranging from 0% to 15% in steps of 1%.

d. Plot a line graph of the table created in (c). (This graph is known as the
operating characteristic curve of the sampling plan.)

3-58. A shipment of 100 pins contains some defectives. To decide whether to
accept the shipment, the consumer follows a sampling plan where 15 items are cho-
sen at random from the sample and tested. If the number of defectives in the sample
is at most one, the shipment is accepted. (The number 1 is known as the acceptance
number of the sampling plan.)

a. Assuming that the shipment includes 5% defectives, what is the probabil-
ity that the shipment will be accepted? (Hint: Use the hypergeometric
distribution.)

b. Assuming that the shipment includes 8% defectives, what is the probability
that the shipment will be accepted?

¢. Using the DatalTable command, tabulate the probability of acceptance
for defective percentage ranging from 0% to 15% in steps of 1%.
d. Plot a line graph of the table created in part (¢) above. (This graph is
known as the operating characteristic curve of the sampling plan.)
3-59. A recent study published in the Zoronto Globe and Mail reveals that 25% of
mathematics degrees from Canadian universities and colleges are awarded to women.
If five recent graduates from Canadian universities and colleges are selected at
random, what is the probability that

a. At least one would be a woman.
b. None of them would be a woman.

3-60. An article published in Access magazine states that according to a survey con-
ducted by the American Management Association, 78% of major U.S. companies
electronically monitor their employees. If five such companies are selected at ran-
dom, find the probability that

a. At most one company monitors its employees electronically.
b. All of them monitor their employees electronically.

3-61. An article published in BusinessWeek says that according to a survey by a lead-
ing organization 45% of managers change jobs for intellectual challenge, 35% for pay,
and 20% for long-term impact on career. If nine managers who recently changed jobs
are randomly chosen, what is the probability that

a. Three changed for intellectual challenges.
b. Three changed for pay reasons.
¢. Three changed for long-term impact.

3-62. Estimates published by the World Health Organization state that one out of
every three workers may be toiling away in workplaces that make them sick. If seven
workers are selected at random, what is the probability that a majority of them are
made sick by their workplace?

3-63. Based on the survey conducted by a municipal administration in the
Netherlands, Monday appeared to be managements’ preferred day for laying off
workers. Of the total number of workers laid off in a given period, 30% were on
Monday, 25% on Tuesday, 20% on Wednesday, 13% on Thursday, and 12% on Friday.
If a random sample of 15 layoffs is taken, what is the probability that

a. Five were laid off on Monday.

b. Four were laid off on Tuesday.
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¢. Three were laid off on Wednesday.
d. Two were laid off on Thursday.
¢. One was laid off on Friday.

3-64. A recent survey published in BusinessWeek concludes that Gatorade commands
an 83% share of the sports drink market versus 11% for Coca-Cola’s PowerAde and 3%
for Pepsi’s All Sport. A market research firm wants to conduct a new taste test for which
it needs Gatorade drinkers. Potential participants for the test are selected by random
screening of drink users to find Gatorade drinkers. What is the probability that

a. The first randomly selected drinker qualifies.

b. Three soft drink users will have to be interviewed to find the first
Gatorade drinker.

3-65. The time between customer arrivals at a bank has an exponential distribution
with a mean time between arrivals of three minutes. If a customer just arrived, what
is the probability that another customer will not arrive for at least two minutes?

3-66. Lightbulbs manufactured by a particular company have an exponentially
distributed life with mean 100 hours.

a. What is the probability that the lightbulb I am now putting in will last at
least 65 hours?

b. What is the standard deviation of the lifetime of a lightbulb?

3-67. The Bombay Company offers reproductions of classic 18th- and 19th-century
English furniture pieces, which have become popular in recent years. The following
table gives the probability distribution of the number of Raffles tables sold per day at
a particular Bombay store.

Number of Tables Probability
0.05
0.05
0.10
0.15
0.20
0.15
0.15
0.10
0.05

©® N O L AW N = O

a. Show that the probabilities above form a proper probability distribution.

b. Find the cumulative distribution function of the number of Raffles tables
sold daily.

¢. Using the cumulative distribution function, find the probability that the
number of tables sold in a given day will be at least three and less than seven.

d. Find the probability that at most five tables will be sold tomorrow.

e. What is the expected number of tables sold per day?

f Find the variance and the standard deviation of the number of tables sold
per day.

g. Use Chebyshev’s theorem to determine bounds of at least 0.75 probability

on the number of tables sold daily. Compare with the actual probability
for these bounds using the distribution itself.

3-68. According to an article in USA Today, 90% of Americans will suffer from high
blood pressure as they age. Out of 20 randomly chosen people what is the probability
that at most 3 will suffer from high blood pressure?
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3-69. The number of orders for installation of a computer information system
arriving at an agency per week is a random variable X with the following probability
distribution:

P(x)
0.10
0.20
0.30
0.15
0.15
0.05
6 0.05

“L A W IN = O %

a. Prove that P(X) is a probability distribution.

b. Find the cumulative distribution function of X.

¢. Use the cumulative distribution function to find probabilities P(2 < X = 5),
P(3=X=6),and P(X> 4).

d. What is the probability that either four or five orders will arrive in a given
week?

e. Assuming independence of weekly orders, what is the probability that
three orders will arrive next week and the same number of orders the fol-
lowing week?

Jf Find the mean and the standard deviation of the number of weekly orders.

3-70. Consider the situation in the previous problem, and assume that the distribu-
tion holds for all weeks throughout the year and that weekly orders are independent
from week to week. Let Y denote the number of weeks in the year in which no orders
are received (assume a year of 52 weeks).

a. What kind of random variable is Y? Explain.

b. What is the expected number of weeks with no orders?

3-71. An analyst kept track of the daily price quotation for a given stock. The fre-
quency data led to the following probability distribution of daily stock price:

Price x in Dollars P(x)
17 0.05
17.125 0.05
17.25 0.10
17.375 0.15
17.5 0.20
17.625 0.15
17.75 0.10
17.875 0.05
18 0.05
18.125 0.05
18.25 0.05

Assume that the stock price is independent from day to day.
a. If 100 shares are bought today at 17 1/4 and must be sold tomorrow, by pre-
arranged order, what is the expected profit, disregarding transaction costs?
b. What is the standard deviation of the stock price? How useful is this
information?
¢. What are the limitations of the analysis in part (a)? Explain.
3-72. In problem 3-69, suppose that the company makes $1,200 on each order but
has to pay a fixed weekly cost of $1,750. Find the expected weekly profit and the
standard deviation of weekly profits.
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3-73. Out of 140 million cellular telephone subscribers in the United States, 36 mil-
lion use Verizon.°

a. Ten wireless customers are chosen. Under what conditions is the number
of Verizon customers a binomial random variable?

b. Making the required assumptions above, find the probability that at least
two are Verizon customers.

3-74. An advertisement claims that two out of five doctors recommend a certain
pharmaceutical product. A random sample of 20 doctors is selected, and it is found
that only 2 of them recommend the product.

a. Assuming the advertising claim is true, what is the probability of the
observed event?

b. Assuming the claim is true, what is the probability of observing two or
fewer successes?

¢. Given the sampling results, do you believe the advertisement? Explain.
d. What is the expected number of successes in a sample of 20?

3-75. Five percent of the many cars produced at a plant are defective. Ten cars
made at the plant are sent to a dealership. Let X be the number of defective cars in
the shipment.

a. Under what conditions can we assume that Xis a binomial random variable?
b. Making the required assumptions, write the probability distribution of X.
¢. What is the probability that two or more cars are defective?

d. What is the expected number of defective cars?

3-76. Refer to the situation in the previous problem. Suppose that the cars at the
plant are checked one by one, and let X be the number of cars checked until the first
defective car is found. What type of probability distribution does X have?

3-77. Suppose that 5 of a total of 20 company accounts are in error. An auditor selects
a random sample of 5 out of the 20 accounts. Let X be the number of accounts in the
sample that are in error. Is X binomial? If not, what distribution does it have? Explain.

3-78. The time, in minutes, necessary to perform a certain task has the uniform
[5, 9] distribution.
a. Write the probability density function of this random variable.

b. What is the probability that the task will be performed in less than 8 min-
utes? Explain.

¢. What is the expected time required to perform the task?
3-79. Suppose X has the following probability density function:
(1/8)(x — 3) for3=x=7
S0 = {O otherwise
a. Graph the density function.
b. Show that f(x) is a density function.
¢. What is the probability that Xis greater than 5.00?

3-80. Recently, the head of the Federal Deposit Insurance Corporation (FDIC)
revealed that the agency maintains a secret list of banks suspected of being in finan-
cial trouble. The FDIC chief further stated that of the nation’s 14,000 banks, 1,600
were on the list at the time. Suppose that, in an effort to diversify your savings, you
randomly choose six banks and split your savings among them. What is the proba-
bility that no more than three of your banks are on the FDIC’s suspect list?

SMatt Richtel and Andrew Ross Sorkin, “AT&T Wireless for Sale as a Shakeout Starts,” The New York Times, January 21,

2004, p. C1.
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3-81. Corporate raider Asher Adelman, teaching a course at Columbia University’s
School of Business, made the following proposal to his students. He would pay
$100,000 to any student who would give him the name of an undervalued company,
which Adelman would then buy.” Suppose that Adelman has 15 students in his class
and that 5% of all companies in this country are undervalued. Suppose also that due
to liquidity problems, Adelman can give the award to at most three students. Finally,
suppose each student chooses a single company at random without consulting others.
What is the probability that Adelman would be able to make good on his promise?

3-82. An applicant for a faculty position at a certain university is told by the depart-
ment chair that she has a 0.95 probability of being invited for an interview. Once
invited for an interview, the applicant must make a presentation and win the votes of
a majority (at least 8) of the department’s 14 current members. From previous meet-
ings with four of these members, the candidate believes that three of them would cer-
tainly vote for her while one would not. She also feels that any member she has not
yet met has a 0.50 probability of voting for her. Department members are expected
to vote independently and with no prior consultation. What are the candidate’s
chances of getting the position?

3-83. The ratings of viewership for the three major networks during prime time recently
were as follows. Also shown is the proportion of viewers watching each program.

Program Network Rating Proportion
20/20 ABC 13.8 0.44
csi CBS 10.4 0.33
Law and Order NBC 7.5 0.23

a. What is the mean rating given a program that evening?

b. How many standard deviations above or below the mean is the rating for
each one of the programs?

3-84. A major ski resort in the eastern United States closes in late May. Closing day
varies from year to year depending on when the weather becomes too warm for mak-
ing and preserving snow. The day in May and the number of years in which closing
occurred that day are reported in the table:

Day Number of Years
21 2

22
23
24
25
26
27
28

—_ N = W w = U

a. Based only on this information, estimate the probability that you could ski
at this resort after May 25 next year.

b. What is the average closing day based on history?

3-85. Ten percent of the items produced at a plant are defective. A random sample
of 20 items is selected. What is the probability that more than three items in the sam-
ple are defective? If items are selected randomly until the first defective item is
encountered, how many items, on average, will have to be sampled before the first
defective item is found?

’Columbia has since questioned this offer on ethical grounds, and the offer has been retracted.
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3-86. Lee Iacocca volunteered to drive one of his Chryslers into a brick wall to
demonstrate the effectiveness of airbags used in these cars. Airbags are known to acti-
vate at random when the car decelerates anywhere from 9 to 14 miles per hour per
second (mph/s). The probability distribution for the deceleration speed at which bags
activate is given below.

mph/s Probability
9 0.12
10 0.23
11 0.34
12 0.21
13 0.06
14 0.04

a. If the airbag activates at a deceleration of 12 mph/s or more, Iacocca
would get hurt. What is the probability of his being hurt in this demon-
stration?

b. What is the mean deceleration at airbag activation moment?
¢. What is the standard deviation of deceleration at airbag activation time?

3-87. In the previous problem, the time that it takes the airbag to completely fill up
from the moment of activation has an exponential distribution with mean 1 second.
What is the probability that the airbag will fill up in less than 1/2 second?

3-88. The time interval between two successive customers entering a store in a mall
is exponentially distributed with a mean of 6.55 seconds.

a. What is the probability that the time interval is more than 10 seconds?

b. What is the probability that the time interval is between 10 and 20
seconds?

¢. On a particular day a security camera is installed. Using an entry sensor,
the camera takes pictures of every customer entering the shop. It needs
0.75 second after a picture is taken to get ready for the next picture. What
is the probability that the camera will miss an entering customer?

d. How quick should the camera be if the store owner wants to photograph
at least 95% of entering customers?

3-89. The Dutch consumer-electronics giant, Philips, is protected against takeovers
by a unique corporate voting structure that gives power only to a few trusted share-
holders. A decision of whether to sever Philips’ links with the loss-producing German
electronics firm Grundig had to be made. The decision required a simple majority of
nine decision-making shareholders. If each is believed to have a 0.25 probability of
voting yes on the issue, what is the probability that Grundig will be dumped?

3-90. According to a front-page article in The Wall Street Journal, 30% of all stu-
dents in American universities miss classes due to drinking.® If 10 students are
randomly chosen, what is the probability that at most 3 of them miss classes due to
drinking?

3-91. According to an article in US4 Today, 60% of 7- to 12-year-olds who use the
Internet do their schoolwork on line.” If 8 kids within this age group who use the
Internet are randomly chosen, what is the probability that 2 of them do their school-
work on line? What is the probability that no more than 5 of them do their school-
work on line?

8Bryan Gruley, “How One University Stumbled in Its Attack on Alcohol Abuse,” The Wall Street Journal, October 14,
2003, p. 1A.

“Ruth Peters, “Internet: Boon or Bane for Kids?” US4 Today, October 15, 2003, p. 19A.
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3-92. The cafeteria in a building offers three different lunches. The demands for
the three types of lunch on any given day are independent and Poisson distributed
with means 4.85, 12.70, and 27.61. The cost of the three types are $12.00, $8.50, and
$6.00, respectively. Find the expected value and variance of the total cost of lunches
bought on a particular day.

3-93. The mean time between failures (MTBF) of a hydraulic press is to be esti-
mated assuming that the time between failures (TBF) is exponentially distributed. A
foreman observes that the chance that the TBF is more than 72 hours is 50%, and he
quotes 72 hours as the MTBF.
a. Is the foreman right? If not, what is the MTBF?
b. If the MTBF is indeed 72 hours, 50% of the time the TBF will be more
than how many hours?
¢. Why is the mean of an exponential distribution larger than its median?
3-94. An operator needs to produce 4 pins and 6 shafts using a lathe which has 72%
chance of producing a defect-free pin at each trial and 65% chance of producing a
defect-free shaft at each trial. The operator will first produce pins one by one until he
has 4 defect-free pins and then produce shafts one by one until he has 6 defect-free
shafts.
a. What is the expected value and variance of the total number of trials that
the operator will make?
b. Suppose each trial for pins takes 12 minutes and each trial for shafts takes
25 minutes. What is the expected value and variance of the total time
’I " wu H ||‘ |“.."
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variety of instruments, from stocks and bonds
to commodities and real estate. One of the rea-
sons for the success of this industry is that it manages
expected return and risk better than other financial
institutions. Using the concepts and ideas described

I I edge funds are institutions that invest in a wide

in this chapter, discuss how a hedge fund might maxi-
mize expected return and minimize risk by investing
in various financial instruments. Include in your dis-
cussion the concepts of means and variances of linear
composites of random variables and the concept of
independence.
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LEARNING OBJECTIVES

After studying this chapter, you should be able to:

e |dentify when a random variable will be normally distributed.

¢ Use the properties of the normal distribution.

* Explain the significance of the standard normal distribution.

e Compute probabilities using normal distribution tables.

¢ Transform a normal distribution into a standard normal
distribution.

¢ Convert a binomial distribution into an approximated normal
distribution.

¢ Solve normal distribution problems using spreadsheet
templates.
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The normal distribution is an important con-
tinuous distribution because a good number of
random variables occurring in practice can be
approximated to it. If a random variable is affected
by many independent causes, and the effect of each cause is not overwhelmingly large compared
to other effects, then the random variable will closely follow a normal distribution. The lengths
of pins made by an automatic machine, the times taken by an assembly worker to
complete the assigned task repeatedly, the weights of baseballs, the tensile strengths
of a batch of bolts, and the volumes of soup in a particular brand of canned soup are
good examples of normally distributed random variables. All of these are affected by
several independent causes where the effect of each cause is small. For example, the
length of a pin is affected by many independent causes such as vibrations, tempera-
ture, wear and tear on the machine, and raw material properties.

Additionally, in the next chapter, on sampling theory, we shall see that many of
the sample statistics are normally distributed.

For a normal distribution with mean . and standard deviation o, the probability
density function f(x) is given by the complicated formula

F) = ——— P 0 < x < +00 (4-1)

\V 2mo

In equation 4-1, ¢ is the natural base logarithm, equal to 2.71828 . . . By substituting
desired values for p and o, we can get any desired density function. For example, a
distribution with mean 100 and standard deviation 5 will have the density function

L

f(x) = \/2;53 (4_2)

This function is plotted in Figure 4-1. This is the famous bell-shaped normal curve.
Over the years, many mathematicians have worked on the mathematics behind
the normal distribution and have made many independent discoveries. The discovery

FIGURE 4-1 A Normal Distribution with Mean 100 and Standard Deviation 5
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FIGURE 4-2 Three Normal Distributions

02 X ~N(50,22) W~ N(60,22)

0.15
0.1 1% 2)

0.05- \

U U 1 1 T

40 45 50 55 60 65

of equation 4-1 for the normal density function is attributed to Carl Friedrich Gauss
(1777-1855), who did much work with the formula. In science books, this distribution
is often called the Gaussian distribution. But the formula was first discovered by the
French-born English mathematician Abraham De Moivre (1667-1754). Unfortunately
for him, his discovery was not discovered until 1924.

As seen in Figure 4-1, the normal distribution is symmetric about its mean. It has
a (relative) kurtosis of 0, which means it has average peakedness. The curve reaches its
peak at the mean of 100, and therefore its mode is 100. Due to symmetry, its median
is 100 too. In the figure the curve seems to touch the horizontal axis at 85 on the left
and at 115 on the right; these points are 3 standard deviations away from the center on
either side. Theoretically, the curve never touches the horizontal axis and extends to
infinity on both sides.

If Xis normally distributed with mean p and variance 62, we write X ~ N(u, o2).
If the mean is 100 and the variance is 9, we write X ~ N(100, 3?). Note how the vari-
ance is written. By writing 9 as 32, we explicitly show that the standard deviation
is 3. Figure 4-2 shows three normal distributions: X ~ N(50, 2%); ¥ ~ N(50, 5?);
W ~ N(60, 2%). Note their shapes and positions.

2

4-2 Properties of the Normal Distribution

There is a remarkable property possessed only by the normal distribution:

If several independent random variables are normally distributed, then their
sum will also be normally distributed. The mean of the sum will be the sum
of all the individual means, and by virtue of the independence, the vari-
ance of the sum will be the sum of all the individual variances.

We can write this in algebraic form as

If X,, X,, ..., X, are independent random variables that are normally dis-
tributed, then their sum $ will also be normally distributed with

E(S) = E(X)) + E(Xy) + - - + E(X)
and
V() = V(X)) + V(X)) + -+ - + V(X))
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Note that it is the variances that can be added as in the preceding box, and not the
standard deviations. We will never have an occasion to add standard deviations.

We see intuitively that the sum of many normal random variables will also be
normally distributed, because the sum is affected by many independent individual
causes, namely, those causes that affect each of the original random variables.

Let us see the application of this result through a few examples.
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Let X;, X,, and X, be independent random variables that are normally distributed
with means and variances as follows:

Mean Variance
X, 10 1
X, 20 2
X, 30 3

Find the distribution of the sum § = X; + X, + X;. Report the mean, variance, and
standard deviation of .

The sum Swill be normally distributed with mean 10 + 20 + 30 = 60 and variance
1 + 2 + 3 = 6. The standard deviation of S = V6 = 2.45.

EXAMPLE 4-1

Solution

The weight of a module used in a spacecraft is to be closely controlled. Since the
module uses a bolt-nut-washer assembly in numerous places, a study was conducted
to find the distribution of the weights of these parts. It was found that the three
weights, in grams, are normally distributed with the following means and variances:

Mean Variance
Bolt 312.8 2.67
Nut 53.2 0.85
Washer 17.5 0.21

Find the distribution of the weight of the assembly. Report the mean, variance, and
standard deviation of the weight.

The weight of the assembly is the sum of the weights of the three component parts,
which are three normal random variables. Furthermore, the individual weights are
independent since the weight of any one component part does not influence the
weight of the other two. Therefore, the weight of the assembly will be normally
distributed.

The mean weight of the assembly will be the sum of the mean weights of the
individual parts: 312.8 + 53.2 + 17.5 = 383.5 grams.

The variance will be the sum of the individual variances: 2.67 + 0.85 + 0.21 =
3.73 gram?.

The standard deviation = V3.73 = 1.93 grams.

EXAMPLE 4-2

Solution

Another interesting property of the normal distribution is that if X is normally
distributed, then aX + b will also be normally distributed with mean ¢E(X) + band
variance a?V(X). For example, if X is normally distributed with mean 10 and vari-
ance 3, then 4X + 5 will be normally distributed with mean 4 * 10 + 5 = 45 and
variance 4% * 3 = 48.
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We can combine the above two properties and make the following statement:

If X;, X,, ..., X, are independent random variables that are normally dis-
tributed, then the random variable Q defined as Q = a;,X; + a,X, + - - - +
a,X, + b will also be normally distributed with

EQ) = a,E(X;) + a,E(X)) + - - - + a,E(X,)) + b

and
V(Q) = azV(X,) + az\(X,) + - - - + a2V(X,)

The application of this result is illustrated in the following sample problems.

EXAMPLE 4-3

Solution

The four independent normal random variables X;, X,, X;, and X, have the following
means and variances:

Mean Variance
X; 12 4
X, -5 2
X5 8 5
X, 10 1

Find the mean and variance of Q = X| — 2X, + 3X; — 4X, + 5. Find also the standard
deviation of Q.

E(Q)=12-2(=5) +3(8) —4(10) + 5 =12 + 10 + 24 — 40 + 5 = 11
V(Q)=4+(—22(2) +32(5) + (—4)2(1) =4 + 8 + 45 + 16 = 73
SD(Q) = V73 = 8.544

EXAMPLE 4-4

Solution

A cost accountant needs to forecast the unit cost of a product for next year. He notes
that each unit of the product requires 12 hours of labor and 5.8 pounds of raw mate-
rial. In addition, each unit of the product is assigned an overhead cost of $184.50. He
estimates that the cost of an hour of labor next year will be normally distributed with
an expected value of $45.75 and a standard deviation of $1.80; the cost of the raw
material will be normally distributed with an expected value of $62.35 and a stan-
dard deviation of $2.52. Find the distribution of the unit cost of the product. Report
its expected value, variance, and standard deviation.

Let L be the cost of labor and M be the cost of the raw material. Denote the unit cost
of the product by Q. Then Q = 12L + 5.8M + 184.50. Since the cost of labor L may
not influence the cost of raw material 44, we can assume that the two are independent.
This makes the unit cost of the product Q a normal random variable. Then

E(Q) = 12 X 45.75 + 5.8 X 62.35 + 184.50 = $1095.13
V(Q) = 122 X 1.802 + 5.82 X 2.52% = 680.19
SD(Q) = V680.19 = $26.08
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4-3 The Standard Normal Distribution

Since, as noted earlier, infinitely many normal random variables are possible, one is
selected to serve as our standard. Probabilities associated with values of this standard
normal random variable are tabulated. A special transformation then allows us to
apply the tabulated probabilities to any normal random variable. The standard
normal random variable has a special name, Z (rather than the general name X we
use for other random variables).

We define the standard normal random variable Z as the normal random
variable with mean . = 0 and standard deviation o = 1.

In the notation established in the previous section, we say

Z~ N(0, 12) (4-3)

Since 12 = 1, we may drop the superscript 2 as no confusion of the standard deviation
and the variance is possible. A graph of the standard normal density function is given
in Figure 4-3.

Finding Probabilities of the Standard Normal Distribution

Probabilities of intervals are areas under the density f(z) over the intervals in question.
From the range of values in equation 4-1, — < x < %, we see that any normal ran-
dom variable is defined over the entire real line. Thus, the intervals in which we will
be interested are sometimes semi-infinite intervals, such as a to © or — to b (where
a and b are numbers). While such intervals have infinite length, the probabilities
associated with them are finite; they are, in fact, no greater than 1.00, as required of all
probabilities. The reason for this is that the area in either of the “tails” of the distribu-
tion (the two narrow ends of the distribution, extending toward —o and +%) becomes
very small very quickly as we move away from the center of the distribution.

Tabulated areas under the standard normal density are probabilities of intervals
extending from the mean p = 0 to points zto its right. Table 2 in Appendix C gives
areas under the standard normal curve between 0 and points z > 0. The total area
under the normal curve is equal to 1.00, and since the curve is symmetric, the area
from 0 to — is equal to 0.5. The table area associated with a point zis thus equal to
the value of the cumulative distribution function F(z) minus 0.5.

We define the table area as
TA=F(2) — 0.5 (4-4)

FIGURE 4-3 The Standard Normal Density Function

f(2)

© The McGraw-Hill
Companies, 2009

151



‘ Aczel-Sounderpandian: 4. The Normal Distribution Text © The McGraw-Hill
Complete Business Companies, 2009
Statistics, Seventh Edition

152 Chapter 4

FIGURE 4-4 The Table Area TA for a Point z of the Standard Normal Distribution

The area given in the standard normal probability
table is the area under the curve between 0 and a
given point z
TA
0 z
TABLE 4-1 Standard Normal Probabilities
z .00 .01 .02 .03 .04 .05 .06 .07 .08 .09

o
=}

0000 .0040 .0080 .0120 .0160 .0199 0239 .0279 .0319 .0359
0398 0438 .0478 .0517 .0557 .0596 .0636 .0675 .0714 .0753
0793 .0832 .0871 .0910 .0948 .0987 .1026 .1064 .1103 .1141
1179 1217 1255 1293 1331 (1368  .1406 .1443 1480 .1517
1554 1591 1628 1664 .1700 .1736 .1772 .1808 .1844 .1879
1915 1950  .1985 2019 2054 2088 2123 2157 2190 .2224
2257 2291 2324 2357 2389 2422 2454 2486 2517 2549
2580 2611 2642 2673 2704 2734 2764 2794 2823 .2852
2881 2910 .2939 2967 2995 3023 .3051 .3078 .3106 .3133
3159 3186 3212 3238 3264 3289 3315 3340 .3365 .3389
3413 3438 3461 .3485 3508 .3531 3554 3577 3599 3621
3643 3665 3686 .3708 .3729 3749 3770 3790 .3810 .3830
3849 3869 .3888 .3907 .3925 3944 3962 .3980 .3997 4015
4032 4049 4066 4082 4099 4115 4131 4147 4162 4177
4192 4207 4222 4236 4251 4265 4279 4292 4306 .4319
4332 4345 4357 4370 4382 4394 4406 4418 4429 4441
4452 4463 4474 4484 4495 4505 4515 4525 4535 4545
4554 4564 4573 4582 4591 4599 4608 4616 4625 4633
4641 4649 4656 4664 4671 4678 4686 4693 4699  .4706
4713 4719 4726 4732 4738 4744 4750 4756 4761 4767

SO o090 00000
cLbbwNo Lk Wi =

S A s 4 4 a4
Voo NO LN WwN =

2.0 4772 4778 4783 4788 4793 4798 4803 4808 4812 4817
2.1 4821 4826 4830 4834 4838 4842 4846 4850 4854 4857
2.2 4861 4864 4868 4871 4875 4878 4881 4884 4887 .4890
23 4893 4896 4898 4901 4904 4906 4909 4911 4913 4916
2.4 4918 4920 4922 4925 4927 4929 4931 4932 4934 4936
2.5 4938 4940 4941 4943 4945 4946 4948 4949 4951 4952
2.6 4953 4955 4956 4957 4959 4960 4961 4962 4963 4964
2.7 4965 4966 4967 4968 4969 4970 4971 4972 4973 4974
2.8 4974 4975 4976 4977 4977 4978 4979 4979 4980  .4981
2.9 4981 4982 4982 4983 4984 4984 4985 4985 4986 .4986
3.0 4987 4987 4987 4988 4988 4989 4989 4989 4990  .4990

The table area TA is shown in Figure 4-4. Part of Table 2 is reproduced here as
Table 4-1. Let us see how the table is used in obtaining probabilities for the stan-
dard normal random variable. In the following examples, refer to Figure 4-4 and
Table 4-1.
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FIGURE 4-5 Finding the Probability That Z Is Less Than —2.47

Table area for 2.47
Area to the left of —2.47

-2.47 2.47

1. Let us find the probability that the value of the standard normal random
variable will be between 0 and 1.56. That is, we want P(0 < Z < 1.56). In
Figure 4—4, substitute 1.56 for the point zon the graph. We are looking for the
table area in the row labeled 1.5 and the column labeled 0.06. In the table, we
find the probability 0.4406.

2. Let us find the probability that Z will be less than —2.47. Figure 4-5 shows the
required area for the probability P(Z < —2.47). By the symmetry of the normal
curve, the area to the left of —2.47 is exactly equal to the area to the right of 2.47.
We find

P(Z < —2.47) = P(Z > 2.47) = 0.5000 — 0.4932 = 0.0068

3. Find P(1 < Z < 2). The required probability is the area under the curve
between the two points 1 and 2. This area is shown in Figure 4-6. The table
gives us the area under the curve between 0 and 1, and the area under the
curve between 0 and 2. Areas are additive; therefore, P(1 < Z < 2) = TA(for
2.00) — TA(for 1.00) = 0.4772 — 0.3413 = 0.1359.

In cases where we need probabilities based on values with greater than second-
decimal accuracy, we may use a linear interpolation between two probabilities
obtained from the table. For example, P(0 = Z = 1.645) is found as the midpoint
between the two probabilities P(0 = Z = 1.64) and P(0 = Z = 1.65). This is found,
using the table, as the midpoint of 0.4495 and 0.4505, which is 0.45. If even greater
accuracy is required, we may use computer programs designed to produce standard
normal probabilities.

Finding Values of Z Given a Probability

In many situations, instead of finding the probability that a standard normal random
variable will be within a given interval, we may be interested in the reverse: finding
an interval with a given probability. Consider the following examples.

FIGURE 4-6 Finding the Probability That Z Is between 1 and 2
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FIGURE 4-7  Using the Normal Table to Find a Value, Given a Probability l

z .00 .01 .02 .03 .04 .05 .06 .07 .08 .09
0.0 .0000 .0040 .0080 .0120 .0160 .0199  .0239 .0279 .0319 .0359
0.1 .0398 .0438 .0478 .0517 .0557 .0596 .0636 .0675 .0714 .0753
0.2 .0793 .0832 .0871 .0910 .0948 .0987 .1026 1064 1103 1141
0.3 .1179 1217 1255 1293 1331 1368  .1406 1443 1480 1517
0.4 .1554 1591 .1628 1664 .1700 1736 1772 .1808 .1844 .1879
0.5 .1915 1950 .1985 2019 .2054 .2088  .2123 2157 2190  .2224
0.6 .2257 2291 2324 2357  .2389 2422 2454 2486  .2517  .2549
0.7 .2580 2611 .2642 2673 .2704 2734 2764 2794  .2823  .2852
0.8 .2881 2910 .2939 2967  .2995 .3023  .3051 .3078 .3106  .3133
0.9 .3159 .3186 3212 3238 .3264 .3289  .3315 .3340 .3365 .3389
1.0 .3413 .3438 .3461 .3485 .3508 .3531 .3554 3577 3599 3621
1.1 .3643 .3665 .3686 .3708 .3729 3749 3770 .3790 .3810 .3830
— 1.2 .3849 .3869 .3888 .3907  .3925 3944 3962 .3980 |.3997| .4015
1.3 .4032 4049 4066 4082  .4099 4115 4131 4147 4162 4177
1.4 .4192 4207 4222 4236 .4251 4265 4279 4292 4306  .4319
1.5 .4332 4345 4357 4370 .4382 4394 4406 4418  .4429 4441
1. Find a value z of the standard normal random variable such that the probability

that the random variable will have a value between 0 and zis 0.40. We look
inside the table for the value closest to 0.40; we do this by searching through the
values inside the table, noting that they increase from 0 to numbers close to
0.5000 as we go down | the columns and across the rows. The closest value we
find to 0.40 is the table area .3997. This value corresponds to 1.28 (row 1.2 and
column .08). This is illustrated in Figure 4-7.

. Find the value of the standard normal random variable that cuts off an area of

0.90 to its left. Here, we reason as follows: Since the area to the left of the given
point zis greater than 0.50, z must be on the right side of 0. Furthermore, the area to
the left of 0 all the way to — is equal to 0.5. Therefore, TA = 0.9 — 0.5 = 0.4.
We need to find the point zsuch that TA = 0.4. We know the answer from the
preceding example: z = 1.28. This is shown in Figure 4-8.

. Find a 0.99 probability interval, symmetric about 0, for the standard normal

random variable. The required area between the two zvalues that are equidistant
from 0 on either side is 0.99. Therefore, the area under the curve between 0
and the positive z value is TA = 0.99/2 = 0.495. We now look in our normal
probability table for the area closest to 0.495. The area 0.495 lies exactly
between the two areas 0.4949 and 0.4951, corresponding to z = 2.57 and

z = 2.58. Therefore, a simple linear interpolation between the two values gives
us z = 2.575. This is correct to within the accuracy of the linear interpolation.
The answer, therefore, is z = * 2.575. This is shown in Figure 4-9.

FIGURE 4-8 Finding z Such That P(Z = z) = 0.9

Area =0.9

0 1.28
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FIGURE 4-9 A Symmetric 0.99 Probability Interval about 0 for a
Standard Normal Random Variable

Area = 0.99

-2.575 0 2.575
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4-1. Find the following probabilities: P(—1<Z<1), P(—196 < Z< 1.96),
P(—2.33 < Z<2.33).

4-2. What is the probability that a standard normal random variable will be between
the values —2 and 1?

4-3. Find the probability that a standard normal random variable will have a value
between —0.89 and —2.50.

4-4. Find the probability that a standard normal random variable will have a value
greater than 3.02.

4-5. Find the probability that a standard normal random variable will be between
2 and 3.

4-6. Find the probability that a standard normal random variable will have a value
less than or equal to —2.5.

4-7. Find the probability that a standard normal random variable will be greater in
value than —2.33.

4-8. Find the probability that a standard normal random variable will have a value
between —2 and 300.

4-9. Find the probability that a standard normal variable will have a value less
than —10.

4-10. Find the probability that a standard normal random variable will be between
—0.01 and 0.05.

4-11. A sensitive measuring device is calibrated so that errors in the measurements
it provides are normally distributed with mean 0 and variance 1.00. Find the proba-
bility that a given error will be between —2 and 2.

4-12. Find two values defining tails of the normal distribution with an area of
0.05 each.

4-13. Isitlikely that a standard normal random variable will have a value less than
—4? Explain.

4-14. TFind a value such that the probability that the standard normal random
variable will be above it is 0.85.

4-15. Find a value of the standard normal random variable cutting off an area
of 0.685 to its left.

4-16. Find a value of the standard normal random variable cutting off an area of
0.50 to its right. (Do you need the table for this probability? Explain.)

4-17. Find zsuch that P(Z > z) = 0.12.

4-18. Tind two values, equidistant from 0 on either side, such that the probability
that a standard normal random variable will be between them is 0.40.

PROBLEMS
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4-19. Find two values of the standard normal random variable, zand —z, such that
P(—z<Z<z) =095

4-20. Find two values of the standard normal random variable, zand — z, such that
the two corresponding tail areas of the distribution (the area to the right of zand the
area to the left of —z) add to 0.01.

4-21. The deviation of a magnetic needle from the magnetic pole in a certain area
in northern Canada is a normally distributed random variable with mean 0 and stan-
dard deviation 1.00. What is the probability that the absolute value of the deviation
from the north pole at a given moment will be more than 2.4?

4-4 The Transformation of Normal Random Variables

The importance of the standard normal distribution derives from the fact that any nor-
mal random variable may be transformed to the standard normal random variable.
We want to transform X, where X ~ N(u, ¢?), into the standard normal random variable
Z ~ N(0, 1%). Look at Figure 4-10. Here we have a normal random variable X with
mean . = 50 and standard deviation o = 10. We want to transform this random vari-
able to a normal random variable with p. = 0 and ¢ = 1. How can we do this?

We move the distribution from its center of 50 to a center of 0. This is done by
subtracting 50 from all the values of X. Thus, we shift the distribution 50 units back so
that its new center is 0. The second thing we need to do is to make the width of the
distribution, its standard deviation, equal to 1. This is done by squeezing the width down
from 10 to 1. Because the total probability under the curve must remain 1.00, the distri-
bution must grow upward to maintain the same area. This is shown in Figure 4-10.
Mathematically, squeezing the curve to make the width 1 is equivalent to dividing the
random variable by its standard deviation. The area under the curve adjusts so that
the total remains the same. All probabilities (areas under the curve) adjust accordingly.
The mathematical transformation from Xto Zis thus achieved by first subtracting
from Xand then dividing the result by o.

The transformation of X to Z:

Z= (4-5)

FIGURE 4-10 Transforming a Normal Random Variable with Mean 50 and
Standard Deviation 10 into the Standard Normal Random Variable

Transformation
X -—n X
Subtraction
" o=10
/ %
n=|50
Division by o
ad
1.0
z
0 50

50 units
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The transformation of equation 4-5 takes us from a random variable X with mean p
and standard deviation o to the standard normal random variable. We also have an
opposite, or inverse, transformation, which takes us from the standard normal random
variable Z to the random variable X with mean w and standard deviation o. The
inverse transformation is given by equation 4-6.

The inverse transformation of Z to X:
X=pn+ Zo (4-6)

You can verify mathematically that equation 4-6 does the opposite of equation 4-5.
Note that multiplying the random variable Z by the number ¢ increases the width
of the curve from 1 to o, thus making o the new standard deviation. Adding . makes
the new mean of the random variable. The actions of multiplying and then adding are
the opposite of subtracting and then dividing. We note that the two transformations,
one an inverse of the other, transform a normal random variable into a normal ran-
dom variable. If this transformation is carried out on a random variable that is not
normal, the result will not be a normal random variable.

Using the Normal Transformation

Let us consider our random variable X with mean 50 and standard deviation 10, X ~
N(50, 10%). Suppose we want the probability that X is greater than 60. That is, we
want to find P(X > 60). We cannot evaluate this probability directly, but if we can
transform X to Z, we will be able to find the probability in the Z table, Table 2 in
Appendix C. Using equation 4-5, the required transformation is Z = (X — p)/o. Let
us carry out the transformation. In the probability statement P(X > 60), we will sub-
stitute Z for X. If, however, we carry out the transformation on one side of the proba-
bility inequality, we must also do it on the other side. In other words, transforming X
into Z requires us also to transform the value 60 into the appropriate value of the
standard normal distribution. We transform the value 60 into the value (60 — p)/o.
The new probability statement is

X - 60 — 60 —
P(X>60):P(G“> G“>:P<Z> 6”)

- P<Z> w> = P(Z> 1)

Why does the inequality still hold? We subtracted a number from each side of an
inequality; this does not change the inequality. In the next step we divide both sides
of the inequality by the standard deviation o. The inequality does not change
because we can divide both sides of an inequality by a positive number, and a stan-
dard deviation is always a positive number. (Recall that dividing by 0 is not permissi-
ble; and dividing, or multiplying, by a negative value would reverse the direction of
the inequality.) From the transformation, we find that the probability that a normal
random variable with mean 50 and standard deviation 10 will have a value greater
than 60 is exactly the probability that the standard normal random variable Z will be
greater than 1. The latter probability can be found using Table 2 in Appendix C. We
find: P(X > 60) = P(Z> 1) = 0.5000 — 0.3413 = 0.1587. Let us now look at a few
examples of the use of equation 4-5.
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EXAMPLE 4-5

Solution

Suppose that the time it takes the electronic device in the car to respond to the signal
from the toll plaza is normally distributed with mean 160 microseconds and standard
deviation 30 microseconds. What is the probability that the device in the car will
respond to a given signal within 100 to 180 microseconds?

Figure 4-11 shows the normal distribution for X ~ N(160, 30%) and the required area
on the scale of the original problem and on the transformed zscale. We have the fol-
lowing (where the probability statement inequality has three sides and we carry out
the transformation of equation 4-5 on all three sides):

100 — X = 180 —
P( u< M< M)

c c c
160
30 30

_ P(lOO — 160 _ , _ 180 —
= P(—2 < Z< 0.6666) = 0.4772 + 0.2475 = 0.7247

P(100 < X< 180) =

Electronic Turnpike Fare

How it works
Electronic equipment lets

drivers pay tolls in designated
lanes without stopping.

4. If funds are
insufficient or the toll
is not paid, a video
image of the car,
including the license
plate, is recorded.

3. The toll is
deducted from the
account. Cash tolls
can be paid to
attendants in other

1. Electronic tolls are
prepaid by cash or
credit card. Payment
information is linked
to a transponder in
the car.

2. The toll plaza
communicates with
the transponder via
radio link. Some
systems alert the
driver if prepaid
funds are low.

lanes.

From Boston Globe, May 9, 1995, p. 1, with data from industry reports. Copyright 1995 by Globe Newspaper Co.
(MA). Reproduced with permission via Copyright Clearance Center.

FIGURE 4-11 Probability Computation for Example 4-5

el x

100 160 180

Equal areas = 0.7247

-2 0 0.6666
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(Table area values were obtained by linear interpolation.) Thus, the chance that the
device will respond within 100 to 180 microseconds is 0.7247.
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The concentration of impurities in a semiconductor used in the production of
microprocessors for computers is a normally distributed random variable with mean
127 parts per million and standard deviation 22. A semiconductor is acceptable only
if its concentration of impurities is below 150 parts per million. What proportion of
the semiconductors are acceptable for use?

Now X ~ N(127, 222), and we need P(X < 150). Using equation 4-5, we have

X - 150 — o
P(X<150):P< G“< - “) :p<2<w>

= P(Z< 1.045) = 0.5 + 0.3520 = 0.8520

(The TA of 0.3520 was obtained by interpolation.) Thus, 85.2% of the semiconduc-
tors are acceptable for use. This also means that the probability that a randomly cho-
sen semiconductor will be acceptable for use is 0.8520. The solution of this example
is illustrated in Figure 4-12.

FIGURE 4-12 Probability Computation for Example 4-6

X
RN
127 150

Equal areas = 0.8520

0 1.045

EXAMPLE 4-6

Solution

Fluctuations in the prices of precious metals such as gold have been empirically
shown to be well approximated by a normal distribution when observed over short
intervals of time. In May 1995, the daily price of gold (1 troy ounce) was believed to
have a mean of $383 and a standard deviation of $12. A broker, working under these
assumptions, wanted to find the probability that the price of gold the next day would
be between $394 and $399 per troy ounce. In this eventuality, the broker had an
order from a client to sell the gold in the client’s portfolio. What is the probability
that the client’s gold will be sold the next day?

Figure 4-13 shows the setup for this problem and the transformation of X; where
X ~ N(383, 12?), into the standard normal random variable Z Also shown are the
required areas under the X curve and the transformed Z curve. We have

EXAMPLE 4-7

Solution
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FIGURE 4-13 Probability Computation for Example 4-7

304 - X-—p 399 —
P(394 < X< 399) = P( R_2— B ”)

(6} (e} (6}

iz 4= 1

(0.9166 < Z < 1.3333) = 0.4088 — 0.3203 = 0.0885

P(394 — 383 399 — 383>
P

(Both TA values were obtained by linear interpolation, although this is not necessary
if less accuracy is acceptable.)

Let us summarize the transformation procedure used in computing probabilities
of events associated with a normal random variable X ~ N(u, o?).

Transformation formulas of X to Z, where a and b are numbers:

P(X<a)=P<Z<a;H>

P(x>b)=/>(z>b;“>

— b_
P(a<X<b)=P(aGu<Z< G“)

PROBLEMS

4-22. For a normal random variable with mean 650 and standard deviation 40,
find the probability that its value will be below 600.

4-23. Let X be a normally distributed random variable with mean 410 and stan-
dard deviation 2. Find the probability that X will be between 407 and 415.

4-24. If Xis normally distributed with mean 500 and standard deviation 20, find
the probability that X will be above 555.
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4-25. For a normally distributed random variable with mean —44 and standard devi-
ation 16, find the probability that the value of the random variable will be above 0.

4-26. A normal random variable has mean 0 and standard deviation 4. Find the
probability that the random variable will be above 2.5.

4-27. Let X be a normally distributed random variable with mean p = 16 and stan-
dard deviation o = 3. Find P(11 < X < 20). Also find P(17 < X< 19) and P(X > 15).

4-28. The time it takes an international telephone operator to place an overseas phone
call is normally distributed with mean 45 seconds and standard deviation 10 seconds.

a. What is the probability that my call will go through in less than 1 minute?
b. What is the probability that I will get through in less than 40 seconds?

¢. What is the probability that I will have to wait more than 70 seconds for my
call to go through?

4-29. The number of votes cast in favor of a controversial proposition is believed
to be approximately normally distributed with mean 8,000 and standard deviation
1,000. The proposition needs at least 9,322 votes in order to pass. What is the prob-
ability that the proposition will pass? (Assume numbers are on a continuous scale.)

4-30. Under the system of floating exchange rates, the rate of foreign money to the
U.S. dollar is affected by many random factors, and this leads to the assumption of a
normal distribution of small daily fluctuations. The rate of U.S. dollar per euro is
believed in April 2007 to have a mean of 1.36 and a standard deviation of 0.03.! Find
the following.

a. The probability that tomorrow’s rate will be above 1.42.
b. The probability that tomorrow’s rate will be below 1.35.
¢. The probability that tomorrow’s exchange rate will be between 1.16 and 1.23.

4-31. Wine Spectator rates wines on a point scale of 0 to 100. It can be inferred
from the many ratings in this magazine that the average rating is 87 and the standard
deviation is 3 points. Wine ratings seem to follow a normal distribution. In the
May 15, 2007, issue of the magazine, the burgudy Domaine des Perdrix received a
rating of 89.2 What is the probability that a randomly chosen wine will score this
high or higher?

4-32. The weights of domestic, adult cats are normally distributed with a mean of
10.42 pounds and a standard deviation of 0.87 pounds. A cat food manufacturer sells
three types of foods for underweight, normal, and overweight cats. The manufacturer
considers the bottom 5% of the cats underweight and the top 10% overweight.
Compute what weight range must be specified for each of the three categories.

4-33. Daily fluctuations of the French CAC-40 stock index from March to June 1997
seem to follow a normal distribution with mean of 2,600 and standard deviation of 50.
Find the probability that the CAC-40 will be between 2,520 and 2,670 on a random
day in the period of study.

4-34. According to global analyst Olivier Lemaigre, the average price-to-earnings
ratio for companies in emerging markets is 12.5.> Assume a normal distribution and
a standard deviation of 2.5. If a company in emerging markets is randomly selected,
what is the probability that its price-per-earnings ratio is above 17.5, which, according
to Lemaigre, is the average for companies in the developed world?

4-35. Based on the research of Ibbotson Associates, a Chicago investment firm,
and Prof. Jeremy Siegel of the Wharton School of the University of Pennsylvania, the

!This information is inferred from data on foreign exchange rates in The New York Times, April 20, 2007, p. C10.
2“The Ratings,” Wine Spectator, May 15, 2007, p. 156.
3Mitchell Martin, “Stock Focus: Ride the Rocket,” Forbes, April 26, 2004, p. 138.
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average return on large-company stocks since 1920 has been 10.5% per year and the
standard deviation has been 4.75%. Assuming a normal distribution for stock returns
(and that the trend will continue this year), what is the probability that a large-
company stock you’ve just bought will make in 1 year at least 12%? Will lose money?
Will make at least 5%?

4-36. A manufacturing company regularly consumes a special type of glue pur-
chased from a foreign supplier. Because the supplier is foreign, the time gap between
placing an order and receiving the shipment against that order is long and uncertain.
This time gap is called “lead time.” From past experience, the materials manager notes
that the company’s demand for glue during the uncertain lead time is normally dis-
tributed with a mean of 187.6 gallons and a standard deviation of 12.4 gallons. The
company follows a policy of placing an order when the glue stock falls to a pre-
determined value called the “reorder point.” Note that if the reorder point is x gallons
and the demand during lead time exceeds x gallons, the glue would go “stock-out” and
the production process would have to stop. Stock-out conditions are therefore serious.

a. If the reorder point is kept at 187.6 gallons (equal to the mean demand during
lead time) what is the probability that a stock-out condition would occur?

b. If the reorder point is kept at 200 gallons, what is the probability that a stock-
out condition would occur?

¢. If the company wants to be 95% confident that the stock-out condition will
not occur, what should be the reorder point? The reorder point minus the
mean demand during lead time is known as the “safety stock.” What is the
safety stock in this case?

d. If the company wants to be 99% confident that the stock-out condition will
not occur, what should be the reorder point? What is the safety stock in
this case?

4-37. The daily price of orange juice 30-day futures is normally distributed. In
March through April 2007, the mean was 145.5 cents per pound, and standard
deviation = 25.0 cents per pound.* Assuming the price is independent from day to
day, find P(x < 100) on the next day.

4-5 The Inverse Transformation

Let us look more closely at the relationship between X, a normal random variable with
mean . and standard deviation o, and the standard normal random variable. The fact
that the standard normal random variable has mean 0 and standard deviation 1 has
some important implications. When we say that Zis greater than 2, we are also saying
that Zis more than 2 standard deviations above its mean. This is so because the mean of Z
is 0 and the standard deviation is 1; hence, Z > 2 is the same event as Z > [0 + 2(1)].

Now consider a normal random variable X with mean 50 and standard deviation
10. Saying that Xis greater than 70 is exactly the same as saying that Xis 2 standard
deviations above its mean. This is so because 70 is 20 units above the mean of 50,
and 20 units = 2(10) units, or 2 standard deviations of X. Thus, the event X > 70 is
the same as the event X > (2 standard deviations above the mean). This event is iden-
tical to the event Z > 2. Indeed, this is what results when we carry out the transfor-
mation of equation 4-5:

X - 0 = _
P(X > 70) :P( = - 5 u) :P<Z>w> = P(Z>2)

*“Futures,” The New York Times, April 26, 2007, p. C9.
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Normal random variables are related to one another by the fact that the probabil-
ity that a normal random variable will be above (or below) its mean a certain number
of standard deviations is exactly equal to the probability that any other normal random
variable will be above (or below) its mean the same number of (its) standard deviations.
In particular, this property holds for the standard normal random variable. The prob-
ability that a normal random variable will be greater than (or less than) z standard-
deviation units above its mean is the same as the probability that the standard normal
random variable will be greater than (less than) z. The change from a z value of the
random variable Zto z standard deviations above the mean for a given normal random
variable X should suggest to us the inverse transformation, equation 4-6:

X= W+ z0o

That is, the value of the random variable X may be written in terms of the number z of
standard deviations o it is above or below the mean .. Three examples are useful here.
We know from the standard normal probability table that the probability that Z is
greater than —1 and less than 1 is 0.6826 (show this). Similarly, we know that the
probability that Zis greater than —2 and less than 2 is 0.9544. Also, the probability
that Zis greater than —3 and less than 3 is 0.9974. These probabilities may be applied
to any normal random variable as follows:’

1. The probability that a normal random variable will be within a distance
of 1 standard deviation from its mean (on either side) is 0.6826, or
approximately 0.68.

2. The probability that a normal random variable will be within 2 standard
deviations of its mean is 0.9544, or approximately 0.95.

3. The probability that a normal random variable will be within 3 standard
deviations of its mean is 0.9974.

We use the inverse transformation, equation 4-6, when we want to get from a
given probability to the value or values of a normal random variable X. We illustrate
the procedure with a few examples.

© The McGraw-Hill ‘ @

Companies, 2009

163

PALCO Industries, Inc., is a leading manufacturer of cutting and welding products.
One of the company’s products is an acetylene gas cylinder used in welding. The
amount of nitrogen gas in a cylinder is a normally distributed random variable with
mean 124 units of volume and standard deviation 12. We want to find the amount
of nitrogen x such that 10% of the cylinders contain more nitrogen than this
amount.

We have X ~ N(124, 122). We are looking for the value of the random variable X'such
that P(X > x) = 0.10. In order to find it, we look for the value of the standard normal
random variable Z such that P(Z > z) = 0.10. Figure 4-14 illustrates how we find the
value z and transform it to x. If the area to the right of zis equal to 0.10, the area
between 0 and z (the table area) is equal to 0.5 — 0.10 = 0.40. We look inside the table
for the zvalue corresponding to TA = 0.40 and find z = 1.28 (actually, TA = 0.3997,

°This is the origin of the empirical rule (in Chapter 1) for mound-shaped data distributions. Mound-shaped data sets
approximate the distribution of a normal random variable, and hence the proportions of observations within a given
number of standard deviations away from the mean roughly equal those predicted by the normal distribution. Compare
the empirical rule (section 1-7) with the numbers given here.

EXAMPLE 4-8

Solution
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FIGURE 4-14 Solution of Example 4-8

z

0 1.28
Both
areas are 0.10
each
k
X

124 139.36

which is close enough to 0.4). We need to find the appropriate x value. Here we use
equation 4-6:

Xx=p+ zo = 124 + (1.28)(12) = 139.36

Thus, 10% of the acetylene cylinders contain more than 139.36 units of nitrogen.

EXAMPLE 4-9

Solution

The amount of fuel consumed by the engines of a jetliner on a flight between two
cities is a normally distributed random variable X with mean p. = 5.7 tons and stan-
dard deviation o = 0.5. Carrying too much fuel is inefficient as it slows the plane. If,
however, too little fuel is loaded on the plane, an emergency landing may be neces-
sary. The airline would like to determine the amount of fuel to load so that there will
be a 0.99 probability that the plane will arrive at its destination.

We have X ~ N(5.7, 0.5%). First, we must find the value zsuch that P(Z < z) = 0.99.
Following our methodology, we find that the required table area is TA = 0.99 — 0.5 =
0.49, and the corresponding z value is 2.33. Transforming the z value to an x value,
we get x = p + zo = 5.7 + (2.33)(0.5) = 6.865. Thus, the plane should be loaded
with 6.865 tons of fuel to give a 0.99 probability that the fuel will last throughout the
flight. The transformation is shown in Figure 4-15.

FIGURE 4-15 Solution of Example 4-9

X Area = 0.01

Area (0.99\_,
57 6.865

Z[| Area=0.01

Area 0.99
0 2.33
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Weekly sales of Campbell’s soup cans at a grocery store are believed to be approxi-
mately normally distributed with mean 2,450 and standard deviation 400. The store
management wants to find two values, symmetrically on either side of the mean, such
that there will be a 0.95 probability that sales of soup cans during the week will be
between the two values. Such information is useful in determining levels of orders
and stock.

Here X~ N(2,450, 400?). From the section on the standard normal random variable, we
know how to find two values of Z such that the area under the curve between them is
0.95 (or any other area). We find that z = 1.96 and z = —1.96 are the required values.
We now need to use equation 4-6. Since there are fwo values, one the negative of the
other, we may combine them in a single transformation:

x=pn=*zo (4-7)

Applying this special formula we get x = 2,450 + (1.96)(400) = 1,666 and 3,234.
Thus, management may be 95% sure that sales on any given week will be between
1,666 and 3,234 units.

EXAMPLE 4-10

Solution

The procedure of obtaining values of a normal random variable, given a proba-
bility, is summarized:

1. Draw a picture of the normal distribution in question and the standard normal
distribution.

2. In the picture, shade in the area corresponding to the probability.

w

. Use the table to find the zvalue (or values) that gives the required probability.

4. Use the transformation from Zto Xto get the appropriate value (or values) of
the original normal random variable.

PROBLEMS

4-38. If Xis a normally distributed random variable with mean 120 and standard
deviation 44, find a value x such that the probability that X will be less than xis 0.56.

4-39. For a normal random variable with mean 16.5 and standard deviation 0.8,
find a point of the distribution such that there is a 0.85 probability that the value of
the random variable will be above it.

4-40. For a normal random variable with mean 19,500 and standard deviation 400,
find a point of the distribution such that the probability that the random variable will
exceed this value is 0.02.

4-41. Find two values of the normal random variable with mean 88 and standard
deviation 5 lying symmetrically on either side of the mean and covering an area of
0.98 between them.

4-42. For X~ N(32, 72), find two values x, and x,, symmetrically lying on each side
of the mean, with P(x, < X< x,) = 0.99.
4-43. If Xis a normally distributed random variable with mean —61 and standard

deviation 22, find the value such that the probability that the random variable will be
above it is 0.25.

4-44. If Xis a normally distributed random variable with mean 97 and standard
deviation 10, find x, such that P(102 < X < x,) = 0.05.
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4-45. Let X be a normally distributed random variable with mean 600 and variance
10,000. Find two values x; and x, such that P(X > x;) = 0.01 and P(X < x,) = 0.05.

4-46. DPierre operates a currency exchange office at Orly Airport in Paris. His
office is open at night when the airport bank is closed, and he makes most of his
business on returning U.S. tourists who need to change their remaining euros back
to U.S. dollars. From experience, Pierre knows that the demand for dollars on any
given night during high season is approximately normally distributed with mean
$25,000 and standard deviation $5,000. If Pierre carries too much cash in dollars
overnight, he pays a penalty: interest on the cash. On the other hand, if he runs short
of cash during the night, he needs to send a person downtown to an all-night financial
agency to get the required cash. This, too, is costly to him. Therefore, Pierre would
like to carry overnight an amount of money such that the demand on 85% of the
nights will not exceed this amount. Can you help Pierre find the required amount of
dollars to carry?

4-47. The demand for high-grade gasoline at a service station is normally distrib-
uted with mean 27,009 gallons per day and standard deviation 4,530. Find two values
that will give a symmetric 0.95 probability interval for the amount of high-grade
gasoline demanded daily.

4-48. The percentage of protein in a certain brand of dog food is a normally dis-
tributed random variable with mean 11.2% and standard deviation 0.6%. The manu-
facturer would like to state on the package that the product has a protein content of
at least x,% and no more than x,%. It wants the statement to be true for 99% of the
packages sold. Determine the values x, and x,.

4-49. Private consumption as a share of GDP is a random quantity that follows a
roughly normal distribution. According to an article in BusinessWeek, for the United
States that was about 71%.% Assuming that this value is the mean of a normal distri-
bution, and that the standard deviation of the distribution is 3%, what is the value of
private consumption as share of GDP such that you are 90% sure that the actual
value falls below it?

4-50. The daily price of coffee is approximately normally distributed over a period
of 15 days with a mean in April 2007 of $1.35 per pound (on the wholesale market)
and standard deviation of $0.15. Find a price such that the probability in the next
15 days that the price will go below it will be 0.90.

4-51. The daily price in dollars per metric ton of cocoa in 2007 was normally dis-
tributed with u = $2,014 per metric ton and o = $2.00. Find a price such that the
probability that the actual price will be above it is 0.80.

4-6 The Template

This normal distribution template is shown in Figure 4-16. As usual, it can be used in
conjunction with the Goal Seek command and the Solver tool to solve many types of
problems.

To use the template, make sure that the correct values are entered for the mean
and the standard deviation in cells B4 and C4. Cell B11 gives the area to the left of the
value entered in cell C11. The five cells below C11 can be similarly used. Cell F11 gives
the area to the right of the value entered in cell E11. Cell 111 contains the area between
the values entered in cells H11 and J11. In the area marked “Inverse Calculations,”
you can input areas (probabilities) and get x values corresponding to those areas. For
example, on entering 0.9 in cell B25, we get the x value of 102.56 in cell C25. This
implies that the area to the left of 102.56 is 0.9. Similarly, cell F25 has been used to
get the x value that has 0.9 area to its right.

®Dexter Roberts, “Slower to Spend,” BusinessWeek, April 30, 2007, p. 34.
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FIGURE 4-16 Normal Distribution Template
[Normal Distribution.xls; Sheet: Normal]
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Sometimes we are interested in getting the narrowest interval that contains a
desired amount of area. A little thought reveals that the narrowest interval has to be
symmetric about the mean, because the distribution is symmetric and it peaks at
the mean. In later chapters, we will study confidence intervals, many of which are also
the narrowest intervals that contain a desired amount of area. Naturally, these confi-
dence intervals are symmetric about the mean. For this reason, we have the “Symmetric
Intervals” area in the template. Once the desired area is entered in cell 126, the limits
of the symmetric interval that contains that much area appear in cells H26 and J26.
In the example shown in the Figure 4-16, the symmetric interval (94.85, 105.15) con-
tains the desired area of 0.99.

Problem Solving with the Template

Most questions about normal random variables can be answered using the template
in Figure 4-16. We will see a few problem-solving strategies through examples.

Suppose X ~ N(100, 22). Find x, such that P(99 = X = x)) = 60%.

Fill in cell B4 with the mean 100 and cell C4 with standard deviation 2. Fill in cell
H11 with 99. Then on the Data tab, in the Data Tools group, click What If Analysis,
and then click Goal Seek. In the dialog box, ask to set cell I11 to value 0.6 by chang-
ing cell J11. Click OK when the computer finds the answer. The required value of
102.66 for x, appears in cell J11.

EXAMPLE 4-11

Solution
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EXAMPLE 4-12

Solution

Suppose X ~ N(u, 0.5?); P(X > 16.5) = 0.20. What is p.?

Enter the o of 0.5 in cell C4. Since we do not know p, enter a guessed value of 15 in
cell B4. Then enter 16.5 in cell F11. Now invoke the Goal Seek command to set cell
F11 to value 0.20 by changing cell B4. The computer finds the value of p in cell B4
to be 16.08.

The Goal Seek command can be used if there is only one unknown. With more
than one unknown, the Solver tool has to be used. We shall illustrate the use of the
Solver in the next example.

EXAMPLE 4-13

Solution

Suppose X ~ N(u, 0%); P(X > 28) = 0.80; P(X > 32) = 0.40. What are p and o?

One way to solve this problem is to use the Solver to find . and o with the objective
of making P(X > 28) = 0.80 subject to the constraint P(X > 32) = 0.40. The follow-
ing detailed steps will do just that:

o Fill in cell B4 with 30 (which is a guessed value for p).

o Fill in cell C4 with 2 (which is a guessed value for o).

e Fill in cell E11 with 28.

e Fill in cell E12 with 32.

e Under the Analysis group on the Data tab select the Solver.

e In the Set Cell box enter F11.

e In the To Value box enter 0.80 [which sets up the objective of
P(X > 28) = 0.80].

e In the By Changing Cells box enter B4 : C4.

e Click on the Constraints box and the Add button.

¢ In the dialog box on the left-hand side enter F12.

o Select the = sign in the middle drop down box.

o Enter 0.40 in the right-hand-side box [which sets up the constraint of
P(X > 32) = 0.40].

e Click the OK button.

¢ In the Solver dialog box that reappears, click the Solve button.

o In the dialog box that appears at the end, select the Keep Solver Solution option.

The Solver finds the correct values for the cells B4 and C4 as p = 31.08 and o = 3.67.

EXAMPLE 4-14

A customer who has ordered 1-inch-diameter pins in bulk will buy only those pins
with diameters in the interval 1 = 0.003 inches. An automatic machine produces pins
whose diameters are normally distributed with mean 1.002 inches and standard devi-
ation 0.0011 inch.

1. What percentage of the pins made by the machine will be acceptable to the
customer?

2. If the machine is adjusted so that the mean of the pins made by the machine is
reset to 1.000 inch, what percentage of the pins will be acceptable to the
customer?

3. Looking at the answer to parts 1 and 2, can we say that the machine must be reset?
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L. Enter p = 1.002 and ¢ = 0.0011 into the template. From the template P(0.997 <
X < 1.003) = 0.8183. Thus, 81.83% of the pins will be acceptable to the
consumer.

2. Change p to 1.000 in the template. Now, P(0.997 < X < 1.003) = 0.9936.
Thus, 99.36% of the pins will be acceptable to the consumer.

3. Resetting the machine has considerably increased the percentage of pins
acceptable to the consumer. Therefore, resetting the machine is highly desirable.

© The McGraw-Hill
Companies, 2009
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4-7 Normal Approximation of Binomial Distributions

When the number of trials z in a binomial distribution is large (>1,000), the calcula-
tion of probabilities becomes difficult for the computer, because the calculation
encounters some numbers that are too large and some that are too small to handle
with needed accuracy. Fortunately, the binomial distribution approaches the normal
distribution as n increases and therefore we can approximate it as a normal distribu-
tion. Note that the mean is np and the standard deviation is V' np(1 — p). The tem-
plate is shown in Figure 4-17. When the values for n and p of the binomial
distribution are entered in cells B4 and C4, the mean and the standard deviation of
the corresponding normal distribution are calculated in cells E4 and F4. The rest of
the template is similar to the normal distribution template we already saw.
Whenever a binomial distribution is approximated as a normal distribution,
a continuity correction is required because a binomial is discrete and a normal
is continuous. Thus, a column in the histogram of a binomial distribution for, say,
X =10, covers, in the continuous sense, the interval [9.5, 10.5]. Similarly, if we
include the columns for X = 10, 11, and 12, then in the continuous case, the bars
occupy the interval [9.5, 12.5], as seen in Figure 4-18. Therefore, when we calculate

FIGURE 4-17 The Template for Normal Approximation of Binomial Distribution
[Normal Distribution.xls; Sheet: Normal Approximation]
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FIGURE 4-18 Continuity Correction

P(x)
and

f(x)

10 11 12
9.5 12.5

the binomial probability of an interval, say, P(195 = X = 255), we should subtract 0.5
Jfrom the left limit and add 0.5 to the right limit to get the corresponding normal proba-
bility, namely, P(194.5 < X < 255.5). Adding and subtracting 0.5 in this manner is
known as the continuity correction. In Figure 4-17, this correction has been applied in
cells H11 and J11. Cell I11 has the binomial probability of P(195 = X = 255).

EXAMPLE 4-15

Solution

A total of 2,058 students take a difficult test. Each student has an independent 0.6205
probability of passing the test.

a. What is the probability that between 1,250 and 1,300 students, both numbers
inclusive, will pass the test?

b. What is the probability that at least 1,300 students will pass the test?

¢. If the probability of at least 1,300 students passing the test has to be at least 0.5,
what is the minimum value for the probability of each student passing the test?

a. On the template for normal approximation, enter 2,058 for z and 0.6205 for p.
Enter 1,249.5 in cell H11 and 1,300.5 in cell J11. The answer 0.7514 appears in
cell I11.

b. Enter 1,299.5 in cell E11. The answer 0.1533 appears in cell F11.

¢. Use the Goal Seek command to set cell F11 to value 0.5 by changing cell C4.
The computer finds the answer as p = 0.6314.

PROBLEMS

In the following problems, use a normal distribution to compute the required prob-
abilities. In each problem, also state the assumptions necessary for a binomial
distribution, and indicate whether the assumptions are reasonable.

4-52. The manager of a restaurant knows from experience that 70% of the people
who make reservations for the evening show up for dinner. The manager decides one
evening to overbook and accept 20 reservations when only 15 tables are available.
What is the probability that more than 15 parties will show up?

4-53. An advertising research study indicates that 40% of the viewers exposed to an
advertisement try the product during the following four months. If 100 people are
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exposed to the ad, what is the probability that at least 20 of them will try the product
in the following four months?

4-54. According to The Economist, 77.9% of Google stockholders have voting
power.”If 2,000 stockholders are gathered in a meeting, what is the probability that at
least 1,500 of them can vote?

4-55. Sixty percent of the managers who enroll in a special training program will
successfully complete the program. If a large company sends 328 of its managers to
enroll in the program, what is the probability that at least 200 of them will pass?

4-56. A large state university sends recruiters throughout the state to recruit gradu-
ating high school seniors to enroll in the university. University records show that 25%
of the students who are interviewed by the recruiters actually enroll. If last spring the
university recruiters interviewed 1,889 graduating seniors, what is the probability
that at least 500 of them will enroll this fall?

4-57. According to Fortune, Missouri is within 500 miles of 44% of all U.S. manu-
facturing plants.® If a Missouri company needs parts manufactured in 122 different
plants, what is the probability that at least half of them can be found within 500 miles
of the state? (Assume independence of parts and of plants.)

4-58. According to Money, 59% of full-time workers believe that technology has length-
ened their workday.? If 200 workers are randomly chosen, what is the probability that at
least 120 of them believe that technology has lengthened their workday?

4-8 Using the Computer

Using Excel Functions for a Normal Distribution

In addition to the templates discussed in this chapter, you can use the built-in func-
tions of Excel to evaluate probabilities for normal random variables.

The NORMDIST function returns the normal distribution for the specified mean and
standard deviation. In the formula NORMDIST (x, mean, stdev, cumulative),x
is the value for which you want the distribution, mean is the arithmetic mean of the distri-
bution, stdev is the standard deviation of the distribution, and cumulative is a logical value
that determines the form of the function. If cumulative is TRUE, NORMDIST returns
the cumulative distribution function; if FALSE, it returns the probability density function.
For example, NORMDIST (102,100, 2, TRUE) will return the area to the left of 102 in
anormal distribution with mean 100 and standard deviation 2. This value is 0.8413.
NORMDIST (102,100,2,FALSE) will return the density function f{x), which is not
needed for most practical purposes.

NORMSDIST (z) returns the standard normal cumulative distribution function,
which means the area to the left of zin a standard normal distribution. You can use
this function in place of a table of standard normal curve areas. For example
NORMSDIST (1) will return the value 0.8413.

NORMINV (probability, mean, stdev) returns the inverse of the normal
cumulative distribution for the specified mean and standard deviation. For example
NORMINV (0.8413, 100, 2) will return the value of x on the normal distribution
with mean 100 and standard deviation 2 for which P(X = x) = 0.8413. The value of
xis 102.

The function NORMSINV (Probability) returns the inverse of the standard
normal cumulative distribution. For example, the formula NORMSINV (0.8413) will
return the value 1, for which P(Z = 1) = 0.8413.

7“Our Company Right or Wrong,” The Economist, March 17, 2007, p. 77.
8«“Missouri,” Fortune, March 19, 2007, p. 177.
“Jean Chatzky, “Confessions of an E-Mail Addict,” Money, March 28, 2007, p. 28.
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FIGURE 4-19 Using MINITAB for Generating Cumulative and Inverse Cumulative Distribution
Functions of a Normal Distribution

EL Session
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Calculate probabilities from a narmal distribution

Using MINITAB for a Normal Distribution

As in the previous chapter, choose Calc » Probability Distributions » Normal from
the menu. The Normal Distribution dialog box will appear. Using the items available
in the dialog box, you can choose to calculate probabilities, cumulative probabilities,
or inverse cumulative probabilities for a normal distribution. You also need to specify
the mean and standard deviation of the normal distribution. In the input section the
values for which you aim to obtain probability densities, cumulative probabilities, or
inverse cumulative probabilities are specified. These values can be a constant or a set
of values that have been defined in a column. Then press OK to observe the obtained
result in the Session window. Figure 4-19 shows the Session commands for obtaining
the cumulative distribution in a standard normal distribution as well as a normal dis-
tribution with mean 100 and standard deviation 2. It also shows the dialog box and
Session commands for obtaining inverse cumulative probabilities for a normal distri-
bution with mean 100 and standard deviation 2.

4-9 Summary and Review of Terms

In this chapter, we discussed the normal probability distribution, the most impor-
tant probability distribution in statistics. We defined the standard normal random
variable as the normal random variable with mean 0 and standard deviation 1. We saw
how to use a table of probabilities for the standard normal random variable and how to
transform a normal random variable with any mean and any standard deviation to the
standard normal random variable by using the normal transformation.

We also saw how the standard normal random variable may, in turn, be trans-
formed into any other normal random variable with a specified mean and standard
deviation, and how this allows us to find values of a normal random variable that con-
form with some probability statement. We discussed a method of determining the
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mean and/or the standard deviation of a normal random variable from probability
statements about the random variable. We saw how the normal distribution is used as
a model in many real-world situations, both as the true distribution (a continuous one)
and as an approximation to discrete distributions. In particular, we illustrated the use
of the normal distribution as an approximation to the binomial distribution.

In the following chapters, we will make much use of the material presented here.
Most statistical theory relies on the normal distribution and on distributions that are
derived from it.

© The McGraw-Hill
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ADDITIONAL PROBLEMS

4-59. The time, in hours, that a copying machine may work without breaking
down is a normally distributed random variable with mean 549 and standard devia-
tion 68. Find the probability that the machine will work for at least 500 hours without
breaking down.

4-60. The yield, in tons of ore per day, at a given coal mine is approximately nor-
mally distributed with mean 785 tons and standard deviation 60. Find the probability
that at least 800 tons of ore will be mined on a given day. Find the proportion of
working days in which anywhere from 750 to 850 tons is mined. Find the probability
that on a given day, the yield will be below 665 tons.

4-61. Scores on a management aptitude examination are believed to be normally dis-
tributed with mean 650 (out of a total of 800 possible points) and standard deviation 50.
What is the probability that a randomly chosen manager will achieve a score above
700? What is the probability that the score will be below 750?

4-62. The price of a share of Kraft stock is normally distributed with mean 33.30
and standard deviation 6.1 What is the probability that on a randomly chosen day in
the period for which our assumptions are made, the price of the stock will be more
than $40 per share? Less than $30 per share?

4-63. The amount of oil pumped daily at Standard Oil’s facilities in Prudhoe Bay is
normally distributed with mean 800,000 barrels and standard deviation 10,000. In
determining the amount of oil the company must report as its lower limit of daily
production, the company wants to choose an amount such that for 80% of the days,
at least the reported amount x is produced. Determine the value of the lower limit x.

4-64. An analyst believes that the price of an IBM stock is a normally distributed
random variable with mean $105 and variance 24. The analyst would like to deter-
mine a value such that there is a 0.90 probability that the price of the stock will be
greater than that value.!! Find the required value.

4-65. Weekly rates of return (on an annualized basis) for certain securities over a
given period are believed to be normally distributed with mean 8.00% and variance
0.25. Give two values x; and x, such that you are 95% sure that annualized weekly
returns will be between the two values.

4-66. The impact of a television commercial, measured in terms of excess sales
volume over a given period, is believed to be approximately normally distributed
with mean 50,000 and variance 9,000,000. Find 0.99 probability bounds on the
volume of excess sales that would result from a given airing of the commercial.

4-67. A travel agency believes that the number of people who sign up for tours to
Hawaii during the Christmas—New Year’s holiday season is an approximately nor-
mally distributed random variable with mean 2,348 and standard deviation 762. For
reservation purposes, the agency’s management wants to find the number of people

"Inferred from data in “Business Day,” The New York Times, April 4, 2007, p. C11.
UInferred from data in “Business Day,” The New York Times, March 14, 2007, p. C10.
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such that the probability is 0.85 that at least that many people will sign up. It also
needs 0.80 probability bounds on the number of people who will sign up for the trip.

4-68. A loans manager at a large bank believes that the percentage of her cus-
tomers who default on their loans during each quarter is an approximately normally
distributed random variable with mean 12.1% and standard deviation 2.5%. Give a
lower bound x with 0.75 probability that the percentage of people defaulting on their
loans is at least x. Also give an upper bound x" with 0.75 probability that the percent-
age of loan defaulters is below «'.

4-69. The power generated by a solar electric generator is normally distributed
with mean 15.6 kilowatts and standard deviation of 4.1 kilowatts. We may be 95%
sure that the generator will deliver at least how many kilowatts?

4-70. Short-term rates fluctuate daily. It may be assumed that the yield for 90-day
Treasury bills in early 2007 was approximately normally distributed with mean 4.92%
and standard deviation 0.3%."2 Find a value such that 95% of the time during that
period the yield of 90-day T-bills was below this value.

4-71. In quality-control projects, engineers use charts where item values are plotted
and compared with 3-standard-deviation bounds above and below the mean for the
process. When items are found to fall outside the bounds, they are considered non-
conforming, and the process is stopped when “too many” items are out of bounds.
Assuming a normal distribution of item values, what percentage of values would you
expect to be out of bounds when the process is in control? Accordingly, how would
you define “too many”? What do you think is the rationale for this practice?

4-72. Total annual textbook sales in a certain discipline are normally distributed.
Forty-five percent of the time, sales are above 671,000 copies, and 10% of the time,
sales are above 712,000 copies. Find the mean and the variance of annual sales.

4-73. Typing speed on a new kind of keyboard for people at a certain stage in their
training program is approximately normally distributed. The probability that the
speed of a given trainee will be greater than 65 words per minute is 0.45. The prob-
ability that the speed will be more than 70 words per minute is 0.15. Find the mean
and the standard deviation of typing speed.

4-74. The number of people responding to a mailed information brochure on
cruises of the Royal Viking Line through an agency in San Francisco is approxi-
mately normally distributed. The agency found that 10% of the time, over 1,000 peo-
ple respond immediately after a mailing, and 50% of the time, at least 650 people
respond right after the mailing. Find the mean and the standard deviation of the
number of people who respond following a mailing.

4-75. The Tourist Delivery Program was developed by several European automak-
ers. In this program, a tourist from outside Europe—most are from the United
States—may purchase an automobile in Europe and drive it in Europe for as long as
six months, after which the manufacturer will ship the car to the tourist’s home desti-
nation at no additional cost. In addition to the time limitations imposed, some coun-
tries impose mileage restrictions so that tourists will not misuse the privileges of the
program. In setting the limitation, some countries use a normal distribution assump-
tion. It is believed that the number of kilometers driven by a tourist in the program is
normally distributed with mean 4,500 and standard deviation 1,800. If a country
wants to set the mileage limit at a point such that 80% of the tourists in the program
will want to drive fewer kilometers, what should the limit be?

4-76. The number of newspapers demanded daily in a large metropolitan area is
believed to be an approximately normally distributed random variable. If more
newspapers are demanded than are printed, the paper suffers an opportunity loss,

2From “Business Day,” The New York Times, March 14, 2007, p. C11.
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in that it could have sold more papers, and a loss of public goodwill. On the other
hand, if more papers are printed than will be demanded, the unsold papers are
returned to the newspaper office at a loss. Suppose that management believes that
guarding against the first type of error, unmet demand, is most important and
would like to set the number of papers printed at a level such that 75% of the time,
demand for newspapers will be lower than that point. How many papers should be
printed daily if the average demand is 34,750 papers and the standard deviation of
demand is 3,5607?

4-77. The Federal Funds rate in spring 2007 was approximately normal with p =
5.25% and o = 0.05%. Find the probability that the rate on a given day will be less
than 1.1%.%

4-78. Thirty-year fixed mortgage rates in April 2007 seemed normally distributed
with mean 6.17%." The standard deviation is believed to be 0.25%. Find a bound such
that the probability that the actual rate obtained will be this number or below it is 90%.

4-79. A project consists of three phases to be completed one after the other. The
duration of each phase, in days, is normally distributed as follows: Duration of Phase
I ~ N(84, 3%); Duration of Phase IT ~ N(102, 4?); Duration of Phase III ~ N(62, 22).
The durations are independent.

a. Find the distribution of the project duration. Report the mean and the
standard deviation.

b. If the project duration exceeds 250 days, a penalty will be assessed. What
is the probability that the project will be completed within 250 days?

¢. If the project is completed within 240 days, a bonus will be earned. What
is the probability that the project will be completed within 240 days?

4-80. The GMAT scores of students who are potential applicants to a university are
normally distributed with a mean of 487 and a standard deviation of 98.

a. What percentage of students will have scores exceeding 500?

b. What percentage of students will have scores between 600 and 700?

¢. If the university wants only the top 75% of the students to be eligible to
apply, what should be the minimum GMAT score specified for eligibility?

d. Find the narrowest interval that will contain 75% of the students’ scores.

e. Find x such that the interval [x, 2x] will contain 75% of the students’
scores. (There are two answers. See if you can find them both.)

4-81. The profit (or loss) from an investment is normally distributed with a mean
of $11,200 and a standard deviation of $8,250.

a. What is the probability that there will be a loss rather than a profit?

b. What is the probability that the profit will be between $10,000 and
$20,000?

¢. Find x such that the probability that the profit will exceed x is 25%.

d. If the loss exceeds $10,000 the company will have to borrow additional
cash. What is the probability that the company will have to borrow addi-
tional cash?

e. Calculate the value at risk.

4-82. The weight of connecting rods used in an automobile engine is to be closely
controlled to minimize vibrations. The specification is that each rod must be 974 + 1.2

grams. The half-width of the specified interval, namely, 1.2 grams, is known as the
tolerance. The manufacturing process at a plant produces rods whose weights are

Bwww.federalreserve.gov

““Figures of the Week,” BusinessWeek, April 30, 2007, p. 95.
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normally distributed with a mean p of 973.8 grams and a standard deviation o of
0.32 grams.

a. What proportion of the rods produced by this process will be acceptable
according to the specification?

b. The process capability index, denoted by C,, is given by the formula

Tolerance
%= "3

Calculate C, for this process.
¢. Would you say a larger value or a smaller value of C, is preferable?

d. The mean of the process is 973.8 grams, which does not coincide with the
target value of 974 grams. The difference between the two is the offset,
defined as the difference and therefore always positive. Clearly, as the
offset increases, the chances of a part going outside the specification limits
increase. To take into account the effect of the offset, another index,
denoted by G, is defined as

Offset

3*o

Cpk = C/’ -

Calculate G for this process.

e. Suppose the process is adjusted so that the offset is zero, and ¢ remains at
0.32 gram. Now, what proportion of the parts made by the process will
fall within specification limits?

J Aprocesshasa C,of 1.2 and a G, of 0.9. What proportion of the parts pro-
duced by the process will fall within specification limits? (Hint: One way to
proceed is to assume that the target value is, say, 1,000, and o = 1. Next,
find the tolerance, the specification limits, and the offset. You should then
be able to answer the question.)

4-83. A restaurant has three sources of revenue: eat-in orders, takeout orders, and
the bar. The daily revenue from each source is normally distributed with mean and
standard deviation shown in the table below.

Mean Standard Deviation
Eat in $5,780 $142
Takeout 641 78
Bar 712 72

a. Will the total revenue on a day be normally distributed?

b. What are the mean and standard deviation of the total revenue on a par-
ticular day?

¢. What is the probability that the revenue will exceed $7,000 on a particu-
lar day?
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company supplies pins in bulk to a customer.
AThe company uses an automatic lathe to pro-

duce the pins. Due to many causes—vibration,
temperature, wear and tear, and the like—the lengths of
the pins made by the machine are normally distributed
with a mean of 1.012 inches and a standard deviation of
0.018 inch. The customer will buy only those pins with
lengths in the interval 1.00 = 0.02 inch. In other words,
the customer wants the length to be 1.00 inch but will
accept up to 0.02 inch deviation on either side. This
0.02 inch is known as the folerance.

A
fl

1. What percentage of the pins will be acceptable to
the consumer?

In order to improve percentage accepted, the produc-
tion manager and the engineers discuss adjusting the
population mean and standard deviation of the length
of the pins.

2. If the lathe can be adjusted to have the mean of
the lengths to any desired value, what should it
be adjusted to? Why?

3. Suppose the mean cannot be adjusted, but the
standard deviation can be reduced. What
maximum value of the standard deviation would
make 90% of the parts acceptable to the
consumer? (Assume the mean to be 1.012.)

< e
el aniini
il i
company sells precision grinding machines to four
Acustomers in four different countries. It has just
signed a contract to sell, two months from now, a
batch of these machines to each customer. The following
table shows the number of machines (batch quantity) to
be delivered to the four customers. The selling price of the
machine is fixed in the local currency, and the company
plans to convert the local currency at the exchange rate
prevailing at the time of delivery. As usual, there is uncer-
tainty in the exchange rates. The sales department esti-
mates the exchange rate for each currency and its
standard deviation, expected at the time of delivery, as
shown in the table. Assume that the exchange rates are
normally distributed and independent.

© The McGraw-Hill
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4. Repeat question 3, with 95% and 99% of the pins
acceptable.
5. In practice, which one do you think is easier to

adjust, the mean or the standard deviation?
Why?

The production manager then considers the costs
involved. The cost of resetting the machine to adjust the
population mean involves the engineers’ time and the
cost of production time lost. The cost of reducing
the population standard deviation involves, in addition
to these costs, the cost of overhauling the machine and
reengineering the process.

6. Assume it costs $150 #? to decrease the standard
deviation by (x/1000) inch. Find the cost of
reducing the standard deviation to the values
found in questions 3 and 4.

7. Now assume that the mean has been adjusted
to the best value found in question 2 at a cost
of $80. Calculate the reduction in standard
deviation necessary to have 90%, 95%, and 99%
of the parts acceptable. Calculate the respective
costs, as in question 6.

8. Based on your answers to questions 6 and 7, what
are your recommended mean and standard

deviation?
Exchange Rate
Batch Selling Standard
Customer Quantity Price Mean Deviation
1 12 £57,810 $1.41/£ $0.041/£
2 8 ¥ 8,640,540 $0.00904/¥ $0.00045/¥
3 5 €97,800 $0.824/€  $0.0342/€
4 2 R 4,015,000 $0.0211/R  $0.00083/R

1. Find the distribution of the uncertain revenue
from the contract in U.S. dollars. Report the
mean, the variance, and the standard deviation.

2. What is the probability that the revenue will
exceed $2,250,000?
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. What is the probability that the revenue will be

less than $2,150,000?

. To remove the uncertainty in the revenue

amount, the sales manager of the company
looks for someone who would assume the risk.
An international bank offers to pay a sure sum
of $2,150,000 in return for the revenue in local
currencies. What useful facts can you tell the
sales manager about the offer, without involving
any of your personal judgment?

. What is your recommendation to the sales

manager, based on your personal judgment?

. If the sales manager is willing to accept the

bank’s offer, but the CEO of the company is not,
who is more risk-averse?

. Suppose the company accepts the bank’s offer.

Now consider the bank’s risk, assuming that the
bank will convert all currencies into U.S. dollars

10.

11.

12.

© The McGraw-Hill
Companies, 2009

at the prevailing exchange rates. What is the
probability that the bank will incur a loss?

The bank defines its value at risk as the loss that
occurs at the 5th percentile of the uncertain
revenue. What is the bank’s value at risk?

What is the bank’s expected profit?

Express the value at risk as a percentage of the
expected profit. Based on this percentage, what
is your evaluation of the risk faced by the bank?
Suppose the bank does not plan to convert all
currencies into U.S. dollars, but plans to spend
or save them as local currency or convert them
into some other needed currency. Will this
increase or decrease the risk faced by the bank?
Based on the answer to part 11, is the
assumption (made in parts 7 to 10) that the bank
will convert all currencies into U.S. dollars a
good assumption?
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LEARNING OBJECTIVES

After studying this chapter, you should be able to:

Take random samples from populations.

Distinguish between population parameters and sample statistics.
Apply the central limit theorem.

Derive sampling distributions of sample means and proportions.

Explain why sample statistics are good estimators of
population parameters.

Judge one estimator as better than another based on desirable
properties of estimators.

Apply the concept of degrees of freedom.
Identify special sampling methods.

Compute sampling distributions and related results using
templates.
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5-1 Using Statistics

‘ E Statistics is a science of inference. It is the science
of generalization from a part (the randomly
= chosen sample) to the whole (the population).!

Recall from Chapter 1 that the population is
the entire collection of measurements in which we are interested, and the sample is
a smaller set of measurements selected from the population. A random sample of
n elements is a sample selected from the population in such a way that every set of
n elements is as likely to be selected as any other set of n elements.? It is important
that the sample be drawn randomly from the entire population under study. This
increases the likelihood that our sample will be truly representative of the population
of interest and minimizes the chance of errors. As we will see in this chapter, random
sampling also allows us to compute the probabilities of sampling errors, thus provid-
ing us with knowledge of the degree of accuracy of our sampling results. The need
to sample correctly is best illustrated by the well-known story of the Literary Digest
(see page 182).

In 1936, the widely quoted Literary Digest embarked on the project of predicting
the results of the presidential election to be held that year. The magazine boasted it
would predict, to within a fraction of the percentage of the votes, the winner of the
election—incumbent President Franklin Delano Roosevelt or the Republican gover-
nor of Kansas, Alfred M. Landon. The Digest tried to gather a sample of staggering
proportion—10 million voters! One problem with the survey was that only a fraction
of the people sampled, 2.3 million, actually provided the requested information.
Should a link have existed between a person’s inclination to answer the survey and
his or her voting preference, the results of the survey would have been biased: slanted
toward the voting preference of those who did answer. Whether such a link did exist
in the case of the Digest is not known. (This problem, nonresponse bias, is discussed in
Chapter 16.) A very serious problem with the Digest’s poll, and one known to have
affected the results, is the following.

The sample of voters chosen by the Literary Digest was obtained from lists of
telephone numbers, automobile registrations, and names of Digest readers. Remember
that this was 1936—not as many people owned phones or cars as today, and those
who did tended to be wealthier and more likely to vote Republican (and the same
goes for readers of the Digesi). The selection procedure for the sample of voters was
thus biased (slanted toward one kind of voter) because the sample was not randomly
chosen from the entire population of voters. Figure 5-1 demonstrates a correct sam-
pling procedure versus the sampling procedure used by the Literary Digest.

As aresult of the Digest error, the magazine does not exist today; it went bankrupt
soon after the 1936 election. Some say that hindsight is useful and that today we
know more statistics, making it easy for us to deride mistakes made more than 60 years
ago. Interestingly enough, however, the ideas of sampling bias were understood in
1936. A few weeks before the election, a small article in The New York Times criticized
the methodology of the Digest poll. Few paid it any attention.

'Not all of statistics concerns inferences about populations. One branch of statistics, called descriptive statistics, deals
with describing data sets—possibly with no interest in an underlying population. The descriptive statistics of Chapter 1,
when 7ot used for inference, fall in this category.

This is the definition of simple random sampling, and we will assume throughout that all our samples are simple random
samples. Other methods of sampling are discussed in Chapter 6.
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Digest Poll Gives Landon 32 States
Landon Leads 4-3 in Last Digest Poll

States, and will lead President Roosevelt
370 Electoral Votes to 161 for about four to three in their share of the
President Roosevelt popular vote, if the final figures in The
Governor Landon will win the elec- Literary Digest poll, made public yes-
tion by an electoral vote of 370 to 161, terday, are verified by the count of the
will carry thirty-two of the forty-eight ballots next Tuesday.

Final Tabulation Gives Him

The New York Times, October 30, 1936. Copyright © 1936 by The New York Times
Company. Reprinted by permission.

Roosevelt’s Plurality Is 11,000,000
History's Largest Poll
46 States Won by President,
Maine and Vermont by Landon
Many Phases to Victory

Democratic Landslide Looked Upon
as Striking Personal Triumph for
Roosevelt
By Arthur Krock

As the count of ballots cast Tuesday in
the 1936 Presidential election moved
toward completion yesterday, these
facts appeared:

Franklin Delano Roosevelt was re-
elected President, and John N. Garner

and electoral majority since the United
States became a continental nation—a
margin of approximately 11,000,000
plurality of all votes cast, and 523 votes
in the electoral college to 8 won by the
Republican  Presidential candidate,
Governor Alfred M. Landon of Kansas.
The latter carried only Maine and
Vermont of the forty-eight States of the
Union . . ..

Vice President, by the largest popular

The New York Times, November 5, 1936. Copyright © 1936 by The New York Times
Company. Reprinted by permission.

Sampling is very useful in many situations besides political polling, including
business and other areas where we need to obtain information about some popula-
tion. Our information often leads to a decision. There are also situations, as demon-
strated by the examples in the introduction to this book, where we are interested in
a process rather than a single population. One such process is the relationship between
advertising and sales. In these more involved situations, we still make the assumption
of an underlying population—here, the population of pairs of possible advertising and
sales values. Conclusions about the process are reached based on information in our
data, which are assumed to constitute a random sample from the entire population.
The ideas of a population and of a random sample drawn from the population are
thus essential to all inferential statistics.
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FIGURE 5-1 A Good Sampling Procedure and the One Used by the Literary Digest

A Good Sampling Procedure

Sample

Sample is randomly chosen from
the entire population

e IR

The Literary Digest Poll

Sample is chosen from
the population of
people who have
phones and/or

cars and/or are Digest
readers

Sample

Democrats ‘R‘epublicans

Population

People who
have phones and/or cars
and/or are Digest readers

In statistical inference we are concerned with populations; the samples are of no
interest to us in their own right. We wish to use our known random sample in the
extraction of information about the unknown population from which it is drawn.
The information we extract is in the form of summary statistics: a sample mean, a
sample standard deviation, or other measures computed from the sample. A statistic
such as the sample mean is considered an estimator of a population parameter—the
population mean. In the next section, we discuss and define sample estimators and
population parameters. Then we explore the relationship between statistics and param-
eters via the sampling distribution. Finally, we discuss desirable properties of statistical
estimators.

5-2 Sample Statistics as Estimators
of Population Parameters

A population may be a large, sometimes infinite, collection of elements. The popula-
tion has a frequency distribution—the distribution of the frequencies of occurrence of its
elements. The population distribution, when stated in relative frequencies, is also the
probability distribution of the population. This is so because the relative frequency of
a value in the population is also the probability of obtaining the particular value
when an element is randomly drawn from the entire population. As with random
variables, we may associate with a population its mean and its standard deviation.

© The McGraw-Hill
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In the case of populations, the mean and the standard deviation are called parameters.
They are denoted by w and o, respectively.

A numerical measure of a population is called a population parameter, or
simply a parameter.

Recall that in Chapter 4 we referred to the mean and the standard deviation of a nor-
mal probability distribution as the distribution parameters. Here we view parameters as
descriptive measures of populations. Inference drawn about a population parameter
is based on sample statistics.

A numerical measure of the sample is called a sample statistic, or simply
a statistic.

Population parameters are estimated by sample statistics. When a sample statistic is
used to estimate a population parameter, the statistic is called an estimator of the
parameter.

An estimator of a population parameter is a sample statistic used to esti-
mate the parameter. An estimate of the parameter is a particular numerical
value of the estimator obtained by sampling. When a single value is used
as an estimate, the estimate is called a point estimate of the population
parameter.

The sample mean X is the sample statistic used as an estimator of the population
mean p. Once we sample from the population and obtain a value of X (using equa-
tion 1-1), we will have obtained a particular sample mean; we will denote this par-
ticular value by x. We may have, for example, ¥ = 12.53. This value is our estimate
of p. The estimate is a point estimate because it constitutes a single number. In this
chapter, every estimate will be a point estimate—a single number that, we hope, lies
close to the population parameter it estimates. Chapter 6 is entirely devoted to the
concept of an interval estimate—an estimate constituting an interval of numbers rather
than a single number. An interval estimate is an interval believed likely to contain
the unknown population parameter. It conveys more information than just the point
estimate on which it is based.

In addition to the sample mean, which estimates the population mean, other sta-
tistics are useful. The sample variance S? is used as an estimator of the population
variance o2. A particular estimate obtained will be denoted by s2. (This estimate is
computed from the data using equation 1-3 or an equivalent formula.)

As demonstrated by the political polling example with which we opened this
chapter, interest often centers not on a mean or standard deviation of a population,
but rather on a population proportion. The population proportion parameter is also
called a binomial proportion parameter.

The population proportion p is equal to the number of elements in the
population belonging to the category of interest, divided by the total
number of elements in the population.

The population proportion of voters for Governor Landon in 1936, for example,
was the number of people who intended to vote for the candidate, divided by the
total number of voters. The estimator of the population proportion p is the sample
proportion P, defined as the number of binomial successes in the sample (i.e., the num-
ber of elements in the sample that belong to the category of interest), divided by the
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sample size n. A particular estimate of the population proportion p is the sample
proportion p.

The sample proportion is
A X

P=n (-1

where x is the number of elements in the sample found to belong to the
category of interest and n is the sample size.

Suppose that we want to estimate the proportion of consumers in a certain area who
are users of a certain product. The (unknown) population proportion is p. We esti-
mate p by the statistic P, the sample proportion. Suppose a random sample of 100
consumers in the area reveals that 26 are users of the product. Our point estimate of
pisthen p = x/n=26/100 = 0.26. As another example, let’s look at a very important
problem, whose seriousness became apparent in early 2007, when more than a dozen
dogs and cats in the United States became sick, and some died, after being fed pet
food contaminated with an unknown additive originating in China. The culprit was
melamine, an artificial additive derived from coal, which Chinese manufacturers
have been adding to animal feed, and it was the cause of the death of pets and has even
caused problems with the safety of eating farm products.? The wider problem of just
how this harmful additive ended up in animal feed consumed in the United States is
clearly statistical in nature, and it could have been prevented by effective use of sam-
pling. It turned out that in the whole of 2006, Food and Drug Administration (FDA)
inspectors sampled only 20,662 shipments out of 8.9 million arriving at American
ports.* While this sampling percentage is small (about 0.2%), in this chapter you will
learn that correct scientific sampling methods do not require larger samples, and good
information can be gleaned from random samples of this size when they truly repre-
sent the population of all shipments. Suppose that this had indeed been done, and
that 853 of the sampled shipments contained melamine. What is the sample estimate
of the proportion of all shipments to the United States tainted with melamine? Using
equation 5-1, we see that the estimate is 853/20,662 = 0.0413, or about 4.13%.
In summary, we have the following estimation relationships:

Estimator Population
(Sample Statistic) Parameter
-
X estimates [
—_
§? estimates a?
~ —)
P estimates p

Let us consider sampling to estimate the population mean, and let us try to visu-
alize how this is done. Consider a population with a certain frequency distribution.
The frequency distribution of the values of the population is the probability distribu-
tion of the value of an element in the population, drawn at random. Figure 5-2 shows
a frequency distribution of some population and the population mean p. If we knew
the exact frequency distribution of the population, we would be able to determine
directly in the same way we determine the mean of a random variable when we
know its probability distribution. In reality, the frequency distribution of a popula-
tion is not known; neither is the mean of the population. We try to estimate the pop-
ulation mean by the sample mean, computed from a random sample. Figure 5-2
shows the values of a random sample obtained from the population and the resulting
sample mean ¥, computed from the data.

3Alexei Barrionuevo, “U.S. Says Some Chicken Feed Tainted,” The New York Times, May 1, 2007, p. C6.
*Alexei Barrionuevo, “Food Imports Often Escape Scrutiny,” The New York Times, May 1, 2007, p. C1.
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FIGURE 5-2 A Population Distribution, a Random Sample from the Population, and Their
Respective Means

Frequency distribution

Sample mean of the

— population

yii
Population

. mean
Sample points

In this example, x happens to lie close to w, the population parameter it esti-
mates, although this does not always happen. The sample statistic X is a random
variable whose actual value depends on the particular random sample obtained. The
random variable X has a relatively high probability of being close to the population
mean it estimates, and it has decreasing probabilities of falling farther and farther
from the population mean. Similarly, the sample statistic S'is a random variable with
a relatively high probability of being close to o, the population parameter it estimates.
Also, when sampling for a population proportion p, the estimator P has a relatively
high probability of being close to p. How high a probability, and how close to the
parameter? The answer to this question is the main topic of this chapter, presented in
the next section. Before discussing this important topic, we will say a few things about
the mechanics of obtaining random samples.

Obtaining a Random Sample

All along we have been referring to random samples. We have stressed the importance
of the fact that our sample should always be drawn randomly from the entire popula-
tion about which we wish to draw an inference. How do we draw a random sample?

To obtain a random sample from the entire population, we need a list of all the ele-
ments in the population of interest. Such a list is called a frame. The frame allows us
to draw elements from the population by randomly generating the numbers of the
elements to be included in the sample. Suppose we need a simple random sample of
100 people from a population of 7,000. We make a list of all 7,000 people and assign
each person an identification number. This gives us a list of 7,000 numbers—our frame
for the experiment. Then we generate by computer or by other means a set of 100 ran-
dom numbers in the range of values from 1 to 7,000. This procedure gives every set
of 100 people in the population an equal chance of being included in the sample.

As mentioned, a computer (or an advanced calculator) may be used for generat-
ing random numbers. We will demonstrate an alternative method of choosing ran-
dom numbers—a random number table. Table 5-1 is a part of such a table. A random
number table is given in Appendix C as Table 14. To use the table, we start at any
point, pick a number from the table, and continue in the same row or the same col-
umn (it does not matter which), systematically picking out numbers with the number
of digits appropriate for our needs. If a number is outside our range of required num-
bers, we ignore it. We also ignore any number already obtained.

For example, suppose that we need a random sample of 10 data points from a pop-
ulation with a total of 600 elements. This means that we need 10 random drawings of
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TABLE 5-1 Random Numbers

10480 15011 01536 02011 81647 91646 69179 14194
22368 46573 25595 85393 30995 89198 27982 53402
24130 48360 22527 97265 76393 64809 15179 24830
42167 93093 06243 61680 07856 16376 93440 53537
37570 39975 81837 16656 06121 91782 60468 81305
77921 06907 11008 42751 27756 53498 18602 70659

elements from our frame of 1 through 600. To do this, we note that the number 600
has three digits; therefore, we draw random numbers with three digits. Since our
population has only 600 units, however, we ignore any number greater than 600 and
take the next number, assuming it falls in our range. Let us decide arbitrarily to
choose the first three digits in each set of five digits in Table 5-1; and we proceed by
row, starting in the first row and moving to the second row, continuing until we have
obtained our 10 required random numbers. We get the following random numbers:
104, 150, 15, 20, 816 (discard), 916 (discard), 691 (discard), 141, 223, 465, 255, 853
(discard), 309, 891 (discard), 279. Our random sample will, therefore, consist of the
elements with serial numbers 104, 150, 15, 20, 141, 223, 465, 255, 309, and 279. A
similar procedure would be used for obtaining the random sample of 100 people
from the population of 7,000 mentioned earlier. Random number tables are included
in books of statistical tables.

In many situations obtaining a frame of the elements in the population is impos-
sible. In such situations we may still randomize some aspect of the experiment and
thus obtain a random sample. For example, we may randomize the location and the
time and date of the collection of our observations, as well as other factors involved.
In estimating the average miles-per-gallon rating of an automobile, for example, we
may randomly choose the dates and times of our trial runs as well as the particular
automobiles used, the drivers, the roads used, and so on.

Other Sampling Methods

Sometimes a population may consist of distinct subpopulations, and including a cer-
tain number of samples from each subpopulation may be useful. For example, the
students at a university may consist of 54% women and 46% men. We know that men
and women may have very different opinions on the topic of a particular survey. Thus
having proper representation of men and women in the random sample is desirable.
If the total sample size is going to be 100, then a proper representation would mean
54 women and 46 men. Accordingly, the 54 women may be selected at random from
a frame of only women students, and the 46 men may be selected similarly. Together
they will make up a random sample of 100 with proper representation. This method
of sampling is called stratified sampling.

In a stratified sampling the population is partitioned into two or more
subpopulations called strata, and from each stratum a desired number of
samples are selected at random.

Each stratum must be distinct in that it differs from other strata in some aspect that is
relevant to the sampling experiment. Otherwise, stratification would yield no benefit.
Besides sex, another common distinction between strata is their individual variances.
For example, suppose we are interested in estimating the average income of all the
families in a city. Three strata are possible: high-income, medium-income, and low-
income families. High-income families may have a large variance in their incomes,
medium-income families a smaller variance, and low-income families the least variance.
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Then, by properly representing the three strata in a stratified sampling process, we
can achieve a greater accuracy in the estimate than by a regular sampling process.

Sometimes, we may have to deviate from the regular sampling process for practi-
cal reasons. For example, suppose we want to find the average opinion of all voters in
the state of Michigan on a state legislation issue. Assume that the budget for the sam-
pling experiment is limited. A normal random sampling process will choose voters
all over the state. It would be too costly to visit and interview every selected voter.
Instead, we could choose a certain number of counties at random and from within the
chosen counties select voters at random. This way, the travel will be restricted to chosen
counties only. This method of sampling is called cluster sampling. Each county in
our example is a cluster. After choosing a cluster at random if we sample every item or
person in that cluster, then the method would be single-stage cluster sampling. If
we choose a cluster at random and select items or people at random within the chosen
clusters, as mentioned in our example, then that is two-stage cluster sampling.
Multistage cluster sampling is also possible. For example, we might choose counties
at random, then choose townships at random within the chosen counties, and finally
choose voters at random within the chosen townships.

At times, the frame we have for a sampling experiment may itself be in random
order. In such cases we could do a systematic sampling. Suppose we have a list of
3,000 customers and the order of customers in the list is random. Assume that we need
a random sample of 100 customers. We first note that 3,000/100 = 30. We then pick a
number between 1 and 30 at random—say, 18. We select the 18th customer in the list
and from there on, we pick every 30th customer in the list. In other words, we pick the
18th, 48th, 78th, and so on. In general, if Nis the population size and 7 is the sample
size, let N/n= kwhere kis a rounded integer. We pick a number at random between 1
and k-say, [ We then pick the kth, ({ + k)th, ({ + 2k)th, . . ., items from the frame.

Systematic sampling may also be employed when a frame cannot be prepared.
For example, a call center manager may want to select calls at random for monitor-
ing purposes. Here a frame is impossible but the calls can reasonably be assumed to
arrive in a random sequence, thus justifying a systematic selection of calls. Starting at
arandomly selected time, one may choose every £th call where £ depends on the call
volume and the sample size desired.

Nonresponse

Nonresponse to sample surveys is one of the most serious problems that occur in
practical applications of sampling methodology. The example of polling Jewish peo-
ple, many of whom do not answer the phone on Saturday, mentioned in the New York
Times article in 2003 (see Chapter 1), is a case in point. The problem is one of loss of
information. For example, suppose that a survey questionnaire dealing with some
issue is mailed to a randomly chosen sample of 500 people and that only 300 people
respond to the survey. The question is: What can you say about the 200 people who
did not respond? This is a very important question, and there is no immediate answer
to it, precisely because the people did not respond; we know nothing about them.
Suppose that the questionnaire asks for a yes or no answer to a particular public issue
over which people have differing views, and we want to estimate the proportion of
people who would respond yes. People may have such strong views about the issue
that those who would respond no may refuse to respond altogether. In this case, the
200 nonrespondents to our survey will contain a higher proportion of “no” answers
than the 300 responses we have. But, again, we would not know about this. The result
will be a bias. How can we compensate for such a possible bias?

We may want to consider the population as made up of two strata: the respon-
dents’ stratum and the nonrespondents’ stratum. In the original survey, we managed
to sample only the respondents’ stratum, and this caused the bias. What we need to do
is to obtain a random sample from the nonrespondents’ stratum. This is easier said than
done. Still, there are ways we can at least reduce the bias and get some idea about the
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proportion of “yes” answers in the nonresponse stratum. This entails callbacks:
returning to the nonrespondents and asking them again. In some mail questionnaires,
it is common to send several requests for response, and these reduce the uncertainty.
There may, however, be hard-core refusers who just do not want to answer the
questionnaire. Such people are likely to have very distinct views about the issue in
question, and if you leave them out, there will be a significant bias in your conclu-
sions. In such a situation, gathering a small random sample of the hard-core refusers
and offering them some monetary reward for their answers may be useful. In cases
where people may find the question embarrassing or may worry about revealing
their personal views, a random-response mechanism whereby the respondent ran-
domly answers one of two questions—one the sensitive question, and the other an
innocuous question of no relevance—may elicit answers. The interviewer does not
know which question any particular respondent answered but does know the proba-
bility of answering the sensitive question. This still allows for computation of the
aggregated response to the sensitive question while protecting any given respondent’s
privacy.

© The McGraw-Hill
Companies, 2009

189

PROBLEMS

5-1. Discuss the concepts of a parameter, a sample statistic, an estimator, and an
estimate. What are the relations among these entities?

5-2. An auditor selected a random sample of 12 accounts from all accounts receiv-
able of a given firm. The amounts of the accounts, in dollars, are as follows: 87.50,
123.10, 45.30, 52.22, 213.00, 155.00, 39.00, 76.05, 49.80, 99.99, 132.00, 102.11. Com-
pute an estimate of the mean amount of all accounts receivable. Give an estimate of
the variance of all the amounts.

5-3. Inproblem 5-2, suppose the auditor wants to estimate the proportion of all the
firm’s accounts receivable with amounts over $100. Give a point estimate of this
parameter.

5-4. An article in the New York Times describes an interesting business phenomenon.
The owners of small businesses tend to pay themselves much smaller salaries than
they would earn had they been working for someone else.” Suppose that a random
sample of small business owners’ monthly salaries, in dollars, are as follows: 1,000,
1,200, 1,700, 900, 2,100, 2,300, 830, 2,180, 1,300, 3,300, 7,150, 1,500. Compute point
estimates of the mean and the standard deviation of the population monthly salaries of
small business owners.

5-5. Starbucks regularly introduces new coffee drinks and attempts to evaluate
how these drinks fare by estimating the price its franchises can charge for them
and sell enough cups to justify marketing the drink.% Suppose the following random
sample of prices a new drink sells for in New York (in dollars) is available:
4.50, 4.25, 4.10, 4.75, 4.80, 3.90, 4.20, 4.55, 4.65, 4.85, 3.85, 4.15, 4.85, 3.95, 4.30,
4.60, 4.00. Compute the sample estimators of the population mean and standard
deviation.

5-6. A market research worker interviewed a random sample of 18 people about
their use of a certain product. The results, in terms of Y or N (for Yes, a user of the
product, or No, not a user of the product), are as follows: YNNYYYNYNYYY
N Y NY Y N. Estimate the population proportion of users of the product.

°Eva Tahmincioglu, “When the Boss Is Last in Line for a Paycheck,” The New York Times, March 22, 2007, p. C5.
“Burt Helm, “Saving Starbucks’ Soul,” BusinessWeek, April 9, 2007, p. 56.
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5-7. Use a random number table (you may use Table 5-1) to find identification
numbers of elements to be used in a random sample of size 7 = 25 from a population
of 950 elements.

5-8. Find five random numbers from 0 to 5,600.

5-9. Assume that you have a frame of 40 million voters (something the Literary
Digest should have had for an unbiased polling). Randomly generate the numbers of
five sampled voters.

5-10. Suppose you need to sample the concentration of a chemical in a production
process that goes on continuously 24 hours per day, 7 days per week. You need to
generate a random sample of six observations of the process over a period of one
week. Use a computer, a calculator, or a random number table to generate the six
observation times (to the nearest minute).

5-3 Sampling Distributions

The sampling distribution of a statistic is the probability distribution of
all possible values the statistic may take when computed from random
samples of the same size, drawn from a specified population.

Let us first look at the sample mean X. The sample mean is a random variable. The
possible values of this random variable depend on the possible values of the elements
in the random sample from which X is to be computed. The random sample, in turn,
depends on the distribution of the population from which it is drawn. As a random
variable, X has a probability distribution. This probability distribution is the sampling
distribution of X.

The sampling distribution of X is the probability distribution of all possi-
ble values the random variable X may take when a sample of size n is taken
from a specified population.

Let us derive the sampling distribution of X in the simple case of drawing a sample
of size n = 2 items from a population uniformly distributed over the integers 1
through 8. That is, we have a large population consisting of equal proportions of the
values 1 to 8. At each draw, there is a 1/8 probability of obtaining any of the values 1
through 8 (alternatively, we may assume there are only eight elements, 1 through 8,
and that the sampling is done with replacement). The sample space of the values of
the two sample points drawn from this population is given in Table 5-2. This is an
example. In real situations, sample sizes are much larger.

TABLE 5-2 Possible Values of Two Sample Points from a Uniform Population of
the Integers 1 through 8

2:?&: First Sample Point
Point ] ) 3 . S . 8 .
1 1,1 2,1 3,1 4,1 51 6,1 71 8,1
2 1,2 2,2 3,2 4,2 52 6,2 7,2 8,2
3 1,3 2,3 3,3 4,3 53 6,3 7.3 8,3
4 1,4 2,4 3,4 4,4 54 6,4 7,4 8,4
5 1,5 2,5 3,5 4,5 55 6,5 7,5 8,5
6 1,6 2,6 3,6 4,6 5,6 6,6 7,6 8,6
7 1,7 2,7 3,7 4,7 57 6,7 7,7 8,7
8 1,8 2,8 3,8 4,8 58 6,8 7,8 8,8
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TABLE 5-3 The Sampling Distribution of X for a Sample of Size 2 from a
Uniformly Distributed Population of the Integers 1 to 8

Particular V

1
1.5
2
2.5
3
3.5
4
45

alue X

Probability of X

1/64
2/64
3/64
4/64
5/64
6/64
7/64
8/64

Particular Value x

5
5.5
6
6.5
7
7.5
8

Probability of x

7/64
6/64
5/64
4/64
3/64
2/64
1/64

1.00

Using the sample space from the table, we will now find all possible values of the
sample mean X and their probabilities. We compute these probabilities, using the fact
that all 64 sample pairs shown are equally likely. This is so because the population is uni-
formly distributed and because in random sampling each drawing is independent of the
other; therefore, the probability of a given pair of sample points is the product (1/8)(1/8) =
1/64. From Table 5-2, we compute the sample mean associated with each of the 64 pairs
of numbers and find the probability of occurrence of each value of the sample mean. The
values and their probabilities are given in Table 5-3. The table thus gives us the sam-
pling distribution of X in this particular sampling situation. Verify the values in Table 5-3
using the sample space given in Table 5-2. Figure 5-3 shows the uniform distribution of
the population and the sampling distribution of X, as listed in Table 5-3.

Let us find the mean and the standard deviation of the population. We can do this
by treating the population as a random variable (the random variable being the value
of a single item randomly drawn from the population; each of the values 1 through 8
has a 1/8 probability of being drawn). Using the appropriate equations from Chapter 3,

we find p = 4.5 and o = 2.29 (verify these results).

Now let us find the expected value and the standard deviation of the random vari-
able X. Using the sampling distribution listed in Table 5-3, we find E(X) = 4.5 and
o, = 1.62 (verify these values by computation). Note that the expected value of X
is equal to the mean of the population; each is equal to 4.5. The standard deviation of
X, denoted 0, is equal to 1.62, and the population standard deviation o is 2.29.
But observe an interesting fact: 2.29/V2 = 1.62. The facts we have discovered in this
example are not an accident—they hold in all cases. The expected value of the sample

FIGURE 5-3 The Population Distribution and the Sampling Distribution of the Sample Mean
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mean X is equal to the population mean p and the standard deviation of X is equal
to the population standard deviation divided by the square root of the sample size.
Sometimes the estimated standard deviation of a statistic is called its standard error.

The expected value of the sample mean is”

E(X) = n (5-2)
The standard deviation of the sample mean is®
SD(X) = o, = a/Vn (5-3)

We know the two parameters of the sampling distribution of X: We know the
mean of the distribution (the expected value of X) and we know its standard
deviation. What about the shape of the sampling distribution? If the population itself
is normally distributed, the sampling distribution of X is also normal.

When sampling is done from a normal distribution with mean p. and standard
deviation o, the sample mean X has a normal sampling distribution:

X ~ N(u, o?/n) (5-4)

Thus, when we sample from a normally distributed population with mean p and
standard deviation o, the sample mean has a normal distribution with the same center,
1, as the population but with width (standard deviation) that is 1/V/n the size of the
width of the population distribution. This is demonstrated in Figure 5-4, which
shows a normal population distribution and the sampling distribution of X for differ-
ent sample sizes.

The fact that the sampling distribution of X has mean p is very important. It means
that, on the average, the sample mean is equal to the population mean. The distribution of
the statistic is centered on the parameter to be estimated, and this makes the statistic X a
good estimator of . This fact will become clearer in the next section, where we discuss
estimators and their properties. The fact that the standard deviation of X is o/ V7
means that as the sample size increases, the standard deviation of X decreases, making X
more likely to be close to p. This is another desirable property of a good estimator, to
be discussed later. Finally, when the sampling distribution of X is normal, this allows
us to compute probabilities that X will be within specified distances of w. What
happens in cases where the population itself is 7ot normally distributed?

In Figure 5-3, we saw the sampling distribution of X when sampling is done
from a uniformly distributed population and with a sample of size n = 2. Let us now
see what happens as we increase the sample size. Figure 5-5 shows results of a sim-
ulation giving the sampling distribution of X when the sample size is 7 = 5, when the
sample size is n = 20, and the limiting distribution of X—the distribution of X as the
sample size increases indefinitely. As can be seen from the figure, the limiting distri-
bution of X is, again, the normal distribution.

"The proof of equation 5-2 relies on the fact that the expected value of the sum of several random variables is equal
to the sum of their expected values. Also, from equation 3-6 we know that the expected value of aX, where ais a number,
is equal to a times the expected value of X. We also know that the expected value of each element X drawn from the pop-
ulation is equal to p, the population mean. Using these facts, we find the following: E(X) = EXX/n) = (1/n)EXX) =
(1/n)np = .

8The proof of equation 5-3 relies on the fact that, when several random variables are independent (as happens in ran-
dom sampling), the variance of the sum of the random variables is equal to the sum of their variances. Also, from equa-
tion 3-10, we know that the variance of aXis equal to a?V(X). The variance of each X drawn from the population is equal

to 0. Using these facts, we find V(X) = V(EX/n) = (1/0%(S0?) = (1/n)*(nc?) = ¢*/n. Hence, SD (X) = o/Vn.
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FIGURE 5-4 A Normally Distributed Population and the Sampling Distribution of the Sample
Mean for Different Sample Sizes

Sampling distribution of X
/ forn=2

/ Normal population

> Value

FIGURE 5-5 The Sampling Distribution of X as the Sample Size Increases
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The Central Limit Theorem

The result we just stated—that the distribution of the sample mean X tends to the nor-
mal distribution as the sample size increases—is one of the most important results in
statistics. It is known as the central limit theorem.

The Central Limit Theorem (and additional properties)

When sampling is done from a population with mean p and finite standard
deviation o, the sampling distribution of the sample mean X will tend to a
normal distribution with mean p and standard deviation o/Vn as the
sample size n becomes large.

For “large enough” n X ~ N(, o%/n) (5-5)

The central limit theorem is remarkable because it states that the distribution of
the sample mean X tends to a normal distribution regardless of the distribution of the
population from which the random sample is drawn. The theorem allows us to make
probability statements about the possible range of values the sample mean may take.
It allows us to compute probabilities of how far away X may be from the population
mean it estimates. For example, using our rule of thumb for the normal distribution,
we know that the probability that the distance between X and p will be less than
o/V/n is approximately 0.68. This is so because, as you remember, the probability
that the value of a normal random variable will be within 1 standard deviation of its
mean is 0.6826; here our normal random variable has mean p and standard deviation
o/V'n. Other probability statements can be made as well; we will see their use shortly.
When is a sample size n “large enough” that we may apply the theorem?

The central limit theorem says that, in the limit, as n goes to infinity (n — ), the dis-
tribution of X becomes a normal distribution (regardless of the distribution of the popu-
lation). The rate at which the distribution approaches a normal distribution does depend,
however, on the shape of the distribution of the parent population. If the population itself
is normally distributed, the distribution of X is normal for any sample size n, as stated
earlier. On the other hand, for population distributions that are very different from a
normal distribution, a relatively large sample size is required to achieve a good normal
approximation for the distribution of X. Figure 5-6 shows several parent population dis-
tributions and the resulting sampling distributions of X for different sample sizes.

Since we often do not know the shape of the population distribution, some gen-
eral rule of thumb telling us when a sample is large enough that we may apply the
central limit theorem would be useful.

In general, a sample of 30 or more elements is considered large enough
for the central limit theorem to take effect.

We emphasize that this is a general, and somewhat arbitrary, rule. A larger mini-
mum sample size may be required for a good normal approximation when the popu-
lation distribution is very different from a normal distribution. By the same token, a
smaller minimum sample size may suffice for a good normal approximation when
the population distribution is close to a normal distribution.

Throughout this book, we will make reference to small samples versus large samples.
By a small sample, we generally mean a sample of fewer than 30 elements. A large sam-
ple will generally mean a sample of 30 or more elements. The results we will discuss as
applicable for large samples will be more meaningful, however, the larger the sample
size. (By the central limit theorem, the larger the sample size, the better the approxima-
tion offered by the normal distribution.) The “30 rule” should, therefore, be applied with
caution. Let us now look at an example of the use of the central limit theorem.
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FIGURE 5-6 The Effects of the Central Limit Theorem: The Distribution of X for Different
Populations and Different Sample Sizes

Normal Uniform Right-skewed
Parent
population:
Distribution of X:
n=10 /\ /\ /\
Mercury makes a 2.4-liter V-6 engine, the Laser XRi, used in speedboats. The com- EXAMPLE 5-1

pany’s engineers believe that the engine delivers an average power of 220 horse-
power and that the standard deviation of power delivered is 15 horsepower. A
potential buyer intends to sample 100 engines (each engine to be run a single time).
What is the probability that the sample mean X will be less than 217 horsepower?

In solving problems such as this one, we use the techniques of Chapter 4. There we Solution
used . as the mean of the normal random variable and ¢ as its standard deviation.

Here our random variable X is normal (at least approximately so, by the central

limit theorem because our sample size is large) and has mean . Note, however,

that the standard deviation of our random variable X is ¢/V/n and not just o. We

proceed as follows:

_ _ 217 —
P(X<217) = P<Z< 70/\/;1 >

917 — 220
= P<Z < > = P(Z < —2) = 0.0228
15/\/100

Thus, if the population mean is indeed p = 220 horsepower and the standard devia-
tion is ¢ = 15 horsepower, the probability that the potential buyer’s tests will result in
a sample mean less than 217 horsepower is rather small.
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FIGURE 5-7 A (Nonnormal) Population Distribution and the Normal Sampling Distribution
of the Sample Mean When a Large Sample Is Used

Density
y ~ Normal
distribution of X oyin

o 1 _
Standard deviation of X

Standard deviation
of population

Distribution of population

>

Value

U <————— Mean of both population and X

Figure 5-7 should help clarify the distinction between the population distribution
and the sampling distribution of X. The figure emphasizes the three aspects of the
central limit theorem:

1. When the sample size is large enough, the sampling distribution of X is
normal.

2. The expected value of X is p.
3. The standard deviation of X is o/ V/n.

The last statement is the key to the important fact that as the sample size increases,
the variation of X about its mean p decreases. Stated another way, as we buy more
information (take a larger sample), our uncertainty (measured by the standard devia-
tion) about the parameter being estimated decreases.

EXAMPLE 5-2

Eastern-Based Financial Institutions
Second-Quarter EPS and Statistical Summary

Corporation EPS (3) Summary

Bank of New York 2.53 Sample size 13
Bank Boston 4.38 Mean EPS 4.7377
Banker’s Trust NY 7.53 Median EPS 4.3500
Chase Manhattan 7.53 Standard deviation 2.4346
Citicorp 7.93

Fleet 4.35

MBNA 1.50

Mellon 2.75

JP Morgan 7.25

PNC Bank 3.11

Republic Bank 7.44

State Street Bank 2.04

Summit 3.25

This example shows random samples from the data above. Here 100 random sam-
ples of five banks each are chosen with replacement. The mean for each sample is
computed, and a frequency distribution is drawn. Note the shape of this distribution

(Figure 5-8).
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RS6 RS7 RS8
4.35 7.93 2.04
1.50 2.53 3.25
793 7.53 435
7.25 275 7.53
311 3.25 4.35

RS9
7.53
3.25
2.04
3.1
2.04

RS 10 RS 11
2.04 7.53
3.25 3.1
7.53 275
793 1.50
7.53 7.53
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RS12RS 13 RS14RS 15 RS 16 RS 17 RS 18 RS 19 RS 20

3.1
7.53
1.50
7.53
2.75

3.25
7.53
3.25
1.50
7.53

2.75
2.53
3.25
3.1
7.44

7.44
4.35
7.44
2.53
3.11

7.44 204 253 793 7.53
7.53 3.11 435 438 3.11
7.53 7.53 435 725 3.25
7.53 1.50 1.50 435 253
3.25 311 438 3.25 3.1

4.65

RS 21
3.11
2.04
3.25
4.38
2.75

4.93

RS 22 RS 23 RS 24 RS 25 RS 26 RS 27 RS 28 RS 29

1.50
2.04
1.50
3.25
2.75

4.25 3

275 7
7.53 2
2.04 4
7.53 2
793 2

.70

.53
.04
.38
.53
.75

5.25

7.44
4.35
2.75
4.35
2.04

4.83 4.80 4.30

7.93 253 793

1.50

3.11 1.50

7.53 3.25 3.11

2.75

7.25 7.93

2.75 1.50 1.50

3.59

7.53
7.53
4.38
7.44
3.11

5.66 4.48

RS 30 RS 31
438 7.93
7.53 793
2.53 275
3.11 793
744 3.1

4.48

4.61

3.82

4.97

6.66 3.46 3.42 543 391

RS 32 RS 33 RS 34 RS 35 RS 36 RS 37 RS 38 RS 39 RS 40

7.93
7.53
4.35
7.53
3.11

7.44
3.25
4.38
3.25
7.44

4.35
7.25
7.25
4.35
7.53
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FIGURE 5-8 EPS Mean Distribution—Excel Output
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Figure 5-8 shows a graph of the means of the samples from the banks’ data using
Excel.

The History of the Central Limit Theorem

What we call the central limit theorem actually comprises several theorems developed
over the years. The first such theorem was discussed at the beginning of Chapter 4 as
the discovery of the normal curve by Abraham De Moivre in 1733. Recall that De
Moivre discovered the normal distribution as the limit of the binomial distribution.
The fact that the normal distribution appears as a limit of the binomial distribution as
n increases is a form of the central limit theorem. Around the turn of the twentieth
century, Liapunov gave a more general form of the central limit theorem, and in 1922
the final form we use in applied statistics was given by Lindeberg. The proof of the
necessary condition of the theorem was given in 1935 by W. Feller [see W. Feller, An
Introduction to Probability Theory and Iis Applications (New York: Wiley, 1971), vol. 2]. A
proof of the central limit theorem is beyond the scope of this book, but the interested
reader is encouraged to read more about it in the given reference or in other books.

The Standardized Sampling Distribution of the Sample Mean
When o Is Not Known
To use the central limit theorem, we need to know the population standard deviation,

0. When o is not known, we use its estimator, the sample standard deviation .S, in its
place. In such cases, the distribution of the standardized statistic

X-p
/v

(5-6)

(where S'is used in place of the unknown o) is no longer the standard normal distribution.
If the population itself is normally distributed, the statistic in equation 5-6 has at distribution with
n — 7 degrees of freedom. The t distribution has wider tails than the standard normal distri-
bution. Values and probabilities of ¢ distributions with different degrees of freedom are
given in Table 3 in Appendix C. The ¢distribution and its uses will be discussed in detail
in Chapter 6. The idea of degrees of freedom is explained in section 5-5 of this chapter.

The Sampling Distribution of the Sample Proportion P

The sampling distribution of the sample proportion Pis based on the binomial distri-
bution with parameters n and p, where 7 is the sample size and p is the population
proportion. Recall that the binomial random variable X counts the number of suc-
cesses in 7 trials. Since P = X/n and nis fixed (determined before the sampling), the
distribution of the number of successes X leads to the distribution of P.

As the sample size increases, the central limit theorem applies here as well. Figure 5-9
shows the effects of the central limit theorem for a binomial distribution with p=0.3.
The distribution is skewed to the right for small values of n but becomes more sym-
metric and approaches the normal distribution as 7 increases.

We now state the central limit theorem when sampling for the population
proportion p.

As the sample size n increases, the sampling distribution of P approaches a
normal distribution with mean p and standard deviation Vp(1 — p)/n.

(The estimated standard deviation of Pis also called its standard error)) In order for us
to use the normal approximation for the sampling distribution of ﬁ, the sample size
needs to be large. A commonly used rule of thumb says that the normal approxima-
tion to the distribution of P may be used only if both np and n(1 — p) are greater than 5.
We demonstrate the use of the theorem with Example 5-3.
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FIGURE 5-9 The Sampling Distribution of P When p = 0.3, as n Increases
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In recent years, convertible sport coupes have become very popular in Japan. Toyota
is currently shipping Celicas to Los Angeles, where a customizer does a roof lift and
ships them back to Japan. Suppose that 25% of all Japanese in a given income and
lifestyle category are interested in buying Celica convertibles. A random sample of 100
Japanese consumers in the category of interest is to be selected. What is the probability
that at least 20% of those in the sample will express an interest in a Celica convertible?

We need P(P = 0.20). Since np = 100(0.25) = 25 and n(1 — p) = 100(0.75) = 75,
both numbers greater than 5, we may use the normal approximation to the distribution
of P. The mean of Pis p = 0.25, and the standard deviation of Pis V/ p(1 — p)/n =
0.0433. We have

0.20 — 0.25
20) = P|Z= """
0.20) ( 0.0433

~»
%

Pl )P@>—umomw

EXAMPLE 5-3

Solution
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Sampling distributions are essential to statistics. In the following chapters, we will
make much use of the distributions discussed in this section, as well as others that will
be introduced as we go along. In the next section, we discuss properties of good
estimators.

PROBLEMS

5-11. What is a sampling distribution, and what are the uses of sampling distributions?

5-12. A sample of size n = 5 is selected from a population. Under what conditions
is the sampling distribution of X normal?

5-13. In problem 5-12, suppose the population mean is . = 125 and the population
standard deviation is 20. What are the expected value and the standard deviation of X?

5-14. What is the most significant aspect of the central limit theorem?

5-15. Under what conditions is the central limit theorem most useful in sampling
to estimate the population mean?

5-16. What are the limitations of small samples?

5-17. When sampling is done from a population with population proportion
p = 0.1, using a sample size n = 2,what is the sampling distribution of P? Is it reason-
able to use a normal approximation for this sampling distribution? Explain.

5-18. If the population mean is 1,247, the population variance is 10,000, and the
sample size is 100, what is the probability that X will be less than 1,230?

5-19. When sampling is from a population with standard deviation ¢ = 55, using
a sample of size n = 150, what is the probability that X will be at least 8 units away
from the population mean p.?

5-20. The Colosseum, once the most popular monument in Rome, dates from
about AD 70. Since then, earthquakes have caused considerable damage to the huge
structure, and engineers are currently trying to make sure the building will survive
future shocks. The Colosseum can be divided into several thousand small sections.
Suppose that the average section can withstand a quake measuring 3.4 on the Richter
scale with a standard deviation of 1.5. A random sample of 100 sections is selected and
tested for the maximum earthquake force they can withstand. What is the probability
that the average section in the sample can withstand an earthquake measuring at least
3.6 on the Richter scale?

5-21. According to Money, in the year prior to March 2007, the average return for
firms of the S&P 500 was 13.1%.% Assume that the standard deviation of returns was
1.2%. If a random sample of 36 companies in the S&P 500 is selected, what is the
probability that their average return for this period will be between 12% and 15%?

5-22. An economist wishes to estimate the average family income in a certain pop-
ulation. The population standard deviation is known to be $4,500, and the economist
uses a random sample of size n = 225. What is the probability that the sample mean
will fall within $800 of the population mean?

5-23. When sampling is done for the proportion of defective items in a large ship-
ment, where the population proportion is 0.18 and the sample size is 200, what is the
probability that the sample proportion will be at least 0.20?

5-24. A study of the investment industry claims that 58% of all mutual funds out-
performed the stock market as a whole last year. An analyst wants to test this claim
and obtains a random sample of 250 mutual funds. The analyst finds that only 123

9“Market Benchmarks,” Money, March 2007, p. 128.
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of the funds outperformed the market during the year. Determine the probability that
another random sample would lead to a sample proportion as low as or lower than
the one obtained by the analyst, assuming the proportion of all mutual funds that out-
performed the market is indeed 0.58.

5-25. According to a recent article in Worth, the average price of a house on Marco
Island, Florida, is $2.6 million.” Assume that the standard deviation of the prices is
$400,000. A random sample of 75 houses is taken and the average price is computed.
What is the probability that the sample mean exceeds $3 million?

5-26. It has been suggested that an investment portfolio selected randomly by
throwing darts at the stock market page of The Wall Street Journal may be a sound (and
certainly well-diversified) investment.!! Suppose that you own such a portfolio of 16
stocks randomly selected from all stocks listed on the New York Stock Exchange
(NYSE). On a certain day, you hear on the news that the average stock on the NYSE
rose 1.5 points. Assuming that the standard deviation of stock price movements that
day was 2 points and assuming stock price movements were normally distributed
around their mean of 1.5, what is the probability that the average stock price of your
portfolio increased?

5-27. An advertisement for Citicorp Insurance Services, Inc., claims “one person in
seven will be hospitalized this year.” Suppose you keep track of a random sample of
180 people over an entire year. Assuming Citicorp’s advertisement is correct, what is
the probability that fewer than 10% of the people in your sample will be found to
have been hospitalized (at least once) during the year? Explain.

5-28. Shimano mountain bikes are displayed in chic clothing boutiques in Milan,
Italy, and the average price for the bike in the city is $700. Suppose that the standard
deviation of bike prices is $100. If a random sample of 60 boutiques is selected, what
is the probability that the average price for a Shimano mountain bike in this sample
will be between $680 and $720?

5-29. A quality-control analyst wants to estimate the proportion of imperfect jeans
in a large warehouse. The analyst plans to select a random sample of 500 pairs of
jeans and note the proportion of imperfect pairs. If the actual proportion in the entire
warehouse is 0.35, what is the probability that the sample proportion will deviate
from the population proportion by more than 0.05?

5-4 Estimators and Their Properties’?

The sample statistics we discussed— X, S, and P—as well as other sample statistics to
be introduced later, are used as estimators of population parameters. In this section, we
discuss some important properties of good statistical estimators: unbiasedness, efficiency,
consistency, and sufficiency.

An estimator is said to be unbiased if its expected value is equal to the
population parameter it estimates.

Consider the sample mean X. From equation 5-2, we know E(X) = . The sample
mean X is, therefore, an unbiased estimator of the population mean .. This means that if
we sample repeatedly from the population and compute X for each of our samples,
in the long run, the average value of X will be the parameter of interest w. This is an
important property of the estimator because it means that there is no systematic bias
away from the parameter of interest.

Elizabeth Harris, “Luxury Real Estate Investment,” Worth, April 2007, p. 76.
USee the very readable book by Burton G. Malkiel, A Random Walk Down Wall Street(New York: W. W. Norton, 2003).

2An optional, but recommended, section.
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FIGURE 5-10 The Sample Mean X as an Unbiased Estimator of the Population Mean .
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If we view the gathering of a random sample and the calculating of its mean as
shooting at a target—the target being the population parameter, say, p—then the fact
that X is an unbiased estimator of p. means that the device producing the estimates is
aiming at the center of the target (the parameter of interest), with no systematic deviation
away from it.

Any systematic deviation of the estimator away from the parameter of
interest is called a bias.

The concept of unbiasedness is demonstrated for the sample mean X in Figure 5-10.
Figure 5-11 demonstrates the idea of a biased estimator of w. The hypothetical

estimator we denote by Y is centered on some point M that lies away from the param-

eter p.. The distance between the expected value of Y (the point M) and w. is the bias.

It should be noted that, in reality, we usually sample once and obtain our estimate.
The multiple estimates shown in Figures 5-10 and 5-11 serve only as an illustration
of the expected value of an estimator as the center of a large collection of the actual
estimates that would be obtained in repeated sampling. (Note also that, in reality, the
“target” at which we are “shooting” is one-dimensional—on a straight line rather than
on a plane.)

FIGURE 5-11 An Example of a Biased Estimator of the Population Mean

A systematic bias

A biased estimator, Y
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