Preface

As with the earlier volumes in this series, the main purpose of this volume of
the Handbook of Statistics is to serve as a source, reference, and teaching
supplement in econometrics, the branch of economics concerned with statistical
methods applied to the empirical study of economic relationships. The papers
in this volume provide reasonably comprehensive and up-to-date surveys of
recent developments in various aspects of econometrics. They are written at a
level intended for use by professional econometricians and statisticians, as well
as advanced graduate students in econometrics. The present volume comple-
ments the 3-volume series: Handbook of Econometrics by Z. Griliches and M.
D. Intrilligator, eds., also published by North-Holland in the mid 1980s. This
volume presents surveys of some developments in the last decade on semi-
parametric and non-parametric estimation, limited dependent variable models,
time series analysis, alternatives to likelihood methods, and computer-intensive
methods in econometrics.

The first part of the volume covers endogenous stratification, semi-paramet-
ric methods and non-parametric methods. The samples used in econometrics
are not always drawn randomly from the population of interest. Often stratified
sampling schemes are adopted, but the stratification is endogenous rather than
exogenous as in most of the statistical literature. The paper by Cosslett reviews
the various estimation methods proposed, the types of models and sampling
schemes for which they are suited, and the large-sample properties of the
estimators. The paper also discusses some semi-parametric estimators of
discrete choice models. The paper by Horowitz reviews the different semi-
parametric and non-parametric estimation methods that have been suggested
for quantal response models. The paper by Manski deals with the problem
created by selective observation of random sample data. It outlines the
different approaches (parametric, semi-parametric and non-parametric) to the
selection problem analyzed by econometricians and statisticians. The paper by
Ullah and Vinod presents a survey of non-parametric regression methods and
outlines several areas of empirical applications in economics. One other paper
in this volume that deals with the topic of semi-parametric and non-parametric
estimation is the paper by Newey in Part V. It discusses non-parametric
estimations of optimal instrumental variables.

Part II of this volume covers several recent developments in limited depen-
dent variable models. Blundell and Smith discuss several estimation procedures
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for simultaneous equation models with censored and qualitative dependent
variables. The paper by Lee reviews the area of multivariate tobit models.
These models should be of interest to statisticians working in multivariate
analysis. The paper by Maddala discusses the estimation of limited dependent
variable models under rational expectations, an area with important empirical
applications of practical interest in economic policy. In addition to these
papers, there are other papers in this volume that deal with some problems
involving limited dependent and qualitative variables. These are: the papers by
Cosslett, Horowitz and Manski in Part I, Hajivassiliou in Part V, Mariano and
Brown in Part V, and Donald and Maddala in Part VL.

Part III covers some recent developments in time series econometrlcs
During the past decade, this has been an extremely active area of research in
econometrics. Due to space limitations, and in view of other surveys available,
two areas, ARCH models and unit roots and cointegration, have been omitted
from this volume. The other areas covered, non-linear time series models
reviewed by Brock and Potter, Markov switching regression (MSR) models for
time series, discussed in the paper by Hamilton, and structural time series
models discussed in the paper by Harvey and Shepherd, are all active areas of
rescarch in econometrics. The paper by Harvey and Shepherd also covers
recent developments in the application of Kalman filtering in econometrics.
The paper by Pagan in Part IV comments on different brands of ARCH
models (the ARCHES of econometrics). Another paper that deals with time
series problems is the paper by Sawyer in Part VL.

Part IV of the volume covers likelihood methods and Bayesian inference.
The paper by Florens and Mouchart surveys Bayesian procedures of testing.
Two main avenues are discussed. The first is the usual procedure of deriving
posterior probabilities of models or hypotheses. The second one, developed -
recently, is a Bayesian extension of the encompassing principle. Maximum
likelihood methods are among the most important tools used by statisticians
and econometricians. But their optimality properties depend on the assumption
that the true probability distribution is the one assumed in deriving the
likelihood function. It is important to consider the properties of ML estimators
when this assumption is not made. In this case, the likelihood function is called
pseudo (or quasi) likelihood function. The paper by Gourieroux and Monfort
presents a review of the different variants of pseudo-likelihood methods and
simulated pseudo-likelihood methods and their use in econometric work. What
they call pseudo-likelihood methods are quasi-likelihood methods but they give
reasons why they use the term ‘pseudo-likelihood’. Rao’s score test is one of
the most often used tests in econometric work — both for hypothesis testing and
for specification testing (though it is often called the Lagrangian multiplier test,
or LM test). The paper by Mukerjee reviews recent work on score tests. This
review should be useful to statisticians and econometricians alike.

Part V of the volume covers alternatives to likelihood methods, (such as
M-estimators and GMM-estimators). The properties of M-estimators in the
linear model have been studied by several authors for some particular choices
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of the discrepancy function. The paper by Bai, Liu and Rao considers a very
general discrepancy function and establishes strong consistency of the M-
estimators. The unifying results in this paper should be useful to econometri-
cians working in the area of robust methods. The papers by Hall and Ogaki
discuss the generalized methods of moments (GMM) estimators. The GMM
method is a very popular alternative to the ML method among econometri-
cians. The paper by Newey (also related to GMM) discusses efficient estima-
tion of models with conditional moment restrictions. These estimators, which
are typically referred to as instrumental variable (IV) estimators, are based on
much weaker assumptions than the ML estimates. The paper derives the form
of the optimal instruments and describes parametric and non-parametric
estimations of the optimal instruments. The paper by Pagan reviews work done
on testing for heteroskedasticity. The basic approach taken is that all tests can
be regarded as ‘conditional moment tests’. The paper outlines tests for
heteroskedasticity in non-linear models — in particular, discrete choice models,
censored data models, and count data models. It also presents specification
tests for different variants of the ARCH models.

Part VI is on computer-intensive methods. Due to the advances in computer
technology, many estimation problems that were intractable earlier have been
within reach of applied statisticians and econometricians. The papers by
Hajivassiliou and Keane discuss methods of estimation of limited dependent
variable models from panel data. Problems involving multiple integrals in
several dimensions can now be tackled using simulation methods. The paper by
Mariano and Brown presents a review of stochastic simulation methods for
non-linear errors in variables models (including the probit and tobit models
with errors in variables). Another area that uses computer-intensive techniques
is that of bootstrap, which is useful for studying small-sample distributions in
several econometric problems. The papers by Jeong and Maddala, and Vinod,
survey several applications of the bootstrap methods in econometrics.

The final part of the volume contains reviews of miscellaneous problems of
practical interest. There is an extensive statistical literature on identifying
outliers and influential observations. The paper by Donald and Maddala
presents a review of this area with reference to econometric applications and
suggests some extensions of these methods to non-linear models, in particular
to logit, probit and tobit models, based on the method of generalized residuals
and artificial regressions. The paper by Gregory and Smith reviews some
statistical aspects of the calibration method used very widely during recent
years in macro-econometrics. The paper by Lahiri reviews the literature on
efficient estimation and testing strategies in the context of panel data models
with rational expectation and testing strategies in the context of panel data
models with rational expectations, discusses efficient estimation of such models
in a generalized method of moments (GMM) framework, and extends the
analysis to simultaneous equations. The paper also presents an empirical
illustration of the methodology. Finally, the paper by Sawyer surveys statistical
applications of stochastic processes in finance. The one major characteristic of
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recent research in the area of finance is the increased use of continuous time
stochastic processes.

In summary, the volume covers a wide variety of applications of statistical
methodology to econometric problems that should be of interest to economet-
ricians as well as statisticians. The open problems in the papers might lead to
further work on these subjects.

We are thankful to all the authors for their cooperation and patience during
the preparation of this volume. Stephen Cosslett and Joel Horowitz provided
valuable comments on many of the papers. Elizabeth Ann Crisafulli, In-Moo
Kim and Hongyi Li provided efficient assistance in the preparation of the
volume.

G. S. Maddala
C. R. Rao
H. D. Vinod
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Estimation from Endogenously Stratified Samples

Stephen R. Cosslett

1. Introduction

The samples used in econometric estimation are not always drawn randomly
from the populations of interest. Often a stratified sampling scheme is adopted.
The population is divided into subpopulations, called strata, based on the value
of an observed vector x (for example, geographic location). Then a random
sample of pre-assigned size is drawn from each stratum, or, in some cases,
from each of a randomly selected subset of the strata. This might be just for
operational convenience in collecting the data. On the other hand, there may
be deliberate oversampling of a small subpopulation that is of particular
interest in the subsequent analysis (for example, families below the poverty
level).

The objective is to estimate the structural econometric model p(y|z, @),
which gives the density of the endogenous variables y, conditional on the
exogenous variables z in terms of an unknown parameter vector 6. (In
semiparametric models, p also depends on the unknown distribution of a
stochastic ‘error’ term.) In random sampling, the likelihood is p(y |z, 8) A(z),
where h is the density of z. Because of this factorization, 4 plays no role in
estimation, as long as & does not depend on 6. Exogenous stratification (where
the stratifying variables x are exogenous in the model) is innocuous: in effect,
it just replaces one density 4 by another. The extreme case is a controlled
experiment, where the values of z are selected by the experimenter. Estimators
for these cases just use the conditional likelihood p(y |z, 6).

In endogenous stratification, the strata are defined in terms y (and possibly
other variables). Now the distribution of z in each stratum does depend on 6.
The simplest case is where y is discrete and its values define the strata — this is
called choice-based sampling. In an exogenously stratified sample, the informa-
tive part of the likelihood is the density of y conditional on z. In a choice-based
sample, by contrast, it is the density of z conditional on y. That density is easily
found by Bayes’ rule: it is a nontrivial function of both 6 and A.

The first issue, therefore, is estimation: if the sample is treated as random,
the wrong likelihood is being used and the estimators are generally inconsis-
tent. Once the problem of consistent estimation has been recognized and

1



2 S. R. Cosslent

solved, however, endogenous stratification can be a useful tool. It can
substantially improve the precision of estimates from a sample of given size or
cost, usually by oversampling rare but informative outcomes.

The first econometric work on endogenous stratification was in the context of
discrete choice models. Data had been collected on individuals’ choices of
transportation mode (automobile or bus), using choice-based sampling. Manski
and Lerman (1977) recognized the problem, and proposed a consistent
estimator. Another classic example, using the normal linear regression model,
is the estimation of a wage equation from strata consisting of families in
different income brackets (Hausman and Wise, 1977, 1981). Numerous other
applications followed, but the focus of this review is methodological: an
account of various estimators that have been proposed, the types of models
and sampling schemes for which they are suited, and their large-sample
statistical properties. Areas not covered here are the epidemiological literature
on endogenous stratification (where it is called case-control or retrospective
sampling), and applications of endogenous stratification to longitudinal studies
and failure-time models.

After a discussion of sampling schemes, we start with the estimation of
parametric models, which have attracted the most research. A general
formulation is given, covering both discrete and continuous dependent vari-
ables. Section 4 discusses estimators that are consistent but generally not
efficient. Section 5 is about a class of estimators that deal with the unknown
density h(z) by nonparametric maximum likelihood. These estimators achieve
the semiparametric efficiency bounds (semiparametric because of the presence
of h). Various special cases follow. Finally, we consider some semiparametric
models: regression models in Section 8, and semiparametric discrete choice
models in Section 9.

2. Notation and definitions

The spaces of exogenous and endogenous variables z and y are Z and Y
respectively. Since these variables may have discrete and continuous com-
ponents, we define measures g and » (on Z and Y) which in general may be
products of Lebesgue measure and counting measure. Then p(y |z, 6;,) h(z) is
the population density of (z, y) with respect to u X . In most cases, the
conditional density function p is supposed to be a known parametric function
of # € O, so the task is to estimate the unknown finite-dimensional parameter
vector 6,. We. shall also consider some cases where the underlying model is
semiparametric, i.e., p also depends on an unknown distribution function F. In
all cases, the density function h,(z) is unknown.

' Choice-based sampling was proposed by Warner (1963). Warner’s subsequent analysis was
based on discriminant analysis for normally distributed explanatory variables, rather than on a
structural model.
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Here are three simple but typical examples of models for the conditional
density p(y|z,9).

(i) Logit model of discrete choice. In a discrete choice model, there is no
loss in identifying y with a discrete index, i =1, ..., M. The probabilities can
be specified as

exp(z’9
plilz, 0) =520 2.1)
21 exp(z;0)
i=

where z, is a subvector of z associated with alternative i, and the normalization
is z,, = 0.
(i) Normal linear regression model:

p(ylz,0)=%¢<y%:£>,

where 6’ = (8, o).
(iii) Nonlinear regression with unknown error distribution:

p(ylz,0)=1f(y—g(z,0)).

Here g is a known parametric regression function, while f is an unknown
density function.

Sample stratum s (s=1,...,S5) is the subpopulation {(z,y)|z€Z,y€E
F(s)} defined by a specified subset $(s) C Y. This is endogenous stratification,
because the strata are defined in terms of the endogenous variable y. More
generally, endogenous strata could be defined by selection of both z and y; that
case will be considered briefly in Section 6.4.

In order to deal with complicated sample designs that may have overlapping
strata, we first define a finite collection of substrata (or ‘response categories’)
¥ CY,i=1,..., M, that are mutually exclusive and cover the whole space V.
If y is a discrete variable with a finite range, one would normally choose the
response categories to be the values of y, i.e., ¥ = {i}. In general, the
response categories are defined so that each sample stratum #(s) is a union of
one or more of them. The indicator function

;s = 1Y, C ()] (2.2)

shows which response categories make up stratum s. Here are two standard
examples, both involving a discrete choice model with M alternatives:

(i) A ‘simple’ choice-based sample, with one stratum corresponding to each
choice alternative. In this case, the strata and the response categories coincide,
so we have S=M and $()=% ={i},i=1,..., M.

(ii) A random sample that has been ‘enriched’ or ‘augmented’ by combining
it with a choice-based sample on one alternative (say, i = 1) that is of particular
interest in the analysis but which is rarely chosen in the population. In this case
there are two strata (S =2) with #(1) =¥, = {1} and $Q2)=VY={1,...,M}.
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Sample observations are denoted (z,,y,), n=1,...,N, where N is the
sample size. We say that observation n belongs to response category i (or
substratum i) if y, € %. We use the following notation for the response
categories:

i(y) is the response category that contains the random variable y;

i(n) is the response category to which observation n belongs;

N, is the subset of observations belonging to response category i;

N, is the number of observations in ;
and for the sample strata:

s, is the stratum from which observation n was drawn;

N(s) is the subset of observations drawn from stratum s;

N(s) the number of observations in N(s).

Sample proportions for strata and for response categories are defined by

H(s)=N(s)/N, H,=N/N. (2.3)

For any subset ¥ €V, define

p(¥12.0)= [ dv(y) Iy € WIp(y|2.0). @4)

0@ [0.m)= [ du(z) Hp(¥ | 2.6). 2.5)

Special cases of the marginal probabilities Q (also called ‘aggregate shares’ or
‘population shares’) are

Q,=0(%0,h), (2.6)

O(s) = O(I(s) | 6, h) = 2 7,0, - (2.7)

Sometimes prior information is available about Q. If so, we assume that it
refers to {Q.}, the marginal probabilities of the response categories @¥,. The
case where some information is available, but not enough to recover all the Q,,
is more involved but can be analyzed by the same methods.

The operator E, denotes expectation under the population density
p(y|z,8,) hy(z), while E[-| %] denotes expectation over a response category
or stratum defined by & €Y the relevant conditional density functions are

p(ylz, 8y)h,(2)
O(¥ |0y, o)

The operator E by itself is used for the expectation of sample statistics under
whatever sampling scheme is currently in use.

I[yey]. (2.8)
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3. Sampling schemes and likelihood functions

Three different endogenous sampling schemes have appeared in the literature,
as described in the following three subsections.

Unknown sample design parameters, if present, are treated here simply as
additional unknown parameters of the likelihood function. Typically, these are
sampling probabilities that were chosen by the person responsible for data
collection, but which are not known to the econometrician who is analyzing the
data. If we knew the decision rule for the sample design (for sample, in terms
of preliminary estimates of Q) then the likelihood would be more complicated.

3.1. Standard stratified sampling

In this scheme, which seems to correspond most closely to the original idea of
stratified sampling, a separate random sample of size N(s) is drawn from each
stratum. The subsample sizes N(s) are fixed, as part of the experimental design,
but it is not difficult to extend the analysis to the case where attrition of the
sample causes N(s) to be random. This type of sampling would be appropriate
when members of each stratum are readily identifiable, such as people who use
a particular type of transportation to get to work, or people who are
undergoing medical treatment for some specific condition. The results given by
Cosslett (1981a,b) and by Hsieh, Manski and McFadden (1985) apply to this
sampling scheme. The name ‘standard stratified sample’ is used by Jewell
(1985) and by Imbens and Lancaster (1991); Gourieroux (1991) uses ‘plan
stratifié’.

An important consideration is the availability of additional information
about the marginal probabilities . Three cases have been addressed in the
literature: (i) Q is unknown, (ii) Q is known exactly, and (iii) there is
additional sample data from which Q can be estimated. For some choice
probability models and sample designs, # is not identified when Q is unknown,
so one might expect that knowledge of O can sometimes greatly improve the
efficiency of estimation” The use of additional sample data to estimate Q is
discussed separately in Section 6.1.

(a) If Q is unknown, the log likelihood can be written as

=3 P12, 0)h(z,)
log L(9, h) = 3_21 ng(s) tog O(F(s)[ 6, )

Two points to note: the stratum s to which observation n belongs is not a
random variable, because it is fixed by the sample design; and the observations
are not identically distributed, because the density is different in each stratum.
The essential problem with likelihood-based estimation from endogenously

(3.1)

?Use of information on aggregate shares for identification from choice-based samples was
proposed by Warner (1963).
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stratified samples can be seen in (3.1): the unknown density of the exogenous
variables h(z) cannot be factorized out of the likelihood. In random samples,
by contrast, the log likelihood

log L(6, k) = 2, (log p(y, |2, 0) + log h(z,) (3.2)

is the sum of separate functions of ¢ and of h; when the log likelihood is
maximized with respect to 6, the term in £ is a constant and can be ignored.

(b) If Q is known, the factor Q(s)™" in the likelihood function is a constant
and can be ignored in maximum likelihood estimation. On the other hand, we
have to take into account the constraints Q(%,]0,h) =Q,,i=1,..., M (one is
redundant). Again, & cannot be dropped, this time because it appears in the
constraint equation.

3.2. Variable probability sampling

This scheme starts with a random sample of observations on y. If y is in
response category %, then that observation is retained in the sample with
probability ;= 0. These probabilities are chosen by the experimenter. For
each retained observation, the rest of the data is then collected, including z.
The other observations are discarded. The strata in this scheme must be
mutually exclusive, so there is no distinction between the strata #(s) and the
substrata %;; for convenience they are called %, here.

The term ‘variable probability sampling’ is used by Jewell (1985); it is
referred to as ‘Bernoulli sampling’ by Kalbfleisch and Lawless (1988) and
Imbens and Lancaster (1991), while Gourieroux (1991) uses ‘plan a prob-
abilités inégales’. It is the type of sample used by Hausman and Wise (1981),
where the strata are income brackets. It is appropriate when data on y can be
collected relatively cheaply compared with the cost of the rest of the informa-
tion set; this would be true particularly if individuals were being selected for a
longitudinal study.

Let N, be the initial sample size (which may or may not be known), and let
N be the number of retained observations. The numbers of retained and
rejected observations in stratum i are N, and N* respectively. The form of the
likelihood depends on whether the numbers N7 are known.

(2) If there is no information about the discarded observations (in which
case we condition on N, the size of the retained sample), the log likelihood is

N TP (Yol 2,0 0)A(z,)
_ t(n)p Yn n n
log L(6, h) = rg} log =0.h) , (3.3)

where i(n) is the stratum to which observation n belongs, and 7 is the marginal
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probability of keeping an initial observation,

(0, h) = 2, mO(Y, |6, h) . (3.4)

In contrast with standard stratified sampling, note that i(r) is a random
variable, and that all observations are identically distributed. This applies when
7r is known but Q is unknown; otherwise, see Section 3.4.

(b) If the number of discarded observations in each category is known, and
if the initial sample size N, is taken as fixed, then the log likelihood is

log L(6, h) = 2. log{p(y, |2, 0)h(z,)}

y
+ > (N, log 7, + N* log(1 — ) + N* log O(%,| 6, b)) .
i=1
(3.5)

The terms in 7 have now separated from the terms in 6, and can be dropped; it
no longer matters whether s is known. If Q is known, see Section 3.4. The log
likelihood (3.5), applied to the normal linear regression model, is given by
Hausman and Wise (1981). It does not appear to have been investigated
further, and estimation of # from (3.5) will not be discussed in detail (although
the same general methods can be applied).

Unlike the other two schemes, variable probability sampling can be extended
to a continuum of strata. The sampling probability 7(y) can be defined as a
function of the continuous random variable y. The probability m,,, in the log
likelihood (3.3) becomes #(y,), and the marginal probability 7(8, #) becomes

#0.1) = | du(@) [ () 7)oy |2, 00h(E) (3.6)

3.3. Multinomial sampling .

In this scheme, each observation is generated in two steps. First, a stratum is
selected randomly, with probabilities P(s), s =1, . .., S; then an observation is
drawn randomly from that stratum. The probabilities P are chosen by the
experimenter. This scheme differs from standard stratified sampling in that the
numbers of observations in each stratum, N(s), are random variables with a
multinomial distribution instead of being fixed. Although it does not seem to
correspond to any sampling method that one would use in practice, it has the
feature that all observations are identically distributed, which makes it
somewhat easier to find the asymptotic distributions of estimators and other
sample statistics.’

* This type of sampling is used by Manski and Lerman (1977) and Manski and McFadden (1981).
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The log likelihood for multinomial sampling is

Pi(n)p(yn | Zpo O)h(zn)
O(%,16, h)

N
log L(6, h) = > log 3.7
n=1

This is isomorphic with the log likelihood for variable probability sampling,
under the substitution

P=Qml7. (3.8)

But in practice they are different because the sample design parameters are
usually assumed to be known: 7 in the case of variable probability sampling,
and P in the case of multinomial sampling.

An explained in the next subsection, there is in fact no need to use the
likelihood (3.7): we can proceed, without loss, as if the stratum sizes N(s) were
fixed.

3.4. Conditioning on subsample sizes

Suppose the likelihood for a vector of random variables x has the form
L(x|0)=L,(x|7,0)L,(r), where 7 =17(x) is a statistic and 6 is a parameter to
be estimated. Then 7 is said to be an ‘ancillary’ statistic with respect to 6: its
distribution does not depend on 6, and so knowledge of the realized value of 7
conveys no information about 6. In that case, the ‘principle of conditionality’
says that inference about 6 should be based on L,(x|7,0), the likelihood
conditional on the ancillary statistic . Lancaster (1990) has emphasized the
importance of conditioning on ancillary statistics when dealing with endogen-
ously stratified samples. Examples of paradoxes that can arise when the
principle of conditionality is ignored are given by Cox and Hinkley (1974) and
by Lancaster.

In an endogenously stratified sample, the stratum sizes N(s) or N, may be
ancillary statistics, depending on our knowledge of the population shares Q
and, when relevant, the sample design parameters 7 or P. By conditioning on
ancillary statistics, we can drastically reduce the number of different cases that
have to be investigated. The three main sampling schemes are considered
separately.

(a) Standard stratified sample. Suppose Q is known and the strata overlap,
i.e., for some i and s, %, is a proper subset of #(s). Let N, be the number of
observations in stratum s that have y € %,. The random variables N,; have a
multinomial distribution with sample size N(s) and probabilities 1,0,/ Q(s).
Because this does not depend on 6 or ki, the N, are ancillary statistics, and
therefore we should use the likelihood conditional on {N,}. That conditional
likelihood is the same as the likelihood for a sample stratified on ¥,,i=
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1,..., M, with fixed subsample sizes N;:

i ,0)h(z,
log L(6, h) = Z % log p(yél;ﬂ 0)h§z )

In other words, we should proceed as if the sample had been stratified on the
response categories %, rather than on the original strata $(s), and with
subsample sizes given by the sample values of N,=X_N,.

(b) Variable probability sample. First, suppose there is no information on the
discarded observations. The subsample sizes N, have a multinomial distribution
with sample size N and probabilities P, given by (3.8). If = and Q are both
known, then P is known. If 7 is unknown, (3.8) imposes no restrictions on P,
apart from X, P, =1, and the log likelihood (3.3) can be rewritten in terms of
the unknown parameters (8, P) instead of (6, 7). In either case, P known or P
unrestricted, the distribution of {N;} does not involve 6 or k. The N, are
therefore ancillary statistics, and we should condition on {N,}.

A similar argument holds in the case where we know the number of
discarded observations in each stratum: if O is known, we should condition on
{N.}-

(c) Multinomial sampling. This is the case considered by Lancaster (1990).
The stratum sizes N(s) are ancillary, because the probabilities P do not involve
6 or h. A sample of this type can therefore always be treated as if it were a
standard stratified sample. However, some of the original work on choice-
based sampling presented estimators and asymptotic variances based on the
likelihood (3.7), as discussed in Section 4.

To summarize the results of conditioning on ancillary statistics: in most
cases, the sample can be treated as a standard stratified sample. If Q is
unknown, the log likelihood is (3.1), with strata #(s) and fixed subsample sizes
N(s); if O is known, then use (3.9), with strata %, and fixed N.. Of the cases
considered above, the only exceptions are variable probability samples with: (i)
7 known, Q unknown, and no information on discarded observations; and (ii)
O unknown, with information on discarded observations. The log likelihoods
for these cases are (3.3) and (3.5).

(3.9)

3.5. Identification

The model p(y|z, @) is assumed to allow # to be identified from a random
sample, but further conditions are needed when the sample is endogenously
stratified. For example, if the data is obtained by simple choice-based sampling
(i.e., each stratum corresponds to a single value of the discrete variable y) with
Q unknown, and the model is multinomial logit with alternative-specific
dummy variables, then the coefficients of those dummy variables are not
identified (Manski and McFadden, 1981). Some identification criteria are given
by Cosslett (1981b) (see also Gill, Vardi and Wellner, 1988).

The problem arises if a discrete choice model includes ‘multiplicative
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intercept’ terms (Manski and McFadden, 1981), i.e., if the parameterization is
such that
. cpli|z,0%)
p(ilz, ) =75 (3.10)

2 ij(jIZ, 0*)

j=1
for some 6* € @ and some set of constants ¢, ...,c, (not all equal). This
holds for the multinomial logit model (2.1) if there are constant terms in the
exponents, i.e., if z!0 = o, + Z)8. (The constant «; can also be viewed as the
coefficient of a dummy variable for alternative i.) Let

coh(2)

M > ' (311)
21 cjp(j |z,0%)

h*(z) =

where the constant ¢, normalizes £* to a probability density. Then, if ¢, is
constant for all alternatives in a stratum, the likelihoods in (3.1) (standard
stratified sampling) and (3.7) (multinomial sampling) satisfy L(6, k)=
L(0*,h*), i.e., 6 and h are not identified. The population shares Q, are not
invariant under this transformation, however, so the problem arises only if Q is
unknown.

This happens also in variable probability sampling if both the sampling
probabilities « and the population shares O are unknown: the likelihood in
(3.3) is invariant under 8 —60*, h—h*, and =,— 77 =¢,7,.

There are two ways to go: to restrict the classes of sample designs or of
models. A key step in the argument above was finding constants c¢; that were
equal within each stratum but not equal for all alternatives. One criterion for
identification, therefore, is to exclude sample designs which let that happen.
The conditions are:

(i) All alternatives are included, i.e., U, $(s) =Y.

(it) The strata cannot be grouped into two nonoverlapping sets of alter-

natives, i.e., if & is a proper subset of {1,...,S} and ¥’ is its complement,
then
(U 56)n (U 56)=9. (3.12)
SES sEF’

In particular, this rules out the simple choice-based sample design mentioned
above. This identification condition obviously can never apply to variable
probability sampling, where the strata must be mutually exclusive.

Another approach is to leave the class of sample designs unrestricted, but to
exclude models that satisfy (3.10). In particular, this rules out the multinomial
logit model with alternative-specific dummy variables (i.e., with ‘intercept’
terms). This is somewhat unsatisfactory, because then identification depends on
the particular functional form assumed for p(i|z,6), which is not really
fundamental; it is likely that in other, similar discrete choice models, such as
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multinomial probit, the intercept terms will be poorly determined even though
they are formally identified.

In fact, it may be better to take advantage of the transformation (3.10). If
(3.12) fails, the basic problem is lack of information in the sample about
relative probabilities, which cannot really be overcome by a clever parame-
terization. If our model does satisfy (3.10), then at least the lack of identifica-
tion is confined to the intercept terms, and the remaining parameters can be
consistently estimated.

4. Estimators based on maximum likelihood

This heading covers estimators based on the maximum likelihood (ML)
method, but where the function to be maximized is not necessarily the
likelihood function itself. The conditional density p(y|z, #) must be a known
parametric function. There are two main approaches (with some overlap): (i)
look at the score function for the likelihood under random sampling, and see
what changes are nceded for it to have zero expectation under endogenous
sampling; and (ii) estimate the unknown density h(z) by nonparametric
maximum likelihood (NPML), concentrate the likelihood function with respect
to &, and then maximize the concentrated likelihood by conventional methods.
The NPML approach is covered in Section 5.

The likelihood-based estimators all have the same general form: maximize a
function #(0) =%, #(y,, z,,5,, 0) over 6. Consistency and asymptotic normali-
ty, under suitable regularity conditions, then follow from general results on
M-estimators: see, for example, Chapter 4 of Amemiya (1985)." Asymptotic
variances are discussed in Section 4.5. In general, apart from the need to check
identification (see Section 3.5), conditions that suffice for consistency and
asymptotic normality of maximum likelihood estimators from random samples
will suffice here too. If, however, the strata are incomplete, i.e., if U, #(s) #
Y, then the conditions are those for maximum likelihood estimation from
truncated samples.

4.1. Modified score

Suppose @ is known. According to Section 3.4, the sample should be treated
as a standard stratified sample with strata %, (the most disaggregate strata for
which marginal probabilities Q, are known). We can call the %, ‘response
categories’ to distinguish them from the sampling strata $#(s), which may be
different.

Let ¥(0)=L, ¥(y,,z,,0) be a statistic such that E;[¥(6,)] =0. Then the
solution of the moment equation ¥(#) =0 is a consistent estimator of 6 from

“ Proofs for discrete y, with varying degrees of generality, are given by Manski and Lerman
(1977), Manski and McFadden (1981), and Hsieh, Manski and McFadden (1985).



12 S. R. Cosslett

random samples (under conventional regularity and identification conditions).
In a standard endogenously stratified sample, with log likelihood (3.9),

< Hi(y)
E[¥(6,)] = ; NE[W(y, z, 6y) | Yl= NEO(E_:_) w(y,z, 00)) ) (4.1)

which is generally not zero. The operator E, denotes expectation under the
population density.

In particular, this applies to the score vector for # under random sampling:
let Y(y,z,08) =dlog p(y|z,0)/36. Then E [¥(6,)] =0, but according to (4.1),
E[¥(6,)] is generally nonzero under endogenously stratified sampling (except in
the special case where H; = Q,). This means that ML estimators are generally
inconsistent if we fail to take account of endogenous stratification. One
solution is to find a modified version of ¥, say ¥ *, such that E[¥*(6,)] is again
zero. Here are two methods.

(a) Weight the observations: if ¥(y,, z,,0) is replaced by ¢*(y,,z,,0)=
(Qiwy/ (n))lp( Y. Z,, 0), then the unwanted factors in (4.1) cancel and we get

E[¥*(8,)] =

(b) An addmve correction: replace y(y, z, 6) by (,l; (y,2,8)=14¢(y, z, 0) -
¥(z,0). For any sample statistic of the form T=N""X (z,), the expected
value under standard stratified sampling is E[7T]=E[p(z, 0)7(z)], where

pz,0)= 2 5 p(¥%]2,0). (42)

A suitable correction term is therefore

Wz, 0) = ﬁ(zl,(,) (Q’fj’ Wy, 2, 0)\z) (4.3)

Similar arguments apply to a variable probability sample with known
sampling weights 7. The weight factor in (a) is 1/m,,,, while the correction
term in (b) is given by substituting =, for H,/Q, in (4.2)-(4.3). Note, however,
that if 7 and Q are both known, then we should condition on N, (as explained
in Section 3.4); in that case we should continue to use H,/Q;, not .

4.2. Weighted exogenous sample maximum likelihood

The first consistent estimator for endogenously stratified sampling was the
weighted exogenous sample maximum likelihood (WESML) estimator (Manski
and Lerman, 1977). It was originally proposed for estimation of discrete-choice
models from choice-based samples, but it extends to continuous dependent
variables and general endogenously stratified sampling schemes (see McFad-
den, 1979). Although generally not optimal, it is computationally straight-
forward and can be run on many existing statistical software packages.
Apply the multiplicative weighting scheme in Section 4.1 to the score for 6
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under random sampling. The modified score is (Q,,,/H,)) 9 log p(y, |z,,0)/
86, which corresponds to the weighted log likelihood function

N
log Ly(0) = Zl f,z) log p(y,|z,,0). (4.4)
In each response category, the weight factor is the ratio of the population share
to the sample share. Oversampled categories are given a low weight, and
vice-versa. If each observation is counted according to its weight, the sample
shares and population shares are now the same. Maximization of (4.4) over 0
gives the WESML estimator. It is consistent but not asymptotically efficient.
The WESML estimator is also applicable to variable probability sampling
with known sampling probabilities 7 and unknown Q. The weights Q,,,/H,,
are replaced by 1/m,,,. (If Q and 7 are both known, use the version (4.4) as
given.)
The original version of the WESML estimator’ is slightly different: it was
introduced in the context of multinomial sampling, and uses the stratum
sampling probabilities P, instead of the observed sample shares H,; in the

weighted likelihood. More generally, one could use E[H,] instead of H,.
However, the estimator based on (4.4), using H,, is asymptotically more
efficient (except, of course, when the sample shares H, are fixed by the sample
design, in which case there is no difference). At first sight this seems surprising:
we lose efficiency when a sample statistic H, is replaced by its ‘true’ value
E[H;]. An explanation in terms of conditioning on N, is given by Lancaster
(1990).

Although the WESML estimator can sometimes be close to optimal, there
are cases where its ecfficiency is low in comparison with other available
estimators. The example given by Cosslett (1981a) involves a binary choice
model in which one alternative is rarely chosen. Heuristically, the problem is
this: endogenous stratification is used to oversample the rare alternative, but
the WESML estimator then dilutes the information by assigning low weights to
the extra observations.

4.3. Weighted moment equations

The WESML estimator for variable probability sampling remains consistent if

the weights are w*(z,)/m,,,, where w*(z) is any function of z. This idea is

generalized by Gourieroux (1991), who considers a set of weighted moment

equations. In the present case, these come from the likelihood equations for

random sampling:
N

>

n=1 l(n

Wee,) o =0, (4.5)

* Manski and Lerman (1977) and Manski and McFadden (1981).
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where W is a (K X K) matrix of weight factors. If W is scalar, then (4.5)
corresponds to a weighted maximum likelihood estimator, but in general it
does not. Gourieroux (1991) derives the optimal W for variable probability
sampling. It depends on 6, so a preliminary consistent estimator 6 is needed.
An obvious choice for 8 is the WESML estimator. If the model is of
‘single-index’ form, i.e., p(y|z,8) = F(y, g(z,0)) for some functions F and g,
then W is scalar.
Define the (K X K) matrices

_ 1 dp ap
a(2) = B [pz 9 07

Since p is a known function, these expressions can be evaluated analytically in
terms of z and 6. Then the optimal weight matrix is W=ab*, and the
asymptotic variance of 8 is V(8) =E[ab"a], where the superscript + denotes
a generalized inverse.

If Q is known, on the other hand, we should condition on N, and treat the
sample as a standard stratified sample. The optimal W can be found for this
case also, although it is somewhat more complicated. Replace 1/, by
Q,(y)/H(y) in (4.5)-(4.6), and define the (K X M) matrix

cbl%

9
30’

], b(z)=Eo[ -4

Tiy) D

] . (4.6)

c.(z)=E, [I(ye@/)p 20 ] 4.7
Then we find that the optimal W is
W= {a+Ej]ab c|(H—Eycb c]) 'c'}b" (4.8)

and the asymptotic variance of 8 is
V(8)={E,[ab*a] + E,Jab"c](H — E,[c'b"¢c]) 'E,[c'b a]}™", (4.9)

where H is an (M X M) diagonal matrix with elements H,. The expected values
E, in (4.8) and (4.9) can be consistently estimated by sample means of
observations weighted by p(z,, )" (see Section 4.5).

Although better than WESML, this estimator is still not asymptotically
efficient, and it is no longer clear that the computational cost is less than that of
alternative estimators (which come next). We shall return to (4.8) when we
come to the regression model with unknown error distribution, where full-scale
semiparametric MLE is much more difficult.

4.4. Conditional maximum likelihood, Q known

This time, the additive correction scheme of Section 4.1 is apphed to the score
vector for random sampling. The correction term (4.3) is & = p~' ap/ a6, where

p is defined by (4.2), and the modified score is. ™ = ¢ — f = a log(p/p)/ae.
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The new function to be maximized is (with some additional constant factors)

N I{in /Qin n Zn70
log Lo(6)= > log(M() PO )| (4.10)

" 2 (HI0)p(%2,,0)
ji=1

This gives the conditional maximum likelihood (CML) estimator. It was
introduced by Manski and McFadden (1981) for discrete-choice models under
choice-based sampling, but can be extended to general endogenous sampling
problems (McFadden, 1979). The name arises because under variable prob-
ability sampling or multinomial sampling (4.10) is, in fact, the log likelihood of
y conditional on z. It can also be interpreted as a conditional likelihood under
standard stratified sampling (which we are using here) if we first randomize the
observations from the different strata. The CML estimator is particularly useful
when p(y|z,8) is given by the multinomial logit model (2.1): it reduces to a
trivial modification of the MLE for random sampling and becomes asymp-
totically efficient. The special case of the multinomial logit model is discussed
in Section 5.6. In general, however, the CML estimator is not asymptotically
efficient when there is prior information on Q.

As with the WESML estimator, there is an alternative version of the CML
estimator that uses the expected values E[H,] instead of the sample proportions
H. in the conditional likelihood and in (4.2), the definition of p. It is, however,
asymptotically less efficient than the estimator based on (4.10). (Sec the
discussion of this point in Section 4.2.)

The case of unknown Q is postponed to Section 5, because in that case the
CML estimator turns out to be the full-information MLE.

Amemiya and Vuong (1987) compare the asymptotic variances of the
WESML and CML estimators, and show that CML is more efficient. One can
show, by the same method, that the optimal weighted moment estimator given
by Gourieroux (1991) lies between WESML and CML in efficiency. These
comparisons are valid for variable probability sampling with unknown Q.
However, when Q is known (in any of the sampling schemes), they are
generally valid only if we use the less efficient versions of the estimators,
substituting E[H,] for H,. If we use the standard versions of the estimators for
known @, the optimal weighted moment estimator is necessarily more efficient
than WESML, but it is no longer possible to compare their asymptotic
efficiencies with that of CML. For some sample designs, WESML can in fact be
more efficient than CML (Cosslett, 1981a). In any event, more efficient
estimators are available, provided Q is known: see Section 5.

4.5. Estimation of asymptotic variances

The asymptotic variance of 6 has the form V(@) =J 'MJ, where, as usual,
J=UmE[-N'9’log L/960 9¢'] and M is the limiting variance of
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N~ 3log L/30. Write the objective function of a generic estimator as
N
log L(0) = > Y, 2,,5,) - (4.11)
n=1

(The dependence on s, occurs only when the stratum sizes are fixed.) For
standard stratified sampling,

J= —si H(S)E[%'j(s)] , (4.12)
M= 3 HOE[ %2 50| - 3 HoE[ 2] 50 |E] 2| 50 .

(4.13)

where the expectations over strata use the density (2.8). For variable probabili-
ty sampling (without conditioning on N,), the second term on the right of
(4.13) is dropped.

Explicit expressions for the asymptotic variances of the WESML, CML, and
full-information ML estimators have been given by several authors for the case
where y is discrete. Under standard stratified sampling, asymptotic variances
for WESML, CML with known and with unknown Q, and full-information ML
with known Q are given by Cosslett (1981a) (where the CML estimator is
called the Manski—-McFadden estimator). Hsieh, Manski and McFadden (1985)
present results for WESML, CML and full-information ML when Q is
estimated from an auxiliary sample (see Section 6.1), again under standard
stratified sampling; the case of known Q can be recovered in the limit where
the auxiliary sample becomes infinitely large relative to the main sample. For
WESML and CML under variable probability sampling with known 7 and
unknown @, substitute #; for H,/Q; in the asymptotic variance expressions
given by Manski and McFadden (1981) for multinomial sampling with known
0.

These expressions can be consistently estimated from sample data, after
substituting @ for ,. If the model is not too complicated, the expectation over
y conditional on z can be evaluated analytically. (If y is discrete, it is just a
sum of terms over responses i.) This leaves expressions of the form E[r(z)] to
be estimated as weighted sample means. Two convenient weighting schemes
are

> Qin P
N 2 A e PRl w1
7(z,) (N 1 )-1_,;E ) N
n=1 ﬁ(zrn é) rgl I;(Zn, é) 0[ (Z)] . ( . )
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If unknown, Q is replaced by a consistent estimate. The sum in the de-
nominator of (4.15) is optional and can be replaced by N, its probability limit.
Although there is no experimental evidence to favor either one, (4.15) might
be recommended on the grounds that its weight factor is the NPMLE of the
density A.

For variable probability sampling (with unknown Q), 1/, is substituted for
Q./H, in (4.14) and the sum in the denominator of (4.15) is dropped. This puts
an additional factor 1/77 on the right-hand sides of (4.14)-(4.15). The
unknown constant 7 then disappears from the estimated asymptotic variances,
but if needed it can be estimated from

N
7 =2 plz,, 0)7". (4.16)
n=1

This allows Q to be estimated as Q, = H,7/,.

If the conditional expected value is not computationally tractable, then an
expected value of the form E[7(y, z) | ¥]=EJI(y € ¥)r(y, z)/Q(¥)] has to
be estimated from a weighted sample mean of I(y,€ %¥)7(y,,z,). The
NPMLE of the joint density of y and z is difficult to compute (see Jewell,
1985), so we would fall back on the weights Q,,,/H,,), as in (4.14).

5. Efficient estimation of parametric models

The estimators in this section replace the unknown density h(z) by its
nonparametric maximum likelihood estimator (NPMLE) (Cosslett, 1981a,b).
Asymptotic efficiency bounds have been derived for most of the cases
considered here, generally based on the method of Begun et al. (1983): see
Cosslett (1985), Imbens and Lancaster (1991), and Cosslett (1991). Bickel et
al. (1993) give characterizations of these bounds, but in most cases without
presenting explicit expressions. Where bounds are known, estimators based on
the NPMLE of / are asymptotically efficient.

5.1. Variable probability sampling, Q unknown

We start with the simplest case. The sampling weights = are known. The
NPMLE of h from the log likelihood (3.3) is the discrete density with weight®

1 N 1 -t
2:1 - (5.1)
7P 12,,0) 21 ap(¥,|2,,0)
=

g
Il
S

J

at each data point z =z,. Substituting this back into (3.3), and dropping

® This is given by Jewell (1985) for linear regression under variable probability sampling.
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constant terms, gives the concentrated log likelihood

’n-i(n)p(yn l Z > 9)

N
log Ly(0) = 2 log 57
2 mp(Y]2,,0)
p=

n=1

(5.2)

Maximization over 6 then gives 8, the MLE. The concentrated likelihood (5.2)
is obviously the same as the conditional likelihood of y given z (Section 4.4).
Consistency and asymptotic normality follow from standard results on maxi-
mum likelihood estimation.”

If the sampling probability varies continuously with y, the term m,, is
replaced by @(y,) and the sum in the denominator is replaced by the
corresponding integral over y.

5.2. Standard stratified sampling, Q unknown

In this case, the NPMLE of & from the log likelihood (3.1) is the discrete
density with weight

w, = L (5.3)

N 2 [H(s)/O(s, 0)]p(F(s) | z,., )

at z = z,, where the estimated shares O(s, 0) are determined by substituting
(5.3) into the equations

O(s,0) = Q(£(s) | 0, h) = 2 0. p($6)|z2,,8) (5.4)
s=1,...,5—1), and
i w,=1. (5.5)

The resulting concentrated likelihood is
N A
[H(s,)/Q(s,, )1P(Yn| 2, 6)
log L,(8) = > log .
2 [H®)/0(, 0)1p(%, | z,,0)

n=1
=1

(5.6)

This can be expressed in a more convenient form: after substituting for ,, the
equations (5.4) are the same as the first-order conditions for maximization of

7 Hausman and Wise (1981) apply this estimator to the normal linear regression model.
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the log pseudo-likelihood
$ g LHY Q6P 24,0)
" 2 LONQICAEND

log L(8, Q) = (5.7)

over . Maximization of (5.7) over both ¢ and O then gives consistent
estimators 6 and 0. In order to estimate Q, we also need an inhomogeneous
restriction on Q: it comes from (5.5), substituting (5.3) for w. If there is an
identity of the form X, c¢m,=1 (i=1,...,M) (which is true for most
conventional sample demgns) then (5.5) 51mp11ﬁes to %, c,0(s)=1.

The term pseudo-likelihood is used here in the following sense: a function of
0 that, when maximized, gives an estimator with the same properties as the
MLE (Cosslett, 1981a). In general, no # and no 4 make the log pseudo-
likelihood (5.7) equal to the true log likelihood (3.1); it does not satisfy the
‘information matrix’ equality, i.e., var[d log L/66]# —E[8” log L/30 0']; and
the estimator is inconsistent if p is misspecified. That is to be distinguished
from quasi maximum likelihood estimation (Koopmans and Hood, 1953; see
also McCullagh and Nelder, 1989, for a more general definition): in that case
the objective function is the log likelihood under a particular distributional
assumption (normality, in many cases), but gives a consistent estimator
regardless of the true distribution.®

The objective function (5.7) is again the same as the conditional log
likelihood proposed by Manski and McFadden (1981) (see Section 4.5). But in
general the CML estimator is not the same as the full-information MLE, so we
prefer to use the term pseudo-likelihood rather than conditional likelihood
here. Note that L(, Q) is not the same as the concentrated log likelihood
L0, Q), which would be obtained by maximizing L(8, ) over h at fixed 6 and
Q subject to the restriction Q,= [ du(2)h(z)p(¥,]|z,0). Both functions are
maximized at (6, Q), but the concentrated likelihood is less useful because
there is no analytic expression for it.

Variable probability sampling with both 7 and @ unknown can be treated as
standard stratified sampling (by conditioning on N,), and so the present
estimator can be used also in that case. If the parameterization of p(y|z,0)
allows 6 to be identified from nonoverlapping endogenous strata, then 7 can
be estimated up to a scale factor by #, = #H,/(,. (7 is not identifiable.) This
equivalence provides another interpretation of the estimator: maximize the
concentrated log likelihood (5.2) over =’

* Gourieroux, Monfort and Trognon (1984) use the term ‘pseudo maximum likelihood estima-
tion’ for what we would call (following Koopmans and Hood, 1953) ‘quasi maximum likelihood
estlmatlon

° Hausman and Wise (1981) also. consider this estimator in the case of normal linear regression:
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The maximum pseudo-likelihood estimator based on (5.7) (i.e., the CML
estimator for unknown Q) achieves the asymptotic efficiency bound.'’

5.3. Standard stratified sampling, Q known

When Q is known, % is estimated by NPML from the likelihood (3.1) subject
to the restrictions Q(%,|6, k)= Q,, where Q, denotes the ‘true’ value
Q(%,|86,, hy). The resulting pseudo-likelihood function is

log L6, A Q) = 3, log o2 Z20) (5.8)

" 2/\,}7(@|Zn,0)

The new parameters A; are the Lagrange multipliers for the constrained
maximization over k. They satisfy the restriction

2 A0y =1 (5.9)

This time the optimization problem is more complicated. First, minimize
L(0, 1| Q,) over A at fixed 6, subject to (5.9), to get A(8). If there is no
minimum, set L(8, A(8)) = —. (This would happen if the known aggregate
shares cannot be reproduced from the sample data by any density h.) Then
maximize L(0, A(8)) over 0 to get 6 and A= A(G)

Under standard regularity conditions, both # and A are consistent and
asymptotically normal. The probability limit of A, is Ay, = H,/Q,,. The asymp-
totic variance of 8§ achieves the efficiency bound for known Q (Imbens and
Lancaster, 1991; Cosslett, 1991).

This estimator is somewhat more complicated than usual: there are M
additional parameters, which have known probability limits and so provide no
useful information; the solution of the likelihood equations corresponds to a
saddle point rather than a maximum; and the algorithm has to allow for the
possibility that the minimum over A might not exist. (If this happens for all 6,
which is possible in small samples, then the estimator does not exist.) One
method is just to solve the first-order conditions as a set of nonlinear
simultaneous equations, using the WESML or CML estimator 6 and the
known shares Q, as the starting point. That approach is used by Hsieh, Manski
and McFadden (1985) to estimate # in a slightly more complicated sampling
scheme, where Q is estimated from an auxiliary sample. Another method is to
iteratively apply the CML estimator, starting with Q = Q, and subsequently
updating QO as

1% See Cosslett (1991). The efficiency bound was also given by Cosslett (1981b), but that paper
used a different definition of asymptotic efficiency: the bound was derived as the asymptotic limit
of the semiparametric Cramér—Rao lower bound on the variance of an unbiased estimator, instead
of as a lower bound on the asymptotic variance of a regular consistent estimator.
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1< .
Qizﬁ gl p(oyilzn?o)/p(zn’e)’ (510)

where p(z,, 8) is defined by (4.2) in terms of the previous values of 6 and Q.

Although the maximum pseudo-likelihood estimator for known Q appears
computationally tractable, there has been some effort to find alternative
estimators that are simpler yet still efficient. Two recent results are as follows.

5.4. Penalized maximum likelihood estimator

The auxiliary parameters A in the pseudo-likelihood (5.8) converge to known
limits, and so appear to convey no useful information. But replacing them by
their probability limits A, just gets us back to the conditional likelihood (4.10).
Again, we have a somewhat counterintuitive result: the ‘true’ weights A, give a
less efficient estimator of  than do the estimated weights A.

One way of eliminating A without loss of efficiency is to apply a first-order
Taylor series expansion at A = A, to the likelihood equations for A (Cosslett,
1991). This is like the linearized maximum likelihood estimator used by
Rothenberg and Leenders (1964), but applied only to the auxiliary parameters
A. The solution for A is

A* — )\ _ <az log L(07 /\0 | QO)>_1 0 IOg L(07 /\0 | Qo)
0 OA O’ EYY .

(5.11)

One component of A is eliminated via (5.9). Substituting A* into (5.8), and
keeping terms up to second order in (A — A,), gives the concentrated pseudo-
likelihood

log L*(0 | Q,) =log L(er A | Qp)

_1alog L6, A | Qy) (az log L(6, A, | Qo)> ' alog L8, Ay | Qy)
2 dA oA N’ dA ’
(5.12)

Maximization of log L*(8|Q,) over 6 gives an estimator asymptotically
equivalent to the original maximum pseudo-likelihood estimator.

The first term on the right in (5.12) is just the conditional log likelihood
(4.10). The second term can be written as

N . .
5 (Q* = Q)II'IICI) " 1I(Q* - Q) , (5.13)

with

e LS _
Q1= 2 p(¥]2,,0)/p(,.6), (5.14)
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> -

.1 )
Cy=7N - 1p(@ilzn,0)12(@,»IZ,,,B)/p(zﬂ,9)2, (5.15)

where p(z,8) is defined by (4.2) in terms of Q,, and Il is a (M —1)x M
projection matrix that accounts for the constraint (5.9), such as II; = §; — (Q,,/
Qou)0,y- The term (Q* — Q) can be viewed as the difference between the
predicted and actual values of O at the parameter point . The matrix C is
positive semi-definite, and under suitable regularity and identifiability condi-
tions it is nonsingular with probability approaching one (Cosslett, 1991). The
term (5.13) then has an obvious interpretation as the penalty function of a
penalized maximum likelihood estimator.

Since the constraint Q* = 0O, does not have to hold exactly, this estimator
avoids any potential problem of incompatibility between the sample data and
the aggregate shares. The maximization problem can be simplified by evaluat-
ing C at an initial consistent estimator of # and then holding it fixed; this does
not affect the asymptotic properties of 6.

5.5. Generalized method of moments estimators

Imbens (1992) proposes a generalized method of moments (GMM) estimator,
using moments that are closely related to the first-order equations of the
pseudo-maximum likelihood estimator (see also Imbens and Lancaster, 1991).
An attractive feature is that the moment equations have the same form when Q
is known as when Q is unknown.

The moments have the following form for multinomial sampling (which is the
primary scheme considered by Imbens):

l1:’15(1'—1‘) 9’ Q)ZH(S)_N(S)/N’ (516)
1< _
U (H.0,0)= 0, = 2 p(¥%12,,0)/.(2,.0) . (5.17)

1 N 1 a R n’g
wt,0,0) -5 2 P 20o)

iz \p(y,12,,0) a0
0p(2,,0)
1
- p.(z,,0) 90 > (5.18)
where
5ue.0)= 2 503 pFO)|2,0) (519)
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and Q(s) is expressed in terms of Q; by (2.7). The parameters are H, 6, and Q,
with dimensions $ — 1, K, and M — 1. Note that there has been a (temporary)
change of notation: in this system, H(s) is a parameter rather than the observed
stratum share, and its true value is the sampling probability P(s). Define the
combined moment vector, of dimension (K + 8+ M —2), as ¥ = (¥, ¥;, ¥;)',
and the corresponding parameter vector y = (H',8', Q')". At the true parame-
ter values, E[¥] =0, so these moments can be used in GMM estimation.

The GMM estimator is obtained by minimizing ¥'Q¥, with some suitable
weight matrix . When Q is unknown, there are as many parameters as
moments, so GMM is the same as solving ¥ =0. The first equation is then
trivial; the solution of the other moment equations, from (5.17)—(5.18), is the
same as the maximum pseudo-likelihood (or CML) estimator from (5.7). (The
presence of additional parameters Q, does not affect the estimators 6 or O(s).)
The asymptotic variance of y is I’ AT ', where I'=E[d¥/dy] and A=
E[PvY'].

If the aggregate shares are known, then the parameter Q is fixed at Q,. But
the corresponding moment equation, (5.17), is retained in the GMM system; it
is similar to (5.13) in that it attempts to equalize the predicted and actual
values of Q. This clearly improves on the CML estimator, which drops the
score equation for Q when Q is known. The optimal (2 is any consistent
estimator of A™'; one could use CML for preliminary consistent estimates of
the parameters. Imbens shows that the asymptotic variance of the remaining
parameters (H, 0) is then (IJAI})™', where I is the submatrix of I" corre-
sponding to (H,6).

Imbens and Lancaster (1991) derive an asymptotic efficiency bound which is
achieved by the GMM estimator. It is therefore asymptotically equivalent to
the maximum pseudo-likelihood estimator and the penalized maximum likeli-
hood estimator in Sections 5.3-5.4.

5.6. The logit model

In the special case where p(y|z,0) is given by the multinomial logit model
(2.1) with a full set of intercept terms (or, more generally, any model of
‘multiplicative intercept’ form), we have

~Afi(i—lz’—m—=p(ilz,9*), (5.20)

2 cp(jlz.0)

j=1
where 8* differs from 6 only in the intercept terms, af = o; + log(c;/c,,) (with
the normalization a,, = 0), for any set of constants c,, . . . , ¢,,. The conditional
likelihood (4.10) has just this form: it is therefore the same as the likelihood
for random sampling, except for a shift in the intercept terms (Manski and
McFadden, 1981). The logit model can therefore be estimated as if the sample
were random; all parameters are consistently estimated, provided that the
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estimated intercepts are corrected by
&= &%~ log{(H,/ Q) (H, 1 Q,)} (5.21)

Applying the transformation (5.20) to the pseudo-likelihood (5.8) leads to a
drastic simplification: it reduces to the conditional likelihood (4.10). The CML
estimator with known Q is therefore asymptotically efficient for the logit
model.

The same applies to variable probability sampling with known # and
unknown Q: the correction term is —log(m,/m,). If 7 is unknown, the
intercepts obviously cannot be identified.

If Q is unknown in a standard stratified sample, then not all intercept terms
are identified unless the ‘overlap’ condition (3.12) holds. (The other parame-
ters are still consistently estimated by the maximum likelihood estimator for
random sampling.) If identified, the correction terms can easily be computed,
see Cosslett (1981a).

6. Other sample designs

In this section, we discuss some miscellaneous topics related to endogenous
sampling strategies: additional sample information on the aggregate shares Q;
additional sample information on the density of the exogenous variables A(z);
estimating a transition rate from simultaneous observations on stocks and
flows, which can be considered as a special case of endogenous stratification;
and stratification on both endogenous and exogenous variables, including a
brief discussion of the case of ‘matched’ response-based samples.

6.1. Sample information on aggregate shares

Knowledge of the aggregate shares Q can often greatly improve the variance of
estimators from an endogenously stratified sample; as we have seen, it is
actually necessary for identification in some cases. If the population shares are
unknown, they can be estimated from a separate random survey which just
determines each individual’s response category (but not the exogenous vari-
ables z). This strategy was proposed by Lerman and Manski (1975): if the
additional data can be collected relatively cheaply, for example, by a telephone
survey, then it may be more cost-effective than an increase in the size of the
main sample. Lerman and Manski (1975) use the term ‘supplementary survey’,
while Cosslett (1981a) refers to the additional data as an ‘auxiliary’ sample. Let
N and N, be the sizes of the main and auxiliary samples; the asymptotic limit is
taken with H,= N,/N fixed.

The simplest approach is to estimate O from the auxiliary sample fre-
quencies, and to substitute this estimator O for Q in either the WESML or the
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CML estimators of Section 4. Hsieh, Manski and McFadden (1985) present the
asymptotic variances of 8 in these cases.”

An efficient estimator can be obtained by concentrating the likelihood with
respect to h, as in Section 5. The resulting log pseudo-likelihood (Cosslett,
1981a; see also Hsich, Manski and McFadden, 1985) can be written in the form

log L(6, Q] Q)

:g: 1o p(ynlzrwe)
g1+_1“i HO) g0))2 0y > & @12..6)
H, = O(s) p n = 0; P12y,
N gl His)log Q(S)*“NHoZ Q,log O, (6.1)

with Q(s) given by (2.7). The parameters are 6 and (Q,, . .., Q,,_,). Let O(8)
be the solution of the first-order conditions dlog L(8, Q| 0)/8Q =0. (If not
unique, it may be best to pick the solution closest to the consistent initial
estimator Q.) In general, the matrix 8°log £L(6, 0(8)| 0)/9Q Q' has both
positive and negative eigenvalues, so this step cannot be expressed in terms of
a maximum or minimum. Then # is estimated by maximizing the concentrated
log likelihood log L(8, O(6)| Q), which gives consistent estimators # and
O = Q(8). Asymptotic variances are given by Cosslett (1981a) for § and by
Hsieh, Manski and McFadden (1985) for (6, Q); the estimator is asymp-
totically efficient (Cosslett, 1991).

Hsieh, Manski and McFadden call this the ‘full information concentrated
likelihood estimator’ (FICLE). Note that the pseudo-likelihood in (6.1) is not,
in fact, the concentrated likelihood (it does not satisfy the ‘information matrix’
equality). It becomes a concentrated likelihood only after solving for Q(6).

A simpler (but still efficient) estimator is given by Cosslett (1991), based on
the method described in section 5.4. The objective function, to be maximized
over @, is

log L*(0 | Q) =1log L(6, Q| Q)
—IN(Q* - QT = (¢ + )" )0 - 0),
(6.2)
where O* and C are given by (5.14)—(5.15), and

S
Iy =8,Hy/ Q% = 2 mm HE)/[Q*G)T (63)

The first term on the right in (6.2) is just the conditional log likelihood (4.10)

"'In Hsieh, Manski and McFadden (1985), the space Z is discrete and there are many
observations for each value of z. Their estimators of asymptotic variances cannot easily be
translated to the case where some components of z are continuous. For another way of estimating
from this kind of data, see Section 7.
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evaluated at Q = Q. If H, is not too small, so that the auxiliary sample is more
informative about @ than the main sample (see Cosslett, 1991), then the
second term is negative definite with probability approaching one, and so (6.2)
can be interpreted as a penalized maximum likelihood estimator. (‘This is just a
question of interpretation — the estimator does not depend on the ‘penalty’
being positive.) The efficient estimator of Q is then

Q=0+[I-(C+)'T1(0- D), (6.4)

with the right-hand side evaluated at 6.

6.2. Sample information on the distribution of independent variables

Since the underlying problem with endogenous stratification is the unknown
density A(z), additional information on 4 is clearly useful. While it is unrealistic
to suppose that & is known (except when z is discrete), a random sample of
observations on z provides an empirical density 4. Cosslett (1981a) refers to
this as a ‘supplementary sample’: an example is the public use sample of the
U.S. census. It must contain all the independent variables of the model
p(y]z,6).

A supplementary sample generally allows estimation from sample designs
where 8 would not otherwise be identified. This applies even to an incomplete
endogenously stratified sample: for example, a survey of consumers who
bought some specified product. Normally, we could not estimate a choice
model unless we also had data on people who did not buy the product. Instead,
however, we can use census data on the individual-specific explanatory
variables of the model: we do not need to know whether an individual in the
census sample actually bought the product or not. In effect, the estimator
compares the distribution of z for purchasers with the distribution of z in the
population.

The additional data on z can be incorporated directly into the likelihood;
there is no need for, say, a kernel estimate of the density 4. The pseudo-
likelihood is given by Cosslett (1981a) for the case of unknown Q. It is
essentially the same as the usual pseudo-likelihood (5.7): the supplementary
sample is treated as one more stratum (say, s = 0), except that p(y, |z,,6) is
replaced by p(#(0)|z,,0)=1 for observations in the supplementary sample.
The asymptotic variance matrix generally remains nonsingular even if a
response category is omitted.

Obviously many other cases are possible, combining different kinds of prior
information on Q and h: the general principle of replacing # by its NPMLE is
probably more useful than a list of pseudo-likelihood functions or penalty
functions.

The weighted likelihood approach can be applied also to the case of an
incomplete stratified sample plus a random sample on z (Cardell and Stein-
berg, 1991). Consider estimation of a discrete choice model from a simple
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stratified sample (i.e., $#(i) = ¥,) with stratum 1 missing; let stratum 0 be the
supplementary sample. The original WESML approach, with weights Q,/H,

obviously fails because H; =0. Cardell and Steinberg propose weighting the
nonmissing strata by Q,/H, (with Q,=1), and artificially assigning the
likelihood p(1}z,,0) to observations 1n the supplementary sample. The
expected value of the score is then E,[2, dlog p(1]z,8)/30], which can be
corrected by assigning an additional factor 1/p(1|z,,0) to the likelihood of
every other observation. The weighted log likelihood is then

- Q p(ilzn,(?)
neN(0) i= ZnEN(z) Z,,

(6.5)

Cardell and Steinberg give the asymptotic variance for § under multinomial
sampling. While not efficient, this estimator can easily be implemented as a
WESML estimator (with an appropriate correction of the asymptotic variance):
duplicate each of the strata 2,...,M; then assign weight —Q,/H; to the
second copy and change its response variable from i to 1.

6.3. Estimating a transition rate from data on stocks and flows

When estimating a transition rate from one state to another (say, from
unemployment into employment), we may have to work with a special kind of
endogenously stratified sample, consisting of ‘stock and flow’ data. The stock
data would consist of a sample of currently unemployed people, while the flow
data would consist of a sample of people who had found work during a
specified time period. Econometric work on this type of sample, covering both
estimation and sample design, includes Chesher and Lancaster (1983), Lancas-
ter and Imbens (1991), and other papers cited by those authors. Rather than
summarize this literature, we give two simple examples to show how stock and
flow data can fit into the standard scheme for endogenous stratification. (The
examples are simplified in that they refer to a single time period.)

Suppose w,(z, 0) is the transition rate per unit time from state i to the other
state (i =1,2), let h,(z) be the density of z in state i, and let P, be the
proportion of the population in state i, so that h(z) = Ph,(2) + P,h,(2).
Usually 7, and 7, will contain different parameters.

In the first example, we do not assume stochastic equilibrium, so there is no
loss in estimating the rates separately. Let stratum 1 consist of a random
sample of individuals in state 1, during some period J short enough to suppose
h, does not change. Each observation is a ‘snapshot’: the data for that
individual was gathered in a time short enough to ignore the probability of
transition. Let stratum 2 consist of a random sample of individuals who
changed from state 1 to state 2 at some time during period J. The underlying
‘population’ in this case is the population of state 1. Then the likelihoods for
observations in the two strata (apart from constants) are 4,(z,) and
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m(z,,8)h,(z,)/Q(0) respectively, where Q,(0) = f du(z)h,(z)m,(z). This has
exactly the same form as the likelihood in Section 6.2: a ‘supplementary’
random sample on the exogenous variables, plus an endogenously stratified
sample on stratum 1.

Now suppose we also assume stochastic equilibrium between the two states.
In that case the stock data contains more information, because now the
composition of each state £,(z) depends on 6. Let the three strata be: (1) a
random sample drawn from state 1 in period J, (2) a similar random sample
from state 2, and (3) a random sample of people who changed state in period
J (it does not matter which way they went, because the two transition rates
are the same in equilibrium). Then

772(27 0)
M@0 50) @ 0) +m0) ")
(2, 0)
Pi(0) = f du(z) 7,(z,0) + m,(z,0) h(z), (6.6)

0.0)= | aw@ m(z. 0)0,(2

and similarly for the corresponding quantities in state 2. It follows that the
likelihood is the same as that of a discrete-choice model, with ‘probabilities’

0

p(llz,0)= wl(z,gz)(i’ 77-2)(2, 9)°
,0

p(2lz,0)= Wl(z’zl)(i Wz)(z’ 9)’

0 ,0
p(3|z,0)= 7:(12(,2:9) )JFW;(ZZ(Z, ;) ’

(6.7)

exogenous density 4, and strata based on the three alternatives. (Note that the
‘probabilities” do not sum to 1, so the WESML estimator cannot be used.)

6.4. Stratification on both endogenous and exogenous variables

If a sample is stratified on T exogenous strata, then the stratification can be
ignored when estimating a structural model. But if each of those strata is then
split into S endogenous strata, we have to work with a total of T X§
endogenous strata: the exogenous stratification can no longer be ignored. The
problem is that each exogenous stratum has its own density h,(z), and in
general there is no a priori relationship between them. To deal with the
endogenous stratification, each A,(z) has to be estimated, so the exogenous
strata have to be handled separately. Equivalently, the aggregate shares Q(s)
are different for each ¢.

This is closely related to ‘matched’ stratified sampling. Suppose y is a binary
variable. Divide the exogenous variables into two subvectors, z, and z,. Draw
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a random sample from the stratum with y = 1; then, for each observation n,
draw one observation from the stratum with y =0 and z, = z,,. For example,
the two endogenous strata could be firms that did or did not go out of business
last year, while z, is a classification based on size. Or y =1 could be the
incidence of some disease, while z, classifies individuals by age, gender, and
ethnic group. The basic rationale for this approach, assuming that z, is the
variable of interest, seems to be that the investigator does not trust the model
p(y|z,0) to control adequately for z,. However, it makes the analysis more
complicated. The estimation techniques described above can still be used, but
Q, is replaced by Q,(z,).

If z, can be considered as a continuous variable, or if it has a very large
number of categories, then existing techniques break down. (For a continuous
variable, there would have to be a ‘near’ rather than exact match.) In a logit
model, for example, the correction to the intercept would be log[Q,(z,)/
Q,(z,)], which is generally an unknown function. In practice, one could
attempt to parameterize this function (on the grounds that the parametric
function in the exponent of the logit model is an approximation anyway). But
it should be estimated nonparametrically, for example via the method of kernel
density estimation. No results are currently available on that approach.

7. Logistic regression

For discrete choice models, logistic regression (Berkson, 1955) is an alternative
to maximum likelihood estimation when there are (numerous) repeated
observations on each choice setting. This happens if the explanatory variables z
are discrete, or if the values of z have been selected in a controlled
experiment. Gourieroux and Montfort (1989) have extended Berkson’s method
to (standard) endogenously stratified samples.
Let z=z;, jE{1,...,J} and, as before, y=i€{1,...,M}. Let p(i[j)
denote Pr{ y =ilz=1z, } The number of observatlons w1th z=z;and y=iis
Mjis and the total number with z = z; is n;. The choice probability model can be
written as

pGl))

lo "
EpM|j)

=g, 0), i=1,...,M—-1, (7.1)
where the g;,(f) are parametric functions of 8. The multinomial logit model is
the speci'al case gi].(al) = (Zi,- — Z4)'0, w.here z; 18 a subvectgr . of z; that
characterizes the choice i. However, since there is no restriction on the
specification of g (apart from regularity conditions), there is no loss of
generality in the logistic representation (7.1). Berkson’s method is to estimate
the nonlinear regression equation

n;
logﬁ=gﬁ(0)+sji, i=1,...,M—-1 (7.2)
7
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by generalized least squares, using the following consistent estimator of the
inverse of the error covariance matrix :

A\ nn
D=3 <n”81k —]n”‘). (7.3)

7

In this notation, the inverse is defined by X, O, zr‘Qsllrk 0,0, 1.€., each pair
of indices behaves like the indices of a matrlx This estimator is consistent and
asymptotically efficient under random sampling (or any kind of exogenous
stratification).

Under endogenous stratification, Berkson’s estimator is not consistent, but,
if the population shares Q; are known, the inconsistency is easily remedied by

changing the dependent variable to

log-——l g Q%M (7.4)

M

If O is unknown, the method does not work uniess the regression function g
has an ‘intercept’ term, i.e.,

gji(e) =t gn(ﬁ) ’ (7.5)

where 6 = (a’, ')’ (as in the multinomial logit model with alternative-specific
dummy variables). Then, as with the MLE, B is consistent. The intercept &
has asymptotic bias log(H.Q,,/Q,H,,), and evidently cannot be estimated
unless Q is known.

However, (7.3) is no longer correct. The original version of the Berkson
estimator is not efficient, and the asymptotic variance of & is not consistently
estimated. Gourieroux and Montfort (1989) derive the error covariance matrix
under endogenous stratification, and propose GLS estimation with the matrix.
In fact, an explicit expression can be derived for the inverse of the new
covariance matrix £2*. A consistent estimator of (%)™

A —1 _ A — 1 A —1

O ' =0+ 07's0 -0 990 (7.6)
where ' is given by (7.3), and

‘Q(;,zl'k =Hp, — HH,,
I e = By -
(€2, has dimensions (1 X 1) X (M X M) and ¢ has dimensions (J x 1) X (M X

M).)
The asymptotic variance of  is plim(N~"(3g'/30)(2*) '(9g/36"))”", which
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turns out to be the same as the asymptotic efficiency bound for the case of
known Q (see Imbens and Lancaster, 1991, and Cosslett, 1991). Note that the
only place where Q is used is in (7.4), where it is used to weight the cell counts
n;; to correct the sampling bias.

This must still work if we specialize to random sampling. If () is known, the
asymptotic efficiency of the original Berkson estimator can be improved (to the
bound for known Q) by using (7.4) as the dependent variable.

8. Regression models with unknown error distribution

A semiparametric model for p(y|z,0) contains an unknown distribution
function (typically, the distribution of an ‘error’ term) as well as the finite-
dimensional parameter vector 6, and so the endogenous stratification problem
will now involve two unknown distributions. This section and the next discuss
two important examples: regression models and semiparametric discrete-choice
models. While most previous work takes the regression function to be linear,
there is no essential problem in generalizing to nonlinear regression.'

Let g(z,8)=E(y|z,0) and u =y —g(z, 6). Suppose g(z, ) is a parametric
regression function of known form, but ¥ may have an unknown probability
density function f. Several authors have investigated the problem of con-
sistently estimating 6 from endogenously stratified samples. Holt, Smith and
Winter (1980) and Nathan and Holt (1980) discuss the case of a lincar model
where the sampling probability depends on z, a vector of stratifying variables
correlated with y. Much of that work is about a maximum likelihood estimator,
based on work by Anderson (1957) and DeMets and Halperin (1977); it
requires x, y, and z to be jointly normally distributed, which limits its
usefulness in econometric applications. However, they also investigate the
probability weighted least squares estimator, which does not depend on
normality and is discussed next. Improved weighted least squares estimators
using an iterative method, are presented by Jewell (1985). Hausman and Wise
(1981) estimate a linear model from a variable probability sample with strata
defined by intervals of y. They assume normality for the error term u (only)
and proceed by maximum likelihood: their estimator is the CML method
applied to the normal linear model.

8.1. Weighted least squares

Suppose each observation (y, z) in a variable probability sample is assigned

> For conditions under which nonlinear least squares estimation is consistent, see Burguette,
Gallant and Souza (1982) or Gallant (1987).
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weight w(i, z), where y € %,. Then the conditional expectation of wu is

E[wu|z] = 1=E1 ww(i, z) ;)_—(21’—9) f du uf)l[u +g(z,0)€¥], (8.1)

where

M M
Pz.0)= 2 mp(@|2,0)= 2 m, | du Ol + g(z.0)€ ). (82)
i=1 i=1
If the weights have the form
w(i, z) = w*(z)/m; , (8.3)

then E[wu|z] =0, so the weighted least squares estimator of @ is consistent
(under conventional regularity conditions). The variance of 6y, can be
consistently estimated from the residuals 4, in the usual way:

N -1 N N -1
oA 98, 8, 2 5 98, 08, 38, 98,
V(")‘<n§ Wn a0 ae’) El W, 0 00" \ 2 "3 36°)
(8.4)

where w, = w(i,, z,) and g, = g(z,,, 6). Any heteroskedasticity or serial correla-
tion of the errors u can be taken into account at the same time by standard

techniques.
A similar result holds for standard stratified sampling, with known population
shares Q,,i=1,..., M. Because we condition on the observed sample shares

H,, the weights have the form w(i, z) = w*(z)Q,/H,. The middle term on the
right-hand side of (8.4) becomes the sum of the variations of &, w, -dg,/80 in
each substratum instead of the sum of squares.

The WLS method cannot be used for a standard stratified sample with
unknown population shares Q.

The basic estimator uses the ‘probability weights’ 1/a7, or Q,/H,, which do
not depend on z, i.e., w*(z)=1. Consistency of this form of the WLS
estimator is shown by Nathan and Holt (1980) under fairly weak conditions.
These weights have been used extensively in least squares estimation from
stratified samples, whether endogenously or exogenously stratified. In applica-
tions where the regression coefficients are viewed as descriptive statistics of the
population, rather than as parameters of a structural model, this is the best
thing to do. But if the regression model is correctly specified, the use of these
weights with exogenously stratified samples is a mistake: unweighted least
squares is, of course, more ecfficient.

8.2. Estimation of the error distribution

More efficient WLS estimation requires initial consistent estimators of 6 and F.
The basic probability-weighted regression provides the estimator 6. The
NPMLE of F is complicated, however, and appears to be computationally
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intractable for large samples: it involves solving a set of nonlinear equations in
which the number of equations is of the same order as the sample size (see
Vardi, 1985). Jewell (1985) suggests another estimator of F, based on the
NPMLE of the joint density of y and z but without taking into account the
underlying structure p(y, z) = f(y — g(z, 8 )h(z). Let f be the resulting margi-
nal density of i, where & =y —g(z, 8). It has the form

Jy= 2 8(u — ), (8:5)

where i, =y, —g(z,, #). For random sampling, »,=1/N. For a variable
probability sample,

L3 »

M
Vn:lé:ll(yneo‘yz); = .

i i

This also holds for a standard stratified sample, but with 1/, replaced by
Q,/H;; the sum in the denominator then disappears (because it is unity).

8.3. Improved WLS

Jewell (1985) proposes WLS estimation with w*(z) = p(z, 6), defined by (8.2).
This is intuitively appealing because then g(z, #) is the regression function of
the weighted dependent variable wy (although, as we shall see next, this is not
the optimal choice of w*). Of course p is unknown, but it can be estimated
consistently by

P, 0)= 21 7 2w, + g, 6) € Y] (8.7)

Jewell (1985) iterates this procedure, at each step using the WLS estimate of 0
from the previous step. An accompanying Monte Carlo study, using a model
with normal errors and variable probability sampling, finds that (i) this
estimator is very nearly as efficient as the maximum likelihood estimator of
Hausman and Wise (1981), and (ii) using the NPMLE of F to construct the
weights, instead of the simpler estimator given by (8.5)—(8.6), yielded little or
no improvement in the WLS estimator.

Under suitable regularity conditions, p(z,6) converges in probability to
p(z,0) uniformly in z and 6. In that case, as in conventional two-step
generalized least-squares estimation, the asymptotic distribution of 8 would be
the same as if p(z, 6,) had been used in the weights. In particular, there would
be no gain in asymptotic efficiency from iteration, nor from a more efficient
estimator of F.
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8.4. Instrumental variables

The first-order conditions for consistent WLS estimation suggest the following
moment condition for 8:

3 e, 0)

'ME

il
—

%I(y,,E@i)(yn ~8(z,,8) =0, (8.8)

13

where W is a k-dimensional vector of instruments and @ is a preliminary
consistent estimator of 8. We can then look for the optimal W. In the case of
variable probability sampling, it is

1 0g(z,0)
where
- < 1
7(z,0) = Z P f du u’fu)lu + g(z,0) E Y] . (8.10)

The asymptotlc variance matrix of 8 is the inverse of E,[(3g/30)(0g/36")o 2.
The term & is consistently estimated by substituting 6 = 6 and f= f, as given
by (8.5)—(8.6).

Apart from the fact that 9g/96 is evaluated at § instead of at §, which makes
no difference asymptotically, (8.9) corresponds to a WLS estimator with
w*(z) =1/6%(z,0). This is the result of Gourieroux (1991) for weighted
M-estimation from a variable-probability sample. It also shows that the WLS
estimator with w*(z) = p(z, 6), discussed in the previous subsection, is not
optimal.

An analogous result can be found for standard stratified sampling: the
optimal choice of W is

1 ; 1 Z,
M =500 {ag(§09) +E‘)[&Z(Z,e) 8g(600) “’(Z’o)]
, p(Z,0)p'(Z,0) |\

where H is the diagonal matrix with elements H, and u(z,8) is an M-
dimensional vector with components

w(z,8)= J. du uf(W)lu +g(z,0) € Y], (8.13)

which can be consistently estimated by substituting 8 and f (with 1/, again
replaced by Q,/H,). The asymptotic variance matrix of § is now the inverse of
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In this case, the estimator is not a WLS estimator because W is not
proportional to dg/a6.

8.5. Bias-corrected regression function

The preceding estimators are based on the strategy used by WESML.: re-weight
inconsistent moment equations. An alternative strategy is suggested by the
CML estimator: make the moment equations for random sampling consistent
by subtracting the conditional means. This corresponds to adding the correc-
tion term p ' I, mu, to the regression function (or p~' X, (Q,/H,)u,, in the
case of standard stratified sampling), where p and u are defined by (8.2) and
(8.13). As yet, there has been no attempt to apply this method.

8.6. Asymptotic variance bounds

Asymptotic variance bounds for the linear regression model with i.i.d. errors
and unknown error distribution are given by Cosslett (1985) (see also Bickel et
al., 1993). The extension to nonlinear regression is straightforward. The
bounds apply to standard endogenous stratification with two strata, and are
given for Q unknown and for Q known.

These bounds are different from the corresponding lower bounds that apply
when the error distribution is known (and which are attained by the likelihood-
based estimators of Section 5), except for the special case of proportional
sampling (H; = Q,). This means that adaptive estimation is not possible from
this kind of stratified sample: unlike the case of random sampling (see Bickel,
1982, and Manski, 1984), lack of knowledge of the error distribution F
necessarily leads to a less efficient estimator of 6.

It is intuitively clear that none of the estimators discussed above can achieve
the efficiency bound: in the case of proportional sampling they are all
equivalent to ordinary least squares, which is not asymptotically efficient
except in the special case of normally distributed errors. The most promising
approach to efficiency is that developed for adaptive estimation by Bickel
(1982): first, construct a differentiable estimator of the density f by replacing
the §-functions in (8.5) with differentiable kernels; substitute this f into the
appropriate log pseudo-likelihood from Section 5; and then estimate 6 by
carrying out one Newton—-Raphson iteration starting from the initial consistent
estimator 6.
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9. Semiparametric models of discrete choice

Econometric models of discrete response, where y =i € {1, ..., M}, are often
based on an underlying model of optimization over a set of latent random
variables (see, for example, McFadden, 1984). Let

U=g(z,0)+¢, j=1,...,M,

where g is a specified parametric function, 6 is the parameter vector to be
estimated, z is a vector of exogenous variables, and the random variables &
have a joint probability density function f (which may depend on additional
unknown parameters and on z). According to the model, i is the index of the
largest of these latent variables, i.e., U; = max; {U;}. Then

pli|z,0)=Pr{U;>U, forall j=1,..., M, j#i},

is a parametric function determined by g and f.

In a semiparametric discrete-choice model, a functional form is specified for
g but not for f. The only assumption about f is that it satisfies some set of
regularity conditions. Estimation from endogenously stratified samples is then
a semiparametric problem involving two unknown density functions: the
density f of the underlying random variables £, and the density & of the
independent variables z. A general strategy is to take one of the techniques in
Section 4 and 5 for eliminating /, and apply it to an existing semiparametric
estimation method that works for random samples.

Most of the research on semiparametric discrete-choice models has been
focussed on binary choice models (M =2). In that case,

p(1}z,0, F)=1~F[—g(z,0)], (9.1)

where g=g, —g, is a known parametric function and F is the unknown
cumulative distribution function of & —&,. This is a special case of the
‘single-index’ model, where F can be a more general transformation of g.

A number of semiparametric estimators have been proposed for models of
this kind."> We discuss three estimators, which were developed specifically for
binary choice: the maximum score estimator (Manski, 1975, 1985), which was
extended to response-based sampling in Manski (1986); and two likelihood-
based methods, one using nonparametric maximum likelihood to estimate F
(Cosslett, 1983), and the other using a kernel density estimation method (Klein
and Spady, 1993). The general conclusion, at least for binary choice, is that
semiparametric estimators are affected very little by endogenous stratification.

> Other semiparametric estimators that could be used include the index-model estimators of
Ichimura (1986) and Powell, Stock and Stoker (1989), and the maximum rank correlation
estimator of Han (1987).
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9.1. Maximum score estimator

This is consistent under very weak conditions: F(0) is fixed at some value
a €(0, 1), but otherwise F can depend quite generally on z. For example, any
form of heteroskedasticity is allowed. (See Manski, 1985, for some additional,
more technical, regularity conditions.) The trade-off is a slower rate of
convergence, N '’ instead of N>, We temporarily adopt the conventional
notation for the maximum score estimator: y =sgn(y*), where y* is an
underlying latent variable, so the range of y is now {—1, 1} instead of {1,2}.
The index function is assumed to be linear, g(z, #) = z'8, with normalization
|[6]| = 1. The condition on F(0) can then be restated: the a-quantile of y* is
z'0.
Under random sampling, maximization of the score function

5,0) = 2 [, — (1= 2] sgn(z10) ©2)

with respect to @ gives a consistent estimator. The usual case is @ =1, so that
the median of F is zero.

Now suppose we have a standard stratified sample, with ¥, = {1}, ¥, =
{—1}, and known Q. Manski (1986) investigates two methods: (i) a weighting
scheme analogous to WESML estimation (Section 4.2), and (ii) a modified
score function based on the distribution of y conditional on z, which is
analogous to the CML estimator (Section 4.5). In the first estimator, each
observation in stratum i is assigned the weight factor Q,/H,, i.e., the ratio of
the population share to the sample share for that stratum. This gives the
weighted score function

w0 = 2 (10, =0 +10,=-)5)
X[y, = (1-2a)]sgn(z,0). (9.3)

As before, 6§ is obtained by maximization over @; the proof of consistency
follows along the same lines as for random sampling.

If the two subsamples are combined, and an observation is randomly drawn
from the pooled sample, then the distribution of y conditional on z is

H, H, H, -1
Pr{y=1|z}= 0, f1- F(--z’t9)](§1 [1-F(-z'9)] + 0, F(—z'0)>
=1—F*(—z'0). (9:4)

In effect, this is a new binary choice model with F replaced by F*. From (9.4),
F*(0) = vy, where

0, 1 -
y=aﬁl(a%l+(l~a)%f> , 9.5)
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which does not depend on z. This suggests another estimator: maximize S, (6 )
over 0. However, as pointed out by Manski (1986), the functions W(6) and
§,(0) differ only by a constant factor. Thus the analogues of the WESML and
CML methods turn out to be the same when applied to Manski’s score.

If Q is unknown, then 6 cannot be estimated without further assumptions.
Suppose that (i) the distribution F is independent of z, and (ii) the regression
function contains a constant term, i.e., z'8 = 8,+ Z'B. The model is then
invariant under the following transformation: increase the constant term by ¢
and replace F by F where F(g) = F(e +¢). The new « is then @ = F(c). This
shows that, under the additional assumptions, the maximum score estimator
with misspecified a is still consistent for the slope parameters 8 (but not, of
course, for the constant term 3;). The same argument holds when the sample is
response-based: maximization of S, (6) with misspecified v is still consistent for
B, and therefore we do not need to know Q. The actual choice of y to be used
in estimation is arbitrary; Manski suggests vy = H,.

Under the independence assumption, knowledge of O does not help in
estimating the slope parameters, but it allows consistent estimation of the
intercept term. Note, however, that once independence has been assumed,
only a little strengthening of the regularity conditions on F (including
differentiability of its density f) would permit estimators with a better rate of
convergence.

9.2. Semiparametric maximum likelihood estimation

For likelihood-based estimation methods, we must assume that the distribution
F is independent of z. We also need conditions to ensure that F and g are
separately identified: the usual convention is to let F be unrestricted, but to
restrict the parameters 6 so that there is no monotonic transformation that
leaves the functional form g invariant (see, for example, Cosslett, 1983). If g is
linear, this means normalizing the constant term and a scale parameter. This is
different from the parametric case, where the convention is to standardize F.
The log likelihood for the binary choice model under random sampling is

log L(9, F) = 2 {I(y, = 1) log[L = F(=g,)] + (3, =2) log F(~g,)} .
(9.6)

where g,=g(z,,8). For fixed 6, let F(v|0) be a consistent estimator of
1—-Pr{y —1|—g(z 6)=v}. Maximizing log L@, F(-|8)) over 6 then gives
estimators  and F= F(-|6). It F(-|0) converges fast enough (see Severini
and Wong, 1987), and if suitable regularity conditions hold, then 6 and F are
consistent semiparametric estimators. (The consistency of F is pointwise.)
Endogenous stratification just requires duplication of the first step, in
principle: first 4 (the density of z) is estimated by a nonparametrlc method and
eliminated from the objective function; then the same'is done for F.
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Consider a weighted probability sample with %, = {i} and sampling weights
@, (i=1,2). The NPMLE of & is the same for any likelihood-based estimator,
F known or not, so the concentrated log likelihood is still given by (5.1) as

log Ly(8, F) = é {I(y, =1)log[l - F*(—g,)]
+1(y, =2)log F*(=g,)} , (9.7
where
F*(v) = m,F(u)(m[1 — F©)] + mF@w)) ™" . (9.8)

This implies that F* is a distribution function, provided that the sampling
weights #r are strictly positive, but, as long as F is unknown, imposes no
further restrictions. Evidently (9.6) and (9.7) are indistinguishable: one
unknown distribution function (F) has been replaced by another (F*).
Consequently, under our convention for the normalization of g, a likelihood-
based semiparametric estimator that works for random sampling can be used
without modification when the sample is choice-based.

For standard stratified sampling on strata {1} and {2}, the result (9.7)-(9.8)
still holds, with 7, replaced by H,/Q,. In this case, however, the NPMLE of 4
has to satisfy Q(s) = [ du(z) h(z)p(F(s)|z,0) (if Q is unknown) or Q,=
[ du(z) h(z)p(¥, |z, 0) (if Q is known), which imposes a restriction on F*:

¥ 2 - Fr (gl =H,. ©9)

Although a consistent estimator of F* satisfies (9.9) in the probability limit, the
restriction may not hold exactly, in which case F* has to be adjusted.

Knowledge of the sampling weights 7 (in variable probability sampling) or
the population shares Q (in standard stratified sampling) has no effect on
estimation of 6. If 7 (or Q) is unknown, it cannot be estimated, which is not
surprising because there is a simple parametric example (the logit model with
an intercept term) in which = (or Q) is not identified. If # is known, a
consistent estimator of F can be recovered by inverting (9.8),

) == F* @) 1 - F*@)] + =,  F* ) " (9.10)

A similar equation, with #; replaced by H,/Q,, holds for standard stratified
sampling with known Q. Although the parameter estimate § is unchanged, we
recall that our normalization converted a location parameter of g (the intercept
term, if there was one) into a corresponding location statistic of F (for
example, the median); evidently this can be estimated from (9.10), but only if
7 or Q is known.

One method of estimating the unknown distribution function F from a
random sample is NPML. A description of the algorithm, together with
additional references, is given by Cosslett (1983). The resulting estimator
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F(-]6) is a step function. The discussion above shows that the estimator is still
consistent when applied to choice-based samples. Condition (9.9), which
should hold in standard stratified sampling, is not exact in finite samples when
F* is estjmated by NPML,; if the adjustment is small, however, a correction
term & - F*(1 — F*) can be added to the unrestricted NPMLE of F*, where & is
a constant that makes the adjusted estimate satisfy (9.9).

Although the maximum likelihood principle is attractive, the asymptotic
properties of the semiparametric maximum likelihood estimator are difficult to
analyze. Because of this, alternative estimators of F have been proposed,
which are ‘smoother’ than the NPMLE.

9.3. Klein—Spady estimator

This is also based on the log likelihood (9.6), but uses a different estimator
F(-]8), based on the kernel method of density estimation. Let p(-, -) be the
joint density of y and —g(z, #). For random sampling,

p(1,v)

1-Fu)=Pr(y=1|—g(z,0)=v)= . 9.11
©) (¥ | —&(z,0) =v) p(1,v) +p(2,v) ( )
The density p(i, v) is estimated from the subsample with y =i:
1 & 1 v—v
(i, v) =~ 2 Iy, =i ——K(———"), 9.12
PG v) =7 2 1y, =) 5K (5 (9.12)

where v, = —g(z,,0). (See Klein and Spady, 1993, for regularity conditions
and for the rate of convergence of the bandwidth b,.) The symmetric kernel K
satisfies [du K(w)=1, [duu'K@w)=0, i=1,2,3 and [duu’K@u)<o. A
nonpositive kernel of this type allows the bias of p to converge at the rate
O(by"), which is fast enough for asymptotic normality and efficiency of 8, but
it introduces complications in the need to suppress any negative density
estimates: a lower bound ¢, >0 has to be imposed on (9.11).

As noted by Klein and Spady (1993), this approach can be extended to
multiple-choice models. The index function g and the kernel K are then
(M — 1)-dimensional (see also Lee, 1989).

What we just found for likelihood-based semiparametric estimation must
apply here too: the estimator can be applied to binary choice-based samples
without modification. It may be useful, however, to see how it works in a more
general setting. For a general discrete-choice model and a variable probability
sample with %, = {i}, the concentrated likelihood (with respect to k) is (5.2).
That is the same as the likelihood for y conditional on g(z,8). We can use
(9.12) (with the dimension of the kernel increased to M — 1, if necessary) to
estimate the joint density of y and g(z, @) in the sample:

H.
B, 0,)=7 P12, OB @,). (9.13)
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where h* is the marginal density of —g(z, 6). (Lower bounds on the estimated
densities are not shown explicitly.) The concentrated likelihood for observation
n, which is the density of y, conditional on g(z,, #), can therefore be estimated
by p@,,v,)/L; p(i,v,). Viewed in this way, the Klein—Spady estimator is
intrinsically choice-based; it works also for random sampling because a random
sample can be split into choice-based subsamples.

For standard choice-based sampling, there are also constraints of the form
(9.9). These can be handled as they were for parametric choice probabilities:
assign weights £(s) to the strata, and maximize

L6.6)= 3 tog 6,000 )
% f(S)gln,-sﬁ(i, v,)

(9.14)

over 6 and &, subject to some normalization of ¢ (for example, £(1)=1). In
terms of the parameters Q in (5.7), the new stratum weights are &(s) = Q(s)/
QO(s). Under conditions sufficient for consistency of the Klein—Spady estimator
of 6, it follows that plim &(s) = 1. This suggests eliminating £ by the method of
Section 5.4.

9.4. Asymptotic variance bounds

An asymptotic variance bound for the semiparametric binary choice model
under standard endogenous stratification is given by Cosslett (1985) (see also
Bickel et al., 1993). If § is a regular consistent estimator of 8, then a lower
bound on its asymptotic variance is the inverse of the matrix

[f@)I° Bl _ _
F)F@)[1 - FO)] Var[ a6 { 8(z,6) = v] ’

. HH, .
1 —Qlejdvh )

(9.15)

where F is defined by
Fi - 1-Fi +£5F 9.16
() =g 11~ Fu)l + G Fw). 9.16)

The bound is the same whether Q is known or not, so knowledge of Q
contains no information about # (assuming that the bound is attainable). The
bound also has the same form for variable probability sampling, with H,/Q;
replaced by ;. At present, the only estimator known to attain the bound is the
Klein—Spady estimator for random sampling.
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Semiparametric and Nonparametric Estimation of
Quantal Response Models

Joel L. Horowitz*

1. Introduction

Many problems in economics and related disciplines involve modeling the
relation between a set of explanatory variables and a qualitative dependent
variable. Examples include modeling a commuter’s choice of travel mode (e.g.,
automobile, transit, bicycle), a migrant’s choice of destination, and an in-
dividual’s employment status (employed or unemployed). The objectives of
such ‘quantal response’ modeling may include:

(1) Testing whether a particular variable influences the dependent variable.
For example, does the cost of parking influence mode choice? Does the level of
an individual’s education influence the likelihood of being unemployed?

(2) Estimating important behavioral parameters, such as the value of time in
mode choice or the reservation wage in a model of an individual’s employment
status.

(3) Predicting the effects of changes in the values of one or more explanat-
ory variables. For example, what is the change in transit ridership that would
result from a $0.25 increase in the fare?

In the best-known method for developing an empirical quantal response
model, the probability of each state of the dependent variable conditional on
the explanatory variables is specified a priori up to a finite set of parameters.
This specification is called a ‘parametric model’. The numerical values of the
~ parameters are estimated by fitting the model to data, usually by using the
method of maximum likelihood. Often, a parametric model is based on
principles of economic theory, such as utility maximization, in which case some
or all of the estimated parameters may have important behavioral interpreta-
tions that are of interest in their own right.

An important drawback of parametric modeling is that economic theory
provides only partial guidance on how a parametric model should be specified.
Consequently, there can be no assurance that the chosen specification is

* Preparation of this paper was supported in part by NSF grant no. SES-8922460.
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correct, even in the unlikely event that the theory on which it is based is
beyond question. Misspecification of the model causes maximum likelihood
estimators of behavioral parameters to be inconsistent, and predictions ob-
tained from a misspecified model can be highly erroneous. This has motivated
the development of methods that enable one to estimate the behavioral
parameters of a quantal response model and the probability distribution of the
dependent variable conditional on the explanatory variables without having to
make a full parametric specification of the model. Such methods are called
‘semiparametric’ or ‘nonparametric’, depending on the extent to which they
relax the assumptions of parametric models.

This paper presents some of the results of recent research on semi- and
nonparametric estimation of quantal response models. The paper does not
provide a complete treatment of the subject, which is not possible in the
available space. It concentrates on methods for binary response models — that
is, models in which the dependent variable has only two states, such as
employed or unemployed. Semi- and nonparametric methods for binary
response models are more highly developed than are such methods for models
with multiple responses, and to date binary response is the only setting in
which semi- or nonparametric methods have been applied. Even within the
area of binary response, the presentation here is selective, reflecting my own
judgments and experience regarding the topics and methods that are most
likely to be useful in applications.

Section 2 reviews parametric models, identifies the assumptions of these
models that semi- and nonparametric methods relax, and explains the distinc-
tion between semiparametric and nonparametric methods. Section 3 discusses
the consequences of adopting a misspecified parametric model. This is an
important topic because semi- and nonparametric methods are not needed if
the errors resulting from use of a misspecified parametric model are small.
Section 4 discusses the problem of identifying behavioral parameters when
parametric assumptions are relaxed. Section 5 deals with rates of convergence
and asymptotic efficiency in semiparametric models. Section 6 presents meth-
ods for semi- and nonparametric estimation of binary response models. Section
7 discusses estimation from choice-based samples. The few applications of
semiparametric estimators for binary response models that have been carried
out to date are reviewed in Section 8. Models for multinomial responses are
discussed briefly in Section 9.

2. Parametric models

The general binary response model has the form

1 if gX) - U=0,
Y_{O otherwise , 2.1
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where Y is the dependent variable, X is a « X1 vector of explanatory
variables, U is an unobserved scalar random variable, and g is a real-valued
function. In most applications it is assumed that g(x) = B'x, where Bis a k X 1
vector of parameters whose values must be estimated from observations of
(Y, X). This assumption will be made here except as otherwise noted. Thus,

Y:{l if X -U=0,

0 otherwise . 22)

Let F(u|x,0) denote the cumulative distribution function of U conditional
on the event X = x, where 6 is a vector of parameters on which the distribution
of U depends. It follows from (2.2) that

P(Y=1|x, B,0)=F(B'x|x,86). (2.3)

Once the specification of F is given, (2.3) constitutes a parametric binary
response model. In many applications, it is assumed that F is either the
cumulative normal or cumulative logistic distribution function. Equation (2.3)
is the binary probit model if F is the cumulative normal distribution function
and the binary logit model if F is the cumulative logistic distribution function.

Let {Y,, X;:i=1,...,n} denote a random sample of size n on (Y, X). The
log-likelihood of the model (2.3) is

log L(B.6) = 3. {¥, log F(BX, | X,,)
+(1- Y, logll — F(B'X, | X, )]} 24

Let Bn and 9;1 denote the maximum likelihood estimators of 8 and 6. Define

.= (B, 6.). Subject to regularity conditions, 7, converges almost surely to a
limit 7*=(8*,0%), and n'/*(#, —*) is asymptotically normally distributed
(see, e.g., White, 1982). Moreover, if (2.3) is a correctly specified model,
1—-F(B*'x|x,0%) is the true conditional probability that Y =1. Amemiya
(1985), Maddala (1983), and McFadden (1974) provide detailed discussions of
maximum likelihood estimation of parametric quantal response models.

It can be seen from (2.1)-(2.3) that a parametric binary response model
entails a priori specification of g and the distribution of U conditional on X up
to finite-dimensional parameters 8 and 6. In general, incorrect specification of
cither g or the distribution of U causes maximum likelihood parameter
estimators to be inconsistent for any behavioral parameters of the data
generation process, and it causes predictions to be erroneous. Exceptions can
occur in special cases (Ruud 1983). Semi- and nonparametric methods avoid
the need for specifying parametric forms for either or both of g and the
conditional distribution of U, thereby reducing (though not eliminating) the
possibility of specification error. Most semiparametric methods use a paramet-
ric specification for g but not for the conditional distribution of U. Such models
contain an unknown finite-dimensional parameter § that is associated with g
and an unknown function (or infinite-dimensional parameter), which is the
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conditional distribution of U. Some semiparametric models specify the dis-
tribution of U parametrically but not the function g (Matzkin 1991, 1990). In
these models, there is an unknown finite-dimensional parameter associated
with the distribution of U and an unknown function g. Nonparametric methods
avoid parametric assumptions about either g or the distribution of U. Thus,
nonparametric models contain only unknown functions.

3. Effects of misspecifying the distribution of U

Semiparametric methods that eliminate the need for parametrically specifying
the distribution of U conditional on X are better developed and more ready for
use in applications than are other semi- and nonparametric estimation methods
for binary response models. Their usefulness depends on the severity of the
errors that result from misspecifying the conditional distribution of U. If the
errors are small, there is little to be gained from the use of methods that avoid
the need for specifying the distribution parametrically. This section presents
the results of a numerical investigation of some of the consequences of
misspecifying the distribution of U. Related results are given by Arabmazar
and Schmidt (1982), Domencich and McFadden (1975), Horowitz (1992), and
Manski and Thompson (1986).

Suppose that in estimating a binary response model, the distribution of Y
conditional on X is assumed to be given by a binary logit model:

P(Y=1|x, B)=1/[1+exp(—B'x)] . (3.1)

According to this model, which is widely used in applications, g(x) = B8'x, and
U is logistically distributed independently of X. Let Q(x) denote the true
probability that Y =1 conditional on X = x. Model (3.1) is misspecified if there
is no B such that Q(x) = P(Y =1|x, 8) for all x except, possibly, a set of x
values whose probability is zero.

Let B* denote the almost sure limit of the maximum likelihood estimator of
B in (3.1). One way to characterize the consequences of estimating a
misspecified model is to compare B* with the true value of g and P(Y =
1|x, B*) with O(x). The almost sure limit of the maximum likelihood estimator
of B can be obtained by observing that as a consequence of (2.4)

B* = arg max E,{Q(X) log P(Y =1 X, B)
+[1-0@X)]log[l —P(Y =1| X, B]} , (3:2)

where B is the parameter set containing 8 and E, denotes the expectation
relative to the distribution of X. Therefore, the asymptotic errors in parameter
estimates and predicted probabilities that ¥ =1 can be investigated by solving
(3.2) for various specifications of Q and using the result to compute P(Y =
1|x, B*).

I have computed B* for a variety of specifications of Q with x = 2. The two



Semiparametric and nonparametric estimation 49

components of X, X, and X,, are independent. X is distributed as N(0, 1), X,
is distributed as x> with 1 degree of freedom, and (B,, 8,)=8;=(1,1). Q is
obtained from (2.3) with B = B, and each of the following distributions of U:

(1) Logistic independent of X.

(2) Standard normal independent of X.

(3) Student-t with 3 degrees of freedom independent of X.

(4) Uniform on [—1, 1] independent of X.

(5) Laplace independent of X.

(6) A 50-50 mixture of the normal distributions N(3,1) and N(-3,1)
independent of X.

(7) U=h(X)V, where V has the logistic distribution independent of X and
h(X) = 1+|BiX].

(8) U= h(X)V, where V has the logistic distribution independent of X and
h(X) = 0.25[1 + 2(BiX)’ + (BX)"]

(9) Normal distribution with mean 0 and variance 1+ 0.2(X> + X?).
The parametric model (3.1) is correctly specified in case (1) and misspecified in
all of the other cases. In cases (2)—(5), the distribution of U is unimodal and
independent of X. In case (6), the distribution of U is bimodal. In cases
(7)—(9), U is heteroskedastic. In case (8), Q(X) is a nonmonotonic function of
B.X. It has a global minimum at B,.X = —1/V3, a global maximum at B,X =
1/V3, and converges to 0.5 as B,X— *o. In case (9), Q is a random-
coefficients probit model.

Table 1 shows B8%/8%, E4|[P(Y =1| X, 8*) — Q(X)| and max,|P(Y =1|x, B*)
— Q(x)| for each of the 9 cases. For a correctly specified model, p%/8} = 1, and
E[P(Y = 1], B*) — Q(X)| = max,[P(Y = 1] x, B*) ~ Q(x)| = 0. B3/B} is used
as a measure of the asymptotic bias (or inconsistency) of the parameter
estimator, rather than 8% and 8% individually, because (2.2) continues to hold
if B'X — U is multiplied by any positive constant. Therefore, B is identified
only up to an arbitrary scale, and only the ratio B3/B% has be-
havioral significance. E,|P(Y =1|X, 8*)— O(X)| and max,|P(Y =1|x, B*)

Table 1

Asymptotic results of estimating a misspecified binary logit model

Case' Distr. of U B:/B% E,.lo(X) max,.|Q(x)
—P(r=1{X, %) -P(Y=1|X, %)

1) Logistic 1.00 0.0 0.0

2) Normal 1.00 0.01 0.02

3) Student #(3) 0.97 0.01 0.04

4) Uniform 1.01 0.03 0.07

&) Laplace 0.98 0.01 0.04

(6) Bimodal 0.87 0.05 0.20

(7 Hetero. logistic 0.75 0.04 0.14

(8) Hetero. logistic 0.45 0.11 0.37

) Hetero. normal 0.91 0.02 0.15

' The complete definitions of the cases are given in the text.
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Fig. 1. Models with various distributions of U.

— Q(x)| characterize the errors caused by using a misspecified model to predict
the probability that Y =1 conditional on X.

The message of Table 1 is clear. The errors caused by incorrectly assuming
that U is logistically distributed independent of X are small when the true
distribution of U is both unimodal and independent of X. The errors are
relatively large when U has a bimodal distribution or the distribution of U is
heteroskedastic. Similar results have been reported by Horowitz (1992) and
Manski and Thompson (1986).

To understand these results, consider cases (1)—(8), where Q(x) depends
only on Bjx. When the distribution of U is unimodal, a graph of Q(x) against
Box vields an ogival curve whose shape is not much affected by details of the
distribution of U. In contrast, bimodality of the distribution of U and
heteroskedasticity cause substantial departures from an ogival shape. These
statements are illustrated in Figure 1, which shows graphs of Q(x) for cases
(1)—(6) and (8). To facilitate comparison of the various models, the unimodal
distributions of U have been scaled to have variances equal to that of the
logistic distribution. The functions Q(x) arising from unimodal distributions of
U are all similar in shape, so these functions all yield similar estimation results.
Large estimation errors arise only under bimodality and heteroskedasticity,
which cause large deviations from the ogival shape associated with the binary
logit model.

4. Identification

Weakening the assumptions of parametric modeling has the effect of reducing
the amount of information that is available for estimating B or g and the
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distribution of U conditional on X. It is possible to weaken the assumptions so
much that g and the conditional distribution of U are not identified. That is,
they cannot be recovered, regardless of the size of the data set. Clearly, there
is no point in trying to estimate B3, g, or the distribution of U if this happens.
To illustrate, let I(-) =1 if the event in parentheses occurs and 0 otherwise, and
let F(:|x) denote the cumulative distribution of U conditional on the event
X =x. Consider the following two models:

Y=IB'X-U=0), (4.1a)

Flu|x) = ®[u/(1+|8'x])] ' (4.1b)
and

Y=1I['x/(1+|8'x]) - U=0], (4.22)

F(u|x) = () , (4.2b)

where @ denotes the cumulative normal distribution function. It is easy to see
that although these models have different functions g and different conditional
distributions of U, they are observationally equivalent; that is, they both yield
the same expression for P(Y = 1|x) and, therefore, the same data generation
process. Consequently, it is not possible to identify g and F(:|x) or to
discriminate empirically between models (4.1) and (4.2) without a priori
information that rules one of the models out. A parametric specification is one
form of a priori information that can identify g and F(:|x). For example, if
(4.1) is assumed to be correct, (4.2) is ruled out except in the trivial case that
B =0. This section discusses conditions for identification under assumptions
that are weaker than those made by parametric models.

Let F, denote the probability distribution of X. Assume that the data
generation process consists of independent random sampling from the joint
distribution of (Y, X). In general, this data generation process identifies
P(Y =1|x) for each x in the support of X except, possibly, for a set whose
probability according to F, is 0. That is, P(Y =1|x) is identified almost
everywhere (Fy). For example, P(Y =1|x) can be estimated consistently
almost everywhere (Fy) by nonparametric regression (Stone, 1977). The
problem of identification, therefore, consists of finding conditions under which
P(Y = 1|x) uniquely determines 8 or g and the conditional distribution of U.

Before turning to conditions under which identification is possible, it is worth
asking why identification matters. That is, if P(Y =1]x) is known, why is it
important to know B or g and F(:|x)? There are several answers to this
question. First, 8 and/or g may contain important behavioral information.
This happens, for example, if Y is determined by utility maximization. Second,
knowledge of B or g and F( | x) can make it possible to predict Y at x values
that are not in the support of X. See Manski (1988) for further discussion of
this point. Finally, the information required for identification, possibly com-
bined with other information, often can be used to improve estimation
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efficiency. In particular, the ‘curse of dimensionality’ associated with non-
parametric estimation of P(Y =1|x) (Stone, 1980) often can be avoided.

4.1. Identification with g(x) = B'x and an unknown distribution of U

Consider, first, the problem of identifying 8 and, possibly, F(-|x) in the
semiparametric model (2.2). According to this model

P(Y =1|x)= F(B'x|x). (4.3)

To define identification of 8 and F(- | x) formally, let ¥* denote the set of all
conditional probability distributions F(u | x) where u is on the real line and x is
in the domain of X. Let R* denote x-dimensional Euclidean space, and let 5
denote a subset of R* X ¥ that is known to contain (g, Fyx), where
Fyx=F(|X="). The following definition formalizes the idea that 8 and

F(-|x) are identified if they are uniquely determined by P(Y =1|x).

DeFinimioN 4.1. (B, Fyx) is identified if for each (b, Gy x) € 5 such that
(b’ GU|X) #* (ﬁ: FU|X)’

Fu{x: G(b'x|x) #P(Y =1|x)} >0, (4.4)
where F,{-} denotes the probability of the set {-} under F.

There are circumstances in which it is useful to consider whether B is
identified independently of the identifiability of F(-|x). The following defini-
tion accommodates this case.

DEerNtTION 4.2. Let B denote the parameter set that contains 8. 8 is identified
if (4.4) holds for every GE€¥* and each b € B such that b # 8.

Equation (2.2) continues to hold if B is divided by any real ¢ >0 and U is
replaced by a random variable that is distributed as U/c. Therefore, B can be
identified only up to scale, and it is necessary to impose a scale normalization
to proceed further. It will be assumed here that the components of X are
ordered so that 8, # 0. Scale normalization will be achieved by setting |B,| = 1.
An alternative normalization is ||| = 1. This normalization may seem more
general than |B,| =1 since it does not assume a priori knowledge of a nonzero
component of 8. However, as will be seen below, other assumptions needed
for identification require a priori knowledge of a nonzero component of 3, so it
is only a matter of convenience which normalization is adopted.

Mean independence. In the linear regression model Y=8'X+U, B is
identified if E(U |x) =0 almost surely and the support of X is not a proper
linear subspace of R*. However, this condition is not sufficient to identify 8 in
the binary response model (Manski, 1988). To demonstrate this, suppose that
P(Y =1|x)=1/[1+ exp(—B'x)]. Let b # B be any other parameter value that
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satisfies the scale normalization. Given any x in the support of X, it is possible
to construct a random variable V, with cumulative distribution function Fy
such that E(Vy |x) =0 and

Fy1x(b'x) =1/[1+ exp(—B'x)] . (4.5)

Therefore, B is not identified according to definition (4.2). To see how the
construction proceeds, let x be given and consider the random variable W
whose cumulative distribution function conditional on X = x is

Fpw|x)=1/{1+exp[—w+ (b —B)x]}. (4.6)

Then Fyu(b'x|x)=P(Y=1|x) and E(W|x)=(—-B8)x=8. If § >0, form
Fyx from the distribution of W by taking part of the probability mass of W
that is to the left of b’x and moving it enough further to the left to make the
resulting distribution have mean zero conditional on X =x. Conversely, if
8, <0, form F, y by moving probability mass rightward from the part of the
distribution of W that is to the right of »'x. Since no probability mass crosses
the point W= b'x in these movements, the resulting distribution satisfies (4.5)
with E(V |x) = 0. Therefore, 8 is not identified.

I now present several sets of conditions under which identification of g and,
in some cases F(-|x), is possible.

(@) U and X are independent. Suppose that U and X are independent, and
let F(-) denote the cumulative distribution function of U. Cosslett (1983) and
Manski (1988) have shown that B and F(-) are identified under the conditions
given in Proposition 4.3.

ProrosiTioN 4.3. Let U and X be independent and let F(-) denote the cumulative
distribution function of U. B and F are identified if:

(1) X does not include a constant (intercept) term.

(ii) The support of the distribution of X is not contained in any proper linear
subspace of R".

(iii) For almost every X =(X,, ..., X.), the distribution of X, conditional
on X has everywhere positive density with respect to Lebesgue measure. (Recall
that |B,| =1 by scale normalization.)

Condition (i) is a location normalization. It is needed because there is no
assumption that centers the distribution of U (e.g., E(U) = 0). Therefore, the
coefficient of an intercept term is not identified and must be set by normaliza-
tion. The normalization used here sets the coefficient of the intercept term
equal to 0. Condition (ii) rules out multicollinearity, which is a well-known
source of nonidentification. Condition (iii) is needed because 8 and F(-) may
not be identified if the support of X is too small. For example, suppose that F
and G are two distribution functions such that for some ¢ >0 F(u) = G(u) if
|u| < ¢ but not if [u| >c. Then F(-) is not identified if the support of B'X is
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completely contained in [—c, c]. An example of nonidentification of 8 when
the support of X is too small is discussed below in connection with single-index
models.

The assumption that U and X are independent is highly restrictive since it
excludes the possibility of heteroskedasticity of U. The next two sets of
conditions permit U to be heteroskedastic.

(b) Single-index models. In a single-index model, P(Y = 1|x) depends on x
only through an ‘index’ function A(x, B) that is known up to a finite-dimension-
al parameter B. Thus, P(Y =1|x) = G[h(x, )] for some function G (not
necessarily a distribution function). In this discussion, it is assumed that
h(x, B) = B'x, so P(Y =1|x) = G(B8'x).

Identification of B in single-index models has been investigated by Ichimura
(1987), Klein and Spady (1993) and Manski (1988). Ichimura (1987) provides
the most general set of identification conditions. Note that in a single index
model the sign of B is not identified because P(Y = 1|x) = G(8'x) for some G
implies P(Y =1|x) = G*(—B'x), where for any real £, G*(¢§)=G(—¢). A
slightly modified form of the identification conditions of Ichimura (1987) is as
follows.

PROPOSITION 4.4. Suppose that P(Y =1|x) = G(B'x) for some G. B is identified
up to sign if
(i) X does not include a constant (intercept) term.

(ii) The support of the distribution of X is not contained in any proper linear
subspace of R".

(iii) For almost every X =(X,,..., X)), the distribution of X, conditional
on X is absolutely continuous with respect to Lebesgue measure. As before,
|8,| = 1 by scale normalization.

(iv) If there is a discrete component of X, say X, for each b € B and each ¢
in the support of b'X, there are at least two distinct elements in the support of X,
such that b'x =t.

(v) G is differentiable.

(vi) Let p, be the probability distribution of b'X. For each b € B and all c,
and c, satisfying c,c, #0, there is a set T contained in the support of b'X such
that p,(T)#0 and for all tE€ T, G(c,t + c,) # G(¢F).

As when U and X are independent, condition (i) is needed because the
distribution of U is uncentered, and condition (ii) rules out multicollinearity.
To understand condition (iii), observe that in a single-index model, P(Y = 1|x)
is constant whenever B8'x is constant. Therefore, B is not identified if P(Y =
1] x) is constant along more than one set of parallel hyperplanes in the support
of X. If X is discrete, it may be possible to find infinitely many sets of parallel
hyperplanes each containing a single point in the support of X, in which case g
is not identified. Condition (v) makes possible the identification up to sign of
components of B8 associated with continuous components of X. This is because
if X, is continuous, then under the single-index assumption and condition (iii)

[6P(Y = 1|x)/0x;}/[6P(Y = 1|x)/0x,] = B,/B, = B; sgn(B,) - (4.7)
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Condition (vi) insures that the derivatives in (4.7) are not everywhere 0. It is
also used to identify components of B corresponding to discrete components of
X.

Unlike models in which U/ and X are independent, single-index models
permit U to be heteroskedastic. However, the assumption that P(Y =1|x)
depends only on B'x greatly limits the forms of heteroskedasticity that can be
accommodated by single-index models. For example, models with random
coefficients have been found to be important in several applications (Fischer
and Nagin, 1981; Hausman and Wise, 1978; Horowitz, 1991) but are not
compatible with the single-index specification. The following setup permits
virtually arbitrary heteroskedasticity of unknown form, although at the cost of
a centering assumption.

(¢) Quantile independence. In quantile independence, it is assumed that
there is an « between 0 and 1 such that the a quantile of U is independent of
X. X is assumed to include a constant (intercept) component, so the a quantile
of U can be set equal to 0 without loss of generality. Thus, P(U <0|x) = & for
all x in the support of X. Quantile independence permits arbitrary heteros-
kedasticity of unknown form provided that the centering assumption P(U <
0|x) = a is satisfied. Random-coefficients models can be accommodated within
the quantile-independence framework. However, it would be incorrect to
conclude that the quantile-independence setup is more general than the single-
index one. Rather, they are nonnested. It is possible to construct models that
fit within the single-index framework but not the quantile independence one
and vice versa.

Identification of 8 in binary response models with quantile independence has
been investigated by Manski (1985, 1988). Manski’s (1985) identification
conditions are given in the following proposition.

PrOPOSITION 4.5. Let P(U <0|x) = a for some a (0<a <1) and for all x in the
support of X. B is identified if:

(i) The support of the distribution of X is not contained in any proper linear
subspace of R".

(ii) For almost every X=(X,, ..., X,)', the distribution of X, conditional on
X has everywhere positive density with respect to Lebesgue measure. As before,
|B,| =1 by scale normalization.

Manski (1988) provides a slightly weaker version of condition (ii). As
before, condition (i) prevents multicollinearity, and condition (ii) excludes the
possibility that the support of B’X is too small to enable 8 to be identified.

4.2. Identification with unknown g and distribution of U

Suppose that (2.1) holds and that neither g nor the distribution of U is known
parametrically. Then

P(Y=1|X)=F[gx)| X] . (4.8)
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Let I' be a known set of functions that contains g. The definition of
identification in this nonparametric setting is analogous to definition (4.1) for a
semiparametric model.

DEFINITION 4.6. (g, Fy;|x) is identified if for each (g*, Fjx) € (I' X ¥) such
that (g%, FI*J|X) # (8, FU|X)5

Fy{x: Ff,lX[g*(x)|x] #P(Y=1|x)}>0. 4.9

Identification in nonparametric binary response models has been investigated
by Matzkin (1992), who shows that g and the distribution of U are identified
under the conditions given in the following proposition.

ProPOSITION 4.7. In the nonparametric binary response model, g(-) and the
distribution of U are identified if :
(i) U and X are independent.
(i) I' is a set of real-valued, continuous functions with domain T that is
contained in the support of Fy.
(iii) g(x) is a strictly increasing function of x,.
(iv) There is a subset T* of T such that
(a) Forall g, g€l and all x€T*, g(x) =g*(x), and
(b) For all g* €I and all t in the range of g, there is an x € T* such that
grx)y =t
(v) F(-), the distribution of U, is strictly increasing on the range of g.
(vi) For almost every X=(X,,...,X.), the distribution of X, conditional
on X has a density with respect to Lebesgue measure.

Conditions (i) and (iv) make it possible to separate F from g. Under these
conditions, P(Y = 1| x) = F(¢) for some x € T*, so F can be recovered over the
entire range of g from knowledge of P(Y =1|x) for x € T*. Condition (v)
makes possible the recovery of g, which would not necessarily be possible if F
were constant over part of the range of g.

As has already been discussed, heteroskedasticity of U has been found in
several applications of binary response models. Condition (i) does not permit
heteroskedasticity. It is an open question whether identification of g and/or F
is possible in nonparametric settings that do not assume independence of U
and X.

The following example, which is a modified version of one given by Matzkin
(1992), illustrates how conditions (iii) and (iv) might be satisfied in applica-
tions.

ExampLE 4.8. In most applications it is assumed that g(x) = B'x. A considerab-
ly more general specification is g(x) = ax, + g(¥), where a >0, g is a function
that satisfies a normalization condition given below but is otherwise un-
specified, and % = (x,, . .., x_). Let %, be any point in the support of X. By
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suitably normalizing the location and scale of the distribution of U, it can be
assumed without loss of generality that @ =1 and g(£,) =0. Accordingly, let I
be the set of all functions & of the form

gx)y=x,+g(x), §(x)=0. (4.10)

Assume that the support of X, conditional on X =% is (—o, ) for all % in the
support of X. Set T* = {x:x = (x,, X)), =0 <x;<o}. Then conditions (iii)
and (iv) are satisfied.

5. Rates of convergence and asymptotic efficiency bounds

In parametric estimation, the inverse of the information matrix (the Cramér—
Rao bound) gives a lower bound on the variance of the asymptotic distribution
{(hereinafter called the asymptotic variance) of any estimator that satisfies
certain mild regularity conditions. The maximum likelihood estimator achieves
this bound so, subject to the regularity conditions, no estimator for a
parametric model can have greater asymptotic efficiency than the maximum
likelihood estimator. Moreover, no regular estimator can converge in prob-
ability at a rate that is faster than n~ ">, which is the rate of convergence of the
maximum likelihood estimator. That is, if 3, is a regular estimator of a
parameter whose true value is B8, and if 8, converges in probability to 8, at the
fastest possible rate, n''*(B, — B,) = 0,(1).

Since semi- and nonparametric estimation use weaker assumptions than does
parametric estimation, it cannot be expected that semi- and nonparametric
estimators will be as efficient asymptotically as parametric ones except,
possibly, in special cases. Rates of convergence of semi- and nonparametric
estimators and asymptotic efficiency bounds for these estimators often can be
investigated by reducing the problem of semi- and nonparametric estimation to
consideration of appropriate parametric families of models. A semi- or
nonparametric estimator cannot be more efficient than a parametric estimator
that satisfies the same regularity conditions. Therefore, a bound on the
asymptotic efficiency of a semi- or nonparametric estimator can be obtained by
finding the supremum of the Cramér—Rao bounds over all parametric models
that satisfy the regularity conditions. This approach was proposed originally by
Stein (1956). It has been developed for situations in which n'’*-consistent
estimators exist by Koshevnik and Levit (1976), Pfanzagl (1982) and Begun et
al. (1983). Newey (1989) provides a review. In such situations, an asymptotic
efficiency bound can be obtained as the supremum of the Cramér—Rao bounds
for all parametric models satisfying the regularity conditions of the semi- or
nonparametric model.

As will be discussed below, there are situations in which n'’*-consistent
estimators do not exist. In these situations, the approach of finding the
supremum of Cramér—Rao bounds is not useful since the supremum is infinite.
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However, it is often possible to obtain results on the fastest achievable rate of
convergence by using the asymptotic minimax approach developed by Le Cam
(1953), Hajek (1972), Stone (1980), and Ibragimov and Has’minskii (1981). In
this approach, one considers sequences of parametric models that satisfy the
regularity conditions of the semi- or nonparametric estimator and whose
information matrices converge to 0. The rate of convergence of a semi- or
nonparametric estimator is the minimum of the rate over all sequences of
parametric models that satisfy the regularity conditions.

At present, results. on rates of convergence and efficiency bounds for
semiparametric estimation of binary response models are available for the
cases of independence of U and X and quantile independence of U. No results
have yet been developed for nonparametric estimation of binary response
models.

5.1. Models with g(x) = B'x and U and X independent

Let H(') denote the cumulative distribution function of the random variable
BoX, where B is the unknown true value of B. Let F(-) denote the cumulative
distribution function of U, which is assumed to be independent of X, and f()
denote the probability density function of U. Let X = (X,, X')’, where X =
(X,,...,X.),and let B=(B,, ..., B.). Assume that |3,| =1. Let B, denote
a semiparametric estimator of 8 based on a random sample of size n on
(Y, X). By applying the methods of Begun et al. (1983), Cosslett (1987) has
shown that subject to regularity conditions, the asymptotic covariance matrix
of n'*(B, — B,) is bounded from below by the inverse of the matrix I*, where

L [7 L) Clary
= Fo)[1 = F)] var(X | BX =v) dH(v) . (5.1)

A similar result has been obtained by Chamberlain (1986). A semiparametric
estimator that achieves this asymptotic efficiency bound is described in Section
6. Cosslett (1987) also shows that (I*) ™" exceeds the parametric (Cramér—Rao)
asymptotic efficiency bound by a positive semidefinite matrix that is zero only if

E(X|BX=v)=C,+ Cu (5.2)

for some vector-valued constants C; and C,. One case in which (5.2) holds is
when X is multivariate normally distributed. Cosslett (1987) gives the generali-
zation of (5.1) to parametric specifications of g that are nonlinear in parame-
ters.

5.2. Quantile independence of U and X

Chamberlain (1986) has shown that under the assumptions of Proposition 4.5 it
is possible to construct sequences of parametric models whose information
matrices for B converge to 0. Therefore, the supremum over parametric
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models of the inverse of the information matrix for 8 is infinite, and under
regularity conditions that rule out the pathology of superefficiency, there is no
n'’?-consistent estimator of 8. The following example, which is based on one
given by Chamberlain (1986), illustrates the construction of a sequence of

parametric models whose information for 8 converges to 0.

ExamriE 5.1. Let (2.2) hold with x =2, so that under scale normalization
B'x =x, + B,x,. Let B, denote the unknown true value of 8,. Given any ¢ >0,
let Q_(x) be a function with bounded support in R such that

[[ Gt

where ¢ and @, respectively, are the normal density and cumulative normal
distribution functions. In addition, given >0 let C,(4) be a continuously
differentiable function on R such that 0<C, (u) <1 for all u,

C,(w)=0 if [u|<n/2or |u|>2p (5.4)

-0, (x)] dFy(x)<e, (5.3)

and
C,w)=1 ifn<|u|l=<p, (5.5)

where p is sufficiently large that |x, + B,,x,| <p if x is in the support of Q. Let
the conditional distribution of U be

F(u|x,8)=®@)[1+60,(x)C,w)], (5.6)
where 8 is a parameter on which F depends. Then
P(Y=1|x, B,,8)
= D(x, + Bypx,)[1+ 80, (x)C, (x; + Box,)] - 5.7

This model has two parameters that must be estimated, 8, and 8.

Suppose the unknown true value of 8 is 0, and let /,; denote the information
matrix for ( BZ, &) under model (5.7). I, is a 2 X 2 matrix. Let J; denote the
element of I, ps that gives the asymptotic variance of n'?(p BZ - /302) where
B,, is the maximum likelihood estimator of B,. Then J is the (partial)
information for B,. It is not difficult to show that It g can be made arbitrarily
small by making & and 7 sufficiently small. Therefore, it is possible to construct
a sequence of models of the form (5.7) whose information for B8, converges to
0.

If n'’*-consistency is not possible under quantile independence, how fast a
rate of convergence can be achieved? The answer to this question depends on
how smooth the cumulative distribution function of U conditional on X and the
cumulative distribution function of 8,X conditional on X = (X,, ..., X,)" are.
Horowitz (1993) uses the asymptotic minimax approach to show that the rate
of convergence of an estimator of 8 under quantile independence depends on
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the number of derivatives that these functions have. The rate of convergence is
faster when higher-order derivatives exist than when they do not. Specifically,
let p,(-| X) denote the probability density of B'x conditional on X=x Let
z = B'x, and write F(u|x) in the form F,(u |z, £). For i, j=0,1,2,. .., define

Fyulz, %)= 0"""Fy(u|z, £)/ou’ 8z’
and
pﬁi(z lj) = aipﬁ(z I f)/azi

if the derivatives exist. Horowitz (1993) shows that under quantile independ-
ence with @ =0.50 and subject to regularity conditions, the fastest possible
minimax rate of convergence in probability of an estimator of 3 is n~ """V,
where h =2 is the largest integer such that for all 8 sufficiently close to B,:

(1) For almost every % and for all (¥,z) in a neighborhood of (0,0),
F;(u|z, ) is uniformly bounded and is a continuous function of (u,z) if
0<i+j<h.

(2) For almost every £ and for all z in a neighborhood of 0, p,,(z|%) is
uniformly bounded and is a continuous function of z if 0<i=<h — 1.

An estimator that achieves the rate of convergence n~*'***") is described in
Section 6. It follows that under quantile independence and given sufficient
smoothness (that is, large enough ), it is possible to estimate 3 with a rate of

convergence in probability that is arbitrarily close but never quite equal to
-1/2
n 'C.

6. Estimators

This section describes methods for estimating 8 or g(x) in semi- and non-
parametric binary response models. It is assumed that the estimation data set is
a simple random sample of size n from the joint distribution of (Y, X). Ideally,
an estimator should require minimal assumptions beyond those needed for
identification. Therefore, it is natural to classify estimators according to the
assumptions required for identification of semi- and nonparametric models.

6.1. Models with g(x) = B'x and an unknown distribution of U

(@) U and X are independent. This class of models is nested within the classes
of single-index models and models with quantile independence. Therefore, any
estimator that applies to single-index models or models with quantile independ-
ence also applies to models in which U and X are independent. This subsection
deals only with estimators that require U and X to be independent as a
condition for consistency. Estimators that apply to single-index and quantile-
independence models are discussed below.

Let F denote the cumulative distribution function of U, which is unknown in
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the setting considered here. Write P(Y =1 |x, 8) in the form

P(Y=1|x, B) =fl(u < B'x)dF(u) . (6.1)

Equation (6.1) belongs to a class of mixture models in which the cumulative
distribution function of a random variable Z has the form

Pz |y) = [ Peluy) dF@), (6.2)

where y is a parameter, U is a random variable with cumulative distribution
function F, and P(:|u,y) is the cumulative distribution function of Z condi-
tional on the event U =u and the parameter y. Kiefer and Wolfowitz (1956)
give conditions under which both y and F in (6.2) can be estimated con-
sistently by maximum likelihood. This entails maximizing the likelihood
function with respect to the unknown distribution function F as well as the
unknown parameter y. Cosslett (1983) shows that under regularity conditions
the result of Kiefer and Wolfowitz (1956) can be applied to (6.1), thereby
making possible consistent maximum likelihood estimation of 8 (up to scale)
and F in (6.1). Cosslett (1983) also gives an algorithm for maximizing the
likelihood function.

Neither the asymptotic distributions of the semiparametric maximum likeli-
hood estimators of B and F nor their rates of convergence in probability are
known. In this nonclassical setting, there is no reason to expect that the
maximum likelihood estimator is n'’’-consistent, asymptotically normal or
asymptotically efficient.

Han (1987) observed that Y and 8'X are positively correlated when U and X
are independent. Based on this observation he proposed estimating 8 by
maximizing an indicator of the correlation of Y and B'X. The resulting
‘maximum rank correlation’ estimator selects 8 to maximize

SeeB)=(3) " 2 UV >Y)I(B'X, > BX)
+HIY, < V)I(B'X,<B'X)] (63)

subject to scale normalization, where R is the set of distinct combinations of
(i, j) pairs such that i, j=1,...,n. Han (1987) established the consistency of
the maximum rank correlation estimator. Its asymptotic distribution and rate
of convergence in probability are unknown. Deriving the asymptotic dis-
tribution of the estimator is quite difficult because the objective function it
maximizes is a discontinuous function of B. As a result, the usual Taylor series
methods of asymptotic distribution theory cannot be applied.'

(b) Single-index models. In these models, P(Y = 1|x, 8) = G(B'x), where G
is a function (not necessarily a distribution function) whose range is [0, 1]. If all

'In a paper that appeared recently, Sherman (1993) shows that the maximum rank correlation
estimator converges in probability at the rate n~ /> and is asymptotically normally distributed.
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of the components of X are continuous, 8 can be estimated up to sign and
scale by forming a sample analog of dG(B'x)/dx, which is proportional to 8.
This idea was first exploited by Stoker (1986). However, Stoker’s estimator has
the undesirable property of requiring the analyst to know the distribution of X
up to a finite-dimensional parameter.

Powell et al. (1989) developed a modification of Stoker’s (1986) estimator
that avoids this problem. Their idea is to estimate the density-weighted average
derivative

D= [ U@ (sG(B ) 0x] ax (6.4)

where fy is the probability density function of X and it is assumed that G is
differentiable. Under the single-index specification, D is proportional to S.
Assuming that f, =0 on the boundary of its support, integration by parts in
(6.4) yields

D= —ZJ G(B'x)fy(x)[afy(x)/dx] dx . (6.5)
Therefore,
D = -2E[Y afx(X)/0x] . (6.6)

If fy were known, D could be estimated consistently by the sample analog
D =-2n"' 2 Y, 8f (X)) ox . (6.7)
i=1

Powell et al. (1989) replace the unknown density f (X,) with a kernel
estimator:

n X — X

Fa) =175 3 k(2. (6:8)
FEA

where K is a kernel function on R*, k is the dimension of X, and {s,} is a

sequence of bandwidths that converges to 0 as n— . See Prakasa Rao (1983)

for a discussion of kernel density estimation.

Let D, be the estimator of D that is obtained by replacing f(X,) with
Fx. (X)) in (6.7). Powell et al. (1989) show that if K is a kernel of order [,
ns>'— 0 and nst ">~ o as n—> 0, and certain regularity conditions are satisfied,
then n'’>(D, — D) is asymptotically normally distributed with mean 0 and a
covariance matrix that can be estimated consistently. This is equivalent to
estimating B up to sign and scale. The estimator of the covariance matrix is

VD =4n ! Z r.(z)r (z) — 4DAnI_A),’1 , (6.9)
i=1

where
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X, - X,
r(z)=—-(n—1)" 2 ‘“‘“)K( )(Y Y), (6.10)
J%t

and K’ is the gradient of K.

The need for continuously distributed explanatory variables X is removed by
an estimator developed by Ichimura (1987). Ichimura’s estimator is based on
the observation that if G were known, g could be estimated by nonlinear least
squares. The estimator 3, would minimize the objective function

Sis(B)=n"' L [Y; = G(B'X))’ . (6-11)

Since G is unknown, Ichimura (1987) replaces it with the consistent estimator
obtained from a kernel nonparametric regression of Y on X. That is, G(B8'X;)
is replaced by

G.(B'X)=A,lB,, (6.12)
where
— 'X
2 YK(ﬁ—B—> , (6.13)
/%t >
I [X
Z K(——'B——> , (6.14)
1?’1

K is a kernel function on the real line, and {s_} is the bandwidth sequence.
Ichimura’s estimator minimizes

Ste=n"' 2 [Y,- G(B'X)I (6.15)

subject to the scale and sign normalization 8; = 1. Ichimura (1987) shows that
under regularity conditions, if ns'—>0 and ns!/logn—>® as n—>, then
n''*(B, — B,) is asymptotically normally distributed with mean 0, where 3 =
(B,,--.,B.) and B, is the estimator of 8. The covariance matrix is estimated

consistently by V'OV ', where

V=n"' Z XX.G(BX), (6.16)
Q=n"" 2 XXGBX)LY, - G(BX), (6.17)

G is the derivative of G,, and B, = (1, B.)".
The same idea has been used by Klein and Spady (1993) to carry out
quasi-maximum-likelihood estimation of 8. If G were known, B could be
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estimated by maximizing the log-likelihood function

log L(B)=n"" ; {Y;log G(B'X;)
+(1-Y)log[l - G(B'X)]} . (6.18)

Klein and Spady (1993) replace the unknown G with a nonparametric estimate
G, that is given below in equations (6.20)—(6.22). They then estimate B by
maximizing the quasi-log-likelihood function

08 Lys(8) =n"* 2 7{Y,108 G, (8'X)
+ (1= Y, logll - G, ()] (619

subject to scale and sign normalization, where 7, is a trimming function that
downweights observations near the boundary of the support of g(X, and B, is
the unknown true value of B. Trimming is important in establishing the
asymptotic distributional properties of the quasi-maximum-likelihood estimator
but appears to have little effect on the numerical results obtained in applica-
tions.
G,
proportion of Y values that equal 1. Then for-any real v
P4, 0|Y=1)
Pg,0|Y=1)+(1-P)g,@|Y=0)

is obtained as follows. Define Pn=n712llYi. P, is the sample

n

G,(v)= (6.20)
where gq,(-| Y =y) is a kernel estimate of g(- | Y = y), the conditional density of
B'x. This estimate is given by

0,017 =1)=@Ps) ™ D YKI© - Bx)1s, (6:21)
and
a0 V=0 == Pys, " 3 (1= VK0 - Bx)Is, ], (622)

where K is a kernel function on the real line, and {s,} is a sequence of
bandwidths satisfying Ns®— o and Ns®—0 as N— . If K is a higher-order
kernel, any sequence of bandwidths satisfying these convergence conditions
can be used. If K is a second order kernel, it is necessary to use a local
smoothing procedure in which s, varies according to the observation. See Klein
and Spady (1993) for details. Klein and Spady (1993) show that under
regularity conditions and with the scale/sign normalization 8, =1, the quasi-
maximum-likelihood estimator of 3 satisfies n''*(8, — 8,) ~ N(0, V), where V
is estimated consistently by the Hessian and outer-product gradient matrices of
the quasi-log-likelihood function. V coincides with the asymptotic efficiency
bound of Cosslett (1987) if U and X are independent. Thus, the quasi-
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maximum-likelihood estimator is asymptotically efficient if U and X are
independent.

(¢) Quantile independence. Manski (1975, 1985) shows that under the
assumptions of Proposition 4.5 with a = 0.5 and with the additional assumption
that 0<P(Y =1|x)<1 almost everywhere (Fy), B can be estimated con-
sistently by maximizing the following ‘score’ function subject to scale normali-
zation:

Su(B)y=n"" Z [2I(Y,=1) - 1]I(B'X, =0) . (6.23)

This estimation procedure amounts to predicting that Y, =1if 8'X; =0, Y, =0
if B’X,; <0, and choosing B to maximize the number of correct predictions.

Cavanagh (1987) and Kim and Pollard (1990) show that the maximum score
estimator converges in distribution at the rate n~'"> and that the centered,
normalized estimator has a complicated nonnormal limiting distribution. The
slow rate of convergence of the maximum score estimator is not surprising. As
was discussed in Section 5, n'/*-consistent estimation is not possible under the
assumptions of quantile-independence, and Manski (1975, 1985) does not
make the smoothness assumptions necessary to achieve a convergence rate of
n M for h=2.

The properties of the asymptotic distribution of the maximum score es-
timator are largely unknown, and this distribution appears not to be useful for
making inferences in applications. Manski and Thompson (1986) suggest using
the bootstrap to make inferences in applications. The suggested bootstrap
procedure is a Monte Carlo simulation of the distribution of the maximum
score estimator. The simulation is carried out by sampling n (Y, X) pairs
randomly and with replacement from the estimation data set. This bootstrap
sample is used to estimate 8 by maximizing S,,. An estimate of the probability
distribution of B, is constructed by repeating these sampling and estimation
steps many times. Manski and Thompson (1986) give Monte Carlo evidence
indicating that the accuracy of the bootstrap estimate of the distribution of the
maximum score estimator depends on the details of P(Y=1|x) but is
satisfactory in many cases of interest.

Maximizing S,; requires the use of a nonstandard optimization procedure
since S, is a step function. An algorithm due to Manski and Thompson (1986)
is available in the software package LIMDEP. This algorithm uses the scale
normalization ||3|| = 1, where ||-|| denotes the Euclidean norm. It searches for
maxima of Sy along great circles on the unit sphere in R*. The search is
efficient computationally because S,, has only finitely many values along any
great circle, and these can be evaluated rapidly.

The maximum score estimator has a slow rate of convergence and a
complicated asymptotic distribution because it maximizes a discontinuous
objective function. Horowitz (1992) proposes smoothing S,, to make it
continuous and differentiable. The resulting smoothed maximum score es-
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timator maximizes
Su(B)=n"" 2 [21(Y,=1) — 1]J(B'X/s,) (6.24)
i=1

subject to the scale normalization |B,| =1, where s, is a sequence of band-
widths that converges to 0 as n—, and J is a twice differentiable function of
the real line into itself that satisfies

|[J(v)] <M for some finite M and all v in (—x,®),
Jim Jw)=0 and lim Jw)=1.

J is analogous to the integral of a kernel function for nonparametric density
estimation. Typically, dJ/dv has the properties of a kernel. Assume that
smoothness conditions 1 and 2 of Section 5.2 are satisfied, J is the integral of
an h-th order kernel on R, and s, =An"" Z%+D for some A>0. Then under
regularity conditions, the estimator of f obtained by maximizing (6.24)
satisfies n"** (B, — B,) ~N(—A""*Q'A, 0 'DQ ") asymptotically, where
A, D, and Q are estimated consistently as follows:

A,=n"l(s*)™" Z [21(Y, = 1) = 1)(X,/s*)T'(B,X,/s*) , (6.25)

i=1

where $, is the estimate of 8 (not of 8), s* =s° for some & satisfying 0 <8 <1,
and J' is the derivative of J;

D,=(ns,) ' 2 XXT(BX)s,) 5 (6.26)
i=1
and
0, =03Su(B,)/ 9B aB" . (6.27)

An asymptotically unbiased estimator of 8 can be obtained by replacing 8,
with

b, =B, +(A/n)""** V) A . (6.28)

RI2R+D s the fastest

The rate of convergence in probability of b, and §,,
possible under smoothness conditions 1 and 2 of Section 5.2.

Monte Carlo experiments with the smoothed maximum score estimator have
shown that samples much larger than those typically encountered in applica-
tions are needed to make the approximations of asymptotic theory accurate
(Horowitz, 1992). In particular, the finite-sample sizes of ¢ tests of hypotheses
about B tend to be much larger than their nominal sizes based on asymptotic
theory. This problem can be greatly reduced by using the bootstrap to estimate
critical values for the ¢ statistic. The bootstrap procedure for testing the
hypothesis H,: B 301’ where B is the i-th component of 8 is:

(1) Generate a sample of (Y, X) of size n by sampling the estimation data
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set randomly with replacement. Use this sample to compute the ¢ statistic for
testing the hypothesis 8,=b,,, where b,, is the bias-corrected smoothed
maximum score estimator of §3; obtained from the original estimation sample.

(2) Estimate the critical value of the ¢ statistic from the empirical dis-
tribution of this statistic that is obtained by repeating step 1 many times.
Horowitz (1992) reports that in Monte Carlo experiments with n =250, the
empirical size of the nominal 0.05-level ¢ test was in the range 0.041-0.066
when bootstrap-based critical values were used, whereas the empirical size was
in the range 0.116-0.208 when asymptotic critical values were used. See Beran
(1988) and Hall (1986) for discussions of the theory underlying the use of the
bootstrap to obtain critical values for test statistics.

The objective function S,(-) can have many local extrema, so it is necessary
to use a global optimization method to compute 3,. Examples of such methods
are tunneling (Levy and Montalvo, 1985) and simulated annealing (Bohach-
evsky et al., 1986; Szu and Hartley, 1987).

6.2. Estimation with unknown g and distribution of U

Matzkin (1992} has proposed estimating g and F under the assumptions of
Proposition 4.7 by maximizing the following nonparametric log-likelihood
function over g and F:

log Lye(g, F) = 2 (¥, log Flg(X))]
+(1-,) logll — FIgQOI} - (6.29)

To establish consistency of the resulting nonparametric maximum likelihood
estimator of (g, F), it is necessary to define metrics on the spaces I" and ¥ that
contain the functions g and F. Define the metrics p, and p, on I' and ¥,
respectively, by

o808 = | 16,0~ g, 1 aFy (6.30)

and

pr(F. ) = [ IFw) ~ Fy)] e du (631)

Matzkin (1992) shows that the nonparametric maximum likelihood estimators
of g and F are consistent relative to these metrics if the assumptions of
Proposition 4.7 hold, I' is a set of monotone increasing functions, and several
technical regularity conditions are satisfied. Matzkin (1992) also shows that
maximization of (6.29) can be carried out by solving an equivalent nonlinear
programming problem and discusses algorithms for solving this problem. The
rate of convergence and asymptotic distribution of the nonparametric maxi-
mum likelihood estimator are not known.
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7. Estimation from choice-based samples

A choice-based sample is one that is stratified on the dependent variable Y.
The fraction of observations with Y =1 is selected by design, and X is sampled
conditional on Y. For example, a data sect for analyzing travel mode choice
might be obtained by interviewing randomly selected automobile travelers at
the roadside and randomly selected transit travelers on their vehicles. The
numbers of automobile and transit travelers interviewed are selected by design.

Except in special cases, estimators that work with random samples are
inconsistent when the sample is choice based. Parametric estimation from
choice-based samples has been investigated by Cosslett (1981), Hsieh et al.
(1985), Manski and Lerman (1977), and Manski and McFadden (1981). This
section treats semiparametric estimation from choice-based samples under the
assumption that g(x) = B’x and the distribution of U is unknown. It is also
assumed that the population values of the aggregate shares, P, = P(Y =0) and
P,=1-P,, are known. It is not unusual in applications for aggregate shares to
be known quite accurately. For example, in work trip mode choice analysis
aggregate shares often are available in data from the U.S. Census, although
Census data typically do not include information on all of the variables needed
to develop a useful mode choice model.

Suppose that the assumptions of Proposition 4.5 hold with « = 0.5. Manski
(1986) has shown that under these conditions, 8 can be estimated consistently
from a choice-based sample by maximizing the modified score function

1M=

Ses(B) = (P, /nl)Ez(B'X>0> (Py/n)

Yl-=1

IB'X,=0) (6.32)

;=0
subject to scale normalization, where n, (i =0, 1) is the number of observations
for which Y, =1, and n =n, + n;. The asymptotic distribution of this estimator
is not known, although it likely can be found by using the methods of Kim and
Pollard (1990).

Like the objective function S,,(-) for maximum score estimation from a
random sample, S.5(*) can be smoothed by replacing the indicator function
with the integral of a kernel function. The resulting estimator maximizes the
smoothed modified score function

=

n

Suca(B) = (Pi/my) 2 J(B'X,ls,) = (Py /no_ J(B'X./s,), (6.33)

~

i

where J and s, are defined as in (6.24). Suppose that conditions 1 and 2 of
Section 5.2 hold and that s, = An~"/®**V_ Then using methods similar to those
in Horowitz (1992), it may be shown that the smoothed choice-based estimator
of § satisfies n' @ V(B, — B,) ~ N(—A">Q A, Qo' D-Q¢") asymptotically,
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where Ao, D and Q. are estimated consistently by

=

(Xi/S:)J,(BnXi/S:)
1

1

ACn = (S;‘:)Vh|:(P1/n1)

i

— (Py/ng) 2 (X,-/s:)J'(ﬁ:,&/st)]
1:0

~

s*=(s,)°, 0<&<1, (6.34)

DCn =(P,/nys,) Z KX;J'(E,?(I-/SH)z
i=1

Yi:I
+(Po/nys,) 2 XX T(BXIs,) (6.35)
and
Oc,=09"Suca(B) /9B B’ . (6.37)

Let W, =lim,_,_(r,/n) and W;=1— W,. Then it may also be shown that the
asymptotic variance of the smoothed choice-based estimator is minimized by
designing the sample to minimize (P,/W, + P;/W),).

The single-index estimator of Klein and Spady (1993) can be applied to a
choice-based sample by replacing P, with P; in (6.20).

8. Applications

There have been few applications of semiparametric methods for binary
response models and no applications of nonparametric methods. As a result, it
is difficult to judge to what extent these methods yield results in practice that
are substantially different from those of familiar parametric methods such as
logit and probit modeling.

Newey et al. (1990) estimated parametric probit and semiparametric single-
index models of labor-force participation by married women. They report that
there is little difference between the parametric and semiparametric parameter
estimates. Das (1991) estimated a model of the decision whether to idle a
cement kiln. She used a parametric logit estimator and Manski’s (1975, 1985)
maximum score estimator. An informal examination of the estimation results
suggested that the logit model may have been misspecified, but no formal tests
were carried out.

Horowitz (1991) estimated a model of the choice between automobile and
transit for the work trip. He used a parametric probit model with fixed
coefficients, a parametric probit model with random coefficients, a single-index
model that was estimated by the method of Klein and Spady (1993), and a



70 J. L. Horowitz

quantile-independence model that was estimated both by Manski’s (1975,
1985) maximum score estimator and the smoothed maximum score estimator.
Specification tests resulted in rejection of the fixed-coefficients probit model
and the semiparametric single-index model but not of the random-coefficients
probit model or the model based on quantile independence. These results show
that distributional assumptions can be important in applied binary response
modeling. In particular specifications that make overly restrictive assumptions
about heteroskedasticity can be rejected in specification tests.

9. Models for multinomial choice

This paper has concentrated on semi- and nonparametric estimation of binary
response models. There also has been some work on semiparametric estima-
tion of models for multinomial response. In a multinomial response model with
M possible responses, latent dependent variables Y* (m =1, ..., M) satisfy

Y. =8, X)+ U, , (7.1)

where g,, is a parametric or nonparametric function to be estimated and U,, is a
random variable. One observes (Y}, ..., Y, X), where Y,, =1 if Y: > Y7 for
all I#m and Y,, =0 otherwise.

Manski (1975) considers a model in which g, (x) = B'x,,, where for each m,
X(n i @ subvector of x that is conformable with the parameter 8. He gives
conditions under which B can be estimated consistently by a version of the
maximum score technique of equation (6.23). Matzkin (1991, 1990) has
developed consistent estimators for multinomial response models in which the
g,, are nonparametric but the joint distribution of the U, belongs to a known
parametric family. To date, semiparametric estimators for multinomial re-
sponse models have not been used in applications.
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The Selection Problem in Econometrics and
Statistics

Charles F. Manski

1. Introduction

Some respondents to a household survey decline to report their incomes. Some
youth enrolled in high school opt not to take the scholastic aptitude test. Some
welfare recipients drop out of a vocational training program. These very
different situations share the common feature that an outcome is censored,
survey respondents’ incomes, youths’ SAT scores, or welfare recipients’
employment status after completion of vocational training.

Because censored data are so common, econometricians and statisticians
have denoted much effort to their analysis. In particular, the following selection
problem has drawn substantial attention: Each member of a population is
characterized by a triple (y, z, x), where y lies in a finite dimensional real space
Y, z=0 or 1, and x lies in a finite dimensional real space X. A researcher
draws a random sample, observes all the realizations of (z, x), but observes
realizations of y only when z = 1. The researcher wants to learn a feature of
the probability measure of y conditional on x,

P(y|x)=P(y|x,z=1)Pz=1|x)+P(y|x,z=0)P(z=0]x). (1)

The selection problem is the failure of the censored-sampling process to
identify P(y|x). The sampling process does identify the selection probability
P(z =1|x), the censoring probability P(z=0|x), and the measure of y
conditional on selection, P(y|x,z=1). It is uninformative regarding the
measure of y conditional on censoring, P(y|x,z=0). Hence the censored-
sampling process reveals only that

P(y|0)E[P(y|x,z=1)P(z=1|x) +yP(z=0|x),y ETT], )

where I' denotes the space of all probability measures on Y.

Econometric analysis. Although the selection problem arises in very many
settings, formal analysis in economics is a relatively recent development. Until
the early 1970s, empirical researchers either explicitly or implicitly assumed
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that, conditional on x, y and z are statistically independent. That is,
P(y|x)=P(y|x,z=0)=P(y|x,z=1). 3)

Given that P(y|x, z=1) is identified by the sampling process, hypothesis (3)
identifies P(y |x). Moreover, in the absence of prior information, this hypoth-
esis is not rejectable. The reason is that P(y|x, z=1) belongs to the set of
feasible values for P(y|x); just let y =P(y|x,z =1) in (2).

The empirical plausibility of (3) was eventually questioned sharply, especial-
ly when researchers observed that, in many economic settings, the process by
which observations on y become censored is related to the value of y (see, for
example, Gronau, 1974). It also became clear that (3) is not necessary to
identify P(y|x). An alternative is to specify a latent variable model jointly
explaining (y, z) conditional on x (see, for example, Heckman, 1976; or
Maddala, 1983).

Statistical analysis. Statisticians analyzing censoring data often assume that
(3) holds. This is sometimes referred to as the assumption of ‘ignorable
nonresponse’. The term ‘nonignorable nonresponse’ is used to cover all
situations in which y and z are dependent conditional on x (see, for example,
Rubin, 1987).

Whereas the latent-variable model framework has dominated econometric
thinking about dependence between y and 2z, no similarly pervasive idea
appears in the statistics literature. Some statisticians, particularly Rubin
(1987), directly impose assumptions on the censored distribution P(y |x, z =
0). Researchers analyzing failure times often use the competing-risks model,
which is a type of latent-variable model (see, for example, Kalbfleisch and
Prentice, 1980).

Organization of this chapter. Although the econometrics and statistics
literatures on the selection problem differ in important respects, they both
focus primarily on situations in which one has strong prior information on the
distribution of (y, z) conditional on x. As I see it, the logical starting point for
an investigation of the selection problem is to characterize the problem in the
absence of prior information; Section 2 summarizes my recent work on this
subject. Then Section 3 describes the main ideas of the econometrics and
statistics literature. Section 4 makes concluding comments.

2. The selection problem in the absence of prior information

1t is well known that, in the absence of prior information on the distribution of
(v, z, x), the selection problem is fatal for inference on the mean regression of
y on x,

E(y|x)=E(y|x,z=1)Pz=1|x)+E(y|x,z=0)P(z=0]x) . (4)

The censored-sampling process identifies E(y|x,z=1) and P(z |x) but pro-
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vides no information on E(y | x, z = 0), which can take any value in Y. Hence,
whenever the censoring probability P(z = 0| x) is positive, the sampling process
imposes no restrictions on E(y | x).

One must, however, be careful not to extrapolate from the mean to other
distributional features. Identification of the mean from censored data is a
particularly difficult problem. In the absence of prior information, censored
data imply informative, easily interpretable bounds on other important fea-
tures, including quantiles, distribution functions, and the means of bounded
functions of y. This section presents some of the findings of Manski (1989,
1993).

2.1. Population bounds

Mean regressions of bounded functions of y. The central finding, from which
others may be derived, concerns the mean of a bounded function of y. Let g(+)
be a function mapping Y into a bounded interval [K,,, K;,] on the real line.
Observe that

E[g(») |x]=E[g(y)|x,z=1]P(z=1]x)
+E[g(y)|x,z2=0]P(z=0]x). ()

g’

The sampling process identifies E[g(y)|x, z=1] and P(z | x) but provides no
information on E[g(y) | x, z = 0). The last quantity, however, necessarily lies in
the interval [K,,, K;,]. This simple fact yields the following powerful result:

E[g(y)|x, z=1]P(z = 1]x) + K),P(z=0|x)
<E[g(y)[x]<E[g(»)|x,z=1]P(z=1|x) + K ,P(z=0]x).  (6)

Thus, a censored-sampling process bounds the mean regression of any
bounded function of y. The lower bound is the value E[g(y)|x] takes if, in the
censored subpopulation, g(y) always equals K, ; the upper bound is the value
of E[g(y)|x] if all the censored y equal K,,. The bound is a proper subset of
[Kog» K], hence informative, whenever censoring is less than total. At each
xo €X, the bound width (K, — K,,)P(z=0|x=x,) is proportional to the
censoring probability P(z =0]x). It is therefore meaningful to say that the
degree of underidentification of E[g(y) |x = x,] is proportional to the censoring
probability at x,,.

The conditional probability measure and distribution function. The bound
(6) has numerous applications. Perhaps the most farreaching is the bound it
implies on the probability that y lies in any measurable set ACY. Let g,(-) be
the indicator function g,(y)=1[y € A]. Observe that E[g,(y)|x]=P(y €
A |x). Hence (6) implies that

P(yEA|x,z=1)Pz=1|x)<P(y€Alx)
SP(y€EA|x,z=1)Pz=1|x) +P(z=0|x). (7)
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It is often convenient to characterize a probability measure on a real space by
its distribution function P(y <t|x), t €Y. It follows from (7) that

P(y<t|x,z=1)P(z=1|x)<sP(y <t|x)
<P(yst|x,z=1)P(z=1|x) +P(z=0]x), Vi€Y. (8)

It may seem surprising that one should be able to bound the distribution
function of a random variable but not its mean. The explanation is a fact that is
widely appreciated by researchers in the field of robust statistics: the mean of a
random variable is not a continuous function of its distribution function. Hence
small perturbations in a distribution function can generate large movements in
the mean. See Huber (1981).

To obtain some intuition for this fact, consider the following thought
experiment. Let w be a random variable with 1 — ¢ of its probability mass in
the interval (—, T] and £ mass at some point S > 7. Suppose w is perturbed
by moving the mass at S to some S, > S. Then P(w < 1) remains unchanged for
7<S8 and falls by at most ¢ for 7=S. But E(w) increases by the amount
e(S; — §). Now let §;— . The perturbed distribution function remains within
an e-bound of the original one but the mean of the perturbed random variable
converges to infinity.

Quantile regressions. Let Y =R' and a € (0, 1). The a-quantile of P(y|x) is
defined by

gla,x)=mint: P(y <t|x)=a. 9)

The bound (8) on P(y=-|x) can be inverted to show that g(a, x) must lie
between two quantiles of the identified distribution P(y | x, z = 1). Define

[1 - (1 —a)/P(z=1|x)]-quantile of P(y|x,z=1)
r(a, x) = if Pz=1|x)>1-a, (10)
—oo  otherwise .
[a/P(z = 1| x)]-quantile of P(y|x,z=1)
s(a, X) = if Pz=1|x)=a,
% otherwise .

It is proved in Manski (1993) that
r(a, %) < qla, x) <s5(a, x) (11)

Moreover, in the absence of prior information, this bound on g(«, x) cannot be
improved upon.

The lower and upper bounds r(a, x) and s(a, x) are increasing functions of «;
hence the bound shifts to the right as « increases. The lower bound is
informative if P(z =1|x)>1— «; the upper bound if P(z =1|x)=a. So the
bound (11) restricts g(a,x) to an interval of finite length if P(z =1|x)>
max(e, 1 — @) and is uninformative if P(z = 1|x) <min(a, 1 — a).
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2.2. Sample inference

The selection problem is, first and foremost, a failure of identification. It is
only secondarily a difficulty in sample inference. To keep attention focussed on
the central identification question, it is simplest to suppose that the conditional
distributions identified by the sampling process, P(y |x,z =1) and P(z | x), are
known. But it is also important to recognize that the population bounds
reported in Section 2.1 are easily estimable.

Estimation of the bound (6) on the mean of a bounded function of y is a
conventional problem in nonparametric regression analysis (see, for example,
Bierens, 1987; or Hardle, 1990). Rewrite (6) in the equivalent form

E[g(y)z + Ko,(1 = 2) | x] <E[g(y) | x] <E[g(y)z + K, (1~ 2) | x] . (6')

The censored-sampling process enables consistent nonparametric estimation of
E[g(y)z + K,,(1~ z) | x] and E[g(y)z + K, (1 — ) | x] at almost all values of x.
Consistent estimation of the bound at a given x; in the support of x is possible
if P(x =x,) >0 or if E[g(y)z + K,,(1~z) |x] and E[g(y)z + K, (1 — 2)| x] are
continuous at x,. Given regularity conditions, asymptotically valid sampling
confidence intervals can be placed around estimates of the bounds. Empirical
applications are presented in Manski (1989) and in Manski, Sandefur,
McLanahan and Powers (1992).

It is proved in Manski (1993) that the bound (11) on a quantile regression
can be estimated consistently if r(-, x) and s(-, x) are continuous at a. Given a
random sample of size N, let Py(y <-|x,z=1) and P,(z|x) be appropriate
nonparametric estimates of P(y <-|x,z=1) and P(z |x). Let

[1 = (1 — a)/Py(z = 1|x)]-quantile of Py(y|x,z=1)
ry(a, x) = it Pyz=1|x)>1-e, (12)
—w  otherwise .

[@/Py(z =1]|x)]-quantile of Py(y|x,z=1)
syla, X)= it Pyz=1|x)=a,
© otherwise .

Then, as N—x, [ryla,x), syla,x)] converges with probability one to
[r(e, x), s(a, x)] at almost all values of x.

3. The selection problem with prior information

The bounds reported in Section 2 can be improved if suitable prior information
on P(y, z|x) is available. A restriction has identifying power if it implies that
P(y|x) belongs to a set of distributions smaller than that given in (2).
Restrictions on P(y|x), P(y|x,z=0), and P(z|x, y) may have identifying
power. Restrictions on P(y|x,z=1) and P(z|x) are superfluous as these
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quantities are identified by the censored-sampling process. (The fact that the
latter restrictions have no identifying power does not imply that they are
useless in practice; they may enable one to improve the precision of sample
estimates of P(y|x,z=1) and P(z|x).)

Functional-form restrictions. Information directly constraining P(y|x) is
often referred to as a functional-form restriction. A functional-form restriction
may constrain P(y | ) as a function on X; one might, for example, know that y
is ‘statistically independent of some component of x or that E(y|x) is a linear
function of x. Or it may constrain the shape of P(y|x =1x,) at a specified
X, € X; one might know that P(y|x=x,) is a symmetric distribution or a
normal distribution.

Censored-distribution restrictions. A second type of information is a restric-
tion on the censored-distribution P(y|x,z =0). A simple example is the
statistical independence assumption (3). More generally, let P(y|x, z =0) be
known to be a member of a class I, of probability measures. Then (2) can be
improved to

P(y|x) €[P(y|x,z=1)Pz=1[x) +yP(z =0|x), y EL,]. (13)

Selection restrictions. Information constraining P(z | x, y) is sometimes re-
ferred to as a selection restriction. One example is the conditional independ-
ence assumption (3), which can be rewritten as

Pz |x, y)=P(z|x). (3"
A different conditional independence assumption, studied in Manski (1993), is
Pz|x,y)=P(z]y). (14)

To see why a selection restriction may have identifying power, observe that,
for any measurable set ACY,

P(yEA|x)=P(y€A|x,z=1)P=1|x)/Pz=1|x,y€A). (15)

The quantities P(y € A | x, z = 1) and P(z = 1| x) are identified by the sampling
process, so a restriction on P(z =1]|x, y € A) implies a restriction on P(y €
Alx).

Identification strategies. ldeally, we would like to learn the identifying power
of all types of prior information, so as to characterize the entire frontier of
inferential possibilities. Then the empirical researcher would be able to make
the inferences that are possible given whatever restrictions he or she believes to
hold. But there does not appear to be any effective way to conduct a complete
identification analysis. So researchers have investigated the power of specific
bundles of restrictions thought to have application to empirical problems of
interest. Section 3.1 describes the dominant strategy of the econometrics
literature. Section 3.2 describes the practices of statisticians.
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3.1. Econometric latent variable models

For twenty years, econometric thinking on the selection problem has been
expressed through latent-variable models of the form

y=hx) tug, (16a)
z=1[f(x) +u,>0]. (16b)

Here Y =R’, [£,(), f,(*)] are real functions of x, and (u,,u,) are random
variables whose realizations are unobserved by the researcher. The threshold-
crossing form of the selection function (16b) is well-motivated in empirical
analyses where the observability of y is determined by the binary choice
behavior of a rational decision maker. In such cases f,(x) + u, is the difference
between the values of the two alternatives and (16b) states that the more
highly-valued alternative is chosen. Many examples are given in Maddala
(1983).

Equations (16) alone do not restrict the distribution of (y, z) conditional on
x. A model takes on content when restrictions are imposed on [f,(+), f,(-)] and
on the distribution of (u,, u,) conditional on x. The overriding concern of the
literature has been to find plausible restrictions that identify the mean
regression of y on x, although most of the restrictions studied actually identify
the conditional measure P(y | x) fully. In what follows, I describe three types of
restrictions that have received considerable attention. These restrictions are
neither nested nor mutually exclusive. A latent variable model may impose any
combination of them.

Model with conditionally independent disturbances. The early literature
assumed that u, and u, are statistically independent conditional on x. It follows
that

P(y|x,z=1)=PA&) +u, |x, f,(x) +u, = 0]
=PLA() +uy |x]=P(y|x). (17)

Thus, independence of u, and u, conditional on x implies independence of y
and z conditional on x, the restriction stated in (3). Given this, P(y|x) is
identified even if no restrictions are imposed on [f,(-), £,(-)]. In practice,
researchers have typically imposed restrictions on f(+); most applications make
fi() linear in x.

Parametric models. A second type of restriction became prominent in the
middle 1970s. Suppose that f;(-) is known up to a finite dimensional parameter
By, () up to a finite dimensional parameter B,, and the distribution of
(u,, u,) conditional on x up to a finite dimensional parameter y. Then

P(y,z=1]|x) =P[fi(x, B) + uy, fo(x, By) +u,=0|x,v]. (18)

The left-hand side of (18) is identified by the censored sampling process. The
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right-hand side is a function of the parameters (8,, 3,, v). If there exists only
one parameter value solving (18), then P(y|x) is identified.

Parametric latent variable models have usually been studied through analysis
of the mean of y conditional on (x,z=1). Following the practice in the
literature, assume that E(u,, u,|x) =0. Then

E(y |x) :fl(x’ :Bl) s (193.)

E(y lx, z=1)=f(x, B,) + E[u, ix, o, By) +uy, =0, v]
Efl(')‘"? Bl) + g(x’ BZJ 7) . (19b)

The left-hand side of (19b) is identified by the sampling process. The
parameter B, is identified, hence E(y|x), if there exists only one value of
(B, By, ¥) solving (19b).

The most widely applied model makes f,(-) and £,(-) linear functions, (u,, u,)
statistically independent of x, and the distribution of (u,, u,) normal with mean
zero and unrestricted correlation; the variance of u, is unrestricted but that of
u, is set equal to one as a normalization. In this case,

E(y[x)=xB,, (20a)

E(y|x,z=1)=x'8, + yp(x'B,) I P(x'B,) , (20D)

where ¢(-) and ®(-) are the standard normal density and distribution functions
and where y = E(u,u,). Identification of B, hinges on the fact that the linear
function xB, and the nonlinear function y¢(x'B,)/P(x'B,) affect E(y|x,z =1)
in different ways. See Heckman (1976) or Maddala (1983).

There is a common perception that the normal-linear model generalizes the
model with conditionally independent disturbances. In fact, the two models are
not nested. The normal-linear model permits #; and u, to be dependent but
assumes linearity of [£,(*), f,(-)], normality of (u,, u,), and independence of
(u,,u,) from x. The model with conditionally independent disturbances
assumes u, and u, to be independent conditional on x but does not restrict the
distributions of u; and u,. Nor does it restrict the form of [f,(-), £,(-)].

Index models. By the early 1980s, parametric models were increasingly
criticized. Several articles reported that estimates of E(y|x) obtained under
the normal-linear model are sensitive to misspecification of the distribution of
(u,,u,) conditional on x. Hurd (1979) showed the consequences of hetero-
skedasticity; Arabmazar and Schmidt (1982) and Goldberger (1983) described
the effect of nonnormality. Concern with this led to the development of a third
type of latent-variable model.

Let A(x) be a known index; that is, a many-to-one function of x. Assume that
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f>(x) and the distribution of (u,, u,) vary with x only through A(x). Then
E(y|x) =f(), (21a)

E(y lx, z=1)=f(x) + E{y, lx> LlA)] +u, =0}
=fi(x) + g[h(x)] . (21b)

Let (£, p) denote a pair of points in the support of x such that A(£) = h(p). For
each such pair, (21) implies that

E(y|x=¢£2=1)-E(y|x=p,z=1)=E(y|x=¢)—E(y|x=p).
(22)

The left-hand side of (22) is identified by the sampling process; hence the
difference E(y |x = ¢) — E(y|x = p) is identified.

The usefulness of this result depends on the size of the sets [(£, p): h(&) =
h(p)]. The index assumption with the greatest identifying power is that in
which A(-) is constant on X; then (22) identifies E(y|x) up to an additive
constant. At the other extreme is the trivial case in which A(-) is one-to-one;
then h(¢) =h(p)=> & = p and (22) is uninformative.

The recent practice has been to impose an index assumption in combination
with other restrictions. Robinson (1988) combines an index assumption with
the functional-form assumption that f,(-) is linear. In Ahn and Powell (1993),
Powell (1987), Heckman and Honore (1990), and Cosslett (1991), the index
h(-) is not a priori known but assumptions are imposed that make A(:)
nonparametrically estimable from data on (z, x).

3.2. Statistical practices

The competing-risks model applied in medical and quality-control research
supposes that y and s are the random failure times for two components of a
system and assumes that the system breaks down when the first component
fails. In latent-variable notation, the model can be written

y=f®+tu, (23a)
s=f(x)+u,, (23b)
z=1[y <s]=1[f,(x) + u, <fu(x) + u,]. (23¢)

This model has the same structure as the short-side model of markets in
disequilibrium in econometrics (see Maddala, 1983).

Whereas competing-risks models and econometric latent-variable models
embody substantive theories of censoring processes, some statisticians ap-
proach censored-sampling from a very different perspective: as a mixture
problem, wherein P(y |x,z=1) and P(y|x, z=0) characterize two primitive
populations and P(z | x) is the mixing distribution. In particular, Rubin (1987,
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Section 6.2) supposes that one has prior information restricting the censored
distribution P(y | x, z = 0) to a class I}, of probability measures on y; thus (13)
holds. He also suggests that one place a subjective probability distribution on
the elements of I;,. This then induces a subjective distribution on the set

[P(y|x,z=1)P(z =1[x) + yP(z =0|x),y EL},]

of possible values of P(y|x).

Such Bayesian ‘sensitivity analysis’ is feasible only if the set I, is sufficiently
small; otherwise a subjective distribution cannot be placed on I . The practice
has been to make I, _finite or at most a finite dimensional set of distributions.
The case of no prior information, in which I, is the set of all distributions on
v, has not received attention in the statistics literature.

Two world views. Econometric latent-variable models and statistical mixture
models express different ideas about the nature of the selection problem and
imply different conclusions about the appropriate way to assert prior informa-
tion. From the latent-variable-model perspective, the censored distribution is a
derived quantity, not a primitive concept; hence, a researcher who thinks in
latent-variable terms finds it difficult to judge the plausibility of restrictions
imposed on P(y | x, z =0). From the mixture model perspective, P(y | x, z = 0)
is a primitive so it is natural to assert prior information through restrictions on
this distribution; mixture modellers find it difficult to interpret prior informa-
tion stated as restrictions on latent variable models. The different world views
expressed in latent-variable and mixture models have been aired recently in
Wainer (1986, 1989).

The conflicting econometric and statistical perspectives on the selection
problem recalls a closely related conflict regarding the analysis of discrete data.
Econometricians have typically asserted prior information through latent
variable models of discrete choice. Many statisticians have imposed restrictions
through the mixture model, referred to as discriminant analysis in that context.
See Manski and McFadden (1981, pp. 4-6) for a discussion and references.

4. Conclusion

Twenty years ago few economists paid attention to the fact that selective
observation of random sample data has implications for empirical analysis.
Then the profession became sensitized to the selection problem. The hereto-
fore maintained assumption, conditional independence of y and z, became a
standard object of attack. For a while the normal-linear latent variable model
became the standard ‘solution’ to the selection problem. But researchers soon
became aware that this model does not solve the selection problem; it trades
one set of assumptions for another. So econometricians sought to widen the
menu of latent variable models. Recent work weakens the parametric assump-
tions of the normal-linear model at the cost of imposing an index assumption.
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During the same period, statisticians were struggling to deal with nonignor-
able nonresponse. Those with failure-time applications developed competing
risk models. Other statisticians came to think in mixture-model terms.

The current diversity of approaches to the selection problem is unsurprising.
Moreover, it will almost certainly persist. Censoring creates an identification
problem. Identification depends on the prior knowledge a researcher is willing
to assert in the application of interest. As researchers are heterogeneous in
their applications and in their prior beliefs, so must be their perspectives on the
selection problem.

Econometricians and statisticians can assist empirical researchers by clarify-
ing the nature of the selection problem and by widening the set of cases for
which the inferential possibilities are understood. My own view is that both the
econometrics and statistics literatures have overemphasized situations in which
one has strong prior information. Empirical analysis should begin by determin-
ing what one can learn from the data alone, in the absence of prior
information. This done, then prior information may be brought to bear, in
whatever form and strength as one believes appropriate in the application of
interest.
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General Nonparametric Regression Estimation and
Testing in Econometrics

A. Ullah and H. D. Vinod

1. Introduction

Generalization of the familiar histogram called kernel and ‘nearest neighbor’
density estimation was pioneered by Rosenblatt (1956), and its applications to
regression by Nadaraya (1964), Watson (1964), Stone (1977) and others. Major
books on the subject include: Prakasa Rao (1983), Silverman (1986), Eubank
(1988), Hasti and Tibshirani (1990) and Hardle (1990). Window widths,
bandwidths or smoothing parameters denoted here by A, are a generalization
of the widths of bars appearing in a histogram. The basic computer algorithm
in nonparametric density estimation replaces an estimate of a density f(x) by a
weighted sum, where weights can be complicated functions w(x, #) defined in
Section 2 below. We use these weighted sums to unify the vast literature
dealing with nonparametric estimation and inference. Our focus is beyond
- kernel based regressions and their derivatives, since these are covered in other
surveys. We include discussions of testing and asymptotic properties in terms of
a general class of estimators. Our unification keeps the discussion closely tied
to a practical computation of weighted sums and hopes to attract computation-
ally talented researchers. Computational pointers are included at the end of
most sections to focus attention on practical results.

We shall show that these methods have numerous applications in many areas
including regressions, as shown by Gasser and Muller (1979a,b, 1984) and
Ullah (1988a). Description of economic data often requires estimation of
higher order moments and quantiles, which can be made richer with the help of
nonparametric methods described in Section 3. We show in Section 4 that
nonparametric weighted sums can offer truly flexible functional forms. For
example, Vinod and Ullah (1988) consider what they call an ‘amorphous
regression’ of y on x, with errors £. We consider the standard nonparametric
regression model:

y=m(x)+e. (1.1)

Typical assumptions on m(x) are that it has an adequate number of derivatives.
The regression function m(x) is completely amorphous, having no functional

85



86 A. Ullah and H. D. Vinod

form. It is defined simply as the expectation E(y |x), and may be viewed in
terms of the ratio of densities f(y,x)/f(x). Hence, an estimate of m(x) is
feasible in terms of a ratio of weighted sums. Thus, nonparametric methods
involving weighted sums are feasible in the estimation of the regression
function m(x) and with a bit more work, in the computation of the partial
derivatives of m(x) with respect to the regressors.

Econometrics is concerned with computation of marginal productivities,
elasticities, etc. which are related to partial derivatives of m(x). The initial
appeal of these nonparametric estimators is that one need not specify the
functional forms of m(x) to estimate the partials of E(y | x) with respect to x.
One can compute analytical expressions of the derivatives of the ratios of
weighted sums mentioned above, or numerical approximations, Gasser and
Muller (1979b). When this possibility was presented at the Rutgers productivity
conference in 1985 by one of us, the questions asked were: How can one
estimate a relationships without specifying functional forms? Can empirical
econometrics be really free from a need to specify functional forms and testing
for specification errors? Independent of our work in Vinod and Ullah (1988),
Powell, Stock and Stoker (1986), among others, proposed estimating a
weighted average of derivatives. Recently, an application to household Engel
curve estimation is reviewed with comments in Bierens and Pott-Buter (1990).
We will mention many more applications later. When one starts with a known
arbitrary functional form and a small data sample and compares several kernel
type estimators, there are no clear winners, and the performance of non-
parametric derivative estimators can be erratic. By now, we are aware of many
informal comparisons, including some by our students. We shall indicate the
current state of knowledge as well as challenging problems in this area,
including the so-called curse of dimensionality. Our tentative conclusion is that
empirical econometrics cannot be free from parametric forms, especially for
small sample sizes with dependent observations and several regressors. A
fruitful role for nonparametrics appears to be to piggyback on the parametric
methods and see whether further progress can be made toward capturing any
missing features.

We note that the performance of nonparametric methods in the estimation
m(x) itself, if not its derivatives, is now well established. To illustrate
estimation of m(x), let us consider Canadian data on earnings versus age. For
data sources see Ullah (1985) and Ullah and Vinod (1988). Figure 1 plots the
natural log of earnings (y;) against age (x;) for the 205 observations as dotted
line. We have joined the scatter of points so that they are not missed visually.
One can see that there is a reduction in earnings associated with an increase in
age beyond 50, which may be called drooping. The linear regression estimator
shown by a line interspersed with squares does not capture the drooping of
carnings at high (or low) values of the age. The line with triangles depicts a
kernel estimator, which does show some drooping. Toward the end of Section
2 we mention a compromise estimator from Ullah and Vinod (1991), which
hopes to combine the advantages of parametric and nonparametric methods,
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Fig. 1. Canadian cross section, log of earnings (dotted line), OLS forecasts (dotted line with

squares), nonparametric and compromise forecasts (solid lines with triangles and bullets, respec-
tively).

and includes a quadratica and a cubic. A line with circles which droops even
further than the kernel estimator illustrates the compromise estimator. More
work is needed to attempt boundary correction methods from Rice (1984) or
Hall and Wehrly (1991).

Nonparametric estimation of variance of residuals from any parametric
model can help recover what is missed by the parametric model, and possibly
refine statistical inference. As is well known, the Box—Cox transformation is a
generalization of the commonly used logarithmic transformation. These have
been further generalized to achieve normality of the sampling distribution and
homoscedasticity of errors, at the cost of further computational burden. We
review these and additive models along with a systematic summary of finite
sample properties of nonparametric estimators and misspecification tests.

In summary, we ask: Why study nonparametric smoothing methods?
Because they offer versatility and flexibility in estimation and forecasting — one
does not need to specify functional forms. These methods include powerful
tools for exploratory analysis, improving the parametric fit and for locating the
outliers and missing observations. Why do they work? Because they use local
smoothing and because the theory reviewed here demonstrates so. What does
not work? They fail when there are too many regressors and/or too few
observations. What is the main context of this study? We are concerned with
econometric applications where the design is random since the data are
passively observed.
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2. Nonparametric model and estimators

Let us consider g =p + 1 economic variables (Y, X') where Y is the dependent
variable and X is a p X 1 vector of regressors. These p variables are completely

de?ermined by their unknown joint density f(y,x;,...,x,)=f(y,x) at the
points y, x. Then the nonparametric regression model can be expressed as
Y=mx)+U, (2.1)

where m(x) = E(Y | X =x) provided E|Y| <% and U represents errors. The
term nonparametric is used because we are not necessarily writing m(x) as
B, + Ej’zl Bx; with parameters §;, or some other parametric functional form.
The function m(x) can be highly nonlinear and is not assumed to be expressible
in some parametric form. However, we require m(x) to have p continuous
derivatives (i.e., it is smooth) compared to the errors U.

Now suppose that we have data (y,,x;) (i=1,...,n) upon (1 X q) vector
(Y, X'), where x, is a p X 1 vector of variables and y, is a scalar. Then from
2.1

yi=milx;) +u;, (2.2)

where the error term ; has the properties E(y, |x;) =0 and E(u? | x,) = o°(x,).
Throughout this paper capital letters Y, X etc. will be population random
variables, lower case letters y;, x; will be sample (data) random variables, and
y, x without a subscript will be certain fixed points whose ranges of values are
the same as those of Y and X, respectively. We also assume throughout, that
¥i» X;, u; are either iid (independent and identically distributed) or stationary
for dependent data.

The aim of nonparametric estimation of m(x) in (2.1) is to approximate m(x)
arbitrarily closely, given a large enough sample. This can be accomplished by a
simple observation that the estimation of m(x) implies the estimation of the
population mean of Y when X =x. This is given by a general class of linear
nonparametric estimators, essentially the weighted mean of y,, as

A9 = 2 w0, @3)

where w,,(x) = w,(x;, x) represents the weight assigned to the i-th observation
y;,» and it depends on the distance of x; from the point x. Usually, the weight is
high if the distance is small and low if the distance is large. If the weights are
such that w, (x)=0 and X w_(x)=1 then they may be called ‘probability
weights’. The conditions on weights w,; which ensure consistency and asymp-
totic normality are given in Section 7.4.

For fixed x, let m(x) be regarded as a single unknown parameter m. Now the
estimator #i(x) in (2.3) can be seen to be the minimizer of the weighted sum of
squares &7, w,.(x)(y, —m)>, where X w,(x) = 1. Hence, the estimator 7 is a
weighted least squares estimator.
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2.1. Special cases of m

A large class of nonparametric estimators are special cases of (2.3). They differ
mainly with respect to choice of w,;. Some are developed for the case of
nonstochastic (fixed) design X, even though econometric applications usually
have random X’s. For example, for a fixed design x, =i/n or x; = (i — 0.5)/n,
(i=1,...,n), x; are evenly distributed over an interval, which may be taken
to be [0, 1], without loss of generality. It is important for asymptotic results
that |x, —x,_,| = O(1/n).

(1) Nadaraya—Watson (NW) kernel estimator. The kernel is a continuous,
bounded function which integrates to one, [ K(u) du = 1. For Nadaraya (1964)
and Watson (1964) estimator the choice of w,, in 7 is

x-—x

w,(x) =K 24)

where K(-) is a kernel function with a scale factor A =h,—0 as n— is the
window width. This is one of the most well-known estimators and it was
developed by estimating m(x) = [ yf(y|x) dy by using a nonparametric density
estimator for f(y|x). Its properties for the fixed design case have been
explored in Gasser and Muller (1979a), Gasser and Engel (1990) and Chu
(1989). Usually the kernel is chosen as a density function which integrates to
one, e.g., normal. Higher order kernels are often useful in providing estimates
with less bias. Let p denote the number of regressors comprising x. The choice
of A which minimizes the approximate mean squared error (MSE) of 7 is
an” VP Useful choices of h are obtained by using the leave-one-out or
Cross vahdation procedure of Wahba (1975, 1981) and iterative plug-in
methods recently mentioned in Gasser et al. (1991).

If h="h; in (2.4) is a sequence of positive numbers, then (2.4) leads to
recursive kernel estimators studied by Devroye and Wagner (1980) and Singh
and Ullah (1986). Further if K(-) in (2.4) is replaced by h; ‘K[(x; — x)/h,] we
get the recursive estimators due to Ahmand and Lin (1976). For details on the
properties of NW and recursive estimators, see the review by Ullah (1988Db)
and the books by Eubank (1988) and Hardle (1990).

(ii) Mack and Muller (MM) estimator. Mack and Muller (1989) noted that
the denominator of NW weight depends on x. This leads to complicated higher
order derivatives of #i(x) with respect to x. More importantly, it can lead to
unstable and poorer estimates. Thus they developed the estimator of m(x) =
J y*f(y*, x) dy*, where y* = y/f(x), by using nonparametric density estimator
of f(y*,x). This gives the weights as

WailX) = f(x)K(x —=). (2.5)

where the denominator does not have f(x), evaluated at the fixed point x. In
practice, the f(x;) evaluated at the sample value is replaced by its kernel
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estimate:
f) = (11nh?) 2 K(h'[x,—x.]). (2.6)

This is just the NW estimator evaluated at f(x,) rather than at f(x) and would
have to be estimated for each sample value. Obtaining the derivatives of ri(x)
with the weight (2.5) would need the explicit derivatives of K(h™'[x, — x])
only. This is because f(x;) or its estimate is evaluated at x; not x. This is an
advantage compared to (2.4) for the NW estimator, where the denominator is
evaluated at x.

(iii) k-nearest neighbor (NN) estimator. The general NN estimator of m was
proposed by Royall (1966), Stone (1977), Mack (1981) for the random design
case. The w,, for this estimator is

w,,,.(x)=1<<x _x> Z (x _x) 2.7)

n

where K(+) is a bounded, nonnegative kernel functions with compact support,
satisfying K(y) =0, for ||¢/||>1. The notation k, is the Euclidian distance
between x and its k-th nearest neighbor among the x, and k =k, satisfies
k,—» as n—. Here k is the smoothing parameter similar to 4 in the NW
estimator.

Stone (1977) considers the estimator # in (2.3) where the w,; are uniform,
quadratic and triangular. Uniform weights lead to one among the well-known
NN estimators. For the choice of & and the properties of NN estimator, see
Mack (1981), Stone (1977) among others.

(iv) Ahmad-Lin estimator. The Ahmad and Lin (1984) estimator of m was
proposed in the context of fixed design x;, and it is given by

x;—x\ A(A))
W) = K(57) =52, 2.8)
where A,,...,A, are partitions of the space defined by closed intervals

= [0, 1]” into n regions such that the volume A(A,) is of order n™*, K(*) is a
p-dimensional bounded density, # = 4, is a sequence of real numbers converg-
ing to zero as n—, and x;EA,. If p=1 and we select A, =(x,_,,x;),
i=1,...,n where 0=x,<x,<---<x,=1, (2.8) reduces to the weight
proposed earlier by Priestley and Chao (1972). For the properties of this
estimator, sec Ahmad and Lin (1984).

(v) Gasser—Muller (GM) estimator. This estimator was also developed for
the fixed design case, and is closely related to the Priestley—Chao estimator
mentioned above. It is applicable to random designs subject to regularity
conditions. The weights for this estimator are

W,ix) = f K(u x)du (2.9)
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where A, K(-) and h=h, are as defined in (2.6). For p=1 we let A, =
(S;_1,8,), where S; = (x; + x,,,)/2 is the mid point. For properties and details
about this estimator, see Gasser and Muller (1979a,b, 1984), Ahmad and Lin
(1984) and Georgiev (1984). For the applications, see Gasser and Muller
(1984).

(vi) Weights for other estimators. There is a large class of weights w, ,(x) and
hence mi(x) available in the literature. For example, Yang (1981) considered
the symmetrized NN estimator where w,, is the same as in NW or NN
estimator except that x; and x in their definitions are replaced by the empirical
distributions F,(x;) and F,(x), respectively. Silverman (1984) shows that the
smoothing spline estimators due to Reinsch (1967) are approximately the ri(x),
(2.4) with w,,(x) = (nh(x,)) " K(x, — x)/h(x,), where h(x,)a(f(x,))”"'*. Rice
(1984) and more recently Ryu (1990) use the variable kernels K(x, x;)

M(n)

w,,(x) = K(x, xi)/i K(x,x;), where K(x,x;,)= 2_ P.(x)P, (x,),
(2.10)

where P,,(x) are orthogonal polynomials and the upper limit M(n) depends on
n. For details on some of these estimators, see Hardle (1990) and Pagan and
Ullah (1990).

(vii) Other estimators of m(x) (parametric and semi-parametric). In econo-
metrics, there is an extensive literature on the approximation of m(x) by a
suitable parametric form; see Lau (1985) for a detailed survey. In recent years,
the method of sieves, see German and Hwang (1982), has become an
important tool for approximating unknown functions like m(x). According to
this method, which is similar to (2.10), the object of interest lies in a general
(non necessarily finite) space, and m(x) is approximated by using a sequence of
parametric models in which the dimensionality of the parameter space grows
along with the sample size n. To succeed, the approximating parametric models
must be capable of providing an arbitrarily accurate approximation to the
elements of general space as the underlying parameter space grows. Among
useful practical procedures used in this context are Fourier series, see Gallant
and Nychka (1987). Ryu (1990) provides a maximum entropy interpretation of
the Fourier series approximation. Another method with universal approxi-
mation properties is that of multi-layer feed-forward network functions
considered in White (1990).

In many econometric models, the problem of nonparametric estimation
arises in the models of the form

yi=m{z;)+u,, wherez;=x.8. (2.11)

Note that z; is known as a single index variable. The models of this type are
called semi-nonparametric or semi-parametric because z; depends on the
parameter vector 8. Some initial value of B is needed in order to estimate
these models with the help of nonparametric estimator # in (2.2). The
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examples of models which can be of the form (2.11) are macro models with
expectation variables, discrete choice models and sample selectivity models,
among others. For details on semiparametric models, see the survey by
Robinson (1987).

Other types of semi-parametric estimators arise in the models where m(x) =
x'B, or y;=x;B + u;, but the form of heteroscedasticity and/or autocorrelation
structure of u; is unknown. The autocorrelation structures have been estimated
nonparametrically by using the estimators given in Section 3. Usually, an
estimator of 8 has Vn convergence in these models. For details regarding the
heteroscedasticity case see Carroli (1982), and for the autocorrelation case see
Altman (1990).

A semi-parametric estimator of m(x) can be developed on the lines of Olkin
and Spiegelman (1987) semiparametric density estimation. Essentially, one
forms the estimator of m(x) as a convex combination of the parametric
ordinary least squares estimator x’ 3, (where 8 = (X' X)™! X'y, where X is the
matrix of regressors) and the nonparametric estimator mi(x) =X w,,(x)y, of
(2.4). This gives an estimator detailed in Ullah and Vinod (1991) and
illustrated in Figure 1. We have

mlx, A) = (1—x'B + riux) = i w,(x, Ay, , (2.12)

where w,(x, A) = (1 — A)a,(x) + Aw,,(x), where a,(x) is the i-th element of the
p % 1 vector x(X'X)™' X". Observe that w,(x, A) and hence r(x, A) is a special
form of the general nonparametric estimators studied here. However, we can
call it semi-parametric because A is an unknown parameter. The parameter A
can be chosen so as to minimize the error sum of squares:

2, [yi= s, I = 2 [y, = (1= ' B = 1))’ (2.13)
The solution to the minimization is obtained simply by least squares regression:

(Yi_x;':é):)‘(rﬁ(xi)_x;é)+ui (2.14)
which is

> (v~ XiB)(lx,) — x1B)
2 (i(x,) —x}B)

where the summation ranges from i=1 to n, and where we assume that
#(x,) # x' B with probability 1. Indeed substitution of A in (2.12) gives a data
dependent 71(x) = X w,,(x, A)y,. Stainswalis and Severini (1991) discuss further
techniques for detection of global and local lack of fit in the regression content.
Computer programming for the section involves simple weighted sums as in
(2.3) with weights from equations similar to (2.6). One can use a standard

A= (2.15)
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regression package to estimate the parameter A of (2.15) after computing the
variables defined in (2.14).

3. Estimation of higher order moments and quantiles

Let g(Y) be a smooth function such that E|g(Y)] <. Let M(x) = E(g(Y)|X =
x) be the conditional mean of g(Y) given X=x. Then a general linear
(nonparametric) estimator of M(x) can be written in the same way as i(x) in
(2.3) and it is given by

M(x) = 2 w,.()g(3;) » (3.1)

where the weights w,,(x) are as discussed above.

When g(Y)=Y?, M(x) in (3.1) gives the nonparametric estimate of the
second conditional moment around the origin. The estimator of the second
central moment of Y, V(Y| X), can then be obtained as V(Y | X = x) = M(x) —
#*(x), where ri(x) is as in (2.3). This estimator is useful in analyzing
conditional heteroscedasticity. Nonparametric estimators of higher order
moments and conditional covariances can be similarly obtained.

Often, in practice, one is interested in estimating the median (50-th
percentile) of the conditional distribution, instead of its mean m(x). Let the
a-quantile of the conditional distribution of Y given X =x be ¢, (x), which is
the solution of

F.0)|0 =P <q.@) |0 = [ f(y]x)dy.

The nonparametric estimator of ¢, (x) is §,(x) which solves

F(4,(x)|x)=a, where F= Jl: f(ylx)dy. (3.2)

Note that F is the estimator of F(y|x) and f(y]x) can be obtained by kernel
or NN density estimators, see Stone (1977). Samanta (1989) suggests the use of
a kernel estimator and has studied the consistency and asymptotic normality of
the estimator. Bhattacharya and Gangopadhyay (1990) have obtained the
estimator using both kernel and NN estimators of the conditional density. They
have studied the asymptotic properties and the choices of smoothing parame-
ters. The numerical computation of variances etc. requires expressions con-
taining weighted sums. For econometric applications and a workable computer
algorithm for quantiles see Magee et al. (1991).
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4. Estimation of derivatives

Let us write the s-th order derivative of m(x) with respect to the j-th x variable
as
BOx) = (x), $=0,1,2, ..., (4.1)
]
where B;O)(x) =m(x) =m(x,,...,x,), and for s =1, Bfl)(x) = dm(x)/dx; is the
j-th response coefficient.
The s-th order average derivative is given by

BY =E(BP () = | BOCf) dx (42)

In practice, the first order partial derivative provides information regarding
the regression coefficients. Second order partial derivatives provide informa-
tion regarding curvature properties, cross elasticities, etc. For example, if m(x)
is the production function with p-inputs, one can study convexity, interdepend-
ence and cross elasticities of inputs. Finally the average derivatives may be
useful for estimation of single index models, see Hardle and Stoker (1989).

The nonparametric estimates of B]@(x) can be obtained by simply replacing
m(x) by m(x) =L w,(x)y,. Thus

B (x)= 2 W)y, , (4.3)

where w') is the s-th order derivative of w,,(x) with respect to x;. (4.3) can be
written eas1ly for the special cases of w,, given in (2.1). Details for the NW
weights are given by Ullah (1988a, 1988b) For s =1 see Vinod and Ullah
(1988) and an application to s =2 case is in McMillan et al. (1989).

The average derivative B(S) =E B(S)(x) can be estimated by

B = EB“)( ). (4.4)

The asymptotic properties of this are given in Rilstone (1991). Fan (1990a)
considers the estimator of average derivative based on Mack—Muller weight in
(2.5). Her estimator is

gy = 2 BY (X). (4.5)

It has been shown by Fan (1990a) that for s =1 her average derivative
estimator is identical with the average derivative estimator of Hardle and
Stoker (1989), which is

1 < f(l)(xi)

_ - 4.6
) (*+6)

Brst) = —
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where f(x) is the kernel density estimator. Note that, under the boundary
assumption, f(x) vanishes on its boundary of support. Hardle and Stoker
(1989) first show that EBV(x)f(x) dx = —E(f " (x)y/f(x)) and then estimate it
by (4.6). In contrast, Fan’s (1990a) derivation is stralghtforward and does not
need the boundary condition. A comparison of ,BNW and ,BI(W)M would be useful
in the present context. Typical computer programming for this section involves
equations (4.3) and (4.4).

5. Estimation of error variance

Let us con51der the nonparametrlc model y, =m(x,) + u, from (2.2), Where
Eu, =0 and Eu’ = ¢°. Then the question is: what is an optlmal estimate of o>?
For this purpose let us rewrite the model in vector notation as

y=m-+u, 5.1

where y, u and m =[m,,...,m,]|" are each n X 1 vectors. Further, using
m(x;) = 21 an(xi)yj
i-

yields
i=y-—m=y-Wy=(1I~W)y,

where W is an n X#n matrix of smoothmg elements w, (x;) = wi(x,), i, j =
1,...,n. An obvious estimator of ¢ is

L2 Wa o y'My w2
Vs _tr(M) tr(M) * where M = (I-W)~. (5.2)

Note that the M in (5.2) is a stochastic matrix of weights. However, if the x,
are fixed design variables, or if we consider conditioning on random x; then M
will be nonstochastic. Buckley et al. (1988), under the assumption of normality
of errors u, provide the optimal M which minimizes the MSE of °. The
expressions for the optimal M are, however, quite involved and they depend
on the moments of u. Ullah and Zinde-Walsh (1992) have extended the
Buckley et al. results for the non-normal errors u.

Recently Hall and Marron (1990) considered the estimation ¢ in (5.2) in a
special case where the weights w,(x;) are NW weights as glven in (2.4). For this
case they derived the appr0x1mate bias and variance of 6> and showed that the
optimal window width # which minimizes MSE is proportional to n~>'* instead
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—-1/5
of usual hxn

moments zero, the optimal hocn

Another point is that the MSE of ¢ is of the usual O(r™"). This is despite
the fact that the MSE of 71y, is known to have a slow speed of convergence.
The intuitive reason for 6 to be of O(n ") is that it is an average over n values
and hence it further smooths out the riy,. Computer programming for this
section would involve equation (5.2).

if m has two derivatives and p = 1. For the kernels with r — 1
—2/(4r+1)

6. Nonparametric regression with a generalized Box—Cox transformation

The Box and Cox (1964) family of power transformation, familiar in economet-
rics, has been recently generalized by introducing certain computer intensive
methods. For further discussion of econometric applications see Maddala
(1977, pp. 316-317). The purpose of the Box—Cox transformation in the
regression context is to achieve a close approximation to normality, linearity
and homoscedasticity. The Box—Cox transformation is defined as

e AN A1) i A >0,
f.=z _{g In(z, + A,) i£A,=0, 6.1

where A, is a number added to the data before the transformation (usually
A, =0), g is the sample geometric mean of (z, + A,), A; governs the strength
(power) of the transformation such that when A, = 1 we simply use the original
data without any transformation. When A, =0, this is the usual logarithmic
transformation. The Box—Cox transformation is well defined for z,>0.
Econometrics texts usually consider the special case z* =f, = (z* —1)/A. In
typical applications when y is regressed on x,, x,, . . . , X, one computes y* and
x; for all i with an additive model

14
Y =X*B+u=2 f(x)B +u, u~N(0,cI) (6.2)
i=1

in an obvious notation where an aim of the transformation f; is to achieve
normality and homoscedasticity. In econometrics it is common to use y* =
XB + u, where only the dependent variable is transformed. If a common A is
used in defining all variables bearing the superscript *, only one additional
parameter A needs to be estimated by a version of the maximum likelihood
methods.

~ Friedman and Struetzle (1981) introduced a generalization of the linear
regression model called the projection pursuit (PP)

E(Y) = 2 B, a), (6.3)

where we have B, as the functions f;, which are not necessarily linear but
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unspecified, and where the a; are unit vectors representing the so-called
directions. It is the presence of these directions a; which require us to use a
notation different from f,. The computer intensive PP algorithm is difficult to
describe intuitively, except to say that it searches over all possible unit
directions and chooses the functions B and estimated directions d, that
minimize the error sum of squares. From the first round residuals the algorithm
selects the next best direction and functions. It stops when further improve-
ment in the fit defined in terms of residual sum of squares is negligible. Note
that OLS is a special case because least squares algorithm finds the best
direction and the best linear function of that direction. Hence the proponents
of PP argue that adding another linear term will not improve matters. Hastie
and Tibshirani (1987) apply bootstrap methods to show that in one example,
the second direction found by the PP algorithm is quite unstable.

Instead of using (6.1) one can use arbitrary smooth transformations f(x,)
based on the scatterplot of the data. Cleveland (1979) and Cleveland and
Devlin (1988) devised a powerful scatterplot smoothing algorithm and Cleve-
land et al. (1988) illustrate it with social science applications. This may be
interpreted as a kernel estimator, Muller (1987), and provides an attractive
alternative, because its sampling theory is very close to that of ordinary
regression.

Breiman and Friedman (1985) proposed a generalization of Box—Cox model
called the alternating conditional expectation (ACE) algorithm. Given two
random variables X and Y the ACE algorithm finds the best transformations f,
and f, that maximize the ordinary correlation between f, and f, such that
homoscedasticity is achieved in the sense that the variance f, = 1. An equiva-
lent formulation of ACE is to minimize E(f, — £.)* subject to var( =1
Unlike Box—Cox, ACE is obviously symmetric in X and Y and hence more
suitable for a correlation rather than regression framework. Recently additivity
is emphasized and the normality requirement is dropped by Tibshirani’s (1988)
additive variance stabilization (AVAS) algorithm. The AVAS algorithm exploits
the power of modern computers for numerical implementation of the following
well-known asymptotic variance stabilization formula from elementary statis-
tics, Kendall and Stuart (1977, Ex. 16.18). Let the variance of a statistic ¢
based on n observations be a function of the unknown parameter 8, var(t) =
f@)/n+o(n""). We seek a transformation g(r) such that var(g(t))=1/n+
o(n™") replacing f(0) by unity. The solution is

g(t) = f t de/Vfe) . (6.4)

The AVAS algorithm starts by standardizing all variables to make mean zero
and variance unity. When there is only one regressor, AVAS iteratively
standardizes the Y conditional on X, stabilizes its variance and standardizes
again until R does not change very much. When more regressors are present,
one needs to loop over them by an inner loop similar to the backfitting
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algorithm used in ACE. Although additivity implies the absence of interaction
terms, it is shown by Hastie and Tibshirani (1986, p. 315) that simple
interactions involving cross products x,x; or ) fj(x}.) can be incorporated as
additional additive terms.

For potential econometric applications Andrews and Whang (1991) study
interactive spline models in the literature, Wahba (1986), after renaming them
as additive interactive regression (AIR) models. Unlike the interactive spline,
the AIR models can be computed using standard statistical software. Both
models appear to resolve the ‘curse of dimensionality’ which plagues almost all
nonparametric regression methods. Additive regression models discussed by
Stone (1985) do not permit interactions. Assuming that the regression function
is twice differentiable, Stone (1985) shows that the fastest possible rate of
convergence in L? norm with 0<g < is n~ >’“*?) where p is the number of
regressors. The idea behind additive regression and AIR models is to estimate
several lower dimensional surfaces instead of one large dimensional surface.
Stone (1985) proved that a convergence rate for p > 1 can be improved to the
rate for p =1, if the additive regression model is valid. Chen (1988) proved
that even after allowing for certain types of interactions among the regressors,
the convergence rate for p >1 is no worse than that for p =1. Chen’s proof
requires that assumption of independent and identically distributed (iid) errors
and a tensor product design for regressors. The AIR model is of the form (2.2)
with

A B(a)

m(x)= 2 2 mey(x), (65)

where m_,(x;) is an unknown function of the observable elements x;=
(%i15 Xi25 - - - 5 x;,). The first subscript a ranges over 1,2,..., A counts the
number of elements of x; included in the function, with both A and B(a) <p.
For example, m,,(x;;) has a=1, and is a function of x, only. Similarly,
My, (X;0, X5, X,;,) 18 a function of a =3 components of x,. The range of the
second subscript b =1, . . ., B(a) can be different for each a by an appropriate
choice of B(a). When all possible combinations are considered, B(a)=p!/
[a!(p — a)!]. Usually B(a) <p!/[a!(p —a)!]. Andrews (1991) suggests a series
estimator which approximates m,, by a finite series expansion containing k,,
terms in a weighted sum having weights as parameters to be estimated.

mab(x 2 abczabc(x (66)

where x; represents the same subset of x; containing the same number a of
elements and where z_,_ belongs to a known ‘series’. For example, it may be a
polynomial, trigonometric or Fourier flexible form (FFF) of Gallant (see
Gallant and Souza, 1991, for references). An AIR model of order 2 with p =3
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is illustrated by

M(X ;5 Xin, My3) = my(x;)) + my(x,) + ma(x;,)

+ M%) +mos(0xs) + mas(r,x;;)

Partially linear regression (PLR) model considered by Chamberlain (1986),
Wahba (1986), Rice (1986), Speckman (1988) and Robinson (1988), among
others, can also mitigate the cure of dimensionality. This is a special case of
(6.5) and it can be written as

m(x;) =x,;B + my(xy,) , (6.7)

where m,(x,;) is an unknown function of x,. Chamberlain (1986) and
Robinson (1988) are concerned with vz consistent estimation of .

Semiparametric index regression (SIR) models have been suggested by Ruud
(1986) and Stoker (1986) as in (2.11). Unfortunately a comparative study of
the various proposals, in conjunction with the various scatterplot smoothers by
Cleveland (1979), Cleveland and Devlin (1988) and others mentioned before,
is missing from the literature. This may be because it will involve a massive
simulation and computer programming effort. Asymptotic and finite sample
properties provide a useful guidance, pending such a study. Computer
programs for PP, ACE, AVAS, and scatterplot smoothers are readily available
in the S computer language from the Bell Laboratories.

7. Finite sample properties

We shall consider the finite sample properties of the estimator st when x is
nonstochastic and when it is stochastic. These results are useful in determining
window width and weight functions. It is easy to verify that when x is fixed and
u, is iid (0, o”) then the exact bias and variance of /7 are

Bias(i) =Em —m = > w,(m; —m)+ m(Z W, — 1> 7.1
i=1 i=1
and
V(i) = o2 2, w2, = o2In(x), (7.2)
i=1

where n(x) = (57_, w>,)"". For a fixed sample, n(x) can be used to compare the
precision of \)/arious estimators. The bias and variance of the s-th derivative
estimator 3 can be similarly written by replacing w,, with w®)

ni "
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When u; is a stationary time series process with y, = cov(y,, u,_;), then

-1

V(ﬁ1)=az/n(x)+2n2 Z WoiW, Vi - (7.3)

j=1i=j+1

This implies that if we use positive w, then V(#1) for dependent observations is
greater than that for the independent observations case when the 1, is positive,
and smaller when the v, is negative. Further the V(#2) and hence the MSE (7#)
increases with the increase in the serial correlation of observations.

In a recent work Ullah (1992}, for fixed x, has obtained the exact as well as
approximate density of

mi(x) — Er(x)
[V(m(x)]'"?

under the assumption that u; in (2.2) follows an Edgeworth or Gram—Charlier
density. This result also provides correction terms for the well-known asymp-
totic normality of z,. When X is random the exact density is difficult to obtain.
However, under the assumption of normal or spherical density of u, Ullah
(1989) has shown that the exact distribution of z, is N(0,1) and S(0, 1),
respectively. Results based on the assumption that # is a mixture of normals
have also been obtained. Although these results are based on the parametric
assumptions of u, they would provide benchmarks for any Monte Carlo study
in this area.

The exact results above, especially for the bias term, are not of much help in
determining the optimal w. Approximation of these results are useful and have
been studied by Jennen-Steinmetz and Gasser (1988), Chu (1989) and Gasser
and Engel (1990). No result exists for 72 in (2.3) with general w,;. Jennen-
Steinmetz and Gasser (1988) and Chu (1989) have considered 71 with w given
by kernel weights, spline smoothing weights and NN weights. Under the
assumptions that (i) m is twice continuously differentiable, (ii) weights are
symmetric with finite second moment, (iii) weights and m are Holder-continu-
ous (iv) h=h,— 0 and nh— « as n—> o, they show that for the fixed X and
p =1 case

2,() = (7.4)

1y (w)m®(x)

Bias(r) = 7—‘“(7(;52,1— = O(hz)
L _a_gw) 1
V(1) ZWW=O<E> , (7.5)

where w,(w) = [ 'w(t) dt, g(w) = [ w’(t)dt, and @ =0, 1,1 for kernel, spline
smoothing and NN weights. Recently, many authors, e.g., Staniswalis and
Severini (1991), use an approximation to the integrated mean squared error
(IMSE) = [ [(Bias)® + variance] dx instead of considering the bias and variance
separately.



General nonparametric regression estimation 101

When X is stochastic, an additional assumption nh/(logn)— as n—x is
needed. In this case there is no unified formula for the bias and variance of
kernel, NN and spline smoothing as in (7.5). Among kernel weights the results
for the NW and GM are quite different. These are, from Jennen-Steinmetz and
Gasser (1988),

2 ()
Bias(#) gy = % n:Lz(‘S;) ,
V(i) g = C th&) , (7.6)

where the factor C equals 1 for the fixed and 1.5 for a random design. For
s, = x, instead of s; = (x; + x,,,)/2, the C in the variance formula is 2. For the
NW estimator, Gasser and Engel (1990) show that

Bias(i)ww = - i) [3mP() + mO@F O 0]

V() = 0 g (W) /nhf(x) , (7.7)

also see Collomb (1981) and Singh et al. (1987).

Traditionally, the NN estimator has been studied with weights similar to
those of the Nadaraya-Watson estimator. This gives bias and variance of the
estimator similar to those of NW estimation in (7.7); see Mack (1981). Similar
results can be developed for the s-th derivative estimator 8 and the average
derivative estimator. Some results on them can be found in Pagan and Ullah

(1990). Computer programming for this section typically involves equations
(7.6) or (7.7).

7.1. Bandwidth selection

An important issue in implementation of the estimator % in practice is the
choice of the bandwidth in various weights. Two major approaches are: an
automatic method (cross-validation) and a ‘plug-in’ method (minimum inte-
grated MSE, or IMSE). For a survey of these approaches in the density
estimation case, see Marron (1988). Staniswalis (1989b) suggests a novel local
bandwidth selection method and compares it favorably in a simulation with
global methods. Goldstein and Messer (1990) derive conditions for a plug-in
estimator to achieve optimal convergence rate.

According to the plug-in method, the optimal window width is chosen as the
value which minimizes the IMSE or MSE of 7. Usually the optimal value
depends on the unknown regression, density and their derivatives. To imple-
ment this in practice, preliminary estimates of these unknowns are plugged in.
Certain results in this context for the kernel, NN and spline estimator are given
by Jenner-Steinmetz and Gasser (1988). For fixed X, based on the results in
(7.5) they obtain the IMSE and choose h for which this is minimum. The
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solution is

Y _[ o’g(w) | f0)" " dx ]
opt xn )

ne(w) § mOA () ™ dx (7:8)

with « =0 (kernel estimator), @ =% (spline) and o =1 (NN) The plug -in
estimator of /£ is the ﬁopt which is obtamed by substituting o f and m® by
their sample estimators. Note that if the true m is linear hop is . Another
point to note is that for kernel, NN and spline weights the optimal 4 is
(proportional to) <n~"'* as indicated in the formula above.

When X is stochastic, one can obtain the optimal A for kernel and NN
estimators by minimizing IMSE based on (7.6) and (7.7). The h,,, will be
again «n” ", though the proportionality form will be different compared to
the fixed X case. Also, the proportionality form of two kernel estimators, NW
and GM, will be different from each other. In the GM case it will be the same
as in the fixed X case given in (7.8) with @ =0 and o replaced by ¢>C. The
h,,, for NW is also the same as A, in (7.8) with a« =0 and m® replaced by
[1/2m(2) +m V). Tsybakov (1982) provides k. in this case where he
minimizes the MSE instead of the IMSE. These can be obtained from the
above formulas for the IMSE based on (7.7) by simply dropping the integrals
appearing in the numerator and the denominator. In the MSE minimizing
solution, however, A, (x) will depend on x.

When the functions m and f are unknown, Tsybakov (1986) suggests an
estimated hopt(x) which is asymptotically equal to k,,(x) in the sense that

opt(x)/ hop(x)—1in probablhty, as n— o, He also shows that 7 based on h(th
is asymptotically equivalent to 7 based on A,,,. For these results to go through
one needs the kernel to be bounded with compact support, f and m(s) s=1,2,
to be continuously differentiable, E(]y|**?|x) <o for same & >0, o” <o and
{ [k(gx) — k(x)]> dx < L|q —1|°, and |q — 1| <&, for some number L >0, and
8 €(1,2) and ¢,€(0, 1). The A, of Tsybakov 51mp1y replaces the unknowns
in (7.8) by their consistent estimators. That is, let o = 62,

A0 = (=1 3y (B55) - 0w P
20 W) /100 (7.9)

and

mD(x) = ( ;2 X )/f“”(x) , (7.10)

where F(x) = (k"' 8 K(x,—x)/h), j=0,1,2 and K, is the higher order
bounded kernel with compact support, whose first j—.1 moments are zero.
Such kernels are K,(u) =1, if ju|<1, and =0 if |u|>1; K,(u) =2 sgn uKy(u)
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and K,(u) = —4, if ju| <1, =4, if L <|u| =<1, and 0, if |u| > 1. Alternative, one
can use MV (x) = fS(O)(x) and ¥ = ﬁ(l)(x) as given in (4.3).

Cross-validation (CV) is regarded as an automatic method of choosing 4.
The basic algorithm involves removing a single value, say x,, from the sample,
computing /1 at the x; from the remaining sample values.

m(x;) = ;t yiwnj(xi)

and then choosing & = h_, such that L (y, — ri(x,))> = £ u_ is at the minimum.
This is called least squares cross-validation, LSCV. Hall (1984) and Hardle and
Marron (1985) have shown, in the kernel context, that & , is asymptotically
equivalent to &, based on minimizing IMSE. However, Tsybakov (1986) has
pointed out that /., is worse than &, (x) as well as the 4, (x) proposed by him
in the sense that

f 131>1£1 (MSE(@x))f(x) dx srcn>ig f MSE®)f(x) dx, (7.11)

where c(x) is the proportionality constant in &, (x) = c(x)n''°. Gasser et al.
(1991) report simulations showing that an iterative plug-in estimator of
bandwidth (proportional to the ratio: variance/squared bias) is superior to
cross-validation, and works even for small (15-25) sample sizes. Typical
computer programs first tabulate for a grid of & values: (i) MSE-type criterion
from (7.6) or a similar expression, or (ii) the residual sum of squares (RSS) of
the leave-one-out CV model, or (iii) generalized CV (GCV) which penalizes
RSS for bias, choosing the /4 minimizing the criterion.

7.2. Curse of dimensionality

From the results on optimal 4 <n”'’® along with the expressions for bias and

variance of # in (7.5), it is clear that the asymptotic rate of MSE convergence
of 1 to m is O(n~*). For the case when X is a vector of p variables, the rate
will be O(n~*'*"?)), This implies that the higher the p, the slower is the speed
of convergence, and one may need a large data set to get nonparametric
estimates. This is the well-known curse of dimensionality. One way to handle
this problem is to use a very large data set. An alternative is to use additive
techniques described in Section 6 which increases the convergence rate of the
p-dimensional problem to that of a one-dimensional problem. Projection
pursuit, ACE, etc. are successfully used for this problem.

7.3. High order kernels and optimal weight w

High order kernels are simply densities whose first (r — 1) moments are zero;
see Singh (1981), Muller (1984), Ullah and Singh (1989) and Vinod (1987) for
the construction of such kernels. Vinod (1987) proves a recursive relation for
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any r > 1. For example, the first nine moments of the following are shown to
be zero.

g(x) = 54 (945 — 1260x> + 378x* — 36x° + x*)g, , (7.12)

where g, is the unit normal density: g,(x) = (1/V2w) exp(—x>/2).

Such kernels can take negative values, reduce the bias to O(4") and lead to
the rate of convergence of MSE to O(n~>"**7). Thus by choosing r to be
large, the speed of convergence can be made close to O(n~''?), the usual
parametric rate. However, practical difficulties in using large r were en-
countered in the example used in Vinod (1989) if one permits negative values.
Important theoretical results in this area are found in Muller (1984, 1987, 1988)
and Stone (1982).

In applied as well as theoretical work a natural question of great interest is
the choice of w in the multitude of nonparametric estimators given in (2.3), see
Stone (1982), Muller (1984). Unfortunately, the asymptotic properties of rix
provide no precise guide to the choice of the weight function for a limited data
set. For example, the asymptotic variance of #1 may be the same for iid and
dependent observations. Thus, these methods fail to discriminate between
these two types of observational assumptions. Even within the iid context the
asymptotic theory fails to provide an optimal w, especially for the fixed design
case, where Silverman (1984) indicated that various w can approximately be
represented by kernel estimators.

Some idea about the optimal choice of w can, hewever, be obtained by
looking into finite sample approximate results on the bias and variance of .
This has been attempted in Jennen-Steinmetz and Gasser (1988) where they
have considered a wide class of estimators which include kernel estimators,
smoothing splines and nearest-neighbor estimators as special cases, also see the
recent work of Chu (1989) and Gasser and Engel (1990). The findings of these
authors indicate that there is no w which is uniformly best in terms of having
smallest IMSE. But, they show that the kernel estimator is minimal optimal in
the sense of having smallest IMSE.

Within the family of kernel weights two enjoy particular popularity; the
Nadaraya—Watson type and the convolution type of Gasser and Muller.
Traditionally, the Nadaraya—Watson method is used for the random X case
and the convolution method for the fixed X case. The results of Gasser and
Engel (1990) suggest that between these two weights, the convolution weight
based estimator of m is minimax for both kinds of X. They also point out, sece
(7.6) and (7.7), that the bias of convolution weights is simple and depends on
m® only whereas the bias on NW weight depends on m‘" and m‘®, f, and
. Further, while the bias of the convolution weight is zero if the true
regression is linear, this is not the case with the NW bias. Also the pattern of
the NW bias will be difficult to understand, and may be severely affected by
certain methods of bandwidth choice. Further, the variance of both weights is
the same for the fixed X case, but the variance of NW weight is smaller than
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that of convolution weights for the random X case. However, the IMSE is
smaller for convolution weights which makes it a preferred weight compared to
the NW weight.

7.4. Asymptotic properties

The asymptotic properties of 71 have been studied for the kernel, NN and
some other special cases of 71 quite extensively in the literature, see Ullah
(1988b) for a review. For fixed X a systematic study of the properties of 1 for
general weights w has been done by Georgiev (1988) for the independent
observations case and in Muller (1987) for the iid case. In an excellent study,
Fan (1990b) generalizes Georgiev (1988) and Muller (1987) results for
dependent and heterogeneous processes. For the stochastic X case, the results
for 1 with general w are given by Stone (1977) and Owen (1987). Here we
present the assumptions and indicate the asymptotic results.

For fixed X we first state the following assumptions on w:

(A1) (a) u; are independent random variables with Eu, = 0.

(b) sup, E|u,|*"® <o, for some 8.
(¢) The function m is bounded on a compact set A CR”.

(A2) The weight functions w,,(x) satisfy the following assumptions:

(@ X ,w,(x)—1as n—ow,
(b) £7_, ]wm(x)| < B for all n for an arbitrary constant B.
(© Zl=1 W e x5y 0 s n—> o for all a>0.
(A3) (2) Sup,o, W, ()| —0 as n—c,
(b) T, w,(x)—>0 as n—> .
() sup, w?,(x)nloglogn—0 as n— .

It can be verified that many special cases of w,; in Section 2 satisfy the
conditions (A2) and (A3). Georgiev has shown that under conditions (A1,a,c)
and (A2) the estimator #1 is asymptotically unbiased. Furthermore, if (A3,a)
also holds, m is weakly consistent. The MSE and strong consistency, respec-
tively, follow if in addition to asymptotic unbiasedness, (Al,b) for 8 =0 and
(A3,b) hold and if (Al,b) for § >0 and (A3,c) hold. Regarding asymptotic
normality we have the following result. Under (Al,a), and (Al,b) for some
8 >0, and the further assumption that

2 W@

(A4) l(li )1+3/2_)0 asn—x,
2
wni

= [ — Em]/[VV(#)]—=N(0, 1) as n— 0.
For the s- th order derivative of 7, that is for ,8 , given in (4.3) above, one
can show asymptotic unblasedness consistency, and normality under the
following conditions on w,; as n— .

(AS) T, w9 )(x, —x)’—>0 for 0<j=<s, and —s! for j=s.
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(A6) i, W, (0)(x;, —x)'| <L <o, where x; =x,;,, x=x,; k=1,..., p.
The additional conditions are the same as (A3) and (A4) with w,, replaced by
w. For details see Muller (1987).

Fan (1990c) proved consistency and asymptotic normality results for depen-
dent observations when u; are near-epoch dependent with respect to certain (a
and ¢) mixing sequences. The conditions on w,, needed for z, = [ris — Em1]/
VV(r#i)]=>N(0, 1) as n— = are (Al,c), (A2,b), (A3,a) and

(A7) (a) sup, n, sup;,|w,(x)| <.

(b) V(n,) sup;_,|w,(x)] = O(n~*?) for some 1>5>2,
(© Il whL(x)E|e|*=0?/n +0(1/n) where n_ is defined in (7.2)
above.

For forming the confidence intervals it is useful to consider a variable defined
by z, = [ —m]/[VV(#)]. Fan (1990c) gives similar conditions for proving
that z —N(0, 1).

For stochastic X, Stone’s (1977) sufficient conditions for consistency of i for
general w,; assume (A2,a,c) and (A3,a) in probability, (A2,b) with probability
1 and

(A8) EX7, |w,(x)|f(x;)<CEf(x) for C=1and n=1.

When the weights satisfy w,,(x)=0 and L/_, w,,(x) = 1, the above conditions
are both necessary and sufficient. For the NW weights (A8) is not satisfied.
Stone (1977, Theorem 2) suggests construction of w for which # is consistent
without any regularity conditions on f(x). This includes the uniform, triangular
or NN estimators.

The asymptotic normality is neatly proved by Owen (1987). It is shown that
if (i) n,=[Z7, w,(0)] "= in probability, (i) sup,., V(n,)w,®)|—0 in
probability, (iii) V(n,) {1 - Z/_; w,;(x)]—0 in probability. Then, if (A4) also
holds in probability,

z, = [m(x) — Exm(x)]/V[V(1#1)] - N(0,1) asn—>.

where E  i(x) is the conditional mean of 7 defined by £ w,,(x)7(x;). Now we
wish to prove that z) =/n_[h —m]/[\VV(#1)]—>N(0, 1) as n—>=. Note that
2 =/n (i — Exym) +/n (Exm —m) and we need to prove that the asymp-
totic bias Vr (Exymi —m)=+/n (Zw,m—m)—0 as n—>o. Owen (1987)
indicates that this bias disappears when x; is close to x. This implies that m(x;)
be close to m(x), that is, m(x;) be such that ||m(x,) — m(x)|| < C_||x, — x|| for a
constant C,.

The asymptotic results for the s-th derivative of mi(x), that is ,é(s) have not
been studied in the literature. Similar asymptotic results for the average
derivative based on general #i(x) are also not reported in the literature. This
section has few computer programming implications.

8. Misspecification tests

As in the case of parametric regression, several misspecification tests or
diagnostic tests are also useful in the context of nonparametric regression (2.2).
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Earlier references to the theory of hypothesis testing for the nonparametric
models may be found in Staniswalis (1989a). The following recent attempts
open avenues for future research in this area. The tests of interest in
econometrics are:

(i) Tests of restrictions on the derivatives B8 evaluated at individual points
and average derivatives in Section 4. For those evaluated at individual points,
H,: RB(x) =r against H,: RB™(x) #r, where R is a 1 X p matrix of con-
stants and r is a constant. Tests of more general types of restrictions can also
be developed as in Ullah (1988b) where only the NW estimator is considered,
also see Rilstone (1991).

(i) Diagnostic tests for conditional heteroscedasticity, serial correlation and
normality of errors u in (2.2). Large sample tests for these problems can be
carried out in the same way as the corresponding diagnostic tests in the
parametric regression developed in Pagan and Hall (1983) and Pagan (1984).
This is because, for large samples, the nonparametric residual is @, =u, +
0,(1); and thus it behaves in the same way as the least squares residuals in
parametric regressions. The basic idea from Pagan (1984) and Pagan and Hall
(1983) is to augment the model (2.2) as

y;i=mx)+z58 +u, (8.1)

and then test for § = 0. This is the partial regression model described in Section
6. Whang and Andrews (1990) give a more general and systematic treatment of
the distribution of misspecification tests in semiparametric models; also see
Robinson (1989) who considers the case of dependent observations for time
series data.

(iii) Test for omitted variables on the number of regressors can be carried
out by regarding the z; in (ii) above as a vector of omitted variables and then
testing for 6§ =0 in (8.1). An alternative method would be to compare the
residual variance from the null model y, = m(x;) + u, with the residual variance
from the alternative model y, = m(x,, z,) + u;. This can be done by splitting the
sample into n; = n, observations and considering the test statistic

nl nz
-1/2 A2 A2
S=n, {2 i, —2 u]},
i=1

j=1

where # is the nonparametric residual from the alternative model. The
sampling distribution of S is not known, but it can be determined by using the
approach of Whang and Andrews (1990).

A related issue of interest is the determination of the number of included
regressor variables p and/or lag length in cases where x, in m(x;) is a vector of
lagged values of y,. Auestad and Tjostheim (1990) have recently looked into
this problem and extended the Akaike information criterion (AIC) for this
purpose. The AIC formula turns out to be the residual variance multiplied by a
factor depending on n, the NW kernel weight and the p number of regressors.

(iv) The test for linearity or, in general, for any parameter specification
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m(x;, 6) against a nonparametric alternative m(x;) has received much attention
in recent years. Ullah (1985) suggested using the test statistic S=n"' L i} —
n~' ¥ &7 which compares the parametric residual variance n™' ¥ . with the
nonparametric residual variance. However, the distribution of this statistic was
not established. A related pseudo likelihood ratio approach was developed by
Azzalini et al. (1989). Their test statistic is

i=21 {log f(y,, m(x;)) — log f(y;, mlx;, )} , 82)

where @ is a consistent estimator of 6. They also provide estimates of
significance points by simulating the sampling distribution of the test statistic
under the null model.

Yatchew (1992), and Whang and Andrew (1990) consider an Ullah (1985)
type test statistic

ny

2
-1 ~2 —1 A2
S=n1 ZMi_f’ll Eu,-
i j=1

i=1
by splitting the sample into the parts of equal sizes n, = n, and show that

n28/(2n)""* ~N(0,1) as n— o,
wheren=nf12 ﬁ?_(”flz ﬂzz)z

Newey’s (1985) conditional moment restriction test provides an alternative
test for the functional form in a nonlinear regression setting with m(x;, #).
Bierens (1990) argued that Newey’s approach uses only a finite number of
restrictions and thus the resultant test cannot be consistent under all possible
alternatives. He uses an infinite set of moment conditions and provides a test
statistic which is consistent under all alternatives. However, the power of the
test depends crucially on the type of the moment condition used. For a related
test statistic, also see Su and Wei (1991).

An alternative way to develop the test statistic for functional form is to
consider a combined estimator of m(x,) as r(x;, A) = (1 — Dm(x,, &) + Ah(x,)
and write

yi —mix;, §) = A((x,) = mix;, §) + u, (8.3)

as in (2.14) where m(x,, ) =x,B is taken as a linear model. The test statistic
for A=0 is then ¢ = A/(V(A))""> where A is the least squares estimator. It is
conjectured that, under certain regularity conditions, ¢ will be asymptotically
standard normal. In a recent paper Eubank and Spiegelman (1990) considered,
instead, y, = m(x,, ) + m(x;) + u;, where m(x,0) = x,0 is linear in scalar x; and
suggested a test for m = 0 based on orthogonal polynomials and smooth spline
functions. They found out that, under regularity conditions, their test is
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consistent against all smooth alternatives. A generalization of their procedure
to the vector x; case, however, appears to be difficult.

We have presented the alternative approaches to testing functional form.
Some other fruitful approaches are developed in Hardle and Marron (1990)
and Abramson and Goldstein (1991). A detailed comparative analysis of these
approaches would be a useful future study.

(v) Nonnested hypothesis testing for H,: m(x;, z;)=m(x;) against
H,: m(x;, z;) = m(z,) has been considered extensively in parametric economet-
rics, see Davidson and Mackinnon (1982). Ullah and Singh (1989) suggested
testing this hypothesis by using a distance measure. Alternatively, one can
write the combined model y;, =m(x;, z,) + u, = (1 — M)m(x;) + Am(z,) + u; and
testing for A =0 in the last squares regression of y,— #i(x;) = A[ri(z;) —
mi(x,;)] + u; as in (2.14). The distribution of this and other statistics have been
analyzed in Delgado and Stengos (1990).

Hall and Jeffrey (1990) have considered the problem of testing Hy: y, =
m(x;) + u, against H,: z, = g(x,) + u, and provide examples where such testing
problems would be of interest. They propose a bootstrap test statistic for the
scaled version of n™" L7_, [#(x,) — §(x;)]°, where 1 and g are nonparametric
estimators. They show that the test has a high level of accuracy compared to an
exact test. Further the proposed test can be generalized for testing for
differences between several regression means.

(vi) The nonparametric test of independence of x with u, that is
Hy: f(x, u) = f(x)f(u) against H,: f(x, u) #* f(x)f(u) has been suggested in Ullah
and Singh (1989) using distance (entropy) measures, ¢.g., Kulback—Leibler.
Robinson (1990) also provides entropy based test statistics and systematically
develops the distribution theory for dependent observations. An alternative
distance measure is used in Ahmad and Cerrito (1989) who also study the
asymptotic distribution under iid assumption. Also see Abramson and Golds-
tein (1991) for a different approach. Computer programming for this section
involves test statistics similar to (8.2) or parameters similar to A.

9. Applications

In the last three decades of the nonparametric estimation of regression and
other functions, the statistical literature has been dominated by the asymptotic
theory results on consistency, unbiasedness and normality with some recent
results on the small sample theory. This is also evident in the nonparametric
econometrics literature developed so far. However, very little has been done
on exploring these results in applied settings, though with the advances in
computer technology etc., it is hoped that applications of data based non-
parametric approaches to inference will soon become a common phenomenon.
We merely provide here some of the references which use the nonparametric
approach in applied statistics and econometrics. For more examples and other
references, see Hardle (1990), Ullah (1988) and Rilstone (1991).
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In labor econometrics, the nonparametric analysis of earning/age and
consumption functions have been analyzed by Ullah (1985), Basu and Ullah
(1992), Chu and Marron (1991), and Magee et al. (1991). For production
function estimation, see Vinod and Ullah (1988), and Gallant (1981). For
demand and consumption functions, see Moschini (1989), Bierens and Pott-
Buter (1990), McMillan et al. (1989), and Hardle et al. (1991). For income
distribution studies, see Hildebrand and Hildebrand (1986), Deaton (1989),
and Hardle and Jerison (1988). Most recent work has, however, developed in
the area of financial time series econometrics where generally large data sets
are available. These include Diebold and Nason (1989) for exchange rate
forecasts, and Tengesdel (1991) and Frank and Stengos (1989) for non-
parametric forecasts in diamond and gold markets, respectively. Pagan and
Hong (1991), Gallant and Tauchen (1989), Zhou (1990) and Santana and
Wadhwani (1989) for stock market returns; Wulwick and Mack (1990) and
Samiullah (1991) for the macroeconomic Phillips curve estimation; and Racine
and Smith (1991) in resource economics. Vinod (1988, 1989) report applica-
tions to estimation of a random walk in consumption and for disequilibrium
models respectively. Stock (1990) reports an application to estimating the
benefits of hazardous waste.

Most of the results in the above mentioned applied papers are encouraging
for future applications of the nonparametric procedures. In particular, they
point out important facts of the data which are otherwise not detectable
through the raw plots or parametric regressions. Also, since many data sets
tend to behave in a nonlinear way, the nonparametric procedures are found to
perform better than the ad hoc parametric models. However, efficiency and
computational problems in higher dimensions, problems of nonstationarity in
time series, misspecification and finite sample issues still remain the challenges
for future applied work. Although it is clear form our survey that the major
computations involve weighted averaging and brute force minimization of
MSE-type quantities, professionally written general purpose software remains
unavailable.
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Simultaneous Microeconometric Models with
Censored or Qualitative Dependent Variables

Richard W. Blundell and Richard J. Smith

1. Introduction

Many applications of microeconomic theory to individual data face the joint
problems of censoring and simultaneity. In particular, the dependent variable
under investigation may not be continuously observed and some of the
conditioning variables representing the outcome of other decisions by the
individual may be simultaneously determined. In this paper we define two
classes of simultaneous limited dependent variable regression models. The
distinction between these two classes depends on whether the structural
economic model is simultaneous in the latent or observed dependent variables.
This distinction corresponds closely to whether or not the censoring mechanism
itself acts as a constraint on individual agents’ behaviour.

Type I models, which form the first class, are defined to be simultaneous in
the underlying latent dependent variables. As a result, there exists an explicit
and unique reduced form in the latent dependent variables under the usual
identification conditions. Simultaneous Probit (Amemiya, 1978; Rivers and
Vuong, 1988; Blundell and Smith, 1989) and Tobit (Amemiya, 1979; Nelson
and Olsen, 1978; Smith and Blundell, 1986; Blundell and Smith, 1989) models
among others are special cases of this class. In Type I models, individual
behaviour is completely described by the latent variable model and the
censoring process simply acts as a constraint on the information available to the
econometrician. For example, in a model describing household labour supply
and consumption behaviour, hours of work may only be available to the
econometrician in grouped form — part-time and full-time — even though in-
dividual agents themselves have complete flexibility in their hours’ choices. In
this case, optimal consumption behaviour is a function of latent rather than

. observed labour supply behaviour. As a result, the underlying reduced form
can be derived uniquely in terms of the latent dependent variables.

Type 11 models form a general class in which the nonlinearity implicit in the
censoring or discrete grouping process prevents an explicit solution for the
reduced form. This occurs in the structural shift models of Heckman (1978),
the switching models described in Gourieroux, Laffont and Monfort (1980), as
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well as many applications of joint decision making models on discrete data. In
Type II models, the observability rule also constrains the agent’s choice set.
For example, if the two discrete hours packages (part-time, full time) are all
that is available, then household labour supply decisions will reflect this and
will depend on the actual discrete labour market outcomes. Similar models
arise where there are corner solutions or points of rationing. For this second
class of discrete or censored models a further coherency condition is required,
this condition imposes restrictions that guarantee the existence of a unique but
implicit reduced form for the observable endogenous variables.

The coherency condition is naturally related to the conditions for a unique
solution for the agent’s optimal decision rule. As such the coherency condition
is necessary (but not always sufficient) for the specification to correspond to
that of an economic optimising model. Moreover, if conditions for economic
optimisation are imposed on the model, coherency is satisfied. A discussion of
coherency conditions in switching and disequilibrium econometric models is
provided by Gourieroux, Laffont and Monfort (1980). For models with
discrete dependent variables, a comprehensive discussion is found in Heckman
(1978), who refers to this condition as the principal assumption. An excellent
review of coherency and its relationship to plausible economic behaviour is
contained in Maddala (1983).

The paper is organised as follows. Section 2 outlines the models. Section 3
focuses on Type I models and derives marginal and conditional maximum
likelihood estimators analogous to those of Nelson and Olsen (1978),
Amemiya (1978, 1979), Heckman (1978) and Smith and Blundell (1986). The
minimum chi-squared approach of Ferguson (1958), Malinvaud (1970) and
Rothenberg (1973) is used to compare the asymptotic relative efficiency of the
various estimators considered. A simple efficient two-step algorithm based on
the conditional maximum likelihood estimator is given. The joint maximum
likelihood estimator is obtained by iteration of this algorithm until conver-
gence. Section 4 considers Type II models. The absence of an explicit (linear)
reduced form has a nontrivial impact on the form of the maximum likelihood
estimator. Nevertheless, a simple consistent estimator may be obtained
mirroring the conditional maximum likelihood estimator for Type I models. In
addition, this estimator reveals directly how both identification and consistent
estimation of structural form parameters depend critically on the satisfaction of
appropriate coherency restrictions. The models considered include simulta-
neous Probit and Tobit models as well as simultaneous extensions of selectivity
and double-hurdle models. In each case, the appropriate coherency conditions
and identification are discussed briefly. As Type I and II models form
nonnested alternatives, a simple method is suggested for discrimination
between them. Section 5 presents an empirical application to labour supply and
savings behaviour. The relationship between statistical coherency and the
logical consistency of the economic model for Type II specifications is
emphasised. Finally, Section 6 concludes.



Simultaneous microeconometric models 119

2. Models

The latent dependent variable of interest is denoted by y;; with observed value
y,» i=1,...,N. The observation rule linking y,; to yj; is given by

Y1iEg1()’fi’ y;’) s (1)

where g, (-, -) is a known function independent of parameters and y3; is another
latent variable described below which allows consideration of selectivity or
double-hurdle observability rules on y;;; in simple cases such as those of Tobit
or Probit, yZ, does not enter (1), thus y,;=g,(y);), i=1, ..., N. The general
structural model for y;; is defined by

Y=o h(yis y3) + Bya tyixy g, (2)
where h(-, +) is a known function independent of parameters and x,; denotes a
K,-vector of exogenous variables, i=1,...,N.

In (2), y,; =5, is a simultaneously determined variable, which is assumed to
be continuously observed, and also implicitly depends on the latent variables
* * 1
yi; and yg;

Yoi = azh(yfi, )’;kz) Ty Ty, (3)

where x,, is a K,-vector of exogenous variables, i=1,...,N.

The function A(y}, y3;) is included to complete the class of models that
permit coherency and allows us to distinguish the two types of model which are
the subject of this paper:

Type I h(yi, yz)=yi,
Type II:  h(yy;, ¥3) =yul=8:(¥1i» y3)l-
In the Type I specification, (3) may be replaced by the reduced from (RF)
Y =Xt vy, (3"

together with the identification condition «; =0 in (2).
We introduce a further reduced form model to allow for possible selectivity:

)’;‘i =xgm; t vy, 4)

where the K-vector of exogenous variables x; comprises the nonoverlapping
variables of x; and x,;, i =1, . . ., N. The observation rule linking the observed
value y,; to the latent variable y;; is denoted by

'1f y} is not continuously observed, that is, y, =g,(y5), where g,(-) is a known function
independent of parameters, then recourse must be made to the joint estimation of (2)-(4) subject
to (1) and (5).
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Y5 =803%) (%)

where g,(+) is a known function independent of parameters.

Finally, we assume the disturbance terms (u,;, u,;, vs;) | x, ~ NI(0, ), where
3 ={(o})] is positive definite, and the observations y;, j=1,2,3 and x,,i=
1,..., N, constitute a random sample.

For the later discussion, model Type I consists of (1), (2) (with &, =0), (3")
[with A(yf;, y3;)=y:; in (2) and (3)], (4) and (5) whereas model Type II
consists of (1)—(5) [with A(y];, y3;) =y, in (2) and (3)]. As will be detailed
below, these two specifications are nonnested.

To illustrate particular instances of the application of the framework
described above, we present the following examples for the observability rules
(1) and (5). Define the indicator function 1 (z >0)=1 if z >0 and 0 otherwise.

ExampLE 1 (Simultaneous Tobit model, Amemiya, 1979; Nelson and Olsen,
1978; Smith and Blundell, 1986). The observability rule (1) is

v =1y, > 0)y}; . (01)

ExampLE 2 (Simultaneous Probit model, Amemiya, 1978; Rivers and Vuong,
1988). The observability rule (1) is

Y1i51()"fi>0)- (02)

ExampLE 3 (Simultaneous Selectivity model, Heckman, 1979; Cogan, 1981).
The observability rule (1) is

yliEl(ygki>O)yTi ’ (03)

where the dependent variable y;; is only observed up to sign, that is y,, =
1(y3; >0) for (5).

ExaMpLE 4 (Simultaneous Double-hurdle, Cragg, 1971; Blundell, Ham and
Meghir, 1987). The observability rule (1) is

yu=1y5;>0,y5>0)y;;, (04)

with a similar rule (5) to that of Example 3 for y,,.

Other examples of microeconometric models subsumed by the observability
rule (1) include grouped (Stewart, 1983) and grouped and censored (Chesher,
1985b) models.
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3. The type I simultaneous equation model and some consistent estimation
procedures

From (2) (with @, =0), (3') and (4), consider the following RF model:

yu=xm tuy,, (6a)
Vo = X1, + Uy (6b)
y:i =xm5 + Uy, (6¢c)

where v, |x; ~NID(0, 2), v,= (y;, vy, v3,), i=1,...,N, @ =[(,)] and m,,
7, and 7, are conformable vectors of parameters.
Write v,; conditional on v,;,

Uy = U7 T &5

where 7, =w,,/w,,, i=1,...,N. Therefore, ¢|x;,~NI(0,w,,,), where
Wiy 2= Wy, — 05,/w,, and g, is independent of v,, conditional on x,, i=
1,..., N. Thus, the conditional model for y;, given y,, is

y;ki =xym + U, T (7)

Similarly, defining 7, = w,,/ws; and w,; , = w,; — @2, /w,,, the conditional model
for yJ, given y,; is

*
V3 =Xy Uyt £y (8)

where &, |x; ~NI(0, w, ,) is independent of v,, conditional on x,, i=
1,...,N.
From (2) (with «; =0), the parameter vectors 7, and m, in (6a), (6b) are
subject to the (over-)identifying restrictions:

m=mp +Jv, 9)

where Jy =T, 0, x-x) is a (K, K,) selection matrix, which after substitu-
tion in (6a) yields the (limited information) simultaneous equation model (2)
(with a; =0),

Y= VB t X7 tuy; (10)
where u,, =v,;, — v,,8, or conditional on y,,,
)’Ti =Yy t X T Uyt ey, (11)

where p,=7, —B,,i=1,...,N.
Several consistent estimation procedures for (6b), (6¢) or (8) and (10) or
(11) subject to the censoring schemes (1) and (5) may be developed given the
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availability of a maximum likelihood (ML) estimation procedure for (6a) or (7)
and (6¢) or (8) subject to (1) and (5).

3.1. Consistent estimation procedures

We briefly review some simple estimation procedures that have been suggested
in the literature.

3.1.1. The Nelson—Olsen procedure
For the Tobit model, Nelson and Olsen (1978) suggested replacing y,,,
i=1,...,N,in (10) by its OLS predictor from (6b) and estimating the revised
(10) subject to (O1) by Tobit ML.

3.1.2. The Amemiya GLS procedure

Following Amemiya (1978, 1979), consider restrictions (9) directly after
substitution of the ML estimator for 7, from (6a) under observation rules (O1)
or (O2) and the OLS estimator for 4, from (6b). By applying either an OLS or
GLS procedure to the revised (9), consistent estimators for 8, and y, may be
obtained.

3.1.3. The Heckman procedure
Heckman (1978) rewrites the restrictions (9) as

™= (771 —-Jm)/By s

which after substitution into (6b) gives
Yo =X/ By — X /By + vy (12)

i=1, , N. Replacing ; in (12) by the marginal ML estimator for 7, from
(6a) sub]ect to (O1), OLS estimation of the rev1sed (12) yields consistent
estimators for 1/8, and —v,/8, and thus (B8,, ).’

3.1.4. The Smith—Blundell procedure

This method estimates the conditional model (11) by ML subject to observa-
tion rules of the type y,; = g(y1.), for example (O1) (Smith and Blundell, 1986)
and (O2) (Rivers and Vuong, 1988), by substitution of the OLS residuals for
v,; obtained from (6b), i=1,...,N; see Blundell and Smith (1989). An
advantage of this procedure is that the f-statistic associated with p; in (11)
provides an asymptotically optimal test of the simultaneity of y,, i=
1,...,N.

* The Nelson—Olsen, Amemiya OLS and the Heckman procedures are robust to nonnormality in
v,, requiring only that (v ;, vs;) | x; is independently normally distributed, i=1,...,N.

> The Smith—Blundell estimator requires that (v,;, v5,) | v,;, X; ~ NI(v,7, 2 ,), where 7= (71, 75)
and 2, =[(w, ,)]; in this sense, this estimator is robust to nonnormality in v, =1, , N.
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3.2. Efficiency comparisons of alternative estimators

To examine the relative efficiency of the estimators described in Section 3.1,
we exploit the relationship between restricted ML estimation and the minimum
chi-squared (MC) estimation procedure (Ferguson, 1958).

3.2.1. The minimum chi-squared procedure (Ferguson, 1958; Malinvaud,
1970; Rothenberg, 1973)

Let the likelihood function be known up to the parameter vector 8§ =(8', ¢')
which is to be estimated subject to the freedom equation restrictions 8 = 8(¢)
where dim(6)>dim(¢) and the function 6(-) is first-order continuously
differentiable with the derivative matrix @ =060/d¢’ of full column rank at
least in a neighbourhood of the true parameter value. The restricted ML
estimator is asymptotically equivalent to the MC estimator obtained from

min[§ — 56, WI'S15 36, W], (13)

where 8(¢, ¢) =[0(¢), ']’ (Ferguson, 1958, p. 1048; Rothenberg, 1973, p.
34), & denotes the unrestricted ML estimator for 6 and $ the asymptotic
information matrix, that is, avar[N''*(§ —8)] =9 *. * Thus, importantly for
the results below, the restricted ML method implicitly places the metric . in
the equivalent MC procedure.

Concentrating out the nuisance parameters ¢ from (13) gives the equlvalent
MC criterion in 6,

[6—6(&)'[#7]7'[6 - 6()], (14)

where avar[N'/*(8 — )] = #% is that block of ' corresponding to 6. The
resultant MC estimator for ¢, ¢, has asymptotic variance matrix avar[N'/*($ —
$)]={0'[$°17'@} " which is also that of the restricted ML estimator for ¢.
Moreover, N times the minimised value of (14) provides a test statistic for the
restrictions 6 =6(¢) which has a limiting chi-squared distribution with
dim(0) — dim(¢) degrees of freedom when the restrictions hold.

Restrictions (9) may be expressed in the above freedom equation form by
defining 6 = (s}, w5)’ and ¢ =(B,, y|, m,)’. Partitioning 0 and ¢ as 6, =m,
0,=m, and ¢, =(B,,v;) and ¢, = 7, respectively, (9) may be re- expressed as
0, =0,(¢) and 8, = ¢,. Note that , appears both in § and ¢. However, all the
estimation methods discussed in Section 3.1 neglect this fact and substitute a
CAN estimator for 7, (#, and ¢,) into the criterion (14). Although this
estimator for m, may be efficient relative to the ML estimator in the
unrestricted model, it is no longer efficient in the restricted model. Therefore,
in general, the resultant estimator for ¢, obtained from (14) will also be
inefficient relative to the restricted ML estimator for ¢,. If, however, the

* Estimation of $ and the metrics used later is ignored as only a consistent estimator of .9 is
required.
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substituted estimator for =, in (14) is efficient relative to the restricted ML
estimator for m,, then, of course, the resultant estimator for ¢, will also be
efficient.

A further contribution to the inefficiency of the derived estimator for ¢,
from (14) is the use of an inappropriate positive-definite metric S, either
implicitly or explicitly imposed by the estimation procedure of Section 3.1. The
corresponding inefficient MC criterion function is given by

[é1 - 01((151’ ¢2)],S[é1 - 01(¢1: 4’2)] > (15)

where a CAN estimator for ¢, (m,) is substituted. The ML procedures of
Nelson—-Olsen and Smith—Blundell (and similarly Heckman) both implicitly
assume that ¢, (m,) does not enter the restrictions 8, = 6,(¢) and impose a
metric S appropriate to the ML procedure adopted which is inefficient relative
to the criterion (15). These two factors destroy the optimality of these
procedures whereas it is the inefficiency of the ¢, (w,) estimator which
prevents Amemiya’s (1978, 1979) GLS estimators achieving optimality relative
to the restricted ML estimator for ¢,. Moreover, the methods of Amemiya,
Nelson-Olsen and Heckman also use an inefficient estimator for 8, ().

Defining V= avar[N''*(8, — 6,(¢))], after substitution of the CAN estimator
for ¢,, the resultant estimator for ¢, has asymptotic variance,

[(0:56,] ' 0;5VsO,[0:50,] ", (16)

where @, =d0,/9¢'. This expression is minimized by choosing § = V! render-
ing (16) as [@.56,]"" (Ferguson, 1958, Theorem 2, p. 1056; Malinvaud, 1970,
p. 336).

We partition the likelihood for (1), (5) and (6) into the conditional
likelihood for (yy;, ¥;;) given y,, and the marginal likelihood for y,;, i=
1, ..., N. This corresponds to a partition of the parameters into (1, 73, 7, 75,
W1 5, W32, W13,), WHETe @3 ,=w; — 0,0;,/0,,, and (m,, w,,). Throughout
the remainder of this section, we shall denote the asymptotic information
matrix corresponding to the conditional likelihood as % given by (A4) of
Appendix A. Similarly #,; and #, respectively represent the asymptotic
information matrices of the marginal likelihoods for (y,;, y;;) with parameters
(m, 75, w4, w33, w3) and y,,, i=1,..., N, from (6a), (6¢) subject to (1), (5)
and (6b) respectively and are presented in (A2) and (AS5) of Appendix A.

3.2.2. The Nelson—Olsen procedure

The generalisation of the Nelson—Olsen procedure described in Section 3.1.1
for observability rules (1), (5) is equivalent to estimating (6a), (6c) subject to
(1), (5) by ML after substitution of the restrictions (9) replacing w, with the
OLS estimator obtained from (6b); (this is identical to replacing y,, i=
1,...,N, in (10) by its OLS predictor from (6b) and estimating the revised
(6¢), (10) subject to (1), (5) by ML).
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In terms of (15), this estimator implicitly minimises
{7 — B —Jn)'Sli — B —Jiml, (17)

where 7, and , are the respective marginal ML estimators for , from (6a),
(6¢c) subject to (1), (5) and =, from (6b). The implicit metric S in (17) is that
derived from the marginal likelihood for (6a), (6¢) subject to (1), (5); thus,
S =[#,1]"", where the superscript indicates the appropriate block of the
inverse of .%,, corresponding to ,. However, because avar[N'/*(#, — 7,8, —
Jiv)l# $1s, the resultant Nelson—Olsen estimator is not optimal. Setting
V% =avar[N"'*(#, — m,B, —J,v,)], the Nelson-Olsen estimator for (8, y,) has
asymptotic variance matrix given by (16) with S™'=$11, V=V° and 0, =
(m,,J,). In computing this matrix product, V° may be easily calculated as
(I, — B )[avar[N'*(#, — m, 7, — m,)]||Ix, —Bdx) and may be deduced
from (A6) of Appendix A.

3.2.3. The Amemiya GLS procedure

Substitute the marginal ML estimator for m; from (6a), (6¢c) subject to (1), (5)
and the OLS estimator for 7, from (6b) into the restrictions (9) (cf. Amemiya,
1978, 1979). For an arbitrary choice of S, the asymptotic variance matrix for
the resultant estimator of (B,,7%,) is given by (16) with V=V° and @, =
(m,, J,). Setting S =1, yields the analogy of Amemiya’s marginal LS (MLS)
estimator, whereas choosing § ' =V° gives that of Amemiya’s marginal GLS
(MGLS) estimator. The advantage of the MGLS procedure is that the
asymptotic variance matrix of the (B;, v, ) estimator derived from criterion (15)
is minimised.

3.2.4. The Heckman procedure

The marginal ML estimator for 7, from (6a), (6c) subject to (1), (5) is
substituted into (12); the revised (12) is then estimated by OLS. This estimator
implicitly minimises;

[, — 7 /B, +J1')’1/Bl]rs[7'72 — /B, +J171/51]

with respect to (B,,y,) with $™' = %2% which is derived from the marginal
likelihood for (6b) where the superscripts refer to that block of #;' corre-
sponding to ,. Because these restrictions are a nonsingular transformation of
(9), the resultant estimator has asymptotic variance matrix (16) with V=Vv°
and O, = (m,,J;); see also Amemiya (1979, equation (4.28), p. 179), but,
contrary to Amemiya’s assertion, the efficient MGLS estimator is identical to

that discussed in Section 3.2.3 with § ' =V°.

3.2.5. The Smith—Blundell procedure

All of the methods discussed above are marginal ML procedures being based
on the marginal likelihoods for (y,;, ¥;;) and y,;, i=1, ..., N. The procedure
due to Smith and Blundell (1986) and Blundell and Smith (1989) uses the
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conditional RF (7), (8) rather than the marginal RF (6a), (6¢). This method

estimates (7), (8) subject to (1), (5) after substitution of the restrictions (9),

the OLS estimator obtained from (6b) replacing m, in (9) and in v, =y, —

xim,, i=1,..., N, which is identical to estimating (8), (11) subject to (1), (5)

by ML after replacing v,, by the corresponding least squares residual from

(6b), i=1,...,N. Hence, This approach is a conditional ML procedure.
The Smith-Blundell estimator implicitly minimises from (15),

[7, — 7B, "‘Jﬂ’l]'s[ﬁ'l — 5 _1171] > (18)

where (4, 7,), (#, = 7,), are the joint unrestricted ML estimators for (m;, m,)
obtained from (7), (8) subject to (1), (5) and (6b) (Chesher, 1985a) and the
metric § ' = #B %, where the superscripts indicate that block of B ' corre-
sponding to ;. Denoting the asymptotic variance matrix of [#, — #,8, — J, %]
by V*, the asymptotic variance of the Smith—Blundell estimator is given by
(0;56,] '0/SV*S6,[0/50,]""; V* =, —B I )| avar[N'*[(# —m), (&~
)|, —B.I) and may be deduced from (A7) of Appendix A.

An alternative conditional approach is based on the Heckman (1978)
approach given in Section 3.2.3 employing 7, in place of 7. The corre-
sponding MC criterion is thus given by

(7, — 7, /By + I /B 'S 7, — 7B, + Iy /Bi] s (19)

where, as in Section 3.2.4, $ ' = .$2°. The resultant estimator for (8;,y,) has
asymptotic variance matrix [@/S0,] '@|SV*S0,[0:S6,] .

3.2.6. The conditional GLS procedure

The optimal conditional GLS (CGLS) estimator for (B;,v,) in the sense of
having minimal asymptotic variance matrix with respect to criterion (18), is
obtained by setting S '=V* and has asymptotic variance matrix
[0;V*'@,]7"; cf. Amemiya’s (1978, 1979) MGLS procedure in Section 3.2.3.
An identical CGLS estimator is given by applying the Heckman (1978)
criterion (19) with ™' =V*. See also Newey (1987).

3.2.7. Some relative efficiency comparisons
Because (7, 71,) is the joint unrestricted ML estimator for (m, ,) we have
V®—V*=0 and thus the CGLS of Section 3.2.6 is relatively more efficient
than the MGLS of Section 3.2.3 as [@;V°7'@,]7" - [@,V*"'@,] ' = 0. More-
over, therefore, CGLS is relatively more efficient than Nelson-Olsen, Smith—
Blundell and both marginal and conditional Heckman estimators of Sections
3.2.4 and 3.2.5. Using a similar argument, the conditional Heckman estimator
is relatively more efficient than the marginal Heckman estimator as the implicit
metric in both procedures is the same.

Although V° —V*=0, as $1} — B =0 and thus (B'")™' — ($12) ' =0, in
general we are unable to rank the marginal Nelson—Olsen and conditional
Smith~Blundell estimators. Similar comments apply to other pairwise com-
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parisons of marginal and conditional estimators which use different metrics.
However, for methods which use the same metric, by an equivalent argument
to that above for the Heckman procedure, the conditional estimator will
dominate the corresponding marginal estimator. For example, when S = I, the
conditional LS estimator is relatively more efficient than Amemiya’s marginal
LS estimator of Section 3.2.3.

If the restrictions (9) are just-identifying, that is # and ¢ are one-to-one, and
therefore @, is nonsingular, the Nelson-Olsen and MGLS estimators are
asymptotically equivalent. Moreover, the Smith—Blundell and CGLS es-
timators are both asymptotically equivalent to the restricted ML estimator and
therefore Smith—-Blundell dominates Nelson—Olsen and MGLS unequivocally.

If, however, 7 =0 then (7, 7,) are joint unrestricted ML estimators for
(m,,m,) and thus, as the conditional procedures do not incorporate this
restriction, the CGLS and MGLS ranking is reversed with a similar result for
the conditional and marginal Heckman and LS estimators. In particular, if the
restrictions (9) are just identifying, the Nelson-Olsen estimator will be
asymptotically equivalent to the restricted ML estimator.

3.2.8. The limited information MC procedure
From Section 3.2.1, the efficient MC procedure minimises

(7, — mBs —JIm), (7, — ) 1S[(7, — mB, _J171)', (7, — ™)'l

with respect to (B,,y,, m,) where S~ ' =avar[N"*[(#, — =), (#, — m,)]]. This
produces estimation equations of the form

¢, = [@{511@1]_1@“‘9117%1 +8,(m —m),

My =1+ [Sy + :81512]%[521 + 8,87y — ),
m=6,¢,,

where § is partitioned conformably with 7, and =, and ¢, = (B,,y;)". These
equations may then be iterated in a step-wise fashion until convergence. The
use of initial consistent estimators for ¢, and , such as the Smith-Blundell
estimator and the OLS estimator 7, should assist convergence and also avoid
the need to recalculate the inverse of S,, + 3,5, at each iteration.

3.3. Efficient estimation

By exploiting the partitioning of the joint likelihood into the conditional and
marginal likelihoods of (y,;, y;;) and y,; respectively, a striking feature is that
the score vector evaluated at the Smith-Blundell estimator for
(Bi> 1> P1> @11 2), T, and (73, ps, @s3,) has null elements except for 9In £/
dm,. Denoting evaluation at these estimators by ~, a simple linearised ML
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(LML) estimator based on the method of scoring is from (B3) of Appendix B,

N
Ty =y — (2 x[1by, +#' 0 var[e)]10 ) #1x,

i=1

E (7 a7 2 COV[5131’ {ollw [2 W, var[{ ;] w; ]“

1
1 N

N
_2 [cOv[ L 2 813:](2 Tlx ) _le [#82, ”%3
The suggested LML estimator for [B,,y,, T, 75, v(2,)] is: (i) calculate r,
from above, and (ii) substitute 7, into (8), (11) via 0, =y,, —xi#,, i=
, N, and estimate the revised (8), (11) subject to (1), (5) by ML.

The above algorithm may be iterated in a step-wise fashion to compute the
exact ML estimator. However, for step (i) above, the last term should be
revised to

N
Ar AT A A 4
Z x[7(, 5533 — 0/ @],

where ~ now indicates evaluation at the previous iterate from steps (i) and (ii);
step (ii) remains unaltered. It is also necessary to check that at each stage steps
(i) and (ii) increase the value of the joint log-likelihood In ¥ to ensure global
convergence of the algorithm.

4. Type I simultaneous equation models and some consistent estimation
procedures

This general class of model nests the specifications considered in Heckman
(1978) and Gourieroux, Laffont and Monfort (1980). Unlike the Type I
models, no explicit reduced form (3') exists for the Type II specification. This
class of models puts A(y;, y5:) =y i=1,...,N, in (2), (3).

For a well specified econometric model a unique (implicit) reduced form
must exist. Indeed, this is a necessary requirement of any model based on
economic optimisation (see Ransom, 1987 and Van Soest et al., 1990). As a
result knowledge of the parameter space under which coherency and therefore
the logical consistency of the economic model is satisfied, becomes crucial. As
Madalla (1983) points out, if the parameter space can be restricted to areas in
which economic models ‘make sense’ then the coherency condition is often
automatically satisfied.

4.1. The coherency problem and identification

To aid our discussion, substitute (1) and (3) into (2),

y;gi =(a + a2.31)g1(y;kn ygki) + X578t X Uy, (19)
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where v, =u,; + B;u,;, i=1,..., N. As above the binary indicator function is
denoted by 1(+).

ExampLE 1 (Tobit model). The observability rule is as in (O1). Consider (19)
when y;; >0,

(I-a— alBl)yTi = x;in + X578, t vy, (20)

from which we see that the coherency condition (1 — @, — a,8,) > 0 is sufficient
to guarantee a unique reduced form; see Maddala (1983) and Gourieroux,
Laffont and Monfort (1980). Rewriting (20) using (3) as

yfi=[3f}72i+x1iyf+ufi, (21)

when yj; >0, where j,, =y, — a,y7; and B7 =B,/(1— o, = &,B,), vy =7/(1 -
a, —aB), ui=u,;/(1-a—a,B,). Given a,, although B} and y] are
identified, it is easily seen that neither o, nor B, are. A suitable normalisation
is thus required; for example, @, =0 or a; + a8, =0.

ExampLE 2 (Probit model). The observability rule (1) is as in (O2). Again
examining (19), it can be seen that the coherency condition «; + ,8, =0 is
required for the existence of a unique reduced form: see Heckman (1978).
Moreover, following the discussion of Example 1, this condition is sufficient to
identify «; and B,, given a,.

ExaMPLE 3 (Selectivity model, Heckman, 1979; Cogan, 1981). The observability
rules (1), (5) are as in (O3). When yJ, >0, (2) reduces to (20) as in the Tobit
model. Thus, both coherency and identification conditions for Example 1 hold
here also.

ExaMpLE 4 (Double-Hurdle, Cragg, 1971; Blundell, Ham and Meghir, 1987).

The observability rules (1), (5) are as in (O4). Again, coherency and

identification conditions are as in Example 1, because (20) holds when y;; >0,
*

y3,>0.

4.2. Consistent estimation and inference in type II models

Following the conditional maximum likelihood approach of Smith and Blundell
(1986), we rewrite (2) conditionally on u,, as

Y=yt By txy t+ Pty T &y, (22)

where p, =0,,/0,, and, due to the joint normality of u,; and u,;, &,=u,, —
p1U,; is independent of u,;, i=1, ..., N. However, in contrast to the standard
simultaneous model, it is the constructed variable y,, =y, — a,y,, not y,;, which
is independent of &,; in this problem. Thus, we rewrite (20) as

y}ki =(o; + @By + By H Xy + Pl + (23)
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which forms the basis of the suggested estimation procedure for the structural
parameters of (2).

To implement (23), it is necessary to obtain suitable estimators of y,; and u,,
(or a, and v,). Consider instrumental variable (IV) estimation of (3). Given
sufficient exclusion restrictions on x; to form x,, (K> K,), «, and v, will be
identified by the standard conditions. Although y,; =g,(y{;, 1) is a nonlinear
function of the latent variables, it is easily shown that «, and v, are consistently
estimated by IV using x; as instruments. Denote these estimators by &, and 9,
respectively and the corresponding estimated constructed variable and IV
residual by y,, and #,, respectively. Thus, the relevant estimating equation
becomes from (23)

y;si =(a; + a8y, + Byy + x;in + oty t & (24)

where

Ep=eyt By(Fo + o) T oy + 1y,)

i=1,...,N. The appropriate standard ML methods of estimation may now be
applied to (24) to provide consistent estimators of the structural parameters, if
necessary in conjunction with

V3 = X115+ psliy; + &3, ‘ (25)

subject to (1), (5), where p, =03,/0,, and g = (g,;, &) | x,~NI(0, 3,), 3, =
[(02)], Oy 2=0y — 0,05 /05, j,k=1, 3, and ¢ is independent of u,
conditional on x,, i =1, ..., N; see Blundell and Smith (1990).

Note that the Type I models discussed in Section 3 are not generally
equivalent to setting a, =0 in equation (3). Although both classes of models
are formulated conditionally on the same set of exogenous variables x;, in Type
IT models it is necessary to provide some exclusion restrictions on x; to identify
the parameters «, and v,. That is, Type 1 and II simultaneous models are
nonnested. The following simple method discriminating between them is
available.

Under the null hypothesis that the Type I simultaneous model is correct, one
can test the Type I specification by estimating

Vo =X+ 91,0 + & s (26)

by least squares and testing 8, = 0, where ¥, is the estimated prediction for y;;
from the Type II specification (19). ° Alternatively, under the Type II null, the

SFor example, the Tobit specification (7) gives y=ux,yF +x,y,B8; + v}, where vf,=uj, +
Bruzn for yj;>0. Thus, E[y,; [x]=@[(x,yi + LB o YT + 0B+ (“’>‘<‘15|:(-x;.")';'= +
x,1B7)/w*], where w**=var(v}), ¢(-) and @(-) denote the standard normal density and
distribution functions respectively.
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Type 1I specification may be tested by estimating

Yo=Yyt + xéi')’z + 926, + &, (27)

by instrumental variables using x; as instruments and testing 6, = 0, where j,, is
the estimated prediction of y,, under the Type 1 explicit linear reduced form for
¥,; in (3'). See Davidson and MacKinnon (1981) and Godfrey (1983).

We now turn to implement the above estimation procedure for the various
examples discussed in Section 4.1.

ExampLE 1 (continued). Consider (24) for y;,>0. After re-arrangement, we
obtain

(1— 0oy — By =Biyyu T X + pyly + &y,

or

yliZBT§2i+xii71+pTa2i+éfi’ (28)
where B7, y; are defined below (21), py =p,/(1 -, — a,B,) and &};= &,/
(1 azﬁl) Standard Tobit ML on (28) prov1des con51stent est1mators ¢ f
V1 and pr-

ExampLE 2 (continued). Imposing the coherency condition «;, + a,3, =0 on
(28) gives

V1= BiYa T Xy oty + &y, (29)

which may be estimated by standard Probit ML to yield the consistent
estimators f3;, 9; and p, of the structural parameters.

ExampLE 3 (continued). When y3, >0, (28) is reproduced. It is necessary in this
case also to consider the conditional reduced form equation (25). Proceeding
as for the Tobit case of Example 1 above by replacing u,; by the IV residual 4,,
gives

y;' =xmy + psly + &y : (30)

where &,,=¢,, +p,(u,; — 1,;), i=1,...,N. Hence, a ML estimation proce-
dure for selectivity models apphed to (28) and (30) is appropnate to obtain
consistent estimators B > %1 and p; for B, y] and p;. Alternatively, the
Heckman (1979) procedure applied to (28) would also yield consistent
estimators for 8}, y; and p;.

ExamrLE 4 (continued). The approach discussed in Example 3 above applies
except that a ML estimation procedure appropriate for the double-hurdle
model is used.
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Define 6*= (B}, %%, pF, #3, 5, 2 ) as the ML estimator for the parame-
ters of (28) and (30), where X% (=var(e};, &5;)) = 5,3,5,, S, =diag[1/(1—
a; — a,f,), 1]. Letting In £, denote the log-likelihood of the conditional model
for (yy,ys) given u,, i=1,...,N, ¢=(a,,7y,) and defining ¥=—
N7T'E[9°InZ,/00% 06*'], X =% {—N""E[0*In £,/00* 3¢']}, which are pre-
sented in Appendix C (E[-] denotes expectation taken conditional on x; and
Uy, i=1,...,N), we have

N'2(6* — %) S N[0, V(§*)],
where
V(65 =381+ HV($)H',

with ¢ = (&,, 9,)', the IV estimator for ¢; thus
V($) (=avar[N'"*(§ — $)]) = 0pp(M, xM xxMy, )",

where M, ,=lim, N 'IY 2z, x; etc. and z,,=(y,;, %), i=1,...,N.
See Blundell and Smith (1990). Note that the above limiting distribution result
is all that is required to undertake inference for exclusion restrictions on
6, =(B;, v p;)’ in Examples 1-4, given the just identifying assumption «; =0
or, trivially, o, + a,8, =0.

In Examples 1, 3 and 4, having obtained 8*, it is still necessary to derive a
suitable estimator for 6,. Given conditions that just identify 6, from 67 =
(B%,v¥, p?)’ such as discussed in those Examples, this matter is relatively
straightforward. Consider the following set of constraints linking 6*, ¢ and ¢:

qg(0*,0,9)=0,

where the number of restrictions equals the number of elements comprising
both 0* and 6; furthermore, as above, assume that 0 is just identified from 6 *
for given ¢ through these constraints. Hence, the required estimator 8 for 6 is
determined uniquely by

As both @, (=dq/d6’) and Q,. (=dq/06*') are nonsingular, we have, following
Szroeter (1983),

N6 - 6)5N(0, @ve"),

where QEQ;I[QG*,Qd,], Q,=0q/3¢" and

VE<Idim(0) "-7{><‘¢_1 0 ><Idim(6) 0 >
0 Idim(d;) 0 V(d’) —X' Idim(¢-) ’

where # and # are defined above; this latter expression for V
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(=avar[N'*(8* - 0*), N'*($—¢)]) is obtained from noting that
N™"?8In%,/96* and N'*($ — ¢) are uncorrelated, cf. Smith and Blundell
(1986, Appendix).

For Examples 1, 3, 4, the above analysis produces particularly convenient
results. Firstly under the assumption that o, =0,

Bi=B1I(1+&BY),
=911 - B,
pL=p51(1+ &,B7),

and, secondly,
N'*(8, ~ 6,)>N(0,Q,VQ)) ,

where 0, =[(1-,8,)Q :ula'v 0(K1+2,K+4)7 B1b:, 0(K1+2,K2)] with

l1-a,8, 0 O
ou=-( —am I, 0
—ap 01

5. An empirical application

In this application we consider the case of a joint decision making model for
married women’s hours of work and other household income (including
savings). This serves as a useful application since other household income is
continuously observed whereas female hours of work may sensibly be subject
to any of the four observability rules (O1)-(04) described earlier. For
example, the standard classical model of hours of work and participation is
described by the Tobit observability rule (O1). This is often extended to the
selectivity model (O3) if either wages are not observed for nonworkers
(Heckman, 1979) or fixed costs of work break the relation between hours of
work and participation (Cogan, 1981). If hours of work are not observed then
a simple participation Probit (O2) may be adopted. Finally, if some nonwor-
kers would like to work but cannot obtain employment, the double-hurdle
model (0O4) results (Blundell, Ham and Meghir, 1987).

The other income variable will contain the labour supply decisions of other
household members as well as any household savings decisions. If these
decisions are jointly determined with female hours of work then they will
depend on the actual hours of work not the underlying latent desired hours
variable. Thus, the model will fit into the Type II simultaneous framework
rather than the standard Type I model. In this situation no explicit reduced
form for other household income will be derivable and a coherency condition
will be required for the logical consistency of the economic model in this joint
decision-making framework.
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Therefore, notationally, y,, in (2) relates to hours of work while y,, refers to
the other income variable.® The data, brief details of which are provided in the
Data appendix, are drawn from the UK family expenditure survey for 1981.
The hours of work variable refers to the normal hours of work for a sample of
married women of working age for whom the sample participation rate is 56%.
The exogenous factors x;; that determine hours of work relate to the age and
household composition variables (a;, D,) and the married women’s education
level (e;). The exogenous variables in the other income equation in x,, include
demographic variables (a;, ;) plus tenure dummies (7,), husband’s skill
characteristics (MO,) and the local unemployment rate. The exclusion restric-
tions on the education, skill variables etc. provide the identification conditions
on the model. -

Table 1
The other income model
Variable Parameter Standard Variable
estimate error mean
¥, ~0.4659 0.1803 15.161
a; 4.9003 1.3108 —0.401
n, 3.8115 3.7197 0.391
n, 6.9561 1.8189 0.467
T, —7.2911 1.9492 0.285
T, —5.2239 3.8164 0.046
MO, —12.2799 3.0812 0.080
MO, ~10.8431 1.9086 0.392
MO, —14.5201 2.4212 0.175
UN -0.5017 - 0.2722 13.482
Const 77.7339 7.2661 1.00

Exact definitions of variables in Data appendix. All calculations
were performed using GAUSS-386.

Table 2
The hours of work equation
Variable Parameter Standard Variable
estimate error mean
A '—0.0929 0.0222 50.525
a; —2.0437 0.3257 —0.401
a: 0.5391 0.2506 1.282
e 0.6762 0.1182 2.928
e} 0.0164 ‘ 0.0114 14.825
D, —24.0999 1.5226 0.295
i, 0.2104 0.0509 0.00
Const 25.1666 v 2.1531 1.00

Exact definitions of variables in Data appendix. All calculations
were performed using GAUSS-386. i

¢ This we define in the life-cycle consistent manner (Blundell and Walker, 1986).
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Table 1 presents the Type II instrumental variable estimates of the other
income equation corresponding to (3). Notice that «, is negative and signifi-
cant. Following the procedure for Type II model estimation outlined in Section
4, we estimate the structural parameters of the censored hours equation
conditional on &, and i,; using the standard Tobit estimator in (28). These
results are represented in Table 2 where we have recovered the underlying
structural parameters B,, v, and p, from the 8}, vy} and p} estimates, using the
identification condition «; = 0. The coherency condition then simply reduces to
a,B, <1 which, given our estimate for §8; in Table 2, is seen to be satisfied.

Although the argument for including actual hours y,; rather than y;; as an
explanatory factor for other income y,; is convincing when y,, and y,, are
jointly determined, it is quite possible that other income y,, is not the result of
such a joint decision making model. This does not mean that y,, is statistically
exogenous for the parameters in the structural model for y,; but it does result
in an explicit reduced form for y,,. In particular, the model is Type I and has a
recursive structure. The conditional model simply involves the inclusion of the
reduced form residual, 0,, = y,; — x|, in the structural equation for y,;. From
our earlier discussion, the two classes of models are strictly nonnested and may
be compared using the statistics from (26) and (27); these are given after
presenting a comparison of the estimation results for each model.

To provide a reference point in the comparison, the first column in Table 3
contains the standard Tobit estimates for the model of Table 2. A comparison
with the estimates in Table 2 indicates the degree of bias involved in assuming
¥,; to be exogenous in the determination of y,;. The second column in Table 3

Table 3

Alternative models for hours or work

Variable Tobit Type I

Vs —0.1211 -0.0477
(0.0109) (0.0291)

a; -3.8571 —5.4313
(0.4407) (0.6379)

a’ -0.9234 0.8332
(0.4166) (0.4252)

e 0.7082 0.6545
(0.1769) (0.1834)

el —0.0089 —0.0258
(0.0171) (0.0179)

D, —24.7218 .. =28.7210
(1.2545) (2.2119)

0, - —-0.1251

(0.0491)

Const 29.0583 25.2148

(1.1996) (1.8434)

Standard errors in parentheses.



136 R. W. Blundell and R. J. Smith

presents the estimation results from the conditional model assuming y;; enters
the determination of y,;, 0,; is then the reduced form error term where all x;,
are used as instruments.

A comparison of Table 2 with Table 3 suggests that incorrectly assuming the
standard simultaneous model could lead to an overadjustment for simultaneous
equation bias. However, that conclusion rests on the assumption that the Type
IT structure is the correct specification. To assess this we consider the tests
developed in equations (26) and (27) above, the t-value for 8, =0 is 4.031
whereas that for 8, =0 has the value 1.712. This provides reasonably strong
evidence in favour of the Type II model.

6. Summary and conclusions

A number of estimators are proposed for two nonnested classes (Types I and
II) of simultaneous microeconometric models in which censoring or grouping
of the dependent variable is present. In Type I models, the simultaneity is in
terms of the latent dependent variables and an explicit reduced form solution
exists. In the second class (Type II), simultaneity is in the observed dependent
variables. Thus, in this later class the censoring or grouping mechanism implies
the lack of an explicit reduced form and a coherency condition is consequently
required to ensure a unique (implicit) reduced form solution. Our main focus is
on conditional maximum likelihood estimation. We show that such estimation
procedures may be applied across a wide variety of popular models and
provide a useful basis for comparison and inference in such models.

This methodology is applied to a model for the joint determination of hours
of work and other household income for a sample of married couples in the
UK family expenditure survey. This illustration serves to highlight the potential
for simultaneity bias in microeconometric models and also documents the
importance of our distinction between Type I and Type II models, suggesting
quite different results may occur depending on the specification adopted.

Appendix A

To obtain $,, consider the system (6a), (6c).
yu=xm vy, Yo =Xy Uy, (A1)

subject to (1), (5), i=1,...,N. Define & = (m}, m), 2;3=[(w,)], j,k=1,3,
and denote the corresponding marginal log-likelihood by In Z,,. Then the score
vector for system (A1) is given by

N

dIn &5/ 0], v((25)] = 2 Wisidisi >

i=1
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2)r

_— 1) ’ — ’
where ;= [v§3) , (U3 ®"13)( 1 3= (v, 05),

g 07 ®x 0
TR\ 0 wepeen))

S,;=diag(I, I, D); D obeys D'v(Q,;) = vec(£2;;) with v(-) selecting out the
distinct elements of a symmetric matrix (Magnus and Neudecker, 1980). The
term {,; above is defined by the generalised error products discussed in
Gourieroux et al. (1987) and Smith (1987); thus

vg) =E[v;3]y.5],

v ® 013)(2) =E[(v;;Qvy3) | y,5] — vec((d;;) ,
where E[-|y,;] denotes conditional expectation given the observability rules
(1), (5) and y,; = (y,, y5)". By the familiar information matrix equality and the

assumption of the independence of observations i=1,..., N, we have that
conditional on x,

N
I3 = N~ 2_:1 wys; var[ {5 Iwis; . (A2)

In a similar fashion, to derive %, consider the system (7), (8),

* _
Yu=xmm tu,m Tt ey,
ES
Yy =xm t vyt gy, (A3)
subject to (1), (5),i=1,...,N. Define w*=(w}', w;'), #t=(m, 1), w5 =

(m, ), 2,=[(wy,)], j,k=1,3, and denote the corresponding conditional
log-likelihood by In £,. Then the score vector for system (A3) is given by

N
dln,/8[m*, v(2,)] = 2 W2l o s
i=1

where [, = [Eg)’, (£5® 513)(2)']" g3 = (g1, &)

0, Qx* 0
Wy=S, 170 -1 —1y ] >
0 :(2,805)

S,=diagly 1, I¢,,, D) and x*=(x",v,)’; the term {, above is defined by

8(113) =Ele, |y
(65 ® 313)(2) =E[(e,3®¢;5) | Yi3) — vec(£2,) .
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Thus, conditional on x*, we have

N I
B=N"" Z W, Var[éZi]wA’Zi . (A4)
i=1
Finally,
N
N2 xx' /o 0
yzz le ivi 22 . (AS)
0 1/2w3,

To derive the matrices V° and V*, note that
N
Nl/z()‘ls —Ap) =9 1_31N_1/2 21 wis:dis T 0p(1)
N
Nl/z(#z -m)= =¢§2N‘1/2 21 XUy lwy, +0p(1)

where A;; =[#', v({2;)']’ and * denotes the marginal ML estimator. Thus,

avar[NUz(’\.w —A3), N]/z( 7 — )]

NE
o g2

N
. 21 Wys; var[ {5 wys, E W5, COV[ {35, Uy ]X 1 @y,
_ i iz
XN N
21 x; covlvy,, &15,1Wis/w,, 21 xx; /@y,
i= i=
<9 5 0 > a6)
X R
0 5

The variances and covariances required for (A6) are obtained by noting that
v, =0}, 02 1w, + &, Where &, ~NI[0, (w,, — w5702, 7)] independent of
vy, i=1,...,N. Thus,

%!
Var[v133]

Q rw,, .
2 1 13 TWy;
cov[(v,3; ®U13i)( ), v§33]>

cov[ {13, Uy] = <

Similarly, noting #, = r,, as

N
Nl/z():.z —AL) =R _1(N_1/2 Zl Woilo— ijUz(ﬁz - 77'2)) +o0p(1),
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where A, =[7*",v({2,)"]’, " denotes the conditional ML estimator and

L =-N" 12 . < Var[5131] (1)]> —217x

@
COV[(5131®8131) ) > €13;
Hence

avar[Nl_Z(X'z —A,), Nl/z(ﬁ'z —m,)]
_ (% T+ BT, BT B _1j2ﬂ§2>

AT
_]525&_’2%_1 ﬂgz (A7)

cf. Smith and Blundell (1986) and Blundell and Smith (1989).

Appendix B

To derive the information matrix for the full system (6) subject to the
restrictions (9) and the observability rules (1), (5), define z=(y,,x*’')’ and the
selection matrices S, and §; which select out those elements of z appropriate
for (11) and (8) respectively. Thus, the score vector corresponding to the
conditional model [(8), (11) subject to (1), (5)] parameters is given by

N

3 In £/9[B,, Y1s P1s 77';“’ v(2,)] = 2 Wilais (B1)

i=1

_ f}l ;’ g (nj@z 0 )
0 ¢ o)\ 0 xaeeash)

and {, is defined in Appendix A. The score vector for the marginal model
[(6b)] parameters is

where

N

dln L/ om,= > x U/ 0y) =72, 3133] (B2)

i=1

Hence, the information matrix is given by

N N
2w varlgaJw; ~ 2 wileovg, #2105 ¥,
-1 i= i=1
$=N N ~
— 2 X105 cov[ell), Llwh 2 x [, + 707 var[e)]0 S
i=1 i=1

(B3)
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Appendix C

Consider the system
Y= BiFutxiyi Fpiuy tef, (C1)
Yy =X+ paty, + 85, i=1,...,N. (C2)

Following Smith (1987, Appendix B, pp. 120-121) and noting that 6*=
(Bi,vi',pl>m, ps, 0(27%)), the score vector for system (C1), (C2), assum-
ing that ¥, and u,, are observed, i=1,..., N, is given by

N

InL,/90% =2 wi,,

i=1

where In Z, denotes the log-likelihood for system (C1) and (C2) under the
assumption  that &  (=(ef;, &,))~NI(0,3%), i=1,...,N, (=

1

[8*(1)', (8* R 8*)(2)/]’,

_S<2_*2_1®z 0
Y= 0 iEy'esyh))

z2=(y,,x',u,) and S =diag(S,,S;,D); S, and S, select out the appropriate
elements of z included in (Cl) and (C2) respectively whereas D obeys
D'v(2) =vec(¥) with v(-) selecting out the distinct elements of a symmetric
matrix (Magnus and Neudecker, 1980). The term ¢ above is defined by the
generalized error products discussed in Gourieroux et al. (1987) and Smith
(1987); thus

e* O =E[e*|y], (" ® ") P =E[e* ®e* | y] - vee(3 ) ,
where E[:|y] denotes conditional expectation given the observability rule
linking y* = (y, y3) toy = (., ¥;)' and z. By the familiar information matrix

equality and the assumption of the independence of observationsi=1,...,N,
we have that conditional on z,

N
~N7'E[0%In £,/30% 80*'] = N~' 2, w, var[{,]w) .
i=1
The score vector of In %, with respect to ¢ = (a,, ;)" is

N
ALy o =~ wyet D
i=1
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_1 .
where w,=S,(2 % ®z,), z,=(y;,x}3) and

S = (Bytp) 0 pg O
2 0 pudg, 0 pily -

Thus, again by independence and the information matrix equality

N
~N'E[9’In £,/30%3¢'] = ~N " 2 w, cov[{,, &7V wl; ;

i
i=1

cf. Smith and Blundell (1986).

Data appendix

The data are a sample of 2539 married women from the 1981 family
expenditure survey for the UK. All women are of working age and are not self
employed.

Variables Mean Standard
deviation
Female hours Y. 15.1611 15.7452
Other Income Yo 50.5254 41.7982
(Age —40)/10 a, —0.4008 1.0593
(Age —40)°/100 a; 1.2823 1.1580
(Education —8) e 2.9283 2.5005
(Education —8)” el 14.8251 25.3807
Youngest kid age (—, 5] D, 0.2954 0.4563
Youngest kid age [5, 10} D, 0.2209 0.4149
Youngest kid age [11, —] D, 0.1394 0.3463
Number of kids [—, 5] N, 0.3911 0.6680
Number of kids [5, 10] N, 0.4667 0.7400
Number of kids [11, —] N, 0.4124 0.7499
Owner occupier T, 0.2847 0.4514
Local authority T, 0.0456 0.2088
Husband : skilled MO, 0.0803 0.2718
Husband : semiskilled MO, 0.3919 0.4882
Husband : unskilled ' MO, 0.1748 0.3798
Local unemployment UN 13.4821 2.9086

Notes: y, — normal weekly hours of work for married women; y, — normat
weekly earnings minus expenditures.
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Multivariate Tobit Models in Econometrics

Lung-Fei Lee

1. Introduction

The use of household or firm microeconomic data offers important advantages
for the empirical analysis of consumer demand and labor supply of consumers,
and production and input demand of producers. Demographic variables and
heterogeneity of individuals can be easily incorporated in the estimable
equations, but these effects are not easily measured with aggregated data.
Microeconomic data, however, contain certain attributes which complicate the
econometric modelling and estimation. For example, household budget data,
which contain detailed information on the consumption of certain disaggre-
gated commodities, often contain a significant proportion of observations with
zero expenditures. The consumer demand functions contain limited dependent
variables. Pioneering works on limited dependent variables in microeconomet-
ric models (for example, Tobin, 1958; Amemiya, 1973; and Heckman, 1974)
have emphasized an univariate limited dependent variable. A survey on the
econometric developments of model specification and estimation of limited
dependent variables by Amemiya (1984) (see also, Maddala, 1983) has focused
mainly on univariate limited dependent variable models. Much developments
on multivariate limited dependent variables models have taken place recently.
In this article, we provide a brief survey on multivariate tobit models. The term
‘tobit models’ in this survey refers solely to models with either censored or
truncated dependent variables. Qualitative variables or sample selection
models are not covered in this survey. This survey will emphasize models
formulated with neoclassical microeconomic theories. Consumer demand
models are important members.

This survey is organized as follows. Section 2 provides some familiar
multivariate and simultaneous equation models with multivariate tobit vari-
ables, which are generalizations of the classical multivariate regression model
and the classical linear simultaneous equation model. Section 3 discusses the
formulation of consumer demand systems and production systems, which are
compatible with microeconomic theories and incorporate features of mi-
croeconomic data with zero expenditures or kink points. The derived equation
systems arc essentially nonlinear simultaneous equations with complicated
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cross-equation constraints. Some of the simultaneous equation tobit models are
nonlinear in variables. Such models may not be well-defined stochastic models
without appropriate restrictions on some of the structural parameters. This is
an issue on model coherency. Section 4 surveys such an issue. For consumer
demand or production systems, the model coherent conditions are essentially
the familiar concavity conditions. Structural models with sound theoretical
foundations are coherent. The estimation of multivariate tobit models by the
classical maximum likelihood method is known to be computationally ineffici-
ent, since the computation of multivariate normal probabilities of high
dimensions is difficult. Section 5 surveys some recent developments on
estimation methods that are computationally tractable, and model specification
strategies that provide computationally tractable and reasonably flexible
structures. Instrumental variable estimation methods and simulated methods of
moments are two of such methods. Lagrange multiplier tests are computation-
ally simple diagnostic tests for such models. Section 6 points out some of such
tests.

2. Some multivariate tobit models

Multivariate tobit models in this article are models which generalize univariate
tobit models to systems of equations. In the econometric literature, there are
several popular generalizations. Each of them designed to capture certain
special features of empirical issues is unique on its own. The following several
models arec the familiar ones in the literature. Some other models will be
introduced in the subsequent sections.

2.1. Amemiya’s multivariate regression and simultaneous equation models

Amemiya (1974) extends Tobin’s model (Tobin, 1958) to some multivariate
regression and simultaneous equation models. He considered the models with
all the dependent variables being censored or truncated. The simultaneous
equations system is specified as follows:

By,=Ix,+u,, y=0, (2.1.1)
and
(By,);=(I'x,+u,),, whenevery, >0,

where i stands for the ith component of the relevant vector, x, is a vector of
exogeneous variables, and u, ~N(0, £2). The sample observations for the
dependent variable y take only nonnegative values. If all the components of y
are positive, y is an interior solution of the system. Observations of y with
some components zero are corner solutions. Depending on the pattern of
solutions, different reduced form equations may appear in different regimes.
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For example, conditional on an interior solution, the reduced form equations
for the interior regime form a truncated multivariate regression model,

y.=1x +v,, (2.1.2)

where IT=B™'I" and v =B 'u. These reduced form structures, which are
switching across different regimes, raise model coherency issues. The model
coherency issue is a problem for structural models to be well-defined probabili-
ty models. For the classical linear simultancous equation model, there is no
model coherency issue (when B is nonsingular). The presence of switching
regimes for the simultaneous tobit models creates changes in the stochastic
structures, from which the model coherency problem has arisen. This issue will
be picked up in a subsequent discussion. An empirical application of this model
to the study of time allocation of youths can be found in Waldman (1981).

2.2. Multivariate regression and simultaneous equation models with some
dependent variables truncated

Sickles and Schmidt (1978) and Lee (1977) extended the Amemiya model to
the cases where only some of the dependent variables are censored or
truncated. Applications of such a model are in Sickles, Schmidt and Witte
(1979), and Amemiya, Saito and Shimono (1987). Let y, = (y"", y®')" and
u,= (ufl)', u®"Y. The simultaneous equation system is

Bu)’ﬁl) + Blz)’EZ) =Iix,+ ”El) )

By’ + By P =Lx, +u®, yP =0, (2.2.1)
and

(BZO’EI) + BzzYSZ))i = (Lx, + u$2))i , whenever yEtZ) >0.

An observation y with all its components of y** being positive corresponds to
an interior solution of the system. Conditional on the interior solutions, the
reduced form equation system of the interior regime is a multivariate regres-
sion model with truncated distributions.

2.3. The Nelson and Olsen simultaneous equation model

Nelson and Olsen (1978) introduced a simultaneous equation model with latent
endogenous variables:

By*+Ix=u, (2.3.1)

where y* is a vector of latent variables. The sample observation y is related to
y* as y=max{y*, 0}. This model has much simpler structures than the
Amemiya simultaneous equation model. There is a unique reduced form
equation system of latent variables. Each equation in the reduced form.
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equation system is a univariate censored regression equation. In terms of the
latent variables, this model has all of the familiar structure of a classical linear
simultaneous equation model. The model is coherent when B is nonsingular.
The structural parameters are identified under the classical rank identification
condition. This equation system can obviously be generalized to cases where
only some of the endogenous variables are latent variables and the remaining
variables are observables. Other simultaneous equation models with more
complicated structures, which contain both qualitative and limited dependent
variables, have been formulated in Heckman (1978).

2.4. Some disequilibrium market models

It is interesting to point out that some of the disequilibrium market models in
the econometric literature can be regarded as special cases of the above
simultaneous equation tobit models. The relations among these models are not
apparent in their original formulations. But with some proper transformations
of variables, the relations can be revealed. Studies on econometric disequilib-
rium models can be found in Quandt (1988).

The disequilibrium model of the watermelon market in Suits (1955) and
Goldfeld and Quandt (1975) is a simultaneous equation model with some
censored dependent variables. The basic equations of the model are

q,=Bix;, + B, T uy,,

2, = Bap, t Byq, t BsXo, + Bs + 1y,
y,=min(q,, z,) ,

Pr=Bxs, + Bgy, + Byt Uy,

(2.4.1)

where x,,, j=1,2,3 are vectors of predetermined variables, and u;,, q,, p, and
y, are observables but z, is not. The first equation describes the determination
of the size of the crop g, at the period ¢. The second equation is a harvest
equation, which states that the intended amount of harvest is a function of
current price p,, the size of the crop itself, and other factors. The third
equation says that the harvest is the minimum quantity of intended harvest and
the size of the crop. Under certain circumstances, it may not be worthwhile to
harvest the entire crop. On. the other hand, it may be possible that the
intended harvest exceeds the crop, and in this case the actual harvest will equal
the crop. The last equation is a standard demand equation. Define y,, = ¢,
¥, = P,» and y,, = max{q, — z,, 0}. The model can be rewritten as

Vi, = Bix, T Byt uy,,

Yo = BrXs, = BgYa + Beyi, T Bo t U5,

Yae Z —BaYa + (1= B)yy, — Bsxa — B — U,
v5,=0,
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and

Y3 = ~BsYa + (1= Bu)ys, = BsXy — Bs — U, When y;,>0.

This is a three equations model with only one censored endogenous variable.
The following disequilibrium marked model with fixed supply is a Nelson
and Olsen simultaneous equation model:

d,=oap,+xa+u,,

s, =S

t o
(2.4.2)
P.—P 1= ‘)’l(d, - St) txy tu,,,
q,= min(dn st) >

where the first equation is a demand equation, the second equation is a (fixed)
supply equation with 5, predetermined, and the third equation is a price
adjustment equation. The demand d is a latent variable, and the transacted
quantity is determined by the short side condition. Define y}, =5, —d,, y,, =
D, —P._, and y,, = max{s, — q,, 0}. The equations (2.4.2) can then be rewritten
as

* — < — p—
Yiu =8 —ap, — X0, — Uy,
_ *
You= VYt X Ty, .

y;, is the observed censored variable of yj,. Indeed, one can check that
Y1 = max{yy,, 0}.

3. Some convex programming models

The development of the econometric literature of limited dependent variables
was motivated by a consumer demand problem in a two commodities model in
Tobin (1958). It is natural for later developments to extend the approach to
models with any finite number of commodities. The following paragraphs point
out several generalizations, which are compatible with the neoclassical mi-
croeconomic theory.

3.1. Econometric models of consumer demand on convex budget sets

Convex budget sets result naturally from labor supply problems (see, e.g.,
Heckman, 1974; Burtless and Hausman, 1978; Moffitt, 1982; and Hausman and
Ruud, 1984). It arises also from consumer demand problems with binding
nonnegativity constraints, quantity rationing, and increasing block pricing (see,
e.g., Hausman, 1985; Wales and Woodland, 1983; and Lee and Pitt, 1987).
Consumer demand systems derived from utility maximization over convex
budget sets with kink points are, in general, nonlinear simultaneous equation
systems with multivariate limited dependent variables. The demand quantities
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are limited dependent variables because there are positive probabilities for the
demand quantities to occur at the kink or boundary points. Those points of the
demand equations are atoms in the corresponding probability spaces.

Consider a general multi-commodity model, every commodity in the model
may be subject to increasing block pricing. For commodity j, assume that there
are [; different block prices p,, k=1,..., I, with p,<p,<--: <Pjr;
corresponding to the kink points y(1), ..., y,(J, — 1), where yi)<y(i+1)
fori=1,...,I—2. The case I;=1 is the standard single price situation. If
yiI; = 1) is the upper limit for commodity j in rationing, Py = As
a convention, y(0) =0, and y,(I,) = . Let U(y*, . .., y%) be a utility function
which is continuously differentiable, increasing, and strictly quasi-concave. The
utility maximization problem is

max U(yi,....y5)

Vi om

subject to

Mz

*
E Py <M,
1i€K;

-
I

0<yi<y@-yi-D)=50), €K, j=1,....m, (3.11)
y7:i§<j v,

where K;={1,...,[} is the set of integers describing the pink points for
product j, and y;‘; is defined as the purchase of product j in block i. The optimal
solution y is characterized by Kuhn—Tucker conditions:

WJ'i_ 9y; TP A =0y Y yi=0,

aL oL
E=M‘§§Pﬁyﬁ>0<m k=0 (3.1.2)
oL _ . oL
aTﬁ:yj(l)_yjiBOS)\ﬁ, aTﬁAji__(]’

where L is the Lagrange function, and p and A are Lagrange multipliers.
Because of the block pricing structure, purchases will always be made in lower
price blocks before higher price blocks. Hence, if y;, >0, y,, = y,({) for all I <i,
and if y;, =0, y, =0 for all />i. Thus the demand for good j is y, = X/, Yits
where i; is the highest integer for which y i, > 0. The optimal quantities can also
be characterized by virtual prices. For an illustration, consider the demand
vector y:

y;=0, jeJj,
¥ =yj(ij) , JEL, (3.1.3)
yj(ij—1)<yj<yj(ij)7 JEJ;,
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for some i;, j€J,UJ;, where J;, J, and J; are some partition of the set
{1,2,...,m}. The virtual price vector at y is &(y)=(&(y),...,&.(»),
where &,(y) = (1/u) 8U(y)/dy;. The virtual prices are strictly positive because
p >0 follows from the assumed strictly increasing property of the utility
function. The Kuhn-Tucker conditions for y can be rewritten as

gj(Y)spﬂ’ JEJ,
Py, <&(M<Pj1, JEL, (3.1.4)
fj()’)zpjijy JEJ,.

The kink point y,(i;) is the quantity demanded for good j, j € J,. Because the
block price p;, for good j, jE€J,, is less than the virtual price §,(y*), the
consumer buys as much of the good as permitted under p; i but the second
block price Pjij+1 is sufficiently high so that the consumer does not wish to
purchase any more. If y (i;) is purely an upper limited rationed amount,
optimality at the rationed limit will be characterized by P < <§¢(y). The goods
;> J € J5, are purchased at the quantities y; such that their v1rtua1 prices equal
market prices. With the specification of a stochastic parametric utility function
U, a likelihood function can be derived through either the Kuhn-Tucker
conditions or the virtual price characterization.

Instead of the specification of a direct stochastic utility function, Lee and Pitt
(1986a) have pointed out that the dual approach, which specifies an indirect
utility function or a system of demand equations, is also feasible with the
virtual price characterization. Suppose that D,(p, M;¢),i=1,...,m, are the
specified stochastic demand functions, which are solutions to the - utility
maximization problem max{U(y*)| p'y* = M}. Consider the demand vector y
in (3.1.3), where J, ={1,2, ..., [, -1}, ,={,,...,,—1},and J, = {I,, [, +
1,...,m}. The virtual prices ¢ and the virtual income ¢, which support y, are
characterized by the inequalities (3.1.4) and the demand relations,

0=Dj(§1,...,f,z_l,plzilz,...,pmim,c;s), ji=1,...,,-1,
y]'(i,') =Dj(§1a ) §12—1’ Pryiy > -+ 5 Prmiy,» €5 e, j=l,...,,-1,
yj=Dj(§1,...,.f,z_l,p,zilz,...,pmim,c;s), j=ly...,m, (3.1.5)

where
I,—1

c=M+ Z (Pjrer — Py (D) + ; (& —p;i )y, ) -

\IMS

j

These equations imply an implicit function from the disturbance & to
(¢, ..., {-‘,2_1, Yi,s - - - » ¥,u)- The likelihood function of y can be derived from
these equations. Since the demand vector y lies on a budget plane, the
equation y,, is functionally dependent on the other equations and is redundant.
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Given a joint density function for &, these equations imply a joint density
function for (&, ..., & 1, Yo -5 Y1) Let (&, -y & iy Vi -1
Y1) be the implied joint density function. The likelihood function for this
observation is

<lﬁl Pitiy+1) (11_1 Pi1>
i=1y Py j=1 7o
X8(&, - € Vi Ymo1) dE; dg,

where (IT [) denotes multiple integrals. Given that the utility function is strictly
concave, the demand vector is uniquely determined. As long as the utility
function does not exclude any zero consumption for the zero expenditure case
or the domain of the utility function covers the sampling space of demand
quantities, the model is a well-specified stochastic model. However, for models
with utility functions which do not satisfy the global concavity property, model
coherency problem may occur. This issue will be considered in a subsequent
sectton.

3.2. Production analysis

Kink points in the production analysis may occur because of binding non-
negativity constraints on inputs or outputs. Production quotas or quantity
rationing of inputs will also create kink points. Increasing block pricing in
inputs or decreasing block pricing of outputs are similar to quantity rationing.
Consider a profit maximization problem subject to quantity constraints

max p'q* —r'y*
y*.q*

subject to
F(g*,y*)=0, g=q*=0, y=y*=0,

where y* and g* are k X 1 and m X 1 vectors of inputs and outputs, respective-
ly, and y and ¢ are the quantity quotas. The production function F is an
increasing function of g* and a decreasing function of y*. The optimal
solutions for this problem can also be characterized by virtual price
inequalities. To illustrate the construction of virtual prices, consider, for
example, y = (0, y,,...,y,) and ¢4 =(4, 9, - - -, q,,)’, Where the first input
is not utilized and the first output is produced at the quota level. The virtual
price &,, for input 1 and the virtual price & for output 1 at y are £;, = —
M3F(q, y)/ay, and &, = A 3F(q, y)/dq,. The optimality of y is then character-
ized by

r12§d17 0<y,-<}7i, i:2,...,k’
plzfsls O<q,<(i], ]=2,,m
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Input 1 is not used because the market price for this input is too high, and
output 1 is produced up to the quota limit because the market price for this
output is high enough. The case of increasing block prices in inputs and/or
decreasing block prices in outputs can also be formulated in this framework
(Lee and Pitt, 1987).

The formulation and analysis of the above models rely on the concavity of
the objective function and the convexity of the constraints. The Kuhn-Tucker
conditions characterize the optimal solution because of the convexity prop-
erties. Some optimization models, such as a consumer demand model with
decreasing block pricing, may not possess all the convexity structures. For such
models, the occurrence of regimes will be determined by maximized utility
comparisons, and the stochastic models are, in general, endogenous switching
regression models. Kinked points in such models will, in general, occur with
probability zero (see, e.g., Hausman, 1985). Such models are not multivariate
tobit models. For consumer demand data with zero expenditures, some authors
argue that zero expenditures occur solely due to the possibility that the survey
period was too short to have many commodities purchased. The zero expendi-
ture problem was then regarded as a measurement issue but was not due to
price responses of consumers. Such models (see, e.g., Pudney, 1987) are not
multivariate tobit models.

4. Model coherency in simultaneous equation models

4.1. Coherency conditions in linear simultaneous equation models

For the classical linear simultaneous equation system By, = I'x, + u,, given the
predetermined variable vector x,, the disturbance vector #,, and the nonsingu-
larity of B, y, will be uniquely determined by the system. However, the
simuitaneous equation tobit system (2.1.1) does not necessarily define the
random vector y, when B is nonsingular. For given values of u, and x,, there
might be no values of y, that would satisfy (2.1.1), or there might be more than
one value of y, that would satisfy (2.1.1). These contradict the classical linear
simultaneous equation model, because the present model is a system of
nonlinear equations — nonlinear in variables. Further properties or restrictions
on B are required for the model to be a well-defined stochastic model.
The equations in (2.1.1) have the general form

By=w, y=0,
y'(By —w)=0. (4.1.1)

The problem of the existence of a unique solution of (4.1.1) is known as the
complementarity problem in the mathematical programming literature (e.g.,
see Samelson, Thrall and Wesler, 1958). The system has a unique solution if
and only if every principal minor of B is positive. Thus for the model to be a
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well-defined statistical model, Amemiya (1974) assumes that every principal
minor of B is positive. Amemiya has pointed out that a sufficient condition is
that B + B’ is positive definite. Also if B has positive dominant diagonals, it
has the required properties (Gale and Nikaido, 1965). Waldman (1981)
provided an interpretation of the coherency condition in a time allocation
model.

For the model with only some dependent variables truncated (2.2.1), the
coherency condition can be easily derived with an extension of the above
coherency condition. Since B,; is nonsingular, it follows from the first set of
equations in (2.2.1) that
W= —31_11312)’52) + Blrllrlxt + Bl—llufl) )

t

which in turn implies that
-1 2 -1 2 —-1_(1
(B, = By B11 By, )= =By By Iix, + Ix, + u? ~ B, B, ”5 ).

A necessary and sufficient condition for model coherency is that every principal
minor of B,, — B,,B;,'B,, is positive. An equivalent condition on B has been
derived in Sickles and Schmidt (1978) and Schmidt (1981). The coherency
condition is equivalent to the condition that all principal minors of B that
involve at least the rows and columns containing B,; have the same sign. In
many other simultaneous linear equation models with limited or qualitative
endogenous variables, model coherency problems exist. A general analysis on
coherency conditions, which cover many simultaneous equation qualitative
variable models, simultaneous equation limited dependent variables models,
and simultaneous disequilibrium market models, can be found in Gourieroux,
Laffont and Monfort (1980). Even though the coherency conditions in
Gourieroux et al. cover many important simultaneous equation models, their
analysis has been limited to models with certain linear structures. Their results
do not cover models with complicated nonlinear structures as in some of the
consumer demand models.

4.2. Coherency conditions in consumer demand or production systems

The consumer demand or production systems with kink points (3.1.5) are
essentially simultaneous nonlinear equation models with multivariate limited
dependent variables. The model coherency problem is more complicated than
the ones in the previous section. The practice of simply appending additive
error terms to demand equations, derived from deterministic direct or indirect
utility functions, may result in stochastic models which are not compatible with
the utility maximization hypothesis. Stochastic demand systems consistent with
the utility maximization hypothesis are likely to result if random terms are
introduced into the underlying direct or indirect utility functions (see, e.g.,
McFadden, 1973, Burtless and Hausman, 1978, and Wales and Woodland,
1983, among others). The model is coherent if for every possible value of the
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disturbance vector &, a unique vector of endogenous variables y is generated;
and for every vector of endogenous variables in the sample space, there exists
an ¢ vector that can generate the sample observation from the structural
equations. For the consumer demand problem, the monotonicity and strict
quasi-concavity properties of the utility function U(y; ¢) of y guarantees the
existence of a unique demand vector for each & vector. Satisfaction of the
second coherency condition will depend on the functional form of the
structural equations and the way that the stochastic elements are introduced in
the utility maximization problem.

Models derived from flexible indirect utility functions might not satisfy the
model coherency conditions without restrictions on parameter spaces of
interest, because some of the flexible indirect utility functions did not satisty
globally concavity conditions. An example is the translog indirect utility
function

Hp)=2 o lnv, +3 > By Inv;Inv,, (4.2.1)
j=1 I=1j=1
where U; =pj/M, j=1,...,m, are income normalized prices, 27:1 o= ~1,

and B; = B;; for symmetry. The Roy identity yields the notational budget share
equations:

sjf=—aj—[=21[3ﬂlnv,, j=1,...,m. (4.2.2)

Consider a fixed vector v. Denote z7(v) = —;~ L)%, B,Inv, and D*(v) =1—
L N Bylnv,. Let s=(s,,...,s,) be a vector of observable shares. With
the specification that, for each j, ¢; includes a random component & with an
unrestricted support, the share equations (4.2.2) will have additive errors. It is
easy to see that, for each given vector (s, v), there exists a vector £ which will
generate s given v as the optimal solution of the demand system. For the
model with binding nonnegativity constraints, Soest and Kooreman (1990)
derived sufficient conditions for this model to satisfy the remaining coherency
condition — the uniqueness of solution condition. In terms of virtual price
inequalities, the optimality of s is characterized by the following relations:

z5+ > B,(Inv, —Inv¥)
5= o , j=1,...,m, (4.2.3)

D*(v) + ﬁ By(Inv, — Inv¥)
I=1k=1
and
s=0, v*<su, s'w—v*)=0, (4.2.4)
where v* = (v7, . .., v;) is a vector of virtual prices at s. With y, =Inv, — Inv*,

j=1,...,m; y=(y;,...,y,); and e=(1,...,1). Soest and Kooreman
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recognized that the coherency issue for (4.2.3) and (4.2.4) is the uniqueness of
solution y satisfying the problem

y=0,
(z*+ By)/(D*(v) +y'Be) =0, (4.2.5)
y'(z*+ By)=0.

Since the indirect utility function H must be an increasing function of M, a
necessary condition for the monotonicity property is that D*(v) >0 for each
sample v. Under the additional restrictions that Be =0, (4.2.5) simplifies to

z*+By=0, y=0,
y'(z*+By)=0. (4.2.6)

The problem (4.2.6) is the complementarity problem. Hence the sufficient
conditions for model coherency for this model are that B is a positive definite
matrix, Be =0, and D*(v) >0 for all v. Soest and Kooreman pointed out that
these sufficient conditions imply also concavity of the (implicit) direct utility
function on the feasible region S = {s:5>0 and s'e <1}. The concave direct
utility function attains a unique maximum on S, and hence the model is
coherent.

One can see from the above analysis that the model coherency conditions are
specific for each functional specification of the utility function. For utility
functions that do not possess the globally concavity property, one has to
restrict the relevant parameter space so that the concavity property can be
satisfied on the restricted parameter space. For the model with a quadratic
utility function, model coherency conditions have been derived in Ransom
(1987). The quadratic utility function is not monotonically increasing every-
where on the commodity space, but it is globally concave. By restricting the
demand quantities to satisfy budget constraints, the Kuhn—Tuckner conditions
are necessary but not sufficient to characterize the maximum solution. How-
ever, the likelihood function derived from the Kuhn—-Tuckner conditions is a
well-defined function, because there is a well-defined mapping from the
stochastic element in the utility function to the solution vector of guantities.
The model is a coherent stochastic model. The only unsatisfactory problem
with this utility function is the possibility that, for some sample observations,
the property of nonsatiated preference would not be satisfied, and the utility
maximization hypothesis might be violated at those points. The quadratic
utility function model has been used in empirical studies in Wales and
Woodland (1983) on the consumption of foods for Australian households, and
in Amemiya, Saito and Shimono (1987) for household investment patterns in
Japan.

5. Estimation methods

With parametric distributional assumptions on stochastic elements in a model,
an asymptotically efficient estimation method is the classical maximum likeli-
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hood method. For the univariate tobit model with normal disturbances,
Amemiya (1973) has proved under mild regularity conditions that the tobit
maximum likelihood estimator is consistent and asymptotically normal. Since
there are no irregularities for the multivariate generalizations, Amemiya’s
analysis can be generalized to establish the consistency and asymptotic
normality properties of the maximum likelihood estimators for the various
multivariate tobit models. The difficulty of the maximum likelihood approach
is the computational complexity of the multivariate normal probability func-
tions. Gaussian quadrature formulas (see Stroud and Secrest, 1966) become
computationally inefficient for multivariate normal probability functions with
dimensions larger than three or four. This difficulty is well-known in both the
econometrics and statistics literatures. In this section, we will survey some
other estimation methods that are computationally tractable, even though they
may be less efficient.

5.1. Truncated moments and recursive formulas

The truncated moments of the dependent variables can be used for estimation
and specification testing of the models. Consider an m-dimensional multi-
variate regression model with a normal disturbance,

y*=ax+e*, (5.1.1)

where x is a kX1 exogenous variable vector; y* is an m X1 vector of
unobservable dependent variables; « is an m X k matrix of unknown co-
efficients; and £* is N(0, 3') where ¥ is a positive definite matrix. The sample y
is observed with y=y* if and only if y%>0, j=1,...,m. The first two
moments and the moment generating function of the truncated multivariate
normal distribution have been derived in Tallis (1961). Amemiya (1974) has
found an interesting relationship between these two moments and has sug-
gested an instrumental variable estimation method without computing multi-
variate normal probabilities. Specifically, conditional on y* >0,

c"'E(yy)=1+0"axE(y,), i=1,...,m. (5.1.2)

This relation forms the moment equations for Amemiya’s instrumental variable
estimation of the model. Similar relations are also available for some of the
more complicated multivariate tobit models. For the models with only some of
the dependent variables truncated, relations between the first two moments of
the truncated multivariate normal distribution have been derived in Sickles and
Schmidt (1978) and Lee (1979). Further generalization to multivariate models
with doubly truncated normal distributions is in Lee (1983). The derivations of
the relations between the first two moments in Amemiya (1974) and the
subsequent generalizations in Sickles and Schmidt (1978) and Lee (1979) are
rather complicated and tedious. Explicit expressions for the first two truncated



158 L.-F. Lee

moments are first derived, and the relationship between these two moments
are then discovered. A much simpler and systematic approach is based on a
differential equation characterization of the multivariate normal distribution in
Lee (1983). This approach is motivated by the pioneer work of Cohen (1951)
for the univariate Pearson family of truncated distributions.

Consider the generalization of the multivariate regression model in (5.1.1) to
the case that the sample y can be observed if and only if it satisfies the
following conditions (i) and (ii):

(i) 0syiy<kgy, j=1,...,7,
(i) O0syg,,,sw, I=1,....m—-G-1J,

where y* = (¥, ..., ¥6: Y615+ > Yeur Yoasers - -» Ym)> 0<G<m, and
0= G +J <=m. Depending on the values of G, J, and k. ;, this model contains
many special cases. For this general model, many relations among the
moments in addition to the first two can be derived from the differential
equation approach:

(1) For the equations i € {1, ..., G},
o"B(y)=0c"ax, =0, (5.1.3)
and
o "E(yly) = o axE(y)) +IE(y!"), 1=1,2,.... (5.1.4)

2) ie{G+J+1,...,m}. For these equations,
' 'E(yly)=c"axE(y)) +IE(y\™"), [=1,2,.... (5.1.5)
(3)ie{G+1,...,G+J}. In this case,

o' E(yy) = ko B(y; 'y) + 0" ax[E(y;) — kE(y; )]
+IE(y Y~ k(- DE(YY), 1=2,3,.... (5.1.6)

These recursive formulas are ready to be generalized to models with
distributions which can be characterized by differential equations in the form
aln fw)/ou=Q,(u)/Q,(u), where Q,(u) and Q,(u) are finite order polyno-
mials. Apparently, this will include the family of multivariate distributions of
Van Uven (see, e.g., Elderton and Johnson, 1969) which generalizes the
univariate Pearson family of distributions to the multivariate case. The
multivariate normal distribution is an important member of the Van Uven
family. Many popular multivariate distributions belong to this family.
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5.2. Truncated moments on a simplex

In the previous sections, the moments are derived for truncated distributions
defined on rectangles. For consumer demand models with share equations, the
truncated distribution of all positive shares will be defined on a simplex.
Recursive relations for the truncated moments on a simplex can be derived.
Consider a multivariate normal variable y* of dimension m with mean p and
covariance matrix {2, such that X ]'.":1 y5 =1, and the truncated distribution of y,
where y = y* with y*>0, j=1, ..., m. Since the sum of the components of y*
is unity, y* is a linear function of y;,...,y, ;. Let £ =(pty, ..., i,_), and
let 3 be the covariance matrix of (y}, ..., y._,), which is the submatrix of {2
with the last row and column deleted. The truncated density of y, where

V=V1sevvs Ymo1)s 18

) =L§’, (5.2.1)
where

g(y) = @m "I exp(—3 - W2 - )Y
and

1 rl-yy -T2y,
szj f g(y)dy,, . --dy,.
o Jo 0

The density function in (5.2.1) satisfies the differential equation

f(y ,
) _ o5 sy,
aym*l
where oV is the (m — 1)-th column of 3. It follows that

y}yf,.l(l— i yi> )

i=1 aym*l
m—1 4
=—gV - ﬁ)Y;Y;I1< - 21 yi) ),

for r=0,s=1,[=1, and j #m — 1. By the integration by parts,

1-37m32 y, m—1 ! f(F)
5 1 _ ) ICANAV
J;) .Ym—l< = y1> aym_l d.))m—l

1-277?y, m_1 !
s—1 vy
(S e

l_zlm:EZyi m—1 -1
+ZJ:) Y:n~1<1_ 21 yi) f)dy,._, .
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Therefore,
IB(YYm-1Vm ) = SE(Y iyl vh)
=E(yym- o "V G —EQy,_ 3 )e Y, (52.2)

where y,, =1~ Z]'.":_ll y; and the expectations are taken with respect to the
truncated density f(y) in (5.2.1). As every variable can be treated as the

(m — 1)-th variable, (5.2.2) can be generalized to

IE(yyiym ) = SB(yYi 'ym)
=E(yyiy.)@) & —E(yyiy,y e, (5.2.3)
forj#ifori,j=1,...,m—1,r=0,s=1,and [=1.

3.3. Instrumental variable estimation

The recursive relations among the moments of the multivariate normal
distribution and the Van Uven family of multivariate distributions can be used
for the estimation of the regression coefficients of the multivariable tobit
models. An instrumental variable estimation (IV) procedure has been intro-
duced in Amemiya (1974) for the estimation of a multivariate regression model
with all its dependent variables being truncated normal. The Amemiya IV
procedure has utilized only the relation between the first two moments of the
truncated multivariate normal distribution. With the recursive formulas in the
previous sections, his procedure can be generalized to the estimation of more
complicated models and the consumer demand models with nonnegativity
constraints. The efficiency of IV estimators may also be improved by using
more moments equations. For an example, (5.1.8) implies

o'yiy, = axy, + ' +q0, 1=1,2,...,i=1,...,G, (53.1)

i

where E(n®|x)=0. (5.3.1) can be rearranged into

1+1_ill—1+i Iz I_ii il I o
Yie = @i W0 axy, 70 YT Ny
ag g T =i g

for [=1,2,..., and i=1,...,G. These moment equations provide the
structural equations for estimation by the instrumental variable method.
Instrumental variables can be constructed as functions of x in the model. These
equations can also be estimated by the generalized method of moments
(GMM) in Hansen (1982). Some of the moment equations can be used for
estimation, and some of the remaining equations can be used for model
specification tests (Newey, 1985). The instrumental variable method is compu-
tationally simple in that the computation of truncated multivariate probabilities
can be completely avoided. However, with samples of moderate or small sizes,
this procedure may be rather inefficient as evidences provided by a Monte
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Carlo study in Warner (1976) show for the univariate tobit model. An
empirical application of the instrumental variable method to a household labor
supplies and commodity demands model is in Blundell and Walker (1982).

5.4. Amemiya’s least squares estimation of linear simultaneous equation
models

Amemiya (1978, 1979) introduced a general method for the estimation of
structural parameters from reduced form parameters in linear simultaneous
equation systems. The method is a two-stage method. The reduced form
parameters of the model are estimated by some consistent methods. The
structural parameters are then estimated by the least squares or generalized
least squares methods. The Amemiya method is applicable to the estimation of
the tobit simultaneous equation models in (2.1.1) and (2.3.1).
As an illustration, consider the model (2.3.1),

y*=y*B+xI+¢, (5.4.1)

where y* is a 1 X m row vector of (latent) endogenous variables and x is a
1 X K vector of exogenous variables. The reduced form equations are

v =xll +u, (5.4.2)

where IT=I'(I — B) ' and x = &(I — B)~'. For this model, each equation in the
reduced form system can be estimated by some conventional methods, such as
the tobit likelihood method, depending on the distribution of the disturbances.
Without any parametric distributional assumption, various semiparametric
methods are also available (e.g., Powell, 1984). Consider the first structural
equation

Y=y txay e, (5.4.3)

where y(*l) is an m,-dimensional subvector consisting of endogenous variables
other than y% in y*, and x, is a k,-dimensional subvector of x. Let J; and J, be
selection matrices such that y¢,, =y*J, and x, = xJ,. It follows that
Yi=y* Bt xhy t g
=x(IJ, + Jy) +u,, (5.4.4)

where u; = uJ,8, + ¢;. Let m, denote the first column of IT. Comparing (5.4.2)
with (5.4.4),

m =1J,B, + 1y, . (5.4.5)

Let IT be the first stage estimate of II. Amemiya’s method is to apply either a
least squares procedure or a generalized least squares (AGLS) procedure to
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estimate the following equation:
T =#]B t Ly +§&., (5.4.6)
where

&= —m—([-1)JB, .

Suppose that \/ﬁglgN(O, 0,). Let £, be a consistent estimate of £2,. The
AGLS estimator 6 of 6 =(B;, ;) is derived from

A - LA, A
min (7, — I,8, — I,y,)' @, (&, — 11,8, — T, ) . (5.4.7)

31,71

The Amemiya least squares estimation is

1’}111511 (7 = By — ) (ry = 1T, B, — Tyy) (5.4.8)
without weighting. Under some general regularity conditions, Amemiya (1979)
has shown that the estimators are consistent and asymptotically normal. The
generalized least squares estimator is more efficient relative to the least squares
estimator. The asymptotic distributions will depend on the asymptotic dis-
tributions of the reduced form estimates.

The generalized least squares estimators are asymptotically efficient relative
to many conventional two-stage estimators. For the estimation of the model
(5.4.1), a two-stage estimator 8, of 8, = (B,,%,) has been proposed by Nelson
and Olsen (1978). Let [l be a tobit estimator of II in (5.4.2), i.e., each
reduced form equation is estimated by a tobit maximum likelihood method.
Let 1, = I1J,. With an independent sample of size n, the two-stage estimator 6,
is derived by maximizing the function In L,, where

InL, = 2_:1 {_%Ii ln(szz) - Ly, — (xiﬁ1)131 - x1i')’1]2

20°
(1~ 1) Infl - (@ IL)B, + X0}l

where I is a dichotomous indicator with /=1 if y* >0, and @ is the standard
normal distribution. The asymptotic distribution of 6, has been derived in
Nelson and Olsen (1978). Amemiya (1979) showed that the AGLS estimator is
asymptotically efficient relative to the Nelson and Olsen two-stage estimator.
For many simultaneous equation models with qualitative and limited depen-
dent variables, the AGLS method provides relatively more efficient estimators
than several two-stage estimators (Amemiya, 1978, 1983; Lee, 1981; and
Newey, 1987). In addition to efficient estimation of structural parameters, the
AGLS method is also valuable for providing a goodness-of-fit test statistic. Lee
(1992) has shown that the AGLS method is a minimum chi-square estimation
method. The multiplication of the minimized objective function by the sample
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size n, i.e.,
S N DR S .
n(fry — LB, — L, %) @, (7, — 1 B, — 1, %)

is asymptotically chi-square distributed with k —m, — k; degrees of freedom.
This statistic provides a test statistic for the test of overidentification. k —m,; —~
k, is the degree of overidentification of the structural equation (5.4.3).
Amemiya’s method described above is a limited information estimation
method. For the estimation of the classical linear simultaneous equation
model, the AGLS estimator is exactly the familiar Theil two-stage least squares
estimator (Amemiya, 1978). Amemiya’s method can be easily generalized to
estimate the full system of structural equations. An empirical application of the
Amemiya procedure to estimate a simultancous equation model on health and
wage is in Lee (1982).

5.5. Estimation of consumer demand models

Consumer demand model with kink points are nonlinear simultaneous equa-
tion models. Estimation of such models becomes more complicated. Multi-
variate normal probabilities do not have closed form expressions and are
known to be too complicated to be evaluated effectively by numerical
integration methods unless the dimension is small (see, e.g., Dutt, 1976). Wales
and Woodland (1983) and Lee and Pitt (1987) have estimated only three goods
models, because with more than three goods their models involve multiple
numerical integrals. To overcome such difficulty, a possible approach is to
consider stochastic specifications which are relatively restrictive but capture
reasonable correlations due to individual specific error components. When the
errors are either independent or their dependence has the one- or two-factor
analytic structure, the probabilities can be effectively evaluated by some
numerical approximation or numerical integration methods. For the one-factor
analytic structure, the multivariate probabilities can be written as a univariate
integral of a product of univariate normal probabilities, which can be evaluated
effectively by Gaussian quadrature methods (see, e.g., Butler and Moffit,
1982). In the microeconometric literature, such strategy is used quite often for
model specifications. The conditional logit model in McFadden (1973) is
specified by assuming that the disturbances in the discrete choice models are iid
with a Gumbel type distribution. Such a strategy will also be useful for the
specification and estimation of consumer demand or production models with
kink points. Examples are in Lee and Pitt (1986b).

Consider the problem of consumer demand with binding nonnegativity
constraints. Let V(y) be a deterministic utility function which satisfies the
classical monotonicity and strict concavity properties. A possible way of
introducing stochastic components into the model is to introduce additive
random components in the utility function, similarly, to the approach in Wales
and Woodland (1983). A random utility specification consistent with mono-
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tonicity and strict concavity is U(y*; &) =V(y*)+ L7, e"W(y*), where
W(y%),i=1,...,m, are also strictly increasing and strictly concave functions.
Computational tractability can be achieved by assuming that either e, i=
1, ..., m, are mutually independent or conditional on g, & i=1,...,m—1,
are conditionally independent. The latter case covers the popular error
component specification in panel data models. Consider the general demand
pattern with demand vector y=(0,...,0,y,,,,...,¥,), where the first /
goods are zero and the remaining goods are positive. The virtual prices at y are

vy | . GW;(Y)]
V|~ + €% —2
9y, 9y,
V(y) | . W,(y)
+em
Y Y

£ = j=1,...,m-1.

The virtual price conditions that characterize the optimality of y are

{ﬁ [W(y) s an(y)] B aV(y)}

& Um aym aym ay] . 1 l
e = s =1,...,1{,
() !
ayj
(5.5.1)
and
U | V) ., WD) ] V()
esk — vm aym aym ayk
W, (y) ’
Y
k=I+1,...,m—1. (5.5.2)
Since it is necessary that
v, | aVi oW, v
U | VQ) e WD) | VD) g allj=1,...,m—1,
vm aym aym ay]
feasible values of ¢,, are determined by ¢, > R(y), where
(}jm V() _ 6V(Y))
_ vj ay] a.Ym
R(y) =Inq{ max 0’j=1r,r_lf1,§_1 W) ,
0¥
and In 0 = ~« as a conventional rule. Asy,, =(1— v, y;o;1 — "~ U, _1Vm-1)/
v,., given a conditional distribution of ¢,,,...,¢,_,;, conditional on ¢,
(5.5.2) implies a conditional distribution for y,,,, ..., y,_;. Let f;, and F; be,

respectively, the density function and the distribution function of &; conditional
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on g,,. Denote

(e =t 2 VG |, o W] V] W)
EAY> Em v Y Y, ay; ay; ’

m

j=1,...,m—1.

Cond1t10na1 on g,, the joint density function of y,,,...,y,_; 18
nr, +1 fig ( ¥, sm))|J( ¥, €,)|, where J(y, ¢,,) is the Jacobian of the transforma-
tion from Efrtr - - s s,"; L0 Yii1s -« - » Ym—1- Conditional on ¢, the probablhty

that (5.5.1) holds is H, 1 F(e(y, €,,)). Hence the likelihood functlon for y is

L) = [ 2 EG0n o) TT 020, el olen) de,

With an independent sample of size n, the log likelihood function for the whole
sample is L(y,,...,y,) =1 _; L(y;). The likelihood function is computation-
ally tractable as it involves effectively a single integral for each sample
observation. The integral can be evaluated effectively by a Gaussian quadra-
ture formula (Stroud and Secrest, 1966).

The above approach is applicable to models with the specification of a direct
utility function, but cannot be easily extended to the dual approach, which
specifies an indirect utility or a cost function. A specification, which may be
useful for both direct or indirect approaches, is based on a scaling method. The
scaling method is a familiar method for introducing consumer’s characteristics
into demand systems, and it is also used to introduce a consumer’s subjective
evaluation of quality of goods into the utility function. The scaling procedure
appends multiplicatively random terms to the consumption vector y in the
utility function. Let W be a strictly increasing and concave function. A random
utility function can be specified as U(y; &) = W(e"'y,...,e""y,,), where,
conditional on ¢, ¢, j=1,...,m—1, are mutually independent. Corre-
sponding to this utility function, the indirect utility function V(v; &) has the
form V(v;e)=H(,e °,...,v,¢e ),where H(p)=max{W(y*)|p'y*=1}.
The notional demand system corresponding to V(v;e) is y;=
D e ™,...,v,e e 7, i=1,...,m. Consider y=(0,...,0,
Yis1 - - - » Ym)- The virtual prices £, j=1,...,1, for the first / goods at y are
characterized by the relations

0=D,(ée ..., e "y e T, e e T,
i=1,...,1, (5.5.3)
=D (&e™ 7, . ey e T L ue e

k=1+1,....m.

Suppose that the factors £ ].e_sf, j=1,...,1, can be solved from the first set of
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equations in (5.5.3) as functions of (v, e+, ..., v,e "),

m

e T=h,e L ue ™), =100, (5.5.4)
Substituting (5.5.4) into the second set of equations in (5.5.3),

y;=Dfhy,... b0, e " L u,e e

j=l+1,...,.m—-1, (5.5.9)
which involves only the random variables ¢, ,,...,¢,. The virtual price
inequalities §;<v;, j=1,...,l, become g<In v,—In kv, e ",
oo, ve ™), j=1,...,1 Suppose that ¢,,,...,¢,_, can be solved from
(5.5.5) as functions of y,,...,y,_, and g,, denote these functions as
&(y, &,), j=l+1,...,m—1. Denote also ey, &,) =Inv; -

Inhj, e ..., v,e ") forj=1,...,1 Let S(y) be the range of possible
values of ¢,, for the given y. The likelihood function for y is

Lo)= [ TTRGOn e [T 160 el el de,

The likelihood function involves a single integral and is computationally
tractable. The limitation of this approach relies on the tractability of solving
the functions #; in (5.5.4) and ¢, j=1+1,...,m—1, from (5.5.5). For some
functional specifications, these might not be an easy task. Several other
stochastic specifications, which provide computationally tractable likelihood
functions, can be found in Lee and Pitt (1986b). Some of these methods have
been used in an empirical study of a seven-goods model in Lee and Pitt
(1986b).

5.6. Estimation with simulation

In a recent development in McFadden (1989), methods of simulated moments
(MSM) are introduced. With methods of simulated moments, the need for
numerical integration can be avoided.

To illustrate the method of simulated moments for the estimation of
multivariate tobit models, consider the latent regression model

yr=xB+u,, i=1,...,n, (5.6.1)

where u is an m-multivariate N(0, ) variable and is independent of x. The
observed dependent variables are y,, i=1,...,n, where ;= (¥ -+ 5 Vi)
with y,; = max(0, y};). Let f(u; 2) denote the multivariate normal density of u.
Define I, ={j|y;=0, j=1,...,m} and J,={j|y, >0, j=1,...,m}. With
conformably conditional distributions and partitioned matrices,

F* =xB; Q) =f(y5 — 1 ) f(y3 —x,8;2,,) (5.6.2)
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where u, =x,8 + 2,2, (y*—x,8) and 0, = Q,,— 2,02, 0,,. The first com-
ponent on the right-hand side of (5.6.2) is the conditional normal density of the
subvector y* of y* conditional on the subvector y,*, and the second component
is the marginal normal density of y%. Let 8(K, I) be a dichotomous indicator
such that 8(K,I)=1 if and only if K=1. For any subset KCI, define
AK,I)={y; | yx =<0, y; =0}, and let I, ,, be the indicator function of
A(K, I). The score of an observation is

91n 165 y,)
00
aln Ay, —x,B;42 ;) ol s 0)
_ J; . J; 1 E, nf(ylae s ) AL
dIn f(YJ,. - xJ,.BQ ‘QJ,-Ji)
- 00 + K;I_ [6(K, L)~ EG(IA(K,Ii))]
a1l = 0
Eo[ nf(ylae My 11) A(K, It)jl ‘

The MSM estimation of Hajivassiliou and McFadden (1988) and McFadden
(1989) replaces hard-to-compute terms in the above expressions with unbiased
simulators. For the above score, as pointed out in Hajivassiliou and McFadden
(1988), there are at least two ways to estimate the model. The first approach is
to construct unbiased simulators of the conditional expectation

aln f(y7 — my; (211)
E, a0

A(L, I,.)] for each 7.

The second method is to generate an unbiased simulator of E, (I, ,,) and use
any independent, not necessarily unbiased, simulator for

aln f(y5 — my; -(211)
E, a0

A(K, 1,.)] .

Several simulation procedures, which include the simple frequency method, the
acceptance—rejection method, and importance sampling methods (see McFad-
den, 1989; and Hajivassiliou and McFadden, 1988), can be used to construct
unbiased simulators. In general, the second method has the disadvantage of
requiring evaluation at all K for which the simulator for E,(I, ,)) is nonzero,
but unbiased simulation of Ey(l,x ) is much easier computationally than
unbiased simulation of the conditional expectation of the first method.

The methods of simulated moments, which replace the hard-to-estimate
components by some unbiased simulators, create additional errors in the score
equations. The estimators of # are in general inefficient relative to the classical
maximum likelihood estimator. Asymptotically efficient simulators can be
attained only ‘at the expense of a large number of simulations such that the
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moment simulators become consistent estimators of the corresponding mo-
ments. The asymptotic distributions of the estimators have been derived in
McFadden (1989) and McFadden and Hajivassiliou (1988). The asymptotic
distributions of the estimators depend on constructed simulators. The details
can be found in Hajivassiliou and McFadden (1988). An empirical application
of these methods to the study of an external debt problems is in Hajivassiliou
and McFadden (1988). The McFadden methods of simulated moments provide
a new direction, which may render the estimation of complicated multivariate
tobit models tractable.

6. Specification error tests

The classical maximum likelihood test, the Wald test, and the Lagrange
multiplier test (LM or the efficient score test) are well-known testing proce-
dures, which are useful for testing various model specification errors, such as
heteroskedasticity, serial correlation, omitted variables, and exogeneity. Since
the limited dependent variable models have rather complicated structures, the
Lagrange multiplier test procedure has received the most attention as it
requires only estimation of a model under the null hypothesis, which is, in
many cases, simpler than the model under the alternative hypothesis. In the
univariate limited dependent variable model, score tests for omitted variables,
heteroskedasticity, and serially correlation have been derived in Lee and
Maddala (1985), Robinson, Bera and Jarque (1985), Gourieroux, Monfort,
Renault and Trognon (1987a), and Chesher and Irish (1987); and score tests
for normality can be found in Bera, Jarque and Lee (1984). Some of the tests
statistics have been generalized to the testing of multivariate models. In a
bivariate context, Lee (1984) derives a test for normality, and Smith (1985)
derives score tests for heteroskedasticity, nonnormality, and exogeneity. An
exogeneity test has also been derived in Smith and Blundell (1986). Sub-
sequently, Smith (1987) provides a generalization of the normality test to the
general multivariate model. Since the principle and the derivation of Lagrange
multiplier test statistics are rather simple and straightforward, most of these
test statistics can be generalized as long as the null hypothesis can be nested in
a model, which contains both the null and alternative hypotheses. The
Lagrange multiplier test statistics are, in general, computationally simpler than
the maximum likelihood test or the Wald test for such complicated models. The
Lagrange multiplier test statistics can have simple interpretations for some
cases.

As an illustration of the methodology, consider the testing of normality in an
m-multivariate truncated regression model

yi=xB—og, j=1,...,m,

where ¢, j=1,...,m, are normal with zero means, unit variances, and a
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correlation coefficient matrix R. The sample y = (y,, . . ., ¥,,) is observed and
equal to y*=(y%,...,y%) if and only if y7>0 for all j=1,...,m. A
normality test can be derived by expressing the multivariate normal dis-
tribution as a special case in a multivariate Edgeworth series expansion (Lee,
1984 and Smith, 1987). Let f(e,,...,¢,) be the density function of
(&, - - -,&,), and let b(g,, ..., &,) be the standardized multivariate normal
distribution. The Edgeworth series expansion of f is

fers - >80 =blgs, ..., &,)

1
* r1+--§rm>3 Arl m r1! ) rm! Hrl ,,,, Tm
X(&1y. .., )b(Er, ..., 8,), (6.1)
where H, . (¢,..., ¢,) are Hermite polynomials. The corresponding
distribution F has the expansion
1
Fa,,...,a,)=Ba,,...,a,)+ 2 . S
rit+oetr, =3 LR ST %

Zn L1
x L o L, Ho ., (618

X b(e,...,e,)de ---dg, ,
where B is the standard multivariate normal distribution function. The
coefficients A, . are functions of the cumulants of ¢,, . . . , &,,. For practical
purposes, the series expansion will be truncated to include only a finite number
of terms. In Lee (1984) and Smith (1987), terms of order higher than four are
truncated. When A, , are all zero, the distribution corresponds to the
normal distribution. The log likelihood function for a random sample of size n
for this truncated regression model is

- “ —-x - X
InL=2 {—%21naf+lnf(—leBI,...,—u>
i=1 j=1

1 O

~1nF(x73113Cfﬁ>} (6.2)

m

The scores 8In L/3A, ., with A, . can be easily derived from (6.2). At the

null hypothesis H, that the distribution is normally distributed, it is simplified
to

1 i L —X. L —X.
= |2{H,1 rm<__ylt zBl’-.-’_ymt th>

,,,,,



170 L.-F. Lee

J’xiﬁmfvm fxiﬁl/ol H, ., (e,...,8,.)b(e, ..., ¢8,)de - ds,
). B(x,B,/oq,...,x,8,/0,) ’
(6.3)

The LM test (or C(w) test) is based on the testing of the difference between the
(estimated) sample Hermit polynomials and the theoretically expected Hermit
polynomials evaluated under the null.

The same approaches can be generalized to the censored tobit models. The
article by Gourieroux et al. (1987a) provides a general discussion on the
interpretation of LM test statistics in terms of estimated residuals. For
graphical presentations of the residuals for diagnostics, see Chesher and Irish
(1987) and Gourieroux et al. (1987b).
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Estimation of Limited Dependent Variable Models
under Rational Expectations

G. S. Maddala

1. Introduction

There is an enormous literature on the estimation of rational expectations
models. In these models the underlying variables are all observed. There is,
however, a large class of models where the variables under consideration are
censored or truncated either because of governmental intervention or because
of institutional constraints. The issue of how rational economic agents form
their expectations in the presence of interventions in prices and quantities
(price supports, quotas, target zones for exchange rates, and so on) is an
important one for policy purposes. The present paper reviews the methodology
of estimation for limited dependent variable models under rational expecta-
tions. The paper discusses rational expectations in the context of the different
models outlined in Maddala (1983a): the tobit model, the friction model, the
disequilibrium model, and the self-selection model.

2. The tobit model

The tobit model is the simplest limited dependent variable model. Its basic
version is given by

yi=8'X,+u,, u~INQ,o?),

* - %
_Jy, ity >0,
= 1
Ve {0 otherwise . 2.1

In this model the expected value of y, is given by
E(y,| X)) = ®B'X, + 0o, , (2.2)

where @, and ¢, are the distribution function and density function of the

standard normal evaluated at (B'X,/o). See Maddala (1983a, p. 159).
Expression (2.2) gives the rational expectation of y, in this simple model.

There are essentially two types of situations where the tobit model can occur.

175



176 G. S. Maddala

The first is where y, is a censored variable as depicted in equation (2.1) and the
expectation of y, occurs as an explanatory variable in some other equation. For
instance, suppose y, denotes dividends and we have another equation depicting
stock valuation V, which can be written as

V, =f (expected dividends and other variables) .

In this case expected dividends are generated by equation (2.2), and estimation
of the rational expectation model with a censored variable involves the use of
nonlinear estimation methods. Studies incorporating such valuation equations
have traditionally used aggregate data so that the problem of censoring
dividends does not occur. See, for instance, Litzenberger and Ramaswamy
(1982) and Morgan (1982). Other studies that have used the valuation
equations based on individual firm data have used only firms that pay dividends
on a continuous basis so that again the censoring problem does not occur.
Thus, the censoring problem has been largely ignored in the literature.

There is also an additional problem. If, as Marsh and Merton (1987) argue,
dividends depend on permanent earnings changes (rather than changes in
accounting earnings) and we use changes in stock prices to measure permanent
earnings changes, then we have a simultaneity problem, and the reduced form
for dividends would not be as simple as (2.1). In fact, it will be similar to the
one we shall discuss in Section 4 later for the disequilibrium model.

The other set of tobit models where we have to consider rational expecta-
tions is those where the tobit model is considered in its reduced form, either as
a prelude to the estimation of the structural system, or as an end by itself. In
this case the tobit model would have a more complicated structure and would
be given by the following equation:

yi =y +B'X,tu,

* . *
_fyl ity >0,
Yo~ {O otherwise , (2.3)

where y; is the rational expectation of y,. The reduced form for the Marsh and
Merton model if simultaneity is taken into consideration would be of this form.
Since this is also the reduced form for the disequilibrium model considered
later in Section 4, we shall discuss the estimation problems there.

In summary, in the case of rational expectations in tobit models, we are
usually faced with models of the form (2.1) where the expected value of y,
occurs as an explanatory variable in another equation in which case the rational
expectation is given by (2.2) and we have a standard nonlinear estimation
problem, or we are faced with the estimation of the tobit model given by (2.3),
which is obtained as a reduced form from a more elaborate simultaneous
equations system, in which case we have to derive an expression for the
rational expectation y; before we can discuss any estimation procedures.

The two-limit tobit model. The extension of the previous methods to the case
of the two-limit tobit model is straightforward. The two-limit tobit model
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(Maddala, 1983a, p. 161) is given by’

yi=B'X,tu, u~INO,0%,
L, ify/ <L,

y,: yt* lf L1t<yt*<L2t’ (24)
th lf yt*BLZt'

Here L,, and L,, are, respectively, the lower and upper limits for y,. In this
case the rational expectation for y, is given by

E(Yt) = ¢1tth + (@Zt - (I)lt)B ,Xt + (1 - (p2z)L2t + U(¢1t - ¢'2t) ’ (25)

where @, and ¢,, are the distribution function and the density function for the
standard normal evaluated at (L,, — B8'X,)/o and &,, and ¢,, are the corre-
sponding functions evaluated at (L,, — 8'X,)/o. Equation (2.5) corresponds to
equation (2.2). .

Again, if we consider simultaneity we end up with a model similar to that
given by (2.3), that is, the first equation in (2.4) has to be changed to the first
equation in (2.3). The estimation problems for such models are discussed in
Section 6.

3. The friction model

The friction model (Maddala, 1983a, p. 162) arises in situations where the
observed change in the response variable to changes in the exogenous variables
is zero unless the potential change in the response variable is above or below
certain limits. Examples of this are changes in dividends (in response to
changes in earnings) and changes in asset holdings (in response to changes in
yield). In the case of asset holdings, because of transactions costs, small
changes in yield will have no effect on the changes in asset holdings.

Let y; be the desired change in asset holdings, y, the observed change, and
X, the set of variables determining y;. Then the model we have is

yi=B'X +u, u~INQO,c%),
yi—a if y <ay,

y,=40 ifo,<y'<a,, (3.1)
i -y if yi>a,,

where o, <0 and a, >0. Actual holdings do not change for small negative or
positive changes in desired holdings. In this case the rational expectation of y,

! In equation (6.38) of Maddala (19832) y, < L,, should read y* <L, and y < L,, should read
%
y, =L,
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is given by

E(yt) = q)lt(B,Xt - al) + (1 - CDZt)(B’Xt - az) + O-(¢2t - ¢lt) s (32)

where @ and ¢ refer as before to the distribution function and density function
of the standard normal, and the subscript 1¢ refers to these functions evaluated
at (a; — B'X,)/o, and the subscript 2r refers to these functions evaluated at
(o, = B'X)) /0.

In the case of dividends, it is well known that dividends are sticky. But there
is'a question of whether the friction model given by (3.1) is directly applicable
in the case of dividends because the transaction costs in this case are negligible.
Though the transaction costs are negligible, one can argue that the signalling
costs (costs of sending the wrong signals to the market) are not. As Cragg
(1986) argues, dividend changes are made only if they are not likely to be
changed by subsequent events. It can be shown that Cragg’s model is
essentially the friction model given by (3.1).

If one is interested in studying the relationship of the effect on stock prices
of dividend changes (see Wooldridge, 1983), then one can get the rational
expectation of dividend change using equation (3.2). In the case of dividends,
there are two problems: the censoring problem discussed in Section 2 (studied
by  Anderson, 1986, and Kim and Maddala, 1992) and the stickiness problem
(studied by Cragg, 1986). Ideally, we need to combine both these aspects. In
addition, there may be the simultaneity problem that was mentioned in Section
2 when we consider the relationship between dividends, expected earnings, and
stock prices. These problems need further investigation.

4. The disequilibrium model

The estimation of disequilibrium models has been an active area of research
during the last two decades. See Quandt (1988). The methods of estimation
depend on the source of the disequilibrium — whether it is due to imperfect
adjustment of prices or because of controlled prices (or controlled quantities as
in quota systems). In Maddala (1983b) methods have been suggested for the
estimation of disequilibrium models when there are limits on the movement of
prices.

These models, however, do not take account of the mechanism of the
formation of price expectations in the presence of controls on the movement of
prices. This analysis was first developed in Chanda and Maddala (1983) and
applied to the price support program in the case of the U.S. corn market by
Shonkwiler and Maddala (1985). Since then other papers have refined this
analysis.

The disequilibrium model that is considered here is one that is described in
Maddala (1983a, pp. 326-334) where, because of some controls in prices, the
market is sometimes in disequilibrium (if the controls are operative) and
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sometimes in equilibrium (if the controls are not operative). When the market
is in equilibrium, or when it is in disequilibrium, is determined endogenously
because of the control on price, which is an endogenous variable. This accounts
for the endogenous switching simultaneous system. Initially, we shall discuss
the model with price supports. We shall then present the extension to both
lower and upper limits. The model with rational expectations discussed in
Chanda and Maddala (1983), Shonkwiler and Maddala (1985), and Holt and
Johnson (1989) is the following.

S,=a,P] +a,W,+e,, a,>0, (4.1)
D,=b,P,+b,X,+e,, b <0, (4.2)
D,=S if P,=P,, (4.3)
D, <S, if P<P, (4.4)

where S, is quantity supplied, D, is quantity demanded, P, is the market-
clearing price, P, is the exogenously set lower limit on price, P is the rational
expectation of price formed at the time production decisions are made, W, and
X, are, respectively, the supply and demand shifters, and e,, and e,, are errors
that are jointly normal with mean zero and covariance matrix 3.

The equilibrium case. Consider first the case of an equilibrium model.

Equating D, to S, we get the reduced form for P, as

P,=AP'+2Z +e,, (4.5)
where

A=a;lb,, e,=(e,—€,)/b, and Z =(a,W,—b,X)/b,.

If the supply and demand shifters W, and X, are not known at time ¢ and
their rational expectations are W, and X', respectively, we can write

_ *
W_Wt +ult’
_ v¥
Xt—Xt +u2t
and we get
ok
Z,=2Z]+v,,

where
v, = (@yuy, —b/uy) /b, .
Equation (4.5) now becomes

P.=AP'+Z} +u,, (4.6).
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where u, = e, + v,. Under rational expectations
P} = E(P,/Information at t — 1),
and, hence, we get

1
P} =1—_th* . 4.7)

For estimation purposes we have to specify the prediction equations for W, and
X,. Usually these equations are specified as autoregressive equations so that

()22 “
Xt* - Xt—l . ( ' )

For the estimation of the model in this equilibrium case, we substitute P, from
(4.7) into equations (4.1) and (4.2) and estimate these equations along with
equations (4.8) by FIML. See Wallis (1980).

The case of price supports. Under the price support program, we have the
observed price P,= P,. Whether the model is an equilibrium model or a
disequilibrium model depends on whether the market equilibrating price given
by (4.6) is =P, or <P,.

Let 1, = Prob(P, = P,). Then, using (4.6) we get

m,=1—-®(C), 4.9)

where C,= o '(P,— APF — Z}) and o® = Var(y,). We will use ¢(-) and ®(:) to
denote the density function and the distribution function of the standard
normal.

The rational expectation of P, is given by

Pt* = ﬂtP;kt +(1~-m)P, (4.10)

where P}, is the rational expectation of P, if P,= P, We shall consider the
derivation of the rational expectations solution under two assumptions. The
first is the ‘perfect foresight’ assumption under which the economic agents are
assumed to know what regime they will be in, in the next period. It is not
necessary that they know this. What is needed is that economic agents think
they have this information, and form their expectations accordingly. In this
case the sample separation is assumed to be known ex ante. Note that the
sample separation is always known ex post. This implies that if P,> P,, then in
forming their expectations, agents assume 7, =1, and equation (4.10) gives
P = P},. Hence, taking expectations of both sides of (4.6) conditional on
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P =P, we get

P}, =AP+Z]+ 01—_(?(5(5)6.—) or
Pi=(1- ,\)‘1[2,* + al—f’(@—f—(’)cj] . (4.11)

One can perhaps argue that this is not the appropriate expression for rational
expectations since the sample separation is not known at the time expectations
are formed. If we drop this assumption, then to obtain the expression for Pj,
we take expectations of both sides of (4.6) conditional on P,= P,. Since
E(P; | information at time ¢ — 1) = P, we get

¢(C)

* __ * ®
PlL=AP}+Zf +0 T g Gy

(4.12)

Equations (4.9)-(4.11) together determine the P; in the case of perfect
foresight (sample separation known ex ante) and equations (4.9), (4.10), and
(4.12) determine the P; when sample separation is unknown ex ante, which is
the correct expression for rational expectations in this model. It is the one
derived in Shonkwiler and Maddala (1985) and Holt and Johnson (1989). The
expression (4.11) was introduced in Maddala (1990) without stating the perfect
foresight assumption. In both cases, of course, the sample separation is known
ex post. Thus, the estimation methods are essentially the same except for the
expression for P that one uses. In the next section, it is demonstrated that the
uniqueness of the value for P holds for both these cases.

The case of upper and lower limits. The extension of these results to the case
of upper and lower limits on prices is pretty straightforward. For the case with
no rational expectation, they are given in Maddala (1983a).

Let P, be the lower limit and P, the upper limit on prices. Analogous to
equation (4.9), we define

7, =Prob(P,=P,) and m,=Prob(P,<P).

Define

C,=%(Ft—/\Pf—Z;") and g,%(f,—AP,* -Z;) (4.13)
Then

m,=1-®(C,) and m=®(C).
Hence,

Prob[P, <P, < P]=®(C,)— ®(C,) .
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Corresponding to equation (4.10), we have
Pt*:thEI—'_ﬁtPt_*_(]‘_ﬂt_’ﬁt)P;‘t’ (414)
where
Pl*z:E(PtlEtsptgpt?Ihl) :
P{, is, as before, obtained by taking expectation of (4.6) conditional on
P=P=<P and]_,.
Using the well-known expectation of a doubly truncated normal variable, see

Maddala (1983a, pp. 329-332), we get the expression analogous to (4.11)
(under perfect foresight)

- a(¢(C) — #(C)
P* — 1 _ 1 & + — 3 ! . .
RS o (419
The rational expectation solution corresponding to (4.12) is
C)—¢(C
Pi:)\Pt*JerJFUW )~ ¢(C)] (4.16)

P(C) - 2(C)

Pesaran and Samei (1992) use (unknowingly) the perfect foresight assump-
tion. The expression for P}, they use is the one given by equation (4.15) which
is a straightforward extension of (4.11) which was given in Maddala (1990).
Thus, their formulation does not use the rational expectation version in
equations (4.12) and (4.16).

It is important to keep in mind the distinction between the three expressions
for rational expectations:

(i) Equation (4.7), which depends on the assumption that economic agents
ignore the price limits while forming their expectations, that is, the price limits
are not credible,

(ii) P given by equations (4.13) to (4.15) where economic agents take into
account the price limits but behave as if they know what regime they will be in,
in the next period, and

(iii) P; given by equations (4.13), (4.14), and (4.16) where ecconomic
agents take into account the price limits and are uncertain about what regime
they will be in, in the next period.

The last case is the appropriate one for the analysis of rational expectations
under disequilibrium though one can make an argument for the other two cases
as well as a mixture of the three (some traders not believing that the price
limits will be effective and use case (i) and some traders thinking that they are
smarter than others and, hence, forming their expectations as in case (ii)).



Estimation of limited dependent variable models : 183

Before we discuss the appropriate estimation procedures, we shall consider the
issue of uniqueness of the rational expectations solution.

5. Uniqueness of the rational expectations solution

The uniqueness of the rational expectations solution for the ‘perfect foresight’
case given by equations (4.13) to (4.15) has been discussed in Pesaran and
Samei (1992). Since C, and C, are both functions of P, we can write equation
(4.13) as

P’ =F(P}).

Pesaran and Samei show that as long as A <1, this equation has a unique
solution, thus, establishing the uniqueness of the rational expectation in the
‘perfect foresight’ case. As discussed earlier, this is not the rational expecta-
tions solution.

It is shown in Donald and Maddala (1992) that there is a unique solution in
the case of rational expectations, given by equations (4.13), (4.14), and (4.16).
Observe that these equations give after simplification

Pf =15 [Z] +o®(C)- C+ (1= &(C))C,—a(d(C) = S(C))]

= F(PY).

The proof of the existence of a unique solution to this equation follows from
the following factors about the function F(:):

(i) 0=F'(P)<1 when A<0 and F'(P)<0 for 0<A <1,

(i) F(P)=P, and F(P)<P,.
The first condition (i) implies that the function F crosses the 45 degree line
(where the fixed point must occur) at exactly one place establishing the
existence of a unique solution. Result (ii), which is based on the inequality for
the normal distribution:

é(x)

T~ @) =x forall x

guarantees that the solution (or fixed point) is in the interval (P, P,). Details
of the proof of these propositions can be found in Donald and Maddala (1992).

The interesting result is that there is a unique solution for P in all the three
cases of expectation formation mentioned earlier. However, the actual value of
P} differs under the different assumptions.

*Holt and Johnston (1989) claim that they checked the uniqueness of P by numerical
experiments. Pesaran and Samei claim to have proved this, but they proved it for a different
model. The proof for the Holt-Johnson numerical results is in Donald and Maddala (1992).



184 G. S. Maddala

6. Estimation methods

The estimation methods for the models discussed in the previous section can be
discussed under the following categories:

(i) Structural vs. reduced form methods.

(ii) Maximum likelihood (ML) vs. two-step methods.

The ML procedure follows by noting that the model is like a switching
simultaneous regression model with endogenous switching and sample separa-
tion known. We first partition the data into three sets.

¥:D,=S,, W:D,<S,, and ¥:D,>S,.

In ¥, we have an equilibrium model with P, and Q, as endogenous variables. In
¥, and ¥, we have disequilibrium models with D, and S, as the endogenous
variables and P, and P, substituted in equation (4.2), respectively. As for P)
we substitute the same expression in all the three regimes.

The models differ in the expression for P that is used.

Case (i). Price limits not credible, we use P given by (4.7).

Case (ii). Price limits credible but traders think they are smart and know
what regime they will be in. P} is given by (4.13) to (4.15).

Case (iii). Price limits credible and expectations are formed rationally: P is
given by (4.13), (4.14), and (4.16).

In addition we treat W, and X, as endogenous variables if they are not part of
the information set [,_,. See Wallis (1980). If f,(Q,P,W,X,),
(D, S,,W,, X)) and f,(D,, S,, W,, X,) are the joint densities of the endogenous
variables in the three regimes, then the ML estimates are obtained by
maximizing

L=1;[Jf11;[f2£1f3, (6.1)

where J is the jacobian |b,|. The jacobians of the transformations in the three
regimes are |b,|, 1, 1, respectively. The probabilities of the three regimes do
not appear in the likelihood function because it is an endogenous switching
model. See Maddala and Nelson (1974).

In Case (i) obtaining the ML estimates is easy. In Cases (ii) and (iii) P;" has
to be obtained iteratively. That the ML estimation is feasible is demonstrated
by Holt and Johnson (1989) for Case (iii) and Maddala, Shonkwiler and Jeong
(1991) where both the Cases (ii) and (iii) have been considered. The
appropriate methods to use in such models are discussed in Fair and Taylor
(1983, 1990). '

Since the procedures in Cases (ii) and (iii) are similar, we shall discuss only
Case (iii). One can think of solving equation (4.17) by the method suggested
by Pesaran in his comment on Maddala (1990) starting with some initial values
of the parameters. But obtaining P is not our sole objective. What we are
interested in is estimation of the parameters in the structural system (4.1) and
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(4.2). Thus, iterating on both the parameters in the structural system and P} is
much faster. The iteration procedure would be as follows:

(1) Start with some initial values of P, say P, is the actual value of P, in
regime 1, P, in regime 2 and P, in regime 3. Call this starting value P (0).

(2) Using these values maximize the likelihood function (6.1). Using these
parameter values and P;(0), compute C, and C, in equation (4.13).

(3) Use equation (4.16) to compute P7, and equation (4.13) to compute the
probabilities of the three regimes.

(4) Now use (4.14) to get a new value of P). Call this P/ (1).

(5) Continue with steps (1) through (4) and iterate until convergence. This
method has been found to converge and involve as much computational effort
as a single solution for P by the method of successive substitution applied to
equation (4.17), as suggested by Pesaran. Since our objective is to find the ML
estimates and not just P, the iteration method suggested above is to be
preferred. This iteration method was found to work well. See Maddala,
Shonkwiler and Jeong (1991).

The ML estimation method described here considers the estimation of the
structural parameters and the parameters determining the variables X, and W,
simultaneously. One can think of a two-step procedure where the equations for
W, and X, are estimated separately and then the fitted values W, and X, are
substituted in the likelihood function (6.1). In the case with no limits on prices,
this eliminates the cross-equation constraints arising from the joint estimation
of the structural equations and the equations for W, and X, and, thus, simplifies
the estimation. However, in the case of limits on prices, since P} is a nonlinear
function and we need to use iterative methods anyway, there is not much
saving in computational effort by using the two-step procedures.

Estimation of the reduced form. In cases where data on quantities are not
available, the structural estimation method is not feasible, and we can estimate
only the reduced form. In the case of upper and lower limits on prices, the
reduced form equation (4.6) can be written as a two-limit tobit model,

AP} +Z} +e, if P<P,<P,,
P - Bt if P[SBt; (6.2)
it P,=P,.

The iterative estimation discussed earlier in the case of the ML estimation can
also be used with this reduced form estimation, and this results in significant
saving in computational effort compared to the procedure of first obtaining P}
for each set of parameter values and then estimating again equation (6.2)
iteratively.

Pesaran and Samei conduct some Monte Carlo studies to compare the ML
estimation with two-step procedures where the equations for X, and W, are
estimated separately. However, the Monte Carlo study is not very informative
because of the way it was designed. The Monte Carlo study referred to the
model with a lower price limit (price support). But more importantly, the main
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defect of their Monte Carlo study is that in each experiment, =, is a fixed
constant. If , is a fixed constant, by equation (4.9) C, is a fixed constant. This
implies that P, — AP — Z is a constant for all observations. That is, there is a
linear relationship between P, and P,. This is contrary to the structure of the
disequilibrium model with rational expectations where all the complications in
estimation arise from the highly nonlinear relationships between P,, P;, and
Z!. Thus, the Monte Carlo study throws no light on the problems of
estimation for the model under consideration. The only conclusion that
emerges from it is that ignoring the limits produces misleading results which is
not at all surprising for any tobit type model.

There are many interesting issues that one can study by a properly designed
Monte Carlo study; some of which are:

(i) The loss of information due to the estimation of the reduced form
equation rather than the structural model.

(i) The effect of misspecification of the exogenous variables X, and Z, on
the estimates of the structural parameters and so on.

But to analyze all these problems the Monte Carlo study needs to be
designed in such a way that the data generated capture the essentials of the
model under consideration.

7. Extensions of the disequilibrium model

In many practical applications, the model presented in Section 4 needs to be
extended in several directions. Here we shall consider the issues of endogenous
price supports and quotas or quantity constraints. Expectations of future
endogenous variables, which are very important in macroeconomic
applications — such as the demand for money and models of exchange rates
(target zones), are discussed in the next section.

Endogenous price supports. In the case of the price support program
discussed in Section 4, we assumed that the price support P, was exogenously
determined. It would be reasonable to assume that the price support would be
changed depending on the previous period’s surplus. Thus, we can write,

I—Jt=Bt-1+5(St—l—Dt—1)+e3t' (71)
This would imply that equation (4.9) be changed to

7, = Prob(P,= P,)
=Prob(AP} + Z] +u, =P, +58(S, ,— D, ) +es)
=1-¢(C),
where

C = O._I[Et—l +38(S,_,—D,_y)— )‘Pz* - Zz*]
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and
o’ =Var(u, —e;,) .

Everything else is the same as discussed in Sections 4-6, except that we now
have an additional equation to the model: equation (7.1).

Disequilibrium model with risk. Holt (1989) considers an extension of the
model for price supports discussed in Section 4. Here we shall present a
simplified exposition of this model. Holt considers third moments as well, but
we shall omit these. The supply equation (4.1) is changed to

S,=a,P] +a,W,+aV +e,,, (7.2)

where V[ is expected variance of price. The expected signs for the coefficients
of P and V are a,>0, a,<0.
Equation (4.6) now becomes

P=MNP +AMV +Z+u,, (7.3)
where
A =a;/b; and A, =a,/b;.

The other changes are

(i) In equation (4.9) in the definition of C, we replace AP; by AP +
AV

(ii) To equation (4.10) we add
VieaVi+(Q-m)-0=aV]

i

since the expected variance is zero if price supports are effective. Also,

P}, (P,
vimeli- 2 (5-c)]

(see Maddala, 1983a, p. 365). With these changes, the estimation proceeds as
discussed in the previous section. We start our iterations with starting values for
both P and V', and we compute A, and A, instead of just one A.

Quotas. The problem of price expectations under quantity constraints
(quotas) is an interesting one. Oczkowski (1988, 1991) considers disequilibrium
and bargaining theories in the determination of quotas and discusses economet-
ric methods for markets with quotas. The model does not incorporate price
expectations. Here we shall assume that there is an exogenously determined
quota Q, (which the government maintains by imposing a tax). Consider the
demand and supply model given by equations (4.1) and (4.2). The imposition
of the quota implies that S,< Q,. If the quota is not binding we have an
equilibrium model. Let 7, be the probability that the quota is not binding.
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Then from equation (4.1) we have

7, = Probla, P + ;W + e, < 0]
=o(C),

where
C,=0""[0,—a,PFf—a,W] and o’ =Var(e,).

As before, if we assume that W, is not known at time ¢, we redefine C, as
C,=0'10,—aP—a,W}], (7.4)

where o} = Var(e,, + aju;,) and W, =W + u,,. Let P} be the rational expecta-
tion of P, conditional on the quota being not binding and P}, the corre-
sponding expectation when the quota is binding. Then, we have

Pt* =7TtPTl+(]‘_1Tt)P;t' (7.5)

We have to determine P7, and P,,. In the case of the equilibrium model, as
before, we consider the reduced form equation (4.6) and take expectations
conditional on the quota being nonbinding. We then get

PL=AP] +Z] +E(u,|e, +au, <Q,—a.Pf —a;W)

#(C)
#(C,)

—APF+Z% 9 (7.6)

(see p. 367 of Maddala, 1983a) where

e = Cov(u,, M)
0
and C, and o, are as defined in (7.4).
As for P, note that when the quota is effective, we have a disequilibrium
model, and hence, the reduced form equation (4.6) does not apply. What we
are concerned with is the price suppliers expect to get. This is clearly given by

. 1 - ,
P;r:a_l[Qt_aZWz*]'

We now substitute the expressions for P}, and P, in equation (7.5) to get P;.
As discussed earlier in the case of price supports in Section 4, we again have a
nonlinear expression for P;.

As for estimation, we again partition the data into two groups:

V¥, : Observations for which the quota is not effective.

¥,: Observations for which the quota is effective.
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The likelihood function to be maximized is again

L= I} |6, £,(P,, Q) le £(S.D,),

where we substitute S,=D,= Q, for the observation in ¥,. The iterative
method of estimation described in Section 5 can also be applied here, and
hence, it will not be discussed in detail.

The issue of credibility. In the previous sections we derived the rational
expectation P of P, under the assumption that the limits on prices (or
quantities) imposed by the governments are credible. In practice this need not
be the case. In fact, in the case of target zone models, there is a considerable
discussion on the credibility issue. For instance, Flood, Rose and Mathieson
(1990) argue that expected future exchange rates often fall outside the EMS
bands. There is, however, the question of how to generate expected exchange
rates when the data are generated by target zones.

In the case of the disequilibrium model we discussed in Section 4, if the
limits are not credible, the expression for P} is the one given by the
equilibrium model, that is (4.7). If we assume that there is a probability 6 that
the economic agents assume the limits not to be credible, then the expected
price P would be given by

Pl =0P/(e)+(1—0)P](de), (7.7)

where P;(e) is the value of P, under the equilibrium model and P} (de) is the
value of P; under the disequilibrium model. Since we established the
uniqueness of the rational expectation in both cases it follows that P given by
(7.7) would be unique.

The implicit assumption in the case of target zones is that the central bank
intervenes whenever the exchange rate is at the end of one of the currency
bands, so as to prevent it from crossing the band. Empirically, this was not the
case. In the case of the European Monetary System (EMS) it was observed
that the central banks intervened intra-marginally to keep the exchange rate
well within the target zone, and not at the edges of the zone to keep rates from
crossing them. In 1987 they changed this strategy to one of intervention at the
edges of the zone. Dominguez and Kenen (1991) argue that the effect of this
change in policy shows up in the behavior of some exchanges rates (in the
EMS) before and after 1987. It appears from this that exchange rate expecta-
tions might be affected not merely by the presence of the target zone but also
by the nature of intervention — intra-marginal or at the edges of the zone.

8. Applications to exchange rates

There have been several attempts to apply the disequilibrium model under
rational expectations discussed in Section 4, to models of exchange rates.
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However, there are many deficiencies in these papers, the major one being that
the exchange rate model (as well as the Cagan hyperinflation model) depend
on expectations of a future endogenous variable, as opposed to the supply
equation in agricultural markets, given by equation (4.1), that depends on
expectation of a current endogenous variable. The reduced form from the
monetary model of the exchange rate can be written as

et = C“e;‘;l +f(xt) + ut H

where e, is the logarithm of the exchange rate, e}, , is the expected value of e, ,
formed at time ¢, and x, is the set of variables describing the fundamentals
(money supplies and incomes, both domestic and foreign).

The reduced form equation in (4.6) from which we derived the rational
expectation P} is no longer applicable in these models. The reduced forms for
rational expectations models involving future expectations have been discussed
in Hoffman and Schlagenhauf (1983), Woo (1985) and Broze, Gourieroux and
Szafarz (1990). However, the expressions for the rational expectations in
models with future expectations cannot be simply derived by using these
reduced forms, as done in Section 4.

Pesaran and Samei (1991) apply the disequilibrium model discussed in
Section 4 to the case of Deutsche Mark/French Franc exchange rate (within a
target zone model). Their analysis suffers from many deficiencies. First, the
model estimated explains P, the log of current exchange rate, with P, the log
of the expected exchange rate for the current period. This is not a valid model
of exchange rate because the crucial equation in exchange rate models is the
dependence of P, on (P}, — P,). It is not clear what the expectation formation
used by Pesaran and Samei really means. Second, the expectation for P, used
by them is not the rational expectation (4.16), but the perfect foresight
expectation (4.15). It is not clear how appropriate this assumption is. In view
of these limitations, it is hard to give any reasonable interpretation to the
empirical results. The major conclusion that emerges from this study is that
taking account of the limits makes a difference to the empirical results (even
though the model is not correct).

Another study of target zones using limited dependent variable models is the
paper by Edin and Vredin (1991). The paper does not, however, analyze the
problem of the effect of target zones on exchange rate expectations. What it
does is to formulate a policy rule for central bank authorities which treats the
central parity as as censored variable, which is changed only if the shadow
floating rate deviates too much from the prevailing central parity. The shadow
floating rate is determined from a monetary model of the exchange rate. This
model gives, as its reduced form, the current exchange rate as a function of
expected future exchange rate and some fundamental factors. Edin and Vredin
use the ‘bubble-free’ solution to this reduced form.

A study that considers rational expectations in switching regression models is
that by Hsieh (1992). He considers the usual monetary model of exchange
rates and considers an intervention rule where the central bank intervenes only
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if the rate of depreciation of the exchange rate would exceed a constant A if no
intervention takes place. In the target zone model and in typical two-sided
intervention rules of ‘managed float’, intervention takes place whenever the
rate of depreciation or appreciation is large. Hsieh obtains a rational expecta-
tion solution under some restrictive assumptions. There is no explicit solution
in the general case.

9. Prediction problems and policy issues

In the preceding section we described the methods of estimation in limited
dependent variable models with rational expectations. The models estimated
could be used to study the effects of different policies of eliminating or
changing the limits imposed. For instance, in the case of the price support
program in agriculture, one might be interested in the effect of the elimination
or reduction of the price support on production, prices received by farmers and
on price variability (which affects production risk). It is not appropriate to
obtain these predictions from an equilibrium model consisting of just equations
(4.1) and (4.2) ignoring the constraints on prices which underlie the data
generated. Once the model has been estimated as a disequilibrium model, the
estimated parameters can be used to simulate the effects of different policies
regarding price supports.

In the case of the target zone models, the issues are different. Some of the
empirical issues are the following.

(i) Did the adoption of target zones reduce the overall volatility of exchange
rates? To answer this question, one needs an estimate of what the variance of
the exchange rate would have been if the target zone did not exist. This
estimate can be obtained (as in the case of the farm price support program) by
stimulating the behavior of the exchange rate (using the estimated parameter
values from the disequilibrium model) under the equilibrium assumptions.
However, since we do not have the correct disequilibrium model yet, it is hard
to answer this question. Some others have argued that the volatility of
exchange rates is down after the institution of the target zones, but that it is
due to better control over exchange rate ‘fundamentals’ (sce Bodnar and
Leahy, 1990). Another study that tries to estimate the effect of governmental
interventions on exchange-rate volatility is the paper by Mundaca (1990). She
studies the effect of government intervention on estimates of conditional
variances within the GARCH framework.

(ii) Are there nonlinear relationships between exchange rates and measures
of fundamentals that are attributable to target zones? The answer to this is
unclear. The nonlinearities exist, but they are present in floating exchange rate
regimes as well. Further, Flood, Rose, and Mathieson (1990) argue that these
nonlinearities do not improve out of sample predictions.

(iiil) How does one reconcile the within-zone behavior of exchange rates,
which tend to spend more time in the center of the zone and exhibit higher
volatility at the edge of the target zone, with any of the existing target zone
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models? This is an important econometric issue in the analysis of target zone
models. As mentioned earlier, Dominguez and Kenen (1991), argue that
before 1987, the European central banks often intervened in the middle of the
target zone rather than the ends, which is what the models we have discussed,
as well as other target zone models, suggest.

(iv) Are re-alignment probabilities and reserve levels important in the
empirical analysis of target zone models? Some have investigated re-alignment
probabilities with mixed results. (Flood, et al., 1990, and Bodnar and Leahy,
1990). There is no investigation of reserve levels.

The above mentioned issues suggest that the disequilibrium model with
expectations of current endogenous variables discussed in Section 4 needs
several modifications before it can be fruitfully used to analyze data on
exchange rate. First, there is the issue of expectations of future endogenous
variables. Second, there is the issue of credibility of the currency bands and
expectations about future alignments.

10. Concluding remarks

We have presented a review of the methods of estimation for limited
dependent variable models with rational expectations. We considered tobit
models and disequilibrium models at length and outlined some applications in
finance as well. Models with self-selection have not been discussed because
they do not seem to have been used empirically as yet. Their structure is
similar to that of disequilibrium models discussed here (both are switching
regression models with endogenous switching).

There is a fair amount of work on models with expectations of current
endogenous variables. These models are applicable to farm markets, where
there are empirical illustrations (Shonkwiler and Maddala, 1985 and Holt and
Johnson, 1989) and to financial markets where applications have yet to come.
They have also been (mis)applied to exchange rate models, which fall in the
category of models with future expectations. Models with expectations of
future endogenous variables is an area that needs to be worked out.
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Nonlinear Time Series and Macroeconometrics

William A. Brock and Simon M. Potter

1. Introduction

1f you hit a wooden rocking horse with a club, the movement of
the horse will be very different to the movement of the club.

Frisch (1933, p. 198) quoting Wicksell.

This quote from Frisch’s seminal Cassel paper captures succinctly the
standard way economists view time series: There are impulses (club move-
ments) and a propagation mechanism (rocking horse) which together produce
the fluctuations or cycles of economic time series around their upward
movements. Frisch’s article culminated a line of criticism started in the classic
articles of Yule (1927) and Slutzky (1927) of earlier econometric work which
had modeled business cycles by assuming that the economy was driven by a
process with the same time series properties as the economy itself. Jevons’
(1884) sunspot theory of the business cycle is the standard example.

In criticizing the work all three (Yule, Slutzky, and Frisch) had made use of
the properties of linear difference equations driven by random disturbances.
They found that such statistical models were very capable of producing
simulated time series that mimicked the behavior of the actual business cycle.
After the Second World War the linear time series techniques they promoted
came to dominate the study of economic time series. The dominance was not
achieved because economic theories imply that economic time series should be
linear or because statistical tests were performed supporting the assumption of
linearity. But rather because given the state of statistical knowledge and
computational resources linear time series were easy to apply and appeared to
give superior results to earlier approaches.

However, if we return to the physical analogy introduced by the rocking
horse example it is not clear that the behavior of the rocking horse is accurately
described by a linear difference equation for movements far away from its
resting point (see Ozaki, 1985 for a similar example involving a ship).
Furthermore, there are examples of physical phenomena where the require-
ment of clubbing or external force is not necessary for fluctuations to continue
indefinitely.

195
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In our review we discuss recent advances in econometric techniques that
have allowed economists to assess both the validity of the assumption of linear
stochastic dynamics and the requirement of exogenous driving forces.

We examine two potential types of nonlinear economic time series. The first
type are time series generated by a nonlinear map with chaotic (‘chaotic’ will
be defined below) properties. The output of the nonlinear map may be
observed through an ‘observer’ function which is, perhaps, buffeted with
measurement noise. The map itself may be perturbed by exogenous noise.
There are examples of such series which appear random to the eye and to
traditional linear statistical techniques because the spectrum is flat (i.e., the
autocorrelation function (ACF) is zero at all leads and lags. It is important to
realize that not all chaoses display white noise autocorrelation functions. For
example consider an ARMA(p, ¢) driven by a chaotic innovation process.

The second type is time series generated by a nonlinear difference equation
propagated by additive noise that satisfies a martingale difference property.
Our emphasis is on testing for nonlinear structure of both types.

We concentrate on a testing methodology with its origins in the deterministic
chaos concept of correlation integrals. We exploit a connection between
correlation integrals and classical U- and V-statistics derived by Brock, Dechert
and Scheinkman (1987), ‘BDS’ hereafter, to produce a test for both types of
nonlinearity in time series data.’

2. Chaos and stochastic nenlinearity

Let us state notation at the outset. Denote vector valued random variables by
bold capitals, 4,X,Y, M, N, scalar valued random variables by capitals, and
their sample values by lower case. In order to keep the exposition clear we
shall concentrate on scalar valued processes. For the most part, we shall keep a
convention that X signifies a chaotic time series and Y a stochastic time series.

Following Eckmann and Ruelle (1985), and Brock (1986), we start with
some definitions and background for chaotic time series. Next we provide some
definitions of stochastic lincarity.

2.1. Chaotic time series

DEerFiNITION. We shall say the observed data process {A(r)} is generated by a

' We assume throughout that the data under examination has been transformed to stationarity
and ignore any questions of estimation error in this transformation.
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noisy deterministically chaotic explanation, ‘noisy chaotic’ for short, if
A, =X,M,), (2.1.1a)

X G( t— 1’V)7 1/th()(t—]’]Vt) and E[f(Xt—l’]Vt)lXt—l]zo’
(2.1.1b)

where {X,} (when V,=0) is generated by the deterministic dynamics,
X, = G(xt-lz 0) » (2.1.1C)

which is chaotic, that is to say the largest Lyapunov exponent (defined below)
exists, is constant almost surely with respect to the assumed unique natural (cf.
Eckmann and Ruelle, 1985) invariant measure of G(-), and is positive.

Here {M,}, {N,} are mutually independent mean zero, finite variance,
independent and identically distributed (IID) processes. The function f(x, n)
may be constructed, for example, to ensure that the noise {V,=f(X,_;, N,)}
does not move {X,} out of its basin of attraction. We interpret our setup thus:
{M,} represents measurement error, h(x, m) is a noisy observer function of the
state X,, and {V,} is dynamical noise.

The definition of chaos used here is positive largest Lyapunov exponent of
the underlying deterministic map which is one way to formulate the hallmark
of chaos: sensitive dependence upon initial conditions (SDIC). This is a
popular definition but not the only one (cf. Eckmann and Ruelle, 1985). We
need the following.

DErRINITION. (Largest Lyapunov exponent of map F(x)). Let F:R"— R". The
largest Lyapunov exponent A is defined by

A=lim In [||D, F'-v[]/t, (2.1.2)

where D, , -v, In, F', ||-|| denote derivative w.r.t initial condition x, at time
Zero, matrlx product w1th direction vector v, natural logarithm, map F apphed
t times (the ¢-th iterate of F), and matrix norm respectively.

Consider the following scalar valued example, called the tent map,
Fx)=1-[2x—1|. (2.1.3)

Here F(x) maps [0, 1] to itself, and for almost all initial conditions, x, € [0, 1],
w.r.t. Lebesgue measure on [0, 1], the trajectory x,(x,) of the dynamics is
second-order white noise, i.e., has flat spectrum and the autocorrelation
function (ACF) is zero at all leads and lags. The largest Lyapunov exponent
which can be computed using (2.1.2) is A =In(2) > 0. Hence the tent map is
chaotic on [0, 1]. We shall use Granger’s term, ‘white chaos’, to denote a chaos
which generates trajectories which are second-order white noise.
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The key lesson to be learned from the study of white chaoses like the tent
map is this. Linear time series methods will proclaim time series emitted by
such dynamics as random and unpredictable. Yet it is obvious that such time
series are short term predictable by nonlinear methods such as iocal linear
approximation, nearest neighbors, neural networks, splines, and others (cf.
Casdagli and Eubank, 1991). Note that A >0 implies that any small error in
measurement of the initial state, x, will magnify in A-step-ahead forecasts at an
exponential rate. Hence a chaotic process is not long term predictable even
though it is short term predictable.

The reader is warned, however, it is possible to generate deterministic maps
(indeed that is the purpose of good pseudo random number generator designs)
that are impossible to short term predict by any nonlinear method using a
machine of finite resolution. A simple example is to put F(x) = T%(x), where
T%(x) denotes the tent map applied g times to x. By increasing g one can make
the derivative of F oscillate more and more rapidly which makes the output
appear ‘more and more random’. We encourage the reader to try forecasting
experiments using favorite nonlinear prediction algorithms on this example.

For the purposes of this article we do not wish to take a stand on the
meaning of randomness hence the reader should feel free to interpret IID as a
deterministic system with a sufficiently high dimension that prediction is
prohibitively expensive and therefore, appears IID to all statistical tests when
implemented on machines with finite resolution.

2.2. Some notations of stochastic linearity and nonlinearity

For ease of exposition we concentrate on scalar valued strictly stationary
stochastic processes. The case of vector valued stochastic processes follows the
same pattern as the development below by replacing the scalar innovation
process {N,} with an R"-valued process, {N,}, the scalars {a;} with the n Xn
matrices {A;}, the summation condition X7, a < with the condition
L. o trace A ,A ; <, and so on. See Hansen and Sargent (1991, Chapters 2—4)
for a development close to what we have in mind.

Consider the following purely nondeterministic (in the nonlinear sense, see
Rosenblatt, 1971, p. 164) covariance stationary stochastic process:

= %ail\ﬂ_i:A(B)N,, (2.2.1)
pa

where A(B) is a polynomial in the back operator with X/_, a < and g, = 1.
Here {N,} is a mean zero, finite variance denoted, (0, o %), str1ctly stationary
stochastic process with E[N,N,] =0 for s #¢. Except for the additional condi-
tion that {Y,} be purely nondeterministic in the nonlinear sense this is the Wold
Representation.

In order to test the null hypothesis of stochastic linearity one first needs to
decide what exactly it is.” Clearly the existence of (2.2.1) requires one to
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consider more than the second moment properties of the process unless {N,} is
a Gaussian stochastic process. One natural definition of linearity is that the
best linear (i.e., based on the closed linear space of linear combinations of its
history {Y,,s <t}) predictor of Y, is equal to the optimal mean square error
predictor based on the past history of the process. The best linear predictor of
{Y,} in (2.2.1) is given by A(B)n,_, (see Rosenblatt, 1985, p. 30). The optimal
mean square predictor is the same as the conditional expectation of the process
{Y,} given the sigma fields generated by {Y,,s <t}.

In order to process we need to define the concept of a martingale difference
sequence (MDS).

DerINITION (Martingale difference sequence, Billingsley, 1986, pp. 480-481).
Let {N.} be a sequence of random variables on a probability space ({2, %, P)
and let {#} be a sequence of sigma fields in %. The sequence {(N,, %):
t=...,-2,-1,0,1,2,...} is a martingale difference if
(i) #C7.,,
(ii) N, is measurable Z,,
(iii) E[N,|%,_{]=0 a.s.

DeriNtTioN (MDS linear, Hall and Heyde, 1980, p. 183). The stochastic process
{Y.} is MDS linear if it can be represented in the form (2.2.1) above where the
‘innovations’ {N,} are a martingale difference sequence (MDS) relative to the
sigma fields &, generated by {Y,, s <t}.

There is an equivalence between the (completion) of sigma fields generated
by {Y,:s <t} and those generated by the random variables {N,: s <t} defined
by N,=Y,—E[Y,| %) ,] (see Hall and Heyde, 1980, p. 183). Hence, {N,} is
also a martingale difference sequence relative to the sigma fields generated by
{N,,s <t}.

The BDS test for chaos which is discussed below can be made into a
specification test of the following stronger definition of stochastic linearity.

DERINITION (IID linear, Priestley, 1988). We call the stochastic process {Y,} IID
linear if it can be written in the form (2.2.1) where the innovations {N,} are
1D (0, o).

It is well known in finance that measures of conditional variance or
conditional volatility of asset returns are very persistent through time for an
extremely wide range of assets. A popular class of models that display volatility
persistence but yet are analytically tractable are the generalized auto regressive
conditionally heteroscedastic (GARCH) class:

Y,=h!"*Z,, (2.2.2)
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where {Z,} is IID with zero mean and variance one and

ht=a0+a1Yt2_1+~~-+apY,2_p+b1ht_1+---+b h

q"t—q

=gq,+6X,, (2.2.3a)

=?,...,.Y?

e Py o) (2.2.3b)

It is becoming popular to use model (2.2.2) to parameterize (and estimate)
heteroscedasticity of the error structure of models of the conditional mean. See
Bollerslev, Chou, and Kroner (1992) for an extensive survey of work related to
this model of conditional volatility. Note that the process {¥Y?} has a
conditional mean,

V,.=E[Y?|X]=h,=a,+0X,, (2.2.4)

that is linear with respect to {X,}. Hence {Y?’} is linear in mean in a sense
closely related to the definition of MDS linear:

Y;=V,+N,N,=Y;-E[Y]|X], E[N,|X]=0. (2.2.5)

3. The BDS test

3.1. Applications of the correlation integral and other measures from
nonlinear science to testing the IID hypothesis

It turns out that a method which is very effective at testing for chaos is also
very effective and natural for testing for IID linearity. The basic strategy is to
design a test of the null hypothesis of IID which has high power against chaos
in general and white chaos in particular. At the same time we design the test so
that it has the same first-order asymptotic distribution on the estimated
residuals of a broad class of parametric models which includes ‘most’ linear
models driven by IID innovations. In this way we also obtain a test of the null
hypothesis of IID linearity. In order to explain this testing method we must
exposit a measure of spatial correlation called the ‘correlation integral’. This
measure, in turn, is a member of a class of statistics called U-statistics. We first
give a brief exposition of U- and V-statistics. Much of the material below is
based upon Brock and Potter (1991). Distribution theory for general functions
of the correlation integral is worked out and applied to testing problems in
nonlinear science by Baek and Brock (1991).

Let {Y,} be an R*-valued stochastic process. V-statistics and their close
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relatives, U-statistics, are defined thus:

VT)==: 3 K, Y), (3110)
u(r) ="f("f2_—1)1$§g h(Y,, Ys), (3.1.1b)

where h:R*XR*—R, h(y, z)=h(z, y), is a symmetric function, called a
‘kernel’.

Serfling (1980, p. 176) and Denker and Keller (1983) develop asymptotic
theory, parallel to the more familiar case of single sum statistics, for U- and
V-statistics. We concentrate on the V-statistic form in this paper. Denker and
Keller (1983) show the expectation of U(T) and V(T) is the same as the
expectation of #. We note that the first-order asymptotic distributions are the
same for U- and V-statistics.

Denker and Keller (1983), under appropriate mixing conditions and some
bounds on moments of the kernel function (the 2 + § absolute moment of # is
finite for some 8 > 0), establish the following representation for the V-statistic
(and also the U-statistic) in (3.1.1):

V(T) =% i h(Y,)+R(T), (3.1.2)

where 4,(Y,) =E[A(Y,, Y,)|Y,], and T"’R(T)— 0 in distribution. This tech-
nique is known as the ‘projection method’ because one is approximating a
double sum statistic up to a term which converges to zero in distribution, when
multiplied by T2, with a single sum statistic by ‘projection’, i.e., taking the
conditional expectation, h,. Note that the mean of k; is the mean of A.
Standard central limit theory and ergodic theory for single sum averages can
now be applied.

We now develop the promised test of IID which is due to Brock, Dechert
and Scheinkman (1987), hereafter ‘BDS’. Write, for e >0, m=1,2,... , M

1 n m
Cale, T) =3 2 WO/, ¥0), (3.1.3)
1=s,t<T
D, (e, T)=C,—CT, (3.1.4)
where y;'=(n,_,,...,n,_,)ER"™ for C,. Here h(y,z) is a symmetric in-

dicator function equal to one if the two m histories, y', y;', are within & of
each other in the sup norm and equal to zero otherwise.” Hence, C,,, C, are

* A technical issue is how well the asymptotic behavior of the test statistic using the indicator
function can be approximated by a symmetric ‘kernel’ function which is twice continuously
differentiable. Simulation evidence as well as other arguments in Brock, Hsiech and LeBaron
(1991) suggest that a workable approximation exists.
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V-statistics, D is a smooth function of two V-statistics, {y;'} is m-dependent, so
the sufficient conditions to apply the theory of Denker and Keller (1983) hold.
Denker and Keller’s moment conditions on % are automatically satisfied when
h is the indicator function.

Put W(x, y)=x — y”. We choose ‘W’ to remind us that the test is designed to
reject IID when the ‘width’ between C, and C7T is sufficiently large. Then

T'?D, =T""W(C, (¢, T), C,(c, T))
=T'?[W + W,(C,(¢, T) — C,(&)) + Wy(Cy(e, T) — C,(&))]
+0,(1), (3.1.5)

where W, W, denote the partial derivative of W w.r.t. the first argument, and
the second argument respectively evaluated at the point (C,(¢), C,(g)) and
0,(1) denotes a term that converges to zero in probability as 7—> .

Under the null hypothesis, {N,} IID, BDS show C,(¢) =[C,(¢)]”. Hence
W(C,(¢), C,(¢)) is zero under the null. Now use the projection method and
compute the partial derivatives W,, i=1, 2 to obtain, up to terms which
converge to zero in probability as T— co:

77D, = T 3 07 - ()]
—mC (&) ) - @)1}
=2 5,00} (3.1.6)

where the sum runs from s=1 to T.
Under the null of {N,} IID this may be further simplified. Recall that

yi=MWm,_y...,n,_,),m=1,2.... Hence,

hn(3) = Bt ) (3.1.7)
Note that

h,(x)=F(x+¢&)— F(x—¢), where F(x)=Prob{N,<x} . (3.1.8)

It is now easy to work out the formulae for the limiting mean and variance
under the null hypothesis, {N,} IID. The mean of g, is zero. Using strict
stationarity compute the variance of ¥ g, and take T to infinity to obtain

v, =lim Var(T2D,) = 45 8,517 +2 5, 8,518,050 - (3:19)
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Now use the definition of g, and {N,} IID to obtain the formula
GW, =m(m—2)C*" *(K—-C*)+K"—C™"

m—1
+2 2 [CYK™ = C™ ¥y = mC™ 4K — C?)]
j=1

=V(C,K,m)=V,, (3.1.10)

where C=C,(e), K=E{h(N,, NJh(N,,N,)}. The formula (3.1.10) can be
expressed in the possibly simpler alternative form

m—1
(LW, =K™+2 2, K™ 7CY + (m —1)*)C*™ —m*KC*™ . (3.1.10)
j=1

The BDS test statistic is given by
T'?D, IV, (T)"*>N(0,1) asT—w, (3.1.11)

where V, (T) denotes a consistent estimator of the variance V,,, and the
convergence takes place under the null hypothesis {N,} IID.

It is important to realize that the above argument crucially depends upon the
variance V,, being positive which is true except for hairline cases. Theiler
(1990) discusses a case ( a uniform distribution on a circle) where the variance
is zero. More elaborate limit theory can be developed for zero variance cases
(cf. Serfling, 1980, Chapter 5).

A consistent estimator of the variance that is used in the IBM PC software of
Dechert (1987) which computes BDS statistics is given by,

V(T)=V,(Ci(e,T),K(e, T)), (3.1.12)
where C, (¢, T') is given by (3.1.3) above and

1
K(e, T)=—3 2 h(N,, N)h(N,, N) , (3.1.13)
where that sum run over 1<r,s,t<T.

RemaRrK. It is important to realize that the proof that the asymptotic dis-
tribution of (3.1.6) with the variance estimator (3.1.12) requires no moment
conditions for the indicator kernel. This is so because Denker and Keller’s
(1983) sufficient condition is E[|k|**®] <, for some & >0, where 4 is the
kernel function. But this is automatically satisfied for kernels which are zero off
a compact set and bounded on a compact set like the indicator kernel. Note
that Denker and Keller’s conditions are easily satisfied for (3.1.13) as well. As
we shall see in Section 4 being able to test for linearity with minimum moment
conditions is very useful for financial time series. Different tests for nonlineari-
ty are compared with respect to their moment requirements in De Lima
(1991b) and briefly below in Section 4. The tentative conclusion of De Lima’s
work is that for high frequency financial data the possibility of nonexistence of
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fourth or higher absolute moments means that many tests require robustifica-
tion (usually through some type of trimming) to be reliably applied to such
data series. The BDS test has the advantage of requiring minimal moment
requirements but it may require longer samples to be as effective as some of
the other tests we discuss below.

Baek and Brock (1992) generalize the BDS test by testing for both temporal
independence and cross sectional independence of a vector of time series. They
show that the distribution of their test statistic is the same on estimated vector
autoregression (VAR) residuals under the null of a VAR with known finite
number of lags driven by IID innovations provided that the residuals are
‘standardized’ by the estimated contemporaneous variance—covariance matrix.
The article shows how this procedure can be generalized to test adequacy of
general models of the form ¥,=F(I,_,,a) +u, where {¥,} is an R™-valued
stochastic process, {I,} is an R*-valued stochastic process, a is a vector of
parameters which can be estimated root T consistently, {u,} is an IID R™-
valued stochastic process with mean 0 and finite positive definite variance
covariance matrix X and &, is independent of I,_, for each .

The Savit and Green (1991) approach works as follows. Consider the
following sequence of conditional probability statements implied by IID,

P{|x, —x,| <& given |x,_, —x,_,| <&} =P{]x, — x| <&}, (3.1.14)
P{lx, — x,| <e given |x,_, —x,_,| <&, |x,_, — x, .| <&} (3.1.15)
=P{|x, —x,| <& given |x,_, —x,_,| <&},
P{lx, — x| <e given |x,_, —x,_,|<e, |x,_,—x,_,| <e,
|xt~3 _xs—3' < 8}
=P{|x,— x| <e given |x,_, —x,_,|<e, |x,,—x,_,|<e},....
(3.1.16)

Use this stationarity, the definition of C,(¢) (cf. (3.1.13)), and the laws of
conditional probability to rewrite these statements thus,

C,(e)/Ci(e)=Cy(e), (3.1.14")
C;(e)/ Cy(e) = Cy(e) /1 C(e) (3.1.15")
C,(8)/Cy(e) = Cy(e) Cy(e) (3.1.16")
(,;jﬂ(s)/Cj(s) =C(e)/C;_ (e) . (3.1.17)

The Savit and Green (1991) methods of detecting at which lag temporal
dependence is strongest are based upon statistics based on (3.1.14")-(3.1.17).
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The idea is to see at which j the equalities under an IID null tend to be most
violated. For example, if the alternative is x, = F(x,_,) Savitt and Green’s
statistics would tend to find the largest violation at lag 2 (3.15"). Note that the
direct dynamical dependence is at lag 2 in this example even though indirect
dependence which is propagated by the dynamics occurs at all lags. Savit and
Green (1991) demonstrate on a set of examples that their method works well at
detecting the lag at which direct dynamical dependence occurs.

The Baek and Brock (1991) test for nonlinear Granger causality is based on
a comparison of a string of conditional probabilities for vectors of series that is
somewhat similar to the comparison of Savit and Green (1991) -above, which
was developed for the scalar case.

3.2. Estimation error

Many diagnostic tests of the adequacy of a parametric class of models are
based upon the estimated residuals from the best fitting of a member of the
class. Unfortunately, many of these diagnostic tests require a correction for
estimation error to the asymptotic distribution of the test statistic under the
null hypothesis. An example of a test that requires such a correction is the
ACEF calculated on estimated residuals to evaluate ARMA fits (cf. Brockwell
and Davis, 1987 p. 298).

This part of our article is devoted to outlining the proof of the following
property of the BDS test statistic (3.1.11): The asymptotic distribution of the
BDS statistic on estimated residuals is the same as on the true (IID) innovations.
Call this the invariance property.

We give an heuristic discussion, with an emphasis on locating minimal
conditions needed on moments, of the proof of this property for an AR(1) case
here. This is enough to illustrate the essential ideas behind the proof. Then we
will indicate how the BDS test can be used to test IID linearity in general
under minimal moment existence requirements.

Let us work on the numerator of the test statistic first. In order to take care
of the denominator all one needs to do is to locate sufficient conditions for the
variance estimator (3.1.13) to converge to the same limit whether evaluated at
estimated or true residuals.

Consider the expression for 7'?D,_ in (3.15) evaluated at estimated
residuals. Assume enough consistency of the estimation process that the
residuals are consistently estimated and the delta method as used in Pollard
(1986, Appendix A) may be generalized to the case of estimated residuals. We
are now reduced to examination of the asymptotic distribution of the es-
timators of C,, C; but evaluated at estimated residuals.

In order to see the basic idea with a minimum of clutter consider the
asymptotic distribution of,

TV ¢ -, (3.2.1)
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where ~ over a symbol denotes its estimated counterpart at true residuals and
~* denotes estimated counterpart at estimated residuals.

In order to locate sufficient conditions for the limit distribution of (3.2.1) to
be independent of whether estimated residuals 7, or true residuals #,, are used
let us examine the case of an AR(1) below,

X,=bX,_+N., |b|<1, (3.2.2)

where we assume {N,} is IID with mean zero and finite variance.

Let b, be an estimator of b from a sample of length T from (3.2.2) and let
F(n,x)=P{(N,, X,_,) <(n,x)} denote the joint cumulative distribution func-
tion of (N,, X,_,) generated by the stationary distribution of (3.2.2). Note that
N, is independent of X,_, for all s and the distribution is independent of s by
stationarity.

In order to focus on the basic ideas restrict attention to smooth kernels of
the form A(x, y) = h(x — y) which are zero off of [~& — §, £ + §] and which are
one on [—& + 8, £ — §]. One should think of these kernels as smooth approxi-
mations to the indicator kernel as & tends to zero (cf. Brock, Hsich and
LeBaron (1991)). The properties we shall use are symmetry, zero off of a
compact set, and derivatives which are zero off of a compact set and bounded
on a compact set. Then (3.2.2) implies

N=0b-b,)X,_,+N,, (3.2.3)
T [C - C)=T"[¢,-C)+ A, +B,, (3.2.4)

where

Ar= (G- b T TS SHO,-NE - X 0], 629

B, = (0 —bT T T WX - X, ) (326
Vil = HN, = N0, — X )6 = bl - W~ NT. (327

Here (3.2.4) is obtained from an exact first-order Taylor expansion where the
point N, — N, +n,(X,_, — X,_1)(b —b;) lies between N,— N, and N,— N, +
(X,_;~X,_,)(b —b;). Note that since the points are random variables the
factor n,, produced by Taylor’s theorem is also a random variable.

Look at term A, given by (3.2.5). This one is the key to getting conditions
that are sufficient for the invariance property for the asymptotic distribution of
(3.2.1) We want to illustrate the trade off involved in locating conditions for
A;—>0 in probability. The trouble is in controlling the 7'''%. It can be ‘soaked
up’ in two ways:

(i) Assume b is T''? consistently estimated which is the case for OLS under
classical conditions.

(i) Recognize that the (1/T?)X L component is a V-statistic for the
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estimation of
EH(ZS’ Zt) s Zr = (Nr’ Xr*l) ’ H(Z57 Zt) = h’,(Ns - Nt)(Xs-l - Xt—l) N
(3.2.8)
Note that symmetry of # implies symmetry of H so H is a legitimate kernel.

Under mixing conditions and E|H||*"* <« for some v >0, Denker and Keller
(1983, Theorem 1) prove

TS SH W, - N, X, ) =N, 0, T,
(3.2.9)

where p=Eh'(N—N')(X—X'), ¢’ is obtained as in Denker and Keller
(1983, p. 507), the convergence is in distribution, and the notation E on the
RHS means the integral against the distribution, F(n,x), of (N,X) and
(N', X') where the two vectors are treated as independent draws from F.

But the mean w is zero in a leading case. Look at the first term, EA'(N —
N")X. Put E[s(N — N')|N]=h,(N) and note that

E[Dh,(N)] =0, (3.2.10)

where D denotes derivative, for the indicator kernel. This implies the first term
is zero. Symmetry implies the second term is zero. Therefore u is zero. Let us
explain why (3.2.10) is true. Recall that in the case where the kernel A(N — N')
is the indicator function I.(N — N'), we have

Dh (N)=E[L(N-N')|N]=G(N +¢)—G(N —¢),
G(x)=Prob{N =x} . (3.2.11)

Computing (3.2.11), assuming G has a density g, we obtain
E[Dh,(N)] = J' [g(n+e)—gn—2¢)lgn)dn=0. (3.2.12)
The last integral is easily seen to equal zero by noticing that

J gln+e)g(n)dn = f gln —¢)g(n) dn (3.2.13)

by a change of variable argument. We sum all this up into a proposition. All
convergence is in distribution.

PROPOSITION. Assume that the moment p = 0. Then if either
() T"*(b-b;)—>N(0,07), and (1/TYL L H(Z,,2Z)—~EH=p, T, or
(i) b—b;—0, and (TV?IT*) L L {H(Z,,Z)~ u}— N(0, ¢°), T— = , then

Ar—0. (3.2.14)
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Prookr. use the expression for A given in (3.2.5) above and Slutsky’s theorem
(cf. Serfling, 1980, p. 19). O

Turn now to getting rid of term B;. If one assumes a uniform Lipschitz
condition on A(-) and T"'"*(b — b;)— X, T—> = then it is easy to show that B,
converges to zero in probability. However, it appears that one should be able
to get by with less since b — b,— 0 implies n,,— 0, and VA — 0 fast as it goes to
zero with the product n,,(b — b, ). Location of minimal sufficient conditions for
B;—0, and the consistency of the variance estimator on estimated residuals is
under investigation in De Lima (1991a,b).

Remark. The proof technique for the invariance theorem that we outlined
above does not apply to the indicator function I, because it is not differenti-
able. However, under modest regularity conditions one can find C” symmetric
approximations to I, such that (3.2.10) approximately holds and, hence our
theory is valid for each of these approximations even though it is not valid for
the limit. Although the approximation procedure has not been established for
the limit it appears to work well in Monte Carlo evaluations of the equality of
the approximation. See Brock and Dechert (1989), and Brock, Hsieh and
LeBaron (1991). Furthermore, De Lima (1991b) has shown that theorems of
Randles (1982) may be applied to obtain the invariance theorem for indicator
kernels for a class of cases.

The same procedure outlined above easily generalizes to proof of the
invariance theorem for AR(p) models drive by IID innovations provided that
p is finite and known by the investigator’ We have the following.

PRrOPOSITION. The BDS test can be used to test IID Linearity provided the
number of lags is finite and is known.

Proor. Follow the same outline above. O

Turn now to more general models. Consider the general class of parametric
models with additive IID errors:

Y,=f(X,a)+N,, {NMID, (3.2.15)

where X, is an information set of ‘regressor’ variables which may include past
Ys, a is a finite-dimensional vector of parameters which can be estimated root
T consistently, i.e., T''*(d@ — a)— N(0, 3'), where 0 is the zero vector and 3 is

® For some cases of general ARMA(p, g) models without a finite autoregressive structure one
would expect the true innovations to be well approximated by a truncation of the infinite
autoregressive lag structure that grows with the sample size.
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the variance~covariance matrix and N(0, %) denotes the normal distribution
with mean vector 0 and variance—covariance matrix 3. It is easy to use the
BDS test as a test of the adequacy of the class of models.

Estimate the parameter vector a by a consistent method. Many estimation
methods are root T consistent under a fourth moment condition on {Y,} (see
Gallant and White, 1988).* If f(x, ) can be estimated by linear least squares
then only slightly more than second moments may be required (Lai and Wei,
1982 p. 164). Now one may repeat the same Taylor expansion argument we
used above to show that the asymptotic distribution of the BDS statistic is the
same on the estimated residuals {7 } as on the true residuals. This specification
testing procedure may be generalized to a class of cases where {N,} is not IID
but is a MDS which can be parameterized and the parameter vector can be
estimated consistently as in GARCH model.

Consider the following class of parametric models

Y, =flX,, @) + gX,, B)N,, {NJID. (3.2.16)

Note that this class is the same as the class (3.2.15) above except that the MDS
errors are parameterized with B a finite-dimensional parameter vector to be
estimated. One can transform the heteroscedastic error term of (3.2.16) into a
form where the BDS test can be used to test the specifications of g(x, )
conditional on f(x, ) in (3.2.16) by writing

ﬁz = ln[ﬁtZ] = ln[{yt _f(xn &)] /g(xt’ é)}z] ) (3217)

where {7,} depotes estimated residuals. Using similar techniques to those
above one can show that the asymptotic distribution of the BDS statistic under
the null hypothesis {N,} IID and conditional on the estimate & is the same for
{d,(&)} as for {V,(&)}. Recall that by definition independence applies to all
measurable functions hence it is valid to test for {N,} IID by using the
transformation in (3.2.17) when « is known (e.g., when a GARCH model is
applied directly to the data without a model for the conditional mean). In the
general case when both « and B8 are estimated the BDS test will contain some
bias term that requires Monte Carlo simulation for evaluation.’

Note that class (3.2.17) includes many (apparently all) of the GARCH
models covered in the Bollerslev, Chou and Kroner (1992) survey. The ability
to specification test such a large class of parametric models of conditional
volatility by examining a simple transform of estimated standardized residuals

“Of course an assumption of weak dependence is also important. As mentioned in the
introduction we are assuming that the investigator has already transformed the data into a
stationary form. We now add the assumption that the dependence after this transformation is
sufficiently weak to allow standard limit theorems to apply.

* For financial time series one might expect that the bias introduced from jointly estimating the
conditional mean and variance and using the logarithmic transformation would not be great
because of lack of predictability of the first moment compared to the second central moment.
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is useful® Another class of models which may be specification tested by the
BDS procedure outlined above is nonparametric models estimated by proce-
dures which are consistent but less than root T consistent. Consistency of
nonparametric procedures typically depends upon the degree of smoothness of
the regression function. Hence the type of proof of the invariance theorem
outlined above may, possibly, be generalized to the nonparametric case (see
De Lima, 1991b).

4. Tests for nonlinearity

4.1. Overview

Tests for nonlinearity in time series can be split into three broad categories: (1)
nonparametric tests in the frequency domain; (2) nonparametric tests in the
time domain; (3) parametric and semi-parametric tests in the time domain. As
well as discussing tests for IID linearity and MDS linearity we also discuss the
use of the various tests as diagnostics for estimated nonlinear models.

The spirit -of nonlinearity testing that we shall stress fits naturally into the
philosophy of time series analysis exposited by Priestley (1988, p. 14). In view
of the prevalence of estimable heteroscedasticity in residuals of economic and
finance models we state it thus: ‘Estimate out’ all ‘structure’ until the
‘standardized’ residuals are reduced to strict white noise, i.e., IID. To put it
another way, our goal is to find the ‘best’ probability model for the data under
scrutiny.

Much of the difficulty and controversy in time series analysis involves
interpreting what is ‘best’. We shall place a lot of weight on the goal of finding
probability models that aid in improving ‘genuine predictions’ in the sense of
Tong (1990 p. 419). Since large linear models can often produce good one-step
ahead forecasts based on general multivariate information sets we are particu-
larly interested in multi-step ahead prediction. In this case the large linear
models can be very cumbersome predictive tools because of the need to predict
the values of all the variables in the statistical model. It is important to realize
that optimal multi-step prediction of nonlinear models requires one to locate at
least an IID error (see Brock and Potter, 1991). In the case of linear models
the MDS property of conditional mean zero is all one needs to know about the
error distribution for optimal prediction. Two other important goals, of course
are: (i) improved estimation of parameters of interest; (ii) improved use of the
empirical data in hypothesis testing and resolving disputes in economics (see
Potter, 1990). ’

In our review we also pay much attention to the moment requirements of the
various tests. Our motivation is based on work in financial economics by

® Lumsdaine (1990) shows that a fourth moment assumption (which is frequently violated in
applications) is not necessary for asymptotic normality in the GARCH(1,1) model.
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Phillips and Loretan (1990) and the references they cite. They conclude that
the existence of 2+3, 6 >0, moments for § small enough seems consistent
with data but becomes highly suspect for 8 approaching two for financial
returns. Let us explain. Assume enough moment stationarity of {Y,} for
(4.1.1) below to make sense. Phillips and Loretan estimate the maximal model
exponent,

a =sup{E|Y,|? <}, (4.1.1)
q

for monthly returns on a stock market index that ranges from 1935-1987 and
for daily returns on the Standard and Poor’s 500 index from 1962-1987. Point
estimates of a range from 2.5 to 3.2 for the monthly series and 3.1 to 3.8 for
the daily series. Since these estimates were more than two asymptotic standard
deviations from 4, this evidence is consistent with nonexistence of fourth
moments. Note, however, that their evidence does not support nonexistence of
the unconditional second moment, i.e., the variance. Therefore, we shall
interpret the evidence as providing some support for existence of the variance
and nonexistence of all absolute moments greater than or equal to four.

4.2. Nonparametric tests in the frequency domain

Statisticians have known for a long time that properties of the higher order
spectra could be used to test for IID linearity in an observed time series (see
Brillinger and Rosenblatt, 1967) however, it was not until the work of Subba
Rao and Gabr (1980) that a test based on the third-order spectrum or
bispectrum was widely applied. Their approach to implementing the test was
improved by Hinich (1982).

Following Priestley (1988), the intuition of the test is as follows. Let {Y,} be
a third-order stationary stochastic process and define

c(m,n) =E[Y,.,Y,., Y], (4.2.1)

B(w,, ,) = (1/21)* >, c(m, n) exp[—i(w,m + w,n)], (4.2.2)

where the sum is over —o<m, n <o, and (w,, ®,) € [, 7]°.

It is easy to see the following:

(i) If {Y,} is Gaussian then all c(m, n) ” are zero (see Brillinger, 1975 for the
properties of higher order cumulants of Gaussian processes). Hence the
bispectrum is zero for Gaussian processes.

(ii) Consider the generalized autoregressive conditionally heteroscedastic

" Ramsey and Rothman (1989) develop a time domain test based on third order moments of the
special form E[Y,Y?,, ] by exploiting the time reversibility of Gaussian linear time series.
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(GARCH) process (with finite absolute third moment)
X,=h"z, {Z}UDN(0,1), h,=a,+ah,_,. (4.2.3)

A simple iterated expectations argument using (4.2.1) together with zero third
moment of the normal shows that all ¢(m, n) are zero. Hence B(w,, ,) is zero
for all frequency combinations. The same argument for more general GARCH
processes driven by Gaussian innovations, such as those presented in Section 2,
where A, is a linear function of a finite number of lagged 4 as well as a finite
number of lagged X> ; shows that all third-order cumulants, c(m, n) are zero.
We shall call such GARCH processes, linear GARCH. The point is this. No
test based upon the bispectrum has asymptotic power against dependent
Gaussian processes or dependent Gaussian driven linear GARCH processes.
Depending upon the application this property, which follows from the result
that all ¢(m, n) =0, can be very useful.

For example suppose one wishes to test the hypothesis H, that a sample of
stock returns, {x,} is a sample from a random walk {X,} driven by Gaussian
linear GARCH innovations. Then the bispectrum will be zero. So this suggests
a natural way to test H,,.

The bispectral test for IID linearity is based on a normalized version of the
bispectrum which is constant in (w,, w,) if {Y,} is IID linear. Following
Priestley (1988, p. 15, p. 43) the test of the IID linear null hypothesis in (2.2.1)
is based upon the result

c(m, n) = E[N?] 20 Al (4.2.5)
iz

and the quantity
X(w;, w,) =|B(w,, w2)|2/[h(w1)h(w2)h(w1 )], (4.2.6)

where h(w) is the spectral density function of the process {Y,}.

Under TID linearity, X is constant in (w,, »,), does not depend upon A(B),
and only depends upon the second and third moments of {N,}. A very similar
procedure applies to the ‘noncausal’ case where the sum in (4.5) ranges from
—o to oo,

The Hinich (1982), Subba Rao and Gabr (1984), tests are implemented by
constructing estimators of B(w,, ;) and h(w,) over a grid of frequencies
(0< o, <7, w, <w, <m) with good properties. The sampling distribution of the
resulting estimates of {X,} are developed under the null of IID linearity, and
used to construct a test of the constancy of X. Hinich’s version of the test uses
the asymptotic expression for the variance—covariance matrix of the bispectral
and spectral estimates in constructing the test statistic. A choice of spectral
window must be made to estimate the bispectrum and sometimes this makes
the results hard to interpret when small changes in the window produce large
changes in the test statistic (Tong, 1990, p. 223).

Linearity tests based on higher-order spectra can be applied directly to the
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data (after transformations to obtain stationarity). This is because of the
invariance properties of cumulant spectra to linear filters (Brillinger, 1975 p.
34). The invariance of the bispectrum test statistic when the observed data is
passed through a linear filter is a major advantage of this testing approach. All
of the other tests require the investigator to commit to a particular linear filter
before performing the nonlinearity test, thus introducing the possibility that
rejection is due to misspecification within the class of linear models rather than

nonlinearity.
Tong (1990, p. 224) points out that the bispectral based tests have poor
power against processes of the form .
Y,=fY, 1., Y ) te, (4.2.7)
where {g} is symmetrically distributed and f(y,,...,y.)=~—f(-y, ...,
Vi)

In general the bispectral based test has not performed well in Monte Carlo
evaluations of its finite sample performance unless the sample size has been
over 500 (compare Ashley, Patterson and Hinich, 1986 with Chan and Tong,
1986).

Our reading of the bispectral test literature suggests that at absolute
moments of least order 6 are required to ensure obtain consistent and
asymptotically normal estimates of the bispectrum. The bispectral test statistics
discussed are based on this asymptotic normality.

In interpreting evidence from the bispectral and other tests for nonlinearity
discussed in this article it must be emphasized that the rejections may be due
not only to failure of the moment conditions that the tests require but also the
maintained hypothesis of stationarity may be false. Failure of the stationarity
hypothesis may be serious for economic data which are known to be highly
nonstationary due to, for example, regime changes.

4.3. Nonparametric tests in the time domain

Bium, Kiefer and Rosenblatt (1961), BDS (1987), and Robinson (1991), are
examples of nonparametric tests of IID in the time domain. The BDS test was
discussed in detail in Section 3. They are nonparametric in the sense that the
investigator is not required to explicitly choose a function of the past history of
the process against which the orthogonality of the current prediction error or
residual is assessed. However, in any finite sample the tests require the choice
of certain parameters that implicitly parameterize a certain class of alternatives
(see Tong, 1990 p. 224 for similar comments). All three of the tests become
tests for 11D linearity when applied to the estimated residuals of linear models.

In general onc can label tests that use estimated residuals to judge the
adequacy of a class of fitted models without a specific alternative diagnostic
tests. Standard examples of such tests are the Ljung-Box and McLeod-Li
portmanteau tests which are discussed in Tong (1990, p. 324). These tests
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examine the estimated autocorrelations of residuals and of squared residuals.
Under a null of IID the autocorrelations should be zero in population except at
lag zero. Cox and Hinkley (1974 p. 66) call such diagnostic tests pure
significance tests and argue that it is desirable for the distribution of the test
under the null hypothesis to be known at least approximately in large samples
and not to depend on the value of any nuisance parameters.

The BDS test which was discussed in Section 3 is an example of a
nonparametric test for IID which can be machined into a diagnostic test of the
adequacy of fitted models with additive errors that satisfies the desiderata of
Gox and Hinkley. Apart from BDS there appears to be a gap in the literature
for diagnostic tests for IID that have power against nonlinear alternatives and
have been shown to have nuisance parameter free distributions (see the
comments of Tong, 1990 p. 324).

The bispectral test has also been used as a diagnostic test of IID on
estimated residuals by Ashley, Patterson and Hinich (1986) who do a Monte
Carlo study of performance. However, neither the bispectral test nor the BDS
test are consistent against all departures from IID. We mentioned departures
from HD for which the bispectral test has no power above.” Work of Dechert
(1988) (see also Brock and Dechert, 1991) has shown there exist departures
from IID that the BDS test has no power to detect. In order to briefly explain
Dechert’s work, consider the case of testing ‘1-independence’. We will say that
strictly stationary stochastic process {X,} is 1-independent if X, is independent
of X, provided |t —s| = 1. Consider the equality

PrOb{’Xs —thl < £y, IXs—-l —Xt—ll < 82}
= Prob{|X, - X,| <& }Prob{|X,_, — X,_,| <&} ,
forall ,>0,¢,>0. (4.3.1)

One can see that the 1-dependent alternatives which satisfy (4.3.1) are the
1-dependent alternatives for which no generalization of a BDS type test could
have power against. While (4.3.1) looks close to a characterization of 1-
independence and, hence, a basis for a consistent test, Dechert has found a
class of 1-dependent processes with satisfy (4.3.1). He proved existence of such
processes by a Laplace transform type of argument. He has also shown that a
correlation integral test based on (4.3.1) is consistent within the class of
Gaussian processes. The point to carry away from this discussion is this.
Neither BDS (1987) nor the bispectral tests are consistent tests of 1ID.

Asymptotically consistent time domain tests of independence can be built by
using the definition of independence (the joint distribution is the product of the

® Although the bispectral test is invariant to nuisance parameters from a linear model it is not
clear whether this would be true if it was used as a diagnostic for nonlinear models.

°Tests based on cumulant spectra higher than the third-order would reduce the class of
nonlinear processes against which ‘bispectral’ type tests were inconsistent.
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marginals). Two candidates are (i) the classical test of independence due to
Blum, Kiefer and Rosenblatt (1961); (ii) the entropy-based test of Robinson
(1991). Robinson shows his test is consistent under what he admits (Robinson,
1991, p. 445) are ‘extremely strong’ assumptions. We do not know the extent to
which the asymptotic distribution of Robinson’s test or the Blum-Kiefer—
Rosenblatt test would depend upon nuisance parameters from the estimation
process. Hence, as far as we know, it is an open question how useful these tests
would be as diagnostic tests on the estimated residuals of fitted models. The
performance of the BDS test in this domain has been evaluated by rather
extensive Monte Carlo work of Hsieh and LeBaron which appears in Brock,
Hsieh and LeBaron (1991).

The safest conclusion is this. To a certain extent there is no substitute for
performance evaluation via Monte Carlo work on useful experimental designs
in order to assess the practical value of a testing procedure. Theoretical
properties such as consistency, asymptotic efficiency, asymptotic normality may
be of little use in practice unless Monte Carlo evaluation work is done for
samples sizes and experimental designs likely to arise in practice.

4.4. Parametric and semi-parametric tests in the time domain

We are using semi-parametric and parametric to imply the choice of an explicit
parametric form by the investigator for the function of the previous history
used to assess the orthogonality of the prediction errors or residuals. Semi-
parametric tests make no explicit statement of the distribution of the residuals
or prediction errors.

For example consider the following standard model:

Y,=f(X,0)+N,, 6€0, E[N]|X]=0, (4.4.1)

where {X,} is a vector-valued process which may include past Ys,

The classical parametric approach to testing requires the investigator to
specify a null hypothesis on a parameter lying in a finite-dimensional space
(i.e., the joint distribution of {Y,, X,} is assumed known up to a finite number
of parameters). However, in order to test the assumption of a martingale
difference sequence property for {N,} no distributional assumptions are
required. We first outline methods for testing the MDS property in a semi-
parametric manner. Then we consider some problems in implementing stan-
dard classical parametric tests to test for MDS and IID linearity.

Building on the work of Keenan (1985), Tsay (1986) and Lukkonen et al.
(1988a,b) have constructed tests for linearity versus nonlinearity by considering
orthogonality of estimated residuals to polynomial functions of the observed
history of the time series. It is possible to give Lagrange muitiplier interpreta-
tion of the tests as in Granger and Terdsvirta (1992) (see below). In the
econometrics literature there is a separate testing literature known as condi-
tional moment (CM) tests following Newey (1985) and Tauchen (1985). Many
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economic models have the implication that E[N,|I,_,] =0, where I,_, is the
information available to the econometrician. Thus specification tests were built
on the asymptotic behavior of moments of the following form:

1 T
T Z:l A, f(I,_;), where f(*) is any measurable function . (4.4.2)

Under the martingale difference sequence null the sample moment in (4.4.2)
goes to zero. Our interest will be in deciding upon good choices of f(-), known
as the test function, for testing MDS linear and methods of constructing
sampling distributions for (4.4.2). In doing so we will link the two literatures.

There are two conflicting approaches to choosing a good test function. One
can seck to find a class of functions T such that

E[f(X,)N]=0 forallf,all f€T = E[N,|X,]=0, forallz. (4.4.3)

Alternatively, one might concentrate in testing for nonlinearity in a certain
direction by constructing T from specific nonlinear time series models.

Lee, White and Granger (1989) discuss a particularly interesting version of a
CM-test based on neural network theory. They define a notion of linearity of
stochastic process with respect to information set {X,} where {X,} is an
R*-valued stochastic process as follows.

DeFNiTioN  (Linearity in mean). {Y,} is linear in mean w.r.t R*-valued
information process {X,} if there is a vector ® € R* such that

Y,=@'X,+N,, E[N|X]=0. (4.4.4)

LWG test (4.4.4) by using a class T of test functions derived from neural
network theory to approximate the ‘consistency’ property in (4.4.3).

In the regression context Bierens (1990 p. 1445 (8)) shows that one may base
a consistent conditional moment test of null hypothesis (4.4.1) on a single
sample moment which is the estimated errors 7, weighted by exp(s'®@(X,))
where @ :R*—>R"is 1-1, s € R~ Note, however, the performance of the test
will depend upon the choice of s, and &. Since Bierens (1990, p. 1444) suggests
that his methods will extend to the time series case this opens up the possibility
of a consistent test of linearity in mean which uses a T containing only one
element.

In the time series literature test functions have been generated by using
Volterra series expansions starting with Keenan (1985). Other approaches to
finding good test functions have been based on Lagrange multiplier type
principles. If the investigator has some belief about the correct direction in
which to test for nonlinearity this can be used in constructing the f(-) function.
The standard example in the statistical literature is threshold nonlinearity of
both the self-exciting and smooth type. For example, Lukkonen et al. (1988b)
suggest using cubic as well as quadratic terms but note that if the investigator
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has a belief in a certain delay parameter then the higher-order terms should
only involve products in the delay variable defining the nonlinearity.

A slightly different class of tests arises from considering recursive estimation
of an autoregression when the ordering of the data is given by a delay variable.
Tests along these lines have been developed by Petruccelli and Davies (1988)
and Tsay (1989). Potter (1990) discusses the single index nature of the
nonlinearity behind such tests and constructs a weighted least squares test
based on a single index.

Given a choice of a test function the next question is how to form a sampling
distribution for (4.4.2) that only utilizes the MDS condition. White (1991)
gives a comprehensive discussion for the general case of (4.4.1), however, we
concentrate on the case of a linear conditional mean from (4.4.4) using the
techniques of Wooldridge (1990).

(i) Estimate @ by O, such that T"*(@,— 0) = O,(1) and choose a test
function f(x) : R — R?. This gives {A,=y,— Ox,:t=1,...,T}.

(ii) Run the matrix regression of f(x,) on x, and save the residuals {A,: =
1,...,T)

(iii) Run the regression 1 on #A'A,, t=1,...,T and use TR>=T—SSR
(sum of squared residuals) as asymptotically XZQ under the martingale differ-
ence assumption. An intercept is not included in the regression unless already
contained in the test function.

The second step allows one to ignore the fact that @T is estimated in forming
the sampling distribution and the third step gives a sampling distribution that is
asymptotically robust to the presence of higher-order dependence in {N,}, for
example, conditional heteroscedasticity. If one is interested in testing IID
linearity then step (iii) can be replaced with

(iii)" Run the regression of A, on A,,t=1,..., T and use the F-statistic.

The simplifications introduced by Wooldridge’s methods in the case of testing
MDS linearity are important because they allow the investigator to use
standard regression software to conduct the nonlinearity tests.

The moment requirements of the CM type tests depend on two factors: the
properties of the innovation sequence {N,} and the properties of the test
function. In the form above one clearly requires at least second moments of the
product N;A, in order for step (iii) to make sense. If (iii)’ is used (i.e., IID
lincarity is tested) then weaker conditions are available. For example, in the
Tsay (1986) test where second-order polynomials of the observed time series
are used in the test function under {N,} IID one requires E[N?] <, whereas
under the MDS condition alone one needs at least E[N°] <. If the test
function was bounded as in the example used by LWG then one can appeal to
the results of Lai and Wei (1982) under {N,} TID and hence only slightly more
than second moments of {N,} are required.

CM tests have the advantage that the particular test function can be
immediately used to construct a regression function that fits better in-sample
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than the linear model. When a large number of different test functions are used
it is possible to concentrate on estimating nonlinear models suggested by the
smallest probability values from the linearity test statistics. However, it is
important to realize that the overall significance of the evidence against
nonlinearity is harder to assess when more that one of the CM-tests is carried
out.

Polynomial type tests tend to perform very well in Monte Carlo experiments
for smaller sample size (i.e., less than 200). For example, Terdsvirta, Lin and
Granger (1991) report results where cubic polynomials have power very close
to Lagrange multiplier tests for the type of nonlinearity used in the experimen-
tal design. Petruccelli (1990) contains a comprehensive Monte Carlo evalua-
tions of tests for threshold autoregressions. Of course until more nonlinear
time series models are estimated on actual economic data one cannot be sure
that the designs used in these Monte Carlo experiments are relevant.

In some circumstances an investigator might use theory to construct a
specific nonlinear alternative to test against a specific linear alternative. Here
the word specific means not only that the functional form of the nonlinear
model and the density of the innovation sequence are assumed known but also
the lag lengths of the two models. However, standard likelihood based testing
theory is not likely to be applicable for three reasons as outlined by Hansen
(1991a,b) building on the work of Davies (1977, 1987):

(1) There might be parameters of the nonlinear model unidentified under
the null.

(2) The likelihood surface may have more than one local optimum and the
null hypothesis may not lie on the same ‘hill’ as the global optimum.

(3) The score may be identically zero under the null hypothesis.

We concentrate on the first point which can be illustrated with a simple
example,

Y,=¢,Y,_ +,F(y,Y,_))+e,, e,~IDN(0,0%), (4.4.5)

F(-) is a nonaffine function from the line to the line and y €' CR.

H,: ¢, =0 (IID linearity),

H,: ¢,#0.

Under the null hypothesis. y is not identified implying that the standard
sampling theory for the likelihood ratio, Wald and Lagrange multiplier (score)
statistics are not valid (see Davies, 1977). Such problems are pervasive in
classical tests of a linear null model against a specific nonlinear alternative
model. For example, Tong (1990, Chapter 5.3) and Chan (1990) construct
special likelihood ratio tests to account for the problem in threshold au-
toregressions. But also see Granger and Terédsvirta (1992) and Godfrey (1988,
pp. 88-89) for solutions based on normalizing the function F(-) so that
F(y,0)=0.

The solution proposed by Davies is to view the test statistic as a function of
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the unidentified parameter and construct a test statistic based on the maximum
or supremum of this function. There are two main problems: (i) it is
computationally intensive to find the maximum in many cases, (ii) the
asymptotic sampling distribution of the maximum is rarely free from nuisance
parameter problems. One can construct bounds to deal with the second
problem as in Davies (1987) or more generally use simulation methods to
compute asymptotic critical values using the sample covariance function of the
Gaussian empirical process produced by the maximization as in Hansen (1991,
1992). The advantage of Hansen’s approach is its wider applicability but it can
be computationally intensive.

Monte Carlo evidence in Terasvirta, Lin and Granger (1991) suggests that
alternatives to using the maximum of the test statistics such as randomly
choosing a direction to test in (i.e., by random draws of the nuisance
parameters) or fixing the nuisance parameters a priori can result in substantial
loss of power. Both Davies’s and Hansen’s techniques are sufficiently general
to allow their use in semi-parametric situations where investigators often
maximize over test statistics.

We should note in passing that it is very difficult to derive specific nonlinear
alternatives using economic theory. Hence most alternative specifications tend
to be data-driven, thus producing a problem of pre-test bias (see Leamer,
1978). If the identification scheme can be transformed into a maximization
problem over a suitable defined test statistic then once again the above
techniques can be useful.

Another difficulty with classical testing approaches is the assumption that the
underlying innovations to the two time series models are generated by the
same distribution (i.e., in most cases Gaussian). Li and McLeod (1988) find
evidence that non-Gaussian linear models can produce substantial improve-
ments in in-sample fit over models estimated using a Gaussian likelihood.
Thus, classical tests might be biased in favor of nonlinear models under the
assumption of Gaussian innovations. One alternative that still maintains the
fully parametric structure is to use Cox’s nonnested approach (see Pesaran and
Potter, 1991).

5. Evidence of nonlinearity and chaos

A lot of work has recently investigated the evidence of nonlinearity and chaos
in economic data. Let us divide the discussion into: (i) macroeconomic and
other economic data sets, (ii) financial data sets such as asset returns.

In describing the evidence we shall use the term ‘low-dimensional chaos’ to
refer to a chaos (possibly noisy and possibly infected with measurement and
observation error) whose dimension is low enough and whose derivative is
‘regular’ enough that short term forecasting with the algorithms in, for
example, Casdagli and Eubank (1991), should give improvement over methods



220 W. A. Brock and S. M. Potter

noc designed to exploit properties of chaos, e.g., linear methods. The word
‘regular’ is used to exclude examples like a simple one-dimensional chaos,
X1 = F(x,), where F is the g-th iterate of the tent map and ¢ is large. For ¢
large enough short term prediction is impossible with machines of finite
resolution. Two recent conference volumes that contain much useful material
on chaos are Barnett et al. (1988, 1989).

35.1. Macroeconomics

A rather large literature has emerged in economic theory on the possibility of
chaos being consistent with rational expectations in intertemporal general
equilibrium macroeconomic models. The Journal of Economic Theory, Oc-
tober 1986 conference volume was one of the early collections of papers. A
recent survey in Boldrin and Woodford (1990). The conclusion is: Yes. Chaos
is consistent with standard assumptions on preferences and technology in
conventional equilibrium models used in dynamic economics. This raised
interest in testing for the presence of chaos in data. The general (but not
universal) conclusion is this: The evidence is weak for the presence of a chaos
of a type that could be reliably predicted out of sample using nonlinear
prediction algorithms that are tailor made to do well when chaos (even if it is
noisy) is present. Linear prediction algorithms appear beatable but chaos has
no special claim.

Brock and Sayers (1988) tested U.S. post WW II macroeconomic time series
such as (i) quarterly U.S. employment; (ii) quarterly U.S. unemployment rate;
(iii) monthly U.S. industrial production; and (iv) U.S. quarterly GNP and
found some evidence consistent with nonlinearity (or possibly neglected
nonstationarity) but found little evidence consistent with simple low-dimen-
sional chaos even if infected with a moderate amount of noise. The testing
methodology was to attempt to pre-filter out linear structure as well as
‘pre-filter’ out nonstationarity structure and apply the BDS test to the residuals
using the methodology laid out in Section 3 above. Pre-filtering appears to be a
useful operation when dealing with time series whose linear persistence is so
strong that it overwhelms any other structure that may be present (economic
time series exhibit strong linear persistence).

Brock (1986) and Frank and Stengos (1988) compared dimension estimates
on detrended macroeconomic time series before and after prewhitening by low
order autoregressions to explore, in a diagnostic way, the evidence for low-
dimensional chaos. If the data was chaotic Brock (1986) proved the dimension
of the AR(q) prewhitened data should not change. Note that the reverse
procedure of applying an AR(g) to chaotic innovations will typically change
the dimension of the output, however. The evidence for low-dimensional chaos
was weak, but this procedure probably rejects chaos too often when it is true.

Scheinkman and LeBaron in Barnett et al. (1989) examined U.S. real per
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capita GNP over a much longer period and failed to reject an AR(2) on
detrended data with correction for change of variance of the innovations over
the periods 1872-1946 and 1947-1986 after dummies for the great depression
(1930-1939) and WW II (1940-1945) were introduced. They applied the BDS
test to the standardized residuals and bootstrapped the small sample dis-
tribution under the null.

LeBaron (1991) examined similar macroeconomic time series with a battery
of nonlinearity tests, including BDS and Tsay, and found little evidence
consistent with low-dimensional deterministic chaos but found evidence con-
sistent with nonlinearity.

Ramsey, Sayers, and Rothman (1990) examined recent studies and found
none that generated convincing evidence consistent with a low-dimensional
chaos after correcting for robustness and linear persistence. They disputed
earlier claims to have found chaos in economic and financial data.

Lee, White, and Granger (1989) examined: (i) US/Japan exchange rate
1973-1987 (little evidence of neglected nonlinearity); (ii) 3-month US treasury
bill interest rate, monthly 1958-1987 (linearity rejected); (iii) US M2 money
stock, monthly, 1958-1987, (neural network, McLeod-Li, bispectrum, BDS
tests reject linearity; Keenan, Tsay, and information matrix tests do not
reject); (iv) US personal income, monthly 1958-1987 (linearity is rejected
except by the bispectral test); (v) US unemployment rate, monthly 1958-1987,
(neural network, Tsay, McLeod-Li, bispectrum, BDS reject linearity, the
others do not). All of the series were prewhitened by fitting AR models to first
differences of logs, except for unemployment and treasury bill rates where first
differences were directly applied to the data.

As well as testing macroeconomic time series for nonlinearities a number of
parametric models have been estimated. In the nonlinear time series literature
a number of parametric models have been suggested: bilinear, threshold
autoregression (TAR), smooth transition autoregression (STAR) exponential
autoregression (EXPAR) and doubly stochastic models. Tong (1990) contains
descriptions of each type of model. Bilinear models were the first to enter the
scene in economics with Granger and Anderson’s 1978 book and have seen
some limited applications (Maravall, 1983, for example). Threshold autoregres-
sions have been more recently applied with work by Ham and Sayers (1990) on
unemployment rates in the U.S., Cao and Tsay (1992) on volatility in financial
data, Potter (1990) on U.S. GNP. STAR and EXPAR models are extensively
analyzed in a book by Granger and Terésvirta (1992) and applied to O.E.C.D.
industrial production indices by Anderson and Terdsvirta (1991). Hamilton
(1989) estimates a doubly stochastic time series model on U.S. GNP that has
produced a number of other applications.

We concentrate on the threshold model for U.S. GNP from Potter (1991a) in
order to illustrate how nonlinear time series models can bring fresh life to old
debates in economics. The model is estimated on U.S. GNP from 1947 quarter
1 to 1990 quarter 4 and has the following restricted form:
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_ (—0.808+0.516Y,_, —0.946Y,_, + 0.352Y,_s + ¢, if Y,_,<0,
‘ 0.517 +0.299Y,_, +0.189Y, , — 0.143Y, .+, if ¥,_,>0,

(5.1)

where o} =1.5, 02 =0.763 and Y, =100 x log(GNP,/GNP,_,).

Potter (1990, 1991a) contain an extensive analysis of the model’s improved
performance against traditional linear Gaussian models. In particular the
recursive forecasting performance of the model in the 1980s is shown to be
superior to a range of univariate lincar models and multivariate linear models.
The nonlinear model is also evaluated against some simple linear non-Gaussian
models produced by exogenous regime changes such as switches in monetary
policy, oil price changes and the political business cycle. The conclusion
of this evaluation appears to be that the nonlinear model is picking up
more than deterministic or nonpredictable regime changes. More recent
work by Hansen (1991) provides statistically significant support for the
specification using techniques that take into account the nuisance parameter
problems.

The dynamics implied by the model are very different in an economically
important way from standard linear models. Following the work of Romer
(1986, for example) there has been a heated debate about the relative ‘stability’
of the post World War 1II U.S. economy compared to the pre World War II
U.S. economy. Romer argued that previous studies finding increased stability
in the post-war period were biased because of the methods used to construct
pre-war data. The debate has centered on various estimates of the volatility of
the U.S. economy, however, using the nonlinear model in (5.1) one can take a
completely different approach.

From 1929 to 1933 the U.S. economy suffered a contraction in size of one
third — the great depression. A decline unprecedented before or since. The
threshold model of post-war U.S. GNP has an intrinsic stabilizer — the AR(2)
coefficient in the first regime — that prevents such large declines from persist-
ing. Potter (1991a) illustrates this property by taking residuals from models
estimated on pre-1945 data and using them to propagate the post (1945)
economy as represented by the threshold model. It is found that although the
‘impulses’ produce a severe recession it is not as deep or as long-lived as the
actual great depression. However, if one performs the same experiment with
standard linear models fitted to post-war U.S. GNP then the depth and
longevity of the great depression is recreated almost exactly.'

The conclusion is that evidence consistent with nonlinearity in mac-
roeconomics is strong but evidence for low-dimensional deterministic chaos is
weak. An issue of burden of proof arises. Barnett and Hinich (1991) argue that
the burden of proof should rot be placed on low-dimensional chaos whereas

'* potter (1991b) discusses the use of impulse response functions for nonlinear time series and
defines a measure of persistence for nonlinear time series.
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we have taken the posture in this survey that other plausible alternatives must
be discarded with reasonable probability. Whatever one’s views are on this
issue, it appears that the evidence for nonlinearity may have helped start a
boom in the fitting of nonlinear parametric models to macroeconomic time
series data.

5.2. Finance

Versions of the efficient markets hypothesis suggest that asset returns (especial-
ly high frequency) should approximate a martingale difference sequence with
respect to publicly available information after correction for the opportunity
costs of funds and transactions costs. This suggests that the conditional mean of
asset returns should be near zero and difficult to forecast out of sample. This is
consistent with evidence. For example, the latest evidence due to Diebold and
Nason (1990) and Meese and Rose (1991) suggests that no nonlinear predic-
tion algorithm can do any better at out-of-sample prediction of asset returns
than the random walk. Therefore, the evidence consistent with chaos in studies
such as Scheinkman and LeBaron (1989), Frank and Stengos (1988), Mayfield
and Mizrach (1989), and others may be produced by nonpredictable non-
stationarity or some other structure which is difficult to predict out of sample
rather than chaos.

An interesting attempt to estimate the conditional probability distribution of
returns is Gallant, Hsieh, and Tauchen’s chapter in Barnett, Powell and
Tauchen (1991) (using a set of techniques described in Gallant and Tauchen,
1990). They show that the daily British pound/dollar exchange rate, January 2,
1974 to December 30, 1983 is ‘strongly conditionally heteroscedastic but cannot
be fit using standard methods of the autoregressive conditional heteroscedas-
ticity (ARCH) type’. They fit a ‘conditional mixture model with an autocorre-
lated mixing process’ which seems to do quite well.

It may be possible to improve nonlinear out-of-sample prediction by looking
for periods when such prediction is possible by clever choice of conditioning
information. To our knowledge LeBaron’s paper in Casdagli and Eubank
(1991) is the first to adduce evidence that such prediction may be possible by
using past volatility as well as past returns. LeBaron finds that periods
following relatively quiet episodes display more out-of-sample predictability
evidence than periods following relatively noisy episodes. Weigend, Huberman
and Rumelhart’s paper in Casdagli and Eubank (1991) gives related results for
returns on foreign exchange using neural net methods.

Brock, Lakonishok and LeBaron (1990) have shown using daily returns on
the Dow Jones index that popular technical trading rules appears to be useful
in locating periods of potential statistically significant out-of-sample predic-
tability when measured against the standard of random walk models driven by
innovations with parametric forms of heteroscedasticity such as GARCH
models. We emphasize that none of this evidence of out-of-sample predictabili-
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ty implies market inefficiency because transactions costs of trading, adequate
allowance for other sources of systematic risk, or correct adjustment for
time dependence of the price and quantity of systematic risk has not been
done.

However, it is well known that asset returns display structure in conditional
variance that appears to be predictable out of sample, at least to some degree.
The GARCH class of models and their off-shoots appear to do a quite good
job of parameterizing structure in conditional heteroscedasticity. The paper of
Bollerslev, Chou and Kroner (1992) gives an excellent guide to a huge
literature. However, more recently some investigators have been examining
whether the assumption of linearity in the conditional variance is appropriate
(e.g., Cao and Tsay, 1992).

Hsieh (1991) attempted to test for the possibility that neglected nonstation-
arity was driving the findings consistent with nonlinearity by observing the
pattern of rejections of linearity across frequencies. The pattern of rejections
appeared similar across frequencies down to 15 minute periods. Unless one
believes the probability structure of financial returns is changing every 15
minutes it seems safer to interpret the rejections as consistent with nonlineari-
ty. Hsich attempted to take out well-known nonstationarities before applying
his tests.

The conclusion on chaos for financial returns appears similar as that for
macro. The evidence for chaos is weak, evidence consistent with nonlinearity is
strong. After GARCH effects are accounted for the evidence for ‘remaining
structure’ is weakened. However, there still seems to be evidence consistent
with neglected nonlinearity although, in some cases, it may well be evidence of
neglected nonstationarity. Conditional forecasting work such as LeBaron’s
chapter in Casdagli and Eubank (1991) and the trading-rule-based specification
tests of Brock, Lakonishok, and LeBaron (1990) suggest that not all the
evidence consistent with nonlinearity is just a reflection of neglected non-
stationarity.

6. Summary and conclusions

This article has selectively surveyed some recent work in the vast and rapidly
growing area of nonlinear time series analysis. This survey concentrates on
work that the authors themselves have been doing, and, especially, concen-
trates on statistical testing procedures that are designed to have high ability to
detect chaos if it is present, but it also touches on related work. While the
activity which we reported has already experienced a lot of development in
over half a decade, we must warn the reader that many issues remain
unsettled. For that reason we have discussed many very recent works which are
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on-going so the reader may contact the researchers that are cited for the latest
results.
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Estimation, Inference and Forecasting of Time
Series Subject to Changes in Regime

James D. Hamilton

1. Introduction

Many economic and financial time series undergo episodes in which the
behavior of the series changes quite dramatically. Figure 1, taken from Town
(1990), displays the number of mergers of U.S. firms during 1895-1919.
Merger activity seems to have been influenced by very different factors at the
turn of the century than at other dates in the sample. Figure 2, taken from
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Fig. 1. Number of U.S. manufacturing and mining firms disappearing due to mergers, acquisition,
or consolidation, quarterly 1895-1919. Source: Town (1990).

231



232 J. D. Hamilton

-2.00 —

-2.25 4

-2.75

-3.00

-3.50

-3.75 — T T T T [ T T T T T T
78 79 80 81 82 83 84 85

Fig. 2. Log of the ratio of (a) the peso value of dollar-denominated bank accounts in Mexico to (b)
the peso value of peso-denominated bank accounts in Mexico, monthly 1978-1985. Source: Rogers
(1992).

Rogers (1992), records the prevalence in Mexico of bank accounts denomi-
nated in U.S. dollars. The Mexican government took strong steps to curtail the
use of such accounts in 1982, and this clearly has a significant effect on the
behavior of this series. Figure 3, taken from Hetzel (1990), plots the ratio of
total output to the money supply for the U.S. There was a persistent tendency
each year from the end of World War II until 1980 for the public to hold less
money relative to total spending; the trend of this series at other times seems
very different. Figure 4, taken from Hamilton (1988), displays the nominal
interest rate on U.S. treasury bills from 1962 to 1987. During 1979 to 1982, the
Federal Reserve experimented with a policy of permitting more variability and
a higher level of interest rates, and this policy experiment shows up clearly in
this series.

Such changes in regime are the rule rather than the exception in economic
and financial time series. Financial panics, wars, and major changes in policy
dramatically change the behavior of many economic indicators.

It can be a serious error to fit a constant-parameter, linear time series
representation across such episodes. Cecchetti, Lam and Mark (1990b) pro-
vided a compelling example of why. They fit a model allowing changes in
regime to a hundred years of data on the dividends paid on U.S. stocks. The
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Fig. 3. Velocity of U.S. M1 (ratio of nominal GNP to M1 measure of money supply), annual
1915-1988. Source: Hetzel (1990).

results suggested that in a typical year dividends could be expected to grow a
few percent faster than inflation. However, in several episodes over this
century, the economy experienced such a serious shock that dividends started
to fall by 35% per year. When they incorporated this feature of the data in a
prominent model of the stock market, they concluded that least squares
coefficient estimates and confidence intervals such as those in Fama and French
(1988) and Poterba and Summers (1988) provide a very unreliable small-
sample indication of the degree of serial correlation in stock returns. More-
over, if purchasers of stock seek to avoid risk, the small probability of large
changes will significantly affect the way stocks are valued. For these data,
accurate modeling of the time series properties led to a reversal of earlier
conclusions.

How could we model a sudden, dramatic change in the behavior of a time
series? Consider a Gaussian AR(1) process,

Vim =y —u)te, (1.1)
with g, ~ iid N(0, ¢”) and |¢| < 1. Suppose we believe that at some point in the

sample, the mean value around which this series clusters (u) changed from an
initial value w, to a new value w,.
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Fig. 4. Nominal interest rate on U.S. treasury bills, quarterly 1962-1987. Source: Hamilton
(1988).

This by itself is not a useful description of the data. If we do not know what
caused the change from u, to u,, we cannot forecast this series; if the constant
term has changed in the past, it is surely possible for it to change again in the
future. If we are not sure how to forecast the series, we cannot use this
description in any economic or financial model that tries to understand people’s
forward-looking behavior. And in the absence of an explicit probability law for
what governed the change from u, to u,, it is not clear what principle we
should use to estimate parameters — what event are we conditioning on if we
treat the change as deterministic, and how does this conditioning affect the
validity of the statistical inference?

For these reasons, it is desirable to model the probability law for changes in
regime. The threshold models in Tong (1983) describe the change as a
deterministic function of past realizations of y,; for example, if y,_; <0, then
the constant term for observation ¢ is taken to be u,, whereas when y,_, >0,
the constant term is u,.

This chapter maintains the alternative view in Hamilton (1989) that changes
in regime are the result of processes largely unrelated to past realizations of the
series and are not themselves directly observable. Consider, for example, an
unobserved state variable s, that takes on the values 1 or 2 according to a
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Markov chain:

pGs,=1|s,_,=1)=p,,, (1.2a)
pGs,=2|s,_,=1)=p,,, (1.2b)
pGs,=1|s,_,=2)=p,,, (1.2¢)
pis,=2|s,_,=2)=p,,, (1.2d)
with p,; + p;, =P, + P, = 1. We then model the data y, as being governed by
=)=y — ) *e, (1.3)

where u, represents u; when s, =1 and p, when s, = 2.
We can rewrite (1.3) as

(1_¢L)(yt_#‘st):8t 7 (14)
for Lx=x,_,. Applying (1—¢L)™" to both sides of (1.4) produces
Yi=w, 2,5 (1.5)

where z,=(1— ¢L) "¢, follows a Gaussian AR(1) process. The model (1.5)
might thus be viewed as an extension of the standard mixture of normals
distribution according to which

V=M g (1.6)

with s, an iid Bernoulli sequence. Expression (1.5) generalizes (1.6) by
modeling s, as a Markov chain as in Baum et al. (1970) and by replacing &, with
an autocorrelated Gaussian process. The process (1.3) could alternatively be
viewed as an application of the switching regression idea of Quandt (1958),
Goldfeld and Quandt (1973), and Cosslett and Lee (1985) to an autoregres-
sion. Closely related models have been explored by Sclove (1983) and
Tjgstheim (1986), though they did not discuss maximum likelihood estimation
of parameters.

Some might object that a change in regime should be represented as a
permanent change in the value of u, rather than the cycling back and forth
between states 1 and 2 that seems to be implicit in (1.2). However, the
specification (1.2) allows the possibility of a permanent change as a special case
if p,; =0. Alternatively, we could have p,, quite close to zero, with the
implication that in a sample of given size T we would likely see only a single
shift, though at some point in the future we should see a return to regime 1.
This second parameterization that some scientific appeal — if the stock market

! For a survey of mixture of normal distributions, see Titterington, Smith and Makov (1985).
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can crash once, it is surely possible that it could crash again. Any atheoretical
forecast is based on the assumption that the future will be like the past. The
past has not been exclusively characterized by ‘normal’ behavior, so it seems
unlikely that the future will be either.

Alternatively, by a change in regime we might have in mind an event such as
World War II, that appears once in our sample of 100 years for a fixed five-year
duration. The specification (1.2) could describe this episode by choosing p,,
and p,, such that a typical sample of size 100 would likely include only one
such episode. Again the implicit presumption is that given another 100 years of
data we may well see another such event.

The advantage of (1.2) is that it allows these possibilities along with many
others. By specifying the probability law rather than imposing particular dates
a priori, we allow the data to tell us the nature and incidence of significant
changes. Thus we view A= (¢, 07, 1, iy, Py1y» Pan) s a vector of population
parameters that .characterize the probability density p(y,, v,,..., ¥z A) of
the observed data. Our tasks are then to find the value of the parameter A that
best describes the data, form an inference about when the changes occurred,
and use these parameters and inference to forecast the series and test economic
hypotheses.

Note that the process defined by (1.2) and (1.3) with |¢|<1 and 0<p, <1
for i=1, 2 is covariance-stationary, and admits a Wold representation of the
form

y,=k+%¢/je,_]— (1.7)
iz

for e, a serially uncorrelated sequence. Although this representation exists, it
does not yield optimal forecasts of y,. While e, is uncorrelated with e,_; it is not
independent of e,_,, and indeed lagged values of e,_, can help forecast e,. The
optimal forecasts of y, are obtained by using the nonlinear formulas derived
below for forming an inference about s,.

Note also that we have modeled the shift in intercept as in equation (1.3)
rather than

yt—l"‘stz(nb(ytfl_l“(‘st)—l_st‘ (18)

The model (1.8) could of course be handled equally easily with the methods
described in this chapter. Models (1.3) and (1.8), however, imply very
different dynamic consequences of a shift in regime, and it is worth comment-
ing on this difference. Suppose that the process shifts from state 1 to state 2 at
date ¢ and stays there for j periods. According to specification (1.8), the value
of y,,.; will be (1+¢ + ¢°+ -+ ¢”)(m, — p,) units higher as a consequence
of the shift, whereas according to specification (1.3), the value of y,,; will be
(e, — ;) units higher for any j. Thus in (1.8), the consequences of the shift
accumulate over time in the same way as for a permanent shift in . By
contrast, the effect of a change in regime in (1.8) is immediate, is not tied
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down by the dynamic consequences of ¢, and is the same for all observations
from the new regime. Our anticipation is that the formulation (1.3) will
provide a more promising description of many economic and financial time
series.

We have so far confined the discussion of changes in regime to a simple
AR(1) process with two possible values of u. The general principles discussed
below readily generalize to vector autoregressive specifications in which the
intercepts, autoregressive coefficients, or variances may be functions of current
or lagged values of an unobserved state, in which there may be K rather than
two possible states, and where the probability law p(s,|s,_, ¥,—1s- - Yi_))
can depend on lagged y and not just s,_,. Such generalizations are in fact a
fairly trivial extension of the basic approach. These extensions face a practical
rather than theoretical restriction; if we only have a few observations on a
regime, we cannot reliably estimate a large number of parameters for it. Thus
most empirical applications have estimated scalar or small vector systems in
which the change in regime is confined to a few parameters and in which only a
few states for the Markov chain are allowed.

This chapter is organized as follows. Section 2 discusses statistical inference
for systems subject to changes in regime. For ease of exposition we describe
the example (1.2)—(1.3) in detail and then note how the approach readily
generalizes. Section 3 discusses maximum likelihood estimation and specifica-
tion testing, while Section 4 examines forecasting and rational-expectations
analysis of such processes. Section 5 presents some empirical applications.

2. Inferences about the unobserved state

2.1. Filter inferences

We will shortly describe a procedure for estimating the population parameters
A from the data. Let us now put this question on hold, and assume that we
already know the value of A. Suppose we are further given observed values
(¥15 ¥, -.,y,) generated from the process (1.2)-(1.3). What should we
conclude about the state the process is in at date ¢?

Since the state s, is not observed directly, our inference takes the form of a
probability

PG, =1y, Y1 5y A) . (2.1)

Note that this denotes the probability that the process was in state 1 at date ¢,
with the inference conditioned on data observed through that date
(¥ ¥—1>---»y;) and on a fixed value for the population parameter vector A.
To simplify notation, we hereafter suppress the role of A, though it is implicit
in all the following expressions. We now show how to calculate (2.1) through a
recursive filtering of the data.
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We begin with the unconditional probability of the date ¢ =1 state, given by
the well-known formula®

1-py»
plsi=1= (1-p)+ (A —-py)°

(2.2)

The joint unconditional probabilities for the ¢ = 1 and ¢ = 2 state are then found
from (1.2) to be

p(SZ?SI)zp(s:Z‘Sl)'p(sl) . (2.3)

The notation p(s,,s;) denotes one of four numbers, one for each possible
combination of s, and s,. For example,

_ 1-py,
p(s,=2,5,=2)=p,," A—p)+(A—py) (2.4)

The four numbers represented by (2.3) are each between zero and one and
sum to onec.
We further know the density of y, and y, conditional on s; and s,,

p(¥2 Y1 lsz, 51)

2 1 (y2— 32)
(2.5)

where (2 is the variance—covariance matrix of two successive draws from an
AR(1) process:

a=a-oil, ¢

For given numerical values of y, and y,, the expression p(y,, y,|$,,$,)
denotes four distinct numbers, one for each possible value of (s,,s,).
We can then calculate the joint probability-density of states and observations
by multiplying each element of (2.3) by the corresponding element of (2.5),
P(Y2s Y1552, 51) =P (V25 ¥1182,81) - P52, 51) - (2.6)

Again this expression denotes four distinct numbers. Note that the sum of
these numbers has the interpretation as the unconditional density of (y,, y;),

PDay) =2 2 p(¥2 V1,525, - (2.7)

s1=1s,=1

If we divide (2.6) by (2.7), we arrive at an inference about the first two

*See for example Hamilton (1989, p. 361).
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states, conditional on the data,

P(¥25 Y15 52,51)

(Y25 ¥1) (2.8)

P(Szysll)’za Y=

We can use this to obtain an inference just about the state for date 2, if we
wish. For example,
pGs,=1]y,,y)=ps,=1,5,=1 | Y25 y1)
+p(52=1,51=2|y2,y1)- (29)

Let % =(y,, ¥,_y,---,¥1) denote observations obtained through date 7. We
have seen how to calculate p(s,|%,) for t=2. We can use the same ideas as
above to calculate p(s,., | %¥,,,) from p(s,|¥,) for any ¢. In particular,

p(st+1’ S, | qyt) =p(st+1 lst7 @1) ' p(st i @1)
=p(5t+1|st)'p(sz|6‘yt) s (2-10)

where the last equality follows from the assumed independent Markov law for
s,. Next we form

P(Yi |St+1’ 5, Y,)

1
== =Ly~ — B~ )1 20)) (2.11)
and multiply (2.10) by (2.11),

P(Yist> S8 | ¥)
=p(yt+llst+17st7 @z)'p(stﬂvstlo‘yt) . (2'12)

Summing these four numbers yields

2 2
p(yt+1|@t)= 2 le(yt+1’st+1’st|@t)a (213)

Spr1=1ls=

while dividing (2.12) by (2.13) gives

ISR AN

P15 8| ¥e) = 2.14
s = ) (214
Summing over s, completes the date ¢ + 1 inference,
2
p(st+1|@t+l)= 2-:1 p(s,+1,s,]@,+1) . (2.15)

Proceeding recursively through the data in this fashion we can calculate
(2.15) for any ¢. Note that the output of this recursion is a probability that the
process was in regime 1 at any given date in the sample based on observations
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of y through that date. Again we emphasize that this recursion treated the
population parameters in A as known and fixed.

2.2. Smoothed inferences

Above we showed how to calculate p(s,|%,), a filter inference about the
current state based on currently available data. We now discuss how to
calculate p(s,| ¥;), a smoothed inference about the state at date ¢ based on
data available through some future date T.

Suppose we multiply (2.14) by p(s,,,|s,,1) and by p(¥,,5 |82 See1> Yer1)s

P(Yis2sSi225Si4158 I i+1)
= p(st+1’ S l O‘yzﬂ) . p(st+2|st+l) : p(yt+2 Ist+27st+l’ yr%l) - (2-16)

Dividing this by the density from (2.13) calculated for date ¢+ 2 then yields

P(Yii2>Si25 Sis1s tI 1)
. 2.17)
P(yt+2|6‘yt+1) (

(5142581415 t| 12) =

Summing over s, , we could then find

Pz Ya) = s O AR AL (2.18)

f+l

Continuing recursively in this fashion, given p(s,., s, s, | ¥,,;) we can calculate
p(st+]+17 tl t+]+1) fI'OI’l’l

t+]+1’ | +]+1)

E PGy 1) Pyl sin))

Si+jT

X p(yt+]+l ISt+]+1’ 1+j2 yt+])}/P(yt+]+1 l t+] (219)

When we reach p(sy,s,| %), we can calculate the full-sample smoothed
inference from

pis, | ¥p) = Z p(srs s, I Yr) . (2.20)

ST—

2.3. Generalizations

The approach above is quite simple to generalize. For example, consider an
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r-th order autoregression with a changing intercept and variance,

(y.— N“s,) =y — P’s,,l) t (2™ I-"s,_z) +
oy, —m, )to g (2.21)
with g ~iid N(0, 1) and with 5,=1,2, ..., K according to a K-state Markov

chain. To generalize the approach in Section 2.1 we need to calculate an
inference about the r most recent realizations of the state variable,

p(st’ st—l’ ctt st—r+1 ' JLyt) N (2'22)

Expression (2.22) denotes K’ separate values, one for each possible value of
(S,»8,—1>- - -»8,_,41), corresponding to the probability of that joint outcome
conditional on the observed data. Again these numbers will sum to one by
construction. To update this inference, we calculate

p(yt+17st+1’st7 A 7st——r+l | @t)
= p(YH-l ’st+17 Spre o5 Siri1s o‘yt) : P(Srﬂ Ist)

X p(snst-l’ SEIEL TR l o‘yt) > (223)
where
p(yt+1 |st+1’st7 R St*r+1’ g‘yr)
1 { -1
= €ex|
V2mo, P 2o )
+1 t+1
X [(.Yt+1 - l"'st+1) - ¢1(yt - Msr)
O ) GO P @29)
Then

K K K
p(yt+1|@t)= E 2 E p(yt+17st+17st7"'7st—r+1|0‘yt)

S;+1=1s,=1 Si—r+1=1
(2.25)
and the updated inference is
p(st—i-l’st’ o St—r+2 [ @t+l)
— EK: P(yt+17 Sev10Se o+ 58y | @t) (2 26)
Spepp1=1 p(yt+l I o‘yt) -

To start this iteration on (2.22)—(2.26), we require an initial value for (2.22):

PGS, S, 1y 58| ). (2.27)
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Consider first the unconditional probabilities
7= pls, =) - (228)

Assuming that the Markov chain is ergodic, these probabilities can be found
from the solutions to the following K + 1 equations:

W

]
-

pym=m forj=12,...,K, (2.29)

i

I

m=1. (2.30)

~
]
—

We can then calculate
p(sr’ sr*l’ e 7sl) zp(sr |Sr—1) : p(srfl lsr—Z) e p(sl) . (2’31)

To generalize the procedure described in Section 2.1, we would next
calculate

p(@r+1 |sr+17sr’ s 751) (2-32)

and from this evaluate (2.27). However, evaluation of (2.32) can be computa-
tionally involved, and a simpler strategy that promises to yield satisfactory
inferences is simply to replace (2.27) with (2.31) and then iterate on (2.22)-
(2.26).

From the value of (2.22) at step ¢ of this filter recursion we can easily
calculate an inference just about the state at date ¢,

K K K
p(srl@r): 2 2 2 p(st7st—17" '7St—r+1|6‘yt)' (233)

s,o1=18,,=1 Sp_pe1=1
Alternatively, an (r — 1)-lag smoothed estimate is also immediately available:
p(st—r+1 | J‘yr)

K K K
= 2 2 U 2 1p(st’st~1’ L reras] l o'yt) . (234)

sp=ls,_q=1 St—r+27

By carrying inferences about a larger number of lagged states through the
recursion, we can increase the lag of the smoothed inference immediately
available from the recursion without going to the full-sample smoother
described above.

The strategy is exactly the same for an r-th-order vector autoregression in n
variables y, with any subset of the parameters changing. We simply replace
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(2.24) with an expression such as

p(yt+l |St+17st’ AR 7st‘r+1’ @I)
:(ZTF)_”/ZI\QS |—1/2

t+1

x exp{ -3 [(yH—l - Ms,H) - 2 Aj,s,(yzﬂ—j - Ms,+1j):|

j=1

X ﬂstilli(yﬁrl - I"«s,H) _le Aj,s,(yz+1-j - I-Lstﬂ_j)]} .
(2.35)

It is also possible to incorporate discrete-valued indicators in the recursion as
in Cosslett and Lee (1985) and Kaminsky (1988). Suppose that we have
observations on a variable I, that is regarded as an imperfect indicator of the
regime and otherwise uncorrelated with y,,

pl,=ils,=j,¥)=gq, fori,j=1,2,...,K. (2.36)

For a perfect indicator, g; = 1. Returning to the r = 1 example of Section 2.1,
let $,=(,1,_,,...,1). Our recursion will then calculate p(s, | $,, %,), which
is updated as follows:

p(It+l7 yt+1’ St+1’ st 1 jt’ o'yt)

= p(It+l |st+1) : p(yt+1 |st+19sn yt) : p(sH-l 'St) : p(st | ]ﬁ O‘yt) >
(2.37)

p(IH—l’ yt+1 [fn @t)

K K
= z 2 p(lt+17 y,+1,S,+1,S,|-¢t, U‘yt) ’ (238)

Spp1=1s,=1

It+1’ yt+1’st+17st | yn @t)
p(IH-l’ yt+1 |‘¢t’ qyt)

o D
P(st+1 | jt+1’ @ﬁl) = 21 (239)

If we want to generalize the Markov chain assumption and allow the state
transitions to be influenced by previous realizations of the series, we can
replace p(s,,, =j|s,=i)= p; in (2.10) with some more general parametric
function p(s,,,|s,, %,) and the rest of the recursion would carry through
unchanged.
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3. Maximum likelihood estimation

3.1. Numerical maximization of the likelihood function

In the previous section we regarded the vector of population parameters
(A=(¢, 0°, uy, My Py1» Py) for the AR(1) example) as known. Given
observations on ¥,=(y,, y,_;,...,y;), we asked, where did the changes in
regime seem to occur? Notice that in the course of answering this question we
calculated the densities p(y,, y,; A) and p(y,.,| #¥,; A) as a natural byproduct
in equations (2.7) and (2.13). Thus with exactly the same set of calculations
used to form the inferences p(s, | %,; A) fort=1,2, ..., T and given A, we will
also know the value of the likelihood for that value of A:

T-1

P(Wzs ) =p(y,, y15 ) g P | Us A). (3.1)

We can thus find the maximum likelihood estimate of A by maximizing (3.1) by
numerical methods.” Where the procedure of Section 2.1 is followed, expres-
sion (3.1) gives the exact likelihood function. When (2.27) is replaced with
(2.31) as recommended in Section 2.3, the result is an approximation to the
conditional likelihood function p(¥,, Yz 1, - -« » You1| Vs Yoris - -+ Y13 A).

3.2. Analytic characterization of the score

Numerical optimization techniques typically make use of the gradient of (3.1).
Usually we frame the problem as maximization of the log of (3.1), in which
case the gradient is known as the score

dlog p(¥r; A)

o (3.2)

This can be calculated numerically, by examining what happens to the log of
(3.1) under small perturbations in A. Alternatively, it can be characterized
analytically, as we now discuss.

To do so, we introduce the notation ¥, =(s;,S7_1,...,5,) to denote the
full sample of realized states. This vector is not observed, and could take on
KT possible values. We reassure the reader that this vector never needs to be
calculated nor these K' probability assessed in order to implement the
formulas in this section. Rather, the theoretical construction of this full vector
is used solely to help facilitate the derivation of formulas that will subsequently
emerge. In this spirit, let the operator [ d¥; denote summation over all the K T

®See Judge et al. (1985) for an introduction to these techniques.
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possible values of %, for example,

K K K
fp(yTl@T)dyTz 2 2 2 p(sT’sT—l""rsll@T)::l'

sy=1sp_4=1 sy=1

(3.3)

The sample likelihood could then be thought of as

@i )= | p(@; | 91:0) p(ri p) 0%, (3.4

where we have decomposed the parameter vector A'=(8’, p') into those
parameters that describe the density of y conditional on states (#) and those
that describe the transition probabilities of states (p). For the AR(1) example,
we would have

T-1

(Y, l Fr; 0)=p(y,, Y1 'SZ’ 513 0) t_l_lz P(Yis1 'St+l7 5,Y50) - (3.5)

forrp(yz,yllszz,sl;ﬂ) given by (2.5), p(y,4,15,.1,5, y,;0) given by (2.11),
and 0 = (¢, ¢°, py, 1,)'. Also,

T—-1

(s 0)=p63;0) L G lsi ) (36)
i
where for K states we could parameterize

P =(Pi>Pi2>- -+ > Pig-1> P25 P22>+ -+ s P2agk—15- -+ » pK,K—l), (3.7)

with p,x =1—p, —p;, =+ - — P, x-1- Again we emphasize that we would not

want to try to calculate the likelihood from the formula (3.4); the number of

calculations described in (3.4) grows with K7 whereas the number of calcula-

tions for the algorithm described in the previous section grows linearly with 7.
From (3.4) the score with respect to 8 will take the form

dlog p(¥r; A)
a0

1 (¥ | Fr; 0)
ICEDY f Taa T p(%y; p) Ay

=f alOgP(@leﬂo) P(@ler;o)'l’(yﬁ p)
00 p(¥r; A)

zf 3 log p(¥; | %1; 0)
a0

4%,

p(Fr | Yy A)dSy (3.8)

Although in principle (3.8) involves summation over all the possible values of
#r, in practice log p(¥; | #;; @) can be broken down into the sum of terms
each of which just depends on a few elements of &,. For the AR(1) example
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we find on differentiating (3.5) that

d log p(¥, | Ir;0)

a0
_ 3108 p(¥s, ¥1155,51;0) Z ' 9log p(Yia1 1841550 315 0)
a0 “ 90
(3.9)
in which case (3.8) becomes
dlog p(¥r; A)
00
& < dlog p(y,y, y1155,5130)
= 2 E 2801 2 p(Sz’Sllqu; A)
s;=15y=1
dlog p(¥,:118,41:5,, ¥,;0)
+ 2 2 E g [+1(|?0t+1 t
t=2 st+1—1 =
X p(st+1’ St | O'yT; A) - (310)

Calculation of (3.10) requires only the smoothed probabilities p(s, . ,, 5, | ¥p; A)
for t=1,2,...,T—1 and simple differentiation of (2.5) and (2.11).

Similarly, the score with respect to the transition probabilities in p is given
by

dlog p(¥;A) [ dlog p(Fys
og p(¥r ):J gp(Tp)p(%!@T;A)dSPT 3.11)

ap ap
which from (3.6) becomes

d log p(¥r; A)

ap
K

dlog p(si; p
—2 ga 1 P)
s1=1 p

dlog p(s,.115: P)
b3S E POalSil) ). (3.12)

t=1 s,,(=1s,= P

p(s; | Yr; A)
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Thus recalling (3.7),

dlog p(¥r; ) <& alog plsy; p)
—_—_—= —Y—p(s, | ¥ ;A
R R et L
T—1
+ 21 pi;l-p(st+1=j,st=i|qu; A)
-1

T
= 2 P PO =K, =15 A) (3.13)

fori=1,2,...,K, j=1,2,...,K—1.

3.3. Finding maximum likelihood estimates using the EM algorithm

The EM algorithm of Dempster, Laird and Rubin (1977) is very convenient for
maximum likelihood estimation of parameters of these models.* This algorithm
begins with an arbitrary initial guess of the parameter vector (denoted A™)
and then generates a sequence of improved guesses (A‘", A® ) each one
of which increases the value of the likelihood function, with the sequence
converging to a local maximum of the likelihood function.

Given an initial estimate A", the EM improved estimate AY"" is the value
that satisfies

J dlog p(¥,, Fp; AUTY)

AT P71 %5 A0) dF7=0. (3.14)

For example, consider an autoregression or switching regression in which all of
the parameters save the variance change with the state:

1 2 2
p(yt|st7 @t—l;o) = \/2_'1T0' exp{_(yt_xltﬂst) /(20- )} s (315)

where, say, x,= (1, ¥,_1, ¥,_2» - - - » ¥,_,)'- Expression (3.14) is then particular-
ly simple to implement if we use the likelihood conditional on the first
observations and treat the probability of the initial states as parameters to be
estimated separately from p. In this case we have

log p(¥y, F1; A)
=—[(T —r)/2]log 27 — [(T — r)/2] log o

T T
- 2 (0 mEB)IQ0N+ 2 logpGilsoie) . (316)

*This discussion is based on Hamilton (1990).
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In this case expression (3.14) produces

T
> Iy, — BV, ps, =i | ¥ ADY=0 fori=1,2,...,K,

t=r+1

(3.17)
T K ~

@l F = 3 X Go=xiB 0 56, =11 9:40),
(3.18)

2 5T pG= s =119 AY)

I+1) _ s B o)
) P P17 pls, =K, s,y =i| ¥ AD) (3.19)

t=r+1

for i=1,2,...,K and j=1,2,...,K—1. After some rearranging (3.19)
becomes

T
E p(st :j> $1 7 L I @T; A(l))
[pl(]l-ﬁ-l)] t= r+1 (320)
2 P,y =i Yp; )‘(l))
t=r+1
fori,j=1,2,...,K
Thus to implement a step of the EM algorithm for this example, we use the
initial estimate A"’ to form the smoothed probabilities p(s, | ¥,; A"). We then

do an OLS regression of yt)iEyt-\/;(st=i|@T; A on X, =x,-

\/p(s,=i|@T;)L(1)). The resulting OLS coefficient estimate ﬁf.l”) satisfies
(3.17), and performing i=1,2,...,K such OLS regressions generates

e gyrv ﬁ%H) The average squared residual across these K regres-
sions gives the estimate [c“*")? satisfying (3.18). Our new estimate of the
transition probability p(”l) is from (3.20) the imputed fraction of times that
state { was followed by state j. Thus by zig-zagging back and forth between
calculating smoothed probabilities and OLS regressions, we can find the
maximum likelihood estimates of A. For other examples of using the EM
algorithm, see Hamilton (1990).

EM estimation will produce the identical value A as numerical maximization
of (3.1). Which algorithm we choose is simply a matter of convenience. The
EM algorithm has the advantage of being robust with respect to poorly chosen
starting values and convex portions of the likelihood surface. Phillips (1989)
argued that the EM algorithm could be well-approximated by using m-lag
smoothed probabilities p(s,|¥,,,) in place of the full-sample smoothed
inference p(s,| ¥;).

m
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3.4. Specification testing

Many useful tests of specification can be constructed from the conditional
score of the ¢-th observation, defined as

dlo JA
h(A)= gp(ya‘)l St (3.21)

This is related to the full-sample score by

a—l"ig%i)‘—) - }_T) h(A). (3.22)

For example, for the switching-regression specification (3.15) we have

dlog p(y, | ¥, 15 A)
B;

[y, —x:Blx, ps, =] ¥,

1
P

1 t—1 . ]
t3 ;lly,—x;ﬁile-[p(s,=zl@t; N =pls, =il ¥
(3.23)

The score for date ¢ is a simple function of how the datum of date ¢ causes us to
change our inference about s_ for 7 <¢.

One use of the conditional scores is to form an estimate of the information
matrix as in Berndt et al. (1974),

T

-7 2 (LI (324)
t=

which could be compared with an estimate based on numerical second
derivatives,

o —1 % log p(¥y; A)

S = T AN (3.25)

and used to infer the asymptotic variance—covariance matrix of the maximum
likelihood estimate A,

A=N(A,, (1/T)- 71 (3.26)

All of the asymptotic tests proposed in this subsection assume regularity
conditions are satisfied, which to our knowledge have not yet been formally
verified for this class of models. Certainly at corner solutions (e.g., p,; =0 as
may well occur in practice), the asymptotic distributions will not be correct,
and the best recourse is probably to impose the values of the corner parameters
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a priori and calculate the score with respect to the remaining free parameters
as in Hassett (1990).

The scores can also be used for Lagrange multiplier tests.” These are based
on the principle that, when evaluated at the true value A, the scores should
have mean zero:

E(h,(A)=0. (3.27)

It all of the elements of A are estimated by maximum likelihood, the score
evaluated at A will have sample mean zero by construction,

d log p(¥r; A)
0A

= ZT‘, h(A)=0. (3.28)

A=

If instead a subset of m elements of A are imposed a priori and we find the
maximum likelihood estimate A subject to this constraint, then

r. [% > h,(;z)] [% > [h,(X)][h,(X)]’] 7 [iT 3 hm] ~x*m).
(3.29)

I3

The last m elements of A might correspond to variables or complications that
have been left out of the model, in which case A would consist of a vector of m
zeros appended after the maximum likelihood estimate of the parameter vector
for the simpler model. The score h,(A) is often easy to find. For example,
suppose some variables z, may have been omitted from the switching regres-
sion model (3.15),

1
p(yt|st7 O‘yt—]’zt;o) = \/2_“_0_ CXP{_ (yt_x; s,_zlzs)z/(za'z)} .
(3.30)

We can estimate the parameters under the null that 6 =0 in the manner
described earlier. The score with respect to 8 (evaluated at 8 = 0) turns out to
be

dlog p(¥Ur | %r; A)
96

T

K
= 2 2Bz, pls,=i| U AD) . (3.31)

r=r+li=1

Thus the score is found by taking the average product of the omitted variables
z, with the residual under regime i, [y, —x.B ¢+D] and multiplying by the
probability that date s observation came from regime i. By comparing this
average product with its square, we can test whether it is far enough from zero

*For an introduction to these tests see Breusch and Pagan (1980), Engle (1984), or Godfrey
(1988).
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to warrant rejection of the null hypothesis and cause us to conclude that the
model is misspecified. Similar Lagrange multiplier tests for omitted autocorre-
lation or conditional heteroskedasticity are also easy to calculate from the
smoothed probabilities of a model estimated without any of these features (see
Hamilton, 1991b).

The conditional scores can also be used to implement a specification test
suggested by White (1987). If the model is correctly specified, the scores should
be serially uncorrelated. Tests based on this principle can be used to detect
omitted autocorrelation, conditional heteroskedasticity, or departures from the
assumed Markovian dynamics of state variable (again see Hamilton, 1991b).

One of the most basic hypotheses that we would like to test concerns the
number of states; for example, we would like to test the null hypothesis of one
state against the alternative that there are two states. We could represent this
hypothesis in the AR(1) example (1.3) as the claim that u, =pu,. Unfor-
tunately, under this null hypothesis the parameters p,, and p,, are unidentified,
and the information matrix is singular under the nuil. The standard regularity
conditions fail to apply. Davies (1977) and Hansen (1991) developed the
appropriate principles for testing in such situations, though these techniques
are computationally demanding. Cecchetti, Lam and Mark (1990b) used Monte
Carlo methods to analyze the distribution of the likelihood ratio statistic for a
regime-switching model. Alternatively, if the standard deviation of ¢, in (1.3) is
also a function of the state o, , then the parameters p,, and p,, could still be
identified under the null hypothesis that u, = u, through the time-dependent
structure of the variance. For this view, we could test the null that u, = u,
without running into this problem, as in Engel and Hamilton (1990). Other
tests are discussed in Hamilton (1990) and Cecchetti, Lam and Mark (1990b).

3.5. Bayesian priors

There is no natural conjugate prior for this class of models. One very simple
approach is to add the log of a prior distribution to the sample log likelihood
(3.1). Maximizing the resulting function gives the posterior mode.

For example, consider univariate data drawn from one of K normal
distributions,

y,|s,=k~N(u,,o2) fork=1,2,...,K, (3.32)

with s, following a K-state Markov chain. Suppose we have independent
normal-gamma priors for the parameters w, and o ’,

Mkla-i~N(mk70-12c/V) (3.33)

0" ~T(ay, Be) - (3.34)
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. 2 <.
Then we might choose w, and o; so as to maximize

K K
log p(¥y; ) = 2 (@,/2)log o = 2. by/(207)
K
= 2 el —m)1(20)), (3.35)

where a, =2a, -1, b, =2f,, and ¢, =y, The resulting Bayesian estimates
satisfy

T
cmy + 21 pls, =k l Yr; Ay,
=

K = ) (3.36)

] T
Ck+t=§:1 p(st=k|qu;A)

T
b, + 2 p(s,=k | Yrs My, — Mk)z + ¢ (my — Mk)z
ol = = 7 . (3.37)
ak+2 P(SzzquyT;A)
=1

These estimates can be found from the same EM algorithm described for
equations (3.17)—(3.20). If a, =c,, we are basically treating the prior as if
equivalent to a, observations drawn from regime k with sample mean given by
m, and sample variance given by b,/a,. See Hamilton (1991a) for more details.

4. Forecasting and rational-expectations econometrics

4.1. Forecasting

An attractive feature of Markov chains is the simplicity of the forecasts they
generate. Collect the transition probabilities in a (K X K) matrix:

Puu P °° Pix
p= p:21 P:22 Tt P?K (4.1)
Pki Px2 ~°° Pkk

The row i, column j element of P gives the probability that the process will be
in state j at date ¢+ 1 given that it currently is in state i. The probability that
the process will be in state j at date ¢ + m given that it is currently in state 7 is
given by the row i, column j element of P”.

If we summarize our current inference about the state with a (1 X K) vector

’

a,,

a,=[p(s,=11%) p6s,=2]%) - pG=K|¥)], (4.2)



Estimation, inference and forecasting 253

then the forecast probabilities for the states at date ¢+ m are given by

[p(st+m=1|@’t) p(st+m:2l@t) p(sHm:Kl@t)]:a;Pm.
(4.3)

For a K =2 state system, this has the particularly simple form
PGim =1 Y)=m +(-1+p; +p,)" [p6s, =1 ¥)—m], (4.4)
where 7 = (1= py,)/[(1 = pyy) + (1= pp)l
To forecast the value of y,,,,, we first calculate a forecast conditional on

&, =(s,,8,_;,---,5), and then use the filter to form an optimal inference
about %,

EQyon| 9) = [ B |9 20| 9) 0. (45)
For example, for the AR(1) process written as in (1.5), we have
E(Yiim| ¥ $)=Em,,, | ¥, L)+ Bz | ¥, F) - (4.6)

But from (4.3),

E(/'LsHm , @n ‘%) = [61(St) 52(st) e aK(st)]
P11 Pz 7 Pix || Ha
o e ] ] @)
Px1 Px2 " Pkk Mg

where §(s,) =1 if s,=i and zero otherwise. Similarly, since z, =y, — p, we
have for ,=(z,,z,_,,...,2,) that

Bz ¥y F) =E@um | Z) =72, =" (v, — 1) - (4.8)
Substituting (4.6)—(4.8) into (4.5) we find

E(yt+m ' o‘yt) = a;PmM' + ¢m(yz - a:‘l") > (49)
where p = (uy, ty, - . ., ix)'. The expected present value of the series is given

by

mE B"E(Y,., | ¥)=a,ll - BP] 'p +[1/(1 - ¢B)lly, —a,p].
(4.10)

For more details on forecasting see Tj@stheim (1986) and Hamilton (1988,
1989).
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4.2. Rational-expectations analysis

Many theories in economics and finance assume that people’s forecasts of one
series have an effect on another series. It is often of interest to estimate such
models under the hypothesis of rational expectations, which is the view that
people use all the information available to them in the statistically optimal way.
Consider the following example, taken from Engel and Hamilton (1990).Let
e, denote the log of the number of dollars required to purchase a German
mark. Let i, denote the interest rate (in dollars) earned from a U.S.
investment, and i¥ denote the interest rate (in marks) available on a German
investment. Then a popular model of the exchange rate holds that

= T + E[(et+1 - et) | ‘Qt] +u,. (4'11)

Here (2, denotes information available to traders in the foreign exchange
market at date ¢ and u, ~ N(0, o) is a disturbance term that reflects measure-
ment and specification error. Equation (4.11) claims that if traders believe that
the value of the mark is going to rise (E[(e,., —¢,)| 2,]>0), then they would
be willing to invest in the German asset even if it offers a lower rate of return
than the U.S. asset (i* <i,). This is because by investing in the German asset,
they will also enjoy a capital gain when the mark appreciates against the dollar.

The Markov-switching models are very convenient for such rational-expecta-
tions applications. We can make either of two assumptions about {2, the
information that people have available. One assumption is that the people in
the economy, unlike the econometrician, know the true value of s, at date ¢.
The second assumption is that people in the economy must form an inference
about s, in the same manner as the econometrician. We discuss each of these
spemﬁcatlons in turn.

4.3. The case when people know the true value of s,

Suppose that the exchange rate itself follows a two-state regime-switching
process,

€, T T My, e, (4.12)

with &, ~N(0, o2). If foreign exchange speculators know the true value of s, at
date ¢, then from (4.7) they would forecast

E[(et+1 - et) |St = 1] = MP1u + HaD 12 (413)
whenever the current state is 1, whereas they would forecast

E[(e..; —e,) |s = WP T WPy (4.14)

whenever the current state is 2. Substituting (4.13) and (4.14) into (4.11), we
find

i—it=a, +u,, (4.15)

r
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where
Q= Py T WP, (4.16)
= WPy + oDy (4.17)

Equations (4.12) and (4.15) thus imply that the vector [(e, —e,_,)(i, —i%)]’
obeys the following regime-switching process:

[(e’._e.‘;l)] ~N<[“l], [Ug % ]) whens, =1, (4.18)

(lt _lt ) al O-su o

[6’.— e’,;l)} ~N<[“Z}, [Gz 7 ]) when s, =2, (4.19)
(lt - lt ) aZ a-eu o

The likelihood for the vector [(e, —e,_;)(i, —i%)]’ thus can be evaluated in the
manner described in Section 3.1, and maximized while imposing the rational-
expectations restrictions (4.16)—(4.17). For more on this approach, see Engel
and Hamilton (1990).

SR

®Nop

4.4. The case when people do not know the true value of s,

Alternatively, suppose that speculators’ information consists only of observa-
tions on exchange rates:

‘Qt = {et T 1561 €p, .- } = O‘yt . (420)
In this case their forecast will be given by
El(e,. —e)[2]=a,-pls,=1|¥) + o, p(s, =2|¥) (4.21)

for o, and a, given by (4.16) and (4.17) and p(s,| ¥,) the outcome of the filter
described in Section 2.1. If o, =0 we then have from (4.11) that

L 1 ..
p(lt_ltlgt): \/2_’Tr0' exp{—[lt—l’f—al-p(s,=1[@,)
—a, pls,=2|¥)/(207)}y .  (4.22)

Note well the notation — p(s, = 1| %,) is not a function of the state, but rather is
a function of current and lagged exchange rates. If we have gone through the
recursion for forming inference described in Section 2.1, we have calculated
this function. We also saw how to calculate p(e, — e,_, | %,_,) through this same
recursion. The product of p(e, —e,_, | ¥,_,) with (4.22) then gives the joint
likelihood p[(i, — i*), (e, — e,_,) | %,_,], the sum of whose logs for all # is then to
be maximized with respect to p;, u;, o?, and o’. For more details see
Hamilton (1988).

Other rational-expectations applications of time-series switching models
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include Cecchetti, Lam and Mark (1990a,b), Kaminsky (1988), and Turner,
Startz and Nelson (1989).

5. Applications

This section reviews some of the results obtained from fitting such regime-
switching models to various economic and financial time series.

The bottom panel of Figure 5 plots the quarterly percent change in U.S. real
GNP from 1953 to 1984. Hamilton (1989) fit a fourth-order autoregression with
intercept switching between two states as in (2.21) but with constant variance
to these data, resulting in the following maximum likelihood estimates:

(1—0.014L +0.058L> + 0.247L> + 0.213L*)(y, — . ) = ¢, ,
e,~N(0,0.591),

w, =1.164, m, = —0.358 ,
P =0.905, Doy =0.755 . (5.1)
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Thus state 1 is typically characterized by rising GNP and state 2 by falling
GNP, with state 1 expected to persist for 1/(1 — p,;) = 11 quarters on average
and state 2 for 1/(1 - p,,) =4 quarters.

The top panel of Figure 5 plots the inference p(s, = 2| ¥,; A) associated with
these maximum likelihood estimates. Evidently the falling GNP state was
entered seven times over this sample period. Also plotted as vertical lines in
Figure 5 are the starting and ending dates of economic recessions as de-
termined by the National Bureau of Economic Research (NBER). These
determinations are based on a good deal of evidence besides the behavior of
GNP, and these values were not used in the econometric estimation. It is
interesting that the atheoretical regime-switching approach comes up with
essentially the same dating as NBER. This provides support for viewing
economic recessions as episodes with clearly different dynamic behavior from
expansions.

Other researchers have extended this characterization of output fluctuations.
If we let y, denote the log of the level of GNP, the growth rates in Figure 5
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Fig. 6. Panel A: Probability that economy is in high interest rate, high volatility state. Panel B:
Nominal interest rate on 3-month U.S. treasury bills, quarterly 1962-1987. Source: Hamilton
(1988).
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represent y, = (1 — L)¥,. The specification (5.1) thus assumed that

Fo=yot+ 2 om +Z, (5.2)
with
t
5=z, (5.3)
T=1

and z, a stationary Gaussian AR(p) process; that is, Z, is nonstationary with a
unit root. Lam (1991) generalized this specification to allow Z, to be stationary.
Thus in Lam’s model §, is stationary around an occasionally shifting trend.
Lam’s estimates again identify these shifts as occurring during severe reces-
sions.

Phillips (1991) fit a bivariate switching model to growth rates in different
countries, to see how recessions in one country interacted with those in
another. Hassett (1990) studied real wages and output in a bivariate system to
study the effects of the business cycle on wages. Cecchetti, Lam and Mark
(1990b) found regime switches associated with severe economic downturns in
century-long studies of consumption, output, and dividends.

In other samples, the switch in regime can be associated with one extreme
episode. Figure 6 reports the results of estimating process (2.21) with K =2 to
the quarterly nominal interest rate on U.S. treasury bills. The bottom panel
gives the raw data (quoted here at a quarterly rate), while the top panel plots
p(s,=2|%). The second regime is characterized by much higher levels and
volatility of interest rates. The vertical lines are drawn at the dates 1979:1V and
1982:1V, during which episode the U.S. Federal Reserve experimented with a
policy of permitting higher interest rates and greater variability in an effort to
curb the rate of monetary growth. Again, the institutional knowledge of these
dates was not used in the estimation procedure, though it is very interesting
that the atheoretical inference matches so closely with the known historical
dates of the policy change. Garcia and Perron (1989) have explored a three-
state description of interest rates adjusted for inflation.

Other applications of this approach include studies of financial panics (Pagan
and Schwert, 1990; Schwert, 1989, 1990), corporate mergers (Town, 1990, and
exchange rates (Engel and Hamilton, 1990; Kaminsky, 1988).

Acknowledgment

I am grateful to Gongpil Choi and Sang-Ho Nam for helpful comments, to
Robert Hetzel, John Rogers, and Robert Town for graciously providing me
with their data, and to the National Science Foundation for support through
grant number SES-8920752.



Estimation, inference and forecasting 259

References

Baum, L. E., T. Petrie, G. Soules and N. Weiss (1970). A maximization technique occurring in the
statistical analysis of probabilistic functions of Markov chains. Ann. Math. Statist. 41, 164-171.

Berndt, E. K., B. H. Hall, R. E. Hall and J. A. Hausman (1974). Estimation and inference in
nonlinear structural models. Ann. Econ. Social Measurement 3/4, 653—665.

Breusch, T. S. and A. R. Pagan (1980). The Lagrange multiplier test and its applications to model
specification in econometrics. Rev. Econ. Stud. 47, 239-254.

Cecchetti, S. G., P. Lam and N. C. Mark (1990a). Evaluating empirical tests of asset pricing
models: Alternative interpretations. Amer. Econ. Rev. 80, 48-51.

Cecchetti, S. G., P. Lam and N. C. Mark (1990b). Mean reversion in equilibrium asset prices.
Amer. Econ. Rev. 80, 398—418.

Cosslett, S. R. and L. Lee (1985). Serial correlation in discrete variable models. J. Econometrics
27, 79-97.

Davies, R. B. (1977). Hypothesis testing when a nuisance parameter is present only under the
alternative. Biometrika 64, 247-254.

Dempster, A. P., N. M. Laird and D. B. Rubin (1977). Maximum likelihood estimation from
incomplete data via the EM algorithm. J. Roy. Statist. Soc. Ser. B 39, 1-38.

Engel, C. M. and J. D. Hamilton (1990). Long swings in the dollar: Are they in the data and do
markets know it? Amer. Econ. Rev. 80, 689-713.

Engle, R. F. (1984). Wald, likelihood ratio, and Lagrange multiplier tests in econometrics. In: Z.
Griliches and M. D. Intriligator, eds. North-Holland, Amsterdam, 775-826.

Fama, E. F. and K. R. French (1988). Permanent and temporary components of stock prices. J.
Politic. Econ. 96, 246-273.

Garcia, R. and P. Perron (1989). An analysis of the real interest rate under regime shifts.
Mimneographed, Princeton University.

Godfrey, L. G. (1988). Misspecification Tests in Econometrics. Econometric Society Monographs,
Vol. 16. Cambridge Univ. Press, Cambridge, England.

Goldfeld, S. M. and R. M. Quandt (1973). A Markov model for switching regressions. J.
Econometrics 1, 3-16.

Hamilton, J. D. (1988). Rational-expectations econometric analysis of changes in regime: An
investigation of the term structure of interest rates. J. Econ. Dynamic Control 12, 385-423.
Hamilton, J. D. (1989). A new approach to the economic analysis of nonstationary time series and

the business cycle. Econometrica 57, 357-384.

Hamilton, J. D. (1990). Analysis of time series subject to changes in regime. J. Econometrics 45,
39-70. .

Hamilton, J. D. (1991a). A quasi-Bayesian approach to estimating parameters for mixtures of
normal distributions. J. Business Econ. Statistic. 9, 27-39.

Hamilton, J. D. (1991b). Specification testing in Markov-switching time series models. Mimeog-
raphed, University of Virginia.

Hansen, B. E. (1991). Inference when a nuisance parameter is not identified under the null
hypothesis. Mimeographed, Rochester University.

Hassett, K. (1990). Markov switching and the changing cyclicality of the aggregate real wage.
Mimeographed, Columbia University.

Hetzel, R. (1990). A critical appraisal of the empirical generalizations of Milton Friedman and
Anna Schwartz on the behavior of the demand for money. Mimeographed, Federal Reserve
Bank of Richmond.

Judge, G. G., W. E. Griffiths, R. C. Hill, H. Lutkepohl and T. Lee (1985). Numerical
optimization methods. In: The Theory and Practice of Econometrics. 2nd ed., Wiley, New York,
Appendix B, 951-969.

Kaminsky, G. (1988). The peso problem and the behavior of the exchange rate: The dollar/pound
exchange rate, 1976-1987. Mimeographed, University of California, San Diego, CA.

Lam, P. (1990). The Hamilton model with a general autoregressive component: Estimation and
comparison with other models of economic time series. J. Monetary Econ. 26, 409-432.



260 J. D. Hamilton

Pagan, A. R. and G. W. Schwert (1990). Alternative models for conditional stock volatility. J.
Econometrics 45, 267-290.

Phillips, K. L. (1989). Full-sample versus long-lag inferences in markov-switching time-series
models. Mimeographed, University of Rochester.

Phillips, K. L. (1991). A two-country model of stochastic output with changes in regime. J.
Internat. Econ. 31, 121-142.

Poterba, J. M. and L. H. Summers (1988). Mean reversion in stock prices: Evidence and
implications. J. Financ. Econ. 22, 27-59.

Quandt, R. E. (1958). The estimation of parameters of a linear regression system obeying two
separate regimes. J. Amer. Statist. Assoc. 55, 873-880.

Rogers, J. H. (1992). The currency substitution hypothesis and relative money demand in Mexico
and Canada. J. Money, Credit and Banking 24, 300-318.

Sclove, S. L. (1983). Time-series segmentation: A model and a method. Inform. Sci. 29, 7-25.

Schwert, G. W. (1989). Business cycles, financial crises, and stock volatility. In: K. Brunner and A.
H. Meltzer, eds., IMF Policy Advice, Market Volatility, Commodity Price Rules, and Other
Essays, Carnegie—Rochester Conf. Ser. on Public Policy, Vol. 31. North-Holland, Amsterdam,
83-125.

Schwert, G. W. (1990). Stock volatility and the crash of ’87. Rev. Financ. Stud. 3, 77-102.

Titterington, D. M., A. F. M. Smith and U. E. Makov (1985). Statistical Analysis of Finite Mixture
Distributions. Wiley, New York.

Tjsstheim, D. (1986). Some doubly stochastic time series models. J. Time Ser. Anal. 7, 51-72.

Tong, H. (1983). Threshold Models in Non-linear Time Series Analysis. Springer, New York.

Town, R. J. (1990). Merger waves and the stracture of merger and acquisition time series.
Mimeographed, United States Justice Department.

Turner, C. M., R. Startz and C. R. Nelson (1989). A Markov model of heteroskedasticity, risk,
and learning in the stock market. J. Financ. Econ. 25, 3-22.

White, H. (1987). Specification testing in dynamic models. In: T. F. Bewley, ed., Advances in
Econometrics, 5th World Congress, Vol. 2. Cambridge Univ. Press, Cambridge, England.



G. S. Maddala, C. R. Rao and H. D. Vinod, eds., Handbook of Statistics, Vol. 11
© 1993 Elsevier Science Publishers B.V. All rights reserved. 10

Structural Time Series Models

Andrew C. Harvey and Neil Shephard

1. Introduction

A structural time series model is one which is set up in terms of components
which have a direct interpretation. Thus, for example, we may consider the
classical decomposition in which a series is seen as the sum of trend, seasonal
and irregular components. A model could be formulated as a regression with
explanatory variables consisting of a time trend and a set of seasonal dummies.
Typically, this would be inadequate. The necessary flexibility may be achieved
by letting the regression coefficients change over time. A similar treatment may
be accorded to other components such as cycles. The principal univariate
structural time series models are therefore nothing more than regression models
in which the explanatory variables are functions of time and the parameters are
time-varying. Given this interpretation, the addition of observable explanatory
variables is a natural extension as is the construction of multivariate models.
Furthermore, the use of a regression framework opens the way to a unified
model selection methodology for econometric and time series models.

The key to handling structural time series models is the state space form with
the state of the system representing the various unobserved components such
as trends and seasonals. The estimate of the unobservable state can be updated
by means of a filtering procedure as new observations become available.
Predictions are made by extrapolating these estimated components into the
future, while smoothing algorithms give the best estimate of the state at any
point within the sample. A structural model can therefore not only provide
forecasts, but can also, through estimates of the components, present a set of
stylised facts; see the discussion in Harvey and Jaeger (1991).

A thorough discussion of the methodological and technical ideas underlying
structural time series models is contained in the monographs by Harvey (1989)
and West and Harrison (1989), the latter adopting a Bayesian perspective.
Since then there have been a number of technical developments and applica-
tions to new situations. One of the purposes of the present article is to describe
these new results.
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1.1. Statistical formulation

A structural time series model for quarterly observations might consist of
trend, cycle, seasonal and irregular components. Thus

yt=l'l‘t+l/jt+’yt+8t5 t=1""7T’ (11)

where p, is the trend, i, is the cycle, v, is the seasonal and ¢, is the irregular.
All four components are stochastic and the disturbances driving them are
mutually uncorrelated. The trend, seasonal and cycle are all derived from
deterministic functions of time, and reduce to these functions as limiting cases.
The irregular is white noise.

The deterministic linear trend is

n=at+pt. (1.2)
Since p, may be obtained recursively from
”‘tzf"‘t—l—‘_B > (13)

with p, = o, continuity may be preserved by introducing stochastic terms as
follows:

P«zzﬂr—1+3t~1+‘m, (143)
Bt=B1—1+{[’ (14b)

where 7, and ¢, are mutually uncorrelated white noise disturbances with zero
means and variances, af, and o-? respectively. The effect of 7, is to allow the
level of the trend to shift up and down, while £, allows the slope to change. The
larger the variances, the greater the stochastic movements in the trend. If
o-f, = a-? =0, (1.4) collapses to (1.2) showing that the deterministic trend is a
limiting case.

Let ¢, be a cyclical function of time with frequency A_, which is measured in
radians. The period of the cycle, which is the time taken to go through its
complete sequence of values, is 2mw/A.. A cycle can be expressed as a mixture of
sine and cosine waves, depending on two parameters, a and . Thus

Y,=acosAt+ BsinAs, (1.5)

where (o’ + B%)"'? is the amplitude and tan '(B/a) is the phase. Like the
linear trend, the cycle can be built up recursively, leading to the stochastic

model
A cos A, sinA\ /¢, K,
() = (S5 i) () (&) 6

where k, and «* are mutually uncorrelated with a common variance, o>, and p
is a damping factor, such that 0 <<p =< 1. The model is stationary if p is strictly
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less than one, and if A, is equal to 0 or m it reduces to a first-order
autoregressive process.

A model of deterministic seasonality has the seasonal effects summing to
zero over a year. The seasonal effects can be allowed to change over time by
letting their sum over the previous year be equal to a random disturbance term
w,, with mean zero and variance o Thus, if s is the number of season in the
year,

s—1

s—1
%y,_]:w, or 7,=—21 Y- T o (1.7)
7= =

An alternative way of allowing seasonal dummy variables to change over
time is to suppose that each season evolves as a random walk but that, at any
particular point in time, the seasonal components, and hence the disturbances,
sum to zero. This model was introduced by Harrison and Stevens (1976, p.

217-218).
A seasonal pattern can also be modelled by a set of trigonometric terms at
the seasonal frequencies, A, =2mj/s, j=1,...,[s/2], where [s/2] is s/2 if 5 is

even and (s —1)/2 if s is odd. The seasonal effect at time ¢ is then

[s/2]

v =2 (y;cos At +y[ sinAfg). (1.8)
j=1

When s is even, the sine term disappears for j =s/2 and so the number of
trigonometric parameters, the y; and y ;“, is always (s — 1)/2, which is the same
as the number of coefficients in the seasonal dummy formulation. A seasonal
pattern based on (1.8) is the sum of [s/2] cyclical components, each with p =1,
and it may be allowed to evolve over time in exactly the same way as a cycle
was allowed to move. The model is

[s/2]

Y= 21 Y s (1.9)
pa

where, following (1.6),

Vi COSA; SINAN /¥, w;
N —sin A A * + e (1.10)

Vi j O8N\ Y1 w; .
where w;, and w Jf’;, j=1,...,[s/2], are zero mean white noise processes which
are uncorrelated with each other with a common variance o>. As in the cycles
(1.6) v/, appears as a matter of construction, and its interpretation is not
particularly important. Note that when s is even, the component at j=ys/2

collapses to
Vit =Y—1€08A; oy, (1.11)

If the disturbances in the model are assumed to be normally distributed, the
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2 2 2 2 2 . .
hyperparameters (o, o, 0, O,, p, A, o) may be estimated by maximum

likelihood. This may be done in the time domain using the Kalman filter as
described in Section 2, or in the frequency domain as described in Harvey
(1989, Chapter 4). Harvey and Peters (1990) present simulation evidence on
the performance of different estimators. Once the hyperparameters have been
estimated, the state space form may be used to make predictions and construct
estimators of the unobserved components.

ExampLE. A model of the form (1.1), but without the secasonal component,
was fitted to quarterly, seasonally adjusted data on US GNP from 1947Q1 to
1988Q2. The estimated variances of 1),, {,, k,, and g, were 0, 0.0015, 0.0664 and
0 respectively, while the estimate of p was 0.92. The estimate of A, was 0.30,
corresponding to a period of 20.82 quarters. Thus the length of business cycles
is roughly five years.

A summary of the main structural models and their properties may be found
in Table 1. Structural time series models which are linear and time invariant,
all have a corresponding reduced form autoregressive integrated moving
average (ARIMA) representation which is equivalent in the sense that it will
give identical forecasts to the structural form. For example in the local level
model,

yt = I'Lt + 8t >
M=y T, (1.12)

where ¢, and ), are mutually uncorrelated white noise disturbances, taking first
differences yields

A}’;:”h‘i"st—stq, (113)

which in view of its autocorrelation structure is equivalent to an MA(1) process
with a nonpositive autocorrelation at lag one. Thus y, is ARIMA(O, 1, 1). By
equating autocorrelations at lag one it is possible to derive the relationship
between the moving average parameter and ¢, the ratio of the variance of %, to
that of ¢,. In more complex models, there may not be a simple correspondence
between the structural and reduced form parameters. For example in (1.1),
AAy, is ARMA(2, s +3), where A, is the seasonal difference operator. Note
that the terminology of reduced and structural form is used in a parallel fashion
to the way it is used in econometrics, except that in structural time series
models the restrictions come not from economic theory, but from a desire to
ensure that the forecasts reflect features such as cycles and seasonals which are
felt to be present in the data.

In addition to the main structural models found in Table 1 many more
structural models may be constructed. Additional components may be intro-
duced and the components defined above may be modified. For example,
quadratic trends may replace linear ones, and the irregular component may be
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formulated so as to refiect the sampling scheme used to collect the data. If
observations are collected on a daily basis, a slowly changing day of the week
effect may be incorporated in the model, while for hourly observations an
intra-day pattern may be modelled in a similar way to seasonality. A more
parsimonious way of modelling an intra-day pattern, based on time-varying
splines, is proposed in Harvey and Koopman (1993).

1.2. Model selection

The most difficult aspect of working with time series data is model selection.
The attraction of the structural framework is that it enables the researcher to
formulate, at the outset, a model which is explicitly designed to pick up the
salient characteristics of the data. Once the model has been estimated, it
suitability can be assessed, not only by carrying out diagnostic tests, but also by
checking whether the estimated components are consistent with any prior
knowledge which might be available. Thus if a cyclical component is used to
model the trade cycle, a knowledge of the economic history of the period
should enable one to judge whether the estimated parameters are reasonable.
This is in the same spirit as assessing the plausibility of a regression model by
reference to the sign and magnitude of its estimated coefficients.

Classical time series analysis is based on the theory of stationary stochastic
processes, and this is the starting point for conventional time series model
building. Nonstationarity is handled by differencing, leading to the ARIMA
class of models. The fact that the simpler structural time series models can be
made stationary by differencing provides an important link with classical time
series analysis. However, the analysis of series which are thought to be
stationary does not play a fundamental role in structural modelling methodol-
ogy. Few economic and social time series are stationary and there is no
overwhelming reason to suppose that they can necessarily be made stationary
by differencing, which is the assumption underling the ARIMA methodology
of Box and Jenkins (1976). If a univariate structural model fails to give a good
fit to a set of data, other univariate models may be considered, but there will
be an increased willingness to look at more radical alternatives. For example, a
search for outliers might be initiated or it may be necessary to concede that a
structurally stable model can only be obtained by conditioning on an observed
explanatory variable.

Introducing explanatory variables into a model requires access to a larger
information set. Some prior knowledge of which variables should potentially
enter into the model is necessary, and data on these variables is needed. In a
structural time series mode! the explanatory variables enter into the model side
by side with the unobserved components. In the absence of these unobserved
components the model reverts to a regression, and this perhaps makes it clear
as to why the model selection methodology which has been developed for
dynamic regression is appropriate in the wider context with which we are
concerned. Distributed lags can be fitted in much the same way as in
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econometric modelling, and even ideas such as the error-correction mechanism
can be employed. The inclusion of the unobserved time series components
does not affect the model selection methodology to be applied to the
explanatory variables in any fundamental way. What it does is to add an extra
dimension to the interpretation and specification of certain aspects of the
dynamics. For example, it provides a key insight into the vexed question of
whether to work with the variables in levels or first differences, and solves the
problem by setting up a general framework within which the two formulations
emerge as special cases.

The fact that structural time series models are set up in terms of components
which have a direct interpretation means that it is possible to employ a model
selection methodology which is similar to that proposed in the econometrics
literature by writers such as Hendry and Richard (1983). Thus one can adopt
the following criteria for a good model: parsimony, data coherence, consis-
tency with prior knowledge, data admissibility, structural stability and en-
compassing.

2. Linear state space models and the Kalman filter

The linear state space form has been demonstrated to an extremely powerful
tool in handling all linear and many classes of nonlinear time series models; see
Harvey (1989, Chapters 3 and 4). In this section we introduce the state space
form and the associated Kalman filter. We show how the filter can be used to
deliver the likelihood. Recent work on smoothing is also discussed.

2.1. The linear state space form

Suppose a multivariate time series y, possesses N elements. This series is
related to a p X 1 vector a,, which labelled the state, via the measurement
equation

y,=Zo+XB+e, t=1,...,T. 2.1

Here Z, and X, are nonstochastic matrices of dimensions N Xp and N Xk
respectively, B8 is a fixed k-dimensional vector and &, is a zero mean, N X 1
vector of white noise, with variance H,.

The measurement equation is reminiscent of a classical regression model,
with the state vector representing some of the regression coefficients. How-
ever, in the state space form, the state vector is allowed to evolve over time.
This is achieved by introducing a transition equation, which is given by

a,=Tea_+WB+Rm,, t=1,...,T, 2.2)

where T,, W, and R, are fixed matrices of size (p X p), (p X k) and (p X g)
respectively, 7, is a zero mean and g-dimensional vector of white noise, with
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variance (,. In the literature m, and g have always been assumed to be
uncorrelated for all's #¢. In this paper we will also assume that 0, and &, are
uncorrelated, although Anderson and Moore (1979) and more recently De
Jong (1991) and Koopman (1993) relax this assumption.

The inclusion of the R, matrix is somewhat arbitrary, for the disturbance
term can always be redefined to have a variance R,Q,R,. However, the
transition equation above is often regarded as being more natural. The
transition equation involves the state at time zero and so to complete the state
space form we need to tie down its behaviour. We assume that «, has a mean g,
and variance P;. Further, o, is assumed to be uncorrelated with the noise in
the transition and measurement equations: This completed state space form is
said to be time invariant if Z,, X,, H, W,, R, and Q, do not change over time.

To illustrate these general points we will put the univariate structural model
(1.1) of trends, seasonals and cycles discussed in Section 1 into time invariant

state space form by writing o, = (&, B,, 8,, 8,1, - - - » 8 42, U, ¥))’, where
y=(1 01 00 --- 0 1 0+, (2.3a)
(11 0 0 O --- 0 O 0 0
o1 0 0o o0 -~ 0 0 0 0
o0 -1 -1 -1 --- -1 -1 0 0
00 1 0 O 0 0 0 0
=100 0 1 O 0 0 0 0 a,
00 0 0 0 10 0 0
00 0 0 O 0 0 pcosA, psinA,
kO 0O 0 0 0 0 0 -—psinA, pcosi_J
()
4
wt
0
+1o (2.3b)
0
Kt
*
LKtJ

2.2. The Kalman filter

In most structural time series models the individual elements of «, are
unobservable, either because of the presence of some masking irregular term g,
or because of the way q, is constructed. However, the observations do carry
some information which can be harnessed to provide estimates of the unknow-
able «,. This estimation can be carried out using a variety of information sets.
We will write Y, to denote this information, which will be composed of all the
observations recorded up to time s and our initial knowledge of «;. The two
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most common forms of estimation are smoothing, where we estimate «, using
Y,, and filtering, where we estimate using only Y,. We will focus on various
aspects of smoothing in Section 2.4, but here we look at filtering.

Filtering allows the tracking of the state using contemporaneously available
information. The optimal, that is minimum mean square error, filter is given by
the mean of the conditional density of @, given Y,, which is written as o,]Y,.
The Kalman filter delivers this quantity if the observations are Gaussian. If
they are non-Gaussian the Kalman filter provides the optimal estimator
amongst the class of linear estimators. Here we develop the filter under
Gaussianity; see Duncan and Horn (1972) for an alternative derivation.

We start at time zero with the knowledge that ay, ~ N(a,, P,). If we combine
the transition and measurement equations with this prior and write Y, to
express the information in it, then

<a1> I Y,~N Aij0 , P1|0 Pqui ’ (2.4)
Y1 Zla1|0 +X,B Z1P1|0 F,

where

P1[0:T1P0T£+R1Q1R{’ F1:Z1P1|ozi+H1,
ayo=Ta,+W_g. (2.5)

Usually, we write v, =y, — Z,a,, — X8 as the one-step ahead forecast error.
It is constructed so that v,|Y,~N(0, F,). Consequently, using the usual
conditioning result for multivariate normal distributions as given, for example,
in Rao (1973)

| Y, ~N(ay, P,), (2.6)
where
a1=a1|0+P1[0Z;F1_1v1 ’ P1=P1|0_P1]0Z{F;121P1]0- (2.7)
This result means that the filter is recursive. We will use the following
notation throughout the paper to describe the general results: o, ,|Y,_, ~
N(at-D Pr—l)v @, | Y, NN(at|t—l’ Pt|t—1) and vtl Y, .~ N(O, Ft) The precise
definition of these densities is given in the following three sets of equations.
First the prediction equations
ar]z—l = Ttat—l + VVtB » Ptlt-l = TtPt—th, + RtQth’ ’ (28)

then the one-step ahead forecast equations

v =y - Ztat|t—1 - XIB ’ Ft = ZtPtlt—lzt’ + Ht s (29)
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and finally the updating equations

a,= at|t—1 + Pt|t—th’F:1vt and Pt - Pt[t—l t|t IZ F ZPt|t 1°-
(2.10)

One immediate result which follows from the Kalman filter is that we can
write the conditional joint density of the observations as

s yrl Vo) = Hf(ytl Y, )= Hf<v,| (2.11)

This fracturing of the conditional joint density into the product of conditionals
is called the prediction error decomposition. If «, is stationary, an uncondition-
al joint density can be constructed since the initial conditions, a4, and P, are
known. The case where we do not have stationarity has been the subject of
some interesting research in recent years.

2.3. Initialization for non-stationary models"

We will derive the likelihood for a model in state space form using the
argument in De Jong (1988a). A slightly different approach can be found in
Ansley and Kohn (1985). We present a simplified derivation based partly on
the results in Marshall (1992a). For ease of exposition 8 will be assumed to be
zero and all the elements in «, can be taken to be nonstationary. We start by

noting that if we write y = (y;, ¥, ..., yr), then
flag=0)f(y|a=0)
= 2.12
)= flag=0]y) ( )

The density f(y|a,=0) can be evaluated by applying the Kalman filter and
the prediction error decomposition if we initialize the filter at g,=0 and
=0. We denote this filter by KF(0, 0), and the corresponding output as 4, ,
a;j,—, and v, The density f(a, = 0) has a simple form, which leaves us with the
problem of f(oz0 —0 | y). If we write v* = (v}’ ,vZ ,...,0y ), then we can use
the result that v* is a linear combination of y in order to write f(a, =0]y) =
fla, =0]v*). To be able to evaluate f(a, =0|v*) we will need to define F as a
block diagonal matrix, with blocks being F, and A as a matrix with row blocks
Z,G,_,, where G,= Ttﬂ(l K.Z)G, |, Gy=T,, and K,=P,,_,Z,F; ' (the
so-called Kalman gain). In all cases the quantities are evaluated by the Kalman
filter under the startup condition P,=0. Then as

vz(ao) =V = E(yt | Y1, ao) =Y.~ Ztat\hl(ao) ’ (2'13)

' The rest of Section 2 is more technical and can be omitted on first reading without loss of
continuity.
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and
at+l|t(a0) = Tt+1at|t—l(a0) + Tt+1Ktvt(a0)
= Tt+l(l_ KtZt)atlt—l(ao) + Tt+1sz:
=Gy +aly,, (2.14)
we have that

vla) =y, —ZG, 00— Zta:Tt—l

=v) - 2G, 0, (2.15)
and so
v*| oy~ N(Aa,, F) . (2.16)
Thus we can use Bayes’ theorem to deliver the result that
ap| y~N((P5" +S7) 7' (Pg ag +57), Py +81)7), (2.17)
where
S,=AF'A and s;=AF 'v*. (2.18)

S, and s, can be computed recursively, in parallel with KF(0, 0), by
S.=S,_,+G! ,Z/F,'ZG,_, and s,=s_, +G, ,ZF'v},(2.19)
with s,=0 and S$,=0; see De Jong (1991). The log-likelihood is then

constructed as

T

T
I(y)=—1log|Py| — agPy'a,— 1 2 log|F,| -1 21 v F o}

1
(;1“0)'(130_1 +S7) (st Po_lao) .
(2.20)

t
—Liog|Py' + S| +1(sp + P

Traditionally, nonstationary state space models have been initialised into two
ways. The first is to use a diffuse prior on a, | Y,; this is to allow the diagonal
elements of P, to go to infinity. We can see that in the limit the result from this
is that

T T
i(y) +4log|Po| > —1 2 log|F| —§ 2 v} 'F, "]
t=1 =]
—Llog|S;| = 4578 sz
= —4log|S;[ - log|F|
—ly*(F' —F'A(AF A TAF . (2.21)

An approximation to (2.21) can be obtained for many models by running



272 A. C. Harvey and N. Shephard

KF(a,, P,) with the diagonal elements of P, set equal to large, but finite,
values. The likelihood is then constructed from the prediction errors once
enough observations have been processed to give a finite variance. However,
the likelihood obtained from (2.21) is preferable as it is exact and numerically
stable.

The other main way nonstationary models are initialised is by taking a;, to be
an unknown constant; see Rosenberg (1973). Thus a, becomes a nuisance
parameter and P, is set to zero. In this case, in the limit, the likelihood
becomes

T T
(y)——1 2 log|F| -1 2 vi'F "o} +ajs,—1a,Sa, (2.22)
=1 =1 .
= —Llog|F| - 1(v* = Aa,) F'(v* - Aa,), (2.23)

the term a,S,a, in (2.22) appearing when (P;' +S;) " is expanded out. We
can concentrate @, out at its maximum likelihood value d,=
(A'F'A)"'A'F~'v*, to deliver the profile or concentrated likelihood function

o(y)=—Llog|F|—tv*'(F ' —F 'AA'FT'A)T'AF yw*. (2.24
3 l0g 2

The difference between the profile likelihood and the likelihood given in (2.21)
is simply the log|S;| term. The latter is called a marginal or restricted
likelihood in the statistics literature; cf. McCullagh and Nelder (1989, Chapter
7). It is based on a linear transformation of y making the data invariant to a,.

The term log [S;| can have a significant effect on small sample properties of
maximum likelihood (ML) estimators in certain circumstances. This can be
seen by looking at some results from the paper by Shephard and Harvey (1990)
which analyses the sampling behaviour of the ML estimator of g, the ratio of
the variances of 1, and ¢,, in the local level model (1.12). When q is zero the
reduced form of the local level model is strictly noninvertible. Evaluating the
probability that g is estimated to be exactly zero for various true values of g

Table 2
Probability that ML estimator of signal-noise ratio g is exactly equal to zero

Marginal likelihood

T-1 g=0 q=0.01 g=0.1 g=1 g =10
10 0.64 0.61 0.47 0.21 0.12
30 0.65 0.49 0.18 0.03 0.01
50 0.65 0.35 0.07 0.01 0.00
Profile likelihood

T-1 qg=0 g=10.01 g=0.1 qg= g=10
10 0.96 0.95 0.88 0.60 0.44
30 0.96 0.87 0.49 0.20 0.13

50 0.96 0.72 0.28 0.08 0.05
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and sample sizes, gives the results summarised in Table 2. It can be seen that
using a profile likelihood instead of a marginal results in a much higher
probability of estimating g to be zero. Unless g is actually zero, this is
undesirable from a forecasting point of view since there is no discounting of
past observations. This provides a practical justification for the use of diffuse
initial conditions and marginal likelihoods.

2.4. Smoothing

Estimating «, using the full set of observations Y, is called smoothing. The
minimum mean square estimator of @, using Y; is Ea,|Y;. An extensive
review of smoothing is given in Anderson and Moore (1979, Chapter 7).

Recently there have been some important developments in the way E ¢, | Y,
is obtained; see, for example, De Jong (1988b, 1989), Kohn and Ansley (1989)
and Koopman (1993). These breakthroughs have dramatically improved the
speed of the smoothers. The new results will be introduced by using the
framework of Whittle (1991). For ease of exposition, R, will be assumed to be
an identity matrix and B will be assumed to be zero.

Under Gaussianity, E ¢, | Y; is also the mode of the density of «,|Y,. Thus
we can use the general result that under weak regularity, if f(-) is a generic
density function and m denotes the mode, then

of(x | 2) . . of(x, 2)
o . =0 if and only if “ox e

=0. (2.25)

The smoother can therefore be found by searching for turning points in the
joint density of a;, a,,...,az, ¥, .., yy, the logarithm of which is

D = constant — 1 (a, — a,)' Py (2, — a,)

t

_%2

T
_% ~ (yt - Ztat),Ht_l(Yt - Ztat)
T
(o,

- Ttaz—l),Qt_l(at - Ttat—l) . (226)

~
[y

Thus

oD ’ -1 -1 ’ -1
G—a,:Z‘H‘ e—0Q, n,+7T,,,0,.m,, fore=1,...,T. (2.27)

Equating to zero, writing the solutions as &, and &=y, —Z,&, and 9, = &, —
T,a,_, results in the backward recursion

b, =T (&~ QUZH, &+ T}, ;01 fer))
:T;l(dt_ﬁt)’ t=1""7T7 (2.28)
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as
ZH'8— 0, %+ T Q. =0, (2.29)
The starting point &, = a, is given by the Kaiman filter. Unfortunately, using
7, = QT {1 Qe + ZIH'E) (2.30)

will lead to a numerically unstable filter even though mathematically this result
holds exactly. Koopman’s (1993) shows that it can be stabilised by computing
& not by y, — Z,4,, but by

)
£ = Ht(Ft_lvt - Ktl Tt’+]Qt_+11 ﬁt+l) > (231)

where F, and K, are computed using KF(0, 0) and v, =v} — Z,G,_,S;'s;. Thus
the efficient smoother uses (2.28), (2.30) and (2.31).

Recently, Harvey and Koopman (1992) have proposed using the smoothed
estimates of g and 7, to check for outliers and structural breaks, while
Koopman (1993) uses them to implement a rapid EM algorithm and Koopman
and Shephard (1992) show how to construct the exact score by smoothing.

3. Explanatory variables

Stochastic trend components are introduced into dynamic regression models
when the underlying level of a nonstationary dependent variable cannot be
completely explained by observable explanatory variables. The presence of a
stochastic trend can often be rationalised by the fact that a variable has been
excluded from the equation because it is difficult, or even impossibie, to
measure. Thus in Harvey et al. (1986) and Slade (1989), a stochastic trend is
used as a proxy for technical progress, while in the demand equation for UK
spirits estimated by Ansley and Kohn (1989) the stochastic trend can be
thought of as picking up changes in tastes. Such rationalisation not only lends
support to the specification of the model, but it also means that the estimated
stochastic trend can be analysed and interpreted.

If stochastic trends are appropriate, but are not explicitly modelled, their
effects will be picked up indirectly by time trends and lags on the variables.
This can lead to a proliferation of lags which have no economic meaning, and
which are subject to common factors and problems of inference associated with
unit roots. An illustration of the type of problems which can arise with such an
approach in a single equation context can be found in Harvey et al. (1986),
where a stochastic trend is used to model productivity effects in an employment
output equation and is compared with a more traditional autoregressive
distributed lag (ADL) regression model with a time trend. Such problems may
become even more acute in multivariate systems, such as vector autoregres-
sions and simultaneous equation models; see Section 5.

Other stochastic components, such as time-varying seasonals or cycles, can
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also be included in a model with explanatory variables. Since this raises no new
issues of principle, we will concentrate on stochastic trends.

3.1. Formulation and estimation

A regression model with a stochastic trend component may be written
y,=p+x6+e, t=1,...,T, (3.1)

where u, is a stochastic trend (1.4), x, is a kX1 vector of exogenous
explanatory variables, & is a corresponding vector of unknown parameters, &, is
a normally distributed, white noise disturbance term with mean zero and
variance o>. A standard regression model with a deterministic time trend
emerges as a special case, as does a model which could be estimated efficiently
by OLS regression in first differences; in the latter case o> = 0'? =0.

In the reduced form of (3.1), the stochastic part, u, + ¢,, is replaced by an
ARIMAC(O0, 2, 2) process. If the slope is deterministic, that'is o-? =0in (1.3), it
is ARIMA(O0, 1, 1). Box and Jenkins (1976, pp. 409-412) report a distributed
lag model fitted to first differences with an MA(1) disturbance term. This
model can perhaps be interpreted more usefully as a relationship in levels with
a stochastic trend component of the form

M=p B+, (3.2)

Maximum likelihood estimators of the parameters in (3.1) can be con-
structed in the time domain via the prediction error decomposition. This is
done by putting the model in state space form and applying the Kalman filter.
The parameters 6 and 8 can be removed from the likelihood function either by
concentrating them out of form of a profile likelihood function as in Kohn and
Ansley (1985) or by forming a marginal likelihood function; see the discussion
in Section 2.3. The marginal likelihood can be computed by extending the state
so as to include B8 and §, even though they are time-invariant, and then
initializing with a diffuse prior.

The difference between the profile and marginal likelihood is in the
determinantal term of the likelihood. There are a number of arguments which
favour the use of marginal likelihoods for inference in small samples or when
the process is close to nonstationarity or noninvertibility; see Tunnicliffe—
Wilson (1989). In the present context, the difference in behaviour shows up
most noticeably in the tendency of the trend to be estimated as being
deterministic. To be more specific, suppose the trend is as in (3.2). The
signal-noise ratio is ¢ = o>/o> and if this is zero the trend is deterministic. The
probability that g is estimated to be zero has been computed by Shephard
(1993a). Using a profile likelihood by concentrating out 8 leads to this
probability being relatively high when ¢ is small but nonzero. The properties of
the estimator obtained from the marginal likelihood are much better in this
respect.
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3.2. Intervention analysis

Intervention analysis is concerned with making inferences about the effects of
known events. These effects are measured by including intervention, or
dummy, variables in a dynamic regression model. In pure intervention analysis
no other explanatory variables are present.

Model (3.1) may be generalized to yield the intervention model

y,=m+x8+aw +e, t=1,...,T, (3.3)

where w, is the intervention variable and A is its coefficient. The definition of
w, depends on the form which the intervention effect is assumed to take. If the
intervention is transitory and has an effect only at time ¢, w, is a pulse variable
which takes the value one at the time of the intervention, t =1, and is zero
otherwise. More generally the intervention may have a transitory effect which
dies away gradually, for example, we may have w,=¢'" ", when |p| <1, for
t=7. A permanent shift in the level of the series can be captured by a step
variable which is zero up to the time of the intervention and unity thereafter.
An effect of this kind can also be interpreted as a transitory shock to the level
equation in the trend, in which case it appears as a pulse variable in (1.4a).
Other types of intervention variable may be included, for example variables
giving rise to changes in the slope of the trend or the seasonal pattern. The
advantage of the structural time series model framework over the ARIMA
framework proposed by Box and Tiao (1975) is that it is much easier to
formulate intervention variables having the desired effect on the series.

Estimation of a model of the form (3.3) can be carried out in both the time
and frequency domains by treating the intervention variable just like any other
explanatory variable. In the time domain, various tests can be constructed to
check on the specification of the intervention; see the study by Harvey and
Durbin (1986) on the effect of the UK seat belt law.

4. Multivariate time series models

4.1. Seemingly unrelated time series equations (SUTSE)

The structural time series models introduced in Section 1 have straightforward
multivariate generalisations. For instance, the local level with drift becomes,

for an N-dimensional series y, = (yy,, ..., Yn:)'
Y= te, &, ~NID(0, 25) > ‘
B=p tBEm,, N~ NID(Oa 2,7) > (41)

where 3, and 3 are nonnegative definite N X N matrices. Such models are
called seemingly unrelated time series equations (SUTSE) reflecting the fact
that the individual series are connected only via the correlated disturbances in
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the measurement and transition equations. Estimation is discussed in
Ferndndez (1990).

The maximisation of the likelihood function for this model can be computa-
tionally demanding if N is large. The evaluation of the likelihood function
requires O(N?) floating point operations and, although 3 can be concentrated,
there are still N X (N + 1) parameters to be estimated by numerical optimi-
sation. However, for many applications there are specific structures on 3, and
3, that can be exploited to make the computations easier. One example is
where 3, and 3 are proportional, that is 3, = ¢3,. Such a system is said to be
homogencous. This structure allows each of the series in y, to be handled by
the same Kalman filter and so the likelihood can be evaluated in O(N)
operations. Further, 3 can be concentrated out of the likelihood, leaving a
single parameter g to be found by numerical maximisation. The validity of the
homogeneity assumption can be assessed by using the Lagrange multiplier test
of Fernandez and Harvey (1990).

4.2. Error components models

Consider the classical error components model
Yit=“+/\i+vt+wit’ i=17"'7N7t=17---9T, (42)

where p represents the overall mean and A, v, and o, are unit specific and
time specific effects respectively, assumed to be serially and mutually in-
dependent, Gaussian and with expected values equal to zero. The dynamic
versions of this model studied in the literature usually include lagged depen-
dent variables and autoregressive processes for the components v, and w;,; see
Anderson and Hsiao (1982).

A more natural approach to the specification of dynamic error components
models, can be based on the ideas of structural time series models. This is
. suggested by Marshall (1992b), who allowed both time specific and time-unit
specific effects to evolve over time according to random walk plus noise
processes. The error components model becomes

yit:ILit+8t+£:; >
B =My ,—y +m, 105, (4.3)

where p,, is the mean for unit i at time ¢ and &,, ¢;;, m, and 7, are assumed to be
independent, zero mean, Gaussian random variables, with variances a’i, ai*,
Ufl and o-i* respectively. This model is a multivariate local level model, with
the irregular and level random shocks decomposed as common effects, €, and
7,, and specific effects, ¢;; and n;;. This means that

_ 2 2 - 2 2
Y=o, d+ow and 3 =0 J+ou, (4.4)

where ¢ is the N-dimensional unit vector and [ the identity matrix.
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It Un and a-"* are equal to zero, the model reduces to the static error
components model discussed in (4.2). On the other hand if o- is greater than
zero, but cr . is equal to zero, the N time series have, apart from a time
invariant effect the same time-dependent mean. In thls situation, the time
series are cointegrated in the sense of Engle and Granger (1987).

Optimal estimates of the components u;, can be obtained by means of the
Kalman filter. That requires the manipulation of N X N matrices and so it
becomes cumbersome if N is large. However, the idea of homogeneity can be
used to reduce these calculations dramatically. Take for each time ¢ the
average of the observations across units and the first N — 1 deviations from this
average. Thus, in an obvious notation, (4.3) becomes

V=@ +e+E, (4.5a)

B=f_y T+ 0, (4.5b)
t=1,...,T,

(yit - )7:) = (l“"it - la‘t) + (E: - gt*) s (463)

(I‘Liz - I‘Zt) = (,“"i,hl - I‘zt—l) + (TI: - 7—17) ’ (46b)
i=1,...,N-1,¢t=1,...,T,

with the equations in (4.5) and (4.6) being statistically independent of one
another. As the transformation to this model is nonsingular, the estimation of
the trends w, can be obtained from this model instead of from the original
error components model. The estimation of the average level can be carried
out by running a univariate Kalman filter over the average values of the
observations y,. The remaining N —1 equations can be dealt with straight-
forwardly as they are a homogeneous system, with variances proportional to
(I-uw'/N), where I and ¢ are now N — 1-dimensional unit matrices and
vectors.

The Kalman filter which provides the estimator of u, using the information -
available up to time ¢ is

P ta+oiN

=m, , + v, — ), 47
i ﬁt_l+o-f,+a'f7*/N+a'§+a'§*/N(yt 1) (4.7)

where p, is the MSE of m,, given by
(p,._,+ a'f, + 0'37*)2
(po-, + a'i + ai*/N +o’+02./N)

p=(p_,+o,+a’./N)— . (4.8)
These recursions are run from ¢=2 and with initial values m, =y, and

= (o2 + o2./N). With respect to the formulae to obtain the estimators of the
components (/.L” f,) using the information up to time ¢, m], and their MSES
pl, these have exactly the same form as (4 7) and (4.8) but w1th (0' + o /N)
and (cr + cr ./N) replaced by ((V — 1)0' ./N) and (N — 1)o2./N) respectlve-
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ly and with initial values m;; = (y,; —y,) fori=1, ..., N—1. The estimators
of each u,,, m,, and its MSE, p,,, are given by
m,=m+m), i=1,...,N=-1,¢=1,...,T,
- s (4.9
p,=p,+tp,, i=1,...,N—-1,¢t=1,...,T,

while m,, is obtained by differencing.

ExampLE. In Marshall (1992b), a error components model of the form given
above, but with a fixed slope as in (3.2), is estimated for the logarithm of the
quarterly labour costs time series in Austria, Belgium, Luxembourg and The
Netherlands. The sample period considered in 1970 to 1987 and so N =4 and
T =72. The maximum likelihood estimates of the parameters were

=0, 0¢.=0115x10"7,

2
X N ) , (4.10)
0,=0.249x10 ", 0,-=0.159x10 ~.

4.3. Explanatory variables in SUTSE models

The introduction of explanatory variables into the SUTSE model opens up the
possibility of incorporating ideas from economic theory. This is well illustrated
in the paper by Harvey and Marshall (1991) on the demand for energy in the
UK. The assumption of a translog cost function leads to the static share
equation system

s;=a+2 a;log(p/r), i=1,...,N, (4.11)
j

where the @, i=1,...,N and @, i, j=1,..., N, are parameters, s, is the
share of the i-th input, p; is the (exogenous) price of the j-th input and 7; is an
index of relative technical progress for the input j which takes the factor
augmenting form; see Jorgenson (1986).

The model can be made dynamic by allowing the log 7, relative technical
progress at time ¢ for input j, to follow a random walk plus drift

logq}'tzlog'ri,t—l'f_éj'f'ﬁjta i=1,...,N. (4.12)

If the random disturbance term ¢, is added to each share equation, this leads
to a system of share equations which can be written in matrix form as

yt:"Lt+Axt+8t7 £t~NID(07 25) ’

M = My + :B + ;s n- NID(O7 217) ’
where y, is an N X 1 vector of shares (s,,...,sy)". Here u, is an N X 1 vector
depending on the a;, a; and log7,, so that the i-th clement of u, is @, +
L a; log 7, while A is an N X N matrix of «;; and x, is the N X 1 vector of the
log p;/’s.

(4.13)
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Harvey and Marshall (1991) estimated (4.13) under the assumption of
statistical homogeneity, that is X, =q3, and found this to be a reasonable
assumption using the LM test referred to in Section 4.1. One equation was
dropped to ensure that the shares summed to one. Finally restrictions from
economic theory, concerning cost exhaustion, homogeneity and symmetry,
were incorporated into the 4 matrix.

4.4. Common trends

Many economic variables seem to move together, indicating common underly-
ing dynamics. This feature of data has been crystalised in the econometric
literature as the concept of cointegration; see, for example Engle and Granger
(1987) and Johansen (1988). Within a structural time series framework this
feature can be imposed by modifying (4.1) so as to construct a common trends
model

Y. = @:u’t* te, & NNID(()’ 25) >

i (4.14)
pe =ul +B*+ny,  nf ~NID(O,3,.),

where @ is a N X K fixed matrix of factor loadings. The K X K matrix X, . is
constrained to be a diagonal matrix and 6, =0 for j >, while 6, =1 in order
to achieve identifiability; see Harvey (1989, pp. 450-451). As X . is diagonal,
the common trends, the elements of u”, are independent.

The common trends model has K <N, but if K =N, it is equivalent to the
SUTSE model, (4.1), with 8 = 8" and 3, = 03,.0' where @ and 3, . are the
Cholesky decomposition of 3, . This suggests first estimating a SUTSE model
and carrying out a principal components analysis on the estimated 3, to see
what value of K accounts for a suitably large proportion of the total variation.
A formal test can be carried out along the lines suggested by Stock and Watson
(1988), but its small sample properties have yet to be investigated in this
context. Once K has been determined, the common trends model can be
formulated and estimated.

Exampig. Tiao and Tsay (1989) fitted various multivariate models to the
logarithms of indices of monthly flour prices in three cities, Buffalo, Min-
neapolis and Kansas City, over the period from August 1972 to November
1980. In their comment on this paper, Harvey and Marshall fit (4.1) and

Table 3

Principal components analysis of estimated covariance matrix of trend disturbances
Eigenvalues Cumulative proportion Eigenvectors

7.739 0.965 —0.55 —0.59 —0.59
0.262 0.998 0.35 0.48 -0.81

0.015 1.00 0.76 —0.65 —0.06
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conduct a principal components analysis on the estimated 3,. The results,
given in Table 3, indicate that the first principal component dominates the
variation in the transition equation and represents the basic underlying price in
the three cities. Setting K equal to one or two might be appropriate.

Models with common components have also been used in the construction of
leading indicators; see Stock and Watson (1990).

4.5. Modelling and estimation for repeated surveys

Many economic variables are measured by using sample survey techniques.
Examples include the labour force surveys which are conducted in each
member state of the European Community. It is now quite common practice to
analyse the results from repeated surveys using time series methods.

If sample surveys are nonoverlapping, then the survey errors are indepen-
dent and a simple model for the vector of characteristics at time ¢, §,, might be

y,=60,+¢, &~N(0,H), t=1,...,T, (4.15)

where the sampling errors ¢, are independent over time and are independent of
6,. A simple estimator of 6, would then be y,. However, by imposing a model
on the evolution of §,, an improvement in the precision of the estimate is
possible. This improvement will be very marked if 6, moves very slowly and H,
is large.

Scott and Smith (1974) suggested fitting ARIMA models to 8,; see also Smith
(1978) and Jones (1980). A more natural approach is to use structural models.
The analysis of repeated, nonoverlapping surveys is based on the same
principles as standard time series model building except that constraints are
imposed on the measurement error covariance matrix through sampling theory.

ExampLE. Consider the repeated sample survey of a set of proportions 6,,,

Oy - . - , 0,,, using simple random sampling with sample size n, for¢=1,...,T.
If p =2, and y, denotes the sample proportion in group one, the simple model
6(1-¢6
pmorn, aon(0 2000

t

1
0, = 1+exp(—ea,)’
o=, tn, n.~ NID(07 0-37) s

(4.16)

will allow 6,, = 6, and 6,, = 1 — 6, to evolve over time in the range zero to one. If
p is greater than two or the state «, evolves in a more complicated way,
perhaps with seasonals, the model can be modified appropriately. However,
the modelling principle is unchanged, sampling theory dictates the measure-
ment error and time series considerations the transition equation. A discussion
of the way in which such models can be estimated may be found in Section 6.2.
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When the repeated surveys are overlapping the model for the measurement
equation can become very involved. A clear discussion of the principles
involved is given in Scott and Smith (1974). More recent work in this area
includes Hausman and Watson (1985), Binder and Dick (1989), Tam (1987),
Pfeffermann and Burck (1990) and Pfeffermann (1991).

The work of Pfeffermann (1991) fits well within the framework of this
discussion. He identifies three features of overlapping samples which may
effect the way the measurement error is modelled. The first is the way the
sample is rotated. For example a survey consisting of four panels which are
interviewed quarterly, three of the panels will have been included in past
surveys while one is wholly new. Thus each panel will remain in the panel for
four quarters. This rotation will interact with the second feature of overlapping
surveys, the correlation between individual observations. Pfeffermann, in
common with most researchers in this area, relies on Henderson’s behavioural
model for the i-th individual of the survey made at time ¢. The model is

yit_et:p(y[,t—l—otfl)+wit’ wi,’vNID(0,0'i) > |P!<1-
(4.17)

The Pfeffermann model is completed by the third feature, which is that the
design of the survey is ignorable, although this assumption can be relaxed at
the loss of algebraic simplicity.

With these assumptions it is possible to derive the behaviour of the
measurement error in a model. If we use y},’ to denote the i individual at time
t, from a panel established at time ¢ —j, then we can write

o1
V=g 2 v, i=0,1,2,3, (4.18)
i=1

as the aggregate survey estimate of 6, from the panel established at time ¢ —J,
then

Vi 1 g,
th—l 1 §t71
t
y, = )7[‘[“‘2 ES 1 0,, + g, & + §§72 , (419)
}7§73 1 §£—3
where
0000 g
p 000 + o Te,_, + (4.20)
E, = g, _ - = 1lE,_ - .
t 0 p 0 0 1~1 wi 2 t—1 t
00 p 0 @'
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The covariance of n, will be

-1
) (1-p) 000
hat?} 0 1 0 0 4.21
M 0 010 (4.21)
0 0 01

The model can be routinely handled by using the Kalman filter to estimate 6,,
as well as the hyperparameters p, and o>. In some cases the individual panel
results will not be available, but instead only the aggregate will be recorded.
Then the measurement equation becomes

Y=gy Ay YY)

=0 +1(ei+& t+e t+E7Y). (4.23)

5. Simultaneous equation system

This section considers how simultaneous equation models can be estimated
when stochastic trend components of the kind described in Section 4 are
specified in some or all of the structural equations. We draw on the paper by
Streibel and Harvey (1993), which develops and compares a number of
methods for the estimation of single equations using instrumental variable (IV)
procedures or limited information maximum likelihood (LIML). The question
of identifiability is dealt with in Harvey and Streibel (1991).

5.1. Model formulation

Consider a dynamical simultaneous model in which some or all of the structural
equations contain stochastic trend components, which, to simplify matters, will
be assumed to follow a multivariate random walk. Thus

FYz=¢IYt-1+"'+(pr t1r+Boxt+“'+Bsxt-s+S/“l‘t+8t’

= 5.1

M = Mg /e ( )
where I' is an N X N matrix of unknown parameters, &, ..., D, are N XN
matrices of autoregressive parameters, B,,...,B, are N X K matrices of

parameters associated with the K X 1 vector of exogenous variables x, and its
lagged values, , is an n X 1 vector of stochastic trends, S is an N X n selection
matrix of ones and zeros, such that each of the stochastic trends appears in a
particular equation, and 7, and ¢, are mutually independent, normally distribut-
ed white noise disturbance vectors with positive definite covariance matrices X,
and 3 respectively. Equations which do not contain a stochastic trend will
usually have a constant term and if the exogenous variables are stochastic, it
will be assumed that they are generated independently of u, and &,.

The model is subject to restrictions which usually take the form of certain
variables being excluded from certain equations on the basis of prior economic
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knowledge. In a similar way, it will normally be the case that there is some
rationale for the appearance of stochastic trend components in particular
equations. Indeed many econometric models contain a time trend. For
example the wage equation in the textbook Klein model has a time trend which
is explained in terms of union pressure. Time trends also appear because of
technical progress just as in single equations. The argument here is that such
effects are more appropriately modelled by stochastic trends.

Pre-multiplying (5.1) by I' ™" gives the econometric reduced form. Dropping
the lags, this may be written as

y,=0u, +1Ix,+¢,, (5.2)

where IT=I"""B, ¢f =I'"'¢, and § =I''S. If stochastic trends only appear in
some of the equations, that is 1=<n <N, then (5.2) contains common trends;
see Section 4.4.

The presence of stochastic trend components in an econometric model has
interesting implications for conventional dynamic simultaneous equation
models, for the corresponding reduced form models, and for the associated
vector autoregression (VAR) for (y,, x; ). Some of the points can be illustrated
with a simple demand and supply system. Let y,, denote quantity, y,, price and
x, an exogenous variable which is stationary after first differencing, that is
integrated of order one, and write

D: y1t=71y2t+#'t+8lt’

5.3
S: y1r=72y2t+th+82t‘ ( )

The stochastic trend component p, may be a proxy for changes in tastes. The
first equation could be approximated using lags of y, and y,, but long lags may
be needed and, unless u, is constant, a unit root is present; compare the
employment-output equation of Harvey et al. (1986). The econometric
reduced form is

Vi =0+ mx, + ey, (5.4)
Y = 02[“"[ + 77'2)52 + 8; ’

where 6, =v/(yv, =), 6,=1/(y,— %), and so on. Thus there is a common
trend. This can be regarded as a reflection of the fact that there is just a single
co-integrating relationship, namely the supply curve; compare a similar, but
simpler, example in Engle and Granger (1987, p. 263). Attempting to estimate
a reduced form with lagged variables but without the stochastic trends runs into
complications; if first differences are taken the stochastic part of the model is
strictly noninvertible, so the approximation is not valid, while in levels any
inference must take account of the unit root; see Sims, Stock and Watson
(1990). The VAR representation of (y;,x,) is also subject to constraints
because of the common trend, and although estimation can be carried out
using the method of Johansen (1988), the point remains that long lags may be
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required for a satisfactory approximation and so the number of parameters
may be very large for moderate size N and K.

In summary, models which approximate stochastic trends by lags may be
highly unparsimonious and uninformative about dynamic relationships. If
economic theory does suggest the presence of stochastic trend components,
therefore, there are likely to be considerable gains from estimating the implied
structural relationships directly. If the complete system of equations can be
specified, a full information maximum likelihood (FIML) procedure may be
employed. If only a subsystem is specified, but all the predetermined variables
are named, a limited information maximum likelihood (LIML) procedure is
appropriate. When the rest of the system has not been specified at all, ML
methods cannot be applied, but a valid instrumental variable (IV) estimator
can be obtained.

5.2. Instrumental variable estimation

Suppose the equation of interest is written in matrix notation as
y=2Z86+u (5.5)

where Z is a T X m matrix with observations on explanatory variables and u is
a T X 1 vector of disturbances with mean zero and covariance matrix, o>V. The
explanatory variables may include variables which are not exogenous. How-
ever, the K exogenous variables in the system provide a set of instrumental
variables contained in a T X K matrix, X.

Multiplying (5.5) through by a 7'X T matrix L with the property that
L'L=V"" yields

Ly=1L78 + Lu, (5.6)

where Var(Lu) = ¢?I. If the same transformation is applied to X, the matrix of
optimal instruments is formed over a multivariate regression of LZ on LX.
The resulting IV estimator is then

d=(Z'L'P,LZ)"'Z'L'P,Ly, (5.7)

where P, is the idempotent projection matrix P, = LX(X'V 'X) 'X'L". It is
known as generalized two stage least squares (G2SLS). Under standard
regularity conditions, as in Bowden and Turkington (1984, p. 26), T''d has a
limiting normal distribution. If V is unknown, but depends on a finite number
of parameters which can be estimated consistently, the asymptotic distribution
is unaffected. When there are no lagged endogenous variables in (5.5) it can be
shown that the G2SLS estimator is at least as efficient as 2SLS in the sense that
the determinant of its asymptotic covariance matrix cannot exceed the
determinant of the corresponding expression for 2SLS. In a similar way, it can
be shown that G2SLS is more efficient than an IV estimator in which
instruments are formed from X without first transforming by L.
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We now consider the estimation of a model which contains a random walk
component as well as explanatory variables, that is

y.=pmtz;d+e, t=1,...,T. (5.8)

If z, were exogenous, the GLS estimator of 8 could be computed by applying
the Kalman filter appropriate for the stochastic part of the model, u, + ¢,, to
both y, and z, and regressing the innovations from y, on those from z,; see
Kohn and Ansley (1985). The same approach may be used with IV estimation.
In the notation of (5.5) the Kalman filter makes the transformations Ly, LZ
and LX. However, the L matrix is now (T — 1) X T because the diffuse prior
for u, means that only T — 1 innovations can be formed. The variables in (5.8)
may be differenced so as to give a stationary disturbance term. Thus

Ay,=Az)8 +u,, t=2,...,T, 5.9

where u, =7, + Ag,. This equation corresponds more directly to (5.5) than does
(5.8) since a covariance matrix may be constructed for the disturbance vector
and the associated L matrix is square. However, postmultiplying this matrix by
the (T—1)x1 vector of differenced y’s gives exactly the same result as
postmultiplying the L matrix for (5.8) by the T X 1 vector of y,’s.

A number of estimation procedures for (5.8) are considered in Streibel and
Harvey (1993). In the preferred method, a consistent estimator of & is first
obtained by applying a suitable IV estimator to (5.9); if there are no lagged
dependent variables, 2SLS will suffice. Consistent estimators of the hyper-
parameters are then obtained from the residuals, and these estimators are used
to construct a feasible IV estimator of the form (5.7). There are a number of
ways of estimating the hyperparameters. In simple cases, closed form expres-
sions based on the residual autocorrelations are available but, even with &
known, such estimators are not efficient. However, what would be the ML
estimator if § were known can always be computed by an iterative optimisation
procedure. Given values of the hyperparameters, an IV estimate is constructed
for 6. The hyperparameters are then estimated by ML applied to the residuals.
This procedure is then iterated to convergence. Although iterating will not
change the asymptotic properties of the estimators of 8 or the hyperparameters
when there are no lagged dependent variables, it may yield estimators with
better small sample properties. When this stepwise estimation procedure is
used to estimate an equation in a simultaneous equation system it may be
referred to as G2SLS/ML. All the above procedures can be implemented in
the frequency domain as well as the time domain.

5.3. Maximum likelihood estimation

It is relatively easy to construct the likelihood function for a model of the form
(5.1). Maximising this function then gives the FIML estimators. Of course this
may not be straightforward computationally, and the estimators obtained for
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any one particular equation may be very sensitive to misspecification in other
parts of the system.

If interest centres on a single equation, say the first, and there is not enough
information to specify the remaining equations, a limited information estima-
tion procedure is appropriate. In a model of the form (5.1) where u, is
NID(0, £2), the LIML estimator of the parameters in the first equation can be
obtained by applying FIML to a system consisting of the first (structural)
equation and the reduced form for the endogenous variables appearing in that
equation. Since the Jacobian of this system is unity, the estimator can be
computed by iterating a feasible SURE estimator to convergence; sec Pagan
(1979).

Now consider the application of LIML in a Gaussian system with stochastic
trends generated by a multivariate random walk. It will also be assumed that
the system contains no lags, although the presence of lags in either the
endogenous or exogenous variables does not alter the form of the estimator.
Thus

I'y,=p,+Bx,+¢, Var(e)=3,, (5.10)
with I” being positive definite and , given by (5.1). Hence the reduced form is
y,=m  +1Ix,+&", Var(e)=3 =r"'3aT7"), (5.11a)
pl=pt +nl, Var(n))=3;=r"'3I7"y, (5.11b)

where u =I""'u,. The equation of interest, the first in (5.10) corresponds to
(5.8) and may be written as

Yie =Byt Y Vo T B T8y, (5.12a)
Fe = My oo T (5.12b)

where y,, is g X 1, x,, is kK X 1, and both ¢,, and 7,, may be correlated with the
corresponding disturbances in the other structural equations. Prior knowledge
suggests the presence of a stochastic trend in (5.10). There is no information
on whether or not stochastic trends are present in the other structural
equations in the system, and so they are included for generality. The reduced
form for the endogenous variables included in (5.10) may be written as

y2t = /J,,Z + H2xt + (—;Z ’ (51321)
Mo =My ,1 + 13- (5.13b)

The LIML estimator is obtained by treating (5.12) and (5.13) as though they
were the structural form of a system and applying FIML. The Jacobian is unity
and estimation proceeds by making use of the multivariate version of the GLS
algorithm described in Harvey (1989, p. 133).

Streibel and Harvey (1993) derive the asymptotic distribution of the LIML
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estimator and compare the asymptotic covariance matrix of the estimators of 8
and vy with the corresponding matrix from the G2SLS/ML estimation proce-
dure for a model without lagged endogenous variables. If 3, = g3, in (5.10),
where g is a scalar, the multivariate part of the model is homogenous; see
Section 4. In this case G2SLS/ML is as efficient as LIML. Indeed efficiency is
achieved with G2SLS without iterating, provided an initial consistent estimator
of g is used.

Although G2SLS/ML is not, in general, asymptotically efficient as compared
with LIML, the Monte Carlo experiments reported in Streibel and Harvey
suggest that in small samples its performance is usually better than that of
LIML. Since it is much simpler than LIML, it is the recommended estimator.

6. Nonlinear and non-Gaussian models

Relaxing the requirement that time series models be linear and Gaussian opens
up a vast range of possibilities. This section introduces the work in this field
which exploits the structural time series framework. It starts with a discussion
of conditionally Gaussian nonlinear state space models and then progresses to
derive a filter for dynamic generalised linear models. Some recent work on
exact filters for nonlinear, non-Gaussian state space models is outlined. Finally,
some structural approaches to modelling changing variance is discussed.

6.1. Conditionally Gaussian state space models

The state space form and the Kalman filter provides such a strong foundation
for the manipulation of linear models that it is very natural to try to extend
their use to deal with nonlinear time series. Some progress can be made by
defining a conditionally Gaussian state space model

Y= Zt(Yt—l)at + XIB +eg, g~ N(O’ Ht(Yt—l)) s

A
o= T(Y, Yoy +WB+7,,  1,~N(0, O(¥, ). (&
Here ¢, and 7, are assumed to be independent for all values of ¢ and s. In this
model the matrices in the state space model are allowed to depend on Y,_,, the
available information at time ¢ — 1. The Kalman filter still goes through in this
case and so the likelihood for the model can be built up from the prediction
error decomposition.

The theory behind this type of modelling framework has been studied at
considerable length in Liptser and Shirayev (1978). The following examples
illustrate its flexibility.

ExaMpLE. The coefficient of a first-order autoregression can be allowed to
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follow a random walk, as y,_; is in Y,_,. Thus

Yo=Y, te, & ~NID(07 Ui) ;

: (62)
a=a,_,tn,, 7, ~ NID(O0, a,)-

ExaMpLE. Some macro-economic time series appear to exhibit cycles in which
the downswing is shorter than the upswing. A simple way of capturing such a
feature is to specify a cyclical component which switches from one frequency to
another as it moves from downswing into upswing and vice versa. This could be
achieved by setting

Ay, if &tIt—l - lZ’t—l >0,
¢ Ay, if J/tlhl_ lZ’t—lsoa

/\1 s)‘2 ’ (63)

where J/,h_l and ,_, are estimates of the state of the cycle at times ¢ and ¢ — 1
respectively, made at time ¢ — 1. This model, which belongs within the class of
threshold models described in Tong (1990), in effect fits two separate linear
cycle models to the date, the division taking place and 1/34,_1 — §,_, switches
sign.

6.2. Extended Kalman filter

For ease of exposition suppose y, and «, are univariate and
2
Y. = Zt(at) t+e, &~ NID(Oa Ue(at)) >

X (6.4)
a, = Tt(az—l) +m,, n- NID((): an(at—l)) .

This model cannot be handled exactly by using the Kalman filter. However, for
some functions it is possible to expand z,(«,) and T (a,_,) using a Taylor series
to give

azt(at{t—l)
Zt(at) = Zt(at]z—l) + Ja (at - at|t—]) >
t

~ aT(a, ;)
a, = Tt(at—l) + atatil (at—l - at—l) .

(6.5)

If, in addition, the dependence of the variances on the states is dealt with by
replacing them by estimates, made at time ¢ — 1, then the new approximate
model becomes

azt(at|t71) 2
V.= zt(at|t—l) + da, (at - atlt—l) +e, g~ N(0, o-e(at|t—l)) >

T (a,_,)
a, = Tt(at—l) + ata . 11 (atfl - at—l) +’7r b nrNN(O’ Ui(at—l)) -

" (6.6)
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This model is then in the conditionally Gaussian framework and so the Kalman
filter can be used to estimate the state. Since the model itself is an approxi-
mation, we call the conditionally Gaussian Kalman filter an extended Kalman
filter for the original model (6.4); see Anderson and Moore (1979, Chapter 8).

ExampLE. Suppose the logistic transformation is being used to keep z(«,)
between zero and one as in (4.16). Then

1
z a,) T ep(-a) (6.7)
Then the expanded model becomes

_ 1 + exp(_ath—l)
1+ exp(_atlt—l) (1 + eXP(_am*l))

Y 2 (at - at|t—1) te,. (68)

This idea can be used to construct a model of opinion polls. Suppose there are
just two parties. If the level of support for one party is modelled as a logistic
transformation of a Gaussian random walk and the measurement error
originates from using a simple random sample size n,, then

1 —
V=t  a~NO0Y, of-EH) (6.99)
. I3
_ 1 6.9b
K= 1+ exp(—a,)’ (6.9b)
a,=a,_,+tmn,, n,~NIDQ, O'i) . (6.9¢)

As p, is unknown, this model cannot be analysed by using the Kalman filter.
Instead, an estimate of «, can be made at time ¢ — 1, written a,,_;, and it can
be used to replace y, in the variance. One of the problems with this approach is
that this model does not constrain the observations to lie between zero and
one, as ¢, is assumed Gaussian. Although this could be a problem if u, were to
be close to zero or one, this is unlikely to pose a difficulty for moderate sample
sizes.

The Kalman filter can be applied in the standard way once the logistic
transformation has been Taylor expanded. The resulting model is

2
yo=m_,+ exp(_at—l)mt—l(at - at-l) te,

81~N<0’ mH(ln— m,_1)> ’ (6.10a)
I S 6.10b)
T Trexp(-a, ) ©

An approach similar to this, but using a multivariate continuous time model to
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allow for irregular observations, was followed by Shephard and Harvey (1989)
in their analysis of opinion poll data from the British general election
campaigns of October 1974, 1979, 1983 and 1987.

6.3. Non-Gaussian state space models

Although the Gaussian state space form provides the basis for the analysis of
many time series, it is sometimes not possible to adequately model the data, or
a transformation of it, in this way. Some series, such as count data, are
intrinsically non-Gaussian and so using a Gaussian model could harm forecast-
ing precision. In this section we outline the methods for directly modelling
non-Gaussian series.

The key to modelling non-Gaussian time series is the non-Gaussian state
space form. It will be built out of two assumptions. Firstly the measurement
equation is such that we can write

f(yl""’yTlal""7aT):Ef(yt|at)' (6'11)

This assumes that given the state «,, the observation y, is independent of all the
other states and observations. Thus o, is sufficient for y, The second
assumption is that the transition equation is such that

flay, ..., e | Yy) = fley I YO)t];sz(atlat—l) > (6.12)

that is the state follows a Markov process.
Filtering can be derived for a continuous state by the integrals

f(at | Yt~1) = f f(at | at—l)f(at—l I YtAl) dat—l ’ (6133)

flo, 1Y) = fril a)fia |,y /| £l | ¥,y dey. (6.130)

Thus it is technically possible to carry out filtering, and indeed smoothing, for
any state space model if the integrals can be computed. Kitagawa (1987) and
Pole and West (1990) have suggested using particular sets of numerical
integration rules to evaluate these densities. The main drawback with this
general approach is the computational requirement, especially if parameter
estimation is required. This is considerable if a reasonable degree of accuracy is
to be achieved and the dimension of the state is larger; the dimension of the
integral will equal the dimension of the state and so will be 13 for a basic
structural model for monthly data. It is well known from the numerical analysis
literature that the use of numerical integration rules to evaluate high-dimen-
sional integrals is fraught with difficulty.

The computational explosion associated with the use of these numerical
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integration rules has prompted research into alternative methods for dealing
with non-Gaussian state space models. Recent work by West and Harrison
(1989) and West, Harrison and Migon (1985) has attempted to extend the use
of the Kalman filter to cover cases where the measurement density is a member
of the exponential family, which includes the binomial, Poisson and gamma
densities, while maintaining the Gaussian transition density. As such this tries
to extend the generalised linear model, described in McCullagh and Nelder
(1989), to allow for dynamic behaviour.

For ease of exposition we will only look at the extension of the local level
model to cover the exponential family measurement density. More specifically,
we will assume that

oL )= b3 alyesp (M),

&t

L (_ (e — M,1)2>
20> 20,27

n

(6.14)

f(:u’t I l'Lt—l) =

and follow the development given in West and Harrison (1989). Here o2, will
be assumed to be known at time ¢. By selecting a(-) and b(-) appropriately, a
large number of distributions can result. A simple example of this is the
binomial distribution

n,! .
f(yt l 7Tr) = y !(nz _yt)! fo(]' - 77:) i ’ (615)

which is obtained by writing

T

= log ,a(w,) =log(1+exp(p,)),

1-—m,

] y (6.16)

b(yr, O-Et) N yt!(nt - yt)! .

Although it is relatively straightforward to place densities into their exponen-
tial form, the difficulty comes from filtering the unobservable component u, as
it progresses through time. Suppose we have a distribution for u,_, | Y,_;. The
first two moments of this prior will be written as m,_, and p,_,. The random
walk transition means that the first two moments of u, | Y,_, will be

mt|t—1 =m,_q, pt|t—1 =P + ‘75 . (617)

As the measurement density is in the exponential family, it is always possible
to find a conjugate density. Generically it takes the form

f(/J“r | Yt—l) = c(rt|t—1’ St]r—l) exp(:u'trt\t—l - St!r—la(”’t)) . (618)

For a particular form of this density it is typically possible to select r,,_; and
5,,—; SO that the first two moments of this density match m,,_, and p,, ;. Thus
the actual prior density of u,|Y,_, will be approximated by a density which has
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identical first two moments and is conjugate to the measurement density.
Having determined r and s, this conjugate prior can be used to construct the
one-step ahead density

10,Y 0= | £ )] ¥, (6.199)
(Tipim1> S )b(¥0r 02)
_ tlr—1 tlzt 1 t t . ' (619b)
C(rz|t—1 +yt/0-£t7 St|t—1 + (1/0'51))
Further
f(l"’z l Yt) = C(rt7 S,) exp(rt/""t - sta(:u“t)) > (620)
where
y 1
rzzrtlt—l—'——_tz’ St:St|t—1+_2' (621)
a-E GE

By finding the first two moments of this density, implied values for m, and p,
can be deduced, so starting the cycle off again. As the approximate density of
y,|Y,_, is known analytically, a maximum quasi-likelihood procedure can be
used to estimate the unknown parameters of this model by using a predictive
distribution decomposition of the joint density of the observations

T
[CTRE PR ORI I NICAR ANE (6.22)
ExawmrLE. If the measurement equation is normal then
mt]t—l 1
=— =, 6.23
rtlt_l pt|t~1 Stlt ! pt|t‘1 ( )
SO
Meji—1 Vi 1 1
rtz_—___l,_—, s = + — 6.24
Ptlt—l Ui ! Pt|t~1 O'z ( )
implying
p p
m,=p, t=p : mt[t—1+__t2yt' (625)
tle—1 g,
As
a'zp
et/t|t—1
P = _l__—z ; (6.26)
pt[z—l g,

this is the usual Kalman filter.
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ExaMpLE. If the measurement density is binomial then the conjugate prior is
beta,

f( ]Y ) F(rtlt—1+st|z—l)
w _1)= o
! 1 F(rt\t~1)r(st|t—1)

P T (L = )P (6.27)

But as u, =log m,/1 — =, it follows that using our prior knowledge of u,,

my,.,= E,LL, 1 Yt‘l = y(rt|t—1) - ‘Y(stlt~l) 4
. . 6.28
ptltAlzvar Iu‘tlyt—lz y(rt{t~1)+ Y(St|t—1) > ( )

where y(-) is the digamma function and () is its derivative, we can allow r,,_,
and s,,_, to be selected numerically. When r,;,_, and s,,_, are updated to give
r, and s,, the corresponding m, and p, can be deduced from
m,= 'Y(rt) —(s,),
pe=r)+¥6,) .

. . 2
This completes the cycle, since m,,,,=m, and p,,,,=p, + o,.

(6.29)

The work on the dynamic generalised linear model and the extended Kalman
filter share some important characteristics. The most important of these is that
both are approximations, where the degree of approximation is difficult to
determine. In necither case does the filtered estimate of the state possess the
important property that it is the minimum mean square error estimate.

An alternative approach is to design transition equations which are conju-
gate to the measurement density so that there exists an exact analytic filter. In
the last five years there has been some important work carried out on these
exact non-Gaussian filters. Most of this work has been based on a gamma-beta
transition equation; see the discussion in Lewis, McKenzie and Hugus (1989).
A simple example is

= w_lat~1nt s n,~ Beta(wa,_, (1~ w)a, ),

6.30
ar—lIYt—1~G(at~1bt—1) , w€(0,1]. ( )

The transition equation is multiplicative. The rather strange constraints on the
form of the beta variable are required for conjugacy. They imply «,|Y,_, ~
G(a,lt_l, b[|,~1), where

arlzfl =wd,_y, bt|t—1 = wbt—l : (631)
This means that
Ae-1 a
Eat | Yrﬂl = -b__ = Ft = Eat71 Yt—l ’
tli—1 t (632)
a,, _
Varar|Yt~1= t2|t : - 1varat—1|th1
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Thus the expectation of the level remains the same, but its variance increases
just as it does in a Gaussian local model.

Gamma-beta transition equations have been used by Smith and Miller
(1986) in their analysis of extreme value time series to enable them to forecast
athletic world records. Harvey and Fernandes (1989a) exploited them to study
the goals scored by the England football team, against Scotland in their
matches at Hampden Park. A more interesting example from an economic
viewpoint is the paper by Harvey and Fernandes (1989b) on insurance claims.
Both papers use a Poisson measurement equation

e “al
fla)=—7". (6.33)

As a gamma is the conjugate prior to a Poisson distribution, this model is
closed by using a gamma-beta transition equation, for the use of Bayes’
theorem shows that

& l )]t -~ G(aﬁ bt) s o= atlt—l +yt 4 bt = bt[t~1 +1. (634)

This means that if a, = b, =0, the filtered estimate of «, is

Y, ;
a, j=0
Eo |Y, =3 == — (6.35)
[ Z o’
j=0

which is an exponentially weighted moving average of the observations. The
one-step ahead predictive distribution is

f(yt I Yt—l) = f f(yt ' at)f(az l Yt~1) dat

— __(a_t_._l_ b at|t—1b‘at 6.36
- Yr!(at -1 _yt)! ( t[t~1) r ( . )
which is negative binomial and so the likelihood for this model can be
computed using the predictive distribution decomposition, as in (6.22).

6.4. Stochastic variance models

One of the most important modelling techniques to emerge in the 1980s was
autoregressive conditional heteroskedasticity (ARCH); see Engle (1982) and
Bollerslev (1986). These authors suggested modelling the variability of a series
by using weights of the squares of the past observations. The important
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GARCH(1, 1) model has

Vi | Y., ~N(0’ ht) >

6.37
h,=a0+a1yt2_1 + ah ( )

t—1>

that is the one step ahead predictive distribution depends on the variable #,.
Thus the conditional variance of the process is modelled directly, just like in
ARMA models the conditional mean is modelled directly.

Although the development of these models has had a strong influence in the
econometric literature, a rather different modelling approach has been sug-
gested in the finance literature; see, for example, Hull and White (1987),
Chesney and Scott (1989) and Melino and Turnbull (1990). These papers have
been motivated by the desire to allow time varying volatility in opinion pricing
models, so producing a more dynamic Black—Scholes type pricing equation.
This requires that the volatility models be written down in terms of continuous
time Brownian motion. In general ARCH models do not tie in with such a
formulation, although as Nelson (1991) shows there are links with EGARCH.

The finance models, which are usually called stochastic volatility models,
although we prefer to call them stochastic variance models, have some very
appealing properties. They directly model the variability of the series, rather
than the conditional variability. Thus they are analogous to the structural
models discussed in the rest of this paper which are all direct models for the
mean of the series at a particular point in time. A simple example is

y.=¢exph/2), &~NID(,1),

(6.38)
h=aytah, +n,, n, ~ NID(0, U'i) .
where, for simplicity, €, and 7, are assumed to be independent for all ¢ and s.
Here the logarithm of the standard deviation of the series follows an AR(1)
process, which has an obvious continuous time generalisation. It is not
observable, but it can be estimated from the linear state space form

*
o

logy>=h,+loge’=h,+¢
h,=aytah,_,+n, (6.39)
where ] is independent an identically distributed, but not Gaussian. In fact
Ee = —1.27 and Var ¢ = 4.93; see Abramowitz and Stegun (1970, p. 943).
The Kalman filter provides the minimum mean square linear estimator of k&,
from the log y,2 series. Further, the corresponding smoother inherits the same
property of being the best linear estimator given the whole data set.

As y, is the product of two strictly stationary processes, it must also be
strictly stationary. Thus for any stochastic variance model, the restrictions
needed to ensure the stationarity of y, are just the standard restrictions to
ensure the stationarity of the process generating 4,; compare the simplicity of
this to the GARCH(1, 1) model, as analysed by Nelson (1990). The properties
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of this particular autoregressive stochastic variance model can be worked out if
|a;| <1, for then h, must be strictly stationary, with

2

o
y, = Eh, = —0 o2 =Varh, =—" (6.40)

o’ 2
I-a 1—aj

The fact that y, is white noise follows almost immediately given the independ-
ence of g and n,. The mean is clearly zero, while

. hotho))
ytyt—'r_Egtgt—TE exp 2 =0 (641)

as Eg,e,__=0. The odd moments of y, are all zero because &, is symmetric. The
even moments can be obtained by making use of a standard result for the
lognormal distribution, which in the present context tells us that since exp(#,)
is lognormal, its j-th moment about the origin is exp(jy, + jo./2). Therefore

Var y, = E&’E exp(h,) = exp(y, + 01/2) . (6.42)
The fourth moment is
Ey; = Ee/E exp(h,)’ =3 exp(2y, + 2073) (6.43)

and so the kurtosis is 3 exp(o2), which is greater than 3 when o, is positive.
Thus the model exhibits excess kurtosis compared with the normal distribution.
The dynamic properties of the model appear in log y” rather than y’. In (6.39)
h, is an AR(1) process and & is white noise so log y? is an ARMA(1,1)
process and its autocorrelation function is easy to derive.

The parameter estimation of stochastic variance models is also reasonably
simple. Although the linear state space representation of log y> allows the
computation of the innovations and their associated variances, the innovations
are not actually Gaussian. If this fact is ignored for a moment and the
‘Gaussian’ likelihood is constructed, then this objective function is called a
quasi-likelihood. A valid asymptotic theory is available for the estimator which
results from maximising this function; see Dunsmuir (1979, p. 502).

The model can be generalised so that ki, follows any stationary ARMA
process, in which case y, is also stationary and its properties can be deduced
from the properties of /,. Other components could also be brought into the
model. For example, the variance could be related to a changing daily or intra
daily pattern.

Multivariate generalisations of the stochastic volatility models have been
suggested by Harvey, Ruiz and Shephard (1991). These models overcome
many of the difficulties associated with multivariate ARCH based models; see
Bollerslev, Chou and Kroner (1992) for a survey of these models. The basic
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idea is to let the ith element of the N-dimensional vector y, be

yil = Eit exp(hit) s
hy, =y +ayhy,_ +m,,

i

(6.44)

where ¢, and 7, are N-dimensional multivariate Gaussian white noise processes
with covariances 3, and 3,. The matrix X, will be constrained to have ones
down its leading diagonal and so can be thought of as being a correlation
matrix.

The model can be put into state space form, as in (6.39), by writing

log y:=h,+e*, i=1,...,N. (6.45)

The covariance of & = (e}, ..., &x,) can be analytically related to 3, so
allowing straightforward estimation of X, and X, by using a quasi-likelihood,
although the signs of the elements of 3, cannot be identified using this
procedure. However, these signs can be estimated directly from the data, for
yu¥;; >0 if and only if e,¢,>0 implying the sign of the i,j-th element of X,
should be estimated to be positive if the number of occurrences of y,y,, >0 is
greater than 7/2.

Harvey, Ruiz and Shephard (1991) analyse four daily exchange rates for the
US dotlar using (6.38) and find that «, is approximately equal to unity for all
the rates, suggesting that a random walk is appropriate for 4,. This model has
very similar properties to IGARCH in which «, + @, =1 in (6.37). The
multivariate generalisation is straightforward and the transformed observa-
tions, as in (6.45), are a SUTSE model of the form (4.1). Further investigation
of the model indicates that it can be made even more parsimonious by
specifying just two common trends, thereby implying co-integration in volatili-
ty; compare (4.14). The first common trend affects all four exchange rates,
while the second is associated primarily with the Yen.

Although stochastic variance models can be made to fit within the linear
space framework and so can be handled by using the Kalman filter, this filter
does not deliver the optimal (minimum mean square error) estimate. It is not
possible to derive the optimal filter analytically and so it is tempting to change
the transition equation in an attempt to allow the derivation of exact results for
this problem. This approach has been followed by Shephard (1993b) using the
techniques discussed in the previous subsection. He proposed a local scale
model

ol ~N(0, o), (6.46)

where a,, the precision of the series at time ¢, satisfies the gamma-beta
transition equation of (6.30). Although «, is unknown, it can be estimated
because

a,lY,~G(a,, b,), at:afltfl—*_%’ b,=b +%)7f (6.47)

t|r—1
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and also
Ee,|Y,= 7' =5 —, (6.48)

this being the inverse of the EWMA of the squares of the observations.
When the focus shifts to the one-step ahead forecast density, then

bt|t—1
Vol Yoo ~ty, (0,7 (6.49)

>
at|t—1

that is y,|Y,_, is a scaled Student’s ¢ variable, with scale which is an exact
EWMA of the squares of the past observations. If ¢ is large then the degrees of
freedom in the predictive density will approximately equal w/(1— ). As
w—1, the degrees of freedom increase and so the one-step ahead density
becomes like a normal. The parameter w has to be larger than 0.8 for the
fourth moment to exist. Setting w to 0.5 means that the density is a Cauchy
random variable.

Many extensions of this model are possible, allowing, amongst other things,
an exponential power measurement density instead of normal, irregularly
spaced observations and multistep ahead forecasts. The difficulty with the
model is that it is hard to significantly depart from the gamma-beta transition
equation. As this is constrained to be a nonstationary process and is technically
awkward to generalise to the multivariate case, it is of less practical use than
the stochastic variance models. However, for dealing with this very special case
it does provide a rather interesting alternative.
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Bayesian Testing and Testing Bayesians
Jean-Pierre Florens and Michel Mouchart

1. Introduction

In general, a nuli hypothesis (H,) and its alternative (H,) may be considered as
two regions (actually, a partition) of the parameter space of a unique sampling
model or as two different models. These two interpretations cover a large class
of problems and a wealth of different procedures have been suggested and
analyzed in sampling theory. This survey focuses the attention on Bayesian
methods and endeavours to illustrate both the intrinsic unity of Bayesian
thinking and its basic flexibility to adjust to and to cope with a wide range of
circumstances.

Broadly speaking two kinds of approaches seem to be fruitful. One approach
starts by remarking that a test is a statistical procedure, i.e., a function defined
on a sample space, with value in a two-points space, the elements of which may
be, more or less arbitrarily, labelled ‘accept’ or ‘reject’ a given hypothesis. It
seems therefore natural to approach a testing problem as a two-decision
problem: this approach gives a rather straightforward logical background and
leads to what we shall call a ‘fully Bayesian approach’. Some colleagues among
our Bayesian friends are tempted to assert ‘that’s all’ and to consider testing
exclusively as a two-decision problem. Another approach starts by remarking
that testing may also be viewed as a way for the statistician to handle his own
doubt about a statistical model: were the null hypothesis considered as certain,
then he would go on with an inference restricted to the null hypothesis, i.e.,
with a statistical model whose parameters sweep the null hypothesis only. Thus
the statistician implicitly considers two models,

{P°:0€H, and {P’:0€H)

and the mere fact of testing means that (s)he is uncertain about which model is
the ‘suitable’ one. We shall see that this approach is, in a sense, more flexible.
It is characterized by the fact that the two models share the same sample space
and two parameter spaces characterizing different sets of sampling distributions
but these parameters may possibly have an economic meaning which is quite
different with the two models even if they appear in a similar analytical form.

303
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As suggested by the title, this survey has two main sections: one on general
principles, another one on procedures. Let us briefly review these sections.

Section 2, called ‘Bayesian testing’, surveys general principles and is divided
into two main parts. The first one (Section 2.2) is rather traditional in the
Bayesian literature and focuses attention directly on inference about the
hypotheses under considation. Its main output is the posterior probability of
hypotheses but may also take the form of Bayes factors or of posterior odds
and is based, essentially, on the difference between the predictive distributions
determined by each hypothesis. Side issues also consider comparison with the
sampling theory analogue, in particular on possible conflict with p-values. A
second part (Section 2.3), less traditional, focuses attention on inference on the
parameter of interest under different models and is based on a Bayesian
approach to the encompassing principle. This is a formalization of a simple
idea: as far as inference is concerned, model M, encompasses model M, if any
inference based on M,, i.e., any of its posterior distributions, may be obtained
by transforming a posterior distribution of model M, without retrieving the
sample, in other words, if M, is a ‘new’ model it should be able, for being
accepted, to explain the findings of the ‘old” model M,. A peculiarity of the
encompassing approach is to base the binary choice among models, or
hypotheses, on its relevance for the inference on the parameters of interest.
These two parts are distinguished by writing (H,, H,) for the first one and
(My, M) for the second one but it should be insisted that this notational
distinction is contextual rather than substantial, i.e., it is aimed at drawing the
attention to the question whether the interest lies in choosing among models,
understood as hypotheses to ‘explain the real world” or in choosing among
models understood as learning rules to be used when analyzing data. We show
in particular that this latter approach provides a Bayesian version of the
Hausman (1978) test for model specification. Also Section 2 discusses the
‘minimal amount’ of prior specification required to make these approaches
operational and some aspect of their asymptotic behaviour.

Section 3, called ‘Testing Bayesians’, surveys procedures derived from the
general principles of Section 2 when facing specific problems of econometric
interest. Section 3.1 considers the testing of a regression coefficient (with
known variance). This problem is analytically the simplest one; it is used as an
opportunity to survey most of the procedures suggested by the preceding
section. In contrast, Section 3.2 considers an analytically more complex
problem, namely testing for unit root(s); it surveys a literature that recently has
been very active. It is therefore too early to claim any ‘objectivity’ in the
appraisal of those recent achievements. We essentially endeavour to show how
the general principles of Section 2 have generated useful and workable analysis
of a problem, the solution of which has been judged of crucial importance in
contemporary dynamic modelling.

It should be clear, from this presentation, that Sections 2 and 3 do not do full
justice to the complete Bayesian activity in the domain of testing. The last
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section sketches some of the overlooked material and gives a rapid evaluation
of the present state of the art.

2. Bayesian testing

2.1. Introduction

In sampling theory, a statistical model may be viewed as a family of probability
measures on a sample space (S, &) indexed by a parameter 6:

{(S,9),P°:0€06). (2.1)

In usual cases, these probability measures may be represented by densities on a
random variable x representing the observations on the sample space:

{px|0):0€06}. (2.2)

Most econometric models are of the conditional type, i.e., observation x is
decomposed into y and z, thus x =(y, z), and the statistical model is only
partially specified, i.e., up to the conditional distribution of y given z only,
thus,

{p(ylz,0):0 €06} . (2.3)

Bayesian models are obtained by endowing a sampling theory model with a
(prior) probability measure P, on the parameter space (@, 9°) and interpreting
the sampling model as a probability conditional on the parameter. This is
allowed by defining a unique probability measure Il on the product space
® X S, which is written as

nm=prP,QP° (2.4)

and characterized by
H(AxB)=j P(B)dP, AET , BEY (2.5)
6EA
or, in terms of density,

p(x,0)=p®)p(x|9). (2.6)

Thus, in econometrics, a typical Bayesian model becomes a unique joint
probability on y and # conditional on z, i.e., in terms of densities,

p(y,0]2)=p@|2)p(y|z,0). (2.7)

Bayesian methods aim at performing a dual decomposition of this joint
distribution into a predictive distribution on (y|z) and posterior distributions
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on (6 |y, ),
p(y,0|2)=p(y|2)p@ |y, 2). (2.8)

Inference problems are connected with the analysis of the transformation ‘prior
to posterior’, i.e., the transformation of p(f |z) into p(# |y, z). Prediction
problems may be considered either in prior terms, i.e., predicting y before it
has been observed, or in posterior terms, i.e., decomposing y into a ‘past’
component y, and a ‘future’ component y;, y = (y;, ¥,), and predicting y; after
observing y,. In simple cases, predictions are con81dered conditionally on z
and are handled by averaging the samphng distribution p(y|z,8)-or
p(y:| ¥, 2, 0) — weighted by the relevant distributions on the parameters
p(|z)—or p@] ¥p» Z,0) —in order to obtain the predictive distributions

p(vy129= | p(1 2.0tz ]0) a0 . (29)

Pel yp,2) = f P(yel yp: 2,0)p(0 | yp, 2) d6 . (2.10)

A rather precise exposition of the probabilistic foundation of Bayesian
methods may be found in ‘Elements of Bayesian Statistics’ (Florens, Mouchart
and Rolin, 1990), particularly Chapter 1, to be referred to as EBS. An
exposition specifically oriented towards econometrics may be found in Zellner
(1971) and with a more general orientation, in Berger (1985), De Groot (1970)
Jeffreys (1967) or Lindley (1971).

Remark 1. It will be seen later that both the posterior distributions and the
predictive distributions are involved in Bayesian procedures of testing.

RemARK 2. Up to now we have not assumed the prior independence of 6 and
z,i.e., 8 1Lz or p(# |z) = p(#). This is motivated by two types of considera-
tions. First, at this level of generality, such an assumption does not substantial-
ly simplify the Bayesian model because even when 6 and z are, a priori,
independent, all other distributions involved in the Bayesian model, namely
the sampling, the predictive and the posterior, still depend crucially on z; in
particular, for the inference, i.e., the evaluation of the posterior distribution, y
and z are taken as data. Furthermore, in sequential modeling, z would involve
lagged values of y so that @ would not be independent of z. Second, the
rationale of the hypothesis 6 LL z is to ensure the admissibility of conditioning
on z, i.e., of considering the joint distribution p(y, @ | z) rather than the joint
distribution p(y, z, 0, A) where A would characterize the marginal sampling
distribution of z, with the consequence that z becomes exogenous for the
inference on 6. As the problem of exogeneity is not a basic issue in this survey,
there is no real gain in assuming the exogeneity of z as a starting point (for a
Bayesian treatment of exogeneity see EBS, Sections 3.4 and 6.3). As a
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consequence, most general ideas around testing may be presented in uncondi-
tional as well as in conditional models.

2.2. Posterior probability of hypotheses, posterior odds, Bayes factors

2.2.1. The traditional Bayesian approach: Comparison of predictive
distributions

Two-decision problems. Consider a two-decision problem with the set of
possible decisions A = {a,, a,}. The loss function may then be written as
l(a;,0)=1(0) for j=0,1 and H, and H, may be defined as H, = l ({O}) ie.,
the set of 9 for which g; is optimal (VlZ has zero loss). A testmg problem is
characterized by the fact that H;, and H, operate a partition of the parameter
space constituting the maintained hypothesis. Thus a; may be interpreted as
‘decide as if H; were true’ and the loss function may be rewritten as

1a;,0) = 6(0)1,4,6) (2.11)

where j=0if j=1 and j=1 if j=0. A decision function a:S5— A is an
optimal one, a*, when defined as

a*(x) = arg inf Ell(a,0)|x], (2.12)
in general, i.e., in the case of a two-decision problem

a*(x)=a, & E[L(0)1,,0)[x]<E[l,6)1,,6)|x]. (2.13)

It has been argued that Neyman—Pearson theory may be interpreted in this
decision theoretic approach by considering the particular case of a piece-wise
constant loss function l(a,, 8) =1 H]T(O) so that

a*(x)=a, < LP(H,|x)<[,P(H,|x), (2.14)

i.e., in terms of posterior probability of hypotheses

a*(x)=a, © P(Ho(x)slojll, (2.15)
or in terms of posterior odds,
P(H0|x) 0
B — pis
a*(x)y=a, & P(H, lx) l (2.16)

Thus the rule a*(x) = a, ©P(H, | x) < 5% would be justified with the piece-wise
constant loss function such that [, = 19/, a way of formalizing that type I-error
is much more severe than type Il-error. This analysis shows that Bayesian
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testing under piece-wise constant loss functions boils down to the evaluation of
the posterior probability of the hypothesis in presence.

Posterior probabilities and posterior odds as foundations of Bayesian testing
are as old as Bayesian statistics and are presented, e.g., in Jeffreys (1967).
These definitions are given and discussed in many books and used in many
papers: see, e.g., Berger (1985), Hodges (1990), Leamer (1978, 1983 and
1991), Zellner (1984). Asymptotic properties of posterior probabilities of the
two hypotheses can be found in EBS, Section 7.5. Note that the posterior odds
essentially mimic the likelihood ratio with however a crucial difference of
interpretation: the posterior odds are based on the posterior distribution rather
than on the sampling distribution and the critical value is defined by the loss
structure rather that by an exogenously given level. Also the particular
piece-wise constant structure of the underlying loss function should be stressed,
an often disputable structure. For example, such a structure would be
questionable when testing H,: 6 =0 for # being a price elasticity in a brand
demand equation but would be rather reasonable for testing H,: 8 <0.5 when 6
is the percentage of favourable intention of votes in a forthcoming two-
candidates clection and when the underlying decision is a possible reorientation
of the electoral campaign. The connection between testing and decision is
discussed in particular in Savage (1954), Rubin (1971).

Prior specification and structure of the hypotheses. The literature on the
posterior probability of hypotheses and on posterior odds has also paid some
attention to the role of the prior specification, particularly for the case of a
sharp null hypothesis and for improper prior distribution. (See, e.g., Klein and
Brown, 1984; Leamer, 1978, 1983; Maddala, 1976).

Once it is recognized that the hypotheses H, and H, operate a partition of
the parameter space @, the prior distribution (and also the posterior) may be
decomposed conformably with that partition, namely

P, =m,Py + (1—m,)P,) , (2.17)
where 7, = P,(H,) and P,(A)=P@O € A| H;), or in terms of density,
pO) = mp°(0)15,(60) + (1 - m)p (6)1,1,(6) , (2.18)

where p’(0)1 Hj(()) are the respective conditional densities. One then obtains

7 p(x | Hy)
7y p(x | Hy) + (1 — mo)p(x | Hy) (2.19)

or equivalently, in terms of posterior odds

P(H, Ix) _ Ty px | H,)
P(Hllx) 1_770 p(x|H])
=—_B(H,H,), (2.20)

11—,

P(H, Ix) =
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where
Pl H)= [ ple|@)p'@)1,0) 00, j=0,1, @21)

are the predictive densities relative to each hypothesis and B (H,; H,), called
the Bayes factor of H, against H,, is deemed to measure how far an
observation x increases or decreases the prior odds (1 —m,)”" into the
posterior odds, i.e., gives empirical evidence more or less in favour of H,.
Thus in case of piece-wise constant loss functions, the Bayes solution, in terms
of posterior probability (2.15), posterior odds (2.16) or Bayes factor (2.20),
essentially relies on the predictive densities (2.21) of each models. Let us now
survey the impact of the prior specification on those predictive densities
according to the structure of the hypotheses to be tested.

(i) If both hypotheses H; are simple, i.e., H; = {6} so that @ = {6, 0}, the
Bayes factor is exactly equal to the likelihood ratio and is therefore in-
dependent of any prior specification. In this case, the Bayes factor and the
likelihood ratio give the same empirical evidence in favour of H, but again the
critical value for the likelihood ratio depends on the loss structure and on the
prior weight ), viz.

o Pl L 1-m,
a*(x)=a, < B(Hy;H,) ~ p(x|6,) =1

(i) When one of the hypotheses (or both) is not simple, the corresponding
predictive density (2.21) clearly depends on the prior specification. If P/ is
improper, i.e.,

(2.22)

fp’(ﬂ)ﬂg,((?)d0=°°, (2.23)

more precisely is a o-finite measure, the decomposition (2.17) cannot anymore
be interpreted as a marginal-conditional decomposition with respect to H, and
H,; and p(x| H,) is also improper. But once an improper prior distribution is
justified by an invariance argument, its density is defined up to a multiplicative
constant only; for instance when ® =R, p’(§) =1 corresponds to Lebesgue
measure and has the same (translation) invariance property as p’(8) =2 (or,
=1991). Furthermore, two improper prior distributions with proportional
densities are associated with identical posterior distributions and therefore a
Bayesian cannot argue in favour of p’(8) =2 (or, =1991). This is actually
_reflected by writing p’(8) <1 instead of p/()=1. The difficulty is that the
(2.21) suffers from the same indeterminacy and the Bayes factor is eventually
indeterminate.
(iii) Consider now the case where H, is sharp but H, is not (heuristically the
Lebesgue measure of H, is zero and that of H, is strictly positive; for instance:
® =R and H, = {6,}). If P, is smooth (more precisely, dominated by Lebesgue
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measure) 7, = P(H,) = 0; this implies, with smooth sampling probabilities, that
P(H,|x) =0 and that the posterior odds and the Bayes factor are identically
zero. Conversely, if 7, = P(H,) >0, P, is not smooth but m,> 0 whereas P, is
smooth implies a discontinuity of P, which has been criticized in some
contexts. Suppose, for instance, ® =R, H,={6,}, m,=0.5 and (0 |H,)~
N(m, v). The prior distribution function is smooth everywhere except at the
point 6, where there is a jump of height equal to 0.5. This jump may be
considered as undesirable if the sampling model is smooth, heuristically if the
likelihood function is continuous at 6 =6,. For instance, when equilibrium
appears as a parametric restriction of the type g(8) =0 in a model embodying
structural disequilibrium, a prior distribution with a strictly positive mass on
the (null measure) surface g(6) =0 may be palatable whereas in a demand
model where 8, represents a price elasticity, a strictly positive prior probability
on {6, = —1} may be much more questionable when the prior distribution is
otherwise continuous. But it would seem unnatural to let the prior specifica-
tion, and more particularly its points of discontinuity, depend on whether one
intends to test for example H,:6, =0 against H,:6,7#0 or to test H,:6,=1
against H,: 0, # 1.

Alternative approaches to testing. It has been suggested that testing a sharp
hypothesis might be a workable approximation for testing a neighbourhood,
i.e., H,: g(6) =0 would be an approximation for H,: |g(6)| < e for some £>0
so that 7, should be interpreted as P[—¢ <g(6) < &] = =, rather than P(g(6) =
0) = m,. The difficulty is that the optimal decision rule a*(x), the posterior
probability, posterior odds or Bayes factors all depend crucially on e. Thus for
the case of sharp hypothesis some statisticians have remarked that in a
sampling theory approach a yes—no testing at a predefined critical level & may
be less interesting than the evaluation of a confidence interval of given level.
Similarly, in a Bayesian framework a yes—no decision problem may be less
interesting, in practice, than the evaluation of a posterior probability interval,
i.e., the evaluation of ¢,(x) and c,(x) (with c¢,(x) <c,(x)) such that P[c,(x) <
g0)<c,(x)|x]=1- « (see, e.g., Lindley, 1961). In this approach, the choice
of level « is less crucial: it is introduced in the framework of a convenient
summary of the complete posterior distribution.

Instead of confining the attention to the two-decision problem, attention has
also been paid to the more general problem of the weight of the evidence
provided by the data in favour of H, or of H,. Comparing sampling theory and
Bayesian approaches suggests comparing the p-value, considered as a measure
of empirical evidence, and one of the Bayesian natural measures viz. posterior
probability of H,,, posterior odds or Bayes factor. A vast literature has shown
that an observation may look very favourable to the alternative hypothesis in a
sampling theory framework but very favourable to the null hypothesis in a
Bayesian framework; for given data a small p-value may be associated to a
very high Bayes factor, so that a p-value cannot be viewed as an approximation
of P(H, | x), not even an indication of its order of magnitude. This situation has



Bayesian testing and testing Bayesians 311

been known as Lindley’s paradox, after Lindley (1957) and has received an
impressive attention in the literature. Fundamentally, the problem is that any
posterior distribution may be associated to a given likelihood function.

Relationships between Bayesian test and classical tests have been discussed
in many papers see in particular Bernardo (1980), De Groot (1973), Gaver and
Geisel (1974), Good (1985), Hill (1982, 1990), Poirier (1988), Raftery (1986);
for the more particular problem of the relationship between p-value and Bayes
factors, see Berger (1986), Berger and Berry (1988) Berger and Delampady
(1987) (this paper also contains an important bibliography on this issue),
Berger and Sellke (1987), Casella and Berger (1987) Dickey (1977), Shafter
(1982). Moreno and Cano (1989) have however shown that the relationship
between p-values and Bayes factors may be possibly reversed with respect to
the undimensional case.

Another approach takes the point of view of estimating a binary valued
functlon of the parameter g =b(9) where b:0—{0,1} is such that H,=
b~'(j), j=0,1, ie., b(@B)=1 1,(0)- Thus some Bayesians have suggested to
enlarge the two- point set of possible decisions into the unit interval [0, 1] and
to consider loss functions of the form €(a, 1 (6 )) with a € [0, 1]. Thus for a
quadratic loss function, €(a, 1, (0))=[a — 1y, (0 )I?, the Bayesian solution, is
simply a*(x) = E(1, (0)|x) and for

ta—1,,0)) fora>1,(0),
a, 14,60)) = {fl(ﬂHo(O) —a) fora<1,(0),

the Bayesian solution is a corner solution, namely

. %
a*(x):{o if P(HOIX)ST-I—& ,
1 otherwise .

This is exactly (2.15) with a =0 (resp. a = 1) identified with a, (resp. a,). For
more details, see Hwang, Casella, Robert, Wells and Farrel (1992).

2.3. Inference on genuine parameters of interest: An encompassing approach

2.3.1. Model choice and hypothesis testing
A deep and recurrent theme of discussions in econometric modelling turns
around the relationship between the economic meaning of a parameter and the
model where it appears. These discussions suggest that parameters may
possibly change their meaning under a null hypothesis. For instance we argue
in Section 3.2.1. in the model y = Bz, + yz, + € the coefficient of z, may have
a different meaning according to whether y =0 or y #0.

These considerations lead to the analysis of statistical models such that the
‘parameter’ @ has the form (A, 6, 6,) where A is a ‘model label’ (A € {0,1})
and 0, (j=0, 1) are model-specific parameters. Thus the full Bayesian model
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would be specified through a joint distribution p(A, 6,, ,, x), written as:

P(A, 8y, 61, x) = [m,p°(6y, 01, )] *[(1 = )P 8y, 6, X)]" (2.24)

where m,=P(A=0) and p’(8,,0,,x)=p(6,,0,x|A=j), j=0,1, with the
following characteristics:

p'(6,0,,x) =p'(6))p’(x|6))p’(6;]6))
=p'®p’©,|x)p’(6;16), j=0,1. (2.25)

This is, the sampling distribution of model j, p’(x|8), depends only on the
correspondmg 6, with the consequence that the conditional distribution

’(0 |6,) is not rev1sed in model j, by the observation x. Let us note the
followmg points:

(i) In this formulation 6, may be a subvector of ;, or a function of 6, and
represents the free parameters under H,, in the usual hypothesis testing but this
is not a necessity: 6, and 6, may also represent unrelated parameters charac-
terizing different models.

(il) When 6, is a subvector of 6, and when one is willing to specify that 6,
keeps the same economic meaning whether A=0 or A=1, then the prior
specification would be: p'(6,|6,) is degenerate at 6, and p°(9, | 6,) =p'(6,6,),
the right-hand side being directly derived from p'(8,).

These features are stressed by writing M; (for model) instead of H; (for
hypothesis). Recall that this distinction is contextual rather than mathematical
but we think the context of model choice is more general, in a sense to be
made precise in the sequel. In particular, if the parameter of interest is A, i.c.,
if the problem is actually deciding whether model M, or M, is preferred, the
discussion of the preceding section applies. More specifically,

P(A=0|x) = P () (2.26)

mop () + (1—m)p'(x)’

where, again, p’(x) is the predictive density relative to model j,

P’ = [ el o)p’e) as,. @.27)

Note that for the same reason as in Section 2.2 the evaluation of p’(x) requires

d p’(6,) to be a proper (prior) distribution but also that, although formally
present in the full Bayesian model, p’(ﬂ |6,) needs not be specified at all, it is
only assumed to be implicitly an (arbltrary) proper distribution.

2.3.2. The encompassing approach: An overview

Let us pursue the approach of two models, M, and M,, characterized by their
parameters 6, and 6, but consider now that the parameter of interest is a
function of 8,, viz. ¢ = f(6,).
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If model specification, prior elicitation, data handling and numerical compu-
tation were ‘free’ (or your research budget ‘unlimited’ in time and money) one
could apply a ‘full Bayesian approach’, namely, start from the complete joint
distribution p(A, 6,, 8,, x) sketched in the preceding section, marginalized into
p(p,x) and therefrom evaluate p(e |x), which can also be decomposed as
follows:

ple|x)=P(A=0]x)p"(¢ [x) + P(A=1]x)p'(¢]x), (2.28)

where p’(¢ |x) is the posterior distribution of ¢ obtained from each model
separately, i.e., from each p’(6,,6,,x). Remember from the discussion of
Section 2.2.1, that the evaluation of P(A|x), and therefore of p(¢|x), is
meaningful only under proper prior specification, i.e., when p(A, 6,,6,) is a
genuine probability measure. In practical cases, the formidable ‘if’ starting this
paragraph makes this solution more often ‘duily Bayesian’ than ‘fully
Bayesian’!

Apart from the operationality requirement, there is another argument for
thinking that the evaluation of p(¢ | x) as in (2.28) is not the end of the story.
As far as M, and M, are two ‘reasonable’ models for explaining how data x has
been generated or for helping in predicting a future realization of x, it is a
standard practice in the history of science to look for ‘parsimonious modelling’
rather than keeping record of ‘all reasonable models’ and the use of the mixed
model (2.28) reflects precisely the idea of keeping track of ‘all reasonable
models’ as opposed to a search for as simple a model as possible (see also
Dickey and Kadane, 1980; Hill, 1985).

If model 1 were as simple as model 0, inference on ¢ would then boil down
to evaluating its posterior distribution p'(¢ | x) from the sole model 1 viz. from
p'(6,|x)x<p’(6,)p"'(x|6,); in such a case, neither model 0 nor p’(6;|6,) would
have any role. Suppose now that model 0 is ‘definitively simpler’. A natural
question is now: ‘how far could we build an inference on ¢ relying on model 0
only?. The very same question is also relevant when M, and M, are two
intrinsically different models and the statistician is willing to consider M, as a
‘true’ (or ‘valid’) model with the idea that if M, were ‘true’ and M, were ‘false’,
the inference on ¢ should be based on M|, rather than on M,, provided that ¢
can be interpreted under M,,.

Whereas the evaluation, in Section 2.3.1, of P(A|x), treats symmetrically
M, and M, this last question introduces a basic asymmetry between M, and
M,: the parameter of interest is a function of 6, only and model 0 has prima
facie an auxiliary role only. At this level of generality 6, may be a subvector of
6,, or a function of #, or a ‘completely different’ parameter and f(6,) might also
be a function of 6, only: this will be examplified in Section 3. We consider the
Bayesian extension of M, as in (2.25),

PO(007 0,, x) =P0(00)P0(x l 90)P0(91 | 6) (2.29)

where the first two terms specify a standard Bayesian model on (x, 6,) and the
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last term, designated as a ‘Bayesian pseudo true value’ (BPTV) calls for several
remarks:

(i) Its name comes from the literature on the encompassing principle where
a pseudo true value of a statistic means its expectation or its probabilistic limit
under a model different from that where such a statistic ‘naturally’ appears. It
is therefore a function of the parameters of that different model. This concept
has known a wide diffusion in the classical literature since the seminal paper of
Cox (1961). Its Bayesian version is in the form of a probability, conditional on
the parameters of that different model, rather than a deterministic function of
those parameters.

(i) The role of a BPTV is to insert 6, into model 0 in order to make an
inference on 6, possible from model M,.

(iii) The role of a BPTV is also to ‘interpret’ #, in the light of model M,
whereas a classical pseudo true value is rather the interpretation of a statistic
under M,. This role gives full flexibility as far as adjusting the procedure to
situation where 6, is a function of #, or not, or where 6, keeps the same
interpretation under M,, and M, or not.

(iv) Finally the role of a BPTV is to make 6, a sufficient parameter in the
Bayesian model extending M, (i.c., x 11 6,|6,; p° whereas x 1L 6, |6,; p and
x 1k (9, A); p are both false in general).

These ideas have been developed, from a Bayesian point of view in Florens
(1990), Florens and Mouchart (1985, 1989), EBS (Chapter 3), Florens,
Mouchart and Scotto (1983), and in various hitherto unpublished papers by
Florens, Hendry, Richard and Scotto.

From (2.29) the posterior distribution of ¢, p°(¢ | x) can be evaluated as

p’(e|x)=E°[p°(¢|6,)|x]

= [ %6, 10" 160 dt, (2:30)

where p°(¢ | 6,) is obtained by marginalizing on ¢ the BPTV p°(0,]6,). Once
we have built two posterior distributions on the parameter of interest, viz.
p°(¢ | x) and p'(¢ | x), a natural question consists of asking how different they
are.

If they are equal for ¢ =6,, this means that any inference possible from
model M, can be reproduced from model M, extended as in (2.29). This also
means that model M, extracts from the observations all the information
extracted by model M, along with the information on 6,, the genuine
parameter of M. In such a case we say that model M, encompasses model M,.
This concept may be viewed as a statistical translation of the idea that in order
to be held as prevailing, a ‘theory’ M,, should explain not only the observations
generated by experiments naturally suggested by itself but also the observa-
tions generated by experiments suggested by a ‘competing theory’ M.

If p°(¢ | x) and p'(¢ | x) are not equal, one may measure how different they
are by means of a discrepancy function d(x) which may be a distance (D)
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among distributions or among characteristics of distributions (typically, among
expectations), or a divergence function (D),

d(x)=D(p' (¢ |x), p’(e|x)) . (2.31)

The basic idea is the following: if d(x) is ‘small’, the inference on ¢, produced
by model M, is ‘almost’ reproduced by model M,. This suggests another way
of testing model M, against model M,, when the parameter of interest is ¢ and
when the statistician is not willing to adopt a fully Bayesian attitude and let the
model choice depend on prior probabilities of models.

The use of d(x) for deciding to base the inference about ¢ on M, rather than
on M, may be guided by the asymptotic behaviour of d(x), and eventually of
p’(¢|x) and of p'(¢ | x). Instead of describing a general theory let us sketch
the structure of a rather general situation. Let us denote x} = (x,- - -x,)). Under
M,, i.e., under the joint distribution p°(6,)p°(x} |6,), p'(¢ | x}) typically (i.e.,
under ‘good’ conditions such as i.i.d. sampling with suitable smoothness of the
likelihood) converges to a distribution degenerated at f[g(6,)] where g(6,) is
the (classical) pseudo-true value of 6,, i.e., the limit under p°(x}|6,) of the
maximum likelihood estimator of 4, in p'(x}|6,) (see Berk, 1966). Under
similar conditions p°(6, | x}) also converges to a degenerate distribution, (see,
e.g., EBS, Section 9.3 for cases more general than the i.i.d. one) but this is not
sufficient to ensure the convergence of p°(¢ | x7) which crucially depends on
the specification of the BPTV p°(¢ | 6,) (derived from p°(9, | 6,)). This analysis
however shows that a ‘natural’ specification of the BPTV p°(6, | 6,) would be
either a conditional distribution degenerated at the classical pseudo-true value
g(6,) or a sample-size dependent specification p’(6, |8,) such that p2(6, |x})
converges to the same limit as p'(6' | x}); some examples will be given later on.
Under such a specification of the BPTV p°(8, | 6,) — or of p2(8, | 6,) — and with a
suitable choice of the distance or of the divergence, d(x}) typically converges,
under M, to a chi-square distribution and diverges to infinity under M,. This
situation is therefore formally similar to most testing problems in a sampling
theory approach. It suggests either to evaluate a Bayesian p-value, i.e.,
P°(d = d(x)), or to build a critical partition of the sample space S =S U §¥®
where

S = {x|dx) =k} =d '([k, ), (2.32)

where k is specified in such a way that P’(S,(k)) obtains a prespecified level a,
i.e., k in such that P°(S,(k)) = a.

Before illustrating those procedures by some examples, let us point out some
remarks.

(i) Those procedures do not require the specification of m, because the
problem is not any more to choose a model but rather to decide how to make
inference on a specific parameter of interest. Even if ¢ is an injective
transformation of 6,, evaluating the predictive support of an observation x in
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favour of a model or of an hypothesis is different from evaluating the
discrepancy between two inferences.

(ii) As far as the prior specification on (6,, 8,) is concerned, p°(6,) should be
proper because d(x) is to be calibrated against the predictive distribution p°(x)
under M°. However, p'(d,) might be improper, provided that p'(6, | x) is well
defined (i.e., that p'(x) is finite). As far as the BPTV is concerned, p'(6,|6,)
needs not be specified but p°(6, | 6,) is of crucial importance. Next subsection
gives more comments on some issues related to the prior specification.

(iii) As mentioned earlier, a first motivation for model choice is parsimoni-
ous modelling. In a Bayesian framework, this leads to the idea of developing
procedures based on partially specified Bayesian models. Remark (ii) gives, in
this respect, a first rationale for the procedures just sketched. A second
motivation for model choice is to introduce the statistician’s own doubt about
his own model. This is the idea that, in an exploratory study, as opposed to a
completely specified decision problem, the statistician may like to entertain the
idea of a ‘small world’, within which he is willing to be ‘coherent’ but, at the
same time, to keep the idea of a ‘grand world” where he is actually moving and
the description of which is only partially specified in his small world. He is thus
implicitly accepting the idea of receiving tomorrow information he would
consider as unexpected today. Savage (1954, Sections 2.3 and 5.5) mentions
the difficulty of delineating the border between the small world and the grand
world. A possible interpretation of the critical partition S =S,(k) U S,(k) is
that a simple and operational approach of the small world is Sy(k) under M,
and that an observation in S,(k) leads to go on learning according to p°(¢ | x)
whereas an observation in S,(k) would lead to rethink the model without
deciding today how it should be. In the same line, Pratt, Raiffa and Schalaiffer
(1964) mention that the extensive-form analysis requires one more axiom than
the normal-form analysis, namely their axiom 5 which says, heuristically, that
present preferences among conditional lotteries are equivalent to conditional
preferences among the corresponding unconditional lotteries. That supple-
mentary axiom deals with the stability of the preferences with respect to the
state of information. Again, the critical partition §=S,(k) U S,(k) may be
interpreted as describing the set S,(k) of observations x where one is willing to
retain axiom 5 and eventually to use the learning rule specified by p°(¢ |x)
whereas an observations in S;(k) would lead to rethink the model without
deciding today how it should be. Both interpretations make rather natural an a
priori given level a defining & and its associated partition of the sample space
S. The alternative to that specification would be a fuily Bayesian approach
sketched in the beginning of this subsection but also suggested as being of
moderate interest in various actual situations.

2.3.3. Prior specification and Bayesian pseudo true-values

Comparing sampling theory procedures and Bayesian procedures, one may
notice that in both types of procedures, M, and M, are not treated symmetri-
cally. In particular the test statistics is calibrated against M, only. The main
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difference between those two types is the prior specification involved in the
Bayesian procedure. The examples, in Section 3, illustrate how the prior
specification is the main source of flexibility in the working of Bayesian
procedures. Two types of prior elicitation are required, viz. the prior dis-
trlbutlons for each model p’ (6), j=0,1 and the Bayesmn pseudo-true value
p°(6,]6,). We shall first dlscuss the specification of p°(6, |6,). From a purely
subjectivist point of view, p°(6,|6,) represents, in probabilistic terms, the
meaning of 6, under M, i.c., the interpretation of the parameter 60, if M, were
considered as the ‘true’ model. It may nevertheless be helpful to suggest some
devices for facilitating that specification. In broad terms, those devices are
model-based and ensure reasonable asymptotic properties, viz. that p°(¢ |x7)
and p'(¢ | x7) converge to a same limit. We sketch three such devices.

A first device is based on an idea close to Neyman—Pearson approach,
namely that M, should be rejected only if there is kind of a compelling reason.
Thus one may look for the BPTV which minimizes the expected discrepancy
function d(x),

p°(6,6,) = arginf E’[d(x)] (2.33)

where E° means the expectation under p°(x), and inf runs over the set of all
conditional distribution of (8, | ,). This optimization raises, in general, difficult
problems in the calculus of variation but an example in Section 3.3.1 will show
how to obtain a restricted optimum in a specific case.

A second device is based on a Bayesian analogue of a sampling theory
- concept of pseudo-true value, i.e., the (sampling) expectation, under M, of
the posterior distribution, in M,, of 8, namely,

P20,10)= [P0, 1x)p°6s7 [ 0,) x] @34)

Section 3.1 gives an example of how operational such a device can be made. It
may be mentioned that this construction typically leads to a BPTV depending
on the sample size, and on the exogenous variables in case of conditional
models, and in ‘good’ cases, produces a sequence of p’(¢ | x}) converging to a
same degenerate limit as the sequence p'(¢ | x7).

A third class of devices consists of considering degenerate distributions, i.e.,

PO, EF6) =1 4,)cr; » (2.35)
where g:6,— 0, (0, in the parameter space for 6,) is momentarily arbitrary.
This implies

P°(6, € F|x)=P"[g(6,) EF|x] and

P’(p €0 1x) =P°[f[8(6)] €Q | x].

A natural specification for the functlon g is a sampling theory pseudo-true
value. For instance, g(6,) = plim’ 9 . Where 0 ,, Is 2 maximum likelihood (or
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another consistent) estimator of Bb in M, and plim° denotes plim under M, or,
in a finite sample, g,(6,)=E"(4,, | 6,) or g,(f,)=arginf, D(p (3 100)
p'(x716,)) for some divergence or distance function. In ‘good’ cases all these
specifications converge to a same limit and produce a sequence of p°(¢ | x})
converging to a same degenerate limit as the sequence p'(¢ | x}).

We like to stress that these three devices are offered as an eventual
alternative to a purely subjectivist specification: whether a Bayesian statistician
should or should not take care of the asymptotic properties of his procedure is
not an issue to be discussed in this review. We simply suggest that different
statisticians facing different real-life situations may be expected to adopt
different positions on this issue. ‘

Suppose now that the prior specification of p’(6,) (j =0, 1) and p°(6,]6,) has
been completed in some way. Experience with computer-assisted elicitation
programs has shown the importance of cross-checking whether a prima facie
elicitation correctly represents subjective opinions. In this context, it should be
realized that the prior specification implies two distributions on 6,, p'(6,),
directly specified, and p°@6,) = | p°(6,)p"(6, | 6,) d6,. Thus, an important ques-
tion is whether these distributions should or should not coincide (i.e., whether
0, 1L xor not) Similarly, when 6, is interpreted as a functlon of 8,, one should
ask whether p°(8,|6,) and p'(6,]6,), obtained from p'(8,), should or should
not coincide (i.e., whether 6, 1L A|6, or not) and whether p'(6,) and p°(6,)
should or should not 001n01de (i.e., whether 6, LL A or not). These questions
are the probabilistic translation of the question about the meaning of the
parameters under alternative models. Finally, the prior specification also
involves two predictive distributions, p°(x) and p'(x) but note that once they
coincide, inference on A looses any interests (i.e., once A 1L x, the prior and
posterior probabilities of models coincide).

3. Testing Bayesians

3.1. Introduction

In this section we show, through some examples, how testing problems may be
handled by statisticians open-minded towards Bayesian ideas. We call these
statisticians ‘Bayesians’ and their activity we analyze ‘testing’.

The first example starts form a rather standard problem: testing the
significance of a regréession coefficient in a multiple regression. Through this
seemingly simple problem we try to illustrate the diversity, and propose a
survey, of procedures suggested by the general approach sketched in Section 2.
The next example handles a topic more genuinely relevant in econometrics,
namely testing for a unit root.
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3.2. Testing a regression coefficient: An overview of procedures

3.2.1. A simple problem of testing
Let us consider data X = (y, Z) along with two conditional models,

My y=bz, +u, ie., (y|Z, 6, M,)~N(bz,,0’L), (3.1)

My:y=Bz,+vyz,+u, ie., (y 1 Z,0,, M) ~N(Bz, +yz,, O'ZIn) >
(3.2)

where Z =(z,, z,), 6,=b, 8, = (B, v) and with ¢ known. Model M, may be
interpreted as a restriction of model M, by means of ‘y =0’ but this is not
always suitable. For instance, an economist (M,) could suggest that the
quantity consumed (y) is explained by the price (z,) and the income (z,) and a
sociologist could rather suggest that the quantity consumed is essentially a
social-class issue and that income is a good proxy for his concept of social class;
in such a case, the economist and the sociologist have different meanings in
mind for the coefficient of z,. A Bayesian statistician facing these two models
may therefore want to recognize explicitly that these two models are deeply
different and that b and 8 represent different concepts. From an operational
point of view, this aspect will be modelled by means of the structure of the
prior specification (including the specification of the BPTV). Note that the
specification of known (and equal) variance is justified exclusively by an
expository motivation: we want an example where all the analytical manipula-
tions boil down to the exploitation of the multivariate normal distribution and
nevertheless allow for rather subtle discussions. For the same reason, the prior
distributions, in each model, are specified as follows:

(b|My)~N@,, ok "), (3.3)

<’j 1 Ml) ~N<<§Z>, UZH;1> . (3.4)

If one wants to specify that the coefficient of z, has the same meaning under
M, and under M,, one may, although not formally necessary, write 8 instead
of b but in any case, coherence in the prior specification implies that b is
distributed under M, as (B |y =0) under M,, and consequently that b, = 8, +
hlz,thll,pyp and h, = hy, , (here h; , is the element (i, j) of H,). In such a case
the specification vy, =0 may be recommended for symmetry reasons in which
case, (3.3) and (3.4) become

(b | MO) -~ N(Bp’ U.Zhl_ll,p) 4 (3‘5)

<€’M1> ’*N[(@’“ZH?] : (3.6)
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Note also the following identity:
V(YlMl):hll,lepl;l . (3.7)

In the following (3.5)-(3.6) are called, the ‘coherent prior specification’.

3.2.2. Posterior probability of hypotheses

We first consider the traditional approach by means of posterior probability of
hypotheses, posterior odds and Bayes factors. The literature is particularly
abundant, see, in particular Dickey (1975), Geisser and Eddy (1979), Lempers
(1971), Piccinato (1990), Poirier (1985), Spiegelhalter and Smith (1982),
Zellner (1984), Zellner and Siow (1980). Thus we introduce a prior probability
on models 7, = P(M,). In order to evaluate the posterior probability we need
the predictive distribution in each models.

(712, My)~Nlb,z,, 0* I, + h;'z,2})], (3.8)
(y1Z, M) ~NI[B,z, +v,2,, 0°(, + ZH,'Z")] . (3.9)
This produces the Bayes factor
|, + hy 2,217 expl — (1/207)||y — b,z,I5]
L+ ZH,'Z'| " exp[ - (1/20%)||y = B,2, — %, 2,I1] 7
(3.10)

By(My; M) =

where
Hy - bpzll|(2) = (y - bpzl),(ln + hl—;lzlz;)il(y - bpzl) 4
Hy - Bp‘zl - ypZZII? = (y - szl - szz),(ln + ZHpZ,)71
x (y - ﬁpzl - YPZZ) .
The Bayes rule (2.13)-(2.16) may then then be written as

1 2
a*(X)=a, & ?{”)’ —bpzlﬂg - Hy — B,z _'szz”l} =k,(Z),
(3.11)

where

k,(Z)= —21n[§—‘1)l—7;:—° I, +h, 2,221, + ZH;Z'l‘“Z] :

The LHS of (3.11) ‘looks like’ a sampling theory test statistics for testing the
hypothesis ‘y =0’ comparing the RSS under M, and M, with two important
differences: (i) here the residuals are taken with respect to the predictive
expectation in each model and the weighting matrix is given by the predictive
precision matrix (ii) the critical values for the Bayesian decision problem,
k.(Z), blends the utility values /,, the prior specification m,, 4, and H,, and the
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exogenous variables Z. In particular, for any given data X, variations of m,, &
and H, let P(M, | X) sweep the whole interval [0, 1].
Let us have a look at the asymptotic behaviour of (3.11). So we denote

P

1 .
V=;ZZ=[vij], iL,j=1,2
_i_ o
U1 ™ vy, T Uy Ulzvu )
M,=1 —AA'A) A", Ainxk,
L m

c=2lnl—0-1_ﬂo.

For large n, the Bayesian critical region defined by (3.11) is approximately
described as follows:

1
Y0, ~My)y=c+lnh,~ln|H|+1nv,,, +lnn. (3.12)

Using (3.7), under the prior coherent specification (3.5)-(3.6), (3.12) sim-
plifies as follows:

1
= y' (M, —My)y=c+hlV(y|M)+Inv, , +lnn. (3.13)

Both in (3.12) and (3.13), the LHS follows a chi-square distribution in
sampling under M, so that the probability of rejecting (i.e., a*(X) =a,) tends
to zero because of Inn. Under M|, the LHS increases as n whereas the RHS
increases as Inn so that the testing procedure is consistent with a slowly
increasing critical value. As mentioned before, a sharp hypothesis is often used
in practice as an operational approximation for a ‘small’ interval. In such a
case, a frequent criticism against a blind use of classical tests of sharp
hypotheses is that for large samples, the null hypothesis is typically rejected,
for any test the level of which is independent of the sample size. This is indeed
the case for the rather general situation of a consistent test with continuous
likelihood functions. Thus from a sampling point of view the Bayesian test may
also be viewed as an operational way to make the level of the test a
(decreasing) function of the sample size while keeping the test consistent. This
also explains why, for large samples, a p-value may give a quite different
message than a Bayesian test.

This example illustrates some difficulties raised by the use of noninformative
prior distributions when evaluating Bayes factor or posterior probabilities of
the hypothesis. Recall that, in general, the ratio of the predictive densities,
under M, and M,, is essentially undefined under noninformative prior specifi-
cations. Note also that (3.12) is undefined if 4, =0 and/or |H,| =0, and that
Inf,/|H,| may have an arbitrary limit if we let h and |H, | tend jointly to 0. In
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the case of coherent prior, the critical region, defined by (3.13) tends to
become empty once V(y | M,) tends to infinity.

It may be interesting to compare that two-sided test with a one-sided test. A
simple case is the following. Let (3.2), (3.4) represent the sampling process
and the prior specification respectively. This allows one to evaluate P(y =0)
and P(y = 0] X) and to construct a Bayesian test with critical region character-
ized by P(y =0| X)/P(y <0| X) <k where k is a constant defined as earlier.
Note however, that, at variance from the two-sided test, this Bayesian test, is
unambiguously defined even with improper priors (such as P(B, y) =« 1) and it is
easily checked that the posterior probability of the null hypothesis and the
sampling p-value are asymptotically equivalent, and that Lindley’s paradox
eventually vanishes.

3.2.3. Encompassing procedures

General procedures. Suppose first that the parameter of interest is the vector
of regression coefficients. Thus in the notation of Section 2.4, we retain A for
the model labels, 6, = b, and 6, = (B, v) = ¢. Later on we shall also consider
¢ = f(0,) = B or ¢ =vy. We successively analyze several BPTVs, i.e., conditional
distributions of (B, y | b, M,) and always retain the same prior distributions as
in (3.3) and (3.4). Consequently, for each model, the corresponding posterior
distributions are

(b| X, M) ~N(bs,o’h;"), (3.14)

[(5) lX’Ml]NN[@*) o’H, ] (3.15)

where, as usual, see, e.g., Zellner (1971),

ho=h,+ziz;, bs=hy'(hb,+zy), H«=H,+Z'Z,

()= m() 7]

Under the coherent prior specification (3.5)—(3.6), it may be shown, cither
through clumsy analytical manipulations or through a simple argument on
conditioning on the parameter space (see EBS, Section 1.4.3.) that one also
has that (b | X, M,) ~ (Bly 0,X,M)), b= E(B|7 0,X,M,) and o°h3"
V(B|ly=0,X,M)= Uhn*

For illustrative purposes, let us concentrate the attention on the class of
normal BPTVs, ic.,

[(6) 1b’M°] ~Nlry + b, W], (3.16)
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where r,, 7, €ER* and W is a 2 X 2 SPDS matrix. This specification implies

P X, My | ~N[r,+rb, o™ (hy'rir, + W)J. (3.17)
Y

For the discrepancy function d(X) let us consider the information theoretic
divergence, i.e., D(p, ¢) = [ In (p(x)/q(x))p(x) dx. The discrepancy between
p%(B,v|X) and p'(B, v | X) is accordingly evaluated for the case of nonsingu-
lar variances as

d(X)=D(p"(B,v|X), p'(B,v X))

=%[ln |Ho| ™' —In|W + k| + tr Ho(W + hy'ryrl)

e (o= (57)) (e o= (57)) 2.

(3.18)

This statistic is to be calibrated against the predictive distribution under M,. In
this case, this is a normal distribution with parameters specified in (3.8) and
d(X) has the structure of a polynomial in y of degree 2, u, + uiy +y'U,y; the
predictive distribution of d(X) is therefore the distribution of the sum of a
constant, a linear combination of normal variates and a linear combination of
x? variates; note that u)y is not independent of y'U,y but u, =0 if r, is
specified as

ro=HL'H/(B,,v,) —rhi'hb,, (3.19)

a case to be met later on.

Bayesian pseudo-true value degenerate at the classical one. (i) Let us now
consider some particular specifications of the BPTV in the class (3.16). A first
case is a distribution degenerate at the classical pseudo-true value (b 0)". This
corresponds to

ro=0, r=(1 0y, W=0 (3.20)

in which case (3.17) becomes

[ em] N ()5 0] o)

Because (3.21) is a degenerate distribution, the information-theoretic dis-
crepancy between the joint posterior distributions of (8, y)’ does not anymore
provide a suitable statistic for diverging to infinity for any data X. One may use
another discrepancy function, such as a Prohorov distance or a Kolmogorov-
Smirnov distance.
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(ii) If y is the only parameter of interest, i.e., in the notation of Section 2.4,
@ = f(6,) = v, the comparison between (y | X, M o)~ 6{0} (the Dlrac measure on
0) and (y|X,M,)~N(y«,0°0},) (where X*=[o/]=H,') can be done
either in terms of some distance among probability measures, as above, or,
more naturally, in terms of a distance among expected values. A natural such
distance would be

2

Y

0 Ty

d(X) = (3.22)

Again this statistic is easily calibrated against p°(y | Z) being, in this case, a
general quadratic form in normal variates. When b and B are identified through
the degenerate BPTV §,, o, and the prior specification satisfies (b| M)~
(B|y=0,M,), one may also look at (3.22) as a function of two variables: the
data X and the particular value of the parameter being tested (here y =0).
Thus d(X) = p(0, X) where

(vx— 7)2
pOLX) =" 3 - (3.23)

Now p(y, X) is viewed as a measure of discrepancy between a particular
hypothesis on y and a particular data X. Florens and Mouchart (1989) have
sketched a rather general approach based on that kind of function illustrated
through this example. Identifying b and 8 means that p °(y|Z) may also be
written as p(y|Z,y =0) in the full Bayes1an model characterized by a joint
probability p(B,7y, y|Z) and similarly p'(y|X) becomes simply p(y |X).
Now, d(X) = p(0, X) may also be calibrated against that posterior distribution
p(y [X ). This is indeed in the spirit of Wald testing and also of evaluating a
Bayesian p-value ayz(X) in the sense

ap(X) =P'[p(y, X) = p(0, X) | X] (3.24)
or a posterior confidence interval in the sense of (see, e.g., Zellner, 1971)
Plly = v+ <ly—0[| x]. (3.25)

But d(X)=p(0,X) may also be calibrated against the marginal joint
distribution p(y, y|Z). The general idea of this approach is to consider both
the particular value v, for an hypothesis on y and a particular value X, of data
X =(y, Z) as two pieces of information (conditionally on Z), to measure their
conformity with their distribution p(y, y|X) though a discrepancy function
p(y,X) and to calibrate p(y, X,) against p(y|Z,, v). p(y|Zo, yo) or
p(v, y|Z,) according to whether the particular value v,, or y,, or vy, and y, are
deemed to be questionable.

(iii) Suppose now that B is the only parameter of interest. Under the normal
prior specification in M, and in M, -see (3.3) and (3.4)-and a normal
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BPTV -see (3.16) — the two posterior distributions of 8 are also normal,
namely

(B1X, My) ~ (b | X, My) ~N(bs, *h3") (3.26)
(Bl X, M,)~N(Bx,0°hy/), (3.27)

where hy is the (1,1) element of H,'. Thus the discrepancy between
p’(B|X) and p'(B|X) may be evaluated exactly as in (3.18), namely

d(X)=D(p°(B| B|X), p'(B]X))
=lInhy —Inhy + k1 BT+ (@) T B — B 1]
(3.28)

Note that under the coherent prior specification (3.5)—(3.6), we also have that

(bs ~ B+) = [’ (W) 'yl (3.29)

Putting together (3.28) and (3.29) one obtains a Bayesian version of Haus-
man’s (1978) test, namely a test statistic based on a comparison of the
inference on the parameter of interest 8 under the null (p°(8|X)) and under
the alternative hypothesis (p'(8|XZ)) but the prior coherence implies that
this is also a comparison of a marginal distribution on 8 (p'(B8|X)) and the
conditional posterior distribution given the null hypothesis p°(8|X)=
p'(B|X,y=0). Analogously to the original Hausman test, d(X) >0 even if
v+ =E(y|X,M,)=0 and d(X)=0 if and only if 8 and y are a posteriori
uncorrelated in Model 1, i.e., k> =0 and A =h".

It should be noted that H, and k. involve both the prior specification and
the value of the exogenous variable; a similar property has been noticed in a
sampling theory framework by Hausman (1978). As in the previous case, d(X)
is distributed, under M, as a general quadratic form in normal variates. More
details on the properties of that expression are given in Florens and Mouchart
(1989).

Expected posterior distributions used as BPTV. A nondegenerate sample-based
BPTV may be constructed by taking the sampling expectation, under M, of
the posterior distribution of 6, under M,

P(B.v|b,2)= f P8y X)p°(y1Z,b)dy. (3.30)

Embedding the two distributions of the RHS into a fictitious probability on
(B,v, y|Z, b) with the condition of independence between (8, y) and y given
(Z,b), allows one to make use of standard manipulations on normal dis-
tributions, and to derive a normal distribution on (B,vy|b,Z, M,) with
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moments

E(B,v b, Z, MO)=H*‘[HP<€”> +Z’zlb], (3.31)

f4
V(B,v1b,Z, My)=c’[H,' +H,'Z'ZH"]. (3.32)

So one obtains a particular case of (3.16) with

o (B
rozH*al<yZ ,

rn=H.'Z'z,, (3.33)
W=H,'+H,'Z’ZH,'=H,'H,+Z'Z)H;" .

Note that for large n, and under rather general assumption on the behaviour of
Z'Z, —such as (Z'Z)'—0 or (1/n)Z.Z,—Q >0~ (ry, 7, W,) may be
approximated by (0,(1,0Y, 2(Z'Z,)"') and therefore W,—>0 as n—>.
Therefore this BPTV converges to a point mass on (b,0)". Thus, in finite
samples, a discrepancy function d(X) is evaluated as a particular case of (3.18)
and is similarly calibrated against p(y|Z, M,). Note that a coherent prior
specification does not affect (3.33) because (3.29) does not rely on the prior
specification under M,,.

Optimal BPTV. Another strategy for specifying a BPTV is to look for a
conditional distribution that minimizes the predictive expectation, under M, of
a specified discrepancy function d(X). Finding the general solution to this
problem is a difficult question in the calculus of variations but restricted optima
are often easily obtained. We now give an example of such a situation.

When the discrepancy function is the information theoretic divergence, the
optimum BPTYV is easily obtained in the class (3.16) of Gaussian BPTV when
the prior specification is also normal as in (3.5)—(3.6). Indeed, in such a case,
we have seen in (3.18) that d(X) is a general quadratic form in y,

dX)=u,tuiy+y'Uy, (3.34)
where u,, u, and U, are functions of the parameters of the BPTV, viz. ry, r,

and W, of the value of the exogenous variables Z and of the parameters of the
prior distribution. As shown in Florens (1990), the solution of

inf  E’[d(X)] (3.35)

(ro,rl,W)
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is given by
_ B 1
e :H*I[H"<7’Z> - hpbp<c)] ,
1
ry =h*H;1(c>, (3.36)

weemt g -n(t )|aog- *
=1, % *\ ¢ Cz w0 — A1y *r1(r)

where ¢ = (z4z,)(z!z;) "' and provided that the term between brackets in W* is
SPDS, a condition to be commented upon later on. Note that the specification
(3.36) satisfies condition (3.19) and therefore u, = 0 under an optimal BPTV.
Asymptotically, under the usual conditions on Z/Z , we have

(6. 1o W)= (0, (1,0),0) (3.37)

and therefore the optimal BPTV also converges to a point mass on (b, 0)".
Under the optimal BPTYV, the discrepancy function may be written as

d*(X) =75 (y'M, ZH, 'Z'M, y)

1
=57 h2(y 'lezz)2 , (3.38)
where k% is the (2,2)-th element of H'. Note that under M,, ¢ 'M, Y~
N(0, I,,,) and therefore d*(X), under M,, is distributed as a llnear combination
of independent )((1) variates. Note also that for large n, /%> may be approxi-
mated by z3M, z, and d*(X) is approximately equal to a Wald test statistics.

Let us have a closer look on the term between brackets in W appearing in

(3.36),
1 ¢ 1 ¢ , 0 0
H*—h*(c cz)sz—hp<c 62)+22lez2<0 ). (3.39)

Clearly this term is nonnegative only if the (1, 1) element of H, is not smaller
than 4, i.e., V(B |y, M;) < V(b|M,) and this condition is also sufficient for
large n because asymptotically z,M, z, diverges to infinite whereas ¢ tends to a
limit. For a coherent prior specification, that condition is met through equality.
Note also that when (3.39) is not SPDS, the optimum value of W is not given
by (3.36) and should be obtained through a constrained optimization; such
would be the case when the prior specification is noninformative under M,

(i.e., H,=0) or for some values of z, in finite samples.

3.3. Testing for unit roots

Recent econometric literature has paid considerable attention to a proper
treatment of nonstationary time-series. At the level of modelling, most effort is
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concerned with the extraction of a stationary component, either a conditional
one, though the introduction of nonstationary regressors (trend and/or
exogenous variables) or, a marginal one, through differencing up to a suitable
order (or, more generally, looking for cointegrated components). Nelson and
Plosser (1982) have been path breaking in this field by calling attention to the
empirical relevance of the problem.

The discussion adopted a somewhat more controversial tone when it arrived
at comparing Bayesian and sampling theory methods and became definitely hot
when this comparison considered the problem of testing for unit root. A recent
issue of the Journal of Applied Econometrics (Vol. 6, October—-December
1991) offered a forum for exposing conflicting views, introduced by a ‘critical’
paper by Phillips (1991a,b) along with his response to eight comments viz.
Koop and Steel (1991), Leamer (1991), Kim and Maddala (1991), Poirier
(1991), Schotman and Van Dijk (1991b), Stock (1991), De Jong and Whiteman
(1991) and Sims (1991). That issue provides an interesting and up-dated ‘state
of the art’ reworking past arguments and supplying new ones, in particular in
terms of new empirical evidence on both simulated and actual data. Other
recent contributions also include Schotman and Van Dijk (1991a) and hitherto
unpublished papers by Lubrano.

As often happened in such cases, the temperature of the discussion is raised
by mixing several ingredients. Some of those ingredients are of general nature
such as questions about the foundations and relevance of Bayesian and of
sampling theory methods, the relevance of the problems raised by Bayesian
inference under improper prior specification, the numerical problems such as
the relative merits of the Laplace approximation of posterior distributions, the
possibly striking difference between sampling characteristics, such as p-value,
and the posterior characteristics, such as posterior odds or Bayes factors and,
last but not least, the use of affectionate qualifications such as ‘Sterile ideas’,
‘unreasonable’, ‘logically unsound’ or ‘wrong headed and unenlightening’. One
ingredient, at least, is rather particular to the topic, and possibly explains the
level of the temperature, namely that around the unit roots the likelihood is
smooth in finite samples but asymptotically discontinuous: this issue has been
raised in Dickey and Fuller (1979), see also Phillips (1987, 1991a,b). Thus
Bayesian methods, being essentially of a small sample nature, may be expected
to diverge from asymptotic sampling methods; also Bayesian inference based
on improper prior specification, justifiable (when possible!) as providing
asymptotic approximation, may also be expected to raise the controversies
generally associated with the use of such prior specifications.

Clearly we cannot do justice to all arguments in the framework of this
survey. The main ideas may nevertheless be sketched by discussing the simplest

case, namely the univariate AR(1) case. Denoting y,= (¥, ;11> -.,y;) for
any i <j, let us consider
1Y) ~N(pyy,0%), 1=e=<T. (3.40)

In this dynamic context, observations are naturally indexed by ¢ and T
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becomes the sample size. In what follows, we only consider models conditional
to y,, which is therefore not modelled, without discussing under which
circumstances is such a conditioning admissible. Thus the likelihood function is
derived from

_ _ 1
PO 1yo 0 0% = @m) M0 T exp =5 3 (3 =y,

20’ JESES

(3.41)

From a sampling point of view, the asymptotic distribution associated with
the sequence p(p; |y, p, 0°) — where p, is the MLE of p based on y{ —is
terribly different when p <1, p =1 or p > 1. This feature possibly produces
disconnected (and therefore nonconvex) confidence regions. From a Bayesian
point of view, a particular value of p is irrelevant as far as, once a prior
distribution is assigned to (p, o), the evaluation of the posterior distribution
will run smoothly for any finite sample size, possibly calling for simple
numerical integrations. However, for testing the hypothesis p=1, the
pathologies of the likelihood function implies a particular sensitivity to the
prior specification (see Sims and Uhlig, 1991). We shall first discuss the prior
specification and next the choice of a particular testing procedure.

Consider ing the decomposition (2.17)—(2.18) of the prior distribution, we
first discuss the specification of p(p, o |p#1). In general, one finds in the
literature prior distributions of the form

P(p,alp# 1) % 8,(p) (3.42)

with no discussion of the specification relative to . The alternative hypothesis
is implicitly defined by the support of the second component. One finds at least
three such specifications: (i) Sims (1988) employs g,(p) = 1x(p), i.e., the
density of Lebesgue measure on the real line, therefore excluding no value of p
and accepting eventually explosive models. Remember that L.ebesgue measure
favours extreme values in the sense that the measure of the interval (—1, +1)
relative to the measure of (—a, +a) tends to zero as a tends to infinity. (ii)
Schotman and Van Dijk (1991a) starts with a uniform proper distribution of p
on the bounded interval [a, 1], i.e., g,(p) = (1/(1 —a))T, ;;(p) (With —1<a <
1) but leaves the component of o improper. Thus their alternative hypothesis is
[a, 1], i.e., a stationary model (a priori a.e.). They show that the result of
testing p crucially depends on the value of a and suggest an empirical
procedure for specifying a and further develop their analysis in Schotman and
Van Dijk (1991b). (iii) Phillips (1991a) criticizes the case of flat prior for
favouring unduly the stationary use and argues instead for the case of Jeffrey’s
noninformative prior, ie., g(p)=1—-p) T -1 -p*DH[A-p*)" -
o 2yo1}"*1x(p), taking again the real line as alternative hypothesis. He also
uses the Laplace approximation for analyzing the posterior distribution and
reinterprets the series analyzed by Nelson and Plosser (1982).
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As far as the choice of a testing procedure is concerned, two approaches
have been proposed. A first one, in line with Lindley (1961), starts with a
smooth prior specification, i.e., P(p=1)=0 and evaluates the posterior
probability either of regions around 1 with the idea of asking whether the unit
root lies in a high enough posterior probability region as in Phillips (1991a), or
of regions of nonstationarity such as {p >1} or {p <1} as in Phillips (1991a),
Kim and Maddala (1991) or Schotman and Van Dijk (1991b). The advantage
of that class of procedures is to make the economy of eliciting a prior
probability for the null hypothesis and to be well defined even under improper
prior specification. A second approach, maybe more traditional in the Bayesian
establishment, evaluates Bayes factor, posterior odds or posterior probability
of hypotheses. As mentioned in Section 2.2.1, this class of procedures requires
a proper prior specification along with a strictly positive mass on the null
hypothesis; Schotman and Van Dijk (1991a,b) report problems when this
requirement is overlooked.

Extending model (3.40) to more complex structures raises new difficulties.
For instance when y,=p +u, with u, =pu,_, + ¢, and & ~1IN(0, o?), a local
identification problem appears at the null hypothesis p = 1. This issue, similar
to the rank condition in simultaneous equation model, see Maddala (1976) and
Dréze and Mouchart (1990), is analyzed in the present context by Schotman
and Van Dijk (1991b) under a partially noninformative prior specification. The
same paper, along with Phillips (1991a), also considers an intercept term and a
linear trend in order to analyze further on problems of transient dynamics or of
testing trend stationarity against difference stationarity.

4. Other contributions

One of the first issues to be faced by the author(s) of a survey is to bound the
field to be surveyed. In this survey we put much emphasis on two ideas. Firstly
hypothesis testing and model choice have been dealt with as a single class of
problems met with so strikingly varied motivations that no clear distinction
among them seems to be operationally fruitful. Secondly Bayesian thinking is
rich enough to accommodate to that variety of situations and is much more
flexible that a mechanical prior-to-posterior transformation; in particular, the
predictive distributions have been shown to play an important role for this class
of problems.

Putting emphasis on general inference, on model label or on parameters of
interest, has led to put less emphasis on solving specific decision problems.
Thus strictly decision oriented procedures have at time been alluded to but not
dealt with in any systematic way. This is, in particular, the case of model choice
procedures based on specific criteria such as AIC or BIC with different degrees
of involvement with the Bayesian idea. This literature is rather vast but
somewhat disconnected from the main theme considered in this survey. The
interested reader may consult Schwartz (1978) or Zeliner (1978).
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Section 3 has treated two exemplary fields of application but many more
have been considered in the literature. A notable one is the testing for
exogeneity considered by Florens and Mouchart (1989), Lubrano, Pierse and
Richard (1986), Steel and Richard (1991). Many contributions have also dealt
with the problem of specification testing in linear models, as in Bauwens and
Lubrano (1991). A long list of applied works using Bayesian testing has been
omitted. We just quote as an example a recent issue of the Journal of
Econometrics (see, e.g., Connolly, 1991; Koop, 1991; McCulloch and Perossi,
1991; Moulton, 1991) and Shanken (1987).
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Pseudo-Likelihood Methods

Christian Gourieroux and Alain Monfort

1. Introduction

The maximum likelihood methods of inference are certainly among the more
important tools that can be used by statisticians. The success of these methods
is due to their high degree of generality and to their nice asymptotic properties:
consistency, asymptotic normality, efficiency . ... However, it is clear that, a
priori, these properties are valid only when the model is well-specified, i.e., if
the true probability distribution of the observations belongs to the set of
probability distributions which is used to define the likelihood function. This
restriction is important since one can never be sure that the model is correctly
specified and, therefore, it is worth considering the properties of the maximum
likelihood methods when this assumption is not made; in this case the
likelihood function is called a pseudo- (or quasi-} likelihood function. There
are three kinds of situations in which a pseudo-likelihood approach can be
advocated. In the first situation we are prepared to make assumptions about
some conditional moments of the endogenous variables given the exogenous
variables, but not on the whole conditional distribution. In this semiparametric
context, the likelihood function is not defined, however it is possible to define
pseudo-likelihood functions based on a family of density functions which does
not necessarily contain the true density but which is compatible with the
assumptions on the moments. The more familiar example of the previous
situation is probably the nonlinear regression model with a constant variance,
in which the maximization of the pseudo-likelihood function associated to the
Gaussian family reduces to the nonlinear least squares and provides a
consistent and asymptotically normal estimator (see Jennrich, 1969; Malinvaud,
1970; Gallant, 1987; Gallant and White, 1988; other well-known applications of
Gaussian pseudo-likelihood method can be found in the simultaneous equation
model (see, e.g., Hood and Koopmans, 1953, in dynamic models (see, e.g.,
Hannan, 1970, Chapters 6 and 7) or in serially correlated limited dependent
variable models (Robinson, 1982, Gourieroux and Monfort, 1985). The second
context in which the pseudo-likelihood approach is useful is the parametric
situation where a likelihood function is available but numerically untractable.
In this case we can think to use a simpler likelihood function which, as in the
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previous case, is adapted for some moments; moreover, since the moments are
not likely to possess a closed form, simulated pseudo-likelihood techniques
may be used (see Laroque and Salanié, 1989, 1990; Gourieroux and Monfort,
1991a, 1992). The third situation in which the pseudo-likelihood techniques are
relevant is the nonnested hypotheses context. In this case there are two
possible parametric models and an important point is the asymptotic behaviour
of the pseudo-maximum likelihood estimator of the parameter of one model
when the true probability distribution belongs to the other model (see Cox,
1961, 1962; Pesaran, 1974; Gourieroux, Monfort and Trognon, 1983b, Mizon
and Richard, 1986); another important point is the asymptotic behaviour of the
so-called pseudo-true value (Sawa, 1978) of the parameter of one model
evaluated at the maximum likelihood estimator of the other model. These
statistics are useful either for testing procedures or for model selection.

The aim of this chapter is to describe the properties of the inference methods
based on pseudo-likelihood functions. In Section 2 we define more precisely
the pseudo-likelihood methods. In Section 3 we describe the pseudo-maximum
likelihood (PML) methods adapted for the mean (PML1) and we stress that
they provided consistent estimators of the parameters appearing in the
(conditional) mean if, and only if, the pseudo-likelihood function is based on a
linear exponential family; moreover, the asymptotic normality is presented and
a kind of Cramér—-Rao bound is given. In Section 4, it is seen that this bound
can be reached if the pseudo-likelihood function is based on a generalized
linear exponential family and if a correct specification of the second-order
moments is used; this method is called a quasi generalized PML method. In
Section 5 we consider pseudo-likelihood methods which are adapted for the
first two moments (PML2) and we show that they provide consistent estimators
of the parameters of interest if and only if the pseudo-likelihood function is
based on a quadratic exponential family. Section 6 considers the problem of
hypothesis testing in the PML context. Section 7 studies the case where the
moments do not have a closed form and must be replaced by approximations
based on simulations. In Section 8, we describe the role of PML methods for
testing nonnested hypotheses, and, in Section 9, we consider their role for
model selection. Some remarks are gathered in a conclusion. The material
presented in this chapter is mainly based on papers by Gourieroux, Monfort
and Trognon (hereafter GMT) (1983a,b, 1984a,b) to which the reader is
referred for the proofs.

2. General presentation of the pseudo-likelihood methods

Note that what we call a ‘pseudo-likelihood’ function is sometimes called a
‘quasi-likelihood’ function (see Hood and Koopmans, 1953; White, 1982),
however, we prefer the prefix ‘pseudo’ for three reasons: first it is coherent
with the notion of ‘pseudo-true’ value (see Sawa, 1978) which is widely
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accepted, secondly this choice avoids a confusion with ‘quasi-generalized
methods’ (a notion also used in this paper) and, finally, the term ‘quasi-
likelihood’ is also used in a different context where some relationship between
the mean and the variance is assumed (see Wedderburn, 1974; McCullagh and
Nelder, 1983; McCullagh, 1983).

2.1. Pseudo-likelihood methods based on conditional moments

Let us first present the basic notions introduced in GMT (1984a). Since we are
interested in concepts and results and not in technicalities, we shall adopt very
simple assumptions; more precisely, we assume that we observe iid vectors
(yi,x)),t=1,...,T where y, is a G-dimensional vector and x, is H-dimen-
sional.

In the pseudo-likelihood approach based on conditional moments we are
interested in the conditional mean E(y,/x,) and, possibly, in the conditional
variance—covariance matrix V(y,/x,). The results presented hereafter may be
generalized to the dynamic case where x, is made of past values of y, and of
present and past values of a strongly exogenous variable z, (see White, 1984,
1988). We assume that the true conditional expectation Fy(y,/x,) belongs to
some parametric family,

EO(yt/xt) = m(xn 90) ’ 00 S @ - RP s (1)

where m is a known function. In other words we assume that the conditional
mean is well specified. We may also assume that the true variance—covariance
matrix belongs to some parametric family,

“QO(xt) =V0(yt/xt) = U(xD 00) > 00 € @ C RP > (2)

where v is a known function.

The true conditional distribution of y, given x, will be denoted by A,(x,).

Let us first only make assumption (1); in other words nothing is assumed on
€y(x,) and we are interested in 6, appearing in m(x,, 6,). Since no parametric
assumption is made on Ay(x,), the maximum likelihood method cannot be used;
however, if we consider any family of probability density functions (pdf)
indexed by their mean m, f(u; m), u € R®, it is possible to adapt this family for
the mean, i.e., to replace m by m(x,, 8), and to consider the pseudo-likelihood
function,

1,(0) = E fly; m(x,, 0)]. 3)

In general, the maximization of /,(8), will not provide a consistent
estimator of §,; however, in the next section we shall characterize the functions
f(u; m) giving this consistency result and the corresponding methods will be
called pseudo-maximum likelihood (PML) methods of order 1 (PML1).

Now, if we also make assumption (2) and if we consider a family of pdfs



338 C. Gourieroux and A. Monfort

indexed by their mean m and their variance—covariance matrix 3, f(u;m, %),
we can adapt this family for the mean and for the covariance matrix and either
consider the pseudo-likelihood function

flys mlx,, 0), vix,, 7)) (4)

lZT

DANE

when 6, is some consistent estimator of (a subvector of) 6 or consider the
pseudo-likelihood function

l3T = t:l_[1 f[.))t; m(xt’ 0)7 U(x,, 6)] . (5)

A pseudo-likelihood function like /,, is called a quasi-generalized pseudo-
likelihood function, since it has been fitted with a first step estimator of the
v(x,, 8) (considered as nuisance parameters) and the parameters of interest are
those appearing in m(x,, 6) (in general a subvector of ). On the contrary, in
l,; the parameters of interest are those appearing in m(x,,6) and v(x,, 8).
Again, in general, the maximization of /,, or [,; does not provide a consistent
estimator of . In Section 4 we give conditions on function f ensuring that the
maximization of I, provides a consistent estimator of #; the corresponding
estimators are called quasi-generalized PML estimators. In Section 5 we give
characterizations of function f giving the consistency result for /,;; the
corresponding estimators are called pseudo-maximum likelihood methods of
order 2 (PML2).

The pseudo-likelihood methods presented above are adapted for the condi-
tional mean and, possibly, for the conditional variance—covariance matrix.
However, it is possible to use these methods for more general conditional
moments restrictions, for instance conditional quantiles (see Gourieroux and
Monfort, 1987, 1989a, Chapter 8).

2.2. Pseudo-likelihood methods based on nonnested parametric models

In this context we no longer start from assumptions on conditional moments.
On the contrary we study the position of the true conditional density with
respect to two families of conditional densities H, = {f(y,; x,, @), a EAC R7}
and H,={g(y;x,,B), BEB CR®}. More precisely we have to distinguish
two approaches.

In the first approach we assume that the true density function belongs to
cither H, or H, and we want to test the null hypothesis H, against H, (o1,
symmetrically, H, against H;). This approach is a nonnested hypotheses testing
approach and it is also called an encompassing approach (see Mizon, 1984;
Mizon and Richard, 1986; Hendry and Richard, 1987) since it consists in
examining if H, can explain (or encompass) H, in the sense that, if H, is true,
the pseudo-true value of B evaluated at the maximum likelihood estimator of a
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is not significantly different from the pseudo-maximum likelihood estimator of
B based on H,. Methods based on this idea are developed in Section 8.

In the second approach we do not assume that the true density function
belongs to H; or H, and we want to choose the model (H; or H,) which is the
closest to the true density. This approach is called a model selection approach
(see Hotelling, 1940; Amemiya, 1980; Chow, 1981, 1983, Chapter 9; Judge et
al., 1985, Chapter 21); the procedure developed in Section 9 is based on the
Kullback-Leibler information criterion (see Akaike, 1973; Sawa, 1978) and on
pseudo-maximum likelihood estimators of the parameters @ and 8 (see Vuong,
1989).

3. Pseudo-maximum likelihood methods of order one (PML1)

3.1. The problem

In this section we assume that the conditional expectation satisfies the
condition

Eo(y,/x)=m(x,0,), 6,€60CR",

and nothing is assumed on the conditional variance—covariance matrix £,(x,) =
Vo(y,/x,). We want to estimate 6,. For this purpose it is useful to introduce
classes of probability distributions, the linear exponential families.

3.2. Linear exponential families

A family of probability measures on R, indexed by a parameter m € # C R®
is called linear exponential if (i) every element of the family has a density
function with respect to a given measure v and if this density function can be
written as

f(u, m) = exp[A(m) + B(u) + C(m)u], (6)

where u €R®, A(m) and B(u) are scalar and C(m) is a row vector of size G;
(ii) m is the mean of the distribution whose density is f(u, m).

A linear exponential family has many important properties; some of them
are given in the following proposition.

Prorosition 1. If {f(u,m), m € M} is a linear exponential family we have

dA(m) N aC(m) m

(a) om om =0,
3’A & d°C, 9C(m)
®)  Fmam T 2 T Mt om =0
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where C, and m, are respectively the g-th component of C and m,

aC

-1
C —_——=
© -=3",
where 3 is the variance—covariance matrix associated with f(u, m),

(d) A@n)+ Cm)m,< A(my) + C(my)m, ,

and the equality holds if and only if m =m,.

Many classical families of probability measures are linear exponential. Some
examples are given in Table 1; the multivariate generalizations of Poisson,
negative binomial distributions (see Johnson and Kotz, 1972, Chapter 11) are
also linear exponential families.

3.3. Properties of the PML1 method based on linear exponential families

As mentioned above we assume that E (y,/x,) = m(x,, 6,), 6, € @ C R* and we
also make the identifiability assumption

m(x,0,) =m(x,6,), Vx = 6,=6,.

Table 1
Examples of linear exponential families
Family Density function C(m)
Binomial I'(n+1) m\* m\"¢ m

. 10, n{ — - Log
(n given) Fu+D)In-u+1)\n n/ n—m

o e "m" '
Poisson R™—(0) ul Logm
1:.egat1.v€l: R (0 Ia+uw (m>u<1 E) ~(a+u) L m
wnomia - F@Iwu+1)\a a 8 m
(a given)
Gamma . w e a
(a given) R —(0) m\* “m
)\~ .

Normal R 1 ox [_l (- m)z] m
(o given) oVon L) o’ o>
Multinomial n! m,\ g n

: S m.=n H(—g> Log—, ,Log—
(n given) T e 1;[ @) s n n
Normal 1 g -1

—lu-mys -m

multivariate RC exp 3 ) (u ) m's !

(2 given)

@2m)“*Vdet 3
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Let us consider any linear exponential family f(u, m); we can adapt it for the
mean and consider the pseudo-likelihood function 7, (8) =1I_, f[y,, m(x,, 8)].
It turns out that the PMLI estimator thus obtained has interesting properties.

Proposition 2. If f(u, m) is a linear exponential family, the associated PML1
estimator 0, of 6, is strongly consistent and asymptotically normal, more
precisely,

VT(b, — 90)—Ti’—> N(0,J T Y,
where
J=F <_8m' _a_qa_m) =E (__am’ 2—1_(?_'71)
TTEN 90 am 98’/ T Tx\ 90 T0 30’/

3 am’ aC _ aC’ am>_ (am' 1 ]am
I"EX( EY) amﬂoam' a0’ =E, EY 9020

3, =23(x,, 0,) [resp. Q(x,)] is the variance—covariance matrix associated with the
pdf fl-, m(x,, 6,)] [resp. A(x,)] and all the functions are evaluated at 6,.

Note that it is equivalent to maximize

T
Liy=Logli,= 211 Log f[y,, m(x,, 0)]
p

and to maximize

3 (Alm(x, )] + Clm(x, 0)]y)

Therefore it is not necessary to impose on y, the constraints which may be
implied by the definition of B; for instance, the PML1 method associated with
a Poisson family may be applied even if y, is any real variable (however, in this
case, m(x,, ) must be positive).

In Table 2 we give the objective functions of the PML1 method associated
with some classical linear exponential families. Note that, for the gamma
family and for the univariate normal family, the value of the nuisance
parameters (a and o) do not influence the maximization and these parameters
could have been omitted; however, we kept them for reasons which will be
clear in Section 4.

For the univariate and multivariate normal families the PML1 estimators
are, respectively, the nonlinear least squares estimator and a minimum distance
estimator (see Jennrich, 1969; Malinvaud, 1970). It is also worth noting that a
reciprocal of Proposition 2 exists.

ProrosITION 3. A necessary condition for the PML]1 estimator associated with a
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family f(u,m), m €M to be strongly consistent for any O, m, Ay(x), is that
f(u, m) be a linear exponential family.

Table 2
Objective functions
Family Objective functions
Binomial 5 { [ m(xne)] [ m(x,, 6) ]}
(n given, n€N) ,:21 nLog| 1~ n . Log n—m(x,,0)

T
Poisson § {-m(x,,0)+y Logm(x, 6)}
Negative T

m(x,, 0 m(x,, 8

binomial > [ aL ( mi, )) +y, L0g<(7)>j|
(a given) 1=1 a a+m(x, 6)
Gamma u ( ay, )
(a given) ,:21 aLogm(x, 6) - m(x,,8)
Normal 1 & )
(o given) — a2 [y mx, 0)]
Multinomial L&
(n given, n € N) ,:21 gz:l ¥, Logm,(x,,0), where % m(x,0)=n
Normal T
multivariate =2 [y, = mlx, O))E [y, — mx,, 0)]
(> given) 1=1

In order to use the results of Proposition 2 for asymptotic tests or confidence
regions, we need consistent estimators of  and J. A consistent estimator of J is
obtained by replacing E, by an empirical mean and 6, by 8,. For [ it is also
necessary to replace 2, by [y, — m(x,, 8;)][y, — m(x,, 8,)]’ within the empirical
mean; moreover, it is clear that if the functional form of 2,(x,) =v(x,, 8,) is
known, it is preferable to replace £, by v(x,, 8;).

From Proposition 2 we now know that the adaptation for the mean of any
linear exponential family provides a pseudo-likelihood function from which a
consistent asymptotically normal estimator of 6, can be derived. However, in
practice, the choice of the linear exponential family arises.

3.4. Choice of a PML1 estimator

In the problem of choosing a PML1 estimator an interesting information would
be a lower bound of the asymptotic variance—covariance matrices of these
estimators. It turns out.that such a bound exists.

ProPoSITION 4. The set of the asymptotic variance—covariance matrices of the
PML1 estimators 6, based on a linear exponential family has a lower bound
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equal to

o (e

From Proposition 2, it is seen that & is reached if Qy(x,) = 3(x,, 6,), that is if
the true variance—covariance matrix {J,(x,) can be reached by a linear
exponential family (whose variance—covariance matrix is 3(x,, 6,); a sufficient
condition is obviously that A,(x,) belongs to the family of probability dis-
tributions whose PDF are f[-, m(x,, #)] since, in this case, the PML1 method
becomes a genuine maximum likelihood method. It is also worth noting that
this lower bound is identical to the semi-parametric efficiency bound (see Stein,
1956; Begun et al., 1983; Chamberlain, 1987; Newey, 1989; Gourieroux and
Monfort, 1989a, Chapter 23) based on conditional moment restrictions.

If nothing is known about Q(x,), it is possible to use the computational
convenience as a choice criterion. For instance, for a given function m(x, 9) it
may be useful to look for the pseudo-loglikelihood functions which are
concave; such a discussion is made in GMT (1984b) for a count data model
with m(x, 0) = exp(x'0). More generally in the univariate case (G = 1), it may
be possible to ‘link’ the pseudo-likelihood function with m(x, #), in the same
spirit as in the generalized linear model (see McCullagh and Nelder, 1983), if
m(x, 8) can be written C~'(x'0) and if there exists a linear exponential family
flu, m) = exp{A(m) + B(y) + C(m)y}. In this case the pseudo-loglikelihood
function %,_, {A[C™'(x#)] + x,8y,} can be shown to be strictly concave and,
therefore, the PML1 estimator is unique and easily found (see GMT, 1983a).
Mean functions m(x, # ) which are linked with some classical linear exponential
families are given in Table 3.

Finally, it is also possible to compare PMLI1 estimators by simulation
methods. Such a study is briefly made in Gourieroux, Monfort and Trognon
(1984b) when the true model is a Poisson model with exogenous variables and
unobservable heterogeneity factors; a more detailed study is also proposed in
Bourlange and Doz (1988); both studies show that the PML1 method
associated with the negative binomial family is particularly attractive in this
case.

All these criteria do not guarantee that the lower bound of Proposition 4 is
reached asymptotically but, in the next section, we shall see that when a

Table 3

Linked mean functions

Family Linked mean function
Normal (G =1) x0

Binomial (n = 1) 1/[1 + exp(—x:8)]
Poisson exp(x;0)

Gamma (2= 1) —1/(x'9)
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parametric information on the second-order moments is available this bound
can easily be reached.

4. Quasi-generalized PML methods

4.1. The problem

Let us now assume that not only
Eo(y,/x,) = m(x,, 6,)

is true but also that
Voly,/x)=v(x,, 6,)

holds. For notational simplicity we denote by 6, the parameter appearing in m
and v, but it is clear that, in practice, only subvectors of 6, will often appear in
m and v. We are still interested in the parameter appearing in m; again this
parameter may be in fact a subvector of # which is assumed to be identifiable
from m.

4.2. Generalized linear exponential families

As shown in Table 1, some linear exponential families (negative binomial,
gamma, univariate or multivariate normal . . .) also depend on an additional
parameter that will be denoted by n and this parameter is a function 7=
r(m, 3) of n and 3 (the mean and the variance—covariance matrix associated
with the pdf) such that, for any given m there is a one to one relationship
between 1 and 3 (denoted by o in the univariate case). For instance, in the
negative binomial case we have n=a=m"/(c° —m), in the gamma case
n=a=m’/c?, in the univariate normal case n=0¢7, and in the multivariate
normal case n = 3. Such a family will be called a generalized linear exponential
family and denoted by

f¥(y, m,m) = exp{A(m, n) + B(n, y) + C(m,m)y} . (7

4.3. Properties of the quasi-generalized PML estimators

Given any consistent estimator 8. of 8, we can now define a QGPML estimator
and give its main properties.

PROPOSITION 5. Let O, be a strongly consistent estimator of 6, a QGPML
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estimator of 6, obtained by solving

T
mgax LZT = Log lZT = 2] Log f*{yt’ m(xt’ 6)’ lp[m(xﬁ éT)’ v(xt7 éT)]}
P

is strongly consistent, asymptotically normal and reaches the lower bound B
given in Proposition 4.

So when a specification v(x,, 6) is available, the previous proposition solves
the problem of the optimal choice of a pseudo-likelihood function, since the
bound is reached, and it shows that any QGPML estimator reaches the
semi-parametric efficiency bound. Note that the asymptotic properties of a
QGPML estimator is the same for all the generalized linear exponential
families, so the choice among various possibilities can be based on computa-
tional considerations. Let us consider several examples.

Let us assume that Eo(y,/x,) = m(x,, 6,,) and V,(y,/x,) = 6,,8°(x,, 6;,) (where
6, and 8,, are subvectors of 6,). It is possible, in a first step, to consistently
estimate 6, by any PMLI estimator 6,, and to consistently estimate 6,, for
instance by

é — _1__ i [yt — m(xn élT)]z

T =1 gz(xn élT) ‘

In a second step a QGPML estimator of 6; can be based for instance on the
normal or on the gamma family. In the first case the QGPML of 6, estimator is
obtained by minimizing

S Ly, —mx8)1

N (8)
=1 gz(xt’ 0,7) 0,

In the second case the QGPML estimator of 8, is obtained by minimizing
S mz(xt’ b,r)

Y
1870, 6,,)0,, [Log m(x, 0,) + m(x,, 91)] ' ®)
Note that in both cases ,, can be omitted in the objective function; therefore
6, plays no role in the computation of the estimator but it appears in the
estimator of the asymptotic variance—covariance matrix.

From the theory we know that these two estimators have the same
asymptotic properties. In the particular case g(x,, ) = 1 the QGPML estimator
based on the normal family is simply the nonlinear least squares which,
therefore, provides an optimal PML1 estimator in one step. In the particular
case where g(x,, 0) =m(x, 0), the second QGPML is identical to the PMLI1
estimator based on the gamma family which, therefore, is an optimal PML1
estimator.
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5. Pseudo-maximum likelihood estimators of order two (PML2)

As in Section 4 we make the assumptions
Eo(y./x,) =mlx,, 6,)

and
Vo(y,/x,) =v(x, 6) .

However, contrary to the context of Section 4, we are interested in the whole
parameter 6, and not only in the subvector appearing in m. So we want m and
v to play symmetrical roles. For this purpose it is useful to introduce new
families of probability density functions: the quadratic exponential families
defined by

flu,m, 3)=exp{A(m, )+ Bu) + C(m, X)u +u'D(m, 3)u},
(10)

where

(a) A(m, ), B(u) are scalar, C(m, %) is a row vector of size G and D(m, 3)
is a square matrix (G, G),

(b) m is the mean and 3 the variance—covariance matrix associated with
f(u,m,3).

We can now define a pseudo-likelihood function adapted for the first two
moments:

[yt’m(xt’e) v(xt’o)] (11)

lST

w;:jNi

The pseudo—maximum likelihood of order 2 (PML2) estimators thus ob-
tained have the following properties.

PROPOSITION 6. A PML2 estimator 6, of 6, based on a quadratic exponential
family is strongly consistent and asymptotically normal; the asymptotic variance-
—covariance matrix of VT(8,—0,) is J 11~ with

d*Log f
J=-E EO 00 00" [y, m(x> 00),v(x 6, )]

gf

dLog f

1=EET2RL 1) (s, 00), (e, )] a2 [y, m(x, 6,), vCx, )]

More detailed expressions of / and J can be found (see GMT, 1984a,
Appendix 5).

It is also remarkable to note that, as in the first-order case, there exists a
reciprocal of the previous proposition.

PROPOSITION 7. A necessary condition for a PML2 estimator based on a family
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f(u, m, 3) to be strongly consistent for any @, m, v and A, is that f(u, m, ) be a
quadratic exponential family.

Thus we obtained results which directly generalize those obtained in the
first-order case.

6. Hypothesis testing

6.1. General results

We make the assumption
EO(yt/xt) = m(xn 60)

and, possibly, the assumption

Vo(yt/xt) = v(xt’ 60) .

We are interested in an hypothesis H, on 6,. The more general form of such a
null hypothesis is the mixed form (see Szroeter, 1983; Gourieroux and
Monfort, 1989b) defined by

H,: {6/3a CR*: g(6,a) =0}, (12)

where g is an L-dimensional function such that 6g/96’ is an L X p matrix of
rank L and dg/da’ is an L X K matrix of rank K (this implies K < L < p). This
form contains as particular cases the explicit form [@ = k(a)] and the implicit
form [¢#(6) =0]. In Gourieroux and Monfort (1989b) we propose a general
treatment of this kind of hypothesis when an unconstrained estimator 8, of 6,
is obtained by maximizing a general objective function L,(#) and when the
following assumptions are satisfied

~

f; is consistent ,

1 oL, D
V7 o9 G)— > NO. 1), (13)

1 o°L P-S
, (00)—%—00)'10 >

T T 46 96’

where [, and J, are positive definite matrices.

The PML1, QGPML and PML2 methods (based on appropriate exponential
families) fit in this general framework with L,=L .=Logl,, L, =L, =
Logl,; or L= L, =Logl,;; therefore all the results obtained in the general
framework mentioned above can be used. In particular, we can define a
pseudo-Wald, a pseudo-score and a pseudo-Lagrange multiplier test statistic for
testing H,,. These statistics are asymptotically equivalent under H, and under a
sequence of local alternatives and their asymptotic distribution under H, is
x*(L — K). It is important to note that these statistics are not the same as the
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ones that we would have obtained in the classical maximum likelihood context,
that is if we knew that the true pdf was in the family from which the
pseudo-likelihood function was derived. The reason of this difference is that,
contrary to the maximum likelihood context, matrices /;, and J; are in general
different in the PML1 and the PML2 contexts. However, these matrices are
identical in the QGPML case; this property implies that the pseudo-Wald and
pseudo-score statistics based on a QGPML method have the same form as in
the maximum likelihood context and, moreover, that is is possible to basg 0the
pseudo-likelihood ratio test on the QGPML method; in other words, if 8, is
the constrained estimator the statistic 2[L,.(6,) — LZT(éoT)] is asymptotically
equivalent to all the test statistics mentioned above.

6.2. Particular cases

Let us consider a PML1 method based on a linear exponential family (see
Proposition 1); the unrestricted estimator of 6, denoted by 8, is obtained by
maximizing

Lyp = 2 Log fly, m(x, 0)].

Let us assume that 6 is partitioned into 6 = (a’, '), that H; is defined by
B = B, and let us denote by p, the size of 8. The pseudo-Wald statistic can be
shown to be (see Trognon, 1984, 1987)

EY =T(B,— Bo) FW "F(B.— By) (14)

where

where F and W are consistent estimators of

F=Js~Jpod uatos » and

BaY aavap
= -1 -1 -1 -1
W= IﬁB - IBﬂ]aﬂ]aB - JBa‘]mxlaB + ]Ba‘]aaIananaB 5

and where the indexes «, B refer to submatrices of [/ and J defined in
Proposition 2. Under H,, £y is asymptotically distributed as a chi-square with
pp degrees of freedom.

In the same context the pseudo-score or (pseudo-Lagrange multiplier) test
statistic is

1.1,
Er=T AW AL, (15)
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where

- oL, |
AT: 00 ag‘?BO)v

&% being the constrained PMLI estimator of a.

It is also easy to give explicit formulae for the pseudo-Wald and the
pseudo-score test statistics associated with the QPML method, when the null
hypothesis is the same as above: 8= ;. Let us consider any generalized linear
exponential family f*(u,m,n) (see formula (7)); the relevant objective
function is

L, = 2 Log f*{y,, m(x,, ), ¥[m(x,, 8,), v(x,, 8,)]} ,

where 8, is a consistent estimator of 6.
Let us denote by 67 =(ay’, B7") the estimator obtained from the maxi-
mization of L,,. The pseudo-Wald test statistic is

€7 =T(Br = Bo) W*(B7 = By) » (16)
where W* is a consistent estimator of

W =I5 —15.(2) 12
and where the indexes a, 8 refer to submatrices of

om’ -1 9m

L —_—
F=E\Z6v 307/

The pseudo-score statistic is
1 o nn
£ = A7 (W) Az, (17
with

oL
)‘:;z a;T (a;07 BO) ’

a3’ being the constrained QGPML estimator of .
As mentioned above the pseudo-likelihood ratio test statistic

f;R = 2[L2T(0;) - L2T(0 ;0 )

is asymptotically equivalent to ¢5" and £%°; the asymptotic distribution of
these statistics under H, is x*( pg)- It is also easily shown that the tests based
on a QGPML method are asymptotically more powerful than those based on a
PML method; this property is a consequence of the semi-parametric efficiency
of the QGPML methods.
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6.3. Pseudo-likelihood ratio tests

We have seen above that, in general, the pseudo-likelihood ratio tests based on
a PML1 method are not asymptotically distributed as a chi-square; this
distributions is, in fact, a mixture of chi-square distribution (Fourtz and
Srivastava, 1977).

However, there are important cases where the pseudo-likelihood ratio tests
based on a PML1 method are asymptotically equivalent to the pseudo-score
and the pseudo-Wald tests. The more important case is probably the multi-
variate linear case,

y.=Bx, tu, (18)

where y, is a G-dimensional vector, B is a matrix of parameters, x, a vector of
exogenous variables, and u, is a white noise process (independent of x,), whose
instantaneous variance—covariance matrix is denoted by (2. The null hypothesis
is any hypothesis on B (linear or nonlinear, in an explicit, implicit or mixed
form). The pseudo-likelihood ratio test statistic based on the normal family is
equal to T Logdet (), /det ,, where ), is the empirical variance—
covariance matrix of the residuals obtained in the constrained PML2 estimation
and ), is the similar matrix in the unconstrained case; note that in the
unconstrained case the PML2 estimator of B is simply made of the OLS
estimators of the rows of B. This statistic is asymptotically distributed as y*(K)
(where K is the number of constraints), even if the true distribution of u, is not
normal, and is asymptotically equivalent to the pseudo-score statistic, which is
equal to T Trace[fZ;Tl(fZOT — 0.)]. Since the form is not necessarily implicit, it
may not be possible to define a pseudo-Wald test statistic, however, for any
form of the hypothesis, it is possible to consider a pseudo-generalized Wald test
statistic, defined as

Min(b; = bY[2; ®X'X](b~b),

where b = vec(B’), and b is the unconstrained PML2 estimator of b, i.c., the
ordinary least squares estimator equation by equation; it turns out that this
statistic is equal to TTrace[ﬂ;l(ﬂM— 0,)], where 2, is the empirical
variance—covariance matrix of the residuals when b is estimated by the
generalized least squares estimator derived from the previous minimization.
This statistic is asymptotically equivalent to the pseudo-score and to the
pseudo-likelihood ratio test statistics.

7. Simulated PML methods

7.1. Motivations

As mentioned in the introduction the pseudo-likelihood methods may be useful
for parametric models when the likelihood function does not have a closed
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form and cannot be maximized; it is the case, for example, in some multimar-
ket disequilibrium models (see Laroque and Salani¢, 1989). When the likeli-
hood function does not have a closed form, the same is in general true for the
moment functions and, therefore, the pseudo-likelihood methods do not
directly apply. However, for a given value of the parameter, simulation
techniques can be used in order to approximate these moments; if we replace
these moments by their evaluations based on simulations we get a simulated
pseudo-likelihood method.

More precisely, let us consider the following situation. We have a typical
econometric model

yt:r(xt’et’0)7 t':l:""T, (19)

where 6 is a vector of parameters, x, a vector of exogenous variables, e, a
vector of disturbances and y, a vector of endogenous variables. 6 is unobserv-
able and deterministic, x, is observable and stochastic with an unknown
distribution, e, is unobservable and stochastic with a known distribution; the
function r is called the reduced form of the model. Note that the assumption of
a known distribution for e, is not very restrictive since a model with parametric
assumptions on the distribution of the disturbance can be put in the previous
form, for instance by writing this disturbance e* = G(e,, ) where e, has a
known distribution and 6 is an unknown parameter which is incorporated into
0. As seen later it may be convenient to partition the disturbance vector into
two subvectors, e,= (u,,v;)’. For sake of simplicity we assume that the
processes {x,}, {u,}, {v,} are independent and that each process is identically
and independently distributed (but these assumptions can easily be weakened);
the disturbances u, and v, are assumed to be zero-mean.

We are interested in 6 and we consider the case where the conditional pdf
g(y,; x,, 8) does not have a closed form. Since the maximum likelihood method
cannot be used we can think of applying PML methods but, the problem is that
the conditional moments of y, given x, do not have, in general, a closed form.

7.2. Description of the simulated PML methods

Let us first focus on the PML1 method. Since the functional form of the
conditional mean m(x,, ) = E(y,/x,) is not known, we can try to approximate
it by means of simulations. More precisely, we shall distinguish two cases. In
the first case, the conditional mean of y,, given x, and a subvector u, of ¢,, has a
known functional form

Ee(yt/xn ut) = m*(xn ut’ 0) . (20)

Such a situation occurs, for instance, in models with an individual hetero-
geneity factor; in this case the index ¢ is an individual index and u, is the
heterogeneity factor (see Gouricroux and Monfort, 1991b).

In the second case such a conditioning does not exist (apart from the trivial
conditioning u, = ¢,).
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In the first case m(x,, 6) can be replaced by (1/H) L¥_, m*(x,, u,,, 6), where
u,, h=1,... ,H,t=1,...,T are independent drawings in the distribution
PY of u,. In the second case m(x,, §) can be replaced by (1/H) £/, r(x,, u,,, )
(with u,=e,). A drawback of the latter approximation is that r may be
nondifferentiable, or even discontinuous, with respect to #; however, these
technical problems can be overcome (see McFadden, 1989; Pakes and Pollard,
1989; Laroque and Salanié, 1989); moreover, it is possible to avoid these
problems by using the importance sampling technique (see Gourieroux, 1992).

The simulated PML1 (SPML1) method consists in maximizing a PML1
objective function in which m(x,, 6) is replaced by an approximation given
above. For instance, when a relevant conditioning exists this objective function
is

T 1 H .
Lir= 2 Log f[y,,thl (s 5 0) | (21)
t= =

where f(-,m) is any linear exponential family, f(y,m)=exp[A(m)+ B(y) +

Clm)y]. o
This maximization is equivalent to the maximization of

E {A[%Z m*(x,, u,, e>] + c[%z M*(X,, Uy e)]y,} . ()

A simulated method can also be associated with the QGPML method. Let
f*(-, m,m) be any generalized linear exponential family where n = ¢(m, m,),
m, being the (noncentered) second moment and ¢(m, -) being one-to-one for
any m. The simulated QGPML method consists in maximizing

T H

1
2 Log f*{}’n H 2 m*(x,, u,,, 0),
=1 h=1

L& o1& ,
d’ ﬁhglm (xt’uhn OT)vﬁhglmz(xn uht’ HT) ’
(23)

where 8, is any consistent estimator of § and m? is the (noncentered) second
order moment of y, given x, and u,.
A simulated PML2 method can be defined in the same way.

7.3. Asymptotic properties of the simulated PML methods

It is important to note that the asymptotic properties given below are valid
when the same drawings u,,, h=1,...,H, t=1,...,T are used in the
computation of the objective functions for different values of 6.

The main asymptotic properties of the simulated PML estimators or of the
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simulated QGPML estimators are the following (see Gourieroux and Monfort,
1991) for the regularity conditions.

ProrositioN 8. If H and T go to infinity, the simulated PML or QGPML
estimators 0, are consistent. If, moreover, VT/H goes to zero, VT(8, — 0,) has
the same asymptotic distribution as the corresponding PML or QGPML
estimator.

So, in order to have the usual consistency and asymptotic normality
properties, the number of drawings H per observation has to go to infinity at
least as fast as the square root of the number observations; however, it seems
that in practice the influence of the number of drawings H is quickly stabilized
when H increases (see Laroque and Salanié, 1990). Moreover, by slightly
modifying the procedures it is possible to obtain consistency and asymptotic
normality when H is fixed and only 7 goes to infinity. Let us briefly discuss this
point and consider, for sake of simplicity, the simulated nonlinear least squares
(SNLS) method (which is a particular SPML method). When no relevant
conditioning is available the SNLS estimator is a solution of the first-order
equations

thl Hh=1 FY) (xnuht’e) Ye— Hh=1 r(xn uhne) -V ( )
When H is fixed and T goes to infinity, equation (24) becomes

E, 20 (x,0)[m(x, ) — m(x, 0)]

1 ar
+EE" Covu[a—a (x,u,(r),r(x,u,e)] =0. (25)

So, because of the correlation between dr/00(x, u,6) and r(x,u,8) the
solution in @ of (25) is, in general, different from 6, and, therefore, the SNLS
estimator is not, in general, consistent. However, it is clear that this covariance
term is eliminated if different drawings in P are used for r and ar/46. Let us
denote by u,, (resp. u,,) the drawings used in r (resp. dr/30). Equation (24)
becomes

151 & or . 1 &
Tzﬁglﬁ(xnuhne) yt_ﬁglr(xt’uht’e) :0' (26)

ProposITION 9. The SNLS estimator 8, based on (26) is consistent and
asymptotically normal when H is fixed and T goes to infinity. The asymptotic
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variance—covariance matrix of VT (8, —6,) is

am dm ! 5 om dm
{Ex 20 60’} {E 7%, 6) 29 397
or am om
+—E" (x, 00)[(” Viggt EEW]}
{E om om -
x99 90" J

where a*(x, 8,) is the conditional variance of y, given x.

The previous approach can be generalized to any PML1 estimator based on a
linear exponential family since, using the identity (0 A/om) + (dC/am)m =0,
the first-order conditions can be written

Z am aC[m(x,, )]

“~ EY) (xt, am [yt - m(xta 0)] =0

The same is true for other PML methods. Also note that there exist other
modifications making SPML methods consistent when H is fixed and T goes to
infinity (see Laffont, Ossard and Vuong, 1991; Broze and Gourieroux, 1993).

8. Pseudo-likelihood methods and nonnested hypotheses

In this section and the following one we no longer consider the PML methods
based on conditional moments but we focus on PML methods based on
nonnested hypotheses.

8.1. Pseudo-true values

Let us consider a family of conditional densities of y, given x, r=1,..., T,
Hy={f(y;x,a),a € ACR"}. (27)

For sake of simplicity f(y,; x,, &) will also be denoted by f(a). Let us denote
by f,(y,;x,) for f;, the true conditional density, which does not necessarily
belong to H,. The finite sample pseudo-true value of @, denoted by a7, is the
value of a minimizing the Kullback—Leibler information criterion (KLIC) (see
Sawa, 1978):

2. Ei[Log f,, ~ Log f()], (28)

where Ej is the expectation operator with respect to f,.
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Equivalently o} is obtained from

T
Max 2 E; Log fi(a) . (29)

Clearly I1”_, f(a?) can be interpreted as the pdf of the form II,_, f(a) which
is the closest, in the KLIC sense, to the pdf IIZ, £,

As T goes to infinity the finite sample pseudo-true value o converges to the
asymptotic pseudo-true value a*, which is a solution of

Max E,E, Log fly;x, ). 30)

Note that, in the iid case, i.e., when there is no exogenous variables, af. is
equal to a*. a* is also the limit of the PML estimator &, of «, obtained from

T
Max 2, Log f(a) . (31)
* =1
Let us now consider another family of conditional densities,

H,={g(y;x,B), BEBCR"}. (32)

g(y,;x,, B) will also be denoted by g(B).
For any B in B we can define the finite sample pseudo-true value a,(8)
of «, as the solution of

T
Max 2, E}, Log f(a), (33)
* =1

where Ej is the expectation operator with respect to g,(8).
Again, as T goes to infinity, a(8) converges to the asymptotic pseudo-true
value a(B8), solution of

Max E,E, Log f(y; x, @) . (34)

a(B) is also the limit of the PML estimator &, of «, obtained from (31), when
g B) is the true density.

Obviously, by reversing the roles of « and B, it is also possible to define the
finite sample pseudo-true value of B for any «, denoted by b (a), and the
asymptotic pseudo-true value, denoted by b(a).

8.2. Nonnested hypotheses

Let us now consider the problem of testing H, against H,. A natural idea is to
compare the pseudo-maximum likelihood estimator B, of B, obtained by
maximizing £, Log g,(B), with b(é&,) or b (é,), which are respectively the
estimation of the asymptotic and the finite sample pseudo-true value of B
under H,. Since B, — b(a;) and B; — b;(&,) converge to zero under H;, and
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since it is not the case in general under H_, a significant departure from zero of
Br—b(é;) or By —b(ar) will be in favour of H,. This idea is the basis of
testing procedures which can be called Wald type procedures since, as easily
seen, they both reduce to the classical Wald test in the case of nested
hypotheses. The test based on b(&,) will be called the W1 test, and the test
based on b,{d;) will be called the W2 test. In fact the computation of the
asymptotic pseudo-true values is, in general, difficult since it involves the
distribution of the exogenous variables and, thercfore, the W2 test based on
the finite sample pseudo-true values is more useful in practice.
Let us now introduce the following notations:

B dLlog f aLogf\ _ 3’ Logf

Cy = Ean()( o da’ /- ~EE,, da da’' Ky
_ dlogf oLogg\

Cf —Ean0< aa * aBr —Cgf’

_ dlogg dlogg
ARG

*Logg
K= ‘EE< 9B 0p’ ) ’
. dlogg 8Logg><aLogg_ aLogg>’
ng'EanoK B e 0B B e g )|

where a, is the true value of o and the derivatives of f (resp. g) are evaluated
at a, (resp. b(ay)).

The definitions and the asymptotic properties of the W1 and W2 tests are
given in the following proposition (see GMT, 1983b).

ProrosiTioN 10. (a) The W1 test is based on the test statistic

Ewr =TIB =& K,IC,, — C,iC, C) KB - b(@)],

Py

where Kg, Coes Cgf and Cff are consistent estimators of K,, C,,, C,,, Cy. Under
H,, &y, is asymptotically distributed as a chi-square whose number of degrees of
freedom d is equal to the rank of C,, —C,.C ];1Cfg. The critical region at the
asymptotical level ¢ is {&y; = x5_.(d)}.

(b) The W2 test is based on the test statistic

£y =TIB— b QIR [Cr — C,,C. Cl R B - br(&)],

where C‘:g is a consistent estimator of C;‘g. Under H;, &y, is distributed as a
chi-square whose number of degrees of freedom d* is the rank of C,,—
C,C f}ICfg. The critical region at the asymptotic level & is {&y, = x+_.(d)}.

It is easily seen that d* cannot be greater than d. Moreover, since both
B, — b(é;) and B, — b, (&;) converge, under H,, to B, —bla(B,)], the Wald
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type tests proposed above are consistent except in the special case S, =
bla(B,)] (see GMT, 1983b, for a discussion of this case). It is also possible to
propose two score-type tests. The first one, denoted by S1, is based on

. 1< oalogg )
A1=7§1 g (i, b(dr));

the other one, S2, is based on

1 & dlogg R
Ro=g 2= (9%, brlar)

ProrosrTioN 11. The statistics
and

are respectively asymptotically equivalent under H; to &y, and &y,.

8.3. Examples

Various cases can be found in GMT (1983b). Let us consider here the simple

case of two families of pdf based on the same linear exponential family with the

mean linked in the sense of Section 3.4 and with different exogenous variables.
In this case the two families of pdf are defined by

Log f(y,; x,, &) = A[C”'(x;a)] + B(y,) + y,x}a,
Log g(y,5z,, B) = A[CT'(z,a)] + B(y,) +y,2;B .

For instance, in the case of a Bernoulli distribution with C™'(x) =e*/(1 +
¢“), it is the problem of the choice between two logit models with two sets of
explanatory variables; in the case of a Poisson distribution with C '1(u)=
exp(u), it is the choice between two Poisson regression models.

In this context, a simple computation shows that b, (&) is the solution of

M~

z{C7(x}a7) — C '[zp(é7)]} =0 or
1

-
I

(35)

M~

z {97 = C7Mzib(ar)]} =0,

i
-

where J;is the prediction of y, under H,, with a = &,; in other words b, (d,) is
the PML estimator of 8 under H, based on the observations y;. Moreover, it
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can be seen that, in the simple example considered here, the &, statistic is
identical to the score statistic for testing y = 0 in the model based on the same
linear exponential family and the mean m, = C™'(x'a + z*'y) where z* are the
exogenous variables of H,, linearly independent from the exogenous variables
of H,.

9. Model selection

Let us consider again the families of hypotheses H; and H, defined by (27) and
(32). In a nonnested hypotheses testing method the idea is to examine the
behaviour of some statistics when one of the hypotheses is assumed to be true.
In a model selection procedure, none of the hypotheses is, a priori, assumed to
be true and the idea is to evaluate a kind of distance between the true PDF and
the models considered. Vuong (1989) has proposed a selection method based
on PML estimators of o and B which also has the advantage to propose
probabilistic statements, contrary to classical selection procedures (see also
Rivers and Vuong, 1990).

Using the (asymptotic) KLIC as a proximity criterion we can define three
hypotheses:

H,: EXEO[Log g%%‘;—))] -0, (36)
H;: EXEO[Log g%%%*—))] >0, (37)
H,: EXEO[Log %*_))] 0, (38)

where a* and B* are the asymptotic pseudo-true value of « and B.
Hypothesis H; means that the models are equivalent, whereas hypothesis H
means that the family H; is better than the family H, and conversely for H.
Let us now assume that the models we are considering are strictly nonnested,
i.e., that the two sets H; and H, have no element in common (the case of
overlapping model! is also treated in Vuong, 1989) and let us introduce the

notations

2 f (Y’ X » & *)
ok =v{Loe 7 % ) )

where V is the variance taken with respect to the true joint distribution of
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(Y,X), and
1 T[ fy;x,, a.) 17 1 &
”2=—E Log—ﬁ#— - —ELog
’ thl g(yt;xt’ BT) thl
1 & X, @ 2
(:)ZT:?Z [Logf(y' CfT):l ,
=1 g(yt7xt’ BT)

T A
A f(yt;xﬂ aT)
LR (&, By) = 2 Log ==L~
nee T =1 g(yt;anT)

where @, and §, are the PML estimators of @ and g.
The following proposition holds.
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f(Yt;xn &T):r, (40)

g(yt; xn éT)

(41)

(42)

Provosimion 12. If the families H; and H, are strictly nonnested,

(a) under H,:

VILR (&7, By)liy > N(O, 1),
(b) under H:

VTLR (éy, B;)/ cﬁT:: + %, almost surely ,
(c) under H:

VTLR (&, ,éT)/(bT?_: — oo, almost surely ,

(d) properties (a)—(c) holds if &, is replaced by ®,.

So, the previous proposition provides a test procedure which can be easily
implemented. At the asymptotic level e, H, is accepted if

lﬁLRT(dT’ ﬁr)/‘;’rl SUy 4y

(where u,_,,, is the quantile of order 1 —&/2 of N(0,

1)); it VILR (&, B;)/

&rp>u,_,,, Hy is rejected in favour of H, and if VTLR (&, B)/é, < —u, .,

H, is rejected in favour of H.

10. Concluding remarks

The methods described in the previous sections clearly have a wide applicabili-
ty and they already have been used in various contexts. Cameron and Trivedi
(1986) were interested in the number of consultations with a doctor or a
specialist and they used various PML1 and QGPML methods. Boyer, Dionne
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and Vanasse (1990) applied the same kind of methods to explain the number of
car accidents and to proposc a bonus-malus system based on a Poisson model
with individual effect. Laroque and Salanié (1990) used the simulated PML1,
QGPML and PML2 methods in the context of a multimarket disequilibrium
models, because the ML methods were untractable. Bollerslev and Wooldridge
(1988) used the PML2 approach in the context of autoregressive conditionally
heteroscedastic (ARCH) models, and Gourieroux and Monfort (1991b) used
the same method for the qualitative threshold ARCH modelling of stock
indexes. Arminger and Sobel (1990) used PML2 method in a model for
education and occupational status with missing data (see also Arminger and
Schoenberg, 1989). Wooldridge (1991) used PML1 methods in a model
explaining the number of times an individual was arrested. Laffont, Ossard and
Vuong (1991) used simulated PML1 methods, in particular simulated nonlinear
least squares, for econometric models of descending auctions and they applied
these methods to daily sales on an auction market of egg-plants. Extensions of
the methods described here have also been proposed in order to estimate
autocorrelation functions (Gourieroux, Monfort and Trognon, 1984c), spatial
interactions (Strauss and lkeda, 1990), possibly misspecified ARMA models
(Tanaka and Satchell, 1989; Potsher, 1991) or limited dependent variables
models with serial correlation (Robinson, 1982; Gourieroux and Monfort,
1985). The simulated PML methods also seem promising; it is clear, for
instance, that such methods could be applied in the many kinds of models
where unobservable variables appear: factor models, index models, models
with individual effects, model with heterogeneity, model with lagged endogen-
ous variables (for instance dynamic disequilibrium models). Works in some of
these fields are in progress and more and more experience will be accumulated.
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Rao’s Score Test: Recent Asymptotic Results

Rahul Mukerjee*

1. Historical introduction to Rao’s score test

Let L(x,0) be the (log-) likelihood function of a p-vector parameter 6 =
(0,,...,6,) given a sample x. Then the p-vector function

I(x,0)=0L(x,0)/00 (1.1)
is called the score function. For given 8 and random x, we have

Eo{llx,0)} =0, covy{l(x,0)} =F(0)=((£.0))),

where $#(0) is the Fisher information matrix. Rao (1948) introduced two test
criteria for testing simple and composite hypotheses and gave their large
sample null distributions.

To test a simple hypothesis H,: 8 = ,, Rao’s test statistic is

I(x, 6,)}” o
R —max L e 0y (40) I ), (12)

assuming the positive-definite (pd)-ness of #(6,). Under H,, this is asymp-
totically distributed as a central chi-square with p degrees of freedom (df)
under fairly general conditions. To test a composite hypothesis of the type that
0 lies on a surface defined by @ = (&), where € is a g-vector parameter
(g <p), Rao proposed the statistic

R.={lx, 0)} {#(8)} " {Ix, 0}, (1.3)

where @, is the maximum likelihood estimator (MLE) of @ under the condition
0 = (&). The asymptotic null distribution of R_ is, under some conditions, a
central chi-square with p — g df. About ten years later, Silvey (1959) proposed
the same test (1.3) for a composite hypothesis and called it the Lagrangian

*On leave from Indian Institute of Management, Calcutta, India. This work was supported
partially by a grant from the Center from Management and Development Studies, IIM, Calcutta,
and partially by the Air Force Office of Scientific Research under Grant AFOSR-91-0242.
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multiplier (LM) test which led to Rao’s test (1.3) for composite hypotheses
being referred to as the LM test. About that time, Neyman (1959) introduced
what is called the C(«) test for testing composite hypotheses of the type

Hy: 6,=6,, 6,,...,0,arearbitrary .

The C(a) criterion is a signed root square of Rao’s criterion (1.3) for one df
with one difference. The estimators of the nuisance parameters 6,, . . . , 8, used
in Neyman’s statistic are any root n-consistent estimators whereas in Rao’s
formulation, they are MLEs given 6, = 6,,. Of course, up to the first order, the
asymptotic distribution of (1.3) remains the same whether MLEs or any root
n-consistent estimators are used for the nuisance parameters.

The C(a) test of Neyman is a test for one parameter in the presence of p — 1
nuisance parameters. This has been extended by Hall and Mathiason (1990) for
testing more than one, say p —¢g, components of 8, in the presence of g
nuisance parameters, in the form of Rao’s statistic (1.3) with MLEs replaced
by any root n-consistent estimators. They call such a modified version of (1.3)
the Neyman-Rao test criterion.

While introducing the score test in 1948, Rao conjectured that it is likely to
be locally more powerful than other tests like the likelihood ratio and Wald’s
tests (see also Rao, 1965, p. 350, in this context). Recent work, based on
higher-order asymptotics, indicates the truth of Rao’s conjecture. An objective
of this article is to review the work done in recent years in this area. We shall
also summarize some recent results on Bartlett-type adjustment for Rao’s
statistic, a problem posed by Cox (1988) and Rao, in a private communication.
For a review of the developments in this field till the late cighties, we refer to
Ghosh (1991); see also Bera and Ullah (1991) and the references therein for an
informative general review on Rao’s test as applied in econometrics.

In the sequel, we shall use the abbreviations LR, R and W to denote
respectively the likelihood ratio, Rao’s and Wald’s statistics as well as the tests
based on these statistics depending on the context. The symbol R will represent
R, or R, (see (1.2), (1.3)) depending on whether a simple or a composite
hypothesis is being considered.

2. Comparison of higher-order power

For the scalar parameter case, under a one-sided alternative, R is evidently
locally most powerful (see, e.g., Ferguson, 1967, pp. 235). As a consequence,
the comparison among LR, R and W is of more interest when (a) the
parameter 6 is muiti-dimensional or (b) the parameter is one-dimensional but
the alternative is two-sided. Among the early authors, Peers (1971), Hayakawa
(1975) and Harris and Peers (1980) studied these three tests, under the set-up
of multi-dimensional @ and contiguous (multi-sided) alternatives, and reported
their noncomparability. In particular, they observed that, up to the second
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order of comparison, the local power function of none of these tests uniformly
dominates those of the others. In consideration of this, subsequent authors
treated the problem adopting the following two approaches:

(i) to compare slightly modified versions of the tests, the modification being
done in a meaningful way;

(ii) to compare the tests in their original forms but using some reasonable
criterion other than point-by-point power.

2.1. Comparison of locally unbiased versions

Chandra and Joshi (1983), following a suggestion of J. K. Ghosh, adopted the
first approach and compared the locally unbiased, up to o(r '), versions of the
tests. We refer to Ghosh (1991) for an illuminating discussion on the rationale
behind this approach; see also Amari (1985, p. 172) in this context. With
reference to a sequence of independent and identically distributed (iid)
possibly vector-valued random variables X, X,, . . . , having a common density
f(-,0), where 6 is scalar-valued, Chandra and Joshi (1983) considered the
problem of testing H,: 0 =6, against a two-sided alternative, 6, being an
interior point of the parameter space. They considered contiguous alternatives
of the form 6(n)=6,+n ''>5, where n is the sample size, and under the
assumptions of Chandra and Ghosh (1980) (see also Bhattacharya and Ghosh,
1978), which are of quite general nature, compared the signed square-root
versions of the tests as follows:
Fori=1,2,3, let

I} =E, {d' log f(X,; 6,)/d6’},

H,=n™"" 2, [{d' log f(X;; 0)/d0'} = I7].

Chandra and Joshi (1983) noted that for each of LR, R and W, there exists a
set o, with P, -probability 1+ o(n”") uniformly over compact subsets of 8,
such that over &, the statistic admits an expansion of the form T2 +o(n "),
where

T,= H1I_1/2 + ”_1/2(61H1H2 + 192H%)
+”_1(Y1H%H2+Y2H1H§+Y3HT+Y4H%H3)a (2.1)

I (= -1}, under standard regularity conditions) is the per observation Fisher
information at 6,, and &, 9,, y,, ¥,, V5, ¥, are constants, free from n. The
constants 9;, 9,, y,, ¥,, ¥3, y, depend on the particular test statistic under
consideration. In particular, by (1.2), for R, &, =38,=y,=y,=y,=y,=0.
Denoting the square-root versions of LR, R and W by T,,, T,, and T,

respectively, Chandra and Joshi (1983) compared them on the basis of critical
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regions of the form

1/2 -1
a,;;+n ‘a, or

e +nTla, (1=1,2,3), (2.2)

T,>z+n"
T,<-z+n

where z is the upper la-point of a standard normal variate, a,, = a,, =a,, =
a,; =0, and the constants a,;, a,;, a;;, a,; (i =2,3), free from n, are so chosen
that

1/

P (T,;>z+n" *a,, +n"lay)

1/

= Pé,o(T"1 >z+n a, +nlay) ton™) (i=2,3),

1/2

Po (T, <—z+n a5+ n"a,)

=P (T, <—z+ n e, +nla,)to(n™h) (1=2,3). (2.3)

The conditions in (2.3) not only ensure that the three tests are of identical size
up to o(n~") but also, as noted in Chandra and Joshi (1983), make them locally
unbiased up to that order. Incidentally, with a,, =a,; =a,,=a,, =0, LR is
locally unbiased up to o(n™").

For i=1,2,3, Chandra and Joshi (1983) considered an Edgeworth expan-
sion for the distribution of T, under 6(n) (=6, + n~"/*6) and showed that the
power function, P)(8), under continuous alternatives, of a test based on T,
(see (2.2), (2.3)) can be expanded as

PO@E)=PYG)+n ' ?POGE)+n ' POGE) +o(m ™),

where P{(8), P{)(8), P{’(8) are free from n but involve & and also z. As
anticipated, it was seen that

PU(3) =P (6)=P5"@)

so that the three tests have identical power up to the first order. It was also
observed by Chandra and Joshi (1983) that

PPE)=PP6)=PY©),

which implies that, for one-dimensional 6, identity of power up to the first
order is accompanied by that up to the second order (cf. Bickel, Chibisov and
Van Zwet, 1981) when tests are compared on the basis of their locally unbiased
versions.

Therefore, in order to discriminate among the three tests, one has to
compare third-order power, i.e., P$(8), i =1, 2, 3. Since P{’(8) involves not
only & but also z, one may write P{?(8) = P{’(5, z). By (2.3), the tests are of
identical size up to o(n”') and are also locally unbiased up to that order.



Rao’s score test 367

Hence
PY(0,2)=PP(0,2)=P(0,2),
PV(0, 2)=P{V'(0, 2) = P$(0,2) =0,

identically in z, where primes denote differentiation with respect to 4.
Considering explicit expressions for P{(8,z) (i=1, 2, 3), Chandra and Joshi
(1983) showed that

lim (P, 2) — PV(S, 2)} 187 >0,
lim (P35, 2) — PSS, 2)} 187 >0, (2.4)

for large but reasonable z (i.e., for small but reasonable test size) provided the
model has a nonzero statistical curvature at 6, (Efron, 1975).

The result (2.4), indicating the superiority of R over LR and W, in terms of
third-order power under contiguous alternatives, was extended and
strengthened in various directions by subsequent workers. Thus, Chandra and
Mukerjee (1984, 1985) considered an entire family of test statistics with square
root versions of the form (2.1), with &, ¥, y,, ¥,, ¥3, y, free from n and z as
happens with LR, R and W, and established the optimality of R in that family
in the sense of (2.4). In the latter paper, they also presented more detailed
expressions for the third-order power differences and investigated the implica-
tions thereof. Chandra and Samanta (1988) obtained similar results with
reference to a larger family of test statistics. Mukerjee (1989a) proved the
optimality of R, in an even wider class, in the sense of (2.4) and streamlined
the algebraic computations to some extent. A discussion on Mukerjee (1989a),
who gave a simple formula for the third-order power difference, is available in
Ghosh (1991).

In consideration of the locally optimum property of R as noted above, it is
natural to investigate its behaviour vis-a-vis the locally most powerful unbiased
(LMPU) test under a two-sided alternative. Mukerjee and Chandra (1987),
following a suggestion of J. K. Ghosh, considered this problem and observed
that, under contiguous alternatives, R is as good as the LMPU test up to the
second order of comparison and almost as good as the LMPU test at the third
order for small but reasonable test size provided the statistical curvature of the
model at 6§, is not too large.

The results summarized in the last two paragraphs were all derived under the
framework of one-dimensional 8, a two-sided alternative and iid observations
and comparisons were made on the basis of the locally unbiased versions of the
tests. Continuing with the iid case, Mukerjee (1990a,b) attempted to extend
the findings of these authors to models with multi-dimensional 8. Compared to
the scalar parameter case, this situation presents some novelties and, with
reference to the final results, here we propose to highlight some details which
were not discussed in Mukerjee (1990a,b). To that effect, we introduce some
notation.
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Let X;,X,,..., be a sequence of iid possibly vector-valued random
variables with a common density f(-; 8), where @ = (6, . ..,6,) € R” or some
open subset thereof. Consider the problem of testing H,,: 8 = 6, against 8 #6),.
Without loss of generality (by a reparametrization, if necessary), the per
observation information matrix at 6, is supposed to equal the p X p identity
matrlx Then the dispersion matrix of dlog f(X,;6,)/96, (1<i<p) and
a’log f(X,; 8,)/06, 80, (1<, j=<p), under @, is of the form

=00 5.

Where I is the p X p 1dent1ty matrlx and A and X * are of orders p X p* and
p’xp? respectwely The p® X p* nonnegative definite (nnd) matrix

3,=3*-AA

represents a generalized version of Efron’s curvature at 6,. For 1<i, u=<p,
define

H,=n"? 2 dlog (X, 6,)/96, ,

H,, = n' z {Gzlog flX;;6,)/ 06,36 A 1(0)]

where /() =E00{a log f(X,;0,)/06,00,}. Let H, be a p X1 vector with i-th

element H,; and H, be a p X p matrix with (i, u)-th element H,,, (1 =i, u <p).
For 1=<i,u,s<p let

o = 90[{3108 fX,;6,)136,}{9”log f(X,; 6,)/06, 80,}] ,

ius

71(33) = 00{83108 f(X1;6)/6; 66, 36, },

'Yz(:fs) = 90[{610g f(X1;6,)/96,}
x {alog f(X,; 6,)136,} {dlog f(X,; 6,)196,}]
Define I' as a p X p° matrix with z -th row (v, ..., y&ll)p, R 7,(;1,)1, R
yglzp) 1<i<p, and let 7 be a p> X 1 vector with (i, i)-th element unity for
each i (1=i=p) and all other elements zero (e.g., with p =3, v=(1, 0, 0, 0,
1, 0,0, 0, 1)").

In the following, for positive integral » and nonnegative A, K, ,(-) and k, ,(-)
denote respectively the cumulative distribution function and the probability
density function of a possibly noncentral chi-square variate with v df and
noncentrality parameter A. Also, for a real valued function {(-) defined over
R? and for A >0, we shall write

= | wwe/ | 25)
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to denote the average of {(-), along the sphere {y: y’y = A}, provided (2.5) is
well defined.

Mukerjee (1990a,b) considered a family %, of test procedures as described
below. For contiguous alternatives 8(n) = @, +rn "> and for every test in %,,
a set o, with Py ,,-probability 1 + o(n"") uniformly over compact subsets of &,
can be obtained such that over &, the test is given by a critical region of the
form

T,T,>z,+n "by+n"'c,+o(n™"), (2.6a)

where
1) zf, is the upper a-point of a central chi-square variate with p df,

T,=H,+n Q" +b)+n (@ +¢), (2.6b)
Q(1)20H2H1+B(H1®H1)’ Q(Z)Z(Qp+17‘ .- ,sz)’ 5

Qizgi(Qil""’Qiui) (p+1<is<2p),

Qu=n""" 2 {4,(X) = B,(B)} (1=s<u,p+1<i<2p),

& denotes Kronecker product, the g,(-) are polynomials and the g, (-) are such
that

E,{q.,X)}=B.,0) V8 (1ss<u,pt+l=<is<p),

which are assumed to exist,

(i) the scalar a and the p X p® matrix B in the expression for Q" are
nonstochastic and free from n,

(iii) the scalars b, c, and the elements of the p X1 vectors b, ¢ are
constants, free from 7, to be so determined that the test has size a +o(n™")
and is locally unbiased up to o(n™").

As noted in Ghosh (1991), if one thinks of the acceptance region as a sphere
then introducing b, c, is equivalent to perturbing the radius and introducing b,
¢ is equivalent to perturbing the centre with a view to attaining respectively the
conditions of size and local unbiasedness up to o(n"'). Note that a, B, the Q,
and the g, may vary from one test in %, to another. For any test in %,, we
define

B*=B+al .

. 2 .
Let the i-th row of the p X p” matrix B* be GBitr b by, b
(1=si=<p), and
:,45 + bttu + bs*tu + b;kui + b:is + b:si

b(ius)=b (I=i,u,s<p).

The family %, is very rich and includes, in particular, LR, R and W. It can be
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seen (cf. Mukerjee, 1993) that the expressions for a and b(ius) for these three
tests are respectively given by

ar=13, a,=0, ay=1, (2.7a)

by g (ius) = —7533 ’ bg(ius) =0,

bylius) = ~(yie + vie) (1<i,u,s=<p). (2.7b)

Under standard assumptions and regularity conditions, it was shown by
Mukerjee (1990a,b) that if b, ¢, b, ¢ are chosen subject to the conditions of
size and local unbiasedness, up to o(n~ '), then the power function of a test in
%,, under contiguous alternatives (n) =, +n~''?§, is given by

P(B)=P,8)+n "?P,(8)+n 'P,@)+o(n"),

where
(i) Py(®), P,(8), P,(6) are free from n,
_ (i) Py(6)=1-K, A(zf,), with A =86, is the same for all tests in the family
F,,
(iii) P,(8) is not necessarily identical for all tests in %, but is such that for
each A >0, P,(A), defined as in (2.5), is identical for all tests in %,
(iv) P,(6) is such that for A>0,

P,(A) = Pyy(A) + AU + O(A%),
with P,,(A) identical for all tests in %,, U=U, — U,,

Uy =p 'k, olar'2r = a’zy(p +2) 7 {7/ Sy + 2113y 1]

U= (20) 'kpso [ 222 b)) = (p+2) " 2 { 2 b(iuu)} ] :

iu,s=1

and for positive integral v, k, = k,,’o(zlz,).

The derivation of the above result required the use of a multivariate
Edgeworth expansion for the distribution of T, under 6(n). The use of a new
kind of polynomials, analogous to Hermite polynomials, was helpful in
simplifying the algebra.

As a consequence of (ii) and (iii) above, if average power along spheres
centered at 6, be the criterion, then up to the second order of comparison, all
tests in %, are equivalent and, as such, a third-order comparison on the basis of
P,()) is warranted. To that effect, we write IT for the set of triplets ius
satisfying 1=<<i,u,s<p such that i,u,s are all distinct and, recalling the
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permutation invariance of the b(ius), note that for p =2,
P PP 2
1 222 {b(ius)}> —(p+2)7" > {2 b(iuu)}
i=1 Lu=1

iu,s=1

—1 223) {bius)}* + 21 [%{b(iii)}z + ; {b(iuu)}*

—(p+2)7" {él b(iuu)}z]

=1 SIS () + X | e + (-1 {2 b

—(p+2)7! {;; b(iuu)}z]
=1 22> {blius))’

iusell

+Hp-D(p+ 2)‘1§1 [b(iii) ~3(p-1)7" {é b(iuu)}]2 =0,

uF#i

the inequality being strict if and only if one of the following conditions holds:
(C1) II is nonempty (i.e., p=3) and b(ius) # 0 for some ius €11,
(C2) for some i (1<i=<p), the quantities b(iuu) (1<u<p, u+i) are not
all equal,
(C3) for some i (1<i=p),

b(iii) —3(p—1)7" {i b(iuu)} #0.

uFi

Thus for p=2, U, =0, with strict inequality provided one of (Cl1), (C2),
(C3) holds. It may also be noted that if p = 1 then U, = 0 for each test in %,. In
view of the nnd-ness of 3, we next observe that for fixed a, U; <0 whenever
zlz, is sufficiently large; provided a does not depend on zi. Thus if F; be a
subclass of &, consisting of those tests in %, for which a does not depend on
the test size then for each test in %, one obtains U <0 whenever the test size
a is sufficiently small. In fact, if 3, is nonnull then for each test in %, with
a#0, U is negative for sufficiently small & while if 3,,=0 and p =2 then for
each test in %, satisfying (C1), (C2) or (C3), U is negative for all a.

By (2.7a), LR, R and W belong to %; . For R one gets, a =0, B =0, so that
U = Uy (say) = 0. Hence, by the discussion in the last paragraph, for each test
in %, one obtains U < U, whenever a is sufficiently small, the inequality
being strict in the situations indicated above. In this sense, R is optimal in %
and hence superior to LR and W in particular.



372 R. Mukerjee

It may be made explicit in this connection that, unlike in the scalar
parameter case, with multi-dimensional 6, one may be able to discriminate
among the tests in %, in terms of third-order average power even under
models having zero statistical curvature at 6,, i.e., having 3,=0. This is
because of the presence of U, in the expression for U. The following simple
example serves as an illustration.

ExampLE 1. Consider the sequence X; = (X,;,...,X,)’, j=1, of iid random
variables with a common p-variate density over R” given by

f(x;0)= I_[1 {2m6,) " exp(—10;'x2)} ,

where 8 = (6,, .. ., 6,)’ >0. Suppose interest lies in testing H,: 6 = 0, against
0 #0,, where 0 is a p X1 vector with each element 1/\/_ Then the per
observation information matrix at 6, equals the p X p identity matrix. It can be
seen that here X, = 0. Also, by (2.7b), by r(ius) = by (ius) =0 unless i =u =3,
and b, 5 (iii) = —2V2, by(iii) = —6V2. Hence for each a, U is negative for LR
and W, provided p =2 (cf. (C3) above), showing the superiority of R over LR
and W, with regard to third-order average power, in the context of this
example.

It is interesting to note that, unlike in the scalar parameter case, with
multi-dimensional 8, identity of point-by-point power up to the first order is not
necessarily accompanied by that up to the second order even after adjustment
for local unbiasedness. Considering in particular LR, R and W, Mukerjee
(1990a) gave an example to demonstrate that none of these tests is uniformly
superior to the other two in terms of second-order (point-by-point) power. In
other words, with multi-dimensional 6, even after adjustment for local
unbiasedness, the situation remains essentially similar to that observed in Peers
(1971) in the sense that the tests remain noncomparable with regard to
point-by-point power. This is why, in order to compare the tests in a
meaningful manner, it becomes essential to invoke some other reasonable
criterion and, as noted above, the criterion of average power is helpful in this
regard. In this connection, reference is made to Ghosh (1991) who discussed
how, even with multi-dimensional @, identity of point-by-point power up to the
second order can be achieved by introducing perturbations more general than
those considered in (2.6a,b).

Earlier, Sengupta and Vermiere (1986) proposed a locally most mean power
unbiased (LMMPU) test for the case of multi-dimensional 8. This test does not
belong to % and, in consideration of the nice property of R with regard to
average power as noted above, it is of interest to compare R with the LMMPU
test. This problem was considered in Mukerjee and Sengupta - (1993) and it was
seen that although R is much simpler than the LMMPU test, being expressible
only in terms of the first partial derivatives of the log-likelihood, it is almost as
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good as the latter with regard to third-order average power for small but
reasonable test size provided the statistical curvature of the model is not too
large. The findings in Mukerjee and Sengupta (1993) in a sense extended the
results in Mukerjee and Chandra (1987) to the case of multi-dimensional 8.
The method of derivation was, however, different and inversion of approxi-
mate characteristic functions under 8(n) was required for obtaining the result.
Turning to the case of a composite null hypothesis, Mukerjee (1989b)
continued with the iid set-up and, under an orthogonal parametrization (Cox
and Reid, 1987), extended the results in Mukerjee (1989a) on the optimality of
R to a setting where the interest parameter and the nuisance parameter are
both one-dimensional. These results can, of course, be further extended in a
routine manner to the case of a multi-dimensional nuisance parameter at the
expense of heavier notation and algebra. The assumption that the interest
parameter is one-dimensional is, however, nontrivial. In particular, if both the
interest parameter and the nuisance parameter be multi-dimensional, then, as
noted in Cox and Reid (1987), one may not in general be able to achieve an
orthogonal parametrization. Anyway, it is strongly believed that the results
discussed here should have their counterparts even in such a situation.

2.2. Comparison of tests in their original forms

As mentioned in the introduction of Ghosh (1991), comparison of tests on the
basis of their locally unbiased versions ‘has been the subject of some
controversy’. There have been arguments in recent years in favour of compar-
ing the tests on the basis of the forms in which they were originally proposed
(cf. Madansky, 1989; Kallenberg, 1983). In the scalar parameter case,
Madansky (1989) compared LR, R and W in their original forms and
concluded that none of them dominates another even locally.

As noted in Ghosh (1991), the apparent conflict between the findings in
Madansky (1989) and those discussed in the last subsection is easily resolved if
one observes that in the former the tests are compared in their original forms
while in the latter locally unbiased versions of the tests are compared. In fact,
Mukerjee (1993) showed that even in the set-up of Madansky, a more detailed
analysis can yield results similar to those discussed above.

Mukerjee (1993) dealt with the family of tests %, considered in Mukerjee
(1990a,b) with the change that the perturbations b, ¢ employed in the earlier
formulation to achieve local unbiasedness (see (2.6b)) were no longer used. He
showed that if b, ¢, in (2.6a) are chosen subject to the size condition, up to
o(n""), then the power function of a test in %,, under contiguous alternatives

"0(n)=6,+n"'"?8, is given by

P@)=Py®)+n '?P(8)+n 'P,(6)+o(n '),

where, as before, Py(8), P,(8), P,(8) are free from n, P,(8) and P,(A) are
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identical for all tests in %,, and P,(8) is such that for A >0,
P,(N) = Pi(A) +AU* +0(A%),

with P (A) identical for all tests in %, U* = U, + U, U, as defined in the last
subsection, and

iu,s=1

2+ {3 IS 0t 14 3 (S o) ||

Lus=1 u=

p
U =1p7k, . [222 b(iiu)y ('),

the notational system being as introduced earlier.

Mukerjee (1993) considered a subclass F,* of %, consisting of those
members of %, for which 4 and B do not depend on the test size. This subclass
includes LR, R and W. Evidently, for R, U* =0 and for each test in % *,
U*=0 for sufficiently small «. Furthermore, U* is negative for sufficiently
small a for any test in %;* with either a0 or TE L%, _, {b(ius)}’ >0 when
Y,7#0, and for any test in %3 * with X2, _ {b(ius)}* >0 when Z,=0.

Thus the optimality property of R, in terms of third-order average power
under contiguous alternatives, continues to hold even when the tests are
adjusted only for size but not corrected for local unbiasedness. It is interesting
to note that for models with ¥, =0, under this kind of comparison, it may be
possible to discriminate among the members of % * even in the case p = 1. As
an illustration, one may consider the model in Example 1 and check that for
each p =1 and sufficiently small «, U* is negative for LR and W. Mukerjee
(1993) also reported some exact numerical results to demonstrate the validity
of the asymptotic findings for moderate sample size. Further numerical results,
in slightly different contexts, are available in Bera and McKenzie (1986), Patil,
Taillie and Waterman (1991) and Sutradhar and Bartlett (1991).

Turning to the case of a composite null hypothesis, as part of a wider study
in a different context, Mukerjee (1992a) presented results similar to those
discussed above in a situation where the interest parameter is one-dimensional
and parametric orthogonality holds. In this connection, he also considered a
conditional version of R (see Liang, 1987, Godambe, 1991) based on the
conditional profile likelihood of Cox and Reid (1987) and indicated its
equivalence with the estimated scores statistic of Conniffe (1990) in terms of
third-order power under contiguous alternatives.

1t may be mentioned that if tests are compared in their original forms then a
property of second-order local maximinity can be proved for LR in the case of
a simple null hypothesis and for a conditional (Cox and Reid, 1987) or an
adjusted (McCullagh and Tibshirani, 1990) version of LR in the case of a
composite null hypothesis and orthogonal parametrization; see Mukerjee
(1992a,b) and Ghosh and Mukerjee (1994) for details.
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Most of the results discussed in this section were obtained considering
‘square-root’ versions of the test statistics. This technique is useful in other
contexts as well —see, e.g., DiCiccio, Field and Fraser (1990), Bickel and
Ghosh (1990) and Mukerjee (1992b) among others. It may also be remarked
that the approach adopted here is different from the differential geometric one
due to Kumon and Amari (1983, 1985) and Amari (1985) in the sense that no
assumptions have been made here regarding curved exponentiality of the
model or ‘sphericity’ of the power function.

It will be of interest to extend the present results on R to the non-iid case. A
recent study, based on Taniguchi’s (1991) work, indicates that this should be
possible at least in Taniguchi’s set-up. The details will be reported elsewhere.

3. Bartlett-type adjustments

That the usual technique of Bartlett-adjustment for LR will not work for R
becomes evident if one considers a simple null hvpothesis H, and notes from
(1.2) that the expectation of R under H, is p; see also Bickel and Ghosh (1990)
in this context. This makes the problem of developing a Bartlett-type adjust-
ment for R, as posed by Rao, in a private communication, and Cox (1988),
nontrivial. Recently, Chandra and Mukerjee (1991), Cordeiro and Ferrari
(1991) and Taniguchi (1991) addressed this issue. The objective of this section
is to review these developments briefly.

Chandra and Mukerjee (1991) started with the case of a scalar parameter
and considered the null hypothesis H,: 6 =6, with reference to a sequence
X, X,, ..., of iid, possibly vector-valued, random variables with a common
density f(-;0), where § ER" or an open subset thereof. Without loss of
generality, the per observation Fisher information at 6, was assumed to be
unity. Under this set-up, they considered the square-root version of R which,
by (1.2), is given by

Hy=n"""2 dlog f(X;6,)/d6 .
j=1

. - 2
They proposed a modified version of R, say R, = H7,, where
-1/ 2 -1 3
H, =H +n'"?t,H: +n '(t,H +t,H3), (3.1)
the constants ¢, ¢,, t;, free from n, being so determined that the relation

P, (R,<9)=K,o(9)+o(rn"") Y8=0 (3.2)

holds. As defined earlier, here K| ((-) is the cumulative distribution function of
a central chi-square variate with 1 df. Under standard assumptions, on the
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basis of an Edgeworth expansion for the null distribution of H,,,, Chandra and
Mukerjee (1991) showed that the unique choices of ¢, ¢,, t, satisfying (3.2) are
given by

t1=%(G4—3)——%G§, t,=—%Gs, t3=_’711(G4_3_%G§),
(3.3)

where
G, =E,[{dlog f(X,;0,)/d0}] (i=3,4).

In particular, if G, =0, as happens in many models of practical interest (e.g.,
while testing H,: § = 0 under the bivariate normal model with zero means, unit
variances and unknown correlation coefficient 6), then by (3.3),

R,=R/{1-1n"YG,~3)1-LR)} +o(n™"), 64

over a set with P, -probability 1 + o(n™"), and, to some extent, (3.4) resembles
the usual Bartlett correlation for LR. Chandra and Mukerjee (1991) also
proposed an extension of this approach to the case of multi-dimensional 6.

Taniguchi (1991) considered the scalar parameter case in a possibly non-iid
set-up and, as a part of a wider study, suggested a Bartlett-type adjustment
which, in its square-root version, is quite similar to but not identical with the
one considered in (3.1). Mukerjee (1992c) extended the findings in Chandra
and Mukerjee (1991) to a set-up where the null hypothesis is composite and
the interest parameter is one-dimensional. In the same set-up, Mukerjee
(1991) obtained a Bartlett-type adjustment for a conditional version of R.

Cordeiro and Ferrari (1991) considered a very general set-up involving a
composite null hypothesis and allowing both the interest parameter and the
nuisance parameter to be possibly multi-dimensional. On the basis of a null
asymptotic expansion for the distribution of R (see (1.3)), given by Harris
(1985), they proposed a modified statistic

RE=R{1—(tf + iR+ tiR%)),

where the multiplying correction factor in braces represents a Bartlett-type
adjustment as a function of R itself. The coefficients t}, £, 5, of order n” ',
were so determined that, up to o(n '), the null distribution of R was given by
a chi-square distribution with appropriate df. Explicit expressions for ¢, 7, 5
were given and certain simplifications arising in the special case of orthogonal
parametrization were highlighted.

It will be of interest to compare the three approaches for Bartlett-type
adjustment as considered in Chandra and Mukerjee (1991), Taniguchi (1991)
and Cordeiro and Ferrari (1991). The most obvious way of doing this is based
on comparison of power properties of the adjusted versions. Work in this
direction is currently in progress and will be reported elsewhere.
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4, Concluding remarks

While concluding, we mention some open issues that deserve further attention.
Three of these have already been noted in the concluding paragraphs of
Sections 2.1, 2.2 and Section 3. Some more are presented below.

(a) For the scalar parameter case and under a one-sided alternative, R is
locally most powerful. Is it possible to extend this result in a meaningful way to
the vector parameter case under a restricted alternative? Preliminary studies
indicate that this should be possible; see Mathiason (1982) in this context.

(b) What are the implications of the results discussed here in the discrete
case?

(c¢) Can the calculation of power, under contiguous alternatives, be sim-
plified and made more transparent via a Bayesian route (cf. Stein, 1985,
Dawid, 1991; Ghosh and Mukerjee, 1991)?
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On the Strong Consistency of M-Estimates in
Linear Models under a General Discrepancy
Function

Z. D. Bai, Z. J. Liu and C. Radhakrishna Rao

1. Introduction

Consider the linear model
Y,=XB+e, i=1,2,...,n, (1.1)

where Y, are observations, X, are p X 1 known design matrices, B is a p-vector
parameter to be estimated, and ¢; are iid random errors. The M-estimate of 8

in the model (1.1) as defined by Huber (1964) is the value of B which
- minimizes

B

2 p(Y; = XiB), (1.2)

for a suitable choice of the function p, or a value of 8 satisfying the estimating
equation

X

ltp(Yi,Xi, B)=0, (1.3)

I

i

for a suitable choice of the function . A natural method of setting up the
equation (1.3} is by taking the derivative of (1.2) with respect to 8 when p is
continuously differentiable. However, in general, ¢ need not be the derivative
of a function and the equation (1.3) can be set up directly by choosing a
suitable .

There is considerable literature devoted to the asymptotic theory of M-
estimation under some assumptions on the functions p and . Reference may
be made to papers by Huber (1964, 1973, 1981, 1987), Jureckova (1971),
Jackel (1972), Bickel (1975), Yohai and Maronna (1979), Basawa and Koul
(1988), Heiler and Willers (1988) and others. The special case of p(x) = |x| has
been extensively studied; reference may be made to the paper by Rao (1988)
for details. Most of the papers cited discuss particular choices of p and ¢, or
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general p and ¥ under heavy restrictive conditions which do not cover some
important special cases.

Recently, some authors have studied M-estimation using a convex function p
with minimal restrictive conditions. Reference may be made to papers by Chen
and Wu (1988) and Bai, Rao and Wu (1992), Rao and Zhao (1992), Zhao and
Chen (1992), Zhao and Rao (1992) and Bai, Rao and Zhao (1993). Even
though the results cited above are based on assumptions which are somewhat
minimum, the assumption that p is a convex function is still too restrictive. For
instance, the function

X if kysx<k,3,

p(x) =1k if x<k,, (1.4)
kX if x>k,

is not a convex function, but for appropriate choices of k; and k,, the
M-estimate based on it is asymptotically equivalent to the well-known trimmed
mean.

Instead of assuming p to be a convex function, we assume that p(0) =0 and
p is non-increasing in (o, 0] and non-decreasing in [0, =), which widens the
choice of the discrepancy functions. Our main results are cited in Section 2 and
the proofs given in Section 3.

2. Main results

Consider the linear model (1.1), where, without loss of generality, we assume
that the true value of B8 is 0. We rewrite the model (1.1) as

Y=X,B+e, i=1,2,...,n, 2.1

where X, ,=S."'?X,, S, =X} X,X!. The M-estimate 3 of the model (1.1) and
the M-estimate 8 of the model (2.1) have the relationship, 8 = S'/*8. We need
the following assumptions to establish our theory.

(A)). p(u)=0 is a function defined on R' such that it is continuous,
non-increasing on (—«, 0], non-decreasing on [0, ) and is such that

piku) < Cl)p(u) (2.2)

for any constant x, where C(k) is a constant depending only on «.
(A,). The errors in the model (1.1) are iid random variables with Ep(e,) <
o0

(A;). Ep(e; — u) has a unique minimum at 0 and there exist b, >0, b,>0
such that

Elp(e, —u) — ple,)] > min{byu, by} . (2.3)
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(A,). Denote by A’ the largest cigenvalue of S, and

an :max{“Xni”} ’ k

1=i<=n

=min#{i: |X,B/[|Bl| > hlr,, i=1, ..., n}.

n

(2.4)

Assume that
(1) lim §,/n = § exists with S positive definite , (2.5)
(ii) limk,/n=a>0 for some >0, (2.6)
(iii) p(a,A)=0@"), 0<8<i, (2.7)
(A))  lim e min{p(), p(~u)} >Eple,) | (28)

NotE 2.1. The condition A, is much weaker than those usually made on the
discrepancy function p. We do not assume differentiability or convexity of p(u).
(2.2) includes almost every conventional discrepancy functions. The basic
purpose of (2.2) is to exclude the possibility of p exponentially increasing.

Note 2.2. The condition A, is slightly stronger than those for the L,-norm
estimate and the least distance estimate where the assumption is E|p(e; — u) —
p(e,)| <. (See Bai, Rao and Wu, 1992 for details.)

NortE 2.3. Since we assume that Ep(e, — u) reaches its minimum at 0, (2.3) is
reasonable. If Ep(e, — u) is second differentiable with positive second deriva-
tive at 0, then (2.3) is automatically satisfied. Note that even though p(u) itself
may not be differentiable, the assumption that Ep(e, — u) is differentiable is
not restrictive.

Note 2.4. A, is a condition on the design matrix X. It is not difficult to verify
that if for every e >0
IS7(M) = S3[| < en

when M is large enough, where S2(M)=1% X.X'I(||X,|| <M), then (2.6) is
true. In fact if the design is random having certain finite moments then both A
and the above condition are satisfied.

We have the following lemmas.

LemMmA 2.1. Let the conditions A|—As be satisfied. Then

1< , 1< ,
sup |- 24 ple;— X,8) ~ 3 2 Enle; = X,,8)| =0

lall<r,m ! i=1

a.s. asn—>o (2.9)
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for any constant M > 0.

LEmma 2.2. Let the conditions A,-A; be satisfied. Further, let B, be the
M-estimate of B in the model (2.1) and B, = {||B,|| > A,M}. Then

P(B,,i.0.)=0 forsome M >0, (2.10)
where i.0. stands for infinitely often.
THEOREM 2.1. Suppose the conditions A ,—A, are satisfied. Then the M-estimate

B, of the model (1.1) for the true parameter B (assumed to be 0 without loss of
generality) is strongly consistent, i.e.,

lim 8,=0 a.s. (2.11)

3. Proof of main results

We use C to denote a constant which may take different values in different
equations and I(-) denote the indicator function.

Proor oF LEMMA 2.1. We only prove this lemma when B is two-dimensional
while other cases can be proved similarly. Let d > 0 be a constant which will be
determined later. Denote
Yo = ple; — X ,:B8)(ple,) > d) , ¥ i = ple; — X,.8)(ple)<d),
1< 1<
eB) =0 2 his  en(BY=7 2 Vi
i=1 i=1
1 n 1 n
U(B)=1 2 Ev,, vi(B)=5 2 Eyy,
i=1 i=1
1 ‘< * ’ 1 : * '
@,.(B) = " Zl yadle;<X.B), . (B) = n 2:1 Ely,d(e;<X,8)],

1 1< ,
(B =7 2 Vil > XB) s Wa(B) =7 2 Ely le,> X, B

3.1
We have -
1 1< ,
sup |2 ple,—~ X,B) — 2 Eple,— X,,B)
H8ll=<r,M i=1 i=1
= sup |o,(B)+ o (B)—u(B)— . (B)
IBll=A,M
< sup les(B)—¢i(B)+ sup |o.(B)+ sup |4,(B)]-
[I8ll=a,pm 4 1B ll=a,M [1B]|=a,M

(3.2)



On the strong consistency of M-estimates 385
Since || X8l <I1X.1l IBll<a,A,M,i=1,...,n, we have

sup |¢n(B)l<—§n: [p(e, — a0 M) + ple, + a ) M)(p(e) > d)

liglf=a,M

” S[up |¢n(B)” = E p(el - an/\nM) + p(el + anAnM)]I(p(el) > d) "
Bl=A,M

(3.3)
From A,, we have
p(ei - anAnM) + p(ei + anAnM) < C[p(ez) + p(an/\n)] .

We choose d =d, = cp(a,A,) for some ¢ >0. Then by the condition A, we have

lim sup [4,(8)| =0 (3.4)
IBll=<r,M
and
lim sup |p(B)=0 as. (3.5)
" Nsll=a,mM ,

We now concentrate on cstimating

sup @ (8) — v, (B)l-

IBli=a,m
Note that
sup e (B) =y (B)=< sup ¢, (B)—,(B)]
lBll=a,M lBl=a,M
+ Sup |¢2n(B) - "/IZn(B)I .
lgll<r,M

We prove that the first term on the right in the above converges to 0 a.s.; the
second term can be dealt with in the same way. Write

X, =|X,]l(cos8,,sin0,,), B=]B|(osb,sing) . (3.6)

Then X8 =Xl ||B]l cos(@ —6,) is a function of (||B]|,68) defined on
[0,0) x[0,27). It is easy to see that there is a partition, denoted by
P,,..., P, of [0,2n] such that ¢ <3n and for each i, X, 8 is either increasing
or decreasing with respect to @ in any subinterval P,. We have

sup  |ey,(B) — ¥,,(B)] < max sup [y, (B) — #.(B) . (3.7)

I8ll=r,m 1SKS pller,m0ep,
For any fixed k, denote
B, ={i:cos(6 —6,,)=0, and increaéing in P},
= {i: cos(# — 8,;) =0, and decreasing in P,},
B, ={i:cos(6 —60,,) <0, and increasing in P, } , (3.8)
= {i:cos(@ — 0,;) <0, and decreasing in P,} .
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Then we have

max sup |¢1n(B) wln(B)‘

1=k=<q |gjj=<r,MoeP,

2 yalle,<X[B)

lEI

< max sup

1=<k=q || gll=r MoEP, n

- 2 EYnLI(el\X;B)‘

lEl

LS yie=<xp)

i632

+ max sup
1=k<q | gjl<r,M6€P,

162

LS e =xp)

i€B3

+ max sup
1=k=q | g||<r,M 0€P,

. Z EﬁynzI(eI<X B)’

lEB3

1y yille,<X!B)

t€4

< max sup
1=k<q || gjl<i,M0€P,

- Z Ey,l(e, <X,B) I
7 ies,
SV AV, +V,+V, .
Considering V,, we have

1 :
D0 181D =5 2 ville,<Xip,0 E€P,),
=8

! :
0,0, 18l =7 2 Elydle;<X;p,0 €P,)].
! 1

(3.9)

(3.10)

Both U,(0, ||B|]) and U,(8, ||B||) are decreasing with respect to 6 for every
fixed ||B|| and they also are decreasing with respect to ||B]| for every fixed
0 € P,. According to Lemma A.1 given in the Appendix, we have a partition
H=0<t, < - <t, =AM of [0,A,M] and O<my<m,<---<n,<2m of P,

such that

r=0l[p(a,r,)] =0@"),  t=0[(p(a,A,))’] =0r™);
max  sup sup U6, |BI)) = Uy (ny 1D <= .

iy i=<lIBllst;yq nyj<O=m;, 1 0EP;
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Therefore, by the monotonicity of U; and U,, we have
Vi sﬂkl?gi{lUl(n,-, lle.ll) — Uz(nj’ ||t1”)| + |U1(7lj+1’ lled) — Uz(nj+1’ ”tz”)l
+ (U, [[2:4411) = Uy (11244

+ |U](nj+1’ “ti+1”) - Uz(nj+17 “ti-HIH}
+max  sup sup |U2(9, 181) = Us(my, 181D

k,i,j t. <|IB”<[,+1 "7]<0577]+1 oc
<4 max max _ |U(n, ||t,.||) ~ Uy(n;, |6 ID] + e (3.11)

1sk=q O=sisr,0sjst

Similar inequalities can be proved for V,, V; and V,. By using Lemma A.2 given
in the Appendix and noting that the constant C(B, n) here satisfies C(B, n) =
Cln " (p(a,A,)) *]=Cn "7, we have

P(V; >25)<P{ max max IUl(TIj: ”E—H)—Uz(np ”ti”)|>8/4}

1=k=g Osi<r,0sj<¢

2 2 P(U g 1) = sty D> £/4)
Eexp( Cn' )< Cn® M exp(—-Cn'"?). (3.12)

Then V,—0, a.s. using the Borel-Cantelli lemma. Similarly we have V,—0
a.s., t=2, 3, 4, and further we have supjz<, u |9:.(B) — ¥,,(B)|—0 as.

Thus the lemma is proved by combining (3.2) and (3.5). O

Proor oF LEmMA 2.2. Note that by the condition A; we have

_E ple; — X,.8)

||BH>/\ MR

= min o Z min{p(~|X,.81/2), p(1X;8/2)H(le] <1X,:8/2) .
(3.13)

By the condition A,, we further get

RHS of (3. 13)>~ > min{p(—hM/2), p(hM/2)}I(le.| < hM/2)

tED

(3.14)

where D = {i: | X 8|/||Bl|>h/A,, i=1,..:,n}.
Denote k, = #D. Then by condition A,(ii), we have for any fixed M,

RHS of (314)—
aP(le,| <hM/2) min{p(—hM/2), p(hM/2)} a.s. (3.15)
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By condition A, we may select M large enough such that

limit of RHS of (3.14) > Ep(e,) a.s. (3.16)
Note that ,
B, = {||B.Il> A,M}
z{ﬂﬁlm Mztzl ple; =X, p)< B M;l_;: ple; = XniB)}

Q{‘ min *E ple;— X,.8)<— Zp(e }

iBl>a,m Ny

{ > min{p(~hM/2), p(hM/2)}

€D

x I(|e| shM/2)<;§ p(ei)}. (3.17)

It is seen that P(B,, i.0.)=0 using (3.16) and the strong law of large
numbers. [

ProoF oF THEOREM 2.1. Using Lemmas 2.1 and 2.2, the strong law of large
numbers and condition A;, for every £ >0, when n is large and || 8,|| <A,M

1

0= ;g[ (e “anﬁn) p(e )]
1 n
; = Elp(e, X'”ﬁ)lﬂ Bn_Ep(el)]—g
1 & -
52 m{blnx;,-llzllﬁ,,ll b —e
k, . 3 .

== min{b, (k|| B,[1/A,)%, b,) — ¢ .

(3.18)

Therefore ||B,]|/A,— 0 a.s. for otherwise we can choose & small enough such
that with a positive probability the second expression in (3.18) is greater than
0, which contradicts the inequality in the first expression of (3.18). Using the
relationship of B, with 3, of the model (1.1) and the condition (2.5) in A,, we
conclude that 8, —0, a.s. as n—>w. [

Appendix

LemMA A.1. Let f(x, y) : [0, M] x {0, N}~ R be a continuous function. Suppose
that for every x, f(x, y) is an increasing (or decreasing) function of y, and for
every y, f(x, y) is an increasing (or decreasing) function of x. Then for any
& >0, there are partitions of [0,M}, a,=0<a,--- <a, =M, and [0, N],
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by=0<b,---b,=N with

m < [max{f(x)} —min{f(x)}]/e+1 and n g_m(_mZ-F_Zl (A.1)

such that
max If(xi17 )’jl) —f(xi27 )’jz)l =2e. (A.2)

lig—ixl=1.]j1—j,l=1
Proor. Without loss of generality, we assume that f(x, y) is increasing with
respect to x, y respectively. We first prove the lemma when the function is
strictly increasing. Note that we can find curves (x,(¢), y.(¢)) in the X, Y-plane
such that (x,(0), y,(0)) and (x,(1), y,(1)) are of the boundary of [0, M] X
[0, N] and

050, 7)) = ke + min{f(x, »)}, k=1,...,m. (A3)

These curves do not cross each other. And by the monotonicity of f(x, y), for
cach k, there is a continuous curve satisfying (A.2). Let ¢, =0 and denote by
a,, k=1,...,m the x-coordinates of the crossing points of the k-th curve with
y=0. There are at most m such points. Using the monotonicity of f(x, y)
again, for cach k=1, ..., m, the curve x = a, only crosses each of the curves
(x,(2), y1)), i=k at most once. Therefore we can find at most a total of
n=m(m+2)/2 such crossing points. Denote the y-coordinates of these
crossing points by b, <b,--- <b, and b,=0. Then by the structure of
{a;:i=0,1,...,m} and {b;:j=0,1,..., n}, (A.1) is proved in the case
when f(x, y) is strictly increasing.

We now assume that the function f(x, y) is increasing with respect to x for
fixed y and is increasing with respect to y for fixed x. Let fi(x, y) =f(x, y) +
8(x +y), for some & >0. f(x, y) is strictly increasing. Therefore (A.1) is true
for fi(x, ¥). (A.1) is also true for f(x, y) which follows by letting § —>0. [

NotE A.1. It is easy to verify that Lemma A.1 is also true for a function
defined on a closed compact set and satisfying the remaining conditions in the
lemma.

LemmA A.2. Suppose that conditions (A)—(A,) in Section 2 are satisfied. For
any 3 any n and subset A of {1,...,n}, any d >0 and any £ =0,

{ 1 1
P

= &7 > E¢ | = a} <exp[—cC(B, n)(en)’], (A.4)
where &= [p(e, — X;B) — ple.)l(p(e;) <d), c>0 and

nica ieA
[C(B, W] = ne[max{p[—a,||B]| — up)], pla,|| Bl + u,]} + d]
+ #{A}[max{p[~a,l|Bll - u))], pla,lBl +u,]} +dJ’
u; >0 and u, >0 satisfying p(—u,) = p(u,) =d.
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Proor. Note that
&l = |p(e; — X[ B) — ple)|I(p(e;) < d)
<max{p[~a,| Bl —u,)], pla,lBll +u)]} +d (A.5)
and
Var(£;) =Var{[p(e, - XiB) — p(e ) U(p(e;) < d)}
< [max{p[—a,||BIl - u)], pla,|BI| + u,)]} +d]*. (A.6)

By Bernstein’s inequality, we have

g

The lemma is proved. O

73 (@=E8)| = e} <expl-ci,mieny].
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