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Preface

This book provides a synthesis of some recent issues and an up-to-date treatment
of some of the major important issues in distributional analysis that I have covered
in my previous book Ethical Social Index Numbers, which was widely accepted
by students, teachers, researchers and practitioners in the area. Wide coverage of
on-going and advanced topics and their analytical, articulate and authoritative pre-
sentation make the book theoretically and methodologically quite contemporary and
inclusive, and highly responsive to the practical problems of recent concern.

Since many countries of the world are still characterized by high levels of income
inequality, Chap. 1 analyzes the problems of income inequality measurement in
detail. Poverty alleviation is an overriding goal of development and social policy. To
formulate antipoverty policies, research on poverty has mostly focused on income-
based indices. In view of this, a substantive analysis of income-based poverty has
been presented in Chap. 2.

The subject of Chap. 3 is people’s perception about income inequality in terms of
deprivation. Since polarization is of current concern to analysts and social decision-
makers, a discussion on polarization is presented in Chap. 4.

A very important development of inequality and poverty research in recent years
is the shift of emphasis from a single dimension to a multidimensional structure. The
reason for this is that the well-being of a population and hence its inequality and
poverty depend on many dimensions of human life, such as health, employment,
shelter, education and life expectancy, and income is just one such dimension. In
this framework, poverty is defined as a human condition that reflects failures in
these types of dimensions. Multidimensional inequality and poverty are analyzed
respectively in Chaps. 5 and 6. The Extended Bibliography goes someway towards
guiding the readers in more details.

Since the publication of Ethical Social Index Numbers in 1990, I have worked
jointly in this expanding area with Walter Bossert, Francois Bourguignon, Nachiketa
Chattopadhyay, Conchita D’Ambrosio, Joseph Deutsch, Wolfgang Eichhorn, Ravi
Kanbur, Amita Majumder, Patrick Moyes, Diganta Mukherjee, Pietro Muliere, Ravi
Ranade, Sonali Roy, Jacques Silber, Swami Tyagarupananda and Claudio Zoli. I am
grateful to them for the benefit I derived from the direct interactions with them as
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viii Preface

my coauthors. During the period, I have also interacted with Sabina Alkire, Yoram
Amiel, Tony Atkinson, Charles Blackorby, Frank A. Cowell, David Donaldson, Udo
Ebert, Gary S. Fields, James E. Foster, Nanak C. Kakwani, Serge-Christophe Kolm,
Peter J. Lambert, Amartya K. Sen, Tony Shorrocks, Kai-Yuen Tsui, John A. Wey-
mark, Shlomo Yitzhaki and Buhong Zheng. I express my sincere gratitude to all of
them.

Amita Majumder, Chiranjib Neogi and my young friends of the Computer Main-
tenance Corporation (CMC) Limited were always available for computer advice and
help. Satyajit Malakar has drawn all the figures. It is a pleasure for me to acknowl-
edge their support. My wife Sumita sat through some sessions of proofreading. I
must thank Sumita and my son Ananyo without whose cooperation this book could
not possibly have been written.
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Chapter 1
The Measurement of Income Inequality

1.1 Introduction

Given the population size and the distribution of income, the two questions that arise
in a person’s mind are: what is the mean income and how unequally is the total in-
come distributed among the individuals in the society? Loosely speaking, income
inequality represents interpersonal income differences within a given population.
Income inequality has become a growing concern for the policymakers because it
has important effects on development, poverty, social outcomes, and public finance.
In terms of social outcomes, inequality has impacts on several issues, including,
health, education, incidence of crime, and violence (Deaton, 2001). The levels and
heterogeneity of local inequality may affect tax collection and influence the decen-
tralization of provision of public goods (Bardahan and Mookherjee, 2006). For a
given mean income, high inequality generally implies high poverty. Development
studies and public finance often employ indicators of inequality to evaluate a distri-
bution of income or the distributional effects of a particular economic policy. Some
of the standard questions that arise in this context are: (1) Is inequality in the country
lower now than it was in the past? (2) Does region I of the country have more in-
equality than region II? (3) How much of total inequality arises because of variations
of the mean incomes in different regions of the country?

According to Dalton (1920), measurement of inequality should involve social
judgments. He argued that social judgment concerning measurement of inequal-
ity can be made explicit using a social welfare function that can rank alternative
distributions of income in terms of society’s preference. The modern social wel-
fare approach to the measurement of inequality has been initiated by Kolm (1969),
Atkinson (1970), and Sen (1973).1 A discussion on welfare theoretic approaches to
the measurement of inequality necessitates an investigation of welfare evaluation of

1 See also Blackorby and Donaldson (1978, 1980a), Weymark (1981), Ebert (1987, 1988a),
Shorrocks (1988), Chakravarty (1990, 2008a), Foster and Sen (1997), Blackorby et al. (1999, 2005)
and Lambert (2001).

S.R. Chakravarty, Inequality, Polarization and Poverty: Advances in Distributional Analysis, 1
Economic Studies in Inequality, Social Exclusion and Well-Being 6,
DOI: 10.1007/978-0-387-79253-8 1, c© Springer Science+Business Media, LLC 2009



2 1 The Measurement of Income Inequality

income distributions. This in turn requires a discussion on the use of the stochastic
dominance approach to the assessment of inequality and welfare.

Often we may be interested in determining the significance of income variations
associated with characteristics like race, occupation, region, age, etc. This requires
breakdown of total inequality into its between- and within-group components for
the partitioning of the population using the characteristic under consideration. It is
likely that households will differ in size, composition, and needs. These attributes
will determine the types of the households. In such a case, inequality and welfare
evaluation of households should take into account income and type simultaneously.

The objective of this chapter is to present an extensive and analytical discussion
on the measurement of income inequality. Welfare assessment of income distrib-
utions, stochastic dominance, postulates for an index of inequality and their im-
plications, relationship between indices of inequality and welfare functions under
alternative notions of inequality invariance, inequality as an ordinal concept, decom-
position of inequality from alternative perspectives, and measurement of inequality
when needs differ are investigated in detail.

1.2 Preliminaries

For a population of size n, a typical income distribution is a vector x = (x1,x2, ..xn),
where xi ≥ 0 is the income of person i. It is assumed that no ambiguity arises with
the definitions of income, income earning unit, and the reference period over which
income is observed. For a fixed n ≥ 1, the set of all income distributions is Γn,
the nonnegative orthant of the n-dimensional Euclidean space Rn with the origin
deleted. The set of all possible income distributions is Γ=

⋃
n∈N Γn, where N is the

set of positive integers. The positive parts of Γn and Γ are denoted, respectively,
by Γn

+ and Γ+. Let Dn be that subset of Γn in which all income distributions are
nondecreasingly ordered or illfare-ranked, that is, for all x ∈ Dn, x1 ≤ x2 ≤ . . . .≤ xn.
The corresponding subsets of Rn

+, the nonnegative part of Rn, and Γn
+ are denoted,

respectively, by R̂n
+ and Dn

+. We will write D, R̂+, and D+, respectively, for the
sets of all possible income distributions corresponding to Dn, R̂n

+, and Dn
+. Likewise,

R+ =
⋃

n∈N
Rn

+.1n will stand for the n-coordinated vector of ones. Unless specified,

we will restrict our attention to the domains Dn and D. For any n− person income
distribution x, let λ (x) (or simply λ ) be the mean income. Thus, if x ∈ Dn or Dn

+,
λ (x) > 0. For any x,y ∈ Dn,x ≥ y means that xi ≥ yi for all 1 ≤ i ≤ n, with > for
some i.

Definition 1.1. A function H : Dn → R1 is called concave if H(tx + (1 − t)y) ≥
tH(x)+(1−t)H(y) for all x,y∈Dn and for all 0≤ t ≤ 1. For a strictly concave func-
tion H : Dn → R1, the defining inequality is H(tx +(1− t)y) > tH(x)+(1−t)H(y)
for all 0 < t < 1 and for all x,y ∈ Dn, where x �= y. A function H : Dn → R1 is called
convex(strictly convex) if −H : Dn → R1 is concave (strictly concave).
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Definition 1.2. An n × n nonnegative matrix A is called a bistochastic matrix of
order n if each of its rows and columns sums to unity. If a bistochastic matrix has
exactly one positive entry in each row and column, then it is called a permutation
matrix.

Definition 1.3. A function H : Dn → R1 is called symmetric if H(xΠ) = H(x) for
all x ∈ Dn, where Π is any permutation matrix of order n.

Symmetry is an anonymity condition. It means that the functional value of H
remains unaltered under any reordering of its arguments.

Definition 1.4. A function H : Dn → R1 is called S-concave if H(xA)≥ H(x) for all
x ∈ Dn, where A is any bistochastic matrix of order n. For strict S-concavity of H,
the weak inequality is to be replaced by a strictly inequality whenever xA is not a
permutation of x. A function H : Dn → R1 is called S-convex (strictly S-convex) if
−H : Dn → R1 is S-concave (strictly S-concave).

All S-concave and S-convex functions are symmetric.

Definition 1.5. For x,y ∈ Dn, we say that x is obtained from y by a rank-preserving
progressive transfer, which is denoted by x = RP(y), if for some i, j(i < j) and
ĉ > 0, xl = yl for all l �= i, j; xi −yi = y j −x j = ĉ, where ĉ ≤ (y j −yi)/2 if j = i+1;
ĉ ≤ min{(yi+1 − yi),(y j − y j−1)} if j > i+1.

That is, x and y are identical except for a rank-preserving positive transfer of
ĉ amount of income from the rich person j to the poor person i. The condition is
equivalent to the statement that y can be obtained from x through a rank-preserving
regressive transfer. Note that there can be n! orderings of the population set contain-
ing n persons. We can restrict our attention to any one of them. For convenience, we
have considered the natural illfare-ordering {1,2, . . . ,n}. Since x and y belong to the
same rank-preserving subset, all transfers have to be rank preserving (see Fields and
Fei, 1978). Note that for a particular pair (i, j), rank preservation allows a maximum
amount of income transfer.

In general, a progressive transfer should not change the relative positions of the
donor and the recipient, that is, it should not make the donor poorer than the recip-
ient (Dalton, 1920; Pigou, 1912). Formally, for x,y ∈ Γn, x is obtained from y by
a progressive transfer, if there is a pair (i, j) such that xi − yi = y j − x j = η̂ > 0,
y j − η̂ ≥ yi + η̂ , and xl = yl for all l �= i, j. That is, there is a transfer of a positive
amount of income η̂ from y j to a lower income yi so that x j = y j− η̂ and xi = yi + η̂ ,
satisfying the restriction that y j − η̂ ≥ yi + η̂ . The condition xl = yl for all l �= i, j
ensures that all other incomes remain unaffected by the transfer. Although the trans-
fer cannot make the donor ( j) poorer than the recipient (i), their income positions
relative to the income positions of the others may change. Note that the progressive
transfer is now defined for the entire n-person income distribution space Γn. How-
ever, this definition coincides with Definition 1.5 when x and y belong to the set Dn

(see Fields and Fei, 1978).
A progressive transfer can be equivalently expressed in terms of a

T -transformation (Marshall and Olkin, 1979; Chap. 2). A T -transformation is a
linear transformation defined by an n×n matrix T of the form
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T = tIMn +(1− t)Πi j, (1.1)

for some t ∈ (0,1) and some i, j ∈ {1,2, ..,n}, where IMn is the n×n identity matrix,
that is, the matrix all of whose diagonal elements are one and off-diagonal elements
are zero, and Πi j is the n×n permutation matrix that interchanges the i and j coor-
dinates. Letting x = yT , where x,y ∈ Γn, it can be verified that xi = tyi +(1− t)y j,
x j = (1− t)yi + ty j, and xl = yl for all l /∈ {i, j}.

Definition 1.6. For x,y ∈ Dn, x is said to be obtained from y by a rank-preserving
simple increment if y j < x j ≤ y j+1 for some j and xi = yi for all i �= j.

Since income distributions in Dn are ordered, only rank-preserving simple incre-
ments are allowed. However, if x,y ∈ Γn, then x is said to be obtained from y by a
simple increment if y j < x j for some j and xi = yi for all i �= j. Again, this defini-
tion coincides with Definition 1.6 when x and y belong to the set Dn. The following
definition is taken from Fields and Fei (1978).

Definition 1.7. For x,y∈Dn, we say that x is obtained from y by a sequence of rank-
preserving progressive transfers if x = RPl [. . .RP2(RP1(y))], where the subscripts
indicate alternative stages of the rank-preserving transfers and l ≥ 1 is an integer.

Suppose we first generate the distribution y′ from y by the operation RP, that
is, y′ = RP(y). Since this is the first stage of the operation, we denote this by y′ =
RP1(y). Next, we employ the operation RP on y′ and because this is the second
stage of the operation, we have RP(y′) = RP2(RP1(y)). Continuing this way, we
arrive at x.

1.3 Welfare Evaluation of Income Distributions

A very useful and attractive approach to the welfare comparisons of alternative in-
come distributions relies on the Lorenz curve. For any given income distribution x,
its Lorenz curve represents the share of the total income enjoyed by the bottom t(0≤
t ≤ 1) proportion of the population. Given x ∈ Dn, LC(x, j/n) = ∑ j

i=1 xi/nλ (x), the
share of the total income possessed by the cumulative j/n proportion of the popula-
tion gives us the ordinate of the Lorenz curve of x at the proportion j/n. The Lorenz
curve of x, LC(x, t), t ∈ [0,1], is then completed by setting LC(x,0) = 0 and defining

LC
(

x,
i+ τ

n

)

= (1− τ)LC
(

x,
i
n

)

+ τLC
(

x,
i+1

n

)

, (1.2)

where 1 ≤ i ≤ (n− 1) and 0 ≤ τ ≤ 1. The convex combination of LC(x, i/n) and
LC(x,(i + 1)/n) considered in (1.2) defines the segments of the curve between the
consecutive population proportions i/n and (i+1)/n in a continuous manner. Since
0% of the population enjoys 0% of the total income and 100% of the population
possesses the entire income, the curve runs from the south-west corner with coordi-
nates (0,0) of the of unit square to the diametrically opposite north-east corner with
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coordinates (1,1). When there is perfect equality, every t% of the population enjoys
t% of the total income and the curve coincides with the diagonal line of equality
or egalitarian line. In all other cases, the curve falls below the line of equality. In
the case of complete inequality where only one person has positive income and all
other persons have zero income, the curve runs through the horizontal axis until we
reach the richest person and then it rises perpendicularly. The Lorenz curve is ex-
tremely useful because it shows graphically how the actual possession of incomes
differs from the hypothetical situation where everybody enjoys the same income. It
can be demonstrated rigorously that the curve is increasing and strictly convex (see
Chakravarty, 1990; Kakwani, 1980a).

In order to discuss the role of the Lorenz curve in welfare ranking of income
distributions, we first define the Lorenz dominance relation. For x,y ∈ D, x is said to
Lorenz dominate y, or, x dominates y by the Lorenz criterion, which is denoted by
x ≥LC y, if we have LC(x, t) ≥ LC(y, t) for all 0 ≤ t ≤ 1, with > for some 0 < t < 1.
That is, x ≥LC y means that the Lorenz curve of x is nowhere below and at some
places (at least) above that of y. In such a case, we also say that x is Lorenz supe-
rior to y. Note that our definition of x ≥LC y is quite general in the sense that the
population sizes associated with the distributions x and y need not be the same. The
relation ≥LC is a quasi-ordering, that is, it is transitive but not complete. Transitiv-
ity says that for any x1,x2,x3 ∈ D, if we have x1 ≥LC x2 and x2 ≥LC x3, then we
must have x1 ≥LC x3. However, if the Lorenz curves of the two distributions x and
y cross, then we have neither x ≥LC y nor y ≥LC x. That is, the relation ≥LC is not
a complete relation. (In Fig. 1.1, for the three income distributions x,y, and u, we
have both y ≥LC x and u ≥LC x but neither y ≥LC u nor u ≥LC y.) Thus, in the case
of intersection of the two curves, we have to withhold our judgments concerning

1

0 1

1

Line of equality

uy

Cumulative
income share

 x 

Cumulative population share

Fig. 1.1 Lorenz curve and Lorenz dominance
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ranking of the underlying distributions using the relation ≥LC. By defining appro-
priate preference relations on the set of Lorenz curves, Aaberge (2001) developed
two alternative characterizations of Lorenz curve dominance relation.

The following remarkable equivalence theorem involving the Lorenz dominance
relation was proved by Dasgupta et al. (1973):

Theorem 1.1. Let x,y ∈ Dn, where λ (x) = λ (y), be arbitrary. That is, x and y are
two arbitrary distributions of the same amount of total income over a given popula-
tion size n. Then the following conditions are equivalent:

(i) x is Lorenz superior to y, that is, x ≥LC y.
(ii) W (x) > W (y) for all strictly S-concave social welfare functions W : Dn → R1.

What Dasgupta et al. theorem says is the following. For two distributions x and
y of a given total over a given population size, if x is Lorenz superior to y, then x
represents higher level of welfare than y for any social welfare function provided
that it is strictly S-concave. Furthermore, the converse is also true. If the two curves
cross, it will be possible to get two different strictly S-concave welfare functions
that will rank the distributions in different directions.

The proof of Theorem 1.1 relies on the following theorem of Hardy et al. (1934):

Theorem 1.2. For x,y ∈ Dn, where λ (x) = λ (y), the following conditions are
equivalent:

(i) ∑ j
i=1 xi ≥ ∑ j

i=1 yi for all 1 ≤ j ≤ n, with > for at least one j < n.
(ii) x can be obtained from y by a sequence of rank-preserving progressive transfers.

(iii) If x is not a permutation of y, then there exists a bistochastic matrix A of order
n such that x = yA.

(iv) For any strictly concave real valued individual utility function U, ∑n
i=1 U(xi) >

∑n
i=1 U(yi).

Condition (i) of the Hrady et al. theorem simply means that x ≥LC y. According
to condition (ii), x is obtained from y by a sequence of rank-preserving income trans-
fers from the rich to the poor. Thus, x is more equitable than y (see also Fields and
Fei, 1978). Condition (iii) says that each income in x is obtained by a “smoothing” of
incomes in y in the sense that each income in x is a weighted average of incomes in y,
where the nonnegative weights add up to one. Because of its equivalence with con-
dition (ii), it is an alternative way of stating that x has higher equality than y. Finally,
condition (iv) means that x has more welfare than y by the symmetric utilitarian so-
cial welfare function ∑U(). Hardy et al. (1934) also demonstrated that condition (i)
is equivalent to the condition that x can be obtained from y by successive applica-
tions of a finite number of T -transformations (see Marshall and Olkin, 1979, p.107;
Muirhead, 1903). Equivalence between conditions (i) and (iv) was demonstrated in-
dependently by Atkinson (1970) in a pioneering contribution. Thus, Theorem 1.1
is a generalization of the Atkinson theorem that states equivalence between Lorenz
superiority and welfare dominance by the symmetric utilitarian welfare function in
the sense of sufficient weakening of the concavity and additivity assumptions.
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Proof of Theorem 1.1. (i) ⇒(ii): Equivalence between conditions (i) and (ii) of
Theorem 1.2 implies that x cannot be a permutation of y. By theorem 1.2, it
follows from x ≥LC y that there exists a bistochastic matrix A such that x = yA.
Therefore, for any strictly S-concave W : Dn → R1, W (x) = W (yA) > W (y).

(ii) ⇒(i): Since in Theorem 1.2, conditions (i) and (iv) are equivalent, not (i) implies
not (iv). That is, if x ≥LC y does not hold, then for some strictly concave utility
function U , ∑n

i=1 U(xi)≤∑n
i=1 U(yi). Given strict concavity of U , we can regard

∑n
i=1 U(xi) as a strictly S-concave function (Marshall and Olkin, 1979, p.64).

Thus, if not x ≥LC y, then for some strictly S-concave social welfare function
W,W (x) ≤W (y). That is, not (i) implies not (ii). Hence, (ii) implies (i). 	


From Theorem 1.1, it follows immediately that for x,y ∈ Dn, where λ (x) = λ (y),
x ≥LC y implies that min{xi}

i
≥ min{yi}

i
. That is, x is regarded as at least as good

as y by the Rawlsian (1971) maximin criterion. Since by the theorem, strict S-
concavity of a social welfare means that a rank-preserving income transfer from
a rich to poor increases welfare, we can regard it as an equity principle. Thus, strict
S-concavity, as an egalitarian value judgment, becomes quite helpful in ranking al-
ternative distributions of income in terms of society’s preference. [See also Roth-
schild and Stiglitz (1973), for related discussion.]

Theorem 1.1 makes comparisons of welfare for distributions over a given pop-
ulation size. However, cross-population comparisons like intertemporal and inter-
national comparisons involve differing population sizes. For ranking distributions
with the same mean where population size is a variable, we consider welfare
functions that remain invariant under replications of the population. Formally, a
social welfare function W : D → R1 is population replication invariant if for all
n ∈ N,x ∈ Dn,W (x) = W (y), where y is the l-fold replication of x, l ≥ 2 being an
arbitrary integer, that is, each xi appears l times in y. An example of a social wel-
fare function that satisfies this condition is the average symmetric utilitarian welfare
function ∑n

i=1 U(xi)/n.
We can now state the following variable population version of the Dasgupta

et al. (1973) theorem:

Theorem 1.3. Let x1 and x2 be two arbitrary income distributions with the same
mean over the population sizes n1 and n2, respectively. That is, let x1 ∈ Dn1 and
x2 ∈ Dn2 , where λ (x1) = λ (x2), be arbitrary. Then the following conditions are
equivalent:

(i) x1 ≥LC x2.
(ii) W (x1) > W (x2) for all social welfare functions W : D → R1 that are strictly

S-concave and population replication invariant.

Proof. Let x3 and x4, respectively, be the n2 and n1-fold replications of x1 and
x2. Then x3,x4 ∈ Dn1n2 and λ (x3) = λ (x4). Since the Lorenz curve is population
replication invariant, LC(x1, t) = LC(x3, t) and LC(x2, t) = LC(x4, t). Hence, (i)
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gives x3 ≥LC x4. Therefore, x3 and x4 are two distributions of a fixed total income
over a given population size and x3 Lorenz dominates x4. Theorem 1.1 implies
that W (x3) > W (x4) for all strictly S-concave social welfare functions W. Since
W is population replication invariant, W (x3) = W (x1) and W (x4) = W (x2). Hence,
W (x1) > W (x2). The converse can be proved by a similar argument. 	


Strictly speaking, condition (ii) in the Dasgupta et al. (1973) version of Theorem
1.3 is stated in terms of social welfare functions that fulfill the “Symmetry Axiom
for Population,” which demands that an l−fold replication of the population will
multiply the value of the social welfare function by l. Thus, if WDSS is a welfare
function of this type, then WDSS(y) = lWDSS(x), where y is the l-fold replication
of x ∈ Dn. The symmetric utilitarian social welfare function ∑n

i=1 U(xi) is an ex-
ample of a welfare function that meets this axiom. Then condition (ii) of the theo-
rem will be stated as “WDSS(x1)/n1 > WDSS(x2)/n2 for all social welfare functions
WDSS : D → R1 that fulfill strict S-concavity and the Symmetry Axiom for Popula-
tion.” We, however, stated the theorem in terms of population replication invariant
welfare functions since in all our future discussion we consider mostly population
replication invariant indices.

Theorems 1.1 and 1.3 are restricted to the comparison of welfare using the Lorenz
criterion for income distributions with the same mean. As Shorrocks (1983a) ar-
gued, for two distributions over a given population size, if one has both higher mean
and higher Lorenz curve, then it has higher level of welfare as well if the welfare
function is increasing under rank-preserving increments in individual incomes and
strictly S-concave (see also Rothschild and Stiglitz, 1973). But for a clear verdict,
here we need both a higher Lorenz curve and higher mean. This often may not be
satisfied.

The ability of the Lorenz curve to rank income profiles with differing means
improves sufficiently if we extend the concept of the Lorenz curve to the generalized
Lorenz curve introduced by Shorrocks (1983a). The generalized Lorenz curve of a
distribution is obtained by scaling up the Lorenz curve of the distribution by the
mean income. Formally, the generalized Lorenz curve GL(x, t) of the distribution
x ∈ Dn is defined as λ (x)LC(x, t), where λ (x) is the mean of x, LC(x, t) is its Lorenz
curve and 0 ≤ t ≤ 1. For x,y ∈ D, x is said to generalized Lorenz dominate y, which
is denoted by x ≥GL y, if we have GL(x, t) ≥ GL(y, t) for all 0 ≤ t ≤ 1, with > for
some t. Thus, generalized Lorenz dominance of x over y means that the generalized
Lorenz curve of x is nowhere below and above at some places (at least) that of y.

As shown below, for welfare ranking of income distributions when mean in-
come varies, we also need increasingness of the social welfare function. A social
welfare function W : Dn → R1 is said to satisfy the Pareto Principle if for y ∈ Dn,
W (x) > W (y) where x is obtained from y by a rank-preserving simple increment.
Strictly speaking, this is the strong form of the Pareto Principle. In contrast, the
Weak Pareto Principle demands increasingness of the welfare function when rank-
preserving simple increments take place for all the incomes. Throughout the text,
we will use the Strong Pareto Principle and refer to it simply as the Pareto Principle.

The following theorem of Shorrocks (1983a) explains the role of the generalized
Lorenz curve in ranking income distributions with different means:
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Theorem 1.4. Let x and y be two arbitrary distributions of income over a given
population size n. That is, x,y ∈ Dn are arbitrary. Then the following conditions are
equivalent:

(i) x is generalized Lorenz superior to y, that is, x ≥GL y.
(ii) W (x) > W (y) for all social welfare functions W : Dn → R1 that satisfy strict

S-concavity and the Pareto Principle.

Proof. The idea of the proof for the implication (i)⇒(ii) is taken from Foster and
Shorrocks (1988b). Suppose x ≥GL y holds which ensures that λ (x) > λ (y). Define
the distribution u as follows: ui = yi for 1≤ i≤ (n−1) and un = yn +n(λ (x)−λ (y)).
Then λ (u) = λ (x). By definition, u is obtained from y by a simple increment that
does not change the rank orders of the individuals. Hence, W (u) > W (y). Now,
x ≥GL y implies that either u = x or u �= x. If the former holds, then we have W (x) =
W (u) >W (y). If the latter holds, then we have x ≥LC u. Hence, by strict S-concavity
of W , W (x) > W (u), from which we get W (x) > W (y).

The proof of the converse relies on a theorem of Marshall and Olkin (1979,
p.12). According to the Marshall-Olkin theorem, the statement ∑ j

i=1 xi ≥ ∑ j
i=1 yi

for all 1 ≤ j ≤ n, with > for at least one j, is equivalent to the statement that
∑n

i=1 U(xi) > ∑n
i=1 U(yi), for any increasing and strictly concave real valued indi-

vidual utility function U. The former of these two statements means that we have
x ≥GL y. Thus, if we have not x ≥GL y, then for some increasing, strictly concave
utility function U , ∑n

i=1 U(xi)≤∑n
i=1 U(yi). Given increasingness and strict concav-

ity of U , we can say that ∑n
i=1 U(xi) is an increasing and strictly S-concave func-

tion (Marshall and Olkin, 1979, p.64). Thus, if not x ≥GL y, then for some strictly
S-concave social welfare function W that satisfies the Pareto Principle, we have
W (x) ≤W (y). That is, not (i) implies not (ii). Hence, (ii) implies (i). 	


Two simple welfare implications of the relation ≥GL can be stated rigorously as
follows. If x ≥GL y holds then (i) x is regarded as better than y by the mean income
criterion, that is, λ (x) > λ (y), and (ii) x is not Rawlsian maximin inferior to y, that
is,min{xi}

i
≥ min{yi}

i
. However, these two welfare functions are S-concave but not

strictly so.
Theorem 1.4 shows that an unanimous ranking of two income distributions by all

strictly S-concave social welfare functions satisfying the Pareto Principle is obtain-
able if and only their generalized Lorenz curves do not cross. Thus, the generalized
Lorenz criterion takes the size of the distribution into account. Although the gen-
eralized Lorenz superiority relation extends welfare ranking to the case of variable
mean, it is a quasi-ordering as well. (In Fig. 1.2, for the distributions x4, x5, and x6,
while x4 ≥GL x5 and x4 ≥GL x6 hold, neither x6 ≥GL x5 nor x5 ≥GL x6 holds.) How-
ever, as Shorrocks (1983a) has shown many inconclusive rankings under ≥LC may
become conclusive if we use ≥GL. To see this, suppose that the Lorenz curve of x
intersects that of y once from below at a low level of cumulative income proportion
and assume also that x has higher mean than y. That is, there exists a t ′ ∈ (0,1) such
that LC(x, t) < LC(y, t) for all t < t ′ and LC(x, t) > LC(y, t) for all t > t ′, where t ′

is small. Then multiplication of the Lorenz curve by the mean may be able to push
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Fig. 1.2 Generalized Lorenz curve and generalized Lorenz dominance

the lower part of the curve for x up to ensure that the single crossing between the
two curves does not exist and x ≥GL y holds. (It may be worthwhile to mention here
that the Atkinson theorem which shows equivalence between conditions (i) and (iv)
of Theorem 1.2 and the Shorrocks theorem were stated in Kolm, 1969. He referred
to the dominance conditions in these two results as constant-sum-isophily and su-
perisophily, respectively).

The following theorem of Shorrocks (1983a), which is the variable popula-
tion counterpart to Theorem 1.4, can be proved in the same way we have proved
Theorem 1.3.

Theorem 1.5. Let x1 and x2 be two arbitrary income distributions over the popula-
tion sizes n1 and n2, respectively. That is, let x1 ∈ Dn1 and x2 ∈ Dn2 be arbitrary.
Then the following conditions are equivalent:

(i) x1 ≥GL x2.
(ii) W (x1) > W (x2) for all social welfare functions W : D → R1 that are strictly

S-concave, population replication invariant, and satisfy the Pareto Principle.

However, the value judgments social preferences for higher total and lower in-
equality may come into direct conflict in the welfare evaluation of income distribu-
tions by the generalized Lorenz criterion. For instance, an increase in the income of
the richest person in the distribution y increases the total income and the resulting
distribution x generalized Lorenz dominates y. Hence, x has higher welfare than y
by all the welfare functions we have considered in Theorem 1.4. But this increase
in the richest person’s income is likely to give rise to an increase in inequality as
well. In other words, preference for higher income, that is, efficiency preference,
may come into conflict with the social desire for more equity. Since we have as-
sumed that the welfare function fulfills the Pareto Principle, in this case the trade off
between equity and efficiency is resolved on the side of higher efficiency. Thus, a
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welfare improvement in terms of generalized Lorenz superiority may be compatible
with an augmentation in inequality.

An alternative efficiency preference concept that avoids the above difficulty is
the requirement that welfare improves if all the incomes are increased by the same
proportion. Formally, a social welfare function W : Dn → R1 satisfies the “scale
improvement” condition if for all x ∈ Dn and for all c ≥ 1,

W (cx) ≥W (x). (1.3)

A higher value of c represents a higher level of efficiency (total income) keeping the
distribution of relative incomes constant, that is, keeping the ratios xi/x j constant.
Equivalently, we say that the scale improvement condition demonstrates preferences
for higher incomes under constancy of relative inequality. Clearly, this is a weaker
requirement than the Pareto Principle. Note that the scale improvement condition
does not alter the rank orders of the individuals. Shorrocks (1983a) proved the fol-
lowing theorem which shows that the welfare assessment of distributions using the
scale improvement condition is equivalent to the standard practice of ranking distri-
butions by the mean income and the Lorenz curve.

Theorem 1.6. For x,y ∈ Dn the following conditions are equivalent:

(i) x weakly Lorenz dominates y, that is, L(x, t) ≥ L(y, t) for all 0 ≤ t ≤ 1, and
λ (x) ≥ λ (y).

(ii) W (x) ≥ W (y) for all social welfare functions W : Dn → R1 that satisfy
S-concavity and the scale improvement condition.

Theorem 1.6 gives us the implications of replacing the Pareto Principle by the
scale improvement condition in ranking distributions using the Lorenz criterion.
However, efficiency increase can as well be achieved by absolute augmentation of
incomes. Formally, a social welfare function W : Dn → R1 satisfies the “incremental
improvement” condition if for all x ∈ Dn, for all c ≥ 0,

W (x+ c1n) ≥W (x). (1.4)

The incremental improvement condition, which preserves the rank orders of the
individuals, shows preferences for higher incomes keeping the absolute income dif-
ferentials xi − x j constant. In other words, under the incremental improvement con-
dition higher efficiency is desired under constancy of absolute inequality. A higher
value of c will correspond to a higher total income. The following interesting impli-
cation of the alternative efficiency preference defined in (1.4) was demonstrated by
Shorrocks (1983a):

Theorem 1.7. For x,y ∈ Dn the following conditions are equivalent:

(i) λ (x) ≥ λ (y) and GL(x, t)−GL(y, t) ≥ t(λ (x)−λ (y)) for all 0 ≤ t ≤ 1.
(ii) W (x) ≥ W (y) for all social welfare functions W : Dn → R1 that satisfy

S-concavity and the incremental improvement condition.
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To make use of Theorem 1.7 in ranking distributions of income, we need to cal-
culate the difference GL(x, t)− tλ (x) for each of the distributions and then make
pairwise comparisons of these values and the mean incomes. One may note that
an incremental improvement in all incomes can be achieved first by increasing
the incomes proportionately and then making rank-preserving progressive transfers.
Therefore, the ordering induced by the welfare functions satisfying (1.4) will be
weaker than that generated by the welfare functions that fulfill (1.3).

Observe that GL(x, t)− tλ (x) is the generalized Lorenz curve GL(x−λ (x)1n, t)
of the distribution (x − λ (x)1n). Moyes (1987) referred to the curve GL(x − λ
(x)1n, t) as the absolute Lorenz curve LA(x, t) of x. The Moyes absolute Lorenz
curve coincides with the horizontal axis when incomes are equally distributed. It
is convex in t, decreasing in t for 0 ≤ t ≤ t̄, and increasing in t̄ < t ≤ 1, where
t̄ = n̄/n with n̄ being such that xn̄ < λ (x)≤ xn̄+1. It is easy to see that - LA(x, t) mea-
sures the shortfall of the total income of the bottom t proportion of the population
from the corresponding total under the hypothetical distribution where everybody
enjoys the mean income, as a proportion of the population size.

Tam and Zhang (1996) considered a family of alternative dominance relation-
ships generalizing the Shorrocks approach. For any 0 < μ̂ < 1, they defined the
μ̂ generalized curve μ̂GL(x, μ̂, t) of x ∈ Dn as (λ (x))μ̂LC(x, t), where 0 ≤ t ≤ 1.
They showed that for x,y ∈ Dn where λ (x) > λ (y), μ̂GL(x, μ̂, t) ≥ μ̂GL(y, μ̂, t)
for all 0 ≤ t ≤ 1 holds if and only if W (x) ≥ W (y) for all social welfare functions
W : Dn → R1 that satisfy S-concavity and the μ̂-share of income growth inequality,
that is, (∑i

j=1 x j)/(∑i
j=1 y j)≥ (λ (x)/λ (y))1−μ̂ , 1 ≤ i ≤ n. Essentially, the efficiency

preferences considered by Shorrocks are replaced by the condition that welfare will
not decrease if the income growth is shared by all the poorer sectors of the commu-
nity. The result thus specifies a necessary and sufficient condition for welfare of the
society not to decrease as a result of economic growth.

1.4 Stochastic Dominance

Several quasi-orderings employed in the theory of choice under uncertainty
correspond closely to the ranking criteria used for welfare evaluation of income
distributions. Using results from Rothschild and Stiglitz (1970), Atkinson (1970)
demonstrated equivalence between Lorenz dominance and second-order stochas-
tic dominance invoked for ranking uncertain prospects. In order to discuss this
formally, we first define stochastic dominance.

We assume that the income distributions are defined on the continuum. Let F :
[0,∞) → [0,1] be the cumulative distribution function. Then F(v) is the proportion
of persons with income less than or equal to v. F is nondecreasing, continuously
differentiable, F(0) = 0 and F(vF) = 1 for some vF < ∞. The integrals F2(s) and
F3(s) of the distribution function can be defined recursively by
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Fr+1(s) =
s∫

0

Fr(v)dv for alls ∈ [0,∞) (1.5)

where r = 0,1,2, . . . is an integer and F1(s) = F(s). In the case of discrete distribu-
tions with a population size of n,

Fr+1(s) =
1

r!n

n(s,x)

∑
i=1

(s− xi)r for alls ∈ [0,∞) , (1.6)

where n(s,x) = #{i ∈ {1,2, . . . ,n}|xi ≤ s} is the number of individuals having in-
comes less than or equal to s in the distribution x ∈ Dn (see Moyes, 1999).

To illustrate the formula (1.6), let us consider the distribution x = (1,2,6). Then
for s < 1, F1(s) = F2(s) = F3(s) = 0. Next, for 1 ≤ s < 2, F1(s) = 1/3, F2(s) = (s−
1)/3, and F3(s) = (s−1)2/6 = (s2−2s+1)/6. Likewise, for 2≤ s < 6, F1(s) = 2/3,
F2(s) = ((s− 1)+ (s− 2))/3 = (2s− 3)/3, and F3(s) = ((s− 1)2 +(s− 2)2)/6 =
(2s2 − 6s + 5)/6. Finally, for s ≥ 6, F1(s) = 1, F2(s) = (3s− 9)/3, and F3(s) =
(3s2 −18s+41)/6.

Given two income distribution functions F and G defined on the same domain
[0,∞), we say that F dominates G by the (r + 1)th degree/order stochastic domi-
nance criterion if Fr+1(v) ≤ Gr+1(v) for all v ∈ [0,∞) with < for some v, where
r ≥ 0 is an integer. If only ≤ holds everywhere, we say that F weakly dominates
G by the (r + 1)th degree stochastic dominance criterion. The cases r = 0 and 1
correspond, respectively, to the first- and second-degree stochastic dominance (see
Hadar and Russell, 1969). The first-order stochastic dominance is also known as the
rank dominance (Saposnik, 1981). The third-degree stochastic dominance is defined
if we assume that r = 2 (see Whitmore, 1970).

First-order stochastic dominance of F over G is equivalent to the condition
that F is preferred to G by the expected utility criterion where the utility func-
tion is increasing in its argument, that is, the marginal utility function is posi-
tive. More precisely, F first-order stochastic dominates G if and only if we have∫ ∞

0 U(v)dF(v) >
∫ ∞

0 U(v)dG(v), for all utility functions U that are increasing. That
is, distribution F is preferred to distribution G by the utilitarians who approve of
higher efficiency. Therefore, efficiency preference or preference for more incomes
becomes the distinguishing feature of the first-order stochastic dominance. It is as-
sumed that U is differentiable up to any desired degree.

On the other hand, second-order stochastic dominance of F over G holds if and
only if we have

∫ ∞
0 U(v)dF(v) >

∫ ∞
0 U(v)dG(v) for all utility functions U that are

increasing and strictly concave. That is, in this case, the utilatarians have preference
for both higher efficiency and higher equity. Thus, the distinguishing characteristics
of second-order stochastic dominance are preferences for higher equity as well as
higher efficiency. Second-order stochastic dominance of F over G is also equivalent
to the condition that F ≥GLG, that is, F generalized Lorenz dominates G. If the
two distributions have a common mean, this simply reduces to the condition that F
Lorenz dominates G.
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Third-order stochastic dominance of F over G requires higher expected utility
value under F than that under G where the marginal utility function is positive,
decreasing, and strictly convex. The stochastic dominance conditions we discussed
here are nested. That is, lower degree stochastic dominance implies higher degree
stochastic dominance. Thus, the first-order dominance entails the one for second de-
gree which in turn entails the third-order dominance. This means that if F first-order
stochastic dominates G, then higher order dominances of F over G are ensured, the
direction of ordering will remain unaltered.

Under appropriate reinterpretation of expected utility, we can interpret the
stochastic dominance conditions in terms of welfare more generally (Foster and
Sen, 1997). The first-order stochastic dominance turns out to be welfare domi-
nance for all symmetric, population replication invariant welfare functions that
fulfill the Pareto Principle. If we add the condition that welfare increases under a
rank-preserving progressive transfer, then we get unanimity of welfare dominance
with the second-order stochastic dominance. Finally, if we also desire a fixed-sized
income transfer to have higher impact on welfare at lower income levels, then we
identify welfare dominance as the third-order stochastic dominance.

Rather than representing an income distribution by a distribution function, we can
use the inverse distribution function for the same purpose. The inverse distribution
function F−1 : [0,1] → [0,∞) is defined as

F−1(t) = inf{v : F(v) ≥ t} for all t ∈ [0.1]. (1.7)

Successive integration of the inverse function defined in (1.7) gives

F−1
r+1(t) =

∫ t

0
F−1

r (τ)dτ for all t ∈ [0.1], (1.8)

where F−1
1 (t) = F−1(t) and r is a nonnegative integer. Letting x0 = 0 and n(t,x) =

min{i ∈ {1,2, . . . ,n}|t ≤ n(t,x)/n}, for any x ∈ Dn,

F−1
r+1(t) =

1
r!

n(t,x)

∑
i=1

(

t − i−1
n

)r

(xi − xi−1) for all t ∈ [0.1]. (1.9)

The function F−1(t) represents the income of bottom t proportion of the population
and is referred to as the quantile function. For example, we have considered above,
F−1(t) = 0,1,2, and 6 according as t = 0, 0 < t ≤ 1/3, 1/3 < t ≤ 2/3, and 2/3 <
t ≤ 1. Likewise, the function F−1

2 (t) gives the total income, expressed as a fraction
of the population size n, possessed by the bottom t proportion of the population.
When divided by the mean income, it gives us the Lorenz curve of the distribution x.
Formally, the Lorenz curve associated with the distribution having the distribution
function F and the mean λ (F) =

∫ 1
0 F−1(t)dt is defined as

LC(F, t) =
1

λ (F)

t∫

0

F−1(τ)dτ. (1.10)
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where 0 ≤ t ≤ 1. This general definition of the Lorenz curve was suggested by
Gastwirth (1971). It applies to distributions of both discrete and continuous types.
This in turn shows that the generalized Lorenz curve of F is given by GL(F, t) =∫ t

0 F−1(τ)dτ,0 ≤ t ≤ 1.
The Lorenz curve for the example x = (1,2,6), we have considered, will then be

LC(F, t) =

⎧
⎪⎨

⎪⎩

t
3 ,0 ≤ t < 1

3 ,
1
9 + 2

3

(
t − 1

3

)
, 1

3 ≤ t < 2
3 ,

1
9 + 2

9 + 6
3

(
t − 2

3

)
, 2

3 ≤ t ≤ 1.

(1.11)

Ramos et al. (2000) developed a sufficient condition for weak generalized Lorenz
superiority defined using F−1. They showed that of two income distribution func-
tions F and G defined on the common support [0,∞) if F crosses G once not from
above and the mean of G is not higher than that of F , then F weakly generalized
Lorenz dominates G. More precisely, if λ (F) ≥ λ (G) and there exists v0 ∈ [0,∞)
such that F(v) ≤ G(v) for all 0 ≤ v ≤ v0 and F(v) ≥ G(v) for all v0 ≤ v < ∞, then
GL(F, t) ≥ GL(G, t) for all t ∈ [0,1].

Given the inverse distribution functions F−1 and G−1 associated with the distrib-
ution functions F and G defined on the same domain, we say that F dominates G by
the (r +1)th degree inverse stochastic dominance criterion if F−1

r+1(t) ≥ G−1
r+1(t) for

all t ∈ [0,1] with > for some t, where r ≥ 0 is an integer. The inverse stochastic dom-
inance conditions are also nested in the sense that lower degree dominance implies
higher degree dominance. The direct first-order stochastic dominance is equivalent
to inverse first-order stochastic dominance. In fact, under the equality of the means,
the equivalence holds for the two second-order dominances as well, which in turn
are equivalent to Lorenz dominance. However, the equivalence does not continue to
hold for r ≥ 2 (see Muliere and Scarsini, 1989).

We conclude this section with two definitions which will be useful for our analy-
sis in Chap. 2. For the distribution functions F and G defined on the same domain
[0,∞) and any nonnegative integer r, we say that F weakly (r + 1)th degree sto-
chastic dominates G over an income interval [μ ,γ] ⊂ [0,∞) if Fr+1(v) ≤ Gr+1(v)
for all v ∈ [μ ,γ]. If Fr+1(v) ≤ Gr+1(v) for all v ∈ [μ ,γ] and Fr+1(v) < Gr+1(v) for
some v ∈ (μ ,γ), then F (r + 1)th degree stochastic dominates G over [μ ,γ] (see
Zheng, 1999).

1.5 Postulates for an Index of Inequality

The objective of this section is to present alternative postulates for an index of in-
equality and discuss their implications. We begin with a quite general definition of
an inequality index that allows variability of both the population size and the mean
income. Consequently, the domain of the inequality index is D =

⋃
n∈N Dn. Note

that the concept of inequality is vacuous if n = 1. Hence, we assume that n ≥ 2.
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An inequality index I : D → R1 is a relative or “rightist” index if equiproportion-
ate changes in all incomes do not change the level of inequality, that is, for all n ∈ N,
x ∈ Dn, it satisfies the scale invariance property

I(cx) = I(x), (1.12)

where c > 0 is any scalar. In other words, I is homogeneous of degree zero in its
arguments. In contrast, an inequality index I : D → R1 represents the concept of
absolute or “leftist” inequality if it is invariant under equal absolute changes in all
incomes, that is, for all n ∈ N, x ∈ Dn, it satisfies the translation invariance property

I(x+ c1n) = I(x), (1.13)

where c is a scalar such that x+ c1n ∈ Dn.
Clearly, while the relative concept treats inequality in terms of income ratios,

the absolute notion views inequality with respect to income differentials. A relative
index has the convenient property of being invariant under changes in the currency
unit of incomes, but an absolute index does not meet this property. However, as
Kolm (1976a) argued if we make intertemporal comparison of inequality in a coun-
try using an absolute index, we must use real incomes. Similarly, for international
comparison of absolute inequality it is necessary to use the correct exchange rate.

Research to date has not found a satisfactory solution about universal accept-
ability regarding the concept of inequality invariance. While relative and absolute
inequality express two different notions of value judgments about inequality in-
variance, Kolm (1976a) pointed out that some people may prefer a centrist or
compromise invariance between these extreme positions. Experimental investiga-
tions made along this line have demonstrated that an individual’s attitude toward
inequality equivalence need not be of relative or absolute type (see, e.g., Amiel
and Cowell, 1992, 1994, 1999; Ballano and Ruiz-Castillo, 1993; Harrison and
Siedl, 1994). Attempts have also been made to suggest alternative notions of in-
equality equivalence and investigations of their properties. For instance, Bossert
and Pfingsten (1990) suggested an intermediate inequality concept that contains rel-
ative and absolute invariances as special cases. Further contributions along this line
have been made, among others, by Kolm (1976a), Chakravarty (1988a), Bossert
and Pfingsten (1990), Besley and Preston (1988), Krtscha (1994), Seidl and Pf-
ingsten (1997), Zoli (1999a), Del Rio and Ruiz-Castillo (2000), Ebert (2004a),
Yoshida (2005), Zheng (2007d), Del Rio and Alonso-Villar (2007, 2008), and
Chakravarty and Tyagarupananda (2008). In this text, we will be concerned with
the relative and absolute notions of inequality since many of our discussions apply
to the intermediate set ups as well.

An inequality index that satisfies the relative and absolute invariance conditions
jointly is a constant function (Eichhorn and Gehrig, 1982). But since a constant
function does not convey any information regarding the actual level of inequality in
a distribution, we consider the two conditions separately. The classes of indices sat-
isfying the invariance conditions (1.12) and (1.13), respectively, may be quite large.
Certain desirable postulates enable us to reduce the number of allowable inequality
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indices. The following postulates have been suggested in the literature for an arbi-
trary inequality index I : Dn → R1, whether relative or absolute. All properties apply
for any n ∈ N.

Symmetry: For all x ∈ Dn, I(x) = I(y), where y is any permutation of x.
Pigou-Dalton Transfers Principle: For all y ∈ Dn, if x is obtained from y by a

rank-preserving progressive transfer, then I(x) < I(y).
Dalton Population Principle: For all x ∈ Dn, I(x) = I(y), where y is the l-fold

replication of x, that is, each xi appears l times in y, l ≥ 2 being any integer.
As we have argued, Symmetry demands that inequality should be insensitive to

reordering of the incomes. Thus, for a symmetric index any characteristic other than
income becomes irrelevant to the measurement of inequality. Symmetry enables us
to define the inequality index directly on ordered distributions (as we have done).
Using this property, we can extend the function I uniquely to the space Γn. The
Pigou (1912)-Dalton (1920) Transfers Principle, also known as the Pigou-Dalton
Condition or the Principle of Transfers, demands that a rank-preserving transfer of
income from a rich person to a poor person decreases inequality. Likewise, a transfer
from a poor to a rich should increase inequality. As we have discussed earlier, since
we have restricted attention to ordered income distributions, to maintain the order-
ing, we can allow only rank-preserving transfers. Thus, under Symmetry only rank-
preserving, transfers are allowed (see also Moyes, 1999, 2007). According to the
Dalton (1920) Population Principle (the Population Principle, for short), inequality
remains invariant under replications of the population. Thus, if we wish to compare
inequalities of two distributions with population sizes n1 and n2, respectively, we
can replicate the former n2 times and the latter n1 times, so that the resulting dis-
tributions have a common population size of n1n2. Comparison of inequalities of
these two distributions with the population size n1n2 is essentially same as compar-
ison of inequalities of the original distributions if the inequality index satisfies the
Population Principle. Thus, this postulate, which enables us to view inequality as
an average concept, is helpful for cross-population comparisons of inequality. [See
Salas (1997), for a discussion on a variant of this property.]

Clearly, we can rewrite condition (ii) of Theorem 1.1 as I(y) > I(x), where
I = −W is strictly S-convex. Strict S-convexity implies Symmetry and reduction
in inequality under rank-preserving equitable transfers. Conversely, Symmetry en-
ables us to perform only rank-preserving progressive transfers and inequality reduc-
tion under such a transfer implies strict S-convexity. Hence, we can now state the
following proposition:

Proposition 1.1. Let x,y ∈ Dn, where λ (x) = λ (y), be arbitrary. Then the following
conditions are equivalent:

(i) x is Lorenz superior to , that is, x ≥LC y.
(ii) I(x) < I(y) for all strictly S-convex inequality indices I : Dn → R1.

(iii) I(x) < I(y) for all symmetric inequality indices I : Dn →R1 that fulfill the Pigou-
Dalton Transfers Principle.

(iv) x second-order stochastic dominates y.
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Proposition 1.1, which can be regarded as the inequality counterpart to the Hardy
et al. (1934) Theorem, shows that inequality ordering of income distributions of a
given total over a given population size can be implemented by the Lorenz dom-
inance relation. Chakravarty and Eichhorn (1994) demonstrated that if there are
errors in observations on income data, then all inequality indices identified in Propo-
sition 1.1 will overestimate the extent of true inequality under certain mild assump-
tions about the errors.

The next three propositions, which are essentially based on Proposition 1.1,
have been stated in different forms in Fields and Fei (1978), Foster (1985),
Chakravarty (1990), Moyes (1999), and Chakravarty and Muliere (2003) (see also
Eichhorn and Gehrig, 1982; Kurabayasi and Yatsuka, 1977). To state the first of
these results formally, consider x1 ∈Dn1 and x2 ∈Dn2 such that x1 ≥LC x2. Let x3 and
x4, respectively, be the n2- and n1-fold replications of x1 and x2. Thus, x3,x4 ∈Dn1n2 ,
and x3 ≥LC x4. (Since the Lorenz curve is population replication invariant, x1 ≥LC x2

is same as x3 ≥LC x4.) Define the distribution u = (λ (x3)/λ (x4))x4. Then x3 and
u are two distributions of a fixed total income n1n2λ (x3) over the population
size n1n2 and x3 ≥LC u. (Since the Lorenz curve is homogeneous of degree zero,
LC(x4, t) = LC(u, t).) Therefore, by Proposition 1.1, we have I(x3) < I(u) for all
symmetric inequality indices I : Dnin2 → R1 that reduce under a rank-preserving
progressive transfer. If I is a relative index, then I(x4) = I(u) and if it is population
replication invariant as well, then we have I(x2) = I(x4). Similarly, I(x1) = I(x3).
Hence, I(x1) < I(x2). The converse can be proved using similar arguments. This is
also equivalent to the condition that x3/λ (x3) second-order stochastic dominates
x4/λ (x4) (Moyes, 1999). By population replication invariance of the distribution
function, this condition is same as the requirement that x1/λ (x1) second-order
stochastic dominates x2/λ (x2). We are therefore now in a position to state the
following:

Proposition 1.2. Let x1,x2 ∈ D be arbitrary. Then the following conditions are
equivalent:

(i) x1 ≥LC x2.
(ii) I(x1) < I(x2) for all relative inequality indices I : D → R1 that fulfill Symmetry,

the Pigou-Dalton Transfers Principle, and the Dalton Population Principle.
(iii) x1/λ (x1) second-order stochastic dominates x2/λ (x2).

Proposition 1.2 identifies the class of all inequality indices that implies and are
implied by the Lorenz dominance criterion defined in the general case when both
the population size and total income are not fixed. In other words, each inequality
index of this type is Lorenz consistent or consistent with the Lorenz dominance rela-
tion (Foster, 1985). The corresponding result for absolute indices using the absolute
Lorenz curve was proved by Moyes (1987) (see also Chakravarty, 1988a).

If we focus attention on fixed population size and variable mean income case,
then an unanimous ranking of distributions by all inequality indices identified in
Proposition 1.1, that are also relative, can be obtained by the pairwise comparison
of the Lorenz curves. Formally,
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Proposition 1.3. Let x1,x2 ∈ Dn be arbitrary. Then the following conditions are
equivalent:

(i) x1 ≥LC x2.
(ii) I(x1) < I(x2) for all relative inequality indices I : Dn → R1 that fulfill Symmetry

and the Pigou-Dalton Transfers Principle.
(iii) x1/λ (x1) second-order stochastic dominates x2/λ (x2).

We may also consider the problem of ranking distributions with a fixed mean in-
come when the population size is allowed to vary. In this case, the domain of defini-
tion of the inequality index is Dλ̄ = {x ∈D|λ (x) = λ̄} and the following proposition
holds.

Proposition 1.4. Let x1,x2 ∈ Dλ̄ be arbitrary. Then the following conditions are
equivalent:

(i) x1 ≥LC x2.
(ii) I(x1) < I(x2) for all inequality indices I : Dλ̄ → R1 that fulfill Symmetry, the

Pigou-Dalton Transfers Principle and the Dalton Population Principle.

Proposition 1.4 shows that Lorenz dominance is a sufficient condition for all
relative and absolute inequality indices, satisfying the postulates stated in condition
(ii) of the proposition, to rank alternative distributions with a given mean in the
same way.

Kolm (1976a,b) argued that greater weight should be assigned to transfers lower
down the scale. With a view to making the inequality index satisfactory from this
perspective he suggested the Diminishing Transfers Principle that attaches more
weight to a rank-preserving progressive transfer between two persons with a given
income difference, if the incomes are lower than when they are higher. Formally,

Diminishing Transfers Principle: For all y ∈ Dn, if x is obtained from y by a
rank-preserving progressive transfer of income from the person with income yi + ĉ
to the person with income yi, then for a given ĉ > 0, the magnitude of reduction in
inequality I(y)− I(x) is higher the lower is yi.

A stronger version of this is the Transfer Sensitivity Principle suggested by
Shorrocks and Foster (1987) that relies on the following notion of transfer. A distri-
bution x ∈ Dn is said to be obtained from y ∈ Dn by a favorable composite transfer
if yi = xi for all i �= j, ĵ, l, l̂; y j − x j = x ĵ − y ĵ = α̃1 > 0; xl̂ − yl̂ = yl − xl = α̃2 > 0;
where y ĵ < y j ≤ yl ≤ yl̂ , x ĵ ≤ x j ≤ xl < xl̂ ; IV (x) = IV (y), with IV being the variance,
and α1 and α2 are such that the ranks of the individuals remain unaffected.

That is, rank-preserving progressive and regressive transfers of income that do
not change the mean and the variance are required jointly to arrive at the distribution
x from the distribution y, where the progressive transfer involves lower incomes than
the regressive transfer. (The progressive transfer is from y j to y ĵ and the regressive
transfer is from yl to yl̂). Note that the size of the progressive transfer α1 need not
be equal to the size of the regressive transfer α2. Further, equality of the income dis-
tances between the two pairs of persons involved are also not necessary. The present
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definition of the transfer requires rank preservation because the domain of definition
is Dn. Following Shorrocks and Foster (1987), we can now state the next postulate.

Transfer Sensitivity Principle: For all y ∈ Dn, if x is obtained from by a favor-
able composite transfer, then I(x) < I(x).

The following interesting implication of the above postulate was demonstrated
by Shorrocks and Foster (1987) (see also Atkinson, 2008):

Proposition 1.5. Let x1,x2 ∈ Dλ̄ be arbitrary. Then the following conditions are
equivalent:

(i) x1 third-order stochastic dominates x2.
(ii) I(x1) < I(x2) for all inequality indices I : Dλ̄ → R1 that fulfill Symmetry, the

Pigou-Dalton Transfers Principle, the Dalton Population Principle, and the
Transfer Sensitivity Principle.

This proposition clearly demonstrates the role of third-order stochastic domi-
nance in inequality ranking.

We have noted that the relation ≥LC becomes inconclusive if the Lorenz curves
intersect. However, if we restrict attention to transfer sensitive inequality indices,
it becomes possible to rank distributions in such a situation. To see this, we first
define multiple intersections of Lorenz curves. For x ∈ Dn1 and y ∈ Dn2 , where
n1,n2 ≥ 3,LC(x, t) is said to cross LC(y, t)r times and first not from below if there
exist 0 = t0 < t1 < t2 < .. . < tr < tr+1 = 1(r ≥ 1) such that

LC(x, t) ≥ LC(y, t) forall t ∈ [t j−1, t j) if j is odd, (1.14)

LC(x, t) ≤ LC(y, t) forall t ∈ [t j−1, t j) if j is even.

Davies and Hoy (1995) showed that a condition involving the variance plays a
crucial role in evaluation of distributions in the case of multiple crossings of the
Lorenz curves. For x,y ∈ Dn, let x j = (x1,x2, . . . . . . ,xn(t j ,x)−1), where 1 ≤ j ≤ r and
n(t j,x) = min{i ∈ {1,2, . . . ,n}|t j ≤ n(t j,x)/n} (see Sect. 1.4). Thus, the distribution
x j is constituted by the incomes of the n(t j,x)−1 poorest persons in x. We define y j

in an analogous manner. The following proposition of Davies and Hoy (1995) can
now be stated:

Proposition 1.6. Let x,y ∈ Dn, where λ (x) = λ (y), be arbitrary. Then consider the
following conditions:

(i) LC(x, t) crosses LC(y, t) r times and first not from below.
(ii) I(x) ≤ I(y) for all symmetric inequality indices I : Dn → R1 that are nonde-

creasing under rank-preserving progressive transfers and favorable composite
transfers.

(iii) IV (x j) ≤ IV (y j) for all j = 1,2, ..,r.

A sufficient condition for (i) to imply (ii) is that (iii) holds.
This proposition gives us a sufficient condition for checking dominance in the

case of intersection of Lorenz curves and it does not involve third-order stochastic
dominance.
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The Diminishing Transfers Principle suggested by Kolm (1976a,b) relies on
the assumption that the income shortfall of the recipient from the donor is fixed.
Mehran (1976) and Kakwani (1980b) introduced a positional version of this pos-
tulate, which demands that the proportion of population between them is given a
priori. That is, a rank-preserving transfer of income from a rich to a poor will re-
duce inequality by a higher amount the lower the income of the donor is, given that
the number of individuals between the donor and the recipient is fixed. Formally,

Positional Transfer Sensitivity Principle: For all x ∈ Dn and for any pair of
poor individuals i and j, suppose that the distribution x′ (respectively, x′′) is ob-
tained from x by a rank-preserving progressive transfer of income from the (i+ l)th
(respectively, ( j+ l)th) person to the ith (respectively, jth) person where i < j. Then
I(x)− I(x′) > I(x)− I(x′′).

To look at normative implications of this postulate, Zoli (1999b) considered the
Yaari-type welfare function (Yaari, 1987, 1988):

WY(F) =
∫ 1

0
F−1(t) f̂ (t)dt, (1.15)

where f̂ (t) ≥ 0 is the weight function. Mehran (1976) showed that WY is nonde-
creasing under a rank-preserving progressive transfer if and only if f̂ is nonincreas-
ing. Further, convexity of f̂ is necessary and sufficient for WY not to reduce under
such a transfer with the additional restriction that the proportion of persons between
the individuals affected by the transfer is fixed. Assuming that the welfare func-
tion is of the type (1.15), Zoli (1999b) demonstrated that for two distribution func-
tions F and G, the conditions λ (F) ≥ λ (G) and weak inverse third-order stochastic
dominance of F over G are equivalent to nonincreasingness and convexity of f̂ .
This therefore provides a normative justification of inverse third-order stochastic
dominance.

Different notions of transfer we have considered so far involve only one donor
and one recipient. But an equitable transfer can as well be shared by more than one
recipient. One possibility in this context is that an equitable transfer from some-
one is equally shared by any set of worst off persons from among who are poorer
than him (see Chakravarty, 2007, 2008a; Chateauneuf and Moyes, 2006). Since the
sharing of the transfer starts from the worst off person of the society, it has a lexi-
cographic orientation. Formally, given y ∈ Dn, we say that x is obtained from y by a
lexicographically equitable transfer if

x j = y j − c′′ ≥ x j−1 for some j > 1, for some c′′ > 0,

xi = yi +
c′′

l
for 1 ≤ i ≤ l ≤ j−1, (1.16)

xi = yi for i ∈ {1,2, . . . ,n}−{1,2, . . . l, j}.

That is, a lexicographically equitable transfer involves a rank-preserving progressive
transfer (of size c′′ > 0) from some person ( j) and it is equally shared by the set
{1,2, . . . , l} of l worst off persons from among who are poorer than the donor j. By
definition, the recipients of the transfer need not be all persons who are poorer than
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the donor. Thus, the transfer is shared by the recipients in a lexicographic manner
in the sense that if there is only one recipient then he must be the poorest person of
the society. In case of more than one recipient, a person can receive his equal share
of the transfer only when all persons who are poorer than him have received their
shares. If the donor is the only richest person of the society, then one possibility is
that the transfer is distributed equally among all the remaining persons. We can now
state the following inequality postulate involving a transfer of this type.

Lexicographic Transfers Principle: For all y ∈ Dn, if x is obtained from y ∈ Dn

by a lexicographically equitable transfer then I(x) < I(y).
The following proposition shows the relationship between the Lexicographic

Transfers Principle and strict S-convexity (Chakravarty, 2008a).

Proposition 1.7. A sufficient condition for I : Dn
λ̄ = {x ∈ Dn : λ (x) = λ̄} → R1 to

satisfy the Lexicographic Transfers Principle is that it is strictly S-convex. However,
a symmetric inequality index satisfying the Lexicographic Transfers Principle need
not be strictly S-convex.

Since a lexicographically equitable transfer captures the idea of income redistri-
bution in a very weak form, it can be regarded as a minimal condition for incorpo-
rating egalitarian bias into distributional judgments.

Often we may need to assume that the inequality index is normalized which
means that the value of the inequality index is zero if the income distribution is
perfectly equal.

Normalization: If x ∈ Dn is of the form x = c1n, where c > 0 is a scalar, then
I(x) = 0.

Given difficulties in measuring incomes accurately, it is reasonable to assume that
the inequality index varies continuously with incomes. We thus assume continuity
of the inequality index.

Continuity: I is continuous on its domain.

1.6 Relative Inequality and Welfare

The objective of this section is to present alternative indices of relative inequality
suggested in the literature and discuss their properties analytically in terms of wel-
fare. The presentation is divided into several subsections.

1.6.1 The Dalton Approach

Dalton (1920) used the symmetric utilitarian social welfare function
n
∑

i=1
U(xi),

where x ∈Dn, and the individual utility function U is continuous, increasing, strictly
concave, and positive. Then the Dalton index of inequality is defined as
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ID(x) = 1− 1
n

n

∑
i=1

U(xi)
U(λ (x))

. (1.17)

Since U is strictly concave, by Jensen’s inequality (Marshall and Olkin, 1979,
p.454), nU(λ ) ≥ ∑n

i=1 U(xi), where the equality is achieved if incomes are equal.
This shows that ID is bounded between zero and one, where the lower bound is
obtained in the case of equality of incomes. It tells us how much welfare we can in-
crease (in relative terms) by distributing incomes equally. Clearly, ID is symmetric,
population replication invariant, and decreasing under a progressive transfer. [See
Aigner and Heins (1967) and Sen (1973), for further discussion.]

1.6.2 The Atkinson Approach

The utility numbers U(xi),1 ≤ i ≤ n, and U(λ ) in (1.17) are based on the cardinal
utility function U . Therefore, an affine transformation of these numbers such as
Û(xi) = ê1 + ê2U(xi), 1 ≤ i ≤ n, and Û(λ ) = ê1 + ê2U(λ ), where ê2 > 0 and ê1
are constants, can as well be used. Consequently, ID based on U should coincide
with that based on Û . Atkinson (1970) rightly pointed out that ID does not remain
invariant under affine transformations of U . He modified the Dalton index to remedy
this problem.

Atkinson (1970) also used the symmetric utilitarian social welfare function and
defined what he called the “equally distributed equivalent income” xe associated
with a given distribution x ∈ Dn

+ of a total income as that level of income which if
given to everybody will make the total welfare exactly equal to that generated by
the actual distribution x. Formally,

n

∑
i=1

U(xe) =
n

∑
i=1

U(xi). (1.18)

He replaced the Dalton inequality by IA : Dn
+ → R1, where

IA(x) = 1− xe

λ (x)
. (1.19)

If x is unequal, by Jensen’s inequality xe < λ (x). Consequently, the Atkinson index
IA is bounded above by one. It achieves its lower bound zero whenever incomes are
equally distributed. IA is continuous, symmetric, and population replication invari-
ant. It determines the fraction of aggregate income that could be saved if society
distributed incomes equally without any loss of welfare. From (1.18), it follows that
xe =U−1(∑n

i=1 U(xi)/n), where U−1 is the inverse of the function U . Clearly, xe cal-
culated using U and Û are the same, which in turn implies that IA remains invariant
under affine transformations of U .

The following theorem of Atkinson (1970) identifies a unique functional form
for IA if it is desired to be a relative index.
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Theorem 1.8. The only relative inequality index of the form (1.19) is given by

IA(x) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

1−
(
1/n∑n

i=1 xθi
)1/θ

λ (x)
, θ < 1, θ �= 0,

1− ∏n
i=1 (xi)1/n

λ (x)
, θ = 0.

(1.20)

Proof. Observe that the mean income λ (x) is linear homogeneous, that is, λ (cx) =
cλ (x) for all x ∈ Dn

+ and for all positive scalars c. Given that the denominator of
(1.19) is linear homogeneous, for IA to be a relative index it is necessary that xe is
also linear homogeneous. This means that

U−1
(
∑n

i=1 U(cxi)
n

)

= cU−1
(
∑n

i=1 U(xi)
n

)

, (1.21)

where c > 0 is a scalar. The only continuous solution to the functional equation
(1.21) is given by

U(xi) =

{
ê3 + ê4

xθi
θ ,θ �= 0,

ê3 + ê4 log xi,θ = 0,
(1.22)

where ê3 and ê4 are constants (Aczel, 1966, p.153). Increasingness and strict con-
cavity of U demand that ê4 > 0 and θ < 1. Substituting the form of xe calculated
using U given by (1.22) in (1.19), we get the form of IA specified in (1.20). This es-
tablishes the necessity form of the theorem. The sufficiency can be verified easily2.
	


The parameter θ in the Atkinson index IA given by (1.20) represents relative
sensitivity of IA to transfers at different income positions. All members of IA satisfy
the Transfer Sensitivity Principle of Shorrocks and Foster (1987). The extent of
reduction in IA under a favorable composite transfer is higher the lower is the value
of θ . For a given x ∈ Dn

+, IA is decreasing in θ . As θ → −∞, IA approaches 1−
min{xi}

i
/λ , the relative maximin index, which corresponds to the maximin welfare

function min{xi}
i

of Rawls (1971). On the other hand, as θ → 1, IA approaches zero,

showing insensitivity to the actual distribution of income.

1.6.3 The Atkinson-Kolm-Sen and the Shorrocks Approaches

Sen (1973) argued that ethical judgments on alternative income distributions can be
summarized by an ordinally significant social welfare function W : Dn → R1. It is
assumed that W is continuous, strictly S-concave, and satisfies the Pareto Principle

2 A proof of Theorem 1.8 using differentiability of U was provided in Chakravarty (1990). How-
ever, the present proof does not require differentiability.
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(increasingness). We refer to these three assumptions as basic assumptions for a
social welfare function.

The Atkinson (1970)-Kolm (1969)-Sen (1973) “equally distributed equivalent”
or “representative” income x f associated with x ∈ Dn is defined as that level of
income which if enjoyed by everybody will make the existing distribution socially
indifferent. Formally,

W (x f 1n) = W (x). (1.23)

Given assumptions about W , we can solve (1.23) uniquely for x f and write it as

x f = E(x), (1.24)

where E is a specific cardinalization of W , that is, W (x) ≥W (y) ↔ E(x) ≥ E(y) ↔
x f ≥ y f . E possesses all the basic properties of W . The indifference surfaces of E
are numbered so that E(c1n) = c, where c > 0 is arbitrary. Given strict S-concavity
of W,x f < λ (x).

The Atkinson-Kolm-Sen index of inequality is defined as IAKS : Dn → R1, where

IAKS(x) = 1− E(x)
λ (x)

. (1.25)

IAKS is continuous, strictly S-convex, and possesses the same boundedness property
as IA. It is population replication invariant if E is so. IAKS gives the fraction of to-
tal income that could be saved if society distributed the remaining amount equally
without any welfare loss, given that welfare evaluation is done with the appropri-
ate social welfare function. Since contours of E are numbered, we can rewrite the
denominator of (1.25) as E(λ (x)1n), from which it follows that IAKS can be in-
terpreted as the proportion of welfare loss due to inequality. Note that any ordinal
transformation of W does not change E and hence IAKS.

We explain the index IAKS graphically in Fig. 1.3. In the figure, two persons
share a given total income OA2. The line A1A2 gives alternative distributions of this
total. A5 is the point of equal distribution and A5A6(= OA6) is the mean income.
SIC is the social indifference curve representing a particular level of welfare. A
higher curve will represent a higher welfare. Since the social welfare function is
symmetric, SIC intersects the line of total income A1A2 at A4 and A3 symmetrically
around the line of equality OA5 in the sense that A4 and A3 are equidistant from
A5. Consequently, either A4 or A3 represents the actual distribution of income. The
representative income is given by A7A8(= OA8). Then IAKS becomes IAKS = 1−
A7A8/A5A6 = 1−OA8/OA6.

Given a functional form for IAKS, we can recover E (hence W ) using (1.25),
(1.24), and (1.23). Thus, E(x) = λ (x)(1− IAKS(x)) shows that E is increasing in
efficiency (λ (x)) and decreasing in inequality as determined by IAKS (equivalently,
increasing in the Atkinson-Kolm-Sen equity index 1 − IAKS). E is a particular
form of the general abbreviated or reduced form welfare function Ξ(λ (x), I(x)),
which is increasing in its first argument and decreasing in the second argument,
where I is an arbitrary index of inequality. We refer to Ξ as abbreviated or reduced
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Fig. 1.3 The Atkinson-Kolm-Sen index

form welfare function because it abbreviates the entire distribution in terms of effi-
ciency and inequality (see Amiel and Cowell, 2003; Blackorby et al., 1999, 2005;
Burk and Gehrig, 1978; Chakravarty, 1988b, 1990, 2008a; Champernowne and
Cowell, 1998; Dutta and Esteban, 1992; Ebert, 1987; Foster and Sen, 1997;
Graaff, 1977; Lambert, 2001).

Since IAKS is expressed in terms of a ratio between two functions of the income
distribution x, it is reasonable to interpret it as a relative index that depends on
income ratios. Since λ (x) is linear homogeneous, a necessary condition for IAKS to
be a relative index is that E is linear homogeneous as well. Given that E and W are
ordinally equivalent, this means that W is a homothetic welfare function. That is,

W (x) = ψ̂(E(x)), (1.26)

where ψ̂ is increasing in its argument.
Conversely, suppose that W is homothetic, that is, W (x) = ϕ̂(Ŵ (x)), where Ŵ

is linear homogeneous and ϕ̂ is increasing in its argument. Then we have x f =
E(x) = Ŵ (x)/Ŵ (1n), which is linear homogeneous by linear homogeneity of Ŵ .
Hence, IAKS is a relative index. These observations are summarized in the following
theorem of Blackorby and Donaldson (1978).

Theorem 1.9. The Atkinson-Kolm-Sen inequality index IAKS is a relative index if
and only if the social welfare function W is homothetic.

If a relative inequality index has a natural upper bound one, then we can identify
its abbreviated welfare function Ξ using the inequality index IAKS. For the Atkinson
index IA(x) in (1.20), this function is the symmetric mean of order θ(< 1), SMθ ,
given by
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EA(x) = ΞA(λ (x), IA(x)) = SMθ (x) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

(
1
n

n
∑

i=1
xθi

)1/θ
, θ < 1,θ �= 0,

n
∏
i=1

(xi)1/n, θ = 0,

(1.27)

where x ∈ Dn
+. For θ = 0,EA(x) is the geometric mean GM(x). Other examples of

relative indices that have natural upper bound 1 are the Gini index IG, the Bonferroni
index IB (see Bonferroni, 1930) and the Donaldson-Weymark illfare-ranked S-Gini
index IDWI (see Donaldson and Weymark, 1980, 1983), where

IG(x) = 1− 1
n2λ (x)

n

∑
i=1

(2(n− i)+1)xi, (1.28)

IB(x) = 1− 1
nλ (x)

n

∑
i=1

1
i

i

∑
j=1

x j, (1.29)

and

IDWI(x) = 1− 1
λ (x)

n

∑
i=1

[(
i
n

)r̄

−
(

i−1
n

)r̄
]

xi,0 < r̄ < 1. (1.30)

The Gini index, which is the most popular index of inequality, has a natural geo-
metric interpretation as twice the area enclosed between the Lorenz curve and the
diagonal line representing perfect equality. For any unordered income distribution
x ∈ Γn, its equivalent definition is

IG(x) =
1

2n2λ (x)

n

∑
i=1

n

∑
j=1

|xi − x j|. (1.31)

Pyatt (1976) interpreted this formula in terms of expected value of a game in which
each individual is able to compare himself with some other drawn at random from
the total population. [See Yitzhaki (1998), for alternative formulations of the Gini
index.] If we denote the mean of i lowest incomes (x1,x2, . . . ,xi) by λi, then IB is the
amount by which the mean of the ratios λi/λ falls short of unity, where i = 1,2, . . . ,n
(see Nygard and Sandstrom, 1981). For a given x, IDWI decreases as r̄ increases
over (0,1). As r̄ → 0, IDWI converges to the relative maximin index and as r̄ → 1,
IDWI → 0. Therefore, as the value of r̄ increases the concern for inequality decreases.

With a given rank order of incomes, all these three indices are linear in incomes.
That is why none of them satisfies the Diminishing Transfers Principle although
they fulfill the Pigou-Dalton Condition. In fact, IB and IDWI satisfy the Positional
Transfer Sensitivity Principle as well, but IG des not possess this property. IG is
a violator of the Positional Transfer Sensitivity Principle because it assigns equal
weight to a given transfer irrespective of wherever it takes place, provided that it
occurs between two persons with a fixed rank difference. However, IG and IDWI are
population replication invariant but IB is not. Thus, while IG and IDWI are suitable
for cross-population comparisons of inequality, IB is not. Assuming a continuous
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type distribution of income, Aaberge, (2000, 2007) demonstrated that IG (respec-
tively, IB) will satisfy the Diminishing Transfers principle if F (respectively, log F)
is strictly concave, where F is the distribution function. However, the form of the
Bonferroni index used by Aaberge (2000, 2007) only approximates IB, since IB is a
violator of the Dalton Population Principle “a property of all indices for distributions
in the continuum” (Donaldson and Weymark, 1983, p. 358). Aaberge (2000) showed
that moments of Lorenz curve generate a family of inequality indices which include
IG. [See also Kakwani (1980a), for a discussion on Lorenz curve-based inequality
indices].

The reduced form welfare functions, equivalently, the representative incomes as-
sociated with these indices are given, respectively, by

EG(x) = ΞG(λ (x), IG(x)) =
1
n2

n

∑
i=1

(2(n− i)+1)xi, (1.32)

EB(x) = ΞB(λ (x), IB(x)) =
1
n

n

∑
i=1

1
i

i

∑
j=1

x j, (1.33)

EDWI(x) = ΞDWI(λ (x), IDWI(x)) =
n

∑
i=1

[(
i
n

)r̄

−
(

i−1
n

)r̄
]

xi. (1.34)

The Gini welfare function EG and the Bonferroni welfare function EB are iden-
tical if n = 2. There have been additional attempts to formalize relationship be-
tween the Gini index and social welfare function. Examples along this line are
n2(1 − IG)λ (Ben-Porath and Gilboa, 1994; Lambert, 1985; Sheshinski, 1972),
logλ − IG (Kats, 1972), λ (1− IG)/(1 + IG) (Chipman, 1974; Dagum, 1990) and
λ/(1 + IG) (Kakwani, 1986; Kondor, 1975a; Newbery, 1970). But the central idea
in all the cases is the same – the welfare function is increasing in efficiency and
decreasing in inequality.

The three welfare functions given by (1.32)–(1.34) are members of the rank de-
pendent general welfare function

Wa(x) =
n

∑
i=1

aixi (1.35)

where a = (a1,a2, . . .an): a1 > a2 > .. . > an > 0 and ∑n
i=1 ai = 1 (see Ben-

Porath and Gilboa, 1994; Donaldson and Weymark, 1980, 1983; Mehran, 1976;
Quiggin, 1993; Weymark, 1981; Yaari, 1987, 1988). Thus, Wa is the weighted
average of illfare-ranked incomes. It is also referred to as the generalized Gini
welfare function. Positivity of ai guarantees that Wa satisfies the Pareto Principle,
that is, increasingness in individual incomes. Decreasingness of the sequence
of coefficients {ai} is necessary and sufficient for strict S-concavity of Wa. For
ai = ∑n

j=i 1/ jn, Wa coincides with the Boferroni welfare function ΞB. On the other
hand, the Gini welfare function ΞG drops out as a particular case of Wa if we as-
sume that ai = (2(n− i) + 1)/n2. If we assume that ai = ((i/n)r̄ − ((i− 1)/n)r̄),
the resulting form of Wa becomes the Donaldson-Weymark function ΞDWI. The
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social welfare function Wa shows preference for lexicographic equity in the sense
that its value increases under a lexicographically equitable transfer if and only if
∑l

i=1 ai/l > a j, where l < j and j > 1 are arbitrary (Chakravarty, 2007). Clearly, de-
creasingness of the sequence {ai} implies this condition but the converse is not true.
Suppose ai = ḡ(i/n)− ḡ((i−1)/n), where ḡ : {i/n|i = 0,1, . . . ,n}→ R1 satisfies the
conditions that ḡ(i/n)− ḡ((i−1)/n) is positive, ḡ(0) = 0 and ḡ(1) = 1. For the spec-
ification ai = ḡ(i/n)− ḡ((i−1)/n), Wa becomes lexicographically equity preferring
if and only if g(i/n)/(i/n) is increasing (Chakravarty, 2008a). Chateauneuf and
Moyes (2006) investigated the welfare implications of lexicographically equitable
transfers using the welfare function WCM(x) = ∑n

i=1 ĝ((n− i+1)/n)(xi − xi−1),
where ĝ : (0,1) → (0,1) is continuous, nondecreasing, ĝ(0) = 0, ĝ(1) = 1, and
x0 = 0. Their demonstration shows that the necessary and sufficient condition for
WCM not to decrease under a transfer of this type is that ĝ(t) ≤ t.

Chateauneuf et al. (2002) defined the Strong Diminishing Transfers Principle as
a combination of the Positional Transfer Sensitivity and the Diminishing Transfers
Principles. That is, a strong diminishing transfer, which is a rank-preserving transfer
from an individual with rank (i + l) and income yi + ĉ to someone with rank i and
income yi, should have a greater impact the lower i and yi are, where ĉ > 0 and l
are given. They considered the rank dependent expected utility type social welfare
function WCGW(x) = ∑n

i=1 (ĝ((n− i+1)/n)− ĝ((n− i)/n))U(xi), where the utility
function U is increasing. It is then shown that the necessary conditions for WCGW not
to decrease under a strong diminishing transfer are nonnegativity of the third-order
derivatives of ĝ and utility function U .

We now turn to the rank dependent welfare function based on the welfare-ranked
permutation of the income distributions. The welfare –ranked permutation x0 of the
distribution x ∈ Γn is denoted by x0 = (x0

1,x
0
2, . . . ,x

0
n), where x0

1 ≥ x0
2 ≥ . . . ≥ x0

n.
This function is parameterized by the sequence of coefficients {âi}, where 0 < â1 <
â2 < .. . < ân and ∑n

i=1 âi = 1. The corresponding welfare function is given by

Wâ(x) =
n

∑
i=1

âix0
i , (1.36)

where â = (â1, â2, . . . ân). Positivity and increasingness of the coefficient sequence
{ai} guarantee that Wâ is increasing and strictly S-concave. [See Bossert (1990a),
for a characterization of Wâ.] Only a subfamily of Wâ remains invariant under repli-
cations of the population (Donaldson and Weymark, 1980). In this case, the coef-
ficients in â are derived from a single inequality aversion parameter δ > 1. The
Donaldson and Weymark welfare –ranked S-Gini welfare function is then given by

WDWW(x) =
n

∑
i=1

[(
i
n

)δ
−
(

i−1
n

)δ
]

x0
i . (1.37)

For δ = 1, we get the income average welfare function and as δ approaches plus
infinity, the maximin criterion is approximated. For δ = 2, the Gini social welfare
function is obtained.
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Donaldson and Weymark (1983) extended the welfare-ranked S-Gini index of
inequality IDWW(x) = 1−WWDW(x)/λ (x) to the distributions in the continuum. The
functional form of the Donaldson-Weymark welfare-ranked S-Gini index in this
framework is given by

IDWW(F) = 1− 1
λ (F)

∞∫

0

(1−F(v))δdv, (1.38)

where F is the income distribution function and λ (F) is the mean income. For δ = 2,
(1.38) becomes the Dorfman (1979) formula for the Gini index. IDWW(x) fulfills the
Positional Transfer Sensitivity Principle for all δ > 2. Yitzhaki (1983) investigated a
number of properties of IDWW(F) and demonstrated that when IDWW(F) is rewritten
in terms of the Lorenz curve it becomes equivalent to a formula of Kakwani (1980b).
According to Kakwani (1980b), his formula is the continuous analogue of (1 −
∑n

i=1 iε̂xi/∑n
i=1 iε̂ λ (x)), where x ∈ Dn and ε̂ > 0 is a parameter. This formula fails

to satisfy the Population Principle and for ε̂ = 1 it approximates the Gini index.
As Donaldson and Weymark (1983) pointed out this formula is not a special case
of (when the cumulative distribution function is a step function) of IDWW(F), but
IDWW(x) is (see also Aaberge, 2000, 2001; Lambert, 1985, 2001; Zoli, 1999b).

Thus, the inequality-welfare relationship we have discussed above is exact in the
sense that to every homothetic social welfare function, there corresponds a different
Atkinson-Kolm-Sen relative index of inequality and conversely, given an inequal-
ity index with a natural upper bound one we can determine its associated welfare
function.

However, not all inequality indices are bounded above by one, which implies
that their welfare functions cannot be expressed in the Atkinson-Kolm-Sen form.
In such a situation, we may divide the inequality index by its maximum attainable
value, which is achieved when the richest person monopolizes the entire income
of the society and all other persons receive zero income, so that the transformed
index becomes bounded above by one. [In fact, Blackorby and Donaldson (1978)
did this for some indices.] But for an inequality index that reduces under a pro-
gressive transfer this normalization is achieved at the cost of population replica-
tion invariance. To see this, consider the two-person distribution x = (0,x2), where
x2 > 0. If the inequality index I satisfies the Dalton Population Principle, then
I(x) = I(y), where y = (0,0,x2,x2). Now, generate the distribution y1 from y by
transferring ε̃ amount of income from the third person to the fourth person so that
y1 = (0,0,x2 − ε̃,x2 + ε̃), where 0 < ε̃ < x2. Then by the Pigou-Dalton Transfers
Principle, I(y1) > I(y) = I(x). But this is ruled out in view of the assumption that
the value of the inequality index is maximum for x. An additional problem with this
normalization is that some indices may not even be defined for zero incomes.

Examples of relative inequality indices that are not bounded above by one are the
Theil entropy index ITE, the mean logarithmic deviation ITML (Theil, 1967, 1972)
and the coefficient of variation ICV, where
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ITE(x) =
1
n

n

∑
i=1

xi

λ (x)
log

xi

λ (x)
,x ∈ Dn, (1.39)

ITML(x) =
1
n

n

∑
i=1

log
λ (x)

xi
,x ∈ Dn

+, (1.40)

ICV(x) =

√
n−1∑n

i=1 (xi −λ (x))2

λ (x)
,x ∈ Dn. (1.41)

Since for ITML to be well-defined, we need positivity of all incomes, the normal-
ization condition considered above does not even apply to ITML. While ICV satisfies
transfer neutrality in the sense that it attaches equal weight to transfers at all income
positions, the two Theil indices ITE and ITML assign higher weight to transfers at
lower income levels.

In view of the above discussion, we assume that the welfare functions associ-
ated with these indices are of Shorrocks (1988) type, which do not depend on the
upper bound of an inequality index. More generally, we may assume that the abbre-
viated welfare function associated with any continuous, strictly S-convex, relative
inequality index I, including the ones defined in (1.39)–(1.41), is of the form

ΞS(λ (x), I(x)) = λ (x)exp(−I(x)), (1.42)

where “exp” is the exponential function. The Shorrocks welfare function ΞS is
continuous, linear homogeneous, and strictly S-concave, but need not be increas-
ing in individual incomes. However, it satisfies the scale improvement condition
defined in (1.3). Consequently, it agrees with the dominance condition identi-
fied in Theorem 1.6. In fact, it is minimally increasing also, which means that if
all individuals enjoy the same income more is preferred to less (Blackorby and
Donaldson, 1984a). Minimal increasingness is weaker than any of the Pareto pref-
erence conditions and the scale improvement condition.

Evidently, in this case also the relation may be reversed. That is, given the wel-
fare function (1.42), we can generate the associated inequality index uniquely as
I(x) = log(λ (x)/ΞS(λ (x), I(x))) from (1.42). Thus, given any relative inequality
index, which may or may not be bounded above by one, we can always asso-
ciate it with the corresponding reduced form welfare function using the one-to-
one relationship (1.42). Clearly, the exact inequality-welfare relationship defined by
(1.42) is more general than the one defined by the Atkinson-Kolm-Sen framework.
(Axiomatic characterizations of E(x) = λ (x)(1− IAKS(x)) and ΞS can be found in
Chakravarty, 2008a.)

Finally, we discuss a Lorenz curve-based extended Gini index of inequality
which was suggested with the objective of being more sensitive to the transfers at
the lower end of the distribution (Chakravarty, 1988b). The extended Gini (E-Gini)
index, which is based on the difference between the line of equality and the Lorenz
curve, is defined as

IEG(F) = 2(φ̄)−1

⎛

⎝
1∫

0

φ̄(t −LC(F, t))dt

⎞

⎠ , (1.43)
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where the real valued function φ̄ defined on the interval [0,1] is continuous, in-
creasing, strictly convex, φ̄(0) = 0 and (φ̄)−1 is the inverse of φ̄ . IEG is transfer
sensitive in the Shorrocks-Foster (1987) sense, continuous, bounded between zero
and two, where the lower bound is achieved in the case of perfect equality. We
may define the minimally increasing E-Gini welfare function associated with IEG
as ΞEG = λ (F)exp(−IEG). If we choose φ̄(v) = vμ̄ , where μ̄ > 1 is a constant,
then as μ̄ → 1, IEG approaches the Gini index. An alternative of interest arises from
the specification φ̄(v) = (exp(v)−1). In this case, IEG involves a Kolm-Pollak type
aggregation. [Dutta (2002) provides further discussion on IEG.]

1.7 Relative Inequality as an Ordinal Concept

In the approaches, we have discussed in Sect. 1.6 the inequality numbers are mean-
ingful. If inequality is regarded as an ordinal concept, then ordinally equivalent in-
equality indices can lead to different social welfare orderings by the procedures
discussed in that section. For instance, the welfare functions λ (x)(1 − (I(x))2)
and λ (x)exp(−(I(x))2) cannot be expressed as ordinal transforms of the functions
λ (x)(1− I(x)) and λ (x)exp(−I(x)), respectively. The problem of deriving ethical
inequality indices with ordinal significance have been discussed by Blackorby and
Donaldson (1984b), Ebert (1987), and Dutta and Esteban (1992). Our presenta-
tion in this section is based on the Ebert approach (Ebert, 1987) and assumes that
n ∈ N,n ≥ 2, is arbitrary.

Let ≥I be a continuous, relative inequality ordering on Γn. Continuity implies
the existence of a continuous index I on Γn and relativity means its scale invariance.
Given its ordinal interpretation any increasing transformation of I carries the same
information as I itself.

Equity efficiency trade off can be expressed in terms of a continuous ordering
≥EE defined on Γ1

+ ×YI, where YI is the set of indifference classes of ≥I. For any
y ∈ Γn, yI stands for the indifference class of ≥I to which y belongs. Consistency of
≥EE with ≥I requires that for any fixed mean income λ̄ , two arbitrary distributions
x,y ∈ Γn are ranked by ≥I in the opposite way as the corresponding indifference
classes are ranked by ≥EE. Formally, ≥EE is consistent with ≥I if and only if for all
x,y ∈ Γn, for all λ̄ > 0,

y ≥I x ↔ [(λ̄ ,xI) ≥EE (λ̄ ,yI)]. (1.44)

Given ≥I and ≥EE, a social welfare ordering ≥W can now be defined as follows:
For all x,y ∈ Γn.

x ≥W y ↔ [(λ (x),xI) ≥EE (λ (y),yI)] (1.45)

Continuity of ≥I and ≥EE ensure continuity of ≥W. Consistency property along
with the fact the inequality ordering ≥I is relative ensures that ≥W has the following
property, which is weaker than homotheticity: For all x,y ∈ Γn and for all c > 0,
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[

x
λ (x)

≥W
y

λ (y)

]

↔
[

cx
λ (x)

≥W
cy
λ (y)

]

. (1.46)

This procedure can be reversed in the sense that starting from (1.46) we can go
back to ≥I. More precisely, for any social welfare ordering ≥W satisfying (1.46),
we can find continuous orderings ≥I and ≥EE such that the consistency property
is satisfied and ≥I is relative. The relationship (1.46) specifies the property that
a social welfare ordering should possess for deriving an ethical relative inequality
index which is ordinally significant. [In a slightly less general framework, Blackorby
and Donaldson (1984b), derived equivalent condition for the consistency property
(1.44).]

1.8 Absolute Inequality and Welfare

The concept of absolute inequality was introduced by Kolm (1976a,b). Blackorby
and Donaldson (1980a) made an investigation for deriving absolute indices from
general social welfare functions. Our discussion in this section is divided into
two subsections. Unless specified, throughout the section, we will assume that
the domain of definition of the inequality index is R̂n

+ (R̂+ in the case of variable
population).

1.8.1 The Kolm Approach

Kolm (1976a) suggested an absolute index assuming a separability condition which
says that for all income distributions x and for all i, j, l, the ratio between the partial
derivatives of (λ (x)− I(x)) with respect to xi and x j is independent of xl , where
i �= j �= l. If we interpret (λ (x)− I(x)) as a social welfare function, then this con-
dition means that the marginal social rate of substitution between income accruing
to individual i and income accruing to individual j is independent of the income of
individual l, where i �= j �= l are arbitrary. However, our derivation here does not
assume differentiability. We begin by defining the inequality index as

IKP(x) = λ (x)− xe, (1.47)

where x ∈ R̂n
+ and the equally distributed equivalent income xe is defined by (1.18).

This nonnegative, continuous, population replication invariant index determines the
per capita income that could be saved if society distributed incomes equally without
any loss of welfare. By construction, it remains invariant under affine transforma-
tions of the utility function U . It achieves its lower bound zero whenever incomes are
equally distributed. If we employ xe based on the class of additive welfare functions
considered by Pollak (1971) in (1.47), the resulting index becomes the explicit form
of the Kolm index (1.48). That is why, we refer to IKP as the Kolm-Pollak index.
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The following theorem identifies a unique functional form for IKP if it is desired
to be an absolute index.

Theorem 1.10. The only absolute inequality index of the form (1.47) is given by

IKP(x) = λ (x)+
1
β

log
1
n

n

∑
i=1

(exp(−βxi)), (1.48)

where β > 0 is a constant.

Proof. Note that λ (x) is unit translatable, that is, an equal absolute change in all
incomes changes λ (x) by the absolute amount itself. Formally, λ (x+c1n) = λ (x)+
c, where c is a scalar such that x + c1n ∈ R̂n

+. Therefore, for IKP in (1.47) to be an
absolute index, we need unit translatability of xe. This means that

U−1
(
∑n

i=1 U(xi + c)
n

)

= U−1
(
∑n

i=1 U(xi)
n

)

+ c, (1.49)

where c is a scalar such that x + c1n ∈ R̂n
+. The only continuous solution to the

functional equation (1.49) is given by

U(xi) = ê5 − ê6 exp(−βxi). (1.50)

where ê5 and ê6 are constants (Aczel, 1966, p.153). Increasingness and strict con-
cavity of U demand that ê6 > 0 and β > 0. Substituting the form of xe calculated
using U given by (1.50) in (1.47), we get the desired form of IKP. This establishes
the necessity form of the theorem. The sufficiency can be verified easily. 	


The index IKP satisfies the Transfer Sensitivity Principle for all β ∈ (0,∞). It
reduces under a favorable composite transfer by a larger amount the higher is the
value of β . As β → ∞, IKP(x) → λ (x)−min{xi}

i
, the absolute maximin index of

inequality.

1.8.2 The Blackorby-Donaldson-Kolm Approach

The Kolm (1976a,b) approach to the measurement of absolute inequality
has been substantially generalized and made more formal by Blackorby and
Donaldson (1980a) using the Atkinson-Kolm-Sen representative income x f = E(x)
based on the general welfare function W : R̂n

+ → R1. In their study Blackorby and
Donaldson (1980a) suggested the use of

IBDK(x) = λ (x)−E(x), (1.51)

as an index of inequality. We refer to IBDK as the Blackorby-Donaldson –Kolm in-
equality index. Given the basic assumptions about W , IBDK is continuous and strictly



1.8 Absolute Inequality and Welfare 35

S-convex. It has the same boundedness property and same per capita saving inter-
pretation as IKP. Since E(λ (x)1n) = λ (x), we can also interpret it as the size of
absolute welfare loss due to inequality. It is population replication invariant if E sat-
isfies the same. In terms of Fig. 1.3, IBDK becomes OA6 −OA8. Given a functional
form for IBDK, we can recover W using (1.51), (1.24), and (1.23).

Since IBDK is defined as the difference between two functions of the income
distribution x, it is reasonable to regard it as an absolute index. Since λ (x) is unit
translatable, a necessary condition for IKBD to be an absolute index is that E is also
unit translatable. Given that E and W are ordinally equivalent, this means that W is
a translatable welfare function. That is,

W (x) = ψ̄(E(x)), (1.52)

where ψ̄ is increasing in its argument and E(x+c1n) = E(x)+c, where c is a scalar
such that x+ c1n ∈ R̂n

+.
Conversely, suppose that W is translatable, that is, W (x) = ϕ̄(W̄ (x)), where W̄

is unit translatable and ϕ̄ is increasing in its argument. Then we have x f = E(x) =
W̄ (x)−W̄ (01n), which is unit translatable by unit translatability of W̄ . Hence, IBDK
is an absolute index. The following theorem of Blackorby and Donaldson (1980a)
summarizes these observations:

Theorem 1.11. The Blackorby-Donaldson –Kolm inequality index IBDK is an ab-
solute index if and only if the social welfare function W is translatable.

The absolute index IBDK tells us how much must be added in absolute terms to
the income of each person to reach the same level of welfare that would be achieved
if everyone received the mean income of the original distribution. Thus, IBDK gives
the per capita cost of inequality. All absolute indices of the form (1.51) imply and
are implied by translatable welfare functions. The abbreviated welfare function as-
sociated with the Kolm-Pollak index is given by

ΞKP(λ (x), IKP(x)) = − 1
β

log
1
n

n

∑
i=1

(exp(−βxi)). (1.53)

Some welfare functions are both homothetic and translatable. Such functions are
called distributionally homothetic (Blackorby and Donaldson, 1980a). Formally, we
say that W : Dn → R1 is distributionally homothetic if

W (x) = ψ̃(W̃ (x)), (1.54)

where ψ̃ is increasing in its argument and W̃ is distributionally homogeneous, that is,

W̃ (cx+ c′1n) = cW̃ (x)+ c′, (1.55)

where c > 0 and c′ are scalars such that cx + c′1n ∈ Dn. Such welfare functions are
compromise welfare functions because they enable us to construct both relative and
absolute indices. The Donaldson and Weymark (1980) illfare and welfare-ranked
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S-Gini (hence the Gini) and the Bonferroni welfare functions are distributionally
homogeneous. The S-Gini (hence the Gini) and the Bonferroni inequality indices
are compromise inequality indices-when multiplied by the mean income they be-
come absolute indices. Conversely, these absolute indices when divided by the
mean income get converted into their relative counterparts. Thus, the formula for
the absolute Bonferroni index is given by IAB(x) = λ (x)− 1/n∑n

i=1 1/i∑i
j=1 x j.

Likewise, the welfare-ranked absolute S-Gini inequality index has the functional
form IADWW(x) = λ (x)−∑n

i=1 [(i/n)δ − ((i−1)/n)δ ]x0
i , which becomes the ab-

solute Gini index for δ = 2, where x ∈ Γn. Another compromise relative index is the
coefficient of variation, which when multiplied by the mean income, becomes the
standard deviation ISTD(x) =

√
n−1∑n

i=1 (xi −λ (x))2, the positive square root of the
variance IV. However, since the reduced form welfare function λ (x)exp(−ICV(x))
associated with the coefficient of variation is not distributionally homogeneous, we
may regard λ (x)exp(−ISTD(x)) as the welfare function corresponding to the stan-
dard deviation. Chakravarty and Dutta (1987) showed the distributionally homo-
thetic social welfare functions become helpful in measuring the economic distance
between two distributions, where economic distance reflects the degree of welfare
of one distribution relative to that of another (see also Dagum, 1980; Ebert, 1984;
Shorrocks, 1982a).

1.9 Decomposable Indices of Inequality

An interesting issue of investigation in inequality measurement is the subgroup de-
composition of inequality in the total population. This involves a partitioning of the
population into several disjoint subgroups, such as groups by age, sex, race, region,
etc., and our objective is to examine how the overall degree of inequality can be
subdivided into contributions due to (i) inequality within each of the subgroups and
(ii) inequality between groups, that is, due to variations in average levels of income
among these subgroups.

Unless specified, we assume throughout the section that the domain of the in-
equality index is Γ+ =

⋃
n∈N Γn

+, where, as stated earlier, Γn
+ is the strictly positive

part of Γn and N is the set of positive integers. An inequality index I : Γ+ → R1 is
called subgroup decomposable if for all J ≥ 2 and for all x1,x2, . . . .,xJ ∈ Γ+,

I(x) =
J

∑
i=1

wi(λ ,n)I(xi)+ I(λ11n1 ,λ21n2 , . . . ,λJ1nJ ), (1.56)

where ni is the population size associated with the distribution xi, n = ∑J
i=1 ni,

λi = λ (xi) = mean of the distribution xi, λ = (λ 1,λ 2, . . . ,λ J), n = (n1,n2, . . . ,nJ),
wi(λ ,n) is the positive weight assigned to inequality in the distribution xi, assumed
to depend on the vectors n and λ , and x = (x1,x2, . . . ,xJ). Thus, the population
has been partitioned into J subgroups and overall inequality has been broken down
into within-group and between-group components, where J ≥ 2 is arbitrary. The
between-group term I(λ11n1 ,λ21n2 , . . . ,λJ1nJ ) is level of inequality that would arise
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if each income in a subgroup were replaced by the mean income of the subgroup.
On the other hand, the within-group term ∑J

i=1 wi(λ ,n)I(xi) is the weighted sum
of inequalities in different subgroups. In the literature, subgroup decomposable in-
dices are also referred to as additively decomposable, or simply, additive indices
(see Foster, 1983, 1985; Shorrocks, 1980, 1984).

Shorrocks (1980, 1984) showed that the only family of relative subgroup decom-
posable indices is the generalized entropy class:

IS(x) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1
nc̄(c̄−1)

n
∑

i=1

[(
xi

λ

)c̄

−1

]

, c̄ �= 0,1,

1
n

n
∑

i=1

[

log

(
λ
xi

)]

, c̄ = 0,

1
n

n
∑

i=1

[(
xi

λ

)

log

(
xi

λ

)]

, c̄ = 1.

(1.57)

The parameter c̄ reflects different perceptions of inequality. As we have noted
in Sect. 1.6.3, the particular cases corresponding to c̄ = 0 and c̄ = 1 are the
Theil mean logarithmic deviation and the Theil entropy indices of inequality. For
c̄ = 2, IS becomes half the squared coefficient of variation. Bourguignon (1979)
developed a characterization of the Theil mean logarithmic deviation index using
wi = ni/n. Foster (1983) characterized the entropy index under the assumption that
wi = (niλi)/(nλ ). The Atkinson (1970) index corresponds to IS with c̄ = θ via the
increasing transformation

IA(x) =

{
1− [c̄(c̄−1)IS +1]1/c̄, c̄ < 1, c̄ �= 0,

1− exp(−IS(x)), c̄ = 0.
(1.58)

This therefore shows that for any c̄ < 1, IS is a transfer sensitive index in the sense
of Shorrocks and Foster (1987). This property of IS also holds if c̄ takes values
in the interval [1,2). The opposite situation arises if c̄ > 2. On the other hand, for
c̄ = 2 the index exhibits transfer neutrality, that is, the same weight is attached to a
transfer from one person to another at all income positions. The reason behind this
is that in this case IS is monotonically related to the squared coefficient of variation.
However, IS is strictly S-convex for all values of c̄ (see also Cowell, 1980; Cowell
and Kuga, 1981a).

The weight assigned to the inequality of subgroup i in the decomposition of the
family IS is given by

wi(λ ,n) =
ni

n

(
λi

λ

)c̄

. (1.59)

The sum of such weights across subgroups becomes unity only when c̄ = 0,1. That is,
only in these cases the within-group component is the weighted average of subgroup
inequality levels. Thus, in general, the within-group component in the decomposition
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is not a weighted average of subgroup inequality levels. In fact, apart from the two
Theil indices, the weights are not independent of the between-group term.

Foster and Shneyerov (2000) explored the idea of path independent decompos-
ability based on the positive valued general per capita income function PI defined
on Γ+. It is assumed that PI is continuous, increasing, symmetric, population repli-
cation invariant, linear homogeneous and PI(c1n) = c for any c > 0. The smoothed
distribution associated with x1,x2, . . . ,xJ ∈ Γ+ and the per capita income function
PI is defined by

χ(x) = (PI(x1)1n1 , . . . ,PI(xJ)1nJ ). (1.60)

Thus, in the smoothed distribution each person gets his group’s per capita income.
It is assumed that the standardized distribution associated with (x1,x2, . . . ,xJ) and
PI is defined by

SD(x) = PI(x)
(

x1

PI(x1)
, . . . ,

xJ

PI(xJ)

)

. (1.61)

The standardized distribution involves a rescaling of each group distribution such
that the per capita incomes of all groups become the population per capita income
PI(x).

An index of inequality I : Γ+ → R1 is called path independent decompos-
able if for all x1,x2, . . . .,xJ ∈ Γ+ and J ≥ 2, I(x) = I(χ(x)) + I(SD(x)), where
x = (x1,x2, . . . ,xJ). The term I(SD(x)) corresponds to the level of within-group in-
equality obtained when all groups under consideration are standardized to the same
per capita income. The other term, which remains after smoothing of group distri-
butions, represents between-group inequality. It may be noted that the Theil mean
logarithmic deviation index ITML is a path independent decomposable index when
the arithmetic mean is used as the per capita income, whereas the variance of lo-

gatithms IV L(x) =
n
∑

i=1
(log(xi/GM(x)))2/n fulfills path independent decomposability

using the geometric mean GM as the per capita income.
Foster and Shneyerov (2000) showed that the entire class of relative inequality

indices satisfying path independence decomposability is a positive multiple of

IPI(x) =

⎧
⎪⎪⎨

⎪⎪⎩

1
ῡ

log
SMῡ(x)
GM(x)

, ῡ �= 0,

1
2

IVL(x), ῡ = 0,

(1.62)

where SMῡ stands for the symmetric mean of order ῡ [see (1.27)]. The IPI index
possesses path independent decomposition property relative to the per capita income
function SMῡ . Clearly, IPI measures the extent of inequality in terms of the amount
by which the SMῡ curve deviates from the geometric mean line in log-income space.

Additive decomposability is quite helpful for analyzing inequality by population
subgroups. Extending this property to include arbitrary symmetric mean of order ῡ
in its formulation can be regarded a natural generalization of the property. Following
Foster and Shneyerov (1999), we say that an inequality index I : Γ+ → R1 satisfies
generalized additive decomposability if there is an ῡ ∈R1 and a sequence of positive
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weights {wi((SMῡ(x1), . . . ,SMῡ(xJ)),n)} such that for any x1,x2, . . . ,xJ ∈ Γ+
we have

I(x) =
J

∑
i=1

wi((SMῡ(x1), . . .SMῡ(xJ)),n)I(xi)+ I(χ(SMῡ(x)),n), (1.63)

where χ(SMῡ(x)) is the smoothed distribution (SMῡ(x1)1n1 , . . . ,SMῡ(xJ)1nJ ) and
x = (x1,x2, . . . ,xJ). Thus, in this generalized decomposition overall inequality is
expressed as a weighted sum of subgroup inequality levels plus the inequality in the
smoothed distribution, where both the weights and the smoothed distribution are
functions of subgroup population sizes and the symmetric mean of order ῡ .

Foster and Shneyerov (1999) showed that the only relative inequality index that
satisfies the generalized decomposability condition defined above is a positive mul-
tiple of the following two-parameter family of inequality indices:

IFS(x) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1
c̄(c̄− ῡ)

n
∑

i=1

[(
SMc̄(x)
SMῡ(x)

)c̄

−1

]

, c̄ �= 0, ῡ �= c̄,

1
ῡ

n
∑

i=1

[

log

(
SMῡ(x)
GM(x)

)]

, c̄ = 0, ῡ �= c̄,

1
nῡ

n
∑

i=1

⎡

⎣

(
xi

SMῡ(x)

)ῡ

log

(
xi

SMῡ(x)

)⎤

⎦ , c̄ �= 0, ῡ = c̄,

1
2 IVL(x), c̄ = 0, ῡ = c̄.

(1.64)

IFS coincides with the generalized entropy family when ῡ = 1, and the limiting in-
dices ITML and ITE are obtained, respectively, when c̄ = 0, ῡ = 1 and c̄ = 1, ῡ = 1.
The path independent indices arise, respectively, if c̄ = 0, ῡ = 0 and c̄ = 0, ῡ �= c̄.
Foster and Ok (1999) presented a picture of the potential conflict between the vari-
ance of logarithms and the Lorenz criterion. They demonstrated that this index may
regard one distribution whose Lorenz curve is quite close to the line of equality as
more unequal than another whose Lorenz curve approaches the line of complete
inequality [see also Creedy (1977), for a discussion on this index.] Thus, if we im-
pose the Pigou-Dalton Transfers Principle as an axiom here, then the only path in-
dependent decomposable member of the family (1.64) is the Theil mean logarithmic
deviation index.

Blackorby et al. (1981) argued that between-group inequality can alterna-
tively be defined as the inequality that results if each person receives his sub-
group’s Atkinson-Kolm-Sen representative income. Let x j

f be the representative
income of this type for subgroup j. Three reference vectors are considered: (i)
x = (x1,x2, . . . ,xJ), (ii) (x1

f 1n1 , . . . , . . . ,xJ
f 1nJ ), (iii) (x f 1n). The overall income vec-

tor is given by (i), (ii) eliminates within-group inequality by social indifference
and (iii) eliminates between-group inequality with social indifference. It may be
worthwhile to mention here the Population Substitution Principle which requires
replacement of income of each member of a subgroup j by x j

f with a matter of
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independence(Blackorby and Donaldson, 1984a). Given the basic assumptions
about the social welfare function, we have x j

f = (ξ̂ )−1(∑i∈SG j ξ̂ (xi)/n j), where SG j

is the set of persons in subgroup j and the real valued function ξ̂ defined on the set
of positive real numbers is continuous, increasing and strictly concave.

The within-group inequality index IWI
AKS is defined as the fraction of income saved

in moving from (i) to (ii) and the between-group index IBI
AKS is the fraction saved in

moving from (ii) to (iii). Formally,

IWI
AKS =

nλ (x)−∑J
i=1 nixi

f

nλ (x)
=

J

∑
j=1

n jλ j

nλ

(

1−
x j

f

λ j

)

=
J

∑
j−1

n jλ j

nλ
IAKS(x j) (1.65)

and

IBI
AKS =

∑J
i=1 nixi

f −nx f

nλ (x)
. (1.66)

The overall Atkinson-Kolm –Sen index IAKS(x) = 1− x f /λ (x) is the sum of these
two subindices (see also Ebert, 1999a). This decomposition is meaningful only if
the representative income is additively separable.

An absolute inequality index is subgroup decomposable if and only if it is a
positive multiple of one of the two following indices:

IEXP(x) =
1
n

n

∑
i=1

[eυ̃(xi−λ (x))−1], υ̃ �= 0,

IV(x) =
1
n

n

∑
i=1

x2
i −λ 2,

(1.67)

where x ∈ Rn
+ (see Chakravarty and Tyagarupananda, 2008). The index IV in (1.67)

is the variance, which attaches equal weight to a progressive transfer at all income
positions. In contrast, for any υ̃ < 0, the absolute exponential index IEXP favors
transfers at the lower end of the distribution. The opposite situation is observed for
υ̃ > 0. Assuming that β = −υ̃ > 0, the Kolm-Pollak index of absolute inequality is
related to IEXP through the ordinal transformation

log(1+ IEXP(x)) = β IKP(x). (1.68)

Thus, these two indices essentially convey the same information. The weight at-
tached to the inequality of subgroup i in the decomposition of IEXP is wi(λ ,n) =
(ni exp(υ̃λi))/nexp(υ̃λ ) and they do not add up to one across subgroups.

Blackorby et al. (1981) considered the per capita counterpart to their decom-
position for the Atkinson-Kolm-Sen index. The within-group inequality index has
been defined as the per capita income saved in moving from (i) to (ii). Formally,
for x1, . . . ,xJ ∈ R+, IWI

BDK = λ (x)−∑J
i=1 (nixi

f /n) = ∑J
i=1 (ni/n)(λi − xi

f ), which is
simply the weighted average of Blackorby-Donaldson-Kolm subgroup inequality
indices, where x = (x1, . . . ,xJ) ∈ Rn

+ and ∑J
i=1 ni = n. As before ni is the population

size of the distribution xi, and xi
f and λi are, respectively, its representative income

and mean income. The per capita income saved in moving from (ii) to (iii) is the
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intergroup inequality index, that is, IBI
BDK = ∑J

i=1 (nixi
f /n)− x f . It is immediate that

the overall per capita index IBDK is the sum of the subindices IWI
BDK and IBI

BDK. Again,
the representative income should be additively separable.

Zheng (2007a) demonstrated that the decomposable class of inequality indices
satisfying the unit consistency axiom is a two-parameter extension of the one-
parameter generalized entropy class. According to the unit consistency axiom, ordi-
nal inequality rankings remain unaffected when incomes are expressed in different
units (Zheng, 2007a,d). This means that a unit consistent index is appropriate for
comparison of inequality across countries that have different currency units. Thus,
if the income distribution in country I is more unequal than that in country II when
incomes are expressed in currency of country I, then a reversal of inequality ranking
when incomes are expressed in currency of country II is regarded as a violation of
unit consistency. An inequality index I : Γ+ → R1 is called unit consistent if for all
x,y ∈ Γ+, I(x) < I(y) implies I(cx) < I(cy), where c > 0 is any scalar. Evidently, a
relative inequality index is unit consistent. But there are other indices as well with
this property.

Zheng (2007a) showed that the only unit consistent relative inequality index that
satisfies subgroup decomposability is a positive multiple of

IZU(x) =

⎧
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n
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log
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1
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n
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xi
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log

(
xi

λ (x)
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, c̄ = 1,

(1.69)

where the real numbers c̄ and η̄ are constants. Clearly, for c̄ = η̄ �= 0,1, IZU coincides
with IS. If c̄ = 2 and η̄ = 0, IZU becomes the half the variance. Thus, the variance
is an absolute unit consistent inequality index. The weights attached to within-group
inequalities in the decomposition of the variance take the form {ni/n}. Therefore,
for absolute indices if we insist on unit consistency and the requirement that the
intragroup term should be weighted average of subgroup inequality levels, then we
must accept transfer neutrality as a postulate.

It may be noted that in general the Gini index is not subgroup decomposable. In
case subgroup income ranges overlap, it is necessary to add an extra term to make
the decomposition usable (Bhattacharya and Mahalanobis, 1967). Mehran (1975)
interpreted this extra term in terms of dominance of income one group over that
of another. Lambert and Aronson (1993) provided interesting graphical analysis
that enables us to understand the term in greater details and we refer to it as the
Lambert-Aronson measure of overlap. If subgroup income ranges are nonoverlap-
ping, then the Gini index can be neatly decomposed into between and within-group
components. [See Ebert (1988b), for a characterization.]

Another issue that needs to be mentioned is component aggregation of in-
equality indices. The major issue addressed along this line is the investigation of
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contributions of different sources to total inequality. To discuss this briefly, sup-
pose that there are J disjoint and exhaustive components of income and xi

j de-
notes the income of individual j from source i,1 ≤ i ≤ J. The distribution of
incomes from source i is xi = (xi

1, . . . ,x
i
n) ∈ Γn

+ and that of total incomes is
x =

(
∑J

i=1 xi
1, . . . ,∑

J
i=1 xi

n
)
. Shorrocks (1982b) assumed that the inequality index

I satisfies a consistent decomposition rule in the sense that it can be written as
I(x) =∑J

i=1 E(xi,x), where E(xi,x) is the contribution of source i to total inequality.
The unique decomposition coefficient characterized by Shorrocks (1982b) is given
by E(xi,x)/I(x) = (Cov(xi,x))/IV(x)), where Cov(xi,x) is the covariance between
xi and x �= λ1n, and IV stands for the variance. This unique decomposition rule
enables us to calculate the contributions of different sources to total inequality
(see also Fei et al., 1978, 1979; Fields, 1979; Lerman and Yitzhaki, 1985; Pyatt
et al., 1980; Silber, 1989).

1.10 Measurement of Inequality When Needs Differ

In our presentation so far, we have assumed that the population under consideration
is homogeneous with respect to any characteristic other than income. But individ-
uals are likely to differ when they belong to households of different types or they
have different preference relations. Thus, it is clear that for a heterogeneous pop-
ulation there will be asymmetric treatments of individuals for characteristics other
than income. For inequality and welfare comparisons in the presence of heterogene-
ity additional value judgments are necessary to take into account factors like family
size, physical handicap, and rural/urban location.

Atkinson and Bourguignon (1987) developed sequential dominance condition
for making comparisons of welfare in the presence of social heterogeneity. Our pre-
sentation here is based on Lambert and Ramos (2002). Suppose that there are J
household types in the society ranked in nonincreasing order of needs. Each type
is homogeneous with respect to its needs. Thus, type i = 1 is the neediest type.
For instance, the society may be partitioned into three types of households, fami-
lies with children, families without children and single-person families. Houshold
overall money income distributions F and G will be compared. The type-specific
distribution functions corresponding to F and G are denoted, respectively, by Fi and
Gi and the respective density functions are fi and gi, 1 ≤ i ≤ J. The social welfare
functions are assumed to be separable across types so that

W (F) =
J

∑
i=1

π̂i

∞∫

0

Ui(v) fi(v), (1.70)

where π̂i is the proportion of type i households and the utility functions Ui
′s

are different across types. Similarly, for the distribution function G,W (G) =
∑l

i=1 π̂i
∫ ∞

0 Ui(v)gi(v). (For a nonadditive formulation, see Ok and Lambert, 1999.)
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The needs structure is expressed by conditions relating to the utility functions Ui
and Ui+1 of adjacent types, 1 ≤ i ≤ (J−1). The marginal utility difference U ′

i (v)−
U ′

i+1(v) is the increase in utility of a household of type i for one unit increase in
income over that of a household of next-less-needy type (i+1) when they are at the
same income level v. (For any Ui, U ′

i , and U ′′
i will stand, respectively, for its first and

second derivatives, where 1≤ i≤ J) Let WIA be the set of social welfare functions of
the form (1.70) with the restriction that for all v, U ′

i (v)−U ′
i+1(v) > 0 and U ′

J(v) > 0,
1 ≤ i ≤ (J − 1). We write WIIA for the set of all welfare functions in WIA when the
additional restriction U ′′

i (v)−U ′′
i+1(v) < 0, 1 ≤ i ≤ (J − 1), U ′′

J (v) < 0 for all
v, is satisfied. That is, for the utility functions in WIIA the rate of decrease in utility
from granting an extra unit of resource to a needy household i is less than that of a
household of next-less-needy type (i+1) when they are at the same income level.

The following theorem of Atkinson and Bourguignon (1987) can now be stated:

Theorem 1.12. (i) W (F) ≥ W (G) for all W ∈ WIA if and only if ∑1≤i≤ j
π̂i(Fi(v)−Gi(v)) ≤ 0 for all 1 ≤ j ≤ J, and for all v ∈ [0,∞). (ii) W (F)≥W (G) for
all W ∈ WIIA if and only if ∑1≤i≤ j π̂i (

∫ s
0 (Fi(v)−Gi(v))dv) ≤ 0 for all 1 ≤ j ≤ J,

and for all s ∈ [0,∞).

If there is only one type of households, then conditions (i) and (ii) of the
Atkinson-Bourguignon theorem reduce simply to weak first and second-order
dominances, respectively. To understand these conditions more explicitly, let
jF be the income distribution function for the jth merged subpopulation, so
that

[
∑1≤i≤ j π̂i

] j F(v) =
[
∑1≤i≤ j π̂iFi(v)

]
. Similarly, we define jG. Then con-

dition (i) states that the level of welfare under F is not lower than that under
G(W (F) ≥ W (G)) for all welfare functions W ∈ WIA if and only if for each set
of the j most needy types, 1 ≤ j ≤ J, jF weakly first-order (rank) dominates
jG. Likewise, according to condition (ii), W (F) ≥ W (G) for all welfare functions
W ∈ WIIA if and only if for each set of the j most needy types, 1 ≤ j ≤ J, jF
weakly second-order (generalized Lorenz) dominates jG. We can therefore refer to
these conditions as sequential rank dominance and sequential generalized Lorenz
dominance, respectively. The procedure is to consider the neediest group first and
then add the second neediest group and so on until all the groups are included. It is
necessary to check at each stage for rank or generalized dominance. Lambert and
Ramos (2002) developed conditions for sequential dominance in terms of intersect-
ing generalized Lorenz curves (see also Ebert, 1997, 1999b, 2000; Lambert, 2001).
Jenkins and Lambert (1993) respecified the dominance conditions to allow for
demographic differences.

To propose a summary measure of inequality in a heterogeneous framework, as-
sume again that there are J types and number of households of type i is ni. Let xi

j
be the income of household j of type i. The households are now arranged in non-
decreasing order of needs. The total number of households is ∑J

i=1 ni = n. We write
xi for the vector (xi

1, . . .x
i
ni
) and x for (x1, . . . ,xJ). The mean income λ (x) associ-

ated with x is now defined as ∑J
i=1∑

ni
j=1 xi

j/n. The continuous, increasing, strictly
concave utility function of households of type i is Ui. Following Ebert (2007), the
equally distributed equivalent income xi

e of this type of households is defined as
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xi
e = U−1

i

(
∑ni

j=1 Ui(xi
j)

ni

)

. (1.71)

In the second step it is assumed the social welfare function W is defined on the
vector (x1

e , . . . ,x
J
e). Formally,

W (x) = K̂−1

(
J

∑
i=1

ŵiniK̂(xi
e)

)

, (1.72)

where K̂ is again continuous, increasing and strictly concave, and ŵ1, . . . ŵJ−1, ŵJ
are positive welfare weights. Since there are ni households of type i, its total con-
tribution to welfare is niK̂(xi

e). This is weighted by ŵi to reflect the need of type i
households. The formulation shows that the welfare function has been assumed to
be separable.

We can check from the definition of xe in (1.18) that nxe is the minimum amount
of aggregate income required to arrive at an income distribution which is socially
indifferent to the existing distribution. (This is more generally true for the represen-
tative income defined in (1.24).) Below we consider the heterogeneous counterpart
to xe using this idea. This function is defined as the minimal amount of total in-
come necessary to yield a distribution which is ethically indifferent to the existing
distribution x. Formally,

Φ(x) = min
γ1

1 ,....γJ
nJ

J

∑
i=1

ni

∑
j=1

γ i
j such that W (γ1

1 , . . . .,γJ
nJ

) = W (x). (1.73)

The function Φ parallels the individual expenditure function in consumer theory. It
is continuous and increasing. If there is only one type of household then Φ(x) = nxe.
Ebert (2007) suggested the use of

IEHR(x) =
λ (x)− (Φ(x)/n)

λ (x)
, (1.74)

as an index of proportionate welfare loss. Likewise,

IEHA(x) = λ (x)− (Φ(x)/n) (1.75)

represents the absolute welfare loss per household. These indices can be regarded as
heterogeneous population counterparts to the Atkinson-Kolm-Sen and Blackorby-
Donaldson-Kolm indices of inequality.

As Ebert (2007) demonstrated IEHR becomes a relative inequality index if and
only if it has the form

IEHR(x) =
1−

(

∑J
i=1 niw̄i/

(
∑J

j=1 n jw̄ j

)(
1/ni∑ni

j=1 (xi
j/w̄i)ε̄i

)ε̄/ε̄i
)1/ε̄

(
∑J

i=1∑
ni
j=1

(
w̄i/∑J

i=1 w̄ini
)
xi

j/w̄i

) , (1.76)
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where xi
j > 0, w̄i = (ŵi)1/(1−ε̄) and ε̄, ε̄i ∈ (−∞,1) for all 1 ≤ j ≤ ni and 1 ≤ i ≤ J.

If an exponent is equal to zero, then we need to use the corresponding geometric
mean. Similarly, IEHA satisfies translation invariance if and only if

IEHA(x) =
1
n

J

∑
i=1

ni

∑
j=1

(

xi
j −

log ŵi

υ̂

)

+
1
υ̂

log

(
J

∑
i=1

ni

n

(
1
ni

ni

∑
j=1

exp

(

−υ̂i

(
υ̂xi

j − (log ŵi)
υ̂

))))

, (1.77)

where xi
j ∈ R1 and υ̂ , υ̂i ∈ (0,∞) for all 1 ≤ j ≤ ni and 1 ≤ i ≤ J. IEHR and IEHA

are, respectively, the heterogeneous forms of the Atkinson and the Kolm-Pollak
indices of inequality. If we assume that there is only one type, then IEHR in (1.76)
coincides with the Atkinson index IA in (1.20) under the situation θ = ε̄ = ε̄i for all
1 ≤ i ≤ J. Analogously, IEHA in (1.77) becomes the Kolm-Pollak index IKP in (1.48)
under the assumption β = υ̂ = υ̂i for all 1 ≤ i ≤ J. The parameters in (1.76) and
(1.77) represent respective inequality aversion. The constants w̄i and (log ŵi)/υ̂ ,
which can be determined by welfare weights and inequality aversion parameters,
may be interpreted as implicit relative and absolute equivalence scales. Given that
the welfare function is ordinal, relative scales are unique up to a scale transformation
and the absolute scales can be changed by a constant. Consequently, without loss
of generality, we can assume that household1, the least needy household, is the
reference type by setting ŵ1 = 1, w̄1 = 1 and (log ŵ1)/υ̂ = 0. Then the implicit
equivalent income of an equivalent adult in household j of type i will be given,
respectively, by xi

j/w̄i and xi
j − (log ŵi)/υ̂ (Ebert, 2007).

Alternative forms of redistributive principles have been suggested in the
heterogeneous set up (see Bourguignon, 1989; Ebert, 2000, 2004b, 2007;
Hammond, 1976a; Shorrocks, 2004). Here, following Ebert (2007), we consider
a simple form of transfer principle between types. According to this principle, a
transfer of income from a less needy and richer household to a needier and poorer
household such that the post transfer income of the donor is higher than that of
recipient, should reduce inequality. Formally,

Weak Between-Type Transfers Principle: A transfer of income ĉ > 0, changing
xi

j to xi
j − ĉ and xi+1

l to xi+1
l + ĉ such that xi

j − ĉ > xi+1
l + ĉ, will decrease inequality.

Ebert (2007) made a detailed investigation of the implications of transfers in
terms of parameter restrictions. Assuming that there are only two types i and i + 1,
the parameters (ε̄, ε̄i, ε̄i+1) have to be related. He showed that IEHR satisfies the Weak
Between-Type Transfers Principle if and only if (i) [ε̄i+1 ≤ ε̄ ≤ ε̄i] for ε̄i+1 > 0, (ii)
[ε̄i+1 = ε̄ ≤ 0 < ε̄i] for ε̄i+1 ≤ 0 and ε̄i > 0, or (iii) [ε̄i+1 = ε̄ = ε̄i] for ε̄i+1 ≤ 0 and
ε̄i≤0; and w̄i ≤ (1/ni)(1−ε̄/ε̄i)/(1−ε̄)(1/ni+1)(ε̄/ε̄1+1−1)/(1−ε̄)(w̄i+1). The correspond-
ing restrictions in the case of IEHA are υ̂i = υ̂ = υ̂i+1 and (log ŵi)/υ̂ ≤ (log ŵi+1)/υ̂ .
To illustrate this for IEHR, suppose that n1 = n2 = 100. We can choose ε̄1 = 11/12,
ε̄2 = 10/21, ε̄ = 1/2, and set w̄1 = 1 and w̄2 = 2.5. Then these restrictions are
fulfilled (Ebert, 2007). In the general case of J types and other notions of transfer
principles, the restrictions turn out to be more complicated.
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One important aspect which we did not discuss in this chapter is the problem of
estimation of inequality indices and related issues. Excellent contributions along this
line came from Kakwani (1980a, 1993), Beach and Davidson (1983), Slottje (1989),
Bishop et al. (1989), Bishop et al. (1997), Davidson and Duclos (2000),
Zheng (2002), and others. Since our objective has been to analyze the axiomatic
approaches to the measurement of inequality, we did not discuss this issue here.
However, this definitely does not mean that this aspect of inequality measurement
is less important. Several articles in the volume, edited by Silber (1999), deal with
the issue in details.



Chapter 2
Inequality and Income Poverty

2.1 Introduction

Poverty elimination is still one of the major economic policies in many countries of
the world. In order to evaluate the efficacy of an antipoverty policy, it is necessary to
know how much of poverty is there and observe the changes in the level of poverty
over time. Poverty elimination programs also require identification of the causal
factors of poverty, for example, the subgroups of population that are most afflicted
by poverty. Quantification of the extent of poverty becomes necessary to address
these problems. More precisely, we need an indicator of poverty that will enable us
to analyze these issues.

According to Sen (1976a), poverty measurement problem involves two distinct
but not unrelated exercises: (i) identification of the poor, that is, to isolate the set
of poor persons from the set of nonpoor persons and (ii) to aggregate the infor-
mation available on the poor into an overall indicator of poverty. That is, we need
to know who are poor and how poor are the poor? While identification can be re-
ferred to as perception of poverty, the aggregation of characteristics of the poor is
known as “measurement of poverty.” When income is regarded as the only attribute
of well-being, identification problem is solved by specifying a “poverty line,” an
exogenously given level of income required to maintain a subsistence standard of
living. A person is identified as poor if his income does not exceed the poverty line.
Thus, the poverty line is a line of demarcation that separates the set of poor persons
from the set of nonpoor persons. The aggregation exercise, loosely speaking, con-
sists of aggregating the income shortfalls of the poor from the poverty line into an
overall indicator of poverty.

The index of poverty that has been used by most countries is the headcount ratio,
the proportion of population with incomes not above the poverty line. This index
has been criticized by Watts (1968) and Sen (1976a) on the ground that it does
not consider the income distribution of the poor. For instance, consider two income
distributions with the same population size and the same number of poor. Suppose
that in the former, the poor have almost no income, whereas in the latter, the incomes
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of the poor are marginally below the poverty line. Evidently, poverty in the former
distribution is more acute than that in the latter. But the headcount ratio will treat
the two distributions as identically poor.

Another often-used index is the income gap ratio, the relative gap between the
poverty line and the average income of the poor. This index may not represent the
poverty status correctly. To see this, consider again two income distributions with
the same population size. Assume that the first distribution has only one poor person
with zero income, while in the second, there is more than one poor person with zero
income, so that the two distributions have the same average income of the poor. We
can definitely argue that in this case the first distribution is less poverty stricken than
the second. But the income gap ratio will regard them as equally poor.

Using an axiomatic approach, Sen (1976a) suggested a more sophisticated index
of poverty that avoids the above shortcomings. His path breaking contribution has
motivated many researchers to focus on the issue of poverty measurement.1 As a
consequence, the literature now contains several poverty indices. In designing new
poverty indices, most of the researchers have adopted Sen’s axiomatic approach and
proposed new poverty axioms in addition to those of Sen.

Often from policy perspective, it may be necessary to identify the subgroups
of the population that are most susceptible to poverty. Subgroup decomposable
poverty indices become helpful in identifying such subgroups. According to sub-
group decomposability, for any partitioning of the population with respect to a ho-
mogeneous characteristic, say, age, sex, region, and race, overall poverty is given
by the population share weighted average of subgroup poverty levels (Anand, 1977;
Chakravarty, 1983c; Foster et al., 1984).

Now, for a set of reasonable axioms, there may be several poverty indices. Quite
often there is arbitrariness in the choice of a particular index of poverty, which in
turn implies arbitrariness of the conclusions based on that index. Therefore, it will be
worthwhile to reduce the degree of arbitrariness by choosing all poverty indices that
satisfy a set of reasonable desiderata. Thus, instead of choosing individual poverty
indices, we look for a set of postulates for poverty indices that implicitly determines
a family of indices. It then becomes possible to rank two income distributions un-
ambiguously by all members of this class. Clearly, this kind of research has grown
out of existence of too many poverty indices. However, in some situations, a class
of indices may not be able to compare all income distributions, that is, there may
not be unanimous agreement among these indices about the ranking of some in-
come distributions. Thus, while a single poverty index completely orders all the in-
come distributions, the ordering generated by a class of indices is partial. For some
distributions, it is not possible to conclude unambiguously whether one has more
or less poverty than another by all members of the class. This notion of poverty

1 Alternatives to and variations of the Sen index have been suggested, among others, by
Takayama (1979), Thon (1979), Blackorby and Donaldson (1980b), Kakwani (1980a,b), Clark
et al. (1981), Chakravarty (1983a,b,c,1997a), Foster et al. (1984), and Shorrocks (1995). This lit-
erature has been surveyed by Foster (1984), Seidl (1988), Chakravarty (1990), Ravallaion (1994a),
Foster and Sen (1997), Zheng (1997), Dutta (2002), and Chakravarty and Muliere (2004). Our pre-
sentation in some sections of the chapter relies, to some extent, on Chakravarty and Muliere (2004).
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ordering is known as poverty-measure ordering (see Atkinson, 1987, 1992; Jenk-
ins and Lambert, 1993, 1997, 1998a,b; Shorrocks, 1998; Spencer and Fisher, 1992;
Zheng, 2000b).

The definition of a poverty line is crucial both for poverty indices and poverty
orderings. The determination of such an income or consumption threshold on which
the definition of poverty relies has been an issue of debate for quite sometime. Often
the construction of a poverty line may involve a significant degree of arbitrariness.
The ranking of two income distributions by a poverty index may be different for two
distinct poverty lines. It will, therefore, be useful to investigate whether it is possible
to rank two income distributions unanimously by a given index for all poverty lines
in some reasonable interval. This area of research on partial poverty orderings arises
from uncertainty about fixation of the poverty line. This second notion of ordering
of distributions by a given poverty index for a range of poverty lines is referred to
as poverty-line ordering (see Foster and Shorrocks, 1988a,b; Foster and Jin, 1998;
Zheng, 2000b).

Investigation has also been made in the literature whether poverty rankings re-
main unaffected when all the incomes and the poverty lines are expressed in differ-
ent units of measurement. Indices satisfying this condition are called unit consistent
(Zheng, 2007c).

Standards of living as well as size and composition of populations are likely to
change over time. Therefore, it may become necessary to reformulate public policies
like expenditure on public health, public funding of education, budget allocation for
removal of poverty, resource conservation, designing the social security system etc.,
that are affected by change in population composition and size directly and indi-
rectly.2 This in turn necessitates the examination of impacts of population change
on poverty (Chakravarty et al., 2006).

Duration of poverty in a society is an important aspect for understanding the
experience of poverty. Increased duration of poverty can have detrimental effects on
society’s well-being. Therefore, it becomes necessary to understand and respond to
the persistence of poverty over time.

The objective of this chapter is to present an extensive and analytical discussion
on income distribution-based poverty measurement problems. The poverty axioms
suggested in the literature and their desirability, alternative indices of poverty and
their properties, different notions of poverty ordering, the issue of poverty measure-
ment in the presence of population growth, and the measurement of poverty over
time are examined in detail.

2.2 Axioms for an Index of Income Poverty

This section presents a discussion on alternative poverty axioms and their impli-
cations. For a population of size n ≥ 1, a typical income distribution is given by

2 The issue of population size in evaluating welfare has been considered, among others, by
Parfit (1984), Broome (1996), and Blackorby et al. (2005).
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x = (x1, . . . ,xn), where xi is the income of person i. Assuming that all income distri-
butions are illfare-ranked, the set of income distributions in this n-person economy
is Dn and the set of all possible income distributions D =

⋃
n∈N Dn, where N is the

set of positive integers. Unless specified we will define all the axioms and the indices
on the domain Dn (or D). Recall that for all illfare-ranked income distributions, all
increments/reductions in incomes, and transfers between two persons will be rank
preserving.

The problem of identification of the poor requires the specification of an ex-
ogenously given poverty line z, an income level necessary to maintain a subsistence
standard of living. This absolutist notion of poverty contrasts with the relativist view
in which the poverty line is made responsive to the income distribution. For instance,
a household with less than 40% of the median income may be regarded as relativist
poor [see Ravallion (1994a) and Foster and Sen (1997) for further discussion]3.

We assume that the exogenously given poverty line z is positive and takes values
in some subset [z−,z+] of the real line, where z− > 0 and z+ < ∞ are the minimum
and maximum poverty lines. For any income distribution x, person i is said to be
strongly poor if xi ≤ z. Person i is weakly poor if the inequality ≤ in xi ≤ z is replaced
by <. In the literature, the former definition is more commonly used (see Donaldson
and Weymark, 1986; Bourguignon and Fields, 1997). Person i is called nonpoor or
rich if he is not poor. Assume that using the either definition of the poor, there are q
poor persons in the society. For any, x ∈ Dn, let xp be the income distribution of the
poor. Since x is illfare-ranked, xp = (x1,x2, . . . ,xq). For any x ∈ Dn, we denote the
set of poor persons in x by z(x). Thus, z(x) = {1,2, ..,q}.

For a given population size n, a poverty index P is a real valued function defined
on Dn × [z−,z+]. Thus, given any income distribution, x ∈ Dn and a poverty line
z ∈ [z−,z+], P(x,z) determines the extent of poverty associated with x. A poverty
index will be called a relative or an absolute index according as it satisfies the scale
invariance or translation invariance condition stated below.

Scale Invariance: For all x ∈ Dn,z ∈ [z−,z+], P(x,z) = P(cx,cz), where c > 0 is
any scalar such that cz ∈ [z−,z+].

Translation Invariance: For all x ∈ Dn,z ∈ [z−,z+], P(x,z) = P(x+ c1n,z+ c),
where c is any scalar such that x+ c1n ∈ Dn and (z+ c) ∈ [z−,z+].

Thus, a relative poverty index is invariant under equal percentage changes in
all the incomes and the poverty line, whereas an absolute poverty index remains
unaltered under equal absolute changes in all the incomes and the poverty line.

The following axioms have been suggested in the literature for an arbitrary
poverty index P, which may be of relative or absolute variety. Unless specified, we
assume that the poverty line z is given arbitrarily.

Focus Axiom: For all x,y ∈ Dn, if z(x) = z(y) and xi = yi for all i ∈ z(x), then
P(x,z) = P(y,z).

3 Discussions on problems regarding the determination of an appropriate poverty line can be
found in Atkinson (1983a), Sen (1981, 1983), Paul (1989), Ravallion (1994a), Pradhan and
Ravallion (2000), and Sharma (2004). For references to the earlier literature, see Atkinson (1983a)
and Chakravarty (1990).
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This axiom was formally proposed by Sen (1981), but it was implicitly used in
Sen (1976a). It says that the poverty index should not depend on the incomes of the
nonpoor persons. However, it does not demand that the poverty index is independent
of the number of the nonpoor persons. Assuming that in poverty measurement, we
are concerned with the insufficiency of the incomes of the poor, this axiom seems
to be sensible. Chakravarty (1983a) referred to this axiom as “Independence of the
Incomes of the Rich” (see also Clark et al., 1981). A poverty index satisfying this
axiom will be called focused.

Normalization Axiom: For any x ∈ Dn if the set z(x) is empty, then P(x,z) = 0.
According to this axiom, if there is no poor person in the society, the value of the

poverty index is zero. This is a cardinal property of the poverty index.
The next axiom will ensure that minor inaccuracy in income data and negligible

imprecision of an appropriate poverty line will not give rise to a huge jump in the
poverty level.

Continuity Axiom (CON): P(x,z) is jointly continuous in (x,z).
Symmetry Axiom: For all x,y ∈ Dn, if y is obtained from x by a permutation of

the incomes, then P(x,z) = P(y,z).
The interpretation of this axiom is similar to its inequality counterpart. It enables

us to define the poverty index on the ordered distributions, as we have done.
Population Replication Invariance Axiom: For all x ∈ Dn,P(x,z) = P(y,z),

where y is the l-fold replication of x, l ≥ 2 being any integer.
This axiom parallels the Population Principle employed in the context of in-

equality measurement. It was introduced into the poverty measurement literature
by Chakravarty (1983a) and Thon (1983a).

Assuming that the income distribution is given, consider an increase in the
poverty line. In such a case, the income gaps of the poor persons from the poverty-
line increase. This in turn leads to a higher level of poverty. The following axiom of
Clark et al. (1981) and Chakravarty (1983a) specifies this formally.

Increasing Poverty-Line Axiom: For a given x ∈ Dn, P(x,z) is increasing in z.
Weak Monotonicity Axiom: For all x,y ∈ Dn, if x j = y j for all j �= i, i ∈ z(x),

and xi > yi, then P(x,z) < P(y,z).
This axiom of Sen (1976a) is concerned with the effect of reducing a poor per-

son’s income. Note that here the distribution y is obtained from the distribution x
by reducing the income of poor person i, under the ceteris paribus assumption. The
axiom demands that this income reduction has increased poverty. A stronger ver-
sion of this axiom was suggested by Donaldson and Weymark (1986). It demands
decreasingness of the poverty index if the income of a poor person goes up. Thus,
it includes the possibility that the beneficiary of the income increase may cross the
poverty line and become rich.

Strong Monotonicity Axiom: For all x,y ∈ Dn, if x j = y j for all j �= i, i ∈ z(x)
and xi < yi, then P(y,z) < P(x,z).

Clearly, for either definition of the poor, the strong axiom implies its weak ver-
sion. It follows that for the strong definition of the poor, a focused poverty index
satisfying the Strong Monotonicity Axiom will achieve its lower bound if all the in-
comes of the poor are at the poverty line. If a focused, continuous poverty index
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fulfills the Strong Monotonicity Axiom, then under the strong definition of the
poor, we cannot simultaneously decrease the value of the index, as demanded by
monotonicity, and keep it constant, as required by continuity, when the income of
a person at the poverty-line increases. This shows that under the strong definition
of the poor, there is no focused poverty index that meets the Strong Monotonicity
and Continuity Axioms (Donaldson and Weymark, 1986). However, under the weak
definition of the poor, continuity ensures that the two versions of the monotonicity
axiom are equivalent. If we adopt the strong definition of the poor, for a focused
poverty index, continuity is not consistent with the weak form of the monotonicity
axioms.

The third axiom proposed by Sen (1976a) is a transfer axiom, which requires
poverty to increase under a transfer of income from a poor person to anyone who
has a higher income. Following Donaldson and Weymark (1986), we distinguish
among four transfer axioms.

Minimal Transfer Axiom: For all x,y ∈ Dn, if y is obtained from x by a regres-
sive transfer between two poor persons such that the recipient is not becoming rich
as a result of the transfer, then P(x,z) < P(y,z).

This self-explanatory axiom considers a regressive transfer between two poor
persons keeping the number of poor persons unchanged. Likewise, a progressive
transfer between two poor persons should reduce poverty. The next axiom also keeps
the set of poor persons unchanged but in this case the regressive transfer may take
place from a poor person to a rich person.

Weak Transfer Axiom: For all x,y ∈ Dn, if y is obtained from x by a regressive
transfer from a poor person with no one becoming rich as a result of the transfer,
then P(x,z) < P(y,z).

The next axiom, which has been suggested by Sen (1976a), is also stated using a
regressive transfer. But it allows the possibility that the recipient, if he is poor, may
cross the poverty line.

Strong Upward Transfer Axiom: For all x,y ∈ Dn, if y is obtained from x by
a regressive transfer from a poor person to someone who is richer, then P(x,z) <
P(y,z).

In the most general case, we may consider a poor person receiving a progressive
transfer crosses the poverty line.

Strong Downward Transfer Axiom: For all x,y ∈ Dn, if x is obtained from y by
a progressive transfer with at least the recipient being the poor, then P(x,z) < P(y,z).

The essential idea underlying the transfer axioms is that poverty increases or
decreases according as the transfer is regressive or progressive. By definition, the
Minimal Transfer Axiom is the weakest among the four transfer axioms. For ei-
ther definition of the poor, the Strong Downward Transfer Axiom is sufficient for
the Strong Upward Transfer Axiom, which in turn implies the Weak Transfer Ax-
iom from which the Minimal Transfer Axiom follows. If the recipient of a transfer
considered under the Weak Transfer Axiom is a rich person, then for a focused
poverty index, the transfer has the same effect as income reduction under the Weak
Monotonicity Axiom. Therefore, for a focused poverty index, the Weak Trans-
fer Axiom is equivalent to the Minimal Transfer and Weak Monotonicity Axioms



2.2 Axioms for an Index of Income Poverty 53

(Zheng, 1997). Note that the Strong Upward Transfer Axiom records an increase in
poverty even if a poor recipient of the transfer crosses the poverty line. This “makes
poverty measurement, in an important way, independent of the number below the
poverty line” (Sen, 1981, p.186, n.1). Therefore, in later works, Sen (1981, 1982)
opted for the Weak Transfer Axiom. However, if we maintain Continuity and the
Weak Transfer Axioms, the focused poverty index will satisfy the Strong Up-
ward Transfer Axiom for either definition of the poor. For the weak definition of
the poor, Continuity and the Strong Upward Transfer Axiom, under Focus, imply
the Strong Downward Transfer Axiom (Donaldson and Weymark, 1986). Since the
Weak Transfer Axiom and Continuity are quite reasonable, the use of the Strong
Upward and Downward Transfers Axioms are justifiable as well (Zheng, 1997). For
the strong definition of the poor, no focused poverty index can satisfy the Strong
Downward Transfer Axiom.

Kakwani (1980b) noted that the Sen (1976a) index is not more sensitive to trans-
fers at the lower end of the income profile. He suggested three sensitivity axioms,
one on monotonicity and two on transfers. They are presented below formally.

Monotonicity Sensitivity Axiom: If x′,x′′ ∈ Dn is obtained from x ∈ Dn by re-
ducing, respectively, the incomes of the poor persons i and j by the same amount,
where xi < x j, then P(x′,z)−P(x,z) > P(x′′,z)−P(x,z).

Positional Transfer Sensitivity Axiom: For all x ∈ Dn and for any pair of poor
individuals i and j, suppose that the distribution x′ (respectively x′′) is obtained
from x by a regressive transfer of income from the ith (respectively jth) person to
the (i+ l)th (respectively ( j+ l)th) poor person where i < j and z(x) = z(x′) = z(x′′).
Then P(x′,z)−P(x,z) > P(x′′,z)−P(x,z).

Diminishing Transfer Sensitivity Axiom: For all x ∈ Dn, if y is obtained from
x by a regressive transfer of income from the poor person with income xi to the
poor person with income xi + ĉ, then for a given ĉ > 0, the magnitude of increase in
poverty P(y,z)−P(x,z) is higher the lower is xi, where z(x) = z(y).

Kakwani’s first axiom demands that a poverty index should be more sensitive to
a reduction in the income of a poor person, the poorer the person happens to be.
The second axiom is the poverty counterpart to the Positional Transfers Principle
considered in Chap. 1. It says that the poorer the donor of the regressive transfer,
the higher is the increase in poverty, given that the number of persons between the
recipient and the donor of the transfer is fixed. The third axiom is the poverty ana-
logue to Kolm’s (1976a,b) Diminishing Transfers Principle and argues that more
weight should be assigned to transfers lower down the income profile. Note that the
regressive transfers considered in the later two axioms do not change the set of poor
persons. We can also consider a poverty version of the Shorrocks and Foster (1987)
Transfer Sensitivity Axiom proposed for inequality indices. However, since the Di-
minishing Transfer Sensitivity Axiom is quite intuitive and easy to understand, we
will regard it as sufficient for evaluation of a poverty index.

The next two axioms are concerned with partitioning of the population into sub-
groups and relationship of overall poverty with subgroup poverty levels.

Subgroup Consistency Axiom: For all n, l ∈ N, x1,x2 ∈ Γl ;y1,y2 ∈ Γn, if
P(x1,z) = P(x2,z) and P(y1,z) < P(y2,z), then P(x1,y1,z) < P(x2,y2,z).
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Subgroup Decomposability Axiom: For xi ∈ Γni , i = 1,2, ..,J, we have

P(x,z) =
J

∑
i=1

ni

n
P(xi,z), (2.1)

where x = (x1,x2, . . . ,xJ) ∈ Γn and ∑J
i=1 ni = n.

The first of these two axioms was introduced by Foster and Shorrocks (1991).
It has the same intuitive appeal as the monotonicity axioms. While the latter deals
with changes in individual poverty, the former is concerned with subgroup poverty.
Thus, if the poverty level in a subgroup of the population reduces, given that the
poverty levels in the other subgroups remain constant, it is natural to expect that
global poverty will reduce.

The second axiom is quite useful for practical purposes (see Anand, 1977, 1983;
Chakravarty, 1983c, 1990; Foster and Shorrocks, 1991; Foster et al., 1984;
Kakwani, 1980a). It says that for any division of the population into nonoverlapping
subgroups with respect to characteristics like region, religion etc., national poverty
becomes the weighted average of subgroup poverty levels, where the weights are
the population shares of different subgroups. Note that here ni is the population
size of subgroup i and P(xi,z) is its poverty level. The contribution of subgroup i
to total poverty is then given by the quantity (ni/n)P(xi,z). This is precisely the
amount by which overall poverty will reduce if poverty in the ith subgroup is elim-
inated. This in turn shows that the percentage contribution of subgroup i to total
poverty is [{100ni/(nP(x,z))}P(xi,z)]. This axiom, therefore, becomes helpful in
identifying the subgroups that are more affected by poverty and hence in designing
antipoverty policies. Clearly, according to this notion of policy, an assessment of
poverty becomes dependent on the implicit valuation of the index. However, fol-
lowing Sen (1985a), the nonwelfarist approach to policy applications has become
quite popular. Therefore, it seems worthwhile to investigate what kind of policy
would be implied by the use of a particular poverty index.

Essential to the Subgroup Decomposability Axiom is independence between
poverty levels of different subgroups. Sen (1992, p. 106, n.12) questioned the ap-
propriateness of this assumption because he thought one group’s poverty level may
be affected by poverty characteristics of other groups. However, because of its im-
mense popularity and usefulness, we will regard this axiom as one of the basic re-
quirements of poverty indices. It may be mentioned that all subgroup decomposable
poverty indices are subgroup consistent and under certain assumptions, all subgroup
consistent indices are increasing transformations of some subgroup decomposable
indices (Foster and Shorrocks, 1991).

By repeated application of the decomposability axiom, we can write the poverty
index as

P(x,z) =
1
n

n

∑
i=1

ζ (xi,z), (2.2)

where ζ (xi,z) = P(xi,z) is the poverty level of person i. Therefore, ζ (xi,z) can be
referred to as the individual poverty function. Note that the functional form of the
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individual poverty index ζ (xi,z) does not depend on i. It may also be worthwhile to
observe that the index in (2.2) is symmetric and population replication invariant.

Kundu and Smith (1983) introduced two population monotonicity axioms, one
for poverty growth and the other for nonpoverty growth.

Poverty Growth Axiom: For all n ∈ N,x ∈ Dn, if y is obtained from x by adding
a poor person to the population, then P(x,z) < P(y,z).

Nonpoverty Growth Axiom: For all n ∈ N,y ∈ Dn, if x is obtained from y by
adding a rich person to the population, then P(x,z) < P(y,z).

The first (second) of these two axioms says that poverty should increase (de-
crease) under migration of a poor (nonpoor) person to the society. By the formula-
tion, the latter axiom requires a focused poverty index to be a decreasing function
of the nonpoor population size. That is, a focused poverty index satisfying this pos-
tulate is independent of incomes of the rich but dependent on their population size.
Kundu and Smith (1983) demonstrated that for the weak definition of the poor, there
is no poverty index that satisfies these two axioms and the Strong Upward Transfer
Axiom simultaneously. They argued that the source of the problem here is the trans-
fer postulate and advocated for use of some weaker form of the postulate. But we
have seen how the transfer postulate can be justified by some reasonable criteria. It
may be noted that these two axioms treat a poor and a nonpoor asymmetrically. More
precisely, for a focused index while we do not consider the income of the nonpoor
entrant, we take into account the income of the poor migrant. Zheng (1997) demon-
strated that the Poverty Growth Axiom will be satisfied if the entrant’s income is
not higher than that of the poorest person, whereas a focused, population replication
invariant poverty index satisfying the Strong Monotonicity Axiom will be affirma-
tively responsive to the Nonpoverty Growth Axiom. This shows that the latter of
the two axioms may be regarded as a reasonable axiom for a poverty index in some
specific situation. He also showed that the only subgroup decomposable poverty in-
dex that satisfies the two axioms is a linear transformation of the headcount ratio.
According to Sen (1981), the problem arises because the formulation of the axioms
relies on the position of the poverty line, which is not true for the transfer axiom.

In the following theorem, we show that many seemingly unrelated conditions for
poverty ranking are equivalent. A variant of the theorem was stated in Chakravarty
and Muliere (2004).

Theorem 2.1. Let x,y ∈ Dn, where z(x) = z(y) = {1,2, ..,q}, be arbitrary. Then un-
der the weak definition of the poor, the following statements are equivalent:

(i) xp can be obtained from yp by a finite sequence of rank-preserving income
increments of the poor and a finite sequence of rank-preserving progressive
transfers among the poor or simply by rank-preserving income increments of
the poor.

(ii) yp can be obtained from xp by a finite sequence of rank-preserving income re-
ductions of the poor and a finite sequence of rank-preserving regressive trans-
fers among the poor or simply by a finite sequence of rank-preserving income
reductions of the poor.
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(iii) P(x,z) < P(y,z) for all symmetric, focused poverty indices P : Dn× [z−,z+]→
R1 that satisfy the Weak Monotonicity and Weak Transfer Axioms.

(iv) P(x,z) < P(y,z) for all focused poverty indices P : Dn× [z−,z+]→ R1 that are
decreasing and strictly S-convex in the incomes of the poor.

(v) W (xp) > W (yp), where W is any increasing, strictly S-concave social welfare
function defined on the set of income distributions of the poor.

(vi) ∑q
i=1 U(xi) > ∑q

i=1 U(yi) for any increasing, strictly concave individual in-
come utility function U of the poor.

(vii) ∑q
i=1 ζ (xi,z) < ∑q

i=1 ζ (yi,z) for all individual poverty functions ζ that are de-
creasing and strictly convex in the incomes of the poor.

(viii) xp is generalized Lorenz better than yp, that is, xp ≥GL yp.
(ix) xp second-order stochastic dominates yp.
(x) ∑ j

i=1 (z− xi) ≤ ∑ j
i=1 (z− yi) for all 1 ≤ j ≤ q, with < for some j ≤ q.

(xi) There exists a bistochastic matrix A of order q such that xp ≥ ypA.
(xii) There exists a finite number T 1,T 2, . . . .,T J of T -transformations such that

xp ≥ ypT 1 . . . .T J, where the order of each T i matrix is q×q.

Proof. Equivalence between the conditions (v) and (viii) follows from the
Shorrocks (1983a) theorem. Equivalence between the conditions (vi) and (viii)
follows from a theorem of Marshall and Olkin (1979, p. 12). We also know that
condition (ix) is equivalent to condition (viii) (see Chap. 1). Hence, conditions
(v), (vi), (viii), and (ix) are equivalent. Condition (iv) is an alternative way of
writing condition (v), whereas condition (vii) is the (equivalent) poverty analogue
to condition (vi). Since for a focused, symmetric poverty index, we allow only
rank-preserving transfers among the poor, the poverty index is strictly S-convex if
it satisfies the Weak Transfer Axiom. If the index satisfies the Weak Monotonicity
Axiom, we need its decreasingness also. Hence, condition (iii) implies condition
(iv). Arguing in an analogous way, we can show that the converse is also true (see
also Foster, 1984). Equivalence between conditions (i) and (viii) was established
by Foster and Shorrocks (1988b, Lemma 2). Condition (ii) is an alternative way
of expressing condition (i). Likewise, condition (x) expresses condition (viii) in a
different but technically equivalent way. Proof of equivalence between the condi-
tions (vi) and (xi) can be found in Marshall and Olkin (1979, p. 12). Demonstration
of equivalence between conditions (xii) and (viii) can also be found in Marshall
and Olkin (1979, p. 28). Hence, all the twelve conditions stated in the theorem are
equivalent. 	


Condition (xii) says that we postmultiply yp by the product of a finite number
(J) of T -transformation matrices and then xp can be obtained from the resulting
distribution by increasing some incomes. That is, xp can be derived from yp by re-
ducing income inequality among the poor and then increasing some incomes below
the poverty line. Condition (x) of the theorem says that the sum of poverty gaps
∑ j

i=1 (z− yi) of the bottom j/q proportion of the poor under y is as high as the cor-
responding sum ∑ j

i=1 (z− xi) under x and for at least one proportion, it is higher.
This intuitively appealing condition is equivalent to 11 other conditions for poverty
ranking. In view of equivalence of welfare dominance [condition (v)] with poverty
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dominance [condition (iii)], Theorem 2.1 says that we can regard Focus, Symmetry,
the Weak Monotonicity, and Transfer Axioms as basic axioms for a poverty index.
The other basic axioms can be Continuity, the Population Replication Invariance,
Increasing Poverty Line, and Subgroup Decomposability Axioms because of their
intuitive appeal. [An experimental questionnaire investigation on acceptability of
different poverty axioms was made by Amiel and Cowell (1997).]

2.3 Poverty Indices

In this section, we present a discussion on alternative indices of poverty suggested
in the literature. The presentation is divided into several subsections. Unless spec-
ified, the discussion of different indices relies on the assumptions that all income
distributions are illfare-ranked and that there are q poor persons in the society.

2.3.1 The Classical Indices

Probably the most extensively used index of poverty is the headcount ratio, the
proportion of persons that falls in poverty in the population, that is, the ratio of
the total population with incomes not above the poverty line. Given that q denotes
the number of poor in the society, the headcount ratio is defined as

PH(x,z) =
q
n
. (2.3)

PH possesses a joint invariance characteristic – it is a relative index as well as an
absolute index. In fact, a general result along this was established by Foster and
Shorrocks (1991). Their demonstration shows that under certain conditions, the only
subgroup consistent poverty index that satisfies this joint invariance property and
continuity in individual incomes (restricted continuity) is a continuous, increasing
transformation of PH. A stronger version of this result proved by Zheng (1994) also
shows that the poverty indices that are both relative and absolute are related to PH.
PH ignores actual incomes of the poor in its formulation. For instance, it regards
the distributions x = (0,0,20) and y = (9,9,20), where the poverty line is 10, as
identically poor. It, therefore, violates all versions of the monotonicity and trans-
fer axioms. This in turn demonstrates that there is no distribution-sensitive poverty
index that can be both relative and absolute. Since this index makes no distinction
between a poor person and a poorer poor person, its application as a tool for the
purpose of poverty alleviation purpose is not appropriate. This is because the pol-
icymakers are likely to recommend that the most pauper persons (with the highest
income shortfalls from the poverty line) deserve the maximum share of a given anti-
poverty budget on a priority basis. However, PH is unable to identify such groups.
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Another commonly used index of poverty is the income gap ratio, the average of
the relative income shortfall of the poor from the poverty line. This index is formally
defined as

PIGR(x,z) =
∑q

i=1 (z− xi)
qz

. (2.4)

This index is also referred to as the normalized poverty gap. It is a summary indi-
cator of poverty depths (z− xi) of different poor individuals in the society. Since
qzPIGR determines the aggregate income shortfall of the poor from the poverty line,
from policy point of view, qzPIGR gives us the total amount of money required to
put all the poor persons at the poverty line. By concentrating on the average gap
(∑q

i=1 (z− xi)/q), this index ignores the distribution of income among the poor. To
see this, let x = (0,14,15,20) and y = (0,0,0,20) be two income distributions and
suppose that the poverty line is 10. Then PIGR treats the two distributions as equally
poor. Clearly, a sensible focused poverty index should regard y as more poverty
stricken than x. The main problem is that the income gaps of the poor are aggregated
linearly in PIGR. This in turn implies that the index is insensitive to the redistribution
of income among the poor. More precisely, it is a violator of the transfer axioms
that do not modify the set of poor persons, although it meets the weak form of the
monotonicity axioms. Further, it is not subgroup decomposable. The headcount ra-
tio is, however, subgroup decomposable but may not increase if the poverty-line
increases. The product PHPIGR of these two indices, which is popularly known as
the poverty gap ratio, can as well be an index of poverty. But it is also a violator of
the transfer principles, although it is increasing in poverty line.

2.3.2 The Sen Index

We have noted that independently PH and PIGR are subject to many shortcomings.
Sen (1976a) showed how these two indices along with Ip

G, the Gini index of the
income distribution of the poor, can give an adequate picture of poverty. For a large
number of poor, the Sen index is given by

PS(x,z) = PH[PIGR +(1−PIGR)Ip
G]. (2.5)

The original form of the Sen index contains an additional factor (q/(q + 1)) in the
second term of the third bracketed term. Since this additional factor can be approxi-
mated by one for a fairly large q, we will refer to the more commonly used form PS
as the Sen index. The presence of the Gini index in (2.5) ensures that PS is sensitive
to the income distribution of the poor. Under ceteris paribus assumption, an increase
in the value of Ip

G increases PS. Ip
G has not been directly incorporated in PS. Sen began

by assuming that the poverty index is the normalized weighted sum of the income
gaps of the poor from the poverty line. Then Ip

G dropped out as an implication of
the assignment of the ith poor person’s rank in the income distribution of the poor
as the weight on his poverty gap (z− xi) and the normalization condition that when
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all the poor persons enjoy the same income, the extent of poverty is determined by
the poverty gap ratio, PHPIGR. Assignment of ranks as weights to individual poverty
gaps captures the idea that the higher is the gap, the more is the weight. The rela-
tive index PS is focused, symmetric, population replication invariant, increasing in
poverty line, and satisfies the weak forms of the transfer and monotonicity princi-
ples. However, it is not subgroup decomposable.

2.3.3 Some Alternatives and Variants of the Sen Index

Alternatives and variations of the Sen index have been suggested from several per-
spectives. For instance, use of an alternative index of inequality in PS is one possi-
bility. We can also explore the possibility of weighting the gaps in a different way.

Blackorby and Donaldson (1980b) observed that we can rewrite PS as the product
of the headcount ratio and proportionate shortfall of the Gini representative income
of the poor EG(xp) from the poverty line. (See Sect. 1.6.3 for definition of the rep-
resentative income and its specific forms.) We can rewrite PS as

PS(x,z) = PH

[

1− EG(xp)
z

]

. (2.6)

Recall from our discussion in Sect. 1.6.3 that indifference surfaces of EG are num-
bered so that EG(z1q) = z. Hence PS is the product of the proportion of persons in
poverty and the proportionate gap between the welfare level of the income distri-
bution of the poor where each of them enjoys the poverty-line income and that of
the actual income distribution of the poor, when welfare evaluation is done with
the Gini welfare function. This shows a direct welfare interpretation of PS. An ordi-
nal transformation of the welfare function does not change the value of the poverty
index (see also Xu and Osberg, 2002).

A natural generalization of PS will be to replace EG(xp) with an arbitrary rep-
resentative income E(xp), determined using a continuous, increasing, strictly S-
concave, and homothetic social welfare function defined on the income distributions
of the poor. The resulting index is the Blackorby-Donaldson relative poverty index
PBD (Blackorby and Donaldson, 1980b). Formally,

PBD(x,z) = PH

[

1− E(xp)
z

]

. (2.7)

Note that we can rewrite E(xp) as E(xp) = λ (xp)(1− IAKS(xp)), the product of the
Atkinson (1970)-Kom (1969)-Sen (1973) index of equity (1− IAKS(xp)) of the poor
and their mean income λ (xp) under the assumption that λ (xp) > 0 (see Sect. 1.6.3).
This shows that the general relative index PBD (hence the Sen index) is increasing in
the level of inequality IAKS(xp) among the poor under ceteris paribus assumptions.
It is also sensitive to the headcount ratio and how poor the poor are (because of its
explicit dependence on the relative gap). It possesses the same welfare interpretation
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that we provided for PS. Blackorby and Donaldson (1980b) discussed the relation-
ship between the social welfare functions of the poor with those for the whole so-
ciety. They concluded that the social welfare function must be completely strictly
recursive in the sense that the ordering over incomes of any subset of the poor people
must be separable from the income of anyone who is richer. But PBD is not contin-
uous, population replication invariant, and subgroup decomposable. However, it is
symmetric, focused, and satisfies the weak versions of the monotonicity and transfer
axioms, although not their strong counterparts (Chakravarty, 1983a, 1990, 1997a;
Foster and Shorrocks, 1991; Zheng, 1997). To understand the reason for violation
of the Strong Upward Transfer Axiom, consider an upward transfer that makes the
recipient rich. This brings a decline in PH but the change in the other component
may not be so significant to indicate an unambiguous change in the product of the
two terms in (2.7).

For every homothetic social welfare function of the poor, we have a correspond-
ing poverty index of the type PBD. For instance, assume that the representative in-
come E(xp) of the poor is of the form ∑q

i=1 xi(q+1− i)r/ir, where r > 0. Then the
corresponding index turns out to be the one suggested by Kakwani (1980b), which
is given by

PK(x,z) =
q

nz∑q
i=1 ir ∑

q
i−1 (z− xi)(q+1− i)r. (2.8)

The original form of the Sen index corresponds to the particular case r = 1. On the
other hand, if r = 0, the Kakwani index PK reduces to the form PHPIGR, the poverty
gap ratio. The relative index PK index was introduced with the objective that it will
fulfill the Diminishing Transfer Sensitivity Axiom. Kakwani (1980b) demonstrated
that for a given income distribution, a positive value of r exists for which this ob-
jective is fulfilled. But for any given r, there exists an income distribution for which
PK is not sensitive to the transfers, the way the axiom demands. However, it meets
the positional version of the transfer sensitivity axiom for all r > 1.

Giorgi and Crescenzi (2001) suggested a variant of PS by replacing the Gini
index in (2.5) by the Bonferroni inequality index. We can rewrite it in terms of
the Bonferroni representative income of the poor. The resulting index is given by

PGC(x,z) = PH

(

1− 1
qz

q

∑
i=1

1
i

i

∑
j=1

x j

)

. (2.9)

This index has the advantage of satisfying the Positional Transfer Sensitivity Axiom.
However, PS does not fulfill this property since it involves the Gini index as its
inequality component. PK and PGC behave in the same way as PBD with respect to
the Continuity, Monotonicity, Replication Invariance, and (Upward and Downward)
Transfer Axioms.

An alternative way of employing inequality indices for construction of poverty
indices was suggested by Hamada and Takayama (1977) and Takayama (1979) us-
ing censored income distributions. A censored income distribution replaces income
of each nonpoor person by the poverty line z and maintains the income of a poor
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person at its existing level. Formally, the censored income corresponding to the in-
come level xi is defined as

x∗i = min{xi,z}. (2.10)

We denote the censored income distribution corresponding to x by x∗. Thus, x∗ =
(x1,x2, . . . ..xq,z,z, ..,z). Takayama (1979) defined the Gini index of x∗ as an index
of poverty. More precisely, the Takayama index is defined as

PT(x,z) = 1− 1
n2λ (x∗)

n

∑
i=1

(2(n− i)+1)x∗i . (2.11)

Hamada and Takayama (1977) also suggested the use of various censored income
distribution-based inequality indices as poverty indices. All such indices have a clear
merit – they do not ignore the existence of persons above the poverty line but ignore
information on their income and count them in with the poverty line. But for either
definition of the poor, these indices violate the weak form of the monotonicity ax-
iom. To see this, suppose that all persons in the society are poor. Then multiplication
of all the incomes by a positive scalar less than one keeps these indices unchanged.
But the Weak Monotonicity Axiom demands increasingness of the poverty index
in this situation. Under the weak definition of the poor, they also violate the strong
form of the axiom (Chakravarty, 1983a, 1990).

Chakravarty (1983a, 1997a) suggested a general index by combining the
Blackorby and Donaldson (1980b) and the Takayama (1979) approaches. This
index is defined as the relative gap between the poverty line z and the representative
income E(x∗) based on the censored income distribution x∗, where E is calculated
using a continuous, increasing, strictly S-concave, and homothetic social welfare
function. Formally, this index is given by

PC(x,z) = 1− E(x∗)
z

. (2.12)

By construction, the Chakravarty index PC is focused, normalized, continuous, and
symmetric. Since homotheticity of the welfare function implies that E is linear ho-
mogeneous, PC is a relative index. Linear homogeneity of E along with its increas-
ingness ensures that PC is increasing in poverty line. It satisfies both forms of the
monotonicity axiom and all versions of the transfer principle. If we assume that E
is population replication invariant, then PC is so. However, in general, it is not sub-
group decomposable. Since E(z1n) = z,PC can be interpreted as the proportionate
size of welfare loss due to existence of poverty. This loss becomes zero if there is
no poor person in the society.

We can rewrite PC as

PC(x,z) = 1− λ (x∗)(1− IAKS(x∗))
z

. (2.13)

This shows that we can transform the Atkinson-Kom-Sen relative inequality index
of a censored income distribution IAKS(x∗) into a poverty index in a fairly natural
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way. Given a poverty line, for two censored income distributions x∗ and y∗ with
the same mean, the ranking of the distributions generated by PC coincides with that
generated by IAKS. Formally, IAKS(x∗) ≥ IAKS(y∗) ↔ PC(x,z) ≥ PC(y,z) PC has a
relationship with PBD as well: if the social welfare function is completely strictly re-
cursive, then PBD(x,z) < PC(x,z) < (z−E(xp)/z. If we do welfare evaluation with
the Rawlsian maximin rule min

i
{xi} (Rawls, 1971) and the income sum criterion

∑n
i=1 xi, then the bounds are actually attained. However, these welfare functions are

S-concave, but not strictly so. Pyatt (1987) investigated properties of PC using afflu-
ence and basic income, and examined the implications when the society equivalent
income is given by the sum of equivalent basic income and equivalent income of
affluence.

Evidently, to every homothetic social welfare function, there corresponds a dif-
ferent poverty index in (2.12). These indices will differ in the way we aggregate
the censored incomes into an indicator of welfare. For instance, suppose that wel-
fare evaluation is done with the Gini welfare function. Then PC turns out to be the
continuous extension of the Sen index characterized by Shorrocks (1995):

PSh(x,z) =
1

n2z

n

∑
i=1

(z− x∗i )(2(n− i)+1). (2.14)

In addition to being population replication invariant, PSh fulfills all the postulates
that are fulfilled by PC in its general form. We can rewrite the formula for PSh using
the Gini index of the censored income distribution IG(x∗) as PSh(x,z) = PHPIGR +
(1−PHIIGR)IG(x∗). This shows explicit dependence of the index on the per capita
poverty gap index PHPIGR and the inequality index IG(x∗). Since IG(x∗) is bounded
above by one, under ceteris assumption, an increase in PH or PIGR will lead to an
increase in poverty.

Earlier Thon (1979) suggested an index that has similar properties as PSh. In
fact, the failure of PS to verify the strong upward version of the transfer postu-
late motivated Thon to propose his index. If we employ the representative income
∑n

i=1 2(x∗i (n+1− i))/(n(n+1)) in (2.12), the resulting formula becomes the Thon
index (Thon, 1979):

PTh(x,z) =
2

(n+1)nz∑
n
i=1 (z− x∗i )(n+1− i). (2.15)

The difference between PSh and PTh arises from the assignment of different weights
on the income gap of a poor. While Thon employed the rank of a person in the
total population, Shorrocks used Gini type weight in the entire population. Thus,
the simple alternations in the weighting scheme in PS makes PSh and PTh to satisfy
several axioms which PS violates (see also Xu and Osberg, 2001).

None of the members of PC we have discussed so far are sensitive to income
transfers lower down the scale. The second Clark et al. index, which drops out as a
member of PC, when welfare evaluation is done with the symmetric mean of order
θ < 1, fulfills this objective (see Clark et al., 1981). The functional form for this
index is given by



2.3 Poverty Indices 63

PCHU(x,z) =

⎧
⎨

⎩

1− [1/n∑n
i=1(x∗i )θ ]1/θ

z , θ < 1,θ �= 0,

1− ∏n
i=1(x∗i )1/n

z , θ = 0,
(2.16)

where x ∈ Dn
+. This index can be regarded as the poverty counterpart to the

Atkinson (1970) inequality index, when applied to the censored income distribu-
tion. It is population replication invariant and retains all the properties of PC. For
any given income distribution, an upward income transfer will increase the value
of the index by a larger amount the lower is the value of θ . For any finite value
of θ < 1, the social indifference curve will be strictly convex to the origin and it
becomes more and more convex as the value of θ decreases. For θ = 0, we get the
symmetric Cobb-Douglas poverty index. As θ → −∞, the poverty index becomes
1−min

i
{x∗i /z}, the relative maximin poverty index. On the other hand, when θ → 1,

PCHU coincides with PHPIGR, which ignores many important features of a satisfac-
tory poverty index, including redistribution of income.

From Theorem 2.1, it follows that if we adopt the weak definition of the
poor, a decreasing and strictly S-convex function of the incomes of the poor can
be a suitable index of poverty under appropriate formulation. Suppose we con-
sider an illfare function H defined on the income gaps of the poor. Assume that
H((z − x1), . . . . . . ,(z − xq)) is continuous, increasing, strictly S-convex, and ho-
mothetic in its arguments. (Recall that z is given.) We now define the represen-
tative income gap ge as that level of poverty gap which if suffered by each poor
person will make the existing profile of gaps socially indifferent. More precisely,
H(ge1q) = H((z− x1), . . . . . . ,(z− xq)). Given assumptions about H, we can deter-
mine ge uniquely. As a general relative poverty index, Chakravarty (1983b) sug-
gested the use the following representative gap-based index:

PCRG = PH
ge

z
. (2.17)

PCRG is a generalization of the first Clark et al. (1981) index, which is based on
the assumption that H is given by sum of rth power (r > 1) of the gaps, that is,
H((z− x1), . . .(z− xq)) = ∑q

i=1 (z− xi)r. Then ge becomes the symmetric mean of
order r > 1 of the poverty gaps, which when substituted into (2.17) gives the first
Clark et al. index. Assuming that the set of poor persons is fixed, it satisfies the
diminishing sensitivity version of the transfer principle. However, like PS, it is a
violator of the upward strong form of the transfer axiom (see Thon, 1983b).

Now, consider the illfare function that uses the Sen-type weights. More pre-
cisely, H is of the form H((z − x1), . . .(z − xq)) = ∑q

i=1 (z− xi)(q+1− i). Then
ge =

(
2∑q

i=1 (z− xi)(q+1− i)/(q(q+1))
)
, which on substitution into (2.17) yields

the original form of the Sen (1976a) index. If all the poor persons have zero income,
then the representative income gap ge is given by z. (Assume that the income vector
01q of the poor persons is in the domain.) Note that ge is a specific representation of
the illfare function H. If we assume that all the incomes are nonnegative, then the
original version of the Sen index becomes the product of two ratios: the headcount
ratio and the ratio between the actual illfare and the (maximal) illfare that would
arise if all the poor persons are at the zero income level. This gives us an illfare
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interpretation of the original Sen index. We have also noted in Theorem 2.1 that,
under certain assumptions, all indices of the form (2.17) can be used for poverty
ranking of income distributions.

According to Vaughan (1987), poverty indices can be viewed as measuring the
size of welfare loss that results from the existence of poverty. This is quite similar to
the interpretation we have provided for PC and PBD (and hence for PS). His formu-
lation incorporates social welfare function directly into the construction of poverty
indices. The Vaughan relative poverty index is defined as:

PVR(x,z) = 1− W (x)
W (x̃)

, (2.18)

where x̃ is derived from x by replacing all the incomes of the poor by the poverty
line. This is a quite general index and many indices may be embedded into it. In-
creasingness of W will ensure nonnegativity of PVR. A sufficient condition for PVR
to be a relative index is homogeneity of W of some arbitrary degree. Likewise, ad-
ditional restrictions on W will be necessary for fulfillment of different axioms.

2.3.4 Subgroup Decomposable Poverty Indices

As we have argued in Sect. 2.2, the subgroup decomposable indices enable us to
identify the more poverty stricken population subgroups on a priority basis for im-
plementing poverty alleviation program. Equation (2.2) shows that the general form
of an index satisfying the decomposability axiom is given by the symmetric average
of the individual poverty functions. If we assume that the index is of relative type,
then the individual poverty function must be of the form ζ (xi,z) = ζ (xi/z,1) =
h(xi/z) say, where h : R1

+ → R1. If we impose further axioms, it is possible to nar-
row down the functional form of the index. For instance, if we assume that the index
is focused, continuous, normalized, and satisfies the weak form of the monotonicity
axiom and the strong upward version of the transfer principle, then it will be of the
form

PD(x,z) =
1
n∑

n
i=1 h

(
xi

z

)

, (2.19)

where h : R1
+ → R1 is continuous, decreasing, strictly convex. and h(v) = 0 for all

v ≥ 1 (see Foster and Shorrocks, 1991). Assume that first q ≤ n persons are poor.
As an illustrative example, suppose that h(v) = − logv, where v > 0. Then

the resulting subgroup decomposable index becomes the Watts index of poverty
(Watts, 1968):

PW(x,z) =
1
n∑

q
i=1 log

(
z
xi

)

. (2.20)

Blackburn (1989) showed that we can rewrite PW in terms of the Theil (1967)
mean logarithmic deviation index of inequality of the poor ITML(xp) =
1
q ∑

q
i=1 log[(μ(xp))/xi] as
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PW(x,z) = PH[ITML(xp)− log(1−PIGR)]. (2.21)

Thus, for a given values of PH and PIGR, a reduction in the Theil inequality index on
the right-hand side of (2.21) is equivalent to a reduction in the Watts index and vice
versa. Zheng (1993) interpreted this index as the size of absolute welfare loss due to
poverty and characterized it in such a framework using a set of axioms. Tsui (1996)
noted that the change in PW can be neatly disaggregated into growth and redistrib-
utive components. Another interesting observation is that for a given poverty line,
PW is related to the member of the Clark et al. (1981) index PCHU in (2.16) for θ = 0
as follows: PCHU = 1− exp(−PW). Therefore, the two indices produce the same
poverty ranking of income distributions when the poverty line is fixed.

Next, for the functional form h(v) = 1− ve,0 < e < 1, PD coincides with the
additively decomposable index characterized by Chakravarty (1983c):

PCD(x,z) =
1
n∑

q
i=1

[

1−
(

xi

z

)e]

. (2.22)

The subgroup decomposable Chakravarty index PCD satisfies the diminishing form
of the transfer principle and all higher order sensitivity axioms. As the value of the
parameter e decreases, the index becomes more sensitive to transfers at the lower
part of the profile. For e = 1, PCD becomes the poverty gap ratio, whereas for e = 0,
PCD = 0. If we replace z by the mean income λ , normalize the index over [0,1] and
sum over uncensored income distributions then a clear link of PCD is established
with the normalized Theil (1967) entropy index (Chakravarty, 1990; Zheng, 1997).
In order to establish relationship between PCHU and PCD, note that n[z(1−PCHU)]θ =

∑n
i=1 (x∗i )

θ and ze[q−nPCD] =
q
∑

i=1
xe

i . Hence, assuming that the poverty line is given,

the ranking of two distributions by PCD coincides with that generated by PCHU for
0 < θ < 1. Thus, in this particular case, the two indices convey the same information
in terms of ranking. However, PCHU is a nondecomposable index because of the
specific type of aggregation employed in it.

Finally, suppose that h(v) = (1− v)α , where α > 1, then PD becomes the Foster
et al. index (Foster et al., 1984):

PFGT(x,z) =
1
n∑

q
i=1

(
z− xi

z

)α
. (2.23)

Except PCD, all poverty indices proposed after Sen (1976a) and prior to PFGT are
not subgroup decomposable. The difference between PS and PFGT is that while the
former uses the relative rank of the ith poor as the weight on his poverty gap, the
latter employs the (α−1)th power of his normalized gap (z−xi)/z as the weight on
this gap itself. The index can be rewritten as the product of the headcount ratio q/n
and average of the transformed normalized gaps of the poor: ∑q

i=1 (z− xi/z)α/q.
Thus, it is sensitive to the proportion of population in poverty and how poor this
proportion is. As α → 0, the index approaches PH, whereas for α = 1, it coincides
with the poverty gap ratio PHPIGR A larger value of α gives greater emphasis to the
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poorer of the poor in the aggregation. For α > 2, Pα satisfies all the axioms satisfied
by PCD. For α = 2,Pα can be written as

PFGT(x,z) = PH
⌊
(IIGR)2 +(1−PIGR)2(ICV(xp))2⌋ , (2.24)

where ICV(xp) is the coefficient of variation of the income distribution of the poor.
This explicitly shows that for α = 2,PFGT does not exhibit transfer sensitivity. How-
ever, the formula in (2.24) recognizes its explicit relationship with an index of in-
equality in a positive monotonic way. As α → ∞,PFGT approaches q0/n, where q0
is the number of persons with zero income, while the transformed index (PFGT)1/α

tends to the relative maximin index of poverty. Note that we can convert PFGT into
the inequality index (∑n

i=1 |(λ (x)− xi)/λ (x)|α)/n by a straightforward transforma-
tion. For α = 1, it becomes the relative mean deviation or the Kuznets ratio and
when α = 2 the squared coefficient of variation is obtained. It becomes a transfer
sensitive index of inequality in the sense of Shorrocks and Foster (1987) if α takes
on values in the open interval (2,∞).4

Zheng (2000a) defined the measure of distribution-sensitivity for an individual
poverty index ζ (v,z), for all v < z, as follows:

DSζ (v,z) = −ζvv(v,z)
ζv(v,z)

, (2.25)

where ζv and ζvv denote, respectively, the first and second partial derivatives of the
function ζ with respect to its first argument.

The distribution-sensitivity measure DSζ (v,z) is quite similar to the Arrow
(1971)-Pratt (1964) absolute risk aversion measure AP(v) = −U ′′(v)/U ′(v) for a
utility function U , where v represents wealth and, U ′ and U ′′ are, respectively, the
first and second derivatives of U . Taking cue from Pratt (1964), Zheng (2000b) ar-
gued that the following result concerning DSζ for the weak definition of the poor
can be demonstrated.

Theorem 2.2. For a given poverty line z and two individual poverty functions ζ and
ζ̂ , the following statements are equivalent:

(a) DSζ (v,z) > DSζ̂ (v,z) for all v ∈ [0,z).

(b) ζ (v,z) is a strictly convex function of ζ̂ (v,z) for v ∈ [0,z).

Theorem 2.2 says that ζ will indicate a higher increase in poverty than ζ̂ for a
regressive transfer between two poor persons.

We can also interpret the distribution-sensitivity measure in terms of poverty
aversion. A poverty averse policymaker will regard the reduction in social welfare
of the poor less if one unit of income is taken from a poor person than from a poorer
poor person. Thus, poverty aversion has essentially the same flavor as distribution-
sensitivity (see also Seidl, 1988).

4 Ebert (1988c) characterized indices of this type using alternative sets of axioms. See also Ebert
and Moyes (2002) for discussion on PFGT.
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From the functional form of the second Clark et al. (1981) index, it appears
that we can regard ζ (v,z) =

⌊
1− (v/z)θ

⌋
/θ with θ < 1, as its individual poverty

function. Its measure of distribution-sensitivity is DSθ (v,z) = (1 − θ)/v. As the
value of θ reduces, the index becomes more distribution-sensitive. We can inter-
pret (1−θ) as a measure of poverty aversion: for a given income, the lower is the
value of θ , the more poverty averse the index becomes. Since the Watts index corre-
sponds to the case θ = 0, the Clark et al. index with negative θ is more distribution-
sensitive than the Watts index, which in turn has higher distribution-sensitivity than
the Chakravarty index because of its increasing relationship with the Clark et al. in-
dex for positive θ . This provides an interesting comparison among the three indices.

Since for the Foster et al. index ζ (v,z) = (1− v/z)α , its distribution-sensitivity
measure is DSα(v,z) = (α − 1)/(z − v). Thus, as the value of α increases,
distribution-sensitivity increases and (α − 1) can be regarded as an indicator of
poverty aversion. It may be checked that for given (z,α,θ), neither of the Clark et
al. and the Foster et al. indices is always more distribution-sensitive than the other.

2.3.5 Absolute Indices of Poverty

Absolute indices often become very useful because of their policy implications. The
absolute poverty index suggested by Blackorby and Donaldson (1980b) enables us
to determine the total monetary cost of poverty. It is formally defined as

PBDA(x,z) = q(z−E(xp)), (2.26)

where the representative income of the poor E(xp) is evaluated according to a
continuous, increasing, strictly S-concave, and translatable social welfare function
of the poor. Since E is unit translatable, if each poor in the society were given
(z−E(xp)) amount of money then the Blackorby-Donaldson absolute poverty in-
dex PBDA will be zero at an aggregate cost of q(z−E(xp)). Therefore, this index
gives us the monetary cost of poverty. However, it shares all the shortcomings of its
relative sister PBD (see also Bossert, 1990b).

While PBDA determines the aggregate cost of poverty, Chakravarty (1983a) sug-
gested a per capita absolute poverty index. It is given by the difference between
the poverty line and the society representative income which is calculated using a
continuous, increasing, strictly S-concave, and translatable social welfare function
defined on the censored income distributions. Formally,

PCA(x,z) = z−E(x∗). (2.27)

Unit translatability of E shows that if each person in the censored income distribu-
tion x∗ were given (z−E(x∗)) amount of money, then absolute poverty, as measured
by PCA, will be zero at an aggregate cost of n(z−E(x∗)). Thus, PCA determines the
per capita absolute poverty cost. This index shares all the properties of its relative
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counterpart PC. We can illustrate the index using the Gini and the Kolm (1976a)-
Pollak (1971) welfare functions defined on the censored income distributions. It
may be worthwhile to mention here that the use of any absolute inequality index de-
fined on the censored income distributions will not be suitable for measuring poverty
because of its failure to fulfill the monotonicity axioms.

We can also define absolute indices using the illfare function of the poor. Since
these functions are defined directly on income gaps, they are translation invariant.
This in turn shows that any well-defined aggregation of the gaps will give us an
absolute index. For instance, the index (∑q

i=1 exp(r(z − xi))/q, where r > 0 is a
parameter, is an absolute index that satisfies all the poverty axioms specified in
condition (iii) of Theorem 2.1. We can also use the representative gap ge calculated
using a continuous, increasing, and strictly S-convex function to construct a wide
class of absolute indices, namely, (q/n)ge (Chakravarty, 1983b). One member of
this class is the absolute version of the Sen (1976a) index, which, as we show in
Sect. 2.6, becomes quite helpful in poverty comparisons in a very general setup.

The Vaughan absolute index PVA(x,z) = W (x̃)−W (x), where x̃ is the same as
in (2.18), has been proposed to determine the size of absolute welfare loss due to
existence of poverty (Vaughan, 1987). Clearly, as in the relative case, we need more
information on the welfare function W to examine the properties of PVA.

The Zheng absolute individual poverty function ξ (v,z) = exp(ω̃(z− v))−1 has
a constant distribution-sensitivity (DSζ (v,z) = ω̃ > 0) (Zheng, 2000b). It can be
verified that at a lower income level, this index is more poverty averse than the
Foster et al. (1984) index but is less poverty averse than the Clark et al. (1981)
index.5

2.4 Population Growth and Poverty

Population replication invariant poverty indices view changes in the number of poor
persons in terms of changes in the fraction of population in poverty. However, a
common person may not like to look at the change in such a simple way. The dis-
tinction between the two views can be explained by an illustration provided by
Kanbur (2001). It was observed that in Ghana between 1987 and 1991, the head-
count ratio came down by about 1% per year, while the number of the poor increased
because the total population was growing by approximately 2% per year. The policy
recommenders regarded the former as a measure of the success of their “structural
adjustment” policies. However, the common people criticized these policies, at least
partly, because they could see more poor people around.

5 Many of the indices discussed in this section have been applied to study the incidence of poverty
in India. For a review of this literature, see Maiti (1998). See also Deaton (2008). Dominguez
and Velazquez (2007) employed several indices to analyze poverty intensity in 15 countries of the
European Union using European Commission Household Panel data. Bresson and Labar (2007)
studied decomposition of poverty in China for the period 1990–2003. See Slesnick (1993) for a
study of poverty in the USA.
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Chakravarty et al. (2006) characterized the following family of poverty indices
that accommodates alternative views on poverty change resulting from population
growth in a common framework:

PCKM(x,z) = δ1

[
n

∑
i=1

h
(

x∗i
z

)

−δ2n

]

, (2.28)

where h is the same as in (2.19), and δ1 > 0 and δ2 are constants. Consequently,
PCKM is symmetric, continuous, and satisfies both forms of the monotonicity axiom
and the Strong Upward Transfer and the Diminishing Transfer Sensitivity Axioms.
However, it is not invariant under replications of the population because of the ag-
gregation rule and the presence of the population-size dependent term δ2n. In fact,
the latter is the major source of difference between the population replication invari-
ant index PD in (2.19) and PCKM. This is because if δ2 = 0, we can convert PCKM into
a population replication invariant index simply by dividing by the population size n.
The presence of the term δ2n in the latter enables us to consider alternative views
on poverty change as a consequence of change in the population size n. If q is fixed,
δ2 can be interpreted as the amount by which poverty goes down when the number
of rich persons increases by one. Hence, in this situation, nonnegativity of δ2 is a
reasonable assumption. However, if we allow both the numbers of poor and rich to
increase simultaneously, then there is a trade off between the reduction in poverty
resulting from higher number of rich and increase in poverty because of higher num-
ber of poor. As we note below, the value of δ2 may be helpful in resolving this issue.
The constant δ1 > 0 can be regarded as a scale parameter: under ceteris paribus as-
sumption, an increase in the value of δ1 increases poverty. Therefore, without loss
of generality, we can set δ1 = 1.

For a given income distribution over a given population size, an increase in
the value of δ2 decreases PCKM. If we assume that δ2 = 0, PCKM is independent
of the size of the nonpoor population and their income distribution. In this case,
PCKM can be taken as an aggregate version of PD. Consequently, for h(v) = − logv,
h(v) = 1−ve, and h(v) = (1−v)α , PCKM becomes, respectively, the aggregate form
of the Watts (1968), the Chakravarty (1983c), and the Foster et al. (1984) index.
Note that if δ2 = 0, an l-fold replication of the population will augment the poverty
index (l − 1) times, which is demanded by the Replication Scaling Principle of
Subramanian (2002). Subramanian also introduced a Population Growth Principle
which requires that if all the poor persons in the society have the same income and a
person having this identical income migrates to the society and if there is at least one
nonpoor person in the society, then poverty must go up. It is easy to verify that this
principle of population growth is verified by the index PCKM under the assumption
that δ2 = 0.

If δ2 = 0, an increase in the number of poor increases the index PCKM unambigu-
ously. Next, for δ2 > 0, the index records a reduction in poverty if the population
size increases keeping the number of poor and their income distribution fixed. This
therefore shows that the formulation puts the two Kundu and Smith (1983) axioms
into a common framework. The major difference between the Kundu and Smith
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formulation and the present one, which generates PCKM, is that in the former, the
two population growth criteria are assumed at the outset, whereas in the latter, the
two views follow separately as implications of the functional form PCKM.

Now, consider the following form of the poverty index involving the number of
poor and the population size:

PHA(x,z) = q−δ2n. (2.29)

Consider two distributions x1 and x2 over population sizes n1 and n2, respectively.
Let q1 and q2 satisfying the restrictions q1 > q2 and (q1/n1) = (q2/n2) be the num-
bers of poor persons in x1 and x2, respectively. These restrictions imply that n1 > n2.
Then PHA(x1,z) > PHA(x2,z) demands that δ2 < ((q1−q2)/(n1−n2)) which is pos-
itive. Hence, δ2 is bounded above by a positive real number.

Next, suppose that the number of poor is the same in both the distributions but the
headcount ratio in the former is higher. That is, q1 = q2 but (q1/n1) > (q2/n2). This
in turn gives n1 < n2. Then PHA(x1,z) > PHA(x2,z) requires that δ2(n1 − n2) < 0,
implying positivity of δ2.

The following proposition of Chakravarty et al. (2006) summarizes the above
observation:

Proposition 2.1. There exists a positive value of δ2 such that the poverty index of
the form (2.29) will satisfy the following conditions simultaneously:

(i) For a given headcount ratio, if the absolute number of poor goes down, then
poverty should decline.

(ii) For a given absolute number of poor and the income distribution of the poor
population, if the headcount ratio goes down, then poverty should decline.

Note that the satisfaction of condition (i) does not require positivity of δ2. It can
hold as well for negative values of δ2. Thus, a negative value of δ2 may be suf-
ficient to make sure that the trade off between poverty reduction resulting from
a reduction in the number of poor and poverty increase due to a reduction in the
number of rich works out in favor of diminishing poverty. In other words, the ef-
fect of poverty reduction as a consequence of lower number of poor outweighs that
of poverty increase following from a smaller rich population size. In such a situa-
tion, Proposition 2.1 will become an impossibility result stating that conditions (i)
and (ii) of Proposition 2.1 cannot be fulfilled simultaneously [since we always need
positivity of δ2 for condition (ii) to hold]. Note also that since for simultaneous sat-
isfaction of (i) and (ii), δ2 should be very small, the number of poor becomes the
major determinant of poverty ranking here.6

An alternative poverty index that fulfills these two views simultaneously is the
Arriaga index PAR(x,z) = q2/n. It was introduced by Arriaga (1970) as an urban-
ization index. In the Arriaga framework, the numerator of PAR is the square of total

6 The numerical illustration provided by Chakravarty et al. (2006) using data sets from South Asia
and Africa confirms this.
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resident population in the urban community. (If there is more than one urban com-
munity, then it will be the sum of squares of such population sizes across commu-
nities.) Since the fulfillment of the two conditions by PAR does not depend on any
parameter, no impossibility result emerges in the underlying framework.

Since both PHA and PAR are based on the number of poor persons, they fail to
meet the monotonicity and transfer axioms. The following alternative to PHA which
meets the strong versions of the monotonicity and transfer axioms meets also the
two conditions of Proposition 2.1:

PHAA(x,z) =
1

nδ3

n

∑
i=1

h
(

x∗i
z

)

, (2.30)

where h is same as in (2.19) and 0 < δ3 < 1. For a given (x,z), an increase
in δ3 will lead to a reduction in the value of PHAA, which we can rewrite as
n(1−δ3) [∑n

i=1 (h(x∗i /z)/n)]. For a given headcount ratio for condition (i) to hold,
under a reduction in the absolute number of poor, a corresponding proportionate
contraction of the nonpoor population size is necessary. Under this contraction,
a population replication invariant poverty index remains unaltered. If we repli-
cate the population l times, the third bracketed term remains unchanged, but the
multiplicative factor becomes (nl)(1−δ3), which is greater than (n)(1−δ3). Hence
PHAA(x,z) < PHAA(y,z), where y is the l-fold replication of x. Thus, condition (i) is
verified. Next, when the number of poor persons and their income distribution are
given, a reduction in the headcount ratio results from an increase in the number of
rich persons. It is quite easy to check that the PHAA decreases in such a case. The
following proposition of Chakravarty et al. (2006) summarizes these observations:

Proposition 2.2. A poverty index of the form (2.30) will satisfy the conditions (i)
and (ii) stated in Proposition 2.1 simultaneously.

However, one limitation of PHAA is that it may not indicate an unambiguous
direction of change in poverty if there is an increase in the number of poor.

2.5 Poverty Orderings

Our discussion in Sect. 2.3 shows the existence of a large number of poverty indices
satisfying different sets of axioms. Poverty assessment of two distributions can cer-
tainly be conflicting by two different indices. As the determination of a poverty
line is subjective, variation in poverty line can be identified as a major source of dis-
agreement in ranking of distributions. While for a given poverty line, a poverty index
will rank two distributions unambiguously, for two distinct poverty lines, ranking of
the distributions may be different. Therefore, it will be worthwhile to investigate
whether a given poverty index can order two income distributions in an unambigu-
ous way for a range of poverty lines. This concept of poverty ordering of distribu-
tions by a given index for all poverty lines in some reasonable interval is referred to
as poverty-line ordering (Zheng, 2000b).
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Foster and Shorrocks (1988a,b) developed conditions under which unanimous
poverty comparisons can be made by members of PFGT when poverty lines are al-
lowed to vary. To discuss the Foster-Shorrocks results, suppose that the income dis-
tributions are defined on the continuum. Let F : [0,∞) → [0,1] be the cumulative
distribution function. Then F(v) is the proportion of persons with income less than
or equal to v. We retain our assumptions about F made in Chap. 1. Suppose that the
poverty lines are allowed to vary over the interval (0,∞). For a given z ∈ (0,∞) and
a poverty index P, the poverty level associated with the distribution function F is
denoted by P(F,z). Then of two distribution functions F and G defined on the same
domain [0,∞), G poverty line dominates F with respect to the index P if and only if
P(F,z) ≤ P(G,z) for all z ∈ (0,∞) with < for some z.

Suppose that poverty assessment is made with the counting measure, that is, the
headcount ratio. Thus, P(F,z) = F(z). Then G poverty line dominates F with respect
to the headcount ratio if and only if F(z)≤ G(z) for all z ∈ (0,∞) with < for some z.
But this is same as the condition that F first-order stochastic dominates G.

Next, assume that poverty evaluation is done with the poverty gap ratio P(F,z) =
∫ z

0 ((z− v)/z)dF(v) =
∫ F(z)

0 (z−F−1(t))dt, where F−1 is the inverse distribution
function defined in Chap. 1. This shows that G poverty line dominates F by the
poverty gap ratio if and only if F second-order stochastic dominates G, which is
equivalent to the condition that F ≥GL G.

While these two results involve two members of PFGT, the following general
result in terms of PFGT has been demonstrated by Foster and Shorrocks (1988a)
along this line.

Theorem 2.3. For two income distribution functions F and G defined on the same
domain and a nonnegative integer α , the following statements are equivalent:

(a) PFGT(F,z) ≤ PFGT(G,z) for all z ∈ (0,∞), with < for some z.
(b) F dominates G by the (α+1)th degree stochastic dominance criterion.

Thus, the poverty ranking of two distributions by the member of PFGT defined in
(2.24) is same as third-order stochastic dominance. An implication of the PFGT or-
derings is that if the index generates an unambiguous ranking of two distributions
for α = α1, then it is capable of ranking the two distributions in the same direc-
tion for α = α2 if α1 ≤ α2. If the dominance relation holds for some member of the
Foster et al. (1984) class, say for α =α1, then it is not necessary to check dominance
for higher values of α . The direction of dominance will not change. This means that
the PFGT orderings are nested. Thus, if one distribution is regarded as less poor than
another by the headcount ratio, then the same will be true for the poverty gap ratio
as well. While the nested characteristic of the Foster-Shorrocks result requires that
α should be an integer, Tungodden (2005) extended this to the case where α can
be an arbitrary nonnegative real number. In view of equivalence between stochastic
dominance and welfare dominance, the PFGT orderings enable us to provide welfare
interpretation of the PFGT family. Assuming that the poverty line is bounded above,
Foster and Shorrocks (1988b) derived results analogous to Theorem 2.3.
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Foster and Jin (1998) developed poverty-line ordering of distributions using in-
dices that are based on utility gaps. Formally, a utility gap-based poverty index is
defined as

PU(x,z) =
ã(z)

n

n

∑
i=1

(U(z)−U(x∗i )), (2.31)

where U is the identical individual utility function and ã(z) > 0 is a normaliza-
tion coefficient. Thus, PU aggregates the utility gaps of the poor from the poverty
line. This general Dalton type index contains many well-known indices as special
cases. For instance, if U(v) = logv, ã(z) = 1, then PU becomes the Watts (1968)
index. On the other hand, for U(v) = log v, ã(z) = 1/ log z, PU coincides with the
Hagenaars (1987) index. Finally, the Chakravarty (1983c) index drops out as a mem-
ber of PU if we assume that U(v) = ve and ã(z) = ze. For any x ∈ Dn

+, we denote the
utility distribution of x by Ux = (U(x1),U(x2), . . . .,U(xn)).

The following theorem of Foster and Jin (1998) provides a characterization of
the utility gap -based indices in terms of the poverty-line ordering.

Theorem 2.4. Let U be continuous and increasing, and x,y ∈ Dn
+ be arbitrary. Then

the following conditions are equivalent:

(a) PU(x,z) ≤ PU(y,z) for all z ∈ (0,∞) with < for some z.
(b) Ux ≥GL Uy, that is, Ux generalized Lorenz dominates Uy.

Theorem 2.4 says that if the distribution y poverty line dominates the distribution
x, then the utility distribution of x will be generalized Lorenz superior to the utility
distribution of y. The converse is true as well. Since the utility gap-based Dalton
type poverty index and the generalized Lorenz curve remain invariant under repli-
cations of the population, we can use Theorem 2.4 for cross-population poverty
comparisons of income distributions.

An alternative direction of research on poverty ranking involves identification
of a family of poverty indices that will rank different distributions unambiguously
when the poverty line is given. This is referred to as poverty-measure ordering.
Given the poverty line, we need to specify a set of axioms such that all the poverty
indices fulfilling these axioms will rank the distributions in the same direction. That
is, we need to check whether, for a given poverty line, it is possible to compare
two distributions unanimously by all members belonging to the class of indices
satisfying these axioms.

Atkinson (1987) developed conditions on poverty-measure ordering for subgroup
decomposable indices with a common arbitrary poverty line. He considered the
range [z−,z+] for the poverty lines, where, as before, z− > 0 and z+ < ∞ are the
minimum and maximum poverty lines. The poverty line arbitrarily varies within
this range. Instead of considering a single poverty index, he focused attention on a
given class of poverty indices. The two theorems presented below summarize the
poverty-measure orderings developed by Atkinson (1987).

For presenting the theorems, we follow Zheng (2001) and consider poverty in-
dices that are additively separable, so that
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P(F,z) =
∫ ∞

0
ζ (v,z)dF(v), (2.32)

where the individual poverty function ζ (v,z) is zero if v ≥ z, it is positive otherwise.

Theorem 2.5. Consider two income distribution functions F and G defined on the
same domain and assume the weak definition of the poor. Then (i) the necessary
and sufficient condition for P(F,z) < P(G,z) to hold for all individual poverty func-
tions that are continuous on [0,∞) and decreasing in the incomes of the poor, and
a given poverty line z ∈ [z−,z+] is that F first-order stochastic dominates G over
[0,z], and (ii) the necessary and sufficient condition for P(F,z) < P(G,z) to hold for
all individual poverty functions that are continuous on [0,∞) and decreasing in the
incomes of the poor, and all poverty lines z ∈ [z−,z+] is that F first-order stochas-
tic dominates G over [0,z−] and F weakly first-order stochastic dominates G over
[z−,z+].

Theorem 2.6. Consider two income distribution functions F and G defined on the
same domain and assume the weak definition of the poor. Then the necessary and
sufficient condition for P(F,z) < P(G,z) to hold for all individual poverty functions
that are continuous on [0,∞), decreasing and strictly convex in the incomes of the
poor, and a given poverty line z ∈ [z−,z+] is that F second-order stochastic domi-
nates G over [0,z], (ii) the necessary and sufficient condition for P(F,z) < P(G,z)
to hold for all individual poverty functions that are continuous on [0,∞), decreasing
and strictly convex in the incomes of the poor, and all poverty lines z ∈ [z−,z+] is
that F second-order stochastic dominates G over [0,z−] and F weakly second-order
stochastic dominates G over [z−,z+].

These two theorems have very strong implications. If a dominance relation holds,
then no individual poverty index with the relevant properties needs to be consulted in
ordering the distributions under considerations. The dominance conditions are quite
easy to implement and our discussion in Chap. 1 shows that they have very nice
welfare theoretic interpretations (see also Howes, 1993). Zheng (1999) extended
Theorem 2.6 to the case of third-order dominance. Clearly, the poverty index in this
case is required to be diminishing transfer sensitive.

Spencer and Fisher (1992), Jenkins and Lambert (1997, 1998a,b), and
Shorrocks (1998) derived conditions for ranking one distribution as having more
poverty than another in terms of dominance condition that relies on the poverty
gap profile. The aggregate normalized poverty gap of the cumulative population
proportion i/n for the distribution x is ∑i

j=1 (z− x∗j)/nz, where 1 ≤ i ≤ n. Given
the poverty line z, this is the ordinate PG(x,z, i/n) of the poverty gap profile at
the cumulative population proportion i/n. The poverty gap profile PG(x,z, t) of x,
where 0 ≤ t ≤ 1, is completed by setting PG(x,z,0) = 0 and by defining

PG
(

x,z,
i+ τ

n

)

= (1− τ)PG
(

x,z,
i
n

)

+ τPG
(

x,z,
i+1

n

)

, (2.33)

for all 0 ≤ τ ≤ 1 and 1 ≤ i ≤ (n− 1). This curve is nondecreasing and concave
(see Fig. 2.1). The 45◦ line represents the situation where all the persons have zero
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Fig. 2.1 Poverty gap profile

income. This is the line of maximum poverty. The vertical distance between the 45◦

line and the poverty gap profile is the generalized Lorenz curve of the normalized
distribution x∗/z. Shorrocks (1998) has shown that PSh, the continuous version of
the Sen index PS, can be expressed as the area under the poverty gap profile ex-
pressed as a fraction of the area under the 45◦ line. The headcount ratio, which
represents the poverty intensity, is the population proportion at which the curve be-
comes flat (given that there is no person with exactly the poverty-line income). The
poverty gap ratio, the relative gap between the poverty line and the mean of the
censored income distribution, is the maximum height of the curve. The curvature of
the curve between the origin and the headcount ratio is an indicator of inequality
among the poor because in this position the curve is not flat. Since the curve depicts
these three important components of poverty, Jenkins and Lambert (1997, 1998a,b)
renamed the curve as the TIP (three Is of poverty) curve and analyzed it in greater
details. We may also refer to the curve as the illfare curve of the society. Spencer
and Fisher (1992) called the absolute poverty gap profile zPG(x,z, t) absolute rotated
Lorenz curve of the censored income distribution x∗.

Given two income distributions x,y ∈ Dn, we say that y poverty gap profile dom-
inates x, which we denote by y ≥PG x, if for a given poverty line z, PG(x,z, t) ≤
PG(y,z, t) for all 0≤ t ≤ 1 with < for some t. The following theorem of Spencer and
Fisher (1992), Jenkins and Lambert (1997, 1998a,b), and Shorrocks (1998) gives an
implication of poverty gap profile dominance in terms of illfare indices.

Theorem 2.7. Let x,y ∈ Dn be arbitrary. The poverty line z ∈ [z−,z+] is assumed to
be given. Then the following conditions are equivalent:

(i) y ≥PG x.
(ii) H((1 − x∗1/z),(1 − x∗2/z), . . . ,(1 − x∗n/z)) < H((1 − y∗1/z),(1 − y∗2/z), . . . ,(1 −

y∗n/z)) for all illfare indices H : [0,1]n → R1 that are increasing and strictly
S-convex in the relative poverty gaps (1− x∗i /z).
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The theorem shows an interesting application of the illfare functions we have
considered in Sect. 2.3. Clearly, it can be regarded as an extension of the equivalence
between conditions (iv) and (x) of Theorem 2.1 to the censored income distributions
(see also Foster and Sen, 1997, pp. 192–193).7This equivalent condition can be used
to check poverty ranking of distributions for a large class of poverty indices. Spencer
and Fisher (1992) referred to the illfare functions as the aggregate hardship func-
tions. Jenkins and Lambert (1998b) also demonstrated equivalence between cen-
sored generalized Lorenz dominance and TIP curve dominance. Finally, it may be
worthwhile to mention that Atkinson (1992) and Jenkins and Lambert (1993) stud-
ied poverty-measure orderings when the poverty line is adjusted for differences in
family composition. Contributions along this line have also been made by Chambaz
and Maurin (1998) and Zoli and Lambert (2005).

As Zheng (2000b) noted all the poverty indices that are covered by Theorem
2.6 can be expressed in terms of their distribution-sensitivity measures. He con-
sidered the poverty-measure ordering based on the class of minimum distribution-
sensitive indices. The reason for concentrating on such a class is that minimum
distribution-sensitive indices may be able to increase the completeness or power of
poverty ordering beyond second-degree dominance (see also Zheng, 1999). He re-
stricted attention on the set of all subgroup decomposable focused poverty indices
SP(ζ̂ (v,z)) = {P(x,z) = (1/n)∑n

i=1 ζ (xi,z)|DSζ (v,z) ≥ DSζ̂ (v,z) for all v ∈ [0,z)},
where, as before, the individual poverty function ζ (v,z) > 0 on [0,z), ζ (v,z) = 0
for v ≥ z. Further, ζ is decreasing, strictly convex in the incomes of poor and contin-
uous on [0,∞). If ζ̂ (v,z) = (z− v), then SP(ζ̂ (v,z)) and the family of distribution-
sensitive poverty indices considered by Atkinson (1987) coincide. Zheng (2000b)
then showed that for two income distributions x and y over a given population and
a given poverty line z, y has at least as high poverty level as x for all poverty in-
dices belonging to this particular set if and only if ∑ j

i=1 ζ̂ (yi,z) ≥ ∑ j
i=1 ζ̂ (xi,z) for

all 1 ≤ j ≤ n. Clearly, this result can be regarded as a generalization of the Spencer
and Fisher (1992), Jenkins and Lambert (1997, 1998a,b), and Shorrocks (1998) the-
orem because in the latter, we set ζ̂ (xi,z) = (1− x∗i /z). He also showed how to
compare poverty orderings with different ζ̂ functions. It is shown that the neces-
sary and sufficient condition for the set of distributions ordered by SP(ζ̂1(v,z))
be included in the set ordered by SP(ζ̂2(v,z)) is that ζ̂2 is a convex function of
ζ̂1. An implication of this result is that if ζ̂2 is an increasing and convex func-
tion of ζ̂1, then the poverty ordering by SP(ζ̂2(v,z)) will have at least as much
power as that by SP(ζ̂1(v,z)). Recall that for the second Clark et al. (1981), the
Watts (1968), the Chakravarty (1983c), the Foster et al. (1984), and the constant
distribution-sensitivity indices, the individual poverty functions are given, respec-
tively, by (1 − (v/z)θ/θ , where θ < 1; log(z/v); (1 − (v/z)θ ), where 0 < θ <
1; (1 − (v/z))α , where α > 1; and exp(ω̃(z − v))− 1 with ω̃ > 0. It then turns

7 In fact, Shorrocks (1998) referred to the poverty gap profile as deprivation profile. He looked at
the issue from a quite general perspective and used the curve for ranking societies in terms of bads
such as unemployment duration and wage discrimination, in addition to poverty. See also Xu and
Osberg (1998).
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out that the poverty ordering by SP(ζ̂ (v,z)) with ζ̂ being anyone of these indices
has more power than the Atkinson second-degree stochastic dominance criterion.
(This is because for a given z > 0, the individual poverty functions (1− (v/z)θ )/θ ,
where θ < 1, and (exp(ω̃(z− v))− 1) are increasing and strictly convex functions
of (z− v).) The poverty ordering associated with the Clark et al. index for θ < 0
has more power than that with the Watts index, which in turn has more power than
that with the Chakravarty index. The power of the poverty ordering induced by the
Foster et al. index increases with the value of α . The power of poverty ordering with
the constant distribution-sensitivity index is not comparable with that of any other
index.

2.6 Unit Consistent Poverty Indices

The unit consistency axiom, introduced by Zheng (2007c), demands that the poverty
rankings of income distributions remain unaltered if all the incomes and the poverty
line are expressed in different units of measurement. To illustrate this, suppose that
when incomes and poverty lines are expressed in euros, region I is regarded as
poorer than region II. It is reasonable to expect that the regional poverty ranking
does not change if incomes and poverty lines are expressed in terms of one thou-
sand euros. A unit consistent poverty index will achieve this objective. Thus, unit
consistency ensures that measurement of incomes and poverty lines in different units
will not lead to contradictory conclusions.

A poverty index P : D+ × [z−,z+] is said to be unit consistent if for x,y ∈ D+
and two given poverty lines z1,z2 ∈ [z−,z+], P(x,z1) < P(y,z2) implies P(cx,cz1) <
P(cy,cz2), where c > 0 is any scalar such that cz1,cz2 ∈ [z−,z+].

Since for a relative poverty index P, P(cx,cz) = P(x,z), all relative poverty in-
dices are unit consistent. But the converse is not true. However, people may not
always like to view income shortfalls from the poverty line in relative terms. Some-
times they may like to look at poverty in terms of absolute shortfalls and, as ar-
gued earlier, in this case, we concentrate on absolute indices. Therefore, it might be
worthwhile to look for absolute indices that satisfy unit consistency.

In order to identify unit consistent absolute poverty indices, we consider
some specific type of indices. Following Zheng (2007c), we say that a poverty
index P is semi-individualistic if for any (x,z) ∈ D+ × [z−,z+], P(x,z) =
(1/n)∑q

i=1 ζ (xi,n,q, i,z), where the nonnegative semi-individualistic poverty func-
tion ζ (xi,n,q, i,z) is invertible, twice differentiable, decreasing in xi < z, also
limv→z− ζ (v,n, i,z) = 0 and ζ (v,n,q, i,z) = 0 if v ≥ z. Because of dependence of
ζ on n,q, and i in addition to v and z, it is referred to as semi-individualistic, in-
stead of individualistic in which case dependence is assumed only on (v,z). Thus,
a semi-individualistic poverty function for person i does not change in response to
a change in another person’s income as long as i’s rank in the distribution and the
number of poor persons remain unaltered.
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Zheng (2007c) showed that an absolute semi-individualistic poverty index is unit
consistent if and only if it is of the form

PZA(x,z) =
1
n

q

∑
i=1

f̃ (n,q, i)(z− xi) f̄ (n,q), (2.34)

for some positive functions f̃ (n,q, i) and f̄ (n,q).
If f̄ (n,q) = 1 and f̃ (n,q, i) = 2(q+1− i)/(q+1), then PZA becomes the absolute

form of the Sen (1976a) index, which we have discussed in Sect. 2.3.5. On the
other hand, if f̃ (n,q, i) = 1 and c(n,q) = α , then PZA coincides with the absolute
version of the Foster et al. (1984) index. Finally, for f̄ (n,q) = 1 and f̃ (n,q, i) =
(2(n− i) + 1)/n, PZA will be the absolute variant of PSh, the continuous form of
the Sen index characterized by Shorrocks (1995), which is a member of the general
Chakravarty (1983a) index.

Next, we consider poverty indices within a more specified framework to study
implications of unit consistency. Recall that the Dalton (1920) index of inequality is
based on utility ratio. Chakravarty (1983c) and Hagenaars (1987) applied the Dalton
index to the measurement of poverty. For all x ∈ D+ and z ∈ [z−,z+], a generalized
Dalton-Chakravarty-Hagenaars poverty index PDCH(x,z) is defined as

PDCH(x,z) =
1
n

q

∑
i=1

(φ̃(z)− φ̃(xi))
ϕ̃(z)

, (2.35)

where the real valued functions φ̃ and ϕ̃ are assumed to be twice differentiable. If
we assume that φ̃ and ϕ̃ are identical then PDCH reduces to the general form of the
Hagenaars index.

By construction, PDCH is subgroup decomposable and semi-individualistic. The
set of all poverty indices defined by (2.35) is a proper subset of the set of all sub-
group decomposable indices and the latter set is a proper subset of the set of semi-
individualistic indices. Therefore, the framework that defines PDCH is narrower than
the framework for semi-individualistic indices.

It may be noted that for all subgroup decomposable unit consistent poverty in-
dices, the individual poverty function will be homogeneous of some arbitrary degree
in its arguments (Zheng, 2007c). However, this does not identify any specific form
of the index. If we restrict our attention to PDCH in (2.35), then it is possible to
isolate some functional forms uniquely. Zheng (2007c) showed that a generalized
Dalton-Chakravarty-Hagenaars poverty index PDCH(x,z) satisfies unit consistency
if and only if it is of the form

PDCH(x,z) =

⎧
⎪⎨

⎪⎩

1
r1

1
nzr2

q
∑

i=1
[zr1 − xr1

i ],r1 �= 0,

1
nzr2

q
∑

i=1
log

(
z
xi

)
,r1 = 0,

(2.36)

where r1 and r2 are constants.
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The logarithmic member of this family is a parametric extension of the
Watts (1968) index, while the other member is a two parameter generalization
of the second Clark et al. (1981) and the Chakravarty (1983c) indices. The entire
family may be regarded as the poverty counterpart to the generalized entropy family
of inequality indices. Note that the family contains the absolute poverty gap ratio
(∑q

i=1 (z− xi))/n as a member. In fact, the only member of the PDCH in (2.36) that
satisfies absolute scale invariance and unit consistency simultaneously is a positive
multiple of this index.

2.7 Measuring Chronic Poverty

Our analysis so far has ignored one important aspect of poverty, its duration. Look-
ing at poverty trends using a particular index of poverty does not tell us whether
individuals are persistently poor or they have been able to move out of poverty.
The duration aspect of poverty deserves attention for several reasons. For instance,
longer duration in poverty may lead to worse health status for individuals, particu-
larly, for children and aged persons. Long exposure to poverty has quite important
implications for future strategies of individuals or households.

A distinction has been made between transitory and chronic poverty in the con-
text of intertemporal poverty measurement. The former is a consequence of a short-
term fall in the level of living of an individual, while the latter arises from low
long-term well-being of the person. For instance, a person in the short-term transi-
tion period between two jobs may be in poverty over the unemployment duration
period. This can be referred to as transitory poverty. In contrast, chronic poverty
deals with the prolonged concept of poverty.8

Identification of chronically poor persons and aggregation of their characteris-
tics require panel data on income. Broadly, two different approaches for identifying
chronically poor persons have been suggested in the literature (see Yaqub, 2000a,b;
McKay and Lawson, 2003). The first is the components approach that separates the
permanent component of income from its transitory component and identifies a per-
son as chronically poor if his permanent income falls below the poverty line (see
Jalan and Ravallion, 1998; Calvo and Dercon, 2007). This approach is not sensitive
to the time for which a person remains in poverty (Foster, 2008).

The second approach, which is referred to as the spells approach, identifies a per-
son as chronically poor in terms of the number of spells of poverty he experiences.
That is, this approach depends on a duration threshold as well as an income thresh-
old. More precisely, a person is identified as chronically poor by the spells approach
if he is in income poverty for a fraction of the total duration not less than the dura-
tion threshold. For instance, if we have data for 8 years and the duration threshold

8 For further discussions along this line, see Rodgers and Rodgers (2006), Ravallion (1988), Jalan
and Ravallion (1998, 2000), Hulme and Shepherd (2003a,b), McKay and Lawson (2003), Clark
and Hulme (2005), Hulme and McKay (2005), Duclos et al. (2006), and Kurosaki (2006).
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is .5, then we say that a person is chronically poor if his incomes are not above the
poverty line for at least 4 years.9

Axiomatic approaches to the measurement of chronic poverty have been sug-
gested, among others, by Hoy and Zheng (2006), Calvo and Dercon (2007), Bossert
et al. (2008), and Foster (2008). In this section, we follow the axioms proposed by
Foster (2008) and consider the subgroup decomposable chronic poverty index.

Suppose there are observations on incomes of a set {1,2, ..,n} of individuals
over the periods {1,2, ..,K}. Let xi j ≥ 0 be the income of person i ∈ {1,2, ..,n}
in period j ∈ {1,2, ..,K}. The row vector xi. represents the incomes of person i in
different periods. The n×K matrix X shows the incomes of different persons in K
periods. Thus, the jth column of X shows the income distribution among n persons
in period j. We denote the duration threshold by zK > 0 and, as before, the income
threshold, the poverty line, is denoted by z > 0. It is assumed that the incomes have
been properly deflated to take into account the intertemporal variations so that the
same poverty line can be used to identify the poor in each period. Person i becomes
chronically poor if he remains in poverty for Ki ≥ KzK periods. That is, for person i,
the inequality xi j ≤ z is satisfied for Ki values of j, where (Ki/K)≥ zK . Let CP(z,zK)
be the set of chronically poor persons.

To illustrate the issue numerically, suppose that K = 4,n = 4,zK = .6, and
z = 9. The income distributions of the four persons in different periods are given,
respectively, by x1. = (7,4,8,15),x2. = (3,8,3,4),x3. = (9,10,3,20), and x4. =
(4,25,5,6). Note that person 1 has incomes below the threshold z in three periods
and hence K1 = 3. Likewise K2 = 4 and K4 = 3. However, person 3 is not chron-
ically poor because K3 = 2. The headcount ratio, PH(X ,z,zK), for this example is
then given by 3/4 since there are three persons who are chronically poor.10

Now, suppose we reduce person 1’s income in period 4 to 8. This increases K1
to 4. Clearly, the headcount ratio remains unchanged although we have increased the
time duration of poverty for person 1. In order to make some adjusted form of the
headcount ratio sensitive to time monotonicity, let us consider another counting in-
dex, the average of the fractional durations Ki/K of the chronically poor. We denote
this index by PAD(X ,z,zK). It is the fraction of the total time period for which the av-
erage chronically poor person remains in poverty. For the original example we have
considered, this index becomes 2.5/3. If we multiply the two indices, we get the du-
ration adjusted headcount ratio PHAD(X ,z,zK) = PH(X ,z,zK)PAD(X ,z,zK) that be-
comes sensitive to the changes in the duration of a person in poverty (Foster, 2008).
For our example, the value of this adjusted index is 10/16. This value is the total
number of periods, 10, for which all the chronically poor persons experience poverty
as a fraction of the total number of periods 16(= Kn) for the entire population.

9 See Bane and Ellwood (1986), Gaiha (1989, 1992), Gaiha and Deolikar (1993), Morduch (1994),
Baluch and Masset (2003), and Carter and Barrett (2004) for discussion on duration issues.
10 For applications of the headcount/headcount ratio, see The Chronic Poverty Report (2004–
2005), Gaiha and Deolikar (1993), and Mehta and Shah (2003).
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Since the h function in (2.19) captures the depth of poverty in an analytical way,
taking cue from the above discussion, we can say that the subgroup decomposable
chronic poverty index is given by

PCP(X ,z,zK) =
1

Kn ∑
i∈CP(z,zK)

K

∑
j=1

h
(x∗i j

z

)

, (2.37)

where the real valued function h is the same as in (2.19). This index is the sum
of transformed censored income shortfalls h(x∗i j/z) of the chronically poor persons
divided by the maximum value this sum can take. If we assume that zK = 0, then
PCP takes into account all the poverty spells of all persons. In contrast, for a positive
given value of zK , it considers the spells of only chronically poor persons, as deter-
mined by z and zK . Consequently, the difference PCP(X ,z,zK)−PCP(X ,z,0) is based
on spells of those who are not chronically poor. Therefore, this difference is an in-
dicator of transitory poverty. Thus, the subgroup decomposable transitory poverty
index is given by

PTP(X ,z,zK) = PCP(X ,z,zK)−PCP(X ,z,0). (2.38)

Clearly, we can have chronic poverty variants of the Watts (1968), Chakravarty
(1983c), and Foster et al. (1984) indices for appropriate specifications of the
functions h. Thus, the functional form for the Watts chronic poverty index
will be 1/Kn∑i∈CP(z,zK)∑K

j=1 log(z/x∗i j). The corresponding functional forms
for the Chakravarty and the Foster et al. indices are given, respectively, by
1/Kn∑i∈CP(z,zK)∑K

j=1 (1− (x∗i j/z)e) and 1/Kn∑i∈CP(z,zK)∑K
j=1 (1− x∗i j/z)α . This

Foster et al. form was suggested and analyzed by Foster (2008). Each of these
indices can be used to generate the corresponding transitory poverty index.

The general index PCP, in addition to satisfying the standard income-based
axioms for a specific time period, satisfies Time Anonymity, Time Focus, Time
Monotonicity, and Chronic Poverty Transfer Axioms introduced by Foster (2008).
The first axiom says that if there is a permutation of incomes across time, poverty
does not change. That is, if Y = XΠ for a K × K permutation matrix Π, then
P(X ,z,zK) = P(Y,z,zK). According to the second axiom, an increase in the nonpoor
income of a chronically poor person does not alter the level of poverty. That is, if
there is some period j′ and person i′ who is chronically poor in Y and if xi j > yi j > z
for (i, j) = (i′, j′) and xi j = yi j for all (i, j) �= (i′, j′), then P(X ,z,zK) = P(Y,z,zK).
The third axiom demands that if a chronically poor person is out of poverty in
a spell and if because of reduction in income, the person becomes poor in that
spell, then poverty should go up. Technically, if there is some period j′ and a
person i′ who is chronically poor in X and yi j ≤ z < xi j for (i, j) = (i′, j′) and
xi j = yi j for all (i, j) �= (i′, j′), then P(X ,z,zK) < P(Y,z,zK). Finally, let Y ∗

CP be
the censored submatrix of Y representing the yi j values of the chronically poor
persons, that is, the (i, j)th entry of Y ∗

CP is min{z,yi j}, where person i is chron-
ically poor and let X∗

CP = AY ∗
CP for some nonpermutation bistochastic matrix A

of order q, the number of chronically poor persons. Then the fourth axiom says
that P(X∗

CP,z,zK) ≤ P(Y ∗
CP,z,zK). In words, if there is a redistribution of income
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among the chronically poor persons, then chronic poverty does not increase. [This
formulation, which is based on Kolm (1977), Tsui (2002), and Bourguignon and
Chakravarty (2003), is slightly different from that of Foster (2008).] The general
index also fulfills the Normalization and Nondecreasingness in Duration Thresh-
old Axioms. According to the first of these two axioms, P(X ,z,zK) = 0 if the set
CP(z,zK) is empty. That, is, the value of the chronic poverty index is zero, if no-
body is chronically poor in the society. The second axiom says that chronic poverty
does not decrease if there is an increase in the duration threshold.

Let us now illustrate the index 1/Kn∑i∈CP(z,zK)∑K
j=1 (1− (x∗i j/z)e) using the nu-

merical example considered above when e = 0.5. Since the calculation is based on
censored incomes, we first determine the censored distributions corresponding to
xi’s. These distributions are: x∗1. = (7,4,8,9),x∗2. = (3,8,3,4),x∗3. = (9,9,3,9), and
x∗4. = (4,9,5,6). Let ρi be the intertemporal poverty profile of person i. That is, the
jth entry of ρi is ρi j = (1− (x∗i j/z)0.5), the level of person i’s poverty in period j.
For instance, ρ11 = (1− (x∗11/z)0.5) = (1− (7/9)0.5) = 0.118. The ρ-vectors for
the chronically poor persons 1, 2, and 4 become ρ1 = (0.118,0.333,0.057,0),ρ2 =
(0.423,0.057,0.423,0.333), and ρ4 = (0.333,0,0.255,0.183), respectively. Now,
the level of chronic poverty for this example is calculated by taking the sum of
these 12 ρi j values, which is 2.515, and then dividing the sum by 16. Thus, the
required poverty level is (2.515/16) = 0.157. To calculate the transitory poverty,
we also have to consider ρ3 = (0,0,0.423,0), the poverty profile of person 3 who
is not chronically poor. The total poverty level for the example will be ((2.515 +
0.423)/16) = 0.184. Hence, the level of transitory poverty is (0.184− 0.157) =
0.027.

Bossert et al. (2008) argued that the length of poverty spells is an important
component of intertemporal poverty analysis. For instance, consider the follow-
ing two per period individual poverty profiles: ρ1 = (1/8,0,1/3,2/5) and ρ2 =
(1/8,1/3,2/5,0). The third entry in the vector ρ1 gives the level of poverty ex-
perienced by person 1 in period 3, where the poverty level is calculated using a
given poverty index. Similarly, other entries can be explained. They argued that
since in the first profile the person experiences a break from poverty rather than
being in poverty for three consecutive periods, the first profile should depict less
poverty than the second one. Further, their formulation does not rely on the as-
sumption that the poverty line is fixed over time. They also developed an axiomatic
characterization of an intertemporal poverty index that takes this into account. Note
that the general poverty index in (2.37) regards the two profiles as identically poor.
The functional form of the Bossert et al. (2008) index is given by

PBCD(ρ1,ρ2, ..,ρn) =
1

nK

n

∑
i=1

K

∑
j=1

rd j(ρi)−1ρi j, (2.39)

where d j(ρi) is the maximum number of consecutive periods including j with posi-
tive (zero) per period poverty values in ρi and r ≥ 1 is a parameter. The value of the
poverty index PBCD increases as r increases.

To illustrate the formula, let r = 2. For example, we have considered here,
d1(ρ1) = d2(ρ1) = 1,d3(ρ1) = d4(ρ1) = 2 and d1(ρ2) = d2(ρ2) = d3(ρ2) = 3,
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d4(ρ2) = 1. For person 1, the length of the first poverty spell is one and
hence d1(ρ1) = 1. This is followed by a nonpoverty spell of length one,
which gives d2(ρ1) = 1. For the next two periods, he is in poverty and hence
d3(ρ1) = d4(ρ1) = 2. A similar explanation holds for d j(ρ2) values. It is easy to
see that the individual poverty function ∑K

j=1 rd j(ρi)−1ρi j/K is higher for person 2.
The value of the aggregate poverty index in (2.39) turns out to be 0.628.





Chapter 3
Measuring Income Deprivation

3.1 Introduction

A person’s feeling of deprivation with respect to an attribute of well-being arises
from the comparison of his situation in the society with those of the persons that
are better-off in the attribute. Evidently, high deprivation may generate tensions in
the society which ultimately may lead to conflicts. A natural objective of the society
should, therefore, be to make deprivation as low as possible. In this chapter, for
simplicity, we will study only income deprivation.

The concept of deprivation was introduced into the income distribution litera-
ture by Sen (1973, 1976a). According to Sen (1973), in any pairwise comparison,
the person with lower income may have a feeling of depression on finding that
his income is lower. Assuming that the extent of depression suffered by an indi-
vidual is proportional to the difference between the two incomes concerned, the
average of all such depressions in all pairwise comparisons becomes the Gini index.
A more formal treatment of this result was provided by Hey and Lambert (1980).
Kakwani (1980a) interpreted the coefficient of variation from a similar perspective
under the assumption that an individual’s extent of depression is proportional to the
square of the income difference. Tsui and Wang (2000) characterized a transforma-
tion of the Donaldson and Weymark (1980, 1983) S-Gini indices as a deprivation
index using the concept of “net marginal deprivation.” Net marginal deprivation
demands that a rank-preserving increase in a person’s income will generate two ef-
fects: (1) the feeling of deprivation among those poorer than him will increase and
(2) his deprivation with respect to those richer than him will decrease. This approach
bears some similarity with the Berrebi and Silber (1981) formulation.

A person in subgroup i of persons with i lowest incomes in the society may regard
the subgroup highest income as his source of envy and the sum of gaps between the
subgroup highest income and all lower incomes can be taken as an aggregate depres-
sion index of the subgroup. Aggregation of depressions across subgroups generates
the absolute Bonferroni inequality index as the summary index of depression for the
population as a whole (Chakravarty, 2007).

S.R. Chakravarty, Inequality, Polarization and Poverty: Advances in Distributional Analysis, 85
Economic Studies in Inequality, Social Exclusion and Well-Being 6,
DOI: 10.1007/978-0-387-79253-8 3, c© Springer Science+Business Media, LLC 2009
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Sen (1976a) argued that for any person, an increasing function of the number
or share of the persons who have higher incomes can be taken as the level of de-
privation. Alternatively, one might use the individual’s income shortfall from a ref-
erence income level as an indicator of his deprivation. Yitzhaki (1979) considered
the former notion and showed that one plausible index of average deprivation in a
society is the absolute Gini index (see also Hey and Lambert, 1980). In either case,
the position of the individual on income hierarchy plays an important role in the
determination of his deprivation. Runciman (1966) discussed these two notions of
deprivation earlier in a more general context (see also Weiss and Fershatman, 1998).
In this general framework, an individual’s assessment of a social state depends on
the positions of those who are more favorably treated than him.

Bossert and D’Ambrosio (2007) considered time as a dimension in the determi-
nation of individual deprivation. In their framework, individual deprivation depends
on two components, the average income shortfall of a person from all persons who
are richer than him in the current period and the number of persons who were not
richer than him in the previous period but are now better-off than him. Thus, this ap-
proach incorporates the idea that a person feels deprived not only because he is poor
now but also because he was not poorer in the earlier period. They also developed
axiomatic characterizations of deprivation indices that capture these ideas.

Chakravarty et al. (1995), Chakravarty (1997b, 2008b), and Chakravarty and
Mukherjee (1999) looked at alternative implications of deprivation dominance in-
duced by Kakwani’s (1984a) relative deprivation curve (RDC), which is obtained
by plotting the normalized cumulative sum of income shortfalls of different indi-
viduals from richer individuals against the corresponding cumulative population
proportions. Chakravarty (1997b, 2008b) also studied satisfaction dominance in
details, where the notion “satisfaction” may be regarded as the dual of the no-
tion of deprivation. These issues have been examined further, among others, by
Zoli (2000), Chakravarty and Moyes (2003), Chateauneuf and Moyes (2004, 2006),
Moyes (2007), and Zheng (2007b).

Marshall et al. (1967) and Marshall and Olkin (1979) developed conditions
on pairwise absolute and relative (ratio) income differences that are sufficient for
Lorenz dominance. Preston (1990) provided some characterizations of these condi-
tions along with an empirical illustration. The absolute difference and ratio criteria
are, in fact, special cases of Zheng’s (2007b) general utility gap dominance. He in-
vestigated a weak dominance concept which imposes conditions only on the gap
between each person’s utility and some reference utility.

According to Temkin (1986, 1993), a person has a complaint if he has lower in-
come than others and inequality can be viewed in terms of such complaints. The
greater is the difference between the income of a person and income of those richer
than him, the greater will be his complaint. Similarly, the higher is the number of
persons richer than him, the higher is his complaint. Social inequality then aggre-
gates the complaints of different individuals concerning the income gaps and the
numbers of persons. More precisely, inequality is defined as an increasing function
of the total numbers and sizes of complaints of different individuals in the society.
An important case here is that the highest income of the society is the reference
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point for all and everybody except the richest has a legitimate complaint. Cowell
and Ebert (2004) used this structure to derive a complaint-based dominance crite-
rion and a new class of inequality indices (see also Cowell, 2008, and Cowell and
Ebert, 2008). Some implications of the complaint dominance relation have also been
examined.

This chapter provides a comprehensive and analytical treatment of alternative
notions of deprivation. Particularly, we examine the alternative notions of redistrib-
utive principles that take us from a more deprived distribution to a less deprived one
under general assumptions about the mean income and the population size.

3.2 Deprivation and Satisfaction

For a population of size n > 2, a typical income distribution is given by x =
(x1, . . . ,xn), where xi > 0 is the income of person i. Assuming that all income distri-
butions are illfare-ranked, the set of income distributions in this n-person economy
is Dn

+ and the set of all possible income distributions is D+ = ∪
n∈N

Dn
+, where N is

the set of natural numbers.
Let us now combine the two notions of deprivation explored in the introduction to

arrive at a single indicator. Essential to the construction of this indicator is the exis-
tence of higher incomes than the income of the person under consideration and they
constitute a source of frustration for the person. Given that x ∈ Dn

+ is illfare-ranked,
according to the first notion, a measure of deprivation felt by person i is (n− i)/n.
An alternative measure of deprivation for person i can be (λn−i(x)−xi)/λ (x), where
λn−i(x) is the mean income of the (n− i) persons richer than i in the distribution x.
We can arrive at a combined indicator from these two measures by a multiplicative
aggregation. The resulting indicator then becomes

RDi(x) =
(

n− i
n

)(
λn−i(x)− xi

λ (x)

)

=
(

n− i
n

) n

∑
j=i+1

(x j − xi)
λ (x)(n− i)

=
n

∑
j=i+1

(x j − xi)
nλ (x)

.

(3.1)

This is the Kakwani (1984a) measure of deprivation of person i. It determines the
sum of income share shortfalls of person i from all persons who are not poorer than
him.

Note that RDi is homogeneous of degree zero in incomes, that is, it is a relative
indicator of individual deprivation. Alternatively, we may assume that the individual
deprivation indicator is an absolute measure. Multiplying RDi by the mean we arrive
at the following simple specification, which looks at deprivation in terms of absolute
income differentials:

ADi(x) =
n

∑
j=i+1

(x j − xi)
n

. (3.2)

This absolute counterpart to RDi is the Yitzhaki measure of deprivation of person
i (Yitzhaki, 1979). It indicates the total income shortfall of person i from all those
who are not worse-off, as a fraction of the population size n.



88 3 Measuring Income Deprivation

The following are some of the properties of the functions RDi and ADi (see
Chakravarty, 1997b, 2008b; Ebert and Moyes, 2000).

1. They are continuous, symmetric, population replication invariant, and nonneg-
ative, where the lower bound zero is achieved whenever there is no feeling of
deprivation.

2. When deprivation is measured by these two indicators, the richest individual with
income xn does not feel deprived at all.

3. They are decreasing under a rank-preserving increase in xi.
4. An increase in any income higher than xi that does not change the income ranks

increases them.
5. An increase in any income lower than xi, keeping the income hierarchy positions

unaltered, does not change ADi but decreases RDi.
6. They decrease under a rank-preserving income transfer of income from a person

with income higher than xi to someone with income lower than xi.
7. They remain unaltered if a rank-preserving income transfer takes place among

persons richer/poorer than person i.

Note that we can rewrite RDi(x) in (3.1) as

RDi(x) =
nλ (x)−

(
∑i

j=1 x j +(n− i)xi

)

nλ (x)
= 1−LC

(

x,
i
n

)

− (n− i)xi

nλ (x)
, (3.3)

where LC(x,(i/n)) is the ordinate of the Lorenz curve of x at the cumulative popu-
lation proportion i/n. We define the complement

RSi(x) =
∑i

j=1 x j +(n− i)xi

nλ (x)
(3.4)

of RDi(x) in (3.3) from unity as the relative satisfaction function of person i. The
function RSi can be interpreted as follows. Person i does not have any feeling of
frustration if he compares his income xi with the lower incomes x1, . . . ,xi−1. This

justifies the inclusion of first term
i
∑
j=1

x j, which depends on x1, . . . ,xi−1,xi, in the nu-

merator of the right-hand side of (3.4). Next, we can eliminate person i’s frustration
about the higher incomes xi+1, . . . ,xn by replacing each of them by xi. This then gen-
erates the distribution (x1,x2, . . . ,xi,xi, . . . ,xi) censored at xi. In the censored income
distribution (x1,x2, . . . ,xi,xi, . . . ,xi) corresponding to (x1,x2, . . . ,xi−1,xi, . . . , . . . ,xn),
person i does not feel frustrated because of absence of incomes that are higher than
xi. Given the position of an individual in the income distribution ladder, he can be
regarded as being either satisfied or frustrated. Since in the censored distribution
in addition to person i there are (n− i) persons with income xi and they are all
treated in a symmetric manner, we simply add (n− i)xi to ∑i

j=1 x j to arrive at the
numerator of RSi. Thus, the definition of RSi relies on the assumption that an indi-
vidual derives satisfaction from the observation that nobody in the society is richer
than him and there are people who are as well-off as he is. By multiplying RSi
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with the mean income, we get the generalized satisfaction function GSi. That is,
GSi(x) = λ (x)RSi(x) = 1/n(∑i

j=1 x j + (n− i)xi) = GL(x,(i/n)) + [((n− i)xi)/n],
where GL(x, i/n) is the ordinate of the generalized Lorenz curve of x at i/n. RSi
and GSi defined this way may be regarded as indicators of individual well-being.
Note that GSi is continuous, increasing in xi (assuming that income ranks are unal-
tered), linear homogeneous, unit translatable, and population replication invariant.
For any x ∈ Dn, x1 = GS1(x) ≤ GS2(x) ≤ . . . .. ≤ GSn(x) = λ (x). If incomes are
equally distributed, then RSi and GSi become respectively one and the common in-
come itself. [Further discussion along this line can be found in Yitzhaki (1979), Hey
and Lambert (1980), Stark and Yitzhaki (1988), Chakravarty (1997b, 2008b), and
Chakravarty and Mukherjee (1999).]

For any income distribution x, RDi(x) is, in fact, the ordinate RD(x, i/n)
of the RDC corresponding to the cumulative population proportion i/n (see
Kakwani, 1984a). The RDC of x, RD(x, t), where t ∈ [0,1], is completed by assu-
ming RD(x,0) = 1 and by defining

RD
(

x,
i+ τ

n

)

= (1− τ)RD
(

x,
i
n

)

+ τRD
(

x,
i+1

n

)

, (3.5)

for all 0 ≤ τ ≤ 1 and 1 ≤ i ≤ (n−1). Clearly, the RDC is downward sloping, which
means that for any two persons, the richer person has a lower level of deprivation
than the poorer person. If all the incomes are equal, then there is no feeling of depri-
vation by any person (RD(x, t) = 0 for all t). In this case, the curve coincides with
the horizontal axis. In contrast, maximum deprivation arises if the entire income is
monopolized by the richest person and the curve coincides with the line BC shown
in the Fig. 3.1. Equation (3.3) shows how we can generate the RDC from the Lorenz
curve.

C B
1

0 1

RD(x,t)

O A

Cumulative population proportion

Fig. 3.1 Relative deprivation curve
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The absolute deprivation curve (ADC) of x, AD(x, t), where t ∈ [0,1], is obtained
by multiplying the RDC of x by the mean. Formally, AD(x, t) = λ (x)RD(x, t), where
t ∈ [0,1]. We now define the absolute deprivation dominance (relative deprivation
dominance) rule using the ADC (RDC) as follows. Given x,y ∈ Dn

+, we say that
y absolute deprivation dominates (relative deprivation dominates) x, what we write
y ≥AD x(y ≥RD x), if we have AD(y, t) ≥ AD(x, t)(RD(y, t) ≥ RD(x, t)) for all t ∈
[0,1], with > for some t.

We can use RSi(x) values to define the relative satisfaction curve (RSC), RS(x, t)
associated with x, where t ∈ [0,1]. More precisely, assuming that the ordinate of the
curve at the cumulative population proportion i/n is given by RSi(x), it is drawn
under the assumption that RS(x,0) = 0 and by defining

RS
(

x,
i+ τ

n

)

= (1− τ)RS
(

x,
i
n

)

+ τRS
(

x,
i+1

n

)

, (3.6)

for all 0 ≤ τ ≤ 1 and 1 ≤ i ≤ (n−1). This curve is upward sloping. The generalized
satisfaction curve (GSC) of the distribution x, GS(x, t) is produced by scaling up
its RSC by the mean. That is, GS(x, t) = λ (x)RS(x, t), 0 ≤ t ≤ 1. It should now be
clear the RSC (GSC) of a distribution can be generated by taking complement of the
RDC (ADC) from unity (the mean). Given the relationship of GSi with GL(x, i/n),
we can say that the generalized Lorenz curve of a distribution never lies above its
positively sloped GSC. Like the generalized Lorenz curve, the satisfaction curves,
which show the levels of satisfactions enjoyed by different fractions of the popula-
tion, may be interpreted as measures of social welfare. Thus, while deprivation has a
negative impact on individual well-being, satisfaction makes a positive contribution
to it (Fig. 3.2).

We can define the generalized and relative satisfaction dominance relations ≥GS
and ≥RS using the GSC and the RSC curves, respectively, in the same way we
employed the ADC and the RDC curves to define ≥AD and ≥RD, respectively.

GS(x,t)

GL(x,t)

Generalized Lorenz curve 

Generalized satisfaction curve

0 1 

Cumulative population proportion

Fig. 3.2 Generalized satisfaction curve and generalized Lorenz curve
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The following two theorems, which were established in Hey and Lambert (1980),
Chakravarty et al. (1995), Chakravarty (1997b, 2008b), and Chateauneuf and
Moyes (2004, 2006), show some implications of the relations ≥AD and ≥GS.

Theorem 3.1. Let x,y ∈ Dn
+, where λ (x) = λ (y), be arbitrary. Then y ≥RD x implies

that x is Lorenz superior to y (that is, x ≥LC y). But the converse is not true.

Proof. y ≥RD x along with λ (x) = λ (y), in view of (3.3), implies that

i

∑
j=1

x j +(n− i)xi ≥
i

∑
j=1

y j +(n− i)xi (3.7)

for all 1 ≤ i ≤ n, with > for some i < n. For i = 1, the above inequality becomes
nx1 ≥ ny1 which gives x1 ≥ y1. Suppose that the result is true for i = l, that is,
∑l

j=1 x j ≥ ∑l
j=1 y j . We will show that it is true for i = l + 1 also. Now, for i =

l +1, inequality (3.7) becomes∑l+1
j=1 x j +(n− l−1)xl+1 ≥∑l+1

j=1 y j +(n− l −1)yl+1.
Adding (n− l −1)∑l

j=1 x j((n− l −1)∑l
j=1 y j) to the left- (right-) hand side of this

inequality, we get (n− l)(∑l
j=1 x j + xl+1) ≥ (n− l)(∑l

j=1 y j + yl+1), from which it
follows that ∑l+1

j=1 x j ≥ ∑l+1
j=1 y j. This shows that the result is true for i = l + 1 also.

Hence, by the method of mathematical induction, the inequality
i
∑
j=1

x j ≥
i
∑
j=1

y j holds

for all 1 ≤ i ≤ n. Given that there is strict inequality in ≥RD for some i < n, there
will be similar strict inequality in ≥LC as well. For instance, if the inequality in (3.7)
is strict for i = l +1, then the corresponding inequality in ≥LC will be strict, that is,
we will have ∑l+1

j=1 x j > ∑l+1
j=1 y j. Hence we have x ≥LC y.

To demonstrate that the reverse implication does not follow, consider the distri-
bution y = (5,10,15,20). Then x = (5,11,14,20) is derived from y by transferring
one unit of income from the person with income 15 to the one with income 10. By
the Hardy et al. (1934) theorem, this transfer ensures that x ≥LC y holds, but y ≥RD x
does not hold. This completes the proof of the theorem. 	


To understand why y ≥RD x does not hold in the example taken above, note that
while the RDi measure for the recipient decreases, that of the donor increases, mak-
ing the net effect ambiguous. It is evident that in view of the equality of the means,
in Theorem 3.1, we can replace y ≥RD x by y ≥AD x or by x ≥RS y.

Theorem 3.2. Let x,y ∈ Dn
+ be arbitrary. Then x ≥GS y implies that x is generalized

Lorenz superior to y (i.e., x ≥GL y). But the converse is not true.

Proof. In this case, we compare GSi(x) = 1/n(∑i
j=1 x j +(n− i)xi) with the corre-

sponding expression for GSi(y) for all 1 ≤ i ≤ n. Since the structure of the proof of
the part that x ≥GS y implies x ≥GL y is similar to the demonstration of the claim
that y ≥RD x implies x ≥LC y, we are omitting the proof. To see that the converse
is not true, consider the distributions y′ = (2,3,6) and ȳ = (1,4,5). Then we have
y′ ≥GL ȳ but not y′ ≥GS ȳ. 	
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To understand the reason for not having y′ ≥GS ȳ in the proof of Theorem 3.2,
note that by increasingness of any increasing, strictly S-concave social welfare func-
tion W , we get W (ŷ) > W (ȳ), where ŷ = (1,4,6). Now, we get y′ from ŷ by transfer-
ring one unit of income from the second richest person to the poorest person. Hence
by strict S-concavity of W , W (y′) >W (ŷ), from which it follows that W (y′) >W (ȳ).
Thus, by the Shorrocks (1983a) theorem, we have y′ ≥GL ȳ. But while the increase
in the richest person’s income from 5 to 6 increases his satisfaction, the progres-
sive transfer reduces the satisfaction of the donor and increases that of the recipient,
generating an intersection between the GSCs of y′ and ȳ.

Given equivalence of the generalized Lorenz relation with second-order stochas-
tic dominance, it follows from Theorem 3.2 that the generalized satisfaction domi-
nance is a sufficient condition for second-order stochastic dominance as well.

In view of Theorem 3.1, it is clear that we need redistributive principles other than
the Pigou-Dalton condition that will be consistent with the dominance principles
introduced in this chapter. As a first step, following Chateauneuf and Moyes (2006)
and Moyes (2007), we say that for x,y ∈ Dn

+, where λ (x) = λ (y), x is obtained from
y by a T2-transformation if there exist σ̂ , ρ̂ > 0 and two individuals j, l(1 ≤ j < l ≤
n) such that:

xi = yi for all i ∈ {1,2, . . . ., j−1}∪{ j +1, . . . ., l −1};
x j = y j + σ̂ ;
xi = yi − ρ̂ for all i ∈ {l, . . . .,n}σ̂ = (n− l +1)ρ̂.

(3.8)

The essential idea underlying a Chateauneuf-Moyes transformation of type T2 is
that if some amount of income is taken from an individual l, then the same amount
of income should be taken from all the persons who are richer than l. The entire
rank-preserving transfer is received by person j, who is poorer than l. However,
individuals in the set {1,2, .. j−1} who are poorer than individual j do not benefit
from the redistribution.

We can look at the transformation T2 from a more general perspective. Let us
rewrite x as y + b, where bi = 0 for all i ∈ {1,2, . . . ., j − 1} ∪ { j + 1, . . . ., l − 1},
b j = σ̂ , and bi = −ρ̂ for all i ∈ {l, . . . .,n}. The condition σ̂ = (n − l + 1)ρ̂
shows that ∑n

i=1 bi = 0. Further, bi ≥ ∑n
j=i+1 b j/(n − i) with > for at least one

i < n. We may verify this claim using the example x = (10,24,30,38,48) and
y = (10,20,30,40,50). That is, in going from y to x, if person i has to forgo some
amount of money (bi < 0), then this amount should be less than the average net
giving up (total giving ups in excess of receiving) of all who are richer than him.
Likewise, if the redistribution enables him to get some amount of money (bi > 0),
then his receipt should be greater than the average net receipt (total receipt in ex-
cess of giving up) of all who are richer than him. One possible way in which such
a situation can arise is that a progressive transfer is shared by the recipients, start-
ing from the poorest, in decreasing order of income without destroying incentive
preservation. Incentive preservation of a scheme requires that it does not alter rank
orders of the individuals. This scheme has a lexicographic flavor in the sense that a
person cannot receive his share of the donation unless all persons poorer than him
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have received their shares. Since the general scheme is a fair way of redistribution,
we can refer to it as a “fair redistributive program.” We may relate this condition
with a balanced fiscal program (y,x) which is minimally progressive and incentive
preserving, where y is the pretax income distribution and x is the after tax distribu-
tion. Balancedness of the program means that ∑n

i=1 xi = ∑n
i=1 yi, that is, ∑n

i=1 bi = 0.
Since x and y are nondecreasingly ordered, the fiscal program is incentive preserv-
ing. Minimal progressivity requires that if yi ≥ y j then bi ≥ b j. Incentive preser-
vation and minimal progressivity of a tax function are necessary and sufficient for
the after tax distribution to be more equally distributed than the pretax distribution
by the absolute Lorenz criterion (Moyes, 1988, 1994). Note that fairness does not
need b1 ≥ b2 ≥ . . . ≥ bn. Hence, fairness is weaker than minimal progressivity (see
Chakravarty, 1997b, 2008b; Chakravarty et al., 1995; Moyes, 2007; Zheng, 2007b).

One can see that if we have y ≥RD x (or x ≥RS y) under the equality of the means,
then we can arrive at x from y by a fair redistribution. Conversely, we can start with
fairness, that is, xi − yi = bi ≥ ∑n

j=i+1 b j/(n− i) = ∑n
j=i+1 (x j − y j)/(n− i) with >

for some i < n. Then we can verify easily that y ≥RD x holds. The following theorem
can now be stated (see Chakravarty, 1997b, 2008b).

Theorem 3.3. Let x,y ∈ Dn
+, where λ (x) = λ (y), are arbitrary. Then the following

conditions are equivalent:

(i) y ≥RD x (or x ≥RS y).
(ii) x can be obtained from y by a fair redistributive program.

Essentially Theorem 3.3 says that x has less deprivation than y if and only if the
former is obtainable from the latter through a fair redistribution of incomes. Given
that the means are the same, we can replace ≥RD by ≥AD and ≥RS by ≥GS in the
theorem. We can also say that if condition (i) in the theorem is satisfied, then x is
regarded as less deprived than y by all symmetric deprivation indices whose values
reduce under a T2- transformation/fair redistribution. More precisely, dominance of
relative satisfaction of one distribution over that of another distribution is sufficient
to guarantee that they can be ranked unambiguously by deprivation indices of the
specified type. Furthermore, the converse is also true. If we assume that the means
are unequal and population sizes are also not the same, then in addition to population
replication invariance and these postulates, we need scale or translation invariance
of the indices according as we use ≥RD or ≥AD. We can develop similar results for
relative satisfaction indices using ≥RS.

In addition to the Gini index, the area under the RDC, the following is an example
of a deprivation index which corresponds to the relation ≥RD:

Cθ̄ (x) =

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

1− 1
λ (x)

⎛

⎝1
n

n

∑
i=1

(
i

∑
j=1

x j

n
+

n− i
n

xi

)θ̄
⎞

⎠

1/θ̄

, θ̄ ≤ 1, θ̄ �= 0,

1− 1
λ (x)

n

∏
i=1

(
i

∑
j=1

(
x j

n
+

n− i
n

xi

))1/n

, θ̄ = 1.

(3.9)
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This index is the shortfall of the ratio between the symmetric mean of order θ̄ of
the individual satisfactions and the mean from unity. Since none of the individual
satisfaction levels exceeds the mean, the index is bounded between zero and one,
where the lower bound is achieved for a perfectly egalitarian distribution. Evidently
(1−Cθ̄ ) can be regarded as a relative satisfaction index. A decrease in the value of
θ̄ makes Cθ̄ (1−Cθ̄ ) more sensitive to the deprivation (satisfaction) of the poorer
persons. Likewise, one minus the Gini index, the area under the RSC, can also be
used as an index of relative satisfaction. An example of an absolute deprivation
index is the absolute Gini index, the area under the ADC.

In Theorem 3.3, the RSC makes distributional judgments independently of the
size of the distributions, that is, over distributions with a fixed total. Thus, effi-
ciency considerations are absent in RSC comparison. In most circumstances of dis-
tributional comparisons, total income is likely to vary. This is likely to be true for
intertemporal and intercountry comparisons. For ordering of income distributions
with differing totals, we use the GSC.

Note that the area under the GSC is the (abbreviated) Gini welfare function.
This is consistent with our observation that GSi values may be used as indicators of
individual well-being. Therefore, it should be clear that the GSC should be helpful
in ranking income distributions in terms of welfare. The following theorem may be
regarded as a step toward this direction (Chakravarty, 1997b).

Theorem 3.4. Let x,y ∈ Dn
+ be arbitrary. Then the following conditions are equiva-

lent.

(i) x is weakly generalized satisfaction dominant over y, that is, GS(x, t)≥ GS(y, t)
for all 0 ≤ t ≤ 1.

(ii) W (x) ≥ W (y) for any symmetric social welfare function W : Dn
+ → R1 which

is nondecreasing in individual incomes and also nondecreasing under a fair
redistributive program.

Proof. (i) ⇒ (ii): Weak generalized satisfaction dominance, which we denote by
x ≥WGS y, implies that λ (x) ≥ λ (y). Define the distribution u ∈ Dn

+ by ui = yi
and un = n(λ (x)− λ (y)) + yn. By nondecreasingness of W , W (u) ≥ W (y). Note
that λ (u) = λ (x) and x ≥WGS u. Given the equality λ (u) = λ (x), and the fact that
GS(x, t) = λ (x)RS(x, t), we can say that x weakly relative satisfaction dominates u.
Hence by Theorem 3.3, W (x) ≥ W (u), which shows that W (x) ≥ W (y). Note that
W is symmetric since we have defined it directly on ordered distributions.

(ii) ⇒ (i): Consider the social welfare function W (x) = 1/n(∑i
j=1 x j +(n− i)xi),

where 1 ≤ i ≤ n. This welfare function satisfies all the assumptions stipulated in
condition (ii) of the theorem. Thus, W (x) = 1/n(∑i

j=1 x j+(n − i)xi) ≥ W (y) =
1/n(∑i

j=1 y j + (n− i)yi) for 1 ≤ i ≤ n, which in turn implies that x weakly gen-
eralized satisfaction dominates y. 	


Theorem 3.4 indicates that an unambiguous ranking of income distributions
by all nondecreasing, symmetric, and equity-oriented social welfare functions is
achievable if and only if their GSCs do not intersect, where equity orientation is
defined involving redistribution of income in a fair way. If we assume that the mean
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income is the same in the above theorem, then for weak satisfaction dominance
to hold the welfare function should only be symmetric and nondecreasing under a
fair transformation. This can then be regarded as the satisfaction counterpart to the
Dasgupta et al. (1973) theorem, whereas with variable mean, Theorem 3.4 parallels
Shorrocks’ theorem (1983a) on the generalized Lorenz criterion. Note that the GSC
is population replication invariant. Therefore, satisfaction ranking of distributions
over differing population sizes using the real valued welfare functions (defined on
D+) that fulfill population replication invariance, along with the requirements spec-
ified in condition (ii) of the theorem, can be implemented by seeking GSC dom-
inance. In addition to the Gini welfare function, the abbreviated welfare function
λ (1−Cθ ) satisfies all these postulates.

Now, if a person feels deprived when comparing himself with a better-off per-
son, he may as well have a feeling of “contentment” when he compares his position
with that of a less fortunate person. In other words, he remains contented with the
existence of persons who are poorer than him in the society. This specific way of
definition of contentment does not take the higher incomes into account. Formally,
given the income distribution x ∈ Dn

+, following Zheng (2007b), we define the ab-
solute contentment function of person i as

ACi(x) =
i

∑
j=1

(xi − x j)
n

. (3.10)

Although both ACi and GSi are increasing under rank-preserving increments in
xi, there are important differences between them. While the latter possesses an al-
truistic flavor in the sense that an order preserving increase in any income less than
xi increases GSi, the opposite happens for ACi. ACi is a focused index, it is based
on the distribution (x1,x2, . . . ,xi), which is obtained by truncating x form above at
xi. In contrast, GSi is defined on the distribution in which all incomes higher than
xi are censored at xi. Note also that the worst-off person derives some satisfaction if
he has a positive income but contentment is not a source of happiness for him even
if his income is positive.

We can interpret ACi from an alternative perspective. Consider the subgroup
{1,2, . . . i} of i persons with i lowest incomes in the society. Any person with
income less than xi may consider the subgroup highest income as his source of
envy and, therefore, 1/i∑i

i=1 (xi − x j) may be taken to represent the average level
of depression in the subgroup. Thus, ACi is the product of the proportion i/n
of persons in the subgroup and the average depression of this proportion (see
Chakravarty, 2007). This interpretation is quite similar to the one we have provided
for the Kakwani (1984a) index.1 If xi is taken as the poverty line for the persons in
the subgroup, then (xi − x j) is individual j’s poverty gap and ∑i

j=1 (xi − x j) gives
us the total amount of money necessary to put the persons in the subgroup at the
poverty line itself. Then, under the strong definition of the poor, ACi becomes the

1 Chateauneuf and Moyes (2006, p. 31) used the term “measure of the absolute satisfaction felt by
individual ranked i” for the equation in (3.10). However, we follow Zheng’s (2007b) terminology
“contentment.”
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product of two crude poverty indicators, the headcount ratio and the average poverty
gap of the poor 1/∑i

j=1 (xi − x j)/i.
The society absolute contentment curve (ACC) is a plot of individual content-

ment functions ACi ’s against the cumulative population proportions i/n. That is,
ACC(x, i/n) = ACi(x) and the curve is made smooth throughout assuming that
ACC(x,(i + τ)/n) = (1− τ)ACC(x, i/n) + τACC(x,(i + 1)/n), where 0 ≤ τ ≤ 1,
1 ≤ i ≤ (n−1), and ACC(x,0) = 0. Clearly, the ACC of a distribution has a positive
slope. For x,y ∈ Dn

+, we say that x is absolute contentment inferior to y (y ≥AC x,
for short) if ACC(x, t) ≤ ACC(y, t) for all 0 ≤ t ≤ 1 with < for some t. That is, the
relation ≥AC stands for absolute contentment dominance. Now, ≥AD concentrates
on the distribution (xi,xi+1, . . . .,xn), which is obtained by truncating x from below
at xi. Therefore, by definition, ≥AC is different from ≥AD (see also Chateauneuf and
Moyes, 2006).

As Chateauneuf and Moyes (2006) and Zheng (2000b) noted, ≥AC is stronger
than ≥LC (see also Chakravarty et al., 2003). Formally,

Theorem 3.5. Let x,y ∈ Dn
+, where λ (x) = λ (y), be arbitrary. Then y ≥AC x implies

x ≥LC y but the converse is not true.

Proof. The nth inequality in y ≥AC x can be written more explicitly as nxn −
∑n

j=1 x j ≤ nyn −∑n
j=1 y j, which in view of the equality of the means gives xn ≤ yn.

Therefore, we must have ∑n−1
j=1 x j ≥ ∑n−1

j=1 y j. Thus, the following inequality holds
for i = 1,2.

n−i+1

∑
j=1

x j ≥
n−i+1

∑
j=1

y j. (3.11)

Assume that the inequality is true for i = l. We will show that it is true for i = l+1
also.

Now, by assumption
n−l+1

∑
j=1

x j ≥
n−l+1

∑
j=1

y j, (3.12)

which by the equality of the means implies

n

∑
j=n−l+2

x j ≤
n

∑
j=n−l+2

y j. (3.13)

The (n− l +1)th inequality in y ≥AC x gives (n− l)xn−l+1 −xn−l − . . .− x1 ≤
(n− l)yn−l+1 − yn−l − . . .− y1, which can be rewritten as

(n− l +1)xn−l+1 +
n

∑
j=n−l+2

x j −
n

∑
j=1

x j ≤ (n− l +1)yn−l+1 +
n

∑
j=n−l+2

y j −
n

∑
j=1

y j.

(3.14)
Given the equality of the means, inequality (3.14) implies that
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(n− l +1)xn−l+1 +
n

∑
j=n−l+2

x j ≤ (n− l +1)yn−l+1 +
n

∑
j=n−l+2

y j. (3.15)

Multiplying both sides of (3.13) by (n–l) and then adding the right- (left-) hand
side of the resulting expression to the corresponding side of (3.15), we get:

(n− l +1)
n

∑
j=n−l+1

x j ≤ (n− l +1)
n

∑
j=n−l+1

y j. (3.16)

Canceling (n− l + 1) from both sides of (3.16) and invoking the condition that
λ (x) = λ (y), we deduce that

n−l

∑
j=1

x j ≥
n−l

∑
j=1

y j. (3.17)

Hence, the inequality (3.11) is true for i = l +1 also. Thus, by the method of math-
ematical induction, (3.11) holds for 1 ≤ i ≤ n and a perfect equality occurs for i = 1
(given). The existence of < for some i in ≥AC implies that there will be similar >
in ≥LC as well. This demonstrates the claim that x ≥LC y holds. For the numerical
income distributions considered in the proof of Theorem 3.1, we have x ≥LC y but
not y ≥AC x. This completes the proof of the theorem. 	

Another implication of ≥AC is Zheng’s (2007b) look-down dominance. For x,y ∈
Dn

+, we say that y look-down dominates x, what we write y ≥LD x, if xi−x1 ≤ yi−y1
holds for i = 1,2, . . . ,n, with < for some i. Thus, look-down dominance compares
the excess of each income in a distribution over its minimum with the corresponding
excess in another distribution. Evidently, in the dominated distribution, all incomes
will be closer to the reference income – the minimum. For this to materialize, the
minimum income should be increased. Apart from this, all other incomes can be
increased or decreased such that the excesses over the minimum are lower. Formally,
we have

Theorem 3.6. Let x,y ∈ Dn
+ be arbitrary. Then y ≥AC x implies y ≥LD x but the

converse is not true.

Proof. For i = 2,y ≥AC x gives the inequality x2 − x1 ≤ y2 − y1. Thus, the result
is true for i = 1,2. Assume that it is true for all i ≤ l. That is, we have xi − x1 ≤
yi − y1 for all i = 1,2, . . . , l. We will show that it is true for i = l + 1 also. Now,
(l + 1)th inequality in y ≥AC x implies l xl+1 − xl − . . .x1 ≤ lyl+1 − yl − . . .− y1.
Adding the left- (right-) hand side of the latter inequality with corresponding sides
of the inequalities xi − x1 ≤ yi − y1 for i = 1,2, . . . , l, it can be deduced that xl+1 −
x1 ≤ yl+1 − y1. Hence, by the method of induction, the result is true for all 1 ≤
i ≤ n. If for some i (say, for i = j), strict inequality occurs in y ≥AC x, then x j −
x1 < y j − y1. To see that the opposite is not true, let x = (15,15,35,35,50) and
y = (20,30,40,50,60). Then xi − x1 ≤ yi − y1 for all i, with three inequalities being
strict. But y ≥AC x does not hold. 	


It will now be worthwhile to identify a redistributive criterion consistent with
the absolute contentment dominance principle. An attempt along this line has been
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made by Chateauneuf and Moyes (2006). According to these authors, for x,y ∈ Dn
+,

where λ (x) = λ (y), x is obtained from y by a T3-transformation if there exist σ̃ , ρ̃ >
0 and two individuals j, l(1 ≤ j < l ≤ n) such that:

xi = yi for all i ∈ { j +1, . . . ., l −1}∪{l +1, . . . .,n};
xi = yi + σ̃ for all i ∈ {1, , . . . ., j};
xl = yl − ρ̃;
jσ̃ = ρ̃.

(3.18)

A Chateauneuf-Moyes transformation of type T3 demands that if a person receives
some amount of income through a rank-preserving progressive transfer, then the
transfer should give the same amount of income to all persons poorer than him. This
is similar to the lexicographically equitable transfer defined in Chap. 1, this volume.
We have stated this here for the sake of completeness and because of its alternative
presentation.

Rewriting x = y + b, as before, it now appears that if we arrive at x from y by
a T3-transformation, then bi ≤ ∑i−1

j=1 b j/(i− 1) for all i = 2, . . . ,n, with < for some
i > 1 (see Zheng, 2007b). From this, it follows that x has lower contentment than y.
The converse is true as well, that is, if we start with an inequality system of the type
bi ≤∑i−1

j=1 b j/(i−1), then we can deduce that y ≥AC x holds. Hence, we can refer to
b as a contentment reducing transformation. The interpretation of the transformation
is similar to the one provided for a fair redistributive program. This enables us to
state the following:

Theorem 3.7. Let x,y ∈ Dn
+, where λ (x) = λ (y), be arbitrary. Then the following

conditions are equivalent:

(i) y ≥AC x.
(ii) x is obtained from y by a contentment reducing transformation.

Note that we can also have an index counterpart to Theorem 3.7, which says that
the ranking of two income distributions of a given total, over a given population size,
by all symmetric contentment indices that reduce under a transformation defined
above is obtainable if and only if their ACCs do not intersect. An example of an
index of this type can be the following:

Cr̂(x) =

(
1
n

n

∑
i=1

1
n

i

∑
j=1

(x j − xi)r̂

)1/r̂

(3.19)

where r̂ ≥ 1 is a parameter. For r̂ = 1,2, Cr̂ corresponds respectively to the absolute
Gini index and the standard deviation. An increase in the value of r̂ > 2 makes the in-
dex more sensitive to the extents of contentment of the poorer persons (Chakravarty
et al., 2003).
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3.3 Absolute and Relative Income Differentials and Deprivation

Since absolute income differentials are easy to imagine and calculate, they often
constitute a natural source of envy for a person when he compares his income with
higher incomes. Given x,y∈Dn

+, we say that y dominates x by absolute differentials,
which we denote by y ≥ADI x, if xi −yi ≥ xi+1 −yi+1, for all i = 1,2, . . . ,n−1, with
> for some i < n. Since we can rewrite xi −yi ≥ xi+1 −yi+1 as yi+1 −yi ≥ xi+1 −xi,
y ≥ADI x simply means that differences between any two consecutive incomes are
not lower in y than in x, and will be higher in some case(s). It was first introduced
by Marshall et al. (1967) and has been considered as a suitable inequality criterion
by Preston (1990) and Moyes (1994, 1999). Marshall and Olkin (1979) showed that
for distributions of a given total, absolute differentials dominance implies Lorenz
domination. More precisely, for x,y ∈ Dn

+, where λ (x) = λ (y), y ≥ADI x implies
x ≥LC y. This is intuitively reasonable because nondominant consecutive gaps under
x along with the equality of the means will ensure that x has lower inequality. The
numerical income distributions x and y taken in the proof of Theorem 3.1 show that
x ≥LC y is true but y ≥ADI x is not.

If U stands for the identical individual utility function, person i’s utility distance
from person j can be defined as U(x j)−U(xi). Then we say that y utility gap dom-
inates x if U(xi)−U(yi) ≥ U(xi+1)−U(yi+1) holds for all i = 1,2, . . . ,n− 1, with
> for some i < n (Zheng, 2007b). We can now imagine ≥ADI as utility gap domi-
nance if U(xi) = xi. Likewise, if U(xi) = logxi, then the utility difference inequality
U(xi)−U(yi)≥U(xi+1)−U(yi+1) becomes log(xi/yi)≥ log(xi+1/yi+1), which re-
duces to xi/yi ≥ xi+1/yi+1. This forms the basis of Marshall and Olkin’s relative
or ratio differentials dominance (Marshall and Olkin, 1979). Formally, y dominates
x by ratio differentials, which is denoted by y ≥RDI x, if xi/yi ≥ xi+1/yi+1 for all
i = 1,2, . . . ,n− 1, with > for some i < n. Moyes (1994) showed that the relations
≥ADI and ≥RDI are different.

We will now examine some implications of the relations ≥ADI and ≥RDI. The
following theorem shows that the former is sufficient for absolute contentment dom-
inance (see Chakravarty et al., 2003; Chateauneuf and Moyes, 2006).

Theorem 3.8. Let x,y ∈ Dn
+ be arbitrary. Then y ≥ADI x implies y ≥AC x but the

converse is not true.

Proof. From y ≥AC x, we have

i

∑
j=1

(yi − y j) ≥
i

∑
j=1

(xi − x j) (3.20)

for all i = 1,2, . . . ,n. Given any i, a sufficient condition for (3.20) to hold is that
(xi − x j) ≤ (yi − y j) for j = 1,2, . . . , i − 1. This is same as the condition that
(y j−x j)≤ (yi−xi). We write this more explicitly as (y1−x1)≤ (yi−xi), (y2−x2)≤
(yi − xi), . . . ,(yi−1 − xi−1) ≤ (yi − xi). A sufficient condition for this inequality to
hold is that (y1 −x1)≤ (y2 −x2)≤ . . . .(yi−1−xi−1)≤ (yi −xi), which follows from
y ≥ADI x. Evidently, whenever there is a strict inequality for some i, say, for i = l,
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in y ≥ADI x, there will be strict inequality for i = l in y ≥AC x. Falsity of the
converse can be proved using the numerical example y = (10,20,30,40) and x =
(15,20,25,40). Here we have y ≥AC x but not y ≥AD x. 	


For two distributions x and y over the population size n, y ≥AD x implies that
∑n

j=i+1 (y j − yi) ≥ ∑n
j=i+1 (x j − xi) for all i = 1,2, . . . ,n, with > for some i < n.

For any given arbitrary i, a sufficient condition that ensures this inequality sys-
tem is (yi+1 − yi) ≥ (xi+1 − xi), (yi+2 − yi) ≥ (xi+2 − xi), . . . ,(yn − yi) ≥ (xn − xi),
1≤ i≤ n. We rewrite this latter condition as (yi+1−xi+1)≥ (yi−xi), (yi+2−xi+2)≥
(yi − xi), . . . ,(yn − xn) ≥ (yi − xi), 1 ≤ i ≤ n. This is guaranteed if we assume that
(yn−xn)≥ . . .≥ (yi+2−xi+2)≥ (yi+1−xi+1)≥ (yi−xi), 1 ≤ i ≤ n. But this follows
from the condition that y ≥ADI x. Strict inequality for some i < n in y ≥ADI x gen-
erates the corresponding condition in y ≥AD x. Thus, y ≥ADI x implies y ≥AD x. For
x = (1,3,6,6)andy = (1,3,5,7), we have y ≥AD x but not y ≥ADI x (Moyes, 2007).
These observations are summarized in the following theorem.

Theorem 3.9. For arbitrary x,y ∈ Dn
+, y ≥ADI x implies y ≥AD x but the converse is

not true.

Chateauneuf and Moyes (2006) defined a T1-transformation which when applied
successively results in distributional improvement according to ≥ADI. For x,y ∈ Dn

+,
where λ (x) = λ (y), x is obtained from y by a T1-transformation if there exist σ ′,ρ ′ >
0 and two individuals j, l(1 ≤ j < l ≤ n) such that:

xi = yi for all i ∈ { j +1, . . . ., l −1};
xi = yi +σ ′ for all i ∈ {1, , . . . ., j};
xi = yi −ρ ′ for all i ∈ {l, , . . . .,n};
jσ ′ = (n− l +1)ρ ′.

(3.21)

A Chateauneuf-Moyes transformation of type T1 says that if some amount of
income is transferred progressively from a person, then the same amount of income
should also be transferred from all those who are not poorer than him. Further, if the
progressive transfer gives some amount of income to a person, then all those who
are not richer than him are also recipients of the same amount of income. In fact, a
T1-transformation can be regarded as a fiscal program which is balanced, minimally
progressive, and incentive preserving (see Moyes, 2007). The following theorem of
Chateauneuf and Moyes (2006) can now be stated.

Theorem 3.10. Let x,y ∈ Dn
+, where λ (x) = λ (y), be arbitrary. Then the following

conditions are equivalent:

(i) y ≥ADI x.
(ii) x can be obtained from y by a finite sequence of T1-transformations.

Theorem 3.10 establishes the connection between the absolute differentials
dominance relation and the rank-preserving progressive transfers underlying a
T1-transformation.
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People often view depression in terms of relative income differentials. Marshall
et al. (1967) established that for two distributions x and y of a given total, y ≥RDI x is
sufficient for x ≥LC y (see also Marshall and Olkin, 1979, p. 129). For the numerical
distributions x and y considered in the proof of Theorem 3.1, we have x ≥LC y and
not y ≥RDI x. Hence, x ≥LC y does not imply y ≥RDI x.

In the following theorem, we identify the relationship between the dominance
based on income ratios and the relative contentment dominance relation ≥RC, which
relies on the ratios xi/x j, 1 ≤ j ≤ i. Formally for x,y ∈ Dn

+, y ≥RC x means that
∑i

j=1 (yi − y j)/ny j ≥ ∑i
j=1 (xi − x j)/nx j for 1 ≤ i ≤ n, with > for some i.

Theorem 3.11. For all x,y ∈ Dn
+, y ≥RDI x implies that y relative contentment dom-

inates x, but the converse is not true.

Proof. By y ≥RC x we have ∑i
j=1 (yi − y j)/y j ≥ ∑i

j=1 (xi − x j)/x j for 1 ≤ i ≤ n,
with > for some i. Given i, a sufficient condition for the above inequality to hold
is that yi/y j ≥ xi/x j for 1 ≤ j ≤ i. We rewrite this latter inequality as yi/xi ≥ y j/x j
for 1 ≤ j ≤ i. This requirement is satisfied if we assume that yi/xi ≥ yi−1/xi−1 ≥
. . . . ≥ y1/x1, a condition implied by y ≥RDI x. Whenever there is a strict inequality
in y ≥RDI x, there will be a strict inequality in y ≥RC x also. To check that the
converse is not true, consider the numerical distributions x and y taken in the proof
of Theorem 3.8. Then we have y ≥RC x but not y ≥RDI x. 	


It may now be worthwhile to make a comparison between ≥RC and ≥RD. Note
that for the distributions y′ = (10,20,30,40) and y′′ = (15,20,30,35), we have
both y′ ≥RC y′′ and y′ ≥RD y′′. Next, for the distributions ȳ = (2,4,6,8) and
ỹ = (6,6,12,16), ȳ ≥RC ỹ holds but ȳ ≥RD ỹ does not hold. To see the converse,
consider the distribution ŷ = (4,8,14,14). One can check that ȳ ≥RD ŷ is true but
ȳ ≥RC ŷ is not true. Finally, consider the distribution ÿ = (2,5,5,8) and note that
neither ≥RD nor ≥RC can rank the distributions ÿ and ȳ. These, observations enable
us to conclude that ≥RC and ≥RD are different.

One can prove that the relations ≥AC and ≥RC are also different. To see this,
note that while ≥AC also cannot rank the distributions ÿ and ȳ, we have y′ ≥AC y′′.
Next, we can verify that ȳ ≥AC ỹ does not hold. Finally, for the distributions ẏ =
(1,1,4,6) and ȳ, we have ȳ ≥AC ẏ but not ȳ ≥RC ẏ. These observations combined
with our observations in the earlier paragraph regarding ranking of distributions by
≥RC demonstrate that ≥AC and ≥RC are different (see Chakravarty et al., 2003).

3.4 Complaints and Deprivation

The central idea underlying the Temkin (1986, 1993) notion of inequality is individ-
ual complaint. Thus, like our earlier treatments in the chapter, the Temkin approach
is also an individualistic approach to the assessment of income distributions. Among
the various possibilities considered by Temkin (1986, 1993), the one that received
principal focus is that the highest income in the society is the reference point and
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everybody except the richest person has a legitimate complaint. Alternatively, the
average income or incomes of all better-off persons can be the reference points of
different worse-off individuals (see Chakravarty, 1997b). By aggregating the indi-
vidual complaints in an unambiguous way, we arrive at an overall inequality index.
Although there appears to be similarity of this approach with the Runciman (1966)
approach, there are differences as well. For instance, reference to the best-off person
is one case of difference.

Cowell and Ebert (2004) considered the framework where the highest income xn
is the reference point for all the persons except the richest. Then SCi(x) = (xn − xi)
is the size of complaint of person i. These sizes form the basis of our analy-
sis in this section. The graph of cumulative complaints 1/n∑i

j=0 SC j(x) against
the corresponding cumulative population proportions i/n gives us the cumula-
tive complaint contour CCC(x, i/n) of the distribution x, where SC0(x) = 0 and
i = 0,1, ..,n. Segments of the curve between any two consecutive population propor-
tions i/n and (i + 1)/n is defined by the convex combination CCC(x,(i + τ)/n) =
(1− τ)CCC(x, i/n) + τCCC(x,(i + 1)/n), where 0 ≤ τ ≤ 1. By construction, the
CCC of a distribution is upward sloping. We then say that for x,y ∈ Dn

+, y complaint
dominates x (y ≥CC x, for brevity) if CCC(y, t) ≥ CCC(x, t) for all 0 ≤ t ≤ 1, with
> for some t.

The following theorem of Cowell and Ebert (2004) shows the relationship be-
tween the generalized Lorenz relation ≥GL and the complaint dominance rule ≥CC.

Theorem 3.12. Let x,y ∈ Dn
+ be arbitrary. Then y ≥CC x implies (x− xn1n) ≥GL

(y− yn1n).

Proof. From y ≥CC x, we get ∑i
j=1 (xn − x j) ≤ ∑i

j=1 (yn − y j) for all 1 ≤ i ≤ n−1,
with < for some i. We rewrite this inequality as ∑i

j=1 (x j − xn1n)≥∑i
j=1 (y j − yn1n)

for all 1 ≤ i ≤ n, with > for some i. This latter inequality gives (x− xn1n) ≥GL
(y− yn1n). 	


The next theorem is concerned with the relationship between ≥AC and ≥CC.

Theorem 3.13. Let x,y ∈ Dn
+, where λ (x) = λ (y), be arbitrary. Then y ≥AC x im-

plies y ≥CC x, but the converse is not true.

Proof. Suppose that we have y ≥CC x, which by Theorem 3.12 implies the condition
that (x− xn1n) ≥GL (y− yn1n). We can write this latter relation explicitly as:

1
n

(

iyn +
i

∑
j=1

x j

)

≥ 1
n

(

ixn +
i

∑
j=1

y j

)

, (3.22)

for all i = 1,2, . . . ,n with > for at least one i. Given the equality of the total incomes
in x and y, two sufficient conditions for (3.22) to hold are xn ≤ yn and x ≥LC y. By
Theorem 3.5, under the assumption of the equality of the means, y ≥AC x implies
x ≥LC y. Further, from the proof of Theorem 3.5, we know that under the given
assumption xn ≤ yn holds. Hence, y ≥AC x implies y ≥CC x. Using the example that
y = (10,20,30,40) and x = (10,24,26,40), one can check that y ≥CC x holds but
y ≥AC x does not hold. 	
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Cowell and Ebert (2004) characterized weighted mean of order υ ≥ 1 of individ-
ual complaints as an index of overall complaint. Formally, the Cowell-Ebert index
is given by

Cυ(x) =

[
n−1

∑
i=1

w̃i(xn − xi)υ
]1/υ

, (3.23)

where the positive weight sequence {w̃i}, satisfying the restriction ∑n−1
i=1 w̃i = 1, is

nonincreasing if υ > 1 and decreasing if υ = 1. Members of the class Cυ decrease
under a rank-preserving transfer from a person to anyone with lower income. They
also demonstrated that y ≥CC x is equivalent to the condition that Cυ(y) > Cυ(x).

Instead of comparing the aggregated look-up complaints across distributions, we
can compare them at individual levels. More precisely, following Zheng (2007b), for
x,y ∈ Dn

+, we say that y look-up dominates x, what we write y ≥LU x, if (xn − xi) ≤
(yn − yi) holds for all 1 ≤ i ≤ n, with < for some i. Thus, look-up dominance is
an alternative dominance implication of Temkin’s (1986, 1993) suggestion that the
highest income is the reference point. Clearly, ≥LU requires reduction in the highest
income of the dominated distribution because all look-up differences are getting
smaller in this distribution. It is easy to see that ≥ADI implies ≥LU, which in turn
implies ≥CC.

Our discussion so far has concentrated on distributions in a particular period. Let
us denote the current and previous period income distributions on a set of n persons
by x1 and x0, respectively, where both x1,x0 ∈ Γn

+. However, they are not assumed
to be illfare-ranked. Bossert and D’Ambrosio (2007) suggested the use of

BDi(x0,x1) =
ᾱ |B̂i(x1)−B̂i(x0)|

n ∑
j∈B̂i(x1)

(x1
j − x1

i ) (3.24)

as an index of the extent of deprivation felt by person i, where ᾱ ≥ 1 is a constant.
B̂i(x) is the set of persons that are better-off than i in the distribution x, the difference
B̂i(x1)− B̂i(x0) gives the set of persons that are in B̂i(x1) but not in B̂i(x0) and for
any set S, |S| is the number of elements in S. If ᾱ = 1, the Bossert-D’Ambrosio
index BDi becomes the Yitzhaki (1979) index of deprivation ADi. Higher values of
ᾱ assign higher weight to the deprivation suffered from the information that there
are people who were not previously richer than i are now richer than him. This
information takes into account the dynamic aspect of deprivation. Thus, the dynamic
aspect of deprivation depends on the number of persons who were at most as well
off as i in the previous period but have now become more well-off than i. If the set
of such persons is empty, then also BDi coincides with ADi. This implies that if we
regard (x0,x1) as an incentive preserving fiscal program, then BDi and ADi are the
same. Bossert and D’Ambrosio (2007) characterized general classes of indices that
contain BDi as special cases.

Our analysis in this chapter reveals that deprivation is a multifaceted phenom-
enon. There are many ways of incorporating components, such as envy and depres-
sion, of individual judgments into distributive justice. Furthermore, we have seen
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that the required alternative notions of redistributive principles are different from
the one based on the Lorenz curve. In each case, our discussion makes the structure
and the fundamental properties of the principle quite transparent. It should definitely
be clear that the dominance relations we have investigated are incomplete – there
may be situations where we have to withhold our judgment concerning superiority
of one distribution over another in terms of deprivation.

We may recall here that the “deprivation profile” of Shorrocks (1998) looks
at deprivation from a completely different perspective. We may also mention that
Satts’ (1996) study of relative deprivation in the kibbutz economy uses a completely
different structure as well. It explores the equity characteristics of the ideal kibbutz
economy which maintains perfect equality as the benchmark. An investigation of the
issue has been made in the distributive and productive justice framework of Varian
(1974).

Finally, it may be worthwhile to mention that some of the relations discussed
in the chapter have also been analyzed from alternative perspectives. For instance,
Jewitt (1989), Gilboa and Schmeidler (1994), and Landsberger and Meilijson (1994)
used the absolute contentment dominance condition to characterize location-
independent riskier prospects. Likewise, Doksum (1969) suggested the use of the
absolute differential relations as a tail dominance, whereas Bickel and Lehmann
(1979) used it as a dispersion dominance (see also Landsberger and Meilijson, 1994;
Quiggin, 1993).



Chapter 4
The Measurement of Income Polarization

4.1 Introduction

Over the last 15 years or so, the study of polarization has become quite important
for several reasons. Some of the major reasons are its role in analyzing the income
distribution evolution, social conflict, and economic growth. Broadly speaking, po-
larization is concerned with appearance (or disappearance) of groups in a distribu-
tion. In politics, it is regarded as a process that leads to division of public opinion
and movement of the divided opinion to the extremes. Likewise, one notion of in-
come polarization, which we refer to as bipolarization, is concerned with the decline
of the middle class. In this case, the relative frequency of observations associated
with the central value of the distribution is low compared to those in the extremes.
Polarization in this case is measured by the dispersion of the distribution from the
central value toward the extreme points. The principal reason for looking at polar-
ization this way is that a large and wealthy middle class contributes to economic
growth in many ways and hence is important to every society. The middle class
occupies the intermediate position between the poor and the rich. A person with
low income may not be able to become highly rich but may have the expectation
of achieving the position enjoyed by a middle-class person. Thus, such a person
is likely to work hard to fulfill his expectation and unlikely to revolt against the
society. Therefore, a society with thriving middle class contributes significantly to
social and political stability as well. In contrast, a society with high degree of polar-
ization may generate social conflicts, rebellions, and tensions (see Pressman, 2001).
Therefore, in order to avoid or reduce such possible risks, it is necessary to monitor
the situation in the society using indices that look at the spread of the distribution
from its center. Bipolarization indices have been investigated in details by Foster
and Wolfson (1992), Wolfson (1994, 1997), Wang and Tsui (2000), Chakravarty
and Majumder (2001), Rodriguez and Salas (2003), Duclos and Echevin (2005),
Amiel et al. (2007), Chakravarty et al. (2007), Silber et al. (2007), and others.

Esteban and Ray (1994) developed a more general notion of polarization. They
assumed that the society is divided into groups or poles, where the individuals
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belonging to the same group have a feeling of identification and there is a feel-
ing of alienation against individuals in a different group. In other words, individuals
in a group share similar characteristics with the other members of the group but in
terms of the same characteristics they are different from the members of the other
groups. The Esteban and Ray (1994) index regards the concept of polarization as
conflict among groups (see also Esteban and Ray, 1999). Clearly, high degree of
polarization, in terms of presence of conflicting groups, can give rise to instability
in a society. Alternatives and variations of the Esteban and Ray (1994) index have
been suggested, among others, by Gradin (2000), D’Ambrosio (2001), Zhang and
Kanbur (2001), Duclos et al. (2004), and Esteban et al. (2007).

The objective of this chapter is to discuss the two views of polarization, the under-
lying axioms and the indices rigorously. We also characterize a compromise relative
index of bipolarization. A relative index remains invariant under equiproportionate
variations in all incomes and is said to possess the compromise property if, when
multiplied by the median, becomes an absolute index that does not alter under equal
absolute translation of incomes. Clearly, a particular index of bipolarization will
rank alternative distributions of income in a complete manner. However, if we use
more than one index, there may be different rankings of the distributions. Given the
diversity of indices, it will be worthwhile to identify the class of indices that pro-
duces a similar ordering of different distributions. Finally, we look at this issue in
this chapter.

4.2 Polarization: Two Views, Axioms and Indices

This section begins with a discussion on the postulates for an index of polarization
rigorously. We follow Esteban and Ray (1994), Wang and Tsui (2000), Chakravarty
and Majumder (2001), and Chakravarty et al. (2007) and present them using uniform
notation. For a population of size n, a typical income distribution is given by a
pair (p,x), where x = (x1,x2, ..xk) and p = (p1, p2, . . . ., pk). Here xi values indicate
different income levels, pi is the number of individuals with income exactly equal
to xi and n =∑k

i=1 pi. Clearly, p = (p1, p2, . . . ., pk) ∈ Rk
+, the nonnegative orthant of

the k dimensional Euclidean space Rk. Each xi is assumed to be drawn from [μ ,γ],
a nondegenerate interval in the nonnegative part R1

+ of the real line R1. The set
of income distributions for this population is denoted by S. Thus, we characterize
an income distribution as a vector of population masses located on the steps in an
income ladder. For any xi ∈ [μ ,γ], x ∈ [μ ,γ]k, the k-fold Cartesian product of [μ ,γ].
For the sake of simplicity and convenience, the lower bound of the interval [μ ,γ]
has been taken to be nonnegative, which in turn implies nonnegativity of all the
incomes. Extension of our results to the situation where some of the incomes are
negative is quite straightforward.

For any (p,x) ∈ S, the mean and median of (p,x) are denoted, respectively, by
λ (p,x) and m(p,x) (or, simply by λ and m). If n is odd, the median income is
given by
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m =

{

x j :
j

∑
i=1

pi =
1
2

(
k

∑
i=1

pi +1

)}

, (4.1)

where xis are illfare-ranked, that is, ordered nondecreasingly and pis are rearranged
accordingly. But if n is even, the arithmetic mean of the (n/2)th and the (n/2+1)th
values is taken as the median (given that the incomes are illfare-ranked and pi’s are
permuted accordingly). We will assume throughout the chapter that the mean and
the median are positive. For example, let x = (2,4,10,1) and p = (4,3,9,2). The
illfare-ranked permutation of x is (1,2,4,10) and the corresponding rearrangement
of p is (2,4,3,9). Since n = 18 is even here, the median m is the average of the ninth
and tenth values, that is, m = (4+10)/2 = 7.

Since in the measurement of bipolarization, all incomes are compared with the
median, persons with incomes below the median can be regarded as “deprived,”
where the source of deprivation is the shortfall of their incomes from the median.
Likewise, all persons with incomes not below the median can be referred to as “sat-
isfied” (see Runciman, 1966).

Some more preliminaries are necessary for the purpose at hand. Assuming that
xi’s are illfare-ranked, we denote the vectors of such xi’s that are below the me-
dian and of those that are not below the median by x− and x+, respectively. The
corresponding partition of p, under proper rearrangement, is (p−, p+). For the ex-
ample taken above, x− = (1,2,4), x+ = (10), p− = (2,4,3), and p+ = (9). The
k-coordinated vector of ones is denoted by 1k. For all x,y ∈ [μ ,γ]k, we write xVjy
to represent the situation that x has been obtained from y by a simple increment in
y j, that is, x j > y j for some j and xi = yi for all i �= j. Recall from our discussion in
Chap. 1 that if income distributions are ordered, the transformation V allows only
rank-preserving increments. For x,y ∈ [μ ,γ]k, we write xT{i, j}y to denote that x has
been obtained from y by a progressive transfer of income from the rich person j
to the poor person i. Recall that the transfer does not alter the relative positions of
the donor j and the recipient i and for ordered distributions, only rank-preserving
transfers are allowed.

A polarization index L is a real valued function defined on S, that is, L : S → R1.
For all (p,x) ∈ S, the functional value L(p,x) indicates the level of polarization
associated with the distribution (p,x).

Esteban and Ray (1994) have suggested the following axioms for an index of
polarization. All of them are based on an income distribution constituted by three
distinct values x1 = 0,x2, and x3, and the corresponding population masses p1, p2,
and p3, where x1 < x2 < x3.

Axiom 1. Let p1 > p2 = p3 > 0. Fix p1 > 0 and x2 > 0. There exists c̃1 > 0 and
c̃2 > 0 (possibly depending on p1 and x2) such that if |x2 − x3| < c̃1 and p2 < c̃2 p1,
then joining of the masses p2 and p3 at their mid-point, (x2 + x3)/2, increases po-
larization.

Axiom 2. Let p1, p2, p3> 0; p1 > p3, and |x2 − x3| < x2. There exists c̃3 > 0 such
that if p2 is moved to the right, toward p3 by an amount not exceeding c̃3, polariza-
tion increases.
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Axiom 3. Let p1, p2, p3 > 0; p1 = p3; and x2 = x3 − x2 = c̃4. Any new distribution
formed by shifting population mass from the central mass p2 equally to the two
lateral masses p1 and p3, each c̃4 units of distance away, must increase polarization.

Before we proceed to state the axioms for a bipolarization index, let us explain
the ones proposed by Esteban and Ray (1994). Axiom 1 underlines the idea that
lower dispersion inside the groups and higher homogeneity of group’s size should
augment polarization. The next axiom argues that polarization should go up with
heterogeneity among the groups. Finally, according to axiom 3, polarization should
increase under a movement of the middle class into higher and lower categories.

The following axioms, for an index of bipolarization, have been suggested
by Wang and Tsui (2000), Chakravarty and Majumder (2001), and Chakravarty
et al. (2007) or are in common use elsewhere.

Axiom 4. (Normalization): If (p,x) ∈ S is such that x = c1k, where c > 0 is any
scalar, then L(p,x) = 0.

Axiom 5. (Scale Invariance): For all (p,x) ∈ S and all scalars c > 0, L(p,x) =
L(p,cx).

Axiom 6. (Translation Invariance): For all (p,x) ∈ S and all scalars c such that
x+ c1k ∈ [μ ,γ]k, L(p,x) = L(p,x+ c1k).

Axiom 7. (Symmetry): For all (p,x)∈ S, L(p,x) = L(pΠ,xΠ), whereΠ is any k×k
permutation matrix.

Axiom 8. (Population Principle): For all (p,x)∈ S, L(p,x) = L(cp,x), where c > 0
is any scalar.

Axiom 9. (Increased Spread): If (p,x)and(p,y) ∈ S, where m(p,x) = m(p,y), are
related through anyone of the following cases,

(i) yVjx and y j < m(p,y), (ii) xViy and yi > m(p,y), and (iii) both (i) and (ii), then
L(p,x) > L(p,y).

Axiom 10. (Increased Bipolarity): If (p,x)and(p,y)∈ S, where m(p,x) = m(p,y),
are related through anyone of the following cases,

(i) xT{i, j}y and y j < m(p,y), (ii) xT{l̂,l}y and yl̂ > m(p,y), and (iii) both (i) and
(ii), then L(p,x) > L(p,y).

Axiom 11. (Continuity): L is continuous in its income arguments.

Axioms 4–8 and 11 are the bipolarization counterparts to the corresponding in-
equality axioms. As in the case of inequality indices, only a constant function can
fulfill axioms 5 and 6 simultaneously. Note that Symmetry requires the same re-
ordering of incomes and the corresponding population masses. Under the Population
Principle, the population masses are changed by a fixed proportion but the incomes
are kept unchanged.
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Axiom 9, Increased Spread, is a monotonicity condition and close to axiom 3
of Esteban and Ray (1994). Since increments (reductions) in incomes above (be-
low) the median widen the distribution, polarization should go up. That is, greater
distancing between the groups below and above the median should make the distri-
bution more polarized. Increased Bipolarity is a bunching or a clustering principle.
Since an egalitarian transfer between two individuals on the same side of the me-
dian brings the individuals closer to each other, bipolarization should increase. As
an egalitarian transfer demands decreasingness of inequality, this axiom explicitly
establishes that inequality and polarization are two nonidentical concepts.1 Thus,
bipolarization involves both an inequality-like component, the greater distancing
criterion, which increases both inequality and polarization, and an equality-like
component, the clustering or bunching principle, which increases polarization, while
lowering any inequality index that fulfills the Pigou-Dalton Transfers Principle. This
shows that although there is a nice complementarity between the two concepts, there
are differences as well.2

Using specific subsets of the axioms considered above, we may be able to charac-
terize specific classes of polarization indices. For instance, Esteban and Ray (1994)
assumed the quasi-additive structure ∑k

i=1∑
k
j=1 pi p jH̃[g̃(pi), Ã(|xi − x j|)]; where

the continuous identification function g̃ : R1
+ → R1

+, satisfying the restriction that
g̃(pi) > 0 whenever pi > 0, gives a sense of identification of an individual with
other persons of the same group. The continuous and nondecreasing alienation func-
tion Ã : R1

+ → R1
+, with Ã(0) = 0, gives alienation of individual i with individual

j, and the continuous effective antagonism function H̃, which is a measure of the
extent of antagonism felt by person i toward person j, fulfills the restrictions that
H̃(g̃(pi),0) = 0 and increasingness in alienation on the strictly positive part of the
domain. They invoked the axioms 1–3 and a population homotheticity axiom which
demands that ranking of two distributions by a polarization index remains invariant
with respect to the size of the population, to derive the index

LER(p,x) = Ξ̃
k

∑
i=1

k

∑
j=1

pα̃+1
i p j|xi − x j|, (4.2)

where Ξ̃> 0 is a constant and α̃ ∈ (0,1.6] (see Theorem 1 of the authors). If another
axiom [axiom 4 of Esteban and Ray, 1994] which demands that a migration from
a very small population mass at a low income to a higher income of moderate size
increases polarization is imposed, then α̃ must take on the value in the interval
[1,1.6] (see Theorem 3 of the authors). The multiplicative constant Ξ̃ is used for
population normalization. If the parameter α̃ takes on the value zero, the Esteban-
Ray index LER would correspond to the (absolute) Gini index. The positive value
of α̃ , and hence the identification function pα̃i , plays an important role to underline

1 See Levy and Murname (1992), Collier and Hoeffler (2001), Knack and Keefer (2001),
Garcia-Montalvo and Reynal-Querol (2002, 2005), Reynal-Querol (2002), and Bossert and
Schworm (2006).
2 Amiel et al. (2007) investigated whether people’s perception about polarization is consistent with
different axioms.
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the difference between inequality and polarization. As the value of α̃ increases, the
greater is the divergence from inequality and consequently, α̃ may be interpreted as
a polarization sensitivity parameter. Given income classes and total population, the
index achieves its maximum value when half the population is concentrated in the
lowest income class and the remainder is in the highest income class. On the other
hand, it attains its minimum value if the entire population mass is concentrated at
one value, which coincides with the mean and the median.

Duclos et al. (2004) developed an axiomatic characterization of the index

LDER( f ) =
∞∫

0

∞∫

0

( f (v′))1+α̃ f (v)|v− v′|dvdv′, (4.3)

for income distributions defined in the continuum with a normalized mean of unity,
where f is the income density function and α̃ ∈ [.25,1]. The Duclos et al. index
LDER( f ) can be regarded as the continuous analogue to the index LER in (4.2). It
overcomes the limitation of the original index LER that requires a population to be
bunched into relevant groups. They also constructed estimators for their index to use
in the case of disaggregated data.

Clustering of the population into groups such that individuals feel identified in-
side a group and alienated outside it looses important information about income
disparity within each group. Esteban et al. (2007) proposed an index that corrects
LER in (4.2) from this perspective. Consider an income distribution with density f
and the mean normalized at unity. For an income distribution with J income classes,
let πi =

∫ xi
xi−1

f (v)dv and λi = 1/πi
∫ xi

xi−1
v f (v)dv, respectively, be the population fre-

quency and mean income of the income class [xi−1,xi], i = 1,2, . . . ,J. The corre-
sponding vectors are given by π and λ . Then the index LER applied to the discrete
grouping considered here, with a correction for within-group inequality, is given by

LEGR(π,λ ) =
J

∑
i=1

J

∑
j=1

π1+α̃
i π j|λi −λ j|− c5er(π,λ ), (4.4)

where the error er(π,λ ) corresponds “to the implicit fuzziness of group identifi-
cation” (Esteban et al., 2007, p. 5) and c5 ≥ 0 is the weight assigned to the error.
The presence of the error term ensures that the Esteban et al. index LEGR(π,λ ) is
decreasing in within-group and increasing in between-group disparities. They also
considered the problem of grouping the population such that the error function,
which has been chosen as the average of income distances within all groups, is min-
imized. The modified index can be applied to all kinds of income distributions.3

If in (4.4), the term under double summation is multiplied by (1− Ii
G)μ̃ and the

second term −c5er(π,λ ) is dropped, then the resulting index becomes the variant
of LEGR(π,λ ) suggested by Lasso de la Vega and Urrutia (2006), where Ii

G is the
Gini index of group i and μ̃ ≥ 0 is a constant. Formally, their index is given by

3 Gradin (2000) extended the index in (4.3) to the case when groups are defined according to
attributes other than income, for example, education level, health.
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LLU(π,λ ) = ∑J
i=1∑

J
j=1π

1+α̃
i π j(1− Ii

G)μ̃ |λi − λ j|. The constant μ̃ ≥ 0 represents
the degree of sensitivity toward group cohesion. The sense of identification of each
member of group i is now given by πα̃i (1− Ii

G)μ̃ . Multiplication by the increasing
function (1− Ii

G)μ̃ of the Gini index of equity (1− Ii
G) makes the polarization index

LLU a decreasing function of within-group dispersion. It is evidently increasing in
between-group inequality. It should be clear that Esteban et al. index and its variant
LLU have several common properties.

D’Ambrosio (2001) proposed a modification of LER in (4.2) using the
Kolomogorov measure of distance as the alienation function instead of the sim-
ple distance function |xi − x j| for taking into account the intergroup measure of
disparity. The D’Ambrosio index is then given by

LD(π, f ) =
1
2

J

∑
i=1

J

∑
j=1

πα̃+1
i π j

∞∫

0

| fi(v)− f j(v)|dv, (4.5)

where πis are population frequencies; 1/2
∫ ∞

0 | fi(v)− f j(v)|dv is the Kolomogorov
measure of distance between groups i and j; fi and f j, are respectively, the densi-
ties of income distributions corresponding to these groups and f = ( f1, f2, . . . , fJ).
An advantage of the use of this alternative alienation function is that the disparity
between groups are now compared using their income distributions, not by their
means, as is done in (4.2).

Milanovic (2000) suggested an index with the objective that it (1) achieves the
minimal value zero for a distribution with population mass concentrated at a single
point; (2) takes on the maximal value one for a society subdivided into two ex-
treme groups of equal size, where all the incomes in the first group are zero and all
the incomes in the other group are twice the mean; (3) increases if the difference
between the incomes of the two groups increases, keeping the population masses in
the groups fixed; and (4) satisfies scale invariance but decreases under equal absolute
augmentation in all incomes. Postulates (1) and (2) are similar to the corresponding
properties of LER in (4.2). Postulate (3) is analogous to the alienation function of
Esteban and Ray (1994). The Milanovic index, which incorporates the idea of alien-
ation in its formulation, has a Gini-type structure and measures the divergence of
incomes from the situation of minimum polarization.

Zhang and Kanbur (2001) employed the ratio between the between-group and
within-group components of the Shorrocks (1980) weighted generalized entropy
index of inequality for measuring polarization. Formally, the Zhang-Kanbur index
is defined as

LZK(p,x) =
I(p;λ11n1 ,λ21n2 , . . . ..,λJ1nJ )

∑J
i=1 wi(λ ,n)I(pi,xi)

, (4.6)

where for any partitioning of the population into J groups with respect to some
homogeneous characteristic (say, age, sex, region, etc.), ni is the population size
of group i whose income distribution and mean income are respectively (pi,xi)
and λi,λ = (λ 1,λ 2, . . . ..,λ J), n = (n1,n2, . . . . . . ,nJ), wi(λ ,n) is the positive weight
attached to inequality in (pi,xi), assumed to depend on the vectors n and λ , and
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p = (p1, p2, . . . .., pJ), x = (x1,x2, . . . ..,xJ). Although the Zhang-Kanbur approach is
different from that of Esteban and Ray (1994), there is a similarity in interpretation.
The within-group term may be interpreted as an inverse indicator of feelings of iden-
tification between similar individuals – LZK increases if the groups become more
concentrated, that is, if within-group inequality reduces. Also, the further apart are
the means, the greater is the degree of polarization. Thus, the between-group term is
an indicator of feelings of alienation between dissimilar individuals. The weighted
generalized entropy family, which forms the basis of the index LZK and can be ex-
pressed as the sum of the between-group and within-group components considered
in (4.6), is defined as

IS(p,x) =

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

1
nc̄(c̄−1)

k
∑

i=1
pi

[( xi
λ
)c̄ −1

]
, c̄ �= 0,1,

1
n

k
∑

i=1
pi

[
log

(
λ
xi

)]
, c̄ = 0,

1
n

k
∑

i=1
pi
[( xi

λ
)

log
( xi
λ
)]

, c̄ = 1,

(4.7)

where positivity of the lower bound μ of the income interval [μ ,γ] is necessary for
the index IS to be well-defined in all cases. The real number c̄ is a transfer sensitivity
parameter – a transfer of income from a person to anyone who has a lower income
decreases IS by a larger amount, the lower is the value of c̄ (see Shorrocks, 1980).

In the remainder of this section, we will discuss polarization indices that are
concerned with the decline of the middle class, more precisely, with bipolarization.
Several attempts considered some income interval around the median and defined
the decline of the middle class in terms of reduction in population/income share
corresponding to the interval. (See, e.g., Beach, 1989; Beach et al., 1997; Blackburn
and Bloom, 1985; Horrigan and Haugen, 1988; Ilg and Haugen, 2000; McMahon
and Tsechetter, 1986; Rosenthal, 1985; Wolfson, 1997).

Rigorous attempts to study the decline of the middle class have first been made
by Foster and Wolfson (1992) and Wolfson (1994, 1997). Given any income distri-
bution, they defined its (relative) bipolarization curve that shows for any population
proportion, how far a normalized value of the share of the total income enjoyed by
that proportion is from the corresponding share that it would receive under the hy-
pothetical situation where everybody enjoys the median income (see Sect. 4.4). The
area under the curve, which is popularly known as the Wolfson polarization index,
is given by

LW(p,x) =
2λ (2Q− IG(p,x))

m
, (4.8)

where Q = (λ (p+,x+)−λ (p−,x−))/2λ and IG(p,x) = 1/2n2λ ∑k
i=1∑

k
j=1 pi p j|xi−

x j| is the (relative) Gini index of the income distribution (p,x). LW fulfills all the
postulates for a bipolarization index. For bipartitioning of the population into de-
prived and satisfied groups, LW can be rewritten as
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LW(p,x) =
2λ (IBI

G (p,x)− IWI
G (p,x))

m
, (4.9)

where IBI
G (IWI

G ) is the corresponding between-group(within-group) component of
the Gini index (see Rodriguez and Salas, 2003). Under ceteris paribus assumptions,
LW is increasing in IBI

G , the alienation component, and decreasing in IWI
G , an inverse

indicator of identification.
Rodriguez and Salas (2003) also suggested the use of the difference

LRS(F) = IBI
DWW(F)− IWI

DWW(F) (4.10)

as a bipolarization index and referred to this as the extended Wolfson index, where
F is the income distribution function. IBI

DWW(F)(IWI
DWW(F)) is the between-group

(within-group) component associated with the Donaldson and Weymark (1980,
1983) welfare ranked S-Gini inequality index, given that the population is bi-
partitioned using the median as the reference point. The boundedness condition
2 ≤ δ ≤ 3 is necessary for the extended index to satisfy the postulate Increased
Bipolarity. The higher is the value of δ , the higher is the weight assigned by the
Rodriguez-Salas index to the identification and alienation terms.

If we employ the Gini index in (4.6) under the bipartitioning of the population us-
ing the median, then LZK will be LIG

ZK(p,x) = IBI
G /IWI

G . The increasing transformation

LSDH(p,x) =
LIG

ZK −1

LIG
ZK +1

(4.11)

of LIG
ZK(p,x) was suggested as an index of bipolarization by Silber et al. (2007).

Since the Silber et al. index LSDH is increasingly related to LZK(p,x), applied to the
Gini index, it shares the properties of the latter. As Silber et al. (2007) noted 1−LSDH
is an indicator of kurtosis of the income distribution (Berrebi and Silber, 1989).
A measure of kurtosis indicates the degree of steepness or peakedness of the
distribution.

In an interesting paper, Wang and Tsui (2000) suggested the use of

LφWT(p,x) =
1
n

k

∑
i=1

piφ
(∣
∣
∣
∣
xi −m

m

∣
∣
∣
∣

)

(4.12)

and

LϕWT(p,x) =
1
n

k

∑
i=1

piϕ(|xi −m|), (4.13)

as relative and absolute indices of bipolarization. The Wang-Tsui indices aggregate
the deviations of individual incomes from the median through the continuous trans-
formations φ and ϕ , respectively. They are easy to understand and quite reasonable
intuitively. Wang and Tsui (2000) also showed that they satisfy Increased Spread
and Increased Bipolarityif and only φ and ϕ are increasing and strictly concave.
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Alesina and Spolaore (1997) proposed a median-based index LAS, which is im-
plicitly defined by

F(m+LAS)−F(m−LAS) =
1
2
. (4.14)

Since F(v) gives the cumulative proportion of the population with income less
than or equal to v, we can interpret the Alesina-Spolaore index IAS as follows. It is
that level of income which when added to and subtracted from the median makes the
difference between the resulting cumulative population proportions equal to half.
Since LAS identifies a symmetric income interval around the median, it has some
similarity with the interval-based indices we have discussed earlier.

So far the indices we have considered are descriptive; they are derived without
using any concept of welfare. Such indices contrast with ethical indices that are
designed from explicit social welfare functions. Needless to say, neither type of
indices is meant to supplant the other type. Chakravarty and Majumder (2001) and
Chakravarty et al. (2007) suggested relative and absolute indices of bipolarization
using explicit forms of social welfare function. In their framework, bipolarization
is measured in terms of welfare related to the given distribution. The relative index
proposed by Chakravarty and Majumder (2001) is defined as

LCM(p,x) =
Ξ(λ (p+,x+), I(p+,x+))+2λ (p+,x+)

2m

+
Ξ(λ (p−,x−), I(p−,x−))−B1(m)λ (p−,x−)

2m
+B2(m) (4.15)

where the reduced form social welfare function Ξ is increasing in efficiency (λ )
and decreasing in relative inequality (I). The continuous normalization coefficients
B1(m) and B2(m) have to be chosen such that different postulates for a bipolarization
index are satisfied.

To illustrate the Chakravarty-Majumder index in (4.15), suppose that μ > 0
and welfare evaluation is done with the weighted mean of order θ < 1, the
Atkinson (1970) abbreviated welfare function for (p,x), that is,

ΞA(λ (p,x), IA(p,x)) =

⎧
⎪⎪⎨

⎪⎪⎩

(
1
n

k
∑

i=1
pixθi

)1/θ
,θ < 1,θ �= 0,

k
∏
i=1

(xi)pi/n,θ = 0,

(4.16)

and B1(m) = (m/μ)1−θ , B2(m) = 1/2(m/μ)1−θ − 2. Then LCM becomes a fairly
natural translation of the Atkinson (1970) index of inequality into bipolarization
measurement. Under a progressive income transfer on the either side of the median,
a reduction in the value of θ increases polarization by a larger amount, the lower
is the value of θ . As θ → −∞, ΞA approaches the Rawls (1971) maximin wel-
fare function and ICM becomes the relative maximin index of bipolarization. Next,
if Ξ(p,x) = λ (1− IG), the Gini welfare function, B1(m) = 4 and B2(m) = 0, then
LCM becomes the Wolfson index (for even values of n). Thus, given any relative
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inequality index (or its associated welfare function), we can generate a correspond-
ing relative bipolarization index using (4.15).

The absolute counterpart to LCM suggested by Chakravarty et al. (2007) is
given by

LCMR(p,x) =
Ξ(λ (p+,x+), I(p+,x+))+2λ (p+,x+)

2

+
Ξ(λ (p−,x−), I(p−,x−))−B3(m)λ (p−,x−)

2
+B4(m), (4.17)

where the continuous normalization coefficients B3(m) and B4(m) serve the same
purpose as B1(m) and B2(m) in (4.15), and the abbreviated welfare function Ξ
retains all the assumptions, except relativity of I. In this case, we assume that
I is an absolute index. For the purpose of illustration, assuming that n is even,
B3(m) = 4 and B4(m) = 0, we can use the absolute Gini index in (4.17). The
resulting Chakravarty et al. index LCMR may be referred to as the absolute Gini
index of bipolarization. Alternatively, we may employ the weighted Kolm (1976a)-
Pollak (1971) welfare function

ΞKP(λ (p,x), IKP(p,x)) = − 1
β

log
1
n

k

∑
i=1

pi(exp(−βxi)) (4.18)

in (4.17) to get the corresponding form of the bipolarization index, where the free
parameter β > 0 determines the curvature of the social indifference surfaces. An
increase in the value of β makes the social indifference curve more convex to the
origin. The normalization coefficients chosen in this case are B3(m) = exp(−β (μ−
m)) and B4(m) = mexp(−β (μ−m))/2−2m. Thus, given any absolute inequality
index, we have a corresponding index of bipolarization. These indices will differ in
the way we make welfare evaluation.4

4.3 A New Compromise Bipolarization Index, its Properties,
and Characterization

In bipolarization measurement, we are concerned with deviations of incomes from
the median. This motivates us to construct a compromise index of polarization based
on transformed values of such deviations. Formally, for any income distribution
(p,x), we consider the transformed deviations ψ(|m− xi|), where ψ is continuous,
increasing and ψ(0) = 0. A median-based deviation function ψ satisfying these

4 Some of these studies and several other studies have examined the extent of polarization in dif-
ferent countries over different periods. See, for example, Thurow (1984), Kosters and Ross (1988),
Morris et al. (1994), Jenkins (1995), Kovacevic and Binder (1997), Quah (1997), Wolfson (1997),
Gradin (2000, 2002), Chakravarty and Majumder (2001), Zhang and Kanbur (2001),
Anderson (2004a,b), Duclos and Echevin (2005), Gigliarano (2006), Chakravarty et al. (2007), and
Esteban et al. (2007).
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conditions will be called regular. Given any income distribution, let de be the asso-
ciated representative deviation, that is, de is that level of deviation which, if assigned
to each individual, will make the resulting distribution median-based deviation in-
different to the existing distribution. Formally, given the income distribution (p,x)
and a regular ψ , the corresponding de is implicitly defined by,

k

∑
i=1

piψ(de) =
k

∑
i=1

piψ(|m− xi|). (4.19)

As an index of bipolarization, we now suggest the use of

Lψ(p,x) =
de

m
. (4.20)

The index Lψ simply is an average of income deviations from the median as a frac-
tion of the median itself.

The following theorem summarizes some properties of Lψ .

Theorem 4.1. Assume that ψ is regular.

(i) Then Lψ satisfies Normalization, Symmetry, the Population Principle, Increased
Spread, and Continuity.

(ii) Lψ satisfies Increased Bipolarity if and only if ψ is strictly concave.

Proof (i). From (4.19), we note that we can write de explicitly as de(p,x) =
ψ−1[(1/n)∑k

i=1 piψ(|m− xi|)]. Since each xi is drawn from the compact set [μ ,γ]
and the deviations |m− xi| are nonnegative, they will also take values in a com-
pact set of the form [0,γ ′]. Thus, the domain of the function ψ(|m− xi|) is [0,γ ′].
Now, since ψ is increasing and the continuous image of a compact set is compact
(Rudin, 1976, p. 89), ψ(|m − xi|) takes values in the compact set [ψ(0),ψ(γ ′)],
which, in view of the fact that ψ(0) = 0, can be rewritten as [0,ψ(γ ′)]. For a given
p, continuity and increasingness of the function ψ implies that the average function
(1/n)∑k

i=1 piψ(|m− xi|) is continuous and takes values in [0,ψ(γ ′)]. Observe that
increasingness of ψ ensures the existence of ψ−1. Continuity and increasingness of
ψ−1 on [0,ψ(γ ′)] now follows from Theorem 4.53 of Apostol (1975, p. 95). This in
turn demonstrates continuity of Lψ .

Sinceψ(0) = 0 andψ is increasing,ψ−1(0) = 0. This establishes that Lψ satisfies
Normalization. It is easy to check that Lψ satisfies Symmetry and the Population
Principle. Given that ψ−1 is increasing, the proof of satisfaction of Increased Spread
by Lψ follows from Proposition 5 of Wang and Tsui (2000).

Proof (ii). Using the fact that ψ−1 is increasing and Proposition 5 of Wang and
Tsui (2000) again, we can show that Lψ satisfies Increased Bipolarity if and only if
ψ is strictly concave. This completes the proof of the theorem. 	

Since the index in (4.20) has been expressed in a ratio form, it is reasonable to expect
that it will be a relative index. However, Theorem 4.1 does not say anything about
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this. There can be many regular ψ functions for which the theorem holds. Examples
of such functions are: ψ1(v) = η1vε ,0 < ε < 1,η1 > 0; ψ2(v) = 1− e−η2v,η2 > 0;
and ψ3(v) = (v/1 + v). The following theorem shows that ψ1 is the only regular ψ
function for which Lψ is a relative index.

Theorem 4.2. Assume that ψ is regular and strictly concave. Then Lψ in (4.20) is a
relative index if and only if ψ(v) = η1vε , where 0 < ε < 1 and η1 > 0 are constants.

Proof. Since the denominator of (4.20) is linear homogeneous, for Lψ to be a
relative index, we need linear homogeneity of the numerator as well. Note that
de(p,x) = ψ−1[(1/n)∑k

i=1 piψ(|m− xi|)] is a quasi-linear mean of income devi-
ations and, given continuity of ψ , it satisfies linear homogeneity if and only if
ψ(v) = η1vε + η̃1, where η ,ε , and v1 are constants (Aczel, 1966, p.153). Since
ψ is increasing and strictly concave, we must have 0 < ε < 1 and η > 0. Next,
ψ(0) = 0 ensures that η̃1 = 0. This establishes the necessity part of the theorem.
The sufficiency is easy to check. 	


Substitution of the form of ψ , identified in Theorem 4.2, in (4.20) yields the follow-
ing form of the bipolarization index:

Lε(p,x) =
(1/n∑k

i=1 |m− xi|ε)1/ε

m
, 0 < ε < 1. (4.21)

Lε in (4.21) is the ratio between the weighted mean of order ε of deviations of
individual incomes from the median and the median. Given (p,x), an increase in the
value of ε increases Lε . A progressive transfer of income on the either side of the
median increases Lε by a larger amount, the lower is the value of ε . As ε → 1, Lε
approaches the simple average of the relative deviations of individual incomes from
the median. In this particular case, Lε satisfies Increased Spread but not Increased
Bipolarity.

The absolute version LAε of Lε is given by mLε , that is,

LAε(p,x) =

(
1
n

k

∑
i=1

pi|m− xi|ε
)1/ε

, 0 < ε < 1. (4.22)

Conversely, we can start with the absolute index LAε and translate it into its relative
counterpart Lε by dividing by the median. This compromise property is shared by
the Wolfson index also.

4.4 Bipolarization Dominance

Evidently, different indices of bipolarization may rank alternative distributions of
income in different directions. To avoid such different directional rankings, this
section attempts to develop criteria for ordering income distributions in the same
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direction using bipolarization indices. Since median is the reference income in the
measurement of bipolarization, our orderings rely on deviations of incomes from
the median. For simplicity of exposition, we assume that the population mass vector
is given by p = 1k, that is, the frequency of each income is 1. Therefore, we now
write L(x) instead of L(p,x) to denote the level of bipolarization of the distribu-
tion (p,x). Further, all income distributions are assumed to be illfare-ranked and let
k̂ = (k +1)/2.

For any x ∈ [μ ,γ]k, the normalized aggregate deviation RB(x, j/k) =
1/km ∑

j≤i<k̂
(m− xi) is the shortfall of the total income of the population propor-

tion j/k from the corresponding total that it would enjoy under the hypothetical
distribution where everybody possesses the median income, as a fraction of the
factor km, where 1 ≤ j < k̂. This is, in fact, the ordinate corresponding to the
population proportion j/k of the relative bipolarization curve (RBC) of x, where
1 ≤ j < k̂. For incomes not below the median, the corresponding ordinate is
(1/km) ∑

k̂≤i≤ j
(xi −m), k̂ ≤ j ≤ k. If k is odd, the RBC of x, RB(x, t), where t ∈ [0,1],

is completed by assuming RB(x,0) = 1 and by defining

RB
(

x,
j + τ

k

)

= (1− τ)RB
(

x,
j
k

)

+ τRB
(

x,
j +1

k

)

(4.23)

for all 0 ≤ τ ≤ 1 and 1 ≤ j ≤ (k − 1). Recall that if k is odd, then m = xk̂ is the
middle most income of the distribution and the ordinate at k̂/k is well-defined.

If k is even, the curve is completed by setting RB(x,0) = 1 and by defining

RB
(

x,
j + τ

k

)

= (1− τ)RB
(

x,
j
k

)

+ τRB
(

x,
j +1

k

)

,

for all 0 ≤ τ ≤ 1 and 1 ≤ j ≤ (k−1), j �= k̂, (4.24)

and

RB

(

x,
k̂− .5+ τ

k

)

=(1−τ)RB

(

x,
k̂− .5

k

)

+τRB

(

x,
k̂ + .5

k

)

, for all 0 ≤ τ ≤ 1.

Note that when k is even, xk̂ is not in x. However, the ordinate corresponding to
the proportion k̂/k is defined (see Chakravarty et al., 2007).

If the income distribution is perfectly equal, the RBC coincides with the hori-
zontal axis. For a typical unequal income distribution, the curve decreases until we
reach the midpoint, where it coincides with the horizontal axis and then increases
monotonically (Fig. 4.1).

Given any two income distributions x,y ∈ [μ ,γ]k, x is said to dominate y with
respect to relative bipolarization (x ≥RB y, for short) if

RB(x, t) ≥ RB(y, t) (4.25)
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1

0

RB (x, t)

k
k̂

Cumulative population proportion

Fig. 4.1 Relative bipolarization curve

for all t ∈ [0,1], with strict inequality for some t. That is, x ≥RB y means that the
RBC of x lies nowhere below that of y and at some places (at least), the former lies
above. Clearly, the relative bipolarization dominance relation ≥RB is transitive, that
is, for any x,y,u ∈ [μ ,γ]k if x ≥RB y and y ≥RB u hold, then we must have x ≥RB u.
However, it is not complete, that is, we may be able to find x,y ∈ [μ ,γ]k such that
neither x ≥RB y nor y ≥RB x holds. Obviously, this is a consequence of intersection
of the two curves. Thus, like its Lorenz counterpart, ≥RB is a quasi-ordering.

To illustrate the construction of the RBC, consider the distribution x =
(1,2,5,6,10). Here m = 5, k̂ = 3,x− = (1,2), and x+ = (5,6,10). Then the or-
dinates of the RBC of x corresponding to the population proportions j/5, where
j = 1,2, . . . .,5, are given, respectively, by 7/25,3/25,0,1/25, and 6/25.

The following result is an implication of the dominance relation ≥RB for income
distributions with the same population size and arbitrary medians.

Theorem 4.3. Let x,y ∈ [μ ,γ]k be arbitrary. Then the following conditions are
equivalent:

(i) x ≥RB y.
(ii) L(x) > L(y) for all relative bipolarization indices L : [μ ,γ]k → R1 that satisfy

Increased Spread, Increased Bipolarity, and Symmetry.

Proof. The idea of the proof is taken from Foster and Shorrocks (1988b) and
Chakravarty et al. (2007). In proving the theorem, we assume for simplicity that
n is odd. A similar proof will hold when n is even.
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(i) ⇒ (ii): Define u = m(x)/m(y)y. Since RBC is scale invariant, we have
RB(y, t) = RB(u, t), which in turn says that x ≥RB y is same as x ≥RB u. Observe
also that m(x) = m(u). Assume that the curves do not coincide for the subvectors x+

and y+ (hence u+). Then x ≥RB u along with m(x) = m(u) implies

j

∑
i=k̂

xi ≥
j

∑
i=k̂

ui, k̂ ≤ j ≤ k, with > for some j. (4.26)

This gives rise to one of following two possibilities: (iii) λ (u+) = λ (x+) and (iv)
λ (u+) �= λ (x+). If the former holds then we have x+ ≥LC u+ and x+ is obtained
from u+ by a finite sequence of rank-preserving progressive income transfers among
persons above the median (Hardy et al., 1934). If condition (iv) holds then we note
from (4.26) that λ (u+) < λ (x+). Define ũi = u+

i for k̂ ≤ i < k and ũk = u+
k +

(k − k̂ − 1)(λ (x+)− λ (u+)). That is, ũ is obtained from u+ by a simple incre-
ment. Then (4.26) implies either x+ = ũ or x+ ≥LC ũ, in which case we can obtain
x+ from ũ by a finite sequence of rank-preserving progressive transfers as before.

Likewise, if we assume that the two curves do not coincide for subvectors x− and
y− (hence u−), then x− is obtained from u− by reducing some incomes and/or by
some equalizing transfers below the median. This means that the overall distribution
x can be derived from the distribution u through the transformations specified in
Increased Spread and/or Increased Bipolarity.

Since L satisfies Increased Spread and Increased Bipolarity, we have L(x) > L(u).
Symmetry of L follows from the fact that it has been defined on ordered distribu-
tions. As L is a relative index, L(y) = L(u). This implies that L(x) > L(y).

(ii) ⇒ (i): Our demonstration above shows that the deduction of x from u by a
sequence of spread increasing movements and/or egalitarian transfers on the same
side of the median is equivalent to relative bipolarization dominance on that side.
This in turn proves the implication (ii) ⇒ (i) of the theorem. (See Theorem 1.4.)
This completes the proof of the theorem. 	


Theorem 4.3 shows that a unanimous ranking of income distributions over a given
population size by all symmetric, relative bipolarization indices satisfying Increased
Spread and Increased Bipolarity can be obtained if and only if relative bipolarization
dominance holds. But if the two curves cross, we can get two different indices with
these properties that will rank the underlying income distributions in opposite direc-
tions. Note that in the proof of the theorem, if condition (iv) holds, then x+ second
order stochastic dominates u+. Equivalently, we can say that x+ ≥GL u+ holds.

Comparisons of polarization across populations generally involve different popu-
lation sizes. For polarization ranking of distributions with differing population sizes,
we have the following result.

Theorem 4.4. Let x ∈ [μ ,γ]k,y ∈ [μ ,γ]l be arbitrary. Then the following conditions
are equivalent:
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(i) x ≥RB y.
(ii) L(x) > L(y) for all relative bipolarization indices L : Ψ→ R1 that satisfy In-

creased Spread, Increased Bipolarity, Symmetry, and the Population Principle,
where Ψ=

⋃
k∈N [μ ,γ]k and N is the set of positive integers.

Proof. (i) ⇒ (ii): Let u1 and u2 be l- and k-fold replications of x and y, respectively.
Since RBC is population replication invariant, we have RB(x, t) = RB(u1, t) and
RB(y, t) = RB(u2, t). Therefore, x ≥RB y is same as u1 ≥RB u2. As u1 and u2 are two
distributions over the population size kl, using Theorem 4.3, we have L(u1) > L(u2)
for all relative bipolarization indices L that meet the properties stated in condition
(ii) of Theorem 4.3. By the Population Principle, we have L(u1) = L(x) and L(u2) =
L(y). Hence, L(x) > L(y). A similar argument will demonstrate that the reverse
implication is also true. 	


Theorem 4.4 states that an unambiguous ranking of two arbitrary income distri-
butions by relative bipolarization indices can be achieved through pairwise com-
parisons of their RBCs. Since we do not assume equality of the medians and the
population sizes, this is the most general result we can have along this direction.

We can also focus our attention on the fixed median arbitrary population size
case. In this case, the domain of definition of bipolarization indices is Ψm̄ = {x ∈
Ψ|m(x) = m̄}. For all indices defined onΨm̄, we now have the following equivalence
theorem, whose proof is similar to those of Theorems 4.3 and 4.4.

Theorem 4.5. Let x,y ∈ Ψm̄ be arbitrary. Then the following conditions are
equivalent:

(i) x ≥RB y.
(ii) L(x) > L(y) for all bipolarization indices L : Ψm̄ → R1 that fulfill Increased

Spread, Increased Bipolarity, Symmetry, and the Population Principle.

Given the median, relative bipolarization dominance becomes a sufficient condi-
tion for all relative and absolute (hence compromise) bipolarization indices, satis-
fying the axioms stated in condition (ii) of Theorem 4.5, to rank different income
distributions in the same way.

Finally, if both mean income and median are fixed, the postulates we need for the
indices to be consistent with the relation ≥RB are Increased Bipolarity, Symmetry,
and the Population Principle. There can also be situations where mean is fixed, me-
dian is different, and population size is equal/unequal. For consistency with ≥RB,
while in the former case, the relative indices should be symmetric and increasing un-
der the permissible egalitarian transfers; in the latter case, they should be population
replication invariant as well.

For ranking income distributions by absolute bipolarization indices, Chakravarty
et al. (2007) scaled up the RBC by the median to generate the absolute bipolarization
curve (ABC). Formally, we have AB(x, t) = mRB(x, t) for 0 ≤ t ≤ 1. The area under
this curve turns out to be mLW, the absolute version of the Wolfson index. Thus,
the Wolfson index can be converted into an absolute index by multiplying with the
median.
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Clearly, we can have absolute counterparts to Theorems 4.3–4.4 if we replace rel-
ative indices by absolute indices and ≥RB by ≥AB, the absolute bipolarization dom-
inance relation, defined in the same way as ≥RB. In fact, in some cases, ambiguous
comparison under ≥RB can be unambiguous under ≥AB. For example, consider two
distributions x and y, where m(x) > m(y) and the RBC of the former lies below that
of the latter up to a point t0 below the midpoint of the horizontal axis. But after that
the RBC of x does not lie below that of y. Given that we have m(x) > m(y), multi-
plication of these RBCs by the corresponding medians may give rise to an upward
shift in the ABC of x at the left of the point of intersection t0 such that x≥AB y holds.
Thus, the higher median has a scaling effect for pushing the lower curve upward to
guarantee absolute bipolarization dominance.



Chapter 5
The Measurement of Multidimensional
Inequality

5.1 Introduction

In our treatment of the earlier chapters, income has been taken as the only indicator
of well-being. But often this is inappropriate. Well-being of a population is a multi-
dimensional phenomenon; income is just one of its many dimensions. It is certainly
true that with high income a person may be able to improve the buying capacity of
some of his nonincome dimensions of well-being. But for some dimensions, mar-
kets may not exist. An example is pollution control program in a community. This,
therefore, shows inappropriateness of the use of prices as relative weights for the
dimensions to arrive at a single measure of well-being or income. Further, the as-
sumption of adequacy of prices for normative purposes is questionable (Tsui, 2002).

In the basic-needs approach, an improvement in an array of certain fundamental
needs, such as housing, food, clothing, education, health, various other social and
political activities, and freedom is taken as an indication of development, not just
growth of income alone (Streeten, 1981). Sen (1992) argued that the proper space
for social evaluation is that of “functionings,” the different things, such as essen-
tial services, adequate nourishment, having self-respect, environmental factors, and
communing with friends, etc., a person may value doing, having (or being). While
the sets of realized functionings of different persons constitute an important part of
social evaluation, more is required to get a complete picture of well-being. “Capa-
bility set” of an individual provides information on the set of functionings that he
could achieve. The set of alternative functioning vectors from which a person has
the freedom to choose, when the resource allocation is given, gives his capability
set. Thus, capabilities represent real opportunities related to living conditions. The
determination of living standard then relies on the opportunity set of the available
basic capabilities of the person to function. Thus, the freedom to choose becomes
an important component of the standard of living. This shows that well-being is
intrinsically multidimensional from the capability-functioning perspective.

Since the direct method of calculating welfare “is not based on particular as-
sumptions of consumer behavior which may or may not be accurate,” “it is superior
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to the income method” (Sen, 1981, p. 26). In case of unavailability of direct infor-
mation on different dimensions, one can certainly adopt the income method, “so that
the income method is at most a second best” (Sen, 1981, p. 26).

An example of a multidimensional indicator of well-being of a population is the
human development index suggested by the UNDP (1990). It aggregates country
level achievements in three basic functionings of human life, namely, a decent living
standard measured by the per capita gross domestic product, a long and healthy life
measured by life expectancy at birth, and knowledge measured by the educational
attainment rate. However, by focusing on country-level attainments, the human de-
velopment index and its alternatives and variants fail to provide any information on
how achievements are distributed at individual levels.

The purpose of this chapter is to make an analytical presentation of alterna-
tive approaches to the measurement of multidimensional inequality by taking
into account the individual level of information on different attributes of well-
being. Contributions along this line have been made by Kolm (1977), Atkinson
and Bourguignon (1982), Maasoumi (1986, 1989a,b, 1999), Maasoumi and Nick-
elsburg (1988), Dardanoni (1995), Koshevoy (1995, 1998), Tsui (1995, 1999),
Koshevoy and Mosler (1996), Bourguignon (1999), List (1999), Lugo (2005),
Gajdos and Weymark (2005), Savaglio (2006a,b), Weymark (2006), and Diez
et al. (2007). We also explore the possibility of transporting and adapting the
methodology used for constructing multidimensional indices of inequality to the
appraisal of employment segregation indices by sex (Chakravarty and Silber, 2007).
An occupational segregation index by sex is concerned with inequality between
male and female employees across occupational groups.1

5.2 Postulates for an Index of Multidimensional Inequality

The number of persons in the society is denoted by n≥ 2 and let d ≥ 2 be the number
of attributes of well-being. We will often use the term “dimension” or “functioning”
for an attribute. Attributes may or may not vary in kind. For instance, earnings in
two different time periods can be two attributes. For the simplicity of exposition, we
assume that n is fixed. The results can be extended to the variable population setup
under appropriate assumptions.

It is assumed that each dimension is represented by a variable which is mea-
surable on a ratio scale. This means that it has a natural zero and is unique up to
a multiplication by a positive constant. Income is an example of a variable of this
type. Let xi j be the quantity of attribute j possessed by person i. It is possible to
vary these quantities in a continuous manner. Thus, our framework rules out the
possibility of including a functioning that is categorical or an ordinal in nature.
A categorical variable has one or more categories or types. For example, gender is
a categorical variable with two categories – male and female. An ordinal variable

1 In presenting some parts of the chapter, we follow Weymark (2006).
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is similar to a categorical variable but there is a well-defined ordering rule. For ex-
ample, we can order the educational achievement levels starting from elementary
school education to university education by assigning some numbers in increasing
order. Another ordinal dimension can be self-reported health status of an individ-
ual (see also Sect. 1.8). (Formulations based on dimensions that are represented by
categorical and ordinal variables are discussed and analyzed in Sects. 5.6 and 6.3,
respectively).

The quantity xi j is the (i, j)th entry of an n×d distribution matrix X . The distri-
bution of attribute j among n-persons is denoted by the column vector x. j, the jth
column of X . Similarly, the row vector xi., the ith row of X , represents the quan-
tities of d attributes possessed by person i. For any vector x. j, we write x0

· j for its
welfare-ranked permutation, that is, x0

1 j ≥ x0
2 j ≥ ·· · ≥ x0

n j.
Let M be the set of three different sets of distribution matrices. More precisely,

M = {M1,M2,M3}, where M1 is the set of all possible distribution matrices. Next,
M2 is the set of all distribution matrices such that xi j ≥ 0 for all pairs (i, j) ∈
{1,2, . . . ,n}×{1,2, ..,d} and λ (x. j) > 0 for all 1≤ j ≤ d. Finally, M3 is the set of all
distribution matrices such that xi j > 0 for all pairs (i, j)∈ {1,2, . . . ,n}×{1,2, ..,d}.
Thus, for matrices in the sets M2 and M3, the mean of each attribute is positive. An
arbitrary element of the set M is denoted by M, that is, M can be anyone of the
three Mi’s. A multidimensional inequality index I is a real valued function defined
on M.That is, I : M → R1. For any X ∈ M, I(X) determines the extent of inequality
associated with the distribution matrix X .

As in the single-dimensional case, an inequality index can be of relative or ab-
solute variety. Formally, an inequality index I : M → R1 is of relative type if

I(XΩ) = I(X), (5.1)

where Ω= diag (ω1,ω2, . . . ,ωd) and ωi > 0 for all i.
Condition (5.1) is a ratio scale invariance assumption. It says that inequality re-

mains invariant under any change in the units of measurement of attributes. How-
ever, this condition is inappropriate if some of the dimensions are measured in the
same unit. For example, there is a relationship between units of incomes in two dif-
ferent states of the world. An alternative form of the ratio scale invariance condition
(5.1) can be I(X) = I(cX), where c > 0 is a scalar (see Weymark, 2006). In contrast,
an index will be of absolute variety if addition of a constant to the quantities of a
given attribute does not alter the level of inequality. Technically, I is an absolute
index if

I(X + Â) = I(X), (5.2)

where Â is any n×d matrix with identical rows such that X + Â ∈ M.
A multidimensional index of inequality, whether of relative or absolute type,

should satisfy the following postulates.

Continuity: I is a continuous function on X .
Normalization: For any X ∈ M, if X has identical rows, then I(X) = 0.
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Symmetry: For any X ∈ M, I(ΠX) = I(X), where Π is any n× n permutation
matrix.
Uniform Majorization Principle: For all X ,Y ∈ M, if X = AY for some n× n
bistochastic matrix A that is not a permutation matrix, then I(X) < I(Y ).

Continuity ensures that the inequality index is not oversensitive to errors in the
measurement of the attribute distributions. According to Normalization, if each per-
son has the same quantities of different attributes, then the level of inequality is
zero. Symmetry, as in the single-dimensional case, demands that the individuals are
not distinguished by anything other than the attributes. The Uniform Majorization
Principle is the multidimensional analogue to the Pigou-Dalton Transfers Principle.
This principle ensures that I is symmetric.

Recall the discussion on equivalence between progressive transfers and T -
transformation. The following desideratum can be regarded as the multidimensional
analogue to this condition.

Uniform Pigou-Dalton Transfers Principle: For all X ,Y ∈M, if X = ÂY , where
Â is the product of a finite number of n×n T -transformations, then I(X) < I(Y ).

The product of T -transformations is a nonpermutation bistochastic matrix. For
d = 1 or n = 2, the converse is also true. However, for d ≥ 2 and n ≥ 3, there exist
nonpermutation bistochastic matrices that are not products of T−transformations
(Marshall and Olkin, 1979, p. 431).Thus, except in the special situations noted
above, the condition is less restrictive than the Uniform Majorization Principle.

The central idea underlying the redistributive criteria Uniform Majorization Prin-
ciple and Uniform Pigou-Dalton Transfers Principle is that X has less dispersion
than Y . Further, the mean value of each attribute is the same in both the matrices.
That is why they are quite appropriate for incorporating egalitarian bias into distri-
butional judgments. However, Fleurbaey and Trannoy (2003) demonstrated that in
a society with heterogeneous individual preferences, multidimensional versions of
the Pigou-Dalton Transfers Principle may come into conflict with the Pareto Princi-
ple, which requires that for X ,Y ∈ M, if X �= Y and xi j ≥ yi j for all (i, j), then X has
higher level of welfare than Y . This shows inappropriateness of applications of mul-
tidimensional forms of the Pigou-Dalton Condition in heterogeneous populations.

5.3 Normative Multidimensional Inequality Indices

In this section, we will analyze multidimensional counterparts to the normative
indices presented in Chap. 1. We begin by assuming the existence of a social welfare
function W : M → R1 which satisfies Continuity, the Pareto Principle, and Strict
Uniform S-concavity. Continuity is similar to the corresponding property of an
inequality index I. Strict Uniform S-concavity of W demands that W (X) > W (Y ),
where X and Y are the same as specified in the postulate Uniform Majorization
Principle. A strictly uniform S-concave function satisfies Symmetry. Since Strict
Uniform S-concavity ensures that W is egalitarian, we may call it a welfare ma-
jorization condition (see Kolm, 1977). These three assumptions are multidimensional
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counterparts to the basic assumptions made for an income distribution-based welfare
function. For the utilitarian social welfare function with identical individual utility
function U , the majorization condition holds if U is strictly concave (Kolm, 1977).

The Kolm (1977) multidimensional counterpart to the Atkinson-Kolm-Sen in-
equality index measures the inequality of a distribution matrix by the fraction of the
total amount of each attribute that could be saved if the distribution of each attribute
across the individuals is perfectly equalized and the resulting distribution becomes
socially indifferent to the original distribution according to W . To define the index
in a formal way, we assume that M ∈ M−{M1}. For any X ∈ M, let Xλ be the dis-
tribution matrix each of whose jth column entries is λ (x. j) for all 1 ≤ j ≤ d. Now,
define Λ(X) implicitly by W (XλΛ(X)) = W (X). The Pareto Principle and Continu-
ity ensure that Λ(X) is well-defined.

The multidimensional Kolm (1977) inequality index IKM : M → R1 is then de-
fined as

IKM(X) = 1−Λ(X). (5.3)

For d = 1, IKM reduces to IAKS defined in Chap. 1. For X ,Y ∈ M, if Xλ =Yλ , then
by the Pareto Principle, Λ(X) ≥ Λ(X) if and only if W (X) ≥W (Y ). Given assump-
tions about W , IKM satisfies Continuity, Symmetry, and the Uniform Majorization
Principle. Since Xλ = AX for the bistochastic matrix A in which all entries are 1/n,
the Uniform Majorization Principle and the Pareto Principle imply positivity of IKM
whenever X �= Xλ (Weymark, 2006). If X = Xλ , then IKM = 0. It is evident that IKM
is bounded above by one. Thus, IKM is bounded between zero and one, where the
lower bound is achieved if X = Xλ .

For characterizing the multidimensional Atkinson index, we concentrate on the
distribution matrices in M3. In addition to the three basic assumptions made about
W , Tsui (1995) imposed two more conditions on W . The first is a separability ax-
iom, which shows how we can calculate overall welfare when the population is
subdivided into two subgroups. More precisely, W (X) = W (h̃(X1),X2), where h̃
is some continuous function, X1 is the submatrix of X including the vectors of
persons in the subgroup containing some, say n1, persons and X2 is the comple-
ment of X1.The second axiom is a scale consistency condition, which requires
that the ranking of any two distribution matrices remains unaltered if the dimen-
sions are rescaled according to their respective ratio scales. That is, for X ,Y ∈ M3,
W (X) = W (Y ) ⇔W (XΩ) = W (YΩ), where Ω is a d×d diagonal matrix with pos-
itive entries in the diagonal. Given that n ≥ 3, Tsui (1995) showed that these condi-
tions hold together if and only if W is ordinally equivalent to ∑n

i=1 U(xi.), where

U(xi.) = a′ +b′
d
Π
j=1

x
θ j
i j or U(xi.) = a′ +

d
Σ

j=1
c j logxi j, (5.4)

where c j > 0 for all 1 ≤ j ≤ d, a′ is any real number and the real numbers b′ and
θ j,1 ≤ j ≤ d, are chosen so that U in (5.4) is increasing and strictly concave (see
Theorem 1 of Tsui, 1995).
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Using this particular form of W , one can calculate the corresponding form of
Λ(X), which when substituted in (5.3) generates the following form of the inequality
index:

IAM(X) = 1−
[

1
n

n

∑
i=1

d

∏
j=1

(
xi j

λ (x. j)

)θ j
]1/∑d

j=1 θ j

or

IAM(X) = 1−
[

1
n

n

∏
i=1

d

∏
j=1

(
xi j

λ (x. j)

)c j/∑d
j=1 c j

]1/n

, (5.5)

where X ∈ M3, c j > 0 for all j, and θ j is appropriately restricted. For instance, if
d = 2, 0 < θ1 < 1 and θ2 < (1−θ1). IAM in (5.5) is the multidimensional Atkinson
index of inequality. For d = 1, the formula coincides with the single-dimensional
Atkinson (1970) index.

We now present the Tsui (1995) generalization of Kolm’s (1976a) univariate ab-
solute index. For any X ∈ M, define the scalar K(X) implicitly by

W (Xλ −K(X)1) = W (X), (5.6)

where 1 is the n×d distribution matrix, all of whose entries are one. Continuity and
the Pareto Principle guarantee that K is well-defined.

Then the multidimensional Tsui inequality index ITM : M → R1 is defined as

ITM(X) = K(X). (5.7)

ITM measures inequality by the amount of each attribute that can be taken from each
individual in order to obtain a distribution matrix which is socially indifferent to the
existing distribution matrix, given that the distribution of each attribute is equalized
across persons. For the polar case d = 1, ITM coincides with IKP. It can be checked
that ITM is nonnegative and equals zero if X = Xλ .

To derive the multidimensional Kolm-Pollak index, we assume that the domain
of the social welfare function and hence of the inequality index is M1. Suppose we
replace the scale consistency condition by a translation scale invariance axiom and
retain the basic and the separability assumptions on W . Translation scale invariance
requires invariance of ranking of two distribution matrices under a constant addition
to quantities of each attribute. That is, W (X) = W (Y ) ⇔ W (X + Â) = W (Y + Â),
where Â is an n× d matrix with identical rows. Then given that n ≥ 3, all these
assumptions hold together if and only if W is ordinally equivalent to ∑n

i=1 U(xi.),
where

U(xi.) = a′′ +b′′
d

∏
j=1

exp(β jxi j), (5.8)

where a′′ is an arbitrary constant and the parameter b′′ and β j,1 ≤ j ≤ d, are chosen
so that U in (5.8) is increasing and strictly concave (see Theorem 2 of Tsui, 1995).
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The corresponding form of the Tsui (1995) multidimensional absolute inequality
index is given by

IKPM(X) =
1

∑d
j=1β j

log

[
1
n

n

∑
i=1

exp

(
d

∑
j=1

β j(λ (x. j)− xi j)

)]

, (5.9)

where X ∈ M1 and the parameters satisfy the appropriate restrictions. This index is
the multidimensional analogue to the Kolm (1976a)-Pollak (1971) index. It reduces
to the single dimensional Kolm-Pollak family if d = 1.

Since the Gini index is the most commonly used index of relative inequality,
it will be worthwhile to discuss the multidimensional analogues to this index or
its generalized forms. Gajdos and Weymark (2005) developed interesting charac-
terization of multidimensional generalized Gini welfare functions using multidi-
mensional counterparts to the axioms used by Weymark (1981) to axiomatize the
single-dimensional generalized Gini welfare functions and two other axioms, Strong
Attribute Separability and Weak Comonotonic Additivity. According to the first of
these two latter axioms, any subset of the attributes is separable from the set of
remaining attributes.

A distribution matrix X ∈ M is called nonincreasing comonotonic if the entries
for each dimension, that is, in each column, are welfare-ranked. More precisely,
x1 j ≥ x2 j ≥ . . . ≥ xn j and 1 ≤ j ≤ d. That is, in the nonincreasing comonotonic
distribution matrix X , person (i− 1) receives at least as much of each attribute as
person i, where i = 1,2, . . .n. Let MCM be the set of nonincreasing comonotonic
matrices in M. Then Weak Comonotonic Additivity says that for all X ,Y ∈ MCM

and X ′ ∈ MCM
1 for which there exists a j0, 1 ≤ j0 ≤ d, such that (i) x. j = y. j for

all j �= j0, (ii) x′i j = 0 for all 1 ≤ i ≤ n and all j �= j0, and (iii) X + X ′ ∈ MCM and
Y +X ′ ∈ MCM, W (X) ≥W (Y ) if and only if W (X +X ′) ≥W (Y +X ′). Note that the
distribution matrices X ,Y,X +X ′, and Y +X ′ are all nonincreasing comonotonic and
have identical distributions in all the attributes except j0. The matrices X + X ′ and
Y + X ′ are obtained, respectively, from X and Y by adding a common distribution
of attribute j0 to both x· j0 and y· j0 . Then the axiom requires that social ordering of
two comonotonic distribution matrices remains invariant under this kind of change.
[Gajdos and Weymark (2005) also suggested a stronger version of the axiom.]

Assuming that M = M2 and d ≥ 3, the Gajdos and Weymark (2005) homo-
geneous form of the multidimensional generalized Gini welfare function WGWM :
M2 → R1 is a weighted mean of order ω , where ω is a scalar. More precisely,

WGWM(X) =

[
d

∑
j=1

ã j

(
n

∑
i=1

bi jx0
i j

)ω]1/ω

, if ω �= 0 and

WGWM(X) =
d

∏
j=1

(
n

∑
i=1

bi jx0
i j

)ã j

, if ω = 0,

(5.10)
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where for each attribute j, the coefficients bi j satisfying the restrictions ∑n
i=1 bi j = 1

and increasingness of b. j, are positive and the positive sequence {ã j} fulfils the
condition ∑d

j=1 ã j = 1. Thus, given any attribute j, WGWM first employs a linear
weighted aggregation over the corresponding quantities possessed by different per-
sons, and then a mean of order ω type aggregation is taken over all the attributes.

The corresponding class of multidimensional Kolm (1977) relative inequality
indices is given by

IGWR(X) = 1−

[
d
∑
j=1

ã j

(
n
∑

i=1
bi jx0

i j

)ω
]1/ω

[
d
∑
j=1

ã j (λ (x. j))
ω

]1/ω , if ω �= 0 and

IGWR(X) = 1−
∏d

j=1

(
∑n

i=1 bi jx0
i j

)ã j

∏d
j=1λ (x. j)ã j

, if ω = 0

(5.11)

where X ∈M2. This is a multidimensional generalized Gini relative inequality index.
To derive the absolute sister of IGWR, Gajdos and Weymark (2005) first charac-

terized a welfare function on M1 using a Kolm (1976a)-Pollak (1971) type aggre-
gation involving a parameter ω , where ω is a scalar. The explicit functional form is
given by

WGWA(X) =
1
ω

log

[
d

∑
j=1

ã j exp

(

ω
n

∑
i=1

bi jx0
i j

)]

, if ω �= 0 and

WGWA(X) =

[
d

∑
j=1

ã j

(
n

∑
i=1

bi jx0
i j

)]

, if ω = 0

(5.12)

where the coefficients bi j satisfying the restrictions ∑n
i=1 bi j = 1 and increasingness

of b· j are positive. However, the sequence {ã j} needs to be positive only. So, if ω �=
0, first an exponential type aggregation is employed over quantities of an attribute of
different individuals and then a logarithmic aggregation is used over the attributes.
Note that if ω = 0, we have linear aggregation at each stage.

The corresponding class of multidimensional Tsui (1995) absolute inequality in-
dices is given by

IGWA(X) =
1
ω

log

⎡

⎢
⎢
⎣

∑d
j=1 ã j exp(ωλ (x. j))

∑d
j=1 ã j exp

(

ω
n
∑

i=1
bi jx0

i j

)

⎤

⎥
⎥
⎦ , if ω �= 0 and

IGWA(X) =

[
d

∑
j=1

ã j

(

λ (x. j)−
n

∑
i=1

bi jx0
i j

)]

, if ω = 0,

(5.13)

where X ∈ M1. This index is a multidimensional generalized Gini absolute inequal-
ity index.
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5.4 Multidimensional Generalized Entropy Indices of Inequality

Throughout the section, we assume that the domain of the inequality index is M3, the
set of all distribution matrices with positive entries. The social welfare functions un-
derlying the multidimensional Atkinson (1970) and Kolm (1976a)-Pollak (1971) in-
dices first aggregate an individual’s allocation of different attributes into an indicator
of well-being. These individual utilities are then summed up to arrive at a measure
of social utility. Maasoumi (1986) suggested a multidimensional inequality index by
directly employing a two-stage aggregation procedure. He used a utility function in
the first stage to aggregate individual allocations. Formally, the attribute quantities of

person i are aggregated using a constant elasticity type rule: σi =
(
∑d

j=1 a′′j x
−δ̂
i j

)−δ̂
,

where the nonnegative sequence {a′′j} fulfills the restriction that Σ d
j=1a′′j = 1 and

δ̂ ≥ −1 is a parameter that reflects the elasticity of substitution between attributes.
Note that the constant elasticity of substitution between any two attributes is given
by 1/(1+ δ̂ ). For δ̂ =−1, the aggregation is linear and there is perfect substitutabil-
ity between the attributes. On the other hand, for δ̂ = 0, we get the Cobb-Douglas
utility function. An increase in the value of δ̂ decreases the scope for substitution.

Maasoumi’s (1986) second stage aggregation is Shorrocks’ generalized entropy
type aggregation on σis (Shorrocks, 1980). Formally, the index of multidimensional
inequality proposed by Maasoumi (1986, 1999) is

IMM(X) =

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩
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log
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, c̄ = 0,

1
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∑
i=1

[(
σi

λ (σ)

)

log
(

σi

λ (σ)

)]

, c̄ = 1,

(5.14)

where λ (σ) is the mean of the utility vector σ = (σ1,σ2, . . . ,σn) and the parameter
c̄ has the same interpretation as in Shorrocks’ (1980) case, now in terms of σis.
The index IMM is additively decomposable. We may also establish a relationship
between the Atkinson (1970) index defined on σis and IMM. (See our discussion in
Chap. 1 on the generalized entropy family.) Note here that IAM and IKPM do not
involve two-stage aggregation in the sense of Maasoumi.

Dardanoni (1995) claimed that multidimensional inequality indices that rely on
Maasoumi’s two-stage procedure may not satisfy the Uniform Majorization Princi-
ple. To prove this, he considered the following example:

Let

Y =

⎡

⎢
⎣

10 10 10
10 90 10
90 10 10

⎤

⎥
⎦ and A =

⎡

⎢
⎣

1 0 0
0 0.5 0.5
0 0.5 0.5

⎤

⎥
⎦
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We then have

X = AY =

⎡

⎢
⎣

10 10 10
50 50 10
50 50 10

⎤

⎥
⎦ .

Since A is a bistochastic matrix, by the majorization criterion we should have
I(X) < I(Y ). Assume that the relative inequality index I at the second stage is strictly
S-convex. Suppose also that the utility function U employed at the first stage is
symmetric, increasing, and concave. This in turn gives U(y1.) = U(x1.) < U(y2.) =
U(y3.)≤U(x2.) = U(x3.). If the weak inequality reduces to equality, then I remains
unchanged. If the weak inequality is strict, the I regards X as more unequal than Y .
Thus, in either case, I becomes a violator of the majorization criterion. As Wey-
mark (2006) argued, this raises question about the two-stage aggregation procedure
of Maasoumi (1986).

An alternative extension of the generalized entropy index to the multivariate
setup was suggested by Tsui (1999). The corresponding functional form is given
by

ITME(X) =
ê
n

n

∑
i=1

(
d

∏
j=1

(
xi j

λ (x. j)

)ĉ j

−1

)

, (5.15)

where the constants ê and ĉ1, ĉ2, .., ĉd are required to satisfy some restrictions
for verification of different postulates. For instance, if d = 2, then êĉ1(ĉ1 − 1) >
0, ĉ1ĉ2(1− ĉ1 − ĉ2) > 0, and êĉ1ĉ2 > 0, which imply that ê > 0, ĉ1, ĉ2 < 0. This in-
dex attains its lower bound zero whenever attribute distributions are equal and it is
additively decomposable.

Diez et al. (2007) derived a family of unit consistent multidimensional inequality
indices which has similarity with ITME. A multidimensional inequality index I :
M3 → R1 is called unit consistent if for X ,Y ∈ M3, I(X) < I(Y ) implies I(XΩ) <
I(YΩ), where Ω is same as in (5.1). The functional form of this index is given by

IDVU(X) =
ê

n
d
∏
j=1

(λ (x. j))ĉ j−δ ′

n

∑
i=1

(
d

∏
j=1

(xi j)ĉ j −
d

∏
j=1

(λ (x. j))ĉ j

)

, (5.16)

where δ ′ is a real number. If δ ′ = 0, then IDVU coincides with ITME. In fact, IDVU
is a relative index if and only if δ ′ = 0. No member of this family is an absolute
index. For δ ′ > (<)0, an equiproportionate increase in the quantities of an attribute
for different individuals increases (decreases) inequality.

5.5 Correlation Increasing Switch and Multidimensional
Inequality

The subject of this section is an issue which is of very much practical importance. It
is that of correlation between attributes and the way it affects multidimensional in-
equality. Atkinson and Bourguignon (1982) argued that multidimensional inequality
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should take into account the correlation between attribute distributions. Tsui (1999)
has suggested one way in which an inequality index can be made sensitive to such
a switch. His axiom requires that inequality should increase under a switch of this
type.

To understand the issue explicitly, for x,y ∈ Rd , define x∨y = (max{x1,y1}, . . . .,
max{xd ,yd}) and x∧y = (min{x1,y1}, . . . .,min{xd ,yd}). For X ,Y ∈ M, we say that
Y is obtained from X by a correlation increasing switch if X �= Y and there exist 1 ≤
i, l ≤ n such that (i) yi. = xi.∧xl., (ii) yi. = xi.∨xl., and (iii) xi1. = yi1. for all i1 /∈ {i, l}.
That is, under a correlation increasing switch, the allocations of two individuals are
rearranged so that one of them receives at least as much of every attribute as the other
and more of at least one attribute. For instance, suppose that in the 2×2 distribution
matrix X , x11 > x21 but x22 > x12. Now if we make a switch of attribute 2 between
the two individuals, in the postswitch distribution matrix Y person 1’s vector of
attribute quantities is given by (x11,x22), whereas person 2 now possesses the vector
(x21,x12). Since person 1, who had more of attribute 1, has more of attribute 2 as
well after the switch, the correlation between the attributes has gone up. Note that a
correlation increasing switch keeps the mean of each attribute constant.

A function ĥ : Rd → R1 is called L− superadditive if for all x,y ∈ Rd , ĥ(x∧ y)+
ĥ(x∨y)≥ ĥ(x)+ ĥ(y). For strict L− superadditivity, the weak inequality is replaced
by a strict inequality, whenever x∧y �= x and x∨y �= y (see Marshall and Olkin, 1979,
Chap. 6). A function ĥ : Rd → R1 is called L− subadditive (strictly L− subadditive)
if −ĥ is L− superadditive (strictly L− superadditive). If ĥ is twice differentiable,
then it is L− superadditive (respectively strictly L− superadditive; L− subadditive;
strictly L− subadditive) if and only if for all distinct 1 ≤ j, l ≤ d and all x ∈ Rd ,
ĥ jl = (∂ 2ĥ(x))/(∂x j∂xl) ≥ 0 (respectively > 0,≤ 0, and < 0).

The utilitarian social welfare function W =
n
∑

i=1
U(xi.) decreases under a correla-

tion increasing switch if U is increasing and strictly L− subadditive. Furthermore,
if Y is obtained from X by such a switch and U is strictly L− subadditive then
(U(x1.), . . . ,U(xn.)) ≥GL (U(y1.), . . . ,U(yn.)) (see Tsui, 1999).

Tsui’s (1999) axiom on correlation increasing switch can now be stated as:
Correlation Increasing Majorization: For X ,Y ∈ M, if Y is obtained from X

by a correlation increasing switch, then I(X) < I(Y ).
The indices ITME and IDVU discussed in the earlier section satisfy this axiom.

List (1999) suggested a generalization of the Atkinson (1970) index that satisfies
this axiom. For all X ∈ M2, define XC = XΛC, where ΛC is the d×d diagonal matrix
diag (1/λ (x.1), . . . .,1/λ (x·d)). The mean value of each attribute in the matrix XC
is 1. The generalized Atkinson index of List relies on the real valued function LI
defined on M2, by the implicit relation,

W (LI(X)1) = W (XC). (5.17)

The List multidimensional relative inequality index is then defined as

ILM(X) = 1−LI(X), (5.18)
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where X ∈ M2. The multidimensional Atkinson index suggested by List is de-
fined using a specific functional form of A. Note that ILM is an alternative to the
Kolm (1977) multidimensional inequality index.

It may be mentioned here that the Gajdos and Weymark (2005) multidimensional
generalized Gini indices are not correctly responsive to Tsui’s (1999) axiom on
correlation increasing switch. The reason behind this is inconsistency of separability
across attributes with the correlation of the distributions.

For the two-attribute case, Atkinson and Bourguignon 1982) studied implica-
tions of correlation increasing switch for the utilitarian social welfare function. The
two attributes are substitutes if the utility function U is strictly L− subadditive (the
cross-partial derivative U12 < 0) and they are complements if U is strictly L− su-
peradditive (U12 > 0). The value of a utilitarian social welfare function increases
under a correlation increasing switch if the two attributes are complements. That is
why, Bourguignon and Chakravarty (2003) argued that inequality should increase
or decrease in response to a correlation increasing switch between two attributes
according as the attributes are substitutes or complements.

Finally, we present a discussion made along this line made by Bour-
guignon (1999). Assuming that d = 2, he considered the following form of the
individual utility function

U(xi.) = (a′′1x−δ̂i1 +a′′2x−δ̂i2 )−(1+c̄)/δ̂ , (5.19)

where −1 < c̄ < 0 is the inequality sensitivity parameter and δ̂ ≥−1 represents the
degree of substitutability between the two attributes and a′′i is the weight assigned
to the ith attribute. [See the discussion related to (5.14).] The following may then
be regarded as an extension of the Dalton inequality index to the multidimensional
setup:

IBDM(X) = 1− ∑n
i=1 (a′′1x−δ̂i1 +a′′2x−δ̂i2 )

−(1+c̄)/δ̂

n(a′′1(λ (x·1))−δ̂ +a′′2(λ (x·2))−δ̂ )−(1+c̄)/δ̂
. (5.20)

This Bourguignon-Dalton index is continuous, normalized, symmetric, and uni-
formly majorized. However, it is not scale invariant. Further, it is quite close to IMM.
The main difference between them arises from normalization of individual welfare.
In the latter, each individual aggregator is normalized by the mean aggregator and
inequality as expressed as a c̄-power mean of these normalized values. In the former,
normalization is done using the welfare level of a person who enjoys the mean lev-
els of the two attributes. The two indices differ by the simple transformation given
below:

TBM(X) =
∑n

i=1 (a′′1x−δ̂i1 +a′′2x−δ̂i2 )
−1/δ̂

n(a′′1(λ (x.1))−δ̂ +a′′2(λ (x·2))−δ̂ )−1/δ̂
. (5.21)

It may be noted that this ratio itself can be regarded as an index of equality.
The condition for the cross derivative U12 to be positive and, therefore, for higher

correlation to lead to less inequality becomes δ̂ + c̄+1 > 0. By strict quasiconcav-
ity of U , we have δ̂ > −1 and c̄ < 0. Values of these parameters can be chosen
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appropriately to ensure increasing or decreasing inequality under a correlation in-
creasing switch. More correlation corresponds to less inequality only when the
substitutability between the attributes, as measured by the elasticity of substitution
1/(1 + δ̂ ), is below some level. However, it is unclear whether IMM possesses this
property.

5.6 Multidimensional Inequality and the Measurement
of Occupational Segregation

This section shows how the methodology used for constructing multidimensional
inequality indices can be transported to the measurement of occupational segrega-
tion which refers to inequality in the distribution of types of workers across occupa-
tional groups. In contrast, equality in the occupational distribution across groups is
known as integration (see Duncan and Duncan, 1955; Hutchens, 2004; Chakravarty
and Silber, 2007). Complete or perfect integration refers to the ideal situation where
employees are allocated to different occupations in proportions to their shares in
the population. Segregation arises if this condition for allocation of employees does
not hold. Thus, segregation is concerned with comparison of actual distributions of
types of workers across occupations with the ideal distribution that would arise if
types had been allocated in proportions to their shares in the total population. Under
given assumptions, an increase in the value of a segregation index will correspond
to a reduction in the associated integration index and vice versa.

Consider a society with T ≥ 2 types of people distributed over H > 1 groups
or occupations. Examples of different types of workers are male, female, Asian,
European etc. If T = 2, we may assume that the two types of employees are
male and female. Let ni j be the number of employees of type i in occupation
j(i = 1,2, . . . ,T ; j = 1,2, . . . ,H). We may as well regard ni j as the number of work-
ing hours of type i employees in occupation j. Each ni j is a nonnegative real number.
Our formulation allows noninteger values of ni j because part-time workers can be
treated as fractional workers. We denote the number of typei people by ni, that is,
ni = ∑H

j=1 ni j > 0, i = 1,2,. . . T. Thus, for each i, the number of type i people is as-
sumed to be positive. An occupation distribution matrix X is a T ×H matrix whose
entries are ni j values. We write M for the set of all T ×H occupation distribution
matrices.

An occupational segregation index O is a real valued function defined on M,
that is, O : M → R1, where R1 is the real line. For any X ∈ M,O(X) indicates the
extent of segregation that exists in X between T types of employees in H different
occupations.

Following Hutchens (2004) and Chakravarty and Silber (2007), we now propose
some axioms for an index of segregation.

Normalization: If X ∈ M such that n1l/n1 = n2l/n2 = . . . = nTl/nT for all l ∈
{1,2, ..,H}, then O(X) = 0.

Continuity: O is a continuous function on M.
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Scale Invariance: For any X ∈ M,O(X) = O(ΩX), where Ω is the T ×T diago-
nal matrix Ω= diag(ω1,ω 2, . . . ,ω T ) and ωi > 0 for all i.

Symmetry in Occupations: For any X ∈ M if Y ∈ M is obtained from by a
permutation of columns of X , then O(X) = O(Y ).

Symmetry in Types: For any X ∈ M,O(X) = O(ΠX), where Π is any T × T
permutation matrix.

Before we state the sixth axiom, let us explain the ones already proposed. Nor-
malization says that there is zero segregation if employees are distributed across
occupations in proportion to their shares in the working populations. By Continu-
ity, the segregation index is not oversensitive to minor changes in the numbers of
employees in different occupations. According to Scale Invariance if different types
have different ratio scales, then any rescaling of the types will not change the level
of segregation. Thus, if the total numbers of employees of different types are mul-
tiplied by a positive scalar and the shares of different types of workers in all the
occupations remain the same then segregation does not change. Clearly, by this ax-
iom, the segregation index remains unaltered under an li-fold replication of the ith
type of workers, where li ≥ 2, i = 1,2, . . . ,T . The next axiom says that segregation
is independent of the labeling of occupations. For instance, the level of segregation
when we assign the number 1 to legal occupation and the number 2 to management
occupation is the same as that when the assignment of numbers to these occupa-
tions is done in the opposite way. Symmetry in Types makes the types anonymous
the way Symmetry in Occupations makes the occupations anonymous.

The two notions of symmetry clearly bring out the distinguishing features be-
tween the measurement of inequality and segregation. While in the former, only
anonymity among individuals is assumed; in the latter, we assume anonymity in
both types and occupations. As we have seen the reason for this is that no partic-
ular meaning is attached to the ways of arrangements of occupations and types.
Therefore, the variables considered in the case of segregation are purely categorical,
whereas in the case of inequality, the variables are not of this type.

The next axiom is regarding the movement of individuals between occupations.
For any X ∈ M, we say that X ′ ∈ M is obtained from X by a disequalizing movement
of type l1 people if, for j1 and j2, (i) nl j1 = nl j2 = n′l j1

= n′l j2
> 0, (ii) (nl1 j1/nl j1) <

(nl1 j2/nl j2), (iii) n′l1 j1
= nl1 j1 − c and n′l1 j2

= nl1 j2 + c for 0 < c ≤ nl1 j1 , and (iv)
ni j = n′i j, i = 1,2, . . . ,T ; j �= j1, j2 and l �= l1. To understand this, let us consider the
following occupation distribution matrix. Here we have n22 = n23 = 3, (n12/n22) =
(2/3) < (7/3) = (n13/n23). If one woman moves from the second occupation to
the third occupation, then occupation 3 will have eight women and occupation 2
will have one woman. This shift increases the proportion of female workers in the
female dominant occupation 3 and the proportion of male in the male dominant
occupation 2.

Occupation
1 2 3

Women
Men

[
3 2 7
7 3 3

]
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This movement should increase segregation because of higher concentration in the
occupation-wise distribution of women and men. This discussion enables us to state
the following axiom of Hutchens (1991):

Movement Between Occupations: For any X ∈ M, if X ′ ∈ M is obtained by a
disequalizing movement from X , then O(X) < O(X ′).

Assuming that there are only two types of workers, Chakravarty and Sil-
ber (2007) characterized the following segregation indices on the set of occupation
distribution matrices with positive entries:

OAS(X) = 1−
[

1
T

T

∑
i=1

2

∏
j=1

(
ni j

ni

)α̂
]1/2α̂

, where 0 < α̂ < 1 and

OAS(X) = 1−
T

∏
i=1

[
2

∏
j=1

(
ni j

ni

)1/2
]1/T

.

(5.22)

Since these indices employ Atkinson (1970) type aggregation to the products of
proportions of employees of two types in different occupations, they may be referred
to as the segregation counterparts to the multidimensional Atkinson indices. Thus,
these indices are appropriate transformations of the multidimensional Atkinson in-
dices to the measurement of segregation. A disequalizing movement between the
occupations will increase segregation (as measured by the first index) by a higher
amount as the value of α̂ decreases. For α̂ = 1/2, the first member of the fam-
ily becomes increasingly related to the Hutchens (2004) square root index OHUT, a
member of a family related to the generalized entropy indices of income inequality,
as follows: OHUT = 1−T(1−OAS).

In addition to satisfying all the axioms stated above, the indices given by (5.22)
are also insensitive to the proportional division of occupations (Hutchens, 1991).
For instance, if a large occupation with 120 women and 120 men are split into five
suboccupations, each containing 24 women and 24 men, then segregation does not
change. When there are only two types, Hutchens (1991) defined the segregation
curve as the graph of cumulative proportions of type 1 employees against the corre-
sponding proportions of type 2 employees, given that both proportions are arranged
in nondecreasing order of (n1i/n2i). For any X ,Y ∈M, if Y segregation dominates X ,
where segregation dominance is defined in the same way as ≥LC, then O(X) < O(Y )
for all segregation indices O : M → R1 that are symmetric in occupations, scale in-
variant, increasing under a disequalizing movement, and insensitive to proportional
divisions of occupations. The converse is also true (Hutchens, 1991). The family of
indices defined in (5.22) is consistent with the segregation dominance relation.





Chapter 6
The Measurement of Multidimensional Poverty

6.1 Introduction

In Chap. 2, we have presented a detailed and analytical discussion on the mea-
surement of poverty using income as the only attribute of well-being. But as we
have argued in Chap. 5, income is simply one of the many dimensions of well-
being Therefore, poverty being a manifestation of insufficient well-being, should
as well be regarded as a multidimensional phenomenon. In fact, there are many
reasons for viewing poverty from a multidimensional perspective. The basic-needs
approach regards poverty as lack of basic needs, and hence poverty is intrinsically
multidimensional from this perspective. The importance of low income as a deter-
minant of undernutrition is a debatable issue. (See Behrman and Deolikar, 1988;
Dasgupta, 1993; Lipton and Ravallion, 1995; Ravallion, 1990, 1992.)

In the capability-functioning approach, poverty is regarded as a problem of capa-
bility failure. As Sen (1999) argued, capability failure captures the notion of poverty
that people experience in day-to-day living condition. This approach constitutes a
very sensible way of conceptualizing poverty since capability failure is generated
from inability of possession of a wide range of characteristics related to the liv-
ing standard rather than simply from the lowness of income. (See also Lewis and
Ulph, 1988; Sen, 1985a, 1992; Townsend, 1979.)

An alternative way of looking at multidimensional poverty is in terms of social
exclusion, which refers to exclusion of individuals from standard way of living and
basic social activities (Townsend, 1979). A frequently used definition of social ex-
clusion is ”the process through which individuals or groups are wholly or partially
excluded from full participation in society in which they live” (European Founda-
tion, 1995, p. 4). According to Atkinson (1998), it is a relative concept, in order to
say whether a person is socially excluded or not, it is necessary to look at the posi-
tions of the others in the society as well. It is a dynamic process in which exclusion
of individuals from full participation can be taken as the end product. Since social
exclusion refers to exclusion of individuals from economic and social activities, it
is a multidimensional phenomenon. We may, therefore, say that it incorporates the
process aspect of capability failure (Sen, 2002). As Sen (2000) argued, if capability
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poverty is a consequence of lack of freedom, social exclusion curtails the freedom
additionally. Thus, there is a close relationship between the two notions of poverty.

The human poverty index suggested by the UNDP (1997) can be regarded as a
multidimensional index of poverty in the capability-failure framework. It is a sum-
mary indicator of the country level deprivations in the living standard of a population
in the three basic dimensions of life, namely, decent living standard, life expectancy
at birth, and educational attainment rate. Since an index of this type aggregates fail-
ures at the national level, it does not take into account the individual failures.

In this chapter, we assume that each person possesses a vector of attributes of
well-being and a direct way of identification of the poor checks whether he has
“minimally acceptable levels” (Sen, 1992 p. 139) of different attributes. These
minimally acceptable quantities of the attributes represent their threshold levels
that are necessary for maintaining a subsistence living standard. Indices of mul-
tidimensional poverty that are based on individual failures or shortfalls of at-
tribute quantities from respective thresholds have been suggested, among others, by
Chakravarty et al. (1998), Bourguignon and Chakravarty (1999, 2003), Tsui (2002),
Alkire and Foster (2007), and Lugo and Maasoumi (2008a, b). Bourguignon and
Chakravarty (2008) also investigated the issue whether one distribution of multi-
dimensional attributes exhibits less poverty than another for all multidimensional
poverty indices satisfying certain postulates (see also Duclos et al., 2006a, b).

In different sections of this chapter, we discuss a set of desirable axioms for mul-
tidimensional poverty indices, analyze their implications, and examine alternative
multidimensional poverty indices and the poverty dominance criteria.

6.2 Postulates for an Index of Multidimensional Poverty

We follow the notation adopted in Chap.5. The number of attributes of well-being
is d and the number of persons in the society is n. Each attribute is assumed to
be measurable on a ratio scale. Thus, we rule out the possibility of including a
variable of the type that says whether a person is ill or not (see Sect. 5.2). The
matrix X = (xi j)n×d is a typical distribution matrix whose (i, j)th entry xi j shows
the quantity of attribute j possessed by person i, 1 ≤ i ≤ n,1 ≤ j ≤ d. We assume
that X ∈ M ∈ {M′

1,M2,M3} is arbitrary, where M′
1 is the set of all n× d matrices

with nonnegative entries and, M2 andM3 are the same as in Chap. 5 (see Sect. 5.2).
In the present multivariate setup, a poverty threshold or cutoff is defined for each

attribute. These cutoffs represent the minimal quantities of the d attributes neces-
sary for maintaining a subsistence standard of living. Let z = (z1,z2, . . . ,zd) ∈ Z be
the vector of poverty thresholds, where Z is a nonempty subset of Γd

+, the strictly
positive part of the d dimensional Euclidean space. The censored distribution matrix
associated with X is denoted by X∗, where the (i, j)th entry x∗i j of X∗ is defined as
x∗i j = min{xi j,z j}.

In this framework, person i is regarded as poor or deprived with respect to at-
tribute j if xi j < z j. Otherwise, he is called nonpoor in attribute j. Thus, we are using
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the weak definition to identify a poor person in a dimension. The deprivation score
of a person is the total number of dimensions in which he is poor. If a person is poor
in a dimension then we say that it is a meager dimension for him. Person i is called
rich if xi j ≥ z j holds for all 1 ≤ j ≤ d. Each individual is regarded as either poor or
nonpoor in a dimension. But there can be a wide range of cutoffs for the attributes
that coexist in a reasonable harmony (see Thorbecke, 2006). The possibility that the
relevant information is missing may lead to an ambiguity in the concept of poverty.
This may as well arise from insufficiency of information on consumption quantities
of the attributes. With a view to tackling problems of this type in which indefinite-
ness arises from ambiguity, the fuzzy set approach appears to be quite justifiable.1

In this chapter, we assume that there is complete information on quantities of the
attributes and thresholds. Let SP j(X) (or SP j) be the set of persons who are poor
with respect to attribute j in any given X ∈ M. Bourguignon and Chakravarty (2003)
argued that a very simple way of counting the number of poor in the multiattribute
structure is to define the poverty indicator variable ID(xi.,z) which takes on the
value one if there is at least one dimension j in which person i is poor, where the
row vector xi., the ith row of X , shows the quantities of d attributes possessed by
person i. Otherwise, it takes on the value zero. Formally,

ID(xi.,z) =
{

1 if ∃ j ∈ {1,2, ...,d} : xi j < z j
0, otherwise. (6.1)

Then the total number of poor in the multidimensional framework is given by
np(X) = ∑n

i=1 ID(xi.,z). Hence, the multidimensional headcount ratio is given by
np/n. This method of identifying the set of multidimensional poor persons is re-
ferred to as the union method of identification. An alternative identification ap-
proach is the intersection method which says that a person is poor if he is poor in
all dimensions and this leads us to identify the number of poor as the total number
of persons who are poor in all dimensions. But if a person is poor in one dimension
and nonpoor in another, then trade-off between these dimensions may not be pos-
sible, which in turn rules out the possibility that he becomes nonpoor in both the
dimensions. An example is an old beggar who cannot trade-off his high age for low
income to become rich in both income and life expectancy. Such a person cannot
be regarded as rich simply because of his high longevity. Therefore, this definition
does not appear to be appropriate. Alkire and Foster (2007) defined person i as mul-
tidimensionally poor if xi j < z j holds for l̄ many values of j, where l̄ is some integer
between 1 and d. Clearly, this intermediate identification method coincides with the
union or the intersection method as l̄ = 1 or d (see also Gordon et al., 2003; Mack
and Lindsay, 1985).

A multidimensional poverty index P is a nonconstant real-valued function de-
fined on the Cartesian product M×Z. For any X ∈ M and z ∈ Z, P(X ,z) determines
the intensity of poverty associated with the attribute matrix X and the threshold
vector z.

1 See Cerioli and Zani (1990), Cheli and Lemmi (1995), Chiappero Martinetti (1996, 2006),
Balestrino (1998), Qizilbash (2003, 2006), Deutsch and Silber (2005), Betti et al. (2006, 2008) and
Chakravarty (2006).
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Most of the postulates we consider below for an arbitrary P are generalizations
of income-based poverty axioms. They are stated in terms of an arbitrary popu-
lation size n. In presenting these axioms, we follow Chakravarty et al. (1998),
Bourguignon and Chakravarty (1999, 2003, 2008), Tsui (2002), and Chakravarty
and Silber (2008).

Focus Axiom: For any (X ,z) ∈ M ×Z and for any person i and attribute j such
that xi j ≥ z j, an increase in xi j, such that all other attribute quantities in X remain
unchanged, does not change the extent of poverty P(X ,z).

Normalization Axiom: For any (X ,z) ∈ M ×Z if xi j ≥ z j for all i and j, then
P(X ,z) = 0.

Monotonicity Axiom: For any (X ,z) ∈ M×Z, any person i and attribute j such
that xi j < z j, an increase in xi j, given that other attribute levels in X remain unaltered,
decreases the poverty value P(X ,z).

Population Replication Invariance Axiom: For any (X ,z) ∈ M ×Z, P(X ,z) =
P(X (l),z), where X (l) is the l-fold replication of X , that is, X (l) = (X1,X2, . . .Xl)
with each Xi = X , and l ≥ 2 is arbitrary.

Symmetry Axiom: For any (X ,z) ∈ M×Z, P(X ,z) = P(ΠX ,z), where Π is any
n×n permutation matrix.

Continuity Axiom: P(X ,z) is continuous in (X ,z).
Subgroup Decomposability Axiom: Let X1,X2, . . . ,XJ are J distribution matri-

ces of d attributes over population sizes n1,n2, . . . .,nJ such that ∑J
i=1 ni = n. Then

for z ∈ Z,P(X ,z) = ∑J
i=1

ni
n P(Xi,z), where X = (X1, . . . ,XJ) ∈ M.

Transfer Axiom: For any z ∈ Z, X ,Y ∈ M if X is obtained from Y by the
Uniform Majorization Principle or the Uniform Pigou-Dalton Transfers Principle,
where the transfers are among the poor, then P(X ,z) ≤ P(Y,z).

Increasing Threshold Levels Axiom: For any X ∈ M, P(X ,z) is increasing in z j
for all j.

Nonpoverty Growth Axiom: For any (Y,z) ∈ M×Z, if X is obtained from Y by
adding a rich person to the society, then P(X ,z) ≤ P(Y,z).

Scale Invariance Axiom: For all (X1,z1)∈ M×Z, P(X1,z1) = P(X2,z2), where
X2 = X1Ω, z2 = z1Ω, and Ω= diag(ω1,ω2, . . . ,ωd),ωi > 0 for all i.

The Normalization, Population Replication Invariance, Continuity, Subgroup
Decomposability, Increasing Threshold Levels, Nonpoverty Growth, and Scale In-
variance Axioms are multidimensional versions of the corresponding income-based
poverty axioms. The Monotonicity Axiom says that poverty decreases if the con-
dition of a person who is poor in a dimension improves. It parallels the Strong
Monotonicity Axiom discussed in Chap. 2 and implies the Dimensional Monotonic-
ity Axiom of Alkire and Foster (2007) which demands that poverty should fall if im-
provement makes the person rich in the attribute. The Transfer Axiom is the poverty
counterpart to the majorization criteria of multidimensional inequality indices. Ac-
cording to the Focus Axiom, if a person is nonpoor with respect to an attribute, then
improving his position in the attribute does not change the level of poverty, even if
he/she is poor in the other attributes. That is, poverty is independent of quantities
of attributes that are above thresholds. If one views poverty in terms of shortfalls
of attribute quantities from thresholds then this axiom is quite sensible. It rules out
trade-off between two attributes of a person who is in poverty with respect to one
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but not in poverty with respect to the other. For instance, if education and a com-
posite good are two attributes, more education above the threshold cannot be traded
off to compensate the lack of composite good whose quantity is below its threshold.
Equivalently, we say that above the threshold level of an attribute, the isopoverty
contour of an individual becomes parallel to the axis that represents the quantities
of the attribute. This, however, does not exclude the possibility of a trade-off be-
tween the attributes if a person is poor with respect to both of them. We can also
consider a weak version of the axiom which says that the poverty index is indepen-
dent of attribute quantities of rich persons only. Clearly, in this case the trade-off of
the type we have discussed above is permissible because we do not assume that the
poverty index is independent of the quantities of attributes in which a person is non-
poor. But although trade-off is allowed, poverty is never eliminated. This means that
there is a positive lower bound of the poverty index. Consequently, the isopoverty
contour becomes a line asymptotically.

The next axiom, suggested by Bourguignon and Chakravarty (2003), is con-
cerned with poverty change under a correlation increasing switch (see Chap. 5).
If the two attributes involved in the correlation increasing switch are close to each
other, that is, they are substitutes, then one can compensate the smallness of the other
in the definition of individual poverty. Then increasing correlation between the at-
tributes will not reduce poverty. The reason behind this is that because of closeness
between the attributes, the switch can be regarded as a regressive rearrangement in
the sense that the richer poor is becoming even better-off after the switch. This in
turn makes the poorer poor worse-off. Assuming that the poverty index is subgroup
decomposable, the following Bourguignon-Chakravarty axiom can be stated:

Nondecreasing Poverty Under Correlation Increasing Switch Axiom: For
any (X ,z) ∈ M×Z, if Y ∈ M is obtained from X by a correlation increasing switch
between two poor persons who are poor in the two concerned attributes, then
P(X ,z) ≤ P(Y,z) if the two attributes are substitutes.

The corresponding property, when the attributes are complements, demands that
poverty should not increase under such a switch. Note that for these two properties
to be well defined, the two persons should be poor in both the attributes involved in
the switch. If the poverty index is insensitive to a correlation increasing switch, then
the underlying attributes are independent.

6.3 Indices of Multidimensional Poverty

The objective of this section is to discuss some important indicators for multidimen-
sional poverty and analyze their properties. We begin with the observation that by
repeated application of the Subgroup Decomposability Axiom, the poverty index
can be written as

P(X ,z) =
1
n

n

∑
i=1

ζ (xi.,z), (6.2)
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where ζ (xi.,z) = P(xi.,z) is the individual multidimensional poverty function (see
2.2). Thus, the symmetric and population replication invariant index P in (6.2) is
simply the average of individual poverty levels.

While the Subgroup Decomposability Axiom deals with nonoverlapping sub-
groups of the population, we can have an analogous postulate for attributes, which
we refer to as Factor Decomposability Axiom. According to the Factor Decompos-
ability Axiom, overall poverty is a weighted average of poverty levels for individual
attributes. Formally,

Factor Decomposability Axiom: For any (X ,z) ∈ M×Z,

P(X ,z) =
d

∑
j=1

b̂ jP(x. j,z j), (6.3)

where the nonnegative sequence {b̂ j} satisfies the restriction that ∑d
j=1 b̂ j = 1 and

x. j is the jth column of the distribution matrix X . That is, x. j gives the distribution
of attribute j among n persons. The weight b̂ j ≥ 0 assigned to attribute j reflects
the importance of this attribute in the aggregation defined in (6.3). It may also be
interpreted as the priority that the government assigns for removing poverty from the
jth dimension of well-being. The contribution of dimension j to overall poverty is
given by the amount b̂ jP(x. j,z j). Complete elimination of poverty from dimension j
will reduce total poverty exactly by this quantity. Thus, the percentage contribution
of dimension j to overall poverty becomes 100(b̂ jP((x. j,z j))/P(X ,z) (see Alkire
and Foster, 2007; Chakravarty and Silber, 2008; Chakravarty et al., 1998).

If the two decomposition postulates are employed simultaneously, we can calcu-
late each subgroup’s contribution for each dimension. To see this, suppose that there
are only two subgroups with population sizes n1 and n2, and the corresponding com-
ponents of the distribution matrix X are X1 and X2 so that X = (X1,X2). Then by
the Subgroup Decomposability Axiom P(X ,z) = (n1/n)P(X1,z) + (n1/n)(X2,z),
which in view of (6.3), for d = 2, becomes

P(X ,z) =
n1

n
[b̂1P(x1

·1,z1)+ b̂2P(x1
·2,z2)]+

n2

n
[b̂1P(x2

·1,z1)+ b̂2P(x2
·2,z2)], (6.4)

where xi
· j is the jth column of the matrix Xi and P(xi

· j,z j) is the poverty level in sub-
group i for dimension j, i, j = 1,2. By looking at the individual components of the
micro-breakdown of poverty, as shown in (6.4), we can identify simultaneously the
population subgroup(s) as well as dimensions(s) for which poverty levels are very
high. For instance, suppose we first note that between the two subgroups, the poverty
level for subgroup 1 is higher. Next, it is observed that this subgroup’s poverty for
dimension 2 is more, that is, b̂2P(x1

.2,z2) > b̂1P(x1
.1,z1). Therefore, the subgroup-

attribute combination (1,2) of the population should get maximum attention from
antipoverty perspective. This type of two-way splitting of poverty becomes espe-
cially helpful when the limited resources of the society may not be sufficient for
removal of poverty from one entire subgroup or for one dimension of the entire
population (see Chakravarty and Silber, 2008; Chakravarty et al., 1998).
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The general form of the poverty index fulfilling the two decomposability postu-
lates is given by

P(X ,z) =
1
n

d

∑
j=1

b̂ j ∑
i∈SPj

ζ (xi j,z j). (6.5)

Under the Scale Invariance, Focus, Normalization, Monotonicity, and Transfer
Axioms, we can rewrite ζ (xi j,z j) as h(xi j/z j), where h : R1

+ → R1 is continuous,
decreasing, convex, and h(xi j/z j) = 0 for all xi j ≥ z j (see 2.19). In view of the as-
sumption that h(xi j/z j) = 0 for all xi j ≥ z j, we can restrict attention on the censored
matrix X∗. By assumptions on h,P(X ,z) in (6.5) is increasing in threshold limits
and satisfies the Nonpoverty Growth Axiom. However, the entire family of indices
given by (6.5) is insensitive to a correlation increasing switch.

To illustrate the formula (6.5), let h(x∗i j/z j) = − log(x∗i j/z j), where x∗i j > 0. Then
the resulting index becomes the multidimensional Watts index of poverty

PWM(X ,z) =
1
n

n

∑
i=1

d

∑
j=1

b̂ j log

(
z j

x∗i j

)

, (6.6)

where X ∈ M3. Tsui (2002) and Chakravarty and Silber (2008) characterized a more
general form of PWM which requires that b̂ j ≥ 0, with > for some j, without the

restriction
d
∑
j=1

b̂ j = 1. It is a normalized version of the Lugo and Maasoumi (2008a)

first class of IT poverty indices based on the “aggregate poverty line approach.”
Chakravarty et al. (2008) employed this index to investigate different causal fac-
tors of poverty. The transfer sensitivity property of PWM is similar to its single-
dimensional sister.

Next, suppose that h(x∗i j/z j) = (1−x∗i j/z j)α j , where α j ≥ 1 is a parameter. Then
the resulting index is a multidimensional generalization of the Foster et al. index
(Foster et al., 1984):

PFGTM(X ,z) =
1
n

n

∑
i=1

d

∑
j=1

b̂ j

(

1−
x∗i j

z j

)α j

. (6.7)

If α j = 1 for all j, then PFGTM becomes a weighted average of the product of
PD j = q j/n, the proportion of population in poverty in dimension j, and the average
of the relative gaps RG j =∑i∈SPj (1− x∗i j)/q jz j, across all dimensions. If α j = 2 for
all j, then the formula can be written as

PFGTM(X ,z) =
1
n

d

∑
j=1

b̂ jPD j(RG2
j +(1−RG2

j)(I
j

CV)2), (6.8)

where I j
CV is the coefficient of variation of the distribution of attribute j among the

associated deprived persons. Given other things, an increase in I j
CV, say through a

rank-preserving regressive transfer between two persons for whom dimension j is



146 6 The Measurement of Multidimensional Poverty

meager, increases the poverty index. Thus, the decomposition in ( 6.8) shows that
the poverty index is increasingly related to the dimension-wise inequality levels of
the poor.

Finally, for the specification 1 − (x∗i j/z j)e j , where 0 < e j ≤ 1, the associated
poverty index turns out to be

PCM(X ,z) =
1
n

n

∑
i=1

d

∑
j=1

b̂ j

(

1−
(x∗i j

z j

)e j)

. (6.9)

This form of the multidimensional Chakravarty index was considered by
Chakravarty et al. (1998). Given other things, the index is increasing in e j for all j.
For e j = 1, it coincides with the particular case of PFGTM when α j = 1,1 ≤ j ≤ d.
On the other hand, as e j → 0 for all j, PCM approaches its lower bound, zero. As
the value of e j decreases over the interval (0,1], PCM shows greater sensitivity to
transfers at lower down the scale of the distribution of attribute j.

We derive formula (6.5) from (6.2) assuming that ζ (xi.,z) satisfies an addi-
tivity condition across dimensions. A more general representation of subgroup
decomposable indices can be made by defining transformations (not necessarily ad-
ditive) of dimension-wise poverty gaps of the individuals in different subgroups.
The Bourguignon-Chakravarty general form of the multidimensional poverty index
is based on this type of aggregation:

PBC(X ,z) =
1
n

n

∑
i=1

h̄

⎛

⎝
d

∑
j=1

(

b̄ j

(

1−
x∗i j

z j

)η̄)1/η̄
⎞

⎠, (6.10)

where h̄ is increasing, convex, and h̄(0) = 0, b̄ j is the positive weight assigned to
poverty gaps in dimension j and η̄ > 1 is a parameter that enables us to parameterize
the elasticity of substitution between relative shortfalls in different dimensions. If h̄
is the identity function then for η̄ = 1, at the first stage PBC adds the dimension-wise
relative gaps (1− x∗i j/z j) weighted by the sequence {b̄ j} and then these weighted
gaps are averaged across individuals. In this case, we have straight-line individual
isopoverty contours and the relative gaps are perfectly substitutable.

If η̄ → ∞, then the corresponding limiting form of PBC is given by

PBC(X ,z) =
1
n

n

∑
i=1

h̄
(

max
j

{

1−
x∗i j

z j

})

. (6.11)

Since the two-dimensional individual isopoverty curves associated with the func-
tional form ( 6.11) are of rectangular shape, there is no scope for substitutability be-
tween the two relative shortfalls in this case. The informational requirement of this
index is minimal, we only need information on the relative shortfalls (1− x∗i j/z j)
and a functional form for h̄ to perform the aggregation. This index is nonincreasing
under a correlation increasing switch. [See Bourguignon and Chakravarty (1999),
for further discussion.]
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An alternative of interest arises from the Foster et al. (1984) type specification
h̄(v) = vα , where α > 0. The corresponding member of the family PBC in (6.10) is
given by

PBC(X ,z) =
1
n

n

∑
i=1

[
d

∑
j=1

b̄ j

(

1−
x∗i j

z j

)η̄]α/η̄

. (6.12)

The stages of aggregation employed in (6.12) are as follows. We first aggregate the
transformed relative poverty shortfalls (1− (x∗i j/z j)η̄) of each person across dimen-
sions into an aggregate relative shortfall using the coefficients b̄ j. At the second
stage, we take the average of such shortfalls, raised to the power α , over the whole
population, to define multidimensional poverty. The index in (6.12) is the symmetric
mean of power α of aggregated transformed relative poverty shortfalls of individuals
in different dimensions. Therefore, it may be regarded as an alternative multidimen-
sional generalization of the Foster et al. (1984) index. As the value of α increases, it
becomes more sensitive toward extreme poverty. It is nondecreasing or nonincreas-
ing under a correlation increasing switch depending on whether α is greater or less
than η̄ .

Tsui (2002) characterized a family of multidimensional poverty indices using the
multidimensional version of the Subgroup Consistency Axiom. This family turns
out to be a generalization of the Chakravarty (1983c) index. The functional form of
the Tsui family of indices is given by

PTCM(X ,z) =
1
n

n

∑
i=1

[
d

∏
j=1

(
z j

x∗i j

)ē j

−1

]

, (6.13)

where X ∈ M3 and the nonnegative parameters ē j’s have to be chosen such that
different postulates are satisfied. For instance, if d = 2, the restrictions ē1(ē1 +1)≥ 0
and ē1ē2(ē1ē2 +1) ≥ 0 are necessary for fulfillment of the Transfers Axiom. These
two conditions are guaranteed by nonnegativity of ē1 and ē2. Nonnegativity of ē1ē2
ensures that PTCM is nondecreasing under a correlation increasing switch.

Lugo and Maasoumi (2008b) employed an information theory-based approach
to the design of multidimensional poverty indices. Their index is subgroup decom-
posable and the individual poverty function relies on the same aggregation rule,
as employed in Maasoumi (1986), for aggregating the attributes of a person (see
Sect. 5.4). Then a Foster et al. (1984) type transformation is used to aggregate the
individual indices into an overall index. More precisely, the Lugo-Maasoumi index
of poverty is given by

PLMM(X ,z) =

⎛

⎜
⎜
⎜
⎜
⎜
⎝

1
n

n
∑

i=1

⎛

⎝1−
(
∑d

j=1 a′′j (x
∗
i j)

−δ̂
)−1/δ̂

(
∑d

j=1 a′′j (z j)−δ̂
)−1/δ̂

⎞

⎠

α

, δ̂ �= 0,

1
n

n
∑

i=1

(

1− ∏d
j=1 (x∗i j)

a′′j

∏d
j=1 (z j)

a′′j

)α

, δ̂ = 0,

(6.14)
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where X ∈ M3, a′′j and δ̂ are the same as in σi used in (5.14) and α > 0. Note that in
this case, the poverty thresholds are also aggregated using the same transformation.
By construction, this index is independent of the attribute quantities that are above
the corresponding thresholds and hence it is focused. Lugo and Maasoumi (2008b)
also considered a variant of the index that meets the weak version of the Focus
Axiom.

Alkire and Foster (2007) suggested an index that relies on the intermediate iden-
tification method. For any distribution matrix X , they defined the deprivation func-
tion of person i in dimension j as dαi j = (1− xi j/z j)α if xi j < z j while dαi j = 0 if
xi j ≥ z j and α > 0. This function is then used to identify the poor persons in their
framework as follows: define dαi j(l̄) = dαi j if the deprivation score of person i is at
least l̄, while dαi j(l̄) = 0 if the deprivation score is less than l̄. That is, we consider
the transformed relative shortfalls (1−xi j/z j)α of persons i in different dimensions
and check if he has positive shortfalls in at least l̄ dimensions, in which case he is
treated as multidimensionally poor. Equivalently, we say that person i is deprived
in the Alkire-Foster sense if his deprivation score is at least l̄. The Alkire-Foster
multidimensional poverty index is then defined as

PAFM(X ,z) =
1

nd

n

∑
i=1

d

∑
j=1

dαi j(l̄). (6.15)

PAFM is the sum of α powers of the relative poverty gaps of the poor divided
by the maximum possible value that the sum can take. Note that in (6.7), if we
assume that b̂ j = 1/d, α j = α for all 1 ≤ j ≤ d and adopt the intermediate notion of
identification, then it coincides with PAFM.

As we have mentioned in Chap. 5, some of the dimensions of well-being may
be of ordinal type. Therefore, each variable representing a dimension can be trans-
formed using an increasing function which need not be identical across dimensions.
Let TR j : R1

+ → R1
+ be an arbitrary increasing function. Thus, for each j, xi j gets

transformed into TR j(xi j). Likewise, for each j, z j becomes TR j(z j). Now, mea-
surability information invariance requires that the poverty level based on xi j and
z j values should be same as that calculated using TR j(xi j) and TR j(z j) values,
where 1 ≤ i ≤ n and 1 ≤ j ≤ d. Clearly, the indices based on shortfalls of the type
(1 − xi j/z j) may not fulfill the required information invariance assumption. The
reason is that (1−TR j(xi j)/TR j(z j)) may not be equal to (1− xi j/z j), 1 ≤ i ≤ n,
and 1 ≤ j ≤ d. However, the headcount ratio remains unaltered under this type
of transformations. Thus, if some of the dimensions are ordinally measurable and
the remaining dimensions are measurable on ratio scales, then the headcount ratio
is a suitable index of poverty. Another index that survives this requirement is the
Alkire and Foster (2007) dimension adjusted headcount ratio. It is given by the
total number of deprivation scores of the poor in the Alkire-Foster sense divided by
nd, the maximum deprivation score that could be experienced by all people. This
index is obtained as the limiting case of PAFM as α → 0. It satisfies the Dimen-
sional Monotonicity Axiom, that is, a reduction in the deprivation score of a person
decreases the index. However, the headcount ratio does not fulfill this axiom.
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6.4 Multidimensional Poverty Orderings

In this section, we are concerned with the ranking of distribution matrices by a given
set of poverty indices assuming that the threshold limits are the same. For the sake
of simplicity, we assume that there are only two attributes of well-being. That is, our
objective is to deal with two-dimensional poverty-measure ordering.

In order to simplify the exposition, a continuous representation of the bivariate
distribution is considered. The cumulative distribution function G(x1,x2) is defined
on the range [0, v̂1]× [0, v̂2]. (Since the formulation involves a continuum of popula-
tion, the suffix i in xi. is dropped.) The marginal distribution function for attribute i
is denoted by Gi, i = 1,2. Our objective now is to compare two distributions repre-
sented by the distribution functions G and G∗. The difference G(x1,x2)−G∗ (x1,x2)
will be denoted by ΔG(x1,x2). Assuming that the poverty index is subgroup decom-
posable, we can write it as

P(G,z) =
v̂1∫

0

v̂2∫

0

ζ (x1,x2,z1,z2)dG. (6.16)

If ζ is twice differentiable then positivity of ζ12, the cross partial derivative of
ζ with respect to attribute quantities, means that the two attributes are substitutes.
If ζ12 is negative, then the attributes are complements. The intermediate situation
ζ12 = 0 means that they are independent. We write ΔPG(G,G∗,z) for the poverty
difference P(G,z)−P(G∗,z).

The following theorem of Bourguignon and Chakravarty (2008) can now be
stated:

Theorem 6.1. Let G and G∗ be two bivariate distribution functions on the same
range [0, v̂1]× [0, v̂2].

Assume that the poverty index is twice differentiable. Then the following condi-
tions are equivalent:

(i) ΔP(G,G∗,z) ≤ 0 for all poverty indices that satisfy the Focus, Symmetry, Pop-
ulation Replication Invariance, Subgroup Decomposability, Monotonicity, and
Nondecreasingness of Poverty under Correlation Increasing Switch Axioms.

(ii) ΔGi(xi) ≤ 0 for all xi < zi for i = 1,2, and ΔG(x1,x2) ≤ 0 for all x1 < z1 and
x2 < z2.

Theorem 6.1 demands that poverty dominance under properties stated in condi-
tion (i) requires the headcount ratio in each dimension not to be higher for all thresh-
old limits below the thresholds zi and the headcount ratio in the two-dimensional
space, defined by any combination of poverty lines below the threshold values
(z1,z2), not to be higher. That is, weak single dimensional dominance in each dimen-
sion and weak two dimensional dominance on the set of poor persons are required
simultaneously. This two-dimensional dominance simply means that the headcount
ratio should not be higher in the intersection of the two sets in which the individuals
are poor attribute-wise. Note that this situation arises when the two attributes are
substitutes.
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If in condition (i) of Theorem 6.1 we replace nondecreasingness of poverty
under correlation increasing switch by its nonincreasingness counterpart and re-
tain all other assumptions, then the corresponding equivalent condition becomes
ΔG(x1)+ΔG2(x2)−ΔG(x1,x2) ≤ 0, for all x1 < z1 and/or x2 < z2. When evaluated
at x1 = 0 and x2 = 0, this condition implies weak single-dimensional headcount ratio
dominances. Dominance in the two-dimensional space thus requires weak single-
dimensional dominances. The additional condition that the headcount ratio should
not be higher in the union of the two sets in which people are poor dimension-wise
has to be fulfilled. In this case, the two attributes are complements.

If the two attributes are neither substitutes nor complements, then instead of
nondecreasingness of poverty under a correlation increasing switch, we assume in
condition (i) of Theorem 6.1 that poverty does not change with respect to such a
switch and maintain other assumptions. The equivalent dominance condition be-
comes ΔGi(xi) ≤ 0 for all xi < zi for i = 1,2. This means that the individual poverty
function is additive across components. In this case, we simply have weak single-
dimensional headcount ratio dominances. Equivalently weak first-order stochas-
tic dominance for each marginal distribution is required. The reason behind this
is that because of independence between the attributes we simply need to check
attribute-wise dominance. Since in the case of independence, the dominance con-
dition reduces to the single-dimensional ordering, the attribute-wise second-order
stochastic dominance can also be employed. Duclos et al. (2006a) considered bi-
variate poverty orderings using an alternative set of assumptions. Their framework
treats the attributes only as substitutes. There is a major difference between the
Bourguignon-Chakravarty and the Duclos et al. frameworks because the latter as-
sumes the dependence of the threshold limit of one dimension on that of the other
and vice versa.
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Glossary of Notation

N: Set of positive integers/natural numbers

1n: n-coordinated vector of ones

Rn
+: Nonnegative orthant of the n-dimensional Euclidean space Rn

R̂n
+ :

{
x ∈ Rn

+:x1 ≤ x2 ≤ . . . ≤ xn
}

Γn: Rn
+ with the origin deleted

Dn: {x ∈ Γn:x1 ≤ x2 ≤ . . . ≤ xn}
Γn

+,Dn
+: Positive parts of Γnand Dnrespectively

R̂+:
⋃

n∈N
R̂n

+,Γ :
⋃

n∈N
Γn, D :

⋃

n∈N
Dn,Γ+ :

⋃

n∈N
Γn

+, D+ :
⋃

n∈N
Dn

+, R+ :
⋃

n∈N
Rn

+

λ : Mean income, m: Median income

W : Social welfare function, Ξ: Abbreviated or reduced form welfare function

E (x): Atkinson-Kolm-Sen representative income corresponding to the income dis-
tribution x

z: Poverty line, z = (z1,z2, ..,zd): Vector of poverty thresholds

x∗: Censored income distribution corresponding to the distribution x

≥LC: Lorenz dominance, ≥GL: Generalized Lorenz dominance

≥PG: Poverty gap profile dominance

≥AD: Absolute deprivation dominance, ≥RD: Relative deprivation dominance

≥RS: Relative satisfaction dominance, ≥GS: Generalized satisfaction dominance

≥AC: Absolute contentment dominance, ≥RC: Relative contentment dominance

≥ADI: Absolute differentials dominance, ≥RDI: Ratio differentials dominance
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172 Glossary of Notation

≥LU: Look-up dominance, ≥LD: Look-down dominance

≥CC: Complaint dominance

≥RB: Relative bipolarization dominance



Index

A
Abbreviated or reduced form welfare function,

25
Absolute bipolarization curve (ABC), 121
Absolute bipolarization dominance, 122
Absolute bipolarization indices, 121
Absolute contentment curve (ACC), 96
Absolute contentment dominance, 96, 97, 99,

104
Absolute contentment function, 95
Absolute deprivation curve (ADC), 90
Absolute deprivation dominance, 90
Absolute differentials dominance, 99, 100
Absolute exponential index, 40
Absolute Gini index, 36, 86, 94, 98, 109, 115
Absolute income gap ratio, 79
Absolute index, 16, 33–35, 50, 57, 68, 106,

115, 117, 121, 125, 128, 132
Absolute poverty gap profile, 75
Absolute poverty index, 50, 67
Absolute risk aversion, 66
Absolute rotated Lorenz curve, 75
Absolute welfare loss, 35, 44, 65, 68
Absolutist, 50
Additive indices, 37
Additively decomposable, 37, 131, 132
Additively separable, 40, 41, 73
Affine transformation, 23, 33
Aggregate cost of poverty, 67
Aggregate hardship, 76
Aggregation exercise, 47
Alesina–Spolaore index (polarization), 114
Alienation function, 109, 111
Alkire–Foster multidimensional poverty index,

148
Altruistic flavor, 95
Anonymity, 3, 136

Arriaga index (urbanization), 70
Atkinson–Bourguignon theorem, 43
Atkinson index (inequality), 23, 24, 26, 45,

127, 128, 133, 134, 137
Atkinson–Kolm–Sen index (inequality), 25, 26
Atkinson theorem, 6, 10
Attribute, 2, 47, 85, 124–135, 139–150
Average gap, 58
Axioms for index of income poverty, 49–57

B
Balanced fiscal program, 93
Basic-needs approach, 123
Bipolarization, 105–109, 112–122
Bistochastic matrix, 3, 6, 7, 56, 81, 126, 127,

132
Blackorby–Donaldson absolute poverty index,

67
Blackorby–Donaldson–Kolm index (inequal-

ity), 35, 44
Blackorby–Donaldson relative poverty index,

59
Bonferroni index (inequality), 27, 28, 36
Bonferroni representative income of poor, 60
Bonferroni welfare function, 28, 36
Bossert–D’Ambrosio index (dynamic

deprivation), 103
Bourguignon–Chakravarty general form

(multidimensional poverty), 146
Bourguignon–Dalton index (multidimensional

inequality), 134

C
Capability

failure, 139, 140
poverty, 139, 140
set, 123
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Cardinal utility, 23
Categorical variable, 124, 125
Censored distribution matrix, 140
Censored income distribution, 60–63, 65, 67,

68, 75, 76, 88
Centrist or compromise invariance, 16
Chakravarty et al. index (absolute bipolariza-

tion), 115
Chakravarty index (poverty), 61, 65, 67, 77,

146
Chakravarty–Majumder index (relative

bipolarization), 114
Chateauneuf–Moyes transformation, 92, 98,

100
Chronically poor persons, 79–82
Chronic poverty, 79–83
Chronic poverty transfer axiom, 81
Cobb–Douglas poverty index, 63
Coefficient of variation, 30, 36, 66, 85, 145
Compact set, 116
Complaint, 86, 101–104
Complaint dominance, 87, 102
Complements, 134, 143, 149, 150
Completely strictly recursive, 60, 62
Complete relation, 5
Component aggregation, 41
Components approach, 79
Compromise inequality indices, 36
Compromise welfare functions, 35
Concave, 2, 6, 7, 9, 13, 22–24, 40, 43, 44, 56,

74, 113, 116, 117, 127, 128, 132
Conflicts, 85, 105
Consistency property, 32, 33
Consistent decomposition rule, 42
Constant distribution-sensitivity, 68, 76, 77
Constant-sum-isophily, 10
Contentment indices, 98
Contentment reducing transformation, 98
Continuity, 22, 32, 51–53, 57, 60, 108, 116,

117, 125–128, 135, 136, 142
Continuous extension of Sen index, 62
Convex, 2, 5, 12, 14, 21, 32, 56, 64, 66, 74, 76,

77, 102, 115, 145, 146
Correlation increasing switch, 132–135, 143,

145–147, 149, 150
Cost of inequality, 35
Cost of poverty, 67
Covariance, 42
Cowell–Ebert index (complaint),

103
Crime, 1
Cumulative complaint contour, 102
Cutoff, 140, 141

D
D’Ambrosio index (polarization), 111
Dalton index of inequality, 22
Dalton Population Principle, 17–20, 28, 30
Dasgupta et al. theorem, 6–8, 95
Decomposable indices of inequality, 36–42
Depression, 85, 95, 101, 103
Deprivation dominance, 86, 90
Deprivation indices, 86, 93
Dimension adjusted headcount ratio, 148
Dimensional monotonicity axiom, 142, 148
Diminishing Transfers Principle, 19, 21,

27–29, 53
Dispersion dominance, 104
Dissimilar individuals, 112
Distributional judgments, 22, 94, 126
Distributionally homogeneous, 35, 36
Distributionally homothetic, 35, 36
Distribution function, 12–15, 18, 21, 28, 30,

42, 43, 72, 74, 113, 149
Distribution matrix, 125, 127–129, 133, 135,

136, 140, 144, 148
Distribution-sensitivity, 66–68, 76, 77
Donaldson–Weymark illfare-ranked S-Gini

index (inequality), 27
Donaldson–Weymark welfare-ranked S-Gini

index (inequality), 30
Duclos et al. index (polarization), 110
Duration of poverty, 49, 80
Dynamic aspect of deprivation, 103

E
Ebert approach, 32
Economic distance, 36
Education, 1, 49, 110, 123, 125, 143
Effective antagonism, 109
Efficiency, 10–13, 25, 26, 28, 32, 94, 114
Egalitarian, 5, 7, 22, 94, 109, 120, 121, 126
Elasticity of substitution, 131, 135, 146
Envy, 85, 95, 99, 103
Equally distributed equivalent income, 23, 33,

43
Equivalent adult, 45
Esteban et al. index and its variant

(polarization), 111
Esteban–Ray index (polarization), 109
Expected utility, 13, 14, 29
Extended Gini index, 31

F
Factor decomposability, 144
Fair redistributive program, 93, 94, 98
Favorable composite transfer, 19, 20, 24, 34
Feeling of alienation, 106
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Feeling of identification, 106
First Clark et al. index (poverty), 63
Focus axiom, 50, 142, 148
Foster et al. form (chronic poverty), 81
Foster et al. index (poverty), 65, 67, 77, 145
Fractional workers, 135
Frustration, 87, 88
Functional equation, 24, 34
Functionings, 123, 124, 139
Fuzziness, 110
Fuzzy set, 141

G
Generalized additive decomposability, 38
Generalized and relative satisfaction

dominance relations, 90
Generalized entropy class, 37, 41
Generalized Gini welfare function, 28, 129
Generalized Lorenz curve, 8–10, 12, 15, 43,

73, 75, 89, 90
Generalized Lorenz dominance, 8, 10, 13, 15,

43, 73, 76
Generalized satisfaction curve (GSC), 90
Generalized satisfaction dominance, 90, 92, 94
Generalized satisfaction function, 89
General per capita income function, 38
Geometric mean, 27, 38, 45
Gini index, 27, 28, 30–32, 36, 41, 58, 60–62,

85, 86, 93, 94, 98, 109–113, 115, 129
Gini representative income of poor, 59
Gini welfare function, 28, 29, 32, 59, 62, 94,

95, 114, 129

H
Hardy et al. theorem, 6, 18, 91
Headcount ratio, 47, 48, 55, 57–59, 63, 65, 68,

70–72, 75, 80, 96, 141, 148–150
Health, 1, 49, 79, 110, 123, 125
Homogeneous of degree zero, 16, 18, 87
Homothetic function, 26, 30, 35, 36, 59–62
Household types, 42
Human development index, 124
Human poverty index, 140

I
Identification of poor, 47, 50, 140
Identity matrix, 4
Illfare curve, 75
Illfare function, 63, 68, 76
Illfare indices, 75
Illfare interpretation of original Sen index,

63–64
Illfare-ranked, 2, 27, 28, 50, 87, 103, 107, 118
Incentive preservation, 92, 93

Incidence of poverty, 68
Income gap ratio, 48, 58
Income method, 124
Income sum criterion, 62
Increased bipolarity, 108, 109, 113, 115, 117,

119–121
Increased spread, 108, 109, 113, 116, 117,

119–121
Increasing poverty-line axiom, 51
Incremental improvement, 11, 12
Index of overall complaint, 103
Indices of multidimensional poverty, 143–148
Individual complaints, 103
Individual poverty function, 54, 56, 64, 66, 68,

74, 76–78, 147, 150
Inequality index, 15–22, 24, 26, 30, 31, 33–36,

38–42, 44, 60–63, 65, 66, 68, 85, 102,
109, 113, 115, 125–134

Integration, 135
Intermediate identification method, 141, 148
Intermediate inequality, 16
Inverse distribution function, 14, 15, 72
Inverse stochastic dominance, 15
Isopoverty contour, 143, 146

J
Jensen’s inequality, 23

K
Kakwani index (poverty), 60
Kakwani measure (deprivation), 87
Kolm–Pollak index (inequality), 33, 35, 40, 45,

128
Kolomogorov measure, 111
Kuznets ratio, 66

L
Lambert–Aronson measure of overlap, 41
Leftist index, 16
Lexicographically equitable transfer, 21, 22,

29, 98
Lexicographic flavor, 92
Lexicographic Transfers Principle, 22
Linear homogeneous, 24, 26, 31, 38, 61, 89,

117
Linear transformation, 3, 55
Look-down dominance, 97
Look-up complaints, 103
Look-up dominance, 103
Lorenz consistent, 18
Lorenz curve, 4–9, 11, 14, 15, 18, 20, 27, 28,

30, 31, 39, 88, 104
Lorenz dominance, 5, 6, 8, 18, 19, 86
Lorenz superior, 5, 6, 9, 11, 15, 17, 73, 91
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L-subadditive, 133, 134
L-superadditive, 133, 134
Lugo–Maasoumi index (multidimensional

poverty), 147

M
Marshall–Olkin theorem, 9–10
Maximin, 7, 24, 27, 29, 34, 62, 63, 114
Meager dimension, 141
Measure of distribution-sensitivity, 66, 67
Median, 50, 106, 107, 109, 110, 112–122
Middle class, 105, 108, 112
Milanovic index (polarization), 111
Minimally acceptable levels, 140
Minimally progressive, 93, 100
Minimum distribution-sensitive indices, 76
Monetary cost of poverty, 67
Monotonicity axioms (for poverty), 52, 54, 55,

58, 68
Movement between occupations, 137
Moyes absolute Lorenz curve, 12
Multidimensional Atkinson index (inequality),

127, 128, 134
Multidimensional Chakravarty index (poverty),

146
Multidimensional generalization of Foster et

al. index (poverty), 145, 147
Multidimensional generalized entropy indices,

131–132
Multidimensional generalized Gini absolute

inequality index, 130
Multidimensional generalized Gini relative

inequality index, 130
Multidimensional generalized Gini welfare

function, 129
Multidimensional headcount ratio, 141
Multidimensional Kolm inequality index, 127
Multidimensional Kolm–Pollak index

(inequality), 128
Multidimensional Tsui inequality index, 128
Multidimensional Watts index (poverty), 145
Multiple intersections of Lorenz curves, 20

N
Natural illfare-ordering, 3
Needs, 2, 41–46, 74, 123
Needs structure, 43
Needy types, 43
Net marginal deprivation, 85
Nondecrasingness in duration threshold, 82
Nondecreasing poverty under correlation

increasing switch axiom, 143

Nonpoor, 47, 50, 51, 55, 60, 69, 71, 81,
140–143

Nonpoverty growth axiom, 55
Nonwelfarist approach, 54
Normalization, 22, 30, 31, 51, 58, 73, 82, 109,

114–116, 125, 126, 134–136, 142, 145
Normalized poverty gap, 58, 74

O
Occupation distribution matrix, 135, 136
Ordering, 12, 14, 17, 18, 32, 33, 48, 60, 74, 94,

104, 117, 125, 129, 150
Ordinal significance, 32
Ordinal transformation, 25, 40, 59
Ordinal variable, 124

P
Pareto Principle, 8–11, 14, 24, 28, 126–128
Path independent decomposability, 38
Per capita absolute poverty index, 67
Per capita poverty gap index, 62
Perception of poverty, 47
Perfect integration, 135
Permanent component, 79
Permutation matrix, 3, 4, 81, 108, 126, 136,

142
Pigou–Dalton Transfers Principle, 17–20, 30,

39, 109, 126, 142
Polarization sensitivity, 110
Poles, 105
Population growth, 49, 68–71
Population Growth Principle, 69
Population homotheticity, 109
Population Principle, 30, 51, 108, 116, 121
Population replication invariance axiom, 51,

142
Population Substitution Principle, 39
Positional Transfer Sensitivity Principle, 21,

27, 30
Postulates for index of inequality, 2, 15–22
Poverty alleviation, 57, 64
Poverty aversion, 66, 67
Poverty depth, 58
Poverty gap, 56, 58–60, 62, 63, 65, 72, 74, 75,

95, 96, 146, 148
profile, 74, 75
profile dominance, 75
ratio, 58–60, 65, 72, 75, 79

Poverty growth axiom, 55
Poverty indicator, 96, 141
Poverty intensity, 75
Poverty line, 47–53, 55–62, 64–67, 71–77, 79,

80, 82, 95, 145
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Poverty-line ordering, 49, 71, 73
Poverty-measure ordering, 49, 73, 76, 149
Power of poverty ordering, 76, 77
Progressive transfer, 3, 14, 17–19, 21, 23, 30,

40, 52, 92, 98, 100, 107, 117
Proportional division of occupations, 137
Proportion of welfare loss, 25
Public finance, 1

Q
Quasi-additive, 109
Quasi-ordering, 5, 9, 119

R
Rank dependent expected utility, 29
Rank dependent general welfare function, 28
Rank dominance, 13, 43
Rank order, 9, 11, 27, 92
Rank preserving progressive transfer, 3, 6, 12,

14, 17–21, 55, 98, 100, 120
Ratio differentials dominance, 99
Ratio scale, 124, 127, 136, 140, 148

invariance, 125
Rawlsian maximin, 7, 9, 62, 114
Reference utility, 86
Regressive transfer, 3, 19, 52, 53, 55, 66
Relative bipolarization curve (RBC), 118, 119
Relative bipolarization dominance, 119–121
Relative bipolarization indices, 119–121
Relative contentment dominance, 101
Relative deprivation curve (RDC), 86, 89
Relative deprivation dominance, 90
Relative gap, 61, 75, 145, 146
Relative income differentials, 99–101
Relative index, 16, 18, 23, 24, 26, 30, 36, 57,

59–61, 64, 106, 114, 116, 117, 120, 132
Relative maximin index, 24, 27, 66, 114
Relative mean deviation, 66
Relative poverty index, 50, 59, 63, 64, 77
Relative satisfaction curve (RSC), 90
Relative satisfaction dominance, 90
Relative satisfaction function, 88
Relative satisfaction index, 94
Relativist, 50
Replication invariance, 18, 30, 51, 57, 60, 93,

95, 142, 149
Replication Scaling Principle, 69
Representative gap-based index (poverty), 63
Representative income, 25, 28, 34, 39, 44,

59–63, 67
Representative income gap, 63
Rightist index, 16
Rodriguez–Salas index (polarization), 113

S
Scale consistency, 127, 128
Scale improvement, 11, 31
Scale invariance, 16, 32
S-concave, 3, 6–10, 24, 29, 31, 56, 61, 62, 67,

92, 126
Second best, 124
Second Clark et al. index (poverty), 62, 67, 76,

79
Segregation, 124, 135–137
Segregation curve, 137
Semi-individualistic poverty index, 78
Sen index (poverty), 58–64, 75, 78
Separable, 42, 44, 60, 73, 129
Sequential generalized Lorenz dominance, 43
Sequential rank dominance, 43
Shorrocks welfare function, 31
Silber et al. index (polarization), 113
Simple increment, 4, 8, 9, 107, 120
Single crossing, 10
Size of welfare loss, 61, 64
Smoothed distribution, 38, 39
Smoothing, 6, 38
Social exclusion, 139, 140
Source of envy, 85, 95, 99
Source of happiness, 95
Spells approach, 79
Standard deviation, 36, 98
Strictly concave, 2, 6, 7, 9, 13, 22, 23, 28, 40,

43, 44, 56, 113, 116, 117, 127, 128
Strictly convex, 2, 5, 14, 32, 56, 63, 64, 66, 74,

76, 77
Strictly S-convex, 3, 17, 22, 25, 31, 37, 56, 63,

68, 75, 132
Strictly S-concave, 3, 6–10, 24, 29, 31, 56, 61,

62, 67, 92, 126
Strict Uniform S-concavity, 126
Strong attribute separability, 129
Strong Diminishing Transfers Principle, 29
Strongly poor, 50
Strong Pareto Principle, 8
Structural adjustment, 68
Subgroup consistency axiom, 53, 147
Subgroup decomposable, 36, 37, 40, 41, 48,

54, 55, 58–61, 64–68, 73, 76, 78, 80, 81,
143, 146, 147, 149

Subgroup decomposable Chakravarty index
(poverty), 65

Subgroup decomposable chronic poverty
indices, 80, 81

Subgroup decomposable poverty indices, 48,
54, 64–67

Substitutes, 134, 143, 149, 150
Super-isophily, 10
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Symmetric mean, 26, 38, 39, 62, 63, 94, 147
Symmetry, 3, 8, 17–20, 51, 57, 108, 116,

119–121, 126, 127, 142, 149
in occupations, 136
in types, 136

Symmetry axiom for population, 8

T
Tail dominance, 104
Takayama index (poverty), 61
Temkin notion, 101
Tensions, 85, 105
Theil entropy index (inequality), 30
Theil mean logarithmic deviation index

(inequality), 37–39
Theorem of Shorrocks, 8, 10
Thon index (poverty), 62
Three Is of poverty (TIP) curve, 75
Threshold, 49, 79, 80, 82, 140–143, 145,

148–150
Time anonymity, 81
Time focus, 81
Time monotonicity, 80
TIP curve dominance, 76
Trade off, 10, 32, 69, 70, 141–143
Transfer axioms (for poverty), 52, 53, 56–58,

60, 71, 81, 145
Transfer neutrality, 31, 37, 41
Transfer sensitive inequality indices, 20
Transfer Sensitivity Principle, 19–21, 24, 27,

30, 34
Transitivity, 5
Transitory component, 79
Translatable welfare function, 35
Translation invariance, 16, 45, 50, 93
Translation scale invariance, 128
Tsui family of indices (multidimensional

poverty), 147
T-transformation, 3, 6, 56, 126
T1-transformation, 100
T2-transformation, 92, 93
T3-transformation, 98
Two-dimensional poverty-measure ordering,

149
Two-stage aggregation, 131, 132

U
Under-nutrition, 139
Uniform Majorization Principle, 126, 127, 131
Uniform Pigou–Dalton Transfers Principle,

126, 142
Unit consistency axiom, 41, 77
Unit consistent multidimensional inequality

indices, 132
Unit consistent poverty indices, 77–79
Unit consistent relative inequality index, 41
Unit translatable, 34, 35, 67, 89
Utilitarian, 6–8, 13, 22, 23, 127, 133, 134
Utility function, 6, 7, 9, 13, 14, 22, 23, 29, 33,

42, 43, 56, 66, 73, 99, 127, 131, 132, 134
Utility gap-based poverty index, 73
Utility gap dominance, 86, 99

V
Value judgment, 7, 10, 16, 42
Variance, 19, 20, 36, 38, 40–42
Variance of logarithms, 38, 39
Vaughan absolute index, 68
Vaughan relative poverty index, 64
Violence, 1

W
Wang-Tsui indices (polarization), 113
Watts index (poverty), 64, 65, 67, 77
Weak Between-Type Transfers Principle, 45
Weak Co-monotonic Additivity, 129
Weakly poor, 50
Weak Pareto Principle, 8
Welfare evaluation of income distributions,

4–12
Welfare majorization, 126
Welfare-ranked permutation, 29, 125
Wolfson polarization index, 112

Y
Yaari-type welfare function, 21
Yitzhaki measure (deprivation), 87

Z
Zhang-Kanbur index (polarization), 111
Zheng absolute individual poverty function, 68
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