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PREFACE.

Ix this second edition I have enlarged the appendices
so as to meet the wants of advanced students. I have
also added a collection of upwards of one hundred
miscellaneous examples, which I think will add very
much to the utility of the book.

It should be observed that the two chapters headed
1espect1vely Choice and Chance are simply arithmetic,
and ought not to be beyond the comprehension of the
ordinary reader who has never seen an algebraical sym-
bol. But while expressly written for unscientific readers,
they have been found very helpful to the young mathe-
matician, when he was about to read in his algebra the
hitherto difficult and embarrassing chapters on permu-
tations and combinations, or on probability.

The appendices are addressed entirely to algebraical
students. In the first appendix the usual theorems
respecting permutations and combinations are esta-
blished by mnew proofs, the same reasoning which
was pursued with as little technicality as possible

~in the body of the work, being here expressed in
algebraical language.

In the second and third appendices, which are newly
added in this edition, a series of propositions are given
which are not usually found in text books of algebra.
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But I can see no reason why examples of such
simple propositions as the 'xiiith and xxvth should
be excluded from elementary treatises in which more
complex but essentially less important theorems
generally find place.

The classification of a variety of propositions under
the titles of Distribution and Derangement will con-
tribute (it is hoped) to disentangle the confusion in
which all questions involving selection or arrange-
ment are commonly massed together, and will facilitate
in some degree that precision of language and clear-
ness of expression which ought always to be aimed at
in mathematics.

In the fourth appendix I have exhibited the seeming
paradox that a wager which is mathematically fair is
mathematically disadvantageous to both contracting
parties. And I have endeavoured to cast into a simple
and intelligible form the principles upon which the
difficulties of the celebrated Petersburg problem are
explained.

W. ALLEN WHITWORTH.

S1. Jorx's COLLEGE,
lst January, 1870.



PREFACE TO THE FIRST EDITION.

TuE following pages are a reproduction of lectures on
Arithmetic, given in Queen’s College, Liverpool, in the
Michaelmas Term, 1866. Many of the students to
whom the lectures were addressed were just entering
upon the study of algebra, and it seemed well, while
the greater part of their time was devoted to the some-
what mechanical solution of examples necessary to
give them a practical facility in algebraical work, that
their logical faculties should be meanwhile exercised in
the thoughtful applications of the arithmetical art with
which they were already familiar.

I had already discovered, that the usual method of
treating questions of selection and arrangement was
capable of modification and so great simplification, that
the subject might be placed on a purely arithmetical
basis; and I deemed that nothing would better serve
to furnish the exercise which I desired for my classes,
and to elicit and encourage a habit of exact reasoning,
than to set before them, and establish as an application
of arithmetic, the principles upon which such questions
of ““choice and chance” might be solved.

The success of my experiment has induced me to
publish the present work, in the hope that the expo-
sitions already accepted by a limited audience may
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prove of service in a wider sphere, in conducing to a
more thoughtful study of arithmetic than is common
at present; extending the perception and recognition
of the important truth, that arithmetic, or the art of
counting, demands no more science than good and
exact common sense.

In the first chapter I have set down and established
as arithmetical rules all the principles usually required
in estimating the choice which is open to us in making
a selection or arrangement out of a number of given
articles under given conditions. In the second chapter
I have explained how different degress of probability
are expressed arithmetically, and how the principles of
the preceding chapter are applied to the calculation of
chances. These two chapters will prove intelligible to
any one who understands the first principles of arith-
metic, provided he will consider each step as he goes
on; not content with the mere statement of any rule,
but careful to follow the explanations given and to
recognise the reason of each successive principle.

For the sake of mathematical students I have added,
as an appendix, a new treatment of permutations and
combinations with algebraical symbols. In my expe-
rience as a teacher I have found the proofs here set
forth more intelligible to younger students than those
given in the text books in common use.

Liveneoowr, 1st February, 1867.
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ERRATA.

Page 22, line 6. For [%, read 24.
Page 89, the 8th and following lines. Read ‘‘there are fen which give

a result greater than 8. Hence the required chance is % or i,g."

Page 103, line 8. For X read -+ .
At the head of pages 114, 118, 126. For CHOICE, read CHANCE.



EXPLANATIONS.

The sign = is used to signify that the two expressions
between which it is placed are equal to one another, or represent
the same arithmetical value.

The sum of any given numbers is that which is obtained by
adding the given numbers together. The sign + (plus) is used
to denote that the number which follows it is added to that

_ which precedes. Thus—
5 4 8=28,
or the sum of five and three is eight.

The difference of two given numbers is that which is obtained
by subtracting the smaller of them from the greater. The sign
— (minus) is used to denote that the number which follows it

is subtracted from that which precedes. Thus—
v gl =ty
or the difference of five and three is two.

The product of two given numbers is that which is obtained
by multiplying the given numbers together. The continued
product of three or more numbersis obtained by multiplying
any two of them together, and then multiplying the result by a
third, and so on until all the given numbers have been used
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The sign x is used to denote that the number which precedes
it is multiplied by that which follows. Thus—
5x3=15; b x 3 x 2 =30;

or the product of five and three is fifteen: the continued product
of five, three, and two, is thirty.

A full point (.) is often used instead of the sign x of multi-
plication. Thus—

5.4.3.2.1 = 120.

The quotient of two given numbers is that which is obtained
by dividing the former of them by the latter. The sign = is
used to denote that the number which precedes it is divided by
that which follows. Thus—

15 =~ 6 =3,
or the quotient of fifteen and five is three.

Instead of using the sign -, the quotient of the two numbers'
is often expressed by writing the former above the latter in
the form of a fraction. Thus—

15

—= 15 + 5 =38.
5 5

The few other signs which are used in the body of the work
are explained wherever they are first introduced. But the
appendices, being addressed to mathematical readers,involve a
more technical notation, for the explanation of which the student
must be referred to treatises on algebra.



CHOICE AND CHANCE.

CHAPTER L

CHOICE.

WE have continually to make our choice among
different courses of action open to us, and upon the
discretion with which we make it, in little matters
and in great, depends our prosperity and our happiness.
Of this discretion a higher philosophy treats, and it is
not to be supposed that Arithmetic has anything to do
with it; but it is the province of Arithmetic, under
“given circumstances, to measure the choice which we
have to exercise, or to determine precisely the number
of courses open to us.

Suppose, for instance, that a member is to be
returned to parliament for a certain borough, and
that four candidates present themselves. Arithmetic
has nothing to do with the manner in which we shall
exercise our privilege as a voter, which depends on our

B
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diseretion in .]I,dg;nb the quahﬁcatlons of the different
candidates ; bus it' belongs-to Arithmetic, as the science
of counting and calculation, to tell us that the number
of ways in which (if we vote at all) we can exercise our
choice, is four.

The operation is, indeed, in this case so simple
that we scarcely recognise its arithmetical character at
l; but if we pass on to a more complicated case,
we shall observe that some thought or calculation is
required to determine the number of courses open to
us: and thought about numbers is Arithmetic.

Suppose, then, that the borough has to return two
members instead of one. And still suppose that we
have the same four candidates, whom we will distin-
guish by names, as 4, B, C, D. If we try to note
down all the ways in which it is possible for us to
vote, we shall find them to be six in number; thus we
may vote for any of the following :—

4 and B, A and C, A and D,
C and D, B and D, B and C.

But we can hardly make this experiment without
perceiving that the resulting number, sir, must in
some way depend arithmetically upon the number of
candidates and the number of members to be returned,
or without suspecting that on some of the principles
of arithmetic we oug:ht to be able to arrive at that
result without the labour of noting all the possible
courses open to us, and then counting them up; a
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labour which we may observe would be very great
if eight or ten candidates offered themselves, instead
of four.

In the present chapter we shall establish and explain
the principles upon which such calculations are made
arithmetically. It will be found that they are very
simple in nature as well as few in number. In the
next chapter we shall apply the same principles to the
solution of problems in Probability, a subject of very
great interest, and some practical importance.

We found, by experiment or trial, that there were six
ways of voting for two out of four candidates. So we
may say that, out of any four given articles, six selec-
tions of two articles may be made. But we call special
attention to the sense in which we use the words ‘“six
selections.” We do not mean that a man can select
two articles, and having taken them can select two
more, and then two more, and so on till he has
made six selections altogether; for it is obvious that
the four articles would be exhausted by the second
selection, but when we speak of six selections being
possible, we mean that there are six different ways
of making one selection, just as among four candidates
there are six ways of selecting two to vote for.

This language may appear at first to be arbitrary and
unnecessary, but as we proceed with the subject we
shall find that it simplifies the expression of many
of our results.

In making the selection of two candidates out of
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four, in the case just considered, it was immaterial
which of the two selected ones we took first; the
selection of A first, and then B, was to every intent
and purpose the same thing as the selection of B first,
and then A. i

But if we alter the question a little, and ask in how
many ways a society can select a president and vice-
president out of four candidates for office, the order
of selection becomes of importance. To elect 4 and
B as president and vice-president respectively, is not
the same thing as to elect B and A for those two
offices respectively. Hence there are twice as many
ways as before of making the election, viz,—

A4 and B, "~ dand C, A and D,
C and D, Band D, B and C,
B and 4, C and 4, D and A4,
D and C, Dand B, C and B.

So if four articles of any kind are given us, there will
be twelve ways of choosing two of them in a particular
order; or, as we may more briefly express it, out of
four given articles, twelve arrangements of two articles
can be made. But it must be observed that the
same remarks apply here, which we made on the use of
the phrase “six selections” on page 8. We do not
mean that twelve arrangements or six selegtions can
be successively made; but that if one arrangemrent
or one selection of two articles have to be made out
of the four given articles, we have the choice of twelve
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. ways of making the arrangement, and of six ways of
making the selection.

We may give the following formal definitions of the
words selection and arrangement, in the sense in which
we have used them :—

DEr. I.— A selection (or combination) of any number
of articles, means a group of that number of articles
classed together, but not regarded as having any
particular order among themselves.

DEer. II.—An arrangement (or permutation) of any
number of articles, means a group of that number
of articles, not only classed together, but regarded as
having a particular order among themselves.

Thus the six groups,—

4 B¢, ' B (C 4, C A B,
ACB, B4dc, C B 4,

are all the same selection (or combination) of three
letters, but they are all different arrangements (or
permutations) of three letters. ;
So, out of the four letters 4, B, O, D, we can make
four selections of three letters, viz.—
B CD,
€D 4, 5
D A B,
4 BC;

but out of the same four letters we can make twenty—
four arrangements of three letters, viz.—
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BCD, BDC, (DB, CBD, DBC, DCB,
ERN EAD, EDAC: DO Ak dOD; - ADG;
DAB, DBA, ABD, ADB, BDA, BAD,
BBE L AUB, BOM o BAG, Tald B, CBA,

Having thus explained the language we shall have
to employ, we may now proceed to establish the
principles on which all calculations of choice must be
founded.

The great principle upon which we shall base all
our reasoning throughout our work, may be stated as
follows :—

If one thing can be done in a given number of
different ways, and then another thing in another
given number of different ways, the number of different
ways in which both things can be done is obtained by
multiplying together the two given numbers.

We shall first illustrate this principle, and then
proceed to prove it.

Suppose we have a box containing five capital letters,
" 4, B, C, D, E, and three small letters, z, ¥, 2.

A B - 51C8 el

4 Y z

The number of ways in which we can select a capital
letter out of the box is five; the number of ways in
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which we can select a small letter is ¢hree; therefore,
by the principle we have just stated, the number of
different ways in which we can select a capital letter
and a small one is fiftcen, which we find on trial
to be correct, all the possible selections being as
follows : —

Az, Bz, Cx, Dz, Ex,

r Ay: B}/, 0:'/, DZ/, Ey,
Az, Bz, Cz, Dz, E-z.

Again, suppose there are four paths to the top of
‘a mountain, the principle asserts that we have the
choice of sixteen ways of ascending and descending.

For there are
4 ways up,

4 ways down,
and 4 x 4 = 16.

We can verify this: for if P, @, R, S be the names
of the four paths, we can make our choice among the
following sixteen plans, the first-mentioned path being
the way up, and the second the .way down:—

Pand P, Pand Q, Pand R, Pand 8,
Q and P, @ and Q, @and R, Q@ and S,
Rand P, Rand Q, Rand R, Rand S,
Sand P, S and @, S and R, S and S.

Or, if we had desired to ascertain what choice we
had of going up and down by different paths, we might .
still have applied the principle, reasoning thus :
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There are four ways of going up, and when we are
at the top we have the choice of three ways of descend-
ing (since we are not to come down by the same path
that brought us up). Hence the number of ways of
ascending and descending is 4 x 3, or twelve.

These twelve ways will be obtained from the sixteen
described in the former case, by omitting the four
ineligible ways,

Pand P, Q and Q, R and R, S and 8.

The foregoing examples will suffice to illustrate the
meaning and application of our fundamental propo-
sition. We will now give a formal proof of it. We
shall henceforth refer to it as Rule I.

RULE 1.

If one thing can be done in a gwen number of
different ways, and when it is done in any way another
thing can be done in another given number of different
ways, then the number of different ways in which the
two things can be done is the product of the two given
numbers. ‘

For let 4, B, C, D, E, &e. represent the different
ways in which the first thing can be done (taking as
many letters as may be necessary to represent all the
different ways), and similarly let a, b, ¢, d, &e. repre-
sent the different ways of doing the second thing.
Then, if we form a table as below, having. the letters
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4, B, C, D, E &c. at the head of the several columns,
and the letters a, b, ¢, d, &c. at the end of the several
horizontal rows, we may regard each square in the
table as representing the case in which the first thing
is done, in the way marked at the head of the column
in which the square is taken; and the second thing in
the way marked at the end of the row.

WAYS OF DOING THE FIRST THING.

A|B|C|D|E|F| G| de
Q;Cl/
Zz
E
R :
Bl ¢ + "
8 7
%d
gcﬁc.

Thus the square marked with the asterisk (¥) will
denote the case in which the first thing is done in the
way which we ealled C, and the second thing in the
way which we called b; and the square marked with
the dagger (+) will denote the case in which the first
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thing is done in the way F, and the second in the way
¢, and so on. :

Now it will be readily seen that all the squares repre-
sent different cases, and that every case is represented
by some square or other. Hence the number of possi-
ble cases is the same as the number of squares. But
there are as many columns as there are ways of doing
the first thing, and each column contains as many
squares as there are ways of doing the second thing.
Therefore the number of squares is the product of the
number of ways of doing the two several things, and
therefore, this product expresses also the whole number
of possible cases, or the whole number of ways in which
the two events can be done.

This proves the rule.

Question.—If a halfpenny and a penny be tossed,
in how many ways can they fall ?

Answer.— The halfpenny can fall in two ways, and
the penny in two ways, and 2 x 2 =4, therefore they can
fall in four ways.

The four ways, of course, are as follows :—

(1) both heads.

(2) both tails.

(8) halfpenny head and penny tail.
(4) halfpenny tail and penny head.

Question.— If two dice be thrown together, in how
many ways can they fall 2
Answer.—The first can fall in six ways, and the
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second in six ways, and 6 x 6 =386; therefore there are
thirty-six ways in which the two dice can fall.

The thirty-six ways may be represented as follows :—

land1, 1and2, 1land8, land4, land 5, 1andS6,
2and1, 2and 2, 2and 8, 2and 4, 2and 5, 2and6,
S3and1, 8and 2, 8and 3, 8and4, Band5, 8and6,
. 4and1, 4and 2, 4and8, 4and4, 4and 5, 4and6,
5and 1, 5and 2, 5and 8, 5and4, 5and 5, 5and6,
Gand 1, 6and 2, 6and 8, 6Gand4, 6and5, 6and6.

Question.—In how many ways can two prizes be
given to a class of ten boys, without giving both to the
same boy ? )

Answer.—The first prize can be given in ten ways,
and when it is given the second can be given in nine
ways, and 10 x 9=90; therefore we have the choice of
ninety ways of giving the two prizes.

Question.—In how many ways can two prizes be
given to a class of ten boys, it being permitted to give
both to the same boy ?

Answer.—The first prize can be given in ten ways,
and when it is given the second can be given in ten

ways; therefore both can be given in 10 x 10, or 100
ways. ' : 5

‘Question. -—Two persons get into a railway carriage
where there are six vacant seats. In how many differ-
ent ways can they seat themselves.

Answer.— The first person can take any of the vacant
seats; therefore he can seat himself in six different
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ways. Then there are five seats left, and therefore the
other person has the choice of five different ways of
seating himself. Hence there are 6 x 5, or 80 different
ways in which they can take their seats.

Question.—In how many ways can we make a two-
lettered word out of an alphabet of twenty-six letters,
the two letters in the word being different ?

Answer.— We can choose our first letter in twenty-
six ways, and when it is chosen we can choose the
second in twenty-five ‘ways. Therefore we have the
choice of 26 x 25, or 650 ways.

Question.—In how many ways can we select a
consonant and a vowel out of an alphabet of twenty
consonants and six vowels ?

Answer.— We can choose the consonant in twenty
ways, the vowel in six ways, both in one hundred and
twenty ways.

Questiom.—In how many ways can we make a two-
lettered word, consisting of one consonant and one
vowel 2

Answer.— By the last answer, we can choose our
two letters in one hundred and twenty ways, and
when we have chosen them we can arrange them in
two ways. Hence we can make the word in 120 x 2,
or 240 different wayé‘.

Question.——There .are twelve ladies and ten gentle-
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men, of whom three ladies and two gentlemen are
sisters and brothers, the rest being unrelated: in how
many ways might a marriage be effected ?

Answer.—If all were unrelated we might make the
match in 12 x 10, or 120 ways; but this will include
the 8 X 2, or 6 ways in which the selected lady and
gentlemen are sister and brother. Therefore the
number of eligible ways is 120 — 6, or 114.

RULE II.

If a series of things can be dome successively in
gwen numbers of ways, the number of ways in which
all the things can be done is the continued product of
all the gwen numbers.

This rule is only an extension of the former one, and
needs not a separate proof. Its correctness will be
sufficiently evident from considering an example.

Suppose the first thing can be done in four Ways, and
the second in three, then the first and second tegether
form an event or operation, which can happen (by Rule
L)in 4 x 8, or 12 ways. Now suppose the third thing
can be done in five ways. Then, since the first and
second together can happen in twelve ways, and the
third in five ways, it follows from Rule I. that the first
and second and the third, can be done in 12 x 5, or 60
ways ; that is, all three can be done in 4 x 8 X 5 ways.

So if a fourth thing can be done in seven ways,
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then, since the first three can be done in sixty ways,
and the fourth in seven ways, the first three and the
fourth can be done (by Rule L.) in 60 x 7, or 420 ways;
that is, all four can be done in 4 X 8 X 5 X 7 ways.
And so on, however many things there may be.

The applications of this proposition are very numer-
ous and very important; the solution of almost every
question concerning permutations or combinations
depending upon it, as will presently be seen.

As an example, suppose I have six letters to be
delivered in different parts of the town, and two boys
offer their services to deliver them. To determine in
how many different ways I have the choice of sending
the letters we may reason as follows. The first letter
may be sent in either of two ways; so may the second ;
80 may the third, and so on. Hence the whole number
of ways is, by the rule, 2 x 2 x 2 x 2 x 2 x 2 or 64.
So, if there were three boys, the choice would lie
among 3 X 8 X 8 X 8 x 8 x 3 or 729 ways.

The question, in how many ways can six things be
divided between two boys, will be seen to be almost
identical with the question of the six notes sent by the
two boys. The only difference is, that among the 64
ways of sending the notes were included the two ways
in which either boy carried them all. Now six things
cannot be said to be divided among two boys if they
all are given to one. Ience these two ways must be
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‘rejected, and there will only be 62 ways of dividing six
things between two boys.

But, again, suppose we are asked in how many ways
can six things be divided into two parcels, the question
seems at first to be identical with the last. But, on
consideration, we observe that if a, b, ¢, d, e, f repre-
sent the six things, one of the ways of dividing them
“between the two boys would be to give

a, b, to the first boy,

¢, d, e, f, to the second ;
‘and another different way would be to give

a, b, to the second boy,

i ¢, d, e, f, to the first ;

but if the question be merely of dividing the six things
into two parcels, with no distinction between them,
corresponding to the two ways noted for the previous
question, we have now only the one way, viz., to put

a, b, into one parcel,

¢, d, e, f, into the other.
Hence for every two ways of dividing the things between
two different boys, there is only one way of dividing
them into two indifferent parcels; and, therefore, we
have the choice in this last case of only thirty-one ways.

The correctness of this result may be more clearly
understood by the following consideration. Suppose we
have six articles to divide between two boys. We may
resolve the operation into the two operations of (1)
dividing. the articles into two parcels, and (2) when
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these parcels are made, giving them to the two boys.
Now we can form our two parcels in thirty-one ways,
and when the two parcels are made, we can give them,
one to each boy, in two ways; hence by Rule L., we
can make the parcels and dispense them in 81 X 2 or
62 ways. .

Question.— Twenty competitors run a race for three
prizes, in how many different ways is it possible that
the prizes may be given ?

Answer.— The first prize can be given in twenty
ways ; when it is given, the second may be given in
nineteen ; then the third can be given in eighteen
ways. Hence the whole number of ways of g1v1ng the
three prizes is 20 x 19 x 18, or 6840.

Question.— In how many ways can four letters be
put into four envelopes, one into each ?

Answer.—For the first envelope we have the choice
of all the letters, or there are four ways of filling the
first envelope; then there are three letters left, and
therefore three ways of filling the second envelope;
then there are two letters left, or two ways of filling
the third envelope; so there is only one way of filling
the last. Hence there are 4 X 8 X 2 x 1, or 24 ways
of doing the whole. -

" Question.— How many different sums may be formed
with a sovereign, a half-sovereign, a crown, a half-
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crown, a shilling, a sixpence, a penny, and a half-
penny ?

Answer.— Each coin may be either taken or left,
that is, it may be disposed of in two ways, and there
“are eight coins. Hence (by Rule II.) all may be
disposed of in

2x2x2x2x2x2x2x2,or256
ways. One of these ways would, however, consist in the
rejection of all the coins, which would not be a way of
; taking any sum. Therefore the number of different
sums that can be made is 255.

Question. — There are twenty candidates for an office,
and seven electors. In how many ways can the votes
be given ?

Answer.—Each man can vote in twenty ways, and
there are seven men to vote. Therefore all the votes
can be given (by Rule II.) in

20 x 20 x 20 x 20 x 20 x 20 x 20 or 1280000000
different ways.

Question.—In how many ways can the following
~ letters be divided between two persons:—
a, a, a, a, b, b, b, ¢, ¢, d?

Answer. —-0f the a, a, a, a, the first person can take
either none, or one, or two, or three, or four. That is,
the a, a, a, a can be divided 'in five different ways; so
also the b, b, b can be divided in four ways; the
¢, ¢ in three ways; and the d can be disposed of in

¢
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two ways. Hence (by Rule II.) the whole division can
be made in :

5 x4 x 8 x 2 or120
different ways, including, however, the ways in which
either person gets none and the other gets all. Exclud-
ing these two ways, the number of eligible ways is 118.

Question.— In the ordinary system of notation, how
many numbers are there which eonsist of five digits ?

Answer.— The first digit may be any of the ten
except 0. We have, therefore, the choice of nine ways
of determining this digit. Each of the other four digits
may be any whatever, and therefore there are ten ways
of determining each of them. Hence, altogether (by
Rule I1.) the number can be formed in

9 x 10 x 10 x 10 x 10, or 90000
different ways.
Of course these are all the numbers from 10000 to
\ 99999 inclusive.

Question.— The cylinder of a letter-lock contains
four rings, each marked with twenty-six different
letters ; how many different attempts to open the lock
may be made by a person ignorant of the key-word ?

Answer.— The first ring can be placed in twenty-
six different positions; so may the second ; so may the
third ; so may the fourth. Hence (by Rule II.) there

are
26 x 26 x 26 x 26, or 456976
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different positions possible, and one of these is the
righ‘t one. Hence it is possible to make 456975
unsuccessful trials.

RULE III.

The number of ways in which a given number of
things can be arranged is the continued product of the
given number, and all whole numbers less than it.

Thus, three things ecan be arranged in 8 x 2 x 1, or
6 ways; four things in 4 x 3 x 2 x 1, or 24 ways;
five thingsin 5 x 4 x 3 x 2 x 1, or 120 ways.

It will be sufficient to shew the reason of this rule
in a particular case. The reasoning will be of a suffi-
ciently general character to apply to any other case.

Take for example the case of five things. We have
then a choice of five ways of filling the first place in
order. When that place is filled there remain four
things, and therefore we have a choice of four ways
of filling the second place. Then there are three
. things left, and we can fill the third place in three
ways. So we can fill the fourth place in two ways,
and the last place in only one way, since we must give
to it the one thing that is now left. Hence (by Rule
I1.) all the places can be filled in 5 x 4 x 8 x 2 x 1
ways, or the whole set of five things can be arranged in
5 x 4 x 8 x 2 x 1 ways, which shews that Rule III.
is true in this case.
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By exactly similar reasoning, we can shew that the
rule is true in any other case. Hence we may accept
it universally.

It is usual to put the mark | round a number to
denote the continued product of that nwmber and all
lesser numbers. Thus —

|2 denotes 2 x 1, or 2;

3 denotes 8 x 2 x 1, or 6;

|4 denotes 4 x 8 x 2 x 1, or 24;

|5 denotes 5 x 4 x 8 x 2 x 1, or 120;

|6 denotes 6 x 5 x 4 x 8 x 2 x 1, or 720;
and so on.

A great number of questions will be seen, on a little
consideration, to be particular applications of Rule III.

Suppose, for instance, that we have to place six
statues in six niches, it seems, at first sight, that as
the statues and the niches can each of them separately
be taken in any order, we should have to consider the
order of both to determine what choice of arrangement
we have.

But, on consideration, it will be seen that even
though we take the niches in any stated order, yet any
possible result whatsoever may be attained by varying
the order of the statues. We may, in fact, regard the
niches as forming a row in fixed order, and we have
only to consider in how many different orders the six
statues may be taken so as to fill the six niches in
order. Consequently, the number of ways in which it
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is possible to arrange the six statues in the six niches
is the same as the number of orders in which the
six statues can themselves be taken, which by the
rule is |6, or 720.

This explanation will be the better understood by
comparing the next two questions.

~» Question. — In how many ways can twelve ladies
and twelve gentlemen form themselves into couples
for a dance?

Answer.— [12. For the first gentleman can choose
a partner in twelve ways; then the second has choice
of eleven; the third has choice of ten, and so on.
Therefore they can take partners altogether in

12.11.10.9.8.7.6.5.4.3.2.1, or 12

ways. 4

Question. — There are twelve ladies and twelve
gentlemen in a ball-room ; in how many ways can they
take their places for a contre-danse?

Answer. — The couples can be formed in [12 ways,
(last question) and when formed, the couples can be
arranged in [12 different orders (Rule IIT.) There-
fore the twelve ladies and twelve gentlemen can arrange
themselves in [12 X [12 different ways.

Or we may reason thus:

The ladies can take their places in [12 different
ways, (by Rule IIL.) and so the gentlemen can take
‘theirg in [12 different ways. Therefore (by Rule I.)
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the ladies and gentlemen can arrange themselves in
12 x [12 different ways, as before.

Question. —In how many different orders can the
letters a, b, ¢, d, ¢, fbe arranged so as to begin with

ab?
Answer @}#—For our only choice lies in the

arrangement of the remaining four letters, which can
be put in [4 or 24 different orders (by Rule III.)

Question. — A shelf contains five volumes of Latin,
six of Greek, and eight of English. In how many
ways can the nineteen books be arranged, keeping all
the Latin together, all the Greek together, and all the
English together? '

Answer. — The volumes of Latin can be arranged

among themselves (by Rule IIL.) in |5 ways, the
volumes of Greek among themselves in |6 ways, and

the volumes of English among themselves in |8 ways.
Also, when each set is thus prepared, the three sets
can be placed on the shelf in [3 different orders.
Therefore, by Rule II., the number of ways in which
the whole can be done is

5 x |6 x [8 x |3, or 20901888000.

Question.— In how many ways could the same books
be arranged indiscriminately on the shelf ?
Answer. — ]liz, or 121645100408832000 ways.
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It often requires considerable thought to determine
what is meant by ¢ different ways” of forming a ring.
The next three questions suggest three meanings
which the words in several circumstances will bear.
It will be well to consider them, and compare them
carefully, that the distinetions among them may be
thoroughly recognised.

Question.— A table being laid for six persons, in
how many ways can they take their places ?

Answer.—By Rule IIL., the number of ways is
|6 or 720.

Question.—In how many ways can six children form
themselves into a ring, to dance round a may-pole.

Answer.—Tn this case we have not to assign the
_ six children to particular places absolutely, but only
to arrange them relatively to one another. We may,
in fact, make all possible arrangements, by placing the
first child, A, in any fixed position, and disposing the
others, B, C, D, K, F, in different ways with respect
to him. Thus there is no essential difference between
the three arrangements —
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but two different arrangements would be —

D D
B B
A A

And any other essentially different arrangement might
be obtained without disturbing A, since absolute posi-
tion is not taken into account. Now the five children
B, C, D, E, F can be arranged, by Rule III., in |§
or 120 ways. This, therefore, is the whole number of -
ways in which such a ring can be formed.

Question.—In how many ways can six stones be
strung on an elastic band to form a bracelet ?

Answer.—This question is not equivalent to the
preceding one, for if we examine the last two arrange-
ments, which we marked down as examples of the
different ways in which the ring could be made, we
shall observe that though they would count as different
arrangements of children round a may-pole, they would
count as the same arrangement of stones in a bracelet,
presenting only opposite views of the same bracelet;
each being, in fact, the arrangement that would be
presented by turning the other completely over. So
the 120 arrangements which we could make according
to the last question, might be disposed into 60 pairs,
each pair presenting only opposite views of the same
ring, and not representing more than one essentially
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different arrangement. Hence the answer is in this
case only 60.

DeriniTION. — Numbers are called successive when
they proceed in order, each one differing from the
preceding one by unity. The numbers are said to be
descending when they commence with the greatest and
continually decrease; they are said to be ascending
when they commence with the least and continually
increase; and such a series of numbers is said to
-ascend or descend ( as the case may be) from the first
number of the series.

Thus 17, 18, 19 are successive numbers ascending
from 17.

So, 17, 16, 15, 14 are successive numbers descending
from 17.

Again, if we speak of a series of five successive
numbers descending from 100, we shall mean the
numbers 100, 99, 98, 97, 96.

So if we speak of seven successive numbers ascend-
ing from 8, the numbers

3 4.9, 67, -8 9,
will be meant.

Thus, [5 might be described as the continued
product of five successive numbers, ascending from
unity (or descending from 5); |7, as the continued
product of seven successive numbers ascending from
unity (or descending from 7), and so on.

[
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RULE 1IV.

Out of a given number of things, _

the number of ways in which an arrangement of two
things can be made is the product of the given number
and the next lesser number ;

the number of ways in which an arrangement of three
things can be made is the continued product of three
successive numbers descending from the gwen mumber ;

the number of ways in which an arrangement of four
things can be made is the continued product of four
successive numbers descending from the given number ;

and so on.

The reason of this rule will be seen at once. For
suppose we have seventeen given ‘things; then, if we
wish to make an arrangement of two things, we have
the choice of seventeen things to place first, and then
there are sixteen things left, out of which we have to
choose one to place second, and complete our arrange-
ment. Hence, by Rule I., the number of ways in which
we can make an arrangement of two things, is 17.16.

So if we wish to make an arrangement of three
things, we can place the first two in 17.16 ways,
and we then have fifteen things left, out of which to
choose one to come third, and eomplete our: arrange-
ment; therefore, by Rule I., the number of ways in
which we can make an arrangement of three things is
the product of 17.16 and 15, or 17.16.1:5: and so on.
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Many questions which might be considered under
Rule II. may be answered more directly by this rule.
Thus —

Question.—How many three-lettered words could be
made out of an alphabet of twenty-six letters, not using
any letter more than once ?

- Answer.— 26.25.24 = 15600.

Question.— How many four-lettered words ?
Answer.— 26.25.24.23 = 358800. ;

Question.— How many eight-lettered words ?
Answer. —26.25.24.28.22.21.20.19 = 62990928000.

Question.— Four flags are to be hoisted on one mast,
and there are twenty different flags to choose from:
what choice have we ?

Answer.— By Rule IV. we have the choice of

20.19.18.17, or 116280
different ways.

The answer would evidently be the same if the flags
were to be hoisted on different masts, for so long as
there are four different positions to be occupied, the
operation consists in the arrangement in these posi-
tions of four out of the twenty flags.

Question.— An eight-oared boat has to be manned
out of a club consisting of fifty rowing members. In
how many ways can the crew be arranged ?
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Answer.—We have simply to arrange eight men in
order out of fifty men. Therefore Rule IV. applies, and
the number of ways is

50.49.48.47.46.45.44.43, or 21646947168000.

RULE V.

The number of ways in which twenty things can be
divided into two classes of twelve and eight respectively,

18
120

i2. 18

and similarly for any other numbers.

Suppose that twenty persons have to take their
places in twelve front seats and eight back seats.
By Rule III. they can be arranged altogether in |20
ways. But the operation of arranging them may be
resolved into the following three operations:—

(1) The operation of dividing the twenty into
two classes of twelve and eight.

(2) The operation of arranging the class of
twelve in the twelve front seats.

(8) The operation of arranging the class of
eight in the eight back seats.

Hence, by Rule II., |20 is the product of the
number of ways in which these three several operations

can be performed. But by Rule III. the second can be
performed in |12 ways, and the third in |8 ways;
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therefore it follows that the first can be performed in
|20
128 |
ways. This, therefore, expresses the number of ways
in which twenty things can:be divided into two classes,
of which the first shall contain twelve things, and the
second shall contain eight.

And it will be observed that our reasoning through-
out is perfectly general, and would equally apply if,
instead of the number twenty, divided into the parts
twelve and eight, we had any other number, divided
into any two assigned parts whatever.

Hence we can write down on the same plan the
number of ways in which any given number of things
can be divided into two classes, with a given number
in each.

Question.—Eight men are to take their places in an
eight-oared boat; but two of them can only row on
stroke. side, and one of them only on bow side; the
others can row on either side. In how many ways
can the men be arranged ?

Answer.—The operation of arranging the men may
be resolved into the following three simple and succes-
sive operations, viz.,

(1) To divide the five men who can row on
either side into two parties of two and three,
to complete stroke side and bow side re-
spectively.
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(2) To arrange stroke side when it is thus
completed ; and
(8) To arrange bow side.
The five men who can row on either side can be
divided into two parties of two and three respectively,
in

ways, by Rule V. And when this is done, stroke side,
consisting of four men, can be arranged in [4 or
twenty-four different ways (Rule II1.); and likewise bow
side in twenty-four ways. Hence the whole arrange-
ment can be made in 10 x 24 x 24, or 5760 ways.

RULE VI.

The number of ways in which twenty things can be
divided into three classes of five, seven, and eight,

respectively, is
[20

5.17.18"
and similarly for any other numbers.
For, by Rule V., the twenty things can be divided

into two classes of twelve and eight in
120

.6

different ways, and, when this is done, the class of
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twelve can be divided into two classes of five and
seven in

12
15.17
ways. Hence, by Rule I., both these can be done in
20 12 20
e 4 bt T ==
2.8~ B.F BB

different ways.
That is, twenty things can be divided into three
classes of five, seven and eight severally, in

20
B.17.18

different ways; and since our reasoning is perfectly
general, a similar result may be written down when
the numbers are any other.

And it is easily seen that the reasoning may be
extended, in the same manner, to the case of more
than three classes. s

Question.—In how many ways can three boys divide
twelve oranges, each taking four?

Answer.— By Rule VI. the number of different ways
in which twelve things can be divided into three classes
of four each, is

12

m or 84650.
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Question.— In how many ways can they divide them,
so that the eldest gets five, the mnext four, and .the
youngest three 2

Answer. — By Rule VI. the number of different
ways is ;

112

ﬁ or 27720.

Question.—If there be fifteen apples all alike, twenty
pears all alike, and twenty-five oranges all alike, in
how many ways can sixty boys take one each ?

Answer.— The boys have, in fact, to form themselves
into a party of fifteen for the apples, a party of twenty
for the pears, and a party of twenty-five for the oranges.
They can therefore do it by Rule VL. in

60
different ways.

Question.— In how many ways can two sixes, three
fives, and an ace be thrown with six dice ?

Answer.— The six dice have to be divided into three
sets, containing 2, 8, 1 severally, of which the first set
are to be placed with siz upwards; the second set with
Jive npwards; and the third set” with ace upwards.
By Rule VI. it can be done in

6
_—E L or 60

different ways.
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Question.— In how many ways may fifty-two cards
be divided amongst four players, so that each may have
thirteen ?

Answer.— By Rule VI.,

|52
[ERERERE)

A possible error must be guarded against in the
application of Rules V. and VI.
Suppose we are given eight things, say the letters

4, B, 0, D, E, F, @, H,

and are asked in how many ways it is possible to
divide them into two parcels of four each. If the
parcels are numbered No. 1 and No. 2, and are de-
signed for different purposes, we may apply Rule V.,
and answer that the number of possible ways is
8
m or 70.

In this case, to put
{A, B, C, D, into the first parcel,
E, F, G, H, into the second ;
and to putb
{ A4, B, C, D, into the second parcel,
E, F, G, H, into the first,
will be counted as different ways of disposing of the

eight things. But if the parcels be perfectly indifferent
D
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—if the eight things have simply to be disposed in two
equal heaps, with no distinetion between the heaps—
then the two ways just indicated of disposing of the
eight things will become identical ; each being merged
into the one way of putting

{ A, B, O, D, into one parcel,
E, F, G, H, into another.

In such a case as this, therefore, the Rule V. cannot
be applied without some modification; we should, in
fact, have to divide by 2 the result given by this rule.

So if there are twelve things to be divided into three
different parcels —as, for instance, twelve oranges to
be divided among three different boys—the Rule VI.
may be applied. But if the parcels are indifferent, and
we are simply asked in how many ways twelve things
can- be divided into three equal parts, the rule would
want modification ; we should, in fact, have to divide
our result by [, the number of different orders in
which the three parcels can be arranged.

When different numbers of things have to be put
into the different parcels—as in the case when twenty
things are to be divided into parcels of five, seven, and.
eight —no difficulty or doubt can arise, for the differ-
ences of number are sufficient to distinguish the
different parcels, and to give an individuality to each;
so that in such a case the Rule V. or VL is always
applicable.
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It must be observed that there is some ambiguity
in the manner in which the words sort and class are
sometimes used, especially when we desecribe collections
of articles as of different Asox:is_ or of the same sort, or of
different classes or of the same class.

Thus, if letters have been spoken of as' consonants
and vowels, we may describe the alphabet as containing
twenty letters of one sort, and six letters of the other
sort; yet if we regard the individual character of each
letter, we shall speak of a printer’s fount as containing
twenty-six different sorts of letters. Plainly, there are
either two classes or twenty-six classes, according to the
character adopted as the criterion of class.

For instance, we may describe the letters

a, a, &, T, X,

as three of one sort and two of another sort. But the
letters

a, ¢, 1, T, 2,
regarded as vowels and consonants, might also be des-
cribed as three of one sort and two of another sort.

Suppose now we are asked in how many different
orders we can write down five different letters, of which
three are of one sort and two of another sort, the an-
swer will depend entirely on the sense in which ““sort”
is understood. If we suppose the letters to be such as

a, a4, @, T, T,

‘where those of the same sort are absolutely identical
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with one another, having no personal individuality (so to
speak), the answer will be

15

B-12

(by Rule V.), since our only choice lies in dividing the
five places into two sets of three and two, for the
a, a, a, and x, x. But if the given letters be such as

a, ¢, i, Z, 2,

where the three, a, ¢, i, are of one sort as vowels, but
each has an individual character of its own, and the
two, x, 2, are of one sort as consonants, but these also
like the vowels distinet in their identity, then the
answer becomes |5, by Rule III., since the five letters
are for the purposes of arrangement all different.

We shall avoid this ambiguity as much as possible,
by speaking of things as of one sort, when there is no
individual distinction amongst them, and of one class
when they are united by a common characteristic, but

capable, at the same time, of distinction one from
another.

RULE VII.

The number of orders in which twenty letters can be
_arranged, of which four are of one sort (a, a, a, a,
suppose ), five of another sort (b, b, b, b, b, suppose ),
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two of another sort (c, ¢, suppose), and the remaining
nine all different, is

120

4.2

and similarly for any other numbers.

For the operation of arranging the letters in order
may be resolved into the following : —
(1) To divide the twenty places into four sets,
of four, five, two, nine, respectively.
(2) To place the a, a, a, a, in the set of four
places.
(8) To place the b, b, b, b, b, in the set of five
places.
(4) To place the ¢, ¢ in the set of two places.
(5) To arrange the nine remaining letters in the
set of nine places.
Now by Rule VI., the operation (1) can be done in

20
BBl

different ways.

The operation (2) can be done in only one way, since
the letters are all alike.

So the operations (3) (4) can be done in only one
way each.

And the operation (5) can be performed in |9 ways
by Rule III.
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Therefore by Rule II. the whole complex operation
can be performed in i :
20 20
e Pk B L 5 or ———
fBeBh. = " EER
different ways. L
And in the same way we can reason about any other
case. Hence in any case, to find the number of orders
in which a series of letters can be arranged which are
not all alike, we have only to write down the fraction,
having in the numerator the total number of the letters,
and in the denominator the number of letters of the
several sorts; each number being enclosed in the
mark | .

Question.—In how many orders can we arrange the
letters of the word indivisibility ?

14
Answer. — 11;6— =14.,13.12.11.10.9.8.7 = 121080960.

Question.—In how many orders can we arrange the
letters of the word parallelepiped?

14
Answer.— ———=—-—= = 201801600.

Questidn — In how many orders can we arrange the
letters of the word Ttangollen?
Answer.—T75600.
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RULE VIII.

Out of twenty things, a selection of twelve things can
be made in the same number of ways as a selection of
eight things (where 12 + 8 =20) ; and the number of

ways s
120

2.8’

and similarly for other numbers of things.

For the selection of twelve (or eight) things out of
twenty, consists of the operation of diﬁding. the twenty.
things into two sets of twelve and eight, and rejecting
one of the sets. Therefore (by the last rule), which-
ever set be rejected, the operation can be performed in

20

12.18

different ways.

Question.— Out of one hundred things, in how many
ways can three things be selected ?
Answer.— By Rule VIII., oA,
(100 ‘ }
197 . [_>; , A i
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or striking out from the numerator and the denomi-
nator all the successive factors from 1 to 97,

100.99.98
3

We observe that the numerator 100.99.98 expresses
(Rule V.) the number of ways in which an arrange-
ment of three things might be made out of one
hundred things. .

This suggests the following rule for the number of
ways of selecting any number of things out of a larger
number, which will often be found more convenient
than Rule VIIL., although both of course lead to the
same result.

RULE IX.

Out of any given number of things,

the number of sclections of two things may be
obtained from the nwmber of arrangements of two
things, by dividing by |2;

the number of selections of three things may be
obtained from the number of arrangements of three
things, by dividing by |3 ;

the number of selections of four things may be
obtained from the nwmber of arrangements of four
things, by dividing by [4;

and so on.
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It will be sufficient to shew the reason of this rule
in any particular case.

Suppose we have to make a selection of three things
out of a given number of things; what is our choice in
this case, compared with our choice in making an
- arrangement of three things.

The operation of making an arrangement of three
things may be resolved into the two operations following,
viz.: —

(1) To make a selection of three things out of
the given things.

(2) To arrange in order the three selected
things.

Therefore, by Rule I., the number of ways of making
an arrangement of three things is equal to the number
of ways of making a selection of three things, multi-
plied by the number of ways of arranging the three
selected things.

But by Rule IIIL., three things can be arranged
in |3 different ways.

Hence, the number of arrangements of three things,
out of a greater number, is equal to the number of
selections multiplied by [3.

Or the number of selections of three things is equal
to the number of arrangements divided by |3.

And the same reasoning would apply if the number
of things to be selected were any other instead of 8.
Therefore the rule is true always.
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-The student being in possession of the two rules
(VIIL. and IX.) for writing down the number of ways
in which any number of things can be selected out of
a larger number, will, in any particular case, use the
rule which may seem the more convenient. It will be
observed that Rule VIIL gives the result in the more
concise form when the number of things to be selected
ig a high number; but the fraction thus written down,
though more concisely expressed, is not in such low
terms as that which would be written down by Rule
IX. Consequently, when the actual numerical value
of the result is required, Rule IX. leaves the less
work to be done, in cancelling out common factors
from the numerator and the denominator. In many
cases, it is simplest to take advantage of the principle
of Rule VIIL., that out of twenty things (suppose) the
number of ways in which seventeen things can be
selected is the same as the number of ways in which
20 — 17 or three things can be selected, and then
to apply Rule IX. For, comparing the different forms
of the result in this case, we observe that Rule VIIL
gives

20
178
while Rule IX. gives
20.19.18.17.16.15.14.18.12.11.10.9.8.7.6.5.4

1.2.8.4.5.6.7.8.9.10.11.12.13.14.15.16.17
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which might be simplified by d1v1d1ng the numerator
and denominator by the factors

4.5.6.7.8.9.10.11.12.13.14.15.16.17

But if we recognise the teaching of Rule VIIIL., that
the number of ways of -selecting seventeen things is
the same as the number of ways of selecting three
things, and then apply Rule IX. to find the number of
ways of selecting three things, we can at once write
down the result in the simple form

20.19.18
02057

Question.—Out of a basket of twenty pears at three
a penny, how many ways are there of selecting six
pennyworth ?

Answer.— By Rule VIIL.,, we can select eighteeﬁ
out of twenty in as many ways as we can select two;
and, by Rule IX., this can be done in

2019 o ,
i ,

ways.

Question.—In how many ways can the same choice
be exercised so as to include the largest pear ?

Answer. — Taking the largest pear first, our only
choice now lies in selecting seventeen out of the
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remaining nineteeen, which can be done (Rules VIIL.

and IX.) in
19.18

1.2

or 171
ways.

Question.—In how many ways can the same choice
be exercised without taking the smallest pear ?

Answer.— We have now to select eighteen pears out
of nineteen. Therefore (Rules VIII. and IX.) our
choice can be exercised in nineteen ways.

Question. — In how many ways can the same choice
be exercised so as to include the largest, and not to
include the smallest pear 2

Answer. — Taking the largest pear first, we have then
to choose seventeen more out of eighteen, which can be
done (Rules VIIL and IX.) in eighteen ways.

Question.—Out of forty-two liberals and fifty con-
servatives, what choice is there in selecting a committee
consisting of four liberals and four conservatives ?

Answer.— The liberal committee-men can be chosen
(by Rule VIIL.) in

42.41.40.89
1.2.3.4

different ways, and the conservative committee-men in

50.49.48.47
1.2.34

or 111930

or 230300
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different ways. Hence (by Rule I.) the whole choice
can be exercised in

111930 x 230300, or 25777479000
different ways.

Question.— A company of volunteers consists of a
captain, a lieutenant, an ensign, and eighty rank and
file. In how many ways can ten men be selected so as
to include the captain.

Answer.—Since the captain is to be one of the ten,
the only choice lies in the selection of nine men out of
the remaining eighty-two, which can be done (Rule
VIII. or IX.) in

82
b1

82.81.80.79.78.77.76.75.74
9

or

different ways.

Question. —In how many ways can ten men be
selected so as to include at least one officer ?

Answer.—By Rule VIII. ten men can be selected
out of the whole company in

0. 173

ways altogether. But the number of different ways that
will include no officer will be the number of ways in
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which ten can be selected out of the eighty rank and
file, that is, (by Rule VIIL.)

80
1070

These must be subtracted from the whole number of
ways in which ten men might be selected, and the
remainder

183 |80

10,758 " 0.0

will be the number of ways in which they may be
gelected so as to include at least one officer.-

Question. — In how many ways can ten men be
selected so as to include exactly one officer ?
Answer.—The nine rank and file can be selected in
[80

9.1

ways, and the one officer in three ways. Therefore the
ten can be selected in AR

3 x |80
9.1
different ways. Wil

Question.—There are fifteen candidates for admission
into a society which has two vacancies. There are
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seven electors, and each can either vote for two candi-
dates, or plump for one. In how many ways can the
votes be given ?

Answer. — Each voter can plump in fifteen ways,
and can vote for two candidates in

15.14

19 ¥ 105
ways (Rule IX). Therefore each elector can vote
altogether in 120 ways. And there are seven electors ;

therefore all the votes can be given (by Rule IL.) in

120 x 120 x 120 x 120 x 120 x 120 x 120
or 358318080000000
different ways.

It will be well to notice particularly the points
which distinguish the next three examples.

In all of them we suppose twenty things of one
class and six things of another class set before us, the
individuals of each clags being distinet; and in all of
them a selection has to be made of three things out of
each class. But while the first is a case of simple
selection, in the second each set of three things has
separately to be arranged in order, and in the. third
the whole six selected things have to be together
arranged in order. Ml

Question.— Out of twenty men and six women, what
choice have we in selecting three men and three women ?
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Answer.— The men can be selected in

20.19.18
1.2.3

or 1140

different ways (Rule IX.), and the women in

6.5.4
123 20

different ways. Therefore, we have the choice of

1140 x 20 or 22800

different ways of making our selection.

Question.— Out of twenty men and six women, what
choice have we in filling up six different offices, three of
which must be filled by men, and the other three by
women ?

Answer.— We can allot the first three offices to three
men in 20.19.18 or 6840 different ways (Rule IV.);
and we can allot the other three offices to three women
in 6.5.4 or 120 different ways. Therefore, we have
the choice of

6840 x 120 or 820800
different ways of making our arrangement.
Question.— Out of twenty consonants and six vowels,

in how many ways can we make a word, consisting of
three different consonants, and three different vowels ?
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Answer.— We can select three consonants in

20.19.18
: 1.2.8
different ways, and three vowels in
6.5.4
1.2.3
different ways. Therefore (by Rule 1.), the six letters
can be selected in
_ 1140 x 20, or 22800
different ways, and when they are so selected, they can
be arranged (by Rule IIL), in |6 or 720 different
orders. Hence (by Rule I.), there are 22800 X 720 or
16416000 different ways of making the word.

or 1140 &

or 20

Question.— Out of the twenty-six letters of the
alphabet, in how many ways can we make a word
consisting of four different letters, one of which must
be always a? :

Answer.— Since we are always to use a, we must
choose three letters out of the remaining twenty-five.
This can be done in

25.24.28

1.2.38
ways. Then the whole set of four letters can be
arranged in |4 or 24 different orders. Hence we have
the choice of

or 2300

2300 x 24, or 55200
different ways of making the word,
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The last answer might have been arrived at in
another way, as follows :—

Without the limitation, we could make a word of
four different letters in 26.25.24.23 or 858800 different
ways. The question is how many of these will contain
a. Now if all the 858800 words were written down on
paper, since each is made of four letters, our paper
would contain 858800 x 4, or 1435200 letters. And
since no letter of the alphabet has been used with more
favour than any other, it follows that each would occur
1485200 = 26, or 55200 times. Therefore a must
occur 55200 times ; and since no word contains a more
than once, 55200 words must contain @. That is, the
number of words formed of four different letters of
which @ is one is 55200, as before.

Question.— Out of the twenty-six letters of the
alphabet, in how many ways can we make a word
consisting of four different letters, two of which must
be a and b ?

Answer.— We can choose the other two letters out
of the remaining twenty-four in

24.283
——— O 270
ways, and then we can arrange the whole set of four
letters in [4 or 24 different orders. Hence we have

the choice of
276 x 24, or 6624

different ways of making the word.
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Question.— Out of twenty consonants and six vowels,
in how many ways can we make a word consisting of
three different vowels and two different consonants, one
of the vowels being always a ?

Answer.—We can choose the other two vowels in

5.4
1.9 or 10

ways, and the two consonants in

20.19
1.2
ways; hence our letters can be selected in 1900 ways,
‘and when they are selected the set of five can be
arranged in |5 or 120 ways. Hence the whole number
of ways of making the word is

1900 x 120, or 228000.

or 190

Question.— There are ten different situations vacant,
of which four must be held by men, and three by
women ; the remaining three may be held by either
men or women. If twenty male and six female candi-
dates present themselves, in how many ways can we
fill up the situations ?

Answer.—The men’s situations can be filled up in
90.19.18.17 or 116280 different ways, and the women’s
in 6.5.4 or 120 different ways. When this is done,
there are nineteen persons left, all of .whom are
cligible for the other three situations. Hence these
three can be filled up in 19.18.17 or 5814 different
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ways. Therefore, the whole election can be made in
116280 x 120 x 5814, or 81126230400 different ways.

ARRANGEMENTS OUT OF A NUMBER OF THINGS NOT
ALL DIFFERENT.

We considered under Rule VII. the modifications
of the case of Rule III., when the things out of which
the arrangement is to be made are not all different.
The corresponding modifications of Rule IV. are too
intricate to be treated by a general rule in an ele-
mentary treatise on Arithmetic; but each case, as it
arises, may be resolved into cases to which the
preceding rules will apply. The manner of proceeding
will be sufficiently illustrated by the following questions.

Question.—In how many ways can an arrangement
of four letters be made out of the letters of the words
choice and chance?

Answer.—There are fifteen letters altogether, of
eight different sorts, viz., ¢, ¢, ¢, ¢; h, h; a,a; n,n;
e,e; 0; i; d. The different ways of selecting the
four letters may, therefore, be classified as follows :

(1) all four alike,
(2) three alike and one different,
(8) two alike and two others alike,
: (4) two alike and the other two different,
(5) all four different.

- Now, the selection (1) can be made in only one way
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(viz. by selecting ¢, ¢, ¢, ¢), and when this selection of
letters is made, they can be arranged in only one order;
therefore (1) gives rise to only one arrangement.

The selection (2) can be made in seven ways, for
three letters alike can be selected in only one way (viz.
¢, ¢, ¢), and one different one in seven ways (a, ¢, ¢, 0,
h, m, d). And when this selection of letters is made,
they can be arranged in four ways (Rule VIL);

therefore (2) gives rise to 7 x 4, or 28 arrangements.

5.4
. The selection (3) can be made in T or 10 ways

(Rule IX.), since we have to select two out of the five
pairs, cc, hh, aa, nn, ee. And when this selection of
|4

2.2

letters is made, they can be arranged in or 6 ways

(Rule VIL.);
therefore (3) gives rise to 10 x 6, or 60 arrangements:.
The selection (4) can be made in 5 x 21, 0r 105
ways, for we can select one of the five pairs, cc, kh, aa,
nn, ee in five ways, and two out of the seven different

sorts of letters that will then be left, in %hor 21

ways, (Rule IX.); and when this selection of letters is
|4
made, they can be arranged in — or 12 ways (Rule

2

VIL); » _
therefore (4) gives rise to 105 x 12, or 1260 arrange-
ments. siiey : ;
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The selection (5) of four different letters must be
made out of the eight, ¢, &, a, n, e, o, 1, d, therefore
the number of arrangements which will come from such
a selection must be 8.7.6.5 or 1680.

Hence, the whole number of arrangements of four
letters out of the fifteen given letters is

1+ 28 + 60 + 1260 + 1680, or 3029.

Question.—In how many ways can an arrangement
of three things be made out of fifteen things, of which
five are of one sort, four of another sort, three of
another sort, and the remaining three of another sort?

Answer.— The three selected things may be either—

(1) all three alike,
or (2) two alike and one different,
or (3) all different.

Now, the selection of all three alike can be made in
4 ways, since we can take one of the four different
sorts. And when this selection is made, the selected
things can be arranged in only one order;

therefore (1) gives rise to only four arrangements.

The selection of two alike and one different can be
made in 4 x 3, or 12 ways (Rule 1.); for the two
alike can be of any of the four sorts, and the one
different of any one of the remaining three sorts. And
when this selection is made, the things selected can be

3
arranged in li_g’ or three ways (Rule VIL);

therefore (2) gives rise to 12 x 3, or 36 arrangements.
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And if all three selected things are to be different
we shall have 4.8.2, or 24 arrangements (Rule IV.).

Hence, the whole number of arrangements of three
things out of the fifteen given things is

4 + 36 + 24, or 64.

”

Question.—In how many ways can an arrangement
of five things be made out of the fifteen things given in
the last question ?

Answer.— The different ways of selecting five things
may be classified as follows : —

(1) all five alike,

(2) four alike and one different,

(3) three alike and two others alike,

(4) three alike and two different,

(5) two alike, two others alike, and one different,
(6) two alike and three different.

Now by the application of Rules IL., VII., IX,, as
in the preceding questions, it will be easily seen that

the selection (1) can be made in one way, and leads
to one arrangement : '

the selection (2) can be made in six ways, and leads
to 6 x 5 or 30 arrangements :

the selection (3) can be made in twelve ways, and
leads to 12 x 10 or 120 arrangements :

the selection (4) can be made in twelve ways, and
leads to 12 x 20 or 240 arrangements :

the selection (5) can be made in twelve ways, and
leads to 12 x 30 or 360 arrangements :
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the selection (6) can be made in four ways, and leads
to 4 x 60 or 240 arrangements.
Hence the whole number of different arrangements
is
1+ 80 + 120 + 240 + 360 + 240, or 991.

»

RULE X.

The whole number of ways in which a person can
select some or all (as many as he pleases) of a given
number of things, is one less than the continued product
of 2 repeated the given number of times.

For since he is at liberty to take none or all or as
many as he pleases of the different things, he ean
dispose of each thing in two ways, for he can either
take it or leave it. Now suppose there are five things,
then he can act altogether in '

2x2x2x2x%x92

different ways. But if he is not to reject all the
things, the number of courses open to h1m will be
one less than this, or

2Xx2x2%x2x2~1.

And the same reasoning would apply if the number
of things were any other number instead of five.
Hence, the rule will be true always.
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Question.— One of the stalls in s bazaar contains
twenty-seven articles exposed for sale. What choice
has a purchaser?

Answer.—He may buy either one thing or more,
and there are twenty-seven things: therefore (by
Rule X.), the number of courses open to him is one
less than the continued product of twenty-seven fwos,
or 184217727.

Question.— What is the greatest number of different
amounts that can be made up by selection from five
given weights ? ; ;

Answer.—ByRuleX., 2 x 2 x 2 x 2 x 2—1 or 31.

The different selections will not always produce
different sums. Hence, we cannot always make
thirty-one different sums. But under favourable cir-
cumstances, as, for instahce, when the weights are
1lb., 2lbs., 4lbs., 8lbs., 16lbs., all the different
selections will produce different sums, and then the
number of different sums is thirty-one. Hence,
thirty-one is the greatest number of different weights
that can be made by a selection from five given
weights. S0y
~ In the case of the five weights, 1Ib., 21bs., 41bs.,
8lbs., 16lbs., the thirty-one different amounts that
can be weighed consist of every integral number of
pounds from one to thirty-one.

Thus, with single weights, we can weigh the
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foilowing numbers of pounds, viz., 1, 2, 4, 8, 16;
and then we have
3=14+ 2, T=1+2+ 4, 15=1+4+2+4+44+ 8§,

5=1+ 4, 11=1+2+ 8, 23=1+2+4+16,
6=2+ 4, 18=1+4+ 8, 27=1+2+8+16,
9=1+ 8, 14=2+4+ 8, 29=1+4+8+16,
10=2+ 8, 19=1+2+16, 80=24-4-+8+16,
19=44 8, 21=1+4+16,

17=1+16, 22=2+14+16, 81=1+2+4+8+16.
18=2+16, 25=1+8+16,
20=4+16, 26=2-+8-+16,
24=8+16, 28=4+8+16,

It may be observed that, if we had a 32lbs. weight,
by adding it to each of the sets already obtained, we
should get all the numbers from 33 to 63 inclusive;
hence all the weights

1lb. 2lbs. 4lbs.  8lbs. 16lbs.  32lbs.

would enable us to weigh any number of pounds from
1 to 63. :

Then the addition of a 64lbs. weight, would enable
us to weigh any number up to 127, and so on.

Question.— What is the greatest number of different
amounts that can be weighed with five weights, when
each weight may be put into either scale 2

Answer.—This is not a direct example of our rule,
but it may be solved on a like principle to that by
which the rule itself was established.
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Each weight can be disposed of in three ways, that
is, it can be placed either in the weight-pan, or in the
pan with the substance to be weighed, or it can be left
out altogether. Hence, all the weights can be disposed
in 83 x8x8x8x38, or 243 ways (Rule II). But
one of these ways would consist in rejecting all the
weights ; this must be cast out, and then there remain
242 ways. But in the most favourable case, half of
these ways would consist in placing a less weight in
the weight-pan than in the other, and these must be
cast out. Hence there remain 121 different amounts
that can be weighed under the most favourable circum-
stances with five weights, when it is permitted to place
weights in the pan with the substance to be weighed.

-The weights 1lb., 3lbs., 9lbs., 27lbs., 81lbs., will
afford an instance of the most favourable case. In this
instance, the 121 amounts that can be weighed consist of
every integral number of pounds from 1 to 121. Thus—

2= 8 -1, 15=27 -9 - 8,
4= 8 +1, 16=27 -9 -8 +1,
= 9-8 -1, 17=27 -9 - 1,
6= 9 -3, 18 =27 - 9,
7= 9-8+1, 19 =27 - 9 + 1,
S il 20=27 -9 +38 -1,
10= 9 + 1, 21=97 - 9 + 8,
11= 9+38 -1, 22=27 -9+ 8 + 1,
12= 9 + 8, 23 =27 - 8 - 1,
13= 9+ 3 + 1, 24 =27 - 3,

14=27-9 -3 -1, &e.
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RULE XI.

The whole number of ways in which a person can
select some or all (as many as ke pleases) out of a num-
ber of things which are not all different, is one less than
the continued product of the series of mumbers formed
by increasing by unity the several numbers of things of
the several sorts. '

Thus, suppose we have the letters—
a, a, a, a, a,
b, b, b,
civesueie,
d’
¢
viz., five of one sort, three of another, four of a third
gort, one of a fourth sort, and one of a fifth.

The numbers of letters in the several classes are
5, 8,4, 1, 1, and these, severally increased by unity,
give the new series of numbers 6, 4, 5, 2, 2. The rule
states that the whole number of ways in which a person
may take some or all (as many as he pleases) of the
given letters, is

6 x4x5x2x2~—1,or479.

The reason of the rule will be seen from the following
considerations. Suppose the person were at liberty to
take mone, or all, or as many as he pleased of the
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letters. He could then dispose of the five a, a, a, a, a
in siz different ways, for he might take 5 or 4 or 3 or 2
or 1 or none of them. So he could dispose of the three
b, b, b, in four ways, for he might take 8 or 2 or 1 or
none of them. Similarly he could dispose of the
¢, ¢, ¢, ¢ in five ways, and of the d in two ways, and of
the e in two ways. Hence he might act altogether, in

6 xXx4xXx5x2x2

different ways (Rule IT). But if he is not to reject all
the things, the number of courses open to him will be
one less than this, or

6x4x5x2x2~—1,

And the same reasoning would apply to any other
case. Hence we may accept the rule as true always.

Question.— In how many ways can two booksellers
divide between them' 200 copies of one book, 250 of
another, 150 of a third, and 100 of a fourth?

Answer.—Either man can take any number of
books, but not either none or all. Therefore, the
number of ways is one less than that given by the
rule: 4. e., the division can be made in :

201 x 251 x 151 X 101 — 2
different ways; or in

769428201 —~ 2, or 769428199
different ways.
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EXAMPLES ON CHOICE.

1.—Having four seals and five sorts of sealing wax,
in how many ways can we seal a letter ?

2.— There are five first-class carriages, eight second-
class, seven third-class and three luggage-vans. In
how many ways can a train be made consisting of one
of each ?

8.—How many changes can be rung upon eight
bells? 'And in how many of these will an assigned
bell be rung last ?

4.—Out of a class of twelve boys, in how many ways
can three boys be called up to say lessons ?

5.-—In how many ways can a set of twelve black
and twelve white draught-men be placed on the black
squares of a draught-board?

6.—In how many ways can a set of chess-men be
placed on & chess-board ?

7—In how many ways can we arrange the letters
of the word possessions?

8.—1In how many ways can we arrange the letters
of the words choice and chance?
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9.—In how many ways can a triangle be formed,
having its angular points at three of the angular
points of a given hexagon?

10.—There are three teetotums, having respectively
6, 8, 10 sides. In how many ways can they fall? and
in how many of these will two aces be turned up ?

11.— A company of soldiers consists of three officers,
four sergeants and sixty privates. In how many ways
can a detachment be made consisting of an officer, two
sergeants and twenty privates? In how many of
these ways will the captain and the senior sergeant
appear?

12.—In how many ways can four persons sit at a
round table, so that all shall not have the same
neighbours in any two arrangements?

18.— In how many ways can seven persons sit as in
the last question? And in how many of these will two
assigned persons be neighbours? And in how many
will an assigned person have the same two neighbours?

14.—Out of a party of twelve ladies and fifteen
gentlemen, in how many ways can four gentlemen and
four ladies be selected for a dance?

15.—Out of twenty consonants and six vowels, in
how many ways can a word be made, consisting of three
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different consonants and two different vowels, without
placing all the consonants together?

16.—Out of twenty consonants and ten vowels, in
how many ways can a word be formed consisting of
three different vowels and three different consonants,
the vowels and consonants being placed alternately ?

17.—1In how many ways can the foregoing questions
be arranged, so that no question of combination shall
come before any question of permutation?

18.—A plaything c_bnsists of eighteen cubical blocks ;
on each side of five of them a head is painted, on each
side of seven a body, and on each side of six a pair of
legs. How many different ﬁgures can be made by
piecing them together ?

19.—Having five pairs of gloves, in how many ways
can a person select a right-hand and a left-hand glove
which are not pairs ?

20.—How many numbers less than 10,000 have a
five in their arithmetical expression, and how many of
them are divisible by five without remainder ?

21.—In how many ways can a school of ninety boys
divide themselves, so that twenty-four play football,
twenty-two play cricket, thirty drill, four play racquets,
and ten take a walk ?
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22.—From five apples, six pears, and three oranges,
in how many ways can a person take fruit ?

23.—A man hag ten shares in the Great Western
Railway Company, twelve in the North Western, seven
in the Great Northern, two in the Great Eastern, five
in the South Western. In how many ways can he sell
shares 2

24.—How many different signals can be made with
a set of ten flags, using four at a time, (1) on a
single mast, and (2) on a three-masted ship ?



CHAPTER II

CHANCE.

“There is very little chance of fine weather.”

“Is there much chance of his recovery?”

“There is no chance of finding it.”

““There is a great probability of war.”

“This ig a more probable result than the other.”

““That is more likely to be mine than yours.”

“There is less chance of her coming than of his.”
—These are expressions in common use amongst us;
the very commonness of their use shows that people
in general have some idea of chance, and some
conception of different degrees of probability in the
occurrence of doubtful events. All understand what is
meant by much chance and little chance; they dis-
tinguish events as very probable, probable, improbable,
or very improbable ; but no attempt is made in common
conversation to measure with any accuracy the amount
of probability attaching to any given event. If &
Doctor is asked what chance there is of a patient’s
recovery, he may answer that there is much chance or
little chance, but he cannot express with any precision
the exact magnitude of his hope or of his fear., Yet his



DEGREES OF CHANCE. 67

expectation of the event has a certain magnitude. He
has a greater expectation of this patient’s recovery than
he has of the recovery of another, whose symptoms are
more aggravated, and less expectation than in another
case where the constitution is stronger. His expecta-
tion has a definite value, and if he were a sporting man,
he would be prepared to offer or take certain definite
odds on the event. But in common language, this
definite amount of expectation or probability cannot be
precisely expressed, because we have no recognised
standard with which to compare it, no recognised
amount of expectation or probability by which to
measure it.

In fact, in describing the magnitude of any expecta-
tion which we entertain, we are in the same position
as if we had to deseribe the length of a room, or the
height of a tower, to & man who was not acquainted
with a foot or a yard, or any of our standards of
length. We could speak of the room as very long or
very short, we could speak of the tower as very high
or very low, but without some standard length recog-
nised alike by ourselves and those whom we addressed,
we could not give an accurate answer to either of
the questions, How long is the room ? or How high is
the tower ?

So when we are asked what chance we think there
is of a fine afternoon, we may say that there is much
chance or little chance, or we may even go further,
and establish in our own minds a scale of expressions,
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distinguishing the different degrees of probability in
some such way as follows :— '

It is certain not to rain.

It is very unlikely to rain.
It is unlikely to rain.

It is as likely to rain as not.
It is likely to rain.

It is very likely to rain.

It is certain to rain.

but these expressions except the first, fourth; and last,
are vague and indefinite, nor can we ever be sure that
those with whom we are conversing attach exactly the
same idea to each expression that we do.

This vagueness is of little consequence in common
life, because in most cases it is impossible to make an
accurate estimate of a chance, and the expressions
are, perhaps, as accurate as the estimates themselves
which we wish to express. But there are other classes
of events concerning which it is possible to form
accurate estimates of their degree of probability or
likelihood of happening, and in these cases it is well
to have some more precise method of expressing
different degrees, than is afforded by the common
expressions which we have quoted.

We must observe at the outset, that we use the
words chance and probability as strictly synonymous.
In common language, it is usual to prefer the former
word when the expectation is small, and the latter
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when it is large. Thus we generally hear of “little
chance,” or of ¢ great probability,” but not so often of
“great chance,” or “little probability.” This distine-
tion, however, is not universal, and we shall entirely
disregard it, using the two words chance and pro-
bability in the same sense.

. Ny

It will be seen that probability always implies some ey
ignorance on the part of the person entertaining the
expectation, and the amount of probability attaching
to any event will depend upon the degree of this
ignorance. With omniscience, degrees of probability
are incompatible; for omniscience implies certainty, and
certainty precludes doubt, and degrees of probability
are the measures of doubt.

Hence, there is no such thing as the absolute pro-
bability of an event, all probability being conditional on
our ignorance, and varying when that condition varies.
Thus the same event will be unequally probable td
different persons, whose knowledge of the circum-
stances relating to the event is different. And to the
same person, the expectation of any event will be
affected by any accession of knowledge concerning the
event. :

For instance, suppose we see a friend set out with
five other passengers in a ship whose crew number
thirty men: and suppose we presently hear that a
man fell overboard on the passage and was lost. So
long as our knowledge is confined to the fact that one
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individual only has been lost out of the thirty-six on
board, the probability that it is our friend is very
small. The odds against it would be said to be thirty-
five to one. - But suppose our knowledge is augmented
by the news that the man who has been lost is a pas-
genger ; though we still feel that it is equally likely to
be any of the other five passengers, yet our appre-
hension that it is our friend becomes much greater
than it was before. The odds against it are now
described as five to one. Thus the probability that
our friend is lost is seen to be entirely conditional on
the respective degrees of our knowledge and ignorance;
and so soon as our ignorance vanishes—so soon as
we know all about the event, and become as far as
that event is concerned omniscient,—then there no
longer remains a question of probability ; the probability
is replaced by certainty.

This example will also illustrate the meaning of the
ratio of probabilities. Since each of the passengers
was equally likely to have been lost, it was evidently
always six times as likely that the man lost was some
passenger, as that it was our friend. So it was five
times as likely that it was @ passenger, but not our
friend, as that it was our friend. Therefore, also, the
probability that it was a passenger, but not our friend,
was to the probability that it was a passenger in the
ratio of 5 to 6.

Let us suppose another case. A number of articles
are placed in a bag, and amongst them are three balls,
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alike in all respects, except that two of them are
coloured white and the third black: all the other articles
we will suppose to be coins, or anything distinguishable
without difficulty from balls.

We present this bag to a stranger, and we give him
leave to put in his hand in the dark, and to take out
any one article he likes. But before he does this, we
may consider what chance there is of his taking out a
ball, or what chance there is of his taking out the black
ball. Obviously we cannot form any accurate estimate
of this chance, because it must depend-upon the wants
or the taste of the stranger influencing his will, whether
he will prefer to take a ball or a coin, and being igno-
rant of his will in the matter, we cannot say whether it
is likely or unlikely that he will select a ball.

But it is axiomatic, that if he draws a ball at all, it
is twice as likely to be a white ball as to be a black one,
or the respective chances of his drawing white or black
are in the ratio of 2 to 1, and these chances are respec-
tively two-thirds and one-third of the chance that he
draws a ball at all.

‘We now proceed to show how the magnitude of a
chance may be definitely expressed. We have already
pointed out that the expressions used in common
language are wanting in definiteness and precision,
and we compared the expedients by which degrees of
probability are usually indicated to the attempts which
we should make to give an idea of the length of a room
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to a person unacquainted with the measures of a foot
and a yard.

Now we observe, that the difficulty in this latter case
ceases, 50 soon as the person with whom we are
speaking agrees with us in his conception of any.
definite length whatever. If he can once recognise
what we mean by the length of a hand, for instance,
we can express to him with perfect aceuracy the length
of the room as so many hands; or, if he have an
idea of what a mile is, we can precisely express the
length of the room as some certain fraction of a mile.
So, also, as soon as we have fixed upon any standard
amount of probability that can be recognised and
appreciated by all with whom we have to do, we shall
be able to express any other amount of probability
numerically by reference to that standard. The
numbers 2, 8 would express probabilities twice or
three times as great as the standard probability; and
the fractions %, 3, % would express probabilities half,
one-third, or two-thirds of the standard.

Now, it matters not how great or how small the
standard be, provided it be a probability which all
can recognise, and which all will alike appreciate.
This is, indeed, the one essential which it has to fulfil;
it must be such that all persons will make the same
estimate of it. And that which best satisfies this
condition, and, therefore, the most convenient standard
with which to compare other probabilities, is that
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supreme amount of probability which attaches to an
event which we know to be certain to happen. All
understand what certainty is: it is a standard which
all estimate alike. Certainty, therefore, shall be our
unit of probability; and other degrees of probability
shall be expressed as fractions of certainty.

But it may be asked, Is certainty a degree of
probability at all, or can smaller degrees of probability
be said to have any ratio to certainty? Yes. For
if we refer to the instance already cited of the six
passengers "in the ship, we observe that the chance
of the lost man being a passenger is six times as
great as the chance of his being our friend. This
is the case however great our ignorance of the cir-
cumstances of the event; and it will evidently remain
true until we attain to some knowledge which affects
our friend differently from his fellow-passengers. But
the news that the lost man was a passenger does not
affect one passenger more than another. Therefore,
after receiving this news, it will still hold good that the
chance of the lost man being a passenger is six times
as great as the chance of its being our “friend. But
it is now certain that the lost man was a passenger;
therefore the probability that it was our friend is one-
sixth of certainty. Again in the instance of the balls
and coins in the bag, we have already noticed that the
chances of drawing white or black are respectively two-
thirds and one-third of the chance of drawing a ball
at all. And this is the case whatever this last chance
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may be. But suppose the man tells us that he is
drawing a ball, not a coin, then this last chance
becomes certainty; and therefore the chances of draw-
ing white or black, become respectively two-thirds and
one-third of certainty. Thus it is seen that certainty,
while it is the supreme degree, is some degree of
probability, or is such that another degree of probability
can be compared to it and expressed as a fraction of it.

Of course, when we use unity to express certainty,
the probability of the lost passenger being our friend
will be expressed by the fraction —é, and the chances of
the ball drawn being white or black, will be expressed
by the fractions % and ; :

After the explanations which we have already given,
the reader will have no difficulty in accepting the
following axiom.

AXIOM.

If an event can happen in a number of different
ways (of which only one can occur), the probability of
its happening at all is the sum of the several proba-
bilities of its happening in the several ways.

For instance, let the event be the falling of a coin.
Tt can fall either head or tail, and only one of these
ways can occur. The probability that it falls at all
must be made up by addition of the probability that it
falls head and the probability that it falls tail,
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Again, let the event be that either 4, B, or C should
win a race in which there are any number of eom-
petitors. The event can happen in three ways, viz., by
A winning, by B winning, or by C winning ; and only
one of these ways can occur. The probability that one
of the three should win is equal to the sum of the pro-
babilities that 4 should win, that B should win, and
that C should win.

This is only saying that if a man would give £2 for
A’s chance of the prize, £3 for B’s chance, and £4 for
(’s chance, he would give £2 + £38 + £4, or £9 for
the promise that he should have the prize if any one of
the three should win.

Again, if 1—10 be the chance of a shot aimed at a
target hitting the bull’s eye, (15— the chance of its hitting
the first ring, and —:-: the chance of its hitting the
outer ring, the chance that it hits one of these, 7. ¢, the
chance of its hitting the target at all, is 11—0+ %5 + i,

31
or o5+

RULE 1.

The probability of an event not happening is obtained
by subtracting from umity the probability that it will
happen.

For it is certain’ that it will either happen or not
happen, or the probability that it will either happen or
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not happen is unity; and only one of these two (the
happening and the not happening) can occur. There-
fore, by the axiom, unity is the sum of the probabilities
of the event happening and not happening; or the-
probability of its not happening is obtained by sub-
tracting from unity the probability of its happening.

ExamprEs.—If the chance of an event happening

is % , the chance of its not happening is 1 —% , OF %.

If the chance of a plan succeeding is TZ)“’ the chance
3

of its failing is 1 — —1%, or 45
If the chance of a shot hitting a target be %, the

I o e IO
chance of its missing is ;-

If the chance of 4 winning a race be %, and the
chance of B winning it —;, the chance that neither
should win is —;—1— For, by the axiom, the chance that
one of them should win is —;— + %, or -271; and therefore,

by Rule I., the chance that this should not happen is

7 17
1 =55, or 5.

Derinrrion I.—Two probabilities which together
make up unity, are called complementary probabilities.

Dzrrinirion II.—When it is said that the odds are
three to two against an event, it is meant that the
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chance of the event failing is to the chance of its hap-
pening as three to two; and when it is said that the
odds are three to two in favour of an event, it is meant
that the chance of its happening is to the chance of its
failing as three to two; and so for any other numbers.

RULE IL.

If the odds be three to. two against an event, the
chance of the event not happening is
8
3+ 9
and the chance of its happening is
2 .
38 +2’
and so for any other numbers; the numerators of the
two fractions being the two given numbers, and their
common denominator the sum of the numbers.

For the two fractions satisfy the condition required
by Rule I., viz., that their sum should be unity, and
that required by the definition, viz., that their ratio
should be the same as the ratio expressing the given
odds. Similarly,—

If the odds be three to two in favour of an event,
the chance of the event happening is

10 B
3 + 2



78 CHANCE.

and the chance of its not happening is
2 -
b4
3+ 2
and, so for any other numbers; the numerators of the
two fractions being the two given numbers, and their
common denominator the sum of the numbers.

Exavpres.—If the odds be ten to one against an
event, the chance of its happening is —IIT, and the
chance of its failing is —i%

If the odds be five to two in favour of the success
of an experiment, the probability of success is g,

o1 « . 2
and the probability of failure is 7.

RULE IIL.

If an event can happen in five ways, and fail in seven
ways, and if these twelve ways are all equally probable,
and only one of them can occur, the odds against the
event are seven to five, and the chances of its happening
and failing are respectively

and similarly for any other numbers.

For since the event must either happen or fail, one
of the twelve ways must occur; therefore the sum of
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their several probabilities is unity. But all the twelve

ways are equally probable. Therefore the chance of the
. Sl

occurrence of any particular one is 45, and the chance

of the occurrence of one of the five which cause the

event to happen is five times this, or —155. So the

chance of the occurrence of one of the seven which

oo 07
. cause the event to fail is 5.

Suppose, for example, that a die has twelve faces, of
which five are coloured white and seven black. A
person throws the die, and is to receive a prize if it
fall white.

The odds are seven to five against his winning the
prize. The chance that he wins is —152—, and the chance
that he loses is 15

For all the twelve faces are equally likely to turn up,
and one must turn up. Therefore the chance of any
particular face turning up is T12_’ and the chance of a
white face turning up is five times this, or —15—2

Or we might put it thus: —Since there are five white
and seven black faces, it is axiomatic that the chance of
& white face is to the chance of a black face as five to
seven. Now as soon as it is certain that the die is to
be thrown, it is certain that either a white or a black
face must turn ap. The two chances must therefore
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now make up unity. But they still retain the ratio of
five to seven, therefore they become respectively
5
d - :
Gl s o

And in the same way we might reason if the numbers
were any other.

Question.— A party of twenty-three persons take
their seats at a round table; shew that the odds are ten
to one against two specified persons sitting together.

Answer.— Call the two specified persons 4 and B.
Then besides A’s place (wherever it may be) there
are twenty-two places, of which two are adjacent to
A’s place and the other twenty not adjacent. And B
is equally likely to be in any of these twenty-two
places. Therefore (Rule ITL.), the odds are twenty to
two, or ten to one, against his taking a place next to 4.

The last rule may be expressed in a somewhat
different form as follows :—

RULE IV.

If there be a mumber of events of which one must
happen and all are equally likely, and if any one of
a (smaller) number of these events will produce a
certain result which cannot otherwise happen, the
probability of this result is expressed by the ratio of
of this smaller number to the whole number of events.
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For instance; if a man has purchased five tickets in
a lottery, in which there are twelve tickets altogether
and only one prize, his chance of the prize would be
expressed by the ratio 5 : 12, or by the fraction.%.

For convenience of reference we have given distinet
numbers to the two Rules IIL. and IV., although they
are only different statements of one and the same
principle. This will be immediately seen, by con-
sidering the case of the lottery just instanced. We
might at once have said that there were twelve ways
of drawing a ticket, and five of these would cause the
man to win, while the other seven would cause him to
lose. Rule III. is therefore immediately applicable.

Question.—The four letters a, e, m, » are placed in a
row at random : what is the chance of their standing in
such order as to form an English word ?

Answer. — The- four letters can stand in |4 or
twenty-four different orders (Choice, Rule IIL.): all are
equally likely and one must ocecur. And four of these
will produce an English word —

mane, mean, name, amen.

Hence by the rule, the required chance is —2% or % d
Question.— What is the chance of a year, which is
not leap year, having fifty-three Sundays ?
Answer.— Such a year consists of fifty-two complete
weeks, and one day over. This odd day may be any of
@
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the seven days of the week, and there is nothing to
render one more likely than another. Only one of
them will produce the result that the year should
have fifty-three Sundays. Hence (Rule IV.), the
chance of the year having fifty-three Sundays is ;

Question. — What is the chance that a leap year,
selected at random, will contain fifty-three Sundays ?

Answer. — Such a year consists of fifty-two complete
weeks, and two days over. These two days may be

Sunday and Monday,
Monday and Tuesday,
Tuesday and Wednesday,
Wednesday and Thursday,
Thursday and Friday,
Friday and Saturday,
Saturday and Sunday,

and all these seven are equally likely. Two of them
(the first and last) will produce the required result.
Hence (Rule IV.) the chance is %

Question. — What is the chance that a year which is
known not to be the last year in a century should be
leap year?

Answer.— The year may be any of the remaining
ninety-nine of any century, and all these are equally
likely ; but twenty-four of them are leap years. There-
fore (Rule IIL.) the chance that the year in question is
a leap year is 53— or gg
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Question.— Three balls are to be drawn from an urn
which contains five black, three red, and two white
balls. What is the chance of drawing two black balls
and one red?

Answer.—Since there are ten balls altogether, three
li.éfég’ or 120 different ways,
all equally likely. Now, two black balls can be selected

balls can be drawn in

in I'E, or ten ways, and one red in three ways, Hence,

two black balls and one red can be drawn in 10 x 8,
or 30 different ways. Thus we have 120 different
ways of drawing three balls, whereof 30 ways will
give two black and one red. Hence, when three balls
are drawn the chance that they should be two black and
one red is (by Rule IV.)

Question.—If from a lottery of thirty tickets, marked
1, 2, 8, &ec., four tickets be drawn, what is the chance
that those marked 1 and 2 are among them ?
Answer.— Four tickets can be drawn out of thirty
80.29.28.27

in BT VI Four tickets can be drawn, so

ag to include those marked 1 and 2, in

ways.
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Hence, when four are drawn, the chance that these two

are included is
28.27 Y 30.29.28.27 % 34 2

1.2 1.234 2930 145
The odds are, therefore, 143 to 2 against the event.

Question.— A has three shares in a lottery where
there are three prizes and six blanks. B has one
share in another, where there is but one prize and two
blanks. Shew that 4 has a better chance of winning
a prize than B, in the ratio of 16 to 7.

Answer.— A will get a prize unless his three tickets
all prove blank. Now, three tickets can be selected

9.8.7

1.2.3

in , or.84 ways; and they can be selected so as

6.5.4
to be all blank in 198 20 ways. Hence the

20
chance that they should be all blank is a1 o ~25—1; and,

therefore, the chanee that this should not be so, or
5 16
that 4 gets at least ize,i8 1 - —, or —.
at 4 gets at least one prize, is 1 o1’ o1 But
it is evident that the chance that B gets a prize is
1
(Rule IV.) 3o 211 Therefore, A has a better chance
than B in the ratio of 16 to 7.

Question.— If four cards be drawn from a pack,
what is the chance that there will be one of each suit ?
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+ Answer.— Four cards can be selected from the pack
2.51.50.49 s

in %2—3—-4— or 270725 ways (Choice, Rule IX.); but

| four cards can be selected so as to be one of each suit

in only 13 x 18 x 13 x 18 or 28561 ways (Choice,

Rule I1.). Hence the chance is

28561
270725

Question.—1If four cards be drawn from & pack,
what is the chance that they will be marked one, two,
three, four?

Answer.—There are 4 x 4 x 4 x 4, or 256 ways
of drawing four cards thus marked, and 270725 ways
of drawing four cards altogether. Hence, the chance is

256
270725

or the odds are more than 1000 to 1 against it.

1
» a little more than —.
ora li re 10

Question.— In a bag there are five white and four
black balls. If they are drawn out one by one, what
18 the chance that the first will be white, the second
black, and so on alternately?

Answer.—There are nine balls, five of one sort, four
of another: they can, therefore, be arranged in

9
4. 15
different orders (Choice, Rule VIL.). The balls are

, or 126
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equally likely to be drawn in any of these orders;.
therefore, the chance that they should be drawn in
the particular order, white— black — white— de., is 1—;—6-
That this order of colour corresponds to only one of
the 126 arrangements is a direct consequence of our
having disregarded all individuality among balls of the
same colour when we calculated that number. (See

Choice, page 88.).

Question.—In a bag are five red balls, seven white
balls, four green balls, and three black balls. If they
be drawn one by one, what is the chance that all the
red balls should be drawn first, then all the white ones,
then all the green ones, and then all the black ones?

Answer.—The nineteen balls can be arranged in

19
b 1768
different orders (Choice, Rule VIL.). All these are
equally likely, and therefore the chance of any par-
ticular order is
5.7 4.
19
This will be the chance required, for all individuality
among balls of the same colour has been disregarded ;

only one of the different arréngements will give the
order of colours prescribed in the question.

Question.—Out of a bag containing 12 balls, 5 are
drawn and replaced, and afterwards 6 are drawn. Find



THROWS WITH TWO COMMON DICE. 87

the chance that exactly 8 balls were common to the
two drawings.

Answer.—The second drawing could be made alto-
gether in '

12
.16’

or 924

ways. But it could be made so as to include exactly
3 of the balls contained in the first drawing, in

5 7

!w?’]g X ,3— ‘4, or 350

ways ; for it must consist of a selection of 3 balls out
of the first 5, and a selection of 8 balls out of the
remaining 7 (Choice, Rules VIII. and IL.). Hence, the

chance that the second drawing should contain exactly

b s 50 25
8 balls common to the first, is - or —

921 66

As the respective probabilities of various throws,
with two common dice, are of practical interest, in their
bearing upon such games as Backgammon, it may be
well to discuss this case with some completeness.

It will be observed that as each die can fall in six
ways, the whole number of ways in which the two dice
can fall is 6 x 6 or 36. But these 36 different ways
are not practically different throws, since, for example,
it makes no difference in practice whether the first die
falls siz and the second five, or the first five and the
second siz. The number of practically different throws



88 CHANCE.

ig, in fact, only 21, the 86 different ways of the dice
falling being made up of six unique ways —

landl, 2and 2, 8and 8, 4and4, 5and 5, 6and6,

and 80 other ways, consisting of 15 essentially different
throws, each repeated twice : thus—

land2, 1and8, 1land4, 1andb, 1 andS®6,
2and1, 8andl, 4andl, 5andl, 6andl,

2and 8, 2and4, 2and5, 2and®6,
8and 2, 4and2, 5and2, 6 and2,

8and4, 8and5, 8and®6,
4and 8, 5and8, 6and3,

d 4 and 5, 4 and 6,
5and 4, 6 and 4,

5 and 6.
6 and 5.

Since each die is equally likely to fall in all different
ways, the 36 different ways of the two dice falling are
all equally likely; and, therefore, when the dice are
thrown the probability of any particular way is ?%6-
But it cannot be said that all throws are equally pro-
bable, because siz-five results practically in two ways
out of the 86 ways of the dice falling, whereas
siz-siz results in only one way. The correct state-
ment is, that the probability of any assigned throw
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is —316 if that assigned throw be doublets; but it is twice

as much or % if the assigned throw be not doublets.

Thus the chance of throwing siz-three is Tlg, but the

chance of throwing three-three is 315.

Question.— When two dice are thrown, what is the
chance that the throw will be greater than 8 ?

Answer,— Out of the 36 ways in which the dice can
fall, there are six which give a result greater than 8,

viz. : —
5 and 4, 5 and 6, 5 and 5,

4 and 5, 6 and 5, 6 and 6.
Hence the required chance iS’:‘G"T)T %. v
Question.— What is the chance of throwing at least
one ace ?
Answer.—Of the thirty-six ways in which the dice
can fall, eleven give an ace. Hence, the chance is ;(15

Question.— What is the chance of making a throw
which shall contain neither an ace nor a six?
Answer.—Of the thirty-six ways, there are sixteen

which involve neither one nor six. Hence, the chance

is 18 op 4
18 36 or 9

This question, as well as the preceding one, may be
more conveniently solved by Rule VI. i

Question.— What are the odds against throwing
doublets?
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Answer.— Of the thirty-six ways in which the dice
can fall, six give doublets. Therefore, the chance for
doublets is % or —tl;, and the chance against doublets
% (Rule ITL.). Therefore, the odds are five to one
against doublets.

Or we might reason thus:—However the first die
fall, the second die can fall in six ways, of which only
one way will give the same number as on the first die.
Hence, the odds are five to one against the second die
falling the same way as the first, or the odds are five to
one against doublets.

Question.—In one throw with a pair of dice, what

ig the chance that there is neither an ace nor doublets ?
Answer.—The dice can fall in thirty-six ways, but in
order that there may be neither an ace nor doublets, the
first die must fall in one of five ways (viz. 2, 8, 4, 5, 6),
and the second, since it may be neither an ace nor the
same as the first, may fall in four ways. Hence, the
number of ways which will produce the required result,
is 5 x4 or 20. And, therefore, the chance of this

WL ey
result is 35 or 4.

Question.— What is the chance of throwing exactly
eleven ?

Amnswer.—Out of the thirty-six ways, there are two
ways which produce eleven; therefore, the chance
i oz OF -1% :
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On the principle of the last answer, the reader will
have no difficulty in verifying the following statements: "

In a single throw with two dice, the odds are—

35 to 1 against throwing 2,
17 to 1 3 5y 3,
11 to 1 5 o 4,
8dol i 8 AL =
61 to 1 = 5 6,
5 tol o 5 7,
61 to 1 o i 8,
8 tol I " 9,
11 to 1 5 st 10,
17 to 1 i o A,
85 tol1 (19,

Thus the most frequent throw will be seven.

In some cases the purpose of a throw is equally
answered, whether an assigned number appear on one
of the dice, or whether it be the numbers of the two
dice together make it. Let us consider, for example,
the chance of throwing five in this way.

The chance of making a throw so that one die shall
turn up five is —%, and the chance of making a throw
which shall amount to five is 3446. Therefore the chance
of throwing five in one of these ways is ;—é % 3% or %—g-.

On this principle the following statements may be

easily verified.
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In a single throw with two dice, when the player
is at liberty to count cither the sum of the numbers
on the two dice, or the number on either die alone,
the odds are—

26 to 11, against throwing 1,
24 to 12, or 2 to 1 ,, % 2,
23 to. 18, - »w 8
22 to 14, or 11 to 7 ,, op
21 to 15, or 7 to 5 ,, o 5,
20 to 16, or 5 to 4 ,, % 6,
5 tol 5 7,
61 to1 ¥ 8,
8 tol A ’ 9,
1 dhosa1a 4l » 10,
17 " to 1 ot Ll
85 tol ,, e A2t

Thus the number which there is the greatest chance
of making is siz.

Dermxition.—If a person is to receive a prize on
condition of some event happening, the sum of money
for which his chance might equitably be sold before-
hand is called his expectation from the event.

RULE V.

The expectation from any event is obtained by
multiplying the sum to be realized on the event hap-
pening, by the chance that the event will happen.
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This rule may be illustrated as follows: Suppose a
person holds five tickets in a lottery, where the whole
number of tickets is twelve ; and suppose there be only
one prize, and let its value be one shilling.

The person in question gains the prize, if it happen
that one of his tickets be drawn. The chance of this
event is %; therefore, according to the rule, the per-
son’s expectation is% of a shilling, or five-pence. And
the correctness of this result may be immediately seen ;
for we observe, that if the person had bought all the
twelve tickets he would have been certain of winning
a shilling, and, therefore, he might, equitably, have
given a shilling for the twelve tickets; but all the
tickets are of equal value, and are equally valuable
whether the same man hold one or more. Hence, each
of them is worth a penny, and, therefore, the five in
question are worth five-pence (as long as it is unknown
which is drawn). Five-pence, therefore, is the sum
that might equitably have been given for the assigned
person’s chance, and, therefore, by the definition this
i8 his expectation.

Question.— A bag contains a £5 note, a £10 note,
and six pieces of blank paper. What is the expectation

of a man who is allowed to draw out one piece of
paper ?
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Answer.—Since there are eight pieces of paper the
probability of his drawing the £5 note is —é; therefore,
his expectation from the chance of drawing this note
is 517 vof £5, or '—g of a pound. Similarly, his ex-
pectation from the chance of drawing the £10 note
is% of £10, or ; of a pound. Therefore, his whole

expectation is lgé of a pound, or £1 17s. 6d.

Question.— What is the expectation of drawing a
coin from & bag which contains one sovereign and seven
shillings ?

Answer, — The expectation from the chance of
drawing the sovereign is —é of a sovereign, and the
expectation from the chance of drawing a shilling is g

of a shilling. Hence, the whole expectation is 3s. 41d.

Question.— A person is allowed to draw two coins
from a purse containing four sovereigns and four

ghillings. What is the value of his expectation ?

Answer.—Two coins can be drawn in —i—g or 28

4.3 S :
ways: of these 19 6 ways will give two sovereigns,

4 x 4 or 16 ways will give a sovereign and a shilling,

and the other 6 ways will give two shillings.
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Therefore—
Chance of drawing 40 shillings = %,
Chance of drawing 21 shillings = E
Chance of drawing 2 shillings =

Therefore the expectation is—

f the - first ch —
rom the - first chance, 28
16
28

: 0
x 40, or 677— shillings ;

from the second chance, x 21, or 12 shillings ;

8
from the third chance, x 2, or 7 shillings.

28

60 3
Hence the whole expectation is ra + 12 + 7o or 21

shillings ; or one-fourth of the whole sum in the bag.

This result might have been inferred at once from
the consideration that, if all the eight coins had been
drawn two and two, no drawing could be more likely to
exceed in sovereigns than in shillings: (the number of
sovereigns and shillings being the same). Hence the
expectation from each of the four drawings must be the
same ; and therefore each must be one fourth of the
whole sum to be drawn.

RULE VI

The chance of two independent events both hap-
pening, is the product of the chances of their happening
severally.
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That is, if the chance of one event happening be -g,
and the chance of another independent event happening

be g, the chance that both events should happen is

o o Ny 3 195
g X §O0rgg

This may be proved as follows :— :

The chance of the first event is the same as the
chance of drawing white from a bag containing six
balls, of which five are white (Rule IV.)

The chance of the second event is the same as the
chance of drawing white from a bag containing eight
balls, of which seven are white.

Therefore the chance that both events should happen
is the same as the chance that both balls drawn should
be white.

But the first ball can be drawn in six ways, and the
second in eight ways. Therefore (Choice, Rule I.),
both can be drawn in 6 x 8, or 48 ways.

So the first can be white in five ways, and the second
can be white in seven ways. Therefore both can be
white in 5 x 7, or 85 ways.

That is, the two balls can be drawn in forty-eight
ways (all equally likely), and thirty-five of these ways
will give double-white. Hence (Rule IV.) the chance of
double-white is %g—, and therefore the chance of the two

. T
given events both happening is 4.

And the same reasoning would apply if the numbers

were any others. Hence the rule is true always.
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Exawpre.—Suppose it is estimated that the chance
that 4 can solve a certain problem is i;, and the chance

that B can solve it is - ; let us consider what is the

chance of the problem b11321ng solved when they both try.
The problem will be solved, unless they both fail.
Now the chance that A fails is -;; : and the chance
that B fails is 15
Therefore the chance that both fail is
% gl 197 OF 376
The chance that this should not be so, is

o< 29
1- 36 or 36
This is, therefore, the chance that the problem gets

. solved.

In the case just considered, four results were possible,

viz. :— : ;
(1) That 4 and B should both succeed :

(2) ,, A should succeed and B fail :
(8) ,, A should fail and B succeed :
(4) ,, A and B should both fail.
We may calculate the chance of these four events
separately. Thus we have

Chance of A’s success = of A’s failure =

’

2
3’
5

qwll—l

e DB’s success = 19’ of B’s failure = 19°

].-l

H
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Therefore, by the rule
(1) Chance that 4 and B both succeed

2,8 _10
38 12 386°
(2) Chance that A succeeds and B fails
AR W WY,
i
(8) Chance that A fails and B succeeds
=1 _.5_ t — _q .
S 128864
(4) Chance that 4 and B both fail
= oAl
SN L e

‘We observe that

Y0be. T4, T E g, 86 .
56T 36736 T3 8 "

or the sum of the four probabilities is unity, as it ought
to be, sinee it is certain that one of the four results

must happen.

Further, we notice that the problem will be solved if
any of the first thige events out of (1), (2), (8) and (4)
occur. Hence the chance of the problem being solved,
might have been obtained by adding together the sep-
arate probabilities of these three events. Thus—

10, - ASITE= g
86 * 36 ' 36 86’

or the probability is % » as before.



EXPECTATION OF LIFE, 99

It may be said that on an average

Ten persons will die in the next ten years :
out of every 62 whose present age is 30,

”» LR 45 ” b2 40,
9 EE) 35 i) T} 50,
LR ”” 25 2 ”» 60'

We may apply such results as these to the solution
of questions affecting Insurances and Life Annuities.

Question.— What are the odds against a person aged
thirty living till he is sixty ?

Answer.—The chance that he dies between thirty
that he lives to forty and dies between
that he lives to fifty and dies

22 10 Therefore the
chance that he dies between thlrty and sixty is

1o+52 10, 52 85 10 149
62°45 T 62°45°35° O 279"

Hence the odds are 149 to 180, or about 8 to 7
against hig living to be sixty.

and forty is +; 62 .

forty and fifty is 45 g

between fifty and smty is =

Question.— What are the odds against a person at
the age of forty living for thirty years?

Answer.— Proceeding as in the last question, we find
the chance of his dying within thirty years to be

0,38 10,685 25 10 2
AT A TR TR A A
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Therefore the odds are two to one against his hvmg
for thirty years

Question.—What is the probability'tﬁat two persons,
4 and B, aged respectively thirty and forty, will be
alive ten years hence ?

Answer.—The chance of 4 dying in the next ten
years is (1;—2 , and the chance of his living %; . So the
chance of B dying within ten years is ~1§<,'a11d the
chance of his living is %

Therefore the chance that 4 and B will be both

alive is

62 45’ 279 "

Question.—If it be eight to seven against a persdh
who is now thirty years old living till he is sixty, and
two to one against a person who is now forty living till
he is seventy ; find the probability that one at least of
these persons will be alive thirty years hence.

Answer.—One at least will be living unless both be
dead. The chance that the first be dead is %, and the
chance that the second be dead is %: therefore the
chance that both be dead is % 54 3 , Or i_g.’, and the

chance that this should not be so, or that one at least

iy 16 29
be alive is 1 — 2=, or 4.
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RULE VII.

If there be two events which are not independent, the
«<hance that they should both happen is the product of
the chance that the first should happen, and the chance
that when the first has happened the second should
happen also.

For instance, suppose we are asked what is the
probability of drawing first a consonant and then a
vowel, when two letters are drawn at random out of
an alphabet of twenty consonants and six vowels.

The second event is dependent on the first; for if a
consonant be drawn the first time, there are twenty-five
letters left, of which six are vowels, and the chance that
the second letter should be a vowel is 265, but if a
vowel be drawn the first time, there are twenty-five
letters left, of which five are vowels, and the chance
that the second letter should be a vowel is —;3

According to the rule, however, we have to multiply
the chance of the first event, which is 26, by the
chance of the second event happening when the first
has already happened, which *is therefore —263, and thus
we obtain the result—

26 &2 5%

The truth of this result may be seen in another way.

It is possible to select two letters in order, out of the
alphabet, in 26 X 25 ways (Choice, Rule IV.), and all’
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these are equally likely. But we can select two letters
so that the first is a consonant and the second a vowel
in only 20 x 6 ways (Choice, Rule I). Hence when
two letters are drawn in order, the chance that the first
is a consonant and the second a vowel is (as before)

ikt GRS
26 x 25° © 65°
Indeed it will appear that this rule follows directly
from the preceding one ; for, since we have only to find
the chance that both events should happen, we have not
to do with the second event at all, except in the case
when the first has happened. The probability of the
double event must therefore be the same as if the
chance of the second were always what it is when the
first has happened (since we are not concerned with the
case when the first has not happened). But if the
chance of the second event can be treated as if it were
always the same, without reference to the first event, it
is to all intents and purposes independent of the first,
and Rule VI. is therefore applicable.

Question.—One purse contains five sovereigns and
four shillings; another contains five sovereigns and
three shillings. One purse is taken at random and a
coin drawn out. What is the chance that it be a
sovereign ?

Answer.—The chance that the first purse be selected

is %, and if it be selected, the chance that the coin be
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a sovereign 1s 5 ¢ hence the chance that the coin drawn
out be one of the sovereigns out of the first purse is
1 5 5
R T

Similarly the chance that it be one of the sovereigns
out of the second purse is

Lot o
2 8’ 16"
Hence the whole chance of drawing a sovereign is
e
5 45 8

18" 160" 14

Question.— What is the expectation from the drawing
of the coin in the last question ?

Answer.—The chance that it is a sovereign is %,
and therefore the expectation from the chance of draw-
ing a sovereign is 75 144 5 of a pound, or 1 44 shllhngs

If the coin drawn be mnot a sovereign, it must be a
shilling, therefore the chance of drawing a shilling
must be 1 — 144, or 154?4 (Rule .I.) Hence the expecta-
tion from the chance of drawing a shilling is 14—4 of &
shilling. Therefore the whole expectation from the
drawing is :

1700 , 59 1759

144 144 O 144

shillings, or 12s. 2y%d.
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Question. — What would have beén the chance of
drawing a sovereign if all the coins in the last case
had been in one bag, and what would have been the

expectation ?

Answer.— There would have been ten sovereigns
and seven shillings in the bag; therefore, the chance
of drawing a sovereign would have been 1—2, and the
-chance of drawing a shilling 1L7 (Rule I.) The expec-
pectation would therefore have been

20 7 o207
17 1 AR b
ghillings, or 12s. 2.%d.

The chance of drawing a sovereign is therefore in

this case a little less, and the whole expectation very

slightly less than in the former case.

Question.— There are three parcels of books in
another room, and a particular book is in one of them.
The odds that it is in one particular parcel are three to
two ; but if not in that parcel, it is equally likely to be
in either of the others. If I send for this parcel, giving
a description of it, and the odds that I get the one I
describe are two to one, what is my chance of getting
the book ?

Answer — The chance of gettmg the parcel described
is 3, and the chance that the book is in it is —2 g
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“therefore, the chance of getting the book in the
3l-an

g ; . 2
described parcel is 5 x 5 or 4.

The chance of getting a ‘parcel not described is
_;f—, and the chance that the book is in it is -

55
therefore, the chance of getting the book in a parcel
. not deseribed is % X ;, or 115

. Therefore, the whole chance of getting the book at
all is T65— + 1~15 , O 1—75 ; or the odds are eight to seven
against getting it.

Question.—In a purse are ten coins, of which nine
are shillings and one is a sovereign; in another are
ten coins, all of which are shillings. Nine coins are
taken out of the former purse and put into the latter,
and then nine coins are taken from the latter and
put into the former. A person may now take which-

. ever purse he pleases; which should he select?

Answer.— Since each purse contains the same num-
ber of coins, he ought to choose that which is the more
likely to contain the sovereign. Now the sovereign can
only be in the second bag, provided both the following
events have taken place, viz. —

(1) That the sovereign was among the nine coins
taken out of the first bag and put into the
second.

(2) That it was not among the nine coins taken
“out of the second bag and put into the first.
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Now the chance of (1) is %, and when (1) has hap-
pened the chance of (2) i8 i—g; therefore, the chance of
both happening is 45 x ig , OF T%-. This, therefore
is the chance that the sovereign is in the second bag,
and therefore (Rule I.) the chance that it is in the
firgt is 1 — 19—9 or

be chosen in preference to the other.

—i%. Hence, the first bag ought to

RULE VIII.

The chance that a series of events should all happen
a8 the continued product of the chance that the first
should happen, the chance that (when it has happened )
then the second should happen, the chance that then the
third should happen, and so on.

This is a simple extension of the last rule. For
suppose there be four events, and let % be the chance
that the first should happen, and when the first has
happened, let i be the chance that the second should
happen, and when these have happened, let be the
chance that the thlrd should happen, and When these
have happened, let be the chance that the fourth
should happen ; by Rule VII., the chance that the first

and second should both happen is ; X »i’ s OF -g . We
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may now treat this as a single event, and then, again

applying the same rule, we get g X -g-, or % as the

chance that the first, second, and third should all

happen. Treating this compound event as one event,

1

2 T
we can again apply the same rule, and obtain 4y x 7,
15

or 55 88 the chance that all the four events should

happen. Thus the chance of all the events is
1 8 _ 5 1

BP A A
the continued product of all the given chances.

Question.—There are three independent events whose

2 3 1 !
several chances are 3, z, 3 . What is the chance

that one of them at least will happen ?

Answer.— One at least will happen, unless all fail.
e sl ih@ine i 1
The chance of all failing is g % 5 X o O 75 -
1 14

Hence the required chance is 1 — TR

Question. — There are three independent events
whose several chances are 27, ‘951, -;— What is the
chance that exactly one of them should happen ?

Answer.— The chance that the first should happen

and the others fail is

2 2 1
T AT T T
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So the chance that the second should happen and the
others fail is

e T e T
5 B} 2 30
And the chance that the third should happen and the

others fail is

lxlxﬂ,org.
2

3 5 30

Hence, the chance that one of these should occur —
that is, that exactly one of the three events should

happen —is y
PR L e el
80 30 30 30 10

Question.— When six coins are tossed, what is the
chance that one, and only one, will turn up head ?

Answer.—The chance that the first should turn up
head is %, and the chance that the others should turn
up tail is % for each of them. Therefore, the chance
that the first should turn up head and the rest tail is

1 19 8l ol A

b Sl RS
202K B

And there will be a similar chance that the second

should alone turn up head, or that the third should

alone turn up head, and so on.
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Hence, the whole chance of some one, and only one,
turning up head is
1 3 1 i 1 ik ¥ 1 1. 6

Sige R F S eh =
64 64 64 64 64 64 64

Question.— When six coins are tossed, what is the
chance that at least one will turn up head ?
Answer.—The chance that all should turn up tail is

The chance that this should not be so, or that at least
one head should turn up, is (Rule IL.)

1~ = or E
64’ 64 °
Question.— A person throws three dice, what are the
respective chances that they should fall all alike, only
two alike, or all different ?
Answer.—The chance that the second should fall
the same as the first is !15—, and the chance that the

third should also fall the same is —é. Hence, the
chance that all three fall alike is

S e

6; 6 36
The chance that the second should fall as the first,
and that the third should fall different, is
1 5 5

X', or —;

R 36
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and there is the same chance that the second and third
should be alike, and the first different; or that the first
and third should be alike, and the second different.
Hence, the chance that some two should be alike, and
the others different, is

MM IERRG 15 ey A

36 36 36 36

The chance that the second should be different from
the first ig %, and the chance that the third should be
different from either is %. Hence, the chance that all
three are different is
gl 3 20

PeTorae=—".
6 6 36
1 15 20

Therefore, the three chances required are 5, 3¢, 35
respectively, their sum being unity, since the dict must
certainly fall in some one of the three ways.

Question. — A person throws three dice, and is to
receive six shillings if they all turn up alike, four
shillings if two only turn up alike, and three shillingé
if all turn up different, what is his expectation ?

Answer, — Refeﬁﬁéjo the last question, the chance
of all turning up Mt is ﬁ, his expectation from
this event is therefore -~ 36 of six shillings, or two pence.
The chance of two cnly turning up alike is % or —1%-,

and his expectation from this event is therefore —1§2~
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of four shillings, or twenty pence. The chance of all
turning up different is —gg— or %, and his expectation
from this event is therefore —g of three shiMings, or
twenty pence. Therefore his whole expectation is
2 + 20 + 20, or 42 pence, or three shillings and
sixpence.

We shall find the following notation very con-
venient :—

The symbol 8° means 8 x 8, or 9:
= 5% means 5 x 5, or 25:
i 5° means 5 x 5 x 5, or 125:
4 2* means 2 x 2 x 2 x 2, or 16:

5 2° means 2 x 2 x 2 x 2 x 2, or 82:
and so on, whatever be the numbers; the small figure
above the line denoting the number of times the other
number is to be repeated, and the sign of multiplication
being understood before every repetition.

Soalso(g)s=gx_2_xg . 8.

3 8" 8 8 27"
(?)4_§X§X§x§ 8l .
BTN A L AR £ 956

and so on.

Question.— A person goes on throwing a single die
until it turns up ace. What is the chance (1) that he
will have to make at least ten throws; (2) that he will
have to make exactly ten throws ?
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Answer. — (1) The chance that he fails at any
particular trial to throw an ace is % The chance
that he should fail the first nine times (by Rule VIII.)
is (%)9 This, therefore, is the probability that he
will have to throw at least ten times.

9
(2) Since (g) is the chance that he fails the

first nine times, and —%;— the chance that he succeeds

92
the next time, therefore by Rule VII., (g) X %

is the chance that he will have to throw exactly ten

times.

Question.— A die is to be thrown once by each of:
four persons, 4, B, C, D, in order, and the first of
" them who throws an ace is to receive a prize. Find
their respective chances, and the chance that the prize
will not be won at all.

Answer.—Since A4 has the first throw, he wins if he
throws an ace; his chance is therefore —‘1;.

So B wins provided A fails and he succeeds. The
chance of A failing is %, and of B succeeding is é

Therefore B’s chance of winning is
sl 5

66 786"
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So C wins provided 4 and B both fail, and he

succeeds. The chance of 4 and B both failing is

(5)7 X %, or % ; and then the chance of C' succeeding

is % Therefore C’s chance of winning is

25, 1 9

36 < 6’ ° 216"
So D wins provided 4, B, and C all fail, and he
succeeds. The chance of A, B, and C all failing is

5 5 5 125 . :
B X § X §+ O 5ig; and then the chance of D

s b T e
succeeding is 5. Therefore D’s chance of winning is

216 6’ 1296°
The prize is not won at all, provided all four fail to
throw an ace. The chance that this should be the

case 18
625

T 1296°

5

5_5
6%6%6%e°

(=213

Question.—Two persons, 4 and B, throw alternately
with a single die, and he who first throws an ace is to
receive a prize of £1. What are their respective
expectations ?

Answer.—The chance that the prize should be won

at the first throw, is

SO O

at the second throw, is
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»
X
|t

at the third throw, is

at the fourth throw, is

'S

at the fifth throw, is

X
ool =

T~ S N
(=214 DO O O
ol o % S~
X
ol =t [or

5
at the sixth throw, is (g) X
and so on.
But the first, third, and fifth, &e., throws belong to
A, and the second, fourth, sixth, &ec., belong to B.
Hence A's chance of winning is

1 5\* 1 5\¢ 1 y
L) (6)'6+ (M) + &e.;

o) =

and B’s chance is
8 5\% 1 5\* 1 3
g.6+(6).6+(6<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>