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SUMMARY

This report documents the derivation and definition of a linear aircraft model for a rigid aircraft of constant
mass flying over a flat, nonrotating carth. The derivation makes no assumptions of reference trajectory or
veliicle symmetry. The linear system equations are derived and evaluated along a general trajectory and
include both aircraft dynamics and observation variables.

INTRODUCTION

The nced for linear models of aircraft for the analysis of vehicle dynamics and conirol law design is well
known. These models are widely used, not only for computer applicatious but also for quick approximations
and desk calculations. Whereas the use of these models is well understood and well documented, their
derivation is not. The lack of documentation and, occasionally, understanding of the derivation of linear
modcls is a hindrance to communication, training, and application.

This report details the development of the linear model of a rigid aircraft of constant mass, flying over a
flat, nonrotating earth. This model consists of a state equation and an observation (or measurement) equa-
tion. The system equations have been broadly formulated to accommodate a wide variety of applications.
The linear state equation is derived from the nonlinear six-degree-of-freedom equations of motion. The
linear observation equation is derived from a collection of nonlinear equations representing state variables,
time derivatives of state variables, control inputs, and flightpath, air data, and other parameters. The lincar
model is developed about a nominal trajectory that is general.

Whereas it is common to assume symmetric aerodynamics and mass distribution, or a straight and level
trajectory, or both (Clancy, 1975; Dommasch and others, 1967; Etkin, 1972; McRuer and others, 1973;
Northrop Aircraft, 1952; Thelander, 1963), these assumptions limit the generality of the linear model. The
principal contribution of this report is a solution of the general problem of deriving a linear model of a rigid
aircraft without making these simplifying assumptions. By defining the initial conditions {of the nominal
trajectory) for straight and level flight and setting the asymmetric aerodynamic and inertia terms to zero,
one can easily obtain the more traditional linear models from the linear model derived in this report.

Another significant contribution of this report is the derivation and definition of a linear observation
{measurement) model. The observation medel is often entirely neglected in standard texts, A thorough
treatment of commonr aircraft measurements is presented by Gainer and Hoffman {1972), and Gracey (1980)
provides a detailed discussion of speed and altilude measnrements. 1lowever, neither of these references
present linear models of these measurements. This report relies heavily on these two references and uses their
results as one of the bases for the nonlinear measurement equations from which the linear measurement
mode] is derived. Also included in this report is a large number of other measurements or variables for
observation that have been found to be useful in vehicle analysis and control law design.

Duke and others (1987) describe a FORTRAN program called LINEAR that derives a linear aircraft
model by numerical differencing (Dieudonne, 1978). The program LINEAR produces a linear aircraft model
{(both state and observation matrices) that is equivalent to the linear models defined in this report.

This report is divided into two main sections that define the reference systems and nonlinear state and
observation equations (section 1) and derive a linear model presented in the appendixes (section 2). The
appendixes contain a definition of the linear aerodynamic model used in this report (app. A), a derivation
of the wind axis translational acceleration parameters (app. B), generalized linear derivatives of the non-
lincar state and observation equations (app. C), and the individual derivatives of the state and observation
equations {(app. D). The details of the principal results of this report are presented in appendix D.
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total aerodynamic axial force, Ib

speed of sound, ft/sec

normal accelerometer output, g

output of normal accelerometer not at vehicle center of gravity, g

output of accelerometer aligned with vehicle body z axis, g

output of accelerometer aligned with body z axis, not at vehicle center of gravity, g
kinematic acceleration in vehicle body z axis, g

output of accelerometer aligned with vchicle body y axis, g

output of accelerometer aligned with body ¥ axis, not at vehicle center of gravity, g
kinematic acceleration in the vehicle body y axis, g

output of accelerometer aligned with vehicle body z axis, g

output of accelerometer aligned with body z axis, not at vehicle center of gravity, g
kinematic acceleration in vehicle body z axis, g

reference span, ft

generalized force or moment coefficient

derivative of generalized force or moment coefficient with respect to arbitrary variable z
reference aerodynamic chord, ft

total aerodynamic drag, lb

I, -1,
I -1,
1,-1,

spectfic energy, ft

arbitrary force or moment

flightpath acceleration, g

acceleration due to gravity, ft/sec?

acceleration due to gravity at sea level, ft/sec?
altitude, ft

altitude measurement not at vehicle center of gravity, ft
inertia tensor

moment of inertia about z body axis, slug-ft2
product of inertia in z-y body axis plane, slug-ft?
product of inertia in z—z body axis plane, slug-ft?
moment of inertia about y body axis, slug-ft>
product of inertia in y—z body axis plane, slug-{t?
moment of inertia about z body axis, slug-ft2
I.I, — I:z

Iogle + 1yods,

I.ryfyz + Iyrxz

LI - I2,
I::Iyz + IzyI.Z:z
LI, - I,

total moment about z body axis, ft-1b; or, total aerodynamic lift, 1b
unit length, ft
total moment about ¥ body axis, ft-1b; or, Mach number



m velicle mass, slugs
N total moment about z body axis, ft-lb; or, total aerodynamic normal force, 1b

n load factor

P, specific power, ft/sec

P roll rate (about z body axis), rad/sec

Pa static or free-stream pressure, 1b/ft?

P stability axis roll rate, rad/sec

m total pressure, 1b/ft?

q pitch rate (about y body axis), rad/sec

q dynamic pressure, Ih/{t?

e impact pressure, 1b/ft?

gc/Pa Mach meter calibration ratio

s stability axis pitch rate, rad/sec

Re Reynolds number

Re’ Reynolds number per unit length, ft~1

r yaw rate (about z body axis), rad/sec

Ts stability axis yaw rate, rad/sec

S surface area of wing, ft?

T total angular momentum; or, ambient or free-stream temperature, °R
T total temperature, °R

t time

u velocity along # body axis, ft/scc

v vehicle velocity, ft/sec

v velocity along y body axis, {t/sec

w velocity along z body axis, ft/sec

Xa total aerodynamic force along z body axis, lb
X total gravitational force along z body axis, b
X1 total thrust force along & body axis, Ib

T vehicle position along z earth axis, ft

Y total aerodynamic sideforce, ib

Ya total aerodynamic force along y body axis, 1b
Yy total gravitational force along y body axis, lb
Yt total thrust force along y body axis, 1b

y vehicle position along y earth axis, ft

Za total aerodynamic force along z body axds, Ib
Zg tota] gravitational force aleng z body axis, Ib
ZT total thrust force along 2z body axis, 1b

z vehicle position along z earth axis, ft

o angle of attack, rad

o angle-of-attack measurement not at vehicle center of gravity, rad
B angle of sideslip, rad

B angle-of-sideslip measurement not at vehicle center of gravity, rad
¥ flightpath angle, rad

8, tth control surface deflection

] pitcli angle, rad

I coeflicient of viscosity, 1b/it-sec

P density of air, 1b/ft?

i arbitrary function
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A
A.I’
B
Bf
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Lpy
R
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bank angle, rad
heading angle, rad

body axis acceleration vector

attitude vector of Euler angles

total force vector

state vector function

observation vector function

total angular momentum vector

sum of higher order terms in Taylor series
total moment vector

position vector in carth axis system

input or control vector

vehicle velocity vector

state vector

ohservation vector

perturbation of control vector
perturbation of state vector

perturbation of time derivative of state vector
rotational velocity vector

state matrix of the generalized state equation, Cx = Ax + Bu

state matrix of the state equation, X = A'x 4+ B'u

control matrix of the generalized state equation, Cx = Ax + Bu

control matrix of the state equation, x = A'x + B'u

system matrix of the generalized state equation, U'x = Ax + Bu

feedforward matrix of the generalized observation equation, y = Hx + Gx + Fu
feedforward matrix of the ohservation equation, y = H'x + F'u

derivative observation matrix of the generalized observation equation, y = Hx + Gx + Fu
observation matrix of the generalized observation equation, y = Hx+ Gx + Fu
observation matrix of the observation equation, ¥y = H'x + F'u

intertia tensor

scaling matrix for inertia tensor

transformation matrix from earth to body axes

transformation matrix from earth te body axes

angular velocity matrix in the generalized state equation, T% = f{x({}, x(¢), u(1)]
n x m matrix of 0 values

an n X m matrix with values of 1 on the diagonal



Subscripts

a aerodynamic; or static or, free stream
b body axis system

D drag

g gravitational

h displacement of altitude instrument

h displacement of altitude rate instrument
,t not at vehicle center of gravity

 k kinematic

L 1ift

{ rolling moment

m pitching moment

n yawing moment

n orthogonal

P power plant induced

5 stability axis; or, specific

T thrust

L total

v vehicle-carried vertical axis system

w wind reference axis system

x displacement in r body axis

Ty z-y body axis plane

Tz z—z body axis plane

Y sideforce

i displacement in y body axis

yz t—z body axis plane

z displacement in the z body axis

0 at sea level, standard day conditions; or, nominal conditions
Superscript

T transpose

1 NONLINEAR SYSTEM EQUATIONS

The motion of an aircraft as a rigid body can be described by a set of six nonlinear simultaneous second-
order differential equations. These equations, representing the translational and rotational motion of the
vehicle, can be formulated in the notation of Kwakernaak and Sivar (1972) and Dieudonne (1978) as a
time-invariant system expressed as

x(t) = f[x(t), u()) (1-1)
where x(?) is the 12-dimensional time-varying state vector (¢ being time), X(1) is the derivative of x(#) with

respect to time, u(¢) is the k-dimensional time-varying input or control vector, and {is a 12-dimeunsivnal
nonlinear function expressing the six-degree-of-freedom rigid body equations.

Measurcments of the vehicle state can be represented by the observation equation

y(1) = g[x(2), u()] (1-2)



where y(t) is an ¢-dimensional time-varying observation vector and g is an ¢-dimensional nonlinear func-
tion expressing the relationship of the true vehicle state and control vectors to the observed parameters.
Typically, the function g characterizes the dynamics and location of the sensors.

For the aircraft analysis and design problem, both the nonlinear and linear system equations are formu-
lated more broadly than just described (Edwards, 1976; Maine and Liff, 1980, 1986). The nonlinear system
equations include %(z) terms in both the state and observation functions. In fact, in the most extended
form the state equation is expressed in terms of transformed variables {discussed in seclion 1.2.1). These
generalized equations form the basis of the analysis in this report. The generalized system equations are

Ti(t) = £lx(1), X(2), u(1)] (1-3)
¥(8) = glx(), X(t), u(t)] (1-4)

where T is a constant 12 x 12 angular velocity matrix.

1.1 Definition of Reference Systems

While numerous reference systems are used in aerospace applications, this report is imited to four reference
systems: the body, the wind, the vehicle-carried vertical, and the topodetic reference systems. The stability
axes are also defined even though this reference system is used only to define the stability axis rotational
rates (section 1.3.8).

Within this report the translational equations are referenced to the wind axes, and the rotatioual
equations are referenced to the body axes. Measurement equations are primarily referenced to the body
axes when the use of a reference system is needed. The use of this mixed axis system definitinon in hoth
the nonlinear and linear models is related to the measurahility and meaningfulness of quantities. Because
the aerodynamic forces act in the wind axes, this reference system i1s used for the translational equations.
For instance, angle of attack, velocity, and angle of sideslip are either directly measurable or closely related
to directly measurable quantities, while the body axis velocities (%, v, and w in the z,y, and z directions,
respectively) are not. The body axis rotational rates are measured by scnsors fixed in the body axes; wind
axis rates can be derived only from these quantities through axis transformations.

The first reference system to be described is the topodetic reference system, also called the earth-fixed
reference frame {Etkin, 1972), the earth axes (Thelander, 1965), and the Eulerian axes (Northrop Aircraft,
1952). The topodetic reference frame is considered fixed in space (and hence, inertial) with the orientation
of the axes as shown in figure 1; the z axis is directed north, the y axis east, and the z axis down. The
vehicle position (z and y) and altitude (k) are measured from the origin of this reference system.

The vehicle-carried vertical axis system (fig. 2; Etkin, 1972) has its origin at the center of gravity of the
vehicle. The z, axis is directed north, the y, axis east, and the z, axis down. This axis system is obtained
by a translation of the topodetic axis system to the vehicle center of gravity. The attitude of the aircraft
(heading, pitch, and bank angles ¢, 8, and ¢, respectively) is described in terms of the orientation of the
aircraft body axes with respect to the vehicle-carried vertical axes.

The origin of the body axis system (fig. 3} is the vehicle center of gravity. The z axis is directed toward
the nose of the aircraft, the y axis toward the right wing, and the 2z axis toward the bottom of the aircraft.
The specific orientation of the actual body axes relative to the vehicle body is somewhat arbitrary. For
symmetrical aircraft, the z and 7z axes are in the plane of symmetry; for asymmetrical aircraft, these axes
are located in a plane approximating what would be the plane of symmetry. The positive direction {or the
body axis rates (roll, pitch, and yaw rates, p, ¢, and r, respectively}, the body axis velocities (u, v, and w}),
and the body axis moments (L, M, and N about the z, y, and z axes, respectively) are shown in figure 3.
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Figure 1, Topodetic axis system. Figure 2. Relationship belween topode-
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Figure 3. Body axis system.



The relationship between the vehicle-carried vertical and body axes is shown in figure 4. The Buler
angles (¥, 8, and ¢) define the orientation of the body axes with respect to the vehicle-carried vertical
axes. The rotations required to transform the vehicle-carried vertical axes to the body axes are shown iu
figure 5. The heading angle 4 is a rotation about the z vehicle-carried vertical axis into a new axis system
(designated (x;, v1, 21) in fig. 5); the pitch attitude € is a rotation aboul the g axis into the (z2, y7, 22)
axes system; the roll attitude ¢ is a rotation about the y; axis into the body axes.

%2 Xp

X, -

s

Figure 4. Relationship between vehicle-carried vertical and body axis systems.

These rotations are described by

[ cosy —sin w0 1

Ly = sind  costr 0 (1-5)
| 0 0 1 J
[ cos® 0 sind

Ly = G 1 0 {1-6)
. —sinf 0 cosd
(1 0 0

Le = 0 cos¢p —sing (1-7)
| 0 sing  cos¢

and the total rotation is described by

cos fcosy cos # sin 3 —s5inéd
singsinfcosy  singsinfsiny singcosd
Lpy = Lylely = — cos ¢ sin + COS QCOs ¥ i {1-¥)

cosdsinfecos  cosdsinfsint: sinocosd
+ sin ¢ sin —sin G cos v

fa)
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Because Lgy i$ a unitary matrix, the transformation from the body axes to the vehicle-carried vertical
axes is Lk

The relationships between the body, wind, and stability axes are shown in figure 6. All three axis
systems liave their origin at the center of gravity of the aircraft. The 2 axis in the wind reference system
(x.) is aligned with the velocity vector of the aireraft. The angle of sideslip # and angle of attack a define
the orientation of the wind axes with respect to the body axes. (The stability axes are shown in figure §
also. This reference system is displaced from the wind axis system by a rotation 8 and from the body axis

system by a rotation —a.}

Figure 6. Relationship of body, stability, and wind azes.

Also shown in figure 6 are the components of the velocity vector V in the body axes (x, v, and w)
and the definition of positive rotations for @ and 8. It should be noted that 8 is a positive rotation in a
left-handed coordinate system, whereas the positive sense of all other rotations used in aircraft analysis are

positive in a right-handed coordinate system.

The definitions of the body axis velocities {fig. 6) are

u=Vcosacosf (1-9)
v = Vsing (1-10)
w = Vsinacosg (1-11)

The total velocity V, angle of attack «, and angle of sideslip # can be expressed in terms of these body axis
velocities as

V = |V| = (u? 4 2? + w?)/? (1-12)
a = tan™! = (1-13)
g = sin™? % (1-14)

10



1.2 Noulinear State Equations

For tle aircraft problem, the state vector x is 12 x 1 vector composed of four 3 x 1 subvectors representing the
vehicle rotational velocity, the vehicle translational velocity, the vehicle altilude, and the vehicle location:

x =[x x3 X3 X{]" (1-15)
where
¥, =[pqr]t (1-16)
xz =V o g]* (1-17)
x3 = [¢ 8 ¢]" (1-18)
x4 =[h o y]" (1-19)

with X1, X2, X3, and x4 being the rotational velocity, translational velocity, attitude, and position subvectors,
respectively. The vehicle rotational and translational velocity are defined within the aircraft-fixed axis
systems. In the formulation of the state used in this report, the vehicle rotations are body axis rates, whereas
the vehicle velocity terms are stability axis parameters. The vehicle attitude and location parameters are
earth relative.

The vector function f, relating the state vector its time derivative, and the control vector to the time
derivative of the state vector with respect to time, is a 12-dimensional vector function composed of four
3-dimensional vector subfunctions:

flx(t), k(O u(t)] = [ £ 5 1" (1-20)

where f;, 1, f3, and fy are the vector functions that relate the x(¢), x(¢), and u(t) vectors to the rotational
acceleration, translational acceleration, attitude rate, and earth-relative velocity subvectors of %(t). In the
following sections, each of these subfunctions will be developed separately. The details of the derivation
of these subfunctions can be found in any of the standard references on aircraft dynamies (Etkin, 1972;
McRuer and others, 1973; Thelander, 1965).

1.2.1 Rotational acceleration.—The subfunction f; of f from which the rotational acceleration
terms in the x vector are derived is based on the moment equation
d

M= —H (1-21)

wlhere M is the total moment on the vehicle and H is the total angular momentum of the vehicle. This
expression can be expanded to

b .
M= SE(IQ)+Q x {I)) (1-22)
where §/61 is the time derivative operator in a moving reference frame {such as the velicle body axis system)
and the substitution

H=IQ (1-23)

has been used to replace the total angular momentum term with the product of the inertia tensor I and
the rotational velocity vector 1. {The inertia tensor is assumed to be constant with time.} The definition
of the terms in equation (1-22) follow:

T L L + Lt
M= |YM|=|M+ M (1-24)
SN N + Nt
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with L, M, and N being the aerodynamic total moments about the z, v, and z body axes, respectively, and
L1, M, and N1 the sums of all power-plant-induced moments;

Ia: _Ixy _Irz
I=| Iy 1 =1y, (1-25)
_Ixz _Iyz Iz

where I, I, and [/, are the moments of inertia about the z, y, and z body axes, respectively, and Iy, I,
and I, are the products of inertia in the z—y, r—2, and y—2z body axis planes, respectively; and

Q=x1=[p g (1-26)
where p, ¢, and r are the rotational rates about the z, ¥, and z body axes, respectively. Because it is
assumed that the inertia tensor is a constant with respect to time, equation {1-22) can be rewritten as

%Q ="' (M-~Q x IQ) (1-27)

This is the vector subfunction for the rotational acceleration. Designating this subfunction as f;, the
following definition applies:

fi[x(2), &(1), u(t)] = I [M - Q x (1)) (1-28)
wlere
§ Q= .
5 = filx(1),%(1), u(?)] (1-29)
;;tﬂ =[p g (1-30)

Since the inverse of the inertia tensor I~! is given by

a1 1{1 jrz 1{3 3
TdeT| PR (-31)
where

det] = LTI, — LI}, - LI}, - I,IZ — 21,11, (1-32)

n = ILJ, -1}, (1-33)

Iy = Iyl + 10y, (1-34)

In = Iyl + L., (1-35)

Iy= L1, -12, (1-36)

Is = dpdyy + LyTe, (1-37)

Ig = LI, - IZ, (1-38)
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the expression for the rotational accelerations can be expanded as a set of scalar equations:

1
P = TFBLh + EMI+ ENI = ' (Lesly ~ LyIs) + p(Lec sy = Ipa o — Do)
- pr(-{zyfl + DyIZ - IszS) + gQ(IszI - I;gyfg) - qT(Dxfl - IxyIZ + [sza)

— v (Ledy ~ I 1)) (1-39)
1
qj= a’gﬁ[Esz +EMIy+ ENIs ~ p*(Ieeds — Inyls) + pg(Lpsda — Iy Is — D Is)
— pr(leylz + DyIy — I Is) + 2 (Lo Iy — ToyDs) — qr(Dole — Inyls + Inod5)
— ¥ (T 0y = L.14)) (1 40)

T = delt FIBLE + SMIs + SNIo = p(LosIs ~ Ly Is) + paTexfs = Iz {5 ~ Do)
—_— }JT(I;WIB + DyIﬁ - Iy:lrﬁ) + q2(1y21'3 _ Imy-rﬁ) — q.r(Drlra _ IIyIS 4 -rmgfr(;)

— (I s — I Is5))] (1-41)
where
D, =1,-1, (1-42)
Dy =I.— I, (1-43)
D, =1,-1, (1-44)

Equation (1-3) defines the generalized nonlinear state equations as
Tx(t) = £{x(2), X(t), u(t)]

This equation, although more complicated than the nonlinear equations defined by equation {1-1), allows for
a more tractable formulation of the state equation by using the matrix T to provide a means of addressing
the rotational accelerations in a decoupled axis system.

The derivation of the rotational acceleration terms is based on the moment equation (1-22):

M=:—t(IQ)+Q><IQ

Rearranging terms and assuming thatl the inertia tensor is constant with respect to time, the equation can
be written as

é
I§Q=M—Q><IQ (1-45)
The rows of this vector equation are now scaled using the following scaling matrix:
/i, 0 0
J = 0 1/, 0 (1-46)
0 0 1/I,

This matrix, when premultiplying equation (1-27), merely divides the first row by the roll inertia /., the
second row by the pitch inertia 7, and the third row by the yaw inertia [.. Using the definition

J=JT (1-47)
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the resulting equation is

J%Q = M = J(Q x I0) (1-48)
and J can be written as
1.0 ~ Loyl Iz — Ipn/ 1z
J=1 =L/l 1.0 - L./ (1-49)

- :."z,fz _Iyz/}-z 10

Equation (1-48) can be expanded and expressed as

?5’ [ 1-0 - lrwy/I:u _-{mszx p
g = Iy /1, 1.0 - T, /1, q
'-':" | xz/Iz — yszz 1.0 r

[ EL/II.‘ - ?Plzy/Iw + pgle. /1 + rqu/Is: + (q2 - Tz)lysz:r - q?'jz/jr
= EM/I, — rpl /Ly + raley /1y — paly. /1, + (v — p2) L /1, + prlL/ I, (1-50)
3 EN[L + qpl /I, — qrip, [ I, + priy. /I, + (pz - qg)fxy/fz - pely/ 1,

where 3, ¢, and #' are the decoupled rotational accelerations of the velicle.

Using the definition of J in equation (1-49), the matrix transformation I can be defined as

. . .
J 1 03xs !
---~:L—3-xf :| Osxs
r=| fvsiles | (1-51)
t
\- Osx6 | lsxe
1
1

which would be an identity matrix except for the presence of the inertia terms in the upper left-hand coruer.
Thus, the vector subfunctions for the generalized state equation defining vehicle translatjonal acceleration,
vehicle attitude rates, and earth-relative velocities are the same as those defined for the standard nonlinear
state equations in sections 1.2.2, 1.2.3, and 1.2.4, respectively.

1.2.2 Translational acceleration.—Derivation of the translational acceleration vector subfunction
T3 is based on the force equation

d
F=-—(mV -
g (mV) (1-52)
where F is the total force acting on the vehicle and m is the vehicle mass, This expression can be expanded to
é «
F=m é—tV-F-QXV (1-33)

with the assumption of constant mass with respect to time and the following definitions of F and V:
F=[sXx gy £2]F (1-54)
where £X, £Y, and £Z are the sums of the aerodynamic, thrust, and gravitational forces in the z, y, and

z body axes, respectively, and
V=[uvuw] (1-55)
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Rearranging the terms of equation (1-52) gives an expression for the translational acceleration:

Sv=lr_axv (1-56)
&t m

This equation expresses body axis accelerations in terms of body axis forces, angular rates, and velocities.
However, the desired form of this relation requires the translational accelerations in the wind axis system;
that is, in terms of the magnitude of the total vehicle velocity V', angle of attack a, and angle of sideslip 3,
which are expressed by equations (1-9) to (1-11)

u=Vcosacosl
v = Vsing

w = Vsinocos S
and equations (1-12) to (1-14)

V=|V|= (u2 +vi 4+ 'wz)l’(2

o = tan™} (T_a)
3 = sin~"! (%)

The wind axis translational acceleration terms (derived in app. B) are summarized as:
[V & 81T = falx(t), %(1), u(t)] (1-57)
where

. 1
V= ;[—Dcosﬂ+Ysinﬁ+XTcosacosﬁ+YTsinﬁ+ZTsinacosﬁ

— mg{cos a cos A sin 8 — sin §sin ¢ cos @ — sin a cos B cos ¢ cos #)] (1-38)
& ! [~L+ Zrecoso — X1sina + mg( 5 cos @ + sl in 8))
= [~ = - 08 & €08
T— T T mglc ¢ cos# + sin e sin
+ g —tan G (pcosa + rsina) {1-59)

. 1
8= mV[Dsinﬁ-FYcosﬁ—XTcosasinﬁﬁ—YTcosﬂ—ZTsinafsin,B

+ mg(cosasin Ssin & + cos Bsin ¢ cos @ — sinasin Bcos¢cos )] + psina —reosa (1-60)

with D being total aerodynamic drag; ¥ total aerodynamic sideforce; and X, Yr, and Zr total thrust
force along the z, y, and z body axes, respectively.

1.2.3 Attitude rates.—The matrix R that transforms angular velocities in the earth-fixed axis system
into body axis angular velocities is defined by

1 0 —sin @
R=|[0 cos¢ singcosé (1-61)
0 —sing cosdcosd



where R is derived by Maine and Liff (1986) from the total angular velocity of the aircraft expressed in
terms of the derivatives with respect to time of the Euler angles (¢, 8, ¥):

P [ ¢ 1 0 0 0 1 0 0 cos@ 0 —sinf | |0
g| =4+0{+ 10 cos¢ sing 8+ |0 cos¢ sing 0 1 0 0
T | 0 0 —singcosgp| | 0O 0 —sin¢ cosé sinf 0 cosf 1
1 0 —sind ][
= |0 cos¢ singcosf | |0 (1-62)
0 —sin¢ cosgcosd | |
"This transformation from earth-fixed to body axes can be expressed by the equation
Q=R (d E) (1-63)
= y7 .
where E is an attitude vector whose components are the Euler angles:
E=[¢8vy]" (1-64)

Premultiplying both sides of equation (1-63) by £7! and rearranging terms yields tlie equation for the

attitude rates,
d

d—tE = R™10 (1-65)
which can be expanded into the scalar equations
$=p+gsingtand + rcosptand | (1-66)
f = gcos¢ ~ rsin ¢ (1-67)
¥ = gsin ¢ sech + rcos psec (1-68)

1.2.4 Earth-relative velocity.—The matrix Lpv that transforms earth axis system vecters into the
body axis system is defined by equation {1-8} as

[ cosyp —siny 0 cos# O sind 1 0 0
Lpy = siny cos® 0 ] 1 0 0 cos¢ —sing
| O 0 1 —sinf® 0 cosé 0 sing cos¢
[ cosf cos cos @ sin ¢ —sin 8
= sin ¢ sin § cos 1 — cospsinp sin psin@sin ) + cos@dcosyP sinPpcos
| cosPsinfcosy + sinpsing cos@sinfsiny —singcosyp cosgeosd

The specific relationship between earth-relative velocities and body axis velocities 15 expressed by

d
V=017 — -6¢
av () (1-69)
where R is the earth axis system vector defining the location of the vehicle:

R=[zy 2" (1-70)
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with z = —h.
The equation for the earth-relative velocity can be formulated as

d
R= LgvV (1-71)

in which these velocities are expressed in terms of body axis velocities. Using equation (1-72) and the
definitions of the body axis velocities in equations (1-12) to (1-14) allows the earth-relative velocities to be
expressed in terms of V', &, and §:

h = V{cosacos Bsinf — sin fsin ¢ cos § — sin a cos 3 cos ¢ cos 6) (1-72)

# = V[cosacos 3 cos B cos + sin S(sin ¢ sin 8 cosyp — cos ¢ sin )
+ sin o cos B{cos ¢ sin 8 cos ¢ + sin ¢ sin )] {1-73)

% = V{cos acos f cos ¢ sin ¢ + sin S(cos ¢ cos 1P + sin ¢ sin & sin )
+ sin « cos F(cos ¢ sin 8 sin 1 — sin ¢ cos ¥)] (1-74)

1.3 Nonlinear Observation Equations

No standard set of observation variables exists for the aircraft analysis and control design problem. However,
for any guidance and control problem, the main observation variables generally will be a subset of the state
variables. Other common observation variables are the vehicle body axis translational accelerations and
air data parameters. Thus, the dimension of g{x(t), X(2), u(t)] is not fixed and varies from application to
application. The set of observation variables described in this section was selected to address a wide range
of problems. The basic composition of the observation vector y as used in this report is given by

y = [xT xT u7 y'T]T (1-75)

where x and % are the state vector and time derivative of the state vector described previously, u is the
control vector, and y’ is defined by

Y =y v v v ve v vt (1-76)
where

¥i = loog Gyk Gzk Go @y @y Gy Gpi Gy; Gz; Gpg 700 (1-77)
yy=[e M Re R’ § g qc/pa Pa v T Ti)T (1-78)
4 = [y fpa h)T (1-79)
vy =B R]" (1-80)
vi=|[L DN A" (1-81)
yh=[uvwad ]’ (1-82)
vy = lag By hy kT (1-83)
ys = [T ps ¢ 07 (1-84)
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with the elements of y{ being terms related to the vehicle body axis acceleration, the elements of y} being
air data terms, the elements of y} being flightpath-related terms, the elements of y} being terms rclated to
vehicle energy, ¥} being a vehicle force vector, the elements of y; being body axis translational rates and the
time derivatives of those terms, y3 being a vector of variables representing measurements from jnstruments
nat located at the vehicle center of gravity, and the elements of y§ being a collection of miscellaneous terms.
Obviously, this grouping of terms is somewhat arbitrary and is done primarily to easc the definition of these
terms in the following sections of this report, This grouping of observation variables parallels that used by
Duke and others (1987).

The vector function g relating the state vector, the time derivative of the state vector, and the control
vector to the observation vector is an £-dimensional function composed of four subfunctions:

glx(0), x(t), u(t)] = [x* %7 u® g7 (1-85)

where x, x, and u are identity functions on the state vector, time derivative of the state vector, and control
vector, respectively, and g’ is composed of vector subfunctions defining the y’ vector.

The state vector, time derivative of state vector, and control vector components of the observation
vector are not discussed in detail in this section of the report. The equations for the elements of the time
derivative of the state vector were developed in section 1.1. The observation equations for the state and
control variables are simply identities.  The equations for the remaining observation variables are obtained
from a variety of sources. In addition to the previcusly cited sources, Clancy (1975), Dommasch and
others (1967), Gainer and Hoffman (1972), and Gracey (1980) provide the background and derivation of
the ohservation equations used in this report.

1.3.1 Accelerations.—The vehicle body axis accelerations and accelerometer outputs constitute the
sct of observation variables that, after the state variables themselves, are most important in the aircraft
control analysis and design problem. These accelerations and accelerometer outputs are measured in units
of g and are derived directly from the body axis forces defined in section 1.2.2. The body axis aceeleration
vector a can be expressed as

d 6
a_dtV_&V-l-QXV _ (1-86)
It is important to note here that the 4, ©, and & body axis velocity rates, derived in appendix B and
defined by equation (B-1), are not the body axis accelerations. The body axis accelerations contain not
only the body axis velocity rates but also the rotational velocity and translational velocity cross-product

terms. Thus, expanding equation {1-86} yields

Az k @+ gqw —ro
a=| aux | =| ¢4+ ru—pw (1-87)
az k W+ pv - qu

where ar i, @y x, and «,x are the kinematic accelerations in the vehicle body x, ¥, and z axes, respectively.
Using

% (1/m}( X1+ Xa+ Xg) + 7o — gw
| =| /m)(Yr+Yat+Yg)+pw—ru (1-88)
W (L/m)(Zr + Za + Zg) + qu — pv
(stated as eq. (B-1) in app. B}, equation (1-87) can be rewritten as
gk (1/m)( Xt + Xa + Xy)
Oy k = (1/m)(},T + Ya + Yg) (1'89)
a,x (1/m)(Zy + Za + Z)



where X,, Y,, and Z, are total acrodynamic forces and X, ¥, and Z; are total gravitational forces along
the z, y, and z body axes, respectively. This can be expanded in terms of the gravitational and aerodynamic
forces to give (in units of g}

Gz k 1 Xt~ Dcosa+ Lsina — gmsiné
ayx | = — Yr+Y + gmsindcosfh (1-90)
dz k 9o Zr — Dsino — Leosa + gm cos ¢ cosd

where gg is the acceleration due to gravity at sea level,

The outputs of body axis accelerometers at the vehicle center of gravity are simply the body axis
accelerations due to the thrust and aerodynamic forces. The accelerometer output equations can be written
directly from equation (1-90) as

o 1 Xt—Dcosa+ Lsina
a | = — Yo +Y (1-91)
a go™ | 7. _ Dsina — Lcosa

where az, Gy, and ¢, are the outputs of accelerometers at the vehicle center of gravity and aligned with the
vehicle body z, ¥, and 2z axes, respectively. Because the normal acceleration «, is defined by

4y = —a, (1-92)

an expression for this variable can be extracted from equation (1-91):
a, = (—Z1+ Dsina+ Lcosa)/gem (1-93)
Tle equations defining the output of accelerometers aligned with the vehicle body axes but displaced

from the vehicle center of gravity are derived by Gainer and Hoffman (1972) using the definition of inertial
acceleration given in equation (1-86)

6
=-V+OQxV
R TAR
and the definition of inertial velocity
é
V=6—tr+€2><r (1-94)
The results from Gainer and Hoffman (1972) are reproduced here without rederivation:
az,i az = [(¢ + r*)zz = (pg — F)yz — (pr + $)2:]/ 90
ayi | = | ay+{(pa+ Hay — (P + )y, — (a7 - P)2]/g0 (1-95)
@z a: + [(pr — §)z2 + (g7 + Ply> — (¢® + p*)2:)/90

where as ;, @y:, and a;; are outputs at accelerometers aligned with the z, y, and z body axes but not located
at the vehicle center of gravity; the subscripts =, ¢, and z refer to the z, y, and 2 body axes, respectively;
and the symbols z, y, and z refer to the 2, y, and z body axis locations of the sensors relative to the velicle
center of gravity. Becanse the normal acceleration is the negative of the 2 body axis accelerometer, the
output of a normal accelerometer not at the vehicle center of gravity but aligned with the z body axis, a, ;,
is given by

i = an = [(pr = D22 + (a7 + P)v= — (0° + p*)2:] /90 (1-96)

The final quantity included in the general category of accelerations is load factor n. This quantity is
defined without inclusion of the z body axis force component as

L
n=— 1-97
- (1-97)
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1.3.2 Air data parameters—The air data parameters having the greatest application to aircraft
dynamics and control problems are the sensed parameters and the reference and scaling parameters. Chosen
for inclusion as the sensed parameters are impact pressure ¢, static or free-stream pressure p,, total pressure
i, ambient or free-stream temperature T, and total temperature T;. The selected reference and scaling
parameters are Mach number M, dynamic pressure g, speed of sound @, Reynolds number Re, Reynolds
number per unit length Re’, and the Mach meter calibration ratio ¢./p.. The derivation of these quantities
is treated extensively by Gracey (1980).

The nonlinear equations defining these quantities are

1/2
Po
= |1.4 T] 1-98
. [ polo ( )
1%
M= — (1-99)
Re = 2¥¢ (1-100)
m
Re' = ﬁ (1-101)
H
I R
] (.04 0.2M7%)*5 — 1.0]p, (M < 1.0) (1-103)
T = {1.2M?[5.76 M?/(5.6 M2 — 0.8))*% — 1.0}p. (M > 1.0) )
g _ J(1.0+02M2)% - 1.0 (M <1.0) (1-104)
pa | 12M5.76 M%/(5.6M2% - 0.8))%° - 1.0 (M > 1.0) i
T, = T(1.0 + 0.2M?) (1-105)

where p is the density of the air, p is the coefficient of viscosity, and the subscript 0 refers to sea level,
standard day conditions. Free-stream pressure, free-stream temperature, and the coefficient of viscosity are
properties of the atmosphere and are assumed to be functions of altitude alone.

1.3.3 Flightpath-related parameters.—Included in the observation variables are what might best
be termed flightpath-related parameters for lack of better nomenclature. These terms include flightpath
angle v, flightpath acceleration fpa, and vertical acceleration 2. The variables are defined by the following

equations:
= sin™! E 1-1
1%
fpa = — 1-107
pa = (1-107)
h= arksin® — ayxsinpcosf — a, ) cosPcosd (1-108)
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1.3.4 Energy-related parameters.—Two energy-related parameters are included with the observa-
tion variables considered in this report: specific energy E;, and specific power F;, defined as

B o=hi o (1-100)
2g
dE, . VV
po= s _ VY 1-110
e = = ( )

1.3.5 Force parameters.—The set of observation variables being considered also includes four force
parameters. These quantities are total aerodynamic lift L, total aerodynamic drag D, total aerodynamic
normal force N, and total aerodynamic axial force A, defined as

L =¢8C, (1-111)
D = §SCp (1-112)
N = Leosa+ Dsina (1-113)
A =-Lsina+ Deosu (1-114)

where 5 is the surface area of the wing, ', coefficient of lift, and Cp coefficient of drag,

1.3.6 Body axis rates and accelerations.—Because they are of interest in the control analysis and
design problem, six body axis rates and accelerations are included as observation variables. These include
the # body axis rate u, the y body axis rate v, and the 2 body axis rate w.. Also included are the time
derivatives of these quantities, %, ¥, and @, respectively.

The definitions of the body axis rates are given in equations (1-9) to (1-11) as
%= Vcosacosf

v = Vsing

w = Vsinacos 3

The time derivatives of these terms can be defined using equation (B-1) and equations (B-8), (B-9), (B-10),
and (1-56) as

X1 —gmsinf — Dcosa + Lsine

= +7Vsin g ~- gV sinacos 8 {1-115)
m
¥ i 84+Y
g = Lt gm Smm"f’“"s T pVsinacos§ — #V cosacos B (1-116)
o= Zr + gmeosgpcosf — Dsina — Leosa 4 gV cosacos 8 — pV sin 3 (1-117)

mn

1.3.7 Instruments displaced from the vehicle center of gravity.—The need to include measure-
ments from instruments displaced from the vehicle center of gravity arises from the fact that not all aircraft
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instrumentation is located at the vehicle center of gravity. The most important of these quantities are un-
doubtedly the accelerometer outputs treated in section 1.3.1. In this section four additional parameters are
presented: angle of attack (a ), angle of sideslip (8;), altitude (A ;), and altitude rate (& ;) measurements
from instruments displaced from center of gravity by some z, y, and z body axis distances. The subscripts
a, B, h, and h refer to the displacements of the angle-of-attack, angle-of-sideslip, altitude, and altitude rate
instruments from the vehicle center of gravity. The equations used to compute these quantities are

Lo — Pl

q
. = 1-118
a; =a+ ( )
Bi= B8+ R 2k (1-119)
v
hi=h+2z,sin8 — ynsingdcosé — 2z, cospcosd (1-120)

h; = h + 6.‘(:1:,-1 cosd + y; sin ¢ sin 8 + z; cos psin§) — é(y;‘ cos ¢ cos§ — z; sin ¢ cos §) (1-121)

1.3.8 Miscellaneous observation parameters.—The final set of observation parameters considered
in this report is a miscellaneous collection of parameters of interest in analysis and design problems. These
parameters are total angular momentum T, stability axis roll rate p,, stability axis pitch rate gs, and stability
axis yaw rate rs. The equations used to define these quantities are ‘

T = %(Izpz — 2Lypq — 20,pr + Iy — 21,.qr + L1?%) (1-122)
Ps = pcosa + rsine (1-123)
&% = q (1-124)
1‘; = —psina + rcosa (1-125)

2 LINEAR SYSTEM EQUATIONS

The standard state equation for a linear differential system has the form
x(t) = A’x(t) + B'u(?) (2-1)

where, for a time-invariant system, A’ is a constant n X n matrix and B’ is a constant n x k matrix. The
standard output equation has the form

y(t) = H'x(t) + F'u(t) (2-2)

where H' is a constant £ X n matrix and F' is a constant £ X k matrix. The generalized linear system
equations used with an extended formulation compatible with the generalized nonlincar equations (1-3) and
(1-4) can be characterized by

Cx(t) = Ax(t) + Bu(t) (2-3)
y(t) = Hx(1) + G%(t) + Fu(t) (2-4)

where C' and A are constant n X n matrices, B is a constant n X k matrix, # and G are constant £ X n
matrices, and F' is a constant £ x k matrix. The nonlinear system equations developed in section 1 (egs. (1-1)
to (1-4)) can be linearized about a trajectory, and a linear model can be formulated that is similar to cither
the standard or the generalized linear system equations.
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2.1 Linearization of the State Equation

If ug(t) is given input to a system described by the state differential equation (1-3), and if x¢(?) is a known
solution of the state differential equation, then approximations to the neighboring solutions can be found
for small deviations in the initial state and in the input by using a linear state differential equation. The
nonlinear state differential equation (1-3) can be linearized about a general trajectory, as by Kwakernaak
and Sivan (1972) and Dieudonne (1978), so that x(t) satisfies

T'J.(g(f) = f[}.Cg(f), X[](i), I.lg(f)]

Assuming that the system is operated at close to nominal conditions with u(¢), x(t}), and %(¢) deviating
only slightly from un(t), xo(t), and %a(t), the following expressions can be written:

u(t) = uo(t) + Su(t) (2-5)
x(t) = xo(t) + 8x(2) (2-6)
x(t) = }.Co(t) + 53'((f) (2-7)

where du(t), §x(t), and §x(t) are small perturbations to the control, state, and time derivative of the state
vectors, respectively.

Substituting equations (2-5) to (2-7) into the nonlinear state differential equation (1-3), expanding in a
Taylor series about Xo(?), xo(t), up(t), and assuming T constant with respect to X(t) yields
. . . of of . Of
T[xo(t) + 6%(t)] = f[x0(2),Xo(2), u(t)]) + B §x + % 6x + a du + h(t) (2-8)
where 8f/dx, 8f/0%, and 0f/0u are defined in equations (2-9) to (2-11) and h(f) represents the sum of
the higher order terms in the Taylor serics, assumed to be small with respect to the perturbations. The
matrices used in the Taylor series expansion are defined by the following relationships:

of  of
% = Ox ' (2-9}
(x0.%a,1g)
of _ of 5 10
5% = %) . (10
(Xo.Xn . 1a)
of of
ﬁ = 3_11 ' (2-11)
{x0,Xg g}
the (¢, /)th elements of which are defined as
of of;
(E)M_ = (2-12)
of of; .
hatiell - 9.
(aic),,j %, (-13)
of o
("JE);J T By (214)

respectively, where f; is the ith simultaneous equation of the nonlinear state differential function in equa-
tion (1-3), x; the jth element of the state vector, X; the jth element of the time derivative of the state
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vector, u1; the jth element of the control vector, and all derivatives are evaluated at the nominal condition
(Xo(t), )-{O(t)‘l uﬁ(t))'

Subtracting equation (1-3) from (2-8), rearranging terms and neglecting the higher order terms yields a
linearized state equation,

[ ]6x(t) I sx )+ 5 ot "~ bu(t) (2-15)

where the arguments of the matrix functions have been dropped to simplify the notation and where it is
understood that the matrices are to be evaluated along the nominal trajectory.

Letting
of

C=T- % (2-16)
of

A= — -
T (2-17)
of ’

B = a (2-18)

equation (2-15) can be written as
C 6x(t) = Aéx(t) + B §u(t) (2-19)

which is precisely the formulation of the generalized state equation desired.

Premultiplying both sides of equation (2-19) by C~! results in the standard form of the linearized state
differential equation,

8%(1) = C7T A 8x(1) + C71B éu(1) (2-20)

Letting
A'=ClA (2-21)
B =¢C"'B (2-22)

equation (2-20) can be written in the more nsual notation

6x(1) = A' 6x(1) + B $u(t) (2-23)

2.2 Linearization of the Observation Equation

The technique used in section 2.1 to linearize the state equations can be applied to the nonlinear observation
equation (1-4)},

y(t) = g[x(2), %(1), u(?)]

Performing a Taylor series expansion about the nomiral trajectory (xg(1), Xo(t), ug(t)) yields

. ’ a 17 ad
Yolt) + 6y (¢) = glxa(t), %ot), uo(0)] + 55 dx+ S5 8% + 55 bu + h(1) (2:24)
wlere
a
a—g = ?—— (2-25)
(Xo'io,uu}
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s _ O (2-26)
ox — J% (30 %0.120)
9g _ O (2-27)
u du {xo0,%g.10)
the (7, j)th elements of which are defined by
g dgi
== = =2 2-28
g dg;
= = — 2-29
(asc),,j 9%, (2-29)
9g g
d =3 = = 2-30
(c’iu)m— 811_;.' ( ]

respectively, where g; is the ith simultaneous equation of the nonlinear observation equation (1-4). Again,
all derivatives are evaluated at the nominal condition (xq(t), Xo(t), uef1)).

Subtracting equation {1-4) from equation (2-24), rearranging terms, and neglecting higher order terms
results in a linear observation equation,

_ 08 dg ..  Og
Sy(t) = P x + % % + 3u su (2-31)
where the arguments of the matrix functions have been dropped to simplify notation. Letting
og
H = e (2-32)
dg
G = % (2-23)
g
F= T (2-34)
equation (2-31) can be rewritten as
Sy(t) = H §x(t) + G éx(t) + F du(e) (2-35)

which is the generalized linear observation equation desired.

The standard form of the observation equation can be derived by substituting for éx from equation (2-23)
into equation (2-33). This substitution results in

by () = H 6x(t) + G[A’ 8x(¢) + B’ §u(t)] + F du(t) (2-36)
which can be written as
§y(t) = [H + GA') §x(t) + [F + GB'} du(?) (2-37)
By letting
H' = H+GA (2-38)
F'=F+GF (2-39)

equation {2-37) becomes
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§y(t) = H' 6x(t) + F' $u(t) (2-40)

2.3 Definition of Matrices in Linearized System Equations

The results of scctions 2.1 and 2.2 can be used to define the matrices in the linearized system equations
in terms of partial derivatives of the nonlinear state and observation functions taken with respect to the
state, time derivative of state, and control vectors. All derivatives are understood to be evaluated along the
nominal trajectory.

Using the nonlinear state equation (1-3),
Tx(t) = £[x(2), X(£), u()]
the terms in the generalized form of the linearized state equation (2-19),
C 6x(t) = A dx(t) + B Su(t)

can be defined as

of
C=T- | (2-a1)
of
4= (2-42)
of
B =g (2-43)
The terms in the standard form of the linearized state equation (2-20),
§%(t) = A’ 6x(1) + B’ Su(t)
can be defined as
, ot of
A= [T— (-ﬁ] o (2-44)
, of1~?! of
B = [T— E] - (2-45)

In a similar manner, the nonlinear observation equation (1-4),

y(t) = g[x(1), (1), u(t)]
can be used to define the terms of the generalized linearized observation equation (2-35),

§y(t) = I 6x(t) + G 6%(t) + F 6u(t)
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H == (2-46)

G =28 (2-47)

F=5 (2-48)
The terms in the standard form of the linearized observation equation (2-40),

§y(t) = H' 6x(t) + F' 6u(?)

can be defined as

08, 0e7, ot )
T=sctax P 3zl o (2-49)
,_ 08 é‘_g_[ _9_f]‘1£1f_ .
FeguTax P o ou (2-50)

2.4 Elements of the Linearized System Matrices

The elements of the linearized system matrices derived in sections 2.1 and 2.2 are determined by applying the
linearization method employed with the vector equations in those sections to the individual scalar equations
constituting the vector equations that define the time derivatives of the state and observation variables.
Thus, for a matrix, such as the state matrix A defined by equation (2-42),

of

~ 9x

the clement occupying the ith row and jth column of 4, (4);;, can be represented as

A

at;
(A)i; = o, (2-51)

where f; is the scalar function defining the time derivative of the 7th state and x; is the jth state. The

individual terms used in the A, B, C', H, &, and F matrices are defined in appendix D based on the
generalized derivatives derived in appendix C.

Using the state vector x defined in (1-7) as

x=[pgrVapf¢biphzy®

the elements of the 4 matrix can be expressed as

0(3)/0p 0(5)/9q --- (3) 10y
8(¢)/0p B#)/dq -+ 6(q)/0y
8(%)/8p 0(3)/q - D(%)/0y

d(y)/op O(y)/og -+ O(y)/0y |
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Substituting for these partial derivatives using the terms in appendix D gives

(1/1:)[(g86%/2V6)Cy, + L7 /Bp (1/1)[(g8he/2Vo)Ce, + 8 L7 [Dg + Lz2pa

—dizyTy + I_,-;z(}g] +2Iyzq0 + 'rG(Iy - Iz)]
A= | (VL)ESYE/2Vo)Crm, + OMT)3p (1) L)GSE/2V0)Crm, + OMy/Ba | (29)

_2Ia:zp0 - Iyzqo + TO(Iz - Ix)] +Izy'rl] - Iyzpl]]

The elements of the B, €, H, &, and F matrices can be determined in a similar fashion, although some
care must be taken in determining the elements of the matrices for the observation equation and the C
matrix,

To determine the elements of the matrices for the observation equation, one must consider the definition
of the nonlinear vector function g defining the observation variables (eq. (1-85)),
. . T
gx(t), x(2), u(t)] = [(xT %7 u” g7
and the definitions of the matrices for the generalized linear observation equations (2-46) to (2-48) ,
98
Ox

_ Y
9=
og
fu

These matrices may be expressed using a partitioning based on the vector subfunctions of g as

—ax_

I - (2-54)
du

I

¢ ¥

b=

A R R R

(2-55)

=
=

&

I
Y
- |

o

n2

A

k=r]

St

r
Q3
B

L
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which become

l12x12

O12x12
H=1]____

Okx12

8'
|
D1ax12

ti2x12
G = | ---_
Okx12

-
| 3E ]

012xk

012Xk
F=1____

lexk

i

|

upon evaluating the partial derivatives of the identity functions x, %, and u.

The C matrix may be viewed as a partitioned matrix as

r | \ 1
Cn | Crz )
.__.,_:____ : 06x6
c=|%x3Cny
I
|
Ogxe 1: loxs
1 |
- |
where, from equation (1-48),
1.0 - xy/Ix _Ia:z/-[::
LI, —I T, 10
and
-3(p) [V —8(p')/8& —B(p')/ 08 0 —(g5be/2Vol:)Cr, —(GSV?/2V01)C,
Cn = | -8(¢)/0V ~8(q){0a —0(¢)/38 | = | O —(T5E/2VaL,)Crm, —(dSE/2VoI,)Crm,
—3(r OV —B(r) )& —d(r)]8B 0 —(g568/2VoL,)Cn, —(GS*/2V1,)C,,

(2-57)

(2-58)

(2-59)

(2-60)

(2-61)

(2-62)
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[1.0-a(V)/oV  -8(V)/da  -a(V)/0

Coy = —-8(&)/8V 10— 8(a)/0&  -8(a)/08

—a(B)/ovV -9(p)/8a 1.0 - 8(B)/df

[1.0 (§58/2Vom)(cos By Cp, — sin B Cy,) (G5b/2Vym)(cos By CDB)

= |0 1.0+ (g5¢/2VEmcosB)Cr, {§Sh/2VEm cos Be)CL, (2-63)
|0 (gSe/2Vim)(sin fo Cp, + cos o Cy,) 1.0 — (gSh/2VEm)(sin Bo Cp, + 08 fo Cv,)

The inverse of tlie C matrix, 1, can be expressed as a partitioned matrix in terms of the matrix subpar-
titions of the € matrix as _ q
|
-1 +—1 -r—1
C ! —C Clg(/ Pl
a2 O el 20 Ogxe

I
_FI __________ (2-64)
|
|
1
1
|

The elements of the A’, B!, H', and F' matrices can be determined using the €~! matrix defined in
equation (2-64), the 4, B, H, G, and F matrices, and the definitions for A’, B’, H’, and F’ given in
equations (2-21), (2-22), (2-38), and (2-39).

3 CONCLUDING REMARKS

This report derives and defines a set of linearized system matrices for a rigid aircraft of constant mass, flying
in a stationary atmoesphere over a flat, nonrotating earth. Both generalized and standard linear system
equations are derived from nonlinear six-degree-of-freedom equations of motion and a large collection of
nonlinear observation (measurement) equations.

This derivation of a linear model is general and makes no assumptions on either the reference (nominal)
trajectory about which the model is linearized or the symmetry of the vehicle mass and aerodynamic
properties.

Ames Research Center

Dryden Flight Research Facilily

National Aeronautics and Space Administration
Edwards, California, January 8, 1987
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APPENDIX A—AERODYNAMIC FORCES AND MOMENTS

The aerodynamic forces and moments acting on an aircraft are the result of multiple factors whose signif-
icance varies with flight condition as well as from vehicle to vehicle. In general, these forces and moments
are nonlinear functions primarily of Mach number, angle of attack, angle of sideslip, altitude, rotational
rates, and control-surface deflections. For the purposes of this report, the aerodynamic forces and moments
are assumed to be functions having the following form:

F=Q(aaﬁ,vahap'IQvT)daBaél:"-aén) (A‘l)

where F' is an arbitrary force or moment, @ is an arbitrary function, and the &; are the n control surface
deflections. These forces and moments are related to the nondimensional force and moment coeflicients by
the equations for the forces,

D =g5Cp (A-2)

Y = g5Cy (A-3)

L =g45C, (A-4)
and the moments,

L = 350Cy (A'5)

M = g5eC,, (A-G)

N = gSiC, (A-T)

where b is reference span and ¢ is reference aerodynamic chord.

While the nondimensional aerodynamic force and moment coefficients are themselves nonlinear func-
tions of the vehicle states, time derivatives of the vehicle states, and the control surface deflections, these
coefficients are commonly expressed in linear form in terms of partial derivatives of these coefficients with
respect to the functional variables. These linear equations for ilie aerodynamic force and moment coeffi-
cients are derived in the same way as the linearized system equations (section 2); therefore, this derivation
will not be repeated here. These linear equations are

CL = CLy + CLaa + CL8 + Cr b + CL, V

+ Zn: Cry 8i+ CLp + Cro§ + CLf + CL,& + CLﬁzé {A-8)
=1
Cp = Cp, + Cn.a+ Cp,B + Cp, b+ Cp, V
+Zn:C'D,i5.'+CDP}5+CDqtj+CD,?*+CDd&+CDBé (A-9)
=1
Cy =Cy,+Cy,a+ C‘Yﬁﬁ + Cy,h+ Cy,V
+ i Cy, 6+ Oy, + Cryd + Oy, + Cy & + Oy, B (A-10)
=1

Ct = Cpy + Craa+ CopB+ Coh + Co, V

Tl ”
+Y_Ce 6+ Co,p + Crpd + Co, F + Crué + Co, B (A-11)

=1
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C';n - Cmg + Cmﬂa + Cmﬁlg + thh + Cmvv

+ Y Cry bi+ Crmpp + Cong§ 4 Con, 7+ Con &+ Cr 3

i=1

Cﬂ = Cﬂ.n + Cﬂ.aa + Cn‘g,B + Cnﬁh + CRVV

+ 3 Oy bi + Copb+ Coyii + Cr 7+ Coya + Cn B

i=1

(A-12)

(A-13)

where C¢, is the value of the coefficient along the nominal trajectory and the notation Cg¢, is defined as

Ce

x

= 0C
T Pz

(A-14)

with C¢ being an arbitrary force or moment coeflicient and z being an arbitrary state, time derivative of state,
or control-related parameter that for the usual derivatives is nondimensional. Ilowever, the derivatives will:
respect to altitude and velocity are not taken with respect to a nondimensional quantity, The definitions
of these nondimensional stability and control derivatives are given in terms of the coefficient C;. The
nondimensional stability derivatives are defined as

Ce

Cey

Ce

7

Ce

[}

Ce

r

Ce,

&«

Ce,

The two other stability derivatives are not nondimensional and are defined as

CEV

The control derivatives are defined as

32
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oc

da

oc

o8
aCe

3bp/2Vy)
aC:

0(¢cq/2Vo)
9C;

3(!1?*/2 VQ)
aCe

a(ca]2Vo)

aCe

a(bB/2Vy)

oc;
oV
oC
dh

oc¢
as;

(A-15)

(A-16)

(A-17)

(A-18)

(A-19)

(A-20)

(A-21)

{A-22)

(A-23)

(A-24)



The rotational terms in equations (A-8) to (A-13) are nondimensional versions of the corresponding vari-

able with

P =

L~}
Il

~5
Il

8=

'3
2Vo
3
2Va
br
2V
23
2%
L)
2V5

(A-25)
(A-26)
(A-27)
(A-28)

[(A-20)

Because the C, terms are included, the force and moment coefficients are total force and moment coeflicients.
The state, time derivative of state, and control parameters on the right-hand side of equations {A-8) to

(A-13) are differentials.
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APPENDIX B—DERIVATION OF THE WIND AXIS
TRANSLATIONAL PARAMETERS V, o, AND g3

The derivation of the wind axis translational acceleration parameters is based primarily on the definitions
in equations (1-9) to (1-14), the body axis translational acceleration equations (1-56), and the expression
of the force terms defined in equation (1-53). In the following sections, each of the wind axis transia-
tional acceleration terms is derived separately after stating some preliminary definitions applicable to all
calculations.

B.1 Preliminary Definitions

Equatjon (1-56),

iV = iF -OxV
ot m
can be expanded, using equations (1-54), (1-55), and (1-26), to
1 (L/m)( X7+ Xa+ Xg) + 70— quw
P = (/m){(Yr+Ya+Y)+pw—ru (B-1)
W (1/m)(Zr + Za + Zg) + qu — pov

The body axis aerodynamic forces can be rewritten in terms of the stability axis forces lift L, drag D, and
sideforce Y':

Xa=-Dcosa+ Lsina (B-2)
Yy =Y (B-3)
Zy = ~Dsina — Leosa (B-4)

The gravitational forces can be resolved into body axis components such that

Xg = —mgsin @ (B-5)
Yg = mgsingcost (B-6)
Zg = mgcos pcosd {B-7)

These equations will be used in the derivations of the V, &, and 8 equations. Thus, the total forces in the
body axes can be defined and expanded as

ZX = X7 — Dcosa+ Lsina — gmsiné (B-8)
Y = Y1 +Y + gmsingcosf (B-9)
2Z = Zr— Dsina— Lcosa + gmcosdcosh (B-10)

B.2 Derivation of V Equation

Beginning with the definition of V in terms of u, v, and w in equation (1-12),

V= (u?+v? 4 w?)l/?
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the equation for V becomes
d
dt

which after expanding the derivative and cancelling terms, becomes

- d
V=V = (40t + w?)l/? (B-11)
- 1, . . .
V= V(uu + v0 + wib) (B-12)
By substituting the definitiors for u, v, and w from equations {1-9) to (1-11) and cancelling terms, equa-
tion (B-12) yields _
V =dcosacosf+ ¢sin 3 + wsinacos 3 (B-13)

The definitions for 4, ¥, and % in equation (B-1) are now used with equation (B-13) to give

V= w(Xa + X1 + Xg) + cos acos B(rv — qu)
+ S‘:f(y,, + Y1 + Y,) + sin B(pw — ru)
gin e cos 3

(Za+ 21 + Zg) + sin a cos B(gu ~ pv) (B-14)
Expanding (B-14) in terms of equations (B-2) through (B-7) and cancelling yields

V= %[— DcosB+Ysing + Xrcosacosf + Yrsin 34 Zrsinacos 3

— mg(cosa cos Fsin # — sin §sin ¢ cos§ — sin @ cos S cos ¢ cos §))
+ rvcosacosf — qgweosacos B+ pwsin 8 — rusin 3

{ gusina cos 8 — pvsin o cos 8 (B-13)

Equation {B-15) can be simplified by recognizing that the terms involving the vehicle rotational rates are
identically zero, which becomes obvious after substituting for u, v, and w in these terms. Thus, the final
equation becomes

. 1
V = —ﬂ;[—Dcosﬁ+Ysinﬁ+XTcosacosﬁ+YTsin,B+ZTsinacosﬁ

— mg{cos o cos Fsin§ — sin Fsin ¢ cos @ — sin a cos 3 cos ¢ cos 7)) (B-16)

B.3 Derivation of & Equation

The equation for & can be derived from the definition of « in equation (1-13),

o = tan™! s
U
Taking the derivative of o with respect to time,
d 1
&= —a=—tan (B-17)
then expanding and cancelling terms, the equation becomes
. 1 .
d= T wQ(uw — ) (B-18)
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Substituting the definitions of ¥ and w from equations (1-9) and (1-11) into equation {B-18) gives

W COS & — 4 SN
Y = B-19
@ VeosfB ( )

Using equation (B-1) to substitute for # and % and equations (B-8) to (B-10) to define the forces,
equation (B-19) becomes, after rearranging terms,

1
& = ————[—L + Z7 cosa — X1sina + mg(cos a cos ¢ cos & + sin a sin )]
Vmecosg
1
+ v cosﬁ(qu COS @ = P COS O = TV §IN o + qwsin a) (B-20)

which after substituting for », v, and w from equations (1-9) to (1-11) and combining terms gives

& = T—/‘m_t:m[_l‘ + Z7 cosa — Xsina + mg(cos @ cos P cos§ + sin asin 6)]

+ ¢ — tan 3 (pcosa + rsin a) (B-21)

B.4 Derivation of 3 Equation

The equation for /3 is derived from the definition of 3 as given in cquation (1-14),

—sin"! =
3 = sin v
Taking the derivative of § with respect to time yields
x _ d - d o —1 v
h= dtﬁ “at™ v (B-22)

which becomes, after expanding the derivative, substituting for V', and cancelling,

8= -é;[—'&cos asin 8 + ©cos f — wsin asin §] (B-23)

Using equation (B-1) to substitute for u, ¥, and w and equations (B-8) to (B-10) to define the forces,

- 1
8 = W[ —cosasinf(—Dcosa+ Lsine + X1 — mgsinf) + cos (Y + Y1 + mgsin ¢cos8)
—sinasin8(—Dsina — Lcosa + Z1 + mygcos¢ cosh)]
1
+

i;[—— cosasin 8 (rv — qw) + cos  (pw — ru) — sinasin § (gu — pv)] (B-24)

Substituting into equation {B-24) for u, », and w and rearranging terms yields the final equation

B = W[Dsmﬁ+Ycos[3 — Xtcosasingd 4 Yreosf — Zysinasin§
+ mg(cos a sin B sin # + cos Fsin ¢ cos§ — sin a sin B cos pcos §)]
+ psine — recos o (B-25)
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APPENDIX C—GENERALIZED DERIVATIVES

The equations defining the time derivatives of the state variables (derived in sections 1.2.1 t0 1.2.4) and those
defining the observation variables (presented in sections 1.3.1 to 1.3.8) are used to determine the generalized
partial derivatives of the quantities with respect to a dummy variable £, The purpose of these generalized
derivatives is primarily to facilitate the derivation of the terms in the linearized equations presented in
section 2.4; however, these equations have also proved to be useful for computer programs and were used
to verify the results obtained using LINEAR (see Duke and others, 1987).

C.1 Generalized Derivatives of the Time Derivatives of State Variables

Equations (1-39) to (1-41) define the rotational accelerations of the vehicle. These equations are used to
determine the generalized derivatives of these guantities.

N3 1 L oM ON L AL Ny
@ {Ila +1Ip ——+ I — +I13T+fa I+130

D€ detl ' O¢ 2c T o Of o€ €
7]
- [Zp(ImIg - Ixyfa) - (I(Ixzfl - IgzIZ - Dzrii) + T(Iry-fl + Dy»& - IszJS)] '5'?
0
-+ [P(Ia:zfl - Isz2 - sz.'i) + 29(19':[1 - IzyIS) - T(Dxfl - I?f'b'f? + Iiyfi’-‘)] a_g

d
- [P(Ixyfl + Dyfg - Iyzfg) + q(DIl — fxyfg + Ixzfg,) + 2?(15;211 - I_,-,zfg)} 3—2} (C-l)

oG 1 { oL oM AN OLr My aNT
9 ~aeet o Thgg et Yl th T
| d
— 2pUpedy = Loy Iy) — qUas Dy — Iyads — DoI5) + (Iuyly + Dyla — I,.I5)] a—z
8
4 [p(fn:zIZ - Iyle - DzIS) + 2‘1(‘{3;212 - Ia:yIS) - T(DJ:I2 - Ia:yf-l + IxyIS)] _q

8
= [p(Leyl2 + DyIy — 1o Is) + ¢(Dody — Inyly + I Is) + 201 I — I, 1) az} (C-2)

o) 1 { BL 8M 8N BLT c’)MT BN
a
— (20(Inads = Ioyle) — qUzeds — Iyods — DiIg) + t(IeyIs + Dyls — I Is)] 3—‘2’
a
+ [P(fufs - IszS - DzIﬁ) + 2Q(Iyzf3 - I::yirﬁ) - T(D:.':IS - Izyfs + Ixzfa)] Eg’
ory .
— [B{ays + DyTs — LuIs) + a(Dsls — Tng s + Tonle) + 20Ty ks — Lpuls)] a;;} (C-3)

The quantities I, Iz, I3, Iy, Is, Is, Dy, Dy, D, and det I are defined in equations (1-32) to {1-38) and
(1-42) to (1-44).

Equation {1-50} defines the decoupled rotational accelerations of the vehicle (p’, ¢, and 7'}, whiclh are
used to determine the generalized derivatives of the decoupled quantitics:

ar) _ 1 [3L Ly dp dq
——aE =T 1% + 7 ~ (rlpy —ole2) =5 35 + (ploy + 71, + 291, — ?Iz)éz
~ (ploy — al, + 2r1,. + g) ﬁ] (C-4)
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ag) 1 [3M dMr o %
8_5 - I_' '@ + 35 (?"Iz + quz + QPI.‘?;Z r‘rl) 3£ + (T_Iz-y pIy‘z) 86
— (ple — qizy — 271y, — pI, ) 3&} (C-5)
o _ L[ON 0% oty 2 4 oL, = vl = 2411y 1) 22
%6 =T lac * % #(ehe + rlye o+ 2Ly = aly) 5g + (Pl = 1l = 2Ly Ply) 3¢

- (el ~ P12) 7] (©5

Equations {1-58) to (1-60) define the translational accelerations of the vehicle. These equations are used
to determine the generalized derivatives of these quantities:

B A A —{—cosﬂ%?-{-cosucosﬁ 8;2 + sin g £+smucosﬁ ?ai_ sin ﬁg—}g

+[— Xrsinacos§ + Zrcosacos § + mg(sinfsin o cos 8

+ cos 6 cos ¢ cos a cos 3) 3?
+ [Dsinf+ Y cos@ — XtsinfBcosa + Yy cos B — Zysinasin §
a3

+ myg(sin @ cos asin 3 + cos#sin ¢ cos 8 — cos f cos ¢ sin asin 8)] - o€

— mg(~— cosf cos ¢sin & + cos Bsin ésmaco%ﬁ)g—?

— mg(cos cos acos 3 + sin @sin ¢ sin F + sin 8 cos ¢ sin x cos 3) gf’ } (C-7)

—tanBcosa 3_+ ?——tanﬂsma

a&  o¢
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Equations (1-66) to (1-68) define the vehicle attitude rates. These equations are used to determine the
generalized derivatives of these quantities:
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Equations (1-72) to (1-74) define the earth-relative velocities of the vehicle. These equations are used
to determine the generalized derivatives of these quantities:
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C.2 Generalized Derivatives of the Observation Variables

The vector equation (1-90) defining the body axis kinematic accelerations is used to determine the gener-
alized derivatives of the individual body axis sccelerations:
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Vector equation (1-91) defines the cutput of body axis accelerometers at the vehicle center of gravity
and is used to determine the generalized derivatives of the individual body axis accelerometers:
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Using equation (1-93), the generalized derivative of the outpat of a normal accelerometer at the vehicle
center of gravity can be expressed as

%—L[—32T+ aD~I-(:cosagfri+
g gom | O¢ 3 9

(Dcosa — Lsina)

5 5] (C-22)

The vector equation {1-95) defining the output of orthogonal accelerometers aligned with the body axes
but displaced from the vehicle center of gravity is used to determine the generalized derivatives of these

43



quantities:

Hazr;) OGar 1 Op dq or 8¢ a7

— = _ v T T2z} o0 x — “fTx) =T T x T J¢ z C-23
3¢ % T m [(q:u + )65 + (pyz — 2¢ )5§ + (p2z — 27z )a£+ 5 Y ‘%] (C-23)

Bla,; 8 1 ap o7

_(;z_r) - 6‘2&’ [(pry q:cy) 35 —(pzy, + :r-zy) - (gzy — 2ryy) 7 " 5 2y 3‘2 z 5_2] (C-24)

Hasi)  Oas 1 _ _p B or  9p 8¢ )

9 " % 7 [(szz ;) 3¢ +(292: — ry;) 6‘6 - (pz; + qy.) P +z; 86] (C-25)

Equation (1-96) defines the output of a normal accelerometer aligned with the z body axis but not located
at vehicle center of gravity, eni. This equation is used to determine the generalized derivative of a, ;:

a(;?!) = aaafn + — [(zpzz rIz) o + {2g2, — ryz) 3£ (pz: + qyz) 8‘5 — Y g; + 2, %g‘]
In equations (C-20) to {C-23), the partial derivatives of the vehicle rotational rates with respect to the
dummy variable £ are defined by equations (C-1) to (C-3). The partial derivatives of the outputs of the
body axis accelerometers at the vehicle center of gravity are defined by equations (C-16) to (C-19). In these
equations, as before, the subscripts z, g, and z refer to the z, ¢, and z body axes, respectively, and the
symbols z, ¥, and z refer to z, ¥, and z body axis locations of the sensors relative to the vehicle center
of gravity.

(C-26)

Using equation (1.97), the generalized derivative of the load factor can be defined as

o(n) _ 1 oL
P = mg O (c-27)

Equations (1-98) to (1-105) define the air data parameters of interest for this report. These equations
are used to determine the generalized derivatives of the air data parameters:
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In the preceding equations, the generalized derivative of Mach number appears several times. This term
can be expanded using equation {C-29).

The definitions of the flightpath-related parameters are presenied in equations (1-106) to (1-108). These
definitions are used to derive the generalized partial derivatives of the flightpath-related parameters:

o)1 [hov o |
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+sin @ 5 sinL ¢ cos 8 o cos ¢ cos b o {C-38)

The partial derivatives of altitude rate k and velocity rate V that appear on the right-hand side of these
equations are defined in equations (C-13) and (C-7), respectively. The partial derivatives of the body axis
accelerations appearing in equation {C-38) are defined in equations (C-16) to (C-18).
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Using equations (1-109} and (1-110), the generalized derivatives of the e.nergy—rela.ted parameters are
defined. The partial derivatives of altitude rate and velocity rate appearing in equation (C-40) are defined
in equations (C-13) and (C-10), respectively:

O(E) _V oV + ah
9 g 9 ' B

op) _Vov var o
8¢ g 06 g O¢

(C-39)

(C-40)

The derivatives of the force parameters, lift (eq. (1-111)) and drag (eq. {1-112}), are defined in sec-
tion D.1. The generalized derivatives of the normal force (eq. (1-113)) and the axial force (eq. (1-114)} are
presented in terms of the generalized derivatives of the lift and drag forces:
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The body axis rates are defined in equations (1-9) to {1-11). The time derivatives of these terms are
defined in equations (1-113) to (1-117). These equations are used to derive the generalized derivatives of
the body axis rates and accclerations:
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The outputs of various instruments displaced from the vehicle center of gravity are defined in equa-
tions (1-118) to (1-121). These equations define angle of attack, angle of sideslip, altitude, and altitude rate
instrument outputs. The generalized derivatives of the quantitics are based on these equations:
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The generalized derivatives of bank angle rate, pitch attitude rate, and altitude rate with respect to the
dummy variable £ are defined in equations (C-10), (C-11), and (C-13), respectively.

The final set of observation variables is defined in equations {1-122) to (1-125). These equations, defiring
total angular momentum and the stability axis rotational rates, arc used to determine the generalized
derivatives of these quantities:
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APPENDIX D—EVALUATION OF DERIVATIVES

The generalized partial derivatives presented in eguations (C-1) to (C-56) contain partial derivatives of the
state variables, thrust forces, and total aerodynamic forces and moments with respect to the dummy variable
€. In this appendix, these partial derivatives are defined with respect to specific state, time derivatives of
state, and control variables. The derivatives of atmospheric parameters are also discussed.

D.1 Preliminary Evaluation

First, the partial derivatives of the state variables with respect to the state, time derivatives of state, and
control variables are considered. All partial derivatives of the state variables with respect to the state
variables are either equal to zero or unity. Thus,

dgp O8q Or BV Ba 88 8¢ 80 Oy Oh Oz Oy '
and all other derivatives of state variables with respect to state variables are equal to zero. The partial
derivatives of the state variables with respect to the time derivatives of the state variables (& and 3, in
particular) are equal to zero, This is also true of the partial derivatives of the state variables with respect

to the control variables.

Second, the partial derivatives of the aerodynamic forces and moments with respect to the state, time
derivatives of state, and control variables are evaluated. Using the definitions of the force and moment
coefficients presented in appendix A, the partial derivatives can be explicitly evaluated in terms of the
stability and control derivatives.

D.1.1 Reolling moment derivatives.—
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D.1.2 Pitching moment derivatives.—
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N.1.3 Yawing moment derivatives.
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D.1.4 Drag force derivatives.—

op
ap
oD
dq
oD
Or
oD
av
oD
da
oD
ap
oD
ah
oD
8o
on
ap
oD
Tsi

D.1.5 Sideforce derivatives.—
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D.1.6 Lift force derivatives.—
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Next, the partial derivatives of the powerplant-induced forces and moments with respect to the state,
time derivative of state, and control! variables are considered. The partial derivatives of the powerplant-
induced forces and moments are assumed to be zero except lor moments taken with respect to the body
axis rates (p, ¢, r), moments and forces taken with respect to the velocity and velocity orientation terms
(V, «, 8), and forces taken with respect to the control variables. These terms, assumed to be nonzero, are
taken as primitives and not evaluated further. Thus, using F}, to represent a powerplant-induced force (X,
Yr, and Z7) and M, to represent a powerplant-induced moment (L1, My, and N1},

9F, OF, 0F, 9F, 0F, 8F, dF, 0F, OF,
dp ~ 8q ~ Or ~ B¢ 88 oY  Bh Bz By
My _OMy _ OMy _ My, M, _OM, M, (D-63)
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It

d
OF, OF, OF, OF, OM, 0My 0M, OM, OM, . OM,
5V 0o 0B’ 05 Dp ' g or oV da " 9B

are taken as primitives and not evaluated further.

The final set of partial derivatives to be discussed are the derivatives of atmospleric parameters with
respect to the state, time derivative of state, and control variables. In this report, all atmospheric parameters
are assumed to be functions of altitude only. Thus, except for

oT Op Op 0pe

8k’ 8K’ AR Ak’
all derivatives of ambient temperature, density, viscosity, and ambient pressure are assumed to be equal
to zero. The nonzero quantities listed previously are dependent on an atmospheric model. Clancy (1975),
Dommasch and others (1967), Etkin (1972), and Gracey (1980) present discussions of atmospheric models.
In this report, the quantities will be taken as primitives and not evaluated further.
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D.2 Evaluation of the Derivatives of the Time Derivatives
of the State Variables

The generalized derivatives of the time derivatives of the state variables are defined in appendix C, equa-
tions (C-1) to (C-15). In this section, these generalized derivatives are evaluated in terms of the stability
and control derivatives, primative terms, and the state, time derivative of state, and control variables, In
this section, the notation J(%;)/0z; is used to represent the more correct notation 8f;/8x; that is employed
in the discussion at the beginning of section 3. This notation is nsed because there is no convenient no-
tation available to express these quantities clearly—particularly not the usual notation employed in flight
mechanics texts such as Etkin (1972) and McRuer and others (1973). The notation that defines quantities
such as L, = 8(p)/9p and M, = 9(4)/Iq is misleading in this context because the definitions of those terms
{such as L, M) arc based on assumptions of symmetric mass distributions, symmetric aerodynamics, and
straight and level flight, and additionally do not include derivatives with respect to atmospheric quantitics.

D.2.1 Roll acceleration derivatives.—
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D.2.2 Pitch acceleration derivatives.—
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D.2.4 Decoupled roll acceleration derivatives.—
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D.2.5 Decoupled pitch acceleration derivatives.—
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D.2.8 Decoupled yaw acceleration derivatives.—
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D.2.7 Total vehicle acceleration derivatives.—
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D.2.10 Roll attitude rate derivatives.—
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D.2.13 Altitude rate derivatives.—
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D.2.14 North acceleration derivatives.—
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D.3 Ewvaluation of the Derivatives of the Observation Variables
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The generalized derivatives of the observation variables are defined in appendix C, in equations (C-16) to
(C-56). In this section, these generalized derivatives are evaluated in terms of the stability and control

derivatives, primative terms, and the state, time derivative of state, and control variables.

D.3.1 Longitudinal kinematic acceleration derivatives.—
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D.3.2 Lateral kinematic acceleration derivatives.—
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D.3.3 Z-body axis kinematic acceleration derivatives.—
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D.3.4 x body axis accelerometer output derivatives.—
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el —— [ S cos ag (pVoCp + ¢Cp, ) + Ssinao (pVoCL +4CLy) +
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D.3.5 y body axis accelerometer output derivatives.—
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D.3.6
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z body axis accelerometer output derivatives.—
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Hez) _ | (D-373)
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%_) =0 (D-374)
8(ea;) gse . : D
e —2%gom(5m ap Cp, + cosag CL,) (D-375)
8—%%) = —gé‘zim (sin &g CD,a + eos ag CLJ&) (D-376)
da, 1 . 0z
% = 25(sin ap Cp,, + cosap CLy, ) — 8_6T- (D-377)

ID.3.7 Normal accelercmeter output derivatives.—

8&)?) = Zéijm(Sin ao Cp, + cosap C1,) {D-378)
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0
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g;) = dom {qS[sm ag (Cp, — CL) +cosap (CL, + Cp)] — —5-&1} (D-382)
en) 1 [ . 8ZT] ,
08 gom .qS(sm ao Cp, + cos ao Cr,) o5 (D-383)
35;;1) — 0 (D-384)
% =0 (D-385)
8((932 -0 (D-386)
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oh ~ aom [sm o (§SVG Cp 3 + qSCDh) + cosag (25% CL 2 +¢5Cy, ] (D-387)
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o
8(“*11) _ 1 - . 62’1‘
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D.3.8 Derivatives of x body axis accelerometer output not at the vehicle center
of gravity—

HMag ;) gSb . 1 .

8;3 — 2Vggom(_ cos ap Cp, +sinay CL,) + ;g(q(;yz + Tozz) (D-393)
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Hagi 1 7 Xt
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3(&_1:‘,') _ 1 [ . 8XT
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D.3.9 Derivatives of y body axis accelerometer output not at vehicle center
of gravity.—
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D.3.10 Derivatives of z hody axis accelerometer output not at vehicle center

of gravity—
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Derivatives of normal accelerometer output not at vehicle center
of gravity.—
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[.3.12 Load factor derivatives.—
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D.3.13 Speed of sound derivatives.—

v 0
dn) 1 (1 . Bp  _
—5}'&— = g—m (ESVU C]_, B_h + QSCLh)
an) _
oz 0
an)
8y =0
om) _ _gse
da ~ 2¥ggm e
an) _ _g5b
86  2Vogm
8y _ a§
86 ngL""
Ha) _
ap =0
Ha) _
dq 0
d{a) _
o =0
da) _
oy 0
da)
Ba =
HNa) _
25 =\
8(a) _
25 )
da)
25 "
MNa)
oy 0
Ha) _ 0.7po aT
Ok poTo(1.4po/poaTo)1/? DR
da)
Bz =0
da) _
dy 0
a) _
Ba 0
Ha) _
as

(D-473)
(D-474)
(D-475)
(D-476)
(D-477)
(D-478)

(D-479)

(D-480)
(D-481)
(D-482)
(D-483)
(D-484)
(D-485)
(D-486)
{D-487)
(D-488)
(D-489)
(D-490)
(D-491)
(D-492)

(D-493)



dHa) _
dé;

D.3.14 Mach number derivatives.—
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D.3.16 Reynolds number per unit length derivatives.—
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D.3.17 Dynamic pressure derivatives.—
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D.3.18 Impact pressure derivatives.—
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D.3.19 Mach meter calibration ratio derivatives.—
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D.3.20 Total temperature derivatives.—

?‘%? =0 (D-585)
B_%L) =0 (D-586)
ag}) = (D-587)
0;}) - 0‘43 = (D-588)
% =0 (D-589)
%l =0 (D-590)
?—%‘—) = {1.0 +02m2 - 28 i‘;‘”o [poTo(l.éﬂz;z/ppoTo)lfﬁ]} g—i (D-591)
% =0 (D-592)
8_59? =0 (D-503)
% =0 (D-594)
% =0 (D-595)
ag:) =0 (D-596)
D.3.21 Flightpath angle derivatives.—
3@_? =0 (D-597)
%;—} =0 (D-598)
% =0 (D-599)
af}(:’) - _VO(Vozh_ojlg)uz (D-600)
%(}) =0 (D-601)
%}J =0 (D-602)
%i) =0 (D-603)
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D.3.22 Flightpath acceleration derivatives.—
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dq
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d(fpa) _ '

o = 0 (D-616)
d(fpa) _
= 0 (D-617)
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2 =0 (D-618)
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55 =0 (D-619)
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59~ =" (D-621)
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2) _ o (D-626)
da
9pa) _ o (D-627)
ap
d(fpa)
= D-628
56 0 ( )
D.3.23 Vertical acceleration derivatives.—
% = 21’22:?“[ sin fp( — cos ag Cp,, + sin o (')
— sin ¢ cosfy Cy, + cos ¢ cos by (sin ap Cn, + cos o CL, )] (D-629)
%%’l = Zlfiam[sm 8o (— cos ap Cp, + sin ap C1,,) — sin ¢p cos #p Cy,
090
+ cos ¢g cos & {sin ap Cp,, + cos ag €L, )] (D-630)
85()::) = 2£ibm [sin 8y (— cosep Cp, + sinag C1,,) ~ sin ¢g cos fp Cy,
0go
+ ¢os ¢ cos §y (sin ag Cp, + cos ag CL, )] (D-631)
h X
%(-‘/-‘,—) = ;;E{Sin dg [—-Scos ag (pVCp + ¢Cp, ) + Ssinag (pVo€L + ¢CLy ) + a&)—VT
— sin ¢g cos by (Sp%Cv +¢SCy, + %}‘i})
+ cos ¢g cos fp [5‘ sin exg (pVoCp + §Cn, )
Z
+ Scosag (pVoCL, + §CLy, ) — %L—T] } , (D-632)
Ak 1 (. _ . AXT
_c'}a_) = 9_0;5{ sin fp [—qS cosag (Cp, — CL) + §9sinog (CL, + Cp) + e ]
— sin ¢y cos by ((}S’CYG + ?ﬁ)
Ja
azZ
+ cos ¢p cos B [t}"S' sin e (Cp, — CL) + §5 cosap (CL, + Cp) — a—:]} {D-633)
a(h 17, ) o DX ) aY-
-ég—ﬁ—) = s {Sm 8y (-—qS cosag Cp, + g8 sinap O, + _3;_31) — sin ¢ cos By ((?SCyﬁ + _(’)?T)
+ cos ¢g cos By (th siney Cp, + g5 cosag Cr, + %)] (D-634)
Ak
~;—¢1 = —dy, COS Py cos o + @, sin ¢o cos b (D-635)
a(h) , . . .
g = Guo COS 8 + @y, sin fg sin gy + @z, cos dg sin by (D-636)
Ak
ath) _ 4 (D-637)
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aé—i)- = gol—m{ sin @ [- €Oos Qg (151/305 gh + qSCDh) + sin oy (%SVO CL gz QSCL,,)]
— sin ¢g cos By ( bVo Cy gi + Q’SCyh)
+ cos g cos By [sin oo (§SVU Ch gz + qSCDh)
+ cos ag (151/0 L qSCLh)]} (D-638)
) 2" ah
% =0 (D-639)
?é;’;i) =0 (D-640)
a(,gz) 2V [sin 8y (—~ cosag Cp, +sinag CL,) — singgcosfp Cy,
e + cos ¢g cos fp (sin ag Cp, + cosag Cr, )] (D-641)
8;;) — zéi::m[sin fo (—cosao Cp, +sinao CL,) — sin g cosfo Cy g
+ cos ¢ cos b (sinag Cp, + cosag CLﬁ)] (D-642)
60(;2) = goim{ sin 8 [g"S'[— €OS 0g CD‘;’ + sin avg CL‘,‘_) + %%I} — sin ¢hgcos by (@SCYO ?;T)
+ cos ¢ cos fg [qS(sin oo Cp,, + cosap CL, ) — 88‘26':"] } (D-643)
D.3.24 Specific energy derivatives—
6((,;?:) =0 (D-644)
a(;;‘) =0 (D-645)
3(;7_3) =0 (D-646)
Bé%) = % (D-647)
3(3‘3') =0 (D-648}
6(;;5) =0 (D-649)
3%‘2’) =0 (D-650)
3(;;“) =0 | (D-651)
agi’) =0 (D-652)
agis) =1 (D-653)
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D.3.25 Specific power derivatives.—
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D.3.28 Normal force derivatives.—

= Gh
3._.__5’)::) = %(cos ao CL, + sinap Cp,,)
N i
% = %f;—;(cos oo Crg + sin ag Cp, )
6((;:] — %(cos oy CL, + sinag Cp, )
HN) _
av
oN) _
do
(N .
._(g‘#) = §5(cosag CL, +sinag CD,s)
o) _
¢
oHN) _
56 =0
o) _
o
AN) _
ah
gN) _
dr 0
BN)
dy 0
N G5¢
Q((?d—) = %[cos ap CL, +sinop Cny,)
N 50
_r_aéﬁ) = %(cos ao UL, +sinap Cp;)
N
%T] = F5(cos o CL‘,‘_ + sin ap C"Dal-)

D.3.27 Axial force derivatives.—
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o
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0

% —sin ag Cp, + cosag Cp,)
0

gsh
%-L—;-(— sinao CL, + cosap Cp,)
b

S[cos ap (pVoCL + §CLy ) + sinag {(pVoCp + Ch,, )]

GS(cos ey C1, + sin ag Cp,, — sinayp €1, + cos ag Cp)

1 dp . 1 dp
S [COS [a0)) (§VGZCL % + Q‘CL,‘) 4+ sIn &g (§V02CD 6—1’; + QCD,‘)}
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a(4)

W o S[—sinag (pVoCL + §CLy ) + cos g (pVoCh + GCny )] (D-694)
?—é—{—l—)- = g8(—sineg CL, + cos g Cp, — cosay CL — sin ag Cp) (D-695)
o
%—;‘;—) = g5(—sinae CL, + cosag Cp,) (D-696)
0(A)
- = D-697
5o, =0 (-697)
a(4)
- . D-698
28 =V { )
HA) :
= D-698
35 =0 (D-699)
oA . dp . .
—é;gl =5 [— sin g ( Vu CL = ah + qCLh) + cos agq ( VD Cb ﬁ +§Cn, )} (D-700)
o(4) _ 4 (D-701)
dz
HA) _ (D-702)
&y
o(4) _ @S¢ }
B& " o, - {(~sin oo CL, + cosap Cp,) (D-703)
%‘;—) = %(— sineg C1,, + cos ap Cp,) (D-704}
A ]
ééi) = g8{—sinayg CLa‘_ + cos ap Cns,.) (D-705)

D.3.28 x body axis rate derivatives.—

c(};) ~0 (D-706)
%‘f) =0 (D-707)
% =0 (D-708)
K] — con o cos (D-709)
a{gz) = —Vpsin agcos Bo (D-710)
iﬁ_g) = V) cos ag sin fy (D-711)
ﬂéz) -0 (D-712)
% ~0 (D-713)
9w (D-714)



D.3.29 vy body axis rate derivatives.—
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O
w
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o) _,
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X o
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D.3.30 z body axis rate derivatives—
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:é:i” -0

% = sin g cos fo
)y cos g cos o
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o) _,

a8

D.3.31 x body axis acceleration derivatives.—
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or
(i)
oV

= ———(—cosag Cp, +sinag CL,)
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1
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8 {YT
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}
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= a [(}'S( Cos o CDﬂ + sin e CLp) + o

1 dX
[qS( cos g Cp, + sin g CL, + sinap O + cosag Cp) + c)aT]
- qUVQ COS8 g COS8 ,80

1 X
o3

+ roVocos Bo + goVo cos ag sin Gp

—= 9

——= = ~gcosfy

()
o)

a(w)
2
(i)
o5
a(4)
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1 ]
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il
o

hy 1 a o ] dp
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0

GiSe

= (— cosap Cp, + sinag C,)

2V0m
75b

= ———-{—cosap CD'.& + sin exp C;ﬂé)

2Vom
aXT]
88;

D.3.32 y body axis acceleration derivatives—
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—
Wom
sh
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1
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1
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X -
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o)y Sl .., O
= = (ﬁvﬂ Cy 52 +qCv,,) (D-775)
%(zl =0 (D-776)
Y
“(:}({U?) =0 (D'??T)
(0 gse
TEECT) T Wem e (D-778)
o(#) qSb
05 Wem Y (D-779)
o) 1 ¢ oYt
9%; (95 Cvs, + 35‘.) (D-780)
D.3.33 2z body axis acceleration derivatives.—
d(u 7Sb . .
% = éqﬁ)—m(—smao Cp, - cosapy C1,,) — Vosin o (D-781)
5 i
: (gi:) = '2% —sinag Cp, — cos ag C,) + Vo cos ag cos Bp (D-782)
O(w §Sb , .
%}—) = Qi’Om(“ sin ag Cp, — cosap (L, ) (D-783)
N 1 ; . _ .0z
‘f‘;?) =~ [—Ssm ag (pVoCp + §Cp, ) - S cos ag (pVoCL + GCL, ) + 5%]
+ go cos ag cos B — posin Bo (D-784)
Hw 17_ , . 07z
-}%a—) =— [qS(— sin g Cp, — cos 0 Cr,, — cosap Cp + sin g O} + F&T-]
— goVy sin ag cos fo (D-785)
o 0. . 0z ,
-é-ﬁ_) = [qS(-— sin g Cp,y — cosap C,,) + -«5232 — goVocos apsin B ~ poVocos By (D-786)
d(w .
_éq'b)" = ~g cos flg sin ¢ho (D-787)
() :
5g - s 8y cos ¢y (D-788)
o)
5% =0 (D-789)
oy 8 ) 1.9 Op 1 dp .
Tl [— sin o (5% Cp B + qCDh) — €os g (gVOQC'L h + qCLh)] (D-790)
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oy 0 (D-792)
Hw §Se .
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b gSbh )
—(gﬁ_—) = 2ern(— sin ayg Cn)5 — COS g Cl-g) (D-794)
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= — [q"S(—sinao CD.,‘_ — o8 g CL&,—)“‘ —_—
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D.3.34 Angle-of-attack sensor output derivatives.—

o) L Ve
Op Vo
Hei) _ Fa
8¢ Vi
Moi)
~or 0
d(@i) _ 9Ta = Pola
av V2
N i) _

da 1
Olai)

o5
Ola;)

a¢ =0
o) _

56 "
Mevi)
oy 0
deay) _

on 0
o) B
i
INes)

Jy =0
Ha ) _

8é =0
8(::{_,‘) -0
a6
Gla;)

a6; =0

Angle-of-sideslip sensor output derivatives.—
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D.3.36 Altimeter output derivatives.—
agi:-) =0 (D-826)
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D.3.37
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Altitude rate sensor cutput derivatives.—
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D.3.39 Stability axis roll rate derivatives—
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D.3.40 Stability axis pitch rate derivatives.—
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D.3.41
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Stability axis yaw rate derivatives.—
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