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Present-day knowledge of Saturn's rings is reflected. 
The results of observations of Saturn's rings are 
analyzed in detail, and a number of conclusions as to 
the nature of the rings are formulated. Particular 
attention is given to the quantitative theory of change 
in the brightness of the rings with phase angle, which 
is then used to estimate the principal physical mag- 
nitudes that characterize the rings as a whole, as well 
as a typical particle of the rings. Questions con- 
cerned with the dynamics of the rings are discussed. 
The book is intended for scientists, graduate students, and 
students interested in research on objects in the 
solar system. 
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"When we in fact see how this majestic arc 
is suspended over the equator of the planet 
with no visible means of support or 
connection, our mind can no longer remain 
at ease. We cannot become reconciled to 
this phenomenon as if it were some simple 
fact, we cannot describe it simply as the 
result of observations, and we cannot 
accept it without seeking for an explanation 
for it." 

James Clerk Maxwell 

On the Stability of the Motion of Saturn's 
Rinas 

~ .~ _ _  --_ - 

Introduction 

Saturn's rings are, in essence, a satellite object. At the same time, the 

great many bodies that are contained within it, and the comparative shortness 

of the distance between those bodies, makes them into a single, compact system 

in which the individual satellite loses its individuality. 

Saturn's rings have a dual interest for the researcher. First of all, it 

is the only cosmic formation of its type that we know of. It has its own 

special geometry, dynamics and other features. Furthermore, it is one of the 

elements in the solar system, and in its own way is as characteristic as the 

ring of asteroids, as the Galilean satellites of Jupiter, or of the moon. In 

L5 * 

* Numbers in the marin indicate pagination in the foreign text. 
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o t h e r  words, t h e  problem of Sa turn ' s  r i n g s  is not one o f  a narrow problem of  

a s i n g l e  ob jec t ,  but  r a t h e r  p a r t  of  an incomparably broader problem of  physics 

and cosmogony of  t h e  s o l a r  system. 

It can be pointed ou t ,  f o r  example, t h a t  t h e  p a r t i c l e s  of Sa turn ' s  r i n g s a r e  

subjected t o  continuous bombardment by micrometeoric bodies and by corpuscular 

s o l a r  radiat ion.  

t y p i c a l  r i n g  p a r t i c l e  is, a t  t h e  same t i m e ,  an i n d i r e c t  estimate of  t h e  in- 

t e n s i t y  of t h e  flow of micrometeoric bodies and of s o l a r  corpuscles a t  t h e  

d is tance  of Saturn. 

A q u a n t i t a t i v e  estimate of t h e  p i t t i n g  of t h e  su r face  of a 

Another example of t h e  physical connection between Sa turn ' s  r i n g s  and t h e  

environment s t h e  probable i n t e r a c t i o n  of  t h e i r  mater ia l  with t h e  magnetic 

f i e l d  of t h e  planet  ( t h e  l a t t e r  should be s t rong,  as can be  an t ic ipa ted  be- 

cause of t h e  s i m i l a r i t y  of Saturn t o  Jup i t e r ) .  

i n  Sa turn ' s  magnetosphere should deform t h e  magnetic l i n e s  of f o r c e s  s i g n i f i -  

c a n t l y  (Zheleznyakov, 1964; Zlotnik,  1967). 

The presence of r o t a t i n g  r i n g s  

To simply speak of cosmogony m a k e s  t h e  very fact  of t h e  exis tence of 

Sa turn ' s  r i n g s  i n  t h e  s o l a r  system important, and something t h a t  cannot be  

ignored. 

gonic i n t e r e s t .  In  f a c t ,  according t o  contemporary hypotheses, t h e  r i n g s  are 

t h e  zone of t h e  p r e s a t e l l i t e  c l u s t e r  of Saturn,  wi th in  which t h e  t i d a l  f o r c e s  

prevented t h e  mater ia l  of t h e  c l u s t e r  from forming i n t o  a s i n g l e  satel l i te .  

t h i s  is  so, then t h e  zone of S a t u r n ' s  r i n g s  i s  v i r t u a l l y  t h e  only place i n  t h e  

s o l a r  system where one can f i n d  and i n v e s t i g a t e  t h e  remains of preplanetary 

material .  

The proper t ies  of a t y p i c a l  r i ng  p a r t i c l e a r e  of p a r t i c u l a r  cosmo- 

If 

Sa turn ' s  r i n g s  a s  a whole a l s o  a r e  of considerable  i n t e r e s t  t o  t h e  cosmo- 

gonis t  because t h e  dynamics of t h e  r i n g s  are, i n  many r e spec t s ,  s i m i l a r  t o  t h e  

dynamics of a protoplanetary cloud, and can be described by s i m i l a r  equations. 

This monograph at tempts  t o  give a sequent ia l  account of a l l  of t h e  ob- 

servat ional  and t h e o r e t i c a l  mater ia l  bearing on Sa turn ' s  r i n g s  (with t h e  

exception of those works t h a t  are of l i t t l e  s ign i f i cance ,  o r  which a r e  ob- 

s o l e t e )  and t o  point out t h e  conclusions t h a t  can be drawn a s  a r e s u l t  con- 

cerning t h e  na ture  of t h e  rings.  

because of t h e  complexity of t h e  problem. 

Our t a s k  was made very much more complicated 

Inves t iga t ion  of S a t u r n ' s  r i n g s  
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r equ i r e s  t h e  app l i ca t ion  of many branches of science;  as t rophysics ,  celestial  

mechanics, astrometry,  cosmogony, meteor astronomy, t h e  physics of t h e  i n t e r -  

planetary medium, t h e  physics  of t h e  sur face  l a y e r  of t h e  moon, o p t i c s  of 

ice c r y s t a l s  and of microscopic p a r t i c l e s  of var ious  shapes, t h e  dynamics of 

systems with not completely e las t ic  c o l l i s i o n s ,  and others .  So it is  obvious 

t h a t  one author  is i n  no pos i t i on  t o  deal  with a l l  s i d e s  of t h e  problem with 

t h e  same completeness. I n  order  t o  avoid t h e  p o s s i b i l i t y  of  making se r ious  

e r ro r s ,  w e  he re  have c i t e d  only those  facts ,  da ta ,  r e s u l t s ,  and conclusions 

t h a t  w e  checked personal ly ,  o r  t h a t  w e r e  completely evident t o  us. In  those  

rare ins tances  when w e  w e r e  forced t o  depart  from t h i s  r u l e  w e  have pointed 

t h i s  out  i n  t h e  text and have ind ica ted  t h e  sources  from which t h e  materials 

w e r e  taken, and w e  have given our  views concerning them. 

W e  should add t h a t  it w a s  not t h e  t a s k  of  t h e  monograph t o  provide prec ise  

numerical data.  These d a t a  can be found q u i t e  r e a d i l y  i n  handbooks. W e  pre- 

f e r r ed  t o  use rounded estimates,  o r  t o  ind ica t e  t h e  orders  of magnitude. 

I. De ta i l s  of t h e  S t ruc tu re  t h a t  Di f fe r  from Those of t h e  Earth 

#l. The Zonal Structure .  -~ The A ,  B, and C Rings. - - _  

The r ing  s t r u c t u r e  suscept ib le  t o  r e so lu t ion  i n  te lescopes  on e a r t h  

(even including those i n  observa tor ies  high i n  t h e  mountains with exce l len t  

i m a g e  qua l i t y )  is absolu te ly  concentr ic ,  with no l i g h t  o r  dark d e t a i l s  of any 

descr ip t ion ,  giving t h e  appearance of r o t a t i o n  around t h e  planet.  The r ings ,  

when they open wide enough, appear i n  t h e  form of a system of concentr ic  

zones with d i f f e ren t  br ightnesses  (Figure l a ) .  

zone is  seen as a sharp,  r a d i a l  change i n  br ightness  o r  as a narrow, dark sl i t  

("divis ion")  between t h e  r i n g s ,  as i f  devoid of m a t t e r .  

The boundary of a p a r t i c u l a r  

The pr inc ipa l  p a r t s  of t h e  zonal s t r u c t u r e  are t h e  A r i n g  ( the  o u t e r ) ,  

t h e  B r ing  ( the  middle), and t h e  C r i n g  ( the  inne r ) .  The l a t t e r  sometimes 

i s  ca l l ed  t h e  "crape" r i n g  because of i t s  very low br ightness  [about 

i s  t h e  br ightness  of t h e  cen te r  of  Sa turn ' s  disk,  t h i s  is -2 1-3-10 bc, where b 
C 

t h e  approximate estimate made by B e l l  (1919)l. 

pa r t  of t h e  system ( i n  opposi t ion approximately equal t o  t h e  cen te r  of Sa tu rn ' s  

d i sk  i n  br ightness .  The A r ing  v i s u a l l y  i s  0.6 weaker (Schoenberg, 1921) and 

is p a r t i a l l y  t ransparent .  

The B r ing  is t h e  b r i g h t e s t  

m 

Hepburn (1914), studying images of Saturn on p l a t e s  
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taken by Barnard (19141, w a s  a b l e  t o  - /a 
see S a t u r n ' s  disk,  t rans lucent  through 

t h e  A r ing  a t  t h e i r  edges. The crape 

r ing  is very t ransparent .  The b a l l  of  

t h e  planet  i s  r e a d i l y  d is t inguishable  

through it when observed v i s u a l l y  (it 

goes without saying t h a t  t h e s e  obser- 

va t ions  requi re  t h e  corresponding ob- 

j e c t i v e  l e n s  opening and a good q u a l i t y  

image,  because t h e  crape r ing  i t s e l f  i s  

an almost inaccess ib le  ob jec t ) .  

The main d iv is ion  i n  t h e  system i s  

located between t h e  A and B r ings.  It 

has  been named t h e  "Cassini d iv is ion"  

from t h e  name of i ts  discoverer  i n  1675, 
Jean Dominique Cassini ,  t h e  f i r s t  d i r -  

e c t o r  of t h e  P a r i s  Observatory ( see  

Berry, 1964). The width of t h e  Cassini 

d i v i s i o n  i s  about 5,000 kilometers,  

according t o  Barnard (1914). 

#2. More P r e c i s e  D e t a i l .  - /9 

Lyot (19531, observing Saturn 

v i s u a l l y  i n  a 60 centimeter te lescope 
Figure 1. a - Saturn with r ings  opened 
w i d e  (photograph by Camichel, 1958). 
Ring A is somewhat underexposed and 
r i n g  C can be  seen i n  a project ion on 
t h e  d i sk  of Saturn. Resolution i s  
"0.411; b - The r i n g s  of Saturn from 
v i sua l  observations from P ic  du Midi 
(sketch by Lyot, 1953). Contrast i s  grees Of darkening Of the rings 
somewhat overdrawn; c - Dis t r ibu t ion  (Figure l b ) .  Dollfus made s i m i l a r  ob- 
of br ightness  i n  t h e  eye of t h e  r i n g s  
of Saturn along the major axis of t h e  
r i n g s  (from v i sua l  observat ions made 
by Dollfus,  1963). The angular dim- 
ensions of t h e  rings are &own for  t h e  
mean dis tance of Saturn from t h e  sun 
(9.539 A U ) .  

from t h e  P ic  du M i d i  Observatory, with 

reso lu t ion  approximately t h a t  of theor- 

i t i c a l  (0.2'j1'), w a s  ab l e  t o  d i s t i n g u i s h  

some 10 d i v i s i o n s  with d i f f e r e n t  de- 

se rva t ions  (1936 b )  i n  l a r g e  te lescopes  

i n  France and i n  t h e  United S t a t e s ,  

enabling him t o  construct  an approxi- 

m a t e  curve of br ightness  d i s t r i b u t i o n  

4 



along t h e  major axis of t h e  r i n g s  (Figure IC).  

t h e  system br ightness  changes with d is tance  from Saturn,  and t h a t  it is s o l e l y  

t h e  presence of minima crea ted  by t h e  d iv i s ions  t h a t  lead t o  t h e  conventional 

separat ion of t h e  system i n t o  t h e  l l individualff  A,  B, and C rings.  

The curve shows t h a t  i n  essence 

Comparing Dollfus '  curve with Lyot 's  sketch,  ane is read i ly  persuaded 

Attent ion is drawn t o  t h e  wide zone of t h a t  they are i n  good concordance. 

reduced br ightness  near  t h e  middle of t h e  A r i n g  c rea ted  by t h e  t h r e e  c l o s e  

minima. 

took t h i s  t o  be a s i n g l e  d iv i s ion  ( t h e  so-called "Encke divis ion") .  

Earlier observers, ,  working under condi t ions  of lesser reso lu t ion ,  

Kuiper (1957 a )  i s  of t h e  opinion t h a t  only t h e  Cassini  d iv is ion  is a 

real lane, containing very l i t t l e  material, and t h a t  a l l  of t h e  o ther  d iv i s ions  

recorded i n  t h e  l i t e r a t u r e  on t h e  subjec t  are zones of somewhat reduced br ight -  

ness  (by 10 t o  15 percent ) ,  o r  are f i c t i c i o u s .  Kuiper 's  conclusion is based 

on a s ing le  v isua l  observat ion he made of t h e  r ings  i n  t h e  Mount Palomar Ob- 

serva tory ' s  5 m e t e r  r e f l e c t o r  with a magnification of 1170. Atmospheric 

turbulence on t h e  night  of t h e  observat ion w a s  unusually low and t h e  r e so lu t ion  

w a s  0.051' t o  0.10". Three zones of darkening w e r e  seen i n  t h e  B r ing.  The 

zone t h a t  d iv ides  t h e  B and C r ings  w a s  not observed (despi te  t h e  f a c t  t h a t  

i ts exis tence  had been noted by Lyot, as w e l l  as by many o ther  observers ;  some 

weak d iv i s ions  can change i n t e n s i t y  markedly, so t h e  p o s s i b i l i t y  i s  not ru led  

ou t ,  however). Kuiper es t imated t h e  width of C a s s i n i ' s  d iv is ion  as one- f i f th  

t h e  width of t h e  A r ing.  A region of darkening t h a t  w a s ,  a t  t h e  same t i m e ,  t h e  

region of an abrupt change i n  t h e  br ightness  of t h e  A r ing  w a s  seen a t  t h e  s i t e  

of t h e  "Encke divis ion."  Observation of a s ta r  occul ted by t h e  r ings  i s  an 

e f f e c t i v e  method t o  use t o  obta in  information on t h e  width,  pos i t ion ,  and 

o p t i c a l  thickness  o f  t h e  d iv is ions .  W e  s h a l l  d i scuss  t h i s  method i n  #14. The 

mean t i m e  i n t e r v a l  between two successive occu l t a t ions  of up t o  9& magnitude 

stars by Saturn is 1.9 years.  (See l iger ,  1881). The elements of t h e  occula- 

t i o n s  of  stars by p l ane t s  are computed r egu la r ly  by t h e  B r i t i s h  Astronomical 

Association, and are published on a systematic  b a s i s  i n  t h a t  o rganiza t ion ' s  

annual. 

Kirkwood (1884) w a s  t h e  first t o  explain t h e  ex is tence  of t h e  d iv i s ions  

by resonant per turba t ions  i n  t h e  o r b i t s  of t h e  p a r t i c l e s  of Sa tu rn ' s  satell i tes.  

Actually,  t h e  period of revolu t ion  of  a p a r t i c l e  i n s i d e  any of t h e  d iv i s ions  

5 



is very c l o s e  t o  1/2, 1/3, ... t h e  s i d e r e a l  period of one, o r  of several  in-  

t e r n a l  sa te l l i t es  of Saturn,  o r  of t h e  most massive of them, T i t a n .  This 

question has  been discussed a s  w e l l  by Lowell (19101, Goldsbrough (1921, l922) ,  

and Greaves (1922 a, 1922 b) .  

#3. Ring Dimensions. 

Sa turn ' s  r i n g s  have been measured by many authors  (with micrometers, 

with heliometers,  and by measuring t h e  images of t h e  p lane ts  on negat ives) .  

Halation is t h e  pr inc ipa l  cause of  f ixed  e r ro r s .  In  view of t h i s ,  it is 

des i rab le  i n  t h e  near f u t u r e  t o  check accepted dimensions by using observations 

made of t h e  occul ta t ions  of s t a r s  by t h e  r ings.  

Table 1 l ists  t h e  r i n g  dimensions, according t o  Rabe (1928). 

TABLE 1 

D e t a i l  

A r i ng ,  ou te r  edge 

A r i ng ,  inner  edge 

B r ing ,  o u t e r  e d g e  

C r i ng ,  ou ter  edge 

C r ing ,  inner  edge 

Equatorial  r ad ius  
of Saturn 

.~ ~.I__... 

Vis ib le  r ad ius  
(d i s t ance  
9.5388 AU) 
seconds of a r c  

20.14 

17.68 

16.95 
12.91 

10.42 

8.72 

. - . . . . . - 

Actual r ad ius ,  
k i  1 ome t ers 

. ~- _ _  __ -~ 

139,300 
122,200 

117,200 

89,300 
72, ooo 
60,300 

.- - . - .  

Wj 

Seconds of A r c  

t h  

K i  1 omet ers  

- . -  - - .  - 

17,100 

5,000 

27,900 

17,300 

Barabashov and Semeykin (19331, using photographic photometry and l i g h t  

f i l t e r s ,  and excluding instrumental  e r r o r  by t h e  " a r t i f i c i a l  planet"  method 

(see #9),  found t h a t  i n  blue l i g h t  t h e  space between t h e  v i s i b l e ,  i n s i d e  

boundary of t h e  C r i n g  and S a t u r n ' s  equator is not completely dark. Negatives 

obtained i n  red and yellow l i g h t  s h o w  no such e f f e c t .  The authors i n t e r p r e t e d  

t h e i r  r e s u l t s  a s  i n d i c a t i v e  of t h e  f a c t  t h a t  t h i s  space i s  f i l l e d  with r a r e f i e d  

mater ia l  s t r e t c h i n g  t o  t h e  b a l l  of  Saturn i t s e l f .  Consequently, it can be 

sa id  t h a t  t h e  inner  edge of t h e  C r i n g  coincides  with t h e  external ,  v i s i b l e ,  

boundary of t h e  planet  s b a l l .  

6 



11. Changes i n  Ring Openings. V i e w  from t h e  Edge. - /11 
-~ __ 

#4. .- Cycle of Changes i n  Ring Openings. 

The plane of t h e  r i n g s  coincides  very prec ise ly  with t h e  plane of Sa turn ' s  

equator. 

t h e  plane of t h e  e a r t h ' s  o r b i t  by 28.1". 

plane of  its equator,  and t h e  plane of t h e  r ings ,  move p a r a l l e l  t o  each other .  

The r e s u l t  i s  t h a t  t h e  angles  of  e levat ion of  t h e  sun and of t h e  e a r t h  above 

t h e  plane of t h e  r ings ,  A and A ' ,  change constant ly ,  depending on t h e  p o s i t i o n  

of  Saturn i n  its o r b i t .  There are, i n  t h e  course o f  one s i d e r e a l  period of  rev- 

o lu t ion  of Saturn (29.46 yea r s ) ,  two t i m e s  of maximum opening of t h e  r i n g s ,  

and two t i m e s  when t h e  r i n g s  are turned t o  t h e  sun prec ise ly  on edge (o r ,  i n  

o ther  words, t h e  sun i n t e r s e c t s  t h e  plane of t h e  r i n g s ) .  This i s  what t h e  ob- 

s e rve r  on e a r t h  sees, b a s i c a l l y ,  but it must be remembered t h a t  t h e  e a r t h  does 

The l a t t e r  i s  t i l t e d  t o  t h e  plane of S a t u r n ' s  o r b i t  by 26.7", and t o  

A s  t h e  planet  moves i n  its o r b i t ,  t h e  

not coincide with t h e  sun, but instead has  i t s  own o r b i t a l  motion. Generally 

speaking, t he re fo re ,  A '  # A. h g l e  A '  w i l l  change with t h e  s i d e r e a l  period 

of Saturn, and t h e r e  w i l l  be small changes i n  i t s  synodic period a s  w e l l .  

These l a t t e r  a r e  more s i g n i f i c a n t  near t h e  t i m e s  when A = 0. A s  w i l l  be seen 

from Figure 2,  a f ixed  t i m e  ( t h a t  is, 360 days) i s  required f o r  t h e  i n t e r -  

s ec t ion  of t h e  plane of t h e  r i n g s  by t h e  e a r t h  o r b i t .  A more d e t a i l e d  examin- 

a t i o n  of t h e  question shows t h a t  during t h i s  period of t i m e  t h e  e a r t h  can i n t e r -  

sect t h e  plane of t h e  r i n g s  once, o r  t h r e e  t i m e s  ( t h e  number of i n t e r s e c t i o n s  

must be odd because t h e  ea r th ,  i n  t h e  f i n a l  ana lys i s ,  w i l l  be moving from one 

s i d e  of t h e  plane of t h e  r i n g s  t o  t h e  o the r ) .  In  extremely r a r e  cases  two of 

t hese  t h r e e  i n t e r s e c t i o n s  can take place almost simultaneously (case equivalent 

t o  two in t e r sec t ions ) .  In  c e r t a i n  o the r  cases  t h e  e a r t h  can i n t e r s e c t  t h e  plane 

of t h e  r i n g s  once, and i n  place of t h e  o the r  two i n t e r s e c t i o n s  t h e r e  i s  simply 

a more o r  less c l o s e  approach t o  t h e  plane of t h e  r ings.  A t y p i c a l  example 

of  t h e  t r i p l e  i n t e r s e c t i o n  of t h e  plane of t h e  r i n g s  by t h e  e a r t h  i s  t h e  one 

t h a t  took place i n  1966 (Figure 3 ) .  

L e t  u s  add t h a t  t h e  i n t e r v a l s  between t h e  successive i n t e r s e c t i o n s  of t h e  /12 
plane of Saturn by t h e  sun are not equal. This can be explained by t h e  d i f -  

ference i n  t h e  o r b i t a l  v e l o c i t y  of Saturn near t h e  per ihel ion and near  t h e  

aphelion. The rounded, respec t ive  i n t e r v a l s  a r e  13.75 and 15.75 years. 
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(plane of Sa turn’s  r i n g s )  If66 fl m y m a  g M B7 /f67 

Figure 2. Northern hemisphere of t h e  F igure  3 .  Change i n  t h e  a n g l e s  
celestial  sphere i n  t h e  case of an of e l eva t ion  of t h e  sun and the  
observer standing on t h e  s i d e  of Sa tu rn ‘ s  ea r th ,  A and A ’ ,  above t h e  plane of 
r i n g s  i l luminated by t h e  sun (near t h e  t h e  r i n g s  i n  1966. The ea r th  i n t e r -  
t i m e  of i n t e r sec t ion  of t h e  plane of  t h e  sec ted  t h e  plane of t h e  r ings  t h r e e  
r i n g s  by t h e  sun).  t i m e s .  

#5. Observations of  t h e  Dark Side of t h e  . . . . Rings. . -- 

Figure 2 can be used t o  f i n d  I A  - A l l  

i s  t h a t  near  t i m e  A = 0 (when I A  - A ’ I  has i t s  greatest value)  t h e  s igns  of 

angles  A and A ’  can be opposi te ,  t h a t  is ,  t h e  e a r t h  can be over t h e  dark s i d e  

of t h e  r i n g s  (Figure 3 ) .  

t h e  r i n g s  turned t o  t h e  observer i s  not i l luminated by t h e  d i r e c t  r ays  of t h e  

sun, t h e  narrow e l l i p s e  of t h e  r i n g s  is  seen q u i t e  w e l l ,  given a good q u a l i t y  

image  and not too  s m a l l  a te lescope  aperture .  Russel (1908) pointed Q U t  t h a t  

t h e  i l luminat ion of t h e  r i n g s  by t h e  b a l l  of Saturn i s  in t ense  enough f o r  t h e i r  

dark s i d e  t o  be seen v i s u a l l y  by an observer i n  a te lescope  on ear th .  A recent  

reconsiderat ion of t h e  quest ion (see #21) leads  t o  t h e  conclusion t h a t  t h e r e  

must be another source of dark s i d e  i l lumina t ion ,  s p e c i f i c a l l y  s o l a r  l i g h t  

diffused through t h e  r i n g s  i n  o p t i c a l l y  t h i n  zones. 

dark s i d e  i s  less  than  t h a t  of t h e  cen te r  of Sa tu rn ’ s  d i sk  by a f a c t o r  of be- 

tween 2 and 2 . 5 .  

2 3 . 5 ” .  What follows i n  p a r t i c u l a r  

Despi te  t h e  fact  t h a t  a t  t h i s  t i m e  t h e  sur face  of 

The br ightness  of t h e  

Barnard (1908 a )  descr ibed t h e  view of t h e  dark s i d e  i n  d e t a i l .  Photo- - /I3 
graphy of t h e  dark s i d e  has  not yet  been published. 

are drawings, and t h e  bes t  of them w e r e  made by Barnard. 

example. 

“condensations” (Bardnard’s expression). The o u t e r  condensations coincide 

All t h a t  is ava i l ab le  

Figure 4 is an 

A t yp ica l  f e a t u r e  of  t h e  dark s i d e  is t h e  two p a i r s  of  b r igh t  
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with t h e  Cassini  d iv i s ions ,  t h e  inner  with t h e  crape r ing.  They are a t t r i b u t a b l e  

t o  s o l a r  l i g h t  f i l t e r i n g  through t h e  corresponding zones of t h e  r i n g s  (#21). 

Figure 4. Drawing of t h e  dark s i d e  of Sa tu rn ' s  r i n g s  
(Barnard, 1.908 a ) .  

#6. "Disappearance" of t h e  Rings. - /14 - 

Many sources conta in  t h e  a s se r t ion  t h a t  t h e  gaps of t h e  r ings  disappear 

completely when one of t h e  angles  of e leva t ion  ( A  o r  A ' )  is  zero. But it i s  

obvious t h a t  when A = 0, genera l ly  speaking, A '  # 0, so  t h e  earth-bound ob- 

server  w i l l  see t h e  dark s i d e  of t h e  r ings  i l luminated by t h e  b a l l  of Saturn. 

Accordingly, t h e  gaps w i l l  be  seen (#5), so long as angle  A '  i s  not too  s m a l l .  

The case when A = 0 ,  t h a t  is ,  t h e  t i m e  of i n t e r sec t ion  of t h e  plane of t h e  

r ings  by t h e  ea r th ,  a c t u a l l y  has  not been observed under condi t ions necessary 

f o r  t h i s  t o  occur up t o  as l a t e  as 1966. Fur ther  d e t a i l s ,  and t h e  r e s u l t s  

t h a t  follow, are contained i n  Chapter V. 
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111. Astrophysical . . ~. and . . Radioastronop-y . . . . . I_ -.__I D a t a  - /15 

#7. Introductory Remarks. 

The angular width of Sa turn ' s  r i n g s  (see Table 1) is s m a l l ,  making it very 

d i f f i c u l t  t o  i n v e s t i g a t e  them. Ring B, because of i ts  brightness ,  and because 

it i s  located i n  t h e  c e n t e r  of  t h e  system, is r e l a t i v e l y  more access ib le  f o r  

as t rophysical  work. Study of t h e  A r i ng  requi res  g r e a t e r  sk i l l  because it is 

not  as b r igh t  and because it is  adjacent t o  t h e  dark background of  t h e  sur- 

rounding sky. The crape r i n g  is weaker than  t h e  B r i n g  by approximately one and 

a ha l f  o rders  of magnitude, and is located between t h e  B r ing  and Sa turn ' s  disk.  

The nearness of  t h e s e  b r i g h t  o b j e c t s  m a k e s  f o r  very se r ious  d i f f i c u l t i e s .  

Astrophysicis ts  o r d i n a r i l y  cannot be c e r t a i n  t h a t  they  are  studying t h e  l i g h t  

r e f l e c t e d  by t h e  C r i n g ,  o r  t h e  l i g h t  t h a t  i s  s c a t t e r e d  by t h e  B r i n g  which 

i s  d i r e c t l y  contiguous t o  it, and by t h e  d i s k  of  t h e  planet.  

This  is why most of t h e  astrophysical  i n v e s t i g a t i o n s  made t o  d a t e  o f  t h e  

r i n g s  of Saturn involve t h e  B r ing.  Data on t h e  A r i ng  are very meager ,  and 

t h e  crape r ing  is ,  f o r  a l l  p r a c t i c a l  purposes, terra  incognita. 

#8. Linear Rotational Veloc i t ies  of t h e  Rings. 

One of t h e  earliest  appl ica t ions  of s p e c t r a l  ana lys i s  t o  t h e  physics  of 

- _  .- - .  - .- __ 

t h e  planet  w a s  t h e  study of t h e  law of  r o t a t i o n  o f  Sa turn ' s  r i n g s  by measuring 

t h e  Doppler s h i f t  of t h e  l i n e s  i n  t h e  spectrum of t h e  gaps of t h e  rings.  

Observations w e r e  made independently by Belopol 'skiy (1895) i n  Pulkovo, by 

Deslandres (1895) i n  P a r i s ,  and by K e e l e r  (1895) i n  t h e  Licks Observatory. 

The p r i n c i p l e s  involved i n  making t h e  measurements are clear i n  Figure 5. 
Table 2 lists t h e  numerical r e s u l t s  (Sharonov, 1958). 

A s  w i l l  be  seen from t h e  da t a  i n  Table 2,  t h e  measured v e l o c i t i e s  are i n  

good concordance with Kepler 's .  Consequently, any r ing  p a r t i c l e  can be con- 

s idered a separate ,  .independent, s a t e l l i t e  of Sa tu rn ,  moving around t h e  

planet  i n  a c i r c u l a r  o r b i t  a t  Keplerian veloci ty .  In fac t ,  however, t h i s  is 
I /16 

P j u s t  t h e  first approximation of  t h e  real motion of t h e  p a r t i c l e s .  Per turba t ions  

by satel l i tes ,  mutual per turbat ions,  and c o l l i s i o n s  fo rce  t h e  p a r t i c l e s  t o  

o s c i l l a t e  near t h e i r  mean posi t ions.  But t h e  r i n g s  are so t h i n  when compared 

with t h e i r  r a d i a l  di.stances t h a t  t h e  v e l o c i t i e s  a t  which t h e  p a r t i c l e s  os- 

c i l l a t e  are many orders  of  magnitude below t h e i r  Keplerian v e l o c i t i e s .  The 
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problems alluded t o  here  w i l l  b e  discussed i n  Chapter VI. 

Deta i l  

_ _  - - 

A r i n g ,  ou ter  boundary 
Middle of t h e  r ing  

B r i n g ,  inner boundary 

1 
t ....... 

..... 1 

I Linear ve loc i ty ,  km/s 

( Kepl er  ) 

15.4 

I 21.0 20.5 

I , .Posit ion of s l i t  

.. _. _, . ..I.i ..... /. 

. . . . . . . . . . . . .  i . . .  d 2.' 

Figure 5. Pos i t i on  of  the  spectrograph slit and t h e  Doppler s h i f t  
o f  t h e  l i n e s  i n  t h e  spec t r a  of t h e  eyes of Sa turn ' s  r i n g s  
and of t h e  p l a n e t ' s  d i sk  caused by r o t a t i o n  (from 
Belopol 1 sk iy ,  Deslandres, and Keeler).  

#9. Vis ib le  and ~~ Near Ul t r a -v io l e t  Spec t ra l  Re f l ec t iv i ty .  - 

The pioneering research  on t h i s  question w a s  done by Belopollskiy and 

Tikhov i n  Pulkovo. Belopol 'skiy e a r l i e r  (1896) had noted t h a t  t h e  spectrum 

of Sa tu rn ' s  r i n g s  ( t h e  re ference  is  t o  t h e  more in t ense  B r i n g  zone) extends 
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toward t h e  v i o l e t  s i d e  much f u r t h e r  than does t h e  spectrum of  t h e  equa to r i a l  

b e l t  of  t h e  p l a n e t ' s  disk.  Thus, i n  t h e  April 13, 1895, photograph t h e  d i s k  

spectrum is extremely f a i n t  when A = 4100 1, whereas t h e  r i n g  spectrum extends 

t o  1 = 4000 1, v i r t u a l l y  without a t tenuat ion.  

Sa turn ' s  r i n g s  should d i f f e r  from t h e  l i g h t  from i ts  disk.  

made a d e t a i l e d  check o f  t h e  effect, using a g r e a t  deal  o f  material obtained 

from observations ( s p e c t r a  of  Saturn and of  t h e  r i n g s ,  taken by Belopol 'skiy 

i n  1906 and 1909, negat ive of Saturn with moderately open r i n g s  made by 

Tikhov i n  1909 and by Belopol 'skiy i n  1911, using t h e  30 inch F'ulkovo re- 

f r a c t o r  with l i g h t  f i l t e r s  t o  separate ,  r e spec t ive ly ,  t h e  red-orange, t h e  

yellow-green, t h e  green, and t h e  blue-violet  p a r t s  of t h e  spectrum). Tikhov 

found t h a t  t h e  d i s k  could be  seen up t o  6950 1 a t  t h e  red end o f  t h e  spectrum, 

but t h a t  t h e  r i n g  spectrum could only be  seen t o  6800 1. The d i sk  spectrum 

w a s  b r i g h t e r  than t h a t  o f  t h e  r i n g s  over v i r t u a l l y  a l l  of t h e  v i s i b l e  p a r t ,  

but t h e  d i f fe rence  i n  br ightness  gradually decreased with reduction i n  A. 

N e a r  4500 %, t h e  br ightness  of  t h e  spec t r a  was 

r ing  spectrum brightened as compared with t h e  d i s k  spectrum. The r ing  spectrum 

could be t raced  t o  3970 B, t h a t  of  t h e  d i s k  spectrum only t o  4020 a. 

Consequently, t h e  l i g h t  from 

Tikhov (1911) 

t h e  same, af ter  which t h e  

The r e s u l t s  of t h e  examination made of t h e  photographs taken using l i g h t  

f i l t e r s  w e r e  i n  good concordance with t h e s e  conclusions. It w a s  es tab l i shed  

t h a t  Sa turn ' s  equator ia l  b e l t  gradual ly  a t tenuated with t r a n s i t i o n  from t h e  

r ed  t o  t h e  v i o l e t ,  with t h e  b r i g h t e r  p a r t  of t h e  d i s k  i n  t h e  red,  and t h e  

darker i n  t h e  v i o l e t .  The change i n  the  br ightness  of  t h e  r i n g s  i s  t h e  d i r e c t  

opposi te ;  it w a s  less  than t h e  mean br ightness  o f  t h e  d i sk  i n  t h e  red, then in- 

creased and became much b r i g h t e r  than the  mean br ightness  o f  t h e  disk i n  t h e  v i o l e t .  

Tikhov's work, taken i n  t h e  whole, e s t a b l i s h e s  t h e  fact  t h a t  t h e  b lue  is 

t h e  most in tense  zone of  t h e  B r ing  i n  Sa turn ' s  equator ia l  b e l t .  Lack of  a 

t i e  with t h e  sun, o r  with stars of t h e  sun class, m a k e s  it impossible t o  ex- 

p l a i n  whether o r  not t h e  s c a t t e r i n g  of s o l a r  l i g h t  by t h e  B r ing  is neu t r a l ,  

o r  s e l ec t ive .  Tikhov w a s  inc l ined  t o  t h e  l a t t e r  view, and based it on t h e  

following considerat ions.  H e  found t h a t  darkening o f  Sa turn ' s  d i sk  a t  t h e  - /18 
edges, subs t an t i a l  i n  t h e  red,  gradual ly  became unremarkable with decrease i n  

A ,  and disappeared near t h e  G band. According t o  Tikhov, t h i s  could be ex- 

plained by t h e  increase  i n  t h e  r e f l e c t i v i t y  of  t h e  atmosphere of Saturn with 

reduct ion i n  t h e  wavelength. Furthermore, it w a s  found t h a t  t h e  br ightness  
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of t h e  B r i n g  near t h e  p o i n t s  of i ts meeting with t h e  p l a n e t ' s  d i s k  w a s  t h e  

equal of t h a t  a t  t h e  edges of Sa turn ' s  disk,  and t h i s  w a s  t h e  case f o r  a l l  

rays. This then l e d  Tikhov t o  conclude t h a t  i t  w a s  possible  t h a t  t h e  

mater ia l  of t h e  r i n g  w a s  very s imi l a r  i n  its r e f l e c t i v i t y  t o  t h a t  of  S a t u r n ' s  

atmosphere, t h a t  is, t h a t  t h e  m e a n  d i ame te r  of t h e  r i n g  p a r t i c l e s  w a s  l ess  than 

t h e  length of  t h e  l i g h t  wave (recognizing however t h a t  spec ia l  research would 

be  required t o  a r r i v e  a t  a f i n a l  answer t o  t h i s  question).  This conclusion h a s  

never been confirmed. 

L a t e r  on t h e  famous American o p t i c i s t  Robert Wood (1916) used l i g h t  

f i l t e r s  t o  obta in  photographs of Saturn i n  t h e  Mount Wilson Observatory (60 

inch r e f l e c t o r ) ,  as d id  as t rophys ic i s t  Wright i n  t h e  Lick Observatory (1927). 

The new approach, as compared with t h a t  used by Tikhov and Belopollskiy,  w a s  

t h e  use of i n f r a red  and u l t r a v i o l e t  f i l t e r s .  There st i l l  w e r e  no photometric 

scales .  The equa to r i a l  b e l t  on t h e  d i sk  o f  Saturn w a s  p a r t i c u l a r l y  dark i n  

t h e  u l t r a v i o l e t .  Wood raised t h e  question, "Is t h i s  e f f e c t  due ( a l b e i t  i n  

p a r t )  t o  t h e  hypothet ical  cloud of mater ia l  f i l l i n g  t h e  space between t h e  

crape r ing  and t h e  spheroid of t h e  planet?"  In point of f a c t ,  t h e  geometry 

of t h e  equa to r i a l  b e l t  is such t h a t  such i n t e r p r e t a t i o n  cannot be precluded. 

However, Wright found t h a t  on h i s  photographs t h e  crape r ing  made a dark b e l t  

on t h e  d i sk  only i n  t h e  red,  whereas t h e r e  was no shadow of t h e  crape r i n g  

on t h e  d i sk  i n  t h e  u l t r a v i o l e t .  Consequently, if t h e  darkening of t h e  equator- 

i a l  b e l t  i n  t h e  u l t r a v i o l e t  w a s  i n  f a c t  connected t o  with t h e  above-mentioned 

cloud of  ma te r i a l ,  it would be  necessary, a t  t h e  very l e a s t ,  t o  pos tu la te  t h a t  

i ts l i g h t  s c a t t e r i n g  proper t ies  d i f f e r e d  s i g n i f i c a n t l y  from t h e  l i g h t  s ca t -  

t e r i n g  proper t ies  of t h e  crape ring. 

Wood's photographs too  show a gradual reduct ion i n  t h e  d i f fe rence  i n  t h e  

br ightness  of t h e  A and B r i n g s  with reduction i n  t h e  wavelength, with A much 

weaker than B i n  t h e  i n f r a r e d  and yellow, but only s l i g h t l y  weaker than B i n  

t h e  v i o l e t  and u l t r a v i o l e t .  Wright l s photographs, on t h e  o t h e r  hand, show 

approximately t h e  same r a t i o  of r ing  br ightness  f o r  a l l  f i l t e r s .  Present day 

da ta  on t h e  s p e c t r a l  r e f l e c t i v i t y  of t h e  A and B r i n g s  show t h a t  Wright's re- 

s u l t s  w e r e  c l o s e  t o  t h e  t r u e  r e s u l t s .  The r e s u l t s  obtained by Wood are t h e  

r e s u l t  of simple overexposure of t h e  B r ing  i m a g e  i n  t h e  v i o l e t  and u l t r a -  

v i0  1 e t  photo graphs. 



It would be  necessary t o  use l i g h t  f i l t e rs  f o r  t h e  photography, t o  p r i n t  

photometric scales, and, i f  possible ,  t o  e l imina te  instrumental  effects, i n  

order  t o  judge t h e  r e l a t i o n s h i p  between t h e  r e f l e c t i v i t y  of t h e  A and B r i n g s  

and t h a t  of  Sa turn’s  d i sk  i n  var ious p a r t s  of  t h e  spectrum. Barabashov and 

Semeykin (1933) d id  j u s t  t h i s  i n  t h e i r  work, a l ready  mentioned i n  #3. Sa turn  /19 

w a s  photographed through red ,  yellow, and b lue  f i l ters i n  t h e  20 cent imeter  

r e f r a c t o r  i n  t h e  Khar’kov Astmnomical Observatory, using a magnification 

system. 

- 

An “ar t i f ic ia l  Sa turn ,”  t h a t  of t h e  image  of t h e  planet  with open r i n g s  

corresponding t o  t h e  real image ,  but with no grada t ions  of br ightness ,  w a s  cu t  

from t h i c k  white paper, and w a s  photographed p a r a l l e l  t o  t h e  instrument i n  

order  t o  exclude instrumental  e r r o r s  ( d i f f r a c t i o n ,  chromatic abberation, scat- 

t e r i n g  i n  t h e  photographic l aye r ,  e r r o r s  i n  t h e  microphotometer, and o the r s ) .  

The a r t i f i c i a l  planet  w a s  photographed through t h e  same f i l t e r s ,  and with t h e  

same exposures, as w a s  t h e  real Saturn. Lighting of t h e  a r t i f i c i a l  planet  w a s  

se lec ted  so  t h a t  t h e  background and t h e  dens i ty  of t h e  i m a g e  on t h e  negat ives  

would be as c l o s e  as poss ib le  t o  t h e  real  Saturn. 

The dens i ty  drop a t  t h e  boundaries of t h e  i m a g e  on t h e  microphotograms of 

t h e  a r t i f i c i a l  planet  w a s  more o r  less  smooth, r a t h e r  than s tep- l ike.  This  w a s  

then used t o  co r rec t  t h e  microphotograms of t h e  real Saturn f o r  e r r o r s  a t t r i b -  

u t ab le  t o  t h e  p l a t e s  used, t o  t h e  microphotometer, and t o  the  instrument,  and 

t o  obta in  a br ightness  d i s t r i b u t i o n  along t h e  c e n t r a l  meridian and along t h e  

i n t e n s i t y  equator.  

The second of t hese  graphics (Figure 6)  provides,  i n  pa r t i cu la r ,  t h e  

r a d i a l  progress of br ightness  i n  t h e  eyes of t h e  r ings  along t h e i r  major axes. 

The completeness with which instrumental  e r r o r s  w e r e  el iminated can be judged 

by t h e  pos i t ion  and depth of t h e  minimum, corresponding t o  t h e  Cassini  d iv is ion ,  

and by the  r a t i o  of th.e A and B r ing  br ightnesses .  

coincides  extremely w e l l  wi th  t h e  accepted d i s t ance  of t h e  Cassini  divis ion.  The 

br ightness  a t  t h e  minimum d i f f e r s  somewhat from zero,  and increases  with de- 

crease i n  t h e  wavelength, reaching 0.08 the  b r ig tness  of t h e  cen te r  of t h e  d i sk  

i n  t h e  blue. The A r ing  br ightness  w a s  d e f i n i t e l y  underestimated [ i n  t h e  yellow 

by 2..06 below t h e  br ightness  of t h e  B r ing ,  whereas t h e  v isua l  surface photo- 

The pos i t ion  of t h e  minimum 

m 
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metry provided by Schoenberg (19211, t h e  photographic photometry provided by 

Camichel (1958) using a yellow f i l t e r ,  and t h e  photographic photometry of 

Frankl in  and Cook (1965), provide magnitudes of 0.59, 0.47, and 1.00 respec- 

t i ve ly ] .  

e n t i r e l y  (apparently because t h e  a r t i f i c i a l  planet  method does not c o r r e c t  f o r  

d r ive  and atmospheric f l i c k e r  e r r o r s )  and t h i s  should be remembered during 

i n t e r p r e t  a t  ion. 

m m m 

Thus, t h e  effect of fuzziness  of t h e  image is not done away with 

The authors  found t h a t  t h e  br ightness  of t h e  most i n t ense  A r ing  zone 

changed from 0.129 t o  0.150 and 0.154 ( i n  t e r m s  of t h e  br ightness  of t h e  c e n t e r  

of t h e  d i sk )  with t r a n s i t i o n  from red  t o  yellow and blue. The corresponding 

magnitudes w e r e  0.585, 0.775, and 0.862 f o r  t h e  most i n t ense  B r i n g  zone. From 

whence t h e  r a t i o  of  A and B r i n g  br ightnesses  i n  t h e  red,  yellow, and blue,  

were 0.221, 0.194, and 0.179. In other  words, t h e  br ightness  of t h e  A r ing  

changed less than did t h a t  of  t h e  B r ing a s  t h e  wavelength decreased when 

Figure 6. Dis t r ibu t ion  of br ightness  along t h e  i n t e n s i t y  equator 
f o r  Saturn and f o r  fuzziness  of t h e  image by t h e  
a r t i f i c i a l  planet  method (Barabashov and Semeykin, 1933). 

r / R  i s  t h e  d is tance  from t h e  c e n t e r  of t h e  d i sk  i n  p a r t s  of t h e  
equator ia l  r ad ius  of t h e  planet.  
of t h e  br ightness  of t h e  c e n t e r  of  t h e  disk.  Curves 1, 2, and 3 were 
constructed f o r  photographs i n  which red,  yellow, and blue f i l t e r s ,  
respect ively,  had been used. 

b/bc i s  t h e  br ightness  as a percentage 
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equated t o  t h e  c e n t e r  of  t h e  disk.  Note t h a t  Frankl in  and Cook (1965) obtained 

0.398 and 0.403, with a probable e r r o r  of  0.003, f o r  t h e  r a t i o  of A and B r i n g  

br ightnesses ,  t h a t  is, f o r  a l l  p r a c t i c a l  purposes t h e r e  w a s  no d i f fe rence  i n  t h e  

observed course of t h e  r e f l e c t i v i t y  of both b r i g h t  r i n g s  with wavelength. This  

question, it would appear, is i n  need of f u r t h e r  inves t iga t ion .  

The B r ing  br ightness  i n  t e r m s  of t h e  center  of  Sa turn ' s  d i s k  increased 

g r e a t l y  with decrease i n  t h e  wavelength, i n  complete concordance with t h e  re- 

s u l t s  obtained by Belopol 'skiy and Tikhov. 

F ina l ly ,  it w a s  found (and t h i s  a l ready has been pointed out i n  #3) t h a t  i n  

blue l i g h t  t h e  space between t h e  inner  edge of t h e  C r i ng  and t h e  b a l l  of Saturn 

has  a br ightness  d i f f e r i n g  s i g n i f i c a n t l y  from zero,  i n d i c a t i v e  of t h e  presence 

i n  t h i s  space of evacuated, s e l e c t i v e l y  d i f fus ing  matter. This region i s  com- 

p l e t e l y  dark i n  yellow and r e d  l i g h t s ,  ind ica t ing  a s t rong dependence of br ight-  

ness  on A ,  and, as a r e s u l t ,  on t h e  smallness of  t h e  s i z e s  of t h e  d i f fus ing  

p a r t i c l e s .  It even i s  possible  t h a t  t h e  m a t t e r  discovered i s  gaseous i n  nature.  

Shayn (1935) used t h e  one-meter r e f l e c t o r  i n  t h e  Simeiz Observatory f o r  

spectrophotometry of t h e  B r i n g  with a t i e - i n  t o  t h e  sun, and t o  c l a s s  G s t a r s .  

Spectra  of Saturn (disk and r i n g s ) ,  t h e  Moon, t h e  Sun, and of two c l a s s  G dwarf 

stars, 9 C e t i  and 51 Pegasi,  w e r e  obtained. The author comments t h a t  because 

of t h e  low a l t i t u d e  of Saturn above t h e  horizon ( t h e  dec l ina t ion  of t h e  body 

w a s  about -16") t h e  image w a s  not s u f f i c i e n t l y  s t i l l .  

2" t o  3" w e r e  p a r t i a l l y  washed out by nearby, b r i g h t e r ,  d e t a i l s .  H e  w a s  un- 

successful i n  obtaining A and C r ing  spec t r a  s u i t a b l e  f o r  measurement purposes. 

The spectrophotometric measurements w e r e  made i n  two s tages:  (1) comparison 

of t h e  d i sk  and B r ing  s p e c t r a  (using spectrograms with a dispers ion of 

36 i / m m  near H 1; 
of  9 C e t i  

D e t a i l s  of t h e  order  of 

(2) comparison of t h e  s p e c t r a  of Saturn, of t h e  Sun, and 
Y 

(using spectrograms with low dispers ion) .  

High dispers ion spectrograms of  Saturn w e r e  taken f o r  phase angles  

= O " . F J ~ . ~ ,  O " 3 7 I . 7 ,  and 2'38l.5. Comparison with t h e  d i sk  showed t h e  marked 
m 

effect of t h e  phase of t h e  B r ing ,  comprising almost 0.30 i n  t h i s  cy i n t e r v a l  

(see #12 f o r  a d e t a i l e d  explanation of t h e  effect  of t h e  phase of t h e  r i n g s ) .  

It  w a s  discovered t h a t  i n  t h e  i n t e r v a l  of  wavelengths inves t iga t ed ,  

t h e  magnitude of t h e  effect  of t h e  phase did not depend on A ,  and t h a t  t h i s  w a s  

(4260-6500 1) 
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m 
so with t h e  accuracy of wi th in  0.01. This i s  an important conclusion f o r  

i n t e rp re t ing  t h e  mechanism of t h e  effect. The measurement da ta  w e r e  then re- 

duced t o  a s i n g l e  & value and averaged. 

The t i e - i n  t o  t h e  sun and t o  t h e  stars presented g rea t e r  d i f f i c u l t i e s .  

Without going i n t o  d e t a i l ,  l e t  u s  simply point ou t  t h a t  t h e  average from t h e  

comparisons made of  t h e  spectrum of Sa turn ' s  d i sk  wi th  t h e  spec t r a  of t h e  Sun, 

Q ' %  Moon, and 9 C e t i ,  w a s  taken as t h e  f i n a l  behavior of  t h e  d i f fe rences  m 

with A. The values  obtained f o r  9 Cetus w e r e  considered t o  be t h e  ones most 

f r e e  of systematic e r r o r s ,  and w e r e  taken with a weight of 2 i n  t h e  averaging. 

The cont ro l  comparison of t h e  9 C e t i  and 51 Pegasi spec t r a  showed good 

concordance i n  t h e  d i s t r i b u t i o n  of t h e i r  b r ightnesses  over t h e  spectrum. 

R+, and m Knowing mB - it i s  easy t o  f i n d  t h e  unknown d i f fe rence  
0' 

m - m Figure 7 shows t h i s  graphical ly .  A s  w i l l  be  seen, m - m does not 

depend on A i n  t he  i n t e r v a l  4000 - 4600 1, 
r ise ,  ending near  5700 1. Consequently, t he  B r i ng  i s  somewhat more yellow 

than t h e  sun. The d isk  of Saturn,  i n  tu rn ,  i s  much more yellow than t h e  B 

r ing.  In  f a c t ,  as w i l l  be  seen from Figure 7,  i n  t h e  i n t e r v a l  of change i n  

A inves t iga ted  (4000- 6500 1) t h e  magnitude mg - mh changes 1.5, whereas t h e  

change i n  t h e  magnitude of m 

co lo r  of t h e  B r ing  is based on i t s  comparison with t h e  d isk  of Saturn,  which 

i s  much more yellow than  t h e  sun. From a l l  of t h i s ,  Shayn came t o  t h e  conclusion 

t h a t  t h e  B r ing  p a r t i c l e s  should be  longer o r  even much longer ,  than t h e  length 

of t h e  l i g h t  wave. 

8 B' @ B  
and f o r  la rge  1 t h e r e  i s  a s l i g h t  

m 

The widely he ld  view as t o  t h e  blue m - mB i s  0.5. 
0 

There is no more recent  work i n  spectrophotometry of  Sa tu rn ' s  r ings.  Cook 

and Franklin (1965) found t h e  b lue  and v isua l  b r igh tness  of t h e  A and B r i n g s  

i n  s te l la r  magnitudes per  square second of arc i n  t h e  so-called UBV* system. - /22 
m 

The r e s u l t  was t h e  same value f o r  t h e  co lor  index, B - V = +0.86, f o r  both 

r ings.  For t h e  sun B - V = +0.64 (Stebbins and Kron, 1956), f o r  Saturn 

+0.98, according t o  Frankl in  and Cook (19651, and +1.04, according t o  H a r r i s  

(1963). Giving preference t o  t h e  da ta  furnished by Cook and Frankl in  i n  t h e  

case of Saturn,  w e  come t o  t h e  co lor  d i f fe rences  i n  t h e  ob jec t s  w e  are i n t e r -  

e s t ed  i n  as compared with t h e  sun (see Table 3 ;  t h e  moon has  been added as a 

*UBV ( u l t r a v i o l e t  - blue  - v i sua l )  i s  a photometric system i n  which t h e  
s t e l l a r  magnitude i s  found f o r  each body i n  t h r e e  p a r t s  of t h e  spectrum, t h e  
u l t r a v i o l e t ,  t h e  blue,  and t h e  visual .  

m 

m m 

- _ _  - _ _  - - -- - - _ _  - 
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t yp ica l  body i n  t h e  s o l a r  system devoid of atmosphere). 

f 
I"o0 

4'TU 

t ! -  

- 

very good concordance with Shayn's spectro- 
- 0 

. .  photometry ( h i s  co lo r  d i f fe rences  f o r  Saturn 
0 

./,n3U 0 and f o r  t h e  B r i n g  i n  b lue  l i g h t  are OY77 and 

O ? b ,  r e spec t ive ly ) ,  but  h i s  ch ief  conclusion 

- 

0 0 0  remains v a l i d  from a q u a l i t a t i v e  s tandpoint ;  
0 

:l 
-la 

.- 
t h e  B r ing ,  i n  any event,  is not b lue  because 

of  i t s  i l lumina t ion  by t h e  sun. 
,' C J J J  L i l U  SflJff G ' i ' Y 3  6JJff 2 

+ O f 3 4  
+0.22 
+0.29 

Figure 7. Spec t ra l  r e f l e c t i v i t y  The s l i g h t  i nc rease  i n  t h e  spec t r a l  re- 

of00 
0.00 
0.00 

Of Saturn's disk 
of t h e  B r ing  (squares) from 

and f l e c t i v i t y  of t h e  B r i n g  with increase  i n  1 

Shayn's observat ions (1935). noted i n  these  papers i s  not ,  i n  any event,  

connected with t h e  i l lumina t ion  of t h e  r i n g  by Sa tu rn ' s  disk.  Calculat ions 

(see #21) show t h a t  t h e  i n t e n s i t y  of t h e  i l lumina t ion  by Sa turn  is a t  least 

two orders  of magnitude lower than t h e  i n t e n s i t y  of t h e  d i r e c t  s o l a r  l i g h t .  An 

independent confirmation of t h i s  fact  i s  Shayn's observat ion t h a t  no traces of 

even t h e  most powerful absorpt ion b e l t s  observed i n  t h e  spectrum of Sa tu rn ' s  

d i sk  w e r e  discovered i n  t h e  spectrum of t h e  r ing.  

TABLE 3 

Sa tu rn ' s  d i sk  
A and B r ings  
Moon 

Reference 
- 

~ __ ____ _ _  - - 

Cook and Frankl in  (1965) 
Same 
H a r r i s  (1963) 

Nor can t h e  evacuated "atmosphere" (dust o r  gas;  see #13) blanket ing t h e  

r i n g  be responsible  f o r  t h e  effect discussed. Maggini (1937) es tab l i shed  t h a t  / 2 3  

it can only r e s u l t  i n  s i g n i f i c a n t  increase i n  t h e  c o l o r  index f o r  t h e  r i n g s  i n  

t h e  case of extremely s m a l l  e leva t ions  of t h e  sun over t h e i r  plane ( A  Z 1.5"). 

I t  the re fo re  is more p laus ib le  t o  a s soc ia t e  t h e  co lo r  of t h e  B r ing  d i r e c t l y  

with t h e  co lor  of t h e  sur face  of t h e  r ing  p a r t i c l e s .  Although in f r a red  obser- 

va t ions  (#lo) show t h a t  t h e  p a r t i c l e s  are covered with hoar f ros t ,  t h e  reflec- 

t i v i t y  of individual  p a r t i c l e s  (#19) is  not so high t h a t  it can be considered 

t h a t  t h e  hoar f ros t  completely covers  t h e  individual  p a r t i c l e .  Also poss ib le  is 

- 



t h e  fact t h a t  t h e  c o l o r  of t h e  p a r t i c l e  is af fec ted  by constant bombardment by 

micrometeorites and s o l a r  corpuscles. 

#lo. Infrared Spectrometry - 

Kuiper (1951) found t h a t  at  1- 1.5 microns, t h e  r e f l e c t i v i t y  of t h e  

r i n g s  dropped s i g n i f i c a n t l y ,  and t h a t  t h e  i n t e n s i t y  o f  t h e  spectrum w a s  low f o r  

1 > 1.5 microns. Additional laboratory research by t h i s  same author  showed t h a t  

t h i s  spectrum is t y p i c a l  of  a t h i n  l a y e r  of hoar f ros t  deposited on dry ice  

(t = -78OC). I n  terms of  magnitude of absorption, t h i s  is t h e  equivalent of a 

w a t e r  f i l t e r  2/3 mm i n  thickness.  

a s  t h e  r e s u l t  of  t h e  presence o f  hoa r f ros t ,  o r  of snow, on t h e  sur face  of t h e  

p a r t i c l e s .  Some years  l a t e r  Kuiper (1957 b )  made a second series of observat ions 

with b e t t e r  equipment, and these  observations confirmed t h e  previous r e s u l t s .  

These facts w e r e  in te rpre ted  by t h e  observer 

Not too  long ago t h e  i n f r a r e d  spectrum of S a t u r n ' s  r i n g s  was once again 

invest igated by Moroz (1961) and by t h e  team of  Shnyrev, Grechushnikov, and 

Moroz (1964). The former inves t iga ted  t h e  i n t e g r a l  rad ia t ion  from Saturn,  in-  

cluding t h e  d i sk ,  and t h e  widely opened r ings ,  i n  t h e  0.9 t o  2.5 micron range. 

The traces showed i n t e n s i t y  maxima at  1.63 t o  1.80 and 2.0 t o  2.5 microns. 

Comparison with t h e  i n f r a r e d  t r a c e  of  Jup i t e r ,  obtained using t h e  same in- 

strument, l e d  t o  t h e  conclusion t h a t  t h e s e  m a x i m a  are a t t r i b u t a b l e  t o  S a t u r n ' s  

r i ngs ,  and not t o  i ts  disk.  The r e f l e c t e d  spec t r a  of snow and hoar f ros t  w e r e  

s tudied as p a r t  of  t h e  program. Hoarfrost c r y s t a l s  are smaller than snow 

c r y s t a l s ,  and a r e  of t h e  order  o f  0.1 mm, o r  smaller ,  i n  s i ze .  The i n f r a r e d  

spectrum of t h e  r i n g s  is c l o s e r  t o  t h e  hoarfrost  spectrum. 

Shnyrev, Grechushnikov, and Moroz used t h e  i n f r a r e d  in te r fe rometr ic  

technique and obtained separa te  in te r fe rence  p a t t e r n s  f o r  t h e  d i s k  and f o r  

t h e  r ings.  The authors  applied t h e  Fourier  transform t o  these  p a t t e r n s  and 

constructed spectrograms of t h e s e  o b j e c t s  (Figure 8a). The 1.4 micron band 

i n  t h e  r ing  spectrum turned out t o  be wider than i n  d i sk  spectrum. The in- 

t e n s i t y  a t  1.5 microns i n  t h e  r ing  spectrum was lower than i n  t h e  d i sk  spec- 

trum. Similar  c h a r a c t e r i s t i c s  could be present i f  t h e  r ing  p a r t i c l e s  con- 

s i s t e d  of ice, o r  w e r e  covered by ice.  

On t h e  o t h e r  hand, Mertz and Coleman (1966), who used a spectrometer 
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I LI /micron 2 CJ /micron 

Figure 8. a - Inf ra red  spec t r a  of r i n g s  ( s o l i d  l i n e s )  and of 
Sa tu rn ' s  d i s k  (dashed l i n e s ) ,  according t o  Shnyrev, 
e t  al, (1964); b - i n f r a red  spectrum of Sa turn ' s  r i ngs  
according t o  Mertz and Coleman (1966); c and d - 
l abora tory  spec t ra  of ice (hoar f ros t )  and ,paraformaldehyde 
(powder), according t o  Mertz and Coleman (1966). 

with a Four ie r  transform (Mertz, 1965) coupled t o  a 61 inch te lescope,  are 

very hard pressed t o  f i n d  agreement between t h e  r i n g  spectrum and t h e  i c e  

p a r t i c l e  hypothesis. These authors  found heavy absorpt ion i n  t h e  r ing  spec- 

trum a t  A = 1.66 microns (Figure 8b),  and t h i s  w a s  ascr ibed t o  paraformaldehyde 

( the  spectrum of r e f l e c t i o n  of t h e  l a t t e r  has  a s i m i l a r  c h a r a c t e r i s t i c ;  

Figure 8d).  

co r rec t  because t h e  observat ions w e r e  made when t h e  r i n g  openings w e r e  very 

s m a l l  (16-17 October 1965, A = 3.6', A' = 5.6'1, so t h e  fact  t h a t  some pa r t  

of t h e  "spectrum of  t h e  r ings"  ac tua l ly  i s  a t t r i b u t a b l e  t o  t h e  halo of t h e  d i sk  

cannot be excluded. It is proposed t h a t  t h e  observat ions be repeated during 

t h e  next epoch of l a r g e  r i n g  openings. 

see 

The au thors  are not e n t i r e l y  confident  t h a t  t h e i r  r e s u l t s  are 

A s  a matter of fact ,  t h e  r e s u l t s  obtained by Mertz and Coleman are ex- - /25 
tremely doubtful. F i r s t  of a l l ,  t h e  spectrum o f  t h e  r i n g s  obtained by 

Shnyrev, et a1 (during l a r g e  opening) showed no traces of absorption a t  1.66 

microns. Second, i f  one makes a graphical summation of  t h e  traces of t h e  in- 

f r a r e d  spec t ra  of r i n g s  and d isk ,  one e a s i l y  ob ta ins  t h e  1.66 micron minimum 

observed by Mertz and Coleman (a s  w i l l  be  seen q u i t e  w e l l  i n  Figure 8a). W e  

tend t o  t h e  view t h a t  t h e  effect of t h e  sca t t e red  l i g h t  from t h e  d i sk  w a s  

a c t u a l l y  subs t an t i a l  during these  observat ions,  and t h a t  t h e r e  is no b a s i s  
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f o r  t h e  r e j e c t i o n  of t h e  ice  p a r t i c l e  (or  of p a r t i c l e s  covered with a l a y e r  of 

ice)  hypothesis. 

It might appear s t range  t h a t  t h e  l a y e r  of ice  c r y s t a l s  has  not ye t  evapor- 

ated. Kuiper (1951) an t ic ipa ted  t h i s  objection. Using t h e  da t a  i n  t h e  In t e r -  

nat ional  C r i t i c a l  Tables, he extrapolated t h e  ra te  of evaporation of ice a t  

t h e  extremely low temperatures t h a t  could be present on t h e  surface of t h e  

p a r t i c l e s  (near 60 t o  8OOK).  

r a t e  is except ional ly  low ( t h e  pressure of w a t e r  vapor i s  of t h e  order  of 

It w a s  found t h a t  when T = 70°K t h e  evaporation 

mm H g ) .  A t  t h e  t i m e  of  t h e  observations (see #15, below) t h e  information 

i s  t h a t  t h e  temperature of t h e  surface of t h e  p a r t i c l e s  w a s  about 65OK.  

#11. Polar izat ion.  
-~ ~ 

Lyot (1929) found t h a t  t h e  A and B r ings  w e r e  not i d e n t i c a l  i n  terms of 

po lar iza t ion  propert ies .  Ring B i s  c l o s e  t o  e a r t h  ma te r i a l s ,  but t h e  A r i n g  

has many spec ia l  c h a r a c t e r i s t i c s .  

The recent observat ions made by Dollfus (1963a) revealed t h a t  t h e  l i g h t  

ref lected by t h e  B r ing  i s  p a r t i a l l y  (1 - 6-10-3) polar ized i n  a plane passing 

through t h e  sun and t h e  ear th .  This  type of po lar iza t ion  is i n  concordance with 

t h e  conclusion t h a t  t h e  p a r t i c l e s  a r e  covered with ice  c r y s t a l s ,  or with t h e  

more general idea t h a t  t h e  su r face  l a y e r  of a t y p i c a l  p a r t i c l e  c o n s i s t s  of some 

type of good r e f l e c t i n g  powder. There a l s o  is  p a r t i a l  po lar iza t ion  i n  a plane 

normal t o  t h a t  indicated above. This type of po lar iza t ion  indicated t h a t  t h e  

p a r t i c l e s  are elongated, or s t r i a t e d  i n  t h e  d i r e c t i o n  of t h e i r  o r b i t a l  motion. 

The c h a r a c t e r i s t i c s  of t h e  polar iza t ion  of t h e  A r ing  a r e  more complex. 

#12. Change i n  - Surface - Luminance with Phase Angle. 

Although the.maximum phase angle a t  Saturn ( t h e  angle Sun-Saturn-Earth) 

~~ 

i s  not i n  excess of 6.5", t h e  su r face  luminance of t h e  r ings  changes very 

g r e a t l y  with phase. The f ind ing  of t h e  phase funct ion of t h e  luminance of 

t h e  r i n g s  w a s  t h e  purpose of  several  series of photometric observations.  I n  

astronomy, observers  usua l ly  express surface luminance i n  s t e l l a r  magnitudes - / 26  
per u n i t  a r ea  (per  square second of  a rc ,  f o r  example) and p lo t  it on a graph 

a s  a function of t h e  phase angle This  graph is known as t h e  phase curve. 

Knowledge of phase curves f o r  Sa turn ' s  r i n g s  i s  as important as a knowledge of 
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the  l i g h t  curves f o r  ec l ip s ing  double stars. In  both cases  w e  obtain information 

t h a t ,  after it has been deciphered, provides da t a  on the  f ea tu res  of s t r u c t u r e  

beyond the  l i m i t s  of r e so lu t ion  of earth-bound te lescopes,  

The first systematic  measurements of the  su r face  luminance of Sa turn ' s  

r i ngs  as a func t ion  of Cy w e r e  made photographically by Hertzsprung (1919), and 

v i s u a l l y  by Schoenberg (1921) (with the  a i d  of h i s  ffmicrophotometerrr; see 

Schoenberg, 1917). 
metric standard. Hertzsprung obtained the  sur face  luminance of t he  A and B 

r ings  ind iv idua l ly ,  and Schoenberg obtained the  mean luminance of the  A and B 

r ings  (some sub jec t ive  magnitude not s t r i c t l y  defined by the  observer).  

Schoenberg w a s  not s a t i s f i e d  with h i s  r e s u l t s  and later on made a second series 

of observations (Schoenberg 1933), using the  same photometer. The second series 

d i f f e red  from the  .first i n  many respec ts :  (1) four  f i l ters  ( r ed ,  yellow, green, 

and blue)  w e r e  used; (2 )  many more poin ts  near  CY = 0; (3) the  objec t  measured 

was the  sur face  luminance of the  most in tense  zone of the  B ring. 

Both observers used the  cen te r  of t he  d i sk  as the  photo- 

The observer found t h a t  the  phase curves obtained using the  d i f f e r e n t  f i l t e r s  

showed no systematic  differences.  This opened up the  p o s s i b i l i t y  of present ing 

Schoenberg's da ta  i n  the  form of a s i n g l e  phase curve less suscept ib le  t o  random 

e r r o r s  than the  curves obtained when the f i l ters were used. Complete t a b l e s  of 

observations of sur face  luminance values w e r e  not  published. Schoenberg's 

a r t i c l e  contains  but seven averages of t he  values f o r  each f i l t e r ,  and ind i -  

ca t e s  the  number of observed values f o r  each average, These averages m a k e  it 

poss ib le  t o  compute the  mean weighted luminance f o r  a l l  fou r  f i l ters  as a 

funct ion of (Y (weight taken i n  accordance with the  number of observed values 

f o r  each f i l t e r ) .  This mean v i sua l  phase curve f o r  the  B r ing  is one of the  

bes t  t o  date. Its empir ical  equation is i n  the  form 

(12.1) 

where 

$, is the  s t e l l a r  magnitude of the  luminance* of the  B r ing  (s te l lar  

~- -~ ~ - 

* The f r s t e l l a r  magnitude of luminance" p ,  f requent ly  required i n  astrophotometry, 
is associated with the  conventional sur face  luminance, b ,  by the  r e l a t ionsh ip  $ = 
-2.5i0g b +  c, where the  value of the  constant  C depends on the  u n i t s  chosen. 
Spec i f i ca l ly ,  i f  b is expressed i n  apos t i l b s  ("white luxest'), and i f  B is expressed 
i n  s t e l l a r  magnitudes per  square second of a r c ,  then C = 13-92 
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magnitude/ square second of arc) ;  

(Y is t h e  phase angle a t  Saturn (minutes of arc). 

is t h e  s t e l l a r  magni- L27 where 'center B c e n t e r  ' H e r e  w e  have taken it t h a t  B ( 0 )  = ' 
tude of t he  luminance of t h e  cen te r  of t h e  d i sk  of Saturn. Eq. (12.1) provides 

a good approximation of Schoenbergls phase curve i n  the  i n t e r v a l  (0°201 2 
We should poin t  out t h a t  E q .  (12.1) revea ls  an i n t e r e s t i n g  f e a t u r e  of t he  B 

r i n g  phase curve; it is l i n e a r  i n  the  coordinates (log Cy, B 1. 

2 6O30'). 

B 

More recent  photometric measurements of sur face  luminance of t he  B r i n g  

a s  a function of 12 have been made by Lebedinets (1957) and Franklin and Cook 

(1965). 

Lebedinets used the  photographic photometry methodology i n  t h e  form developed 

by Barabashov i n  the  Khar'kov Observatory. H e  found 20 B r ing  su r face  luminance 

values a s  functions of Cy between oO.167.6 and 60.01. The r e s u l t s  are q u i t e  depend- 

ab le ,  although random s c a t t e r i n g  of the  poin ts  is q u i t e  broad. 

Franklin and Cook measured t h e  t o t a l  luminous f l u x  f o r  Sa turn ,  and f o r  t he  

widely opened r i n g s ,  and d id  so pho toe lec t r i ca l ly .  Four f i l t e rs ,  yellow, b lue ,  

u l t r a v i o l e t ,  and r e d ,  were used. In order t o  eva lua te  the  con t r ibu t ion  of 

f luxes  from the  d i sk  and from the  A and B r i n g s ,  t he  observers simultaneously 

obtained a s e r i e s  of la rge-sca le ,  photometrically c a l i b r a t e d  negatives of Saturn 

on e f f e c t i v e  wavelengths extremely c lose  t o  those f o r  t he  pho toe lec t r i c  obser- 

vations.  These l a t t e r  w e r e  obtained by using another telescope. The photo- 

graphs taken with the  red and u l t r a v i o l e t  f i l t e r s  were unsa t i s f ac to ry ,  hence 

the  observers s e l ec t ed  only the  yellow and blue (some 20 of t he  bes t  negatives 

i n  each co lo r ) .  

Without going i n t o  f u r t h e r  d e t a i l ,  l e t  us simply poin t  out t h a t  t he  measure- 

ment of t he  o p t i c a l  dens i ty  of the r ings  and of t he  d i sk  appearing on the  nega- 

t i v e s  se l ec t ed  made it poss ib le  t o  determine (as a func t ion  of CY) t he  percentage 

of luminous f l u x  a t t r i b u t a b l e  t o  the  d i sk  and t o  t h e  r ings  individually.  Lumi- 

nances then were expressed i n  B and V u n i t s  on the  UBV scale.* 

* See the  footnote  on page 17. 
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An obvious shortcoming i n  the  observations made by Frankl in  and Cook is 

t h e  i n d i r e c t  method they used t o  obtain the  surface luminance of the  r ings.  

The ca l cu la t ion  of f i n a l  luminance values  required many intermediate reduct ions 

t h a t  could have introduced systematic  e r r o r s ,  and the  use of photographic 

photometry increased s i g n i f i c a n t l y  the  probable e r r o r s  i n  the  measurements. 

In  our view, the  bes t  way t o  ind ica t e  the  magnitude of t he  probable e r r o r s  

would be t o  cons t ruc t  A and B r ing  luminance phase curves d i r e c t l y  from the  

photographic data.  The authors did not do t h i s ,  unfor tuna te ly ,  and a l l  of t h i s  

d e t r a c t s  from the  confidenceonehas i n  t h e i r  r e s u l t s ,  desp i te  t he  f a c t  t h a t  

the  devia t ion  of the  computed poin ts  from the  meancurve is s m a l l .  The advantage 

of the  work done by Frankl in  and Cook however, l i e s  i n  the  great number of 

observed luminance values t h a t  are more o r  less uniformly d i s t r i b u t e d  over 

the  e n t i r e  phase curve. 

The B r ing  phase curves obtained by Lebedinets, l i k e  those of Frankl in  

and Cook, a r e  i n  good concordance with Schoenberg's curve (1933), so it can 

be a s se r t ed  t h a t  the  bas ic  f ea tu res  of t he  B r ing  phase curve now a r e  q u i t e  w e l l  

known. A t  the  s a m e  t ime, it is extremely des i r ab le  t o  have a t  least one s e r i e s  

of purely pho toe lec t r i c  measurements of the  su r face  luminance of the  A and B 

r ings  ind iv idua l ly ,  because such a s e r i e s  would be ab le  t o  de t ec t  f i n e r  e f f e c t s  

t h a t  now are masked by random and systematic  e r r o r s ,  

L28 

Let us hasten t o  add t h a t  t he re  is no s a t i s f a c t o r y  A r ing  phase curve i n  

ex is tence ,  and the  s i t u a t i o n  with respect  t o  the  crape r ing  is even worse, 

because there  is nothing ava i l ab le  t h a t  remotely resembles prec ise  measure- 

ments of i ts  sur face  luminance. 

Turning once again t o  the  observed B r ing  phase curve,  we encounter the  

need t o  reduce a l l  the  curves t o  a s i n g l e  zero [or t o  a s i n g l e  amplitude of 

phase changes i n  the  i n t e r v a l  ( 0 ,  Q ) I ,  The s i g n i f i c a n t  d i f f i c u l t y  here  is 

t h a t  no one has observed the  r ing  when Q = 0, s o  the  only way the  sur face  br ight-  

ness ,  bB(0) ,  of t h e  B r ing  when Cy = 0, can be obtained is by extrapolat ion.  

max 

Schoenberg (1933) took it t h a t  bB(0) = bcenter, where b 

ness of the  center  of the  d i sk ,  but i n  earlier work he took b ( 0 )  as 1.10b 

The da ta  provided by Frankl in  and Cook, including a c e r t a i n  number of 

is the  br ight -  
cen ter  

B center '  

po in ts  extremely c lose  t o  = 0,  show t h a t  ev ident ly  $,(O) ' center  Om. 06, 
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where $ is the  stellar magnitude of the  br ightness  (see the  footnote  page 22.) 

Taking a l l  of t h i s  i n t o  considerat ion,  w e  can reduce a l l  B r i n g  phase curve 

observations t o  a s i n g l e  zero by comparing them with Eq. (12.11, and basing the  

comparison on the  assumption t h a t  @ ( 0 )  = Today there  is a more bas ic  

assumption, namely, t h a t  @,(O) = @ 

Eq. (12.1), w e  come t o  the  expression 

center '  m B 
- 0 .06, i n  which case ,  r a t h e r  than 

cen te r  

(12.2) m 
$,(CY) - $,(O) = 0.270 log Cy - 0?153 

where CY, as before ,  is expressed i n  minutes of arc.  Now l e t  us change the  

ord ina tes  of the  Lebedinets and Frankl in  and Cook phase curves i n  such a way 

t h a t  f o r  a s i n g l e ,  d e f i n i t e  value of CY, say J a ,  they have $,(a) values iden t i ca l  

with those of Eq. (12.2). A s  w i l l  

be seen qu i t e  r ead i ly ,  t he  phase curves derived by a l l  t he  authors are i n  good 

concordance each with the  other.  

W e  a r r i v e  a t  the  curve shown i n  Figure 9a. 

The phase curve shape is very cha rac t e r i s t i c .  The curve can be broken 

down, somewhat convent ional ly ,  i n t o  three  sec t ions :  (1) the  i n i t i a l  s ec t ion  

(Oo 2 Cy 2 0 ' 2 5 ' )  with a s t e e p ,  almost l i n e a r  rise i n  the  s te l la r  magnitude with 

a ;  ( 2 )  t he  t r a n s i t i o n  sec t ion  (0'25' < Cy e 3 ' ) ;  and (3)  the  s a t u r a t i o n  sec t ion ,  

which, once again is almost a s t r a i g h t  l i n e ,  but has a phase c o e f f i c i e n t  t h a t  

is much smaller  than is the  case f o r  the i n i t i a l  sec t ion .  

- - -  

L e t  us po in t  out f u r t h e r  the  extreme acuteness of the  maximum f o r  the br ight -  

ness CY = 0. This property s tands  out p a r t i c u l a r l y  sharply i f  polar  coordinates  

a r e  used t o  p l o t  the  phase func t ion  curve (Figure 9b). It suggests t h a t  within /30 
the  narrow i n t e r v a l  of phase angles i n  which the ground observer can inves t iga t e  

the  r e f l e c t i v i t y  of the  r ings  the  cont r ibu t ion  of mult iple  s c a t t e r i n g  t o  the  

r e s u l t a n t  br ightness  is small. Actual ly ,  i n  the majori ty  of systems of mult iple  

s c a t t e r i n g  encountered i n  na ture ,  the  tendency is toward severe smoothing of t he  

f i r s t  order phase funct ion maximum. 

bas i s  f o r  supposing t h a t  f i r s t  order  s c a t t e r i n g  is I1operatinglt f o r  the  most 

p a r t  i n  the  p a r t i c u l a r  d i rec t ion .  In  order  t o  e s t a b l i s h  whether or not t h i s  

argument is appl icable  t o  Sa tu rn ' s  r i n g s ,  w e  m u s t  know the  mechanism respon- 

s i b l e  f o r  the observed change i n  br ightness  of the  r ings  with phase. A s  w i l l  

be pointed out i n  #18, t h i s  mechanism is the  mutual shading of t he  p a r t i c l e s ,  

one by t h e  other.  In  t h i s  case mult iple  s c a t t e r i n g  is not sharply d i r ec t iona l  

The sharper  the  maximum, the f i r m e r  the  
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Figure 9. Observed B r ing  phase curves (a)  reduced t o  a s i n g l e  zero 

[l  - Schoenberg (1933; mean weighted values f o r  four  f i l t e r s ) ;  2 - Lebedinets 

(1957); 3 and 4 - Franklin and Cook (1965; blue and v i sua l  s t e l l a r  magnitudes, 

r e spec t ive ly ) ] ;  Luminance of B r ing  (a) as a func t ion  of t he  phase angle cy 

( i n  polar coord ina tes ) .  

forces  one t o  conclude t h a t  i n  t h i s  d i r e c t i o n  the  cont r ibu t ion  of s c a t t e r i n g  

of t he  highest  orders t o  the  t o t a l  b r ightness  is s m a l l .  

The extreme acuteness of t he  maximum when 12 = 0 
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i n  nature.  Its r o l e  reduces t o  one of a t tenuat ing  the  deepness of t he  shadows, 

o r ,  and t h i s  is the  same th ing ,  of reducing the  sharpness of t he  peak when Cy = 0. 

Quan t i t a t ive  evaluat ions lead t o  the  conclusion t h a t  i n  the  region of t he  peak 

shown i n  Figure 9b the  cont r ibu t ion  of mult iple  s c a t t e r i n g  is not  i n  excess 

of 10 percent,  something t h a t  henceforth w i l l  s impl i fy  g rea t ly  our in t e rp re -  

t a t i o n  of observed facts. 

#13. Other Photometric Data 

Schoenberg (1921) detected a systematic  d i f fe rence  i n  the  luminance of 

t he  eyes of the  r ings.  The eas t e rn  eye w a s  s t e a d i l y  more luminous than the  

western f o r  one whole per iod of observations (1913-1918). 

i n  luminances w a s  o .039. This effect w a s  confirmed by Fesenkov (1926, 1927, 

19281, who found the  e a s t e r n  eye t o  be more luminous than the  western by from 

Om.06 t o  Om.20. 

ing. 

The mean d i f fe rence  
m 

Difference i n  luminances decreased with increase i n  r ing  open- 

Fesenkov used a reversing prism t o  show t h a t  t h i s  e f f e c t  is not physio- 

l og ica l  i n  nature.  The d i r e c t  cause of the  e f f e c t  is unknown, but it should 

be remembered t h a t  the eas t e rn  eye d i f f e r s  from the  western i n  terms of t i m e  

of insolat ion.  The p a r t i c l e s  of the  eas t e rn  eye only come out of t he  shadow 

of the  b a l l  of Sa turn ,  whereas the  region of t he  western eye is occupied by 

p a r t i c l e s  subjected t o  t h e  e f f e c t  of d i r e c t  s o l a r  r ad ia t ion  f o r  approximately 

ha l f  the  period of revolution. 

The dependence of t he  sur face  br ightness  of the  r ings  on the angles  of 

e leva t ion  of the sun and of the  e a r t h ,  A and A ' ,  above the  plane of t he  r ings  

was the  subjec t  of wide-ranging inves t iga t ion  by Camichel (19581, who used 

the  photographic method, and by Maggini (19371, who used the  pho toe lec t r i c  me- 

thod. 

Camichel's research was conducted under exce l len t  astronomical c l ima t i c  

coriditions from the  Pic  du Midi Observatory. The s e r i e s  of photographs ( taken 

with a yellow f i l t e r )  cover the  per iod 1943-1957, or approximately ha l f  of t he  

o r b i t a l  period of Saturn. The change i n  A and A '  w a s  from between 2 t o  3" t o  L31 
between 26 t o  27Q. Resolution, es t imated by photographing double stars, w a s  

01t.4. Microphotographs taken along the  major ax i s  of the  r ings  detected a con- 

s ide rab le  amount of r e s idua l  luminance i n  the  Cassini  divis ion.  This i nd ica t e s  

t h a t  the  inf luence of ha l a t ion  is not negl igibly s m a l l .  Figure 10 shows the  

27 



luminance of t he  A and B r i n g s ,  as corrected by us f o r  t h e  phase dependence by 

using Eq. (12.11, and p l o t t e d  as a funct ion of A. Despite t he  considerable  

s c a t t e r i n g  of the  p o i n t s ,  t h e  reduct ion i n  the  B r i n g  luminance with reduct ion 

i n  the  angle of e l eva t ion  A ,  is r e a d i l y s e e n .  The o the r  r i n g  shows no marked 

e f f e c t  . 

Figure 10. Luminance of the  A ( c ros ses )  and B ( c i r c l e s )  
r i ngs  as a funct ion of t he  angle of e leva t ion  
of the  sun above t h e i r  plane (Camichel, 1958). 

In  t h i s  regard,  l e t  us  note  the  v i sua l  r e s u l t s  obtained by Barnard (1909), 

i n  accordance with which the  A r ing  can be more luminous than the  B r ing  when 

openings a re  s m a l l .  

The luminance values  obtained by Camichel near  A = 2 t o  3" are s i g n i f i c a n t l y  

underestimated because of ha la t ion ,  so  a r e  not completely dependable. Maggini 

s tud ied  the  region of very small  values of A photoe lec t r ica l ly .  The r e s u l t s  

( a l s o  corrected by us f o r  phase e f f e c t )  a r e  shown i n  Figure 11 as a funct ion of 

A .  A decreased from 2"06' t o  1'01' over the  period of observation and A '  

increased from 0'38' t o  3 " O l ' .  Maggini noted a sharp  decrease i n  r ing  lumi- 

nance with reduct ion i n  A .  Dependence of luminance on the  angle of e leva t ion  

of the  e a r t h ,  A ' ,  w a s  not  observed. This fac t ,  as w e l l  as the  increase i n  the  

v i s i b l e  opening over t he  per iod of observat ion,  shows t h a t  the  darkening of the  

r ings  with reduct ion i n  A is a real  e f f e c t ,  and is not  t he  r e s u l t  of i r r ad ia t ion ,  

The correctness  of t h i s  conclusion can be confirmed independently by the simul- 

taneous increase i n  the  co lo r  equivalent  f o r  t he  r ings  (curve J i n  Figure 11). 

A t  the  s a m e  t i m e ,  no d e f i n i t e  dependence of J on A '  w a s  observed, Coloration 

of t he  r ings  a t  extremely small  values of angle of e l eva t ion  of the  sun probably 

is ind ica t ive  of the  s t r a t i f i c a t i o n  of t he  r ing  p a r t i c l e s  i n  terms of s ize  along 

the  z-coordinate;  t he  percentage of s m a l l  p a r t i c l e s  increases  with d is tance  
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from the  mean plane of t he  r ings .  I n  other  words, it is poss ib le  t h a t  the  r ings  

are surrounded by t h e i r  own type of ttatmosphere.lt The fact  t h a t  it can contain 

a gas  component is not precluded. W e  s h a l l  r e tu rn  t o  t h i s  quest ion i n  #23. 

h fJUU 

+ 4200 - m5300 Figure 11. Color equivalent  J = m 
Om.75 and r ing  br ightgess  when 

= 4200 and 5300 A as  a funct ion ‘eff 
of the  angle of e leva t ion  of the  sun 
(processed Maggini da t a ,  1937). 

Camichel not only found a dependence of sur face  luminance on angle of e l e -  

vat ion A ,  but a l s o  some i n t e r e s t i n g  azimuthal e f f e c t s :  (1) the  sur face  lumi- 

nance of the B r ing  decreases from the  eyes t o  the  minor ax i s ;  (2)  t he re  is a 

systematic  d i f fe rence  between the  neares t  and f a r t h e s t  (with respec t  t o  the  e a r t h )  

branches of the  A r ing ;  the  neares t  branch is more luminous i n  the  case of the  

eas t e rn  eye,  and weaker i n  the  case of the  western. 

#14. - Optical Thickness* L33 
There a r e  two methodsthat can be used t o  assess  t h i s  important parameter, 

one t h a t  charac te r izes  the  degree of transparency of the  r ings :  (a )  observations 

of the  v i s i b i l i t y  of Sa turn‘s  d i sk  through the  r ings ;  (b )  observations of t he  

occul ta t ions  of s t a r s  by the  r ings.  

The s t a r t i n g  poin t  f o r  method ( a )  is the  obvious r e l a t ionsh ip  

* L e t  us recall  t h a t  t he  o p t i c a l  thickness  of a p lane-para l le l  l aye r  f o r  a 
normally inc ident  beam can be defined by the  r e l a t ionsh ip  To = - ln(I / Io) ,where 
Io and I are l i g h t  i n t e n s i t i e s  before and af ter  the  beam has passed through the  
Payer. In  o ther  words, ( P / I o )  = exp - To. 
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sin A + sin A: 
sin A sin A '  ' 0  

b ' = b e x p - (  (14.1) 

where 

b' is the visible surface brightness of that part of Saturn's disk 

covered by the ring under consideration and illuminated by the sun 

through this ring; 

b is the surface brightness of that part of Saturn's disk when it is 

not covered by the ring and is illuminated by the sun directly; 

A and A' are the angles of elevation of sun and earth above the pane of 

the rings; 

To is the optical thickness of the ring in a direction normal to its 

plane , 

Camichel's data (1958) permit the use of this formula to evaluate TOA, the 

optical thickness of the A ring. 

where b and b are the surface brightness of the A ring and of Saturn's equa- 

torial zone, respectively. The A ring is partially transparent, and Saturn's 

polar zone can be seen through it, This creates additional brightness come- 

sponding to 0.08b . 
From whence, and in accordance with Q. (14.1) 

This observer found a mean of b = 0.57be, A 

A e 

Polar zone brightness is equal to 0,87b when not occulted, e e' 

0 420.0,426 _- = 2,30 (Ig 0,237 - 18 0.08) A- - -- -- 
0,429 + 0,426 - Oe5' 

(14.2) 

where 

0.429 and 0.426 are the mean values of the sines of angles A and A0 at the 
timeof the observations used here. 

Evaluation of E q .  (14.2) will yield a correct order of magnitude, but can con- 

tain some degree of error attributable to halation, and for which Camichel's 

data were not corrected (see #l3). Let us take it that the minimum contrast 

in brightness that could be observed in Camichel's observations was about 0.05. 
Accordingly, he was able to see the polar zone of Saturn through the A ring 

when b t  = 0.05b = 0.028b . Substituting this in Eq. (14.11, we obtain 7 = 0.7. A e oA 



I n  a l l  p robab i l i t y ,  t h e  i n t e r v a l  

0.5 < TO < 0.7 
w i l l  provide a q u i t e  co r rec t  representa t ion  of t h e  value of t he  o p t i c a l  th ickness  

of t h e  A r i n g ,  but it is des i r ab le  t o  make f u r t h e r  assessments, p rec i se ly  

corrected f o r  halat ion.  

Method ( b ) ,  as has  been pointed o u t ,  i s  based on observat ions of occul ta-  

t i o n s  of stars by t h e  r ings .  To da te  the  only types of such observat ions are 

v i s u a l  ones. They have been made mostly by amateurs using low and medium powered 

instruments (D < < 50 c m ) .  H e r e  w e  w i l l  consider t h e  case of good images  ( f o r  

d e t a i l s  see  Bobrov, 1962). 

Let us  suppose t h a t  t h e  r a d i a l  d i s t r i b u t i o n  of t he  i n t e n s i t y  i n  t h e  i m a g e  

of a star is i d e n t i c a l  t o  t h a t  i n  a d i f f r a c t i o n  p i c tu re  of a point  source,  but  

t h a t  t he  f i r s t  minimum occurs  a t  r = r + t ,  where r is  the  f i r s t  d i f f r a c t i o n  t 1 1 
minimum, and t is  t h e  angle of turbulence. Let b be t h e  surface br ightness  of 

t he  zone of t he  r i n g  occul t ing  the  star, and l e t  eb be t h e  minimum br ightness  

of t he  image of t he  star needed i n  order  f o r  t h e  eye t o  d i s t ingu i sh  it through 

t h e  r ing .  L e t  u s  note  t h a t  t he  rad ius  of t he  i m a g e  of t h e  star v i s i b l e  through 

t h e  r i n g  i s  r, < rA. It  is obvious t h a t  

r 

r 

L. 
- - C; 
b ,  (C) = b t0  (Go) G2 cxp - (z,/sin A'); (14.4) 

where G i s  the  equipupi l la ry  magnification; 
0 

G i s  the  magnification reso lv ing  t h e  i m a g e  of t he  star; 

b ( G ) and ;*( G) a r e  the  mean br ightness  of the  star when not occulted 

( G  magnif icat ion) ,  and during occul ta t ion  ( G  magnif ica t ion) ,  respect ively.  

- 
t o  

0 

On the  o ther  hand 

Remembering t h a t  

r* = pe/2G, (14.6) 

where p i s  t h e  angle resolved by the  naked eye, s u b s t i t u t i n g  Eq. (14.5) i n  Eq. 

(14.4), and changing from br ightnesses  t o  t h e i r  s t e l l a r  magnitudes per  square 

second, w e  ob ta in  

e 

(14.7) 
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H e r e  t h e  funct ion f ( r * / r  ) s i g n i f i e s  t h e  percentage of luminous f l u x  from t h e  

p a r t  of t he  stellar image  bounded by r a d i u s  r*. 

'e 
t h a t  m w a s  t h e  s te l lar  magnitude of t h e  star ( a t  t h e  zen i th ) .  The minimum 

con t ra s t  E depends on t h e  br ightness  of t h e  background. Sytinskaya (1949) 
made t h e  corresponding laboratory inves t iga t ions .  

t 
I n  Eq. (14.7) w e  took it t h a t  

= 120ff, based on t h e  experiments made by Maksutov (1946) and Pavlov (1961); 

to  

The value of t during t h e  observat ion can be estimated by using the  Danjon- 

Coude image q u a l i t y  s c a l e ,  bearing i n  mind t h a t  t h e  case of good images i s  

s a t i s f i e d  by t h e  condi t ion t h a t  (t/rl) -? 1/2. 

and r i n g s  on 28 Apr i l  1957 I j I - -  - -  -- ._ -- 

Needless t o  say ,  t h e  assumptions on which Eq. (14.7) are based are but a 

rough approximation of occul ta t ion  conditions.  This is why two of i t s  short4 

comings w i l l  be found i n  a l l  of t h e  ava i l ab le  observed da ta  i n  which the  equation 

w a s  used. F i r s t  of a l l ,  t he  computed value of T t u r n s  out  t o  be somewhat - / 3 5  0 
exaggerated as compared with the  value obtained through method ( a ) .  

d i f fe rence  disappears  i f  w e  change t h e  l as t  term i n  the  equat ion,  pu t t i ng  it 

equal t o  -10 -81. This means t h a t  on ly  54 percent  of t h e  luminous f l u x  from 

the  star is concentrated i n  the  c e n t r a l  c i r c l e  of t h e  turbulen t  image  of t h e  star, 

r a t h e r  than 84 percent  (as i s  the  case i n  t h e  c l a s s i c a l  d i f f r a c t i o n  pa t te rn .  

and as we assumed i n  der iving Eq. (14.7)). Moreover, t h i s  is not t h e  only 

p o s s i b i l i t y .  S t r i c t l y  speaking, Eq. (14.1), on which our  es t imate  of T through 

method ( a )  is based, is co r rec t  on ly  for a poin t  source of l i g h t ,  whereas 

Sa tu rn ' s  d i sk  i s  an extended source. Disregard f o r  t h i s  f e a t u r e  can lead t o  

exaggerating t h e  t r u e  value of T 

f o r  t he  discrepancies  discussed. 

The 

m 

0 

and it is poss ib l e  t h a t  here in  l i e s  the  reason 
0 

Second, t he  numerical values  of T give a g rea t e r  random s c a t t e r .  I t  i s  
0 

l i k e l y  t h a t  t h e  above computed concentrat ion of luminous f l u x  i s  54 percent 
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only i n  the  middle, and the re  could be cases  when the re  could be a s i g n i f i c a n t  

devia t ion  from t h i s  magnitude.* 

A t  t h e  same time, observat ion of a s tar  occul ted by the  r i n g s  undoubtedly 

i s  a s o l i d  and f r u i t f u l  method t o  use t o  inves t iga t e  t h e  o p t i c a l  thickness  of 

t h e  r i n g s ,  t h e i r  r a d i a l  s t r u c t u r e ,  and the  l i ke .  The advantages of t h i s  method 

have not ye t  a t t r a c t e d  t h e  a t t e n t i o n  of t h e  profess iona l  observers.  

One of t he  most i n t e r e s t i n g  of t h e  occu l t a t ions  occurred on 28 Apr i l  1957. 
The pheno- The path of t he  star (BD - 20O4568; 8m.0) can be seen i n  Figure 12. 

menon w a s  observed v i s u a l l y  be Westfal l  (see Heath, 1958) i n  a 20 inch r e f r a c t o r  

(magnification 320). 

change i n  the  magnitude of t h e  star during t h e  occu l t a t ion  by eye. 

attempted, i n  Figure 13, t o  show these  changes graphicai ly  i n  accordance with 

the  q u a l i t a t i v e  desc r ip t ion  given by Westf a l l .  H i s  observat ions a r e  important 

i n  t h a t  they demonstrated f o r  t h e  f i r s t  time the  p a r t i a l  transparency not  only 

of the  A r i n g ,  but  of t h e  B r i n g  as well  ( a t  l e a s t  of i t s  outer  zone and of a 

small p a r t  near t he  cen te r ) .  Figure 13 also shows t h a t  t he  o p t i c a l  thickness  

of t he  A r i n g  changes markedly with r ,  decreasing i n  t h e  c e n t r a l  zone, and, it 

seems poss ib le ,  having narrow lanes  near t h e  outermost boundary of t he  e n t i r e  

r i n g  system. 

The observer d id  not have a photometer and estimated t h e  

W e  have 

/36 

V i s i b i l i t y  of Cassini  Cassini  

occulted f t a r  d iv i s ion  
II d iv i s ion  

6 

Seen weakly 

Figure 13. Schematic representa t ion  of t he  change i n  t h e  br ightness  of a s tar  
during i ts  occu l t a t ion  by Sa tu rn ' s  r i n g s  on 28 Apri l  1958, observed 
v i s u a l l y  by Westfall .  

Let us  attempt t o  estimate r by comparing Wes t f a l l ' s  r e s u l t s  f o r  the  A OB 
r i n g  with t h e  r e s u l t s  f o r  t he  B r ing .  

w e r e  not t ransparent  f o r  t he  star. These mnes  w e r e  wider i n  t h e  B r ing.  

Zones t h a t  were p a r t i a l l y  t ransparent  f o r  t h e  star were observed i n  both r ings.  

* 
depending on observat ion conditions.  

Westfal l  observed zones i n  both r i n g s  t h a t  

~ ~. .- .._ - - __ ~ - 

Note t h a t  t h e  va lues  of t h e  magnitudes pe and E can change s i g n i f i c a n t l y ,  
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They were narrower i n  t h e  B r ing.  We can conclude, t he re fo re ,  t h a t  i n  general  

T~~ is higher than T 

we can take t h e  average f o r  t h e  B r i n g  as 

but  not much. If T~~ i s  0.5 t o  0.7 [see Eq. (14.3)1, 
OA ' 

T O B -  1. 

Some B r i n g  zones are even more t ransparent .  

(14.8) 

The methods described here  cannot be appl ied t o  the  C r i n g  because of t h e  

s p e c i f i c  d i f f i c u l t i e s  t h a t  a r i s e  i n  connection with i t s  lack  of brightness.  The 

values  adopted f o r  T a l l  a r e  based on t h e  o l d  observat ion made by Barnard (1890). 
These were es t imates  of t he  a t tenuat ion  of t h e  br ightness  of Iapetus  as a func- 

t i o n  of t i m e  i n  t h e  shadow of  the  C r ing.  Cook and Frankl in  (1958) made a de- 

t a i l e d  ana lys i s  of t h i s  observation and concluded t h a t  T increases  monotoni- 

c a l l y  with d i s t ance  from the  center  of Saturn from 0.0 f o r  911/3 t o  0.18 f o r  

oc 

oc 

13'1 .2 . 
#l5. Radiometric and RadioasAronomical . D a t a  _- - /3 7 

Kuiper (1951) estimated t h e  equi l ibr ium temperature of a t y p i c a l  p a r t i c l e  

of Sa tu rn ' s  r i n g s  t o  be between 60" and 70°K. It  w a s  supposed t h a t  t he  p a r t i c l e s  

were covered by hoa r f ros t  and t h a t  they were screened pe r iod ica l ly  from the  sun 

by each o the r ,  ar.d by the  b a l l  of Saturn. A t  t h i s  low temperature t h e  Planckian 

maximum of i n t r i n s i c  hea t  r a d i a t i o n  of the p a r t i c l e  w i l l  be 41-48 microns, 
t h a t  i s  i n  the  wave band t h a t  is  longer than t h e  region of t he  transmission 

window f o r  t h e  e a r t h ' s  atmosphere. Consequently, heat  r ad ia t ion  from the  r i n g s  

a t  in f r a red  wavelengths can be observed only by extra-atmospheric observat ions,  

and such observat ions have not ye t  been made. 

Conversely, radioastronomical observat ions of Saturn make it  poss ib le ,  i n  

p r inc ip l e ,  t o  de t ec t  hea t  r ad ia t ion  from t h e  r i n g s  without going beyond t h e  

l i m i t s  of the  e a r t h ' s  atmosphere. Moreover, radioastronomical observat ions can 

be used t o  ob ta in  es t imates  of the  o p t i c a l  th ickness  of t he  r ings  a t  r ad io  wave- 

lengths ,  and these ,  i n  t u r n ,  can be used t o  make a ready determination of t he  

typ ica l  s i z e  of a p a r t i c l e  (we w i l l  r e c a l l  t h a t  when 2rrp/h < 1, where p i s  t h e  

rad ius  of t he  p a r t i c l e ,  t h e  t ransmission f o r  t h e  system increases  sharply) .  

Unfortunately,  present  da t a  on r ad io  r a d i a t i o n  from Saturn is such t h a t  

one cannot do these  t a s k s  without ambiguity. S t i l l ,  d iscussion of t he  ava i l ab le  

da t a  is of i n t e r e s t .  
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Radio radiation from Saturn has been measured by Kutuza et al. (1965), at 

A = 8 mm, by Welch et al. 

by Hughes (1966), at 6.0 cm, by Rose et al. (19631, at 9.4 cm, by Drake (19621, 
at 10.0 cm, by Davies et al. 

(1966), at 1.53 cm, by Cook et al. (19601, at 3.45 cm, 

(l964), at 11.3 cm, and by Davies and Williams (1966), 

at 21.2 cm. The values for the brightness radio-temperature of Saturn, Tb, ob- 
tained by these authors are shown in Figure 14 as a function of the wavelength 

(the open circles; the vertical lines show probable errors in the determinations 

as cited in the articles). rises with C h ,  although the con- 

siderable scatter in the points does not enable us to fix the law of rise with 

confidence. The reason for the rise is the greenhouse effect (the larger A ,  the 

deeper the layers of the atmosphere from which the radiation is being recorded), 

or the presence of a nonthermal component (radiation from the radiation belts, 

similar to that observed for Jupiter). 

occurs, radio radiation from Saturn definitely should be polarized, and this is 

what has been found by Rose et al. (1963), at 9.4 cm. These authors reported 

strong (20 * 8%) polarization with orientation of the electric vector parallel 
to the axis of rotation of the planet (in the case of the corresponding radiation 

from Jupiter the electric vector is perpendicular to the axis of rotation; 

Zheleznyakov (1964) showed that the difference in orientation can be explained by 

the effect of the rings on the shape of the radiation belts). 

tions made by other radio astronomers have not confirmed Rose's results. For 

example, Davies et al. (1964), observed no polarization at 11.3 cm, and arrived 

at the conclusion that its upper limit is less than 6 percent. 
is not completely settled, and further observations are needed in order to re- 

solve it. 

A s  will be seen, T b 

If the second possibility is what 

However, observa- 

So, the question 138 

But whatever the nature of the rise in T with Ch, it can be expected that 
b 

when 1 is small enough the radio brightness temperature of Saturn should be close 

to the infrared brightness temperature. Today we can place the old results ob- 

tained by Pettit and Nicholson (19241, and by Menzel, Coblentz, and Lampland 

(1926), which yielded T 

Murray and Wildey (1963), and by Low (1964, 1966), at infrared wavelengths. 

Murray and Wildey used a germanium photoresistance on a 19-inch reflector and 

worked in the transmission window between 8 and 13 microns. No traces of infra- 

red emission from Saturn were found, so it follows that in this band of 

- 125" to 130°K, as well as more recent observations by b 
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wavelengths T < lO5'K. Low measured 

t h e  emission from Saturn with an in- 

f r a r e d  photometer i n  t h e  Cassegrainls 

focus of an 82-inch r e f l e c t o r  i n  t h e  

McDonald Observatory a t  h = 10 and 

20 microns. This t i m e  emission w a s  

found. The corresponding T values 

w e r e  93 * 3OK,  confirming t h e  correct-  

ness of t h e  conclusions reached by 

Murray and Wildey, and showing t h a t  

t h e  o l d  estimates of t h e  in f r a red  

b 

b 

I br ightness  temperature of Saturn 

apparent ly  w e r e  exaggerated. 
. . 1 .. - I .-L. L..... J 

The mean of Low's r e s u l t s  is - /39 
Figure 14. Brightness temperature of shown by t h e  horizontal  arrow a t  t he  

axis of ord ina tes  i n  Figure 14. A s  Saturn a t  r ad io  wavelengths. The 
circles a r e  f o r  temperature normalized 
f o r  t h e  f u l l  d i s k  of Saturn ( t h e  w i l l  be seen from t h e  f i g u r e ,  a l l  TL 

U 
"cold,  completely t ransparent"  r i n g s  
hypothesis).  The crosses  and tri- 

estimates obtained a t  r ad io  frequen- 

angles are f o r  temperature ca lcu la ted  cies are higher  than t h i s  value,  but 
through JZq. 
65 OK ( t h e  llwarm, p a r t i a l l y  t ransparent"  
r ings  hypothesis) .  The horizontal  temperature found by Low is the  

it s t i l l  is hard t o  say  whether t h e  (15.2) when TK = 30" and 

arrow is t h e  i n f r a r e d  br ightness  t e m -  
pera ture  a t  A = 10 and 20 microns 

asymptote t o  which t h e  r ad io  tempera- 

(Low, 1964, 1966) normalized f o r  t h e  t u r e  tends with reduction i n  A. The 
p a r t  of Saturn 's  d i s k  not screened 
by t h e  r ings .  

da t a  s t i l l  a r e  too  spa r se  f o r  t h i s .  

L e t  us t u r n  now t o  t h e  question of t h e  thermal emission from t h e  r ings .  

Low (1966) notes  t h a t  h i s  value f o r  t h e  br ightness  temperature of Saturn is 

corrected f o r  absorpt ion i n  t h e  r i n g s ,  which, i n  h i s  words, proved t o  be very 

much colder  than Sa turn ' s  disk.  H e  does no t  provide numerical values f o r  r ing  

temperatures,  however. So f a r  as t h e  r a d i o  wavelengths are concerned, a l l  of 

t h e  radioastronomers proceed from t h e  assumption t h a t  t h e  emission source is 

t h e  t o t a l  a r ea  of Sa tu rn ' s  d i s k  when they make t h e  t r a n s i t i o n  from the measured 

flow of t h e  emission t o  T This ,  however, ignores t h e  v i s i b l e  a rea  of t h e  r i n g s ,  

not only i n  t h e  eyes,  but  i n  f r o n t  of t h e  d i s k  as w e l l .  This is t h e  equivalent 
b' 
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of t h e  "cold, completely t ransparent"  r ings.  In t h e  general  case, t h a t  of t h e  

"warm, p a r t i a l l y  t ransparent"  r i n g s ,  however, t h e  mean r a d i o  br ightness  tempera- 

t u r e  of t h e  Saturn plus  r ings  system can be found through t h e  expression (with 

an accuracy up t o  f i r s t  order  s c a t t e r )  

- 1  T = -- {Z [i - exp - (Totsin A')] Tr + [y 4- (I - y) esp - (To/sin A')] (15.1) ), 
X f Y  

where 

T and T a r e  the  r ad io  temperatures of Saturn 's  r i ngs  and d i sk ;  

x 

y is t h e  area of t h a t  p a r t  of Saturn 's  d i s k  not  screened by t h e  r i n g s ;  

7 is t h e  o p t i c a l  thickness  of t h e  r ings  f o r  a given wavelength; 

A '  is t h e  angle of e leva t ion  of t h e  e a r t h  above t h e  plane of t h e  r ings .  

r d 
is t h e  v i s i b l e  area of t h e  r ings  ( i n  t h e  eyes and i n  f r o n t  of t h e  d i s k ) ;  

0 

The magnitudes x and y are expressed i n  percentages of t h e  t o t a l  a r e a  of Saturn 's  

disk.  They have been tabulated by Schoenberg (1929) a s  a funct ion of A ' .  

It is not d i f f i c u l t  t o  see t h a t  7 =. T / (x  + y ) ,  where T is t h e  br ightness  
b b 

temperature c i t e d  by t h e  r ad io  astronomers. Hence, t h e  r ad io  temperature of t he  

d i s k  is 
Tb- 2 [ I  - cxp - (zo/sin A')] Tr - . ~ .  T -  d - 

y +- (I - i) csp  - @,,/sin A') 

W e  used 

T = 3 0 ° K  ( W  r 
measurements 

5.2) t o  f i n d  T values f o r  two assumptions, T = 6 5 ° K  and 

taken as equal t o  0 . 8 ) ,  i n  order  t o  see how e x i s t i n g  r ad io  
d r 

t h  7 

agree with t h e  l l w a r m ,  p a r t i a l l y  t ransparent"  r ings  hypothesis. The 
0 

corresponding po in t s  a r e  shown by t h e  t r i a n g l e s  and crosses  i n  Figure 14. 

As w i l l  be seen from the  f i g u r e ,  i n  a l l  but one case t h e  computed values of 

T a r e  higher than t h e  i n f r a r e d  temperature of Saturn as found by Low; t h a t  i s ,  

they agree with t h e  l l w a r m ,  p a r t i a l l y  t ransparent"  r ings  hypothesis when T = 3 0 ° K ,  r 
a s  w e l l  a s  when T = 6 5 " ~ .  The point  where they a r e  not  i n  agreement (1 = 

3.45 c m )  is t h a t  found by Cook et a l .  

been successful  i n  detect ing r ad io  emission from Saturn. Perhaps t h i s  is t h e  

explanation of why Cook's poin t  i n  Figure 14 c l e a r l y  "breaks" downward, as com- 

pared with adjacent  points .  It would appear t h a t  t he  measurement provided an 

exaggerated value f o r  T In  fac t ,  one should expect T - l b ° K  a t  1 = 3.45 c m .  
b'  b 

Subs t i tu t ing  t h i s  f i g u r e  i n  EQ. 

d 

r 
(1960), t h e  first t i m e  an observation had L40 

( l5 .2 ) ,  w e  f i n d  75°K and 1 1 6 " ~  f o r  T when 
d 
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T = 6 5 " ~  and 30°K, respec t ive ly .  It can be taken t h e r e f o r e ,  t h a t  when T = 
r r 

30°K, t h e  llwarml' r i ngs  hypothesis sa t isf ies  a l l  t h e  a v a i l a b l e  observat ional  

d a t a ,  remembering t h a t  t h e  r ings  are no more t ransparent  a t  t h e  r ad io  wave- 

lengths  than they  are a t  t h e  o p t i c a l  wavelengths. T = 6 5 " ~  is too  high a 

va lue ,  although t h i s  conclusion is based on j u s t  one poin t  i n  Figure 14, 

Cook's point .  

r 

A t  t h e  s a m e  t i m e  it should be emphasized t h a t  t h e  30°K value obtained here 

f o r  t h e  temperature of t h e  r i n g s  is u n j u s t i f i a b l y  low, s o  t h e  fact  t h a t  Saturn 's  

r i n g s  a r e  more t ransparent  a t  r ad io  wavelengths than they are a t  o p t i c a l  wave- 

lengths  cannot be precluded. In f ac t ,  a l l  t h a t  need be done t o  s a t i s f y  a l l  

e x i s t i n g  da ta  is t o  reduce 7 t o  0.4 when T = 6 5 " ~ .  Further  observations are 

needed i n  order  t o  a r r i v e  a t  a f i n a l  answer t o  t h i s  problem. The most effec- 

t i v e  observations .would be of two types. The first would involve obtaining long 

series of measurements of T as a funct ion of A ' .  The second would involve 

observations with high angular r e s o l u t i o n ,  t h e  purpose being t o  e s t a b l i s h  t h e  

shape and s i z e  of t h e  r ad io  emit t ing region,  and t h e  d i s t r i b u t i o n  of r ad io  

br ightness  i n  it. If it should develop t h a t  Saturn,  l i k e  J u p i t e r ,  has radia- 

t i o n  b e l t s ,  t h e  quest ion of t h e  temperature of t h e  r i n g s  w i l l  c a l l  f o r  a new 

discussion,  d i f f e r e n t  from t h a t  undertaken i n  t h e  foregoing. 

0 r 
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IV. Model of t h e  B Ring. Proper t ies  of a Typical Pa r t i c l e .  - -  

#16. Absolute Surface Brightness of t h e  B Ring _ _ _ ~ .  _ _  

The preceding chapters  have d e a l t  with observat ional  data.  L e t  us  now set 

about analyzing a l l  of t h i s  primary information. A s  before,  t h e  primary objec t  

of our  a t t e n t i o n  w i l l  be t h e  B r ing.  L e t  us ,  as our  f i r s t  s t e p ,  compute t h e  

absolute  sur face  br ightness ,  b (O) ,  of t h e  most i n t ense  zone of t he  B r i n g  when 

~y = 0. Knowledge of b ( 0 )  w i l l  make it poss ib le  t o  estimate the  spher ica l  

albedo* of a p a r t i c l e  and t o  draw some conclus ionsas  t o  the  p a r t i c l e ' s  na tu ra l  

phase function. The term Itabsolute brightness" w i l l  be used i n  the  sense of 

"brightness  i n  b un i t s , "  where b i s  the  br ightness  of an absolu te ly  white, 

o r tho t rop ic  a rea ,  posi t ioned normal t o  the inc ident  s o l a r  rad ia t ion  a t  the  mean 

dis tance o f  Saturn.** We s h a l l  express b i n  a v isua l  system. 

B 

B 

0 0 

0 

A s  w a s  noted i n  #12, not too much credence can be placed i n  t he  extrapola-  

t i o n  of t he  br ightness  of t h e  r i n g  t o  cy = 0. The most reasonable th ing  t o  do 

i s  t o  represent  t he  value as 

(16.1) m BB(o) = B c  - 0.06, 

where B is  the  br ightness ,  expressed i n  s te l la r  magnitudes ( see  footnote  on 

p. 22);  c is t h e  center  of Sa tu rn ' s  disk.  Converting t h e  magnitudes i n  Eq. (16.1) 
i n t o  conventional br ightnesses ,  w e  ob ta in  

b ( 0 )  = 1.06b . (16.2) B C 

Thus, the  t a s k  is reduced t o  f ind ing  b i n  b un i t s .  It  should be.noted /42 
C 0 

t h a t  we consider t he  b used i n  Eq. (16.2) as the  photometric standard t o  be a 

magnitude t h a t  is completely s t a b l e  with respec t  t o  S a t u r n ' s  a x i s  of r o t a t i o n ,  

and with change i n  angles  A and A ' .  This s t a b i l i t y  i s  not absolu te ,  of course,  

but the  many observat ions already made ind ica t e  t h a t  when the  r i n g s  a r e  wide 

open, b i s  s t a b l e  enough, as a r u l e ,  t o  serve as a good photometric standard.  

C 

C 

* Spherical  albedo is a dimensionless magnitude equal t o  t h e  r a t i o  of t h e  
luminous f l u x  sca t t e red  i n  a l l  d i r e c t i o n s  by t h e  body t o  the  luminous f l u x  i n c i -  
dent on it (given t h e  condi t ion t h a t  t h e  body i s  i l luminated by a beam of p a r a l l e l  
r ays ) .  
I f  t h e  rays  a r e  inc ident  on t h e  a rea  i n  a d i r e c t i o n  normal t o  i t ,  one can then 

The analogous magnitude f o r  a plane a rea  i s  c a l l e d  the  plane albedo. 

speak of t he  plane-normal albedo. 

** Brightness ,  expressed i n  b u n i t s ,  is a l s o  ca l l ed  the  llluminance f a c t o r , "  
or I fv i s ib l e  albedo , I t  i n  astrophotometry. 

0 
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Moreover, i n  our  ca l cu la t ions  b is only an intermediate  magnitude. W e  w i l l ,  

i n  t he  end, express b (0) i n  b 
C 

u n i t s ,  and bo i s  i n  fact s t ab le .  B 0 

Absolute measurements of b w e r e  made by Sharonov (1935, 19391, v i s u a l l y  

and photographically,  and by Lebedinets (1957) photographical ly ,  by comparing 

t h f s  magnitude with t h e  br ightness  of a white screen i l luminated by very weak 

s o l a r  rad ia t ion .  Brightness w a s  reduced t o  a v i s u a l  system i n  t h e  photographic 

work done by Sharonov (1939). Lebedinets used four  f i l t e rs  ( r e d ,  yellow, green, 

and b lue)  and obtained t h e  respec t ive  fou r  b values.  From these  one can deduce 

a s ing le  b value i n  a v i s u a l  system, proceeding from the  standard curve f o r  

v i sua l  acu i ty ,  and t h e  e f f e c t i v e  wavelengths f o r  t h e  f i l t e r s .  This procedure 

r e s u l t s  i n  the  da t a  l i s t e d  i n  Table 4. 

C 

C 

C 

TABLE 4 

Observer 

Sharonov ( 1935 ) 

Sharonov ( 1939) 
Lebedinets (1957) 

Photographic 

Photo graphi c 

0.68 

0.48 
- _ _  I - - - - A -  ~ 

Absolute measurement techniques a r e  complicated, and involve many i n t e r -  

mediate opera t ions  with a l l  of t he  systematic  and random e r r o r s  inherent  i n  such 

opera t ions ,  t he  magnitude of which it i s  d i f f i c u l t  t o  estimate. This  i s  pre- 

c i s e l y  why the  divergence i n  t h e  b /b values  l i s t e d  i n  Table 4 i s  so g r e a t .  c o  

But one can r e a d i l y  ca l cu la t e  b /b independently,  and est imate  the  probable c o  
e r r o r  i n  the  ca l cu la t ions ,  by s t a r t i n g  with the  v i s u a l  stellar magnitude of 

Saturn (without t h e  r i n g s )  y, t h e  a rea  of S a t u r n ' s  d i sk  w ( i n  seconds of a r c ) ,  

and the darkening toward the  limb of Sa tu rn ' s  d i sk ,  and which can be expressed 

by the  r a t i o  'i;/bc, where 'i; is  the  mean br ightness  of Sa tu rn ' s  disk.  

We obta in  

(16.3 
where E i s  the  br ightness  of an o r tho t rop ic ,  absolu te ly  white sur face  placed /43 
a t  a d is tance  from t h e  e a r t h  normal t o  the  inc ident  s o l a r  r a d i a t i o n  (outs ide  the  

e a r t h ' s  atmosphere); F$ i s  the  mean d is tance  of Saturn from the  sun. 

- (3 
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The value of E/b found from observat ions of t h e  darkening toward the  
C '  

limb of Saturn (Schoenberg, 1921; Barabashov and Chekirda, 1952; Lebedinets, 

1957; Camichel, 1958), has  a mean of 0.66f55%; "12 = = + 0 .89 f 7%; E = 1.35-10 

lx  5 5% (both va lues  taken from Russel, 1916); u) = 270" (Rabe, 1928); 5, = 9.54 
AU. The addend 5.57 i s  based on Fabry 's  formula f o r  a s t e l l a r  magnitude of 

1 lux.  The probable e r r o r  i s  5 percent. 

m 5 
(3 

Subs t i t u t ing  a l l  of these  magnitudes i n  Eq. (16.3) w i l l  give ( b  /b = 0.62 
c o  

5 22h, and, as a r e s u l t  

(16.4) 

The middle of t h e  i n t e r v a l  i s  very c lose  t o  the  r e s u l t  obtained i n  Sharonov's 

second e f f o r t .  

#l7. Model o f t h e  Ring. Albedo of a Pa r t i c l e .  
- =  __ - .~. 

The spher ica l  albedo* of a typ ica l  r i n g  p a r t i c l e  can be obtained by using 

the  value b,(0)/bo from Eq. (16.4) i f  we know the  magnitude of t he  phase i n t e -  

g r a l ,  q (expressing t h e  angular d i s t r i b u t i o n  of t he  l i g h t  s ca t t e r ed  by the  par7 

t i c l e )  and i f  we have se l ec t ed  some model of t he  r ing.  Two a l t e r n a t i v e  models 

can ex i s t .  One of t h e  models has p rope r t i e s  such t h a t  a t  any poin t  on the  r i n g  

normal t o  i t s  sur face  one w i l l  f i n d  no more than a s i n g l e  p a r t i c l e  

z - 2  
O P  

where z i s  the  r i n g  thickness;  p is the  p a r t i c l e  radius .  I t  i s  no t  shown 

as a t r u e  equa l i ty  because t h e  p a r t i c l e s  can complete s m a l l  o s c i l l a t i o n s  around 

the  middle pos i t ions .  We s h a l l  ca l l  t h i s  model a "one-part ic le  thickness  

system.f1 

0 

The a l t e r n a t e  model can be wr i t t en  by the  expression 

z % p  (17.2) 
0 

This i s  a %any-part ic le  th ickness  system." The inequa l i ty  of Eq. (17.2) s ign i -  

f i e s  t h a t  t h e  i n c l i n a t i o n s  of t h e  p a r t i c l e  o r b i t s  t o  t h e  plane of t h e  r i n g  a r e  

not very s m a l l .  That is ,  

i $ L  r (17.3 
where i is t h e  mean inc l ina t ion ;  r i s  the  mean r ad ius  of t he  p a r t i c l e  o rb i t .  

* See footnote ,  p. 39. 
~~ 

. _ _ ~  .. _ -  __ - ~. - -. - 
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Recognizing t h a t  T - 1, we see  t h a t  t h e  Eq. (17.2) model can be character ized 

by frequent  c o l l i s i o n s  between t h e  p a r t i c l e s .  J e f f r e y s  (1947b) drew a t t e n t i o n  

t o  t h e  fact  t h a t  t h e  c o l l i s i o n s  are i n  p a r t  i n e l a s t i c .  The energy d i s s i p a t i o n  

t h a t  takes place as a r e s u l t  of nonideal e l a s t i c i t y  of c o l l i s i o n s  r e s u l t s  i n  a 

secu la r  reduct ion i n  i n c l i n a t i o n s  and e c c e n t r i c i t i e s  i n  p a r t i c l e  o rb i t s .  

Calculat ions led  Je f f r eys  t o  t h e  conclusion t h a t  over a per iod of  t i m e  t h a t  w a s  

sho r t  as compared with t h e  age  of t h e  s o l a r  system, Sa tu rn ' s  r i n g s  should have 

been transformed i n t o  a one-part ic le  thiclmess system. But, as w i l l  be seen i n  

Chapter V,  t h e  d a t a  from observat ions quickly i n d i c a t e  i n  favor  of t h e  many- 

p a r t i c l e  thickness  system. Chapter V I  w i l l  take up t h e  poss ib le  reason f o r  t he  

non-concordance between J e f f r e y ' s  r e s u l t  and t h e  real  r i n g  s t ruc tu re .  We w i l l  

no t ,  a t  t h i s  p o i n t ,  opt i n  favor  of e i t h e r  model. 

/44 - 0 

( a )  One-particle thickness  system. ~ The upper l i m i t  of t he  spher ica l  

albedo, a i s  equal t o  one f o r  v i s u a l  rays.  This i s  the  case f o r  microscopic 

d i e l e c t r i c  p a r t i c l e s .  They w i l l  be p a r t i c l e s  of ice (#lo) i n  t h e  case of 

Sa tu rn ' s  r ings .  

p a r t i c l e s  encounters very se r ious  d i f f i c u l t i e s .  One of t h e  major d i f f i c u l t i e s  

i s  cosmogonic i n  nature.  Microscopic p a r t i c l e s  would experience the  s t rong  in -  

f luence of p lane tocent r ic  r a d i a t i v e  braking, which i s  analogous t o  the  atmospheric 

braking of a r t i f i c i a l  e a r t h  s a t e l l i t e s  and which would force  the  p a r t i c l e s  t o  

f a l l  i n t o  t h e  c e n t r a l  body ( t h e  p l ane t ) .  

(19521, who derived the  formula 

m a '  

But t h e  very concept of r i n g s  cons i s t ing  only of microscopic 

This problem w a s  reviewed by Radziyevskiy 

(17.4) t = 0.95-10 7 2  pR Gln(ro/r t ) ,  

where 9 i s  the  p a r t i c l e  r ad ius  (cm); 6 i s  the  p a r t i c l e  dens i ty  ( g / c c ) ;  

R is  the  d is tance  of t h e  c e n t r a l  body from the  sun ( A U ) ;  t is t h e  t i m e  i n t e r v a l  

(yea r s )  during which t h e  r ad ius  of t h e  c i r c u l a r  o r b i t  of a p a r t i c l e  w i l l  de- 

c rease  from r t o  r Applying Eq. (17.4) t o  Sa tu rn ' s  r i n g s ,  Radziyevskiy i n t r o -  

duced a cor rec t ion  f a c t o r  t h a t  took i n t o  considerat ion t h e  sh ie ld ing  of t h e  

p a r t i c l e  from d i r e c t  Solar  r ad ia t ion  by the  b a l l  of Saturn,  and by o the r  par- 

t i c l e s .  The t r u e  value of t tu rns  out  t o  be g rea t e r  than t h a t  computed through 

Eq. (17.4) by a f a c t o r  of approximately three .  

0 t -  

Schoenberg (1933) w a s  of t he  opinion t h a t  p could be 3.6 microns. 

and Cook (1965) a r r ived  a t  310 microns i n  t h e i r  "Model II.!! 

Frankl in  

Subs t i t u t ing  these  
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3 values  f o r  p i n  Eq. (17.4), and tak ing  6 = 0.9 g/cm ( i ce ) ,  R = 9.54 AU, r = 

14.10~ km ( t h e  present  ou te r  l i m i t  of t he  A r i n g ) ,  and rt = 7-10 km ( t h e  pre- 

sen t  inner  l i m i t  of t h e  C r i n g ) ,  w e  ob ta in  6.105 years  and 5.107 years ,  respec- 

t i ve ly .  I n  o ther  words, even i f  p = 310 microns, a l l  of t h e  r i n g  material 

0 4 

should have undergone complete renewal over the  per iod of  time t h a t  the  so l a r  

system has been i n  ex is tence  (-5.10 years )  some 100 t i m e s !  Another p o s s i b i l i t y  

( a l s o  of s l i g h t  p robab i l i t y )  i s  t h a t  t h e  r i n g s  are severa l  o rders  of magnitude 

younger than any typical body i n  t h e  s o l a r  system. 

9 

& 

Thus, w e  have eliminated f r o m  f u r t h e r  considerat ion microscopic p a r t i c l e s ,  

and w i l l  now proceed t o  look i n t o  p a r t i c l e s  of macroscopic s i z e  ( p  5 3 cm). It 

can be expected t h a t  t h e  ac t ion  of micrometeorites and s o l a r  corpuscular rad ia-  

t i o n  would have l e f t  t h e  sur face  l aye r  of t h i s  s o r t  of p a r t i c l e  very rough, and 

t h a t  it would resemble t h e  moonls sur face  layer  (somewhat s imilar  t o  I f cas t l e s  

i n  t h e  a i r , "  and t h e  l i k e ) .  Consequently, t h e  value c lose  t o  t h a t  

of t h e  phase i n t e g r a l  f o r  t he  moon (q) = 0.5851, can be taken f o r  t h e  phase i n t e -  

g r a l ,  q, f o r  t h e  p a r t i c l e .  It  a l s o  i s  na tu ra l  t o  suppose t h a t  t he  surface 

layer  i s  t h i c k  enough f o r  T = 03. Moreover, we know t h a t  the  br ightness  of t he  

r i n g  i n  opposi t ion is [bB(0)/bol M 0.65. 
i n  the  one-part ic le  th ickness  system when T = T m 1. The i n d i c a t r i x  f o r  

t he  ind iv idua l  p a r t i c l e  with t h e  surface layer  described above is badly asym- 

me t r i ca l ,  with the  s c a t t e r  maximum di rec ted  backward (toward the  l i g h t  source).  

The spher ica l  albedo of t h e  p a r t i c l e  i n  t h i s  system need not be high i n  order t o  

ensure t h a t  b (0)  = 0.65b . Then we can ignore mul t ip le  s c a t t e r i n g  from p a r t i c l e  
B 0 

t o  p a r t i c l e ,  j u s t  a s  w e  can the  dark lanes  between p a r t i c l e s  ( e r r o r s  have 

opposite s igns  and cancel each o t h e r ,  approximately),  and we can i d e n t i f y  bg(0) 

with the  mean br ightness  of the  d i s k  of t he  p a r t i c l e  i n  t h e  f u l l  phase 

0 

L e t  us r e c a l l  t h a t  w e  do have a case 

o OB 

(17.5 

This approximation r e s u l t s  i n  a r e a d i l y  obta inable  majorizing est imate  of t h e  

spher ica l  albedo of a p a r t i c l e  i n  the  system. Actual ly ,  t h e  magnitude on the  

l e f t  hand s i d e  of Eq. (17.5) is ,  by d e f i n i t i o n ,  t he  geometric albedo of t he  

p a r t i c l e  

(17.6) 

43 



But the  geometric albedo of any body i s  l inked with its spher ica l  albedo by t h e  

r e l a t ionsh ip  

where q i s  t h e  phase i n t e g r a l .  Consequently, i n  our  case w e  can write 

(17.8) 

where t h e  subsc r ip t s  p and D are magnitudes t h a t  equate t o  t h e  p a r t i c l e  and t o  

t h e  moon. 

> a  A s  a matter  of fact ,  i n  t h e  Eq. (17.5) approxi- 
g P gD. 

Now note  t h a t  a 

mation a = 0.65, whereas t h e  tabula ted  value i s  a = 0.106 (Allen,  1960). 
Since t h e  i n d i c a t r i x  f o r  t h e  p a r t i c l e  can be considered t o  be c lose  t o  the  ind i -  

c a t r i x  f o r  t h e  moon, t h i s  i nequa l i ty  means t h a t  t h e  p a r t i c l e ' s  r e f l e c t i v i t y  i s  

higher  than t h e  moon's. But general  cons idera t ions ,  as wel l  as labora tory  inves- 

t i g a t i o n s  (Hapke and van Horn, 19631, suggest t h a t  when t h e  body has a lunar  

type sur face ,  t h e  elongat ion of t h e  i n d i c a t r i x  (toward t h e  l i g h t  source) de- 

creases with increase  i n  the  body's r e f l e c t i v i t y .  I n  such case q /q > l ,  and 

we can w r i t e  t h e  following i n  p lace  of Eq. (17.8) 

9 P  gD 

P D  

The valuesof  a l l  t h e  magnitudes on the  r i g h t  hand s i d e  a r e  known, so a l l  t h a t  

needs t o  be pointed out  i s  t h a t  t h e  a 

f o r  t he  e f f e c t  of t h e  moon's opposit ion.  This w i l l  give a = 0.145. Then, 

= 0.106 c i t e d  above should be cor rec ted  
gD 

gD 
when a = 0.65+22h, and a = 0.067 

g P  SP D 

a > 0.30+22%. (17.10) 
SP P 

I n  #18 it w i l l  be shown t h a t  t h i s  albedo i s  too high t o  be ab le  t o  a sc r ibe  

the  t t logari thmict t  shape of t h e  phase curve f o r  t h e  B r i n g  t o  the  e f f e c t  of 

shading i n  t h e  sur face  l aye r  of an ind iv idua l  r i n g  p a r t i c l e .  Consequently, 

t h e  Eq. (17.10) r e s u l t  i nd ich te s  t h a t  t h e  B r i n g  is not a one-part ic le  th ickness  

system. 

It now becomes of i n t e r e s t  t o  t u r n  t o  microscopic p a r t i c l e s  with a spher ica l  

albedo c lose  t o  unity.  

po in t  of view, apa r t  from cosmogonic considerat ions.  To show t h i s ,  l e t  us  cal- 

c u l a t e  t h e  br ightness  of  t he  layer  as appl icable  t o  d i e l e c t r i c  p a r t i c l e s  s ca t t e r ed  ' 

They appear t o  be unsa t i s f ac to ry  from the  photometric 



i n  accordance with M i e ' s  formulas. W e  see t h a t  even when a = 1, t h e  br ightness  

of  t h i s  layer  i s  much less than t h a t  observed f o r  Sa tu rn ' s  r i n g s ,  0.65b0. 
SP 

I n  t h i s  case we are not j u s t i f i e d  i n  ignoring the  mul t ip le  s c a t t e r i n g  from 

p a r t i c l e  t o  p a r t i c l e  because t h e  albedo i s  high. The r e s u l t a n t  system br ightness  

therefore  should be 

where t h e  f i r s t  and 

br ightness  of f i r s t  

wr i t t en  i n  t h e  form 

b = b + Ab, (17.11) 
second summands designate  the  cont r ibu t ion  t o  t h e  r e s u l t a n t  

and higher o rde r s  of s ca t t e r ing .  Since the  ca l cu la t ion  is 

1 

being made f o r  a one-par t ic le  th ickness  system and f o r  t h e  moment of  p rec i se  

opposi t ion,  t h e  magnitude b i s  t h e  geometric albedo of t h e  p a r t i c l e .  If q is 

known, t h e  ca l cu la t ion  is r e a d i l y  made through Eq. (17.7). 
1 

The monochromatic phase func t ion  of d i e l e c t r i c  microscopic spheres with 

ind ices  of r e f r a c t i o n  m = 1.33 and 1-50 y i e l d s  q values  t h a t  vary from 1.72 t o  

approximately 130 (Walter,  1957, 1959; Giese e t  al., 1961), depending on the  

parameter H == 2rrp/h,  where h is  the  wave length of t he  inc ident  r a d i a t i o n ,  and 

p is the  rad ius  of t he  sphere. Wal te r ' s  t a b l e s  list t h e  parameter n with 

va lues  from 10 t o  400, and G i e s e ' s  t a b l e s  list it from 10 t o  159. Assuming 

1 = 0.555 micron, 

microns, respect ively.  When w e  use the  d a t a  i n  these  t a b l e s  w e  should take i n t o  

considerat ion t h e  fact  t h a t  t h e  inc iden t  r a d i a t i o n  is not monochromatic i n  our 

case ,  and t h a t  p can have d ispers ion  (considerable ,  i n  a l l  p robab i l i t y ) .  What 

should be taken f o r  q ,  t he re fo re ,  i s  a mean value around 7.15. Assuming 

a 1, we obtain 

w e  ob ta in  p l i m i t s  0.9-35.4 microns and 0.9-14.1 

SP 

bl = a = 1/7-15 = 0.14. (17.12) 
g 
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W e  can est imate  t h e  t e r m  Ab through formulas from t h e  theory of mul t ip le  

s ca t t e r ing .  Unfortunately,  t h i s  theory holds  only with many-particle th ickness  

systems. L e t  u s  take an exaggerated va lue  f o r  T say  3 ,  i n  order  t o  avoid 

underestimating Ab. = 0.41 

f o r  absolu te ly  r e f l e c t i n g  p a r t i c l e s  and wide open r i n g s  ( A  = A '  = 25O) [ i n  our 

case t h e  l i g h t  i s  sca t t e red  forward, pr imar i ly ,  and t h i s  reduces Ab/b as com- 

pared wi th the  i s o t r o p i c  problem; t h e  va lue  of 0.41 used i n  Eq. (17.11) the re fo re  

should give some exaggeration i n  the  e s t i m a t e  of system br ightness ,  bu t ,  as 

w i l l  be seen below, t h i s  merely served t o  s t rengthen  t h e  argument]. So, t he  

t o t a l  b r ightness  of t he  layer  i s  

0' 

Then the  i s o t r o p i c  phase func t ion  w i l l  y i e l d  Ab/b 1 

1 

Comparing t h i s  r e s u l t  with cB(0) = 0.65 (as well  as with t h e  o ther  i n  b 

we see  t h a t  t he  system j u s t  reviewed w i l l  be less b r igh t  than t h e  B r i n g  by a t  

l e a s t  a f a c t o r  of th ree .  Thus, t he  one-par t ic le  th ickness  system cons is t ing  of 

microscopic d i e l e c t r i c  spheres does not s a t i s f y  t h e  photometric data .  

u n i t s )  
0 

One can r a i s e  t h e  objec t ion  t h a t  microscopic p a r t i c l e s  expected i n  Sa tu rn ' s  

r i n g s  should be c r y s t a l s ,  r a t h e r  than t r u e  spheres. Unfortunately, t he re  a r e  no 

phase funct ion ca l cu la t ions  f o r  c rys t a l s .  However, i f  c r y s t a l  o r i e n t a t i o n  i s  

chaot ic ,  t h e  r e s u l t s  should be c lose  t o  those f o r  spheres. If t h e  o r i en ta t ion  

i s  systematic ,  meteorological d a t a  can be used ( o p t i c a l  phenomena i n  i c e  c r y s t a l s  

i n  t h e  e a r t h ' s  atmosphere; see  Minneart, 1958, f o r  example). These d a t a  f a i l  t o  

i nd ica t e  back s c a t t e r i n g  s t rong enough t o  ensure a high degree of br ightness  

f o r  t he  B r ing .  Moreover, c r y s t a l s  a r e  incapable  of c r ea t ing  the  observed 

fllogarithmic'l shape of t he  phase curve f o r  t h e  B r i n g  with i ts  rap id  drop i n  

br ightness  near = 0. The l a t t e r  comment i s  v a l i d  as well  for microscopic, 

opaque white spheres r e f l e c t i n g  i n  accordance with Lambert's l a w  (although the  

amount of l i g h t  s ca t t e r ed  backward i n  t h i s  case i s  s u f f i c i e n t ) .  

( b )  Many-particle thickness  system. This  is the  classical case considered /48 - 
i n  t he  theory of mul t ip le  s ca t t e r ing  of l i g h t  ( a  f l a t  l aye r  of s c a t t e r i n g  medium 

with o p t i c a l  th ickness  T i n  t he  d i r e c t i o n  normal t o  t h e  l aye r ,  t he  p a r t i c l e s  

of which have albedo a) .  

Sobolev (19561, Chandrasekhar, E lbe r t ,  and Frankl in  (1952). Table 5 lists our 

ca l cu la t ions  f o r  t h e  B r i n g  (again when A = A '  = 25'). 

0 

Formulas and t a b l e s  can be found i n  Chandrasekhar (1953), 

We se l ec t ed  0.62 as the  
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mean value of bg(0) ,  

t he  r e s u l t s .  

7 0  

_ _  

1 
1 
1 
1 
3 
1 
1 
1 
1 
1 

b, (0) 

-. . 

0.62 
0.48 
0.76 

0.62 
0.62 

0.62 
0.62 

0.62 
0.62 
0.62 

r a t h e r  than 0.65. This produces no s i g n i f i c a n t  change i n  

c f o r  second 

md higher  or- 
ler  s c a t t e r i n g  

1 

0 
0 
0 

0 
0 

+3 
-3 

0 
0 
0 

TABLE 5 
~- 

a 

1 
1 
1 
1 
1 
1 
1 

0.8 
0.7 
0.6 

3.3 
2.7 
4.9 

4.0 
3.7 

4.4 
4.1 

5.5 
6;s 
7.9 

___ 

Ab 
b 
- 

0.24 
0.31 
0.20 

0.17 
0.31 

0.08 
0.14 

0.12 
0.08 
0.06 

Under study 

Effec t  of  bg ( 0  

Effec t  of  -r0 

Effec t  of x 
1 

Effec t  of  a 

I n  Table 5 ,  T 

of the  layer  i n  opposi t ion,  a is the  spher ica l  albedo of a p a r t i c l e  i n  the  l aye r ,  

x(lT) i s  the  value of t he  phase funct ion of p a r t i c l e  x(y) for time when the  angle 

of s c a t t e r i n g  y = n, t h a t  is ,  a l s o  inoppos i t i on  

br ightness  a t t r i b u t a b l e  t o  mul t ip le  s c a t t e r i n g  t o  t o t a l  br ightness .  The follow- 

ing parameter w a s  used t o  ca l cu la t e  s c a t t e r i n g  of orders  higher than t h e  f i r s t  

is the  o p t i c a l  thickness  of the  l aye r ,  bg(0)  i s  the  br ightness  
0 

and bb/b i s  the  r a t i o  of t he  

and i s  a measure of t he  elongation of t h e  ind ica t r ix .  

the  case of i s o t r o p i c  s c a t t e r i n g ,  i s  pos i t i ve  f o r  an i n d i c a t r i x  with forward 

elongat ion,  and negat ive f o r  an i n d i c a t r i x  with backward elongation. I x1 1 = 3 
corresponds t o  an i n d i c a t r i x  with extremely g r e a t  elongation. A s  w i l l  be seen 

from the  da t a  l i s t e d  i n  the  t a b l e ,  t he  dependence of x(T) and Ab/b on x1 i s  

weak, so i n  f u t u r e  ca l cu la t ions  it can be taken t h a t  mul t ip le  s c a t t e r i n g  i s  i so -  

t r o p i c  . 

x1 i s  equal t o  zero i n  

/49 

The phase funct ion x ( y )  w a s  normalized such t h a t  i ts  mean value over t h e  

e n t i r e  sphere w a s  x ( y )  4. I n  order  t o  avoid any confusion, l e t  u s  poin t  out  

t h a t  i n  astrophotometry the  normalization of t h e  phase funct ion i s  d i f f e r e n t ,  

t h a t  is ,  it i s  taken t h a t  x(T) = 1 f o r  any shape of t h e  ind ica t r ix .  

- 

I n  t h i s  
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Ill I 

case t h e  magnitude i n  t h e  f i f t h  column i n  Table 5 is x ( n ) E ( y )  = l f i ( y )  = 4/q, 

where q is t h e  phase i n t e g r a l  [and f o r  t h e  ca l cu la t ion  of which it a l so  is 

taken t h a t  x(n) = 11. 

There is y e t  another comment t o  be made, one based on p r i n c i p l e ,  i n  addi- 

t i o n  t o  t h e  pure ly  formal comment a l ready  made. The magnitude of a l i s t e d  i n  

Table 5 i s  not  t h e  albedo of an indiv idua l  p a r t i c l e  i n  t h e  system, s t r i c t l y  

speaking, but  t h e  albedo of an element of t h e  volume of t h e  system containing a 

s u f f i c i e n t l y  l a rge  number of p a r t i c l e s ,  according t o  t h e  der iva t ion  of t h e  formu- 

las of t he  theory of mul t ip le  s ca t t e r ing .  We introduce an e r r o r  by iden t i fy ing  

a with the  albedo of t h e  p a r t i c l e .  But it is  obvious t h a t  t h i s  e r r o r  w i l l  be 

smaller t h e  s m a l l e r  t h e  magnitude of t h e  Ab/b r a t i o .  

emphasized t h e  fact t h a t  t he  observed extreme sharpness of t h e  B r i n g  phase func- 

t i o n  m a x i m u m  when cy = 0 (Figure 9b) suggests  t h e  primacy i n  t h i s  d i r e c t i o n  of 

t h e  e f f e c t s  of f i r s t  o rder  s c a t t e r i n g ;  t h a t  i s ,  on the  smallness of Ab/b as com- 

pared with uni ty .  The r e s u l t s  of t he  d i r e c t  ca l cu la t ions  i n  terms of the  theory 

of mul t ip le  s c a t t e r i n g ,  as l i s t e d  i n  Table 5 ,  confirm t h i s  f a c t ,  so long as the  

ab/b value i s  not g rea t e r  than 0.31, even when a = 1. 

put a -  0.6 t o  0.7, and then Ab/b = 0.06 t o  0.08. 

t i f y i n g  a with t h e  albedo of an ind iv idua l  p a r t i c l e  under s i m i l a r  circumstances. 

Af te r  these  necessary comments, l e t  u s  proceed t o  t h e  subs tan t ive  ana lys i s  of 

t h e  d a t a  i n  Table 5. 

A t  t he  end of #12 we 

It i s  more r e a l i s t i c  t o  

There i s  no objec t ion  t o  iden- 

We w i l l  consider t h e  T and b ( 0 )  values  l i s t e d  i n  t h e  t a b l e  as parameters 
0 B 

known from observat ion ( t h e  accuracy of which i s  wi th in  d e f i n i t e  bounds). In  

such case the  d a t a  i n  t h e  t a b l e  enable u s  t o  e s t a b l i s h  what t he  x(n) and Ab/b 

va lues  f o r  some a ought t o  be so t h a t ,  when T 

observat ions w i l l  be obtained. I n  t u r n ,  t h i s  w i l l  m a k e  it poss ib le  f o r  us  t o  

conclude tha t :  

- 1, a b ( 0 )  value s a t i s f y i n g  the  
0 B 

1. Microscopic, d i e l e c t r i c ,  d i f f r a c t i n g  (consequently t ransparent )  spheres 

f o r  which a -  1, x(n) - 0.56 (Walter, 1957, 1959; Giese e t  a l ,  1961) do not satis- 

f y  the  many-particle th ickness  models, because they  cannot provide the  observed 

bB(0) value. 

2. Absolutely white spheres ,  s c a t t e r i n g  i n  accordance with Lambert's l a w  

[x(n) = 2.71, almost s a t i s f y  the  minimum observed va lue  bB(0) = 0.51 of E q .  (16.4). 
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A t  t h e  same t ime,  a = 1 i n d i c a t e s  t h a t  t h e  spheres are microscopic and have a 

f r e s h  i c e  surface.  

l i f e  span f o r  microscopic p a r t i c l e s  i n  Sa tu rn ' s  r i n g s ,  w e  should 

suppose t h a t  t h e  s o l e  source of p a r t i c l e s  such as t h e s e  i s  the  f r ac t iona t ion  of 

macroscopic p a r t i c l e s  when they  c o l l i d e  with each other .  

centage of microscopic white p a r t i c l e s  i n  t h e  t o t a l  m a s s  of t he  r i n g  ought t o  

be small. 

Recal l ing t h a t  cosmogonic considerat ions lead t o  a very sho r t  /50 

Consequently, t h e  per- 

3. The preceding conclusion can be expressed i n  a d i f f e r e n t  way. The 

main m a s s  of t h e  B r i n g  is made up of macroscopic p a r t i c l e s .  

pated t h a t  because of t h e  constant  a c t i v i t y  of micrometeorites and of s o l a r  

corpuscular r a d i a t i o n  on t h e  surface of t h e  p a r t i c l e s ,  t h e i r  phase func t ion  w i l l  

be extremely c lose  t o  t h e  moon's phase func t ion ,  f o r  which, with the  e f f e c t  of 

opposit ion taken i n t o  considerat ion,  x(n) = 9.43. For t h e  same reasons,  it can 

be an t ic ipa ted  t h a t  t h e  spher ica l  albedo of a t y p i c a l  macroscopic p a r t i c l e  of 

t h e  B r i n g  w i l l  be s i g n i f i c a n t l y  l e s s  than uni ty .  The d a t a  i n  Table 5 confirm 

t h i s .  Actual ly ,  a r i n g  with T = 1, and cons is t ing  of p a r t i c l e s  with a = 0.6 and 

x ( n )  = 7.9, w i l l  have a sur face  br ightness  bg(0) = 0.62 when A = A '  = 25". 

It can be a n t i c i -  

0 

Fina l ly ,  it can be s t a t e d  t h a t  a many-particle th ickness  system having t h e  

br ightness  of t h e  B r i n g ,  and cons is t ing  pr imar i ly  of macroscopic p a r t i c l e s  

with a phase funct ion s i m i l a r  t o  t h a t  of t he  moon ( r e f l e c t i n g  surface i n  terms 

of m a s s )  w i l l  have an albedo f o r  t h e  p a r t i c l e s  of 

- 0.5 - 0.6 (17.15) 
or approximately double t h a t  of t h e  one-par t ic le  th ickness  system. 

#18. The Mechanism Responsible f o r  t he  Observed Ring Phase Curve - 

Three explanat ions have been advanced f o r  t h e  shape of t h e  phase curve ob- 

served f o r  Sa tu rn ' s  r ings .  They are, i n  h i s t o r i c a l  sequence: 

1. mutual shading of t he  p a r t i c l e s  (See l ige r ,  1887, 1893; see  as w e l l  a 

de t a i l ed  review of these  papers ,  wr i t t en  by Schoenberg, 1929); 

2. d i f f r a c t i o n  of l i g h t  by an ind iv idua l  r i n g  p a r t i c l e  (Schoenberg, 1933); 
3. t he  shadow e f f e c t  on t h e  surface layer  of an ind iv idua l  p a r t i c l e  

( eh re l s ,  1956, 1957; Gehrels e t  a l ,  1964; Hapke, 1963; Hapke and van Horn, 1963). 
W e  s h a l l  cal l  it the  Gehrels-Hapke e f f e c t ,  f o r  purposes of brevi ty .  
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The observed phase curve can be a t t r i b u t e d  t o  one of these  e f f e c t s ,  or t o  

combinations of them. 

L e t  us attempt t o  estimate the  r e l a t i v e  cont r ibu t ion  of each e f f e c t  t o  t h e  /51 
r e s u l t a n t  phase curve. The cont r ibu t ion  of d i f f r a c t i o n  i s  small. A s  a m a t t e r  

of f a c t ,  i n  #17 w e  s a w  t h a t  a r i n g  with a r e f l e c t i n g  surface a t t r i b u t a b l e  mainly 

t o  d i f f r a c t i n g  p a r t i c l e s  would be w e a k e r  than t h e  B r i n g  i n  br ightness  by more 

than one stellar magnitude. 

t h a t  a r i n g  such as t h i s  w i l l  be much weaker even than t h e  A r ing.  

Recal l ing t h a t  $, - $, x Om.6 (#1), w e  can add 

The cont r ibu t ion  of t h e  Gehrels-Hapke e f f e c t  too  is s m a l l .  A s  a matter of 

f a c t ,  t h i s  e f f e c t  can give a phase curve resembling i n  shape t h e  phase curve 

f o r  Sa tu rn ' s  r i n g s  only f o r  t h e  condi t ion t h a t  t h e  albedo of t he  p a r t i c l e  i s  

very low. 

of J u p i t e r ,  Io ,  Europa, Ganymede, and Ca l l i s to .  H a r r i s  (1962),  proceeding from 

a reasonable assumption t h a t  q = q = 0.585 f o r  a l l  t hese  bodies,  found spher ica l  D 
albedo values  of 0.54, 0.49, 0.29, and 0.15, r e spec t ive ly ,  f o r  them. 

This can be seen q u i t e  well  i n  t h e  example of t he  Galilean s a t e l l i t e s  

The phase curves f o r  t h e  s a t e l l i t e s  a r e  q u i t e  r e l i a b l y  known from t h e  elec-  

trophotometric observat ions made by Stebbins  and Jacobsen (1928). 

case of C a l l i s t o  does t h e  phase curve resemble t h e  phase curve f o r  t h e  B r i n g  

with respec t  t o  t h e  ' t logarithmictt  behavior near  opposit ion.  I n  t h e  case of t h e  

o ther  Galilean s a t e l l i t e s ,  t he  phase curves a r e  p r a c t i c a l l y  s t r a i g h t  l i n e s ,  or 

a r e  only s l i g h t l y  curved, with a curvature  t h a t  remains almost unchanged with cy. 

But the  main photometric f e a t u r e  of C a l l i s t o  i s  i ts  very low albedo (0.15, as 

compared with 0.29 t o  0.54 f o r  t h e  o ther  t h ree  satel l i tes) .  

with a phase curve resembling the  phase curve f o r  S a t u r n ' s  r i ngs  i s  the  moon 

(Gehrels e t  a l ,  1964). I ts  albedo too i s  very  low (0.07). 

Only i n  the  

Another s a t e l l i t e  

Theoret ical  research  (Hapke, 1963) and labora tory  experiments (Hapke and 

van Horn, 1963) a l s o  confirm t h a t  t h e  l l logari thmicf l  behavior of t h e  phase curve 

near opposi t ion can be observed only i n  t h e  case of bodies with low albedo. I n  

p a r t i c u l a r ,  a r t i f i c i a l  laboratory surface s t r u c t u r e s  i n  t h i s  case should have a 

normal albedo not exceeding 0.15 ( a  spher ica l  body with a surface such as t h i s  

would have a 2 0.09). 
A t  t he  same time, we s a w  i n  #17 t h a t  even a one-part ic le  thickness  system 

with the  br ightness  of t he  B r i n g  should have a - 0.3, and i n  the  case of t h e  
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many-particle 

B r i n g )  t he  value of t h i s  parameter should be increased t o  0.5 t o  0.6, approxi- 

mately. 

e f f e c t  near opposit ion.  

th ickness  system (matching more c lose ly  the  real s t r u c t u r e  of t h e  

These f i g u r e s  do not concord with t h e  s t rong  Gehrels-Hapke l l logari thmicf l  

On t he  o the r  hand, mutual shading is the  p r inc ipa l  e f f e c t  responsible  f o r  

t h e  observed shape and amplitude of t h e  r i n g ' s  phase curve. 

i n  favor  of t h i s  po in t  of view are as follows: 

The arguments r a i sed  

1. It i s  not mandatory t h a t  r i n g  p a r t i c l e s  be microscopic. I n  t h i s  regard,  /52 
cosmogonic considerati-ons vanish. I f  t h e  rad ius  of a p a r t i c l e ,  p, has an order  

of magnitude of a few cent imeters ,  or more, t h e  l i f e  of t h e  r i n g  s a t i s f i e s  cos- 

mogonic requirements. 

2. The spher ica l  albedo of t he  p a r t i c l e  can have any value between 0 and 1. 

Spec i f i ca l ly ,  it can be 0.5 t o  0.6, t h a t  i s ,  have a va lue  s a t i s f y i n g  t h e  observed 

br ightness  of t h e  B r ing.  

3 .  Theoret ical  phase curves f o r  t h e  e f f e c t  of mutual shading can y i e l d  ex- 

Concordance tremely good concordance with ava i lab le  observat ions of t he  B r ing .  

can be achieved when t h e  values  of t h e  t h e o r e t i c a l  parameters a r e  reasonable 

( s e e ,  i n  addi t ion ,  Chapter V I I ) .  

#l9. Conclusiogs--Cpncerning t h e  S t ruc ture  - of t h e  ~~ B Ring and ~~ Proper t ies  of a 

Typical P a r t i c l e  -~ 

So, it is  more probable t h a t  t he  p r inc ipa l  e f f e c t  responsible  f o r  t h e  shape 

and amplitude of t he  phase curve f o r  t h e  B r i n g  is mutual shading. 

l a t i o n  leads immediately t o  c e r t a i n  qu i t e  s p e c i f i c  conclusions as t o  r i n g  s t ruc -  

tu re .  

This postu- 

F i r s t ,  the  r i n g  should be a many-particle th ickness  system. This is the  

0' 
consequence of t he  requirement t h a t  t he  physical  th ickness  of t h e  r i n g ,  e 

ought t o  s a t i s f y  the  condi t ion 

z - 1 s i n  A ,  (19.1) 
0 

where 1 i s  the  length of t he  dark cone of t he  p a r t i c l e ,  and A is the  angle of 

e leva t ion  of t h e  sun above t h e  plane of t he  ring. I n  Chapter V I 1  it w i l l  be 

shown t h a t  i f  Eq. (19.1) i s  not  s a t i s f i e d ,  t he  phase curve w i l l  be almost a 

s t r a i g h t  l i n e  i n  the  i n t e r v a l  0 < cy < 3 ' .  I t  is obvious t h a t  t h e  one-par t ic le  

thickness  system can s a t i s f y  the  condi t ion of E q .  (19.1) only when va lues  of A 
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are very s m a l l .  A t  t h e  same time, t h e  observed phase curve f o r  t h e  B r i n g  i s  

extremely nonl inear  i n  t h i s  i n t e r v a l  t o  A - 28”. 
Second, t h e  mean d is tance  between adjacent  p a r t i c l e s  ought t o  be sho r t  

enough t o  provide f o r  a comparatively high p r o b a b i l i t y  of mutual shading. I n  

o ther  words, t h e  percentage of  t he  volume of t h e  r i n g  occupied by p a r t i c l e s ,  or 

t he  so-called volumetric dens i ty ,  D, should not be too s m a l l .  Calculat ions 

using the  formulas from the  theory of mutual shading (Chapter V I I )  reduce t o  t h e  

condi t ion 

D 5 10-3. (19.2) 

Once t h e  B r i n g  model i s  se l ec t ed ,  it becomes poss ib le  t o  descr ibe t h e  

p rope r t i e s  of a t y p i c a l  r i n g  p a r t i c l e .  S t r i c t l y  speaking, they were described 

i n  #l7, when we reviewed t h e  many-particle th ickness  system with T 

br ightness  a t  opposi t ion equal t o  B r i n g  br ightness .  With t h i s  i n  mind, we can 

represent  a t y p i c a l  B r i n g  p a r t i c l e  as a macroscopic, opaque, d i f f u s e l y  r e f l e c -  

t i n g  body with a sur face  layer  s i m i l a r  t o  t h e  lunar  sur face ,  and with spher ica l  

albedo a - 0.5 t o  0.6. 

= 1, and 
0 

Macroscopic p a r t i c l e s  with these  p rope r t i e s  ( l lb locksf f )  should comprise t h e  

overwhelming percentage of t h e  m a s s  and r e f l e c t i n g  sur face  of the  r i n g ,  but 

t h i s  does not preclude t h e  presence of smaller  p a r t i c l e s  (lfdust1l)  i n  t h e  volume 

of t he  r ing.  The l i f e  of such system (Itblocks + dust1!) can be q u i t e  long, cos- 

mogonically speaking. Actual ly ,  although the  w i l l  be swept out  of t h e  

r i n g  volume continuously because of r a d i a t i v e  braking, t he  c o l l i s i o n s  between 

Ilblocks” w i l l  r e s u l t  i n  t h e  fragmentation of t h e i r  sur face  layer  and t o  the  

appearance of new Ildust pa r t i c l e s . ”  Col l i s ions  i n  a many-particle thickness  

system i n  which 7 - 1 should be frequent (#28). The presence of l ldus t l f  i n  

Sa tu rn ’ s  r i n g s  w a s  detected r e l i a b l y  by Maggini (1937) photometrically.  The 

presence of t h e  l ldust l l  i s  r e a d i l y  apparent only when t h e  openings a r e  extremely 

small ( see  Figure 11). 

0 
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V. Analysis of Observations Made During Extremely Small Ring Openings _ -  -- - 

#a. Introductory Remarks 

It i s  obvious t h a t  observat ions of t h e  r i n g s  when openings a r e  extremely 

s m a l l  ( including t i m e s  when A ,  or A ’ ,  equals  zero)  can provide important addi- 

t i o n a l  information on t h e  shape and nature  of t h e  r ings .  

F i r s t  of a l l ,  t hese  observat ions make it poss ib le  t o  es t imate  t h e  physical  

thickness  of t h e  r i n g s ,  z . [ L e t  us  emphasize t h e  f a c t  t h a t  angle q ,  correspon- 

ding t o  z as seen from t h e  e a r t h ,  is uncommonly s m a l l ,  and cannot be resolved 

by t h e  l a rges t  t e lescopes ,  even when i m a g e s  a r e  exce l len t .  For example, i f  z = 

1 k m ,  = 1.4010 second of arc. See #22, Eq. (22.211. 

0 

0’ 

0 -4 

There a r e  two ways i n  which the  problem can be solved. 

1. Observe t h e  r i n g s  when A ’  i s  exac t ly  equal t o  zero. A t  t h i s  time t h e  

r i n g s  should be seen edge-on (providing the  plane of t he  r i n g s  has no s i g n i f i c a n t  

deformations of t he  f igure-8,  or other  t y p e s ) ,  and the  luminous f l u x  from the  

r ings  should depend s o l e l y  on t h e  value of t h e i r  physical  thickness .  

2. Observe t h e  dark s i d e  of t h e  r i n g s  ( t h e  eyes) .  The observer should,  i n  

p r inc ip l e ,  de t ec t  a b r i g h t ,  narrow, band created by t h e  edge of t h e  system, a t  

the  limb of t h e  semi-el l ipse of t h e  r i n g s  c l o s e s t  t o  t h e  ear th .  Since the  edge 

i s  i l luminated by d i r e c t  s o l a r  l i g h t ,  i ts t r u e  br ightness ,  be, should be of the  

order  of br ightness  of the  B r i n g  at l a rge  openings, whereas the  br ightness  of 

t he  dark s i d e ,  bd,  should be from 2 t o  2 1/2 orders  of magnitude l e s s  ( t h e  sub- 

s c r i p t s  ‘left and “dfl  designate  the  edge and dark s i d e  of t he  r i n g s ,  respec t ive ly) .  

A s  a p r a c t i c a l  mat ter ,  t h e  magnitude of t he  b /b 

because of t h e  apparent expansion of t he  image of t h e  edge, but  desp i t e  t h i s  

f a c t ,  given t h e  corresponding v i s i b i l i t y  condi t ions,  t he  presence of a b r igh t  

edge w i l l  show up i n  t h e  form of some asymmetry i n  t h e  photometric s ec t ion  of 

t h e  eyes. 

r a t i o  w i l l  be g rea t ly  reduced e d  

Further  d e t a i l s  dea l ing  with these  two methods of a r r i v i n g  a t  an observed 

e s t i m a t e  of z w i l l  be discussed i n  #22. 
0 
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Other tasks of observat ions a t  extremely small A and A '  a r e  explaining the  

(where t h e  subscr ip t  

/55 - 
sources of i l lumina t ion  of t h e  dark s i d e ,  es t imat ing b /b 

' l 1 "  des ignates  t h e  l i gh ted  s i d e  of t h e  r i n g s ) ,  s tudying t h e  d i s t r i b u t i o n  of 

p a r t i c l e s  by s i z e  along t h e  z-coordinate, searching f o r  a gas,  o r  dus t ,  atmosphere, 

poss ib ly ,  blanket ing t h e  r i n g s ,  es t imat ing t h e  o p t i c a l  thickness  of t he  d iv i s ions ,  

and others.  The majori ty  of these  problems can be solved because t h e  per iods 

when A and A '  have opposi te  s igns  provide t h e  observer with t h e  d i s t i n c t  possi-  

b i l i t y  of studying t h e  r ings  i n  d i f f u s e l y  t ransmi t ted  l i g h t ,  r a t h e r  than i n  

d i f fuse ly  r e f l e c t e d  l i g h t  (as is  customary) . 

d 1  

#2l. I l luminat ion of  t he  Dark S i d e o f  the  Rings 

( a )  I l luminat ion of t he  dark s i d e  o f t h e  _ _  ball - of _ -  Saturn. Russel (1908) 

w a s  t h e  f i r s t  t o  ob ta in  the  co r rec t  order  of magnitude of t h i s  e f f ec t .  H i s  ca l -  

cu la t ion  can be expressed by t h e  formula 

2 2 2 2 
(bA/bl) = 1/2 [ ( I ? R  s i n  P ) / ( Ig r  s i n  p ) ]  f ((Y ) f  ((Y ) 

5 5 P P  
(21.1) 

where b '  i s  a br ightness  component f o r  t h e  dark s i d e  a t t r i b u t a b l e  t o  the  i l l u m i -  
d 

nat ion of t he  r i n g s  by the  b a l l  of Saturn; 

b is the  br ightness  of t h e  l igh ted  s i d e  ( t h e  most i n t ense  zone of t he  B 
1 

r i n g  when cy e- CY") i 

I and I a r e  t h e  i n t e n s i t i e s  of t h e  l i g h t  from Saturn and from the  sun, 'z 8 
as observed from t h e  ea r th ;  

R and r a r e  the  mean he l iocen t r i c  d i s t ances  of Saturn and the  ea r th ;  

P and p a r e  the  apparent magnitudes of t he  po la r  r ad ius  of Saturn for the  

observer a t  a given poin t  on Sa tu rn ' s  r i n g s  and on the  ea r th ;  

f and f are the  phase func t ions  of t he  b a l l  of Saturn and of a t yp ica l  
5 P 

p a r t i c l e  of S a t u r n ' s  r i ngs ;  

i s  t h e  phase angle a t  Saturn ( i n  t h e  conventional sense; t h a t  is ,  when 

the  sun i s  taken as the  l i g h t  source) ;  

(Y is t h e  phase angle f o r  t h e  p a r t i c l e  a t  a given poin t  a t  t he  r ings  ( i n  a 
P 

spec ia l  sense; t he  source of l i g h t  is t h e  b a l l  of Saturn) .  Figure 15 i l l u s t r a t e s  

t he  s i t ua t ion .  
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Figure 15. Calculat ion of  t he  illumina- 
t i o n  o f  t he  dark s ide  o f  the  

[ see  Eq. (21.111. 

a - schematic view of  t he  
Saturn system with the  dark 
s ide  o f  t he  r i n g s  turned t o  
the  ea r th ;  M i s  a r ing  par- 
t i c l e  ( t h e  s i z e  of  t he  
p a r t i c l e  is g rea t ly  exagger- 
a ted  f o r  c l a r i t y ) ;  b - view 
from a point  above the  north 
pole of  Saturn. 

a r ings  by the b a l l  of  Saturn 

The 1/2 i n  Eq. (21.1) means t h a t  t h e  observer of t h e  r i n g s  sees only ha l f  

of Sa tu rn ' s  d i s k  ("ha l f  of t h e  moon, half  s e t , "  as Bond has put i t ) .  Russell 

placed h i s  "test p a r t i c l e f 1  a t  a point  on t h e  major axis of t h e  e l l i p s e  of t he  

r ings  a t  a d is tance  measured from the  center  of Saturn equal t o  t h e  polar  diameter 

of t h e  p lane t  ( w e  s h a l l  c a l l  it theRusse l l  po in t" ) .  

a t  a d is tance  of some 8,000 km from the  r i n g ' s  ou te r  boundary, i n  t h e  b r i g h t e s t  

zone of t he  e n t i r e  r i n g  system. 

This point  i s  on the  B r i n g  

m 
P = 50" a t  theRussel1 point.  Taking p = 9ff.07, me - m5 = -2Gm.60 - 0 .88 = 

-2F.48 [from whence (I /I ) = 1.02-10-111, ( R / r )  = 9.539, cy5 = cyp = 90", f5(90")  

= 2/7, f (90" ) = 1/3, and pu t t ing  2/7*1/3 M 1/10, approximately, Russell  obtained 
' z e  

P 

(bA/bl) x 1/160. (21.2) 

The author of t h i s  book reviewed the  work done byRusselL He took i n t o  /56 
considerat ion the  present  day values  f o r  t h e  magnitudes contained i n  Eq. (21.11, 

and v e r i f i e d  t h e  cor rec tness  of t he  bas ic  assumptions. The i n t e n s i t y  of t he  

i l lumina t ion  of t he  dark s i d e  w a s  ca lcu la ted  f o r  a s e r i e s  o f  poin ts  along the  

major axis of t h e  r i n g s ,  and along a secant normal t o  t h e  major axis and i n t e r -  

s ec t ing  i t  a t  t h e R u s s e l l p o i n t ,  as w e l l  as f o r  t heRusse l lpo in t .  The r e s u l t s  

of t h e  review can be formulated as follows. 

1. The cy = 90" value f o r  t h e R u s s e l l p o i n t  is inaccurate .  I t  would be 
P 

more co r rec t  t o  measure cy from t h e  d i r e c t i o n  t o  t h e  photometric center  of gra- 

v i t y  of t h e  p l a n e t ' s  c r e scen t ,  r a t h e r  than from t h e  d i r e c t i o n  t o  t h e  center  of 

Sa tu rn ' s  disk.  This w i l l  give a cor rec t ion  f a c t o r  of Acy = 14" f o r  t h e  Russel l  

point .  

(21.2). 

P 

The corresponding bh/bl va lue  w i l l  then  be 40% grea ter  than it is i n  

Analogous co r rec t ion  f a c t o r s  can be introduced f o r  a l l  t h e  o ther  points .  
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m 
2. h-esent day va lues  of m and p a r e  -26 -73 (Allen,  19501, and 811.80 8 

(Rabe, 1928). When they  a r e  subs t i t u t ed  i n t o  Eq. (21.1) i n  place of  the  va lues  

accepted by Russel l ,  t he  r e s u l t  i s  changed by 6% i n  a l l  (on the  lower s i d e ) .  

3. Russe l l l s  assumption t h a t  f ( O o ) * f  (90") = 1/10 is equivalent  t o  adopting 
9 P 

Lambert's scatter l a w  f o r  Saturn,  and f o r  t h e  p a r t i c l e .  According t o  Lambert's 

l a w  f (90°)  = 0.318, so t h a t  f (9Oo)=f(9O0)  = 0.101. Contemporary research  ( s e e  

H a r r i s ,  1963, s ec t ion  8.5) ind ica t e s  t h a t  t h e  phase func t ions  of  l a r g e  p l ane t s  

a r e ,  i n  a l l  p robab i l i t y ,  intermediate  between t h e  Lambert func t ions  and Rayleigh /57 
sca t t e r ing .  The l a t t e r  y i e lds  f (9Oo)  = 0.24. f (90")  f o r  Venus has p rec i se ly  

t h i s  value (Danjon, 1949; t h e  phase funct ion of Venus observed by him p r a c t i c a l l y  

coincides  with t h e  phase funct ion of t he  Rayleigh s c a t t e r i n g  r i g h t  up t o  a = looo). 
So f a r  as the phase func t ion  of p a r t i c l e s  of S a t u r n ' s  r i n g s  i s  concerned, it 

should be near t he  phase funct ion of t h e  moon, and then f (9Oo)  = 0,08 (Rougier,  

1933). 
l i g h t  source a r e  s m a l l .  In  t h e  case uncler considerat ion t h e  half-crescent  

v i s i b l e  from theRussel1 poin t  i s  30" i n  a l t i t u d e  and somewhat i n  excess of t h a t  

i n  a:ziimuth. A wide-angle source such as t h i s  w i l l  g r ea t ly  reduce the  shadow on 

the  surface of t h e  p a r t i c l e ,  and the  r e s u l t a n t  f (90")  w i l l  be much l a r g e r  than 

- 

However, t h i s  va lue  i s  v a l i d  only when the  angular dimensions of t he  

P 
0.08. 

With a l l  of t h i s  i n  mind, we ca lcu la ted  the  behavior of t he  dark s i d e  br ight -  

ness  i n  the  eyes (along the  major a x i s ,  and along t h e  normal secant through the  

Russel p o i n t ) ,  us ing two assumptions 

1) f ( a )  = f ( a )  = f L ( p )  and 2)  f ( a )  = f ( Q )  = f (a), 
P 'z P 5 P 

where f ( a )  and f ( a )  a r e  the  phase func t ions  of t h e  Lambert s c a t t e r i n g  and of 
L P - 

Venus, respec t ive ly .  Figure 16 is a p l o t  of t he  r e s u l t s  f o r  the"Russel1 secant." 

Figure 16. Theoret ical  d i s t r i b u t i o n  of  
the br ightness  of  t he  dark 
s ide  of Sa tu rn l s  r i n g s  along 
the  secant passing through 
the Russell  po in t  normal t o  
the  major a x i s  of  t he  r ings.  

The s o l i d  curve i s  f o r  the  assumption 
t h a t  Sa tu rn ' s  b a l l  and the p a r t i c l e  re- 
f l e c t  i n  accordance with Lambert 1 s law. 
The dashed curve i s  f o r  the assumption 
t h a t  they r e f l e c t  i n  a manner s imi l a r  t o  
t h a t  f o r  Venus. 
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A s  w i l l  be seen, t h e  br ightness  of t he  dark s i d e  diminishes with d is tance  

r a t i o  from the  Russel po in t  along the  secant. 

is 5.4010'~ f o r  t he  Lambert. phase func t ion ,  and 3.6-10-3 f o r  t he  phase funct ion 

of Venus. 

The mean magnitude of t h e  b'/b d l  

The bA/bl r a t i o  changes along t h e  major axis i n  t h e  case of t he  Lambert 

phase funct ion from 5010'~ a t  t h e  outer  boundary of t h e  A r i n g ,  t o  13-10'3 a t  

t h e  inner  boundary of t h e  B r ing .  

( b )  -- Component - ~. of - t h e b r i g h t n e s s  - a t t r i b u t a b l e  -- t o  d i f f u s e l y  t ransmit ted s o l a r  

rad ia t ion .  This  component can be estimated through formulas and t a b l e s  t h a t  are 

p a r t  of t h e  theory of mul t ip le  sca t te r ing .  

ca l cu la t ions  f o r  t h e  A and B r ings .  The ca l cu la t ions  w e r e  made f o r  a spher ica l  

i nd ica t r ix .  Because t h e  i n d i c a t r i x  f o r  t h e  s c a t t e r i n g  of t he  r i n g  mater ia l  i s  

i n  f a c t  very aspher ica l ,  and has backward elongat ion,  t h e  ac tua l  br ightnesses  

should be lower than those calculated.  

Table 6 lists t h e  r e s u l t s  of our 

TABLE 6 

- - -  - -  
2"20' O"35' 0.M 

0 35 2 20 0.01 

2 20 0 35 0.04 

0 35 2 20 0.01 

- 
0.01 

0.04 

0.01 

0.04 

In  Table 6 ,  b1Id i s  the  component of dark s i d e  br ightness  c rea ted  by the  

d i f f u s e l y  t ransmit ted s o l a r  l i g h t .  The subsc r ip t s  l l t rue l l  and .rlapprl designate  

t r u e  and apparent br ightness .  Apparent br ightness  i s  understood t o  mean t h e  

br ightness  a t tenuated by atmospheric and instrumental  wash out  f o r  t h e  case of 

v i s u a l  observat ions made i n  a te lescope with an aper ture  of between 0.6 and 1.0 

m e t e r  when image q u a l i t y  i s  good. We used the  contour of br ightness  d i s t r i b u -  

t i o n  i n  the  image of a star obtained by Meinel (1963) f o r  t he  reduct ion,  tak ing  
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it t h a t  t h e  c e n t r a l  peak conta ins  30 percent  of t h e  t o t a l  luminous f l u x  from 

t h e  star and t h a t  t h e  te lescope  can reso lve  a dual  system with components of 

equal br ightness  d i s t a n t  from each o the r  by Ot1.375. 

used t o  make t h e  t r a n s i t i o n  from a poin t  source of l i g h t  t o  a l i n e ,  and t o  a 

band. 
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Graphical i n t eg ra t ion  w a s  

The magnitude of (b t t  /b w a s  ca lcu la ted  f o r  equal pup i l l a ry  magnifioa- 

t i o n ,  and w a s  not reduced f o r  atmospheric and instrumental  absorption. 
d 1 aPP 

A s  w i l l  be seen from Table 6 ,  when ey - 0.5, t h e  bfrd component i s  somewhat 

smaller  than b '  and t h i s  is t r u e  i n  a l l  cases, This  d i f fe rence  i s  even 

g rea t e r  f o r  t h e  backward elongated ind ica t r ix .  
d '  

( c )  Solar  r a d i a t i o n  d i f f u s e l y  t r ansmi t t ed  Ahrough t h L C a s s i n i  -~ diy is iog;  - - 

o p t i c a l  thickness  of t ~ d i v i s ~ - o ~ .  L e t  u s  suppose t h a t  t he  s c a t t e r i n g  proper- 

t ies  of t he  p a r t i c l e s  f i l l i n g  the  Cassini  d iv i s ion  a r e  i d e n t i c a l  with those of 

t he  p a r t i c l e s  f i l l i n g  the  B r ing .  The problem i s  t o  f ind  t h a t  value of t h e  op- 

t i ca l  thickness  of t h e  C a s s i n i  d iv i s ion  ( T  ) t h a t  w i l l  s a t i s f y  t h e  following 

observat ional  data:  

/59 

o Cd 

(1) v i s i b i l i t y  of t h e  ex terna l  b r igh t  condensation on t h e  dark s i d e  when 

A S  1 - 2'; 
( 2 )  v i s i b i l i t y  (a t  s i t e s  of ex terna l  b r igh t  condensations) of dark spo t s  

when the  r i n g  has i ts  i l luminated s ide  turned toward the  e a r t h  and A is  of  t he  

order  of 2'; 

( 3 )  non-v i s ib i l i t y  of t he  double br ight  l i n e  of t h e  Cassini d iv i s ion  on 

the  dark s ide  of t h e  r i n g s  between the  ex terna l  and i n t e r n a l  condensations; 

( 4 )  t he  s i g n i f i c a n t  excess of the  br ightness  of the  outer  condensations 

over the  br ightness  of t h e  dark s ide .  S p e c i f i c a l l y ,  when A t  - O o ! t O 1 ,  t he  ex ter -  

na l  condensations v i s u a l l y  a r e  6 t o  8 t imes b r igh te r  than the  dark s ide  (Barnard, 

1908a) , 

Our ca lcu la t ions  revealed t h a t  w e  can obta in  s a t i s f a c t o r y  concordance with 

a l l  of these  p o i n t s  when r o  - ~ 5 . 6 ~ .  Because T 

t he  value of t h e  br ightness  can be ca lcu la ted  with only t h e  f i r s t  order  s c a t t e r -  

ing  taken i n t o  considerat ion.  

graphic form. They confirm Barnard Is assumption t h a t  the  outer  condensations 

can be a t t r i b u t e d  t o  t h e  l i g h t  d i f f u s e l y  t ransmi t ted  through the  Cassini d iv i -  

is except ional ly  s m a l l ,  o Cd 

Figures  17 and 18 show some of the  r e s u l t s  i n  
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sion. 

with the  C r i n g )  ev ident ly  can be a t t r i b u t e d  t o  t h e  l ike d i f fus ion  of l i g h t  

through o ther  o p t i c a l l y  t h i n  zones, s p e c i f i c a l l y  through t h e  d iv i s ion  between 

the  B and C r i n g s ,  and through the  zone near t h e  inne r  p a r t  of t h e  C r i n g  where 

L e t  us  add t h a t  t h e  inner  condensations (coinciding i n  terms of pos i t i on  

T~~ can be q u i t e  s m a l l  too  '(Cook and Frankl in ,  19-58]. 

thened by the  f a c t  t h a t  some observers with good images  (Aitken, 1907; Barnard, 

1908b) s a w  each of t h e  inne r  condensations twice. 

This assumption i s  streng-  

Figure 17. a - t he  Cassini  d iv i s ion  a s  seen from t h e  e a r t h  when s i n  A '  = 0.04; 
b - t h e o r e t i c a l  d i s t r i b u t i o n  of apparent br ightness  (excess  over dark 
s i d e  br ightness)  along t h e  major axis of t h e  r i n g s  ( te lescope  with 
aper ture  - - 0.6 t o  1.0 meter, r e so lu t ion  O'I.375; c e n t r a l  peak of 
s tar  image conta ins  30 percent of t o t a l  luminous f lux ) .  

3 -. 
'\ 

Figure 18. Theoret ical  d i s t r i b u t i o n  of the apparent br ightness  i n  the image of  
the  dark s ide  of  t he  r ings  along a secant normal t o  the  major a x i s  
a t  a d is tance  of 121l.9 from the center  of  Saturn (observation con- 
d i t i o n s  the same a s  those i n  the  preceding f igu re ) .  

1 - component of br ightness  from di f fus ion  of  l i g h t  through the  north and south 
branches of the  Cassini  d iv i s ion ;  2 - summed br ightness  from both branches; 
3 - component o f  br ightness  from dark s ide  of  A and B r i n g s  when the Cassini 
d iv i  sion w a s  missing . 
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#22. Analysis of Observations f o r  Estimating t h e  Physical  Thickngss of ~ t h e  Rings - 

( a )  Observations of dark s ide.  The presence of a f u l l y  i l luminated edge 

of t h e  r i n g s  a t  t h e  boundary of t h e  e l l i p s e  c l o s e s t  t o  t h e  e a r t h  ev ident ly  should 

r e s u l t  i n  asymmetry i n  t h e  d i s t r i b u t i o n  of br ightness  along t h e  secants  of  t h e  

eyes normal t o  t h e  major axis, 

sources of l i g h t  is 0l1.375, and t h a t  t h e  c e n t r a l  hump of t h e  s tar  image inc ludes  

30 percent  of t h e  t o t a l  linninous f l u x  from t h e  star, w e  ob ta in  t h e  br ightness  

d i s t r i b u t i o n  shown i n  Figure l9a f o r  a secant  1!tf1.O from t h e  cen te r  of Saturn 

when z = 20 and 10 km. When z = 10 km, t h e  br ightness  of  t h e  r i g h t  maximum on 

the  r e s u l t a n t  curve is 9 percent higher than t h e  br ightness  of t h e  lef t .  It i s  

probable t h a t  t h i s  i s  c lose  t o  t h e  lower l i m i t  of de t ec t ion  by v i sua l  methods. 

Fur ther ,  i f  it i s  assumed t h a t  t h e  r e so lu t ion  i s  double t h e  above (011.187), the  

d i s t r i b u t i o n  of  t h e  br ightness  of t h i s  same secant  w i l l  be t h a t  shown i n  Figure 

l9b (zo The peaks c rea ted  by t h e  Cassini  d iv i s ion  have much greater 

i n t e n s i t y  i n  t h i s  case than they do i n  the  previous one. 

con t r a s t  between t h e  r i g h t  and t h e  l e f t  m a x i m a  remains almost t h e  same (10 per;, 

cen t )  . 

Once again,  assuming t h a t  t h e  r e so lu t ion  of po in t  

0 Q 

= 10 km). 

The r e s u l t  is t h a t  t h e  

a 

Figure 19. Influence of  z 
dark s ide  image  (along a secant normal t o  the major axis a t  a 
d is tance  o f  1 4 l l . O  from the  center  of  Sa turn) .  

on the  d i s t r i b u t i o n  of  apparent br ightness  in the  
0 

a - reso lu t ion  OIl.375. 
contours f o r  e 20 and 10 km; b - reso lu t ion  011.187, z 10 km. 
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a 

b 

Figure 20. Same as i n  Figure 19, but f o r  a secant passing through the  A r ing  
(d is tance  from t h e  center  of  Saturn l 9 I l . l ) ;  z 10 km. 

o w  
a - reso lu t ion  011.375; b - reso lu t ion  011.187. 

Conditions a r e  more favorable  along the  secant  passing through t h e  A r i n g  

Figure 20 shows the  corresponding 
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eye, t h a t  is ,  outs ide  t h e  Cassini  d iv is ion .  

br ightness  d i s t r ibu t ion .  

can be detected v i s u a l l y  i n  t h i s  case ,  even when z = 5 km. However, t h i s  

e f f e c t  w a s  not noted a t  the  t i m e  t he  o ld  observat ions w e r e  made (1907-1908, 

lg20-1921), nor w a s  it noted during the  in t e rna t iona l  p a t r o l  observat ions made 

of Saturn i n  1966. 

Evidently,  asymmetry i n  t h e  d i s t r i b u t i o n  of br ightness  

0 

( b )  Observations of edge. The r i n g s  t ransmit  a luminous f l u x  t o  the  e a r t h  

from the  edge only when A '  is p rec i se ly  equal t o  zero. 

t i v e  enough t o  de t ec t  t h e  l i n e  of t he  r ings  beyond t h e  b a l l  of Saturn,  we ob- 

t a i n  da ta  on which t o  base an est imate  of t h e  low l i m i t  of z . Up t o  1966, 
the re  had been no success i n  obta in ing  a pos i t i ve  e f f e c t .  

I f  t he  r ece ive r  is sensi-  

0 

This author found t h a t  when A '  = 0, t h e  expected br ightness  of t h e  r i n g  

image (beyond Sa turn ' s  b a l l )  w a s  so low t h a t  Sa tu rn ' s  atmospheric aureole  can 

prevent detect ion.  

Reflectors  ( s ince  they do not have chromatic abberat ion)  are preferab le  t o  re- 

f r ac to r s .  

High mountain observa tor ies  t he re fo re  o f f e r  t h e  bes t  r e s u l t s .  

The 1966 observat ions showed t h a t  i n  general  our ca lcu la t ions  w e r e  cor rec t .  

This can be seen from Figure 21a, which shows a p o s i t i v e  p r i n t  from one of t h e  
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p l a t e s  obtained by Dollfus  on P i c  du Midi, and which l ed  him t o  the  discovery 

of Sa tu rn ' s  t en th  satell i te.  The br ightness  of t h e  p l a n e t ' s  d i s k  w a s  a t tenuated  

a r t i f i c i a l l y  by approximately two o rde r s  of  magnitude by a band of absorbing 

material. The in t ense  aureole  of Saturn,  t he  br ightness  of which diminishes 

with d is tance  from t h e  limb, w i l l  be seen ou t s ide  t h e  band. The r i n g s  (dark  

s i d e  turned toward t h e  e a r t h  and v i s i b l e  almost from t h e  edge) can be dis t inguished 

aga ins t  t h e  background of t h e  aureole  with d i f f i c u l t y .  

t h a t  t h e  s i t u a t i o n  i s  somewhat more favorable  f o r  v i s u a l  or photoe lec t r ic  obser- 

va t ions  because t h e  widening of t h e  l i n e  of t h e  r i n g  i s  less i n  cases such as 

these.  

But it must be remembered 

Let us  assume we observe the  passage of t h e  e a r t h  through the  plane of 

Sa tu rn ' s  r i n g s  under i d e a l  condi t ions ,  when only the  d i f f r a c t i o n  aureole  p lays  

any s i g n i f i c a n t  ro le .  The ca l cu la t ions  made t o  determine t h e  i n t e n s i t y  of t h i s  

component of t he  aureole  y i e l d  br ightnesses  of 7.4, 1.8, and 1.2010 

t i v e l y ,  f o r  d i s t ances  from t h e  center  of  Saturn of r = 14If.4, 1811.0, and 1911.6 

( te lescope  apera ture  D = 60 cm and magnification G = 220). 

of the  center  of Sa tu rn ' s  disk.  Moreover, it can be shown t h a t  f o r  our "stan- 

dard" i m a g e  q u a l i t y  ( r e so lu t ion  OIl.375, concentrat ion 3 0  percent of t o t a l  

luminous f l u x  a t  t h e  c e n t r a l  hump or t h e  star image)  b r ightness  b 

axis of an extremely narrow b r igh t  band is  

-4 
bc, respec- 

b is the  br ightness  
C 

along t h e  a 

ba = (cp/Ot'-37)btrue, (22.1) 

where cp i s  the  angular width of t he  band ( i n  seconds of arc) and b 

t r u e  br ightness  of t he  band. F i n a l l y ,  the  l i n e a r  width,  h ,  of t he  band a t  t he  

mean d is tance  of  Saturn i s  

is the  /63 t r u e  - 

= 6.91.10 (22.2) cp sec  arc 

Then, taking btrue = bc, and ba = 5 . 1 0 - ~ b ~  (con t r a s t  with t h e  br ightness  of t h e  

aureole is 8 - 25%), we ob ta in  

h - 0.26 k m  (22.3 ) 

The order  of z should be such t h a t  it can still  be detected by a high- 
0 

mountain observatory. Consequently, t he  s e n s i t i v i t y  of t h i s  method is a t  l e a s t  

an order  of magnitude g rea t e r  than the  s e n s i t i v i t y  of t he  method described i n  

sec t ion  (a ) .  
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The procedure f o r  es t imat ing z from observat ions when A '  = 0 is  simple, a t  
0 

l e a s t  a t  first glance. A l l  t h a t  need be done is t o  select a high-mountain obser- 

vatory where, a t  t i m e  A '  = 0, computed i n  advance, it w i l l  be astronomical n ight  

and Saturn w i l l  be .high enough above the  horizon t o  observe ( v i s u a l l y  or photo- 

e l e c t r i c a l l y )  whether or not t h e  l i n e s  of t h e  r i n g s  disappear ,  a f t e r  which Eq. 

(22.1), or one s i m i l a r  t o  it, i s  used f o r  t he  ca lcu la t ion .  Unfortunately,  t he  

pos i t ion  of t h e  plane of Sa tu rn ' s  r i n g s  w a s  not known accura te ly  enough u n t i l  

recent ly .  Accoraing t o  S l ipher  ( l 9 2 2 ) ,  t he  ac tua l  t i m e  A '  = 0 can d i f f e r  from 

t h e  computed time by as much as 51 day.* Consequently, successful  observat ions 

required t h e  conduct of an in t e rna t iona l  p a t r o l  of Saturn by personnel i n  many 

observator ies  covering a s u f f i c i e n t l y  wide range of longitudes.  Let us  emphasize 

t h e  f a c t  t h a t  t h e  obse rve r ' s  t a s k  should include not only establishment of t h e  

f a c t  of v i s i b i l i t y ,  or non-v i s ib i l i t y  of t h e  r i n g s  on t h e  c r i t i c a l  n igh t ,  but  

a l s o  the  obtaining of evidence of t he  f a c t  t h a t  h i s  eyes observed t r a n s i t  of 

t he  e a r t h  through t h e  plane of t he  r ings .  

The author ,  toge ther  with Dollfus ,  made the  f i r s t  attempt t o  organize a 

p a t r o l  such as t h i s  i n  1966 (wi th in  the  framework of t h e  Commission on Physics 

of Planets  of t h e  In t e rna t iona l  Astronomical Union). I t  w a s  poss ib le  t o  observe 

two t r a n s i t s  of t h e  e a r t h ,  and one t r a n s i t  of t he  sun through the  plane of t h e  

r i n g s ,  as well  as two q u i t e  long per iods of v i s i b i l i t y  of t h e  dark s i d e  of t he  

r i n g s  (see Figure 3 ) .  

More than t e n  f i r s t - c l a s s  observa tor ies  i n  the  eas t e rn  and western hemispheres 

pa r t i c ipa t ed  i n  t h i s  cooperat ive venture.  The program d i s t r i b u t e d  t o  the  observers  

(Bobrov, 1966) envisaged not only observat ions designed t o  solve the  main problem, 

t h a t  of es t imat ing the  thickness  of t he  r i n g s ,  but doing o ther  work as wel l ,  t h e  /64 

d e s i r a b i l i t y  of t he  imposit ion of which w a s  determined by the  spec ia l  loca t ion  

of t he  r i n g s  r e l a t i v e  t o  t h e  e a r t h  i n  1966. Recommendations included making 

photometric, spectroscopic ,  and spectrophotometric observat ions of t h e  l i g h t  and 

dark s i d e s  of t h e  r i n g s ,  t o  attempt t o  ob ta in  the  dependence of br ightness  of 

- 

~~ 
- -~ ~- . -- --- 

* The r e s u l t s  of t he  in t e rna t iona l  cooperative observat ions of Saturn i n  1966 
showed t h a t  i n  f a c t  t he  cor rec t ion  f a c t o r  f o r  the ephemeris time A I  = 0 i s  some 
5 hours (Dol l fus  and Focas, 1968; Kiladze, 1968). The sign of t he  cor rec t ion  
f a c t o r  i s  pos i t i ve  f o r  passage of  t he  ea r th  on the south s ide  of t he  plane of  t he  
r ings  and negat ive . for  passage on the  north side.  The e r r o r  of the  cor rec t ion  
f a c t o r  f o r  the  observer i s  estimated a t  .&2 hours. 
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t he  r ings  on t h e  phase angle  and on t h e  angle of e l eva t ion  of t h e  sun above t h e i r  

plane,  t o  de t ec t  t h e  presence of  a feebly  luminous flatmospherell (dus t  or g a s )  

t h a t ,  according t o  Maggini (1937), i s  en t ra ined  i n  the  plane of  t he  r ings ,  t o  check 

t h e  exis tence of t h e  so-cal led D r i n g ,  more d i s t a n t  from Saturn than t h e  A r i n g ,  

and others .  

tu rb ing  inf luence of l i g h t  s ca t t e r ed  by t h e  r i n g s  ( p a r t i c u l a r l y  i n  t h e  period 

of t h e i r  dark s i d e  v i s i b i l i t y )  made many types of observat ions of Sa tu rn ' s  d i s k  

and s a t e l l i t e s  favorable ,  including determination of t h e  i n t e g r a l  s te l lar  magni- 

tude of t he  d i sk ,  and its dependence on the  phase angle ,  photometry, spectro-  

photometry, spectroscopy of t h e  d i sk  and of d e t a i l s  of t he  d i sk ,  and of observa- 

t i o n s  of t he  covering of t h e  s a t e l l i t e s  by t h e  atmosphere and by t h e  edge of 

Sa tu rn ' s  d i sk ,  as wel l  as observat ions of t he  e c l i p s e  of t he  s a t e l l i t e s .  

Fur ther ,  it w a s  emphasized t h a t  t he  p r a c t i c a l  absence of t h e  d i s -  

The majori ty  of t he  observa tor ies  t h a t  took p a r t  i n  t he  1966 p a t r o l  observa- 

t i o n s  obtained a wealth of ma te r i a l ,  much of it unique i n  many ways, t h a t  helps  

explain many of t h e  ques t ions  concerned with t h e  physics  of t h e  Saturn system, 

p a r t i c u l a r l y  i t s  r ings .  

by the  P ic  du Midi, Meudon (Dollfus  and Focas, 1967) observa tor ies  have been 

published. I n  processing a re  a number of t h e  observat ions obtained by t h e  Univer- 

s i t y  of New Mexico observatory (140 p l a t e s ,  covering 64 n i g h t s ) ,  and a s i m i l a r  

s e r i e s  obtained i n  the  Kuiper Lunar-Planetary Laboratory. 

The primary processing i s  completed and r e s u l t s  obtained 

Frantz  and Johnson (1967) attempted pho toe lec t r i c  scanning of t he  l i n e  of 

r i n g s  i n  the  Lowell Observatory f o r  14 nights.  

w a s  not good enough t o  ob ta in  any d e f i n i t i v e  r e s u l t s  ( H a l l ,  1968). 
Unfortunately,  t h e  equipment 

Texereau (1967) published a shor t  r epor t  on h i s  photographic photometry of 

Sa tu rn ' s  d i sk  and r i n g s ,  made with a 2 meter te lescope  i n  the  McDonald Observa- 

t o r y ,  November 1966. If h i s  da t a  a r e  t o  be t r u s t e d ,  t he  i n t e n s i t y  of t h e  r ings  

continued t o  diminish wi th in  two or t h r e e  days a f t e r  t h e  t r a n s i t  of t h e  e a r t h  

through t h e  plane of t h e  r ings .  This i s  c l e a r l y  i n  e r ror .  Texereau himself 

notes  t h a t  t h e  measured i n t e n s i t i e s  were g rea t ly  d i s t o r t e d  by d i f fused  l i g h t  

from Sa tu rn ' s  d i s k  ( t h e  br ightness  of which Texereau f a i l e d  t o  a t t e n u a t e ) ,  

and t h a t  t he  image q u a l i t y  changed g rea t ly  from night  t o  night .  

These i s o l a t e d  failures a r e  recognized as being i n e v i t a b l e ,  t o  some ex ten t ,  - /65 
because the  measurements required were very d e l i c a t e ,  and involved many d i f f i c u l -  

t i e s .  
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Figures  21a through e i l l u s t r a t e  t h e  most important r e s u l t s  of t h e  p a t r o l  

observat ions of Saturn (o the r  than the  work done by Kozyrev, more about which i n  

#23 

Figure 21a reproduces the  photography on which, f o r  t h e  f i r s t  t ime,  t he re  

w a s  detected t h e  previously unknown t en th  s a t e l l i t e  of Saturn (Dollfus ,  1967). 

This  sa te l l i t e ,  ca l l ed  Janus, r o t a t e s  around the  p lane t  a t  a d is tance  of three 

e a r t h  r a d i i  from the  outer  l i m i t  of t h e  A r i n g ,  and has a s te l lar  br ightness  of 

14. The nearness t o  the  r i n g s ,  and t h e  weakness of t h e  s a t e l l i t e ,  i n  t e r m s  of 

br ightness ,  r e s u l t  i n  its being seen only a t  t i m e s  when t h e  r i n g s  have t h e i r  

dark  s ide  turned t o  the  ear th .  Beyond t h i s ,  a t  t h e  t i m e  of observat ion,  Janus 

should be near t h e  pos i t i on  of m a x i m u m  e longat ion (east ,  o r  west) .  

makes Janus an extremely d i f f i c u l t  ob jec t  t o  de tec t .  Doll fus  discovered it by 

basing h i s  e f f o r t s  on h i s  own idea  t h a t  t he  Cassini  d iv i s ion  by i t s  very exis-  

tence w a s  responsible  f o r  t he  resonance per turba t ions ,  not  of Mimos, but of a 

body c lose r  t o  Saturn,  a conclusion a r r ived  a t  a s  a r e s u l t  of new, more prec ise  

micrometric measurements made o f  Sa tu rn ' s  r i ngs  i n  the  P ic  du Midi Observatory 

(Figure IC). 

A l l  of t h i s  

Figures  21b and c a r e  the  curves f o r  t he  i n t e n s i t y  of t h e  l i n e  of t he  r i n g s  

( i n  terms of t i m e )  during the  October and December t r a n s i t s  of t he  e a r t h  through 

t h e i r  plane. These curves,  obtained by the photographic photometry method by 

Kiladze, and Dollfus  and Focas, r e spec t ive ly ,  are an important s t e p  forward i n  

t h e  inves t iga t ion  of S a t u r n ' s  r ings .  They made it  poss ib le  for t he  f i r s t  time 

t o  f i n d  t h e  orders  of t he  physical  thicknesses  of t he  r ings .  We w i l l  d i scuss  

these  curves i n  d e t a i l  a t  the  end of t h i s  sect ion.  

Figure 21 d has been taken from Feibelman (19671, and demonstrates the  

successful  e f f o r t  t o  confirm t h e  exis tence of t h e  so-cal led D r i n g  (of t he  exten- 

s ion  of t he  r i n g  system beyond the  l i m i t s  of t he  A r i n g ) .  It  w a s  so dim t h a t  

it could be seen only near t h e  pos i t i on  on the  edge, and then only when condi- 

t i o n s  w e r e  such t h a t  t h e  e n t i r e  r i n g  system had i t s  dark s i d e  turned t o  the  

ear th .  A s  w i l l  be seen from t h e  f i g u r e ,  t h e  D r i n g  l i n e  extends f o r  a d is tance  

exceeding the  apparent diameter of t he  r i n g  system by a f a c t o r  g rea t e r  than two 

(so t h a t  Janus i s  revolving around Saturn,  i n s ide  t h i s  r i n g l ) .  

Feibelman's e s t i m a t e  of D r i n g  br ightness  is 15 stellar magnitudes/square second 

of arc, o r  l e s s .  
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Figme 21e shows one more result of Dollfus and Focas' photometry, measure- 

ments of the luminance of the dark side of the rings as a function of the ele- 

vation of the sun above their lighted side. These are the first, and as yet the 

only, quantitative measurements of dark side luminance. Prior to 1966, estimates 

of dark side brightness were based on old, vjsual.observations made by Barnard, 

Slipher, and Gaff, as well as by an approximate calculation of the illumination 

of the night side by light reflected by the ball of Saturn, and by light diffi-lsely 

transmitted through the thickness of the rings from the day side (#21). 

observations made by Dollfus and Focas now make it possible to check these cai- 

culations. 

The 

Agreement seems to be completely satisfactory. 
0 

b 
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a - P r i n t  from a p l a t e  obtained by Dollfus  on P i c  du Midi on 15 December 1966. 
The luminance of Sa tu rn ' s  d i s k  w a s  a r t i f i c i a l l y  a t tenuated by a f a c t o r  of 140 
by an absorbing band. The r i n g s  have t h e i r  dark s i d e  turned t o  t h e  e a r t h  and 
a r e  almost edge-on ( A '  = OO29.5). The i n s i d e  p a r t s  of t h e  image of t h e  r i n g s  
s ink  i n t o  the  in t ens ive  aureole  of Sa tu rn ' s  disk.  The arrow poin ts  t o  t h e  new, 
t e n t h  s a t e l l i t e  of Saturn,  discovered by Dollfus;  b - Change i n  t h e  i n t e n s i t y  of 
t he  r i n g s  during t h e  t r a n s i t  of t h e  e a r t h  through t h e i r  plane i n  October 1966, 
i n  the  d i r e c t i o n  from the  l i gh ted  s i d e  t o  t h e  dark (photometric measurements 
made t o  es t imate  r i n g  thicknesses;  Kiladze, 1968); c - Similar  measurement of 
i n t e n s i t y  of r i n g s  i n  December 1966, when t h e  e a r t h  in t e r sec t ed  t h e  plane of 
t he  r i n g s  i n  t h e  opposi te  d i r e c t i o n  (Dollfus ,  Focas, 1968); d - Bottom - V i e w  
of Saturn on 14 November 1966; Top - Microdensitogrm along the  l i n e  X-X. The 
decay i n  the  center  corresponds t o  t h e  pos i t i on  of t he  v i s i b l e  t h i n  l i n e  of t h e  
D r i n g  (Feibelman, 1967); e - Luminance of t he  dark s i d e  of t h e  r i n g s  as a 
funct ion of t he  angle of e leva t ion  of t h e  sun over t h e i r  l igh ted  s i d e  (Dol l fus ,  
Focas , 1968). 

Let us  add t h a t  t h e  Dollfus and Focas photometry a l so  contains  da ta  on t h e  

luminance of t he  l i gh ted  s i d e  of t h e  r i n g s  i n  terms of t h e  phase angle when the  

r i n g  openings a r e  extremely s m a l l .  This i s  the  f i r s t  time f o r  such observat ional  

mater ia l  as well. Later on i ts  ana lys i s  can be used t o  check ex i s t ing  theo r i e s  

of r i n g  s t r u c t u r e  (#34). 

Let us  now t u r n  t o  t h e  curve f o r  t h e  i n t e n s i t y  of t h e  l i n e  of t he  r i n g s  as 

a funct ion of A '  near t h e  time of t r a n s i t  of t h e  e a r t h  through the  plane of t h e  

r ings  (Figure 21b and c).  The December curve (Dol l fus  and Focas) i s  very s i m i l a r  

t o  t he  October one (Ki ladze) ,  d i f f e r i n g  from it only by the  order  of movement 

i n  terms of time of t h e  s teep  and f l a t  branches (corresponding t o  the  b r igh t  

and dark s ides  of t h e  r i n g s ) .  The i n t e n s i t y  within the  l i m i t s  of each branch 

near A '  = 0 changes monotonically, and i s  p r a c t i c a l l y  l inear .  S ign i f i can t  

inadequacies i n  both s e r i e s  a r e  lack  of measurements a t  t he  i n t e n s i t y  minimum, 

and i n  d i r e c t  proximity t o  it. This r e s u l t s  i n  the  shape of t he  curves over 

t he  sec t ion  of t he  t r a n s i t  from the  s t eep  branch t o  the  f l a t  one remaining un- 

hown. A t  t he  same time, it i s  apparent t h a t  the  shape of t he  t r a n s i t i o n  sec t ion  

should have a s i g n i f i c a n t  dependence on the  shape of t he  r i n g  cross-sect ion.  

For example, p lane-para l le l  r i n g s  should y i e l d  a l i n e a r  i n t e n s i t y  curve,  with a 

m i n i m u m  coinciding with the  poin t  of i n t e r s e c t i o n  of t he  branches. 

s ec t ion  gives a rounded minimum. If the  th ickness  increases  toward t h e  ou te r  

edge of t he  r i n g  system, t h e  minimum w i l l  be f l a t .  The presence of an absorbing 

An e l l i p t i c a l m  

67 



r i n g  outs ide  t h e  v i s i b l e  r i n g  system w i l l  cause a nonl inear  decay i n  i n t e n s i t y  

t o  the  minimum, and so fo r th .  (Moreover, t h e  i n t e n s i t y  of t he  l i n e  of t h e  r i n g s  

w i l l  depend on t h e  phase angle ,  cy, and on t h e  angle  of e l eva t ion  of t he  sun over 

the  plane of t h e  r i n g s ,  A ,  but  ana lys i s  of e x i s t i n g  observat ional  d a t a  shows 

t h a t  near A '  = 0, the  inf luence  of  cy and A is s l i g h t  compared with t h e  inf luence 

of A ' ) .  

Kiladze,  as well  as Dollfus and Focas, assumed t h a t  t h e  r i n g  i n t e n s i t y  

m i n i m u m  occurs a t  t h e  i n t e r s e c t i o n  of t h e  two branches. We have seen t h a t  t h i s  

app l i e s  with equal fo rce  t o  t h e  p lane-para l le l  r i n g s  hypothesis. Based on t h i s  

assumption, the  October s e r i e s  of measurements (Kiladze,  i n  blue l i g h t )  provides 

z = 1.6 km, and the  December ones (Dol l fus  and Focas, i n  yellow l i g h t )  z = 2.8 
0 0 

km, with a root-mean-square e r r o r  of t h e  order  of  25 t o  50 percent.  A t  t h e  

same time, as i n  t h e  case of t h e  #21 ca l cu la t ions ,  it i s  assumed t h a t  t he  sur-  

face  br ightness  of t h e  edge is equal t o  t h e  br ightness  of t he  most i n t ense  zone 

of t he  B r i n g  a t  l a rge  openings. 

Since the  t r u e  behavior of t he  i n t e n s i t y  i n  t h e  t r a n s i t  s ec t ion  i s  unknown, 

s t r i c t l y  speaking we have no r i g h t  t o  assume i n  t h e  case of t he  r i n g  thickness  

ca l cu la t ions ,  t h a t  they are p lane-para l le l .  In  t h a t  ca se ,  though, es t imates  of 

r i n g  thickness  can be purely formal i n  nature.  So we must f i nd  2; by taking an 

approach t h a t  w i l l  be as f r e e  as poss ib le  from a r b i t r a r y  hypotheses. 
0 

This ca l cu la t ion  can be made i f  we use the  r e s u l t s  of t he  measurements 

Dollfus  and Focas made of t he  i n t e n s i t y  of t he  dark s i d e  image very c lose  t o  

A '  = 0 (Figure 21c) on 17 December 1966. Three images were obtained on t h a t  

night .  

UT, when A '  = 0 i n  the  l lplane-paral le l ' l  approximation w a s  t = 1966 December 

18 03 .O, from whence to - t = 7 .8 ( a t  t h e  end of t h e  ca l cu la t ion  we can consi-  

der  t he  e f f e c t  an e r r o r  i n  t random or systematic ,  occurring as a r e s u l t  of 

t h e  divergence of t h e  f i g u r e  of t h e  r i n g s  from p lane -pa ra l l e l ,  has on t h e  z 

est imate) .  

( i n  cbr/bc u n i t s ,  where 5 is  the  width of t h e  eye of t h e  r i n g s  on the  micro- 

photometer scanning l i n e  i n  seconds of arc, and br/bc i s  the  r a t i o  of surface 

br ightness  of t he  r i n g s  t o  surface br ightness  of t h e  center  of Sa tu rn ' s  d i sk) .  

The midpoint of t he  observat ions occurred a t  t = 1966 December 17d19h.2 

0 d h  h 

0' 

0 -3 The mean of i n t e n s i t i e s  measured on 17 December i s  I(t) = 0.39010 

Let us  compare y ( t )  with the  cont r ibu t ion  made t o  t o t a l  i n t e n s i t y  of t he  /69 
l i n e  of t he  r i n g s  by t h e  dark s i d e  luminous f lux .  Let us  designate  t h i s  magni- 
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tude by Id/(t). 

brightness .  

Figure 21e, remembering t h a t  C corresponds t o  A = 2O.750. 

15.3-10-~, With respec t  t o  5, to - t = 7 .% corresponds t o  5 = 3.4 x 

second of arc. The dark s i d e  cont r ibu t ion  t o  t o t a l  i n t e n s i t y  then i s  I ( t )  = 

3.4-10'3.15.3*10'3 = 0.052-10-3, t h a t  is, 0.13 t h e  measured i n t e n s i t y  T( t ) .  
This important r e s u l t  i n d i c a t e s  t h a t  a t  time t t h e  luminous f l u x  from the  dark 

s i d e  w a s  low compared with the  t o t a l  luminous f lux ,  The 0.87 remainder of i n -  

t e n s i t y  ev ident ly  w a s  contr ibuted by the  luminous f l u x  from the  edge of t he  

r i n g s ,  and t h i s  makes it poss ib le  t o  f ind  t h e  value of r i n g  thickness  without 

r e s o r t  t o  t he  es t imates  made by Ki1adz.e and Dollfus and Focas, Put t ing  r i n g  

edge br ightness ,  be,  equal t o  t h e  br ightness  of t he  l i gh ted  s ide  of t he  r i n g s  

during l a rge  openings, as above, we w i l l  have 

I t  i s  obvious t h a t  I ( t )  = 5bd/bc, where b i s  the  dark s i d e  d d 
The magnitude of t he  b /b r a t i o  can be found from the  graphic i n  

This y i e l d s  bd/bc = 
d c  

h 

d 

h 
The random e r r o r  i n  t 

on t h i s  r e s u l t .  

to - t ,  we obta in  z 

does the  value used f o r  b /b have much e f f e c t  on z . For example, i f  we take  

12.0*10-3 f o r  bd/bc, r a t h e r  than 15.3-10-3, as we d id  above, ( t h e  f igu re  i s  from 

Dollfus '  observat ions on t h e  n ight  preceding the  December t r a n s i t  of t he  e a r t h  

through the  plane of t he  r i n g s ) ,  we w i l l  have z = 3.7 lan when t - t = 7 .8. 

Hence, we can take the  Eq. (22.4) es t imate  as q u i t e  r e l i a b l e .  

(es t imated by t h e  observers as +2 ) has almost no e f f e c t  
0 

I n  f a c t ,  i f  we take  the  extreme values  of Sh.8 and 9h.8 f o r  

equal t o  3.2 and 3.5 km, respec t ive ly .  N o r  
0 

d c  0 

h 
0 0 

This method provides a mean of zo = 3.4 km, which i s  22 percent  higher than 

the  value obtained by Dollfus and Focas, and double t h a t  of Kiladze. The d iscre-  

pancy can be explained simply by the  systematic e r r o r s  i n  the  photometry, but a t  

the  same time the  f a c t  t h a t  what is suggested here  i s  some devia t ion  of t he  

f igu re  of the  r i n g s  from plane-para l le l  cannot be precluded. This r a i s e s  the  

quest ion of whether or not t h e  t we found by assuming the  r i n g s  t o  be plane- 

p a r a l l e l  ought t o  be cor rec ted  f o r  t he  corresponding systematic e r ror .  
0 

The r ep ly  must be i n  the  negative. A s  a matter  of f a c t ,  t he  approximately 

l i n e a r  behavior of t he  branches, of t he  decay and t h e  r i s e  i n  the  i n t e n s i t y ,  as 

shown i n  Figures  21b and c ,  r evea l s  t h a t  photometrically the r ings  conduct them- 
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se lves  as a p lane-para l le l  system when they  a r e  not  very  c lose  t o  t so t h a t  

t h e i r  i n t e r s e c t i o n  with t h e  mid-plane of t he  e a r t h  ought t o  take p lace  very 

c lose  t o  t h e  t i m e  of i n t e r s e c t i o n  of t h e  branches. Something else again is t h e  

fact  t h a t  t found i n  t h e  p lane-para l le l  approximation w i l l  no t ,  general ly  

speaking, be t h e  t i m e  of t h e  i n t e n s i t y  minimum f o r  t h e  l i n e  of  t h e  r i n g s ,  bu t  

t h i s  i s  a quest ion t h a t  more properly belongs t o  refinement of t h e  r i n g  thickness  

concept,  r a t h e r  than t o  t h e  first p laus ib l e  es t imate  of t h e  order  of t he  thick-  

ness. We should poin t  ou t  t h a t  during a more p rec i se  considerat ion it w i l l  be 

necessary t o  remember t h e  poor d e f i n i t i o n  of t h e  boundaries of t he  f igu re  of 

t he  r i n g s ,  t h a t  i s ,  t h e  gradualness of t h e  reduct ion i n  t h e  volumetric dens i ty  

of t h e  r i n g  material  with approach t o  t h e  boundaries,  as w e l l  as the  gas-dust 

flatmosphereff of t h e  r i n g s  (#23). 

da t a  i n  t h e  d i r e c t  proximity of t and s ince  t h e r e  are no such da ta  as y e t ,  a l l  

poss ib le  cons idera t ions  i n  t h i s  regard can be nothing more than speculat ive.  

0' 

0 

/70 

But t h i s  cons idera t ion  w i l l  r equ i r e  photometric 

0' 

Summing up, i t  can be sa id  t h a t  one of t h e  main goals of the  in t e rna t iona l  

The thickness  of t he  p a t r o l  observat ions of Saturn i n  1966, has been achieved. 

r i n g s ,  a parameter t h a t  f o r  many years  had escaped observat ional  es t imat ion,  

has been establ ished.  I t  i s  of t h e  order  of 3 t o  4 kilometers.  

#23. lfAtmospherelf o f - - the  Rings. 

The f i r s t  evidence of t he  exis tence of evacuated mater ia l  enveloping t h e  

r i n g s  w a s  t h e  e f f e c t  of some re s idua l  br ightness  i n  t h e  space between the  inner  

boundary of t he  C r i n g  and the  b a l l  of Saturn,  discovered i n  blue l i g h t  by 

Barabashov and Semeykin (1933; see  #3 of t h i s  book). Magg in i  (1937; see  #l3, 

Figure 11) discovered two o ther  e f f e c t s :  (1) a gradual darkening of t he  r i n g s  

with reduct ion i n  the  angle of e leva t ion  of t h e  sun, A ,  above the  plane of t h e  

r i n g s ,  wherein reduct ion i n  A from 2O.06 t o  1 O . 0 1  r e su l t ed  i n  a decay i n  the  

br ightness  of 1 .2 f o r  h = 5300 A ,  and of 1 .6 f o r  h = 4200 A ;  ( 2 )  a simultaneous 

increase  i n  the  r i n g  co lor  equivalent.  These r e s u l t s  c e r t a i n l y  poin t  t o  t h e  

presence of some evacuated mater ia l  above t h e  plane of t h e  r i n g s  (Maggini even 

r e p o r t s  t h a t  he w a s  ab l e  t o  observe it v i s u a l l y ,  and t h a t  it blanketed the  plane 

of the  r ings  on both s ides .  

however). In  1966, Kozyrev, using t h e  122-cm r e f l e c t o r  i n  t h e  Crimean Astro- 

physical  Observatory of t he  Academy of Sciences of t h e  USSR, made spectrographic 

0 m m 0 

This has not been confirmed by o ther  observers ,  
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observat ions of t he  shadow of the  r i n g s  on t h e  b a l l  of Saturn ( s e e  Kozyrev, 1968). 
The d i r ec t ion  of t he  s o l a r  r a y s  w a s  almost p a r a l l e l  t o  t h e  plane of t h e  r ings ,  

so the  path of t h e  s o l a r  r a d i a t i o n  in s ide  t h e  suspected l!atmosphere!l of the  

r i n g s  w a s  long enough for it t o  be observed. The observer found the  NH band t o  

be s t ronger  i n  the  shadow of t h e  r i n g s ,  and t h e  CH weaker, than outs ide  it ( i n -  

d i ca t ions  of t h e  hothouse e f f e c t  c rea ted  by the  ‘‘atmosphere!! of t h e  r i n g s )  . 
He a l so  noted t h e  presence of H20 vapors,  and estimated t h e  th ickness  of  t h e  

s h e l l  t o  be between 5,000 and 10,000 lan. There i s  reason t o  th ink  t h a t  t h e  

processing of ma te r i a l s  obtained by o the r  observa tor ies  i n  1966, w i l l  even 

f u r t h e r  enr ich our information on the  s h e l l  of t he  r ings .  

3 
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#24. Ring Rotat ion Law 

One of t h e  most important dynamic f e a t u r e s  of Sa tu rn ’ s  r i n g s  i s  t h a t  t h e i r  

m a s s  (a ) is  extremely small compared with t h e  m a s s  of Saturn (%I. This i s  

shown by the  observed fact  (a) t h a t  t h e  speed of r o t a t i o n  f o r  any r i n g  zone i s  

almost p rec i se ly  equal t o  the  Keplerian c i r c u l a r  ve loc i ty .  This would be t h e  

r i n g  r o t a t i o n  l a w  f o r  t h e  condi t ion t h a t  t h e r e  i s  l i t t l e  disapperance of as 

compared with !% 

c e n t r a l  condensation. I t  would r o t a t e  as would a s o l i d  body. I f  t he  r a t i o  

were not very s m a l l ,  t h e  r i n g  r o t a t i o n  l a w  would be somewhere between these  two 

extreme cases. But t h e  spectroscopic  da t a  on r i n g  v e l o c i t y  as a funct ion of r 

(#8, Table 2) f a i l  t o  show systematic devia t ions  of t h e  r o t a t i o n  l a w  from the  

Keplerian l a w .  

r h 

r 
The cont ra ry ,  extreme case i s  a homogeneous d i s k  without h’ 

H. Struve (1898) attempted t o  es t imate  (zr/j”k) from the  observed movements 

of t he  pe r i cen te r s  and nodes of t he  i n t e r n a l  s a t e l l i t e s  of Saturn. But these  

movements a r e  mandatory not on ly  f o r  t h e  r i n g s ,  but  f o r  t he  f l a t t e n i n g  of Saturn 

as well .  It i s  very d i f f i c u l t  t o  separa te  t h e  e f f e c t s .  I n  f a c t ,  a more or l e s s  

va l id  so lu t ion  t o  t h e  problem requ i r e s  a knowledge of t h e  dens i ty  d i s t r i b u t i o n  

l a w  i n  the  b a l l  of t h e  p l ane t ,  as well  as t h e  p rec i se  value f o r  t he  f l a t t e n i n g  

of Saturn. Actual ly ,  knowledge of both these  magnitudes (and p a r t i c u l a r l y  of 

of t h e  first) i s  only approximate. Consequently, S t ruve ’ s  es t imate  of 3 /.rL. = 

1/27000, c i t e d  i n  a l l  t h e  handbooks, i s  viewed as without foundation by Brower 

and Clemence (1963), as well  as by Yabushita (1966). Yabushita adds t h a t  it is  

h i s  view t h a t  t he  observed est imate  of ar/’”n- cannot be a r r ived  a t  o ther  than by 

o p t i c a l  observations.  The author (Bobrov, 1956b, 1961) made severa l  a t tempts  of 

t h i s  type,  based on t h e  theory of t h e  e f f e c t  of mutual shading, as d id  Frankl in  

and Cook (1965) la ter  on. 

r h  

h 

We s h a l l  d i scuss  t h i s  quest ion i n  Chapter V I I .  

A t  t he  same t i m e ,  i t  seems t h a t  a comparison of t h e  Keplerian r o t a t i o n  l a w  /72 - 
with the  ac tua l  r i n g  r o t a t i o n  l a w  (obtained from extremely accurate  spectrogra- 

phic  observat ions which should 

p r inc ip l e ,  make it poss ib le  t o  

considerat ions . 
72 

be made e spec ia l ly  f o r  t h i s  purpose) would, i n  

es t imate  t h e  upper l i m i t  of 2 /sk from dynamic r 



#25. D i f f e r e n t i a l  - ~. Rotation __ and Its Consequence 

Correctness of a Keplerian r o t a t i o n  l a w  f o r  Sa tu rn ' s  r i n g s  impl ies  d i f f e ren -  

t i a l  ro ta t ion .  This e f f e c t  is very great  and i s  capable of destroying any con- 

densat ion ( o r  evacuation) t h a t  could occur i n  t h e  r i n g  m a t e r i a l  i n  a very sho r t  

per iod of time. 

In  fact ,  t h e  Keplerian c i r c u l a r  ve loc i ty  f o r  a narrow zone of t h e  r i n g s  a t  

d is tance  r from t h e  cen te r  of Saturn i s  

whence 

where A r  is t h e  width of t he  zone; Av is  the  corresponding d i f fe rence  i n  ve loc i -  

ties. 

of t he  in s ide  edge of t h e  zone; A s  is the  r e l a t i v e  displacement i n  t h e  two po in t s ,  

which, a t  time t = 0,  have i d e n t i c a l  azimuths and a r e  located a t  d is tance  A r  from 

each other.  

ber  of revolu t ions  of a point  on t h e  in s ide  edge of t h e  zone. 

We a l so  can wr i t e  As(+,) = tAv I = 1/2&Ar. where u) is  the  angular v e l o c i t y  

L e t  us use T and n t o  designate  t h e  period of r o t a t i o n  and the  num- 

As(nT) = rrnAr. 

I f ,  f o r  example, A r  = 1000 km, and n = 1 

(25.3) 

A S  = 3140 lane  (25.4) 

Such is the  displacement of po in t s  of t h e  inner  boundary of a zone 1000 lun wide 

with respect  t o  po in t s  on i t s  ou te r  boundary during one revolu t ion  ( r ega rd le s s  

of r ) .  

Here a few words need be s a i d  about t he  so-called Roche l i m i t  and i ts  rela- 

t i onsh ip  t o  r i n g  dynamics. According t o  Roche, (18501, the  homogeneous, un f l a t -  

tened, l i qu id  s a t e l l i t e  would be t o r n  by t i d a l  fo rces  i f  it approached the  cen- 

t r a l  body a t  d is tance  3 
r S = 2.45 4 6 x  rp, 

where r is t h e  r ad ius  of t he  c e n t r a l  body ( t h e  p l ane t ,  i n  t h i s  ca se ) ;  S S  and /73 P 
a r e  the  d e n s i t i e s  of s a t e l l i t e  and c e n t r a l  body, respect ively.  Note t h a t  

only the  g rav i t a t iona l  fo rces  ( t h e  molecular cohesion i s  ignored) a r e  considered 

i n  Eq. (25.5). 

6P 
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Some authors  raise t h e  quest ion of whether Sa tu rn ' s  r i n g s  l i e  in s ide  t h e  

Roche l i m i t ,  or whether they are, i n  p a r t ,  beyond t h a t  l i m i t ,  and then they  pro- 

ceed t o  d iscuss  t h e  physical  and cosmogonic consequences of t h i s  f a c t .  As w i l l  

be seen from Eq. (25.51, t h e  r ep ly  t o  t h e  first quest ion depends on the  va lue  

of 6s. 

s e e m  t h a t  S a t u r n ' s  r i n g s  l i e  i n s i d e  t h e  Roche l i m i t ,  but only i n  par t .  But i f  

i t  i s  taken t h a t  h S  - 1 ( i c e  p a r t i c l e s ) ,  t h e  r i n g s  w i l l  l i e  almost e n t i r e l y  in-  

s i d e  t h e  l i m i t .  This sometimes leads  t o  the  conclusion t h a t  ( I )  Roche's formula 

ind ica t e s  a preference f o r  ice p a r t i c l e s ,  and (11) t h a t  i n s i d e  the  Roche l i m i t  

t he  t i d a l  fo rces  hamper t h e  g rav i t a t iona l  condensation of t he  p a r t i c l e s .  

Spec i f i ca l ly ,  i f  it is taken t h a t  6 s  = 3 ( s tony  p a r t i c l e s ) ,  it w i l l  

So f a r  as conclusion ( I )  i s  concerned, i t  should be pointed out t h a t  

according t o  Je f f r eys  (1947a), who considered not only t h e  g rav i t a t iona l  f o r c e s ,  

but  molecular cohesion as wel l ,  t h e  ice b a l l ,  which i s  i n s i d e  Roche's l i m i t ,  w i l l  

be to rn  by t i d a l  fo rces  only i f  i t s  diameter i s  i n  excess o f  200 km. Y e t  obser- 

va t ions  show t h a t  r i n g  thickness  is between 3 and 4 km. Thus, t h e  quest ion of 

t he  nature  of t h e  p a r t i c l e s  has no r e l a t i o n  t o  Roche's l i m i t  (providing it is  

not assumed t h a t  t he  r i n g s  were formed as a r e s u l t  of t he  explosion of a com- 

pa ra t ive ly  la rge  s a t e l l i t e  t h a t  approached t h e  p lane t  t o  a d is tance  l e s s  than 

Roche ' s  l i m i t ,  a hypothesis t h a t  has no confirmation i n  contemporary cosmogony). 

Conclusion I1 lacks  persuasion as well  because Eq. (25 .3)  and (25.4) show 

t h a t  i n  the  case of S a t u r n ' s  r i n g s ,  any condensation of t he  p a r t i c l e s  w i l l  be 

disrupted i n  a very sho r t  period of time simply because of d i f f e r e n t i a l  ro t a t ion .  

#26. The Physical Condition of t he  R i n g  Mater ia l  ~~ 

It  is completely evident t o  modern astronomy t h a t  Sa tu rn ' s  r i n g s  cons i s t  of 

a m u l t i p l i c i t y  of ind iv idua l  s o l i d  p a r t i c l e s ,  but it still  i s  usefu l  t o  review 

here the  arguments advanced t o  preclude any o the r  p o s s i b i l i t i e s .  

The Keplerian r o t a t i o n  l a w  ev ident ly  precludes t h e  p o s s i b i l i t y  t h a t  t h e  A ,  

B,  and C r ings  can be monolithic,  s o l i d  bodies. Liquid r i n g s  would r e f l e c t  

Sa tu rn ' s  b a l l ,  an e f f e c t  t h a t  never has been observed. The r ings  would have low 

r e f l e c t i v i t y ,  and the  A and B r ings  would be s u b s t a n t i a l l y  l e s s  b r igh t  than they 

i n  f a c t  are.  They could be made up of j u s t  hydrogen and helium. Other substances 

cannot remain l i qu id  a t  T -  6 5 ° K  (#15) and a t  very low pressure.  Yet r i n g  spec- /74 
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trometry (#lo) has detected t h e  presence of s o l i d  H20 ,  and not l i qu id  hydrogen, 

or helium. Also completely evident is  the  f a c t  t h a t  t h e  r i n g s  are not gaseous. 

So the  r i n g s  can be made up of nothing o ther  than s o l i d  mater ia l .  However, 

because the  r i n g s  have d i f f e r e n t i a l  r o t a t i o n ,  they  can be a system of many 

narrow, concentr ic ,  r i ng - l ike  zones, or a f l a t  cloud made up of many t i n y  satel- 

l i tes.  Laplace (1802) eliminated t h e  f i r s t  p o s s i b i l i t y .  H e  proved t h a t  a 

narrow, homogeneous r i n g ,  r o t a t i n g  with constant  angular v e l o c i t y  around a gra-  

v i t a t i n g  cen te r ,  w i l l  be unstable.  

cross-sect ion of a r i n g  such as t h i s ,  and Maxwell (1859) showed t h a t  t h e  s t a b i l i t y  

of a r i n g  such as t h i s  can be achieved only by the  addi t ion  t o  it a t  one point  

of a s a t e l l i t e  with m a s s  corresponding t o  4 1 / 2 m .  

favor of t h i s  model. Consequently, Sa tu rn ' s  r i n g s  should be clouds of indepen- 

den t ,  s o l i d  p a r t i c l e s .  

Kowalewsky (1885) re f ined  the  shape of t h e  

The observat ions a r e  not i n  r 

#27. S t a b i l i t y  

The research t h a t  has been done on t h e  problem of the  s t a b i l i t y  of Sa tu rn ' s  

r i n g s  i s  extensive.  Of t h a t  research ,  t h a t  of Duboshin (1940) contains  i n  addi- 

t i o n  an extremely complete c r i t i c a l  review of t he  preceding r e s u l t s .  Hagihara 

(1963) includes a list of l a t e r  e f f o r t s .  This s ec t ion  reviewed t h e  problem of 

r i n g  s t a b i l i t y  pr imar i ly  from the  physical  s ide.  P a r t i c u l a r  a t t e n t i o n  i s  devoted 

t o  an ana lys i s  of t h e  r o l e  of t he  c o l l i s i o n s  between p a r t i c l e s ,  and t o  quest ions 

concerned with an observat ional  v e r i f i c a t i o n  of the  theory. Hence, we c e r t a i n l y  

w i l l  not be ab le  here  t o  d iscuss  a l l  of t he  ava i l ab le  papers on t h e  subject .  

( a )  M a x w e l l ' s s t a b g i t y  c r i t e r i a  f o r  a r i n g  of c o l l i s i o n l e s s  p a r t i c l e s .  

Maxwell (1859) analyzed the  case of t he  narrow, monolithic r i n g ,  as 

well  a s  t h a t  of a r i n g  cons is t ing  of independent p a r t i c l e s .  The f i r s t  model 

Maxwell considered w a s  an elementary r i n g  of p equal pa r t i cu la t e s .  The mean 

pos i t i ons  of t he  p a r t i c l e s  w i l l  move around Saturn a t  equal d i s t ances  i n  the  

same c i r c u l a r  o r b i t ,  and a t  t he  same Keplerian ve loc i ty .  Mutual g rav i t a t iona l  

per turba t ions  of t he  p a r t i c l e s  w i l l  fo rce  them t o  o s c i l l a t e  near these  mean 

pos i t ions .  The o s c i l l a t i o n s  w i l l  produce crowding and thinning i n  the  elementary 

r i n g ,  propagating t angen t i a l ly  as waves of some kind. Maxwell notes  t h a t  t h e  

wave, a t  a f ixed  moment i n  t ime, has what is ,  general ly  speaking, an a r b i t r a r y  

shape, but t h a t  i t  can be represented by t h e  sum of the  elementary waves through 

a Fourier  s e r i e s .  Maxwell deduces the  following condi t ion f o r  which the  amplitude 

of t he  waves w i l l  remain f i n i t e  /75 
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(27.1) 

This is t h e  s t a b i l i t y  c r i t e r i o n  f o r  an elementary r i n g  of equal p a r t i c l e s .  

Eq. (27.1) shows t h a t  t h e  r i n g  is s t a b l e  i f  i ts m a s s  i s  s m a l l  compared with 

Sa tu rn ' s  m a s s  ( t h e  l a r g e r  t h e  number of sa te l l i t es ,  w ,  t h e  smaller 

be) .  

/u should rcZ 

Of t he  o the r  models considered by Maxwell, t h e  one of g rea t e s t ,  s i g n i f i c a n t  

i n t e r e s t  is t h e  ring-shaped cloud of independent p a r t i c l e s  r o t a t i n g  around 

Saturn as a whole, t h a t  i s ,  a t  a s ing le  angular ve loc i ty .  Using t h e  same method 

here  as he did f o r  t h e  elementary r i n g ,  M a x w e l l  concluded t h a t  t h e  r i n g  would 

be s t a b l e  i f  t h e  condi t ion 

6r  < 1/300 h 5 ,  (27.2) 

were s a t i s f i e d .  Here 6 and 6 a r e  r i n g  and Saturn d e n s i t i e s ,  respect ively.  I f  

t h e  condi t ions of Eq. (27.2) were not s a t i s f i e d ,  t he  r i n g  would be destroyed by 

t angen t i a l  waves because t h e i r  amplitudes would r i s e  t o  i n f i n i t y .  

r 5 

It should be emphasized t h a t  Eq. (27.2) ignored d i f f e r e n t i a l  ro t a t ion .  But 

s ince  the  l a t t e r  p lays  so important a r o l e  i n  the  case of Sa tu rn ' s  r i n g s  (#25),  

it can be assumed t h a t  some system of crowding, or of waves, capable of destroying 

t h e  r i n g s ,  w i l l  i n  f a c t  i t s e l f  des t roy  the  d i f f e r e n t i a l  r o t a t i o n  before  per tur -  

ba t ion  reaches a dangerous magnitude. I f  t h i s  i s  so,  Maxwell's upper l i m i t  of 

permissible  r i n g  dens i ty ,  Eq. (27.2),  i s  g rea t ly  underestimated. 

This cont rad ic t ion  passed unnoticed u n t i l  very r ecen t ly ,  when Cook and 

Frankl in  (1964, 1966) reviewed Maxwell's inves t iga t ions .  They found t h a t  t h e  

c r i t i c a l  dens i ty  i n  f a c t  i s  considerably i n  excess of 1/300 6 We s h a l l  r e -  

t u r n  t o  t h i s  quest ion a l i t t l e  l a t e r  on. 
5' 

( b )  The e f f e c t  of c o l l i s i g n s  between r i n g  p a r t i c l e s .  Maxwell d i scusses  

t h i s  a t  t he  end of h i s  paper. 

of concentr ic  elementary r i n g s )  and concludes t h a t  t he  resonance phenomena 

occurring i n  t h i s  system w i l l  cause the  per turba t ions  t o  increase  exponent ia l ly  

and as a r e s u l t  t h e  p a r t i c l e s  should begin t o  c o l l i d e  with each other .  The 

c o l l i s i o n s  (not  e n t i r e l y  e las t ic)  w i l l  lead t o  the  r a d i a l  expansion of t h e  r i n g ,  

He reviews a model one p a r t i c l e  t h i c k  ( a  series 
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o r  t o  the  r a d i a l  r e d i s t r i b u t i o n  of i t s  surface densi ty .  M a x w e l l  a l so  po in t s  t o  

the  tendency of t h e  system t o  form short- l ived,  narrow zones with a reduced 

sur face  dens i ty  between them. 

It must be pointed o u t ,  however, t h a t  resonance phenomena can only  occur /76 
when the re  is no d i f f e r e n t i a l  ro t a t ion .  Since t h e  l a t t e r  cannot be ignored, what 

must be expected is not  resonance, but  long-period beats.  

made a quan t i t a t ive  ana lys i s  of this case ( f o r  two elementary r i n g s )  and found 

t h a t  t h e  system can be maintained s t a b l e ,  providing i t s  m a s s  is s m a l l  enough as 

compared with Sa tu rn ' s  m a s s .  

Goldsbrough (1951) 

Je f f r eys  (194713) took t h e  next s t e p  i n  the  discussion of t h e  e f f e c t s  of 

c o l l i s i o n s  on Sa tu rn ' s  r ings .  

a t t r i b u t a b l e  t o  t h e  p a r t i a l l y  i n e l a s t i c  nature  of t h e  c o l l i s i o n s ,  and concluded 

t h a t  t he  d i s s i p a t i o n  gradually should suppress the  o s c i l l a t i o n s  of t h e  p a r t i c l e s  

near the  mean pos i t i ons ,  and t h a t ,  f i n a l l y ,  t he  r i n g  should be converted i n t o  a 

c o l l i s i o n l e s s  system one p a r t i c l e  thick.  J e f f r eys  estimated t h a t  t h i s  process 

should take  place over a very shor t  period of t ime, cosmogonically speaking. 

H e  concentrated on t h e  d i s s i p a t i o n  of energy 

Je f f r eys  assumed t h a t  t h e  f i n i t e  condi t ion of t he  r i n g  system he found did 

not cont rad ic t  observat ional  d a t a ,  including the  photometric data.  This i s  not 

so ,  i n  f a c t .  A one-par t ic le  thickness  system with the  br ightness  of t he  B r i n g  

cannot y i e ld  t h e  observed f l logari thmicl '  shape of t he  phase curve near opposi t ion 

( s e e  Chapter I V ) .  In  o ther  words, observat ions show t h a t  f a c t o r s  e x i s t  t h a t  

prevent t h e  r i n g s  from reaching a s t a t e  of complete f l a t t en ing .  

But then the  system is  not c o l l i s i o n l e s s ,  the  energy of t h e  o s c i l l a t i o n s  of 

t he  p a r t i c l e s  gradually i s  d i s s ipa t ed ,  and the  only p o s s i b i l i t y  of preventing 

complete f l a t t e n i n g  l i e s  i n  a continuous replenishment of t h i s  energy by some 

source with adequate capacity.  The poss ib le  mechanisms of such replenishment 

w i l l  be taken up i n  #28. 

( c )  La tes t  research. A s  w e  al ready have pointed o u t ,  Maxwel l ' s  work r e -  

cen t ly  w a s  reviewed by Cook and Frankl in  (1964, 1966). 
t h e o r e t i c a l  research  i n  which t h e  authors  analyzed seven models of r i n g  systems. 

They used M a x w e l l ' s  method; t h a t  i s ,  they reviewed the  compression and expansion 

waves propagating i n  the  r i n g s ,  and assumed t h a t  i f  t h e  amplitudes of t h e  waves 

This w a s  wide-ranging 
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rose  without l i m i t ,  i n s t a b i l i t y  would r e s u l t .  The opposi te  case would mean 

s t abi li t y . 
The authors  pointed ou t ,  and el iminated,  three of M a x w e l l ' s  e r r o r s  a t  t h e  

same t i m e .  

underestimation of  t h e  upper l i m i t  of permissible  dens i ty )  w a s  c lose ly  assoc ia ted  

with t h e  f a c t  t h a t  Maxwell ignored the  e f f e c t  of d i f f e r e n t i a l  ro t a t ion .  H e  con- 

s idered two types  of waves, one of which i s  the  r e s u l t  of t he  t angen t i a l  compo- 

nent of t he  o s c i l l a t i o n s  of t h e  p a r t i c l e s  i n  t h e  azimuthal d i r e c t i o n ,  t h e  o the r  

t h e  r e s u l t  of t h e  r a d i a l  component, and propagated r a d i a l l y .  Retaining t h e  

terminology used by C o o k  and Frankl in ,  we w i l l  c a l l  t hese  two types the  t angen t i a l  - /77 
and r a d i a l  waves. Maxwell noted, and C o o k  and Frankl in  confirmed, t h e  f a c t  t h a t  

the  t angen t i a l  waves become unstable  sooner than do t h e  r a d i a l  waves. This w a s  

t he  f a c t  upon which Maxwell based h i s  conclusion t h a t  r i n g  s t a b i l i t y  depended 

s o l e l y  on t h e  t angen t i a l  waves, and thus  a r r ived  a t  h i s  dens i ty  c r i t e r i o n  i n  

Eq. (27.2). In  f a c t ,  t h e  presence of d i f f e r e n t i a l  r o t a t i o n  can very quickly con- 

v e r t  a t angen t i a l  wave i n t o  a r a d i a l  wave ( s e e  our example i n  #25), and t h i s  led  

C o o k  and Frankl in  t o  conclude t h a t  it is  not t h e  t a n g e n t i a l ,  but  t he  r a d i a l  waves 

t h a t  cont ro l  r i n g  s t a b i l i t y .  This opinion (whether it is ,  or i s  no t ,  co r rec t  

w i l l  be discussed l a t e r )  i s  the  au thors '  po in t  of depai-ture. They used t h e i r  

mode pr imari ly  t o  estimate t h e  c r i t i c a l  dens i ty  of t h e  r i n g s  s a t i s f y i n g  t h e  con- 

d i t i o n  of s t a b i l i t y  f o r  r a d i a l  waves. Recognizing t h a t  t h e  width t o  thickness  

r a t i o  f o r  S a t u r n ' s  r i n g s  is very grea t ,  t h e  authors  ignored r i n g  curvature  and 

limb e f f e c t s  i n  a l l  t h e i r  models. Their f i n a l  conclusion w a s  t h a t  t he  r i n g  sys- 

tem is  g rav i t a t iona l ly  s t a b l e  i f  t he  system's mean dens i ty  i s  l e s s  than 0.18 
3 3 

g/cm , and t h a t  it is  unstable  i f  t he  mean dens i ty  i s  grea te r  than 1.04 g/cm . 
We should emphasize t h e  f a c t  t h a t  even the  smal les t  of these  va lues  i s  l a r g e r  

than the  Maxwellian upper dens i ty  l i m i t  by a f a c t o r  of approximately 80. The 

l i m i t s  of t h e  region i n  which the  c r i t i c a l  value of t h e  2 3  r4 r a t i o  i s  contained 

can be obtained a t  once from these  est imates .  Actual ly  

The most important e r r o r  ( t h e  one t h a t  led  M a x w e l l  t o  h i s  g r e a t  

(27.3 
2 2  

rl) zo'r (Lh/s:$) = n ( r 2  - 

where r and r 1 2 
the  mean dens i ty  of t he  r ings .  Subs t i t u t ing  r = 0.89-1010 c m ,  r = 1.39.10 c m ,  

5 z = 10 cm, and using t h e  6 est imate  c i t e d  above, we obta in  

a r e  the  i n t e r n a l  and ex terna l  r a d i i  of t h e  r i n g  system; Sr  i s  
10 

1 2 

0 r 
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Yabushita (1966) is another who made a recent  estimate of (3irb$)ma. H e  

too inves t iga ted  t h e  s t a b i l i t y  of t he  r i n g s  i n  t e r m s  of axisymmetrical per tur -  

ba t ions ,  but he took r i n g  curvature, limb e f f e c t s ,  and (somewhat a r b i t r a r i l y )  

t he  r a d i a l  d i s t r i b u t i o n  of t h e  dens i ty ,  i n t o  consideration. 

even more from those of M a x w e l l  

H i s  r e s u l t s  d i f f e r  

(27.5) 
i i 
- 4su < ( % d a $ m a x  < 26 - 

( d )  Objgct_ions to- t h e  .. ~.~ conception . ~ of wave-like per turbat ions.  We s h a l l  no t ,  _ _ _  
here ,  seek the  reasons f o r  t he  s t r i k i n g  lack  of agreement between Eqs. (27.4) 

and (27.51, but w i l l  po in t  out t he  following weak po in t s  i n  both inves t iga t ions .  /78 
The authors proceeded on t h e  assumption t h a t  azimuthal waves with a wave f r o n t  

extending over t he  e n t i r e  width of t h e  r i n g ,  and r a d i a l  waves with a wave f r o n t  

extending over t he  e n t i r e  circumference of the  r i n g ,  could ex i s t .  Neither 

assumption has a physical  bas i s .  In  f a c t ,  t he re  i s  no physical  reason f o r  t he  

c rea t ion  i n  a r i n g  with d i f f e r e n t i a l  r o t a t i o n  of compression (expansion) of t he  

order  of 10,000 k m  i n  length extending i n  the  r a d i a l  d i r e c t i o n ,  or of t h e  forma- 

t i o n  of a r a d i a l l y  propagating r ing - l ike  per turba t ion  i n  which a l l  p a r t i c l e s  

would o s c i l l a t e  i n  i d e n t i c a l  phase over 360". This i s  so because the  c r i t e r i a  

of s t a b i l i t y ,  based on s i m i l a r  assumptions, cannot be t ru s t ed .  

Here the  quest ion of t h e  shape of t he  dens i ty  per turba t ion  t h a t  occurs 

when the  r ing  approaches a s t a t e  of g rav i t a t iona l  i n s t a b i l i t y  i s  of much i n t e r e s t .  

The answer i s  a s  follows. The most probable answer i s  t h a t  increase  i n  (m 
w i l l  c r ea t e  random f luc tua t ions  i n  dens i ty ,  r a t h e r  than waves. The only shape 

f o r  per turba t ions  such a s  t h i s  i s  an e l l i p s o i d  with a dens i ty  somewhat grea te r  

than i t s  surrounding region. I t  should be g rea t ly  f l a t t e n e d  with respec t  t o  the  

z coordinate because ( r  The dimensions, and the  l i f e  span, of t h e  

e l l i p s o i d  w i l l  depend on t h e  d i f f e r e n t i a l  r o t a t i o n  v e l o c i t y ,  or i n  o ther  words, 

on the  value of (m r4). 
d e t a i l  by Gurevich and Lebedinskiy (i950) f o r  a protoplanetary cloud. 

r 4 )  

- rl)  9 zO. 2 

W e  may r e c a l l  t h a t  t h i s  presenta t ion  was analyzed i n  

Let us  poin t  out as well  t h a t  i f  (mr/lnlz) were so  l a rge  t h a t  t he  e f f e c t  of 

d i f f e r e n t i a l  r o t a t i o n  turned out  t o  be s m a l l ,  t he  objec t ion  t o  wave-like per- 

t u rba t ions  would vanish. This i s  not so i n  the  case o f  Sa tu rn ' s  r i n g s ,  however, 

because spectroscopy of t he  r i n g s  has detected s i g n i f i c a n t  d i f f e r e n t i a l  ro t a t ion .  

79 



( e )  Observational i nd ica t ions  t h a t  t h e r i n g ?  =e far  from unstable.  There 

is ye t  another shortcoming common t o  the  work done by Cook and Frankl in ,  and by 

Yabushita. This i s  t h a t  t he  problem of t h e  s t a b i l i t y  of Sa tu rn ' s  r i n g s  w a s  

analyzed as i f  t h e  r i n g s  were an objec t  not suscept ib le  t o  d i r e c t  observations.  

I n  poin t  of fact ,  during t h i s  century the  r i n g s  have been thoroughly s tudied by 

Lowell, Barnard, Lyot, Dollfus ,  Camichel, Kuiper, and o the r  very experienced 

observers under condi t ions  providing good, and even exce l l en t ,  images and high 

reso lu t ion .  Not a t r a c e  of moving, heterogeneous r i n g  material has been observed 

( i n  the  form of r a d i a l  or t angen t i a l  waves, or i n  t h e  form of e l l i p s o i d s ) .  

A l l  observers r epor t  s t a b l e ,  r ing- l ike  d iv i s ions  (Kirkwood's s l i ts) ,  a t t r i b u t a b l e  

t o  resonancy with the  i n t e r n a l  s a t e l l i t e s  of Saturn (#l), and minor azimuthal 

d i f fe rences  i n  b r igh tness ,  such as t h e  nonuniform br ightness  of t he  eyes,  and 

the  l i k e  (#13). The causes of t h e  azimuthal e f f e c t s  a r e  unknown, but t h e i r  de f i -  

n i t e  o r i en ta t ion  with r e spec t  t o  the  sun i n d i c a t e s  t h a t  they can be a t t r i b u t e d  

t o  the  inf luence of s o l a r  rad ia t ion .  I n  any case ,  it would be extremely un jus t i -  

f i e d  t o  say t h a t  they a r e  connected with dynamic i n s t a b i l i t y .  

So f a r  as the  minimum nonuniformity t h a t  can be observed i n  the  dimensions 

of Sa tu rn ' s  r i n g s  from a high mountain observatory ( P i c  du Midi, or Lowell, f o r  

example) i s  concerned, i t s  magnitude is of the  order  of Ot ' . l  t o  0".2 f o r  r ing-  

l i k e  nonuniformities,  and of t he  order  of 0".2 t o  O't.4 f o r  b r igh t  or dark spo t s  

(here  we a r e  assuming t h a t  t he  nonuniformities have adequate br ightness  con t r a s t  

with t h e i r  surroundings).  

respect ively.  Comparing these  numbers with Eq. (25.41, one can be persuaded 

t h a t  a spot  from 1400 t o  2800 km i n  diameter would be destroyed by d i f f e r e n t i a l  

r o t a t i o n  within one, or two, revolu t ions  (one day, or l e s s ) .  A s m a l l  nonunifor- 

mity with a diameter of 4 Jan would have a l i f e  span of t he  order  of one year. 

In  o ther  words, long-term exis tence ,  even of such s m a l l  condensation d e n s i t i e s  

as 4 km, i s  not compatible with the  observed magnitude of t he  d i f f e r e n t i a l  ro t a -  

t i o n  of t he  r ings .  

It  i s  between 700 and 1400 and 1400 and 2800 km. 

So, d i r e c t  observat ions show t h a t  t h e  r i n g s  a r e  f a r  from unstable.  The m a s s  

of Saturn i s  many orders  of magnitude i n  excess of t h e  mass of t he  r i n g s ,  and 

damps even s m a l l  f l u c t u a t i o n s  i n  dens i ty  i n  sho r t  order.  
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#28. Mechanisms .- - - _ _  That _Possibly .. Prevent - Complete ~- Fla t t en ing  of t he  Rings 

Let u s  t u r n  t o  the  problem touched upon i n  #27, t h a t  of t h e  former Je f f r eys  

Conception, i n  accordance with which the  r i n g s  are a one-part ic le  th ickness  

system, but  which has been contradicted by observations.  

s ions  should occur between the  p a r t i c l e s ,  and the re  should be continuous d iss ipa-  

t i o n  of t h e  p a r t i c l e  o s c i l l a t i o n  energy. J u s t  what mechanisms are the re  t h a t  

can be involved i n  rep len ish ing  t h e  energy capable of preventing t h e  complete 

f l a t t e n i n g  of t h e  r i n g s  during t h e  l i f e  span of t h e  s o l a r  system? 

I f  t h i s  i s  so, c o l l i -  

One obvious mechanism is t h a t  of g rav i t a t iona l  per turba t ions  of t h e  p a r t i c l e s  

by Sa tu rn ' s  s a t e l l i t e s .  

per iod,  long-period, resonance, and the  l ike .  Resonance per turba t ions  a re  e f fec-  

t i v e  only f o r  narrow zones, within the  l i m i t s  of which t h e r e  is commensurability 

of t he  per iods of r o t a t i o n  of p a r t i c l e s  and s a t e l l i t e s  ( t h a t  i s ,  f o r  t he  d iv i -  

s ions ) .  They cannot,  t he re fo re ,  prevent t he  complete f l a t t e n i n g  of t h e  r i n g  

system as a whole. Short-period per turba t ions  a r e  of g rea t e s t  i n t e r e s t  i n  t he  

case of frequent c o l l i s i o n s  ( y e t  only the  d i f f e r e n t i a l  e f f e c t s  a r e  important) .  

There a re  no est imates  of t h e i r  e f fec t iveness  as yet .  Long-period per turba t ions  

a r e  important i n  t h e  case of rare co l l i s ions .  Calculat ions made a t  our request  

by t h e  Shternberg S t a t e  Astronomical I n s t i t u t e  provided the  following r e s u l t s .  

Per turbat ions from the  accumulation of t he  o r b i t s  of p a r t i c l e s  of M i m a s ,  Tethys, /80 
and Ti tan c r e a t e  amplitudes of o s c i l l a t i o n  of p a r t i c l e s  along the  z coordinate  

of 16, 47, and 106 meters,  r e spec t ive ly ,  a t  t h e  outer  boundary of t he  r i n g  sys- 

tem. The period of t he  per turba t ions  i s  of t he  order  of 400 revolu t ions  of a 

p a r t i c l e .  Long-period per turba t ions ,  t he re fo re ,  can be e f f e c t i v e  only i n  very 

t ransparent  zones of t he  r i n g s  ( i n  the  i n t e r n a l  zones of t h e  C r i n g ,  for example), 

where c o l l i s i o n s  a r e  extremely r a re .  

The per turba t ions  could be of severa l  types: short-  

Col l i s ions  should be frequent i n  the  A and B r i n g  regions.  In  order  t o  

show t h i s ,  l e t  us compute the  1/z 

of t h e  f r e e  path of a p a r t i c l e  t o  t h e  r i n g  thickness.  Let us assume t h a t  t he  

p a r t i c l e s  have the  same r a d i u s ,  p ,  and t h a t  they are d i s t r i b u t e d  a t  random i n  a 

plane-paral le l  l aye r  with thickness  z and o p t i c a l  thickness  

r a t i o ,  which i s  the  r a t i o  of t he  mean length 
0 

0 

T = IT 2Nao/R, 
O P  
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where N is  t h e  number of p a r t i c l e s  i n  t h e  r i n g ;  R is t h e  volume of t h e  r ing.  

The m e a n  l ength  of t h e  f ree  pa th  f o r  t h e  p a r t i c l e  is 

I = 1:j.i - ! / ~ ~ , o 2 ~ ~ ~ ,  (28.2) 

Comparing these expressions, we obtain 

I J Z o  3 14 ]~Z.G,. (28.3) 

When r = T = 0.6 and r = T = 1, t h e  values  0.18 and 0.30 are obtained 

f o r  t/z , respec t ive ly .  Thus, c o l l i s i o n s  i n  t h e  A and B r i n g s  are frequent.  
0 OA 0 OB 

0 

In t h i s  ca se  t h e  source of energy compensating f o r  d i s s i p a t i o n  during 

c o l l i s i o n s  can be t h e  energy of d i f f e r e n t i a l  r o t a t i o n  of t h e  r ing.  Actually,  

d i f f e r e n t i a l  r o t a t i o n  c r e a t e s  transfer of  t h e  pulse  moment i n  t h e  d i r e c t i o n  

of increase i n  t h e  r ad ius  of t h e  r i n g ,  r. Since t h e  c o l l i s i o n s  are not c e n t r a l  

c o l l i s i o n s ,  general ly  speaking ( t h e  p r o b a b i l i t y  of what would be c e n t r a l  

c o l l i s i o n ,  s t r i c t l y  speaking, is  z e r o ) ,  t h e  t r a n s f e r  of pu lse  moment i s  

accompanied by frequent  conversions of d i f f e r e n t i a l  r o t a t i o n  energy i n t o  

random p a r t i c l e  motion energy near t h e i r  mean p o s i t i o n s ;  i n t o  "heat. I t  D i s s i -  

pa t ion  of energy can be considered a s  l lcooling" t h e  r i n g ,  because of t h e  less 

than complete e l a s t i c i t y  of t h e  p a r t i c l e s .  The two processes cancel each 

o the r  i n  t h e  s t a t i o n a r y  state.  z remains constant ,  but t h e  t o t a l  mechanical 

energy of t h e  r i n g  decreases s t ead i ly .  The r e s u l t  is  t h a t  a l l  p a r t i c l e s  slowly 

approach Saturn. 

0 

L e t  u s  introduce a formula f o r  z as a funct ion of t h e  mean v e l o c i t y  of 
0 - 

random motion, u. W e  w i l l  assume t h a t  t h e  reduction i n  energy a t t r i b u t a b l e  

t o  t h e  less  than t o t a l  e l a s t i c i t y  during each c o l l i s i o n  i s  completely balanced 

by t h e  above-indicated "heating." I n  f a c t ,  t h e r e  is  only a mean compensation, 

but i f  t h e  c o l l i s i o n s  a r e  f requent ,  t h e  behavior of t h e  system w i l l  be c lose  

t o  t h e  case of completely e l a s t i c  c o l l i s i o n s .  Spec i f i ca l ly ,  v e l o c i t y  d i s t r i -  

bution w i l l  be  c l o s e  t o  Maxwellian. 

Since t h e  system is  unusually f l a t ,  and s i n c e  D A  i s  extremely small ,  

t h e  random motion of a p a r t i c l e  along t h e  z coordinate  ( t h a t  is ,  normal t o  

t h e  plane of t h e  r i n g )  can be considered a harmonic o s c i l l a t i o n  i n  S a t u r n ' s  

g rav i ta t iona l  f i e l d .  I ts  amplitude then is 
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where u is t h e  component of t h e  random v e l o c i t y  i n  t e r m s  of t h e  z coordinate  

when z = 0 ' ;  w is t h e  angular v e l o c i t y  of t h e  c i r c u l a r  Keplerian motion of t h e  

p a r t i c l e .  I n  t u r n ,  t h e  d i s t r i b u t i o n  of t h e  p a r t i c l e  concentration i n  terms 

of t h e  z coordinate  w i l l  be described by t h e  Boltzmann equation 

2 

n ( z )  = n ( 0 )  exp (-E /kT).  (28.5) 
P 

2 2  -2 
Subs t i tu t ing  E = 1/2 m w  z and kT = 1/3 m c 2  = 1/8 m u  (where c and 

P 
are t h e  mean-square and t h e  mean v e l o c i t i e s ,  r e s p e c t i v e l y ) ,  w e  obtain 

n ( z )  = n(0 )  exp (-4cu a /nu 1. (28.6) 2 2 -2 

s a t i s f y i n g  t h e  o e f f '  L e t  us introduce t h e  e f f e c t i v e  physical  thickness  2; 

condi t ion 

(28.7) 

A comparison of Eq. (28.6) with Eq. (28.7) w i l l  y i e l d  

/6 (28.8) 
- 

o eff u = u t 3  

It  can be shown t h a t  about 84 percent of a l l  t h e  p a r t i c l e s  can be contained 

between t h e  +z and - Z  eff planes. o eff 

Now l e t  us  estimate t h e  z value t h a t  can be maintained constant  f o r  t i m e  
0 

t of t h e  l i f e  of t h e  s o l a r  system a t t r i b u t a b l e  t o  t h e  expenditure of mechanical 

energy by t h e  p a r t i c l e ,  i f  t h e  r a d i u s  o f  t h e  p a r t i c l e ' s  o r b i t  changes from r 

t o  r i n  t h a t  t i m e .  
0 

t 

According t o  t h e  hydrodynamics of a viscous,  incompressible m e d i u m ,  t h e  

amount of energy converted i n t o  heat ( i n  a u n i t  of volume i n  a u n i t  of t i m e )  

during t h e  t r a n s f e r  of pulse  moment is  

(28.9) 

( 6  is  dens i ty  

2 -(dE/dt) = T r 2  (du)/dr) , 
*ere 7 = 1/3 Tl6, and is t h e  c o e f f i c i e n t  of i n t e r n a l  f r i c t i o n ;  

of t h e  medium). Mindful of t h e  fact  t h a t  t h e  mechanical energy of t h e  p a r t i c l e  

i s  

E = ym 5 / 2 r ,  
P P 

where y is  t h e  constant of g r a v i t a t i o n ,  and t h a t  

r2(dcU/drl2 = 9/4 (%/r 3 1, 

(28.10) 

( 28.11 ) 

83 



and r e so r t ing  as well  t o  t h e  use of Eqs. (28.3) and (28.81, i n  place of Eq. 

(28.91, w e  ob ta in  

-r 5/2dr = (3 zt eff/8 G o ) d t ,  ( 28.12) 

implying 

l e t  us  assume f o r  - /82 o e f f '  In  order  t o  use t h i s  equation t o  estimate z 

example t h a t  a p a r t i c l e  t h a t  now is located c lose  t o  t h e  cen te r  of t h e  B r i n g  

(r  = r 

system, a t  d is tance  r = r = 1.37*1010 cm ( t h e  present  day outer  boundary of 

t h e  system). Then, s e t t i n g  7 = 1, and t = 5.10 years  = 1.58-1017 seconds, 

we f i n d  

= l .OO-lO1o cm) w a s ,  a t  t h e  beginning of t h e  ex is tence  of t h e  r ing  t 

9 
0 

0 

z = 35 m ( 28.14 o e f f  

The apparent physical  th ickness  of t h e  r i n g s ,  z is considerably more 
0 aPP' 

than t h i s  when the  r i n g s  a r e  viewed p rec i se ly  edge-on. The jud ic ious  thing t o  

do is  t o  def ine  z a s  t h e  thickness  of a l aye r  having an op t i ca l  thickness  

along the  plane of t he  r i n g s  a t  t h e  boundaries equal t o  uni ty .  I n  such case 

Z app/zo eff M 3.5. 
sus ta in ing  

0 aPP 

The j u s t  considered mechanism the re fo re  is  capable of 

z M 120 m (28.15) 

f o r  5-10 years.  Since we have assumed t h a t  a l l  t h e  p a r t i c l e s  a r e  of a s i z e ,  

t h i s  es t imate  is  t h e  low l i m i t  for z 

0 aPP 
9 

** 
0 aPP' 

Let us add t h a t  i n  accordance with Eqs. (28.8) and (28,141, t h e  mean 

ve loc i ty  of t he  random movement of t he  p a r t i c l e s  is  about 0.4 cm/s. 

impact fo rce  during c o l l i s i o n s  should not be g r e a t ,  t he re fo re ,  and t h e  Newtonian 

coe f f i c i en t  of r e s t i t u t i o n  should be c lose  t o  un i ty  ( s e e  Goldsmith, 1965). 

The 

- .  ._ __ . ~ 

* * 
1966, and f o r  which see  #22) is of t h e  order  of 3 t o  4 km. 

The observed th ickness  of t he  r ings  (es tab l i shed  f o r  t he  f i r s t  time i n  

* Equation i s  i l l e g i b l e  i n  o r i g i n a l  text - T r a n s l a t i o n  e d i t o r .  
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V I I .  Theory of the  _ _  Effec t  of  Mutual Shading and-I>s Comparison with Obser- - i83 - -  
vat ions  * -  

#29. Introductory Remarks 

A s  soon a s  w e  have es tab l i shed  t h a t  t h e  mutual shading of t h e  p a r t i c l e s  

is t h e  p r inc ipa l  e f f e c t  responsible  f o r  the  observed shape of t h e  phase curves 

f o r  t h e  r ings  (#18) we can est imate  t h e  volumetric dens i ty  of t h e  r ings ,  D ,  

from t h e  theory of t h i s  e f f e c t .  Then a knowledge of t h e  order  of thickness  

of t h e  r ings ,  z (#22) and of t h e  p a r t i c l e  dens i ty ,  

t h e  t o t a l  mass of t he  r ings ,  mr, j u s t  as knowledge of z 

thickness ,  T (#I&), enables  us  t o  es t imate  t h e  mean r ad ius ,  p, of a p a r t i c l e  

of  the  ring. 

enables us t o  es t imate  

and of t h e  o p t i c a l  
&P , 0 

0’ 

0 

The mechanism involved i n  t h e  mutual shading e f f e c t  is  very simple, 

q u a l i t a t i v e l y  speaking. Let us suppose t h a t  we have a p lane-para l le l  l aye r  

of p a r t i c l e s  i l luminated by t h e  sun and observed from t h e  e a r t h  ( t h e  angles of 

e leva t ion  A and A ‘ ,  r e spec t ive ly ) .  

l aye r  is  m a n y  t imes t h a t  of p, t h a t  is ,  t h a t  we have a many-particle thickness  

system. P a r t i c l e s  located c l o s e r  t o  t h e  sun c a s t  t h e i r  shadow on p a r t i c l e s  

f a r t h e r  from it. But these  shadows cannot be seen from t h e  e a r t h  a t  

t h e  time of exact opposi t ion (a, = 0 ) ,  because every p a r t i c l e  sh i e lds  i t s  own 

shadow. With increase i n  cy, t h e  shadows gradually emerge from the  d i sks  of t he  

p a r t i c l e s ,  and t h e  mean br ightness  of t h e  system diminishes. 

Let u s  take  it t h a t  t h e  thickness  of t h e  

We a r e  indebted t o  See l iger  f o r  t h i s  concept. He a l so  w a s  t he  f i r s t  t o  

develop t h e  q u a n t i t a t i v e  theory of t h i s  e f f e c t  (See l iger ,  1887, 1893). 

The reader  should keep i n  mind t h a t  t h e  theo re t i ca l  research done by 

See l iger  on t h e  phase func t ion  of Sa tu rn ’ s  r ings ,  and i ts  assoc ia t ion  with 

t h e  s t ruc tu re  of t h i s  ob jec t ,  was ca r r i ed  out almost 80 years  ago, before spec- 

t rographic  observat ions were made of r ing  r o t a t i o n  (Belopol’skiy,  Deslandres, 

Keeler, #%), long before  d i r e c t  measurements were made of t h e  sur face  br ightness  

* See t h e  Appendix (pp. 118-119 f o r  the  no ta t ions  used i n  the  formulas i n  
t h i s  chapter. 
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of t h e  r i n g s  (Schoenberg, Hertzsprung, #12), and much earlier than t h e  formu- 

l a t i o n  of t h e  theory of t h e  mult iple  s c a t t e r i n g  of l i g h t  (Ambartsumyan, Sobolev, 

Chandrasekhar). Nor had M i e ' s  d i f f r a c t i o n  theory been formulated. 

The proximate cause of S e e l i g e r ' s  research  evident ly  w a s  t h e  r e s u l t s  of 

Miiller's measurements (1893) of t h e  i n t e g r a l  b r ightness  of t h e  Saturn system 

as a func t ion  of A '  and cy. Muller  found a va lue  of 0.044 stellar magnitude/ 

degree of phase f o r  S a t u r n ' s  phase c o e f f i c i e n t ,  a value far i n  excess of 

J u p i t e r ' s  phase c o e f f i c i e n t  (0.015) and of t h e  phase c o e f f i c i e n t s  of other  

planets .  See l iger  showed t h a t  he w a s  extremely perspicacious by pos tu la t ing  

t h a t  t h i s  fact  could be a t t r i b u t e d  t o  t h e  "meteorit ic" s t r u c t u r e  of S a t u r n ' s  

r i ngs .  The idea of t h e  "meteori t ic"  s t r u c t u r e  was borrowed from M a x w e l l  (1859). 

See l ige r ,  i n  h i s  theory,  considered only first order s c a t t e r i n g ,  d i c t a t e d  

by t h e  l eve l  of knowledge of t h e  time. I n  h i s  first paper he wrote of a r i n g  

made up of p a r t i c l e s  of i d e n t i c a l  s i z e ,  but h i s  second paper included 

general izat ion of a theory deal ing with t h e  case of p a r t i c l e s  not a l l  of t h e  

same s i ze .  The sun w a s  replaced by a point  source of l i g h t  a t  i n f i n i t y ,  and 

it w a s  taken t h a t  t h e  p a r t i c l e s  w e r e  macroscopic, d i f f u s e l y  r e f l e c t i n g  spheres. 

The na tu ra l  phase funct ion of t h e  p a r t i c l e  was taken i n t o  considerat ion by 

introducing a f a c t o r  t h a t  was dependent on cy. See l ige r ,  i n  t h i s  approximation, 

obtained formulas f o r  ca lcu la t ing  t h e  phase funct ion.  

Figure 22. Discrepancy between S e e l i g e r f  s 
phase curves and the  observa- 
t i o n a l  curves. 

1, 2,  3 - t h e o r e t i c a l  phase curves (See- 
l i g e r ,  1887) f o r  D = = 3.75-10-3 , 6.25. 
10-3and 1 . 2 5 0 1 0 - ~ ,  corrected f o r  t h e  
na tu ra l  effect  of p a r t i c l e  phase and f o r  
higher  order  s c a t t e r i n g ;  c i r c l e s  are t h e  
means from Schoenberg Is observations (1933) ; 
4 - observed phase curve f o r  B r i n g ,  con- 
s t r u c t e d  using these  poin ts  [Eq.  (12.111. 

Direct measurements of t h e  su r face  br ightness  of t h e  A and B r i n g s  a s  a 

funct ion of cy (Hertzsprung, 1919; Schoenberg, 1921, 1933) detected a great  d i s -  

crepancy between See l ige r '  s t h e o r e t i c a l  phase curve and t h e  observational d a t a  
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(Figure 22). This  author (see Bobrov, 1940, 1959, 1967) demonstrated t h a t  

t hese  discrepancies  arose because S e e l i g e r ' s  approximation d id  not reproduce 

t h e  condi t ion of Sa turn ' s  r i n g s  accurately enough, i n  t h a t  (1) he disregarded /85 
t h e  angular dimensions of t h e  s o l a r  d i sk  ( - 3 ' . 5 ) ,  (2)  he d id  not consider  

mult iple  s c a t t e r i n g ,  and ( 3 )  he assumed t h a t  a l l  s i z e s  of p a r t i c l e s  w e r e  

equal ly  probable. 

- 

W e  postulated t h a t  an approximation free of t h e s e  l i m i t a t i o n  would s a t i s f y  

t h e  condi t ions f o r  S a t u r n ' s  r i n g s  incomparably b e t t e r  than would S e e l i g e r ' s  

approximation. This  approximation of t h e  theory w a s  constructed and w a s  i n  

extremely good concordance with observations.  It w i l l  be reviewed i n  t h e  

sec t ions  t h a t  follow. 

#3l. The "Cone-Cylinder" _ _  I Approximation, Without - - _ _  Variance i n  t h e  S izes  of 
~ 

~ 

P a r t i c l e s  - Taken i n t o  Consideration 

The shadow of a p a r t i c l e  i n  S e e l i g e r ' s  approximation i s  an i n f i n i t e l y  

long cy l inde r ,  because of h i s  l i m i t a t i o n  (1). The volume behind t h e  p a r t i c l e ,  

i n  which t h e  r ing  mater ia l  is  shielded from t h e  observer by t h e  d i s k  of t h e  

p a r t i c l e ,  t oo  i s  an i n f i n i t e l y  long cyl inder .  W e  can c a l l  t h i s  scheme t h e  

"cy1 inder-cy1 inder" approximation. 

-_ - - -  ... 
/---.-. 

Figure 23. Schematic View of  t h e  eye of  S a t u r n ' s  r ings.  

The element de belongs t o  a p a r t i c l e  a r b i t r a r i l y  se lec ted  a t  depth z ,  measured 
from plane fl ( c l o s e s t  t o  t h e  sun).  The s t r a i g h t  l i n e s  M S  and ME are d i rec ted  
toward t h e  sun, and toward t h e  e a r t h ,  respect ively.  C i s  t h e  cy l inder  of  
sh i e ld ing ;  U i s  t h e  cone of shading; p is  t h e  p a r t i c l e  r a d i u s ;  cy i s  t h e  phase 
angle;  A and A '  are t h e  a n g l e s  of e leva t ion  of t h e  sun and e a r t h  over t h e  plane 
of t h e  r ings.  
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L e t  us remove l i m i t a t i o n  ( 1 1 ,  and l e t  us say t h a t  a t  t h e  mean d is tance  

of Saturn from t h e  sun, t h e  d i s k  of t h e  l a t te r  has an angular r ad ius  of 

(31.1) 

The shadows of t h e  p a r t i c l e s  then w i l l  be cones with a f i n i t e  length of p / ~ ,  

where p is the  p a r t i c l e  radius .  But a t  t h e  same t ime,  t h e  shielded volumes 

remain i n f i n i t e l y  long cy l inders .  We obtain t h e  "cone-cylinder" approximation. 

3 cp = 11.676; l / c p  w 2.0'10 . 
/86 - 

(a)  Amplitude of chang when penumbra is _ _  - __IiL___; 

disregarded. L e t  us  look a t  Figure 23. Some p a r t i c l e ,  s t r i k i n g  

t h e  center  of volume c ,  or U, sh i e lds  element de from t h e  ea r th ,  o r  from t h e  

sun, respec t ive ly .  In t h e  case of t he  former t h e  element de w i l l  be shielded 

by t h e  d i sk  of t he  p a r t i c l e  considered. In t h e  case of t h e  l a t t e r  t he  p a r t i c l e  

w i l l  c a s t  i t s  shadow on de. The shadow of t h e  p a r t i c l e  should be considered 

as black w 

element de 

cen te r s  of 

p a r t i c l e s )  

t h  an accuracy of within first order  s c a t t e r i n g ,  so  t h a t  t he  

w i l l  be seen from the  e a r t h  only f o r  t h e  per iod of time when the  

a l l  t h e  o ther  N - 1  p a r t i c l e s  of t h e  r i n g s  ( N  is t h e  number of a l l  

w i l l  be outs ide  t h e  so-called volume of p robab i l i t y  

v = c + u - w ,  (31 - 2 )  

where W is p a r t  of V, t h e  t o t a l  of C and U. 

The p robab i l i t y  t h a t  de w i l l  be seen is  

11 :z [ ( R  - V)/f?]"-' zz C S ~  (- TJN/R), 
(31 -3)  

where R is t h e  volume of t h e  r ing.  The mean luminous f l u x  t ransmit ted t o  t h e  

e a r t h  by element de when t h e  l a t t e r  is not shielded,  and is  not shaded. For 

t h e  many-particle th ickness  system, a l l  l aye r s  not too  c lose  t o  plane n 
s a t i s f y  t h e  condi t ion 

p -4 z .  

Further ,  i f  t h e  volumetric dens i ty  is 

(31.4) 

which is  s m a l l  compared with un i ty ,  

a l l  p a r t i c l e s  t h a t  can be sh ie lded ,  

de,  t he  p robab i l i t y  of no sh ie ld ing  

p r a c t i c a l l y  t h e  same. Consequently 

F = = p P o -  

4 
(31.5) D 3- z[? (IV/R) 

JZq. (31.4) can be s a t i s f i e d  by p r a c t i c a l l y  

o r  shaded. This means t h a t  f o r  a l l  elements 

o r  shading, by t h e  same p a r t i c l e  i s  

the  l i g h t  f l u x  from t h i s  p a r t i c l e  w i l l  be 

(31.6) 
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where 

phase function. 

r is t h e  value of F when cy = 0 and f ( d  is t h e  p a r t i c l e ' s  na tura l  
0 

W e  can, therefore ,  wr i t e  t h e  following expression f o r  t h e  amplitude of 

t he  change i n  r ing  br ightness  when a changes from 0 t o  cy x 6 O . 5 :  m a x  

Since, when a = a max 
w < c + u ,  

( see  Bobrov, 1960, p. 3141, we can set 

(31.8) 

(31.9) 

while 

v (0 )  = c. (31.10) 

The volume of C i s  a funct ion of A ' ,  and t h e  volume of U is  a funct ion 

of A .  But i f  t he  r ing  opening i s  not very small A and A '  w i l l  be c lose  i n  

value,  and we can t ake  it t h a t  

A '  = A. (31.11) 

It is convenient t o  introduce a new va r i ab le  

Then 

and 

In place of Eq. (31.71, we obta in  

(31.13) 

(31.14) 

and t h e  in t eg ra l  i n  t h i s  equation is read i ly  evaluated by numerical in tegra t ion .  

In Eqs. (31.13) - (31.151, 'r is  t h e  o p t i c a l  th ickness ,  previously determined 

through l3q. (28.11, and 
0 

x0  r.: (cps,/p sin A )  = -- 4 - - 'Cllcp -: - ; 3 Ds1n '4 . (31.16) 
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where b is the brightness created by first order scattering. A s  already has 

been indicated by Eq. 

ing taken into consideration, is 

1 
(17.11), the total brightness, with higher order scatter- 

b = b i Ab. (31-17) 1 

Since the interval of change in a for Saturn is very small, it can be taken that 

(31.18) 

Then we can use the following equation to make the transition from b ( a  )/ 1 max 

where Ab(0) can be computed through formulas and tables for the theory of mul- 

tiple scattering of light. 

ratio for Saturn's rings have already been presented in #17 (see Table 5). 
Ab(O)/b(O) is of the order of 10 percent, or less, for particles with a - 0.6, 
and the phase function is similar to that of the moon, and this is extremely 

close to actual conditions. 

L88 
The results of the calculations of the Ab(O)/b(O) 

The factor f(amax)/f(0) can be computed as follows. Since the spherical 

albedo of a typical ring particle is now low, the natural effect of opposition 

of the particles (the Gehrels-Hapke effect) is slight. Consequently, the natu- 

ral phase curve for a particle in limits (0 < a 6O.5) should be practically 
linear, so that 

Cf (amax)/f(0) 1 = 2.512-'pamax, ( 3 1 20 

where p is the particle phase coefficient. 
P 

Eqs. (31.15), (31.191, and (31.20) solve this problem. They make it 

possible to compute the amplitude of the effect of mutual shading when the 

penumbra is ignored. 

The results of the calculations converted to stellar magnitudes are shown 

in Figure 24 (the solid curve). The dashed curve shows similar results ob- 

tained when the penumbra was taken into consideration (see the next section). 

We used 7 = 1, A = A '  = 25" (wide open rings), (Ab/b) = 0.10, and p = 0.024. 
0 P 

The only free parameter now is D. 

is heavily dependent on D, a fact not included in the Seeliger approximation. 

AS will be seen from Figure 24, the amplitude 
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Figure 24. Theoretical  amplitude, 
Ammax, of t h e  effect of mutual 
shading i n  s te l la r  magnitudes a s  
a funct ion of log D. 

The s o l i d  curve w a s  computed with 
t h e  penumbra ignored; t h e  dashed 
curve with t h e  penumbra taken in- t h e  mean d is tance  between p a r t  
t o  consideration. The amplitude 
is g r e a t l y  dependent on D. The Let us  poin t  out  t h a t  Eq. 
inf luence of t h e  penumbra is 
s l i g h t .  

The physical implicat ion is q u i t e  clear. 

Since t h e  cones of t h e  shadows cast by 

t h e  p a r t i c l e s  have a f i n i t e  length,  

t h e  p r o b a b i l i t y  of mutual shading dimi- 

nishes  with increase i n  t h e  mean d is tance  

between adjacent  p a r t i c l e s .  But t h e  

mean d is tance  can only increase when 

t h e r e  is a reduction i n  D. A s  opposed 

t o  t h i s ,  t h e  shadows i n  See l iger ' s  appro- 

ximation a r e  i n f i n i t e l y  long cy l inde r s ,  

and, as a r e s u l t ,  t h e  p r o b a b i l i t y  of 

t h e  mutual shading does not depend on 

cles. 

(si .  16 1 
x on D. 

according 
0 

demonstrates t he  dependence of 

It is necessary t h a t  D > 
N 

t o  Figure 24, i n  order  t o  obtain a s i g n i f i c a n t  amplitude from the  e f f e c t  of 

mutual shading. Se t t i ng  7 = 7 - 1, and s i n  A = s i n  25" = 0.4225, i n  Eq. 

(31.16),  w e  f i n d  t h a t  x = 1 corresponds t o  D = 1.58 The observed 

PB(zmax) - p B ( 0 )  is of t h e  order  of 0. 5 (#12), a value corresponding t o  

x 

be achieved when t h e  condi t ion is x 1. Turning now t o  Eq. (31.15), w e  can 

see t h a t  t h i s  l a t t e r  condition means t h a t  only t h e  first t e r m  i n  t h e  numerator 

is  present .  This t e r m  descr ibes  t h e  photometric proper t ies  of those l aye r s  of 

t h e  r ing  where a l l  shadow cones a r e  truncated. L e t  u s  c a l l  them t h e  "surface 

layers ."  The second and t h i r d  terms i n  t h e  numerator of Eq. (31.15) a r e  t h e  

"deep l a y e r s , "  where, a s  be fo re ,  some of t h e  shadow cones a r e  truncated',  but 

some already have reached completion. The presence of completed cones reduces 

t h e  probabi l i ty  of mutual shading; t h a t  i s ,  t h e  i n t e n s i t y  of t h e  e f f e c t  is 

s t ronger  the  th icker  t h e  deep l aye r s  a s  compared with t h e  thickness  of t h e  sur- 

face layers .  Accordingly, t h e  condi t ion f o r  i n t ens ive  e f f e c t  of mutual shading 

is  absence of deep l aye r s .  

0 OB - 

0 m 

l /3  and D % 5 lom3. Thus, t h e  s t rong  e f f e c t  of mutual shading can only 
0 
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Figure 25. Shape of t h e  volume of p robab i l i t y ,  V, i n  t h e  case  when t h e  penumbra 
i s  taken i n t o  consideration. Designations are t h e  same as those 
used i n  Figure 23. 

(b )  Inf luence of t h e  penumbra. . H e r e  t h e  geometry of t h e  volume of proba- 

b i l i t y ,  V ,  must be changed somewhat, and t h i s  i s  shown i n  Figure 25. 

Spec i f i ca l ly ,  i n  addi t ion  t o  cone U ,  taper ing i n  t h e  d i r e c t i o n  toward t h e  sun, 

w e  must introduce a second cone (coaxial  with U )  expanding i n  t h e  d i r e c t i o n  

toward t h e  sun. The angle between t h e  axis and t h e  genera t r ix  of t h i s  new 

cone once again is  equal t o  cp. 

Then 

v =  c + u  + P -  w, (31.21) 

where P is  t h e  volume contained between t h e  expanding and taper ing cones. 

The o the r  designat ions are t h e  same a s  those used i n  Eq. (31.2). 

If t h e  center  of some p a r t i c l e  e n t e r s  P ,  t h e  p a r t i c l e  w i l l  c a s t  a penumbra /9_0 
on t h e  element de,  and t h e  i n t e n s i t y  of t h a t  penumbra w i l l  depend on t h e  posi-  

t i o n  of t h e  c e n t e r  of t h e  p a r t i c l e  with respect  t o  de. 
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where po, pl, p2 ,... are t h e  p r o b a b i l i t i e s  of 0, 1, 2, etc.,  p a r t i c l e s  h i t t i n g  

volume V ;  K 

d6 corresponding t o  these  events. K = 1. 

K1, K2, ... are t h e  m e a n  r e l a t i v e  i l luminat ions of t h e  element 
0' 

0 

Ignoring a l l  t e r m s  i n  Q. (31.22) with subscr ip ts  l a r g e r  than one, we 

obtain 

which gives  t h e  approximation f o r  t h e  effect of mutual shading with excess. 

Actually, t h e  c o e f f i c i e n t s  K and t h e  p r o b a b i l i t i e s  p are pos i t i ve .  By 

ignoring t h e  terms with subscr ip ts  l a r g e r  than one w e  underestimate t h e  mean 

luminousflux, F; t h a t  is, w e  overestimate t h e  effect of mutual shading. 

On t h e  other  hand, d i s regard  f o r  t h e  penumbra (see "a" t h i s  s ec t ion )  under- 

es t imates  t h e  effect  of mutual shading. Thus, t h e  t r u e  amplitude of t h e  e f f e c t  

w i l l  f a l l  between these  two extremes. 

n n 

The p r o b a b i l i t i e s  pn can be ca lcu la ted  by using t h e  formula f o r  t h e  prob- 

l e m  involving f l u c t u a t i o n s  (see Timiryazev, 1956, f o r  example) 

- [vn  exp(-v)/n:l,  (31.24) 'n - 

where v is  t h e  mean number of p a r t i c l e s  i n  volume v. Eq.  (31.24) is  v a l i d  

providing v and n are small compared with N .  This c.r.ndition is  s a t i s f i e d  i n  

our  case because V < R. Since V = ( N / R ) V ,  we can replace Eq. (31.23) by 

L e t  us take it t h a t ,  a s  i n  t h e  case when t h e  penumbra was ignored, W = 0 when 

CY = amax. 
Then 

and 

from whence 

and 

(31.28) 



Illlll I 

The general expression f o r  t h e  c o e f f i c i e n t  K has t h e  form 1 

XI == (I/!') (I - 3;-) t lV,  
I' 

(31.30) 

where S and CT are s o l i d  angles  at which t h e  s o l a r  d i s k ,  and t h a t  p a r t  of it 

shielded by t h e  p a r t i c l e ,  can be seen from poin t  M. 
Q 

The na ture  of t h e  s o l a r  e c l i p s e  a t  point  M a t t r i b u t a b l e  t o  t h e  p a r t i c l e  

with its center  i n  volume P w i l l  depend on t h e  p o s i t i o n  of t h i s  c e n t e r  i n  

t e r m s  of M. The e c l i p s e  can be p a r t i a l ,  annular,  o r  " p a r t i a l  annular." 

A l l  l a y e r s  of t h e  r i n g  can be broken down i n t o  su r face  ( subsc r ip t  llSII) 9 / 9 1  

middle ( " M I 1 ) ,  and deep ( I ' D " ) ,  depending on t h e  na ture  of t h e  ec l ip se .  

Then 

where, f o r  b rev i ty ,  t h e  values  of K and V when cy = Q and cy = 0, are shown 

by t h e  subscr ip ts  "max" and "0." The approximate formulas f o r  t h e  c o e f f i c i e n t s  

have t h e  forms 

1 m a x  
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. . . . . . . 

Eqs. (31.311, (31.32), and (31.19) solve t h e  problem. The r e s u l t s  are 

shown by t h s  dashed curve i n  Figure 24. As w e  see, it passes  very c l o s e  t o  

t h e  curve obtained when t h e  penumbra w a s  ignored. This reflects t h e  rap id  de- 

cay i n  t h e  i n t e n s i t y  of t h e  penumbra with increase i n  t h e  d i s t ance  between t h e  

cen te r  of t h e  p a r t i c l e  and t h e  f u l l  shadow cone. 

noring t h e  penumbra is less than 0 .l. Now we can ignore the  inf luence of t h e  

penumbra i n  a l l  f u t u r e  formulas i n  t h e  theory of t h e  e f f e c t  of mutual shading. 

The e r r o r  introduced by ig- 
m 

( c )  Phase funct ion.  The o r ig ina l  formula f o r  b (a ) /b l (0)  is obtained 
1 

from Eq. (31.7) by replacing amax by a. 

with C + U. 

W is not considered s m a l l  as compared 

A s  we have noted i n  t h e  foregoing, t he  case t h a t  is  of p r a c t i c a l  importance 

i s  t h e  one i n  which the re  a re  no deep l aye r s  (x  < 1, o r  z < (p/cp)). For 

t h i s  case,  s e t t i n g  A '  = A ,  changing from t h e  var iab le  z t o  x ,  and taking cog- 

nizance of Eq. (31.201, i n  place of Eq. (31.33) we obtain 

0 0 

(31.34) 
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where 

and 

= a/q. 

L e t  us  remember t h a t  W des igna tes  t h e  common p a r t  of t h e  volumes C and U 

[ s ee  Eq. (31.211. The phase angle,  cy, a l s o  is t h e  angle between t h e  axes of 

t h e  volumes C and U (Figure 23).  

t o  each o the r ,  i n  much t h e  same fashion as t h e  halves  of a s c i s s o r s ,  and W 

decreases quickly.  Consequently, w is  g rea t ly  dependent on a, s ince  it is ,  

i n  t h e  f i n a l  ana lys i s ,  t h e  reason f o r  t h e  lllogarithmiclf shape of t he  theo re t i -  

c a l  phase curve. 

When cy increases ,  C and U move with respec t  

The p rec i se  expression f o r  w(cy) is very cumbersome. The reader  can f i n d  

it i n  our a r t i c l e  (Bobrov, 19601, which conta ins  simple, approximate, expressions 

as w e l l .  

The na tu ra l  phase funct ion of t h e  p a r t i c l e  ( taken as l i n e a r  on the  s te l  

magnitude sca l e )  is represented by t h e  f a c t o r  2.512-ppa. 

s c a t t e r i n g  of higher  orders  is accomplished as f o r  amplitude [ see  Eq. (31.19 
and the  explanatory t e x t  accompanying t h i s  expression].  

Overall, b(a)/b(O) depends on t h e  va r i ab le s  cy, A, A ‘ ,  and on t h e  para- 

The reduct ion f o r  

meters D, r Ab(O)/b(O), pp. The dependence of A and A ’  is s l i g h t .  Beyond 

t h i s ,  A ’  M A f o r  widely, or even moderately opened r ings .  The parameter r 
0’ 

0 

ar /93 - 

/94 - 
i s  known from observat ions (#I&) and i ts  accuracy is  sa t i s f ac to ry .  The value 

of t he  parameters Ab/b already has been ca lcu la ted  ( # l 7 ) ,  and is  not i n  excess 

of 0.10. The an t i c ipa t ed  value of p according t o  the  conclusion we reached 

i n  #17, should be c lose  t o  t h a t  f o r  t h e  moon (pr, w 0.027 s t e l l a r  magnitude/de- 

gree of phase).  W e  can consider t h i s  parameter t o  be known from observations.  

The only free parameter is  D ,  and t h e  only v a r i a b l e  ( f o r  f ixed  A )  is cy. 

P’ 
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Figure 26. 

Figure 

To' Pp' and 

Figure 

'f 
/ 

0' 
Shapes of t h e o r e t i c a l  phase curves i n  terms of parameters D,  I- 
p , and Ab/b (d ispers ions  i n  s i z e s  of p a r t i c l e s  ignored).  The 
& g l e s  of e l eva t ion  have t h e  f ixed  value A = A '  = 25O i n  a l l  cases  
(widely opened r i n g s ) ,  z is taken as equal t o  1 lan. The values  
of t h e  o ther  parameters a r e  shown near  t h e  curves. 

0 

26 shows the  shapes of t h e  theo re t i ca l  phase curves i n  terms of D,  

Ab/b f o r  f ixed  A ,  A I ,  and z . 
27 is a comparison between t h e  t h e o r e t i c a l  phase curves and d a t a  

0 

/95 - 
from observations made by Hertzsprung (19191, Schoenberg (19331, and Lebedinets 

(1957). The Franklin and Cook da ta  (1965) are very c lose  t o  Schoenberg's (but 

are not  p lo t t ed  i n  Figure 27 i n  order  t o  avoid c l u t t e r ) .  

d a t a  with t h e  theo re t i ca l  d a t a  a l i t t l e  later. 

W e  s h a l l  compare these  
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i a/u 

Figure 27. Comparison of t h e o r e t i c a l  phase curves ( s o l i d  l i n e s )  with the  ob- 
se rva t ions  made by Hertzsprung (open c i r c l e s ) ,  Schoenberg ( f i l l e d  
c i r c l e s ;  mean weighted values  f o r  a l l  of h i s  f i l t e r s ) ,  and 
Lebedinets ( c ros ses ) .  The lower, middle, and upper curves were 
computed f o r  D = 1.6.10-3, 3.2-10-3, and 4.7.10-3. The correspon- m 
ding va lues  f o r  B ( 0 )  - B are 0 .053, Om.128, and Om.145. In a l l  
cases  A = A I  = 25 8 9 To = Z 
s t e l l a r  magnitude/degree 09 phase. 
s t ruc t ed  through t h e  empirical  equat ion,  Eq. (12.11, from Schoenberg's 
mean va lues ,  with t h e  same changes i n  @ ( 0 )  - 

C 
= 1, Ab/bl = 0.07, and p = 0.024 

P The dashed curves were con- 

as above. B C 

A s  w i l l  be seen from Figure 27, t h e  concordance between theory and obser- 

va t ions  i s  extremely good f o r  t he  middle and upper curves. 

the  more preferab le ,  but t h e  corresponding value f o r  B ( 0 )  - 
s e e m s  excessive ( s e e  note  accompanying t h e  f i g u r e ) .  

some s m a l l ,  a l b e i t  systematic ,  discrepancy between t h e  upper curve and t h e  

observations i n  t h e  region of extremely s m a l l  CY ( t h e  dashed curve p l o t s  above 

t h e  s o l i d  one). Then too ,  w e  see t h a t t h e  Franklin and Cook observations con- 

f i r m  t h i s  assumption and t h a t  t h e  discrepancy noted, j u s t  as is the  case f o r  

too  l a r g e  B,(o) - B c ,  can r ead i ly  be eliminated i f  t h e  variance 

of t h e  p a r t i c l e s  is taken i n t o  considerat ion.  

D = 4.7-10-~ is 
m 

-0 -145, 
BC , B 

Also t o  be suspected is 

i n  the  s i z e s  
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The va lues  of t h e  o t h e r  parameters and v a r i a b l e s  used t o  compute t h e  

t h e o r e t i c a l  phase curves (see t h e  note  accompanying Figure 27) w e r e  taken from 

observations,  f o r  t h e  most p a r t ,  and evoke no real object ions.  Thus, even a 

simple model t h a t  ignores d ispers ions  i n  p a r t i c l e  s i z e s  evident ly  q u i t e  satis- 

f a c t o r i l y  reflects t h e  Saturn r i n g  s t ruc tu re .  

#32. The. -%one-Cylinder" Approximation with Varianaes i n  P a r t i c l e  S ize  . . . . ~ .  . . ~ - .  - . _ I _ .  I-.. . . - - . .  . . . _  . .  . . . -  
Taken i n t o  Consideration 

(a) General expression f o r  amplitude. The formulas set f o r t h  i n  t h e  

preceding sec t ion  can q u i t e  e a s i l y  be generalized f o r  t h e  case when t h e  r a d i i  

of t h e  p a r t i c l e s  have variance i n  t h e  i n t e r v a l  ( p  1, p 2 ) .  The most i n t e r e s t -  

ing case  is t h a t  when t h e  i n t e r v a l  of variance is  broad. If it is narrow, 

t h e  r e s u l t s  w i l l  be c l o s e  t o  those already obtained above, when var iances  

are ignored. 

Unfortunately, t h e r e  are no observational d a t a  on t h e  type of p a r t i c l e  

s i z e  variance law appl icable  t o  S a t u r n ' s  r i ngs .  In  t h e  next deduction we 

w i l l ,  f o r  t h i s  law, take t h e  expression o r d i n a r i l y  used i n  meteor astronomy 

dN = Kp-S dP, (32.1) 

where p is  t h e  p a r t i c l e  r a d i u s ;  K is  a cons t an t ;  s is a d i s t r i b u t i o n  parameter. 

L e t  us  take it t h a t  when p is s u f f i c i e n t l y  small, pene t ra t ion  of l i g h t  

i n t o  t h e  region of t h e  geometric shadow of t h e  p a r t i c l e  w i l l  occur because of 

d i f f r a c t i o n .  Arkad'yev's experiments (1912) lead t o  t h e  conclusion t h a t  t h e r e  

is  a s ign ig icant  shortening of t h e  geometric shadow cone when t h e  number of 

Fresnel zones, n,  covered by t h e  d i s k  of a p a r t i c l e  (reckoned from t h e  apex of /96 

t h e  shadow cone) i s  0.1 t o  0.5. On t h e  other  hand, when n = 3.5, t h e r e  is  

p r a c t i c a l l y  no washing away of t h e  shadow cone. The value n = 2 is  a judicious 

compromise. Then, when (l/cp) = 2000, t h e  boundary value f o r  p ,  a t  which t h e  

shadow cone s t i l l  is  not  s i g n i f i c a n t l y  shortened, is  ( f o r  v i s u a l  r ays )  

- 

(32.2) 
-1 p *  = 2-10 c m ;  

and i n  accordance with which w e  can take it t h a t  a l l  p a r t i c l e s  with p 2 p* cast 

a shadow with length p/Cp, and t h a t  p a r t i c l e s  with p < p*  cast no shadows. In  

t h i s  approximation, t h e  p a r t i c i p a t i o n  of p a r t i c l e s  with p < p*  simply reduces 

t o  one of t h e i r  f a l l i n g  within t h e  shadows of l a r g e r  p a r t i c l e s ,  so f a r  as t h e  

mutual shading effect  is concerned. 
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L e t  us  f i n d  t h e  luminous f l u x  t ransmit ted t o  t h e  e a r t h  by p a r t i c l e s  i n  

t h e  i n t e r v a l  (p, p + dp) when they are shielded and shaded by p a r t i c l e s  i n  

t h e  i n t e r v a l  (r, r + d r ) .  W e  s h a l l  ignore t h e  effect of t h e  penumbra of t h e  

p a r t i c l e s ,  i n  accordance with t h e  proof i n  &lb. 

The geometry of t h e  volume of probabi l i ty ,  V ,  remains as it w a s  i n  t h e  

problem without var iance (Figure 23). Only t h e  r a d i u s  of t h e  cyl inder ,  and 

t h e  m a x i m u m  r a d i u s  of t h e  cone, now should be set equal t o  r. The magnitude 

of t h e  volume of p r o b a b i l i t y  now w i l l  be a funct ion of r 

(32.3) 

The p r o b a b i l i t y  t h a t  t h e  element de (see Figure 23) w i l l  not he shielded,  

or shaded, by p a r t i c l e s  i n  t h e  i n t e r v a l  (r, r + d r )  is p 

where dN is  t h e  t o t a l  number of p a r t i c l e s  i n  t h e  i n t e r v a l  (r ,  r + d r ) .  L e t  

u s  suppose, a s  we d id  i n  #31, t h a t  t h e  volumetric dens i ty  is  so  low t h a t  t h e  

inequal i ty  p < z sat isf ies  t h e  sh i e ld ing ,  o r  shading, of any p a r t i c l e  with 

r a d i u s  p. Then, f o r  a l l  p r a c t i c a l  purposes, t h e  values  of p f o r  var ious 

elements, de,  of t h e  same p a r t i c l e s  coincide,  and f u r t h e r  arguments can be 

advanced f o r  a l l  p a r t i c l e s ,  as a whole. 

V 
= exp(- 2 dNr) ,  r 

r 

r 

2 
L e t  a luminous f l u x  rf(cr)p , i n  which r is a constant  and f (a)  i s  t h e  

p a r t i c l e ' s  phase funct ion,  be t ransmit ted t o  t h e  e a r t h  by a p a r t i c l e  i n  t h e  

i n t e r v a l  (p ,  p + dp) ,  ou ts ide  t h e  shading, o r  shielding.  This p a r t i c l e ,  

p e r i o d i c a l l y  shaded and shielded by p a r t i c l e s  i n  t h e  i n t e r v a l  ( r ,  r + d r ) ,  

w i l l ,  a f t e r  a s u f f i c i e n t l y  long period of t i m e ,  t ransmit  a mean luminous f l u x  

t o  t h e  e a r t h  of 

The f l a t  l a y e r  of p a r t i c l e s  i n  t h e  i n t e r v a l  (p,  p + dp) ,  with thickness  dz,  

and a t  depth z ,  w i l l  t ransmit  a luminous f l u x  t o  t h e  e a r t h  of 

where dN is t h e  t o t a l  number of p a r t i c l e s  i n  t h e  i n t e r v a l  (p ,  p + dp).  

Replacing t h e  magnitudes dN and dN i n  t h i s  l as t  expression by t h e i r  values  

from Eq. (32.11, w e  obtain 

P 
P r 
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I n  order t o  take i n t o  account t h e  effect of shading and shielding of t h e  /97 - 
p a r t i c l e s  i n  t h e  ( p ,  p + dp) i n t e r v a l  by p a r t i c l e s  of a l l  s i z e s  from p* t o  p2, 

w e  must f i n d  t h e  p r o b a b i l i t y  of a p a r t i c l e  of r a d i u s  p not  being shielded o r  

shaded by one of t h e  p a r t i c l e s  i n  t h e  ( p * ,  p2) i n t e r v a l .  

small D ,  it can be taken t h a t  t h e  unknown p r o b a b i l i t y  is equal t o  t h e  product 

of t h e  p r o b a b i l i t i e s ,  equated t o  f ixed  r. From whence, t h e  luminous f l u x  

t ransmit ted t o  t h e  e a r t h  by p a r t i c l e s  i n  t h e  i n t e r v a l  (p,  p + dp) when they 

are shielded and shaded by p a r t i c l e s  of a l l  s i z e s  from p *  t o  p2 can be found 

through t h e  expression 

For s u f f i c i e n t l y  

Integrat ing i n  t e r m s  of p from p1 t o  p,, and i n  t e r m s  of z from 0 t o  z 

obtain t h e  t o t a l  luminous f l u x  t ransmit ted t o  t h e  e a r t h  f o r  phase angle cy by 

a l l  r i n g  p a r t i c l e s ,  with t h e  shadow e f f e c t  of p a r t i c l e s ,  t h e  r a d i i  of which 

are i n  t h e  i n t e r v a l  ( p * ,  p 2 ) ,  taken i n t o  considerat ion 

we 
0' 

(32.8) 

It now is easy t o  f i n d  t h e  amplitude of t h e  shadow e f f e c t  of a model with 

varianceof p i n  t h e  same manner as t h a t  used i n  #31, t h a t  is, t h a t  when cy = 0,  

V = C and when cy v = c + Ur' W e  obtain r r '  m a x  r r 

K (32.9)  
bl (Z,nax)  f ( 2 " I t l X  >'- 

0 

-- 
bi ('J) - f ( 0 )  

P. 
The in tegra t ion  of t h e  numerator of t h i s  expression has p r a c t i c a l  compli- 

ca t ions  stemming from t h e  fact  t h a t  i n  t h e  i n t e r v a l  0 5 z g (p/cp)sin A ,  t h e  

volume U is a t runcated cone ( f o r  any r from p *  t o  p 2 ) ,  and i s  a complete cone r 
f o r  a l l  r s a t i s f y i n g  t h e  inequal i ty  Vz/sin A S r 

cp I z 5 z . With t h i s  i n  mind, w e  should wr i t e  t h e  following i n  place 

p, i n  t h e  i n t e r v a l  

0 

p/cp) s i n  

of 

32.10) 
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where U des igna tes  complete cones ( t h e  I1deep1l l a y e r s  of t h e  r i n g s ) ;  U desig- r S 
na te s  t runcated cones (the llsurfacell l a y e r s ) ;  t h e  subscr ip t  r is omitted from 

a l l  volumes. 

J3q. (32.10) i s  a general  equation ( t h a t  is, it is v a l i d  f o r  any s )  f o r  /98 
t h e  amplitude of t h e  shadow effect with var iance 

( i n  t h e  approximation of t h e  shadow e f f e c t  with a shortcoming). 

formulas must be added. These are 

p taken i n t o  considerat ion 

The general  

f o r  t h e  o p t i c a l  th ickness  of t h e  r i n g ,  and 

(32.11) 

(32.12) 

f o r  t h e  volumetric densi ty .  

Eq. (32.10) considers  only first order  s ca t t e r ing .  Eq. (31.19) is  used 

t o  make t h e  reduct ion f o r  higher  order  s ca t t e r ing .  L e t  us note  i n  addi t ion  

t h a t  t h e  na tu ra l  phase coe f f i c i en t  f o r  t h e  p a r t i c l e ,  p , is  assumed not depen- 

dent on p. 
P 

(b )  Comnents r e l a t i v e  t o  t h e  - i n t e rva l  . . . . - _- -_ and p a r a m e t ?  OS variance. A s  w i l l  

be pointed out at t h e  end of t h e  sec t ion ,  t h e  parameter s for t h e  B r ing  should 

s a t i s f y  t h e  condi t ion 

s < 3. (32.13) 

i n  t h e  Q. (32.1) variance law. So l e t  us consider t h e  connection between 

t h e  magnitudes p 1, P,, T ~ ,  D when s changes i n  t h e  in t e rva l  2.5 5 s 5 3.5. 

F i r s t  l e t  us  point  out t h a t  we can take  

and 

as the  minimum values  f o r  p, and p,. 

s c a t t e r s  s o l a r  l i g h t  almost non-select ively (#9) ,  and Eq. (32.15) follows 

from t h e  condi t ion of t h e  cosmogmically acceptable age of t h e  r ing  [#l7, E q .  

(17.4) I. 

Q. (32.14) fol lows because the  B r ing  
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Eqs. (32.11) and (32.12) m a k e  it easy t o  obta in  t h e  following spec ia l  

formulas f o r  T and D i n  t h e  i n t e r v a l  of i n t e r e s t  t o  u s  

s = 2.5 
0 

2 X K Z O  [ I  - (Pl/P3)"zl p'/a; (32.16) 

(32.17) 
R 

8 d C  11 -(PI/PL)''~I p'z/'. 
R 9 

T o = .  . - - 

D=- - 

s = 3.0  

s = 3.5 

(32.18) 

(32.19) 

(32.2Q) 

(32.21) 

A s  w i l l  be seen from Eq. (32.16) - (32.21), when s < 3.0, t h e  o p t i c a l  thickness  

(and t h e r e f o r e  r i n g  r e f l e c t i n g  su r face )  is  determined pr imari ly  by l a r g e  par- 

t i c l e s ,  and when s > 3.0, by small ones. The volumetric dens i ty  (and t h e  

m a s s  of t h e  r i n g )  over t h e  entire i n t e r v a l  of s values  of i n t e r e s t  t o  us  i s  

determined by l a r g e  p a r t i c l e s .  

This obvious r e l a t i o n s h i p  must be added t o  these  formulas 

2P2 (32.22) 
0 

S t r i c t l y  speaking, t h e  model of t h e  many-particle thickness  system r e q u i r e s  

t h e  observation of t h e  more r i g i d  condi t ion t h a t  

= P 2  (32.23) 
0 

but t h e  Eq. (32.22) condi t ion is adequate f o r  majorizing t h e  amplitude estimate.  

That EQ. (32.22) does j u s t  t h a t ,  t h a t  is ,  t h a t  it exaggerates t h e  amplitude 

of t h e  mutual shading e f f e c t ,  is clear from t h e  following consideration. A s  

W i l l  be seen from Figure 26, t h e  sec t ion  of expressed nonl inear i ty  of t h e  phase 

curve f o r  t h e  l a y e r  of p a r t i c l e s  with f ixed  p and z covers a longer cy i n t e r v a l  

t h e  l a r g e r  D may be, t h a t  is ,  t h e  larger t h e  p / z  r a t i o .  If t h i s  r a t i o  is 

l a r g e  enough, t h e  nonl inear  sec t ion  general ly  can prove t o  be outs ide  t h e  

l i m i t s  of t h e  observed i n t e r v a l  of phase angles,  and t h e  ac tua l  amplitude of 

t h e  br ightness  of t h e  l a y e r  with change i n  CY from 0 t o  60.5 w i l l  be s i g n i f i c a n t l y  

below t h a t  computed through Eq. (32.101, i n  which it i s  assumed t h a t  W = 0 ,  

0 

0 
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t h a t  is ,  t h a t  when cy = 6 O . 5 ,  t h e  nonl inear  sec t ion  of t h e  curve has  passed 

from p t o  p2 f o r  a l l  p a r t i c l e s .  1 

The appl ica t ion  of t h e  Eq. (32.22) condi t ion t o  t h e  r i n g  model l i m i t s  

t h e  r a n g e  of poss ib le  D values  from above. I n  f ac t ,  s u b s t i t u t i n g  Eq. (32.22) 

i n  Eqs. (32.16) - (32.21), and expressing D i n  t e r m s  of 7 it w i l l  be found 

q u i t e  e a s i l y  t h a t  when 7 = 1? o = 1.10 c m ,  and z = 10 c m .  D is 0.21, 
0 0 

3.3-10-2, and 3 .0-10-~ f o r  s = 2.5, 3.0 and 3.5, respec t ive ly .  The l a t t e r  of 

t hese  values  is so s m a l l  t h a t  t h e r e  is no assurance t h a t  t h e  amplitude of t h e  

change i n  br ightness  of t h e  B r i ng  can be observed, even when t h e r e  i s  no d i s -  

pers ion,  p (see Figure 24). But from what fol lows,  we s h a l l  see t h a t  achieve- 

ment of t h a t  amplitude r e q u i r e s  a model with higher  D values  when t h e r e  is var- 

iance of p, than  when a model without var iance is used. Consequently, when 

t h e  i n t e r v a l  of var iance is a broad one, t h e  value s = 3.5 is extremely high. 

max 
-4 9' 

There is  ye t  another d i s t i n c t i v e  f e a t u r e  of t h e  model under considerat ion,  

and t h a t  is t h a t  s ince  it includes a component i n  which p < 3 c m ,  t h e  e f f e c t  

of t h e  l i g h t  pressure no longer can be taken as negl ig ib ly  small. Spec i f i ca l ly ,  

r a d i a t i v e  braking w i l l  p lay a s i g n i f i c a n t  r o l e .  It w i l l  sweep out t h e  s l i g h t l y -  

dispersed component of t h e  r ing  material within t h e  volume of t h e  r i n g s  over 

a period of t i m e  t h a t  i s  shor t  compared with 5 .10~  years.  It is  t r u e  enough 

t h a t  l a r g e  p a r t i c l e s  approaching Saturn very much more slowly w i l l  sh i e ld  t h e  /lo0 
planet  from t h e  s m a l l  p a r t i c l e s ,  and, a t  t h e  same t i m e ,  w i l l  i n t e r f e r e  with 

t h e  sweeping out process. As w i l l  be seen from Eqs. (32.16) - (32.21), t h e  

shielding is p a r t i c u l a r l y  strong- when s < 3 ,  when t h e  o p t i c a l  thickness  of t h e  

r i n g  is  f ixed pr imari ly  by l a r g e  p a r t i c l e s .  A ray penet ra t ing  t h e  r i n g  r a d i a l l y  

causes an o p t i c a l  th ickness  of t e n s  of thousands because T - 1. From t h i s  

it follows t h a t  t h e  e f f e c t  of r a d i a t i v e  braking on p a r t i c l e s  with p < 3 cm 

should lead t o  t h e i r  s e t t l i n g  on t h e  surfaces  of l a r g e  p a r t i c l e s .  The subse- 

quent f a t e  of a s m a l l  p a r t i c l e  is  a s t rong bond between it and t h e  surface of 

a l a r g e  p a r t i c l e  (by f reez ing  t o  it, f o r  example), o r  of i t s  being t o r n  away 

from t h i s  surface when two l a r g e  p a r t i c l e s  c o l l i d e .  

- .  

OB 

If t h e  former i s  t h e  case,  t h e  number of small ,  f ree  p a r t i c l e s  i n  t h e  

r i n g  volume w i l l  decrease rap id ly  with t i m e .  Now l e t  us  r e a l i z e  t h e  l a t t e r  

case. H e r e  w e  no longer can speak of t h e  t i m e  of t h e  f ree  path of a s m a l l  

p a r t i c l e ,  but of t h e  t i m e  it takes t o  wash it out of t h e  r i n g  volume completely. 
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Generally speaking, t h i s  t i m e  increases  with considerat ion of t h e  per iods of 

t h e  l i nk ing  of small p a r t i c l e s  t o  l a r g e  ones. But i f  c o l l i s i o n s  between 

p a r t i c l e s  are not  t oo  rare (as obviously is  t h e  case ;  see #28) t h e  t i m e  re- 

quired t o  wash t h e  p a r t i c l e s  out  does no t  increase s i g n i f i c a n t l y .  So, even 

i n  t h i s  l a t t e r  case t h e r e  w i l l  be q u i t e  a rap id  reduction i n  t h e  number of 

s m a l l  f ree p a r t i c l e s  i n  t h e  r i n g  volume. 

Accordingly, considerat ion of t h e  quest ion of extensive variance of p, 

including p a r t i c l e s  with p < 3 cm, l eads  u s  t o  t h e  problem of t h e  continuous 

f i l l i n g  of t h e  r ing  volume with such p a r t i c l e s .  Without engaging i n  a d e t a i l e d  

discussion,  we s h a l l  simply note  t h a t  t h e  most probable source of replenish-  

ment can be t h e  f r a c t i o n a t i o n  and t h e  breaking away from t h e  surface l a y e r  of 

l a r g e  p a r t i c l e s  a s  a r e s u l t  of t h e  ac t ion  on t h e  surface l a y e r  of s o l a r  cor- 

puscular  r a d i a t i o n  and of micrometeorites,  a s  well  a s  because of c o l l i s i o n s  

between l a r g e  p a r t i c l e s .  

L e t  us  take t h i s  assumption as a working hypothesis. It  imposes t h e  

following l i m i t a t i o n  on t h e  d i s t r i b u t i o n  o f  p a r t i c l e s  i n  terms of p :  t h e  

t o t a l  m a s s  of r i n g  p a r t i c l e s  f o r  which p 5 3 c m  should be  of t h e  order  o f ,  o r  

g r e a t e r ,  than t h e  m a s s  of a l l  those small p a r t i c l e s  which, during t h e  exis tence 

of t h e  r i n g ,  w e r e  washed out of i t s  volume by r a d i a t i v e  braking 
PB 

(3 2-24] s - ; - rrp'd . fl'V : z si -- . - r>- / iE .d.V, 
P ,  PI 

where p is  t h e  r a d i u s  of a p a r t i c l e ,  t h e  t i m e  of exis tence of which i n  t h e  
0 

volume of t h e  r ing  

p a r t i c l e  ma te r i a l ;  

r i n g  of a p a r t i c l e  

In  accordance 

volume of t h e  r i n g  

i s  equal t o  t h e  age  of t h e  r i n g ;  6 is t h e  dens i ty  of t h e  

n is  t h e  r a t i o  of t i m e  of exis tence i n  t h e  volume of t h e  

with r a d i u s  p 

with Eq. 

i s  d i r e c t l y  proport ional  t o  i ts  radius .  Therefore 

0' 

(17.41, t h e  t i m e  of exis tence of a p a r t i c l e  i n  t h e  /lo1 - 

Assuming t h a t  6 is  

by t h e i r  values  as 

n = Po/P. 

not dependent on p,  and replacing n 

ca lcu la ted  through Eqs. (32.25) and 

P? s $--s dp : po 1 p2-s tlp. 

P o  P I  

(32.25) 

and dN i n  Eq. (32.24) 

(32.11, w e  obtain 

(32.26) 



From whence w e  f i n d  t h e  following expressions f o r  t h e  upper l i m i t  of p 

f o r  t h r e e  p a r t i c u l a r  va lues  of s 

(32.27) 

(3 2.28 ) 

s Y 2.5, p .  == (.50'/: - 3p'/2)%; a)  '0 

C )  s 3 3.5, p2 I p;/p1. (32.29) 

-4 

when s = 2.5, 3.0 and 3.5. 
Subs t i tu t ing  p 

and 9 . 1 0 ~  c m ,  r espec t ive ly ,  f o r  p 

show t h a t  t h e  very f a c t  of a comparatively s m a l l  r i n g  thickness  (of t h e  order  

of 3 t o  4 km) imposes a s i g n i f i c a n t  l i m i t a t i o n  on S. The maximum permissible  

value t h a t  should be taken f o r  s i s  3.5, o r  even a somewhat s m a l l e r  value. 

= 3 c m ,  and p1 = 10 c m  here,  we obta in  the values of 7.6, 102, 
0 

These numbers 
2 

Planetocentr ic  r a d i a t i v e  braking, t h e  e f f e c t  of which we have j u s t  reviewed, 

is  not  t h e  only e f f e c t  l i g h t  pressure has  on t h e  r i n g  mater ia l .  The component 

of t h e  l i g h t  pressure normal t o  t h e  plane of t h e  r i n g s  f o r  example, causes a 

depression i n  t h e  plane of t h e  o r b i t  of t h e  p a r t i c l e s ;  t h a t  is, it f o r c e s  t h e  

p a r t i c l e s  t o  move i n  planes t h a t  do not pass  through t h e  center  of t h e  m a s s  

of Saturn. The smaller  p, t h e  deeper t h e  depression, and it is of i n t e r e s t  
-4 

t o  estimate i t s  magnitude f o r  p = 10 c m .  

The pressure of d i r e c t  s o l a r  r a d i a t i o n  on an absolutely absorbing p a r t i c l e  
2 a t  a d is tance  of 1 AU from t h e  sun is of t h e  order  of 5 - 1 0 - ~  dyne/cm . 

s ider ing  t h e  mean d is tance  o f  Saturn from t h e  sun (9.54 A U ) ,  t h e  inc l ined  

incidence of l i g h t  on t h e  r ing  ( A  26".7), and t h e  f a c t  t h a t  almost one-third 

of t h e  r i n g  is  i n  t h e  shadow of Saturn,  w e  obtain t h e  following value f o r  t h e  

component of t h e  l i g h t  pressure normal t o  t h e  plane of t h e  r ing  

Con- 

2 
Pn 2 1.5-10-~  dyne/cm . (3 2.30) 

Actually, t h e  p a r t i c l e s  are not absolutely black, but are l i g h t  gray ( t h e  

albedo is  of t h e  order  of 0.5 t o  0.61, d i f f u s i v e l y  sca t t e r ing .  

i s  somewhat increased. But when it is  remembered t h a t  s o l a r  r a d i a t i o n  is 

at tenuated subst a n t i a l l y  upon passage through t h e  thickness  of t h e  r i n g ,  

because of t h e  l a r g e  p a r t i c l e s ,  t h e  p 

be overestimated much more quickly than it w i l l  be underestimated. 

therefore  'n 

value obtained through Eq.  (32.20) w i l l  1102 - n 

W e  f i n d  t h e  magnitude of t h e  depression, H ,  by equating t h e  normal compo- 

nent of t h e  f o r c e  of t h e  l i g h t  pressure  t o  t h e  corresponding component of t h e  

a t  t r a c t i v e  fo rce  
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I 

Without 
variance 

s = 2.5 

s = 3.0 

s = 3.5 

where r is  t h e  rad ius  of t h e  o r b i t  of t h e  p a r t i c l e ;  y is t h e  g r a v i t a t i o n a l  

constant ;  M is t h e  m a s s  of Saturn;  p and 6 are t h e  p a r t i c l e  rad ius  and density.  

-4 Se t t ing  r = lolo c m  ( t h e  mean rad ius  of t h e  B r i n g ) ,  p 2 p, = 10 c m ,  
M = 5.7010"~ grams; and 6 = 1 ( t h e  p a r t i c l e s  c o n s i s t  of  ice f o r  t h e  most p a r t ) ,  

2 w e  f i n d  t h a t  when p = l.5*10'7 dyne/cm n 

H 2 300 M. (32.32) 

If eo is s i g n i f i c a n t l y  l a r g e r  than  t h i s  number, t h e  depression is not deep 

enough f o r  s p a t i a l  separat ion of s m a l l  p a r t i c l e s  from l a r g e  ones, even when 

p = 10 c m .  A n  e s t i m a t e  of t h e  order  of z based on 1966 observations (#22) 

shows t h a t  t h i s  i s  so. 

-4 
0' 

2.4.102 

1 .of 10-4 
1 .o. 10-4 

1.0.10-4 
1.0.10-4 

1.0.10-4 
1 7 1  

1 .I * I O 2  

2.7, I O '  

The pressure of s c a t t e r e d  s o l a r  r a d i a t i o n ,  and of i n f r a red  r a d i a t i o n  from 

Saturn,  a l s o  have an e f f e c t  on s m a l l  p a r t i c l e s .  The first of t hese  f a c t o r s  

is weaker than t h e  d i r e c t  r a d i a t i o n  from t h e  sun by approximately two o rde r s  

of magnitude (#21), and t h e  second is  weaker by even many more orders  of 

magnitude. The effects  they c r e a t e  are s l i g h t ,  and w e  w i l l  no% consider them. 

2,4.102 

2.0.10 -' 
2.0.10 

2,0.10-' 
2,0.10-' 
2,7.101 

2.0 * I O - '  
1.1 

1.1 * I O 2  

2,4*102 

7 .O .I 0' 
7.1.1OS 

4,2*103 
4.7.104 
1,5.10' 

5.0.1 04 
5,0.104 
5,0.104 

39 
33 
41 

14 
e 2 1  
<39 
< I  
< 9  
<39 

3,16.10-' 

3,16.10-* 
3.4 6. IO- '  

3 16 1 0 -' 
3.16 * IO- '  
3.1 6.10-2 

2.97 .IO-" 
3,16*10-8 
3.16. IO- '  

( c )  Resul ts  of t h e  amplitude c a l c u l a t i o n s  f o r  2.5 5 s 5 3.5. The sub- / I O 3  
-_I_--------- -- . . .  - . +---e. 

s t i t u t i o n  of p a r t i c u l a r  values  s = 2.5, 3.0 and 3.5 i n  Eq. (32.10) r e a d i l y  

supp l i e s  working formulas f o r  amplitude c a l c u l a t i o n  (see Bobrov, 1961). 

Se t t i ng  z = l . O o 1 0  c m ,  T = 1, A = A '  = 25", we f i n d  the amplitude values  5 
0 0 
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l i s t e d  i n  Table 7. The r'less than" s ign  is used when only t h e  ma.jorizing 

estimate of t h e  amplitude can be obtained. Model d a t a  without variance are 

l i s t e d  f o r  purposes of comparison. The parameters of t h i s  model w e r e  s e l ec t ed  

i n  order  t o  obta in  concordance between t h e  values  of t h e  magnitude Cb (a, - 
b ( 0 ) ] / b l ( O )  and t h e  B r i n g  observations.  

1 maX 
The observed va lue  is 39 percent.  

1 

There i s  no need t o  reduce t h e  d a t a  f o r  mul t ip le  s c a t t e r i n g ,  because p 

i s  equal t o  t h e  amplitude value only when first order  s c a t t e r i n g  i s  taken i n t o  

considerat ion,  and t h i s  is so f o r  models with and without variance. 

The following conclusions as t o  t h e  na ture  of t h e  variance i n  t h e  s i z e s  

of B r i n g  p a r t i c l e s  der ive  from considerat ion of t h e  d a t a  l i s t e d  i n  Table 7. 

1. If t h e  variance i n t e r v a l  is a broad one, t h a t  i s ,  i f  it includes 
-4 

macroscopic p a r t i c l e s  as w e l l  a s  f i n e  dust with p -- 10 c m ,  concordance with 

t h e  observations can be reached only when s < 3. 

2. The est imate  of t h e  volumetric dens i ty  of t h e  B r i n g ,  obtained with 

variance ignored, should be reviewed. The new D va lue  w i l l  be higher. 

Let us  point  out t h a t  general considerat ions,  a s  w e l l  as observed f a c t s ,  

impel t h e  r e j e c t i o n  of t h e  preference f o r  models with a broad variance i n t e r -  

v a l ;  t h a t  is, models with s < 3 .  A s  a mat ter  of f ac t ,  t h e  e f f e c t  on r i n g  

mater ia l  of micrometeorites and of s o l a r  corpuscular r a d i a t i o n  should r e s u l t  

i n  a continuous formation of a f ixed  quant i ty  of f i n e  dus t  i n  t h e  r i n g  volume. 

Maggini (19371, observing a s i g n i f i c a n t  increase i n  t h e  B r i n g  co lor  equivalent 

at small A a n g l e  values  (#13), confirms t h e  fact  t h a t  dust  such as t h i s  a c t u a l l y  

does e x i s t  i n  t h e  B r i n g  volume. A t  t h e  same t i m e ,  it is of i n t e r e s t  t o  note 

t h a t  t h e  r e l a t i v e  dus t  content c l e a r l y  i s  low, because it cannot be detected 

by observation when t h e  r i n g s  are open ha l f  way, o r  wide open. This  is y e t  

another ind ica t ion  i n  favor  of t h e  models with s < 3,  i n  which t h e  dust content 

i s  low [see Eqs. (32.161, (32.18) and (32.20)l. 

(d )  Phase funct ion.  The general expression f o r  bl(a,)/b ( 0 )  is  r e a d i l y  
1 _.- 

obtained from Eq. (32.9) by replacing with a, and C + U with C + u - wr. m a x  r r r r 

A s  i n  t h e  case  of f inding t h e  phase func t ion  of models without variance 

i n  t h e  r a d i i  of t h e  p a r t i c l e s ,  p ,  w e  must d i s t i n g u i s h  between surface,  shallow, 

middle, and deep l a y e r s  of t h e  r i n g  ( s u b s c r i p t s  S ,  Sh, M, and D,  see #31), 
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so t h e  i n t e r v a l s  of i n t eg ra t ion  with respec t  t o  r and with respec t  t o  Z can 

be broken dowi i n t o  p a r t s ,  and the re  w i l l  be seven summands i n  t h e  numerator 

of t h e  expression f o r  bl(@)/bl(0) 

where 

q = zfsin A ,  
v = a& 

and designat ions of t h e  type 

( 3 2 . 3 4 )  

( 3 2 . 3 5 )  

( 3 2 . 3 6 )  
P. 

and t h e  l i k e  are introduced. I t  is accepted t h a t  A '  = A ,  and t h a t  t h e  inf luence  

of t h e  penumbra is  negl ig ib ly  s m a l l .  

a l l  volumes. 

The superscr ip t  r has  been omitted from 

E<1. ( 3 2 . 3 3 )  is  a general  formula f o r  t h e  phase funct ion of t h e  e f f e c t  of 

mutual shading, with var iance i n  t h e  p a r t i c l e  r a d i i ,  p, taken i n t o  consider- 

a t ion.  The working formulas f o r  c e r t a i n  spec ia l  values  of s can be obtained 

by subs t i t u t ing  these  spec ia l  values  i n  Fq. ( 3 2 . 3 3 ) .  W e  used Eq. ( 3 2 . 3 3 )  t o  

ca l cu la t e  t h e o r e t i c a l  phase curves for t h e  following two models 
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c m ,  
To = ZOB = 1, pz = 2.8.10' c m ,  
A = A' = 25O, 
D = 4.3 - IO1, 

S=3, p1= p. = 'ti3 

~ ~ = 1 . 1 0 ~  cm. 

The parameters of t h e  Eq. (32.28) model w e r e  se lec ted  such t h a t  they 

s a t i s f y  observat ional  d a t a ,  and, a t  t h e  same t i m e ,  provide f o r  possibly 

obtaining a broader range of variance,  one including not  only macroscopic 

p a r t i c l e s ,  but f i n e  dust as w e l l .  This  s e l e c t i o n  l eads  one t o  expect f irst ,  

good concordance between t h e  t h e o r e t i c a l  and t h e  observed phase curve, and, 

second, a q u i t e  c l e a r l y  expressed d i f fe rence  between t h e  Eq. (32.37) model 

phase curve,  and t h e  curves f o r  models without variance. 

The s e l e c t i o n  of values  f o r  t h e  parameters 7 z and t h e  volumetric 0' 0' 
dens i ty ,  D ,  provides theconcordancewith t h e  d a t a  from observations.  This is 

done by taking a value f o r  t h e  l a t t e r  which, i n  accordance with t h e  da t a  

l i s t e d  i n  Table 7, should result i n  an amplitude c l o s e  t o  t h a t  observed. 

The l a t i t u d e  i n  t h e  variance i n t e r v a l  (almost seven o rde r s  of magnitude) 

f o r  a comparatively large amplitude, i s  provided f o r  by an extremely moderate 

value,  s = 2. 

d i t i o n  is s a t i s f i e d .  This means t h a t  f o r  a l l  p a r t i c l e s  i n  t h e  variance 

i n t e r v a l ,  including p t h e  nonl inear  sec t ion  of t h e  phase curve i s  within 

t h e  l i m i t s  of t h e  observed i n t e r v a l  of phase angles. 

A t  t h e  same t i m e ,  p2 w a s  se lec ted  such t h a t  t h e  Eq. (32.23) con- 

2' 

Another model, Eq. (32.381, was taken f o r  purposes of comparison. H e r e ,  

on t h e  o ther  hand, a m a x i m u m  s = 3, w a s  taken, something t h a t  r e s u l t e d  i n  a 

s u b s t a n t i a l  increase  i n  p p*, and p , otherwise t h e  amplitude would be very 

small. Because of t h e  l a r g e  p t h e  Eq. (32.23) condi t ion is not s a t i s f i e d .  

A s  has a l ready been mentioned above, t h i s  r e s u l t s  i n  a reduct ion i n  t h e  actual  

amplitude a s  compared with t h a t  ca lcu la ted  using Eq. (32.10). 

1' 2 

2' 
/lo6 - 
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Figure 28. Effec t  

U 1 f 3  4 3  6 7 " a  
o f  var iance o f  p a r t i c l e  radius ,  p, on the  

curve. 
shape of  t he  phase 

1, 2 - curves f o r  t h e  Fqs. (32.37) and (32.38) models with var ianceof  p ,  res- 
pec t ive ly ;  3,  4 - t h e i r  analogs, obtained f o r  models without var iance e p ,  f o r  
t h e  same va lues  of t h e  parameters A, T and z D values are shown near  t h e  
curves. 

0' 0- 

Calcula t ions  have r e su l t ed  i n  t h e  phase curves shown i n  Figure 28 (curves 

1 and 2) .  For purposes of demonstrating how the  variance o f  p a f f e c t s  t he  

shape of t h e  phase curve, t h e  f i g u r e  a l s o  shows two phase curves f o r  a model 

without var ianceof  p ,  one of which, curve 3 ,  is t h e  analog of curve 1; t h e  

o ther ,  curve 4,  is  t h e  analog of curve 2. The values  of t h e  parameters A ,  T 

and z are equal f o r  t h e  p a i r s  of curves,  1-2, and 2-4, respec t ive ly ,  and so 

are t h e  values  of t h e  most important parameter, D (p rec i se ly  o r  approximately),  

so t h a t  t h e  d i f f e rence  i n  t h e  shape of t h e  compared curves must be equated 

so le ly  t o  t h e  e f f e c t  of var iance of P. 

0' 

0 

A s  w i l l  be seen from t h e  f i g u r e ,  when s 7 3 these  d i f f e rences  are much 

greater than when s = 2. This  can be explained by t h e  f a c t  t h a t  with increase 

i n  s t h e r e  is an increase  i n  t h e  cont r ibu t ion  made by t h e  s m a l l  p a r t i c l e s  t o  

t h e  t o t a l  luminous f lux  from t h e  r ing ,  and, consequently, i n  t h e  inf luence of 

t h e  s m a l l  p a r t i c l e s  on t h e  r e s u l t a n t  phase curve. Generally speaking, every 

p value  has i t s  " p a r t i a l "  phase curve,  with the  i n i t i a l  ( l i n e a r )  and t r ans i -  

t i o n a l  (non-l inear)  s ec t ions  sho r t e r  and s teeper  t h e  smaller p as compared 

with z The r e s u l t a n t  phase curve f o r  t h e  model as a whole is t h e  mean weighted 

curve, as it w e r e ,  of a l l  t h e  par t ia l  curves. That is why, i n  p a r t i c u l a r ,  

curve 4 (models of s ing le ,  extremely l a r g e ,  p a r t i c l e s )  is an extremely f l a t  

curve, whereas curve 2 (models of p a r t i c l e s  with a v a r i e t y  of s i z e s )  rises 

q u i t e  sharply from (Y = 0, and approaches sa tu ra t ion  much more rap id ly .  

0' 
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/lo7 --- 

Figure 29. Comparison between observat ions and t h e o r e t i c a l  phase curves f o r  
Eqs. (32.37) and (32.28) models, with variance i n  s i z e s  o f  p a r t i c l e s  considered. 

Sol id  curves are t h e  t h e o r e t i c a l  phase curves. The c i r c l e s  and crosses  are 
t h e  blue and v i s u a l  s te l lar  magnitudes of r ing  br ightness  according t o  Frankl in  
and Cook (1965),  respect ively.  The luminous fluxes from t h e  A and B r i n g s  have 
not  been separated;  @ ( 0 )  - has been taken equal t o  -0 -1-15. m 

B C 

Figure 29 compares t h e  t h e o r e t i c a l  phase curves with t h e  observations.  

W e  used Franklin and Cook's observational d a t a  (1965). W e  see t h a t  t h e  concor- 

dance of t h e  s = 2 model with t h e  observat ions is q u i t e  s a t i s f a c t o r y ,  par t icu-  

l a r l y  f o r  blue s te l la r  magnitudes. The v i s u a l  s t e l l a r  magnitudes develop a 

s m a l l ,  systematic,  discrepancy with theory when cy < 0 '30 ' .  The authors 

be l ieve  t h a t  t h i s  discrepancy is  a real one and t h a t  it i s  t h e  r e s u l t  of 

d i f f r a c t i o n  i n  t h e  microscopic, t r anspa ren t ,  f rozen d r o p l e t s  forming t h e  sur- 

f a c e  of t h e  p a r t i c l e s  ( t h e  l a t t e r  are assumed t o  be macroscopic). 

is too  soon t o  take t h e s e  conclusions as f i n a l .  A s  a matter of f a c t ,  i n  t h e  

photoe lec t r ic  photometry provided by Frankl in  and Cook t h e  luminous f luxes  

from t h e  A and B r i n g s  w e r e  not  d i s t inguishable  from each o the r  (#12). The 

authors  assert (on t h e  b a s i s  of t h e i r  simultaneous photographic photometry) 

t h a t  t h e  observed phase curves f o r  t h e  A and B r i n g s  are absolutely iden t i ca l .  

This a s s e r t i o n  cannot be  v e r i f i e d ,  unfortunately,  because t h e  authors have 

not  published t h e i r  photographic phase curves f o r  t h e  A and B r ings .  It i s  

poss ib le  t h a t  t h e r e  is  a l i t t l e  d i f fe rence  i n  t h e  A and B r i n g  curves, but 

t h i s  cannot be detected within t h e  l i m i t s  of e r r o r  f o r  photographic photometry. 

It  probably 
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But t h e r e  are se r ious  observational f a c t s  point ing t o  an A r i n g  l i g h t  s c a t t e r i n g  

with i t s  own f e a t u r e s :  t h e  polar iza t ion  of t h e  l i g h t  r e f l e c t e d  by t h e  A 

r i n g  is  s i g n i f i c a n t l y  d i f f e r e n t  from t h a t  f o r  t h e  B r i n g  (#ll); (2)  when A '  

i s  extremely s m a l l  t h e  br ightness  of t h e  A r i n g  can exceed t h e  br ightness  of 

t h e  B r ing  (Barnard, 19091, whereas when t h e  openings are of medium, or l a r g e  

s i z e ,  t h e  reverse  is t r u e ;  ( 3 )  as c a l c u l a t i o n  shows (Bobrov, 1956b, p. 9071, 

t h e  d i f fe rence  i n  t h e  A and B r i n g  br ightnesses  cannot be explained by t h e  

simple d i f fe rence  i n  T Evidently,  t h e  s c a t t e r i n g  p r o p e r t i e s  of t h e  r i n g s  

a r e  not e n t i r e l y  iden t i ca l .  Consequently, t h e  nonconcordance with theory men- 

t ioned when cx C 0'30' may be due s o l e l y  t o  t h e  A r ing .  The only way t o  resolve 

t h i s  i s  t o  m a k e  d i r e c t  photoe lec t r ic  photometry of t h e  su r face  br ightness  of 

t h e  A and B r i n g s  individual ly .  

(1) 

/108, 

0. 

As w i l l  be seen from Figure 29, t h e  behavior of t h e  observed br ightness  

values  near (y = 0 possibly ind ica t e  t h a t  t h e  value (-0.1151 taken from B ( 0 )  - 
B c  is  somewhat ( abso lu t e ly )  i n f l a t e d .  

t h a t  i n  f a c t  t h e  s value i s  not 2.0, a s  i n  Figure 29 ,  but i s  between 2 and 3 .  

Figure 30 shows our attempt t o  i l l u s t r a t e  t h i s  graphically.  We should point  

out t h a t  t h e  mean values  of s f o r  meteori tes  observed i n  t h e  v i c i n i t y  of t h e  

e a r t h ,  a s  well as f o r  t h e  mater ia l  responsible  f o r  t h e  Fraunhofer component 

of t h e  s o l a r  corona have t h i s  same order of magnitude. 

B 
There is reason t o  th ink ,  t h e r e f o r e ,  

m Figure 30.The Same as Figure 29, but t h e  assumption is  t h a t  B (0) - 8, = -0 -060. B 

In Figure 30, pB(0) - 8, is taken as equal t o  ( -Om.060) ,  a magnitude which 

is  more reasonable than (-Om.115).  
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#33. Other Solu t ions  

Frankl in  and Cook r ecen t ly  published (1965) formulas f o r  ca l cu la t ing  t h e  

phase funct ion of t h e  mutual shading e f f e c t .  They considered two cases :  (1) 

t h e  cone-cylinder approximation, which considers  p a r t i c l e s  l a rge  enough so 

t h e  e f f e c t  of d i f f r a c t i o n  along t h e  length of t he  shadow can be ignored; and 

(2)  t h e  cone-cone approximation f o r  microscopic p a r t i c l e s ,  when t h e  volume of 

t h e  shielding is not a cy l inde r ,  or a cone. The d e t a i l s  can be found i n  t h e  

o r ig ina l  paper. 

C a s e  1 is t h e  complete equivalent of t h e  case which we had considered a t  

t h e  time, and which i s  dcscx-ibed i n  t h i s  chapter.  Analysis of case 2 led  

Frankl in  and Cook t o  t h e  conclusion t h a t  t he  r i n g s  possibly cons i s t  of par- 

t i c l e s  with p - 300 microns, and they should have except ional ly  s m a l l  physical  

th ickness ,  z - 3 - 10 cm. Discussing these  valiies, t h e  authors a r e  s i l e n t  

with respect  t o  t h e  more se r ious  argument against  case 2,  t h a t  of t he  very 

sho r t  l i f e  of a formation such as t h i s .  We discussed t h i s  ques t ion  i n  #l7,  

and found t h a t  t h e  l i f e  of r i n g s  cons is t ing  of p a r t i c l e s  of p - 300 microns 

is  about 5-13' years ,  or t he  l i f e  of  t h e  s o l s r  system. Consequently, 

t h e  assumption must be t h a t  t h e  r ing  material. has been renewed some 100 times 

during the  l i f e  of t h e  s o l a r  system, o r  t h a t  t h e  r i n g s  a r e  very young, and t h a t  

we now see  them only because of an occasional ,  f o r t u i t o u s  coincidence. Both /la9 

p o s s i b i l i t i e s  have a very low order  of probabi l i ty .  The authors  themselves tend 

more t o  the  view t h a t  t h e  ac tua l  s t r u c t u r e  of t h e  r i n g s  corresponds more t o  case 

1 than t o  case 2. To be added is t h e  f a c t  t h a t  thanks t o  t h e  in t e rna t iona l  ob- 

se rva t ions  made of Saturn i n  1966, i t  becaTe poss ib le  t o  reduce the  f i r s t  e s t i -  

mates of t h e  order  of t h e  thickness  of t he  r ings  t o  z - 3  t o  4 km. 

#34. Discussion of t he  Results.  

0 

7 

0 

Values of t h e  Pr inc ipa l  Physical Parameters of - - -- - -- _--- 
t h e  R i a g s .  

By t h e  end of Chapter IV (#19), we were able  t o  obtain some idea of t h e  

s t r u c t u r e  of t h e  B r i n g ,  and of t h e  p rope r t i e s  of i ts typ ica l  p a r t i c l e ,  based 

on ana lys i s  of observat ional  data .  It w a s  found t h a t  t h e  B r ing  is  a many- 

p a r t i c l e  thickness  system, and t h a t  t he  p a r t i c l e s  themselves a r e  macroscopic, 

very scarred bodies with a spher ica l  albedo of a cy - 0.5 t o  0.6. In t h i s  sys- 

tem, when T - 1, the  phase behavior of t h e  b r i l l i a n c e  i n  t h e  region of s m a l l  cy 

w i l l  be determined f o r  t h e  most pa r t  by t h e  e f f e c t  of t h e  mutual shading of t h e  
0 
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p a r t i c l e s  by each o the r ,  so  t h e  next s t e p  should be t o  apply t h e  theory of 

mutual shading t o  t h e  €3 r i n g  i n  order  t o  check and r e f i n e  previously derived 

conclusions with respec t  t o  t h e  s t r u c t u r e  of t h e  r ing ,  and t o  obta in  a quanti-  

t a t i v e  e s t i m a t e  of i ts p r i n c i p a l  physical  parameters. In  t h i s  s ec t ion ,  once 

t h e  theory of mutual shading is explained, and i ts  predic t ions  are compared 

with observations,  w e  can d i s c u s s  t h e  r e s u l t s  obtained and compile a summary of 

t h e  values  of t h e  r i n g  parameters represent ing Chose t h a t  appear t o  be most 

probable a t  t h i s  s t age  of t h e  research.  

L e t  u s  point  ou t ,  first of a l l ,  t h a t  t h e  theory of mutual shading is  what 

makes it poss ib le  t o  use observat ions t o  e s t a b l i s h  whether t h e  r i n g s  a r e  a one- 

p a r t i c l e  thickness  system, o r  a many-particle thickness  system. 

L e t  us  pos tu la te  t h e  ex is tence  of t h e  first p o s s i b i l i t y .  In  t h a t  case,  

t h e  observed shape of t h e  phase curve f o r  t h e  r i n g s  w i l l ,  i n  t h e  main, be due 

t o  t h e  Gehrels-Hapke opposit ion e f f e c t  ( # l 7 ) .  The e f f e c t  of mutual shading w i l l  

be s l i g h t  when A is  not t oo  small ,  because t h e  cone of t h e  shadow of t h e  ec l ip -  

s ing p a r t i c l e  w i l l  l i e  almost e n t i r e l y  outs ide t h e  l a y e r  i n  which t h e  p a r t i c l e s  

a r e  located.  But with reduct ion i n  A t o  a f e w  degrees, t h e  s i t u a t i o n  changes. 

When A - 3 " ,  t h e  length of t h e  sec t ion  of t h e  shadow of t h e  p a r t i c l e  within t h e  

l i m i t s  of t h e  l a y e r  reaches a value of several  t e n s  p .  The p r o b a b i l i t y  of mutual 

shading increases  s i g n i f i c a n t l y ,  and t h e  phase e f f e c t  w i l l  be s t ronger  f o r  

l a r g e  and medium A. 

The s i t u a t i o n  is d i f f e r e n t  i n  t h e  case  of t h e  many-particle thickness  

layer .  For t h e  majority of t h e  p a r t i c l e s  t h e  shadow f a l l s  e n t i r e l y  within t h e  

l a y e r ,  regard less  of A ,  so t h e  p r o b a b i l i t y  of mutual shading always is  g rea t  

(providing D i s  not t oo  small) .  The t r a n s i t i o n  from la rge  A t o  small is  r e f l e c -  /110 

t ed  only i n  t h e  increase i n  t h e  magnitude 7 /s in  A; t h a t  is ,  i n  t h e  o p t i c a l  

thickness  along t h e  incident  ray.  When T - 1, t h i s  has l i t t l e  e f f e c t  on t h e  

magnitude of t h e  phase e f f e c t  . 

- 
0 

0 

Accordingly, i n  t h e  case  of t h e  r i n g  with a one-par t ic le  thickness ,  t h e  

phase curve w i l l  show a s u b s t a n t i a l  increase i n  t h e  phase f a c t o r  a t  any point  

i n  t h e  observed i n t e r v a l ,  cy, f o r  s m a l l  A ,  and, consequently, a s i g n i f i c a n t  in- 

c rease  i n  t h e  t o t a l  amplitude of t h e  change i n  br ightness .  The phase curve 

w i l l  be r e l a t i v e l y  i n s e n s i t i v e  t o  change i n  A i n  t h e  case  of t h e  r i n g  with a 

many-particle thickness.  
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The program of i n t e r n a t i o n a l  cooperation i n  observing S a t u r n ' s  r i n g s  i n  

1966, included among i t s  many f a c e t s  t h e  obtaining of phase curves f o r  t h e  r i n g s  

f o r  s m a l l  A. Although t h e  ana lys i s  of t h e  observat ions is not complete as of 

t h i s  t i m e ,  t h e  preliminary d a t a  ind ica t e  t h a t  t h e  phase curve f o r  t h e  B r i n g  

obtained i n  1966, evident ly  is i d e n t i c a l  with t h e  curve obtained f o r  l a r g e  and 

medium A ;  t h a t  is, t h i s  r i n g  i s  a many-particle th ickness  system. 

L e t  us  po in t  out as w e l l  t h a t  t h e  comparison of t h e  phase curves ca lcu la ted  

i n  t e r m s  of t h e  theory of mutual shading, with t h e  observed phase curves f o r  

t h e  B r i n g ,  confirms t h e  assumption of extensive s c a r r i n g  of t h e  su r face  of 

r i n g  p a r t i c l e s .  This can be seen from t h e  f a c t  t h a t  i n  order  t o  obta in  concor- 

dance between theory and observations,  it is  necessary t o  add t o  t h e  nonl inear  

phase curve f o r  t h e  mutual shading e f f e c t  a l i n e a r  component with a phase f a c t o r  

of t h e  order  of Om.024 per  degree of phase ( o r  somewhat higher ,  i f  one r e c a l l s  

t h e  phase f a c t o r  f o r  t h e  c e n t e r  of S a t u r n ' s  d i s k ) .  Obviously, t h i s  component 

is  none o ther  than t h e  individual  p a r t i c l e  phase curve. The magnitude of t h e  

phase f a c t o r  found is  q u i t e  l a r g e ,  and extremely c l o s e  t o  t h a t  f o r  t h e  moon, 

t h e  extensive su r face  sca r r ing  of which is c e r t a i n l y  not i n  doubt. 

So, t h e  theory of mutual shading f irst  of a l l  confirms t h e  cor rec tness  of 

t h e  preliminary conclusions a r r ived  a t  i n  #l9 concerning t h e  B r i n g  s t r u c t u r e ,  

and t h e  p r o p e r t i e s  of i t s  p a r t i c l e s .  Beyond t h a t ,  t h e  theory m a k e s  it poss ib le  

t o  a r r i v e  a t  c e r t a i n  new conclusions with respec t  t o  t h e  s t r u c t u r e  of t h e  r i n g ,  

as w e l l  as t o  m a k e  a q u a n t i t a t i v e  estimate of i ts p r i n c i p a l  physical  parameters. 

I n  f a c t ,  w e  es tab l i shed  t h e  following i n  #3l and #32. 

1. The shape of t h e  phase curve f o r  t h e  r i n g  i n d i c a t e s  t h e  presence of a 

marked variance i n  t h e  s i z e s  of t h e  p a r t i c l e s  forming t h e  r ing.  The exponent 

s i n  t h e  Eq. (32.1) variance l a w  is  c l o s e  t o  2.5, a value t h a t  is ,  i n  general ,  

t y p i c a l  of meteor material i n  t h e  s o l a r  system. 

2. The volumetric dens i ty ,  D,  of t h e  r i n g  material  is  of t h e  order  of 
-2 

10 . 
3. Ring thickness ,  z must be known i n  order  t o  estimate r i n g  p a r t i c l e  

0' 
s i zes .  

observations of t h e  r i n g s  made i n  1966, confirm t h i s  value by order  of magnitude. 

When z = 1, and s = 2.5, w e  f i n d  t h a t  90 percent of  t h e  r e f l e c t i n g  surface be- 

In  our models, Eqs. (32.37) and (32.381, w e  used zo = 1 k m .  The edge-on 

0 
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longs t o  p a r t i c l e s  i n  t h e  i n t e r v a l  2 c m  2 p 5 2 0 1 0 ~  cm, where p 

rad ius .  

is  p a r t i c l e  /111 - 
4. Knowing D ,  and t h e  geometric dimensions of t h e  r ings ,  and approximating 

DA = DB, and t h a t  DC = 0, we can est imate  the  t o t a l  m a s s  of t h e  r i n g s =  . 
z 

l*1024;  t h a t  i s ,  about 1/70th the  m a s s  of t h e  moon. 

I f  

= 3 km, and the  p a r t i c l e  dens i ty  is of t he  order  of 1 gram/cm3 ( i c e ) ,  ar = 
r 

In  conclusion, w e  should l i k e  t o  emphasize the  f a c t  t h a t  even i n  its present  

form t h e  theory of mutual shading st i l l  does not take  i n t o  considerat ion a l l  

t h e  main f e a t u r e s  of Sa turn’s  r ing  s t ruc ture .  Spec i f i ca l ly ,  it f a i l s  t o  consi-  

der  t h a t  D is  a funct ion of z ,  and t h a t  with increase i n  z the  r e l a t i v e  number 

of small p a r t i c l e s  should increase.  The est imates  of physical  parameters of t h e  

r i n g s  presented here  the re fo re  should be considered simply a s  preliminary. 
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APPENDIX 

Notations i n  t h e  Formulas 
Used i n  t h e  Theory of t h e  Effect  of Mutual Shading 

(Chapter V I I ,  #29-34) 

a - albedo of p a r t i c l e  

A ,  A I -  angles  of e leva t ion  of t h e  sun and e a r t h  above t h e  plane of Sa turn ' s  
r i n g s  

bl 

Ab - component of r i n g  br ightness  a t t r i b u t a b l e  t o  mul t ip le  s c a t t e r i n g  

b = b + Ab - t o t a l  r i n g  br ightness  

b (a) - br ightness  of t h e  B r i n g  f o r  phase angle equal t o  a 

bB(0) - same, when cy = 0 ( a t  t i m e  of p r e c i s e  opposit ion of Saturn) 

C - cyl inder  of shielding (see Figures 23 and 25) 

D = 4/3 (rrp N)/R - volumetric dens i ty  ( p a r t  of r i n g  volume occupied by p a r t i c l e s )  

F ( a )  - na tu ra l  phase funct ion of r i n g  p a r t i c l e  

- component of r i n g  br ightness  a t t r i b u t a b l e  t o  first order s c a t t e r i n g  

1 

B 

3 

K 

M 

N 

P 

P 

pP 

R 

S 

U 

V 

118 

- constant  i n  t h e  p a r t i c l e  s i z e  d i s t r i b u t i o n  l a w  i n  Eq. (32.1) 

- point  on element of su r f ace  de of ecl ipsed p a r t i c l e  (Figures 23 and 25) 

- number of p a r t i c l e s  i n  r i n g  volume 

- volume contained between expanding and compressing cones of t h e  volume 
of p r o b a b i l i t y ,  V (Figure 25) 

- p r o b a b i l i t y  of p a r t i c l e  f a l l i n g  i n t o  -volume V 

- na tu ra l  phase c o e f f i c i e n t  f o r  t h e  p a r t i c l e  ( t h e  change i n  i t s  s te l la r  
magnitude f o r  change i n  phase angle of l o )  

- r i n g  volume 

- exponent i n  t h e  p a r t i c l e  s i z e  d i s t r i b u t i o n  l a w  

- cone of shading (Figures  23 and 25) 

- "volume of probabi l i ty ."  The element dc w i l l  be shielded from t h e  
e a r t h  (completely) o r  from t h e  sun (completely o r  p a r t i a l l y )  when spar- 
t i d e  f a l l s  i n t o  t h i s  volume. V = C + U - W when t h e  penumbra is  ignored; 
V = C + U + P - W when t h e  penumbra i s  taken i n t o  considerat ion 



d 

P 

P *  

'p 

3 W 

x .= vz/(psinA) - a u x i l i a r y  v a r i a b l e  replacing t h e  v a r i a b l e  z 

x = cpzo/(psinA) 

Z - depth of element de of ec l ipsed  p a r t i c l e  (Figures 23 and 25) measured 

- p a r t  of V, t o t a l  of C and U; w = (cp/np )W 

0 

from t h e  plane of t h e  r i n g s ,  n,  c l o s e s t  t o  t h e  sun 

Z - r i n g  thickness  

cy - phase angle at Saturn ( t h e  a n g l e  sun-Saturn-earth) 

B = -2.5log b c C - t h e  s t e l l a r  magnitude of br ightness .  If it is measured 
i n  s te l la r  magnitudes f o r  a square second of arc, and t h e  br ightness  
b is  i n  a p o s t i l b s ,  C = 13.92 

0 

6 - dens i ty  

v = d~ - a u x i l i a r y  v a r i a b l e  replacing t h e  v a r i a b l e  a 

p - particle rad ius  

p,, p2  - minimum and maximum p a r t i c l e  r ad ius  values  

- mean p a r t i c l e  r ad ius  

- minimum radius  of p a r t i c l e s  t h e  ecl ipsing effect  of which i s  not yet  
taken i n t o  considerat ion 

1l.676 - t h e  angular r a d i u s  of t h e  sun f o r  an observer at  t h e  mean d is tance  
of Saturn 

Subscr ipts  S,  Sh, M,  and D designate  t h e  surface,  shallow, middle and 

deep l a y e r s  of t h e  r i n g s  ( f o r  explanations see t h e  corresponding sec t ions  of 

t h e  t e x t ) .  The subscr ipt  c is  t h e  designation f o r  t h e  c e n t e r  o f  S a t u r n ' s  

disk.  
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