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Introduction

Combinatorial optimization has been widely used in applications of different
areas. In particular, algorithms in graph theory and mathematical programming
have been developed over many years. They often appear in books and journals.
Some of the well-known algorithms have been implemented in various computer
programming languages. In some cases, the ready-to-use computer codes are
generally not easily accessible.

This book attempts to collect some of the most studied graph algorithms and
optimization procedures together and serve as a convenient source of program
library. The choice of the topics and solution methods is based on the author’s
interests.

In recent years, Java has become increasingly popular and is often taught as
the first programming language in universities. Java code is highly portable and
platform independent. Furthermore, the Java Development Kit is freely available.
These are the prime reasons in using Java as the programming language for the
library in this book.

The main objective of this book is to provide the source code of a library of Java
programs that implement some of the most popular graph algorithms and some
mathematical programming procedures. The library of programs is primarily
intended to be used for educational and experimental purposes. Through the list
of simple parameters, programs can be invoked with minimal effort for
problem-solving without much concern for their underlying methodology and
implementation.

Every chapter is self-contained and largely independent. Each topic starts with
a problem description and an outline of the solution procedure. References given
in Appendix A of the book should be consulted for all details of the algorithms.
The parameters of each procedure are described in detail, followed by the source
code listing, and a small test example illustrating the usage of the code. Standard
graph-theoretic terminology can be found in texts such as [BM76, H69]. For
convenience, Appendix B gives the definitions of most graph-theoretic terms used
in this book.

The programs have been tested by using the Java 2 Platform Standard Edition
Development Kit 5.0 version 1.5.0.02 on a personal computer with the Windows
XP operating system.



1. Random Graph Generation

1.1 Random Permutation of n Objects

Most of the random graph generation procedures in this chapter make use of a
subprogram that will generate a random permutation of n objects. A random
permutation of the set of integers {1, 2, ..., n} is produced by a sequence of
random interchanges.

Procedure parameters:
void randomPermutation (n, ran, perm)

n: int;
entry: number of objects to be permuted.
ran:  java.util. Random;
entry: a pseudor andom number generator of type java.util. Random that
has already been initialized by a “seed” of type long.
perm: int[n+1];
exit:  perm[i] is the random permutation at i, i= 1,2,...,n.

public static void randonPernmutation(int n, Randomran, int perni])

{
int i,j,k;

for (i=1; i<=n; i++)
pernfi] =i;
for (i=1; i<=n; i++) {
j = (int)(i + ran.nextDouble() * (n +1 - 1i));

k = pernfi];
pernfi] = pernfj];
pernij] = k;
}
}
Example:

Generate a random permutation of 9 elements.

package G aphAl gorithns;
import java.util.Random

public class Test_randonPermutati on extends Object {
public static void main(String args[]) {
int n=29;

long seed = 1;
int pernf] = new int[n+1];
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Random ran = new Randon{ seed);

G aphAl go. randonPermutati on(n, ran, permn;
Systemout. println("A random permuation of " + n + " elenments:");
for (int i=1; i<=n; i++)
Systemout.print(" " + pernfi]);
Systemout. println();
}
}

Output:

A random pernuation of 9 elenents:
754296318

1.2 Random Graph

The following procedure generates a random graph with some given number of
nodes and edges. The type of random graph can be one of the following:

a. Simple (no loops or parallel edges) or nonsimple

b. Directed or undirected

c. Directed acyclic

d. Weighted or unweighted
In generating a random graph, pairs of random integers in the appropriate range
are generated. For directed graphs, the pairs are ordered. For a simple graph,
loops and parallel edges are excluded. In the case of a directed acyclic graph, a
random permutation of n objects (perm[1], perm[2], ..., perm[n]) is first generated.
Then m edges in the form of (perm[i],perm][j]) with i < j are generated.

Procedure parameters:

int randomGraph (n, m, seed, simple, directed, acyclic, weighted, minweight,
maxweight, nodei, nodej, weight)

randomGraph: int;
exit: the method returns the following error code:
0: solution found with normal execution
1: value of mis too large, should be at most n#n-1)/2 for
simple undirected graph or directed acyclic graph, and
n#n-1) for simple directed graph.
n. int;
entry: number of nodes of the graph.
Nodes of the graph are labeled from 1 to n.
m: int;
entry: number of edges of the graph.
If m is greater than the maximum number of edges in a
graph then a complete graph is generated.
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seed: long;
entry: seed for initializing the random number generator.
simple: boolean;
entry: simple = true if the graph is simple, false otherwise.
directed: boolean;
entry: directed = true if the graph is directed, false otherwise.
acyclic: boolean;
entry: acyclic = true if it is a directed acyclic graph, false

otherwise.
weighted: boolean;
entry: weighted = true if the graph is weighted, false otherwise.
minweight. int;
entry: minimum weight of the edges;
if weighted = false then this value is ignored.
maxweight. int;
entry: maximum weight of the edges;
if weighted = false then this value is ignored.
nodei, nodej: int[m+1];
exit: the i-th edge is from node nodeifi] to node nodejfi,
fori=1,2,....m
weight: int[m+1];
exit: weightfi] is the weight of the i-th edge, fori=1,2,...,m;
if weighted = false then this array is ignored.

public static int random&aph(int n, int m |ong seed, bool ean sinple,
bool ean directed, bool ean acyclic, boolean weighted, int mnweight,
int maxwei ght, int nodei[], int nodej[], int weight[])

i nt maxedges, nodea, nodeb, nunedges, t enp;
int dagpermute[] = newint[n + 1];

bool ean adj[][] = new bool ean[ n+1] [ n+1] ;
Random ran = new Randon{ seed);

// initialize the adjacency nmatrix
for (nodea=1; nodea<=n; nodeat++)
for (nodeb=1; nodeb<=n; nodeb++)
adj [ nodea] [ nodeb] = fal se;
nunmedges = 0;
/1 check for valid input data
if (sinmple) {
maxedges = n * (n - 1);
if ('directed) maxedges /= 2;
if (m> maxedges) return 1;
}
if (acyclic) {
maxedges = (n * (n - 1)) / 2;
if (m> naxedges) return 1,
randonPer mut ati on(n, ran, dagpernute);

}
whil e (nunedges < m {
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nodea = ran.nextlnt(n) + 1;
nodeb = ran.nextlnt(n) + 1;
if (sinmple || acyclic)
if (nodea == nodeb) conti nue;
if ((simple & (!directed)) || acyclic)
if (nodea > nodeb) {
tenp = nodea;
nodea = nodeb;
nodeb = tenp;
}
if (acyclic) {
nodea = dagper nut e[ nodea] ;
nodeb = dagper nut e[ nodeb] ;
}
if ((!sinple) || (sinple &k (!adj[nodea][nodeb]))) {
nunedges++;
nodei [ nunmedges] = nodea;
nodej [ nunmedges] = nodeb;
adj [ nodea] [ nodeb] = true;

if (weighted)
wei ght [ nunedges] = (int)(m nweight +
ran. next Doubl e() * (maxweight + 1 - mnweight));
}

}

return O;
}
Example:

Generate a random simple undirected nonacyclic weighted graph with 5 nodes
and 8 edges.

package G aphAl gorithns;
public class Test_randonraph extends Object {

public static void main(String args[]) {

int k;
int n=05;
int m=8;

long seed = 1;

bool ean si npl e=true, directed=false, acyclic=fal se, weighted=true;
int mnweight = 90;

int maxwei ght = 99;

int nodei[] = new int[mHl];

int nodej[] = newint[ml];

int weight[] = new int[mtl];

k = GraphAl go. randonta aph(n, m seed, si npl e, di rect ed, acycli c,
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}

}

wei ght ed, mi nwei ght, maxwei ght, nodei , nodej , wei ght) ;
if (k'!=0)
Systemout.printin("lInvalid input data, error code =" + k);
el se {
Systemout.println("List of edges:\n fromto weight");
for (k=1; k<=m Kk++)
Systemout. println(" " + nodei [k] + " " + nodej [k] +
" "+ weight[Kk]);
}

Output:

Li st of edges:

fromto weight

1 4 94
2 5 99
4 5 99
3 5 99
2 3 93
1 5 96
1 3 91
1 2 95

1.3 Random Bipartite Graph

A bipartite graph is an undirected graph where the nodes can be partitioned into
two sets such that no edge connects nodes in the same set. The following
procedure generates a random simple bipartite graph. It is optional to specify the
required number of edges. The method generates random edges connecting the
nodes of the two sets.

Procedure parameters:

nl:

void randomBipartiteGraph (nl, n2, m, seed, nodei, nodej)

int;

entry: number of nodes in the first set of the bipartite graph.

int;

entry: number of nodes in the second set of the bipartite graph.
Nodes of the graph are labeled from 1 to n1+n2.

int;

entry: required number of edges of the graph.
If mis zero then a random bipartite graph will be generated
with random edges connecting the nodes in the first set to
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the nodes in the second set, and the total number of edges
will be returned in nodei/0].

seed: long;

entry: seed for initializing the random number generator.
nodei, nodej: intfm+1]for m> 0 ; int[nl*n2+1]for m= 0;

exit: The i-th edge is from node nodeifi] to node nodejfi,

fori=1,2,..., nodeif0].

public static void randonBipartiteGaph(int nl, int n2, int m
long seed, int nodei[], int nodej[])

i nt n, nodea, nodeb, nodec, nunedges;

bool ean adj[][] = new bool ean[ n1+n2+1] [ n1+n2+1] ;
bool ean t enp;

Random ran = new Randon{ seed);

n =nl + n2;
I/ initialize the adjacency nmatrix
for (nodea=1; nodea<=n; nodeat+)
for (nodeb=1; nodeb<=n; nodeb++)
adj [ nodea] [ nodeb] = fal se;

if (m!=0) {
if (m>nl* n2) m=nl * n2
numedges = 0;
I/ generate a sinple bipartite graph with exactly m edges
whil e (nunedges < m {
/Il generate a randominteger in interval [1, nl]
nodea = (int)(1 + ran.nextDouble() * nl);
/1 generate a randominteger in interval [nl+l, n]
nodeb = (int)(nl + 1 + ran.nextDouble() * n2);
if (!adj[nodea][nodeb]) {
// add the edge (nodei, nodej)
adj [ nodea] [ nodeb] = adj[nodeb][nodea] = true;
numedges++;

}

el se {
/1 generate a random adj acency natrix with edges from
/1 nodes of group [1, nl] to nodes of group [nl+l, n]
for (nodea=1; nodea<=nl; nodeat+)
for (nodeb=nl+1; nodeb<=n; nodeb++)
adj [ nodea] [ nodeb] = adj[nodeb][nodea] =
(ran.nextInt(2) == 0) ? false : true;
}
/1 random pernutation of rows and col ums
for (nodea=1; nodea<=n; nodeat+) {
nodec = (int)(nodea + ran.nextDouble() * (n + 1 - nodea));
for (nodeb=1; nodeb<=n; nodeb++) {



Chapter 1: Random Graph Generation 9

tenp = adj [ nodec] [ nodeb] ;
adj [ nodec] [ nodeb] = adj [ nodea] [ nodeb] ;
adj [ nodea] [ nodeb] = tenp;

}

for (nodeb=1; nodeb<=n; nodeb++) {
tenp = adj [ nodeb] [ nodec] ;
adj [ nodeb] [ nodec] = adj[ nodeb] [ nodea] ;
adj [ nodeb] [ nodea] = tenp;

}

nunmedges = 0;

for (nodea=1; nodea<=n; nodeat++)

for (nodeb=nodea+l; nodeb<=n; nodeb++)
i f (adj[nodea] [ nodeb]) {

nunmedges++;
nodei [ nunmedges] = nodea;
nodej [ nunmedges] = nodeb;

}

nodei [ 0] = nunedges;

}

Example:

Generate a random bipartite graph of 6 edges with 3 nodes in the first set and 4
nodes in the second set.

package G aphAl gorithns;
public class Test_randonBi partiteG aph extends bject {

public static void main(String args[]) {

int n1 = 3;
int n2 = 4,
int m= 6;

long seed = 1;
int nodei[] = new int[ml];
int nodej[] = new int[ml];

G aphAl go. randonBi partiteG aph(nl, n2, m seed, nodei , nodej ) ;
Systemout.println("List of edges:\n fromto");
for (int k=1; k<=nodei[O0]; k++)

Systemout. println(" " + nodei [k] + " " + nodej [K]);
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Output:

Li st of edges:
fromto
1 2

g o~ Wk
N o oo o

1.4 Random Regular Graph

The following procedure generates a random simple undirected regular graph with
a given number of nodes n and the degree d of each node. An implementation in
programming language C is given in [JK91].

Step 1. Start with a graph with n nodes and no edges.

Step 2. If every node in the graph is of degree d then stop.

Step 3. Randomly choose two nonadjacent nodes u and v, each of degree less than
d. If such nodes u and v are not found then proceed to Step 5.

Step 4. Add the edge (u,v) to the graph, and go back to Step 2.

Step S. If there is one node of degree less than d then proceed to Step 7.

Step 6. From the graph, randomly choose two adjacent nodes r and s each of
degree less than d. Randomly choose two adjacent nodes p and q such
that p is not adjacent to r, and q is not adjacent to s. Remove the edge
(p,q) and add the two edges (p,r) and (q,s) to the graph. Go back to Step 2.

Step 7. There is exactly one node r of degree less than d. Randomly choose two
adjacent nodes p and g that are not adjacent to r. Remove the edge (p,q)
and add the two edges (p,r) and (q,r) to the graph. Go back to Step 2.

Procedure parameters:
int randomRegularGraph (n, degree, seed, nodei, node))

randomRegularGraph: int;
exit: the method returns the following error code:
0: solution found with normal execution
1: invalid input, if degree is odd then n must be even
2: value of n should be greater than degree

n: int;
entry: number of nodes of the graph.
Nodes of the graph are labeled from 1 to n.
degree: int;
entry: required degree of each node.
If the value of degree is odd then the value n must be even.
seed: long;

entry: seed for initializing the random number generator.
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nodei, nodej: int[(n*degree)/2 + 1];
exit: the i-th edge is from node nodeifi] to node nodejfi,
fori=1, 2, ..., (n*degree)/2.

public static int randonRegul arGaph(int n, int degree, |ong seed,
int nodei[], int nodej[])

int i,j,numedges,p,q, r=0, s=0, u, v=0;

int permute[] = newint[n + 1];

int deg[] = newint[n + 1];

bool ean adj[][] = new bool ean[ n+1] [ n+1] ;
bool ean nore;

Random ran = new Randon{ seed);

// initialize the adjacency matrix
for (i=1; i<=n; i++)
for (j=1; j<=n; j++)
adj[i][j] = false;
// initialize the degree of each node
for (i=1; i<=n; i++)
deg[i] = 0;
/1 check input data consistency
if ((degree %2) !'=0)
if ((n %2) '=0) return 1;
if (n <= degree) return 2;
/1 generate the regul ar graph
iterate:
while (true) {
randonPer mut ati on(n, ran, pernute);
nore = fal se;
/1 find two non-adjacent nodes each has | ess than required degree
u=0;
for (i=1; i<=n; i++)
if (deg[permute[i]] < degree) {
v = pernmute[i];
nore = true;
for (j=i+1; j<=n; j++) {
if (deg[permute[j]] < degree) {
u = pernute[j];
if (tadj[vl[u]) {
/1l add edge (u,v) to the random graph
adj[v][u] = adj[u][v] = true;
deg[ v] ++;
deg[ u] ++;
continue iterate;
}
el se {
/1 bothr &s are less than the required degree
r=v;
s = u;

11
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}
}
}
}
if (!nmore) break;
if (u==0) {
r =v;

/1 node r has less than the required degree,
/1 find two adjacent nodes p and q non-adjacent to r.
for (i=1; i<=n-1; i++) {
p = permute[i];
if (r !'=p)
if (tadj[r][p])
for (j=i+l; j<=n; j++) {
q = permite[j];
if (g'!'=r)
if (adj[p][a]l && ('adj[r][a]l)) {
// add edges (r,p) & (r,q), delete edge (p,q)
adj [r][p] = adj[p][r] = true;

adj[r][a]l = adj[al[r] = true;
adj[pl[a]l = adj[ql[p] = false;
deg[r] ++;
deg[r] ++;
continue iterate;
}
}
}
}
el se {

/1 nodes r and s of less than required degree, find two
// adjacent nodes p & q such that (p,r) & (q,s) are not edges.
for (i=1; i<=n; i++) {
p = permute[i];
if ((p!=r1) & (p I=75))
if (tadj[r][pl)
for (j=1; j<=n; j++) {
q = permute[j];
if ((q!=r) & (q !=75))
if (adj[plla]l & (ladj[s][a]l)) {
I/ renove edge (p,q), add edges (p,r) & (q,s)

adj [pl[a]l = adj[ql[p] = false;
adj [r][p] = adj[pl[r] = true;
adj [s][q] = adj[gl[s] = true;
deg[r] ++;
deg[ s] ++;

continue iterate;
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}
numedges = 0;
for (i=1; i<=n; i++)
for (j=i+l;, j<=n; j++)
if (adj[i1[j1) {

numedges++;

nodei [ numedges]
nodej [ numedges]

}

return O;

}

Example:

Generate a random regular graph with 8 nodes of degree 3.
package G aphAl gorithns;

public class Test_randonRegul ar G aph extends bject {

public static void main(String args[]) {

nt k;

nt n =8,

nt degree = 3;

ong seed = 1;

int edges = (n * degree) / 2;
int nodei[] = new int[edges+1];
int nodej[] = new int[edges+l];

k = GraphAl go. randonRegul ar Graph( n, degr ee, seed, nodei , nodej ) ;

if (k!'=0)
Systemout.printin("invalid input data, error code =" + k);
el se {

Systemout.print("List of edges:\n from ");
for (k=1; k<=edges; k++)

Systemout.print(" " + nodei[k]);
Systemout.print("\n to: ");
for (k=1; k<=edges; k++)

Systemout.print(" " + nodej[k]);
Systemout. println();

}

Output:

Li st of edges:
from 1 1 1 2 2
to: 2 3 8 5 7

[e2 V]
[o2 SN
o
~N o
o o
~N o

3
4
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1.5 Random Spanning Tree

The following procedure generates a random undirected spanning tree with a
given number of nodes n by means of the greedy method. The method first
generates a random permutation of n objects (perm[1], perm[2], ..., perm[n]). Start
with a partial tree consisting of a single node perm[1]. Suppose the current nodes
in the partial tree are perm[1], perm[2],..., perm[i]. Randomly choose a node k from
the partial tree, then include the node perm[i+1] and the edge (perm[i+1], k) into
the partial tree. Terminate when all the n nodes are included in the partial tree.

Procedure parameters:

void randomSpanningTree (n, seed, weighted, minweight, maxweight,
nodei, nodej, weight)

n int;

entry: number of nodes of the tree.

Nodes of the tree are labeled from 1 to n.

seed: long;

entry: seed for initializing the random number generator.
weighted: boolean;

entry: weighted = true if the tree is weighted, false otherwise.
minweight. int;

entry: minimum weight of the edges;

if weighted = false then this value is ignored.
maxweight. int;
entry: maximum weight of the edges;
if weighted = false then this value is ignored.
nodei, nodej: int[n];
exit: the i-th edge is from node nodeifi to node nodejfi,
fori=1,2,...,n—1.
weight. int[n];
exit: weightfi] is the weight of the i-th edge, fori= 1,2,...,n-1;
if weighted = false then this array is ignored.

public static void randonSpanni ngTree(int n, |long seed, bool ean wei ghted,
int mnweight, int maxweight, int nodei[], int nodej[], int weight[])
{
i nt nodea, nodeb, nunedges;
int permute[] = newint[n + 1];
Random ran = new Randon{ seed);

/'l generate a random pernutation of n objects
randonPer mut ati on(n, ran, pernmute);

nunmedges = 0;



Chapter 1: Random Graph Generation 15

// add n-1 random edges by the greedy nethod
for (nodea=2; nodea<=n; nodeat++) {

nodeb = ran.nextlnt(nodea - 1) + 1;

nunmedges++;

nodei [ numedges] = per mut e[ nodea] ;

nodej [ numedges] = per mut e[ nodeb] ;

if (weighted)

wei ght [ nunedges] = (int)(m nweight +
ran. next Doubl e() * (maxweight + 1 - mnweight));

}

Example:

Generate a weighted random spanning tree of 8 nodes with edge weights in the
range of [90, 99].

package G aphAl gorithns;
public class Test_randonSpanni ngTree extends bject {
public static void main(String args[]) {

int n=8§;

long seed = 1;

bool ean wei ght ed=t r ue;

int mnweight = 90;

int maxwei ght = 99;

int nodei[] = newint[n];
int nodej[] = newint[n];
int weight[] = newint[n];

G aphAl go. randonSpanni ngTr ee( n, seed, wei ght ed, m nwei ght, maxwei ght,
nodei , nodej , wei ght) ;
Systemout.println("List of edges:\n fromto weight");
for (int k=1; k<=n-1; k++)
Systemout. println(" " + nodei [k] + " " + nodej [k] +
t o+ veight[K]);
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Output:

Li st of edges:
fromto weight

4 6 99
2 6 93
5 4 91
8 4 95
1 2 95
3 8 96
7 8 97

1.6 Random Labeled Tree

The following procedure generates a random labeled tree with a given number of
nodes n. The method first constructs a Prifer code by choosing n-2 integers
[P1,P2;---,Pn2] randomly among integers 1,2,...,n. Then a random labeled tree T is
obtained by converting the Prifer code [NW78]. The Prtifer code conversion starts
with an empty tree T and makes use of two arrays L; and L,. L, is initialized to
contain n integers [1,2,...,n], and L, initially contains the n-2 integers of the Priifer
code [p1,p2,-.-, Pn2]- Let w be the smallest number in L; but not in L,. Add the
edge (w, p1) to T. Delete w from L; and p; from L,. Again let w be the smallest
number in L; but not in L,. Add the edge (w, p2) to T. Delete w from L; and p»
from L,. This process stops when L, is empty and L; contains exactly two
elements u and v. The tree T is completed by adding the edge (u,v).

Procedure parameters:

void randomLabeledTree (n, seed, sol)

n. int;
entry: number of nodes of the tree, n > 2.
Nodes of the tree are labeled from 1 to n.
seed: long;
entry: seed for initializing the random number generator.
sol: int[n+1];
exit: the i-th edge of the tree is (i, sol[i]), i = 1,2,...,n-1.

public static void randoniabel edTree(int n, long seed, int sol[])

{
int i,idxa,idxb,idxc,idxd,idxe, nmnus2;
int neighbor[] = newint[n + 1];
int prufercode[] = newint[n];

Random ran = new Randon{ seed);

if (n<=2) return;
I/ select n-2 integers at randomin [1,n]
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for (i=1; i<=n-2; i++)
prufercode[i] = (int)(1 + ran.nextDouble() * n);
// conpute the tree fromthe Pruefer code
for (i=1; i<=n; i++)
sol[i] = 0;
nmnus2 = n - 2;
for (i=1; i<=nminus2; i++) {
idxc = prufercode[n-1-i];
if (sol[idxc] == 0) prufercode[n-1-i] = -idxc;
sol [idxc] = -1;
}
idxb = 1;
prufercode[n-1] = n;
idxa = 0;
while (true) {
if (sol[idxb] !'=0) {
i dxb++;
conti nue;
}
idxd = idxb;
while (true) {
i dxat+;
i dxe = Mat h. abs(prufercode[idxa]);
sol [idxd] = idxe;
if (idxa == n-1) {
for (i=1; i<=nmnus2; i++)
prufercode[i] = Math. abs(prufercode[i]);
return;
}
if (prufercode[idxa] > 0) break;
if (idxe > idxb) {
sol [idxe] = 0;
br eak;

}
idxd = idxe;

}

Example:

Generate a random labeled tree with 7 nodes.

package G aphAl gorithns;

public class Test_randonliabel edTree extends Object {
public static void main(String args[]) {

int n=17;

17
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| ong seed 1;
int sol[] = new int[n+1];

G aphAl go. randonlabel edTree(n, seed, sol ) ;

Systemout.print("List of edges:\n from ");

for (int k=1; k<=n-1; k++)
Systemout.print(" " + k);

Systemout.print("\n to: ");

for (int k=1; k<=n-1; k++)

Systemout.print(" " + sol[k]);
Systemout. println();
}
}
Output:

Li st of edges:
from 1 2 3 4 5 6
to: 6 3 7 3 2 7

1.7 Random Unlabeled Rooted Tree

The following procedure generates a random unlabeled rooted tree with a given
number of nodes n. The method calculates the numbers T:, T2 , ..., Th, where T;
is the number of trees on i nodes:

07 =YY, T, =1

v=l u=1
A pair of positive integers u and v is chosen with a priori probability:
dY—L—MV TV
=

A random tree R; on n-uv nodes is chosen with probability 1/Th w, and a random
Ry on v nodes is chosen with probability 1/T,. Make u copies of R,. A random
unlabeled rooted tree on n nodes is obtained by joining the root of R; to the roots
of each of the copies of R, [NW78].

Procedure parameters:

void randomUnlabeledRootedTree (n, seed, sol)

n: int;
entry: number of nodes of the tree, n > 2.
Nodes of the tree are labeled from 1 to n.
seed: long;

entry: seed for initializing the random number generator.
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sol:

int[n+1];
exit: the i-th edge of the tree is (i, sol[i]), i = 1,2,...,n-1.

public static void randoninl abel edRoot edTree(int n, |long seed, int sol[])

{

int
int
int
int
int
int

count, v, total, prod, curnum next| astroot, nunt;
st ackcount a, st ackcount b, prob, p, q, r;

ri ght r oot =0, u=0, w=0;

nuntrees[] = newint[n + 1];

auxl[] = new int[n+1];

aux2[] = new int[n+1];

bool ean iter;
Random ran = new Randon{ seed);

/1 calculate nuntrees[p], the nunber of trees on p nodes
count = 1;
nuntrees[1] = 1;
while (n > count) {
total = 0;
for (p=1; p<=count; p++) {

}

q = count + 1;

prod = nuntrees[p] * p;

for (r=1; r<=count; r++) {
q-=0p
if (g <= 0) break;
total += nuntrees[q] * prod;

count ++;
nuntrees[count] = total / (count - 1);

}

curnum = nj;

stackcounta = O;

stackcount b

0;

while (true) {
if(curnum<= 2) {

sol", link to |left neighbor
sol [ stackcountb+1] = rightroot;

/1l a newtree placed in

rightroot = stackcountb + 1;
stackcountb += curnum
if (curnum> 1) sol [stackcountb] = stackcountb - 1;
while (true) {
curnum = aux2[ st ackcounta] ;
if (curnum!= 0) break;
/'l stack counter is decrenented as (u,v) is read
u = auxl[stackcounta];
stackcount a- - ;
w = stackcountb - rightroot + 1;
nextlastroot = sol[rightroot];
nunt = rightroot + (u - 1) * w- 1,
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if (u't=1) {
/1 make u copies of the last tree
for (p=rightroot; p<=nunt; p++) {
sol [p+w] = sol[p] + w,
if((p-1)-((p-1)/wW)*w == 0) sol[p+w] = nextlastroot;

}

stackcountb = nunt + w
if (stackcountb == n) return;
rightroot = nextlastroot;
}
aux2[ st ackcounta] = 0;
conti nue;
}
/'l choose a pair (u,v) with a priori probability
prob = (int)((curnum- 1) * nuntrees[curnun] * ran.nextDouble());
v = 0;
iter = true;
while (iter) {
V++;
prod = v * nuntrees[v];
w = curnum

u = 0;
iter = fal se;
do {

u++;

w-= v,

if (w< 1) {

iter = true;
br eak;
}
prob -= nuntrees[w * prod;
} while (prob >= 0);
}
st ackcount a++;
auxl[ st ackcounta] =
aux?2[ st ackcount a]
curnum = w;

i
s s

Example:

Generate a random unlabeled rooted tree with S nodes.
package G aphAl gorithns;

public class Test_randoninl abel edRoot edTree extends Object {

public static void main(String args[]) {
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int n=25;
long seed = 1;

int sol[]

new i nt[n+1];

G aphAl go. randoninl abel edRoot edTr ee( n, seed, sol ) ;
Systemout.println("List of edges:\n fromto");

for (int k=2; k<=n;
Systemout. println(" "+ k+ " " + sol[Kk]);

Output:

Li st of edges:
fromto

2

3
4
5

1

2
2
4

k++)

1.8 Random Connected Graph

The following procedure [JK91] generates a random undirected connected simple
graph with some given number of nodes and edges. A random spanning tree is
first generated. Then random edges are added until the required number of edges

is reached.

Procedure parameters:

int randomConnectedGraph (n, m, seed, weighted, minweight, maxweight,

nodei, nodej, weight)

randomConnectedGraph: int;

exit:

int;
entry:
int;
entry:

the method returns the following error code:

0: solution found with normal execution

1: value of mis too small, should be at least n—1

2: value of mis too large, should be at most n#n-1)/2

number of nodes of the graph.
Nodes of the graph are labeled from 1 to n.

number of edges of the graph.

If mis less than n-1 then m will be set to n-1.

If m is greater than the maximum number of edges in a
graph then a complete graph is generated.
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seed: long;
entry: seed for initializing the random number generator.
weighted: boolean;
entry: weighted = true if the graph is weighted, false otherwise.
minweight. int;
entry: minimum weight of the edges;
if weighted = false then this value is ignored.
maxweight. int;
entry: maximum weight of the edges;
if weighted = false then this value is ignored.
nodei, nodej: int[n];
exit: the i-th edge is from node nodeifi] to node nodejfi,
fori=1,2,...,n-1.
weight: int[n];
exit: weightfi] is the weight of the i-th edge, fori= 1,2,...,n-1;
if weighted = false then this array is ignored.

public static int randonConnectedG aph(int n, int m |ong seed,
bool ean wei ghted, int mnweight, int maxwei ght,
int nodei[], int nodej[], int weight[])

i nt maxedges, nodea, nodeb, nunedges, t enp;
int permute[] = newint[n + 1];

bool ean adj[][] = new bool ean[ n+1] [ n+1] ;
Random ran = new Randon{ seed);

// initialize the adjacency matrix

for (nodea=1; nodea<=n; nodea++)
for (nodeb=1; nodeb<=n; nodeb++)

adj [ nodea] [ nodeb] = fal se;

nunmedges = 0;

Il check for valid input data

if (m<(n- 1)) return 1;

maxedges = (n * (n - 1)) / 2;

if (m> maxedges) return 2;

/1 generate a random spanning tree by the greedy nethod
randonPer mut ati on(n, ran, pernute);
for (nodea=2; nodea<=n; nodea++) {

nodeb = ran.nextlnt(nodea - 1) + 1;

nunmedges++;

nodei [ numedges] = per mut e[ nodea] ;

nodej [ numedges] = per mut e[ nodeb] ;

adj [ per mut e[ nodea] ] [ per mut e[ nodeb]] = true;
adj [ per mut e[ nodeb] ] [ per mut e[ nodea]] = true;
if (weighted)

wei ght [ numedges] = (int)(m nwei ght +

ran. next Doubl e() * (maxweight + 1 - mnweight));

}
// add the renmining edges randoniy
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whil e (nunedges < m {
nodea = ran.nextlnt(n) + 1;
nodeb = ran.nextlnt(n) + 1;
if (nodea == nodeb) conti nue;
if (nodea > nodeb) {
tenp = nodea;
nodea = nodeb;

nodeb = tenp;
}
if (!adj[nodea][nodeb]) {
numedges++;
nodei [ nunmedges] = nodea;
nodej [ nunmedges] = nodeb;
adj [ nodea] [ nodeb] = true;
if (weighted)
wei ght [ nunedges] = (int)(m nweight +
ran. next Doubl e() * (maxweight + 1 - mnweight));
}
}
return O;
}
Example:

Generate a random undirected connected simple graph of 8 nodes and 10 edges
with edge weights in the range of [90, 99].

package G aphAl gorithns;
public class Test_randonConnect edG aph extends bject {

public static void main(String args[]) {

int k;
int n=38;
int m= 10;

long seed = 1;

bool ean wei ght ed=t r ue;

int mnweight = 90;

int maxwei ght = 99;

int nodei[] = new int[mtl];
int nodej[] = newint[ml];
int weight[] = new int[mtl];

k = G aphAl go. randonConnect edG aph(n, m seed, wei ght ed, m nwei ght,
maxwei ght, nodei , nodej , wei ght) ;

if (k!'=0)
Systemout.printin("lInvalid input data, error code =" + k);
el se {

Systemout.println("List of edges:\n fromto weight");
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for (k=1; k<=m Kk++)
Systemout. println(" " + nodei [k] + " " + nodej [k] +
" "+ weight[K]);
Systemout. println();
}
}
}

Output:

Li st of edges:
fromto weight
4 99
93
91
95
95
96
97
98
90
90

g A NN W E 00N
N N 0o oo N D DO O

1.9 Random Hamilton Graph

The following procedure [JK91] generates a random simple Hamilton graph with
some given number of nodes and edges. The graph can be directed or undirected.
The method generates a random permutation of n objects (perm[l], perm[2], ...,
perm[n]). The graph is initialized with the Hamilton cycle (perm[1], perm[2]),
(perm[2], perm][3]), ..., (perm[n-1], perm[n]), (perm[n]|, perm[l]). Then random
edges are added into the graph until the required number of edges is reached.

Procedure parameters:

int randomHamiltonGraph (n, m, seed, directed, weighted, minweight,
maxweight, nodei, nodej, weight)

randomHamiltonGraph: int;
exit: the method returns the following error code:
0: solution found with normal execution
1: value of mis too small, should be at least n
2: value of mis too large, should be at most n#n-1)/2 for
simple undirected graph, and n#n-1) for simple
directed graph.
n int;
entry: number of nodes of the graph.
Nodes of the graph are labeled from 1 to n.
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m: int;
entry: number of edges of the graph.
If m is greater than the maximum number of edges in a
graph then a complete graph is generated.
If mis less than n then mis set equal to n.

seed: long;

entry: seed for initializing the random number generator.
directed.: boolean;

entry: directed = true if the graph is directed, false otherwise.

weighted: boolean;
entry: weighted = true if the graph is weighted, false otherwise.
minweight. int;
entry: minimum weight of the edges;
if weighted = false then this value is ignored.
maxweight. int;
entry: maximum weight of the edges;
if weighted = false then this value is ignored.
nodei, nodej: int[m+1];
exit: the i-th edge is from node nodeifi] to node nodejfi,
fori=1,2,...,m. The Hamilton cycle is given by the first n
elements of these two arrays.
weight: int[m+1];
exit: weightfi] is the weight of the i-th edge, fori=1,2,...,m;
if weighted = false then this array is ignored.

public static int randonmHam ItonGraph(int n, int m |ong seed,
bool ean directed, bool ean wei ghted, int m nweight,
int maxwei ght, int nodei[], int nodej[], int weight[])

i nt k, maxedges, nodea, nodeb, nunedges, t enp;
int permute[] = newint[n + 1];

bool ean adj[][] = new bool ean[ n+1] [ n+1] ;
Random ran = new Randon{ seed);

// initialize the adjacency nmatrix
for (nodea=1; nodea<=n; nodea++)
for (nodeb=1; nodeb<=n; nodeb++)
adj [ nodea] [ nodeb] = fal se;
// adjust value of mif needed
if (m<n) return 1;
maxedges = n * (n - 1);
if (!directed) maxedges /= 2;
if (m> maxedges) return 2;
numedges = 0;
/1 generate a random pernutation
randonPer mut ati on(n, ran, permte);
// obtain the initial cycle
for (k=1; k<=n; k++) {
if (k ==n) {
nodea = permute[n];
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nodeb = permute[1];
}
el se {
nodea = permute[Kk];
nodeb = permute[k + 1];
}

numedges++;

nodei [ nunmedges] = nodea;
nodej [ nunmedges] = nodeb;
adj [ nodea] [ nodeb] = true;
if (!directed) adj[nodeb][nodea] = true;
if (weighted)
wei ght [ nunedges] = (int)(m nweight +
ran. next Doubl e() * (maxweight + 1 - mnweight));
}
// add the renuining edges randonly
whil e (nunedges < m {
nodea = ran.nextlnt(n) + 1;
nodeb = ran.nextlnt(n) + 1;
if (nodea == nodeb) conti nue;
if ((nodea > nodeb) && (!directed)) {
tenp = nodea;
nodea = nodeb;
nodeb = tenp;
}
if (!adj[nodea][nodeb]) {
nunmedges++;
nodei [ nunmedges] = nodea;
nodej [ nunmedges] = nodeb;
adj [ nodea] [ nodeb] = true;

if (weighted)
wei ght [ nunedges] = (int)(m nweight +
ran. next Doubl e() * (maxweight + 1 - mnweight));
}

}

return O;
}
Example:

Generate a random simple Hamilton graph of 7 nodes and 10 edges with edge

weights in the range of [90, 99].

package G aphAl gorithns;

public class Test_randonHani | tonG aph extends Object {
public static void main(String args[]) {

int k;
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}
}

int n=7

int

m = 10;

long seed = 1;
bool ean wei ght ed=t r ue;
bool ean direct ed=true;

int
int
int
int
int

m nwei ght = 90;

maxwei ght = 99;

nodei [] = new int[m1];
nodej [] = new int[m1];
weight[] = new int[ml];

k = GraphAl go. randonHam | t onGr aph(n, m seed, di r ect ed, wei ght ed, m nwei ght,

maxwei ght , nodei , nodej , wei ght) ;

if (k'!=0)
Systemout.printin("lInvalid input data, error code =" + k);
el se {

Systemout.println("List of edges:\n fromto weight");
for (k=1; k<=m k++)

}

Output:

Systemout. println(" " + nodei [k] + " " + nodej [k] +
" "+ weight[Kk]);

Li st of edges:
fromto weight

6

A WO WELE NOODNDD

4

N b WO WERE NON

99
99
99
93
93
92
95
97
91
91

1.10 Random Maximum Flow Network

The following procedure [JK91] generates a random simple weighted directed
graph of n nodes in which node 1 (the source) has no incoming edges and node n
(the sink) has no outgoing edges. The procedure first attempts to generate
random paths until either the required number of edges is reached or every node
is on a directed path from the source to the sink. If each node has already been
included in some directed path from the source to the sink then additional edges
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(p,q), where O<p<n and 1<qg<n, are generated randomly until the required number
of edges is reached.

Procedure parameters:

void randomMaximumFlowNetwork (n, m, seed, minweight, maxweight, nodei,
nodej, weight)

n int;
entry: number of nodes of the network.
Nodes of the graph are labeled from 1 to n.
Node 1 is the source and node n is the sink.
m: int;
entry: number of required edges of the directed graph.
seed: long;
entry: seed for initializing the random number generator.
minweight. int;
entry: minimum weight of the edges.
maxweight. int;
entry: maximum weight of the edges.
nodei, nodej: int[m+1];
exit: nodeif0] returns the actual number of edges generated.

Ifm<(n#*n-3 *n+ 3) then nodeif0] = m, otherwise
nodeif0]= (n *n—-3 *n+ 3).
The i-th edge is from node nodeifi] to node nodejli,
fori=1,2,...,nodeif0].
weight. intfm+1];
exit: weightfi] is the weight of the i-th edge, for i=1,2,...,nodeif0].

public static void randomvaxi munFl owmNetwork(int n, int m |ong seed,
int mnweight, int maxwei ght, int nodei[],
int nodej[], int weight[])

int i, maxedges, nodea, nodeb, nunedges, sour ce, si nk;
bool ean adj[][] = new bool ean[ n+1] [ n+1] ;

bool ean marked[] = new bool ean[ n+1] ;

bool ean nore;

Random ran = new Randon{ seed);

if ((n<=1) ]| (m< 1)) return;

// initialize the adjacency matrix

for (nodea=1l; nodea<=n; nodea++)
for (nodeb=1; nodeb<=n; nodeb++)

adj [ nodea] [ nodeb] = fal se;

Il check for valid input data

maxedges = n * n- 3 * n + 3;

if (m> maxedges) m = nmaxedges;

nodei [0] = m

/1 node 1 is the source and node n is the sink
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source = 1;
sink = n;
numedges = 0;
// initially every node is not on sone path fromsource to sink
for (i=1; i<=n; i++)
marked[i] = fal se;
/1 include each node on sone path from source to sink */
mar ked[ source] = true;
do {
/1 choose an edge from source to sone node not yet included
do {
/'l generate a randominteger in interval [2,n]
nodeb = (int)(2 + ran.nextDouble() * (n-1));
} while (marked[ nodeb]);
mar ked[ nodeb] = true;
// add the edge from source to nodeb
adj [ 1] [ nodeb] = true;
nunmedges++;
wei ght [ nunedges] = (int)(m nweight +
ran. next Doubl e() * (maxweight + 1 - mnweight));
nodei [ nunmedges] = 1;
nodej [ nunmedges] = nodeb;
if (numedges == return;

// add an edge fromcurrent node to a node other than the sink
if (nodeb != sink) {
nodea = nodeb;
mar ked[ si nk] = fal se;
while (true) {
do {
/'l generate a randominteger in interval [2,n]
nodeb = (int)(2 + ran.nextDouble() * (n-1));
} while (marked[ nodeb]);
mar ked[ nodeb] = true;
if (nodeb == sink) break;
// add an edge from nodea to nodeb
adj [ nodea] [ nodeb] = true;
nunmedges++;
wei ght [ nunedges] = (int)(m nweight +
ran. next Doubl e() * (maxweight + 1 - mnweight));
nodei [ nunmedges] = nodea;
nodej [ nunmedges] = nodeb;
if (numedges == nm) return;
nodea = nodeb;

}

// add an edge from nodea to sink
adj [ nodea] [ si nk] = true;

nunmedges++;

wei ght [ nunedges] = (int)(m nweight +

ran. next Doubl e() * (maxweight + 1 - mnweight));
nodei [ nunmedges] = nodea;
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nodej [ nunedges] = si nk;
if (numedges == n) return;
}
nmore = fal se;
for (i=1; i<n; i++)
if ('marked[i]) {
nore = true;
br eak;
}
} while (nore);
// add additional edges if needed
whil e (nunedges < m {
/'l generate a randominteger in interval [1,n-1]
nodea = (int)(1 + ran.nextDouble() * (n-1));
/'l generate a randominteger in interval [2,n]
nodeb = (int)(2 + ran.nextDouble() * (n-1));
if (!'adj[nodea] [nodeb] && (nodea != nodeb)) {
// add an edge from nodea to nodeb
adj [ nodea] [ nodeb] = true;
numedges++;
wei ght [ nunedges] = (int)(m nweight +
ran. next Doubl e() * (maxweight + 1 - mnweight));
nodei [ nunmedges] = nodea;
nodej [ nunmedges] = nodeb;

}

Example:

Generate a random maximum flow network of 8 nodes and 10 edges with edge
weights in the range of [90, 99]. Node 1 is the source and node 8 is the sink.

package G aphAl gorithns;
public class Test_randonmVaxi munfl owNet wor k ext ends Obj ect {
public static void main(String args[]) {

int n=8§;

nt m= 10;

ong seed = 1;

int mnwei ght 90;

int maxwei ght = 99;

int nodei[] = new int[ml];
int nodej[] = new int[ml];
int weight[] = new int[mtl];

G aphAl go. randonmiVaxi munfl owNet wor k( n, m seed, m nwei ght, maxwei ght ,
nodei , nodej , wei ght) ;
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Systemout.println("List of edges:\n fromto weight");
for (int k=1; k<=nodei[0]; k++)
Systemout. println(" " + nodei [k] + " " + nodej [k] +
" "+ weight[K]);
}
}

Output:

Li st of edges:
fromto weight
1 94
93
90
93
91
91
96
92
98
96

P N O OO PRERP W
D W oo N O O~ 0w N

1.11 Random Isomorphic Graphs

The following procedure generates a pair of random isomorphic graphs with some
given number of nodes and edges. The graph can be simple or nonsimple,
directed or undirected. The method generates a random graph first, then a
random permutation of n objects (perm[l], perm|[2], ..., perm[n]). The second
isomorphic graph is obtained by renaming the vertices of the first random graph by
the random permutation. The node i of the first random graph corresponds to the
node perm|i] in the second graph.

Procedure parameters:

int randomIsomorphicGraphs (n, m, seed, simple, directed, firsti, firstj,
secondi, secondj, map)

randomisomorphicGraph: int;
exit: the method returns the following error code:
0: solution found with normal execution
1: value of mis too large, should be at most n¥n-1)/2 for
simple undirected graph, and n#n-1) for simple
directed graph.
n: int;
entry: number of nodes of each graph.
Nodes of each graph are labeled from 1 to n.
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m: int;
entry: number of edges of each graph.
If m is greater than the maximum number of edges in a
graph then a complete graph is generated.

seed: long;
entry: seed for initializing the random number generator.
simple: boolean;
entry: simple = true if the graphs are simple, false otherwise.
directed.: boolean;
entry: directed = true if the graphs are directed, false otherwise.
firsti, firstj: int[m+1];
exit: the k-th edge of the first graph is from node firsti/k] to node
firsglk], for k= 1,2,....m.
secondi, second;: int[m+1];
exit: the k-th edge of the second graph is from node secondifk] to
node secondjfk], fork=1,2,...,m.
map: int[n+1];
exit: in the graph isomorphism, node i of the first graph is

renamed to node mapfi] in the second graph, for i=1,2,...,n.

public static int random sonorphi cGaphs(int n, int m |ong seed,
bool ean sinpl e, boolean directed, int firsti[], int firstj[],
int secondi[], int secondj[], int map[])
{
int k;
Random ran = new Randon{ seed);

/1 generate a random graph

k = randon aph(n, m seed, sinpl e,directed, fal se,false,0,0,firsti,firstj, mp);
if (k!=0) return k;

/1 generate a random pernutation

randonPer mut ati on(n, ran, map);

/1 renane the vertices to obtain the isonorphic graph

for (int i=1; i<=m i++) {

secondi[i] = map[firsti[i]];
secondj[i] = map[firstj[i]];
}
return k;
}
Example:

Generate a pair of random isomorphic graphs with 5 nodes and 7 edges.
package G aphAl gorithns;
public class Test_random sonor phi cGraphs extends bject {

public static void main(String args[]) {
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int k;
int n=5;
int m=7;

long seed = 1;

bool ean sinpl e=true, directed=false;
int map[] = new int[n+1];

int firsti[] = new int[m+l];

int firstj[] = new int[m+l];

int secondi[] = new int[ml];

int secondj[] = new int[ml];

k = G aphAl go. random sonor phi cGraphs(n, m seed, si npl e, di rect ed,
firsti,firstj,secondi, secondj, nap);

if (k'!=0)

Systemout.printin("lInvalid input data, error code =" + k);
el se {

Systemout.println("List of edges:\n First Gaph Second Graph" +

"\n fromto fromto ");
for (k=1; k<=m k++)
Systemout. println(" "+ firsti[k] + " "+ firstj[k] +
" ' + secondi[k] + " " + secondj[k]);

Systemout.printin("\n Node mapping:\n First Gaph Second G aph");
for (k=1; k<=n; k++)
Systemout. println(" "+ k + " "+ map[k]);

}
Output:

Li st of edges:
First Graph Second G aph

fromto fromto

1 4 4 1

3 4 2 1

2 5 3 5

4 5 1 5

3 5 2 5

2 3 3 2

1 5 4 5
Node nappi ng:
First G aph Second G aph

4

a b~ WN P
g P, N W
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1.12 Random Isomorphic Regular Graphs

The following procedure generates a pair of random isomorphic simple undirected
regular graphs with some given number of nodes and the degree of each node.
The method generates a random graph first, then a random permutation of n
objects (perm[l], perm[2], ..., perm[n]). The second isomorphic graph is obtained
by renaming the vertices of the first random graph by the random permutation.
The node i of the first random graph corresponds to the node perm]i] in the second

graph.
Procedure parameters:

int randomIsomorphicRegularGraphs (n, degree, seed, firsti, firstj,secondi,
secondjj, map)

randomlsomorphicRegularGraphs: int;
exit: the method returns the following error code:
0: solution found with normal execution
1: invalid input, if degree is odd then n must be even
2: value of n should be greater than degree

n int;
entry: number of nodes of each graph.
Nodes of each graph are labeled from 1 to n.
degree: int;
entry: required degree of each node.
If the value of degree is odd then the value n must be even.
seed: long;
entry: seed for initializing the random number generator.
firsti, firstj: int[(n*degree)/2 + 1];
exit: the k-th edge of the first graph is from node firstifk] to node
firstjlk], for k=1, 2, ..., (n*degree) /2.
secondi, second;: int[(n*degree) /2 + 1];
exit: the k-th edge of the second graph is from node secondifk] to
node secondjfk], for k = 1, 2, ..., (n*degree)/ 2.
map: int[n+1];
exit: in the graph isomorphism, node i of the first graph is

renamed to node mapfi] in the second graph, fori=1,2,...,n.

public static int random sonorphi cRegul ar Gaphs(int n, int degree, |ong seed,
int firsti[], int firstj[], int secondi[], int secondj[], int map[])
{
int k;
Random ran = new Randon{ seed);

/1 generate a random regul ar graph

k = randonRegul ar G- aph(n, degree, seed, firsti,firstj);
if (k!=0) return k;

/1 generate a random pernutation

randonPer mut ati on(n, ran, map);
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/1 renane the vertices to obtain the isonorphic graph
for (int i=1; i<=(n*degree)/2; i++) {

secondi[i] = map[firsti[i]];

secondj[i] = map[firstj[i]];
}

return k;

}

Example:

Generate a pair of random isomorphic simple undirected regular graphs with 6
nodes of degree 3.

package G aphAl gorithns;

public class Test_random sonor phi cRegul ar G aphs extends Obj ect {

public static void main(String args[]) {

nt k;

nt n = 6

nt degree = 3;

ong seed = 1;

int m=(n * degree) / 2;

int map[] = new int[n+l];
int firsti[] = new int[m+l];
int firstj[] = new int[mtl];
int secondi[] = new int[ml];
int secondj[] = new int[ml];

k = GraphAl go. randomnl sonor phi cRegul ar Graphs(n, degr ee, seed,
firsti,firstj,secondi, secondj, nap);

if (k!'=0)

Systemout.printin("lInvalid input data, error code =" + k);
el se {

Systemout.println("List of edges:\n First G aph Second Graph" +

"\n fromto fromto ");
for (k=1; k<=m k++)
Systemout. println(" "+ firsti[k] + " "+ firstj[k] +
" " + secondi[k] + " " + secondj[k]);

Systemout.printin("\n Node mapping:\n First Graph Second Graph");
for (k=1; k<=n; k++)
Systemout. println(" "tk +" "+ map[k]);
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Output:

Li st of edges:
First Graph

fromt

ga b W NDNDNREP PP

Node nappi ng:
First G aph

o O WDN B

o
3

o 01O O~ W o N

Second G aph

fromto

Second G aph

5

P oOoON W b

5

O N WA DM MO O

3

P O L ONWEFENDN
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2. Connectivity

2.1 Maximum Connectivity

Given two positive integers n and k, the following procedure [H62] constructs a
k-connected simple undirected graph G(k,n) on n nodes with the least number of
edges. It is known that G(k,n) has exactly [(n#k)/2] edges, where [x]| is the
smallest integer greater than or equal to x. Note that G(1,n) is a spanning tree. It
is assumed that k= 2. Let the nodes of the graph be integers 0,1,2,...,n-1.
Case 1: (kis even)
Let k = 2t. The graph G(2t,n) is constructed as follows. Draw an n-gon, that is,
add the edges (0,1), (1,2), (2,3), ..., (n-2,n-1), (n-1,0). Then join nodes i and j if
and only if |i—j| = p (mode n), where 2 <p <t.
Case 2: (kis odd, nis even)
Let k = 2t+1. The graph G(2t+1,n) is constructed by first drawing G(2t,n), and
then joining node i to node i+(n/2), for 0 <i< n/2.
Case 1: (kis odd, nis odd)
Let k = 2t+1. The graph G(2t+1,n) is constructed by first drawing G(2t,n), and
then joining:
node O to node (n-1)/2,
node O to node (n+1)/2,
node i to node i+(n+1)/2, for 1 <i < (n-1)/2.

Procedure parameters:

void maximumConnectivity (n, k, nodei, nodej)

n int;

entry: the number of nodes of the undirected graph, labeled from 1 to n.
k: int;

entry: the required graph is k-connected, k = 2.
nodei, nodej: int[[(n+k)/2]+ 1];

exit:  nodeilp] and nodej/p] are the end nodes of the p-th edge in the

k-connected graph, p=1,2,...,[ (n#k)/2].

public static void maxi munConnectivity(int n, int k, int nodei[], int nodej[])
{

int edges, halfk,halfn,i,j,nmnusl, p,q,r;

bool ean evenk, evenn, j oi n;

/1 make an n-gon

edges = 0;

nmnusl =n - 1;

halfk = k / 2;

halfn =n/ 2;

for (i=1; i<=nminusl; i++) {
edges++;
nodei [ edges]
nodej [edges] =i + 1;

}

37
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edges++;

nodei [ edges] = n;
nodej [ edges] = 1;
if (k ==2) return;

evenk = (k == 2 * halfk) ? true : false;
for (i=1; i<=nminusl; i++) {
p=i+1

for (j=p; j<=n; j++) {

join = fal se;

q=j-i;

for (r=2; r<=halfk; r++)
if (((r - ((r/m)*n)) ==q) [| (g +r ==n)) join = true

if (join) {
edges++;
nodei [ edges] =
nodej [ edges]

}

/1 if k is even then finish
if (evenk) return;
evenn = (n == 2 * halfn) ? true : false;
if (evenn) {
/'l k is odd, nis even
for (i=1; i<=halfn; i++) {
edges++;
nodei [ edges] = i;
nodej [ edges] =i + halfn;

}
el se {
// k is odd, nis odd
p=(n+1) / 2
qg=(n-1) 1/ 2
for (i=2; i<=q; i++) {
edges++;
nodei [ edges]
nodej [ edges]

+ p;
}

edges++;
nodei [ edges]
nodej [ edges] = q + 1;
edges++;
nodei [ edges] ;
nodej [ edges] = p + 1;



Chapter 2: Connectivity 39

Example:

Construct a 4-connected simple undirected graph on 8 nodes with the least
number of edges.

package G aphAl gorithns;
public class Test_maxi munConnectivity extends Object {
public static void main(String args[]) {

int n=8§;

int k =4

int nk2 = (n* k) / 2

int nodei[] = new int[nk2+1];
int nodej[] = new int[nk2+1];

G aphAl go. maxi munConnecti vi ty(n, k, nodei , nodej ) ;
Systemout.println("List of edges:");
for (int p=l; p<=nk2; p++)

Systemout.print(" " + nodei[p]);
Systemout. println();
for (int p=l; p<=nk2; p++)

Systemout.print(" " + nodej[p]);
Systemout. println();
}
}
Output:

Li st of edges:
1 2 3 4 5 6
7

7 8 1 1 2 2 3 4 5 6
2 3 4 5 6 8 1.3 7 4 8 5 6 7 8

2.2 Depth-First Search

The following procedure [G85] visits the nodes of an wundirected graph
systematically by a depth-first search. Starting by choosing any node p, the
method visits any node q adjacent to p that has not been visited. The node q is
put on the stack. After examining p, the top element r is removed from the stack.
Then r is processed the same way as before. When the stack is empty all the
nodes of the current component will have been visited. Choose any node from the
next component of the graph and repeat the same procedure. The algorithm
terminates when all nodes are visited. The running time is O(max(n,m)), where n
is the number of nodes and m is the number of edges of the graph.
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Procedure parameters:
void depthFirstSearch (n, m, nodei, nodej, parent, sequence)

n: int;
entry: number of nodes of the undirected graph,
nodes of the graph are labeled from 1 to n.
m: int;
entry: number of edges of the undirected graph.
nodei, nodej: int[m+1];
entry: nodeifp] and nodej/p] are the end nodes of the p-th edge in the
graph, p=1,2,...,m.
parent. int[n+1];
exit:  parentfi] is the previous node which was visited just before node i;
parentfij=0 if node i is the first node being visited in the
component, for i=1,2,...,n.
sequence: int[n+1];
exit:  sequencefi] is the order in which node i was visited in the search,
for i=1,2,...,n.

public static void depthFirstSearch(int n, int m int nodei[], int nodej[],

int parent[], int sequence[])
{
int i,j,k,counter, stackindex,p,q,u,v;
int stack[] = new int[n+1];
int firstedges[] = new int[n+2];
int endnode[] = new int[m+l];
bool ean nmark[] = new bool ean[ m+1] ;

bool ean ski p, f ound;

// set up the forward star representation of the graph
for (j=1; j<=m j++)
mark[j] = true;
firstedges[1] = 0;
k = 0;
for (i=1; i<=n; i++) {
for (j=1; j<=m j++)
if (mark(jl) {
if (nodei[j] ==1i) {
k++;
endnode[ k] = nodej[j];
mark[j] = fal se;
}
el se {
if (nodej[j] ==1i) {
k++;
endnode[ k] = nodei[j];
mark[j] = fal se;
}
}
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}
firstedges[i+1] = k;
}
for (i=1; i<=n; i++) {
sequence[i] = 0;
parent[i] = 0;
stack[i] = O;
}
counter = 0;
p=1
st acki ndex = 0;
Il process descendents of node p
while (true) {
skip = fal se;
count er ++;
parent[p] = O;
sequence[ p] = counter;
st acki ndex++;
st ack[ st acki ndex] = p;
while (true) {
skip = fal se;
q=0;
while (true) {
q++;
if (g<=n) {
/1 check if p and q are adjacent
if (p<a {

u
vV = qQq;

found = fal se;

for (k=firstedges[u]+1; k<=firstedges[u+l];

if (endnode[k] == v) {
/1 u and v are adjacent
found = true;
br eak;

}

if (found &% sequence[q] == 0) {
st acki ndex++;
st ack[ st acki ndex] = q;

parent[q] = p;

count er ++;

sequence[ q] = counter;
p=a

if (counter == n) return;

br eak;

k++)
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}
}

el se {
/1 back up
st acki ndex- - ;
if (stackindex > 0) {
q=p
p = stack[stacki ndex];
}
el se {
skip = true;
br eak;
}
}
}
if (skip) break;
}
I/ process the next conponent
st acki ndex = 0;
skip = fal se;
for (k=1; k<=n; k++)
if (sequence[k] == 0) {
p = k;
skip = true;
br eak;
}
if (!skip) break;
}
}

Example:

A Java Library of Graph Algorithms and Optimization

Apply a depth-first search to the following graph.

)
A7

&N
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package G aphAl gorithns;
public class Test_dept hFirst Search extends Object {

public static void main(String args[]) {
int n=11,
int mrl3;
int nodei[] ={0,7,1,6,3, 4,2,11,8,9, 6,4, 2,5};
int nodej[] = {0,4,7,8,6,11,5, 7,3,2,10,1, 11, 9};
int parent[] = new int[n+1];
int sequence[] = new int[n+1];
G aphAl go. dept hFi r st Sear ch(n, m nodei , nodej , par ent, sequence) ;
Systemout.printf("Depth-first search results:\n Node: ") ;
for (int i=1; i<=n; i++)
Systemout.printf("%d",i);
Systemout.printf("\n Parent:");
for (int i=1; i<=n; i++)
Systemout. printf("%d", parent[i]);
Systemout.printf("\n Oder:");
for (int i=1; i<=n; i++)
Systemout. printf("%d", sequence[i]);
Systemout. println();

}
Output:

Depth-first search results:
Node: 1 2 3 4 5 6 7 8 9 10 11
Par ent : 0 11 0 1 2 3 4 6 5 6 7
Order: 1 5 8 2 6 9 3 10 7 11 4

2.3 Breadth-First Search

The following procedure [G85] visits the nodes of an wundirected graph
systematically by a breadth-first search. From a current node p, visit every node
adjacent to p, and the nodes are added to a queue. When all neighbors of p are
visited, remove an element q from the queue. Process node q in the same way by
visiting all neighbors of q that have not been visited. When the queue is empty all
the nodes in the current components will have been visited. Choose any node
from the next component of the graph and repeat the same procedure. The
algorithm terminates when all nodes are visited. The running time is O(max(n,m)),
where n is the number of nodes and m is the number of edges of the graph.
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Procedure parameters:
void breadthFirstSearch (n, m, nodei, nodej, parent, sequence)

n: int;
entry: number of nodes of the undirected graph,
nodes of the graph are labeled from 1 to n.
m: int;
entry: number of edges of the undirected graph.
nodei, nodej: int[m+1];
entry: nodeifp] and nodej/p] are the end nodes of the p-th edge in the
graph, p=1,2,...,m.
parent. int[n+1];
exit:  parentfi] is the previous node which was visited just before node i;
parentfij=0 if node i is the first node being visited in the
component, for i=1,2,...,n.
sequence: int[n+1];
exit:  sequencefi] is the order in which node i was visited in the search,
for i=1,2,...,n.

public static void breadthFirstSearch(int n, int m int nodei[], int nodej[],

int parent[], int sequence[])
{
int i,j,k,enqueue, dequeue, queuel ength, p, q, u, v;
int queue[] = new int[n+1];
int firstedges[] = new int[n+2];
int endnode[] = new int[m+l];
bool ean nmark[] = new bool ean[ m+1] ;

bool ean iterate, found;

// set up the forward star representation of the graph
for (j=1; j<=m j++)
mark[j] = true;
firstedges[1] = 0;
k = 0;
for (i=1; i<=n; i++) {
for (j=1; j<=m j++)
if (mark(jl) {
if (nodei[j] ==1i) {
k++;
endnode[ k] = nodej[j];
mark[j] = fal se;
}
el se {
if (nodej[j] ==1i) {
k++;
endnode[ k] = nodei[j];
mark[j] = fal se;
}
}
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}
firstedges[i+1] = k;
}
for (i=1; i<=n; i++) {
sequence[i] = 0;
parent[i] = 0;

}
k = 0;
p=1

enqueue = 1;
dequeue = 1;
queuel ength = enqueue;
queue[ enqueue] = p;
Kk++;
sequence[p] = k;
parent[p] = O;
iterate = true;
// store all descendants
while (iterate) {
for (g=1; g<=n; g++) {
// check if p and q are adjacent

it (p<a {

u=p;
=q,

}

el se {
u=gq;
v = p;

}

found = fal se;

for (i=firstedges[u]+1; i<=firstedges[u+l];

if (endnode[i] == v) {
/'l p and q are adjacent
found = true;

br eak;
}
if (found &% sequence[q] == 0) {
enqueue++;
if (n < enqueue) enqueue = 1;
queue[ enqueue] = q;
K++;

parent[q] = p;
sequence[q] = k;

}

Il process all nodes of the sane height
if (enqueue >= dequeue) {
if (dequeue == queuel ength) {
queuel ength = enqueue;

i ++)
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p = queue[ dequeue] ;
dequeue++;
if (n < dequeue) dequeue = 1,
iterate = true;
/'l process other conponents
}
el se {
iterate = fal se;
for (i=1; i<=n; i++)
if (sequence[i] == 0) {
dequeue = 1;
enqueue = 1;
queue[ enqueue] = i;
queuel ength = 1;
k++;

1
x~

sequence[i]
parent[i] = 0;
p=i;
iterate = true,;
br eak;

}

Example:

Apply a breadth-first search to the following graph.

@\
OO

package G aphAl gorithns;
public class Test_breadthFirstSearch extends bject {
public static void main(String args[]) {

int n=11;
int nE13;



Chapter 2: Connectivity 47

int nodei[] ={0,7,1,6,3, 4,2,11,8,9, 6,4, 2,5};
int nodej[] ={0,4,7,8,6,11,5, 7,3,2,10,1, 11, 9};
int parent[] = new int[n+1];

int sequence[] = new int[n+1];

G aphAl go. br eadt hFi r st Sear ch(n, m nodei , nodej , par ent, sequence) ;
Systemout.printf("Breadth-first search results:\n Node: ") ;
for (int i=1; i<=n; i++)
Systemout.printf("%d",i);
Systemout.printf("\n Parent:");
for (int i=1; i<=n; i++)
Systemout. printf("%d", parent[i]);
Systemout.printf("\n Oder:");
for (int i=1; i<=n; i++)
Systemout. printf("%d", sequence[i]);
Systemout. println();
}
}

Output:

Breadth-first search results:
Node: 1 2 3 4 5 6 7 8 9 10 11
Par ent : 0 11 0 1 2 3 1 3 2 6 4
Order: 1 5 8 2 6 9 3 10 7 11 4

2.4 Connected Graph Testing

The following linear time procedure [BD80] checks whether a given undirected
graph is connected by scanning the neighbors of all nodes.

Procedure parameters:
boolean connected (n, m, nodei, node))

connected: boolean;
exit:  connected = true if the input graph is connected, false otherwise.
n: int;
entry: the number of nodes of the undirected graph, labeled from 1 to n.
m: int;
entry: the number of edges in the graph.
nodei, nodej: int[m+1];
entry: nodeifil and nodejfi] are the end nodes of the i-th edge in the graph,
i=1,2,...,m.
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public static bool ean connected(int n, int m int nodei[], int nodej[])
{

nt i,j,k,r,connect;

nt neighbor[] = newint[m+ m+ 1];

nt degree[] = newint[n + 1];

nt index[] = newint[n + 2];

nt aux1l[] = newint[n + 1];

nt aux2[] = newint[n + 1];

for (i=1; i<=n; i++)
degree[i] = 0;

for (j=1; j<=m j++) {
degree[ nodei [j]] ++;
degree[nodej [j]] ++;

}

index[1] = 1;

for (i=1; i<=n; i++) {
index[i+1] = index[i] + degree[i];
degree[i] = 0;

}

for (j=1; j<=m j++) {
nei ghbor[i ndex[ nodei [j]] + degree[nodei[j]]] = nodej[j];
degree[nodei [j]] ++;
nei ghbor[i ndex[ nodej[j]] + degree[nodej[j]]] = nodei[j];
degree[ nodej [j]] ++;

}
for (i=2; i<
auxl1[i] =
aux1[1] =0
connect = 1;
aux2[ 1] 1
k = 1;
while (true) {
i = aux2[K];
k--3
for (j=index[i]; j<=index[i+1]-1; j++) {
r = neighbor[j];
if (aux1[r] !'=0) {
connect ++;
if (connect == n) {
connect /= n;
if (connect == 1) return true;
return fal se;
}
aux1l[r] = O;
K++;
aux2[ k]

n; i++)

1
-

}
if (k==0) {
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connect /= n;
if (connect == 1) return true;
return fal se;

}

Example:

Test if the following graph is connected:
®) ©
© @

package G aphAl gorithns;

public class Test_connected extends Object {
public static void main(String args[]) {

int n=8;

int m= 10;

int nodei[] ={0, 8, 3, 5 1, 3, 7, 2, 6, 7, 4};

int nodej[] ={0, 4, 7, 2, 6 8, 4 1, 5 8, 3};

if (G aphAl go.connected(n, m nodei, nodej))

Systemout. println("The input graph is connected.");

el se
Systemout. println("The input graph is not connected.");

}
Output:

The input graph is not connected.
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2.5 Connected Components

A connected component is a maximal connected subgraph. The following
procedure [NW75] performs a linear scan of the edges and identifies the different
connected components of a given undirected graph G of n nodes and m edges with
O(nlog n) + O(m) operations.

Procedure parameters:
void connectedComponents (n, m, nodei, nodej, component)

n: int;
entry: the number of nodes of the undirected graph, labeled from 1 to n.
m: int;
entry: the number of edges of the graph.
nodei, nodej: int[m+1];
entry: nodeifil and nodejfi] are the end nodes of the i-th edge in the graph,
i=1,2,....m.
component.  int[n+1];
exit: component[0] is the total number of components of the graph.
component[i] is the component to which node i belongs, i=1,2,...,n.

public static void connectedConponents(int n, int m int nodei[], int nodej[],
int conponent[])
{
int edges,i,j,nuntonp,p,q,r,typea,typeb,typec,tracka,trackb;
int conpkey, key1l, key2, key3, nodeu, nodev;
int numodes[] = new int[n+1];
int aux[] = new int[n+l];
int index[] = newint[3];
t ypec=0;
index[1] = 1,
index[2] = 2;
q=2
for (i=1; i<=n; i++) {
component[i] = -i;
numodes[i] = 1;
aux[i] = 0;
}
i =1
edges = m
do {

nodeu = nodei[j];

nodev = nodej[j];

keyl = conponent[ nodeu];

if (keyl < 0) keyl = nodeu;
key2 = conponent[ nodev];

if (key2 < 0) key2 = nodev;



Chapter 2: Connectivity

if (keyl == key2) {
if(j >= edges) {

edges- - ;
br eak;
}
nodei [j] = nodei [ edges];
nodej [j] = nodej[edges];
nodei [ edges] = nodeu;
nodej [ edges] = nodev;
edges--;
}
el se {
i f (numodes[ keyl] >= numodes[key2]) {
key3 = keyl;
keyl = key2;
key2 = key3;
typec = -conponent[key2];
}
el se

typec = Mat h. abs(conponent [ key2]);
aux[typec] = keyl;
conmponent [ key2] = conponent [ key1];
i = keyl,
do {
component[i] = key2;
i = aux[i];
} while (i !'=0);
numodes|[ key2] += numodes|[ key1] ;
numodes|[ keyl] = 0;
j ++
if (j >edges || j > n) break;
}
} while (true);
nunconp = O;
for (i=1; i<=n; i++)
if (numodes[i] != 0) {
nunconp++;
numodes[ nunconp] = numodes[i];
aux[i] = nuntonp;
}
for (i=1; i<=n; i++) {
key3 = conponent[i];
if (key3 < 0) key3 = i;

conmponent[i] = aux[key3];

}

if (nuncomp == 1) {
conmponent [ 0] = nuntonp;
return;

}

typeb = numodes[ 1];
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numodes[1] =1
for (i=2; i<=nuntonp; i++) {
typea = numodes[i];
numodes[i] = numodes[i-1] + typeb - 1
typeb = typea
}
for (i=1; i<=edges; i++) {
typec = nodei [i]
conpkey = conponent[typec]
aux[i] = numodes[ conpkey]
numodes|[ conpkey] ++
}
for (i=1; i<=q; i++) {
typea = index[i]
do {
if (typea <= i) break
typeb = i ndex[typea]
i ndex[typea] = -typeb
typea = typeb
} while (true)
index[i] = -index[i];
}
if (aux[1l] >= 0)
for (j=1; j<=edges; j++) {
tracka = aux[j];
do {
if (tracka <=j) break
trackb = aux[tracka]
aux[tracka] = -trackb
tracka = trackb
} while (true)

aux[j] = -aux[j];
}
for (i=1; i<=q; i++) {
typea = -index[i];
if(typea >= 0) {
r =0;
do {
typea = index[typea]
r++;
} while (typea > 0)
typea = i;

for (j=1; j<=edges; j++)
it (aux[j] <=0) {

trackb = j;

p=r;

do {
tracka = trackb
keyl = (typea == 1) ? nodei[tracka] : nodej[tracka];
do {



Chapter 2: Connectivity

typea = Mat h. abs(i ndex[typea]);
keyl = (typea == 1) ? nodei[tracka]
tracka = Math. abs(aux[tracka]);
key2 = (typea == 1) ? nodei[tracka]
if (typea == 1)

nodei [tracka] = keyl,;

el se
nodej [tracka] = keyl,;
keyl = key2;
if (tracka == trackb) {
p--;
if (typea == i) break;
}

} while (true);
trackb = Math. abs(aux[trackb]);
} while (p !'=0);

}
}
}
for (i=1; i<=q; i++)
index[i] = Math.abs(index[i]);
if (aux[1] > 0) {
conmponent [ 0] = nuntonp;
return;
}
for (j=1; j<=edges; j++)
aux[j] = Math.abs(aux[j]);
typea=1,

for (i=1; i<=nuntonp; i++) {
typeb = numodes[i];
nummodes[i] = typeb - typea + 1;
typea = typeb;

}

conmponent [ 0] = nuntonp;

nodej [tracka] ;

nodej [tracka] ;

53
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Example:

Identify the different components of the following graph.

©)

A

package G aphAl gorithns;
public class Test_connect edConponents extends Object {
public static void main(String args[]) {
int n=9, n¥l0;
int conponent[] = new int[n+1];
int nodei[] = {0,4,9,1,5,4,3,9,7,6,1};

int nodej[] ={0,3,5,7,2,1,7,2,4,8, 3};

G aphAl go. connect edConponent s(n, m nodei , nodej , conponent ) ;

Systemout. println("Total nunber of conponents =" + conponent[0]);
Systemout.print("\n Node: ");
for (int i=1; i<=n; i++)

Systemout.print(" " +1i);

System out. print("\n Conponent Nunber: ");
for (int i=1; i<=n; i++)

Systemout.print(" " + conmponent[i]);
Systemout. println();
}
}
Output:

1
w

Total nunber of conponents

Node: 1 2 3 4 5 6 7 8 9
Conponent Nunber : 13 1 1 3 2 1 2 3
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2.6 Cut Nodes

An undirected graph that is not connected can be divided into connected
components. A connected graph consists of one single component. A cut node of a
component is a node whose removal will disconnect the component. The following
procedure [P71] finds the number of components and all the cut nodes for a given
simple undirected graph of n nodes in time O(n?). The set of nodes V of the input
graph G are assumed to be numbered from 1 to n. A tree T rooted at a node r will
be grown to span G.

Let p(i denote the unique predecessor of each node i in the tree, d(ij be the

distance from node i to the root of T, b(i) be the label assigned to the edge (i,p(i)),

and h(j) be a Boolean variable for marking edge j. For each component of the

given graph, perform the following:

Step 1. Set b(i) = 0, h(i) = false, for all i. Choose an arbitrary node r as the root.
Initially T consists of the single node r,

d(r) =0, Xisempty, Y=T, Z=V - {1}.

Step 2. If Y is nonempty then select the most recent member of Y, say u, delete u
from Y and continue with Step 3. If Y is empty then count the number of
blocks of G by noting that edge (i,p(i)) belongs to block b(i). If b(i) is equal
to —i then the edge itself is a block of G. If G has only one block then
stop, otherwise G has at least one cut node. The cut nodes are identified
by the property that node i is a cut node if and only if there are two or
more distinct labels on edges of T through i. Stop.

Step 3. Set L = 0. For each edge (u,v), where v € Z, do the following:

add(u,v) to T and move v from Z to Y,
set p(v) = u, d(v) =d(uw) + 1, b(v) = —v.
For each edge (u,v), where v € Y, do the following:
if b(v) > O then set h(b(v)) = true,
set b(v) = u and L = max(L, d(u) — d(p(v))).

Step 4. If L = 0 then add u to X and return to Step 2. Otherwise, for each edge,

say (i,p(i)), on the path of length L from u to the root of the tree, set

h(b(i)) = true and b(i) = u.
For each edge (j,p(j)) for which h(b(j)) = true, set b(j) = u. Add u to X and
return to Step 2.

Procedure parameters:

int cutNodes (n, m, nodei, nodej, cutnode)

cutNodes: int;
exit: returns the number of components of the graph.
n int;

entry: number of nodes of the simple undirected graph,
nodes of the graph are labeled from 1 to n.
m: int;
entry: number of edges of the simple undirected graph.
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nodei, nodej: int[m+1];

entry: nodeifp] and nodej/p] are the end nodes of the p-th edge in the
graph, p=1,2,...,m. The graph is not necessarily connected.

cutnode: int[n+1];

exit:  cutnodef[0] gives the number of cut nodes of the graph, and the
cut nodes are given by cutnodefi, for i=1,2,..., cutnode[0].

public static int cutNodes(int n, int m int nodei[], int nodej[], int cutnode[])

{

int
int
int
int
int
int
int
int
int

i,]j,k, nodeu, nodev, nodel, node2, node3, node4, nunbl ocks;
root, p, edges, i ndex, | enl, | en2, | ow, up, conponents;

t ot al cut nodes, nunctut nodes=0;

firstedges[] = new int[n+1];

label [] = new int[n+1];

next node[] = new int[n+1];

length[] = new int[n+1];

cutvertex[] = new int[n+1];

cutedge[] = new int[m+l];

bool ean mark[] = new bool ean[ n+1] ;
bool ean join,iterate;

total cut nodes = 0;

for (i=1; i<=n; i++)
next node[i] = 0;

conponents = O;

for (root=1; root<=n; root++) {
if (nextnode[root] == 0) {

conponent s++;
I/ set up the forward star representation of the graph
k = 0;
for (i=1; i<=n-1; i++) {
firstedges[i] = k + 1;
for (j=1; j<=m j++) {
nodeu = nodei[j];
nodev = nodej[j];

if ((nodeu == i) && (nodeu < nodev)) {
K++;
cut edge[ k] = nodev;
}
el se {
if ((nodev == i) && (nodev < nodeu)) {
K++;
cut edge[ k] = nodeu;
}
}
}
}

firstedges[n] = m+ 1;
for (i=1; i<=n; i++) {
label [i] = 0;
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mark[i] = fal se;

}

length[root] = 0;

next node[root] = -1;

label [root] = -root;

index = 1;

cutvertex[1] = root;

edges = 2;

do {
node3 = cutvertex[index];
i ndex- -;
next node[ node3] = - nextnode[ node3];
lenl = 0;

for (node2=1; node2<=n; node2++) {
join = fal se;
if (node2 != node3) {
if (node2 < node3) {
nodeu = node2;
nodev = node3;

}
el se {
nodeu = node3;
nodev = node2;
}

low = firstedges[nodeu];
up = firstedges[nodeu + 1];

if (up > 1low {
up- -;
for (k=low k<=up; k++)
if (cutedge[k] == nodev) {
join = true;
br eak;
}
}
}
if (join) {

nodel = nextnode[ node2];
if (nodel == 0) {

next node[ node2] = -node3;
i ndex++;
cutvertex[index] = node2;
| engt h[ node2] = | ength[node3] + 1;
| abel [ node2] = -node2;
}
el se {

if (nodel < 0) {
/1 next block
node4 = | abel [ node2];
if (node4 > 0) mark[node4] = true;
| abel [ node2] = nodes3;
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len2 = length[node3] - |ength[-nodel];

if (len2 >1lenl) lenl = len2;
}
}
}
}
if (lenl >0) {
j = nodes3;
while (true) {
lenl--;
if (lenl < 0) break;
p = label[j];
if (p>0) mark[p] = true;
label [j] = node3;
j = nextnode[j];
}
for (i=1; i<=n; i++) {
p = label[i];
if (p>0)
if (mark[p]) label[i] = node3;
}
}
edges++;

} while ((edges <= n) && (index > 0));
next node[ root] = O;
node3 = cutvertex[1];
next node[ node3] = Mat h. abs(next node[ node3]);
nunbl ocks = 0;
nuntut nodes = 0;
for (i=1; i<=n; i++)
if (i '=root) {
node3 = label [i];
if (node3 < 0) {
nunbl ocks++;
label [i] = n + nunbl ocks;

}
el se {
if ((node3 <= n) && (node3 > 0)) {
nunbl ocks++;
node4 = n + nunbl ocks;
for (j=i; j<=n; j++)
if (label[j] == node3) label[j] = node4;
}
}
}
for (i=1; i<=n; i++) {
p = label[i];

if (p>0) label[i] =p - n;

i =1,
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whi | e (next node
i ++;

| abel [root] =1

for (i=1; i<=n;

nodel = nextn

if (nodel >0

p = Math. ab

if (Math.ab

}
for (i=1; i<=n;
if (label[i]
Il store the cu
i =0
for (i=1; i<=n;
if (label[i]
j ++
cutvertex[]j
}
/1 find the en
for (i=1; i<=n;

[i] !'= root)

abel [i];
i++) {
ode[i];
) |
s(l abel [ nodel]);
s(label[i]) !'= p) |abel[nodel]

i ++)
< 0) nuntut nodes++;
t nodes

i ++)
<0 {

1 =1i;

d- nodes
i ++)

length[i] = 0;

for (i=1; i<=m
j = nodei[i];
length[j]++;
j = nodej[i];
length[j]++;
}
for (i=1; i<=n;
if (length[i]
if (labell[i
for (p=1; p<=nu
t ot al cut nodes
cut node[ t ot al

}

cutnode[0] = totalc
return conponents;

i++) {

i ++)

== 1)

] >0) label[i] = -label[i];
ncut nodes; p++) {

++;

cut nodes] = cutvertex[p];

ut nodes;

:-p;

59
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Example:

Find the number of components and the cut nodes of the following graph.

package G aphAl gorithns;
public class Test_cutNodes extends Object {
public static void main(String args[]) {

int k;

int n=11;

int nel4;

int nodei[] = {0, 4,9,1,3,6,5,4, 2,11,9,7, 6, 1,6};
int nodej[] = {0,11,5,7,8,8,2,1,11, 7,2,4,10,11, 3};
int cutnode[] = new int[n+1];

k = GraphAl go. cut Nodes(n, m nodei , nodej, cut node) ;
System out. print ("nunber of conponents =" + k +
"\'n nunber of cutnodes =" + cutnode[0] +
"\ m\nThe cut nodes are: ");
for (int i=1; i<=cutnode[O0]; i++)
Systemout. printf("%d", cutnode[i]);
Systemout. println();

}

}

Output:

nunber of conponents = 2
nunber of cutnodes = 3

The cut nodes are: 2 11 6
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2.7 Strongly Connected Components

A strongly connected component of a directed graph is a maximal set of nodes in
which there is a directed path from any one node in the set to any other node in
the set. The following procedure [T72, TS92] finds the strongly connected
components of a directed graph of n nodes and m edges by a depth-first search
with a running time of O(max(n,m)).

Step 1. Select one node s in G as a starting node and mark s as “visited”. Each

Step 2.

unvisited node adjacent to s is searched in turn using the depth-first
search. The search of s is completed when all nodes that can be reached
from s have been visited. If some nodes remain unvisited then an
unvisited node is arbitrarily selected as a new starting node. This process
is repeated until all nodes of G have been visited.

Let ri, 12, ..., rx be the roots in the order in which the depth-first search of
the nodes terminated. The strongly connected component G; with root r;
consists of all descendants of r;. Furthermore, for each i,i= 2, 3, ..., k,
the strongly connected component Gj with root r; consists of the nodes
which are descendants of r; but are in none of Gi, Go, ..., Gi1.

Procedure parameters:

m.

void stronglyConnectedComponents (n, m, nodei, nodej, component)

int;

entry: number of nodes of the directed graph,
nodes of the graph are labeled from 1 to n.

int;

entry: number of edges of the directed graph.

nodei, nodej: int[m+1];

entry: nodeifp] and nodej/p] are the end nodes of the p-th edge in the
graph, p=1,2,...,m.

component.  int[n+1];

exit:  component[0] gives the number of strongly connected components
of the graph.
componentfi] is the number of the component to which node i
belongs, for i=1,2,...,n.

public static void strongl yConnectedConponents(int n, int m int nodei[],

{

int
int
int
int
int
int
int

int nodej[], int conponent[])

i,j,k,series,stackpointer, nuntonponents, p,q,r;

backedge[] = new int[n+1];
parent[] = new int[n+1];
sequence[] = new int[n+1];
stack[] = new int[n+1];
firstedges[] = new int[n+2];
endnode[] = new int[ml];

bool ean next[] = new bool ean[ n+1];
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bool ean trace[] = new bool ean[ n+1] ;
bool ean fresh[] = new bool ean[ m+1] ;
bool ean ski p, f ound;

I/ set up the forward star representation of the graph
firstedges[1l] = O;
k = 0;
for (i=1; i<=n; i++) {
for (j=1; j<=m j++)
if (nodei[j] ==1i) {
k++;
endnode[ k] = nodej[j];
}
firstedges[i+1] = k;
}
for (j=1; j<=m j++)
fresh[j] = true;
/1l initialize
for (i=1; i<=n; i++) {
conponent[i] = 0O;
parent[i] = 0;
sequence[i] = 0;
backedge[i] = 0;
next[i] = fal se;
trace[i] = false;
}
series = 0;
stackpoi nter = 0;
nuntonponents = O;
/1 choose an unprocessed node not in the stack
while (true) {
p=0;
while (true) {
p++;
if (n<p) {
conmponent [ 0] = nuntonponents;
return;
}
if (Itrace[p]) break;
}
seri es++;
sequence[ p] = series;
backedge[ p] = seri es;
trace[p] = true;
st ackpoi nt er ++;
st ack[ st ackpointer] = p;
next[p] = true;
while (true) {
skip = fal se;
for (g=1; g<=n; g++) {
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/1 find an unprocessed edge (p,q)
found = fal se;
for (i=firstedges[p]+1; i<=firstedges[p+l]; i++)
if ((endnode[i] == q) && fresh[i]) {
/1 mark the edge as processed
fresh[i] = fal se;
found = true;
br eak;
}
if (found) {
if (Itrace[q]) {
series++;
sequence[ q] = series;
backedge[ q] = seri es;
parent[q] = p;
trace[q] = true;
st ackpoi nt er ++;
st ack[ stackpointer] = q;
next[q] = true;

p=4q
}
el se {
if (trace[q]) {
if (sequence[q] < sequence[p] && next[q]) {
backedge[ p] = (backedge[p] < sequence[q]) ?
backedge[ p] : sequence[q];
}
}
}
skip = true;
br eak;
}
}

if (skip) continue;
if (backedge[p] == sequence[p]) {
nunconponent s++;
while (true) {
r = stack[stackpointer];
stackpointer--;
next[r] = fal se;
conmponent[r] = nuntonponents;
if (r == p) break;

}
if (parent[p] !'=0) {
backedge[ parent[p]] = (backedge[parent[p]] < backedge[p]) ?
backedge[ parent[p]] : backedge[p];
p = parent[p];
}

el se
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br eak;

}

Example:

Find the strongly connected components of the following graph.

PN

package G aphAl gorithns;
public class Test_strongl yConnect edConponents extends Object {

public static void main(String args[]) {
int n=11;
int nel4;
int nodei[] = {0,7,10,1,6,3, 4,2,11,8,9, 6,4, 2,5};
int nodej[] = {0,4, 6,7,8,6,11,5, 7,3,2,10,1, 11, 9};
int conponent[] = new int[n+1];

G aphAl go. st rongl yConnect edConponent s(n, m nodei , nodej , conponent ) ;

Systemout. println("Nunber of strongly connected conponents = " +
conponent[0]);

for (int i=1; i<=conponent[0]; i++) {

Systemout.printf("\n Nodes in conmponent " + i + ": ");
for (int j=1; j<=n; j++)
if (conmponent[j] ==1i)
Systemout.printf("9%8d",j);
}
Systemout. println();
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Output:

Nunber of strongly connected conponents = 3

Nodes in conponent 1: 1 4 711
Nodes in conponent 2: 2 5 9
Nodes i n conponent 3: 3 6 810

2.8 Minimal Equivalent Graph

65

The minimal equivalent graph problem is to find a directed subgraph H from a
given strongly connected graph G by removing the maximum number of edges
from G without affecting its reachability properties. That is, for any two nodes u
and v of G, there is a directed path from u to vin H. Let E be the set of edges of a
given strongly connected graph G of n nodes and m edges. The following branch
and bound algorithm [M77] finds a minimal equivalent graph of G with running
time O(2m).

Step 1.

Step 2.

Step 3.

Examine all edges sequentially. An edge (i,j) is removed from G whenever
there exists an alternative path from node i to node j which does not
include previously eliminated edges. Let F be the set of edges which are
removed from G, and S = E — F be the current solution.

Iteratively execute a combination of backtracking and forward moves. A
backtracking move will remove from F the highest labeled edge, say the
k-th one, and add it back in E. This backtracking move is followed by a
forward move which will sequentially consider all edges in E with labels
greater than k, removing from E every edge (i,j) for which an alternative
path exists, and adding (i,j) back to F.

If |[E|] < |S]|, then update the current solution by setting S = E, and
return to Step 2. The algorithm terminates when no further backtracking
is possible in Step 2 (in which case F is empty) or when |S| =n.

Procedure parameters:

void minimalEquivalentGraph (n, m, nodei, nodej, link)

n: int;
entry: number of nodes of the directed graph,
nodes of the graph are labeled from 1 to n.
m: int;

entry: number of edges of the directed graph.

nodei, nodej: int[m+1];

link:

entry: nodeilp] and nodej/p] are the end nodes of the p-th edge in the
strongly connected graph, p=1,2,...,m.

boolean[m+1];

exit:  linkfi] = true if the i-th edge is in the minimal equivalent graph,
otherwise link/i] = false, for i=1,2,..., m.
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public static void m nimal Equi val ent G aph(int n, int m int nodei[],
int nodej[], boolean link[])

int i,j,k,nodeu, nodev, nl, | ow, up, edges, i ndex1, i ndex2, hi gh, kedge=0;
int nextnode[] = new int[n+1];

int ancestor[] = new int[n+1];

int descendant[] = new int[n+1];

int firstedges[] = new int[n+2];

int pointer[] = new int[ml];

int endnode[] = new int[ml];

bool ean pat hexi st[] = new bool ean[ n+1] ;
bool ean currentarc[] = new bool ean[ m+1] ;
bool ean pexist[] = new bool ean[1];

bool ean j oi n, ski p, hop;

nl =n + 1;
I/ set up the forward star representation of the graph
k = 0;
for (i=1; i<=n; i++) {
firstedges[i] = k + 1;
for (j=1; j<=m j++)
if (nodei[j] ==1i) {
K++;

pointer[k] =j;
endnode[ k] = nodej[j];
currentarc[k] = true;

}

firstedges[nl] = m+ 1;

/1 conpute nunber of descendants and ancestors of each node

for (i=1; i<=n; i++) {
descendant[i] = 0;
ancestor[i] = 0;

}

edges = 0;

for (k=1; k<=m k++) {
i = nodei [Kk];
j = nodej [Kk];
descendant [i] ++;
ancestor[j] ++;
edges++;

}

if (edges == n) {
for (k=1; k<=m k++)

link[pointer[k]] = currentarc[K];

return;

}

i ndexl = O;

for (k=1; k<=m k++) {
i = nodei[pointer[k]];
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j = nodej [pointer[k]];
/1 check for the existence of an alternative path
if (descendant[i] !=1) {
if (ancestor[j] !'=1) {
currentarc[k] = fal se;
m ni mal EQG aphFi ndp(n, m nl,i,j, endnode, fir st edges,

currentarc, pexi st, next node, pat hexi st);

if (pexist[0]) {
descendant[i]--;
ancestor[j]--;
i ndex1++;

}

el se
currentarc[k] = true;

}
if (indexl == 0) {
for (k=1; k<=m k++)
link[pointer[k]] = currentarc[Kk];

return;
}
hi gh = 0;
nodeu = n;
nodev = n;

I/ store the current best solution
iterate:
while (true) {
for (k=1; k<=m Kk++)
link[k] = currentarc[k];
i ndex2 = index1,;
if ((edges - index2) == n) {
for (k=1; k<=m Kk++)
currentarc[k] = link[k];
for (k=1; k<=m k++)
link[pointer[k]] = currentarc[Kk];
return;
}
/1 forward nove
while (true) {
join = fal se;
low = firstedges[nodeu];
up = firstedges[nodeu + 1];
if (up >1low {
up- -;
for (k=low, k<=up; k++)
if (endnode[ k] == nodev) {
join = true;
kedge = k;
br eak;
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}
hop = fal se;
if (join) {
if ('currentarc[kedge]) {
currentarc[ kedge] = true;
descendant [ nodeu] ++;
ancest or [ nodev] ++;
i ndex1- -;
if (indexl + high - (n - nodeu) > index2) {
if (nodev != n)
nodev++;
el se {
if (nodeu !=n) {
nodeu++;
nodev = 1;
}
el se
continue iterate;
}
while (true) {
/1 backtrack nove
join = fal se;
low = firstedges[nodeu];
up = firstedges[nodeu + 1];
if (up > 1low {
up--;
for (k=low, k<=up; k++)
i f (endnode[ k] == nodev) {
join = true;
kedge = k;
br eak;

}
if (join) {
hi gh- -;
skip = fal se;
if (descendant[nodeu] != 1) {
if (ancestor[nodev] != 1) {
current arc[ kedge] = fal se;
m ni mal EQG aphFi ndp(n, m n1, nodeu, nodev, endnode,
firstedges, currentarc, pexi st, next node, pat hexi st) ;
if (pexist[0]) {
descendant [ nodeu] - - ;
ancest or[ nodev] - -;

i ndex1++;
skip = true;
}
el se

currentarc[kedge] = true;
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}
}
if (!skip) {
if (indexl + high - (n - nodeu) <= index2) {
hi gh++;
hop = true;
br eak;
}
}
/'l check for the termi nation of the forward nove
if (high - (n - nodeu) == 0) continue iterate;
}
if (nodev != n)
nodev++;
el se {
if (nodeu !=n) {
nodeu++;
nodev = 1;
}
el se
continue iterate;
}
}
}
}
if (!'hop) high++;

}
hop = fal se;
if (nodev !=1) {
nodev- -;
conti nue;
}
if (nodeu == 1) {
for (k=1; k<=m k++)
currentarc[k] = link[k];
for (k=1; k<=m Kk++)
link[pointer[k]] = currentarc[Kk];
return;
}
nodeu- -;
nodev = n;

static private void mnimal EQG aphFindp(int n, int m int nl, int nodeu,
int nodev, int endnode[], int firstedges[], bool ean currentarc[],
bool ean pexist[], int nextnode[], bool ean pathexist[])
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/* this nethod is used internally by nininal Equi val ent G aph */

// deternmine if a path exists fromnodeu to nodev by Yen's algorithm

int i,j,k,i2,j2,1ow, up, kedge=0, i ndex1, i ndex2, i ndex3;

bool ean j oi n;

/1 initialization

for (i=1; i<=n; i++) {
nextnode[i] =1i;
pathexist[i] = fal se;

}

pat hexi st [ nodeu] = true;

next node[ nodeu] = n;
i ndexl = nodeu;
index2 = n - 1;

/] conpute the shortest distance |abels

i =1

while (true) {

j = nextnode[i];
join = fal se;

low = firstedges[indexl1];

up = firstedges[indexl + 1];

if (up > 1low {
up- -;

for (k=low k<=up; k++)

=0

i f (endnode[ k]
join = true;
kedge = k;
br eak;

}
if (join)

if (currentarc[kedge]) pathexist[j]

if (pathexist[j]) {
index3 =i + 1;

if (index3 <= index2) {
i 2<=i ndex2;
j 2 = nextnode[i 2] ;

for (i2=indexs3;

join = fal se;

= true;

i2+4) {

low = firstedges[indexl1];
up = firstedges[indexl + 1];

if (up >1low {
up- -;

for (k=low, k<=up; k++)

if (endnode[ k]
join = true;

kedge = k;
br eak;

=i {
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}
if (join)
if (currentarc[kedge]) pathexist[j2] = true;

}
/1 check whether an alternative path exists
if (pathexist[nodev]) {
pexi st[0] = true;
return;
}
next node[i] = nextnode[index2];
index1l = j;
i ndex2- -;
if (index2 > 1) continue;
join = fal se;
low = firstedges[indexl1];
up = firstedges[indexl + 1];
if (up > 1low {
up--;
for (k=low k<=up; k++)
if (endnode[ k] == nodev) {
join = true;
kedge = k;
br eak;

}
pexi st[0] = fal se;
if (join)
if (currentarc[kedge]) pexist[0] = true;
return;
}
i ++;
if (i <= index2) continue;
pexist[0] = fal se;
return;
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Example:

Find a minimal equivalent graph of the following strongly connected digraph.

package G aphAl gorithns;
public class Test_m ni mal Equi val ent G aph extends bject {

public static void main(String args[]) {
int n=5;
int ne10;
int nodei[] = {0,4,5,3,1,5,1,4,2,3,5};
int nodej[] ={0,3,1,2,4,2,3,2,1,5,4};
bool ean arc[] = new bool ean[ m+1] ;

G aphAl go. m ni nal Equi val ent G aph(n, m nodei , nodej, arc);
System out. print ("Edges of the mninal equival ent graph:\n");
for (int k=1; k<=m k++)
if (arc[k])
Systemout.printf(" %d¥3d\n", nodei[k], nodej[k]);

}

Output:

Edges of the m ni mal equival ent graph:
4

w N OO
ga L N b~
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2.9 Edge Connectivity

The edge connectivity of an undirected graph is the minimum number of edges
whose removal will result in a disconnected graph or a graph with a single node.
The following procedure [ET75] finds the edge connectivity of a connected
undirected graph of n nodes by solving n maximum flow network problems. Since
the maximum network flow problem requires O(n3) operations [K74], the edge
connectivity will be found in O(n?*) operations.

Denote the nodes of the given connected undirected graph G by 1, 2, ..., n.

For j=2 to n do the following:
Take node 1 as the source, node j as the sink in G, assign a unit capacity to all
edges in both directions, and find the value of a maximum flow f(j) in the
resulting network. The edge connectivity is equal to the minimum of all {{j), for
j=2,3,...,n.

Procedure parameters:

int edgeConnectivity (n, m, nodei, nodej)

edgeConnectivity: int;
exit:  the edge connectivity of the graph.
n: int;

entry: the number of nodes of the undirected graph, labeled from 1 to n.
m: int;

entry: the number of edges of the graph.
nodei, nodej: int[m+1];

entry: nodeifil and nodejfi] are the end nodes of the i-th edge in the graph,

i=1,2,...,m.
public static int edgeConnectivity(int n, int m int nodei[], int nodej[])
{

int i,j,k,nR,source, sink;

int mninuncut[] = new int[n+l];

int edgei[] = newint[4*m1];
int edgej[] = newint[4*m+l];
int capac[] = new int[4*m+1];
int arcflow] = new int[4*mtl];
int nodeflow] = new int[4*mtl];

k = n;
source = 1;
m=m+m
for (sink=2; sink<=n; sink++) {
/1 construct the network
for (i=1; i<=4*m i++) {
edgei[i] = 0;
edgej[i] = O;
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capac[i] = 0;

}

/1 duplicate the edges

j =0

for (i=1; i<=m i++) {
j ++
edgei[j] = nodei[i];
edgej[j] = nodej[i];
capac[j] = 1;
j ++
edgei[j] = nodej[i];
edgej[j] = nodei[i];
capac[j] = 1;

}

/1 invoke the network flow al gorithm

maxi murmNet wor kFl ow( n, n2, edgei , edgej , capac, sour ce, si nk,
m ni muncut, ar cf | ow, nodef | ow) ;

if (nodeflow source] < k) k = nodefl ow source];

}
return k;

}

Example:

Find the edge connectivity of the following graph.

package G aphAl gorithns;

public class Test_edgeConnectivity extends Object {

public static void main(String args[]) {

int k;
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int n=8;
int m= 13;
int nodei[] ={0,4,8,3,1,2,4,3,3,4,6,5,8, 1};
int nodej[] ={0,7,1,7,5,8,6,7,1,2,8,3,4,7};

k = GraphAl go. edgeConnectivity(n, m nodei, nodej);
Systemout. println("The edge connectivity of the graph =" + k);
}
}

Output:

The edge connectivity of the graph = 2

2.10 Minimum Spanning Tree

The minimum spanning tree problem is to find a spanning tree in a given
undirected weighted graph G such that the sum of the edge weights in the tree is
minimum. The following are two methods in solving this problem.

Prim’s Method

Chooses any node j and let this single node j be the partially constructed tree T.
Join to T an edge of G whose weight is minimal among all edges with one end
node in T and the other end node not in T. Repeat this process until T becomes a
spanning tree of G. This algorithm is due to Prim [P57], and has the running time
of O(n?) for a given graph of n nodes.

Kruskal’s Method

Initialize an empty set T. Edges are considered to be included in T in the
nondecreasing order of the edge weights. An edge is included in T if it does not
form a cycle with the edges already in T. A minimum spanning tree is formed
when n— 1 edges are included in T, where n is the number of nodes in G.

In the implementation of this method, the edges are partially sorted with the
smallest weight edge at the root of a heap structure (a binary tree in which the
weight of every node is not greater than the weights of its descendants). This
algorithm is due to Kruskal [K56], and has the running time of O(m log m) for a
given graph of m edges.
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Procedure parameters (Prim’s method):
void minimumSpanningTreePrim (n, dist, tree)

n: int;
entry: number of nodes of the simple undirected graph,
nodes of the graph are labeled from 1 to n.
dist.  int[n+1][n+1];
entry: distfiJfj] is the weight of the edge between node i and node j, for
i=1,2,...,nand j=1,2,...,n. Note that distfiJ[i] = O.
tree:  int[n+1];
exit: The two end nodes of the i-th edge of the minimum spanning tree

are node “i” and node “tree[i]”, for i=1,2,...,n—1.

public static void m ni munSpanni ngTreePrin(int n, int dist[][], int tree[])
{

int i,j,nl,d, mndist, node, k=0;

nl =n- 1;

for (i=1; i<=nl; i++)

tree[i] = -n;
tree[n] = O;

for (i=1; i<=nl; i++) {
m ndi st = | nteger. MAX_VALUE;
for (j=1; j<=nl; j++) {
node = tree[j];
if (node <= 0) {
d = dist[-node][j];
if (d < mndist) {
mndi st = d;
k=7j;
}
}
}
tree[k] = -tree[Kk];
for (j=1; j<=nl; j++) {
node = tree[j];
if (node <= 0)
if (dist[j][k] < dist[j][-node]) tree[j] = -k;
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Example:

Find a minimum spanning tree of the following graph using Prim’s method.

oy Sl

20 30 20

package G aphAl gorithns;
public class Test_m ni munSpanni ngTreePri m extends Obj ect {
public static void main(String args[]) {

int n=6;

int tree[] = new int[n+l];

int dist[][] = {{o, o O O O O, O},
{o, 0, 20, 99, 99, 30, 30},
{0, 20, 0, 99, 20, 99, 30},
{0, 40, 99, 0, 99, 20, 40},
{0, 99, 20, 99, 0O, 99, 40},
{0, 30, 99, 20, 99, 0, 99},
{0, 30, 30, 40, 40, 99, O0}};

G aphAl go. m ni nunBpanni ngTreePrim(n, dist, tree);
Systemout. println("M ni mum spanning tree edges: ");
for (int i=1; i<=n-1; i++)

Systemout.printin(" " +i +" " + tree[i]);

}

Output:

M ni num spanni ng tree edges:
16
21
35
4 2
51
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Procedure parameters (Kruskal's method):
void minimumSpanningTreeKruskal (n,m,nodei, nodej, weight,treearcl,treearc2)

n: int;
entry: number of nodes of the simple undirected graph,
nodes of the graph are labeled from 1 to n.
m: int;
entry: number of edges of the simple undirected graph.
nodei, nodej: int[m+1];
entry: nodeifp] and nodej/p] are the end nodes of the p-th edge in the
graph, p=1,2,...,m. The graph is not necessarily connected.
weight. int{m+1];
entry: weightfi] is the weight of the i-th edge, for i=1,2,..., m.
treearcl, treearc2: int[n];
exit: The two end nodes of the i-th edge of the minimum spanning tree
are node “treearcl[if’ and node “treearc2fi, for i=1,2,...,n-1.

public static void m ni munBSpanni ngTreeKruskal (int n, int m int nodei[],
int nodej[], int weight[], int treearcl[], int treearc2[])

int i,index,indexl,index2,index3, nodeu, nodev, nodew, | en, nedge, t r eear c;
int hal fm numarc, nedge2=0;

int predecessor[] = new int[n+1];

for (i=1; i<=n; i++)

predecessor[i] = -1;
I/ initialize the heap structure
i =m/ 2
while (i > 0) {

indexl = i;

halfm=m/ 2;
while (indexl <= halfn) {

index = indexl + indexl;
index2 = ((index < m &% (weight[index + 1] < weight[index])) ?
index + 1 : index;

if (weight[index2] < weight[indexl]) {
nodeu = nodei [i ndex1];
nodev = nodej [index1];
len = wei ght [ i ndex1] ;
nodei [i ndex1] = nodei[index2];
nodej [i ndex1] = nodej[index2];
wei ght [ i ndex1] = weight[index2];
nodei [ i ndex2] = nodeu;
nodej [ i ndex2] = nodev;
wei ght [ i ndex2] = len;
i ndex1l = index2;

}

el se
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indexl = m
}
i--
}
nedge = m
treearc = 0;

numarc = 0;
while ((treearc < n-1) & (numarc < n)) {

/] exam ne the next edge

numar c++;

nodeu = nodei [1];

nodev = nodej [1];

nodew = nodeu;

/1 check if nodeu and nodev are in the sane conponent

whi | e (predecessor[nodew] > 0) {
nodew = predecessor [ nodew] ;

}

i ndex1l = nodew,

nodew = nodev;

whi | e (predecessor[nodew] > 0) {
nodew = predecessor [ nodew] ;

}

i ndex2 = nodew,

if (index1l != index2) {
/1 include nodeu and nodev in the nini num spanning tree
i ndex3 = predecessor[indexl] + predecessor[index2];
if (predecessor[indexl] > predecessor[index2]) {

predecessor[i ndex1l] = index2;
predecessor[i ndex2] = index3;
}
el se {
predecessor[i ndex2] = indexl;
predecessor[i ndex1l] = index3;
}
treearc++;

treearcl[treearc] = nodeu;

treearc2[treearc] = nodev;

}

I/l restore the heap structure
nodei [ 1] = nodei [ nedge] ;

nodej [ 1] = nodej [ nedge] ;

wei ght [ 1] = wei ght [ nedge] ;
nedge- - ;

indexl = 1;

nedge2 = nedge / 2;
whil e (indexl <= nedge2) ({

i ndex = index1l + index1;
index2 = ((index < nedge) &% (weight[index + 1] < weight[index])) ?
index + 1 : index;

if (weight[index2] < weight[indexl]) {
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nodeu = nodei [i ndex1];
nodev = nodej [index1];
len = wei ght [ i ndex1] ;
nodei [i ndex1] = nodei[index2];
nodej [i ndex1] = nodej[index2];
wei ght [ i ndex1] = weight[index2];
nodei [ i ndex2] = nodeu;
nodej [ i ndex2] = nodev;
wei ght [ i ndex2] = len;
i ndex1l = index2;
}
el se
i ndex1 = nedge;

}

treearcl[ 0] = treearc;

}
Example:

Find a minimum spanning tree of the following graph using Kruskal’s method.
: ‘/\ 30 20 i ‘:

20 30 20

package G aphAl gorithns;
public class Test_m ni munSpanni ngTreeKruskal extends Object {
public static void main(String args[]) {

int n=6, n¥9;

int treearcl[] = newint[n];

int treearc2[] = newint[n];

int nodei[] = {0, 4, 6, 5, 1, 3, 1, 2, 1, 6};
int nodej[] = {0, 2, 1, 3, 2, 6, 5 6, 3, 4};
int weight[] = {0, 20, 30, 20, 20, 40, 30, 30, 40, 40};
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G aphAl go. m ni munSpanni ngTr eeKr uskal (n, m nodei , nodej , wei ght,
treearcl, treearc2);
Systemout. println("Mnimum spanning tree edges: ");
for (int i=1; i<=treearcl[O0]; i++)
Systemout.printin(" " + treearcl[i] + " " + treearc2[i]);
}
}

Output:

M ni num spanni ng tree edges:
4 2
12
53
26
15

2.11 All Cliques

A clique is a complete subgraph of a given undirected graph G. A k-clique is a
clique of order k. An independent set is a subset of nodes of G such that no two
nodes of the set are adjacent in G. An independent set is maximal if there is no
other independent set that contains it. Since a subset of nodes S of a graph G is a
maximal independent set if and only if S is a clique in the complement of G, any
algorithm which finds the maximal independent sets of a graph can also be used
to find its cliques, and vice versa. The following procedure [BK73] finds all
maximal independent sets by an enumerative tree search. Let P(j) be an
independent set at stage j, and Q(j) be the largest set of nodes such that any node
from Q(j) added to P(j) will produce an independent set P(j+1). The set Q(j) can be
partitioned into two disjoint sets S(j) and T(j), where S(j) is the set of all nodes
which have been used in the search to augment P(j), and T(j) is the set of all nodes
which have not been used. Let E(u) be the set of nodes adjacent to u in G. The
method can be described as follows.
Step 1. Set P(0) = empty, S(0) = empty, T(0) = set of nodes of G, and j = 0.
Step 2. Perform a forward branch in the tree search by choosing any node x(j)
from T(j), and create three new sets:
P(+1) = P() + ()},
S(+1) = S() - E(x()),
T(+1) = T() - Ex()) - &6)}-
Setj=j+1.
Step 3. If there exists a node y in S(j) such that E(y) is disjoint from T(j) then go to
Step S.
Step 4. If both S(j) and T(j) are empty then output the maximal independent set
P(j) and go to Step 5. If S(j) is nonempty and T(j) is empty then go to Step
5, otherwise return to Step 2.
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Step 5. Backtrack by setting j = j — 1. Remove node x(j) from P(j+1) to produce
P(j). Remove node x(j) from T(j) and add it to S(j). If j = O and T(O) is
empty then stop, otherwise return to Step 3.

Procedure parameters:
void allCliques (n, m, nodei, nodej, clique)

n: int;
entry: number of nodes of the simple undirected graph (not necessarily
connected but without isolated nodes);
nodes of the graph are labeled from 1 to n.
m: int;
entry: number of edges of the simple undirected graph.
nodei, nodej: int[m+1];
entry: nodeifp] and nodej/p] are the end nodes of the p-th edge in the
graph, p=1,2,...,m. The graph is not necessarily connected.
cligue: int[n][n+1];
exit:  clique[O][0] gives the total number of cliques of the graph.
cliguefiJ[0] gives the number of nodes of the i-th clique, and the
nodes of the i-th clique are
cliquefil[1], cliquefij[2], ..., cliquefi][ cliquefi][0]],
for i=1,2,..., clique[O][0].

public static void alldiques(int n, int m int nodei[], int nodej[],
int clique[][])
{
int i,j,k,level,depth, numnuntliques, smal |, nodeu, nodev, nodew=0;
int sum p, up, | ow, i ndex1, i ndex2, i ndexv=0;
int currentclique[] = new int[n+1];
int aux1[] = new int[n+1];
int aux2[] = new int[n+l];
int notused[] = new int[n+2];
int used[] = new int[n+2];
int firstedges[] = new int[n+2];
int endnode[] = new int[mrmtl];
int stack[][] = new int[n+2][n+2];
bool ean j oi n, ski p, hop;

// set up the forward star representation of the graph
k = 0;
for (i=1; i<=n; i++) {

firstedges[i] = k + 1;

for (j=1; j<=m j++) {

if (nodei[j] ==1i) {
k++;
endnode[ k] = nodej[j];

}
if (nodej[j] ==1i) {
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K++;

endnode[ k] = nodei[j];

}
}
}
firstedges[n+l] = k + 1;
level = 1;
depth = 2;

for (i=1; i<=n; i++)
stack[level J[i] =1;
nuncl i ques = 0;
num = 0;
used[l evel] = 0;
notused[ | evel] = n;
while (true) {
smal |

not used[ | evel ];
nodeu = O;

auxl1[level] = 0;

while (true) {

nodeu++;

if ((nodeu > notused[level]) || (small == 0)) break;
i ndex1 = stack[level][nodeu];

sum = 0;

nodev = used[level];
while (true) {
nodev++;
if ((nodev > notused[level]) || (sum>= small)) break;
p = stack[l evel ][ nodev];
if (p == indexl)
join = true;
el se {
join = fal se;
low = firstedges[p];
up = firstedges[p + 1];
if (up >1low {
up- -;
for (k=low, k<=up; k++)
if (endnode[k] == indexl) {
join = true;
br eak;

}

// store up the potential candidate
if ('join) {

sum+;

i ndexv = nodev;

}

if (sum< small) {
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aux2[ 1l evel ] = index1;

small = sum

if (nodeu <= used[level])
nodew = i ndexv;

el se {
nodew = nodeu;
auxl[level] = 1;

}
/'l backtrack

auxl1[level] += small;
while (true) {
hop = fal se;
if (auxl[level] <= 0) {
if (level <= 1) return;
Il evel --;
depth--;
hop = true;
}
if ('hop) {
i ndexl = stack[level][nodew;

stack[l evel ][ nodew] = stack[level ][used[|evel]+1];

stack[l evel ][used[] evel ] +1] =
i ndex2 = index1;
nodeu = 0;
used[depth] = 0;
while (true) {
nodeu++;

i ndex1;

if (nodeu > used[level]) break;

p = stack[l evel ][ nodeu];
if (p == index2)
join = true;
el se {
join = fal se;
low = firstedges[p];
up = firstedges[p + 1];

if (up > 1low {
up--;
for (k=low, k<=up; k++)
i f (endnode[ k] == index2) {
join = true;
br eak;
}
}
}
if (join) {

used[ dept h] ++;
st ack[ dept h] [ used[ dept h] ]

stack[ | evel ] [ nodeu] ;
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}

not used[ dept h] = used[dept h];

nodeu = used[level] + 1;

while (true) {
nodeu++;
if (nodeu > notused[level]) break;
p = stack[l evel ][ nodeu];

if (p == index2)
join = true;
el se {

join = fal se;
low = firstedges[p];
up = firstedges[p + 1];

if (up > 1low {
up- -;
for (k=low k<=up; k++)
if (endnode[ k] == index2) {
join = true;
br eak;
}
}
}
if (join) {

not used[ dept h] ++;

st ack[ dept h] [ notused[ dept h]] = stack[l evel ][ nodeu];

}
numk+;
currentclique[nunj = index2;
if (notused[depth] == 0) {
/1 found a clique
nuncl i ques++;
clique[nuncliques][0] = num
for (i=1; i<=num i++)
clique[nuntliques][i] = currentclique[i];
clique[0][0] = nunctliques;
}
el se {
if (used[depth] < notused[depth]) {
| evel ++;
dept h++;
br eak;

}
while (true) {
num - ;
used[ | evel ] ++;
if (aux1[level] > 1) {
nodew = used[l evel ];
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/1 1ook for candi date

while (true) {
nodew++;
p = stack[level ][

nodew ;

if (p == aux2[level]) continue;

low = firstedges]

pl;

up = firstedges[p + 1];
if (up <= low break;

up--;
skip = fal se;

for (k=low k<=up; k++)

i f (endnode[ k]
skip = true;
br eak;

}
if (!skip) break;

}

auxl1[level ]--;
br eak;

== aux2[level]) {
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Example:

Find all the cliques of the following graph.

package G aphAl gorithns;

public class Test_all diques extends Object {

public static void main(String args[]) {

int n=6;
int nell;
int nodei[] ={0, 2, 4, 1, 3, 5, 3, 2, 6, 1, 2, 3};
int nodej[] {0, 3, 5, 6, 4, 1, 5, 1, 5 4, 6, 1};

int clique[][] = new int[n][n+1];

GraphAl go. al | d i ques(n, m nodei , nodej, clique);

Systemout. println("Nunber of cliques =" + clique[0][0]);
for (int i=1; i<=clique[0][0]; i++) {
Systemout. print("\nnodes of clique " +i + ": ");

for (int j=1; j<=clique[i][O]; j++)
Systemout.printf("98d", clique[il[j]);
}
Systemout. println();

}

Output:
Nunber of cliques = 4

nodes of clique 1:
nodes of clique 2:
nodes of clique 3:
nodes of clique 4:

N e
o O W W
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3. Paths and Cycles

3.1 Fundamental Set of Cycles

Let T be a spanning tree of an undirected graph G with n nodes. The fundamental
set of cycles of G corresponding to T is the set of cycles of G consisting of one edge
(i,j) of G-T together with the unique path between node i and node j in T. The
following procedure [K69] finds a fundamental set of cycles for a given undirected
graph. Note that the graph is not necessarily connected. The method finds the
fundamental set of cycles for each component H of G and has a running time of

O(n?).

Step 1. Let E be the set of edges and V be the set of nodes of H. Select any node
from V as the root of the tree consisting of the single node. Set T = {v},
and S=V.

Step 2. Let x be any node in T N S. If such a node does not exist then stop.

Step 3. Consider each edge (x,y) in E. If y is in T, then obtain the fundamental
cycle by including the edge (x,y) together with the unique path between x
and y in the tree, and delete the edge (x,y) from E. If y is not in T, then
add the edge (x,y) to the tree, add node y to T, and delete the edge (x,y)
from E.

Procedure parameters:
void fundamentalCycles (n, m, nodei, nodej, fundcycle)

n. int;
entry: number of nodes of the simple undirected graph,
nodes of the graph are labeled from 1 to n.
m: int;
entry: number of edges of the simple undirected graph.
nodei, nodej: int[m+1];
entry: nodeifp] and nodej/p] are the end nodes of the p-th edge in the
graph, p=1,2,...,m. The graph is not necessarily connected
fundcycle: int[k+1][n+1];
where k is the maximum number of fundamental cycles expected.
If k is unknown, then the value of k can be set equal to the
minimum of the two integers: m-2 and (n-1)*(n-2)/2.
exit:  fundcycle[O][1] gives the number of components of the graph.
fundcycle[0][0] gives the number of independent cycles of the
graph. The number of nodes of the i-th fundamental cycle is
fundcyclefiJ[0]. The nodes of the i-th fundamental cycle are
fundcyclefi][1], fundcyclefi][2], ..., fundcyclefi[fundcyclefi[0]],
for i=1,2,..., fundcycle[O][0].
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public static void fundanmental Cycles(int n, int m int nodei[], int nodej[],

int
int
int
int
int
int
int

int fundcycle[][])

i,]j,k, nodeu, nodev, conponent s, nuntycl es, root, i ndex, edges;

I ow, | en, up, nodel, node2, node3;
endnode[] = new int[ml];

firstedges[] = new int[n+1];
next node[] = new int[n+1];
pointer[] = new int[n+1];
currentcycle[] = new int[n+1];

bool ean j oi n;

// set up the forward star representation of the graph

k = 0;

for (i=1; i<=n-1; i++) {
firstedges[i] = k + 1;
for (j=1; j<=m j++) {

}

nodeu = nodei[j];
nodev = nodej[j];

if ((nodeu == i) && (nodeu < nodev)) {
k++;
endnode[ k] = nodev;
}
el se {
if ((nodev == i) && (nodev < nodeu)) {
k ++;
endnode[ k] = nodeu;
}
}

firstedges[n] = m+ 1;
for (i=1; i<=n; i++)
next node[i] = 0;
conponents = O;
nunctycles = 0;
for (root=1; root<=n; root++)
if (nextnode[root] == 0) {

conponent s++;

next node[root] = -1;

index = 1;

pointer[1] = root;

edges = 2;

do {
node3 = pointer[index];
i ndex- -;

next node[ node3] = - nextnode[ node3];
for (node2=1; node2<=n; node2++) {

join = fal se;
if (node2 != node3) {
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if (node2 < node3) {
nodeu = node2;
nodev = node3;

}
el se {
nodeu = node3;
nodev = node2;
}

low = firstedges[nodeu];
up = firstedges[nodeu + 1];

if (up > 1low {
up- -;
for (k=low k<=up; k++)
if (endnode[ k] == nodev) {
join = true;
br eak;
}
}
}
if (join) {

nodel = nextnode[ node2];

if (nodel == 0) {
next node[ node2] = -node3;
i ndex++;
poi nter[index] = node2;

}
el se {
if (nodel < 0) {
/'l generate the next cycle
nuncycl es++;
len = 3;
nodel = -nodel,;
currentcycl e[1] = nodel;
currentcycl e[ 2] = node2;
currentcycl e[ 3] = node3;
i = node3;
while (true) {
j = nextnode[i];
if (j == nodel) break;
| ent++;
currentcycle[len] =j;
=g
}
Il store the current fundanental cycle
fundcycl e[ nuntycl es][0] = len;
for (i=1; i<=len; i++)
fundcycl e[ nuntycles][i] = currentcycle[i];
}
}
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}
edges++;
} while ((edges <= n) && (index > 0));
next node[root] = O;
node3 = pointer[1];
next node[ node3] = Mat h. abs(next node[ node3]);
}
fundcycl e[0][0] = nuntycl es;
fundcycl e[0][1] = conponents;
}

Example:

Find a fundamental set of cycles of the following graph.

Q. O G—LO

\]

package G aphAl gorithns;
public class Test_fundanmental Cycl es extends Object {
public static void main(String args[]) {

int n=9;

int nF10;

bool ean directed;

int nodei[] ={0,4,3,6,5,8,3,4,1,9,2};
int nodej[] ={0,2,7,2,7,4,5,9,5,6, 8};
int fundcycle[][] = newint[m1][n+l];

G aphAl go. fundanent al Cycl es(n, m nodei , nodej , fundcycl e);
Systemout. println("nunber of components of the graph =" +
fundcycle[0][1] + "\n");

for (int i=1; i<=fundcycle[0Q][0]; i++) {
Systemout.print("nodes in cycle " + i + ": ");
for (int j=1; j<=fundcycle[i][O0]; j++)
Systemout. printf("98d", fundcycle[i][j]);
Systemout. println();
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}
}
}

Output:

nunber of conponents of the graph = 2

nodes in cycle 1: 5 3 7
nodes in cycle 2: 2 4 8
nodes in cycle 3: 2 4 9 6

3.2 Shortest Cycle Length

The girth is the length of the shortest cycle in a graph. The following procedure
computes the girth of a given simple undirected graph of n nodes. The method
starts with an adjacency matrix of the graph. Compute the square of the matrix,
then the cube, etc., until a nonzero number appears in the diagonal of the matrix.
The multiplication will be performed at most to the nth power.

Procedure parameters:
int girth (n, m, nodei, nodej)

girth: int;
exit:  returns the girth of the input graph;
the return value will be zero if the graph is acyclic.
n: int;
entry: number of nodes of the simple undirected graph,
nodes of the graph are labeled from 1 to n.
m: int;
entry: number of edges of the simple undirected graph.
nodei, nodej: int[m+1];
entry: nodeilp] and nodej/p] are the end nodes of the p-th edge in the
graph, p=1,2,....,m.

public static int girth(int n, int m int nodei[], int nodej[])
{

int diag,edges,i,j,k, nsquare, p, u, v;

int adjlist[] = newint[n*n];

int aux1[] = new int[n*n];

int aux2[] = new int[n*n];

bool ean found;

nsquare = n * n;
|/l store the graph in adjlist
for (i=0; i<nsquare; i++)
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adjlist[i] = 0;
for (p=1; p<=m p++) {

i = nodei[p] - 1;
j = nodej[p] - 1;
adjlist[n* i +j] =1;

}

/1 copy the adjacency list natrix
for (i=0; i<nsquare; i++)

auxl[i] = adjlist[i];
// multiplication at nost n tines
for (p=1; p<n; p++) {

found = fal se;

for (i=0; i<n; i++) {

u=i*n

for (j=0; j<n; j++) {
vV =j *n;
diag = u + j;
aux2[diag] = O;
if (i '=j){

for (k=0; k<n; k++)

A Java Library of Graph Algorithms and Optimization

aux2[diag] += adjlist[u + k] * auxl[v + K];

if (aux2[diag] > 1) {
found = true;
aux2[diag] = 1;

}

for (i=0; i<nsquare; i++)

if (auxl[i] + aux2[i] > 1) return 2 * p + 1;

if (found) return 2 * (p + 1);
/] copy aux2 to auxl
for (i=0; i<nsquare; i++)
aux1[i] = aux2[i];
}

return O;
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Example:

Find the girth of the Petersen graph.

package G aphAl gorithns;
public class Test_girth extends Object {

public static void main(String args[]) {

int g;
int n = 10;
int m= 15;

int nodei[] ={0,9,1,4,1,1,2,23,5,3,3,4, 7,10, 10};
int nodej[] = {0,54,7,6,9,6,8,5,8,6,7,8,10, 9,2};

g = GraphAl go. gi rth(n, mnodei, nodej);

Systemout.printin("The girth of the graph =" + @);

}

Output:

The girth of the graph =5
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3.3 One-Pair Shortest Path

The following procedure [N66] finds a shortest path from a specified source node s
to a specified destination node t in a directed graph of n nodes with nonnegative
edge lengths. In order to reduce the computational requirements, the paths of
both directions from s and into t will be considered. All paths out of s and into tof
their adjacent nodes are examined simultaneously. The path which has covered
the least distance is extended. The process is repeated until a path is found out of
s which has a node on it that already existed on a path into ¢, or vice versa. The
complete path is then checked to see if the shortest path is obtained. The worst-
case running time of the algorithm is bounded by O(n2log n?). In the thesis of
DeWitt [D77], the expected running time of this algorithm on random graphs is
O(n'/2 log n).

Procedure parameters:
int oneShortestPath (n, m, nodei, nodej, weight, source, sink, path)

oneShortestPath: int;
exit: returns the length of the shortest path from source to sink in the
given directed graph.
n int;
entry: number of nodes of the simple directed graph,
nodes of the graph are labeled from 1 to n.
m: int;
entry: number of edges of the simple directed graph.
nodei, nodej. int[m+1];
entry: nodeilp] and nodej/p] are the end nodes of the p-th edge in the
graph, p=1,2,....,m.
weight. int[m+1];
entry: weight[p] is the nonnegative length of edge p in the graph,

p=1,2,....m.
source: int;
entry: the source node of the graph.
sink: int;

entry: the destination node of the graph.
path:  int[n+1];
exit:  path[0] is the number of nodes in the shortest path from source to
sink of the graph. The nodes of the shortest path are:
path[1], path[2], ..., path[path[O]].

public static int oneShortestPath(int n, int m int nodei[], int nodej[],
int weight[], int source, int sink, int path[])
{
int keyl, key2, | arge, di stance, i ndex, | evel 1, | evel 2, | ensum t enp, mode=0;
int i,j,nundl, nun2, nummodes, pat hl engt h, m nl engt h1, m nl engt h2, mi nl engt h3;
int parent[] = new int[n+1];

int child[] = newint[n+1];
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int fromsource[] = new int[n+1];
int tosink[] = new int[n+1];

int stackl[] = new int[n+1];

int stack2[] = new int[n+1];

int dist[][] = new int[n+1][n+1];

/] set up the distance natrix
large = 1;
for (i=1; i<=m i++)
large += weight[i];
for (i=1; i<=n; i++)
for (j=1; j<=n; j++)
dist[i][j] = (i ==j) ?2 0: large;
for (i=1; i<=m i++)
dist[nodei[i]][nodej[i]] = weight[i];
keyl = 0;
key2 = 0;
for (i=1; i<=n; i++) {
fronsource[i] = dist[source][i];
tosink[i] = dist[i][sink];
parent[i] = source;
child[i] = sink;
}
// find the initial values of minlengthl and mnlength2 with
/1 corresponding 'index' values for 'fronsource' and 'tosink'

levell = O;
level 2 = 0O;
m nl ength2 = | arge;
m nl engthl = |arge;

for (i=1; i<=n; i++) {
/1 finds minlengthl and stores in stackl[1:level 1] all values of k
/1 such that fronsource[k] = minlengthl and fronsource[i] = keyl
tenp = fronsource[i];
if (tenmp > keyl) {
if (temp < mnlengthl) {

levell = 1;

m nlengthl = tenp;

stackl[level 1] =1i;

}
el se {
if (temp == mnlengthl) {
| evel 1++;
stackl[level 1] =1i;
}
}

}

// finds minlength2 and stores in stack2[1l:level2] all values
/1 of k such that tosink[k] = nminlength2 and tosink[i] = key2
tenp = tosink[i];

if (tenmp > key2) {
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if (temp < mnlength2) {
level 2 = 1;
m nl ength2 = tenp;
stack2[level 2] =1i;

}
el se {
if (temp == mnlength2) {
| evel 2++;
stack2[level 2] =1i;
}
}
}
}
do {

if (mnlengthl <= mnlength2) {
/'l reset fronsource
keyl = m nl engt hl;
while (true) {
if (levell <= 0) break;
i ndex = stackl[level 1];
for (i=1; i<=n; i++) {
distance = dist[index][i];
| ensum = m nl engt hl + di stance;
if (fromsource[i] > lensum {

fronsource[i] = | ensum
parent[i] = index;
}
}
level 1--;
}
// find new 'minlengthl" and 'index' values for 'fronsource'
m nl engthl = | arge;
levell = O;

for (i=1; i<=n; i++) {
// finds minlength2 and stores in stack2[1l:level2] all values
/1 of k such that tosink[k] = nminlength2 and tosink[i] = key2
tenp = fronsource[i];
if (temp > keyl) {
if (temp < mnlengthl) {

levell = 1;

m nlengthl = tenp;

stackl[level 1] =1i;

}
el se {
if (temp == mnlengthl) {
| evel 1++;
stackl[level 1] =1i;
}
}
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}
el se {
/'l reset tosink
key2 = m nl engt h2;
while (true) {
if (level 2 <= 0) break;
i ndex = stack2[level 2];
for (i=1; i<=n; i++) {
di stance = dist[i][index];
| ensum = m nl engt h2 + di stance;
if (tosink[i] > lensum {
tosink[i] = I ensum
child[i] = index;

}

| evel 2--;

}

/1 find new 'mnlength2' and 'index' values for 'tosink'

m nl ength2 = | arge;
level 2 = 0O;
for (i=1; i<=n; i++) {
/1 finds minlength2 and stores in stack2[1:level 2]

al |

/1 of k such that tosink[k] = nminlength2 and tosink[i]

tenp = tosink[i];
if (tenmp > key2) {
if (temp < mnlength2) {
level 2 = 1;
m nl ength2 = tenp;
stack2[level 2] =1i;
}
el se {
if (temp == mnlength2) {
| evel 2++;
stack2[level 2] =1i;

/] conpute convergence criterion
m nl engt h3 = | arge;
for (i=1; i<=n; i++) {
I ensum = fromsource[i] + tosink[i];
if (lensum < mnlength3) {
m nl engt h3 = | ensum
mode = i;

}
} while (mnlength3 > mnlengthl + mnl ength2);

val ues
= key2
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// two ends of a shortest path neet in 'mmode' unravel the path
numl = mode;
pat h[n] = mode;
if (mode != source) {
numodes = n - 1,
while (true) {
nun? = parent[numl];

if (nunR == source) break;
numl = nung;
pat h[ nutmodes] = nun®;
numodes- - ;
}
}
el se

nummodes = n;
pat h[ 1] = source;
numl = numodes + 1;
numodes = 2;
while (nunl <= n) {
pat h[ nutmodes] = pat h[ numl] ;
numodes++;
numl++;
}
if (mode != sink) {
nunl = mode;
while (true) {
nun2 = child[ numl];
if (nunR == sink) break;

numl = nung;
pat h[ nutmodes] = nun®;
numodes++;

}

pat h[ nutmodes] = si nk;

}

pat hl ength = fromsource[ mode] + tosi nk[ mode];
pat h[ 0] = nummodes;

return pathl ength;
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Example:

Find the shortest path from node 5 to node 4 in the following digraph.

v
@

package G aphAl gorithns;

public class Test_oneShortestPath extends Object {

public static void main(String args[]) {

int k;

int n=6, n¥ll;

int source =5, sink = 4;

int path[] = new int[n+l];

int nodei[] = {0,4,6,5,3,5,6,3,6,1, 2, 5};
int nodej[] = {0,2,4,2,6,1,1,4,5, 3,6, 3};
int weight[] ={0,1,3,5,3,2,2,7,4,1,2,5};

k = GraphAl go. oneShort est Pat h(n, m nodei , nodej , wei ght, sour ce, si nk, pat h);
Systemout. println("The shortest path fromnode " + source +

" tonode " + sink +" is: ");
for (int i=1; i<=path[O0]; i++)
Systemout.print(" " + path[i]);
Systemout. println("\nLength of the shortest path is " + k);
}
}
Output:

The shortest path fromnode 5 to node 4 is:
5 1 3 6 4
Length of the shortest path is 9
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3.4 All Shortest Path Length

The following procedure [Y72] finds the length of all shortest paths from a
specified source node to every other node in a given graph of n nodes with
nonnegative edge lengths. A mix of directed and undirected edges are allowed in
the given graph. The algorithm requires n3/2 additions and n3 comparisons.

Let d(u,v) be the length of edge (u,v) in a complete directed graph of n nodes. The
length of the shortest path from node 1 to node i, S(i), i = 2,3,...,n, can be obtained

as follows.

Step 1. Setp=1,k=n, S(1) =0, L({i) =1, S(i) = », fori=2,3,...,n.
Step 2. Fori= 2,3,...,n, do the following:
—let j = L(i) and compute S(j) = min(S(j), S(p) + d(p,j));
— if the value of S(j) is less than the current minimum, say S(q), during

this exection of Step 2 then setq=jand t = 1.

Step 3. Setp =q, L(t) = L(k), k =k - 1. If k = 1 then stop, else return to Step 2.

Procedure parameters:

void allShortestPathLength (n,m,nodei,nodej,directed, weight ,root,,mindistance)

n int;
entry:
m: int;
entry:
nodei, nodej:
entry:
directed:
entry:
weight:
entry:
root. int;
entry:
mindistance:
exit:

number of nodes of the graph,
nodes of the graph are labeled from 1 to n.

number of edges of the graph.

int[m+1];

nodeilp] and nodejfp] are the end nodes of the p-th edge in the
graph, p=1,2,...,m.

boolean[m+1];

directed[p] = true if the edge p is directed from node nodeifp] to
node nodejp], otherwise directed[p] = false if the edge (nodeifp],
nodej[p)) is undirected, for p=1,2,...,m.

int[m+1];

weight[p] is the nonnegative length of edge p in the graph,
p=1,2,....m.

the source node of the graph.

int[n+1];

mindistance[i] is the length of the shortest path from root to node i,
for i=1,2,...,n.

public static void all ShortestPathLength(int n, int m int nodei[],

{

int nodej[], boolean directed[], int weight[],
int root, int mndistance[])

int i,j,k,n2,1arge, nodeu, nodev, m nl en, tenp, m nj =0, m nv=0;
int location[] = new int[n+1];
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int distance[][] = new int[n+1][n+1];

/] obtain a large nunber greater than all edge weights
large = 1;
for (k=1; k<=m k++)

| arge += weight[k];

/] set up the distance natrix
for (i=1; i<=n; i++)
for (j=1; j<=n; j++)

distance[i][j] = (i ==j) ? 0: large;
for (k=1; k<=m k++) {
i = nodei [Kk];
j = nodej [Kk];

if (directed[k])
distance[i][j] = weight[K];
el se
distance[i][j] = distance[j][i] = weight[k];

if (root !'=1) {

/1 interchange rows 1 and root

for (i=1; i<=n; i++) {
tenp = distance[1][i];
distance[1][i] = distance[root][i];
di stance[root][i] = tenp;

}

/1 interchange colums 1 and root

for (i=1; i<=n; i++) {
temp = distance[i][1];

distance[i][1] = distance[i][root];
di stance[i][root] = tenp;
}
}
nodeu = 1;

n2 =n + 2;
for (i=1; i<=n; i++) {

location[i] =1i;

m ndi stance[i] = distance[nodeu][i];
}
for (i=2; i<=n; i++) {

k =n2 - i;

mnlen = |arge;

for (j=2; j<=k; j++) {

nodev = location[j];

tenp = nmindi stance[ nodeu] + di stance[ nodeu] [ nodev] ;
if (tenp < mndistance[nodev]) m ndistance[nodev] = tenp;
if (mnlen > mndistance[ nodev]) {

m nl en = m ndi st ance[ nodev] ;

m nv = nodev,
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mnj =j;
}

}

nodeu = ninv;

location[mnj] = location[k];
}
if (root !'=1) {

m ndi stance[ 1] = m ndi stance[root];

m ndi stance[root] = 0;

/1 interchange rows 1 and root

for (i=1; i<=n; i++) {
tenp = distance[1][i];
distance[1][i] = distance[root][i];
di stance[root][i] = tenp;

}

/1 interchange colums 1 and root

for (i=1; i<=n; i++) {
tenp = distance[i][1];

distance[i][1] = distance[i][root];
di stance[i][root] = tenp;
}
}
}
Example:

Find the shortest path distance from node S to every other node in the following
mixed graph.

v
@
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package G aphAl gorithns;
public class Test_all ShortestPat hLength extends Object {
public static void main(String args[]) {

int n=6;

int m= 11;

int root = 5;

int mndistance[] = new int[n+1];

int nodei[] = {0,4,6,5,3,5,6,3,6,1, 2,5};

int nodej[] = {0,2,4,2,6,1,1,4,5, 3,6, 3};

int weight[] ={0,1,3,9,3,2,2,7,4,1,2,8};

bool ean directed[] = {false, true, true, true, false, true,
false, true, false, true, true, true};

G aphAl go. al | Short est Pat hLengt h(n, m nodei , nodej , di r ect ed,
wei ght , root , m ndi st ance) ;
for (int i=1; i<=n; i++)

if (i '=root)
Systemout. println("Shortest path distance fromnode " +
root + " tonode " + i + " is " + mndistance[i]);
}

}
Output:
Shortest path distance fromnode 5 to node 1 is 2
Shortest path distance fromnode 5 to node 2 is 8
Shortest path distance fromnode 5 to node 3 is 3
Shortest path distance fromnode 5 to node 4 is 7
Shortest path distance fromnode 5 to node 6 is 4

3.5 Shortest Path Tree

The following label-correcting method [F56, M57] finds the shortest paths from a
specified source node to every other node in a directed graph of n nodes with
lengths associated with edges. The edge lengths may be nonpositive, but no cycle
of negative length is present in the graph. The running time of the algorithm is
o(nd).

Let d(u,v) be the length of the edge directed from node u to node v in the given

graph. The shortest paths from a specified node s to every other node can be

found by the following label-correcting method.

Step 1. Let T be a tree consisting of the root s alone. Set L(s) = 0, and L(i) = « for
every other node i.
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Step 2. Find an edge (u,v) such that L(u) + d(u,v) < L(v). Set L(v) = L(u) + d(u,v).
Include the edge (u,v) in T and remove any edge in T which ends at v.

Step 3. Repeat Step 2 until L(u) + d(u,v) > L(v) for all edges (u,v). The tree T will
contain a shortest path from s to every other node.

Procedure parameters:
void shortestPathTree (n, m ,nodei, nodej, weight, root, minidistance, treearc)

n int;
entry: number of nodes of the directed graph,
nodes of the graph are labeled from 1 to n.
m: int;
entry: number of edges of the directed graph.
nodei, nodej: int[m+1];
entry: nodeifp] and nodej/p] are the end nodes of the p-th edge in the
graph, p=1,2,...,m.
weight. int[m+1];
entry: weight[p] is the length of edge p in the graph, p=1,2,....m. The
length of an edge can be nonpositve, but no cycle of negative length
is present in the graph.
root. int;
entry: the source node of the graph.
mindistance: int[n+1];
exit:  mindistance[i] is the length of the shortest path from root to node i,
for i=1,2,...,n. mindistancefroot] is equal to zero.
treearc: int[n+1];
exit: The directed edge from node treearcfi] to node i is on the shortest
path tree. treearcfroot] is equal to zero.

public static void shortestPathTree(int n, int m int nodei[], int nodej[],
int weight[], int root, int mndistance[], int treearc[])

{

int i,j,k,l|arge, nodeu, nodev, nodey, start, i ndex, | ast, p, | ensum | enu;

int queue[] = new int[n+1];

int firstedges[] = new int[n+2];

int endnode[] = new int[ml];

int origin[] = new int[mHl];

bool ean mark[] = new bool ean[ n+1] ;

I/ obtain a large nunber greater than all edge weights

large = 1;
for (i=1; i<=m i++)
large += (weight[i] > 0) ? weight[i] : O;

I/ set up the forward star representation of the graph
k = 0;
for (i=1; i<=n; i++) {

firstedges[i] = k + 1;

for (j=1; j<=m j++) {
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if (nodei[j] ==1i) {
K++;
origin[k] =j;
endnode[ k] = nodej[j];
}

}

firstedges[n+l] = m+ 1;

for (i=1; i<=n; i++) {
treearc[i] = O;
mark[i] = true;

m ndi stance[i] = |arge;
}
m ndi stance[root] = 0;
nodev = 1;

nodey = nodev;
nodeu = root;
while (true) {
I enu = m ndi st ance[ nodeu] ;
start = firstedges[nodeu];
if (start !'=0) {
i ndex = nodeu + 1;
while (true) {
last = firstedges[index] - 1;
if (last > -1) break;
i ndex++;
}
for (i=start; i<=last; i++) {
p = endnode[i];
lensum = weight[origin[i]] + |lenu;
if (mndistance[p] > lensun) {
m ndi stance[p] = | ensum
treearc[p] = nodeu;
if (mark[p]) {
mark[p] = fal se;
queue[ nodey] = p;
nodey++;
if (nodey > n) nodey = 1,

}

if (nodev == nodey) break;
nodeu = queue[ nodev];
mar k[ nodeu] = true;
nodev++;

if (nodev > n) nodev = 1,
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Example:

Find the shortest path lengths from node 5 to every other node in the following
digraph.

package G aphAl gorithns;
public class Test_shortestPat hTree extends bject {
public static void main(String args[]) {

int n=6;

int m= 11;

int root = 5;

int treearc[] = new int[n+1];

int mndistance[] = new int[n+1];

int nodei[] = {0,4,6,5,3,5 1,3,6,1, 2,5};
int nodej[] = {0,2,4,2,6,1, 6,4,5,3, 6,3};
int weight[] ={0,3,5/9,1,4,-3,7,4,3,-4,8};

G aphAl go. short est Pat hTree(n, m nodei , nodej , wei ght, root, m ndi st ance, treearc);
for (int i=1; i<=n; i++)

if (i !'=root)
Systemout. println("Shortest path distance fromnode " +
root +" tonode " +i + " is " + mindistance[i]);

Systemout.println("\nEdges in the shortest path tree are:");
for (int i=1; i<=n; i++)
if (i !'=root)
Systemout.printin(" (" + treearc[i] +", " +i +")");
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Output:

Shortest path distance fromnode 5 to node is
Shortest path distance fromnode 5 to node
Shortest path distance fromnode 5 to node
Shortest path distance fromnode 5 to node
Shortest path distance fromnode 5 to node

is
is
is

oM WN R
ko~ © b

is

Edges in the shortest path tree are:
(5 1)
(5 2
(1, 3)
(6, 4)
(1, 6)

3.6 All Pairs Shortest Paths

The following procedure [F62] finds the shortest paths between all pairs of nodes
in a mixed graph of n nodes with given edge lengths. Negative edge lengths are
allowed but there should not be any negative cycle in the graph. The running time
of the algorithm is O(n3).

Let d(u,v) be the length of edge from node u to node v. Let L be a sufficiently large
number. It is assumed that d(u,u) =0 foru =1, 2, ..., n, and d(u,v) = L if there is
no edge from node u to node v in the graph.
Step 1. Setk=0.
Step 2. Setk=k + 1.
Step 3. For all i # k, such that d(i,k) # L, and all j # k, such that d(k,j) # L,
compute
d(i,j) = min (d(i,j), d(i,k) + d(k,j)).
Step 4. If k = n then stop; d(i,j) are the lengths of all the shortest paths for all i
and j; otherwise return to Step 2.

Procedure parameters:
void allPairsShortestPaths (n, dist, big, startnode, endnode, path)

n int;
entry: number of nodes of the mixed graph,
nodes of the graph are labeled from 1 to n.
dist.  int[n+1][n+1];
entry: distfijfj] is the distance of the edge between node i and node j, and
distfiJi] = O, for i=1,2,...,n and j=1,2,...,n.
dist[iJ[j] = big if there is no edge from node i to node j.
The edges can be directed or undirected. The edge distance can
be negative, but there should not be any negative length cycle in
the graph.
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exit:

big: int;
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distfi[j] is the length of the shortest path from node i to node j, for
i=1,2,...,nand j=1,2,...,n.

entry: A sufficiently large number greater than the sum of all edge lengths

of the graph.

startnode, endnode: int;
entry: the shortest path from startnode to endnode is requested.

If startnode = O then no specific shortest path is requested; the
output array path will be ignored.

path: int[n+1];

exit:  path[0] is the total number of nodes of the shortest path from
startnode to endnode, and the shortest path is given by
path[1], path[2], ..., path[path[O]].
public static void allPairsShortestPaths(int n, int dist[][], int big,
int startnode, int endnode, int path[])

{

int i,j,k,d, num node;

int next[][] = new int[n+1][n+1];

int order[] = new int[n+1];

/1 conpute the shortest path distance nmatrix

for (i=1;

for (j=1;

i <=n; i++)

j<=n; j+4)

next[i][j] =1i;

for (i=1;

for (j=1;

i<=n; i++)

j<=n; j+4)

if (dist[j][i] < big)
for (k=1; k<=n; k++)
if (dist[i][k] < big) {

}

d=dist[j][i] + dist[i][K];
if (d<dist[j]1[k]) {

dist[j][k] = d;
next[j][k] = next[i][k];

/1 find the shortest path from startnode to endnode
if (startnode == 0) return;
j = endnode;

num = 1;
or der [ nunj

= endnode;

while (true) {
node = next[startnode][j];

numt+;

order[ nunj = node;

if (node
j = node;

}
for (i=1;

== startnode) break;

i <=num i ++)

path[i] = order[numi +1];



Chapter 3: Paths and Cycles 111

path[0] = num
}

Example:

Find the shortest path distance matrix and the shortest path from node 5 to node
2 in the following mixed graph.

v
@

package G aphAl gorithns;

public class Test_all Pai rsShortestPat hs extends Object {

public static void main(String args[]) {

int startnode, endnode;

int n=6;

int big = 99;

int path[] = new int[n+l];

int dist[][] ={{0, O, O O 0 O, 0},
{0, 0, 99, 3, 99, 99, 3},
{0, 99, 0, 99, 99, 99, -4},
{0, 99, 99, 0O, 7, 99, 4},
{0, 99, 2, 99, 0, 99, 99},
{0, -2, 9, 8, 99, 0, 4},
{o, 3, 99, 4, 3, 0}};

>

startnode = 5;
endnode = 2;
G aphAl go. al | Pai rsShort est Pat hs(n, di st, bi g, start node, endnode, pat h) ;
Systemout. println("The shortest distance matrix between all nodes:");
for (int i=1; i<=n; i++) {

for (int j=1; j<=n; j++)

Systemout.printf("%d",dist[i][j]);
Systemout. println();
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}
Systemout. print("\nShortest path fromnode " + startnode +
" to node " + endnode + " is: ");
for (int i=1; i<=path[0]; i++)
Systemout.print(" " + path[i]);
Systemout. println();
}
}
Output:

The shortest distance matri x between all nodes:
o 8 3 6 7 3

-2 0 0 -1 0 -4
6 9 0 7 8 4
o 2 2 0 2 -2
-2 6 1 4 0 1
2 5 4 3 4 0

Shortest path fromnode 5 to node 2 is: 5 1 6 4 2

3.7 k Shortest Paths

Given an integer k > O and a specified source node, the problem is to find k
shortest paths from a specified source node to every other node in a directed
graph of n nodes with lengths associated with edges. The edge lengths may be
nonpositive, but no cycle of negative length is present in the graph. Repeated
nodes are allowed in each of the shortest paths. The running time of the algorithm
[S76] is O(n2k2log n).

Let d(u,v) be the length of the edge directed from node u to node v in the given
graph. The k shortest paths problem is solved by a label-correcting method in
which an initial guess is given to the k shortest path lengths. Then the tentative k
shortest path lengths will be improved successively. A sequence of forward and
backward iterations will be employed. During the forward iteration, the nodes are
examined in the order 1,2,...,n, and only edges (i,j) with i<j are processed. During
the backward iteration, the nodes are examined in the order n,n-1, ...,1, and only
edges (i,j) with i>j are processed. The alternating forward and backward iterations
are continued until the node labels at two consecutive iterations coincide, in
which case no improvement is possible. The algorithm can be outlined as follows.
Step 1. Initialize the required k shortest path lengths, a k-vector

S@) = (s(,1), s@,2), ..., s(i,k)),

from node 1 to node i by setting
S(1) = (0, oo, ..., ), and
S(i) = (00,0, ..., 00) fori=2,3,...,n.
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Step 2. Forj =2 to n, do the following:

for every node i adjacent to node j, where i < j, if
{s(i,p) + d(i,j): p= 1,2,....k}

gives a smaller path length than any one of the tentative k shortest path
lengths in S(j) then the current k-vector S(j) is updated by including this
smaller path length.

Step 3. If none of the node labels S(j) has changed in Step 2 then go to Step 6.

Step 4. For j=n-1 to 1, do the following:
for every node i adjacent to node j, where i > j, process the edge (i,j) in the
same way as in Step 2.

Step 5. If none of the node labels S(j) has changed in Step 4 then go to Step 6,
otherwise return to Step 2.

Step 6. The k shortest path lengths have been found. The paths can be
reconstructed from the path length information. If a j-th shortest path P
of length t from node u to node v passes through w, then the subpath of P
extending from node u to node w is an i-th shortest path, for some i,
1<i<j. This can be used to determine the penultimate node w on a j-th
shortest path of known length t from node u to node v. This backtracking
method can be applied repeatedly to produce all the k shortest paths from
node u to node v.

Procedure parameters:
void kShortestPaths(n,m ,nodei nodej,weight, k,source,sink,pathnodes,dist,path)

n. int;
entry: number of nodes of the directed graph,
nodes of the graph are labeled from 1 to n.
m: int;
entry: number of edges of the directed graph.
nodei, nodej: int[m+1];
entry: nodeifp] and nodej/p] are the end nodes of the p-th edge in the
graph, p=1,2,...,m.
exit:  the list of edges (nodeifp], nodejfp)), p=1,2,...,m, will be reordered
such that the array nodej is sorted in nondecreasing order.
weight. int[m+1];
entry: weight[p] is the length of edge p in the graph, p=1,2,....m. The
length of an edge can be nonpositve, but no cycle of negative length
is present in the graph.
exit: the array weight will be reordered such that the array nodej is
sorted in nondecreasing order.
k, source, sink: int;
entry: the k shortest paths from the source to the sink are required.
pathnodes: int[2];
entry: pathnodes[0] is the maximum number of nodes in a possible
shortest path which allows repeated nodes.
pathnodes[1] is the maximum number of shortest paths to be
generated from the source to the sink.
exit:  If there is no path from the source to the sink then pathnodes(1] will
be set to zero.
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dist.
exit:

path:
exit:
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If the number of nodes in a shortest path exceeds the input value

of pathnodes/[0] then pathnodes[0] will be set equal to zero. In this

case, run the procedure again by using a larger input value of

pathnodes|[0].

int[n+1][k+1];

distfi[j] is the length of the j-th shortest path from the source to

node i, for i=1,2,...,n, and j=1,2,...,k. If node i is not reachable from

source in the j-th shortest path then distfij[j] will be set equal to a

number greater than the sum of all edge lengths in the graph.

int[pathnodes/[1}+1][pathnodes[O}+2];

pathfif[0] is the number of nodes in the i-th shortest path from the

source to the sink. The nodes of the i-th shortest path are:
pathfij[1], pathfi[2], ..., pathfij[pathf][O]]

fori=1, 2, ..., pathnodes[1].

public static void kShortestPaths(int n, int m int nodei[], int nodej[],

int weight[], int k, int source, int sink,
int pathnodes[], int dist[][], int path[][])

int i,j,init,iter,nunforward, nunbackward, | arge, nodeu, nodev;
int idsl,ids2, max,index,indexl,index2,index3;

int lengthl,length2,|ength3,|oopl,loop2,|en, subl=0, sub2=0;
int el mel modei, el mei ght, h, p, tenp;

int arcforward[] = new int[n+1];

int arcbackward[] = new int[n+1];

int aux[] = new int[k+1];

bool ean best, skip;

/1 use heapsort to sort the nodej array in ascending order
// initially nodes ml2 to 1 are | eaves in the heap

for (i=m2;

i>=1; i--) {

elm= nodej[i];

el modei

= nodei[i];

el mei ght = weight[i];

index = i;

while (true) {
p = 2 * index;
if (m< p) break;
if (p+r1l<=m
if (nodej[p] < nodej[p+l]) p++;
if (nodej[p] <= elm break;

nodej [ i ndex] = nodej[p];
nodei [i ndex] = nodei[p];
wei ght [i ndex] = weight[p];
i ndex = p;

}

nodej [i ndex] = elm

nodei [i ndex] = el modei ;

wei ght [ i ndex] = el mnei ght;
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/1 swap nodej[1] with nodej[n
tenp = nodej[1];
nodej [1] = nodej[ni;
nodej [n] = tenp;
tenp = nodei[1];
nodei [1] = nodei[n];
nodei [n] = tenp;
tenp = weight[1];
weight[1] = weight[n];
weight[n] = tenp;
/'l repeat delete the root fromthe heap
for (h=m1; h>=2; h--) {
/'l restore the heap structure of nodej[1] through nodej[h]

for (i=h/2; i>=1; i--) {
elm= nodej[i];
el modei = nodei[i];
el mei ght = weight[i];
index =i;

while (true) {
p = 2 * index;
if (h < p) break;
if (p+1<=h
if (nodej[p] < nodej[p+l]) p++;
if (nodej[p] <= elm break;
nodej [i ndex] = nodej[p];
nodei [i ndex] = nodei[p];
wei ght [ i ndex] = weight[p];
i ndex = p;
}
nodej [i ndex] = elm
nodei [i ndex] = el modei ;
wei ght [ i ndex] = el mnei ght;
}
/1 swap nodej[1] and nodej[ h]
tenp = nodej[1];
nodej [1] = nodej[h];
nodej [h] = tenp;
tenp = nodei[1];
nodei [ 1] = nodei[h];
nodei [ h] t enp;
tenp = weight[1];
weight[1] = weight[h];
wei ght[ h] = tenp;
}
/1 finish the heap sort
init =0;
nunforward = 0;

nunbackward = 0;
for (i=1; i<=m i++) {
if (nodei[i] > nodej[i])
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nunbackwar d++;
el se

nunf or war d++;
}
int adj backward[] = new i nt[nunbackward+1] ;
int |enbackward[] = new int[nunbackward+1];
int adjforward[] = new int[nunforward+1];
int lenforward[] = new int[nunforward+1];
nunforward = 0;

nunbackward = 0;
i ndex = 0;
large = 1;
for (i=1; i<=m i++) {
nodev = nodei[i];
nodeu = nodej [i];
len = weight[i];
large += (len > 0) ? len : O;
if (nodeu != index) {
if (nodeu != index+1)
for (j=index+l; j<=nodeu-1; j++) {
arcbackward[j] = O;
arcforward[j] = O;
}
if (init 1'=0) {
arcforward[index] = subl;

ar cbackwar d[ i ndex] = sub2;
}
subl = 0;
sub2 = 0;
i ndex = nodeu;
}
init++;

if (nodev <= nodeu) {
nunf or war d++;

adj f orwar d[ nunf orwar d] = nodev;
I enforward[ nunforward] = Ien;
sub2++;
}
el se {
nunbackwar d++;
adj backwar d[ nunbackwar d] = nodev;
| enbackwar d[ nunbackward] = |en;
subl++;
}
}
ar chackwar d[ i ndex] = sub2;

arcforward[index] = subl;
for (i=1; i<=n; i++)
for (j=1; j<=k; j++)
dist[i][]j] = large;
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di st[source][1] = O;
iter = 1,
while (true) {
i ds2 = nunbackwar d;
best = true;
i =n- 1
while (i > 0) {
if (arcforward[i] !'=0) {
idsl = ids2 - arcforward[i] + 1;
// matrix multiplication with dist using the |ower
/1l triangular part of the edge distance natrix
for (j=1; j<=k; j++)
aux[j] = dist[i][j];
max = aux[Kk];
for (loopl=idsl; |oopl<=ids2; |oopl++) {
i ndex1 = adj backward[| oop1l];
I engt h3 = | enbackwar d[ | oopl];
for (loop2=1; I|oop2<=k; |oop2++) {
lengthl = dist[index1] [l oop2];
if (lengthl >= large) break;
length2 = lengthl + | ength3;
if (length2 >= max) break;
=K
skip = fal se;
while (true) {
it (j >=2 {
if (length2 < aux[j-1])
i--;
el se {
if (length2 == aux[j-1]) skip = true;
br eak;

if (skip) continue;

i ndex2 = k;

while (index2 > j) {
aux[index2] = aux[index2 - 1];
i ndex2- -;

}

aux[j] = length2;

best = fal se;

max = aux[Kk];

}
if (!best)
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for (j=1; j<=k; j++)
dist[i][j] = aux[j];
ids2 = idsl - 1;

if (iter 1= 1)
if (best) break;
iter++,
idsl = 1,
best = true;
for (i=2; i<=n; i++)
if (arcbackward[i] !'= 0) {
ids2 = idsl + arcbackward[i] - 1;
// matrix nultiplication with dist using the upper
I/ triangular part of the edge distance nmatrix
for (j=1; j<=k; j++)
aux[j] = dist[i][j];
max = aux[Kk];
for (loopl=idsl; |oopl<=ids2; |oopl++) {
i ndex1 = adjforward[| oopl];
I engt h3 = | enforward[| oopl];
for (loop2=1; |oop2<=k; |oop2++) {
lengthl = dist[index1][| oop2];
if (lengthl >= large) break;
length2 = lengthl + | ength3;
if (length2 >= max) break;
i =k
skip = fal se;
while (true) {
it (j >=2) {
if (length2 < aux[j-1])
i--;
el se {
if (length2 == aux[j-1]) skip = true;
br eak;

if (skip) continue;

i ndex2 = k;

while (index2 > j) {
aux[index2] = aux[index2 - 1];
i ndex2- -;

}

aux[j] = length2;
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best = fal se;
max = aux[Kk];

}
if (!best)
for (j=1; j<=k; j++)
dist[i][j] = aux[j];
idsl = ids2 + 1;
}
if (!best) iter++;

}

I/ store at nost maxpth nunber of k shortest paths
/1 fromsource to sink, allow ng repeated nodes
int ptag, nunpt h, nunpat h, up, npmax, nt, nd;

int maxpth,isub,jlen,lIt;

npmax = pat hnodes[ 0] ;

maxpt h = pat hnodes[ 1] ;

int trailnode[] = new int[n+2];
int neighbors[] = new int[m1l];
int edgelength[] = new int[m+l];

int currentnode[] = new int[npmax+1];

int position[] = new int[npmax+1];

int pathlength[] = new int[npmax+1];

bool ean next p;

init =0;
i ndex
| arge
for (i=1; i<=m i++) {
large += weight[i];
nodev = nodei[i];
nodeu = nodej [i];
len = weight[i];
if (nodeu != index) {
if (nodeu != index+1)

= 0;
= 1;

for (j=index+l; j<=nodeu-1;
trailnode[j] = 0O;

trail node[nodeu] = init + 1;
i ndex = nodeu;

}

init++,

nei ghbors[init] = nodev;
edgel ength[init] = len;
}
trailnode[index + 1] = init + 1;
for (i=1; i<=npnax; i++) {
currentnode[i] = 0;
position[i] = 0;
pathlength[i] = 0;
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nunmpath = 1;

if (source == sink) nunmpath = 2;

nunpth = 0;

if (dist[sink][numpath] >= large) {
/1 no path exists fromsource to sink
pat hnodes[ 1] = O;

return;
}
do {
ptag = 1;
I engthl = dist[sink][nunpath];
if (lengthl == large) return;

I ength2 = | engthl;
currentnode[ 1] = sink;
do {
nt = currentnode[ ptag];
idsl = trailnode[nt];
nd = nt;
while ((trailnode[nd + 1] == 0) && (nd < n))
nd++;
up = trailnode[nd + 1] - 1;
sub2 = idsl + subl,;
nextp = fal se;
while (sub2 <= up) {
i sub = nei ghbors[sub2];
jlen = edgel engt h[ sub2] ;
It =1lengthl - jlen;
i =1
skip = fal se;
while (true) {
if ((dist[isub][j] >1t) || (J >Kk)) {

sub2++;
skip = true;
br eak;
}
if (dist[isub][j] >= It) break;
j ++;
}
if (skip) continue;
pt ag++,;

if (ptag > npmax) {
/1 nunber of edges in a path exceeds all ocated space
pat hnodes[ 0] = O;
return;

}

currentnode[ ptag] = isub;

position[ptag] = sub2 - idsl + 1;

pathlength[ptag] = jlen;

lengthl = It;

if (lengthl !'=0) {
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subl = 0;
nextp = true;
br eak;
}
if (isub !'= source) {
subl = 0;
nextp = true;
br eak;
}
I/ store the current shortest path
nunpt h++;
for (j=1; j<=ptag; j++)
path[ numpth][j] = currentnode[ptag-j +1];
pat hnodes[ 1] = nunpt h;
pat h[ nunpt h] [0] = pt ag;
pat h[ nunpt h] [ npmax+1] = | engt h2;
if (numpth >= maxpth) return;
}
if (!'nextp) {
subl = position[ptag];
currentnode[ ptag] = O;
I engt hl += pathl engt h[ ptag] ;
ptag--;
}
} while (ptag > 0);
nunpat h++;
} while (nunmpath <= k);
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Example:

In the following mixed graph, find three shortest path lengths (repeated nodes
allowed) from node 5 to every other node, and find at most 6 of the shortest paths
from node 5 to node 4.

package G aphAl gorithns;

public class Test_kShortestPat hs extends Object {

public static void main(String args[]) {

int pathnodes[] = {20, 6};

int n=6;

int m= 13;

int k =3

int source = 5;

int sink = 4;

int nodei[] = {0,2, 1,5,3,4, 2,5,6,1,6,3, 3,5};
int nodej[] = {0,4, 6,1,6,2, 6,2,5,3,4,4, 5,3};
int weight[] ={0,2,-3,4,1,3,-4,9,4,3,5,7,-2, 8};
int dist[][] = new int[n+1] [k+1];

int path[][] = new int[pathnodes[ 1] +1] [ pat hnodes[ 0] +2] ;

G aphAl go. kShort est Pat hs(n, m nodei , nodej , wei ght, k, sour ce, si nk,
pat hnodes, di st, pat h) ;

Systemout.println("k Shortest path lengths (k =" + k + "):");
for (int i=1; i<=n; i++) {
Systemout.print("\nfromnode " + source + " to node " +i + ": ");

for (int j=1; j<=k; j++)
Systemout.printf("%d",dist[i][j]);
}
if (pathnodes[0] == 0)
Systemout. println("\nNunber of arcs in a path exceeds " +
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}

pat hnodes[0] + ". Remedy: increase size of pathnodes[0].");

el se

if (pathnodes[1l] == 0)
Systemout.println("\nThere is no path fromnode " + source +
' to node " + sink);
el se {
Systemout.print("\n\nThe followi ng are " + pathnodes[1] +
" shortest paths fromnode " + source + " to node " +

sink + "\n path I ength Nodes in the path");
for (int i=1; i<=pathnodes[1]; i++) {
Systemout. printf("\n %d: %3d o,

pat h[i][ pat hnodes[ 0] +1]);
for (int j=1; j<=path[i][0]; j+%)
Systemout. printf("%3d", path[i][j]);
}
Systemout. println();

Output:

k Shortest path lengths (k = 3):

fromnode 5 to node 1: 4 9 10
fromnode 5 to node 2: 9 13 14
fromnode 5 to node 3: 7 8 12
fromnode 5 to node 4: 6 10 11
fromnode 5 to node 5: 0O 5 6
fromnode 5 to node 6: 1 5 6

The following are 6 shortest paths fromnode 5 to node 4

o ahwNR

path I ength Nodes in the path
6 1 6 4
10
10
11
11
11

g o oo oo
B R RPN R
oo W o o
A 00 b~ D
N R
A O O

A b

3.8 k Shortest Paths without Repeated Nodes

Given an integer k > 0, a specified source node and a sink node, the problem is to
find k shortest paths from the source to the sink in a directed graph of n nodes
with lengths associated with edges. The edge lengths may be nonpositive, but no
cycle of negative length is present in the graph. Repeated nodes are not allowed in
each of the shortest paths. The running time of the algorithm [Y71] is O(knd) if all
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edge lengths of the input graph are nonnegative, and O(kn?) if some edge lengths
are negative.

Let P(j) be the j-th shortest path from the source s to the sink t. Among the

shortest paths P(1), P(2), ..., P(j-1) that have the same initial subpaths from node s

to the i-th node, let Q(i,j) be the shortest of the paths that coincide with P(j—1) from

node s up to the i-th node and then deviate to a node that is different from any

(i+1)-th node in other paths. The algorithm can be outlined as follows.

Step 1. Find P(1), a shortest path from s to t. If there is only one shortest path
then include it into a list L1. If there is more than one shortest path then
include one into a list L1 and the rest into another list L2. Setj = 2.

Step 2. Foreachi=1, 2, ...,j-1, find all Q(i,j) and place them into the list L2.

Step 3. Take a path from the end of the list L2. Denote this path by P(j) and move
it from L2 to L1. If j = k then stop (the required list of k shortest paths is
in L1), otherwise set j =j + 1 and return to Step 2.

Procedure parameters:
void kShortestPathsNoRepeatedNodes(n,m,nodei, nodej, weight, k,source,sink, path)

n int;
entry: number of nodes of the directed graph,
nodes of the graph are labeled from 1 to n.
m: int;
entry: number of edges of the directed graph.
nodei, nodej: int[m+1];
entry: nodeifp] and nodej/p] are the end nodes of the p-th edge in the
graph, p=1,2,...,m.
weight: int[m+1];
entry: weight[p] is the length of edge p in the graph, p=1,2,....m. The
length of an edge can be nonpositve, but no cycle of negative length
is present in the graph.
k,source, sink: int;
entry: the k shortest paths from the source to the sink are required with
no repeated nodes in each path.
path: int[k+1][n+2];
exit:  path[0][0] is the actual number of shortest paths found,
where O < path[0][0] < k.
pathfijjn+1] is the path length of the i-th shortest path.
pathfij[0] is the total number of nodes of the i-th shortest path, and
the nodes of the i-th shortest path are:
pathfij[1], pathfi[2], ..., pathfi[path[i[O]]
fori=1, 2, ..., path[0][0].

public static void kShortestPat hsNoRepeat edNodes(int n, int m

int nodei[], int nodej[], int weight[], int K,
int source, int sink, int path[][])
{
int i,j,jj,kk,large,tail,head, nodel, node2, kp3, | engt h;

int incrs3,indexl,index2,index3,index4, ncrs4, pool c;
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int j1,j2,j3,quefirstnode,linkst,treenode, exam ne, edgel, edge2;
i nt bedge, cedge, dedge, j enl, j en?, nj end, nj en?, nj enB, nunpat hs;

int upbound, | enrst, detb, det a, nrda, nrdb, quel ast;

int order,nrdsi ze, hda, hdb, count, queor der, quefi rst, quenext;
int posl, pos2, pos3, auxda, auxdb, auxdc, | ow, hi gh;

int nunber, nunp, subl, sub2, sub3, j sub, next node;

i nt nodepl=0, nodep2=0, nodep3=0, ncr s1=0, ncr s2=0, ncr s3=0;
int edge3=0, | enga=0, | engh=0, mar k1=0, mar k2=0, mshade=0;

int junmp=0,incrs2=0,incrs4=0,jnd1l=0,jnd2=0,jterm=0,j edge=0;

int |entab=0, nqgopl=0, nqgop2=0, ngsi ze=0, ngi n=0, par m=0;
i nt ngout 1=0, nqout 2=0, ngp1=0, ngp2=0, pool a=0, pool b=0;
int incrsl=0, ngfirst=0, ngl ast =0;

int shortpathtree[] = new int[n+1];

int treedist[] = new int[n+1];

int arcnode[] = new int[n+1];

int arcforward[] = new int[n+1];

int arcbackward[] = new int[n+1];

int auxstore[] = new int[n+1];

int auxdist[] = new int[n+1];

int auxtree[] = new int[n+1];

int auxlink[] = new int[n+1];

int nextforward[] = new int[ml];

int nextbackward[] = new int[m+l];

int queuefirstpath[] = new int[k+4];

int queuenextpath[] = new int[k+4];

int queuesearch[] = new int[k+4];

int kpathlength[] = new int[k+4];

int maxqueuel ength = 10 * k;

int crossarc[] = new int[maxqueuel engt h+1];

int nextpoolentry[] = new int[maxqueuel engt h+1];
bool ean forwd, | ast no, noroom goon, resul t f ound, get pat hs;
bool ean | oopon, | asta, | astb, rdful |, ski p, force;

bool ean finenl=fal se, fi nen2=f al se, i ni t sp=f al se, nost g=f al se;

bool ean i nvoke=f al se;

kp3 = k + 3;
/1 set up the network representation
for (i=1; i<=n; i++) {
arcforward[i] = 0;
arcbackward[i] = 0;
}
large = 1;
for (i=1; i<=m i++) {
large += weight[i];
tail = nodei[i];
head = nodej[i];
nextforward[i] = arcforward[tail];
arcforward[tail] =1i;
next backward[i] = arcbackward[ head] ;
ar chackward[ head] = i;
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}
[/ initialization
for (i=1; i<=n; i++)
auxdi st[i] = large;
for (i=1; i<=kp3; i++)
queuefirstpath[i] = 0;
for (i=1; i<=nmaxqueuel ength; i++)
nextpoolentry[i] = 1i;
next pool ent ry[ maxqueuel ength] = 0;
/1 build the shortest distance tree
I/ treedist[i] is used to store the shortest distance of node i from
I/ source; shortpathtree[i] will contain the tree arc coning to node i,
// it is negative when the direction of the arc is towards source,
/Il it is zeroif it is not reachabl e.
for (i=1; i<=n; i++) {

treedist[i] = large;
shortpathtree[i] = 0;
arcnode[i] = O;

}

treedi st[source] = O;

short pat htree[ source] = source;
ar cnode[ source] = source;
j = source;
nodel = source;
/1 exam ne nei ghbours of node j
do {

edgel = arcforward[j];

forwd = true;

lastno = fal se;

do {

if (edgel == 0)
| astno = true;

el se {
length = treedist[j] + weight[edgel];
if (forwd) {

node2 = nodej [ edgel];
edge2 = edgel;

}

el se {
node2 = nodei [ edgel];
edge2 = -edgel;

}
if (length < treedist[node2]) {
treedi st[ node2] = length;
short pat htree[ node2] = edge2;
if (arcnode[node2] == 0) {
ar cnode[ nodel] = node2;
ar cnode[ node2] = node2;

nodel = node2;
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el se {
if (arcnode[node2] < 0) {
ar cnode[ node2] = arcnode[j];
arcnode[j] = node2;
if (nodel ==j) {
nodel = node2;
ar cnode[ node2] = node2;
}
}
}
}
if (forwd)
edgel = nextforward[ edgel];
el se
edgel = nextbackward[ edgel];
}
} while (!lastno);
=
j = arcnode[j];
arcnode[jj] = -1;
}owhile (j 1'=jj);

/1 finish building the shortest distance tree
nunpat hs = 0;
resul tfound = fal se;
noroom = fal se;
getpaths = fal se;
if (shortpathtree[sink] == 0) {
getpaths = true;
resul tfound = true;
}
if (!getpaths) {
// initialize the storage pool
i =1;
do {
queuenextpath[i] =1i;
i ++;
} while (i <=k + 2);
queuenextpath[k + 3] = 0;
I/ initialize the priority queue

lentab = kp3;
low = -1arge;
hi gh = I arge;
ngopl = | entab;
ngqop2 = 0;

ngsi ze = 0;
ngin = 0;
nqoutl = O;
ngqout2 = O;

// obtain an entry from pool
i ndex1l = queuenext path[1];
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queuenext pat h[ 1] = queuenext path[indexl + 1];
i ndex2 = queuenext pat h[1];

queuenext pat h[ 1] = queuenext path[index2 + 1];
kpat hl engt h[i ndex1 + 1] = | ow,

queuenext pat h[i ndex1 + 1] = index2;

kpat hl engt h[i ndex2 + 1] = hi gh;

queuenext path[index2 + 1] = 0;

ngpl = 0O;

ngp2 = 1;

queuesear ch[ 1] = index1;
queuesear ch[ 2] = index2;
ngfirst = high;

ngl ast = | ow,

/'l set the shortest path to the queue
pool a = queuenext pat h[ 1] ;
queuenext pat h[ 1] = queuenext pat h[ poola + 1];
pool b = pool a;
incrsl = nextpoolentry[1];
next pool entry[ 1] = nextpoolentry[incrsl + 1];
crossarc[incrsl + 1] = shortpathtree[sink];
next pool entry[incrsl + 1] = 0;
kpat hl engt h[ poola + 1] = treedist[sink];
queuefirstpath[poola + 1] = incrsi;
parm = pool a;
i nvoke = fal se;
}
// insert '"parm into the priority queue
iterate:
while (true) {
if (resultfound) break;
order = kpathlength[parm + 1];
posl = nqgpl,;
pos2 = nqpz;
while (pos2 - posl > 1) {
pos3 = (posl + pos2) / 2;
if (order > kpathl ength[queuesearch[pos3 + 1] + 1])

posl = pos3;
el se
pos2 = pos3;

}

/1 linear search starting from queuesearch[ posl+1]
i ndexl = queuesearch[posl + 1];
do {
i ndex2 = index1,;
i ndex1 = queuenext pat h[index1 + 1];
} while (kpathlength[indexl + 1] <= order);
I/ insert between 'indexl' and 'index2'
queuenext path[index2 + 1] = parm
queuenext path[ parm + 1] = index1;
/] update data in the queue
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ngsi ze
ngin =
ngqopl =
if (ngs
ngfir
ngl as
}
el se {
if (o
nql
el se

= ngsi ze + 1;

ngin + 1
nqopl - 1;

ize == 1) {

st = order;

t = order;

rder > ngl ast)
ast = order

if (order < ngfirst) ngfirst = order

}
if (ngo
Il re

pl <= 0) {
organi ze

i ndexl = queuesearch[ngpl + 1];

queue
ngpl

search[1] = indexl
:O’

i ndex2 = queuesearch[ngp2 + 1];

i3 =
j2 =
i1 =
if (i

ngsi ze / lentab

j3 + 1;

ngsi ze - ((ngsize /
1>0)

I entab) * |entab)

for (pos2=1; pos2<=j1l; pos2++) {

f

queuesear ch[ pos2 + 1]

}
if (j
pos

while (pos2 <= lentab -
or (i=1; i<5j3; i++)

f

queuesear ch[ pos2 + 1]

p

}
ngp2
queue
ngop2
ngopl

or (i=1; i<5j2; i++)

i ndex1l = queuenext pat h[index1 + 1];

3>0) {
2=j1+1;

= i ndex1

1 A

i ndex1l = queuenext pat h[index1 + 1];

0S2++

= pos2

search[ngp2 + 1] =
= nqop2 + 1,
= ngsi ze / 2;

= i ndex1

i ndex2;

if (ngopl < lentab) ngopl = lentab

}

force = fal se

if (inv
if (n
res

con

}

force

oke) {

ostg) {
ultfound = true

tinue iterate

= true;
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}
if (!force) {
lenga = 0;
markl = 0;
initsp = true;
for (i=1; i<=n; i++)
arcnode[i] = O;
}
/] process the next path
while (true) {
if (!force) {
markl = markl + 2;
mark2 = mark1;
mshade = markl + 1;
// obtain the first entry fromthe priority queue
if (ngsize > 0) {
i ndex2 = queuesearch[ngpl + 1];
i ndex1l = queuenext pat h[index2 + 1];
queuenext pat h[i ndex2 + 1] = queuenextpath[indexl + 1];
ngfirst = kpathl engt h[ queuenext pat h[i ndex1 + 1] + 1];
if (indexl == queuesearch[ngpl + 2]) {
ngpl++;
queuesear ch[ ngpl + 1] = index2;
}
nqopl--;
ngsi ze- -;
ngout 1++;
pool ¢ = i ndex1;
}
el se
poolc = 0;
if (poolc == 0) {
/1 no nore paths in queue, stop
noroom = noroom && (nunpaths < k);
resul tfound = true;
continue iterate;
}
queuenext path[ pool b + 1] = pool c;
pool b = pool c;
nunpat hs++;
if (numpaths > k) {
noroom = fal se;
nunpat hs- -;
resul tfound = true;
continue iterate;
}
| engb = kpat hl engt h[ pool ¢ + 1];
quefirstnode = queuefirstpath[poolc + 1];
if (lengb < lenga) {
resul tfound = true;
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}

continue iterate;
}
| enga = | engb;
/] exanmine the tail of the arc
incrs2 = quefirstnode;
ncrs2 = source;
nodepl = n + 1;
// obtain data of next path
jump = 1;

while (true) {

if (!force) {
// obtain data for the next path
if (incrs2 == 0)

linkst = 3;

el se {
ncrs3 = ncrs2;
incrsl = incrs2;

j = Math.abs(incrsl) + 1;
incrs3 = crossarc[j];
incrs2 = nextpoolentry[j];
if (incrs3 > 0) {
ncrsl = nodei[incrs3];
ncrs2 = nodej[incrs3];

incrs4 = incrs3;
}
el se {
ncrsl = nodej[-incrs3];
ncrs2 = nodei[-incrs3];
incrs4 = -incrss3;
}
finenl = incrs2 <= 0;
linkst = (ncrs2 == ncrs3) ? 2 : 1;

}
if (jump ==1) {
I engb -= weight[incrs4];
nodepl- -;
auxst ore[ nodepl] = incrsi;
while (ncrsl !'= ncrs3) {
j = Math. abs(shortpathtree[ncrsl]);
lengb -= weight[j];
ncrsl = (shortpathtree[ncrsl] > 0) ? nodeilj]
}
if (!fineml) {
jump = 1;
conti nue;
}
Il store the tail of the arc
nodep2 = nodepl;
finen2 = finent;

nodej [j];
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// obtain data of next path
jump = 2
conti nue;
}
if (jump ==2) {
if (linkst == 2) {
nodep2- -;
auxst or e[ nodep2] = incrs4;
wei ght[incrs4] += | arge;
finen2 = finent;
// obtain data of next path
jump = 2
conti nue;
}
/1l close the arc on the shortest path
finen2 = finenR2 & (linkst !'= 3);

if (finen2) {
edge3 = Math. abs(shortpathtree[ncrs3]);
nodep2- -;

auxst or e[ nodep2] = edge3;
wei ght [ edge3] += | arge;

}
if (jump == 3) {
if (linkst == 1) {
arcnode[ ncrs2] = mark2;
while (ncrsl !'= ncrs3) {
arcnode[ ncrsl] = mark2;
if (shortpathtree[ncrsl] > 0)
ncrsl = nodei[shortpathtree[ncrsi]];
el se
ncrsl = nodej[-shortpathtree[ncrsl]];
}
jump = 3;
conti nue;
}
if (linkst == 2) {
jump = 4
conti nue;

}
if (junp == 4) {
if (linkst == 2) {
jump = 4
conti nue;

}

/1 mark nore nodes
if (linkst '=3) {
arcnode[ ncrs2] = mark2;
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while (nc
ar cnode
if (sho
ncrsl
el se
ncrsl
}
jump = 3;
conti nue;
}
/'l generate
nodep3 = no

rsl !'= ncrs3) {

[ncrs1] = mark2
rtpathtree[ncrsl] > 0)

= nodei [ shortpathtree[ ncrsi]];

= nodej [ -shortpat htree[ ncrsi]]

descendants of the tail of the arc
depl;

incrsl = auxstore[nodep3];

jndl = cros

/] obtain the first node of the arc traversing forward

jnd2 = (jnd
}
/] process a
do {
if (!force)
nodep3++
jterm=j
jedge = |
if (nodep
jnd2 =
el se {
incrs2
jndl =
jnd2 =

}

/] process
do {
if (!forc

sarc[incrsl + 1];

1 < 0) ? nodei[-jndl] : nodej[jndl]

section

{

nd2;
ndl;
3 >n)
source

= auxst ore[ nodep3];
crossarc[incrs2 + 1];

(-jndl > 0) ? nodei[-jndl] : nodej[jndl];

a node

e) {

markl += 2

treenod

e = markl

examne = markl + 1

edge3 =

wei ght [
if (ini

upbound = (initsp) ? large : ngl ast

/1 obtain the restricted shortest path fromsource to jterm
I enrst = upbound

bedge = 0

auxdist[jtermi =0

auxtree[jtermi =0

auxlink[jtermi =0

jeml = jterm

jen2 = jent;

Mat h. abs(j edge) ;
edge3] += large
tsp) initsp = (ngin < k)

/1 exam ne next node
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do {
njenml = jent,;
auxda = auxdi st[njeml];
jeml = auxlink[njentl];
arcnode[ nj eml] = treenode;
if (auxda + treedist[njeml] + lengb >= lenrst) continue;
goon = true;
lasta = fal se;
edgel = archackward[ nj eml] ;
/1 loop through arcs from njentl
do {
if (edgel == 0)
lasta = true;
el se {
/] process the arc edgel
auxdb = auxda + wei ght[edgel];
if (goon) {
nj en2 = nodei [ edgel] ;
edge2 = edgel;
edgel = nextbackwar d[ edgel];
}
el se {
nj en?2 = nodej [ edgel];
edge2 = -edgel,;
edgel = nextforward[edgel];
}
if (arcnode[njenR] != nmark2) {
auxdc = auxdb + I engb + treedist[njent];
if (auxdc >= lenrst) continue;
if (arcnode[njen?] < mark2) {
if (shortpathtree[njen?] + edge2 == 0) {
ar cnode[ nj en2] = nshade;
}
el se {
// examine the status of the path
| oopon = true;
njen8 = njenk;
while (I oopon & (njenB != source)) {
if (arcnode[njenB] < mark2) {
j = shortpathtree[njenB];

njenB = (j >0) ? nodei[j] : nodej[-j];
}
el se
| oopon = fal se;
}
if (loopon) {

I/ better path found
I enrst = auxdc;
bedge = edge2;

conti nue;
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}

el se {
njen8 = njenk;
lastb = fal se;
do {
if (arcnode[njenB] < mark2) {
ar cnode[ nj en8] = nshade;
j = shortpathtree[njenB];
njenB = (j >0) ? nodei[j] : nodej[-j];

}

el se
lastb = true;
} while (!lasthb);

}

if ((arcnode[njen?] < treenode) ||
(auxdb < auxdist[njen])) {

/] updat e node njen®
auxdi st [ nj en2] = auxdb;
auxtree[ nj en?2] = edge2;
if (arcnode[njen2] != exam ne) {

ar cnode[ nj en2] = exam ne;

if (jeml == 0) {

jeml = njeng;

jenm2 = njent;

aux! i nk[ nj em2] = 0;

}
el se {

i f (arcnode[ njenR] == treenode) {
aux! i nk[ njenR] = jentd;
jeml = njeng;

}

el se {
aux! i nk[ njenR] = O;
auxlink[jenR] = njen?;
jen?2 = njeng;

} while (!lasta);
} while (jeml > 0);
arcnode[jternm] = mark2;
// finish processing the restricted path
if ((bedge !'= 0) && (lenrst < upbound)) {
detb = 0;
cedge = bedge;
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do {
dedge = (cedge > 0) ? nodej[cedge] : nodei[-cedge];
if ((cedge != shortpathtree[dedge]) || (dedge == jterm) {
det b++;
auxstore[ detb] = cedge;
}

cedge = auxtree[ dedge];
} while (cedge != 0);
I/l restore the path data

deta = detb;
nrda = nextpool entry[1];
quel ast = |l arge;

nostg = fal se;
while ((deta > 0) & (nrda > 0)) {
deta--;
nrda = nextpool entry[nrda + 1];
}
rdfull = (!linitsp) & (nunpaths + ngsize >= k);
skip = fal se;
while (rdfull || (deta > 0)) {
Il renove the last path fromthe queue
quel ast = nql ast;
noroom = true;
rdfull = fal se;
I/l get the last entry fromthe priority queue
if (ngsize > 0) {
i ndex4 = queuesearch[ngp2 + 1];
i ndex3 = queuesear ch[ ngp2] ;

if (queuenextpath[index3 + 1] == index4) {
ngp2- -;
queuesear ch[ ngp2 + 1] = index4;
i ndex3 = queuesear ch[ ngp2] ;
}
i ndex2 = index3;
while (index3 != index4) {
i ndex1l = index2;
i ndex2 = index3;
i ndex3 = queuenext pat h[i ndex3 + 1];
}
queuenext pat h[i ndex1 + 1] = index4;
ngl ast = kpat hl engt h[i ndex1 + 1];
nqopl--;
nrdsi ze = i ndex2;
ngsi ze- -;
ngout 2++;
}
el se

nrdsize = 0;
if (nrdsize == 0) {
nostg = true;
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}

if (nostg) {
resul tfound = true;
continue iterate;
}
skip = true;
br eak;
}
nrda = queuefirstpath[nrdsize + 1];
while (nrda > 0) {
j = nrda + 1;
deta--;
nrdb = nrda;
nrda = nextpoolentry[j];
next pool entry[j] = nextpoolentry[1];
next pool entry[1] = nrdb;
}

/] put the entry nrdsize to pool

queuenext pat h[ nrdsi ze + 1] = queuenextpath[1];

queuenext path[ 1] = nrdsi ze;

if (Iskip) {

/1 build the entries of crossarc and nextpool entry

if (lenrst >= quelast) {
if (nostg) {
resul tfound = true;
continue iterate;

}
}
el se {
nrdb = -incrsi,;
deta = detb;
while (deta > 0) {
nrda = nextpool entry[1];
next pool entry[ 1] = nextpool entry[nrda + 1];
crossarc[nrda + 1] = auxstore[deta];
next pool entry[nrda + 1] = nrdb;
nrdb = nrda;
deta--;
}
/] obtain the entry nrdsize from pool
nrdsi ze = queuenext pat h[ 1] ;
queuenext pat h[ 1] = queuenext pat h[ nrdsi ze + 1];
kpat hl engt h[ nrdsi ze + 1] = lenrst;
queuefirstpath[nrdsize + 1] = nrdb;
parm = nrdsi ze;
i nvoke = true;
continue iterate;
}
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}
force = fal se;
wei ght [ edge3] -= large;

| engb += wei ght [ edge3];

if (jterm!=jnd2) {
jterm= (jedge > 0) ? nodei[jedge] : nodej][-jedge];
jedge = shortpathtree[jterni;

}
} while (jterm!=jnd2);
incrsl = incrs2;

} while (nodep3 <= n);

I/l restore the join arcs

whi l e (nodep2 <= nodepl - 1) {
j = auxstore[ nodep2];

weight[j] -= large;
nodep2++;
}
I/ repeat with the next path
br eak;
}

}
if (!getpaths) {
I/ sort the paths
hdb = pool a;
count = 0;
do {
hda = hdb;
count ++;
hdb = queuenext pat h[ hda + 1];
queuenext path[ hda + 1] = count;
} while (hda != pool b);
I/ release all queue entries to the pool
j = queuesearch[ngp2 + 1];
queuenext path[j + 1] = queuenextpath[1];
queuenext pat h[ 1] = queuesearch[ngpl + 1];
ngpl = 0O;
ngp2 = 0;
hdb = 0;
do {
j = hdb + 1;
hdb = queuenextpath[j];
queuenextpath[j] = 0;
} while (hdb !'= 0);
/1 exchangi ng records
ii=k+ 2
for (i=1; i<gj; i++) {
whil e ((queuenextpath[i + 1] > 0) &% (queuenextpath[i + 1] !'=1i)) {
queorder = kpathlength[i + 1];
quefirst = queuefirstpath[i + 1];
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}

quenext = queuenextpath[i + 1];

j = queuenextpath[i + 1] + 1;

kpathl ength[i + 1] = kpathlength[j];
queuefirstpath[i + 1] = queuefirstpath[j];
queuenextpath[i + 1] = queuenextpath[j];
kpat hl engt h[ quenext + 1] = queorder;
queuefirstpath[ quenext + 1] = quefirst;
queuenext pat h[ quenext + 1] = quenext;

}

kpat hl engt h[ 1] = source;
queuefirstpath[1] = sink;
queuenext pat h[ 1] = nunpat hs;

/'l construct the edges of the k shortest paths
for (kk=1; kk<=nunpaths; kk++) {

nunber = O;
if ((kk <= 0) || (kk > queuenextpath[1])) {
pat h[ kk][0] = nunber;
pat h[0][0] = nunpat hs;
return;
}
i ndex2 = kpathl engt h[ 1] ;
I ength = kpat hl engt h[ kk + 1];
sub3 = queuefirstpath[kk + 1];
while (sub3 !'=0) {
jsub = Math. abs(sub3) + 1;
i ndex3 = index2;
if (crossarc[jsub] > 0) {
i ndex1 = nodei [crossarc[jsub]];
i ndex2 = nodej [crossarc[jsub]];
}
el se {
i ndexl = nodej[-crossarc[jsub]];
i ndex2 = nodei[-crossarc[jsub]];

}
if (index2 != index3) {
I/ store the arcs
sub2 = n;
arcnode[ sub2] = crossarc[jsub];
while (indexl != index3) {
subl = shortpathtree[indexl];
sub2--;
if (sub2 > 0)
ar cnode[ sub2] = subil;
el se
nunp = subl;

indexl = (subl > 0) ? nodei[subl] : nodej[-subl];

}
while (sub2 <= n) {
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nunber ++;
ar cnode[ nunber] = arcnode[ sub2];
sub2++;

}
sub3 = next pool entry[jsub];
}
/1 'nunber' is the nunber of edges in the path
/1 'length' is the length of the path
/1 "arcnode' is the array of edge nunbers of the shortest path
next node = source;

count = 0;
for (j=1; j<=nunber; j++) {
i = arcnode[j];
count ++;
if (nodei[i] == nextnode) {

pat h[ kk] [ count] = next node;
next node = nodej[i];

}
el se {
pat h[ kk] [count] = nodej[i];
next node = nodei[i];
}
}
count ++;

pat h[ kk] [ count] = next node;
pat h[ kk] [ n+1] = | engt h;
pat h[ kk][0] = count;

}

pat h[ 0] [0] = nunpat hs;
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Example:

In the following mixed graph, find four shortest node-disjoint paths from node 5 to
node 4.

package G aphAl gorithns;

public class Test_kShortest Pat hsNoRepeat edNodes ext ends Obj ect {

public static void main(String args[]) {

int n=6;

int m= 13;

int k =4

int source = 5;

int sink = 4;

int nodei[] = {0,2, 1,5,3,4, 2,5,6,1,6,3, 3,5};
int nodej[] = {0,4, 6,1,6,2, 6,2,5,3,4,4, 5,3};
int weight[] ={0,2,-3,4,1,3,-4,9,4,3,5,7,-2, 8};

int path[][] = new int[k+1][n+2];

G aphAl go. kShort est Pat hsNoRepeat edNodes( n, m nodei , nodej , wei ght,
k, sour ce, si nk, pat h);
if (path[0][0] == 0)
Systemout.printin("No path is found fromnode " +
source + " to node " + sink);
el se {
System out. print ("Nunber of shortest paths found fromnode " +
source + " to node " + sink +" is " + path[0][0] +
"\nTheir shortest path lengths are ");
for (int i=1; i<=path[O][O0]; i++)
Systemout.print(" " + path[i][n+1]);
Systemout.print("\n\nThe following are " + path[0][0] +
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' shortest paths fromnode " + source + " to node " +

sink + "\n path length Nodes in the path");
for (int i=1; i<=path[0][0]; i++) {
Systemout. printf("\n %d: %3d ",i,path[i][n+1]);

for (int j=1; j<=path[i][0]; j++)
Systemout.printf("98d",path[i][j]);
}
Systemout. println();
}
}
}

Output:

Nunber of shortest paths found fromnode 5 to node 4 is 4
Their shortest path lengths are 6 10 11 13

The following are 4 shortest paths fromnode 5 to node 4
path I ength Nodes in the path

1: 6 5 1 6 4

2: 10 5 2 6 4

3: 11 5 2 4

4: 13 5 1 3 6 4

3.9 Euler Circuit

An Euler circuit of a graph is a walk which starts and ends at the same node and
uses each edge exactly once. The graph can be directed or undirected. A graph is
Eulerian if it has an Euler circuit.

A connected undirected graph is Eulerian if and only if it has no node of odd
degree, and a directed graph is Eulerian if and only if the number of incoming
edges is equal to the number of outgoing edges at each node. This
characterization gives a straightforward procedure to decide whether a graph is
Eulerian. Furthermore, an Euler circuit in an Eulerian graph G of m edges can be
determined by the following O(m) algorithm [L21].

Step 1. Choose any node u as the starting node. Traverse any edge (u,v) incident
to node u, and then traverse any unused edge incident to node v. Repeat
this process of traversing unused edges until the starting node u is
reached. Let P be the resulting walk. If all edges of G are in P then stop.

Step 2. Choose any unused edge (x,y) in G such that x is in P and y is not in P.
Use node x as the starting node and find another walk Q using all unused
edges as in Step 1.
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Step 3. Walk P and walk Q share a common node x. They can be merged to form
a walk R by starting at any node s of P and then traverse P until node x is
reached. Detour from P and traverse all edges of Q until node x is
reached. Continue to traverse the edges of P until the starting node s is
reached. Set P =R.

Step 4. Repeat Steps 2 and 3 until all edges are used.

Procedure parameters:
void EulerCircuit (n, m, directed, nodei, nodej, trail)
n: int;

entry: number of nodes of the graph,
nodes of the graph are labeled from 1 to n.

m: int;
entry: number of edges of the graph.
directed: boolean;

entry: directed = true if the graph is directed, false otherwise.
nodei, nodej: int[m+1];
entry: If directed = false then the graph is undirected, nodeifp] and
nodej[p] are the end nodes of the p-th edge in the graph.
If directed = true then the graph is directed, the p-th edge is
directed from nodeifp] to nodejp], for p=1,2,...,m.
trail int[m+1];
exit:  trail[0] = 1 if the graph is non-Eulerian.
trailf0] = O if the graph is Eulerian, and the edge numbers of the
Euler circuit are given by:
traill1], trail2], ..., traillm]

public static void EulerCircuit(int n, int m bool ean directed,
int nodei[], int nodej[], int trail[])
{
int i,j,k,p,index,len,traillength,stacklength;
int endnode[] = new int[m+l];
int stack[] = new int[mm-l];
bool ean candi date[] = new bool ean[ mt1] ;

Il check for connectedness
if (!connected(n, mnodei,nodej)) {
trail[0] = 1,

return;

}

for (i=1; i<=n; i++) {
trail[i] = 0;
endnode[i] = 0;

}
if (directed) {
I/ check if the directed graph is eulerian
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for (i=1; i<=m i++) {
j = nodei[i];
trail[j]++
j = nodej[i];
endnode[j ] ++;
}
for (i=1; i<=n; i++)
if (trail[i] !'= endnode[i]) {
trail[0] = 1;
return;

}
el se {
/1 check if the undirected graph is eulerian
for (i=1; i<=m i++) {
j = nodei[i];
endnode[j ] ++;
j = nodej[i];
endnode[j ] ++;
}
for (i=1; i<=n; i++)
if ((endnode[i] - ((endnode[i] / 2) * 2)) !=0) {
trail[0] = 1;
return;

}

/1 the input graph is eulerian
trail[0] = O;
traillength = 1;
st ackl ength 0;
// find the next edge
while (true) {
if (traillength == 1) {
endnode[ 1] = nodej[1];
stack[1] =
stack[2] =
stackl ength = 2;
}
el se {
p =traillength - 1;
if (traillength != 2)
endnode[p] = nodei[trail[p]] + nodej[trail[p]] - endnode[p - 1];
k = endnode] p] ;
if (directed)
for (i=1; i<=m i++)
candidate[i] = k == nodei[i];
el se
for (i=1; i<=m i++)
candidate[i] = (k == nodei[i]) || (k == nodej[i]);
for (i=1; i<=p; i++)

1
1
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candidate[trail[i]] = fal se;
I en = stackl ength;
for (i=1; i<=m i++)

if (candidate[i]) {

| ent++;
stack[len] =i
}
stack[len + 1] = len - stackl ength;
stackl ength = len + 1;

}

/1 search further

while (true) {
i ndex = stack][stackl ength];
st ackl engt h--;
if (index == 0) {

traillength--;
if (traillength !'= 0) continue;
return;
}
el se {
trail[traillength] = stack[stacklength];
st ack[ stackl ength] = index - 1;
if (traillength == return;
traill engt h++;
br eak;
}
}
}
}
Example:

Find an Euler circuit in the following graph.
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package G aphAl gorithns;
public class Test_EulerCircuit extends Object {
public static void main(String args[]) {

int n=6, mr10;

bool ean direct ed;

int nodei[] ={0, 4, 1, 6, 1, 4, 1, 2, 2, 1, 3};
i nt nodej[] {0, 2, 5 4, 2, 3, 6, 5 6, 4, 6};
int trail[] = newint[ml];

directed = fal se;
GraphAlgo. EulerCircuit(n, m directed, nodei, nodej, trail);

if (trail[0] !'= 0)
Systemout. println("lnput graph is non-Eulerian");
el se {

Systemout. println("Edge nunbers of the Euler circuit:");
for (int i=1; i<=m i++)
Systemout.print(" " + trail[i]);
Systemout. println();
}
}
}

Output:

Edge nunbers of the Euler circuit:
1 8 10 5 9 4 7 2 6 3

3.10 Hamilton Cycle

A Hamilton Cycle in a graph G is a cycle containing every node of G. A graph is
Hamiltonian if it has a Hamilton cycle. In the case of a directed graph, the cycle is
directed. A Hamilton cycle of a given graph G of n nodes will be found by an
exhaustive search [W60]. Start with a single node, say node 1, as the partially
constructed cycle. The cycle is grown by a backtracking procedure until a
Hamilton cycle is formed. More precisely, let h(1), h(2), ..., h(k—1) be the partially
constructed cycle at the k-th stage. Then the set of candidates for the next
element h(k) is the set of all nodes u in G such that

ifk=1thenu-=1,

if k > 1 then (h(k-1),u) is an edge in G, and u is distinct from h(1), h(2), ...

h(k-1); furthermore, if k = n then (u,h(1)) is an edge in G and u < h(2).
The search is complete when k = n. If the set of candidates is empty at any stage
then the graph is not Hamiltonian.

ki
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Procedure parameters:
void HamiltonCycle (n, m, directed, nodei, nodej, cycle)

n: int;
entry: number of nodes of the graph,
nodes of the graph are labeled from 1 to n.
m: int;
entry: number of edges of the graph.
directed: boolean;
entry: directed = true if the graph is directed, false otherwise.
nodei, nodej: int[m+1];
entry: If directed = false then the graph is undirected, nodeifp] and
nodej[p] are the end nodes of the p-th edge in the graph.
If directed = true then the graph is directed, the p-th edge is
directed from nodeifp] to nodejfp], for p=1,2,...,m.
cycle: int[n+1];
exit:  cyclelf/0] = 1 if the graph is non-Hamiltonian.
cycle[O] = O if the graph is Hamiltonian, and the node numbers of
the Hamilton cycle are given by:
cycle[1], cycle[2], ..., cycleln]

public static void Ham ItonCycle(int n, int m boolean directed,

int nodei[], int nodej[], int cycle[])
{
int i,j,k,stacklen,lensol,stackindex,!|en,lenl,len2, |ow up;
int firstedges[] = new int[n+2];
int endnode[] = new int[mmtl];

int stack[] = new int[mm-l];
bool ean connect[] = new bool ean[ n+1] ;
bool ean j oi n, ski p;

// set up the forward star representation of the graph
k = 0;
for (i=1; i<=n; i++) {

firstedges[i] = k + 1;

for (j=1; j<=m j++) {

if (nodei[j] ==1i) {
k++;
endnode[ k] = nodej[j];
}
if (!directed)
if (nodej[j] ==1i) {
k++;
endnode[ k] = nodei[j];
}

}
}
firstedges[n+l] = k + 1;
I/ initialize
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lensol = 1;
stacklen = 0;
/1 find the next node
while (true) {
if (lensol == 1) {
st ack[ 1] ;
st ack][ 2]
st ackl en
}
el se {
lenl = lensol - 1;
len2 = cycle[lenl];
for (i=1; i<=n; i++) {
connect[i] = fal se;
low = firstedges[len2];
up = firstedges[len2 + 1];

if (up > 1low {
up- -;
for (k=low k<=up; k++)
if (endnode[k] ==1i) {
connect[i] = true;
br eak;
}
}

}

for (i=1; i<=lenl; i++) {
len = cycle[i];
connect[len] = fal se;

}

I en = stackl en;

skip = fal se;

if (lensol !'=n) {
for (i=1; i<=n; i++)

if (connect[i]) {

| ent++;
stack[len] =i
}
stack[len + 1] = len - stacklen;
stacklen = len + 1;
}
el se {

for (i=1; i<=n; i++)
if (connect[i]) {
if (!directed) {

if (i >cycle[2]) {

stack[len + 1] = len - stacklen;
stacklen = len + 1;

skip = true;

br eak;
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}
join = fal se;
low = firstedges[i];
up = firstedges[i + 1];
if (up > 1low {
up- -;
for (k=low, k<=up; k++)
if (endnode[k] == 1) {
join = true;

br eak;
}
}
if (join) {
stackl en += 2;
stack[stacklen - 1] =1i;
stack[ stacklen] = 1;
}
el se {
stack[len + 1] = len - stacklen;
stacklen = len + 1;
}
skip = true;
br eak;
}
if (!'skip) {
stack[len + 1] = len - stacklen;
stacklen = len + 1;
}
}
}

I/ search further
while (true) {
st acki ndex = stack[stackl en];
st ackl en- -;
if (stackindex == 0) {
I ensol - -;
if (lensol == 0) {
cycl e[ 0] 1;
return;

}

conti nue;

}

el se {
cycl e[l ensol] = stack[stacklen];
st ack[ st ackl en] = stacki ndex - 1;
if (lensol ==n) {
cycle[0] = 0;
return;

}

| ensol ++;
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Example:

Find a Hamilton cycle in the following dodecahedron.

N
\Tg

©

package G aphAl gorithns;

[

O
v
(=)

public class Test_Ham | tonCycl e extends Object {
public static void main(String args[]) {

int n=20, m=30;

int cycle[] = new int[n+1];

int nodei[] ={0,5,2,4,1,3,2,4,1,3, 5,11, 9, 7,10, 13,12,
10, 7, 15, 14, 19, 17, 13, 16, 20, 17, 18, 15, 18, 16} ;

int nodej[] ={0,1,3,5,2,4,7,9,6,8, 10, 6,14,12,15, 8, 6,
11,13, 9, 8,14,12,18, 11,19, 16, 19, 20, 17, 20};

bool ean directed = fal se;
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G aphAl go. Ham | t onCycl e(n, m di r ect ed, nodei , nodej , cycl e);

if (cycle[0] !'= 0)
Systemout.printin("No Ham lton cycle is found.");
el se {

Systemout.printlin("A Hamlton cycle is found:");
for (int i=1; i<=n; i++)
Systemout.print(" " + cycle[i]);
Systemout. println();
}
}
}

Output:

A Hamilton cycle is found:
1 6 12 17 18 19 20 16 11 10 15 9 14 8 13 7 2 3 4 5

3.11 Chinese Postman Tour

A postman tour of a given connected weighted undirected graph G is a walk which
contains every edge at least once. Let w(e) be the weight of edge e. The weight of
the tour is the sum of the weights of all edges of the tour. The Chinese Postman
Problem is to find the minimum weight postman tour in G. The following
algorithm [EJ73, BD80] solves the problem by a labeling technique.

Note that every edge of G is visited at least once in any postman tour. Let b(e) be
the number of times that edge e is in the tour. Construct a multi-graph H from G
by adding b(e)-1 copies of edge e in H. After adding the copies of edges every node
has an even degree. Now the postman tour in G is an Eulerian circuit in H. The

Chinese Postman problem is to find the values of b(e) such that the sum of

b(e)*w(e) is minimized, where e € G.

Step 1. For every pair of nodes u and v of odd degree in G, find the shortest path
p(u,v) connecting u and v, and let d(u,v) be the length of the shortest
path.

Step 2. Comnsider the complete graph F whose set of nodes are all the odd degree
nodes in H. Assign a weight of d(u,v) to every edge joining u and v, and
solve the resulting sum matching problem (finding the largest number of
edges such that no two edges are incident at the same node and the total
weight is minimum).

Step 3. The edges (u,v) from the optimal matching in Step 2 represent the edges
in the path p(u,v) that would have to be duplicated to obtain the Chinese
postman tour.
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Procedure parameters:

void ChinesePostmanTour (n, m, startnode, nodei, nodej, cost, sol, trail)

n: int;
entry: number of nodes of the undirected graph.
m: int;
entry: number of edges of the undirected graph.
startnode: int;
entry: starting node of the tour to be found.
nodei, nodej: int[m+1];
entry: nodeifil and nodejfi] are the end nodes of the i-th edge in the graph,
i=1,2,....m.
cost. int[m+1];
entry: costfi] is the cost of the i-th edge in the graph, i=1,2,...,m.
sol: int[m+1][3];
exit: the method returns an integer with the following values in sol/0][0]:
0: an optimal solution is found
1: the graph is connected
2: error in the input graph data
3: optimality conditions violated, need to check the input data.
If an optimal solution is found (the return value of sol[0][0] is
zero), then sol[1][0] is the total cost of the optimal tour, and the
total number of duplicate edges of the optimal tour is given by
solf3][0]; furthermore, the i-th duplicate edge is given by
(solfij[1], solfijf2)), for i=1,2,..., solf3][0].
trail:  int[m+m+2];
exit:  If an optimal solution is found (the return value of solf0][0] is
zero), then the optimal tour is given by trailfi], for i=1,2,..., trail[O].
Note that trail[1] = startnode = trailftrail(O]].
public static void ChinesePostmanTour(int n, int m int startnode,
int nodei[], int nodej[], int cost[],
int sol[][], int trail[])
{
int i,iplusl,j,k,idxa,idxb,idxc,idxd,idxe,w, high, duparcs,totsolcost;
int loch,loca,loch,locc,locd,loce,locf,]|ocg, hub, t mpopty, t npopt x=0;
int nplus,p,q,cur,curnext, position=0;
int neighbor[] = newint[m+ m+ 1];
int weight[] = newint[m+ m+ 1];
int degree[] = newint[n + 1];
int next[] =newint[n + 2];
int core[] =newint[n + 1];
int aux1[] = newint[n + 1];
int aux2[] = newint[n + 1];
int aux3[] = newint[n + 1];
int aux4[] = newint[n + 1];
int aux5[] = newint[n + 1];
int aux6[] = newint[n + 1];
int tnmparg[] = new int[1];
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float wkl[] = new float[n + 1];
float wk2[] = new float[n + 1];
float wk3[] = new float[n + 1];

float wk4[] = new float[n + 1];
float eps,workl, work2, wor k3, wor k4;
bool ean ski p, conpl et e;

eps = 0.0001f;

/1 check for connectedness

if (!connected(n, mnodei,nodej)) {
sol[0][0] = 1;
return;

}
sol[0][0] = O;

I/ store up the neighbors of each node
for (i=1; i<=n; i++)

degree[i] = 0;
for (j=1; j<=m j++) {

degree[nodei [j]] ++;

degree[ nodej [j]] ++;

}
next[1] = 1;
for (i=1; i<=n; i++) {
iplusl =i + 1;
next[iplusl] = next[i] + degree[i];

degree[i] = 0;

}
totsol cost = O;
hi gh = 0;

for (j=1; j<=m j++) {
totsol cost += cost[j];
k = next[nodei[j]] + degree[nodei[j]];
nei ghbor[k] = nodej[j];
wei ght[ k] = cost[j];
degree[ nodei [j]] ++;
k = next[nodej[j]] + degree[nodej[j]];
nei ghbor[k] = nodei[j];
weight[ k] = cost[j];
degree[ nodej [j]] ++;
high += cost[j];
}
nplus = n + 1;
locg = -nplus;
for (i=1; i<=n; i++)
wk4[i] = high;
[/ initialization
for (p=1; p<=n; p++) {
core[p] = p;
auxli[p] = p;
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aux4[p] = locg;
aux5[p] = 0;
aux3[p] = p;
wki[p] = Of;
wk2[p] = Of;

i = next[p];

I och = next[p+1];
loca = loch - i;

locd = loca / 2
locd *= 2;
if (loca !'=1locd) {
I och--;
aux4[p] = 0;
wk3[p] = Of;
for (g=i; g<=loch; g++) {
i dxc = nei ghbor[q];
work2 = (float) (weight[q]);
if (wk4[idxc] > work2) {
aux2[idxc] = p;
wk4[idxc] = work2;

}
/1 exami ne the |abeling
iterate:
while (true) {
wor k1 = high;
for (locd=1; |ocd<=n; |ocd++)
if (core[locd] == locd) {
wor k2 = wk4[ | ocd];
if (aux4[locd] >= 0) {
work2 = 0.5f * (work2 + wk3[locd]);
if (workl >= work2) {
wor k1 = work2;
t npopt x = | ocd;

}

el se {
if (aux5[locd] > 0) work2 += wkl[l ocd];
if (workl > work2) {
wor k1l = work2;
t npopt x = | ocd;

}
work4 = ((float)high) / 2f;
if (workl >= work4) {
sol[0][0] = 2;
return;
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x4[ tmpopt x] >= 0) {

= aux2[tmpopt x] ;
= aux3[tmpopt X] ;
= core[idxb];
= t npopt X;
= loca;

e (true) {

x5[1 ocd] = loce;

xa = aux4[l ocd];
(idxa == 0) break;

ce = core[idxa];
xa = aux5[l oce];
cd = core[idxa];
= | ocd,;
= loca;
= t npopt X;
e (true) {
(aux5[1ocd] > 0) break;
x5[1 ocd] = loce;

xa = aux4[l ocd];
(idxa == 0) {
/] augnentation
loch = 0;

for (locb=1; Iocb<=n; |ocb++)

if (core[locb] == loch) {
i dxd = aux4[loch];
if (idxd >= 0) {
if (idxd == 0) |och++;

wor k2 = workl - wk3[l ocb];

wk3[l ocb] = Of;
wkl[ | ocb] += work2;
aux4[l ocb] = -idxd;
}
el se {
i dxd = aux5[1och];
if (idxd > 0) {

wor k2 = wk4[l ocb] - workil;

wkl[ | ocb] += work2;
aux5[ 1 ocb] = -idxd;

}
while (true) {

if (locd !'=1loca) {
| oce = aux5[1ocd];
aux5[ 1 ocd] = 0;
i dxd = -aux5[loce];
i dxe = aux6[l oce];

155
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aux4[l ocd] = -idxe;
i dxa = -aux4[loce];
aux4[l oce] = -idxd;
locd = core[idxa];
}
el se {
if (loca == tnpoptx) break;
aux5[ 1 oca] = 0;
aux4[l oca] = -idxc;
aux4[ t mpopt x] = -idxb;
| oca = tnpopt x;
I ocd = hub;
}
}
aux5[ tmpopt x] = 0;
idxa = 1;

if (loch <=2) {
/'l generate the original graph by expanding all pseudonodes
w = 0;
for (locb=1; Iocb<=n; |ocb++)
if (core[locb] == loch) {
i dxb = -aux4[locb];
if (idxb !'= nplus) {
if (idxb >=0) {
loca = core[idxb];
i dxc = -aux4[loca];
tnparg[ 0] = position;
cpt _Dupl i cat eEdges( nei ghbor, next, i dxb, i dxc, tmparg);
position = tnparg[0];
workl = -(float) (weight[position]);
wor k1l += wkl[locb] + wkl[loca];
wor k1l += wk2[idxb] + wk2[idxc];
if (Math.abs(workl) > eps) {
sol[0][0] = 3;

return;
}
w += weight[position];
aux4[l oca] = idxb;
aux4[ 1 ocb] = idxc;

}
for (locb=1; Iocb<=n; |ocb++) {
while (true) {
if (aux1[locb] == loch) break;
hub = core[l ocb];
I oca = aux1[ hub];
i dxb = aux5[loca];
if (idxb > 0) {
idxd = aux2[loca];
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locd = | oca;
tnparg[ 0] = Il ocd;
cpt _ExpandBl osson{ cor e, aux1, aux3, wkl, wk2, t mpar g, i dxd);
locd = tnparg[0];
auxl1[ hub] = idxd;
wor k3 = wk3[ | oca] ;
wk1[ hub] = work3;
while (true) {
wk2[ i dxd] -= work3;
if (idxd == hub) break;
idxd = aux1[idxd];
}
i dxb aux4[ hub] ;
locd = core[idxb];
if (locd !'= hub) {
| oca = aux5[1ocd];
loca = core[loca];
i dxd = aux4[locd];

aux4[ 1l ocd] = idxb;
do {
loce = core[idxd];
i dxb = aux5[| oce];

i dxc = aux6[l oce];

locd = core[idxb];

tnparg[ 0] = position;

cpt _Dupl i cat eEdges( nei ghbor, next, i dxb, i dxc, tmparg);

position = tnparg[0];

workl = -(float)(weight[position]);

wt += weight[position];

wor k1l += wkl[locd] + wkl[Iloce];

wor k1 += wk2[idxb] + wk2[idxc];

if (Math.abs(workl) > eps) {
sol[0][0] = 3;

return;
}
aux4[ |l oce] = idxc;
idxd = aux4[locd];
aux4[ 1 ocd] = idxb;
} while (locd !'= hub);
if (loca == hub) continue;
}
while (true) {
idxd = aux4[l oca];
locd = core[idxd];

i dxe = aux4[locd];

tnparg[ 0] = position;

cpt _Dupl i cat eEdges( nei ghbor, next, i dxd, i dxe, tmparg);
position = tnparg[0];

w += wei ght[position];

workl = -(float)(weight[position]);
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wor k1l += wkl[loca] + wkl[locd];

wor k1 += wk2[idxd] + wk2[idxe];

if (Math.abs(workl) > eps) {
sol[0][0] = 3;

return;
}
aux4[l oca] = idxe;
aux4[l ocd] = idxd;

idxc = aux5[ 1 ocd];
loca = core[idxc];
if (loca == hub) break;
}
br eak;
}
el se {
i dxc = aux4[ hub] ;
auxl1[ hub] = hub;
wor k3 = wk2[ hub] ;
wk1[ hub] = 0f;
wk2[ hub] = 0f;
do {
i dxe = aux3[loca];
idxd = aux1[idxe];
tnparg[ 0] = loca;
cpt _ExpandBl osson{ cor e, aux1, aux3, wkl, wk2, t npar g, i dxd);
loca = tnparg[0];
| oce = core[idxc];
if (loce !'=1loca) {
i dxb = aux4[loca];
tnparg[ 0] = position;
cpt _Dupl i cat eEdges( nei ghbor, next, hub, i dxb, t mparg) ;
position = tnparg[0];
workl = -(float)(weight[position]);
wt += wei ght[position];
wor k1l += wk2[idxb] + wkl[loca] + works3;
if (Math.abs(workl) > eps) {
sol[0][0] = 3;

return;
}
}
el se
aux4[l oca] = idxc;
loca = idxd;
} while (loca != hub);

}

/] store up the duplicate edges
duparcs = 0;
i = next[2];
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for (p=2; p<=n; p++) {
loch = next[p+1l] - 1;
for (qg=i; g<=loch; g++) {
i dxd = nei ghbor[q];
if (idxd <= 0) {
idxd = -idxd;
if (idxd <= p) {
dupar cs++;
sol [duparcs][1] =
sol [ duparcs] [ 2]

I
°

i dxd;

}
i =1loch + 1,
}
cpt_Trail (n, nei ghbor, wei ght, next, aux3, core, startnode);
/] store up the optinal trail
trail[1] = startnode;
cur = startnode;
curnext = 1;
do {
p next[cur];
q = aux3[cur];
conpl ete = true;
for (i=q; i>=p; i--) {
if (weight[i] > 0) {
cur next ++;
trail[curnext] = weight[i];
cur = weight[i];
weight[i] = -1;
conpl ete = fal se;
br eak;

}
} while (!conplete);
trail [0] = curnext;
sol [3][0] = duparcs;
sol[1][0] = totsolcost + w;
return;
}
tnparg[ 0] = idxa;
cpt _SecondScan( nei ghbor, wei ght, next, hi gh, cor e, aux1, aux2,
aux3, aux4, wkl, wk2, wk3, wk4, t mpar g, n) ;
idxa = tnparg[0];
continue iterate;
}
loce = core[idxa];
i dxa = aux5[1 oce];
locd = core[idxa];
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while (true) {
if (locd == hub) {
/1 shrink a bl ossom
wor k3 = wk1[ hub] + workl - wk3[ hub];
wk1[ hub] = 0f;
i dxe = hub;
do {
wk2[ i dxe] += work3;
i dxe = aux1[i dxe];
} while (idxe !'= hub);
i dxd = aux1[ hub];
skip = fal se;

if (hub !'=loca) skip = true;
do {
if ('skip) {

| oca = tnpopt x;

| oce = aux5[ hub];
}
skip = fal se;
while (true) {

auxl1[idxe] = loce;

i dxa = -aux4[loce];

aux4[ |l oce] = idxa;

wkl[ | oce] += wk4[loce] - workl;
idxe = loce;

tnparg[ 0] = idxe;
cpt _ShrinkBl osson{ cor e, aux1, wkl, wk2, hub, t mpar g) ;
i dxe = tnparg[0];

aux3[l oce] = idxe;

locd = core[idxa];

auxl1[idxe] = locd;

wkl[l ocd] += workl - wk3[locd];
idxe = locd;

tnparg[ 0] = idxe;
cpt _ShrinkBl ossonf cor e, aux1, wkl, wk2, hub, t npar g) ;
i dxe = tnparg[0];

aux3[l ocd] = idxe;
if (loca == locd) break;
| oce = aux5[1ocd];
aux5[ 1 ocd] = aux6[l oce];
aux6[ 1 ocd] = aux5[l oce];

}

if (loca == tnmpoptx) {
aux5[ t mpopt x] = i dxb;
aux6[ t mpopt x] = idxc;

br eak;
}
aux5[ 1 oca] = idxc;
aux6[ 1l oca] = idxb;

} while (hub !'= tmpoptx);
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auxl1[idxe] = idxd;
| oca = aux1[ hub];
aux2[l oca] = idxd;

wk3[ |l oca] = work3;
aux5[ hub] = 0;
wk4[ hub] = hi gh;
wk3[ hub] = work1;
cpt _Fi rst Scan( nei ghbor, wei ght, next, core, aux1, aux2,
aux3, aux4, wkl, wk2, wk3, wk4, hub) ;
continue iterate;
}
I ocf = aux5[ hub];
aux5[ hub] = 0;

idxd = -aux4[locf];
hub = core[idxd];
}
}
el se {

if (aux5[tmpoptx] > 0) {
| oca = aux1[t nmpoptx];
if (loca !'= tnmpoptx) {
i dxa = aux5[loca];
if (idxa > 0) {
/1 expand a bl ossom
idxd = aux2[loca];
locd = loca;
tnparg[ 0] = Il ocd;
cpt _ExpandBl osson{ cor e, aux1, aux3, wkl, wk2, t npar g, i dxd);
locd = tnparg[0];
wor k3 = wk3[ | oca] ;
wKk1[ t npopt Xx] = work3;
aux1[ tmpopt x] = idxd;
while (true) {
wk2[ i dxd] -= work3;
if (idxd == tnpoptx) break;
idxd = aux1[idxd];

idxb = -aux4[tnmpoptx];
locd = core[idxb];
idxc = aux4[locd];
hub = core[idxc];
if (hub !'= tmpoptx) {
I oce = hub;
while (true) {
i dxa = aux5[loce];
locd = core[idxa];
if (locd == tnpoptx) break;
i dxa = aux4[locd];
|l oce = core[idxa];
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}

aux5[ hub] = aux5[tnmpopt x];
aux5[ t mpopt x] = aux6[| oce];
aux6[ hub] = aux6[t nmpopt x];
aux6[ t mpopt x] = idxa

i dxd = aux4[ hub];

loca = core[idxd];
i dxe = aux4[loca];
aux4[ hub] = -idxb;
locd = | oca

while (true) {
i dxb = aux5[1ocd];
idxc = aux6[locd];

aux5[ 1 ocd] = idxe;
aux6[ 1 ocd] = idxd;
aux4[ 1l ocd] = idxb;

| oce = core[idxb];
i dxd = aux4[l oce];
aux4[ |l oce] = idxc;
if (loce == tnpoptx) break
locd = core[idxd];
i dxe = aux4[locd];

aux5[ 1 oce] = idxd;
aux6[ | oce] = idxe;

}
i dxc = aux6[ hub] ;
locd = core[idxc];
wk4[l ocd] = workl
if (locd !'= hub) {
i dxb = aux5[1ocd];
loca = core[idxb];

aux5[ 1 ocd] = aux5[ hub];
aux6[ 1 ocd] = idxc;
do {
idxa = aux4[locd];
aux4[l ocd] = -idxa;

|l oce = core[idxa];
i dxa = aux5[loce];
aux5[ 1 oce] = -idxa;
wk4[l oce] = high
wk3[l oce] = workl
locd = core[idxa];
wk4[l ocd] = workl
cpt _Fi rst Scan( nei ghbor, wei ght, next, core, aux1, aux2,
aux3, aux4, wkl, wk2, wk3, wk4, | oce) ;
} while (locd !'= hub);
aux5[ hub] = aux6[| oce];
aux6[ hub] = idxa
if (loca == hub) continue iterate
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}

loce = loca;

do {
i dxa = aux4[l oce];
aux4[l oce] = -idxa;
locd = core[idxa];
aux5[ 1 oce] = -1ocd;
i dxa = aux5[locd];
aux4[ 1l ocd] = -aux4[locd];
|l oce = core[idxa];
aux5[ 1 ocd] = -1oce;

} while (loce !'= hub);

do {
locd = -aux5[loca];

tnparg[ 0] = loca;
cpt _SecondScan( nei ghbor, wei ght, next, hi gh, cor e, aux1, aux2,
aux3, aux4, wkl, wk2, wk3, wk4, t npar g, | oca) ;
loca = tnparg[0];
| oca = -aux5[1ocd];
tnparg[ 0] = Il ocd;
cpt _SecondScan( nei ghbor, wei ght, next, hi gh, cor e, aux1, aux2,
aux3, aux4, wkl, wk2, wk3, wk4, t npar g, | ocd) ;
locd = tnparg[0];
} while (loca != hub);
continue iterate;

}

/1 nodify a bl ossom
wk4[ t npopt x] = hi gh;
wk3[ t npopt x] = work1;
i =1;
wk1[ t npopt x] = Of;
idxa = -aux4[tnmpoptx];
loca = core[idxa];
i dxb = aux4[loca];
if (idxb == tnpoptx) {
i =2;
aux4[l oca] = idxa;
i dxd = aux1[t nmpoptx];
aux1[tmpopt x] = | oca;
wkl[l oca] += workl - wk3[loca];
idxe = loca;
tnparg[ 0] = idxe;
cpt _ShrinkBl ossonf cor e, aux1, wkl, wk2, t mpopt x, t mpar g) ;
i dxe = tnparg[0];
aux3[l oca] = idxe;
auxl1[idxe] = idxd;
i dxb = aux6[t nmpopt x] ;
if (idxb == tnpoptx) {
i dxa = aux5[t nmpoptx] ;
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loca = core[idxa];

aux4[ t mpopt x] = aux4[l oca];
aux4[l oca] = idxa;

aux5[ tmpopt x] = 0;

i dxd = aux1[t nmpoptx];

aux1[tmpopt x] = | oca;
wkl[l oca] += workl - wk3[loca];
idxe = loca;

tnparg[ 0] = idxe;

cpt _ShrinkBl osson{ cor e, aux1, wkl, wk2, t mpopt x, t npar g) ;

i dxe = tnparg[0];

aux3[l oca] = idxe;

auxl1[idxe] = idxd;

cpt _Fi rst Scan( nei ghbor, wei ght, next, core, aux1, aux2,
aux3, aux4, wkl, wk2, wk3, wk4, t mpopt x) ;

continue iterate;

}
do {
i dxc = tnpopt x;
locd = aux1[t nmpoptx];
while (true) {
idxd = locd;
i dxe = aux3[locd];
skip = fal se;
while (true) {

if (idxd == idxb) {
skip = true;
br eak;

}

if (idxd == idxe) break;

idxd = auxl[idxd];
}
if (skip) break;
locd = aux1[idxe];

idxc = idxe;
}
i dxd = aux1[i dxe];
auxl1[idxc] = idxd;

tnparg[ 0] = Il ocd;

cpt _ExpandBl osson{ cor e, aux1, aux3, wkl, wk2, t npar g, i dxd);
locd = tnparg[0];

wk4[ | ocd] = workl;

if (i ==2) {
aux5[ 1 ocd] = aux5[tmpoptx];
aux6[ 1 ocd] = idxb;

aux5[ tmpopt x] = 0;

aux4[ t mpopt x] = aux4[l ocd];

aux4[l ocd] = -tnpoptx;

cpt _Fi rst Scan( nei ghbor, wei ght, next, core, aux1, aux2,
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aux3, aux4, wkl, wk2, wk3, wk4, t mpopt x) ;
continue iterate;

}

i =2

aux5[ 1 ocd] = tmpoptx;
aux6[ 1 ocd] = aux4[l ocd];
aux4[l ocd] = -idxa;

i dxb = aux6[t nmpopt x] ;
if (idxb == tnpoptx) {
i dxa = aux5[t mpoptx] ;
loca = core[idxa];
aux4[ t mpopt x] = aux4[l oca] ;
aux4[l oca] = idxa;
aux5[ tmpopt x] = 0;
i dxd = aux1[t nmpoptx];

aux1[tmpopt x] = | oca;
wkl[l oca] += workl - wk3[loca];
idxe = loca;

tnparg[ 0] = idxe;
cpt _ShrinkBl ossonf cor e, aux1, wkl, wk2, t mpopt x, t mpar g) ;
i dxe = tnparg[0];
aux3[l oca] = idxe;
auxl1[idxe] = idxd;
cpt _Fi rst Scan( nei ghbor, wei ght, next, core, aux1, aux2,
aux3, aux4, wkl, wk2, wk3, wk4, t mpopt x) ;
continue iterate;
}
} while (core[idxb] == tnpoptx);
aux5[ 1 ocd] = aux5[tmpoptx];
aux6[ 1 ocd] = idxb;
aux5[ tmpopt x] = 0;
locd = aux1[t nmpoptx];
if (locd == tnpoptx) {
aux4[ t mpopt x] = | ocg;
tmpopty = t npopt X;
tnparg[0] = tnpopty;
cpt _SecondScan( nei ghbor, wei ght, next, hi gh, cor e, aux1, aux2,
aux3, aux4, wkl, wk2, wk3, wk4, t mpar g, t mpopt x) ;
tnpopty = tnparg[0];
continue iterate;
}
i dxe = aux3[locd];
idxd = auxl[idxe];
aux1[tmpopt x] = idxd;
trmparg[ 0] = | ocd,;
cpt _ExpandBl osson{ cor e, aux1, aux3, wkl, wk2, t npar g, i dxd);
locd = tnparg[0];
aux4[ t mpopt x] = -aux4[l ocd];
aux4[l ocd] = -tnpoptx;
locc = locd;
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tnparg[ 0] = | occ;

cpt _SecondScan( nei ghbor, wei ght, next, hi gh, cor e, aux1, aux2,
aux3, aux4, wkl, wk2, wk3, wk4, t npar g, | ocd) ;

locc = tnparg[0];

tmpopty = tnpopt X;

tnparg[0] = tnpopty;

cpt _SecondScan( nei ghbor, wei ght, next, hi gh, cor e, aux1, aux2,
aux3, aux4, wkl, wk2, wk3, wk4, t mpar g, t mpopt x) ;

tnpopty = tnparg[0];

continue iterate;

el se {

/] grow an alternating tree
idxa = -aux4[tnmpoptx];
if (idxa <=n) {
aux5[ t mpopt x] = aux2[tnpopt x];
aux6[ t mpopt x] = aux3[tnpoptx];
loca = core[idxa];
aux4[l oca] = -aux4[loca];
wk4[ | oca] = high;
wk3[ |l oca] = work1;
cpt _Fi rst Scan( nei ghbor, wei ght, next, core, aux1, aux2, aux3,
aux4, wkl, wk2, wk3, wk4, | oca) ;
continue iterate;
}
el se {
i dxb = aux2[t nmpoptx] ;
loca = core[idxb];
aux4[ t mpopt x] = aux4[l oca];
wk4[ t npopt x] = hi gh;
wk3[ t npopt x] = workl1;
aux4[l oca] = idxb;
wkl[l oca] += workl - wk3[loca];
idxe = loca;
tnparg[ 0] = idxe;
cpt _ShrinkBl ossonf cor e, aux1, wkl, wk2, t mpopt x, t npar g) ;
i dxe = tnparg[0];
aux3[l oca] = idxe;
aux1[tmpopt x] = | oca;
auxl1[i dxe] = tmpoptx;
cpt _Fi rst Scan( nei ghbor, wei ght, next, core, aux1, aux2, aux3,
aux4, wkl, wk2, wk3, wk4, t mpopt x) ;
continue iterate;
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static private void cpt_DuplicateEdges(int neighbor[],
int idxb, int idxc,

/* this nethod is used internally by ChinesePost nanTour */

/1 Duplicate natching edges

int p,q,r;

p

q
r

tnpar g[ 0] ;
= i dxb;
= idxc;

while (true) {

}

p = next[q];
while (true) {
if (neighbor[p] ==

p++;
}
nei ghbor[p] = -r;
if (g == idxc) break;
q = idxc;
r = idxb;

tmparg[0] = p;

static private void cpt_ExpandBl ossom(int core[],
float wkl[], float wk2[],

int next[],
int tnparg[])

int aux1[], int aux3[],

int tnparg[],

/* this nethod is used internally by ChinesePost nanTour */

/1 Expandi ng a bl ossom

int p,q,r;
float work;

r = tnparg[O0];
p=r;
do {

r =op;

q = aux3[r];

work = wkl[r];

while (true) {
core[p] =r;
wk2[ p] -= work;
if (p ==q) break;
p = auxl[p];

}
p = aux1[q];

int

i dxd)
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auxl[q] =r;
} while (p !'=idxd);
tnparg[0] =r;

static private void cpt_FirstScan(int neighbor[], int weight[], int next[],
int core[], int aux1[], int aux2[], int aux3[], int aux4[],
float wkl[], float wk2[], float wk3[], float wk4[], int |ocb)

/* this nethod is used internally by ChinesePost nanTour */

/1 Node scanni ng

int i,p,q,r,s,t,u,v;
float workl, wor k2, wor k3, wor k4, wor k5;

wor k3 = wk3[l ocb] - wkl[l ocb];
q | ocb;
r = aux4[locb];
t =-1;
if (r >0) t =core[r];
do {
i = next[q];
v = next[g+l] - 1,
workl = wk2[q];
for (p=i; p<=v; p++) {
s = nei ghbor[p];
u = core[s];
if (loch '=u) {
if (t '=u) {
wor k4 = wk4[u];
work2 = wkl[u] + wk2[s];
work5 = (float)(weight[p]);
wor k5 += work3 - workl - work2;
if (work4 > work5) {
wk4[u] = work5;

aux2[u] = q;
aux3[u] = s;
}
}
}
}
g = aux1[q];
} while (g !'=1och);
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static private void cpt_SecondScan(int neighbor[], int weight[],
int next[], int high, int core[], int aux1[], int aux2[],
int aux3[], int aux4[], float wkl[], float wk2[],
float wk3[], float wk4[], int tnparg[], int v)

/* this nethod is used internally by ChinesePost nanTour */
/1 Node scanni ng

int i,p,q,r,s,t,u;
float workl, wor k2, wor k3, wor k4, wor k5;

u = tnparg[0];
do {
r = core[u];
if (r ==u) {
wor k4 = hi gh;
work2 = wkl[u];
do {
i

next[r];
s = next[r+1] - 1;
workl = wk2[r];
for (p=i; p<=s; p++) {
q = nei ghbor[p];
t = core[q];
if (t '=u) {
if (aux4[t] >= 0) {
work3 = wk3[t] - wkl[t] - wk2[q];
work5 = (float)(weight[p]);
wor k5 += work3 - work2 - workl;
if (work4 > work5) {
wor k4 = wor k5;
aux2[u] = q;
aux3[u] =r;

}
r = auxl1[r];
} while (r !'=u);
wk4[u] = work4;
}
u++;
} while (u <=v);
tnparg[ 0] = u;
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static private void cpt_ShrinkBl ossom(int core[], int auxl[],
float wkl[], float wk2[], int locb, int tnparg[])

/* this nethod is used internally by ChinesePost nanTour */
/1 Shrinking of a bl ossom

int p,q,r;
float work;

p = tnparg[0];
q=p

work = wkl[p];
while (true) {

core[p] = loch;

wk2[ p] += work;

r = aux1[p];

if (r ==q) {
tnparg[0] = p;
return;

}

p=r

static private void cpt_Trail (int n, int neighbor[], int weight[],
int next[], int aux3[], int core[], int startnode)

/* this nethod is used internally by ChinesePost nanTour */
// Determine an Eulerian trail

int i,nplus,p,q,r,t,u,v;
bool ean fi ni sh;

nplus = n + 1;
u = next[nplus];
if (startnode <= 0 || startnode > n) startnode = 1;
for (p=1; p<=n; p++) {
i =next[p] - 1;
aux3[p] =1;
core[p] =1;
}
p = startnode;
iterate:
while (true) {
i = core[p];
while (true) {
Vv = next[p+l] - 1;
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while (true) {
i ++;
if (i >v) break;
q = neighbor[i];
if (g > n) continue;
it (q>=0) {
t = core[q];
do {
t++;
} while (neighbor[t] !'=p);
nei ghbor[t] = nplus;
t = aux3[q] + 1;
aux3[q] =t;
weight[t] = p;
core[p] =1i;
p=4q
continue iterate;
}
r =-p;
q= -q;
t = core[q];
do {
t++;
} while (neighbor[t] !=r);
nei ghbor[t] = nplus;
t = aux3[q] + 1;
aux3[q] =t;
weight[t] = p;
t = aux3[p]
aux3[p] =t;
weight[t] = q;
}
core[p] = u;
finish = true;
for (p=1; p<=n; p++) {
i = core[p];
t = aux3[p];
if ((t >= next[p]) && (i <u)) {
finish = fal se;
br eak;
}
}

if (finish) return;

+
=
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Example:

Find the Chinese
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postman tour of the following graph.

4 5 @

package G aphAl gorithns;

public class Test_

Chi nesePost manTour extends Object {

public static void main(String args[]) {

int n=6, n¥l0,
int sol[][] =
int trail[] =
int nodei[] =
int nodej[] =
int cost[] =

st art node=1;
new i nt[mtl] [ 3];
new i nt [ mtm+2] ;
{0,3,1,1,6,1,1,1, 2,4, 3};
{0,6,2,3,5,5,6,4,6,6, 4};
{0,5,2,6,4,5,4,3,3,4,3};

G aphAl go. Chi nesePost manTour (n, m st art node, nodei , nodej , cost, sol ,trail);

if (sol [0][0O]

1= 0)

Systemout.printlin("Error code returned =" + sol[0][0]);

el se {

Systemout.println("Optinmal solution found.\n\nDuplicate edges:");
for (int i=1; i<=sol[3][0]; i++)

Systemout.printIn(" " + sol[i][1] +" - " + sol[i][2]);
Systemout.printin("\nOptinmal tour:");
for (int i=1; i<strail[0]; i++)

Systemout.print(" " + trail[i]);
Systemout.printIn("\n\nCptinal tour total cost =" + sol[1][0]);
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Output:
Optimal sol ution found.

Dupl i cat e edges:
4 - 3
6 -1

Optimal tour:
1 4 3 4 6 1 6 5 1 3 6 2 1

Optimal tour total cost = 46

3.12 Traveling Salesman Problem

Given n cities and the distance between each pair of cities, the traveling salesman
problem is to find the shortest tour for a traveling salesman to visit each city
exactly once and return back to the starting city. Note that the distance matrix is
not required to be symmetric. In graph theoretic terms, the problem is to find a
minimum cost cycle in a given weighted complete digraph.

The problem is solved by a branch and bound recursive tree search [SDK83]. All
the possible solutions are represented in a decision tree. At each step, a solution
generates two branches, one contains a specific edge and the other does not
contain that edge. Lower bounds are computed for each branch to help in
discarding subsets of solutions. This is a well-known difficult combinatorial
optimization problem and the procedure is only effective in solving small size
problems.

Procedure parameters:
void travelingSalesmanProblem (n, dist, sol)

n int;
entry: number of nodes in the given digraph.
dist.  int[nt+1][n+1];
entry: distance matrix of the given digraph. distfij/[j] is the distance from
node i to node j, for i=1,2,...,n, j=1,2,...,n. Note that the distance
matrix is not necessarily symmetric.
exit:  dist/O][0] returns the total distance of the minimum cost cycle.
sol: int[n+1];

exit: the minimum cost cycle is given by: solf1], sol2], ..., sol[n].
public static void travelingSal esmanProblen(int n, int dist[][], int sol[])
{
int i, p;

int rof] = newint[n + 1];
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int colum[] = newint[n + 1];
int front[] = newint[n + 1];
int cursol[] = newint[n + 1];
int back[] = newint[n + 1];

for (i=1; i<=n; i++) {
romfi] =1i;
colum[i] =1;
front[i] = O;
back[i] = 0;
}
dist[0][0] = Integer. MAX_VALUE;
tspsearch(n, 0, 0, dist, row, colum, cursol, front, back);

p=1

for (i=1; i<=n; i++) {
sol[i] = p;
p = cursol[p];

}

static private void tspsearch(int nodes, int edges, int weight,
int dist[][], int roWf], int colum[],
int cursol[], int front[], int back[])

{
/* this nethod is used internally by travel i ngSal esmanProbl ent/
int i, j, k, reduction, small, skip, stretch, candc=0, candr=0;
int elms, head, tail, thresh, diff, mny, mnx, blank;

int cutx[] = new int[nodes + 1];
int cuty[] = new int[nodes + 1];
int rowec[] = new int[nodes + 1];
int colvec[] = new int[nodes + 1];

el ms = nodes - edges;
reduction = 0;

for (i=1; i<=elns ; i++) {
small = I nteger. MAX_VALUE;
for (j=1; j<=elns ; j++)
small = Math.mn(small, dist[rowi]][colum[j]]);

if (small > 0) {
for (j=1; j<=elms ; j++)
if (dist[romfi]][colum[j]] < Integer. MAX VALUE)

dist[rowi]][colum[j]] -= small;
reduction += small;
}
cutx[i] = small;

}
for (j=1; j<=elns ; j++) {
smal | = | nteger. MAX VALUE;
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for (i=1; i<=elns ; i++)
small = Math.mn(small, dist[rowi]][colum[j]]);
if (small > 0) {
for (i=1; i<=elns ; i++)
if (dist[romfi]][colum[j]] < Integer. MAX VALUE)
dist[rowi]][colum[j]] -= small;
reduction += small;
}
cuty[j] = small;
}
wei ght += reducti on;
if (weight < dist[0][0]) {
if (edges == (nodes - 2)) {
for (i=1; i<=nodes; i++)
cursol[i] = front[i];
skip = (dist[row1]][colum[1]] == Integer. VAX_VALUE ? 1
cursol[row 1]] = col um[ 3-ski p];
cursol[row 2]] = colum[skip];
dist[0][0] = weight;
}
el se {
di ff = -Integer. MAX VALUE;
for (i=1; i<=elns; i++)
for (j=1; j<=elns; j++)
if (dist[rowfi]][colum[j]] == 0) {
m nx = | nteger. MAX VALUE;
bl ank = 0;
for (k=1; k<=elns; k++)
if (dist[ronfi]][colum[k]] == 0)
bl ank++;
el se

mnx = Math.mn(mnx, dist[roMi]][colum[k]]);

if (blank > 1) mnx = 0;
mny = | nteger. MAX VALUE;
bl ank = 0;
for (k=1; k<=el ns; k++)
if (dist[rowWk]][colum[j]] == 0)
bl ank++;
el se

mny = Math.mn(mny, dist[ronfk]][colum[j]]);

if (blank > 1) mny = 0;
if ((mnx + mny) >diff) {
diff = mnx + mny;
candr = i;
candc = j;
}
}
thresh = weight + diff;
front[row candr]] = col um[candc];
back[ col um[candc]] = row candr];

D 2);
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tail = colum[candc];
while (front[tail] !'= 0)
tail = front[tail];

head = row candr];
whi I e (back[ head] !'= 0)
head = back][ head] ;
stretch = dist[tail][head];
dist[tail][head] = Integer. MAX_VALUE;
for (i=1; i<=candr-1; i++)
rowec[i] =rowi];
for (i=candr; i<=elns-1; i++)
rowec[i] = rowi+1];
for (i=1; i<=candc-1; i++)
colvec[i] = colum[i];
for (i=candc; i<=elns-1; i++)
colvec[i] = colum[i +1];
t spsear ch(nodes, edges+1, wei ght, di st, rowec, col vec, cursol, front, back) ;
dist[tail][head] = stretch;
back[ col um[ candc]] = 0;
front[rowcandr]] = O;
if (thresh < dist[0][0]) {
dist[row candr]][col um[candc]] = I|nteger. MAX VALUE;
t spsear ch( nodes, edges, wei ght, di st, row, col um, cur sol , front, back) ;
dist[row candr]][col um[candc]] = O;

}
for (i=1; i<=elns; i++)
for (j=1; j<=elns; j++)
dist[rowi]][colum[j]] += (cutx[i] + cuty[j]);
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Example:

177

Find the minimum cost cycle for the following distance matrix with 5 nodes:

999 27 21 90 45
12 999 69 11 73
50 14 999 55 26
55 66 71 999 42
9 34 84 52 999
package G aphAl gorithns;
public class Test_tsp extends Object {
public static void main(String args[]) {
int n=25;
int dist[][] = {{0, 0, 0O, 0, 0, 0},
{0, 999, 27, 21, 90, 45},
{o, 12, 999, 69, 11, 73},
{0, 50, 14, 999, 55, 26},
{0, 55, 66, 71, 999, 42},
{0, 96, 34, 84, 52, 999}};
int sol[] =newint[n + 1];
GraphAl go. travel i ngSal esmanProbl en(n, dist, sol);

System out. print ("M ni mum cost cycl e:
for (int i=1,; i ++)
System out. print(" "+ sol[i]);
Systemout.println("\n\nTotal cost
}
}

i <=n;

Output:

M ni num cost cycl e: 1

Total cost 147

")

"+ dist[0][0]);



4. Planarity Testing

A graph is planar if it can be drawn on a plane without crossing any edges. The
basic strategy in testing whether a graph G is planar involves finding a cycle C in
G. Then the graph G-C is decomposed into edge-disjoint paths. The paths are
added to cycle C one at a time while keeping the embedding planar. If the
embedding is successful then G is planar, otherwise G is nonplanar.

Let n be the number of nodes and m be the number of edges in an undirected

graph. The following planar testing algorithm [HT74] takes O(n) operations.

Step 1. If m > 3n-6, then stop, the graph is nonplanar.

Step 2. Obtain a digraph D by a depth-first search on G so that the edges of G are
divided into tree edges and backward edges. During the depth-first
search compute the low point functions L1 and L2, where

L1(u) is the lowest node reachable from node u by a sequence of tree
edges followed by at most one backward edge, and
L2(u) is the second lowest node reachable from node u in this way.

Step 3. Reorder the adjacency lists of D using a radix sort.

Step 4. Use the low point functions computed from Step 2 and the ordering of
edges from Step 3 to choose a particular adjacency structure so that the
nodes of D are numbered in the order they are reached during any depth-
first search for D without changing the adjacency structure.

Step 5. Prepare for the path addition process to be done in Step 6 by performing a
second depth-first search to select edges in the reverse order to that given
by the adjacency structure.

Step 6. Perform a third depth-first search to generate one cycle and a number of
edge-disjoint paths. Each generated path is added to a planar embedding
that contains the cycle and all the previously generated paths. Note that
either any two paths may not constrain each other, or they may constrain
each other to have the same embedding or the opposite embedding.
These dependency relations among paths can be viewed as a dependency
gragh H.

Step 7. The dependency gragh H is two-colorable if and only if the original graph
G is planar. Color the graph H by using a depth-first search. If H is two-
colorable then return the result that G is planar, otherwise return the
result that G is nonplanar.

Procedure parameters:
boolean planarityTesting (n, m, nodei, nodej)

planarityTesting: boolean;
exit:  returns true if the input graph is planar, false otherwise.
n. int;
entry: the number of nodes of the undirected graph, labeled from 1 to n.
m: int;
entry: the number of edges in the graph.
nodei, nodej: int[m+1];
entry: nodeifi] and nodejfi] are the end nodes of the i-th edge in the graph,
i=1,2,...,m.
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public static bool ean planarityTesting(int n, int m int nodei[], int nodej[])

{

nt i, j, k, nl, n2, n2, nn2, n2m nnp2, nv¥n5, nR2, nB3, ntotal;
int nodel, node2, gnode, tnode, tnum auxl, aux2, aux3, aux4;

int level[] = newint[1];
int initp[] = newint[1];
int snode[] = newint[1];
int pnuni] = new int[1];
int snunf] = new int[1];
int nexte[] = newint[1];

int storel[] = newint[1];
int store2[] = newint[1];
int store3[] = newint[1];
int store4[] = newint[1];
int store5[] = newint[1];
int mark[] = newint[n + 1];

int trail[] = newint[n + 1];

int descendant[] = newint[n + 1];

int firstlowWf] = newint[n + 1];

int secondlowf] = newint[n + 1];

int nodebegin[] = newint[n + n + 1];
int wkpathfind5[] = newint[m+ 1];
int wkpathfind6[] = newint[m+ 1];
int stackarc[] = newint[m+ m+ 1];
int stackcolorl[] = newint[m+ m+ 3];
int stackcolor2[] = newint[m+ m+ 3];
int stackcolor3[] = newint[m+ m+ 3];
int stackcolor4[] = newint[m+ m+ 3];
int wkpathfindl[] = newint[m+ m+ 3];
int wkpathfind2[] = newint[m+ m+ 3];
int wkpathfind3[] = newint[m+ m+ m+ 4];
int wkpathfind4[] = newint[m+ m+ m+ 4];
int first[] =newint[n + m+ m+ 1];

int second[] = newint[n + m+ m+ 1];

int sortn[] = newint[n + n + m+ 1];

int sortptrl[] = newint[n +n + m+ 1];
int sortptr2[] = newint[n +n + m+ 1];
int start[] = newint[m- n + 3];

int finish[] =newint[m- n + 3];

int paint[] = newint[m- n + 3];

int nextarc[] = newint[7*m- 5*n + 3];
int arctop[] = newint[7*m- 5*n + 3];
bool ean m ddl e[] = new bool ean[1];

bool ean fail[] = new bool ean[1];

bool ean exam n[] = new boolean[m- n + 3];
bool ean arctype[] = new boolean[7*m - 5*n + 3];

/1 check for the necessary condition
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if (m> 3*n-6)
return fal se;
n2 =n + n;

m=m+m

nm =n+m+m
n2Zm=n + n + m
m2 = m+ m+ 2;

M3 =m+ m+ m+ 3;
nnp2 = m- n + 2;
mn5 =7 * m- 5* n + 2
/] set up graph representation
for (i=1; i<=n; i++)

second[i] = O;
ntotal = n;
for (i=1; i<=m i++) {

nodel = nodei[i];

node2 = nodej[i];

nt ot al ++;

second[motal] = second[nodel];

second[ nodel] = ntotal;

first[nmotal] = node2;

nt ot al ++;

second[motal] = second[ node2];

second[ node2] = ntotal;

first[nmotal] = nodel;
}
// initial depth-first search, conpute |ow point functions
for (i=1; i<=n; i++) {

mark[i] = 0;

firstlowfi] = n + 1;

secondlowfi] =n + 1;
}
snunf0] = 1;
storel[0] = O;
mark[1] = 1;
wkpat hf i nd5[ 1]
wkpat hf i nd6[ 1]
level[0] = 1,
m ddl e[0] = fal se;
do {

pl anarityDFS1(n, m n2, nn2, | evel , m ddl e, snum storel, mark, firstl ow,

secondl ow, wkpat hfi nd5, wkpat hfi nd6, st ackarc, first, second);

} while (level[0] > 1);
for (i=1; i<=n; i++)

if (secondlowfi] >= mark[i]) secondlowi] = firstlowWil];
/1l radix sort
ntotal = n2;
k = n2;
for (i=1; i<=n2; i++)

sortn[i] = O;

1l
e r
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for (i=2; i<=ng;

K++;

sortptri[k]

tnode = stackarc[i];

sortptr2[k]

if (mark[tnode] < mark[sortptrl[k]]) {
j =2 * mark[tnode] - 1,
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i+=2) {
stackarc[i-1];

t node;

sortn[k] = sortn[j];
sortn[j] = k;
}
el se {
if (secondl owtnode] >= mark[sortptrl[k]]) {
j =2 * firstlowtnode] - 1,;
sortn[k] = sortn[j];
sortn[j] = k;
}
el se {
j =2 * firstlowtnode];
sortn[k] = sortn[j];
sortn[j] = k;
}
}
}
for (i=1; i<=n2; i++) {
j =sortn[i];
while (j '=0) {
nodel = sortptri[j];
node2 = sortptr2[j];
nt ot al ++;

second[motal] = second[nodel];
second[ nodel] = ntotal;
first[nmotal] = node2;

j =sortn[j];

}

I/ second depth-first search

for (i=2; i<=n;

mark[i] = 0;
storel[0] = O;
snunf 0] = 1;
trail[1] = 1;
wkpat hf i nd5[ 1]
start[1] = O;
finish[1] = O;
level [0] = 1;

i ++)

1

m ddl e[0] = fal se;

do {

pl anari tyDFS2(n, m n2, nn2, | evel , m ddl e, snum st or el, mark,

wkpat hf i nd5, stackarc, first, second);

} while (level[0] > 1);
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ntotal = n;
for (i=1; i<=m i++) {

jo=i o+

nodel = stackarc[j-1];

node2 = stackarc[j];

nt ot al ++;

second[motal] = second[nodel];

second[ nodel] = ntotal;

first[notal] = node2;
}
/1 path deconposition, construction of the dependency graph
store2[0] = O;
store3[ 0]
store4[ 0]
store5[ 0]
initp[0] = O;
pnunf0] = 1;
wkpat hf i nd1[ 1
wkpat hf i nd1[ 2
wkpat hf i nd2[ 1
wkpat hf i nd2[ 2
wkpat hf i nd3[ 1
wkpat hf i nd3[ 2
wkpat hf i nd3[ 3
wkpat hf i nd4[ 1
wkpat hf i nd4[ 2
wkpat hfi nd4[ 3] = O;
for (i=1; i<=n2; i++)

0;
0;
0

1l
S eesLeeeee

]
]
]
]
]
]
]
]
]
]

nodebegin[i] = 0;
nexte[0] = m- n + 1;
for (i=1; i<=n¥n5; i++)

nextarc[i] = 0;
snode[ 0] = n;

descendant[1] = n;
wkpat hfi nd5[ 1] = 1;

level [0] = 1;
m ddl e[0] = fal se;
do {

pl anarit yDeconpose(n, m n2, n22, n83, nn2, nnp2, n¥n5, | evel , m ddl e, i nitp,
snode, pnum next e, store2, store3, store4, store5,trail, descendant,
nodebegi n, wkpat hfi nd5, start, fini sh, first, second, wkpat hfi nd1,
wkpat hf i nd2, wkpat hf i nd3, wkpat hfi nd4, nextarc, arct op, arctype);
} while (level[0] > 1);
/1 performtwo-coloring

pnunf 0] - -;

for (i=1; i<=nnp2; i++)
paint[i] = 0;

j = pnuni0] + 1

for (i=2; i<sj; i++)

examn[i] = true;
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tnum= 1;

while (tnum <=
wkpat hf i nd5[ 1
pai nt [t nunj
exam n[ t nunj
| evel [ 0] 1;
mddle[0] = f
do {

pl anarityTwoCol ori ng(m nnp2, nvn5, | evel , m ddl e, fai | , wkpat hfi nd5
pai nt, next ar c, ar ct op, exam n, ar ct ype) ;

if (fail[O0]

return fa

} while (leve

whil e (!exani
t numt+;

}

auxl

0;
aux2 =0
aux3 0

aux4 0;

stackcol orl[ 1
stackcol or1[ 2
stackcol or2[ 1
stackcol or2[ 2
stackcol or3[ 1
stackcol or3[ 2
stackcol or4[ 1
stackcol or4[ 2
for (i=1; i<=pn
gnode = start
tnode = finis
whi I e (gnode

auxl -= 2
whi I e (gnode

aux2 -= 2
whi I e (gnode

aux3 -= 2
whi I e (gnode

aux4 -= 2

if (paint[i]
if (finish[
if (tnode
return
if (tnode
return

]
]
]
]
]
]
]
]
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pnuni 0]) {

] = thum
1

= fal se

al se

)

| se;

1o} > 1);
n[tnuny)

CLeLeLeLeLeeSe

uni 0] ;
[i+1];
hli+1];
<= stackcol or1[ aux1+2])

i++) {

<= stackcol or 2[ aux2+2])

<= stackcol or 3[ aux3+2])

<= stackcol or4[ aux4+2])
=1 {
trail [ gnode] +1]
< stackcol or 2[ aux2+2])
fal se;
< stackcol or 3[ aux3+2])
fal se;

aux3 += 2

stackcol o
stackcol o

}

el se {

r3[aux3 + 1]
r3[aux3 + 2]

t node;

1= tnode) {
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if ((tnode < stackcol or3[aux3+2]) &&
(start[stackcol or 3[ aux3+1] +1] <= descendant [ gnode]))
return fal se;
auxl += 2;
stackcol or1[ aux1l + 1]

stackcol or1[ auxl + 2] = gnode;

}
}
el se {
if (finish[trail[gnode]+1] != tnode) {
if (tnode < stackcol or1[aux1+2])
return fal se;
if (tnode < stackcol or4[aux4+2])
return fal se;
aux4 += 2,
stackcol or4[aux4 + 1] =i
stackcol or4[ aux4 + 2] = tnode;
}
el se {
if ((tnode < stackcol or4[aux4+2]) &&
(start[stackcol or4[ aux4+1] +1] <= descendant [ gnode]))
return fal se;
aux2 += 2,
stackcol or2[aux2 + 1] =1i;
stackcol or2[ aux2 + 2] = gnode;
}
}
}
return true;

static private void planarityDFS1(int n, int m int n2, int nm2, int level[],
bool ean m ddle[], int snunf], int storel[], int mark[],
int firstlowf], int secondlow], int wkpathfind5[], int wkpathfind6[],
int stackarc[], int first[], int second[])

/* this nethod is used internally by planarityTesting */

int pnode=0, gnode=0, tnode=0, tnpl, tnp2;
bool ean ski p;

skip = fal se;

if (mddle[0]) skip = true;

if (!'skip) {
gnode = wkpat hfind5[1evel [0]];
pnode = wkpat hfind6[1evel [0]];

}

whil e (second[gnode] > 0 || skip) {

if (Iskip) {
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tnode = first[second[ gnode]];
second[ gnode] = second[ second[ gnode]];
}
if (((mark[tnode] < mark[gnode]) && (tnode != pnode)) || skip) {
if (!'skip) {
storel[ 0] += 2;
stackarc[storel[0]-1] = gnode;
stackarc[storel[0]] = tnode;
}
if ((mark[tnode] == 0) || skip) {
if (!'skip) {
snuni 0] ++;
mar k[t node] = snuniO0];
I evel [ 0] ++;
wkpat hfi nd5[ | evel [0]] = tnode;
wkpat hfi nd6[ | evel [0]] = gnode;
m ddl e[0] = fal se;
return;

}
skip = fal se;
tnode = wkpat hfind5[ | evel [0]];
gnode = wkpat hfind6[|evel [0]];
level [0] --;
pnode = wkpat hfind6[1evel [0]];
if (firstlowftnode] < firstlow gnode]) {
tnpl = secondl ow| t node];
tmp2 = firstlow gnode];
secondl o gnode] = (tnmpl < tnmp2 ? tnpl : tnp2);
firstlow gnode] = firstlowftnode];
}
el se {
if (firstlowftnode] == firstlow gnode]) {
tnpl = secondl ow| t node] ;
tnp2 = secondl ow] gnode] ;
secondl oW gnode] = (tnmpl < tnp2 ? tnpl : tnp2);
}
el se {
tnpl = firstlowftnode];
tnp2 = secondl ow| gnode] ;
secondl oW gnode] = (tnmpl < tnmp2 ? tnpl : tnp2);

}
el se {
if (mark[tnode] < firstlow gnode]) {
secondl oW gnode] = firstl ow gnode];
firstlow gqnode] = nark[tnode];
}
el se {
if (mark[tnode] > firstlow gnode]) ({
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tnpl = nark[tnode];
tnp2 = secondl ow| gnode] ;
secondl oW gnode] = (tnmpl < tnmp2 ? tnpl : tnp2);

m ddl e[ 0] = true;

static private void planarityDFS2(int n, int m int n2, int nm2, int level[],
bool ean m ddle[], int snunf], int storel[], int mark[],
int wkpathfind5[], int stackarc[], int first[], int second[])

/* this nethod is used internally by planarityTesting */
int gnode, tnode;

if (mddle[0]) {
tnode = wkpat hfind5[ | evel [0]];
level [0] --;
gnode = wkpat hfind5[1evel [0]];
storel[ 0] += 2;
stackarc[storel[0]-1] = mark[gnode];
stackarc[storel[0]] = mark[tnode];
}
el se
gnode = wkpat hfind5[1evel [0]];
whil e (second[ gnode] > 0) {
tnode = first[second[ gnode]];
second[ gnode] = second[ second[ gnode]];
if (mark[tnode] == 0) {
snuni 0] ++;
mar k[t node] = snuniO0];
I evel [ 0] ++;
wkpat hfi nd5[ | evel [0]] = tnode;
m ddl e[0] = fal se;
return;
}
storel[0] += 2;
stackarc[storel[0]-1] = mark[gnode];
stackarc[storel[0]] = mark[tnode];

}
m ddl e[ 0] = true;
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static private void planarityDeconpose(int n, int m int n2, int n22, int n83,

i nt
i nt
i nt
i nt
i nt
i nt
i nt

nn2, int nnp2, int nvn5, int level[], boolean mddle[],

initp[], int snode[], int pnunf], int nexte[], int store2[],
store3[], int store4[], int store5[], int trail[],

descendant[], int nodebegin[], int wkpathfind5[], int start[],
finish[], int first[], int second[], int wkpathfindl[],

wkpat hfind2[], int wkpathfind3[], int wkpathfind4[], int nextarc[],
arctop[], boolean arctype[])

/* this nethod is used internally by planarityTesting */

int nodel, node2, gnode=0, gnode2, tnode=0, tnode2;
bool ean ind, skip;

skip = fal se;
if (mddle[0]) skip = true;
if (!skip) gnode = wkpathfind5[1evel [0]];
while ((second[gnode] !'= 0) || skip) {
if (!'skip) {
tnode = first[second[ gnode]];
second[ gnode] = second[ second[ gnode]];
if (initp[0] == 0) initp[0] = gnode;

}

if ((tnode > gnode) || skip) {

if ('skip) {
descendant [t node] = snode[O0];
trail[tnode] = pnuniO];
| evel [ 0] ++;
wkpat hfi nd5[ | evel [0]] = tnode;
m ddl e[0] = fal se;
return;

}

skip = fal se;

tnode = wkpat hfind5[ 1 evel [0]];
level [0] --;

gnode = wkpat hfind5[1evel [0]];
snode[ 0] = tnode - 1;

initp[0] = O;

whi l e (gnode <= wkpat hfind2[store3[0] + 2])
store3[0] -= 2;

whi l e (gnode <= wkpat hfindl[store2[0] + 2])

store2[0] -

2;

whi I e (gnode <= wkpat hfind3[store4[0] + 3])
store4[0] -= 3;

whi l e (gnode <= wkpat hfi nd4[ st or e5[ 0]

+
©L
=

store5[0] -= 3;
ind = fal se;
gnode2 = gnode + gnode;
whi I e ((nodebegi n[gnode2 - 1] > wkpathfind3[store4[0] + 2]) &&

(gnode < wkpat hfind3[store4[0] + 2]) &&
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(nodebegi n[ gnode2] < wkpat hfind3[store4[0] + 1])) {

ind = true;

nodel = nodebegi n[ gnode?2];

node2 = wkpat hfind3[store4[0] + 1];
next e[ 0] ++;

next arc[ nexte[0]] = nextarc[nodel];
next arc[ nodel] = nexte[O0];

ar

ctop[nexte[0]] = node2;

nodel = wkpat hfind3[store4[0] + 1];
node2 = nodebegi n[ gnode?2] ;

next e[ 0] ++;

next arc[ nexte[0]] = nextarc[nodel];

next arc[ nodel] = nexte[O0];
arctop[nexte[0]] = node2;
arctype[nexte[0] - 1] = fal se;
arctype[nexte[0]] = fal se;
store4[0] -= 3;
}
if (ind) store4[0] += 3;
nodebegi n[ gnode2 - 1] = 0;
nodebegi n[ gnode2] = 0;
}
el se {
start[pnunf0] + 1] = initp[O0];
finish[pnunf0] + 1] = tnode;
ind = fal se;
if (wkpathfindl[store2[0]+2] != 0) {
store3[0] += 2;
wkpat hf i nd2[ st ore3[ 0] +1] = wkpat hfi nd1[ st ore2[ 0] +1] ;
wkpat hf i nd2[ st or e3[ 0] +2] = wkpat hfi nd1[ st ore2[ 0] +2] ;
}

if (finish[wkpathfindl[store2[0]+1] + 1]

= tnode) ({

whil e (tnode < wkpat hfind2[store3[0]+2]) {

nodel = pnuniO];

node2 = wkpat hfind2[store3[0] + 1];

next e[ 0] ++;

next arc[ nexte[0]] = nextarc[nodel];

next ar c[ nodel] next e[ 0] ;
arctop[nexte[0]] = node2;

nodel = wkpat hfind2[store3[0] + 1];

node2 = pnuni0];
next e[ 0] ++;

next arc[ nexte[0]] = nextarc[nodel];

]
next arc[ nodel] = nexte[O0];
arctop[nexte[0]] = node2;
arctype[nexte[0] - 1] = true;
arctype[nexte[0]] = true;
ind = true;
store3[0] -= 2;
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if (ind) store3[0] += 2;
ind = fal se;
while ((tnode < wkpat hfind3[store4[0]+3]) &&
(initp[0] < wkpathfind3[store4[0]+2])) {
nodel = pnuniO];
node2 = wkpat hfind3[store4[0] + 1];
next e[ 0] ++;
next arc[ nexte[0]] = nextarc[nodel];
next arc[ nodel] = nexte[O0];
arctop[nexte[0]] = node2;
nodel = wkpat hfind3[store4[0] + 1];
node2 = pnuniO0];
next e[ 0] ++;
next arc[ nexte[0]] = nextarc[nodel];

next arc[ nodel] = nexte[O0];
arctop[nexte[0]] = node2;
arctype[nexte[0] - 1] = false;
arctype[nexte[0]] = fal se;
store4[0] -= 3;

}
while ((tnode < wkpathfind4[store5[0]+3]) &&

(initp[0] < wkpathfind4[store5[0]+2]))

store5[0] -= 3;

tnode2 = tnode + tnode;

if (initp[0] > nodebegin[tnode2-1]) {
nodebegi n[t node2-1] = initp[0];
nodebegi n[t node2] = pnuni0];

}

store4[0] += 3;

wkpat hf i nd3[ st ore4[ 0] +1] = pnun{0];

wkpat hf i nd3[ store4[ 0] +2] = initp[0];

wkpat hf i nd3[ st ore4[ 0] +3] = t node;

store5[0] += 3;

wkpat hf i nd4[ st ore5[ 0] +1] = pnun{0];

wkpat hf i nd4[ store5[ 0] +2] = initp[0];
wkpat hf i nd4[ st ore5[ 0] +3] = t node;

}

el se {

while ((tnode < wkpathfind4[store5[0]+3]) &&

(initp[0] < wkpathfind4[store5[0]+2]) &&
(wkpat hfi nd4[ store5[ 0] +2] <= descendant[initp[0]])) {

ind = true;

nodel = pnuniO];

node2 = wkpat hfind4[store5[0] + 1];

next e[ 0] ++;

next arc[ nexte[0]] = nextarc[nodel];

next arc[ nodel] = nexte[O0];

arctop[ nexte[0]] = node2;

nodel = wkpat hfind4[store5[0] + 1];

node2 = pnuniO0];
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next e[ 0] ++;

next arc[ nexte[0]] = nextarc[nodel];

next arc[ nodel] = nexte[O0];
arctop[nexte[0]] = node2;
arctype[nexte[0] - 1] = fal se;
arctype[nexte[0]] = fal se;
store5[0] -= 3;
}
if (ind) store5[0] += 3;
}
if (gnode !'=initp[0]) {
store2[0] += 2;
wkpat hf i nd1[ st ore2[ 0] +1] = pnun{0];
wkpat hf i nd1[ store2[ 0] +2] = initp[0];
}
pnuni 0] ++;
initp[0] = O;
}
}
m ddl e[ 0] = true;

static private void planarityTwoCol oring(int m
bool ean m ddl e[], boolean fail[],
int nextarc[], int arctop[],

int nnp2,
int wkpathfind5[],
bool ean exam n[],

int nZn5, int level[],
int paint[],

bool ean arctype[])

/* this nethod is used internally by planarityTesting */

int |ink, gnode, tnode;
bool ean duml, dun®;

fail[0] = false;
if (mddle[0]) {
level [0]--;
gnode = wkpat hfind5[1evel [0]];
}
el se
gnode = wkpat hfind5[1evel [0]];
while (nextarc[gnode] !'= 0) {
link = nextarc[qgnode];
tnode = arctop[link];
next arc[ gnode] = nextarc[link];
if (paint[tnode] == 0)
pai nt[tnode] = (arctype[link] ? paint[gnode]

el se {
duml = (paint[tnode] == paint[gnode]);
dum? = larctype[link];

if ((dunl && dun®) ||
fail[0] = true;

(tduntl && !dun®)) {

3 -

pai nt [ gnode] ) ;
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return;

}
}
if (exam n[tnode]) {
exam n[tnode] = fal se;
I evel [ 0] ++;
wkpat hfi nd5[ | evel [0]] = tnode;
m ddl e[0] = fal se;
return;
}
}
m ddl e[0] = true;
}
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Example:

Check if the following graph is planar.

package G aphAl gorithns;
public class Test_planarity extends Object {
public static void main(String args[]) {
int n=7;
int m= 11;
int nodei[] ={0, 1, 5 2, 7, 1, 3, 5 7, 4, 1, 1};
int nodej[] ={0, 5 2, 4, 4, 7, 5 6, 3, 6, 4, 2};
if (GaphAlgo.planarityTesting(n, m nodei, nodej))
Systemout. println("The input graph is planar.");

el se
Systemout. println("The input graph is nonplanar.");

}

Output:

The input graph is planar.



5. Graph Isomorphism Testing

Two graphs are said to be isomorphic if it is possible to relabel the nodes of one
graph so that the two graphs are identical. The following procedure is from the
FORTRANO9O library CODEPACK that tests whether two given undirected simple
graphs are isomorphic [BOO]. Two matrix indices of a matrix can be compared by
using the following definition:
(ul, vl) < (U2, v2)

if either

max(ul, vl) < max(u2, v2)
or

max(ul, vl) = max(u2, v2) and ul <u2

Under this particular index order of the entries of a matrix, matrix P is less than
or equal to matrix Q if either every entry of the P and Q is equal, or P;; < Q;; in
the first matrix entry (i,j) in which the matrices differ.

Define the graph code to the maximum matrix of all the adjacency matrices of a
graph. The graph isomorphism is done by computing the codes of the two graphs.
A backtracking process is used to examine all the possible permutations of the
nodes of the graph. Start with the identity permutation of the nodes, all
permutations in which the first node is swapped with the second. In some cases,
if a portion of the adjacency matrix is enough to determine that the matrix would
be smaller than the current best solution, then the current search can be
shortened by moving on to the next candidate in the enumeration.

Procedure parameters:
int graphlsomorphism (n, adjl, adj2, mapl, map2)

graphlsomorphism:  int;

exit: the method returns the following code:
the two graphs are isomorphic
nonisomorphic, different number of edges
nonisomorphic, different node degree sequence
nonisomorphic, different graph code
nonisomorphic, graph code computation error

OO

n: int;
entry: the number of nodes in each graph, labeled from 1 to n.
adjl: int[n+1][n+1];
entry: the adjacency matrix of the first graph with zero-one entries.
Only input values of adj1[ijfj], i=1,2,...,n, j=1,2,...,n, are needed.
The values for adj1/0][j] and adj1[ij/O] are not required.
adj2: int[n+1][n+1];
entry: the adjacency matrix of the second graph with zero-one entries.
Only input values of adj2[ijfj], i=1,2,...,n, j=1,2,...,n, are needed.
The values for adj2/O0][j] and adj2[iJ[0] are not required.
mapl, map2: int[n+1];
exit: if the two graphs are isomorphic (this procedure returns zero),
these two arrays return the relabeling of the nodes of the two
graphs that realize the isomorphism. That is, the two graphs can
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be shown to be identifcal by relabeling node mapl[i] of the first
graph to node mapZ2Ji], or by relabeling node mapZ2[i] of the second
graph to node mapl[i], fori=1, 2,...,n.

public static int graphlsonorphisn(int n, int adj1[][], int adj2[][],
int mapl[], int map2[])

{
int i,j,k,edgesl, edges2
int label 1[][] = newint[n + 1][n + 1];
int label 2[][] = newint[n + 1][n + 1];

int degreel[] = newint[n + 1];
int degree2[] = newint[n + 1];

// validate the nunber of edges
edgesl = 0
for (i=1; i<=n; i++)
for (j=1; j<=n; j++)
edgesl = (i ==j) ? edgesl + 2 * adj1[i][]j] : edgesl + adj1[i][]j];
edgesl /= 2
edges2 = 0
for (i=1; i<=n; i++)
for (j=1; j<=n; j++)
edges2 = (i ==j) ? edges2 + 2 * adj2[i][]j] : edges2 + adj2[i][]j];
edges2 /=2
if (edgesl != edges2 ) return 1;
/1 validate the degree sequences
/1 node degrees of the first graph are ordered in decreasing order
for (i=1; i<=n; i++)
degreel[i] =0
for (i=1; i<=n; i++)
for (j=1; j<=n; j++)
degreel[i] += adj1[i][]j];
/'l sort "degreel" in descending order
G aphAl go. heapsort (n, degreel, false)
/1 node degree of the second graph are ordered in decreasing order
for (i=1; i<=n; i++)
degree2[i] =0
for (i=1; i<=n; i++)
for (j=1; j<=n; j++)
degree2[i] += adj2[i][]j];
I/ sort "degree2" in descending order
G aphAl go. heapsort (n, degree2, false)
/1 conpare the degree sequence of the two graphs
k = 1;
while (k <= n) {
if (degreel[k] < degree2[k]) return 2
K++;
}
/1 conpute the code of the first graph
if (!isonorphicCode(adj1l, n, labell, mapl)) return 4
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/1 conpute the code of the second graph
if (!isonorphicCode(adj2, n, |label2, map2)) return 4;
/'l conpare the codes of the two graphs
for (j=2; j<=n; j++)
for (i=1; i<sj-1; i++)
if (label 1[i][j] '= label 2[i][j]) return 3;
return O;

static private bool ean isonorphicCode(int adj[][], int n,
int label [][], int map[])

/* this nethod is used internally by graphl sonorphi sm*/

int i,j,k,auxsize,flag,p,q,r,s,t,v;
int ctrl[] = new int[1];

int ctr2[] = newint[1];

int ctr3[] new int[1];

int ctr4[] = newint[1];

int savelabel [][] = new int[n+1][n+1];
int savemap[] = new int[n+1];

int aux1[] = new int[n+1];

int aux2[] = new int[n+1];

int aux3[] = new int[n+1];

int aux4[] = newint[4 * n+1];

bool ean found;

aux4[ 1] = 0;
ctr3[0] = 0;
ctr4[0] = 0;

auxsize = 4 * n;
// initial identity ordering
for (i=1; i<=n; i++)
map[i] = i;
/1 conpute the code
for (i=1; i<=n; i++) {
if (i <=n) {
p = map[i];
if (map[i] <1 ]] n< mp[i]) return fal se;
}
el se
p=0;
for (j=i+l; j<=n; j++) {
if (j <=n) {
q = map[j];
if (map[j] <1 ]] n< mp[j]) return fal se;
}
el se
q=0;
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if (p==0]1]|
label [i][j]
elseif ((p <
label [i][j]
el se

label [i][j] = label[j][i]

Ke)
Il
1
o
=

label [j][i] = 0;
8% adj[pl[q] '=0) [| (q<paadj[allp] '=0))
label [j][i] 1;

I Qo

"
o<

}

/'l save the current best ordering and code
for (i=1; i<=n; i++) {
for (j=1; j<=n; j++)
savel abel [i1][j] = label[i][]];
savermap[i] = map[i];
}
/1 begin backtrack search
/1 consider all possible orderings and their codes
ctrl[0] = O;
while (true) {
/1 construct the integer vector by backtracking
if (ctr1[0] == 0) {
Il process the conplete vector
ctr2[0] =
ctr4[0]
ctri1[ 0]
}
el se {
/] exam ne the stack
while (true) {
if (0 <auxlfctr2[0]]) {
I/ take the first available one off the stack
map[ctr2[0]] = aux4[ctr4[0]];
ctr4[0]--;
auxl[ctr2[0]]--;
if (ctr2[0] !'=n) {
ctr2[ 0] ++;
ctrl[0] = 2;
}
el se
ctrl[0] = 1;
br eak;

1
0;
2;

}

el se {
I/ there are no candidates for position ctr2[0]
ctr2[0]--;
if (ctr2[0] <=0) {
/1 repeat the exam nation of the stack
ctrl[0] = 3;
br eak;
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}
/1 if the backtrack routine has returned a conpl ete candidate
/1 ordering, then conpute the resulting code, and conpare with
/1 the current best and go back for the next backtrack search
if (ctri[0] == 1) {

/1 conpute the code

for (i=1; i<=n; i++) {

if (i <=n) {
p = map[i];
if (map[i] <1 || n < map[i]) return false;
}
el se
p =0
for (j=i+1; j<=n; j++) {
if (j <=n) {
q = map[j];
if (map[j] <1 || n < map[j]) return false;
}
el se
q=0;
if (p==01]] q==0)
label [i][j] = label[j][i] = O;
else if ((p<gqé&adi[pl[al '=0) || (q<p & adj[gl[p] !=0))
label [i][j] = label[j][i] = 1;
el se
label [i][j] = label[j][i] = O;
}
}
/1 conpare savel abel and code
flag = 0O;

for (j=2; j<=n; j++) {
for (i=1; i<sj-1; i+4+)
if (savelabel [i][j] < label[i][j]) {
flag = - 1;
br eak;
}
else if (label[i][j] < savelabel[i][j]) {
flag = 1;
br eak;
}
if (flag '= 0) break;
}
ctr3[0] ++;
if (flag == -1) {
for (i=1; i<=n; i++) {
for (j=1; j<=n; j++)
savel abel [i][j] = label[i][j];
savermap[i] = map[i];
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}
}
else if (ctr1[0] == 2) {
/1 finds candidates for a naxinal graph code ordering
if (ctr2[0] <1 ]] n<ctr2[0]) return false;
auxl[ctr2[0]] = O;
found = fal se;
if (1 <ctr2[0]) {
/1 conpute the graph code for this node ordering
for (i=1; i<=n; i++) {
if (i <=ctr2[0]-1) {

p = map[i];

if (mp[i] <1 ]] n< mp[i]) return false;
}

el se

p=0;

for (j=i+l; j<=n; j++) {
if (j <=ctr2[0]-1) {

q = mep[j];
if (map[j] <1 || n < map[j]) return false;
}
el se
a=0;
if (p==01]] q==0)
label [i][j] = label[j][i] = O;
else if ((p<aq&adi[pllal !'=0) || (g <p & adj[al[p] !'=0))
label [i][j] = label[j]1[i] = 1;
el se
label [i][j] = label[j][i] = O;
}
}
/1 conpares the two graph codes
flag = 0O;

for (j=2; j<=ctr2[0]-1; j++) {
for (i=1; i<sj-1; i++) {
if (savelabel [i][j] < label[i][j]) {

flag = - 1;
br eak;
}
else if (label[i][j] < savelabel[i][j]) {
flag = + 1;
br eak;
}
}
if (flag !'= 0) break;
}
ctr3[0] ++;

if (flag == 1) {
auxl[ctr2[0]] = O;
found = true;
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}
if (!found) {
// list of nodes that have not been used
t =n+1- ctr2[0];
/1 find the nunber of unused itens in the pernutation
v =ctr2[0] - 1 +t;
if (ctr2[0] - 1 <0)
return fal se;
else if (ctr2[0]-1 == 0)
for (i=1; i<=v; i++)
aux2[i] =1;
elseif (t <0)
return fal se;
elseif (t ==0)

{}
el se {
k = 0;
for (i=1; i<=v; i++) {
r =0;
for (j=1; j<=ctr2[0]-1; j++)
it (map[j] ==1i) {
r=j;
br eak;
}
if (r ==0) {
K++;
if (t <k) return fal se;
aux2[k] =1i;
}
}
}

auxl[ctr2[0]] = O;
for (i=1; i<=ctr2[0]-1; i++) {
p = map[i];
for (j=1; j<=t; j++) {
q = aux2[j];
if (adj[pl[a]l '=0 || adj[al[p] !'= 0) {
auxl[ctr2[0]] ++;
ctr4f[ 0] ++;
if (auxsize < ctr4[0]) return false;
aux4[ctr4[0]] = q;

}

if (0 <auxl[ctr2[0]]) {
found = true;
br eak;

}
if (!found) {
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/1 no free nodes are connected to used nodes
I/ take the free nodes with at |east one nei ghbor

s =0;
for (i=1; i<=t; i++) {
p = aux2[i];
aux3[i] = 0;
for (j=1; j<=t; j++) {
q = aux2[j];
if (p!=o0)

if (aux3[i] < adj[p][q]) aux3[i] = adj[p][d];
}
if (s <aux3[i]) s = aux3[i]
}
auxl[ctr2[0]] =0
for (i=1; i<=t; i++)
if (aux3[i] ==5s) {
auxl[ctr2[0]] ++
ctr4[ 0] ++
if (auxsize < ctr4[0]) return fal se
aux4[ctr4[0]] = aux2[i];

}

el se
/1 all possibilities have been exani ned
br eak;
}
/'l set the best ordering and code
for (i=1; i<=n; i++) {
for (j=1; j<=n; j++)
label [i][j] = savelabel [i][]];
map[i] = savemap[i];
}

return true;

public static void heapsort(int n, int x[], boolean ascendi ng)

{
/* sort array elenents x[1], x[2],..., X[n] in the order of
* increasing (ascending=true) or decreasing (ascendi ng=fal se)
*/

int elmh,i,index,k,tenp;

if (n<=1) return
// initially nodes nf2 to 1 are |eaves in the heap
for (i=n/2; i>=1; i--) {

elm= x[i]
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index =i;
while (true) {
k = 2 * index;
if (n < k) break;
if (k+1<=n){
if (ascending) {
if (x[k] < x[k+1]) k++;

}
el se {

if (x[k+1] < x[K]) k++;
}

}
if (ascending) {
if (x[k] <= eln) break;
}
el se {
if (elm<= x[k]) break;
}
x[index] = x[k];
i ndex = k;
}
x[index] = elm
}
/1 swap x[1] with x[n]
tenp = x[1];
x[1] = x[n];
x[n] = tenp;
/'l repeat delete the root fromthe heap
for (h=n-1; h>=2; h--) {
Il restore the heap structure of x[1] through x[h]

for (i=h/2; i>=1; i--) {
elm= x[i];
index = i;

while (true) {
k = 2 * index;
if (h < k) break;
if (k+1<=h){
if (ascending) {
if (x[k] < x[k+1]) k++;

}
el se {

if (x[k+1] < x[K]) k++;
}

}
if (ascending) {

if (x[k] <= elm break;
}
el se {

if (elm<= x[k]) break;
}

203
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x[index] = x[k];
i ndex = k;
}
x[index] = elm
}
/1 swap x[1] and X[ h]
tenp = x[1];
x[1] = x[h];
x[ h] t enp;
}
}

Example:

Test whether the following two graphs are isomorphic.

First G aph Second G aph

®

<\
ORO On
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package G aphAl gorithns;
public class Test_graphl sonor phi sm extends Object {
public static void main(String args[]) {
int k;
int n=25;

int mapl[] = newint[n + 1];
int map2[] = newint[n + 1];

int adj1[][] = {{0, 0, 0, 0, 0, O},
{o, 0, 0, 1, 1, O},
{o, 0, 0, 0, 1, 1},
{0, 1, 0, 0, 0, 1},
{o, 1, 1, 0, 0, 0},
{0, 0, 1, 1, 0, O}};
int adj2[][] = {{0, 0, 0, 0, 0, O},
{0, 0, 1, 0, 0, 1},
{o, 1, 0, 1, 0, 0},
{o, 0, 1, 0, 1, 0},
{o, 0, 0, 1, 0, 1},
{0, 1, 0, 0, 1, O}};

k = GraphAl go. graphl sonor phi snm(n, adj 1, adj 2, mapl, map2);

if (k'!=0)
Systemout. println("lnput graphs are non-isonorphic, " +
"return code =" + k);
el se {

Systemout. print("lnput graphs are isonorphic." +
"\n\n first graph node relabeling: ");

for (k=1; k<=n; k++)

Systemout.print(" " + mapl[k]);
Systemout. print("\n second graph node rel abeling:");
for (k=1; k<=n; k++)

Systemout.print(" " + map2[k]);
Systemout. println();

}
Output:
I nput graphs are isonorphic.

first graph node rel abeling: 5 3 2 1 4
second graph node relabeling: 5 4 1



6. Coloring

6.1 Node Coloring

A node coloring of an undirected graph G is an assignment of colors to nodes of G
such that no adjacent nodes of G have the same color. A graph is k-colorable if
there is a coloring of G using k colors. The chromatic number of G is the
minimum k for which G is k-colorable. The procedure [B72] of node coloring is
done by a simple implicit enumeration tree search method. Initially node 1 is
assigned color 1, and the remaining nodes are colored sequentially so that node i
is colored with the lowest numbered color which has not been used so far to color
any nodes adjacent to node i.

Let p be the number of colors required by this feasible coloring. Try to generate a
feasible coloring using q < p colors. To accomplish this, all nodes colored with p
must be recolored. Thus, a backtrack step can be taken up to node u, where node
u + 1 is the lowest index assigned color p. Try to color node u with its smallest
feasible alternative color greater than its current color. If there is no such
alternative color which is smaller than p then backtrack to node u — 1. Otherwise,
recolor node u and proceed forward, sequentially recoloring all nodes u + 1, u + 2,
..., with the smallest feasible color until either node n is colored or some node v is
reached which requires color p. In the former case, an improved coloring using q
colors has been found; in this case, backtrack and try to find a better coloring
using less than q colors. In the latter case, backtrack from node v and proceed
forward as before. The algorithm terminates when backtracking reaches node 1.

Procedure parameters:
void nodeColoring (n, m, nodei, nodej, color)

n: int;
entry: number of nodes of the undirected graph,
nodes of the graph are labeled from 1 to n.
m: int;
entry: number of edges of the undirected graph.
nodei, nodej: int[m+1];
entry: nodeifp] and nodej/p] are the end nodes of the p-th edge in the
graph, p=1,2,...,m.
color: int[n+1];
exit:  colorl[0] is the chromatic number of the graph.
colorfi] is the color number assigned to node i, i=1,2,...,n.

207
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public static void nodeColoring(int n, int m int nodei[],
int nodej[], int color[])

int i,j,k,loop,currentnode, newc, ncol or, pai nt, i ndex, nodek, up, | ow,
int degree[] = new int[n+1];

int choices[] = newint[n+1];

int maxcolornuni{] = new int[n+1];

int currentcolor[] = new int[n+1];

int feasiblecolor[] = newint[n+1];

int firstedges[] = new int[n+2];

int endnode[] = new int[mm+l];

int availc[][] = new int[n+1][n+1];

bool ean nore

// set up the forward star representation of the graph
for (i=1; i<=n; i++)
degree[i] = 0;
k = 0;
for (i=1; i<=n; i++) {
firstedges[i] = k + 1;
for (j=1; j<=m j++)
if (nodei[j] ==1i) {
K++;
endnode[ k] = nodej[j];
degree[i] ++;

}
el se {
if (nodej[j] ==1) {
K++;
endnode[ k] = nodei[j];
degree[i] ++;
}
}

}
firstedges[n+l] =k + 1
for (i=1; i<=n; i++) {
feasiblecolor[i] = degree[i] + 1
if (feasiblecolor[i] > i) feasiblecolor[i] =i
choices[i] = feasiblecolor[i];
loop = feasiblecolor[i];
for (j=1; j<=loop; j++)
availc[i][j] = n;
k = feasiblecolor[i] + 1
if (k <=n)
for (j=k; j<=n; j++)
availc[i][j] = 0;
}
currentnode = 1,
/1 color currentnode
newc = 1
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ncolor = n;

paint = 0;
nore = true;
do {

if (nmore) {

i ndex = choi ces|[ currentnode] ;
if (index > paint + 1) index = paint + 1;

while ((availc[currentnode] [ newc] < currentnode) && (newc <= index))

newc++;
/1 currentnode has the color 'newc’

if (newc == index + 1)
nore = fal se;

el se {
if (currentnode == n) {

/1 a new coloring is found
currentcol or[ currentnode] = newc;
for (i=1; i<=n; i++)
color[i] = currentcolor[i];
if (newc > paint) paint++;
ncol or = paint;
if (ncolor > 2) {
/'l backtrack to the first node of color
index = 1;
while (color[index] != ncolor)
i ndex++;
=
while (j >= index) {
current node- - ;
newc = currentcol or[currentnode];
pai nt = maxcol or nunf cur r ent node] ;
low = firstedges[currentnode];
up = firstedges[currentnode + 1];
if (up >1low {
up- -;
for (k=low k<=up; k++) {
nodek = endnode[ k] ;
if (nodek > currentnode)

if (availc[nodek][new] == currentnode) {

avai | c[ nodek] [ newc] = n;
f easi bl ecol or [ nodek] ++;

}

newc++;
nmore = fal se;
i--s
}
paint = ncolor - 1;
for (i=1; i<=n; i++) {
| oop = choices[i];

"ncol or'

209
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if (loop > paint) {
k = paint + 1;
for (j=k; j<=loop; j++)
if (availc[i][j] == n) feasiblecolor[i]--;
choi ces[i] = paint;

}
el se {
I/ currentnode is less than n
low = firstedges[currentnode];
up = firstedges[currentnode + 1];
if (up > 1low {
up- -;
k = 1ow
while ((k <= up) && nore) {
nodek = endnode[ k] ;
if (nodek > currentnode)
more = ! ((feasiblecolor[nodek] == 1) &&
(avai |l c[ nodek] [ newc] >= currentnode));

K++;
}
}
if (rmore) {
currentcol or[ currentnode] = newc;
maxcol or nunf current node] = paint;

if (newc > paint) paint++;
low = firstedges[currentnode];
up = firstedges[currentnode + 1];
if (up >1low {
up- -;
for (k=low k<=up; k++) {
nodek = endnode[ k] ;
if (nodek > currentnode)
if (availc[nodek][new] >= currentnode) {
avai | c[ nodek] [ newc] = currentnode;
f easi bl ecol or [ nodek] - -;

}

current node++;
newc = 1;

el se
newc++;

el se {
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nore = true;
if ((newc > choices[currentnode]) || (newc > paint + 1)) {
current node--;
newc = currentcol or[currentnode];
pai nt = maxcol or nunf cur r ent node] ;
low = firstedges[currentnode];
up = firstedges[currentnode + 1];
if (up > 1low {
up- -;
for (k=low, k<=up; k++) {
nodek = endnode[ k] ;
if (nodek > currentnode)
if (availc[nodek][new] == currentnode) {
avai | c[ nodek] [ newc] = n;
f easi bl ecol or [ nodek] ++;

}

newc++;
nmore = fal se;

}
}
} while ((currentnode !'= 1) && (ncolor != 2));
color[0] = ncolor;
}
Example:

Find the node coloring of the following graph.
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package G aphAl gorithns;
public class Test_nodeCol ori ng extends Object {
public static void main(String args[]) {

int n=14, n¥19;

int color[] = new int[n+1];

int nodei[] = {0,2,13,1,2,7,3, 3, 4,9,13,14,6,9, 7,14,11, 5,12, 5};
int nodej[] ={0,1, 1,6,3,2,4,14,13,4,10, 6,9,7,610,10, 8,12, 8,11};

G aphAl go. nodeCol ori ng(n, m nodei , nodej, col or);
Systemout. print("The chromatic nunber is " + color[0] + "\n\n Node : ");
for (int i=1; i<=n; i++)
Systemout.printf("9%8d",i);
Systemout.print("\n Color: ");
for (int i=1; i<=n; i++)
Systemout. printf("%3d",color[i]);
Systemout. println();
}
}

Output:
The chromatic nunber is 3

Node : 1 2 3 45 6 7 8 9101112 13 14
Clor: 1 2 1 2 1 2 1 1 3 2 2 2 3 3

6.2 Chromatic Polynomial

Let f(p;G) be the number of colorings of a connected graph G in p or few colors.
For any graph G with n nodes, f(p;G) is a polynomial in p. The chromatic
polynomial f(p;G) can be expressed in three common forms:

. _ n n—1 n-2 n—1
1. f(p;G)=a,p"—a, ,p" +a,,p"" —+(=)"ap
in which the coefficients a; = 0, i=1,2,...,n—1 alternate in sign, and a, = 1.

2. f(p:G) =) (-1)""bp(p-1)""
i=1
where b; 2 0, i=1,2,...,n.
3. f(p;G)= zcip(i)
i=1

where py = p(p-1)(p-2)...(p-i+1).
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Consider two adjacent nodes u and v in a graph G. Let H be the graph obtained
from G by deleting the edge (u,v) from G, and let F be the graph obtained from G
by merging the two nodes u and vin G. Thus,
f(p;G) = f(p;H) - f(p;F).

The chromatic polynomial f(p;G) can be obtained by repeated application of this
reduction formula, thereby expressing f(p;G) as a linear combination of chromatic
polynomials of null graphs. The complete derivation can be represented by a
binary tree in which left and right branches correspond to the deleting and
merging steps, respectively. The running time of the algorithm [R68] is O(m+2m),
where m is the number of edges in the input graph.

Procedure parameters:
void chromaticPolynomial (n, m, nodei, nodej, cpoly 1, cpoly2, cpoly3)

n. int;
entry: number of nodes of the undirected graph,
nodes of the graph are labeled from 1 to n.
m: int;
entry: number of edges of the undirected graph.
nodei, nodej: int[m+1];
entry: nodeifp] and nodej/p] are the end nodes of the p-th edge in the
graph, p=1,2,....,m.
cpolyI: int[n+1];
exit:  coefficients a; for i=1,2,...,n, of the chromatic polynomial in the first
form described above.
cpoly2: int[n+1];
exit:  coefficients b; for i=1,2,...,n, of the chromatic polynomial in the
second form described above.
cpoly3: int[n+1];
exit:  coefficients ¢ for i=1,2,...,n, of the chromatic polynomial in the
third form described above.

public static void chromaticPolynomal (int n, int m int nodei[],
int nodej[], int cpolyl[], int cpoly2[], int cpoly3[])

{

int i,j,k, m nn, maxm, nconp, i ndex, nodeu, nodev, nodew, nodex, i ncr

int isub2,jsub2,ivertex,jvertex,|loop,top,ilast,jlast

int isubl=0,jsubl=0,ix=0,iy=0, nodey=0

int istack[] = new int[((n*(mrm n+l))/2)+1];

int jstack[] = new int[((n*(mrm n+l))/2)+1];

bool ean vi sit, nonpos, ski p

top =0

for (i=1; i<=n; i++)
cpoly2[i] =0

m = m

nn = n;

/1 find a spanning tree

while (true) {
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maxm = mm + 1;
if (nn >m) maxm = nn + 1;
for (i=1; i<=nn; i++)

cpoly3[i] = -i;
for (i=1; i<=nm i++) {
j = nodei[i];
nodei [i] = cpoly3[j];
cpoly3[j] = - maxm - i;
j = nodej[i];
nodej [i] = cpoly3[j];
cpoly3[j] = - maxm - maxm - i;
}
nconp = O;
i ndex = 0;
nodew = O;
while (true) {
nodew++;

if (nodew > nn) break;

nodev = cpol y3[ nodew] ;

if (nodev > 0) continue;
nconp++;

cpol y3[ nodew] = nconp;

if (nodev >= -nodew) continue;
nodeu = nodew,

nodex = -nodev;

visit = true;

isub2 = -nodev / maxmn;

jsub2 = -nodev - isub2 * maxm;

while (true) {
nodev = (isub2 == 1) ? nodei[jsub2] : nodej[jsub2];
if (nodev > 0)
if (nodev <= maxmm)
if (cpoly3[nodev] >= 0) nodey = jsub2;
if (nodev >= 0) {

if (ix ==1) {
nodex = Math. abs(nodei[iy]);
nodei [iy] = nodeu;
}
el se {

nodex = Math. abs(nodej[iy]);
nodej [iy] = nodeu;
}
ix = nodex / maxmn;
iy = nodex - ix * maxm;
if (ix ==0) {
skip = fal se;
do {
if (nodey !=0) {
i ndex++;
cpol y3[ nodeu] = nodei [ nodey] + nodej[ nodey]

- nodeu;
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nodei [ nodey] = -index;
nodej [ nodey] = nodeu;
}
nodeu = iy;
if (iy <=0) {
skip = true;
br eak;
}
nodex = -cpol y3[ nodeu] ;

ix = nodex / maxmn;
iy = nodex - ix * maxm;
} while (ix == 0);
if (skip) break;
}
isub2 = 3 - ix;
jsub2 = iy;
conti nue;
}
if (nodev < -maxm) {
if (isub2 == 1)

nodei [j sub2] = -nodev;
el se
nodej [j sub2] = -nodev;
isub2 = -nodev / maxmn;
jsub2 = -nodev - isub2 * maxm;
}
el se {
nodev = - nodev;

if (isub2 == 1)
nodei [j sub2] = 0;

el se
nodej [j sub2] = 0;
if (visit) {

isubl = isub2;
jsubl = jsub2;
nodey = 0;
visit = fal se;
}
el se {
if (isubl == 1)
nodei [j subl] = nodev;
el se
nodej [j subl] = nodev;
i subl = isub2;
jsubl = jsub2;
if (ix ==1) {
nodex = Math. abs(nodei[iy]);
nodei [iy] = nodeu;
}

el se {
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nodex = Math. abs(nodej[iy]);
nodej [iy] = nodeu;

}
i X = nodex / maxmm;
iy = nodex - ix * maxm;
if (ix ==0) {
skip = fal se;
do {
if (nodey !=0) {
i ndex++;
cpol y3[ nodeu] = nodei [ nodey] + nodej[nodey] - nodeu;
nodei [ nodey] = -index;

nodej [ nodey] = nodeu;
}
nodeu = ivy;
if (iy <=0) {
skip = true;
br eak;
}
nodex = -cpol y3[ nodeu] ;
i X = nodex / maxmn;
iy = nodex - ix * maxm;
} while (ix == 0);
if (skip) break;
}
isub2 = 3 - ix;
j sub2 iy;

}
for (i=1; i<=nm i++) {
while (true) {
nodey = -nodei[i];
if (nodey < 0) break;
nodex = nodej[i];

nodej [i] = nodej[ nodey];
nodej [ nodey] = nodex;
nodei [i] = nodei [ nodey];

nodei [ nodey] = cpol y3[ nodej [ nodey]];

}
for (i=1; i<=index; i++)
cpoly3[nodej[i]] = cpoly3[nodei[i]];
// if nconp is not equal to 1, the graph is not connected
if (ncomp != 1) break;
if (Mm < nn) {
cpol y2[ nn] ++;
if (top == 0) break;
nn = istack[top];
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mm = j stack[top];

top -= mm + 1,
for (i=1; i<=nm i++) {
nodei [i] = istack[top + i];

nodej[i] = jstack[top + i];
}
if (mm == nn)

cpol y2[ nn] ++;

el se {
top += mm
istack[top] = nn;
jstack[top] = mm- 1
}
}
el se {
if (mm == nn)
cpol y2[ nn] ++;
el se {
for (i=1; i<=nm i++) {
top++;
istack[top] = nodei[i];
jstack[top] = nodej[i];
}
istack[top] = nn;
jstack[top] = mm- 1
}
}

for (i=1; i<=n; i++)
cpolyl[i] = 0;
ivertex = (nodei [m] < nodej[mi) ? nodei[mj

jvertex = nodei [m] + nodej[mm] - ivertex;
loop = mm- 1;
mm = 0;

for (i=1; i<=loop; i++) {
ilast = nodei[i];

if (ilast == jvertex) ilast = ivertex;
if (ilast == nn) ilast = jvertex;
jlast = nodej[i];
if (jlast == jvertex) jlast = ivertex;
if (jlast == nn) jlast = jvertex;
if (ilast == ivertex) {
if (cpolyl[jlast] != 0) continue;
cpolyl[jlast] = 1;
}
if (jlast == ivertex) {
if (cpolyl[ilast] != 0) continue;
cpolyl[ilast] = 1,
}
nm+;

nodei [m] = ilast;

nodej [ ] ;

217
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nodej [m] = jlast;
}
nn--;
}
for (i=1; i<=n; i++) {
cpolyl[i] = cpoly2[i];
cpoly3[i] =cpoly2[i] * (12 - 2* ((n-i) - ((n-i)/2) * 2));
}
for (i=1; i<=n; i++) {
jvertex = 0;
for (j=i; j<=n; j++) {
jvertex = cpolyl[n + i - j] + jvertex;
cpolyl[n +i - j] = jvertex;
}
}
incr = 0;
for (i=1; i<=n; i++) {
jvertex = 0;
for (j=i; j<=n; j++) {

jvertex = cpoly3[n + i - j] + incr * jvertex;
cpoly3[n +i - j] = jvertex;
}
i ncr++;
}
}
Example:

Find the three forms of the chromatic polynomials of the following graph.
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package G aphAl gorithns;
public class Test_chromaticPol ynom al extends Object {
public static void main(String args[]) {

int n=8, n¥l2;

int chpolyl[] = new int[n+1]

int chpoly2[] = new int[n+1]

int chpoly3[] = new int[n+1]

int nodei[] ={0, 1, 1, 1, 2, 2, 3, 3, 3, 4, 4, 5, 6};
int nodej[] ={0, 2, 5 6, 7, 8, 4, 7, 8 5, 6, 7, 8};

G aphAl go. chromat i cPol ynom al (n, m nodei , nodej , chpol y1, chpol y2, chpol y3);
Systemout. print("Chromatic polynomal 1st form ");
for (int i=1; i<=n; i++)

Systemout. printf("%d", chpol y1[i]);
Systemout. print("\nChromatic polynomal 2nd form ");
for (int i=1; i<=n; i++)

Systemout. printf("%d", chpoly2[i]);
Systemout. print("\nChromatic polynomal 3rd form ");
for (int i=1; i<=n; i++)

Systemout. printf("%d", chpoly3[i]);
Systemout. println();

}
Output:

Chromatic polynom al 1st form 133 423 572 441 214 66 12 1
Chromatic polynom al 2nd form 0 11 32 40 29 15 5 1
Chromatic polynomal 3rd form 0 1 18 92 146 80 16 1



7. Graph Matching

7.1 Maximum Cardinality Matching

For a given undirected graph G, a matching is a subset S of edges of G in which no
two edges in S are adjacent in G. The maximum cardinality matching problem is to
find a maching of maximum cardinality.

A node that is not matched is called an exposed node. An alternating path with
respect to a given matching S is a path in which the edges appear alternately in S
and not in S. An augmenting path is an alternating path which begins with an
exposed node and ends with another exposed node. A fundamental theorem [B57]
states that a matching S in G is maximum if and only if G has no augmenting
path with respect to S.

The basic method for finding the maximum matching starts with an arbitrary
matching Q. An augmenting path P with respect to Q is found. A new matching
is constructed by taking those edges of P or Q that are not in both P and Q. The
process is repeated and the matching is maximum when no augmenting path is
found. The algorithm [E65, PC79] takes O(n3) operations for a graph of n nodes.

Procedure parameters:

void cardinalityMatching (n, m, nodei, nodej, pair)
n: int;
entry: the number of nodes of the graph, labeled from 1 to n.
m: int;
entry: the number of edges in the graph.
nodei, nodej: int[m+1];
entry: nodeifil and nodejfi] are the end nodes of the i-th edge in the graph,
i=1,2,...,m. Note that the graph is not necessarily connected.
pair:  int[n+1];
exit: in the solution, node i is matched with pairfi, i=1,2,...,n.
If pairfij = O then node iis unmatched. The number of unmatched
nodes is given by pair[0].

public static void cardinalityMatching(int n, int m int nodei[],

int nodej[], int pair[])
{
int i, j, k, nl, istart, first, last, nodep, nodeq, nodeu, nodev, nodew,
int neighl, neigh2, unnatch;
int fwdedge[] = newint[m+ m+ 1];
int firstedge[] = newint[n + 2];
int grandparent[] = newint[n + 1];
int queue[] = newint[n + 1];
bool ean outree[] = new boolean[n + 1];

bool ean newnode, nopath;
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// set up the forward star graph representation
nl =n + 1;
k = 0;
for (i=1; i<=n; i++) {
firstedge[i] = k + 1;
for (j=1; j<=m j++)
if (nodei[j] ==1i) {
k++;
fwdedge[ k] = nodej[j];

}
el se {
if (nodej[j] ==1i) {
K++;
fwdedge[ k] = nodei[j];
}
}

}
firstedge[nl] = m+ 1;

/1 all nodes are unnatched
unnat ch = n;
for (i=1; i<=n; i++)
pair[i] = 0;
for (i=1; i<=n; i++)
if (pair[i] == 0) {
j = firstedge[i];
k = firstedge[i + 1] - 1;
while ((pair[fwdedge[j]] !'=0) & (j < k))
j ++;
if (pair[fwdedge[j]] == 0) {
/1 match a pair of nodes
pai r[fwdedge[j]] = 1i;
pair[i] = fwdedge[j];
unnmat ch -= 2;

}
for (istart=1; istart<=n; istart++)
if ((unmatch >= 2) && (pair[istart] == 0)) {
/] 'istart' is not yet natched
for (i=1; i<=n; i++)
outree[i] = true;
outree[istart] = fal se;
// insert the root in the queue

queue[1l] = istart;
first = 1;

last = 1,

nopath = true;
do {

nodep = queue[first];
first = first + 1,
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nodeu = firstedge[ nodep];
nodew = firstedge[nodep + 1] - 1;
whil e (nopath && (nodeu <= nodew)) ({
/1 exami ne the neighbor of 'nodep'
if (outree[fwledge[nodeu]]) {
nei gh2 = fwdedge[ nodeu] ;
nodeq = pair[nei gh2];
if (nodeq == 0) {
// an augnentation path is found
pai r[ nei gh2] = nodep;
do {
nei ghl = pair[nodep];
pai r[ nodep] = nei gh2;
if (neighl '=0) {
nodep = grandparent [ nodep] ;
pai r[ nei ghl] = nodep;
nei gh2 = nei ghl;
}
} while (neighl !'= 0);
unnmat ch -= 2;
nopat h = fal se;
}
el se {
if (nodeq != nodep) {
if (nodep == istart)
newnode = true;
el se {
nodev = grandparent [ nodep] ;
while ((nodev !=istart) && (nodev != neigh2))
nodev = grandpar ent [ nodev] ;
newnode = (nodev == istart ? true : false);
}
if (newnode) {
// add a tree link
outree[ nei gh2] = fal se;
grandpar ent [ nodeq] = nodep;
| ast ++;
queue[l ast] = nodeq;

}

nodeu++;

}
} while (nopath & (first <= last));

}

pai r[0] = unmatch;
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Example:

Find the maximum cardinality matching of the following graph.

OO & ) &

package G aphAl gorithns;
public class Test_cardinalityMatchi ng extends Object {
public static void main(String args[]) {

int n=13;

int m= 13;

int inode[] = {0, 4, 3, 1,12, 6, 8,13,10, 1, 9, 1,10, 3};
int jnode[] = {0, 2,13, 5, 7,11, 1, 9,12, 6, 3,11, 2,1};
int pair[] = newint[n + 1];

GraphAl go. cardi nal i tyMatching(n, m inode, jnode, pair);
System out. println("Maxi rum mat ching:\n");
for (int i=1; i<=n; i++)

Systemout.print(" " + pair[i]);
Systemout. println("\n\nNunber of unmatched nodes =" + pair[0]);
}
}
Output:

Maxi mum nat chi ng:

5 4 13 2 1 11 12 0 0 O 6 7 3

Nunber of unmatched nodes = 3
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7.2 Minimum Sum Perfect Matching

For a given undirected graph G, a matching is a subset S of edges of G in which no
two edges in S are adjacent in G. A matching is perfect if every vertex is incident
to a matching edge. Consider a graph with n vertices, where n is even. Suppose
the nonnegative edge weight for every pair of nodes i and j is given. The minimum
sum perfect matching problem is to find a perfect matching in G such that the sum
of the weights of the matching edges is minimum.

In a given matching of a graph G, a node that is not matched is called an exposed
node. An alternating path with respect to a given matching S is a path in which
the edges appear alternately in S and not in S. An augmenting path is an
alternating path which begins with an exposed node and ends with another
exposed node. The following procedure [BD80] solves the minimum sum perfect
matching problem by iteratively augmenting along the shortest augmenting paths
using a labeling and shrinking procedure [EJ73].

Procedure parameters:
void minSumMatching (n, weight, sol)

n: int;
entry: n is even, the number of nodes of the undirected graph labeled
from 1 to n.
weight: double[n+1][n+1];
entry: the nonnegative edge weights of the undirected graph are stored
in the upper triangular matrix weight. weightfiJ[j| is the weight of
the edge between node i and node j, i<j. The values of the
diagonal elements and the lower triangular entries of the matrix
weight are not needed as input data.
exit:  weight[O][0] is the total weight of the edges in the optimal perfect

matching.
sol: int[n+1];
exit: in the optimal solution, node i is matched with node solfj,
i=1,2,...,n.
public static void m nSumvat ching(int n, double weight[][], int sol[])
{
int nn,i,j,head, mn, max, sub, i dxa, i dxc;

int kk1, kk3, kk6, i, nm2, B, m, nmb;
int index=0,idxb=0,idxd=0, i dxe=0, kk2=0, kk4=0, kk5=0;
int aux1[] = new int[n+(n/2)+1];

int aux2[] = new int[n+(n/2)+1];
int aux3[] = new int[n+(n/2)+1];
int aux4[] = new int[n+1];
int aux5[] = new int[n+1];
int aux6[] = new int[n+1];
int aux7[] = new int[n+1];
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int aux8[] = new int[n+1];

int aux9[] = new int[n+1];

doubl e bi g, eps, cswk, cwk2, cst, cstl ow, xcst, xwor k, xwk2, xwk3, val ue;
doubl e work1[] = new doubl e[ n+1] ;

doubl e work2[] = new doubl e[ n+1] ;

doubl e work3[] = new doubl e[ n+1] ;

doubl e work4[] = new doubl e[ n+1] ;

doubl e cost[] = new double[n*(n-1)/2 + 1];

bool ean fin, ski p;

// initialization
eps = 1.0e-5;
fin = fal se;
nn = 0;
for (j=2; j<=n; j++)
for (i=1; i<j; i++) {
nn++;
cost[nn] = weight[i][]];
}
big = 1.;
for (i=1; i<=n; i++)
big += cost[i];

aux1[ 2] = 0;
for (i=3; i<=n; i++)
aux1[i] = aux1[i-1] + i - 2;

head = n + 2;
for (i=1; i<=n; i++) {

aux2[i] =1;
aux3[i] =1;
aux4[i] = 0;
aux5[i] =1;
aux6[i] = head;

aux7[i] = head;
aux8[i] = head;

sol[i] = head;
workl[i] = big;
work2[i] = 0.;
work3[i] = 0.;
work4[i] = big;

}

/] start procedure
for (i=1; i<=n; i++)
if (sol[i] == head) {

nn = 0;

cwk2 = hig;

for (j=1; j<=n; j++) {
mn =i;
max = j;
if (i 1=17j) {

if (i >j){
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g

mn =j;
}
sub = auxl[max] + nin;
xcst = cost[sub];
cswk = cost[sub] - work2[j];
if (cswk <= cwk2) {
if (cswk == cwk2) {
if (nn == 0)
if (sol[j] == head) nn = j;
conti nue;
}
CWK2 = CSWK;
nn = 0;
if (sol[j] == head) nn = j;
}
}
}
if (nn!=0) {
work2[i] = cwk2;
sol[i] = nn;
sol[nn] =1i;
}
}

I/ initial labeling
nn = 0;
for (i=1; i<=n; i++)
if (sol[i] == head) {
nn++;
aux6[i] = 0;
work4[i] = 0.;
XWk2 = work2[i];
for (j=1; j<=n; j++) {

mn =i;
max = j;
if (i 1=17j) {
if (i >j) {
max = i;
mn =j;
}

sub = auxl[max] + mn;

xcst = cost[sub];

cswk = cost[sub] - xwk2 - work2[j];

if (cswk < workl[j]) {
work1[j] = cswk;
aux4[j] =1;

}

}
}
}
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if (nn <=

1) fin = true;
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/] examine the labeling and prepare for the next step

iterate:

while (true) {
if (fin) {

/'l generate the original graph

skip =

val ue
for (i

fal se;
=0.;
=1; i<=n; i+4)

if (aux2[i] ==1i) {
if (aux6[i] >= 0) {

}

kk5 = sol [i];

kk2 = aux2[ kk5];

kk4 = sol [ kk2];

aux6[i] = -1;

aux6[ kk2] = -1;

mn = kk4;

max = kk5;

if (kk4 !'= kk5) {

if (kk4 > kk5) {

max = kk4;
mn = kk5;

}

sub = auxl[max] + mn;
xcst = cost[sub];

val ue += xcst;

for (i=1; i<=n; i++) {
while (true) {
idxb = aux2[i];
if (idxb ==1i) break;
mR2 = aux3[idxb];
i dxd = aux4[ m2] ;

kk3 = mg;
xwor k = wor k4[ m?2] ;
do {

mil = mMm®;

}

i dxe = aux5[ mm] ;
XWk2 = wor k2[ mml] ;
while (true) {
aux2[ mR] = nm;
wor k3[ mR] -= xwk2;

by expandi ng all shrunken bl ossons

if (mR2 == idxe) break;

me = aux3[ m?] ;
}
mR2 = aux3[idxe];
aux3[idxe] = mm;
while (M2 !'= idxd);
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wor k2[ i dxb] = xwork;
aux3[idxb] = idxd;
m2 = i dxd;
while (true) {
wor k3[ mR] -= xwork;
if (mR == idxb) break;
me = aux3[ m] ;
}
mb = sol [idxb];
mrl = aux2[ mb] ;
ml = sol [ mm] ;
kk1l = aux2[ mml];
if (idxb !'= kkl1) {
sol [ kk1l] = mmb;
kk3 = aux7[ kk1];
kk3 = aux2[ kk3];
do {
mB = aux6[ kk1];
kk2 = aux2[ mB];
mrl = aux7[ kk2];
mR2 = aux8[ kk2];
kk1l = aux2[ mml];
sol [ kk1l] = mm®;
sol [ kk2] = mmi;
mn = mi;

if (Ml == me) {

if (ml > me) {
max = m;
mn = mMmg;
}
sub = auxl[max] + mn;
xcst = cost[sub];
val ue += xcst;

} while (kk1 !'=idxb);

if (kk3 == idxb) skip = true;
}
if (skip)

skip = fal se;
el se {

while (true) {
kk5 = aux6[ kk3];

kk2 = aux2[ kk5];
kk6 = aux6[ kk2];
mn = kk5;
max = kk6;

if (kk5 == kk6) break;
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if (kk5 > kk6) {
max = kk5;
mn = kk6;
}
sub = auxl[max] + mn;
xcst = cost[sub];
val ue += xcst;
kk6 = aux7[kk2];
kk3 = aux2[ kk6] ;

if (kk3 == idxb) break;
}
}
}
}
wei ght[0][0] = val ue;
return;

}
cstlow = big;
for (i=1; i<=n; i++)
if (aux2[i] ==1i) {
cst = workl1[i];
if (aux6[i] < head) {
cst = 0.5 * (cst + work4[i]);
if (cst <= cstlow {

index =1i;
cstlow = cst;
}
}
el se {
if (aux7[i] < head) {
if (aux3[i] !'=1i) {
cst += work2[i];
if (cst <cstlow {
index =1i;
cstlow = cst;
}
}
}
el se {
if (cst <cstlow {
index =1i;
cstlow = cst;
}
}

}
if (aux7[index] >= head) {
skip = fal se;
if (aux6[index] < head) {
i dxd = aux4[i ndex];
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i dxe = aux5[i ndex];

kk4 = index;

kk1 = kk4;

kk5 = aux2[idxd];
kk2 = kk5;

while (true) {
aux7[ kkl] = kk2;
mb = aux6[ kk1];
if (mb == 0) break;
kk2 = aux2[ mb] ;
kk1l = aux7[kk2];
kk1l = aux2[ kk1];

}

i dxb = kk1;
kk1l = kk5;
kk2 = kk4;

while (true) {
if (aux7[kkl] < head) break;
aux7[ kkl] = kk2;
mb = aux6[ kk1];
if (mb == 0) {
// augnentation of the natching
/1 exchange t he natching and non-nat chi ng edges
I al ong the augnenting path
idxb = kk4;
mb = i dxd;
while (true) {
kk1l = idxb;
while (true) {
sol [ kk1l] = mmb;
mb = aux6[ kk1];
aux7[ kkl] = head;
if (mb == 0) break;
kk2 = aux2[ mb] ;
mrl = aux7[ kk2];
mb = aux8[ kk2];
kk1l = aux2[ mml];
sol [ kk2] = mmi;
}
if (idxb !'= kk4) break;
i dxb = kk5;
mb = idxe;

}
/'l renove all |abels on on-exposed base nodes
for (i=1; i<=n; i++)
if (aux2[i] ==1i) {
if (aux6[i] < head) {

cst = cstlow - work4[i];

work2[i] += cst;

aux6[i] = head;
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if (sol[i] !'= head)
work4[i] = big;

el se {
aux6[i] = 0;
work4[i] = 0.;
}
}
el se {
if (aux7[i] < head) {
cst = work1[i] - cstlow
work2[i] += cst;
aux7[i] = head;
aux8[i] = head;
}
work4[i] = big;
}
workl[i] = big;
}
nn -= 2;

if (nn <=1) {
fin = true;
continue iterate;
}
/1 determine the new workl val ues
for (i=1; i<=n; i++) {
kk1l = aux2[i];
if (aux6[kkl] == 0) {
XWk2 = wor k2[ kk1] ;
XWk3 = work3[i];
for (j=1; j<=n; j++) {
kk2 = aux2[j];
if (kk1l !'= kk2) {

mn =i
max = j
if (ir=17j) {
if (i >j) {
max = i;
mn =j
}

sub = auxl[max] + mn;
xcst = cost[sub];
CSWK = cost[sub] - xwk2 - xwk3;
cswWk -= (work2[kk2] + work3[j]);
if (cswk < workl[kk2]) {

aux4[ kk2] =1i;

aux5[ kk2] =j;

wor k1[ kk2] = cswk;
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}

continue iterate;
}
kk2 = aux2[ mb] ;
kk1 aux7[ kk2] ;
kk1l = aux2[ kk1];
}
while (true) {
if (kk1 == idxb) {
skip = true;
br eak;
}
mb = aux7[idxb];
aux7[idxb] = head;
idxa = sol [ rmb] ;
idxb = aux2[idxa];

}
if ('skip) {
/1 growing an alternating tree, add two edges
aux7[index] = aux4[index];
aux8[ i ndex] = aux5[index];
idxa = sol [index];
idxc = aux2[idxa];
wor k4[ i dxc] = cstlow,
aux6[idxc] = sol [idxc];
msnSubpr ogr anb(i dxc, n, bi g, cost, aux1, aux2, aux3, aux4,
aux5, aux7, aux9, wor k1, wor k2, wor k3, wor k4) ;
conti nue;
}
skip = fal se;
/1 shrink a bl ossom
xwork = work2[idxb] + cstlow - work4[idxb];
wor k2[i dxb] = 0.;
mil = i dxb;
do {
wor k3[ mml] += xwork;
mrl = aux3[ mml] ;
} while (mrl !'= idxb);
mb = aux3[i dxb];
if (idxb == kk5) {
kk5 = kk4;
kk2 = aux7[idxb];
}
while (true) {
aux3[ mml] = kk2;
i dxa = sol [ kk2];
aux6[ kk2] = i dxa,;
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XWk2 = wor k2[ kk2] + work1[kk2] - cstlow,
mil = kk2;
do {
m = nm;
wor k3[ mR] += xwk2;
aux2[ mm] = idxb;
ml = aux3[ m?];
} while (nml !'= kk2);
aux5[ kk2] = mm®;
wor k2[ kk2] = xwk2;
kk1l = aux2[idxa];
aux3[ mR] = kk1;
XWk2 = work2[ kk1] + cstlow - work4[ kk1];
m2 = kki1;
do {
mil = mMme;
wor k3[ ml] += xwk2;
aux2[ mml] = idxb;
mR = aux3[ mml] ;
} while (nmm2 !'= kk1);
aux5[ kk1] = mmi;
wor k2[ kk1] = xwk2;
if (kk5 !'= kk1) {
kk2 = aux7[ kk1];
aux7[ kk1l] = aux8[kk2];

aux8[ kk1l] = aux7[kk2];
conti nue;
}
if (kk5 !'=index) {
aux7[ kk5] = idxe;
aux8[ kk5] = idxd;
if (idxb !'=index) {
kk5 = kk4;
kk2 = aux7[idxb];
conti nue;
}
}
el se {
aux7[index] = idxd;
aux8[i ndex] = idxe;
}
br eak;

}

aux3[ mm] = mmb;

kk4 = aux3[idxb];

aux4[ kk4] = mmb;

wor k4[ kk4] = xwork;

aux7[idxb] = head;

wor k4[ i dxb] = cstlow,

msnSubpr ogr anb(i dxb, n, bi g, cost, aux1, aux2, aux3, aux4,



Chapter 7: Graph Matching 235

aux5, aux7, aux9, wor k1, wor k2, wor k3, wor k4) ;
continue iterate;
}
/1 expand a t-I|abel ed bl ossom
kk4 = aux3[index];
kk3 = kk4;
i dxd = aux4[ kk4];
mR = kk4;
do {
mil = me;
i dxe = aux5[ mm] ;
XWk2 = wor k2[ mml] ;
while (true) {
aux2[ mR] = nm;
wor k3[ mR] -= xwk2;
if (mR2 == idxe) break;
mR = aux3[ m?];
}
m2 = aux3[i dxe];
aux3[idxe] = mmi,;
} while (m®2 !'= idxd);
xwk2 = wor k4[ kk4] ;
wor k2[ i ndex] = xwk2;

aux3[index] = idxd;

m2 = i dxd;

while (true) {
wor k3[ mR] -= xwk2;
if (mR == index) break;
mR2 = aux3[ m?];

}

ml = sol [i ndex];

kk1l = aux2[ mml];

mR2 = aux6[ kk1];
i dxb = aux2[ m2] ;
if (idxb !'=index) {
kk2 = i dxb;
while (true) {
mb = aux7[ kk2];
kk1l = aux2[ mb];
if (kkl == index) break;
kk2 = aux6[ kk1];
kk2 = aux2[kk2];

}

aux7[idxb] = aux7[index];
aux7[index] = aux8[kk2];
aux8[i dxb] = aux8[i ndex];

aux8[index] = mmb;
mB = aux6[i dxb] ;
kk3 = aux2[ mB];
md = aux6[ kk3];
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aux6[i dxb] = head;

sol [idxb] = mml;

kk1l = kk3;

while (true) {
mrl = aux7[ kk1];
mR2 = aux8[ kk1];
aux7[ kk1l] = nmmid;
aux8[ kk1] mB;
aux6[ kk1] m;
sol [ kk1] = mmi;
kk2 = aux2[ mml];
sol [ kk2] = m®;
mB = aux6[ kk2];
aux6[ kk2] = mm;
if (kk2 == index) break;
kk1l = aux2[ mB];
md = aux6[ kk1] ;
aux7[ kk2] = mB;
aux8[ kk2] = nmmi;

}

mR2 = aux8[i dxb];
kk1l = aux2[ m®];

wor k1[ kk1] = cstlow;

kk4 = 0;
skip = fal se;
if (kk1 !'=idxb) {

mrl = aux7[ kk1];

kk3 = aux2[ mml];

aux7[ kk1l] = aux7[idxb];

aux8[ kk1l] = mm®;

do {
mb = aux6[ kk1];
aux6[ kk1] = head;
kk2 = aux2[ mb] ;
mb = aux7[ kk2];
aux7[ kk2] = head;
kk5 = aux8[ kk2];
aux8[ kk2] = kk4;
kk4 = kk2;
wor k4[ kk2] = cstl ow,
kk1l = aux2[ mb];
wor k1[ kk1] = cstlow;

} while (kk1 !'=idxb);
aux7[idxb] = kk5;

aux8[i dxb] = mb;

aux6[i dxb] = head;

if (kk3 == idxb) skip = true;

}
if (skip)
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skip = fal se;

el se {
kkl = 0;
kk2 = kk3;
do {

mb = aux6[ kk2];
aux6[ kk2] = head;
aux7[ kk2] = head;
aux8[ kk2] = kk1;
kk1l = aux2[ mb];
mb = aux7[ kk1];
aux6[ kk1] = head;
aux7[ kk1] head;
aux8[ kk1] = kk2;
kk2 = aux2[ mb] ;
} while (kk2 !'=idxb);
msnSubpr ogr ama( kk1, n, bi g, cost, aux1, aux2, aux3, aux4, aux5,
aux6, aux8, wor k1, wor k2, wor k3, wor k4) ;

}
while (true) {
if (kk4 == 0) continue iterate;
idxb = kk4;
msnSubpr ogr anb(i dxb, n, bi g, cost, aux1, aux2, aux3, aux4,
aux5, aux7, aux9, wor k1, wor k2, wor k3, wor k4) ;
kk4 = aux8[i dxb];
aux8[i dxb] = head;

static private void msnBubprograma(int kk, int n, double big,
doubl e cost[], int auxl[], int aux2[], int aux3[],
int aux4[], int aux5[], int aux6[], int aux8[],
doubl e work1[], double work2[], double work3[],
doubl e work4[])

/* this nethod is used internally by ninSunmvatching */

int i,head,j,jj1,jj2,jj3,jj4, mn, max, sub;
doubl e cswk, cstwk, xcst, xwk2, Xxwk3;

head = n + 2;

do {
jil = Kk;
kk = aux8[jj1];
aux8[jj 1] = head;
cstwk = hig;
ji3 =0;
ji4 =0
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=iy
XWk2 = work2[jj1];
do {
XWk3 = work3[j];
for (i=1; i<=n; i++) {
jj2 = aux2[i];
if (aux6[jj2] < head) {

mn =j;
max = i;
if (jr=1) {
if (j >i){
max = j;
mn =i;
}

sub = auxl[max] + mn;

xcst = cost[sub];

CSWK = cost[sub] - xwk2 - xwk3;
cswk -= (work2[jj2] + work3[i]);
cswk += work4[jj2];

if (cswk < cstwk) {

jj3=1i;
iid=1i;
cstwk = cswk;
}
}
}
}
j = aux3[j];

}owhile (j '=]j1);
aux4[jj1] =jj3;
aux5[jj1] =jj4
work1[jj 1] = cstwk;
} while (kk !'=0);

static private void msnBubprogranb(int kk, int n, double big,
doubl e cost[], int auxl[], int aux2[], int aux3[],
int aux4[], int aux5[], int aux7[], int aux9[],
doubl e work1[], double work2[], double work3[],
doubl e work4[])

/* this nethod is used internally by ninSunmvatching */

int i,ii,head,jj1,jj2,jj3,mn, mx,sub;
doubl e cswk, xcst, xwkl, xwk2;

head = n + 2;
xwkl = wor k4[ kk] - work2[ kK] ;
wor k1[ kk] = big;
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xwk2 = xwkl - wor k3[ kK] ;
aux7[ kk] = 0;
ii =0
for (i=1; i<=n; i++) {
jji3 = aux2[i];
if (aux7[jj3] >= head) {

ii++;
aux9[ii] =1i;
mn = kk;
max = i;
if (kk '=1) {
if (kk > i) {
max = kk;
mn =i
}

sub = auxl[max] + min;
cswk = cost[sub] + xwk2;

cswk -= (work2[jj3] + work3[i]);

if (cswk < work1[jj3]) {
aux4[jj3] = Kkk;
aux5[jj3] =1i;
wor k1[jj 3] = cswk;

}

aux7[ kk] = head;

il = kk;

jjil = aux3[jj1];

if (jj1 == kk) return;

do {
XWk2 = xwkl - work3[jj1];
for (i=1; i<=ii; i++) {
jji2 = aux9li];
ji3 = aux2[jj2];
mn=jji;
max = jj2;

if (ii1t1=1jj2) {

if (jil>jj2) {
max = jj1;
mn=jj2;

}

sub = aux1[max] + min;
xcst = cost[sub];

cswk = cost[sub] + xwk2;

cswk -= (work2[jj3] + work3[jj2]);

if (cswk < work1[jj3]) {
aux4[jj3] =jj1;
aux5[jj3] =jj2;
work1[jj 3] = cswk;

239
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}
}
}
jil = aux3[jj1];
} while (jj1!= kK);
}

Example:

Find the minimum cost perfect matching of an undirected graph of 8 vertices with
the following given weight matrix:

0 24 16 18 17 16 23 25
0 15 22 24 23 18 16
0 24 17 16 25 24

0 22 23 24 15

0 24 15 16
0 18 17

0 25

0

package G aphAl gorithms;

public class Test_m nSumVat chi ng extends Object {

public static void main(String args[]) {

int n=8;

doubl e weight[][] = {{O0., 0., 0., 0., 0., 0., O., 0., O.},
{0., 0.,24.,16.,18.,17.,16.,23.,25.},
{0., 0., 0.,15.,22.,24.,23.,18.,16.},
{0., 0., 0., 0.,24.,17.,16.,25.,24.},
{0., 0., 0., 0., 0.,22.,23.,24.,15.},
{0., 0., 0., 0., 0., 0.,24.,15.,16.},
{o0., 0., 0., 0., 0., 0., 0.,18.,17.},
{o0., 0., 0., 0., 0., 0., 0., 0.,25.},
{o0., 0., 0., 0., 0., 0., 0., 0., 0.}};

int sol[] =newint[n + 1];

G aphAl go. mi nSunvat chi ng(n, weight, sol);

Systemout.printlin("Optimal matching:");

for (int i=1; i<=n; i++)

Systemout.printin(" " +i +" -- " + sol[i]);
Systemout. println("\nTotal optiml matching cost =" + weight[0][O0]);
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Output:

Optimal natching:
1 --

o N oA ®WN
Vo
DUk NON®W o

Total optinal matching cost = 61.0



8. Network Flow

8.1 Maximum Network Flow

A network is a direct graph G in which each edge (p,q) is associated with a
nonnegative number c(p,q) called the capacity of the edge. Let the number f(p,q)
be the flow from node p to node q. Let source and sink be two specified nodes. A
flow in the network is feasible if f(p,q) does not exceed c(p,q) for each edge (p,q) in
G, and for every node p other than the source and sink, the sum of all flows
incoming to node p is equal to the sum of all flows outgoing from node p. The
maximum network flow problem is to find a feasible flow in the network from the
source to the sink such that the amount of flow into the sink is maximum.

A cutis a subset S of the nodes of G with the capacity equal to:

D e(p.g)

ieS

jes
The well-known max-flow min-cut theorem [FF56] states that the maximum flow is
equal to the minimum cut in a network. The following preflow algorithm [E79,
K74] finds a maximum flow and a minimum cut set in a given network of n nodes
with a running time O(n?3).

For a given source node s and sink node t, the algorithm starts with an initial
preflow where all edges from s have zero residual capacity, producing excesses at
the adjacent nodes of s. The excesses are pushed towards t, while satisfying the
constraint that the in-flow must equal the out-flow at each node. The excesses
which cannot reach the sink due to capacity constraints are returned back to s.
The algorithm terminates when there are no more excesses.

Procedure parameters:

void maximumNetworkFlow(n, m, nodei, nodej, capacity, source, sink,
minimumcut, arcflow, nodeflow)

n: int;
entry: the number of nodes of the network, labeled from 1 to n.
m: int;
entry: the number of edges in the network.
nodei, nodej: int[2*m+1];
entry: nodeifp] and nodej/p] are the end nodes of the p-th edge in the
graph, p=1,2,...,m. Other elements of the two arrays are not
required in the input.
exit: the edges (nodeilp], nodejp), p=1,2,....m, wil be sorted
lexicographically.

243
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capacity:
entry:
exit:
source: int;
entry:
sink: int;
entry:
minimumcut.
exit:
arcflow:
exit:
nodeflow:
exit:
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int[2 *m+1];

capacity[p] is the capacity of edge p in the graph, p=1,2,...,m. Other
elements of this array are not required in the input.

the original content of the array capacity will be destroyed.

the source node of the graph, 1 < source < n.

the sink node of the graph, 1 < sink < n.

int[n+1];

minimumcutfil = 1 if node i is in the minimum cut set, otherwise
minimumcutfil = 0, fori=1, 2, ..., n.

int[m+1];

arcflow[0] is the number of edges that have nonzero flow in the
result, arcflowf0] £ m. arcflow[i] is the amount of flow through the
i-th edge, i=1,2,...,arcflow/0].

int[n+1];

nodeflowfi/ is the amount of flow through node i,
i=1,2,...,arcflow[0]. nodeflow[0] is the total amount of flow.

public static void maxi mumNetworkFlow(int n, int m int nodei[],

int nodej[], int capacity[], int source, int sink,
int mininmunecut[], int arcflow], int nodeflow])

nt i,j,curflow,flag, medge, nodew, out ;
nt i n=0, i out =0, par m=0, nL=0, i cont =0, j cont =0;

i
i
i nt |ast=0, nodep=0, nodeq=0, nodeu=0, nodev=0, nodex=0, nodey=0;
i
i
i

nt firstarc[] = new int[n+1];
nt imap[] = new int[n+1];
nt jmap[] = new int[n+1];

bool ean fini sh, control a, control b, controlc, control g;
bool ean control d=f al se, control e=f al se, control f=fal se;

/1 create the artificial edges

j =m

for (i=1; i<=m i++) {
i+
nodei [m+i] = nodej[i];
nodej [m+i] = nodei[i];
capacity[m+i] = O;

}

m=m+ m

I/ initialize
for (i=1; i<=n; i++)
firstarc[i] = O;
curflow = 0;
for (i=1; i<=m i++) {
arcflowi] = 0;
j = nodeil[i];
if (j == source) curflow += capacity[i];
firstarc[j]++
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}
nodef | ow source] = curflow,
nodew = 1;

for (i=1; i<=n; i++) {
j = firstarc[i];
firstarc[i] = nodew,
imap[i] = nodew,
nodew += j;
}
finish = fal se;
controla = true;
/'l sort the edges in I|exicographical order

entryl:

while (true) {
flag = 0O;
controlb = fal se;
entry2:

while (true) {
if ('controlb) {
if ((flag < 0) &k controla) {
if (flag '=-1) {
if (nodew < 0) nodep++;
nodeq = jcont;
jcont = nodep;
flag = -1;
}
el se {
if (nodew <= 0) {
if (icont > 1) {
icont--;
jcont = icont;
controla = fal se;
continue entry2;
}
if (m == 1)
flag = O;
el se {
nodep = mni;
m--;
nodeq = 1;
flag = 1;

el se
flag = 2;

}

el se {
if (controla)
if (flag > 0) {
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if (flag <= 1) jcont = icont;
controla = fal se;
}
if (controla) {
m =m
icont =1+ m/ 2;
icont--;
jcont = icont;
}
controla = true;
nodep = jcont + jcont;

if (nodep < ml) {
nodeq = nodep + 1;

flag = -2;
}
el se {
if (nodep == mL) {
nodeq = jcont;
jcont = nodep;
flag = -1;
}
el se {
if (icont > 1) {
icont--;
jcont = icont;
controla = fal se;
continue entry2;
}
if (m == 1)
flag = O;
el se {
nodep = mni;
m--;
nodeq = 1;
flag = 1;
}
}
}

controlg = fal se;
controlc = fal se;
if ((flag < 0) & !'controlb) {
nodew = nodei [ nodep] - nodei [ nodeq] ;
i f (nodew == 0) nodew = nodej [ nodep] - nodej[nodeq];
continue entry2;
}
el se {
if ((flag > 0) || controlb) {
/1 interchange two edges
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controlb = fal se;
nodew = nodei [ nodep] ;
nodei [ nodep] = nodei [ nodeq] ;
nodei [ nodeq] = nodew,
curfl ow = capaci ty[ nodep] ;
capaci ty[ nodep] = capacity[nodeq];
capaci ty[ nodeq] = curflow,
nodew = nodej [ nodep] ;
nodej [ nodep] = nodej [ nodeq] ;
nodej [ nodeq] = nodew,
curflow = arcfl ow nodep] ;
arcfl oW nodep] = arcfl ow nodeq];
arcfl ow nodeq] = curfl ow
if (flag > 0) continue entry2;
if (flag == 0) {

controlc = true;
}
el se {

j map[ nodev] = nodegq;

controlg = true;

}

el se
if (finish) {
/1 return the nmaxi numflow on each edge
i =0
for (i=1; i<=m i++)
if (arcflonfi] > 0) {

j ++
nodei [j] = nodei[i];
nodej[j] = nodej[i];
arcflowfj] = arcflowi];
}
arcflowf0] =j;
return;

}

if (!controlg & !controlc) {
/] set the cross references between edges
for (i=1; i<=m i++) {
nodev = nodej[i];
nodei [i] = i map[nodev];
i map[ nodev] ++;

}
entry3:

while (true) {
if ('controlg) {
if ('controlc) {
flag = 0;
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for (i=1; i<=n; i++) {
if (i !'= source) nodeflowfi] = 0;
jmapli] = m+ 1;
if (i <n) jmap[i] = firstarc[i + 1];
m ni muncut [i] = O;
}
in=0;
iout = 1,
i map[1l] = source;
m ni muncut [ source] = -1;
while (true) {
i n++;
if (in > iout) break;
nodeu = i map[in];
medge = j map[nodeu] - 1;
last = firstarc[nodeu] - 1;
while (true) {
| ast ++;
if (last > nmedge) break;
nodev = nodej[last];
curflow = capacity[last] - arcflowlast];
if ((mnimncut{nodev] !'=0) || (curflow == 0)) continue;
if (nodev != sink) {
i out ++;
i map[iout] = nodev;
}

m ni muncut [ nodev] = -1;

}
if (mnimncut[sink] == 0) {
Il exit
for (i=1; i<=n; i++)
mnimncut[i] = -mnimuncut[i];
for (i=1; i<=m i++) {
nodeu = nodej[nodei[i]];
if (arcflomfi] < 0) nodeflow nodeu] -= arcflowi];
nodei [i] = nodeu;
}
nodef | o source] = nodefl ow sink];
finish = true;
continue entryl;
}
m ni muncut [ si nk] = 1;
}
while (true) {
if ('controlc) {

in--;
if (in == 0) break;
nodeu = i map[in];

nodep = firstarc[nodeu] - 1;



Chapter 8: Network Flow 249

nodeq = j map[nodeu] - 1;
}
controlc = fal se;
whil e (nodep != nodeq) ({
nodev = nodej [ nodeq] ;
if ((mnimncut[nodev] <= 0) ||

(capaci ty[nodeq] == arcflow nodeq])) {
nodeq- - ;
conti nue;
}
el se {
nodej [ nodeq] = - nodev;
capaci ty[ nodeq] -= arcfl ow nodeq];
arcfl ow nodeq] = 0;
nodep++;
if (nodep < nodeq) {
nodei [ nodei [ nodep]] = nodeq;
nodei [ nodei [ nodeq]] = nodep;
controlb = true;
continue entry2;
}
br eak;
}
}
if (nodep >= firstarc[nodeu]) m ninmuntut[nodeu] = nodep;
}
nodex = O;

for (i=1; i<=iout; i++)
if (mnimncut[imp[i]] > 0) {

nodex++;
i map[ nodex] = imp[i];
}
/1 find a feasible flow
flag = -1;
nodey = 1;
}
entry4:

while (true) {
if ('controlg) {
if ('controlf) {
if ('controld & !controle)
nodeu = i map[ nodey];
if ((nodeflow nodeu] <= 0) || controld || controle) {
if ('controle) {
controld = fal se;
nodey++;
if (nodey <= nodex) continue entry4;
parm = 0;
}

controle = fal se;
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nodey- - ;
if (nodey != 1) {
nodeu = i map[ nodey];

i f (nodeflow nodeu] < 0) {
controle = true;
continue entry4,
}
if (nodeflow nodeu] == 0) {
/1 accumul ating flows
medge = m+ 1;
if (nodeu < n) nmedge = firstarc[nodeu + 1];
| ast = j map[ nodeu] ;
j map[ nodeu] = nedge;
while (true) {
if (last == medge) {
controle = true;
continue entry4;
}
j = nodei[last];
curflow = arcflowj];

arcflowj] = 0;
capacity[j] -= curflow,
arcflowflast] -= curflow
| ast ++;
}
}
if (firstarc[nodeu] > m ni muncut[nodeu]) {
| ast = j map[ nodeu] ;
do {
j = nodei[last];
curflow = arcflowfj];
if (nodeflow nodeu] < curflow) curflow = nodefl ow nodeu];
arcflowj] -= curflow
nodef | oW nodeu] -= curflow,
nodev = nodej[last];
nodef | oW nodev] += curfl ow,
| ast ++;
} while (nodefl oW nodeu] > 0);
nodef | oW nodeu] = -1;
controle = true;
continue entry4;
}

last = m ni muncut [ nodeu] + 1;
control f = true;
continue entry4;
}
for (i=1; i<=m i++) {
nodev = -nodej[i];
if (nodev >= 0) {
nodej [i] = nodev;
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j = nodei[i];
capacity[i] -= arcflowj];
curflow = arcflowfi] - arcflowj];
arcflowi] = curflow
arcflowj] = -curflow
}
}
continue entry3;

}

/1 an outgoing edge froma node is given maxi mum fl ow

last =

}
while (true) {

if ('controlg) {
control f = fal se;
| ast--;

m ni muncut [ nodeu]

+ 1;

if (last < firstarc[nodeu]) break;

nodev = -nodej[last];

if (nodeflow nodev] < 0) continue;

curflow = capacity[last]

- arcflowflast];

if (nodeflow nodeu] < curflow) curflow = nodefl oW nodeu];

arcfl owf | ast]
nodef | o[ nodeu]

+= curflow,
-= curflow

nodef | oW nodev] += curfl ow,

parm= 1;

nodep = nodei[last];

nodeq = j map[ nodev] -

if (nodep < nodeq) {
nodei [ nodei [ nodep] ]
nodei [ nodei [ nodeq] ]
controlb = true;
continue entry2;

nodeq;
nodep;

}
if (nodep == nodeq) jmap[nodev] = nodeq;
}
controlg = fal se;
if (nodeflow nodeu] > 0) continue;
if (capacity[last] == arcflowlast]) last--;

br eak;
}
m ni muncut [ nodeu]
if (parm!=0) {
controld = true;
continue entry4;
}
/1
| ast = j map[ nodeu] ;
do {
i =

= | ast;

nodei [l ast];

renove excess incomng flows from nodes
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curflow = arcflowfj];
if (nodeflow nodeu] < curflow) curflow = nodefl oW nodeu];
arcflowj] -= curflow
nodef | oW nodeu] -= curflow,
nodev = nodej[last];
nodef | oW nodev] += curfl ow,
| ast ++;
} while (nodefl oW nodeu] > 0);
nodef | oW nodeu] = -1;
controle = true;
continue entry4;

Example:

Find the maximum flow of the following network from the source node 5 to the
sink node 2. A capacity is associated with each edge.

C 10 @ 20 C
40
50 30
&) 2 . .
30

40 40

package G aphAl gorithns;
public class Test_nmaxi muniNet wor kFl ow ext ends Obj ect {
public static void main(String args[]) {

int n=7, n¥ll;

int nodeil] ={0, 5 5 1,1, 3, 3 6, 7, 7, 6 4,
0,0 0 0 0, 0 0 0, 0 0, 0};
int nodej[] ={0, 3 1, 3,6, 7, 6 7, 4 2, 2 2
0,0 0 0 0, 0 0 0, 0 0, 0};
int capacity[] = {0,30,40, 20, 10, 40, 50, 30, 40, 30, 20, 20,
0,0 0 0 0, 0 0 0, 0 0, 0};

int source=5, sink=2;
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}

int mnimncut[] = new int[n+l];
int nodeflow] = new int[n+1];
int arcflow] = new int[mm+l];

G aphAl go. maxi murmNet wor kFl ow( n, m nodei , nodej , capaci ty, source, si nk,
m ni muncut, ar cf | ow, nodef | ow) ;

Systemout. print(“Nodes in the mnimumcut set: ");
for (int i=1; i<=n; i++)

if (mnimncut[i] == 1)

Systemout.print(" " +1i);
Systemout. println("\n\nAmount of flow through each node:" +
"\n node flow');

for (int i=1; i<=n; i++)

Systemout. println(" i+ " + nodeflowfi]);
Systemout. println("\nAmount of flow on each edge:\n fromto flow');
for (int i=1; i<=arcflow0]; i++)

Systemout. printf (" %d%d%d\n", nodei[i],nodej[i],arcflowfi]);

Output:

Nodes in the m ni numcut set: 1 5

Amount of flow through each node:

node flow

1 30
60
50
10
60
50
40

~N o O~ WwN

Amount of flow on each edge:

fromto flow

1 3 20
10
40
10
10
30
30
20
30
30
10

N ~No o 0o AW w
AN NN OWEFEDNNOO
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8.2 Minimum Cost Network Flow

Consider a directed graph, called a network, in which some nodes are sources
with specified units of supply, and some nodes with specified units of demand.
Other nodes which are neither sources nor sinks are called intermediate nodes.
Each edge in the network is associated with a lower bound of required units of
flow, an upper bound capacity, and a cost per unit flow. The minimum cost
network flow problem is to send the units of supply from the sources to meet all
the demand of the sinks along the edges while satisfying the edge lower and upper
bounds at the minimum cost. The following primal simplex algorithm [KHS80]
solves the minimum cost network flow problem.

Procedure parameters:

int minCostNetworkFlow (nodes, edges, numdemand, nodedemand,
nodei, nodej, arccost, upbound, lowbound, arcsol, flowsol)

minCostNetworkFlow: int;
exit:  the method returns an integer with the following values:

0: optimal solution found
1: Infeasible, net required flow is negative
2: Need to increase the size of internal edge-length arrays
3: Error in the input of the arc list, arc cost, and arc flow
4: Infeasible, net required flow imposed by arc flow lower
bounds is negative
nodes: int;
entry: the number of nodes of the graph, labeled from 1 to nodes.
edges: int;

entry: the number of edges in the graph.
numdemand: int;
entry: the number nonzero flow requirement at the nodes.
nodedemand: int[numdemand+1][2];
entry: nodedemandl(i][1] is the flow requirement at node nodedemand(ij[0],

fori=1, 2, ..., nodedemand. The supply at a node will be positive
flow requirement, and demand at a node will be negative flow
requirement.

nodei, nodej: int[edges+1];
entry: nodeifp] and nodej/p] are the end nodes of the p-th edge in the
graph, p=1,2,...,edges.

arccost: int[edges+1];
entry: arccostfi is the cost on edge i, fori=1, 2, ..., edges.
exit:  arccostf0] is the total cost of the optimal solution.
upbound: int[edges+1];
entry: upbound[i] is the upper bound flow requirement of edge i,
fori=1, 2, ..., edges. A zero value of upper bound on an edge

denotes that edge to be unbounded. A -1 value of upper bound on
an edge denotes that edge to have an upper bound value of zero.
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lowbound: int[edges+1];
entry: lowbound[ij is the lower bound flow requirement of edge i,
fori=1, 2, ..., edges.
arcsol: int[2][edges+1];
exit:  arcsolf0][0] is the number of edges that has nonzero flow value in
the optimal solution; edge i is from node arcsolf0][ii to node
arcsol[1][i], fori=1, 2, ..., arcsol[0][0].
flowsol: int[edges+1];
exit:  flowsolfi] is the value of the flow on edge i in the optimal solution,
fori=1, 2, ..., edges.

public static int mnCostNetworkFl ow(int nodes, int edges, int nundemand,
int nodedemand[][], int nodei[], int nodej[], int arccost[],
int upbound[], int lowbound[], int arcsol[][], int flowsol[])

int i, j, k, I, m n, |astslackedge, solarc, tenp, tnp, u, v, remain, rate;
int arcnam tedges, tedgesl, nodesl, nodes2, nzdemand, val ue, val uez;

int tail, ratez, tailz, trial, distdiff, olddist, treenodes, iterations;
int right, point, part, jpart, kpart, spare, sparez, |lead, otherend, sedge;
int orig, load, curedge, p, g, r, vertexl, vertex2, track, spointer, focal;
int newpr, new ead, artedge, maxint, artedgel, ipart, distlen;

int after=0, other=0, |eft=0, newarc=0, new ail =0;

int pred[] = new int[nodes + 2];
int succ[] = new int[nodes + 2];
int dist[] = new int[nodes + 2];
int sptpt[] = new int[nodes + 2];
int flowWf] = new int[nodes + 2];
int dual[] = new int[nodes + 2];
int arcnuni] = new int[nodes + 1];
int head[] = new int[edges * 2];
int cost[] = new int[edges * 2];
int roonf] = new int[edges * 2];

int least[] = new int[edges * 2];

int rinf] = newint[3];

int ptr[] = newint[3];

bool ean i nf easi bl e;

bool ean flowz=fal se, newprz=fal se, artarc=fal se, renovelist=fal se;
bool ean partz=fal se, ipartout=false, newprnb=fal se;

for (p=0; p<=nodes; p++)
arcnunip] = 0;
maxint = O;
for (p=1; p<=edges; p++) {
ar cnuni nodej [ p] ] ++;
if (arccost[p] > 0) maxint += arccost[p];
if (upbound[p] > 0) maxint += upbound[p];
}
artedge = 1;
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artedgel = artedge + 1;
tedges = (edges * 2) - 2;
tedgesl = tedges + 1;
nodesl = nodes + 1;

nodes2 = nodes + 2;

dual [ nodes1] = 0;

for (p=1; p<=nodesl; p++) {

pred[p] = O
succ[p] = 0;
dist[p] = 0;
sptpt[p] = 0;
flowp] = 0;

}

head[ art edge] = nodesl;
cost[artedge] = maxint;
roonf art edge] 0;

| east[artedge] = O;
remain = O;

nzdemand = 0;

sedge = 0;

// initialize supply and denand lists

succ[ nodes1l] = nodesl;

pred[ nodes1l] = nodesl;

for (p=1; p<=nundenand; p++) {
f I ow nodedenand[ p] [0]] = nodedenand[p][1];
remai n += nodedemand[ p] [ 1] ;
if (nodedemand[p][1] <= 0) continue;

nzdemand++;

di st[ nodedermand[ p][0]] = nodedermand[ p][1];
succ[ nodedemand[ p][0]] = succ[nodesl];
succ[ nodes1l] = nodedermand[p][0];

}

if (remain < 0) return 1;

for (p=1; p<=nodes; p++)
dual [p] = arcnunip];

i =1;

j = artedge;

for (p=1; p<=nodes; p++) {
= -,
tnp = Math. max(1, dual[p]);
if (j +tnmp > tedges) return 2;
dual[p] = (i >=07? j+1: -(j+1));
for (g=1; g<=tnp; g++) {

j ++;

head[j] = (i >=0? p: -p);
cost[j] = 0;

roonfj] = -maxint;

least[j] = 0;
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/1 check for valid input data

sedge = j

if (sedge > tedges)

+

head[ sedge]
val uez = 0;
for (p=1; p<=edges; p++) {

if ((nodei[p] > nodes) ||

1

return 2;

= (-i >= 0 ? nodesl :

return 3;

i f (upbound[ p]
i f (upbound[p]
if ((1owbound[p]

return 3;

u

Vv

dual [ nodej [p]];
Mat h. abs(u);
tenp = (u >= 0 ? nodesl :

(nodej [ p] > nodes) ||

== 0) upbound] p]
< 0) upbound[ p]
>= maxint) ||

(1 owbound[ p]

-nodesl);

= maxint;
= O’

(upbound[ p] >= maxint))

(I owbound[ p] < 0) ||

-nodesl);
if ((temp ™ head[v]) <= 0) {

sedge++;

tnp = sedge - v;

r = sedge;

for (g=1; g<=tnp; g++) {
temp = r - 1;
head[r] = head[tenp];
cost[r] = cost[tenp];
roonfr] = roonftenp];
least[r] = least[tenp];
r = tenp;

}

for (q=nodej[p];

g<=nodes;

q++)

dual[q] += (dual[qg] >= 0?1 : -1);

I/ insert new edge

head[v] = (u >= 0 ? nodei[p] -nodei [p]);
cost[v] = arccost[p];
val uez += arccost[p] * | owbound[p];
roonfv] = upbound[p] - |owbound[p];
| east[Vv] | owbound] p] ;
flow nodei [p]] -= | owbound[p];
flow nodej[p]] += | owbound[p];
dual [nodej[p]] = (u >= 0 ? v+l : -(v+l));
sptpt[nodei[p]] = -1;

}

i = nodesl;

k = artedge;

I =0;

sedge- - ;

for (p=artedgel; p<=sedge;

p++) {

> upbound[p]))

257
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j = head] p]

if (")) <=0 {

| ++;
dual [I] = k + 1;
}
el se
if (Math.abs(j) == 1) continue;
k++;
if (k!'=p) {
head[ k] = head[p];
cost[k] = cost[p];
roonfk] = roonip];
least[k] = least[p];
}
}
sedge = k;

A Java Library of Graph Algorithms and Optimization

if (sedge + Math. max(1, nzdemand) + 1 > tedges) return 2;
// add regul ar sl acks
i = -head[ sedge] ;

focal = succ[nodesl];
= nodesl,;
nodesl) {

succ[ nodes1]

if (focal ==
sedge++;
head[ sedge]
cost [ sedge]
rooni sedge]
| east [ sedge

}

el se
do {

sedge++;

]

head[ sedge]
cost [ sedge]
rooni sedge]
dist[focal]
| east [ sedge]
after = succ[focal];
succ[ focal ]
focal = after;

} while (focal != nodesl);

| ast sl ackedge
sedge++;

head[ sedge] =
cost[sedge] =
rooni sedge]
| east [ sedge]

remain = 0;

treenodes = 0;

(i >= 0 ? nodesl :

0,
- maxint ;
0,

= (i >= 0 ? focal
0;

= dist[focal];

= 0;

= 0;

= 0;

sedge;

(-i >= 0 ? nodes2 :
maxi nt;

0;
= 0;
/1 locate sources and sinks

-nodesl);

-focal);

-nodes2);
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focal = nodesli;
for (p=1; p<=nodes; p++) {
j = flownp];
remain +=j;
if (j == 0) continue;
if (j <0) {
flowp] = -j;
ri ght = nodesl,;
do {

after = pred[right];
if (flowWafter]+ <= 0) break;
right = after;
} while (true);
pred[right] = p;
pred[p] = after;
dist[p] = -1;
}
el se {
treenodes++;
sptpt[p] = -sedge;
flowp] =j;
succ[focal] = p;
pred[ p] = nodesl;
succ[p] = nodesl;

dist[p] = 1;
dual [p] = nmaxint;
focal = p;
}
}
if (remain < 0) return 4;
do {
/1 sel ect highest rank denand
tail = pred[nodesl];
if (tail == nodesl) break;
do {

I/ set link to artificial
newarc = artedge;
newpr = maxint;
newprz = fal se;
flowz = fal se;
if (flowtail] == 0) {
flowz = true;
br eak;
}
/1 1ook for sources
trial = dual[tail];
lead = head[trial];
other = (lead >= 0 ? nodesl : -nodesl);
do {
if (roonftrial] > 0) {
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orig = Math. abs(l ead);
if (dist[orig] == 1) {
if (sptpt[orig] != artedge) {
rate = cost[trial];
if (rate < newpr) {
if (roonftrial] <= flowWtail]) {
if (floworig] >=roonftrial]) {

newarc = -trial;
newpr = rate;

if (newpr == 0) {

newprz = true;

br eak;

}
el se {
if (flowforig] >=flowtail]) {
newarc = trial;
newpr = rate;
if (newpr == 0) {
newprz = true;
br eak;

trial ++;

lead = head[trial];
} while ((lead ™~ other) > 0);
if (!'newprz) {

artarc = fal se;

if (newarc == artedge) {
artarc = true;
br eak;
}
} else

newprz = fal se;
if (newarc > 0) break;
newarc = -newar c;
orig = Math. abs(head[ newarc]);
I oad = rooninewarc];
/1 mark unavail abl e

rooni newarc] = -1 oad;
/1 adjust flows
floworig] -= Iload;
flowtail] -= Ioad;

} while (true);
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if ('flowz) {
renovel i st = fal se;
if (tartarc) {
rooni newarc] = -rooninewarc];
orig = Math. abs(head[ newarc]);
floworig] -=flowtail];

k = maxint;
renovel i st = true;
}
el se {

/'l search for transshipnent nodes
artarc = fal se;
trial = dual[tail];
lead = head[trial];
newprz = fal se;
do {
if (roonftrial] > 0) {
orig = Math. abs(l ead);
/1l is it linked
if (dist[orig] == 0) {
rate = cost[trial];
if (rate < newpr) {
newarc = trial;
newpr = rate;
if (newpr == 0) {
newprz = true;
br eak;

}

trial ++;

lead = head[trial];
} while ((lead ™~ other) > 0);
artarc = fal se;

if (!'newprz) {
if(newarc == artedge)
artarc = true;
}
el se

newprz = fal se;
if (tartarc) {

orig = Math. abs(head[ newarc]);

if (roonfnewarc] <= flowtail]) {
/1 get capacity
I oad = rooninewarc];
/1 mark unavail abl e
rooni newarc] = -1 oad;
/1 adjust flows
floworig] = load;
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flowtail] -= Ioad;
predforig] = tail;
pred[ nodesl] = orig;

dist[orig] -1;
conti nue;
}
/1 mark unavail abl e
rooni newarc] = -rooninewarc];

floworig] = flowtail];
predforig] = pred[tail];
pred[tail] = orig;

pred[ nodesl] = orig;
succ[orig] =

sptpt[tail] = newarc;
dist[orig] = dist[tail] - 1;
dual [tail] = newpr;
treenodes++;

tail;

conti nue;
el se
artarc = fal se;

}

flowz = fal se;
if (!renmovelist)
k = 0;
el se
renovel i st = fal se;
pred[ nodesl] = pred[tail];
orig = Math. abs(head[ newarc]);
sptpt[tail] = newarc;
dual [tail] = newpr;
pred[tail] = orig;
i = succl[orig];
succ[orig] = tail;
j = dist[orig] - dist[tail] + 1;

focal = orig;

do {
/1 adjust dual variables
focal = succ[focal];
| = dist[focal];
dist[focal] =1 +j;
k -= dual [focal ];
dual [focal] = k;

} while (I 1= -1);

succ[ focal ]
treenodes++;
} while (true);

/'l set up the expand tree
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tail = 1;
trial = artedgel;
lead = head[trial];
do {
if (treenodes == nodes) break;

tailz = tail;
newpr = maxint;
do {
/1 search for |east cost connectabl e edge
otherend = dist[tail];
other = (lead >= 0 ? nodesl : -nodesl);
do {
if (roonftrial] > 0) {
m= cost[trial];
if (newpr >=m {
orig = Math. abs(l ead);
if (dist[orig] !'=0) {
if (otherend == 0) {

i =orig;
j = tail;
k=m
I =trial;
newpr = m
}
}
el se {
if (otherend !'= 0) {
i =tail;
j =orig;
k =-m
I = -trial;
newpr = m
}
}
}
}
trial ++;

lead = head[trial];
} while ((lead ™ other) > 0);

Il prepare the next 'tail' group
tail ++;
if (tail == nodesl) {
tail = 1;
trial = artedgel;
lead = head[trial];
}
newprnb = fal se;
if (newpr !'= maxint) {

newprnb = true;
br eak;
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}
} while (tail !'=tailz);
if (!newprnb) {
for (p=1; p<=nodes; p++) {
if (dist[p] !'= 0) continue;
// add artificial
sptpt[p] = artedge;
flowp] = 0;
succ[p] = succ[nodesl];
succ[ nodesl] = p;
pred[ p] = nodesl,;

dist[p] = 1;
dual [p] = -maxint;
}
br eak;
}
newprnb = fal se;
sptpt[j] =1;
pred[j] =1i;

succ[j] = succ[i];
succ[i] =7j;
dist[j] =dist[i] + 1;

dual[j] = dual[i] - k;
newarc = Math. abs(1);
rooni newarc] = -rooninewarc];

treenodes++;
} while (true);
for (p=1; p<=nodes; p++) {
q = Math. abs(sptpt[p]);
roonfq] = -roonfq];
}
for (p=1; p<=sedge; p++)
if (roonfp] + maxint == 0) roonfp] = O;
roonfartedge] = maxint;
roonf sedge] = maxint;

I/ initialize price
tail = 1;

trial = artedgel;
lead = head[trial];
iterations = 0;

/Il new iteration
do {
iterations++;
Il pricing basic edges
tailz = tail;
newpr = O;
do {
ratez = -dual [tail];
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other = (lead >= 0 ? nodesl : -nodesl);
do {
orig = Math. abs(| ead);
rate = dual[orig] + ratez - cost[trial];
if (roonftrial] <0) rate = -rate;
if (roomtrial] !'=0) {
if (rate > newpr) {
newarc = trial;
newpr = rate;
newail = tail;

}
trial ++;
lead = head[trial];
} while ((lead ™ other) > 0);

tail ++;

if (tail == nodes2) {
tail = 1;
trial = artedgel;

lead = head[trial];

}

newprz = true;

if (newpr !'=0) {
newprz = fal se;
br eak;

}

} while (tail !=tailz);
if (newprz) {

for (p=1; p<=edges; p++)
flowsol [p] = O;

/] prepare summary

infeasible = fal se;

val ue = val uez;

for (p=1; p<=nodes; p++) {
i = Math.abs(sptpt[p]);
if ((flowp] '=0) & (cost[i] == maxint)) infeasible = true;
value += cost[i] * flowp];

}

for (p=1; p<=lastslackedge; p++)
if (roonfp] < 0) {

q = -roonfp];
value += cost[p] * q;
}

if (infeasible) return 4;

arccost[ 0] = val ue;

for (p=1; p<=nodes; p++) {
g = Math. abs(sptpt[p]);
roonfq] = -flowp];

}

solarc = 0;
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tail = 1;
trial = artedgel;
lead = head[trial];
do {
other = (lead >= 0 ? nodesl : -nodesl);
do {
load = Math. max(0, -roonitrial]) + least[trial];
if (load !'=0) {
orig = Math. abs(l ead);
sol ar c++;
arcsol [O][solarc] = orig;
arcsol[1][solarc] = tail;
flowsol [solarc] = | oad;
}
trial ++;
lead = head[trial];
} while ((lead ™~ other) > 0);

tail ++
} while (tail !'= nodesl);
arcsol [0][0] = solarc;
return O;

/]l ration test

new ead = Mat h. abs(head[ newarc]);
part = Mat h. abs(rooninewarc]);
jpart = 0;

/1 cycle search
ptr[2] = (roonfnewarc] >= 0 ? tedgesl : -tedgesl);
ptr[1] = -ptr[2];
rinf1l] = new ead;
rinf2] = newtail;
distdiff = dist[newead] - dist[newail];
kpart = 1;
if (distdiff < 0) kpart = 2;
if (distdiff !'=0) {
right = rinfkpart];
point = ptr[kpart];
q = Math.abs(distdiff);
for (p=1; p<=q; p++) {
if ((point ~ sptpt[right]) <= 0) {
Il increase flow
i = Math. abs(sptpt[right]);
spare = roonfi] - flowright];
sparez = -right;
}
el se {
I/ decrease flow
spare = flowright];
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sparez = right;

}

if (part > spare) {
part = spare;
jpart = sparez;
partz = fal se;
if (part == 0) {

partz = true;

br eak;
}
}
right = pred[right];
}
if (!partz) rinfkpart] = right;
}
if ('partz) {
do {
if (rinfl] == rinf2]) break;
for (p=1; p<=2; p++) {
right = rinfp];

if ((ptr[p] " sptpt[right]) <= 0) {
/'l increase flow
i = Math.abs(sptpt[right]);
spare = roonfi] - flowright];
sparez = -right;
}
el se {
/1 decrease flow
spare = flowright];
sparez = right;
}
if (part > spare) {
part = spare;
jpart = sparez;
kpart = p;
partz = fal se;
if (part == 0) {
partz = true;
br eak;

}
rinfp] = pred[right];
}
} while (true);
if (lpartz) left =rinfl];
}
partz = fal se;
if (part '=0) {
/'l update flows
rinf1] = new ead;
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rinf2] = newtail;
if (jpart '=0) rinfkpart] = Math.abs(jpart);
for (p=1; p<=2; p++) {

right = rinfp];
point = (ptr[p] >= 0 ? part : -part);
do {

if (right == left) break;

flowright] -= point * (sptpt[right] >=0?1: -1);
right = pred[right];
} while (true);

}

}

if (jpart == 0) {
rooni newarc] = -rooninewarc];
conti nue;

}

ipart = Math. abs(jpart);

if (jpart <= 0) {
j = Math.abs(sptpt[ipart]);
// set old edge to upper bound
roonfj] = -roonfj];

}

load = part;

if (roonfnewarc] <= 0) {
rooni newarc] = -rooninewarc];
| oad = roonfnewarc] - |oad;
newpr = -newpr;

}

if (kpart !'=2) {
vertexl = new ead;
vertex2 = newail;

curedge = -newarc;
newpr = -newpr;
el se {

vertexl = newail;
vertex2 = new ead;
curedge = newar c;

}

/] update tree
i = vertexl;
jo=predli];

distlen = dist[vertex2] + 1;
if (part '=0) {
point = (ptr[kpart] >= 0 ? part: -part);
do {
/1 update dual variable
dual [i] += newpr;
n="FfloWi];
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flowi] = Iload;
track = (sptpt[i] >=>07?1: -1);
spointer = Math.abs(sptpt[i]);
sptpt[i] = curedge;
olddist = dist[i];
distdiff = distlen - ol ddist;
dist[i] = distlen;
focal =1i;
do {
after = succ[focal];
if (dist[after] <= olddist) break;
dist[after] += distdiff;
dual [after] += newpr;
focal = after;
} while (true);

| = succ[Kk];
if (I ==1) break;
k =1;

} while (true);

i partout = fal se;

if (i ==ipart) {
i partout = true;
br eak;
}
load = n - point * track;
curedge = -(track >= 0 ? spointer : -spointer);

succ[k] = after;

succ[focal] = j;

k =1i;

=g

j = predijl;

pred[i] = k;

di stl en++;
} while (true);

}
if (lipartout) {

do {

dual [i] += newpr;
n="FfloWi];

flowi] = Iload;

track = (sptpt[i] >=>07?21: -1);
spointer = Math.abs(sptpt[i]);
sptpt[i] = curedge;

olddist = dist[i];

distdiff = distlen - ol ddist;
dist[i] = distlen;

focal =1i;

do {
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after = succ[focal];
if (dist[after] <= olddist) break;
dist[after] += distdiff;
/1 udpate dual variable
dual [after] += newpr;
focal = after;

} while (true);

k=173

do {
| = succ[Kk];
if (I ==1) break;
k =1;

} while (true);

I/l test for |eaving edge

if (i == ipart) break;
load = n;
curedge = -(track >= 0 ? spointer : -spointer);

succ[ k] = after;
succ[focal] =j;
k =1i;
=g
I =pred[j];
pred[i] = k;
di stlen++;

} while (true);

}

i partout = fal se;

succ[k] = after;
succ[focal] = succ[vertex2];
succ[vertex2] = vertexl;
pred[vertexl] = vertex2;

} while (true);
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Example:

In the following network, each edge is associated with three numbers: cost, lower
bound, upper bound. Find the minimum cost network flow.

package G aphAl gorithns;

public class Test_m ncostnetflow extends Object {

public static void main(String args[]) {
int nodes = 7;
int edges = 11;
int nundemand

5
[

int nodedemand[][] = {{O0, 0}, {5, 25}, {2, -25}};

i nt nodei[] ={0, 5 1, 1, 7, 3, 4, 5 6, 6, 7, 3}
int nodej[] ={0, 1, 3, 6, 4, 7, 2, 3, 2 7, 2, 6}
int arccost[] ={0, 3, 2, 5 6, 4, 2, 4, 7, 2, 8, 3};
int |owbound[] = {0, O, 4 O O O O O 2, 5 3 0}
int upbound[] = {0, 40, 20, 10, 40, 40, 20, 30, 20, 30, 30, 50};
int f;

int arcsol[][] = new int[2][edges + 1];

int flowsol[] = new int[edges + 1];

f = G aphAl go. mi nCost Net wor kFl ow( nodes, edges, nundenand,
nodedenand, nodei, nodej, arccost, upbound,
| owbound, arcsol, flowsol);
if (f >0)
Systemout.printlin(" Infeasible, return code =" + f);
el se {
Systemout.println("Optimal solution found.\n fromto flow');
for (int i=1; i<=arcsol[0][0]; i++)
Systemout.printf("%d 9%3d %d\n",arcsol [0][i],arcsol [1][i],
flowsol [i]);
Systemout.println("\nTotal cost of the flow =" + arccost[0]);
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Output:

Optimal sol ution found.
fromto flow

5 1 4
4 2 2
6 2 20
7 2 3
1 3 4
5 3 21
7 4 2
3 6 25
6 7 5

Total cost of the flow = 369



9. Packing and Covering

9.1 Assignment Problem

Suppose there are n persons to be assigned to n jobs. Given the cost c; of
assigning the i-th person to the j-th job, the assignment problem is to assign
exactly one job to each person with the minimum total cost. This can be
formulated as an optimization problem:

n n
minimize z z CyX;

=1 j=1
subject to

> ox, =1 (j=12,....n)
i=1

D x, =1 (i=12,....n)
=
x; =0 orl i=12,...,n, j=12,...,n)

where x; has the value 1 if and only if person i is assigned to job j.

The Hungarian method [K55] is the classical method for solving the assignment
problem. The following algorithm [CT80] improves on the Hungarian method by
choosing a different initial solution and using a pointer implementation to locate
the unexplored rows and zero elements of the cost matrix efficiently. At each
iteration, an unassigned person is chosen and computes a shortest augmenting
path from the person to the set of unassigned jobs using reduced costs as the
edge lengths. The complementary slackness is maintained by adjusting the job
prices. The process is repeated until all persons are assigned.

Procedure parameters:

void assignment (n, cost, sol)

n: int;
entry: njobs to be assigned to n persons.
cost.  int[n+2][n+2];
entry: costfijfj, is the cost of assigning person i to job j, =1,2,...,n,
71,2,...,n. The other elements of the matrix cost are not required
as input.
exit: costfO][0] is the total cost of the optimal solution.
The cost matrix is modified on output.
sol: int[n+1];
exit: In the optimal solution, column i is assigned to row solfj,
fori=1,2, ..., n
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public static void assignment(int n, int cost[][], int sol[])
{
int h, i, j, k, tnpcol, tnprow, m optcost, nl, tenp;
int tnpsetcol =0, tnpsetrow=0, r=0, |=0;
int unexplorecol[] = newint[n + 1];
int labelcol[] = newint[n + 1];
int labelrowf] = newint[n + 1];
int lastunassignrowf] = newint[n + 1];
int nextunassignromf] = newint[n + 1];
int setlabelcol[] = newint[n + 1];
int setlabelrowf] = newint[n + 1];
int unexplorerowf] = newint[n + 2];
int unassignrowf] = newint[n + 2];
bool ean ski p=fal se, outer, mddle;
Il initialize
nl =n + 1;
for (j=1; j<=n; j++) {
sol[j] = 0;
| astunassignrowj] = 0;
next unassignromj] = 0;
unassignromj] = 0;
}
unassi gnrow n1] = 0;
optcost = 0;
/1 cost matrix reduction
for (j=1; j<=n; j++) {
temp = cost[1][j];
for (1=2; I<=n; |++)
if (cost[I][j] < temp) tenp = cost[I][j];
opt cost += tenp;
for (i=1; i<=n; i++)
cost[i][j] -= tenp;
}
for (i=1; i<=n; i++) {
temp = cost[i][1];
for (1=2; I<=n; |++)
if (cost[i][I] < tenmp) temp = cost[i][l];
opt cost += tenp;
I = ni1,
for (j=1; j<=n; j++) {
cost[i][j] -= tenp;
if (cost[i][j] ==0) {
cost[i][I] = -j;

I =j;
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/1 choosing initial solution

k = ni;

for (i=1; i<=n; i++) {
tnpcol = ni;
j = -cost[i][n1];
skip = fal se;
do {

if (sol[j] ==0) {
skip = true;
br eak;
}
tnpcol = j;
jo = -cost[i][j];
} while (j !'=0);

if (skip) {
sol[j] =i;
cost[i][tnpcol] = cost[i][j];
next unassignrowi] = -cost[i][j];

| astunassignronfi] = tnpcol;
cost[i][j] = O;
conti nue;
}
tnpcol = ni;
j = -cost[i][nl];
do {
r =sol[j];
tnprow = | astunassignrowr];
m = nextunassignrowr];
while (true) {
if (m== 0) break;
if (sol[n == 0) {
nextunassignrowr] = -cost[r][n;
| ast unassi gnrow r] i
cost[r][tmprow] = -j;

cost[r][j] = cost[r][n;
cost[r][n] = O;

sol[m =r;

sol[j] =i;

cost[i][tnpcol] = cost[i][j];
next unassignrowi] = -cost[i][j];

| astunassignrowfi] = tnpcol;
cost[i][j] = O;
skip = true;

br eak;
}
tmprow = m
m= -cost[r][n];

}
if (skip) break;
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tnpcol = j;
j = -cost[i][j];
} while (j !'=0);
if (skip) continue;
unassi gnrom k] = i;
k =1i;
}
m ddl e = fal se;
while (true) {
outer = false;
if (!mddle) {
if (unassignroW nl] == 0) {
cost[0][0] = optcost;
return;

/'l search for a new assignnent
for (i=1; i<=n; i++) {

unexpl orecol [i] = 0;

labelcol[i] = 0;

labelrowfi] = 0;

unexpl oreronfi] = 0;
}
unexpl oreroW n1] = -1;
tnpsetcol = O;
tnpsetrow = 1,
r = unassi gnrow nl];
labelroWfr] = -1;
setlabelrowf 1] =r;

}
if ((cost[r][nl] !'=0) || mddle) {

do {

if (!mddle) {

| = -cost[r][nl];
if (cost[r][I] '=0) {
if ( unexplorerowfr] ==0) {
unexpl orerow r] = unexpl orerow nl];

unexpl orecol [r] = -cost[r][I];
unexpl orerow n1] = r;
}
}
skip = fal se;
}
while (true) {
if (!mddle) {

if (labelcol[I] == 0) break;
if (unexplorerowfr] == 0) {
skip = true;
br eak;
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}

m ddl e = fal se;

I = unexplorecol [r];

unexpl orecol [r] = -cost[r][I];

if (cost[r][I] ==0) {
unexpl orerow n1] = unexplorerowr];
unexpl oreronfr] = 0;

}
if (skip) break;
labelcol[I] =r;
if (sol[lI] ==0) {
while (true) {
/1 assigning a new row
sol[I] =r;
m = nl,
while (true) {
tenp = -cost[r][ni;
if (temp == 1) break;

m = tenp;
}
cost[r][m = cost[r][I];
cost[r][l] = O;
if (labelrowr] < 0) break;
I = labelrowr];

cost[r][I] = cost[r][nl];
cost[r][nl] = -1;
r = labelcol[I];
}
unassi gnrow n1] = unassignrowr];
unassignromfr] = 0;
outer = true;
br eak;
}
if (outer) break;
t npset col ++;
set | abel col [t nmpset col ]
r =sol[l];
labelrowr] =1;
t npset r owt+;
setlabelrowf tmpsetrow] = r;
} while (cost[r][nl] != 0);
if (outer) continue;
if ( unexplorerow{nl] > 0 ) mddle = true;
}
if (!mddle) {
[/ current cost matrix reduction
h = | nteger. MAX_VALUE;
for (j=1; j<=n; j++)
if ( labelcol[j] ==10)
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for (k=1; k<=tnpsetrow, k++) {
i = setlabel row k];
if (cost[i][j] <h) h=-cost[i][j];
}
optcost += h;
for (j=1; j<=n; j++)
if (labelcol[j] == 0)
for (k=1; k<=tnpsetrow, k++) {
i = setlabel rowk];
cost[i][j] -= h;
if (cost[i][j] ==0) {
if ( unexploreroWfi] ==0) {
unexpl orerowfi] = unexpl orerow nl];
unexpl orecol [i1] =j;
unexpl oreroWf nl] = i;
}
I = nil,;
while (true) {
tenp = -cost[i][l];
if (temp == 0) break;
I = tenp;
}
cost[i][I] = -j;
}
}
if ( tnpsetcol !'=0)
for (i=1; i<=n; i++) {
if ( labelrowfi] ==0) {
for (k=1; k<=tnpsetcol; k++) {
j = setlabel col [k];
if (cost[i][j] <=0) {

I = nil,;
while (true) {
tenp = - cost[i][l];
if (temp == j) break;
I = tenp;
}
cost[i][I] = cost[i][]];
cost[i][j] = h;
conti nue;
}
cost[i][j] += h;

}
}
}

}

r = unexpl orerow nl];
mddl e = true;

}
}
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Example:

Solve the assignment problem with the following cost matrix.

Job
9 6 8 4 7
8 7 6 8 3
Person |7 4 3 5 6
9 8 3 7 6
8 7 3 6 5
package G aphAl gorithns;
public class Test_assi gnnment extends Object {
public static void main(String args[]) {
int n=05;
int cost[][] ={{0, O, O O O O, O},
{o, 9, 6 8 4, 7, 0},
{o, 8 7, 6, 8 3 0},
{o, 7, 4, 3, 5 6, 0},
{o, 9, 8 3, 7, 6, 0},
{o, 8 7, 3, 6, 5 0}};
int sol[] =newint[n + 1];
G aphAl go. assi gnnent (n, cost, sol);
Systemout.println("Optimal assignnment:\n" + " colum row');
for (int i=1; i<=n; i++)
Systemout. println(" "+io+" - " +sol[i]);
Systemout. println("\nTotal assignnent cost =" + cost[0][0]);
}
}
Output:

Opti mal assi gnnent :
colum row
1 - 5

3
- 4
1
2

a b~ WN
'

Total assignment cost = 22

279
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9.2 Bottleneck Assignment Problem

Suppose there are n persons to be assigned to n jobs. Given the cost c¢; of
assigning the i-th person to the j-th job, the bottleneck assignment problem is to
minimize the maximum cost of assigning exactly one job to each person. This can
be formulated as an optimization problem:

minimize max {ci/. x, =1}
1<i<n ’
1<j<n

subject to

D x, =1 (j=12,...,n)
i=1

> x, =1 (i=12,...,n)
J=1
x, =0orl i=12,...,n, j=12,...,n)

where x;j has the value 1 if and only if person i is assigned to job j.
The following procedure [JV87] solves the bottleneck assignment problem.
Procedure parameters:

void bottleneckAssignment (n, cost, sol)

n int;
entry: the size of the nxn square matrix.
cost. int[n+1][n+1];
entry: costfijjj, is the cost of assigning person i to job j, =1,2,...,n,
FL1,2,...,n
exit:  cost[0][0] is the bottleneck value in the optimal solution.
The cost matrix is not modified on output.
sol: int[nt+1];
exit: In the optimal solution, row i is assigned to column solfj,
fori=1,2, ..., n

public static void bottleneckAssignnment(int n, int cost[][], int sol[])

{

int i, mnimm bottleneckvalue, cand, p, v, w, start, tenp;
int g=0, u=0;

int aux1[] = newint[n + 1];

int aux2[] = newint[n + 1];

int aux3[] = newint[n + 1];

int aux4[] = newint[n + 1];

bool ean ski p=f al se;
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/1l initialize
bott| eneckval ue = -1 nteger. MAX VALUE;
for (i=1; i<=n; i++)
aux1[i] =0;
for (i=0; i<=n-1; i++) {
q=n-1i;
aux2[q] = q;
m ni mum = | nt eger. MAX_VALUE;
p=1
do {
cand = cost[q][p];
if (cand <= bottl eneckval ue) {
m ni mum = bott| eneckval ue;

u=p;
p=n+1;
}
el se {
if (cand < mnimm {
m ni mum = cand;
u=p;
}
p++;
}

} while (p <= n);
if (aux1[u] == 0) {

auxl[u] = q;
sol[q] = u;
}
el se
sol[q] = O;

if (mnimm> bottl eneckval ue) bottleneckval ue = m ni mum
}
I/ search for an augnenting path
for (u=l; u<=n; u++)
if (aux1[u] == 0) {
w=1;
start = 1;
skip = fal se;
for (i=1; i<=n; i++) {
q = aux2[i];
aux4[q] = cost[q][u];
aux3[q] = u;
if (aux4[q] <= bottleneckval ue) {
if (sol[q] == 0) {
skip = true;
br eak;
}
aux2[i] = aux2[w;

aux2[w q;
W
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}
}
if (!'skip) {
while (true) {
if (w==start) {
m ni mum = | nt eger. MAX_VALUE;
for (i=w i<=n; i++) {
q = aux2[i];
cand = aux4[q];
if (cand <= mnimn) {
if (cand < mnimm {
w = start;
m ni mum = cand;
}
aux2[i] = aux2[w];
aux2[ w q;
W+
}
}
bott| eneckval ue = m ni mum
for (i=start; i<=w1; i++) {
q = aux2[i];
if (sol[q] == 0) {
skip = true;
br eak;
}
}

}
if (skip) break;
Vv = aux2[start];
start ++;
p = sol [Vv];
for (i=w i<=n; i++) {
q = aux2[i];
cand = cost[q][p];
if (cand < aux4[q]) {
aux3[q] = p;
if (cand <= bottl eneckval ue) {
if (sol[q] ==0) {
skip = true;

br eak;
}
aux2[i] = aux2[w];
aux2[w = q;
WH+;
}
aux4[ q] = cand;

}

}
if (skip) break;
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}
}

/] augnent
skip = fal se;
do {
p = aux3[q];
sol[q] = p;
tenp = q;
q = auxl[p];
auxl[p] = tenp;
} while (p !'=u);
}

cost[0][0] = bottl eneckval ue;

}

Example:

Solve the bottleneck assignment problem with the following cost matrix.

Person

0 O 3 0 O
~N 0 A9

package G aphAl gorithns;

Job

W W W O\ o©

AN N D 0

L N O W

public class Test_bottl eneckAssi gnnment extends bject {

public static void main(String args[]) {

int n=25;

int cost[][] = {{O0, O, O O O, O,
{o, 9, 6, 8, 4, 7,
{o, 8 7, 6 8 3
{o, 7, 4, 3, 5, 6,
{o, 9, 8 3, 7, 6,
{o, 8 7, 3, 6, 5

1

int sol[] =newint[n + 1

G aphAl go. bott | eneckAssi gnnment (n, cost,
Systemout.println("Optimal solution:\n"
for (int i=1; i<=n; i++)

Systemout. println(" B N B

Systemout.println("\nBottl eneck value ="

0},
0},
0},
0},
0},

0} };

sol);

+ "

"+ sol[i]);
+ cost[0][0]);

row

colum");
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Output:

Opti mal sol ution:
row colum

1 - 2
2 - 5
3 - 1
4 - 4
5 - 3

Bottl eneck value = 7

9.3 Quadratic Assignment Problem

Suppose n facilities are to be established in n locations. The nonnegative distance
a; between any two locations is known, and the nonnegative weight b; between
any two facilities is given, i=1,2,...,n, j=1,2,...,n. The quadratic assignment problem
is to assign all facilities to different locations so that the sum of the distances
multiplied by the corresponding weights is minimized. The problem can be
formulated as follows:

n n

n n
minimize Z z Z Z amijxijxuV

i=l j=1 u=1 v=1
subject to

> x, =1 (j=12,...,n)
i=1

dox, =1 (i=12,...,n)
=l
x;=0o0rl  (i=12..,n, j=12,..,n)

xij has the value 1 if and only if i is assigned to j.

The following procedure [BD80, PC71] solves this NP-hard problem by implicit
enumeration.

Procedure parameters:
void quadraticAssignment (n, a, b, sol)

n: int;
entry: nfacilities to be assigned to n locations.
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sol:

int[n+1][n+1];

entry: afijfj], is the nonnegative distance between location i and location j,
=1,2,...,n, 71,2,...,n. The matrix ais assumed to be symmetric.

exit: costfO][0] is the total cost of the optimal solution.
The cost matrix is modified on output.

int[n+1][nt+1];

entry: bfjfj], is the nonnegative weight between facility i and facility j,
=1,2,...,n, 71,2,...,n. The matrix b is assumed to be symmetric.

int[n+1];

exit: In the optimal solution, i 1is assigned to  solfj,
fori=1,2, ..., n
sol[0] is the optimal total cost of the objective function.

public static void quadraticAssignment(int n, int a[][], int b[][], int sol[])

{

nt
nt
nt
nt
nt
nt
nt
nt
nt
nt
nt
nt
nt

i

i

i

i

i

i

i

i

i

i

i

i

i
int
int
int
int
int
int
int
int
int
int
int
int
int
i

nt

val c, val d, val f, val g, val h, val i , val k, val p, val q, val w, val x, val y;
i,j,k,p, rowdist, rowei ght, rowmat a, rowmat b, parti al obj ;

| eastw, | east x, | easty, mat bx, mat by, mat cx, mat cy, mat ax;

best obj val , nt wo, npp, | ar ge;

val e=0, subcri pt a=0, subcri pt b=0, subcri pt c=0, subcri pt d=0, parti al z=0;
parml[] = new int[1];

parm2[] = new int[1];

parnB[] = new int[1];

aux2[] = new int[n-1];

aux3[] = new int[n-1];
aux4[] = new int[n-1];
aux5[] = new int[n-1];
aux6[] = new int[n-1];
aux7[] = new int[n+1];
aux8[] = new int[n+1];
aux9[] = new int[n+1];

aux10[] = new int[n+1];
aux1l[] = new int[n+1];
aux12[] = new int[n+1];
aux13[] = new int[n+1];

i

i

i

i ]
aux14[] = new int[n+1];
aux15[] = new int[n*n+1];
aux16[] = new int[n*(n+l)*(2*n-2)/6 + 1];
aux17[] = new int[n*(n+l)*(2*n-2)/6 + 1];
aux18[] = new int[(n*(n+l)*(2*n+1)/6)];
aux19[][] = new int[n+1][n+1];
aux20[][] = new int[n+1][n+1];

bool ean workl1[] = new bool ean[ n+1] ;

bool ean wor k2[]

new bool ean[ n+1] ;

bool ean work3[] = new bool ean[ n+1] ;
bool ean contr, ski p=f al se;

/1 initialization
p=1
k = 1;
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for (i=1; i<=n; i++) {
for (j=1; j<=n; j++) {

p+=alilljl;
k +=b[i][j];
aux19[i][j] = O;
}
aux13[i] = O;
}
large = n* p * k;
k = 0;
best obj val | arge

ntwo = n - 2
valy = n + 1

j =0

valp = 0;

for (i=1; i<=ntwo; i++) {
npp = valy - i;

valq = npp * npp;
j += valqg - npp;
aux4[i] =7j;
val p += valq;
aux5[i] = valp;
}
Il conpute a[i][i] * b[j][]j]
for (i=1; i<=n; i++) {
workl[i] = fal se;
work2[i] = fal se;
partialz = a[i][i];
for (j=1; j<=n; j++) {
aux20[i][j] = -1;
aux19[i][j] += partialz * b[j][j];

}

}

for (j=1; j<=n; j++) {
a[jl[i] = large;
b[j1[j] = large;

}

I/ reduce natrices a and b
for (i=1; i<=n; i++) {
rowmata = a[i][1];
rowmatb = b[i][1];
for (j=2; j<=n; j++) {
rowdist = a[i][j];
rowmwei ght = b[i][]];
if (rowdist < rowmata) rowmata = rowdi st;
if (rowmweight < rowmatb) rowmatb = rownei ght;
}
for (j=1; j<=n; j++) {
a[i][j] -= rowmata;
b[i][j] -= rowmatb;
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}
aux7[i] = rowmata;
aux8[i] = rowmatb;

}

/1 rowwi se reduction of nmatrices a and b
for (i=1; i<=n; i++) {
matcy = aux7[i];
for (j=1; j<=n; j++) {
mat bx = aux8[j];
matby = (n-1) * matbx;
for (p=1; p<=n; p++)
if (p!=j) matby += b[j][p];
matcx = matcy * matby;

matax = O;
for (p=1; p<=n; p++)

if (p!=1i) matax += a[i][p];
aux19[i][j] += matcx + matbx * matax;

}

/1 col umwi se reduction of natrices a and b
for (i=1; i<=n; i++) {
rowmata = a[1][i];
rowmatb = b[1][i];
for (j=2; j<=n; j++) {
rowdist = a[j][i];
rowmwei ght = b[j][i];
if (rowdist < rowmata) rowmata = rowdi st;
if (rowmweight < rowmatb) rowmatb = rownei ght;

}
for (j=1; j<=n; j++) {
a[j][i] -= rowmata;
b[j][i] -= rownatb;
}

aux7[i] = rowmata;
aux8[i] = rowmatb;

}

for (i=1; i<=n; i++) {
al[i][i] =0;
bli][i] = 0

matcy = aux7[i];
for (j=1; j<=n; j++) {
mat bx = aux8[j];
matby = (n-1) * matbx;
for (p=1; p<=n; p++)
if (p!=j) matby += b[p][j];
matcx = matcy * matby;
matax = O;
for (p=1; p<=n; p++)
if (p'!=1i) mtax += a[p][i];
aux19[i][j] += matcx + matbx * matax;
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}
partial obj = 0;
npp = n;
contr = true;
/1 conpute mninal scal ar products
gapsubprog2(n, k, npp, subcri pta, subcri pth, a, b, aux4, aux7,
wor k1, wor k2, aux16, aux17, aux13);
gapsubpr og3(n, k, npp, aux15, aux4, aux5, contr, aux16, aux17, aux18) ;
contr = fal se;

iterate:

while (true) {
val x = 0;
valy = 0;
valq = 0;
valf = 0;

for (i=1; i<=n; i++)
if ("work1[i]) {
valc = valx * npp;
val x++;
vald = 0;
for (j=1; j<=n; j+4+)
if (twork2[j]) {
val d++;
val c++;
if (aux20[i]l[j] < 0)
aux15[val c] += aux19[i][j];
el se {
aux15[val c] = large;
val f ++;
if (valf <2) {
subcriptc = val x;
subcriptd = val d;

}
el se {
if (valf ==2) {
if (valx == subcriptc) valy = valx;
if (vald == subcriptd) valqg = vald;
}
}

}
/1 obtain a bound by solving the linear assignnent problem
skip = fal se;
obt ai nbound:
while (true) {

if ('skip) {

gapsubpr og4( npp, | ar ge, aux15, par ml, aux14, aux12, aux11,
aux9, aux7, aux8, aux13, wor k3) ;
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partialz = parml[O0];
valc = 0;
for (i=1; i<=npp; i++)
for (j=1; j<=npp; j++) {
val c++;
aux15[val c] -= (aux7[i] + aux8[j]);
}
if (partialobj + partialz >= bestobjval) {
/1 backtrack

if (tcontr) {
if (k ==0) {
return;
}

subcripta = aux2[k];
subcriptb = aux3[k];
}
el se {
contr = fal se;
k++;
/1 cancel the last single assignnent
for (i=1; i<=n; i++)
if ('work1[i]) {
for (j=1; j<=n; j++)
if ('work2[j] &% aux20[i][j] == k) aux20[i][j] = -1;
}
partial obj -= aux19[subcripta][subcripthb];
wor k1[ subcripta] = fal se;
wor k2[ subcri ptb] = fal se;
k--3
npp = n - k;
if (aux6[k+1] + partialobj >= bestobjval) {
if (k ==0) {
return;
}
subcripta = aux2[k];
subcriptb = aux3[k];
}
el se {
gapsubpr og3(n, k, npp, aux15, aux4, aux5, contr, aux16, aux17, aux18) ;
continue iterate;

}

skip = true;

conti nue obtai nbound;
}
if (contr) {

skip = true;

conti nue obtai nbound;

}

skip = fal se;
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}
if (skip) {
skip = fal se;
/1 the solution tree is conpleted
for (i=1; i<=n; i++)
if ("work1[i]) {
valh = a[subcriptal[il];
vali = a[i][subcriptal;
for (j=1; j<=n; j++)
if ("work2[j]) {
valg = valh * b[subcriptb][j] + vali * b[j][subcriptb];
if ('contr) valg = -valg;
aux19[i][j] += valg;

}
if (tcontr) {
/1 cancel the last single assignnent
for (i=1; i<=n; i++)
if ("work1[i]) {
for (j=1; j<=n; j++)
if (!work2[j] &% aux20[i][j] == k) aux20[i][j] = -1;
}
partial obj -= aux19[subcripta][subcripthb];
wor k1[ subcripta] = fal se;
wor k2[ subcri ptb] = fal se;
k--3
npp = n - k;
if (aux6[k+1] + partialobj >= bestobjval) {
if (k ==0) {
return;
}
subcripta = aux2[k];
subcriptb = aux3[k];
skip = true;
conti nue obt ai nbound;
}
gapsubpr og3(n, k, npp, aux15, aux4, aux5, contr, aux16, aux17, aux18) ;
continue iterate;
}
aux10[ subcripta] = subcriptb;
K++;
aux2[ k] = subcripta;
aux3[ k] = subcripthb;
if (k ==1(n-2)) {
/1 conpute the objective function val ues
for (i=1; i<=n; i++)
if ("work1[i]) {
val x = i;
br eak;
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}

for (i=1; i<=n; i++)
if ('work2[i]) {
=i
br eak;
}
wor k1[ val x] = true;
work2[j] = true;
for (i=1; i<=n; i++)
if ('workl[i]) {
vale = i;
br eak;
}
for (i=1; i<=n; i++)
if ('work2[i]) {
valp =i;
br eak;
}
contr = fal se;
valw = 0;
while (true) {

partialz = aux19[val x][j] + aux19[val e][val p] +

a[val x][vale] * b[j][valp] + a[vale][valx]

work1[ val x] = fal se;

work2[j] = fal se;

if ((partialz + partialobj) < bestobjval) {
bestobjval = partialz + partial obj;

sol [0] = bestobjval;

for (i=1; i<=n;

if (worki[i]) sol[i]

sol[valx] =j;

i ++)

sol [val e] = val p;

}
if (valw!=0) {
if (k ==0) {
return;
}

subcripta = aux2[k];
subcriptb = aux3[k];

skip = true;

conti nue obt ai nbound;

}

val w = val x;

val x = val g;
vale = valw,

}

val f = 0;

if (valf < 1) {
/] conpute the alternative costs

aux10[i];

* b[valp][j];

291
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gapsubpr ogl( npp, aux15, aux12, | ar ge, par mi, par n2, par n8) ;
subcripta = parnl[O0];
subcriptb = parnR[0];
val k = parnB[O0];
}
el se {
if (valf == 1) {
/1 conpute the next single assignnent
| eastw = | arge;
val p = aux12[ subcriptc];
valc = (subcriptc - 1) * npp;
for (j=1; j<=npp; j++) {

val c++;

val g = aux15[val c];

if ((leastw > valg) & (j != valp)) leastw = val g;
}
| eastx = leastw,

| eastw = | arge;
val c = val p;
for (i=1; i<=npp; i++) {
val g = aux15[val c];
val ¢ += npp;
if ((leastw > valg) & (i != subcriptc)) |leastw = valg;
}
| eastx += | eastw,
| eastw = | arge;
val ¢ = subcri ptd;
for (i=1; i<=npp; i++) {
val g = aux15[val c];
val ¢ += npp;
if ((valg < leastw) &% (subcriptd != aux12[i])) leastw = val g;

}

leasty = |l eastw,

i =1

while (i <= npp) {
if (aux12[i] == subcriptd) break;
i ++;

}

vale = i;

valc = (vale - 1) * npp;
| eastw = | arge;
for (j=1; j<=npp; j++) {

val c++;
val g = aux15[val c];
if ((valg < leastw) &% (j != subcriptd)) |eastw = valg;

}

if ((leastw + leasty) >= leastx) {
subcripta = val e;
subcriptb = subcriptd;
valk = leastw + | easty;
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}

el se {
subcripta = subcriptc;
subcriptb = val p;
val k = | eastx;

}
el se {
/1 conpute the next single assignnent
if (valy '=0) {
subcripta = valy;
subcriptb = aux12[subcripta];

}
el se {
subcriptb = val q;
i =1
while (i <= npp) {
if (aux12[i] == subcriptb) break;
i ++;
}
subcripta = 1i;
}

| eastw = | arge;
valc = (subcripta - 1) * npp;
for (i=1; i<=npp; i++) {
val c++;
val g = aux15[val c];
if ((valg < leastw) &% (i != subcriptb)) |leastw = valg;
}
val k = | eastw,
| eastw = | arge;
val ¢ = subcri ptb;
for (j=1; j<=npp; j++) {
val g = aux15[val c];
val ¢ += npp;

if ((valg < leastw) &% (j != subcripta)) |leastw = valg;
}
val k += | eastw,
}

}
val x = 0;
aux6[ k+1] = valk + partial z;
i =1,

while (i <=n) {
if ('work1[i]) {
val x++;
if (subcripta == val x) break;
}

i ++;
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subcripta =i
val x = 0;
=5

while (j <=n) {
if ('work2[j]) {
val x++;
if (subcriptb == valx) break;
}
j
}
subcripth =j;
aux20[ subcripta] [subcriptb] = k;
contr = true;
wor k1[ subcripta] = true;

wor k2[ subcri ptb] = true;
npp = n - k - 1;
/] conpute the cost nmatrix
gapsubprog2(n, k, npp, subcri pta, subcri pth, a, b, aux4, aux7,
wor k1, wor k2, aux16, aux17, aux13);
gapsubpr og3(n, k, npp, aux15, aux4, aux5, contr, aux16, aux17, aux18) ;
val x = 0;
for (i=1; i<=n; i++)
if ('work1[i]) {
valh = a[i][subcripta];
vali = a[subcriptal[il];
vald = val x;
for (j=1; j<=n; j++)
if ("work2[j]) {
val d++;
aux15[val d] += aux19[i][j] + valh * b[j][subcriptb] +
vali * b[subcriptb][j];
}
val x += npp;

}
partial obj += aux19[subcripta][subcripthb];

static private void gapsubprogl(int n, int aux15[], int aux12[],
int large, int parml[], int parnR[], int parnB[])

/* this nethod is used internally by quadraticAssignnent */

/] conpute the alternative costs and obtain the assignnent

int i,j,leastw | eastx,p,dq,valc,valp;

parn8[0] = -1;
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valc = 0;
for (i=1; i<=n; i++) {
j = aux12[i];

valp =j - n;
| eastw = | arge;
for (p=1; p<=n; p++) {
valp += n;
if (p'=1i){
q = aux15[val p];

if (g <leastw leastw = q;

}

|l eastx = |l eastw,
| eastw = | arge;
for (p=1; p<=n; p++) {
val c++;
if (pt=7) {
q = aux15[val c];

if (q <leastw) leastw = q;

}

| eastw += | eastx;

if (leastw > parnB[0]) {
parml[0] = i;
parn2[0] = j;
parnB[0] = leastw,

static private void gapsubprog2(int n,
int subcriptb,
int vekt[],
int aux16[],

/* this nethod is used internally by quadraticAssignnent */

// obtain rows of the nmatrix a in decreasing order
/1 and rows of matrix b in increasing order

int i,j,nppa, nppb, nppc, val g, val p, val g, val x;

bool ean deci de;

nppa = npp - 1;
if (npp ==n) {
valp = 1;
for (i=1; i<=n; i++) {
val x = 0;
for (j=1; j<=n; j++)

int subcripta,

bool ean work1[],
int aux17[],

bool ean work2[],
int aux13[])

295
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it (=0 {
val x++;
vekt[val x] = a[ill[j];
}
gapsubpr og5(vekt, aux13, nppa) ;
for (j=1; j<=nppa; j++) {
nppb = npp - j;
aux16[ val p] = vekt[ nppb];

val p++;
}
}
valp = 1;
for (i=1; i<=n; i++) {
val x = 0;
for (j=1; j<=n; j++)
if (j '=i){
val x++;
vekt[val x] = b[i]l[j];
}

gapsubpr og5(vekt, aux13, nppa) ;
for (j=1; j<=nppa; j++) {
aux17[val p] = vekt[j];
val p++;

}

return;
}
nppc = aux4[ k+1];
val p = nppc;
valg = nppc - (npp + 1) * npp;
for (i=1; i<=n; i++)
if (workl[i]) {
if (i == subcripta) valg += npp;
}
el se {
valg = a[i][subcriptal;
deci de = true;
for (j=1; j<=npp; j++) {
val q++;
if ((aux1l6[val q] == valg) && decide)
deci de = fal se;
el se {
val p++;
aux16[ val p] = aux16[val q];

}
val p = nppc;
valg = nppc - (npp + 1) * npp;
for (i=1; i<=n; i++) {



Chapter 9: Packing and Covering 297

if (work2[i]) {

if (i == subcriptb) valg += npp;
}
el se {

valg = b[i][subcriptb];

deci de = true;

for (j=1; j<=npp; j++) {

val g++;
if ((aux1l7[val q] == valg) && decide)
decide = fal se;
el se {
val p++;
aux17[val p] = aux17[val q];
}
}
}
}
return;

static private void gapsubprog3 (int n, int k, int npp, int aux15[],
int aux4[], int aux5[], boolean contr, int aux16[],
int aux17[], int aux18[])

/* this nethod is used internally by quadraticAssignnent */
/1 conpute the cost natrix of the k-th linear assignnent problem
int accumi,j,idx, nppd,valg,valp,valqg,valr,vals,valt,val x;

idx = 0;
if (npp ==n) {
accum = 0;
valp = 0;
if (contr) {
val q = accum
nppd = npp - 1;
for (i=1; i<=npp; i++) {
valt = accum
for (j=1; j<=npp; j++) {
val p++;
i dx++;
valg = 0;
for (val x=1; val x<=nppd; val x++) {
valr = valq + valx;
vals = valt + valx;
val g += aux16[valr] * auxl7[vals];
}

valt += nppd;
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aux18[val p] = val g;

aux15[idx] = valg;
}
val q += nppd;
}
return;

}
for (i=1; i<=npp; i++)
for (j=1; j<=npp; j++) {
val p++;
i dx++;

A Java Library of Graph Algorithms and Optimization

aux15[i dx] = aux18[val p];

}

return;
}
if (lcontr) {
val p = aux5[Kk];
for (i=1; i<=npp; i++)
for (j=1; j<=npp; j++) {
val p++;
i dx++;

aux15[i dx] = aux18[val p];

}

return;
}
accum = aux4[ k+1] ;
val p = aux5[ k+1];
val q = accum
nppd = npp - 1;
for (i=1; i<=npp; i++) {
valt = accum
for (j=1; j<=npp; j++) {
val p++;
i dx++;
valg = 0;
for (val x=1; val x<=nppd;
valr = valq + valx;

vals = valt + valx;

val x++) {

val g += aux16[valr] * auxl7[vals];

}
valt += nppd;
aux18[val p] = val g;

aux15[i dx] = valg;
}
val q += nppd;
}
return;
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static private void gapsubprog4(int n, int large, int c[], int parni],
int wki[], int wk2[], int wk3[], int wk4[], int wk5[],
int wk6[], int wk7[], bool ean wk8[])

/* this nethod is used internally by quadraticAssignnent */
/1 solve linear sum assignnent problem

int i,j,p,vl,v2,v5 v6,v7,v8,v9,v10,v1l, v12,v13, vi4, v15
int v3=0,v4=0, v16=0

// initial assignnent
for (i=1; i<=n; i++) {
wki[i] =0
wk2[i] =
wk5[i] =
wk6[i] =
wk7[i] =
}
v1=0;
for (i=1; i<=n; i++) {
for (j=1; j<=n; j++) {
v1++;
v2 = c[vl]
if (j =1 {
v3 = v2
vd = j;
}
el se {
if ((v2 - v3) <0) {
v3 = v2
vd = j;

}

wk5[i] = v3

if (wkil[v4] == 0) {
wkl[v4] =i;
wk2[i] = v4

}
for (j=1i j<=n; j+4) {
Wk6[j] = 0;
if (wWk1[j] == 0) wk6[j] = large;

vl = 0;
for (i=1; i<=n; i++) {
v3 = wk5[i];
for (j=1; j<=n; j++) {
v1++;
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v15 = wk6[j];
if (vi5 > 0) {
v2 = c[vl] - v3;
if (v2 <vi15) {
Wk6[j] = vZ;
WK7[j] =i
}
}
}
}
for (j=1; j<=n; j++) {
= wKk7[j];
if (i '=0) {
if (wk2[i] ==0) {
Wk2[i] = j;
WK1[j] =i
}
}
}
for (i=1; i<=n; i++)
if (wk2[i] ==0) {
v3 = wk5[i];
vli=(i - 1) * n
for (j=1; j<=n; j++) {
v1++;
if (wkl[j] == 0) {
v2 = c[vl];
if ((v2 - v3 - wk6[j]) <= 0) {
wWk2[i] =j;
WK1[j] =i
br eak;
}
}
}
}

/1 construct the optinal assignnent
for (p=1; p<=n; p++)
if (wk2[p] <=0) {
/] conpute shortest path
vi =(p- 1) * n
for (i=1; i<=n; i++) {
wk7[i] = p;
wk8[i] = fal se;
wk4[i] = large;
ve = v5 + i;
wk3[i] = c[v6] - wk5[p] - wk6[i];
}
wk4[p] = 0;
while (true) {
v1l4 = | arge;
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for (i=1; i<=n; i++)
if ('wk8[i]) {
if (wWk3[i] < v14) {
v1l4 = wk3[i];
v16 = i;
}
}
if (wkl[v16] <= 0) break;
wk8[v16] = true;
V7 = wk1l[v16];
v8 = (v7 - 1) * n;
wk4[v7] = v14;
for (i=1; i<=n; i++)
if ('wk8[i]) {
v9 = v8 + i;
v10 = v14 + c[Vv9] - wk5[v7] - wk6[i];
if (wk3[i] > v10) {
wk3[i] = v10;
wKk7[i] = v7;
}
}

}

/] augnentation
while (true) {
V7 = wk7[v16];
wk1l[v16] = v7;
v1l = wk2[Vv7];
wk2[v7] = v16;
if (v7 == p) break;
v16 = v11;
}
/1 transfornation
for (i=1; i<=n; i++) {
if (wk4[i] !'= large)
Wk5[i] += v14 - wkd4[i];
if (wWk3[i] < v14)
Wk6[i] += wk3[i] - v14;
}
}
/1 conpute the optinal val ue
parnf0] = 0;
for (i=1; i<=n; i++) {
vi2 = (i - 1) * n;
jo=owk2li];
vl3 = v12 + j;
parnf 0] += c[v13];
}
}
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static private void gapsubprog5 (int a[], int b[], int dim
{

/* this nethod is used internally by quadraticAssignnent */

// sort the vector a in increasing order
// bis the pernmutation vector of the sorted vector

int i,j,ina,inb,inx,iny,low half,high,p,quant;

low = 1,
if (dim<=low return;
half = (dim- low+ 1) / 2;
quant = 1023;
for (p=1; p<=10; p++) {
if (quant <= half) {
high = dim- quant;
for (i=low i<=high; i++) {
inx =i + quant;
ina = a[inx];
inb = b[inx];
=1
iny =inx;
while (ina < af[j]) {
aliny] = a[j];
bliny] = b[j];
iny =j;
j -= quant;
if (j <low break;

}
aliny] =ina;
b[ i ny] i nb;

}
quant /= 2;
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Example:

Solve the quadratic assignment problem with the following given distance matrix
and weight matrix.

n=7,
0 3516 41
30519 2 8
5502 4 51
Distancematrix =1 1 2 0 5 9 1
6 9 4 5 0 2 3
4 259 2 0 6
1 8 11 3 6 0
0261 3 035
2 05 8 0 8 1
6 50 0 5 3 4
Weight matrix =|1 8 0 0 4 3 8
3054030
0 8 3 3 3 0 2
51 480 20

package G aphAl gorithns;
public class Test_quadrati cAssi gnment extends Object {

public static void main(String args[]) {

int n=7;

int a[][] = {{o, 0, 0, O, O, O, O, 0O},
{0, 0, 3, 5 1, 6, 4, 1},
{0, 3, 0, 5 1, 9, 2, 8},
{0, 5, 5, 0, 2, 4 5, 1},
{o, 1, 1, 2, 0, 5, 9, 1},
{0, 6, 9, 4 5, 0, 2, 3},
{0, 4, 2, 5, 9, 2, 0, 6},
{o, 1, 8, 1, 1, 3, 6, 0}};
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int b[][] = {{0, O, O, O, O, O, O, 0},
{o, 0, 2, 6, 1, 3, 0, 5},
{0, 2, 0, 5 8, 0, 8 1},
{0, 6, 5, 0, 0, 5 3, 4},
{o, 1, 8, 0, O, 4, 3, 8},
{0, 3, 0, 5 4, 0, 3, 0},
{o, 0, 8 3, 3, 3, 0, 2},
{0, 5 1, 4, 8 0, 2, 0}};

int sol[] = new int[n+1];

G aphAl go. quadr ati cAssi gnnent (n, a, b, sol );
Systemout.println("Optimal assignnment:");
for (int i=1; i<=n; i++)

Systemout.printin(" " +i +" -- " +sol[i]);
Systemout.println("\nOpti mal objective function value =" + sol[0]);
}
}
Output:

Optimal assignnent:
1 --

N oo s N
'
N U RN N

Optimal objective function value = 374

9.4 Multiple Knapsack Problem

The Multiple Knapsack problem is a generalization of the single knapsack
problem and is defined as follows. We are given a set of n items and m
knapsacks (bins) such that each item j has a profit p; and a weight w; associated
with it, and each knapsack i has its own capacity ci. The goal is to pack items
into the knapsacks so as to maximize the profit of packed items without
exceeding the capacity of each knapsack. This can be formulated as an
optimization problem:
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m n
maximize >, > P,

=1 j=l
subject to

n
ZW_/xl.j <c, (i=12,....,m)
=

D x, <1 (j=12,...,n)
i=1

x,;, =0 or 1 (i=12,....om, j=12,...,n)

where x; has the value 1 if and only if item j is assigned to knapsack i.

The following procedure [MT85] solves the multiple knapsack problem through a
depth-first tree-search enumerative scheme. Each node of the decision tree
produces two branches. One branch corresponds to the assignment of an item j
to a knapsack i and the other branch corresponds to the exclusion of item j from
knapsack i. The worst case running time of the algorithm in finding an optimal
solution can be exponential. The implementation supports the option of
terminating the procedure after a specified number of backtrack iterations and
the best solution obtained so far will be returned as an approximate solution.

Procedure parameters:

void multipleKnapsack (n, m, profit, weight, capacity, depth, sol)

n: int;
entry: the number of items.
m: int;

entry: the number of knapsacks, m > 1.
profit. int[n+1];
entry: profitfi is the positive profit of item i, i=1,2,...,n.
weight. int[n+1];
entry: weightfi] is the positive weight of item i, i=1,2,...,n.
capacity: int[m+1];
entry: capacityfi is the positive capacity of knapsack i, i=1,2,...,m; this
input array must be sorted in nondecreasing order, that is,
capacityfi] < capacityfi+1] for i=1,2,...,m-1.
depth: int;
entry: if the optimal solution is required, then set the value to be -1;
if an approximate solution is required then set the value to be the
maximum number of backtrack iterations to be performed.
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sol: int[n+1];

exit:  if solf0] is positive then an optimal solution is found; the optimal
total profit is stored in sol/0], and solfi] is the knapsack in which
item i is packed, for i=1,2,...,n. If sol[0] is negative, then sol/0] will
have one of the following return values:
—-1: eithern<2or m< 1.
—2: some input value of profit, weight, or capacity is not positive.
-3: a knapsack is too small to contain any item.
—4: array capacity is not sorted in nondecreasing order.

public static void multipleKnapsack(int n, int m int profit[], int weight[],
int capacity[], int depth, int sol[])

int i, i1, p, idx, idx1, idx2, j, y, tnp, netp, slackbnd, resla, ubtnp;
int mnweight, totalweight, depthtnp, nl, ml, proftnp, ubslack;
int g=0, upperbnd=0, indexj=0, indexi=0;

float r;

float pwatio[] = new float[n + 1];

int resl[] = new int[1];

nt res2[] = newint[1];

nt res3[] = newint[1];

nt res4[] = newint[1];

nt totalprofit[] = newint[1];

nt origp[] = newint[n + 1];

nt origf] = newint[n + 1];

nt origindex[] = newint[n + 1];

nt auxO[] = new int[m+ 1];

nt aux1l[] = newint[m+ 1];
nt aux2[] = newint[m+ 1];
nt aux3[] = newint[m+ 1];

] =newint[n + 1];
nt aux5[] = newint[n + 1];
nt aux6[] = newint[n + 1];
nt aux7[] = newint[n + 1];
nt aux8[] = newint[n + 1];
nt aux9[] = newint[n + 2];

nt aux10[] = newint[n + 2];

nt aux1ll[] = newint[n + 2];

nt aux12[][] = newint[m1][n + 1];

nt aux13[][] = new int[mtl][n+1];
nt aux14[][] = new int[mtl][n+1];
nt aux15[][] = new int[mtl][n+2];

bool ean control [] = new bool ean[ 1] ;

bool ean ski p=fal se, outer=fal se;

bool ean unmark[] = new bool ean[n + 1];

i
i
i
i
i
i
i
i
i
i
i
int aux4[
i
i
i
i
i
i
i
i
i
i
i

/1 check for invalid input data
totalprofit[0] = O;
if (n<=1) totalprofit[0] = - 1;
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if (m<=0) totalprofit[0] = - 1;
if (totalprofit[0] < 0) {
sol[0] = totalprofit[O];
return;
}
m nwei ght = wei ght[1];
total wei ght = weight[1];

_2;

if (profit[1l] <= 0) totalprofit[0] = -2;
if (weight[1] <= 0) totalprofit[0] = -2;
for (j=2; j<=n; j++) {
if (profit[j] <= 0) totalprofit[0] =
if (weight[j] <= 0) totalprofit[0] =

if (weight[j] < mnweight) mnweight = weight[j];

total wei ght += weight[j];

I/ store the original input

for (j=1; j<=n; j++) {
origp[j] = profit[j];
origwj] = weight[j];

pwatio[j] = ((float) profit[j]) / ((float) weight[j]);

unmark[j] = true;

I/ sort the input
for (i=1; i<=n; i++) {
r = -1.0F;
for (j=1; j<=n; j++)
if (unmark[j]) {
if (pwatio[j] >r) {
r = pwatio[j];
q=7j;

}
unmark[q] = fal se;
profit[i] = origp[q];
weight[i] = origwq];
origindex[i] = q;

_2;

if (capacity[1l] <= 0) totalprofit[0] = -2;

if (m==1) {

I/ solve the special case of one knapsack probl em
if (mnweight > capacity[1]) total profit[0]

if (totalweight <= capacity[1]) {

Il the knapsacks contain all the itens

a=0
for (j=1; j<=n; j++) {
profit[j] = origp[jl;
weight[j] = origwj];
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sol[j] = 1;

q +=origwj];
}
sol[0] = q;
return;

}

if (totalprofit[0] < 0) {
sol[0] = totalprofit[O0];
for (j=1; j<=n; j++) {
profit[j] = origp[j];
weight[j] =origwj];

}

return;

}

res4[0] = capacity[1];

for (j=1; j<=n; j++) {
aux10[j] = profit[j];
aux11[j] = weight[j];

}

/1 conpute the solution with one knapsack

mkpsSi ngl eKnapsack(n, n, res4, 0, total profit, aux8, aux10, aux11);

depth = 0;

sol[0] = totalprofit[O0];

for (j=1; j<=n; j++) {
profit[j] = origp[j];
weight[j] =origwj];
sol[origindex[j]] = aux8[j];

}
return;
}
for (i=2; i<=m i++) {
if (capacity[i] <= 0) totalprofit[0] = -2;
if (capacity[i] < capacity[i-1]) {
sol[0] = -4;
for (j=1; j<=n; j++) {
profit[j] = origp[j];
weight[j] =origwj];
}
return;
}
}

if (mnweight > capacity[1]) total profit[0] = -3;
if (totalweight <= capacity[n]) totalprofit[0] = -4;
if (totalprofit[0] < 0) {
sol[0] = totalprofit[O0];
for (j=1; j<=n; j++) {
profit[j] = origp[j];
weight[j] = origwj];
}

return;
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/1l initialize
depthtmp = depth;
depth = 0;
netp = 0;
nl =n + 1,
aux9[ nl] = 1;
m = m- 1,
for (j=1; j<=n; j++) {
aux9[j] = 1;
for (i=1; i<=m i++) {
aux13[i][j] = 0;
aux12[i][j] = 0;

}
for (i=1; i<=nl; i++) {
aux2[i] = capacity[i];
auxO[i] = -1;
}
aux2[nm = capacity[n];
totalprofit[0] = O;
sl ackbnd = O;
idx = 1,
/] conpute an upper bound of the current solution
mkpsCur r ent Upper Bound(n, m profit, wei ght, capacity, 1, netp, resl, res3,
aux5, aux7, aux8, aux9, aux10, aux11);
for (j=1; j<=n; j++)
aux6[j] = aux5[j];
resla = resl[0];
ubtmp = res3[0];
control [0] = fal se;

while (true) {
/1 using heuristic approxination
outer = false;
netp = total profit[0] - slackbnd;
I/l get a feasible solution
nmkpsFeasi bl eSol uti on(n, m profit,weight,idx,netp,res2, auxl, aux2,
aux3, aux7, aux8, aux9, aux10, aux11, aux12, aux14, aux15);
if (res2[0] + slackbnd > totalprofit[0]) {
totalprofit[0] = res2[0] + slackbnd;
for (j=1; j<=n; j++) {
sol[j] = 0;
for (y=1; y<=idx; y++)
if (aux13[y][j] !'=0) {
sol[j] =v;
br eak;
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idx1l = aux1[i];
if (idx1!=0) {
for (j=1; j<=idxl; j++) {
q = aux15[idx][j];
if (aux14[idx][j] == 1) sol[q] = idx;

}
il=1idx + 1,
for (p=il; p<=m p++) {
idx1l = auxl[p];
if (idx1 !'=0)
for (j=1; j<=idxl; j++) {
q = aux15[p][j];
if (aux14[p][j] == 1) sol[a] = p;

}
if (res3[0] == res2[0]) {
outer = true;

}
if (louter) {
skip = fal se;
while (true) {
if (aux3[idx] !'=0) {
/] update
ubsl ack = res3[0] + sl ackbnd;
tnp = auxl[idx];
proftmp = O;
for (y=1; y<=tnp; y++) {
if (aux14[idx][y] !'= 0) {
j = aux15[idx][y];
aux13[idx][j] = 1;
aux2[idx] -= weight[j];
sl ackbnd += profit[j];
aux9[j] = 0;
aux12[idx][j] = auxO[idx];
aux4[j] = ubslack;
if ('control[0]) {
upper bnd = ubsl ack;
indexj =j;
i ndexi = idx;
}
auxO[idx] =7j;
proftmp += profit[j];
if (proftnp == aux3[idx]) {
skip = true;
br eak;
}
/1 upper bound conputation
nmkpsCal cul at eBound(i dx, i dx, res3, control, sl ackbnd, upper bnd,
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i ndexj , i ndexi, n, resl, resla, ubt np, auxo,
aux2, aux5, aux6, aux9, aux12);
if ('control[0]) {
netp = total profit[0] - slackbnd;
/] conpute an upper bound of the current solution
mkpsCur r ent Upper Bound(n, m profit, wei ght, aux2, i dx, netp,
resl, res3, aux5, aux7, aux8, aux9, aux10, aux11);

indexj = ni;

}

ubsl ack = res3[0] + sl ackbnd;

if (ubslack <= totalprofit[0]) {
outer = true;
br eak;

}
if (skip || outer) break;

}
if (idxk == m- 1) {
outer = true;
br eak;
}
idx2 = idx + 1,
/1 upper bound conputation

mkpsCal cul at eBound(i dx2, i dx, res3, control, sl ackbnd, upper bnd, i ndexj ,
i ndexi, n, resl, resla, ubt np, aux0, aux2, aux5, aux6, aux9, aux12);

if ('control[0]) {
netp = total profit[0] - slackbnd;
/1 conpute an upper bound of the current solution

mkpsCur r ent Upper Bound(n, m profit, wei ght, aux2,idx2, netp, resi,
res3, aux5, aux7, aux8, aux9, aux10, aux11);

indexj = ni;

}

if (res3[0] + slackbnd <= totalprofit[0]) {
outer = true;
br eak;

}

i dx++;

}
while (true) {
/1 backtrack
if (idx <= 0) {
depth--;
sol[0] = totalprofit[O0];
for (j=1; j<=n; j++)
aux8[j] =sol[j];
for (j=1; j<=n; j++) {
profit[j] = origp[j];
weight[j] = origwj];
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sol[origindex[j]] = aux8[j];
}
return;
}
if (depth == depthtnp) {
sol[0] = totalprofit[O0];
for (j=1; j<=n; j++)
aux8[j] =sol[j];
for (j=1; j<=n; j++) {
profit[j] = origp[j];
weight[j] = origwj];
sol[origindex[j]] = aux8[j];
}
return;
}
dept h++;
if (auxO[idx] == -1) {
for (j=1; j<=n; j++)
aux12[idx][j] = O;
idx--;

conti nue;
}
j = auxO0[idx];
aux13[idx][j] = O;
aux9[j] = 1;
sl ackbnd -= profit[j];
aux2[idx] += weight[j];
for (y=1; y<=n; y++)
if (aux12[idx][y] ==j) aux12[idx][y] = O;
auxO[idx] = aux12[idx][]j];
if (aux4[j] > totalprofit[0]) break;
}
res3[0] = aux4[j] - slackbnd,
control [0] = true;

static private void nkpsCurrentUpperBound(int n, int m int profit[],
int weight[], int aux2[], int i, int netp, int resl[],
int res3[], int aux5[], int aux7[], int aux8[], int aux9[],
int aux10[], int auxl1l[])

/* this nethod is used internally by multipl eKnapsack */

/] Conpute an upper bound of the current solution

int j, g, wkl, wk2;
int refl[] = newint[1];
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wkl = 0;

ref1[0] = O;

for (j=i; j<=m j++)
ref1[ 0] += aux2[j];

wk2 = 0;
for (j=1; j<=n; j++) {
aux5[j] = 0;
if (aux9[j] !'=0) {
WwWKk1++;
aux7[wkl] =j;

aux10[wk1] = profit[j];
aux11[wk1] = weight[j];
wk2 += weight[j];

}
if (w2 <=refl[0]) {
resl[0] = refl[0] - wk2;
res3[0] = 0;
if (wkl == 0) return;
for (j=1; j<=wkl; j++) {
res3[0] += aux10[j];
aux8[j] = 1;

}

el se {
/1 conpute the solution with one knapsack
mkpsSi ngl eKnapsack( n, wkl, ref 1, net p, res3, aux8, aux10, aux11);
resl[0] = refl[0];
}
for (j=1; j<=wkl; j++) {
q = aux7[j];
aux5[q] = aux8[j];

static private void nkpsFeasibleSolution(int n, int m int profit[],
int weight[], int i, int netp, int res2[], int auxl[], int aux2[],
int aux3[], int aux7[], int aux8[], int aux9[], int auxl10[],

int aux11[], int aux12[][], int aux14[][], int aux15[][])
/* this nethod is used internally by multipl eKnapsack */
Il Get a feasible solution
int p,j,q,netpa, accul, accu2, accu3, accu4, accu5;
int refl[] = new int[1];

int pb[] = newint[1];

accub = 0;
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for (j=1; j<=n; j++)
if (aux9[j] !'=0) {
accu5++;
aux7[accub] = j;
}
for (j=i; j<=m j++) {
aux1l[j] = O;
aux3[j] = 0O;
}
res2[0] = 0;
net pa = netp;
if (accu5 == 0) return;
accu3 = 0;
accud4 = 0;
for (j=1; j<=accu5; j++) {
q = aux7[j];
if (aux12[i][q] == 0) {
if (weight[q] <= aux2[i]) {
accu3++;
accud += weight[q];
aux15[i][accu3] = q;
aux10[ accu3] = profit[q];
auxl1l[accu3] = weight[q];

}
p =1
while (true) {
auxl1[p] = accu3;
if (accud <= aux2[p]) {
pb[ 0] = 0;
if (accu3d !'=0) {
for (j=1; j<=accu3; j++) {
pb[ 0] += aux10[j];
aux14[p][j] = 1

}

el se {
ref1[ 0] = aux2[p];
netp = 0;
if (p==mn netp = netpa;
/1 conpute the solution with one knapsack
mkpsSi ngl eKnapsack( n, accu3, ref 1, net p, pb, aux8, aux10, aux11);
for (j=1; j<=accu3; j++)
aux14[p][j] = aux8[j];
}
res2[0] += pb[0];
netpa -= pb[O0];
aux3[p] = pb[0];
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aux15[ p][accu3+l] = n + 1;

if (p == return;
accul = 1;
accu2 = 0;

for (j=1; j<=accu5; j++) {
if (aux7[j] >= aux15[p][accul]) {
accul++;
if (auxl4[p][accul-1] == 1) conti nue;
}
accu2++;
aux7[accu2] = aux7[j];
}
accu5 = accuz;
if (accu5 == 0) return;
accu3 = 0;
accu4 = 0;
p++;
for (j=1; j<=accu5; j++) {
q = aux7[j];
if(weight[q] <= aux2[p]) {
accu3++;
accud += weight[q];
aux15[ p][accu3] = q;
aux10[ accu3] = profit[q];
aux1l[accu3] = weight[q];

}
}
}

}

static private void nkpsCal cul ateBound(int i, int p, int res3[],
bool ean control [], int slackbnd, int upperbnd, int indexj,
int indexi, int n, int resl[], int resla, int ubtnp,
int auxO[], int aux2[], int aux5[], int aux6[], int aux9[],
int aux12[][1])

{

/* this nethod is used internally by multipl eKnapsack */

/1 Upper bound conputation

int j,idl,id2,id3,id4;

control [0] = fal se;
if (aux9[indexj] == 0) {
idi =i - 1;
if (idl >= indexi) {
id2 = 0;
for (j=indexi; j<=idl; j++)
id2 += aux2[j];
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if (id2 > resl[0]) return;

}
id3 = p;
id4 = aux0[id3];
while (true) {
if (id4d == -1) {
id3--;
id4 = aux0[id3];
}
el se {
if (aux5[id4] == 0) return
if (id4 == indexj) break;
id4 = aux12[id3][id4];
}
}

res3[0] = upperbnd - sl ackbnd
control[0] = true
return;
}
idi =i - 1;
if (idl>=1) {
id2 = 0;
for (j=1; j<=idl; j++)
id2 += aux2[j];
if (id2 > resla) return
}
for (j=1; j<=n; j++)
if (aux9[j] !'=1)
if (aux6[j] == 0) return
res3[0] = ubtnmp - slackbnd
control[0] = true

static private voi d nkpsSi ngl eKnapsack(int n, int ns, int refl[],
int netp,int ref2[], int aux8[], int aux10[], int aux1l[])

/* this nethod is used internally by multipl eKnapsack */
/1 Conpute the solution with one knapsack

int p,pl,in,j,j1,q,diff,index2,index3,index4,index5,index6
int thres,thresl, val 2,prev,nl,r

int val 1=0, i ndex1=0, i ndex7=0, t =0
float tnpl,tnp2,tnp3;

int workl[] = newint[n + 1];
int work2[] = newint[n + 1];
int work3[] = newint[n + 1];
int work4[] = newint[n + 1];
int work5[] = newint[n + 1];
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bool ean ski p=fal se, junp=fal se, m ddl e=fal se, over=fal se, outer=fal se;

ref2[0] = netp;

i ndex3 = 0;

index2 = ref1[0];

for (j=1; j<=ns; j++) {
index1l = j;
if (aux1l[j] > index2) break;
i ndex3 += aux10[j];
i ndex2 -= aux11[j];

}

i ndex1- -;

if (index2 !'=0) {
aux10[ ns+1] 0;
aux1l[ns+1] = refl[0] + 1;

thres = index3 + index2 * aux1O[index1+2] / aux1l[i ndex1+2];
tnpl = index3 + aux10[i ndex1+1];
tnp2 = (aux1l[index1+1] - index2) * aux1O[i ndex1];

tnp3 = aux1l[i ndex1];
thresl = (int) (tnpl - tnp2 / tnp3);
if (thresl > thres) thres = thresl,;
if (thres <= ref2[0]) return;
val2 = ref1[0] + 1;
wor k2[ ns] = val 2;
for (j=2; j<=ns; j++) {
index7 = ns + 2 - j;
if (aux1l[index7] < val2) val2 = aux1l[index7];
wor k2[ i ndex7-1] = val 2;
}
for (j=1; j<=ns; j++)
workl[j] = O;
i ndex5 = 0;
prev = ns;
p=1
skip = true;
}
el se {
if (ref2[0] >= index3) return;
ref2[0] = index3;
for (j=1; j<=indexl; j++)
aux8[j] = 1;
index6 = indexl + 1;
for (j=index6; j<=ns; j++)
aux8[j] = 0;
ref1[0] = O;
return;
}
m ddl e = fal se;
while (true) {
if ('skip) {
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if (aux1l[p] > refl1[0]) {

pl =p + 1;

if (ref2[0] >= refl[0] * aux10[pl] / aux1ll[pl] + index5) {
mddl e = true;

}

if (!mddle) {
p = pl;
conti nue;

}
if (!mddle) {
i ndex3 = work3[p];
index2 = ref1[0] - work4[p];
in = work5[p];
i ndexl = ns;
if (in <=ns) {
for (j=in; j<=ns; j++) {
index1l = j;
if (aux1l[j] > index2) {
i ndex1- -;
if (index2 == 0) break;
if (ref2[0] >= index5 + index3 + index2 * aux10[j] / aux1l[j]) {
mddl e = true;
br eak;
}
skip = true;
br eak;
}
i ndex3 += aux10[j];
index2 -= aux11[j];

}
}
}
if (!mddle) {
if ('skip) {
if (ref2[0] >= index3 + index5) {
mddle = true;
}
if (!mddle) {
ref2[0] = index3 + index5;
val 1 = index2;

index6 = p - 1;

for (j=1; j<=index6; j++)
aux8[j] = workl1[j];

for (j=p; j<=indexl; j++)

aux8[j] = 1;
if (index1l !'= ns) {
index6 = indexl + 1;

for (j=index6; j<=ns; j++)
aux8[j] = 0;
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}
if (ref2[0] !=thres) {
mddle = true;

}
if (!mddle) {
ref1[ 0] = val 1;
return;
}
}
}
}
}
if (!mddle) {

skip = fal se;
work4[p] = ref1[0] - index2;

wor k3[ p] = index3;

wor k5[ p] = indexl + 1;
workl[p] = 1;

index6 = indexl - 1;

if (index6 >= p)
for (j=p; j<=index6; j++) {
work4[j+1] = work4[j] - aux1l[j];

wor k3[j +1] = work3[j] - aux10[j];
wor k5[ j +1] = indexl + 1;
worki[j +1] = 1;

}
j1 = index1l + 1;
for (j=j1; j<=prev; j++) {
work4[j] = 0;
work3[j] = 0;
work5[j] = j;
}
prev = index1;
ref1[ 0] = index2;
i ndex5 += i ndexs3;
if ((index1 - (ns - 2)) > 0)
p = ns;
else if ((indexl - (ns - 2)) == 0) {
if (refl[0] >= aux1l[ns]) {
ref1[0] -= aux1ll[ns];
i ndex5 += aux10[ ns];
workl[ns] = 1;

}
p=ns - 1;
}
el se {
p = indexl + 2;
if (refl[0] >= work2[p-1]) continue;
}
if (ref2[0] < index5) {
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ref2[0] = i ndex5;
for (j=1; j<=ns; j++)
aux8[j] = work1[j];

vall = ref1[0];

if (ref2[0] == thres) return;
}
if (workl[ns] !'=0) {

work1[ ns] = O;

ref1[ 0] += aux1l[ns];

i ndex5 -= aux10[ ns];

}

outer = false;
while (true) {
m ddl e = fal se;
index6 = p - 1;
jump = fal se;
if (index6 !'= 0) {
for (j=1; j<=index6; j++) {

index7 =p - j;
if (workl[index7] == 1) {
junp = true;
br eak;
}
}
}
if (1jump) {
ref1[ 0] = val 1;
return;
}
r =refl[0];

ref1[ 0] += aux1l[i ndex7];
i ndex5 -= aux10[i ndex7];
wor k1[ i ndex7] = O;
if (r >= work2[index7]) {
p = index7 + 1;
outer = true;
br eak;
}
i ndex6 = index7 + 1;
p = index7;
over = false;
while (true) {
if (ref2[0] >= index5 + refl1[0] * aux10[index6] / auxl1ll[index6]) {
over = true;
br eak;
}
di ff = aux1l[index6] - aux1l[index7];
if (diff <0) {
t =r - diff;
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if (t < work2[index6]) {
i ndex6++;
continue;
}
br eak;
}
if (diff ==0) {
i ndex6++;
conti nue;
}
if (diff >r) {
i ndex6++;
conti nue;
}
if (ref2[0] >= index5 + aux10[index6]) {
i ndex6++;
conti nue;
}
ref2[0] = index5 + aux10[i ndex6];
for (j=1; j<=index7; j++)
aux8[j] = work1[j];
q = index7 + 1;
for (j=q; j<=ns; j++)
aux8[j] = 0;
aux8[i ndex6] = 1;
vall = ref1[0] - aux1l[index6];
if (ref2[0] == thres) {
ref1[0] = val 1;
return;
}
r -=diff;
i ndex7 = index6;
i ndex6++;
}
if (tover) {
n = index6 + 1;
if (ref2[0] < index5 + aux10[index6] + t * aux10[n] / aux1ll[n])
br eak;
}
el se
over = fal se;
}
if (louter) {
ref1[ 0] -= aux1l[i ndex6];
i ndex5 += aux10[i ndex6] ;
wor k1[ i ndex6] = 1;
p = index6 + 1;
wor k4[ i ndex6] = aux1l[i ndex6];
wor k3[ i ndex6] = aux10[i ndex6];
wor k5[ i ndex6] = p;
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nl = index6 + 1;
for (j=nl; j<=prev; j++) {
work4[j] = O;
work3[j] = O;
work5[j] = j;
}
prev = index6;
}
el se
outer = fal se;
}
}

Example:

Solve the multiple knapsack problem of 2 knapsacks and 10 items with the
following weights and profits:

Profit: 46, 50, 45, 58, 74, 52, 36, 30, 79, 61

Weight: 81, 83, 43, 34, 68, 58, 60, 72, 42, 28
The capacity of the two knapsacks are 125 and 146, respectively.

package G aphAl gorithns;
public class Test_knapsack extends Object {
public static void main(String args[]) {

int n = 10;

int m=2;

int depth = -1;

int profit[] = {0, 46, 50, 45, 58, 74, 52, 36, 30, 79, 61};
int weight[] = {0, 81, 83, 43, 34, 68, 58, 60, 72, 42, 28};
int capacity[] = {0, 125, 146};

int sol[] =newint[n + 1];

G aphAl go. mul ti pl eKnapsack(n, m profit, weight, capacity, depth, sol);
if (sol[0] > 0) {

Systemout. println("Qptimal solution found:");

for (int i=1; i<=n; i++)

Systemout.print(" " + sol[i]);
Systemout.println("\n\nTotal profit =" + sol[0]);
}
el se
Systemout.printin("Error returned =" + sol[0]);
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Output:

Optimal sol ution found:
0 0 2 1 01 2 0 2 1

Total profit = 331

9.5 Set Covering Problem

Consider a set Q = {1,2,...,m}, and a set { Sy, Sy, ..., Sn }, where S;c Q,
jeP={1,2,...,n}. AsubetRc Pisa coverofQif
US ;=9
jeR
Let ¢j > O be the cost associated with every j € P. The total cost of the cover R is
2
JER
The minimum cost set covering problem is to find a cover of minimum cost, and can
be formulated as a zero-one integer programming problem:

n
minimize ZC X
IS
n
. Dax; =1, (i=12,...,m)
subject to 5
x;=0orl, (j=12,...,n)
where x; = 1 if j is in the cover, x; = O otherwise; and a; = 1ifi e S a; =0
otherwise.

Consider the special case when c; = 1, for j=1,2,...,n. The size of R is the number
of elements in R. The set covering problem is to find a cover R of minimum size.

The solution of the minimum cost set covering problem and the set covering problem
will be obtained by solving its associated zero-one integer programming problem
(see Chapter 11 for the zero-one integer programming code).

Procedure parameters:

void setCovering (n, m, a, ¢, sol)

n: int;
entry: number of subsets described above.
m: int;

entry: number of elements of the set Q described above.
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a double[m+1][nt+1];
entry: a;=1ifi e Sj a; = 0 otherwise, =1,2,...,m, F1,2,...,n.
The other elements of the matrix a are not required as input.
exit:  if an optimal solution is found then af0][0] = O;
if there is no feasible solution then a/0][0] > O.

c int[n+1];
entry: cfjj > O is the cost associated with every j € P described above,
FL,2,...,n
sol: int[nt+1];

exit:  in the optimal solution, solfjj = 1 if j is in the cover, solfj/= 0
otherwise, j=1, 2, ..., n.
sol[0] is the optimal value of the objective function.

public static void setCovering(int n, int m int a[][],

int c[], int sol[])
{
int i,j;
int b[] = newint[m+ 1];
for (i=0; i<=m i++)
for (j=0; j<=n; j++)
afilljl = (alil[i] ==1) 2 -1: 0;
for (i=0; i<=m i++)
b[i] =-1;
zeroOnel nt eger Programmi ng(true, n, m a, b, ¢, sol);
}
Example:

Find a minimum cost set cover for the following problem:
4 elements (m = 4), and S subsets (n = ),

S, =11, 3}
Sy = {2}

Sz = {1, 4}
Si=1{1,2
Ss = {3, 4}

associated cost vector ¢ = (7, 2, 5, 8, 0).

package Optim zation;
public class Test_setCovering extends Object {
public static void main(String args[]) {
int n=25;
int m= 4;

int a[][] = new int[ml][n+1];
int c[] ={0, 7, 2, 5, 8, 6};
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int sol[] =newint[n + 1];

a[1][1] = a[1][3] = a[1][4] = L
a[2][2] =a[2][4] = 1
a[3][1] = a[3][5] = 1;
a[4][3] = a[4][5] = 1;

Optim ze. set Covering(n, m a, ¢, sol);
if (a[0][0] > 0)
Systemout.printlin("No feasible solution.");
el se {
Systemout.print("Optimal solution found.\n\n Solution vector: ");
for (int i=1; i<=n; i++)
Systemout.print(" " + sol[i]);
Systemout. println("\n\nOpti mal objective function value =" + sol[0]);
}
}
}

Output:
Optimal sol ution found.
Sol ution vector: 01 1 0 1

Opti mal objective function value = 13

9.6 Set Partitioning Problem

Consider a set Q = {1,2,...,m}, and a set C = { S;, Sy, ..., Sn }, where S; < Q,
jeP={1,2,...,n}. AsubetR c Pis a partition of Q if
USj =0
JjER
and, in addition, u,ve R,u#v = SynS,=J.
Let ¢j > O be the cost associated with every j € P. The total cost of the partition R

is
2
JER
The minimum cost set partitioning problem is to find a partition of minimum cost,
and can be written as the zero-one integer programming problem:
n
minimize ZC X
J=1
n
_ Yagx, =1,  (i=12,...,m)
subjectto 75 -

xj:O or 1, (j=12,...,n)
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where x; = 1 if j is in the partition, x; = O otherwise; and a3 =1ifi € S; a5 =0
otherwise.

Note that the minimum cost set covering problem is more general than the
minimum cost set partition problem. Indeed any minimum cost set partitioning
problem having a feasible solution can be transformed into a minimum cost set
covering problem by changing the cost vector. More precisely, let

m n
w; = Zaij and choose any K > ZCj
i=1 j=1
if the minimum cost set partitioning problem defined by A = {a;} and costs ¢ = {c}}
has a partition, then the minimum cost set covering problem defined by A = {a;} and
costs ¢ = ¢; + Kwj, j=1,2,...,n, has the same set of optimal solutions as the minimum
cost set partitioning problem.

The solution of the minimum cost set partitioning problem will be obtained by
solving the associated zero-one integer programming problem (see Chapter 11 for
the zero-one integer programming code) of the transformed minimum cost set
covering problem.

Procedure parameters:

void setPartitioning (n, m, a, ¢, sol)

n int;

entry: number of subsets described above.
m: int;

entry: number of elements of the set Q described above.
a double[m+1][nt+1];

entry: a;=1ifi e S; a; = 0 otherwise, =1,2,...,m, j=1,2,...,n.

The other elements of the matrix a are not required as input.
exit:  if an optimal solution is found then a/0j[0] = O;

if there is no feasible solution then a/0j[0] > O.

c int[n+1];
entry: cfjj > O is the cost associated with every j € P described above,
FL1,2,...,n
sol: int[n+1];
exit:  in the optimal solution, solfjj = 1 if j is in the partition, solfjj = O
otherwise, j=1, 2, ..., n.

sol[0] is the optimal value of the objective function.

public static void setPartitioning(int n, int m int a[][], int c[], int sol[])
{

int i,j,sumnmult;

int b[] = newint[m+ 1];

int newc[] = new int[n+l];

for (i=0; i<=m i++)
for (j=0; j<=n; j++)
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afi][j] = (ali][j] == 1) ?2-1:0;
for (i=0; i<=m i++)
b[i] = -1;

I/ transformthe cost vector, original cost vector not changed
sum = 0;
for (j=1; j<=n; j++) {
sum += c[j];
newc[j] = c[j];
}
mult = sum + 1,
for (j=1; j<=n; j++) {
sum = 0;
for (i=1; i<=m i++)
sum+= a[i][j];
newc[j] += mult*(-sun;
}
I/ use the transforned cost vector to solve the set partitioning problem
Optim ze. zeroOnel nt eger Progranm ng(true, n, m a, b, new, sol);
if (a[0][0] ==0) {
// obtain the optinal objective function value by the solution vector

sum = 0;
for (i=1; i<=n; i++) {
sum += (sol[i] == 0) ?2 0: c[i];
}
sol [0] = sum
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Example:

Find a minimum cost set partition for the following problem:

4 elements (m = 4), and 6 subsets (n = 6),

S;={1,4}
Sy = {2, 4
S;=1{1,2,3}
S4={3,4}
Ss = {2, 3}
Se =1{1, 2}

associated cost vector c = 4, 2, 1, 6, 5, 2).

package Optim zati on;

public class Test_setPartitioning extends Object {

}

public static void main(String args[]) {

int n=6;

int m= 4

int a[][] = new int[mtl][n+1];
int c[] ={0, 4, 2, 1, 6, 5, 2};
int sol[] =newint[n + 1];

a[1][1] = a[1][3] = a[1][6] = 1;
a[2][2] =a[2][3] =a[2][5] = a[2][6] = 1;
a[3][3] =a[3][4] =a[3][5] = 1;
a[4][1] = a[4][2] = a[4][4] = L

Optimze.setPartitioning(n, m a, ¢, sol);
if (a[0][0] > 0)

Systemout.printin("No feasible solution.");
el se {

Systemout. print("Optimal solution found\n\n Solution vector: "

for (int i=1; i<=n; i++)
Systemout.print(" " + sol[i]);
Systemout. println("\n\nOptinal objective function value ="
}
}

Output:

Optimal solution found

Sol ution vector: 0 0 0 1 0 1

Opti mal objective function value = 8

A Java Library of Graph Algorithms and Optimization



10. Linear Programming

10.1 Revised Simplex Method

The following is a linear programming problem in standard form:

n
maximize z CX;
Jj=1

subject to 5

After introducting the slack variables Xn+1, Xn+2, ..., Xntm, the problem can be
written as:

n
maximize ZC X
=i
n
' Zayxj:bl. (i=12,...,m)
subject to 5

x. 20  (j=12,...n)

J
or, in matrix notation:

maximize cx
subjectto Ax=Db
x20

The matrix A has m rows and n+m columns with the last m columns forming an

identity matrix. The vector x is of length n+m, and the column b is of length m.

The linear programming problem can be solved by the well-known revised simplex

method [DOH54|. A basic feasible solution x* partitions x into xg (m basic

variables) and xy (n nonbasic variables). This corresponds to the partition of
matrix A into Ag and Ay, and c into cg and cy. Each iteration of the revised
simplex method [C83, SDK83] can be described as follows:

Step 1. Solve the system yAg = cg.

Step 2. Choose any column o of Ay such that ya is less than the corresponding
component of cy. If such column does not exist, then the current solution
is optimal.

Step 3. Solve the system Agf = a.

Step 4. Find the largest d such that xg" — dp = 0. If no such d is found then the
problem is unbounded, otherwise at least one component of xg"— df will
be equal to zero and the corresponding variable leaves the basis.

Step 5. Set the entering variable to be d. Replace the values of the basic variables
xg" by xg" — dp. Replace the leaving column of Ag by the entering column,
and replace the leaving variable by the entering variable.

329
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Procedure parameters:
void revisedSimplex (maximize, n, m, a, epsilon, basicvar)

maximize: boolean;
entry: maximize = true, if the objective function is to be maximized,;
maximize = false, if the objective function is to be minimized.
n: int;
entry: number of variables (this includes the slack variables).
m: int;
entry: number of constraints.
a double[m+1][n+1];
entry: the coefficients of the constraints are given by afifj], =1,2,...,m,
FL1,2,...,n
The coefficients of the objective function are given by a/O][j],
FL1,2,...,n
The right hand side of the constraints are given by afij[0],
=1,2,...,m.
The other elements of the matrix a are not required as input.
exit:  af0][0] is the optimal value of the objective function.
afiJ[0] is the optimal value of the basic variable basicvarfi,
fori=1,2,...,m
epsilon: double;
entry: for any real number r, if |r| < epsilon then r is equal to O.
basicvar: int[ntm+3];
exit:  if there is no feasible solution then basicvarfm+1] > O otherwise
basicvarfm+1] = 0;
if the problem has no finite solution then basicvar/m+2] > 0O,
otherwise basicvarfm+2] = 0;
basicvarfi] is the basic variable in the optimal solution,
fori=1,2,...,m
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public static void revisedSi npl ex(bool ean maximze, int n, int m
doubl e a[][], double epsilon, int basicvar[])

int i,j,k,nR,p,idx=0;

doubl e obj coeff[] = new double[n + 1];

doubl e varsuni] = new double[n + 1];

doubl e optbasicval[] = new double[m + 3];
doubl e aux[] = new double [m + 3];

doubl e work[][] = new double[m + 3][m + 3];
doubl e part, sum

bool ean i nf easi bl e, unbound, abort, out,iterate;

if (maximze)
for (j=1; j<=n; j++)
af[o][j] = -a[0][j];
i nfeasi ble = fal se;
unbound = fal se;

m =m+ 2;
p=m+ 2
out = true;
k =m+ 1;

for (j=1; j<=n; j++) {
objcoeff[j] = a[0][j];
sum = 0. 0;
for (i=1; i<=m i++)
sum-= a[i][j];
varsunfj] = sum
}
sum = 0. 0;
for (i=1; i<=m i++) {
basicvar[i] =n + i;
optbasicval[i] = a[i][0];
sum-= a[i][0];
}
opt basi cval [k] = 0.0;
opt basi cval [m2] = sum
for (i=1; i<=nR; i++) {
for (j=1; j<=nR; j++)
work[i][j] = 0.0;
work[i][i] = 1.0;
}
iterate = true;
do {
/1 phase 1
if ((optbasicval [nm2] >= -epsilon) & out) {
out = fal se;
p=m+1;
}
part = 0.0;
/'l phase 2
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for (j=1; j<=n; j++) {
sum = work[ p] [ m+l] * objcoeff[j] + work[p][m+2] * varsunij];
for (i=1; i<=m i++)
sum += work[p][i] * a[i][j];
if (part > sum {
part = sum
k=7j;
}
}
if (part > -epsilon) {
iterate = fal se;
if (out)
infeasible = true;
el se
a[0][0] = -optbasicval [p];
}
el se {
for (i=1; i<=p; i++) {
sum = work[i][m+l] * objcoeff[k] + work[i][m+2] * varsuniKk];
for (j=1; j<=m j++)
sum += work[i]J[j] * a[j][k];
aux[i] = sum
}
abort = true;
for (i=1; i<=m i++)
if (aux[i] >= epsilon) {
sum = optbasicval[i] / aux[i];

if (abort || (sum< part)) {
part = sum
idx =i;
}
abort = false;
}
if (abort) {
unbound = true;
iterate = fal se;
}
el se {

basi cvar[idx] = k;

sum= 1.0 / aux[idx];

for (j=1; j<=m j++)
work[idx][j] *= sum

i = ((idx ==1) ? 2 : 1);

do {
sum = aux[i];
optbasicval[i] -= part * sum

for (j=1; j<=m j++)
work[i][j] -= work[idx][j] * sum
i += ((i ==1idx-1) ? 2: 1);
} while (i <= p);
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optbasicval [idx] = part;

}
} while (iterate);
[/ return results
basi cvar[mtl] = (infeasible ? 1 : 0);
basi cvar[ mt2] = (unbound ? 1 : 0);
for (i=1; i<=m i++)

a[i][0] = optbasicval[i];
if (maximze) {

for (j=1; j<=n; j++)

a[0][j] = -a[0][j];
a[0][0] = -a[0][0Q];

}

Example:

Solve the following linear programming problem [C83] with 7 variables and 4
constraints by the revised simplex method:

maximize  5x, +5x, + 3x;

subject to
X, +3x, + x;+x, =3
- X, + 3x, + X =2
2x, — x, +2x, + X =4
2x, +3x, — x4 +x, =2

Xps Xyy X3y Xy Xgy X, X, 20

package Optim zation;
public class Test_revi sedSi npl ex extends hject {
public static void main(String args[]) {
int n=7;

int m= 4
doubl e eps = 1.0e-5;

double a[][] = {{0, 5 5 3 0 O, 0, 0},
{3, 1, 3 1, 1, 0O, O, 0},
{2, -1, o 3, 0 1, 0, 0},
{4, 2, -1, 2, 0 0, 1, 0},
{2, 2, 3 -1, 0, 0, O, 1}};
int basicvar[] = newint[m+ 3];

Optim ze. revi sedSi npl ex(true, n, m a, eps, basicvar);
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if (basicvar[mtl] > 0)

Systemout.printlin("No feasible solution.");
el se {

if (basicvar[m2] > 0)

Systemout. println("Objective function is unbound.");

el se {
Systemout.println("Optimal solution found."

"\n\n Basic variable Value");

for (int i=1; i<=m i++)

Systemout.printf(" %d %47.5f\n", basicvar[i], a[i][0]);
Systemout. println("\nOpti mal value of the objective function =" +

a[0][0]);

}
Output:

Optimal sol ution found.

Basi c variable Value

1. 03448
1.10345
0. 03448
0. 27586

N M P W

Optimal value of the objective function = 10.0

10.2 Dual Simplex Method

The following is a linear programming problem in standard form:

n
maximize Z C;X;
Jj=1

n

subject to 5

x, 20 (j=L12,...,n)

J

After introducting the slack variables Xn:+1, Xn+2,
written as:

.., Xntm, the problem can be
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n
maximize z CX;
Jj=1

Max,=b  (i=12,...,m)

subject to 5

x. >0 (j=12,...,n)

j
or, in matrix notation:

maximize cx
subjectto Ax=Db
x>0

The matrix A has m rows and n+m columns with the last m columns forming an
identity matrix. The vector x is of length n+m, and the column b is of length m.
The dual problem of the linear programming problem in standard form is:

m
minimize Z b.y.

i=1

m

' ZaijinCj (j=m+1l,m+2,...,m+n)
subject to 5

A dual variable yi is basic if and only if the corresponding primal variable xx is
nonbasic. The linear programming problem can be solved by the dual simplex
method [L54]. A basic feasible solution x* partitions x into xg (m basic variables)
and xy (n nonbasic variables). This corresponds to the partition of matrix A into

Ag and An. Each iteration of the dual simplex method [C83, SDK83] can be

described as follows:

Step 1. If xg" > 0 then stop (x* is an optimal solution), otherwise choose any basic
variable x; with x;" < O as the leaving variable.

Step 2. Solve the system uAg = ex where ex is the k-th row of the identity matrix
such that x; appears in the k-th position of the basis. Compute yn = UAn.

Step 3. Let P be the set of nonbasic variables x; for which y; < 0. If P is empty then
stop (the problem is infeasible), otherwise, find the entering variable x;
where x; is in P that minimizes c;/y;.

Step 4. Solve the system AgP = o where a is the entering column.

Step 5. Set the value x;* of the entering variable to be x;"/y;. Replace the values xg"
of the basic variables by xg" — (Xi"/v;)B. Replace the leaving column of Ag
by the entering column. Replace the leaving variable in the basis by the
entering variable. Set ¢; = -cj/y;. Add ciyk to each cx where k # i.
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The following procedure is the dual simplex method that solves the linear
programming problem of the form:

n
minimize (or maximize) zaO/ X;
=
n—m
: zaijxj +xn—m+1 =4a, (121,2,...,7)1)
subject to =

x>0 (j=12,...,n)

J

Procedure parameters:
void dualSimplex (maximize, n, m, a, epsilon, basicvar)

maximize: boolean;
entry: maximize = true, if the objective function is to be maximized;
maximize = false, if the objective function is to be minimized.
n: int;
entry: number of variables (this includes the slack variables).
m: int;
entry: number of constraints.
a double[m+1][n+1];
entry: the coefficients of the constraints are given by afifj], =1,2,...,m,
7F1,2,...,n-m. Note that the slack variables are not needed in the

input.
The coefficients of the objective function are given by a/O][j],
F1,2,...,n.

The right hand side of the constraints is given by afjf0], =1,2,...,m.
The other elements of the matrix a are not required as input.
exit:  af0][0] is the optimal value of the objective function.
afij[0] is the optimal value of the basic variable basicvarfi],
fori=1,2,...,m
epsilon: double;
entry: for any real number r, if |r| < epsilon then r is equal to O.
basicvar: int[n+m+3];
exit:  if there is no feasible solution then basicvar/m+1] > 0, otherwise
basicvarfm+1] = 0;
if the problem has no finite solution then basicvar/m+2] > 0O,
otherwise basicvarfm+2] = 0;
basicvarfi] is the basic variable in the optimal solution,
fori=1,2,...,m

public static void dual Si npl ex(bool ean maximze, int n, int m
doubl e a[][], double epsilon, int basicvar[])
{
int i,j,k,index,nmgq,option;
int idx1=0,idx2=0, p=0;
int aux1[] = newint[n - m+ 1];
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int aux2[] = newint[n - m+ 1];
doubl e thres, diff,ant;
bool ean i nf easi bl e, unbound, abort,iterate;

option = (maximze ? 1 : -1);
i nfeasi ble = fal se;
unbound = fal se;
nm=n - m
a[0][0] = 0.0;
for (i=0; i<=nm i++) {
ant = 0.0;
for (j=1; j<=m j++)
ant += a[j][i] * a[0][nmtj];
a[0][i] = ant - a[O0][i];
}
for (i=nmtl; i<=n; i++)
for (j=1; j<=m j++)

a[j1[i] = ((i ==nmj) ?2 1.0 : 0.0);
i =0;
while ((!'infeasible) & (i < nn)) {

i ++;

ant = a[0][i];
infeasi ble = (Math. abs(ant) > epsilon) & (ant*option < 0);
if (!infeasible) basicvar[mHi] = 1i;
}
if (!infeasible) {
for (i=1; i<=m i++)
basicvar[i] = nm+ i;
iterate = true;

do {
thres = 0.0;
abort = true;
i =0;
do {
i ++;
j =m

ant = a[i][0];
if (amt < -epsilon) {
iterate = fal se;
while ((j <n) & literate) {
j ++;
q = basicvar[j];
iterate = (a[i][q] < -epsilon);
}
if (literate)
unbound = true;
el se {
abort = fal se;
if (amt-thres < -epsilon) {
thres = ant;
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} while (iterate & (i < m);
if (iterate) {
if (abort) {
unbound = fal se;
iterate = fal se;
}
el se {
thres = Doubl e. MAX_VALUE;
for (j=1; j<=nm j++)
aux2[j] = m+ j;
for (i=0; i<=m i++)
if ((i '=1) & (labort)) {
k = 0;
for (j=1; j<=nm j++)
aux1[j] = aux2[j];
index = 1;
for (j=mtl;, j<=n; j++)
if (j == aux1[index]) {
i ndex++;
q = basicvar[j];
ant = a[p][q];
if (amt < -epsilon) {
amt = Math.abs(a[i][q] / ant);
diff = amt - thres;
if (Math.abs(diff) < epsilon) {

K++;
aux2[k] =7j;
abort = fal se;
}
el se
if (diff <0.0) {
thres = ant;
idx1 = j;
idx2 = q;
aux2[1] = 1;
k = 1;
for (g=2; g<=nm q++)
aux2[q] = 0;
abort = true;
}
}

}
thres = 1.0/ a[p][idx2];

basi cvar[i dx1l] = basicvar[p];
i =(p==07?1: 0);
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do {
amt = a[i][idx2] * thres;
afi][0] -=a[p][0] * ant;
for (j=mtl;, j<=n; j++) {
q = basicvar[j];
afi][ql -=a[pl[a] * ant;
}
i += ((i ==p-1) ?2 2: 1);
} while (i <= m;
for (j=mtl;, j<=n; j++) {
q = basicvar[j];
a[p][q] *= thres;
}
a[p][0] *= thres;
for (i=0; i<=m i++)

a[i][idx2] = ((i ==1) 2 1.0 : 0.0);
basi cvar[p] = idx2;
}
}
} while (iterate);

}
basi cvar[mtl] = (infeasible ? 1 : 0);
basi cvar[ mt2] = (unbound ? 1 : 0);

}

Example:

Solve the following linear programming problem [C83] with 7 variables and 3
constraints by the dual simplex method:

maximize —5x, —3x, —3x; —6x,
subject to
—6x, + x, +2x; +4x, + X, = 14
3x, —2x, — x;—5x, + X =-25
-2x,+ x, + 2x, + x, = 14

Xps Xyy X3y Xyy Xgy Xg, X7 20

package Optim zation;
public class Test_dual Si npl ex extends Object {
public static void main(String args[]) {
int n=7;

int m=3;
doubl e eps = 1.0e-5;
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double a[][] ={{ O, -5, -3, -3, -6, 0, 0, 0},
{ 14, -6, 1, 2, 4, 0, 0, 0},
{-25, 3, -2, -1, -5, 0, O, 0},
{ 14, -2, 1, 0, 2, 0, 0, O0}};

int basicvar[] = newint[n + m+ 1];

Optim ze. dual Si npl ex(true, n, m a, eps, basicvar);
if (basicvar[ml] > 0)
Systemout.printlin("No feasible solution.");
el se {
if (basicvar[m2] > 0)
Systemout. println("Objective function is unbound.");
el se {
Systemout.printlin("Optimal solution found." +
"\n\n Basic variable Value");
for (int i=1; i<=m i++)
Systemout.printf(" %d %7.4f\n", basicvar[i], a[i][0]);
Systemout.println("\nOpti mal value of the objective function =" +

a[0][0]);

}
Output:

Optimal sol ution found.

Basi c variabl e Val ue

2 10. 0000
1. 0000
7 2. 0000

Optimal val ue of the objective function = -36.0



11. Integer Programming

11.1 Zero-One Integer Programming

Solve the zero-one integer programming problem of the form:

n
minimize (or maximize) ZC X
=i
n

dax,<b  (i=12,...,m)

subject to j=1
x,=0orl, (j=12,...,n)

The problem can be solved by enumerating implicitly all 2 zero-one vectors of x.
The enumeration can be summarized as follows:

a. Choose a free variable x; and fix it at the value 1.

b. Enumerate each of the completions of the partial solution.

c. The variable x; is fixed at the value O, and the process is repeated for the

subproblem with x; equal to O.

The following procedure [B65, SDK83] uses an effective branching test in the
selection of the free variables. The branching test essentially chooses the free
variable x; to be set to 1 in such a way that the sum of the absolute values of the
amount by which all constraints are violated is reduced by the most.

Procedure parameters:
void zeroOnelntegerProgramming (minimize, n, m, a, b, ¢, sol)
minimize: boolean;

entry: minimize = true, if the objective function is to be minimized;
minimize = false, if the objective function is to be maximized.

n: int;
entry: number of variables.
m: int;
entry: number of constraints.
a double[m+1][n+1];
entry: the coefficients of the constraints are given by afifj], =1,2,...,m,

FL1,2,...,n
The other elements of the matrix a are not required as input.
exit:  if an optimal solution is found then a/0j[0] = O;
if there is no feasible solution then a/0j[0] > O.
b: int[m+1];
entry: bfj]is the right hand side of constraint j, =1,2,...,m.
c int[n+1];
entry: cfij is the coefficent of varible iin the objective function, =1,2,...,n.
sol: int[nt+1];
exit:  solfi] is the optimal solution of variable i, i= 1, 2, ..., n.
sol[0] is the optimal value of the objective function.

341
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public static void zeroOnel nteger Progranm ng(bool ean mni mze, int n,

int
int
int
int
int
int
int
int
int
int

int m

int a[][], int b[], int c[], int sol[])

i,j,k,optval ue, el mL=0, el n2, el nB, el m4, i dx, subl, sub2, sub3;
iteml,iten®,itenB;

ccopy[]
aux1[]

aux2[
aux3[
aux4[
aux5[
aux6[
aux7[

]
]
]
]
]
]

=newint[n + 1];
1];
1];
1];
2];
1];
1];
1];

new int[n +
new int[n +
new int[n +
new int[n +
new int[m+
new int[m+
new int[m+

bool ean cm nus[] = new bool ean[n + 1];
bool ean opti mal f ound, backt r ack=f al se, out er;

I/ scan for the negative objective coefficients
if (!'mnimze)

for (j=1; j<=n; j++)
clil = -clil;
for (j=1; j<=n; j++) {
cmnus[j] = fal se;
ceopy[j] = c[jl;
}
for (j=1; j<=n; j++)
if (c[j] <0) {
cmnus[j] = true;
clil = -clil;
for (i=1; i<=m i++)
bli] -=alil[jl;
afil[j] =-ali]l[jl;
}
}
for (i=1; i<=m i++)
aux5[i] = Db[i];
elm = 1;
for (j=1; j<=n; j++) {
aux3[j] = 0;
elml += c[j];
}
optvalue = elmt + el mi;
sub2 = 0;
sub3 = 0;
elml = 0;
aux4[ 1] = 0;

opti mal found = fal se;

iter

ate:

{
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while (true) {
if (backtrack) {
I backt racki ng
backtrack = fal se;
outer = fal se;
for (j=1; j<=n; j++)
if (aux3[j] < 0) aux3[j] = 0;

if (sub2 > 0)
do {
subl = sub3;

sub3 - = aux4[ sub2+1];
for (j=sub3+1; j<=subl; j++)
aux3[aux2[j]] = 0;
subl = Mat h. abs(auxl1[sub2]);
aux4[ sub2] += subil;
for (j=sub3-subl+l; j<=sub3; j++) {
subl = aux2?[j];
aux3[subl] = 2;
elml -= c[subl];
for (i=1; i<=m i++)
aux5[i] += a[i][subl];
}
sub2--;
if (auxl[sub2+1l] >= 0) {
outer = true;
continue iterate;
}
} while (sub2 !'=0);
if (outer) continue;
sol [0] = optval ue;
a[0][0] = (optimalfound ? 0 : 1);
for (j=1; j<=n; j++)
if (cmnus[j]) {
sol[j] = ((sol[j] ==0) 2 1: 0);
sol [0] += ccopy[j];
}
for (j=1; j<=n; j++)
c[j]l = ccopy[j];
if (!mnimze) sol[0] = -sol[0];
return;
}
subl = 0;
idx = 0;
for (i=1; i<=m i++) {
iteml = aux5[i];
if (iteml < 0) {
I i nfeasi ble constraint i
subl++;
elm = 0;
elml = iteml;
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elm2 = -Integer. MAX VALUE;
for (j=1; j<=n; j++)
if (aux3[j] <= 0)
if (c[j] + elmd >= optval ue) {
aux3[j] = 2;
aux4[ sub2+1] ++;
sub3++;
aux2[sub3] = j;
}
el se {
iten2 = ali][j];
if (iten2 < 0) {
elnl -= iten®;
elm += c[j];
if (elm <itenmR) eln2 = itenk;

}
if (elm < 0) {
backtrack = true;
continue iterate;
}
if (elml + eln2 < 0) {
if (elnmB + elmd >= optval ue) {
backtrack = true;
continue iterate;
}
for (j=1; j<=n; j++) {
iten2 = a[i][j];
iten8 = aux3[j];
if (iten2 < 0) {
if (itenB == 0) {
aux3[j] = -2;
for (k=1; k<=idx; k++) {
aux7[k] -= a[aux6[K]][j];
if (aux7[k] < 0) {
backtrack = true;
continue iterate;

}

el se
if (itenB < 0) {
elml -=itenk;
if (elm < 0) {
backtrack = true;
continue iterate;
}
elm += c[j];
if (elnB + elmd >= optval ue) {
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backtrack = true;
continue iterate;

}
}
}
i dx++;
aux6[idx] =1i;
aux7[idx] = el ml;
}
}
}
if (subl == 0) {
I updating the best solution

optval ue = el m;
optimal found = true;
for (j=1; j<=n; j++)
sol[j] = ((aux3[j] ==1) 2 1: 0);
backtrack = true;
continue iterate;

}
if (idx == 0) {
subl = 0;
el m8 = -Integer. MAX VALUE;

for (j=1; j<=n; j++)
if (aux3[j] == 0) {
eln2 = 0;
for (i=1; i<=m i++) {
iteml = aux5[i];
iten2 = ali][j];

if (iteml < itenmR) elnm += (itenml - itenR);

}
iteml = c[j];

if ((eln2 >eln8) || (eln2 == elnB) && (itenl < elnl)) {

elnl = iteml;
elnB = el n2;
subl = j;

}
if (subl == 0) {
backtrack = true;
continue iterate;
}
sub2++;
aux4[ sub2+1] = 0;
sSub3++;
aux?2[ sub3]
auxl1[ sub2] 1;
aux3[ sub1l] 1;
elml += c[subl];
for (i=1; i<=m i++)

subl;
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aux5[i] -= a[i][subl];
}
el se {
sub2++;
auxl1[ sub2] = 0;
aux4[ sub2+1] = 0;
for (j=1; j<=n; j++)
if (aux3[j] < 0) {
sub3++;
aux2[sub3] =j;
auxl1[ sub2] - -;
elmd += c[j];
aux3[j] = 1;
for (i=1; i<=m i++)
aux5[i] -=a[il[jl;

}
}
}

Example:

Solve the following zero-one integer programming problem with 4 variables and 3
constraints:

minimize 12x, +14x, +23x, +36x,
subject to

—10x, —13x, —11x; —23x, <-10
—4x, —6x, —11x; —16x, <-12
—12x, -10x, —5x; —-9x,< -8

X, Xy, X3, x, = 0 or 1

IN

package Optim zation;
public class Test_zeroOneProgram extends Object {

public static void main(String args[]) {

int n =4
int m= 3;
int a[][] = {{0, O, 0, 0, 0},

{0, -10, -13, -11, -23},
{0, -4, -6, -11, -16},
{0, -12, -10, -5, -9}};
int b[] = {0, -10, -12, -8};
int c[] ={0, 12, 14, 23, 36};
int sol[] =newint[n + 1];



Chapter 11: Integer Programming 347

Optim ze. zeroOnel nt eger Progranm ng(true, n, m a, b, c, sol);

if (a[0][0] > 0)
Systemout.printlin("No feasible solution.");

el se {
Systemout.print("Optimal solution found.\n Solution vector: ");
for (int i=1; i<=n; i++)

Systemout.print(" " + sol[i]);
Systemout.printin("\n Opti mal value of the objective function =" +
sol[0]);
}
}
}
Output:

Optimal sol ution found.
Sol uti on vector: 1 0 1 0
Optimal value of the objective function = 35

11.2 All Integer Programming

Solve the following integer linear programming problem of the form:

n
minimize z aojxj
j=1

n
Zay.xj <a,,, (i=12,...,m)

subject to 5

xJ.ZO integer (j=L2,...,n)

Let Q be the set of nonbasic variable indices. In vector notation, the problem can
be written as:

minimize X,
x=dy+).d,(-x,)
subject to JjeQ
x; 20 integer (i=12,...,n)

It is assumed that the vectors d;, j=m+1,...,n are lexicographically negative. The
Gomory cutting plane technique [G60, G65, SDK83] solves this problem by
starting with an integer tableau and a lexicographic dual feasible solution:
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Step 1. Select a cut-generating row dyo < O, k # 0. If no such row exists then the
current solution is optimal.

Step 2. Among the di < O, select the pivot column that is lexicographically
largest. If no such column is found then no integer feasible solution
exists.

Step 3. A cut inequality from the row k that is not satisfied at the current primal
solution is derived. This new row is appended at the bottom of the
tableau, and is used as a pivot in the current solution.

Step 4. Perform a dual simplex pivoting operation.

Step 5. Remove the appended row and go back to Step 1.

Procedure parameters:

void integerProgramming (n, m, a)

n: int;
entry: number of variables.
m: int;
entry: number of constraints.
a double[nt+m][nt+1];
entry: the coefficients of the objective function are given by a/0j[j],
F1,2,...,n;
the coefficients of the constraints are given by afif[j, =1,2,...,m,
F1,2,...,n;
the right hand side of the constraints is given by afijln+1],
=1,2,....,m.

It is required that each of the j columns, j=1,2,...,n, of matrix a is

lexicographically positive.

The other elements of the matrix a are not required as input.
exit:  if an optimal solution is found then af0][n+1] = O;

if there is no feasible solution then a/Oj[n+1] > 0.

The optimal value of the objective function is given by a/0j[0].

The optimal solution vector is given by a/m+ij[0], =1,2,...,n.

public static void integerProgramming(int n, int m int a[][])
{

int i,j,k,1,np,numr,rl,s,t,count,c,denomtenp,p;

bool ean b, iter, nof eas=fal se;

for (j=1; j<=n; j++)
afmi][j] = -1;
m += n;
count = O;
np = n+l;
do {
count ++;
r =0;
do {
r++;
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iter = afr][np] < O;
} while (liter & (r '=m);
if (iter) {
k = 0;
do {
Kk++;
iter = a[r][k] < O;
} while (liter & (k !'=n));
nofeas = liter;
if (iter) {
I =k;
for (j=k+1; j<=n; j++)
it (a[r][j] <0) {
i = -1,
do {
i ++;
s =ali][j] - a[i][l];
} while (s == 0);

if (s<0) I =j;
}
s = 0;
while (a[s][I] == 0)
S++;

num= -a[r][I];
denom = 1;
for (j=1; j<=n; j++)
if ((alrl[ji] <0) & (j !'=1)) {
i =s - 1;
b = true;
while (b & (i >=0)) {
b = (alil[j] == 0);
i--;
}
if (b) {
i =a[s][jl];
rl = a[s][I];
tenp =i [/ rl;
if (temp*rl > i) tenp--;
if ((temp+l)*rl <= 1) terrp++
t = tenp;
if ((t*rl ==1i) && (t > 1)) {
i =s;
do {
i ++;
rio=t*ali][I] - a[i][j];
} while (rl1 == 0);
if (r1 >0 t--;
}
c=-ar][jl;
if (c*denom> t*nun) {
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num = c;
denom = t;
}
}
}
for (j=1; j<=np; j++)
it (=0
p =alr][j] * denom
tenp = p / num
if (temp*num > p) tenp--;
if ((temp+1l)*num <= p) tenp++;
c = tenp;
if (c!=0)
for (i=0; i<=m i++)
ali][j] +=c * a[i][l];

}
}
} while (iter & !nofeas);
a[0][0] = -a[0][n+1];
a[0][n+l] = (nofeas ? 1 : 0);
for (j=1; j<=n; j++)
afmn+J[0] = a[mn+j][n+l];

}

Example:

Solve the following integer programming problem with 3 variables and 2
constraints:

minimize  3x, +3x, +4x,
subject to

—2x, —2x, —3x, <-12
-10

X, X5, X; = 0 integer

IN

—4x, —x, —x,

package Optim zati on;
public class Test_integerProgram extends Object {

public static void main(String args[]) {

int n=3;

int m= 2;

int a[][] = {{0, 3, 3, 4 0},
{0, -2, -2, -3, -12},
{0, -4, -1, -1, -10},
{o, 0, O, O, 0},
{o, o0, O, O, 0},
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{o, 0, 0O, O, 0}};

Optim ze.integerProgranm ng(n, m a);

if (a[0][n+l] > 0)
Systemout.printlin("No feasible solution.");

el se {
Systemout.print("Optimal solution found.\n Solution: ");
for (int i=1; i<=n; i++)

Systemout.print(" " + a[m+i][0]);
Systemout.printin("\n Opti mal value of the objective function =" +
a[0][0]);
}
}
}
Output:

Optimal sol ution found.
Sol uti on: 3 0 2
Optimal value of the objective function = 17

11.3 Mixed Integer Programming

In a mixed integer programming problem some of the variables are restricted to
integer values, but the rest are ordinary continuous variables. It has the form:

n
minimize Z C;X;
J=1

n
Zaijxj <,=,2b, (i=L12,...,m)
=

subjectto  x, >0 (j=12,...,n)

X; is aninteger, (j =1,2,....k, where k <n)

If k = 0, this becomes a linear programming problem. If k = n, this becomes a
pure integer programming problem.

The following branch-and-bound procedure [LD60, KM73] solves the mixed
integer programming problem by imbedding a dual simplex algorithm in the
program to obtain the initial continuous solution. Each integer trial is evaluated.
The integer variables are tested one at a time.

Step 1. Relax the integrality restrictions and find a continuous solution of the
linear programming problem. If the continuous solution satisfies all the
integrality restrictions, then the optimal solution of the original mixed
integer programming problem has been found, otherwise some
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integrality restriction is violated.

Step 2. Choose an integral variable x; that is currently fractional with value p.
Let q be the integral part of p (q is the largest integer less than or equal
to p). Create two branch problems: one of these two problems has the
added restriction x; < q, and the other problem has the added restriction
xj 2 q+1. This procedure is repeated.

An upper bound and a lower bound are generated in the branching process.
Feasible integral solutions are used as upper bounds. Lower bounds are
obtained by taking the smallest optimal objective value for a linear programming
relaxation among all current active nodes of the enumeration tree.

Procedure parameters:

void mixedIntegerProgram (numvar, numconstraints, numintvar,
upbound, constraintype, tableau)

numvar: int;
entry: number of variables, corresponding to n in the above problem
description.
numconstraints: int;
entry: number of constraints, corresponding to m in the above problem
description.
numintvar: int;

entry: number of integer variables, corresponding to k in the above
problem description, O < numintvar < numvar.

upbound: double[numvar+1];
entry: upbound(i] is the upper bound of the i-th integer variable, for
=1,2,..., numintvar.

upbound]j] should be set to zero for all the continuous variables,
j= numintvar+l,...,n.
constraintype: int[m+2];

entry: constraintypefil = —1 if the i-th constraint is of the type ayx; < b;,
constraintypefil = O if the i-th constraint is of the type a;x; = b;,
constraintypefi] = +1 if the i-th constraint is of the type ajx; = b;,
for i = 2,3,..., numconstraints+1.

exit:  constraintype[0] = O if an optimal solution is found,
constraintype[O] = 1 if the problem is not feasible.

tableau: double[numconstraints+3|[numvar+2];

entry: The coefficients of the objective function are stored in row 1 of this
array, i.e., tableaufljfj+1] = ¢; for j = 1,2,..., numvar.
The right hand side of the i-th constraint is stored in column 1 of
the array, i.e., tableaufij[1] = b; fori= 2,3,..., numconstraints+1.
The left hand side coefficients of the i-th constraint are stored in
row i+1 of the array, i.e., tableaufi+1][j+1] = aj,
forj=1,2,..., numvar, and i = 1,2,..., numconstraints.
The values of all other entries of tableau do not need to be set.

exit:  If an optimal solution is found, i.e., the return value of
constraintype[0] is zero, then the optimal value of the objective
function is stored in tableauf0]/0], and the value of the variable x; is
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public static void m xedl ntegerProgran(int nunvar,
int num ntvar, double upbound[],

stored in tableaufO][jl for j=1, 2, ..., numvar.

doubl e tableau[][])

int nunctonstraints,
int constraintype[],

{
int n = nunvar + 1;
int m= nuntonstraints + 1,
int controlb,controld,i,j,idx1,idx5,idx9, nmnusl,|oopcount;
int p,g,r,numterations, mlle;
int control a=0, control c=0, control e=0, pi vot col =0;
int k=0,idx2=0,idx3=0, i dx4=0, i dx6=0, i dx7=0, i dx8=0, pi vot r ow=0;
int aux1[] = new int[n+1];
int aux2[] = new int[n+1];
int aux3[] = new int[n+1];
int aux4[] = new int[m+l];
int aux5[] = new int[num ntvar+1];
int aux6[] = new int[num ntvar+1];
int aux7[] = new int[num ntvar+1];
int aux8[] = new int[num ntvar+2];
int aux9[][] = new int[m1] [ num ntvar+1];
doubl e obj esti mat e, obj val tol erance, val a, val d, val e, val f, val g;
doubl e val j,val h, quanl, aj w, quan4, ant 1, ant 2, ant 3;
doubl e quan5, quan6, quan7, quan8, t np, quan9;
doubl e val i =0., t hreshol d=0., quan3=0., quan2=0. , val b=0. , val ¢=0. ;
doubl e | arge=1. e34, veryl ar ge=1. e35;
doubl e origobj[] = new doubl e[n];
doubl e wk1[] = new double[n + 1];
doubl e wk2[] = new doubl e[ num ntvar +2] ;
doubl e wk3[] = new doubl e[ num ntvar +2] ;
doubl e wk4[] = new doubl e[ num ntvar +2] ;
doubl e Wk5[][] = new doubl e[ m+1] [ n+1] ;
doubl e Wk6[][] = new doubl e[ mt2] [ n*(n+1)/2+1];
bool ean t enpbest =f al se, ski p=f al se;

bool ean ski pa=f al se, ski pb=f al se, ski pc=f al se, ski pd=f al se, ski pe=f al se;
bool ean over a=f al se, over b=f al se, over c=f al se, prow=f al se;

quan8 =
contro
aux8[ 1]
contro
num ter
mlle =
idx5 =
quan9 =

for (i=
tabl e

1.0;

b =1;

= 1;
d=1;
ations = 0;
1000;
mille;

0. 00001;

0; i<=n; i++) {
au[O0][i] = O.;

353
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tableau[ mt1][i] = O.;
}
tableau[1][1] = O.;
nmnusl = n - 1,
for (i=1; i<=nminusl; i++)
origobj[i] = tableau[1][i+1];
for (i=1; i<=n; i++)
wkl[i] = 0.;
| oopcount = 1;
obj estimate = veryl arge;
obj val tol erance = 0.1;
constrai ntype[1] = 0;

if (m>=2) {
for (i=2; i<=m i++)
if (constraintype[i] < 0)
tableau[i][1] = -tableau[i][1];
el se
for (j=2; j<=n; j++)
tableau[i][j] = -tableau[i]l[j];
}
for (i=2; i<=n; i++)
if (upbound[i-1] <= 0) upbound[i-1] = (double) mlle;
I/ set solution vector of to zero and save origi nal upper bounds
for (i=2; i<=n; i++)
aux2[i-1] = 0;
// initialize row and colum identifiers and sl acks
if (m>=2)
for (i=2; i<=m i++)
if (constraintype[i] != 0) constraintype[i] =1 - i;
vala = tableau[ 1][1];
aux1[1] = 0;
for (j=2; j<=n; j++)
if (tableau[1][j] < 0.) {
for (i=1; i<=m i++) {
tableau[i][1] += tableau[i][j] * upbound[j-1];
tableau[i][j] = -tableau[i]l[j];
}
auxl[j] = mlle +j - 1;
}
el se
aux1[j] =] - 1;
/1 finish initializing the tableau

iterate:
while (true) {
/'l reverse sign is colum of zero slack rowis negative
if (!tenpbest) {
if (!skipd) {
if (m>=2) {
for (k=2; k<=m k++)
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if (constraintype[k] == 0) {
if (tableau[k][1] < 0.)
for (p=1; p<=n; p++)
tableau[k][p] = -tableau[k][p];

}

/'l next pivot step, start dual Ip, choose pivot row
valc = 0.0;
if (m>=2) {
for (i=2; i<=m i++)
if (tableau[i][1] > 0.)
if (tableau[i][1] > valc) {
valc = tableau[i][1];
pivotrow = i;

}

/1 if no positive value then linear programming is finished,
I/ prinmal feasible
if (valc <= 0.) {

t enpbest = true;

prow = true;

continue iterate;

}
skipd = fal se;
/1 choose pivot colum
val c = -veryl arge;
skip = fal se;
if (n>=2){
pi votcol = 0;
for (j=2; j<=n; j++)
if (tableau[pivotrow[j] < 0.) {
valf = tableau[1][j] / tableau[pivotrow[j];
if (valf > valc) {
valc = valf;

pivotcol = j;
}
el se
if (valf == valc)
if (tableau[pivotrow[j] < tableau[pivotrow[pivotcol])
pi votcol = j;
}
if (pivotcol !'=0) skip = true;
}
if (!skip) {
switch (controld) {
case 1:
constrai ntype[0] = 1;
return;

case 2:
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if (vali ==0.)

wk3[idx6] = -1.;
el se

wk4[idx6] = (double) nille;
overc = true;

br eak;
case 3:
if (controla == 1)
wk4[idx6] = (double) nmille;
el se
if (controla == 2)
wk3[idx6] = -1.;
el se {

if ((wWk4[idx6] - wk2[idx6] - 1.) == 0.)
wk4[idx6] = (double) mille;

el se {
wk3[idx6] = -1.;
}
}
overc = true;
br eak;
case 4:
i dx6- -;
overb = true;
br eak;
case 5:

if (controlc == 1) wk4[idx6] = (double) mlle;
overc = true;
br eak;

}
skip = fal se;
if (lovera & !'overb && !overc) {
/] pivot step
val j = tabl eau[ pi votrow [ pi votcol];
/] update tabl eau
for (j=1; j<=n; j++)
if (tableau[pivotrow[j] !'=0.) {
if (j '= pivotcol) {
val h = tabl eau[ pivotrow[j] / valj;
for (i=1; i<=m i++)
if (tableau[i][pivotcol] !'=0.) {
if (i '= pivotrow {
tableau[i][j] -= valh * tableau[i][pivotcol];
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if (Math.abs(tableau[i][j]) <= quan9) tableau[i][j]

for (j=1; j<=n; j++)
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tabl eau[ pi votrow[j] /= valj;
/'l exchange row and colum identifiers
i dx1 = constraintype[pivotrow ;
constrai ntype[ pivotrow = auxl[pivotcol];
if (idx1 == 0) {
// if pivot rowis zero slack, set nodifiers pivot colum zero.
for (i=1; i<=m i++)
tabl eau[i][pivotcol] = tableau[i][n];
auxl1[ pivotcol] = auxl[n];

n--;
}
el se {
for (i=1; i<=m i++)
tabl eau[i][pivotcol] = -tableau[i][pivotcol] / valj;
auxl1[ pivotcol] = idx1;
t abl eau[ pi votrowj [ pivotcol] = 1. / valj;
}

/1 count the nunber of iterations
num terati ons++;
if ((constraintype[pivotron] + mlle) == 0) {
for (j=1; j<=n; j++)
tabl eau[ pi votrowj[j] = tableau[nm[j];
constrai ntype[ pivotrow = constraintype[ni;
m -

}
if ('prow {
if (lovera & !'overb && !overc) {
t enpbest = fal se;
switch (controld) {
case 1:
continue iterate;
case 2:
if (tableau[1][1] < threshold) continue iterate;
if (vali ==0.)
wk3[ i dx6] -1
el se
wk4[idx6] = (double) nmille;
overc = true;
br eak;
case 3:
if (tableau[1][1] < threshold) continue iterate;
if (controla == 1)
wk4[idx6] = (double) nmille;
el se
if (controla == 2)
wk3[idx6] = -1.;
el se {
if ((wWk4[idx6] - wk2[idx6] - 1.) == 0.)
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wk4[ i dx6]
el se {
wk3[ i dx6]

(double) mlle;

_1.;

}

overc = true;
br eak;
case 4:
if (tableau[1][1] < threshold) continue iterate;
i dx6--;
overb = true;
br eak;
case 5:
if (tableau[1][1] < threshold) continue iterate;
if (controlc == 1) wk4[idx6] = (double) mlle;
overc = true;
br eak;

}
prow = fal se;
t enpbest = fal se;
if (lovera & !'overb && !overc) {
/1 if a basis variable exceed its upper bound,
/1 pivot on the correspondi ng row
if (m>=2) {
for (i=2; i<=m i++)
if (constraintype[i] > 0) {
j = constraintype[i];
if (j >mlle) j -=mlle;
if ((upbound[j] + tableau[i][1]) < 0.) {
if ((quan9 + upbound[j] + tableau[i][1l]) < 0.) {
tableau[i][1] = -tableau[i][1] - upbound[j];
for (k=2; k<=n; k++)
tableau[i][k] = -tableau[i][Kk];

pivotrow = i;
constrai ntype[i] =
(j '= constraintype[i]) ?j : (constraintype[i] + mlle);

skipd = true;
continue iterate;

}
el se
tableau[i][1] = -upbound[j];
}
}
}
/1 end of Ilinear programi ng
if (m>=2) {

for (i=2; i<=m i++)
if (constraintype[i] > 0) {
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if (constraintype[i] > mlle) {
j = constraintype[i] - mlle;
Wk1[j] = upbound[j] + tableau[i][1];

}
el se {
j = constraintype[i];
wkl[j] = -tableau[i][1];
}

}
// set solution vector values for non-basic variables
for (i=2; i<=n; i++)
if (auxl[i] > 0) {
if (aux1[i] > mille) {
j = auxl[i] - mlle;
wk1[j] = upbound[j];
}
el se {
j = auxl[i];
wki[j] = 0.;

}
ski pe = fal se;
switch (controld) {
case 1:
br eak;
case 2:
overa = true;
br eak;
case 3:

overa = true;
br eak;
case 4:
controlb = 2;
skipe = true;
br eak;
case 5:
n = idxs8;
for (i=1; i<=m i++) {
constraintype[i] = aux4[i];
for (j=1; j<=n; j++)
tableau[i][j] = wk5[i][j];

}

for (j=1; j<=n; j++)
aux1[j] = aux3[j];

overa = true;

br eak;

}

if (lovera & !'overb && !overc) {
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if (!skipe) {
// Continuous sol ution conplete
/] conpute absol ute tol erance
valb = tableau[ 1][1];
vala = Math.abs(vala - tableau[1][1]);
if (objvaltolerance > 0.)
threshold = objvaltol erance * vala + valb;
el se
if (objvaltolerance == 0.) threshold = veryl arge;
/1 determ ne whet her continuous solution is mxed integer solution
skip = fal se;
if (m>=2) {
for (i=2; i<=m i++)
if (constraintype[i] > 0) {
if (constraintype[i] <= mlle) {
if (constraintype[i] > numntvar) continue;

}
el se {

if ((constraintype[i] - mlle - numntvar) > 0) continue;
}

quan5 = tableau[i][1];
quan6 = quan9;
quan7 = quans;
tnp = -quan5 - ((int)(-quan5 / quan7)) * quan7;
if (tnmp > quan6) {
if ((1.0 - tnmp - quan6) > 0) {
skip = true;
br eak;

}
if (!'skip) {
/] either continuous solution is integer solution,
/1 or no integer variables are requested
for (i=1; i<=nmnusl; i++)
tableau[O][i] = wkl[i];
tmp = 0.
for (i=1; i<=nmnusl; i++)
tnp += wk1[i] * origobj[i];
tableau[0][ 0] = tnp;
constrai ntype[0] = O;

return;
}
skip = fal se;
idx5 = 0;
}
}

/] integer programming start
iteratel Pl:
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while (true) {
if (lovera & !'overb && !overc) {

if (!skipe)
idx6 = 1;
}
iteratel P2:

while (true) {
if (lovera & !'overb && !overc) {
ski pe = fal se;
val ¢ = -quan§;
aux8[i dx6+1] = aux8[i dx6];
/1 choose next integer variable to be constrained
/1 try nonbasic variables first,
/1 choose one with largest shad price
for (i=2; i<=n; i++)
if (auxl[i] > 0) {
if (aux1[i] < mlle) {
if (aux1[i] > num ntvar) continue;

}
el se {
if ((aux1[i] - mlle - numntvar) > 0) continue;
}
if (valc < tableau[1][i]) {
idx3 =1i;
valc = tableau[ 1][i];
}
}
}
/1 if none left, try basic variables
if (((valc + quan8) !'=0.) || overa || overb || overc) {

if (lovera & !overb && !overc) {
I/ variable chosen
aux2[i dx6] = auxl1[idx3];
wk3[idx6] = -1.;
aux5[i dx6] = idx3;
aux6[i dx6] = 0;
wk2[idx6] = 0.;
/1 if objective function value + shadow price exceeds tol erance,
// indicate upward direction infeasible
skip = fal se;
if ((tableau[1][1] + tableau[1][idx3] - threshold) >= 0.) {
wk4[idx6] = (double) nmille;
if (idx6é > 1) {
aux7[i dx6] = 0;
skip = true;

}

el se {
wk4[idx6] = 1.;
if (idx6 !'=1) {
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/1 save the tableau
if (idx6 < idx5) skip = true;

}
if (!'skip) {
i dx9 = aux8[i dx6];
for (j=1; j<=m j++) {
aux9[j][idx6] = constraintype[j];
for (k=1; k<=n; k++) {
i =idx9 + k - 1;
if (j <= 1) wk6[mr1][i] = auxl[Kk];
Wk6[j][i] = tableau[j][k];

}
aux7[idx6] = n;
aux8[i dx6+1] = idx9 + n;
}
skip = fal se;
auxl1[idx3] = auxl[n];
for (j=1; j<=m j++)
tableau[j][idx3] = tableau[j][n];
n--;
}
if (loverb & !overc) {
overa = false;
if (idx6 < numntvar) {
/] constrain next integer variable
i dx6++;
continue iteratel P2;
}
|/ feasible integer solution obtained
threshold = tableau[1][1];
objestimate = 1.;
I/ store current best nmixed integer solution
for (i=1; i<=numintvar; i++)
if (aux2[i] !'=0) {
if (aux2[i] <=mlle) {
j = aux2[i];
WK1[j] = wk2[i];

}
el se {
j = aux2[i] - mlle;
wWk1[j] = upbound[j] - wk2[i];
}
}

for (i=1; i<=nmnusl; i++)
tableau[O][i] = wkl[i];

tmp = 0.

for (i=1; i<=nmnusl; i++)
tnp += wk1[i] * origobj[i];
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tableau[0][0] = tnp
}
iteratecur:
while (true) {
if (loverb & !overc) {
if (idx6 <= 0) {
if (loopcount == 0) {
/1 Optinmality has been established
constraintype[0] =0
return;
}
if (objestimate < verylarge) {
/1 Optinmality has been established
constrai ntype[0] =0
return;
}
| oopcount ++
threshold = (doubl e) (I oopcount) * objvaltolerance * vala + valb
n = aux7[1];
for (i=1; i<=m i++) {
constraintype[i] = aux9[i][1];
for (j=1; j<=n; j++)
tableau[i][j] = wk6[i][j];
}
for (k=1; k<=n; k++)
aux1[ k] = (int)wk6[ m-1] [ k]
continue iteratel P1

}
if (loverb) {
overc = fal se
k = (aux2[idx6] <= mlle) ? aux2[idx6] : aux2[idx6] - mlle
i dx7 = aux5[i dx6];
}
overb = fal se
if (wk3[idx6] < 0.) {
if (wk4[idx6] > upbound[k]) {
i dx6- -;
continue iteratecur
}
el se {
I/ top end feasible
controla = 1;
if (aux6[idx6] == 0) {
if (idx6 < idx5) {
controlc = 1;
if (idx6 !'=1) {
controla = 4
idx4 = idx6 - 1
idx6 = 1;
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el se
controla = (wWk4[idx6] > upbound[k]) ? 2 : 3;
while (true) {
/1l retrieve saved tabl eau
n = aux7[i dx6];
i dx9 = aux8[i dx6];
for (p=1; p<=m p++) {
constrai ntype[p] = aux9[p][i dx6];
for (g=1; g<=n; g++) {
r =idx9 +q - 1;
if (p <=1) auxl[q] = (int)wk6[m1][r];
tabl eau[p] [q] = wk6[p][r];

}
}
switch (controla) {
case 1:
br eak;
case 2:
wk2[ i dx6] = wk3[i dx6];
wk3[idx6] -= 1.;
tabl eau[idx7][1] += wk2[i dx6];
constraintype[idx7] = 0;
if (Math.abs(tableau[idx7][1]) <= quan9) tableau[idx7][1] = O.;
controld = 3;
t enpbest = true;
continue iterate;
case 3:

vald = veryl arge;
val e = -veryl arge;
for (p=2; p<=n; p++)
if (tableau[idx7][p] !'=0.) {
if (tableau[idx7][p] > 0.) {
valf = tableau[1][p] / tableau[idx7][p];
if (valf <vald) vald = valf;
}
el se {
valg = tableau[ 1][p] / tableau[idx7][p];
if (valg > vale) vale = valg;

}

if (vald >= verylarge) {
/1 bottom end infeasible
wk3[idx6] = -1.;
br eak;
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if ((vale + verylarge) <= 0.) {
/1 top end infeasible
wk4[idx6] = (double) nille;
wk2[ i dx6] = wk3[idx6];
wk3[idx6] -= 1.;
}
el se {
amt2 = Math.abs(vald * (tableau[idx7][1] + wk3[idx6]));
amt 3 = Math.abs(vale * (tableau[idx7][1] + wk4[idx6]));
if (am2 <= ant3) {
wk2[ i dx6] = wk3[idx6];
wk3[idx6] -= 1.;
}
el se
br eak;
}
tabl eau[idx7][1] += wk2[i dx6];
constraintype[idx7] = 0;
if (Math.abs(tableau[idx7][1]) <= quan9) tableau[idx7][1] = O.;
controld = 3;
t enpbest = true;
continue iterate;
case 4:
for (p=1; p<=idx4; p++) {
q = aux5[p];
aux1[q] = auxl[n];
for (j=1; j<=m j++) {
if (wk2[p] >=1.) {
if (wk2[p] ==1.)
tableau[j][1] += tableau[j]l[qd];

el se
tableau[j][1] += wk2[p] * tableau[j][q];
controlc = 2;
}
tableau[j][q] = tableau[j][n];
}
n-_
}

idx6 = idx4 + 1,
controla = 1;
}
wk2[ i dx6] = wk4[i dx6];
wk4[idx6] += 1.;
if (aux6[idx6] !'= 0) {
tabl eau[idx7][1] += wk2[idx6];
constraintype[idx7] = 0;
if (Math. abs(tableau[idx7][1]) <= quan9) tableau[idx7][1] = O.;
controld = 3;
t enpbest = true;
continue iterate;
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}
for (p=1; p<=m p++) {
tableau[ p][1] += wk2[idx6] * tableau[p][idx7];
if (Math.abs(tableau[p][1l]) <= quan9) tableau[p][1l] = O.;
tabl eau[ p][idx7] = tableau[p][n];
}
auxl1[idx7] = auxl[n];
n--;
if (tableau[1][1] >= threshold) {
i dx6- -;
continue iteratecur;
}
if (idx6 < idx5) {
for (i=1; i<=m i++) {
aux4[i] = constraintype[i];
for (j=1; j<=n; j++)
WK5[i][j] = tableau[i][j];
}
for (j=1; j<=n; j++)
aux3[j] = aux1[j];
i dx8 = n;
controld = 5;
continue iterate;

}

controld

3,
t enpbest = true;
continue iterate;

}
/1 choose next integer variable to be constrained
if (idx6 < idx5)
i dx5 = idx6;
el se
if (idx6 == idx5) {
if (controlb == 1) {
controld = 4;
continue iterate;

}

controlb = 1;

val ¢ = -quans;
skip = fal se;

skipa = fal se;
skipb = fal se;
if (m>=2) {

for (idx7=2; idx7<=m idx7++)
if (constraintype[idx7] > 0) {
if (constraintype[idx7] <mlle) {
if (constraintype[idx7] > num ntvar) continue;
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}
el se {
if ((constraintype[idx7] - mlle -
}
vald = veryl arge;
val e = -veryl arge;
quanl = -tabl eau[idx7][1] + quan9;

quan3 = (doubl e)((int)(quanl));
quan4 = quan3 + 1.;
if (n<=1){

skip = true;

br eak

}

for (p=2; p<=n; p++)
if (tableau[idx7][p] !'=0.) {
if (tableau[idx7][p] > 0.)

val f = tabl eau[ 1] [p]
if (valf <vald) vald = valf;

}

el se {

val g = tabl eau[ 1] [ p]
if (valg > vale) vale = valg;

}

if ((vale + large) <= 0.) {
skipa = true;

br eak

}

if (vald >= large) {
skipb = true;

{

num ntvar) > 0) continue;

/ tabl eau[idx7][p];

/ tabl eau[idx7][p];

Mat h. abs(val d * (tableau[idx7][1] + quan3));
Mat h. abs(val e * (tableau[idx7][1] + quand));

br eak;
}
ant 2 =
am 3 =
amtl = Math.abs(anmt2 - ant3);
if (amtl > valc) {
valc = ant1,;
quan2 = quan3;
idx2 = idx7;
vali = (amt2 <= ant3) ? 0.
}
}
}
skipc = fal se;
if (!skipa) {
if (!skipb) {
if (!'skip) {
quan3 = quan2;
idx7 = idx2;

wk2[idx6] = quan3 + vali;

1.

367
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wk3[ i dx6] wk2[idx6] - 1.;
wk4[idx6] = wk2[idx6] + 1.;
skipc = true;

}
skip = fal se;
if (!skipc) {
/1 if no. of cols=1 and right hand si de=0,
/1 then do not proceed to |inear programi ng
if (Math.abs(tableau[idx7][1] + quan3) > quan9) {
i dx6--;
overb = true;
continue iteratel P2;

}

wk3[idx6] = -1.;

wk4[idx6] = (double) nille;
wk2[ i dx6] = quan3;

aux2[i dx6] = constraintype[idx7];
constraintype[idx7] = 0;

overa = true;

continue iteratel P2;

}
if (!skipc) {
I/ constraining variable in [ower direction infeasible
wk3[idx6] = -1.;
if (Math.abs(tableau[idx7][1] + quan3) <= quan9) {
vali = 0.;
wk2[idx6] = quan3 + vali;

wk4[idx6] = wk2[idx6] + 1.;
skipc = true;
}
el se {
wk4[idx6] = quan3 + 2.;
vali = 1.;
wk2[idx6] = quan3 + vali;
skipc = true;
}
}
}
if (!skipc) {

/1 constraining variable in upper direction infeasible
wk4[idx6] = (double) nmille;
wk3[idx6] = quan3 - 1.;
vali = 0.;
wk2[idx6] = quan3 + vali;
}
I/ save the tabl eau
skipc = fal se;
idx8 = n;
i dx9 = aux8[i dx6];
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for (p=1; p<=m p++) {
aux9[ p][i dx6] = constraintype[p];
for (g=1; g<=n; g++) {
r =idx9 +q - 1;
if (p<=1) wk6[m-1][r] = auxl[q];
wk6[p][r] = tableau[p][q];
}
}
aux7[i dx6] = n;
aux8[i dx6+1] = idx9 + n;
tabl eau[i dx7][1] += wk2[i dx6];
aux5[i dx6] = idx7;
aux2[i dx6] = constraintype[idx7];
aux6[i dx6] = 1;
constraintype[idx7] = 0;
if (Math.abs(tableau[idx7][1]) <= quan9) tableau[idx7][1] = O.;
controld = 2;
// return to carry out |inear programing
continue iterate;

}
}
}

Example:

Solve the following mixed integer programming problem [S94|:

minimize = 24x, +12x, +16x; +4x, +2x +3x,

subject to
x, +3x, 215

x, +2x, 210
2x, +x,, 220
x, <15x,
x; < 20x,
X < 5x,
X, X, x;=0orl

X,,X5,%6 20
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package Optim zati on;

public class Test_m xedl nt eger Program ext ends

public static void main(String args[]) {

int numvar = 6;
int nunconstraints = 6;
int numntvar = 3;
int constraintype[] = {0, O, 1, 1, 1, -1, -1, -1};
doubl e upbound[] = {0.,1.,1.,1.,0.,0.,0.};
doubl e tableau[][] = {{O., ., 0., 0, 0., 0., 0., 0.1},
{o., 0., 24., 12., 16., 4., 2., 3.},
{o., 15., o0., 0., 0., 1., 3., 0.},
{o., 10., o0., 0., 0., 1., 0., 2.},
{o., 20., o0., O., 0., 2., 1., 0.},
{o., 0.,-15., 0., 0., 1., 0., 0.},
{o., o., 0.,-20., 0., 0., 1., 0.},
{o., o0., 0., 0., -5, 0., 0., 1.},
{0., o0, 0., O, 0., 0., 0., 0.}};
Opti m ze. m xedl nt eger Progran( numvar, nunctonstraints, num ntvar,
upbound, constraintype, tableau);
if (constraintype[0] > 0)
Systemout.println("No solution found.\nReturn error code =" +
constraintype[0]);
el se {
Systemout.printlin("Optimal solution found." + "\nSolution vector:
for (int i=1; i<=nunvar; i++)

Systemout.printf("%.2f",
Systemout. printf("\nOpti nmal
tableau[0][0]);

}
}
}
Output:
Optimal sol ution found.
Sol ution vector:
1.00 1.00 0.00 10.00 1.67 0.00
Optimal objective function value = 79.33

Obj ect {

tableau[ O] [i]);
obj ective function value = 9. 2f\n",
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12. Quadratic Programming

Consider the quadratic programming problem of the form:

n 1 n n
minimize ) p,x; + 3 2 2 dax X
=1 j=l k=l

n

a;x; <b, (i=12,...,m)

1

subject to 5

x, >0 (j=12,...,n)

J

The algorithm, developed by Wolfe [W59, KM73], is as follows:
Step 1. Find a basic feasible solution such that all state variable values are

nonnegative.
Step 2. Separate the objective function into linear and quadratic terms:
n
2P +F
j=1
Decompose the quadratic function F into an n by n matrix by partial
derivatives:
F =x,0x,
where %j is an n element row vector, x; is an n element column vector, and
0 = 1 oOF
T2,

Step 3. Find the minimum of the augmented tableau by a simplex algorithm.

In the following procedure, the quadratic programming problem is represented in
the form:

minimize d(j) *x() + x() *c(i,j) *x()
subject to a(i,j) *x(j) < b(i) fori=1,2,...,n, j=1,2,...,n.

Procedure parameters:

int quadraticProgramming (n, m, a, b, ¢, d, maxiterations, sol)

quadraticProgramming: int;
exit:  the method returns an integer with the following values:
0: optimal solution found.
1: the objective function is unbounded.
2: maximum number of iterations is exceeded.

n: int;
entry: number of variables.
m: int;

entry: number of constraints.

371



372

A Java Library of Graph Algorithms and Optimization

double[m+1][nt+1];

entry: the coefficients of the constraints, afij[j is the coefficient of the j-th
variable in the i-th constraint, =1,2,...,m, j=1,2,...,n.
The other elements of the matrix a are not required as input.

double[m+1];

entry: bfj] is the right hand side of constraint j, /=1,2,...,m. They must all
be nonnegative.

double[n+1][n+1];

entry: the symmetric matrix representing the quadratic coefficients of the
objective function. c[ij[j] is the coefficent of the term xix;, =1,2,...,n,
F1,2,...,n.

double[n+1];

entry: the coefficients of the linear terms in the objective function. dfj] is
the coefficent of the term x;, j=1,2,...,n.

maxiterations: int;

sol:

entry: maximum number of iterations allowed.

double[n+1];

exit:  solfi] is the optimal solution of variable x;, j=1, 2, ..., n.
sol[0] is the optimal value of the objective function.

public static int quadraticProgrammng(int n, int m double a[][], double b[],

doubl e c[][], double d[], int maxiterations, double sol[])

int nplusn, n2n2, n2n3, n2n3pl us1, bi g, unrestricted;
int i,j,iterations,tenp,colum,row=o0;

int index[] = new int[n+m+l];

doubl e total, candi dat e, di vi dend;

doubl e tabl eau[][] = new doubl e[ n+m+1] [ 2* m+3*n+2] ;
doubl e price[] = new doubl e[ 2*m+3*n+2] ;

doubl e change[] = new doubl e[ 2*m+3*n+2] ;

doubl e net[] = new doubl e[ 2*m+3*n+2] ;

doubl e gain[] = new doubl e[ 2*m+3*n+2] ;

doubl e fraction[] = new doubl e[ n+m+1] ;

for (i=0; i<=n; i++)

sol[i] =0.;

for (i=0; i<=n; i++)

for (j=0; j<=n; j++)

it (i =) clillj] /=2

bi g = I nteger. MAX VALUE;
mplusn = m+ n;

mn2 = m+ m+ n + n;
nmn3 = nkn2 + n;

m2n3pl usl = nm2n3 + 1;

for (i=1; i<=nplusn; i++)

for (j=1; j<=nn3plusl; j++)

tableau[i][j] = 0.;

for (i=1; i<=m i++)

tableau[i][1] = b[i];

for (i=mtl; i<=nplusn; i++)
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tableau[i][1] = -d[i-n];
for (i=1; i<=m i++)
for (j=1; j<=n; j++)
tableau[i][j+1] = alill[j];
for (i=1; i<=n; i++)
for (j=1; j<=n; j++)
tableau[i+n[j+1] = 2. * c[ill[j];
for (i=mtl; i<=nplusn; i++)
for (j=n+2; j<=nplusn+l; j++)
tableau[i][j] = a[j-n-1][i-n;
for (i=1; i<=nplusn; i++) {
tenp =i + nplusn + n + 1;
for (j=n2n2+2; j<=n2n3plusl; j++)
if (j ==tenp) tableau[i][j] = 1.;
}
for (i=mtl; i<=nplusn; i++) {
tenp =i - m+ nplusn + 1;
for (j=nplusn+2; j<=n2n3plusl; j++)
if (j ==tenp) tableau[i][j] = -1.;
}
for (j=1; j<=nBn3; j++)
price[j] = 0.;
for (i=1; i<=m i++)
price[n+1+i] = tableau[i][1];
for (j=n2n2+2; j<=nn3plusl; j++)
price[j] = big - 1;
for (i=1; i<=nplusn; i++)
index[i] = m2n3 - nplusn + i;
iterations = 0;
while (true) {
// iteration start
iterations++;
for (j=1; j<=nn3plusl; j++)

gain[j] =0.;
for (j=1; j<=nn3plusl; j++) {
total = 0.;

for (i=1; i<=nplusn; i++)

total += price[index[i]+1] * tableau[i]l[j];

gain[j] = total;
change[j] = price[j] - gain[j];
}
Il search for the pivot el enent
colum = 0;
candi date = 0. ;
/1 get the variable with largest gain
for (i=2; i<=n2n3plusl; i++)
if (change[i] < candidate) {
candi date = change[i];
colum = i;

373



374 A Java Library of Graph Algorithms and Optimization

if (colum <= 0) break;
unrestricted = 0;
for (i=1; i<=nplusn; i++) {
if (tableau[i][colum] > 0)
fraction[i] = tableau[i][1] / tableau[i][colum];
el se {
unrestricted++,
if (unrestricted == nplusn)
/1 objective function is unbounded
return 1,
el se
fraction[i] = Doubl e. MAX_VALUE;

}

// renove linmting variable
for (i=1; i<=nplusn; i++)
if (fraction[i] >= 0) {
if (fraction[i] > big) fraction[i] = big;
candidate = fraction[i];
row = i;
br eak;
}
for (i=1; i<=nplusn; i++)
if (candidate > fraction[i]) {
candidate = fraction[i];
row = i;
}
/1 performpivoting and introduce new vari abl e
di vi dend = tabl eau[row] [ col um];
for (j=1; j<=nn3plusl; j++)
tableau[rowj[j] /= dividend;
for (i=1; i<=nplusn; i++)
if (i '=row {
for (j=1; j<=nn3plusl; j++)
net[j] = tableau[rowj[j] * tableau[i][colum] /
tabl eau[ row] [ col um];
for (j=1; j<=nn3plusl; j++)
tableau[i][j] -= net[j];
}
price[row] = price[colum];
index[row] = colum - 1;
/'l reconpute the price
for (j=1; j<=nRn2+1; j++)
price[j] = 0.;
for (i=1; i<=nplusn; i++) {
if (index[i] <= nplusn)
tenp = index[i] + nplusn + 1;
el se {
if (index[i] > n2n2) continue;
tenp = index[i] - (nplusn - 1);
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}
price[tenp] = tableau[i][1];
}
if (iterations >= maxiterations)
/1 maxi mum nunber of iterations exceeded

return 2;
}
/1 return the optinal solution
total = 0.;

for (i=1; i<=nplusn; i++)
if (index[i] <= n) total += d[index[i]] * tableau[i][1];
sol[0] = total;
total =0.;
for (i=1; i<=nplusn; i++)
for (j=1; j<=nplusn; j++) {
if (index[i] > n) continue;
if (index[j] > n) continue;
total += c[index[i]][index[j]] * tableau[i][1] * tableau[j][1];
}
sol[0] += total;
for (i=1; i<=nplusn; i++)
if ((tableau[i][1] '= 0) && (index[i] <= n))
sol[index[i]] = tableau[i][1];
return O;
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Example:

Solve the following quadratic programming problem:

minimize  3x; —3x,x, — 5x,x; +4x5 +8x,x, + 7x] — 5x, —3x, — 2x,
subject to
13x, +7x, +5x, <67

X, +2x,+ x,; <24
X, X,,%; 20
public class Test_quadrati cProgranmm ng extends bject {

public static void main(String args[]) {

int k;
int n=3;
int m= 2;

int itmax = 10;

double a[][] = {{O0, 0, O, 0},
{0, 13, 7, 5},
{o, 1, 2, 1}};

double b[] = {0, 67, 24};

double c[][] = {{0, O, O, 0},
{o, 3, -3, -5},
{o, -3, 4, 8},
{0, -5, 8, T7}};

double d[] = {0, -5, -3, -2};

doubl e sol[] = new doubl e[ n+1];

k = Optim ze.quadrati cProgranmmng(n, m a, b, ¢, d, itmax, sol);

if (k'!'=0)
Systemout.println("No solution is found, error code =" + k);
el se {

Systemout. printf("Cbjective function value = %.2f\n",sol[0]);
for (int i=1; i<=n; i++)
Systemout.printf(" x(%) = %.3f\n",i,sol[i]);

}

Output:

bj ective function value = -4.63
x(1) = 1.376
x(2) = 0.599
x(3) = 0.292
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Appendix B: Graph-Theoretic Terms

A graph is a set of nodes (also called vertices) joined by links called edges. If
e=(p,q) is an edge, then node p and node q are the end nodes, and the two nodes
adjacent to each other. Node p and edge e are incident to each other. If p and gq
are the same node, then edge e is called a loop. When two edges are connecting
the same end nodes then they are called parallel edges. A simple graph is a graph
that has no loops or parallel edges. Two edges are adjacent to each other if they
are incident with a common node. A weighted graph is a graph in which a
number has been assigned to each edge. The degree of a node is the number of
edges incident to the node. A complete graph has an edge between every pair of
distinct nodes. If the end nodes of an edge is an ordered pair then the edge is said
to be directed. In a directed graph, or digraph, all edges are directed. In an
undirected graph, edges are not directed. In a mixed graph the edges may be
directed or undirected. The complementF of a graph G is the graph with the set of
nodes as G, and two nodes are adjacent in F if and only if they are not adjacent in
G.

A walk is a sequence of nodes in which two consecutive nodes are the end
nodes of an edge in the graph. A path is a walk in which all nodes are distinct. A
path in a digraph is called a directed path. A cycle is a walk in which the first and
last nodes are the same. An acyclic graph is a graph which contains no cycles.

A graph is connected if there exists a walk between very pair of nodes,
otherwise the graph is disconnected. A strongly connected graph is a digraph in
which every two nodes are joined by a directed path. A subgraph of a graph G
consists of a subset of nodes and edges of G. A component of G is a maximal
connected subgraph of G. A subgraph containing all the nodes of G is called a
spanning subgraph of G. A tree is a connected graph with no cycles. A forestis a
graph without any cycles. A spanning tree of a graph G is a tree that is a spanning
subgraph of G. A spanning forest of a graph G is a forest that is a spanning
subgraph of G. A binary tree is a tree in which every node has a degree not greater
than two. A cut node of a graph G is a node whose removal from the graph will
increase the number of components of G. A bridge is an edge whose removal from
the graph will increase the number of components of G. The node connectivity of a
graph is the minimum number of nodes whose removal from the graph will result
in a disconnected graph or a graph with a single node. The edge connectivity of a
graph is the minimum number of edges whose removal from the graph will result
in a disconnected graph or a graph with a single node. A graph is k-connected if
the node connectivity of the graph is at least k.
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