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Preface

This brief monograph is the first one to deal exclusively with the quantita-
tive approximation by artificial neural networks to the identity-unit opera-
tor. Here we study with rates the approximation properties of the “right”
sigmoidal and hyperbolic tangent artificial neural network positive linear op-
erators. In particular we study the degree of approximation of these operators
to the unit operator in the univariate and multivariate cases over bounded
or unbounded domains. This is given via inequalities and with the use of
modulus of continuity of the involved function or its higher order derivative.
We examine the real and complex cases.

For the convenience of the reader, the chapters of this book are written in
a self-contained style.

This treatise relies on author’s last two years of related research work.
Advanced courses and seminars can be taught out of this brief book. All

necessary background and motivations are given per chapter. A related list of
references is given also per chapter. My book’s results appeared for the first
time in my published articles which are mentioned throughout the references.
They are expected to find applications in many areas of computer science and
applied mathematics, such as neural networks, intelligent systems, complexity
theory, learning theory, vision and approximation theory, etc. As such this
monograph is suitable for researchers, graduate students, and seminars of the
above subjects, also for all science libraries.

The preparation of this booklet took place during 2010-2011 in Memphis,
Tennessee, USA.

I would like to thank my family for their dedication and love to me, which
was the strongest support during the writing of this book.

March 1, 2011 George A. Anastassiou
Department of Mathematical Sciences

The University of Memphis, TN, U.S.A.
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Chapter 1

Univariate Sigmoidal Neural Network
Quantitative Approximation

Here we give the univariate quantitative approximation of real and complex
valued continuous functions on a compact interval or all the real line by
quasi-interpolation sigmoidal neural network operators. This approximation
is obtained by establishing Jackson type inequalities involving the modulus of
continuity of the engaged function or its high order derivative. The operators
are defined by using a density function induced by the logarithmic sigmoidal
function. Our approximations are pointwise and with respect to the uniform
norm. The related feed-forward neural network is with one hidden layer. This
chapter relies on [4].

1.1 Introduction

Feed-forward neural networks (FNNs) with one hidden layer, the only type
of networks we deal with in this chapter, are mathematically expressed as

Nn (x) =

n
∑

j=0

cjσ (〈aj · x〉 + bj) , x ∈ R
s, s ∈ N,

where for 0 ≤ j ≤ n, bj ∈ R are the thresholds, aj ∈ Rs are the connection
weights, cj ∈ R are the coefficients, 〈aj · x〉 is the inner product of aj and x,
and σ is the activation function of the network. In many fundamental network
models, the activation function is the sigmoidal function of logistic type.

It is well known that FNNs are universal approximators. Theoretically, any
continuous function defined on a compact set can be approximated to any
desired degree of accuracy by increasing the number of hidden neurons. It
was shown by Cybenko [11] and Funahashi [13], that any continuous function

G.A. Anastassiou: Intelligent Systems: Approximation by ANN, ISRL 19, pp. 1–32.
springerlink.com c© Springer-Verlag Berlin Heidelberg 2011



2 1 Univariate Sigmoidal Neural Network Quantitative Approximation

can be approximated on a compact set with uniform topology by a network of
the form Nn (x), using any continuous, sigmoidal activation function. Hornik
et al. in [15], have proved that any measurable function can be approached
with such a network. Furthermore, these authors established in [16], that
any function of the Sobolev spaces can be approached with all derivatives. A
variety of density results on FNN approximations to multivariate functions
were later established by many authors using different methods, for more or
less general situations: [18] by Leshno et al., [22] by Mhaskar and Micchelli,
[10] by Chui and Li, [8] by Chen and Chen, [14] by Hahm and Hong, etc.

Usually these results only give theorems about the existence of an approx-
imation. A related and important problem is that of complexity: determining
the number of neurons required to guarantee that all functions belonging to
a space can be approximated to the prescribed degree of accuracy ǫ.

Barron [5] shows that if the function is assumed to satisfy certain condi-
tions expressed in terms of its Fourier transform, and if each of the neurons
evaluates a sigmoidal activation function, then at most O

(

ǫ−2
)

neurons are
needed to achieve the order of approximation ǫ. Some other authors have pub-
lished similar results on the complexity of FNN approximations: Mhaskar and
Micchelli [23], Suzuki [24], Maiorov and Meir [20], Makovoz [21], Ferrari and
Stengel [12], Xu and Cao [26], Cao et al. [7], etc.

The author in [1] and [2], see chapters 2-5, was the first to establish neural
network approximations to continuous functions with rates by very specifi-
cally defined neural network operators of Cardaliagnet-Euvrard and ”Squash-
ing” types, by employing the modulus of continuity of the engaged function
or its high order derivative, and producing very tight Jackson type inequali-
ties. He treats there both the univariate and multivariate cases. The defining
these operators ”bell-shaped” and ”squashing” function are assumed to be of
compact support. Also in [2] he gives the Nth order asymptotic expansion for
the error of weak approximation of these two operators to a special natural
class of smooth functions, see chapters 4-5 there.

For this chapter the author is greatly motivated by the important article
[9] by Z. Chen and F. Cao.

He presents related to it work and much more beyond however [9] remains
the initial point. So the author here performs univariate sigmoidal neural
network approximations with rates to continuous functions over compact in-
tervals of the real line or over the whole R, then he extends his results to
complex valued functions. All convergences here are with rates expressed via
the modulus of continuity of the involved function or its high order derivative,
and given by very tight Jackson type inequalities.
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The author presents here the correct and precisely defined quasi-
interpolation neural network operator related to compact intervals, and
among others, improves results from [9]. The compact intervals are not nec-
essarily symmetric to the origin. Some of the upper bounds to error quantity
are very flexible and general. In preparation to establish our results we prove
further properties of the basic density function defining our operators.

1.2 Background and Auxiliary Results

We consider here the sigmoidal function of logarithmic type

s (x) =
1

1 + e−x
, x ∈ R.

It has the properties lim
x→+∞

s (x) = 1 and lim
x→−∞

s (x) = 0.

This function plays the role of an activation function in the hidden layer of
neural networks, also has application in biology, demography, etc. ([6, 17]).

As in [9], we consider

Φ (x) :=
1

2
(s (x + 1) − s (x − 1)) , x ∈ R.

It has the following properties:

i) Φ (x) > 0, ∀ x ∈ R,

ii)
∑∞

k=−∞ Φ (x − k) = 1, ∀ x ∈ R,

iii)
∑∞

k=−∞ Φ (nx − k) = 1, ∀ x ∈ R; n ∈ N,

iv)
∫∞

−∞ Φ (x) dx = 1,

v) Φ is a density function,

vi) Φ is even: Φ (−x) = Φ (x), x ≥ 0.

We observe that ([9])

Φ (x) =

(

e2 − 1

2e

)

e−x

(1 + e−x−1) (1 + e−x+1)
=

(

e2 − 1

2e2

)

1

(1 + ex−1) (1 + e−x−1)
,

and

Φ′ (x) =

(

e2 − 1

2e2

)

[

− (ex − e−x)

e (1 + ex−1)
2
(1 + e−x−1)

2

]

≤ 0, x ≥ 0.
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Hence

vii) Φ is decreasing on R+, and increasing on R−.

Let 0 < α < 1, n ∈ N. We see the following

∞
∑

⎧

⎨

⎩

k = −∞
: |nx − k| > n1−α

Φ (nx − k) =
∞
∑

⎧

⎨

⎩

k = −∞
: |nx − k| > n1−α

Φ (|nx − k|) ≤

(

e2 − 1

2e2

)
∫ ∞

(n1−α−1)

1

(1 + ex−1) (1 + e−x−1)
dx ≤

(

e2 − 1

2e

)
∫ ∞

(n1−α−1)

e−xdx =

(

e2 − 1

2e

)

(

e−(n1−α−1)
)

=

(

e2 − 1

2

)

e−n(1−α)

= 3.1992e−n(1−α)

.

We have found that:

viii) for n ∈ N, 0 < α < 1, we get

∞
∑

⎧

⎨

⎩

k = −∞
: |nx − k| > n1−α

Φ (nx − k) <

(

e2 − 1

2

)

e−n(1−α)

= 3.1992e−n(1−α)

.

Denote by ⌈·⌉ the ceiling of a number, and by ⌊·⌋ the integral part of a
number. Consider x ∈ [a, b] ⊂ R and n ∈ N such that ⌈na⌉ ≤ ⌊nb⌋.

We observe that

1 =
∞
∑

k=−∞

Φ (nx − k) >

⌊nb⌋
∑

k=⌈na⌉

Φ (nx − k) =

⌊nb⌋
∑

k=⌈na⌉

Φ (|nx − k|) > Φ (|nx − k0|) ,

for any k0 ∈ [⌈na⌉ , ⌊nb⌋] ∩ Z.
Here we can choose k0 ∈ [⌈na⌉ , ⌊nb⌋] ∩ Z such that |nx − k0| < 1.
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Therefore Φ (|nx − k0|) > Φ (1) = 0.19046485.

Consequently,

⌊nb⌋
∑

k=⌈na⌉

Φ (nx − k) > Φ (1) = 0.19046485.

Therefore we get

ix) 1
∑ ⌊nb⌋

k=⌈na⌉
Φ(nx−k)

< 1
Φ(1) = 5.250312578, ∀ x ∈ [a, b] .

We also notice that

1 −
⌊nb⌋
∑

k=⌈na⌉

Φ (nb − k) =

⌈na⌉−1
∑

k=−∞

Φ (nb − k) +

∞
∑

k=⌊nb⌋+1

Φ (nb − k)

> Φ (nb − ⌊nb⌋ − 1)

(call ε := nb − ⌊nb⌋, 0 ≤ ε < 1)

= Φ (ε − 1) = Φ (1 − ε) ≥ Φ (1) > 0.

Therefore lim
n→∞

(

1 −∑⌊nb⌋
k=⌈na⌉ Φ (nb − k)

)

> 0.

Similarly,

1 −
⌊nb⌋
∑

k=⌈na⌉

Φ (na − k) =

⌈na⌉−1
∑

k=−∞

Φ (na − k) +

∞
∑

k=⌊nb⌋+1

Φ (na − k)

> Φ (na − ⌈na⌉ + 1)

(call η := ⌈na⌉ − na, 0 ≤ η < 1)

= Φ (1 − η) ≥ Φ (1) > 0.

Therefore again lim
n→∞

(

1 −∑⌊nb⌋
k=⌈na⌉ Φ (na − k)

)

> 0.

Therefore we obtain that

x) lim
n→∞

∑⌊nb⌋
k=⌈na⌉ Φ (nx − k) �= 1, for at least some x ∈ [a, b].

Let f ∈ C ([a, b]) and n ∈ N such that ⌈na⌉ ≤ ⌊nb⌋.
We introduce and define the positive linear neural network operator

Gn (f, x) :=

∑⌊nb⌋
k=⌈na⌉ f

(

k
n

)

Φ (nx − k)
∑⌊nb⌋

k=⌈na⌉ Φ (nx − k)
, x ∈ [a.b] . (1.1)
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For large enough n we always have ⌈na⌉ ≤ ⌊nb⌋. Also a ≤ k
n
≤ b, iff ⌈na⌉ ≤

k ≤ ⌊nb⌋.
We study here the pointwise convergence of Gn (f, x) to f (x) with rates.
For convenience we call

G∗
n (f, x) :=

⌊nb⌋
∑

k=⌈na⌉

f

(

k

n

)

Φ (nx − k) , (1.2)

that is

Gn (f, x) :=
G∗

n (f, x)
∑⌊nb⌋

k=⌈na⌉ Φ (nx − k)
. (1.3)

Thus,

Gn (f, x) − f (x) =
G∗

n (f, x)
∑⌊nb⌋

k=⌈na⌉ Φ (nx − k)
− f (x)

=
G∗

n (f, x) − f (x)
∑⌊nb⌋

k=⌈na⌉ Φ (nx − k)
∑⌊nb⌋

k=⌈na⌉ Φ (nx − k)
. (1.4)

Consequently we derive

|Gn (f, x) − f (x)| ≤ 1

Φ (1)

∣

∣

∣

∣

∣

∣

G∗
n (f, x) − f (x)

⌊nb⌋
∑

k=⌈na⌉

Φ (nx − k)

∣

∣

∣

∣

∣

∣

. (1.5)

That is

|Gn (f, x) − f (x)| ≤ (5.250312578)

∣

∣

∣

∣

∣

∣

⌊nb⌋
∑

k=⌈na⌉

(

f

(

k

n

)

− f (x)

)

Φ (nx − k)

∣

∣

∣

∣

∣

∣

.

(1.6)
We will estimate the right hand side of (1.6).

For that we need, for f ∈ C ([a, b]) the first modulus of continuity

ω1 (f, h) := sup
x, y ∈ [a, b]
|x − y| ≤ h

|f (x) − f (y)| , h > 0. (1.7)

Similarly it is defined for f ∈ CB (R) (continuous and bounded on R). We
have that lim

h→0
ω1 (f, h) = 0.

When f ∈ CB (R) we define, (see also [9])

Gn (f, x) :=

∞
∑

k=−∞

f

(

k

n

)

Φ (nx − k) , n ∈ N, x ∈ R, (1.8)

the quasi-interpolation neural network operator.
By [3] we derive the following three theorems on extended Taylor formula.
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Theorem 1.1. Let N ∈ N, 0 < ε < π
2 small, and f ∈ CN

([

−π
2 + ε, π

2 − ε
])

;

x, y ∈
[

−π
2 + ε, π

2 − ε
]

. Then

f (x) = f (y) +

N
∑

k=1

(

f ◦ sin−1
)(k)

(sin y)

k!
(sinx − sin y)

k
+ KN (y, x) , (1.9)

where

KN (y, x) =
1

(N − 1)!
· (1.10)

∫ x

y

(sin x − sin s)N−1
(

(

f ◦ sin−1
)(N)

(sin s)−
(

f ◦ sin−1
)(N)

(sin y)
)

cos s ds.

Theorem 1.2. Let f ∈ CN ([ε, π − ε]), N ∈ N, ε > 0 small; x, y ∈ [ε, π − ε].
Then

f (x) = f (y)+

N
∑

k=1

(

f ◦ cos−1
)(k)

(cos y)

k!
(cosx − cos y)

k
+K∗

N (y, x) , (1.11)

where

K∗
N (y, x) = − 1

(N − 1)!
· (1.12)

∫ x

y

(cosx−cos s)
N−1

[

(

f ◦ cos−1
)(N)

(cos s)−
(

f ◦ cos−1
)(N)

(cos y)
]

sin s ds.

Theorem 1.3. Let f ∈ CN ([a, b]) (or f ∈ CN (R)), N ∈ N; x, y ∈ [a, b] (or
x, y ∈ R). Then

f (x) = f (y) +

N
∑

k=1

(

f ◦ ln 1
e

)(k)

(e−y)

k!

(

e−x − e−y
)k

+ KN (y, x) , (1.13)

where

KN (y, x) = − 1

(N − 1)!
· (1.14)

∫ x

y

(

e−x − e−s
)N−1

[

(

f ◦ ln 1
e

)(N)
(

e−s
)

−
(

f ◦ ln 1
e

)(N)
(

e−y
)

]

e−sds.

Remark 1.4. Using the mean value theorem we get

|sinx − sin y| ≤ |x − y| , (1.15)

|cosx − cos y| ≤ |x − y| , ∀ x, y ∈ R,

furthermore we have

|sinx − sin y| ≤ 2, (1.16)

|cosx − cos y| ≤ 2, ∀ x, y ∈ R.
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Similarly we have
∣

∣e−x − e−y
∣

∣ ≤ e−a |x − y| , (1.17)

and
∣

∣e−x − e−y
∣

∣ ≤ e−a − e−b, ∀ x, y ∈ [a, b] . (1.18)

Let g (x) = ln 1
e

x, sin−1 x, cos−1 x and assume f (j) (x0) = 0, k = 1, ..., N .

Then, by [3], we get
(

f ◦ g−1
)(j)

(g (x0)) = 0, j = 1, ..., N.

Remark 1.5. It is well known that ex > xm, m ∈ N, for large x > 0.

Let fixed α, β > 0, then
⌈

α
β

⌉

∈ N, and for large x > 0 we have

ex > x⌈α
β ⌉ ≥ x

α
β .

So for suitable very large x > 0 we obtain

exβ

>
(

xβ
)

α
β = xα.

We proved for large x > 0 and α, β > 0 that

exβ

> xα. (1.19)

Therefore for large n ∈ N and fixed α, β > 0, we have

enβ

> nα. (1.20)

That is
e−nβ

< n−α, for large n ∈ N. (1.21)

So for 0 < α < 1 we get

e−n(1−α)

< n−α. (1.22)

Thus be given fixed A, B > 0, for the linear combination
(

An−α + Be−n(1−α)
)

the (dominant) rate of convergence to zero is n−α.

The closer α is to 1 we get faster and better rate of convergence to zero.

1.3 Real Neural Network Quantitative Approximations

Here we present a series of neural network approximations to a function given
with rates.

We first give.
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Theorem 1.6. Let f ∈ C ([a, b]) , 0 < α < 1, n ∈ N, x ∈ [a, b]. Then
i)

|Gn (f, x)−f (x)| ≤ (5.250312578)

[

ω1

(

f,
1

nα

)

+6.3984 ‖f‖∞ e−n(1−α)

]

=: λ,

(1.23)
and

ii)
‖Gn (f) − f‖∞ ≤ λ, (1.24)

where ‖·‖∞ is the supremum norm.

Proof. We observe that
∣

∣

∣

∣

∣

∣

⌊nb⌋
∑

k=⌈na⌉

(

f

(

k

n

)

− f (x)

)

Φ (nx − k)

∣

∣

∣

∣

∣

∣

≤

⌊nb⌋
∑

k=⌈na⌉

∣

∣

∣

∣

f

(

k

n

)

− f (x)

∣

∣

∣

∣

Φ (nx − k) =

⌊nb⌋
∑

⎧

⎨

⎩

k = ⌈na⌉
∣

∣

k
n
− x
∣

∣ ≤ 1
nα

∣

∣

∣

∣

f

(

k

n

)

− f (x)

∣

∣

∣

∣

Φ (nx − k)+

⌊nb⌋
∑

⎧

⎨

⎩

k = ⌈na⌉
∣

∣

k
n
− x
∣

∣ > 1
nα

∣

∣

∣

∣

f

(

k

n

)

− f (x)

∣

∣

∣

∣

Φ (nx − k) ≤

⌊nb⌋
∑

⎧

⎨

⎩

k = ⌈na⌉
∣

∣

k
n
− x
∣

∣ ≤ 1
nα

ω1

(

f,

∣

∣

∣

∣

k

n
− x

∣

∣

∣

∣

)

Φ (nx − k)+

2 ‖f‖∞
⌊nb⌋
∑

⎧

⎨

⎩

k = ⌈na⌉
|k − nx| > n1−α

Φ (nx − k) ≤

ω1

(

f,
1

nα

) ∞
∑

⎧

⎨

⎩

k = −∞
∣

∣

k
n
− x
∣

∣ ≤ 1
nα

Φ (nx − k)+
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2 ‖f‖∞
∞
∑

⎧

⎨

⎩

k = −∞
|k − nx| > n1−α

Φ (nx − k) ≤
(by (viii))

ω1

(

f,
1

nα

)

+ 2 ‖f‖∞ (3.1992) e−n(1−α)

= ω1

(

f,
1

nα

)

+ 6.3984 ‖f‖∞ e−n(1−α)

.

That is
∣

∣

∣

∣

∣

∣

⌊nb⌋
∑

k=⌈na⌉

(

f

(

k

n

)

− f (x)

)

Φ (nx − k)

∣

∣

∣

∣

∣

∣

≤ ω1

(

f,
1

nα

)

+ 6.3984 ‖f‖∞ e−n(1−α)

.

Using (1.6) we prove the claim.

Theorem 1.6 improves a lot the model of neural network approximation of
[9], see Theorem 3 there.

Next we give

Theorem 1.7. Let f ∈ CB (R), 0 < α < 1, n ∈ N, x ∈ R. Then
i)

∣

∣Gn (f, x) − f (x)
∣

∣ ≤ ω1

(

f,
1

nα

)

+ 6.3984 ‖f‖∞ e−n(1−α)

=: µ, (1.25)

and
ii)

∥

∥Gn (f) − f
∥

∥

∞
≤ µ. (1.26)

Proof. We see that

∣

∣Gn (f, x) − f (x)
∣

∣ =

∣

∣

∣

∣

∣

∞
∑

k=−∞

f

(

k

n

)

Φ (nx − k) − f (x)
∞
∑

k=−∞

Φ (nx − k)

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∞
∑

k=−∞

(

f

(

k

n

)

− f (x)

)

Φ (nx − k)

∣

∣

∣

∣

∣

≤
∞
∑

k=−∞

∣

∣

∣

∣

f

(

k

n

)

− f (x)

∣

∣

∣

∣

Φ (nx − k) =

∞
∑

⎧

⎨

⎩

k = −∞
∣

∣

k
n
− x
∣

∣ ≤ 1
nα

∣

∣

∣

∣

f

(

k

n

)

− f (x)

∣

∣

∣

∣

Φ (nx − k)+

∞
∑

⎧

⎨

⎩

k = −∞
∣

∣

k
n
− x
∣

∣ > 1
nα

∣

∣

∣

∣

f

(

k

n

)

− f (x)

∣

∣

∣

∣

Φ (nx − k) ≤
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∞
∑

⎧

⎨

⎩

k = −∞
∣

∣

k
n
− x
∣

∣ ≤ 1
nα

ω1

(

f,

∣

∣

∣

∣

k

n
− x

∣

∣

∣

∣

)

Φ (nx − k)+

2 ‖f‖∞
∞
∑

⎧

⎨

⎩

k = −∞
∣

∣

k
n
− x
∣

∣ > 1
nα

Φ (nx − k) ≤

ω1

(

f,
1

nα

) ∞
∑

⎧

⎨

⎩

k = −∞
∣

∣

k
n
− x
∣

∣ ≤ 1
nα

Φ (nx − k)+

2 ‖f‖∞
∞
∑

⎧

⎨

⎩

k = −∞
|k − nx| > n1−α

Φ (nx − k) ≤
(by (viii))

ω1

(

f,
1

nα

)

+ 2 ‖f‖∞ (3.1992) e−n(1−α)

= ω1

(

f,
1

nα

)

+ 6.3984 ‖f‖∞ e−n(1−α)

,

proving the claim.

Theorem 1.7 improves Theorem 4 of [9].
In the next we discuss high order of approximation by using the smoothness

of f .

Theorem 1.8. Let f ∈ CN ([a, b]), n, N ∈ N, 0 < α < 1, x ∈ [a, b]. Then
i)

|Gn (f, x) − f (x)| ≤ (5.250312578) · (1.27)
⎧

⎨

⎩

N
∑

j=1

∣

∣f (j) (x)
∣

∣

j!

[

1

nαj
+ (3.1992) (b − a)

j
e−n(1−α)

]

+

[

ω1

(

f (N),
1

nα

)

1

nαNN !
+

(6.3984)
∥

∥f (N)
∥

∥

∞
(b − a)

N

N !
e−n(1−α)

]}

,

ii) assume further f (j) (x0) = 0, j = 1, ..., N , for some x0 ∈ [a, b], it holds

|Gn (f, x0) − f (x0)| ≤ (5.250312578) · (1.28)

[

ω1

(

f (N),
1

nα

)

1

nαNN !
+

(6.3984)
∥

∥f (N)
∥

∥

∞
(b − a)

N

N !
e−n(1−α)

]

,
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notice here the extremely high rate of convergence at n−(N+1)α,

iii)
‖Gn (f) − f‖∞ ≤ (5.250312578) · (1.29)

⎧

⎨

⎩

N
∑

j=1

∥

∥f (j)
∥

∥

∞

j!

[

1

nαj
+ (3.1992) (b − a)j

e−n(1−α)

]

+

[

ω1

(

f (N),
1

nα

)

1

nαNN !
+

(6.3984)
∥

∥f (N)
∥

∥

∞
(b − a)

N

N !
e−n(1−α)

]}

.

Proof. Next we apply Taylor’s formula with integral remainder.
We have (here k

n
, x ∈ [a, b])

f

(

k

n

)

=

N
∑

j=0

f (j) (x)

j!

(

k

n
− x

)j

+

∫ k
n

x

(

f (N) (t) − f (N) (x)
)

(

k
n
− t
)N−1

(N − 1)!
dt.

Then

f

(

k

n

)

Φ (nx − k) =
N
∑

j=0

f (j) (x)

j!
Φ (nx − k)

(

k

n
− x

)j

+

Φ (nx − k)

∫ k
n

x

(

f (N) (t) − f (N) (x)
)

(

k
n
− t
)N−1

(N − 1)!
dt.

Hence
⌊nb⌋
∑

k=⌈na⌉

f

(

k

n

)

Φ (nx − k) − f (x)

⌊nb⌋
∑

k=⌈na⌉

Φ (nx − k) =

N
∑

j=1

f (j) (x)

j!

⌊nb⌋
∑

k=⌈na⌉

Φ (nx − k)

(

k

n
− x

)j

+

⌊nb⌋
∑

k=⌈na⌉

Φ (nx − k)

∫ k
n

x

(

f (N) (t) − f (N) (x)
)

(

k
n
− t
)N−1

(N − 1)!
dt.

Thus

G∗
n (f, x) − f (x)

⎛

⎝

⌊nb⌋
∑

k=⌈na⌉

Φ (nx − k)

⎞

⎠ =
N
∑

j=1

f (j) (x)

j!
G∗

n

(

(· − x)j
)

+ Λn (x) ,

where

Λn (x) :=

⌊nb⌋
∑

k=⌈na⌉

Φ (nx − k)

∫ k
n

x

(

f (N) (t) − f (N) (x)
)

(

k
n
− t
)N−1

(N − 1)!
dt.
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We suppose that b−a > 1
nα , which is always the case for large enough n ∈ N,

that is when n >
⌈

(b − a)
− 1

α

⌉

.

Thus
∣

∣

k
n
− x
∣

∣ ≤ 1
nα or

∣

∣

k
n
− x
∣

∣ > 1
nα .

As in [2], pp. 72-73 for

γ :=

∫ k
n

x

(

f (N) (t) − f (N) (x)
)

(

k
n
− t
)N−1

(N − 1)!
dt,

in case of
∣

∣

k
n
− x
∣

∣ ≤ 1
nα , we find that

|γ| ≤ ω1

(

f (N),
1

nα

)

1

nαNN !

(for x ≤ k
n

or x ≥ k
n
).

Notice also for x ≤ k
n

that

∣

∣

∣

∣

∣

∫ k
n

x

(

f (N) (t) − f (N) (x)
)

(

k
n
− t
)N−1

(N − 1)!
dt

∣

∣

∣

∣

∣

≤

∫ k
n

x

∣

∣

∣f (N) (t) − f (N) (x)
∣

∣

∣

(

k
n
− t
)N−1

(N − 1)!
dt ≤

2
∥

∥

∥f (N)
∥

∥

∥

∞

∫ k
n

x

(

k
n
− t
)N−1

(N − 1)!
dt=2

∥

∥

∥f (N)
∥

∥

∥

∞

(

k
n
− x
)N

N !
≤ 2
∥

∥

∥f (N)
∥

∥

∥

∞

(b − a)
N

N !
.

Next assume k
n
≤ x, then

∣

∣

∣

∣

∣

∫ k
n

x

(

f (N) (t) − f (N) (x)
)

(

k
n
− t
)N−1

(N − 1)!
dt

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∫ x

k
n

(

f (N) (t) − f (N) (x)
)

(

k
n
− t
)N−1

(N − 1)!
dt

∣

∣

∣

∣

∣

≤

∫ x

k
n

∣

∣

∣f
(N) (t) − f (N) (x)

∣

∣

∣

(

t − k
n

)N−1

(N − 1)!
dt ≤

2
∥

∥

∥f (N)
∥

∥

∥

∞

∫ x

k
n

(

t − k
n

)N−1

(N − 1)!
dt = 2

∥

∥

∥f (N)
∥

∥

∥

∞

(

x − k
n

)N

N !
≤ 2
∥

∥

∥f (N)
∥

∥

∥

∞

(b − a)
N

N !
.

Thus

|γ| ≤ 2
∥

∥

∥
f (N)

∥

∥

∥

∞

(b − a)N

N !
,

in all two cases.
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Therefore

Λn (x) =

⌊nb⌋
∑

k=⌈na⌉

| k
n
−x|≤ 1

nα

Φ (nx − k) γ +

⌊nb⌋
∑

k=⌈na⌉

| k
n
−x|> 1

nα

Φ (nx − k) γ.

Hence

|Λn (x)| ≤
⌊nb⌋
∑

k=⌈na⌉

| k
n
−x|≤ 1

nα

Φ (nx − k)

(

ω1

(

f (N),
1

nα

)

1

N !nNα

)

+

⎛

⎜

⎜

⎜

⎝

⌊nb⌋
∑

k=⌈na⌉

| k
n
−x|> 1

nα

Φ (nx − k)

⎞

⎟

⎟

⎟

⎠

2
∥

∥

∥f (N)
∥

∥

∥

∞

(b − a)
N

N !
≤

ω1

(

f (N),
1

nα

)

1

N !nNα
+ 2
∥

∥

∥f (N)
∥

∥

∥

∞

(b − a)
N

N !
(3.1992) e−n(1−α)

.

Consequently we have

|Λn (x)| ≤ ω1

(

f (N),
1

nα

)

1

nαNN !
+ (6.3984)

∥

∥f (N)
∥

∥

∞
(b − a)

N

N !
e−n(1−α)

.

We further see that

G∗
n

(

(· − x)j
)

=

⌊nb⌋
∑

k=⌈na⌉

Φ (nx − k)

(

k

n
− x

)j

.

Therefore
∣

∣

∣
G∗

n

(

(· − x)j
)∣

∣

∣
≤

⌊nb⌋
∑

k=⌈na⌉

Φ (nx − k)

∣

∣

∣

∣

k

n
− x

∣

∣

∣

∣

j

=

⌊nb⌋
∑

⎧

⎨

⎩

k = ⌈na⌉
∣

∣

k
n
− x
∣

∣ ≤ 1
nα

Φ (nx − k)

∣

∣

∣

∣

k

n
− x

∣

∣

∣

∣

j

+

⌊nb⌋
∑

⎧

⎨

⎩

k = ⌈na⌉
∣

∣

k
n
− x
∣

∣ > 1
nα

Φ (nx − k)

∣

∣

∣

∣

k

n
− x

∣

∣

∣

∣

j

≤

1

nαj

⌊nb⌋
∑

⎧

⎨

⎩

k = ⌈na⌉
∣

∣

k
n
− x
∣

∣ ≤ 1
nα

Φ (nx − k) + (b − a)j

⌊nb⌋
∑

⎧

⎨

⎩

k = ⌈na⌉
|k − nx| > n1−α

Φ (nx − k)
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≤ 1

nαj
+ (b − a)j (3.1992) e−n(1−α)

.

Hence
∣

∣

∣G∗
n

(

(· − x)
j
)∣

∣

∣ ≤ 1

nαj
+ (b − a)

j
(3.1992)e−n(1−α)

,

for j = 1, ..., N.

Putting things together we have established

|G∗
n (f, x) − f (x)| ≤

N
∑

j=1

∣

∣f (j) (x)
∣

∣

j!

[

1

nαj
+ (3.1992) (b − a)

j
e−n(1−α)

]

+

[

ω1

(

f (N),
1

nα

)

1

nαNN !
+

(6.3984)
∥

∥f (N)
∥

∥

∞
(b − a)

N

N !
e−n(1−α)

]

,

that is establishing theorem.

We make

Remark 1.9. We notice that

Gn (f, x) −
N
∑

j=1

f (j) (x)

j!
Gn

(

(· − x)
j
)

− f (x) =

G∗
n (f, x)

(

∑⌊nb⌋
k=⌈na⌉ Φ (nx − k)

)− 1
(

∑⌊nb⌋
k=⌈na⌉ Φ (nx − k)

)

⎛

⎝

n
∑

j=1

f (j) (x)

j!
G∗

n

(

(· − x)
j
)

⎞

⎠

−f (x) =
1

(

∑⌊nb⌋
k=⌈na⌉ Φ (nx − k)

) ·

⎡

⎣G∗
n (f, x) −

⎛

⎝

n
∑

j=1

f (j) (x)

j!
G∗

n

(

(· − x)
j
)

⎞

⎠−

⎛

⎝

⌊nb⌋
∑

k=⌈na⌉

Φ (nx − k)

⎞

⎠ f (x)

⎤

⎦ .

Therefore we get

∣

∣

∣

∣

∣

∣

Gn (f, x) −
N
∑

j=1

f (j) (x)

j!
Gn

(

(· − x)
j
)

− f (x)

∣

∣

∣

∣

∣

∣

≤ (5.250312578) ·

∣

∣

∣

∣

∣

∣

G∗
n (f, x) −

⎛

⎝

n
∑

j=1

f (j) (x)

j!
G∗

n

(

(· − x)
j
)

⎞

⎠−

⎛

⎝

⌊nb⌋
∑

k=⌈na⌉

Φ (nx − k)

⎞

⎠ f (x)

∣

∣

∣

∣

∣

∣

,

(1.30)
∀ x ∈ [a, b] .

In the next three Theorems 1.10-1.12 we present more general and flexible
upper bounds to our error quantities.



16 1 Univariate Sigmoidal Neural Network Quantitative Approximation

We give

Theorem 1.10. Let f ∈ CN ([a, b]), n, N ∈ N, 0 < α < 1, x ∈ [a, b]. Then
1)

∣

∣

∣

∣

∣

∣

∣

Gn (f, x) −
N
∑

j=1

(

f ◦ ln 1
e

)(j)

(e−x)

j!
Gn

(

(

e−· − e−x
)j

, x
)

− f (x)

∣

∣

∣

∣

∣

∣

∣

≤

(5.250312578)

[

e−aN

N !nNα
ω1

(

(

f ◦ ln 1
e

)(N)

,
e−a

nα

)

+

(6.3984)
(

e−a − e−b
)N

N !

∥

∥

∥

∥

(

f ◦ ln 1
e

)(N)
∥

∥

∥

∥

∞

e−n(1−α)

]

, (1.31)

2)
|Gn (f, x) − f (x)| ≤ (5.250312578) · (1.32)

⎧

⎪

⎪

⎨

⎪

⎪

⎩

N
∑

j=1

∣

∣

∣

∣

(

f ◦ ln 1
e

)(j)

(e−x)

∣

∣

∣

∣

j!
e−aj

[

1

nαj
+ (3.1992) (b − a)j

e−n(1−α)

]

+

[

e−aN

N !nαN
ω1

(

(

f ◦ ln 1
e

)(N)

,
e−a

nα

)

+

(6.3984)
(

e−a − e−b
)N

N !

∥

∥

∥

∥

(

f ◦ ln 1
e

)(N)
∥

∥

∥

∥

∞

e−n(1−α)

]}

,

3) If f (j) (x0) = 0, j = 1, ..., N , it holds

|Gn (f, x0) − f (x0)| ≤ (5.250312578) · (1.33)

[

e−aN

N !nNα
ω1

(

(

f ◦ ln 1
e

)(N)

,
e−a

nα

)

+

(6.3984)
(

e−a − e−b
)N

N !

∥

∥

∥

∥

(

f ◦ ln 1
e

)(N)
∥

∥

∥

∥

∞

e−n(1−α)

]

.

Observe here the speed of convergence is extremely high at 1
n(N+1)α .

Proof. Call F := f ◦ ln 1
e

. Let x, k
n
∈ [a, b]. Then

f

(

k

n

)

− f (x) =

N
∑

j=1

F (j) (e−x)

j!

(

e−
k
n − e−x

)j

+ KN

(

x,
k

n

)

,

where

KN

(

x,
k

n

)

:= − 1

(N − 1)!
·
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∫ k
n

x

(

e−
k

n − e−s
)N−1 [

F (N)
(

e−s
)

− F (N)
(

e−x
)

]

e−sds.

Thus
⌊nb⌋
∑

k=⌈na⌉

Φ (nx − k) f

(

k

n

)

− f (x)

⌊nb⌋
∑

k=⌈na⌉

Φ (nx − k) =

N
∑

j=1

F (j) (e−x)

j!

⌊nb⌋
∑

k=⌈na⌉

Φ (nx − k)
(

e−
k
n − e−x

)j

+

⌊nb⌋
∑

k=⌈na⌉

Φ (nx − k)
1

(N − 1)!
·

∫ k
n

x

(

e−
k

n − e−s
)N−1 [

F (N)
(

e−s
)

− F (N)
(

e−x
)

]

de−s.

Therefore

G∗
n (f, x) − f (x)

⎛

⎝

⌊nb⌋
∑

k=⌈na⌉

Φ (nx − k)

⎞

⎠ =

N
∑

j=1

F (j) (e−x)

j!
G∗

n

(

(

e−· − e−x
)j

, x
)

+ Un (x) ,

where

Un (x) :=

⌊nb⌋
∑

k=⌈na⌉

Φ (nx − k)µ,

with

µ :=
1

(N − 1)!

∫ e
− k

n

e−x

(

e−
k

n − w
)N−1 [

F (N) (w) − F (N)
(

e−x
)

]

dw.

Case of
∣

∣

k
n
− x
∣

∣ ≤ 1
nα .

i) Subcase of x ≥ k
n
. I.e. e−

k
n ≥ e−x.

|µ| ≤ 1

(N − 1)!

∫ e
− k

n

e−x

(

e−
k

n − w
)N−1 ∣

∣

∣
F (N) (w) − F (N)

(

e−x
)

∣

∣

∣
dw ≤

1

(N − 1)!

∫ e
− k

n

e−x

(

e−
k
n − w

)N−1

ω1

(

F (N),
∣

∣w − e−x
∣

∣

)

dw ≤

1

(N − 1)!
ω1

(

F (N),
∣

∣

∣e
− k

n − e−x
∣

∣

∣

)

∫ e
− k

n

e−x

(

e−
k
n − w

)N−1

dw ≤

(

e−
k
n − e−x

)N

N !
ω1

(

F (N), e−a

∣

∣

∣

∣

x − k

n

∣

∣

∣

∣

)

≤
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e−aN

∣

∣x − k
n

∣

∣

N

N !
ω1

(

F (N), e−a

∣

∣

∣

∣

x − k

n

∣

∣

∣

∣

)

≤

e−aN

N !nαN
ω1

(

F (N),
e−a

nα

)

.

Hence when x ≥ k
n

we have

|µ| ≤ e−aN

N !nαN
ω1

(

F (N),
e−a

nα

)

.

ii) Subcase of k
n
≥ x. Then e−

k
n ≤ e−x and

|µ| ≤ 1

(N − 1)!

∫ e−x

e
− k

n

(

w − e−
k

n

)N−1 ∣
∣

∣F (N) (w) − F (N)
(

e−x
)

∣

∣

∣ dw ≤

1

(N − 1)!

∫ e−x

e
− k

n

(

w − e−
k
n

)N−1

ω1

(

F (N),
∣

∣w − e−x
∣

∣

)

dw ≤

1

(N − 1)!
ω1

(

F (N), e−x − e−
k
n

)

∫ e−x

e
− k

n

(

w − e−
k
n

)N−1

dw ≤

1

(N − 1)!
ω1

(

F (N), e−a

∣

∣

∣

∣

x − k

n

∣

∣

∣

∣

)

(

e−x − e−
k
n

)N

N
≤

1

N !
ω1

(

F (N),
e−a

nα

)

e−aN

∣

∣

∣

∣

x − k

n

∣

∣

∣

∣

N

≤

1

N !
ω1

(

F (N),
e−a

nα

)

e−aN

nαN
,

i.e.

|µ| ≤ e−aN

N !nαN
ω1

(

F (N),
e−a

nα

)

,

when k
n
≥ x. So in general when

∣

∣

k
n
− x
∣

∣ ≤ 1
nα we proved that

|µ| ≤ e−aN

N !nαN
ω1

(

F (N),
e−a

nα

)

.

Also we observe:
i)’ When k

n
≤ x, we get

|µ| ≤ 1

(N − 1)!

⎛

⎝

∫ e
− k

n

e−x

(

e−
k
n − w

)N−1

dw

⎞

⎠ 2
∥

∥

∥
F (N)

∥

∥

∥

∞
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=
2
∥

∥F (N)
∥

∥

∞

(N − 1)!

(

e−
k
n − e−x

)N

N
≤

2
∥

∥F (N)
∥

∥

∞

N !

(

e−a − e−b
)N

.

ii)’ When k
n
≥ x, we obtain

|µ| ≤ 1

(N − 1)!

(

∫ e−x

e
− k

n

(

w − e−
k
n

)N−1

dw

)

2
∥

∥

∥F (N)
∥

∥

∥

∞

=
2
∥

∥F (N)
∥

∥

∞

N !

(

e−x − e−
k
n

)N

≤
2
∥

∥F (N)
∥

∥

∞

N !

(

e−a − e−b
)N

.

We proved always true that

|µ| ≤
2
(

e−a − e−b
)N ∥
∥F (N)

∥

∥

∞

N !
.

Consequently we find

|Un (x)| ≤
⌊nb⌋
∑

⎧

⎨

⎩

k = ⌈na⌉
∣

∣

k
n
− x
∣

∣ ≤ 1
nα

Φ (nx − k) |µ| +
⌊nb⌋
∑

⎧

⎨

⎩

k = ⌈na⌉
∣

∣

k
n
− x
∣

∣ > 1
nα

Φ (nx − k) |µ| ≤

(

e−aN

N !nαN
ω1

(

F (N),
e−a

nα

))

(

∞
∑

k=−∞

Φ (nx − k)

)

+

(

2
(

e−a − e−b
)N ∥
∥F (N)

∥

∥

∞

N !

)

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎝

∞
∑

⎧

⎨

⎩

k = −∞
|k − nx| > n1−α

Φ (nx − k)

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎠

≤

e−aN

N !nαN
ω1

(

F (N),
e−a

nα

)

+

(

2
(

e−a − e−b
)N ∥
∥F (N)

∥

∥

∞

N !

)

(3.1992) e−n(1−α)

.

So we have proved that

|Un (x)|≤ e−aN

N !nαN
ω1

(

F (N),
e−a

nα

)

+
(6.3984)

(

e−a − e−b
)N ∥
∥F (N)

∥

∥

∞

N !
e−n(1−α)

.

We also notice that
∣

∣

∣G∗
n

(

(

e−· − e−x
)j

, x
)∣

∣

∣ ≤ G∗
n

(

∣

∣e−· − e−x
∣

∣

j
, x
)

≤
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e−ajG∗
n

(

|· − x|j , x
)

= e−aj

⎛

⎝

⌊nb⌋
∑

k=⌈na⌉

Φ (nx − k)

∣

∣

∣

∣

k

n
− x

∣

∣

∣

∣

j

⎞

⎠ = e−aj ·

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎣

⌊nb⌋
∑

⎧

⎨

⎩

k=⌈na⌉
∣

∣x− k
n

∣

∣≤ 1
nα

Φ(nx−k)

∣

∣

∣

∣

k

n
−x

∣

∣

∣

∣

j

+

⌊nb⌋
∑

⎧

⎨

⎩

k=⌈na⌉
∣

∣x− k
n

∣

∣ > 1
nα

Φ(nx−k)

∣

∣

∣

∣

k

n
−x

∣

∣

∣

∣

j

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎦

≤

e−aj

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎣

1

nαj
+ (b − a)j

⌊nb⌋
∑

⎧

⎨

⎩

k = ⌈na⌉
∣

∣x − k
n

∣

∣ > 1
nα

Φ (nx − k)

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎦

≤

e−aj

[

1

nαj
+ (3.1992) (b − a)

j
e−n(1−α)

]

.

Thus we have established

∣

∣

∣G∗
n

(

(

e−· − e−x
)j

, x
)∣

∣

∣ ≤ e−aj

[

1

nαj
+ (3.1992) (b − a)j

e−n(1−α)

]

,

for j = 1, ..., N , and the theorem.

We continue with

Theorem 1.11. Let f ∈ CN
([

−π
2 + ε, π

2 − ε
])

, n, N ∈ N, 0 < ε < π
2 , ε

small, x ∈
[

−π
2 + ε, π

2 − ε
]

, 0 < α < 1. Then
1)

∣

∣

∣

∣

∣

∣

Gn (f, x) −
N
∑

j=1

(

f ◦ sin−1
)(j)

(sin x)

j!
Gn

(

(sin · − sin x)
j
, x
)

− f (x)

∣

∣

∣

∣

∣

∣

≤

(1.34)

(5.250312578)

⎡

⎣

ω1

(

(

f ◦ sin−1
)(N)

, 1
nα

)

nαNN !
+

⎛

⎝

(3.1992)2N+1
∥

∥

∥

(

f ◦ sin−1
)(N)

∥

∥

∥

∞

N !

⎞

⎠ e−n(1−α)

⎤

⎦ ,

2)
|Gn (f, x) − f (x)| ≤ (5.250312578) ·
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⎧

⎨

⎩

N
∑

j=1

∣

∣

∣

(

f ◦ sin−1
)(j)

(sin x)
∣

∣

∣

j!

[

1

nαj
+ (3.1992) (π − 2ε)

j
e−n(1−α)

]

+

⎡

⎣

ω1

(

(

f ◦ sin−1
)(N)

, 1
nα

)

N !nαN
+

(

(3.1992)2N+1

N !

∥

∥

∥

(

f ◦ sin−1
)(N)

∥

∥

∥

∞

)

e−n(1−α)

⎤

⎦

⎫

⎬

⎭

,

(1.35)
3) assume further f (j) (x0)=0, j=1, ..., N for some x0 ∈

[

−π
2 + ε, π

2 − ε
]

,
it holds

|Gn (f, x0) − f (x0)| ≤ (5.250312578) · (1.36)
⎡

⎣

ω1

(

(

f ◦ sin−1
)(N)

, 1
nα

)

nαNN !
+

⎛

⎝

(3.1992)2N+1
∥

∥

∥

(

f ◦ sin−1
)(N)

∥

∥

∥

∞

N !

⎞

⎠ e−n(1−α)

⎤

⎦ .

Notice in the last the high speed of convergence of order n−α(N+1).

Proof. Call F := f ◦ sin−1 and let k
n
, x ∈

[

−π
2 + ε, π

2 − ε
]

. Then

f

(

k

n

)

− f (x) =

N
∑

j=1

F (j) (sinx)

j!

(

sin
k

n
− sin x

)j

+

1

(N − 1)!

∫ k
n

x

(

sin
k

n
− sin s

)N−1
(

F (N) (sin s) − F (N) (sinx)
)

d sin s.

Hence
⌊nb⌋
∑

k=⌈na⌉

f

(

k

n

)

Φ (nx − k) − f (x)

⌊nb⌋
∑

k=⌈na⌉

Φ (nx − k) =

N
∑

j=1

F (j) (sin x)

j!

⌊nb⌋
∑

k=⌈na⌉

Φ(nx−k)

(

sin
k

n
−sinx

)j

+
1

(N−1)!

⌊nb⌋
∑

k=⌈na⌉

Φ (nx−k) ·

∫ k
n

x

(

sin
k

n
− sin s

)N−1
(

F (N) (sin s) − F (N) (sinx)
)

d sin s.

Set here a = −π
2 + ε, b = π

2 − ε. Thus

G∗
n (f, x) − f (x)

⌊nb⌋
∑

k=⌈na⌉

Φ (nx − k) =

N
∑

j=1

F (j) (sinx)

j!
G∗

n

(

(sin · − sinx)
j
, x
)

+ Mn (x) ,
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where

Mn (x) :=

⌊nb⌋
∑

k=⌈na⌉

Φ (nx − k) ρ,

with

ρ :=
1

(N − 1)!

∫ k
n

x

(

sin
k

n
− sin s

)N−1
(

F (N) (sin s) − F (N) (sin x)
)

d sin s.

Case of
∣

∣

k
n
− x
∣

∣ ≤ 1
nα .

i) Subcase of k
n
≥ x. The function sin is increasing on [a, b] , i.e. sin k

n
≥

sin x.

Then

|ρ| ≤ 1

(N − 1)!

∫ k
n

x

(

sin
k

n
− sin s

)N−1 ∣
∣

∣
F (N) (sin s) − F (N) (sin x)

∣

∣

∣
d sin s =

1

(N − 1)!

∫ sin k
n

sin x

(

sin
k

n
− w

)N−1
(

F (N) (w) − F (N) (sin x)
)

dw ≤

1

(N − 1)!

∫ sin k
n

sin x

(

sin
k

n
− w

)N−1

ω1

(

F (N), |w − sin x|
)

dw ≤

ω1

(

F (N),

∣

∣

∣

∣

sin
k

n
− sinx

∣

∣

∣

∣

)

(

sin k
n
− sinx

)N

N !
≤

ω1

(

F (N),

∣

∣

∣

∣

k

n
− x

∣

∣

∣

∣

)

(

k
n
− x
)N

N !
≤ ω1

(

F (N),
1

nα

)

1

nαNN !
.

So if k
n
≥ x, then

|ρ| ≤ ω1

(

F (N),
1

nα

)

1

N !nαN
.

ii) Subcase of k
n
≤ x, then sin k

n
≤ sin x. Hence

|ρ| ≤ 1

(N − 1)!

∫ x

k
n

(

sin s − sin
k

n

)N−1
∣

∣

∣F (N) (sin s) − F (N) (sin x)
∣

∣

∣ d sin s =

1

(N − 1)!

∫ sin x

sin k
n

(

w − sin
k

n

)N−1 ∣
∣

∣F
(N) (w) − F (N) (sin x)

∣

∣

∣ dw ≤

1

(N − 1)!

∫ sin x

sin k
n

(

w − sin
k

n

)N−1

ω1

(

F (N), |w − sinx|
)

dw ≤

1

(N − 1)!
ω1

(

F (N),

∣

∣

∣

∣

sin x − sin
k

n

∣

∣

∣

∣

) ∫ sin x

sin k
n

(

w − sin
k

n

)N−1

dw ≤
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1

(N − 1)!
ω1

(

F (N),

∣

∣

∣

∣

x − k

n

∣

∣

∣

∣

)

(

sin x − sin k
k

)N

N
≤

1

N !
ω1

(

F (N),
1

nα

) ∣

∣

∣

∣

x − k

n

∣

∣

∣

∣

N

≤ 1

nαNN !
ω1

(

F (N),
1

nα

)

.

We got for k
n
≤ x that

|ρ| ≤ ω1

(

F (N),
1

nα

)

1

nαNN !
.

So in both cases we proved that

|ρ| ≤ ω1

(

F (N),
1

nα

)

1

nαNN !
,

when
∣

∣

k
n
− x
∣

∣ ≤ 1
nα .

Also in general ( k
n
≥ x case)

|ρ| ≤ 1

(N − 1)!

(

∫ k
n

x

(

sin
k

n
− sin s

)N−1

d sin s

)

2
∥

∥

∥
F (N)

∥

∥

∥

∞
=

1

(N − 1)!

(

∫ sin k
n

sin x

(

sin
k

n
− w

)N−1

dw

)

2
∥

∥

∥F (N)
∥

∥

∥

∞
=

1

N !

(

sin
k

n
− sinx

)N

2
∥

∥

∥F (N)
∥

∥

∥

∞
≤ 2N+1

N !

∥

∥

∥F (N)
∥

∥

∥

∞
.

Also (case of k
n
≤ x) we get

|ρ| ≤ 1

(N − 1)!

(

∫ x

k
n

(

sin s − sin
k

n

)N−1

d sin s

)

2
∥

∥

∥F
(N)
∥

∥

∥

∞
=

1

(N − 1)!

(

∫ sin x

sin k
n

(

w − sin
k

n

)N−1

dw

)

2
∥

∥

∥F
(N)
∥

∥

∥

∞
=

1

(N − 1)!

(

sin x − sin k
n

)N

N
2
∥

∥

∥
F (N)

∥

∥

∥

∞
≤ 2N+1

N !

∥

∥

∥
F (N)

∥

∥

∥

∞
.

So we obtained in general that

|ρ| ≤ 2N+1

N !

∥

∥

∥F
(N)
∥

∥

∥

∞
.

Therefore we derive

|Mn (x)| ≤
⌊nb⌋
∑

k=⌈na⌉

(k:|x− k
n |≤ 1

nα )

Φ (nx − k) |ρ| +
⌊nb⌋
∑

k=⌈na⌉

(k:|x− k
n |> 1

nα )

Φ (nx − k) |ρ| ≤
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(

ω1

(

F (N), 1
nα

)

N !nαN

)

+
(3.1992)2N+1

N !

∥

∥

∥F (N)
∥

∥

∥

∞
e−n(1−α)

.

So that

|Mn (x)| ≤ ω1

(

F (N), 1
nα

)

N !nαN
+

(3.1992)2N+1

N !

∥

∥

∥F (N)
∥

∥

∥

∞
e−n(1−α)

.

Next we estimate
∣

∣

∣G∗
n

(

(sin · − sinx)
j
, x
)∣

∣

∣ ≤ G∗
n

(

|sin · − sinx|j , x
)

≤

G∗
n

(

|· − x|j , x
)

=

⌊nb⌋
∑

k=⌈na⌉

Φ (nx − k)

∣

∣

∣

∣

k

n
− x

∣

∣

∣

∣

j

≤

(work as before)
1

nαj
+ (3.1992) (π − 2ε)

j
e−n(1−α)

.

Therefore

∣

∣

∣G
∗
n

(

(sin · − sin x)
j
, x
)∣

∣

∣ ≤ 1

nαj
+ (3.1992) (π − 2ε)

j
e−n(1−α)

,

j = 1, ..., N.

The theorem is proved.

We finally give

Theorem 1.12. Let f ∈ CN ([ε, π−ε]), n, N ∈ N, ε > 0 small, x ∈ [ε, π − ε],
0 < α < 1. Then

1)

∣

∣

∣

∣

∣

∣

Gn (f, x) −
N
∑

j=1

(

f ◦ cos−1
)(j)

(cosx)

j!
Gn

(

(cos · − cosx)
j
, x
)

− f (x)

∣

∣

∣

∣

∣

∣

≤

(1.37)

(5.250312578)

⎡

⎣

ω1

(

(

f ◦ cos−1
)(N)

, 1
nα

)

nαNN !
+

⎛

⎝

(3.1992)2N+1
∥

∥

∥

(

f ◦ cos−1
)(N)

∥

∥

∥

∞

N !

⎞

⎠ e−n(1−α)

⎤

⎦ ,

2)
|Gn (f, x) − f (x)| ≤ (5.250312578) ·
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⎧

⎨

⎩

N
∑

j=1

∣

∣

∣

(

f ◦ cos−1
)(j)

(cosx)
∣

∣

∣

j!

[

1

nαj
+ (3.1992) (π − 2ε)

j
e−n(1−α)

]

+

⎡

⎣

ω1

(

(

f ◦ cos−1
)(N)

, 1
nα

)

N !nαN
+

(

(3.1992)2N+1

N !

∥

∥

∥

(

f ◦ cos−1
)(N)

∥

∥

∥

∞

)

e−n(1−α)

⎤

⎦

⎫

⎬

⎭

,

(1.38)
3) assume further f (j) (x0) = 0, j = 1, ..., N for some x0 ∈ [ε, π − ε], it

holds
|Gn (f, x0) − f (x0)| ≤ (5.250312578) · (1.39)

⎡

⎣

ω1

(

(

f ◦ cos−1
)(N)

, 1
nα

)

nαNN !
+

⎛

⎝

(3.1992)2N+1
∥

∥

∥

(

f ◦ cos−1
)(N)

∥

∥

∥

∞

N !

⎞

⎠ e−n(1−α)

⎤

⎦ .

Notice in the last the high speed of convergence of order n−α(N+1).

Proof. Call F := f ◦ cos−1 and let k
n
, x ∈ [ε, π − ε]. Then

f

(

k

n

)

− f (x) =

N
∑

j=1

F (j) (cosx)

j!

(

cos
k

n
− cosx

)j

+

1

(N − 1)!

∫ k
n

x

(

cos
k

n
− cos s

)N−1
(

F (N) (cos s) − F (N) (cosx)
)

d cos s.

Hence
⌊nb⌋
∑

k=⌈na⌉

f

(

k

n

)

Φ (nx − k) − f (x)

⌊nb⌋
∑

k=⌈na⌉

Φ (nx − k) =

N
∑

j=1

F (j) (cosx)

j!

⌊nb⌋
∑

k=⌈na⌉

Φ (nx−k)

(

cos
k

n
−cosx

)j

+
1

(N−1)!

⌊nb⌋
∑

k=⌈na⌉

Φ (nx−k) ·

∫ k
n

x

(

cos
k

n
− cos s

)N−1
(

F (N) (cos s) − F (N) (cosx)
)

d cos s.

Set here a = ε, b = π − ε. Thus

G∗
n (f, x) − f (x)

⌊nb⌋
∑

k=⌈na⌉

Φ (nx − k) =

N
∑

j=1

F (j) (cosx)

j!
G∗

n

(

(cos · − cosx)
j
, x
)

+ Θn (x) ,
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where

Θn (x) :=

⌊nb⌋
∑

k=⌈na⌉

Φ (nx − k)λ,

with

λ :=
1

(N−1)!

∫ k
n

x

(

cos
k

n
−cos s

)N−1
(

F (N) (cos s) − F (N) (cosx)
)

d cos s=

1

(N − 1)!

∫ cos k
n

cos x

(

cos
k

n
− w

)N−1
(

F (N) (w) − F (N) (cosx)
)

dw.

Case of
∣

∣

k
n
− x
∣

∣ ≤ 1
nα .

i) Subcase of k
n
≥ x. The function cos ine is decreasing on [a, b] , i.e. cos k

n
≤

cosx.

Then

|λ| ≤ 1

(N − 1)!

∫ cos x

cos k
n

(

w − cos
k

n

)N−1

|
(

F (N) (w) − F (N) (cosx)
)

|dw ≤

1

(N − 1)!

∫ cos x

cos k
n

(

w − cos
k

n

)N−1

ω1

(

F (N), |w − cosx|
)

dw ≤

ω1

(

F (N), cosx − cos
k

n

)

(

cosx − cos k
n

)N

N !
≤

ω1

(

F (N),

∣

∣

∣

∣

x − k

n

∣

∣

∣

∣

)

∣

∣x − k
n

∣

∣

N

N !
≤ ω1

(

F (N),
1

nα

)

1

nαNN !
.

So if k
n
≥ x, then

|λ| ≤ ω1

(

F (N),
1

nα

)

1

nαNN !
.

ii) Subcase of k
n
≤ x, then cos k

n
≥ cosx. Hence

|λ| ≤ 1

(N − 1)!

∫ cos k
n

cos x

(

cos
k

n
− w

)N−1 ∣
∣

∣F
(N) (w) − F (N) (cosx)

∣

∣

∣ dw ≤

1

(N − 1)!

∫ cos k
n

cos x

(

cos
k

n
− w

)N−1

ω1

(

F (N), w − cosx
)

dw ≤

1

(N − 1)!
ω1

(

F (N), cos
k

n
− cosx

)∫ cos k
n

cos x

(

cos
k

n
− w

)N−1

dw ≤

1

(N − 1)!
ω1

(

F (N),

∣

∣

∣

∣

k

n
− x

∣

∣

∣

∣

)

(

cos k
n
− cosx

)N

N
≤
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1

N !
ω1

(

F (N),

∣

∣

∣

∣

k

n
− x

∣

∣

∣

∣

) ∣

∣

∣

∣

k

n
− x

∣

∣

∣

∣

N

≤ 1

N !
ω1

(

F (N),
1

nα

)

1

nαN
.

We proved for k
n
≤ x that

|λ| ≤ ω1

(

F (N),
1

nα

)

1

N !nαN
.

So in both cases we got that

|λ| ≤ ω1

(

F (N),
1

nα

)

1

nαNN !
,

when
∣

∣

k
n
− x
∣

∣ ≤ 1
nα .

Also in general ( k
n
≥ x case)

|λ| ≤ 1

(N − 1)!

(

∫ cos x

cos k
n

(

w − cos
k

n

)N−1

dw

)

2
∥

∥

∥
F (N)

∥

∥

∥

∞
≤

1

N !

(

cosx − cos
k

n

)N

2
∥

∥

∥F (N)
∥

∥

∥

∞
≤ 2N+1

N !

∥

∥

∥F (N)
∥

∥

∥

∞
.

Also (case of k
n
≤ x) we obtain

|λ| ≤ 1

(N − 1)!

(

∫ cos k
n

cos x

(

cos
k

n
− w

)N−1

dw

)

2
∥

∥

∥
F (N)

∥

∥

∥

∞
=

1

N !

(

cos
k

n
− cosx

)N

2
∥

∥

∥F (N)
∥

∥

∥

∞
≤ 2N+1

N !

∥

∥

∥F (N)
∥

∥

∥

∞
.

So we proved in general that

|λ| ≤ 2N+1

N !

∥

∥

∥F (N)
∥

∥

∥

∞
.

Therefore we derive

|Θn (x)| ≤
⌊nb⌋
∑

k=⌈na⌉

(k:|x− k
n |≤ 1

nα )

Φ (nx − k) |λ| +
⌊nb⌋
∑

k=⌈na⌉

(k:|x− k
n |> 1

nα )

Φ (nx − k) |λ| ≤

(

ω1

(

F (N),
1

nα

)

1

nαNN !

)

+ (3.1992)
2N+1

N !

∥

∥

∥F
(N)
∥

∥

∥

∞
e−n(1−α)

.

So that

|Θn (x)| ≤ ω1

(

F (N), 1
nα

)

nαNN !
+ (3.1992)

2N+1

N !

∥

∥

∥F (N)
∥

∥

∥

∞
e−n(1−α)

.
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Next we estimate
∣

∣

∣
G∗

n

(

(cos · − cosx)j
, x
)∣

∣

∣
≤ G∗

n

(

|cos · − cosx|j , x
)

≤

G∗
n

(

|· − x|j , x
)

=

⌊nb⌋
∑

k=⌈na⌉

Φ (nx − k)

∣

∣

∣

∣

k

n
− x

∣

∣

∣

∣

j

≤

(work as before)
1

nαj
+ (3.1992) (π − 2ε)

j
e−n(1−α)

.

Therefore

∣

∣

∣G∗
n

(

(cos · − cosx)j
, x
)∣

∣

∣ ≤ 1

nαj
+ (3.1992) (π − 2ε)j e−n(1−α)

,

j = 1, ..., N.

The theorem is proved.

1.4 Complex Neural Network Quantitative

Approximations

We make

Remark 1.13. Let X := [a, b], R and f : X → C with real and imaginary
parts f1, f2 : f = f1 + if2, i =

√
−1. Clearly f is continuous iff f1 and f2 are

continuous.
Also it holds

f (j) (x) = f
(j)
1 (x) + if

(j)
2 (x) , (1.40)

for all j = 1, ..., N , given that f1, f2 ∈ CN (X), N ∈ N.
We denote by CB (R, C) the space of continuous and bounded functions

f : R → C. Clearly f is bounded, iff both f1, f2 are bounded from R into R,
where f = f1 + if2.

Here we define

Gn (f, x) := Gn (f1, x) + iGn (f2, x) , (1.41)

and
Gn (f, x) := Gn (f1, x) + iGn (f2, x) . (1.42)

We observe here that

|Gn (f, x) − f (x)| ≤ |Gn (f1, x) − f1 (x)| + |Gn (f2, x) − f2 (x)| , (1.43)
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and

‖Gn (f) − f‖∞ ≤ ‖Gn (f1) − f1‖∞ + ‖Gn (f2) − f2‖∞ . (1.44)

Similarly we get

∣

∣Gn (f, x) − f (x)
∣

∣ ≤
∣

∣Gn (f1, x) − f1 (x)
∣

∣+
∣

∣Gn (f2, x) − f2 (x)
∣

∣ , (1.45)

and

∥

∥Gn (f) − f
∥

∥

∞
≤
∥

∥Gn (f1) − f1

∥

∥

∞
+
∥

∥Gn (f2) − f2

∥

∥

∞
. (1.46)

We give

Theorem 1.14. Let f ∈ C ([a, b] , C) , f = f1 + if2, 0 < α < 1, n ∈ N,
x ∈ [a, b]. Then

i)
|Gn (f, x) − f (x)| ≤ (5.250312578) · (1.47)

[(

ω1

(

f1,
1

nα

)

+ω1

(

f2,
1

nα

))

+(6.3984) (‖f1‖∞+‖f2‖∞) e−n(1−α)

]

=: ψ1,

and
ii)

‖Gn (f) − f‖∞ ≤ ψ1. (1.48)

Proof. Based on Remark 1.13 and Theorem 1.6.

We give

Theorem 1.15. Let f ∈ CB (R, C), f = f1 + if2, 0 < α < 1, n ∈ N, x ∈ R.
Then

i)

∣

∣Gn (f, x) − f (x)
∣

∣ ≤
(

ω1

(

f1,
1

nα

)

+ ω1

(

f2,
1

nα

))

+ (1.49)

(6.3984) (‖f1‖∞ + ‖f2‖∞) e−n(1−α)

=: ψ2,

ii)
∥

∥Gn (f) − f
∥

∥

∞
≤ ψ2. (1.50)

Proof. Based on Remark 1.13 and Theorem 1.7.

Next we present a result of high order complex neural network approximation.

Theorem 1.16. Let f : [a, b] → C, [a, b] ⊂ R, such that f = f1+if2. Assume
f1, f2 ∈ CN ([a, b]) , n, N ∈ N, 0 < α < 1, x ∈ [a, b]. Then

i)
|Gn (f, x) − f (x)| ≤ (5.250312578) · (1.51)
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⎧

⎨

⎩

N
∑

j=1

(
∣

∣

∣f
(j)
1 (x)

∣

∣

∣+
∣

∣

∣f
(j)
2 (x)

∣

∣

∣)

j!

[

1

nαj
+ (3.1992) (b − a)

j
e−n(1−α)

]

+

⎡

⎣

(ω1

(

f
(N)
1 , 1

nα

)

+ ω1

(

f
(N)
2 , 1

nα

)

)

nαNN !
+

⎛

⎝

(6.3984)
(∥

∥

∥
f

(N)
1

∥

∥

∥

∞
+
∥

∥

∥
f

(N)
2

∥

∥

∥

∞

)

(b − a)N

N !

⎞

⎠ e−n(1−α)

⎤

⎦

⎫

⎬

⎭

,

ii) assume further f
(j)
1 (x0) = f

(j)
2 (x0) = 0, j = 1, ..., N , for some x0 ∈

[a, b], it holds
|Gn (f, x0) − f (x0)| ≤ (5.250312578) · (1.52)
⎡

⎣

(ω1

(

f
(N)
1 , 1

nα

)

+ ω1

(

f
(N)
2 , 1

nα

)

)

nαNN !
+

⎛

⎝

(6.3984)
(∥

∥

∥f
(N)
1

∥

∥

∥

∞
+
∥

∥

∥f
(N)
2

∥

∥

∥

∞

)

(b − a)
N

N !

⎞

⎠ e−n(1−α)

⎤

⎦ ,

notice here the extremely high rate of convergence at n−(N+1)α,

iii)
‖Gn (f) − f‖∞ ≤ (5.250312578) ·

⎧

⎨

⎩

N
∑

j=1

(∥

∥

∥
f

(j)
1

∥

∥

∥

∞
+
∥

∥

∥
f

(j)
2

∥

∥

∥

∞

)

j!

[

1

nαj
+ (3.1992) (b − a)

j
e−n(1−α)

]

+

⎡

⎣

(

ω1

(

f
(N)
1 , 1

nα

)

+ ω1

(

f
(N)
2 , 1

nα

))

nαNN !
+

(
(6.3984)

(∥

∥

∥f
(N)
1

∥

∥

∥

∞
+
∥

∥

∥f
(N)
2

∥

∥

∥

∞

)

(b − a)
N

N !
)e−n(1−α)

⎤

⎦

⎫

⎬

⎭

. (1.53)

Proof. Based on Remark 1.13 and Theorem 1.8.
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Chapter 2

Univariate Hyperbolic Tangent Neural
Network Quantitative Approximation

Here we give the univariate quantitative approximation of real and complex
valued continuous functions on a compact interval or all the real line by
quasi-interpolation hyperbolic tangent neural network operators. This ap-
proximation is obtained by establishing Jackson type inequalities involving
the modulus of continuity of the engaged function or its high order derivative.
The operators are defined by using a density function induced by the hyper-
bolic tangent function. Our approximations are pointwise and with respect
to the uniform norm. The related feed-forward neural network is with one
hidden layer. This chapter relies on [4].

2.1 Introduction

The author in [1] and [2], see chapters 2-5, was the first to present neural net-
work approximations to continuous functions with rates by very specifically
defined neural network operators of Cardaliagnet-Euvrard and ”Squashing”
types, by employing the modulus of continuity of the engaged function or its
high order derivative, and producing very tight Jackson type inequalities. He
treats there both the univariate and multivariate cases. The defining these
operators ”bell-shaped” and ”squashing” functions are assumed to be of com-
pact support. Also in [2] he gives the Nth order asymptotic expansion for
the error of weak approximation of these two operators to a special natural
class of smooth functions, see chapters 4-5 there.

For this chapter the author is inspired by the article [5] by Z. Chen and
F. Cao.

He does related to it work and much more beyond. So the author here gives
univariate hyperbolic tangent neural network approximations to continuous
functions over compact intervals of the real line or over the whole R, then

G.A. Anastassiou: Intelligent Systems: Approximation by ANN, ISRL 19, pp. 33–65.
springerlink.com c© Springer-Verlag Berlin Heidelberg 2011



34 2 Univariate Hyperbolic Tangent Neural Network

he extends his results to complex valued functions. All convergences here are
with rates expressed via the modulus of continuity of the involved function or
its high order derivative, and given by very tight Jackson type inequalities.

The author here comes up with the ”right” precisely defined quasi-
interpolation neural network operator, associated with hyperbolic tangent
function and related to a compact interval or real line. The compact intervals
are not necessarily symmetric to the origin. Some of the upper bounds to
error quantity are very flexible and general. In preparation to establish our
results we give important properties of the basic density function defining
our operators.

Feed-forward neural networks (FNNs) with one hidden layer, the only type
of networks we deal with in this chapter, are mathematically expressed as

Nn (x) =

n
∑

j=0

cjσ (〈aj · x〉 + bj) , x ∈ R
s, s ∈ N,

where for 0 ≤ j ≤ n, bj ∈ R are the thresholds, aj ∈ Rs are the connection
weights, cj ∈ R are the coefficients, 〈aj · x〉 is the inner product of aj and
x, and σ is the activation function of the network. In many fundamental
network models, the activation function is the hyperbolic tangent. About
neural networks see [6], [7], [8].

2.2 Basic Ideas

We consider here the hyperbolic tangent function tanhx, x ∈ R :

tanhx :=
ex − e−x

ex + e−x
=

e2x − 1

e2x + 1
.

It has the properties tanh 0 = 0, −1 < tanhx < 1, ∀ x ∈ R, and tanh (−x) =
− tanhx. Furthermore tanhx → 1 as x → ∞, and tanhx → −1, as x → −∞,
and it is strictly increasing on R. Furthermore it holds d

dx
tanhx = 1

cosh2 x
> 0.

This function plays the role of an activation function in the hidden layer
of neural networks.

We further consider

Ψ (x) :=
1

4
(tanh (x + 1) − tanh (x − 1)) > 0, ∀ x ∈ R.

We easily see thatΨ (−x) = Ψ (x), that is Ψ is even on R. Obviously Ψ is
differentiable, thus continuous.
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Proposition 2.1. Ψ (x) for x ≥ 0 is strictly decreasing.

Proof. Clearly

dΨ (x)

dx
=

1

4

(

1

cosh2 (x + 1)
− 1

cosh2 (x − 1)

)

=

(

cosh2 (x − 1) − cosh2 (x + 1)
)

4 cosh2 (x + 1) cosh2 (x − 1)

=

(

cosh (x − 1) + cosh (x + 1)

4 cosh2 (x + 1) cosh2 (x − 1)

)

(cosh (x − 1) − cosh (x + 1)) .

Suppose x − 1 ≥ 0. Clearly x − 1 < x + 1, so that 0 < cosh (x − 1) <

cosh (x + 1) and (cosh (x − 1) − cosh (x + 1)) < 0, hence Ψ ′ (x) < 0.

Let now x − 1 < 0, then 1 − x > 0, and for x > 0 we have
0 < cosh (x − 1) = cosh (1 − x) < cosh (1 + x) = cosh (x + 1) . Hence
(cosh (x − 1) − cosh (x + 1)) < 0, proving again Ψ ′ (x) < 0. Also Ψ is con-
tinuous everywhere and in particular at zero.

The claim is proved.

Clearly Ψ (x) is strictly increasing for x ≤ 0. Also it holds lim
x→−∞

Ψ (x) = 0 =

lim
x→∞

Ψ (x) .

Infact Ψ has the bell shape with horizontal asymptote the x-axis. So the
maximum of Ψ is zero, Ψ (0) = 0.3809297.

Theorem 2.2. We have that
∑∞

i=−∞ Ψ (x − i) = 1, ∀ x ∈ R.

Proof. We observe that

∞
∑

i=−∞

(tanh (x − i) − tanh (x − 1 − i)) =

∞
∑

i=0

(tanh (x − i) − tanh (x − 1 − i))+

−1
∑

i=−∞

(tanh (x − i) − tanh (x − 1 − i)) .

Furthermore (λ ∈ Z+)

∞
∑

i=0

(tanh (x − i) − tanh (x − 1 − i)) =

lim
λ→∞

λ
∑

i=0

(tanh (x − i) − tanh (x − 1 − i)) =
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(telescoping sum)

lim
λ→∞

(tanhx − tanh (x − λ)) = 1 + tanhx.

Similarly,
−1
∑

i=−∞

(tanh (x − i) − tanh (x − 1 − i)) =

lim
λ→∞

−1
∑

i=−λ

(tanh (x − i) − tanh (x − 1 − i)) =

lim
λ→∞

(tanh (x + λ) − tanhx) = 1 − tanhx.

So adding the last two limits we obtain

∞
∑

i=−∞

(tanh (x − i) − tanh (x − 1 − i)) = 2, ∀ x ∈ R.

Similarly we obtain

∞
∑

i=−∞

(tanh (x + 1 − i) − tanh (x − i)) = 2, ∀ x ∈ R.

Consequently

∞
∑

i=−∞

(tanh (x + 1 − i) − tanh (x − 1 − i)) = 4, ∀ x ∈ R,

proving the claim.

Thus
∞
∑

i=−∞

Ψ (nx − i) = 1, ∀ n ∈ N, ∀ x ∈ R.

Furthermore we give:
Because Ψ is even it holds

∑∞
i=−∞ Ψ (i − x) = 1, ∀x ∈ R.

Hence
∑∞

i=−∞ Ψ (i + x) = 1, ∀ x ∈ R, and
∑∞

i=−∞ Ψ (x + i) = 1, ∀
x ∈ R.

Theorem 2.3. It holds
∫∞

−∞
Ψ (x) dx = 1.

Proof. We observe that

∫ ∞

−∞

Ψ (x) dx =

∞
∑

j=−∞

∫ j+1

j

Ψ (x) dx =

∞
∑

j=−∞

∫ 1

0

Ψ (x + j) dx =
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∫ 1

0

⎛

⎝

∞
∑

j=−∞

Ψ (x + j)

⎞

⎠ dx =

∫ 1

0

1dx = 1.

So Ψ (x) is a density function on R.

Theorem 2.4. Let 0 < α < 1 and n ∈ N. It holds

∞
∑

⎧

⎨

⎩

k = −∞
: |nx − k| ≥ n1−α

Ψ (nx − k) ≤ e4 · e−2n(1−α)

.

Proof. Let x ≥ 1. That is 0 ≤ x − 1 < x + 1.

Applying the mean value theorem we obtain

Ψ (x) =
1

4
· 2 · 1

cosh2 ξ
=

1

2

1

cosh2 ξ
,

for some x − 1 < ξ < x + 1.

We get cosh (x − 1) < cosh ξ < cosh (x + 1) and cosh2 (x − 1) < cosh2 ξ <

cosh2 (x + 1) .

Therefore

0 <
1

cosh2 ξ
<

1

cosh2 (x − 1)
,

and

Ψ (x) <
1

2

1

cosh2 (x − 1)
=

1

2

4

(ex−1 + e1−x)
2 =

2

(ex−1 + e1−x)
2 =: (∗) .

From ex−1 + e1−x > ex−1 we obtain
(

ex−1 + e1−x
)2

> e2(x−1), and

1

(ex−1 + e1−x)2
<

1

e2(x−1)
.

So that

(∗) <
2

e2(x−1)
= 2e2 · e−2x.

That is we proved
Ψ (x) < 2e2 · e−2x, x ≥ 1.

Thus

∞
∑

⎧

⎨

⎩

k = −∞
: |nx − k| ≥ n1−α

Ψ (nx − k) =

∞
∑

⎧

⎨

⎩

k = −∞
: |nx − k| ≥ n1−α

Ψ (|nx − k|) <
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2e2
∞
∑

⎧

⎨

⎩

k = −∞
: |nx − k| ≥ n1−α

(

e−2|nx−k|
)

≤ 2e2

∫ ∞

(n1−α−1)

e−2xdx

= e2

∫ ∞

2(n1−α−1)

e−ydy = e2e−2(n(1−α)−1) = e4 · e−2n(1−α)

,

proving the claim.

Denote by ⌊·⌋ the integral part of the number and by ⌈·⌉ the ceiling of the
number.

We further give

Theorem 2.5. Let x ∈ [a, b] ⊂ R and n ∈ N so that ⌈na⌉ ≤ ⌊nb⌋. It holds

1
∑⌊nb⌋

k=⌈na⌉ Ψ (nx − k)
< 4.1488766 =

1

Ψ (1)
.

Proof. We observe that

1 =

∞
∑

k=−∞

Ψ (nx − k) >

⌊nb⌋
∑

k=⌈na⌉

Ψ (nx − k) =

⌊nb⌋
∑

k=⌈na⌉

Ψ (|nx − k|) > Ψ (|nx − k0|) ,

∀ k0 ∈ [⌈na⌉ , ⌊nb⌋] ∩ Z.
We can choose k0 ∈ [⌈na⌉ , ⌊nb⌋] ∩ Z such that |nx − k0| < 1.

Therefore

Ψ (|nx − k0|) > Ψ (1) =
1

4
(tanh (2) − tanh (0)) =

1

4
tanh 2 =

1

4

(

e2 − e−2

e2 + e−2

)

=
1

4

(

e4 − 1

e4 + 1

)

= 0.2410291.

So Ψ (1) = 0.2410291.

Consequently we obtain

⌊nb⌋
∑

k=⌈na⌉

Ψ (|nx − k|) > 0.2410291 = Ψ (1) ,

and
1

∑⌊nb⌋
k=⌈na⌉ Ψ (|nx − k|)

< 4.1488766 =
1

Ψ (1)
,

proving the claim.
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Remark 2.6. We also notice that

1 −
⌊nb⌋
∑

k=⌈na⌉

Ψ (nb − k) =

⌈na⌉−1
∑

k=−∞

Ψ (nb − k) +

∞
∑

k=⌊nb⌋+1

Ψ (nb − k)

> Ψ (nb − ⌊nb⌋ − 1)

(call ε := nb − ⌊nb⌋, 0 ≤ ε < 1)

= Ψ (ε − 1) = Ψ (1 − ε) ≥ Ψ (1) > 0.

Therefore lim
n→∞

(

1 −∑⌊nb⌋
k=⌈na⌉ Ψ (nb − k)

)

> 0.

Similarly,

1 −
⌊nb⌋
∑

k=⌈na⌉

Ψ (na − k) =

⌈na⌉−1
∑

k=−∞

Ψ (na − k) +
∞
∑

k=⌊nb⌋+1

Ψ (na − k)

> Ψ (na − ⌈na⌉ + 1)

(call η := ⌈na⌉ − na, 0 ≤ η < 1)

= Ψ (1 − η) ≥ Ψ (1) > 0.

Therefore again lim
n→∞

(

1 −∑⌊nb⌋
k=⌈na⌉ Ψ (na − k)

)

> 0.

Therefore we find that

lim
n→∞

⌊nb⌋
∑

k=⌈na⌉

Ψ (nx − k) �= 1,

for at least some x ∈ [a, b].

Definition 2.7. Let f ∈ C ([a, b]) and n ∈ N such that ⌈na⌉ ≤ ⌊nb⌋.
We introduce and define the positive linear neural network operator

Fn (f, x) :=

∑⌊nb⌋
k=⌈na⌉ f

(

k
n

)

Ψ (nx − k)
∑⌊nb⌋

k=⌈na⌉ Ψ (nx − k)
, x ∈ [a.b] . (2.1)

For large enough n we always obtain ⌈na⌉ ≤ ⌊nb⌋. Also a ≤ k
n

≤ b, iff
⌈na⌉ ≤ k ≤ ⌊nb⌋.

We study here the pointwise and uniform convergence of Fn (f, x) to f (x)
with rates.

For convenience we call

F ∗
n (f, x) :=

⌊nb⌋
∑

k=⌈na⌉

f

(

k

n

)

Ψ (nx − k) , (2.2)
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that is

Fn (f, x) :=
F ∗

n (f, x)
∑⌊nb⌋

k=⌈na⌉ Ψ (nx − k)
. (2.3)

So that,

Fn (f, x) − f (x) =
F ∗

n (f, x)
∑⌊nb⌋

k=⌈na⌉ Ψ (nx − k)
− f (x)

=
F ∗

n (f, x) − f (x)
∑⌊nb⌋

k=⌈na⌉ Ψ (nx − k)
∑⌊nb⌋

k=⌈na⌉ Ψ (nx − k)
. (2.4)

Consequently we derive

|Fn (f, x) − f (x)| ≤ 1

Ψ (1)

∣

∣

∣

∣

∣

∣

F ∗
n (f, x) − f (x)

⌊nb⌋
∑

k=⌈na⌉

Ψ (nx − k)

∣

∣

∣

∣

∣

∣

. (2.5)

That is

|Fn (f, x) − f (x)| ≤ (4.1488766)

∣

∣

∣

∣

∣

∣

⌊nb⌋
∑

k=⌈na⌉

(

f

(

k

n

)

− f (x)

)

Ψ (nx − k)

∣

∣

∣

∣

∣

∣

.

(2.6)
We will estimate the right hand side of (2.6).

For that we need, for f ∈ C ([a, b]) the first modulus of continuity

ω1 (f, h) := sup
x, y ∈ [a, b]
|x − y| ≤ h

|f (x) − f (y)| , h > 0. (2.7)

Similarly it is defined for f ∈ CB (R) (continuous and bounded on R). We
have that lim

h→0
ω1 (f, h) = 0.

Definition 2.8. When f ∈ CB (R) we define,

Fn (f, x) :=

∞
∑

k=−∞

f

(

k

n

)

Ψ (nx − k) , n ∈ N, x ∈ R, (2.8)

the quasi-interpolation neural network operator.

By [3] we derive the following three theorems on extended Taylor formula.

Theorem 2.9. Let N ∈ N, 0 < ε < π
2 small, and f ∈ CN

([

−π
2 + ε, π

2 − ε
])

;

x, y ∈
[

−π
2 + ε, π

2 − ε
]

. Then

f (x) = f (y) +

N
∑

k=1

(

f ◦ sin−1
)(k)

(sin y)

k!
(sinx − sin y)

k
+ KN (y, x) , (2.9)
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where

KN (y, x) =
1

(N − 1)!
· (2.10)

∫ x

y

(sin x − sin s)
N−1

(

(

f ◦ sin−1
)(N)

(sin s)−
(

f ◦ sin−1
)(N)

(sin y)
)

cos s ds.

Theorem 2.10. Let f ∈ CN ([ε, π − ε]), N ∈ N, ε>0 small; x, y ∈ [ε, π − ε].
Then

f (x) = f (y)+

N
∑

k=1

(

f ◦ cos−1
)(k)

(cos y)

k!
(cosx − cos y)

k
+K∗

N (y, x) , (2.11)

where

K∗
N (y, x) = − 1

(N − 1)!
· (2.12)

∫ x

y

(cosx−cos s)N−1
[

(

f ◦ cos−1
)(N)

(cos s)−
(

f ◦ cos−1
)(N)

(cos y)
]

sin s ds.

Theorem 2.11. Let f ∈ CN ([a, b]) (or f ∈ CN (R)), N ∈ N; x, y ∈ [a, b]
(or x, y ∈ R). Then

f (x) = f (y) +

N
∑

k=1

(

f ◦ ln 1
e

)(k)

(e−y)

k!

(

e−x − e−y
)k

+ KN (y, x) , (2.13)

where

KN (y, x) = − 1

(N − 1)!
· (2.14)

∫ x

y

(

e−x − e−s
)N−1

[

(

f ◦ ln 1
e

)(N)
(

e−s
)

−
(

f ◦ ln 1
e

)(N)
(

e−y
)

]

e−sds.

Remark 2.12. Using the mean value theorem we obtain

|sinx − sin y| ≤ |x − y| , (2.15)

|cosx − cos y| ≤ |x − y| , ∀ x, y ∈ R,

furthermore we have

|sinx − sin y| ≤ 2, (2.16)

|cosx − cos y| ≤ 2, ∀ x, y ∈ R.

Similarly we get
∣

∣e−x − e−y
∣

∣ ≤ e−a |x − y| , (2.17)

and
∣

∣e−x − e−y
∣

∣ ≤ e−a − e−b, ∀ x, y ∈ [a, b] . (2.18)
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Let g (x) = ln 1
e

x, sin−1 x, cos−1 x and assume f (j) (x0) = 0, k = 1, ..., N .

Then, by [3], we get
(

f ◦ g−1
)(j)

(g (x0)) = 0, j = 1, ..., N.

Remark 2.13. It is well known that ex > xm, m ∈ N, for large x > 0.

Let fixed α, β > 0, then
⌈

α
β

⌉

∈ N, and for large x > 0 we have

ex > x⌈α
β ⌉ ≥ x

α
β .

So for suitable very large x > 0 we find

exβ

>
(

xβ
)

α
β = xα.

We proved for large x > 0 and α, β > 0 that

exβ

> xα. (2.19)

Therefore for large n ∈ N and fixed α, β > 0, we have

e2nβ

> nα. (2.20)

That is
e−2nβ

< n−α, for large n ∈ N. (2.21)

So for 0 < α < 1 we get

e−2n(1−α)

< n−α. (2.22)

Thus be given fixed A, B > 0, for the linear combination
(

An−α+Be−2n(1−α)
)

the (dominant) rate of convergence to zero is n−α.
The closer α is to 1 we get faster and better rate of convergence to zero.

2.3 Real Neural Network Quantitative Approximations

Here we give a series of neural network approximation to a function given
with rates.

We first present

Theorem 2.14. Let f ∈ C ([a, b]) , 0 < α < 1, n ∈ N, x ∈ [a, b]. Then
i)

|Fn (f, x) − f (x)| ≤ (4.1488766)

[

ω1

(

f,
1

nα

)

+ 2e4 ‖f‖∞ e−2n(1−α)

]

=: λ∗,

(2.23)
and

ii)
‖Fn (f) − f‖∞ ≤ λ∗, (2.24)

where ‖·‖∞ is the supremum norm.
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Proof. We see that
∣

∣

∣

∣

∣

∣

⌊nb⌋
∑

k=⌈na⌉

(

f

(

k

n

)

− f (x)

)

Ψ (nx − k)

∣

∣

∣

∣

∣

∣

≤

⌊nb⌋
∑

k=⌈na⌉

∣

∣

∣

∣

f

(

k

n

)

− f (x)

∣

∣

∣

∣

Ψ (nx − k) =

⌊nb⌋
∑

⎧

⎨

⎩

k = ⌈na⌉
∣

∣

k
n
− x
∣

∣ ≤ 1
nα

∣

∣

∣

∣

f

(

k

n

)

− f (x)

∣

∣

∣

∣

Ψ (nx − k)+

⌊nb⌋
∑

⎧

⎨

⎩

k = ⌈na⌉
∣

∣

k
n
− x
∣

∣ > 1
nα

∣

∣

∣

∣

f

(

k

n

)

− f (x)

∣

∣

∣

∣

Ψ (nx − k) ≤

⌊nb⌋
∑

⎧

⎨

⎩

k = ⌈na⌉
∣

∣

k
n
− x
∣

∣ ≤ 1
nα

ω1

(

f,

∣

∣

∣

∣

k

n
− x

∣

∣

∣

∣

)

Ψ (nx − k)+

2 ‖f‖∞
⌊nb⌋
∑

⎧

⎨

⎩

k = ⌈na⌉
|k − nx| > n1−α

Ψ (nx − k) ≤

ω1

(

f,
1

nα

) ∞
∑

⎧

⎨

⎩

k = −∞
∣

∣

k
n
− x
∣

∣ ≤ 1
nα

Ψ (nx − k)+

2 ‖f‖∞
∞
∑

⎧

⎨

⎩

k = −∞
|k − nx| > n1−α

Ψ (nx − k) ≤
(by Theorem 2.4)

ω1

(

f,
1

nα

)

+ 2 ‖f‖∞ e4e−2n(1−α)

= ω1

(

f,
1

nα

)

+ 2e4 ‖f‖∞ e−2n(1−α)

.
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That is
∣

∣

∣

∣

∣

∣

⌊nb⌋
∑

k=⌈na⌉

(

f

(

k

n

)

− f (x)

)

Ψ (nx − k)

∣

∣

∣

∣

∣

∣

≤ ω1

(

f,
1

nα

)

+ 2e4 ‖f‖∞ e−2n(1−α)

.

Using (2.6) we prove the claim.

Next we give

Theorem 2.15. Let f ∈ CB (R), 0 < α < 1, n ∈ N, x ∈ R. Then
i)

∣

∣Fn (f, x) − f (x)
∣

∣ ≤ ω1

(

f,
1

nα

)

+ 2e4 ‖f‖∞ e−2n(1−α)

=: µ, (2.25)

and
ii)

∥

∥Fn (f) − f
∥

∥

∞
≤ µ. (2.26)

Proof. We see that

∣

∣Fn (f, x) − f (x)
∣

∣ =

∣

∣

∣

∣

∣

∞
∑

k=−∞

f

(

k

n

)

Ψ (nx − k) − f (x)

∞
∑

k=−∞

Ψ (nx − k)

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∞
∑

k=−∞

(

f

(

k

n

)

− f (x)

)

Ψ (nx − k)

∣

∣

∣

∣

∣

≤
∞
∑

k=−∞

∣

∣

∣

∣

f

(

k

n

)

− f (x)

∣

∣

∣

∣

Ψ (nx − k) =

∞
∑

⎧

⎨

⎩

k = −∞
∣

∣

k
n
− x
∣

∣ ≤ 1
nα

∣

∣

∣

∣

f

(

k

n

)

− f (x)

∣

∣

∣

∣

Ψ (nx − k)+

∞
∑

⎧

⎨

⎩

k = −∞
∣

∣

k
n
− x
∣

∣ > 1
nα

∣

∣

∣

∣

f

(

k

n

)

− f (x)

∣

∣

∣

∣

Ψ (nx − k) ≤

∞
∑

⎧

⎨

⎩

k = −∞
∣

∣

k
n
− x
∣

∣ ≤ 1
nα

ω1

(

f,

∣

∣

∣

∣

k

n
− x

∣

∣

∣

∣

)

Ψ (nx − k)+

2 ‖f‖∞
∞
∑

⎧

⎨

⎩

k = −∞
∣

∣

k
n
− x
∣

∣ > 1
nα

Ψ (nx − k) ≤
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ω1

(

f,
1

nα

) ∞
∑

⎧

⎨

⎩

k = −∞
∣

∣

k
n
− x
∣

∣ ≤ 1
nα

Ψ (nx − k)+

2 ‖f‖∞
∞
∑

⎧

⎨

⎩

k = −∞
|k − nx| > n1−α

Ψ (nx − k) ≤

ω1

(

f,
1

nα

)

+ 2 ‖f‖∞ e4e−2n(1−α)

= ω1

(

f,
1

nα

)

+ 2e4 ‖f‖∞ e−2n(1−α)

,

proving the claim.

In the next we discuss high order of approximation by using the smoothness
of f .

Theorem 2.16. Let f ∈ CN ([a, b]), n, N ∈ N, 0 < α < 1, x ∈ [a, b]. Then
i)

|Fn (f, x) − f (x)| ≤ (4.1488766) · (2.27)
⎧

⎨

⎩

N
∑

j=1

∣

∣f (j) (x)
∣

∣

j!

[

1

nαj
+ e4 (b − a)

j
e−2n(1−α)

]

+

[

ω1

(

f (N),
1

nα

)

1

nαNN !
+

2e4
∥

∥f (N)
∥

∥

∞
(b − a)

N

N !
e−2n(1−α)

]}

,

ii) suppose further f (j) (x0) = 0, j = 1, ..., N , for some x0 ∈ [a, b], it holds

|Fn (f, x0) − f (x0)| ≤ (4.1488766) · (2.28)

[

ω1

(

f (N),
1

nα

)

1

nαNN !
+

2e4
∥

∥f (N)
∥

∥

∞
(b − a)N

N !
e−2n(1−α)

]

,

notice here the extremely high rate of convergence at n−(N+1)α,

iii)
‖Fn (f) − f‖∞ ≤ (4.1488766) · (2.29)

⎧

⎨

⎩

N
∑

j=1

∥

∥f (j)
∥

∥

∞

j!

[

1

nαj
+ e4 (b − a)

j
e−2n(1−α)

]

+

[

ω1

(

f (N),
1

nα

)

1

nαNN !
+

2e4
∥

∥f (N)
∥

∥

∞
(b − a)

N

N !
e−2n(1−α)

]}

.
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Proof. Next we apply Taylor’s formula with integral remainder.
We have (here k

n
, x ∈ [a, b])

f

(

k

n

)

=

N
∑

j=0

f (j) (x)

j!

(

k

n
− x

)j

+

∫ k
n

x

(

f (N) (t) − f (N) (x)
)

(

k
n
− t
)N−1

(N − 1)!
dt.

Then

f

(

k

n

)

Ψ (nx − k) =

N
∑

j=0

f (j) (x)

j!
Ψ (nx − k)

(

k

n
− x

)j

+

Ψ (nx − k)

∫ k
n

x

(

f (N) (t) − f (N) (x)
)

(

k
n
− t
)N−1

(N − 1)!
dt.

Hence
⌊nb⌋
∑

k=⌈na⌉

f

(

k

n

)

Ψ (nx − k) − f (x)

⌊nb⌋
∑

k=⌈na⌉

Ψ (nx − k) =

N
∑

j=1

f (j) (x)

j!

⌊nb⌋
∑

k=⌈na⌉

Ψ (nx − k)

(

k

n
− x

)j

+

⌊nb⌋
∑

k=⌈na⌉

Ψ (nx − k)

∫ k
n

x

(

f (N) (t) − f (N) (x)
)

(

k
n
− t
)N−1

(N − 1)!
dt.

Therefore

F ∗
n (f, x) − f (x)

⎛

⎝

⌊nb⌋
∑

k=⌈na⌉

Ψ (nx − k)

⎞

⎠ =

N
∑

j=1

f (j) (x)

j!
F ∗

n

(

(· − x)
j
)

+ Λn (x) ,

where

Λn (x) :=

⌊nb⌋
∑

k=⌈na⌉

Ψ (nx − k)

∫ k
n

x

(

f (N) (t) − f (N) (x)
)

(

k
n
− t
)N−1

(N − 1)!
dt.

We suppose that b−a > 1
nα , which is always the case for large enough n ∈ N,

that is when n >
⌈

(b − a)
− 1

α

⌉

.

Thus
∣

∣

k
n
− x
∣

∣ ≤ 1
nα or

∣

∣

k
n
− x
∣

∣ > 1
nα .

As in [2], pp. 72-73 for

γ :=

∫ k
n

x

(

f (N) (t) − f (N) (x)
)

(

k
n
− t
)N−1

(N − 1)!
dt,
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in case of
∣

∣

k
n
− x
∣

∣ ≤ 1
nα , we find that

|γ| ≤ ω1

(

f (N),
1

nα

)

1

nαNN !

(for x ≤ k
n

or x ≥ k
n
).

Notice also for x ≤ k
n

that

∣

∣

∣

∣

∣

∫ k
n

x

(

f (N) (t) − f (N) (x)
)

(

k
n
− t
)N−1

(N − 1)!
dt

∣

∣

∣

∣

∣

≤

∫ k
n

x

∣

∣

∣f
(N) (t) − f (N) (x)

∣

∣

∣

(

k
n
− t
)N−1

(N − 1)!
dt ≤

2
∥

∥

∥f (N)
∥

∥

∥

∞

∫ k
n

x

(

k
n
−t
)N−1

(N − 1)!
dt=2

∥

∥

∥f (N)
∥

∥

∥

∞

(

k
n
−x
)N

N !
≤ 2
∥

∥

∥f (N)
∥

∥

∥

∞

(b − a)
N

N !
.

Next suppose k
n
≤ x, then

∣

∣

∣

∣

∣

∫ k
n

x

(

f (N) (t) − f (N) (x)
)

(

k
n
− t
)N−1

(N − 1)!
dt

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∫ x

k
n

(

f (N) (t) − f (N) (x)
)

(

k
n
− t
)N−1

(N − 1)!
dt

∣

∣

∣

∣

∣

≤

∫ x

k
n

∣

∣

∣f (N) (t) − f (N) (x)
∣

∣

∣

(

t − k
n

)N−1

(N − 1)!
dt ≤

2
∥

∥

∥
f (N)

∥

∥

∥

∞

∫ x

k
n

(

t− k
n

)N−1

(N − 1)!
dt=2

∥

∥

∥
f (N)

∥

∥

∥

∞

(

x − k
n

)N

N !
≤ 2
∥

∥

∥
f (N)

∥

∥

∥

∞

(b−a)N

N !
.

Thus

|γ| ≤ 2
∥

∥

∥f
(N)
∥

∥

∥

∞

(b − a)
N

N !
,

in all two cases.
Therefore

Λn (x) =

⌊nb⌋
∑

k=⌈na⌉

| k
n
−x|≤ 1

nα

Ψ (nx − k) γ +

⌊nb⌋
∑

k=⌈na⌉

| k
n
−x|> 1

nα

Ψ (nx − k) γ.

Hence

|Λn (x)| ≤
⌊nb⌋
∑

k=⌈na⌉

| k
n
−x|≤ 1

nα

Ψ (nx − k)

(

ω1

(

f (N),
1

nα

)

1

N !nNα

)

+
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⎛

⎜

⎜

⎜

⎝

⌊nb⌋
∑

k=⌈na⌉

| k
n
−x|> 1

nα

Ψ (nx − k)

⎞

⎟

⎟

⎟

⎠

2
∥

∥

∥f
(N)
∥

∥

∥

∞

(b − a)
N

N !
≤

ω1

(

f (N),
1

nα

)

1

N !nNα
+ 2
∥

∥

∥f (N)
∥

∥

∥

∞

(b − a)
N

N !
e4e−2n(1−α)

.

Consequently we have

|Λn (x)| ≤ ω1

(

f (N),
1

nα

)

1

nαNN !
+ 2e4

∥

∥f (N)
∥

∥

∞
(b − a)N

N !
e−2n(1−α)

.

We further observe that

F ∗
n

(

(· − x)
j
)

=

⌊nb⌋
∑

k=⌈na⌉

Ψ (nx − k)

(

k

n
− x

)j

.

Therefore
∣

∣

∣F ∗
n

(

(· − x)
j
)∣

∣

∣ ≤
⌊nb⌋
∑

k=⌈na⌉

Ψ (nx − k)

∣

∣

∣

∣

k

n
− x

∣

∣

∣

∣

j

=

⌊nb⌋
∑

⎧

⎨

⎩

k = ⌈na⌉
∣

∣

k
n
− x
∣

∣ ≤ 1
nα

Ψ (nx − k)

∣

∣

∣

∣

k

n
− x

∣

∣

∣

∣

j

+

⌊nb⌋
∑

⎧

⎨

⎩

k = ⌈na⌉
∣

∣

k
n
− x
∣

∣ > 1
nα

Ψ (nx − k)

∣

∣

∣

∣

k

n
− x

∣

∣

∣

∣

j

≤

1

nαj

⌊nb⌋
∑

⎧

⎨

⎩

k = ⌈na⌉
∣

∣

k
n
− x
∣

∣ ≤ 1
nα

Ψ (nx − k) + (b − a)
j

⌊nb⌋
∑

⎧

⎨

⎩

k = ⌈na⌉
|k − nx| > n1−α

Ψ (nx − k)

≤ 1

nαj
+ (b − a)

j
e4e−2n(1−α)

.

Hence
∣

∣

∣F ∗
n

(

(· − x)j
)∣

∣

∣ ≤ 1

nαj
+ (b − a)j

e4e−2n(1−α)

,

for j = 1, ..., N.

Putting things together we have proved

|F ∗
n (f, x) − f (x)| ≤

N
∑

j=1

∣

∣f (j) (x)
∣

∣

j!

[

1

nαj
+ e4 (b − a)

j
e−2n(1−α)

]

+
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[

ω1

(

f (N),
1

nα

)

1

nαNN !
+

2e4
∥

∥f (N)
∥

∥

∞
(b − a)

N

N !
e−2n(1−α)

]

,

that is establishing theorem.

We make

Remark 2.17. We notice that

Fn (f, x) −
N
∑

j=1

f (j) (x)

j!
Fn

(

(· − x)j
)

− f (x) =

F ∗
n (f, x)

(

∑⌊nb⌋
k=⌈na⌉ Ψ (nx − k)

)− 1
(

∑⌊nb⌋
k=⌈na⌉ Ψ (nx − k)

)

⎛

⎝

n
∑

j=1

f (j) (x)

j!
F ∗

n

(

(· − x)j
)

⎞

⎠

−f (x) =
1

(

∑⌊nb⌋
k=⌈na⌉ Ψ (nx − k)

) ·

⎡

⎣F ∗
n (f, x) −

⎛

⎝

n
∑

j=1

f (j) (x)

j!
F ∗

n

(

(· − x)
j
)

⎞

⎠−

⎛

⎝

⌊nb⌋
∑

k=⌈na⌉

Ψ (nx − k)

⎞

⎠ f (x)

⎤

⎦ .

Therefore we find

∣

∣

∣

∣

∣

∣

Fn (f, x) −
N
∑

j=1

f (j) (x)

j!
Fn

(

(· − x)
j
)

− f (x)

∣

∣

∣

∣

∣

∣

≤ (4.1488766) ·

∣

∣

∣

∣

∣

∣

F ∗
n (f, x) −

⎛

⎝

n
∑

j=1

f (j) (x)

j!
F ∗

n

(

(· − x)
j
)

⎞

⎠−

⎛

⎝

⌊nb⌋
∑

k=⌈na⌉

Ψ (nx − k)

⎞

⎠ f (x)

∣

∣

∣

∣

∣

∣

,

(2.30)
∀ x ∈ [a, b] .

In the next three Theorems 2.18-2.20 we present more general and flexible
upper bounds to our error quantities.

We give

Theorem 2.18. Let f ∈ CN ([a, b]), n, N ∈ N, 0 < α < 1, x ∈ [a, b]. Then
1)

∣

∣

∣

∣

∣

∣

∣

Fn (f, x) −
N
∑

j=1

(

f ◦ ln 1
e

)(j)

(e−x)

j!
Fn

(

(

e−· − e−x
)j

, x
)

− f (x)

∣

∣

∣

∣

∣

∣

∣

≤

(4.1488766)

[

e−αN

N !nNα
ω1

(

(

f ◦ ln 1
e

)(N)

,
e−α

nα

)

+
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2e4
(

e−a − e−b
)N

N !

∥

∥

∥

∥

(

f ◦ ln 1
e

)(N)
∥

∥

∥

∥

∞

e−2n(1−α)

]

, (2.31)

2)
|Fn (f, x) − f (x)| ≤ (4.1488766) · (2.32)

⎧

⎪

⎪

⎨

⎪

⎪

⎩

N
∑

j=1

∣

∣

∣

∣

(

f ◦ ln 1
e

)(j)

(e−x)

∣

∣

∣

∣

j!
e−aj

[

1

nαj
+ e4 (b − a)j

e−2n(1−α)

]

+

[

e−aN

N !nαN
ω1

(

(

f ◦ ln 1
e

)(N)

,
e−a

nα

)

+

2e4
(

e−a − e−b
)N

N !

∥

∥

∥

∥

(

f ◦ ln 1
e

)(N)
∥

∥

∥

∥

∞

e−2n(1−α)

]}

,

3) If f (j) (x0) = 0, j = 1, ..., N , it holds

|Fn (f, x0) − f (x0)| ≤ (4.1488766) · (2.33)
[

e−aN

N !nNα
ω1

(

(

f ◦ ln 1
e

)(N)

,
e−a

nα

)

+

2e4
(

e−a − e−b
)N

N !

∥

∥

∥

∥

(

f ◦ ln 1
e

)(N)
∥

∥

∥

∥

∞

e−2n(1−α)

]

.

Observe here the speed of convergence is extremely high at 1
n(N+1)α .

Proof. Call F := f ◦ ln 1
e

. Let x, k
n
∈ [a, b]. Then

f

(

k

n

)

− f (x) =

N
∑

j=1

F (j) (e−x)

j!

(

e−
k
n − e−x

)j

+ KN

(

x,
k

n

)

,

where

KN

(

x,
k

n

)

:= − 1

(N − 1)!
·

∫ k
n

x

(

e−
k

n − e−s
)N−1 [

F (N)
(

e−s
)

− F (N)
(

e−x
)

]

e−sds.

Thus
⌊nb⌋
∑

k=⌈na⌉

Ψ (nx − k) f

(

k

n

)

− f (x)

⌊nb⌋
∑

k=⌈na⌉

Ψ (nx − k) =

N
∑

j=1

F (j) (e−x)

j!

⌊nb⌋
∑

k=⌈na⌉

Ψ (nx − k)
(

e−
k
n − e−x

)j

+

⌊nb⌋
∑

k=⌈na⌉

Ψ (nx − k)
1

(N − 1)!
·
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∫ k
n

x

(

e−
k

n − e−s
)N−1 [

F (N)
(

e−s
)

− F (N)
(

e−x
)

]

de−s.

Therefore

F ∗
n (f, x) − f (x)

⎛

⎝

⌊nb⌋
∑

k=⌈na⌉

Ψ (nx − k)

⎞

⎠ =

N
∑

j=1

F (j) (e−x)

j!
F ∗

n

(

(

e−· − e−x
)j

, x
)

+ Un (x) ,

where

Un (x) :=

⌊nb⌋
∑

k=⌈na⌉

Ψ (nx − k)µ,

with

µ :=
1

(N − 1)!

∫ e
− k

n

e−x

(

e−
k

n − w
)N−1 [

F (N) (w) − F (N)
(

e−x
)

]

dw.

Case of
∣

∣

k
n
− x
∣

∣ ≤ 1
nα .

i) Subcase of x ≥ k
n
. I.e. e−

k
n ≥ e−x.

|µ| ≤ 1

(N − 1)!

∫ e
− k

n

e−x

(

e−
k

n − w
)N−1 ∣

∣

∣
F (N) (w) − F (N)

(

e−x
)

∣

∣

∣
dw ≤

1

(N − 1)!

∫ e
− k

n

e−x

(

e−
k
n − w

)N−1

ω1

(

F (N),
∣

∣w − e−x
∣

∣

)

dw ≤

1

(N − 1)!
ω1

(

F (N),
∣

∣

∣e
− k

n − e−x
∣

∣

∣

)

∫ e
− k

n

e−x

(

e−
k
n − w

)N−1

dw ≤

(

e−
k
n − e−x

)N

N !
ω1

(

F (N), e−a

∣

∣

∣

∣

x − k

n

∣

∣

∣

∣

)

≤

e−aN

∣

∣x − k
n

∣

∣

N

N !
ω1

(

F (N), e−a

∣

∣

∣

∣

x − k

n

∣

∣

∣

∣

)

≤

e−aN

N !nαN
ω1

(

F (N),
e−a

nα

)

.

Hence when x ≥ k
n

we derive

|µ| ≤ e−aN

N !nαN
ω1

(

F (N),
e−a

nα

)

.
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ii) Subcase of k
n
≥ x. Then e−

k
n ≤ e−x and

|µ| ≤ 1

(N − 1)!

∫ e−x

e
− k

n

(

w − e−
k

n

)N−1 ∣
∣

∣F (N) (w) − F (N)
(

e−x
)

∣

∣

∣ dw ≤

1

(N − 1)!

∫ e−x

e
− k

n

(

w − e−
k
n

)N−1

ω1

(

F (N),
∣

∣w − e−x
∣

∣

)

dw ≤

1

(N − 1)!
ω1

(

F (N), e−x − e−
k
n

)

∫ e−x

e
− k

n

(

w − e−
k
n

)N−1

dw ≤

1

(N − 1)!
ω1

(

F (N), e−a

∣

∣

∣

∣

x − k

n

∣

∣

∣

∣

)

(

e−x − e−
k
n

)N

N
≤

1

N !
ω1

(

F (N),
e−a

nα

)

e−aN

∣

∣

∣

∣

x − k

n

∣

∣

∣

∣

N

≤

1

N !
ω1

(

F (N),
e−a

nα

)

e−aN

nαN
,

i.e.

|µ| ≤ e−aN

N !nαN
ω1

(

F (N),
e−a

nα

)

,

when k
n
≥ x. So in general when

∣

∣

k
n
− x
∣

∣ ≤ 1
nα we proved that

|µ| ≤ e−aN

N !nαN
ω1

(

F (N),
e−a

nα

)

.

Also we observe:
i)’ When k

n
≤ x, we obtain

|µ| ≤ 1

(N − 1)!

⎛

⎝

∫ e
− k

n

e−x

(

e−
k
n − w

)N−1

dw

⎞

⎠ 2
∥

∥

∥
F (N)

∥

∥

∥

∞

=
2
∥

∥F (N)
∥

∥

∞

(N − 1)!

(

e−
k
n − e−x

)N

N
≤

2
∥

∥F (N)
∥

∥

∞

N !

(

e−a − e−b
)N

.

ii)’ When k
n
≥ x, we get

|µ| ≤ 1

(N − 1)!

(

∫ e−x

e
− k

n

(

w − e−
k
n

)N−1

dw

)

2
∥

∥

∥
F (N)

∥

∥

∥

∞

=
2
∥

∥F (N)
∥

∥

∞

N !

(

e−x − e−
k
n

)N

≤
2
∥

∥F (N)
∥

∥

∞

N !

(

e−a − e−b
)N

.
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We proved always true that

|µ| ≤
2
(

e−a − e−b
)N ∥
∥F (N)

∥

∥

∞

N !
.

Consequently we derive

|Un (x)| ≤
⌊nb⌋
∑

⎧

⎨

⎩

k = ⌈na⌉
∣

∣

k
n
− x
∣

∣ ≤ 1
nα

Ψ (nx − k) |µ| +
⌊nb⌋
∑

⎧

⎨

⎩

k = ⌈na⌉
∣

∣

k
n
− x
∣

∣ > 1
nα

Ψ (nx − k) |µ| ≤

(

e−aN

N !nαN
ω1

(

F (N),
e−a

nα

))

(

∞
∑

k=−∞

Ψ (nx − k)

)

+

(

2
(

e−a − e−b
)N ∥
∥F (N)

∥

∥

∞

N !

)

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎝

∞
∑

⎧

⎨

⎩

k = −∞
|k − nx| > n1−α

Ψ (nx − k)

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎠

≤

e−aN

N !nαN
ω1

(

F (N),
e−a

nα

)

+

(

2
(

e−a − e−b
)N ∥
∥F (N)

∥

∥

∞

N !

)

e4e−2n(1−α)

.

So we have proved that

|Un (x)| ≤ e−aN

N !nαN
ω1

(

F (N),
e−a

nα

)

+
2e4
(

e−a − e−b
)N ∥
∥F (N)

∥

∥

∞

N !
e−2n(1−α)

.

We also notice that
∣

∣

∣F
∗
n

(

(

e−· − e−x
)j

, x
)∣

∣

∣ ≤ F ∗
n

(

∣

∣e−· − e−x
∣

∣

j
, x
)

≤

e−ajF ∗
n

(

|· − x|j , x
)

= e−aj

⎛

⎝

⌊nb⌋
∑

k=⌈na⌉

Ψ (nx − k)

∣

∣

∣

∣

k

n
− x

∣

∣

∣

∣

j

⎞

⎠ = e−aj·

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎣

⌊nb⌋
∑

⎧

⎨

⎩

k = ⌈na⌉
∣

∣x − k
n

∣

∣ ≤ 1
nα

Ψ (nx−k)

∣

∣

∣

∣

k

n
−x

∣

∣

∣

∣

j

+

⌊nb⌋
∑

⎧

⎨

⎩

k = ⌈na⌉
∣

∣x − k
n

∣

∣ > 1
nα

Ψ (nx−k)

∣

∣

∣

∣

k

n
−x

∣

∣

∣

∣

j

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎦

≤
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e−aj

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎣

1

nαj
+ (b − a)j

⌊nb⌋
∑

⎧

⎨

⎩

k = ⌈na⌉
∣

∣x − k
n

∣

∣ > 1
nα

Ψ (nx − k)

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎦

≤

e−aj

[

1

nαj
+ e4 (b − a)

j
e−2n(1−α)

]

.

Thus we have established

∣

∣

∣
F ∗

n

(

(

e−· − e−x
)j

, x
)∣

∣

∣
≤ e−aj

[

1

nαj
+ e4 (b − a)j

e−2n(1−α)

]

,

for j = 1, ..., N , and the theorem.

We continue with

Theorem 2.19. Let f ∈ CN
([

−π
2 + ε, π

2 − ε
])

, n, N ∈ N, 0 < ε < π
2 , ε

small, x ∈
[

−π
2 + ε, π

2 − ε
]

, 0 < α < 1. Then
1)

∣

∣

∣

∣

∣

∣

Fn (f, x) −
N
∑

j=1

(

f ◦ sin−1
)(j)

(sin x)

j!
Fn

(

(sin · − sin x)j
, x
)

− f (x)

∣

∣

∣

∣

∣

∣

≤

(2.34)

(4.1488766)

⎡

⎣

ω1

(

(

f ◦ sin−1
)(N)

, 1
nα

)

nαNN !
+

⎛

⎝

e42N+1
∥

∥

∥

(

f ◦ sin−1
)(N)

∥

∥

∥

∞

N !

⎞

⎠ e−2n(1−α)

⎤

⎦ ,

2)
|Fn (f, x) − f (x)| ≤ (4.1488766) · (2.35)

⎧

⎨

⎩

N
∑

j=1

∣

∣

∣

(

f ◦ sin−1
)(j)

(sin x)
∣

∣

∣

j!

[

1

nαj
+ e4 (π − 2ε)

j
e−2n(1−α)

]

+

⎡

⎣

ω1

(

(

f ◦ sin−1
)(N)

, 1
nα

)

N !nαN
+

(

e42N+1

N !

∥

∥

∥

(

f ◦ sin−1
)(N)

∥

∥

∥

∞

)

e−2n(1−α)

⎤

⎦

⎫

⎬

⎭

,

3) suppose further f (j) (x0)=0, j=1, ..., N for some x0∈
[

−π
2 + ε, π

2 − ε
]

,
it holds

|Fn (f, x0) − f (x0)| ≤ (4.1488766) · (2.36)
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⎡

⎣

ω1

(

(

f ◦ sin−1
)(N)

, 1
nα

)

nαNN !
+

⎛

⎝

e42N+1
∥

∥

∥

(

f ◦ sin−1
)(N)

∥

∥

∥

∞

N !

⎞

⎠ e−2n(1−α)

⎤

⎦ .

Notice in the last the high speed of convergence of order n−α(N+1).

Proof. Call F := f ◦ sin−1 and let k
n
, x ∈

[

−π
2 + ε, π

2 − ε
]

. Then

f

(

k

n

)

− f (x) =

N
∑

j=1

F (j) (sinx)

j!

(

sin
k

n
− sin x

)j

+

1

(N − 1)!

∫ k
n

x

(

sin
k

n
− sin s

)N−1
(

F (N) (sin s) − F (N) (sinx)
)

d sin s.

Hence
⌊nb⌋
∑

k=⌈na⌉

f

(

k

n

)

Ψ (nx − k) − f (x)

⌊nb⌋
∑

k=⌈na⌉

Ψ (nx − k) =

N
∑

j=1

F (j) (sinx)

j!

⌊nb⌋
∑

k=⌈na⌉

Ψ (nx−k)

(

sin
k

n
−sinx

)j

+
1

(N−1)!

⌊nb⌋
∑

k=⌈na⌉

Ψ (nx−k) ·

∫ k
n

x

(

sin
k

n
− sin s

)N−1
(

F (N) (sin s) − F (N) (sinx)
)

d sin s.

Set here a = −π
2 + ε, b = π

2 − ε. Thus

F ∗
n (f, x) − f (x)

⌊nb⌋
∑

k=⌈na⌉

Ψ (nx − k) =

N
∑

j=1

F (j) (sin x)

j!
F ∗

n

(

(sin · − sin x)
j
, x
)

+ Mn (x) ,

where

Mn (x) :=

⌊nb⌋
∑

k=⌈na⌉

Ψ (nx − k) ρ,

with

ρ :=
1

(N − 1)!

∫ k
n

x

(

sin
k

n
− sin s

)N−1
(

F (N) (sin s) − F (N) (sin x)
)

d sin s.

Case of
∣

∣

k
n
− x
∣

∣ ≤ 1
nα .

i) Subcase of k
n
≥ x. The function sin is increasing on [a, b] , i.e. sin k

n
≥

sin x.
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Then

|ρ| ≤ 1

(N − 1)!

∫ k
n

x

(

sin
k

n
− sin s

)N−1 ∣
∣

∣F
(N) (sin s) − F (N) (sin x)

∣

∣

∣ d sin s =

1

(N − 1)!

∫ sin k
n

sin x

(

sin
k

n
− w

)N−1
(

F (N) (w) − F (N) (sin x)
)

dw ≤

1

(N − 1)!

∫ sin k
n

sin x

(

sin
k

n
− w

)N−1

ω1

(

F (N), |w − sin x|
)

dw ≤

ω1

(

F (N),

∣

∣

∣

∣

sin
k

n
− sinx

∣

∣

∣

∣

)

(

sin k
n
− sinx

)N

N !
≤

ω1

(

F (N),

∣

∣

∣

∣

k

n
− x

∣

∣

∣

∣

)

(

k
n
− x
)N

N !
≤ ω1

(

F (N),
1

nα

)

1

nαNN !
.

So if k
n
≥ x, then

|ρ| ≤ ω1

(

F (N),
1

nα

)

1

N !nαN
.

ii) Subcase of k
n
≤ x, then sin k

n
≤ sin x. Hence

|ρ| ≤ 1

(N − 1)!

∫ x

k
n

(

sin s − sin
k

n

)N−1
∣

∣

∣
F (N) (sin s) − F (N) (sin x)

∣

∣

∣
d sin s =

1

(N − 1)!

∫ sin x

sin k
n

(

w − sin
k

n

)N−1 ∣
∣

∣F (N) (w) − F (N) (sin x)
∣

∣

∣ dw ≤

1

(N − 1)!

∫ sin x

sin k
n

(

w − sin
k

n

)N−1

ω1

(

F (N), |w − sinx|
)

dw ≤

1

(N − 1)!
ω1

(

F (N),

∣

∣

∣

∣

sin x − sin
k

n

∣

∣

∣

∣

) ∫ sin x

sin k
n

(

w − sin
k

n

)N−1

dw ≤

1

(N − 1)!
ω1

(

F (N),

∣

∣

∣

∣

x − k

n

∣

∣

∣

∣

)

(

sin x − sin k
k

)N

N
≤

1

N !
ω1

(

F (N),
1

nα

) ∣

∣

∣

∣

x − k

n

∣

∣

∣

∣

N

≤ 1

nαNN !
ω1

(

F (N),
1

nα

)

.

We have shown for k
n
≤ x that

|ρ| ≤ ω1

(

F (N),
1

nα

)

1

nαNN !
.
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So in both cases we got that

|ρ| ≤ ω1

(

F (N),
1

nα

)

1

nαNN !
,

when
∣

∣

k
n
− x
∣

∣ ≤ 1
nα .

Also in general ( k
n
≥ x case)

|ρ| ≤ 1

(N − 1)!

(

∫ k
n

x

(

sin
k

n
− sin s

)N−1

d sin s

)

2
∥

∥

∥
F (N)

∥

∥

∥

∞
=

1

(N − 1)!

(

∫ sin k
n

sin x

(

sin
k

n
− w

)N−1

dw

)

2
∥

∥

∥F (N)
∥

∥

∥

∞
=

1

N !

(

sin
k

n
− sinx

)N

2
∥

∥

∥F
(N)
∥

∥

∥

∞
≤ 2N+1

N !

∥

∥

∥F
(N)
∥

∥

∥

∞
.

Also (case of k
n
≤ x) we derive

|ρ| ≤ 1

(N − 1)!

(

∫ x

k
n

(

sin s − sin
k

n

)N−1

d sin s

)

2
∥

∥

∥F (N)
∥

∥

∥

∞
=

1

(N − 1)!

(

∫ sin x

sin k
n

(

w − sin
k

n

)N−1

dw

)

2
∥

∥

∥F (N)
∥

∥

∥

∞
=

1

(N − 1)!

(

sin x − sin k
n

)N

N
2
∥

∥

∥F (N)
∥

∥

∥

∞
≤ 2N+1

N !

∥

∥

∥F (N)
∥

∥

∥

∞
.

So we proved in general that

|ρ| ≤ 2N+1

N !

∥

∥

∥F (N)
∥

∥

∥

∞
.

Therefore we have proved

|Mn (x)| ≤
⌊nb⌋
∑

k=⌈na⌉

(k:|x− k
n |≤ 1

nα )

Ψ (nx − k) |ρ| +
⌊nb⌋
∑

k=⌈na⌉

(k:|x− k
n |> 1

nα )

Ψ (nx − k) |ρ| ≤

(

ω1

(

F (N), 1
nα

)

N !nαN

)

+
e42N+1

N !

∥

∥

∥F (N)
∥

∥

∥

∞
e−2n(1−α)

.

So that

|Mn (x)| ≤ ω1

(

F (N), 1
nα

)

N !nαN
+

e42N+1

N !

∥

∥

∥F (N)
∥

∥

∥

∞
e−2n(1−α)

.
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Next we estimate
∣

∣

∣
F ∗

n

(

(sin · − sinx)j
, x
)∣

∣

∣
≤ F ∗

n

(

|sin · − sin x|j , x
)

≤

F ∗
n

(

|· − x|j , x
)

=

⌊nb⌋
∑

k=⌈na⌉

Ψ (nx − k)

∣

∣

∣

∣

k

n
− x

∣

∣

∣

∣

j

≤

(work as before)
1

nαj
+ e4 (π − 2ε)

j
e−2n(1−α)

.

Therefore
∣

∣

∣F ∗
n

(

(sin · − sinx)
j
, x
)∣

∣

∣ ≤ 1

nαj
+ e4 (π − 2ε)

j
e−2n(1−α)

,

j = 1, ..., N.

The theorem is established.

We finally present

Theorem 2.20. Let f ∈CN ([ε, π − ε]), n, N ∈ N, ε>0 small, x ∈ [ε, π − ε],
0 < α < 1. Then

1)
∣

∣

∣

∣

∣

∣

Fn (f, x) −
N
∑

j=1

(

f ◦ cos−1
)(j)

(cosx)

j!
Fn

(

(cos · − cosx)
j
, x
)

− f (x)

∣

∣

∣

∣

∣

∣

≤

(2.37)

(4.1488766)

⎡

⎣

ω1

(

(

f ◦ cos−1
)(N)

, 1
nα

)

nαNN !
+

⎛

⎝

e42N+1
∥

∥

∥

(

f ◦ cos−1
)(N)

∥

∥

∥

∞

N !

⎞

⎠ e−2n(1−α)

⎤

⎦ ,

2)
|Fn (f, x) − f (x)| ≤ (4.1488766) · (2.38)

⎧

⎨

⎩

N
∑

j=1

∣

∣

∣

(

f ◦ cos−1
)(j)

(cosx)
∣

∣

∣

j!

[

1

nαj
+ e4 (π − 2ε)

j
e−2n(1−α)

]

+

⎡

⎣

ω1

(

(

f ◦ cos−1
)(N)

, 1
nα

)

N !nαN
+

(

e42N+1

N !

∥

∥

∥

(

f ◦ cos−1
)(N)

∥

∥

∥

∞

)

e−2n(1−α)

⎤

⎦

⎫

⎬

⎭

,

3) assume further f (j) (x0) = 0, j = 1, ..., N for some x0 ∈ [ε, π − ε], it
holds

|Fn (f, x0) − f (x0)| ≤ (4.1488766) · (2.39)
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⎡

⎣

ω1

(

(

f ◦ cos−1
)(N)

, 1
nα

)

nαNN !
+

⎛

⎝

e42N+1
∥

∥

∥

(

f ◦ cos−1
)(N)

∥

∥

∥

∞

N !

⎞

⎠ e−2n(1−α)

⎤

⎦ .

Notice in the last the high speed of convergence of order n−α(N+1).

Proof. Call F := f ◦ cos−1 and let k
n
, x ∈ [ε, π − ε]. Then

f

(

k

n

)

− f (x) =

N
∑

j=1

F (j) (cosx)

j!

(

cos
k

n
− cosx

)j

+

1

(N − 1)!

∫ k
n

x

(

cos
k

n
− cos s

)N−1
(

F (N) (cos s) − F (N) (cosx)
)

d cos s.

Hence
⌊nb⌋
∑

k=⌈na⌉

f

(

k

n

)

Ψ (nx − k) − f (x)

⌊nb⌋
∑

k=⌈na⌉

Ψ (nx − k) =

N
∑

j=1

F (j) (cosx)

j!

⌊nb⌋
∑

k=⌈na⌉

Ψ (nx−k)

(

cos
k

n
−cosx

)j

+
1

(N−1)!

⌊nb⌋
∑

k=⌈na⌉

Ψ (nx−k) ·

∫ k
n

x

(

cos
k

n
− cos s

)N−1
(

F (N) (cos s) − F (N) (cosx)
)

d cos s.

Set here a = ε, b = π − ε. Thus

F ∗
n (f, x) − f (x)

⌊nb⌋
∑

k=⌈na⌉

Ψ (nx − k) =

N
∑

j=1

F (j) (cosx)

j!
F ∗

n

(

(cos · − cosx)
j
, x
)

+ Θn (x) ,

where

Θn (x) :=

⌊nb⌋
∑

k=⌈na⌉

Ψ (nx − k)λ,

with

λ :=
1

(N−1)!

∫ k
n

x

(

cos
k

n
−cos s

)N−1
(

F (N) (cos s) − F (N) (cosx)
)

d cos s =

1

(N − 1)!

∫ cos k
n

cos x

(

cos
k

n
− w

)N−1
(

F (N) (w) − F (N) (cosx)
)

dw.

Case of
∣

∣

k
n
− x
∣

∣ ≤ 1
nα .
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i) Subcase of k
n
≥ x. The function cos ine is decreasing on [a, b] , i.e. cos k

n
≤

cosx.

Then

∣

∣λ
∣

∣ ≤ 1

(N − 1)!

∫ cos x

cos k
n

(

w − cos
k

n

)N−1 ∣
∣

∣F
(N) (w) − F (N) (cosx)

∣

∣

∣ dw ≤

1

(N − 1)!

∫ cos x

cos k
n

(

w − cos
k

n

)N−1

ω1

(

F (N), |w − cosx|
)

dw ≤

ω1

(

F (N), cosx − cos
k

n

)

(

cosx − cos k
n

)N

N !
≤

ω1

(

F (N),

∣

∣

∣

∣

x − k

n

∣

∣

∣

∣

)

∣

∣x − k
n

∣

∣

N

N !
≤ ω1

(

F (N),
1

nα

)

1

nαNN !
.

So if k
n
≥ x, then

∣

∣λ
∣

∣ ≤ ω1

(

F (N),
1

nα

)

1

nαNN !
.

ii) Subcase of k
n
≤ x, then cos k

n
≥ cosx. Hence

∣

∣λ
∣

∣ ≤ 1

(N − 1)!

∫ cos k
n

cos x

(

cos
k

n
− w

)N−1
∣

∣

∣F (N) (w) − F (N) (cosx)
∣

∣

∣ dw ≤

1

(N − 1)!

∫ cos k
n

cos x

(

cos
k

n
− w

)N−1

ω1

(

F (N), w − cosx
)

dw ≤

1

(N − 1)!
ω1

(

F (N), cos
k

n
− cosx

)∫ cos k
n

cos x

(

cos
k

n
− w

)N−1

dw ≤

1

(N − 1)!
ω1

(

F (N),

∣

∣

∣

∣

k

n
− x

∣

∣

∣

∣

)

(

cos k
n
− cosx

)N

N
≤

1

N !
ω1

(

F (N),

∣

∣

∣

∣

k

n
− x

∣

∣

∣

∣

) ∣

∣

∣

∣

k

n
− x

∣

∣

∣

∣

N

≤ 1

N !
ω1

(

F (N),
1

nα

)

1

nαN
.

We proved for k
n
≤ x, that

∣

∣λ
∣

∣ ≤ ω1

(

F (N),
1

nα

)

1

N !nαN
.

So in both cases we got that

∣

∣λ
∣

∣ ≤ ω1

(

F (N),
1

nα

)

1

nαNN !
,

when
∣

∣

k
n
− x
∣

∣ ≤ 1
nα .
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Also in general ( k
n
≥ x case)

∣

∣λ
∣

∣ ≤ 1

(N − 1)!

(

∫ cos x

cos k
n

(

w − cos
k

n

)N−1

dw

)

2
∥

∥

∥
F (N)

∥

∥

∥

∞
≤

1

N !

(

cosx − cos
k

n

)N

2
∥

∥

∥F (N)
∥

∥

∥

∞
≤ 2N+1

N !

∥

∥

∥F (N)
∥

∥

∥

∞
.

Also (case of k
n
≤ x) we obtain

∣

∣λ
∣

∣ ≤ 1

(N − 1)!

(

∫ cos k
n

cos x

(

cos
k

n
− w

)N−1

dw

)

2
∥

∥

∥F (N)
∥

∥

∥

∞
=

1

N !

(

cos
k

n
− cosx

)N

2
∥

∥

∥F (N)
∥

∥

∥

∞
≤ 2N+1

N !

∥

∥

∥F (N)
∥

∥

∥

∞
.

So we have shown in general that

∣

∣λ
∣

∣ ≤ 2N+1

N !

∥

∥

∥F
(N)
∥

∥

∥

∞
.

Therefore we derive

|Θn (x)| ≤
⌊nb⌋
∑

k=⌈na⌉

(k:|x− k
n |≤ 1

nα )

Ψ (nx − k)
∣

∣λ
∣

∣+

⌊nb⌋
∑

k=⌈na⌉

(k:|x− k
n |> 1

nα )

Ψ (nx − k)
∣

∣λ
∣

∣ ≤

(

ω1

(

F (N),
1

nα

)

1

nαNN !

)

+ e4 2N+1

N !

∥

∥

∥F
(N)
∥

∥

∥

∞
e−2n(1−α)

.

So that

|Θn (x)| ≤ ω1

(

F (N), 1
nα

)

nαNN !
+ e4 2N+1

N !

∥

∥

∥
F (N)

∥

∥

∥

∞
e−2n(1−α)

.

Next we estimate
∣

∣

∣F ∗
n

(

(cos · − cosx)
j
, x
)∣

∣

∣ ≤ F ∗
n

(

|cos · − cosx|j , x
)

≤

F ∗
n

(

|· − x|j , x
)

=

⌊nb⌋
∑

k=⌈na⌉

Ψ (nx − k)

∣

∣

∣

∣

k

n
− x

∣

∣

∣

∣

j

≤

(work as before)
1

nαj
+ e4 (π − 2ε)

j
e−2n(1−α)

.

Consequently,
∣

∣

∣F ∗
n

(

(cos · − cosx)j
, x
)∣

∣

∣ ≤ 1

nαj
+ e4 (π − 2ε)j e−2n(1−α)

,

j = 1, ..., N.

The theorem is proved.
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2.4 Complex Neural Network Quantitative

Approximations

We make

Remark 2.21. Let X := [a, b], R and f : X → C with real and imaginary
parts f1, f2 : f = f1 + if2, i =

√
−1. Clearly f is continuous iff f1 and f2 are

continuous.
Also it holds

f (j) (x) = f
(j)
1 (x) + if

(j)
2 (x) , (2.40)

for all j = 1, ..., N , given that f1, f2 ∈ CN (X), N ∈ N.
We denote by CB (R, C) the space of continuous and bounded functions

f : R → C. Clearly f is bounded, iff both f1, f2 are bounded from R into R,
where f = f1 + if2.

Here we define

Fn (f, x) := Fn (f1, x) + iFn (f2, x) , (2.41)

and
Fn (f, x) := Fn (f1, x) + iFn (f2, x) . (2.42)

We see here that

|Fn (f, x) − f (x)| ≤ |Fn (f1, x) − f1 (x)| + |Fn (f2, x) − f2 (x)| , (2.43)

and

‖Fn (f) − f‖∞ ≤ ‖Fn (f1) − f1‖∞ + ‖Fn (f2) − f2‖∞ . (2.44)

Similarly we obtain
∣

∣Fn (f, x) − f (x)
∣

∣ ≤
∣

∣Fn (f1, x) − f1 (x)
∣

∣+
∣

∣Fn (f2, x) − f2 (x)
∣

∣ , (2.45)

and

∥

∥Fn (f) − f
∥

∥

∞
≤
∥

∥Fn (f1) − f1

∥

∥

∞
+
∥

∥Fn (f2) − f2

∥

∥

∞
. (2.46)

We give

Theorem 2.22. Let f ∈ C ([a, b] , C) , f = f1 + if2, 0 < α < 1, n ∈ N,
x ∈ [a, b]. Then

i)
|Fn (f, x) − f (x)| ≤ (4.1488766) · (2.47)

[(

ω1

(

f1,
1

nα

)

+ ω1

(

f2,
1

nα

))

+ 2e4 (‖f1‖∞ + ‖f2‖∞) e−2n(1−α)

]

=: Φ1,

and
ii)

‖Fn (f) − f‖∞ ≤ Φ1. (2.48)
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Proof. Based on Remark 2.21 and Theorem 2.14.

We give

Theorem 2.23. Let f ∈ CB (R, C), f = f1 + if2, 0 < α < 1, n ∈ N, x ∈ R.
Then

i)

∣

∣Fn (f, x) − f (x)
∣

∣ ≤
(

ω1

(

f1,
1

nα

)

+ ω1

(

f2,
1

nα

))

+ (2.49)

2e4 (‖f1‖∞ + ‖f2‖∞) e−2n(1−α)

=: Φ2,

ii)
∥

∥Fn (f) − f
∥

∥

∞
≤ Φ2. (2.50)

Proof. Based on Remark 2.21 and Theorem 2.15.

Next we present a result of high order complex neural network approximation.

Theorem 2.24. Let f : [a, b] → C, [a, b] ⊂ R, such that f = f1+if2. Suppose
f1, f2 ∈ CN ([a, b]) , n, N ∈ N, 0 < α < 1, x ∈ [a, b]. Then

i)
|Fn (f, x) − f (x)| ≤ (4.1488766) · (2.51)

⎧

⎨

⎩

N
∑

j=1

(
∣

∣

∣f
(j)
1 (x)

∣

∣

∣+
∣

∣

∣f
(j)
2 (x)

∣

∣

∣)

j!

[

1

nαj
+ e4 (b − a)

j
e−2n(1−α)

]

+

⎡

⎣

(ω1

(

f
(N)
1 , 1

nα

)

+ ω1

(

f
(N)
2 , 1

nα

)

)

nαNN !
+

⎛

⎝

2e4
(∥

∥

∥
f

(N)
1

∥

∥

∥

∞
+
∥

∥

∥
f

(N)
2

∥

∥

∥

∞

)

(b − a)N

N !

⎞

⎠ e−2n(1−α)

⎤

⎦

⎫

⎬

⎭

,

ii) assume further f
(j)
1 (x0) = f

(j)
2 (x0) = 0, j = 1, ..., N , for some x0 ∈

[a, b], it holds
|Fn (f, x0) − f (x0)| ≤ (4.1488766) · (2.52)
⎡

⎣

(ω1

(

f
(N)
1 , 1

nα

)

+ ω1

(

f
(N)
2 , 1

nα

)

)

nαNN !
+

⎛

⎝

2e4
(∥

∥

∥f
(N)
1

∥

∥

∥

∞
+
∥

∥

∥f
(N)
2

∥

∥

∥

∞

)

(b − a)
N

N !

⎞

⎠ e−2n(1−α)

⎤

⎦ ,

notice here the extremely high rate of convergence at n−(N+1)α,
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iii)
‖Fn (f) − f‖∞ ≤ (4.1488766) · (2.53)

⎧

⎨

⎩

N
∑

j=1

(∥

∥

∥f
(j)
1

∥

∥

∥

∞
+
∥

∥

∥f
(j)
2

∥

∥

∥

∞

)

j!

[

1

nαj
+ e4 (b − a)j

e−2n(1−α)

]

+

⎡

⎣

(

ω1

(

f
(N)
1 , 1

nα

)

+ ω1

(

f
(N)
2 , 1

nα

))

nαNN !
+

2e4
(∥

∥

∥f
(N)
1

∥

∥

∥

∞
+
∥

∥

∥f
(N)
2

∥

∥

∥

∞

)

(b − a)N

N !
e−2n(1−α)

⎤

⎦

⎫

⎬

⎭

.

Proof. Based on Remark 2.21 and Theorem 2.16.
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Chapter 3

Multivariate Sigmoidal Neural
Network Quantitative Approximation

Here we present the multivariate quantitative constructive approximation
of real and complex valued continuous multivariate functions on a box or
R

N , N ∈ N, by the multivariate quasi-interpolation sigmoidal neural net-
work operators. The ”right” operators for the goal are fully and precisely
described. This approximation is obtained by establishing multidimensional
Jackson type inequalities involving the multivariate modulus of continuity of
the engaged function or its high order partial derivatives. The multivariate
operators are defined by using a multidimensional density function induced
by the logarithmic sigmoidal function. Our approximations are pointwise and
uniform. The related feed-forward neural network is with one hidden layer.
This chapter is based on [5].

3.1 Introduction

Feed-forward neural networks (FNNs) with one hidden layer, the type of
networks we deal with in this chapter, are mathematically expressed in a
simplified form as

Nn (x) =

n
∑

j=0

cjσ (〈aj · x〉 + bj) , x ∈ R
s, s ∈ N,

where for 0 ≤ j ≤ n, bj ∈ R are the thresholds, aj ∈ Rs are the connection
weights, cj ∈ R are the coefficients, 〈aj · x〉 is the inner product of aj and x,
and σ is the activation function of the network. In many fundamental network
models, the activation function is the sigmoidal function of logistic type.

To achieve our goals the operators here are more elaborate and complex,
please see (3.2) and (3.3) for exact definitions.

G.A. Anastassiou: Intelligent Systems: Approximation by ANN, ISRL 19, pp. 67–88.
springerlink.com c© Springer-Verlag Berlin Heidelberg 2011
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It is well known that FNNs are universal approximators. Theoretically, any
continuous function defined on a compact set can be approximated to any
desired degree of accuracy by increasing the number of hidden neurons. It was
proved by Cybenko [12] and Funahashi [14], that any continuous function can
be approximated on a compact set with uniform topology by a network of the
form Nn (x), using any continuous, sigmoidal activation function. Hornik et
al. in [16], have shown that any measurable function can be approached with
such a network. Furthermore, these authors proved in [17], that any function
of the Sobolev spaces can be approached with all derivatives. A variety of
density results on FNN approximations to multivariate functions were later
established by many authors using different methods, for more or less general
situations: [19] by Leshno et al., [23] by Mhaskar and Micchelli, [11] by Chui
and Li, [9] by Chen and Chen, [15] by Hahm and Hong, etc.

Usually these results only give theorems about the existence of an approx-
imation. A related and important problem is that of complexity: determining
the number of neurons required to guarantee that all functions belonging to
a space can be approximated to the prescribed degree of accuracy ǫ.

Barron [6] proves that if the function is supposed to satisfy certain condi-
tions expressed in terms of its Fourier transform, and if each of the neurons
evaluates a sigmoidal activation function, then at most O

(

ǫ−2
)

neurons are
needed to achieve the order of approximation ǫ. Some other authors have pub-
lished similar results on the complexity of FNN approximations: Mhaskar and
Micchelli [24], Suzuki [25], Maiorov and Meir [21], Makovoz [22], Ferrari and
Stengel [13], Xu and Cao [27], Cao et al. [8], etc.

The author in [1], [2] and [3], see chapters 2-5, was the first to obtain
neural network approximations to continuous functions with rates by very
specifically defined neural network operators of Cardaliagnet-Euvrard and
”Squashing” types, by employing the modulus of continuity of the engaged
function or its high order derivative, and producing very tight Jackson type
inequalities. He treats there both the univariate and multivariate cases. The
defining these operators ”bell-shaped” and ”squashing” function are assumed
to be of compact support. Also in [3] he gives the Nth order asymptotic
expansion for the error of weak approximation of these two operators to a
special natural class of smooth functions, see chapters 4-5 there.

For this chapter the author is greatly motivated by the important article
[10] by Z. Chen and F. Cao, also by [4].

The author here performs multivariate sigmoidal neural network approx-
imations to continuous functions over boxes or over the whole R

N , N ∈ N,
then he extends his results to complex valued multivariate functions. All
convergences here are with rates expressed via the multivariate modulus of
continuity of the involved function or its high order partial derivatives, and
given by very tight multidimensional Jackson type inequalities.
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The author here comes up with the right and precisely defined multivariate
quasi-interpolation neural network operator related to boxes. The boxes are
not necessarily symmetric to the origin. In preparation to prove the main re-
sults we prove important properties of the basic multivariate density function
defining our operators.

For the approximation theory background we use [20] and [26].

3.2 Background and Auxiliary Results

We consider here the sigmoidal function of logarithmic type

si (xi) =
1

1 + e−xi
, xi ∈ R, i = 1, ..., N ; x := (x1, ..., xN ) ∈ R

N .

each has the properties lim
xi→+∞

si (xi) = 1 and lim
xi→−∞

si (xi) = 0, i = 1, ..., N.

These functions play the role of activation functions in the hidden layer of
neural networks, also have applications in biology, demography, etc. ([7, 18]).

As in [10], we consider

Φi (xi) :=
1

2
(si (xi + 1) − si (xi − 1)) , xi ∈ R, i = 1, ..., N.

We have the following properties:

i) Φi (xi) > 0, ∀ xi ∈ R,

ii)
∑∞

ki=−∞ Φi (xi − ki) = 1, ∀ xi ∈ R,

iii)
∑∞

ki=−∞ Φi (nxi − ki) = 1, ∀ xi ∈ R; n ∈ N,

iv)
∫∞

−∞
Φi (xi) dxi = 1,

v) Φi is a density function,

vi) Φi is even: Φi (−xi) = Φi (xi), xi ≥ 0, for i = 1, ..., N.

We observe that ([10])

Φi (xi) =

(

e2 − 1

2e2

)

1

(1 + exi−1) (1 + e−xi−1)
, i = 1, ..., N.

vii) Φi is decreasing on R+, and increasing on R−, i = 1, ..., N.
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Let 0 < β < 1, n ∈ N. Then as in [4] we get

viii)

∞
∑

⎧

⎨

⎩

ki = −∞
: |nxi − ki| > n1−β

Φi (nxi − ki) =

∞
∑

⎧

⎨

⎩

ki = −∞
: |nxi − ki| > n1−β

Φi (|nxi − ki|)

≤ 3.1992e−n(1−β)

, i = 1, ..., N.

Denote by ⌈·⌉ the ceiling of a number, and by ⌊·⌋ the integral part of a

number. Consider here x ∈
(

∏N
i=1 [ai, bi]

)

⊂ RN , N ∈ N such that ⌈nai⌉ ≤
⌊nbi⌋, i = 1, ..., N ; a := (a1, ..., aN ), b := (b1, ..., bN ) .

As in [4] we obtain

ix)

0 <
1

∑⌊nbi⌋
ki=⌈nai⌉

Φi (nxi − ki)
<

1

Φi (1)
= 5.250312578,

∀ xi ∈ [ai, bi] , i = 1, ..., N.

x) As in [4], we see that

lim
n→∞

⌊nbi⌋
∑

ki=⌈nai⌉

Φi (nxi − ki) �= 1,

for at least some xi ∈ [ai, bi], i = 1, ..., N.

We will use here

Φ (x1, ..., xN ) := Φ (x) :=

N
∏

i=1

Φi (xi) , x ∈ R
N . (3.1)

It has the properties:

(i)’ Φ (x) > 0, ∀ x ∈ R
N ,

We see that

∞
∑

k1=−∞

∞
∑

k2=−∞

...

∞
∑

kN =−∞

Φ (x1 − k1, x2 − k2, ..., xN − kN ) =

∞
∑

k1=−∞

∞
∑

k2=−∞

...

∞
∑

kN =−∞

N
∏

i=1

Φi (xi − ki) =

N
∏

i=1

(

∞
∑

ki=−∞

Φi (xi − ki)

)

= 1.
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That is
(ii)’

∞
∑

k=−∞

Φ (x − k) :=

∞
∑

k1=−∞

∞
∑

k2=−∞

...

∞
∑

kN=−∞

Φ (x1 − k1, ..., xN − kN ) = 1,

k := (k1, ..., kn), ∀ x ∈ RN .
(iii)’

∞
∑

k=−∞

Φ (nx − k) :=

∞
∑

k1=−∞

∞
∑

k2=−∞

...

∞
∑

kN=−∞

Φ (nx1 − k1, ..., nxN − kN ) = 1,

∀ x ∈ RN ; n ∈ N.
(iv)’

∫

RN

Φ (x) dx = 1,

that is Φ is a multivariate density function.

Here ‖x‖∞ := max {|x1| , ..., |xN |}, x ∈ RN , also set ∞ := (∞, ...,∞),
−∞ := (−∞, ...,−∞) upon the multivariate context, and

⌈na⌉ : = (⌈na1⌉ , ..., ⌈naN⌉) ,

⌊nb⌋ : = (⌊nb1⌋ , ..., ⌊nbN⌋) .

For 0 < β < 1 and n ∈ N, fixed x ∈ RN , have that

⌊nb⌋
∑

k=⌈na⌉

Φ (nx − k) =

⌊nb⌋
∑

⎧

⎨

⎩

k = ⌈na⌉
∥

∥

k
n
− x
∥

∥

∞
≤ 1

nβ

Φ (nx − k) +

⌊nb⌋
∑

⎧

⎨

⎩

k = ⌈na⌉
∥

∥

k
n
− x
∥

∥

∞
> 1

nβ

Φ (nx − k) .

In the last two sums the counting is over disjoint vector of k’s, because the
condition

∥

∥

k
n
− x
∥

∥

∞
> 1

nβ implies that there exists at least one
∣

∣

kr

n
− xr

∣

∣ >
1

nβ , r ∈ {1, ..., N} .

We treat

⌊nb⌋
∑

⎧

⎨

⎩

k = ⌈na⌉
∥

∥

k
n
− x
∥

∥

∞
> 1

nβ

Φ (nx − k) =
N
∏

i=1

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎝

⌊nbi⌋
∑

⎧

⎨

⎩

ki = ⌈nai⌉
∥

∥

k
n
− x
∥

∥

∞
> 1

nβ

Φi (nxi − ki)

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎠
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≤

⎛

⎜

⎝

N
∏

i=1
i�=r

(

∞
∑

ki=−∞

Φi (nxi − ki)

)

⎞

⎟

⎠
·

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎝

⌊nbr⌋
∑

⎧

⎨

⎩

kr = ⌈nar⌉
∣

∣

kr

n
− xr

∣

∣ > 1
nβ

Φr (nxr − kr)

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎠

=

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎝

⌊nbr⌋
∑

⎧

⎨

⎩

kr = ⌈nar⌉
∣

∣

kr

n
− xr

∣

∣ > 1
nβ

Φr (nxr − kr)

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎠

≤
∞
∑

⎧

⎨

⎩

kr = −∞
∣

∣

kr

n
− xr

∣

∣ > 1
nβ

Φr (nxr − kr)
(by (viii))

≤ 3.1992e−n(1−β)

.

We have established that

(v)’
⌊nb⌋
∑

⎧

⎨

⎩

k = ⌈na⌉
∥

∥

k
n
− x
∥

∥

∞
> 1

nβ

Φ (nx − k) ≤ 3.1992e−n(1−β)

,

0 < β < 1, n ∈ N, x ∈
(

∏N

i=1 [ai, bi]
)

.

By (ix) clearly we obtain

0 <
1

∑⌊nb⌋
k=⌈na⌉ Φ (nx − k)

=
1

∏N

i=1

(

∑⌊nbi⌋
ki=⌈nai⌉

Φi (nxi − ki)
)

<
1

∏N
i=1 Φi (1)

= (5.250312578)
N

.

That is,

(vi)’ it holds

0 <
1

∑⌊nb⌋
k=⌈na⌉ Φ (nx − k)

< (5.250312578)
N

,

∀ x ∈
(

∏N

i=1 [ai, bi]
)

, n ∈ N.
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It is also obvious that

(vii)’
∞
∑

⎧

⎨

⎩

k = −∞
∥

∥

k
n
− x
∥

∥

∞
> 1

nβ

Φ (nx − k) ≤ 3.1992e−n(1−β)

,

0 < β < 1, n ∈ N, x ∈ RN .

By (x) we obviously observe that

(viii)’

lim
n→∞

⌊nb⌋
∑

k=⌈na⌉

Φ (nx − k) �= 1

for at least some x ∈
(

∏N
i=1 [ai, bi]

)

.

Let f ∈ C
(

∏N
i=1 [ai, bi]

)

and n ∈ N such that ⌈nai⌉ ≤ ⌊nbi⌋, i = 1, ..., N.

We introduce and define the multivariate positive linear neural network

operator (x := (x1, ..., xN ) ∈
(

∏N
i=1 [ai, bi]

)

)

Gn (f, x1, ..., xN ) := Gn (f, x) :=

∑⌊nb⌋
k=⌈na⌉ f

(

k
n

)

Φ (nx − k)
∑⌊nb⌋

k=⌈na⌉ Φ (nx − k)
(3.2)

:=

∑⌊nb1⌋
k1=⌈na1⌉

∑⌊nb2⌋
k2=⌈na2⌉

...
∑⌊nbN⌋

kN =⌈naN⌉ f
(

k1

n
, ..., kN

n

)

(

∏N

i=1 Φi (nxi − ki)
)

∏N
i=1

(

∑⌊nbi⌋
ki=⌈nai⌉

Φi (nxi − ki)
) .

For large enough n we always obtain ⌈nai⌉ ≤ ⌊nbi⌋, i = 1, ..., N . Also ai ≤
ki

n
≤ bi, iff ⌈nai⌉ ≤ ki ≤ ⌊nbi⌋, i = 1, ..., N .
We study here the pointwise and uniform convergence of Gn (f) to f with

rates.
For convenience we call

G∗
n (f, x) :=

⌊nb⌋
∑

k=⌈na⌉

f

(

k

n

)

Φ (nx − k) (3.3)

:=

⌊nb1⌋
∑

k1=⌈na1⌉

⌊nb2⌋
∑

k2=⌈na2⌉

...

⌊nbN ⌋
∑

kN=⌈naN⌉

f

(

k1

n
, ...,

kN

n

)

(

N
∏

i=1

Φi (nxi − ki)

)

,

∀ x ∈
(

∏N

i=1 [ai, bi]
)

.
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That is

Gn (f, x) :=
G∗

n (f, x)
∑⌊nb⌋

k=⌈na⌉ Φ (nx − k)
, ∀x ∈

(

N
∏

i=1

[ai, bi]

)

, n ∈ N. (3.4)

Therefore

Gn (f, x) − f (x) =
G∗

n (f, x) − f (x)
∑⌊nb⌋

k=⌈na⌉ Φ (nx − k)
∑⌊nb⌋

k=⌈na⌉ Φ (nx − k)
. (3.5)

Consequently we derive

|Gn (f, x) − f (x)| ≤ (5.250312578)N

∣

∣

∣

∣

∣

∣

G∗
n (f, x) − f (x)

⌊nb⌋
∑

k=⌈na⌉

Φ (nx − k)

∣

∣

∣

∣

∣

∣

,

(3.6)

∀ x ∈
(

∏N
i=1 [ai, bi]

)

.

We will estimate the right hand side of (3.6).

For that we need, for f ∈ C
(

∏N
i=1 [ai, bi]

)

the first multivariate modulus

of continuity

ω1 (f, h) := sup

x, y ∈
(

∏N
i=1 [ai, bi]

)

‖x − y‖∞ ≤ h

|f (x) − f (y)| , h > 0. (3.7)

Similarly it is defined for f ∈ CB

(

RN
)

(continuous and bounded functions
on RN ). We have that lim

h→0
ω1 (f, h) = 0.

When f ∈ CB

(

RN
)

we define

Gn (f, x) := Gn (f, x1, ..., xN ) :=

∞
∑

k=−∞

f

(

k

n

)

Φ (nx − k) (3.8)

:=

∞
∑

k1=−∞

∞
∑

k2=−∞

...

∞
∑

kN =−∞

f

(

k1

n
,
k2

n
, ...,

kN

n

)

(

N
∏

i=1

Φi (nxi − ki)

)

,

n ∈ N, ∀ x ∈ RN , N ≥ 1, the multivariate quasi-interpolation neural network
operator.

Notice here that for large enough n ∈ N we get that

e−n(1−β)

< n−βj , j = 1, ..., m ∈ N, 0 < β < 1. (3.9)
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Thus be given fixed A, B > 0, for the linear combination
(

An−βj+

Be−n(1−β)
)

the (dominant) rate of convergence to zero is n−βj. The closer β

is to 1 we get faster and better rate of convergence to zero.

Let f ∈ Cm
(

∏N
i=1 [ai, bi]

)

, m, N ∈ N. Here fα denotes a partial derivative

of f , α := (α1, ..., αN ), αi ∈ Z+, i = 1, ..., N , and |α| :=
∑N

i=1 αi = l, where

l = 0, 1, ..., m. We write also fα := ∂αf
∂xα and we say it is of order l.

We denote
ωmax

1,m (fα, h) := max
α:|α|=m

ω1 (fα, h) . (3.10)

Call also
‖fα‖max

∞,m := max
|α|=m

{‖fα‖∞} , (3.11)

‖·‖∞ is the supremum norm.

3.3 Real Multivariate Neural Network Quantitative

Approximations

Here we present a series of multivariate neural network approximations to a
function given with rates.

We first present

Theorem 3.1. Let f ∈ C
(

∏N

i=1 [ai, bi]
)

, 0 < β < 1, x ∈
(

∏N

i=1 [ai, bi]
)

,

n, N ∈ N. Then
i)

|Gn (f, x) − f (x)| ≤ (5.250312578)
N ·

{

ω1

(

f,
1

nβ

)

+ (6.3984)‖f‖∞ e−n(1−β)

}

=: λ1, (3.12)

ii)
‖Gn (f) − f‖∞ ≤ λ1. (3.13)

Proof. We observe that

∆ (x) := G∗
n (f, x) − f (x)

⌊nb⌋
∑

k=⌈na⌉

Φ (nx − k) =

⌊nb⌋
∑

k=⌈na⌉

f

(

k

n

)

Φ (nx − k) −
⌊nb⌋
∑

k=⌈na⌉

f (x)Φ (nx − k) =

⌊nb⌋
∑

k=⌈na⌉

(

f

(

k

n

)

− f (x)

)

Φ (nx − k) .
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So that

|∆ (x)| ≤
⌊nb⌋
∑

k=⌈na⌉

∣

∣

∣

∣

f

(

k

n

)

− f (x)

∣

∣

∣

∣

Φ (nx − k) =

⌊nb⌋
∑

⎧

⎨

⎩

k = ⌈na⌉
∥

∥

k
n
− x
∥

∥

∞
≤ 1

nβ

∣

∣

∣

∣

f

(

k

n

)

− f (x)

∣

∣

∣

∣

Φ (nx − k)+

⌊nb⌋
∑

⎧

⎨

⎩

k = ⌈na⌉
∥

∥

k
n
− x
∥

∥

∞
> 1

nβ

∣

∣

∣

∣

f

(

k

n

)

− f (x)

∣

∣

∣

∣

Φ (nx − k) ≤

ω1

(

f,
1

nβ

)

+ 2 ‖f‖∞
⌊nb⌋
∑

⎧

⎨

⎩

k = ⌈na⌉
∥

∥

k
n
− x
∥

∥

∞
> 1

nβ

Φ (nx − k) ≤

ω1

(

f,
1

nβ

)

+ (6.3984)‖f‖∞ e−n(1−β)

.

So that

|∆| ≤ ω1

(

f,
1

nβ

)

+ (6.3984)‖f‖∞ e−n(1−β)

.

Now using (3.6) we prove claim.

Next we give

Theorem 3.2. Let f ∈ CB

(

R
N
)

, 0 < β < 1, x ∈ R
N , n, N ∈ N. Then

i)

∣

∣Gn (f, x) − f (x)
∣

∣ ≤ ω1

(

f,
1

nβ

)

+ (6.3984)‖f‖∞ e−n(1−β)

=: λ2, (3.14)

ii)
∥

∥Gn (f) − f
∥

∥

∞
≤ λ2. (3.15)

Proof. We have

Gn (f, x) :=

∞
∑

k=−∞

f

(

k

n

)

Φ (nx − k) .

Hence

En (x) :=Gn (f, x)−f (x) =
∞
∑

k=−∞

f

(

k

n

)

Φ (nx−k)−f (x)
∞
∑

k=−∞

Φ (nx−k) =

∞
∑

k=−∞

(

f

(

k

n

)

− f (x)

)

Φ (nx − k) .
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Thus

|En (x)| ≤
∞
∑

k=−∞

∣

∣

∣

∣

f

(

k

n

)

− f (x)

∣

∣

∣

∣

Φ (nx − k) =

∞
∑

⎧

⎨

⎩

k = −∞
∥

∥

k
n
− x
∥

∥

∞
≤ 1

nβ

∣

∣

∣

∣

f

(

k

n

)

− f (x)

∣

∣

∣

∣

Φ (nx − k)+

∞
∑

⎧

⎨

⎩

k = −∞
∥

∥

k
n
− x
∥

∥

∞
> 1

nβ

∣

∣

∣

∣

f

(

k

n

)

− f (x)

∣

∣

∣

∣

Φ (nx − k) ≤

ω1

(

f,
1

nβ

)

+ 2 ‖f‖∞
∞
∑

⎧

⎨

⎩

k = −∞
∥

∥

k
n
− x
∥

∥

∞
> 1

nβ

Φ (nx − k) ≤

ω1

(

f,
1

nβ

)

+ (6.3984)‖f‖∞ e−n(1−β)

.

Consequently,

|En (x)| ≤ ω1

(

f,
1

nβ

)

+ (6.3984)‖f‖∞ e−n(1−β)

,

proving the claim.

In the next we discuss high order of approximation by using the smoothness
of f .

We present

Theorem 3.3. Let f ∈ Cm
(

∏N
i=1 [ai, bi]

)

, 0 < β < 1, n, m, N ∈ N, x ∈
(

∏N
i=1 [ai, bi]

)

. Then

i)

∣

∣

∣

∣

∣

∣

Gn (f, x) − f (x) −
m
∑

j=1

⎛

⎝

∑

|α|=j

(

fα (x)
∏N

i=1 αi!

)

Gn

(

N
∏

i=1

(· − xi)
αi , x

)

⎞

⎠

∣

∣

∣

∣

∣

∣

≤

(3.16)

(5.250312578)
N ·
{

Nm

m!nmβ
ωmax

1,m

(

fα,
1

nβ

)

+

(

(6.3984)‖b − a‖m
∞ ‖fα‖max

∞,m Nm

m!

)

e−n(1−β)

}

,
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ii)
|Gn (f, x) − f (x)| ≤ (5.250312578)

N · (3.17)
⎧

⎨

⎩

m
∑

j=1

⎛

⎝

∑

|α|=j

(

|fα (x)|
∏N

i=1 αi!

)[

1

nβj
+

(

N
∏

i=1

(bi − ai)
αi

)

· (3.1992) e−n(1−β)

]

⎞

⎠+

Nm

m!nmβ
ωmax

1,m

(

fα,
1

nβ

)

+

(

(6.3984)‖b − a‖m

∞ ‖fα‖max
∞,m Nm

m!

)

e−n(1−β)

}

,

iii)
‖Gn (f) − f‖∞ ≤ (5.250312578)

N · (3.18)
⎧

⎨

⎩

N
∑

j=1

⎛

⎝

∑

|α|=j

(

‖fα‖∞
∏N

i=1 αi!

)[

1

nβj
+

(

N
∏

i=1

(bi − ai)
αi

)

(3.1992) e−n(1−β)

]

⎞

⎠+

Nm

m!nmβ
ωmax

1,m

(

fα,
1

nβ

)

+

(

(6.3984)‖b − a‖m
∞ ‖fα‖max

∞,m Nm

m!

)

e−n(1−β)

}

,

iv) Suppose fα (x0) = 0, for all α : |α| = 1, ..., m; x0 ∈
(

∏N
i=1 [ai, bi]

)

.

Then |Gn (f, x0) − f (x0)| ≤ (5.250312578)
N · (3.19)

{

Nm

m!nmβ
ωmax

1

(

fα,
1

nβ

)

+

(

(6.3984)‖b − a‖m

∞ ‖fα‖max
∞,m Nm

m!

)

e−n(1−β)

}

,

notice in the last the extremely high rate of convergence at n−β(m+1).

Proof. Consider gz (t) := f (x0 + t (z − x0)), t ≥ 0; x0, z ∈
∏N

i=1 [ai, bi] .
Then

g(j)
z (t)=

⎡

⎣

(

N
∑

i=1

(zi−x0i)
∂

∂xi

)j

f

⎤

⎦ (x01+t (z1−x01) , ..., x0N +t (zN −x0N)) ,

for all j = 0, 1, ..., m.

We have the multivariate Taylor’s formula

f (z1, ..., zN ) = gz (1) =

m
∑

j=0

g
(j)
z (0)

j!
+

1

(m − 1)!

∫ 1

0

(1 − θ)
m−1

(

g(m)
z (θ) − g(m)

z (0)
)

dθ.

Notice gz (0) = f (x0). Also for j = 0, 1, ..., m, we have

g(j)
z (0) =

∑

α:=(α1,...,αN), αi∈Z
+,

i=1,...,N, |α|:=
∑N

i=1 αi=j

(

j!
∏N

i=1 αi!

)(

N
∏

i=1

(zi − x0i)
αi

)

fα (x0) .
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Furthermore
g(m)

z (θ) =

∑

α:=(α1,...,αN), αi∈Z
+,

i=1,...,N, |α|:=
∑

N
i=1 αi=m

(

m!
∏N

i=1 αi!

)(

N
∏

i=1

(zi − x0i)
αi

)

fα (x0 + θ (z − x0)) ,

0 ≤ θ ≤ 1.

So we treat f ∈ Cm
(

∏N
i=1 [ai, bi]

)

.

Thus, we have for k
n
, x ∈

(

∏N
i=1 [ai, bi]

)

that

f

(

k1

n
, ...,

kN

n

)

− f (x) =

m
∑

j=1

∑

α:=(α1,...,αN), αi∈Z
+,

i=1,...,N, |α|:=
∑

N
i=1 αi=j

(

1
∏N

i=1 αi!

)(

N
∏

i=1

(

ki

n
− xi

)αi

)

fα (x) + R,

where

R :=m

∫ 1

0

(1−θ)
m−1

∑

α:=(α1,...,αN), αi∈Z
+,

i=1,...,N, |α|:=
∑

N
i=1 αi=m

(

1
∏N

i=1 αi!

)(

N
∏

i=1

(

ki

n
−xi

)αi

)

·
[

fα

(

x + θ

(

k

n
− x

))

− fα (x)

]

dθ.

We observe that

|R| ≤ m

∫ 1

0

(1 − θ)
m−1

∑

|α|=m

(

1
∏N

i=1 αi!

)(

N
∏

i=1

∣

∣

∣

∣

ki

n
− xi

∣

∣

∣

∣

αi

)

·

∣

∣

∣

∣

fα

(

x + θ

(

k

n
− x

))

− fα (x)

∣

∣

∣

∣

dθ ≤ m

∫ 1

0

(1 − θ)
m−1 ·

∑

|α|=m

(

1
∏N

i=1 αi!

)(

N
∏

i=1

∣

∣

∣

∣

ki

n
− xi

∣

∣

∣

∣

αi

)

ω1

(

fα, θ

∥

∥

∥

∥

k

n
− x

∥

∥

∥

∥

∞

)

dθ ≤ (∗) .

Notice here that
∥

∥

∥

∥

k

n
− x

∥

∥

∥

∥

∞

≤ 1

nβ
⇔
∣

∣

∣

∣

ki

n
− xi

∣

∣

∣

∣

≤ 1

nβ
, i = 1, ..., N.

We further see that

(∗)≤m·ωmax
1,m

(

fα,
1

nβ

)∫ 1

0

(1−θ)
m−1

∑

|α|=m

(

1
∏N

i=1 αi!

)(

N
∏

i=1

(

1

nβ

)αi

)

dθ=
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(

ωmax
1,m

(

fα, 1
nβ

)

(m!)nmβ

)

⎛

⎝

∑

|α|=m

m!
∏N

i=1 αi!

⎞

⎠ =

(

ωmax
1,m

(

fα, 1
nβ

)

(m!)nmβ

)

Nm.

Conclusion: When
∥

∥

k
n
− x
∥

∥

∞
≤ 1

nβ , we proved that

|R| ≤
(

Nm

m!nmβ

)

ωmax
1,m

(

fα,
1

nβ

)

.

In general we notice that

|R|≤m

∫ 1

0

(1−θ)
m−1

⎛

⎝

∑

|α|=m

(

1
∏N

i=1 αi!

)(

N
∏

i=1

(bi − ai)
αi

)

2 ‖fα‖∞

⎞

⎠ dθ =

2
∑

|α|=m

1
∏N

i=1 αi!

(

N
∏

i=1

(bi − ai)
αi

)

‖fα‖∞ ≤

(

2 ‖b − a‖m

∞ ‖fα‖max
∞,m

m!

)

⎛

⎝

∑

|α|=m

m!
∏N

i=1 αi!

⎞

⎠ =
2 ‖b − a‖m

∞ ‖fα‖max
∞,m Nm

m!
.

We proved in general that

|R| ≤
2 ‖b − a‖m

∞ ‖fα‖max
∞,m Nm

m!
:= λ3.

Next we observe that

Un :=

⌊nb⌋
∑

k=⌈na⌉

Φ (nx − k)R =

⌊nb⌋
∑

k=⌈na⌉

:‖ k
n
−x‖

∞
≤ 1

nβ

Φ (nx − k)R +

⌊nb⌋
∑

k=⌈na⌉

:‖ k
n
−x‖

∞
> 1

nβ

Φ (nx − k)R.

Consequently

|Un|≤

⎛

⎜

⎜

⎜

⎜

⎝

⌊nb⌋
∑

k=⌈na⌉

:‖ k
n
−x‖

∞
≤ 1

nβ

Φ (nx−k)

⎞

⎟

⎟

⎟

⎟

⎠

Nm

m!nmβ
ωmax

1,m

(

fα,
1

nβ

)

+(3.1992)λ3e
−n(1−β)

≤ Nm

m!nmβ
ωmax

1,m

(

fα,
1

nβ

)

+ (3.1992)λ3e
−n(1−β)

.
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We have established that

|Un| ≤
Nm

m!nmβ
ωmax

1,m

(

fα,
1

nβ

)

+

(

(6.3984)‖b − a‖m

∞ ‖fα‖max
∞,m Nm

m!

)

e−n(1−β)

.

We see that

⌊nb⌋
∑

k=⌈na⌉

f

(

k

n

)

Φ (nx − k) − f (x)

⌊nb⌋
∑

k=⌈na⌉

Φ (nx − k) =

m
∑

j=1

⎛

⎝

∑

|α|=j

(

fα (x)
∏N

i=1 αi!

)

⎛

⎝

⌊nb⌋
∑

k=⌈na⌉

Φ (nx − k)

(

N
∏

i=1

(

ki

n
− xi

)αi

)

⎞

⎠

⎞

⎠

+

⌊nb⌋
∑

k=⌈na⌉

Φ (nx − k)R.

The last says that

G∗
n (f, x) − f (x)

⎛

⎝

⌊nb⌋
∑

k=⌈na⌉

Φ (nx − k)

⎞

⎠−

m
∑

j=1

⎛

⎝

∑

|α|=j

(

fα (x)
∏N

i=1 αi!

)

G∗
n

(

N
∏

i=1

(· − xi)
αi , x

)

⎞

⎠ = Un.

Clearly G∗
n is a positive linear operator.

Thus (here αi ∈ Z+ : |α| =
∑N

i=1 αi = j)

∣

∣

∣

∣

∣

G∗
n

(

N
∏

i=1

(· − xi)
αi , x

)∣

∣

∣

∣

∣

≤ G∗
n

(

N
∏

i=1

|· − xi|αi , x

)

=

⌊nb⌋
∑

k=⌈na⌉

(

N
∏

i=1

∣

∣

∣

∣

ki

n
− xi

∣

∣

∣

∣

αi

)

Φ (nx − k) =

⌊nb⌋
∑

k=⌈na⌉

:‖ k
n
−x‖

∞
≤ 1

nβ

(

N
∏

i=1

∣

∣

∣

∣

ki

n
− xi

∣

∣

∣

∣

αi

)

Φ (nx − k)+

⌊nb⌋
∑

k=⌈na⌉

:‖ k
n
−x‖

∞
> 1

nβ

(

N
∏

i=1

∣

∣

∣

∣

ki

n
− xi

∣

∣

∣

∣

αi

)

Φ (nx − k) ≤
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1

nβj
+

N
∏

i=1

(bi − ai)
αi

⎛

⎜

⎜

⎜

⎜

⎝

⌊nb⌋
∑

k=⌈na⌉

:‖ k
n
−x‖

∞
> 1

nβ

Φ (nx − k)

⎞

⎟

⎟

⎟

⎟

⎠

≤

1

nβj
+

(

N
∏

i=1

(bi − ai)
αi

)

(3.1992)e−n(1−β)

.

So we have proved that

∣

∣

∣

∣

∣

G∗
n

(

N
∏

i=1

(· − xi)
αi , x

)∣

∣

∣

∣

∣

≤ 1

nβj
+

(

N
∏

i=1

(bi − ai)
αi

)

(3.1992) e−n(1−β)

,

for all j = 1, ..., m.

At last we observe that
∣

∣

∣

∣

∣

∣

Gn (f, x) − f (x) −
m
∑

j=1

⎛

⎝

∑

|α|=j

(

fα (x)
∏N

i=1 αi!

)

Gn

(

N
∏

i=1

(· − xi)
αi , x

)

⎞

⎠

∣

∣

∣

∣

∣

∣

≤

(5.250312578)
N ·

∣

∣

∣

∣

∣

∣

G∗
n (f, x) − f (x)

⌊nb⌋
∑

k=⌈na⌉

Φ (nx − k)−

m
∑

j=1

⎛

⎝

∑

|α|=j

(

fα (x)
∏N

i=1 αi!

)

G∗
n

(

N
∏

i=1

(· − xi)
αi , x

)

⎞

⎠

∣

∣

∣

∣

∣

∣

.

Putting all of the above together we prove theorem.

3.4 Complex Multivariate Neural Network

Quantitative Approximations

We make

Remark 3.4. Let X =
∏n

i=1 [ai, bi] or R
N , and f : X → C with real and

imaginary parts f1, f2 : f = f1 + if2, i =
√
−1. Clearly f is continuous iff f1

and f2 are continuous.
Given that f1, f2 ∈ Cm (X), m ∈ N, it holds

fα (x) = f1,α (x) + if2,α (x) , (3.20)

where α denotes a partial derivative of any order and arrangement.
We denote by CB

(

RN , C
)

the space of continuous and bounded functions
f : RN → C. Clearly f is bounded, iff both f1, f2 are bounded from RN into
R, where f = f1 + if2.
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Here we define

Gn (f, x) := Gn (f1, x) + iGn (f2, x) , x ∈
(

n
∏

i=1

[ai, bi]

)

, (3.21)

and
Gn (f, x) := Gn (f1, x) + iGn (f2, x) , x ∈ R

N . (3.22)

We see here that

|Gn (f, x) − f (x)| ≤ |Gn (f1, x) − f1 (x)| + |Gn (f2, x) − f2 (x)| , (3.23)

and

‖Gn (f) − f‖∞ ≤ ‖Gn (f1) − f1‖∞ + ‖Gn (f2) − f2‖∞ . (3.24)

Similarly we obtain

∣

∣Gn (f, x) − f (x)
∣

∣ ≤
∣

∣Gn (f1, x) − f1 (x)
∣

∣+
∣

∣Gn (f2, x) − f2 (x)
∣

∣ , x ∈ R
N ,

(3.25)
and

∥

∥Gn (f) − f
∥

∥

∞
≤
∥

∥Gn (f1) − f1

∥

∥

∞
+
∥

∥Gn (f2) − f2

∥

∥

∞
. (3.26)

We give

Theorem 3.5. Let f ∈ C (
∏n

i=1 [ai, bi] , C) , f = f1 + if2, 0 < β < 1, n, N ∈
N, x ∈ (

∏n
i=1 [ai, bi]). Then

i)

|Gn (f, x) − f (x)| ≤ (5.250312578)
N · (3.27)

{

ω1

(

f1,
1

nβ

)

+ ω1

(

f2,
1

nβ

)

+ (6.3984) (‖f1‖∞ + ‖f2‖∞) e−n(1−β)

}

=: ψ1,

ii)
‖Gn (f) − f‖∞ ≤ ψ1. (3.28)

Proof. Use of Theorem 3.1 and Remark 3.4.

We present

Theorem 3.6. Let f ∈ CB

(

RN , C
)

, f = f1 + if2, 0 < β < 1, n, N ∈ N,
x ∈ RN . Then

i)
∣

∣Gn (f, x) − f (x)
∣

∣ ≤ ω1

(

f1,
1

nβ

)

+ ω1

(

f2,
1

nβ

)

+ (3.29)

(6.3984) (‖f1‖∞ + ‖f2‖∞) e−n(1−β)

=: ψ2,

ii)
∥

∥Gn (f) − f
∥

∥

∞
≤ ψ2. (3.30)
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Proof. By Theorem 3.2 and Remark 3.4.

In the next we discuss high order of complex approximation by using the
smoothness of f .

We present

Theorem 3.7. Let f :
∏n

i=1 [ai, bi] → C, such that f = f1 + if2. Assume
f1, f2 ∈ Cm (

∏n

i=1 [ai, bi]) , 0 < β < 1, n, m, N ∈ N, x ∈ (
∏n

i=1 [ai, bi]). Then
i)

∣

∣

∣

∣

∣

∣

Gn (f, x) − f (x) −
m
∑

j=1

⎛

⎝

∑

|α|=j

(

fα (x)
∏N

i=1 αi!

)

Gn

(

N
∏

i=1

(· − xi)
αi , x

)

⎞

⎠

∣

∣

∣

∣

∣

∣

≤

(3.31)

(5.250312578)N ·
{

Nm

m!nmβ

(

ωmax
1,m

(

f1,α,
1

nβ

)

+ ωmax
1,m

(

f2,α,
1

nβ

))

+

⎛

⎝

(6.3984)‖b − a‖m

∞

(

‖f1,α‖max
∞,m

+ ‖f2,α‖max
∞,m

)

Nm

m!

⎞

⎠ e−n(1−β)

⎫

⎬

⎭

,

ii)

|Gn (f, x) − f (x)| ≤ (5.250312578)
N · (3.32)

⎧

⎨

⎩

m
∑

j=1

⎛

⎝

∑

|α|=j

(

|f1,α (x)| + |f2,α (x)|
∏N

i=1 αi!

)

[

1

nβj
+

(

N
∏

i=1

(bi − ai)
αi

)

· (3.1992) e−n(1−β)

])

+

Nm

m!nmβ

(

ωmax
1,m

(

f1,α,
1

nβ

)

+ ωmax
1,m

(

f2,α,
1

nβ

))

+

⎛

⎝

(6.3984)‖b − a‖m

∞

(

‖f1,α‖max
∞,m

+ ‖f2,α‖max
∞,m

)

Nm

m!

⎞

⎠ e−n(1−β)

⎫

⎬

⎭

,

iii)

‖Gn (f) − f‖∞ ≤ (5.250312578)
N · (3.33)

⎧

⎨

⎩

m
∑

j=1

⎛

⎝

∑

|α|=j

(

‖f1,α (x)‖∞ + ‖f2,α (x)‖∞
∏N

i=1 αi!

)

[

1

nβj
+

(

N
∏

i=1

(bi − ai)
αi

)

· (3.1992) e−n(1−β)

])

+
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Nm

m!nmβ

(

ωmax
1,m

(

f1,α,
1

nβ

)

+ ωmax
1,m

(

f2,α,
1

nβ

))

+

+

⎛

⎝

(6.3984)‖b − a‖m

∞

(

‖f1,α‖max
∞,m

+ ‖f2,α‖max
∞,m

)

Nm

m!

⎞

⎠ e−n(1−β)

⎫

⎬

⎭

,

iv) Suppose fα (x0) = 0, for all α : |α| = 1, ..., m; x0 ∈
(

∏N

i=1 [ai, bi]
)

.

Then
|Gn (f, x0) − f (x0)| ≤ (5.250312578)

N · (3.34)
{

Nm

m!nmβ

(

ωmax
1,m

(

f1,α,
1

nβ

)

+ ωmax
1,m

(

f2,α,
1

nβ

))

+

⎛

⎝

(6.3984)‖b − a‖m
∞

(

‖f1,α‖max
∞,m

+ ‖f2,α‖max
∞,m

)

Nm

m!

⎞

⎠ e−n(1−β)

⎫

⎬

⎭

,

notice in the last the extremely high rate of convergence at n−β(m+1).

Proof. By Theorem 3.3 and Remark 3.4.

Example 3.8.

Consider f(x, y) = ex+y, (x, y) ∈ [−1, 1]
2
. Let x = (x1, y1), y = (x2, y2), we

see that

|f (x) − f (y)| =
∣

∣ex1+y1 − ex2+y2
∣

∣

= |ex1ey1 − ex1ey2 + ex1ey2 − ex2ey2 |
= |ex1 (ey1 − ey2) + ey2 (ex1 − ex2)|
≤ e (|ey1 − ey2 | + |ex1 − ex2|)
≤ e2 [|y1 − y2| + |x1 − x2|]
≤ 2e2 ‖x − y‖∞ .

That is
|f (x) − f (y)| ≤ 2e2 ‖x − y‖∞ . (3.35)

Consequently by (3.7) we get that

ω1 (f, h) ≤ 2e2h, h > 0. (3.36)

Therefore by (3.13) we derive

∥

∥Gn

(

ex+y
)

(x, y) − ex+y
∥

∥

∞
≤ (27.5657821) (3.37)

·e2

{

2

nβ
+ (6.3984)e−n(1−β)

}

,

where 0 < β < 1 and n ∈ N.
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Example 3.9

Let f (x1, . . . , xN ) =

N
∑

i=1

sin xi, (x1, . . . , xN ) ∈ RN , N ∈ N. Denote x =

(x1, . . . , xN ) , y = (y1, . . . , yN ) and see that

∣

∣

∣

∣

∣

N
∑

i=1

sinxi −
N
∑

i=1

sin yi

∣

∣

∣

∣

∣

≤
N
∑

i=1

|sin xi − sin yi|

≤
N
∑

i=1

|xi − yi|

≤ N ‖x − y‖∞ .

That is
|f (x) − f (y)| ≤ N ‖x − y‖∞ . (3.38)

Consequently by (3.7) we obtain that

ω1 (f, h) ≤ Nh, h > 0. (3.39)

Therefore by (3.15) we derive

∥

∥

∥

∥

∥

Gn

(

N
∑

i=1

sin xi

)

(x1, . . . , xN )−
N
∑

i=1

sin xi

∥

∥

∥

∥

∥

∞

≤N

(

1

nβ
+ (6.3984)e−n(1−β)

)

,

(3.40)
where 0 < β < 1 and n ∈ N.

One can easily construct many other interesting examples.
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Chapter 4

Multivariate Hyperbolic Tangent
Neural Network Quantitative
Approximation

Here we give the multivariate quantitative approximation of real and com-
plex valued continuous multivariate functions on a box or RN , N ∈ N, by
the multivariate quasi-interpolation hyperbolic tangent neural network oper-
ators. This approximation is obtained by establishing multidimensional Jack-
son type inequalities involving the multivariate modulus of continuity of the
engaged function or its high order partial derivatives. The multivariate op-
erators are defined by using a multidimensional density function induced by
the hyperbolic tangent function. Our approximations are pointwise and uni-
form. The related feed-forward neural network is with one hidden layer. This
chapter is based on [6].

4.1 Introduction

The author in [1], [2], and [3], see chapters 2-5, was the first to establish neural
network approximations to continuous functions with rates by very specifi-
cally defined neural network operators of Cardaliagnet-Euvrard and ”Squash-
ing” types, by employing the modulus of continuity of the engaged function
or its high order derivative, and producing very tight Jackson type inequali-
ties. He treats there both the univariate and multivariate cases. The defining
these operators ”bell-shaped” and ”squashing” functions are assumed to be
of compact support. Also in [3] he gives the Nth order asymptotic expan-
sion for the error of weak approximation of these two operators to a special
natural class of smooth functions, see chapters 4-5 there.

For this chapter the author is inspired by the article [7] by Z. Chen and
F. Cao, also by [4], [5].

G.A. Anastassiou: Intelligent Systems: Approximation by ANN, ISRL 19, pp. 89–107.
springerlink.com c© Springer-Verlag Berlin Heidelberg 2011
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The author here performs multivariate hyperbolic tangent neural network
approximations to continuous functions over boxes or over the whole RN ,
N ∈ N, then he extends his results to complex valued multivariate functions.
All convergences here are with rates expressed via the multivariate modulus
of continuity of the involved function or its high order partial derivative, and
given by very tight multidimensional Jackson type inequalities.

The author here comes up with the ”right” precisely defined multivariate
quasi-interpolation neural network operators related to boxes or RN . The
boxes are not necessarily symmetric to the origin. In preparation to prove
our results we prove important properties of the basic multivariate density
function induced by hyperbolic tangent function and defining our operators.

Feed-forward neural networks (FNNs) with one hidden layer, the only
type of networks we deal with in this chapter, are mathematically expressed
as

Nn (x) =
n
∑

j=0

cjσ (〈aj · x〉 + bj) , x ∈ R
s, s ∈ N,

where for 0 ≤ j ≤ n, bj ∈ R are the thresholds, aj ∈ Rs are the connection
weights, cj ∈ R are the coefficients, 〈aj · x〉 is the inner product of aj and
x, and σ is the activation function of the network. In many fundamental
network models, the activation function is the hyperbolic tangent. About
neural networks see [8], [9], [10].

4.2 Basic Ideas

We consider here the hyperbolic tangent function tanhx, x ∈ R :

tanhx :=
ex − e−x

ex + e−x
.

It has the properties tanh 0 = 0, −1 < tanhx < 1, ∀ x ∈ R, and tanh (−x) =
− tanhx. Furthermore tanhx → 1 as x → ∞, and tanhx → −1, as x → −∞,
and it is strictly increasing on R.

This function plays the role of an activation function in the hidden layer
of neural networks.

We further consider

Ψ (x) :=
1

4
(tanh (x + 1) − tanh (x − 1)) > 0, ∀ x ∈ R.

We easily see that Ψ (−x) = Ψ (x), that is Ψ is even on R. Obviously Ψ is
differentiable, thus continuous.
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Proposition 4.1. ([5]) Ψ (x) for x ≥ 0 is strictly decreasing.

Obviously Ψ (x) is strictly increasing for x ≤ 0. Also it holds lim
x→−∞

Ψ (x) =

0 = lim
x→∞

Ψ (x) .

Infact Ψ has the bell shape with horizontal asymptote the x-axis. So the
maximum of Ψ is zero, Ψ (0) = 0.3809297.

Theorem 4.2. ([5]) We have that
∑∞

i=−∞ Ψ (x − i) = 1, ∀ x ∈ R.

Therefore
∞
∑

i=−∞

Ψ (nx − i) = 1, ∀ n ∈ N, ∀ x ∈ R.

Also it holds
∞
∑

i=−∞

Ψ (x + i) = 1, ∀x ∈ R.

Theorem 4.3. ([5]) It holds
∫∞

−∞ Ψ (x) dx = 1.

So Ψ (x) is a density function on R.

Theorem 4.4. ([5]) Let 0 < α < 1 and n ∈ N. It holds

∞
∑

⎧

⎨

⎩

k = −∞
: |nx − k| ≥ n1−α

Ψ (nx − k) ≤ e4 · e−2n(1−α)

.

Denote by ⌊·⌋ the integral part of the number and by ⌈·⌉ the ceiling of the
number.

Theorem 4.5. ([5]) Let x ∈ [a, b] ⊂ R and n ∈ N so that ⌈na⌉ ≤ ⌊nb⌋. It
holds

1
∑⌊nb⌋

k=⌈na⌉ Ψ (nx − k)
<

1

Ψ (1)
= 4.1488766.

Also by [5] we get that

lim
n→∞

⌊nb⌋
∑

k=⌈na⌉

Ψ (nx − k) �= 1,

for at least some x ∈ [a, b].
In this chapter we employ

Θ (x1, ..., xN ) := Θ (x) :=
N
∏

i=1

Ψ (xi) , x = (x1, ..., xN ) ∈ R
N , N ∈ N. (4.1)
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It has the properties:

(i) Θ (x) > 0, ∀ x ∈ RN ,

(ii)

∞
∑

k=−∞

Θ (x − k) :=

∞
∑

k1=−∞

∞
∑

k2=−∞

...

∞
∑

kN=−∞

Θ (x1 − k1, ..., xN − kN ) = 1,

where k := (k1, ..., kn), ∀ x ∈ RN .

(iii)
∞
∑

k=−∞

Θ (nx − k) :=

∞
∑

k1=−∞

∞
∑

k2=−∞

...

∞
∑

kN=−∞

Θ (nx1 − k1, ..., nxN − kN ) = 1,

∀ x ∈ RN ; n ∈ N.
(iv)

∫

RN

Θ (x) dx = 1,

that is Θ is a multivariate density function.

Here ‖x‖∞ := max {|x1| , ..., |xN |}, x ∈ RN , also set ∞ := (∞, ...,∞),
−∞ := (−∞, ...,−∞) upon the multivariate context, and

⌈na⌉ : = (⌈na1⌉ , ..., ⌈naN⌉) ,

⌊nb⌋ : = (⌊nb1⌋ , ..., ⌊nbN⌋) ,

where a := (a1, ..., aN ), b := (b1, ..., bN) .

We clearly see that

⌊nb⌋
∑

k=⌈na⌉

Θ (nx − k) =

⌊nb⌋
∑

k=⌈na⌉

N
∏

i=1

Ψ (nxi − xi) =

⌊nb1⌋
∑

k1=⌈na1⌉

...

⌊nbN ⌋
∑

kN=⌈naN⌉

N
∏

i=1

Ψ (nxi − ki) =

N
∏

i=1

⎛

⎝

⌊nbi⌋
∑

ki=⌈nai⌉

Ψ (nxi − ki)

⎞

⎠ .

For 0 < β < 1 and n ∈ N, fixed x ∈ RN , we have that

⌊nb⌋
∑

k=⌈na⌉

Θ (nx − k) =
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⌊nb⌋
∑

⎧

⎨

⎩

k = ⌈na⌉
∥

∥

k
n
− x
∥

∥

∞
≤ 1

nβ

Θ (nx − k) +

⌊nb⌋
∑

⎧

⎨

⎩

k = ⌈na⌉
∥

∥

k
n
− x
∥

∥

∞
> 1

nβ

Θ (nx − k) .

In the last two sums the counting is over disjoint vector sets of k’s, because the
condition

∥

∥

k
n
− x
∥

∥

∞
> 1

nβ implies that there exists at least one
∣

∣

kr

n
− xr

∣

∣ >
1

nβ , r ∈ {1, ..., N} .

We treat

⌊nb⌋
∑

⎧

⎨

⎩

k = ⌈na⌉
∥

∥

k
n
− x
∥

∥

∞
> 1

nβ

Θ (nx − k) =

N
∏

i=1

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎝

⌊nbi⌋
∑

⎧

⎨

⎩

ki = ⌈nai⌉
∥

∥

k
n
− x
∥

∥

∞
> 1

nβ

Ψ (nxi − ki)

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎠

≤

⎛

⎜

⎝

N
∏

i=1
i�=r

(

∞
∑

ki=−∞

Ψ (nxi − ki)

)

⎞

⎟

⎠
·

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎝

⌊nbr⌋
∑

⎧

⎨

⎩

kr = ⌈nar⌉
∣

∣

kr

n
− xr

∣

∣ > 1
nβ

Ψ (nxr − kr)

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎠

=

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎝

⌊nbr⌋
∑

⎧

⎨

⎩

kr = ⌈nar⌉
∣

∣

kr

n
− xr

∣

∣ > 1
nβ

Ψ (nxr − kr)

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎠

≤
∞
∑

⎧

⎨

⎩

kr = −∞
∣

∣

kr

n
− xr

∣

∣ > 1
nβ

Ψ (nxr − kr)
(by Theorem 4.4)

≤ e4 · e−2n(1−β)

.

We have established that

(v)
⌊nb⌋
∑

⎧

⎨

⎩

k = ⌈na⌉
∥

∥

k
n
− x
∥

∥

∞
> 1

nβ

Θ (nx − k) ≤ e4 · e−2n(1−β)

,

0 < β < 1, n ∈ N, x ∈
(

∏N

i=1 [ai, bi]
)

.
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By Theorem 4.5 clearly we obtain

0 <
1

∑⌊nb⌋
k=⌈na⌉ Θ (nx − k)

=
1

∏N
i=1

(

∑⌊nbi⌋
ki=⌈nai⌉

Ψ (nxi − ki)
)

<
1

(Ψ (1))
N

= (4.1488766)
N

.

That is,

(vi) it holds

0 <
1

∑⌊nb⌋
k=⌈na⌉ Θ (nx − k)

<
1

(Ψ (1))
N

= (4.1488766)
N

,

∀ x ∈
(

∏N

i=1 [ai, bi]
)

, n ∈ N.

It is also obvious that

(vii)
∞
∑

⎧

⎨

⎩

k = −∞
∥

∥

k
n
− x
∥

∥

∞
> 1

nβ

Θ (nx − k) ≤ e4 · e−2n(1−β)

,

0 < β < 1, n ∈ N, x ∈ RN .

Also we find

lim
n→∞

⌊nb⌋
∑

k=⌈na⌉

Θ (nx − k) �= 1,

for at least some x ∈
(

∏N

i=1 [ai, bi]
)

.

Let f ∈ C
(

∏N

i=1 [ai, bi]
)

and n ∈ N such that ⌈nai⌉ ≤ ⌊nbi⌋, i = 1, ..., N.

We introduce and define the multivariate positive linear neural network

operator (x := (x1, ..., xN ) ∈
(

∏N
i=1 [ai, bi]

)

)

Fn (f, x1, ..., xN ) := Fn (f, x) :=

∑⌊nb⌋
k=⌈na⌉ f

(

k
n

)

Θ (nx − k)
∑⌊nb⌋

k=⌈na⌉ Θ (nx − k)
(4.2)

:=

∑⌊nb1⌋
k1=⌈na1⌉

∑⌊nb2⌋
k2=⌈na2⌉

...
∑⌊nbN ⌋

kN=⌈naN⌉ f
(

k1

n
, ..., kN

n

)

(

∏N

i=1 Ψ (nxi − ki)
)

∏N

i=1

(

∑⌊nbi⌋
ki=⌈nai⌉

Ψ (nxi − ki)
) .

For large enough n we always obtain ⌈nai⌉ ≤ ⌊nbi⌋, i = 1, ..., N . Also ai ≤
ki

n
≤ bi, iff ⌈nai⌉ ≤ ki ≤ ⌊nbi⌋, i = 1, ..., N .
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We study here the pointwise and uniform convergence of Fn (f) to f with
rates.

For convenience we call

F ∗
n (f, x) :=

⌊nb⌋
∑

k=⌈na⌉

f

(

k

n

)

Θ (nx − k) (4.3)

:=

⌊nb1⌋
∑

k1=⌈na1⌉

⌊nb2⌋
∑

k2=⌈na2⌉

...

⌊nbN⌋
∑

kN =⌈naN⌉

f

(

k1

n
, ...,

kN

n

)

(

N
∏

i=1

Ψ (nxi − ki)

)

,

∀ x ∈
(

∏N

i=1 [ai, bi]
)

.

That is

Fn (f, x) :=
F ∗

n (f, x)
∑⌊nb⌋

k=⌈na⌉ Θ (nx − k)
, (4.4)

∀ x ∈
(

∏N
i=1 [ai, bi]

)

, n ∈ N.

So that

Fn (f, x) − f (x) =
F ∗

n (f, x) − f (x)
∑⌊nb⌋

k=⌈na⌉ Θ (nx − k)
∑⌊nb⌋

k=⌈na⌉ Θ (nx − k)
. (4.5)

Consequently we obtain

|Fn (f, x) − f (x)| ≤ (4.1488766)
N

∣

∣

∣

∣

∣

∣

F ∗
n (f, x) − f (x)

⌊nb⌋
∑

k=⌈na⌉

Θ (nx − k)

∣

∣

∣

∣

∣

∣

,

(4.6)

∀ x ∈
(

∏N
i=1 [ai, bi]

)

.

We will estimate the right hand side of (4.6).

For that we need, for f ∈ C
(

∏N
i=1 [ai, bi]

)

the first multivariate modulus

of continuity

ω1 (f, h) := sup

x, y ∈∏N
i=1 [ai, bi]

‖x − y‖∞ ≤ h

|f (x) − f (y)| , h > 0. (4.7)

Similarly it is defined for f ∈ CB

(

RN
)

(continuous and bounded functions
on RN ). We have that lim

h→0
ω1 (f, h) = 0.

When f ∈ CB

(

RN
)

we define,

Fn (f, x) := Fn (f, x1, ..., xN ) :=

∞
∑

k=−∞

f

(

k

n

)

Θ (nx − k) := (4.8)
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∞
∑

k1=−∞

∞
∑

k2=−∞

...

∞
∑

kN =−∞

f

(

k1

n
,
k2

n
, ...,

kN

n

)

(

N
∏

i=1

Ψ (nxi − ki)

)

,

n ∈ N, ∀ x ∈ RN , N ≥ 1, the multivariate quasi-interpolation neural network
operator.

Notice here that for large enough n ∈ N we get that

e−2n(1−β)

< n−βj, j = 1, ..., m ∈ N, 0 < β < 1. (4.9)

Thus be given fixed A, B > 0, for the linear combination
(

An−βj+

Be−2n(1−β)
)

the (dominant) rate of convergence to zero is n−βj . The closer

β is to 1 we get faster and better rate of convergence to zero.

Let f ∈ Cm
(

∏N
i=1 [ai, bi]

)

, m, N ∈ N. Here fα denotes a partial derivative

of f , α := (α1, ..., αN ), αi ∈ Z+, i = 1, ..., N , and |α| :=
∑N

i=1 αi = l, where

l = 0, 1, ..., m. We write also fα := ∂αf
∂xα and we say it is of order l.

We denote
ωmax

1,m (fα, h) := max
α:|α|=m

ω1 (fα, h) . (4.10)

Call also
‖fα‖max

∞,m := max
|α|=m

{‖fα‖∞} , (4.11)

‖·‖∞ is the supremum norm.

4.3 Real Multivariate Neural Network Quantitative

Approximations

Here we show a series of multivariate neural network approximations to a
function given with rates.

We first present

Theorem 4.6. Let f ∈ C
(

∏N

i=1 [ai, bi]
)

, 0 < β < 1, x ∈
(

∏N

i=1 [ai, bi]
)

,

n, N ∈ N. Then
i)

|Fn (f, x) − f (x)| ≤ (4.1488766)
N ·

{

ω1

(

f,
1

nβ

)

+ 2e4 ‖f‖∞ e−2n(1−β)

}

=: λ1, (4.12)

ii)
‖Fn (f) − f‖∞ ≤ λ1. (4.13)
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Proof. We see that

∆ (x) := F ∗
n (f, x) − f (x)

⌊nb⌋
∑

k=⌈na⌉

Θ (nx − k) =

⌊nb⌋
∑

k=⌈na⌉

f

(

k

n

)

Θ (nx − k) −
⌊nb⌋
∑

k=⌈na⌉

f (x)Θ (nx − k) =

⌊nb⌋
∑

k=⌈na⌉

(

f

(

k

n

)

− f (x)

)

Θ (nx − k) .

Therefore

|∆ (x)| ≤
⌊nb⌋
∑

k=⌈na⌉

∣

∣

∣

∣

f

(

k

n

)

− f (x)

∣

∣

∣

∣

Θ (nx − k) =

⌊nb⌋
∑

⎧

⎨

⎩

k = ⌈na⌉
∥

∥

k
n
− x
∥

∥

∞
≤ 1

nβ

∣

∣

∣

∣

f

(

k

n

)

− f (x)

∣

∣

∣

∣

Θ (nx − k)+

⌊nb⌋
∑

⎧

⎨

⎩

k = ⌈na⌉
∥

∥

k
n
− x
∥

∥

∞
> 1

nβ

∣

∣

∣

∣

f

(

k

n

)

− f (x)

∣

∣

∣

∣

Θ (nx − k) ≤

ω1

(

f,
1

nβ

)

+ 2 ‖f‖∞
⌊nb⌋
∑

⎧

⎨

⎩

k = ⌈na⌉
∥

∥

k
n
− x
∥

∥

∞
> 1

nβ

Θ (nx − k) ≤

ω1

(

f,
1

nβ

)

+ 2e4 ‖f‖∞ e−2n(1−β)

.

So that

|∆(x)| ≤ ω1

(

f,
1

nβ

)

+ 2e4 ‖f‖∞ e−2n(1−β)

.

Now using (4.6) we prove claim.

Next we give

Theorem 4.7. Let f ∈ CB

(

RN
)

, 0 < β < 1, x ∈ RN , n, N ∈ N. Then
i)

∣

∣Fn (f, x) − f (x)
∣

∣ ≤ ω1

(

f,
1

nβ

)

+ 2e4 ‖f‖∞ e−2n(1−β)

=: λ2, (4.14)
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ii)
∥

∥Fn (f) − f
∥

∥

∞
≤ λ2. (4.15)

Proof. We have

Fn (f, x) :=

∞
∑

k=−∞

f

(

k

n

)

Θ (nx − k) .

Therefore

En (x) :=Fn (f, x)−f (x) =

∞
∑

k=−∞

f

(

k

n

)

Θ (nx−k)−f (x)

∞
∑

k=−∞

Θ (nx−k) =

∞
∑

k=−∞

(

f

(

k

n

)

− f (x)

)

Θ (nx − k) .

Hence

|En (x)| ≤
∞
∑

k=−∞

∣

∣

∣

∣

f

(

k

n

)

− f (x)

∣

∣

∣

∣

Θ (nx − k) =

∞
∑

⎧

⎨

⎩

k = −∞
∥

∥

k
n
− x
∥

∥

∞
≤ 1

nβ

∣

∣

∣

∣

f

(

k

n

)

− f (x)

∣

∣

∣

∣

Θ (nx − k)+

∞
∑

⎧

⎨

⎩

k = −∞
∥

∥

k
n
− x
∥

∥

∞
> 1

nβ

∣

∣

∣

∣

f

(

k

n

)

− f (x)

∣

∣

∣

∣

Θ (nx − k) ≤

ω1

(

f,
1

nβ

)

+ 2 ‖f‖∞
∞
∑

⎧

⎨

⎩

k = −∞
∥

∥

k
n
− x
∥

∥

∞
> 1

nβ

Θ (nx − k) ≤

ω1

(

f,
1

nβ

)

+ 2e4 ‖f‖∞ e−2n(1−β)

.

Thus

|En (x)| ≤ ω1

(

f,
1

nβ

)

+ 2e4 ‖f‖∞ e−2n(1−β)

,

proving the claim.

In the next we discuss high order of approximation by using the smoothness
of f .
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We present

Theorem 4.8. Let f ∈ Cm
(

∏N
i=1 [ai, bi]

)

, 0 < β < 1, n, m, N ∈ N, x ∈
(

∏N

i=1 [ai, bi]
)

. Then

i)

∣

∣

∣

∣

∣

∣

Fn (f, x) − f (x) −
m
∑

j=1

⎛

⎝

∑

|α|=j

(

fα (x)
∏N

i=1 αi!

)

Fn

(

N
∏

i=1

(· − xi)
αi , x

)

⎞

⎠

∣

∣

∣

∣

∣

∣

≤

(4.16)

(4.1488766)
N ·
{

Nm

m!nmβ
ωmax

1,m

(

fα,
1

nβ

)

+

(

2e4 ‖b − a‖m
∞ ‖fα‖max

∞,m Nm

m!

)

e−2n(1−β)

}

,

ii)

|Fn (f, x) − f (x)| ≤ (4.1488766)
N · (4.17)

⎧

⎨

⎩

m
∑

j=1

⎛

⎝

∑

|α|=j

(

|fα (x)|
∏N

i=1 αi!

)[

1

nβj
+

(

N
∏

i=1

(bi − ai)
αi

)

· e4e−2n(1−β)

]

⎞

⎠+

Nm

m!nmβ
ωmax

1,m

(

fα,
1

nβ

)

+

(

2e4 ‖b − a‖m

∞ ‖fα‖max
∞,m Nm

m!

)

e−2n(1−β)

}

,

iii)

‖Fn (f) − f‖∞ ≤ (4.1488766)N · (4.18)
⎧

⎨

⎩

m
∑

j=1

⎛

⎝

∑

|α|=j

(

‖fα‖∞
∏N

i=1 αi!

)[

1

nβj
+

(

N
∏

i=1

(bi − ai)
αi

)

e4e−2n(1−β)

]

⎞

⎠+

Nm

m!nmβ
ωmax

1,m

(

fα,
1

nβ

)

+

(

2e4 ‖b − a‖m

∞ ‖fα‖max
∞,m Nm

m!

)

e−2n(1−β)

}

,

iv) Suppose fα (x0) = 0, for all α : |α| = 1, ..., m; x0 ∈
(

∏N

i=1 [ai, bi]
)

.

Then
|Fn (f, x0) − f (x0)| ≤ (4.1488766)

N · (4.19)
{

Nm

m!nmβ
ωmax

1

(

fα,
1

nβ

)

+

(

2e4 ‖b − a‖m
∞ ‖fα‖max

∞,m Nm

m!

)

e−2n(1−β)

}

,

notice in the last the extremely high rate of convergence at n−β(m+1).
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Proof. Consider gz (t) := f (x0 + t (z − x0)), t ≥ 0; x0, z ∈ ∏N

i=1 [ai, bi] .
Then

g(j)
z (t)=

⎡

⎣

(

N
∑

i=1

(zi−x0i)
∂

∂xi

)j

f

⎤

⎦ (x01+t (z1−x01) , ..., x0N +t (zN −x0N)) ,

for all j = 0, 1, ..., m.

We have the multivariate Taylor’s formula

f (z1, ..., zN ) = gz (1) =

m
∑

j=0

g
(j)
z (0)

j!
+

1

(m − 1)!

∫ 1

0

(1 − θ)
m−1

(

g(m)
z (θ) − g(m)

z (0)
)

dθ.

Notice gz (0) = f (x0). Also for j = 0, 1, ..., m, we have

g(j)
z (0) =

∑

α:=(α1,...,αN), αi∈Z
+,

i=1,...,N, |α|:=
∑N

i=1 αi=j

(

j!
∏N

i=1 αi!

)(

N
∏

i=1

(zi − x0i)
αi

)

fα (x0) .

Furthermore
g(m)

z (θ) =

∑

α:=(α1,...,αN), αi∈Z
+,

i=1,...,N, |α|:=
∑N

i=1 αi=m

(

m!
∏N

i=1 αi!

)(

N
∏

i=1

(zi − x0i)
αi

)

fα (x0 + θ (z − x0)) ,

0 ≤ θ ≤ 1.

So we treat f ∈ Cm
(

∏N

i=1 [ai, bi]
)

.

Thus, we have for k
n
, x ∈

(

∏N

i=1 [ai, bi]
)

that

f

(

k1

n
, ...,

kN

n

)

− f (x) =

m
∑

j=1

∑

α:=(α1,...,αN), αi∈Z
+,

i=1,...,N, |α|:=
∑

N
i=1 αi=j

(

1
∏N

i=1 αi!

)(

N
∏

i=1

(

ki

n
− xi

)αi

)

fα (x) + R,

where

R :=m

∫ 1

0

(1−θ)
m−1

∑

α:=(α1,...,αN), αi∈Z
+,

i=1,...,N, |α|:=
∑

N
i=1 αi=m

(

1
∏N

i=1 αi!

)(

N
∏

i=1

(

ki

n
−xi

)αi

)
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·
[

fα

(

x + θ

(

k

n
− x

))

− fα (x)

]

dθ.

We see that

|R| ≤ m

∫ 1

0

(1 − θ)
m−1

(
∑

|α|=m

(

1
∏N

i=1 αi!

)(

N
∏

i=1

∣

∣

∣

∣

ki

n
− xi

∣

∣

∣

∣

αi

)

·

∣

∣

∣

∣

fα

(

x + θ

(

k

n
− x

))

− fα (x)

∣

∣

∣

∣

)dθ ≤ m

∫ 1

0

(1 − θ)
m−1 ·

(
∑

|α|=m

(

1
∏N

i=1 αi!

)(

N
∏

i=1

∣

∣

∣

∣

ki

n
− xi

∣

∣

∣

∣

αi

)

ω1

(

fα, θ

∥

∥

∥

∥

k

n
− x

∥

∥

∥

∥

∞

)

)dθ ≤ (∗) .

Notice here that
∥

∥

∥

∥

k

n
− x

∥

∥

∥

∥

∞

≤ 1

nβ
⇔
∣

∣

∣

∣

ki

n
− xi

∣

∣

∣

∣

≤ 1

nβ
, i = 1, ..., N.

We further observe

(∗)≤m·ωmax
1,m

(

fα,
1

nβ

)∫ 1

0

(1−θ)m−1 (
∑

|α|=m

(

1
∏N

i=1 αi!

)(

N
∏

i=1

(

1

nβ

)αi

)

)dθ=

(

ωmax
1,m

(

fα, 1
nβ

)

(m!)nmβ

)

⎛

⎝

∑

|α|=m

m!
∏N

i=1 αi!

⎞

⎠ =

(

ωmax
1,m

(

fα, 1
nβ

)

(m!)nmβ

)

Nm.

Conclusion: When
∥

∥

k
n
− x
∥

∥

∞
≤ 1

nβ , we proved

|R| ≤
(

Nm

m!nmβ

)

ωmax
1,m

(

fα,
1

nβ

)

.

In general we notice that

|R|≤m

∫ 1

0

(1−θ)
m−1

⎛

⎝

∑

|α|=m

(

1
∏N

i=1 αi!

)(

N
∏

i=1

(bi − ai)
αi

)

2 ‖fα‖∞

⎞

⎠ dθ=

2
∑

|α|=m

1
∏N

i=1 αi!

(

N
∏

i=1

(bi − ai)
αi

)

‖fα‖∞ ≤

(

2 ‖b − a‖m
∞ ‖fα‖max

∞,m

m!

)

⎛

⎝

∑

|α|=m

m!
∏N

i=1 αi!

⎞

⎠ =
2 ‖b − a‖m

∞ ‖fα‖max
∞,m Nm

m!
.
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We proved in general

|R| ≤
2 ‖b − a‖m

∞ ‖fα‖max
∞,m Nm

m!
:= λ3.

Next we see that

Un :=

⌊nb⌋
∑

k=⌈na⌉

Θ (nx − k)R =

⌊nb⌋
∑

k=⌈na⌉

:‖ k
n
−x‖

∞
≤ 1

nβ

Θ (nx − k)R +

⌊nb⌋
∑

k=⌈na⌉

:‖ k
n
−x‖

∞
> 1

nβ

Θ (nx − k)R.

Consequently

|Un| ≤

⎛

⎜

⎜

⎜

⎜

⎝

⌊nb⌋
∑

k=⌈na⌉

:‖ k
n
−x‖

∞
≤ 1

nβ

Θ (nx − k)

⎞

⎟

⎟

⎟

⎟

⎠

Nm

m!nmβ
ωmax

1,m

(

fα,
1

nβ

)

+ e4λ3e
−2n(1−β)

≤ Nm

m!nmβ
ωmax

1,m

(

fα,
1

nβ

)

+ e4λ3e
−2n(1−β)

.

We have established that

|Un| ≤
Nm

m!nmβ
ωmax

1,m

(

fα,
1

nβ

)

+

(

2e4 ‖b − a‖m

∞ ‖fα‖max
∞,m Nm

m!

)

e−2n(1−β)

.

We observe

⌊nb⌋
∑

k=⌈na⌉

f

(

k

n

)

Θ (nx − k) − f (x)

⌊nb⌋
∑

k=⌈na⌉

Θ (nx − k) =

m
∑

j=1

⎛

⎝

∑

|α|=j

(

fα (x)
∏N

i=1 αi!

)

⎛

⎝

⌊nb⌋
∑

k=⌈na⌉

Θ (nx − k)

(

N
∏

i=1

(

ki

n
− xi

)αi

)

⎞

⎠

⎞

⎠

+

⌊nb⌋
∑

k=⌈na⌉

Θ (nx − k)R.

The last says that

F ∗
n (f, x) − f (x)

⎛

⎝

⌊nb⌋
∑

k=⌈na⌉

Θ (nx − k)

⎞

⎠−
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m
∑

j=1

⎛

⎝

∑

|α|=j

(

fα (x)
∏N

i=1 αi!

)

F ∗
n

(

N
∏

i=1

(· − xi)
αi , x

)

⎞

⎠ = Un.

Clearly F ∗
n is a positive linear operator.

Therefore (here αi ∈ Z+ : |α| =
∑N

i=1 αi = j)

∣

∣

∣

∣

∣

F ∗
n

(

N
∏

i=1

(· − xi)
αi , x

)∣

∣

∣

∣

∣

≤ F ∗
n

(

N
∏

i=1

|· − xi|αi , x

)

=

⌊nb⌋
∑

k=⌈na⌉

(

N
∏

i=1

∣

∣

∣

∣

ki

n
− xi

∣

∣

∣

∣

αi

)

Θ (nx − k) =

⌊nb⌋
∑

k=⌈na⌉

:‖ k
n
−x‖

∞
≤ 1

nβ

(

N
∏

i=1

∣

∣

∣

∣

ki

n
− xi

∣

∣

∣

∣

αi

)

Θ (nx − k)+

⌊nb⌋
∑

k=⌈na⌉

:‖ k
n
−x‖

∞
> 1

nβ

(

N
∏

i=1

∣

∣

∣

∣

ki

n
− xi

∣

∣

∣

∣

αi

)

Θ (nx − k) ≤

1

nβj
+

N
∏

i=1

(bi − ai)
αi

⎛

⎜

⎜

⎜

⎜

⎝

⌊nb⌋
∑

k=⌈na⌉

:‖ k
n
−x‖

∞
> 1

nβ

Θ (nx − k)

⎞

⎟

⎟

⎟

⎟

⎠

≤

1

nβj
+

(

N
∏

i=1

(bi − ai)
αi

)

e4e−2n(1−β)

.

So we have proved that

∣

∣

∣

∣

∣

F ∗
n

(

N
∏

i=1

(· − xi)
αi , x

)∣

∣

∣

∣

∣

≤ 1

nβj
+

(

N
∏

i=1

(bi − ai)
αi

)

e4e−2n(1−β)

,

for all j = 1, ..., m.

At last we observe
∣

∣

∣

∣

∣

∣

Fn (f, x) − f (x) −
m
∑

j=1

⎛

⎝

∑

|α|=j

(

fα (x)
∏N

i=1 αi!

)

Fn

(

N
∏

i=1

(· − xi)
αi , x

)

⎞

⎠

∣

∣

∣

∣

∣

∣

≤

(4.1488766)N ·

∣

∣

∣

∣

∣

∣

F ∗
n (f, x) − f (x)

⌊nb⌋
∑

k=⌈na⌉

Θ (nx − k)−



104 4 Multivariate Hyperbolic Tangent Neural Network

m
∑

j=1

⎛

⎝

∑

|α|=j

(

fα (x)
∏N

i=1 αi!

)

F ∗
n

(

N
∏

i=1

(· − xi)
αi , x

)

⎞

⎠

∣

∣

∣

∣

∣

∣

.

Putting all of the above together we prove theorem.

4.4 Complex Multivariate Neural Network

Quantitative Approximations

We make

Remark 4.9. Let X =
∏n

i=1 [ai, bi] or RN , and f : X → C with real and
imaginary parts f1, f2 : f = f1 + if2, i =

√
−1. Clearly f is continuous iff f1

and f2 are continuous.
Given that f1, f2 ∈ Cm (X), m ∈ N, it holds

fα (x) = f1,α (x) + if2,α (x) , (4.20)

where α denotes a partial derivative of any order and arrangement.
We denote by CB

(

RN , C
)

the space of continuous and bounded functions
f : RN → C. Clearly f is bounded, iff both f1, f2 are bounded from RN into
R, where f = f1 + if2.

Here we define

Fn (f, x) := Fn (f1, x) + iFn (f2, x) , x ∈
(

n
∏

i=1

[ai, bi]

)

, (4.21)

and
Fn (f, x) := Fn (f1, x) + iFn (f2, x) , x ∈ R

N . (4.22)

We see here that

|Fn (f, x) − f (x)| ≤ |Fn (f1, x) − f1 (x)| + |Fn (f2, x) − f2 (x)| , (4.23)

and

‖Fn (f) − f‖∞ ≤ ‖Fn (f1) − f1‖∞ + ‖Fn (f2) − f2‖∞ . (4.24)

Similarly we get

∣

∣Fn (f, x) − f (x)
∣

∣ ≤
∣

∣Fn (f1, x) − f1 (x)
∣

∣+
∣

∣Fn (f2, x) − f2 (x)
∣

∣ , x ∈ R
N ,

(4.25)
and

∥

∥Fn (f) − f
∥

∥

∞
≤
∥

∥Fn (f1) − f1

∥

∥

∞
+
∥

∥Fn (f2) − f2

∥

∥

∞
. (4.26)
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We give

Theorem 4.10. Let f ∈ C (
∏n

i=1 [ai, bi] , C) , f = f1 + if2, 0 < β < 1,

n, N ∈ N, x ∈ (
∏n

i=1 [ai, bi]). Then
i)

|Fn (f, x) − f (x)| ≤ (4.1488766)
N · (4.27)

{

ω1

(

f1,
1

nβ

)

+ ω1

(

f2,
1

nβ

)

+ 2e4 (‖f1‖∞ + ‖f2‖∞) e−2n(1−β)

}

=: Φ1,

ii)
‖Fn (f) − f‖∞ ≤ Φ1. (4.28)

Proof. Use of Theorem 4.6 and Remark 4.9.

We present

Theorem 4.11. Let f ∈ CB

(

R
N , C

)

, f = f1 + if2, 0 < β < 1, n, N ∈ N,
x ∈ RN . Then

i)
∣

∣Fn (f, x) − f (x)
∣

∣ ≤ ω1

(

f1,
1

nβ

)

+ ω1

(

f2,
1

nβ

)

+ (4.29)

2e4 (‖f1‖∞ + ‖f2‖∞) e−2n(1−β)

=: Φ2,

ii)
∥

∥Fn (f) − f
∥

∥

∞
≤ Φ2. (4.30)

Proof. By Theorem 4.7 and Remark 4.9.

In the next we discuss high order of complex approximation by using the
smoothness of f .

We present

Theorem 4.12. Let f :
∏n

i=1 [ai, bi] → C, such that f = f1 + if2. Assume
f1, f2 ∈ Cm (

∏n
i=1 [ai, bi]) , 0 < β < 1, n, m, N ∈ N, x ∈ (

∏n
i=1 [ai, bi]). Then

i)

∣

∣

∣

∣

∣

∣

Fn (f, x) − f (x) −
m
∑

j=1

⎛

⎝

∑

|α|=j

(

fα (x)
∏N

i=1 αi!

)

Fn

(

N
∏

i=1

(· − xi)
αi , x

)

⎞

⎠

∣

∣

∣

∣

∣

∣

≤

(4.31)

(4.1488766)
N ·
{

Nm

m!nmβ

(

ωmax
1,m

(

f1,α,
1

nβ

)

+ ωmax
1,m

(

f2,α,
1

nβ

))

+

⎛

⎝

2e4 ‖b − a‖m
∞

(

‖f1,α‖max
∞,m

+ ‖f2,α‖max
∞,m

)

Nm

m!

⎞

⎠ e−2n(1−β)

⎫

⎬

⎭

,
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ii)

|Fn (f, x) − f (x)| ≤ (4.1488766)N · (4.32)
⎧

⎨

⎩

m
∑

j=1

⎛

⎝

∑

|α|=j

(

|f1,α (x)| + |f2,α (x)|
∏N

i=1 αi!

)

[

1

nβj
+

(

N
∏

i=1

(bi − ai)
αi

)

· e4e−2n(1−β)

])

+

Nm

m!nmβ

(

ωmax
1,m

(

f1,α,
1

nβ

)

+ ωmax
1,m

(

f2,α,
1

nβ

))

+

⎛

⎝

2e4 ‖b − a‖m

∞

(

‖f1,α‖max
∞,m

+ ‖f2,α‖max
∞,m

)

Nm

m!

⎞

⎠ e−2n(1−β)

⎫

⎬

⎭

,

iii)

‖Fn (f) − f‖∞ ≤ (4.1488766)
N · (4.33)

⎧

⎨

⎩

m
∑

j=1

⎛

⎝

∑

|α|=j

(

‖f1,α (x)‖∞ + ‖f2,α (x)‖∞
∏N

i=1 αi!

)

[

1

nβj
+

(

N
∏

i=1

(bi − ai)
αi

)

· e4e−n(1−β)

])

+

Nm

m!nmβ

(

ωmax
1,m

(

f1,α,
1

nβ

)

+ ωmax
1,m

(

f2,α,
1

nβ

))

+

+

⎛

⎝

2e4 ‖b − a‖m

∞

(

‖f1,α‖max
∞,m

+ ‖f2,α‖max
∞,m

)

Nm

m!

⎞

⎠ e−2n(1−β)

⎫

⎬

⎭

,

iv) Suppose fα (x0) = 0, for all α : |α| = 1, ..., m; x0 ∈
(

∏N

i=1 [ai, bi]
)

.

Then
|Fn (f, x0) − f (x0)| ≤ (4.1488766)N · (4.34)

{

Nm

m!nmβ

(

ωmax
1,m

(

f1,α,
1

nβ

)

+ ωmax
1,m

(

f2,α,
1

nβ

))

+

⎛

⎝

2e4 ‖b − a‖m

∞

(

‖f1,α‖max
∞,m

+ ‖f2,α‖max
∞,m

)

Nm

m!

⎞

⎠ e−2n(1−β)

⎫

⎬

⎭

,

notice in the last the extremely high rate of convergence at n−β(m+1).

Proof. By Theorem 4.8 and Remark 4.9.
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