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Chapter 1
Introduction

1.1 Noise Reduction

Signal enhancement is a fundamental topic of signal processing in general and
of speech processing in particular [1]. In audio and speech applications such as
cell phones, teleconferencing systems, hearing aids, human—machine interfaces, and
many others, the microphones installed in these systems always pick up some inter-
ferences that contaminate the desired speech signal. Depending on the mechanism
that generates them, these interferences can be broadly classified into four basic
categories: additive noise originating from various ambient sound sources, interfer-
ence from concurrent competing speakers, filtering effects caused by room surface
reflections and spectral shaping of recording devices, and echo from coupling be-
tween loudspeakers and microphones. These four categories of distortions interfere
with the measurement, processing, recording, and communication of the desired
speech signal in very distinct ways and combating them has led to four im-
portant research areas: noise reduction (also called speech enhancement), source
separation, speech dereverberation, and echo cancellation and suppression. A broad
coverage of these research areas can be found in [2, 3]. This work is devoted to the
theoretical study of the problem of speech enhancement in the time domain.

Noise reduction consists of recovering a speech signal of interest from the micro-
phone signals, which are corrupted by unwanted additive noise. By additive noise
we mean that the signals picked up by the microphones are a superposition of the
convolved clean speech and noise. Schroeder at Bell Laboratories in 1960 was the
first to propose a single-channel algorithm for that purpose [4]. It was basically a
spectral subtraction method implemented with analog circuits.

Frequency-domain approaches are usually preferred in real-time applications as
they can be implemented efficiently thanks to the fast Fourier transform. However,
they come with some well-known problems such as the so-called “musical noise,”
which is very unpleasant to hear and difficult to get rid off. In the time domain, this
problem does not exist and, contrary to what some readers might believe, time-domain
algorithms are at least as flexible as their counterparts in the frequency domain as it

J. Benesty and J. Chen, Optimal Time-Domain Noise Reduction Filters, 1
SpringerBriefs in Electrical and Computer Engineering, 1,
DOI: 10.1007/978-3-642-19601-0_1, © Jacob Benesty 2011



2 1 Introduction

will be shown throughout this work; but they can be computationally more complex
in terms of multiplications. However, with little effort, it is not hard to make them
more efficient by exploiting the Toeplitz or close-to-Toeplitz structure of the matrices
involved in these algorithms.

In this work, we propose a general framework for the time-domain noise reduction
problem. Thanks to this formulation, it is easy to derive, study, and analyze all kinds
of algorithms.

1.2 Organization of the Work

The material in this work is organized into five chapters, including this one. The
focus is on the time-domain algorithms for both the single and multiple microphone
cases. The work discussed in these chapters is as follows.

In Chap. 2, we study the noise reduction problem with a single microphone by
using a filtering vector for the estimation of the desired signal sample.

Chapter 3 generalizes the ideas of Chap. 2 with a rectangular filtering matrix for
the estimation of the desired signal vector.

In Chap. 4, we study the speech enhancement problem with a microphone array
by using a long filtering vector.

Finally, Chap. 5 extends the results of Chap. 4 with a rectangular filtering matrix.

References

1. J.Benesty, J. Chen, Y. Huang, I. Cohen, Noise Reduction in Speech Processing (Springer, Berlin,
2009)
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Chapter 2
Single-Channel Noise Reduction with
a Filtering Vector

There are different ways to perform noise reduction in the time domain. The simplest
way, perhaps, is to estimate a sample of the desired signal at a time by applying a
filtering vector to the observation signal vector. This approach is investigated in
this chapter and many well-known optimal filtering vectors are derived. We start by
explaining the single-channel signal model for noise reduction in the time domain.

2.1 Signal Model

The noise reduction problem considered in this chapter and Chap. 3 is one of recov-
ering the desired signal (or clean speech) x(k), k being the discrete-time index, of
zero mean from the noisy observation (microphone signal) [1-3]

y(k) = x(k) + v(k), (2.1)

where v(k), assumed to be a zero-mean random process, is the unwanted additive
noise that can be either white or colored but is uncorrelated with x (k). All signals
are considered to be real and broadband. To simplify the derivation of the optimal
filters, we further assume that the signals are Gaussian and stationary.

The signal model given in (2.1) can be put into a vector form by considering the
L most recent successive samples, i.e.,

y(k) = x(k) + v(k), 2.2)
where
y(k) = [y(k) y(k —1) -+ y(k — L+ D]" (2.3)

is a vector of length L, superscript 7 denotes transpose of a vector or a matrix,
and x(k) and v(k) are defined in a similar way to y(k). Since x (k) and v(k) are

J. Benesty and J. Chen, Optimal Time-Domain Noise Reduction Filters, 3
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4 2 Single-Channel Filtering Vector

uncorrelated by assumption, the correlation matrix (of size L x L) of the noisy
signal can be written as

Ry = E[y(k)y” (k)]
=Ry +Ry, (2.4)

where E[-] denotes mathematical expectation, and Ry = E [x(k)x” (k)] and Ry =
E [v(k)v" (k)] are the correlation matrices of x (k) and v(k), respectively. The objec-
tive of noise reduction in this chapter is then to find a “good” estimate of the sample
x (k) in the sense that the additive noise is significantly reduced while the desired
signal is not much distorted.

Since x (k) is the signal of interest, it is important to write the vector y(k) as an
explicit function of x (k). For that, we need first to decompose x(k) into two orthog-
onal components: one proportional to the desired signal, x(k), and the other one
corresponding to the interference. Indeed, it is easy to see that this decomposition is

x(k) = pxx - x(k) + x;(k), (2.5)
where

Py = [1 px(1) -+ pe(L — D]"
_ Elx(k)x (k)]

0] (2.6)

is the normalized [with respect to x (k)] correlation vector (of length L) between
x(k) and x (k),

E [x(k —Dx (k)]

px(l) = E [)Cz(k)]

, I=0,1,...,L -1 2.7)

is the correlation coefficient between x(k — /) and x (k),
xi(k) = X(k) — pyy - x(k) (2.8)
is the interference signal vector, and
E[xi(k)x(k)] = 0rx1, (2.9)
where 07 1 is a vector of length L containing only zeroes.
Substituting (2.5) into (2.2), the signal model for noise reduction can be expressed
as

Y(k) = py, - x(k) + xi(k) + v (k). (2.10)

This formulation will be extensively used in the following sections.
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2.2 Linear Filtering with a Vector

In this chapter, we try to estimate the desired signal sample, x(k), by applying a
finite-impulse-response (FIR) filter to the observation signal vector y(k), i.e.,

L-1
2k = D iy =1
=0
=h'y(k), (2.11)
where z(k) is supposed to be the estimate of x (k) and
T
h:[ho hy --- hL,l] (2.12)
is an FIR filter of length L. This procedure is called the single-channel noise reduction
in the time domain with a filtering vector.

Using (2.10), we can express (2.11) as

z(k) =h" [py - x(k) +xi(k) + v(K)]

= xgq (k) + xq(k) + v (k), (2.13)
where
xta(k) = x(h” py, (2.14)
is the filtered desired signal,
xi(k) = hTx;(k) (2.15)

is the residual interference, and
vm (k) = h'v(k) (2.16)

is the residual noise.
Since the estimate of the desired signal at time k is the sum of three terms that are
mutually uncorrelated, the variance of z(k) is
2 T
o; =h' Ryh
=c7)gfd —I-O')?ri +03rn’ 2.17)

where

ax2rd = 63 (thxx)2

= h"Ry,h, (2.18)



6 2 Single-Channel Filtering Vector

o; =h"Ryh
=h”Ryh — h' Ry h, (2.19)
oy =h"Ryh, (2.20)
0? = E[x*(k)] is the variance of the desired signal, Ry, = o07p, pL. is the

correlation matrix (whose rank is equal to 1) of xq(k) = py, - x(k), and Ry, =
E [xi (k)xiT (k)] is the correlation matrix of x; (k). The variance of z(k)is useful in the
definitions of the performance measures.

2.3 Performance Measures

The first attempts to derive relevant and rigorous measures in the context of speech
enhancement can be found in [1, 4, 5]. These references are the main inspiration for
the derivation of measures in the studied context throughout this work.

In this section, we are going to define the most useful performance measures for
speech enhancement in the single-channel case with a filtering vector. We can divide
these measures into two categories. The first category evaluates the noise reduction
performance while the second one evaluates speech distortion. We are also going to
discuss the very convenient mean-square error (MSE) criterion and show how it is
related to the performance measures.

2.3.1 Noise Reduction

One of the most fundamental measures in all aspects of speech enhancement is
the signal-to-noise ratio (SNR). The input SNR is a second-order measure which
quantifies the level of noise present relative to the level of the desired signal. It is
defined as

iSNR = | 2.21)

CQN | *qm

where o = E [v?(k)] is the variance of the noise.
The output SNR' helps quantify the level of noise remaining at the filter output
signal. The output SNR is obtained from (2.17):

! In this work, we consider the uncorrelated interference as part of the noise in the definitions of
the performance measures.
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2

o
oSNR (h) = ——1—
axri + OUrn

o2 (0py)’

) 2.22
h”Rj,h (2:22)

where
Rin = in + 1{v (223)

is the interference-plus-noise correlation matrix. Basically, (2.22) is the variance of
the first signal (filtered desired) from the right-hand side of (2.17) over the vari-
ance of the two other signals (filtered interference-plus-noise). The objective of the
speech enhancement filter is to make the output SNR greater than the input SNR.
Consequently, the quality of the noisy signal will be enhanced.

For the particular filtering vector

h=i=[10--- 0]7 (2.24)
of length L, we have
0SNR (i) = iSNR. (2.25)

With the identity filtering vector ij, the SNR cannot be improved.
For any two vectors h and p,, and a positive definite matrix R;,, we have

(07 py)® < (W' Rinh) (oL, R py,). (2.26)

with equality if and only if h = gRi;1 Px.» Where ¢ (7 0) is a real number. Using
the previous inequality in (2.22), we deduce an upper bound for the output SNR:

oSNR (h) < o2 - pl R 'p,,, Vh (2.27)
and clearly
. 2 T p—1
oSNR (i) < 0y - py, Ry, pxxs (2.28)
which implies that
o2 - pI R 1oy > 1. (2.29)

The maximum output SNR is then

0SNRyax = 02 - pL R-1py (2.30)

1
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and

0SNRax > iSNR. 2.31)

The noise reduction factor quantifies the amount of noise being rejected by the
filter. This quantity is defined as the ratio of the power of the noise at the microphone
over the power of the interference-plus-noise remaining at the filter output, i.e.,

2
Eor () = b, (2.32)
. h’R;,h
The noise reduction factor is expected to be lower bounded by 1; otherwise, the
filter amplifies the noise received at the microphone. The higher the value of the
noise reduction factor, the more the noise is rejected. While the output SNR is upper
bounded, the noise reduction factor is not.

2.3.2 Speech Distortion

Since the noise is reduced by the filtering operation, so is, in general, the desired
speech. This speech reduction (or cancellation) implies, in general, speech distortion.
The speech reduction factor, which is somewhat similar to the noise reduction factor,
is defined as the ratio of the variance of the desired signal at the microphone over
the variance of the filtered desired signal, i.e.,

o2

Esr (h) =—
o
- (2.33)

2
(h7 py)
A key observation is that the design of filters that do not cancel the desired signal
requires the constraint

h'p, =1 (2.34)

Thus, the speech reduction factor is equal to 1 if there is no distortion and expected
to be greater than 1 when distortion happens.

Another way to measure the distortion of the desired speech signal due to the
filtering operation is the speech distortion index,? which is defined as the mean-
square error between the desired signal and the filtered desired signal, normalized
by the variance of the desired signal, i.e.,

2 Very often in the literature, authors use 1/vgq (h) as a measure of the SNR improvement. This
is wrong! Obviously, we can define whatever we want, but in this is case we need to be careful to
compare “apples with apples.” For example, it is not appropriate to compare 1/vgq (h) to iSNR and
only oSNR (h) makes sense to compare to iSNR.
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E {[xa(k) — x(k)]*}
E [x2(k)]
= (thxx - 1)2
— [ ) — 1], (2.35)

vgq (h) =

We also see from this measure that the design of filters that do not distort the desired
signal requires the constraint

s (h) = 0. (2.36)

Therefore, the speech distortion index is equal to O if there is no distortion and
expected to be greater than 0 when distortion occurs.
It is easy to verify that we have the following fundamental relation:

oSNR (h) &y (h)
iSNR &y (h)’

(2.37)

This expression indicates the equivalence between gain/loss in SNR and distortion.

2.3.3 Mean-Square Error (MSE) Criterion

Error criteria play a critical role in deriving optimal filters. The mean-square error
(MSE) [6] is, by far, the most practical one.
We define the error signal between the estimated and desired signals as

e(k) = z(k) — x(k)
= xfd (k) + x1i (k) + ven (k) — x(k), (2.38)

which can be written as the sum of two uncorrelated error signals:
e(k) = eq(k) + er(k), (2.39)

where

eq(k) = xtq(k) — x(k)
= (W7 py, — 1)x(k) (2.40)

is the signal distortion due to the filtering vector and

er(k) = xyj(k) + v (k)
=hTx;k) + hTv(k) (2.41)

represents the residual interference-plus-noise.
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The mean-square error (MSE) criterion is then

J (h) = E[e*(b)]
=02 +h"Ryh — 207 E [x(k)x (k)]
=02 4+h"Ryh — 26707 p,

= Ja(h) + J; (h), (2.42)
where
Ja (h) = E[ej (k)]
=02(h" py, — 1)’ (2.43)
and

Ji (h) = E[ef (k)]
=h’R;,h. (2.44)

Two particular filtering vectors are of great interest: h = i; and h = 07 ;. With
the first one (identity filtering vector), we have neither noise reduction nor speech
distortion and with the second one (zero filtering vector), we have maximum noise
reduction and maximum speech distortion (i.e., the desired speech signal is com-
pletely nulled out). For both filters, however, it can be verified that the output SNR
is equal to the input SNR. For these two particular filters, the MSEs are

J (@) = J; (i) = 0}, (2.45)
J(O0px1) = Ja(OLx1) = of. (2.46)
As a result,
iSNR = LL_“). (2.47)
T (i)

We define the normalized MSE (NMSE) with respect to J (i;) as

~ J(h

— iSNR - vy (h) +

1
&nr ()

— iSNR [usd ) + (2.48)

oSNR (h) - & (hJ ’
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where
va (h) = %, (2.49)

iSNR - ugg (h) = ;‘: g]')) (2.50)

o (h) = 81; @51)

OSNR (h) - £ (h) = %. (2.52)

This shows how this NMSE and the different MSEs are related to the performance
measures.
We define the NMSE with respect to J (07.x1) as

Ty= "™
J (OLx1)
1
= vy (h) + m (2.53)
and, obviously,
J (h) =iSNR - J (h). (2.54)

We are only interested in filters for which
Ja (i) = Ja (h) < Jqa (0Lx1), (2.55)
J: (0rx1) < Jr (h) < J; (iy) . (2.56)
From the two previous expressions, we deduce that
0<wvy(h) <1, (2.57)

1 < & (h) < 00. (2.58)

Itis clear that the objective of noise reduction is to find optimal filtering vectors that
would either minimize J (h) or minimize Jy4 (h) or J; (h) subject to some constraint.
2.4 Optimal Filtering Vectors

In this section, we are going to derive the most important filtering vectors that can
help mitigate the level of the noise picked up by the microphone signal.
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2.4.1 Maximum Signal-to-Noise Ratio (SNR)

The maximum SNR filter, hy,«, is obtained by maximizing the output SNR as given
in (2.22) from which, we recognize the generalized Rayleigh quotient [7]. It is well
known that this quotient is maximized with the maximum eigenvector of the matrix
R;llRXd. Let us denote by Amax the maximum eigenvalue corresponding to this
maximum eigenvector. Since the rank of the mentioned matrix is equal to 1, we have

Amax = tr(R; 'Ry, )
=2 -pLR-py., (2.59)

1

where tr (-) denotes the trace of a square matrix. As a result,

OSNR (hyax) = Amax
=2 pLR-py., (2.60)

XX

which corresponds to the maximum possible output SNR, i.e., 0SNRyax.
Obviously, we also have

himax = SR oy (2.61)

where ¢ is an arbitrary non-zero scaling factor. While this factor has no effect on
the output SNR, it may have on the speech distortion. In fact, all filters (except for
the LCMV) derived in the rest of this section are equivalent up to this scaling factor.
These filters also try to find the respective scaling factors depending on what we
optimize.

2.4.2 Wiener
The Wiener filter is easily derived by taking the gradient of the MSE, J (h)
[Eq. (2.42)], with respect to h and equating the result to zero:
hw = O}?R;lpxx.
The Wiener filter can also be expressed as
hw = Ry E [x(k)x (k)]
=R, 'Ryij
= (IL — R, 'Ry)i;, (2.62)

where I, is the identity matrix of size L x L. The above formulation depends on the
second-order statistics of the observation and noise signals. The correlation matrix
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Ry can be estimated from the observation signal while the other correlation matrix,
Ry, can be estimated during noise-only intervals assuming that the statistics of the
noise do not change much with time.

‘We now propose to write the general form of the Wiener filter in another way that
will make it easier to compare to other optimal filters. We can verify that

Ry = 020, 0L, + Rip. (2.63)

Determining the inverse of Ry from the previous expression with the Woodbury’s
identity, we get

R‘ PP Ry

) (2.64)
+ p Rln pX)C

—1 —1
Ry = Rin

Substituting (2.64) into (2.62), leads to another interesting formulation of the Wiener
filter:

2
2R-
in Pxe (2.65)

hy = ,
1+ 02pLR;, s

that we can rewrite as

2
hy = Rm pxxpxx i
I + Amax

R.' (Ry — Rin)
1+t [R (R, — Rm)]
R 'Ry -1,

= ii. 2.66
1 — L+ tr(R;,'Ry) (260

i

From (2.66), we deduce that the output SNR is

0SNR (hw) = Amax
=tr(R,'Ry) — L. (2.67)
We observe from (2.67) that the more the amount of noise, the smaller is the output

SNR.
The speech distortion index is an explicit function of the output SNR:

1
[1 + oSNR (hw)]? =

Ugq (hwy) = (2.68)

The higher the value of 0SNR (hw) , the less the desired signal is distorted.
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Clearly,
oSNR (hw) > iSNR, (2.69)

since the Wiener filter maximizes the output SNR.
It is of interest to observe that the two filters hy,x and hy are equivalent up to a
scaling factor. Indeed, taking

o2

=_x 2.70
S =1 e (2.70)

in (2.61) (maximum SNR filter), we find (2.66) (Wiener filter).
With the Wiener filter, the noise and speech reduction factors are

(0 man)?
Enr (hy) = —iSNR  Aomax
1 2
> (1 + 7 ) R 2.71)
2
£ (hw) = (1+ - ) : (2.72)

Finally, we give the minimum NMSEs (MNMSEs):

J (hy) = ISNR <1 (2.73)
VT T 1 oSNR (hy) — '

_ 1

Jhy)= ———— < 1. (2.74)

1+ oSNR (hy) —

2.4.3 Minimum Variance Distortionless Response
(MVDR)

The celebrated minimum variance distortionless response (MVDR) filter proposed
by Capon [8, 9] is usually derived in a context where we have at least two sensors (or
microphones) available. Interestingly, with the linear model proposed in this chapter,
we can also derive the MVDR (with one sensor only) by minimizing the MSE of the
residual interference-plus-noise, J; (h) , with the constraint that the desired signal is
not distorted. Mathematically, this is equivalent to

m&nhTRmh subjectto h'py, =1, (2.75)
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for which the solution is

-1
in Pxx

LR

hymypr = =
xx Nin Oxx

that we can rewrite as
-1
R Ry -1,
1
tr(R; ' Ry) — L

2RI
_ UxRin Pxx

hvvpr = L
)\max
Alternatively, we can express the MVDR as

R; oy,

hMvpr = ————.
pxny Pxx

The Wiener and MVDR filters are simply related as follows:

hw = sohmvpr,
where

so = h\T;Vpxx
Amax

B ]“I‘Amax.

15

(2.76)

(2.77)

(2.78)

(2.79)

(2.80)

So, the two filters hyw and hyypr are equivalent up to a scaling factor. From a
theoretical point of view, this scaling is not significant. But from a practical point
of view it can be important. Indeed, the signals are usually nonstationary and the
estimations are done frame by frame, so it is essential to have this scaling factor
right from one frame to another in order to avoid large distortions. Therefore, it
is recommended to use the MVDR filter rather than the Wiener filter in speech

enhancement applications.
It is clear that we always have

0SNR (hMypr) = 0SNR (hy) ,
vsd (hmvpr) =0,

& (hmypr) = 1,

0SNR (hyvpr)

&nr (hmyDR) = T SNR < &y (hw),

2.81)

(2.82)

(2.83)

(2.84)
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and
~ iSNR ~
1>Jh =———— > J(hw), 2.85
> J (hyvpr) oSNR (hrvom) = (hy) (2.85)
_ 1 _
J (h =—— > J(hy). 2.86
(hpvpr) oSNR (harvor) (hy) (2.86)

2.4.4 Prediction

Assume that we can find a simple prediction filter g of length L in such a way that
x(k) ~ x(k)g. (2.87)
In this case, we can derive a distortionless filter for noise reduction as follows:

nilinhTRyh subjectto h'g=1. (2.88)

‘We deduce the solution

Ry’lg

g’Ry'g’

hp = (2.89)

Now, we can find the optimal g in the Wiener sense. For that, we need to define
the error signal vector

ep(k) = x(k) — x(k)g (2.90)
and form the MSE
J (g) = E[ef (k)ep(k)]. (2.91)
By minimizing J (g) with respect to g, we easily find the optimal filter
8o = Py (2.92)

It is interesting to observe that the error signal vector with the optimal filter, g,,
corresponds to the interference signal, i.e.,

ep.o(k) = x(k) — x (k) py,

This result is obviously expected because of the orthogonality principle.
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Substituting (2.92) into (2.89), we find that

R—l
hp = Ty%. (2.94)
prRY pxx

Clearly, the two filters hyrypr and hp are identical. Therefore, the prediction approach
can be seen as another way to derive the MVDR. This approach is also an intuitive
manner to justify the decomposition given in (2.5).

Left multiplying both sides of (2.93) by hg results in

x(k) = hlx(k) — hlep o (k). (2.95)

Therefore, the filter hp can also be interpreted as a temporal prediction filter that is
less noisy than the one that can be obtained from the noisy signal, y(k), directly.

2.4.5 Tradeoff

In the tradeoff approach, we try to compromise between noise reduction and speech
distortion. Instead of minimizing the MSE to find the Wiener filter or minimizing the
filter output with a distortionless constraint to find the MVDR as we already did in
the preceding subsections, we could minimize the speech distortion index with the
constraint that the noise reduction factor is equal to a positive value that is greater
than 1. Mathematically, this is equivalent to

rrilin Ja (h) subjectto J; (h) = ,303, (2.96)

where 0 < B < 1 to insure that we get some noise reduction. By using a Lagrange
multiplier, u > 0, to adjoin the constraint to the cost function and assuming that the
matrix Ry, 4+ uRj, is invertible, we easily deduce the tradeoff filter

-1
hT,u = oxz [RXd + MRin] Pxx
—1
Rin Pxx

noi” + pLRL

RI'Ry -1, .
= n Y~ j;, (2.97)

p— L+ (R 'Ry)

where the Lagrange multiplier, p, satisfies
Ji (hr,,) = Boi. (2.98)

However, in practice it is not easy to determine the optimal w. Therefore, when this
parameter is chosen in an ad hoc way, we can see that for
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* w =1, ht,| = hw, which is the Wiener filter;

* 1 =0, hr o= hpmypr, which is the MVDR filter;

e 1 > 1, results in a filter with low residual noise (compared with the Wiener filter)
at the expense of high speech distortion;

* 1 < 1, results in a filter with high residual noise and low speech distortion.

Note that the MVDR cannot be derived from the first line of (2.97) since by taking
w = 0, we have to invert a matrix that is not full rank.

Again, we observe here as well that the tradeoff, Wiener, and maximum SNR
filters are equivalent up to a scaling factor. As a result, the output SNR of the tradeoff
filter is independent of 1 and is identical to the output SNR of the Wiener filter, i.e.,

oSNR (hr,,,) = oSNR (hy), Vpu > 0. (2.99)
‘We have
M 2
v (hr ) = (—5=—1) 2.100
sd( T,/L) (M +)\max) ( )
M 2
& (hry,) = (1 - ) : (2.101)
)Vmax
(1 + Amax)?
h = 2.102
(b1 iSNR - Amax (2.102)
and
7 (hr,,) = iSNR 2 B > 7 (hw) (2.103)
T, = 3 = W), .
g (m+ )\max)z
7 (h1,,) W2 hmax > 7 (hy) (2.104)
T, e W) . .
a (M‘*‘)\max)z

2.4.6 Linearly Constrained Minimum Variance
(LCMV)

We can derive a linearly constrained minimum variance (LCMV) filter [10, 11],
which can handle more than one linear constraint, by exploiting the structure of the
noise signal.

In Sect.2.1, we decomposed the vector x(k) into two orthogonal components to
extract the desired signal, x (k). We can also decompose (but for a different objective
as explained below) the noise signal vector, v(k), into two orthogonal vectors:
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v(k) = py, - v(k) + vy(k), (2.105)

where p,, is defined in a similar way to py, and v, (k) is the noise signal vector that
is uncorrelated with v (k).

Our problem this time is the following. We wish to perfectly recover our desired
signal, x(k), and completely remove the correlated components of the noise signal,
Pyy - V(k). Thus, the two constraints can be put together in a matrix form as

1
Cl'h= [0] , (2.106)

where
Civ = [pxr Pvo] (2.107)

is our constraint matrix of size L x 2. Then, our optimal filter is obtained by min-
imizing the energy at the filter output, with the constraints that the correlated noise
components are cancelled and the desired speech is preserved, i.e.,

hicwy = arg min h'Ryh subjectto CI h= [ (1)] : (2.108)
The solution to (2.108) is given by
_ _ -1|1
hiomy = Ry 'Cyy (CLR;'Cyy) [0] . (2.109)

By developing (2.109), it can easily be shown that the LCMYV can be written as a
function of the MVDR:

1 y2
h =——h — t, 2.110
LeMy = 7 ahMvDR — 77 ( )
where
_ 2
2 (p){x ylpvv)
e pe— , (2.111)
(pxny pxx)(pvvRy pvv)
with 0 < y2 < 1, hpmypr is defined in (2.78), and
Rfl
t— Ty%. 2.112)
pxny Pvy

We observe from (2.110) that when y2 = 0, the LCMV filter becomes the MVDR
filter; however, when 2 tends to 1, which happens if and only if Pxy = Pyy> WE
have no solution since we have conflicting requirements.
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Obviously, we always have

0SNR (h cmv) < 0SNR (hyvvpr) , (2.113)
vsd (hLemy) =0, (2.114)
& (homv) =1, (2.115)
and
énr (hLemv) < énr (hmvpr) < énr (hw) . (2.116)

The LCMYV filter is able to remove all the correlated noise; however, its overall noise
reduction is lower than that of the MVDR filter.

2.4.7 Practical Considerations

All the algorithms presented in the preceding subsections can be implemented from
the second-order statistics estimates of the noise and noisy signals. Let us take the
MVDR as an example. In this filter, we need the estimates of Ry and py,. The
correlation matrix, Ry, can be easily estimated from the observations. However, the
correlation vector, py,, cannot be estimated directly since x (k) is not accessible but
it can be rewritten as

E[y®)y(k)] — E [v(k)v(k)]

XX 2 2
oy — 0y
2 2
O Pyy — 05 P
_ yPyy v vy
=7, 2.117)
y v

which now depends on the statistics of y(k) and v(k). However, a voice activity
detector (VAD) is required in order to be able to estimate the statistics of the noise
signal during silences [i.e., when x (k) = 0 ]. Nowadays, more and more sophisticated
VADs are developed [12] since a VAD is an integral part of most speech enhancement
algorithms. A good VAD will obviously improve the performance of a noise reduction
filter since the estimates of the signals statistics will be more reliable. A system
integrating an optimal filter and a VAD may not be easy to design but much progress
has been made recently in this area of research [13].

2.5 Summary

In this chapter, we revisited the single-channel noise reduction problem in the time
domain. We showed how to extract the desired signal sample from a vector containing
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its past samples. Thanks to the orthogonal decomposition that results from this, the
presentation of the problem is simplified. We defined several interesting performance
measures in this context and deduced optimal noise reduction filters: maximum
SNR, Wiener, MVDR, prediction, tradeoff, and LCMV. Interestingly, all these filters
(except for the LCMV) are equivalent up to a scaling factor. Consequently, their
performance in terms of SNR improvement is the same given the same statistics
estimates.
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Chapter 3
Single-Channel Noise Reduction with
a Rectangular Filtering Matrix

In the previous chapter, we tried to estimate one sample only at a time from the
observation signal vector. In this part, we are going to estimate more than one sample
at a time. As a result, we now deal with a rectangular filtering matrix instead of a
filtering vector. If M is the number of samples to be estimated and L is the length
of the observation signal vector, then the size of the filtering matrix is M x L. Also,
this approach is more general and all the results from Chap. 2 are particular cases
of the results derived in this chapter by just setting M = 1. The signal model is the
same as in Sect.2.1; so we start by explaining the principle of linear filtering with a
rectangular matrix.

3.1 Linear Filtering with a Rectangular Matrix

Define the vector of length M:
xM (k) = [x(k) x(k —1)---x(k — M + DT, (3.1

where M < L. Inthe general linear filtering approach, we estimate the desired signal
vector, x¥ (k), by applying a linear transformation to y(k) [1-4], i.e.,

2 (k) = Hy(k)
=H[x(k) +v(k)]
=x} (k) + v (), (3.2)

where zM (k) is the estimate of x™ (k),

T
|
h2
H= . (3.3)
T
hM
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24 3 Single-Channel Filtering Matrix
is a rectangular filtering matrix of size M x L,
T
hm:[hm,O hm,l"‘hm,Lfl] , M= 112""7M (34)
are FIR filters of length L,
M —
x; (k) = Hx(k) (3.5
is the filtered speech, and
M —
Vo (k) = Hv(k) (3.6)

is the residual noise.
Two important particular cases of (3.2) are immediate.

e M = 1. In this situation, z! (k) = z(k) is a scalar and H simplifies to an FIR filter
h” of length L. This case was well studied in Chap. 2.

e M = L. In this situation, z" (k) = z(k) is a vector of length L and H = Hg is a
square matrix of size L x L. This scenario has been widely covered in [1-5] and
in many other papers. We will get back to this case a bit later in this chapter.

By definition, our desired signal is the vector x™ (k). The filtered speech, Xf” k),
depends on x(k) but our desired signal after noise reduction should explicitly depends
on x™ (k). Therefore, we need to extract x (k) from x(k). For that, we need to
decompose x(k) into two orthogonal components: one that is correlated with (or is a
linear transformation of) the desired signal xM (k) and the other one that is orthogonal
to xM (k) and, hence, will be considered as the interference signal. Specifically, the
vector x(k) is decomposed into the following form:

x(k) = Ry Ry x™ (k) + xi (k)
= xq(k) + xi(k), (3.7
where
xq(k) = Ryu R, x" (k)
=T nxM (k) (3.8)
is a linear transformation of the desired signal, Ryw = E [xM (k)xMT (k)] is the
correlation matrix (of size M x M) of x™ (k), Ryw = E [x(k)xM7 (k)] is the cross-

correlation matrix (of size L x M) between x(k) and x™ (k), v = Rywm R;A}
and

Xi(k) = x(k) — xq(k) (3.9)
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is the interference signal. It is easy to see that x4(k) and x;(k) are orthogonal, i.e.,
T _
E[xa(b)x{ (k)] = 0rxr. (3.10)
For the particular case M = L, we have I'xx = I, which is the identity matrix

(of size L x L), and x4(k) coincides with x(k), which obviously makes sense. For
M =1, Ty, simplifies to the normalized correlation vector (see Chap. 2)

E [x(k)x (k)]
= — 3.11
Pxx E [xz(k)] ( )
Substituting (3.7) into (3.2), we get
2M (k) = H[xa(k) + xi (k) + v(K)]
= x{y (k) + x} (k) + v (k). (3.12)
where
M —
Xz (k) = Hxq(k) (3.13)
is the filtered desired signal,
M — .
x;; (k) = Hxi(k) (3.14)
is the residual interference, and Vfr’{ (k) = Hv(k), again, represents the residual

noise. It can be checked that the three terms X?g k), Xfi” (k), and Vfl’{ (k) are mutually
orthogonal. Therefore, the correlation matrix of zM (k) is

R,v = E[z™ (k)z"" (k)]

=Ry + Ry + Ry, (3.15)
where
R,y = HRyH', (3.16)
R,v = HRyH'
= HRH” — HR H', (3.17)
R,u = HRyH', (3.18)

Ry, = I'ymRyw F;X w 1s the correlation matrix (whose rank is equal to M) of x4 (k),
and Ry, = E [xi(k)x] (k)] is the correlation matrix of x;(k). The correlation matrix
of zM (k) is helpful in defining meaningful performance measures.
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3.2 Joint Diagonalization

By exploiting the decomposition of x(k), we can decompose the correlation matrix
of y(k) as

Ry = Rxd + Rin
= FmRyu rzxM + Rin, (3.19)
where
Rin = Ry + Ry (3.20)

is the interference-plus-noise correlation matrix. It is interesting to observe from
(3.19) that the noisy signal correlation matrix is the sum of two other correlation
matrices: the linear transformation of the desired signal correlation matrix of rank
M and the interference-plus-noise correlation matrix of rank L.

The two symmetric matrices Rx, and R;, can be jointly diagonalized as follows
[6, 7]:

B'Ry,B=A, (3.21)
B'R,B=1, (3.22)

where B is a full-rank square matrix (of size L x L) and A is a diagonal matrix whose
main elements are real and nonnegative. Furthermore, A and B are the eigenvalue
and eigenvector matrices, respectively, of Ri;IRxd, ie.,

R 'Ry,B = BA. (3.23)

Since the rank of the matrix Ry, is equal to M, the eigenvalues of R;llRXd can
M M M M _ _ aM _

be ordered as A" > Ay > - > Ay > )‘M+l = ... = Ay = 0. In other

words, the last L — M eigenvalues of RE]IRXd are exactly zero while its first M

eigenvalues are positive, with )»11” being the maximum eigenvalue. We also denote

by'bM ,'bg’[ e, b?f[, b% ISTRRRE bﬁ” , the cor'responc.ling eigenvectors. Therefore, the

noisy signal covariance matrix can also be diagonalized as

B'RyB=A+1,. (3.24)

Note that the same diagonalization was proposed in [8] but for the classical subspace
approach [2].

Now, we have all the necessary ingredients to define the performance measures
and derive the most well-known optimal filtering matrices.
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3.3 Performance Measures

In this section, the performance measures tailored for linear filtering with a rectan-
gular matrix are defined.

3.3.1 Noise Reduction

The input SNR was already defined in Chap. 2; but it can be rewritten as

. o
iSNR =

Cqml>< )

_ tr(Ry)
TRy’
Taking the trace of the filtered desired signal correlation matrix from the right-

hand side of (3.15) over the trace of the two other correlation matrices gives the
output SNR:

(3.25)

tr (RXM)
fd
oSNR(H) = —————
tr (RXM + RV%)
tr(HT u R T\ HT)

r(HRH ) (3:26)

The obvious objective is to find an appropriate H in such a way that oSNR (H) >
iSNR.
For the particular filtering matrix

H=1 = [IyO0yxir-m]. (3.27)
called the identity filtering matrix, where I is the M x M identity matrix, we have
oSNR (I;) = iSNR. (3.28)

With I;, the SNR cannot be improved.

The maximum output SNR cannot be derived from a simple inequality as it was
done in the previous chapter in the particular case of M = 1. We will see how to find
this value when we derive the maximum SNR filter.

The noise reduction factor is

oy
tr (RxM =+ Rv{‘{{)

o2

=M. —r . 3.29
r (HR, HT) 629

Any good choice of H should lead to &, (H) > 1.

Enw (H) =M -
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3.3.2 Speech Distortion

The desired speech signal can be distorted by the rectangular filtering matrix. There-
fore, the speech reduction factor is defined as

2
- *
i (Ryy)
o2

=M. X . 3.30
tr(HT u R TL  HT) (3:30)

Ec () =M -

A rectangular filtering matrix that does not affect the desired signal requires the
constraint

HI, v =1Iy. (3.31)

Hence, & (H) = 1 in the absence of distortion and & (H) > 1 in the presence of
distortion.

By making the appropriate substitutions, one can derive the relationship among
the measures defined so far:

oSNR (H) &, (H)
iSNR & (H)'

(3.32)

When no distortion occurs, the gain in SNR coincides with the noise reduction factor.
We can also quantify the distortion with the speech distortion index:

1 E w0 = xMw]" [ o - x @]}
2

Usd (H) = A p
|t [(HFXXM —T) Ry (HT s — IM)T]
_ - . (3.33)
M lop

The speech distortion index is always greater than or equal to 0 and should be upper
bounded by 1 for optimal filtering matrices; so the higher is the value of vgg (H) ,
the more the desired signal is distorted.

3.3.3 MSE Criterion

Since the desired signal is a vector of length M, so is the error signal. We define the
error signal vector between the estimated and desired signals as

eM (k) = zM (k) — x™ (k)

3.34
= Hy(k) — x" (k), (-39
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which can also be expressed as the sum of two orthogonal error signal vectors:

e’ (k) = el (k) + e (k),
where
eM (k) = xM (k) — xM (k)
= (HT v — Ing) xM (k)
is the signal distortion due to the rectangular filtering matrix and

el (k) = xM (k) + v (k)

Hx; (k) + Hv(k)

represents the residual interference-plus-noise.

Having defined the error signal, we can now write the MSE criterion:

J(H) = % -t E[e™ ()eMT ()]}

% [tr(Ryw) + tr(HRyH") — 2tr (HRy ) |

%[tr (Ryw) + tr(HRyH™) — 2tr (HT ( wRyn) |,

where

Ry = E[y()x™" (k)]

=TI wRyum

is the cross-correlation matrix between y(k) and x™ (k).

(3.35)

(3.36)

(3.37)

(3.38)

Using the fact that E [e} (k)e}T (k)] = Oprxpr, J (H) can be expressed as the

sum of two other MSEs, i.e.,

J (H)

% wrf{E[e} (el ()]} + % wf{E[eM (k)eM” (k)]}
Ja (H) + J; (H).

(3.39)

Two particular filtering matrices are of great importance: H = I; and H = 0y« .
With the first one (identity filtering matrix), we have neither noise reduction nor
speech distortion and with the second one (zero filtering matrix), we have maximum
noise reduction and maximum speech distortion (i.e., the desired speech signal is
completely nulled out). For both filtering matrices, however, it can be verified that
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the output SNR is equal to the input SNR. For these two particular filtering matrices,
the MSEs are

J@) = J @) =0y, (3.40)
T Opr) = Ja Opxr) = o7 (3.41)
As a result,
iSNR = M. (3.42)
T (1)

We define the NMSE with respect to J (I;) as

~ - J(H
T =T
— iSNR - vy (H) + .
. 1
= iSNR |:Usd H) + oSNR (H) - &, (H)] , (3.43)
where
Ja (H)
o (H) = 27 3.44
v M) = ) G40
. _ Ja(H)
iSNR - Usd (H) = m, (345)
_ Jr (Ii)
e (H) = 7 (H) (3.46)
oSNR (H) - £ (H) = %. (3.47)

This shows how this NMSE and the different MSEs are related to the performance
measures.
We define the NMSE with respect to J (037« 1.) as

o T®
T = J Opx1)

1
= W SSNR @) £ ) (349

and, obviously,

J (H) = iSNR - 7 (H) . (3.49)
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We are only interested in filtering matrices for which
Ja @) = Ja(H) < Ja Opxr), (3.50)
JOyxr) < s (H) < J: @) . (3.51)
From the two previous expressions, we deduce that
0<vygMH) <1, (3.52)
1 <&y (H) < o0. (3.53)

The optimal filtering matrices are obtained by minimizing J (H) or minimizing
Jr (H) or Jg (H) subject to some constraint.

3.4 Optimal Rectangular Filtering Matrices

In this section, we are going to derive the most important filtering matrices that can
help reduce the noise picked up by the microphone signal.

3.4.1 Maximum SNR

Our first optimal filtering matrix is not derived from the MSE criterion but from the
output SNR defined in (3.26) that we can rewrite as

M
> =1 1Ry

oSNR (H) = .
> =i bl Rinh,,

(3.54)

It is then natural to try to maximize this SNR with respect to H. Let us first give the
following lemma.

Lemma 3.1 We have

h’ Ry h
0SNR (H) < max -2 —

= 3.55
m h,],;Rinhm ( )

Proof Let us define the positive reals a,, = hZ,;Rthm and b, = h,],;Rinhm- We

have
M
Z;]Z[—l am am by,
em= " E . . (3.56)
Zr]rt;[:l bm m=1 bm Zlﬂil bi
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Now, define the following two vectors:

T
aiay  ay
=l | o 3.57
: [bl by bM} @57
b b by |
u/ = |: Ml M2 MM :| . (3.58)
2imibi 221 bi 202 bi
Using the Holder’s inequality, we see that
M
Zm:l am T 4
M , —uu
Zm:l bm
a
< o 0], = max i, (3.59)
which ends the proof. O

Theorem 3.1 The maximum SNR filtering matrix is given by

BibMT
BabT
Hmax = : s (360)
BubY'T
where By, m = 1,2,..., M are real numbers with at least one of them different
from 0. The corresponding output SNR is
0SNR (Hpax) = A1, (3.61)

We recall that )»’1” is the maximum eigenvalue of the matrix R;llRXd and its corre-
sponding eigenvector is b11W .

Proof From Lemma3.1, we know that the output SNR is upper bounded by x whose
maximum value is clearly )J]VI . On the other hand, it can be checked from (3.54)
that oSNR (Hp.x) = )»11” . Since this output SNR is maximal, Hy,x is indeed the
maximum SNR filtering matrix. O

Property 3.1 The output SNR with the maximum SNR filtering matrix is always
greater than or equal to the input SNR, i.e., oOSNR (Hpax) > iSNR.
It is interesting to see that we have these bounds:

0 < oSNR (H) < AM, VH, (3.62)

but, obviously, we are only interested in filtering matrices that can improve the output
SNR, i.e., oSNR (H) > iSNR.

Forafixed L, increasing the value of M (from 1 to L) will, in principle, increase the
output SNR of the maximum SNR filtering matrix since more and more information is
taken into account. The distortion should also increase significantly as M is increased.
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3.4.2 Wiener

If we differentiate the MSE criterion, J (H) , with respect to H and equate the result
to zero, we find the Wiener filtering matrix

Hy =RwT] Ry
=IRR;!
=TLi(IL —RyR; ). (3.63)
This matrix depends only on the second-order statistics of the noise and observation
signals. Note that the first line of Hyy is exactly h\T,V.

Lemma 3.2 We can rewrite the Wiener filtering matrix as
— -1 _
Hyw = (Iyy + R T R T ) 'Ren T, R

- - —1 _
= (R + T LR Tn) T TL R (3.64)

xxM

Proof This expression is easy to show by applying the Woodbury’s identity in (3.19)
and then substituting the result in (3.63). m|

The form of the Wiener filtering matrix presented in (3.64) is interesting because
it shows an obvious link with some other optimal filtering matrices as it will be
verified later.

Another way to express Wiener is

Hy = LT wRw Tl R
=TLi(IL — RuRy ). (3.65)

Using the joint diagonalization, we can rewrite Wiener as a subspace-type approach:

Hy =B TAA+1,)"'BT

— 1B’ P2 01 % (L—Mm) BT
OcL—myxm OL—m)yx(L—m)

=T z Orxce—sy | g7 (3.66)
O —myxm O —myx(L—m)
where
t/
t
T=| . |=LB 7 (3.67)
(T
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and

M Ay
% = dia , 3.68
g(x%tl A A%H) (568

is an M x M diagonal matrix. Expression (3.66) is also

Hw = IiMw, (3.69)
where
My =B~ 7 [ z Ot —m) ]BT. (3.70)
Oc—myxm OL—m)yx(L—m)

We see that Hyy is the product of two other matrices: the rectangular identity filtering
matrix and a square matrix of size L x L whose rank is equal to M.
For M = 1, (3.66) degenerates to

hyw = B Amax Obcz- B~ li. (3.71)
0—1yx1 O—1yx@-1

With the joint diagonalization, the input SNR and the output SNR with Wiener
can be expressed as

_ tr (TATY)
iSNR = (3.72)
tr (TTT)
3 27T
oSNR (Hy) = [TA” (A +11) T (3.73)

tr [TA2(A + 1) 2 TT]

Property 3.2 The output SNR with the Wiener filtering matrix is always greater
than or equal to the input SNR, i.e., oOSNR (Hw) > iSNR.

Proof This property can be proven by induction, exactly as in [9]. O

Obviously, we have
0oSNR (Hyw) < oSNR (Hpax) - (3.74)

Same as for the maximum SNR filtering matrix, for a fixed L, a higher value of M
in the Wiener filtering matrix should give a higher value of the output SNR.
We can easily deduce that

tr (TTT)

nr (H = s
e (W) = TTA% (A 4 1) 217

(3.75)
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b (Hy) — tr (TATT) (3.76)
T T G [TAY (A 1) T '
tr [TA (A+1)" TR, TA (A + 1)~ TT]
vsa (Hy) = o (TATT) (3.77)
3.4.3 MVDR

We recall that the MVDR approach requires no distortion to the desired signal.
Therefore, the corresponding rectangular filtering matrix is obtained by minimizing
the MSE of the residual interference-plus-noise, J; (H), with the constraint that the
desired signal is not distorted. Mathematically, this is equivalent to

1
min - - tr(HRinH') subjectto HIyu = Iy. (3.78)
The solution to the above optimization problem is
- —1 -
Hyvor = (TL R T ) TR (3.79)

which is interesting to compare to Hy (Eq. 3.64).
Obviously, with the MVDR filtering matrix, we have no distortion, i.e.,

& (HmvDr) = 1, (3.80)
vsd (Hmvpr) = 0. (3.81)

Lemma 3.3 We can rewrite the MVDR filtering matrix as
Huvor = (T Ry 'Tyn) " TL Ry (3.82)

Proof This expression is easy to show by using the Woodbury’s identity in Ry’ I o

From (3.82), we deduce the relationship between the MVDR and Wiener filtering
matrices:

—1
Huvvpr = (HwE ) Hw. (3.83)

Property 3.3 The output SNR with the MVDR filtering matrix is always greater than
or equal to the input SNR, i.e., oSSNR (Hyypr) > iSNR.

Proof We can prove this property by induction. O
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We should have
0oSNR (Hyvpr) < 0SNR (Hw) < oSNR (Hjpax) - (3.84)

Contrary to Hpax and Hyy, for a fixed L, a higher value of M in the MVDR filtering
matrix implies a lower value of the output SNR.

3.4.4 Prediction

Let G be a temporal prediction matrix of size M x L so that
x(k) ~ GTxM (k). (3.85)
The distortionless filtering matrix for noise reduction is derived by

mintr(HRyH')  subject to HG™ =Ly, (3.86)

from which we deduce the solution
Hp = (GR,'G”) 'GR; . (3.87)

The best way to find G is in the Wiener sense. Indeed, define the error signal
vector

ep(k) = x(k) — GTxM (k) (3.88)

and form the MSE

J (G) = E[e} (k)ep(k)]. (3.89)

The minimization of J (G) with respect to G leads to

G,=TT (3.90)

xxM

and substituting this result into (3.87) gives
_ -1 _
Hp = (T Ry 'Tyr) TL RS (3.91)

which corresponds to the MVDR.
It is interesting to observe that the error signal vector with the optimal matrix,
G,, corresponds to the interference signal vector, i.e.,

ep.o(k) = x(k) — T ux™ (k)

This result is a consequence of the orthogonality principle.
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3.4.5 Tradeoff

In the tradeoff approach, we minimize the speech distortion index with the constraint
that the noise reduction factor is equal to a positive value that is greater than 1.
Mathematically, this is equivalent to

m&n Ja (H) subjectto J; (H) = BJ; (1)), (3.93)

where 0 < B < 1 to insure that we get some noise reduction. By using a Lagrange
multiplier, u > 0, to adjoin the constraint to the cost function and assuming that the
matrix 'y mRym F){XM + uRj, is invertible, we easily deduce the tradeoff filtering
matrix

-1
Hy, =R, (TouRwT!  + puRin) . (3.94)

which can be rewritten, thanks to the Woodbury’s identity, as
_ _ -1 _
Hr, = (uR_; + T Ry Tow) TL Ry (3.95)
where o satisfies J; (HT, M) = BJr (Ii) . Usually, u is chosen in an ad-hoc way, so

that for

e u=1,Hr,; = Hw, which is the Wiener filtering matrix;

e =0 [from (3.95)], Ht,0 = Hmvpr, which is the MVDR filtering matrix;

e u > 1, results in a filter with low residual noise (compared with the Wiener filter)
at the expense of high speech distortion;

e 1 < 1, results in a filter with high residual noise and low speech distortion.

Property 3.4 The output SNR with the tradeoff filtering matrix is always greater
than or equal to the input SNR, i.e., oSNR(HT,M) > iSNR, Vu > 0.

Proof We can prove this property by induction. O

We should have for u© > 1,
0SNR (Hmypr) < 0SNR (Hw) < oSNR (Hr ;) < 0SNR (Hpax) (3.96)
and for u < 1,
0SNR (Hmypr) < 0SNR (Hr, ;) < 0SNR (Hy) < 0SNR (Hpnax) - (3.97)

We can write the tradeoff filtering matrix as a subspace-type approach. Indeed,
from (3.94), we get

Hp,=T| > Ouxt—m | g1 (3.98)
' OcL—myxm OL—myx(L—Mm)
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where

M M M
Zuzdiag( iy et SR ) (3.99)
AL+ A+ Ay 1

is an M x M diagonal matrix. Expression (3.98) is also

Hr , = LMt ,, (3.100)
where
My, =BT Zu Orx—m | gt (3.101)
’ OcL—myxm OL—myx(L—m)

We see that Hr ,, is the product of two other matrices: the rectangular identity filtering
matrix and an adjustable square matrix of size L x L whose rank is equal to M. Note
that Hr ;, as presented in (3.98) is not, in principle, defined for 4 = 0 as this
expression was derived from (3.94), which is clearly not defined for this particular
case. Although it is possible to have ;© = 0 in (3.98), this does not lead to the MVDR.

3.4.6 Particular Case: M = L

For M = L, therectangular matrix H becomes a square matrix Hg of size L x L. Itcan
be verified that x;(k) = 0 «1; as aresult, Ri, = Ry, Ry, = 07«7, and Ry, = Ry.
Therefore, the optimal filtering matrices are

BibET
pabkT
HS,max = : s (3.102)
BrLbET
Hsw = RyR;! G103)
=1, -RyR; ", '
Hs mvpr =1z, (3.104)
Hs 1, =Ry Ry + uRy) ™!
—1
= (Ry —Ry) [Ry + (u — DRy| ", (3.105)

where bf is the eigenvector corresponding to the maximum eigenvalue of the matrix
Ry IR. In this case, all filtering matrices are very much different and the MVDR is
the identity matrix.
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Applying the joint diagonalization in (3.105), we get
T —1pT
Hst,=B "AA+1I,)" B". (3.106)

It is believed that a speech signal can be modelled as a linear combination of a
number of some (linearly independent) basis vectors smaller than the dimension of
these vectors [2, 4, 10—13]. As a result, the vector space of the noisy signal can
be decomposed in two subspaces: the signal-plus-noise subspace of length Lg and
the null subspace of length L,, with L = Lg + L. This implies that the last L,
eigenvalues of the matrix Ry IR, are equal to zero. Therefore, we can rewrite (3.106)
to obtain the subspace-type filter:

_ x, 0
_ T " LyxLy T
Hst,. =B [OLM 0 or } B, (3.107)
where now
AL AL Ak
¥, = diag Lz s (3.108)
" (/\f+u AL+ Mo+

isan Lg x Lg diagonal matrix. This algorithm is often referred to as the generalized
subspace approach. One should note, however, that there is no noise-only subspace
with this formulation. Therefore, noise reduction can only be achieved by modifying
the speech-plus-noise subspace by setting (i to a positive number.

It can be shown that for u > 1,

iSNR =0SNR (Hg mvpr) < 0SNR (Hg w) <
oSNR (Hs 1 ,) < 0SNR (Hs max) = AL (3.109)

and forO < pu <1,

iISNR =oSNR (HS,MVDR) < oSNR (HS,T,M) <
0SNR (Hs w) < 0SNR (Hs max) = A", (3.110)

where AL is the maximum eigenvalue of the matrix R, 'Ry.
The results derived in the preceding subsections are not surprising because the
optimal filtering matrices derived so far in this chapter are related as follows:

H, = AL R, (3.111)

where A, is a square matrix of size M x M. Therefore, depending on how we choose
A,, we obtain the different optimal filtering matrices. In other words, these optimal
filtering matrices are equivalent up to the matrix A,. For M = 1, the matrix A,
degenerates to a scalar and the filters derived in Chap. 2 are obtained, which are
basically equivalent.
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3.4.7 LCMV

The LCMV beamformer is able to handle other constraints than the distortionless
ones.

We can exploit the structure of the noise signal in the same manner as we did it
in Chap. 2. Indeed, in the proposed LCMYV, we will not only perfectly recover the
desired signal vector, x" (k), but we will also completely remove the coherent noise
signal. Therefore, our constraints are

HCm, = [In Ot ], (3.112)
where

Covy = [Tyt pvo | (3.113)

is our constraint matrix of size L x (M + 1).
Our optimization problem is now

m&n tr(HRyHT) subjectto HCym, = [IM Oprx1 ] , (3.114)
from which we find the LCMV filtering matrix

_ -1 _
Hromy = [In Oprx | (CIMURy 'Cyny) C){MURy I (3.115)

If the coherent noise is the main issue, then the LCMV is perhaps the most
interesting solution.

3.5 Summary

The ideas of single-channel noise reduction in the time domain of Chap. 2 were gen-
eralized in this chapter. In particular, we were able to derive the same noise reduction
algorithms but for the estimation of M samples at a time with a rectangular filtering
matrix. This can lead to a potential better performance in terms of noise reduction for
most of the optimization criteria. However, this time, the optimal filtering matrices
are very much different from one to another since the corresponding output SNRs
are not equal.
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Chapter 4
Multichannel Noise Reduction with a
Filtering Vector

In the previous two chapters, we exploited the temporal correlation information from
a single microphone signal to derive different filtering vectors and matrices for noise
reduction. In this chapter and the next one, we will exploit both the temporal and
spatial information available from signals picked up by a determined number of
microphones at different positions in the acoustics space in order to mitigate the
noise effect. The focus of this chapter is on optimal filtering vectors.

4.1 Signal Model

We consider the conventional signal model in which a microphone array with N
sensors captures a convolved source signal in some noise field. The received signals
are expressed as [1, 2]

Y (k) = gn (k) * s(k) + vy (k)
=xp(k) +vp(k), n=1,2,...,N, 4.1)

where g, (k) is the acoustic impulse response from the unknown speech source, s(k),
location to the nth microphone, * stands for linear convolution, and vy, (k) is the
additive noise at microphone n. We assume that the signals x, (k) = g, (k) * s(k)
and v, (k) are uncorrelated, zero mean, real, and broadband. By definition, x,, (k)
is coherent across the array. The noise signals, v, (k), are typically only partially
coherent across the array. To simplify the development and analysis of the main
ideas of this work, we further assume that the signals are Gaussian and stationary.

By processing the data by blocks of L samples, the signal model given in (4.1)
can be put into a vector form as

Vo (k) = X, (k) + Vo (k), n=1,2,....N, 4.2)
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where
Y (k) = [yu(k) yutk — 1) -+ y,(k — L+ D" 4.3)

is a vector of length L, and x,, (k) and v,, (k) are defined similarly to y, (k). It is more
convenient to concatenate the N vectors y, (k) together as

vk = [y 0y k) - yhw]"
= x(k) + v(k), (4.4)

where vectors x(k) and v(k) of length NL are defined in a similar way to y(k).
Since x; (k) and v, (k) are uncorrelated by assumption, the correlation matrix (of
size NL x N L) of the microphone signals is

Ry = E[y(k)y" (k)]
=Ry + Ry, (4.5)

where Ry = E [x(k)x” (k)] and Ry = E [v(k)v” (k)] are the correlation matrices
of x(k) and v(k), respectively.

In this work, our desired signal is designated by the clean (but convolved) speech
signal received at microphone 1, namely x; (k). Obviously, any signal x, (k) could
be taken as the reference. Our problem then may be stated as follows [3]: given N
mixtures of two uncorrelated signals x, (k) and v, (k), our aim is to preserve xp (k)
while minimizing the contribution of the noise terms, v, (k), at the array output.

Since x1 (k) is the signal of interest, it is important to write the vector y(k) as a
function of x; (k). For that, we need first to decompose x (k) into two orthogo_nal com-
ponents: one proportional to the desired signal, x| (k), and the other corresponding
to the interference. Indeed, it is easy to see that this decomposition is

X(k) = pyy, - x1(k) +x;(k), (4.6)
where
Pxx; = [pgm pz;le plel]T
— M 4.7
E[x{ 0]

is the partially normalized [with respect to xj(k)] cross-correlation vector
(of length NL) between x(k) and x1 (k),

Px,x; = [px,,xl 0) ,Oxnxl(l) onnxl(l‘ _ ])]T

_Em@n®l o @
ELZ00] o |
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is the partially normalized [with respect to xj(k)] cross-correlation vector
(of length L) between x,, (k) and x1 (k),

E [xp(k — Dx1 (k)]

S n=12... N 1=01...L—1 (49)
E[xi (k)]

Px,x1 ) =

is the partially normalized [with respect to xj(k)] cross-correlation coefficient
between x,(k — [) and x (k),

x;(k) = X(k) — pyy, - x1(k) (4.10)
is the interference signal vector, and
E [x(0)x1 (k)] = Onpxi. 4.11)

Substituting (4.6) into (4.4), we get the signal model for noise reduction in the
time domain:

Y = pyy, - x1(K) + %K) + (k)
= X4 (k) + x;(k) + v(k), (4.12)
where X4 (k) = py,, - x1(k) is the desired signal vector. The vector py,, is clearly a

general definition in the time domain of the steering vector [4, 5] for noise reduction
since it determines the direction of the desired signal, x1 (k).

4.2 Linear Filtering with a Vector

The array processing, beamforming, or multichannel noise reduction is performed
by applying a temporal filter to each microphone signal and summing the filtered
signals. Thus, the clear objective is to estimate the sample x| (k) from the vector y (k)
of length NL. Let us denote by z(k) this estimate. We have -

N
2(k)=>_hly, k)
n=1
=h"y(), (4.13)
where h,, n =1,2,..., N are N FIR filters of length L and

T
h= [th hzT h]{,] (4.14)
is a long filtering vector of length NL.

Using the formulation of y(k) that is explicitly a function of the steering vector,
we can rewrite (4.13) as
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2(k) =0 [pyg,, - x1(k) + x,(k) + v(b)

= xq (k) + xri (k) + v (k), (4.15)
where
xta(k) = x1 (M  py, (4.16)
is the filtered desired signal,
xi(k) = ' x; (k) (4.17)

is the residual interference, and
vm (k) = h"y(k) (4.18)

is the residual noise.
Since the estimate of the desired signal at time k is the sum of three terms that are
mutually uncorrelated, the variance of z(k) is

2 T
o =h"Ryh
=0l +ol +ol, (4.19)
where
2 2 2
g = 2, (0 Px))™ (420
G)?ri = l—lTRlih
2
=h"Reh — o7 (W py, )" 4.21)
02 =h"Ryh, (4.22)

Urn

afl =F [xlz(k)] andRy, = E [gi (k)giT (k)]. The variance of z(k) will be extensively
used in the coming sections.

4.3 Performance Measures

In this section, we define some fundamental measures that fit well in the multiple
microphone case and with a linear filtering vector. We recall that microphone 1 is
the reference; therefore, all measures are derived with respect to this microphone.
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4.3.1 Noise Reduction

The input SNR is

02

iSNR = =L, (4.23)
2
oy

where 031 =F [v%(k)] is the variance of the noise at microphone 1.
The output SNR is obtained from (4.19):

o2

oSNR (h) = ——*—5-
Xri

Urn

2 T 2
o (h
— = PEa) (; p*"‘) , (4.24)
h' Rj;h

where

Rin = Ry, + Ry (4.25)

is the interference-plus-noise covariance matrix. We observe from (4.24) that the
output SNR is defined as the variance of the first signal (filtered desired) from
the right-hand side of (4.19) over the variance of the two other signals (filtered
interference-plus-noise).

For the particular filtering vector

h=i=(10-0" (4.26)
of length NL, we have

0oSNR (i;) = iSNR. 4.27)

With the identity filtering vector i;, the SNR cannot be improved.
For any two vectors h and py,, and a positive definite matrix Rin, we have

(thym)z < (h"Rinh) (prmRi;lpxm)’ (4.28)

with equality if and only if h = gRi:llplx, where ¢(# 0) is a real number. Using
the previous inequality in (4.24), we deduce an upper bound for the output SNR:

oSNR(h) < o7 - pf, Ri' oy, Vh (4.29)
and clearly,

oSNR (i;) < o7 - pgle;Ipyl, (4.30)

1
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which implies that

| -

pr R og, > 4.31)

[\S)

g

<

1

The role of the beamformer is to produce a signal whose SNR is higher than that
of the received signal. This is measured by the array gain:

oSNR(h)
h) = ——. 4.32
A ="k @32
From (4.29), we deduce that the maximum array gain is
Amax = 0 pre Ry, > 1 (4.33)

Taking the ratio of the power of the noise at the reference microphone over the
power of the interference-plus-noise remaining at the beamformer output, we get the
noise reduction factor:

bor () = (4.34)

which should be lower bounded by 1 for optimal filtering vectors.

4.3.2 Speech Distortion

The speech reduction factor defined as

0’2

Eor (h) = ;1

Xfd

Q

1
=— (4.35)

2 9
(l_lT Py, )

measures the distortion of the desired speech signal. It is supposed to be equal to 1
if there is no distortion and expected to be greater than 1 when distortion happens.
The speech distortion index is

E{[xat) —x1 0]’}
E [x ()]
= (thxm - 1)2

=65 (n) — 1]°. (4.36)

vy (h) =
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For optimal beamformers, we should have 0 < vy (h) < 1.
It is easy to verify that we have the following fundamental relation:

_ ()
&sr (l_l) .

This expression indicates the equivalence between array gain/loss and distortion.

A (h) (4.37)

4.3.3 MSE Criterion

In the multichannel case, we define the error signal between the estimated and desired
signals as

e(k) = z(k) — x1 (k)
= xfd (k) + x1i (k) + v (k) — x1 (k). (4.38)

This error can be expressed as the sum of two other uncorrelated errors:
e(k) = eq(k) + e (k), (4.39)
where
ed(k) = xga(k) — x1(k)
_ (hT P, — 1) x1 k) (4.40)

is the signal distortion due to the filtering vector and
er(k) = xii(k) + v (k)
=h"x (k) +h'v(k) (4.41)

represents the residual interference-plus-noise.
The MSE criterion, which is formed from the error (4.38), is given by

J (h) = E[* ()]
= o, +h"Ryh — 20" E [x(k)x1 ()]
= o7 +h"Ryh — 207 0" p,,
= Ja (h) + J; (h), (4.42)
where
Ja (h) = E[ej ()]

2
o7 (llTpgxl - 1) (4.43)



50 4 Multichannel Filtering Vector

and

Ji (h) = E[ef ()]
=h"Ri,h. (4.44)

We are interested in two particular filtering vectors: h = i; and h = Oy 1. With
the first one (identity filtering vector), we have neither noise reduction nor speech
distortion and with the second one (zero filtering vector), we have maximum noise
reduction and maximum speech distortion. For both filters, however, it can be verified
that the output SNR is equal to the input SNR. For these two particular filters, the
MSEs are

J (i) = e (i) = oy (4.45)
T OyLx1) = JaOyrx1) =0 (4.46)
As a result,
. I Onzx1)
iSNR = BT (!l) . (4.47)
We define the NMSE with respect to J (i) as
7w =2
J (i)
ISNR - veg (h) + —
= *Usd (B
T g ()
. 1
- [Um O+ SR () & (1_1)} ’ A
where
Ja (h)
w (h) = — = 4.49
v (b) Ja (OnLx1) (+49)
SNR - v () = 20O (4.50)
S )
J: (i
or (h) = —, 4.51
fr () = 5 (4.51)
oSNR (h) - & (h) = Ja Onzxa) (4.52)

Jr ()
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This shows how this NMSE and the different MSEs are related to the performance
measures.
We define the NMSE with respectto J (Oyzx1) as

_ J (h
)= o
= v (b) + — W) & () (4.53)
and, obviously,
J (h) =iSNR- 7 (h). (4.54)
We are only interested in beamformers for which
Ja (i) < Ja (h) < Ja Onzx1) . (4.55)
Je Onrx1) < Jr () < Jp (i) - (4.56)
From the two previous expressions, we deduce that
0<vw(h) <1, (4.57)
1 < & (h) < 0. (4.58)

It is clear that the objective of multichannel noise reduction in the time domain is
to find optimal beamformers that would either minimize J (h) or minimize Jy4 (h)
or Jp (h) subject to some constraint.

4.4 Optimal Filtering Vectors

In this section, we derive many well-known time-domain beamformers. Obviously,
taking N = 1 (single-channel case), we find all the optimal filtering vectors derived
in Chap. 2.

4.4.1 Maximum SNR

Let us rewrite the output SNR:

O—lethyq pgxlh

OSNR (h) = —— =
= mn2z

(4.59)
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The maximum SNR filter, h, ., is obtained by maximizing the output SNR as
given above. In (4.59), we recognize the generalized Rayleigh quotient [6]. It is
well known that this quotient is maximized with the maximum eigenvector of the
matrix o2 Rln Pxx, ;oxxl Let us denote by A, the maximum eigenvalue corre-
spondrng to this maximum eigenvector. Since the rank of the mentioned matrix is
equal to 1, we have

&m tf( 2l{m prlexl)
= le ,om]Rm Pxx; - (4.60)
As a result,
oSNR (h,,..,) = o7 op. R oy, (4.61)

which corresponds to the maximum possible SNR and

A (b)) = Amax. (4.62)

Let us denote by A,({,’;x the maximum array gain of a microphone array with n
sensors. By virtue of the inclusion principle [6] for the matrix 02 Rln Pxx, pxxl , we

have
AN = AN == AT = A = 1 (4.63)

This shows that by increasing the number of microphones, we necessarily increase
the gain.
Obviously, we also have

By = SR, sy (4.64)
where ¢ is an arbitrary scaling factor different from zero. While this factor has no
effect on the output SNR, it may have on the speech distortion. In fact, all filters
(except for the LCMV) derived in the rest of this section are equivalent up to this

scaling factor. These filters also try to find the respective scaling factors depending
on what we optimize.

4.4.2 Wiener
By minimizing J (h) with respect to h, we find the Wiener filter

_ 2p-1
hW_UMRX Pxx, -
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The Wiener filter can also be expressed as
hy =Ry E [x(k)x1 (k)]
= Ry 'Ryj;

= (INL - RX_IRX) i (4.65)

where Iy is the identity matrix of size N L x N L. The above formulation depends on
the second-order statistics of the observation and noise signals. The correlation matrix
Ry can be estimated during speech-and-noise periods while the other correlation
matrix, Ry, can be estimated during noise-only intervals assuming that the statistics
of the noise do not change much with time.

Determining the inverse of Ry from

RX = 0)62] prl pgxl + Rin (466)
with the Woodbury’s identity, we get

R =R R‘“ pxn P Ry . (4.67)

= Ox, +p§x1Rin Pxx

Substituting (4.67) into (4.65) leads to another interesting formulation of the Wiener
filter:
ol R,

n pX)C|

- ! , (4.68)
I+ lepglein pXXI

that we can rewrite as

2 Rm Pxx1 prl i
1 + &max -
R, (Ry-Ru)
= 1.

1+tr[R (Ry—Ran)|”

__ RRy-Iu i (4.69)
l—NL—Hr(R R) ' '

From (4.69), we deduce that the output SNR is

OSNR (hyy) = A
= (R,'Ry) = NL. (4.70)
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We observe from (4.70) that the more noise, the smaller is the output SNR. However,
the more the number of sensors, the higher is the value of oSNR (l_lw) .
The speech distortion index is an explicit function of the output SNR:

1
u (hy) = <1. @71)
vt () [1 + 0SNR (hy)]?

The higher the value of 0SNR (l_lw) or the number of microphones, the less the
desired signal is distorted.
Clearly,

0SNR (hy,) > iSNR, (4.72)

since the Wiener filter maximizes the output SNR.
It is of interest to observe that the two filters h,,, and hy, are equivalent up to a
scaling factor. Indeed, taking

0.2

= Ju 473
ST 1+ (4.73)

—=max

in (4.64) (maximum SNR filter), we find (4.69) (Wiener filter).
With the Wiener filter, the noise and speech reduction factors are

(U )’
nr (hW) - m

1 2
> (1 + ) : (4.74)

2
) . (4.75)

Finally, we give the minimum NMSEs (MNMSEj5):

£ (hy) = (1 +

—=max

~ iSNR
T(hy) = —— <1, 4.76
() = 5 T oSNR (hy) — (70

J (hy) ! <1 (4.77)

" 1+ 0SNR (hy)

As the number of microphones increases, the values of these MNMSEs decrease.
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4.4.3 MVDR

By minimizing the MSE of the residual interference-plus-noise, J; (h), with the
constraint that the desired signal is not distorted, i.e.,

n}linllTRinh subjectto h” py, =1, (4.78)

we find the MVDR filter

—1
W Py
hyypr = o (4.79)

—1
xx1 Nin Pxxg
that we can rewrite as

—1
R 'Ry — Iy,

hyvpr = - i
r (Ry'Ry) — NL

2p-l
_ ZiRin Oy (4.80)
Amax
Alternatively, we can express the MVDR as
Ry oy,
hyvpr = —7— (4.81)
Py Ry Py,
The Wiener and MVDR filters are simply related as follows:
hy = cohyiypr. (4.82)
where
o = hiypy,,
A
= —max (4.83)
14+ A

—=max

So, the two filters hy, and hy;,pr are equivalent up to a scaling factor. However,
as explained in Chap. 2, in real-time applications, it is more appropriate to use the
MVDR beamformer than the Wiener one.

It is clear that we always have

OSNR (hyypr) = OSNR (hy) (4.84)
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& (hyypr) = 1, (4.86)
&nr (hyrypr) = A (Byypr) < &nr (hyy) (4.87)
and
_ 1 _
1> J (hyypgr) = m > J (hy), (4.88)
— 1 _
J (hyypr) = oSNR (hpvpg) > J (hy) . (4.89)

4.4.4 Space-Time Prediction

In the space—time (ST) prediction approach, we find a distortionless filter in two
steps [1, 7, 8].

Assume that we can find a simple ST prediction filter g of length NL in such a
way that -

x(k) ~ x1(b)g. (4.90)

The distortionless filter with the ST approach is then obtained by

min h"Ryh subjectto h'g=1. 4.91)
‘We deduce the solution
R_lg
hgp = ————. (4.92)
g'Ry'g

The second step consist of finding the optimal g in the Wiener sense. For that, we
need to define the error signal vector

esr(k) = x(k) — x1(k)g (4.93)

and form the MSE

7 (2) = E[er0es: 0], (4.94)

By minimizing J (g) with respect to g, we easily find the optimal filter

g, = Pxyy- (4.95)
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It is interesting to observe that the error signal vector with the optimal filter, g,
corresponds to the interference signal, i.e.,

egr,0(k) = X(k) — x1 (k) py,,
= x; (k). (4.96)

This result is obviously expected because of the orthogonality principle.
Substituting (4.95) into (4.92), we find that

Rx_lpym

S (4.97)
’nglel’oKXI

hgr =

Comparing hyypr With hgp, we see that the latter is an approximation of the former.
Indeed, in the ST approach, the interference signal is neglected: instead of using the
correlation matrix of the interference-plus-noise, i.e., Rip, only the correlation matrix
of the noise is used, i.e., Ry. However, identical expressions of the MVDR and ST-
prediction filters can be obtained if we consider minimizing the overall mixture
energy subject to the no distortion constraint.

4.4.5 Tradeoff

Following the ideas from Chap. 2, we can derive the multichannel tradeoff beam-
former, which is given by

he - i;lpxxl
r, = — =
g MUXlz + pnginlem
R 'R, — Iy,
_ in 7Y i, (4.98)
w—NL+1r (R;llRX)
where @ > 0.
‘We have
oSNR (hy ) = 0SNR (hy). Vu >0, (4.99)
i 2
vgg (hy )= ————) ., 4.100
o () (u +Amax) I
M 2
& (by,) = (1 + 5 , (4.101)
=max
2
w+ A
bur (Br,,) = e dur). (4.102)

iSNR - Aoy
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and
2
T(hy,) = iSNRAF2mw o T (4.103)
' M + Al’Il«.lX
T ’ + )‘max T
7 (hy,,) = (“jLﬁ > 7 (hy).- (4.104)
M —=max
4.4.6 LCMV

We can decompose the noise signal vector, v(k), into two orthogonal vectors:
V(k) = pyy, - v1(k) + v, (k), (4.105)

where p,,, is defined in a similar way to py,, and v, (k) is the noise signal vector
that is uncorrelated with vy (k).

In the LCMV beamformer that will be derived in this subsection, we wish to
perfectly recover our desired signal, x(k), and completely remove the correlated
components of the noise signal at the reference microphone, py,, - vi(k). Thus, the
two constraints can be put together in a matrix form as

1
Clyh= [o}’ (4.106)
where
Coo = [ Pxx) Pwy | (4.107)

is our constraint matrix of size NL x 2. Then, our optimal filter is obtained by
minimizing the energy at the filter output, with the constraints that the correlated
noise components are cancelled and the desired speech is preserved, i.e.,

hy oy = arg min h'Ryh subjectto C] , h= [ (1)} ) (4.108)
The solution to (4.108) is given by
-1 T p-l -
l_lLCMV = RX Cx1v1 (CxlUIRX C_xlyl) 0l (4.109)

The LCMYV beamformer can be useful when the noise is mostly coherent.

All beamformers presented in this section can be implemented by estimating the
second-order statistics of the noise and observation signals, as in the single-channel
case. The statistics of the noise can be estimated during silences with the help of a
VAD (see Chap. 2).
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4.5 Summary

We started this chapter by explaining the signal model for multichannel noise reduc-
tion with an array of N microphones. With this model, we showed how to achieve
noise reduction (or beamforming) with a long filtering vector of length NL in order to
recover the desired signal sample, which is defined as the convolved speech at micro-
phone 1. We then gave all important performance measures in this context. Finally,
we derived the most useful beamforming algorithms. With the proposed framework,
we see that the single- and multichannel cases look very similar. This approach sim-
plifies the understanding and analysis of the time-domain noise reduction problem.
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Chapter 5
Multichannel Noise Reduction with a
Rectangular Filtering Matrix

In this last chapter, we are going to estimate L samples of the desired signal from NL
observations, where N is the number of microphones and L is the number of samples
from each microphone signal. This time, a rectangular filtering matrix of size L x NL
is required for the estimation of the desired signal vector. The signal model is the
same as in Sect. 4.1; so we start by explaining the principle of multichannel linear
filtering with a rectangular matrix.

5.1 Linear Filtering with a Rectangular Matrix

In this chapter, the desired signal is the whole vector x; (k) of length L. Therefore,
multichannel noise reduction or beamforming is performed by applying a linear
transformation to each microphone signal and summing the transformed signals
[1, 2]. We have

N
2(k) = D Hyyu (k)
n=1

— Hy(k)
= H[x(k) + v(k)], (5.1
where z(k) is the estimate of x; (k), H,, n = 1,2, ..., N are N filtering matrices of
size L x L, and
H=[H H, --- Hy] (5.2)

is a rectangular filtering matrix of size L x NL.
Since x1 (k) is the desired signal vector, we need to extract it from x(k). Specifi-
cally, the vector x(k) is decomposed into the following form:

J. Benesty and J. Chen, Optimal Time-Domain Noise Reduction Filters, 61
SpringerBriefs in Electrical and Computer Engineering, 1,
DOI: 10.1007/978-3-642-19601-0_5, © Jacob Benesty 2011
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x(k) = Ry, R %1 (K) + x;(k)

= Ixx, - x1(k) + x;(k), (5.3)

where
T = Ry Ry (5.4)
is the time-domain steering matrix, Ry, = E [g(k)xlT (k)] is the cross-correlation

matrix of size NL x L between x(k) and X1 (k), Ry, = E [xl (k)xlT (k)] is the corre-
lation matrix of X1 (k), and x; (k) is the interference signal vector. It is easy to check
that x4 (k) = I'xx, - X1 (k) and x; (k) are orthogonal, i.e.,

E[xq(0x] ()] = Onrxni. (5.5)

Using (5.3), we can rewrite y (k) as

y(k) = Iy, - X1 (k) + x;(k) + v(k)
= X4 (k) + x(k) + v(k). (5.6)

Substituting (5.3) into (5.1), we get

2(k) = H[Txx, - x1(k) + x;(k) + v(k)]
= Xfa (k) + Xri (k) + Vin (k), (5.7)

where
Xt (k) = HI xx, - X1 (k) (5.8)
is the filtered desired signal vector,
Xii (k) = Hx; (k) (5.9)
is the residual interference vector, and
Vi (k) = Hv(k) (5.10)
is the residual noise vector.
The three terms X¢q(k), Xi(k), and v, (k) are mutually orthogonal; therefore, the

correlation matrix of z(k) is

R, = E[z(k)z" (k)]
=Ryxy + Ry + Ry, 5.11)
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where
_ T T
Rxfd - HI‘XXI RX] FXX1E ) (5 1 2)
Ry, = HR&HT
_ T T T
= HRyH" — HT'xx Ry, I‘mﬂ , (5.13)
R,, =HR,H. (5.14)

The correlation matrix of z(k) is useful in the definitions of the performance
measures.

5.2 Joint Diagonalization

The correlation matrix of y (k) is

Ry = Ry, + Rin
= Iy Ry Ty, + Rin, (5.15)

where
Rin =Ry, + Ry (5.16)

is the interference-plus-noise correlation matrix. It is interesting to observe from
(5.15) that the noisy signal correlation matrix is the sum of two other correlation
matrices: the linear transformation of the desired signal correlation matrix of rank L
and the interference-plus-noise correlation matrix of rank NL.

The two symmetric matrices Ry, and R;, can be jointly diagonalized as follows
[3, 4]:

B'RyB = A, (5.17)
B'RinB = Iy, (5.18)
where B is a full-rank square matrix (of size NL x NL) and A is a diagonal

matrix whose main elements are real and nonnegative. Furthermore, A and B are
the eigenvalue and eigenvector matrices, respectively, of Ri;led, i.e.,

R, 'Ry B=BA. (5.19)

Since the rank of the matrix Ry, is equal to L, the eigenvalues of R;llRKd can be
ordered as Ay > Ay > --- > A; > Ay = --- = Ay, = 0. In other words, the
last NL — L eigenvalues of Ri;l Ry, are exactly zero while its first L eigenvalues are
positive, with A; being the maximum eigenvalue. We alsodenote by by, b,, ..., by,
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the corresponding eigenvectors. Therefore, the noisy signal covariance matrix can

also be diagonalized as

B'RyB = A +1Iy..

(5.20)

This joint diagonalization is very helpful in the analysis of the beamformers for

noise reduction.

5.3 Performance Measures

We derive the performance measures in the context of a multichannel linear filtering

matrix with microphone 1 as the reference.

5.3.1 Noise Reduction

The input SNR was already defined in Chap. 4 but we can also express it as

isng = T (Rx).
tr (va)
where Ry, = E [vi(k)v] (b)].
We define the output SNR as
tr (Ryy)

NRH) =——"—""—
oS (—) tr (RXri I Rvm)

r (grm Ry TL, gT)
tr (HRinﬂT)

This definition is obtained from (5.11). Consequently, the array gain is

A0 =

For the particular filtering matrix
H=I=[I. 0. v—1)L]
of size L x NL, called the identity filtering matrix, we have
A (Ii) =1

and no improvement in gain is possible in this scenario.

(5.21)

(5.22)

(5.23)

(5.24)

(5.25)
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The noise reduction factor is

tr (Ry,)
H=——"——"+. 5.26
o () = (5.26)
Any good choice of H should lead to &, (ﬂ) > 1.
5.3.2 Speech Distortion
We can quantify speech distortion with the speech reduction factor
tr (R
&sr (E) = ( Xl) 5.27)
tr (HI Ry, T, HT)
or with the speech distortion index
T
r [(grlx, — 1) Ry, (HTyy, —1;) ]
v (H) = (5.28)

tr (Rxl)

We observe from the two previous expressions that the design of beamformers
that do not cancel the desired signal requires the constraint

HIy, =1;. (5.29)

In this case &; (H) = 1 and vy (H) = 0.
It is easy to verify that we have the following fundamental relation:

A~ S )

— . 5.30
W= | 630

This expression indicates the equivalence between array gain/loss and distortion.

5.3.3 MSE Criterion

The error signal vector between the estimated and desired signals is

e(k) = z(k) — x (k)
= Xfd (k) + Xri (k) + Ven (k) — x1(k), (5.31)
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which can also be written as the sum of two orthogonal error signal vectors:
e(k) = eq(k) + e (k), (5.32)

where
eq(k) = xgq (k) — x1(k)
= (Hlxx, — ) x1(k) (5.33)

is the signal distortion due to the linear transformation and

er(k) = x4 (k) + v (k)
= Hx;(k) + Hv(k) (5.34)

represents the residual interference-plus-noise.
Having defined the error signal, we can now write the MSE criterion as

J (H) = u{E[etk)e” (k)]}
=tr(Ry,) +tr (ERXET) —2tr (HRyy,)

= Ja (H) + J; (H), (5.35)
where
Ja () = we{Efes e] (0]}
= | (HTxx, —12) Ry, (HTxy, —11)" ] (5.36)
and

J: (H) = r{E[e;(b)e] (0]}
—u (ﬂRinﬂT) . (5.37)

For the particular filtering matrices H = I, and H = 0.« v, the MSEs are

J (L) =Je (L) =t (Ry,). (5.38)
J(Opxne) =Ja(Orxnr) =1tr (Ry,). (5.39)

As aresult,
SNR = 2 (OrxnL) (5.40)

J (L)
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and the NMSEs are

- J(H
7 =7
=iSNR - vy (H) + : I(H), (5.41)
I
7 () = JOrxnL)
= Ugd (ﬂ) + oSNR (ﬂ) . gsr (ﬂ) ’ (542)
where
Ja (H)
o (H) = ——— 5.43
vsa (H) JOrxnL) 43
J (L
£ (H) = 7 E;‘{)), (5.44)
oSNR (H) - & (H) = %ﬁ;”, (5.45)
and B
J(H) =iSNR-7J (H). (5.46)

We obtain again fundamental relations between the NMSEs, speech distortion index,
noise reduction factor, speech reduction factor, and output SNR.

5.4 Optimal Filtering Matrices

In this section, we derive all obvious time-domain beamformers with a rectangular
filtering matrix.

5.4.1 Maximum SNR

We can write the filtering matrix as

[=
I

(5.47)
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where h), [ =1,2,..., L are FIR filters of length NL. As a result, the output SNR
can be expressed as a function of the h;, I =1,2,..., L, ie,

tr (B g, R T HY)
tr (HRinHT)
b Ty Ry T by

> h/ Rixh,

oSNR (H) =

(5.48)

It is then natural to try to maximize this SNR with respect to H. Let us first give the
following lemma.

Lemma 5.1 We have
l—llTrllexlrgxll—ll

= 7. (5.49)
l_llT Rinhl

oSNR (H) < max

Proof This proof is similar to the one given in Chap. 3

Theorem 5.1 The maximum SNR filtering matrix is given by

pib{
pab{
H, =1 (5.50)
BLbl
where By, 1 = 1,2, ..., L are real numbers with at least one of them different from 0.
The corresponding output SNR is
oSNR (H,,,,) = A;. (5.51)
We recall that Ly is the maximum eigenvalue of the matrix R;lll‘xxl Ry, ngl and its

corresponding eigenvector is b .

Proof FromLemma5.1, we know that the output SNR is upper bounded by x whose
maximum value is clearly A;. On the other hand, it can be checked from (5.48) that
oSNR (H,,,) = A;. Since this output SNR is maximal, H,,  is indeed the maximum
SNR filter.

Property 5.1 The output SNR with the maximum SNR filtering matrix is always
greater than or equal to the input SNR, i.e., oSSNR (ﬂ > iSNR.

max)

It is interesting to observe that we have these bounds:
0 <oSNR(H) <1, VH, (5.52)

but, obviously, we are only interested in filtering matrices that can improve the output
SNR, i.e., oSNR (H) > iSNR.
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5.4.2 Wiener

If we differentiate the MSE criterion, J (ﬂ), with respect to H and equate the result
to zero, we find the Wiener filtering matrix

Hy = Rg Ry

XX |

=RX1FT Ry I (5.53)

XX|

It is easy to verify that l_1\T,v (see Chap. 4) corresponds to the first line of Hyy.
The Wiener filtering matrix can be rewritten as

Hy, = RXlKRX_I
= LRR; "

=1 (v, — RR; ). (5.54)

This matrix depends only on the second-order statistics of the noise and observation
signals.
Using the Woodbury’s identity, it can be shown that Wiener is also

1
Hy, = (INLJFRX1 rl R; 1rxxl) R, I’ R

XX|

(R +1l R lrxxl) r’ R (5.55)

XX XX
Another way to express Wiener is

Hy = LTy Ry Iy Ry

XX|

=L - LRmRX‘ . (5.56)

Using the joint diagonalization, we can rewrite Wiener as a subspace-type approach:

Hy = LB A (A+1Ty,) ' B’

_1R-T P Ouxove-ny  |gr
ONL—1)yxL ONL—L)x(NL—L)

_ [ X 07 x(NL—L) ] T
| Owvi-yxe ONL—)yx(NL—-L) | = (5.57)
where
t]
t
T=|" |=IB" (5.58)
(T
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and

dia 2 A AL 5.59
—_gx+1x+1"/\+1 (5-59)
A3} A9 4L

isan L x L diagonal matrix. We recall that L, is the identity filtering matrix (which
replicates the reference microphone signal). Expression (5.57) is also

Hy, = LMy, (5.60)
where
My, =B" z Ouxvi-1) | gr (5.61)
ONL—LyxL ONL—L)x(NL—L)

We see that Hyy is the product of two other matrices: the rectangular identity filtering
matrix and a square matrix of size NL x N L whose rank is equal to L.
With the joint diagonalization, the input SNR and output SNR with Wiener are

iSNR = w(IAT) (5.62)
o (TT7)
[TA* (A+1y) 17 |
0SNR (Hy,) (5.63)

Property 5.2 The output SNR with the Wiener filtering matrix is always greater than
or equal to the input SNR, i.e., 0SNR (Hy) > iSNR.

Proof This property can be shown by induction.

Obviously, we have
oSNR (HW) < oSNR( mdx) . (5.64)

We can easily deduce that

Enr (Hy) = tr(TT7) (5.65)
nr \Z=wW tr [IAz (A+ INL)72 IT:I ’ .
tr (TATT)
&sr ﬂ = — s (5.66)
=3 [TA* (A +1y,) 217 ]
w[TA(A+Iy) TTRGTA (A+1y) ' 17
v (Hy) = (5.67)

tr (TATT)



5.4 Optimal Filtering Matrices 71

5.4.3 MVDR

The MVDR beamformer is derived from the constrained minimization problem:
mintr (ﬂRinﬂT) subject to HTyy, = L. (5.68)

The solution to this optimization is

Hyiypr = (folell}xl)*l TR, (5.69)

Obviously, with the MVDR filtering matrix, we have no distortion, i.e.,
& (Hyypr) = 1, (5.70)
usd (Hyypr) = 0. (5.71)

Using the Woodbury’s identity, it can be shown that the MVDR is also

XX XX|

-1
Hyyor = (Tho Ry 'Txx ) Th Ry (5.72)

From (5.72), it is easy to deduce the relationship between the MVDR and Wiener
beamformers:

-1
Hyypr = (HywTxy)  Hy. (5.73)

The two are equivalent up to an L x L filtering matrix.

Property 5.3 The output SNR with the MVDR filtering matrix is always greater than
or equal to the input SNR, i.e., oSSNR (EMVDR) > iSNR.

Proof We can prove this property by induction.

‘We should have
oSNR (HMVDR) < oSNR (Hw) < oSNR (H ) . (5.74)

——max

5.4.4 Space-Time Prediction

The ST approach tries to find a distortionless filtering matrix (different from I;) in
two steps.

First, we assume that we can find an ST filtering matrix G of size L x N L in such
a way that

x(k) ~ GTx; (k). (5.75)
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This filtering matrix extracts from x(k) the correlated components to x1 (k).
The distortionless filter with the ST approach is then obtained by

min ¢ (gR HT) subjectto HGT =1I;. (5.76)

We deduce the solution
P 1
Hg = (GR;'G")  GR;'. (5.77)

The second step consists of finding the optimal G in the Wiener sense. For that,
we need to define the error signal vector

esr(k) = x(k) — G"x; (k) (5.78)
and form the MSE

J(6) = E [elrbes: ). (5.79)

By minimizing J (Q) with respect to G, we easily find the optimal ST filtering matrix

G =TIl

—0 XX *

(5.80)

It is interesting to observe that the error signal vector with the optimal ST filtering
matrix corresponds to the interference signal, i.e.,

QST,Q(k) = X(k) - rxxlxl(k)
= x,(6). (5.81)

This result is obviously expected because of the orthogonality principle.
Substituting (5.80) into (5.77), we finally find that

—1
Hqp = (F§x1 Ry 1l“yq) i R (5.82)

Obviously, the two filters Hy;ypr and Hgp are strictly equivalent.

5.4.5 Tradeoff

In the tradeoff approach, we minimize the speech distortion index with the constraint
that the noise reduction factor is equal to a positive value that is greater than 1, i.e.,

rrgn Ja (H) subjectto Jr (H) = BJr (L) . (5.83)
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where 0 < B < 1 to insure that we get some noise reduction. By using a Lagrange
multiplier, u > 0, to adjoin the constraint to the cost function, we easily deduce the
tradeoff filter:

~1
Hp, =R T, (TaRaTh + iRi) (5.84)

which can be rewritten, thanks to the Woodbury’s identity, as

H;, (HR +TL Ri;‘rlxl) rl R, (5.85)
where u satisfies J; (ﬂT’ M) BJ: (_1) Usually, u is chosen in an ad hoc way, so
that for

e u=1, ET,I = Hyy, which is the Wiener filtering matrix;

* u =0 [from (5.85)], Hy o = Hy;ypr, Which is the MVDR beamformer;

* 1 > 1, results in a filtering matrix with low residual noise at the expense of high
speech distortion;

e 1 < 1, results in a filtering matrix with high residual noise and low speech distor-
tion.

Property 5.4 The output SNR with the tradeoff filtering matrix as given in (5.85) is
always greater than or equal to the input SNR, i.e., 0SNR (HT’ H) > iSNR, Vu > 0.

Proof This property can be shown by induction.
We should have for u© > 1,

oSNR (EMVDR) < oSNR (ﬂw) < oSNR (ﬂT’ u) < oSNR (ﬂmax) (5.86)
andforO<pu <1,
oSNR (EMVDR) < oSNR (HT,M) < oSNR (HW) < oSNR (_mdx) . (5.87)

We can write the tradeoff beamformer as a subspace-type approach. Indeed, from
(5.84), we get

) _
Hp, = I[ = M ]ET, (5.88)
’ Onr—1yxL ONL—L)x(NL—L)
where
A A A
z —dlag( =1 =S — G ) (5.89)
A+l A+ At

is an L x L diagonal matrix. Expression (5.88) is also

H; , =ILMp . (5.90)
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where

B”. (5.91)

My, = BT |: X, 0Lx(NL-L) :|

ONL—DyxL ONL—L)x(NL-L)

We see that Hy |, is the product of two other matrices: the rectangular identity filtering
matrix and an adjustable square matrix of size NL x N L whose rank is equal to L.
Note that Hy , as presented in (5.88) is not, in principle, defined for u = 0 as this
expression was derived from (5.84), which is clearly not defined for this particular
case. Although it is possible to have ;© = 0 in (5.88), this does not lead to the MVDR.

54.6 LCMV

The LCMV beamformer is able to handle as many constraints as we desire.

We can exploit the structure of the noise signal. Indeed, in the proposed LCMYV,
we will not only perfectly recover the desired signal vector, x;(k), but we will
also completely remove the noise components at microphones i = 2,3, ..., N that
are correlated with the noise signal at microphone 1 [i.e., vi(k)]. Therefore, our
constraints are

HCy,y, = [IL 02x1], (5.92)
where
Cxor = [ Txx oy ] (5.93)

is our constraint matrix of size NL x (L + 1).
Our optimization problem is now

min r (ﬂRXﬂT) subject to HCy,y, = [I1 02,1], (5.94)
from which we find the LCMV beamformer
—1
Hyceny = (12 001] (CLu Ry 'Co ) CE Ry (5.95)

Clearly, we always have

0SNR (H; cpy) < 0SNR (Hygypr) » (5.96)
vsd (Hemy) =0, (5.97)
Ex (Hpopy) = 1. (5.98)

and

Eor (Hiemy) < &ar (Hyypr) < &or (Hy) - (5.99)
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5.5 Summary

In this chapter, we showed how to derive different noise reduction (or beamforming)
algorithms in the time domain with a rectangular filtering matrix. This approach
is very general and encompasses all the cases studied in the previous chapters and
in the literature. It can be quite powerful and the same ideas can be generalized to
dereverberation as well.
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steering matrix, 62 single channel, 33
steering vector, 45 Wiener filtering vector
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