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Foreword

In essence, “Expert Fuzzy Information Processing,” or FIP for short, a work co-
authored by Professors Poleshchuk and Komarov, is an informative, authoritative,
and up-to-date exposition of concepts and techniques which underlie processing of
imperfect information—information which in one or more respects is uncertain,
imprecise, fuzzy, unreliable or incomplete. In the real world, imperfect
information is the rule rather than exception. Decisions are based in information.
In this context, Professors Poleshchuk and Komarov's work is an important
contribution to a better understanding of the remarkable human capability to make
rational decisions in an environment of uncertainty and imprecision.

It is a deep-seated tradition in science to draw on probability theory—and only
probability theory—to deal with problems in which uncertainty plays a significant
role. The core of this tradition was eloquently stated by a prominent Bayesian,
Professor Dennis Lindley: “The only satisfactory description of uncertainty is
probability. By this I mean that every uncertainty statement must be in the form of
a probability; that several uncertainties must be combined using the rules of
probability; and that the calculus of probabilities is adequate to handle all
situations involving uncertainty. Probability is the only sensible description of
uncertainty and is adequate for all problems involving uncertainty. All other
methods are inadequate...anything that can be done with fuzzy logic, belief
functions, upper and lower probabilities, or any other alternative to probability can
better be done with probability” (Lindley 1987). Is this a valid view? In the
following, I take the liberty of arguing that the answer is No. In effect, No is the
reason why the work of Professors Poleshchuk and Komarov is a significant
addition to the armamentarium of standard probability theory.

The debut of fuzzy set theory in 1965 opened the door to development of fuzzy
logic. Basically, fuzzy logic is the logic of classes with unsharp boundaries.
Fuzziness—unsharpness of class boundaries—is distinct from randomness. A
class, A, is precisiated (graduated) through association with degrees (grades) of
membership. Humans have remarkable capability to graduate perceptions. If I am
asked to mark on the scale from O to 1, the degree to which I like my job, I would
have no difficulty in putting a crisp mark at, say, 0.7, or if allowed, a fuzzy mark
centering on 0.7, with the understanding that fuzziness of the mark reflects my
uncertainty about the degree to which I like my job. There is no randomness and
no probability.
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A concept which plays a pivotal role in fuzzy logic, but is absent in probability
theory, is the concept of a linguistic variable. Informally, a linguistic variable is a
variable whose values are words or phrases in a natural language. For example,
Age is a linguistic variable if its values are young, old, middle-aged, very old, not
very old, etc., with the understanding that such values are labels of fuzzy sets in
the space of reals. When probability is treated as a linguistic variable, its values
are likely, unlikely, not very likely, usually, etc. Linguistic probabilities are
closely related to fuzzy quantifiers: most, many, few, not very many, about 5, etc.
A simple example of a problem which involves linguistic probabilities and fuzzy
quantifiers is the following. A box contains twenty black and white balls. What 1
know is that most of the balls are white. I draw a ball at random, note its color,
and put it back. What is the probability that in thirty draws of balls most are
black? The concept of a linguistic variable opens the door to computation with
information described in a natural language. Example: Usually, Robert leaves
office at about 5 pm. Usually, it takes Robert about an hour to get home from
work. What is the probability that Robert is home at 6:15 pm? Many real world
probabilities are perception-based and imprecise. The capability of fuzzy logic to
compute with such probabilities is of major importance in the realm of decision-
making in an environment of uncertainty and imprecision.

Another concept which plays an important role in fuzzy logic is that of
possibility, with the understanding that possibility is a matter of degree. The
concept of possibility is distinct from the concept of probability. In everyday
discourse, we frequently use expressions such as “It is possible, but not probable
that ....” In fuzzy logic we commonly have to deal with possibility distributions of
probability distributions. Example. Consider the proposition: It is very likely that
Robert is tall, where the fuzzy set tall plays the role of the possibility distribution
of the variable Height(Robert). In this proposition, very likely plays the role of
fuzzy probability of the fuzzy event Height(Robert) is tall. This statement may be
interpreted as the possibility distribution of the probability distributions of the
variable Height(Robert). The concept of a possibility distribution plays a key role
in semantics of natural languages.

Indisputably, probability theory is a powerful tool for dealing with uncertainty
and imprecision. But what the foregoing examples point to is that standard
probability theory has serious limitations when it comes to dealing with problems
in which uncertainty is caused by fuzziness, that is, unsharpness of class
boundaries. To circumvent these limitations, it is necessary to add to the
armamentarium of probability theory concepts and techniques drawn from fuzzy
logic. In essence, this is what the important work of Professors Poleshchuk and
Komarov serves to do.

FIP contains a wealth of information which is new and original. Particularly
worthy of note is the concept of complete orthogonal semantic spaces which is
introduced in Chapter 2 and is developed in Chapter 3. Another important concept
is that of generalized models and rating systems of qualitative and quantitative
characteristics of groups of objects. A topic which plays an important role in FIP
is that of multiple hybrid fuzzy least-squares regression. Numerous examples are
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worked out in detail. An important feature of FIP is its skillful combination of
formal theory and practical applications.

The work of Professors Poleshchuk and Komarov is not light reading, but the
wealth of information which it presents is worth of careful study by readers who
are faced with problems which standard probability theory cannot or does not
address. Professors Poleshchuk and Komarov and the publisher, Springer, deserve
our thanks and congratulations for producing a book which contributes so much to
our ability to deal with problems in which the decision-relevant information is
uncertain and/or imprecise. In the real world, such information is the rule rather
than exception.

December 24, 2010 Lotfi A. Zadeh
Berkeley, CA



Preface

This book deals with expert evaluation models in the form of semantic spaces with
completeness and orthogonality properties (complete orthogonal semantic spaces).
Theoretical and practical studies of some researchers have shown that these spaces
describe expert evaluations most adequately, and as a result they were often
included in more sophisticated models of intellectual systems for decision making
and data analysis. Methods for constructing expert evaluation models of
characteristics, comparative analysis of these models, studies of structural
composition of their sets and constructing of generalized models are described.
Models to obtain rating points for objects and groups of objects with qualitative
and quantitative characteristics are presented. A number of regression models
combining elements of classical and fuzzy regressions are presented.

All methods and models developed by the authors and described in the book are
illustrated with examples from various fields of human activities.

This book meant for scientists in the field of computer science, expert systems,
artificial intelligence and decision making; and also for engineers, post-graduate
students and students who study the fuzzy set theory and its applications.

68 Tables. 25 Illustrations. References - 230 items.

Olga Poleshchuk
Evgeniy Komarov



Introduction

While solving the problems in various areas of activity (engineering, ecology,
education, medicine, economy etc.) a person can be both an observer of processes
going on in these areas, or a directly involved participant (expert), i.e. he/she can
influence the processes through his/her subjective opinion, knowledge and
experience. With that, being an expert, a person brings a subjective component to
the processes described or estimated that should be considered. The information
coming from various experts can contain both accurate and fuzzy data.
Objectively, the latter prevail because a person uses words of a natural language to
estimate processes, events and objects. For example, manufacturability — low,
interface — friendly, qualification — high, compliance — complete, probability
— high, etc.

Expert information with fuzzy data (fuzzy expert information) is difficult to
formalize within the limits of traditional mathematical concepts. Numerical
characteristics feature intermittent transitions from one linguistic value to another,
as a result objects with boundary physical values of these characteristics are
difficult to describe. While mapping linguistic values of qualitative characteristics
to numerical elements of ordinal scales the information is coarsened, and its
valuable component characterizing individual experience and knowledge of a
person, gets lost. Attempts to formalize fuzzy information on the basis of classical
and judgmental probabilities were not success because of known restrictive
requirements applied to their use.

The model approach based on the fuzzy set theory has allowed to eliminate
these shortages of traditional formalizations of fuzzy information. Successful
development of the fuzzy set theory has ensured its recognition; however it has
revealed points, which need to be solved. A section of the fuzzy set theory, which
permanently faces criticism, is the stage dealing with obtained data formalization
or building of relevant membership functions. As a rule, requirements to
formalization models are formulated within the scope of each specific problem,
and quality of built-up models often depends on experience and skill of
contributors. Apparently, a reason of such dependence is that formalization
methods are limited by both a type of the information and the ways experts
provide it.

In our book, semantic spaces with completeness and orthogonality properties
(complete orthogonal semantic spaces) are considered as models of expert
evaluations of objects. Theoretical and practical studies of some Russian and non-
Russian scientists have shown that these models describe experts’ evaluations best
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of all, and as a result they are included rather often in more sophisticated models
used in intellectual systems for decision making and data analysis.

Chapter 1 contains information related to the fuzzy set theory, cluster and
regressive analyses. Chapter 2 is devoted to techniques of constructing complete
orthogonal semantic spaces.

It is obvious, that models of formalization of the expert information obtained
from different sources can differ. As a rule, while working out fuzzy models,
membership functions of formalized concepts are updated and adjusted in the
course of the real analysis of system behavior. To reduce time and material
expenditures needed to determine these functions, the authors have developed
methods of comparative analysis of such models, studies of structural composition
of their sets and techniques for constructing generalized models. Chapters 3 and 4
are devoted to these methods.

Chapter 5 is devoted to obtaining rating points of qualitative and quantitative
characteristics of objects and groups of objects. The basic problem of obtaining
rating points is that while using ordinal scales to estimate characteristics, false
arithmetical operations are employed sometimes, which lead to unstable final
results. Methods of expert information formalization developed in Chapter 2 allow
unifying characteristics and correctly handling dimensionless generalized
quantities, which are values of their membership functions, rather than the values
of characteristics.

Chapter 6 is devoted to fuzzy regression analysis methods which have
considerably expanded a range of application of known classical regression
analysis methods. However, limited range of input data membership functions in
the fuzzy regression analysis methods caused a gap which is partially bridged
here. Two models which combine elements of classical and fuzzy regression
models are presented. Input and output data of these models are values of
complete orthogonal semantic spaces.

All methods and the models developed by the authors are illustrated by
examples taken from various fields of human activities.

Historically a practical component of the fuzzy set theory is developed much
faster than the theoretical one, thus the book draws attention not only to practical
applications based on new techniques developed by the authors, but also to the
theoretical aspects. According to the authors, such an approach of presentation
allows contributors to further develop these methods, and to successfully put them
into practice.

Olga Poleshchuk
Evgeniy Komarov
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Chapter 1
The Basic Concepts of the Fuzzy Set Theory

1.1 Uncertainty Classification

The common feature of problems solvable with active participation of experts is
presence of the versatile information which is difficult for mathematical
formalization within the scope of traditional concepts. It is partly connected with
the fact that while describing or estimating real objects and situations experts use
words of a natural language to reflect their subjective experience, judgment, sights
and interests. Use of such words brings uncertainty to information obtained from
an expert in the form of fuzziness. In usual languages the concepts of uncertainty,
fuzziness and randomness tend to mix up, however they were differentiated in a
language of science many years ago. With this assumption, to review such
philosophical concept as uncertainty, the following classification [1] illustrated by
Fig. 1.1 is recommended to use.

Uncertainty of object

description
I
Phylsical Linéuistic
| . | . |
] [ ]
Inaccuracy | Randomness| | word meaning | | sense of phrases|
| Homonymy | | Fuzziness of c0ntent|
Theory of Probability

Measuring Theory

Scaling
theory

language
theory

Theory of
fuzzy sets

Fig. 1.1 Classification of object description uncertainties

O.M. Poleshchuk and E.G. Komarov: Expert Fuzzy Info. Processing, STUDFUZZ 268, pp. 1
springerlink.com © Springer-Verlag Berlin Heidelberg 2011



2 The Basic Concepts of the Fuzzy Set Theory

Physical uncertainty originates from description of the real world from a point
of view of an observer. The theory of measuring [2] deals with an imprecision (or
inaccuracy), and the probability theory deals with randomness [3]. Linguistic
uncertainty includes uncertainties of natural language concepts and structures. The
theory of formal grammars deals with ambiguity of sense of phrases. Uncertainty
of word meanings is handled by theories of fuzzy sets [4] and scaling [2].

Before the study of organizational problems connected with human decision-
making and building of automated control systems accompanied with simulating
of human operator activity started, handling and analysis of information featuring
physical uncertainty were successfully carried out by methods of the classical
probability theory and mathematical statistics, and elements of control systems
were represented within the scope of the classical theory of sets. The probability
theory was the first theory which deals with uncertainty, more precisely, with its
variety, which is randomness; consequently, among all similar theories it has been
better detailed. However, the probability theory is based on a number of
requirements [3], the satisfaction of which is necessary to ensure adequacy of
conclusions resulted from analysis of the information formalized by its methods
[5—7]. Examples of such requirements are given below:

e guarantees that the observable attributes can be spread to all objects or events
of the certain type (population);

e unlimited recurrence (repeatability) of observable attributes under identical
conditions;

¢ independence of events, etc.

From the very beginning of their history, the methods of probability theory and
mathematical statistics addressed the study of physical uncertainties (randomness).
If information is obtained under conditions either artificially created or observer-
independent [8—9], one can speak about adequacy of application of probability
theory and mathematical statistics methods for the purposes of handling and
analysis of such information [10—12]. In real situations these conditions are
seldom met. Standard probability theory is a more than adequate tool when one
deals with physical, that is, inanimate systems in which human judgment,
perceptions and emotions do not have a role. But there is another realm, the realm
of what are called humanistic systems--systems in which human judgment,
perceptions and emotions play a prominent role. This is the realm of economics,
education, psychology, law and decision analysis.

For expert evaluations, objectively an opportunity to provide identical
conditions for repeated observable attributes is rather small as the opinions,
judgments of experts and the level of their competence introduce a subjective
factor into evaluation procedure, and this factor changes conditions of the
estimating procedure implementation, and thus shall be considered.

So, classical probabilities were tried to be substituted with non-classical ones
[13]. Among non-classical probabilities, valence and axiological probabilities are
most often used. The valence probability expresses expectancy of hypothesis
realization taking into account a context of actual demonstrations on an object of
research. In a particular case, when the representative sampling is a sampling of
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homogeneous events, the valence probability is a statistical (classical) one. The
axiological probability expresses expectancy of hypothesis realization taking into
account a context of value judgments advanced by one or several experts
regarding an object of research. When using such probability, risk of arbitrariness
and erroneous prognosis of object behavior increases invariably. Besides, analyses
of expert evaluations showed that thoughts and judgments of experts are
non-additive, which means that measures used by experts are free from additivity
property which is inherent to a probability measure.

Attempts to formalize expert logical-linguistic expressions and value judgments
of observable properties of a certain object resulted in led emergence of the fuzzy
set theory developed by L. Zadeh. In 1965 in the “Information and Control”
journal he published his “Fuzzy Sets” paper [14] which became a powerful
impetus for theoretical evidences and applied researches in various areas with
active participation of human experts.

L. Zadeh relied on a premise saying that outcome of human thinking is not a set
of numbers, but elements of some fuzzy sets or classes of objects, for which
transition from "membership" to ‘“non-membership” is not intermittent, but
continuous. He understood that use of such objects is a means to improve stability
of mathematical models of real human activity events.

Distinction between fuzziness and randomness leads to the fact that methods of
the fuzzy set theory are not similar to probability theory methods, they are simpler
in many aspects, because they are based on the simpler concept of membership
function (by L. Zadeh) in comparison with a probability distribution function
which assumes definition of a probability measure generating this function [15].

Obviously, the information obtained from experts can contain both accurate and
fuzzy data. Fuzzy data arise from use of linguistic values of estimated
characteristics within the scope of professional language of experts. The
information containing fuzzy data was called the fuzzy expert information.

The history of the fuzzy set theory can give some examples of the unsuccessful
practical applications caused by badly considered adherence to the new scientific
direction. That is why it is necessary to define a class of problems for which its
use is expedient. This class is characterized with complexity of quantitative
evaluation of objects and processes considered, presence of information difficult
to formalize accompanied with uncertainty of nonrandom nature, necessity of
accounting for individual characteristics and peculiarities of persons (experts) in
charge of making evaluations.

1.2 Scales and Admissible Transformations

Let us consider known scales and admissible transformations of characteristic
values measured within these scales. It is known that a transformation which
keeps substantial sense of the given aspect of measurement [16] is called an
admissible transformation of the measured characteristic values. To measure
quantitative characteristics the following scales are used, in particular, absolute,
ratio, interval, difference.
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The values of quantitative characteristics measured with these scales are
referred to as physical ones.

To measure qualitative characteristics the following scales are used, in
particular, names, ordinal (rank).

The research conclusions made can be adequate to a reality if and when they do
not depend on what unit of measurement is preferred by a researcher, i.e. these
conclusions should be invariant with regard to admissible transformation of the
characteristic values measured in any scale. Let us give admissible
transformations of function ®(x) in the scales below [17—20]:

Absolute scale d(x)=x

Ratio scale d(x)=ax (a>0)

Scale of intervals ®d(x)=ax+b (a>0; be R)

Scale of differences ®d(x)=x+b (beR)

Scale of names @(x) — all one-to-one transformations

Ordinal (rank) scale ®(x) — all strictly increasing transformations

When experts use ordinal scales to measure qualitative characteristics, then for
definition of aggregating indicators average values of score expert evaluations are
used often enough [21—27]. There are some methods of average computing, in
particular, arithmetic mean, geometrical mean, harmonic mean, mean square
value, mode, median. Let us consider application of an arithmetic mean in an
ordinal scale, being most often used. Let us assume that two entrants got marks 4
and 3, accordingly, for the one entrance examination, and marks 4 and 5 for the
other entrance examination. Their total scores and arithmetic mean values of two
examinations are identical and equal to 8 and 4, accordingly. The conclusion is
that they have equal rights to matriculation. As examination scores are allotted
according to an ordinal scale, let us use strictly increasing transformation of this
scale @: ®(3)=3; ®(4)=4; D(5)=7. According to the transformation made

(which is admissible), the total score and the arithmetic mean of marks of one
entrant remained unchanged, and the same of the second entrant became equal to
10 and 5, accordingly. Thus, the second entrant has preferable rights for
matriculation than the first one. With the admissible transformation completed, the
result stability is broken that means incorrectness of arithmetical operations in the
ordinal and nominal scales [28].

Having in mind that used of averages in various scales is spread enough, the
problems [29—32] of achieving average values were set and solved, with results
of the average comparison being stable with regard to the admissible
transformations of characteristic values measured in the specific scale. Let u
provide definitions of mean values according to Kolmogorov and Cauchy.

For numbers x,x,,...x,, a mean value according to Kolmogorov is the

n

following function

n

F"(F(x‘ )+ F(x2)+...+F(xn)}

where F(x) is strictly monotone function; f-i(y) is inverse function to F(x).
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If F(x)=x, the average according to Kolmogorov is an arithmetic mean, if
F(x)=1Inx, it is an geometrical mean, if F(x)=1/x it is a harmonic mean.

It is proven [18] that according to Kolmogorov, among all mean values only an
arithmetic mean is possible to use in a scale of intervals, and only power means
and a geometrical mean are possible to use in a scale of ratios.

For numbers x,x,, ... x,, according to Cauchy, a mean value is the function
f(xl,xz, xn), if min(xl,xz, xn)S f(xl,xz, x")S max(xl,xz, xn).

It is proven [18] that according to Cauchy, among all mean values only terms of
a variation series, in particular, a median, can be used in an ordinal scale. Use of
terms of a variation series to determine an aggregating indicator is often
noninformational for a number of particular indicators owing to very coarse
estimate. For example, they are used in educational process, where knowledge is
estimated in marks from two to five.

To estimate qualitative and quantitative characteristics, experts use verbal
scales often enough. Values in verbal scales are words expressing characteristic
appearance intensity degree. These words are referred to as levels or gradations.
Let us consider only those verbal scales with which it is possible to define a linear
order, i.e. “less — more” ratio.

Problems of definition of sets of verbal scale levels and quantitative values of
qualitative characteristics appearance within the limits of these levels are main
ones in expert evaluations [33]. For the purpose of employment of known
mathematical models of information processing, numerical points are put in
correspondence to levels of verbal scales. The result of this approach is that the
verbal scale is mapped to a verbally-numerical scale. Definition of values of the
points put in correspondence to levels of verbal scales is a separate problem, the
solution of which influences the stability of the results obtained within the limits
of a mathematical model, so the justification of use of these values is needed. For
example, marks “27, “3”, “4” “5”  which are put in correspondence to verbal
values E ("unsatisfactory”), C ("satisfactory”), B (“good”), A (“excellent”),
compose a verbally-numerical scale in their aggregate. Certainly, it is ought to
remember that the numbers put in correspondence to verbal levels of qualitative
characteristics are elements of an ordinal scale and all restrictions mentioned
above are applicable to them.

However, if within the scope of a specific problem use of a certain verbally-
numerical scale is justified, in actual practice experts face essential difficulties
caused by intermittent transitions between levels, not allowing to catch and
estimate intermediate conditions of the characteristic under evaluation [34]. To
estimate intermediate conditions, process of artificial fuzzification of numerical
points corresponding to levels of verbal scales is applied. For example, in
educational process when evaluating the pupils’ knowledge without any
limitations imposed on generality of "good" knowledge, not only mark "4”, but
also the whole range of marks [3.5; 4.5] is quite often used. Such process of points
fuzzification simulates smoothness of estimating activity of experts, but does not
facilitate process of exposing real objects with evaluations arranged near the
boundaries of fuzzy areas.
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Verbal scales are used often enough to describe physical values of quantitative
characteristics. For example, in [35. 36], to describe a “steam pressure at inlet”
(with a range [1.1; 6.7]) parameter of a high pressure preheater intended to
improve turbine plant efficiency, the verbal scale with levels “low pressure”,
“pressure close to 4”, ‘high pressure” is used. Another example is the verbal scale
used to describe event probabilities. As known, an event probability is usually
expressed by numerical value and varies from 0O to 1. However, for example, when
speaking about the probability of an enterprise bankruptcy, the manager of this
enterprise is interested not in a precise figure, which is likely to be little-
informative for him, but in definition of one of verbal levels of bankruptcy
probability, in particular, "very low", "low", "mean", "high", "very high" [37].

With a range of definition (universal set) of quantitative characteristic and
levels of a verbal scale known, an expert divides this area into non-overlapping
sets which correspond to verbal levels. However, such approach is featuring with
essential shortage which lies in the fact that while describing objects with
boundary values of an indicator, an expert experiences difficulties caused by
intermittent transitions between values.

This shortage can be remedied with the fuzzy set theory in which not precise
intervals of values are put in correspondence to verbal levels of quantitative
property, but fuzzy sets. The resultant verbal-fuzzy scale is referred to as a
linguistic scale [38—39]. As a result of such buildings, a quantitative
characteristic, on the one hand, is corresponded with physical values measured by
a technical instrument and, on the other hand, with linguistic values "measured"
by an expert. Each physical value belongs to some linguistic one with certain
degree of expert confidence.

Building of a linguistic scale for qualitative characteristics is much more
complicated. If a verbal-numerical scale for qualitative characteristics represents a
collection of verbal levels with the corresponded collection of numbers (elements
of an ordinal scale), then a linguistic scale is a collection of verbal levels with a
collection of the corresponded fuzzy sets specified at some universe. As
qualitative characteristics cannot be measured objectively (by instrument), the
universal sets applicable for them cannot be unambiguously defined, as they do
for quantitative characteristics. Definition of universal set is made within the
scope of each qualitative characteristic and requirements of each specific task.

Thus, expedient values of linguistic scales for qualitative characteristics are fuzzy
sets. In the mathematical statistics, collections of numerical data and corresponded
chance quantities are referred to as sampling; similarly, in the fuzzy set theory verbal
levels and corresponded fuzzy sets are referred to as linguistic values.

Definition of linguistic values of characteristics (based on the fuzzy set theory)
makes it possible to operate not with values of the characteristics which are non-
comparable among themselves by substance and content (as they are estimated in
different scales and having different dimensions), but with dimensionless values
of membership functions.
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1.3 Fuzzy Sets

Though the concept of a set plays a fundamental role not only in the mathematics
science, it has no rigorous definition. It is considered that this word is commonly
understood as a quantity of roughly homogeneous (in any sense) elements.

Within this set it is possible to define subsets and it is necessary to do this
strictly and explicitly. Let us have a set X consisting of elements x . Its subset A
can be defined, for example, by means of characteristic function

1, xeA;
hA(x):{

0, xg A

Thus, characteristic function allows mapping of a set to another set of two
elements: 0 and 1. It can be written as follows:

h,(x): X = {01}

So, for any element of set X there are two possibilities: it can either belong or not
belong to a set A.

If to consider a set of all subsets, it is possible to apply, in a certain way,
operations of intersection, union and complement to this set, and those can be
expressed as operations to corresponding characteristic functions.

Using sets, we can define various concepts. Let us explain with the following
example.

Example 1.1. Formalization of the “normal functioning of an object” concept on the
basis of the classical theory of sets. Let some parameter be defined at a universal set
and takes values from X, to X, . Then, based on the substantial sense of a problem,

the concept of “normal functioning of an object” can be defined by means of a set A
the characteristic function of which is shown in Fig. 1.2.a.
Under this formalization it is assumed that all users unambiguously understand

the given concept and agree with boundary values g and E This assumption

is met, for example, when boundary values are computed on the basis of an
approved mathematical model of the process of an investigated object functioning.

Operations of intersection, union and complement can be interpreted as logical
connectives "and", "or" and "not”, accordingly. In this case, we mean Boolean
(two-value, binary) logic. With expressions of some concepts a,,a,, ...,a, in the

form of sets A, A,, ..., A, available, it is possible to find the sets corresponding to
these concepts, in the form of logic functions f(a,,a,, ..., a,).

The theory of sets and corresponding Boolean logic makes the foundation of
classical mathematics and everything based on it, up to advanced computer
processors. Models of complicated engineering and physical systems, and chemical
processes were well described with this language and successfully implemented
using computers. Insufficient speed, memory size, and also some other engineering
complexities of implementation of these models were the only problem.
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Fig. 1.2 Characteristic function of A set, which formalizes concept of “normal functioning of
an object”: a— by means of the theory of sets; b — by means of human analysis of a situation

The situation changed dramatically with the necessity to consider peculiarities
of human perception, evaluation and analysis of the information as equal part of a
simulated system. Let us consider an example 1.1 (Fig. 1.2. b) from the point of
view of the description of a situation made by a human.

Example 1.1 (cont’d). Let us consider three values: x,, x, and x; shown in
Fig. 1.2.b.

Certain paradox is obvious: in the model values x, and x, are different and x,
and x; are identical (with regard to the “normal functioning of an object" concept
formalized by means of set A). Thus, the computer model can "see" actually close
situations as different ones, and situations different physically as identical ones. If
there is no unambiguous rule (model) to compute boundary values E and x,, ,
then considered situation can lead to the situation when the conclusions derived
from the analysis of such models, will not correspond to perceptions of experts.

This discordance between the theory of sets language and a human mode of
thinking is one of causes of unsuccessful attempts in use of mathematical methods
and computer technologies in those fields of activity where influence of the human
factor is significant.
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The solution of the problem was offered by L. Zadeh in 1965. In [14] he
introduced the concept of a fuzzy set.

The basic idea of Zadeh consisted in "allowing" a characteristic function to accept
not only value 0 (complete non-membership) or 1 (complete membership), but also
intermediate values of a membership from a segment [0. 1]. Thus, he has substituted
the concept of characteristic function with the concept of membership function

U (x): X > [01]
According to [14], the set of pairs of the following form is referred to as a fuzzy set A

oty () e x)
From the definition one can understand that specification of a fuzzy subset A in X
is equivalent to specification of its membership function #; (x). Following the

traditional way, we will use the term “fuzzy set” instead of more correct term “fuzzy
subset”.

~

Value of membership function #; (X) for an element X to fuzzy set A is

referred to as grade of membership X to A. This value can be interpreted as the
level of an element correspondence to the concept formalized by a fuzzy set A,
with the correspondence level being determined by an expert (group of experts).
Domain of a membership function #; (x) is referred to as universal set X of
fuzzy set A.
A set which membership function is equal to zero for all elements of universal
set X is referred to as empty set @).

Using fuzzy sets, it is possible to define various concepts in more natural
manner of perception and description of objects. Let us explain with an example.

Example 1.2. Formalization of the concept of “normal functioning of an object” on
the basis of the fuzzy set theory. As in the example 1.1., let a parameter X be defined
at universal set X and take values from X, o X,. The concept of “normal

functioning of an object” can be defined as fuzzy set A which membership function
is shown in Fig. 1.3.

u{\

1 S

-

Xy X

Fig. 1.3 Membership function of a fuzzy set A formalizing the concept of “normal
functioning of an object”
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By comparing Fig. 1.2.b and Fig. 1.3., one can notice the collapse of the
paradox highlighted when analyzing the example 1.1: being formalized by means

of fuzzy sets, the model recognizes values X; and X, are seen as close ones.

Thus, the computer model based on principles of the fuzzy logic, "perceives"
actually close situations as similar ones.

It is worth mentioning that there is a tendency of probability treatment of fuzzy
set [20]. Obviously there is no sense to compare concepts of probability and fuzzy
set at the same abstracting level. Let us give more details about this.

Let (X,B.,P) is a probability space [3]: B < P(X) is a field of Borel subsets of

set X, B—[0.1] is the probability measure P, which satisfies to the conditions:
1) AcX < P(A)=0;

2) Plg)=0;

3)if A,Be B, then P(AUB)=P(A)+P(B)-P(AnB).
According to L. Zadeh, fuzzy set is described by membership function x(x)
taking its values in a point of the segment [0.1]. From the point of view of the
mapping theory, P:B — [0,1] and H:X - [0.1] are absolutely different objects.
Probability p is defined with O -algebra B, and ﬂ(x) is a usual function with a

range of definition x .

So, it is possible to draw some analogies between the membership function of
fuzzy set and probability density function of a chance quantity, but not to identify
them.

A clear subset of universal set, defined as

A, =tre X1 u(x)>a} aelo]] (1.1)

is referred to as set of ¢ -level (& -cut) of fuzzy set A with membership function

M5 (x))

Example 1.3. Definition of ¢ -level sets. Let A ={0,3/x,;0,7/x,;0,9/x,;0,5/x,},

then A, ={x2’x3’x4}§ Ay = {xz’x3}§ A0,9 = {x3}-

It is obvious, that with &, 2@, condition A, = A, is satisfied.

The Theorem of Decomposition [40]. Any fuzzy set A with membership

function H3 (x ) can be decomposed by ¢ -level sets
A= U oA (1.2)

or

where
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{1, U (x)= e

Ha (x)z

o

0, u;:(x)<e.

The decomposition forms the basis for a method of fuzziness formalization.
According to this method, the fuzziness is expressed by means of a collection of
hierarchically ordered definite sets.

Let us define the basic set-theoretic operations at set H (X ) of all fuzzy subsets
of a definite set X .

Fuzzy sets A and B are equal, if for all x€ X the condition #; (x ) = Hj (x )
is satisfied.
The fuzzy set A belongs to fuzzy set §, A C B, if #; (x)< My (x); Vxe X .

The fuzzy set Z is referred to as complement of fuzzy set A, if
,uj(x)= 1— (x); Vxe X.

The fuzzy set ¢ is referred to as intersection of fuzzy sets 4 and B, C=AnB, if
g (x)= 1 (x)A 5 (x); Vxe X , where A is an operator from triangular norm class.

Valid binary function 7 :[0,1]x[0,1] = [0,1] is referred to as triangular norm, this
function satisfies the following conditions:

1 T(0,0)=O,T(,ug,l)=T(1,,ug)=,ug (boundedness);

2. T(/Ugnug)s T(/Ug,ﬂB), if U3 <Mz; Mz <M (monotonicity property);
3. T(,ug,,ug)z T(/IE,,UA) (commutativity);

4, T[/UA’T(/UE’/JE )Jz TlT(,uA,/JE ),/JCJ (associativity).

The pair ([0,1], T) forms a commutative semigroup with a unity.
Examples of triangular norms are:

L. T(/lg’ﬂg)zmin(ﬂgnug);
2. T(/U;wug)z/lgx/lg;
3. Tzt )= max (0, 5 + 25 1)

The fuzzy set C is referred to as union of fuzzy sets Aand B, C=AUB, if
He(x) = s () v 5 (x); Vxe X.

A real-valued binary function is referred to as triangular conorm,
K :[0.1]x[0,1] > [0,1] if this function satisfies to following conditions:

1. K(0,0)=0, K(,ug ,1) = K(l,,ug )= M (boundedness);

2. K(,ug,ﬂg )S K(,ué,,uf)), if py < ps, 1 < fs (monotonicity property);

3. K(,u/K g7 ): K(,ug ye ) (commutativity);

4. Kllug , K(,ug e )J = KlK(‘u/K 7 )’ﬂEJ (associativity).
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Examples of triangular conorms are:
L. K(/‘gnug )= max(/lg,,ug),
2. K(ﬂg’ﬂg):ﬂg THy — Mz XMy
3. K(ﬂg’ﬂg ): min(l,,ug M )
Let us obtain following definitions for triangular norm (min), and for triangular

conorm (max).

The fuzzy set C is referred to as intersection of fuzzy sets A and B ,
C=ANB,if
= min[,uA (x),,u)§ (x)]; Vxe X.
The fuzzy set C is referred to as union of fuzzy sets A and B , C=AuUB ,if
= max [,ug (x),,ug (x)]; Vxe X.
The fuzzy set C is referred to as a difference of fuzzy sets A and B,
C=A-B=AUB.if
=min [,uZ (x).1- U (x)]; Vxe X.

The fuzzy set C is referred to as a disjunctive sum of fuzzy sets A and B,
C=A®B=(A-B)u(B-A),if

Uz (x)= max[mm(/t ML= g (x ) min(l—yg(x),,ug(x))];
Vxe X

Example 1.4. Operations with fuzzy sets. Let
A={03/x,;0,7/x,;09/x,;0,5/x,};
B={01/x,;0.8/x,;1/x,;0,2/x, }
Then
A={07/x,;03/x,;0,1/x,;0,5/x,
B={09/x;02/x,;0/x,;08/x,};

ANB={01/x:0,7/x,;0,9/x,;02/x,};

AUB=103/x;08/x,1/x,;0,5/x,};

A-B=AnB={03/x;02/x,;0/x,;05/x,};
B-A=BnA={01/x:03/x,;01/x,;02/x,}
A®B={03/x,:03/x,;0,1/x,;0,5/x, }
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Let us consider properties of operations U and . Let A, B, C be fuzzy sets,

then following conditions are satisfied.

1. Commutativity

AUB=BUA,

2. Associativity

(AnB)nE=An(BnE)

3. Idempotency

AnA=

4. Distributivity

An(BuUC)=(AnB)u(AnC

5. Aug=A.
6. ANg=20.
7. AUX =X.
8. AnX =A.

9. Laws of dualization

AnNB=AUB, AUB=ANB.

Unlike definite sets, for fuzzy ones, in the general case:

ZmXi&EmZ¢¢

There is a possibility to construct methods of processing and analysis of fuzzy
information with use of fuzzy sets and arithmetical operations [15. 41—44]. The

algebra of fuzzy numbers is the mathematical basis to construct such methods.

Fuzzy number (FN) A is referred to as fuzzy subset of set of real numbers R

possessing membership function

ﬂpR—ehﬂ

The subset S, — R is referred to as the support of FN A, if

S, =suppA=[x:,uA(x)>01

FN A is referred to as positive, if Vxe S,, x>0, and negative, if Vxe S,,

x<0.

A subset of the real line R, which defined in the form
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A, =tre R:p(x)> o}, o] (1.3)

is referred to as set of «-level (& -cut) of FN Z with membership function
M (X) by analogy with (1.1).

FN Z with membership function #; (X ) is referred to as normal, if

max f; (x)=1, xe R.

FN A with membership function #; (x) is referred to as unimodal, if there is a
unique point x € R, for which the equality #; (x)=0 is satisfied.

FN A with membership function #; (x ) is referred to as multimodal, if a point
xXe R:u; (x)=1 is not unique.

FN A with membership function 43 (X)is referred to as tolerant, if there is an
interval for all points of which the equality #; (x)=1 is satisfied. This interval is
referred to as an interval of tolerance of FN A .

The expanded binary arithmetical operation denoted as V [15], for fuzzy
numbers Z B with membership functions #; (x) My (x) , accordingly, is
defined as follows:

C=AVB &y (2)= v [u;(2) nptz(y)h Vx.y.ze R. (1.4)

z=xVy

Based on (1.4), one can define such arithmetical operations as expanded addition,
subtraction, multiplication and division of FN A, B with membership functions
U (x), My (x) accordingly, for special cases of an intersection operator A in a
class of triangular norms g (x)/\ﬂg (x): min (,ug Ny ) and also an union
operator V in a class of triangular conorms #; (x)v M (x) = min (,ug, M ):

(z) max[mm,u ( ),

S U max 2
C= 5 Beu(2)= maX[mmﬂA( )4tz (x)];
Bou 7

(z)= ;i%[mlnyA() (x)] (1.5)

5 B
C=A:E<:>,u5(z)=max[min,u;( )1 (x ), y=o.
z=x1y

FN of (L - R)-type [15] are frequently used to solve problems in the various areas.
The following conditions are superimposed on functions L and R:
1. L(0)=R(0)=1; L(1)=R(1)=1;
2. L(x) and R(x) are nonincreasing functions at Vxe [0.1].
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FN A with the following membership function

a, —x a, —x
L{l }, 0<— <1, a, >0;
aL aL
xX—a xX—a
/lg(x): R( 2} 0<—2<1, a, >0
Ar ar (1.6)
1, a, <x<a,;
0, x<a, —a, or x>a,+a,.

is referred to as tolerance (L- R)-number.
FN A s symbolically written in the form A= (a1 ,0,,0,,d R)
[or 45 (X) = (al »ay,a,,dp ) ], where a,,a,,a,,a, are parameters of tolerance

(L—- R)-number Z; a segment [ap az] is a tolerance interval; and 4, , d, are left
and right coefficients of fuzziness, accordingly;

7 4= and gl X%
aL aR
are left and right boundaries of membership function of tolerance (L—R)-number:
with g, =0

with a, =0

The unimodal A - (L- R) number has membership function of tolerance (L—R)-

number under the condition of g, =a,. A unimodal (L—R)number is written

symbolically as As(al,aL,aR). If /le(al,az,aL,aR), Es(bl,bz,bL,bR),
then:

1. A(—DEE(al+bl,a2 +b,,a, +b,,a, +by);
2. BA=(Bay. Ba,. fa,. fa,) on B0
3. A = (Bas, By, |Bla |Bla.) on <0
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Fig. 1.4 Membership function of FN: a — (L—R)—type; b — T -type; ¢ — normal
triangular type
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By analogy with operation of algebraic product (multiplication), exponentiation
operation is defined. If for FN A membership function is 43 , then for FN A7 its

. Lo s
membership functionis #3; .

Let us give examples of the frequently used FN, or to be exact, membership
functions which define these FN (fig. 1.4).

1. Membership function of (L—R)-type FN (fig. 1.4.a)

1-2x%, OSxﬁl;
L(x)zl—xz, 0<x<1; R(x)z 1 2
2zx-17, —<x<I,
2
0, x<a,—a;;x>a, +ag;
2
1_[al—xj , a,—-a,<x<a
arp
() 1, a, <x<a,;
IL[A X)= _ 2
1—2(}6 azJ, a2<xSa2+a—R;
ag 2
2
Z(X az—lJ, a2+a—k<xﬁa2+aR.
ag 2

2. Membership function of 7 -type FN (FN of trapezoidal type)
L(x)=R(x)=1-x, 0<x <1 (Fig. 1.4.b)

a,—x a,—x
1-—4—=, 0<- <1, a, >0;
a, a,
x—a x—a
l[jx(_x): 1-=—22, 0< 2 <1, a, >0;
aR aR
, a, <x<a,;
0, x<a, —a, Or x>a,+ag.

3. Membership function of a normal triangular number or normal FN of
triangular type (Fig. 1.4.c)

L(x)zR(x)zl—x, 0<x<1; ,ug(x)z(al,aL,aR)
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a, —x a, —x
-4 0<- <1, a, >0,
aL aL
x—a x—a
fy(x)=21-—", 0<—+<1, a, >0;
aR aR
1, x=a;
0, x<a,—a, Or x>a,+ag.

1.4 Linguistic Variables and Semantic Spaces

One of the basic concepts of the fuzzy set theory is the concept of a fuzzy variable
[4].
A triple

{x.u.4}

is referred to as a fuzzy variable, where X - the name of the variable; U — area

of its definition (universal set); A — the fuzzy set of universal set which
describes possible values of the fuzzy variable.

On the basis of concept of a fuzzy variable the concept of a linguistic variable
is introduced.

A quintuple

{x,r(x)U,v,s}

is referred to as a linguistic variable, where 7(X) ={X,, izl,Tn} — aterm-set of a

variable X, i.e. set of terms or titles of linguistic values of the variable (each of
them is a fuzzy variable with values from universal set U );
V - Syntactic rule generating titles of values of the linguistic variable X ;

S - Semantic rule which puts a fuzzy subset of universal set U in conformity
to each fuzzy variable with a title from 7(X).

Terms X, are concepts which form a linguistic variable [28]. Membership
functions of fuzzy sets X ; describing possible values of fuzzy variables with titles
X, are traditionally referred to as membership functions of concepts X,, or
membership functions of terms X,. According to one of psycholinguistics
principles, namely, to a principle linguistic complementarity [45], membership
functions of the same concepts used by different people, do not necessarily

coincide.
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As an example of the linguistic variable which is formalization of qualitative
characteristics, one can see the linguistic variable of "knowledge" shown in
Fig. 1.5.

Knowledge

"unsatisfactorily” "satisfactorily” “excellent”

L A

Fig. 1.5 A linguistic variable - "knowledge".

<y
h

A linguistic variable “RAM space” (memory size) can be considered as an
example of the linguistic variable which is formalization of quantitative
characteristics.

A linguistic variable with the fixed term-set {X,7(X ),U,S} is referred to as
semantic space.

According to the fuzzy set theory, semantic spaces with a wide spectrum of
practical applications can serve as models of expert evaluations of characteristics;
these applications include development of expert and intelligence decision making
support systems, data analysis and complex process control [4. 35. 37. 47—55].

A semantic space “probability of maintaining solvency by an emitter of the
Central bank” can be considered as an example

7(x)={A,B,C,D,E}, U =[0,1]

where A—E — probabilities of maintaining solvency (A — very low; B —
low; C — mean; p — high; E — very high).
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Fig. 1.6 Membership functions of semantic space terms-sets: a — “probability of
maintaining solvency by an emitter of the Central bank™; b — “pressure at the high-

pressure preheater inlet”; ¢ — “system sensor failure probability"

The choice of universal set is unambiguous here, and term-set membership
functions (without generality limitation) are shown in Fig. 1.6. a.
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However, not all models based on semantic spaces, possess the properties
ensuring successful solutions of practical problems. One such property is
completeness of model, which consists in a possibility of describing each element
of universal set in linguistic terms of this space [28. 35].

Let us consider a semantic space ‘“‘steam pressure at inlet” when using a
high-pressure preheater, which was constructed in [35],

7(x)={A,B.C}, U =][11;6,7]

Where A — “low pressure”; B — “pressure close to 4”; C — “high input
pressure”.

Membership functions of the term-set of this semantic space are shown in
Fig. 1.6. b. If at the inlet of a high pressure preheater there is pressure equal 1.7,
this value cannot be described by any of linguistic values of the “steam pressure”
characteristic. So, we can conclude that the semantic space the membership
functions of which are shown in Fig. 1.6. b does not possess the completeness
property which means that each element of universal set can be described within
the scope of at least one of linguistic terms.

Another model which poorly describes evaluation processes is a semantic space
“system sensor failure probability” with terms of "low", "mean", "high"
probabilities. Membership functions of this space are shown in Fig. 1.6.c.
According to this model, the probability value equal to a is identified with all
terms included and consequently it does not have any meaning for further use.

So, a conclusion can be made that the semantic space which membership
functions are shown in Fig. 1.6.c, does not possess the property of concepts
discriminability which means that each element of universal set cannot be
described within the limits of more than two linguistic terms.

It is obvious that to solve practical problems, lack of completeness which
characterizes model of expert evaluations of object’s properties and lack of
discriminability of concepts incorporated into this model, is the essential gap
which needs to be bridged.

1.5 Complete Orthogonal Semantic Spaces

Theoretical researches of semantic space properties aimed at improving the
adequacy of evaluations expert models and their usefulness for solution of
practical problems allow reasonable formulation of requirements to membership

functions 4, (X); [= 1771 and their term-sets [28].

1. For each concept X, the U, # ¢ exists, where U, ={xe U : 4,(x)=1} is a
point or a segment.
2. Let U ,={xeU:u(x)=1}, then 4, (x) does not decrease at the left and does

not increase to the right of U, .

. #,(x) have no more than two points of discontinuity of the first kind.
4. Forevery xe U

w
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gul(xﬁ

The semantic spaces with the membership functions being in line with the
formulated requirements are called complete orthogonal semantic spaces (COSS).

The requirement 1 means that each concept (term) has at least one standard,
which is the typical representative (level of expert gradational confidence of a
typical representative’s membership to corresponding concept is equal to unity). If
there are several standards, all of them are located closely, instead of being
scattered over a universal set.

pA

1,0

0,5

0" 1,1 1,7 4,0 6,7 X

Fig. 1.7 Membership functions of COSS term-set “inlet steam pressure” of the “high
pressure preheater”

The requirement 2 says that if units are "close" to each other in universal set,
they also are "close" by a membership to a certain concept.

The requirement 3 ensures a possibility of simultaneous processing of fuzzy
and precise information from unified positions because regular characteristic
functions can be used as membership functions.

The requirement 4 ensures, for each unit from universal set, availability of at
least one concept which describes this unit with nonzero grade of membership.
Besides, it ensures the discriminability of concepts generating semantic space and
excludes the use of synonyms or semantically close terms.

An example is a complete orthogonal semantic space which term-set
membership functions are shown in Fig. 1.7.

The formulated requirements to functions of COSS term-set allow defining
degree of its fuzziness [28]

C=ml 71 7l (-, (6 (1.7)
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Where £, (x)=max g, (x} g1, (x)=maxy,(x) f(0)=1: f(1)=0.
1#1,

If L(x)z R(x)z f(x)z 1—x, then

¢ = [=lu, ()~ 1, ()l

U

[
2U

k]

where U =U—Ulj1 .

1=1
As COSS can serve as models of expert evaluation of characteristics, then degree
of COSS fuzziness is interpreted as mean degree of difficulties of description of
real objects and situations by an expert and, besides, as a quantity indicator of
quality of the fuzzy information provided by experts.

In [28] it is shown that linear transformation of universal set does not change
degree of fuzziness of the relevant COSS.

It is worth mentioning that researches of COSS properties and justification of
their employment for various practical problems are under development. The
history of these researches repeats history of researches of actually all sections of
the fuzzy set theory, where the theoretical component always noticeably lagged
behind the practical one.

1.6 Overview of Model-Building Methods for Membership
Functions of Fuzzy Sets and Semantic Spaces

Important phase of information processing is information formalization, i.e. its
representation in a form allowing application of means of known mathematical
theories at subsequent stages of its processing and analysis. For example, if the
obtained data are values of some chance quantity, the means of probability theory
and the mathematical statistics are applied; and if they are considered as values of
some fuzzy variable, means of the fuzzy set theory are applied.

Complexity of formalization of fuzzy information is that applied building
methods of membership functions of fuzzy sets and term-sets of semantic spaces
are beyond the fuzzy set theory, and therefore adequacy of formalization models
cannot be checked up within the scope of its means.

Let us consider known building methods of membership functions of fuzzy sets
and term-sets of semantic spaces which are directly set by a table, a formula, and
an example [56—59].

Example 1.5. Various representations of a fuzzy set. The fuzzy set A= {business
success of various strategies of a financial structure development} is possible to
represent as:

D T 1 2 3 4

L (%) 02 05 09 03
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The same set can be written in two ways

A={0,2/1; 0,5/2; 0,9/3; 0,3/4};
A={0,2/1+0,5/2+0,9/3+0,3/4}

Example 1.6. Building of fuzzy set on the basis of frequency approach [60—63].

Let us consider fuzzy set A = {the raised demand for cars of the German concern
"Volkswagen"}.

Sales volumes of cars of this concern over a certain period are the following:
"Bora" — 75, "Passat" — 120, "Golf" — 90, "Jetta” — 60, “Touareg” — 90. It is
clear that the "Passat" model was in maximum demand. By introducing a
normalization factor 1/120, we’ll obtain fuzzy set A = {0. 625 / "Bora", 1 /
"Passat", 0.75 / "Golf", 0.5 / “Jetta”, 0.75 / “Touareg”}.

In [64], for building of membership function of fuzzy set the probability density
function of a continuous chance quantity is evaluated over small volume sample.

Membership function for a certain element of universal set can be defined by
ratio of a number of experts considering that this element is typical for fuzzy set,
to a number of all experts who are taking part in a survey [35].

Example 1.7. Building of fuzzy set on the basis of an expert group survey. Six
independent experts estimated the “correspondence to curricula” characteristic for
seven samples of manuals (1—7). Following outcomes were obtained:

Sample No. Number of experts giving positive (negative) mark

2(4)
4(2)
50)
1 (5)
6 (0)
33)
0(6)

~N O L B WN =

Thus, this fuzzy set can be written as

l/l; %/2; é/3; l/4; 1/5; l/6; 0/75¢.
3 3 6 6 2

If it is guaranteed that experts are far from random errors, they can be directly
interrogated about values of membership function. It is important to remember
about distortions of evaluations which are expressed rather often in the subjective
tendency to shift them to extremities of an estimating scale [59].
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Membership functions can be constructed so that to satisfy the side conditions
formulated in advance which can be imposed either to form of obtained
information, or to processing procedure. Examples of such side conditions are as
follows:

e Membership function shall reflect affinity to a pre-selected standard, and
evaluation objects are points in parametrical space [65];

e Membership function shall satisfy the conditions of an interval scale [66];

e Under paired comparison of objects, if one object is estimated as being
[ —times stronger than the other one, the latter shall be only estimated as being

1/ — times stronger than the first one [67];

e Restrictions on elements of paired comparison matrix should be introduced
when it is not obviously possible to obtain all its values [68], etc.

Example 1.8. Building of a fuzzy set on the basis of paired comparisons of objects
[69—70]. An expert estimates the public importance of four innovative projects
under a scale presented in table 1.1.

The matrix of paired comparisons is formed as follows: diagonal elements are
equal to 1, and for the elements which are symmetric versus a diagonal,

a =1 i=14, j=1a

Y
aji

Element a; of a paired comparison matrix is an evaluation of preference of i -

th project over j-th by their public importance with its effect on an investor’s

image taken into account.
The expert composed a matrix of paired comparisons in the following form:

1 5 6 7
l146
5
A=|1 1 | |
6 4
111
7 6 4

Then, it is necessary to define eigenvalues of the matrix A and to select a

maximum eigenvalue. Let us equate to zero a determinant |A - AE | =0:

-4 5 6 1
% -4 4 6

_ 4 3 _ _
11, |4 -ar-69142-2715=0.
6 4
11 1 ., 4
7 6 4
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Table 1.1 A scale of a judgment matrix definition

Evaluation of

) Qualitative evaluation Note
importance
i Identical importance By the given criterion, projects
have an identical rank
Weak superiority Reasons on preference of a project over the other one are flimsy
3
5 Strong (or essential) superiority There are relevant proof of the essential superiority of one of the
projects
7 Obvious superiority There are convincing demonstrations in favour of one of the projects
Absolute superiority of one of the  Preference of one of the projects is well-founded
9 projects over the other is extremely
evident
2.4.6.8 Intermediate values between the Used when the compromise is necessary
T adjacent evaluations
Then

A, =-0362; A, =—0,140+1305i;
A, ==0,140-1,305i; A, =4,390.

Let us find an eigenvector for maximum eigenvalue 4 . =4,390
1-4,390 5 6 7

O R 6 [“

i 1 “ -0
= = 1-439%0 4 -
6 4 *

! 1 L 1-a300 [\

7 6 4

On multiplying the matrixes, we obtain the following set of equations
—3,3900, + 5w, + 6w, + 7w, = 0;
0,200, —3,390w, + 4w, + 6w, =0;
0,166w, +0,2500, —3,390w, + 4w, = 0;
0,142, + 0,166, +0,2500, —3,390w, =0,

which only has a trivial solution.
Let us substitute any of equations of the system with the equation @, +w, + @, +@, =1, as a result

we’ll obtain a solution: ¢4 =0,619; @, =0,235; @, =0,101; @, =0,045.
If it is necessary to select a project with the greatest public importance among four projects, the fuzzy set
is to be considered
{0,619/ Nel; 0,235/ Ne2; 0,101/ Ne3; 0,045/ No4}.
Then project No. 1 is to be selected because it has the greatest grade of membership to the constructed
fuzzy set.

In [71—72] values of membership functions of fuzzy set are defined by an
expert group following the rank orderings of objects.

Model-building methods of semantic spaces unlike building methods of
separate fuzzy sets are sparse. It is necessary to outline a model-building
techniques of linguistic terms of frequency evaluations developed by
D.A.Pospelov, 1.V.Ezhkova [73—74]. A method shortage is lack of formal
algorithm of membership functions building for terms. Ambiguity of building
process and of its quality dependence on experience and skills of contributors are
consequences of that shortage. The method [73—74] was further developed in
methods of S.G. Svarovsky [75] and I.A.Khodashinsky [76].
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In these methods connections between membership functions of terms
(presence of one maxima and fronts which are smoothly damping to zero are only
supposed for membership functions) are not described, moreover, there is no
algorithm of deriving of continuous membership functions based on their discrete
values. A model-building techniques of the semantic spaces developed by A.V.
Skofenko [77] is based on expert evaluations such as "approximately equal to
number A ” or “lays approximately in the range between A and B”. In methods
[73—76] connections between membership functions of terms are not described
thus not allowing winning independence of quality of the constructed models from
skills of researchers.

In [78—79] A.N.Borisov and A.N.Averkin offered parametrical definition of
membership functions of the modified terms of semantic spaces on the basis of
membership functions of basic terms.

Considering the essential importance of formalization of the information
obtained while developing fuzzy models, building methods of COSS membership
functions will be considered in Chapter 2.

1.7 Formalization of Fuzzy Conclusions

Let X,,X,,...X, be semantic spaces corresponding to universal sets
Uu,.u,,..,.U

functions {,Uﬂ (x)} Let ¥ be a semantic space with universal set {7 and terms
{Y,}, which have membership functions {z, (x)}.

The system of fuzzy reasonings can be of two types: X,,X,,...X,

accordingly, and terms {X,.,}, i:l,in, l= 17?1, with membership

n’

— input information, and ¥ — output information, or Y is input information,
and X,,X,,....X,

, — output information. System of approximate reasonings of
first type [80-81] or system of the reference fuzzy logic reasonings which reflect

expert experience could be presented as:

)

or..or X,, and X,, and...and X ,, then Y,
i <if X,, and X,, and...and X, or X, and X ,, and...and Xn3>

I,
then Y,

It .<if X,,and X,, and...and X, or X,, and X ,, and...and an>

5

o>
Il

or..or X, and X,, and...and X

n2»

~, /ifX,, andX, and.andX,  orX, andX,  and.andX,
, and X,, and..and X then Y, '

or..or X

m

1my nm, —12

The second type of this system could be presented as:
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bl

3. if ¥}, then X,, and X, and...and X ,, or X, and X,, and...and X
or..or X, and X, and...and X,
32 .<if Y,, then X, and X,, and...and X ,, wiu X, and X,, and...and X”2>

A’ = > or...or X13 and X22 and...and Xﬂl ’

- and X oy and...and X am, OF X, ) and X oy and...and X o, >

m

or..or X, and X, and..and X

1my

. <if Y, , thenX

2my nm, —1

Let us consider the block diagram of the fuzzy linguistic governor presented in
Fig. 1.8.

The numerical information from an object under control comes to fuzzificator.
It transforms the information to a linguistic form. Further, linguistic values come
to fuzzy conclusion rule system based on fuzzy expert judgments. As a result,
membership function comes to “defuzzificator” where it will be transformed to the
numerical information used to control an object.

Numerical Signal Signal Numerical
information Control Object under Sensor information
Control
Defuzzificator Fuzzificator
Membership function Linguistic value
Fuzzy conclusion

rules system

Fig. 1.8 The block diagram of the fuzzy governor

Example 1.9. The fuzzy governor. Let us consider a microcontroller operating as
a governor. Its input analogue signal e is limited by a range [-1. 1] and is
converted to a digital signal by an analog-to-digital converter with resolution 0.25;
the output signal x is formed by the digital-to-analogue converter and has five
levels:-1, -0.5, 0, 0.5, 1 [82]. Let us denote with Ae the first error signal
difference at the current discrete point of time.

Let us consider semantic space of an analogue signal with terms: A, — "high
positive”, A, — “low positive”, A; — "zero", A, — “low negative”, A; —
“high negative” and semantic space “the first error signal difference at the current
discrete point of time” with terms: B, — "high positive”, B, — “low positive”,
B, — "zero", B, — “low negative”, Bs — “high negative”. Membership
functions of terms of those two spaces are assumed identical, values of
membership functions 4;, i=1,5 are presented in Table 1.2.
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Table 1.2 Membership functions of terms €

29

I3 -1 =075 05 -025 0 025 05 075 1
I3 0 0 0 0 0 0 03 07 1
15 0 0 0 0 03 07 1 07 03
153 0 0 0.3 0.7 1 07 03 0 0
My, 03 07 1 07 03 0 0 0 0
M 1 0.7 0.3 0 0 0 0 0 0

Let us assume that functioning of the governor is defined by following relations;

e

ESIESIE SIS

B

Ae

=

w

~

S B I W™

W

Certainly, collections of relations can be different. Following the formulated
relations, let us define an output signal of the governor under e =0,25; Ae=0,5.

Let us find values of membership functions of terms in points e =0,25; Ae=0,5,

using Table 1.2. We’ll denote «; = rnin[Al. (e), B, (Ae)] then:

Output signal of the governor

a, =min(0;0,3)=0; x, =—1;

a, =min(0,7;1)= 0,7; x, =—0.5;

a, =min(0,7;0,3)=0,3; x, =0;
a, =min(0;0)=0; x, =0.5;
a5 =min(0;0)=0; x; = 1;

X =Xx,, if @, =maxa;; i=15; k=15.

Maximum value of ¢; is equal to 0.7, therefore the output signal of the governor

is equal to -0.5.
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There are some algorithms of a fuzzy logic conclusion. Let us consider most
known of them, using system of two fuzzy conclusion rules:

if X is Zl and Y is El,then Z is C~'1;
if X is Zz and Y is Ez,then Z is 52.
and having denoted membership functions of linguistic values of variables X , Y,

Z through 45, Hj | Mg i=12 accordingly.

Algorithm of Mamdani

1. Fuzzification. Membership functions #j, My, i=12 are applied to

physical (real) values X,, Y, of variables X , Y.
2. Fuzzy conclusion
e = minlu (). 5, ()}
t, =minle; (x,). 115 (3,)
Definition of the truncated membership functions of variable Z.

He = min [al, He (Z )1
Mg = min [0!2, M, (Z)]

3. A composition (union of the truncated membership functions)

13 ()= max e, (2) 1, ()]

4. Defuzzification:
For a continuous case

jz,uz (z)dz
7 =L .
U [us(2)dz
U
For a discrete case
Z ks (z,)
Zp="—=—r—.
0 Z,Uz (Zi )
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Fig. 1.9 Membership functions of variables according to Mamdani algorithm:
a— X(;X,, Az); b— Y(Ew Ez); c— Z(él’ 62)

Example 1.10. Application of Mamdani algorithm. Let us assume that ranges of
values of variables x, y, Z are segments [2; 10], [1; 5], [3; 8], accordingly.
Linguistic values of these variables (X — A.4,, ¥ — B,.B,, Z — C,.C,) have
the membership functions shown in Fig. 1.9.

Let x,=5; y,=48, then /5 (5)=0,75 s Mg (5)=0.25 ;M (4.8)= 01;
Uz, (4.8)=09

Then
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a, = min Lu 1 (o) 245 (9 )]: min(0,75; 0,1)=0,1;

a, = min[ugz (o) 245, (3, )]: min(0,25; 0,9)=0,25.
The composition of the truncated membership functions is presented in Fig. 1.10.
As a result we’ll obtain:

4,2 4,5 8

[ O.lxdx+ [(0,5x—2)xdx+ [0,25xdx
o= 3 4,2 45 _
= _

4,2 4,5 8
[ 0.1dx+ [(0,5x—2)dx+ [0,25dx
3 4,2 45

_0,05(4,22 -3 )+ 0,167(4,5 4,2~ (45— 4,27 )+
T 01(42-3)+0,25(4,5> -4,2%)-2(4,5-4.,2)+
+0,125(8% - 4.,5%)

=5,86.
+0,25(8-4.5)
wd
0,25 F————————— — ——
| |
| |
N e -
I :
3 4,2 4,5 8 x

Fig. 1.10 A composition of the truncated membership functions

Algorithm of Tsukamoto
It is assumed that membership functions (Z), Mg (Z) are monotone.

1. Fuzzification. The same as in Mamdani algorithm.
2. Fuzzy conclusion (the same as in Mamdani algorithm)

o = minu (x,). 115 ()}

at, = minlu (x,). 1 (v,)}
Precise values 7, z, are derived from the equations

o, = ,Ugl (Zl );
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o, = He, (z,)
3. Definition of a precise value of a conclusion variable

_ ozt 0z,

<o
o, +0(2

Example 1.11. Application of Tsukamoto algorithm. As in the example 1.10, let
us assume that ranges of values of variables X, Y, Zare segments [2.10], [1.5],
[3.8], accordingly. Linguistic values of variables (X — A 4,, ¥ — B,.B,,
Z — C,,C,) have the membership functions shown in Fig. 1.11.

Let x,=5; =48, then #;(5)=075; 4;(5)=025; u,(48)=0,;
Hy (4.8)=09

a = minl,ugl (o0 ) 425 (v )] =min(0,75;0,1)=0,1;

a, = min[ugz (o) 445, (v )]: min(0,25; 0,9) = 0,25.
Let us find Zz,, z, from the equations:

7,3,
O’lzﬂa zl_l?’
025=p; =1+ 125_8.

Then z,=35; z, =4,25, and the defuzzification gives:
~3,5:0,1+4,25-0,25
0,1+0,25

=4,036.

2y
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Fig. 1.11 Membership functions of variables according to Tsukamoto algorithm (a—c are

the same as in Fig. 1.9)
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Sugeno Algorithm

For this algorithm the following conclusion rules are used:
if X is A, and Y is B, then z=a,x+b,y;
if X is A, and Y is B, then z=a,x+b,y.

1. Fuzzification is the same as in Mamdani algorithm.
2. A fuzzy conclusion is the same as in Mamdani algorithm.

o, =minlu; (x,) 15 (30}
o, = min [/UA‘Z (xo) Hg, (7o )]

Individual outputs of the rules:
Z = a X, +b,yy;
2, =%, +b,y,.

3. Definition of precise value of a conclusion variable (the same as in
Tsukamoto algorithm)

_oz, T 0,2,

<y
a, + a,

Larsen Algorithm

1. Fuzzification is the same as in Mamdani algorithm.
2. Fuzzy conclusion is the same as in Mamdani algorithm.

0, = min [ﬂgl (xo) Hg (7o )l
o, = min [/"gz (xo )’ Hg, (YO)]

Definition of particular fuzzy sets:
Her = o4z (2)

He = OOz, (z )

3. Composition. Union of truncated membership functions (the same as in
Mamdani algorithm)

#s (z) = max [ﬂq (@) #a (o))

4. Defuzzification (the same as in Mamdani algorithm):
for a continuous case
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I zﬂz(z)dz

7 =L .
’ Iﬂz(z)dz
U

For a discrete case
Z Zils (Zi )
Zp =
i WAy

Simplified Algorithm of a Fuzzy Conclusion
In this algorithm the following derivation rules are used:
if x is Zl, and Y have §1 then Z =¢,;
if x is Az and y have Ez then z=c¢,.
where ¢, , ¢, — some precise (regular) numbers.

1. Fuzzification is the same as in Mamdani algorithm.
2. Fuzzy conclusion is the same as in Mamdani algorithm.

o = minlu (). 15 ()}

@, =min [/ng (o) Hg, (% )]
3. Definition of precise value of a conclusion variable
_ o+,

0
o+ o,

Methods of handling of the fuzzy information presented as a population of
approximate judgments are developed well enough. Semantic spaces are usually
used as X,,X,,...., X, and Y. However use of subjective representations of
membership functions values of semantic space terms to formalize this
information leads to necessity in intensified development aimed to improve
adequacy of developed fuzzy models. New relevant outcomes are discussed in
Chapter 2.

n

1.8 Methods of Defuzzification

Defuzzification of a fuzzy number is referred to as its mapping to a point or a
segment of the real line. Methods of defuzzification of fuzzy numbers play an
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essential role for issues of processing and analysis of fuzzy information. There are
different methods of defuzzification of fuzzy numbers, in particular, a gravity
method, a minimax method, a method of a maximum of membership function, a
method of the weighed point etc. [40. 46. 83—93] which have the certain merits
and demerits described in [87]. Most frequently applied of these methods is the
gravity method, according to which pointwise value defined under the formula:

(1.8)

is assigned to fuzzy number with membership function (x)
If (x), and R(x) in (1.6) are linear functions, and ,LI(X)E (al,az,aL,aR),
then (1-8) looks like:

(a2 )2 - (al )2 taa, taa, + % [(aR )2 - (aL )2] (1.9)

E=
2(a2 —a1)+ a, +a,

The method of the maximum of membership function is applied to unimodal fuzzy
numbers; the abscissa of a point of a maximum of its membership function is to be
taken as an integral index of fuzzy number. In the minimax method a minimum
value of abscissas of membership function’s maximum points is to be selected as
an integral index of fuzzy number. The essence of the method of the weighed
point [87] is that generation of an integral index of a normal triangular number is
carried out with accounting for weighs of its & -level sets. If the normal triangular

number B with membership function X; (x ) looks like 3 (x) = (b N ) the
corresponding weighed point is defined by the formula:

1
e

Function p(a) at 0 <@ <1 is referred to as ¢ -levels’ importance distribution

density function [87]. This function shall be nonnegative and satisfy a
normalization condition:

—(1-a)b, +b+(1-a )b, |p(e)da

l\)\»—

1
pla)do=1.
0
A weighed point for a normal triangular number with membership function
M (x)=(b,b,.b;) and pla)=2a is defined in [84] by the formula
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B= [b—(l—a)bL+b+(l—a)bR]ada=b+é(bR ~b,).

O ey —

In [93] definition of the weighed point is spread to tolerance (L— R)-numbers; and

the new method of defuzzification of fuzzy numbers is proposed which assigns to

them not a number, but a certain numerical segment called the weighed one.
According to [93], weighed segment of a tolerance (L-R)-number

AE(al,az,aL,aR) is the segment [A,, A,]:
1 1

A=a -la; Ay=a,+ray; = IL"I(a)Otda; r= JR"I(a)Otda. (1.10)
0 0

Before the weighed segment being defined, the known methods of defuzzification
of fuzzy numbers have allowed definition only pointwise aggregating indexes for
them. Thereby, for example, they made unimodal numbers with different
fuzziness coefficients or tolerance numbers indiscernible, i.e. their informational
singularities were lost, which were necessary to be outlined. In more details, the
method of defuzzification of fuzzy numbers based on the weighed segments is
discussed in Chapter 6.

1.9 Fuzzy Relations and Features of Fuzzy Cluster Analysis

One of the basic concepts of the fuzzy cluster analysis is the concept of the fuzzy
relation. Fuzzy relations play an essential role in the problems with the solutions
rested upon methods of the fuzzy set theory, on traditional methods and the theory
of clear ratios [94—99]. As a rule, the means of the theory of clear relations is
used in qualitative analysis of correlations between objects of investigated system
when they are of dichotomizing nature and, consequently, can be interpreted in
terms "there is no connection®, “there is a connection”, or when methods of
quantitative analysis of correlations are inapplicable for any reasons, and
correlations are derived to a dichotomizing form synthetically. For example, when
connection between objects takes values from a rank scale, then selection of
connection force threshold allows this connection to be transformed to a
demanded kind. However, despite the similar approach allows carrying out the
qualitative analysis of systems, it leads to loss of the information on connection
force between objects; therefore it is necessary to make evaluations at different
connection force thresholds. Methods of data analysis based on the theory of fuzzy
ratios do not suffer this shortage; they allow carrying out the qualitative analysis
of systems taking into account distinctions in connection force between objects of
the system [15].

Ordinary (definite) 7 -ary relation R between sets X, X,.,....,X, is referred to

n

as a subset of Cartesian product:

RC X, XX,%..xX,.
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Fuzzy n -ary relation R between sets X, X,,....,X, is referred to as such fuzzy

set. B when YV(x.,X%,..x)e X, XX, % XX, pe(x,x,,....x,)e [0,1],
where X, ={x}; X, ={x,}, ..., X, ={x,} are ordinary sets.

Fuzzy binary relation R between sets X , Y is referred to as such fuzzy set R
when V(x,y)e X XY ; te(x,y)e[0.1], where x ={x}; Y ={y} are ordinary
sets.

If sets X ={xl,x2,...,xn}; Y={yl,y2,...,yn} are finite, the fuzzy binary
relation R can be specified by means of a matrix, which rows and columns are
put in correspondence with elements of sets X, Y ; and an element 4 (x,-, y ,~) is

put as cross-section the of i -th row and J -th column. Thus

/UR(XV)H) IUR(xl’yZ) lLlR(xl’ym)

R = IUR(XZ’yl) :UR(xz’)’z) ll’lR(XZ’ym)

ll’lR('xn’yl) :UR(xwyz) ﬂR(xwym)

Fuzzy binary relation R over set X is referred to as such fuzzy set R, that
V(x, y)e X xY ; 'UR(X’ y)e [0’ 1].

Let R, R, are fuzzy binary relations between sets X,Y and Y,Z,
accordingly.

Composition of fuzzy relations R,, R, is referred to as such fuzzy set R, o R,
when for Vxe X, VyeY, Vze Z

Hg ok, (x’ Z): \y/[/u& (x’ y)/\:uRz (y’ Z)l

where A and v are operators of triangular norm and conorm class, accordingly.
For example, (Max—min )-composition R, o R, is defined by the expression

Hp ok, (x’ Z) = mflx[min{le (x, y)nuR2 (Y> Z)}l

where xe X ; yeY; xe X .

The fuzzy binary relation R is referred to as reflective, if My (X, X)= 1.
Vxe X, and symmetric, if Uy (x, y)= My (y, x); Vx, ye X.

One of the important properties of fuzzy binary relations is that they can be
presented as a population of ordinary binary relations ordered by inclusion and
representing a hierarchical population of relations [15]. Expansion of fuzzy binary
relations to a population of ordinary binary relations is based on the concept of
a -level of a fuzzy binary relation which is represented in the form

R, ={(x. y)e X XY 115 (x, y) 2 t}.
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Theorem of Decomposition [40]. Any fuzzy set A with membership function
M (x) can be decomposed on sets of & -level

o

U oA
ae(0.1] (1.11)

or

My (x) = o [QWA,Z (x)]:

oe)0,1]
1, X))z,
where (1, (x) = 'UA( )
« 0, u,(x)<e
According to (1.11), the fuzzy binary relation R can be presented as
R= v oR,
oel0,1]

or

Hy (x ) = o [a:uR,, (x )l

el0,1]

Lo ug (x ) 20
0, u,(x)<a.
A reflective symmetric fuzzy binary relation is referred to as fuzzy binary

relation of similarity.
Fuzzy binary relation R is referred to as transitive, if

ﬂR(x’ Z)Z:UR(X’ y)/\ﬂR(y’ Z)V X, y,2€ X,

A transitive fuzzy binary relation of similarity is referred to as fuzzy binary
relation of conformity.

In actual practice the transitivity requirement is often difficult to meet. In order
to use expert survey for the purpose of constructing the similarity relation, the
transitive answers shall be demanded from these experts. Numerous practical
outcomes [16] are quite opposite: real outcomes of expert surveys are often
intransitive. However, in applications of fuzzy relations the transitive ones are of
great importance, because they possess many convenient properties and define
some correct structure of a set which they are set for. For example, if relation R
over a set X characterizes similarity between objects, then transitivity of such
relation (the similarity relation) ensures a possibility of a partition of set X on
disjoint similarity classes (clusters).

Let R be similarity relation. Then according to the theorem of decomposition
for relations of similarity [15]

where Uy (x) = {

R:;J(axRa), 012

o, if Ra(x, y)=1;

h R ) =
where (0!>< a)(x Y ) {0, otherwise.
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Thus, to solve problems of fuzzy cluster analysis, possibility to transform an
initial intransitive relation to a transitive one is of great interest. Such
transformation is ensured with operation of transitive closure which was first
considered in [100—101].

The relation R=RUR*UR*UR"uU..., where relation R* is defined
recursively as

R*=RoR; R'=RoR"!', k=3,4,.

is referred to as transitive closure of a fuzzy binary relation.

Transitive closure R of any fuzzy relation R is transitive and is the least
transitive relation including R [15]. In [28] it is proved that a fuzzy relation is

transitive in the only case when R = IAQ, and if the set X contains 5 elements,
then

R=RUR*UR>UR".

Besides, if fuzzy relation R is reflective, then R=R"".

Application of fuzzy relations in the cluster analysis is discussed in
[102—103]. In [100] clusterization procedure based on transitive closure of an
initial relation of the similarity resulted from the expert survey, is offered. Experts
compared similarity between portraits of different people, and on the basis of
paired comparison the similarity matrix was built. Various methods of fuzzy
clusterization and their connections with traditional methods of the cluster analysis
and their practical applications are discussed in [104—120].

Let us suppose that some experts estimate expression of some characteristics at
a population of objects. Having in mind that each of these experts has his/her
individual evaluation criterion, we cannot exclude that the information obtained
from one expert differs from the information obtained from another. As models of
an expert evaluation of some characteristic are constructed rested upon this
information, it is obvious that the models based on information obtained from
various experts will differ.

Thus, if within the characteristic limits some expert evaluation models can be
constructed; there is a necessity of their comparative analysis versus the
subsequent building of the generalized model. The methods developed by authors
and allowing to carry out similar researches are discussed in Chapter 3.



Chapter 2

Methods of Expert Information Formalization
Based on Complete Orthogonal Semantic
Spaces

2.1 Fuzzy Numbers Used for Formalization of Linguistic
Values of Characteristics

Let us consider tolerance and unimodal (L - R)-numbers with membership functions

a, —x a, —x
L= , o0<H <1; a, >0;
aL aL
X—a X—a
R( 2} 0<—2<1; a, >0;
_ a a
,Ug(x)— R R
a, —x X—a
1, 1 <0N 2 <0;
aL aR
a, —x X—a
0, 1 >lu 21
ap ap

and following conditions for functions £ and R:

1. L(0)=R(0)=1; L(1)=R(1)=0;

2. L(x) and R(x) are monotonically decreasing functions over set [0,1].
Let us denote A for a population of all tolerance and unimodal numbers with
conditions 1 and 2.

Let us call elements of the population A as A-numbers which are in turn

subdivided into A -tolerance and A -unimodal numbers.
As L and R are monotonically decreasing functions, the set of & -level of

A-tolerance number A = (a1 ,0,y,0, 0, ) will look like:

Afve Rops(x)= a}=[al,a2]=

—[o, - (@)a,; a, +R(@)a,} ae(0.1]) @2.1)

O.M. Poleshchuk and E.G. Komarov: Expert Fuzzy Info. Processing, STUDFUZZ 268, pp. 43
springerlink.com © Springer-Verlag Berlin Heidelberg 20
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Let wus consider arithmetical operations for A-tolerance numbers

A= (al’aZ’aL,’aRl)’ B E(bl’bZ’qu’sz).

The Proposition 2.1. [121] Sum of A -tolerance numbers is a A -tolerance number.

The poof. By definition of the expanded union operation for tolerance (L-R)-
numbers A,B with membership functions ; (x) and #;(x), accordingly, we’ll

obtain tolerance (L-R)-number A @ B with membership function
w(2)=max|min g (x), 25 (»)}

which is symbolically noted by parameters
A®B= (611 +b,a,+by,a; +b, ,ay +by ) Let us show that the function which is
the left boundary of membership function of this number increases monotonically.
Let us write out two sets of & -level of number A + B, &, >, according to (2.1):

(A+ B)al = [al +b - LII (0’1 )a _LEI (al )bLZ ; a,+by + Rl_l (al )aR] + Rz_l (al )sz ];

L
(A + B)a2 = [al +b - Lfl (al )al,l - L; (al )bzq; a,+b, + R;l (al )aRl + R; (al )szl
As functions L,, L,, R,, R, are monotonically decreasing, then at ¢, > ¢,

a,+b, - LII (“2 )aq - L; (“2 )bL2 >a,+b - LII (“1 )aq - L; (“1 )bL2 5

a,+b, + Rl_l(a2 )"Rl + Rz_l(az )sz <a,+b,+ Rl_l(al )aRl + Rz_l(al )sz-

Hence, the left boundary of membership function A®B monotonically increases,

and the right boundary monotonically decreases, and A®B belongs to A. The
proposition 2.1 is proved.

Similarly, it is possible to show that sum of A-unimodal numbers is a
A -unimodal number, and the sum of A -tolerance and A -unimodal numbers is
A -tolerance number. If L, =L, =L, and R, =R, =R, then sum of these numbers is
(L-R)-number and belongs to A .

The Proposition 2.2. [121] Product (result of multiplication) of A -tolerance
numbers is a A -tolerance number.

The proof. Let us consider a fuzzy number which is the product of A -tolerance
numbers Az(al,az,aq,a&), Ez(bl,bz,bli,bkz), and let us denote it through
D=A®B . Let write out sets of & -level of numbers A and B according to (2.1)

[Al Az] [a1 aL’a2+R ( )aRll
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B, = [B}z’ Buzt] = [bl - L;l (a)bL2 by + R; (0()sz 1
The set of & -level of D looks like

D, =[min(4! B!, A B2, A2B., A2B2), max(A.B.. AB2, A2B.,A2B2)] 2.2)
Let us prove the proposition for @, —a, >0, b+b, <0 (4 — a positive number,
B — a negative number). The proof of the proposition for other relations between
numbers A,B is carried out similarly. In a case @, —a, >0, b+b, <0 for (2.2)
we’ll obtain

— [D' 2]_

—{Ia2+R aR ][b L" l [al aL ][b +R"1( )bz]}

Functions L,, L,, R,, R, are monotonically decreasing, therefore at a, —a, >0,
b+b, <0 and @, >,

0<a,—L'(eq)a, <a,—L'(,)a,
0<a,+R(@,)a, <a,+R (e, )ay :

b, — L' (er b, <b, - L' (e, )b, <0
b, + Ry (e, )by, <b, + R, (e, )by, <O0.

2 2
D,,>D,,

Thus, with @, >a; D!, >D!

al?

and hence, the left boundary of

membership function D monotonically increases, and the right monotonically
decreases, that ensures a membership of D to A . The proposition 2.1 is proved.

Similarly, it is possible to prove that product of A-unimodal numbers is
A -unimodal number, and product of A -tolerance and A -unimodal numbers is A -
tolerance number.

Further paragraphs of the Chapter are devoted to methods of formalization of
expert evaluations of qualitative characteristics and description of values of
quantitative characteristics in linguistic terms based on COSS. The constructed
population of fuzzy numbers of A is offered to be used for formalization of
linguistic values of these characteristics or for building of membership functions
of COSS terms.

2.2 Formalization of Expert Evaluations of Qualitative
Characteristics in a Verbal Scale

As the input information the a posteriori information resulted from expert
evaluations of a qualitative characteristic X for a population of objects
[121—122] is considered.
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It is assumed that the evaluation was carried out within the limits of a verbal
scale with levels X,, [= 171; m>2 ordered on increase of characteristic
appearance intensity degree. Levels of a used verbal scale unambiguously specify
term-set 7(X)={X,,X,,... X, }. U=[0,1] is selected as universal COSS set. The
point x =0 corresponds to a total absence of characteristic X appearance, and
consequently it is considered as a typical point of the term X,. The point x =1

corresponds to total presence of characteristic X appearance, and consequently it
is considered as a typical point of term X .

Let us denote relative frequencies of objects’ occurrence for which
characteristic X intensity is estimated by levels x, by 4;, accordingly

m
Zal =1
=1

Let us assume that fuzzy numbers corresponding to terms X, with membership

functions 4, (x) belong to population A and satisfy a side condition (1%*):
If L(x), R(x) are nonlinear functions, they have a central symmetry versus the

point of inflexion.
Building of membership functions of COSS term-set will be carried out so that

squares of the figures limited to graphs of functions 4, (x) and an axis of abscissas

be equal to a,. It is obvious that the there is an infinite number of membership
functions meeting such requirements, therefore it is necessary to limit building to
logical requirements for fuzziness areas between the adjacent terms (or to
parameters of fuzziness of the fuzzy numbers corresponding to terms). On the one
hand, there is a desire to make this area as small as possible, then the degree of
fuzziness (1.7) constructed as a COSS model will be less accordingly. On the
other hand, it is necessary to rest upon substantial sense of fuzziness area, so we
propose to calculate a potency (length) of this area for extreme terms as
min(a,,a,) or min(a, ,,a, ), accordingly, and for mean terms to calculate the

same base the relations between numbers a,_,, a,, a,,,; [ =3;m—2. Graphs of the
constructed membership functions will be in a form of curvilinear trapezoids with
midlines equal to @, [ =1, m.

Let us construct membership function of term X :

1. If a,<a,_,, then
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0, 09{1—3""'}
2

a
(x)={L 71_ 2”'—x 1—% <xgf1-8n |,
Hon a, ’ 2 B 2 )
1, [1—“'"J<xs1.
2

Fig. 2.1 shows membership functions of term X, for a special case L(x)=1-x;

0 < x <1 (membership functions of T -numbers). The special attention is given to

this special case because of large number of application of 7 -numbers and normal
triangular numbers in applied researches.

’J'm '\
1

Hm 4
1
|
|
|
|
[
|
|
|
I
|
| b
A Qp,- 1 =x
1—:.':[,,,—;—1 l—ﬂ,.,,t+%1
b)
Fig. 2.1 Membership function #,(x) under conditions: a — a,<a, ., b —
a,>a,,

2.1fa, >a,_,then
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l_am+a ——X a a
u, ()=t ——2— |, [l—am— ""1]<x§[1—am+’;“}
n—1

Let us construct membership function of term X :

1. If a,_, Zmax(a ankz), then

m?

m=3
0, 0Sx£(2a,+a”’2}
=1 2
m=2
m=2
zal + X m—3 a m—2 a
R| & , ( a, + ’”2J<xﬁ( a, +—2=% J,
a, I=1 2 I=1 2
m=2
M (x) = 1, a, + Gn2 | oy < (l— 3, j;
P 2 2
3a
x—1+—= 34 u
L 2 - 2n j <x< (1 T
a, 2 2

Fig. 2.2 shows membership functions of a term X,
L(x)zl—x; R(x)zl—x; 0<x<l1.

, for the special case
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l-lm & -~
1

D
i
1

L 2

Fig. 2.2 Membership function £/, under conditions: a — 4a,_, Zmax(am,am_2),

b— a, <a < am—Z, Cc— amf2 < amfl < am 5 d— Ay < mln(am’am—Z)

m—1
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2.1fa, <a, <a,_,then
0, OSxS(l—am 3, J;
2
l_am_am—l —x 34 4
R , (l—am— m‘lj<xs(l—am—”"l}
a,_, 2 2
a 3a
x)= 1, l—a, ——Ll<x<|1-—2 |
Il’lm—l( ) ( m 2 J ( 2 j
3
x—1+ D 34 4
L 1-—" |<x<|1-—"—|,
a, 2 2
0, (1-“’”)«51
2

m-3
0, 0<x< z:a,+a”“2 :
1=1 2
m=2
a,+-"%*—x o nd
R| & 2 , [ a,+am‘2j<xﬁ[ a,+am‘2j;
a, 1=1 2 I=1 2
m-2
1 (x)= 1, a, + Ina | o< l-a, - G-t ;
=1 2 2
x—1+a, + ) )
L , (l—am— "”j<x£(l—am+ ’”IJ;
a, 2 2
0, [l—am+a"’"j<xﬁl.
2
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4.1f a, , <min(a,,,a, _,), then

>

0,
l—a, ——21—x
R 2
amfl
/'lmfl (X) =
am—l
x=1+a,+—"—
L
am—l
0,

I—Clm—a””1 <x< l—am+h;
2 2

[l—am+amlj<x31;

2

Similarly to 4, (x) membership functions 4, (x); [ =2, m—?2 are constructed.
Let us construct membership function for term X, with even number of terms.

1. If a, < a,, then

/'l1(x)= L
2. If a; > a,, then
L,
x—a, +a72
#(x)=1L
a,
0,

With odd number of terms we obtain:
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1. If a, < a,, then

19
-
;Ul(x)z R
a,
09
2. If a; > a,, then
L
x—a, +a?2
ll'll(x): R >
a,
0,

Methods of Expert Information Formalization
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|
!J.
1 x

Fig. 2.3 Membership function (X) under conditions: a — @; £d,;b— a, >a,

Fig. 2.3 shows membership functions for special case L(x) =1-x;0<x<1.

Let us construct membership functions of COSS terms with linear boundaries,
i.e. we assume that L(x)= R(x)=1-x . Graphs of these membership functions for

various relations between a, (l = m) are shown in Fig. 2.1 - 2.3.
Let us denote min(a,,a,, ), [=1,m—1by b,.
Then
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0, OSxS(l—am—bm‘l);
2
x—(l—am+bglJ ) ,
x)=q1+ , |1—a —2Ll<x<|l—a, +-21
1, (2) - (1m0 -2 ] <10, + 22
1, [l—am+b’”‘lj<xsl.
2

Logic of requirements to fuzziness area imposed to construct COSS term-set
membership functions can be explained with the following simple example: when
a mean evaluation of knowledge (certificate, diploma etc.) is identified with one of
the accepted marks «2», «3», «4», «5», the mean evaluation which falls within an
interval (4; 4.5), for example, is identified with a mark «4», and the mean
evaluation which falls within an interval [4.5; 5] is identified with a mark «5». If
an expert has his/her own judgments concerning fuzziness areas between the
adjacent terms, then the building method is corrected and put into practice. If an
expert agrees with the interpretation of authors stated herein, or information is
processed by a person who does not possess expert experience, the information is
proposed for use without any modifications.

The described building of COSS membership functions is offered to be applied
not only in the conditions of availability of a posteriori information submitted to
processing. The expert can build COSS without such information at the moment
using the information which he/she enjoyed earlier owing to considerable
experience gained.

To estimate qualitative characteristics, verbal-numerical or numerical ordinal
scales can be used. The model-building techniques of COSS membership
functions with the use of these scales is invariable.

Example 2.1. Model-building of COSS “quality of production”. A firm
manufactures production of the superior, first, second and third quality degrees.
Over a certain period, 523 production units of the superior quality, 1084
production units of the first quality, 857 production units of the second quality and
379 production units of the third quality are manufactured. Let us construct COSS
“quality of production” with terms X,= {the third quality}, X, = {the second

quality}, X, = {the first quality}, X,: = {the superior quality}. Let us denote
with ﬂl(x) a membership function of X, with 4, (x) - a membership function of
X,, with H; (x) - a membership function of X,, and with ,U4(x) - a
membership function for X,. Let us obtain relative frequencies for production
units of the first - third and superior qualities: @, =0,133, a, =0,301, a, =0,382,
a, =0,184, accordingly. Then
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1, 0 < x <0,0665;
1, (x) = 41=FZ00065 4 665 < x < 0,1995:
0,133
0, 0,1995< x <1;
0, x £0,0665;
X=01995 0665 < x < 0,1995;
0,133
1, (x)=11, 0,1995 < x £ 0,2835;
_x=02835 0835« x < 0,5845;
0,301
0, 0,5845 < x < I;
0, 0 < x <0,2835;
*—0.9845 ) 1835 < x < 0,5845;
0,301
1 (x)=11, 0,5845 < x < 0,724;
_X20T2 6704 < v <0908,
0,184
0, 0,908 < x <1;
1, 0<x<0,724;
x—0,908
=+ 2270 0,724 < x<0,908;
%) 0,184 g
0, 0,908 <x<1.

Graphs of the obtained membership functions are shown in Fig. 2.4. a.

Example 2.2. Model-building of COSS “knowledge of students”.
There are data of progress of 100 students of a certain specialty over a certain
period of time

Mark Number of students
E ("unsatisfactory”) 10
C ("satisfactory”) 40
B (“good”) 30
A (“excellent”) 20

Let us construct COSS “knowledge of students” with terms "E”,"C”, "B”, "A" and
membership functions u;(x)— i (x), accordingly. T(x)=12,3, 4, 5}. Based on
values of relative frequencies, we obtain:

1, 0<x<0,05;
5 (x)= 1—"_0701’05, 0,05< x<0,15;

0, 015<x<1,
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Graphs of the obtained membership functions are shown in Fig. 2.4.b.
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0, 0,65<x<1;
0, 0<x<035;
1427065 a5 r<06s:
03
s (x)=11, 0,65< x<0,7;
12207 7<x<009;
0,2
0, 09<x<1;
1, 0<x<07;
x—0,9
Hx)=<1+—>, 0,7<x<0,9;
3 (x) ™
0, 09<x<l.

G A pzx)

0,0665 0,1995 0,2835

300

0,58
)

0,724

Hz(x)

0,908 1

5 ()

0,05 0,15

b)

o, ©al R e S oty P g S

| |
I I
I |
1 1
[ |
| |
| |
| I
| |
I |
I |
I |
| |
| I
9 1

oy

=Y

57

Fig. 2.4 Membership functions of COSS terms: a— “quality of production”; b — “knowledge

of students"
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2.3 Formalization of Expert Evaluations of Qualitative
Characteristics in a Mark Scale

Let us assume that appearances (demonstrations) of qualitative characteristics are
estimated by experts using a mark scale.

Let us construct COSS on the basis of a posteriori information resulted from an
evaluation of appearances of qualitative characteristic X for a population of
objects Y,,Y,,...,Y,, . The minimum quantity of points which allows evaluation of
characteristic appearance equals zero, and maximum quantity of points is M .
Besides it is assumed that the verbal scale is developed for the evaluation
purposes, with levels X, [ = 1, m arranged in ascending intensity order.

Let y; e [01], j=LN represent relative evaluations of appearance of

characteristic X , which were obtained by dividing mark scale-based evaluations
by the maximum estimate M . For example, in terms of educational process
evaluation they can be obtained as a result of testing within the scope of a certain
school subject, and those evaluation values are equal to the ratio of number of
properly performed tasks to the total quantity of all tasks performed.

Let us construct COSS X with terms X, (according to levels of a verbal scale)

and membership functions 4, (x) of T -numbers or normal triangular numbers.

The additional expert information consisting of results of preliminary allocation
of outcomes obtained to one of levels of a verbal scale and comparison of
outcomes between each other is required for model-building process. In this case,
the standard approach of paired comparisons of outcomes of qualitative
characteristics availability, which is applied to construct membership functions of
fuzzy sets [49], is used.

Let us start constructing with term X, which corresponds to maximum

characteristic X appearance intensity degree. Let the point x =1, i.e. 4, (1)=1be
considered as the typical one for the membership function of this term.
Let V,,....Y;; j=3 are the objects allocated by the expert to level X, . Let us

arrange them in decreasing order of evaluations JY;; j:?j. We obtain a
conditional ordered series

Yoy Yo)oes ¥

J

to which a numerical ordered series corresponds
Yy Y@ V)

Let us perform paired comparisons of objects of that conditional ordered series
using Saati scale [123]. Let g, =E, k:fj be Saati scale evaluations of

characteristic X superiority availability at an object X, versus an object Y. If

objects Y, and Y, have approximately equal characteristic X appearances, then
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a, =1; if the object Y|, appearances slightly exceeds those of the object Yy,
then a, =3. If the characteristic X appearances of the object Y|, exceed those of
the object Y(k) to the extent “more”, “noticeably more” or “much more”, then
a, =5;7;9. Evaluations a, =2;4;6;8 are intermediate.

Let us assume a,, =1/a, , compose a matrix of paired comparisons

L a, a; .. a;
1
— 1 ay .. oay,
a12
1 1

A, =|— 1 a,;
a13 a23
1 1 1
— — 1
Gy 4y

and determine its eigenvalues. For this purpose let us equate a determinant to zero.

-4 a, a; .. a;
L 1-4 a,, ... ay
ap,

R
A3 Ay

U SR T
a; a,; as;

Let us choose maximum eigenvalue A and determine a corresponding

eigenvector , = (a)

m, o0

@, ; ) For this purpose we’ll solve a set of equations

written in the matrix form

1= s ap ag a;
1 1)
; -2, Ay a,; m.1
I 1 ns
l_ﬂ’max a3j wm,3 = 0
ag ass
1 1 1 @
; ; a— e 1=A mJ
1j 2j 3j (23)

It is known [15], that the system (2.3) has a solution and
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@,,;>0.

If eigenvector co-ordinates do not belong to a segment [0. 1], we’ll determine

J
a)m = Za)m.i
i=1
and we obtain
w

~ _ m,i

m,j T o~

(0]

m

We consider @

m,i

as grade of membership of the object ¥, to term X . As for

each object Yy evaluations y(i)e [(),1] are determined, let us consider that they

belong to term X,, with membership degrees @),

m,i °

accordingly.

In all further buildings the assumption is made that co-ordinates of the
eigenvector corresponding to a maximum eigenvalue belong to the segment [0, 1],
otherwise normalization is used.

In order to obtain membership function £, (x) of the term X , the left

boundary of which looks like y =a, x+b,, , and right, in turn, is x =1, let us use
a method of least squares

F, = j (amy(i) +b, -, )2 — min.
i=1

From the system of normal equations

aFm J 5 J J
aa =O ale:y(i)—Fbm ~ y(z) :Z:y(l)a)m,l’
oF, T

J J
ab 0 anz;y(i)+jbnz :iZZI:a)m,i'

m

we obtain unknown coefficients:
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If the condition y(1)=a, +b, >1 is satisfied, membership function of term X,

will be membership function of 7' -number:

b
0, 0<x<-—"
aU'I
,um(x)z a,x+b,, —b—’”<xS 1=b, ;
am am
1-b
1, —<x<I.
am

If y(1)= a, +b, <1, the left boundary of membership function is obtained as

y=a,x+l-a,, and the unknown coefficient @, is obtained from an

optimization problem solved

In this case, membership function of term X = will be membership function of a

normal triangular number:

a,x+l-a,,

Definition of the left boundary of membership function of term X  yields an

unambiguous definition of the right boundary of membership function of term

X, 1e.
a a

m m

ll’lmfl (.X) = 1 - amx - bm *

Let us consider the objects allocated by the expert to level X,_,. Let Y, Y

JHL2ee E gy

(v > 3) be the objects allocated by the expert to level X then let us arrange

m—1 2

them in decreasing order of evaluations JY; (i=j +1;j+V). We obtain a
conditional ordered series
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j+v)?

Y Yoy X
to which, as we see above , the numerical ordered series corresponds

y(j+1)’ y(j+2)""’ y(j+v)’

Let us perform paired comparisons of objects of this series using Saati scale,
determine a matrix of paired comparisons and its eigenvector
@ = (a) )

corresponding to a maximum eigenvalue. Let us

m—1 m—1,1°" m—1,v

consider that evaluations y,-e[(),l], i=j+1;j+v belong to term X with

m—1

membership degrees @,,_;, j =1,y , accordingly. To obtain membership function

Moy (x)’ with the left boundary in the form Y =4, X+ b, ., let us use a method
of least squares:

v

Foi=2 (am—ly(j+1) +b, -, ) —min.
i=1

From system of normal equations

o _,
aamfl
OF

m— 0
ob

We obtain unknown coefficients

VZ V(+i)Pmri — (Z )%_,‘HJ[Z @, j
P Py

b = > ;

m—1
V; y(2.i+i) - [Z y(.i+i)j

i=1

, VY Y@t — (Z y (j+i)j(z a’m—uJ
i=1

i=1 i=1

, v 2
"; y(2.i+i) - (Z y(.i+i)J

i=1

If the condition

b b
y[_ - J = _ankl -+ bmfl > 1’
a a

m m

is satisfied, we obtain membership function of 7 -number:
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b
0, 0 x<——
amfl
b 1-b
a, x+b, |, ml < x< ml .
am—l m—1
1-b b
Hya(x) =11, — xS
am—l am
b 1-b
l-a,x-b,, < xS )
al‘ﬂ am
-b
0, T <x<l1
a,

if this condition is not satisfied, it is supposed that

—am_lb—"’+b =1.
a

m=-1 "
m

The unknown coefficient @,,_; is obtained from the condition

V

Foi=2 (am—ly(j+1> +b,, ~ @, )2 — min.

i=1

In this case we obtain membership function of a normal triangular number

0 0<x<| - am +am71bm .
’ = = )
amam—l
a,+a, b b
a, x+l+a, —, (— m AT ey -
/’lmfl (_x) = am am amfl am
b 1-
l-a,x-b,, - <x< R
a, a,
-b
0, "< x<1
a,

Definition of the left boundary of membership function of term X  yields an

unambiguous definition of its right boundary lllm—Z('x) of term X, _,, i.e. at

_ bm—l <x< 1_bm—1

a

am—l m—1

lle—2 (x) = 1 - am—lx - bm—l :

The membership functions 4 (x); [=3,m—2 is constructed as described above.



64 Methods of Expert Information Formalization

Let us see in detail building process of membership functions u; (x) and
U, (X) The left boundary of membership function f; (x) unambiguously defines
the right boundary of membership function #, (x). 1t is necessary to construct
membership function 4, (x) which will explicitly define the left boundary ,uz(x),
or to construct the left boundary of membership function 4, (X) with which we
define #,(x) explicitly.

Let us construct membership function &, (x) Let right boundary 4, (x) look like
y=1l-a,x—b,, (~b,/a, >0). Let us consider the objects allocated by an expert to
level X,. Having made paired comparisons of these objects and subsequent
buildings similar to those above, we obtain linear function y =a,x+b,, which is
the right boundary of required function. If this function satisfies to two conditions:
y(0)>1; y(—b3/a3)<0, then

1, OSxﬁl_bl;
al
-b b
i (x)={ax+b, Lax<s——
al al
0, —L<x<l,
a,
0, Ostl_b‘;
a;
1-5 b
l—ax-b, Lax<s—-
a, a,
b b
=1, —Lax<-2,
:Uz(x) a, a,
b 1-b
l-a,x—b,, ——2<x<—=;
as as
0, 1=0, <x<Il.
a,

If function y=a,x+b, satisfies the conditions: y(0)>1; y(-b,/a,)=0,
membership  function g (x) is  defined under the condition

y(- b, /a3)= —-a, (b3 /013)—1-17l =0. In this case one of coefficients still remains

unknown, it is determined from a normal equation. We obtain the membership
functions
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1, OSXSI_b‘;
a,
1-b
u(x)=1a,x+a, =, Lax<s—=
3 a, as
b
0, -2 <x<1
as
0, Ostl_bl;
a,
1-b
l-a,x—a,—, Lax<—=
_ 3 a, as
;uz(x)_ bz 1—b3
l—a,x—b;, -——<x<
as as
0, 3 <x<l1
as

If function y = a,x+b, satisfies the conditions: y(O)S I; y(— b, /a3)< 0, it is

supposed that p =1, and a, is obtained from a normal equation of a
corresponding optimization problem. Membership functions look like

a,x+1, OSxS—i;
a
:ul(x): !
0, —-—<x<1
a,
1
—ax, 0<x<——
al
1, —i<x<— 3.
ﬂz(x)z Zl ]f3b
l—a,x—b,, —2<x<—3,
as as
0, 170 i
as

If function y=alx+b1 satisfies the conditions: y(O)Sl; y(— b3/a3)20, it is
supposed that b, =1; y(=b, /a3)= —a, (b /a3)+bl =0, a,=a,/b; Then
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a b
Sx+1, 0<x<g-=

a
lul(x): ’ b ’
0, -2 <x<1
as
-Gy, 0<x<-o
b, a;
b 1-b
lul(‘x): l-a,x—b;, ——<x< ;5
as as
0, 2 <x<1
as

On constructing the COSS membership functions for each evaluation Y;, i =1, j

it is possible to determine its degrees of membership to COSS terms and to put in
correspondence that term (or that level of a verbal scale) membership degree of

which exceeds 0.5. Existence of such term for each evaluation Y; is stipulated by

characteristics of COSS membership functions. The related outcomes obtained can
generally not coincide with outcomes of expert preliminary allocations of

evaluations Y; to levels of a verbal scale.

Example 2.3. Model-building of COSS ‘“knowledge of students”. A teacher
appraises knowledge of eight students for a certain with two points: the first X;;

i=1,8 is a result of examination and can accept values "F" (“unsatisfactory”), “C”
“satisfactory”), “B” (good”) and “A” (“‘excellent”); the second, Y;, is a result of
testing and can take discrete values 0<k/n<1, where k is a number of
properly performed tasks, n is a number of all tasks performed (Table 2.1).

Let us construct COSS “knowledge of students” with terms X, = F, X, = C,
X; =B, X 4 = A.

Let us start constructing with membership function £, (x) of term X ,. As to

level “A” knowledge of only two students are referred to, let us join to them
outcomes of the students with level "B", and let us suggest the teacher who carried
out an evaluation to make paired comparisons of knowledge of all four students.
Having arranged serial numbers of students according to the obtained points Y;,
we obtain a conditional ordinal series
No. 2, No. 1, No. 4, No. 3.
to which the numerical ordinal series corresponds
0.9; 0.8; 0.7; 0.6.

The teacher makes paired comparisons of knowledge of students from the
conditional ordinal series using Saati scale. The following matrix of paired
comparisons is obtained:
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1 2 5 7
/2 1 3 4
lus 131 2]
/7 1/4 1/2 1
Table 2.1 Results of students’ knowledge appraising

No. X; Y;
1 Excellent (“A”) 0.8
2 Excellent (“A”) 0.9
3 “good” (“B”) 0.6
4 “good” (“B”) 0.7
5 "satisfactory” (“C”) 0.3
6 "satisfactory” (“C”) 0.1
7 "satisfactory” (“C”) 0.2
8 "unsatisfactory” (“E”) 0

We determine eigenvalues of this matrix: A =4,022; A4, =-0,010;
A, ==0,006+0,0294 ; A, =-0,006—0,0294i . Let us select a maximum eigenvalue
and the corresponding eigenvector @, = (0,859; 0,466; 0,180; 0,109). Let us build
a line y=2,537x—-1,499 by four points (0.9; 0.859), (0.8; 0.466), (0.7; 0.180),
(0.6; 0.109) applying a method of least squares. Let us check a value
y(l) = 2,537 -1,499 = 1,038 . Apparently, the condition y(l) >1 is satisfied, that
ensures  existence at least one point XE€E [0.1]: u,(x)=1. Thus,

1, (x)=(0,985;1; 0,385; 0)

By means of membership function £, (x), it is possible to define explicitly the
right boundary of membership function #s (x), ie. with 0,59<x<0,985
Uy (x)=1-u,(x)=2,499 - 2,537 x.

Obviously, the further building of #5 (x ) is not possible as there are no students
who have got a point “B”, and whose points are y; < 0,59 . In this case we come

to building of membership function 4, (x) of term X, . Let us consider outcomes
of the pupils who have got points "C" and “E”. Let us arrange them as per

decreasing points ;. We obtain the following conditional ordinal series
No.5, No. 7, No. 6, No. 8.
to which the numerical ordinal number corresponds
0.3;0.2; 0.1; 0.
The teacher makes paired comparisons of knowledge of students from the
conditional ordinal series using Saati scale. The following matrix of paired
comparisons is obtained:
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1 2 5 9
1125
2
A2=1112-
5 2
111
9 5 2

We determine eigenvalues of this matrix: 4 =4,008; 4, =-0,004;
A, =-0,001+0,175i ; A , =—0,001-0,175i . Let us select a maximum eigenvalue
and the corresponding eigenvector @, =(0,879;0,427; 0,191; 0,093). Let us build
a line Yy=26x—001 by four points (0.3; 0.879), (0.2; 0.427),
(0.1; 0.191), (0; 0.093), applying a method of least squares. Let us check the value
¥(0,59)=1,534-0,01=1,524 . With y =0, x=0,0038; with y=1, x=0,39.

Thus, the left and right boundaries of membership functions 4, (x) and /4, (x )
are defined. To complete constructing the functions, let us find the equation of a
line y =2,95—5x, which is passing through two points (0.39; 1), (0.59; 0). This
line will limit membership function K4, (x) on the right, and the line

y=1-295+5x=5x—-1,95 will limit membership function #; (x) on the left.
Thus,
14,(x) = (0,59; 0,2;0,385) . 1, (x)=(0.39; 0,3862; 0,2).

Membership function 4, (x) is defined using function [, (x) in the following
manner:

4, (x) = (0; 0,0038; 0; 0,3862)

2.4 Formalization of Linguistic Values of Characteristics on the
Basis of Direct Inquiry of a Single Expert Regarding
Typical Representatives

By processing and analyzing the information which can have both qualitative and
quantitative nature, a person makes different decisions. Quantitative
characteristics are those which can be measured. For example, enterprise profits
and losses, age of a person, object weight etc. could be treated as quantitative
ones. Qualitative characteristics cannot be measured in terms of quantities. For
example, some of those characteristics are human appearance, human knowledge,
success of performance of professional duties etc.

Thus, characteristics are mainly described with different "languages": as a rule,
for quantitative characteristics we use usual numbers which are referred to as
physical values of characteristics; for qualitative ones they are words of a natural
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language which are referred to as linguistic values. Linguistic values can be
defined also for quantitative characteristics; however, for the qualitative
characteristics physical values cannot be defined.

Two model-building methods of qualitative characteristics COSS are described
above. Formalization of the information based on the expert evaluations of
appearances of different qualitative characteristics allows operating not with
values of the characteristics measured in different scales, but with membership
functions of the concepts applied to an evaluation of characteristics of real objects.

These methods are inapplicable to construct quantitative characteristic COSS.
So, we offer to construct membership functions of COSS terms on the basis of
direct inquiry of a single expert, these COSS’s can be applied to formalize both
quantitative and qualitative characteristics pari passu.

It is worth mentioning that a COSS based on inquiry of experts will always
possess some property of uniqueness, i.e. it reflects judgments of the experts who
often use the information known to few people who are “in gathering”.

Actually, if one wants to build COSS "height" = {low, average, high, very
high} from point of view of Moscow and Tokyo experts, then, obviously, there
will be two spaces with a different collection of membership functions. If one
wants to build COSS "profit" = {very low, low, average, high, very high}, the
money equivalent which is considered as high profit, will dramatically differ for
different firms. It is just the case when defining similar categories experts use the
information known to few people only, on the one hand, and unique for a certain
firm, on the other hand.

Model-building techniques of COSS term-sets membership functions for
quantitative and qualitative characteristics have in essence identical approaches
and differ only in universal sets.

Let us construct COSS with a title X and term-set 7(X)={X,.X,,...X,},

where X,,X, are terms corresponding to the minimum and maximum intensity
degree of characteristic appearance within a universal set U = [q,b]-

Let us assume that an expert defines typical intervals (x,l ,X] ) for terms X, ;

l=1,m, and these intervals are equal to unity for all points of membership
function of corresponding terms. For some terms, points (one for each term) can
be typical rather than intervals. Without loss of generality, typical intervals for
qualitative characteristics can be defined by the following procedure. Let there be
a test for demonstration of studied qualitative characteristic for the object (0 is a
minimum quantity of points which an object can obtain as testing results, i.e.
complete absence of characteristic appearance; n is maximum quantity of points,
i.e. its total availability of the characteristic appearance). Let us normalize all
possible test points with a maximum point n and let us give the chance to the
expert to answer regarding typical intervals for terms X, belonging to [0, 1].

The questions asked to the expert can be formulated as follows: “What interval
of normalized test points you consider typical for a term?”. In case of quantitative
characteristic the expert defines subsets of universal set which are typical for each
of terms from his/her point of view.
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Let us assume that the fuzzy numbers corresponding to COSS terms are A-
numbers; and for functions L(x), R(x) the side condition (1 *) is satisfied (see

paragraph 2.2]. Membership functions of terms X,:
with even m

1, a<x<xl;
2
ﬂl(x): L(m} X <x<xb;
27 M
0, xy <x<b;
0, anlez;
1
L % , X <x<xl;
X2 ™ X
,uz(X)= 1, xé<x£x22;
2
R xl—x22 , X <x<x;
X3 =X,
0, xy < x<b;
0, anerzH;
1 —
K x,ljnll_l— X ] ey XS
,Um,l(X)Z 1, x:n_1<xSxi_l;
2
L x); _x;gll . x2, <x<xl;
0, x, <x<b;
0, a<x<x. .
1
)= s <a s
X, —X,
1, x, <x<b

With odd m two last membership functions L(x), R(x) interchange their
positions.

Constructed COSS reflects knowledge and subjective judgment of the expert
taking part in inquiry.

If deriving of the additional information on the values of membership functions
in the points of universal set which lies between typical intervals of the adjacent
terms is possible, then it is also possible to clarify a form of these functions.
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Let us consider typical intervals (X,I,X,z ) and (x[lﬂ’x[zﬂ) of the adjacent terms
X, and X,,, I=1,m—1. If one assumes that the right and left boundaries of
membership function of the fuzzy number, which correspond to terms X, and

X, are linear functions, then they have the following explicit analytical form:

1
x—a x—a

_ I 141

y=1- 1 2 andy_1+ 1 2

ay —4q Ay —4q

b-a,,
/'ll+l(b)=1+ 1 112
a —aq

then boundaries are to be selected as linear functions. If the expert considers that

b_all+1
1ul+l(b)>1+ 1 27
ai,—4q
then boundaries are to be selected as the functions shown in Fig. 2.5.a. If the
expert considers that

b—alll
ﬂl+1(b)<1+ 1 +2’
ag —4q

then boundaries are to be selected as the functions shown in Fig. 2.5.b.
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pt

1+1

a)

Hy (b)> 14— fy (b) < 1+ ——

a a, ., a,, —a
a— 1 Ty — w1~ %

Example 2.4. Model-building of COSS “net current assets/turnover assets ratio”.
Data on audit and analysis of enterprises of machine-building and food industries,
and of telecommunications facilities production enterprises was used. The net
current assets/turnover assets ratio was studied for each enterprise. Based on the
analysis carried out, let us construct COSS “net current assets/turnover assets
ratio” using terms "very low", "low", "average", "high", "very high". The experts
who surveyed the enterprises were provided with intervals of U ratio values,
which are typical for every term y=[-1]]: [bll,blz]z [— 1;—0,005];

[, b, ]= [0009] [by,.b,,]= [0,11;0,3]; [by1-b..]=[035:045]. 1. [y, 1=10.51]
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Then, membership functions ,a,.(x), i=15 for terms “very low”, "low",
"average", "high", “very high” are T -numbers and look like:
4, (x) = (1:-0,005:0:0,005). 1, (x)=(0:0,09:0,005;0,02). £ (x)=(0.11;0,3;0,02:0,05)

11, (x)=(0,35:0,45:0,05:0,05) 5 5(x)=(0.5:1,0;0,5:0), accordingly.

) )

2.5 Formalization of Linguistic Values of Characteristics on the
Basis of Direct Inquiry of a Single Expert Regarding a
Partition of Universal Set

Let, for any reasons, an expert has difficulties in defining typical intervals for
COSS terms, but he/she can divide universal set into disjoint intervals each
mapped to one of terms and being a set of 0.5-level of the fuzzy number
corresponding to this term. Let us assume that the fuzzy numbers corresponding to
COSS terms are A -numbers, and the side condition (1%*) is satisfied for functions

L(x), R(x). Let us denote membership functions of terms X, as £(x), I=1Lm .
Let us denote length of the interval corresponding to term X, through

c, li:c, =b-a;U =[a,b1

Let us construct membership functions g,(x) as curvilinear trapezoids with

midlines equal to ¢,

1.If ¢, <c,,_,, then

0, anS( —36'”],
2
p—Sm _ -y
ﬂm(x)z L 2 , (b—'"j<x$(b—mj,
c, 2
2
2.Ifc,, >c,_,, then
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b—cm+c’”’1—x - .

1 (1—cm+cm-lj<xszy.
2

Let us construct membership function of term X, _;:

1. If ¢, , >max(c,,c,_,), then

m=2

Cm—2
ch +—x
R =1 2
c >

m=2

m=2
Mo () =11, ( c,+c’"‘2j<xs b—:sc’"}

2.1f ¢, <c,, <c then

m=2>
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0, anS(l—cm—?)c’"‘lj;
2
b_cm_ﬂ_‘x 3c
R 2 \ [b— = ’"‘lj<x3[b—cm
Cout 2

/'tmfl (‘x) = l’

0,

3. 1fc,, <c,, <c,,then

m=3 c
0, a<x< Zcﬂ-Lz :

m=2 c
Il’lm—l(x): 1, (ch+ m_2j<.x£(b—c
= 2
x—b+cm+@ c
2 (b—cm— ’"“j<xs(b—
Cout 2
cm—l
0, b—c, + 5 <x<bh

4.1f ¢, , <min(c,,c,_,), then

m?°
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0, anS(b—cm—?)cm‘lJ;
2
b-c,——""—x
R , [b—cm— ””j<x£(b—cm "“j,
Cot 2
/’lm—l(x): c
x—b+c, +-2L c
L , [b—cm— m‘lj<xﬁ[b—cm+ '"‘lj,
Cmfl 2 2
Cmfl
0, b—c, + 5 <x<b

Similarly to ,Um-l(x) membership functions ,ul(x), [=2,m-2 for term X, are
constructed.

With even number of terms:

1. If ¢, £¢,, then

1, anSi;
2
Cl
Tl e 3¢,
x)=<L , —<x<=1L;
ﬂl( ) Cl 2 2
0, 3)L<)ch
2

2. If c > C,, then

1, anS(cl—ch,
2
x—c1+%2 . .
x)=<L , o —=2|<x<le,+2 |
(%) 2| [a-%)<rs(ar]
0, [c1+ch<x<b
2

With odd number of terms:

1. If c Scz, then
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2. If ¢, >c,, then

H (X)Z

71

1, anSi;
2
G
Tol ¢ 3¢,
x)=<R , L<x<=—L;
(%) : 5 5
0, “L<x<b
1, anS[cl—c2 ;
2
x—cl+c—2 c c
R 2| [01_2J<XS(01+2}
c, 2 2

0, (cl+czj<xﬁb.
2

If additional information on values of membership functions in the points of
universal set, which lie between typical intervals of the adjacent terms is available,
the updating of the form of membership functions is made in the same manner as
the previous method shows.

2.6 Formalization of Linguistic Values of Properties on the
Basis of Direct Inquiry of Expert Groups about Regarding
Representatives

Let k experts offer intervals of values, which are typical for each of m terms
from their point of view. It is possible to represent outcomes of their evaluations
in the form of the matrix

12 12
A= (le’le) (xzz’xzz)

Let

12 12
(xu’xn) (xl2’x12)

o2 L2 o2
(xkl’xkl) (xk2’xk2) (ka’ka)
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(0.52) = (xhx2)

(<, )= )

If

then COSS term-set membership functions are transformed to characteristic
functions of intervals (x,l ,xf ) [ =1, m. If one of intervals (x},x,z): @, then instead

of intersection operation, 7 -composition of intervals operation [124] is applied.
Operation of ¥ -composition of intervals is introduced through union and
intersection operations as follows:

e U NNt o )

= . .
N#Fl_ 4
k 1 2 1 2 1 2
irl (xi o Xi )= ﬂ [(xil ’ xil )UU (xl) ’ xl) )1
- iy 2,

The selection of r=k/2 is obvious because the "most representative”" expert
should prefer an evaluation, which is remote from extreme evaluations and
occupying "middle" position. If Eil;(x},x]z)ﬂ(xllfl,xil):(al,b]);t ¢, or

(le’xzz )ﬂ(xllﬂ’xlzﬂ):(al’bl)i@, then instead of intervals (xf]-l’xfz-l), (xll’xlz ),

(xll+l’x]2+1) the following intervals are considered, accordingly
()Ncll—l X ) = ('xll—l JX )\ (a,,b,) ; (ill X/ )= (le X )\ (az by )

~1 ~2 N\ (1 2
(xm > X141 )_ (xm > X141 )\ (az b, )

Let us assume that intervals (Xll,x;z ) and U =[a,b] typical for COSS terms are
defined. Let us consider that the fuzzy numbers corresponding to COSS terms are
A -numbers, and the side condition (1*) is satisfied for functions L(x), R(x). Let
us denote membership functions of terms X, with & (X)

Then with even m
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2,
1, a<x<ux;
2
X—Xx
u(x)= L[ : 12} X < x < x);
Xy =X
1 .
0, X, <x<b;
0, as<x=<x;
X, —X
L( 2 2} X <x<x);
Xy =X
_ 1
ﬂz(x)— 1, X, <x< X5,
2
X—X
2 2 1
R( ; 2} x5 <x< X5
X3 =X
0, xé<x$b,
0, as<x<x, ,;
1
x —
m-1 2
R( ; > } X, 0 <X<X,.5
‘xmfl_‘xm2
_ 1 2,
Il'lm—l('x)_ 1’ xm_1<xS.xm_l,
2
X—X
m—1 2
L( 1 2 J’ xmfl<xs‘xm’
xm_‘xm—l
0, x <x<b;
2,
0, asx<x,.;
1
—X 2 1
/'lm( )= L[ lm 2 j, .X'm_1<XS.xm;.
X _'xm—l
1, xl<x<b

With odd m two last membership functions L(x), R(x) interchange.

If obtaining of an additional information on values of membership functions in
the points of universal set, which lie between typical intervals of the adjacent
terms is possible, the form of membership functions of terms is updated.

Example 2.5. Model-building of COSS “pressure at the high-pressure preheater
inlet”. Let us construct COSS “pressure at the high-pressure preheater inlet” with
terms “very low pressure”, “low pressure”, “normal pressure”, "high pressure".
Three experts offer their typical values for each of terms. The first expert:
{1.1}, {1.7}, {4}, {6.7}. The second expert: [1.1; 1.3], {1.7}, {4}, [6.6; 6.7]. The
third expert: {1.1}, [1.6; 1.7], {4}, {6.7}. Based on intersections of typical values
corresponding to each of terms, we obtain COSS which membership functions are

shown in Fig. 2.6.
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0 11 1,7 4 67 x

Fig. 2.6 Membership functions of COSS terms “pressure at the high-pressure preheater inlet”

2.7 Analogues of Errors of the First and Second Kinds and A
Reliability Indicator for Models of Expert Evaluations of
Characteristics

In [28] the quantity indicator of COSS quality is defined, namely, fuzziness
degree. Let us find analogues of errors of the first and second kinds and reliability
indicator for models of expert evaluations of characteristics.

Let X ={u,(xk 1=1.m} be COSS; 1,(x)= (a!.a}.a}.al), U =[a,b].
For membership functions 4 (x) My (x); I=1,m-1 of the adjacent COSS terms
there are uncertainty zones under [X eU:0<y (X ) <L0<uy, (x ) < 1] which

potency is equal to a),. Based on characteristics of COSS membership functions
and concept of a probabilistic geometry, it is possible to consider

o, = =ayl 2(b _a) as analogues of errors of the first and second kinds for X,

(analogues of errors of the second and first kinds for X,,,, accordingly). Then

analogues of errors of the first and second kinds for models of expert evaluations
of characteristics will be referred to as

a=f=max{e}
I=1,m-1
and analogue of a reliability indicator

V=>1-a).
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is analogue of a reliability indicator for models of expert evaluations of

characteristics X ={,u,(x); [=1, m}; H, (X)E (le,aé,ai,aﬁg), defined over
universal set [a,b].

The analogue of a reliability indicator is connected with fuzziness degree as
follows (with f (x)=1—x); if fuzziness degree of the model is minimum, i.e. is
equal to zero, the analogue of a reliability indicator is maximum and equal to
unity; if fuzziness degree is maximum, i.e. equal to 0.5, the analogue of a
reliability indicator is minimum and equal to 0.25. The certain indicator allows
essential expanding the information obtained on the basis of fuzziness degree
because with identical fuzziness degree the models of expert evaluation of
characteristics can have different values of reliability indicator analogue.

Example 2.6. Definition of reliability indicator analogue for models of expert
evaluations of characteristics. Let us consider models of an expert evaluation of
production quality from the example 2.1 and knowledge of students from the
example 2.2. For model of production quality evaluation, analogues of errors of
the first and second kinds are equal to 0.1482, and analogue of a reliability
indicator is equal to 0.7255. For model of evaluation of students’ knowledge,
analogues of errors of the first and second kinds are equal to 0.15, and the
analogue of a reliability indicator is equal to 0.7225.

2.8 Examples of Application of Complete Orthogonal Semantic
Spaces in Problems of Information Analysis and Decision
Making

Example 2.7. A multicriterion selection of software. [125—127] The current
software market offers a great many of products for which quality evaluation
systems of characteristics are developed. Complexity of a software selection is
explained by a number of the objective and subjective reasons considered in
details in [128—133].

One of such reasons is use of quantitative and qualitative characteristics, to
measure which the various scales are applied: numerical, ordinal, verbal, etc. At
that, some characteristics can be provided as values of a membership to levels of
linguistic (verbal) scales.

Another reason is discrepancy of quality characteristics, which leads to a selection
ambiguity and makes additive convolution of comparable indicators spurious.

Let us show a solution of software multicriterion selection problem on the basis
of fuzzy conclusion rules.

Let us consider the following characteristics of software quality: modifiability,
studiability, completeness. Let us add software price because it is of interest for a
user along with quality characteristics.

Modifiability is a characteristic which simplifies introducing of necessary
modifications and updating and includes concepts of expansibility, structuredness
and modularity.
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Studiability is a characteristic which allows minimisation of efforts in studying
and understanding software programs and documentation and includes
informativeness, clearness, structuredness and readability.

Within the scope of four formulated characteristics, one of three software
products conventionally named as "A", “B” and "C" is selected to analyze
financial standing of an enterprise.

For an evaluation of their characteristics the following scales are used:

non

Price — "low", "mean", "high";

Modifiability — "low", "mean", "high";

Studiability — "low", "mean", "high";

Completeness —  "incompleteness”, “partial completeness”, “basic
completeness®, "complete completeness".

Based on the results of the software manufacturer price policy study, COSS was
constructed with membership functions of terms: A4 (x)=(2000;2500;0;500);
15 (x) = (3000; 3500; 500; 500); 15 (x) = (4000; 5000; 500; 0). Membership
functions of COSS terms “modifiability” are denoted by g(x), u(x), #:(x),

accordingly, terms “studiability” - by ﬂf (x), ,U23 (x), 3 (x), accordingly, and terms
"completeness" - by £'(x), u(x), ui(x), accordingly.

Customer survey has yielded following outcomes: if “low price, high
modifiability, high studiability, and completeness available” or “low price, high
modifiability, high studiability, and basic completeness available”, or “low price,
mean modifiability, high studiability, and completeness available” or “low price,
high modifiability, mean studiability, and completeness available” or “low price,
high modifiability, high studiability, and completeness available”, or “low price,
high modifiability, high studiability, and basic completeness available”, or “low
price, high modifiability, mean studiability and completeness available”, or “low
price, mean modifiability, high studiability and completeness available”, the
software is thought proper for purchase.

Eight fuzzy selection (conclusion) rules are included in the customer
formulated preference. In total, there are 108 such rules as four characteristics are
considered, one of which has four linguistic values, and each of three other has
three values.

Outcomes of system from eight selection rules are degrees of considered
software membership to fuzzy set “the software which is thought proper for
purchase”. When operating with COSS terms membership functions, the
conjunctions "and" and “or" are treated as operations “min” and “max”,
accordingly.

Experts have estimated software products "A", "B", "C" and have obtained the
following outcomes:

ul‘(A)=0,68;u;(A)=o,32.u:(B)=074 #:(B)=0,26. 4/(C)=046.
1(C)=054. 15(A)=06. 15(A)=04. 15(B)=0,7. 4;(B)=03
#(C)=01. 15(C)= 09, . 15(A)=04. ﬂ;(A) 3 . 15(B)=0.1
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15(B)=09. 1£(C)=03. 15(C)=07. 1(A)=03. p}(A)=07
1 (B)=02. 1}(A)=08. 1(C)=02. 1}(C)=08

To define the "A", “B", "C" values of membership to fuzzy set “the software
which is thought proper for purchase” with membership function, the following
rule was applied [15]:

4(x)=max mjn[,ul (x).
)

The results of computations are as follows:
#(A)=0.6. 1(B)=07. u(C)=054

On the basis of the obtained results the decision on software “B” purchase is
made.

Example 2.8. Definition of analogy degree for products. While solving
engineering problems, it is often necessary to define analogy degree of a product
by some parameters a and b [35]

pbzl_‘a_b"
‘ B-A 2.4)

where [A, B] is a range of parameter values.

Advantage of this formula is simplicity of calculations, and its disadvantage is
that analogy degree only depends on a difference of parameter values and does not
depend on location of these values over the whole area [A,B].

This disadvantage is the reason of the fact that outcomes obtained with this
formula do not always match expert experience. The matter is that a qualified
expert selects some base values of parameter within a set of parameters and makes
comparison of products on the basis of selected values. For example, an expert
selects low, mean and high values, and defines analogy of products depending on
what linguistic values of parameter its numerical values belong to [35] gives the
example of definition of analogy degree of products referred as “high pressure
preheater” by the parameter “inlet steam pressure”. The parameter has a definition
range [1.1, 6.7]. In this example analogy degrees of products with values (1.1 and
1.5) and (6.1 and 6.6) are defined. The above formula provides analogy degree
0.93 for first pair of products and 0.91 for second pair. In [35] it is stated that these
outcomes do not match the experience of experts. Moreover, based on the analysis
of expert experience in designing similar products, products of the first pair are
much less similar to each other than products of the second pair. In [35] a new
formula to define product analogy degree based on membership functions of
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EEINNT3

term-sets “low pressure pressure close to 47, “high pressure” of semantic space

“inlet steam pressure” is offered. However, a shortage of this formula is in lack of
symmetry attribute, i.e. P # Pra [134] contains a formula of product analogy
degree determination based on COSS term-sets membership functions, which is
free from this shortage.

Let us consider U =[A,B] as a range of parameter values. Based on his/her
experience, an expert selects m linguistic values of this parameter and specified
corresponding typical numerical values for each linguistic value. Typical values
can be specified by one number or by the entire interval. Depending upon that,

membership functions of term-sets (%), 1=1,m (see §2.4) are membership

functions of unimodal or tolerance numbers from population A constructed in
§2.1.

Let us identify ‘#1 (a)- 1, (b)\ as a measure of information loss for values @ and

b within the limits of /-th term-set. Let us determine an analogy degree of
products with values a and b for the considered parameter by the formula

gma)—u,(b)

pab:1 2

From this formula it follows that if a and b belong to tolerance areas of one
function [ (a)= 1, (b)=1], then Puy =

If a and b belong to uncertalnty areas of two adjacent functions
[0< M, (a)<1,0< y7m (a)<1,0< 1,(b)<1,0< 1, (b)] or one of these values

belongs to tolerance area of one function, and another value — to uncertainty area
of the adjacent function, then

Pas 21_‘/11 (a)_;uz (bX (2.5)

The latter formula follows from characteristics of COSS term-set membership
functions

( )+ﬂ1+1(a)
( )+:U1+1( ) :>:Ul( ) /Ez(b):

:u1+1( )_:UM ) ‘:ul M b)‘ = ‘:Um (a)_:um(b)‘- (2.6)
When comparing formulas (2.7) and (2.5), one can see that they are very similar,
though the first formula operates with the parameter values, the second one —
with values of their membership functions. The first formula includes a potency
(length) of a characteristic value range equal to ( B - A ), the second one includes a
potency of a range of membership functions values equal to 1. In other situations

pab :O
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Using COSS membership functions “inlet steam pressure” shown in Fig. 1.8.,
analogy degree of products with values of steam pressure 1.1 and 1.5, and analogy
degree of products with values of steam pressure 6.1 and 6.6 were calculated.

Further results are obtained: P55 =034, pg ., =082. According to [35],
these results are consistent with the experience of experts.

Example 2.9. Fuzzy control of technological process of coal beneficiation by a
separation method. The separation method has been widely spread in coal
preparation industry throughout the world thanks to it simplicity, cheapness and
universality. From the automation point of view, separation process is complicated
enough due to absence of adequate mathematical model and presence of a number
of difficult-to-control variations (load, granulometric, fractional and chemical
composition of a raw product), and also lack of operative analysis methods of
prepared product and wastes.

Hydraulic separation is a process of separation of raw mixture components in
vertically pulsing stream of water having an alternating velocity. According to a
classical trend of the separation theory, the separation coefficient during coal
beneficiation in the jolting machine is the relative difference in fall final velocities
depending particle size, density and medium density. Raw coal is loaded on a
sieve of work bay. Piston or compressed air initiates vertical oscillations of water.
A mixture of coal, breed and intermediate fractions, which locates on the sieve
(bed), is entered alternately in loosened and condensed conditions by pulsing
water stream. Due to press of portions of loaded raw material and also due to
movement of transport water arriving to the machine with a raw material and
under-sieve water, the whole bed moves in a horizontal direction being
simultaneously stratified on heavy and light products. The lower layers of bed
consisting of heavy products are removed from the jolting machine through a
discharge unit which located on ends of each stage of the jolting machine. The
prepared product or a concentrate together with water are discharged through a
decanting edge.

The parameters influencing separation process are either hydrodynamic or
technological. The hydrodynamic parameters are those initiating oscillation
conditions of medium and fluidization of bed (flow rate of under-sieve water and
air flow rate are of especially great importance). Technological parameters are
connected with quality of prepared coal, i.e. their fractional and granulometric
composition.

The coal beneficiation fuzzy control model for a separation method is
developed by the laboratory of fuzzy techniques of Institute of an automation and
electrometry of the Siberian branch of the Russian Academy of Sciences.

The control scheme proposed has two hierarchy levels. Lower level consists of
technological process parameter regulators (unloading of heavy fractions, air and
water supply). Operation mode of these regulators is set by a top-level fuzzy
controller based on the information on structure of raw working mixture and
operative control data (of fractional analysis, indications of ash gauge, etc.). The
bed level regulator is implemented as two-input fuzzy controller. A bed height
error signal (difference between set value and actual value) and a bed height error



86 Methods of Expert Information Formalization

derivative are delivered to an input. Stimuli governing unload velocity are
delivered to an output. Linguistic values of bed height error and its derivative are
following: high negative (HN), low negative (LN), zero (Z), low positive (LP),
high positive (HP). Linguistic values of unload velocity regulation are following:
tremendously reduce (TR), strongly reduce (SR), moderately reduce (MR),
slightly reduce (SLR), not to change (NC), slightly increase (SLI), moderately
increase (MI), strongly increase (SI), tremendously increase (TT).

Table 2.2 Base of fuzzy logic conclusion rules

Error Derivative of the error Regulation of unload velocity

HN HN TR
HN LN SR
HN zZ MR
HN Lp SLR
HN HP NC
LN HN SR
LN LN MR
LN zZ SLR
LN Lp NC
LN HP SLI
zZ HN MR
zZ LN SLR
zZ zZ NC
zZ Lp SLI
zZ HP MI
Lp HN SLR
LpP LN NC
LpP zZ SLI
LpP LpP MI
Lp HP SI
HP HN NC
HP LN SLI
HP zZ MI
HP LpP SI
HP HP TI

Formalization of input and output linguistic values is carried out based on the
COSS terms. Controlling output value is formed by fuzzy logic conclusion in
accordance with the rule base provided in Table 2.2.

Efficiency of the model was proved experimentally under various technological
process modes.



Chapter 3

Methods of Comparative and Fuzzy Cluster
Analysis of Formalized Information

3.1 Definition of Comparative Indicators and Indicators of
Models of Expert Characteristic Evaluations Consistency

As mentioned in Chapter 1, one cannot exclude that while estimating the same
characteristic at a population of objects by several experts, the information obtained
from the experts will differ various. As models of expert evaluations of some
characteristic are constructed based on this information, they will obvious differ.

Thus, if for one characteristic several models can be constructed, then we have a
task of their comparative analysis with the subsequent building of a generalized model.

Let us denote with =* a set the elements of which are k models of expert
evaluations of qualitative characteristic or expert description of physical values of
quantitative characteristic in linguistic terms (£ COSS)

X, ={Ui,(x),l=L71}; i:ﬁ; ﬂil(x)E(afl,ag,aZ,aZ)

i il . . il il .
where [afl,aélj is a tolerance interval; alL 5 a; are the left and right parameters of a

fuzziness, accordingly.
After determining of set =* it is necessary to carry out comparative analysis of

its elements. In particular, it is necessary to find to what extent the elements are
various (similar) pairwise, to what extent all elements are various (similar) in
aggregate, whether there are essentially differing groups of elements, or structural
composition of set =* is homogeneous enough.

For this purpose comparative quantity indicators of expert characteristic
evaluation models are defined, based on which the fuzzy binary relations of
similarity and conformity are then constructed.

As is known (15), a fuzzy set C is referred to as intersection of fuzzy sets A
and B, C=ANB , if ,Ug(x)= ,U;(x)/\,ug(x), Vxe X where A is an operator
of triangular norm class.

The fuzzy set C is referred to as association of fuzzy sets § and B, C=A U B,
if (x)= My (x)v M (x), Vxe X, where V is an operator of triangular conorm
class.

O.M. Poleshchuk and E.G. Komarov: Expert Fuzzy Info. Processing, STUDFUZZ 268, pp. 87
springerlink.com © Springer-Verlag Berlin Heidelberg 2011
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Based on these known definitions, let us define operations for set =* elements,
which form semantic space with term-sets membership functions.
With intersection of two elements X, "X ; i=1k; j=Lk

{u mln[,ul, ,uﬂ ]; Vx, 1=1, m}

With intersection of elements X, AN X,
ili%l[”“(x)’---,ﬂk,(x)]; Vx}

With union of two elements X, U X ;

{ max[,ul, ,uj, ]; Vx}
With union of elements X, U...U X,

{0)= i (e (0 V.
With generalized sum of two elements X, + X ;

{ﬂl( (al +a1 ’az +a2 ’aL+a]l a;el"'aig)}

With generalized product of an element X, with a positive number C for COSS
(it i il
{ﬂz (x) = (Cal ,Ca,y,ca; ,cdy )}

k
With generalized linear combination ZC,X i» ¢; >0 for COSS

i=l
(ZC ay,

Let us assume that semantic space Y with membership functions of term-set

il il il
Ca,, ) Ca;, ) Cdg |
i=1 i=1 i=1

n, (x) belongs to semantic space Z with membership functions of term-set

v (X), if the following conditions are satisfied

n, (x) < (x), Vi= 1,71

Let us define the quantity indexes characterizing distinctions or similarities of two
—k

=% with membership functions {u,.,(x), lzLTn}; ‘{ﬂﬂ(x)} for
universal set [/ =[(),1]. If universal set is a segment [J =[a,b], then it is

elements of set

necessary to primarily reduce parameters of membership functions of elements to
[0.1] by the formula

a'—a a'—a 4" 4l
_| % .4 L A4
:uil(x)= ’ ’ ’ )
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Let us define index of distinction within the limits of [ -th term of two elements as

loss of the information within the scope of [ -th term between these elements

d(/uzl > :u]z Hﬂzz My de'

Index of similarity within the scope of /-th term

I}:lj zl_d(/liz’ﬂjz)-

Let us define index of distinction of two elements as information loss between
these elements

1o
d(Xi’Xj>:EZ‘H ll'l]l( )‘ 3.1

=1 o

Index of similarity of two elements
g =1-d(Xx,.,X,) (3.2)

Index of consistency of two elements within the scope of [ -th term

j min [/uil (x )’ My (x)]dx
J' max[,u ,U a\X ]d |

Index of consistency of two elements

l Imm[,ud ]d
nt ;maxLud (ki

All indexes vary from zero to unit.

While solving practical problems the selection of indexes of similarity or
consistency depends on a task set.

If it is necessary to determine degree of similarity between two elements of set
=% (of two COSS’s) within the scope of terms with the greatest carriers, a
similarity index is recommended to use; and if within the scope of all terms
irrespective of their carriers, a consistency index is recommended to use.

If COSS’s are constructed based on direct inquiries of j-th and j -th experts by
the methods stated in §2.4, 2.5, then indexes defined above are treated accordingly
as distinction (similarity, consistency) indexes of individual criteria of i-th and J -
th experts or description of characteristics.

K
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If COSS’s are constructed to the methods stated in §2.2 and 2.3 based on the
evaluations of a population of objects within the scope of some qualitative
characteristic given by i-th and Jj-th experts, the indexes defined above are
treated accordingly as distinction (similarity, consistency) indexes of criteria of i -
th and J -th experts.

If COSS’s are constructed to the methods stated in § 2.2 and 2.3 based on the
expert evaluation of appearances of qualitative characteristics of i-th and Jj-th
populations of objects, the indexes defined above are treated accordingly as
distinction (similarity, consistency) indexes of appearance of this particular
qualitative characteristic.

Let us identify indexes of the general consistency of elements of set =* with
membership functions, accordingly

1

1 & Imm[ﬂll fu21( )--.,,Uk,(x)]dx

0

K=—2. 5
(3.3)
e jmax[ﬂu luzz( )""/ukl (x)]dx
0
1
m I min [/111 (x), My (o)os Hyy (x)]dx
P 0

1 ' 3.4)

- Imax[ﬂu :uzz( ).._,,ukl(x)]dx

The index x is referred to as an additive index of consistency of elements of set

=k. The index & is referred to as a multiplicative index of consistency of
elements of set Z*. The variation range of both indexes is a segment [0, 1]. If all
elements of set = coincide, indexes are equal to unity. The additive index is
equal to zero, when membership functions of all terms have no crosscuts; and
multiplicative index is equal to zero, when membership functions of at least one

term have no crosscuts.

3.2 The Fuzzy Cluster Analysis of Set of Models of Expert
Characteristic Evaluations

Building of fuzzy binary relations of similarity and conformity on set of models of
expert characteristic evaluations allows carrying out the fuzzy cluster analysis of
this set and, by that, to study its structural composition.

The Proposition 3.1. [135] Fuzzy sets R,—R, with membership functions,
accordingly

ﬂR,(Xi’Xj)ZE‘y‘;ﬂRZ(Xisz)zKij;IURS(Xi’Xj) :UR4(X:’X ) ,,
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where i=17€; j:l7c; I=1,m.
Define fuzzy binary relations of similarity over set =*

The proof. Let us prove of reflexivity characteristic for R, (p = 1,4), i.e. that

Hr, (Xi,Xl)=1 X, e E*

(X, X,)=&, =1-d(X,.X,) 1—fzj

11()

Ll Ll d‘x = 1’

1
| jmin [,ul., (x), My (X)]dx
ﬂRz(Xin):Kii:iz? =k

m-Z Imax[ﬂﬂ (x),,Uiz (X)]dx

1
ﬂkz(Xin):’?ii zl_d(:uimuil):l_j
0
1
J- min [/uil (x )’ Hy (x )]dx
ﬂR4(Xi’Xi):’(z'Ii = ? =1

J' max [/Uiz (x )9 Hi (x )]dx

Il'lil ( ILIII ‘dx 1

Thus, R, is a set with reflective fuzzy relations. Let us prove symmetry

characteristic for this set, i.e. that 4, (Xi’Xj):,uRﬂ (Xj,Xi); X, X, e =*

/uRl(Xi’Xj)zl_d(Xi’X 1_*2‘[#11 /u/l dx_
110
—1_7i_”/u,1 dx 1- d(X X) ﬂRl(Xj’Xi);
l 1 0
| J‘min[uil (x)’lujl (x)]dx
/le(Xi’Xj)= ] =

e J‘max[luil (x)’lujl (x)]dx

| o .l[min[/ujz (o) 2, (x)]dx
13

"3 T (o

My, (Xiaxj)zl_d(/uil’ﬂjl)zl_j‘

Z,URZ(X,'»X:‘)»

14, (x)— oy (x)‘dx =
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zl_j“:ujl(x)_;uil(x)‘dxzl_d(/uﬂ’fuil)zﬂRs(Xf’Xi)’
J-mln[/l,] ,U,; ld
/uRA(Xi’X )_ -
J.maX[,U ,U,z ]d
jm¢Mﬂm®M

. j max[/ujl (x)’ o (x)]dx

Thus, R, are symmetric fuzzy relations. From characteristics of reflexivity and

:/uRA(Xj’Xi)‘

symmetry it follows that R, are fuzzy relations of similarity. The proposition 3.1
is proved.

Generally, constructed fuzzy relations of similarity R, are not transitive. Let
us denote fuzzy relations of similarity which are transitive closures of fuzzy
relations R, with IQ,,.

Let us identify elements X ,X,,..,X g<k of set 2% as conform

q b
(concerning the conformity relation R ,) with confidence level ¢ e (0 1) if for all

X, X, ati=1,q; j=1,q the relation ,UE(X,-,X «)205 is satisfied.

=k

Let us consider fuzzy clusterization of a set =" under relations of conformity IQP .

For relations
Hpy, (Xi’X_j)zl?xj, He, (X,-er):’?,;, /'lR}(Xi’Xj):’(zj’ ;UR4(X1’X]‘):

Let us write out corresponding matrixes of fuzzy relations of similarity: R

1 Mo (X1 X5) o pe (X0,X,)
R, = ﬂR,,(Xsz) 1 /UR,,(XPX/(). (3.5)
Mo (X00X,) e (X5,X,) 1

As generally, constructed fuzzy relations of similarity with matrixes (3.6) are not
transitive, let us construct transitive closures of similarity relations R , based on
the union of compositions of each considered relations with themselves. The
possibility of such building methods is considered in [15]. Moreover, since R, are
reflective fuzzy binary relations (the proposition 3.1), from [15] it follows that
R — Rk71 )

P P
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Let R’p be fuzzy relations of similarity which are transitive closures of fuzzy

relations of similarity R, they are defined by matrixes

1 ﬂgp(Xsz) . /J,ap(Xka)
- ;URJ(Xqu) 1 co e (X5,X))
R =|""% ' .
ﬂ,@p(XpXk) ﬂRF(Xz’Xk) ce 1

=k

Thus, ﬁp define within = the fuzzy binary relations of similarity, and,

accordingly, hierarchy of partitioning of set of expert indicator evaluation models
by equivalence classes.
That is, according to the decomposition theorem for similarity relations Rﬁ it is

possible to decompose:

1 0, Oy

N P 5,

R, =ha _ ’ (3.6)
51/( 52/( 1

onto equivalence relations, where 5,./, ={ i=Lk, j=1Lk.

Populations of units form matrix partitions on minors corresponding to clusters.

Thus, depending on ¢ -levels of fuzzy relations of similarity, the set =* can be
divided into clusters of elements similar among themselves with & levels of
confidence.

An application of the method of fuzzy cluster analysis of set Z=* is check and
rejection of erroneous information. Under conditions of unsatisfactory consistency
indexes of elements of this set (value 0.5 can be a threshold of satisfactory
consistency), it is possible to select falling out elements (models of expert evaluations
of qualitative characteristics or expert description in linguistic terms of quantitative
characteristics). The invalidity of information of these models is confirmed by raised

. —_k . .
concordance indexes of elements of set =" when being rejected.

3.3 Building of Comparative Indexes and Indexes of
Consistency of Formalized Outcomes of an Qualitative
Characteristic Evaluation for a Population of Objects

Let us assume that k experts estimate appearance of qualitative characteristic at a
population of objects. According to the methods stated in §2.2 and 2.3, k COSS
X,; i=1k can be constructed with membership functions of term-sets

i
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{”11 (x);1=1, m} These COSS’s are elements of set =*. Let us consider that for

each object the expert evaluations are known, and they are levels (terms) of a
verbal scale over which the evaluation is performed. Thus, if a point given by i -th

expert to g -th object (nzﬁ) is [-th level of a verbal scale, it is

unambiguously mapped on membership function & (x) of [-th COSS term. Let
us denote a point given by j-th expert to g -th representative of a population

' (x)=4;(x), and a collection of the formalized evaluations given by i-th
expert

_ 1 in in in in
_{ i( )ﬂt ’ ’lllt } lllt (al ’GZ’GL’aR )’

where 4 (x) is one of membership functions of i-th element X; =4, (X)
of set =%.

Let us introduce some legends for operations with elements M, of set @, for
which a collection N of fuzzy numbers with membership functions is obtained:
with cross-section of two elements M, "M i

()b =fminlr (e) 2 () ek
with cross-section of elements M, N...N\M,

{u ()= ol (s).... () Vi

with union of two elements M, UM ;

fur (e)b= ey (). a1 (o)} i

with union of elements M, U...UM,

{ur (= { s (0o ()} o
For generalized sum of two elements M, + M |
{ "(x)= (af” +a",a +al",al +aj",a} +aj )},
For generalized product of an element M, and positive value ¢

n — in in in in
{ i (x) = (cal €A, ,ca, ,cdy )}’
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k
For generalized linear combination ZQM ; (¢, >0)
i=1

{mx)z@c,.a et Feat Yoa ]}

On constructing the set @, the elements of which are the formalized results of
M, expert evaluations of qualitative characteristic at a population of objects, it is

necessary to be capable to carrying out the comparative analysis of its elements: to
what extent those elements are pairwise various (similar); to what extent all
elements are various (similar) in aggregate; whether there are essentially differing
groups of elements, or structural composition of set @ is homogeneous enough.

Let us define quantity indexes for universal set U/ =[0,1]. If the universal set is
a segment U = [a,b], then, it is necessary to preliminary reduce to [0, 1] the

parameters of membership functions of set elements based on which the elements
of set @* are constructed, by the formula:

il il il il

a, —a a,—a a; ap | I=Tm

’ ’ ’ s 9 [Tk
b—a b—-a b—a b—a

Hi (x )

To determine consistency of two and more expert evaluations, various indexes are
applied; they are based either on paired comparisons of the rating points assigned
to the same objects (for example, Kendall coefficient [137]), or on arithmetical
transformations of rating points (for example, concordance coefficients [138], a
grade correlation in Kemeni-Snell model [139], Spearman grade correlation
[140]). Other indexes based on the principles similar to those above are stated in
[141—145].

All defined below quantity indexes between i -th and J -th elements of set @*
are defined on the basis of abstract concepts, namely, values of membership
functions [135], and operations between membership functions are defined on the
basis of minimax operators (i =Lk; j= l,k)

Distinction index

130
dm,,m,) NZ!

)(dx;
Similarity index

3.7
Consistency index

(3.8)
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Additive and multiplicative indexes, accordingly

INJmM (5ot ()i
N"ljnmdp" et ()i

b}

3.9)

Imm(,ul 7 ,,u,’j)dx
Ho

n=l
Imgx(#{“,ﬂé“,---,ﬂﬁ)
0

(3.10)

All indexes vary from zero to unity. If values of consistency indexes are close to
zero, it means incompetence of at least several experts or it means a fuzzy
proposition of evaluation procedure.

3.4 The Fuzzy Cluster Analysis of Set of the Formalized Results
of an Evaluation of Qualitative Characteristic of a
Population of Objects

Building of fuzzy binary relations of similarity and conformity over a set of
formalized results of expert evaluations allows to carry out fuzzy cluster analysis
of this set and, by that, to study its structural composition.

The proposition 3.2. [135] Fuzzy sets R,R, with membership functions

Hy (Mi’Mj) iis Mg, (MnM ) k (i =1, ;j=1,k), accordingly, define fuzzy
relations of similarity over set @*.

The proof. Let us prove that R, and R, possess characteristics of reflexivity and
symmetry

>

n=1

[ [minle ()t (o
ﬂRz<Mt’M :f:ﬁz

- Imax[,u ]d

Thus, R, and R, are reflective. Let us prove their symmetry

ll’lRl (Mi’Mi):];ii =1_d(Ml’M1)1 |lLll (xﬂdle’

ZIH

© — —

=1.

el [ ——

=

e MM )=1-d(M, M) 1—72'[#, "(w)dx =

nlo
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1

1= Ll (6) - (et = s (M, )

Nn:l()

ming! (x), 4! (x) ix

max? ()2 ()W
Jrminl; (o) (0

N
Z? =,URZ(M,/’M1‘)-

" .[ max [ﬂf (o) 2 (x )]dx

Thus, R, and R, are symmetric. The proposition 3.2 is proved.

>

n=1

1
:uRz(Mi’Mj):N

O t— — o —_— ~

1
N

If the constructed fuzzy relations of similarity R,,R, are not transitive, let us
denote by El, Ez, accordingly, fuzzy relations of similarity which are transitive
closures of fuzzy relations R,,R,. Since in accordance with the proposition 3.2
R, R, are reflective fuzzy relations, then R =R p= 12.

Let us denote elements M, M,,....M . (q < k) of the set @* as similar (versus
similarity relation R) with confidence level ae (O,l), if for all M, M i
(i = ﬁ; j= Q) the relation 4 (M,-,M_,- )2 o is satisfied.

Let us consider fuzzy clusterization of a set @* under fuzzy relations of
similarity R,,R, .

In the proposition 3.2 it is proved that 4 (M,»,Mj)z /z-j, My, (Ml»,M_,-)=/’€v,_-,-

(izl,k; j=1,k) are values of membership functions of fuzzy relations of

similarity R,, R, defined over set @*. Let us make a matrix of fuzzy relations of
similarity for these relations:

1 Mo M My) o (M M)
R, - uRP(A{I,Mz) 1 - uR,,(A{Z,Mk), poin
:uR,,(Ml’Mk) ﬂR,,z(Mz’Mk) 1

Generally, constructed fuzzy relations of similarity R,,R, are not transitive,
therefore let us construct their transitive closures ﬁl , ﬁz , which are fuzzy relations

of similarity. Transitive closures for R,,R, are constructed on the basis of

compositions of each considered relation with themselves. Let us write out
matrixes of fuzzy relations of similarity
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1 /ujep(Ml’MZ) /uRP(Ml’Mk)
sz ,URP(MwMz) 1 SR IURP(MPMk), P12,
,U;gp(Mka) ,ngz(Mz’Mk) 1

@3.11)

which define over @* fuzzy binary relations of similarity and, accordingly,
hierarchy of partitioning of set of the formalized results of an qualitative index
expert evaluation for a population of objects by equivalence classes.

According to (3.12), it is possible to decompose matrixes of relations of

similarity R, onto equivalence relations:

1 68, ... 6,
ﬁp =l 512 1 52k ,
51]( 52k 1

(3.12)
where 5.}_ = {O;
! 1.

Populations of objects form partitions of the matrix onto minors corresponding
to clusters.

Thus, depending on ¢ -levels of fuzzy similarity relations, the set ©" can be
divided into clusters of similar elements with levels of confidence ¢ .

3.5 Examples of Practical Application of the Fuzzy Cluster
Analysis Methods

Example 3.1. [146] Assignment of boards of examiners. Quality of checks of
entrants’ exam papers directly depends on to what extent accurate and coordinated
knowledge evaluation criteria of the examiners appointed to the subject boards
are. To solve a problem of assigning the boards of examiners the method based on
the fuzzy cluster analysis is offered. Let us consider pupils’ knowledge on
mathematics estimated results provided by five examiners within the limits of a
scale “E”,"C”, "B", “A", summarized in Table 3.1

Table 3.1 Estimated results of knowledge on mathematics provided by examiners

No. of an examiner A (“5”) B (“4”) C(“3") E(“2”)

1 48 110 90 36
2 50 87 120 27
3 50 99 92 43
4 48 100 97 39
5 42 99 93 50
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Based on method described in §2.2 and data of Table 3.1, membership

functions of the formalized individual criteria of examiners (i =B; l= 1,4)
are obtained, having the following parameters:

#, =(0;0,063;0;0,126). 41, =(0,189; 0,285; 0,126; 0,318).
4,5 =(0,603; 0,7465; 0,318, 0,169) . u,, = (0,9155;1; 0,169; 0)
#,, = (0;0,048; 0; 0,096). 41, = (0.144; 0.365; 0.096; 0,306).
1y, = (0,671, 0,736, 0,306, 0,176) t, =(0912:1; 0,176, 0).
iy, = (0; 0,0765; 0; 0,153) Uy = (0 2295;0,315;0,153; 0324)
1y =(0,639;0,7375; 0,324, 0,175) iy, =(0,9125;1;0,175;0)
Hy =(0;0,0685; 0, 0,137). u,, = (0.2055; 0.3075: 0.137: 0341)
L, = (0,6485; 0,748; 0,341, 0,168) 1, =(0916;1;0,168; o)
s, = (0; 0,086; 0; 0,172) Us, = (0, 258 0,3355; 0,172; 0327)
,L153=(0,6625;0,7735;0,327,0,151) s, =(0,9245;1;0,151; 0)
Since the additive index of the general consistency of criteria (3.4) is equal to
0.705, it is possible to draw a conclusion that all examiners considered are
competent.

Let us calculate indexes of pairwise similarity (3.2) of examiners’ criteria.
Results of evaluations are summarized in Table 3.2.

Table 3.2 Elements of a matrix of pairwise similarity of examiners’ criteria

1 0,890 0,935 0,954 0,882
0,890 1 0,901 0912 0,882
0,935 0,901 1 0,971 0,938
0,954 0912 0,971 1 0,926
0,882 0,882 0,938 0,926 1

Based on the computed indexes of pairwise similarity of examiners’ criteria, let
us construct a fuzzy binary relation of similarity. Elements of the relation matrix
are provided in Table 3.3.

Table 3.3 Elements of a matrix of fuzzy binary relation of examiners’ criteria similarity

1 0,912 0,954 0,954 0,938
0,912 1 0,912 0912 0,912
0,954 0,912 1 0,971 0,938
0,954 0912 0,971 1 0,938
0,938 0912 0,938 0,938 1
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Using the decomposition theorem, the constructed relation of similarity is
decomposed by equivalence relations, and a set of criteria is divided into clusters
of criteria similar to each other with different confidence levels. The obtained
results are given below.

Clusters of similar criteria of examiners with different levels

Confidence level Cluster
0,912 {1,2,3,4,5}
0,938 {1,3,4,5},{2}
0,954 {1,3,4},{2},{5}
0,971 {3.4}1,{1},{2}.(5}

1 {1}{2}.{3}.{4}.{5}

Thus, if the board consists of five persons, then with rather high confidence
level to the researches completed, all examiners can be appointed to the board. If
the board consists of four persons it is offered to appoint examiners No. 1. 3. 4. 5.
If the board consists of three or two persons, it is offered to appoint examiners No.
1, 3, and 4 or No. 3, 4, accordingly.

Example 3.2. [147] Analysis of expert evaluation results of educational
process quality. As the input information, results of inquiry of experts within the
limits of the following ten issues related to the correspondence of training quality
to modern requirements are considered:

1. Courseware issued in a high school;
Teaching staff of a high school;

3. Teaching of students and availability of PC’s in classrooms of a high
school;

4. Curricula of special academic subjects;

5. Research activity of faculties and new tramlines of scientific thought in a
high school,

6. Research activity of students covered by science and education
integration approach;

7. Educational process in the field of future professional occupation of
students;

8.  Existing scale of an evaluation of students’ knowledge, which influences
quality of educational process;

9. Existing measures of students’ knowledge evaluation control;

10.  Forms of teaching.

Evaluations of experts are selected from three propositions: "mismatching",

EEIT]

“partially corresponding”, "corresponding” (Table 3.4).
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Table 3.4 Relative results of expert opinions

Relative 2 3 4 5 6 1 8 9 10
number
ali 0,3 0.4 0,54 0,24 0.4 028 026 028 032 044
a; 0,12 0,14 0,16 0,16 0,2 0,14 0,12 0,14 0,12 0,08
ali 0,58 0,46 0,3 0,6 0,4 0,58 062 058 05 048
Note: a, — “mismatching", a, — “partially corresponding”, al—
"corresponding”.

1051 = 1,3) ten linguistic variables X,

According to the obtained data a (i =
= «attitude to I-th question» were constructed with membership functions

denoted through #; (x), accordingly. Table 3.5 summarizes parameters of these
functions.

Table 3.5 Parameters of membership functions of linguistic variables

Question My (X) Hir (x) Hi3 (x)

1 (0;0,24;0;0,12) (0,36;0,12;0,12)  (0,43;1;0,12; 0)
2 (0;0,33;0;0,14) (0,47,0,14;0,14) (0,61;1;0,14;0)
3 (0; 0,46; 0;0,16) (0,62;0,16;0,16) (0,78; 1, 0,16; 0)
4 (0;0,16; 0;0,16) (0,32;0,16;0,16) (0,48; 1;0,16; 0)
5 (0;0,3;0;0,2) 0,5;0,2;0,2) (0,7, 1;0,2; 0)

6 (0;0,21;0;0,14) (0,35;0,14;0,14) (0,49; 1;0,14; 0)
7 (0;0,2;0,0,12) (0,32;0,12;0,12) (0,44, 1;0,12; 0)
8 (0;0,21;0;0,14) (0,35;0,14;0,14) (0,49; 1;0,14; 0)
9 (0; 0,26; 0;0,12) (0,38;0,12;0,12) (0,5;1;0,12;0,12)
10 (0;04;0;0,08) (0,48;0,08;0,08) (0,56; 1; 0,08; 0)

General consistency indexes for experts’ opinions within the limits of all ten

positions are the following: an additive one by (3.4) is equal to 309, a
multiplicative one by (3.5) — 0.289. Values of these indexes mean that according
to experts there are essential distinctions between evaluations of correspondence
of the educational process quality in high school and modern training
requirements within the scope of considered positions. Results of fuzzy
clusterization of experts’ opinions are shown below.
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Confidence level Cluster
0,59 {1,2,3,4,5,6,7,8,9,10}
0,63 {1,2,4,5,6,7,8,9,10}, {3}
0,81 {1,4,6,7,8,9}, {3}, {2,5,10}
0,83 {1,4,6,7,8,9}, {3}, {2,5}, {10}
0,88 {1,4,6,8,9}, {3}, {2}, {5}, {10}
0,92 {1,6,8}, {3}, {2}, {5}, {10},{4,7}, {9}

1 {1}, {2}, {3}, {4}, {5}, {6}, {7}, {8}, {9}, {10}

Thus, one can understand that the state of correspondence of computers (needed
to ensure students’ studies) availability in the classrooms of high school does not
meet the appropriate requirement to the complete extent. State of correspondence
of courseware issued by high school, research activity of students, integration of
science and education spheres, and the existing scale of evaluation of students’
knowledge to the current requirements of the training quality is more or less in line.

Example 3.3. The analysis of results of an expert evaluation of courseware
quality. Six independent experts estimated characteristic «correspondences to
curricula» of 20 samples of tutorials. The evaluation was performed within the

9

limits of a verbal scale with six levels: “lack of correspondence”, “correspondence
in accessorial sections”, “correspondence in basic sections”, “correspondence in
the majority of the basic sections”, “correspondence in all basic sections”,

“complete correspondence”.

Table 3.6 Results of an expert evaluation

Expert
Tutorials

1 2 3 4 5 6
1 6 5 6 5 5 6
2 4 4 3 3 4 4
3 1 1 2 1 1 1
4 6 5 5 5 5 6
5 2 2 3 2 3 2
6 5 4 5 4 4 5
7 1 1 1 2 2 1
8 6 6 6 6 6 6
9 5 4 5 5 5 5
10 3 3 3 3 3 3
11 3 2 3 2 2 3
12 5 5 5 5 5 5
13 6 6 6 6 6 6
14 6 5 6 4 5 6
15 3 33 1 3 3
16 4 4 4 4 4 4
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Table 3.6 (continued)

17 4 3 4 3 2 4
18 6 6 6 6 5 6
19 6 6 6 6 5 6
20 4 3 3 3 2 4
Table 3.7 Relative results of expert evaluations
Expert

Tutorials
2 3 4 5 6

1 0,1 0,1 005 0,1 005 0,1
2 005 01 005 015 02 0,05
3 015 02 03 02 015 0,15
4 0,2 02 01 015 015 0,2
5 0,15 025 02 02 035 015
6 035 015 03 02 01 035

Expert evaluations in the form of numbers of the verbal scale levels are given
in Table 3.6.

Relative results of expert evaluations within the limits of each level are
summarized in Table 3.7. Number of a line corresponds to number of the rating
scale level.

Six COSS’s Xx,; i=1,6 are constructed, which formalize criteria of expert
evaluations of courseware correspondence to curricula. While constructing, data
of Table 3.7 and a method described in § 2.2 were used. Parameters of
membership functions g, (x); i=1,6; [ =1,6 of term-sets COSS are summarized
in Table 3.8, and parameters of membership functions of the formalized expert
results — in Table 3.9.

Indexes of the general consistency of results are the following: the additive
index is equal to 0.218, the multiplicative index is equal to O, that indicates
availability of significantly differing results. For comparison, the concordation
coefficient calculated within the expert ranking limits is equal to 0.07.

Elements of a matrix of a pairwise similarity of the formalized expert results
are presented below.

Elements of a matrix of a pairwise similarity of the formalized expert results

1 057 075 0,54 048 1
057 1 061 084 079 0,57
0,75 061 1 059 05 0,75
054 084 059 1 075 054
048 0,79 059 0,75 1 048

1 057 075 0,54 048 1



104 Methods of Comparative and Fuzzy Cluster Analysis of Formalized Information

Since the matrix obtained is not transitive, its transitive closure is determined
and by that the similarity relation R, is revealed. Using the decomposition
theorem, IQI are decomposed to equivalence relations and the obtained results
presented below.

Fuzzy clusterization of expert results versus similarity relation ﬁl

Confidence
Cluster
level
0,61 {1,2,3,45,6}
0,75 {1,3,6}, {2,4,5}
0,79 {1,6}, {2,4,5},{3}
0,84 {1,6}, {2,4,},{3}.{5}

1 {16}, {2}, {3}, {4}. {5}

Apparently, 1st and 6th expert results completely coincide, 2nd, 4th and 5th
expert results are similar, but they differ from the results of 1st and 6th experts.

Table 3.8 Parameters of membership functions of term-sets of the formalized expert
approaches

Membership
function X, X, X;
yom (0;0,075;0;0,05) (0;0,05;0;0,1) (0;0,025,0;0,05)
My (0,125;0,05;0,05) (0,15;0,1;0,1) (0,075;0,05;0,05)
My (0,175;0,225;0,05;0,15) (0,25;0,3;0,1;0,2) (0,125;0,35;0,05;0,1)
My (0,375;0,425;0,15;0,15) (0,5;0,2;0,2) (0,45;0,1;0,1)
His (0,575;0,15;0,15) (0,7;0,775;0,2;0,15) (0,55;0,6;0,1;0,2)
His (0,725:1;0,15;0) (0,925:1;0,15;0) (0,8;1;0,2;0)
X, X, X
(0;0,05;0;0,1) (0;0,025;0;0,05) (0;0,075;0;0,05)
(0,15;0,175;0,1;0,15) (0,075;0,175;0,05;0,15) (0,125;0,05;0,05)
(0,325;0,375;0,15;0,15) (0,325;0,15;0,15) (0,175;0,225;0,05;0,15)
(0,525;0,15;0,15) (0,475:0,15;0,15) (0,375;0,425;0,15;0,15)
(0,675:0,7,0,15;0,2) (0,625;0,85:0,15;0,1) (0,575;0,15;0,15)

(0,9;1;0,2;0) (0,95;1;0,1;0) (0,725;1,0,15;0)
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Table 3.9 Parameters of membership functions of the formalized results of experts

Y unction M, M, M
,uil (0,725;1;0,15;0) (0,7;0,775;0,2;0,15) (0,8;1;0,2;0)
,ul-z (0,375;0,425;0,15;0,15) (0,5;0,2;0,2) (0,125;0,35;0,05;0,1)
y? (0;0,075;0;0,05) (0;0,05;0;0,1) (0,075,0,05;0,05)
/1;‘ (0,725;1;0,15;0) (0,7;0,775;0,2;0,15) (0,55;0,6;0,1;0,2)
,uf (0,125;0,05;0,05) (0,15;0,1;0,1) (0,125;0,35;0,05;0,1)
/zl." (0,575;0,15;0,15) (0,5;0,2;0,2) (0,55;0,6;0,1;0,2)
yf (0;0,075;0;0,05) (0;0,05;0;0,1) (0;0,025;0;0,05)
,ul-s (0,725;1;0,15;0) (0,925;1;0,15;0) (0,8;1;0,2;0)
,u? (0,575;0,15;0,15) (0,5;0,2;0,2) (0,55;0,6;0,1;0,2)
u’ (0,175;0,225;0,05;0,15) (0,25;0,3;0,1;0,2) (0,125;0,35;0,05;0,1)
u' (0,175:0,225:0,05:0,15) (0,15:0,1;0,1) (0,125:0,35;0,05:0,1)
u? (0,575;0,15;0,15) (0,7;0,775;0,2;0,15) (0,55;0,6;0,1;0,2)
u? (0,725;1;0,15;0) (0,925,1;0,15;0) (0,8;1;0,2;0)
' (0,725;1;0,15;0) (0,7;0,775;0,2;0,15) (0,8;1;0,2;0)
u? (0,175;0,225;0,05;0,15) (0,25;0,3;0,1;0,2) (0,125;0,35;0,05;0,1)
u'® (0,375:0,425:0,15:0,15) (0,5:0,2:0,2) (0,45:0,1:0,1)
/1}7 (0,375;0,425,0,15;0,15) (0,25;0,3;0,1;0,2) (0,45;0,1;0,1)
u® (0,725:1:0,15:0) (0,925:1:0,15:0) (0,8;1:0,2:0)
u’ (0,725:1:0,15:0) (0,7:0,775:0,2:0,15) (0,8:1:0,2:0)
u’ (0,375;0,425;0,15;0,15) (0,25;0,3;0,1;0,2) (0,125;0,35;0,05;0,1)

M, M, M,
(0,675;0,7;0,15;0,2) (0,625;0,85;0,15;0,1) (0,725;1;0,15;0)
(0,35;0,375;0,2:0,15) (0,475;0,15;0,15) (0,375;0,425;0,15;0,15)

(0;0,05;0;0,1) (0;0,025,0;0,15) (0;0,075;0;0,05)
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Table 3.9 (continued)

(0,675;0,7;0,15;0,2)
(0,15;0,1;0,2)
(0,525;0,15;0,15)
(0,15;0,1;0,2)
(0,9;1;0,2;0)
(0,675;0,7;0,15;0,2)
(0,35;0,375;0,2;0,15)
(0,15;0,1;0,2)
(0,675;0,7;0,15;0,2)
(0,9;1;0,2;0)
(0,525;0,15;0,15)
(0;0,05;0:0,1)
(0,525;0,15;0,15)
(0,35;0,375;0,2;0,15)
(0,9;1;0,2;0)
(0,9;1;0,2;0)
(0,35;0,375;0,2;0,15)

(0,625;0,85:0,15:0,1)
(0,325;0,15;0,15)
(0,475;0,15;0,15)

(0,075;0,175;0,05; 0,15)
(0;95;1;0,1;0)

(0,625;0,85;0,15;0,1)

(0,325;0,15;0,15)
(0,075;0,175;0,05;0,15)
(0,625;0,85;0,15:0,1)
(0;95:1;0,1;0)

(0,625;0,85;0,15:0,1)
(0,325;0,15;0,15)
(0,475;0,15;0,15)

(0,075;0,175;0,05;0,15)
(0,625;0,85;0,15:0,1)
(0,625;0,85;0,15;0,1)

(0,075;0,175;0,05;0,15)

(0,725;1;0,15;0)
(0,125;0,05;0,05)
(0,575;0,15;0,15)

(0;0,075;0;0,05)

(0,725;1;0,15;0)
(0,575;0,15;0,15)

(0,175;0,225;0,05;0,15)
(0,175;0,225;0,05;0,15)

(0,575;0,15;0,15)

(0,725;1;0,15;0)

(0,725;1;0,15;0)

(0,175;0,225;0,05;0,15)
(0,375;0,425;0,15;0,15)
(0,375;0,425;0,15;0,15)
(0,725;1;0,15;0)
(0,725;1;0,15;0)
(0,375;0,425;0,15;0,15)

Results of the 3rd expert differ from results of all experts, but they are closer to
results of the 1st and 6th experts.

Based on the research carried out, the conclusion is drawn that the results
obtained by the third expert essentially differs from all results. It is confirmed by
the fact that the system of results without his results included has the following
general consistency indexes: additive — 0.266, multiplicative — 0.252.
Considering that results of experts are divided into two similar groups, indexes of
consistency for two subsystems {2, 4, 5}, and {1, 3, 6} are obtained. The first
subsystem has additive and multiplicative indexes equal to 0.522 and 0.5204, and
the second subsystem — 0.503 and 0, accordingly.

Example 3.4. The analysis of results of an expert evaluation of “large-leaved
linden” species state. Three experts estimated the state of 40 of “large-leaved
linden” plants in a center of Moscow. For this purpose the verbal scale with seven
levels X, (l = 1,7) was used: “old dead standing tree”, “recent dead standing
trees”, "partial mortal (drying)", "very weakened tree", “mean weakened tree”,
"moderately weakened tree", ‘“vigorous tree without weakening signs”
[148—149]. The obtained data are provided in Table 3.10.

Let us denote with & (l =13;1= 1,7) a relative amount of the trees referred by
i -th expert to [ -th level of a state. The data obtained are shown below.
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Relative amounts of trees of each state level of a condition according to three
experts

1 1 1 1 1 1 1 2 2 2 2 2 2 2 3 3 3 3 3 3 3
a, a, ay a, as a; a, a; a, a; ay as 4, a; a, a, a; a, a; a, a,

! 1 13 117 7 1 0 1 1 317 3 1 1 1 1 13 19 1

40 40 40 40 4 40 40 40 20 20 10 40 20 40 40 40 40 40 40 10

Based on these data and the method described in§ 2.2, COSS’s X (i = E) are

constructed, they are formalizations of expert approaches to the plants state
evaluation.

Table 3.10 Data of evaluations by three experts of forty “large-leaved linden” trees state

1th expert 2nd expert 3rd expert
No. of item
12345 6 7 123456 7 1234567
1 + +
2 + +
3 + +
4 + +
5 + +
6 + + +
7 + + +
8 + + +
9 + + +
10 + + +
11 + + +
12 + + +
13 + + +
14 + + +
15 + + +
16 +
17 + +
18 + + +
19 + +
20 + +
21 + + +
22 + + +
23 + +
24 + +
25 + + +
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Table 3.10 (continued)

26 + +
27 + +
28 + + +
29 + + +
30 + +
31 + + +
32 + + +
33 + + +
34 + + +
35 + + +
36 + + +
37 + + +
38 + + +
39 + +
40 + +

Table 3.11 Parameters of membership functions of the formalized expert approaches to the
plants state evaluation

Membership
function X, X, X;
y7. (0; 0,013; 0; 0,025) (0; 0,025; 0; 0) (0; 0,013; 0; 0,025)

(0,038; 0,038; 0,025; (0,038; 0,038; 0,025;

tui2 0’025) (070255 07025> 0, 0) 07025’

His (0,063 ;(%)2653; 0025 (0,025: 0,050; 0;0,050) (0,063; 0,063; 0,025; 0,025
(0,088; 0,113; 0,025; (0,100; 0,100; 0,050; 0 0gg ‘

My 0.075) 0.050) (0,088; 0,088; 0,025; 0,025
(0,188; 0,275; 0,075; (0,150; 0,275; 0,050; 0 e :

His 0.250) 0.300) (0,113; 0,263; 0,025; 0,325
(0,525; 0,738; 0,250; (0,575; 0,775; 0,300; 0850, ‘

Mg 0.175) 0.150) (0,588; 0,850; 0,325; 0,100

Uy (0,913; 1,000; 0,175; 0) ~ (0,925; 1,000; 0,150; 0)  (0,950; 1,000; 0,100; 0)

Parameters of membership function of term-sets of the formalized approaches
are summarized in Table 3.11.

Having substituted a sign "+” in Table 3.10 with the parameters of
corresponding membership functions, we obtain the formalized expert results.

The additive index (3.24) of general consistency of the formalized evaluation
results obtained by three experts is equal to 0.53, that is evidence of competence
of the experts.

29
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Elements of a matrix of pairwise similarity and pairwise consistency of expert
results are presented below.

Elements of a matrix of pairwise similarity

1 0,857
0,857 1
0,823 0,863

0,823 0,863

Elements of a matrix of pairwise consistency

1 0,684 0,635
0,684 1 0,685
0.635 0,685 1

The matrix of pairwise similarity allows to conclude that results of the 2nd and
3rd experts are of the greatest similarity. It means that they not only refer the most
representative part of the considered group to the same terms, but also
representatives within the terms mainly coincide. The matrix of pairwise
consistency allows to conclude that the greatest consistency is for results of 2nd
and 3rd experts. These results are similar not only within the limits of a great bulk
of plants, but also are uniform for all representatives of the group considered.

Matrixes of pairwise similarity and pairwise consistency are matrixes of fuzzy

relations of similarity R, and R, over set of the formalized expert evaluations,

accordingly. To construct fuzzy relations of similarity, transitive closures R, and

R, — 1%1 and Rz are to be defined. Outcomes of the fuzzy cluster analysis of the

formalized expert results under similarity relation Ii’l and R, are presented below.

Fuzzy clusterization of expert evaluations

O -level Cluster

Similarity R,
0.857 {1,2,3)
0863 {1}.{2.3}
1 {1},{2},(3}
Similarity R,
0,684 {1.2,3}
0,685 {1},{2,3}
1 {1},{2}.(3}

The obtained results allow concluding that the plants state evaluation results
obtained by 2nd and 3rd experts are of the most similarity.
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Example 3.5. Clusterization of the plant species states on the basis of expert
evaluations. This problem is directly connected with problems of definition of
plant species which are the most adapted for severe ecological conditions of a big
city and problems of planning of various measures to be performed at amenity
planting objects. Usually it is insufficient just to select the best (in a certain sense)
specie of plants for specific growth conditions, it is necessary to carry out
clusterization of these species (on the basis of paired comparison) to define the
similar species.

One of prime ecological monitoring problems is the problem of an
expert evaluation of greenery states [149], it consists in visual inspection of the
greenery and reference of individual specimens to one of the verbal scale levels.
For the purpose of such evaluation the scale described in the example 3.1 was
used.

In 1997-2001, in Moscow experts inspected seventeen species of woody plants
and brushwood growing in severe ecological conditions of the Boulevard Ring
avenue within the municipal program of greenery monitoring (4084 plants were
inspected) [149]. One of the inspection purposes was making a solution on
prospectivity of use of these species for city garden.

Table 3.12 Relative results of the greenery state evaluations

1 1 1 1 1 1 1

Ne Specie a; a;, a; a;, as Qg Qi

—

European white birch 0,090 0,180 0,000 0,180 0,180 0,370 0,000

2 European hawthorn 0,000 0,000 0,040 0,149 0400 0,260 0,151
3 European white elm 0,000 0,005 0,014 0,057 0220 0,650 0,054
4 Witch elm 0,023 0,000 0,018 0,123 0,220 0,474 0,142
5  Single-seed hawthorn 0,000 0,000 0,000 0,040 0,240 0,680 0,040
6  Cotoneaster 0,000 0,000 0,000 0,083 0,125 0,670 0,122
7  Norway maple 0,023 0,008 0,031 0,160 0,183 0,400 0,195
8  Tatarian maple 0,000 0,052 0,069 0,069 0276 0413 0,121
9  Canadian maple 0,000 0,000 0,014 0220 0,324 0,408 0,034
10 Large-leaved linden 0,002 0,000 0,022 0,087 0274 0426 0,180
11 Little-leaved linden 0,005 0,008 0,050 0,140 0,336 0392 0,069
12 Hungarian lilac 0,020 0,010 0,040 0,131 0354 0374 0,071
13 Common lilac 0,000 0,005 0,018 0,074 0310 049 0,103
14 Cottonwood 0,023 0,058 0,058 0,058 0,151 0477 0,175
15 Rough-bark poplar 0,039 0,031 0,03 0,117 0,190 0432 0,156
16  European ash 0,000 0,000 0,077 0,000 0307 0462 0,154
17 Black ash 0,003 0,002 0,012 0,161 0,326 0,447 0,049
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=Y

0,045 0,135 0,27 0,36 0,54 0,72 1

Fig. 3.1 Membership functions of COSS term-set X

plants in the Boulevard Ring avenue”

I “a state of European white birch

The abundance of plants of i-th specie in the greenery of the Boulevard
Ring avenue which was referred by experts to [-th level, is denoted with a),

(i =117;1= 17) The data obtained are summarized in Table 3.12.
Based on data of Table 3.12, seventeen COSS’s Y; (i = m) with term-sets X,

(i = 17) were constructed using the method of § 2.2. The fuzzy numbers
corresponding to term-sets X, are T -numbers or normal triangular numbers with
membership functions [, (X), accordingly ( Table 3.13).

As an example, graphs of membership functions of COSS X, term-set are
shown in Fig. 3.1.

Using definitions of §3.1, paired comparative characteristics of states of various
plant species were defined. Elements of the pairwise similarity matrix are given in
Table 3.14.

Elements of the pairwise consistency matrix are summarized in Table 3.15.

The additive index (3.4) of general consistency of states of all plant
species is equal to 0.11 thus evidencing that states of plant species considerably
differ.

Fuzzy clusterization for 17 species of woody plants and brushwood, the states
of which are formalized above, was made. Fuzzy binary relations of similarity
over the set of the formalized states are constructed on the basis of matrixes of
pairwise similarity and pairwise consistency the elements which are provided in
Table 3.14 and Table3.15, accordingly.
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Table 3.13 Parameters of COSS membership functions

yli
/uil

Hiz

H

European white birch

0,000 0,045 0,000 0,090
0,135 0,270 0,090 0,000
0,270 0,270 0,000 0,000
0,270 0,360 0,000 0,180
0,540 0,540 0,180 0,180
0,720 1,000 0,180 0,000

1,000 1,000 0,000 0,000

Witch elm
0,000 0,023 0,000 0,000
0,023 0,023 0,000 0,000
0,023 0,032 0,000 0,018
0,050 0,103 0,018 0,123
0,226 0,274 0,123 0,220
0,494 0,787 0,220 0,142

0,929 1,000 0,142 0,000

Norway maple
0,000 0,019 0,000 0,008
0,027 0,027 0,008 0,008
0,035 0,047 0,008 0,031
0,078 0,142 0,031 0,160
0,302 0,314 0,160 0,183
0,497 0,708 0,183 0,195

0,903 1,000 0,195 0,000

European hawthorn
0,000 0,000 0,000 0,000
0,000 0,000 0,000 0,000
0,000 0,020 0,000 0,040
0,060 0,115 0,040 0,149
0,264 0,459 0,149 0,260
0,719 0,774 0,260 0,151

0,925 1,000 0,151 0,000

Single-seed hawthorn
0,000 0,000 0,000 0,000
0,000 0,000 0,000 0,000
0,000 0,000 0,000 0,000
0,000 0,020 0,000 0,040
0,060 0,160 0,040 0,240
0,400 0,940 0,240 0,040

0,980 1,000 0,040 0,000

Tatarian maple
0,000 0,000 0,000 0,000
0,000 0,026 0,000 0,052
0,078 0,087 0,052 0,069
0,156 0,156 0,069 0,069
0,225 0,328 0,069 0,276
0,604 0,819 0,276 0,121

0,940 1,000 0,121 0,000

European white elm
0,000 0,000 0,000 0,000
0,000 0,003 0,000 0,005
0,008 0,012 0,005 0,014
0,026 0,048 0,014 0,057
0,105 0,186 0,057 0,220
0,406 0,919 0,220 0,054

0,973 1,000 0,054 0,000

Cotoneaster
0,000 0,000 0,000 0,000
0,000 0,000 0,000 0,000
0,000 0,000 0,000 0,000
0,000 0,042 0,000 0,083
0,125 0,146 0,083 0,125
0,271 0,817 0,125 0,122

0,939 1,000 0,122 0,000

Canadian maple
0,000 0,000 0,000 0,000
0,000 0,000 0,000 0,000
0,000 0,007 0,000 0,014
0,021 0,124 0,014 0,220
0,344 0,396 0,220 0,324
0,720 0,949 0,324 0,034

0,983 1,000 0,034 0,000
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Table 3.13 (continued)

y7i
ll'lil

Large-leaved linden
0,000 0,001 0,000 0,002
0,003 0,007 0,002 0,009
0,016 0,022 0,009 0,022
0,044 0,077 0,022 0,087
0,164 0,257 0,087 0,274
0,531 0,730 0,274 0,180

0,910 1,000 0,180 0,000

Common lilac
0,000 0,000 0,000 0,000
0,000 0,003 0,000 0,005
0,008 0,014 0,005 0,018
0,032 0,060 0,018 0,074
0,134 0,252 0,074 0,310
0,562 0,846 0,310 0,103

0,949 1,000 0,103 0,000

Little-leaved linden
0,000 0,003 0,000 0,005
0,008 0,009 0,005 0,008
0,017 0,038 0,008 0,050
0,088 0,133 0,050 0,140
0,273 0,371 0,140 0,336
0,707 0,897 0,336 0,069

0,966 1,000 0,069 0,000

Cottonwood
0,000 0,012 0,000 0,023
0,035 0,052 0,023 0,058
0,110 0,110 0,058 0,058
0,168 0,168 0,058 0,058
0,226 0,273 0,058 0,151
0,424 0,738 0,151 0,175

0,913 1,000 0,175 0,000

113

Hungarian lilac
0,000 0,015 0,000 0,010
0,025 0,025 0,010 0,010
0,035 0,050 0,010 0,040
0,090 0,136 0,040 0,131
0,267 0,378 0,131 0,354
0,732 0,894 0,354 0,071

0,965 1,000 0,071 0,000

Rough-bark poplar
0,000 0,024 0,000 0,031
0,055 0,055 0,031 0,031
0,086 0,088 0,031 0,035
0,123 0,164 0,035 0,117
0,281 0,317 0,117 0,190
0,507 0,766 0,190 0,156

0,922 1,000 0,156 0,000

European ash

0,000 0,000 0,000 0,000 0,000
0,000 0,000 0,000 0,000 0,004
0,000 0,077 0,000 0,000 0,006
0,077 0,077 0,000 0,000 0,023
0,077 0,231 0,000 0,307 0,259
0,538 0,769 0,307 0,154 0,667
0,923 1,000 0,154 0,000 0,976

Black ash
0,002 0,000 0,002
0,004 0,002 0,002
0,011 0,002 0,012
0,098 0,012 0,161
0,341 0,161 0,326
0,927 0,326 0,049
1,000 0,049 0,000
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The pairwise similarity matrix can be recommended for use in the case when an
expert in charge of the analysis of greenery state, is interested in the similarity of a
great bulk of representatives of some specific species to each other. In this case
contributions of the least representative levels will be amortized by contributions
of the most representative ones, due to their similarity.

The pairwise consistency matrix can be recommended for use in the case when
an expert is interested in the complete-scaled picture considering uniform
contributions of all levels, including the smallest ones, due to their similarity.

Table 3.14 Elements of the pairwise similarity matrix of plant species states

1,000 0,364 0,326 0,282 0,352 0,248 0,227 0,318 0,494 0,240 0,427 0,447 0,318 0,238 0,288 0,247 0,424

0,364 1,000 0,482 0,743 0,436 0,491 0,700 0,717 0,794 0,693 0,820 0,824 0,659 0,593 0,700 0,645 0,775
0,326 0,482 1,000 0,725 0,918 0,819 0,576 0,582 0,581 0,721 0,581 0,558 0,817 0,644 0,594 0,745 0,689
0,282 0,743 0,725 1,000 0,655 0,707 0,844 0,773 0,624 0,900 0,706 0,689 0,854 0,794 0,826 0,830 0,760
0,352 0,436 0,918 0,655 1,000 0,803 0,537 0,550 0,558 0,640 0,531 0,519 0,734 0,620 0,571 0,706 0,626
0,248 0,491 0,819 0,707 0,803 1,000 0,590 0,573 0,461 0,688 0,474 0,462 0,747 0,641 0,604 0,701 0,543
0,227 0,700 0,576 0,844 0,537 0,590 1,000 0,746 0,619 0,825 0,707 0,697 0,705 0,789 0,875 0,750 0,667
0,318 0,717 0,582 0,773 0,550 0,573 0,746 1,000 0,651 0,710 0,764 0,766 0,746 0,765 0,830 0,720 0,755
0,494 0,794 0,581 0,624 0,558 0,461 0,619 0,651 1,000 0,556 0,857 0,861 0,639 0,483 0,620 0,498 0,868
0,240 0,693 0,721 0,900 0,640 0,688 0,825 0,710 0,556 1,000 0,631 0,606 0,877 0,774 0,777 0,869 0,693
0,427 0,8200,581 0,706 0,531 0,474 0,707 0,764 0,857 0,631 1,000 0,963 0,683 0,567 0,691 0,610 0,871
0,447 0,824 0,558 0,689 0,519 0,462 0,697 0,766 0,861 0,606 0,963 1,000 0,661 0,571 0,686 0,594 0,852
0,318 0,659 0,817 0,854 0,734 0,747 0,705 0,746 0,639 0,877 0,683 0,661 1,000 0,683 0,725 0,847 0,763
0,238 0,593 0,644 0,794 0,620 0,641 0,789 0,765 0,483 0,774 0,567 0,571 0,683 1,000 0,843 0,753 0,574
0,288 0,700 0,594 0,826 0,571 0,604 0,875 0,830 0,620 0,777 0,691 0,686 0,725 0,843 1,000 0,771 0,675
0,247 0,645 0,745 0,830 0,706 0,701 0,750 0,720 0,498 0,869 0,610 0,594 0,847 0,753 0,771 1,000 0,611
0,424 0,775 0,689 0,760 0,626 0,543 0,667 0,755 0,868 0,693 0,871 0,852 0,763 0,574 0,675 0,611 1,000

Table 3.15 Elements of the pairwise consistency matrix of plant species states

1,000 0,123 0,208 0,240 0,066 0,045 0,091 0,093 0,162 0,202 0,143 0,173 0,220 0,091 0,130 0,060 0,272
0,123 1,000 0,313 0,391 0,406 0,501 0,348 0,494 0,668 0,331 0,389 0,398 0,426 0,287 0,355 0,635 0,352
0,208 0,313 1,000 0,398 0,502 0,494 0,183 0,351 0,381 0,420 0,247 0,234 0,794 0,202 0,181 0,389 0,462
0,240 0,391 0,398 1,000 0,192 0,287 0,678 0,375 0,244 0,738 0,484 0,566 0,525 0,486 0,484 0,357 0,637
0,066 0,406 0,502 0,192 1,000 0,733 0,1490,311 0,513 0,187 0,195 0,187 0,374 0,176 0,159 0,504 0,250
0,045 0,501 0,494 0,287 0,733 1,000 0,207 0,386 0,439 0,289 0,181 0,177 0,499 0,217 0,213 0,548 0,202
0,091 0,348 0,183 0,678 0,149 0,207 1,000 0,373 0,261 0,544 0,577 0,690 0,286 0,511 0,566 0,363 0,437
0,093 0,494 0,351 0,375 0,311 0,386 0,373 1,000 0,406 0,305 0,386 0,395 0,483 0,494 0,517 0,462 0,333
0,162 0,668 0,381 0,244 0,513 0,439 0,261 0,406 1,000 0,205 0,408 0,405 0,382 0,170 0,244 0,462 0,427
0,202 0,331 0,420 0,738 0,187 0,289 0,544 0,305 0,205 1,000 0,442 0,392 0,562 0,368 0,363 0,376 0,659
0,143 0,389 0,247 0,484 0,195 0,181 0,577 0,386 0,408 0,442 1,000 0,804 0,290 0,275 0,346 0,289 0,660
0,173 0,398 0,234 0,566 0,187 0,177 0,690 0,395 0,405 0,392 0,804 1,000 0,283 0,366 0,404 0,265 0,580
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Table 3.15 (continued)

0,220 0,426 0,794 0,525 0,374 0,499 0,286 0,483 0,382 0,562 0,290 0,283 1,000 0,260 0,287 0,481 0,461
0,091 0,287 0,202 0,486 0,176 0,217 0,511 0,494 0,170 0,368 0,275 0,366 0,260 1,000 0,620 0,324 0,234
0,130 0,355 0,181 0,484 0,159 0,213 0,566 0,517 0,244 0,363 0,346 0,404 0,287 0,620 1,000 0,352 0,280
0,060 0,635 0,389 0,357 0,504 0,548 0,363 0,462 0,462 0,376 0,289 0,265 0,481 0,324 0,352 1,000 0,200
0,272 0,352 0,462 0,637 0,250 0,202 0,437 0,333 0,427 0,659 0,660 0,580 0,461 0,234 0,280 0,200 1,000

Table 3.16 Elements of the similarity relation I%l matrix

1,000 0,494 0,494 0,494 0,494 0,494 0,494 0,494 0,494 0,494 0,494 0,494 0,494 0,494 0,494 0,494
0,494 1,000 0,766 0,766 0,766 0,766 0,766 0,766 0,824 0,766 0,824 0,824 0,766 0,766 0,766 0,766
0,494 0,766 1,000 0,817 0,918 0,819 0,817 0,817 0,766 0,817 0,766 0,766 0,817 0,817 0,817 0,817
0,494 0,766 0,817 1,000 0,817 0,817 0,844 0,830 0,766 0,900 0,766 0,766 0,877 0,843 0,844 0,869
0,494 0,766 0,918 0,817 1,000 0,819 0,817 0,817 0,766 0,817 0,766 0,766 0,817 0,817 0,817 0,817
0,494 0,766 0,819 0,817 0,819 1,000 0,817 0,817 0,766 0,817 0,766 0,766 0,817 0,817 0,817 0,817
0,494 0,766 0,817 0,844 0,817 0,817 1,000 0,830 0,766 0,844 0,766 0,766 0,844 0,843 0,875 0,844
0,494 0,766 0,817 0,830 0,817 0,817 0,830 1,000 0,766 0,830 0,766 0,766 0,830 0,830 0,830 0,830
0,494 0,824 0,766 0,766 0,766 0,766 0,766 0,766 1,000 0,766 0,868 0,868 0,766 0,766 0,766 0,766
0,494 0,766 0,817 0,900 0,817 0,817 0,844 0,830 0,766 1,000 0,766 0,766 0,877 0,843 0,844 0,869
0,494 0,824 0,766 0,766 0,766 0,766 0,766 0,766 0,868 0,766 1,000 0,963 0,766 0,766 0,766 0,766
0,494 0,824 0,766 0,766 0,766 0,766 0,766 0,766 0,868 0,766 0,963 1,000 0,766 0,766 0,766 0,766
0,494 0,766 0,817 0,877 0,817 0,817 0,844 0,830 0,766 0,877 0,766 0,766 1,000 0,843 0,844 0,869
0,494 0,766 0,817 0,843 0,817 0,817 0,843 0,830 0,766 0,843 0,766 0,766 0,843 1,000 0,843 0,843
0,494 0,766 0,817 0,844 0,817 0,817 0,875 0,830 0,766 0,844 0,766 0,766 0,844 0,843 1,000 0,844
0,494 0,766 0,817 0,869 0,817 0,817 0,844 0,830 0,766 0,869 0,766 0,766 0,869 0,843 0,844 1,000

0,494 0,824 0,766 0,766 0,766 0,766 0,766 0,766 0,868 0,766 0,871 0,871 0,766 0,766 0,766 0,766

Table 3.17 Elements of the similarity relation IAQZ matrix

1,0000,272 0,272 0,272 0,272 0,272 0,272 0,272 0,272 0,272 0,272 0,272 0,272 0,272 0,272 0,272 0,272

0,272 1,000 0,502 0,502 0,548 0,548 0,502 0,502 0,668 0,502 0,502 0,502 0,502 0,502 0,502 0,635 0,502
0,272 0,502 1,000 0,562 0,502 0,502 0,562 0,517 0,502 0,562 0,562 0,562 0,794 0,562 0,562 0,502 0,562
0,272 0,502 0,562 1,000 0,502 0,502 0,678 0,517 0,502 0,738 0,678 0,678 0,562 0,566 0,566 0,502 0,660
0,272 0,548 0,502 0,502 1,000 0,733 0,502 0,502 0,548 0,502 0,502 0,502 0,502 0,502 0,502 0,548 0,502
0,272 0,548 0,502 0,502 0,733 1,000 0,502 0,502 0,548 0,502 0,502 0,502 0,502 0,502 0,502 0,548 0,502
0,272 0,502 0,562 0,678 0,502 0,502 1,000 0,517 0,502 0,678 0,690 0,690 0,562 0,566 0,566 0,502 0,660
0,272 0,502 0,517 0,517 0,502 0,502 0,517 1,000 0,502 0,5170,5170,5170,5170,5170,517 0,502 0,517
0,272 0,668 0,502 0,502 0,548 0,548 0,502 0,502 1,000 0,502 0,502 0,502 0,502 0,502 0,502 0,635 0,502
0,272 0,502 0,562 0,738 0,502 0,502 0,678 0,517 0,502 1,000 0,678 0,678 0,562 0,566 0,566 0,502 0,660
0,272 0,502 0,562 0,678 0,502 0,502 0,690 0,517 0,502 0,678 1,000 0,804 0,562 0,566 0,566 0,502 0,660
0,272 0,502 0,562 0,678 0,502 0,502 0,690 0,517 0,502 0,678 0,804 1,000 0,562 0,566 0,566 0,502 0,660
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Table 3.17 (continued)

0,272 0,502 0,794 0,562 0,502 0,502 0,562 0,517 0,502 0,562 0,562 0,562 1,000 0,562 0,562 0,502 0,562
0,272 0,502 0,562 0,566 0,502 0,502 0,566 0,517 0,502 0,566 0,566 0,566 0,562 1,000 0,620 0,502 0,566
0,272 0,502 0,562 0,566 0,502 0,502 0,566 0,517 0,502 0,566 0,566 0,566 0,562 0,620 1,000 0,502 0,566
0,272 0,635 0,502 0,502 0,548 0,548 0,502 0,502 0,635 0,502 0,502 0,502 0,502 0,502 0,502 1,000 0,502
0,272 0,502 0,562 0,660 0,502 0,502 0,660 0,517 0,502 0,660 0,660 0,660 0,562 0,566 0,566 0,502 1,000

As one can see from Table 3.14 and Table3.15, fuzzy relations R, and R,
defined by matrixes of pairwise similarity and pairwise consistency, accordingly,

are not transitive, therefore their transitive closures R, and R, which are

similarity relations, are constructed. Elements of relations matrixes ﬁl and ﬁz are
provided in Table 3.16 and Table 3.17, accordingly.

Fuzzinesses of similarity relations are 1%1 =0,433, 1@2 =0,805 . As known [15],
fuzziness degree of fuzzy relation R

é:(R)zﬁZLUR(xi’yj)_?‘ijL

0, uy (xi’y_j)s 0.5;
1L Il’lR(xi’y_j)>0’5'

Owing to higher fuzziness of similarity relation R,, the decision to use the

where 7, =

similarity relation Iél for the further analysis was made. Based on the

decomposition theorem, all plant species were divided, under relation Rl, into
clusters of the similar species based on their state. Results of fuzzy clusterization
under similarity relation Iél , are provided in Table 3.18.

The results obtained allow concluding that the state of “European white birch”
plants essentially differs from the states of all other plant species. States of “Witch
elm” and “large-leaved linden” plants, and also states of “little-leaved linden” and
“Hungarian lilac” plants are similar to each other. Based on the states of other
plant species one can say with high confidence level that there is no similarity of
them.
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Table 3.18 Clusterization of plant species under similarity relation R,

Confidence

level
0.495
0.766
0.818
0.820
0.825
0.831
0.844
0.869
0.872
0.878
0.901
0.918
0.964

Cluster

{1}{2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17}
{1}{2,9,11,12,17}{3,4,5,6,7,8,10,13,14,15,16}
{1}{2,9,11,12,17}{3,5,6}{4,7.8,10,13,14,15,16}
{1}{2.9,11,12,17}{3,5}{6}{4,7.8,10,13,14,15,16}
{1}{2}{3,5}{6}{9,11,12,17}{4,7,8,10,13,14,15,16}
{1}{2}{3,5}{6}{8}{9,11,12,17}{4,7,10,13,14,15,16}
{1}{2}{3,5}{6}{8}{9,11,12,17}{7,15}{14}{4,10,13,16}
{1}{2}{3,5}{6}{8}{9}{4,10,13}{11,12,17}{7,15} {14} {16}
{1}{2}{3,5}{6}{8}{9}{4,10,13} {11,12}{7,15} {14} {16} {17}
{13{2}{3,5}{6}{7} {8} {9}{4,10} (11,12} {13} {14} {15} {16} {17}
{13{2}{3,5H{4}{6}(7}{8}{9H10} {11,12}{13} {14} {15}{16} {17}
{12} (3H4} {56 {(7I{8}{9H10} {11,12}{13} {14} {15}{16} {17}
{TH2IBHAHSHOHTHBHOH 10 {11 }{12}{13 {14} {15}{16}{17}



Chapter 4

Model-Building Techniques of the Generalized
Characteristic Expert Evaluation Models

4.1 The Generalized Model of Characteristic Expert
Evaluations Based on the Least Square Method

The expert evaluations theory has formulated the optimum condition of group
sampling as per Pareto [135]. This condition means that if R = F(Rl, R,,.., Rk) is

the group ranking, which is function of individual rankings R,,R,,...,R, , then

k k
NR, CRCUR,.
n=l1

n=1
Let =% ={Xi;i=L7}, where X, ; i:17< be models of expert evaluations of
qualitative characteristic or expert description in linguistic terms of physical
values of quantitative characteristic with membership functions of term-sets
{u,., (x),1 =m}, U, (x)= (afl,a;',az,aZ). Let us construct generalized model of
X expert evaluations of a property based on the models X, [COSS with

membership functions of term-set f;(x), f, (x) = (af , aé, alL, aﬁe )].

Let us formulate Pareto condition for the optimum generalized model of expert
evaluations of a qualitative characteristic or expert description of values of
quantitative characteristic in the linguistic terms, which is constructed on the basis

of models X,

k k

NX,cXculX,.
i=1 i=l

or

minze, (x), 1y, (x)..... 1, (¥)]< £, (x) <

i=l,k

< max{p, (x). oy () pty () Vxe [01] 1=1m @)

Let us assume [150] that membership functions of a term-set of the generalized
characteristic expert evaluations model is related to the same class of functions as

O.M. Poleshchuk and E.G. Komarov: Expert Fuzzy Info. Processing, STUDFUZZ 268, pp. 119
springerlink.com © Springer-Verlag Berlin Heidelberg 2011
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membership functions of the term-sets of the set =*elements; i.e. if the fuzzy

numbers corresponding to the term-sets of the set =*elements are tolerance or
unimodal numbers of the group A described in §2.1, then fuzzy numbers
corresponding to a term-set of the generalized model are also identified as
tolerance or unimodal numbers of the group A. Let us suppose that weight

coefficients @; of of set =F

elements are revealed. Let us define parameters of
membership functions (al ,az,ai,aé) of a term-set of the generalized model of

expert qualitative characteristic evaluations or expert description of quantitative
characteristic values in linguistic terms, from the condition

F=3Y ola! ~a!f +(a! —alf +(a ~a } +(a? —al} | min. 42)

I=1 i=1

Unknown parameters are determined from system of normal equations at [ = 1,_m
—_2{250 }_ —_2[260612—4 0;
i=1 i=1
——2{2(0 ’l—aL} —= {Za)aR—aR} 0. (4.3)
i=1

We obtain solutions

k
f—Za)al ; a2 ZQJa2, aL—Za)aL, aR 20),,11;. “4.4)
i=1

According to optimization problem solutions, the generalized model is a linear
combination of the set =* elements (see §3.1). Coefficients of the linear
combination are weight coefficients of the characteristic expert evaluations

models which are used to construct the generalized model. Thus, we obtain

X ={f,(x)}= mx):ilw,ﬂ,.,(x) -

=1 fi(x)= Zk:a)l.a Za)a Za)a Za)az
= (4.5)

Let us denote the constructed generalized model of expert qualitative
characteristic evaluations or expert description, in linguistic terms, of physical
values of quantitative characteristic as optimum by noisiness of the set =*
element parameters.

Let us prove the fulfillment of the condition (4.1) ensuring Pareto optimality of

generalized model of an expert evaluation or description of a characteristic. As
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gggwx),uz,( ot ()= 320 il (5t 5, ()]

k

za)ﬂzz )< Za) (max[/lﬂ X), £y (5)soes 11y (x)]) =

= max[,uu( )nuzl (x)"“’lukl (x)]; Vxe [0,1], l= I,_m, “6)

then from (4.6) it is obtained

mj—n[/uu (x)nuzz (x)""’lukl (x)] < f (x) =

i=1,k

< Ig%z‘[ﬂu (x)uuzz (x)""’lukl (x)]; Vxe [0,1], l= m

Thus, the generalized model of expert qualitative characteristic evaluations or
expert description, in linguistic terms, of physical values of the quantitative
characteristic constructed in §4.1 with use of the least squares method, is Pareto
optimal one.

4.2 Definition of Weight Coefficients of the Formalized Results
of Expert Qualitative Characteristic Evaluations Based on
the Similarity Relations

J

R, [,LtR1 l—l k, j=1, k] accordingly, and conformity relations with

Let similarity relations with matrixes R, :[#R, (X . ¢ j),i =Lk, j=1k

matrixes R, = ﬂkl( X j); R, = Uy, (M M J.), accordingly, are constructed based

on sets = and @* using similarity indexes.

Let similarity relations with matrixes R, = [,u & (X X )] R, = [,u & (M M )]
accordingly, and conformity relation with matrix ﬁz = Uy, (X »X; );

2 = Hp, (M M j) are constructed based on sets =% and ©* using consistency
indexes. According to the decomposition theorem, the matrix lip, p= 1,2 can de
decomposed onto equivalence relations

1 6, ... o,

N 1 .0 —
12 2k

Rp—moz}xa . ,p=12,
é‘lk é‘2k 1
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Thus, depending on confidence level , set =% (COSS set) or @F set (set of
formalized expert evaluation results of a qualitative characteristic of an object
group) can be divided into clusters of similar elements.

Let us define weight coefficients of elements of sets = and @* depending on

confidence level within the limits of following criteria:

I.  Weight coefficient of the element which has entered a larger cluster exceeds
weight coefficient of the element which has entered a smaller cluster.
II. If elements have entered the same cluster, their weight coefficients are equal.

Let us consider various cases:

1. With confidence level & <1 all elements enter the same cluster.
Based on the criterion II, their weight coefficients

k
w,i=Lk, ) o =1

i

i=]

are considered equal, i.e.

w =1/k,i=1k.

2. With confidence level & <1 two clusters of potency (number of elements):
k —1 and 1 occur.

Let us assume that elements with indexes i =1,k —1 have entered a cluster of

potency k —1 . Based on the criterion II, weight indexes @, are considered equal,

and based on the criterion I, the weight coefficient of the element with the index
k has smaller value than values of weight coefficients

@, iw,:l-
i=1

Let us use Fishburn scale [151] according to which weight coefficients of units
ranked in decrease of their importance order (within the limits of certain criterion)
are determined under the formula:
2k—i+1
w[_:u,i:l,k (4.7)
k(k+1)

Since the weight coefficient of an element with k index is the least one, it is
determined by substitution i = k in the formula (4.7), hence we obtain

2
W, =—F——.
© o k(k+1) (4.8)
Let us compute the sum of weight coefficients of elements with indexes
i =1,k —1 using the formula (4.7):

= 2k —i 1 2k +4 k+2
Zw,=Z k; Lk(kil)}(k—1){,((;%)}(%1)- 4.9)

i= i=l
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As elements with these indexes have equal weight coefficients, we obtain

k+2 P E—
o =—-—,i=1k-1 4.10
k(k+1) (410)
3. With confidence level ¢ <1 there are several clusters: one cluster of
potency V and other clusters of potency 1.

The largest cluster makes a basis, and according to the criterion II the elements
belonging to this cluster are considered to have equal weight coefficients.
According to the criterion I, elements of individual clusters have weight
coefficients less than weight coefficients of elements of the largest cluster. Let us

assume that elements with indexes =1,V have entered the largest cluster. Let us

rank the elements which have entered individual clusters by values of indexes P;

or P; with j=v+1,k

m=i%@ﬁﬂﬁ=imﬂh%ﬂ
i=1 =l
or

/51':Zv:ﬂRz(Xi’Xj{ﬁj:ZﬂRz(Mi’Mj)} “.1D)
=) =

Indexes P; or ,bj of (4.11) are summarized quantity indexes of similarity
(consistency) of elements X,(M,), i =v+1,k, entering individual clusters, with

elements from a cluster with potency V. Let us consider that the more A; ([7 j) is,
the more importance of element X (M j) is and, accordingly, the more its weight

coefficient is. Let us obtain a conditional ordered series of elements Z* ranged by
lack of growth of their weight coefficients
X=X, ==X, > X,y > X(y) > > X

o . k .
or a conditional ordered series of elements ®", ranged in the same manner

M1:M2:...:MV>M( >M(v+2)>"'>M(k)'

v+l)

Weight coefficients of elements with indexes ij=(v+1),k are determined by

consecutive substitution of indexes [ = v+1,k into the formula (4.7). The result
is

20k —j+1)

D k)

,j:V"rl,k. (4.12)
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Let us compute the sum of weight coefficients of elements with indexes i =1,v
from the formula (4.7):
Z Z —z+1 . 2k +2k-2v+2 —y. 2k-v+1 @4.13)
= k(k+1) 2k(k +1) k(k+1) ) 7

Since elements with these indexes have equal weight coefficients, that on dividing
(4.13) by v, we obtain

2k—-v+1

, =m- 4.14)

4. With confidence level & <1 some clusters occur, one of them is large

cluster with potency v and several clusters which potency is less thanV;
with that all small clusters have different potencies.

Let the largest of small clusters have potencyd , and other clusters, without
limiting their generality, have potencies d >a > b > ¢ >1, accordingly. Applying
the criteria I and II, we range elements according to their weight coefficients. We
obtain a conditional ordered series of elements =¥ (or elements @)

>X( :...:X(

v+d+a+l)

>

vid+l) — vtd+a)

.= X(k)

V+l)

v+d+a+b) > X(v+d+a+b+1) =

Weight coefficients of elements of each cluster are computed in the same manner
as the weight coefficients of elements of a cluster with potency v (see item 3).
We obtain

2k—v+1 . 2k—-2v—-d+1 ., ————
Oy =—7F—">1 i=1v; a)(i)=7,1=V+l,v+d;
k(k+1) k(k+1)
a)(i)z2k_2]\:(;2d1)_a+1,i=v+d+1,v+d+a;
+
i)=2k_2v_k(2]f_ja_b+l,i=v+d+a+1,v+d+a+b;
+
w(i):2k_2v_2g(;2611)_2b_c+1,i=v+d+a+b+1,k.
+

5. With confidence level « <1 some large clusters with identical amount of
elements occur:
a) Two clusters of identical potency Vv occur. Let us assume that the first

cluster consists of elements with indexes I =1,V and the second cluster

consists of elements with indexes i=v+1,2v. Other elements are

fractionalized into individual clusters. Let us calculate indexes £, or 2;

for elements of two clusters of potency v with j=1,2v
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2v 2y
P; :ZﬂR] (Xi’XJ{pj :Z‘uRl (M"’Mj)}
i=1 i=l

2v 2v
pj:ZﬂRz(Xi’Xj{ﬁj:ZIURZ(Mi’Mj):|' 4.15)
i=1 i=l

Let us select the maximum index from indexes 2;, j=12v (ﬁj,j = 1,2\’) and,
considering that an element corresponding to this index belongs to the first cluster
of potency v, we obtain a conditional ordered series of elements = (or elements
")

Xl = X2 =...= XV > Xv+l = X‘,Jrz =...= XZV > X(2v+l) >...> X(k)

Individual clusters are ranged similarly to ranging of individual clusters in p. 3. In
this case it is easy to demonstrate that

2k—v+1 . — 2% —3v+1
W=""i=1v; =V -
"kl +1) T
2k —i+1) .
@=L i=2v+1k;
i) k(k+l) (4.16)

b) A set of elements with indexes i =2v+1,k is fractionalized into clusters
of different potency. The potency of each cluster is less than Y, but it is
more than ‘1’ or equal to ‘I’. In this case the most powerful cluster is
selected, and the procedure from p. 4 is carried out to determine weight

coefficients of elements with indexes i =2v+1,k . Weight coefficients of
elements of clusters of potency vV remain unchanged
2k—-v+1 2k -3v+1
k(k+1) k(k+1)

,i=Lv; ,i=v+12v; 4.17)
¢) The set of elements with indexes i =2v+1,k is fractionalized into clusters
with potencies less than v each, but more or equal to ‘1’y, and among
these clusters there are several large ones identical in their potencies. Let
us consider that there are two clusters of potency d >1 with elements

Xf(Mf), J=2v+1,2v+2d .| For these elements indexes Pjor P;are
defined.

P :iluR, (Xi’Xj{pj :iluRl(Mi’Mj):|;
i=1 i=1

p,/‘ :iauRz(Xi’Xj{ﬁj :iauRz(Mi’Mj)} (4.18)
i=l i=l
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Then, the procedure of the weight coefficients computation described in p. 5a is
carried out. Weight coefficients of elements from clusters of potency Vv remain
unchanged

2k—v+1 .
L ==, !=LV;

" k(k+1)

B S W

6. With the confidence level equal to ‘1’, k clusters occur whose elements are

ranged according to values A; ,or /3j , j=Lk

k k

Py =2t (Xi,Xj{pj :Z/‘RI(M”M;)}
i=1 i=1
k k

p; =Z,uR2(Xl.,Xj{,bj =Z/‘R2(MwMj)]-
i=l i=1

Let us range values A;, j=L7 ([7]-, J =17€) in decreasing order. We obtain a

conditional ordered series

or
My >May>..>My>..> Mg,

Weight coefficients of sets =* and ©" elements are computed by the formula
4.7).
If any P; (,b j) are equal, then we obtain a conditional equality X, =...= X;.

In this case
= k1) ' (4.20)

4.3 Determination of Weight Coefficients for Models of
Characteristic Expert Evaluations Based on the Fuzziness
Degrees

The selection of a principle for determination of weight coefficients depends on
particular situation, requirements etc. For example, determination of weight
coefficients for models of expert qualitative characteristic evaluations or expert
description, in linguistic terms, of physical values of quantitative characteristic
(elements of set =%) can be carried out on the basis of degrees of the models
fuzziness (COSS). Fuzziness degree of an evaluation model or characteristic

description, as known [28], is a quantity index of average degree of difficulties an
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expert undergoes while describing and estimating real objects within the scope of
relevant set of linguistic values of the characteristic considered. Therefore we

believe logical to assign the greatest weight coefficient to an element = (i.e. to
the model of expert evaluations of characteristic) with the minimum fuzziness
degree, and the least weight coefficient to an element =% with maximum
fuzziness degree. If fuzziness degrees of those elements are equal, weight
coefficients of those elements are considered equal.

Fuzziness degree of a characteristic expert evaluations model constructed in the
form of COSS is defined as follows:

L1 fluy (0= s, ()l

where U is a universal set (a subset on the real number line)

a, (x)=max g, (x): - 1, (x)=max g, (x):

1<I<m 1<I<m
k#k,

T

f decreases, and f(0)=1, f(l) =

Let us be limited to reviewing linear membership functions on a set

I7=Ll){er:O<,ul(x)<l,l=1,_m},

and let us assume an integrand be equal [ (x)=1—x. It is the unique linear

function satisfying to conditions: f decreases, f(0)=1, f(1)=0. Then according
to [28]

=|u]/2u}
Let us calculate fuzziness degree for each element of set = and range all its
elements as per the following principle: the less fuzziness degree of an element is,

the higher its rank is. Without limiting its generality, we obtain, for example, a
conditional ordered series

Xpy>Xg>.> X >> X,

Weight coefficients are computed by the formula (4.7).

If any elements have identical fuzziness degrees, determination weight
coefficients is made within the limits of schemes of §4.2.

If fuzziness degrees of all elements are equal, these elements are considered
equivalent, and weight coefficients

equal, i.e
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4.4 Bililding of the Generalized Model of Characteristic Expert
Evaluations Based on the Minimum Information Loss

Let X,={u,(x)i=Lm}, i=Lk be elements of set =* (models of expert
evaluations of qualitative characteristic or expert description of quantitative

characteristic physical values, in linguistic terms), i (x) = (al NN N )
Let us denote the generalized model within the limits of elements of set =k
defined as COSS X ={f, ()} =Lm}, £,(x)=(da\al.a.d}), 1=T,m .

In §3.1 the distinction index of two elements X;and X; of set = with

membership  functions {ui, (x),l=l,7m}, {U,[( )l 1 m} izr, jz?,

accordingly, or information loss between elements X, and X ; of set =¥

d(x,.x,)= Zﬂﬂd — 11, (x)x

11()

is defined.
By analogy to this definition, let us introduce definition of information loss

between  generalized ~model X ={ ,(x),l = Lim} and an element

X, {u l—lm} i:ﬁofsetEk,le

& 1
d(X,X)= 22!;1,, 1, (x)dx.

=1
Let us denote average value of information losses between elements of set =* and
the generalized model

k
:—Zd X.X)i=1,
i=1
As information loss occurred while constructing the generalized model within the
scope of the set =*
Let us consider that fuzzy numbers with membership functions
w()=lal el afa), itk fl)=lalabaia),  1=Tom,

=k

corresponding to term-sets of set =" elements and to term-set of the generalized

model, are T -numbers or normal triangular numbers, U = [0,1].

Let us introduce new parameters of membership functions of term-sets of set
=k elements and membership functions of term-set of the generalized model,
which are abscissas of breakpoints of graphs of these membership functions [150]:

_ il i i —a' 4+ 4
A =a —a;, Gy, =04y, Q3 =0y, Ayu =04, T4p,

1 i o o o !
ay,=a,—a;, a,=4a,, a;=a,, a4, =a, +a.
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As a;;, =0, a1, =0, i=l7c, we suppose that a;, =0, a,, =0. As %3 :1,
3 =1, i=1k, we suppose that 4,,; =1, a,, =1.
Let us denote a half-sum of a module integral of difference between related

right boundaries of membership functions of a set Z* element [-th term and the
generalized model, on the one hand, and an module integral of difference between

related left boundaries of membership functions of a set Z* element (l +1)—th

term and the generalized model [ =1,m —1, on the other hand, as information loss

k

within boundaries of [ -th and (l + 1) -th terms between a set =" element and its

generalized model.

Let us consider various cases of disposition of boundaries of membership
functions (Fig. 4.1) of the adjacent terms of set =* i -th element and boundaries
of membership functions of the same terms of the generalized model. Let us
determine information losses depending on the disposition of boundaries of
membership functions.

yi

Y

a3 Qs 4 Qg
Fig. 4.1 Boundaries of membership functions

If a3 > s, 4y > a4 then loss of the information within the boundaries of [ -
th and (l+1)-th terms is equal to square of trapezoid with base a,; —a,;,

a,, — a;, and unit height, i.e.
1
5 (azs —a,ta,—a, ) 4.21)

If a3 < a5, a,, <a,,, information loss on boundary of (I+1)-th terms is equal

to square of trapezoid with base ;3 — a3, d;4 — d;, and unit height, i.e.

1
5 (_ Az + Qs — a4y, T ay,y ) (4.22)
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If a; £a,;, a,, 24a,,, then loss of the information within the boundaries of /-

st and (l + 1) -th terms is equal to the sum of squares of two triangles.
One triangle has its base equal to d;; —d,5, and another triangle has its base

equal to a;, —a,,, too. Let us determine heights of these triangles.

As triangles with bases %3 — @3 and @4 — Q4 are similar, we have

o Gy 4,

9

h, a,-ay,
h +h =1,

where h, and h, are heights of corresponding triangles. Hence, the height of

triangles with the base a,; —a,, is equal to

2
hy = A3ty = Qip3Qyy — A3y + Ap3ys = A3y + a3 + A3, — Q3385

(a14 —dp )(a14 Q= Ay, t ailS)

Qyz — 4

Ay — a3 — Ay T a5

Height of triangles with the base %4 ~ @4 is equal to

ho=1- iz — 3 _ Ay — gy

Ay — Qi3 — Ay Y ay; Ay — 03—, + a4,

In this case information loss is equal to

(a13 — Q3 )2 + (a14 - ail4)2

(4.23)
2(a14 Ty Ty~ alS)
If a;>a,,, a, <a,,, then information loss is equal to
2 2
_ (a13 - ail3) + (a14 - ail4)
2(014 QT a3 A ) (4.24)

Thus, from (4.20) — (4.24) it follows that the general loss of the information

(a,3 —dis )2 + (am — iy )2

o=
2(“14 QT a4y —dag )

L1
| 2
by o (an —Qzta,—a, ) +3,
=1

m—1
=1 i

1
k

(4.25)
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1, A3 25,0, 20,,;
5:‘11 =v-L a;<ay;,a,<a,;
0, a;>ay,a,<ag0ra;<a;,a,>a,;
1, A3 <Az Ay > Ayys
51'12 =1L a;>a,a, <ay;
0, a;2ay,a,2a, ora;<a,,a,<a,,;

Unknown parameters a5, a,,, [ =[,m—1 are solutions of optimization problem
[150]

L m—
2k

k _ 2 _ 2
Z il a,3 a,;ta, _ail4)+ 55((“13 a'n) Al (a,4 a'“) ]:l — min.

T Ay — Ayt a3 — Ay

Solutions meet limits of known methods (152].

The generalized model of expert evaluations of qualitative characteristic or
expert description of quantitative property values in linguistic terms, being
constructed within the scope of set =k elements, maintains a maxima of the
information included in the set elements. However, unlike the model constructed
in §4.2, it generally does not satisfy to Pareto condition. In particular practical
problems, the fulfillment of Pareto condition for the generalized model
constructed on the basis of a information loss minimum, is directly verified.
Besides, the method of determination of generalized model described in §4.2 can
be applied within the limits of any membership function of fuzzy numbers from
A group, and the method of the current paragraph can be applied only in case of
T -numbers or normal triangular numbers.

Thus, for practical problems, while determining the generalized models within
the limits of set =% elements, we propose to define models according to methods
described in §4.2 and §4.4. Then, it is necessary to check Pareto optimality of the
generalized model constructed on the basis of information loss minimum. After
that, on the basis of two characteristics, namely, fuzziness degrees of models and
information loss occurred while constructing the models, we can define the
optimum generalized model.

4.5 Building of the Generalized Formalized Result of Expert
Evaluations of the Qualitative Characteristic Based on the
Least Squares Method

Let M; = {/ll" NG =LW} i =1,k be elements of set O (the formalized results of
expert evaluations of qualitative characteristic of an object group),

,Uin = (alm,alzn,al:,a?), n =1,7N. Let us construct the generalized formalized
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outcome of the expert evaluation of qualitative characteristic of N objects group
M :{u”,n:I,N}, lu"(x):(al",a;,az,a;), n=1,N on the basis of the
formalized results M, of an evaluation made by k experts of an object group

within the scope of a qualitative characteristic.
Let us formulate Pareto condition for the optimum generalized result of M
expert evaluation of qualitative characteristic of an object group constructed on

the basis of elements M, , =1,k of the set @:

k k
NM,cM cUM,
i=1 i=1

or

M x)e ()] < 17 (x) <

k

= ,i[ﬂ (x ) ( )... ,ﬂk( )l Vxe[01] n=1N. (4.26)

Let us assume that membership functions of the generalized formalized result of
an expert evaluation of qualitative characteristic of units group

M = ,u",n=1,7N} belong to the same class of functions as membership

functions of set @ elements, i.e. if 4 are membership functions of tolerance or
unimodal numbers from an A group, then #", n=1,N are also defined as
membership functions of tolerance or unimodal numbers from the A group.
Let within the limits of a method 4.3 weight coefficients @;, j =1,k of the set
k . : . T
O®F elements are defined. We determine parameters al",a;,az,az, i=1,N of

membership functions of the generalized formalized outcome of an expert
evaluation of qualitative characteristic of an object group from the condition

o =ﬁzk:w[(al ~af +(ay -ay) +(ay —a; ) +(ap —a;)z]—> min.
e 4.27)

Parameters are determined from the system of normal equations with n =1, N :

aal —2{;(0 " —al”} 0; e —2{;0)61’2” —az} 0;
aClL - 2|:Za) - :| a n |:;a)am :| 0. (4.28)

i=1

We obtain the solutions:

k
Za)al : az Za)am Zwam 1’; = Za)ia;;. (429)
i=1
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Thus, the generalized formalized result of an expert evaluation of qualitative

characteristic of an object group constructed within the limits of set ® elements
is a linear combination of these elements. Linear combination coefficients are

weight coefficients of set ©° elements.

Thus,
= (=L} S s (=18 -
={w(x)5[i2:‘,a%a Za)a Za)a Zwa ]nzm} 430)

Let us prove fulfillment of the condition (4.26), which ensures a Pareto optimality
of generalized formalized result of expert evaluations of qualitative characteristic
of an object group. Since

minu (e). 3 (V) prf ()] =

gttt .

i=1,k

= max| (x). 4 (oo ()} Vxe[01] n=LN,  @3D)
Then we obtain

minlu ()4 (x)... 17 ()] € " (x) <

i=1,k

<max|u; (v). 3 (0)..o i (W} Ve 0.1] n=1,

Thus, the generalized result of expert evaluations of qualitative characteristic of an

object group constructed within the limits of set " elements is Pareto optimal
one.
In order to identify fuzzy evaluations of appearance of qualitative characteristic

for real objects with one of linguistic values X,, [ :171 of an estimated
attribute, it is necessary to compare membership functions " (x), n= 1,7N with
membership functions f,(x), /=1,m of terms X,, [ =1,m of the generalized
model constructed within the limits of set Z* elements. To compare membership

functions M (x), n= l,N with membership functions f,(x) [ = 1771 the
indexes can be used, without limiting generality,
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il (s). 1, ()b

/tl !
max[u(x). £, ()b

or

Let us denote a possibility that fuzzy number with membership function 4" (X ) is
equal to fuzzy number X ;  with membership function f, (x) with

Posiz" (x) = f,(x)]. As known [153],

Pos u"(x)= 7, (x)]= max minlu” (x). £, (+)

If Pos [,u”(x)= /; (x)]=7/, the evaluation of appearance of qualitative

characteristic of '-th object (with membership function 4" (X), n=1N) is

identified using linguistic value X ; with possibility 7.

4.6 A Method of Determination of Optimum Sets of
Characteristic Linguistic Values

Experts can apply different sets of their linguistic values to estimate or describe
characteristics. Some sets bring difficulties to experts due to the insufficiency of
values, and other sets — due to redundancy of values. As a result of these
difficulties one should expect growth of fuzziness and mismatch of the
information provided by experts.

While estimating of attributes’ appearances by an expert, a natural problem is:
“What are criteria to choose an optimum range of a linguistic scale applied to
estimate any characteristic?” In [28], the following criteria of an optimality of set
of characteristic linguistic values are defined:

1) set of values used by experts provides minimum uncertainty while
describing real objects;
2) set of values which ensure maximum consistency of the expert information.

In [28], problem of definition of optimum sets of characteristic linguistic values is
solved only if the first criterion is satisfied. In the present paragraph, while defining
the optimum sets of characteristic linguistic values the maximin problem is solved.

For the purpose of the characteristic X evaluation or description, kK experts
are involved.
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The sets
T, :{Xqu}’ T, :{YuYz’Ys}’ Y - :{ZI’ZZ"“’Zn}

of characteristic X linguistic to be applied to estimate the characteristic
considered, are formulated. After that, the experts are offered to estimate (or to
describe) this characteristic sequentially within the limits of each formulated sets
of its linguistic values.

Let

T, :{XI’XZ}’ T, :{YI’YZ’Y3}""’Tn—l :{ZI’ZZ""’Zn}

are COSS term-sets constructed within the limits of these sets based on the
information obtained from each of k experts. Let us denote a model of expert

evaluations of characteristic X by p -th expert within the limits of term-set 7,

(COSS of P -th expert with a term-set 7;), with

P’ i=1n-1, p=Lk

i

and the generalized model of expert evaluations of characteristic X within the

limits of term-set i with P i=1n-1. Let us denote fuzziness degree of the

model P, with £(T;), i=1Ln—1 and index of the general consistency of models
PL.P, p=L7 with ki'

For a consistency index, we construct COSS with universal set [0.1], terms
"low", "high" and membership functions of terms 4, (x), U, (x), without limiting a
generality, for example, 4, (x)=(0:0,25:0;0,50), M, (x)E (0,752 1;0,25; 0). For
a fuzziness degree we construct COSS with universal set [0; 0.5], terms "small",
"big" and membership functions of terms 77 (x)’nz (X), without limiting a
generality, for example, 77, (x) = (0; 0,20; 0; 0,20), 7,(x)=(0,40; 0,50; 0,20; 0).

Let us calculate, within the limits of all sets of linguistic values, the
characteristic of membership value of fuzziness degrees of the generalized models

to the term "small" — ﬂl[f(Tl)], i=1,n—1, and membership values of

consistency indexes of experts’ models to the term "high" — &, (kz ) ,i=Ln-1.
Let us define

0, = min{ﬂl [é:(Tl )]’ Hy (ki )}’ = l,n—_l

Then, the set of characteristic linguistic values is considered an optimum set
(Fig. 4.2), if

6, = max 6.

1<i<n-1
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4.7 Examples of Practical Application of the Developed
Methods

Example 4.1. Building of the generalized result of expert evaluations of
educational literature quality. Let us consider conditions of the example 3.3 and
the related results obtained. Based on the analysis described in that example, the
conclusion is drawn that the result of an evaluation of the educational literature
quality made by the third expert essentially differs from results of evaluation of
the educational literature quality made by other experts. This conclusion is
validated with the fact that the result system excluding the results provided by the
third expert has an additive index of the general consistency 0.266, and
multiplicative index of the general consistency 0.252. Considering that results of
experts are fractionalized onto two groups of results similar to each other, let us
determine consistency indexes of two subsystems {2, 4, 5}, {1, 3, 6}. The first
subsystem has additive and multiplicative indexes 0.522 and 0.5204, accordingly,
and the second subsystem - 0.503 and 0, accordingly.

According to the research carried out, the system of results of the second,
fourth and fifth experts is considered, and within the limits of their results the
generalized result of the evaluation is determined. By definition of the experts,

weight coefficients are equal to following values: @, =1/2, o, =1/3, @&;=1/6,

The generalized result of an evaluation of quality of the educational literature is
defined as a linear combination of results of the second, fourth and fifth experts.
This result is summarized in Table 4.1 in the form of parameters of membership
functions of fuzzy evaluations of each object, the accurate evaluations obtained as
a result of defuzzification of fuzzy evaluations by a method of a gravity, and
levels of a verbal scale assigned to each object.

Example 4.2. Building of the generalized expert approach to an evaluation of
a condition of ‘“large-leaved linden” plants. Let us consider conditions of an
example 3.4 and define weight coefficients of expert results within the limits of

similarity relation Rz. With the confidence level equal to 0.684, expert results

enter the same cluster, therefore @, =1/3, i :E_ With the confidence level
equal to 0.685, results of the second and third experts enter one cluster, therefore
their weight coefficients are equal: @, =@, =5/12. The weight coefficient of

result of the first expert @, is equal to 1/6. With the confidence level equal to
unity, P, =2,319, p,=2369, p,=232, therefore @ =1/6, w,=1/2,
@, =1/3 (Table 4.2).

As said above, weight coefficients of expert results within the limits of

similarity relation ﬁl coincide with weight coefficients of similarity relation R,.
With that, confidence levels are equal 0.857; 0.863; 1, accordingly.
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Table 4.1 Formalized generalized result of the evaluation

H M Defuzzification M Scale level
H, (0,6790;0,7630;0,1750;0,1580) 0,7158 5
258 (0,4380;0,4545;0,1750;0,1750) 0,4462 4
My (0;0,0457;0;0,0916) 0,0469 1
My (0,6790;0,7630;0,1750;0,1580) 0,7158 5
,US (0,1798;0,1880;0,01085;0,1250) 0,1893 2
M (0,5040;0,1580;0,1750) 0,5040 4
My (0,0623;0,1125;0,0415;0,1250) 0,1127 2
/18 (0,9210;1;0,1580;0) 09171 6
ﬂg (0,57590,0,6225:0,1750;1830) 0,6047 5
Hio (0,2875;0,3290;0,1250;0,1750) 0,3240 3
My (0,1373;0,1625;0,0916;0,1250) 0,1605 2
My (0,6790;0,7630;0,1750;0,1580) 0,7158 5
/u|3 (0,9210;1;0,1580;0) 09171 6
My (0,6295:0,7053;0,1750;0,1415) 0,6571 5
His (0,1803;0,2218;0,0755;0,1584) 0,2267 2
M, 6 (0,5040;0,1580;0,1750) 0,5040 4
Mg (012450;0,3035;0,1080;0,1750) 0,2949 3
Mg (0,8658;0,9745;0,1665;0,1700) 0,8769 6
Mo (0,8658;0,9745;0,1665;0,1700) 0,8769 6
IUZO (0,2450;0,3035;0,1080;0,1750) 0,2949 3

Table 4.2 Weight coefficients of expert results within the limits of similarity relation Iéz

C°‘;£ivde‘;“°e Weight coefficients
0.684 o =1/3,i=13
0.685 w=1/6,w,=w,=5/12
1 w=1/6,w,=1/2, w,=1/3

Let us define the formalized generalized approach to an evaluation of the
“large-leaved linden” plants state: @, =1/6, w,=1/2, @; =1/3. Based on the

values of weight coefficients of expert results, let us define the formalized
generalized approach of experts to an evaluation of the “large-leaved linden”
plants state, which has the following membership functions:
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£,(x)=(0;0,019; 0; 0,0125);

£,(x)=(0,0315;0,0125; 0,0125);
£5(x)=(0,044; 0,0565; 0,0125; 0,0375);
£,(x)=(0,094; 0,0982; 0,0375; 0,0458);
f+(x)=(0,144; 0,271, 0,0458, 0,3);

£,(x)=(0,571;0,7938; 0,3; 0,1375);
£, (x)=(0,9313;1; 0,1375; 0).

Example 4.3. Building of an optimum linguistic scale for the software
completeness evaluation. For defining the optimum set of the linguistic scale used to
estimate the software completeness, five experts generated three ranges of this scale:

EEIT3 9

1. “incompleteness”, “partial completeness”, “complete completeness”;

“incompleteness”, “partial completeness”, “ basic completeness”, “complete
completeness

3. “incompleteness”, “partial completeness”, “basic completeness”, “essential
completeness”, “complete completeness”.

To estimate a characteristic “complete completeness” which characterizes degree
of the software possession, all necessary parts and features required for carrying
out its explicit and implicit functions, 25 software products for supporting
financial activity of firms was chosen (Table 4.3).

Results of the software completeness evaluation made by five experts within
the limits of a linguistic scale "incompleteness”, “partial completeness”, “basic
completeness”, “complete completeness” are summarized in Table 4.4.

Based on the method described in § 2.2 and data of Table 4.4, membership
functions of term-sets of five COSS’s (models of expert evaluations of software
completeness) the graphs of which are represented in Fig. 4.3, were obtained.

Using definitions of §3.1, an additive index Kk of the general consistency of
those models and the multiplicative index X of the general consistency of models
was calculated, K = 0,705, K =0,695 respectively. Based on the obtained values

the conclusion was drawn on a sufficient consistency of models of expert
evaluations of software completeness.

Table 4.3 Software

Item
No.

Software Manufacturer

1 KDCalc Java Knowledge Dynamics
2 KDCalcNET Knowledge Dynamics
3 MStockTA MSoftDevelopment

4 NumberToWords Total Technology

5 ACCPAS ActiveWebSoftwares
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Table 4.3 (continued)

6 AFD BankFinder AFD Software
7 Check Writer Database Creations
8 A1IBACSAX Al Computer Software
9 A1l UK Bank Account Validation Al Computer Software
10  Bonds for NET WebCab
11  Cashflow Vercom Systems
12 Approved List Manager Procon Software and Support
13 Loan Calculator AJE Components
14  Loan Engine AJE Components
15 QBIIFUI Massinissa Software
16  EasyTax Professional Terra Base
17  FinLib TeraTech
18  Positively Business Point of Sale Database Creations
19  Plain OprionSolver Dev Derivicom
20  Plain OptionSolver XL Derivicom
21  Portfolio for NET WebCab
22 Stores Manager Procon Software and Support
23  Tenders Manager Procon Software and Support
24 Wc-.:b.Cab Equities. Interest and Real estate (J2SE WebCab
Edition)
25  WebCab Options and Futures for NET WebCab
Table 4.4 Expert evaluations of software completeness
Number of the Tncompleteness Partial Basic Complete
expert completeness completeness completeness
Initial results
1 4 10 8 3
2 3 12 8 2
3 3 10 8 4
4 4 9 9 3
5 3 7 10 5
Relative results
1 0,16 0.4 0,32 0,12
2 0,12 0,48 0,32 0,08
3 0,12 0.4 0,32 0,16
4 0,16 0,36 0,36 0,12
5 0,12 0,28 0.4 0,2
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0,921

0,76

0,06 0,18 0,28

a)

0,56
b}

b

0,82 0,94 1

0,64

0,32 o

0,24

0,08

0,921

0,66 0,76

d)

the

a — the first expert; b

second expert; ¢ — the third expert; d — the fourth expert; e — the fifth expert

s

Fig. 4.3 Membership functions of terms of expert models;
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Table 4.5 Elements of a matrix and transitive closure of the expert models pairwise
consistency matrix

Matrix elements

1 0,819 0,875 0,923 0,792
0,819 1 0,812 0,834 0,768
0,875 0,812 1 0,938 0,884
0,923 0,834 0,938 1 0,858
0,792 0,768 0,884 0,858 1

Elements of transitive closures

1 0,834 0,923 0,923 0,884
0,834 1 0,834 0,834 0,834
0,923 0,834 1 0,938 0,884
0,923 0,834 0,938 1 0,884
0,884 0,834 0,884 0,884 1

Indexes of pairwise consistency of expert models (Table 4.5) were calculated
according to the definition (see §3.1).

As one can see from this matrix, models of the third and fourth experts have the
greatest index of pairwise consistency.

Further, the fuzzy binary relation of similarity based on the computed indexes
of pairwise consistency of expert models is constructed. The matrix of pairwise
consistency of expert models is not transitive; therefore its transitive closure
(see the bottom part of Table 4.5) is determined.

Table 4.6 Fuzzy clusterization of expert models under similarity relation R

Confidence level Cluster
0.834 {1,2,3,4,5}
0,884 {1,3.45}.{2}
0,923 {1,3,4},{2},{5}
0,938 {3.4},{1},{2},{5}

1 {1}{2}.{3}.{4}.{5}

This matrix defines using set of expert models the fuzzy relation of similarity

R with fuzziness degree equal to 0.196. Relation R is decomposed onto
equivalence relations, the results obtained are given in Table 4.6, and weight
coefficients (see §4.2) of expert models (Table 4.7) are determined based on the
similarity R.

Fuzziness degrees of expert models for software completeness evaluations are
determined: ¢, =0,30, £, =026, ;=030 ¢, =032, ;=030
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Table 4.7 Weight coefficients of models on the basis of similarity relation R

Confidence
level

083 @ =1/5m,i=15

Weight coefficients

0.884 w=0,=0,=w6,=7/30,w, =1/5

0.923 w=w,=0,=4/15, 0, =2/15, w, =1/15

0.938 w,=w,=3/10,w,=1/5, o, =2/15, w, =1/15
1 w,=4/15w,=1/3,m =1/5, 0, =2/15, @, =1/15

Within the limits of these results weight coefficients (see §4.3) are obtained:
w,=1/3 O =0,=0;,=1/5 @, =1/15.

Using results described in §4.1, it is possible to construct the generalized model
of expert evaluations of software completeness in the following form:

=1/, (x).1=14}= {Zwﬂd 1_14}
f,(x)=(a}.al.a} ap )= {Zwa Za)a Zwa Zwa l:ﬁ},

Taking into account the weight coefficients defined within the limits of similarity
relation, it is possible to obtain following membership functions of generalized
model X':

£1(x)=(0;0,066; 0 0,132), £, (x)=(0,198;0,318; 0,132; 0,328);
f1(x)=(0,646; 0,788; 0,328; 0,141), £/ (x)=(0,929;1;0,141; 0).

While using the weight coefficients constructed within the limits of computed
fuzziness degrees of expert models, the following membership functions of
generalized model x? are obtained:

£2(x)=(0;0,065,0;0,130); £.2(x)=(0,195;0,312;0,130; 0,314);
f5(x)=(0,626;0,804; 0,314; 0,130); £2(x)=(0,934;1; 0,130; 0).

Constructed generalized models X' and X ? are Pareto optimal and optimal as per
the method of the least weighed quadrates of differences between parameters of
these models and parameters of expert models.

Using results of §4.4, it is possible to construct generalized model X* of expert
evaluations of software completeness, which keeps a maxima of the information
obtained from all experts:
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£ (x)=(0,0,067;0,0,137); f;'(x)=(0,204;0,312;0,137; 0,337);
£5(x)=(0,649; 0,745, 0,337, 0,170); £, (x)=(0,915;1;0,170; 0).

In § 4.4 it was underlined that from the point of view of information losses,
optimal generalized model does not generally satisfy to Pareto condition. In this
specific case while comparing X* with models of all experts it becomes clear that
generalized model X* satisfies to the Pareto condition. Information loss is equal
to 0, =0,095 while constructing the model X°.

Comparison of information losses O; and O, while constructing the
generalized models x! and x?2, accordingly, has shown that o, =0,106,
0, =0,118 . Fuzziness of generalized models X', x2, x?3 are equal to 0.301;

0.287; and 0.322, accordingly. Analogues of reliability index (see §2.7) of these
models are equal 0.114; 0.107 and 0.1685, accordingly.
With the results of the research carried out, the generalized model of expert

evaluations of software completeness was represented with model X' selected,
because it is Pareto optimal one, information loss is close to optimum when it was

constructed, and values of fuzziness degree of X' and analogue of a reliability
index occupies intermediate position between values of fuzziness degrees and
analogues of reliability index for models X ? and X°.

The researches carried out within the limits of the scale "incompleteness”,
“partial completeness”, ‘“complete completeness” allowed obtaining the

generalized model X * with membership functions

£.1(x)= (00,060, 0;0,261); f,'(x)=(0,321;0,378;0,261; 0,432);
£ (x)=(0,810;1;0,432; 0).

The additive index to the general consistency of expert models is equal to 0.594,

the multiplicative index XK is equal to 0.563, fuzziness degree of the model X * is
equal to 0.347.

While using the scale «complete completeness», «partial completeness», «basic
completeness», «essential completeness», «complete completeness», the

generalized model X ° was obtained with membership functions

£(x)=(0,0,061,0;0,117); f; (x)=(0,178;0,246; 0,117, 0,212);
£ (x)=(0,458; 0,645; 0,212; 0,172);
£2(x)=(0817;0.825;0,172;0,162); f; (x)=(0,987;1;0,162; 0).
The additive index K to the general consistency of expert models is equal to

0.604, and the multiplicative index X is equal to 0.582, fuzziness degree of the
model X° is equal to 0.331.
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On the basis of comparison of the results obtained within the limits of three
formulated sets of linguistic values of software quality characteristic «complete
completeness», the conclusion is drawn that optimum set of a linguistic scale for
an expert evaluation of software completeness is the set of terms: «complete
completeness», «partial completeness», «basic completeness», «complete
completeness».



Chapter 5
Ratings of Objects

5.1 Obtaining of Rating Points of Objects within the Limits of a
Qualitative Characteristic

Rating points systems are widely used in various human activities (educational
process, economics, techniques, etc.) and are of great importance in decision mak-
ing problems [154-166]. These systems make it possible to get available and
timely information in the form of an aggregative index and to use it in decision
making problems. The complexity of obtaining rating points for objects with
qualitative characteristics results from the general complexity of the quantitative
assessment of qualitative characteristics. This complexity is also associated with
the necessity of taking into account characteristics and judgements of the survey-
ors who take decisions based on their personal assessment. As a rule, the qualita-
tive characteristics are scored in different scales and are often incomparable in
principle. The elements of these scales (as a rule, order-type scales) are trans-
formed into scores. Such transformation needs some substantiation because
stability of the final findings depends on it.

The following example will make the point clear. Let us suppose that two objects
got 4 and 3 points for one characteristic and 4 and 5 points for the other characteristic
correspondingly. As a result of two assessments each object gets the same total score
that equals 8. The conclusion is made that they have similar rating points and similar
rating correspondingly. Since we deal with the order-type scale while assessing ob-
jects’ qualitative characteristics, we shall apply strictly increasing transformation @
of this scale, that is acceptable: ®(3)=3,®(4)=4,®(5)=7. It is known [1] that an
acceptable transformation of the values of the assessed quality feature is such a trans-
formation that retains subject matter of the type of assessment involved. In accor-
dance with the transformation applied the total score remained the same for object 1
while it changed for object 2 and has become equal 10 points. Thus the rating point of
the second object has increased. The stability of the results after the acceptable trans-
formation is violated that testifies to the fact that transformation of verbal scales’
elements into scores needs some substantiation.

Problems of obtaining ratings and rating points of real objects arise while esti-
mating the objects considered within the limits of both quantitative and qualitative
characteristics.

O.M. Poleshchuk and E.G. Komarov: Expert Fuzzy Info. Processing, STUDFUZZ 268, pp. 147
springerlink.com © Springer-Verlag Berlin Heidelberg 2011
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Obtaining of ratings within the limits of quantitative characteristics [167] is
often enough reduced to determination of scalar integral indexes using vectors of
partial quantitative evaluations.

Methods of obtaining ratings within the limits of qualitative characteristics
[21—27. 168—170] use the approach [167] applied to qualitative characteristic
evaluation. However, this approach has some restrictions connected with peculi-
arities of scales used to measure qualitative characteristics, those restrictions are
considered in detail in § 1.2.

While estimating of qualitative characteristics verbal scales are used rather of-
ten, with numerical points, or elements of ordinal scales, put in correspondence to
levels of these scales. In the expert evaluation theory, the problem of determina-
tion of the numerical point collections put in correspondence to elements of ordi-
nal scales, is one of main problems [171]. In case of use of an unjustified arbitrary
collection of numerical points the stability of definitive conclusions is broken.
Thus, either the choice of a collection of the numerical points put in correspon-
dence to levels of verbal scales should be justified within the limits of each spe-
cific task, or a new approach (excluding necessity of operation with a particular
collection of numerical points) for determination of rating results should be
offered.

Methods [172—174] to obtain rating points of objects and groups of objects by
one and several qualitative and quantitative characteristics based on their linguistic
values are described below. These methods allow operating with abstract
values, namely, values of membership functions of linguistic values of estimated
characteristics rather than with numerical points.

Let us consider procedure of qualitative characteristic evaluation be simple, if
an expert refers an object to a certain verbal level of characteristic manifestation
and gives certain points corresponding to this level. For example, an expert esti-
mates convenience of software interface within the limits of a verbally-numerical
scale with four levels of a state: "inconvenient" — 1 point, "inconvenient enough"
— 2 points, "convenient enough”" — 3 points, "convenient" — 4 points. Giving
certain points, the expert thereby defines a rating point for each object. However it
is necessary to note, that rather often such simple procedures of qualitative charac-
teristic evaluation give rough and approximate estimate which can be erroneous,
therefore these procedures need to be sophisticated.

Let us consider procedure of qualitative characteristic evaluation be complex, if
it consists of an evaluation of several sub-characteristics composing this character-
istic. An example of complex procedure of qualitative characteristic evaluation is
a procedure used to evaluate knowledge of students trained within the limits of a
certain subject by following components: academic achievements during a semes-
ter, testing results on different sections of the subject, participation in research
work within the limits of this subject etc. The result of a complex evaluation of
qualitative characteristic can be presented in the form of a vector with co-ordinates
being intermediate evaluations of the sub-characteristics. Then, a problem of ag-
gregation of separate evaluations into a uniform integral (rating) evaluation and
assignment of the accepted or specially developed gradation (verbal levels) to
objects within the limits of the characteristic considered.
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In this paragraph we offer to construct convolution of comparable components
of a membership of these evaluations to the fuzzy numbers which formalize lin-
guistic values of estimated qualitative characteristic instead of convolution of the
intermediate evaluations obtained.

Let us consider a group N of objects which are estimated within the limits of
manifestation of a qualitative characteristic X . Rating points are defined on the
basis of mark evaluations k for sub-characteristics, which compose the character-
istic. A minimum quantity of points with which an object can be estimated within
the scope of i-th sub-characteristic is equal to zero, and a maximum quantity of

points is equal to 7, j = ],7](
Let us denote an evaluation of 7 -th object n = 1N in the scope of i-th sub-

characteristic =1k with z. Let us normalize evaluations z;, j=1k and
present result of the evaluation of 7 -th object in the form of the vector

b S 0o n n TN
= == L= =m o m),...m ), n=1,N.
{Zl Z, ij ( 1517 k) 6.1

Let x,, [= 1,m be levels of a verbal scale arranged by increase of intensity of

characteristic X and applied to the estimate purpose. Within the limits of the
building method (see § 2.2) of COSS with title X and membership functions

A, (X), = ﬁ of terms X,, [ =1,m is carried out. The fuzzy numbers correspond-

ing to terms X, are denoted with X,. The amount of terms is defined by an
amount of accepted (or specially developed) verbal levels of intensity of charac-
teristic manifestations X . According to the requirements to membership functions
of COSS terms, for vector co-ordinates (5.1) validity of the following equalities
follows:

m! =m! -[Zu, (m! )] =Y miu,m!) i=Lk. 5.2)
=1 =1
Considering a fuzziness attributed to evaluation procedure, let us in (5.2) substi-

tute normalized evaluations ™ in each product m!'x, (m,-" ), I=1,m with fuzzy

numbers X,, [ = Lm, accordingly. Such procedure is referred to as fuzzifying of

definite data [53J. Then, vector co-ordinates of evaluations of n -th object, n=1,N
are fuzzy numbers

' =u(m')oX @ . @u,(m')eX,, i=Lk (5.3)

Parameters of these numbers are defined by component-wise multiplication of pa-

S 1 1 1 1 P
rameters of fuzzy numbers X,, lE(al,az,aL,aR), I=1,m by usual numbers

n

H (mi ), l= Lim, i= 176, n=LN and their subsequent addition, i.e. for (5.3) we
obtain
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it =Sl 3o o s Sl o S |5
=1 =1 =1 I=1

The vector of evaluations of 7 -th object (5.1) is replaced with a new vector of
fuzzy evaluations:

(@ il o) n=1N. (5.5)

Each evaluation shall contribute to a total rating point with some weight coeffi-
cient which is determined based on importance of a stage related to the evaluation.
With the system of preferences not available, stages and related evaluations are
considered equivalent with weights @, =1/k, i =1,k . With the system of prefer-
ences is available, we range stages, each of them aimed at measuring of one sub-
characteristic, in the order of decrease of their contribution to the total evaluation.
Let us use Fishburn scale and determine weight coefficients of sub-characteristics
as follows:
a)l_ = LH-I)’ = L k.
k(k+1)

Other approaches to determination of weight coefficients are described in [175].
Let us determine fuzzy rating of characteristic manifestation X for 7 -th object
by the formula

A =0, ®. 00, ), n=1,N (5.6)

or

i=1 =]

k m k m
03 ok 303 o by | = 5.0,
1=l 1=l

= i=1 =]

- k m k UL
A E{Z@Zﬂl(’niﬂ Y WACDE
=l =l 1=l

Let us define a confidential interval for definite rating X,, which characterizes

characteristic manifestation X of 7 -th object, n= 1,7N From definition of level
sets for fuzzy number it follows that for confidence level 7, (xn)Z a, 0<ax<l

rating X, of characteristic manifestation X for 7 -th object, n=1,N is within an
interval

A=A L)< x, <A+ AR (), (5.7)

where 77, is membership function of fuzzy number Zn ,n=1LN.
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Let us defuzzificate fuzzy numbers 4 , ¥ ,and X, using gravity method (1.8).

It is resulted in definite numbers which will be denoted with A,, n=1,N, B,,

B m > accordingly.
Number A,, n=1,N is referred to as point-wise rating of manifestation of

qualitative characteristic X for 72 -th object, n=1,N .
Let us compute normalized rating by the formula

_ An_Bl

= . (5.8)
n Bm _ Bl

Evaluation E, is referred to as a degree of characteristic X manifestation
intensity for 7 -th object. E, range is a segment [0.1].

Thus, the method allows quantitative evaluations of qualitative characteristics’
manifestations.
If it is necessary to assign one of qualification levels (one of linguistic values

X, 1 =m of characteristic X ) to n-th object, we can use the following
indexes, without limiting a generality,

i, (v (<)l
Tmaxl, (), (x i

A =

n

,Il=1m, n=1,N (5.9)

or

1 JRS—
o' :_‘- nn(x)—,u,(dex, I=1,m, n=1,N. (5.10)
0

If A =maxZ (0',{ =max o, ) the possibility of equality 7 and X, —
Pos(ﬁn =X _,.) is calculated. According to [153]

Pos(ﬁn =X i )= max min[?]n (x), U; (x)l

If Pos(gn =X i ): 7 » then qualification level X ; is assigned to p -th object with the
possibility 7.

5.2 Determination of Object Ratings and Qualification Levels
by Several Qualitative Characteristics Measured in Marks
and Verbal Scales

Let us consider a group of objects which are estimated by several qualitative char-
acteristics. To measure these characteristics ordinal scales are used. With
mark evaluations assigned to objects of the group, problem to aggregate these
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evaluations in a certain uniform index arises rather often. This index is a final
rating index of object within the limits of considered characteristics and is used,
for example, to assign the object with qualification level available among the ac-
cepted ones [23, 25, 174—179]. Building of final ratings based on arithmetical
operations is incorrect because of incomparability, in sense and content, of object
evaluations within the limits of different qualitative characteristics.

Therefore, we offer to construct convolution of comparable abstract values of
indexes membership to COSS terms as the final rating. Transformation of evalua-
tions of characteristic manifestation to values of COSS membership functions
corresponds to measurement of these characteristics within a uniform scale and
ensures adequacy of model below for determination of the general ratings of units
within the limits of several characteristics.

The characteristics measured in mark scales. Let qualitative characteristics Y ;,
Jj= Lk be estimated for the group of NN objects. To estimate these characteristics
mark scales with elements Y; =W Jj= 176 , accordingly, are used. Let us intro-
duce normalized marks sjzyj/Kj, y; :(),7[{1., j:ﬁ. Thus, O Ssjsl,
Jj =1,k . Following the evaluation results of all characteristics, it is necessary to
assign one of the accepted qualification levels X ,, [ = m to the objects. Levels
are arranged in ascending order of characteristic manifestation intensity degree.
Let us construct COSS with terms X,, [ = 1,7m using the method described in
§2.2. Relative contents of objects (probably, of certain ideal group) a priori set
within the limits of each qualification level are taken as parameters necessary for
model-building of COSS. For example, if qualification levels are assigned to the
enterprise employees, necessary parameters for building of COSS can be defined
on the basis of the selected vacancy jobs within the limits of each qualification
level.

Let us denote membership functions of fuzzy numbers X, corresponding to
terms X, with 4, (X) = (all ,aé ,alL,a;a ) Let for p -th object, n= 1, N , manifesta-

tions of characteristics Y, j:ﬁ are estimated by numbers Y}, j=17<,

n=1,N , or normalized numbers S;l , j= 1,7, n= 1,7N , accordingly. Then £, (S;‘),

J=Lk, n=LN are membership degrees of normalized marks to fuzzy numbers

>

Ll=Lm,
Let us introduce the pf, matrix, n=1,N, with columns being degrees of

membership of normalized marks S;, j=Lk of p-th object n=1,N to fuzzy

numbers i,, I=1m:
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= : (5.11)

o lsr) w(s) e (sr)

Let P= (i X 2,...,im) be a vector the co-ordinates of which be fuzzy numbers.
Result of the generalized multiplication of this vector by a matrix (5.11) is the
vector H =P®M , H, = (;\l",gz" ey ~k ), n=1,N with co-ordinates in the form
of fuzzy numbers

Ar=ul(s)eX ®. .0u(s")®X,, j=Lk n=LN. (.12
These fuzzy numbers are fuzzy evaluations of manifestation of qualitative

characteristics Y, j=1,k for n -th object. Let us assign corresponding weight to
each characteristic

k
w;, j=Lk, ) o =1
J=1
Let us define the fuzzy rating corresponding to manifestation of estimated
characteristic y, j=1,k for pn -th object as follows:

A=0,®A®. @0, QA (5.13)
From (5.12), (5.13) it follows, that

_ k m k m
i E[zwjzﬂ,<s;)a:,zwjzuz(s:h;,
FE 1A

j=

k m k m
zijﬂl(s_’;)alL’za)jZﬂl(s,’;)a; : (5.14)
J=1 =l P

Let us denote parameters of fuzzy number A, n= LN in (5.14) with
9/',0,,0;,0; and membership function with 77, (X) accordingly. Let us determine
a confidential interval for the definite rating X, which characterize manifestations
of characteristics y, j= 1,k for p -th object. With confidence level n, (xn ) 2o,
O<a <1, rating x, of manifestations of characteristics Y, j:ﬁ for n-th
object lies within the interval

' -8 L (a)<x, <8 +0iR (). (5.15)
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Let us defuzzificate fuzzy numbers Zn, n=1N, Xl and X, using gravity
method (1.8). As a result, we obtain definite numbers to be denoted with An,
n=1,N, B,, B, , accordingly.

The number A,, n=1,N is referred to as a pointwise rating of manifestation of
characteristic Y, j=1k for n-th object.

Let us compute normalized rating by the formula

ACB LN (5.16)
Bm_Bl

Let the evaluation E,, n=1, N be referred to as average intensity degree of

manifestation of characteristics Y, j= 1,k for n-th object, n= 1,7N Range of

E, n=LN isa segment [0, 1]. Thus, the method allows to obtain quantitative
evaluations of manifestations of several qualitative characteristics.
To assign one of qualification levels X,, [ =1,m to n -th object, it is necessary

to identify fuzzy number A , n = 1, N having membership function v,, n=1, N
with one of fuzzy numbers X L, L= 1,7m with membership functions ( )
I =1,m. For this purpose, let us calculate identification indexes:
1
Jminlz (s), (o
A= ,l=1,m, n=1,N (5.17)
Imax [/1, (x), v, (x)]dx
0
or
1
ol = _[ v, (%)= g, (x)dx, 1= Lm, n=1,N. (5.18)
0
If

J = ! J— l
A —mlaxﬂn, (O'n = max 0',,)

then Pos(4, =X ,) is calculated.

If Pos(4, =% j): 7, then qualification level X ; is assigned to 7 -th object with
the possibility .

The described method of obtaining object ratings within the scope of several
qualitative characteristics is applicable under condition of measurement of all in-
dications in ordinal numerical scales. The example illustrating the described

method is followed with the method of obtaining object ratings within the scope of
the several qualitative characteristics measured in verbal scales.
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Characteristics measured within verbal scales. Let us consider group of N

objects, the intensity of manifestation of qualitative characteristics X ;, j= Lk of
which is estimated. Let X i l :LTnj be levels of the verbal scales applied to

estimate characteristics X e j= E accordingly. Levels are arranged in ascend-

ing order of intensity of manifestation of these characteristics.
Let us denote with @/ relative numbers of objects of the considered group,

which are referred to level X, while estimating characteristic X ;.

Based on these data, let us construct K COSS’s with names X i and term-sets
X ;. Let us denote membership function of fuzzy number X ; corresponding to
[ -th object of j-th COSS with #; (x) Let us refer fuzzy numbers X ; or their

membership function 4, (X ) as object evaluations. Let us denote an evaluation of

n-th object within the limits of characteristic X, with X 7 and
U (X)E (a;‘l,a;‘z,a;‘L,af;R), n=1LN, j= Lk. Fuzzy number X~7 with membership
function (x) is equal to one of fuzzy numbers X ;- Let us denote weight

coefficients of estimated characteristics with
w, Y o =1
J=1

The fuzzy rating of 7 -th object within the limits of characteristic X ; is defined
in the form of fuzzy number

A=0,®X'®.00, QX! (5.19)

with membership function
k k k k
_ n n n n
1, (x)=| Y oa;. Y 04,3 04,3 0d; | (5.20)
j= j=1 j= J=l

Let us define a confidential interval for definite rating Y, characterizing manifes-
tations of characteristics X ; for n -th object. With confidence level 4, (y,, ) z2a,
0 < a <1 rating Y, of manifestation of characteristics X i for p -th object lies
within the interval

k k

k k
Ywad -L'@)Y wa), <x, <> 00, +R (@)Y 0d,. 521

Jj=1 Jj=1 Jj=1 Jj=1
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Let us defuzzificate fuzzy numbers A, n=LN,

B = o) ® X1 D.Qw, ®Xu, B, =0, ®X,,,11 D..0 0, ®kak using grav-

ity method (1.8), and let us denote the obtained definite numbers as A , n=1L N,
B, B,

The number An, n=1,N is referred to as a pointwise rating of manifestation
of qualitative characteristics X ; for n -th object.

Let us determine normalized rating of 7 -th object by the formula
E _ An B B 1

=1 5.22
Bm_Bl ( )

Let refer the evaluation E| as an average intensity degree of manifestation of
characteristics X ; for n -th object. Range of E, is a segment [0, 1]. Thus, the

method allows to determine quantitative evaluations of manifestations of several
qualitative characteristics.
Let us assume that, by results of an evaluation of all characteristics, it is neces-

sary to assign one of accepted qualification levels D,, | = 171 to the objects.
Levels are arranged in ascending order of their rating. Let us construct COSS with
terms D,, [ =1,m using the method described in §2.2. relative contents of objects

(probably, of a certain ideal group) a priori set within the limits of each qualifica-
tion level are taken as parameters necessary for building of COSS’s. Let us denote

membership functions of fuzzy numbers D corresponding to terms D), , with

1 b
n (x) To assign one of qualification levels D, to 7 -th object, it is necessary to
identify fuzzy number with membership function g, (x) and with one of

term-sets having membership functions 7}, (x) For this purpose let us calculate
identification indexes:

iy, (<, ()t

A= (5.23)

n

iy (b, (i

or

1
o, = [, (x)= s, (x)ex. (5.24)
0

If
= ! j— !
A= max A, (O'n = max 0',,),

then, Pos(A, =D, ) is calculated.
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It Pos(;\n =5,)= 7, qualification level D, is assigned to p -th object with a
possibility .

5.3 Obtaining of Rating Points of Groups of Objects within the
Scope of a Qualitative Characteristic

In §5.1—5.2 methods used to obtain rating points of objects within the limits of
one and several qualitative characteristics are described. However in practice there
are problems of obtaining rating points within the limits of one and several
qualitative characteristics for both individual objects, and groups of objects.

Let us consider k groups of objects, for which intensity of manifestation of
qualitative characteristic X is estimated within the limits of a verbal scale with
levels X,. Let us denote a relative amount of objects of J -th group referred to

level X,, with a,j , and a relative amount of units of all groups referred to level
X,, I1=1,m, with a,.

Based on a,, let us construct COSS X with terms X L= 171 and member-
ship functions 4, (x)E (bll,bé,bi,b,lq) of corresponding fuzzy numbers X ;- Letus

define a fuzzy rating of j -th group of objects within the limits of manifestation of
qualitative characteristic X in the form of fuzzy number Ej with membership

function

B,=al ®u,@a]®u,®..®a, ®u,, (5.25)

J

or
=[St St St S 520
=1 =1 =1 =1

Let us define a confidential interval for definite rating Z;, characterizing manifes-
tation of characteristic X for j-th group of objects. With confidence level

ﬁj(zj)ZOt, O<a <1, rating Z; of characteristic X manifestation for j-th

group of objects lies within the interval

NgE

ajbl - L (a)i ajlb, <z, < ia{bé +R™ (a)f: a/bk.
=1 =1 =1

1

Let us defuzzificate fuzzy numbers with membership functions /3 )= I,_k M,

M. . Let us denote the obtained numbers with C;, j= 176, B,, B, . Let us refer
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the number C; as pointwise rating of manifestation of qualitative characteristic
X for j-th group of objects, j = 1k.
Let us determine normalized rating E, of manifestation of qualitative
characteristic X for j -th group of objects by the formula
_G¢ -5
i~ m (5.27)

The evaluation E, is referred to as an average intensity degree of manifestation

of characteristic X for j-th group of objects. Range of E i is a segment [0, 1].

5.4 Obtaining of Rating Points of Groups of Objects within the
Limits of Several Qualitative Characteristics

In §5.3 the method of obtaining rating points of groups of objects within the limits
of one qualitative characteristic is described; in § 5.4 the method of obtaining rat-
ing points of groups of objects within the limits of several qualitative characteris-
tics is offered.

Let us consider k groups of objects for which intensity of manifestations of
qualitative characteristics X,,...,X, are estimated. Let us estimate characteristics
within the limits of verbal scales with number of levels k,k,,...,k, . Let us de-
note a relative number of objects of J -th group, referred to Jj -th level of a verbal
scale while estimating characteristic X .o P= L_m , with ki]“’ , l'=17¢, J=1 kp s
p= 1,m , and a relative number of objects of all groups, referred to J -th level of a
verbal scale while estimating characteristic X o with k Jp . Based on k;’ , let us

construct ;7 COSS X » with membership functions of term-sets ]p . Let us com-

pute membership function of the fuzzy rating describing intensity of manifestation
of qualitative characteristic X, for i -th group of objects by the formula

A =ki®u Ok Ouy ©.. 0k ®uy, i=1k (5.28)
Let us denote weight coefficients (importance coefficients) of characteristics X .
2w, =1 with ®,, p= Lim Let us define membership function of the fuzzy rat-

ing describing intensity of manifestation of qualitative characteristics X,,..., X

m

for i -th group of objects, as follows:

— 1 "
AL=0,®L®.®w, O (5.29)
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Let us define a confidential interval for obtaining rating Z, characterizing
manifestation of qualitative characteristics X,,..., X, for !-th group of objects.
Let A, = (Ail, A, A LN, ) then with confidence level A,(z,)> &, 0 <o <1 rating

Z; of manifestation of characteristics X,,..., X, for i-th groups of objects lies in
an interval

A —L (o)A, <z, <A, + R (o)A, (5.30)
Let us defuzzificate fuzzy numbers with membership functions
Ai=lk;n=0®u &.0wn, ®u’;
1
O=0,®u, ®.00,d1 .
Let us denote the obtained fuzzy numbers with A,, i = Lk, B, C.Number A is
referred to as a pointwise rating of manifestation of qualitative characteristics
X5 X, for f-th group of objects, i =1,k .
Let us compute normalized rating for i -th group of objects by the formula
_A-B
' C-B’

The evaluation E; is referred to as an average intensity degree of manifestation of

(5.31)

qualitative characteristics X,,...,X, for i-th group of objects. Range of E,,

i=1,k is a segment [0, 1].

It is worth mentioning that to operate with various qualitative characteristics,
authors use abstract concepts — membership functions of linguistic values of
these characteristics. As known, operations for linguistic values are defined on the
basis of triangular norms and triangular conorms, and therefore, they are not
familiar arithmetical operations.

5.5 Obtaining of Rating Points of Objects within the Limits of
Several Quantitative and Qualitative Characteristics

Let us consider a group of N objects, for which quantitative characteristics
X o j=11 and intensities of manifestation of qualitative characteristics X ,

y=1[+1,k are estimated. In aggregate, estimated characteristics make essential
influence on characteristic Y , for example, success of functioning of objects, be-
ing estimated within the limits of the scale: ¥, = “extremely unsuccessful”, ¥, =
“unsuccessful”, Y, = “mean successful”, Y, = 'rather successful", Y; =
"extremely successful".
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Ranges of values of quantitative characteristics X ; can be non-enumerable sets

of points Rj of the real values line.

Using expert information we construct COSS with names X . If growth of
characteristic X ; is accompanied with growth of characteristic ¥, then «very
small value of characteristic X i “small value of characteristic X i ", "average

non

value of characteristic X ;", "large value of characteristic X ;s "very large value

of characteristic X ; “are COSS terms, and 4 (x), 1= IS are their membership
functions. If growth of characteristic X ; is accompanied by decreasing of
characteristic Y, then “very great value of characteristic X ", "great value of
characteristic X ;"," average value of characteristic X j", "small value of charac-

teristic X ;", "very small value of characteristic X j” are COSS terms, and H; (x),

i= 1,75 are their membership functions.

Let us denote values of characteristics X; for p -th object, n= 1,7N with x;l,
and degrees of a membership of these values to COSS terms named X, — with
u,05) =15 j=11 n=IN

Let X, be levels of the verbal scales applied to an evaluation of characteristics
X, v= m Levels are arranged in ascending order of manifestation inten-
sity of relevant characteristic, if its growth is accompanied with Y growth, and in

decreasing order if its growth is accompanied with ¥ decrease.

Let us construct k—/ COSS’s named X, having related term-sets X, , and
membership functions £, (X) U= [0,1] is selected as universal COSS sets. Fuzzy
numbers X W L= 1,7mV, y= m or their membership functions 4, (x) are re-
ferred to as evaluations of objects. Let us denote an evaluation of g -th object
within the limits of characteristic X, with X" and £, (x)= (a:,’l, al,,al ,ak )

Fuzzy number X" with membership function 4 (x) is equal to one of fuzzy

numbers X, , l:mv, v=I[+1k.

Let us denote with é‘l(xf), n =1,7N, v =m, i= IS the function which
equal to ‘1’ if an evaluation of # -th object within the limits of characteristic X
is fuzzy number X,,i=15, and equal to zero if an evaluation of 7 -th object

within the limits of characteristic X, is fuzzy number X o P= 15 ,PDEIL.

_ k
Let us denote with @;, j=1k, D=1 weight coefficients of estimated char-
j=1

acteristics. Calculate the following coefficients:
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i

k . _ N
4 =ijﬂij(xj )+ ZM(xl i=15, n=LN. (5.32)

j=1 v=i+l

Let us compute the sum of these coefficients, using characteristics of COSS and
definition of functions 9, (x:’ ), n=LN,v=I+1k,i=15.

5
Zﬂ? =0 [/‘lll(xln)+lu21(xln)+'“+lu51(xln )]+
i1

oy, (6 ) g, () )t s, (7 )]+
+ @, 16,0, )+ 8, (e )+t 8 )+

va o ()48, )t 8, =Y o, =

i=1

Based on the above, we may consider coefficients /l;l ,i=15, n=1,N as weight

coefficients of terms of characteristic Y for n -th object, n =1, N . A fuzzy rating

of n-th object within the limits of characteristics X ;, j=1,k is determined as
fuzzy number
1 _ an - n v
A=107e.01eF, 539

with membership function
5 5 5 5
_ n n n n
x): E,ﬂ’iail’E,ﬂ’iajZ’E ﬂ’[ajL’ E Aay |,
i=1 i=1 i=1 i=1

where Y, = (a,, a,y, ., a).
Let us define a confidential interval for obtaining definite rating Y, . If confidence

level is 4,(y,)2 @, 0 < a <1, rating Y, of 1 -th object lies within the interval

5

> Aa,—(1- aZlajL_yn<Zﬂ"a +(1- 0(22”
i=1
Let us defuzzificate fuzzy number 1&1 using the gravity method; let us denote the

obtained definite number with A, .
To recognize success of objects’ functioning it is necessary to identify fuzzy
number having membership function £, (X) with one of COSS terms named Y

(with one of fuzzy numbers f/;, i=l§ with membership functions £; (X),

i =1,5). For this purpose let us calculate identification indexes:
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il (o, ()
B, =7

et (i

(5.34)

If 7 =max S, the state of 71 -th object is defined by p -th by level of scale
Y, = “extremely unsuccessful”, ¥, ="unsuccessful”’, ¥; = “mean successful”,

Y, = "rather successful", Y. s = "extremely successful", p = G .

Let us denote ratings of 7 -th object for phases 1 and 2 with A, An2 accord-
ingly. Depending on ratio of Arll to Af , it is possible to draw the following con-
clusions: if A' > A?, the state of 7 -th object is worsened; if A} < A? the state of

n -th object is improved; if A,i = An2 , the state of g -th object is unchanged.

5.6 Examples of Practical Application of the Methods
Developed

Example 5.1. Obtaining of rating points of trainees through their academic achieve-
ments during a semester. Rating systems of knowledge evaluation are widely applied
in educational process and play an essential role in the education quality control as-
pects. These systems allow, at any grade level, obtaining accessible and opportune in-
formation in the form of some integral index used for making some administrative
decisions. Rating systems of knowledge evaluation are purposed for lowering the
subjectivity between teachers and trainees, and also to eliminate other (probably
latent) coefficients hindering to objectively evaluate level of training.

Let us consider a problem of obtaining rating points of knowledge of students
through their academic achievements during a semester. Calculation-graphic tasks
(CGT) and tests (T) in linear algebra, analytical geometry and following sections
of mathematical analysis: limits, derivatives and indefinite integrals, were esti-
mated with marks from zero to ten points. In addition, independent work and
class-work were evaluated with marks from zero to ten points. Let us assume that
all types of educational activities have equal weight coefficients. Results of an
evaluation of knowledge of ten trainees are shown in Table 5.1.

Using the method described in §2.2, COSS "knowledge of students studying
higher mathematics” is constructed. Data necessary for model-building are ob-
tained on the base from information available in the previous experience of a

teacher. Membership functions g, (x), [ = 171 of term-sets "F", “C”, “B”, “A”,

accordingly, are membership functions of 7 numbers or normal triangular
numbers and have parameters

14,(x)=(0;01;0,0,2), x,(x)=(03;0,5;0,2; 0,2);}

14,(x)=(0,7;0,2;0,2),  1,(x)=(0,9;1;0,2;0). (5.35)
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Table 5.1 Results of knowledge evaluation of trainees during a semester

Subject 1 2 3 4 5 6 7 8 9 10
Linear algebra, CGT 5 7 2 8 9 3 6 0 1 9
Linear algebra, T 6 7 1 7 8 4 7 2 1 10
Analytical geometry, CGT 7 8 4 0 9 7 6 4 1 9
Analytical geometry, T 6 7 6 8 8 8 7 5 1 10
Limits, CGT 5 6 6 9 9 7 7 6 0
Limits, T 6 6 7 9 9 8 8 6 1
Derivatives, CGT 7 7 7 8 9 8 7 7 1
Derivatives, T 9 9 10 9 9 9 10 10 1
Indefinite integral, CGT 2 3 4 3 5 5 8 8 1 10
Indefinite integral, T 4 4 5 4 6 6 9 9 0 10
Independent work 6 6 7 6 8 9 10 10 1 10
Classwork 7 8 4 4 5 8 9 9 1 9

Table 5.2 Rating points of knowledge and traditional marks of knowledge evaluation of
trainees in higher mathematics

Number of the E Traditional marks of knowledge
trainee n evaluation
1 0,506 “c
2 0,611 “C”

3 0,475 “C”
4 0,672 “C”
5 0,744 “B”
6 0,661 “c
7 0,735 “B”
8 0,568 “C”
9 0 “F”
10 1 “A”

Using the method described in this paragraph, we obtain the results summarized in
Table 5.2.

Example 5.2. Obtaining of experts rating points. Let us consider an issue of staff
structure [176—179] which consists in obtaining rating points of employees and

assigning one of four qualification levels X, X,, X,, X, to each employee. Lev-
els are arranged in ascending order of their relevant ratings. The questionnaire of-

fered to employees consists of five sections related to educational level, scientific
degree, age, and work experience and language qualifications.
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X, — an educational level. Answers: secondary education — O points, specialized

secondary education — 1 point, incomplete higher education — 2 points, bachelor’s
degree — 3 points, higher education (specialist or master's degree) — 4 points.

X, — scientific degree. Answers: none — 0 points, Candidate of Science
(PhD) — 1 point, Doctor of Science (Grand PhD) — 2 points.

X, — age. Answers: more than 45 years — 0 points, 35 - 45 years — 1 point,
under 35 years — 2 points.

X, — employment experience in the considered occupation. Answers: none —
0 point, less than 5 years — 1 point, 5 years to 10 years — 2 points, 10 to 15 years
— 3 points, more than 15 years — 4 points.

X5 — linguistic skill. Answers: none - 0 points; I read and I translate texts

with dictionary — 1 point; I make myself understood at basic level — 2 points;
fluent language— 3 points. The management of human resource department con-
sidered the following percentage ratio of employees in frameworks of each level

as ideal: X, — 20 %, X, — 30 %, X3 — 40 %, X, — 10 %. Based on the

above, indexes a, =0,2, a,=0,3, a;=0,4, a, =0,1 are obtained, and using the

method described in §2.1, membership functions #;, i =14 for corresponding

terms X;, i =1,4, are constructed, they are membership functions of 7 -numbers
and have parameters:

1,(x)=(0;0,1;0;0,2) u,(x)=1(0,3;0,35;0,2;0,3)
#(x)= (0,65, 085,03, 0,1) sz, (x)=(0,95;1;0,1; 0)
Weight coefficients for sections of the questionnaire are allocated as following:

w, =04, w,=0]1, @,=02, @, =0,2, @5 =0,1. Using the methods described

in §5.5, we obtained the results shown in Table 5.3.
From Table 5.3. one can see that, for example, the respondents No.6 and No. 12
have identical number of points

Table 5.3 Results of questioning of fifteen employees

n

4 4 n 4 n n n n n n
No. yIooyroyi oyl oylos!ostosioslosi Dy E, Lev
o 0 2 1 0 0 0 1 14 0 3 0245 0 X,

1 0 2 2 0 174 0 1 172 0 5 0,388 1

[}

X
2 0 1 3 1 12 0 12 34 13 7 0465 2 X
X

S
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Table 5.3 (continued)

1 0 0 1 1 174 0 0 1/4 13 3 0428 1 X,
1 0 2 2 1 14 0 1 12 13 6 0417 1 X,
30 2 3 1 34 0 1 34 13 9 0647 3 X,
0 0 1 0o o o0 o0 12 0 0 1 020 0 X
0 0 2 1 10 o 1 4 1 4 039 o0 X,
4 2 2 4 3 1 1 1 1 1 15 1 4 X,
2 2 0 4 2 12 1 0 1 23 10 057 2 X,
1 0 o0 4 1 14 0o o 1 113 6 039 1 X,
0 0 1 4 10 o 12 1 13 6 0329 0 X,
2 2 0 4 2 12 1 0 1 23 10 057 2 X,
0o 0 o0 o0 O 0O 0 0 0 0 O 0 o X

—

If we use of widely applied method of rating computation by the formula
5
=2 vio;,
j=1

then it appears that the respondents No.6 and No.12 have the identical rating
points equal to 1.3 in this case, too.

The developed method of obtaining rating points and assignment of qualification
levels allows obtaining more information on qualification of employees in compari-
son with a traditional method within the limits of the same information. The respon-

dents No.6 and No.12 are assigned to level X, , however, they have different rating

points. Fig. 5.1 shows the functional model of evaluation of correspondence of
specialists’ training level to requirements of their professional activity sphere.

Example 5.3. Professional selection of graduates [180—183]. One of the major
problems of professional selection is the problem of detection of candidates which
could master a particular specialty within target dates and further effectively fulfill
their professional duties, by virtue of their educational level within the limits of
subject matters, and also developmental level of personal qualities and cognitive
psycho-physiological processes.

The functional model of multi-criteria professional selection of graduates ac-
counting for fuzzy preferences is shown in Fig. 5.2.

Let us consider academic performance indexes, cognitive psycho-physiological
and personality traits of graduates of a certain specialty. The general educational level
is divided into fundamental sciences education (FE), general professional training
(GPT) and specialized education (SE).
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Table 5.4 Academic achievements of graduates within the limits of NSE, SE, and LAE

Discipline “cr “B”
. . “A” (excellent)
(subject) (satisfactory) (good)
within the limits of NSE
Higher mathematics 38 32 30
Physics 41 37 22

within the limits of SE
Political science 43 19 38
Jurisprudence 31 35 34
within the limits of LAE

Psychology and Pedagogy 11 39 50
Philosophy 24 42 34
Foreign language 33 33 34
Russian history 16 52 32

Level of fundamental sciences education of graduates was defined on the basis
of the analysis of their progress for all period of studies in high school for series of
general science disciplines: higher mathematics, physics, Russian history, foreign
language, psychology and pedagogy, philosophy, jurisprudence, political science.
For more detailed analysis, FE is divided into natural sciences education (NSE),
social and economic sciences education (SESE) and liberal arts education
(humanitarian training) (LAE). The considered data of graduates’ progress for
each of FE series are summarized in Table 5.4 — 5.5.

According to data from Table 5.4 eight (as per number of disciplines) COSS’s
are constructed with "knowledge of graduates™ titles. All COSS’s have terms
"C”,"B”, "A" with membership functions of 7 -numbers or normal triangular
numbers. Being constructing, fuzzy numbers corresponding to terms “C”, "B”,
“A” are put in correspondence to the marks of graduates. Applying the method
considered in §5.2, ratings of graduates are obtained within the limits of NSE,
SESE, LAE and FE. Weight coefficients of all disciplines are taken equal. For
analysis of progress of five graduates, their average indexes of progress have
compared (Table 5.5) to the rating points obtained using the method described
in §5.2.

Normalized rating points in Table 5.5 are quantity indexes of average intensity
degree of manifestation of knowledge by the graduates within the limits of NSE,
SESE, LAE and FE. From data of Table 5.5 one can understand that the results
obtained on the basis of fuzzy rating points considerably enlarge the results ob-
tained on the basis of average evaluations. For example, graduates No.3 and
No.4 have identical average evaluations within the limits of NSE, but different
normalized ratings.



5.6 Examples of Practical Application of the Methods Developed 169

Table 5.5 Progress of five graduates within the limits of FE and their normalized rating points

Discipline Number of the graduate
1 2 3 4 5
Progress level within the limits of FE

Higher mathematics 4 5 3 4 5
Physics 4 4 4 3 5
Political science 4 3 5 5 4
Jurisprudence 5 4 5 5 4
Psychology and Pedagogy 4 3 4 4 5
Philosophy 5 4 5 5 4
Foreign language 4 3 4 4 5
Russian history 4 4 5 5 5
NSE 4 4,5 3,5 3,5 5
SE 4,5 3,5 5 5 4

LAE 4,25 3,5 4,5 4,5 4,75

FE 4,25 3,83 4,33 4,33 4,58

Normalized ratings within the limits of
NSE, SESE, LAE and FE

NSE 0,541 0,770 0,288 0,266 1

SE 0,768 0,263 1 1 0,507

LAE 0,759 0,425 0,870 0,870 0,917

FE 0,617 0,379 0,682 0,676 0,812

GPT and SE levels of graduates were defined on the basis of the analysis of
their progress for all period of studies in high school in the corresponding disci-
plines. For each specialty these disciplines were selected according to curriculums
and curricula. The list of disciplines within the limits of all educational courses
can be composed based on the analysis of correlation of testimonials from em-
ployers about professional work of graduates and evaluations of academic
achievements of graduates for all period of studies. According to progress of
graduates within the limits of GPT and SE data, the average evaluation marks of
graduates (Table 5.6 and 5.7) are calculated.

Applying the method described in § 5.2, normalized ratings of graduates within
the limits of GPT and SE are obtained.
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Table 5.6 Progress of all graduates within the limits of GPT and the SE, in %, and five
graduates separately

Discipline “C” “B”
. . “A” (excellent)
(subject) (satisfactory) (good)
within the limits of GPT, %
1 34 31 35
2 10 23 67
3 16 45 39
4 9 41 50
5 32 36 32
within the limits of SE, %
6 25 32 43
7 21 32 47
8 9 56 35

Progress of five graduates

1 2 3 4 5
within the limits of GPT, %
1 4 3 5 4 4
2 4 4 4 5 5
3 3 5 3 4 4
4 4 4 4 4 4
5 5 5 4 5 5
average evaluation mark
4 4,2 4 4.4 4.4
within the limits of SE, %
4 5 4 5 5
3 4 3
4 3 4 5 4
average evaluation mark
3,66 4 366 4,66 433

Table 5.7 Normalized rating points of five graduates within the limits of GPT and SE

Number of the graduate
1 2 3 4 5

Rating

within the limits of GPT 0,425 0,542 0,422 0,649 0,649

within the limits of SE 0,299 0,439 0,299 0,810 0,601
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Weight coefficients of all disciplines occurred to be equal (Table 5.7).

Assuming weight coefficients of all considered subjects equal, we obtained
fuzzy rating points and normalized ratings of five graduates within the limits of
the general educational level. Parameters of fuzzy rating points are given in the
columns of Table 5.8.

The evaluation of cognitive psychophysiological characteristics (general intel-
lectual abilities) of graduates was spent by means of the original instant diagnosis
mentality test developed in Scientific research institute of professional selection.
The test is related to the category of general intellectual ability tests. Being tested,
a person is offered a series of tasks selected so that the adequate evaluation of the
major intellectual functions are ensured. The mentality test gives the opportunity
to define a degree of development of such major components of intelligence, as
thinking logicality, adequate perception, mental speed, spatial perception, literacy.
All components are evaluated within the limits of a verbally-numerical scale:
"low" — 2 points, "mean" — 3 points, "high" — 4 points, "very high" — 5 points
(Table 5.9 and Table 5.10).

Table 5.8 Normalized and fuzzy ratings of the general educational level of graduates on the
basis of their progress

Number of the graduate

Rating 1 2 3 4 5
0,497 0,441 0,527 0,694 0,722
Normalized rating
. 0,426 0,487 0,519 0,674 0,709
Fuzzy rating

0,532 0,568 0,686 0,747 0,839

0,113 0,109 0,106 0,088 0,132

0,097 0,058 0,113 0,128 0,145

Table 5.9 Results of graduates testing

Item “Low” “Mean” “High” “Very high”
Thinking logicality 20 21 37 22
Adequate perception 2 4 42 52
Mental speed
Spatial perception 12 8 45 35
Literacy 42 30 15 13

Thinking logicality 18 15 43 24
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Table 5.10 Evaluation of cognitive psychophysiological characteristics of five graduates

No. of the graduate

Item
1 2 3 4

Thinking logicality 3 3 3 3 4
Adequate perception 4 4 5 4 5
Mental speed

Spatial perception 2 3 2 3 3
Literacy 3 3 2 3
Mean marks 4 3 4 5 5
Thinking logicality 3,2 3,2 3,2 3,8 4

Applying the method described in § 5.2, we obtained fuzzy and normalized rating
points of cognitive psychophysiological characteristics of graduates. Weight coef-
ficients of their components was assumed being equal. Parameters of fuzzy rating
points are summarized in Table 5.11.

Besides, academician facilitators of study groups performed expert evaluations
of developmental level of personal traits of graduates. They evaluated graduates in
terms of the following qualities: public activity, discipline and promptitude in
obeying, diligence, consistency and self-control, organizing abilities, group opin-
ion leader, purposefulness, within the limits of a verbally-numerical scale: "low"
— 2 points, "mean" — 3 points, "high" — 4 points, "very high" — 5 points.
Table 5.12 shows data resulted from the evaluation by academician facilitators of
study groups for the personal qualities of graduates, and Table 5.13 — evaluations
of personal qualities of five graduates whose progress data is presented above.

Table 5.11 Normalized and fuzzy rating points of cognitive psychophysiological
characteristics of five graduates

No. of the graduate

Rating

1 2 3 4 5
Normalized 0,343 0,290 0,367 0,517 0,648
Fuzzy 0,312 0,271 0,341 0,498 0,613

0,376 0,342 0,396 0,539 0,698
0,114 0,094 0,029 0,126 0,115
0,204 0,126 0,095 0,103 0,118
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Table 5.12 Results of the evaluation of personal qualities of graduates made by academi-
cian facilitators of study groups, %

Character traits “Low” “Mean” “High” Very
high

public activity 14 66 16 4

discipline and promptitude in obeying 6 16 36 42

diligence 18 30 30 22

consistency and self-control 16 44 22 18

organizing abilities 46 28 18 8

group opinion leader 14 38 42 6

purposefulness 24 42 20 14

Table 5.13 Evaluation of personal qualities of five graduates
Qualities No. of the graduate
2 3 4

public activity 4 4 3 3 4
discipline and promptitude in obeying 4 5 4 5 5
diligence 3 2 3 4 4
consistency and self-control 4 3 5 5 2
organizing abilities 2 2 3 5 4
group opinion leader 4 3 4 3 3
purposefulness 4 4 4 5 5
Average marks 3,57 327 3,771 4 3,85

While obtaining fuzzy rating points and normalized ratings of personal qualities of
graduates, weight coefficients of all components were considered be equal. Parame-
ters of fuzzy ratings are summarized in Table 5.14.

Table 5.14 Normalized and fuzzy rating points of personal qualities of five graduates

Rating No. of the graduate
1 2 3 4 5
Normalized 0,585 0,484 0,610 0,754 0,657
Fuzzy 0,574 0,468 0,602 0,732 0,635
0,598 0,488 0,625 0,768 0,687
0,104 0,112 0,109 0,096 0,116

0,136 0,142 0,134 0,094 0,211
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Selection of graduates was carried out within the limits of four formulated fuzzy
preferences:

X, — progress indexes are very important, indexes of cognitive psychophysi-
ological characteristics are very important and indexes of personal qualities are
absolutely unimportant;

X, — Progress indexes are not so important, indexes of cognitive psycho-
physiological characteristics are important enough, and indexes of personal quali-
ties are very important;

X, — Progress indexes are rather unimportant, indexes of cognitive psycho-
physiological characteristics are important, and indexes of personal qualities are
rather unimportant;

X, — progress indexes are absolutely unimportant, indexes of cognitive psy-
chophysiological characteristics are important enough, and indexes of personal
qualities are important,

The memberships functions ,U,( ) = R constructed in (49) for correspond-

ing linguistic terms "absolutely unimportant”, "rather unimportant", "not so impor-
tant", "important enough", "important", "very important”" of relative importance
coefﬁ01ents for criteria:

i1, (x)=1(0;0,0,2) u,(x)=(0,2;02;0,2)

U4 (x)=(0,4;0,2;0,2) u (=)E(060202)
1 (x)=(0.8;0,2; 02) ,(x)=(1;0,2; 0).

non

"non:

were used.
Membership functions of fuzzy rating progress evaluations, psychophysiologi-

cal characteristics and personal qualities of five graduates are denoted, accord-
3

ingly, with 77} (x), 77_? (x), n; (x), j= 1,_5 Using the method of ranking [184],

membership functions Hg: (x)’ j =15, i :ﬁ of fuzzy evaluations of

five graduates E;, j=L15, i=14 within the limits of four formulated fuzzy

preferences were described as follows:

H (x)= 1 (x) ® 17, (x) @ s (x) @777 (x) ® 1, (x) ® 77
He (1) = 11,(x) @77} (x) @ 1, (x) ®7 ®
)®

)

15 (x (x)® u,(x)®77; (x);

He () = 11, (x) @77} (x) @ a5 (x) @ 77 ( )
)

xX)@® u,(x)®7; (x
( )= 1,(x) @177 (x) ® g2, (x) @ 77 (x) ® p15 (x) ® 773 (x), j=15.

><

2
J
2
/

2

Results of researches for five graduates were carried out on the basis of Ej’

j= B 71 Fuzzy sets [, i =1,4 specified on set of indexes {1, 2, 3, 4, 5}
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were determined. Values of membership functions &, (j ) of these sets are
interpreted as characteristics of domination degree of j-th graduate within the

limits of fuzzy preferences X,;, i=15, j= 1,4 or characteristics of to what extent

the j -th graduate is considered the best within the limits of fuzzy preferences X,
i= 13, j=14; k -th the graduate was considered the best within the limits of
fuzzy preference X, with the characteristic equal to ‘1, if supx: i, (x)=1

belonged to E,; (x). Values ,ui( j) with J # k are calculated as follows:

)= maxminl (2}, ()

The calculated characteristics #; (j ), j=1,75, i=14 are summarized in

Table 5.15.
Based on the analysis carried out, graduate No. 1 is recommended for job place-

ment option X ,, graduate No.2 — job placement option X, , graduate No. 3 — job
placement option X, , graduate No. 4 - job placement options X,, X;, X, , and

graduate No.5 is recommended for job placement options X, X,, X,.

Table 5.15 Characteristics of domination degree of graduates under fuzzy preferences

Domination degree
No. of the graduate

1 2 3 4
1 0,53 0,61 0,77 0,79
2 0,45 0,76 0,68 0,66
3 0,73 0,85 0,82 0,83
4 0,96 1 1 1
5 1 1 0,98 1

Example 5.4. [185-186] Obtaining of rating points of plant species in the conditions
of big cities. Let us consider data from the example 3.5 and obtain rating points of a
state of considered plant species in plantings of the Boulevard Ring avenue in Mos-
cow, and for comparison — rating points of the state of the same plant species in the
parkways far from the centre of Moscow (5022 plants were inspected).

Apparently, because of different ecological conditions in the city centre and in
suburbs, it was to be expected different rating points for the same plant species
that is explained through their different adaptation to difficult ecological
conditions within the big city.

The relative number of objects of i -th specie in the plantings of the Boulevard

Ring avenue referred by experts to [ -th level of a verbal scale is denoted with a,»ll ,

i=117, 1= 1,7. The relative quantity of plants of i-th specie in plantings of
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other parkways referred to [-th level of a verbal scale is denoted with a;,
i= m, = 17, the relative quantity of plants of seventeen species in the plant-

ings of the Boulevard Ring avenue referred to ! th level of a verbal scale is de-
noted with & , [ =17 and the relative quantity of plants of seventeen species in

the plantings of other parkways referred to ! th 1evel of a verbal scale is
denoted with @, [ =1,7.

In Table 3.15 data a,vl, , ‘=ﬁ [ = 1 are shown, in Table 5.16 data a,l,

[ = 1 7 are shown, in Table 5.17 data a2 [ = 17 are shown, and in Table 5.18
data a;, i=1,17, [ =1,7 are shown.

According to Table 3.15 data, COSS= “condition of plantings of the Boulevard
Ring avenue” is constructed, and according to Table 5.17 data, COSS= “condition
of plantings in other parkways” is constructed. Fuzzy numbers X B X Jl= 1,77
corresponding to terms of COSS “condition of plantings of Boulevard R’ing” and
“condition of plantings in other parkways”, are presented in the form of
T -numbers or normal triangular numbers. Parameters of membership functions
4, 1=17 of terms of COSS = “condition of plantings on the Boulevard Ring
avenue” are given in Table 5.19, and parameters of membership functions for
terms COSS = “condition of plantings in other parkways” are summarized in
Table 5.20.

Membership functions of the fuzzy rating points describing conditions of
seventeen plant species in plantings of the Boulevard Ring avenue are defined by
the formula

A=a,®@u ®a,®u, ®..@a, @, i=117. (5.36)

Table 5.16 Relative numbers of plants of the Boulevard Ring avenue within the limits of
levels of a verbal scale

Place of growth of a plant all a; a; ai a; a é (l;
The Boulevard Ring avenue 0,009 0,010 0,030 0,130 0,289 0,437 0,095

Table 5.17 Relative numbers of plants in other parkways within the limits of levels of a
verbal scale

Place of growth of a plant 2 2 2 2 2 2 2
a; a, as a, as ag a,
Other parkways 0,004 0,049 0,058 0,269 0430 0,149 0,042
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Table 5.18 Relative results of condition evaluation for plant species in other parkways

Ne Name of a specie ai21 ai22 ai23 ai24 ai25 ai26 ai27
1 European white birch 0,009 0,032 0,060 0,100 0,660 0,070 0,069
2 European hawthorn 0,000 0,009 0,180 0,290 0,450 0,030 0,041
3 European white elm 0,000 0,020 0,048 0,510 0,296 0,060 0,066
4 Witch elm 0,022 0,000 0,043 0,365 0,365 0,182 0,023
5 Single-seed hawthorn 0,000 0,054 0,055 0,363 0,253 0,154 0,121
6 Cotoneaster 0,000 0,000 0,050 0,230 0,670 0,050 0,000
7 Norway maple 0,006 0,054 0,030 0,087 0468 0,235 0,120
8 Tatarian maple 0,000 0,000 0,000 0,139 0,805 0,028 0,028
9 Canadian maple 0,000 0,026 0,068 0,273 0,462 0,120 0,051
10 Large-leaved linden 0,000 0,008 0,061 0,220 0,365 0,262 0,084
11 Little-leaved linden 0,000 0,027 0,073 0,304 0419 0,145 0,032
12 Hungarian lilac 0,014 0,021 0,021 0,119 0,594 0,203 0,028
13 Common lilac 0,010 0,019 0,060 0,235 0,413 0,255 0,008
14 Cottonwood 0,000 0,019 0,029 0,466 0,310 0,049 0,127
15  Rough-bark poplar 0,001 0,160 0,037 0,303 0,417 0,070 0,012
16  European ash 0,000 0,079 0,048 0,190 0,365 0,270 0,048
17 Black ash 0,003 0,062 0,074 0356 0411 0,067 0,027

Table 5.19 Parameters of membership functions of term-sets of COSS ‘“condition of
plantings in the Boulevard Ring avenue”

Function Parameter of the function
;ull 0,000 0,005 0,000 0,009
,L[é 0,014 0,014 0,009 0,010
/J31 0,024 0,034 0,010 0,030
,L[}l 0,064 0,114 0,030 0,130
,ué 0,244 0,324 0,130 0,289
,ué 0,613 0,858 0,289 0,095

M, 0,953 1,000 0,095 0,000
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Table 5.20 Parameters of membership function of term-sets of COSS “condition of plant-
ings in other parkways”

Function Parameter of the function
:u12 0,000 0,002 0,000 0,004
quz 0,006 0,029 0,004 0,049
IL[32 0,078 0,082 0,049 0,058
Iuj 0,140 0,246 0,058 0,269
:us? 0,515 0,736 0,269 0,149
,U62 0,885 0,938 0,149 0,042
,U72 0,980 1,000 0,042 0,000

Numbers Cl;l ,i= m , 1 =1,7 are shown in Table 3.15 of the example 3.5.

Membership functions of the fuzzy rating points describing conditions of
seventeen plant species in plantings of other parkways, are computed by the
formula

A=a®@u ®a,®u; ®..®a’, ®u;, i=117,

where ®, @ —generalized operations of multiplication and summation,
accordingly.

Fuzzy numbers A, 4, i=117, X!, X!, X2, X} are defuzzificated by the
gravity method. The obtained numbers are denoted accordingly with C;, C},

i=117, A11 , A71 , AL, A; . Normalized ratings of seventeen plant species in plant-
ings of the Boulevard Ring avenue and in plantings of other parkways are
computed by the formula

P _ AP N PR
E;’:ﬁ, p=12, i=117.
AP — AP

Based on the obtained rating points, each plant specie is assigned to the state rat-
ing in accordance with the approach saying: the higher rating points are, higher the
rating is. The obtained results are summarized in Table 5.21 and Table 5.22.

The analysis completed allowed estimating the stability of individual species of
woody plants and brushwood under conditions of intensive human intervention.
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Table 5.21 Fuzzy rating points, rating points and a rating of species of woody plants and

brushwood of the Boulevard Ring avenue

O XN W~ Z

e e e e
AN L AW N = O

17

Name of a specie

European white birch
European hawthorn
European white elm
Witch elm
Single-seed hawthorn
Cotoneaster

Norway maple
Tatarian maple
Canadian maple
Large-leaved linden
Little-leaved linden
Hungarian lilac
Common lilac
Cottonwood
Rough-bark poplar
European ash

Black ash

0,285
0,412
0,508
0,488
0,283
0,339
0,324
0,273
0,206
0,327
0,230
0,228
0,285
0,325
0,300
0,318
0,230

0,399
0,522
0,690
0,635
0,516
0,563
0,487
0,443
0,376
0,506
0,399
0,393
0,480
0,502
0,469
0,507
0,411

Z
0,138
0,147
0,224
0,183
0,706
0,747
0,617
0,576
0,515
0,645
0,532
0,523
0,633
0,643
0,603
0,653
0,557

0,113
0,161
0,133
0,125
0,845
0,857
0,730
0,706
0,676
0,777
0,686
0,680
0,779
0,742
0,716
0,788
0,715

E!

i
0,349
0,494
0,602
0,572
0,613
0,654
0,564
0,522
0,464
0,590
0,483
0,477
0,569
0,577
0,546
0,592
0,500

Rating

10
4
12

Table 5.22 Fuzzy rating points, rating points and rating of species of woody plants and

brushwood of other parkways

© X NN R W~ 2

e e e e
~N N R WD = O

Name of a specie

European white birch
European hawthorn
European white elm
Witch elm
Single-seed hawthorn
Cotoneaster

Norway maple
Tatarian maple
Canadian maple
Large-leaved linden
Little-leaved linden
Hungarian lilac
Common lilac
Cottonwood
Rough-bark poplar
European ash

Black ash

0,288
0,200
0,222
0,276
0,320
0,221
0,408
0,256
0,274
0,381
0,266
0,332
0,317
0,270
0,191
0,350
0,207

Y
0,488 0,650
0,353 0,486
0,345 0,470
0,426 0,555
0,440 0,546
0,425 0,600
0,581 0,710
0,486 0,680
0,437 0,576
0,537 0,657
0,423 0,557
0,531 0,687
0,483 0,614
0,395 0,518
0,334 0,466
0,504 0,622
0,353 0,487

0,783
0,643
0,657
0,718
0,694
0,766
0,817
0,838
0,729
0,785
0,713
0,818
0,754
0,694
0,623
0,746
0,654

E!
0,562
0,429
0,434
0,504
0,512
0,512
0,639
0,574
0,514
0,602
0,500
0,602
0,552
0,482
0,412
0,566
0,434

Rating

6
16

14
17

15
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Example 5.5. The analysis of enterprise bankruptcy risk. Let us consider
characteristic D — «degree of bankruptcy risk of an enterprise» with linguistic

values D; — "insignificant", D, — "low", D; — "mean", D, — "high". D; —
"highest". This characteristic can be put in correspondence with the characteristic
C — «an enterprise condition», and linguistic values D,, [ =1,5 of characteristics

D can be put in correspondence with linguistic values C, — “extreme well-
being”, C, — “rather well-being”, C; — “mean condition”, C, — "trouble", C,

— “extreme trouble” of characteristic C . Variation range of the characteristic is a
segment [0.1].
According to [187], membership functions of linguistic values C,, [ =1,5 can

be functions 77,, [ = B according to parameters:

7, =(0; 0,15; 0; 0,10);
n, =(0,25;0,35,0.,10;0,10);
1, =(0,45;0,55;0,10;0,10);
n, =(0,65;0,75,0,10;0,10);
75 =(0,85;1;0,10; 0).

Experts [187] established that the group of six separate indexes having equal im-
portance for the analysis purpose is sufficient to carry out the complex analysis of
the chosen enterprises with very high degree of reliability.

Such indexes are:

X, — equity-assets ratio (ratio of owned funds to total balance);

X, — net current assets/turnover assets ratio;

X3 — quick asset ratio (sum of monetary resources and debts to short-term
liabilities ratio);

X, — absolute liquidity ratio (monetary resources to short-term liabilities
ratio);

X5 — annual assets turnover (revenues to average annual assets ratio);

X — return on assets (net profit to average annual assets ratio).

Linguistic values of characteristics X ;, j = 1,6 are the following values: X, ;=

«very low», X, — "low", X5 — “mean”, X, — “high”, X5, — “very high”,

=1,6, with corresponding membership functions £, [ =15, j=16

&A.

(0;0,100; 0;0,100), ., =(0,200; 0,250; 0,100; 0,050),

(0,300; 0,450; 0,050; 0,050), 4, = (0,500; 0,600; 0,050; 0,100),
,=(0,700;1;0,100;0); 4, =(~1;—-0,005; 0; 0,005),

1, = (0;0,090; 0,005; 0,020), £, =(0,110;0,300; 0,020; 0,050),
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1, = (0,350; 0,450; 0,050; 0,050), s, =(0,500; 1; 0,050; 0);
s(o 0,500; 0; 0,100), ., =(0,600; 0,700; 0,100; 0,100),
, =(0,800; 0,900; 0,100; 0,100), ,, = (1;1,300; 0,100; 0,200),
u53 =(1,500; 2; 0,200; ), 1z,, = (0; 0,020; 0; 0,010),
1, = (0,030; 0,080; 0,020; 0,020), £z, =(0,100; 0,300; 0,020; 0,050),
,u44 = (0,350; 0,500; 0,050; 0,100), £s, = (0,600; o=; 0,100; oo );
(o 0,120; 0; 0,020), 4,; =(0,140; 0,180; 0,020; 0,020),
(0,200; 0,300; 0,020; 0,100), 4,5 = (0,400; 0,500; 0,100; 0,300),
(0,800; 003 0,300; 00 ); 1,5 = (— 03 0; — 03 0),
(0;0,006; 0;0,004), 1z, =(0,010; 0,060; 0,004; 0,040),
(0 100; 0,225; 0,040; 0,175), 5, =(0,400; o0; 0,175; o).

Let us consider a machine-building enterprise to be analyzed over two periods —
the third and fourth quarters of 1998 (period 1 and period 2), and characterized by

values of indexes X pJ= 1,6, presented in Table 5.23.

In Table 5.24 and Table 5.25 data 4 (C;), M (C_?), =15, j= R are shown,
accordingly.

Table 5.23 Values of financial indexes

: Value of index
Code number of Value of index X i 2
s Name of an index value X ; 1 X .— " over the
index X . j . j j
J c ; over the period 1 ’
period 2

X 1 Equity-assets ratio 0,839 0,822

X 5 Net current assets/own means ratio 0,001 -0,060

X, Quick asset ratio 0,348 0,208

X 4 Absolute liquidity ratio 0,001 0,0001

X 5 Annual assets turnover 0,162 0,221

X Return on assets -4% -4,3%

[=))
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Table 5.24 Values of 4 (C;) over the period 1

Index code number  [f, ; (C; ) My (C; ) M (Ci ) Hyj (C; ) Hs; (Ci )

X, 0 0 0 0 1
X, 0 1 0 0 0
X, 1 0 0 0 0
X, 1 0 0 0 0
X, 0 1 0 0 0
X, 1 0 0 0 0
X 0,500 0.333 0 0 0,167

~

Table 5.25 Values of 4, (Cjz) over the period 2

Index code number 4 ; (Cj2 ) My (CJZ ) M (Cjz ) My (CJZ ) Ms; (Cjz )

X, 0 0 0 0 1
X, 1 0 0 0 0
X, 1 0 0 0 0
X, 1 0 0 0 0
X, 0 0 1 0 0
X 1 0 0 0 0
X 0,666 0 0,167 0 0,167

~

According to data from Table 5.24 and Table 5.25, we obtain the value for
"enterprise condition” over the period 1 is equal to 0.291, and over the period 2
equal to 0.287. Over both periods the enterprise is recognized as unsuccessful, and
degree of bankruptcy risk is estimated as high, and there was some deterioration of
a condition of the enterprise resulted from overlapping of qualitative growth of
turnover with a qualitative falling of equity-assets ratio.



Chapter 6

Complete Orthogonal Semantic Spaces in
Problems of the Fuzzy Regression Analysis

6.1 The Analysis of Known Methods of Fuzzy Regression
Analysis

To analyze relations between qualitative characteristics and the prediction of their
values the methods of fuzzy regression analysis are used, which being actively
developed have already considerably expanded boundaries of application of
classical regression analysis methods, i.e. they allow to construct the regression
relations on the basis of fuzzy initial information. Besides, this information can be
of both quantitative and qualitative nature, thus, making possible application of
methods of fuzzy regression analysis in the theory of expert evaluations and
ensuring practical applications in various spheres of human activity [188, 189].

Methods of fuzzy regression analysis are used to study behavior of complex
engineering, ecological and other systems with output indexes depending on a
great many of parameters [188]. These methods are applied to construct regression
models not only within the limits of the fuzzy initial information, but also within
the limits of the definite information. In this case the predicted output values are
provided as fuzzy numbers. Such representation is explained by the fact that the
real system is always more complex than any of its model not capable of
combining all entering indexes on which the output index depends.

The first fuzzy linear regression model [190] excited interest in contributors,
thus resulting in occurrence of new fuzzy regression models based on outcomes
obtained in [191—193], and various optimizing criteria. Today, a number of linear
fuzzy regression models [194-210] is developed, and approaches to building of
nonlinear fuzzy regression models [210-212] are outlined. In [195, 196, 197, 199,
203, 209] optimizing criteria are constructed aimed at minimization of fuzziness
of output model fuzzy values and the subsequent application of linear
programming methods. In [206], based on [213, 214], interval regression model is
under construction using methods considered in [203, 208, 209].

There appears to be three different approaches under the heading of “Fuzzy
Regression”:

(a) Methods that were proposed by H. Tanaka [190] and further elaborated in
current literature [188, 189, 194, 196-212], where the coefficients of input

O.M. Poleshchuk and E.G. Komarov: Expert Fuzzy Info. Processing, STUDFUZZ 268, pp. 183
springerlink.com © Springer-Verlag Berlin Heidelberg 2011
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variables are assumed to be fuzzy numbers. These fuzzy regression models are
based on the possibility theory instead of the probability theory or they are based
on both possibility and probability theories.

(b) Method proposed by R.J. Hathaway and J.C. Bezdek [215] where first the
fuzzy clusters determined by an fuzzy c-means clustering (FCM) algorithm define
how many ordinary regressions are to be constructed, one for each cluster. Next
each fuzzy cluster is used essentially for switching purposes to determine the most
appropriate ordinary regression that is to be applied for a new input from amongst
a number of ordinary regressions determined in the first place.

(c) Methods proposed by I.B.Turksen [216] and A. Celikyilmaz [217], where
the fuzzy functions approach to system modeling was developed. The new fuzzy
functions approach augments the membership values together with their
transformations to form a new input variable to find local functions. First the
given system domain is fuzzy partitioned into c¢ clusters using fuzzy c-means
clustering algorithm. Then, one regression function is calculated to model the
behavior of each partition. In [216] linear regression function to estimate the
parameters of each function is proposed. A new fuzzy system modeling approach
that identifies the fuzzy functions using support vector machines is proposed in
[218]. This new approach is structurally different from the fuzzy rule base
approaches and fuzzy regression methods. Method support vector machines is
applied to determine the support vectors for each fuzzy cluster obtained by fuzzy
c-means clustering algorithm. Original input variables, the membership values
obtained from the fuzzy c-means clustering algorithm together with their
transformations form a new augmented set of input variables. Methods proposed
in [216-217], were investigated in [219].

In this chapter we have developed a linear and nonlinear regression models,
belonging to group (a). The methods of fuzzy regression from this group have
received a lot of developing in the past years. A major difference between fuzzy
regression and ordinary regression [220 ] is in dealing with errors as fuzzy
variables in fuzzy regression modeling, and in dealing with errors as random
variables in ordinary regression modeling. The researchers have tried to integrate
both fuzziness and randomness into regression model. As a result of this the
hybrid fuzzy least-squares regressions were developed [189, 200—202, 204, 205,
207, 210-212].

In [200, 201] the least squares method is applied to deviations from unity of
possibilities of equality of observable output normal triangular numbers and model
output normal triangular numbers. As known, membership function of a normal
triangular number looks like

a,—Xx a,—x
1-4—=, 0<- <1, a, >0
ar ar
x—a x—a
/lg(x)= 1- L 0< L<1, a, >0,
ag ag
1, x=a;
0, x<a—a, or x>a,+a,.

6.1)
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The possibility of equality of two fuzzy numbers A and B with membership
functions u(x), ﬂ(x), accordingly, is determined by the formula according
to [192]:

POS(Z = E): max min [n(x),,u(x)l

In [197, 207] the least squares method is applied to deviations of centers of model
output normal triangular numbers from centers of observable output normal
triangular numbers. The centre of a normal triangular number with membership
function (6.1) is the number a,. In [207] the optimization problem of a relative
minimum of the sum of fuzziness coefficients of output model normal triangular
numbers is solved. Fuzziness coefficients of a normal triangular number are

numbers 4;, Qg .

However, the methods of hybrid regression analysis as a rule are limited by
consideration of linear regression models and of a slender group of membership
functions (as a rule triangular fuzzy numbers are considered). Moreover, the
hybrid regression analysis must provide a way to model the observed fuzzy data,
such as linguistic descriptions of the type: “good”, “very good”, “excellent”,
which may be T - fuzzy numbers.

In practical problems fuzzy data with tolerance membership functions are often
considered, therefore the problem of their analysis by regression analysis methods
is acute enough. In connection with reviewing of the limited spectrum of
membership functions of input data, a gap in methods of fuzzy regression analysis
occurred which has been partially filled in [194].

The model-building method of hybrid fuzzy least-squares regression in the
form of a system of classical regression equations (for each parameter of
membership functions of initial fuzzy data) described here in, unlike other
methods, can be applied both to unimodal, and to tolerance membership functions
of input data. The method [194] limitations allow constructing regression model
only with definite coefficients. Obviously, it dramatically limits possibilities of
model and makes the problem of developing regression models with fuzzy
coefficients a model of the day.

Methods of the fuzzy information formalization based on COSS described in
Chapter 2 allow representing results of an expert evaluation of qualitative
characteristics in the form of a group of fuzzy numbers explicitly considered in
§2.1. Thus, these fuzzy numbers can be used as input and output data in a fuzzy
regression model describing relations between estimated qualitative
characteristics.

In order to include T - fuzzy numbers into a hybrid regression, a need for
developing a new method exists. Therefore, a new linear and nonlinear multiple
hybrid regressions are proposed and developed in this chapter. The developed
methods allow to construct relations among qualitative characteristics and to
predict their meanings.
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6.2 A Method of Defuzzification of Fuzzy Numbers on the Basis
of the Weighed Sets

Known methods of defuzzification of fuzzy numbers allow obtaining only
pointwise aggregating indexes for these numbers, thereby, making indiscernible,
for example, unimodal numbers with different coefficients of fuzziness or
unimodal numbers with tolerance numbers. Thus, these methods essentially lose
informational features of fuzzy numbers.

The development of defuzzification method is aimed in keeping, whenever
possible, informational features of fuzzy numbers, and to use them for building of
regression models.

In [84] for a normal triangular number B = (b,bL,bR) definition of the weighed
point is provided

1
1
B= ! —(1—a), +b+(1-a)b, ]ada=b+g(bR—bL). ©2)

Let us consider symmetric (b, =b,) triangular numbers with a typical pointp, .
Computing by the formula (6.2) weighed points for such fuzzy numbers, we
obtain that irrespective of values of fuzziness coefficients b,,b,, the weighed

points are equal to the same number b .

To have a possibility to determine various indexes for similar numbers, the
authors have introduced the new concept — the weighed set.

As known,

A, =fxe R (v)2 )= [A' Az]
=la1—L’1(a) ,a, +R7( J,ae [0.1] 6.3)

is referred to as set of @ -level of A-tolerance number A = (al ,az,aL,aR).

Let us extend definition of the weighed point (6.2) of normal triangular number
onto A -unimodal numbers [93, 221].

The number

B={[2b- ()b, + R ()b, Jder =+ rb, —1b,;

S~ S

~
Il

1
L'(e)ede, r=le
0 (6.4)

is referred to as weighed point of A-unimodal number B = (b,b, ,b,).

As described above, when operating with A-tolerance numbers (sometimes
also with A -unimodal numbers) pointwise representation of fuzzy numbers is not
always informative enough. For reasons given, definition of the weighed set for
A -tolerance numbers is introduced.
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A collection of the weighed points of all A -unimodal numbers belonging to A -
tolerance number is referred to as the weighed set of this A -tolerance number.
This definition is extended also on A -unimodal numbers.

The Proposition 6.1. Weighed set of A -tolerance number A= (al,az,a 1,0 R) isa
segment [AI,AZ], where A =a,—la,, A, =a, +la,. Let us refer this segment as
the weighed segment of A -tolerance number A .

The proof. Let us consider two unimodal fuzzy numbers §1 =(a,,a,.0),

B, =(a,.0,a,) which belong to A-tolerance number A =(g,,a,,a,,a,)- Let us

denote sets of «-level of numbers B, B, with B,, = [ m,al] and B,, [az,Bzza ,
accordingly, and assign weighed points for these numbers in accordmg with (6.4)

1

Al:j.(Blla +a, )0((10( = j(Zal —L‘l(a)aL)ada: a, —fL‘l(a)aLada: a,—la,
0 0

0

Al Y= [+ ey et - e+

0

1 1
Where J.Lfl(a)adaz [, J.R’1 (a)ada: r.

0 0
Let us consider arbitrary A-unimodal number B = (b,bL,bR) which belongs to

tolerance number A =(a,,a,,qa,,a,). Let us denote e -level set with [g! 52|, and
the weighed point B with B. From definition of a membership of one fuzzy

number to another it follows that

B, <B,, ,<B,, a,2B,, B}, 2B,
1 1 2 2 1 2

Bla+a1SBa+Ba,a2+B2aZBD(+BD‘3A1SB, AzzB
2 2 2 2

The proposition 6.1 is proved.

The Proposition 6.2. Weighed segment of sum of A -tolerance numbers is equal to
the sum of the weighed segments of these numbers.

The proof. Let us prove that the sum of A -tolerance numbers A = (ap a,,a, .4, ),

B E(bn’bz’bza’b&) with the weighed segments [44,]. [B,.B,]. accordingly, has

the weighed segment [A,+B,.A,+B,]. Let us denote the weighed segment A+ B
with [C,,C,]. Then in accordance with (6.4)

¢, [l +5)- 1 @)y, -~ L (@), Joder =
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=a,+b—la, —L,b, =A+B;
C, [Bla, +5,)+ B (@hay + R (@b, Juder=
0 =a,+b,+ray +nby, =A, +B,;

Z—IL1 a)ode, rl—IR a)oder,

L=

O ey —

L' (a)ade, 1, = .[Rz' Ya)od .
0

Thus [C,,C,]=[A, +B,, A, +B,]. The proposition 6.2 is proved.

The Proposition 6.3. Boundaries of the weighed segment of multiplication of A -
tolerance numbers are determined by linear combinations of products of
parameters of these numbers.

The proof. Let us consider fuzzy number which is the product of A = (al,az,al1 ’aR\)
and B= (bl,bz,blq 2Dy, ) and let us denote it with p=AxB. Let us write out & -level

sets A and B according to (6.3)
A, = lA;’ Aaer: lal - LII (0’)% >y + Rl_l (a)aRl J;

B, =[B!, B2]=|b - ()b, . b, + RS ()b, |

According to multiplication operation for fuzzy numbers of A and B, o -level set
D looks like

= [min(4! B!, A B2, A2B!, A2B?) max(A. B! A' B2, A2B! A2B? )]

a- o’ a o’ oo oo’ oo

Without limiting a generality, let us consider that a,—a, >0, b+b, <0
(A — a positive number, B — a negative number). Proofs of other cases are
carried out similarly. Let us compute the weighed segment [D,.D,] for A -
tolerance number D ( A -tolerancy of number D is proved in the proposition 2.2):

1
D, = J.[2a2bl - aszngl (a)"' aRlblRfl( ) aRlb L ]ada =
0

=a,b, —lzazbla + rlaRlbl - maRlbLQ;

D, = [[ab, +ab RS (@)-a, b1 (@) - a, by B (@)L (@)ld o =

2 =

30—._

=ab, +nab, —la,b,— pa, by ;

l—J.L‘ a)oda, rl_jR ozdal_jL-1 adarz_jR a)ode,
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m=j‘L2l a)oda, p = le R, (o)od .

The proposition 6.3 is proved.
Propositions 6.1 — 6.3 are true for A-unimodal numbers with the following

replacements @, =a,, b =b, accordingly.

6.3 Linear Hybrid Fuzzy Least-Squares Regression Model

In §2.1 the set of A-numbers, subdivided into A -tolerance and A -unimodal
numbers, is described.

Let us define an affinity measure for two A -tolerance numbers A, B, with the
weighed segments [A,,A,], [B,.B,]

FA.B)=\(4 -B) +(4,-B,). 6.5)

Let

V=i vy i=Lan

~a
Il

be input A-tolerance numbers, and @; = (bj b} ,b,é) unknown coefficients of
regression model be A -unimodal numbers.
Relations of input and output data will be in the form [222]

Y=a,+aX +..+a,X,. (6.6)

According to the definition of operations for fuzzy numbers and to the proposition

2.2, the multiplication of 5j and fl,, j=1,7m, i=1n gives A-tolerance

numbers. If, for example, X_l,- = (xl'",x-z",le,x)’;>, j=Lm_ i=lLn_ and
a, = (bj,bz,bé) are positive fuzzy numbers (xlﬁ -x{'>0,b’ —b] >0), then the

multiplication of these numbers results in A _tolerance numbers with parameters
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(x7b7 xdb7 X b + xb = xjb], xibi+xib +xib]), j=Tm, i=1n.
Using the proposition 6.1, let us compute the weighed segments
[yli —ly,. y, + "y;g] for observable output data }7, . Let us denote weighed segments
of products of numbers @; and X ; with

. C N L
[Ha/)?j. (b.l ’bz,b)é ), 9‘7/)?} (b/ ,bz,b[é )l j=1lm, i=1n 6.7)
According to the proposition 6.3, boundaries of segments (6.7) are stipulated by
linear combinations of products of parameters of fuzzy numbers d; and X I
Jj= Lim, i=ln. If, for example, X ', = (xl"i, x),x), xiii) is positive fuzzy number,

and d; = (bj,bg,b,é) is negative fuzzy number (xl'fi —x/'>0,b' +b] < O), then

6;])2;. (b7, b} )=b7 (x +rx) )= b] (1xd +mx]'}
02 o (', b]b) =7 (7 —1xf )+ b = ')

= @der, 7= [R*(@ede; m= [ ()R (@)ade

0

Boundaries of the weighed segments of products @;X ; for other relations

~ vi . . .
between a; and X ; will be linear functions, too, from unknown parameters

b’,b},b] (in the considered area of their values), but differing from the example
given above by coefficients of the parameters considered.
Using propositions 2.1,2.2, 6.1 — 6.3, let us compute the weighed segments

P +36 (b b bg) b4+ 6 (b",bg,bg)} i=ln

J=1 Jj=1

vi

N

For model output data ¥, =&, +a@, X! +...+
Let us consider a functional

1§

F:ifz(?i’ i)’

i=1

h<

which characterizes an affinity measure between initial and model output data. It
is easy to demonstrate, that

2
m

in b —Ib — yi+ Iy, +>.6" (b7 b bi)| +

i=1 J=1
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2

+Z b0+ bl — yi — ryR+Z¢92 (bf,bg,b,g)

i=1

The optimization problem is set as follows:
Fb/,b,b7)= £3(¥,.7,)— min,
i=1
b! 20,b] 20, j=0,m.
As 6. . (7.5} ,b}) and 9,32,;,,(5" bi,b}) are piecewise linear functions in the field
b} 20, b]>0, j= 0,m, then F is piecewise differentiable function, and solutions

of an optimization problem are determined by means of known methods [152].

Let initial output data fz(y{, Yoy, y;), i=1,n be formalizations of

fk = (ylk , y;‘, yf, y,’i), k=1,p of linguistic values Y, of characteristic Y. After
obtaining of model output data fl , i=1,n a problem of prediction the linguistic
values of characteristic ¥ or identification of each fuzzy numbers with one of
fuzzy numbers )Z, k= G occurs.

Let us denote the weighed segments of output model data )71 ,i=Ln

b°—1b°+201 (67,67 b3} b +rb0+262 (bf,bg,b,{)}izl,n

J=1 J=1

of
formalizations Y, = ( oya v, yé), k=1,p of linguistic values Y, k=1, p of

with [Al,Al], i=Tn, and the weighed segments (yk =1y, vk +

characteristic Y with [31 ,B, ] k=1,p.

Let fz(f,-,i)=( f—Blk)er( ;—Bé) i=1n, k=1,p. Output model value v, is

identified with linguistic value Y, if

2y v 2y v
The developed model is hybrid because it includes elements of fuzzy and classical
regression models. The similar combination allows defining analogue of a
standard deviation for observations, analogue of determination coefficient and
analogue of an evaluation of a standard error for quality assurance of regression
models with fuzzy input data.

=<t

>
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is referred to as analogue of a standard deviation for output observations.
> 1. 7)
HR2 — =1
> 7. 7)
i=1
is referred to as analogue of coefficient of determination.

HS=\/1'2f2(ﬁ,Yi).

n—-m-143

is referred to as analogue of an evaluation of a standard error.

With definite input data and definite coefficients of regression model, the
developed hybrid fuzzy least-squares regression model is classical regression
model, and certain analogues of indexes are a standard deviation of output data,
determination coefficient and standard error evaluation, accordingly.

6.4 Linear Hybrid Fuzzy Least-Squares Regression Model on
the Basis of Nonnegative 7 -Numbers

The attention to nonnegative T -numbers is explained by the fact that while
constructing regression relations for qualitative characteristics, fuzzy numbers
which are formalizations of linguistic values of these characteristics based on
COSS can be considered as the initial information. As universal COSS set is the
segment [0, 1] rather often, the fuzzy numbers corresponding to its terms, are
nonnegative.

As known, the tolerance fuzzy number A with membership function

xX—a
1 .
1+ , a,—a;,<x<a,, a, >0;
a,
x—a
- (x)=41- 2. a,<x<a,+ag, a, >0;
A aR
1, a,<x<a,;
0, x<a,—a,; or x>a, +da.

is referred to as 7 -number (fuzzy number of T -type).

A T -number is symbolically recorded as A = (al,az,a 1,a R). The normal
triangular number is the special case of T -number with @, =a, and is
symbolically recorded as A= (al,a 1.0 R). With a, =a; the triangular number is

referred to as symmetric, and with a; #a; — asymmetric. A T -number is
referred to as nonnegative under the condition q, —a, =0.
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According to the proposition 6.1 the weighed segment of T -number
A= (al,az,aL,aR) is the segment:
1 1
[AI’AZ]’ A =a——a, A =a,+—ay.
6 6
Let us define an affinity measure for two T -numbers A B with the weighed

segments [A,. 4, ], [B,.B,]
7(A.B)=(a-B) +(4,- 5.

Let
Y

ol Ks(y{,y;,yz,y;) y—y. 20, i=1n

=
I

~

Y

n

be output 7 -numbers, and

vl
X; o o
— L O S LI W Ji Ji - -
X, = .. | X; =(x1 X5, X)) ,le x'=x]'"20, j=1Lm, i=Ln
~}'l
Xj
be input T -numbers.
Relation between input and output data will be determined as

Y=d,+a,X,+..+d,xX,,

where @; = (bj NI ), j =0, m are unknown coefficients of a regression model.
Let us define the weighed segments, using the proposition 6.1:
yi lyi yi+1yi i—l_l’l
1 6 L> 2 6 R | ’
for observable output data Y: Let us denote the weighed segment of product of

numbers d; and

%, j=Lm, i=0,n with

j?

[‘9;,;?5 (b"!bi,b,‘é')t 6;/)?', (b-’,bg,b,{ )]

Let us consider nonnegative 7 -number X =(x,,x,,x,,X;), x,—x, >0 and a

triangular number a = (b,b, ,by,).
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1

The Proposition 6.4. Boundaries of the weighed segment [9,1); ,6’;;] of product of

fuzzy numbers i and X look like

1 1 1
6;); :b{xq +(—l)quMq}—b{gxq +(_1)quMq :|,
1 1 1
0> =blx +(=1) =x,, |+b|=x +(=1)—x, |:
0 o b
1, b-b, 20, L, =1
q= L M = q
2, b+b,<0; " \R, g=2
2, b-b, 20 L r=I,
r= M, =
I, b+b, <0; R, r=2.

The proof. Let us write out « -level set X
X, =[xl xi]=ln - (- v +(-a)x,]
and a-level set a
a, =la.az]=lo-(1-a,.b+(1-ak,]

If @=(b,b,,b,) is nonnegative fuzzy number (b—b, >0), then according to
multiplication operation of fuzzy numbers, the @-level set GX looks like
[A;:’Aozz], where

Al =bx, —(1-a)bx, —(1-a)b,x, +(1-a)’b, x, ;

A2 =bx, +(1—a)bx, + (1 —a)byx, + (1— ) byx,.
Then

1

1 1 1 1 1
6. = {(bx1 + Al Joder = bx, b= b by, =

1 1 1
=b(x1 —ngj—bL(gxl _EXLJ;

1
| 1 1
9; = J.(bxz +A§)0(d0{=bx2 +gbe +gbRx2 +EbRxR =

0
1 1 1
=b()c2 +6ij+bR(6x2 +12xRJ.
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If d=(b,b,,b;) is negative fuzzy number (b+b, <0), then according to
multiplication operation for fuzzy numbers, the a-level set GX looks like
lB;,Bf,J, where

B! =bx, +(1-a)bx, —(1-a)b,x, - (1-a)’ b, x,,;
B2 =bx, —(1—a)px, +(1—0)bpx, — (1— ) byx, .

Then
‘ 1 1 1
6. = { (bx, + B Jodex = bx, by = by = by =
1 1 1
zb(x2+6ij—bL(6x2+12ij;
1 1 1 1
(e :'([(bXI +B02,)0(dOt=bx1 —gbe +gbRx1 —EbRxL =
1 1 1
=b[x1—ngj+bR[gxl—ExL)
or
1 1 1
6;)? :b|:xq +(_1)q 6xM‘f:|_bL|:6xq + (_1)q 12)CM(I:|;
1 1 1
6> =blx +(-1) =x,, |+b.|—x +(-1)—x, |
o=t 5 ) o, [ x|
1, b-b, 20; L, =1
q= L M = q
2, b+b,<0; * |R, q=2;

2, b-b, 20 L r=I
r= M, =
L b+b,<0; .

The proposition 6.4 is proved.
According to the proposition 6.4, if 5j = (bj,bz,b,é), Jj=1,m is nonnegative
fuzzy number (b-’ +b] 2 O), then

Oz (b’.61.67)= bj(xlﬁ _éxlﬁj_bf[lxi” —ldij;

i
J

02

N 2 (1 . 1
-, (bf,bg,b,g)=bf[x2f +6x,gj+b,g[6xg +x j

Ifa = (bj,bi,b,é), j=1,m is negative fuzzy number (bj +b] <0), then

-
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0! (bj bl bj)—bj il b i i),
a5\ O Op )= 07 Xy +ng b =Xy T Xk )

02, b7 vt04) =0t~ xt bl gt =t |

Using propositions 2.1, 2.2, 6.1 - 6.4, let us determine the weighed segments
(Let us determine the weighed segments, using propositions 2.1, 2.2, 6.1 - 6.4)

1 m S 1 m AN

b°—6bf+Z;0;]X}(b’,bg,b;),b°+6bg+Z;0;X}(b’,bg,b§)}z=1,n
J= J=

for model output data

Y=d,+a,X +..+d X' .

Let us consider a functional

n

F=Yrr.7)

i=1
which characterizes an affinity measure between initial and model output data. It
is easy to demonstrate that

2
re$li-tasie b S o) -
i=l =

2
+Z{b° +éb2 ¥ —éyj; +2.6 5 (bj,bi,bé)} :
i=1 /=

The optimization problem is set as follows:
Flb',b/.b2)=> £*(7,.7;) > min;
i=1
b! 20, b} 20, j=0,m.

As 9;/ b (b "!bZ,b;é') and 9;/ e (b ",biabii) are piecewise linear functions in the field
b! >0, b} >0, j=0,m, then F is piecewise differentiable function, and
solutions of an optimization problem are found by means of known methods
[152].

Under condition of nonnegative regression coefficients, the optimization
problem is formulated as follows:

2
n 1 P m (. 1 . (1 . 1 .
regf-tesnebio gt )

i=1

2
+z{b0+éb2_y;-éy;;+z{bf(x;+éx,gj+b,;(éxg+112x,;fm > min.

i=1 j=1
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Unknown parameters b’,b/,b], j=0,m of membership functions of coefficients

of regression models @;, j=0,m are found from the system of normal equations:

BF- _0. j=Oum:

L
F, =0, j=0,m;

ob}]

aF =y, jzo,m’

ob;,

(6.9)

Being transformed (6.9), the system turns out

I ol & i1 1 1
2nb0+2{—bLO—yl+6yL+Z[b/(x{ _6 j bf(gx{ ux{j}}+
+Z b“ ¥, —1y +Z pil x4 Ly +b]| = ix”'

- 2 6 R 2 6k 6 12t
nby, — b0 + —y[+ly' +z b/(xj[—1x/']—b/(lxj[—ixﬁj

0 6 L 1 6 L = 1 6 L L 6 1 12 L
nbU+Zbg+{—y; —éy;+Z{bj(x§i+éx£j+b’(éxé +112x,’;ﬂ}

=1

ji i Loy 1 K 1 i1 S (o 1 (1 i 1y

(xi’ +x; —gxi +g)c,’e );{bo —gbf—yl+gyL+Z{b"(x{ 6XLJ b[(gx{ —l—zxi ):|}+
ji i 1o 1 K 1 i S i Lo (1 51

+(x{ +x; —gxz +6x,’(];{b +6h0 v, —6yR+Z{b’( X +gx,’(j+bi§(gx-2’ +12xkﬂ}=0;
(éxlﬁ_rlz jZ{bU—ébU yl"’é)’L"’Z{bJ( 3 éxiﬁ)_bLf(é 1] 112 j:|:| OJ—1 m,

1 ;01 ;1 1 1 1 .
(gxé +]2xkj2|:b +6b0 y2—6yR+Z{b’(x2 +6xR)+b’(6 i +12ij}:|:0,]:1,7;1

The obtained system is the system of simple equations relating to variables

0;
0;

b’,b},b} and is solved with well-known methods.

6.5 Nonlinear Hybrid Fuzzy Least-Squares Regression Model
Based on Nonnegative 7 -Numbers

Let us consider nonnegative T -numbers X =(x,x,,x,,%,), X —x, =0,

Z=(2,,2,.2,.2;), z, —z, 20, a triangular number a = (b,b, b, ), and let us prove
propositions, related to characteristics of the weighed segments of results of
operations with these fuzzy numbers.
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The proposition 6.5. Boundaries of the weighed segment [H;gz 7952)?2] of product
of fuzzy numbers i and X? look like

_1y¢ _1)¢
67;)?2 =b[xj+( 31) X, Xy, +ix2 j—bL(1x2+( ) X, Xy +ix,%44 J;

127 67 6 20

-1y 1 1 (-1) 1
6>, =b x2+( XX, +—x2 |+b,| =x*+ x4 —x2 |,
aX ( r 3 rM, 12 M, R 6 r 6 roM, 20 M,

where

1, b—b, >0; L q=1
q= M,=
2, b+b, <0, K

2, b-b, 20; L r=1
r= M, =
I, b+b,<0;

The proof. Let us consider a fuzzy number which is multiplication of the fuzzy
X=(x,x,x,,x%), x-x,20 by itself, and let us denote it with
D=XxX = X2 Let us write out a-level set X

X, =X X =l —(-an v+ (-]

According to multiplication operation for fuzzy numbers, the o -level set D looks
like

D,= [xlz —2(l—a)x,x, +(1- 0{)2 X2, 22+ 2(1— ), x, + (1 0{)2 x,zal

If @ =(b,b,.b,) is a nonnegative number, the & -level set @D looks like [C;,Cf,],
where

C! =blx’ —2(1-a)x,x, +(1- )’ xj]—
~bl1- ) 20 -) 5z, + (- a) 53}
C= b[x22 +2(1—a)x,x, + (1- ) x2 ]+

th |- a)w? + 20— a) x,x, + (1-a) 2]
Then

6 .= j(bxf +C! Jader =
0

1 1 1 1 1
=b(x12 —gxle +Ex2)—bL(gxf —gxle +2—Oxij;
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(bx22 +C;)(Xd05=

1 1 1 1 1
=b(x22 +§x2xR +12x§j+bR(6x22 +gx2xR +20x§}

If @=(b,b,.b,) is a negative number, the @-level set @D looks like [E,L,Ei],
where

2 _
9&)22 -

©

E) =b|x} +2(1- a)x,x, +(1—a)2x,2e]—
b [1- o +20- P xyx, +(1-0) 22}
E} =blx} - 2(1- a)x,x, +(1—0{)2x§]+

th - —20-a) xx, +(1-a) 52

Then
1
Ol = [ (bx3 + EL Jodr =
0
1 1 1 1 1
=b[x22+§x2xR+Ex§)—bL(gx22+gx2xR+%x§);
1
0% = [ (b} + EZ Joda =
0
=b| x —=xx, +—x, |+b, le—lxle+ x; |,
3 6 6
or
(-1) 1 1 (-1) 1
Ha{iz_b{ 3+ 3 XXM +E 1%4 -b, g 3+ 5 X, Xy +2—0x§4 ;

' 1 1 )y 1
6., =b x2+( )xx +—x;, |+b| =P+ —xx, +—x, |,
ax |: r 3 r’°"M 12 M, R 6 r 6 r’°"M 20 M
where
1, b-b, 20; L, =1
q: L M = q
2, b+b, <0, " \R, g=2
2, b-b, 20; L r=1
r= M, =
I, b+b,<0; R, r=2

The proposition 6.5 is proved.

The Proposition 6.6. Boundaries of the weighed segment of product of fuzzy
numbers @, X and Z look like
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—1) —1) I
671)?2 :b{xqzq +( 6) X4Zm, +( 6) 24Xy, +12quZMq}_

1) 1)
—b{lxz +( ) szq+( ) zqu+1ququ}

6 7 12 7 12 20
-1) -1) 1
952)& :b{xrzr + ( 6) X2y + ( 6) 7%y +12xM‘le+

+b{1x,z +(_1) X, Zy, +(_11) 2%, +L M,ZM,}

6" 12 2 20
I, b-b, 20 L qg=1
q= LM, = .
2, b+b,<0 7 |R, g=2
2, b-b, 20 L r=1
r= ; M, = .
I, b+b,<0 R, r=2

The proof. Let us consider a fuzzy number which is product of fuzzy number
X= (x,,%,,x,,%,) by fuzzy number 7= (2/,25-2,-2x ), and let us denote it with

G = X x7 . Let us write out «-level sets X and 7
Xa:[X;’X;]:[xl_(l_a)xL’ x2+(1_a)x1e]§

z,=2".22|=[z,-(-a)z,, z,+(1-a)z,)
As X and Z are nonnegative fuzzy numbers, the & -level set of fuzzy number G
looks like G, = [G,IZ,G;], where
Gl =x7z - (1- a)xlzL —(1- a)zle + (1—0!)2 X, 25
Gl =x,2, +(1— ),z + (1 @)z, x, + (1 - ) x 2.

If a= (b,bL,bR) is nonnegative number, the o -level set @D looks like [G;,Gi],
where

G; =blxz, _(l_a)xlzL _(1_a)Z1XL +(l_a)2xLZL]_
_b[(l_a)xlzl _(l_a)leZL _(1_0‘)2 X +(l_a)3xLZLl
Gi =b|x,z, +(1—0!)xzzR +(1—0!)1sz +(1—0()2szR]+

+by [(1_a)x222 +(l_a)2x2zR +(1_a)2 2o Xp +(l_a)3'xRZR]‘
Then

‘ 1 1 1
6;)22 = .([(bxlzl +G, )ada :b[xlzl _gxlzL _gzle +12-XLZL]_
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1 1 1 1
-b, gxlzl —ExlzL —Ezlx1 +2—OxLzL ;

\ 1 1 1
0 = J.(bx2z2 +G2)0(d0( =b(x2z2 +gx2zR +6Z2XR +12szRj+
0

1 1 1 1
+bR gx2Z2 +EX2ZR +EZ2XR +2—0XRZR .

If @=(b,b,,b,;) is a negative number, the @ -level set @G looks like \ZPA% ]

where
V= bz, (=), + (1= @)zyxg + (- @ x, 2,
b, [1—a)e,z, + (=@ xz, + (=) zyx + (=) 3z, )
V; =b[xlz1 —(1—0!)xlzL —(1—0!)1le +(1—05)2 xLzL]+
thfi-a)z —(1—a)xz, —(1-a)fzx, +(-a) x,2,)
Then

) 1 1 1
o . = j(bx2z2 +V0i )Ofda =b()€222 +gx2ZR +gZ2xR +EXRZRJ_

axXZ
0

1 1 1 1 )
—-b, gx222+ﬁx2ZR+EZ2xR+%xRZR >

( 1 1 1
062)?2 = ‘(‘;(bxlzl +Vof )Oda =b(x1z1 —gxlzL —gzle +12xLzLJ+

1 1 1 1
+ by gxlzl _EleL _Ezlxl +2_0xLZL >

or
-1) -1) 1
91;)?2 :b(xqzq +( 6) quMq + ( 6) Z‘iqu +12quZMdJ_
1 (1) (1) 1
—bL(6xqzq + T XyZu, + 2 24Xy, +%ququ ;
-1) -1) 1
93X~Z~ :b[xrzr + ( 6) erM,, +( 6) erM,, +12xM,ZM,J+
1 -1) -1) 1
+b’{6x’z’+(12) X, 2y +(12) 2%y, +20xM,zMr}
where

1, b-b, 20; L qg=1,
q= M =
2, b+b, <0 ?
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2, b-b, 20 L r=1
r= M,
I, b+b,<0;

- R, r=2.

The proposition 6.6 is proved.

It is worth mentioning that if many nonlinear classical regression models can be
reduced to linear models by means of corresponding replacements, nonlinear
fuzzy regression models are more complicated to reduce.

The matter is that, for example, while multiplying fuzzy numbers it is not
always possible to set an analytical form for membership function of a fuzzy
number which is a result out of the multiplication. Since all known linear fuzzy
regression models assume such possibility, it becomes clear why it is impossible
to reduce nonlinear models to linear fuzzy regression models on its own.

Let

Y,

-2 SN N R B i i i

Y= < s Y,«=(y1,y2,yuyR), yl_yLZO’
Yl’l

i:171 are output 7T -numbers,
vl
Xj
Xj: e |, X;E<XIJI,X;[,X£I,X£), xljl_x£’20,

~l’l
Xj

jzl,im, i =1,n are input T -numbers.
Let us search relation between input and output data in the form

= ., . =y . 5o - ~ o~
Y=aX +..+a,X, +a,,X,X,+..+d,,.X,.X
2

m

aszrmﬂX1 +..+ am(m+3)Xm +a,,
2 2

where a, = (bk,bf,b,ﬁ); k =0,m(mz+3) are unknown coefficients of regression

model, and also triangular numbers.
Let us determine the weighed segments

IS RN 1,
yl—gyL,y2+gyR ,i=ln

for observable output data Y.
Let us denote the weighed segment of product of numbers @, and X! with

[ealkgg (b*. bk 5% ), 0 (b* bk b} )]

where
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2
k:m +2m+2,m(mz+3), j=Lm i=Ln,

and the weighed segment of product of numbers @, and X, where k =1,m,

j=Lm, i=1,n, with

[‘9;;;2 (b, bk, b ) 0 (0", bf b )}

and the weighed segment of product of numbers a, and X ’p X ; with

[Huik)?l’;)?j. (bk ’bf ’b£ )’ H;AX},X} (bk ,bf ,bllé )]
where

J = mim+li P

m+1’T’ pzlam_l’ j:2’m’ pi]’ p<j’ i:2,l’l.

According to the proposition 6.4,

0, ¢ (bk,bj,b,’;)zbk[x; + (—1)‘%

oo ey ot

02 ¢ (b bt bk )= b ! + (1) Txf |+ 4 (<1 =t |
- & 6 M 6 12 7
where
. I, b*=bf>0
gomim2 mmtd) o g2t P20
5 5 2, b"+b,<0

L qg=1 2, b'-b; 20 L, r=1
M = ; r= s M, = .
“ IR, g=2 I, b"+by<0 R, r=2

According to the proposition 6.5

G;k . (bk,bf,bz)zbk {x:z +7( 31) x;’x,{;q +112x,{4’q}—

W 1 e (_l)q ji i 1 ji2 |,
_b{6x; +Tx;x1{4q+gx1{4q ;
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ji* (_l)r ji .. ji 1
Gigjz(bk,bf,b’;)zbk[xr’ +3x,’x/v,r+12x,{4r}+
| R () | [ 1
+by| —x + xI'xlo+—xi |,
R|:6 r 6 r M, 20 M,j|
where
k=1m; j=1m; i=1n;
1, b =b >0 L, =1
q= L L s M, = =
2, b"+by<0 R, ¢g=2
2, b —b >0 L r=1
r= P S .
1, b"+b,<0 R, r=2
According to the proposition 6.6
N -1 L L i
Qékiji;)(bk,bf,blﬁ):b{x;x;’ +7( ) J ;;q+7( 6) ’ "Vrﬁ ,'&qx,{;q}—
—bf {é xfxé’i +—( 112) x(;’xl{;’q +—( 112) x;lngq +%x1{4’qx1{;’q}
6 b5t 5t) =0 e+ E g L e L |
o XX, 6 ’ 6 - 12 ’ ,
1 . (_1)f o (_1)’ R
L L A M S L0 T W A L L A 2 e
R|:6 rr 12 r "M, 12 r "M, 20 M, "M,
where
k=m+1,m—(n;+lj; p=Lm—1, j=2m, p#j, p<j, i=2n:
L b -b 20 L, g=1
2 b +bi <0 " |R, g=2
2 bk—bfZO' L, r=1
L prepi<0 TR, r=2

Let us determine the weighed segments 19; ) 9; J, i =1,n for model output data
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%4 i ~ i ~ vivi i i
Y, =X 4ot K 43, KR4t T, K K]+

2

X[ 4ot Ty X+

m-+m+2
2 2
o) (b* b} by ) =" —g”“Z"ig» (b7.b).b; )+
=t

m
+291 XX (bm+]1bm+/lbm+/1)
. Ay j1
=

m

2m—j+3 3 2m—j+3 71 2m—j+3
E )?,.X.(b ,b; by +..+
Ay j3& 24X

1 2 2
o- . _ b b, by +
e g,
m m?+m m?+m mi+m
h 5 T +j 5t
WIS P i
= Cran, N
J 2
where
mim+3i
kZO’T;
21k 1k 1.k 0
62 (b* bk bk )=b" +—~ b +Z i (07,07 ,65 )+
i a
m
2 (m+j—l m+j—1 m+j—l)
+_Z;9r:m+,-ﬁ;f; b by i)+
=
2m—j+3 7.2m—j+3 2m—j+3)
z AT AU AN i) Fs
m>+m  mi+m m +m
2 2 2 2
o: .. b b, ,be +
Wy g
m m2+m‘j m2+m‘/, m2+mlj
2 2 2 2
2.0, wlb b, 2 by
j:I m2+m+,_
where

Let us consider a functional
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Flot b50t)=> £2(0.7)
i=1

which characterizes an affinity measure between initial and model output data:

n 2
platot)= 5 0 bt o 2]+

i
i=1

2
N
+|:H;’,(bk,bf,b£)—y2—6y1{| }

The optimization problem is set as follows:

F(o* b} b3)= > £ (7,.7) - min,
i=1

b >0, b >0, k=o,m—(’"2+35.

Since 6’; (bk by ,bﬁ) and 9,,2 (bk by ,b,li) are piecewise linear functions in the field

then F is piecewise differentiable function, and solutions of an optimization
problem are determined by means of known methods [152].

Let initial output data Y E(yf Y5V y;), i=l,n are formalizations
Y= (ylk,yf,y'g,y,];), k=1p of linguistic values Y, of an attribute Y. In the
determining model output data fi, i=1,n a problem of predicting linguistic

values of this attribute or identification of each fuzzy numbers Y, with one of

fuzzy numbers )7,( arises.
Let us denote with [Al' ,A;], i=1n the weighed segments of output model data

, = 171 and with [Blk,sz ], k= G - the weighed segments of formalizations

=

h<

= (yf‘,yf,y'[,yﬁ), k=1, p of linguistic values Y, , k = 1, p of attribute Y .
Then

2

07 )= (4 - B + (4 =B i =Tk =Tp.

Output model value f, is identified with linguistic value Y, if

£2(0.7 )=min 27,7, b =1.p.
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6.6 Building of a Reference Pattern (Image) of Objects with
Qualitative Characteristics Using Fuzzy Regression Models.
Obtaining of Rating Points of Objects Based on the
Reference Pattern

When performing comparative analysis of objects with non-numerical
characteristics essential complexity is caused by lack of a reference pattern
(image); in this connection labour-consuming procedures of comparing objects
with each other are carried out, as a rule. If there are a lot of objects, labour input
of these procedures increases manifold.

Let us consider N objects for which experts estimate appearances of
qualitative characteristics X;, j =1,m having essential impact on some final

qualitative characteristic Y .
Let X

characteristics X;, j=1,m,and Y,, [ =1k be levels of the verbal scale applied

j» [ =Lm; be levels of the verbal scales applied to an evaluation of

to an evaluation of characteristic Y, accordingly. Levels are arranged in ascending
order of intensity of appearances of these characteristics.
Let us denote relative numbers of objects of the considered group, which are

referred to level X, [=1m;, j=1m while estimating the characteristic X ;,

j:ﬂ,With Cl[j, lzl,mj, jzma

Based on these data and the method described in §2.2, let us construct COSS with
names X;, j=1,m and term-sets X;, [=1m, j=1m. Let us denote with

M (x) membership function of fuzzy number X ;j corresponding to /-th term-set
of J-th COSS, I=1,m, j=1,m. Let us denote fuzzy numbers )?,j, I=1,m,

j=1m or their membership functions ty(x); 1 =Lm;, j=1,m with object

evaluations. Let us denote with X and ,U;'(x)E(a;?l,a",-lz,a;'ua,',-}), n=1LN,

j:l,im an evaluation of 7-th unit within the limits of attribute X j. Fuzzy

number X 7 with membership function 4] (x) is equal to one of fuzzy numbers

le, I=1, m; j= 1,7m Let us denote with a;, [ = Lk relative numbers of the
objects referred to level Y, [ = 1,k while estimating the characteristic Y .
Based on these data, let us construct COSS with name Y and term-set Y,

I=1,k. Let us denote with ﬂz(x) membership function of fuzzy number Y,

corresponding to term Y;, [ =1,k . Let us refer fuzzy numbers 171 , [ =1,k or their
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membership functions 4 (x) I =1,k as object evaluations. Among N objects we

select those having evaluations £ (Y, Ye2» ¥i» Vix) Obtained from experts [the
higher evaluations of intensity of characteristic ¥ appearance]. Without limiting a

generality, let us consider that they are objects with numbers i=1,M and
membership  functions of values of characteristics X B j= 17¢
{/uy( (aﬂ,aﬂ,a]L,ajR) l—lM ]—lm

The reference pattern of successful object within the limits of some final
characteristic is determined as a group of fuzzy sets (or their membership

functions) [223] corresponding to appearance of characteristics X ;, j=1,m i..

{zuj(x) (x,px,z,x]L,x )} j=l,m.

The functional model of definition of a reference pattern is shown in Fig. 6.1.
Let us denote the weighed segments of fuzzy numbers with membership

functions {,U;( (ajl’ajzvajuaﬂa)}, i=LLM, J—l m with lAjl’ ,2], i=LM,

j= 1,m . Then we obtain

A;l=ai 1 A’ —a +éa1R, i=LM; j=1m.

1 6 /L’
Let us denote the weighed segments of fuzzy numbers with membership functions

{/lj(x) (-le’x,z’x,L’x,R) j=1Lm with llesszj i =1,m . Then we’ll obtain

1 B = 1
jl_ngL’ j2_xj2+ngR

n=x
Let us denote the weighed segment of fuzzy number with membership function
tuk(x)E(yklvykzvykL7ykR) with [CI,CZ], and the weighed segment of fuzzy
number obtained by substituting fuzzy numbers with membership functions

U j( )— (x 10X 20 Xjrs X g ) Jj =Lm in fuzzy regression model (linear or nonlinear)
developed in §6.4 or 6.5, with [DnDz]~
On substituting in the linear model, we obtain

1 m
Dlzbo bo+z ! ¢ ; 2=b0+gb2+zlt9;)?j,
e

; 1 (1 1
9;[_)—5[ :bj(le —ngLj_bZ(gxﬂ _Eijj;

9;,&! =b’(xj2 +éij)+bj[éxﬂ + 112 x]Rj, j=Lm.

where
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Objects with Objects with
characteristics characteristics
X, j=Lm v ={v.1 =1k}
M objects M objects
with Y,
p \/

209

pi +p; —> min

Reference
pattern
v
. 2 Y,
Regression model P k
P

Fig. 6.1 Functional model of obtaining a reference pattern

On substituting in the linear model, we obtain

1 m m
D, =b° —gbg +Z;9;j§% +Z;9; oot
J= J=

X.
=3 !

1 m

0 0 2 2

D,=b +—6bR +Zleﬁﬂ?2- +Z¢9{7 R
=

mtj-1414

m
1 1 1 .
+Z€52M3§2~ +..+6; +.265 P
T2 =

m

j m+ j—
2

j:

m
2 2 2
+Z¢9‘72W3)22~ +..+ 0 +>60 ..

X .
=3 !

where

0, %= b”[le

At p

and

2
m=+m - = y + J
Txm,]xm j=1 mermL

1 1
_ngL)_pr(ngl _Eij);

1 (1 1
2%, = bp[sz + ngRj '|'blle (ngz + Eij)

=m2+m+2 m(m+3)

k]

2 2
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1 1 1 1 1
H;I,J?f:bp(sz'l 3 XL +12 JLj bp(6 Xj1 6x11x1L+20 JZL}

i 1 1 1 1 1
0, 52 =0 [x.?z NN 12x?’e) +b'g(6x§2 Te o ij

with p=1,m, j=1,m, and

1 1 1
o, %%, pr('le'xtl 6 Xje — 6'xtl'ij+E'ij'xtLj_

b 1 1 1 1 )
—Op| “XuXg — 12 XXy — lzlex_/L+Eijx,L ;

6
—b”xx+1xx+1xx +1 X, |+
j27vt2 6 j2 6 12 /RtR

, 1 1 1 1
+bp| — p XjpXy T XX T Xy X g X X,

12" 12 20 R
mim+1i

with p=m+l,T, t=1lm-1, j=2,m, t#j, t<j.

2

Let us denote (C, — D, )

ii[( )2"'(‘4;2_3;'2)2]

i=l j=1

+(C,-D,) with p?,and

with p} .
Unknown parameters of membership functions {#,( (x 10X X X R )} of
the reference pattern are found from a solution of an optimization problem
pi+p; — min
Under conditions X;; —X;, 20 x,, +x, <1 x, 20 x, 20 j=1m.
We offer to use the reference pattern given in the form of a group of fuzzy

numbers {/1,( (le,x 2 X Xir )} j=Lm for the comparative analysis of

real evaluations of objects with the pattern, obtaining of rating points and
development of the operating actions aimed at success of objects within the limits
of the final characteristic Y .

Let us denote the weighed segments of evaluations of n-th object [or fuzzy

numbers X?, n=1,N with membership functions {/17( (ajl,ajz,ajpa )},

n=1N, j=1,m] with [A,"-I,Afz], j=1Lm, and

1 1
\/2 (B.fl —Aj )2 + 5 (B.fZ —Aj )2 )
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where lB 1-B ,—zJ, j= 1,m are the weighed segments of the fuzzy numbers making
in aggregate a reference pattern of objects, with 2;, j= Lm.

Let us obtain rating points of n-th object, n = LN as follows [223, 224]:

n=1-> wp. (6.10)
j=1

The rating points obtained by the formula (6.10) will differ from the evaluations
obtained by a principle “the higher individual indexes are, the higher rating points
are” [225—226]. The rating points constructed on the basis of s reference pattern,
are quantity indexes of affinity of indexes of estimated objects and indexes of the
pattern constructed on the basis of real a posteriori data. Therefore, the analysis of
the objects’ functioning monitoring data based on the obtained rating points
improve reliability of the prediction of final indexes (in our case, they are indexes
of characteristic Y ) and control operations on their improving.

6.7 Examples of Fuzzy Regression Models Employment

Example 6.1. Prediction of progress of the trainees. The comparative analysis of
combined (hybrid) and classical regression models. To construct classical and
hybrid linear regression models, data of progress of 30 trainees in four subjects
[227] are taken. From these data non-repeating results are selected and
summarized in Table 6.1.

Based on the data obtained by a method described in §2.2, four COSS’s are
constructed, their membership function parameters are summarized in Table 6.2.

By the method described in §6.4, linear hybrid regression model is constructed
with definite coefficients:

where @;, j=0,3 are unknown coefficients of regression model. The solution of
an optimization problem allows obtaining the model

Y =0,352X, +0,466X, +0,133X ,;
S =0,454; HR = 0,805; HS = 0,239.

According to the method described in §6.4, linear hybrid regression model is
constructed with fuzzy coefficients

Y=d,+aX, +a,X,+a,X,,

where d = (b'f bL’b,;) j= (Tﬁ are unknown coefficients of regression model, and
also normal triangular numbers. The solution of an optimization problem allows
obtaining the model
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Y =(0:0,566:0)+ (0,412:0,104;0)X, + (0,466;0:0)X , +
+(0,130:0;0)X ,;
S =0,454; HR =0,827; HS =0,213.
As one can see form the building process, fuzzy regression model with fuzzy
coefficients has more accurate indexes then regression model with definite

coefficients.
The classical linear regression model is constructed

Y =-0.708+0,301X,+0,428X, + 0,394 X ;;
S, =0,949; R =0,808; S =0,509.

Table 6.1 Progress data

No X, X, X, Y
1 2 3 3 2
2 3 4 3 3
3 3 2 2 2
4 4 4 3 4
5 5 4 5 5
6 4 3 3 3
7 5 5 4 4
8 5 3 4 3
9 2 3 3 2
10 3 4 3 3

Table 6.2 Parameters of membership functions of evaluations in subjects

T
erm X,
No.

1 (0;0,10;0,0,10) (0;0,05;0;0,10) (0;0,15;0,0,20) (0;0,1050;0,15)

2 (0,20;0,40;0,10;0,30) (0,15;0,45;0,10;0,30)  (0,35:0,20;0,30)  (0,25;0,60;0,15;0,10)
3 (0,70;0,80:0,30;0,15) (0,75;0,85;0,30;0,10) (0,65;0,85;0,30;0,05) (0,70;0,90;0,10;0,05)
4 (0,95;1,00;0,15;0)  (0,95:1,00;0,10;0)  (0,90:;1,00;0,05;0)  (0,95;1,00;0,05;0)

X, X, Y

Considering an incorrectness of operating with elements of ordinal scales, we may
assume that the constructed model does not initially have essential and substantial
sense. However, in practice similar models are applied rather often. Therefore, the
classical model is constructed to compare its determination coefficient with values
of analogue determination coefficient for the fuzzy hybrid regressions (other
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quality indexes are incomparable), and also to compare the predicted output
indexes obtained within the limits of all models. At this stage of investigation it is
clear that fuzzy hybrid regression models have great values of determination
coefficient analogue in comparison with coefficient of determination of a classical
model.

Results of comparison of real output data with the output data obtained within
the limits of all models are summarized in Table 6.3.

To recognize fuzzy output values indexes (6.8) are used.

As one can see from Table 6.3, the model output data obtained based on the
fuzzy hybrid regression of model with fuzzy coefficients coincide with real output
data in 90 %. The model output data obtained based on the fuzzy hybrid regression
of model with definite coefficients, coincide with real output data in 80 %.

Table 6.3 Real and model output data

Item Initial Model value of Model value of fuzzy regression

No. data classical regression With definite coefficients With fuzzy coefficients
1 2 2 3 2
2 3 3 3 3
3 2 2 2 2
4 4 3 4 4
5 5 4 4 4
6 3 3 3 3
7 4 5 4 4
8 3 4 3 3
9 3 3 3 3
10 4 4 4 4

Also, the model output data obtained based on the classical regression of model
coincide with real output data in 60 %.

Thus, the carried out analysis of quality classical linear and fuzzy linear hybrid
regression models (constructed within the limits of the information of educational
process) allows drawing a conclusion about advantages of the developed fuzzy
hybrid regression model, and reasonably recommend application of this model for
processing information of educational process and its reliable prediction.
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Example 6.2. Prediction of commercial success of software products.
Development of managerial instructions to assure the success. As input
characteristics of the software products developed for automation of retail
business, bank activity, insurance business and I/C account three characteristics
are taken: X, — modifiability, X, — studiability and X; — functionality.

Modifiability is a characteristic of software products which simplifies
introducing of necessary modifications and updating and includes characteristics
of expansibility, structuredness and modularity.

Studiability is a characteristic which allows minimization of efforts to study
and understand software programs and documentation and includes characteristics
of informativeness, clearness, structuredness and readability.

Functionality is a characteristic which shows ability of software product to
fulfill a number of the functions defined in its external declaration and satisfying
specified or implied demands of users.

As output characteristic success of software products Y, which includes groups
of these products with customers, their salesability, and recognising by leading
experts is considered.

Table 6.4 The real and formalized data of expert evaluations of software products

n X, X, X, Y
Actual data

1 3 4 3 3

2 3 3 3 3

3 4 3 5 5

4 4 4 4 4

5 5 3 5 5

6 5 4 4 5

7 3 4 4 4

8 4 3 4 3

9 4 5 3 3

10 4 5 3 3

11 3 3 4 4

12 4 4 3 4

Formalized data

1 (0;0,15;0;0,3) (0,375;0,425;0,25;0,35)  (0;0,125;0;0,25) (0;0,075;0;0,15)
2 (0;0,15;0;0,3) (0;0,125;0;0,25) (0;0,125;0;0,25) (0;0,075;0;0,15)
3 (0,45;0,55;0,3;0,3) (0;0,125;0;0,25) (0,85;1;0,3;0) (0,925;1;0,25;0)
4 (0,45;0,55;0,3;0,3)  (0,375;0,425;0,25;0,35) (0,375;0,55;0,25;0,3) (0,225;0,675;0,15;0,25)
5 (0,85;1;0,3;0) (0;0,125;0;0,25) (0,85;1;0,3;0) (0,925;1;0,25;0)
6 (0,85;1;0,3;0) (0,375;0,425;0,25;0,35) (0,375;0,55;0)25;0,3) (0,925;1;0,25;0)
7 (0;0,15;0;0,3) (0,375;0,425;0,25;0;35) (0,375;0,55;0,25;0,3) (0,225;0,675;0,15;0,25)
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Table 6.4 (continued)

8 (0450.55:03:0,3) (0:0,125:0:025)  (0.375:0.55:025:0.3)  (0;0,075;0:0,15)
9 (0450,55:0,3:03) (0,775:1:0,35:0) (0:0,125:0;0.25)  (0,225;0,675:0,15:0,25)
10 (0,45:0,55:0,3:0,3) (0,775:1:0,35:0) (00,125:0:0.25)  (0,225:0,675:0,15:0,25)
11 (0:0,15:0,0,3) (0:0,125:0:025)  (0.375,0.55:025:0.3)  (0:0,075:0:0,15)
12 (045:0.55:03:03) (0,375:0.425:0.25:0,35)  (0:0,125:0;0,25) (0:0,075:0:0,15)

"non

It is assumed that all characteristics have three linguistic values: "low", "mean",
"high". The choice of input characteristics from a certain set offered is an
individual separate problem [211] aimed at detecting those which have essential
impact on the output characteristic.

Twelve selected software products have been estimated by experts, and the
obtained data are formalized by the method described in §2.2. Results are
summarized in Table 6.4.

By the method described in § 6.5, nonlinear hybrid fuzzy least-squares
regression model is constructed:

Y =(-0,483;0,0)X 2 +(0,061,0;0)X 2 +
+(=0,121;0:0)X, X, +(1,022:1,022;0)X , +
+(0,283:0,283:0)X, + (0,017:00).

By the method described in §6.4, linear hybrid fuzzy least-squares regression
model is constructed:
Y =(0,026:0;0)+ (0,067;0,0)X, +
+(0,619;0,585:0,507)X , +(0,234:0;0)X,.
On carrying out of the comparative analysis of real output data and the model

output data obtained within the limits of two constructed models, the nonlinear
regression model is selected to enable further building process.

Based on the data of Table 6.4, data X, i=1,73 of the software products
obtaining the higher marks of success (tab. 6.5), is determined.

Table 6.5 Data of the software products obtaining the higher marks of success

Xl XZ X3
(0,45:0,55:0,3:0.,3) (0:0,125:0:0,25) (0,85:1:0,3:0)
(0,85;1:0,3:0) (0;0,125:0:0,25) (0,85:1:0,3:0)
(0,85:1:0,3:0) (0,375:0,425:0,25:0,35)  (0,375:0,55:0,25:0,3)

For the data of Table 6.5 the weighed segments (tab. 6.6) is obtained.
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Table 6.6 The weighed segments [A;-l, A;ZJ, j=123

i |4y, AL |y, AL |az, AL
1 [0,4; 0,56] [0,05; 0,165] [0,8; 1]
2 [0,8; 1] [0,05; 0,165] [0,8; 1]
3 [0,8; 1] [0,335; 0,483] [0,335; 0,6]

The reference pattern (image) of successful software product is determined in the
form:

u; = (le,xﬂ,x]ux ) Jj=123.

The weighed segments of the reference pattern are denoted with lAjl’ Asz,
j=L23, and the weighed segment of fuzzy number with parameters (0.925; 1;
0.25; 0), formalizing the higher mark of success of software product, C, = 0,883,
C, =1, is denoted with [CI,CZ].
On substituting the reference pattern in constructed nonlinear regression model
the weighed segment of the obtained result is obtained:
D, =-0,483x;, —0,161x,,x,, — 0,04x/, +0,161x;, —
—0,05x;,x;, +0,01x;, —0,121x,,x,, — 0,02x,,X,, —
—=0,02x,,x,, —0,01x, X, +0,852x,, —0,085x,, +
+0,236x,, —0,024x,, +0,017;
D, =-0,483x}, +0,161x, x,, —0,04x], +0,161x3, +
+0,05x,x,, +0,01x;, —0,121x,,x;, +0,02x,,x,, +
+0,02x,,x,, —0,01x,, x;, +1,022x,, +0,17x,, +
+0,283x,, +0,047x,, +0,017.

Unknown parameters of membership functions {/l ,-( (x 10X X5 X e )} of the
reference pattern are obtained from the solution of an optimization problem

F(le’xﬂ’x/L’x]R Z[ Al )2]+
+(C1—D1) (Cz_Dz) — min
Under conditions
X=X 2000, +x, <Lx, 20;5x, >0;j=13

or
F(le,sz,xlu jR) (04 x11+0167x1L)

+(0,56 — x,, —0,167x,, ) +2(0.8— x,, +0,167x,, ) +
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+2(1-x, —0,167x,, ) +2(0,05 - x,, +0,167x,, ) +
+2(0,165 - x,, —0,167x,, ) +(0,335 — x,, + 0,167 x,, ) +
+(0,483 - x,, —0,167x,, ) +2(0,8 — x;, +0,167x,, )’ +
+2(1-x, —0,167x,, ) +(0,335—-x,, —0,167x,, )’ +
+(0,6— x;, —0.167x,, ) +(0.483x% + 0,16 1x,,x,, +
+0,04x7, —0,161x;, +0,05x;,x,, —0,01x;, +
+0,121x,,x5, +0,02x,,x,, +0,02x;,x,, +0,01x, . x;, —
~0,852x,, +0,085x,, —0,236x,, +0,024x,, +0,886)" +
+(0.483x% —0,161x,,x,, +0.04x2, —0,161x2, —
+0,05x;,x,, —0,01x;, +0,121x,,x,, —0,02x,,x,, —
—-0,02x;,x,, +0,01x,,x;, —1,022x,, = 0,17x,, —
—0,283x,, — 0,047 x,, +0,886)° — min,

with
X=X, 2000, +x, SLx, 20x,20;j =13.

The solution of the optimization problem determines the reference pattern of
successful software product:

4,(x)=(0,789;0,789;0,363:0,211),
1, (x)=(0,155,0,155;0;0,845),
1;(x)=(0,68;0,847;0;0,153).

Table 6.7 The weighed segments of evaluation results for software products

n A A Az AL |z, Az

1 [0;0,2] [0,333; 0,477] [0; 0,167]

2 [0; 0,2] [0; 0,167] [0; 0,167]

3 [0,4; 0,6] [0; 0,167] [0; 8,1]

4 [0,4; 0,6] [0,33;0,477] [0,33;0,6]
5 [0; 8,1] [0 0,167] [0; 8,1]

6 [0; 8,1] [0,333; 0,477] [0,333; 0,6]
7 [0;0,2] [0,333; 0,477] [0,333; 0,6]
8 [0,4; 0,6] [0; 0,167] [0,333; 0,6]
9 [0,4; 0,6] [0; 723,1] [0; 0,167]

10 [0,4; 0,6] [0; 0,167] [0; 0,167]

11 [0;0,2] [0; 0,167] [0,333; 0,6]
12 [0,4; 0,6] [0,333; 0,477] [0; 0,167]
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For formalized data of Table 5.7 the weighed segments are obtained and
summarized in Table 6.7.

For the reference pattern of successful software product the weighed segments
are obtained:

[B,,.B,]=0,7280,824]
[B,,.B,,]=[0.155:0,296]
[B,,.B,,]=[0.68,0,873]

By the formula (6.10), rating points of software products and the obtained results
are summarized in Table 6.8.

Upon the experts’ agreement the weight coefficients @;, j=13 are taken
equal to 1/3.

The obtained rating points of software products were used to develop
managerial instructions aimed at achieving future success of software products
[228—230].

Values of rating points are grouped in three intervals [0; 0.2], [0.2; 0.6],
[0; 6.1], to which linguistic values: "low", "mean", "high" are assigned,
accordingly.

Table 6.8 Rating points of software products and a rating based on the reference pattern

n Rating points Rating

1 0,284 10

2 0,301 9

3 0,754 2

4 0,647 5

5 0,789 1

6 0,683 3

7 0,463 8

8 0,665 4

9 0,251 11—12
10 0,251 11—12
11 0,481 6

12 0,468 7

If the rating point of software product falls in the first interval [0; 0.2], the
software product comes back to the beginning of previous development cycle. If
the rating point of software product falls in the last interval [0.6; 1], the software
product is transferred to the next development cycle. If the rating point of software
product falls in the mean interval [0.2; 0.6], the aggregation operator of
information will be used to develop managerial instructions.
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Three variables were considered: Z, — distance between value of characteristic
X, of n-th software product, and value of characteristic of the reference pattern
of software products; Z, — distance between value of characteristic X, of n-th
software product, and value of characteristic X, of the reference pattern of
software products; Z; — distance from value of characteristic X; of n-th
software product, n = 112 to value of characteristic X, of the reference pattern of
software products.

Each variable accepts three linguistic values "low", "mean", "high", to which
values 0, 1 and 2 are put in correspondence withy the aim to construct logic

function. Numerical values of variables Z,, Z,, Z; were denoted with Z', Z;,

Z}, n=1,12, accordingly:

Z' = \/(Bll _Alnl)z + (B12 _Alnz)zs n =m;

z; Z\/(le _Afgl)z +(Bzz _Agz)z’ n=112;

n n n 2
Zy = \/(331 - A31)2 + (332 - A32) » n=11
The interval [0; 0.3] is put in correspondence to linguistic value "low" of variables
Z,, Z,, Z;;10.3; 0.95] — to value "mean", and interval [0.95; /2 ] — to value
llhigh"'

On agreeing with experts, the logic function F' depending on variables Z,, Z,,

[\

Z; began to take three values: “the software product is conditionally transferred to

CLINNT3

the next stage and updated routinely”, “an expert is invited to update the software
program”, “a group of experts is invited to update the software program”. Values
0, 1 and 2 were put in correspondence to these values.

The functional model of development of managerial instructions based on the
rating points is given in Fig. 6.2.

Experts formulated the following entry conditions F(Z, =2)=2,
F(Z,=2)=2, F(Z,=2)=2, and fuzzy conditions "slightly-increase" for
behavior of function by each argument. These conditions were formalized by
means of fuzzy relations, with the related matrixes summarized in Table 6.9.

As a result of formalization of function behavior conditions and entry
conditions [230], the following matrixes of the fuzzy relations with related
elements summarized in Table 6.10, were obtained.

At the cross-section of a line i+1 and a column j+1 of the matrixes
(Table 6.10) there are the values of confidence degrees saying that function F

will take value J with value of arguments Z,, Z,, Z;, equal to ;, i :@,

j=02, accordingly.
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Fig. 6.2 Functional model of development of managerial instructions based on the rating

points

Table 6.9 A matrix of the fuzzy relation describing "slightly-increase” of logic function F

for arguments Z,72,,7Z,

0

F for argument Z,

0,9

0
0

F for argument Z,

0,7

0
0

F for argument Z,

0,8

0
0

1 2
1 0,9
0,9 1
0 0,9
1 0,7
0,7 1
0 0,7
1 0,8
0,8 1
0 0,8
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Table 6.10 A matrix of the fuzzy relation describing values of logic function F for

arguments Zl’ Zz, Z3

I 0 1 2

F for argument Z, (a)

0 1 0,9 0,9
0,9 0,9 0,9
2 0 0 1

F for argument Z, (b)

0 1 0,7 0,7
0,7 0,7 0,7
2 0 0 1

F for argument Z; (c)

0 1 0,8 0,8
0,8 0,8 0,8
2 0 0 1

As a result of formalization of all conditions the relation is obtained with the
matrix of 27 lines (according to number of possible values of arguments) and 3
columns (according to number of function values). Matrix elements are values of
confidence degree saying that function F will accept any value depending on
values of arguments Z,, Z,, Z;. For example, to obtain degree of confidence
saying that function F will take value 1 at Z, =0, Z, =0, Z; =0 it is necessary
to take a minimum of an element of the matrix 6.10 (a) placed on the cross-section
of the first line and the second column, an element of a matrix 6.10 (b) placed on
the cross-section of the second line and the second column, and an element of a
matrix 6.10 (c) placed on the cross-section of the first line and the second column.

On completing all operations the fuzzy relation describing work of an
aggregation operator of information or functions F, is obtained. Elements of a
matrix of this relation are summarized in Table 6.11.

Discussing the obtained results with experts allowed obtaining the aggregation
operator of information in the form of function of three-value logic with three
variables. Results of work of this operator are summarized in Table 6.12.

Managerial instructions based on results of work of the operator are in the form
of the following logic rules (Table 6.14).
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Table 6.11 The fuzzy relation describing work of an aggregation operator of information
(function F')

Function F
Argument
0 1 2

000 1 0,7 0,7
001 0,8 0,7 0,7
002 0 0 0,7
010 0,7 0,7 0,7
011 0,7 0,7 0,7
012 0 0 0,7
020 0 0 0.8
021 0 0 0.8
022 0 0 0,9
100 0,9 0,7 0,7
101 0,8 0,7 0,7
102 0 0 0,7
110 0,7 0,7 0,7
111 0,7 0,7 0,7
112 0 0 0,7
120 0 0 0,8
121 0 0 0,8
122 0 0 0,9
200 0 0 0,7
201 0 0 0,7
202 0 0 0,7
210 0 0 0,7
211 0 0 0,7
121 0 0 0,7
220 0 0 0.8
221 0 0 0.8
222 0 0 1

Table 6.12 Aggregation operator of information

Argument Function

000 0
001 0
002 2
010 0
011 1
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Table 6.12 (continued)

012
020
021
022
100
101
102
110
111
112
120
121
122
200
201
202
210
211
121
220
221
222

[SS ISR S S S A S S S SR " SRR e el SEE S A S
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Table 6.13 Distances from values of software product characteristics to values of reference

pattern characteristics

Product number

z!
0,914
0,914
0,914
0,362
0,362
0,914
0,362

Z
0,254
0,202
0,254
0,905
0,905
0,202
0254

z;
0,98
0,98
0,442
0,98
0,98
0,442
0,98
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Table 6.14 Logic rules of work with software product for arguments Z, —Z,

Rule Value Administrative
action
number z z, z,
Low Low Low
—»— —»— Mean The software product is conditionally
1 s Mean Low transferred to the next stage and updated
Mean Low o routinely
—»— —»— Mean
Low Mean Mean
2 Mean s Low  An expert is invited to update software product
—»— —»— Mean
Low Low High
—»— Mean —»—
—»— High Low
N N
Mean High
s s
Mean Low —»—
—»— Mean —»—
—»— High Low
—»— —»— Mean " < invited g
S mg Memoloyens i
High Low Low
—»— —»— Mean
—»— —»— High
—»— Mean Low
—»— —»— Mean
Mean High —»—
High —»— Low
—»— —»— Mean
—»— —»— High

The developed recommendations were applied to software products with rating
points provided in Table 6.8.

According to these recommendations the software products No. 3, 4, 5, 6 and 8
were transferred to the next development cycle. For other products distances from
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their values of characteristics to values of corresponding characteristics of the
reference pattern were determined, and these data were summarized in Table 6.13.

According to the developed managerial instructions the software products
No. 7 and No. 11 were conditionally transferred to the next stage, other software
products were offered to be updated by a group of experts.
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