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To my Parents



Preface

This book is an attempt at a comprehensive treatment of those medical imaging
techniques commonly referred to as Computed Tomography (CT) and sometimes
known as Computerised Tomography, which rely on X-rays for their action. As
this is a place to explain my reasons for writing the book, I would like to begin by
assuring the reader of my passion for the medical technology discussed here. My
main motivation in publishing this work was a desire to share with the widest
possible readership my fascination with the topic. I would expect the target
audience for this account to be primarily academics, students and technicians
involved with biomedical engineering, as well as doctors and medical technicians
concerned with medical imaging. The structure and content of the book place
particular emphasis on issues related to the reconstruction of images from pro-
jections, a key problem in tomography. This reflects my area of interest in the field.
Other problems will be treated as technical and physical background to the
reconstruction algorithms, in so far as is necessary for an understanding of how
they work (and perhaps a little more). The reconstruction algorithms covered relate
to all the basic designs of tomographic equipment, from the first Hounsfield
scanner to the most recent spiral CT devices for reconstructing images in three
dimensions. I hope that the summaries of various practical implementations of the
algorithms will help people to test the individual reconstruction methods for
themselves. The final chapter contains an account of a virtual test environment so
that those without access to physical measurement data from a real scanner can
carry out these tests. Perhaps it is a good point here to wish you the best of luck.

There is another reason for engaging the reader at this point, in addition to
spreading enthusiasm for the subject. It is to thank those particularly who have
made significant contributions to the conception of “the work”. I would like to
start with my lecturer Professor Ryszard Tadeusiewicz. It was at his lecture that I
first heard about the reconstruction problem. It was then, perhaps thanks to his
eloquence, that I was quite simply struck by the “beauty” of the problem. The
second person who, in my academic life, had a decisive influence on the direction
of my research was Professor Leszek Rutkowski. He, as my academic supervisor,
always gave me enough freedom to choose the direction of my own interests.

vii



viii Preface

However, I also cannot forget those individuals and institutions that, during the
writing of this monograph, enabled me to bring the project to fruition. Amongst
these I would like to stress the contribution of Dr. Marek Waligéra from the
Private Health Care Group “Unimed” in Czestochowa, who provided me with the
tomographic images contained in the book, and offered advice on all contentious
medical issues. I would like to thank Mr Marcin Gabryel for his assistance in
preparing the program listings included in the book. These should prove very
useful to those wishing to test the reconstruction algorithms described here. I
would also like to offer my special thanks to Japan Industries Association of
Radiological Systems (JIRA) and Sumio Makino for allowing the publication of
historical photographs related to the development of computed tomography
techniques. A significant role was also played by Ms. Claire Protherough, on
behalf of Springer Publishing. She showed great patience with such an ill-disci-
plined author as myself and took such care during the editorial work on the
publication. This book would probably not have arisen at all without Mike Bu-
tynski, who not only translated the text from the Polish language but also, thanks
to his physics background, helped me with many of the basic problems that arose
during the writing of this monograph. Thank you, Mike, for the heart that you put
into the book. To others not mentioned here by name, but who helped with this
work, I apologise and ask for understanding.

In conclusion, I would like to hope, dear reader, that you are willing to spare the
book a moment of your attention and not regard it as time ill spent.

Czestochowa, March 2010 Robert Cierniak
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Chapter 1
Introduction

Only a few devices in the rich arsenal of medical equipment can match the
popularity of the computed tomography scanner (or CT scanner). Its invention
undoubtedly initiated a revolution in diagnostic technology by allowing us to look
inside a person and obtain a very clear anatomical image without violating the
outer surface of his body, in other words, non-invasively. Throughout the indus-
trialised world, it would be difficult to find anyone who was not familiar with CT
scanning either personally or indirectly, perhaps via an acquaintance or a popular
science television programme.

Anyone who encounters CT is amazed by its research possibilities and its
diagnostic precision. However, the CT scanner is more than just a collection of
technical solutions or an example of a successful implementation of long-term
biomedical engineering research. This wonderful instrument unquestionably rep-
resents the embodiment of the power of human thought and the proud spirit of
man, who throughout the ages has worked on the problem of how to look inside his
earthly form without the use of a scalpel and without causing haemorrhaging.
When we stand before such a complex machine, we find ourselves asking: where
does this seemingly inconceivable idea come from, this bloodless “cutting” of a
person slice by slice, then to reassemble the slices to describe in detail the result of
this incredible journey deep into the human body? It is worth therefore looking a
little closer at this piece of medical history, to have a more complete understanding
of the field of tomography.

The examination of a person’s anatomy, as a preliminary to performing various
diagnostic procedures, is a technique that has been used for centuries. However,
people have not always been convinced that it was necessary to know about the
structure of the human body, let alone about the physical diagnosis of internal
illnesses. The belief in a link between the body and the suffering of sick people
probably arose by the way of observation of the changes that occurred in the
appearance of people afflicted with various kinds of illness. This also probably
aroused a curiosity about the structure of the human body, the operation of its
individual parts, and the links between symptoms and the pattern of pathology.
A number of historical sources indicate that people first investigated the internal

R. Cierniak, X-Ray Computed Tomography in Biomedical Engineering, 1
DOI: 10.1007/978-0-85729-027-4_1, © Springer-Verlag London Limited 2011
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structure of the body through human dissection, a process that aroused ambivalent
emotions.' Dissections were probably already being performed in ancient times by
scholars such as Alcmeon, Erasistratus, Galen and Herophilos of Alexandria.

In the middle ages, there was a reluctance to continue this earlier work and so
there was a reduction in the number of such procedures performed. At that time,
people perceived the human body to be the seat of the soul and thus the property of
the Creator. They endowed it with a kind of inviolability clause and surrounded it
with a special taboo. It was forbidden to carry out any kind of human dissection,
thereby removing the only possible source of knowledge about the human anatomy
at that time. Until the sixteenth century, therefore, the only available description of
the inside of a person was the ancient work of Galen De usu patrium, based on
which people created a variety of ideas about the human body, its nature and
structure (see Fig. 1.1).

A fundamental shift in the perception of the body and knowledge of anatomy
came with the renaissance. The new ideological and philosophical trends of this
period very much favoured anthropological research. It is significant, for those
interested in human affairs, that it was at this time that geographical exploration
was being carried out on a large scale. In the course of their distant journeys,
travellers discovered new lands, previously unknown animal and plant species,
and, in the eyes of people from the Old World, strange peoples with strange
customs and different attitudes to the body. These journeys had a great effect on
European imagination and consciousness. Differences between peoples not only

' The word tomography comes from the Greek words tomos, meaning slice, and graphia,
meaning writing or description.
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aroused curiosity but also induced a deeper reflection on their own organism and
its structure.

At the turn of the fifteenth and sixteenth centuries, people began to perform
dissections openly. Yet secret dissections had already taken place earlier, in fif-
teenth century Florence. Leonardo da Vinci carried out 30 such procedures in
1470, producing descriptions and drawings. However, it was Andreas Vesalius,
professor of medicine at the University of Padua, who profoundly transformed our
way of thinking about the nature of man. In 1543, he published his work De
humani corporis fabrica. It signalled a revolution in the understanding of man and
his body. Anthropologists started to think of homo sapiens exclusively as an
arrangement of bones and muscles, disregarding those elements of human nature,
important to medieval scholars, which were supposed to emphasize the relation-
ship of the human being with the Transcendent. The renaissance conception of
man as a carnal being was dominant for many centuries. The development of
empirical investigation of the body and the observation of variations in the
structure of tissues permitted the drawing of conclusions about the normal and
abnormal functioning of the human organism. This, in turn, led to the evolution of
the field of medicine known today as pathophysiology.

Of course, pathophysiology owes a great deal to a certain accidental discovery
by Wilhelm Conrad Rontgen at the end of the nineteenth century, that is, to the
discovery of X-rays. Thanks to pictures taken using rontgen radiation, it was now
possible to look at the internal organism of a person without violating the outer
surface of his body (see Fig. 1.2). The use of X-ray apparatus to diagnose many
serious illnesses and complex post-traumatic complications quickly became
standard clinical practice. This type of apparatus still forms the basic equipment of
departments of imaging diagnostics in hospitals, and devices making use of X-rays
in varying degrees find their application in operating theatres, dental practices or
even mobile mammographic screening units. Moreover, although it soon tran-
spired that X-radiation is harmful to the human organism, this did not alter the fact
that its impact on our understanding of the human interior was nothing less than

Fig. 1.2 X-ray picture of a
chest
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Fig. 1.3 Tomographic image
of the sinuses in the frontal
plane

astonishing. With time, one of the more important applications of this radiation
turned out to be CT.

If we compare the use of X-ray techniques in medicine to the revolution that
brought about the industrial age, then we can certainly argue that the formulation
of the principles of computed tomography and the design of the CT scanner is
evidence of the arrival of a new period in the history of knowledge and technol-
ogy: the third phase, the information age.” The arrival of a new era inevitably
involves the enrichment of familiar earlier technologies with new ideas and their
practical application. In the case of CT, this has meant the application of not only
X-rays but also of the mathematical algorithms that allow the reconstruction of an
image of any given cross-section of a person’s body. By suitably arranging a set of
these cross-sections, it is possible to visualise, in three dimensions, the anatomical
structure of any part of a human body. A spatial image such as this is of enormous
help in medical diagnosis. An example of a tomographic cross-section is shown in
Fig. 1.3.°

Tomographic examination is currently one of the basic techniques of medical
diagnosis. Indeed, the significance of tomographic techniques in contemporary
medicine is clearly demonstrated by the fact that when this type of apparatus in a
hospital breaks down, doctors will avoid making a definitive diagnosis until an
examination can be carried out in another centre.

This book is an attempt at a comprehensive and detailed portrayal of the subject
of X-ray CT, beginning with its history, followed by its physical and technical
concepts, its parameters and principles of operation, and concluding with methods
of solving the image reconstruction problem. Much space is devoted to this last
issue because it is of fundamental significance for the operation of the equipment,

2 Toffler A.: The third wave. Bantam Books, New York, 1980
* Image made available by the Private Health Care Group “Unimed”, Czestochowa, Poland.
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whereas a more modest amount of space is devoted to the section discussing the
physical and technical concepts. The aim of the chapters on the technical aspects
of CT scanners is to raise awareness of the nature of the image reconstruction
problem. Chapters 3 and 4 therefore are concerned with topics relating to the
construction of CT scanners and the physics of their operation. This then allows us
to formulate the reconstruction problem for every type of projection system.

Chapter 9 completes the remaining two parts of the work, discussing the
technical parameters describing practical CT scanners, together with methods and
procedures for determining values that indicate the quality of the reconstructed
image.

The fundamental issue of image reconstruction methods has been organised by
taking into consideration the two most important approaches: transformation
(analytical) reconstruction methods and algebraic reconstruction techniques
(ART). The first of these methods is covered in Chaps. 5, 6 and 7, while the second
is covered in Chap. 8.

The prevalence of certain transformation reconstruction methods in practical
scanners has meant that Chaps. 5, 6 and 7 are dominated by discussion of algo-
rithms. Chapter 5 also considers issues that are fundamental for other approaches
to solve the reconstruction problem. ART algorithms are considered in Chap. 8.
Chapter 10 contains descriptions of standard methods of obtaining projection
values using mathematical modelling. These are extremely useful for carrying out
computer simulations of various types of projection systems.

Finally, I hope that you will share, at least to some degree, my passion for the
subject of this book and that you will kindly forgive any possible mistakes that you
may find. As the medieval scribes used to say, “God did not create this, but the
hand of a sinner”. Following their example and after wishing you a fruitful read,
there only remains for me to say:

I beg you dear reader if you find any mistake or shortcoming [...] don’t despise me because
of my human frailty, but forgive me all and that shortcoming or error correct.*

* The Liturgikon, pp. 1727-1738, Suprasl, Poland
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Chapter 2
Some Words About the History
of Computed Tomography

We could limit the story of the beginnings of computed tomography to mentioning
Allan MacLeod Cormack and Godfrey Newbold Hounsfield, the authors of this
groundbreaking invention, and to placing their achievements on a timeline, from
Cormack’s theoretical idea in the late 1950s to Hounsfield’s development of a
practical device in the late 1960s. However, perhaps we should broaden our
horizons and look back through the centuries to obtain a more complete view of
the development of human thought and aspirations, which led to the invention of a
device without which it would be difficult to imagine contemporary medicine.

This story begins in ancient times about 400 BC, when the Greek philosopher
Democritus first described matter as a cluster of invisible and at the same time
indivisible particles. He called these particles atoms, from the Greek, atomos,
meaning indivisible. He also studied the invisible forces which caused attraction
and repulsion. Their action was observed for example, when, after being rubbed
with fur, amber attracted various small objects. Today we know that the cause of
this mysterious attraction is the electric force. We can see the evidence of
Democritus’ research in the use of the word “electron”, which in Greek means
amber, to name one of the elementary particles. Now, over two thousand years
later, this physical phenomenon, first observed by ancient scholars, is exploited in
the modern X-ray tube.

X-radiation, used in X-ray computed tomography, is an electromagnetic wave.
The English physicist Michael Faraday (1791-1867) observed the phenomenon of
electromagnetism and in 1831, he formulated his famous laws of electromagnetic
induction. Twenty-nine years later, in 1860, this discovery by the “father of
electromagnetism” allowed another pioneer, the Scot, James Clark Maxwell, to
formulate the laws, which are included in the equations that bear his name.
Maxwell’s equations comprehensively expressed the ideas of electricity and
magnetism in their dynamic form and provided a revolutionary stimulus, which led
to the development of the later technologies of radio and television and of course,
radiology.

R. Cierniak, X-Ray Computed Tomography in Biomedical Engineering, 7
DOI: 10.1007/978-0-85729-027-4_2, © Springer-Verlag London Limited 2011
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(a) (b)

Fig. 2.1 Wilhelm C. Rontgen (a) and the room where he discovered X-rays (b)

The accidental discovery of the radiation, known today as X-radiation,' trig-
gered a revolution in our knowledge of the inside of the human body. The dis-
covery was made on 8th November 1895 by the German scientist Wilhelm Conrad
Rontgen (1845-1923) (see Fig. 2.1a) and it marked the beginning of his glittering
career and fame. Rontgen, at that time professor of physics at the University of
Wiirzburg, was in his blacked out laboratory (see Fig. 2.1b) investigating the glow
that occurred during electric discharges inside an evacuated glass tube, a Crookes
tube. An example of a Crookes tube and ancillary equipment, similar to that used
in his famous experiment, is shown in Fig. 2.2a.

Rontgen was working on the properties of cathode rays, and in particular on the
determination of their range outside the tube (his description of the experiment is
shown in Fig. 2.2b). During the experiment, completely unexpectedly, he observed
something unusual; a screen coated with crystals of barium platinocyanide started
to glow. The screen was made of fluorescent paper, which at that time was used
routinely to detect ultraviolet radiation. While he was carrying out the experiment,
the screen happened, by chance, to be in the laboratory within range of the radi-
ation coming from the tube. Rontgen noticed that the screen was too far away from
the source for the cathode rays to have been the cause of the glow. He was also
surprised that tightly covering the tube with cardboard did not eliminate the effect;
this contradicted his assumption that the glow, occurring during the electrical
discharge inside the tube, was the cause of this phenomenon.

If anyone today wanted to reproduce Rontgen’s experiment of the evening of
8th November 1895, he would need to the follow these instructions:

! X-radiation (or X-rays) seemed to Réntgen to be so inexplicable and mysterious that he took
inspiration from mathematicians and named it after the symbol X: the symbol of the unknown in
mathematics.
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(a) (b)

Fig. 2.2 Crookes tube from the time of Rontgen (a) and circuitry similar to that used in his
famous experiment (b)

Recipe for X-rays d la Rontgen. Take an induction coil consisting of a primary coil with a
few hundred turns of thick wire (the current in this coil is about 20A), a secondary coil
with 200 thousand turns of thin wire, and a contact-breaker (invented by Deprez) with
platinum contacts (this breaks the current in the primary coil 15-20 times a second).
Transform the constant primary voltage from a 32V battery to an alternating secondary
voltage of 40-60 kV. Apply this voltage to a Crookes vacuum tube which has previously
been evacuated to a pressure of 0.01 Torr (mmHg) using a mercury pump. Cover the tube
with blackened cardboard. Put aside a little time for pumping out the tube. This can take a
number of hours, but may well extend to several days. Place a screen coated with crystals
of barium platinocyanide near the cathode end of the tube. While the electric discharge is
taking place inside the tube, place various objects between the tube and the screen and
observe the image appearing on it. Try to resist experimenting on your own hands.

During the few days following the 8th November, Rontgen carried out a series
of tests in which he placed various objects between the tube and the screen. It was
then that he also noticed, clearly outlined on the screen, the skeleton of his own
hand.

He was not sure however, to what extent his observations were scientifically
valid, as he mentioned in letters to friends. Rontgen confided to them: “I have
discovered something interesting but I don’t know if my observations are correct”.
Nevertheless, he conducted further experiments. When, on 28 December 1895, he
was finally certain that the mysterious rays really existed, he sent a report of his
research to the Wiirzburg Physical Medical Society, in which he wrote:

If the discharge of a fairly large induction coil is put through a Hittorf vacuum tube or
through a Lenard tube, Crookes tube or other similar apparatus, which has been evacuated,
the tube covered with thin, quite tightly fitting, black cardboard, and if the whole apparatus
is placed in a completely dark room, then with every discharge a bright flickering is
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observed on a paper screen coated with barium platinocyanide, placed near the induction
coil [4].

Attached to the 11-page report was the famous X-ray picture of a hand, which
most probably belonged to Rontgen’s wife, Bertha (see Fig. 2.3).

The report contained a detailed list of the properties of X-rays. From the point
of view of the medical applications of the radiation, the most significant of these
were:

e the ability of various materials of the same thickness to transmit X-rays depends
to a great extent on their densities,

o the ability of samples of the same material to transmit X-rays depends on their
thickness; an increase in thickness of the material decreases the transmission of
the rays,

e photographic plates are sensitive to X-rays.

After the results of the experiment were reported in The New York Times,
Rontgen’s career, and that of X-rays, took off. By January 1896, the whole world
knew about the wonderful discovery, and people, not just those connected with
science, were overwhelmed by a peculiar “X-ray mania”. Rontgen’s success
culminated in 1901 with the Nobel Prize, the first in history to be awarded for
physics.

The technique of making X-ray photographs, to enable the observation of the
internal features of a person without any surgical intervention, quickly found

Fig. 2.3 Rontgen’s report on ;

his research into X-rays—the ALy B kg £ 2 4R
enclosed X-ray picture of the

hand of his wife, Bertha .
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justified recognition among doctors and spread around the whole world. People
began to build devices for taking X-ray pictures for medical purposes, and X-ray
research developed so quickly that by 1897, William Morton had taken the first
picture of a whole skeleton using X-rays. Figure 2.4 shows a picture of one of the
pioneering devices in an X-ray room of the time.

We should not forget however, that Rontgen’s epoch-making discovery was
made possible by the inventions of several earlier innovators. Among those, we
should mention the Italian Evangelista Torricelli, inventor of the mercury
barometer (1643) and the German Otto von Guericke, creator of the vacuum pump.
Their work contributed to William Crookes’ (1832-1919) construction of the
vacuum tube. This was widely known in Rontgen’s time and, of course, was used
by him in his first experiments. Other elements of the equipment used by Rontgen
came directly from the ideas of Gaston Plant, the designer of the electric battery
that Rontgen used as his source of electrical energy.

Over the years, the design of X-ray equipment was refined to obtain better and
better two-dimensional images of the inside of the human body. The American
Thomas Alva Edison (1847-1931), for example, made a significant contribution to
the development of medical imaging techniques. He was, among other things, the
author of many improvements to the design of X-ray tubes. The German Hermann
von Helmholtz (1821-1894), on the other hand, investigated the nature of X-rays;
he was interested in the mathematical equations describing their properties and in
measuring their penetration through different materials.

Fig. 2.4 X-ray room from
the early years of radiography




12 2 History of Computed Tomography

The initial euphoria surrounding the diagnostic possibilities of X-ray pictures
gradually gave way to a realisation of the limitations of body imaging methods in
only two dimensions. In the year after the discovery of X-rays, E. Thompson was
already attempting to obtain a three-dimensional X-ray image using stereoscopic
techniques. The solution he proposed involved taking two X-ray pictures, displaced
with respect to each other, of a patient who remained motionless. The diagnostician
could then use a stereoscope to view the images with depth perspective.

At this point, it is worth mentioning that Poles also made their contribution to the
improvement of X-ray imaging techniques. In particular, the experiments of Doctor
Karol Mayer from the Krakow Clinic of Internal Medicine are acknowledged as a
prelude to tomography. In 1916, he obtained stratigraphic images using a moving
X-ray tube and a stationary film cassette, a method which resembles the process of
scanning by computed tomography. Carlo Baese patented a similar imaging method
in 1915 and described it in his paper Methods and equipment for the location of
foreign bodies in the human body by use of X-rays. The technique devised by Baese
depended on the simultaneous movement of tube and film cassette.

In 1922, the CT scanner came still closer to fruition; A.E.M. Bocage obtained a
patent entitled Methods and equipment for obtaining radiological images of cross-
sections of the body not obscured by tissue structures in front of or behind the cross-
section. During the same period, B.G. Ziedses des Plantes conducted research into
his concept of planigraphy, which was put into practice by Massiot in 1935.

A further step along the road towards contemporary scanners was the use, by
the German doctor Willy Kuhn, of gamma radiation to obtain a layered image of
tissues, in 1963.

The discovery of X-rays was a necessary but insufficient condition for the rise
of computed tomography. Its design also depended on the development of com-
putational techniques, which enabled the building of the computer, a device having
fundamental significance for modern imaging techniques.

Perhaps we could think of the “computer” story as having started with the
human hand, undoubtedly the first calculating device. By means of an ingenious
system of counting, using the fingers, the early peoples of Europe and the Near
East could calculate up to 9999. The Chinese even pushed the upper limit of
calculation to ten billion. The results of calculations were recorded in various ways
such as by making cuts in animal bones and in wooden tablets. The Incas used a
so-called kipu, that is, a system of strings with knots on them. However, people
were soon dissatisfied with such an approach to calculations; they needed
instruments that were capable of carrying out complicated arithmetic and even of
interpreting the data obtained.

One of the first “calculating machines”, consisting of a tablet and stones, was
the abak; this would be familiar to the ancient Greeks and Romans. Its operation
was very straightforward. A series of columns of stones® were arranged on the

2 It is not by accident that the word calculation has its roots in the Latin word for pebble—
calculus.
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tablet and the stones moved to perform the arithmetical operations. It is interesting
that in China they still use an abacus which they call the suan-pan, based on
similar principles.

In the 17th century, a mathematician from Scotland, John Napier, well-known
today as the creator of logarithm tables, built a system for the multiplication of
numbers, a set of rods of square cross-section known as Napier’s bones. To use
them to multiply, it was necessary to sort through the rods to find the appropriate
digits, place the rods next to each other in the appropriate order and then read off
the result. In about 1630, the German Wilhelm Schickard, amongst others, me-
chanised this idea using systems of cogs and dials.

Further innovations were introduced by some of the most outstanding figures in
the world of science. Among these was Blaise Pascal (1623-1662), who designed
a machine to perform addition and subtraction. Contemporary computer scientists
have shown their appreciation of his services to computational technology by
naming one of the most popular high-level computer languages after him. At this
point, it is impossible not to mention Gottfried W. Leibniz (1646-1716), who
significantly reduced the degree of complexity of his predecessors’ calculating
machines by introducing a drum with teeth of unequal length. The next step in the
evolution of calculating machines was the arithmometer, examples of which were
built independently by F.S. Baldwin and W.T. Odhner; the mechanics of calcu-
lating machines reached their zenith with these devices.

Today’s computers owe their computational power to progress in the fields of
electricity and electronics. Scientists designed prototypes of new components
which were soon manufactured and applied practically. Particularly noteworthy
here are the inventions of the electronic valve (produced by the Philips company in
1917), the transistor (developed by the Americans John Bardeen and Walter H.
Brattain in 1948) as well as the integrated circuit (developed by a group of
researchers at Intel under the direction of Ted Hoff in 1969). These innovations
might well have contributed only to the improvement of the calculating function of
existing instruments, if it were not for the appearance of the English mathemati-
cian, physicist and philosopher Alan Turing.

Turing (1912-1954) transformed the ordinary calculating machine into a device
that could be regarded as a prototype computer. In his paper On Computable
Numbers with an Application to the Entscheidungsproblem [5], he discussed the
possibility of building a programmable calculating machine. He considered three
factors: logical instructions, the equivalent of today’s microprocessor instructions;
a thought process, in effect an algorithm; and a “machine”. Turing argued that it
was possible to write down an analytical thought process as a finite series of simple
instructions, and then to execute these using the machine. He reasoned therefore
that every process, which could be expressed logically, could be implemented by
means of tables described in his work, these constituting the essence of the Turing
machine.

The universal Turing machine contained the idea of creating a device, which
knew a “code” that it could use to record each computational procedure. It was
now only a step away from the creation of a computer programming language. It is
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not by accident that the word code has been used at this point. During World War
II, Turing became an expert in cryptography while engaged in decoding German
Enigma cipher machines. This kind of experience was undoubtedly to be of great
help in his work on computing languages.

It is worth commenting on the significant contribution to the process of
decoding the famous Enigma cipher system made by the Polish mathematicians:
M. Rejewski, J. Rézycki, and H. Zygalski. It was they who broke the code of the
early versions of Enigma.

The first computer in the world to be officially recognised as such is the ENIAC
machine (Electronic Numerical Integrator and Calculator) from 1946. In fact, the
first computer was three years older and was built during the war at the Bletchley
Park centre, by a group under the direction of Max Newman. The existence of the
computer, called Colossus I, was kept secret until 1976. It is worth remembering
that the first computers were far from perfect. They contained about 18 thousand
very unreliable valves; this meant that the time that the computers were out of
commission considerably exceeded the time that they worked. Over the years,
engineering advances and progress towards the miniaturisation of components in
computers led to the development of microcomputers.

It is at this point that the two separate strands of discovery and invention come
together; the path leading to the discovery and exploitation of X-rays meets that
leading to the refinement of computational techniques. Without this convergence,
there would probably not have been computed tomography today.

The two people generally credited with inventing computed tomography were
awarded the Nobel Prize for Physiology or Medicine in 1979: Allan MacLeod
Cormack (1924-1998) and Godfrey Newbold Hounsfield (1919-2004). Although
the Norwegian Abel conceived the idea of tomography significantly earlier (in
1826), and then the Austrian Radon developed it further,3 it was only the solution
proposed by Cormack and Hounsfield that fully deserves the name computed
tomography.

Born in South Africa, Allan MaclLeod Cormack first encountered issues asso-
ciated with tomography during his work at the Department of Physics at the
University of Cape Town; he was working on the measurement of the X-ray
absorption of various body tissues. He later moved to Harvard University and, in
1956, began work on the problem of image reconstruction of X-ray projections.
First, he solved the problem theoretically and then confirmed the results of his
research experimentally using cutlets of horsemeat and pork, and apparatus that he
had built himself. Figure 2.5% shows the apparatus which Cormack used for his
first experiments in 1963.

3 The Radon transform forms the basis of methods of image reconstruction from projections, the
fundamental mathematical problem in computed tomography.

* The Homepage of the Japan Industries Association of Radiological Systems (JIRA) and Sumio
Makino: Key words for success or failure of enterprises—From case study of X-ray CT business,
Japan Planning Center.
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Fig. 2.5 Tomographic
device built by Cormack in
1963

Cormack published the results of his research in an article entitled Represen-
tation of a Function by its Line Integrals, in The Journal of Applied Physics and
later in Physics of Medical Biology [2].

As a theoretical physicist, Cormack was not concerned about the practical
application of his research. It was the work of the Englishman Godfrey Newbold
Hounsfield, employed at the Central Research Laboratories of EMI Ltd., which led
to the construction of the first CT scanner; Hounsfield and his creation are shown
in Fig. 2.7a.° During World War II, Hounsfield had worked on the technical
development of radar air defence systems; this undoubtedly influenced his later
achievements in the field of tomography. In 1967, independently of Cormack, he
began his research on tomography, initially using gamma radiation, which has
similar properties to X-radiation. Hounsfield developed a different approach to the
problem of image reconstruction from that of his predecessor and he used the
power of the computers available at that time to carry out the complicated cal-
culations needed. In this way, the concept of computed tomography found its
practical expression. A photograph of the CT scanner, which Hounsfield used in
the laboratory, is shown in Fig. 2.6a.

The first laboratory tests revealed the great complexity of the technical prob-
lems facing the builders of the scanner; because of the low output of the gamma
ray source (Americium, Am) individual exposures took a long time, so scans took
as long as nine days. The first experiments were carried out on a human brain
prepared in formalin, the brain of a living calf and the kidneys of a pig and it was
difficult to differentiate the healthy tissues from the unhealthy. Nevertheless, after
about 28 thousand measurements and a process of reconstruction taking about
2.5 hours, an image was obtained with enough contrast to enable the observation
of the differences between the tissues of the brain. The resolution of the image was
80 x 80 pixels (see Fig. 2.6b). Hounsfield finally patented his device in 1968.

In order to confirm the results of his initial research, further experimental work
was necessary, this time using living tissues. Hounsfield also took the opportunity

5 In 1958, Hounsfield was, among other things, leader of the group, which built the EMIDEC
1100, the first computer in Great Britain to be made entirely of OC72 transistors.
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Fig. 2.6 Laboratory scanner used by G.N. Hounsfield (a) and an image of a preserved brain,
obtained using this equipment in 1968 (b)
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Fig. 2.7 The EMI Mark I scanner (a) and a transverse image of the brain (b)

to refine the design of the scanner. As a result, he was in a position to begin the
clinical test phase, during which an X-ray tube replaced the source of gamma
radiation. This shortened the time spent taking the measurements to nine hours.
The actual process of image reconstruction was reduced to 20 minutes.

In September 1971, with the participation of the neurologists James Ambrose
and Louis Kreel, an improved prototype scanner, the EMI Mark I, was installed at
the Atkinson Morley’s Hospital in Wimbledon (CT scanners at that time were
known as EMI-scanners; see Fig. 2.7a). Because of the small size of the opening in
which the scan was carried out, this apparatus could only be used to produce
images of the head. In order to reduce the range of radiation intensities registered
by the detectors, the head was placed in a rubber membrane filled with water.

The first tomographic examination of a patient took place on 1 October 1971. It
was of a woman with a suspected brain tumour. On the image obtained, it was
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Fig. 2.8 The EMI scanner with instrumentation and images obtained with it (a), and the front
cover of a company brochure describing the new technology

possible to differentiate clearly between the physiological areas of the brain and
the round, darker pathological area where a cyst was developing (see Fig. 2.7b).
The basic parameters of the scanner used at that time were as follows:

e scan time: about 4.5 min,

e reconstruction time: 20 s,

e cross-section thickness: 13 mm,

e image matrix: 80 x 80 pixels, where each pixel represented an area 3 x 3 mm.

In his first scanner, Hounsfield used a reconstruction algorithm, which is known
today as the algebraic reconstruction technique (ART).

In April 1972, at a seminar at the British Institute of Radiology, Hounsfield
formally presented the results he had obtained using the EMI scanner, and
descriptions of the device appeared in many publications, including for example in
the British Journal of Radiology [1, 3].

After these first successes, Hounsfield’s group continued its research at the
Atkinson Morley’s Hospital and at The National Hospital, Queen Square in
London. At this point, the fascinating story of the development of computed
tomography began to gather momentum; numerous neurologists, radiologists,
physicists, engineers and data processing specialists all started working on
methods of obtaining and interpreting tomographic images.

By the end of 1973, the first commercial CT scanner was on the market; this
was the EMI CT 1000, a development of the Mark I computer (see Fig. 2.8).° Due
to the increased pace of development, in the course of 1973, the time to acquire an

© The Homepage of the Japan Industries Association of Radiological Systems (JIRA) and Sumio
Makino: Key words for success or failure of enterprises—From case study of X-ray CT business,
Japan Planning Center.
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image was reduced to 20 s. Next, the number of detectors was increased to 30; this
allowed the acquisition of a reconstructed image with a resolution of 320 x 320
pixels.

From the very beginning, computed tomography was commercially significant.
Six EMI CT 1000 models were sold in 1973, two of them to the United States, and
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Fig. 2.9 Turning points in the history of computed tomography

Fig. 2.10 Co-creators of computed tomography: Allan MacLead Cormack (a), Godfrey
Newbold Hounsfield (b)
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each for the not inconsiderable sum of approximately £100,000. In the course of
the following two years, the market for CT scanners reached a value of about
£40,000,000.

In 1974, competition for the EMI scanner appeared in the form of designs by
such firms as Neurscan (head scanner) and Disco (whole body scanner). The year
1975 brought an avalanche of different models. Unfortunately, the production
capacity of EMI did not allow it to hold on to its leading position, which was soon
taken by such giants as Technicare and General Electric, who quickly took a major
share of the scanner market. Manufacturers from continental Europe, such as
Siemens and Philips (in 1974 and 1975, respectively) soon followed in the foot-
steps of the Americans. They all joined in the race to capture as much of this very
important medical technology market as possible.

If we compare the first scanners with today’s successors, it is striking how much
progress has been made in their design and manufacture in such an extremely short
time. Contemporary CT scanners can scan in a few hundred milliseconds and
reconstruct an image of 2048 x 2048 pixels. The most important events in the
history of the development of computed tomography are shown on a timeline in
Fig. 2.9.

Finally, it is also interesting to note that the two people, who are recognised by
historians of science as the fathers of computed tomography (see Fig. 2.10a and
2.10b), only met each other for the first time in 1979 at the presentation ceremony,
where they jointly received the Nobel Prize in Psychology or Medicine.
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Chapter 3
Technical Concepts of X-ray Computed
Tomography Scanners

Medical examinations using computed tomography are currently standard hospital
practice. Back in the 1980s, its use was relatively rare, and was available only in a
limited number of specialised medical centres. Today it is hard to imagine medical
diagnosis without it.

Nowadays, hospitals in most major cities are equipped with CT devices. They
are deployed, taking into account the prevailing demographic situation, so that
optimal use is made of the equipment and the time needed for a patient to reach a
centre is minimised. Computed tomography is used in the diagnosis of many
conditions, both chronic and acute.

The installation of a CT scanner requires complex preparatory work. For a
medical centre to be able to carry out on-site tomographic examinations, it must
first adapt a suite of rooms for the purpose. The CT room must meet several
requirements

e it must have floors with adequate load-carrying capacity,

e its walls must be constructed of X-ray absorbing material (this is usually a
barium (Ba) plaster),

e the floor should be lined with material that is both anti-slip and antistatic.

Separate rooms should be provided for the CT scanner and for the radiographers;
the rooms must be separated from each other by special window-glass (containing
lead, Pb), to protect against X-rays. In addition, a suite of CT rooms must comply
with all the health and welfare regulations, which are typically required for units
carrying out medical X-ray examinations. A typical CT suite showing the location of
the various elements of the scanner is illustrated in Fig. 3.1.

We can consider the CT scanner as being composed of two layers: the computer
layer and the physical layer. The computer layer consists of the operating system'
responsible for running the tomography application, file management and com-
munication with external devices; and the tomography application itself. The latter

' As a rule, the UNIX operating system.

R. Cierniak, X-Ray Computed Tomography in Biomedical Engineering, 21
DOI: 10.1007/978-0-85729-027-4_3, © Springer-Verlag London Limited 2011
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Fig. 3.1 A general view of a CT scanner installation

has two basic functions: user and utility. The user function carries out the tasks
associated with the preparation of the scanner for operation, the management of
the scanning process itself, the acquisition of the projection data, image recon-
struction, support functions aiding diagnosis from the reconstructed images and
archiving of the tomographic images. The utility function deals with the technical
parameters of the scanner, the diagnosis of errors and other service tasks.

A CT scanner consists of the following main elements

a data acquisition system that carries out the X-ray projections,

a computer to reconstruct the images from the projections and to assist in the

analysis of the reconstructed images,

e a variable power supply,

e a monitor to display the routine operation of the computer system and to act as
an interactive interface in the diagnosis of the reconstructed images,

e a documentation camera to produce an image on film similar to traditional X-ray
images,

e other data archiving systems, such as tape or disk, collectively referred to as
storage devices,

e other elements.

As can be seen from Fig. 3.1, the scanner itself is situated behind a screen to
protect the operators from the harmful effects of the X-rays emitted by the tube.
The other components of the CT system are located in the same room as the
technicians and doctors.

3.1 Data Acquisition Systems

Whatever the differences in design of the different generations of scanners, the
main elements remain the same. Figure 3.2 presents three orthogonal views of a
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scanner; a from the front,

b from the side, ¢ from the "
top //7N
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standard design of data acquisition system. Some elements of the apparatus shown
in Fig. 3.2 are immediately recognisable, while others are part of the larger units
and are not visible. The main components of the scanner design are:

e The gantry with a central opening, into which the patient is moved during the
examination. This is the most recognisable element of the CT scanner;

e The X-ray tube, the source of the X-rays that pass through the body situated in
the gantry and carry the information about the structure of the body to the
detectors. The information is in the form of a series of projections;

e The detector array converts the projection values, in the form of radiation
intensities, into electrical quantities. Usually, the whole detector array rotates
synchronously with the X-ray tube around the test object;

e The table allows the patient to be manoeuvred easily into position. The table can
be controlled manually before the actual scan begins, but it moves automatically
during the scan. The table can be moved into or out of the gantry along the axis of
the patient’s body, as well as up and down. This allows the patient to be appro-
priately positioned depending on which part of the body is being examined.
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The scanner also contains a number of sub-systems that drive and control the
device, enable precise positioning of the patient during the scan as well as facil-
itate communication with the patient.

The evolution of CT scanners has been marked by changes to the design of the
projection sub-systems of the data acquisition system [2, 3, 18]. In comparing
these designs, only those that represent commonly used classes of CT devices are
listed below; non-typical or prototype designs have been omitted.

The design of each of the CT scanner generations contains one of three basic
tube-detector projection systems

e a projection system using a parallel beam of radiation (a parallel-beam
system),

e a system using a beam of radiation in the shape of a fan (a fan-beam system),

e asystem using a beam of radiation in the shape of a cone (a cone-beam system).

Structural and functional details of each of these projection systems will be
described in Chaps. 5, 6 and 7 when discussing the algorithms used to reconstruct
the images from the projections. Here, however, we will focus on the evolution of
successive generations of scanners.

3.1.1 First-Generation Scanners

First-generation scanners, sometimes called pencil beam or translation/rotation
single detector scanners, belong to the class of device that uses a parallel-beam
projection system. Figure 3.3 shows how a single projection is carried out in this
type of system [3, 18].

Fig. 3.3 A parallel-beam g g ’ g g
projection system
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In this type of scanner, there are two components to the movement of the rigidly
coupled tube-detector system: a lateral movement to make a single projection and
a circular movement about the central opening in the gantry to gather all the
projections necessary to reconstruct the image.

The acquisition of the individual projections can be either continuous or dis-
crete, but each of these projections is obtained only at a discrete angle of rotation
of the projection system. It is easy to see how this method of scanning is not fast
enough (it takes approximately 5 min); both the single detector and the X-ray tube
must travel a distance equal to the diameter of the gantry opening, twice during
each projection. A sequence of two projections for this type of scanner is shown in
more detail in Fig. 3.4.

First-generation scanners are prime examples of devices having a parallel-beam
projection system. The procedure for obtaining images of successive cross-sec-
tions with this type of scanner is explained in Fig. 3.5.

The short arrows in the diagram show the positioning of the patient lying on the
table while successive cross-sections are obtained. They represent the small sliding
movements of the table that take place after all the projections needed to recon-
struct the image of a single slice have been performed. After each movement, the
procedure for the collection of the projections for the next image is repeated.

3.1.2 Second-Generation Scanners

Great progress was made (compared to the design of first-generation scanners)
when scanners with a larger number of detectors in the array were introduced
around 1972. These second-generation scanners, sometimes called partial fan-
beam or translation/rotation multiple detector scanners, had between 3 and 52
detectors in the array. The use of the fan-shaped radiation beam [3, 18] enabled the
projections to cover a larger area of the patient’s body at any one time and resulted
in the reduction of the number of projections needed to reconstruct an image of
satisfactory quality. Figure 3.6 illustrates the scanning sequence for this generation
of scanner.

In this approach, the time to obtain the projections necessary for the recon-
struction of one image was reduced to about 300 s, even though the movement of
the tube-detector array was still a combination of lateral and rotational motion.
This system can be considered as a transitional stage between the parallel-beam
projection system and the fan-beam system.

3.1.3 Third-Generation Scanners

Further steps to improve the CT scanner were next directed towards the elimi-
nation of the lateral movement of the tube-detector system. In 1976, scanner
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Fig. 3.4 The projection sequence in first-generation scanners: a the first projection, b the return
pass, ¢ the second projection, d the return, e a series of three projections
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Fig. 3.5 Obtaining a sequence of image slices in a parallel-beam scanner

designers managed to limit the movement in the projection system exclusively to
rotational movement [3, 18, 22, 25]. This was the so-called fan-beam or contin-
uous rotation scanner. By fan-beam, we mean here a projection system with a
beam of radiation in the shape of a fan with an angular spread of between 40 and
55 degrees, enough to encompass the whole of the test object, as shown in Fig. 3.7.

The sequence of individual projections for this type of scanner is shown in
Fig. 3.8. An obvious consequence of this modification was the need to increase the
number of detectors in the array moving synchronously with the rotating X-ray
tube (up to 1,000 detector elements). As a result of these design changes, the time
to acquire a reconstructed image was reduced to about 5 s. Scanners of this
generation are examples of the implementation of the fan-beam projection system
in its purest form.

In this scanner, after all the projections have been made for the first image, the
table moves and the whole procedure is repeated for the next cross-section of the
body. The sequence of projections for reconstructing the images of successive
slices of the patient’s body is shown in Fig. 3.9, where the short arrows once again
indicate the positioning of the patient lying on a table.

3.1.4 Fourth-Generation Scanners

The next, fourth generation of scanners, introduced in 1978, differed only slightly
from the third generation. In the earlier designs, the detector array moved around
the test object together with the X-ray tube. Now the rotation of the array was
eliminated by arranging it on a stationary ring with a radius larger than the radius
of the circle described by the tube [3, 18]. The result was a scanner known as the
rotate-fixed scanner; the word rotate in the name refers to the movement of the
tube and the word fixed to the array of detectors. In order to maintain an adequate
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Fig. 3.6 The projection sequence in second-generation scanners: a the first projection, b the
return pass, ¢ the second projection, d the return, e a series of three projections
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Fig. 3.7 A fan-beam system
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Fig. 3.8 The projection sequence in third-generation scanners: a the first projection, b the
second projection, ¢ a set of two projections

resolution of the radiation intensity measurements, the number of detectors in the
array was increased and now ranged from 600 to 5,000 detector elements. The time
taken to obtain one image using this design however was still about 5 s. The group
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Fig. 3.10 The projection sequence in fourth-generation scanners: a the first projection, b the
second projection, ¢ a set of two projections

to which this scanner belonged remained the same; it was still classified as a fan-
beam scanner. The projection sequence for this type of scanner is shown in
Fig. 3.10.
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3.1.5 Spiral Scanners

We saw earlier that successive generations of scanners used either parallel beams
of radiation or fan beams. On closer analysis, a problem becomes apparent with the
projection systems used in these generations: there is no movement along the axis
of the patient during each of the projections. In 1989, to remedy this situation, the
first designs of scanners appeared which combined the movement of the tube
around the patient with a simultaneous smooth displacement of the patient into the
opening of the gantry [3, 18, 26]. The projection system moved in a spiral around
the patient.

In the initial phases of the development of spiral tomography, the scanners used
a detector array in shape of an arc of a circle, similar to the design of third-
generation scanners.” The device was called a single-slice spiral computed
tomography scanner or SSCT. Figure 3.11 shows the spiral motion of the tube and
detectors around the patient.

In 1998, an improved design of scanner emerged: the multi-slice spiral com-
puted tomography scanner (MSCT) [1, 14]. The projection system still moved in a
spiral but the detector array was made up of between 8 and 34 rows of detectors,
making it possible for this design of scanner to obtain four adjacent slices
simultaneously.

The beam now took the shape of a cone (see Fig. 3.12); this cone-beam was the
most natural shape for a beam of X-rays. Previous designs of spiral scanner had
used a radiation beam in which the individual rays were almost parallel to each
other. The new design permitted three-dimensional projection techniques to be
mastered and so paved the way for the development of reconstruction techniques
operating in three dimensions.

The first cone-beam spiral CT scanners (CBCT) were put into operation in the
years 2001-2002 [21, 33]. The cone-shaped radiation beam made it possible to
increase the width of the detector array to 16 or even 320 elements, thereby
allowing the simultaneous acquisition of up to 256 adjacent image slices with
these scanners. The main advantages of this design were the increased scanning
speed and the reduction of the impact of collimation inaccuracies on the quality of
the reconstructed image. The reduction in collimation losses had the additional
advantage of allowing a reduction in the power of the X-ray tube. The combination
of the cone-beam and the spiral motion of the projection system resulted in a
significant reduction in the time taken to complete the scan (down to 2 min, or
even less) and during this time, the images of many adjacent slices could be
reconstructed. The spiral movement of the projection system also enabled the slice
resolution to be increased so that a slice could be obtained with resolution
0.23 mm. The principle of the spiral path cone-beam scanner is illustrated in
Fig. 3.13.

2 . . ..
In practice, using an array consisting of two rows of detectors.
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Fig. 3.11 Rotation of the tube around the patient combined with a smooth displacement of the
patient through the gantry

Fig. 3.12 A cone-beam
projection system

Spiral scanners are currently the standard tomographic equipment used in
clinical practice. Because of the reduced time needed to complete a scan, they can
be used to study organs, such as the heart or lungs, which are physiologically in
motion. In addition, by synchronising the working phases of the heart with the
acquisition of the projections, it is even possible to obtain a dynamic tomographic
image. Spiral tomography with its short exposure time also makes it possible to
examine people, who for various reasons, cannot remain motionless for long, such
as children or emotionally disturbed patients.

3.2 X-ray Sources

The X-ray tube is the fundamental element in the projection system of every CT
scanner. Its operation is based on the complex physical principles involved in the
generation of X-rays. Knowledge of these principles helps us to design improved
X-ray equipment and apply them in a variety of different medical devices.
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Fig. 3.13 The movement of the projection system relative to the patient in a spiral scanner

3.2.1 The Physics of X-ray Sources

X-rays are generated by physical processes that take place within matter at the
atomic level. Quanta of electromagnetic radiation with wavelengths in the range
107" to 107® m (0.01-100 A) (in medical applications, in the range 6 x 10~'% to
1.2 x 107"°m (0.06-1.2 A)) are produced as a consequence of two processes: the
transition of electrons between the inner shells of an atom and the deceleration of
charged particles caused by electromagnetic fields within matter. Both of these
phenomena occur during the generation of X-radiation in X-ray tubes.

Each transition of an electron from a shell with a higher energy level to a shell
with a lower level is accompanied by the emission of a quantum of radiation with
energy equal to the energy difference between the shells [29]. Physicists call this
characteristic X-ray radiation and it has typical quantum energies in the range
0.052-129.544 keV. As only shells with specific energy levels are allowed in
atoms, the quantum energies of characteristic radiation can only have discrete
values within this range. The generation of this type of X-rays is illustrated in
Fig. 3.14a.

When electromagnetic fields within matter cause charged particles such as
electrons, protons, o-particles or heavy ions to decelerate [29], the energy lost is
emitted as X-ray quanta. This energy can take any value in a range reaching up to
20 MeV. This type of X-ray radiation is often called bremsstrahlung, which is
German for braking or deceleration radiation. A diagram of the generation of
bremsstrahlung or continuous X-rays is given in Fig. 3.14b.

Characteristic X-rays are emitted when matter is bombarded by charged par-
ticles with sufficiently large kinetic energies to be able to knock electrons out of
their orbits in the atoms.

If we assume that an electron is knocked out of a shell that has an energy level
E |, then after a time interval of the order of 105 s, another electron from a shell
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Fig. 3.14 The physical processes responsible for the generation of X-rays: a characteristic
radiation, b continuous X-rays (bremsstrahlung)

of higher energy F, fills the resulting vacancy and simultaneously a quantum of
radiation is emitted with energy

hU:El —Eg, (31)

where i is Planck’s constant; v is the frequency of the quantum of radiation
emitted.
The energy levels in the atom can be defined by the following equation [29]

m  ((Z-a) (z_mfc n
+ -

(&)
m -+ me n? n* —-05

E(n,1,j) = c —oﬁ), (3.2)

where ¢y, ¢, are constants; m is the mass of the nucleus with charge Z; m, is the
mass of an electron; ¢; is the total screening constant, which specifies the
screening of the nuclear charge by all the electrons; o, is the internal screening
constant, which specifies the screening by the inner electrons; n, [, j are, respec-
tively, the principal quantum number, the orbital momentum quantum number, the
total angular momentum quantum number.

Since electrons can be found only at specific energy levels, the quantum
energies emitted by the electrons when they fill the vacancies can only have
discrete values. Every time an electron from a higher energy level fills a vacancy, a
characteristic X-ray line is produced. The term “characteristic line” comes from
the fact that atoms of different elements are characterised by different sets of lines,
whereas the term “characteristic series” refers to a collection of all these char-
acteristic X-ray lines. The so-called K, L, and M series are associated with the
filling of vacancies in the K, L, and M shells of the atom, in order of increasing
energy levels of the shells. The number of possible electron transition lines is also
limited by the so-called selection rules. These establish conditions as to which
transitions can occur between the quantum numbers n, [, j. The equations below
describe the requirements imposed by these rules [29]

An #£0; |All =1; |Aj] =0 or 1, (3.3)
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Fig. 3.15 The K and L series of characteristic X-ray lines

where An, Al, Aj are the changes in the quantum numbers during the transition of
electrons between different energy levels.

The conventional symbols used to represent the characteristic X-ray lines of the
K and L series are shown in Fig. 3.15.

When it comes to the practical use of individual characteristic X-ray lines, the
relative probability of transition (i.e. the probability of filling a vacancy) is par-
ticularly important. It is this, which manifests itself through the emission of a
specific characteristic X-ray line.

At this point, let us examine one of the explanations adopted by physicists to
explain the generation of continuous X-rays. It is generally known that the electric
field of a charge at rest has only a radial component E,. The production of con-
tinuous X-rays however depends on the formation of a transverse electric field
component E, of the electron. This happens when an electron decelerates as it
strikes a target material. The process is illustrated in Fig. 3.16.

In the diagram below, the electron moves along the x-axis at a speed V < ¢ (c,
the speed of light) and is suddenly decelerated and brought to a complete halt in a
time Az. Within a radius r = ct of the halted charge, the electric field is radial.
However, at a distance greater than rp = c(t + Atf), the electric field has only a
transverse component, i.e. the field is the field of a moving charge. The zone of
radius r expands at the speed of light. In the region rp, — r of width ct, the electric
field pattern exhibits a smooth transition between the zone where the field
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Fig. 3.16 The generation of
continuous X-rays during the
deceleration of an electron
(bremsstrahlung)

component is radial and the zone where it is transverse. Consequently, in that
region, there is both a transverse as well as a radial component: mutually per-
pendicular field components at right angles to the direction of the propagating
wave. According to Maxwell’s equations, this is a prerequisite for the formation of
an electromagnetic field. If we assume that the electron reduces its speed by AV as
a result of the deceleration, we can write down the following ratio
@:Ezit.V.SIIl@'At:a—.tsin@, (3.4)
|E.| E, c c
where E, is the transverse component of the electric field; E, is the radial com-
ponent of the electric field; ® is the angle of incidence of the radiation; a is the

retardation. Furthermore, if we express the radial component of the electric field
by

E =5 (3.5)

where e is the charge on the electron, we obtain the following equation

e-a

E, sin ©. (3.6)

Cc2er
This approximate relationship for the transverse component of the electric field
can then be substituted into an equation expressing the intensity of the electro-
magnetic radiation as a function of E,

c 5 e &

:—-r—zsin®. (3.7)

=<
dn ' 4B -m

A prerequisite for the generation of bremsstrahlung is a non-zero value of the
retardation a. This happens in the X-ray tube by the action of a force on the
moving charge in the opposite direction to its movement. Because of the non-zero
scattering cross-sections of the charged particles (whatever their angle of inci-
dence) and the different amounts by which the retarded particles change their
speed, the frequency spectrum of the radiation produced is continuous throughout
its entire frequency range.

The X-ray spectrum produced by the tube is the sum of the energies of both of
the above processes, in other words, a combination of discrete characteristic
X-rays and continuous X-rays. An example of the combined X-ray spectrum
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Fig. 3.17 The energy
spectrum of X-rays obtained
by bombarding a sample of
molybdenum

intensity of the radiation
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40

obtained by bombarding a sample of molybdenum (Mb) with electrons is shown in
Fig. 3.17.

The description of the production of X-rays given above is by way of an
introduction to the topic of X-ray tube design, in particular, to the design of the
tubes used in computed tomography.

3.2.2 X-ray Tubes

Wilhelm Rontgen, while using a Crookes tube to examine the behaviour and
properties of cathode rays and without realising it at the time, discovered X-rays
and the mechanism that produces them (see Chap. 2). An insight into how the
Crookes tube operates as an X-ray tube can be gained from the description of
the physics of X-ray generation given in the previous section. A diagram of the
experiment performed in 1895 is shown in Fig. 3.18.

Rontgen used two voltage sources: one to supply current to heat the cathode;
the second, a high voltage source, to produce the cathode rays. By doing so, he
produced a beam of electrons, which collided with the positively charged anode
(the anticathode) with great energy and directly resulted in the production of X-
rays.

The design of tubes used to produce X-rays has changed substantially compared
to the early days. A diagram of an X-ray tube with a stationary anode is shown in
Fig. 3.19.

The most important parts of the X-ray tube are situated inside an envelope made
of Pyrex glass or metal where the pressure is in the range 107°~107> Pa. Two
metal electrodes supply a low voltage (of the order of several volts) to the tube.
This causes a current to flow through the coil, which heats the cathode. Two other
electrodes, the cathode and anode (sometimes called the anticathode), supply a
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Fig. 3.18 The generation of
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high voltage (between 5 kV and approximately 100 kV; in computed tomography
between 80 and 140 kV). In order to reduce the number of electrical connections, a
single electrode often combines the cathode with one of the heater coil
connections.

An important element in the design of the cathode is the focus, the part of the
cathode that emits the electrons. The more the focus resembles a point source, the
sharper the images that are obtained during a projection [32]. The oldest method of
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Fig. 3.19 A stationary anode electrical connections for the cathode
X-ray tube and the coil
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Fig. 3.20 Focusing the X-
rays in a tube with a linear
focus

the front view of the cathode

focusing the electron beam involved the use of metal shields and electrostatic
lenses. Another design solution is a cathode in the form of an elongated coil
emitting electrons through an elongated opening, whose longitudinal axis is par-
allel to the axis of the anode, as shown in Fig. 3.20 [29].

In this design, if we imagine a mirror placed on the anode, inclined at a slight
angle to the cathode surface, the focus, as viewed from the screen, appears fore-
shortened. In this way, we artificially reduce the size of the focus of the tube.

The electrons emitted by the cathode are accelerated to high energies, up to
10° eV (sometimes even 10° eV), but only a fraction of them hit the anode, located
opposite, with great speed.
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Table 3.1 Comparison of elements used in anodes and filters

Anode Element used for Thickness of the  Absorption of the =~ Absorption of the
material the filter filter [¢ m] K, series [%] K series [%]
Zirconium Vanadium (V) 15.3 46.7 99.6

(Zr)
Iron (Fe) Manganese 15.1 36.1 99.5

(Mn)

Cobalt (Co)  Iron (Fe) 14.7 447 99.4
Nickel (Ni) Cobalt (Co) 14.3 429 99.2
Copper (Cu)  Nickel (Ni) 15.8 42.5 98.9
Molybdenum Zirconium (Zr) 63.0 44.2 98.4

(Mo)
Silver (Ag) Lead (Pb) 41.3 44.8 74.3
Tungsten (W) Various - - -
Rhodium Various - - -

(Rh)

The anode (anticathode) is a much more complex element of the X-ray tube. Its
end face is cut at a slight angle of 10°-20° and has a layer of material with a large
atomic number, such as tungsten, deposited on it. For radiological applications, it
is better if the radiation from the tube is as monochromatic as possible. Therefore,
the material used to cover the anode contains elements (such as Cu, Al or Mg),
which emit appropriate lines of characteristic radiation, such as the K, , lines. In
addition, various impurities are used to concentrate the radiation of the selected
line. An important component of the X-ray monochromatising system is the
window (usually beryllium, Be) through which the radiation leaves the glass
envelope. The small atomic number of beryllium (Z = 4) minimises the absorp-
tion of the K, , lines while suppressing the remaining components of the radiation
spectrum. Various types of filter can also be used to filter out frequencies other
than those of the selected characteristic lines, suppressing the Ky lines, for
example, and eliminating the parts of the spectrum in the soft radiation range. Soft
radiation is strongly absorbed by the surface structure of the tissues being
examined and, as it is not important for obtaining the projection, it exposes the
patient to unnecessary radiation. A comparison of the elements most commonly
used in this way is shown in Table 3.1. Figure 3.21 illustrates the process of
shaping the X-ray spectrum.

An appropriate filter is matched by selecting the absorption threshold so that it
lies between the K, and Ky series of the X-ray spectrum. Materials with atomic
numbers 1 or 2 less than the anode material have this property.

X-ray tubes are estimated to be only 1% efficient; the energy not used to
produce radiation is converted into heat. Previously, in order to conduct the heat
away more effectively, a tubular or cylindrical anode was often made from a single
crystal of copper. Currently, in the newer types of X-ray tube, the anode is usually
cooled using water or oil. It is also possible to cool the envelope of the tube in this
way, as it is completely encased in a lead shield. The shield also has an opening
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Fig. 3.21 Shaping the
radiation spectrum of the X- K,
ray tube

radiation intensity
attenuation coefficient

energy [keV]

————— the X-ray spectrum of an anode made from copper
.............. the absorption of a filter made from nickel
.......... the X-ray spectrum produced by the tube

that forms part of the collimator. Only a small part of the radiation produced by the
tube passes through the collimator to the outside; the material of the shield absorbs
the rest.

In order to build X-ray tubes for use in computed tomography, a design was
needed that prevented the anode from overheating in conditions where the power
could be as high as 50 kW. The solution proved to be a tube designed with
a rotating cathode, as shown in Fig. 3.22.

Figure 3.22 shows a flat cylinder made of a material with a high melting point
(e.g. graphite). The edge facing the cathode is bevelled and covered with a
material that emits X-rays when bombarded by the high-energy electrons emitted
by the cathode.

During the production of the beam of electrons, the cylindrical anode is rotated
at a speed of about 3,000 rpm. This is made possible because the anode is attached
to the rotor of a motor whose stator windings are located outside the envelope of
the tube. When the tube is in operation, electrons hit the anode at different places,
thus artificially increasing its active surface. In addition, the inclination of the
active plane with respect to the longitudinal surface of the cathode increases the
concentration of the radiation beam, as was explained for the case of the standard
X-ray tube [29].

In 64-slice spiral scanners, a design of X-ray tube with two focuses was used
[3], as illustrated in Fig. 3.23. In this tube, the deflection system switches the beam
of electrons emitted by the cathode at a rate of 4,640 times per second. This
produces two beams of electrons, which then hit the anode, generating two sep-
arate beams of X-rays. The use of this dual focus design of X-ray source allows us
to obtain a reconstructed slice thickness of 0.4 mm. It also eliminates artefacts
from the image, caused by the spiral motion of the projection system.
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Fig. 3.22 An X-ray tube with a rotating anode
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Fig. 3.23 A dual focus X-ray tube

At this point, we will give a qualitative and quantitative description of the
production of bremsstrahlung (i.e. continuous radiation). Most of the energy
emitted by an X-ray tube is in the form of this type of radiation. We can say
approximately that
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Power_of _tube = k - U% - I - Z, (3.8)

where k = 107° is a coefficient of proportionality; Uy is the voltage between the
anode and cathode; I is the current flowing through the tube; Z is the atomic
number of the element of the anode.

Note that the easiest way to alter the cathode current Iy in the tube is by
changing the current flowing through the heater. The minimum wavelength
obtained from the X-ray tube is determined however using the relationship

, hc

Amin = e (3.9)
As we can see from the above, by adjusting the voltage between the anode and the
cathode we can alter both the power of the tube and the wavelength of the radiation
and so influence the high-energy components of the radiation spectrum. This
voltage however does not affect the power of the characteristic radiation. All that is
required to produce this component of the spectrum is a certain minimum level of
voltage.

In medicine, the term “hard” is used to describe high frequency X-rays with

their high penetrating power; the word “soft” is used for lower frequency radiation
with lower penetrating power.

3.2.3 Electrical Aspects of X-ray Tubes

When considering the design and the operating principles of X-ray tubes, it should
be pointed out that their electrical properties are not essentially different from
those of other vacuum tubes, such as diodes. Let us start by considering a simple
system (see Fig. 3.24), where a voltage is applied between the anode and cathode
of the tube and a current flows.

We can use this system to examine the shape of the electrical characteristic of
the X-ray tube, that is, the relationship between voltage Uy applied across the
anode and cathode and the current /I that flows through the tube, for a given heater
current [,. A plot of the characteristic curves is shown in Fig. 3.25.

It can be proved analytically that the shapes of the characteristics in Fig. 3.25
correspond to the Child—Langmuir equation [4, 23]

Ix(Ug) =2.34- 10—6% U (3.10)
ak
where S,,0qc 1S the active area of the electron beam, i.e. the area of the anode; d,y is
the distance between the anode and cathode.
The individual characteristic curves of the tube relate to different values of
heater current /;,. The non-saturated, working region of the X-ray tube is called the
Langmuir region. This is the active part of the characteristic curve. The saturated
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Fig. 3.24 A simple power
supply for an X-ray tube
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area is called the Richardson region. This saturation of the tube’s characteristic is
due to the limited number of electrons that can be emitted from the cathode at any
given temperature or heater current /,.

From Eq. 3.10, we can conclude that the resistance of the tube while conducting
a current is

1
R:Z#:c—i, (3.11)
R UIZQ

where c is a coefficient of proportionality.

As mentioned earlier, an X-ray tube behaves like a diode; it conducts current in
only one direction, the direction of the voltage applied between the anode and
cathode. The equivalent circuit of an X-ray tube is shown in Fig. 3.26.

In order for it to generate X-rays, the tube should be connected to an electronic
circuit such as that illustrated in Fig. 3.27, which is used to produce X-rays for
medical applications.
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Fig. 3.27 A circuit diagram for an X-ray tube used for medical purposes

3.3 X-ray Detectors

X-ray detectors have a similar function in computed tomography to photographic
film in conventional X-ray radiography, that of creating the image from a pro-
jection of X-rays [1]. The following types of X-ray detector are currently used in
computed tomography

e xenon proportional chambers, in which the electrical output signal is propor-
tional to the intensity of the radiation that ionises the gas atoms inside microgap
gas chambers (MGC) [27, 28];

e scintillation detectors [7, 8, 10, 12, 15].
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Most third-generation scanner use xenon proportional chambers, as they are
much cheaper than the scintillation detectors used in subsequent generations. The
gas in the ionization chamber of a xenon detector is at high pressure (about 10atm)
[8]. A design of this type of detector is shown in Fig. 3.28.

In this detector, a high voltage of about 140 kV is applied across the electrodes.
The voltage must not be too large however or it could cause so-called gas
amplification. If an X-ray photon penetrates the detector’s window (typically
aluminium), there is a high probability of it ionizing the xenon inside. The
probability of this happening is proportional to the length of the chamber and the
pressure inside.

The current that flows between the electrodes and through the gas ionised by the
X-rays is proportional to the intensity of the X-rays. Xenon proportional chambers
work in such a way that almost no heating occurs after the ionization event, and so
it only takes a short time for them to return to a state of readiness. This is highly
significant when applying the technique to spiral projection systems. The high-
voltage electrodes are often made of tantalum and the ion-collecting electrodes of
copper. To get some idea of the dimensions of these detectors, the length of a
xenon chamber is often quoted as 6 cm and the width of a single cell as about
1 mm (1.5 mm) [13]. Because of the difficulty of obtaining suitably convergent
electrodes while maintaining the standard 8 cm length of chamber, chambers are
currently produced with a length of 3-6 cm. In general, the efficiency of these
detectors is about 60%, and their main advantages are low cost and small size.

In later generations of CT scanner, from the fourth generation onwards, ceramic
(scintillation) detectors are used to measure X-ray intensity. The design of these
detectors is described by Fig. 3.29 [13].

When X-rays strike a scintillator crystal a range of physical phenomena are
produced, namely
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e the photoelectric effect,
e the Compton effect,
e pair production.

Scintillation detectors make use of the photoelectric effect. Photons of X-rays
knock electrons out of their orbit and these, in the presence of a phosphor, produce
a flash of light (luminescent radiation) in the ultraviolet or visible range of
wavelengths [11, 30]. Detector arrays in the newer scanners are constructed with
scintillation detectors made from materials such as sodium iodide (Nal) doped
with thallium (T1), caesium iodide (CsI), cadmium tungstate (CdWO,), zinc sul-
phide (ZnS), naphthalene, anthracene and other compounds based on rare earth
elements, or gadolinium oxysulfide (GD,0,S) [8] and finally from rare earth based
garnet material (98% garnet, 2% rare earth—cerium). The scintillator crystals have
a thickness of 1-2 mm and are shaped so that the majority of the photons created
as described above pass through the rear wall of the crystal. Here, a photomulti-
plier amplifies the light signal and photo-detectors convert the light into an elec-
trical signal.

Scintillation detectors have a high time resolution [8]. This is because the
duration of the flash in a scintillator is extremely short; for example for Nal, it lasts
0.25 ns. In addition, because the materials from which scintillators are made have
a large atomic number, these sensors absorb radiation strongly and this affects their
detection efficiency. Because there are two processes involved in this type of
measurement, we have to take care that the light contact between the scintillator
and the photo-detectors is good enough to maintain an adequate level of detection
efficiency. An individual semiconductor detector has greater measurement sensi-
tivity than an individual ionization chamber in a xenon detector, but ionization
chambers can be packed much more densely, so that the overall sensitivities of the
xenon and the semiconductor detectors are very similar.
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3.3.1 Detector Matrices

The introduction of scanner designs with projection systems moving in a spiral
required the development of detector arrays that could measure the intensity of
X-ray beams having non-zero solid angle along the axis of the patient [20].

Since the introduction of multi-slice spiral tomography (MSCT), there has been
rapid development of technologies allowing the manufacture of detector matrices
with very sophisticated specifications in terms of size and efficiency. An example
of a design of detector array, which enables the subsequent reconstruction of four
slices simultaneously in an MSCT scanner, is shown in Fig. 3.30.

In the outermost detectors of an array, a phenomenon called image smearing
occurs in the reconstructed slices [20, 31]. This happens because, for a slice of
nominal width of 1 mm, the effective width of the outer slice is 6.6 mm (see the
right half of Fig. 3.30b). In practice, in order to solve this problem, we sum the
electrical signals from outer detectors to obtain a single slice (see the left half of
Fig. 3.30b). This reduces the effective width of the slice in question (in this case,
reduced to 4.7 mm).

The existence of certain design factors in detector arrays, such as gaps between
the individual detectors, has led manufacturers of these components to carry out
further research. In order to compensate for the increased angle of incidence of the
X-rays on the screen, adaptive array detectors (AAD) have been used in some
design solutions [18, 26]. In these, instead of separate electrical connections to
each detector, some of the detectors in the array have been physically integrated.
An example of this type of detector array is shown in Fig. 3.31.

Spiral cone-beam scanners that reconstruct 128 slices simultaneously use a
technique called z-Sharp by one manufacturer and z-Wobble by another. These
projection systems use a dual focus X-ray tube and a specially adapted detector
array. The arrangement is shown in Fig. 3.32. By doubling the number of photo-
detectors in relation to the number of scintillator crystals and by changing the
focus of the X-ray tube at high frequency, it has been possible to obtain images
with very high contrast. At the same time, the width of the image slices has been
reduced to less than 0.4 mm.

3.3.2 Detector Parameters

The literature lists the following parameters that describe the quality of mea-
surements achieved by various X-ray detectors

quantum efficiency,
energy resolution,
afterglow,

stability over time,
inertia,
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The quantum efficiency is defined as the ratio between the number of quanta
registered by the detector and the total number of quanta striking the detector. The
limited extent to which gas detectors absorb X-rays reduces their efficiency to
between 30 and 60%. Because the atomic numbers of materials used to construct
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scintillators are much larger than the atomic numbers of gases, semiconductor
detectors have significantly better quantum efficiencies than xenon proportional
chambers (from 98 to 99.5%) [15]. On the other hand, the two-stage conversion
process of X-ray quanta into an electrical signal in semiconductor detectors results
in additional losses due to the conversion of the light photons into electrical
impulses, which evens out the benefits of the two detection techniques.

Quantum efficiency has an effect on the minimum radiation dose that must be
applied in order to obtain an image with a specific contrast and signal-to-noise
ratio (SNR). Figure 3.33 shows a graph of the transfer characteristic of an Si (Li)
semiconductor detector with a beryllium window of thickness 8 pm.

Energy resolution is described as the full width at half maximum (FWHM) of
the detector’s transfer characteristic as a function of the incident X-ray photon
energy. Figure 3.34 shows the characteristics of three types of detector and how
the FWHM is determined.

As shown in Fig. 3.34, we first find the X-ray frequency at which maximum
detection occurs and then determine the maximum value and divide it by two to
get the reference level. This is the level at which we estimate the width of the
transfer function, which in turn determines the energy resolution of the detector.
The smaller the width, the higher the energy resolution of the detector and the less
image distortion caused by a polychromatic X-ray beam.

The stability over time of measurements obtained using different types of X-ray
detectors is determined above all by the radiation intensity. Xenon proportional
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chambers meet the highest specifications in terms of their insensitivity to radiation
overload. Semiconductor detectors have a tendency to change their properties
during irradiation, resulting in a change in transfer characteristics. All semicon-
ductor crystals however are able to return to their initial properties after a certain
period after the irradiation has stopped. This time may be hours or minutes,
depending on the type of material. At present, the aim is to obtain semiconductor
detectors with a return time of the order of seconds [15].

After the X-rays have interacted with the sensors in the matrix, degradation of
the output signal occurs. This can also happen when there are sudden large
changes of attenuation coefficient along the path of the rays reaching the detector.
Two parameters are used to quantify this degradation: primary speed and after-
glow. The primary speed can be understood as one of the impulse response
parameters of the detector, which is obtained after the input of a brief pulse of
X-rays. Afterglow occurs following a sudden change in X-ray intensity, caused in
turn by defects in the crystal structure in the detectors. The existence of electron
traps where the crystal defects are situated causes optical recombination of the
electrons. This shows up as thermal motion. Image distortions arising from the
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degradation of the output signal of the detectors (especially ceramic detectors) are
of low frequency and are difficult to eliminate using algorithms [15, 19].

Although both types of detector have comparable spatial resolution (for
example, the width of one ceramic detector in an array may be 0.95 mm [8]), the
prospect of the miniaturisation of semiconductor detectors is encouraging scanner
designers to use them in an ever greater range of components.

3.4 Imaging in Computed Tomography Devices

The part of the scanner, which allows us to make a diagnosis after the examination
has been carried out, is the monitor. Note, however, that diagnostically useful
images can also then be sent to a device (i.e. the documentation camera) that
records them onto photographic film. In both cases, it is the image reconstructed
from the projections performed earlier, which carries the information about the
tissue structure and the possible presence of abnormalities. In a CT scanner, the
projections are made through the medium of X-rays. The reconstructed image,
which can be analysed on the monitor and/or exposed on film is simply the X-ray
attenuation coefficient distribution of the test object (the patient’s body), which can
be written as follows

1 (x,y) € R250(x,Y) € [Hoiny max)s (3.12)

alternatively, in the discrete version

N o

I {17 27 . 71} X {17 27 c 7J}C)ﬂ(la]) € [:umim :umax]‘ (313)
Both for technical as well as practical reasons, it is more convenient to use a digital
image. Before tackling the issue of digital visualisation, we should first clarify the
concept of luminance, which is a key term used to describe images.

3.4.1 Luminance of the Image

Luminance is defined by the following equation [16]
o0
lum(x,y é/ A(2) highe (x, y, A)dA, (3.14)
0

where 4 is the wavelength of the light; iz (x, y, A) is the distribution of the light
emitted by the object; A(/) is a function relating the efficiency of the visual system
to the wavelength of the light.
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This function assigns a value for the luminous intensity to each point on an
image and will be referred to as the luminance of the analogue image. The
assignment can be described by the following transformation

lum : Elu—m>[lummin, lummax] C R, (3.13)

where E = {(x,¥) : 0 <x <Xmax, 0 <y <¥max} C R X R; lumyy;, is the minimum
luminance in the image; lum,,x is the maximum luminance in the image, Xy,ax 1S
the horizontal size of the image; yn.x i the vertical size of the image.

The analogue luminance of the image as defined above forms the basis of
operations that change the appearance of the image on the computer monitor into a
form that is useful for the radiologist. It is also important to look at the following
two processes: discretisation of the analogue image and quantisation of the image.

3.4.2 Discretisation and Quantisation of the Image

In order to digitise an image, the analogue image as represented by its luminance
must be subjected to sampling (discretisation) and quantisation [9, 16], in the order
given in Fig. 3.35.

As shown in Fig. 3.35, the analogue luminance of the image is first subjected to
sampling, using the following transformation

lum(i,j) = lum(x,y) - comb(x, y; A, A,), (3.16)
where A, = % is the horizontal raster discretisation; A, = % is the vertical raster
X0 Y0

discretisation; fy,, f;, are the horizontal and vertical cut-off frequencies of the
image, and where

i
comb(x,y; Ay, A)) = Z Z o(x —iAy,y — jA,), (3.17)

i=1 j=1

where I, J are the number of image points sampled vertically and horizontally,
respectively.
By combining Egs. (3.16) and (3.17), we obtain the formula

L
lum(i ZZlum x,y) x — A,y —jAy). (3.18)

i=1 j=1

Fig. 3.35 Sampling and L
quantisation of an analogue M. Sampling um(, /)
image

n
tum(i, J
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In the image to be digitised, the units of area, to which uniform luminance values are
assigned, are called pixels and are indexed using i =1, 2,..., I, j =1, 2,..., J.
In practice, the display resolutions most often used for tomographic images are:
256 x 256,320 x 320,512 x 512, 1,024 x 1,024 and 2,048 x 2,048.

In the frequency domain, the following relationship corresponds to the trans-
formation defined by Eq. (3.18)

LUM (f..f,) = LUM(f..f,) * COMB(f:.f;). (3.19)
The next step in converting the analogue image into a digital image is quantisation

lim, - 2, Q. (3.20)
where Z. = { (iAy,jA)) 1 0<i <Xmax, 0<j < ymax} CIx L 2 ={0,1,-,29 — 1};
q is the number of bits used to encode the luminance value of the image point, in
natural binary code.

The luminance as defined by (3.20) is called the digital luminance of the image,
and each point on the image is defined by the digital luminance function lLch(i )
There are obvious similarities between the transformations (3.15) and (3.20) but
the former describes the luminance distribution of the analogue image and the
latter of the digital image. The range of values of lb[mc(i, J) depends on the number
of quantisation levels, which in turn depends on the number of bits assigned to
encode the luminance of the pixels. This is usually 8 bits, representing 256
quantisation levels or 9 bits and 512 quantisation levels.

In order for the projections performed by the scanner to be subjected to the
reconstruction process, we need to obtain the attenuation coefficient distribution in
the cross-section of the test object. To display the reconstructed image of the
attenuation coefficient distribution u(x,y)(f(i,j)) on the computer screen in a way
that will be diagnostically useful however, we need to apply the following non-
linear transformation

imaging(C,W)  ~
imaging : p(x,y) € HU el >lumc €Q (3.21)
or in the discrete version
imaging(C,W) L
imaging : [(i,j) € HU e )lumc(z,]) € Q. (3.22)

It is common practice in medical applications to use units on the Hounsfield scale:
Hounsfield units (HU) [3, 17]. Their value usually varies in the range —1,000 to
3,000, making it necessary to apply a so-called window. This term defines a section
of the scale, which is determined by two parameters: the window centre C and the
window width W. The first parameter specifies the centre of the range of the scale
to be framed by the window; the second is the width of this range.
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Fig. 3.36 Applying an [HU]
imaging window to values on
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In practice, the assignment (3.22) is performed according to the following rules

1. the points at which the function fi(i,j) is to be determined, are assigned to
corresponding points on the screen;
2. the luminance values at these points are determined as follows

0 for  Qij)<C—¥

29 — 1 for p(ij)>C+%

lum,(i,j) = , (3.23)

(i j)—C+¥). (24—
<w> divl for C—Y<p(ij)<C+¥

A pictorial representation of this assignment, for ¢ = 8 is given in Fig. 3.36.

In practice, a variety of different values of C and W are used, for example,
C=1,000 HU and W = 2,500 HU for bone imaging, C = — 50 HU and
W = 400 HU for the mediastinum, C = — 600 HU and W = 1, 700 HU for the
lungs.
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A diagram of a digital image created in this way is given in Fig. 3.37 [9].

For three-dimensional images, the term voxel (a contraction of the term volume
element) is often used. A voxel is the three-dimensional equivalent of a pixel.
A graphical interpretation of this concept is shown in Fig. 3.38.

3.4.3 The Display of Reconstructed Images

During a comprehensive tomographic examination, a series of actions are per-
formed, the result of which is a set of images of successive slices of the patient’s
body. During the preliminary phase of the procedure, the table with the patient on
it is positioned inside the opening of the gantry. The distance that the patient is
inserted into the gantry, the height of the table, and the angle of inclination of the
gantry are all factors that can be adjusted. All of these options are shown in
Fig. 3.39.

The position of the patient at this stage depends on the part of the body that is to
be scanned. In order to position the appropriate region of the patient’s body
accurately, a preliminary scan is performed to produce a reference image similar to
a standard X-ray image (see the illustration in Fig. 3.40). Some scanner manu-
facturers call this a topogram or toposcan.

The main difference between this image and an ordinary X-ray image is that it
is in electronic form. The scanner’s application software uses this image to
determine the positions at which subsequent projections will be performed. The
places where image slices are planned are indicated using a feature of the appli-
cation called field of view (FOV) markers, as shown in Fig. 3.40. Scans are then
carried out on the motionless patient according to the parameters determined by
the radiology staff.
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™

Fig. 3.39 Positioning the patient in the gantry

It is worth mentioning that, in order to enhance the view of certain organs, the
scan is often preceded by the intravenous injection of a contrast agent into the
patient.

The digital images obtained after reconstructing all the images of the individual
slices of the patient’s body are known as tomograms. Each of the tomograms may
be visualised on demand as described below. An example of a set of tomograms is
shown in Fig. 3.40.°

This set of tomographic images forms the basis of the next phase of the
process: diagnosis. During diagnosis, the radiologist may use additional features
of the tomography software to identify a region of interest (ROI) (and possibly
enlarge it), to measure distances on the tomogram, calculate the radiation
attenuation coefficients of selected areas and to display the attenuation coeffi-
cients of any of the slices, etc. In addition, the use of windows with different
values of C and W presents the radiologist with a great opportunity to evaluate
different diagnostic aspects of the image (see the displays of the same recon-
structed image using windows with different parameters in Fig. 3.41 (see
footnote 3).

* Image made available by the Private Health Care Group “Unimed”, Czestochowa, Poland.
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]

\

Fig. 3.40 A reference image of the brain and a series of selected slices

Fig. 3.41 The same slice viewed with different values of window parameters: the left image with
the pulmonary window (C = — 600, W = 1, 600), the right image with the mediastinal window
(C =50, W =350)

After obtaining a complete set of tomographic images of neighbouring slices, it
is possible to use special techniques to visualise the results of the scan in three
dimensions.

One of these techniques is multi-planar reconstruction (MPR) also known as
multi-planar reformatting. Using this technique, we can obtain images of any
plane in the body (unlike standard X-ray images, these images represent the
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Fig. 3.42 An image of
lumbar vertebrae obtained
using the MPR technique

properties of the tissues in the selected layer only). An example of an image
obtained in this way is shown in Fig. 3.42 (see footnote 3).

With a three-dimensional image of the human body at our disposal, we can
construct a three-dimensional model of any organ, using a technique called volume
rendering [34]. Because some organs have a relatively uniform structure, it is
possible to obtain 3D images of such structures as blood vessels, soft tissue or
bone.

One use of this imaging method is in the visualisation of internal voids in the
body, so-called virtual endoscopy. This technique allows us to carry out a virtual
examination of organs such as the bronchi, the gastrointestinal tract or blood
vessels; it lets us “wander” around inside these organs and study their internal
surfaces.

A variant of the image rendering technique mentioned above is an approach
called three-dimensional surface shaded display (3D SSD) [6, 24]. In this method,
the shading of the three-dimensional surface of the object is obtained by using
simple thresholding. A virtual light source is placed near the test object, and the
attenuation of the light intensity as it encounters elements of the object is simu-
lated. It is easy to obtain images of objects such as bone, which have high values of
HU, using this technique. An example of this visual effect is shown in Fig. 3.43
(see footnote 3).

Another approach, called maximum intensity projection (MIP) [5], enables us to
visualise the structure of a test object by selecting the highest value of HU
coefficient occurring along the path of the rays passing through the object at a
given angle of observation. It allows us in particular to examine blood vessels,
after the injection of a contrast agent. An example image obtained using this
technique is shown in Fig. 3.44 (see footnote 3).

The scanner’s user software also provides a number of additional visual effects
to aid the correct interpretation of reconstructed images. These include various
kinds of spatial rotation, shading, highlighting, etc. The radiologist can also choose
to archive images that he thinks are diagnostically important. The number of
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Fig. 3.43 An image of a
polyp in the lower maxillary
sinus obtained using the 3D
SSD technique

Fig. 3.44 An image of a
skull obtained using the MIP
technique

archived images is limited however by the large size of the image files and the
limited capacity of the computer’s permanent storage.

As a rule, after all the examinations and imaging have been completed, a
collection of diagnostically useful images is selected and earmarked for physical
archiving using the documentation camera. In this way, we obtain a film similar in
appearance to a standard X-ray film, but with the images arranged on it in an
appropriate order.
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Chapter 4
The Physics of Data Acquisition

The chance discovery of X-rays, followed by deeper understanding of their nature,
properties and methods of generation led not only to the creation of devices to
perform standard X-ray photographs (see Fig. 4.1) and mammograms but also to
the creation of radiotherapy devices and the development of computed
tomography.

4.1 X-ray Propagation Through Matters

In order to help us to understand the nature of X-rays let us assume that we have a
beam of monoenergetic photons. One of the fundamental quantities associated
with radiation is its intensity /, which is defined as the amount of photon energy
passing through unit area in unit time:

1:“umber—0f—l’h°t°“s'hv{ : } (4.1)
S

S -t cm? -

where A is Planck’s constant, v is the frequency of the photon of radiation emitted,
S is area, and ¢ is time.

When an X-ray beam of intensity /(0) is directed at an object, certain physical
processes take place within the object. These processes are responsible for the
attenuation of the radiation, its loss of energy and the consequent raising of the
object’s temperature. The mechanisms involved include

e the photoelectric effect (absorption),
e incoherent and coherent scattering.

In the case of the photoelectric effect, the X-ray photons interact with the
electron shells of the atoms in the irradiated sample [1]. Some of the incident
photon energy is used to overcome the binding energy of electrons that are ejected;

R. Cierniak, X-Ray Computed Tomography in Biomedical Engineering, 63
DOLI: 10.1007/978-0-85729-027-4_4, © Springer-Verlag London Limited 2011



64 4 The Physics of Data Acquisition

Fig. 4.1 The hand of
Professor Albert von
Kolliker, the first publicly
performed X-ray, 23 January
1896

the rest of the energy is transferred to the photoelectrons in the form of kinetic
energy

Ei = Ey + E, (4.2)

where Ej, is the electron binding energy, Ej is the kinetic energy transferred to the
photoelectron, E; = hv is the energy of the incident photon.

The vacancies in lower electron shells cause other electrons from higher shells
to move into them. The energy difference between the electron that was removed
and the electron brought from the higher shell is emitted as a quantum of sec-
ondary X-ray energy. In each element, only certain transitions between shells are
permitted and so the quanta of secondary radiation emitted will have well-defined
characteristic wavelengths.

Another effect that influences the attenuation of the radiation is scattering, both
coherent (Rayleigh) and incoherent (Compton) scattering [1]. In the first case, the
X-ray photons incident on the sample change direction without loss of energy. In
the second case, the radiation quanta both change their direction and lose energy
during their interaction with the electrons. The remaining energy of a scattered
quantum can be expressed by

hv

B = T —con ) 3

where ( is the ratio of the incident quantum energy to the rest energy of the target
electron with which the quantum interacts, £ is the angle of scattering, E,, = hv' is
the energy of the scattered quantum, and V' is the frequency of the scattered
quantum.

All of the factors mentioned above are responsible, in varying degrees, for the
attenuation of X-rays as they pass through an object. If we accept that each of the
three factors mentioned above has an influence on the radiation passing through
the sample then we should be able to determine the total value of the factor
attenuating this radiation. This is called the mass attenuation coefficient [17, 19] or
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alternatively the linear attenuation coefficient [4] (for the sake of simplicity the
linear attenuation coefficient will in future be referred to as the attenuation
coefficient):

1=ty + te + fhy, (4.4)

where 1, is the true absorption coefficient caused by the photoelectric effect
(absorption), u. is the scattering coefficient for coherent scattering, u,, is the
scattering coefficient for incoherent scattering.

The value of the attenuation coefficient is a characteristic of a particular sub-
stance and is given in tables of physical constants.

It should be stressed that the attenuation coefficient is the link between the
physical processes occurring inside a substance as X-rays pass through and the
mathematical relationships allowing us to quantify the interaction.

To define the basic mathematical relationships describing the passage of X-rays
through matter, let us consider a beam of radiation of intensity /(0) directed at a
uniform object of cross-sectional area 1 m% as shown in Fig. 4.2.

Let us assume that in 1 m® of the irradiated material there are N centres of
interaction, which cause the incident radiation to undergo attenuation, and that
after passing through a distance u the radiation intensity has a value /(x). In an
extremely thin layer of width du there will be N - du centres of interaction. The
total reduction of X-ray intensity d/(«) in this layer is proportional to the number
of incident photons per unit time and to the number of centres of interaction in the
layer:

dI(u) = —o - I(u) - Ndu, (4.5)

where ¢ (m?) is the constant of proportionality (dependent on the type of material)
known as the total cross-section.

This relationship is only valid for isotropic scattering of photons or ejected
electrons, where the total cross-section a(¢, ) is constant, i.e. not dependent on
the direction of scattering (the angles ¢ and s are directions in the spherical
coordinate system). Dividing both sides of Eq. 4.5 by I(x) and integrating both
sides over the thickness of the sample U, as in the equation below:

Fig. 4.2 The attenuation of N
X-rays as they pass through | 5 \}\\
matter AN
0o ——1—> NS V)
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R I
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U dl U
/ () _ —a-N/du, (4.6)
1(u)
0 0
we obtain the relationship [17, 19]:
I(U) = 1(0) - e MU = [(0) - e Heons¥| (4.7)

where [eonst = ON (m™") is the attenuation coefficient (dependent on the
material).

If we have a heterogeneous sample of material (such as the human body), we
should replace the attenuation coefficient in Eq. 4.7 with the integral of the
attenuation coefficient over the path through which the radiation passes (see
Fig. 4.3). So for a one-dimensional path, the equation takes the following form:

1(U) = 1(0) e (4.8)

where p(u) is the function defining the attenuation coefficient distribution along
the path of the radiation.

The determination of u(u) allows us to define the spatial structure of the human
body in terms of the ability of its individual layers to attenuate radiation. This will
allow us to distinguish the body tissues in a tomographic image, characterised as

Fig. 4.3 The transmission
of radiation through matter.
a A homogeneous attenuation
coefficient, b a linearly
increasing attenuation
coefficient
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Table 4.1 The proportions of some elements in selected tissues (in the case of blood given in
mg/dm?>, for the remaining tissues in pg/g of dry mass ppm)

Element Blood Brain Liver Lungs Muscles
Sodium (Na) 1,970.00 10,000.00 5,500.00 1,200.00 4,000.00
Potassium (K) 1,620.00 11,600.00 7,400.00 8,600.00 10,500.00
Mercury (Hg) 0.0078 - 0.0220 0.03 0.02
Calcium (Ca) 61.00 320.00 140.00 480.00 105.00
Gold (Au) 0.0002 0.50 0.0001 0.30 0.40

Iron (Fe) 447.00 200.00 520.00 1,300.00 140.00

they are by the distinct properties of their constituent elements and compounds,
e.g. calcium and water. Table 4.1 shows the proportions of certain elements in
selected tissues.

For convenience during diagnosis, the Hounsfield scale has been introduced
[11] to define the degree of attenuation of radiation by various substances.
The so-called Hounsfield number for a particular tissue is defined relative to the
attenuation properties of water, as follows:

HUtissue = 1; OOOM, (49)
Hu,0
where pissue 18 the resultant X-ray attenuation coefficient for the tissue, uy, is the
X-ray attenuation coefficient for water.
Hounsfield numbers can range from —1,000 for gases up to a maximum of
3,000 for bone. We can, therefore, express the range of Hounsfield numbers as
follows:

HU € [—1,000,3,000] C R. (4.10)

Hydrated body tissues have a Hounsfield numbers that varies in the region of
HU = 0. The Hounsfield numbers for various tissues are given in Table 4.2.

Table 4.2 Hounsfield numbers for selected tissues

Tissue Before the application of contrast After the application of contrast
Brain 35 45

Fresh blood in the brain 65 -

Liver 50 80-90

Kidneys 27-30 100

Spleen 50 70-80

Pancreas 20-30 50

Muscles 40 -

Fat —70 to —110 -

Bone 300-1,300 -
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4.2 The Radon Transform

Equation 4.8 is fundamental for X-ray imaging techniques and provides a starting
point for considering the physical processes involved. It is, therefore, worth
looking at this relationship once more, this time from the point of view of the
transmission of an X-ray beam through a sample with specific attenuation
characteristics:

I(U) =1(0)-e : (4.11)

where 1(0) is the initial X-ray intensity, /(U) is the X-ray intensity after passing
through a distance U, u(x, y) is the function defining the spatial distribution of the
attenuation coefficient in the sample.

In the rest of this chapter, we assume that the object being X-rayed is a patient’s
body, whose form depends on its anatomical structure. Knowledge of the spatial
distribution of the attenuation coefficient u(x, y) allows us, in most cases, to get a
picture of the arrangement of various organs inside the body and makes it possible
to diagnose the location of possible injuries. In the next chapters, we will discuss
the image reconstruction algorithms that are used to obtain information about the
form of u(x, y) anywhere in the body from these X-ray projections.

Finding the logarithm of both sides of Eq. 4.11, we obtain a quantity that has
fundamental significance for image reconstruction algorithms:

pAln(%> = /U w(x,y)du, (4.12)
0

In a projection system consisting of an X-ray tube, the patient’s body and a
photographic film, the quantity p can be interpreted as the ratio of the X-ray
intensity directed at a given point in the body to the radiation intensity after
passing through the body. In practice, this means less darkening of the photo-
graphic film in those places where there has been more attenuation of the radiation
as it passes through the various tissues (i.e. there is a negative image on the X-ray
film). Figure 4.4 illustrates this effect for a spherical object.

To obtain a picture of the inside of an object, it is necessary to collimate the
stream of X-rays to create a suitably shaped beam with which to obtain the
projection. Here, by “projection”, we mean the image produced on the screen by
the X-rays falling on it after they have passed through the patient’s body. If the
radiation is collimated into a very narrow parallel beam, then we need only use a
screen in the form of a thin strip, as shown in Fig. 4.5.

To obtain an image of the cross-section of an object in the plane of the pro-
jection, we need to identify parameters for the quantity p, as shown in Fig. 4.6.
Here the first parameter is the variable s, describing the axis perpendicular to the
direction of the incident X-ray. The value s = 0 defines the principal axis of
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Fig. 4.4 Darkening of a
photographic film by X-rays

X-rays

Fig. 4.5 Obtaining R

projections using a parallel —

beam of X-rays
R S—
—————
————————
——————

Fig. 4.6 Projections carried
out at an angle o

projection. The second parameter is the angle o at which, at any given moment, the
projection is made. This is measured relative to the principal projection axis. The
point about which the scanner rotates lies on the principal projection axis and for
practical reasons is located inside the test object.
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We can write the variable p and its parameters as follows:

p(s, o) :/,u(x,y)du, (4.13)

u

where the parameters vary within the ranges: —o0 <s < 0, 0 < « < 7.
In the literature, this equation is often called the Radon transform [9, 11, 14, 16]
and is represented mathematically by

R:p(x,y) € I[-]HUi>p(s7 a) € R. (4.14)

In computed tomography, the Radon transform is performed physically by the
attenuation of the X-rays as they pass through the tissues. The task of the apparatus
is simply to transmit an appropriately collimated beam of radiation, and then,
using sensors placed on the screen, to record the intensity of the radiation after it
has passed through the sample.

As shown in Fig. 4.7, the X-ray intensity at a point on the screen corresponds to
a single value of p(s, «). As the radiation is in the form of a parallel beam, only
material lying in the path of the ray arriving at that point is responsible for the
attenuation of the radiation. It follows from Eq. 4.13 that the attenuation takes
place along the straight line defined by the parameter u, where the total path length
is U.

There is, however, a problem with the use of relationship (4.13). The problem
lies in the dependence of the attenuation function on the spatial variables (x, y).
The integration with respect to variable u takes place along a line at a distance
s from the projection axis. This means that we need to find a formula for con-
verting from the fixed coordinate system (x, y) into the moving system (s, u),
which is rotated by an angle o with respect to the (x, y) system. The geometry of

Fig. 4.7 The geometry of the y

parallel-beam scanner
x \ 5

oint

@
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Table 4.3 Trigonometric

L (x, )= (s, u) (s, w)—(x, y)
relationships between the - -
moving coordinate system §=xcosa+ysino X =scoso —usino
(s, u) and the fixed system u= —xsinag+ycoso y =ssino+ ucosa

x, y)

the situation is illustrated in Fig. 4.7. This helps to identify the line along which
the incident ray lies.

Using Fig. 4.7, we can derive the trigonometric relationships given in
Table 4.3. These relationships allow us to convert the coordinates of any point in
the fixed coordinate system into coordinates in the moving system and vice versa.

Proof Figure 4.8 illustrates the trigonometric relationships in a parallel-beam
scanner.

// Combining the elements s = s’ + s’ Based on Fig. 4.8

/I The x-relationship in the fixed coordinate

// system (x, y) & = cos o Based on Fig. 4.8

/I The y-relationship in the fixed coordinate

/I system (x, y) & = cos (% — o) = sina Based on Fig. 4.8

§ =XxCcoso+ ysino Substituting into the equation given in

step 1 of this proof

and
/I Combining the elements u = u’ + u” Based on Fig. 4.8
/I ' The x-relationship in the fixed coordinate
/I system (x, y) MT, = coso Based on Fig. 4.8
// The y-relationship in the fixed coordinate
/I system (x, y) ”7" = cos(Z — ) =sina Based on Fig. 4.8
u = —xsino + ycoso Substituting into the equation given in

step 1 of this proof

Using the trigonometric conversions given in Table 4.3, we can modify
Eq. 4.13 as follows:

p(s,a) = / / u(x,y)o(xcos o + ysina — s)dxdy. (4.15)

The equation above means that in order to determine the projection function for a
particular point s on the screen and a particular angle of rotation « of the scanner,
we simply need to sum the values of the attenuation coefficients of the patient’s
body along the path of the ray that strikes that point on the screen.
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Fig. 4.8 Details of the
trigonometric relationships in
a parallel-beam scanner

X
Fig.. 4.9 An X-ray z screen
collimator final
collimator
pre-collimator
" I detector
ocus BW X
R, R,
’l

4.3 X-ray Collimators

The acquisition of projection values in any CT scanner requires an appropriate
projection system (construction details can be found in Chaps. 5, 6 and 7). One of
the defining characteristics of a projection system is the shape of X-ray beam used
to determine the individual projection values. To obtain a useful beam of the
desired shape, the X-rays need to be collimated. A drawing of an X-ray collimator
is given in Fig. 4.9.

For convenience, in our theoretical discussions, we will replace the X-ray tube
as the source of radiation with a single point situated at the focus of the tube. The
beam of radiation produced by the tube is first constrained spatially by the initial
collimator (called a pre-collimator). In different designs of CT scanner, collimators
with different aperture shapes are used to obtain beams such as those shown
schematically in Fig. 4.10.

Figure 4.9 shows the basic layout of a collimator system in which the radiation
beam gradual widens as it passes through the irradiated space where the test object
is placed. However, when considering reconstruction algorithms we often make a
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Fig. 4.10 Shapes of X-ray
beams used in CT scanner
projection systems: a a
parallel beam of radiation, b a
fan beam of radiation, ¢ a
beam in the form of a cone

"

(c)

simplification; we define the thickness of the radiation beam BW (beam width) as
the width of the beam as it crosses the principal projection axis. Before the beam
formed in this way reaches the radiation detectors however, further, final colli-
mation takes place. This is to limit the effect of scattering on the measurements.

In Fig. 4.9, the symbol R, represents the distance of the screen from the main
projection axis (the middle of the (x, y) coordinate system) and Ry represents the
distance of the focus from the main projection axis. It is worth mentioning that in
practice we use the following X-ray beam widths, for example: bones 1 mm,
lungs, blood vessels 2-3 mm, kidneys, pancreas 5 mm, chest, liver 8 mm.

4.4 Physical Causes of Artefacts in the Reconstructed Image

All image reconstruction methods produce post-scanning distortions, mainly due
to simplifications made during signal processing. We can deal with these kinds of
distortions to a limited extent using algorithms. However, there are some artefacts
whose causes are not related to the reconstruction method used but result from the
physical conditions in which the projections were made. Technical and design
limitations of the projection system can have a negative impact on the image
quality obtained by computed tomography techniques. Some of the more serious
physical factors affecting image quality include:

e the polychromatic nature of the X-ray beam,
e the non-zero thickness of the beam,
e shortcomings in the collimator,
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e the presence of metal elements in the patient’s body,
e measurement noise.

It is worth devoting some attention to these factors, and to methods of reducing
their impact.

4.4.1 Spectral Nonlinearities

The equation defining the projection function, the Radon transform, is the integral
of the attenuation values along the path of the ray, but only when the radiation is
monochromatic. However, this assumption rarely holds true in real projection
systems where the radiation intensity measured by the individual detectors is
expressed by the following relationship [11, 14]:

u

- f,u.(x.y,E)du
Iz/hwyeo dE, (4.16)

where Iy(E) is the energy spectrum of the radiation source, U is the distance that
the ray travels from the source to the detector, u(x, y, E) is the attenuation of
radiation with quantum energy E at a specific point in the test object.

Assumptions about the monochromatic nature of the radiation can be expressed
as follows:

I(E) = Iy - 8(E — E*). (4.17)

If we use assumption (4.17) in Eq. 4.16 we get back to Eq. 4.11, defining the
intensity of monochromatic X-rays after they have passed through a sample of
thickness U. However, we cannot just forget about the realities of the practical
situation, so we have take into account the polychromatic nature of the radiation
source. As we can see, for example, in Fig. 3.17, the energy spectrum of a radi-
ation source has an upper limit. This allows us to derive an equation to define the
projection function for polychromatic radiation in a way similar to that for the
monochromic case:

p(s, o) :/,u(x,y,E)du, (4.18)

u
where u(x,y,E) is the attenuation coefficient, at a point in the test object with
coordinates (x, y), of a ray of average energy E.
We can evaluate the integral in Eq. 4.18, which defines the projection p(s, o)
for a polychromatic beam, using the following relationship:
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U
- f,u(x.y.E)du

/,u(x,y, E)du = IIO(E)ij(OE)dE dE. (4.19)

Here, the estimator of the integral of the attenuation coefficient distribution is
biased, since it depends on the form of the X-ray energy spectrum. Furthermore,
the dependence of the estimator on the attenuation value (in turn dependent on the
quantum energy) indicates the presence of strong nonlinearities. These arise during
the passage of polychromatic radiation because the various components of its
energy spectrum are not attenuated uniformly. This happens because of the so-
called beam hardening effect. Thus, we cannot express the value of Eq. 4.19 as a
linear relationship with the integral of the attenuation coefficient distribution.
However, we can use its expansion [2, 5, 14]:

ln(@> =ap + a ~/u(x,y,E)du+a2</u(x,y,E)du>2+~~~. (4.20)

When the X-ray source is monochromatic or the attenuation coefficient does not
depend on the energy of the incident radiation, the above equation can be reduced
to the single component with the coefficient a;. The contributions of the remaining
components of the expansion depend on the distribution of Io(E) and on the
strength of the dependence of u(x, y) on E. Artefacts caused by the nonlinearities
discussed here appear in the reconstructed image especially when a low energy
beam is used. This is because in the low energy range p(x, y) is strongly dependent
on E.

Artefacts resulting from the polychromatic nature of the X-ray beam can be
eliminated in many ways [3, 6, 12, 14, 15]. One of the early correction methods
was to use a compensating bag of water, which surrounded the test object during a
scan [12, 14]. This reduced the degree of variation of the attenuation coefficients of
the tissues and corrected for the nonlinearity in Eq. 4.19.

Another way to correct for this kind of nonlinearity is to linearize the expo-
nential function, using the following relationship [14]:

e S o _ //J(x7y)du. (4.21)
By substituting this into Eq. 4.19, we can obtain a formula defining the projection

integral free of nonlinearities. Unfortunately, the linearization (4.21) is only valid
for projection values satisfying the condition:

/ ulx,y)du<1, (4.22)

which for many regions of the human body restricts the use of such methods far
too severely.
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In computed tomography, the most popular method of reducing the effect of the
X-ray spectral distribution is to use special phantoms, which, in structure, size and
type of material, resemble the parts of the human body being examined [14]. In
this method, the projection is first made with the phantom placed in the scanner at
a location corresponding to the position in the body of the part selected for
examination. In this way, we obtain the radiation intensity after passage of the
radiation along the path U from source to detector as follows:

(V) =lg-e b =l et (4.23)

which, for the phantom, can be summarized as u(x, y) = const = fphancom-

In the next stage of the procedure, projections are carried out on the actual part
of the patient’s body. The difference between the measurement of radiation
intensity made during the actual examination and the measurement made using the
phantom is defined by the following Eq. 4.23:

8]
- f p(xy)du U
I(U) — phantom(U) =Ip - € 0 — Io - e Hphanom ¥ (4.24)

After suitable mathematical manipulation, we can represent this difference by:

19}
—{ [ ntey)du—p hmmU>
I<U) - Iphanmm(U) =1 eﬂlphantnn‘U l¢e <0 ' -1/ (425)

Assuming a structural similarity between the phantom and the test object, we can
say that in all probability:

U
//,t()@y)dbt - :uphamom UK 17 (426)
0

which allows us to use the linearization expressed by Eq. 4.21. So, we now have a
linear version of the relationship defining the radiation intensity measured by the
detector, after the radiation has passed through the test area of the human body:

U
](U) = ]0 . efﬂphanlomU . :uphanlom U — /,u(x,y)du + Iphantom (U) (427)
0

This method reduces the effect that nonlinearities, caused by the use of poly-
chromatic X-rays, have on the quality of the reconstructed image obtained by
computed tomography.
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4.4.2 Beam-width Nonlinearities

The next source of non-linear distortion in practical projection systems is related to
the fact that the beam width of the collimated X-rays is non-zero with respect to
the z axis. For the sake of simplicity, we will assume that the beam is parallel and
has an angle of projection of zero, i.e. « = 0. This means that the rays making up
the beam will be parallel to the y axis of the projection system. We can therefore
formulate the relationship defining the projection function measured by the radi-
ation sensors on the screen [6, 14] as follows:

I(U) = //dist(x, z)eff“mv’z)dydxdz, (4.28)

where dist(x, z) is a function defining the radiation distribution in the test layer.

Of course, if the thickness of the body layer irradiated by the beam is very
small, then we can omit that dimension from the formula above and so eliminate
the problem. In practice, however, it is necessary to take the whole of Eq. 4.28 into
account, especially in cases where, within the irradiated layer, there are sudden
changes in the coefficient u(x, y, z) along the z axis. In that situation, the presence
of the exponential term in Eq. 4.28 causes stratification of various parts of the
radiation beam, as far as its attenuation along the z axis is concerned. So, as with
the nonlinear distortion discussed previously, we can now expand Eq. 4.28 as
follows:

In (’“SE)) —atar [ iy +a ( [t z)dy)2+ e (429)

where i(x,y,z) is the mean value of the attenuation coefficient along the z axis.
Faced with such strong nonlinearities, the most effective way to eliminate these
artefacts is to use narrow beams of radiation.
Alternatively, we can minimise this distortion with a technical solution using an
array of small detectors in place of a single large one. Assuming that each detector
! in the array is very small, we can modify Eq. 4.28 as follows:

L(U) = //distl(x’ Z)e*fu(x,y,z)dydxdz _ IZ(O)e*fu(x,y)dy, (4.30)

where 1,(0) = [{ dist)(x,z)dxdz is a function defining the radiation distribution in
the test layer.

Each sensor in the array makes its contribution to the measurement of the
intensity and the average value of the projection function recorded by the sensors
is defined by the relationship:

p(s,00) = p(x,00) = /ﬁ()@y,z)du = % . Zln (IIZI((ST))> (4.31)

=1
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This use of the average value of the radiation intensities as measured by the
individual detectors of the matrix, results in the elimination of the non-linear
distortions caused by the non-zero thickness of the radiation beam.

4.4.3 Scatter Nonlinearities

X-rays scattered by the test object during a CT scan (especially as a result of
incoherent or Compton scattering) cause additional components to appear in the
individual intensity measurements [8, 10]. Figure 4.11 shows the result of radia-
tion intensity measurements made at the screen and shows a combination of two
phenomena—absorption (/) and scattering (I).

The radiation intensity recorded is the sum of these two components:

Iym =1+ IS7 (432)

and after appropriate modification takes the following form:
I
In(lyym) =Inl- (1 +7 . (4.33)

If the term ’75 is small compared to one, we can say:

I
—In(lym) =~ —Inl — 75 (4.34)

After subtracting In(ly) from both sides of Eq. 4.34, we obtain:

I?Um I IS
—In{ - ~—In{—| —=. (4.33)
Iy Iy 1

Fig. 4.11 Components of
radiation intensity
measurements made at angles
0° and 90°
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Bearing in mind the definition of a projection given in Eq. 4.12, the equation
above leads to the following:

I
Psum = p — 7 (436)

where pgym = — In (’SILO‘“)

From Eq. 4.36, we can assume that a reduction of the measured radiation
intensity I corresponds to rays passing through areas with high absorption
coefficient. This implies an increase in the value of 17°, that is an increase in the
influence of the scattering effect on the measurements (as can be seen in
Fig. 4.11, the influence of the term ITS is greater at an angle of projection o = 0°
than at an angle o = 90°). The artefacts produced in this way appear as black
stripes in the reconstructed image of the object’s cross-section. We can coun-
teract distortions caused by the scattering effect in two ways: by increasing the
precision of the collimator and using an algorithm to correct the radiation
intensity measurements. The first of these methods relies on designing the col-
limator in such a way as to eliminate as many as possible of the X-ray photons
that do not strike the radiation detectors perpendicularly. In the second method,
the simplest correction algorithm relies on pre-determining the value of 175 for
each detector at all projection angles, using an appropriate phantom. The cor-
rection parameters, established in this way, are then added to each of the pro-
jection values obtained by the scanner.

4.4.4 Metal Artefacts

From a physical point of view, metallic elements in the body form regions of very
strong X-ray attenuation when compared to the surrounding soft tissue or even
when compared to bones. This is due to the high atomic number of metallic
elements. However, from a mathematical point of view, metal fillings, plates or
fragments of bullets lodged in the body are simply treated as opaque areas. In a
reconstructed tomographic image, the artefacts created by the presence of such
objects appear in the form of streaks radiating out from the location of the metal
element.

In most publications, the problem of reducing distortions caused by the pres-
ence of metallic elements is reduced to solving the reconstruction problem from
incomplete projections [7, 13, 18, 20]. The variety of possible approaches and the
limited scope of this book do not allow for a deeper analysis of algorithms
developed to eliminate this kind of artefact. It is worth mentioning, however, that
the most popular practical approaches are based on determining the missing
projection values using measurements from the immediate neighbourhood of the
pieces of metal.
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4.4.5 Measurement Noise

In contrast to techniques using electromagnetic waves in the radio waveband,
where the quantum energy is relatively low, the X-radiation used in computed
tomography operates with highly energetic quanta. In radio wave applications, the
main form of noise is Gaussian noise from thermal sources. In the case of X-rays,
the level of noise is determined by the number of incident quanta per information
unit, e.g. per image pixel. This means a strong dependence of the signal to noise
ratio (SNR) on the irregularity of the density of radiation quanta in the beam
incident on the test object. When using reconstruction methods by convolution and
back-projection, we can use the following relationship to define the level of var-
iance ai of the estimated value of the attenuation coefficient u [14]:

00
, ¥
g, =—
# U Zth
—o0

W2 (s)ds, (4.37)

where W is the number of projections carried out, 0 is the mean photon density of
the X-ray beam, zy, is the thickness of the beam of radiation, A(s) is the convo-
lution kernel, used in the convolution and back projection method.

Using Eq. 4.37, we can derive an equation for the SNR in the reconstructed
image:

A
SNR = 2F — ¢ A+ sqec /o - P, (4.38)
o

14

where Ay is the change in attenuation coefficient in the region of interest, ¢ is a
constant of order unity which depends on the kernel used, vq is the mean number
of photons incident on the radiation detector; sqe is the width of the radiation
detector perpendicular to the direction of the radiation.

In contrast to other methods of determining the SNR for projections, in the
reconstruction method using convolution there is a strong dependence of SNR on
the size of the detector sger. Thus, an attempt to increase the resolution of CT
scanners by reducing the size of the radiation detectors reduces the SNR in
Eq. 4.38. This is easy to see, if we realise that:

Ddet ~ s(zlew (439)

hence,
- Ap ~ 2 2
SNR = palal A Set + \/Sger - ¥~ SSer- (4.40)
I

The dependence of the SNR on the parameter ¢, defining the effect of the con-
volution kernel, is evident in the reconstructed image by the different noise levels
in different areas of the scan. This occurs especially when the part of the body
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under investigation includes oval structures. The combination of such rounded
structures and the radial nature of the convolution kernels causes the rays passing
through the middle of the structures to be more affected by noise than the rays
passing through their edges.

References

1.
2.

3.

4.

11.

12.

13.

14
15

17.

18.

19.

20.

Agarwal BK (1979) X-ray spectroscopy. Springer, Berlin

Alvarez RE, Macovski A (1976) Energy-selective reconstructions in X-ray computer
tomography. Phys Med Biol 21:733-744

Brooks RA, DiChiro G (1976) Principles of computer assisted tomography (CAT) in
radiographic and radioisotopic imaging. Phys Med Biol 21:689-732

Cullity BD, Stock SR (2001) Elements of X-ray diffraction, 3rd edn. Addison-Wesley,
Reading

. Duerinckx AJ, Macovski A (1978) Polychromatic streak artifacts in computed tomography

images. J Comp Assist Tomogr 2:481-487

. Glover GH, Pelc NJ (1980) Nonlinear partial volume artifacts in X-ray computed

tomography. Med Phys 7(3):238-248

. Glover GH, Pelc NJ (1981) An algorithm fot the reduction of metal clip artifacts in CT

reconstructions. Med Phys 8:799-807

. Glover GH (1982) Compton scatter effects in CT reconstructions. Med Phys 9(6):860-867
. Jain AK (1989) Fundamentals of digitals image processing. Prentice-Hall, Englewood Cliffs
. Joseph PM (1982) The effects of scatter in X-ray computed tomography. Med Phys 9(4):

464-472

Kak AC, Slanley M (1988) Principles of computerized tomographic imaging. IEEE Press,
New York

Kijewski PK, Bjdrngard BE (1978) Correction for beam hardening in computer tomography.
Med Phys 5(3):209-214

Lonn AHR, Crawford CR (1988) Reduction of artifacts caused by metallic objects in CT.
Radiology 169(P):116

. Macovski A (1983) Physical problems of computer tomography. Proc IEEE 71(3):373-378
. McDavid WD, Waggener RG, Payne WH et al (1975) Spectral effects on three-dimentional

reconstruction from X-rays. Med Phys 2:321-324

.Radon J (1917) Uber die Bestimmung von Funktionen durch ihre Integralwerte lings

gewisser Mannigfaltigkeiten. Berichte Sidchsische Akademie der Wissenschaften (Leipzig)
69:262-277

Ronté G, Tarjan I (1999) An introduction to biophysics with medical orientation. Akademiai
Kiado, Budapest

Snyder DL, O’Sullivan JA, Whiting BR et al (2001) Deblurring subject to nonnegativity
constraints when known functions are present with application to object-constrained
computerized tomography. IEEE Trans Med Imaging 20(10):1009-1017

Suryanarayana C, Grant Norton M (1998) X-ray diffraction: a practical approach. Plenum
Press, New York

Wang G, Snyder DL, O’Sullivan JA et al (1996) Iterative deblurring for CT metal artifact
reduction. IEEE Trans Med Imaging 15(5):657-664



Chapter 5
Reconstruction from Parallel-beam
Projections

Because of the performance limitations of scanners that used parallel beams of
X-rays, engineers were obliged to modify the design of this system. However, the
fact remains that all new generation CT scanners are based on parallel-beam image
reconstruction algorithms. So, rather than algorithms dictated by the actual
geometry of their projection systems, in most new image reconstruction techniques
we use parallel beam methods.

This means that in order to understand fully the construction and algorithms of
the current generations of CT scanners, it is essential to have an in-depth
knowledge of all aspects of the operation of scanners that use parallel-beam X-ray
projection systems. It is also necessary to indicate the differences between the
actual cross-section of the patient’s body and the image obtained by projection and
back-projection, to show what causes these differences and to show how to
describe them mathematically.

This will allow us to get to the core of the process of using parallel X-ray
projections to obtain information about the structure of an organism’s internal
tissues. The solution of this problem for parallel-beam systems was fundamental
for the development of the first generation CT devices.

5.1 Geometry of the Parallel-beam Scanner

Figure 5.1 shows schematically a method of carrying out a parallel-beam pro-
jection [5-7] irrespective of the type and generation of CT device.

As can be seen in Fig. 5.1a, the moveable part of the scanner, consisting of an
emitter of X-rays and a screen on which radiation detectors are placed, revolves
around the body being examined. The body remains motionless the whole time the
system rotates. During this rotation, radiation is emitted from the source, is col-
limated into a very narrow parallel beam, penetrates the object and reaches the
detectors. The detectors measure the intensity of the radiation as it arrives at the

R. Cierniak, X-Ray Computed Tomography in Biomedical Engineering, 83
DOI: 10.1007/978-0-85729-027-4_5, © Springer-Verlag London Limited 2011
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Fig. 5.1 The geometry of a ¥
parallel-beam scanner: a a
pictorial view; b a view in the
x, y plane; ¢ the geometrical
relationships; d the polar
coordinate system
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screen. Each measurement of radiation intensity at the screen is evaluated relative
to the original radiation intensity as defined by (4.12). This is the value of the
projection function and is represented by p”(s, o) , where the parameters of the
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rays originating from the emitter and reaching the screen are represented in this
system by:

o’—the angle at which the projection is carried out, i.e. the angle between the
x-axis and the s-axis of the rotated scanner;

s—the position of a particular place on the screen, with respect to the axis of the
moving scanner, at the time the projection is made.

The distribution of the radiation intensity observed on the screen varies with the
angle through which the scanner is rotated.

This method of scanning only allows us to obtain the image of the attenuation
coefficient distribution for one cross-section of the body under examination. The
width of this slice is determined by the capacity of the projection system and is one
of the basic parameters of CT scanners. If required, the next cross-section can be
obtained by repeating the scan-reconstruction procedure at another position on the
Z-axis.

Figure 5.1b shows the scanner geometry in the plane of the x and y coordinates,
that is in the plane perpendicular to the z-axis. The coordinate system (s, u) is also
shown in the diagram. This indicates the situation after rotation of the scanner
through an angle o”. The relationships between the coordinates in these two sys-
tems have been shown earlier, in Table 4.3. Using these relationships, we can
modify 4.15, describing the Radon transform, into a form more convenient for
further consideration:

+00
PP(s,of) = / u(scoso” — usino?, ssin o + ucos o )du, (5.1)

—0o0

where —o0 <s < 00,0 <o’ <m.

The projection function defined in this way allows for easy physical interpre-
tation. Its value at each point on the screen (a distance s from the origin of the
(x, ¥) coordinate system) is the sum of all the values of attenuation coeffi-
cient u(x, y) encountered by the ray on its way to that point. This equation only
applies to a scan carried out at a particular angle o”.

Often, when considering image reconstruction problems, we use a polar coor-
dinate system (r, ¢) [5] as shown in Fig. 5.1d. The most important relationships
between this coordinate system and the two coordinate systems encountered earlier
are given in Table 5.1.

Figure 5.1b illustrates another, practical consideration concerning the scans,
namely the limited space in which they take place. Because of the geometry of the
scanner’s rotational movement, during the scan, the data acquisition takes place

Table 5.1 Relationships
between coordinate system (r,¢) — (x,y) (r,¢) — (s,u)

(r, ¢) and coordinate systems x = rcos ¢ s = rcos(o? — ¢)
(x, y) and (s, u) y=rsin¢ u = rsin(o? — ¢)
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inside the circle of radius R. The cross-section of the patient’s body must be
contained entirely within this circle. Furthermore, the table on which the patient
lies is positioned in the space so that his body fits comfortably inside the scanner’s
gantry. The remaining space in the tunnel is filled with air of minimal value of
attenuation coefficient u(x, y) (tta;; = —1,000 on the Hounsfield scale). It should
be mentioned that no function limited in space, including this function describing
projection p”(s, &), can possess a finite spectrum [8, 15], represented here by
P(f, &), where

P(f, o) = Fy{p(s, ")} = / (s, a)e s, (5.2)

This fact has substantial implications for the selection of filters for some recon-
struction methods. This will be discussed later.

5.2 Geometry of the Discrete Parallel-beam Scanner

For various reasons, problems arise in practical projection systems in adapting the
image reconstruction algorithm to the discrete nature of the projections. The
projections are discrete with respect to both the angle at which they are obtained
and the finite number of places on the screen at which their values are measured.
There is also a fundamental difference between the approach to the question of
discretisation in a system with one detector and one with a matrix of detectors.
However, in both systems we have to take into consideration the distribution
function characterising the way in which the individual detectors respond to the
radiation reaching them. That function will be represented by d(s), and an example
of its form is shown in Fig. 5.2.

In first generation CT scanner, which had only one detector, carrying out the
projections more closely resembled what we understand by a process of “scan-
ning” across the object. It depended on the simultaneous lateral displacement of
the X-ray tube and detector on opposite sides of the object and the continuous
measurement of the radiation during the whole exposure. This procedure was
repeated for each discrete value of projection angle. The arrangement for the
acquisition of a single projection is shown diagrammatically in Fig. 5.3. Taking
into account the distribution function of a particular detector, the projection

Fig. 5.2 An example of a d(s)
distribution function of an
X-ray detector
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Fig. 5.3 The scanning screen
process in a system with one
radiation detector: a the
projection at angle o ; b the
projection at angle o,
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function value obtained at the aperture of the detector can be described using the
following formula [9]:

(s, o) :/p”(&,ap)d(j—s)djv:pp(s,ocp)*d(s), (5.3)

where p”(s, o) is the original projection function; p”(s,od) is the projection
function registered by the detector; d(s) is the distribution function of the detector;
% is the cross-correlation operator.

It should be noted that, in this case, it is the hardware that is carrying out the
low-pass filtering of projection p”(s, o”) , using the following frequency domain
relationship:
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Fig. 5.4 An example of a sampling function

ﬁ(f’ ap) = P(fv o{p)D(ff)v (54)

where D(f) is the Fourier transform of function d(s).

If necessary, the projection function (5.3) can be subjected to filtering even
before the sampling process. This sampling process is described by the following
mathematical transformation [9]:

(s, 07) = PP (5, o) comb (ﬁ) (5.5)

where A? is the sampling interval (the distance between the individual detectors
on the screen); comb(x) =Y 2 _ d(x —[) is the sampling function, as shown in
Fig. 54; 1L

Because of the excessive time taken for each projection in a system with only
one detector, subsequent generations of scanners used a complex matrix of
detectors and simultaneous acquisition of projections. This arrangement also
reduced the total radiation dose needed for a projection at a particular angle. If, as
in the previous case, we take into account the particular distribution of the detector
matrix, we obtain the following projection function [9] sampled at the hardware
level:

2 s

5 (s,0) = / PG5, V(s — §)di- comb ( A’;)

} (5.6)
= (p’(s,o) = d(s))- comb (AT’) )
where * is the convolution operator.
In the frequency domain, this relationship is expressed as:
P(f,a") = N (P(f,a")D(f)) * COMB(A” - f), (5.7)

which, assuming the projection function has an infinite spectrumP(f, «”), repre-
sents a spectrum with overlapping segments, as shown in Fig. 5.5.

This overlapping of the individual components of spectrum P(f, o”) (known as
aliasing) occurs least when the width of the individual detectors in the matrix is a
maximum [9], that is, when:

d(s) = rect (%) (5.8)

s
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This form of detector distribution means that the surface of the screen is com-
pletely covered by a homogeneously active surface of detectors, as shown in
Fig. 5.6.

A further consequence of using the detector matrix distribution (5.8) is the fact
that the spectrum of this function:

D(f) = A? - sinc(A? - f) (5.9)
has its first zero at:
1
f= j:F, (5.10)

which causes repeating segments of spectrum I:’(f , o) at equal frequency intervals:
Af = —. (5.11)

As can be seen from Fig. 5.7, this results in a reduction of the overlapping effect of

the individual segments of spectrum P(f,o”) because in this case Af is twice as
large as the cut-off frequency of the hypothetically band-limited spectrum P(f , o).
Clearly, the use of a low-pass filter does not completely eliminate the effect of
the overlapping individual segments of the spectrum.
However, a mechanical solution has been suggested [10], which, thanks to the
use of a suitably designed projection system, has improved this situation. In this
approach, rotating the system through 180° about the object is accompanied by a

»
smooth displacement of the detector panel by a distance % with respect to its

Fig. 5.6 The screen d(s)
distribution, assuming the
detector distribution from
(5.8) L
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Fig. 5.7 The spectrum 2
: . P(f.07)
P(f,a") for the radiation
detector arrangement with a
distribution defined by (5.8)
P\f.o”
| pbe) i
1 2
‘"t at o~

starting position. In this way, we get an effective shortening of the sampling

interval to A?(j’ and thereby an increase of the separation along the frequency axis of
spectrum P(f, o) to:
2
Af = G (5.12)

This is a great improvement in comparison with the cases considered previously.

The spectrum P(f,o”) obtained using this technique is illustrated in Fig. 5.8.

In practice however, we only have a few projection function values available:
i.e. those measured at the places on the screen where the radiation sensors are
located. The number of sensors is limited and represented by the symbol L. There
are two cases concerning this number, which we should take into consideration:
the odd and the even case. This condition has an influence on the deployment of
the sensors with respect to the main axis of the moving projection system. If the
number of detectors in the matrix is represented by [, then the range of possible
values of this parameter is specified in the following way:

le L. L. (5.13)
where [8]:
—(L-1
Ll — (2 ) forleven7 (5.14)
5= forlodd
Fig. 5.8 The spectrum P% (f oc”)
P(f, o) obtained using a T
mechanical technique to
shorten the sampling interval
P\ f.,0”
PG -
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(L=1)

~—~~ for1leven
Ll = 2 ) 5.15
{L —1 forl odd (5.13)

Taking into account the geometry of the moving projection system, the location of
the individual radiation sensors when a particular projection is carried out can be
defined by:

si=1A. (5.16)

It follows from the Kotelnikov—Shannon sampling theorem that if the cut-off
frequency of the Fourier distribution spectrum of the object’s projection function is
Jfo then the distance between the individual detectors should fulfil the condition:

AV <AL, (5.17)

L——
where A, = 55

The number of detectors on an annular screen of radius R, enabling the
reconstruction of a limited image, is therefore:

is the Nyquist interval.

L > 4fyR. (5.18)

In addition, we can assume that the resolution of the detectors is equal to the
resolution of the reconstructed image obtained:

N = A, =A,, (5.19)

where A, is the horizontal raster discretisation of the digital image; A, is the
vertical raster discretisation of the digital image.

It now remains for us to establish the relationships concerning the limited
number of projections made during one full revolution of the scanner. The indi-
vidual projections made at discrete angles o are indexed using Yy = 0,..., WV,
where W is the maximum number of projections made during one half-turn.

Because of the symmetry property of the Radon transform, projections can only
be carried out during one half-turn, that is:

AP = % (5.20)
where A is the angle through which the tube-screen system is rotated after making
each projection.

We can therefore state that the exposure to X-rays and the collection of
information about the radiation intensity reaching the screen after passing through
the patient’s body occurs when:

o) = - AL (5.21)

The angle A% represents the sampling interval during the rotation of the projection
system. The only way to reduce distortion in the reconstructed image, caused by
too small an angular sampling frequency, is to reduce the interval A%,
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For example, in the methods to be described in Sect. 5.4 the number of pro-
jections made should be greater than the cut-off value [1, 8]:

Ynin = L + 1. (5.22)
2
The geometrical relationships of the discrete projection system described above
are illustrated in Fig. 5.9.
In order to simplify matters later in the text, we will assume that the detector
distribution of each individual detector in the matrix has the following form:

d(s) = o(s). (5.23)

Fig. 5.9 The geometry of a
discrete projection system: a
the projection at angle of; b
the projection at angle o5
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In view of this, each projection value in a parallel-beam system at angle o,
determined at a point s; on the screen will be represented by the discrete form of
the projection function as follows:

PLy) =p (A0, - &), (5.24)

where  is the projection number; / is the detector number, in the matrix.

A significant problem in discrete implementations of image reconstruction
methods however, is the effect of the overlapping of the segments of the spectrum
arising after the sampling process. It follows from sampling theory that the discrete
version of the Fourier transform, represented by P? (f,o”) is a quantity defined by
the following relationship [8]:

. 0 i
P(f,o") = Z P<f+F, oc”), (5.25)
which can also be written as:
P(f,o) = A2 " pP (il o )e 2T, (5.26)

where P(f,o”) = P(f, "), when the range of index i is limited to the case of i = 0.

This means that for projection functions p”(s, o) limited in space, for which the
frequency spectrum is infinite, the component spectra P(f, o) in spectrum P(f ,0P)
overlap when i # 0. This represents a serious source of distortion in reconstructed
images.

5.3 Image Reconstruction from Projections: Problem
Formulation

When trying to devise a way of determining the distribution of func-
tion u(x, y) defining the internal structure of a patient’s body, we make use of the
concept of the Radon transform described in Chap. 4. We can justify the use of the
Radon transform in medical imaging because it is identical to the projection
function whose values are measured by a parallel-beam scanner.

The next step towards obtaining a diagnostically useful tomographic image is to
apply the idea of back-projection to the Radon transform as follows [5, 6, 8]:

B(x,y) = /p”(xcos of 4+ ysino, o )do. (5.27)
0
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Equation (5.27) allows us to assign to each point in space (x, y), the sum of all the
projection function values, which correspond to the rays going through each point
in the course of obtaining the projections.

Assuming that every point in the object has an influence on the projection
function value at the place on the screen reached by the ray passing through the
point, we can say that summation (5.27) contains information about the attenuation
coefficient at that point. At the same time however, it would be mistaken to believe
that we could obtain the true attenuation coefficient distribution simply by carrying
out back-projection directly after the acquisition process. Such an attempt would
produce an indistinct image. Hopes of easy success would turn out to be unfounded
because back-projection is not the same as the inverse Radon transform and the
image defined by function ji(x,y) = B(x,y), obtained in this way, would be dis-
torted so much as to make any medical interpretation impossible. The process of
obtaining the image u(x, y) by projection and back-projection is shown in
Figure 5.10.

Because of its fundamental significance for computed tomography, the rela-
tionship between the attenuation function fi(x, y), obtained by projection and back-
projection, and the actual attenuation function u(x, y) of the cross-section of the
object, is worth analysing in some detail. The equation defining this relationship is
as follows [5, 6, 8]:

Fig. 5.10 Obtaining an
image by projection and /
back-projection )

A(x,y)
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+0o0  +00

ﬁ(xm):u(x,y)*(xzﬂz)_%:/ /u(m) :

(=22 +0-57)

where this equation is defined with the exception of points (x,y), for which
X=XAy=y.

Proof

(5.28)

/[Let fi(x,y) = B(x,y) Follows from the definition of

", back-projecti
B(x,y) = [pP(xcosa? + ysino?, o )da? = ack-projection
0

//Substituting the expression for the projection Coordinates (x,y) refer to all
/Ivalues pP(s, o) points in the reconstructed
n/4o0 400 o L image, variable s only to
= {(7{0 7{0 (¥, 3) - o(kcos o + ysino? — s)dxdy) do?” = those points which, for a

particular projection, lie on
the same straight line as the
reconstructed image point
specified by coordinates
(x, y)

//Substituting the formula for the distance s of the reconstructed image point

//(x, y) from the main axis of the scanner (see Table 4.3)

n /+0o0 +oo
= f( I [ wxy)-d(xcoso” + ysino? —xcosol — ysinotp)dkd)')>dotp =
0 \— —00
//Simplifying the expression
n /+oo +oo
=/ ( S uG3) - 0((x —x)cose? + (7 — ) sin oc")dxdy> do =
0 \—o0 —00

//Changing the order of the integration

+00 +00 T
= T T wtad) (JoG - cos + (5= y)sinar) asria =
—00 —00 0
//Using the substitution: Proof of the substitution used is
116((x — x) cos o + (y — y)) = ———xvox given in Appendix A, in the
((=)"+6-)") discussion of the properties
+oo +00

of the d(x, y) function

= X, y)——————didy =
_'L _‘L Hexy) (=2 +0-9)%) Y

//Final form

= nlxy) * (2 92

O

If the attenuation coefficient distribution is to be considered in polar coordi-
nates, then we could write the polar equivalent of (5.28) as:
- 1
:u(rvd)) :ﬂ(r7¢) *o

" (5.29)

We can conclude from inspection of (5.28) that the image obtained by back-
projection does carry information about the actual form of the attenuation function,
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Fig. 5.11 The formation of image distortions obtained after back-projection: a a sequence of two
projections; b the image showing the artefacts formed after the process of back-projection

but distorted by the geometrical factor (x*> + yz)f%. The principle behind the for-
mation of these distortions is explained in Fig. 5.11, for the simplified case when
only two projections are performed.

A result of the interaction of this geometrical distorting factor on the original
attenuation function is the appearance of artefacts (elements of the image that do
not exist in reality). They take the form of a line lying along the path of the ray as
can be seen in Fig. 5.11. Obviously, this only happens when, in the course of a
particular projection, the ray passing through the distorted points of the image
encounters somewhere else an element of non-zero value of u(x, y). In other
words, as a result of back-projection, the ray passing through that point of non-zero
value of p(x, y) transmits this value to all the image points lying in its path. When
data acquisition is carried out continuously, it is convenient to assume that the
object consists of one non-zero point at its centre, as follows:

p(x,y) = 6(x = X0,y — yo), (5.30)

where (x — X,y — ¥o) is the coordinates of the centre of the object’s cross-section.
As a result of carrying out projections followed by the process of back-
projection, the image obtained could be represented as in Fig. 5.12.

In the frequency domain, the geometrical distorting function fun(x,y) =
(x* +?)

L
2 is represented by:

1
FUN(fi.f2) = (ff +£5) . (5.31)
The Fourier equivalent of relationship (5.29) is:

M(f) =%M(f), (5.32)

Ifl = \JfE +15- (5.33)

where
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Expression (5.32) forms a convenient starting point for a whole class of analytical
image reconstruction methods, which will be the subject of the following sections
of the chapter.

5.4 Reconstruction Methods by Convolution/Filtration
and Back-Projection

At this point, we will introduce the most popular and most often used family of
image reconstruction algorithms, especially as far as medical computed tomog-
raphy is concerned. Underlying this type of algorithm is the assertion that at each
angle, every individual result streaming into the computer may be adapted to the
reconstruction task in an appropriate way. To help us in our task we will use the
projection-slice theorem, which relates a projection to a cross-section of the
reconstructed image [5, 8]. This can be expressed by the following equation:

P(f,of) = M(f coso?, f sino?). (5.34)

Proof

Follows from the definition

. 7 —jonfs
P(f,a7) = [ pP(s,o”)e > ™ds of the Fourier transform

//The proje;toioon for one particular s is the integral Follows from the definition
/lover all points lying in one straight line of the Radon transform
P(f, o) f [ u(x,y)8(xcos o 4 ysino? — s)e 7> dsdu @15
//Modifying th; Zbozfce (see (5.1) and Table 4.3)
= +fm +foo (s cosof —usina?, ssino? + ucos of e F*¥dsdu =
//Corlvieoroti;l;O this to the (x, y) coordinate system (see Table 5.1)
_ tfo +fm f(x, y)e 2l (reosa +ysin) gy —
//Modi]’;oir;goothe above (see Table 4.3)
= +foo +foo (,u(s coso? — usina’, ssina” + ucoso’) - g J2nfrcosal +ysin 9"’d.x) e /2Afysina 4y —
//Final?(ir?nOO Follows from the definition
= M(fcoso?, fsino?). of the two-dimensional

Fourier transform

O

From relationship (5.34) it follows that the frequency spectrum P(f, o”) of a
projection carried out at an angle o is equal to a section of the two dimensional
spectrum M(f},f>) of the original image. The points making up this section fulfil
two conditions: f; = fcos o’ and f> = fsino”, which means that they lie in a
straight line at an angle o with respect to the f| axis. Figure 5.13 explains this
relationship (5.34) graphically.
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Fig. 5.12 Image of a point-
object obtained after
projection followed by back-
projection

infinity afx.y)

\

Fig. 5.13 The relationship
between the one-dimensional
Fourier transform of
projection p(s, o”) and a
section of the two-
dimensional spectrum of the
original image p(x, y)

M ) 1

In practice, this means that instead of filtering the whole image in two
dimensions, it is enough to filter all projections p(s, ) in one dimension, using the
familiar filter form Ifl. It is only after the filtering of the individual projections that
they take part in the process of back-projection. This resembles a sort of pre-
processing carried out on the projections, in order to prevent them from intro-
ducing distortion in the subsequently reconstructed image. By treating the results
streaming into the computer system in this way, we can also significantly reduce
the calculation time needed to reconstruct the image. A general flowchart for
reconstruction methods based on relationship (5.34) is given in Fig. 5.14.

Up to now, we have aimed to show that instead of filtering the image obtained
after back-projection in two dimensions, we can filter each projection separately
and only later carry out the back-projection. Before we do this however, we need
to determine how to carry out the one-dimensional filtering of the individual
projections. We can accomplish this by establishing the form of the inverse Radon
transform R~'{p(s,o")}. This transform should not be confused with the idea of
back-projection B{p(s, &”)}, which only allows us to obtain an image with geo-
metric distortions. The following rule shows how we can obtain the reconstructed
image from the inverse Radon transform:

u(x,y) = R™{R{u(x,y)}}. (5.35)
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Projection

Filter form

hm(s) or HZ(f)

Filtration

Fig. 5.14 Flowchart for reconstruction methods using one-dimensional filtration
The following equation fulfils the requirements of (5.35) and is proved below [5]:
m 400 3 p” e oc”)

W) = R (p(s,#)) = 57 / / dsdo?.  (5.36)

X cos o +ys1noc1’ -

Proof

//The inverse Fourier transform

p(x,y) f f M(fy fo)e> P df dfy =

—00 —00

//Converting to polar coordinates Changing the limits of integration
21 +o00

:O/O/M(fcoso:”,fsinx")

P ino?
. ejan(xcos ol +ysin o) cosof  fsina

dfdo? =

sino”  fcosa”

(continued)
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(continued)
//Simplifying the expression
21 00

— /‘ /‘ P(f, ap)ejan(xcosa”+ysin x”)fdfdap —
00

//Splitting the integral into two components
e
= / / p(f7 O(1,1)61'2nf(xcosa¢"+ysinx”)fdfdo(p
0 0

</

0

P(f, o + m)e eos vsins) pgp —

0\8

2
2

://P(f o e}2nf(tco>7”+}bmml’fdfdocp
0

T o0
+//P f O(p e/an (xcoso”+ysino?) fdfdflp _
//Changmg the limits of integration

://P(ﬂap)eihf'(xcosoc”+ysino<”)fdfd1p
00

n 0
+/ / P(f, ap)ejan(xcosz”+,\'sino<”)(7f)dfdap _

0 —oo

//Combining the two components into one integral

_ (f lf‘ P(f OCP) ejan(xcosac”+ysinx”)df)dap:

JEC(P(f o) - f - sign(f)))do” =

I
c%;, o‘:, oy ©

(FT'(f - P(F,20)) % F ! (sign(f))da” =

I
S—na

F(()282) « (7))o =

}E ? 1ﬂap"(m(” .
2

—00

//Slmphfymg the expression

27[ f]‘apljal .(s §)

//Fmal form

7#} Ofoap"saz’ 1 dsdo?
= ) 5 - ~

Lodida? =

o

&

n2 (xcos aP+y sina? —s)

( f P(f, Otp) f- sign(f) . e/'an(xcosa’Urysinot")df) do? =

Using relationship (5.34)

One component considers angles of
rotation o € [0, 7] and the other
of € [m,2n]

Using the property of the Fourier
transform: P(f, o + m) =
P(=f, &)

The value of function Ifl is never
negative

After substituting: Ifl = f-sign(f)

After applying the definition of the
inverse Fourier transform

The product of the functions in the
frequency domain is equal to
their convolution in the s-domain
(see Appendix A)

After determining the inverse
Fourier transform of both
functions

Follows from the definition of
convolution
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For practical reasons, another form of (5.36) is often used:

ulx,y) = /ﬁp(xcos of +ysino, o )do, (5.37)
0
where
ﬁl’(xcos o + ysin o(177 OLP) — / lf‘ . P(f, ap)eﬂnf(xcosazﬂ+ysina1))df (5.38)

is the projection after the filtering process.

It is necessary to stress that (5.37) defines the inverse Radon transform [4, 5, 7],
that is, quite simply it is the process reversing the Radon transform. This fact will
be used next to develop two competing methods of reconstructing the image:

e the convolution and back-projection method,
e the filtration and back-projection method.

In both of these methods, which follow from (5.37), the main aim is to obtain
filtered projection values p”(s,o”). These methods will be the subject of later
sections of this chapter, but first we will analyse some of the filters that could be
used.

5.4.1 Choice of the Filter Forms

The image reconstruction methodology formulated in the previous section relies
for its operation on the appropriate preparation (i.e. filtering) of each projection
individually. Irrespective of the domain in which this process occurs, the design of
filters relies on an equation appearing in the proof of relationship (5.36) [5]:

T

p(xy) = / / If| - P(f, o )2 breostosinat) g qgp. (5.39)
—00

0

At this point, it is worth reminding ourselves of the geometry of the moving
projection system of the CT scanner and emphasizing the restricted space in which
the projections p”(s, ") are carried out. No function limited in space can have a
finite frequency spectrum, in this case represented by P(f, o). Because at some
stage of the reconstruction process, function p”(s, o) is always subjected to
sampling, the conditions will be such as to cause overlapping of the components of
the frequency spectrum f’(f ,0”). The source of this effect is the form of the
frequency spectrum P(f,o”) of the sampled function p”(s, o). This spectrum
consists of a series of spectra P(f, «”) displaced with respect to each other on the
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frequency axis (see Fig. 5.5 and Eq. 5.25). Since function P(f, «”) is unbounded,
parts of the components of the total spectrum P(f,o”) would overlap each other
causing distortion in the reconstructed image (so-called aliasing) [2]. In consid-
ering this problem further, we will distinguish two cases [9]:

e a projection system with one scanning detector,
e a projection system with a matrix of detectors.

By using a projection system with one scanning detector, we can significantly
limit the effect discussed above. As already mentioned during our discussion of the
design limitations of this generation of scanner (see Sect. 5.2), a process of low-
pass filtering of the individual projections already occurs at the hardware level, in
accordance with (4). This limits the bandwidth of the spectrum P(f, &”) of the
individual projections. It is most important that this process take place before the
sampling of the projection function so as to minimise the incidence of the phe-
nomenon of the overlapping components of spectrum f’(f , o). If necessary, we
can also carry out further remedial low-pass filtering by using signal processing.
Both of these procedures result in a preventative limiting of the bandwidth of
spectrum P(f, o) and a significant reduction in the number of artefacts appearing
in the reconstructed image.

During the development of computed tomography, a design emerged which
used a matrix of detectors. This significantly reduced the time taken to acquire the
projection values. In such a system, the sampling is carried out by the array of
detectors at the same time as the value of the projection function is being deter-
mined. Because of this, preliminary limiting of the frequency bandwidth of the
projection becomes impossible. This lack of a finite frequency spectrum causes
overlapping of the individual components of the spectrum P(f , o) of the sampled
projection function and so is a direct cause of distortion in the reconstructed image.

In each of the two cases discussed above it is necessary to apply filters per-
mitting partial rejection of the components of spectrum i’(f , o) [8], other than the
first component, which is identical to spectrum P(f, «”). However, we need to
reconcile ourselves with the real threat of interference in the reconstructed image.

The filtering of spectrum P(f, o) takes place with the aid of a suitably well-
matched window function and the process can be represented by the following
operation [5]:

P(f,of) = P(f, 0" )W(f), (5.40)

where P(f, ") is the filtered spectrum of the projection function p?(s, o); W(f) is
the window function, defining the part of the spectrum of projection P(f, o) under
consideration.

We also need to be aware that, in practice, minimising the side effects of the
sampling process by filtering also applies to the sampled projection function
p(L,). The following equation defines the filtering process as applied to the
combined frequency spectrum f’(f o)
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P(f,o") = P(f, 2" W(f), (5.41)

where Ic’(f , o) is the filtered spectrum of the sampled projection function p(Z, /).
The basic condition imposed on the form of the applied window function is that:

W() =0 for|f]|>f, (5.42)

where f; is the cut-off frequency of the filter.
For the unbounded frequency spectrum P(f, o), f, has the value:

fo= (5.43)

where A7 is the sampling interval.
The most straightforward form of window function is a function with the fol-
lowing properties [5, 6, 8]:

1 forlfl<f
WRL — {O for |/ >fz’ (5.44)

the graph of which is shown in Fig. 5.15.
The window function defined in (5.44) can also be represented in the following,
equivalent way:

WRL = rect <2Lfo> (5.45)

Taking into consideration the bandwidth limitation of function P(f, ") introduced
in relationship (41), we can modify (5.39) as follows:

T 400

i) = [ [ WP e g, (5.0
0 —o0

The application of the window function forces us to accept the fact that the
reconstructed function ji(x,y) describing the image will only be a band-limited

Fig. 5.15 The window WRL( f)
function defined by (5.44)
1
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approximation of u(x, y). In view of this, (5.46) can be converted into the fol-
lowing form:

T Jfo
) = [ [ IR ) g (547)
0 —fo

Applying the product theorem of the frequency function to formula (5.47)
(obtained by restricting the limits of integration), we obtain:

n R
ox,y) = / / PP (s, Yh(xcosof + ysino? — s)dsdo?, (5.48)
0 -R
where
fo
h(s) = MR(s) = / IF[WRL ()2 (5.49)

—fo

Equation (5.48) resembles relationship (5.47) in its relevance to the convolution
and back-projection reconstruction method. In the back-projection process, each
projection p”(s, o) is filtered before the summation process, as shown below:

fi(x,y) = [ PP(s,0f)do”, (5.50)
/
where
P(s, o) = /p”(&,oc”)'h(s—&)d& (5.51)
R

Equation (5.49) defines the filter Ai(s) in the spatial domain. The equivalent
function in the frequency domain is:

HR(F) = [f|WRL(F) = [frect <i> (5.52)
2fo

In the literature, this filter is known by an abbreviation of the names of its authors,
namely Ram-Lak [11, 12] (a contraction of the Indian names Ramachandran and

Lakshminarayanan). Figure 5.16 shows the frequency graph of this filter.
Unfortunately a filter such as this, with the acute gradients apparent in
Fig. 5.16, causes oscillations in the filtered signal p”(s, o), and thus distortions in
the reconstructed image. Furthermore, this filter has a natural tendency to prefer
the higher frequencies, which due to the low signal-to-noise ratio (SNR) (or high
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Fig. 5.16 The Ram-Lak HRL(f)
filter in the frequency domain 1

level of noise compared to the signal) of the images causes an intensification of the
noise. In order to eliminate these undesirable properties a different filter form was
proposed, as defined by the formula:

H(f) = [fIW(f), (5.53)
in which [8]:

1= for [f1<fy
W(f)_{ o At (5.54)

where f; is the cut-off frequency of the filter; ¢ is a value in the range [0,1].

Figure 5.17 shows the window function expressed by (5.54), for selected values
of &.

A graphical interpretation of the filters resulting from the window function as
defined in the equation above, for the same selected values of &, is found in
Fig. 5.18.

Currently, in commonly applied reconstruction procedures such as the convo-
lution and back-projection algorithm, filters defined in the s-domain are used. In
the s-domain, in order to determine the filter form from relationship (5.53) we need
to determine the inverse Fourier transform, as follows:

h(s) = FT{H(F)} = Fr{IAIW ()} = / W (f)e>df. (5.55)

Fig. 5.17 The window
function W(f) defined by
(5.54)
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Fig. 5.18 The filters in the H()
frequency domain, based on
the window function 1

W(f) defined by (5.54)

L S
™
Il
—_
=
()

Using the window function (5.54) with a cut-off frequency of fy = 2+“, we can
express the above relationship in the following way:

fo
— € j27fs
o) =iy = [ - (1= )y (5.56)
—fo
The greatest problem in establishing the final form of (5.56) is the determination of

the inverse Fourier transform for a function containing the factor Ifl. If we apply the
approximation [6, 13]:

] = tim(1r1e=""1). (5.57)

we can prove (the proof of the inverse Fourier transform of function lfl is found in
Appendix A, Sect. A.2) that the solution of (5.56) is the following formula defining
the frequency form of this filter (proof in Appendix A, Sect. A.2):

1 sin(%)
h(s) = AN
RRETTO

S
in(zs s P sin(Zs
s\ ms \2 sm(AC) cos(Aﬁf) AP sm(Af>
sin —& +

ZTAf Z_Af 27TSA€ (7'55)2 B (ns)3

2

(&)
(5.58)

Formula (5.58) generates a whole class of filters, for which the particular form of
the point spread function /(s) depends on the value of e.

It is easy to find the equivalent discrete version [8] of this formula by substi-
tuting s = [-A%:

3-2¢ —
12(Af)2 for/ =0
~ _ &
h(l) = () for leven and [ #0 (5.59)
——1=t_ for [ odd

(nlAf)z
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If we then assume that ¢ = 0, we obtain a form of the aforementioned Ram—-Lak
filter:

2

1 sin (ﬁ) 1 sin (ﬁ)
WY () = LPA : 5.60
RREVIL BRFTGHE e

while in the discrete version

L fori=0
A ()
WRE(1) = 0 for I even and [ # 0. (5.61)

——1 _ forlodd
(miA?)
Figure 5.19 shows a Ram-Lak filter in the s-domain, in a continuous as well as a
discrete form. Other filters of this type, assuming values ¢ = %and ¢ = 1, have also
been considered to see how useful they could be for application in the convolution
and back-projection reconstruction method [8]. However, until now, they have not
found wider application and so will not be discussed any further here. Because of
the limited space in CT scanners, the spectrum of their images is infinitely wide.
Under these conditions, the use of filters which have a sudden drop in the
transmission bandwidth at relatively low cut-off frequency f; (as is the case with

Fig. 5.19 A Ram-Lak filter in the s-domain: a in a continuous form; b in a discrete form
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Ram-Lak filters) causes oscillations, which lead to distortions in the reconstructed
image. However, because of the adverse signal-to-noise ratio at high frequencies
too large a value of f; causes an increase in noise. In the light of such serious
disadvantages, new, alternative solutions to this type of filter are still being sought.

In practical applications, the Shepp—Logan filter [8, 14] (so-called by com-
bining the names of its creators) is of great significance. The formula for this type
of window function is:

witip) =4 [z | forlish, (5.62)
0 for |f| > fo

where fj is the cut-off frequency of the filter.

The complete frequency form of the Shepp-Logan filter, obtained from the
window function described by relationship (5.62), is given by the formula below
and is shown graphically in Fig. 5.20:

sin (2
H3(f) = |[fIW3E(F) = ;{ﬁ]) rect(zifo). (5.63)

By substituting formula (5.63) into (5.55) and taking the value of the cut-off
frequency to be fy = ﬁ, we obtain an s-domain filter that is useful for the con-

volution and back-projection reconstruction method:

h>*(s) (nAﬁ 4(?{)2—1 ; (5.64)

which, after substituting s = I-A?, leads to the discrete equation for this filter
presented below:

2

. V2 1
B =-(-—5) — 5.65
0 (mf) 4—1 (5.65)
Fig. 5.20 A Shepp-Logan SL
filter in the frequency domain H(/)
1
1/2

__/
)
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As we did in the case of the Ram—Lak filter, we can also show the function devised
by Shepp and Logan both in its continuous and its discrete form (see Fig. 5.21).

Tables 5.2, 5.3 and 5.4 include a survey of the more popular implementations
of filters [5], which owing to the role that they play in the reconstruction problem

1

09

bear the name convolution kernels. As well as the two filter forms introduced

above, the tables also contain the well-known Low-pass cosine and the generalised

Hamming filters.

| 7 6)

02

N\

OV

1 2 3 4

Fig. 5.21 A Shepp-Logan filter in the s-domain: a in the form of a continuous function; b in its

discrete form

Table 5.2 Examples of convolution kernels in the frequency domain

Type of filter

Response in the frequency domain H(f)

Shepp-Logan (Shepp and Logan)

Ram-Lak (Ramachandran and

Lakshminarayanan)
Low-pass cosine

Generalised Hamming

HHp) = i) = |

HRL(f) = Ifrect (5;)

HIC(f) = Il cos (3 ) rect(£)

(%)

N
rect (2 f.J)

HOM () = |f|(n+ (1 = ) cos (5

1 — parameter

) Jrect(

s
2fo

)
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Table 5.3 Point spread functions of the convolution kernels

Type of filter Point spread function h(s)

Shepp-Logan s sin(”s)

AP
S

hSL(s) _ 7(\5)2 A{;A

Ay (s )2
4 =) -1
2
AS

Ram-Lak (ns) ( s )
sin| — sin| ——
BR(s) = LR/ - AN
() B (&) s
s 2A7
Low-pass cosine REC () :%<hRL<s_ATf> +hRL<S+AT£’))

Generalised Hamming hOH (s) = nhRL(s) + %(hRL (s — A?) + hR-(s + A?)) n - parameter

Table 5.4 Discrete implementation of convolution kernels

Type of filter Discrete point spread function (/)
Shepp-Logan o 2
Ram-Lak L forl=0

. ()

R = 0 for  even and [ # 0

[
(nlA()z for [ odd

Low-pass cosine REC(1) = ﬁ(}}m« (1-9H+ JRL (1+1)
Generalised Hamming hGH (1) = %szL(l) + %(izm(l -1+ /:lRL(l + 1)) 1 — parameter

The Shepp-Logan filter gives better results than the Ram-Lak in the presence of
low-level noise. However, the general Hamming filter, whose parameter 1 can be
optimised for the noise content, gives good results in the presence of high-level noise.

Other possible forms of filters such as Hann, Parzen and Blackman filters are
presented, for example, in book [3].

5.4.2 Reconstruction Method by Convolution and Back-Projection

Among the methods for obtaining reconstructed images in modern CT scanners,
the one that deserves particular attention is that using convolution and back-
projection [4-6, 8]. Thanks to the simplicity of its implementation, it has virtually
cornered the market for reconstruction software and despite a huge number of rival
algorithms, this method occupies the leading position.

In the convolution and back-projection method, filtering takes place in the s-domain
using the following equation derived in the proof of relationship (5.36) above:

T

u(x,y) = / (Fy\ (P, o) -f - sign(f)))de. (5.66)

0
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By applying the Fourier transform of the product function (see Appendix A),
(5.66) can be converted into the following form:

n

ulx,y) = /(Fl’l(P(f7 o)) * Ffl(f . sign))doc”, (5.67)

0

and hence eventually:
) = [ (75.07) « F 1 signi) (5.68)
0

By comparing this with (5.37) we obtain:

PP(xcoso? +ysino? o) = pP(s,of )« F{ ' (f - sign(f)). (5.69)

It is now worth looking at equations that describe this method from the point of
view of the application of the Hilbert transform. This transform is defined as:

11 mfun(&)ds

H (fun) = fun(s) * Pl P (5.70)
By suitably selecting fun(s), we can state that [5, 6]:
o)\ 1 [ apPGer) 1L
H——2" ) = _— —_— ds = P). 5.71
<2n Os 2n2 d  s—s Ps o) (5.71)

In this way, we obtain p (s, o) from the original projection p”(s, o) and so we can
write:

P o) = (3007, 5.7
where
D (5,)) = L2, (573)

The values p? (s, o”) obtained in this way, according to (5.37), need only be sub-
jected to the process of back-projection in order to reconstruct the final image. The
whole process can be reduced to the following:

) = B(# (6.0 ) ) = B HOG () (574
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or to the equivalent form:

u(x,y) = B(p"(s,a”) = FyH{If1}). (5.75)

Figure 5.22 illustrates the image reconstruction process as expressed by (5.75).

At this point, it is worth looking at the effect of limiting the space in which the
projections p?(s, o) are carried out in the s-domain, that is to say, the physical
boundaries of the space in which we can place the patient undergoing tomographic
examination. If we assume that ji(x,y) is a function with a finite spectrum
approximating to u(x, y), then (5.46) assumes the following form:

T +00
flx,y) = / / W(f) - rect(zifo) P(f, o) - f - sign(f)&*™df | do?, (5.76)
0 —00

where f; is the cut-off frequency of function p”(s, o).

Projections
w=01..¥-1

Filter form

W (s)

Filtration in the s domain

Fig. 5.22 A flowchart of one of the reconstruction methods using the inverse Radon transform—
the convolution and back-projection method
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Because the value of the window function is W(f) = 0 for Ifl > f,, we can make
the following transformation:

T 400

i) = [| [ prarse

0 —00
- (5.77)
. L N i27tfs P
* W(f) - rect o S+ sign(f)e/7df | do.
0
—fo
From a comparison of (5.77) and (5.37), it follows that in this case:
) = [ (s, (5.78)
0
where
fo
P(xcoso +ysino? o) = pP(s,of) * / W(f) - f - sign(f)*™df  (5.79)
—fo

and bearing in mind our earlier consideration of convolution kernels, that is the
convolving functions, we can finally write:

(e, y) = / P (s5,07) % 5 (5)dot (5.80)
0

where 1**(s) is the point spread function of the selected convolution kernel.
The conversion of this reconstruction method into its discrete form is given
below.

5.4.3 Discrete Implementation of the Reconstruction Method
by Convolution and Back-Projection

The limited number of projections carried out during each revolution of the X-ray
tube and the limited resolution at which the radiation intensities are measured have
been given earlier by (5.16) and (5.21) and their associated descriptions. According
to these equations, the angles at which the individual discrete projections are carried
out are represented by of, = YAL; = 0,..., ¥ — 1 and at each of these angles,
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we use radiation detectors placed at equal intervals at locations s; = [-AY on the
screen, where the index variable is [ = —(L — 1)/2,..., 0,..., (L — 1)/2. It is
therefore only the projection values p”(I,1/), obtained at these defined angles and
these selected points, that are available to the reconstruction algorithm.

The procedure for obtaining a reconstructed image from projection values
defined in this way is outlined in the steps shown below, which are based on the
sequence of operations set out in the formula [5]:

L(x,y) = B{p" (s, o) « ¥(s)}. (5.81)

Step I In order to carry out the subsequent steps in this image reconstruction
method, we need to begin by performing convolution operations on each
projection delivered in turn by the scanner, using a suitably well-matched
convolution kernel representing the filter. Bearing in mind the factors involved
in the discrete implementation of the algorithm, we need to consider what
conditions must be fulfilled in order for the filtered projection function p” (s, o)
(having the form (5.79) in the continuous version) to reduce to the following,
discrete form:

P =8> -], (5:82)

I=—00

The proof of relationship (5.82) is based on the discrete approximation of the
convolution theorem assuming a band-limited function p”(s, &”). For now, it will
be enough to restrict the summation limits to the values —(L — 1)/2 <1 <
(L — 1)/2 and to choose an appropriate discrete form of filter for this application.
Table 5.4 includes the discrete formulas of four of the most popular filters,
obtained by the substitution of /() = h(I - A?) into the corresponding continuous
versions presented in Table 5.3. Using the selected convolution kernel, the final
discrete filtering takes place according to the following equation:

(L-1)/2 o )
Py = > pPUyR¥e-1), (5.83)

I=—(L-1)/2

where XX is the symbol representing the selected convolution kernel (e.g. ‘RL’).
If the frequency spectrum of the discrete projection function p” (I, ) is repre-
sented by P(f, ), then after carrying out the projection method p” (I, ) described
above, we obtain the frequency characteristic P(f, ). Obviously, the form of
spectrum P(f, ) depends on the type of filter applied. These operations are per-
formed with the aim of preventing geometrical distortions in the projections.
Step II Although as a result of carrying out the previous phase of the recon-
struction algorithm we obtain the projection function pP(l,y) devoid of
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geometrical distortions, these projection values most often relate to a line of travel
which does not go through the discrete points (i, j) needed for (5.88). It then becomes
necessary to apply yet another step in the processing of projection p” (I, ): inter-
polation based on the projections made by the rays passing nearest to the point
(i, j) under consideration. An illustration of the application of linear interpolation is
given in Fig. 5.23.

The interpolation operation carried out on the values of projection function
PP(I,4) can be written mathematically as follows:

P (i cos YA, + jA, sin AL YAD) = A2 " P (1)
l
I(iAccos YA, + jA; siny A — IAY),
(5.84)

where I(As) is the interpolation function, defining the dependence of the value of
P” (s, yA?) at any point on the screen on the value p” (1, /) at a measured point, as a
function of the distance between the two points.

If we apply a linear interpolation function of the following form [5]:

1 \AVI) f 4

w1 —5% or |As| < A

IF = A£< N [As| < s (5.85)
0 for |As| > A?

Fig. 5.23 The interpolation &
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Fig. 5.24 The frequency 1)
spectrum of the interpolation
function from (5.85)

where As = iA, cos YA + jA, siny Al — IA?, then formula (5.84) becomes:
Ploppa) = () + (351 ) 7 00) P ). (556)

where s; = iA; cos A) + jA;sin A? is the coordinate defining the position of point
(i,j) on the screen, during a projection carried out at angle of, = YyAL;
I = Trunc(s;, A%) is the position of the first of the rays passing in the vicinity of
point (i.j); = ll + 1 is the position of the second of the neighbouring rays.

The frequency form of the interpolation function obtained from (5.85) is given
by this formula:

2

) sin (%)

H =2 (5.87)
2%

and is shown in Fig. 5.24.
The process of linear interpolation is explained in more detail by Fig. 5.25.

Step III Our consideration of the discrete convolution and back-projection
reconstruction algorithm can be concluded by re-stating (5.78), a fundamental
equation for the method. This basically says that we can reconstruct the image of
an object by having available suitably pre-prepared projections. The original
projections must be processed, of course, in such a way that the inversibility
principle of the Radon transform is maintained. In the discrete case, we can replace
the integral in (5.78) with the trapezoidal rule (which approximates to the integral),
according to the formula:

Y—1
Qi) 22 A5 - " PP (idcos b + jAy sin AL, A7) (5.88)
Y=0

By completing the summation in formula (5.88), we complete the process of back-
projection, the last step in the image reconstruction process. An overview of the
actions performed during implementation of the convolution and back-projection
reconstruction method is shown diagrammatically in Fig. 5.26.
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K3

Fig. 5.25 The linear interpolation of projection values at points through which the rays do not
pass

5.4.4 Reconstruction Method by Filtration and Back-Projection

In contrast to the previous convolution and back-projection approach to the
reconstruction problem, in this algorithm filtering takes place in the frequency
domain [5]. In order to derive a formula for this method, we need to make use of
the following equation again (introduced in the proof of (5.36)):

s

) = [ (R PG - sign(r) o (5.89)

0

In this case, after applying the Fourier transform to the individual projections we
obtain:
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Fig. 5.26 A flowchart of the discrete convolution and back-projection algorithm

ux,y) = / (Fy (F1 (2 (5,09))) -f - sign(f))da?’ (5.90)

which means that, with reference to (5.37), we can apply the following
substitution:

P’ (xcosof +ysino?, o) = F; ' (Fi(p” (s, o)) - f - sign(f)). (5.91)

As we already know how to prevent distortion of the projections in this algorithm,
we can write:
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P'(s,of) = Fr (If] - Fi(p’(s,00))). (5.92)

Using (5.92) and (5.90) and assuming unlimited space, we can express the fil-
tration and back-projection reconstruction method in the following way:

u(x.y) = B(FT'(If - Fi(p"(s.9")))).- (5.93)

Figure 5.27 shows a flowchart of the actions performed in this reconstruction
method, based on formula (5.93).

If however we take into account the physical constraint of the space available as
well as the effect of sampling on the projection spectrum, then we should include
the window function in (5.89) as we did with the convolution and back-projection

Filter form

HE(f)

Inverse Fourier transform

FP(f.e”)

Fig. 5.27 A flowchart for the filtration and back-projection reconstruction method
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method. This entails the following modification of the reconstructed attenuation
function with band-limited spectrum:

T +00
A(x,y) = / W(f) - rect (%) P(f,of) - f - sign(f)e*™df | do?,  (5.94)
7\ 0
where f; is the cut-off frequency of function p”(s, o).

By considering the value of the window function W(f) for Ifl > f; to be equal to
zero, the above relationship takes the form:

fu(x, y)
n 400 [ 400
= / / / PP (s, o e *ds | W(f)rect (foo>f - sign(f)e*™dfdo? .
0 “oo \-o
(5.95)
By comparing (5.95) and (5.37), it follows that:
) = [ (s (5.96)
0
where
+oo / 400
PP(xcoso? + ysino?, o) = / / PP(s,0”)e 72 ds| - W(f) - rect <2if0) -f
“oo \-oo
- sign(f)e*™df.
(5.97)

Taking into account earlier considerations regarding convolution kernels, we can
finally write:

bid —+00
mwat/wwHWWW¢w, (5.98)
0 —00

where H*X(f) is the spectrum of the selected convolution kernel.

On the basis of formula (5.98) we are now able to define the sequence of
operations for obtaining a reconstructed image from the projections as:

i(x,y) = B{FT{Fi{p"(s, o)} - H¥(f) } }. (5.99)

The process of adapting this algorithm to the discrete form of the projection
function is discussed next.
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5.4.5 Discrete Implementation of the Reconstruction Method
by Filtration and Back-Projection

In the practical implementation of this reconstruction algorithm, as in the previous
method, projections are only carried out at specific angles o, i.e. only at angles
o, = YA =0,..., ¥ — 1, where A represents the angle through which the
source-screen system is rotated after each projection. While these projections are
being carried out at angles o, the X-ray intensity is measured by radiation
detectors placed on a screen at accurately determined positions s, fulfilling the
condition s; = [-A?; | = —L/2, ..., 0,..., (L/2) — 1. Here, L is the number of
detectors on the screen, while A% is the distance between detectors. Bearing in
mind the future use of FFT algorithms, the quantity L is chosen to be equal to a
positive integer power of 2.

Taking these circumstances into account, the filtration and back-projection
reconstruction method is implemented in the following sequence [5]:

Step I Since in this reconstruction approach we use discrete forms of projection
(represented by pP(l,);l=-L/2,...,0,...,(L/2)—1; y =0,..,¥ — 1) and
especially since their spectra are obtained using FFT algorithms, it becomes
necessary to change the sample index of the projection function. The value of

L is increased to a multiple of itself and is then represented by L. So the new
sequence [ becomes [ = I,.. .,I:. The relationship between L and L determines
the sampling resolution of the spectrum and might have a value of say L =2L.

The new range of the sample index is increased to L according to the following
pattern:

ﬁ”(i—l,tp) fori=1,...,L/2
Py = 0 fori=L/2+1,...,L—L/2.  (5.100)
ﬁ”(f—ﬁ—l,zﬁ) for L —L/2+1,....L

This procedure is illustrated in Fig. 5.28.

Step II In this step, the individual projections pP(I,y);y =0,..., ¥ — 1 are
transferred to the frequency domain using an FFT algorithm (an implementation of
one of the FFT algorithms is found in Appendix B). In other words, this stage

determines the spectra of the individual projections Jf)(l7 l//),l = 1,...,L; for
v =0,.% -1
The change in the sample index is applied to the discrete spectrum of the

selected filter H X(Z); where [ = 1,...,L Obviously, this action is performed only
once, at the beginning of the reconstruction process, using one of the possible
filters presented in Table 5.2. The spectrum of the chosen filter is prepared
according to the following transformation:
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Fig. 5.28 The shift of sampling sequence needed for the implementation of FFT algorithms

— HXX((i—l) -Af) fori=1,...,L/2
(i) = H((I-L=1)-a) fori=L/2+1,...L
\f Sy

b
in which Ay is the spectrum sampling interval, where

(5.101)

1
A :7Ap.
f Lo

(5.102)
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Fig. 5.29 The filtered projection after the sequence of operations carried out in the frequency
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Step III As outlined by relationship (5.98), it is necessary here to multiply the
discrete values of the frequency function ﬁ(i, lﬂ) of the individual projections

Y =0,.,%¥ — 1 by the sampled values of the spectrum of the selected filter

i (z) :
i')(z, lp) :ﬁ(i, w) HXX<Z) (5.103)

for each [ = 1,...,L

Step IV The result of each of these multiplications for = 0,..., ¥ — 1 is

subjected to inverse Fourier transformation (IFFT) to obtain f;p (l, V), where

[ = 1,..., f,; Y =0,...,%¥ — 1. An implementation of one of the IFFT algorithms
can be found in Appendix B.

Step V In this step, the projection values f;p(i, v); I=1,...,L need to be indexed,
in a way which is the reverse of the process in Step I, to obtain values p” (1, )
arranged in the order [ = —L/2, ..., 0,..., (L/2) — 1, as follows:

FU+1,y) forl=0,...,(L/2)—1

Py =9 .
PL+1+1,y) forl=-L/2,.. . —1

(5.104)

The process of obtaining projection p”(I,v), defined in this way, is shown in
Fig. 5.29.

Step VI The paths of the projections p”(I, ), obtained as described in previous
stages of the reconstruction process, can often miss discrete points (i, j) of the
image, as expressed in (5.88). It is therefore necessary to interpolate the projection
values p”(s;;, ) going through point (i, j), based on the values of function p? (I, ).
Equation (5.84) shows the formal notation for this operation. We usually consider
the two lines directly neighbouring the line in question p”(s;, ), applying the
principle of linear interpolation defined by formula (5.85). Thus, the values of
this projection p”(s;, ) assigned to the individual discrete points of the image
i=12,.,0,.,1/2—-1;j=1/72,..,0,..,J/2 — 1 can now be written down in a
similar way to (5.86).

Step VII After obtaining projection values f?p(s,-j, Y) forall anglesyy = 0,..., ¥ — 1,
we can use (5.88) to carry out the summation that completes the discrete version of
the back-projection operation. Combining the projections in this way, at the indi-
vidual points (i, j) of the image, concludes the reconstruction process.

An overview of all the operations performed in the course of image recon-
struction using the filtration and back-projection algorithm is shown in the flow-
chart in Fig. 5.30.
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Fig. 5.30 A flowchart of the discrete version of the filtration and back-projection algorithm
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Chapter 6
Reconstruction from Fan-beam Projections

The limitations of CT scanner projection systems that used parallel beams of
radiation had become a major obstacle to the development of computed tomog-
raphy. In order to overcome these growing technical barriers, engineers searched
for solutions that used a single X-ray tube in which the radiation was collimated
into a narrow beam in the shape of a fan (a fan-beam). This increased the speed
with which each projection was carried out, as it eliminated unnecessary lateral
movement of the tube-detector system. At the same time, it made more efficient
use of the power emitted by the tube; the beam angle of the radiation was sig-
nificantly increased compared to previous designs resulting in a shorter radiation
exposure time for the patient and the distortions due to patient movement were
minimised. This solution represents essentially a compromise between the sim-
plicity of the projection system and an increase in the speed of the scanner.

The change to the shape of the radiation beam made it necessary to adapt the
reconstruction algorithms to the new projection geometry. This chapter will intro-
duce two basic types of reconstruction algorithm [2, 3, 4, 5, 6, 9] that were devised
for fan-beam projections. However, we will not cover other popular solutions,
descriptions of which can be found in the literature of the subject [1, 7, 8].

6.1 Geometry of the Fan-beam Scanner

A diagram of a projection system that uses X-rays collimated into the shape of a
fan is shown in Fig. 6.1, together with key geometrical relationships [6].

As can be seen from Fig. 6.1, the moving fan-beam system consists of an X-ray
tube and a screen in the shape of the arc, on which a matrix of detectors is placed.
The axis of rotation of the system and the axis of symmetry of the radiation beam
both play an important role in determining the geometric relationships in the
system. The axis of rotation is directed along a line perpendicular to the cross-
section of the test object, and its point of intersection with this cross-section is

R. Cierniak, X-Ray Computed Tomography in Biomedical Engineering, 127
DOI: 10.1007/978-0-85729-027-4_6, © Springer-Verlag London Limited 2011
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Fig. 6.1 A fan-beam scanner ¥
a a 3D view of the system, b

basic geometrical

relationships -

screen

N-ray source

HCTEen

indicated on the diagram by 0. The system rotates about this axis when making
projections. The distance of the X-ray tube from the axis of rotation is represented
by Ry The whole of the cross-section of the test object must lie within the fan of
X-rays produced by the tube, regardless of the angle at which the projection is
made. We can identify a ray emitted by the tube at a given angle of rotation and
reaching a particular radiation detector, by the pair of parameters (f, o) where:

f —the angle that the ray makes with the principal axis of the radiation beam,;
o/ —the angle of rotation of the fan-beam system.

In contrast to the parallel-beam system, the projections in this system are
carried out during one complete revolution. Thus, the angle o, at which a pro-
jection is made, will be in the range [0,27). The angle varies within the range

[Prins Bmax], Where:

ﬁmax = _ﬁmin = arcsin <§f), (61)
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where: R is the radius of the circle defining the space in which the examination is
made; R is the radius of the circle described by the focus of the tube.
If we also assume that:

R; = 2R, (6.2)

then possible values for the angle f§ lie within the range [—7/6,7/6].

We will represent the projection function acquired in a fan-beam system by the
expression p/(f, o). All of the procedures described below will use these pro-
jections 2B, &) [Pumins Pmaxl: [0, 27) to reconstruct the image using solutions
obtained for parallel-beam systems. There are two dominant solutions to this
problem. The first of these relies on inspecting the rays in the fan-beam for rays
that correspond to those in a parallel beam, a process known as rebinning. The
second solution makes direct use of the convolution and back-projection recon-
struction method.

6.2 Geometry of the Discrete Projection System

Fan-beam scanners can be divided into two systems: those that have an even
distribution of useful rays in the fan (equiangular sampling), and those that have
an even distribution of detectors on the screen (equispaced sampling). We can
combine the features of both these systems by using a screen curved in an arc in
which the focus of the radiation source is situated. Each of these two systems will
require a different approach to the reconstruction algorithm. For technical reasons,
in medical tomography we use a fan-beam system with equiangular sampling.

In fan-beam scanners, we must also take into account the discrete nature of the
projection function. Individual projections are obtained at predetermined angles oc;f,
using radiation detectors placed on a screen in the shape of an arc. The angular
distance f,, is determined by the location of the detectors. The angular distances
between the detectors have a constant value Ag. We can therefore state that only
the projection values p/ (1, y), obtained at specific projection angles and only for
the angles f3, determined by the position of the detectors on the screen, are used by
the reconstruction algorithm. Details of this fan-beam system are shown in
Fig. 6.2.

In practical fan-beam scanners, the individual projections are evenly spaced
throughout a complete revolution. Thus, the discrete angles at which the projec-
tions are made can be written as:

“]; =7 A£7 (63)
where: A, is the angle through which the tube-screen system is rotated after each

projection; y = 0, 1, ..., I' —1 is the sample index of each projection; I = 27 div A,
is the maximum number of projections.
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Fig. 6.2 Discrete fan-beam
system: a a projection at an
angle o/}, b a projection at an
angle o,

(b)

If we assume that the total number of detectors is odd and that they are arranged
on the screen so that the angles between the rays reaching them are equal, then a
particular location on the arc can be defined by the angle:

where: Ay is the angular distance between the radiation detectors; # = —(H — 1)/
2,...,0,...,(H— 1)/2 is the index of the detectors in the matrix; H=

2(arcsinR£ div Ag) + 3 is the maximum number of detectors on the screen.
f

At this point, we will ignore concerns about the transfer functions of the various
radiation detectors and we will make an assumption similar to that in (5.23).
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This means that for a fan-beam system, the projection values available are as
follows:

ﬁf(”v V) = pf<7]Aﬂa VA];)’ (65)

where: y is the number of the projection; 7 is the number of the detector in the
matrix.

Frequency issues concerning the projections have been discussed extensively in
Chap. 5, so we will now move on to look at some reconstruction methods for this
type of scanner.

6.3 Reconstruction Method with Rebinning

This method uses rebinning (sometimes referred to as re-sorting) [2, 3, 4, 9] to
reconstruct images from fan-beam projections. In the first stage of the method we
inspect all of the projections p/(B, &/); B € [Bumins Prmaxl; 0 < o <27 for rays
whose paths would correspond to those of the hypothetical parallel rays
pP(s,0’); — R < s < R; 0 < o’ < 27 This process is based on the premise that, in
one of the fan-beams emitted in the course of making all of the projections, there
will always be a ray, which would be equivalent to a ray in the virtual parallel-
beam, directed towards the radiation detectors at an angle o and at a distance
s from the centre of rotation. We can use this collection of parallel projections to
reconstruct the image using well-known methods devised for actual parallel-beam
systems. A flowchart outlining this method is shown in Fig. 6.3.

Using the geometric relationships between the parameters of a ray in one
system with those of the corresponding ray in the other system, as shown in
Fig. 6.4, we can derive the following:

Pl(B.o) =p’(s,0") = p" (Rysin B, o/ + f), (6.6)

which is equivalent to:

PPs, o) = pl (B, o) = pf (arcsin (%f) o — arcsin (%f) ) . (67)

From (6.7), we can easily find the ray in the fan-beam system equivalent to a ray in
the parallel-beam system, for which:

of =of — arcsin% , (6.8)
'

and

f = arcsin %f' (6.9)
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Fig. 6.3 The image reconstruction method with rebinning, for a fan-beam system
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All of the parallel projection values obtained in this way then become inputs for
the reconstruction procedures developed for actual parallel-beam systems.

In practice however, we need to adapt the rebinning method described above to
the discrete nature of the projections obtained by the scanner with respect to both
the angle o at which the projections are carried out, and to the angle f8 at which the
radiation intensities are measured by the detectors on the screen.
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6.4 Discrete Implementation of the Reconstruction Method
with Rebinning

In implementing the discrete version of the reconstruction method with rebinning
[3] we will first of all consider how the fan-beam projection values specified by the
parameters (f3,, ocfy) are related to the parallel-beam raster determined by the pair
(51, o), where:

where: [ = —(L — 1)/2, ..., 0, ..., (L — 1)/2 is the sample index of the detectors
in the parallel-beam system; L = 2(R div A}) + 1 is the maximum number of
detectors on the screen in the parallel-beam system; A% is the distance between
detectors in the parallel-beam system, and

o, =y A (6.11)

where: y = 0, ..., ¥ — 1 is the index of the individual projections in the parallel-
beam system; W = 2x div A} is the maximum number of projections; A} is the
angular distance between projections.

The next step will be to reconstruct the image using one of the methods devised
for the parallel-beam system.

A detailed discussion of both these basic phases of the algorithm is given below
as consecutive steps in the processing of the projection values p/(n,7) =
' (nAp,yA); n=—-H~-1)/2,...,0,...,(H=1)/2; y=0,1,...,T — 1, obtained
using the discrete fan-beam scanner.

Step I In order to convert the projection values from one system to the other we
use the relationships:

.8
= — 6.12
By, = arcsin R (6.12)

oc’;l, = o, — arcsinsﬁl.. (6.13)

f

This means that we more or less know the projection value in the fan-beam system,
which is equivalent to the projection value in the hypothetical parallel-beam
system at a given point on the screen and a given angle of projection. Unfortu-
nately, more often than not, the ray with these particular calculated parameters is
missing from the set of rays emitted in the fan-beam. As a result, the parameters
must be interpolated based on projection values from the immediate neighbour-
hood of the calculated pair (8, cxfl,/,). With this in mind, we first determine the
relative values of the parameters of the interpolated ray:
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:Bl\//
Ot/;,
W

and then define the neighbourhood mentioned above as a group of four projection
values:

Iaf(ﬂszszTl/,)Q ﬂ(”lzﬁ/,a“/zﬁ/,)% ﬂ(”l;,/,a"/zl,/,)J ﬁf('hl,/,:yll,/,)a (6-16)

where: V/}w = Trunc(n, 1); 11;‘// = V/}w + l;yllw = Trunc(yy, 1);)111# = y,{p + 1.
There then only remains for us to make use of this selection of projection values
to interpolate the values p” (I, ) = pP (sl, oc”l//) . We could use bilinear interpolation,

for instance, to estimate the projection value of the hypothetical ray:
PLy) = (“/IT.,, - m) [(fﬁw - mw)ﬁf (n}w v}w) + (m - mlw)ﬁ" (nl,,, m)}

+ (m - Vzlw) [("}w - ”lv/)f’f (”zlwv"/;w) + (”/h// - ’ﬁw)f’f (”zTanT‘//H
(6.17)

The process of obtaining these virtual parallel projections is repeated for all
projection angles = 0, 1, ..., ¥ — 1 (in this case, it is best to assume that
A, = AP) and for all the hypothetical radiation detectors situated at locations
identified by the index [ = —(L — 1)/2, ..., 0, ..., (L — 1)/2, where it can be
assumed that:

Af = Rf sin A/g. (618)

Step II These approximate values of the virtual parallel-beam projections

pPriy);l=—-L-1)/2,...,0,...,(L=1)/2;y=0,1,...,¥ — 1 can be used
with any of the reconstruction methods developed for parallel-beam systems.
Because it is easy to implement, this could be the convolution and back projection
method discussed in Sect. 5.4. As the projection angles in our virtual parallel-beam
system can vary within the range 0 < o < 27, the result of the reconstruction
procedure needs to be divided by 2.

The flowchart in Fig. 6.5 shows the stages in the signal processing for the
discrete version of the method with rebinning.
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Fig. 6.5 A flowchart of the discrete version of the image reconstruction method with rebinning,
for fan-beam projections

6.5 Direct Fan-beam Reconstruction Method

An alternative to the previous approach to the problem of image reconstruction
from fan-beam projections is a method that involves the direct use of the fan-beam
projections in an algorithm designed originally for the parallel-beam system [4, 5,
6]. This method deals with the same problem as the rebinning algorithm: the
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Fig. 6.6 Image reconstruction directly from fan-beam projections

reconstruction of the image from the same fan-beam projections p/(f, o);
B € [Bumins Prmaxl; 0 < of < 27. The purpose of this technique however is to find a
parallel-beam reconstruction formula into which the fan-beam projection values
can be entered directly. The method that we will adapt for this purpose is the
convolution and back-projection algorithm. A simplified flowchart of the approach
adopted in this section is given in Fig. 6.6.

Key equations for the convolution and back-projection reconstruction algo-
rithm, (5.50) and (5.51), will be adapted here to handle fan-beam projections. For a
better understanding of how this can be done, it is worth returning to Fig. 6.4. We
can use this diagram to derive the following trigonometric relationships between
quantities in the parallel-beam system and those in the fan-beam system:

s=Ry-sinf (6.19)
and

o =o +B. (6.20)

However, in further discussions of the fan-beam system, we need to be able to
express the trigonometric relationships in polar coordinates, as shown in Fig. 6.7.
This diagram shows how to determine the parameters of points inside the test
cross-section during a fan-beam projection. The following equations show
relationships between selected parameters of a point during the projection

Pr(s, of):
reos(of — @) —s = isin(f — ), (6.21)



6.5 Direct Fan-beam Reconstruction Method 137

Fig. 6.7 Determination of .
the polar coordinates of a y

point in the plane of a fan- N

beam projection: a derivation ) \ soreen )
of (6.21), b derivation of R (sﬂ“\‘“
(6.22) and (6.23) Ao 255

(b)

. of — ¢
f = arctan <Rf e pr ¢)), (6.22)

i = [recos(a” — ¢))> + [Ry + rsin(e? — ¢)]°. (6.23)

The following sequence of equations is based on relationships described in earlier
chapters and if we begin by taking into consideration the definition of the two-
dimensional inverse Fourier transform, we obtain:

oo 00

wx,y) = / / M(fi,f) - @7V d £ d f (6.24)

—00 —00
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which after converting to polar coordinates and using (5.34) takes the form:

o0

ulx,y) = / / |fIP(f, o) - 2 (xcosatysine?) qqop (6.25)

0

In this situation, it is worthwhile carrying out the process of back projection during
one complete revolution of the projection system. This leads to the following
change to the limits of integration:

2n

'u(x y) / / |f|P(f OCp) e]2nf xcos o +ysin o) dde(p (626)

0 —o0

Then after transferring the projections into the frequency domain, we have the
formula:

2n oo 00
xy) =5 / / / 1P (s,00) - 2 (veostysind) | =2 gsqf do? . (6.27)
0 —-o0 —o©

Arranging the right hand side of the above formula and changing the order of
integration, we get:

00 oo 2n

1 iyt P 4 vsinof —s
y>=§/ / / F1p7(s,00) - PG00 D dopdsdf.(6.28)

—00 —oo 0

plx

Next, after converting the attenuation function into polar coordinates by using the
relationships in Table 5.1 we obtain:

00 o 2n

u(rcos ¢, rsin ¢) ; / / /|f|pp (s,07) - PHlreos(=d) =5l qop dsdf . (6.29)

—o00 —oo 0

Note here that the substitution x cos o 4+ ysino? = § = rcos(o” — ¢) refers to the
point (r, ¢), to which the reconstruction process applies, and the variable s spec-
ifies the location on the screen. Of course, we should also take into account the
application of the window function, which, according to Sect. 5.4 and (5.45),
should be placed appropriately in the formula above to finally obtain:

00 oo 27

f(rcos ¢, rsin ¢) ;/ //|f| WP (s, o) - &2 reos =0 =slquPdsd f.

—00 —oo 0

(6.30)
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By using Egs. (6.21)—(6.23) in the above equation and at the same time changing
the limits of integration we obtain a relationship, which is fundamental for the fan-
beam image reconstruction method:

0 Py 27-p

ﬁ(rcosd),rsinqﬁ):%/ / /|f|-W(f)'Pf(ﬁ,otf)-cosﬁ
=0 Bpin —B

. o2l sin(ﬁfﬁ)dafdﬂdf.

(6.31)

The angle o has a periodicity of 27, which means that we can change the limits of
integration to the range: O to 27. This would give us the following equation:

0 Pux 27

jreosgrsing) = [ [ 191w/ (p.of) -cos

=0 B O

. 2fusin(B—p) 4o q pdf.

(6.32)

We are now ready to begin adapting the equation above to the convolution and
back projection method, which we met during our discussion of the parallel-beam
system. To do this, we will rework (6.32) to resemble (5.78) as much as possible,
that is to say, to the form:

2n
[i(rcos ¢, rsin ) = / P (o )dof | (6.33)
0
where
Binax R
Pty = [ 5(.o) T cos - hisin(p - p)ap. (634)
Bunin

and the convolving function has the following interpretation:
isinp— ) = [ 171 w(p)- PPy, (6.35)
—00

Unfortunately, there is a serious drawback associated with the use of the fan-beam
reconstruction method formulated like this. It stems from the dependence of (6.35)
on the parameter i, which poses certain practical problems when carrying out the
calculations during the reconstruction process. Instead of a simple formula for the
convolution kernel, as we had in the case of the parallel-beam system, it now
becomes necessary to determine a different form of the kernel for every point of
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the object’s cross-section. This is because i represents the distance of the point
(r, ¢) from the radiation source at coordinates (Ry, o/ + 7). Therefore, by changing
the angle o/, we also change i and consequently we need to adjust the value of the
convolution kernel. We will take action later to eliminate this undesirable situa-
tion. With this in mind, we will reverse our strategy for this method; we will make
the relationship defining the convolving function, introduced for the convolution
and back-projection method in the parallel-beam system, resemble (6.34), for-
mulated for the fan-beam system. This adjustment is based on a term in (5.79),
which is reproduced here in a suitably amended form:

fo
- / ] - W(F) - 2Pd . (6.36)

—fo

In this equation, the integration is carried out with respect to the frequency f. The
next step will be to make a substitution for f, using the following expression:

f-u-sinf

= R (6.37)

If at the same time we change the limits of integration, the convolving function
will be modified to:

2
h(itsin ) = (ffsinﬂ ﬁ) Ry - ), (6.38)
where
Rf ﬂ /|f‘ (f fO) .ei27!fRf/3df (639)
,fo
and
fo-u-sinf
= TRp (6.40)

This substitution now allows us to use the convolution kernel #/( (Ry-B), which we
already know from its use in the parallel-beam system (see Table 5.3). Unfortu-
nately, even here we encounter problems caused by the dependence of the cut-off
frequency f} on the parameter i. On the other hand, if we were to establish a
constant value for £ it would mean that the reconstruction process for the point
(r, ¢) would have a different resolution (determined by the value of the cut-off
frequency fo) for every angle /. However, if we put aside the assumption of
uniform resolution for the resulting reconstructed image, then, by manipulating the
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values i and f;, the varying value of f§ can be fixed as f}. Assuming a constant cut-
off frequency £} = £, (6.38) can be written as:

h(itsin B) = (u fsmﬁ ﬁ> /(B), (6.41)
where:
/ If] - (f fo) MR g (6.42)

O

This compromise allows us to put (6.38) into a more convenient form for carrying
out the calculation:

h(isin ) = K (fy, it) - " (B). (6.43)

After obtaining this form of the convolution kernel, the equation describing the
filtering of the projections becomes:

Brnax
V) =) [ P (Bd)-Soosp 0 (- prap, (644
Buin

which automatically reduces the computational inputs necessary for this
method.

At this point, we now have the theoretical framework for deriving the discrete
algorithm for the convolution and back-projection reconstruction method for fan-
beam systems.

6.6 Discrete Implementation of the Direct Fan-beam
Reconstruction Method

The process of implementing the discrete version of the convolution and back-
projection reconstruction algorithm for the fan-beam system is similar to the
solution for the parallel-beam system. Once again, there are geometric factors
introduced by the limited number of projections made during one revolution of the
tube and by the limited resolution at which the radiation intensities are measured
during each projection. These elements of the algorithm, discrete at the design
level, were introduced by (6.3) and (6.4).

Possible practical reconstruction procedures for this method are aimed at
implementing (6.33) and (6.44). The various stages in this process are given
below [4].
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Step I We need to begin our discussion of the discrete version of the convolution
and back-projection reconstruction algorithm by making corrections for
the geometry of the fan-beam projections: p/(n,7);n=—(H-1)/2,...,
0,...,(H-1)/2;7=0,1,...,I' — 1. To do this, each projection value p/(1,7) is
processed for every projection angle using the following formula:

Ploc(n,7) =P (n,7) - cos(nAp). (6.45)

Step 11 At this stage, the geometrically corrected functions p/  (17,7) are filtered
using an appropriate convolution kernel, as we did with the convolution and back-
projection method for the parallel-beam system. By carrying out the convolution
operation given in (6.44) and using the modified and conditioned convolving
function we obtain:

(H-1)/2

P =ds- S Blolny) - B (i sin(i — n)Ag), (6.46)
n=—(H-1)/2

where: I~1XX(1}t -sin(nAp)) is one of the discrete convolution kernels whose argu-
ment is related to that of its continuous form given in (6.41); XX is a symbol
representing the selected convolution kernel (e.g. “RL” or “SL”).

As a result of this operation, we obtain “prophylactic” cleared projections, free
from geometrical distortions. At this point, the definition of the convolution kernel

2XX . . .
K" (I) becomes extremely important. Consequently, we will select the window
function:

re ,
. 1— Lol for Lol <4
W(ff’f_0> =R (6.47)
O ~
0 for % >f{;

where: f{; is the cut-off frequency of the filter; ¢ is a value in the range [0,1], which
will then be substituted into (6.35). At the same time, we will take into account the
assumption made in the previous section concerning the constant value of the cut-
off frequency:

. 1
f(/; = f{) = ma (6-48)

in order to obtain the following family of convolution kernels, based on (5.59) and
(6.47):
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1 3-2 _
iTle(A:)Z for =0
szX(b't -sin(nAg)) = —ﬂ%m for nevenandy #0, (6.49)

1 1—
-z m for n odd

If, in addition, we assume that ¢ = 0, this equation then represents the Ram-Lak
convolution kernel for the fan-beam system:

L
2

4(ap)
BRL(u -sin(n - Ag)) = 0 for nevenandn #0. (6.50)

_u_gm for #odd
By applying this to (6.46), we obtain an equation for removing geometrical
distortions from the projections. It is important to note that (6.50) describing
the convolving function also satisfies the condition established in (6.43),
because in the elements of the Ram-Lak convolution kernel, we can isolate the
components:

ZRL .. 1
e (fo,ir) = — (6.51)
(i)
and
1 _
W7 for n=0
i (n-Ag) = 0 for nevenandn #0. (6.52)

-1
o (1) for 7 odd

Therefore, we can now take the opportunity to rewrite (6.46) in a form that allows
for easier calculation:

(H-1)/2 -

Pl =g S plalny) 1™ ((h—n)ap), (6.53)

n=—(H-1)/2

where the factor u% is taken into account at a later stage.

Step 111 Unfortunately, these projection values most often relate to rays which do
not pass through the raster points (i, j) of the reconstructed image. Because of this,
we need to introduce one more stage in the processing of these projections: linear
interpolation based on the projection values p/ (7, 7) of the two rays passing nearest
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to the point (i, j). The interpolation problem for the fan-beam system is illustrated
in Fig. 6.8.
The interpolation stage for the projection p/(i7,7) can be written as follows:

];9f (Bij?V : Aj;) = A/} . Zﬁ('],w . [(Bij E A/})7 (6.54)
i

where: [ (/3,7 — i1 - Ag) is the interpolation function, defining the dependence of the

value of f)f(ﬁ,j, y-Al) at any point on the screen, on the value p/(i7,7) at a mea-
sured point, as a function of the distance between the two points.
If we use the linear interpolation function defined by the formula:

Lﬁ' (1 —%) for |AB| < Ag

I"(AB) = { A , (6.55)
0 for |AB| > Ag

axt®

screen

(a)
5ot Pe)
D] B0 ) 5t
5G4y)
By 1A,
AB
1A, 1A,

(b)

Fig. 6.8 Interpolation of projection values in a fan-beam system: a selection of the rays to use
for the interpolation, b trigonometric analysis of linear interpolation
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where:
AB=Ppy—7-Ap (6.56)
and

. A, - AN + A, - sinpA
B;; = arctan ! COST/ o TJ% SNV, > (6.57)
Ry +iA, - sin yAJ; —JjAy - cosyA,

then the projection values at discrete points of the image are expressed as follows:

#(hot) =it (R0 ) 60 6. e

where, Bij is the parameter defining the position of the point (i, j) on the screen, for
a projection angle oc/f = yAJ;; it = Trunc (B,-j, Aﬁ) is the position of the first of the

rays passing in the neighbourhood of the point (i,j); 7' = #! + 1 is the position of
the second of the rays passing near the point (i, j).

In this way, we can calculate the approximate projection values Iz (ﬁm ) for
all points of the dlscrete image with raster i = — (I — 1)/2, . (I — 1)/2;
j= —-Jd =D, .., ., (J — 1)/2, for each projection angle 0 < O( < 2m.

Step 1V Equation (6.33), describing the fundamental relationship for the convo-
lution and back-projection reconstruction method, says that we can reconstruct the
image of an object using suitably pre-prepared projections. Of course, the original
projections must be processed in such a way that the inversibility principle of the
Radon transform is maintained (see Sect. 5.4). In the discrete case, we can replace
the integral in (6.33) with the trapezoidal rule (which approximates to the integral),
according to the formula:

-1 1

. R

7 I f

a(i,j) = A, 27
() & =i, 7)

[ (/3] yAf;). (6.59)
It is also important to take into account (6.23), which defines the value of the
variable i, representing the distance of the point in the (x, y) space from the
radiation source. In order to make this variable dependent on the discrete
parameters (i, j, ), we can convert (6.23) using the equations for converting polar
coordinates into rectangular coordinates given in Table 5.1. This gives us the
following relationship:

(i, j,y) = (iAx - COS yA}; +jA, - sin yA§)2+(Rf + iA, - sin yAJ; —JjA, - cos ij;)z.
(6.60)
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In the context of the whole procedure for implementing the convolution and back-
projection method, this is essentially the last step in the reconstruction of the
image. The implementation of the discrete version of this algorithm is illustrated in

Fig. 6.9.

.y r=01,..C-1
7 =—(H1-12,..0,. (H-12

—~

Geometric correction
B y)=p ny)coslp A,)

Bl lny)

r=0,1,.,C-1

-

Filtration in # domain
e (=002 &
Payizs, 3 2Ll (0-1s,)

Interpolation
—— iA,cosal +jb;ina’
A _mmm /
i

7t =Trunclfna,) 7" =p'+

#(8.a0)=5 fu‘.y)+(ﬁ&- 3‘]@’ b".r)-3"" 7))

i+l ﬁ:-_ﬂ-y

2 e TS S B i)
2 2 2 2
Back-projection
I ojie 'r.ini.r\.l I o - -3
Bi.j)= 2 Eﬁ’(i,.i-ﬂpl('%'y #) R4, ) Screen
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Fig. 6.9 The discrete version of the convolution and back-projection algorithm for the fan-beam

system
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Chapter 7
Spiral Tomography

Since the beginning of the 1990s, the use of spiral tomography scanners has been
increasingly widespread [7, 35, 44, 54]. The name comes from the shape of the
path that the X-ray tube and its associated detector array follow with respect to the
patient. In the English-language literature, there is still some debate concerning
the choice of name for this type of device: helical or spiral tomography scanner.
The spiral path of the projection system as it rotates around the patient is the result
of a combination of two types of movement: a longitudinal translation of the table
with the patient on it and a rotary movement of the projection system around the
longitudinal axis of the patient. This type of path could not have been achieved if
it had not been for the development of slip rings in 1985. These rings enabled the
supply of high voltage electricity to the X-ray tube through special brushes
that allowed the continuous rotation of the projection system around the patient
[12, 14].

Spiral tomography scanners are distinguished from their predecessors by an
increased scan rate and improved high- and low-contrast resolution [35, 65, 67].
For this type of scanner, we can identify three main groups of design solution,
three consecutive stages in the development of spiral tomography:

e single-slice computed tomography (SSCT),
o multi-slice computed tomography (MSCT),
e cone-beam computed tomography (CBCT).

In all these designs, the same procedure for carrying out a tomographic
examination is appropriate, as shown in Fig. 7.1a [7].

In earlier designs of spiral CT scanners, because of the limited power of the
tube and its limited rate of rotation around the test object, the projection param-
eters were essentially a compromise between scan resolution (i.e. the image
density along the axis of the test object), the level of noise, as well as the time to
acquire the images and adapt the radiation power to the type of material being
examined. The use of spiral tomography was to eliminate the barriers that had
prevented the further development of the older techniques. By using a projection
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Fig. 7.1 The procedure for carrying out a CT examination: a using spiral tomography; b using
previous generations of scanners

system that moved in a spiral path, it was possible to increase the scanning res-
olution and reduce the time needed for the whole examination as well as the time
for each individual scan. During a spiral scan, X-rays are emitted continuously
throughout the whole examination, until all necessary projections have been
obtained. Note that, unfortunately, this also increases the demands made on the
thermal durability of the X-ray tube.

With the introduction of CBCT technology and the use of a cone-beam of
radiation in conjunction with a matrix of radiation detectors instead of a single row
of detectors came other significant improvements. In addition to a considerable
improvement in the scan rate and an increase in the resolution of the scanner along
the axis of the patient, there was also a reduction in both the level of noise in the
reproduced image and the amount of heat emitted by X-ray tube.

With all these advantages, spiral scanners have become the currently prevailing
standard in the market for medical devices, superseding scanners in which the
table was stationary during the scan.

7.1 Single Slice Computed Tomography—SSCT

The very first design of spiral tomography device, the single slice computed
tomography scanner (SSCT), used an array of X-ray detectors arranged in a single
row. As with fan-beam scanners, these detectors were placed on an arc-shaped
screen in a plane perpendicular to the axis of the patient. The main distinguishing
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feature of the new design, however, was the combination of the rotary motion of
the projection system with a steady forward displacement of the patient during the
scan. This resulted in the elimination of the time interval between each individual
scan and so significantly reduced the time taken for the entire CT examination.

There are many algorithms that use the projections obtained from spiral pro-
jection systems having a single row of detectors. These methods include 360°
linear interpolation (360° LI) [35, 44], 80° linear interpolation (180° LI) [22],
180° linear extrapolation (180° LE) [7], non-linear interpolation [3] and others.
However, we will only discuss the first two of these in this chapter, due mostly to
their popularity amongst the manufacturers of CT scanners.

7.1.1 The Geometry of the Scanner

The geometry of a spiral projection system with a single row of detectors is
illustrated in Figs. 7.2 and 7.3.

The moving projection system consists of an X-ray tube rigidly connected to a
detector matrix on an arc-shaped screen. The matrix consists of a single row of
detectors. The tube together with the detectors rotates around the z-axis, the
principal axis of the system. At the same time as the projection system rotates, the
patient table steadily moves forward. This means that the rotating projection
system moves around the z-axis along a spiral path. A fan-beam of radiation
emitted by the tube passes through the test object and finally reaches the detector
matrix on the screen. Figure 7.3a shows the projection geometry in the

Fig. 7.2 The projection L Y
system of a single slice spiral .=t s
scanner: a three-dimensional
perspective view

wiu\ Screen

X-ray source ",
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Fig. 7.3 The projection
system of a single slice spiral
scanner: a the geometry of
the fan-beam projection
system in the plane
perpendicular to the axis of
rotation; b the path traced by
projection system relative to
the test object in the plane
along the axis of rotation

(x, ¥) plane, i.e. the plane of the reconstructed slices. In this system, the rays that
are emitted by the tube and that reach the screen are identified by:

f—the angle between a particular ray in the beam and the axis of symmetry of the
moving projection system;

o"—the angle at which the projection is made, i.e. the angle between the axis of
symmetry of the rotated projection system and the y-axis.

This pair of parameters specifies every ray during the whole projection process.
The projection values measured on the screen in a fan-beam system can be
represented by p"(f, o). The projections are made throughout the entire multi-
rotation movement of the tube around the test object. Thus, the angles o at which
the radiation measurements are made will be within the range 0 < o <2z
whereas the range of the angle f is [—fmaxs Pmax], Where fr.x is defined as:

ﬁmax = 7ﬁmin = arcsin <R5f), (71)
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where R is the radius of the circle defining the space in which the scan is carried
out; Ry is the radius of the circle described by the focus of the tube.

If we assume that the patient table moves forward continuously and that the
system starts at the point zo = 0 when o = 0, we can use the following linear
function to determine the location of the centre of the projection system z:

o

= (7.2)

20=4~"
where /4 is the translation of the table during one complete rotation of the tube
around the patient, i.e. the relative travel of the spiral path traced by the tube,

measured in |-2:|.
rad

The array of detectors placed in an arc on the screen is designed to measure the
intensity of the X-rays passing through the test object. As with fan-beam scanners,
this is done by placing the screen in a plane perpendicular to the z-axis. The main
difference between spiral tomography and previous solutions is the continuous
change of position of the projection system during successive projections.

7.1.2 The Geometry of the Discrete Scanner

The design of the single slice spiral scanner has to take into account the discrete
nature of the projections. A general view of the design of a discrete spiral fan-
beam projection system is given in Fig. 7.4.

In this system, the acquisition of the measurements of the projection function
p"(B, &) only takes place at certain angles of rotation «", determined by the
relationship:

ol =0 Al (7.3)

where AZ = 2% s the angle through which the tube-screen system is rotated fol-

- @27‘!
lowing each projection; ®" is the number of projections made during one full
rotation of the projection system; 6 = 0, ..., @ — 1 is the global projection index;
O = number_of _rotations - ©@*" is the total number of projections.

The position of the detector in the matrix is determined by the index #. In
practice, in view of the fact that the detector array consists of a finite number of
detectors, the value of the projection function p”(f, «") is only obtained at certain
angles f5, determined by the relationship:

where A’; is the angular distance between the individual radiation detectors placed

on the screen; n=—(H-1)/2,...,0,...,(H=1)/2; H is an odd number of
detectors in the array.
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Fig. 7.4 A sequence of two projections in the discrete version of the SSCT spiral scanner

Therefore, in summary, we can say that in the discrete projection system of the
SSCT spiral scanner we only obtain projection values p" (i1, 0) = p"(B,, of), for
n=—-H-1)/2,..,0,..,(H=1)/2and 0 =0,...,0 — 1.

Bearing in mind the reconstruction algorithms used in SSCT spiral scanners, we
might pause for a moment to consider the problem of determining the thickness of
the slices, represented in the literature by the abbreviation SW (slice width). As in
spiral tomography a projection is only made once for any given angle o, the rest
of the data needed for the reconstruction process have to be obtained from pro-
jections made at other angles. The faster the forward movement of the patient
table, the greater the errors involved in recovering the missing projections and the
poorer the quality of the reconstructed image of the slice. The following parameter
specifies the rate of translation of the table in relation to the width of the slice:

jtch = —— 7.5
pitch = <o (75)
where SW is the nominal width of the slice whose image is to be reconstructed
(related to the width of the collimated X-ray beam).

Figure 7.5 shows the geometry of three commonly used pitch values:

e pitch > 1.0—the consecutive loops of the path traced by the radiation beam
around the patient’s body are separate from each other (similar to an extended
spring);
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Fig. 7.5 A spiral projection
system with various values of
pitch pitch=2
z
pitch=1
Z
-
L A2
pitch=1/2

N

e pitch = 1.0—the consecutive loops are in close contact with each other, remi-
niscent of a compressed spring;
e pitch > 1.0—the consecutive loops exhibit overlapping.

The choice of the value of A, for a fixed beam width SW, affects the possible
levels of resolution RI of the reconstructed slices in the z-direction. A value of
pitch > 1.0 means that the radiation passes through no point on the z-axis more
than once. For all values of pitch less than one, the radiation passes through the
same point on the z-axis several times. It is worth mentioning that projections are
usually carried out at a pitch setting of 1.5.

7.1.3 The 360° LI Reconstruction Algorithm

The 360° LI (360° linear interpolation) reconstruction algorithm [7, 35, 44] uses
projections p"(f, «") obtained from a spiral projection system. We can obtain the
fan-beam projections p/(B,%); B € [~ Pumaxs Pmax] nNeeded for reconstructing a
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cross-section of the patient’s body by applying a suitable interpolation formula to
the measurements made by the scanner. However, we already know from Chap. 6
that it is possible to reconstruct an image from fan-beam projections by reducing
the problem to that of a parallel-beam system. The full 360° LI method is illus-
trated graphically in Fig. 7.6. In the first stage of this reconstruction algorithm, we
make the conversion from the spiral projection system to the fan-beam system.
The main problem that arises is that, because of the translational movement of the
patient table in the spiral projection system, only one projection value p"(f, o) is
measured at any one position of the table. If the slice lies in a plane a distance z,
from the start of the scan, the only beam of radiation in this plane is that associated
with the projection made at the angle:

Projections

Interpolation of the projections
for a cross-section

Calculation of the fan-beam
projections

Reconstruction method
formulated for fan-beam
projections

Fig. 7.6 Stages in the 360° LI reconstruction algorithm (applicable also to the 180° LI method)
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h:2n-zp

o, 7 (7.6)

One projection is not enough, however, to complete the reconstruction process for
the whole slice. Therefore, we have to find other ways to make up for this
deficiency.

The 360° LI reconstruction algorithm relies on the linear interpolation (LI) of
the missing fan-beam projections to reconstruct a slice from the measurements
made in the spiral system. In this algorithm, the missing values for the angles

o €[0,2n) — {ocﬁ mod 271} are made up for by projections at angles in the range

(oc’lj —2m, ocg + 2n> using linear interpolation, as follows:

p;:(ﬁu aill) =Wwi Pﬁ(& (x;]l) +W2P£(ﬁ,“g)7 (77)
where
ot — ot
/4 2
= 7.8
" ot — ol (7.8)
and
h h
o — o
=—"= 79
"2 ot — ol (7.9)

for off = o' — 2m; 0 € (ocﬁ,ocﬁ + Zn).
Figure 7.7 illustrates the method of carrying out linear interpolation using the
360° LI algorithm.

Fig. 7.7 Linear interpolation y
using the 360° LI
reconstruction algorithm

Z,=0 / iexami hed object

Zp ‘ |
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Using Eq. 7.7 it is possible to acquire all the projections pf:(f,o"); o €

P> %p
for any z = z,,, we can describe the conversion from the spiral to the fan-beam pro-
jection system as follows:

{och ol 4 2n> lying in the plane of the slice, independently of the variable z. Therefore,

P (B.o) = ph(B,o"), (7.10)
where
pf(ﬁ f) P,h, (/37 ot — a{’)) for o e [ocf’), Ot[h, + 2n) RS [—ﬂmamﬁmax}
) = y
Ph(B." = oy +2m) for o € [t oh) A€ [P B
(7.11)

and of} is calculated using:

o
aft =2n <Trunc <ﬁ, 1> + 1). (7.12)

The assignment described using Eqs. 7.10-7.12 allows us to obtain the projections
P’ (B.o); B € [—Pumax: Bmax) in the hypothetical fan-beam projection system in the
range o € [0,2n).

These projections p/ (B, ); B € (—Prax> Bmax); & € [0,27) are further pro-
cessed using the methods developed for the fan-beam projection system discussed
in Chap. 6.

7.1.4 Discrete Implementation of the 360° LI Reconstruction
Method

In the discrete version of the 360° LI reconstruction method, the projections are
only made at certain locations on the z-axis and only at certain points on the
screen. The places where the intensity measurements are made are determined by
the topology of radiation detectors situated on the arc-shaped screen. It is also
assumed that the detectors are arranged to ensure an even distribution of useful
rays in the beam. The angle at which a given ray in the fan-beam falls on a given
detector is indexed using the variable n=—-(H-1)/2,...,0,...,(H-1)/2,
where H is an odd number of detectors in the array. During a scan, the middle of
the beam of radiation passes through a particular point on the z-axis only once. As
we only perform a limited number of projections, not all places on the z-axis lie in
the plane of the incident radiation. To identify the angles o} at which the radiation
beam is emitted, we use the index 6 =0,...,©@ — 1; where @ is the number of
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projections made during the scan. It is also convenient to assume that the value Az
is a complete divisor of the angle 2.

We can summarise this by saying that only those discrete projection values
defined for p"(n,0);n = —(H—-1)/2,...,0,....,(H=1)/2;0=0,...,0 — 1, are
available to the reconstruction algorithm.

Before beginning the scan, we need to decide on the positions on the z-axis of
the slices to be reconstructed. The projections to be considered in later stages of
the process are chosen relative to one of the slices; let us say the slice at z,,. If the
first projection takes place at an angle o = 0, the hypothetical beam will pass
through the point z, at the angle described by (7.6).

The projections that will take part in the reconstruction of the slice at z, are
represented by p'(n,0);n=—-H-1)/2,...,0,...,(H-1)/2;0=0,...,0 — 1,

o271 o 2n .
for which (= A,,z ) <0< ( ”th ) The following procedure leads to the reconstruc-

tion of the image based on these projections.
Step I Instead of using Eq. 7.7, we can start by establishing the weightings for
each of the projections p"(n,0) performed at angles in the range

(“ﬁA_hzn) < 0 < (%2;’27{)

using the following weighting function (a graph of the

function w(6) is shown in Fig. 7.8):

%;Mz for of<0-Al<ol+2m
0 1 for 9~A2:rx’[§ 713
M= WM for o 2m< . AP <o 7
2n y4 — o y4
0 for 0-A}>ol+21V0- A, <ol —2r

Each projection value p" (1, 0) is then multiplied by the appropriate weighting:

py(n,60) = w(0) - p"(n,0). (7.14)

As filtration and back-projection is a linear transformation, we can interpret it as an
interpolation carried out at later stages of the process.

Fig. 7.8 A graph of the

function w(0) defining the W(e )
weightings given to each 1
projection p” (1, 0) in the 360°

LI method

h_ o h
a, 2n P o, +21



160 7 Spiral Tomography

Step I In order to reconstruct the image, we use one of the methods devised for
fan-beam projection systems and make the following assignment:

P (n.7) = pi(n, 0), (7.15)
substituting:
0 — 0o if 0> 0,
Y= (7.16)
0—0p+ 6™ if 0<0p

and calculating 0, using:
0y = (aj; div 2n) o™, (7.17)

We also assume that all the calculations are carried out with indices in the ranges:

(0(;’77271) (oz;jJan).
yo SO0< S —(H-1)/2<n<(H-1)/2.

o

Step IIl The projections p/(n,y);in=—-H—-1)/2,...,0,....,(H=1)/2;7 =
0,...,' — 1, obtained from the previous stage of the processing can then be
subjected to any of the reconstruction procedures originally intended for fan-beam
projection systems. At the same time, the number of fan-beam projections taken
into account by the algorithm is set at:

r=2.07. (7.18)

The flowchart shown in Fig. 7.9 illustrates all the steps and signals for the discrete
version of the 360° LI algorithm used in the SSCT scanner.

7.1.5 The 180° LI Reconstruction Algorithm

The 180° LI (linear interpolation) algorithm [7, 47] uses the projections p” (ﬁ, och)
made by the spiral scanner to reconstruct the image of individual slices of the
patient’s body. Once again, we apply an appropriate interpolation formula to
obtain the fan-beam projections p/(B,0/); B € [~Prax> Bmax] needed for the
reconstruction process. The 180° LI method is illustrated by Fig. 7.6.

The main problem with the implementation of this algorithm is the lack of a
complete set of projections in the plane of the slice at a distance z,, from the start of
the scan. In the spiral scanner, the patient table moves, and therefore the values of
only one projection p"(f, o ) are measured at each angle of rotation o of the tube.
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Fixing of the
cross-section
position

Projections

Interpolation

Pi(7.6)=w(e) p*(5,0) )

& L]
-8-A =27-4A
By=S-lat X=2h:Ba fir “:.:3.&-5“:.};_3,,.3’

A=2n-b,
1 for 8.4l =a}
={6H —ay+x+2pA
VipO)=18Lam ey txtAy o ab-x-2m-p, 504 <ot
x+ 28,
L &
o, ~=R=1n-A, <84 Vv
0 for 7 ’

& k
8-A e +n-2n-4,

-2m
A =8=
) | A &

n=—(H-1)/2,..0,..(H-1)/2

Converting to fan-beam geometry

.y piln.e)

_[e-4 it 6-g=0
"=le-g+T if 6-4 <0

8, =af div2n). @™ r=2.6%

r=0,.,0-1
p=—(H-1)/2,..0,..[H-1/2

» @.7)

iG.J)

Reconstruction method formulated for the fan-
beam scanner

Screen

Fig. 7.9 A flowchart of the 360° LI algorithm used in the SSCT scanner

In order to obtain the missing projections, the 360° LI method uses linear inter-
polation based on projections made when z # z,,.

When the beam of radiation passes through the point z = z,, the angle at which
the projection is performed oc’[} can be determined using Eq. 7.6.

The main difference between the 180° LI and 360° LI algorithms is the method
of selecting the projections to be interpolated. In contrast to the previous method,
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the 180° LI algorithm relies on projections made in the range o € ocz—

T — 2P maxs ocz + 7 + 2B max)- The way in which the range of o is selected in the
180° LI interpolation method is illustrated in Fig. 7.10.

The 180° LI interpolation method makes use of a certain redundancy of
information contained in the set of projections. So, if we consider all the projec-
tions made by the fan-beam system during all the rotations of the tube around the
z-axis, we can always find an equivalent for the projection value p/ (ﬁ, & ) from
projection values on the opposite side, at angles in the range o € [&/—
T — 2Bmaxs & — T+ Brnaw); B € [~ Brmax> Bmax)- The selection of these complemen-
tary pairs is shown in Fig. 7.11.

In order to solve the problem of acquiring the projection values p/ (B, & ); & €
[0,27]; B € [~ Pumaxs Bmax) We need to consider that p”(f, o) occurs several times in

the range o € {ocg — 70— 2P, 0+ T+ 2ﬁmax}. This situation is illustrated by
Fig. 7.12, which represents the projections p" (,4") in the (B, o) space within the

ranges: ﬁ € [_ﬁmax’ /))max]v O(h € {O{Z - T Zﬁmax’ O(Z +7n+ Zﬁmax]'

By careful analysis of Fig. 7.12, we can see that the projection values p" (ﬁ, o'ch)
have their equivalents in the areas with the same shade of grey. This means that in
areas in the (f, o) space with the same shade, we can find points corresponding to
rays lying in the same plane parallel to the z-axis. For projections related to area 1,
their equivalents can be found in areas 4 and 7. Similarly, area 2 corresponds to
areas 5 and 8, and area 3 matches area 6.

In the 360° LI method, in order to determine a projection value for a selected
slice, we considered two projections suitably weighted according to their degree of

Fig. 7.10 Linear hypothetical spiral
interpolation in the
reconstruction algorithm

‘minec%i ébject
20 i i

fo1

M _?V!cx"—n+2[3 )

2T 2n
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Fig. 7.11 Selecting
complementary projection
values

Fig. 7.12 The projections
p"(B,") in the (B, o) space

influence on the outcome of the interpolation. In the 180° LI method, the
weighting is determined in a much more complex way. This is because when
obtaining some of the projection values p/ (ﬁ, & ) we have two and in some cases
three suitable projections p”(, o) to choose from. These can be seen as identical
shaded areas in Fig. 7.12. These areas can be formed into pairs as shown in
Table 7.1, each pair assigned to one of four groups of interpolated projection
values.
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Ta.ble 7.1 The assigr}ment of Group number
pairs of areas from Fig. 7.12
to groups of interpolated

Pairs of areas from Fig. 7.12

4 « 7;4 < 1; (extrapolation);

projection values II 3<6
I 2528
v 1 < 7;1 < 4; (extrapolation);

To avoid having to extrapolate projection values, we need to choose corre-

sponding areas that are on opposite sides of the o' = ocz axis. There are two such

pairs of areas in Table 7.1, each duplicated by another pair, which therefore allows
us to eliminate them from the interpolation process.

If we were to disregard areas 1 and 8, it would result only in the elimination of
the duplicates corresponding to groups I and IV. As we can see, areas 1 and 8 are
on the edge of the (f, &) space and have a negligible effect on the interpolation.

So, having looked at all the ways of selecting pairs of areas for groups I-IV, and
eliminated the pairs 1 < 7 and 2 < 8, and all those involving extrapolation, there
only remain three suitable combinations of areas in groups I-III.

After careful analysis of these choices, based on Fig. 7.12, we can deduce a

general rule for interpolating the value p' (/3, o'ch) st <o <ot 4+ 7+ 2f from

(B, o), with parameters (B, o) within the ranges —fmax < f < Pmax and
& — 7 — 2B pax <" <& + 271 + P The rule says that in order to obtain any

projection value pg (ﬁ , dch) needed for reconstructing the slice at z = z,,, we must

find a suitable projection p' ([31 , acfl’), where

ot =t (7.19)
and

B =B (7.20)

The other projection value ph (ﬁz,ug) needed to perform the interpolation has
parameters defined by the following equations:

B = =B, (7.21)

and
o =0l — 28 (7.22)

Linear interpolation of the value pP (ﬂ, d”) from the values p(B,of) and

Pi(B,, 04) is performed using the equation:

f?z <ﬁ7 56,1) =wi 'P’f(ﬁufxlf) + w2 ~p§(ﬁz,a§)7 (7.23)
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where the weights in the above relationship are calculated as follows:

h

P
14 2
= ) 7.24
Wi O(’il — O(g ( )
and
h h
o — o,
=——2=, 7.25
wa ocil’ — ag ( )

After calculating all p (/3, dch) c—Broax < B < B o < oh < o+ 1+ 28, we can

then transpose them to the hypothetical fan-beam system and obtain the values
P (B, &). To do this, we simply make the appropriate assignment:

P (o) =p) (Bmih). (7.26)

To adapt the values of the function p/(f, o) obtained from (7.26) to the recon-
struction methods described in Chap. 6, we need to take care to preserve the usual
ranges for these projections, namely: 8 € [—Bmaxs Pmax] and o € [0,27). We can
do this by giving parts of the projection values from areas 5 to 7 in Fig. 7.12
appropriate values from areas 2 to 4, using the equation:

i (/'s, oéh) — (—[3’, 4t 2/3), (7.27)

for B € [~ Bunaes Bun] A 5 € (= 7= 2, 21).
After extending the range of the interpolated projections 1'72 (ﬁ , dch) as described

above, we still need to fill the gaps in relation to parts of areas 1 and 8, which we
can write as follows:

(i) = {7 (1) e Bl pulnste [an-dhge]
pp(ﬁ,oc —|—27c> for B € [P0l Aot € {cxp—n,ocp—n—zﬁ}
(7.28)

After increasing the ranges of ['JZ (ﬁ , o'ch> we are now able to implement assignment

(7.26) using the following formula:

ph(boah—ah) it =l

F(B.of) —
ppd)= ; : (7.29)
(5.#) p;(ﬁ,dh—agmn) it <dl
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where dcg is calculated from:
&g = 2n(s" div 2m). (7.30)

With the set of fan-beam projections p/(8, o) calculated for the angle of rotation
of € [0,27) and for f € [—Pmax> Pmax)s We can then start the reconstruction of the
h

. . o 0
image of the slice at z, = 45

7.1.6 Discrete Implementation of the 180° LI
Reconstruction Method

The implementation of the discrete 180° LI reconstruction method relies on
measurements made only at particular projection angles and only at particular
points on the screen. The places where the radiation intensities are measured
are determined by the location of the detectors in the array on the arc-shaped
screen. If the useful rays are evenly distributed in the fan-beam, the angle at
which a ray strikes a detector is represented by the variable 5 =
—-H-1)/2,...,0,..., (H—1)/2, where H is an odd number of detectors in
the array. During a scan, only a limited number of projections are made, so
only certain places on the z-axis will lie in the plane of the incident radiation.
The indices § =0,...,0 — 1 are used to identify the angles ocf; at which the
beam of radiation is emitted, where @ is the number of projections made
during the scan. We can therefore say that only those discrete projection values
p"(n,0) defined for n = —(H—1)/2,...,0,..., (H—1)/2;0=0,...,0 — 1, are
available to the reconstruction algorithm.

Before beginning the actual scan, we need to decide on the positions on the z-
axis of the slices to be reconstructed. Let us say for argument’s sake that a
particular slice is located at z,. If the first projection is made at an angle o' =0,
then the angle at which the hypothetical beam passes through the point z, is
determined by Eq. 7.6.

In reconstructing the image of the slice at z,,, the projections that are involved
(=2 ey ) (742 ax )

The following steps are designed to lead to the reconstruction of the image,
based on these projections.

are represented by p”(, 0), where <0<

Step I Due to the linearity of the filtration and back-projection process, Eqs. 7.24
and 7.25, defining the weightings assigned to individual projection values, can be
replaced by the function w(y, 0) defined by the following formula:



7.1 Single Slice Computed Tomography—SSCT 167

h—0.Al n-A
% for o) h<0. Ah<az+n—2r]-Alg
0) — 1 for H-Az—ocp
W(777 )7 W for th—‘lt—zi’[~A/;<9~Ah<O(h
n+21-Ag 14 — o 14
0 for 0-A <ol —m—2n-AgV0-A} > ol +7m—2n-Ay

(7.31)

A graph of the function w(/?,,,ocf;), which is the continuous equivalent of the
discrete weighting function w(y, 6) from Eq. 7.31, is shown in Fig. 7.13.

It is easy to show that the sum of two weights on opposite sides of the w(ﬁn, oc’é)
axis, a distance 7 — 2f3; away from each other on the o axis and satisfying the
relationship i, = —f3; is equal to 1, i.e. that:

w(ﬂl,a7) —|—w(—ﬁ,,oc}]' — n—|—2ﬁ,) =1. (7.32)

The individual projection values p(n,0) within the ranges —(H —1)/2<y<

h —_ .
H-1)/2; M<OSW, obtained from the detectors, can be

transformed using these weightings. This is a form of interpolation performed in
later stages of the procedure. The linear transformation of the entire set of pro-
jection functions needed for the reconstruction of the image of the slice at z, is
implemented using:

Ph(n,0) = w(n, 0)p"(n, 0). (7.33)

h
w@’mae )

I : :
o —m~2p L Vem-2B | ogen-2p

2 oy
Fig. 7.13 A graph of the weighting function w(ﬂﬂ, ag) determining the weight assigned to each
projection p" (5, 0) in the 180° LI method
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Step II In order to reconstruct the image of the cross-section at z = z,,, we use one
of the methods designed for fan-beam projection systems and in order to obtain the
hypothetical fan-beam projection we use the following:

P (n.7) = pj(n, 0), (7.34)

—n— Zﬁ) ol tm— ZB)

for the ranges —(H—1)/2<n<(H-1)/2; (% 7

The projection values p/(y7, 7) obtained from (7 34) can be used directly in any
of the reconstruction methods originally devised for fan-beam systems, as con-

<9<(

sidered in Chap. 6. But first, we need to adapt the projections ﬁﬁ(m 0) so that the
indexing and the range are suitable for fan-beam reconstruction algorithms:

(n0-2) for ye (0B nge (I 2]
Sh nool—n—
py(n,0) = pp(n,GJrAh) for ne[-B10]A0¢€ (Ah "“Tf’mq.
léﬁ(ﬂ, 0) for the remaining
(7.35)

It remains only to convert the indices of the two projection systems:

L 0 — 0 if 0>0
’{9—00+r it 0<0, (7.36)
for —ﬂ'"“ <n< ﬁ"‘“ ” << T % calculating 0, using:
2n<(a’; + n) div 27r>
0o = h , (7.37)

A(X
where

2n

Step III The projections p/ (n,7);n = —(H—1)/2,...,0,...,(H—=1)/2;7 =0,.. .,
I' — 1, obtained in this way, can then be subjected to any of the reconstruction
procedures originally intended for fan-beam systems (implementation details are
given in Chap. 6).

The flowchart shown in Fig. 7.14 illustrates all the steps and signals for the
discrete version of the 180° LI algorithm used in SSCT scanners.
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Fig. 7.14 A flowchart of the 180° LI algorithm used in SSCT scanners
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7.2 Multi-Slice Computed Tomography—MSCT

The previous design of spiral scanner, the single-slice CT scanner (SSCT), had
only one row of detectors in the array. Adding additional rows of detectors to the
array created the multi-slice computed tomography (MSCT) scanner [2, 22, 43].
Practical MSCT devices contain between 8 and 34 rows of detectors and so it is
possible to acquire projections simultaneously for the subsequent reconstruction of
up to four slices [52].

MSCT scanners have improved specifications compared to spiral scanners that
have only one row of detectors. There is an eightfold increase in the rate of
acquisition of the reconstructed images (four times the number of reconstructed
slices in half the time). The scanning resolution is increased. The level of image
noise is reduced (the current in the X-ray tube can be increased because of the
reduced time taken to perform the whole scan). There is also a more effective use
of the power of X-ray tube [15].

It should be stressed, however, that in large part the procedure for acquiring the
projections in MSCT technology is the same as in SSCT. The similarity between
the two types of tomography is particularly marked as far as the shape of the beam
of radiation is concerned; there are the same assumptions about the fan-shaped
beams reaching each row of detectors in the MSCT scanner. As might be expected,
the reconstruction algorithms developed for MSCT are only slightly modified
versions of those developed for SSCT.

Amongst the reconstruction methods devised for use in MSCT tomography, we
should particularly mention the algorithm described in the literature as extended
360° linear interpolation (ex-360° LI). Other approaches include extended 180°
linear interpolation (ex-180° LI) [34, 60] and an approach using an adaptive axial
interpolator (AAI) [52]. In this book, however, we will consider the ex-180° LI
algorithm, as it is simply a modification of the 180° LI algorithm used in the SSCT
technique.

7.2.1 The Geometry of the Scanner

Key quantities involved in the acquisition of the projection values in a multi-slice
spiral scanner together with an indication of essential elements of the geometry of
the projection system are given in Figs. 7.15 and 7.16.

A perspective view of the projection system is presented in Fig. 7.15. The
moving projection system consists of an X-ray tube rigidly coupled to a screen in
the shape of a partial cylinder. A multi-row detector matrix (in this case, 4 rows) is
placed on the screen. This system rotates around the z-axis (the principal axis of
the projection system) with a simultaneous longitudinal displacement during the
projection. This means that the rotating projection system moves around the z-axis
along a spiral path. A cone-beam of radiation emitted by the tube travels through
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Fig. 7.15 The projection
system of a multi-slice spiral
scanner—a three-dimensional
perspective view

Fig. 7.16 The projection
system of a multi-slice spiral
scanner: a the geometry of
the fan-beam projection
system in the plane
perpendicular to the axis of
rotation; b the location of the
test object in the plane
containing the axis of rotation

screen
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the test object and finally reaches the detector matrix on the screen. Owing to the
limited number of rows in the matrix and the small distance between them, the
projections reaching each of the individual rows are essentially fan-beams and can
be treated as such [52]. Figure 7.16b illustrates the projection geometry, identical
to that in an SSCT scanner, in the x—y plane. In this system, the rays that are
emitted by the tube and that reach the screen are identified by:

f—the angle between a particular ray in the beam and the axis of symmetry of the
moving projection system;

o"—the angle at which the projection is made;

z—the displacement of the ray relative to the start of the z-axis.

These three parameters specify every ray during the whole projection process.
Thus, the projection values measured on the screen in a system made up of a set of
fan-beams can be represented by p” (,8 Lol Z). As the projections are made during a
large number of rotations of the projection system around the test object, the angle
o" is determined by 0 < o < 2 m-number_of rotations. The values of the angle f§
are situated within the range [—fmax, Pmax], in Which:

. (R
Pax = arcsin (Rf)’ (7.39)
where R is the radius of the circle defining the space in which the scan is made; Ry
is the radius of the circle described by the tube.

The location zo of the projection system along the z-axis is a function of the
angle «". Assuming the patient table moves forward uniformly and that zo = 0
when o = 0 we can write the following linear relationship, which determines the
current location zg:

o

7.40
- (7.40)

=4

where /A is the relative travel of the spiral described by the tube around the test

rad

In this design, the X-ray beam falls on a much broader, multi-row array of
detectors on the screen. This is demonstrated by Fig. 7.17.

As shown in Fig. 7.17, the beam of radiation emitted by the source passes
through the narrow slit of the collimator. This results in a cone-beam. As a con-
sequence of the beam of radiation spreading in the plane parallel to the z-axis we
need to convert the distances appearing on the screen into distances on the z-axis
using the following formula:

object, measured in [ﬁ}

Ry

4 7.41

Z2=20+2q

where R, is the radius of the circle described by the screen.
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Fig. 7.17 The geometry of
the spiral projection system

X
of the MSCT

detectors in the array

collimator

The array of detectors placed on the cylindrical screen is designed to measure
the intensity of the X-rays passing through the test object. The detectors in the
array are arranged in rows encompassing the z-axis. Further details of the con-
struction of the detector array will be given when we discuss the discrete version
of this projection system.

A further problem that needs to be considered by reconstruction algorithms is
the inclination of the gantry during a scan. The solution to this problem, for
projection systems with up to four rows of detectors, can be found in the articles
[23, 24].

7.2.2 The Geometry of the Discrete Scanner

The projection system presented above with its multi-row detector array found its
practical application in spiral scanners. As with all previous designs, the MSCT
spiral scanner also had to take into account the discrete nature of the projections
obtained.

Figure 7.18 shows orthogonal views of the projection system at two different
projection angles. As we can see from the diagram, the quantities R, and R are
many times greater than the width of the detectors d,. In addition, the gaps
between the individual rows of detectors are very small. We can therefore regard
the beams travelling from tube to detector as being approximately parallel. This
allows us to assume that the radiation beam is made up of fans with a total
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thickness BW (the beam width). Since each detector has a width d,,, the intensity
measurements are made only within this restricted area. This arrangement forms a
part of the collimation system. The width of the cross-section, SW (slice width),
can therefore be calculated from the value of d,, in the z-direction, using the
equation:

Ry
SW=d, ————. 7.42
Ry + Ry ( )
The individual rows of detectors in the array, and therefore the individual fans of
radiation, are numbered using the index k = 1,2, ..., K. In the case of the detector

array shown in Fig. 7.18, K = 4.

The remaining elements of the quantisation process of the projection values do
not differ from those discussed for other designs of fan-beam scanner. However,
because of the introduction of a new convention for representing the projection
parameters in this approach, they are described again below.

In this system, acquisition of the projection values p” (ﬁ, o, Z(och, k)) only takes
place at specific angles of rotation ¢, determined by the relationship:

o =0- Al (7.43)

k=12
H Ii
8 (n4)
A
=TT
g = Iﬁ
Y
k=12
e
l
" m4)
Zz
ot 1, 3=
za,—?t-ﬁ A% 3 n

Fig. 7.18 The discrete version of the MSCT scanner
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where Az = é?n
lowing each projection; ®>" is the number of projections made during one full
rotation of the projection system; 6 =0, ..., ® — 1 is the global projection index;
O = number of rotations - ©*" is the total number of projections.

The position of the detector in the matrix is determined by the pair (1, k), where
n=-MH-=-1)/2,...,0,...,(H—1)/2 is number of the detector in the row and
k=1,2,...,Kis the number of the row in which the detector is located. L and K
represent, respectively, the total number of detectors in each row and the total
number of rows. It is convenient to assume that K is an even number.

With this design of detector array, we obtain projection values p” (ﬁ, ol Z) only

for the selected projection angle f3, determined by the relationship:

is the angle through which the tube-screen system is rotated fol-

By=1-Ap (7.44)

where A; is the angular distance between the individual radiation detectors placed

on the cylindrical screen.

Therefore, we can summarise by saying that in the discrete projection system of
the MSCT spiral scanner we can only obtain the projection values p' (1, 0,k) =
ph(ﬁ",ozg,k) for n=—H-1)/2,...,0,...,(H=1)/2;0=0,...,0 — l;k =1,
2,...,K.

Looking back to the discussion summarised by Eq. 7.42, it is advisable, for
discrete projections, to reformulate the relationship describing the displacement of
the detectors with respect to the z-axis. As the detector array has multiple rows, it
is necessary to consider the position of each of the rows of detectors individually.
In addition, it is convenient to establish the point zo = 0 as a point of reference in
the z direction. Finally, we can conclude that the position of a given row of
detectors with respect to the z-axis is given by:

h
. h o K+1
k) =— k———] - SW. 7.45
o) = i+ (k-5 (7.45)
Another very important scan parameter in a spiral scanner is the pitch. Unlike the
definition of the similar quantity given in Eq. 7.5, the definition in the MSCT
projection system must take into account the number of rows of detectors in the
array:

pitch, = (7.46)

K-SW’

Figure 7.19 shows a graphical interpretation of the parameter pitch, defined by
Eq. 7.46, relative to the parameter pitch. It is clear from this that the faster the
forward movement of the patient table (i.e. higher values of pitch and pitch,),
the greater the errors involved in recovering the missing projections and the poorer
the quality of the resulting reconstructed image.
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Fig. 7.19 A graphical

interpretation of the

parameter pitch, in the

MSCT scanner pitch=4

pitch; =1

The choice of the value for A (for a fixed beam width SW) affects the z-axis
resolution attainable for the reconstructed images. For a standard detector array
with 4 rows, the pitch, is four times smaller than the pitch.

7.2.3 The z-Filtering Reconstruction Algorithm

The z-filtering reconstruction algorithm is based on linear interpolation methods
used for SSCT scanners (360° LI and 180° LI). In this case, however, we use
projections p” (ﬁ, ol Z) obtained from a spiral projection system with a multi-row
detector array to reconstruct the image of the selected cross-section. In the
z-filtering algorithm, the function p” (f,o",z) is used to calculate the hypothetical
fan-beam projections p/ (B, #); [~ Bmaxs Pmax); " € [0,27), which are then used to
reconstruct the image of the slice at location z = z,,.

Before proceeding to a discussion of the z-filtering algorithm, we should first
examine the circumstances in which the projections p" ([3, och,i) are performed in
an MSCT scanner [26, 27, 58]. What is important here is the pitch parameter that
determines the relative positions of the projections p” (f, o, z(o, k)) along the z-
axis. Figure 7.20a illustrates a situation where pitch,; = 2 (for simplicity, only rays
corresponding to f = 0 for each projection are indicated in the diagram). The
different lines in this diagram represent the rays assigned to specific rows of
detectors, more specifically to one of the detectors in each row. The dotted lines
represent the rays corresponding to projection values p” (O, ol + n,i) made after
half a rotation. As can be seen from the diagram, the rays of the two adjacent
projections p” (0, &, z) and p" (0, & + 2m, z) coincide in two instances. In addition,
all the rays of the complementary projection p" (0, o + , ) are duplicated by rays
coming from p"(0,a",z) or p"(0,0" + 27,z). This duplication of the radiation
measurements is not helpful, as it means that in spite of an expanded array of
detectors, there is no increase in the measurement resolution. The situation can be
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(@ pitch; =2
z
P0etz) k=1 2 3 4
PH0.at +m,2) =1 2 3 4
0.0t +2m,2) =1 2 3 4
(b)
pitch; =2.5
z
P0ehz) =1 2 3 4
p*@,a‘ +‘n,z‘] =1 2 3 4
0.0t +2m,2) =1 2 3 4

Fig. 7.20 Selecting values of pitch,: a the overlap of the rays when pitch, = 2; b the increase in
the density of the rays when pitch; = 2.5

avoided, however, by using non-integer values for pitch, [27, 66], for example:
pitch, = 0.5; 1.5. Figure 7.20b shows the advantage of this, in terms of the spread
of the rays from the projections p” (O, ol Z) pt (0, o + m, Z) and p” (0, o 4 2m, Z).
If we were also to draw the extra rays associated with the complementary pro-
jection p (0, o — Z), we would see an evenly spaced, four-fold increase in the
density of the rays for § = 0. In general, this means an increase in the density of
the projections for all angles § and consequently a potential increase in the z-axis
resolution of the reconstructed slice images.

However, the direct transfer of any of the SSCT spiral scanner reconstruction
methods (such as 360° LI or 180° LI) to a scanner with a multi-row detector array
would not result in any benefit from the increased z-axis sampling resolution.
Therefore, a new method designed for MSCT scanners has been proposed:
z-filtering [27, 58]. A diagram of this method is shown in Fig. 7.21.

The z-filtering reconstruction algorithm makes use of projection values from
every detector row to obtain the hypothetical projections made in the plane of the
slice. The interpolation process in this method uses a filter of width FW (filter
width). The main elements of the interpolation are shown located on the z-axis in
Fig. 7.22 [58].

As shown in Fig. 7.22, the range used to interpolate the projections p" (ﬁ Lo, z,,)
is restricted to z € [z, — Y, z, + E]. But we also take into account two additional
projections: the projection on the z-axis just before z = z, — % and the one just
after 7 = z, + % It should be stressed that in this arrangement, as well as using
measurements from all the detector rows, we also use the projections made after
complete rotations and the complementary projections, i.e. those obtained after
half-rotations (or more specifically, when the angle of rotation of the projection
system is o + integer_value - m — 28 and the angle of the ray in the fan is —f).
All of the projections in the set are arranged temporarily in order of their
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Projections

Choice of the set of projection
values for the fixed cross-section

Interpolation of the projections
for cross-section

for every § and "

Converting to fan-beam geometry

Reconstruction method
formulated for the fan-beam
scanner

Fig. 7.21 The z-filtering algorithm used in MSCT tomography
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SR

Fig. 7.22 Determining the
neighbourhood of a slice
using a filter of width FW

L ——

4
i= 4 zZ, 3 2 F 1
FW
ZP—FW/Z ZP+FW/2
occurrence on the z-axis and are indexed using the index i = 1,2,...,I,x. The

projection value p (/3, ol Z) represents the additional projection lying just before
2=2,— % and the projection value pf’m ([3, o, Z) the one just after z = z, + ¥
The interpolation procedure used in the z-filtering algorithm then proceeds as
described below [58].
The first stage in the processing of the projection values p" (,8, och,i) involves

re-sampling within the range [z, — ¥, z, + E¥| with a resolution:

FwW

= 7.47
©254 U ( )

where J is the number of re-sampling points.
The individual positions where re-sampling occurs are arranged in the order:

G=2z+j-As, (7.48)

where —J <j <.
The re-sampled values pf’ (/)’, ol z,,) are determined from two adjacent projec-

tions pf (ﬁ, o, 2) on the z-axis, using an interpolation formula, for example:

P (B, zp) = (L= w(B,a",i()))) - Pl (B, o, 2) +w(B, o, i()))
~pf‘(j)+l(/3,ozh,i), (7.49)

in which:

Z— 21
22— 2

w(B, o, i(j)) = , (7.50)

where i(j) is the index of the last in the series of projections pf (f,o",z), where
2<z;;21 1s the z-coordinate of the projection pf’( 7 (ﬁ, och,z); Zp is the z-coordinate
of the projection pf.’(jHl (ﬁ, och,z).

The next step of the process is to filter the re-sampled projections p]’! (/3 Lol z,,).

Examples of different shapes of filter are shown in Fig. 7.23 [58].
In each case, the equation defining the filtering process can be written as
follows:



180 7 Spiral Tomography

b
hReot (Z)
1
a s
y4
i= 1 23 4 -3 -2 I-1 I
FW
Znin Znu
(@)
P X
hf

z

R

zmin max
(b)
4 hAX
J
- a.
zZ
i= 1 |23 4 3 12 1 1
J FW
zmin zmax
(©)

Fig. 7.23 Filter function shapes: a rectangular function (smoothing filter); b edge enhancement
function; ¢ modified function
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where fzf is the discrete form of the convolving function.

P (B 0" z) = (7.51)
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Using this two-stage interpolation formula, we obtain the projection values
ph (ﬁ Lo, zp), in the reconstruction plane z,. In this way, the problem of the multi-
row detector matrix system has been reduced to that of the SSCT scanner.

Use of the procedure described by Eqs. 7.10-7.12 then allows us to define the
projections p/(f, &) made in the hypothetical fan-beam projection system in the
7 = z,, plane. After this operation, we can begin to reconstruct the image using a
method designed for fan-beams.

7.2.4 Discrete Implementation of the z-filtering Reconstruction
Method

The discrete version of the z-filtering reconstruction algorithm operates only on
certain projections carried out at particular locations on the z-axis and for X-ray
intensity measurements made only at particular places on the screen. The points on
the screen where the measurements are made are determined by the location of the
detectors on the partial drum-shaped array.

During the whole scan, the middle of the radiation beam only passes through
each point on the z-axis once and as only a limited number of projections are
carried out, only certain locations on the z-axis lie in the plane of the incident
radiation. These places are referenced using the index § = 0,...,0 — 1, where &
is the number of projections made during the entire scan.

The angle at which a particular ray in the beam falls on a suitable detector will
be indexed using the variable n = —(H—1)/2,...,0,...,(H—1)/2, where H is
an odd number of detectors in each row of the array. The number of the row in
which a specific detector is situated is determined by the variable k = 1,2,...,K,
where K is the total number of rows of detectors in the array (this is usually an
even number).

Therefore, we can summarise by saying that only the discrete projection
values p'(n,0,k) for n=—(H-1)/2,...,0,...,(H=1)/2;0=0,...,0 — 1;
k=1,2,...,K are available to the reconstruction algorithm.

In order to carry out the z-filtration reconstruction process, we reduce the
problem to that of a hypothetical fan-beam projection system and then use any of
the methods devised for the fan-beam system to obtain an image of the slice at z,,.
To do this, we need to «calculate all the necessary projections
P y) =-MH-1)/2,...,0,...,(H=1)/2;7=0,..., — 1, where I' = Z—Z.

It is also important to pay attention to the relationships between the parameters
of the spiral projection system and those of the fan-beam system, for rays lying in
the same plane parallel to the z-axis. These relationships can be determined by the
following systems of equations:

1 q h —
0{ v+ 60y + nn if  yAg<o, + 71— (7.52)

7+ 00—T+nn if yAg>o) +7—0p
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and
n=1 (7.53)

for n = 0,+£2,4+4,+£6,...; and for the complementary rays, i.e. those projected
from the opposite side:

"/+60+nn—2;1f if “/A/;<OCZ+7I790
0= _ (7.54)
7+ 00 —T+nn—21 if yAg>al+m—0p
and
n=—n (7.55)
for n = £1,£3,4£5,...; where in all instances 0 is calculated using:
27r<(<xl’j + n) div 27r>
0y = . (7.56)
A,

Consecutive stages in the determination of the projection values p/ (nf , y);
W=-MH-1)/2,...,0,...,(H=1)/2;7 =0,...,' — 1 are presented below.

Step I During the preliminary phase, when the parameters for the scan are
established, the radiologist determines the position z = z,, of the reconstruction
plane. If the projections start at angle of = 0, then the angle of the principal
axis of the hypothetical beam, at the moment it passes through the point z,, can
be determined from Eq. 7.6. Knowing this, and parameters such as the distance
d,, between the rows of detectors, the resolution AZ at which the projections are
made, and A, we can use Eqs. 7.52-7.56 to establish which of the projection
values p'(n, 0,k) (the direct and the complementary projections) will cross the
z-axis through the section [z, —EY, z, + EY], ie. which of them satisfy the
condition:

FW . 0-A" K+1
< k
2 7 2n +(

FwW
p— (> y 2 + —2 ) . dw < p + Ta (757)

where FW is the width of the filter; d,, is the distance between the detectors along
the z-axis.

The projections satisfying these conditions are arranged in the order in which
they occur along the z-axis, starting from the point z = z, — %, and given an index
i=2,3,...,1—1. The value I — 2 represents the number of projection values
situated within the range specified by (7.57).
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The projection value p’ (7, 0, k) situated just before this range is given the index
i = 1; the next sample to be selected is the first projection value pf(n, 0, k) just
after the range. So the sequence of projections ﬁf’(n, 0, k) finally taken into account
in subsequent stages of the process is indexed i = 1,2,3,...,L

Step Il All of the projections faf‘(r], 0,k); i=1,2,3,...,1, obtained from the first
stage of the process, are filtered as follows:

I N
Zﬁft(n’ 0, k) ’ h}{em

pf([f/,ocf) — i=1

, (7.58)

7'Rect
hi

N

i=1

where fz}{“‘ are the weightings for the rectangular filter.

The weighting factors I%F"c‘ are determined based on the premise that their
values depend on the density of the sampled series f)?(r/, 0,k) at a given location on
the z-axis. Figure 7.24 shows how the values of AR can be calculated for a
rectangular filter, for selected index values i =2;i=1—-2;i=1

As we can see from Fig. 7.24, the value of the weighting factor }Az?e“, assigned
to a particular sample taken from the series p’(i7,0,k), is proportional to the
sample’s area of influence on the area defined by the rectangular filter function.
This allows us to attempt an accurate calculation of the weightings fz?“‘. The
equations defining these values differ depending on the value of the index
i. Determinations of the weights 13?“‘ for the different categories of samples
p"(n,0,k) are shown below:

1 22 —Zmin .. 1 ( )2
~R Z " 22 — Zmin
JReet — W J p— Zldz =W 2m—2) (7.59)

4

W

Fig. 7.24 Determining the weighting factors for a rectangular filter



184 7 Spiral Tomography

B3~ 22 —Zmin

R 1 Z z
hRect - / (1 _ )d + / (1 . )d
2 Fw 33— 22 ¢ 22— 2 ¢
0 0

(7.60)
1 (z3—2 (22 — Zmin)2
== + 22— Zmin — 55 |
FW( 2 : 2(z2 — 1)
Zi—Zi— Zit1 3 .
Rt _ L / ! P ds 4 /] 1 z &l = L(Ziﬂ —Zi—l)
' FW Zi — Zie Zitl — % FW 2 ’
0 0
(7.61)

for2 <i<I-—-1,

Zmax —2I-1 2-1—73-2

h{‘fi‘:ﬁ / <1 Zilzl_1>dz+ / (1 %21—2)0'512
0 0

l [z — 2z (Zmax — ZI—l)2
=——|——F % Zoax —a-1 ———— |

FW 2 2(z — z1-1)
(7.62)
Zmax —<I-1 . 1 ( )2
]:lRect _ 1 o dp— Imax — ZI-1 7 763
I T EW 2 TCTEW 200 — ) (7.63)
0

where z, z, 7 are coordinates whose ranges are indicated in Fig. 7.24; z,in, Zmax are,
respectively, the points on the z-axis indicating the beginning and end of the area
covered by the filter.

Note that the sum of all the weighting factors calculated using Eqs. 7.59-7.63 is
1, after normalisation by the filter width FW (the area determined by the shape of
the filter function used). Therefore, for a rectangular filter such as that in
Fig. 7.23a, Eq. 7.51 takes the form:

Prny) = pl(n, 0,k) - HE. (7.64)
i=1

For a filter with different characteristics, we need to modify Eqgs. 7.59-7.63
appropriately. For example, Eq. 7.61 can be modified to obtain the following
equation:

Zi—Zi-1 Zi—Zi41

. 1 : z . .
= / <1 - -filter(z )d2+ / <1 - -filter(Z )di )
' FW Zi — Zi—1 ® Zit1 — ( )
0 0

(7.65)
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where filter(z) is the function of the filter used, such as one of those shown in
Fig. 7.23b or 7.23c.

Step Il Using the interpolated projection values pf (nf , y) obtained from the
hypothetical fan-beam projection system, we can now reconstruct the image of the
slice at z = z,.

A flowchart for implementing the discrete z-filtering reconstruction method is
shown in Fig. 7.25.

7.3 Cone-Beam Spiral Computed Tomography—CBCT

An important factor in the design of the MSCT spiral scanner was the assumption
that the individual fan-beams making up the cone-shaped beam of radiation are
parallel. This assumption presented an obstacle to attempts to increase the number
of rows in the detector array. With the development of cone-beam computed
tomography (CBCT) there was a break with previous thinking, which led to a
substantial increase in the width of the detector array. This in turn led to such an
increase in scanning rate that it now became possible to scan organs physiologi-
cally in motion, such as the heart. Furthermore, because of the small distance
between the rows of detectors it was also possible to increase the scan resolution
along the z-axis significantly.

An additional advantage of the new projection geometry was the increase in the
effective solid angle of the X-rays. This vastly improved the efficiency of the
scanner in regard to the amount of information obtained from the radiation energy
used. It reduced the amount of energy lost in the tube, which allowed the tube
current to be increased, thereby reducing the level of noise in the reconstructed
image.

Increasing the width of the detector array and the consequent departure from the
assumption of parallel fan-beams made it necessary to develop new reconstruction
algorithms that were specially designed for systems with a conical beam of
radiation. Theoretical studies [36, 63] led to the conclusion that it was indeed
possible to reconstruct the image using three-dimensional projections recorded by
a two-dimensional detector array. A sufficient condition for the exact recon-
struction of the radiation attenuation coefficient at a point in three-dimensional
space from a conical projection is the existence of at least one cone-shaped source
of radiation in each plane that contains the point [16, 55, 64]. This statement led to
the development of a whole series of reconstruction algorithms, of which the best
known are: exact cone-beam reconstructions—based on Smith’s theory [56, 71,
74], the Grangeat approach [10, 25, 37, 41, 45, 60] and the method developed by
Tuy [75].

Practical medical scanners suffer from a number of technical problems, how-
ever. For example, some positions of the radiation source (the X-ray tube) are not
physically possible (the problem of longitudinal irradiation of the patient’s body)
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Fig. 7.25 A flowchart of the z-filtering algorithm used for the MSCT scanner

and the whole body cannot be included in a simultaneous measurement of radi-
ation intensity (the detector array has finite size). This made it necessary to
develop algorithms that take these circumstances into consideration. A range of
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algorithms has been developed for longitudinally truncated data to take account
of the finite number of projections of an object of theoretically infinite length (the
so-called long object): the local region-of-interest (L-ROI or Local-ROI) method
[50, 51, 591, zero-boundary (ZB) algorithms [11] and the virtual circle (VC)
approach [38, 39].

Other approaches were also developed, which assumed an approximate solution
to the problem of reconstruction from conical projections. This type of algorithm,
known in the literature as approximate cone-beam reconstruction, includes
methods such as the PI method (n-PI) [8, 9, 48, 61, 62], single slice reconstruction
(SSR) [46], multi-row Fourier reconstruction (MFR) [4, 5, 49], adaptive multiple
plane reconstruction (AMPR) [53], nutating slice reconstruction (NSR) [40],
general surface reconstruction (GSR) [6] and others [73]. These methods have a
shorter calculation time than exact algorithms, as well as less noise and lower
distortion in the reconstructed image.

The rest of this chapter describes two practical approximate cone-beam
reconstruction methods for spiral projection systems. These are included due to
their usefulness in medical applications and their commercial importance. They
are the Feldkamp algorithm [13] and the reconstruction procedure described in the
literature by its abbreviation ASSR [29-31] (advanced single slice rebinning).

7.3.1 The Geometry of the Cone-Beam Scanner

A diagram of the cone-beam scanner, together with key trigonometric relation-
ships, is shown in Figs. 7.26 and 7.27 [29, 49, 68].

Fig. 7.26 The projection ¥y
system of a cone-beam et
scanner—a three-dimensional
perspective view

L

X-ray soufee,
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Fig. 7.27 The projection
system of a cone-beam
scanner: a the geometry of
the cone-beam projection
system in a plane
perpendicular to the axis of
rotation; b the location of the
test object in the plane along
the axis of rotation of the
projection system

Screen

! / \: examined object
z=0 ! 0 ! z
]I Z, I\ / H
z
=0

A three-dimensional view of the scanner is given in Fig. 7.26. The system
consists of an X-ray tube and a rigidly coupled, partial cylindrical screen with a
multi-row matrix of detectors. During a scan, this assembly rotates around the
z-axis, the principal axis of the system, and at the same time, the patient table
moves into the gantry. The moving projection system thus traces a spiral path
around the z-axis. Figure 7.27a shows the projection geometry in a plane per-
pendicular to the z-axis. Each ray emitted by the tube at a particular angle of
rotation and reaching any of the radiation detectors can be identified by ([3 Lo Z),
as follows:

f—the angle between a particular ray in the beam and the axis of symmetry of the
moving projection system;

o"—the angle at which the projection is made, i.e. the angle between the axis of
symmetry of the rotated projection system and the y-axis;

z—the z-coordinate relative to the current position of the moving projection
system.

Therefore, the projection function measured at the screen in a cone-beam
system can be represented by p” (B, o, z).
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The angle " at which the projections are made is determined by the double
inequality 0 < o <2m-number_of _rotations, whilst the value of the angle B is
within the range [—fmax> Pmaxl, Where

Pmax = arcsin <R>, (7.66)
Ry

where R is the radius of the circle defining the space in which the scan is carried
out; Ry is the radius of the circle described by the focus of the tube.

Unlike f, which is an angle, 7 represents a distance on the screen. It is the
distance between the point where a ray strikes the screen and the vertical plane of
symmetry of the projection system. For convenience, this distance is usually
calculated relative to the z-axis, as shown in Fig. 7.28.

Assuming that the tube rotating around the test object starts at a projection
angle o = 0, the vertical plane of symmetry of the projection system (and the
focus of the tube) moves along the z-axis and its current location along the axis is
defined by the relationship:

o

0= ,1.%7 (7.67)

where 4 is the relative travel of the spiral described by the tube around the test

object, measured in [ﬁ}
rad

As with MSCT scanners, one of the basic parameters for a particular scan is the
pitch, value. This is defined in Eq. 7.46 and illustrated in Fig. 7.19, but is also
applicable to cone-beam tomography.

Fig. 7.28 The geometry of X
the scanner in the x—z plane
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The array of detectors on the cylindrical screen is designed to measure the
intensity of the cone of X-rays. The detectors in the array are arranged in mutually
perpendicular rows and columns, the rows partially encircling the z-axis. Further
details of the design of the detector array will be given during discussion of the
discrete version of the projection system, which is used in practice.

7.3.2 The Geometry of the Discrete Cone-Beam Scanner

The cone-beam projection system found application in spiral scanners. When
designing this generation of device the discrete nature of the projections had to be
taken into account. The stages of the discretisation process are the subject of the
following discussion.

A method of measuring the X-ray intensity in a practical cone-beam scanner is
shown in Fig. 7.29.

The acquisition of the projection values p" (B, «", z) only takes place at specific
angles of rotation o":

o =0- Al (7.68)
k=1/,—--y k=K
o
\ = z
N - S
Yy zm=1‘-%= /:———j—‘}i-.___‘hic

Fig. 7.29 The discrete version of the cone-beam scanner
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where Az = é?n
lowing each projection; ®>" is the number of projections made during one full
rotation of the projection system; 6 =0, ..., ® — 1 is the global projection index;
O = number_of _rotations - ©@*" is the total number of projections.

The position of a detector in the matrix is determined by the pair (, k), where
n=-MH-=-1)/2,...,0,...,(H—1)/2 is the number of the detector (channel) and
k=1,2,...,K is the number of the column (row). H and K denote the total
number of detectors in the columns and the total number of columns, respectively.
It is helpful to assume that the useful rays striking the detectors in the individual
columns are distributed evenly, i.e. A/; = const, and that the individual channels

is the angle through which the tube-screen system is rotated fol-

are equidistant from each other on the screen, i.e. Ai’ = const. These assumptions
make it easy to locate the detectors in the array on the surface of the partial
cylinder, as shown in Fig. 7.30.

In practice, given this design of detector array, we obtain the projection values
p"(B,o",z) only at certain angles f, determined by:

By=n-N, (7.69)

where AJ/; is the angular distance between the radiation detectors on the cylindrical

screen.

As shown in Fig. 7.31, the angles between the individual rays, incident on the
screen, vary. This means that the relative distances between the individual
detectors in the z-direction also vary. However, if we assume that the number of
columns is within reasonable limits, the distance between the detectors relative to
the z-axis is [49]:

Ah A Ah . Rf
v4

_— 7.70
z Rf + Ry ( )

Fig. 7.30 The topology of 1 y
the detectors on the screen of
a multi-row spiral scanner
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Fig. 7.31 Determining
distances on the screen
relative to the z-axis

k=K

The further the detectors are from the y-axis, the smaller the intervals between the
detectors become, relative to the z-axis. If necessary, we can compensate for this
effect, during design, by increasing the size of those detectors that are more distant
from the vertical plane of symmetry of the screen [29].

Using Eq. 7.70, we can calculate the distance of each detector from the x-
y plane, measured along the z-axis:

. R K+1\ ., Ry
_ 5. ~ (k- Y 7.71
HTHR IR, < 2 ) 'R+ Ry’ (7.71)

where Ryis the distance from the focus of the X-ray tube to the principal axis of the
projection system; R, is the smallest distance from the partial cylinder on which
the detector matrix is placed to the principal axis of the projection system.

It is also important to note that Ai’ is equal to the thickness of the cross-section
of the reconstructed image, the slice width (SW), one of the key parameters in
computed tomography.

In summary, the projections obtained in the discrete cone-beam scanner are
represented by p(y,0,k);n=—-H-1)/2,...,0,...,(H=1)/2; 0=0,...,
O—-1;k=12,.. K

7.3.3 The Feldkamp Algorithm

One of the principal reconstruction methods devised for the cone-beam spiral
scanner is the generalised Feldkamp algorithm [13, 69]. A diagram of the recon-
struction process for this heuristic method is shown in Fig. 7.32. The algorithm is a



7.3 Cone-Beam Spiral Computed Tomography—CBCT 193

Projections

Establishing of the fan-beam
projections in rotated plane
(',

for given z,

Filter form

H(B)

Filtration in the " domain

Back-projection for points from
cross-section Z,

»( Screen

Fig. 7.32 A flowchart for the Feldkamp algorithm

development of a conventional fan-beam reconstruction approach. The fan-beam
projections are filtered in two dimensions and then back-projected in three
dimensions. A number of modifications to this algorithm have also been
developed, such as extended parallel back-projection (EPBP) [28, 32] and others
[17, 18, 68, 70].

Before discussing the two-dimensional filtration phase of the Feldkamp algo-
rithm, it is worth first returning to the implementation of the direct fan-beam
reconstruction method considered in Chap. 6. Accordingly, we can write a set of
equations describing this reconstruction method for the Ram-Lak filter [33, 42]:


http://dx.doi.org/10.1007/978-0-85729-027-4_6
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fi(x,y) —l;f~7pf(5,af)docf, (7.72)
0
where
Binax
' (B,acf) = % / pf<[3, ocf) - cos fR* ([3 - B)dﬁ, (7.73)
Prnin

where, by using Table 4.3 and Eqs. 7.22-7.23, it can be shown that:

. o inof
B — arctan xcos. + ysin 7 (7.74)
Ry + xsino/ — ycos of
> = (xcoso/ +ysinocf)2+(Rf + xsinof —ycosacf)z. (7.75)

The fan-beam reconstruction method expressed by Eqs. 7.72-7.75, however, has to
be adapted to the conditions of the spiral cone-beam projection system. In order to
do this, the first problem we have to address is how to make use of the projection
values p” (ﬁ, och,i) obtained from rays in the cone-beam, which do not lie in the
(x, y) plane. Those are the projection values p” (B, 0", z) with z # 0.

In the generalised Feldkamp algorithm, the cone-beam is considered as a
combination of multiple fan-beams lying in planes inclined at different angles to
the central plane perpendicular to the z-axis. The location of one of these com-
ponents is illustrated in Fig. 7.33.

Fig. 7.33 The position of
one of the components of the
cone-beam
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If we consider this component to be lying in the plane of a new coordinate
system (x/, ¥'), then the reconstruction algorithm given by Egs. 7.72-7.75 for the
slice in this plane can be expressed as follows:

2n

R] .
) =5 [ (o )a, (7.76)
0
l ﬁlnax
p(iat) =g [ o (Boa) s (g - )i )
i
.Bmin
B, . xcos o 4 ysino® (7.78)
= arctan .
Ry +xsino —ycoso )’
2
i”? = (xcos o™ + ysin oc’h)2+<R} + xsina™ — ycos oc’h) : (7.79)

The contribution that the filtered projection p” (§’, o) makes to the value assigned
to the voxel [i(x, y, z) of the reconstructed image is determined by the relationship:

.[;max
R/ . . . R
dit(x.y,2) = 705 / p(B.o") cosf (B~ f)dpaz".  (7.80)
l;min

In the next step, we have to consider the filtered projection values p¥ (', «™) in
terms of the coordinate system of planes parallel to the central plane. We do this
by bearing in mind the simple geometric relationships between the angles mea-
sured on the central plane and the angles describing the planes inclined to it, i.e.:

=8 (7.81)

and

o = ol (7.82)

The coordinates of a point in the rotated coordinate system (x’, y) projected onto a
similarly rotated system in the (x, y) plane can also be determined, using the
following relationships:

s=s (7.83)

and

— = (7.84)
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Note also that the distance between the radiation source and the principal axis of
the projection system, measured on the (x/, y) plane, is:

(R})Z: (Ry)*+22. (7.85)

It is also worth noting that in both the (x, y) and the (x’, y') coordinate systems, the
linear velocity of the radiation source rotating around the principal axis of the
projection system is a constant:

Wrocus * Rf = wi:()cus 'R}. (786)

Using the definition of angular velocity @gocus = 4 \we can easily obtain the

S
relationship between the angular increments do in both systems:

do" - Ry = do - R}, (7.87)
which, after combining with Eq. 7.85, gives us the following relationship:
dOCh . Rf

\/Rf + 22

Using Eqgs. 7.81-7.84 and 7.88, Eq. 7.80 can be converted to the following form:

do" = (7.88)

Brmax

R . . N
dit(x,y,2) = 3 / p"(B.o",2) - cos (B~ )dpast,  (7.89)
7.[;mmx
where
. xcos o' 4+ ysin o
f = arctan (Rf + xsina” — ycos och>’ (7.90)

i* = (xcoso” + ysin och)z—i-(Rf + xsina” — ycos och)2+(zo —z,)%  (7.91)

We can now carry out the three-dimensional back-projection by integrating both
sides of Eq. 7.89 with respect to the angle of rotation of the projection system ",
The image reconstruction method for a slice at a distance z,, from the point z = 0
can thus be illustrated by the equation:

atn Bonan
R 1 , . N
i(xy, ) = 7f / = - / ph(ﬁ, o z) - cos f - hRL([} - B)dﬁdfx",
u
o —m —Proax

(7.92)
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Fig. 7.34 A method of Z 1
determining z
(x. .2
3
4 A
z
, R, u
7]
where
21 -7
ho_ P
o, == (7.93)

The final problem to be solved is the determination of the value of z. This variable
represents the inclination of the fan with respect to the perpendicular plane of
symmetry of the projection system, measured along the z-axis. A method of
determining this value is shown in Fig. 7.34.

The value of 7 is calculated by simply using the relationship:

Rf . ZI
=t = 7.94
< Rf —u ( )
where 7' is the equivalent to the z-coordinate but in the local coordinate system
(x, y, 7) and is found using the simple relationship:

7= =—2z. (7.95)

21
The quantities ﬁ and i/? are calculated using Egs. 7.90 and 7.91.

When the scanner gantry is tilted, as is often to the case when scanning the head,
the basic Feldkamp algorithm has to be modified. Descriptions of practical solutions
to this algorithmic problem can be found in the articles [1, 19, 20, 57, 72].

7.3.4 Discrete Implementation of the Feldkamp Algorithm

In the cone-beam spiral scanner, the reconstruction algorithm only makes use of
projections obtained at particular angles and measured only at particular points on
the partial drum-shaped screen.
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In addition, the detectors are assumed to be arranged on the screen in a way that
ensures a uniform distribution of useful rays in the planes that contain the detector
rows and the radiation source.

Fan-shaped sections of the cone-beam strike individual rows of detectors
k=1,2,...,K, where K is an even number of rows. Each row has an identical arc
shape.

The angle at which a ray of the fan-beam strikes a detector in a particular row is
indexed using the variable n = —(H—1)/2,...,0,...,(H — 1)/2, where H is an
odd number of detectors in each row of the array.

During an examination of a patient’s body using spiral tomography, the beam of
radiation (more specifically its middle) only passes through a specific point on the
z-axis once. As mentioned previously, only a limited number of projections are
made, each of which is indexed using the variable § = 0, ..., ® — 1 where O is the
total number of projections made during the scan.

Therefore, the reconstruction algorithm only makes use of the projection values
P, 0,k);n=—-MH-1)/2,...,0,...,(H-1)/2;0=0,...,0 — 1;k=1,2,... K.

When setting the parameters for an examination, the positions on the z-axis,
where the cross-sections are to be reconstructed, are established. We will con-
centrate on one of these, located at z,,. If the first projection takes place at an angle
oy = 0, the angle at which the middle of the cone-beam passes through the point
7 = z,, is determined by Eq. 7.93.

Considering these factors, we can proceed with the reconstruction procedure as
expressed entirely by Eq. 7.92.

Step I In this stage of the process, all of the projection values p(n,0,k);
n=-H-1)/2,...,0,...,(H=1)/2;0=0,...,0 — 1;k=1,2,...,K, are sub-
jected to geometric correction, using the relationship:

ﬁ?{)rr(nv 07 k) = ﬁh(nv 07 k) - COs ("A,B)~ (796)

Step 1l All of the fan-beam projections pl' (1,0,k);0=0,...,0 —1;
k=1,2,...,K can then be processed directly using a Ram-Lak filter, as explained
in Chap. 6:

(H-1)/2

f)h(rh 97k) = A/f : Z ﬁgorr(ﬁ7 H)k) : lleL((” - 71) : A/)’) (797)
i=—(H-1)/2

Step III Often there is no ray that actually passes exactly through a particular
discrete point in space, or voxel, (i, j, n) and so there is no projection value
available to the reconstruction algorithm. This means that the missing projection
value has to be interpolated based on adjacent filtered measurements p" (1, 0, k),
using a technique such as bilinear interpolation:


http://dx.doi.org/10.1007/978-0-85729-027-4_6
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P (B;(0),0,2,(0))

Y PR .((T_ﬁ’?)fh Lokl (ﬁij_ 1).% T’g’kl>
( Af) Uy p'(n', 0,k") + A, " p'(n',0,k")
() (-8) e () o),
Z

(7.98)

The quantities f; and Z;, represent the coordinates of the discrete point
(i, j, n) expressed as parameters of the projection carried out at the angle 6.

The geometric relationships in Fig. 7.35 can be used to find the value of Z;;,.
Using the diagram below, it can easily be shown that z;;, is calculated as follows:

. Ry - (20— )
in(0) = 7.
Zijn(0) Ry — uy (7.99)
where
0- A"
= ;L . = 1
20 7 (7 00)
and
Uy = —ilyy - sin(60 - AL) + jA,, - cos(6 - AL), (7.101)

where A,, is the interval between individual points on the reconstructed image;
A, is the interval between the reconstructed slices.

Fig. 7.35 Geometric
relationships used in the
determination of Z;;,

=n-A A8
= 2,(0)=2- 25
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Fig. 7.36 Geometric y A
relationships used in the
determination of f3;; uij
S JA,
X
R s "By
7 y
u

The value of B for the image point (i, j) in any slice at an angle of rotation o}

of the cone-beam projection system can be determined using Fig. 7.36.
The value of f3;; is easily determined from the formula for the sine of the angle
indicated in the right-angled triangle in Fig. 7.36:

ﬂij(H):arcsin( % ) (7.102)

' — Uy

where
Sij = 1Ay - cos(OAg) +JjAy - sin(()AZ)7 (7.103)

and u; has already been determined in Eq. 7.101.

To obtain the final form of Eq. 7.98 we only have to determine the four pro-
jection values p" (nl, 0, ki), ' (17T, 0, kl), 4 (111, 0, kT), 4 (nT, 0, kT) taking part in
the bilinear interpolation. Their indices are defined as follows:

K= Tmnc(z,-j,Az),kT — k1, (7.104)
and

nt = Trunc(ﬁij,Aﬁ)ﬂqT =nt+1. (7.105)
Step IV 1t is at this stage of the process that the three-dimensional back-projection

is performed. Every point in the coordinate space is given a value equal to the sum
of all the projection values from all the rays passing through the point. For the
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projections I%h (BU, 0, Zij,,) made at angle 0; 0 =0, ..., © — 1, the operation can be
written:

S/ Rf 4 1 = .
ftirj,zp) =LAl ZuT-p(ﬂ,-j,H,len), (7.106)

0 “in

where, from Fig. 7.35, we can show that:

i, = 52+ (R — ) +(z0 — )7, (7.107)
where u;; is calculated from Eq. 7.101.

A flowchart of the discrete version of the Feldkamp algorithm is given in
Fig. 7.37.

7.3.5 The Advanced Single-Slice Rebinning Algorithm—ASSR

The advanced single-slice rebinning algorithm (ASSR) is one of the more com-
plex reconstruction methods [4, 5, 29-31]. It is a development of a technique
known as single-slice rebinning [46]. The premise behind the operation of ASSR is
that image distortion can be reduced by adjusting the position of the imaged slice
to match the spiral path of the X-ray tube. This involves calculating the appropriate
angle of inclination of the plane with respect to the z-axis. The size of the angle
depends on the position at which the reconstruction is performed. This algorithm,
unlike the similar solutions described in [21, 40], uses a rebinning strategy.

By analysing the components of the motion of the projection system shown in
Fig. 7.27, we can represent the spiral path of the moving tube using the following
relationship:

x (o) —R; - sino”
focus(o") = | y(o") | = | Ry-cosa |. (7.108)
z(+) 4

On the other hand, any point on the partial cylindrical screen is related to the
(x, y, 7) coordinate system by the following vector equation:

X
screen(f, o, z) = |y
| z
_7Rf - sin o sin((xh + ﬁ) 1
= | Ry-cosd! | + (Ry+Ry) - | —cos(o +B) | +z- |0
yES 0 0
(7.109)
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Fig. 7.38 Trigonometric relationships in a cone-beam projection system with a partial
cylindrical screen

These trigonometric relationships can easily be determined using Fig. 7.38, which
shows the cone-beam projection system with a partial cylindrical screen.

It is much more useful, however, to represent the screen mathematically as a flat
screen with coordinates (w, v). Whilst retaining the cylindrical design of the screen
in practice, we can assume the existence of a corresponding flat screen:

X R, - sina” —cos o 0
screen(w, o, v) = |y | = | —Ry- cos " | +w- | —sino | +v-|0].
z 5 0 1
(7.110)

As with the previous equation, this is based on a diagrammatic description (see
Fig. 7.39, which illustrates how to calculate the various components of the vector
screen).

Yy
/1"‘(?
scree;
v
- X el
z [ \ R jdosa
0 -AM X
tl.lbe > DCIIS(U-&)
\\HH_
—wcoda | R sinol

Fig. 7.39 Trigonometric relationships in a cone-beam projection system with a flat screen
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Equation 7.110 can be written equivalently in normal notation to indicate the
condition imposed on the points in space, which lie on the flat screen:

R, — xsina +ycoso = 0. (7.111)

Figures 7.40a and 7.40b can be used to derive relationships that allow us to cal-
culate the coordinates of the projection of any point in the (x, y, z) space onto a
screen (either flat or partial cylindrical), at a particular angle of rotation of the
projection system o".

For the coordinates on a flat screen, we need to consider the geometry in the
(x, y) plane. Using the Thales theorem, we can see from Fig. 7.40a that the

Fig. 7.40 Determining the (a)
coordinates of the projection w
of a given point onto the
screen: a in the (x, y) plane; y
b in the plane that contains d
the ray passing through the Screen
point (x, y, z) R,

S (x’ Y,z )

alt/ \M x
0
S
S
tube
u
(b) Z cylindrically flat
shaped screen
screen
(x,)’%/
1 z y
. Z screen
z
tube’
u' screen
0
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following relationship is appropriate for the projection of a point in space onto a
flat screen:

w o —S
Ry +Rq Ry —u

(7.112)

The quantities s and u represent the coordinates of a point in the (x, y) system
rotated by an angle o”. Using the basic relationships given in Table 4.3, we can
obtain the final form of the equation of the w-coordinate of the projection of the
point (x, y) onto a flat screen:

—(xcosa” +ysina") - (R +R
w= ( 4 ; ) (fh d). (7.113)
Ry + xsina" — ycos o

Figure 7.40b shows how to determine the v-coordinate of the projection onto the
screen of the same point in space (x, y, z). This time, however, we consider the
(x, z) plane. Here we can observe the triangle in the z-direction, for which the
following holds true:

R +R
ik S (7.114)
Ry—u -5
Using the equation for the u-coordinate given in Table 4.3, we obtain the final
form of the equation for the v-coordinate of the projection of the point onto the flat
screen:

(:-72) R +Ry)
V= —— e (7.115)
Ry +xsino” — ycosa

For a cylindrically shaped screen, the coordinates (f3,z) identify the ray passing
through the point in space (x, y, z), at a projection angle o". For practical reasons,
it is important to be able to find the relationships between the coordinates of the
projection of any point (x, y, z) onto both types of screen.

Using Fig. 7.40a it is easy to find the relationship between the value of the w-
coordinate on the flat screen and the angle f§ between the ray and the principal axis
of the beam:

w = —(Ry +Ry) tan . (7.116)

We can also use Fig. 7.40a to obtain the second of the required relationships:

R;+R
cos p— S Re. (7.117)
dscreen
We can then use Fig. 7.40a to derive the following ratio:
Zscreen _ Rf + Rd ’ (7118)

v dycreen
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which, combined with Eq. 7.117, immediately gives:

o Zscreen o 2 Rf +Ry
V= =
cosff  cosf Ry

(7.119)

The following pair of equations, obtained by rearranging equations (7.116) and
(7.119), allows us to calculate the coordinates of the projection of the point
(x, ¥, z) onto a cylindrically shaped screen:

f = —arctan (7.120)

w
RerRd

and
R v(Rr+Ry) Ry

RetRae SRy +Ry) w2 B TR

The main distinguishing feature of the ASSR reconstruction algorithm is its
abandonment of interpolation in the z-direction in the first stage of the process, in
favour of finding the reconstruction plane that best matches the path that the
projection system traces around the test object. The position of the reconstruction
plane is defined by the parameter rxﬁ, which corresponds to the place on the z-axis

z=v-cosf- (7.121)

at which the reconstruction plane has a point in common with the spiral path of the
moving X-ray tube. For simplicity, we will begin by assuming that o = oc;j =0.
The position of the reconstruction plane in the (x, y, z) space satisfying this
assumption is shown in Fig. 7.41.

The inclination of the reconstruction plane with respect to the x-axis, and thus
the middle ray of the fan-beam at the point o = &, is represented by v. In order to
optimise the positioning of the plane, we allow any value for this angle, that is,
where v # 0. The points on the plane can be described by the following
relationship:

x-tanv —z=0. (7.122)

Fig. 7.41 The location of the
reconstruction plane in

(x, y, z) space in the ASSR Ve
reconstruction method
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By calculating the variable z from this equation, it is easy to determine the cross-
section of the cylinder (defined by Eq. 7.108), which contains the reconstruction
plane. This cross-section is the ellipse calculated using the following vector
equation:

X —R¢sin ol —sina”
ellipse(o) = |y | = | Rycosa? | =Ry - cos o (7.123)
z xtanv —tanv - sin o”

for o' € [—m, =].

The rotation of the reconstruction plane about the y-axis is shown in Fig. 7.42.

Up to now, in order to facilitate the derivation of the various geometric rela-
tionships, we have introduced a number of simplifications to the design of the
projection system. However, when considering the actual operation of real scan-
ners, we have to take into account several additional factors. The first of these is
the fact that the reconstruction plane might not actually be situated at the origin of
the coordinate system, i.e. ocf; #0. This broadening of the problem means that

(7.123) now becomes:

—sina”

x
ellipse(«") = |y | =0 +R; - cos of" : (7.124)
z —tanv - sin och—ocﬁ)
where
0
o=10|. (7.125)
2
2m
(b) Zh

—Rfsina“—tanu
x hod -]

Fig. 7.42 The geometry of the reconstruction plane rotated about the y-axis: a the reconstructed
slice before rotation; b the reconstructed slice after rotation about the y-axis
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Fig. 7.43 Location of the
reconstructed slice when

aﬁ'ﬁéo

We can now represent the condition that the points lying in the reconstruction
plane must satisfy, in a way similar to Eq. 7.122:

h
o
h o P —
xcoscxp~tanv+ysmot;-tanv—«—/lﬂ—zfo. (7.126)

The imaging of a single slice takes place in the plane described by Eq. 7.126, for
points inside the cylindrical path of the projection system. Of course, the image is
reconstructed from projections made in this case by only those selected rays in the
conical beam, which lie exactly in the plane at three positions, that is for: o' = o/,

of = o + o and o = ! — ol The location of this reconstructed slice is illus-

P
trated by Fig. 7.43.

In order to obtain the other projection values needed for the reconstruction we
need to use an approximation. In this algorithm, we calculate the necessary values
using a fan-beam-based longitudinal approximation and further discussion will be
based on this particular methodology.

Before proceeding to the presentation of the ASSR algorithm, it is important to
first deal with the geometric relationships between the various coordinate systems
considered in this reconstruction method. The first of the orthogonal coordinate
systems represents the (x, y, z) space globally, whilst the second, local system
(x/, ¥, Z) contains the reconstruction plane. The relationship between these two
spaces is illustrated in Fig. 7.44.

The original global coordinate system (x, y, z), rotated around the z-axis, is
represented by the triad (s, u, ). If we consider that the (s, u, r) system was
rotated through an angle ocz (due to our choice of reconstruction plane at o = ocﬁ)
then the following vector equation allows us to convert between the coordinates of
both these spaces:

X
y|=s-stu-u+r-r, (7.127)
Z
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Fig. 7.44 The global and
local coordinate systems

where the base vectors s, u and r are expressed as follows:

h

cos ocz —sin o, 0
s=|sino} |, u=| coso |, r=10]. (7.128)
0 0 1

If the (s, u, r) system is rotated through a further angle ,,, the base vectors s, u and
r become:

cos (ocz + ap) — sin (ocﬁ + ocp) 0
s(op) = sin(ocﬁ +ocp) ; u(op) = cos(aﬁ + ocp) , 1(%) = (1)

(7.129)

The local coordinate system defining the reconstruction plane is represented by
(', y', 7). However, the (¥, y/, Z') system rotated around the 7’-axis is represented
by (s, «/, ) (which means that x’ and y’ lie in the reconstruction plane). The
geometrical relationships between these coordinates are shown in Fig. 7.45.

It is important to note that because we are searching for the optimum position of
the reconstruction plane with respect to the spiral path of the moving projection
system, the reconstruction plane is rotated around the y-axis and the (¥, ', 7')
system is rotated through an angle ocz around the z-axis. Therefore, in order to
convert the coordinates of a point (X, ¥/, Z’) in the system into coordinates in the
(x, ¥, z) system, we need to perform a two-stage process. The first of these con-
verts the points in the (¥, y', Z') space into auxiliary coordinates (x”, y”, z”), which
means that the original system is rotated by an angle —v about the y”-axis (this is
shown in Fig. 7.46a):
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Fig. 7.45 Coordinate systems rotated through the angle oc;‘ + o, a the global system; b the local
system

x’ X' cosv — 7' sinv
Y| = y . (7.130)
7" X'sinv + 7 cosv

The second spatial transformation converts the points in the (x”, y”, ) system,
rotated by the angle cxﬁ about the z-axis, into the global coordinate system
(x, y, z) (see Fig. 7.46b):

x x"cos ot — y sinot)
y| = | ¥ sino) 4y cosa |- (7.131)
Z Z”
”n
(@) z 12 ()N y
z' y
4 "
" X x
2o Yo
o ; b g
_ N\ _
JCO x” o xo 14 x
M
N x 0 X,

Fig. 7.46 The two-stage transformation of the space where the reconstruction takes place into
the global space: a the transition from (x', ¥, Z') coordinates to auxiliary coordinates (x”, y”, 7);

b the transition from (x”, ¥”, 7) coordinates to global coordinates (x, y, z)
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Combining the transformations (7.130) and (7.131), we obtain the direct transform

of the (X, ¥/, /) space into the (x, y, z) space, which is represented by the matrix
equation:

=x X+y y+7 -7, (7.132)

IS

where the base vectors X', y' and z’ are expressed as follows:

COS L - COS ocZ —sin ozlhj —sinv - cos ocﬁ
! . ! / . .
X = cosu'smocg , ¥ = cosocz , L = fsmu~smoc;j . (7.133)
sinv 0 COS»

If we use a parallel projection system, the vector equation representing the
relationship between the global coordinate system and the local system of the
reconstruction plane is as follows:

x-X+y y+z.z=0+x X +y y+7-7. (7.134)
For the reconstruction plane, that is, where 7 = 0, Eq. 7.134 takes the form:
x-X+y-y+z-z=0+x-x+)-y. (7.135)

So far, we have only considered the central ray of the fan-shaped beam of radiation
in the reconstruction plane. In order for the remaining rays to be regarded as
elements of the hypothetical parallel beam, we need to consider an additional
rotation of the coordinate system (¥, ¥, /) about the 7'-axis. If the angle of this
rotation is represented by o, then we need to combine a third transformation
(from the (s, ', ¥) space to the (x, y, z) space) with the two discussed previously:

x
y|=s§+d -d+7-r, (7.136)
z

where the base vectors in this vector equation have the following form:

COS D - COS ocg -cosa’” — sin ocf’, - sin o?
s'= | cosv-sin o - cos o + cos o - sino” | (7.137)
sinv - cos o
—cosv - cos ol - sina? — sina! - cos o
u' = | —cosv-sin oc;’, -sino” + cos ocZ ~coso” |, (7.138)
—sinv - sino”
—sinv - cos ocz
r' = —sinv-sinocz . (7.139)

COS L
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In the ASSR reconstruction method, we need to determine the ray in the
(s, u, r) system (more specifically in the (s, u) plane, when r = 0) equivalent to
the ray passing through in the (s, u’, /) system (when ¥ = 0), i.e. in the recon-
struction plane. What we are looking for is the projection of a ray with parameters
(s'a") onto the (s, u) plane, in the form of a ray with the parameters (s, ). The
relationship linking the parameters of the two rays can be found by noticing that
their projections onto the (x, y) plane lie on the same straight line. To simplify
matters, if we assume that the plane of the projection in the global (x, y, z) coor-
dinate system is z = 0, then the required relationship is determined using the
matrix equation:

=

1 00
01 0|(0O+s-§+u-u)=|y|=ss+u-u (7.140)
0 0 1 z

It is important to note that each of the actual rays considered is either parallel to
the s-axis or the s’-axis. Thus, the point (s;,u;) corresponds to the point (s}, 0), and
the point (s1,0) corresponds, in turn, to another point on the ray in the (s, «’) plane,
such as the point defined by the pair (s},u5). It is possible therefore to make
Eq. 7.140 independent of the variables u’ and u, which consequently leads to the
following:

! .
o s+ cosv (7.141)
\/ cos? o + cos2 v - sin” oP
Ip
coso = o (7.142)

cos2 /P + cos? v - sin? oP

sino” - cos v
sino” = (7.143)

\/0052 /P + cos2 v - sin? oP

and (for converting the coordinates in the opposite direction):

’ N

s (7.144)

V/sin? o + cos2 v - cos? P

coso” = cosof’ - cosv (7.145)

\/sin2 o + cos? v - cos? o

. sin o?
sino? = 5 (7.146)
\/ sin” o 4 cos? v - cos? a?

At the same time, it is worth using Eqs. 7.141-7.146 to determine the following
trigonometric relationship for use later:

V/sin2 @2 + cos?v - cos2 o - \/cos? P + cos? v - sin &P = cos b. (7.147)



7.3 Cone-Beam Spiral Computed Tomography—CBCT 213

After these preliminary discussions concerning the spatial factors relating to the
projections and the location of the reconstruction plane, we are now ready to
formulate the actual ASSR reconstruction procedure represented in Fig. 7.47.

At this point, we will examine the successive signal processing stages of the
ASSR method.

7.3.5.1 Adjusting the Reconstruction Plane

After selecting the angle of rotation ocZ of the spiral projection system so that the
central ray of the beam intersects the z-axis at the midpoint of reconstructed slice,

Projections

Determination of the inclination
of reconstructed plane for
a given z,

Longitudinal approximation

p(s.07)

Correction

ps.a”)

Reconstruction method
formulated for parallel beam
scanner

wx,9,2)

Fig. 7.47 A flowchart of the ASSR reconstruction method
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we then have to determine the inclination of the plane of the slice. This angle of
inclination is represented by the symbol v.

In determining the optimum value for the angle v, it is useful first to impose the
condition ocﬁ = 0. The next step is to propose a selection criterion for the optimum
angle. One possible optimisation criterion [29-31] is represented by the following
formula:

an
v?”" = min / |ellipse (o) — focus(o")|do" | . (7.148)
—an

Due to the symmetry of the integrand about o = 0, the above equation can also be
written equivalently:

an
v?" = min /’ellipse(och) — focus(o")|do" |. (7.149)
0

The appearance of the quantity represented by the letter a in the above formula
requires some comment. It represents the range of the angle o taken into account

during the reconstruction of the slice image at ocz = 0. If, for example, a = 1 then

this range is [ag — T, oc’; + n}.
Considering Eq. 7.149 further, it can be shown that:

h
|ellipse (o) — focus(o")| = ’Rf tan v sin o — A;—n : (7.150)

The functions Ry tanvsino and /'t% have three points in common in the range

of — 7, ol + n} if:

P
o
Ry tan v sin o" —/12—20f0r =0 (7.151)
T
and
o
R tan v sin o — /12—§0 for o' = ar. (7.152)
n

We can therefore say that the reconstruction plane and the spiral path of the
moving tube have three common points: o« = 0, o = +aol, if:

h h

o ao
1<—Rrtanv <
S5 <

(7.153)

sin(ao)’

This is illustrated in Fig. 7.48.
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Fig. 7.48 Graphs of

Ry tanvsin o and )g—; z
assuming the condition in o
(7.153) is fulfilled M on
R, tanvsina.”
&
—_— a* O
al al

The determination of o/ should then permit us to calculate the angle of incli-
nation of the reconstruction plane using the formula:

2 h
A0,

tanv = (7.154)

27Ry sin o’

Before we do this, however, we need to have chosen the value of cx’: in such a way
as to minimise the value of the integral in Eq. 7.149. By inspecting Fig. 7.48 and
assuming the best fit of the reconstruction plane to the spiral path of the moving
tube, we can conclude intuitively that in order to meet the optimisation criterion
(7.149), we should use the following formula representing the average distance

between the functions Ry tan v sin o and i%:

an
AZpean = /
0

Because of the difference between the two areas of integration (before and after

o' = o), Eq. 7.155 can be converted to the following form:

Jolsino Jol

do. (7.155)

2am?sino!  2am?

amn
1 hgin oh h i oh
AZmean:2_7T2 /(Lnj—ocodoch—l—/(ah—%)dah . (7.156)
a sin o’ sin o
0

h
a*

By evaluating Eq. 7.156, we obtain the following simplified equation:

o o 1 2
AZimean = M(sin (xh(l + cos(am) — 2 cos o) + Eazn2 — (o) > (7.157)

Treating the right-hand side of Eq. 7.157 as a function of o, we can determine the
value of & for which the function is a minimum. This is identical to obtaining the
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smallest average distance between the functions Ry tan v sin o and i%, for a given
parameter a. To do this, we equate the derivative of Azye.n to zero, that is we
calculate the value o from the equation:

dAZmean
doh

=0. (7.158)

To obtain o in this way, the reconstruction plane must lie as close as possible to

the path of the moving tube, within the range [ocf, -, ocf, + m| of course:

o :%(1 + cos(an)). (7.159)

By combining Eq. 7.159 and Eq. 7.154, we obtain the following value for the
optimum angle of inclination of the reconstruction plane:

V= arctan( /.- arccos (51 + cos(am)) ) . (7.160)

2Ry sin(arccos (3(1 + cos(ar))))

7.3.5.2 Longitudinal Approximation

Longitudinal approximation uses the fact that both the real ray obtained physically
from the projection and the ray from the approximated projection are in the same
plane parallel to the z-axis. If that plane is represented by the symbol A, then this
property can be written as follows:

Alz= (7.161)

- o O

The position of plane A with respect to the reconstruction plane is shown in
Fig. 7.49.

The vectors A || u/(¢?) and O + ' -s'(¢?) € A uniquely identify plane A,
which means that all of the points in the plane satisfy the equation:

WEP)yxz)[ |y| —(0O+5 -§(P)) | =0. (7.162)
z

The point in the plane A of most interest is where the plane intersects with the
spiral path of the moving X-ray tube. This point can be determined from the
following matrix equation:

(u'(«”) x z)(ellipse(s") — (O + 5" - /(7)) = 0. (7.163)
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Fig. 7.49 The geometry of
the longitudinal
approximation

From relationships (7.124), (7.125) and (7.137)—(7.139), we can see that the fol-
lowing equations are satisfied for this point:

ellipse(o«") — (O + 5 -s'(o?))

—Rysino — s’ (cos v-cosal - coso” — sino - sin oc”’)
(7.164)
= | Rycosal — ¢ (cos v - sina! - cos o + cos o) - sin (x’P)
. h .
—Ry tan v sin (och - ocﬁ) — 48— ¢/sinv - cos o
and
a
o cos v - cos o - sin o + sin o) - cos o”
v (o) xz=|a . - (7.165)
h p h p |’
cosv - sina - sino? — cos ol - cos o

14

~

0

where a is a real positive coefficient.
Taking into account the need to set the scalar product of the vectors in Egs.
7.164 and 7.165 to zero, and defining:

§ =o' —of (7.166)

as the angle of rotation of the projection system with respect to the point related to
the place where the reconstruction is carried out, we obtain, after a series of
operations, the following equation:

Ry (cos o sin & — sin o cos & cos v) + s’ cos v = 0. (7.167)
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We can simplify this equation using the Eqs. 7.144—7.146 and write it in terms of
variables in the global coordinate system:

R;sin(é" — o) — s = 0. 7.168
s sin ) ( )

This formula can then be used to determine the relative angle of rotation of the
projection system, at which the path of the moving tube intersects the plane in
which the longitudinal approximation will take place. The result is represented by
the following relationship:

i (o, s) = o — arcsin——. (7.169)
Ry

We can draw one more conclusion from these considerations. It concerns the range
of projection angles o needed for the reconstruction process. If o varies within
the range [—an, an], and the range needed for the parameter s for each projection
value is [—R, R], then it is necessary to perform the projections at the angles

h h_ R h _ - R
o' € |0 — am +arcsing -, o, + an — arcsing |

In order for the approximation of the projection values to have as small an error
as possible, we have to try to select a ray for this operation, which deviates as little
as possible from the virtual path of the ray of the calculated projection. To help us
think about this more clearly, we can determine two geometric constructions, as
indicated in Fig. 7.50.

The first of these constructions involves establishing the plane that intersects

the surface of the reconstructed slice at the points O, ellipse(och —%) and

ellipse (ozh —i—%), and that contains the position of the tube, focus(och). The line

Fig. 7.50 Determining the
optimum ray in a fan, for
purposes of approximation
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representing the intersection of this plane with the reconstructed slice is the set of
points satisfying the equation:

line; = 0 + a, (ellipse (och + g) — ellipse (och _ g))

COos OCh

=0 —2aR; sin o
tanv - cos (och - ocZ)

, (7.170)

where a; is any real coefficient.

The second construction is the plane containing the point focus(c") and the line
at a distance s' - s(o?) from the centre of the coordinate system O, represented by
the vector u'(o”). The points of intersection of this plane with the ellipse of the
reconstructed slice lie along the straight line with the equation:

line; = O + 5" - §'(o¢7) + ayu’(o7), (7.171)

where a, is any real coefficient.
The point of intersection of these two lines satisfies the following vector
equation:

0+a (ellipse (rxh + g) — ellipse (och — g)) =0+5 -§(P) + au (7).
(7.172)

Subtracting the vector O from both sides of this equation and multiplying both
sides by s'(o7)(s' (&) - §'(&?) = 1;u/ (o) - §'(o’?) = 0), we obtain an equation that
represents the parameter a;:

s =a (ellipse (och + g) — ellipse (och - g)) -8/ (o)

i (7.173)

h

cos &" cos a” + sin &

o
sin o’” cos v
= —zale .
CcoS D
Substituting the value —2a;R; determined from relationship (7.173), into
Eq. 7.171, we obtain a formula from which we can calculate the coordinates of the
point in the reconstructed slice where line; and line, intersect:

X , cos o’
. s’ cosv o
point= |y | =0+ = — sin o
cos & cos o? + sin & sin o’ cOs v h
Z tanv - cos (oc )
(7.174)

Using matrix Eq. 7.174, we can easily calculate the coordinates (x, y, z) of the
point point and then, using Eqs. 7.113 and 7.115, determine where it is projected
onto the screen:
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R +Ry —s' - cosv
L . 7.175
Ypoint Ry cosd coso” + sin&" sino? cos v ( )
and
R+ Ry s/ cos & sinv o
int = . —A—. 7.176
Vpoint Ry <cos ghcos o +sinol sina/’ cosv 2w ( )
Converting these equations into the global coordinate system:
Rs+Ry —S
Wpoint = — fR : (7.177)
f  cos (cc" —oh — ocP)
and
R +Rs [ cos(och - ocz) “tanv  gh _ gh
Vpoint = R . -2 3 P (7178)
f cos (och — ol — cxl’) n

The projection value measured when parallel X-rays pass through the recon-
struction plane of a test object with attenuation function u(x, y, z) can be deter-
mined from the formula:

p(s, o) = /,u(x,y,z) -0(x coso? +y sina? — s")dx'dy’. (7.179)

The geometric relationships used to formulate this equation are shown in Fig. 7.51.

To avoid having to transfer the results of the reconstruction procedure to the
global coordinate system, the projection values from Eq. 7.179 should be defined
earlier, through the exclusive use of quantities related to the target (x, y, z) system.

Fig. 7.51 Determining a
parallel projection value in
the reconstruction plane
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First, we need to convert the argument of the Dirac delta. We can do this by using
vector Eq. 7.135 to obtain the system of equations:

08 3 (7.180)
y =¥ sina) cosv + ¥ cos !

~

{x =¥ cos o cosv — y' sin o/

Hence, the variables x’ and y' can be expressed as follows:

;o Cosalli sinazﬁ
, X _'x.cosuh+yc0sv . (7181)
y = —xsmocp—i—ycosoc]7

Using these relationships together with Eqs. 7.144—7.146, we can modify the Dirac
function appearing in the integration in Eq. 7.179:

xcos(ocl’; + oc”) —|—ysinoc(oc£‘ + oc”) -

O(x' cos o +y'sino? —5') =9

V/cos? o + cos? v sin® o

(7.182)

And finally, after using the Dirac delta scaling property, we obtain the equation:

2

O(x cosa? +y' sina? — §') = V/cos? o + cos? vsin® o

-5<xcos<ocz+ocp> +ysinoc(ocz+a”> —s).
(7.183)

The second of these essential changes concerns the variables with respect to which
the integration is carried out. When converting the variables of integration to x and
y, we need to calculate the Jacobian:

ow,y) 1

T (7.184)

After performing both these conversions, the integral Eq. 7.179 becomes:

, V/cos? o + cos? v sin® o

pP(s,od?) = /u(x,% E

cosv
: 5(xcos (ozﬁ + oz”) + ysin oc(ocﬁ + oc”) - s)dxdy. (7.185)

However, it would still be difficult to carry out any kind of reconstruction
procedure using projection values calculated like this. This is because the density
of the hypothetical detectors on the virtual screen varies depending on the angle of
incidence of the parallel beam. To allow for this, we need to deform the ellipse of
the reconstructed slice into a circle as observed from the point of view of the
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projection system. This is done by using a geometric factor to convert all the
projection values determined from Eq. 7.185:

Cos

s, of) =
\/0052 aP + cos? v sin® o

= /,u(x,y,z) . 5(xcos(az + oc”) +ysinoc(ozz + oc”) - s)dxdy.

(7.186)

P A)

A small point that is also worth considering is the fact that the real rays used for
the interpolation actually pass through the various tissues along a longer path than
that of the interpolated rays. This means that we have to make another correction,
which can be written as follows:

P’ (s,0”) = CORRECTION - (s, o), (7.187)

where CORRECTION is a correction factor.

It only remains to determine the correction factor CORRECTION. Once again,
it is important to remember here that both the interpolated ray and the real ray lie
in the same plane, parallel to the z-axis. The interpolation error is proportional to
the value of the angle. If both rays pass through almost the same tissues, the
projection values associated with these rays will be related to the corresponding
path lengths through the tissues. Owing to this, we can derive the angle-dependent
correction factor by using the cosine of the angle:

4
CORRECTION = M -

(s, 07) = cose, (7.188)
where ¢ is the angle between the real and the virtual ray.

The geometry of this method of determining the correction factor is shown in
Fig. 7.52.

We still have to decide, however, how to actually calculate the value of the
cosine correction factor. To do this, notice first that the direction and sense of the

Fig. 7.52 The geometry of z
the cosine correction factor screen
focus (oc k )
~Z4 point € u
—v
screen (w, v,o” )
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virtual interpolated ray are defined by the vector u'(«”), and for the real ray they
are defined by the difference between the vectors screen (w, v, och) and focus (och).
The scalar product of these two vectors is expressed as follows:

(screen(w,v,o") — focus (o)) - w'(«”) = ||screen(w, v, o") — focus (") ||
' (o?)]| - cose,
(7.189)

where ¢ is the angle between the vector u’(o”) and the vector screen (w, v, och) —
focus (o).

Consequently, from Eq. 7.189, we calculate the cosine correction factor of the
interpolation as follows:

cose — (screen(w, v, o) — focus(o))

- (o 7.190
||screen(w, v, o) — focus(a”)|| u'(«®), ( )

where ||u’(7)|| = 1.
Using the relationships (7.108), (7.110) and (7.137)—(7.139) in Eq. 7.190, we
obtain the following formula:

) —sin (oc” + aﬁ) cos v
weosa" — (R + Ry) sino” )
wsina" — (R + Ry) cos ot cos (“p + 0‘,,) cosv

% —sino? sinv

cose = : _
\/w2 +12 + (R +Ry)? V/sin? @ + cos? vsin® @

(7.191)

After rearranging Eq. 7.191, we obtain a computable formula for the required
factor:

CORRECTION = cose¢
~ wsin(&" — o) cosv + (R+Rq) cos (&" — o) cosv — vsina? sinv

)

\/w2 +12 4+ (R+Ry)?- V/sin2 @ + cos? vsin? o
(7.192)

h

120(/1

where 4 — oc’; still holds true.

7.3.5.3 Reconstruction by Convolution/Filtration and Back-Projection

Now that we have p?(s, o”), we can proceed to the final signal processing stages of
the ASSR reconstruction method, that is, the use of any reconstruction method
originally devised for a parallel projection system.

During the final operation, the back-projection of the filtered values p” (s, o),
we need to bear in mind that the parameter a may have a value other than 1. This
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means we have to convert the relationship defining the back-projection operation
to the following form:

an
| PP (s, o) do?
== — 7.193
u(x,y) >a (7.193)
In addition, if the gantry of the scanner is tilted, the reconstruction algorithm needs
to take this into account. A practical solution to this problem is described in the
article [31].

7.3.6 Discrete Implementation of the ASSR Algorithm

In a spiral cone-beam projection system, the ASSR algorithm can only make use of
projections obtained at certain angles and measured only at particular points on the
partial cylindrical-shaped screen.

The beam of radiation formed by the collimator reaches the individual detector
rows k =1,2,...,K, where K is an even number of rows placed on the screen. In
any given row, selected rays in the beam strike the detectors, each of which is
indexed by the variable n = —(H—1)/2,...,0,...,(H—1)/2, where H is an odd
number of detectors in each row of the array (number of channels).

During a spiral tomography examination, the radiation beam (actually its
centre) only passes once through any point on the z-axis. In practice, only a limited
number of projections are carried out, each of which is indexed by the variable
0=0,...,0 — 1, where ® — 1 is the total number of projections made during the
examination.

So, we can sum up by saying that the reconstruction algorithm has available to
it the projection values p"(n,0,k), in the ranges: n = —(H—1)/2,...,0,...,
H-1)/2;6=0,...,0 —1;k=1,2,...,K.

Before using the algorithm, we need to determine the location of the middle of
the reconstructed slice on the z-axis, a basic parameter for the examination. This
position is represented by z,, or by the angle of rotation of the projection system oc[h,
at the moment the centre of symmetry of the cone-beam intersects with it. A way
of converting z, into ocﬁ is given by Eq. 7.93.

Next, using Eq. 7.160, we calculate the angle through which the reconstructed
slice is rotated about the y-axis when the projection system is at an angle oc’;. This
angle is represented by the symbol v.

Having determined the initial parameters O!z and v, we are ready to perform the
reconstruction procedures using a rebinning strategy. That means relating
the results of the projections made in the cone-beam system to the raster of the

parallel-beam system as defined by the pair (s;, aﬁ), where

si=1-A,, (7.194)
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where /= —(L —1)/2,...,0,...,(L —1)/2 is the index of the detectors in the
parallel-beam system; L is the maximum number of detectors on the screen in the
parallel-beam system; A, is the distance between the detectors in the parallel-beam
system, and

o, = AL (7.195)

where  =0,..., W — 1 is the index of the projections in the parallel-beam sys-
tem; A” is the maximum number of projections.

The indices ordering the projections made in the hypothetical parallel-beam
system have the following relationships with the parameters of the cone-beam
projection:

L=2(RdivA?) +1 (7.196)
and

V¥ = Trunc(a-2n,A). (7.197)

The procedure for obtaining the individual parallel projection values p”(s;, oc‘:/’/)
with indices in the ranges: /=—(L—1)/2,...,0,...,(L—1)/2 and y =
0,...,%¥ —1 is as follows.

Step I For each value of [ and , we calculate the optimum angular position of the
projection system (along the lines of Eq. 7.169) for performing longitudinal
approximation. We can calculate this position using the relationship:

IAY
“?xlz = YA} — arcsin R;

+ o) (7.198)

and we can calculate the position of virtual detectors on a flat screen (using Egs.

7.177) and (7.178), which would measure the projection values best suited for
further processing, using the following two equations:

Ry +Ry 1A,

Wiy (7.199)
Ry cos (fxﬁ// — ol — WAu)
and
IAP - cos (och — oc”) -tanv Sh o
R+ R s 1 o o
yy =22 v Sy D (7.200)

Ry cos (oc?w — ol — lpA’;) 2n
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As wyy, and vy, apply to a flat screen, they need to be converted into the coordinates
of the real partial cylindrical screen, using the following two equations (see Egs.
7.120 and 7.121):

Wiy
= —arctan———— 7.201
By = —arctang =~ (7.201)

and

Ry
Ry + R,

2y =iy - cosfi- (7.202)

It is highly unlikely that amongst the rays in the cone-beams there are any that
have parameters that exactly match these calculated values. The solution to this is
to interpolate these parameters from others in the neighbourhood. It is useful,
however, to define them first using their relative values, calculated as shown
below:

Buy

my =14 (7203
A
h

Oy =0 (7.204)

and

X K+1 ziy Rr+Ry
W=—5—"+"" —.
2 A K

(7.205)

In order to carry out trilinear interpolation, we must next define what we mean by
the neighbourhood referred to above, using the following set of eight projection
values:

0 (o Ohokly )5 2" (i Oyl )i 0 (Ol )5 7 oy 01K, )

(7.206)
h h
p (’711#’ 014,7 k[lp) p (”l[lwa H/l/,a kh/,) (7][1/,, gllj,a k ) (17[,1[,5 le’ kﬁ/,) )

where 11}‘// = Trunc(ny, 1); 'IITW = 17[1]// +1; Q}w = Trunc (0, 1); Qlep =0y PRt kh[/ =
Trunc (kh/,, 1); lew = k[lw +1.
The next step in the process is to begin the interpolation of the projection values

p” (Ly) = (s;, of) ) We can do this using trilinear interpolation as follows:
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Fig. 7.53 A flowchart of the discrete version of the ASSR image reconstruction method for
cone-beam projections
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ﬁp(lﬂﬂ):(@;w—@w)
: [(kh—kw) {(ﬂfw—mw)ﬁh (”zwvglkalw) (’W ’W)ﬁh (’W’(’zw”‘w)]
+ (koo ) [ (k=m0 ) (i O i )+ (=i, )2 (00, 85, ) |+
.(gh//_gw.
| (k=i ) [l = ) 5" (g Okl )+ (s =y )2 (B ) |

+ (klx//_kll‘/,) K”IIT,/,—’W)IAJ ('hw@zwkhp) (”Ih/;"?zu,)l’f ('hwag;‘wk}w)”

(7.207)

Step II After the calculation of a given projection value p”(I,1), in accordance
with Eqs. 7.186 and 7.187 we need to subject it to the following correction
operation:

PL) = ~cos s cosb ), (7.208)

2a \/0052 o + cos? v sin® o

where cos ¢ is determined using Eq. 7.192.

The parallel projection values p?(l,4); I=—(L—1)/2,...,0,...,(L—1)/2
and y =0,...,'¥ — 1 obtained like this can be used in any reconstruction method
devised for a parallel projection system, such as the convolution and back-
projection method discussed in Sect. 5.4.

Figure 7.53 shows the signal processing stages for the discrete version of the
ASSR method.
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Chapter 8
Algebraic Reconstruction Techniques

The group of algorithms known by their initials algebraic reconstruction tech-
niques (ARTs) is the second most popular family of reconstruction methods.
However, ART techniques belong in turn to a broader methodology, which makes
use of finite series expansion [4, 5, 15, 16, 18].

All approaches related to this methodology are characterised by a simplification
carried out at the very beginning of the reconstruction process [5]. This simplifi-
cation relies on the assumption that the reconstructed image consists of a finite
number of elements. In this group of methods (unlike analytical methods), this
kind of discretisation takes place before the introduction of a discrete form of
algorithm. At the conceptual stage, the area of interest is divided into blocks of
identical size, each of which is defined as having a uniform radiation attenuation
coefficient and the geometrical centre of each block will be considered as corre-
sponding to one pixel of the reconstructed digital image. The topology of the
reconstructed image is shown in Fig. 8.1.

As can be seen from Fig. 8.1, each block in the image is identified horizontally
by the coordinate i = 1,...,I and vertically by j = 1,...,J. Thus, within each block
of the image, the uniform attenuation coefficient can be represented by p;;.

One very important characteristic, which may persuade us to use algebraic
algorithms, is that they enable us in becoming independent of the geometry of the
projection system. Here, we will assume that projections are made using a parallel-
beam system [1], although any other system can be considered just as easily.

Therefore, as we did when we considered analytical reconstruction methods,
each projection value obtained at an angle o, and measured at a point on the screen
a distance s; away from the axis of the projection will be represented by the
discrete form of the projection function:

PP W) = PP (I, YAY), (8.1)

where [ is the detector number, in the matrix; y is the projection number, A? is the
distance between the individual detectors on the screen, A} is the angle through
which the tube-screen arrangement is rotated after each projection.
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Fig. 8.1 Projection system geometry of the algebraic image reconstruction method

Assuming this approach to the topology of the reconstructed image and having
available a set of projections = 1,...,¥ — 1, each measured at points on the
screen [ =-L/2,...,0,...,(L/2) — 1 (where ¥ is the maximum number of
projections and L is an even number of detectors on the screen), we are now able to
formulate the image reconstruction problem for algebraic methods.

8.1 Formulation of the Algebraic Problem of Image
Reconstruction from Projections

Before we consider this problem further, perhaps it is appropriate to return to the
Radon transform defined earlier, in this case in its discrete form:

PPLY) = R(u(x,)). (8.2)

The algebraic approach, in addition to this, assumes that a given attenuation
coefficient distribution u(x,y) can be represented approximately as a finite, linear
combination of basis functions and constant coefficients [5, 18], which can be
written as follows:

1 J
u(x,) =33 wyoy(x,), (8.3)

i=1 j=1
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where Q,-j(x,y) is the elements of a set of basis functions; ; is a constant coeffi-
cient within the block (i,j);i=1,....I;j=1,...,J.
A basis function in its simplest form might be

1 when (x,y) is in the block (i,j)

05(%¥) = {0 when (x,y) is outside block (i,j)’ (8:4)

but there are also other forms of this function [15].
Taking into consideration formula (8.3), we can represent Eq. 8.2 by the fol-
lowing relationship:

I J
PP (L) = R(u( (ZZ%@U X,y ) (8.5)

i=1 j=1

Given the linearity property of the Radon transform, this formula can be converted
to:

1]
%ZZuRQny (8.6)

i=1 j=1

So, for the algebraic method, the result of a projection carried out at an angle
of = YAh, and measured at a point of the screen s = IA}, in a parallel-beam
projection system, can be written

1 J
)2 (L), (87)

i=1 j=1

where the substitution

%i (L) = R(gy(x,y)) (8.8)

can be interpreted physically as the contribution of a given image block with
parameters (i,j) to the formation of the projection value identified by the pair
(1,4), measured at the screen. A description of one of the heuristic methods for
determining the value y;(, ) is given below.

Bearing this in mind, i.e. the non-zero width of the radiation detector, it is
easy to ascertain the set of image blocks that have an influence on the
formation of the projection value p”(I,y). As can be seen from Fig. 8.2a, as the
ray passes through the test object (the image), all the squares through which
part of the ray passes are taken into consideration. The next step is to consider
the contribution made by each image block to the way in which each ray (I, )
passes through in the course of making a series of projections. This contribu-
tion can be calculated, for example, by counting the sub-blocks of a given
block (i,j) through which the ray [ of projection s passes, as illustrated in
Fig. 8.2b (10 sub blocks).
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9§'_L’f?z'____i_nn.ag§__.b;l.o_&_:}_i_'s_ -

% X-ray tibe

Fig. 8.2 The determination of z;(/, 1) : a determination of the set of image blocks taking part in
the formation of the projection value, b a way of determining the contribution a given image
block makes to the formation of a specific projection value

The value of each contribution Xij(l, W) varies between 0 and 1, where a value
equal to 0 means that the ray (/,/) does not pass through the block (i,j) and a
value of 1 means that the ray passes through only that block.

The determination and normalisation of the individual contributions y;(/, ),
for each projection value is as follows:

number_of _sub — blocks;(1, )
> g number_of _sub — blocks ’

where number_of _sub — blocks;j(I,) is the number of sub-blocks in the block
through which the ray (I,y) passes; number_of sub — blocks is the number of
sub-blocks in each block; Bl is the number of blocks through which the ray (I, )
passes.

If we know the values of y;(/, ) for all projection angles = 1,..., ¥ — 1,
and for all screen coordinates [ = —L/2,...,0,...,(L/2) — 1 then formula (8.7)
allows us to formulate a system of linear equations and so solve the reconstruction
problem using algebraic methods. This system of equations is solved with respect
to p; using various methods belonging to the whole class of ART algorithms. As
the dimensionality (I x J) of the array u; does not allow us to rewrite Eq. 8.7 in
vector form, we need to transform this matrix into vector y with dimensions I - J.
One possible way of implementing this transformation is the successive placing of
the columns j = 1,..., J of array y;; into the vector u. If we do the same with the
projection matrix, we are able to rewrite the equation as

P = XK, (8.10)
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where p is the projection vector with dimensions L - '¥; x is the matrix of values
%;(1, ) with dimensions L - ¥ < I-J.

At this point, the image reconstruction problem has been reduced to solving the
matrix equation (8.10), that is, to estimate the value of matrix p based on the value
of matrix p.

The biggest advantage of the algebraic approach to the reconstruction task is
that it is independent of the actual geometry of the projection system. To use an
ART algorithm for projection systems other than parallel-beam systems, all we
need to do is to recalculate the matrix . The biggest disadvantage of the approach
is the complexity of the calculation caused by the enormous size of the matrix .
For example, if we have a system with 512 radiation detectors and we make 100
projections during one revolution of the projection system, for an image with
dimensions I x J = 256 x 256, the number of calculations amounts to
51,200 x 65,536. Fortunately, the complexity of the calculation is significantly
reduced by the fact that most of the values in the matrix ¢ will be O.

8.2 Algebraic Reconstruction Algorithms

The algebraic assumptions described above, especially with respect to the topol-
ogy of the reconstructed image, have become the basis for an entire class of
reconstruction algorithms aimed at solving the system of linear equations (8.7).

We will begin our consideration of selected algebraic reconstruction methods
with the earliest approach, the basic ART algorithm, and in subsequent sub-sec-
tions, we will consider increasingly sophisticated algorithms based on it.

8.2.1 Basic ART Algorithm

Kaczmarz [20] described the fundamentals of the algebraic reconstruction tech-
nique even before the emergence of computerised tomography. In Kaczmarz’s [11]
original version, ART was not concerned with the problem of reconstructing an
image from projections at all. However, it was identical to an algorithmic approach
published much later, specifically for computed tomography.

The basic ART reconstruction algorithm is the starting point for a number of
methods that use iteration to find the solution to the system of equations [5, 17, 18,
19]

Pe = Ai b, (8.11)

where x; is kth row of matrix y; py is kth element of matrix p;k = 1,...,L - V.
To make our task easier, we will assume that the number of blocks is equal to 2,
that is I - J = 2. For this case, the equation can be written as
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Fig. 8.3 A graphical
interpretation of Eq. 8.12 A

[ 0 9% R WS

Hi

Ttk + Yoty = Pe, k=1,.., L. (8.12)

As we can see, each of these L - W equations represents the equation of a straight
line. This line can be interpreted as the set of all points on the plane (u;, u,),
whose coordinates p' = [u}, pb]; =1, 2,...,00 satisfy one of Eq. 8.12. An
example of one of the lines described by 8.12, together with an interpretation of its
individual elements in coordinate system (y,, &) is shown in Fig. 8.3.

We can see from Fig. 8.3 that in general, the vector 7, is a vector normal to the
hyperplane p, that is y; L p, the proof of which is given below.

Proof By considering the difference p'~2 of the two vectors p' = [u], u3] and
p? = [,u%, ,u%}, fulfilling Eq. 8.11:
=ty and P =y ut (8.13)

we obtain

/I The difference of the vectors

W2 =l o2

=2 =y F (! —p?) = Multiplying both sides by vector 1

=un ==

// Finally: The same p; occurs in both instances
=pk—p=0

If x7u!=2 = 0, then the vector p' =2, parallel to the line described by Eq. 8.12,
is perpendicular to the vector Y. Thus, vector y, is perpendicular to the line. [l

It is also worth noting that the scalar products occurring on the left side of each
equation of the system of equations (8.12) can be written in their equivalent form:

P = Yt + Taoko = (|2l - [[1l] - cos Z(xs 1)- (8.14)

It follows that if individual rows 7, of matrix y are normalised, i.e. each of the
components of the vector is divided by the length ||| of the vector, then Eq. 8.14
can be presented in the following format:
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Dk L1
el T

TR [l - cos £ (s, 1) (8.15)

||Xk
Although, in this situation, the coefficients of the equation of the line have
changed, it is clear from Fig. 8.4 that this does not affect its location on the plane.

However, the interpretation of H”k 0 changes in a fundamental way. As follows

from Eq. 8.15 and as shown in Fig. 8.5, the quantity ﬁ represents the shortest

distance of the straight line from the origin of the coordinate system (g, i5).

As a result of the normalisation of all the rows %, of matrix y, the lengths of the
vectors y, become ||y,|| = 1 for all k rows. For simplicity, we will temporarily
limit the number k to 2, which means that in the (p, it;) plane we can draw two
straight lines, represented by the equations:

A11 12 P
uy + My = )

(8.16)

121 X122 D2
Ty =
Il ™ el Il

(8.17)

The intersection of these two lines gives the solution of the system of equations for
the pair (y;, t,). To arrive at this solution, we can start from any point on the plane
nO = [0, 18], and project this point onto the line with index k = 1. Because
llx1ll = 1, the length of the projection of vector p° onto the line on which the

vector Y, lies, is equal to H H 1. However, the smallest distance of vector pu° from

the line, onto which we project it, is m o To be able to make the pro-

Hx [
jection, we must give direction to this scalar value by multiplying by the vector

%, which gives us the vector (I e > T - Making this projection onto the
: Kl =y
Fig. 8.4 A graphical Q\L
interpretation of Eq. 8.15 \\.w\
after the normalisation of M e Q.’L
vector ¥ . @ N
X Xe W‘?\
N\
L ] | <
(\’-’o
o« | e Be
I Y
1y
P
1~k
/l_t XM
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Fig. 8.5 A graphical n,
interpretation of ”’;ﬁ from \*\
Eq. 8.15 */\
\*\d~
o
Y A
[ Xt sz \\*\q\
el Tl AT )
/ By
r
I,

T
line relies on the subtraction of the vector ( ‘7'“ — O Hxll\ from the original
KT

value p° to obtain the new value 1!, located on the line. So, as a first step toward
solving (8.10) we can rewrite

10 X o) X x _ 0 (XlTuofﬁl)XlT 1
o= - ,;u = - (8.18)
ol =25/ alllhal [Pl

A geometrical interpretation of one iteration in the ART reconstruction method is
illustrated in Fig. 8.6.

After conditioning the vector ji' obtained in this way (a list of possible con-
ditions is shown in Table 8.1), we use it as the input for the next step of the
iteration. We will express the conditioning with the following function [18]
u! = condition(pi!).

In subsequent steps of the ART iteration algorithm, we project the vectors
W onto successive hyperplanes defined by the vectors y,. This operation is
described by the following general relationship:

Fig. 8.6 A graphical
interpretation of one iteration
of the basic version of the
ART reconstruction method
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Table 8.1 Types of conditioning for the vectors [’

ART algorithm convention Kind of relationship
Unconditioned algorithm W = condition(}\') = [/
Partially conditioned algorithm 0 for (<0

W = condition(|\ { i for i’ >0
Completely conditioned algorithm 0 for p'<0

W = condition(|! [ ofor0<p <1

1 for o' > 1
T, ¢ P T
thrl — Ht _ (ka' pk)xk , (819)

2
I

where t = 0, 1,...; %, and py are used in a periodic way, i.e.: p, = px, X, = Ax When
k= (tmod1-J)+ 1.

As with the first iteration, the values of the elements of the vector u’“ are
conditioned on the basis of the transformations shown in Table 8.1. After applying
the condition, the vectors automatically become the vectors p'*! and during this
process converge towards the optimal solution. In order to increase the accuracy of
the method defined by (8.10), further iterations of the algorithm run cyclically
along successive rows of the matrix 7. After reaching the last row, the calculations
begin again at the first row, etc.

It is also worth stressing that the algorithm works in such a way that, at any
given moment, only one of the I-J equations is satisfied and by combining
Egs. 8.11 and 8.19, we can rewrite

X n— pr
Pt = T = g = Ty (8.20)

Il 1®

This means that the k = (tmod1-J) + 1th— equation is satisfied with the rth
iteration of the algorithm.

Fig. 8.7 A geometrical
interpretation of successive
iterations of the ART
algorithm for a case where
the lines are almost
perpendicular
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One reason why it is worth using this algorithm is the existence of lots of zeros
in matrix x. This redundancy in 7 causes an overwhelming number of mutually
perpendicular vectors y, in the I - J-dimensional space and so greatly speeds up the
algorithm. A geometrical interpretation of the ART method, for two dimensions
only, is given in Fig. 8.7.

Finally, it is worth adding that the basic ART algorithm is rather slow in
converging to a solution because of the difficulty in matching a criterion for
stopping the iterative process [24]. Because the algorithm results in successive
approximations to the solution, there are no guarantees of achieving the solution
exactly. The stopping criterion might take into account the degree of saturation of
the solution (i.e. a lack of progress in consecutive iterations) or there could be a
rigid criterion where the number of iterations was pre-determined.

8.2.2 Practical Approach to the Basic ART Algorithm

Step I The first step of the algorithm is to establish the initial value of the vector
u® € R, representing the reconstructed image. We also give an initial value r = 0
to the parameter controlling the iteration of the algorithm.

Step I Here, we calculate the vector (! from the vector p°, the values p; and the
kth row of matrix 7, using the iteration relationship:

o+ O =P
2
12l

b

where k = (tmod1-J) + 1.

Step Il The next step in the iteration of the vector p'*! representing the image is
to take the components of the vector obtained after making the transformation:

t+1

Wt = condition(ji"1),

using one of the conditions contained in Table 8.1.

Step IV At this stage, we introduce the criterion for stopping the iterating algo-
rithm. We could base this criterion, for example, on choosing an acceptable
number of iterations f = t,,,, and/or on establishing a situation in which we
observe only small changes in the value of the vector p’*! in successive steps of
the algorithm. If the criterion allows the iteration process to continue, then we go
back to Step II and let:

we—p "t (8.21)

A flowchart of this method can be found in Fig. 8.8.
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Realization of the transformation
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{conditionings according to Table 7.1)
™ = condition(ji™* )
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Screen

Fig. 8.8 The basic ART algorithm
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Fig. 8.9 Geometric
relationships in the method
with relaxation

(2] 1<ho<2

1,0
v (1ph2)

Ky Kp
(riom)

8.2.3 ART Algorithm with Relaxation

The ART algorithm with relaxation is similar in operation to the basic ART algo-
rithm. However, the difference is that we introduce an additional parameter called the
relaxation parameter to the basic iteration formula (8.19), as follows [5, 8]:

G, (e = po) i
- 2
(el

, (8.22)
where /, is the 7th element of a sequence of relaxation parameters {4,}~;
k= (tmodI-J)+ 1.

The condition placed on the values of sequence {/,},-, can be expressed by the
following inequality:

v <A <2 — v, (8.23)

where vy,0, > 0.

In essence, this method involves the lengthening or shortening of the vector
with which we project the initial vector p onto the straight line p,4y = /-, 0/ If
the magnitude of the parameter lies within the range 0 < A, < 1, there is a
shortening of the correction vector, and if it is within the range 1 < /, < 2, there is
a lengthening. Figure 8.9 shows the consequences of the use of 4, in Eq. 8.24 for
the case of a two-dimensional space (u;, 1,) with two projections.

8.2.4 Practical Approach to the ART Algorithm with Relaxation

A systematic account of the algorithm is presented below.

Step I As with the basic ART algorithm, when we start this algorithm, the first
step is to determine the initial value of the vector p° € R!”, representing the image
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reconstructed from the projections. We also assign an initial value ¢t = 0 to the
parameter controlling the iteration of the algorithm.

Step II We now determine the vector [I'*! from the vector p°, the values p; and
the kth row of matrix 7, using the iteration relationship:

T, ¢t A~ T
. , U = Pr) X
utJrl:uti/Lt(k 2)k
[l

)

where k= (tmod I-J) + 1; A, is the rth element of a sequence of relaxation
parameters {/,},, (this value changes during the iteration process); where
v <A< 2 —u, foreach 1; v; >0, v, > 0.

Step III The next step in the iteration of the vector p'*! representing the image is
to take the components of the vector obtained after making the transformation:

Wt = condition(ji"),

using one of the conditions contained in Table 8.1.

Step IV At this stage, we introduce the criterion for stopping the iterating algo-
rithm. We could base this criterion, for example, on choosing an acceptable
number of iterations ¢ = t,,,, and/or on establishing a situation in which we
observe only small changes in the value of the vector W'*! in successive steps of
the algorithm. If the criterion allows the iteration process to continue, then we go
back to Step II and let:

Wit

A flowchart of this method can be found in Fig. 8.10.

8.2.5 Chaotic ART Algorithm

The chaotic ART algorithm is an asynchronous method of reconstructing an image
from projections [6]. The description and proof of the convergence of this algo-
rithm can be found in the paper [13]. We can begin a description of the rela-
tionships in this reconstruction method with the basic iteration formula:

T, -1 _ »
Vkl:lt’k _ “tfl _2 (Xk“ Pk)Xk ’ (824)

2
el

where ] is the kth row of matrix ; py is the kth element of matrix p; p € RM is
the matrix of the image divided into blocks; 0 < 4 < 2 is the relaxation parameter;
k € K, is an element of the set K, C {1,2,...,1-J}, which is a component part of
the chaotic set K = {K;},°,.
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The chaotic way in which the elements of the sets K, C {1,2,...,1-J} are
selected means that the following condition is satisfied:

tlim supK, = {1,2,...,1-J}. (8.25)

In other words, each of the rows of matrices ¢ and p occurs in the sets K; in total an
infinite number of times.

The next value of W' in the whole recursive sequence, as it approaches the
optimal solution, is calculated on the basis of the weighted sum:

W= wintk, (8.26)

kekK,

where the weighting of this sum satisfies the equation:

> owp=1 (8.27)

kek,

The principal feature of the chaotic algorithm, differentiating it from the basic
ART algorithm, is that the calculation of the next value of the solution is based on
the whole set of rows of matrices y and p. In each step of the algorithm, a different
set of these rows is chosen. In this case, this is done in a chaotic way.

8.2.6 Practical Approach to the Chaotic ART Algorithm

A systematic account of the algorithm is presented below.

Step I An arbitrary starting value is chosen for the matrix p’ € R,

Step Il For each ¢, the sets K, C {1,2,...,1-J} are selected chaotically. In the
case of a finite number of iterations, it is necessary to ensure that all rows of the
matrices ¥ and p occur in all the sets K, in total a sufficiently large number of
times.

Step 111 Each iteration of the algorithm makes use of all the rows of the matrices y,
and p, whose indices belong to the current set K;:

ik — (=" — )i

2
el

Step IV With a set of values [i'*; k € K, we can find a solution to the system of
equations in the tth step:
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uz _ Zwiunk,

kek,

where

Zwiz 1.

kek;

Step V' This repeats the sequence of actions starting from Step 111, until t = f,,4.

A flowchart of this method can be found in Fig. 8.11.

8.3 Iterative Coordinate Descent Algorithm

The reconstruction algorithm known commercially as the adaptive statistical
iterative reconstruction (ASIR) method is based on an approach presented com-
prehensively in [27]—the iterative coordinate descent (ICD) algorithm. The main
distinguishing feature of this method is that it takes into consideration the statis-
tical nature of the X-ray intensity measurements obtained from the scanner. This
results in an effective reduction in the level of noise in the reconstructed image and
thus an improved low-contrast resolution of the scanners in which the recon-
struction algorithm is applied. As we know, the low-contrast resolution depends on
the radiation dose used during a scan. The greater the radiation intensity, the
sharper the image is, and vice versa [14]. With this approach, it becomes possible
to reduce the radiation dose absorbed by the patient while maintaining a reason-
able value of low-contrast resolution for the apparatus.

The method discussed here actually makes use of two ways to describe the
geometry of the projection system: that used in analytical reconstruction methods,
and that used in algebraic techniques. However, we describe the algorithm here, in
this chapter, because the main methodological burden of the algorithm is situated
in the stage where the image reconstruction is carried out algebraically.

8.3.1 The Geometry of the Projection System in 3D Space

This approach to image reconstruction is related in principle to the projection
system geometry discussed in the part of Sect. 7.3 concerned with the tube-
detector-table system. The main difference in this algebraic method is its treatment
of the geometry of the reconstructed image. The algorithm here is designed for
spiral cone-beam scanners, so the geometry of the projection system has to be
changed significantly as compared to that given in Sect. 8.1.


http://dx.doi.org/10.1007/978-0-85729-027-4_7#Sec22
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Fig. 8.12 A voxel projection screen
onto the detector array

In the paper [27], a different way of calculating the coefficients of the ¥ matrix
from that given in Sect. 8.1 has been proposed. In this approach, the values of the
matrix elements y are determined from projections of the cubes, representing the
voxels of the reconstructed image, cast onto the detector array. Figure 8.12 shows
such a voxel projection, the so-called footprint, on the detector array. Note that the
index m determining the order of the voxels in the reconstructed 3D image changes
as follows: m=1,.. , LI+1,...,1-JJI-J+1...,1-J-N (using the notation
introduced in Sect. 3.4), where I and J are the numbers of pixels in the x—y plane
and N is the number of layers along the z axis in the 3D image.

In this algorithm, the contribution that a given voxel makes to the formation of
the projection value, reflecting the value of the corresponding element of the y
matrix, is calculated using an approach known as the 3D distance-driven method
[7]. What matters in this approach is that the contribution made depends on the
surface area of the detector under the footprint of the pixel. As the detectors are
2D, we need to take into consideration two footprints, one in the plane parallel to
the x—y coordinate system and the other in the plane parallel to the y—z system
(x—z). Examples of footprints in these two planes are shown in Fig. 8.13.

In Fig. 8.13, D, and D, represent the widths of the channels and rows,
respectively of the detector for which we are calculating the projection value;
dy,. and d,, represent the widths of the voxel’s footprint on the detector array,
measured, respectively, along a tangent to the curve on which the detector channel
is located (at the mid-point of the detector) and along the line of the detector row.
The diagram also shows the distances between the projection of the centre of the
voxel onto the screen and centre of the detector, i.e. d,. (in the plane of the
detector channel) and d,, (in the plane of the detector row).

When calculating the values of dyc, dy dye and d,,, we have to take into
consideration, the current positions of the radiation source and the detector array
relative to the voxel m. That is, we consider the angle o, between the line from the
tube focus to the centre of the voxel and the x- or y-axis, the angle o, between the
line from the focus to the centre of the voxel and the x—y plane, and the distance of
the voxel from the tube focus.

With these values D, dy., dyc, Dy, dyr and d,; we can then calculate the area of
a specific detector covered by the footprint of the voxel on the detector array. First,
however, for convenience, we introduce a “flattened” version of the footprint, as
shown in Fig. 8.14 [7].


http://dx.doi.org/10.1007/978-0-85729-027-4_3#Sec14
http://dx.doi.org/10.1007/978-0-85729-027-4_3#Sec14
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Fig. 8.13 Voxel footprint
a aligned along the detector
channels of the array,

b aligned along the detector
rows of the array

X
\, X-ray source
()
y
z
\,X-ray source

(b)

This simplified form of the voxel footprint makes it easier to approximate the
shaded area shown in the diagram using the overlapping segments d,. and d,. in
one direction, and d,; and d,, in the other. From Fig. 8.15, we can calculate the
joint contribution of these segments in each of these dimensions, using the
following formula [27]:

D +dy

A="3

ldy)- (8.28)

This measure obviously makes sense if there is partial coverage of the segments.
However, we also need to take into account other instances, such as when the
segments do not touch, or when one segment is completely contained inside
another, using the following formula:

D +d,

A = min [max {O, - dvq ,min [D, dw]} . (8.29)
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Fig. 8.14 A “flattened”
version of the footprint
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As suggested in [27], using a concept derived from [7], the overall contribution of a
given voxel to the formation of the projection value can be determined by the product

of the areas covered, normalised by the respective D quantities in the channel and the
row dimensions, multiplied by Cosfm (assuming that A, = A, = A,). This last
xy 4

factor corrects for the inclination of the beam passing from the tube focus through the
centre of the voxel. So, finally, we have the matrix element y for the kth projection
measurement of the mth voxel in the reconstructed 3D image:

— Ax— .
O8Ol - COS 0
min [max [0, 25% + |dy,|], min[Dy, dy]]
D, '
min [max [O,DCJerW“ + |dvc|] ,min[De, dwc]]
D, '

Lkm

(8.30)

Note also that in Eq. 8.30, «, is used to represent a version of the angle a,
restricted within the range £45°, as follows:



8.3 Iterative Coordinate Descent Algorithm 253

oy = (ocxy + E)mod (8.31)

T oz
4 4 4

8.3.2 Formulation of the Reconstruction Problem in Terms
of Probability

We will start this algorithm by assuming that the most appropriate statistical model
to describe the number of photons leaving the X-ray tube in a given equal time
interval is the Poisson distribution. This defines the probability of recording the
number of X-ray photons 4 at the focus of the tube as follows:

* A
P(A=))= Wﬂ*, (8.32)
where 1" is the expected value of a random variable A.

As we know from Chap. 4 (see Eq. 4.12), the projection value p measured at a
given angle of rotation oy of the projection system by a given detector [ is
determined by the following relationship:

. Il

Pl ) =In( 2 (8.33)
where I, is the intensity of radiation emitted by the tube (it is assumed that this can
be determined accurately, by preliminary calibration of the projection system); [ is
the intensity of the radiation after passing through the test object.

Transforming formula (8.33) and adjusting the indices by taking into account
the algebraic reconstruction problem formulated in Eq. 8.11, we obtain

Iy = Ipe P, (8.34)
where
1]
Pe="> Limbn- (8.35)
m=1

Assuming that the radiation intensity measured after passing through the test
object is proportional to the number of photons recorded by the detector during the
projection py, and that this measurement also depends on the expected (average)
attenuation coefficients 4 ,,, we obtain

1 N
I o 2% = Jge2mer Tenkn, (8.36)

On the other hand, the number of radiation quanta passing through the patient’s
body and arriving at the detector during the projection p; is dictated by the
statistics from Eq. 8.32, which can be rewritten as follows


http://dx.doi.org/10.1007/978-0-85729-027-4_4
http://dx.doi.org/10.1007/978-0-85729-027-4_4#Equ12
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’\*/Lk

P(Ag = Jy) = L e, (8.37)

ik'
where A", is defined by relationship (8.36) and all the random variables A, are
independent.

The probability in Eq. 8.37 can be regarded as a conditional probability, by
assuming that the expected value is equal to A"

2% Ak
k
Ax!

P(Ax = J|2g) = L7 (8.38)

Hence, if the expected number of recorded photons for each projection k is 1, the
conditional probability of a given number of photons passing through during all
the projections will be

LY

P(A = 2|2) H i (8.39)

k=

where A = [A]; 2= [ A7 = [4].
Substituting relationship (8.36) into Eq. 8.39, we obtain the following formula:

Ik
Ly (ioezm l“’"‘”'> S
=i =11 T e et PN = i), (8.40)

k=

—_

where 1" = [1;].

The resulting probability measure is determined by the expected values of the
attenuation coefficients y in individual homogeneous blocks of the image. Based
on Eq. 8.40, we can devise a class of reconstruction algorithms known in the
literature as maximum-likelihood (ML) estimation methods [22]. In these meth-
ods, we manipulate the values of g so as to maximise the probability defined in
Eq. 8.40, for measured values of ;. Unfortunately, the use of this method often
leads to instability in the reconstruction process [25]. One way to counteract these
negative effects is to introduce a stabilising factor (referred to in the literature as a
regularisation term) into the reconstruction method. This usually defines a priori
the structure of the reconstructed image and is intended to inhibit oscillations in
the reconstruction process and accelerate the convergence of the algorithm to a
solution. The whole expression to be optimised at this point consists of two terms:
the principal term (the basis for the maximum-likelihood method) and the
regularisation term (a priori information about the reconstructed image). Recon-
struction methods based on such a complex optimisation criterion are known in the
literature as maximum a posteriori (MAP) methods [3, 9]. The theoretical basis for
these methods is the Bayesian model, which in this case looks like this

PAANw) P nA)  PA=ip)

PR =2 =00 =Py~ PN

P(). (8.41)
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Equation (8.41) links the conditional probability P(A = A|u*) with the conditional
probability P(u*|A = ). The relationship between the probabilities P(A = A|u*)
and P(u*|A = 1) can be represented in another way, by taking the logarithm of
both sides. This gives us:

In P(WA=21)=1n P(A = Alg") +1In P(p") — In P(A). (8.42)

Furthermore, when considering that we are optimising by searching for the best
solution using gradient methods, i.e. by differentiating the optimisation criterion
with respect to the variables u;, we can eliminate the In P(A) term on the right
hand side of Eq. 8.42 [23]. As a result, estimating the values y; will take place
a posteriori by solving the following optimisation problem:

arg ming(In P(A = A|i") +1n P(u")). (8.43)

Mm’dX:

Let us consider, then, the first component of the optimisation criterion, which after
substituting Eq. 8.39 becomes:

InP(A = 2|2%)
] . Ak
LY (ioezml lkmﬂm> wo
= e 2 Fnt
= In o0
- e (8.44)
LY

~
Il

"
(Xklnlo — A Z Timhts, — In(2e!) — Xoezm lm,um>.
1 m=1

If at this point, we represent the projection values that would result from the
determination of the expected values 1, by

Iy
m=1
then Eq. 8.44 can be converted into the following form:

LY
InP(A = A7) = (Jln Jo — Apj — In () — Jgelt). (8.46)
k=

—_

Expanding the Jye’s component in Eq. 8.46 about the values:

I A
pe=1In (i) =1In (A—D (8.47)

into a second-order Taylor series and taking into consideration Apy, = p; — pi, we
obtain the following relationship:
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LW
) p
In P(A=22")= > (‘?k (P — i) +adn (Jo) — In (Z4)) — Ju (1 + lnz>).

k=1
(8.48)

It should be stressed that the values p; are associated with actual measurements of
the intensity of the X-rays after passing through the test object.
A form of Eq. 8.48, which will be more useful later, is:

LY
In P(A = 2|2%) = Z( i ﬁk)2+fun(/1k)), (8.49)
k=1
where
fun(ﬂvk) = /lkhl (Ao) —1In (;Lk') — ),k <1 + hl%) (850)
k

is a function independent of ji.
By taking Eq. 8.45 into consideration, Eq. 8.49 can also be represented by the
following matrix form:

InP(A = 711%) — 3 G — ) Dz —p) + fun(7), (8.51)

where D is a diagonal matrix:

d 0 .- 0 0 - 0
0 d -+ 0 0 4 - 0

D=|. . . l=1. . - (8.52)
0 0 - - doy 0O 0 --- ALy

In addition, it is assumed [26] that

dy =k = /1067‘”“ = L (853)
O
where o3, are the variances of the projection measurements py.

Therefore, having formulated the ML term, it is now time to determine the form
of the regularisation term. A very popular image-processing tool for regularising
optimisation criteria is Markov random fields (MRF).

To begin with, let us define the concept of the random field as a set of random
variables S = {S,,,m € M}, where M = {m = (x,y); 0<x<I—-1;0<y< J—-1}
[10]. The digital image u = {u,,,m € M} canbe regarded as an implementation of the
random field S, that is, as a set of random variables associated with the lattice M [12].

Defining the immediate neighbourhood of the pixel m as the set N(m) C M™;
M™ =M — {m} as the set of all neighbouring sites of the pixel m € M, a given
random field is a Markov random field if
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1 For all me M, P(p,,) >0,
2. For all me M, P(,um‘uN(m)) = P(u,|w, : m € N(m)), where m € M and

HN@m) = {:uﬁz) .

This second condition is known as the Markovianity and it means that the
probability that a pixel has a given value depends only on the image elements
immediately adjacent to that pixel.

One of the properties of MRFs is that it can be defined by the global Gibbs
distribution, which takes the following form

1

P(u,) = e ), (8.54)

where

Z=" et (8.55)

P €S

is known as the partition function or normalising constant and E(y,,) is the energy
function.

The Gibbs distribution is related to the concept of a set of cliques C, i.e.
appropriate configurations of voxels connected to each other in a lattice, where the
members of a clique are statistically dependent on each other. It is important that
each pair of a given clique is immediately adjacent. There are several types of
clique, depending on the number of pixels in the clique: i.e. first-order clique,
second-order clique, etc., which are defined as:

Ci=M={m: meM}, (8.56)
for the first-order clique,
C, ={(m,m) :m,m € M;m # m,m € N(im),m € N(m)}, (8.57)

for the second-order clique.

A clique of type C, with a 26-pixel neighbourhood in 3D space, is shown in
Fig. 8.16.

In this case, the definition of the energy in Eq. 8.54 can be represented by:

E(n) =Y Ve(i, :me C), (8.58)

ceC

where the function V,(-) defines the clique potentials in clique C.

We can see from formula (8.43) that we are interested in the logarithm of the
probability (8.54). This is represented as follows (taking into consideration the
expected values of the attenuation coefficients in the reconstructed image):

In P(i,) = —In Z =Y Ve, :m € C). (8.59)

ceC
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Fig. 8.16 A clique with 26-
nearest neighbours
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As gradient methods are used in the reconstruction algorithm, the —In Z compo-
nent can be omitted, as a normalising constant.

In the paper [2], formulating the generalised Gaussian MRF (GGMRF)
reconstruction method, the following form of the logarithm of the probability from
Eq. 8.59 (referring to the relationship resulting from the Gibbs distribution), has
been proposed:

1
In P ﬂjn =T N 2 ﬂ; - ﬂj?z ) (8.60)
() =~ ) 2, Vo = )
where m,m =1,..., - J; fun(-) is a monotone increasing function; ¢ is an

empirically determined scalar and controls the reconstructed prior image in the
neighbourhood of a given voxel, taking into consideration the noise model in
the image (methods of estimating the value of ¢ are given in [21]); V,(-) is the
potential function, penalising local differences between neighbouring voxels in the
image.

In [2], it was assumed that fun(o) = ag® and V, (ﬂfn — ﬂ;;,) = wm,;,p(ﬂj;l — ,ufh),
where

% |a

p (i, = i) = |, — i,

(8.61)

for a >0.
In short, we can convert the logarithm from Eq. 8.60 into the following form:

1
1HP(,&:;1) = _ao"‘ Z Winin

m,meC

i, — i " (8.62)

where w,,; are normalised weighting coefficients chosen as the inverse of the
distance between the voxels so that >, -~ Wyn = 1.
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The parameter a in Eq. 8.62 allows us to control the degree of edge pres-
ervation in the reconstructed image. It is of paramount importance for main-
taining the sharpness of the image when smoothing it by means of the lnP(ﬂ,’;)
term in the optimisation criterion (8.43). Parameter a in Eq. 8.62 plays a key role
in the trade-off between edge sharpness preservation and image smoothness, i.e.
noise reduction in the reconstructed image. Values of a > 1 allow us to preserve
the convexity of the regularising function, making it much easier for the opti-
mising algorithm (reconstructing the image) to find the global extremum.
A value of a =2 however causes substantial edge smoothing in the recon-
structed image. Thus, parameter a should have a value within the limits 1 <a <2
such as a = 1.2.

To increase the ability to influence the property of the regularising term with
respect to the above-mentioned trade-off between preserving the edges in the
image and eliminating noise, a modified form of the potential function has been
proposed [27]

i, =

> (8.63)

p (i, — ity,) —
1+ ‘um;um

where a represents the degree of nearness and b the degree of distance, between
the central pixel and a given pixel in the neighbourhood (in the literature b is
named g), where 1 <b <a<2; d determines the approximate transition threshold
between low and high contrast regions in the reconstructed image.

If a is fixed, a smaller value of b results in improved performance of the
regularising term in preserving edges in the reconstructed image, since for large
i, — [vy, the values of the term become relatively constant. On the other hand, by
manipulating the value of d we can move the property towards either smaller or
greater values of [ — fur .

In the literature, the optimisation term based on the potential function given in
Eq. 8.63 is referred to as g-generalised Gaussian MRF (¢g-GGMRF).

The optimisation problem as written in Eq. 8.43 can easily be transformed into
a more convenient form for finding the minimum, that is for finding the optimal
reconstructed image. Equation (8.43) can thus be converted into the following
form:

U = argmin(—In P(A = A|p") —In P(u")). (8.64)
ok
From our previous considerations based on Eq. 8.51 and 8.60, the reconstruction

problem reduced to the optimisation problem defined by Eq. 8.51 can be written as
follows:

) Vg(ﬂ;—ﬂ,’;)>- (8.65)

m,meC

(1 T 1
* — _ _ * D _ *
Hinax = argmin (2 (p— 1) D(p — ") + Fun(o)
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8.3.3 Solving the Problem of Optimisation

As mentioned in Sect. 8.3.2, the functions defining the optimisation criterion are
convex, so we can use a number of methods for finding optimal solutions to
Eq. 8.65 and still be guaranteed to achieve a global minimum. The choice of a
suitable optimisation method should be guided mainly by considerations of
computational efficiency [27].

The first component of the optimisation criterion shown in Eq. 8.65 is
approximately a quadratic function, which means that in this optimisation problem
we can use a method known in the literature as the Newton iterative algorithm. To
demonstrate the ability of this algorithm to find the minimum of a quadratic
function, let us use a very simple example function: fun(x) = x*>. We will represent
the value of the variable x in the rth iterative step of the algorithm by x(). If we
expand fun(x) into a Taylor series about the value x("), the search for the extremum
of fun(x) can be written as:

funin (x) = min (F un') (x))

i)+ (3= ) (4) 3 s -4 o (4,

which represents the approximation of the function fun(x) by the quadratic func-
tion Fun(x) in the neighbourhood of the point x(*).

A necessary condition for the existence of an extremum of this function at x is
that the derivative of the function at that point equals O:

(8.66)

dFun (x)

=0 8.67
oo, (8.67)

hence

/(50
o _fu () 0 (8.68)
fun" (x(0)) 2

In this way, we achieve convergence of the optimisation algorithm to the solution
in one step. If fun(x) is approximately quadratic, as with the optimisation criterion
given in Eq. 8.65, the convergence will still be relatively fast. In that case, the

value xfg-n at which the function Fun()(x) is a minimum is only an approximation
to the value at which fun(x) actually has its minimum. Assuming that in sub-

sequent iterative steps we choose xfflzn as the initial condition x("*!)

expand the function fun(x), we can write:

= fun' (xm) + (x - x('))fun” <x<’>>

about which to

dFun(x)
dx

=0. (8.69)
x=x(+1) x=x(t+1)
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Thus, by finding the roots of Eq. 8.69, we find successive approximations x(*);
t =1, 2,... to the value at which fun(x) is a minimum. This procedure for finding
the minimum is shown graphically in Fig. 8.17.

The algorithm described comprehensively in [27] is not simply a direct
application of Newton’s method to the MAP method. This is because the Taylor
series expansion only includes the ML term and not the a priori term. With this in
mind, we will use the following relationship to find the optimal solution:

LY
R . dy A~ * * *
uEy’lH) = argmln( E > (2ka (Pk - Xkﬂm) (#m - :“m(t)>

>0 \}=

+ Xim (lum lum(t)) ) +fun1(6) Z V” (ﬂ; - ﬂ:n)) ’

m,meC

(8.70)

where: y, is the kth row of the matrix y.

Note that we do not consider the Hessian matrix in the Taylor series expansion
of the quadratic term in Eq. 8.70. This means that in this approach, as one image
pixel is being improved by successive optimisation steps, the rest of the pixels
remain fixed. This leads to a significant speeding up of the reconstruction process.
To reduce any adverse effects introduced by this simplification, the sequence of
choosing the pixels for modification is determined randomly. The modification to
the algorithm for finding the optimal solution in multi-dimensional space is known
as the Newton—Raphson method [26, 27].

To change the individual image points, it now only remains for us to determine the
value at which the function in the brackets in Eq. 8.70 is a minimum. To do this, we
calculate the zero point of the derivative of the function with respect to i, giving us:

K-

e

-0 K-H-©

dekm(Pk Xk/‘ ) Z dkyk'"(’u’" M”’ ) fun
0,

Z Qo (i, — it3,)

m,meC

>¢~

=1

(8.71)

Fig. 8.17 Graphical
interpretation of Newton’s Jun(x)
algorithm

JROOI) x
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where: Q,(-) is the first derivative of the potential function V,(-) and is called the
influence function.

For the p(,&fn — ﬂ;%) function in Eq. 8.63, the influence function has the fol-
lowing form:

Qs (i, — i)
i, — i, (8.72)

a-b | 4 ’um;um

i — Bt | a—b
a—b a_d

| a

= sign (i, — i)

min .
o — Py
L [

To satisfy the assumptions for Eq. 8.70, we substitute ji;, = ;j,(”” into Eq. 8.71

and continue the next step of iteration process for ﬂ,’;l(” = i),

=>

8.4 Practical Approach to the Iterative Coordinate
Descent Alogorithm

The discussions above form the basis for the formulation of a reconstruction
algorithm from measurements made using a spiral projection system (scanner)
with a conical beam of radiation.

The geometry of this type of scanner is discussed in detail in Sect. 7.3 and this
will be the basis of our discussions here. In addition, as far as the geometry of the
reconstructed image is concerned, everything established in Sect. 8.3.1 is also
relevant here. The method given there for determining the elements of the matrix
coefficients y in the 3D image is particularly important. Therefore, the values of
the elements y,,; k = 1,2,...,K-H-© (K is the number of rows, H is the number
of detectors in each row placed on the screen (channels), © is the total number of
projections made during the examination); m=1,... . LI+ 1,... 1-J1-J+
1..,I1-J-N (I and J are the numbers of pixels in the x—y plane and N is the
number of slices of the spatial image along the z axis) are calculated a priori from
the projection parameters, before the actual process of reconstruction.

From the measurements made by the scanner we obtain the individual pro-
jection values py; k=1,...,K-H- 6.

The values i, and p; represent the starting point for the reconstruction algo-
rithm presented in the following steps:

Step I It is worth mentioning that since the objective functions in the optimisation
problem are convex, to speed up the convergence of the algorithm to a solution,
the initial condition y*® for = 0 is determined using a standard algorithm such
as the Feldkamp method, discussed in Chap. 6.

Step II The element u,*n(’) of the reconstructed image to be adjusted is selected
randomly.


http://dx.doi.org/10.1007/978-0-85729-027-4_7#Sec22
http://dx.doi.org/10.1007/978-0-85729-027-4_7#Sec22
http://dx.doi.org/10.1007/978-0-85729-027-4_6
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by | k=1 K-H-©
A A

Determining of the elements of matrix
X

plx
Determining of the starting image
0

18
using the Feldkamp method

*f
n Iy
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of the m-element &,

¥
Determination of the root of the equation
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Fig. 8.18 A diagram of the iterative coordinate descent (ICD) algorithm
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Step III We determine the root of the following equation (see Eq. 8.71):

K-H-0 K-H-©
> ditin (Pk Tk ’>) +
k=1 —

:O,

dk%%m (:urn - luj;z(l)) fun Z Q‘T ium ﬂ:ﬁ)

k=1

by, for example, performing a half-interval search.

The root of this equation is taken to be the next value of the reconstructed pixel,
ie. 1 (1+1)

Step IV All the m-voxels are checked to see whether they have been improved. If
not, we return to Step II.

Step V The sequence of steps from Step II to Step IV is repeated until
Vm|'u*(t+1) _ #*(l‘) < IHU,

where, on returning to Step II, we assign t = ¢ + 1.

The reconstruction algorithm described above is represented diagrammatically
in Fig. 8.18.
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Chapter 9
Evaluation of CT Devices

The production of tomographic images can be regarded as the transformation of
the X-ray attenuation coefficient distribution in a patient’s body into a recon-
structed image. The final image is produced as a result of a whole chain of
processes and is affected by a range of factors including the technical parameters
of the scanner, the type of projection system, and finally the type of reconstruction
algorithm applied.

Assessment of the physical and technical capabilities of CT scanners is made
possible by the establishment of standardised, quantitative, comparative criteria.

9.1 Technical Parameters of CT Devices

As with any technical device, CT scanners can be described using standard
parameters [1, 2, 4, 7, 8]. When planning the purchase of a scanner, a health
service department should carefully analyse the models on the market using
standardized parameters that describe both their properties and capabilities. In
order to make the right decision concerning what is, after all, a considerable
financial investment, they need to strike a balance between the price of the
equipment and their expectations of the device. Parameters for the evaluation of
the quality of a CT scanner include:

e Cycle time The total time taken to scan and reconstruct the image. Note that the
smaller the cycle time, the greater the chance of avoiding the creation of arte-
facts caused by patient movement, including physiological movements such as
the beating heart or chest movements while breathing;

o Spatial resolution [12] The minimum area in the image in which changes can be
detected. This quantity is defined using the transfer function of the scanner
G(f, f,) (called often the MTF, modulation transfer function [6]), an example of
which is given in Fig. 9.1 (because the function is axially symmetrical about the

R. Cierniak, X-Ray Computed Tomography in Biomedical Engineering, 267
DOI: 10.1007/978-0-85729-027-4_9, © Springer-Verlag London Limited 2011
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Fig. 9.1 An example 4
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origin of the coordinate system, it can be represented by a single curve MFT(f)).
The transfer function defines the frequency domain relationship between the
original and the reconstructed image in the presence of noise, and determines the
ability of the scanner to capture rapidly changing attenuation coefficients in the
object. The spatial resolution is most often defined in terms of the cut-off fre-
quency of the one dimensional transfer function, i.e. the value at which the
function MTF(f) drops to the 50, 10 or 2% level. The value of this parameter
depends solely on the properties of the detectors and X-ray source used in the
scanner, on the method of sampling and on the method of reconstruction (the
interpolation method and kernel filter used).

e Low-contrast resolution (contrast detail) [S] The ability to detect small differ-
ences of attenuation coefficient in tissues. It is defined as the ratio between the
smallest detectable difference of attenuation coefficient (on the Hounsfield scale)
and the average value within an object of a given size, for a specific radiation
dose. This last factor is introduced because low-contrast resolution is propor-
tional to the radiation dose. Current scanners have a resolution of between 0.3
and 0.4%. This can be increased by increasing the radiation dose or extending
the scanning time.

e Uniformity [4] A measure of the homogeneity of the image (or rather the het-
erogeneity). This can be calculated from the average attenuation coefficients
measured at selected areas of a uniform standard water phantom (Sect. 9.2),
using the formula:

max( min(

P (x, y) — u™ (x, y)
pm (x,y) + pmin(x, y)”

where p™**(x, y) is the highest average attenuation coefficient from among all the

selected areas of the phantom; ,umi"(x, y) is the smallest average attenuation

coefficient from among all the selected areas of the phantom.

e Linearity (sensitometry) [4, 10] defines the relationship between the attenuation
coefficients measured at the average energy of the scanner and the values assigned
to them on the Hounsfield scale for all types of tissue, using the formula:

heterogenity = (9.1)

max
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linearity = (9.2)

where u; is the attenuation coefficient assigned to a given tissue, on the
Hounsfield scale; pf" is the attenuation coefficient measured at the average
energy of the scanner; / is the number of the tissue under consideration.

A practical method for determining this parameter using a phantom is given
in Sect. 9.2.

e Slice thickness The nominal thickness of the image cross-section. This is often
determined using the value of the full width at half maximum (FWHM) of the
scanner [3, 4], which is defined on the basis of the sensitivity function of the
scanner. An example of a sensitivity function is presented in a simplified form in
Fig. 9.2.

To determine the sensitivity function, a phantom composed of metal strips or
wires inclined at an angle is used (Sect. 9.2). The intensity of the X-rays is
measured along the main axis of the patient with respect to a fixed point, and the
results are then normalised relative to the maximum value. The slice thickness is
the distance between the two points on the graph of the sensitivity function,
which have values equal to half the maximum value. A typical value for this
parameter would be in the range 0.4-10 mm.

e Computed tomography dose index (CTDI) This index is measured in milligrays
(mGy). It defines what dose a patient absorbs when scanned by a particular CT
apparatus, and is determined as follows:

22
1
CTDI = 7/Dose(z)dz, (9.3)
|22 — 21
21

where Dose(z) is the distribution along the z-axis of the dose absorbed by a
phantom during the test; z;, z, are the start and endpoints on the z-axis of the
measurements made by the dosimeter. The test measurements are made using an

Fig. 9.2 A simplified A
example of the sensitivity I
function of a scanner -

z[mm] (location on the main axis of the patient)
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ionization chamber (diameter 10 mm, length 100 mm) placed inside a cylin-
drical phantom made from a substance similar to human tissue (e.g. poly-
methylmethacrylate). If we assume that the CTDI index varies linearly with the
distance between points on the surface and the centre of the phantom, its average
value for one scanned slice can be calculated using the formula:

1/1 2
.CTDL, = 0 <3 CTDIipo + 3CTDIM)O‘,,), (9.4)

where Q is the current-time product during the test; the subscript 100 means
that the measurement was made using an ionization chamber of length
100 mm; ¢ means that the measurement was made at the centre of the
phantom; p represents a value calculated on the basis of two to four mea-
surements made at the periphery of the phantom. Note that the ,CTDI,, index
can vary depending on the nominal thickness of the scanned slices. We can
determine the value of the dose absorbed by the patient during a scan by
using this parameter and taking into account other parameters such as: the
high-tension voltage of the tube, the current-time product used during the
scan, the thickness of the slices scanned and the number of those slices.
Clearly, the total dose absorbed by the patient should not exceed permissible
levels. Consequently, much of the efforts of manufacturers of tomographic
equipment are currently directed towards minimising this dose. The most
important approaches in this respect are presented in the paper [9].

e Pitch This factor is only relevant to spiral scan systems and is the ratio between
the displacement of the table with the patient on it and the thickness of the
scanned layer for one revolution of the scanner:

pitch = (9.5)

A
SW’
where 4 is the relative travel of the spiral described by the tube as it moves
around the test object in (mm/rad); SW is the nominal thickness of the layer in
(mm) (see Eq. 7.5 and the appropriate comment below it).

9.2 Phantoms

In order to control or verify the parameters of a scanner, specially developed
structures called phantoms are used. Some of these have become standards
whereas, due to the widely differing functional requirements placed on CT scan-
ners, the design of others has been specified by individual medical equipment
manufacturers.

This section will present the most popular standard phantoms and examples of
some of the phantoms provided by manufacturers of scanners.
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Fig. 9.3 The ATS phantom water
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9.2.1 ATS Phantom

The ATS phantom was first proposed by the American Association of Physicists in
Medicine and was designed to test low-contrast resolution, one of the key
parameters that characterise tomographic devices. The design of this phantom,
together with its dimensions, is shown in Fig. 9.3.

Situated inside the Plexiglas housing of this phantom are rows of circular
inserts with diameters that change from row to row. These inserts have adjustable
attenuation coefficient values, expressed on the Hounsfield scale. The whole of the
inside of the phantom is filled with water.

During the measurement of low-contrast resolution, the phantom is subjected to
radiation of constant, standard intensity.

9.2.2 Mostrom’s Phantom

This phantom is used to measure the homogeneity of the image, as defined in the
previous section of this chapter [4, 11]. In the example of the phantom illustrated
in Fig. 9.4, the parameter / = 5.

9.2.3 Low-contrast Resolution Phantom

The earliest design of phantom used to measure low-contrast resolution is shown
in Fig. 9.5.
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Fig. 9.4 Mostrom’s Plexiglas
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The metal rods, shown immersed in water in the diagram, are arranged in rows,
where both the diameter d; and the distance between the rods 2d; decrease as the
index i of the row increases. The low-contrast resolution of the scanner is deter-
mined by the smallest diameter of rod, which is visible as a distinct element in the
reconstructed image (see also [13]).

Plexiglas

9.2.4 Spatial Resolution Phantom

Spatial resolution (units: Ip/cm) is determined by the use of a phantom to measure
the point spread function. In this phantom, a length of stainless steel wire is placed
perpendicular to the test cross-section, as shown in Fig. 9.6 [4, 12].

The MTF, which directly determines the resolution of the scanner, can be
calculated using the Fourier transform of the reconstructed image. Because the
diameter of the wire is small in relation to the size of the pixels, it can be neglected
in the calculation.
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Fig. 9.6 A phantom to

measure the point spread w water
function ?
steel wire Plexiglas
Fig. 9.7 An example of a
CT linearity phantom water
polyethylene
Plexiglas

Plexiglas

9.2.5 CT Linearity Phantom

The phantom described here is used to assess the linearity of the tomographic
image as defined in Sect. 9.1. In the phantom illustrated in Fig. 9.7, the parameter
I =5 (Eq. 9.2).

The five materials used here are selected according to the Hounsfield number
assigned to them. The Hounsfield numbers are chosen to cover the widest possible
range of the scale.

By drawing a graph (see Fig. 9.8) of the relationship between the Hounsfield
numbers assigned to these materials and their attenuation coefficients measured by
the scanner (at the average radiation energy), we can establish the nonlinearity
parameter based on Eq. 9.2.



274 9 Evaluation of CT Devices

Fig. 9.8 Evaluation of the 3
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Fig. 9.9 Phantom to
measure the slice thickness:
a front view; b side view
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9.2.6 Slice Thickness Phantom

The most popular solution to the problem of measuring the slice thickness is the
method using the phantom shown in Fig. 9.9 [3, 4]. This phantom has two alu-
minium strips of thickness » = 0.6 mm inclined to the reconstruction plane at a
fixed angle ¢ (this angle is usually either 30 or 45%).

Figure 9.10 shows how the length d of the shadow of one of the metal strips,
which is visible in the tomographic image, is used to calculate the thickness of the
cross-section D, using the formula:
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o,
FWHM

(a) (b)

Fig. 9.10 Measurement of the slice thickness: a tomographic image of the phantom shown in
Fig. 9.9; b the trigonometric relationships in the determination of the slice thickness

D =d - tan ¢. (9.6)

The method of determining the slice thickness, described above, assumes a neg-
ligible thickness for the aluminium strips. The absolute minimum slice thickness
that can be measured using this method is determined by the relationship:

b

min — m (97)

For the angle ¢ = 30° quoted earlier, the value D, is approximately 0.7 mm.
Since, in modern designs of scanner, slice thicknesses can be <0.4 mm, the
method of calculating D outlined here had to be modified. The modifications
included changes to the material used to make the metal strips in the phantom, the
thickness of the strips and the angle at which they are set. The strips in modern
designs of phantom are made from titanium, which gives better contrast; their
thickness is 0.05 mm and the angle ¢ = 8°. The minimum slice thickness, which
can be determined with a phantom like this, is Dy, < 0.1 mm.

9.2.7 Phantom Simulating a Skull Bone

Filters are often used in reconstruction algorithms to compensate for the distortions
to the image at the boundary between the skull and the brain. The use of the
phantoms described above would cause these filters to have an adverse effect on
the reconstructed image in the absence of a substitute for the skull bone. For that
reason, a Teflon rim, as shown in Fig. 9.11, is usually fitted to one of the phantoms
described above (for example Fig. 9.11b) to simulate the skull bone [4].
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Phantom simulating
a skull bone

Another type of phantom
Teflon

(a) (b)

Fig. 9.11 A phantom simulating the skull bone: a the design of the phantom; b how the phantom
is used to simulate the skull bone

Reference point

Fizing element

—

Slice
W thickness Spatial resolution
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Fig. 9.12 A phantom set

9.2.8 Phantom Sets

In practice, phantom sets composed of several sections are often used; each section
may contain several (usually two) of the basic phantoms described above. An
example of a set of phantoms is shown in Fig. 9.12.

To facilitate accurate mounting of the phantom set, a reference point is marked
on the second section. The position of this point can be adjusted using a special
optical viewfinder in the gantry of the scanner.

A set like this enables quality control tests to be carried out on the whole
measurement system of the CT scanner: the X-ray tube, the radiation detectors and
the instrumentation.
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9.3 Start-up and Test Procedures

To ensure reliable operation of the scanner throughout the whole of its working
life, it is important that all the manufacturer’s recommended procedures for start-
up and testing are followed.

As soon as the scanner is turned on, the start-up window of the scanner’s
application software informs the operator of the progress of the start-up proce-
dures. An example of a start-up window can be found in Fig. 9.13.

After sliding the table out of the scanner’s gantry (Feed Out), the quality of the
image is tested (7est Image), but without the emission of radiation. This is to
confirm the correct operation of the imaging system. The next step is to prepare the
tube for operation by heating it up (Warm Up). The next action (Calibration) takes
place in the absence of any radiation-absorbing material in the gantry of the
scanner. The measurements made at this time form the basis of the corrections that
must be made to the projections obtained during the routine operation of the
scanner. After calibration, procedures testing the operation of the scanner are
carried out (Quality). The procedures performed at this stage can be divided into
two types:

e qualitative tests, performed each day or weekly,
e stability tests, performed each month,
e annual tests.

A set of daily/weekly tests (performed by technicians) to check the quality of
the reconstructed image might include:

e a test to measure the homogeneity of the image, using a phantom such as that
shown in Fig. 9.6,
e a test of the point spread function, using a wire phantom as shown in Fig. 9.11,

start-up window for a CT 220

scanner

[~ Feed Dut
[™ Testimage
I~ WamUp
[~ Calibation
I~ Qualty

Confirm selected functions - press <Go>
Ignore selected functions - press <Quickstart>

(e ) (i Gancal ' Qulckstan




278 9 Evaluation of CT Devices

a check of the X-ray tube voltage.

A battery of tests performed by service personel or technicians on a monthly

basis might consist of the following items:

spatial resolution,
positioning accuracy,
linearity,

slice thickness.

Annual tests might be a combination of the following examinations (performed

by physicists):

daily/weekly tests,

index accuracy and table positioning test,
contrast scale test,

distance accuracy test,

patient dose.

In an emergency, if the time needed to perform the entire start-up procedure

could affect the life or health of the patient, a fast start-up procedure (Quickstart)
can be carried out, which excludes all the points selected in the start-up window
shown in Fig. 9.13.

of

Appropriate tests should also be carried out on the scanner after the installation
the equipment and after any routine maintenance or servicing. Application

software installed on the scanner’s computer enables the results of the tests to be
saved, so creating a history of the device for purposes of comparison.
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Chapter 10
Computer-Generated Projections
for Simulations

Any new image reconstruction algorithm or indeed any modification of an existing
method requires a computer simulation to verify its usefulness. In previous
chapters, a number of reconstruction methods have been introduced and in order to
facilitate their practical application, we took the opportunity to give their discrete
versions. One of the biggest problems when it comes to testing reconstruction
algorithms is the difficulty in obtaining a set of projection values measured
physically by a CT scanner. Moreover, if we were to use measurements obtained
from a scanner, we would really need a set of standard projections in order to
compare the different image reconstruction algorithms, particularly as real,
physical projections are affected by various types of distortion whose nature and
degree are uncertain.

However, mathematical models of phantoms have been proposed [4, 7], which
allow us to obtain virtual projection values. The main advantage of this approach is
that it makes it possible to standardise the data for the reconstruction algorithms
and therefore makes it much easier to compare results. It also becomes easier to
compare the reconstructed image with the original cross-section. In addition, a
number of studies have presented virtual models of organs and body parts such as
the heart [3] and the thorax (http://www.imp.uni-erlangen.de/phantoms/).

The best way of obtaining the projection value data needed for a simulation is
to use a mathematical model of a particular part of the body such as the model of a
head phantom proposed in [7] and described, for example, in [1, 2, 5, 6].
A mathematical model of a phantom of this type should have the following
characteristics:

e it should be possible to assemble the object from separate elements, each of
which has a constant attenuation coefficient,

e it should be easy to calculate of the path of a ray that passes through an element
of the phantom,

o the calculated projection values for the various elements of the phantom should
be additive (a consequence of the linearity property of the Radon transform).

R. Cierniak, X-Ray Computed Tomography in Biomedical Engineering, 281
DOI: 10.1007/978-0-85729-027-4_10, © Springer-Verlag London Limited 2011
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10.1 Mathematical Model for Parallel-beam Projections

When we consider the conditions set out in the preceding section, in particular, ease
of calculation, the geometric shape most suitable for the construction of mathe-
matical phantoms is the ellipse. A phantom made up of ellipses allows us to obtain
the projection values for all points of interest on the screen, at any projection angle.
An example of the structure of a mathematical head phantom is given in Fig. 10.1.
This model consists of elliptical elements each having a constant value of
attenuation coefficient. Equations describing the individual ellipses and a table
containing their parameters are given below (the symbols of the variables used in
the model are illustrated in Fig. 10.2):
22
S+l (10.1)

for an ellipse centred at the origin of the coordinate system,

()C*)Co)2 ()’*}’0)2
e + = <1, (10.2)

for an ellipse with its centre displaced to the point (xo,yo),

((x —x0) cos g+ (y— yo) sinag)* n (—(x—xo) sinag 4 (y — yo) cosog)?

> - <1, (10.3)

for an ellipse displaced to the point (xy,yo) and rotated about its centre by an angle
oo (Table 10.1).
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Fig. 10.2 Symbols used to y
describe the ellipses in the
model of the head phantom

The image of the model head phantom is built up by superimposing successive
elements of the phantom using ellipses defined by the following equations with
appropriate parameters:

const  f 2P <1
pley) =0T E RS (10.4)
0 for 2 +3; > 1
for an ellipse centred at the origin,
2
const for (x*)250> 4 W) (‘ )’O) < 1
ﬂi(.x,y) = ‘ul (x_(; )2 ( ) (105)
0 for =4+ ’ o5 q’
for an ellipse with its centre displaced to the point (xg,yo),
'u'(x y) _ 'ulgonst for ((x—xo) cos “0:2@—)’0)51“ )’ + (=(x—xo) sin “ob-;()'—YU)COS %) <1
1\ 0 for ((xfxo)cosocg;rz(yfyo)sinoco)z + (7(x7x0)sinocobt(yfyo)cosoco)z > 1 ’
(10.6)

Table 10.1 Parameters of the ellipses making up the mathematical model of the head phantom

Ellipse Coordinates of the Semi-major ~ Semi-minor  Angle of rotation oy~ p™™
number centre axis axis (deg) (x, y)
X0 Yo a b
I 0.0000  0.0000 0.6900 0.9200 0.0 2.00
II 0.0000 —0.0184 0.6624 0.8740 0.0 —0.98
I 0.2200  0.0000 0.1100 0.3100 —18.00 —0.02
v —0.2200  0.0000 0.1600 0.4100 18.00 —0.02
v 0.0000 0.3500 0.2100 0.2500 0.00 0.01
VI 0.0000  0.1000 0.0460 0.0460 0.00 0.01
VII 0.0000 —0.1000 0.0460 0.0460 0.00 0.01
VIII —0.0800 —0.6050 0.0460 0.0230 0.00 0.01
IX 0.0000 —0.6050 0.0230 0.0230 0.00 0.01

X 0.0600 —0.6050 0.0230 0.0460 0.00 0.01
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Fig. 10.3 The topology of
the ellipses making up the
mathematical model of the
head phantom

for an ellipse displaced to the point (xg,yo) and rotated about its centre by an
angle o. A phantom constructed in this way is shown in Fig. 10.3.
Assembling the mathematical model of the phantom from elliptical shapes as
described above allows us to use the superposition property of the Radon trans-
form. This means that for a given angle of incidence o, we can sum the separately
evaluated projection values p”(s, o) for the individual figures at each point s:

10
Ps,of) = Z JACK) (10.7)

For a single figure, the projection value at a given angle is expressed by:

2aby/s2,—s? st
Ps o) = Au - peonst = g for s < s (10.8)
0 for |s| > sm

where s,, = \/a? cos? o + b2 sin® o is the distance of the ray (tangential to the
ellipse) furthest from the centre of the ellipse.

Proof

207 The equation of

@y the ellipse

//Substituting x = 251 Using a .

(s—ysino?)? | 2 relationship
Foorw Tir=1 from Table 4.3

/ITransforming the expression on the left hand side of the above equation
2 —2sysinoe?+y? sin®o? | Y2
a? cos? o + » 1

//Equivalently

(continued)
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(continued)

b2s* — bR2sysino? + b*y? sin® o + y2a? cos? o = b*a? cos? o

//Rearranging all monomials to one side of the equation

//and rearranging the square trinomial

y* (0% sin® o + a? cos® o) + y(—2b2ssin® o) + b2s* — a*b? cos® o =0

//Calculating the discriminant A, of the square Substituting
//trinomial S = S,

Ao = (<2625, sin® o) +4 (b2 sin® a2 + a? cos? o) (b2s2, — a?b? cos? o) = 0
//Rearranging and simplifying the expression
52 = a? cos® o + b sin? o

//’;{eturning to the calculation of the discriminant of the square trinomial
Ap = (—2b2s sin? 05”)2—4 (b2 sin? o + a? cos? oc”) (b*s* — a’b* cos® o) =
= 4a®b* sin® o” cos® o — a’b*s* cos? o + a*h? cos* o =

= 4a’b? cos? o (bz sin? o — s° + a® cos? oc”) =

= 4a%b? cos® o (s2, — 5°)

//The first root of the quadratic equation in the y-direction

2b%s sin” o’ —2ab cos? o (sfn —s* )
y1 = Zom

//The second root of the quadratic equation in the y-direction

2b%s sin® o’ +2ab cos? o (v,zn —s )
Y2 = 25,
m

/IThe square of the difference of the roots in the y-direction

2
2 4ab cos? o (xz 75")
1 —»)" = <7zx,,,

//The first root of the quadratic equation in the x-direction

o 2a?ssin® o —2ab cos® o’ (.v,zn—s‘)

- 25m

//The second root of the quadratic equation in the x-direction
7 2a%s sin® o +2ab cos? o (sg,—s‘)

- 25m

//The square of the difference of the roots in the y-direction

.9 2
2 _ (4absino? (s —s'
(xl Xz) (a sin” of (55, s))

X1

X2

2sm
/IThe Euclidean distance between the two points where the path
/lof the ray s intersects the ellipse:

Dist = \/(xl —x0) 41— ) =

2 2
4a2b? sin® o (s%7 —sz) n 4a?b? cos? o (Szm —:2)
- 28m 28m -

/[Finally
2ab+/ (s, —s* . 2ab+/ (s, —s*
= 75 2)\/sin? ap + cos? o = —Y( n=s")
Sm Sm

O

For ellipses whose centres have been displaced by the vector (xg,yo) and/or
rotated by the angle o, we can calculate the projection value using the following
relationship:
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pl (s, ", (x0,50),%0) = p! (s — socos(a” — o), o — o), (10.9)

where

50 = \/x3 + 3, (10.10)

ay’ = arctan <)ﬁ> : (10.11)
X0

The strategy in this case is to bring the centre of the displaced ellipse to the origin
of the coordinate system, and then to simulate the projection values there, bearing
in mind that the measurement was actually carried out on the screen at the
appropriately displaced point. For an ellipse rotated by o the simulation of the
projection values is carried out at a projection angle o, adjusted by the angle o,.
The relevant trigonometric relationships and their interpretation are shown in
Fig. 10.4.

To calculate the distance sy, between the ray passing through the centre of the
ellipse and the furthest rays still just passing through it, we use the relationship:

s = \/a2 cos? (o — ag) + b sin* (@ — o). (10.12)

Note that in Eq. 10.12, there is no term related to the displacement of the centre of
the ellipse. This means that ellipses whose centres have been displaced but not
rotated do not require a correction during the calculation of s,,.

The determination of the parameters of the rays tangential to the ellipse is
illustrated further in Fig. 10.5.

Fig. 10.4 Determining the
projection value of an ellipse
rotated through an angle o
and displaced by the vector
(x0, ¥0)
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Fig. 10.5 Determining the

tangents to an ellipse rotated
through an angle o and dis-
placed by the vector (xo, yo)

(=)
S-----
o

Now that we have constructed the phantom model we can move on to obtain the
projections. To do this, we need to choose the resolution with which to calculate
the projections and to choose the angle through which the system is rotated after
each projection. The calculations are then performed using the procedure descri-
bed above.

10.2 Mathematical Model for Fan-beam Projections

The problem of image reconstruction from fan-beam projections was introduced in
Chap. 6. Here, we will apply the geometric relationships derived in that chapter to
formulate a method of obtaining fan-beam projection values for the mathematical
phantom just described in the previous section of this chapter. The most important
conclusion we can draw from our earlier investigations is that for any ray in a fan-
beam, we can find an equivalent ray in a hypothetical parallel-beam. Using
equations (6.19) and (6.20), we can define relationships that allow us to express the
parameters of a parallel-beam ray in terms of parameters specific to a ray in the
fan-beam:

s =Rysinf (10.13)
and
o =o + B, (10.14)

where f is the angle between the ray and the principal axis of the fan-beam, o the
angle of rotation of the fan-beam projection system and Ry is the radius of the
circle described by the tube.


http://dx.doi.org/10.1007/978-0-85729-027-4_6
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The next step is to determine the parallel projection values p?(s, o) for all the
elements of the mathematical phantom, using the parameters established by
Eqgs. 10.13 and 10.14. This is carried out as described in Sect. 10.1. The sum of
these projection values for all of the elements of the phantom gives us the pro-

jection value p/(8, of).

10.3 Mathematical Model for Cone-beam Spiral Projections

For projection systems that use a cone shaped beam of radiation moving in a
spiral around the patient, it becomes necessary to define the mathematical
phantom in three dimensions [4, 5]. This means that Eq. 10.1, defining the
ellipses (plane figures) that make up the mathematical phantom, needs to be
replaced by the equation of an ellipsoid (a three-dimensional solid), as in the
following equation:

x2 2 ZZ
S5 (10.15)

for ellipsoids centred at the origin of the coordinate system. For ellipsoids dis-
placed to the point (xo, yo, z0), the equation takes the form:

2 2 2
(x aZxO) L0 beO) L CZZO) <1. (10.16)

If in addition, the ellipsoid is rotated in the (x, y) plane by an angle «, about the
origin, then the above equation becomes:

((x — x9) cos 0 + (y — yo) sin o) + (—(x — x0) sin o9 + (y — yo) cos o)
a? b?

2
<, (10.17)

The following table contains the set of parameters for the ellipsoids in a proposed
mathematical model of a head phantom [5].

A perspective view of the complete mathematical phantom, whose parameters
are given in Table 10.2, together with cross-sections in the (x, y) plane are shown
in Fig. 10.6.

Any parallel projection in 3D space can be regarded as a projection made in the
(x, ¥) plane by a beam of radiation parallel to the x-axis, after all the rays of the
beam have been subjected to two transformations combined. The first of these
transformations is rotation in the (x, y) plane by an angle ¢ about the z-axis. This
means that the coordinate system (x, y, z) can be replaced by the rotated system
(s, u, z), where
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Table 10.2 Parameters of the ellipsoids making up the mathematical model of the head phantom

Ellipse Coordinates of the centre S.-min.  S.-min.  S.-min.  Angle of  u“™(x, y)

number axis x axis y axis z rotation

o Yo 20 a b ¢ oo (deg)
I 0.000  0.000 0.000 0.6900  0.9200  0.9000 0.0 2.00
11 0.000  0.000 0.000 0.6624  0.8740  0.8800 0.0 —0.98
I —-0.220 0.000 —0.250 0.4100  0.1600  0.2100 108.0 —0.02
v 0.220  0.000 —0.250 0.3100  0.1100  0.2200 72.0 —0.02
v 0.000  0.350 —0.250 0.2100  0.2500  0.5000 0.0 0.02
VI 0.000 0.100 —0.250 0.0460  0.0460  0.0460 0.0 0.02
VII —0.080 —0.650 —0.250 0.0460  0.0230  0.0200 0.0 0.01
VIII 0.060 —0.650 —0.250 0.0230  0.0460  0.0200 90.0 0.01
IX 0.060 —0.105 0.625 0.0400  0.0560  0.1000 90.0 0.02
X 0.000 0.100 0.625 0.0560  0.0400  0.1000 0.0 —-0.02

Fig. 10.6 Mathematical
model of the head phantom
from Table 10.2: a a
perspective view, b a cross-
section in the plane A, ¢ a
cross-section in the plane B
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s = xcosof + ysinal (10.18)
and
u=—xsinal +ycosal. (10.19)

The second transformation is rotation of the (s, u, z) system by an angle o5 about
the s axis. If we introduce a new, rotated coordinate system (s, i, 1), the coordi-
nates of any point in this space can be calculated using the following relationships:

t=zcosdh + (—xsinol + ycosol) sinob (10.20)
and
i = —zsinob + (—xsinaf + ycosal’) cos ob. (10.21)

Using these transformations leads to a situation in which the parallel beam falls
perpendicularly onto the screen to which the (7, s) coordinate system has been
assigned.

In a practical implementation of the spiral cone-beam scanner, each of the rays
emitted by the X-ray tube is characterised by the following parameters (see
Chap. 7):

f—the angle between the ray and the axis of symmetry of the moving projection
system,

o"—the projection angle, that is the angle between the axis of symmetry of the
moving projection system and the x axis,

z—the distance along the z-axis, from the current centre of the projection system.

Because the shape of the screen of radiation detectors is cylindrical in this
system, there are certain additional operations that we need to perform. A major
problem is posed by the uniform distribution of detectors in the z-direction. Note
that in this case there is no uniformity of angular distance between the rays striking
the detectors. Therefore, to specify a ray in the (z, x) plane, it is better to consider
the distances on the principal z-axis of the projection system rather than the
distances on the screen, using:

R¢

= 10.22
"y (10.22)

b4
where Ry is the radius of the circle described by the tube-screen system, R, is the
radius of the circle described by the screen.

In the y-direction, however, the cylindrical shape of the screen permits uniform
spacing of the detectors both in terms of linear distance on the screen and in terms
of angular distance between the rays striking the screen. In this situation, we can
use the angle f to specify a given ray in the (x, y) plane.

We will now attempt to replace any projection value in the cone-beam system
with a specific parallel projection value. The process of finding the parameters of
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10.3 Mathematical Model for Cone-beam Spiral Projections 291

the hypothetical parallel ray in the (x, y) plane is the same as in the case of the fan-
beam (see Sect. 10.2). This occurs with the projection system rotated by the angle
o« about the z-axis, as indicated in Fig. 10.7.

Using this diagram, it is easy to find the trigonometric relationships between the
parameters of the ray in question in the two projection systems:

s =Rysinf (10.23)
and
o) =" + . (10.24)

Using Fig. 10.8, however, we can find the geometrical transformations allowing
us to assign a ray in the (z, x) plane of the parallel-beam system to a ray in the

Fig. 10.7 Finding the ray in
the (x, y) plane in the paral-

lel-beam system equivalent to
a ray in the cone-beam

Fig. 10.8 Finding the ray in
the (z, x) plane in the parallel- \
beam system equivalent to a zZ
ray in the cone-beam
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cone-beam (in fact, to a segment of a fan-beam). The diagram also makes it easy to
determine the following parameters for the parallel ray under consideration:

. R¢ cos

t= Zf—[l, (10.25)

(Rycos B) 422
where 7 is calculated using relationship (10.22) and:
p . Z
oy = AICSIN — . (10.26)
(R, cos )"+

It is easy now to determine the parameter ¢, using:
t=(z+2z,)cosob. (10.27)

As with the two-dimensional mathematical head phantom, the final result of the
simulated measurement in three dimensions will be the sum of all the calculations
for the ellipsoids in Table 10.2, using a formula similar to Eq. 10.7:

10
Pr(s,tof oh) = pl(s,t,0f, o). (10.28)
P

In a similar way to Eq. 10.8, we can obtain a formula that allows us to find the
projection value for a single ellipsoid in the 3D phantom:

pf’(s,t, ocf,ocz) Au- o™
LS. 2abe

:tT[dm]%
waz s*(c* cos® oy + (b*cos® of +a*sin’ o} ) sin” o)
— 1 (a*cos® o + b sin® o )(%)
—2stsinof sinof cosof (b* — az)]%
(10.29)
for d,, > 0, and
Pl (s 0], ab) =0 (10.30)

for d,, < 0, where d = \/c2 a?cos? af + b2 sin® o}) cos? oy + a2b? sin” of.

A pictorial view of this method of obtaining the projection value of an ellipsoid
irradiated by a cone-beam is given in Fig. 10.9.

A problem still remains, however: how to determine the parallel projection value
for ellipsoids whose centres do not coincide with the point (x, y, z) = (0, 0, 0) or
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Fig. 10.9 Determining the projection value of an ellipsoid using a cone-beam of radiation

are rotated with respect to one of the (x, y, z) axes. In the first case, the centre of the
ellipsoid is translated by the vector (xo, Yo, Z0), While in the second, it is rotated by
the angle o in the (x, y) plane only. To determine the projection value of a 3D
ellipsoidal element of the model, which has been subjected to one of these trans-
formations, we simply use the following relationship:

P (s,t,00 o, (x0,¥0,20),00) = Pl (s — s0 - cos (o — af) 1 — tg cos o, o} — 0rg, 0.
(10.31)

We will now attempt to determine correction parameters for the translated ellip-
soids. The geometrical relationships shown in Fig. 10.10 are helpful in formulating
expressions regarding correction in the s dimension.

Fig. 10.10 Determining the
correction of the centres of
displaced ellipsoids in the s
dimension

S cof
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Fig. 10.11 Determining the
correction of the centres of
displaced ellipsoids in the ¢
dimension

tco’ & Za Z
fo

ul \u

In a similar way to the 2D case, we can find the correction of the centres of
displaced ellipsoids in the s dimension based on relations (10.10) and (10.11).
Additionally, we can determine the following auxiliary parameter:

Uor = S0 - sin (o — af). (10.32)

In the case of the correction of the centres of displaced ellipsoids in the ¢
dimension, Fig. 10.11 is very useful. It represents the geometrical relationships
when the projection system is rotated by the angle o5 about the s-axis.

Based on Fig. 10.11 we can write:

fo = 20 + Ucor tan o =z + so sin (o — af') tan of5. (10.33)

To calculate the value of d for ellipsoids rotated by o, we use the relationship:

d = /c*(a?cos?(af — o) + b2 sin® (o — o)) cos? oy + a2b?sin® . (10.34)

Note that irrespective of the projection angle, translation of the centre of the
ellipsoid does not affect the way we calculate this parameter. The trigonometric
relationships and the basic symbols used in this problem are presented in
Fig. 10.12.

The sum of the parallel projection values of all the elements of the phantom
determines the projection value ph(ﬁ, och, 2).

10.4 Introduction of Noise to the Projections

All measurements of physical quantities are subject to noise. In order to simulate
the effect of measurement noise on the projection values obtained using the
mathematical phantom, we use the following equation:
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Y

projection

4

Fig. 10.12 Determining the projection value of an ellipsoid rotated through an angle o and
displaced by the vector (xo, yo, 20)

Phomma (8:2”) = (1+ N(po,%))p" (s, &), (10.35)

where p’ (normal(s, @) is the parallel projection value distorted by normal noise,
N(po, 62) is stochastic noise of normal distribution (py, mean value and 0'2,
variance).

Suggested values [8] for the mean and the variance of the normal distribution
are po = 0 and o” = (0.05)%, respectively.

A method for the computer generation of noise with a normal distribution is
given in Appendix B, for set values of p and o”.
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Appendix A
Functions and their Properties

A.1 The Dirac Delta Function

Definitions
The one-dimensional Dirac delta function:

&
lin(1) / 0(x) = 1whered(x) =0 forx #0 (A1)
£—>
—&
Table A.1 Functions used in the book and their definitions
Section Name of Definition
function
rect v J 1 for |x[>}
rect(x) = {0 for |x|<1
sign 1 for x>0
sign(x) =¢ 0 for x=0
—1 for x<O0
sinc sinc(x) = Siﬂg[t)f)
div division with no remainder: x div A = ¢; ¢ € [; when
4-c|<xAJA-(c+ 1) >x
mod remainder after division: x mod A = ¢; ¢ € I; when ¢ + (x div A) = x
Trunc (x—(xmod 4)) for x>0
Trunc(x,A) = 4 =
(x,4) {(X_(X'A"”M)) —1 for x>0

Al Dirac del s
irac delta ¢ lim [ 8(x) = 1; where d(x) = 0 for x # 0
X— —x

comb comb(x) = i o(x —1i)

I=—00

Convolution

Suny (x) * funy (x) = jfo\ Sfuny (x — X) - funy (x)dx

(continued)
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Table A.1 (continued)

Section Name of Definition
function
A2 Fourier 0 it
transform FUN(f) = F{fun(x)}2 ;qun(x)e 2
A3 Radon

transform p(s, o) = R{ fun(x,y)} = f Sfun(x,y) - 6(xcosa+ ysino — s)dxdy

Hilbert % fun o
transform Hfun(x) = H{ fun(x)} fun ™ % joo —x
Cross- . .
correlation i (¥)¥funa(x) = f Suny (%) - funy (X — x)dx

z,(x)

Fig. A.1 The form of function (3)

m

The two-dimensional Dirac delta function:

hm// (x,y) = Il whered(x,y) =0 forx#0Vy#0 (A2)

—& —¢&

Proof of the scaling property of the Dirac delta function:

0
o(ax) o) (A.3)
|al
An alternative definition of the Dirac delta function is:
d(x) = lim z,(x), (A.4)

where z,(x) is a function defined as:

L for 0<x<eg
z(x) = { 0 for the remaining x’ (A-3)
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the graph of which is shown in Fig. A.1.
Thus substituting:

o(ax) = lin& ze(ax)

into equation (A.1) we obtain:

o 1
lim ze(ax)dx = —.
e—0 o |a|
Thus, if the mass
o o0
1
/ d(ax)dx = Tl / o(x)dx,
a
— 00 —00
we obtain:
S(x)
dlax) = —=.
(ax) a
O
Proof of the Dirac delta function of a function:
o(x —xp)
S(fun(x)) = Tl (A.6)
)
If by definition we know that 6(x) = O for every x # 0, then similarly:
5(fun(x)) = 0
Table A.2 Properties of the Dirac delta function
Property Description
Scaling S(ax) = b‘(ix)
One-di ional shifti < .
ne-dimensional shirting f ﬁm(x) ) b(x o x)dx :ful’l(x)
Two-dimensional Dirac delta d(x, y) = d(x)-0(y)
Two-dimensional shiftin X .. . N e g
£ S J fun(x,3) - 0(x — &,y — y)didy = fun(x, y)
—00 —00
?irac. delta function of a o(fun(x)) =3 '?,(ffx?:f’)) where x; are zero points of the function
unction [ o)
Jun(x)

ﬂé x —x)cosa+ (y—y)sina)do = ———ou-—"
(o= )cosa-+ (= 9)sinodn =t
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for every value of fun(x) except where fun(x) = 0, i.e. the points at which x = x;,
where x; are the zero points of the function fun(x). At these points, we can regard

the derivative df%@”) as the local gradient of fun(x), i.e. the linear coefficient
appearing in fun(x) = ax + ¢; , where:
dfun(x;)
a=——"
! dx

and ¢; = x; are the shifting constants.

Therefore, taking into consideration the scaling and shifting properties of the
Dirac delta proved earlier and the presence of many places where fun(x) is zero, we
can write the following:

o(x —x;)
fbﬂ’l Z | o ; dfun(x/)l

d(x)

Proof of the relationship:

1

(A7)
V=223

/(3(()5 —X)cosa+ (y —y)sino)do =

T

/ O((x —x)cosa+ (y — y) sina)do =
0

Hfun(a) = (x —x) cosa+ (y — y) sina = O}é(fun(oc))doc =

//Considering property (A.6)

Y 5 _
B / 27(0{ %) do =
; dfun(oy)

0 d()

/Iwhere: fun(oy) = (x — x)cosoy + (y — y) sinoy

/ O — o)
> s
|—(x — X)sinoy + (y — ¥) cos oy
1

- Z(I—(x—)'c) S TG e, 2] -

INf o € [0,m), then [ € {L} and [ (a — o;)doe = 1 in the function tan o,
0
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1
|—(x — X)sinay + (y — y) cos o |
1

\/(—(x — %) sinag 4 (y — ) cos oz )’

i sin o x—%)* sin” &,
/[Considering that: —=; = tanoy = St Eyfyiz = CO:Z P’
B 1
V=0 — 37
O
A.2 The Fourier Transform
Definitions in one dimension:
The Fourier transform:
FUN(f) = F{ fun(x)} = / fun(x) - e 7" dx (A8)
—00
The inverse Fourier transform:
fun(x) = F{'{FUN(f)}2 / FUN(f) - &*"df (A.9)
Definitions in two dimensions:
The Fourier transform:
FUN(f] ,f2) = F2{fun(x’y)}é / / fun(x’ y) . e*jZﬂf(xcosal>+ysinap)dxdy (A.lO)
The inverse Fourier transform:
fun(x) = F; ' {FUN(fi.f2)}= / / FUN(f1,fp) - & xeosaoysin) gg, g,
-0 —0
(A.11)
Proof of the Fourier transform of the function: 1
oS (A.12)

(27mx)*
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Table A.3 Fourier transforms of various functions

Sun(x)/fun(x, y) FUN(H/FUN(f, f>)
d(x) 1
o(x £ xp) e® J27fxo
e T j2max of £ a)
rect(x) sinc(f)
comb(x) comb(f)
1
Ty /
o(x, y) 1

O(x £ X0,y £ yo)
e ij27ml)c~e ij27wzy

e * j2nfixge * j2nfayo
Oo(fy £ arfo £ az)

rect(x, y) sinc(f1.f2)
comb(x, y) comb(fy.f>)
Table A.4 Properties of the Fourier transform
Transform Form of the function/equivalent after Fourier transformation
property
One dimension  fun(x) «» FUN(f)
Rotation fun(£x) < FUN(£f)
Linearity aifuny (x) + asfuny (x) < ai FUN, (f) + a2FUN;(f)
i r
Scaling fun(ax) o FU‘IZ‘(U)
Shifting fun(x & xp) < e . FUN(f)
Convolution Sfun(x) = fun| (x) * funy(x) < FUN(f) = FUN,(f) - FUN,(f)

)
Product Sfun(x) = fun (x) - funy(x) < FUN(f) =
) = fun (x)¥cfuny (x) — FUN(f) =

Cross-correlation fun(x

FUN:(f) * FUNa(f)
FUN; (f) =« FUN,(f) where: fun,(x)

is real
Two dimensions fun(x,y) < FUN(f1,f>)
Rotation Sfun(xx, £y) < FUN(£fi, £f2)
Linearity arfuny (x,y) + arfuny(x,y) < aiFUN, (ff2) + aaFUN>(f1, f2)
Separability Suny (x) - funy(y) < FUN,(fi) - FUN,(f>)
Scaling fun(ax, by) < FUI\‘;([:—"?)
Shifting Sun(x £ x0,y +yp,) < e2n(fixotfyo) . FUN(f1,f5)

Convolution Sun(x,y) = fun (x,y) * funy(x,y) <

< FUN(f1,f2) = FUN\(f1.f2) - FUN2(f1, f2)
Product fun(x,y) = fum (x, ) - fuma (x, )

— FUN(f,f2) = FUN\(f1,f>) * FUN:(f1,f2)

fun(x / fleP e =

/[Applying the approximation: |f| = lirr&(|f|e‘“f|)
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= lim / f] - eV P gf =

/IApplying: Il = f-sign(f)

= 111% f - sign(f) - -e~Tsienl) . o2 g

—00

0
= liné (— / f- e . o2 +/ f- e . ej2nfxdf>
€— 0

0 00

— llm _ / f'€(€+j2nx)f+/f'€_(€_j2nx)fdf
—o0 0

e—0

//Applying the theorem of integration by parts

e+j2mx)f 10 —(e—j2nx
. <[e< e N P2 )q;")

(€ + j2mx)? (¢ — j2mx)*

e—0

2 _ (2nx)? —1
T el 0N

0 (62 - (27tx)2)2 (27“)2

O
Proof of the inverse Fourier transform of the function:
elf I) (f >
FUN(f) = |\ 1 ———) - rect| =— A.13
=i (1-% L (A13)

The derivation:

funl) = / A (1 _€]|Cf|> e (2]Jio> Y
i /]
_ 1 28N | o
! £ (1 i > 2 df

fo fo
/ 7] ey — / 12 e Paf
0
—fo —fo
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The first of these two components is calculated as follows:

fo
JR
—fo

/ f-&df + / f-&Fdf

—fo

0 . fi
f j27fx ’ 1 i2nfx f j2mfx po 0 j2mfx
=———¢ + — -+ ——¢/ — - &S
J2mx _f J2mx J2mx 0 27Ix
—fo 0
. p—J27fox —Jj2nfox . pl2mfox J21fox
fo-e n e 1 fo-e n e 1
J2mx (j27rx)2 (j2nx)2 J2mx (j27vc)2 (j27vc)2
_fO (ejZHfox _ e—j2nf0x) N ej2nﬁ)x + e—j2nﬁ;x 2
B J2mx ( j27tx)2 ( j277:x)2
_ fosin(27fox) 2 Asin’(mfox) 2
X ( j27rx)2 (27tf0x)2 ( j27rx)2

Lsin(2afox) , (sin(nfox)
=2 2mx fo( Tfox )

As a rule, the second component is determined as shown in brief below:

fo
_fEO / fz ) e/‘27§fxdf

N Y
— _€ f e/2nfx ) / A e/‘anxdf
fol~ j2nx —h Jj2nx
—fo
, ; fo fo
i2nfox _ o—j2nfox 2 o
_ _E 026 : e + f 2€/2nfx _ / e]2nfxdf
Jfo —j2mx (27x) (2mx)*
o —f
Jo sin(2nfox) N 4cos(2nfox) 4 sin(2nfox)
= —€ —_
X (2mx)* fo(2mx)?
Taking both these components and substituting fy = p, we obtain:

2
| sin ( A,,) 1 sin (2 Ap) sin Z’p‘ cos Zif AP sin Z’p‘
fun(x) = - —€

o) F A\ wid] () ()

N



Appendix A: Functions and Their Properties

A.3 The Radon Transform

Definition

305

p(s, o) = R{ fun(x,y)}= /jofun(x, y) - d(xcoso+ ysina — s)dxdy  (A.14)

Table A.5 Properties of the Radon transform

Transform property Form of the function

Equivalent after Radon transformation

Linearity
Space
limitedness
Symmetry
Periodicity

Shifting
Rotation by o
Scaling

Mass

fun(x, y) = fun(r, $)
arfuny(x, y) + asfuna(x, y)
Sun(x.y) =0,

for Ixl > R or lyl > R
fun(x, y) is symmetrical
fun(x, y) is periodic

Jun(x — xo, y — yo)

Sfun(r, ¢ + o)

Sfun(ax, ay)

Mass = }C Ofcfmz()c,y)dxdy

—00 —00

p(s, o)

aipi(s, @) + axpa(s, @)
p(s,0) =0

for |s| > V2R

ps, o) = p(— s, o = m)
p(s, o) = p(s, o = 2in) where i is an
integer value

p(s — xgcosa — yosino, o)
p(s, o + o)

‘%Ip(as, o)

Mass = [ p(s,a)ds

—00




Appendix B
Sample Code for Selected Functions

B.1 Determination of the Fast Fourier Transform Using
the Cooley Algorithm

We can use the implementation presented below of one of the FFT algorithms,
namely the Cooley Algorithm, to obtain the Fourier or inverse Fourier transform.
Firstly, we need to perform the following declarations using Java code:

Declarations public class Complex {

public double re;
public double im;

public Complex() {
this.re = 0.0;
this.im = 0.0;

}

public Complex(double re, double im) {
this.re = re; this.im = im;

}

public static Complex complex(Complex c) {
return new Complex(c.re, c.im);

}

public void set(Complex c) {
this.re = c.re;
this.im = c.im;

}
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public static Complex complex() {
return new Complex();
}
public static Complex complex(double re, double im) {
return new Complex(re, im);
}
public static void swap(Complex c1, Complex c2) {
double i = cl.im;
clim = c2.im;
c2.im =i
i=cl.re;
cl.re = c2.re;
c2.re =1i;

B.1.1 Determination of the FFT Transform

To determine the fast Fourier transform of a function represented by 512 samples,
we can use the following program code written in Java:

class FFT {
//the number of samples of the function to be transformed
//(a multiple of 2)
final public static int number_o f _samples=512;
//the number of bits needed to code the number of samples
//in natural binary code
final public static int bits = 9;
//[samples of the complex function
private Complex [] s = new Complex[512];

public FFT(Complex [] s) {
this.number_of_samples = s.length;
this.s =s;

}

public Complex [] calcFFT() {
//samples in the frequency domain
Complex [] f=new Complex[number_of_samples];
for (int i=0; i<number_of_samples; i++) {
f[i] = Complex.complex(s[i]);
}
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//changing the order of the samples
intjj=1;
for (int i=1; i<=number_of_samples-1; i++) {

}

if (i<jj) {
Complex.swap(f[i-1], [jj-1]);
}
double k = number_of_samples/2;
while (k<jj) {
ji = (int)(j-k);
k =k/2;
}
ji = (int)(jj+k);

//the actual FFT algorithm
for (int 1=1; I<=bits; 1++) {

}

intNE =1;

for (int i=1; i<=l; i++) NE = 2*NE;

int NE_half = Math.round(NE/2);

Complex U = Complex.complex(1.0, 0.0);

Complex W = Complex.complex(Math.cos(Math.PI/NE_half),
-Math.sin(Math.PI/NE _half));

Complex var_complex = Complex.complex();

for (int j=1; j<=NE_half; j++) {

for (int i=1; i<=Math.round(number_of_samples/NE); i++) {
int k1 = j+((i-1)*NE);
int k2 = k1+NE_half;
var_complex.re = f[k2-1].re * U.re - f[k2-1].im * U.im;
var_complex.im = f[k2-1].im * U.re + f[k2-1].re * U.im;
f[k2-1].re = f[k1-1].re - var_complex.re;
f[k2-1].im = f[k1-1].im - var_complex.im;
f[k1-1].re = f[k1-1].re + var_complex.re;
f[k1-1].im = f[k1-1].im + var_complex.im;

}

var_complex.set(U);

U.re = var_complex.re * W.re - var_complex.im * W.im;

U.im = var_complex.re * W.im + var_complex.im * W.re;

}
}

return f;
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B.1.2 Determination of the Inverse IFFT Fourier Transform

To determine the inverse fast Fourier transform of a function in the frequency
domain represented by 512 samples, we can use the following program code
written in Java:
class IFFT {

//the number of samples of the function to be transformed

//(a multiple of 2)

final public static int number_o f _samples=512;

//the number of bits needed to code the number of samples

//in natural binary code

final public static int bits = 9;

//samples of the complex function in the frequency domain

private Complex [] f=new Complex[512];

public IFFT(Complex [] f) {
this.f = f;
number_of_samples = f.length;

}

public Complex [] calcIFFT() {
//samples of the complex function
Complex [] sf = new Complex[number_of_samples];

for (inti = 0; i < number_of_samples; i++) {
sf[i] = Complex.complex(f[i]);
}

// changing the order of the samples

intjj=1;
for (inti=1;i <= number_of samples - 1; i++) {
if (i <jj) {

Complex.swap(sfli - 1], sf[jj - 11);
}
double k = number_of_samples / 2;
while (k <jj) {
jj = (int) (jj - k);
k=k/2;
}
ji = (int) (j + k);

// the actual FFT algorithm
for (int 1 = 1;1 <= bits; 1++) {
int NE =1;
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for (inti=1;i <=L i++)
NE =2 * NE;
int NE_half = Math.round(NE / 2);
Complex U = Complex.complex(1.0, 0.0);
Complex W = Complex.complex(Math.cos(Math.PI / NE_half),
Math.sin(Math.PI / NE_half));
Complex var_complex = Complex.complex();
for (intj = 1;j <= NE_half; j++) {
for (inti = 1; i <= Math.round(number_of _samples / NE); i++) {
intkl =j+ ((i-1)* NE);
int k2 = k1 + NE_half;
var_complex.re = sf[k2 - 1].re * U.re - sf[k2 - 1].im* U.im;
var_complex.im = sf[k2 - 1].im * U.re + sf[k2 - 1].re* U.im;
sf[k2 - 1].re = sf[k1 - 1].re - var_complex.re;
sf[k2 - 1].im = sf[k1 - 1].im - var_complex.im;
sf[k1 - 1].re = sf[k1 - 1].re + var_complex.re;
sf[k1 - 1].im = sf[k1 - 1].im + var_complex.im;
}
var_complex.set(U);
U.re = var_complex.re * W.re - var_complex.im * W.im;
U.im = var_complex.re * W.re + var_complex.im * W.re;
}
}
//obtaining the IFFT by scaling
for (inti = 0; i < number_of_samples; i++) {
sf[i].re = sf[i].re / number_of_samples;
sf[i].im = sf[i].im / number_of_samples;
}

return sf;

B.2 Generation of Normally Distributed
Pseudo-random Numbers

For a normal distribution with parameters (x,,, ¢%) = (3, 0.025), we can obtain a
random variable x of type real using the following Java code:
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public class Rand normal {
public static void main(String [] args) {
final double sigma = 0.025;
final double x_av = 3.0;

double sum = 0.0;
for (int i=0; i<12; i++)
sum = sum + Math.random();

sum = sum + X_av,

double x = (sum-6)*sigma;
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