Inverse Laplace Transform

So far, we have dealt with the problem of finding the Laplace transform for a given
function f{t), t > 0,

L{f(t)} = F(s) = j:e—“f(t)dt

Now, we want to consider the inverse problem, given a function F(s), we want to find the
function f(t) whose Laplace transform is F(s).
We introduce the notation

L {F(s)} = f(t)

to denote such a function f(t), and it is called the inverse Laplace transform of F.

Remark: The inverse Laplace transform is not unique:
If

1if O0<t<3
g(t)y=9 -8ift=3
1if t>3

then L{g(t)} = 1/s

and L{1}=1/s

So, both functions have the same Lapalce transform, therefore 1/s has two inverse
transforms.

But, the only continuous function with Laplace transform 1/s is f{(t) =1.

A crude, but sometimes effective method for finding inverse Laplace transform is to
construct the table of Laplace transforms and then use it in reverse to find the inverse
transform.

Example:
1) Since L{1} = 1/s, then L' {1/s} =1
2) Since L{t} = 1/s*, then L {1/5°} =t

3) Since L{cos at} = % , then L7{ >
s“+a

= cos at
s? +a’ }
The following properties will simplify our calculations:
1) Linear Property
If ¢; and c; are constants,

£-1 {ClFl(S) + CQFQ(S)}= Cl£-1 {Fl(s)} + Cz£-1 {FQ(S)}

Example:

fl{%—siz} =4 L{1/s} -3 L{1/s*) =43t



2) Inverse Translation Property
Given F(s) = L{f(t)}, since L{e"f(t)} =F(s — a),
LHYF(s—a)} = e"f(t) =™ L {F(s)}

Example:
15

1) Find L1{———
) {sz+4s+13}
15
s +4s+13
3

(s+2)*+3°

15 . 15 . 3(5)
T =1 =,y 7
s2+4s+4+9} {(s2+4s+4)+9 (s+2)*+3°
3
(s—(=2)) +3°

L Y=L

=5, y=5L y=5e2 LY } =5¢? sin 3t

3
§2 + 32

+1
2) Find L' { >~
) {sz+6s+25}

s+1 : s+1 : s+1
s +6s+25 =£1{sz+6s+9+16}=£1{(2 P=
s +6s+9)+16
3)-2 2
e (s+ 2) . _ S+23 . o d 2}=6-3t£-1{ . S .
(s+3)" +4 (s+3) +4 (s+3) +4 s*+4
2(2)

s + 42

Ly

e LY } = ¢>"[cos 4t — ¥ sin 4t]

1
s> +s

. 1 .
LY—5—1=LY
$2+s

3) Find L'{ 3

.

s(sz+1)

Let’s use partial fractions
1 A Bs+C As’+A+Bs?>+Cs
2 =—* 2 = 2

s(s +1) s  s°+1 s(s +1)

then, 1 =(A +B)s’+Cs + A

A=1,C=0,A+B=0,B=-1

1 1 s 1_ S
L {s(sz+1)}_£ {S

S

1
=L'-)-L! =1—cost
sz+1} {s} {sz+1} eo8



3) Inverse Shifting Property
Since L{u,(t) f(t —a)}=e™ L{f(t)} =™ F(s),

then L™ F(s)} = uy(t) f(t —a)
Example:
1) Findfl{i—?)e—_%—ze_h !
S S S
£_1{§_3CT—3S_26—: V=4 £‘1{§} 3 £'1{e_3sé} 2 £'1{e_75§} — 4 3us() f(t—3) —

2u(t) f(t—7) where f(t) = L{ ! }=1.
S

4-0-0if0<t<3 4if0<t<3
}=4-3us(t) - 2uy(t)=<4-3-0if 3<t<7=<1if 3<t<7
4-3-2ift>7 —1ift>7

£_1{i_ 3e—3S _26—78
S

S S

2

2

2) Find £'1{e_4s(32—2) }
S S
3
S S

Since F(s) =

2 5
LF(s) =£‘1{S—2—;} =2£‘1{Siz} -5 £‘1{§} =2t-5=1(t)

Now,
2

£-1{e4s(_2_§) b= L™ F(s)} = wa(t) f(t—4) = () [2(t - 4) -5] = wa(t) [2t— 13] =
S S

Dif O0<t<4

2t—13if t>4

4) The Convolution Integral

Sometimes it is possible to identify a Laplace transform H(s) as the product of two other
transforms F(s) and G(s) that are the transforms of two known functions f(t) and g(t).
We will introduce a “generalize product” called convolution and H(s) would be the
transform of the convolution of f and g.

Definition: Let f(t) and g(t) be two piecewise continuous functions on [0, b] and of
exponential order with constant a. We call convolution of the functions fand g and
denote it by f * g to the integral

fre(n = [ fe(t -1

the integral is known as the convolution integral.



Properties:

1) Commutative:

f g =gxf

Proof:

Since f#g(t)= j; f(T)g(t - T)dr,

Make the substitutionu=1t-1,thent=t—u.
Since 0 <1t <t, thent<u<0anddt=-du,
SO

t 0 0 t
frg(t)= jo f(T)g(t— 1)dT = L £(t —u)g(u)(—du) = — L f(t — u)g(u)du = jo f(t —u)g(u)du =
g #f(t)

2) Distributive:
f#(g+k)="frg+ fxk

3) Associative:
(f =g)rk = f(g+k)

fx0=0%f=0
Remark : f*1#f

If f(t) = cos t, then

fa1(t) = .[(;cos(t—r) 1 dt= —sin(t—1)|q=—sin0 +sint = sint # f(t)

Theorem: In the above conditions, we have
Lifxg} = L {f}-L{g} = F(s)-G(s)
then

LYF(s)-G(s)) = f#g(t) = j; f(T)g(t — T)dT= j; g(Df(t-1)dt

Example:

1)

-1 1 -1
L{———=1=LH

s(s2 +1)

Since £‘1{1} =land L]
S

1 S
e 1 = fxo = o¥f
S sz+1} £”¢8

1
s2+1

}=sint

1
fxg(t)= Josin 1 d‘c=—cos’c‘6 =1-cost



1 1 1
LYY —— =T ) = fxg = gxf
) {32—5—12} {s—4 s+3} £”8

Since fl{L} =" L‘l{l} =¢"1 and L'I{L} =e L‘l{l} =e '
s—4 S s+3 S

+ —
=7 7

t 4(t-1) 31 t 4t 41 3t 4t [t 71 T
fxg(t)=1 e e dt=]|e’e e dri=e e dt=e" —|,=¢ | —
0 0 0 _7 10



