The Fourier Transform

As we have seen, any (sufficiently smooth) function f(¢) that is periodic can be built out of sin’s and
cos’s. We have also seen that complex exponentials may be used in place of sin’s and cos’s. We shall now
use complex exponentials because they lead to less writing and simpler computations, but yet can easily be
converted into sin’s and cos’s. If f(¢) has period 2¢, its (complex) Fourier series expansion is

o 14
Z ckeik%t with crp = ﬁ/ f(t)e—ik%t dt (1)
—L

k=—o0

kTt ik (t+20)

Not surprisingly, each term cge in this expansion also has period 2¢, because cge

cpeF Ttk — e Tt We now develop an expansion for non-periodic functions, by allowing complex
exponentials (or equivalently sin’s and cos’s) of all possible periods, not just 2¢, for some fixed ¢. So, from
now on, do not assume that f(t) is periodic.

For simplicity we’ll only develop the expansions for functions that are zero for all sufficiently large |¢].
With a little more work, one can show that our conclusions apply to a much broader class of functions. Let
L > 0 be sufficiently large that f(¢) = 0 for all |[t| > L. We can get a Fourier series expansion for the part
of f(t) with —L < t < L by using the periodic extension trick. Define Fp,(t) to be the unique function

determined by the requirements that
1) Fr(t) = f(t) for —L<t<L
i1) Fr(t) is periodic of period 2L
Then, for —L <t < L,

oo

L
FO)=Frt)= > cx(L)e*"  where (L) =2 / F(t)e *E at (2)

k=—o00 —L
If we can somehow take the limit L — oo, we will get a representation of f that is is valid for all ¢’s , not
just those in some finite interval —L < t < L. This is exactly what we shall do, by the simple expedient
of interpreting the sum in (2) as a Riemann sum approximation to a certain integral. For each integer k,
define the k' frequency to be wy = k” and denote by Aw = 7 the spacing, w41 — wk, between any two

successive frequencies. Also define f(w f f(t)e~®«t dt. Since f(t) =0 for all |t| > L

L oo oo
D= [ et / OB = g [ e = g ) = ) A

In this notation,

f(t) = FL(t Z flwp)e Aw (3)
k_foo

for any —L < t < L. As we let L — oo, the restriction —L < t < L disappears, and the right hand
side converges exactly to the 1ntegra1 f f et dw. To see this, cut the domain of integration into

Y

_ 2Lf( ) iwt
T 1 T T T A< | — W
0 w1 w2 w3
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small slices of width Aw and approximate, as in the above figure, the area under the part of the graph of

= f(w)e™® with w between wy, and wy, + Aw by the area of a rectangle of base Aw and height %f(wk)ei“’kt.
This approximates the integral 5= [ f(w)e™' dw by the sum o S flwr)e™ " Aw. As L — oo the
approximation gets better and better so that the sum approaches the integral. So taking the limit of (3) as

L — oo gives

(0 =% [ fwetar whee  je)= [ joeta @)

The function f is called the Fourier transform of f. It is to be thought of as the frequency profile of the
signal f(t).

Example 1 Suppose that a signal gets turned on at ¢ = 0 and then decays exponentially, so that

_at .
n=Jde ift>0
J® {O ift<0

for some a > 0. The Fourier transform of this signal is

e—t(a-i—iw)

£ — > He Wt gt — > —at,—iwt g /OO —t(a+iw) dt —
fr= [ e | e e S

Since a + iw has modulus va? + w? and phase tan~' %, we have that flw) = Aw)e®@) with A(w) =

m = ﬁ and ¢(w) = —tan~' 2. The amplitude A(w) and phase ¢(w) are plotted below.

> 1

0 a + 1w

Aw)
p(w)

Example 2 Suppose that a signal consists of a single rectangular pulse of width 1 and height 1. Let’s

say that it gets turned on at ¢t = —% and turned off at t = % The standard name for this “normalized”

rectangular pulse is

rect(t)—{l 1f—%<t<%
0 otherwise

NIy

1
2

It is also called a normalized boxcar function. The Fourier transform of this signal is

. o ‘ 1/2 . e—iwt 1/2 eiw/2 _ p—iw/2
rect(w) = / rect(t) e ™! dt = / e W dt = — =————— =2sin¥
—1/2 —iw —1/2 w

— 00
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1/2

when w # 0. When w = 0, rect(0) = [ dt = 1. By I'Hopital’s rule

—1/2
— sin £ Leose —
lim rect(w) = lim 2—2 = lim 22—2 = 1 = rect(0)
w—0 w—0 w w—0 1

S0 r/e\ct(w) is continuous at w = 0. There is a standard function called “sinc” that is defined™®) by sincw =
S Tn this notation rect(w) = sinc 5. Here is a graph of rect(w).

1

—

rect(w)

N\ P

Nor N “

Properties of the Fourier Transform
Linearity

If & and 3 are any constants and we build a new function h(t) = af(t) + Bg(t) as a linear combination
of two old functions f(¢) and g(t), then the Fourier transform of h is

h(w) = /Ooh(t)eﬂ'“’t dt = /00 [af (t) + Bg(t)] e ™" dt = a/ﬁoof(t)efi‘”t dt + B/ﬁoog(t)eﬂ'“’t dt

— 00 — 00

= af(w) + Bjw)

Time Shifting

(L)

Suppose that we build a new function h(t) = f(t — to) by time shifting a function f(¢) by ¢o. The easy
way to check the direction of the shift is to note that if the original signal f(¢) has a jump when its argument
t = a, then the new signal h(t) = f(t — to) has a jump when ¢t — ¢ty = a, which is at t = a + t¢, to units to
the right of the original jump.

The Fourier transform of A is

h(w) = / h(t)e ™t dt = / ft —to)e ™t dt = / F)e ™ H0) g’ where t = t' + to, dt = dt’

— 00 — 00

s (T)
_ efiwto/i f(t/)efiwt’ dt’ = efiwtgf(w)

(1) There are actually two different commonly used definitions. The first, which we shall use, is sincw = % The second is

sincw = “:‘r% It is sometimes called the normalized sinc function.
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Scaling

If we build a new function h(t) = f(£) by scaling time by a factor of & > 0, then the Fourier transform
of his

h(w) = / h(t)e ™ dt = / f(L)e ™t dt = a/ f(t)e ™ot qt’ where t = at’, dt = adt’

— 00 — 00

— af(aw)

Example 3 Now consider a signal that consists of a single rectangular pulse of height H, width W and
centre C.

Y = Tawc (t)

W W t

The function rywe(t) = H rect(%) (with rect the normalized rectangular pulse of Example 2) has height
H and jumps when % = :I:%, ie.t=C+ %W and so is the specified signal. By combining properties (L),
(T) and (S), we can determine the Fourier transform of ruwe(t) = Hrect(%) for any H, C' and W. We

build it up in three steps.

o First we consider the special case in which H = 1 and C = 0. Then we have R;(t) = rect(%). So,
according to the scaling property (S) with

f(t) =rect(t), h(t)=Ri(t) =rect(ss) = f(i) = F(L) witha=W

we have

Ri(w) = h(w) = af (aw) = Wrect(Ww) = W 2 sin W = 25in We

o Next we allow a nonzero C too and consider Ry (t) = rect(5¢) = Ry(t — C). By (T), with
f(t) = Rl(t), h(t) = RQ(t) = Rl(t - C) = f(t - to), with to =C

the Fourier transform is

Ro(w) = h(w) = e f(w) = e ™Ry (w) = We_i“’cl%-c\t(Ww)
o Finally, by (L), with a = H and 8 = 0, the Fourier transform of rue = H rect(452) = HRa(t) is

Fawe (W) = HRy(w) = HWe ™ “Crect(Ww) = HWe_i“C% sin We = ¢~ w0 2 gip We

Example 4

Now suppose that we have a signal that consists of a number of rectangular pulses of various heights
and widths. Here is an example
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We can write this signal as a sum of rectangular pulses. As we saw in the last example, r4wo(t) = H rect( %)
is a single rectangular signal with height H, centre C' and width W. So

H=2 W=1,C=-15 forn=1
s(t) = s1(t) + s2(t) + s3(t) where $,(t) = Tawe(t) with {H =1, W=2 C=1 for n =2
H=05 W=2 C=3 forn=3

—iwC2H ;. Ww
w

So, using (L) and fuwe(w) =€ sin =52, which we derived in Example 3,

30 . i 8w
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Differentiation

If we build a new function h(t) = f/(t) by differentiating an old function f(t), then the Fourier transform
of h is - -
h(w) = / h(t)e ™t dt = / F(t)e ™t dt
Now integrate by parts with u = e~ and dv = f'(t) dt so that du = —iwe™! dt and v = f(t). Assuming
that f(+o0) = 0, this gives

—o0 -0 —o0

h(w) = /Oo wdv=uv| - /OO v du = —/Zf(t) (—iw)e™ ™" dt = i f(w) (D)

Example 5 The differentiation property is going to be useful when we use the Fourier transform to solve
differential equations. As an example, let’s take another look at the RLC circuit

L
AN +

thinking of the voltage x(t) as an input signal and the voltage y(¢) as an output signal. If we feed any input
signal z(t) into an RLC circuit, we get an output y(t) which obeys the differential equation

LCY"(t) + RCy'(t) + y(t) = x(t) (5)
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You should be able to quickly derive this equation, which is also (16) in the notes “Fourier Series”

, on your

own. Take the Fourier transform of this whole equation and use that

o the Fourier transform of ¢/ (t) is iwj(w) and

o the Fourier transform of y”(t) is iw times the Fourier transform of y/(¢) and so is —w?j(w)

So the Fourier transform of (5) is

—LCW*§(w) 4+ iRCwij(w) + §(w)

This is trivially solved for

i — &(w)

j(w) =

which exhibits classic resonant behaviour. The circuit acts

—LCw2+iRCw+1

#(w)

(6)

independently on each frequency w component

of the signal. The amplitude |§(w)| of the frequency w part of the output signal is the amphtude |#(w)| of

the frequency w part of the input signal multiplied by A(w) =
A

- = LCwQJrzRCerl\ \/(1 LCw2)2+R202w2

w
We shall shortly learn how to convert (6) into an equation that expresses the time domain output signal y(t)

in terms of the time domain input signal x(t).

Example 6 The Fourier transform, r/ea(w), of the rectangular pulse function of Example 2 decays rather

slowly, like %

for large w. We can try suppressing large frequencies by eliminating the discontinuities at

t = =£1 in rect(t). For example
0 ift<-32
5y ir_ 5 3
— e 3 3
gty =41 if —3<t<3g
5 e 3 5
0 ift>32

oojut
[ee][S)
ool H
oolot—

It is not very difficult to evaluate the Fourier transform g(w) directly. But it easier to use properties (L)—(D),

since

0 ift<-3 Y
4 if-3<t<-3 305
/ . 3 3 8 8
git)y=40 if-5g<t<yg = s4(t) + s5(t) 5 5 t
—4 if<t<? 58
0 ift>3 y=9'()
b ) (t) with H =4, Wzi, Cz—% forn=4
where s,(t) =7 wi
e H=-4W=1cCc=1 forn=5
By Example 3, the Fourier transform of
82(w) + 85(w) = Ze /2 gin @ 5 we*i‘“/Q sin ¢ = 22 sin ¥ sin ¥
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By Property (D), the Fourier transform of ¢'(t) is iw times g(w). So the Fourier transform of g(t) is -- times
the Fourier transform of ¢'(¢):

g(w) = % (22’% sin & sin %) = % sin g sin

This looks somewhat like the the Fourier transform in Example 2 but exhibits faster decay for large w.

1
g(w)

\_/2 N_— W

™ 2m

Parseval’s Relation

The energy carried by a signal f(¢) is

/ T F@R di= / T HOTD de

Subbing in that

oo

FO=2 [ feesaw=2 [ Fodaw=2 [ Fe

— 00 —0o0 — 00

f Vf(w)e ™ dw dt = / f(w) [/00 f(t)e ™t dt] dw

-/
-4/ T ) % [ 1) a

27

This formula, [%_|f(t)|? dt = 5= [7 2 dw, is called Parseval’s relation.

Duality

The duality property says that if we build a new time-domain function g(t) = f(t) by exchanging the
roles of time and frequency, then the Fourier transform of g is

g(w) =2mf(-w) (Du)

To verify this, just write down just the definition of §(w) and the Fourier inversion formula (4) for f(¢) and,
in both integrals, make a change of variables so that the integration variable is s:

o) = [ awera= [T foea = [ e e
=L L O; f@)e dw =" L L Zf(s) ¢t ds

So g(w), which is given by the last integral of the first line is exactly 27 times the last integral of the second
line with ¢ replaced by —w, which is 27 f(—w).
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Example 7 In this example, we shall compute the Fourier transform of sinc(t) = . Our starting point

is Example 2, where we saw that the Fourier transform of the rectangular pulse rect( ) of height one and

width one is rect(w) = 2 sin% = sinc £. So, by duality (Du), with f(t) = rect(t) and g(t) = f(t) = rect(t),

the Fourier transform of g(t) = s1nc§ is §g(w) = 2nf(—w) = 2wrect(—w) = 2wrect(w), since rect(t) is

even. So we now know that the Fourier transform of sinc £ is 27 rect(t). To find the Fourier transform

2
of sinc(t), we just need to scale the 2 out of £. So we apply the scaling property (S) with f(t) = sinc %
and h(t) = sinc(t) = f(2t) = f(L) where o = 1. By (S), the Fourier transform of h(t) = sinc(t) is

af(ow) = a 2rrect(aw) = 7 rect (2).

Multiplication and Convolution

A very common operation in signal processing is that of filtering. It is used to eliminate high frequency
noise and also to eliminate sixty cycle hum, arising from the ordinary household AC current. It is also
used to extract the signal from any one desired radio or TV station. In general, the filter is described
by a function H(w) of frequency. For example you might have H(w) = 1 for desired frequencies and
H(w) = 0 for undesirable frequencies. When a signal f(t) is fed into the filter, an output signal g(t), whose
Fourier transform is f(w)H(w) is produced. For example, the RLC circuit of Example 5 is a filter with

2 _ 1
H(w) = —romrmoa
The question “what is g(¢)?” remains. Of course it is the inverse Fourier transform

(t) = 5= /_ - f(w)H(w)e™" dw

of f(w)H(w), but we Would like to express it more directly in terms of the original time-domain signal f(t).
So let’s substitute f(w = [ e~ 7 dr (which expresses f(w) in terms f(£)) and see if we can simplify
the result.

g(t) = 5= //f e H(w)e™ drdw

[ w A 4] ar
[ o= i

The last integral is called a convolution integral and is denoted

/ f(OH(t—71) dr

If we make the change of variables 7 =t — 7/, dT = —d7’ we see that we can also express

— 00

Geme = [ se-ue) o) = [ pe-me ar

oo

We conclude that

§w) = W) H(w) = g(t) = (f » H)(1) (©)

Example 8 The convolution integral gives a sort of moving weighted average, with the weighting determined
by H. Its value at time t involves the values of f for times near t. I say “sort of” because there is no
requirement that [°° H(t) dt =1 or even that H(t) > 0

February 25, 2007 The Fourier Transform 8



Suppose for example, that we use the filter with
H(w) = 2sin ¥

The graph of this function was given in Example 2. It is a “low pass filter” in the sense that it lets through
most small frequencies w and suppresses high frequencies. It is not really a practical filter, but I have chosen
it anyway because it is relatively easy to see the effect of this filter in ¢t—space. From Example 2 we know

that

H(t){l lf—— <t<—
0 otherw1se

So when this filter is applied to a signal f(t), the output at time ¢ is

_1
2

[e%e} 1 t—1
:/ ft —=7)H(r) dr = : f(t—1) dT:—/ 2f(7") dr’ where 7' =t —71, dr' = —dr
oo i+
t+1
= [ rwyar
t—3

which is the area under the part of the graph of f(7') from 7/ = ¢ — = to T = t+ . To be concrete, suppose

that the input signal is
Y

f) =

{1 ifr'>0

0 if7' <0 =

Then the output signal at time ¢ is the area under the part of this graph from 7/ =t — % tor =t+ %
oift+ 3 <0, that is t < —3, then f(r/) =0 for allt — 3 < 7/ < t+ 1 (see the figure below) so that

(f + H)(t) =0

T y=fr)
t—3% t+3 7
oift+3 >0butt—3 <0, that is —3 < ¢ < 3, then f(r )—Ofort—l<7’<0an f(r') =1 for
0 <7 <t+ 1 (see the figure below) so that (f * H)(t) = ft+2f( —fg+21d’— +3

y=f(7")

/

~
|
=

t+3 T

o ift— 3 >0, that is ¢ > 3, then f(r/) =1forallt — 3 <7/ <t+ 1 and (f *x H)(t) zfttjf f(r') dr' =
1
Jfrar =1

All together, the output signal is

February 25, 2007 The Fourier Transform 9



(FrH)H =4 t+1 if-t<t<]

N[
N[=—

Example 9

For a similar, but more complicated example, we can through the procedure of Example 8 with H(t)
still being rect(t) but with f(¢) replaced by the more complicated signal s(t) of Example 4. This time the
output signal at time ¢ is

=m0 = [ ste-n ar= [

—o0 — 1

3 t+3

s(t—7) dr = / s(t') dr’ where 7' =t —171
3 t
2

2

which is the area under the part of the graph of s(7’) from 7/ =t — % to 7/ = ¢t + 3. We can read off this
area from the figures below. In each figure, the left hand vertical dotted line is 7/ = ¢ — % and the right hand
vertical dotted line is 7/ = ¢t + % The first figure has ¢ so small that the entire interval ¢ — % <7 <t+ % is to
the left of 7/ = —2, where the graph of s(7’) “starts”. Then, in each successive figure, we increase ¢, moving
the interval to the right. In the final figure ¢ is large enough that the entire interval ¢ — % <7 <t+ % is to
the right of 7/ = 4, where the graph of s(7/) “ends”.

Y y
: : 24 i j 2|
Il Il ‘ ‘ ‘ ! I : T \ \ 7
t—5 t+3 -2 —1 1 2 3 4 T o 1 3 3 A p
Case: t+ 4 < —2, that is t < —3 Case: —2<t+ 3 <—1,thatis -3 <t < -3
area = 0 area = 2((t+ 1) — (—2)) =2t +5
02 129
2 -1 0 1 2 3 4 7 P S e B
Case:—1§t+%§0,thatis—%§t§—% Case:Ogt—l—%gl,thatis—%gtg%
area:2((—1)_(t_%)):_1_2t area:t-i—%
Y )
. S
2 -1 0 1 2 3 4 7 T S L S e
Case: 1<t +5 <2, thatls 5 <1< 3 Case: 2<t+1 <3, thatis 2 <t <3
area = 1 area:[2—(t_%)+%[(t+%)_2]:£_%t
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Y Y
27 L 27 L
2 -1 0 1 2 3 4 7 2 -1 0 1 2 3 4 7
Case: 3§t+%§4,thatis%§t§% Case: 4§t+%§5,thatis%§t§%
area = 3 area = s[4 — (t— 1) =9 — 1t
Y
24 : :
14 y = s(7) P
I I I :1 '1
-2 -1 1 2 3 4 t—3 t+3
Case: t—%>4, that is ¢ > %
area = 0
All together, the graph of the output signal is
(s H)(t)
27
17
\ \ \ | | \ 7
-2 -1 0 1 2 3 4

Impulses

The inverse Fourier transform H (t) of H(w) is called the impulse response function of the filter, because
it is the output generated when the input is an impulse at time 0. An impulse, usually denoted 6(¢) (and
called a “delta function”) takes the value 0 for all times ¢ # 0 and the value oo at time ¢ = 0. In fact it is
so infinite at time 0 that the area under its graph is exactly 1. Of course there isn’t any such function, in

y=24(t)

‘ t

the usual sense of the word. But it is possible to generalize the concept of a function (to something called

a distribution or a generalized function) so as to accommodate delta functions. One generalization involves

February 25, 2007 The Fourier Transform 11



taking the limit as e — 0 of “approximate delta functions” like

)
1
2¢e
55(15)—{21_5 if—e<t<e 'Hyég(t)
_E\‘\E

0  otherwise

t

A treatment of these generalization procedures is well beyond the scope of this course. Fortunately, in practice
it suffices to be able to compute the value of the integral [*_4(t)f(t) dt for any continuous function f(t)
and that is easy. Because 6(t) = 0 for all ¢ # 0, §(¢)f(¢) is the same as §(¢)f(0). (Both are zero for ¢ # 0.)
Because f(0) is a constant, the area under §(¢)f(0) is f(0) times the area under §(t), which we already said
is 1. So

[ a5 ae = s0)

In particular, choosing f(t) = e~*? gives the Fourier transform of §(¢):

(w) = / S(tye ™tdt = efi“t}tzo =1

By the time shifting property (T), the Fourier transform of §(¢ — ty) (where tg is a constant) is e~ . We
may come to the same conclusion by first making the change of variables 7 =t — ¢y to give

/ 5(t —to)e Wiat TTE™ / 5(r)e~wrHto) gr

and then applying ffooo S(T)f(1) dr = f(0) with f(1) = e~ (T+t0),
Returning to the impulse response function, we can now verify that the output generated by a filter

H(w) in response to the impulse input signal 4(t) is indeed

(6% H)(t) = /OO S(r)H(t — 7) dr = H(1)
where we have applied [*_6(7)f(7) dr = f(0) with f(r) = H(t — 7).
Example 10 We saw in (6) that for an RLC circuit

_ 1
H(w) = “LCW?+iRCw+1

To make the numbers work out cleanly, let’s choose R =1, L =6 and C' = 5. Then

_ 1 _ 1
H(w) = —som3m071 = Biwt1) (Ziwt+1)
Recall from Example 1 that
—at if >0 ; 1
t) = € 1 — = = - 7
f() {0 lft<0 f(LU) atiw ()

So we can determine the impulse response function H (t) for the RLC filter just by using partial fractions to
write H(w) as a linear combination of ﬁ’s. Since

Aw) = L a . aiw+1)+bBiw+1)  (2a+3b)iw+ (a+b)

(3m+1)(2iw+1):3iw+1+2iw+1_ (Biw+1)(2iw+1)  (3iw+ 1)(2iw + 1)
< 2a+3b=0,a+b=1 <= b=1—-a,2a+3(l—a)=0 < a=3, b= -2
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we have, using (7) with a = 3 and a = 3,

. 3 2 1 1 —t/3 _ _—t/2
@W=gr g = — e = Hp={¢ e 0
Jiw+1 2ww—+1 3tiw 3+iw

which has graph

Example 10 (again) Here is a sneakier way to do the partial fraction expansion of Example 10. We know

that H(w) has a partial fraction expansion of the form

C Biw+1)(2iw+ 1) Ziw+1 2w+ 1

The fast way to determine a is to multiply both sides of this equation by (3iw + 1)

1 b(3iw + 1)
= Q _—
2iw +1 2iw +1

and then evaluate both sides at 3iw + 1 = 0. Then the b term becomes zero, because of the factor (3iw + 1)

in the numerator and we get
1

T Y t1

=3

col)—A| —_

jw=— L1
w=—3

Similarly, multiplying by (2iw + 1) rather than (3iw + 1),

1
T Biw+1

1
b= —
Jiw+1

w=—75

2iw+1=0

February 25, 2007 The Fourier Transform
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Properties of the Fourier Transform

Property Signal Fourier Transform
a(t) = & [7 #(w)e™! dw B(w) = [T a(t)e i dt
y(t) = 5 [ Gw)e™ dw glw) = [T y(t)e " dt
Linearity Ax(t) + By(t) Az(w) + By(w)
Time shifting x(t —to) e~ Wz (w)
Frequency shifting eiwoly(t) #(w — wo)
Scaling z(L) || & (cw)
Time shift & scaling x(El) laje= b 2 (aw)
Frequency shift & scaling | |ale™0tz(at) &)
Conjugation z(t) #(—w)
Time reversal x(—t) Z(—w)
t-Differentiation 2'(t) iwd(w)
£ (1) (i) ()
w-Differentiation tx(t) id(w)
t"z(t) (ig—w)ni(w)
Convolution 75 a(r)y(t—1)dr 2(w)j(w)
Multiplication x(t)y(t) = [7_ &(0)j(w —6)db
Duality Z(t) 2nz(—w)
Parseval S a2 dt =& [7|3(w)]* dw
i 1
e~y (t) = {gfat ﬁi i 8’ o (a constant, Rea > 0)
—at .
e u(—t) =1 ° }f t <0, - — (a constant, Rea < 0)
0 ift>0 a+ 1w
e~altl _20 (a constant, Rea > 0)
a? + w? ’
1oif [t < 2
Boxcar in time rect(t) = 2 sinc (%) = Zsin (4
H ift—-0| <% . .
General boxcar 7 t) = 2 HWeC gine (W) = ¢~iwC2H iy W
imol {o if[t—Cl>% (5% v
Boxcar in frequenc =L sinc (3) = Lsin (i) rect(w) = L ifjol <1/2
Y 2m 2) = m P2 0 if | >1/2
Impulse in time 8(t —to) e~ twto
8(t —to) z(t) e~ 2(tg)
Single frequency giwot 27 §(w — wo)
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