L aplace Transformation



L aplace Transformation

o Definition:
f(t) - L{f(t)}=F(s)= f; f (t)edt
time domain frequency domain
o Usefulness:
differential algebraic
eguations > eguations
« Analogy:

a -~ loga
alb - loga+logb



Circuit AnalysisUsing L aplace Transforms
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Basic Laplace Transform Pairs

Damped cosine

[e= cos Bt u(t)

Signal Waveform f(?) Transform F(s)
Impulse 3(t) 1
Step function u(?) %
1
Ramp tu(r) 2
. —at 1
Exponential [e7* Ju(®) Py
—at 1
Damped ramp [t Ju(r) G +a)
Sine [sin Bt]u(?) b
52+ p2
. s
Cosine [cos Br]u(r) 2+ B2
. —af o P
Damped sine [e= sin Bt ]u(?) Gt+a)?+ B2
(s + o)

(s + a)? + B2



L aplace Transform of Some Basic Functions

L{O(t)} = f" S(t)edt
= f S()e St

= f S(t)dt
=1



L aplace Transform of Some Basic Functions

L{u(t)} = I; u(t)e dt
= L " e Yt
01 0
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L aplace Transform of Some Basic Functions
L{t [(t)} = L"ft W(t)e St
:J'oote'Stdt
0

=§( Lo §+%ﬁe’gdt
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L aplace Transform of Some Basic Functions

L{e™™} = L e et
=, et

— D_ 1 —(s+a)t
5 s+a
1

S+a

7
x




Basic Laplace Transformation Properties

Properties Time Domain Frequency Domain
Independent variable ! 5 -
Signal representation f@ F(s)
Uniqueness LHF ) (=) [FOul) Lf@) = F(s)
Linearity Afi(t) + Bfa(t) AFi(s) + BFy(s)
Integration f fx)drt Fis)

0
Differentiation d{lit) sF(s) — f(0-)

d2

L $F(s) — s£(0-) — £'(0-)

d3 f(1)

3 s3F(s) — s2 f(0—) — sf'(0=) — f"(0-)




Proofs of Basic L aplace Transformation
Properties

L[ tdny == 2

Proof: L{L f (r)dt} ZLOO B:; f(T)dT%_Stdt

0

e ¥ nl
?Lf(r)dT%—L f(t)
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Proofs of Basic L aplace Transformation
Properties

L0y - (9)- 1(0)

dt
df (1), = df (t) _.
Proof: L{——}=[ ——e dt
oof: L= 7 = |

=[fe=f; - [ fofseh

= —f(07)+ sﬁ f(t)edt =sF(s)— f(07)



Poles and Zeros of F(s)
b s"+b_ s"+...+bs+h
as'+a S +..+as+a,

F(S) — K (S_ 21)(3_ ZZ)"‘(S_ Zm)
(5= p)(s—P,)...(s—P,)

F(s) =

» Scalefactor: K =Db_/a,
» Poles:s=p,(k=1,2,..,n)



Pole-Zero Diagrams

x polelocation
O zero location

jw, jw, jw,
s-plane s-plane s-plane
1B
_xl Co R~ "o "o
=B
1 A(s+Q) 1
F(s)=—— F(s) = F(s)==
( s+1 (5) (s+a)® +B° ( S
pole:s=-1 7eY0° S = - pole:s=0+ |0

poles:s=—-a £ |



Poles and Wavefor ms

A If polesin right-plane,

: waveform increases without
lvﬂvﬂ(‘ jw : o

i bound as time approaches infinity

ce<ien B[V

Complex polescomein
pairsthat produce
oscillatory waveforms

NE X >\
Real poles produce / \
S

exponential waveform

Ny

o

| -

If polesin left-plane,
waveform decays to zero
as time approaches infinity

If poles on j-axis,
waveform neither decays nor grows



|nver se Laplace Transforms

(=K (572)(S=2)...(52,)
(S_ p1)(s_ pz)---(s_ pn)

e m<n,li.e, F(s) isaproper rational function

F(s) = K + i +...+ at k. :residues
(S_pl) (S_pz) (S_pn)

f(t) = (ke™ +keP +...+k eP u(t)

e How to determine k’s?
— Distinct poles: kK =(s— pi)F(S)‘S:p_

— Repeated poles of multiplicity r: r associated residues
ki =(s—p)' F(S)‘S:pi

_ d* : .
.q—@(s—pi) F(s)|,., 9=1-r-1



Example of Inverse Laplace Transforms

F(s)=K (S_Zi) — k1 + k2 + k3
(s- pl)(s_ pz)(s_ p3) S™P STP, ST

o Multiply with (s-p,)

_ — (S_Zi) — kz(s_ pl) k3(S_ p1)
(S pl)F(S) K(S_ pz)(s_ ps) k1+ S— P, ! S— P

e Sets=p;

_ (p1_21) —
~n)F = K =
(S~ RIF (S, R

e Similarly,
k2 =(s- pz)F(S)‘S:,O2
k3 =(s- pe,)F(S)‘S:IO3



Example of Inverse Laplace Transforms

F9=K_ 73 ko, kK
(S_pl)(s_p2)2 S= P (S_p2)2 S— P,

Multiply with (s-p,)?

(s- p,)?F(9) =K 572 S KGTP)” o parg s
(S_ pl) S— P

Sets=p,

(5= P,)2F ()
Differentiate w.r.t. s

— K (p2_21) :kg
7P (p2_p1)

:k:zL

S=pP,

d 2
ST P) R ()



|nver se Laplace Transforms

e m=n,li.e, K(s) isan improper rationa function

— For example: P +652+125+8
F(s)=——
S°+4s+3
=S+2+ S+2 =S+2+ % + %
s°+4s+3 s+1 s+3

_ Recall: L{o(}F1

L @‘%E_ sL{5(}yo(07) =5
d5(t)

+25(t)+[2et +1eu)

\ J
YT

Pathologic waveforms

_ Inversetransform: T (t) =

« Pathological waveforms usually do not occur in real circuits
* Improper rational functions may occur during manipulation



Additional Laplace Transform
Propertiesand Pairs

Feature | Time Domain Frequency Domain
, k Sk
Simple complex poles 2]k|le=* cos(Bt + Lk)|u(t +
P plex p [II b )] ®) s+a—jB8 s+a+jB
k k*
Double complex poles  [2|k|te™ cos(Bt + Lk) | u(t . +
plex poles 21K PHl® =i Y Gratip
t translation [f(t ~a)]u(t —a) e~ F(s)
s translation e~ f(1) F(s+a)
Scaling f(at) lF (f—)
a \a

Initial value li%1+ f@) lim s F(s)

> S—=>00
Final value ’lim ) lims F(s)

-0 s—0

Convolution [ fi (r) f2(t — T)dt Fi(s) Fa(s)



Proofs of Some Additional Properties

t tranglation: If L{f (t} = F(s),
thenL{f(t-a)u(t—-a)} =e “F(s)fora >0

Proof: L{f(t—-a)u(t-a)}= L"f f(t—a)u(t —a)edt
:ﬁ’ f(t)edt'  Lett'=t-a

— ~0S > [ —St 1 ~—0s
=e Lf(t)e dt'=e "F(9)



Proofs of Some Additional Properties

Scaling: If L{f (t} = F(s),

then L{ f (at)} = = F () fora >0
a a
Proof:  L{f(at)}= L"f f (at)e St

= [ f()eCd()  Lett=at
0 a

-1 f f(t)e ¥ dt'= 1 FC)
a Jo a a



Proofs of Some Additional Properties

Initial/Final Values: Iim f(t) :IimsF(s)
!lm f(t)—llmsF(s)
o df (t)

Proof: s (9~ 1(07) = [ = et
lim(sF(s) - £(07)) =lim %e‘gdt jim [ d(t) et
=tim ’ dfdi) et +0= (07) - f (0

] Isiﬁnoj sk (s) = f(0")



Proofs of Some Additional Properties

Proof of Initial/Final Values:
. ey i e OF () g
Islm(sF(s) f (O ))—|SI[T3 O_?e at
= lim(* 9 gog = f (00) — f(07)

s-0J0"  dt
[] IirrgsF(s) :1imf(t)
 |nitial-value property holds when F(s) is a proper rational
function (f(0*) iswell defined)

* Final-vaue property holds when poles of sF(s) are in the | eft-
half plane (except for assmple pole at the origin)



Proofs of Some Additional Properties
Convolution Property: L™{F,(s)F, (s} = ﬁ f.(r)f,(t—7)dr
= ﬁ f,(0) f,(t—7)dr
Proof:  F/(s)= Io‘f f,(1)e™dr
FOF(9) = [ L0(F.(9e™ bir)
= [ LhOH,. .t -Dut-1)e™dt gir)

= L"f %’S f(r)f,(t-1)dr %‘Stdt



Example of Convolution Property

Show L‘% = ZE:te-m
As+a)" [0

L]
1 N 1

_J' e—are—a(t r)d.[

Y
o
S,
N
([

s+a) (s+a)g
:Le““dr —te™



