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Chapter 1

1.1

(a) One dimensional, multichannel, discrete time, and digital.
(b) Multi dimensional, single channel, continuous-time, analog.
(c) One dimensional, single channel, continuous-time, analog.
(d) One dimensional, single channel, continuous-time, analog.
(e) One dimensional, multichannel, discrete-time, digital.

1 .2

(a) f= o‘&?:' = 515 = periodic with Np = 200.
(b) f= 3’6%(51“) = 1 = periodic with N, = 7.
(c)f=%5= % = periodic with N, = 2.

d) f= .,i => non-periodic.

(e) f = &2(L) = & = periodic with N, = 10.
1.3

(a) Periodic with period T, = Z£.
(b) f = & = non-periodic.
(¢) f = 137 = non-periodic.
(d) cos(2) is non-periodic; cos(%2) is periodic; Their product is non-periodic.
(e) cos(Z2) is periodic with period Np=4
sin(Z2) is periodic with period Np=16
cos(* + %) is periodic with period Np=8
Therefore, x(n) is periodic with period N,=16. (16 is the least common multiple of 4,8,16).
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1.4
(a) w = 2t implies that f = . Let
a= GCD of (k,N), i.e.,
k=ka,N=N'a.
Then,

’

f= "11':;7’ which implies that

N =

R|=

—



(b)

N =7
k = 01234567
GCD(k,N) = 71111117
N, = 17777771
(c)
N = 16
k = 0123456789101112...16
GCD(k,N) = 16121412181214...16
N, = 168164168162168164 ...1
1.5
(a) Refer to fig 1.1
(b)
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——> t (ms)

Figure 1.1:

z(n) = z4(nT)
34("/F:)
3sin(wn/3) =

1 =«
f='2';(§)

1
= E,Np=6
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(¢c)Refer to fig 1.2
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Figure 1.2:
(d) Yes. |
0
z(1)=3= Ssin(l—%_j-) = F, = 200 samples/sec.
1.6
(a)

z(n) = Acos(2nFon/F; +6)
= Acos(2x(T/Tp)n + 6)

But T/T, = f = z(n) is periodic if f is rational.
(b) If x(n) is periodic, then f=k/N where N is the period. Then,

ko Do _

Td—(fT)_k(T)T-kTp.
Thus, it takes k periods (kT}) of the analog signal to make 1 period (T4) of the discrete signal.
()Ta=kT,=> NT=kT, = f=k/N=T/Tp = {is rational = x(n) is periodic.
1'7
(a) Fmax = 10kHz = F, > 2Fmax = 20kH:z.
(b) For F, = 8kHz,Fiyq = Fs/2=4kHz = 5k H z will alias to 3kHz.
(c) F=9kHz will alias to 1kHz.
1.8

(2) Fmax = 100kHz, F; > 2Fmax = 200H z.
(b) Fyold = 52* = 125Hz.



1.9

(3) Fmax = 360Hz, Fxy = 2Fmax = 720H z.
(b) Fiold = sz. = 300H z.

z(n) = z4(nT)
zq(n/F,)
= sin(4807n/600) + 3sin(7207n/600)
sin(4mn/5) — 3sin(4nn/5)
—2sin(47n/5).

z(n)

Therefore, w = 4x/5.
(d) ya(t) = z(F,t) = —2sin(4807t).

1.10
(a)
Number of bits/sample = [log;1024 = 10.
Fo= {10,000 bits/sec]
* 7 [10 bits/sample]
= 1000 samples/sec.
Fiolg = 500H:.
(b)
1800
Fmax = = il
g
= 900H:,
(¢)
6007 , 1
h = = (F,)
= 0.3;
18007 , 1
f? - 27 (—FT;)
= 0.9;
But fz = 0.9>0.5=>f2=0.1.
Hence, z(n) = 3cos[(27)(0.3)n] + 2cos[(27)(0.1)n]

_ Tmax~%min _ 5-(=5) _ _10_
(d) A= m-1 = 1023 T 1023°

z(n) = z4(nT)
3 100mn + 2sin 2507n
€28\ 200 200
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= 3cos (_7r2_n) — 2sin (?’TT“)

T l ’
T = l—omﬁya(t)zz(t/T)

71000t . (371000t
= 3cos 2 — 2sin n

va(t) = 3cos(500at) — 2sin(7507t)

1.12
(a) For Fy, = 300H z,

z(n) 3cos (262) + 10sin(7n) — cos (%)
3cos (16,1) — 3cos (532)

(b) z,(t) = 3cos(100007t/6) — cos(100007/3)

1.13
(a)
Range = ZImax — Zmpip = 12.7.
m o= 14 range
= =
= 1274 1=128 = log,(128)
= 7 bits.
(b) m =1+ 227 = 636 = log2(636) = 10 bit A/D.
1.14
_ samples bits
R = (20 sec )z(ssample)
= 160}ilE
sec
Ffold = % = 10Hz.
. Ivolt
Resolution = »-1
= 0.004.
1.15

(a) Refer to fig 1.3. With a sampling frequency of 5kHz, the maximum frequency that can be
represented is 2.5kHz. Therefore, a frequency of 4.5kHz is aliased to 500Hz and the frequency of
3kHz is aliased to 2kHz. ‘

(b) Refer to fig 1.4. y(n) is a sinusoidal signal. By taking the even numbered samples, the
sampling frequency is reduced to half i.e., 25kHz which is still greater than the nyquist rate. The
frequency of the downsampled signal is 2kHz.



Fs = 5KHz, FO=500H2 Fs = SKHz, FO=2000H2
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Figure 1.3:

1.16

(a) for levels = 64, using truncation refer to fig 1.5.
for levels = 128, using truncation refer to fig 1.6. -
for levels = 256, using truncation refer to fig 1.7. i
(b) for levels = 64, using rounding refer to fig 1.8.
for levels = 128, using rounding refer to fig 1.9.
for levels = 256, using rounding refer to fig 1.10.
(¢) The sqnr with rounding is greater than with truncation. But the sqnr improves as the
number of quantization levels are increased.
(d)
levels 64 128 256
theoretical sqnr 43.9000 49.9200 55.9400
sqnr with truncation 31.3341 37.359 43.7739
sqor with rounding  32.754  39.2008 44.0353

The theoretical sqnr is given in the table above. It can be seen that theoretical sqnr is much
higher than those obtained by simulations. The decrease in the sqnr is because of the truncation
and rounding.



Figure 1.4

lovels = 64, using truncation, SQNR = 31.3341dB
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levels = 128, using truncation, SONR = 37.35548
1
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Figure 1.6:

levels = 256, using truncation, SONR=43.7739dB
1

1

05 05

0 0

05 05
-1

0 50 100 150 200 Y S0 100 150 200

-—>N

-->x(n)
-->xq(n)

Figure 1.7:



bnh = 64, using rounding, SONR:
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b\nll- 128, using rounding, SQNR=39.2008dB
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--> o(n)

levels = 256, using rounding, SONR=44 035348
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Chapter 2

2.1

(a)
=0l Zaino.)

. Refer to fig 2.1.
(b) After folding s(n) we have

-

N e eer—
2 frr————

Figure 2.1:

z(—n):{ 01111,%,-1—, }

After delaying the folded signal by 4 samples, we have

w

21
z(—n+4).-{...0,?,1,1,1,1,5,3,0,...}.
On the other hand, if we delay x(n) by 4 samples we have
12
- = y Vg 0 .
z(n — 4) { 00,7, 5,111, }
Now, if we fold z(n — 4) we have
21
:(—n-4)—{...0,1,1,1,1,5,3,0,?,...}

11



(c)
z(-n+4)= {(T), 1,1,1,1,

wiN

1
=,0,...
737’ }

(d) To obtain z(—n + k), first we fold z(n). This yields z(—n). Then, we shift z(—n) by k
samples to the right if k¥ > 0, or k samples to the left if £ < 0.

(€) Yes.
z(n):%5(n-2)+§5(n+1)+u(n)—u(n-4)
2.2
::(n):{...0,1,%,1,1,%,%,0, }
(a)
z(n—2)={...o,?,1,1,1,1,%,%,0, }
(b)
,(4-,,)={ ..o,;,;,l,l,l,l,o,...}
(see 2.1(d)) T T
(c) '
z(n+2)={...0,1,1,1,%,%,%,0,...}
(d)
z(n)u(?-—n):{...0,1,%,1,1,0,0,...}
(.e)
z(n—l)&(n—3)={...(T),O,I,O,...}
()
z(n?) = {...0,z(4),z(1),2(0),z(1),2(4),0,..}
= {...0,%,1,%,1,%,0,...}
(2)
rin) = z(n)+2z(-n),
2(-n) = {..o,%,%,1,1,%,1,o,. }
= {041;%111%%%0 }



(b)

zo(n) — z(n)-zz(—n)

1 1 1 111
et {‘.‘0’—_4-’_.4-"5’0’070,5’2’2’0,“.}

23
(2)
0, n<0
u(n)—u(n-1)=6(n) = { 1, n=0
0, n>0
(b)
= 0, n<o0
k:z—ooé(k) =um= { L, n ; 0
= 0, n<0
Z;«S@;—k):{ Lm0
2.4
Let
ze(n) = 3l2(n) + 2(-n))
z4(m) = 3l2(n) = 2(=n)].
Since
z.(~n) = ze(n)
and

z,(—n) = —z,(n),

it follows that
z(n) = z.(n) + zo(n).

The decomposition is unique. For

z(n) = {2,3,?,5,6} ,

we have
z.(n)= {4,4,}1, 4, 4}
and

zo,(n) = {—2, —1,(TJ, 1,2} .

13



2.5

First, we prove that

i ze(n)zo(n) =0
Y zen)zo(n) = D ze(-m)zo(-m)
= - z: z.(m)z.(m)
= - Z z.(n)zo(n)
= E ze(n)zo(n)
= 0-
Then,
Z 2*(n) = z [ze(n)+z°(n)]2
= i z%(n) + i z%(n) + i 2z.(n)zo(n)
_ RE:—:EO n=-o0 n=-—0oo
2.6
(a) No, the system is time variant. Proof: If
z(n) —y(n) = z(n?)
zn=k) =) = zl(n-k]
= z(n®+k? - 2nk)
# y(n-k)
(b) (1)
z(n) = {0,%, 1,1, 1,0,...}
(2)

m@::mﬂ:{“"mL%LQH}

3)
ﬂn—@:{“q&gLLLQ“}

14



(4)
z(n-2) = {...,?,0,1,1,1,1,0,...}

(5)
y2(n)=T[z(n-2)] = {...,0,1,0,?,0,1,0,...}
(6)
y2(n) # y(n — 2) = system is time variant.
() (1)
z(n) = {%,1,1,1}
(2)
y(n) = {11,0,0,0,0,-1}
(3)
y(n—2) = {?,o, 1,0,0,0,0, -1}

(4)
z(n—2)= {(TJ,O, 1,1,1,1, 1}

(3)
y?(n) = {?a0$ 1,0,0,0,0,—1}

(6)

y2(n) = y(n - 2).

The system is time invariant, but this example alone does not constitute a proof.
(d) (1)
y(n) = nz(n),

z(n) = {...,0,%,1,1,1,0,...}

(2)
y(n) = {?123}
3)
y(n-2)= {...,?,0,0,1,2,3,...}
(4)

z(n-2)= {‘..,0,9,0,1,1,1,1,...}

15



(5)
y2(n)=T[z(n-2)}]={...,0,0,2,3,4,5,.. .}

(6)

y2(n) # y(n — 2) = the system is time variant.

2.7

(a) Static, nonlinear, time invariant, causal, stable.
(b) Dynamic, linear, time invariant, noncausal and unstable. The latter is easily proved.
For the bounded input z(k) = u(k), the output becomes

n+l 0 n< -1
y(n):kz u(lc):{n+2, n>-1
=-00

since y(n) — oo as n — o0, the system is unstable.
(c) Static, linear, timevariant, causal, stable.
(d) Dynamic, linear, time invariant, noncausal, stable.
(e) Static, nonlinear, time invariant, causal, stable.
(f) Static, nonlinear, time invariant, causal, stable.
(g) Static, nonlinear, time invariant, causal, stable.
(h) Static, linear, time invariant, causal, stable.
(1) Dynamic, linear, time variant, noncausal, unstable. Note that the bounded input
z(n) = u(n) produces an unbounded output.
(j) Dynamic, linear, time variant, noncausal, stable.
(k) Static, nonlinear, time invariant, causal, stable.
(1) Dynamic, linear, time invariant, noncausal, stable.
(m) Static, nonlinear, time invariant, causal, stable.
(n) Static, linear, time invariant, causal, stable.

2.8
(a) True. If
vi(n) = T1[z,(n)] and
v2(n) = Tifz2(n)],
then
ayz1(n) + azza(n)
yields

a1v1(n) 4 azvz(n)
by the linearity property of 7;. Similarly, if
n(n) = Tp[v1(n)] and
v2(n) = Tofvz(n)],

then ]
Bivi(n) + Bava(n) — y(n) = Biyi(n) + Baya(n)

by the linearity property of 7,. Since
vi(n) = T1[z1(n)] and

16
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v2(n) = Tofz2(n)),
it follows that
A1z)(n) + A2z2(n) -
yields the output .
AT [z1(n)] + A2T [22(n)],

where 7 = 7, 7. Hence 7 is linear.
(b) True. For T, if

z(n) — v(n) and
z(n— k) — v(n - k),
For 7o, if
v(n) — y(n)
andv(n — k) — y(n — k).
Hence, For 7775, if
z(n) — y(n) and
z(n—k)— y(n - k)

Therefore, 7 = T, T3 is time invariant.
(c) True. T is causal = v(n) depends only on x(k) for k < n. T3 is causal = y(n) depends only on v(k) for k <
n. Therefore, y(n) depends only on z(k) for k < n. Hence, 7 is causal.
(d) True. Combine (a) and (b). i -
(e) True. This follows from h;(n) * h2(n) = ha(n) * h1(n) N
(f) False. For example, consider

T, : y(n) = nz(n) and

T> : y(n) = nz(n +1).

Then,
T[T[s(n)]] = TA(0)=0.
T[TE(n)]] = Tlé(n+1)]
= —-8(n+1)
# 0.

(g) False. For example, consider
T, : y(n) = z(n) + b and

T, : y(n) = z(n) — b, where b # 0.

Then,
T[z(n)] = T[Ti[z(n)] = To[z(n) + b] = z(n).

Hence 7T is linear.
(h) True.

T, is stable = v(n) is bounded if z(n) is bounded.

T, is stable = y(n) is bounded if v(n) is bounded .

17



Hence, y(n) is bounded if x(n) is bounded => T = T, 7; is stable.
(1) Inverse of (c). 7; and for 7; are noncausal => 7 is noncausal. Example:

Ti:y(n) = z(n+1)and
T2:y(n) = z(n-2)
=T :y(n) = z(n-1),

which is causal. Hence, the inverse of (c) is false.
Inverse of (h): 7y and/or 7; is unstable, implies 7 is unstable. Example:

Ty : y(n) = €*™), stable and T; : y(n) = In[z(n)], which is unstable.

But 7 : y(n) = z(n), which is stable. Hence, the inverse of (h) is false.

2.9
(2)
yn) = Y h(k)z(n—k),z(n)=0,n<0
k=-o0
n+N n+N
yn+N) = Y h(k)z(n+N—-k)y= Y h(k)z(n-k)
k=-00 kz—-
n n+N
= Y h(k)z(n—k)+ Y h(k)z(n—F)
k=-—o0 k=n+1
n+N
= y(n)+ > h(k)z(n-k)
k=n+l1

For a BIBO system, lim,_.|h(n)| = 0. Therefore,

n+N
limp—co Y h(k)z(n—k)=0and
k=n+1

limn~wy(n + N) = y(N).

(b) Let z(n) = z,(n) + au(n), where a is a constant and

z,(n) is a bounded signal with "lin;no z,(n) = 0.

Then,
y(n) = aY_ h(k)u(n—k)+ ) h(k)z,(n - k)
k=0 k=0
= a)_ h(k)+ye(n)
k=0

clearly, 3, z2(n) < 0o = ¥, y%(n) < oo (from (c) below) Hence,
limvn—oolyo(n)l =0.

18



and, thus, lim, o y(n) = a 37, h(k) = constant.

(¢)
y(n) = > h(k)z(n-k)
k
[-5) o) 2
Y v = Y [}: h(k)z(n - k)]
-00 -00 k
= Y Y RN z(n-k)z(n-1)
k l n
But
Y z(n-k)z(n-1) <Y z*(n) = E:.
Therefore,

Y (n) < E: 3 AR T 1RO
n k i

For a BIBO stable system,

S (k) < M.
k
Hence,
E, < M?E., so that
E,<0if E; <0.
2.10

The system is nonlinear. This is evident from observation of the pairs
z3(n) = y3(n) and z2(n) — y2(n).

If the system were linear, y2(n) would be of the form

y2(n) = {3,6,3}

because the system is time-invariant. However, this is not the case.

2.11

since
z1(n) + z2(n) = §(n)

and the system is linear, the impulse response of the system is

y(n) +y2(n) = {0, .'Ti, -1,2, 1} .

If the system were time invariant, the response to z3(n) would be

{2001},
T

19
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2.12

(a) Any weighted linear combination of the signals z;(n),i=1,2,...,N.
(b) Any zi(n — k), where k is any integer and : = 1,2,...,N.

2.13
A system is BIBO stable if and only if a bounded input produces a bounded output.

> h(k)z(n - k)
k

y(n)

()l < D Ih(k)llz(n - k)|
k
< MY |h(k)]
k
where |z(n — k)| < M.. Therefore, |y(n)| < oo for all n, if and only if
S Ih(E)] < oo.
k

2.14

(a) A system is causal < the output becomes nonzero after the input becomes non-zero. Hence,

z(n) =0 for n < ny, = y(n) = 0 for n < n,.
(b)
y(n) = i h(k)z(n — k), where z(n) =0 for n < 0.
If h(k) = 0 for k < 0, then -
y(n) = ih(k)z(n — k), and hence, y(n) =0 for n < 0.
0
On the other hand, if y(n) = 0 for n < 0, then

f_j h(k)z(n — k) = h(k) = 0,k < 0.

2.15
(a)

Fora:l,Za” = N-M+1
n=M

fora;él,za" = aM4aMt 4 4aV
n=M

(1-a) Z a" = aM oMt M 4 4 gV gV — N
n=M



(b) For M =0,]a| < 1,and N — o0,

2.16
(a)

(b) (1)

(2)

(3)

(4)

(3)

oo

o=

n=0

1.
a,|a|<

y(n) = Y h(k)z(n-k)
k

> y(n)

ST hk)z(n-k) = S k) Y z(n-k)
n k k n=-0o0
('2 h(k)) (Z z(n))
k n

y(n) = h(n) * z(n) = {1,3,7,7,7,6, 4}

S um) =35, Y Ak)=5 D z(k)=T
n k

k

y(n) = {1s 4) 2: —4y 1}

Sun)=4, Y hk)=2, D z(k)=2
n E E
y(ﬂ) = {0) %a_%7 %1-2!0i—g)—2}

Z y(n) = -5, zh(ﬂ) = 2.5, Zz(n) - -2

n n

y(n) = {1,2,3,4,5}

Tumy=15, Y h(n)=1, D z(n)=15

n

y(n) = {0,0, 1’-1a2a2: 1’3}

Yun) =8, Y hm)=4 D z(n)=2

y(n) = {0,0,1,-1,2,2,1,3}

z y(n) =8, E h(n) =2, z z(n) =4

n

y(n) = {0! 1)47 _4) —57 —17 3}
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(8)

(9)

(10)

(11)

2.17
(2)

z(n)

h(n)

y(n)

¥(0)
¥(1)
¥(2)
¥(3)
y(4)
¥(5)
¥(6)
¥(7)
y(8)
y(n)

y(n)

Yun)=-2, Y h(n)=-1, Y z(n)=2

y(n) = u(n) + u(n — 1) + 2u(n - 2)

Zy(") = o0, z h(n) = oo, Zz(n) =4

y(n) = {17 -19 _51 2’31 -51 114}

Yun)y=0, Y hn)=0, S z(n)=4

n

y(n) ={1,4,4,4,10,4,4,4,1}

Y un)=36, S h(n)=6, S z(n)=6

n

y(n) = 23)" = (3)"Juln)

D un) = g, > h(n) = %, Y z(n)=2

{1,1,1,1}

T B
{6,5,4,3,2,1}
T '

%

> " z(k)h(n — k)

k=0

"z(0)h(0) =6, .

2(0)h(1) + z(1)h(0) = 11

2(0)h(2) + z(1)h(1) + z(2)h(0) = 15

2(0)h(3) + z(1)A(2) + z(2)h(1) + 2(3)h(0) = 18

z(0)h(4) + z(1)h(3) + z(2)h(2) + z(3)h(1) + z(4)h(0) = 14

2(0)h(5) + 2(1)h(4) + 2(2)h(3) + 2(3)h(2) + z(4)h(1) + z(5)h(0) = 10
2(1)h(5) + z(2)h(4) + z(3)h(2) = 6

2(2)h(5) + z(3)h(4) = 3

z(3)h(5) = 1

on>9

{(TS, 11,15, 18, 14, 10,6, 3, 1}

22



(b) By following the same procedure as in (a), we obtain

y(n) = {6, 11,15,18,14,10,6,3, 1}
(¢) By following the same procedure as in (a), we obtain
y(n) = {l,¥,2,2, 1}

(d) By following the same procedure as in (a), we obtain

y(n) = {%,2,2,2, 1}

2.18
(2)
z(n) = {?,%,%,l,%,gﬂ}
h(n) = {1,1,%,1,1}
Wm) = z(n)»hin)
1 10 20 11
= {5,%,2,?,5,?,6,5,?,2}
(b)
z(n) = %n[u(n)—u(n-?)],
h(n) = u(n+2)—1u(n-3)
y(n) = z(n)xh(n)
= grilu(n) = u(n = 7))« [u(n +2) - u(n - 3)]
- %n[u(n) su(n+2)—u(n)xu(n—3)—u(n—T)s u(n+2)+u(n—7) » u(n - 3)]
yn) = 38(n+1)+8(n)+26(n— 1)+ %5(71 —2)+58(n—3)+ 23—06(11 — 4) + 65(n - 5)
+56(n — 6) + 58(n = 6) + z-6(n = )+ 6(n = 8)
2.19

4
yn) = Y h(k)z(n-k),
k=0
z(n) = {a"s,a‘z,a'l,%,a,...,a"’}
h(n) = {%,1,1,1,1}
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4
y(n) = z:c(n—k),—35 n<9
k=0
= 0, otherwise.

Therefore,
¥w-3) = a3
W-2) = z(-3)+z(-2)=a"3+a"2,
y-1) = a3+a%+a7,
¥(0) = a2+a"?+a" 1 +1
¥1) = a®+a+al+1+a0,
2 = eP+a?+al+1+a+d?
¥38) = al'+1+a+a’+ad
y(4) = at+ed+a’+a+1
¥5) = a+a’+a’+a'+a’
y6) = o’+a’+a*+a’
y(7) = o +at+ a5,
¥(8) = a*+a’,
y(9) = o°
2.20

(a) 131 x 122 = 15982

(b) {17,3,1} = {171,2,2} = {1,5,9,8,2}

() (14324 23)(14+22+222) = 1452+ 922 4+ 823 + 224
(d) 1.31 x 12.2 = 15.982.

(e) These are different ways to perform convolution.

2.21
(a)
Yn) = Z a*u(k)o"*u(n — k) = b" E(ab—l)k
=0 k=0
- —'——""b.“::'“ u(n), a#b
un) = { b"(fbl +1)u(n), a=hb
(b)

2(n) = {1,2,},1}

h(n)

y(n) = 1,1,—},0,0,3,3,2,1}
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()
z(n) = {1,%,1,1,1,0,-1},
h(n) = {1,2,:3,2,1}

y(ﬂ) = {1$3169?1978351 19-2)-27—1}

(d)
z(n) = {%,1,1,1,1},
h(n) = {2,0,1,1,1,1,1,1}
h(n) = h'(n)+hk'(n-9),
y(n) = y(n)+y(n—-9), where
y(n) = {(T),O,1,2,3,4,5,5,4,3,2,1}
2.22
(2)
vi(n) = z(n)=*hi(n)
n(n) = z(n)+z(n-1)
= {1,5,6,5,8,8,6,7,9,12,12,15,9}, similarly
w(n) = {1,6,11,11,13,16,14,13,15,21,25,28, 24,9}
ys(n) = {0.5,2.5,3,2.5,4,4,3,35,45,6,6,7.5,4.5}
va(n) = {0.25,1.5,2.75,2.75,3.25,4,3.5,3.25,3.75,5.25,6.25,7,6,2.25)
ys(n) = {0.25,0.5,—1.25,0.75,0.25,~1,0.5,0.25,0,0.25,-0.75,1, -3, —2.25}
(b)
1
ya(n) = §y1(n), because
1
ha(n) = hi(n)

va(n) = %yz(n), because

ha(n) = ghaln)

(c) y2(n) and y4(n) are smoother than y;(n), but y4(n) will appear even smoother because of the
smaller scale factor.
(d) System 4 results in a smoother output. The negative value of hs(0) is responsible for the
non-smooth characteristics of ys(n)
(e)
13 1 11 13 9
=<- 71,z a_]wo)_:-, 1T ara T o
ys(n) {2) 2) 7271 1 }

y2(n) is smoother than ye(n).
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2.23
If

yi(n)
y2(n)
z(n)

ny1(n — 1) + z,(n) and
nys(n — 1) + z2(n) then
azy(n) + bz2(n)

produces the output
y(n) = ny(n — 1) + z(n), where
y(n) = ay(n) + byz(n).
Hence, the system is linear. If the input is z(n — 1), we have
y(n-1) (n-1)y(n —2)+ z(n-1). But
yn-1) = ny(n—-2)+z(n-1).

Hence, the system is time variant. If z(n) = u(n), then |z(n)| < 1. But for this bounded input,
the output is

y0)=1, y(1)=141=2, y2)=2x2+1=35,...
which is unbounded. Hence, the system is unstable.

2.24
(a)
5(n) = +(n)—ay(n-1) and,
6(n—k) = 7v(n—k)—ay(n—k~—1). Then, i )
z(n) = Y z(k)§(n—k)
k=—-o0
= Y z®)lr(n- k) -ar(n—k-1)]
k=—o0
z(n) = Y z(khy(n—k)—a Y z(k)y(n—k-1)
k=—oco k=—o0
z(n) = E z(k)y(n—k)—a Z z(k — 1)y(n — k)
k=00 k=-o00
= Y [z(k) - az(k - ))v(n — k)
k=—o0

Thus,cx = =z(k)—az(k-1)
(b)
y(n) = Tlz(n)]
= (Y arn-b)

k=—o0
o

= Y aTl(n -k
k=-00

= E ceg(n—k)

k=—00
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(c)

h(n) T[8(n)]
Tlv(n) — ay(n - 1)]

= g(n)—ag(n-1)

2.25
With x(n) = 0, we have
y(n—l)+§y(n— ) = o
W-1) = -3u(-2)
W) = (-3u-2)

W) = (=3Pu-2)

y(k) = (—g)""'zy(—2) — zero-input response.

2.26

Consider the homogeneous equation:

y(n) — gy(n -1+ %y(n -2)=0.

The characteristic equation is

z\z—gz\+%=0.)«=

| =
W =

Hence, )
1
wmn) = a(3)" +e(3)"

The particular solution to
z(n) =2"u(n) is

¥ (n) = k(2%)u(n).
Substitute this solution into the difference equation. Then, we obtain

E2)u(n) = K2 u(n = 1)+ HG) (@ Du(n = 2) = 2"u(n)
Forn = 2, - 8
4k—-5-+€=4=>k=-g.
Therefore, the total solution is
V() = 3p(n) + 1n(n) = S(2")u(n) + ea(3)"u(m) + ex(3)"u(m).
To determine ¢; and 3, assume that y(—2) = y(—1) = 0. Then,
y(0) =1 and
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5 17
y(1) = gu(0) +2= =
Thus,
§+c +e2 = 1lea+e= 3
5 1 2 = 1TC2= 5
16 1 1 17 11
?+§C1+§cz = ?:3614-262——-5'

and, therefore,
g =-1,¢c= 2
1 - y €2 — 5
The total solution is

) = [f@r - (3 + 2@ uew

2.27

y(n) — 3y(n - 1) —4y(n — 2) = z(n) + 2z(n - 1)

The characteristic equation is
A —3r-4=0.

Hence, A =4,~1 and
ya(n) = c1(n)4™ + c2(-1)™.

Since 4 is a characteristic root and the excitation is
z(n) = 4" u(n),
we assume a particular solution of the form
yp(n) = knd"u(n).

Then
: knd™u(n) — 3k(n — 1)4" Yu(n — 1) — 4k(n — 2)4" %u(n - 2)
= 4"u(n) + 2(4)" 'u(n - 1)

. Forn=2,

k32-12)=42+8=24— k=

T,

The total solution is

y(n) (1) + yn(n)

= [gn&}" +a4" + cg(—l)”] u(n)
To solve for ¢; and ¢,, we assume that y(—1) = y(—2) = 0. Then,
y(0) =1 and

¥(1) = 3y(0) +4+2=9

Hence,
a+e=1 and
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24
-"+4C1—C2=9

5
21
4c1 —c2 = —g-
Therefore,

c —26andc =21
T LT

y(n) = [§n4" + ;—2-4" - -2%(—1)"] u(n)

The total solution is

2.28

From 2.27, the characteristic values are A = 4, —1. Hence
ya(n) = 14” + c2(-1)"
When z(n) = §(N), we find that

y(0) =1 and
¥(1) - 3y(0) =2 or
¥(1) =5.
Hence,
ci1+cpg=1land 4c; —e2=5
This yields, c; = £ and ¢z = —%. Therefore,
- 6 n 1 n
h(n) = [54 5( 1) ]u(n)
2.29

(a) L, = Ny + M; and L, = N2 + M,
(b) Partial overlap from left:

low N + M, high Ny + M, -1
Full overlap: low Ny + M2  high N2 + M,
Partial overlap from right:
low No+ M; +1 high Np + M

(c)

z(n) = {1,1,%,1,1,1,1}
h(n) = {2,%, 2,2}

Nl = _21

N, = 4,

Ml = -1)

M, = 2,

Partial overlap from left: n=-3 n=-1 L;=-3
Full overlap: n=0 n=3
Partial overlap fromrightn =4 n=6 L,=6
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2.30
(a)
y(n) — 0.6y(n — 1) + 0.08y(n — 2) = z(n).

The characteristic equation is
A2~ 0.6\ +0.08 = 0.

A = 0.2,0.4 Hence,

1" 2"
yn(n) = a1y + c25 -
With z(n) = é(n), the initial conditions are
y(0) = 1,
¥(1) - 0.6y(0) = 0= y(1)=0.6.
Hence,c; +¢2 = 1 and
l01-'l>2 = 06=c;=-1,¢=3.

5 5
Therefore h(n)

1 n 2 n
-G+ 2] wm
The step response is

s(n) = ih(n-k),nzo

k=0
= 3 [r- g

(o el e

y(n) — 0.7y(n — 1) + 0.1y(n — 2) = 2z(n) - z(n — 2).

(b)

The characteristic equation is
: A -071+01=0.

A= 3, % Hence,

ln n
yh(n)=C1§ +eg
With z(n) = é(n), we have
y(0) = 2
¥(1) =0.7y(0) = 0=>y(l)=14.
Hence,e;+¢; = 2and
1 1 7
561 + 5 = 14= 3
=>c+ 2c = 1—4
1TE? T 5

These equations yield

10 4
c = -5-,02 = —5.
M) = [ 3Gy - 3|
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The step response is

s(n) = Zh(n—k),

k=0

10e~,1,_; 4,1,
= ‘3—2(5) k-gkz_;(g) k

k=0

10 1., © 4.1,
= G236
k=0 k=0

03" - 1u(m) - 33 (67 - Dutn)

2.31

wm = {1355

y(n) = {%,2,2.5,3,3,3,2,1,0}
2(0)h(0) = y(0) = z(0) =1
L2(0)+2(1) = y(l):n(n:%

By continuing this process, we obtain

3373

z(n) = {1,5, -2‘,2, 5,. }
2.32
(2) h(n) = hy(n) = [hz(n) = h3(n) * ha(n)}
(b)

hs(n) * ha(n) = (n-—1)u(n-2)
ha(n) — ho(n) * he(n) = 2u(n) = 6(n)
mim) = 36(m)+ J8n-1)+ 26(n~2)
1 1 1
Hence h(n) = [-2-6(11) + Zé(n -1)+ 56(11 - 2)] * [2u(n) — §(n))
1 5 5
= 56(n) + Zé(n -1)+26(n-2)+ §u(n -3

(c)

z(n) = {1, 0, (T), 3,0, —4}

W = {35



2.33

First, we determine
s(n) =

s(n) =

u(n) * h(n)
> u(k)h(n - k)

k=0

i h(n—-k)
k=0

oo
>
k=0

For z(n) = u(n + 5) — u(n — 10), we have the response

s(n+5)—s(n-10) =

From figure P2.33,

6.1
a-1

ant

-1
a—1

n—
u(n+5) — z

u(n — 10)

y(n) = z(n)sh(n)—z(n)= h(n -2)
a™té — 1 a”%-1
Hence, y(n) = o u(n+5) - ——u(n - 10)
—a':::: lu(n +3)+ i‘:i—l—lu(n —12)
2.34
h(n) = [u(n)-u(n-M)]/M
s(n) = Y u(k)h(n-k)
k=-o0
- M4l e M
= Z:oh(n—k)={ &~ n M
2.35
> Iam) = > e

n=-cc

Stable if ja| < 1

n=0,neven

o0
= 2 laf

n=0
1
1-|af?
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2.36

h(n) = a"u(n). The response to u(n) is

v(n)

Then, y(n)

2.37

o0

S u(k)h(n - k)

k=0

n
Zan-k
k=0

n
a” Za"‘

k=0
1- an+1

T—a u(n)
y1(n) = y1(n — 10)
1—1—; (1 - a™*)u(m) = (1 - & *)u(n ~ 10)]

We may use the result in problem 2.36 with a = % Thus,

o =2 [1 = (31| ) -2 [1- G| st -0

2.38
(2)

y(n)

o0

S h(k)z(n — k)

k=-00
n
= Z(%)kT‘-E
k=0

= Yt

k=0

= r[i-G] @

-2 [2"“ - (%)"“] u(n)

yn) = Y h(k)z(n—k)

k==

> k()

k=0

=1
= Z(E)k=2,n<0

k=0
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yn) = 3 h(k)

k=n
= Y
k=n
= 2(5) - 2(5)
k=0 k=0
— (1
= 2- (l l( 2) )
2
= 2(%)", n>0.
2.39
(a)
he(n) = hy(n) * ha(n) * ha(n)
= [6(n) — 8(n —1)] * u(n) = h(n)
= [u(n) - u(n - 1)] % h(n)
= é(n)=*h(n)
= h(n)
(b) No. |
2.40

(a) z(n)6(n — ng) = z(no). Thus, only the value of z(n) at n = ng is of interest.
z(n) * §(n — no) = z(n — ng). Thus, we obtain the shifted version of the sequence z(n).

(b)
yn) = D h(k)z(n—k)
k=~00
= h(n)*z(n)
Linearity:z;(n) — y1(n) = h(n)=*zi(n)
z2(n) = y2(n) = h(n)=*z2(n)
Then z(n) = az1(n)+ Bz2(n) — y(n) = h(n) * z(n)
y(n) = h(n)=*[azi(n)+ Bz2(n)]
= ah(n)*zy(n) + Bh(n) * z2(n)
= ay(n) +By(n)
Time Invariance:
z(n) —y(n) = h(n)sz(n)

h(n) = z(n — no)
> h(k)z(n — no — k)
k

y(n — no)

z(n — no) — y1(n)

(c) h(n) = 6(n — no).
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2.41

(a) s(n) = —ays(n — 1) — az2s(n — 2) — ... — ans(n — N) + bou(n). Refer to fig 2.2.
(b) v(n) = bl-o [s(n) + a15(n — 1) + azs(n — 2) + ...+ ans(n — N)] . Refer to fig 2.3

v(n) By :4"]\ l s(n) N

C}—_ --,

Figure 2.2:

2.42
Wn) = —3y(n—1)+2(n)+2(n-2)
y(-2) = —%y(-3)+z(—2)+2:(—4)=1
WD) = —2u(=2) +2(=1)+22(-3) = 3
y(0) = —-;-y(-—l)+2z(-2)+z(0)=-141
W) = —2u0)+=()+22(-1) =T, ete
2.43

(a) Refer to fig 2.4
(b) Refer to fig 2.5



s(n) ﬁ\/ R : . 1y

Figure 2.3:
2.44
(a)
z(n) = {%,0,0,...}
Wm) = Zun—1)+2(n)+2(n-1)
¥(0) = z(O)- 1,
v(1) = U0 +2(1)+2(0) = 5
y(2) = 2y(l)-}-::(2)+z:(1)-§ Thus, we obtain
333 3 3
yn) = {15251—632 }

(b) y(n) = 3y(n = 1) + 2(n) + 2(n - 1)

(¢) As in part(a), we obtain

13 29
4'8'1

(o]

v = {1,

‘}

O>

(d)

u(n) * h(n)
Y u(k)h(n - k)

k

y(n)

36
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“(‘)‘Q L s o

L— o

Figure 2.4:

= z": h(n - k)
k=0
y(0) = h(0)=1
W) = AO)+h(1)=3
y(2) = Ah@O)+h(1)+h(2)= 14—3, ete
(e) from part(a), h(n) = 0 for n < 0 = the system is causal.

— 3 1.1
ZIh(n)l:1+-2-(1+§+Z+...)=4=> system is stable

n=0

2.45
(2)
y(n) = ay(n—1)+bz(n)
= h(n) = ba"u(n)
= b
r2)}).(71) = 12" 1
=2b = 1-a.
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x(n)

-1

2

(c) b=1-a in both cases.

2.46
(a)

s(n)

5(00)

=b

-3

Figure 2.5:

= i h(n —k)
k=0

y(n)

y(n) — 0.8y(n — 1)
The characteristic equation is
A-038

A

ya(n)

38

0.8y(n — 1) + 2z(n) + 3z(n - 1)
2z(n)+ 3z(n-1)

0.8.
¢(0.8)"



Let us first consider the response of the sytem

y(n) — 0.8y(n — 1) = z(n)

to z(n) = §(n). Since y(0) = 1, it folows that ¢ = 1. Then, the impulse response of the original
system is

h(n) 2(0.8)"u(n) + 3(0.8)""'u(n — 1)

26(n) + 4.6(0.8)" " lu(n - 1)

(b) The inverse system is characterized by the difference equation
z(n)=-1.5z(n-1)+ %y(n) - 0.4y(n—1)

Refer to fig 2.6

n x(n)
y(n) . i 0.5
z -1
- 1 .5 '0.4
Figure 2.6:
2.47

y(n) = 0.9y(n — 1) + z(n) + 2z(n — 1) + 3z(n - 2)
(a)For z(n) = é(n), we have

¥0) = 1,

y(1) = 29,

y(2) = 5.61,
y(3) = 5.049,
y(4) = 4.544,
y(5) = 4.090,...
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(b)

5(0)
s(1)
5(2)
5(3)

s(4)
s(5)

(c)
h(n)

2.48
(a)

wonoun

y(n)

for z(n)

h(n) =

(b)

y(n)

with z(n)
y(-1)
h(n)

()

¥(n)

with z(n)
y(-1)
h(n)

(d) All three systems are IIR.
(e)

y(0) =1,

y(0) + y(1) = 3.91

¥(0) + y(1) + y(2) = 9.51

¥(0) + (1) + ¥(2) + ¥(3) = 14.56

4

Y y(n) =19.10
0
5

Z y(n) =23.19

0

(0.9)"u(n) +2(0.9)"'u(n — 1) + 3(0.9)"~2u(n - 2)
6(n) +2.95(n - 1) + 5.61(0.9)"~ 2u(n - 2)

%z(n) + %z(n -3 +y(n-1)

%y(n -1+ %y(n -2)+ %z(n -2)
é(n), and

é(n), we have
11122

y(—2) = 0, we obtain
{001 1 3 1 11

1.4y(n — 1) — 0.48y(n — 2) + z(n)

é(n), and

y(—2) = 0, we obtain
{1,1.4,1.48,1.4,1.2496,1.0774,0.9086, .. }

41

The characteristic equation is

A2 _14)+048

¥(n) = 1l.4y(n-—1)—0.48y(n—2)+ z(n)
= 0 Hence
A = 08,0.6.and
yn(n) = ¢1(0.8)" + ¢2(0.6)"For z(n) = é(n). We have,
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¢ci1+c2 = 1land

0.8c; +0.6c; = 14
=>c = 4,
ca = 3. Therefore

h(n) = [4(0.8)" — 3(0.6)"} u(n)

2.49
(a)
hi(n) = cob(n)+c16(n—1)+ c26(n-2)
hz(n) = byé(n)+ 616(71 - l) + boé(n — 2)
ha(n) = aob(n)+ (a; + apaz)é(n — 1) + ay826(n - 2)

{b) The only question is whether

ha(n) = ha(n) = hi(n)

Let ag = cp,
ay+azcp = ¢,
aza; = c¢2. Hence
2 4+azcg—-¢; = 0
az
= 0003 —cja2+¢c; = 0

For cq # 0, the quadratic has a real solution if and only if

C? - 46062 2 0

2.50

wn) = y(n=1)+z(n)+2(n-1)
For y(n) — %y(n —1) = é(n), the solution is
hm) = (3)u(n)+ () Mu(n=1)
(b) hy(n) » [8(n) + 6(n ~ 1)) = (3" u(n) + ()"~ u(n - 1).
2.51
(a)
convolution: y(n) .= {%,3,7,7,7,6,4}

correlation: 11(n) = {1,3,7,7,17,6,4



(b) »

convolution: yo(n)

I i

correlation: v;(n)
Note that y2(n) = v2(n), because hy(—n) = hy(n) (c)

convolution: y3(n)

{4, 11, 20, 30, 20, 11,4}
1

correlation: v,(n) = {1,4, 10, 210, 25,24, 16}
(c)
convolution: y4(n) = {%,4, 10, 20,25, 24, 16}
correlation: v4(n) = {4,11,20,310, 20,11,4}
Note that ha(—n) = h4(n+ 3),
hence, 13(n) = ya(n+3)
and hg(—n) = ha(n+3),
= v(n) = y(n+3)
2.52

Obviously, the length of h(n) is 2, i.e.
h(n) = {ho,h}

hg = 1
3ho+hy = 4
2>hy = 1,h=1
2.53
N M
(256) y(n) = - ay(n—k)+ > bez(n—k)
k=1 k=0
N
(259) w(n) = =) aw(n-—k)+z(n)
Mk:l
(2510) y(n) = Y bw(n-k)
k=0

From (2.5.9) we obtain
N
z(n)=w(n)+ ) arw(n—k) (A)
k=1
By substituting (2.5.10) for y(n) and (A) into (2.5.6), we obtain LH.S = R.H.S.
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2.54
-

y(n) ~ 4y(n = 1) + dy(n - 2)
The characteristic equation is
A2 —4r+4 0
A = 2,2. Hence,
wn(n) 12" +¢n2"

z(n)—z(n-1)

The particular solution is
Yp(n) = k(—-1)"u(n).
Substituting this solution into the difference equation, we obtain

k(=1)"u(n) — 4k(=1)""lu(n = 1) + 4k(~1)""2u(n = 2) = (=1)"u(n) = (=1)" " u(n - 1)
Forn =2k(14+4+4)=2=> k=2 The total solution is
2
y(n) = [c12" + ¢n2™ + 5(—1)"] u(n)
From the initial condtions, we obtain y(0) = 1,y(1) = 2. Then,

c+2 =
1 9 -
= =
2
2c1+2cz—§ =

=02 =

Wi N o~y —

2.55

From problem 2.54,
. h(n) = [e12" + c2n2") u(n)
With y(0) = 1,y(1) = 3, we have

cy = 1

2c142c2 = 3

1

=> C = 5
Thus h(n) = [2" + %n2"] u(n)

2.56

z(n) = z(n)=*é(n)
z(n) * [u(n) — u(n - 1))
= [z(n) —z(n - 1)]+u(n)

[=-]

= Z [z(k) = z(k = 1)) u(n — k)

k==o00
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2.57

Let h(n) be the impulse response of the system

k
Y~ h(m)

s(k) =
= h(k) = :(;;Oi s(k—1)
y(n) = ) h(k)z(n—k)
k==oc0
= z [s(k) = s(k = 1)]z(n - k)
k=-o0

2.58

_J 1, ng=N<n<n+ N
z(n) = { 0, otherwise

_J 1, -=N<n<N
yn) = 0, otherwise

o0

Yez(l) = Z z(n)z(n - 1)

n=-00

The range of non-zero values of vy () is determined by
ng—N<n<no+N

ng—-N<n-Il<ny+N

which implies
2N <I<2N

For a given shift I, the number of terms in the summation for which both z(n) and z(n —{) are
non-zero is 2N + 1 — |l|, and the value of each term is 1. Hence,

) = 2N+1-|l], -2N <I<2N
2z =1 o, otherwise

For yzy (1) we have

2N +1-|l-np|, ng—2N <1< no+2N
7zy(1)=

0, otherwise
2.59
(a)
1=2(1) = i z(n)z(n - 1)
Yee(=3) = :&):(3):1
12z(=2) = z(0)z(2) + z(1)z(3) =3
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7::(-1)

7::(0)

1

Also vz-(=1)

7::(1)

z(0)z(1) + z(1)z(2) + 2(2)z(3) = 5

3
Z 2(n) =7
n=0

Therefore v.-(I) = {1,3,5,?,5,3,1}

(b)
() = Y yn)y(n-1)
We obtain i
vy = {1,3,5,7,53,1)

we observe that y(n) = z(—n + 3), which is equivalent to reversing the sequence z(n). This has

not changed the autocorrelation sequence.

2.60
7::::(1)
7::(0)
Therefore, the normalized autocorrelation is
pzz(l)
2.61
(a)
Yz (I) = Z z(n)z(n - 1)
n=-00

oo

Z z(n)z(n-1)

n=-0c

2N +1-|lf, -2N<I<2N

0, otherwise
2N +1

1

- - <Il<2N

SN N +1-l) 2N <ig

0, otherwise

= i [s(n) + 118(n = k1) + v25(n — k3)] *

Nn=—-0c

[s(n =0 +1is(n=1— k1) +v25(n — 1 - k3))

= (1+ 7? + 7;)7."(1) +7 [70:(1 + k1) + 7, (1 - kl)]
+72 [7:-(' + kz) + 701(’ - k?)]
+7172 [7"(1 +k - kz) + 7-:(‘ + ko — kl)]

(b) 7z-(I) has peaks at | = 0,+k,,+k, and +(k; + k2). Suppose that k; < k;. Then, we can
determine v; and k;. The problem is to determine v; and k; from the other peaks.
(¢) If 92 = 0, the peaks occur at { = 0 and [ = k,. Then, it is easy to obtain v; and ;.

45



2.62
(a)

(b) variance = 0.01. Refer to fig 2.7.
(b) Delay D = 20. Refer to fig 2.7.

1 15
1
0.5
e e 0S
30 f °
) l_os
~0.5
-1
) o 1% 0 %0 s 0 1%
—>N -=> N
15
10
€
Es
A
H
0
Y ) 20
—>|
Figure 2.7: variance = 0.01
(c) variance = 0.1. Delay D = 20. Refer to fig 2.8.
(d) Variance = 1. delay D = 20. Refer to fig 2.9.
1 15
1
0.8
= e 0S
¥ 0 ’,.\‘ 0
[}
] ) -05
-0
-1
o 0 1m0 =20 % % 100 1%
-—> N -—> N
20
15
30
3
Ts
0
= ) 20

(e) z(n) = {~1,-1,-1,+1,+1,+1,+1,-1,41,—1,+1,+1,—-1,-1,+1}. Refer to fig 2.10.

(f) Refer to fig 2.11.

Figure 2.8: variance = 0.1
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Figure 2.9: variance = 1

2.63

(a) Refer to fig 2.12.
(b) Refer to fig 2.13.
(c) Refer to fig 2.14.

(d) The step responses in fig 2.13 and fig 2.14 are similar except for the steady state value after
n=20.

2.64

Refer to fig 2.15.
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impuise response h(n) of the system

1 : v - v v ' .
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Figure 2.12:
2ero—-sists step resporse s(n)
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x
A
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Figure 2.13:
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=-=> h{n)

~—> &(n)
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Figure 2.14:
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Figure 2.15:
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Chapter 3

3.1
(a)

X(

Z r(n)z™"

n

32+6+42"1-4:72ROC: 0< |z] < 0

L]
N
Il

(b)

X(z2)

Zx(n)z"‘
= 1 n,-n
= §(§) z

- Sy
n=5 2z
— 1
= (_z—l)m+5
20
ﬁ)ﬁ 1
27 1= %z“
1 z=8
ﬁ)

=

1
= ; ROC: 2] > =

T_1.-1
1- 32

3.2

>
—~~
N
N
I

Z z(n)z™"

= Y (1+n)"

n=0

[ <] [-<] .
= Zz"" + an"‘

n=0 n=0

- 1
But Ez_" = {-.=T ROC: |z > 1
=0
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00 -1
- F4
and Zonz " — 7=7ys ROC: 121> 1

(1
1-2-1 -1
Therefore, X(z) 1= 1) + a jz—l)z
1

(1 - 2—1)2
(b)

X(z) = Y (a"+a"):"
n=0

[} = <]
= Ea"z'"+§ a~"z""
n=0

n=0
ad 1
But za"z"‘ = o= ROC: |z] > [a|
n=0
o0 1 1
and a™"z™" = ———— ROC: |z| > —
nZ=0 (1= 1z-1)2 la|
Hence, X(z) = ! :
! T 1-gz-1 1-1z-1
2-(a+ 1), 1
= ROC: , —
T=a (1~ Loy "¢ il > max (el g
(c)
= 1
X(z) = E(_E)ﬂz"n
n=0
Izl > 2
1+ §z-1 2
(d)
[= =]
X(z) = na”sinwgnz™"
ns
et Jwon _ _-jwoen
= Zna" [e : ] ="
n=0 2"
1 ael%oz-1 ae~iwoz-1
T2 (1 - aeiwoz-1)2 = (] —06'1"’°2")2]
[az7! - (az71)?] sinw,
bt —1 2,=-2 l'zl > a
(1 — 2acoswgz—! + a2z )?
(¢)
o
X(z) = Zna"coswonz'"
n=0
o0 Jjwon -jwon
= Z na” [e te ] 2 "
2
n=0
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1 aeiwoz—1 ae~iwoz-1
2 (1 - aefwoz—1)? + (1- ae'i‘”°z'1)2]

[az7! + (az71)3] sinwo — 2a%272

(1 — 2acoswgz=! + a2z-2)2 ' [z] >a
(f)
o0
X(Z) = Azrﬂcos(won+¢)z—n
n=0
red jwon ojé -jwon,-j¢
= Ay [Lete e
n=0
- E [] — rewoz-1 + 1 - re-jw°z—1]
cos¢ — recos{wo — @)z}
= A
[1—2rcoswoz'l+,-2z—2 v zl>r
(8)
© 1 1
X = ~(n? Zyn=-1_-n
(2) ngl?(n +n)(5) "2
L (3)3z7! 2-1
Buty n(z)""!z7!' = 3 _
2" (-1 (I-Lz0p
f:nl’(l)n-lz—n - 7l 4 1272
n=1 3 (1_%2-1)3
1 z-1 =14 1z-2
Therefore, X(z) = _[ + 3 ]
21(1- %2-1)2 1- -15:'1)3
ol > |
= ——e z -
(1-3271)° 3
(h)

X() = Y- LT
' "= 1 (%;1_01:-10

1,-1 1, -
l—iz1 l~-§z1
l—(lz'l 10 1
- ——2" -
=11 2> 3

The pole-zero patterns are as follows:

(a) Double pole at z =1 and a zero at z = 0.

(b) Poles at z =a and z = 4. Zeros at z=0and z = fa+ 1)

(c) Pole at z = —15 and zero at z = 0.

(d) Double poles at z = ae’¥o and z = ae~7¥° and zeros at z =0, z = %a.

(e) Double poles at z = aei¥e and z = ae~7¥° and zeros are obtained by solving the quadratic

acoswoz? — 2a2%z + a3coswy = 0.

(f) Poles at z = re/*° and z = ae~I¥o and zeros at z = 0, and z = rcos(wo — ¢)/cos¢.
(g) Triple pole at = = ! and zeros at z = 0 and z = . Hence there is a pole-zero cancellation so
g 3 3 p
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that in reality there is only a double pole at z = % and a zero at z = 0.
(h) X(z) has a pole of order 9 at z = 0. For nine zeros which we find from the roots of

1_(_2_2—1)10 = 0
. 1
or, equ:valently,(i)w—zm =0
Hence, z, = %e"'%‘,n=l,2,...,k.
Note the pole-zero cancellation at z = %
3.3
(a)
=21 21
— \n,-n Iyn-n _
Xi(z) = D"+ 30 (51
n=0 n=-00
1 = 1
= L tlR) -l
n=0
1 1

=327 1-32

The ROC is % < |zl < 2.

(b)
oo 1 oo
Xa(z) = 2(5)"2'"—22”2'"
n=0 n=0
_ 1 a 1
To1=lat 1271
_%z'l

(1-3z-1)(1-2z71)
The ROC is |z| > 2.

(c)
X3(z) = Z zi(n+4)z”"
= z‘X,(z)
5,4
— 8
T oa- %z")(l—%z)
The ROC is § < |z| < 2.
(d)
X4(z) = z zy(-n)z”"

n=-—00
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The ROC is 3 < |z{ < 3.

3.4
(a)

(b)

(d)

Z zy(m)z™

= Xi(z7")
5
- §
(1-3z)(1-3z71)

X(z) = Z n(-1)"z""

2 (-

n

[12-11

= (1+ ")2’[ 21>1

)ﬂz—ﬂ

4
“dz
2
“dz

X(z) = Z n?z™"

-n

z~! 2271

= T tua—p

-1

X(z) = 2 -na":""

n=-00

d o

— ( -n

= —z— Z a'n)z
dzﬂ=.o°

_ o4l
= Tz | T=az!

az~?!
= m,12|< lal

= n
Z(—l)ncos-jnz""
n=0



From formula (9) in table 3.3 with a = —1,
14z 'cos}
1+2z-'cos§ + 272

1+ 327!

X(2)

= W, ROC ‘Zl > 1
(e)
oc
X(z) = Y (-przn
n=0
1
= T—-’-—F, lZl > 1
(f)
.t(n) = {1v01—110v1a’1}
1
X(z) = 1=2"2427%-275% 1 #0
3.5
Right-sided sequence :z,(n) = 0,n < ng
-1 )
X (z) = Y z(n)z+ ) z(n)z"
n=ng n=0 )

The term Z;;no z,(n)z~" converges for all z except z = oo.
The term 37 z.(n)z™" converges for all |z| > ro where some ro. Hence X,(z) converges for

ro < |z} < oo when ng < 0 and |2] > rg for ng > 0

Left-sided sequence :z;(n) = 0,n> ng
0 no
Xi(z) = Z zi(n)z™" +Zz,(n)z"‘
n=-00 n=1

The first term converges for some |z| < ;. The second term converges for all z, except z = 0.
Hence, X;(z) converges for 0 < |z| < r; when ng > 0, and for |z| < r; when ng < 0.

Finite-Duration Two-sided sequence :z(n) = 0,n > ngandn < ny, where ng > m;
no

Z z(n)z™"

n=n,

X(2)

-1 n=ng

Z z(n)z™" + Z z(n)z™"

n=n, n=0

The first term converges everywhere except z = oc.
The second term converges everywhere except z = 0. Therefore, X(z) converges for 0 < |z| < oo.

3.6

n

yn) = D z(k)

k=-00
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=y(n) —y(n - 1)
Hence,Y(z) — Y(z)z~!

3.7

= z(n)
= X(Z)
X(z2)

1-2z-1

Y(z) =

wor={ 228

Xl(z)

ThenY(z) =

Hence,y(n) =

section

(a)

Y(z)

u(n) * u(n)

Hence,z(n)

andX(z)

d)=", n<o

S Lniony 3= (Ly-nyen
2(5)2 +Z(‘2')Z

n=0 n=-00
1 1
-1
1- 327! N 1- %z
5
6
(1-4z-1)(1 = 32)
=1
(3"
1 1
-l——-l.‘;z—l" ‘2- <lzl< 2
-2 10 =4
1- 1271 l—:~;-z‘1+1—:;z‘1
3 2
=25+ ()" n20
i), n<o0
= Z z(k)
k=-o00
= Y z(k)yu(n—k)
k=-o00
= z(n)=*u(n)
= X(z)U(2)
_ X(2)
T o1-2z-1
= Y u(k)u(n—k)
= Y uk)=(n+Dun)
k=-o00
= u(n)*u(n)
= lz| > 1

(1=2z"1)%
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3.8

y(n) = z(n)e’“°". From the scaling theorem, we have Y(z) = X(e~7%°z). Thus, the poles and
zeros are phase rotated by an angle wo.

3.9
1 n
z(n) = 3 [u(n)+(=1)"u(n)]
From the final value theorem
z(0) = ‘li__rri(z—l)X'*(z)
o 2(z-1)
- ‘]l_r.l’}(2+ z+1 )
= 1
T2
3.10
(a)
1+ 224 ;
X@) = oo
= 144z 472724102734 ... '
Therefore,z(n) = {%,4,7,10,...,3n+1,...}
(b)
X(z) = 224522 +82%+ ...
Therefore,z(n) = {...,—(3n+1),...,11,8,5,2,9}
3.11
X(z) ‘
(1=-2z-1)1-2z-1)2
_ A 4 B + Cz?
To(1-2z7) (1-z7l) T (1= 2712
A = 4B=-3,C=-1
Hence,z(n) = [4(2)" — 3 = n]u(n)
3.12
(a)

z(2), neven
zl(n)z{ 23 nev
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Xi(z) = Y zi(n):"
= ngw:(g-)z_n
= i z(k)z~%*
k=—-o00
= X(z%)
(b)
zo(n) = z(2n)
Xz(z) = Z zz(n)z'"
= Z z(2n)z™"
= i z(k)z"%
k=-o00
= i [z(k)-{»(;—l)"x(k)] z'i',k even
k=—oc
= 1Y ey 2 sk
k=-o00 k=-o00
- %[X(\/E-i-X(-—\/;)]
3.13
(a)
1-3z"1
X(z) = 14327142272
_ A B
= v T+
A = 2,B=-1
Hence,z(n) = [2(-1)" - (-2)"]u(n)
(b)

1
A(l-3z7Y+ B(327Y)
1—z=14 5272

A = 1,B=1
1- 7'5(cos%)z'
1- 27‘5(cosl'4—)z"l + (715)22‘2

X(z) =

1
Hence,X(z) =
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(c)

(8)

Vla(sin-})z'l

1- 2715(cos§)z“ + (7’5)22'2

Hence,z(n) = [(%)"cos%n + (-%)"sin-}n] u{n)
2-6 2=7
X(@) = l—z“-'-l—z‘l
z(n) = u(n-6)+u(n-7)
1 272
X&) = Tt
o 1
Sy
z(n) = cosgnu(n) + 2cos§(n -2u(n-2)
z(n) = 26(n)—cosg-nu(n)
1 146271 4272
X = -
(2) 4(1-2:142:-7)(1 = Lz0)
_ A(l1-2z71) Bz~ + C
T 1=2z7142z72 7 1 =271 42;-2 1-1z-1
3 23 17
A = -—g,B E,C—E-a
3.1, =« 23 1., =« 17,1,
Hence,z(n) = [—g(ﬁ) co Zn-l- 10(E) smzn+%(2) ]u(n)
2-15z"1
X&) = Tisres
_ 1 1
1-1z-1 7 1271
1
wn) = [ +1]um
142271 4272
X@) = gy
- ( 2:71 4 3272 )
- (14 22-1)(1 +22-1)
271 z=2
= 1- +
142270 (14 22-1)2
z(n) = é(n)-2(-2)"lu(n—1)+ (n-1)(-2)""lu(n-1)

5(n)+ (n=3)(-2)""ty(n-1)
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(h)

(z+3)z+7)

1
4(z~3)(z - Zo7)E - 757)

1 (1+ 327141277}
4(1-3z-1)(1-2"14 32-2)

Al = 1z71):7! A(3z71)7! Cz!
1—27t4 3272 " 1—2-14 3272 1-1z-!
3

1 7
A = —— B=—-,C=-
2 8 4

[—%(—;—)%cos-}(n -1+ g—(%)aﬁﬂsin-}(n -1+ g(%)"'l] u(n—-1)

Hence,z(n)

(i)

1,-1

X(Z) = -i—-;—-%;—_T
_ 1 1 2!
T T+l 4141270
1., 1, 1.,
z(n) = (=3 u(n)+ (=3)"Tu(n-1)
@)
1-az"!
X(Z) = z-l—a
1(1-az"!
= _;(1—%2'1)
_ 1 1 az™!
- —;[l—;"-z‘l_l-—%z‘l]
2n) = —2(2)u(m)+ ()" u(n 1)
= (=2 *hu(n)+ (G hu(n - 1)
3.14
52!
X(z) = (1-22-1)(3-2"1)

1 + 1
1-2z71 71— 3271

1> 2,20 = [2°- )] o)

If% <l|2]<2,z(n) = —(%)"u(—n -1)-2"u(-n~1)

Ifiz] < %,z(n) (%)"u(-—n— 1) - 2"u(-n-1)
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3.15

.t)(n) =
= X;(z) =
::2(n) =

= Xyp(z) =

Y(Z) =

y(n)

z1(n)

= Xi(z)

22(71)
= Xg(z)
Y(z)

y(n) =

11,
Z(Z) tu(n—1)
(37! 1

1- %z“’|z|> 4
lin
[1 +(3) ] u(n)
2
1 1
1-2-1 + l—%z"’lz|> !
X1(2)X2(2)
_4 1 1
3 3.

l—%z"+1—z‘1

1-3z7!
1

-3+ 3+ G| um

u(n)
1

1-2-V
1

() + ()" ()
1
1- %z"‘
X1(2)X2(2)

3 1
1—2z71 11— 327!

[o- G| uim

1+

(5)"u(n)

1

— i,-17
1 32

coswnu(n)

1427}

1422714272
X1(2)X2(2)

1+ z°1

(-l )(1+2:1+ 1272

A(l+:z7Y) B

142704272 7 1~ J2-1

2
353

[Z

1

3

cosmn + %(%)"] u(n)
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z1(n)
= Xi(2)
z2(n)
= X2(z)
Y(2)

y(n)
3.16

2zt [z(n+1)]

Therefore, : X*(z)

won

(z=-1DX*z2) =

lim, 1 X*(z)(z =-1)

3.17
(a)

=]

2 z*(n)z™"

n=-00

(b)

1 o/
§[X(2)+X (z°)]

]

nu(n)

Z—l

(1-2z"1)%
2%u(n - 1)

2z-1
1-22-1
X1(2)Xa(z)

2:72

(1=2-1)3(1-22"1)

-2 -2zt 2
1—z-1 (1—=2z"1)2 " 1-2:-1
[-2(n + 1) + 2**'] u(n)

z [X*(z) - z(0)]
2 X*(z) — 22(0)

oo

Z z(n+1)27" + 22(0)

n=0

- z z(n)z™" + Z z(n+1)z"" + zz(0)
n=0 n=0

Y z(n)

n=0

limm_ o [2(0)+2(1)+ 2(2) + ... + z(m)
—z(0) — z(1)2(2) — ... — z(m)]
limp_oz(m+1)

z(0) + i:(n+ 1) -

n=0

z(o0)

Y )Y

n=-oo

= X'(2%)

[z {z(m)} + 2 =" ()]
, [:(n) + z'(n)]
2

= z[Re{z(n)}]
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(¢)
1 eien z(n) — z*(n)
2—j[X(z)—X (z°)] = =z [——-—-— ]

2
= z[Im{z(n)}]
(d)
Xi(2) = 2 z(<)z""
n=-oo,n/kinteger
= z z(m)z~™*
= X_(zk)
(e)
Y &¥rz(n):™m = Y a(n)(emivon) "
= X(ze~I¥°)
3.18
(a)
X(z) = log(l-?z),|z|<%
Y(z) = —zd);‘(:)
-1 1
= oL Pl
=>y(n) = (%)",n<0
Then,z(n) = %y(n)
= ~(x)u(-n-1)
(b)
X(z) = Iog(l—-;-z'l),lz]>%
Y(z) = -zd)giz)
-1, 1
= 1—2%2'1’M>E
11 n-1
Hence,y(n) = —5(5) u(n—1)
2n) = ~y(n)
= —=(zlun-1)



3.19
(a)

rsinwgnu(n), 0<r<1
1

zy(n)

Xi(z) =

rsinwgz”

1 - 2rcoswgz=1 4+ r2z-2

Zero at z = 0 and poles at z = re?/¥e = r(coswo + jsinwo).

(b)

z
(1 — refwoz=1)(1— re-Jwez=1)
z

Xo(z) =

1 - 2rcoswoz=! +r2z-2

(¢) X1(z) and X5(z) differ by a constant, which can be determined by giving the value of X,(z)
at z = 1. .

3.20

Assume that the polynomial has real coefficients and a complex root and prove that the complex
conjugate of the root will also be a root. Hence, let p(z) be a polynomial and z; is a complex
root. Then,

a,.z'l"+a,,_1z;"1+...+a121+a°=0 1)

The complex conjugate of (1) is
an(z])" + an-1(z])" P+ ...+ ai(2])+ag =0

Therefore, zj is also a root.

3.21

Convolution property:

z {z1(n) » z2(n)} > [ S zik)za(n - k)} 7"

n=-00 Lk=-00
o0

= Y a(k) ) za(n-k):"

k=-00 n=-00
=)

= Y ni(k)z"tXa(2)

k==-00
= X1(2)X2(2)
Correlation property:
ri2(l) = zi(n)» z2(-n)
Ri2(2) = z {z1(n) * z2(-n)}
X1(2)z {z2(-n)}
= Xi(2)Xa(z7h)
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3.22

22 28
X(z) = l+2+§+'3—!+...
.z 773
+l14+2z7" 4 —2-'— + -3'— + ...
1
z(n) = é6(n)+ o
3.23
(a)
X(z) = :
T 1415271 -0.52-2
_ 013 0864
T 1-028z-! 14178z}
Hence, z(n) = [0.136(0.28)" + 0.864(—1.78)") u(n)
(b)
X(2) :
‘ 1—-05z-1406z-2
1-0.25z"! 0.7326z"1
1-0.52-140.6z"2 + 0'34121 - 0.5z-1 +0.62-2 -
Then, z(n) = (0.7746)" [cos1.24n + 0.3412sin1.24n] u(n) "

partial check: z(0) = 1,z(1) = 0.5016,z(2) = —0.3476,z(c0) = 0. From difference equation,
z(n) - 0.52(n—1) + 0.6z(n — 2) = é(n) we obtain, z(0) = 1,z(1) = 0.5,z(2) = -0.35, z(cc) = 0.

3.24
(a)
X _ 1
() = {TTsrTv0s2
_o_2
T 1=-2z"1 1-05z"1
For |z] < 0.5,z(n) = [(0.5)" = 2Ju(-n—1)
For |z] > 1,z(n) = [2-(0.5)"]u(n)
For0.5< |z| < 1,z(n) = —(0.5)"u(n)~-2u(-n-1)
(b)
1
X(2) = GTosy
_ 0.5z} 0
= (1-0.5:-1)2] :

For |z| > 0.5, z(n) 2(n +1)(0.5)"u(n + 1)
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3.25

3.26

3.27

(n+1)(0.5)"u(n)
For |2| < 0.5, z(n)

3
1- 0z-142-2
27

X(z)

_ 8

—2(n + 1)(0.5)" 'u(=n - 2)
~{n+1)(0.5)"u(-n—-1)

= ]
1-3%z70  1-327!

w

1 1
ROC: 3< |z] < 3,z(n)

oo

3

[==]

X(z) = Z z(n)z™"

= Z z1(n)z3(n)z™"

n=-=00

- — _1_ n-1 . -n
= .Z 727 ch;(v)v dvz3(n)z
n=-00
l oc

- X, (v)dv [ > Z;(n)(%)—n

275 Je n=-00

1 - 2 \n
= x| ¥ amd

n=-=00

- 1 o2y -1
= 21rj£x1(v)x2(v')v dv

Conjugation property:
oo

Y 2 () Y r(ﬂ)(Z')‘"]

n=-=00 Nn=-00

= X°(27)

Parseval’s relation:
o

Y zi(n)zi(n)

n=-00 n=-00

21j

= 2—:Gf;x,(v) [ > z;(n)(%)"‘] v~ ldy

n=-—0oo

1 |
= % fcxl(v)X-_,(v—_)dv
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3.28

z(n) = 1 z"dz
T 2rjJ.z-a’

where the radius of the contour c is r. > |a|. For n < 0, let w = 1. Then,

1,,~n-1
)= — § 2 gu,
2”] e W— %

where the radius of ¢ is ;-. Since ;> < |a|, there are no poles within ¢’ and, hence z(n) = 0 for
n < 0.

3.29
z(n) = (N — 1 — n), since z(n) is even. Then
N-1
X(z) = Z z(n)z™"
n=0
= z(0)+z()z" 4 ...+ 2(N—=2)z"N*2 4 (N —1)z7N¥!
g-1
= -(N-1)/2 Z z(n) [Z(N—l—2n)/2 +z-(N-l-2n)/2] Neven
n=0

If we substitute z~! for z and multiply both sides by 2~(¥~=1) we obtain
= N=Dx (27 = X(2)

Hence, X(z) and X(z~!) have identical roots. This means that if z; is root (or a zero) of X(z)
then 317 is also a root. Since z(n) is real, then z} must also be a root and so must %
1

section (a)

Xi(z) = 224z4+1427 4272
Xa2(z) = 142714272
Y(2) = X1(2)X2(2)
= 2242:43+327" 4327742734274
Hence, z,(n) * z2(n) = y(n)
= {1,2,?,3,3,2,1}
By one-sided transform:

XH(z) = 142714272

Xf(z) = 142714272

Yt(z) = 1427043272 42:734 274

Hence, y(n) = {1,2,3,2,1}

(b) Since both z;(n) and z,(n) are causal, the one-sided and two-sided transform yield identical
results. Thus,

Y(z) X1(2)X2(2)
1

(T- 32 0(1=- L0

68



3 2
1- 3271 1-4z-1

Therefore, y(n) = [3(%)" - 2(1)"] u(n)

3
(c)

By convolution,
y(n) = zi(n)*z3(n)
= {4, 11,20,310,20, 11,4}

By one-sided z-transform,

Xt(z) = 243271 +4272
X;’(z) = 242!
Y*) = XF()XF(2)
448271 411277 4 42732
Therefore, y(n) = {?, 8, 11,4}

(d) Both z,(n) and z5(n) are causal. Hence, both types of transform yield the same result, i.e,

Xi(z) = 1427 427242734274
Xo(z) = 1427 4272
Then, Y(z) = X;(2)X2(2)

= 14227V 4327243273 4327442254276

{1,2,3,3,3,2,1}
1

Therefore, y(n)

3.30
Xtz) = Y z(n)7"
n=0
- n=Oz
= 1_lz—l’|z|>l
3.31

From the definition of the Fibonacci sequence, y(n) = y(n — 1) + y(n — 2),y(0) = 1. This is
equivalent to a system described by the difference equation y(n) = y(n — 1) + y(n — 2) + z(n),
where z(n) = 6(n) and y(n) = 0,n < 0. The z-transform of this difference equation is Y(z) =
z7'Y(z) + 272Y(z) = X(z) Hence, for X(z) = 1, we have

1
Y(2) = {75

A B
Y(z) =

<+
l_!szilz—] 1__ 1—2¥52—]
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V41 o VE-1_ 1-V5

2v5 T 2V T 2v5

VE+1,V5+1, 1-v5 1-V5
27s (T = S () ()

_ L(1+\/§),,+,_(1-\/3
V5 2 2

where 4 =

Hence, y(n)
)"+ u(n)

3.32

(3)
Y*(z)+ % [z'lY"’(z) + y(-l)] - % [272Y*(2) + 27 y(-1) + y-2)] =0

|
Jubs s

Hence, Y+(Z) 1+ %z-x - %2-2

0.154 _ 0.404
1-0312-Y  140.81z"!
[0.154(0.31)™ — 0.404(0.81)"] u(n)

Therefore, y(n)

(b)
YH(2) =15 [z7'Y*(2) +1) + 05 [z72Y*(2) + 271 + 0] = 0

1.5-0.5z"!
1-15z-14+052-2

2 0.5
1-z-1 1-05z-!
[2 - 0.5(0.5)"] u(n)
[2 - (0.5)"*!] u(n)

Y*(2)

]

Therefore, y(n)

1
1- %z“
15— 3z71
(1- éz"l)(l —0.5:-1)
_ i 2
1-052z-1 1~ %z“

3051 23] uim

Y*H(2)=05[z7'Y¥(2)+1] =

Y*(z)

Hence, y(n)

(d)
1
1-2"1
- g
== 0(-19)
4 -3 7

= 3 3 24
- 1--::"+1-%z'1+1+§2‘1

4 31, 1 1.
3-33"+ 223w

Y*(z) - 41 [z72Y*(2) + 1)

Y*(2)

Hence, y(n)
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3.33

(a)
Y(z)[1-02:7Y = X(z)[1-03z7"-0.02:73
Y(@) _ (1-0.1z"1)(1-0.2271)
X(z) ~ 1-0.2z"1
= 1-01z"!
(b)
Y(z) = X(z)[1-0.1z7)
Y(2) _
ER:S 1-0.12 1

Therefore, (a) and (b) are equivalent systems.

3.34
= z;(n) = a"u(n)
orzz(n) = =-a"u(-n-1)

Both z;(n) and z2(n) have the same autocorrelation sequence. Another sequence is obtained ;
from X(z7!) = 2 :

3

X@™) = l—laz
1
Hence z3(n) = ¥6(n)— (%)"u(n)

We observe that z3(n) has the same autocorrelation as z,(n) and z2(n)

3.35

H(z) = -2:3"2'"+2(§)"z"'

n=-1 n=0
-1 1 2
= C: -
=5 T Y RO 3 <li<3
1
X =
(z) 1-2z-1
Y(z) = H(2)X(2)
_lsgz'l
= , ROC: 1< |zj <2
(1-2z-Y)(1-3z"1)(1 - $z7Y) I
13 3 2
— 6 2 _ 3
1-2z7! 1-3z70 1-3:}
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Therefore,

v = Frun-n+ [ 2= 3y um
3.36
(a)
hm) = (3)"u(n)
1
H(z) = l-—%z“l
z(n) = (%)"cos%‘-u(n)
1-1;-1
X@) = TTAT Lo
Y(z) = H(z)X(2)
_ 1-3z7!
BT Y P Py Yy
_ 4 -4t 3vE @
I P T Y e TR B I AL E
Therefore,
wn) = (2l Sdycas T+ 2B ain T | uir)
(b)
hm) = (3)"u(n)
1
H(z) = 1—-_——%z—__l-
2n) = (3)u(m)+(5)"u(=n=1)
1 1
X@) = o T T
Y(z) = H(2)X(2)
—%z"l
T a-h)a-lha-20)
_ _% -2 3
- 1—%2'14.1—-§2'1+1—2z‘1
Therefore,
i = [2Gr-2dr]um+ jeu-n-y
()
y(n) = =0.1y(n-1)+02y(n—-2)+z(n)+z(n-1)
H(z) = 14271

140.1z-1-0.22"2
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2m) = (3)uln)
1
X(Z) = IT%-Z—_I—
Y(z) = H(2)X(z)
_ 142!
T (1-4271)(140.1271-0.227%)
s & 3
T 1oL TT-04:1 T 140527
Therefore,
1, 28,2, 1,1,
i = [-sqr+ By - 3] w
(d)
W) = px(n)- pa(n=1)
=>Y() = %(1 -z H)X(2)
10
X(Z) = T+ =)
-1
Hence, Y(z) = 10-(—1—1::_22—_-22—/2
y(n) = 5cos%u(n) - 5cos”(n2_ l)u(n -1)
= [5cos% - 5sin121‘-] u(n - 1) + 56(n)
= 58(n)+ %sin(% + %)u(n -1)
= \—l/_%sin(%+ %) (n)
(e)
y(n) = —y(n—2)+10z(n)
Y(z) = I:IP;:;X(Z)
100
Y(Z) = m—z—_?)—z
B 50 50 -25jz"1 255271
- 1+jz‘1+ 1=-jz-! 7 (1442712 " (1-jz71)?
Therefore,
y(n) = {50[" + (=3)"] - 25n[i" + (=) ]} u(n)
= (50— 25n)(;" + (=J)")u(n)
= (50 - 25n)2cosf-2'—‘u(n)
(f)
hn) = (3)u(n)
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H(:) =

l—%z‘1
z(n) = u(n)—-u(n-7)
X(z) = i:—z:;
Y(z) = H(2)X(z2)
_ 1-z7"
= (1 — %2_1)(1 — z—l)
Therefore,
yn) = %[5—2(2)"] u(ﬂ)—%[s-2(§)""] u(n—7)
(8)
h(n) = (%)"u(n)
1
H(z) = I_—-F
z(n) = (-1)*, -—o0<n<o
= cos®n, —00<n<oo

z(n) is periodic sequence and its z-transform does not exist.

y(n)
H(z)

H(r)

Hence, y(n)

Y(z) =

|H (wo)|cos[rn + O(wp)], wo = 7

_ 1
- 1- JeJw
_ 1
T o1+

2
= % ©=0

2
= gcosmn, —o0<n< oo
(5)"u(n)

1
1-3z-1

1

(n+1)(7)"u(n)

1 127!
1-4z71 7 (1-4z71)2
H(2)X(z)

1

(1-3z-1)(1 = §z71)?

4 2! -3
1-3z70 " (1-3271)2 " 1=4z7)
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Therefore,

1, 1, 1.
W) = a7 - n(pr -] wm
3.37
1-2271 42,7273 1
H(z) = (1-2z"1)(1=1z-1)(1 - tz-Y) -2-<|z|<l
_ 1—z71 4272 l<|z|<1
T (-3 -37y) 2
@22 = 22V oL sl
3 -238 -
(b) H(z) = 1+[1_§z-,+1_%_1]z1
W) = am+ [s(dr - 14| wen
3.38
y(n) = 0.7y(n-1)—0.12y(n—2)+z(n-1)+z(n-2)
z—1+z—2
Y(x) = Tormigoiz i)
z(n) = nu(n)
21
X(Z) = m
Y(z) = z=2 4273

=> System is stable

A=D1 - H (- %)

Vi) = 4.76z! -12.36 -26.5 38.9
© = gyt a-en Ta- g0 T a-
y(n) = [4.7611 -12.36 - 26.5(-13—0)" + 38.9(%)"] u(n)
3.39
(a)
3 - Yyn—2
yn) = Zu(n-1)=gu(n=2)+z(n)
1
Ye) = oyt
Impulse Response: X(z) = 1
2 1
Y = 1- 3z} T1-I
- 1 n 1 n
=k = [ - G| um
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Since the poles of H(z) are inside the unit circle, the system is stable (poles at z = % b

Step Response: X(z)

H(z) has zeros at z = 0,1, and poles at z =

Impulse Response: X(z)

Y (z2)

= y(n) = h(n)
Step Response: X(z)

Y(2)

(c)

= 1
1=z
8 1
= 2 =
Y(z) = 3 . _ 3
(=) 1-:-1 1—%z‘l+1—%z'l
B gy iy
wm = [3-2dr+ 3G ue

Yn 1) = 3y(n = 2) + z(n) + 2(n— 1)

14271

1+ x
1— 2z 4 1272 (2)

= 1

1—(V2) tcos%z

%i. Hence, the system is stable.

1-2(v2)- 1co.~34.z"+(7-,5)'~’z'2 +

(‘/..) [cos n+sm:n] u(n)

Triple pole on the unit circle = the system is unstable.

Step Response: X(z)

Y(z) =

l—z"1 .
_ 142!
T (=) (1 -zl 322
_ -(1-3z7Y) $z7! 2

1=—z7V 41272 " 1— 144272 1-271
= n _
= (\/_) [sm -n cos4n] u(n) + 2u(n)

2714 27Y)

H A G M Y

(Z) (1_2_1)3
= h(n) = n?u(n)
1
1—-2-?
=Y 14271
(1—2-1)4
127'(1 442714272 1270 +27Y) 1 27!
3 (1-2-1)4 2 (1-2-1p " 6(1-2z71)

(-:lin3 + %n’ + %n)u(n)

%n(n +1)(2n + 1)u(n)
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(d)
y(n)
Y(z2)
Impulse Response: X(z)

H(z)

= 0.6y(n—1)-0.08y(n - 2)+ z(n)
1

T 1-06z"1+4 5082 %)

= 1
1

(1-§z-1)(1- %271

= zeros at z = 0, poles at p; = %, P2 = % system is stable.
-1 2
HE) = o=t 1oz
5
= = [ - ] um
Step Response: X(z) = 1
1-2z-1
Y(z) = :
T (=g - -2h)
25 1 -4
= 12 4
Y& = 7Tt TC $z-1 + 1- 271
i = (B idr-3Er]|un
(€)
y(n) = 0.7y(n—-1)-0.1y(n—2)+ 2z(n) - z(n - 2)
2-2z"2
Y = mietaon i)
2-z2
X
(1= LD -1:7) (2)
zeros at z = 0,2, and poles at z = 1, . Hence, the system is stable.
Impulse Response: X(z) = 1

..Ts 46
H(z) = 2+<1-lz-l l_lfz_,)z-x
3 5
. _ _é 1 n-1 _ 46 1 n-1
= h(n) = 26(n)=3(3)"u(n =1+ (5" u(n 1)
1
Step Response: X(z) = 1= 2-1
2-272
Y =
(2) (1=2z-1)(1 - 3z=1)(1 = Lz71)
5 10 =23
—4 2 3 3
l-z‘l l_.l-z"'1 l"%z_l
10 1., 23 1
y(n) = [' —( ) 6 5 ]u(n)
3.40
_ (1+:z7}) =1y
‘Y(.-) = (1_%:_1)(1_p2—1)(1_p'2_1)’ P 2 + 2
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(a)

zi(n) = z(-n+2)
Xi(z) = z72X(z7h)
2731+ 2)
= , ROC:jz| < 2
T= 0 -p1-72) i
Zero at z = —1, Poles at z = 2,}1-,.;1.— and z = 0.
(b)
za(n) = e'$z(n)
Xo(z) = X(e7F32)

1-{—(:15"2'1

(1 Je¥z1)(1 - peFz-1)(1 - preFc-t)

All poles and zeros are rotated by % in a counterclockwise direction. The ROC for X,(z) is
the same as the ROC of X (z).

3.41
2n) = (G um) - (5 u(n- 1)
1 1 2! A
X(@) = 1-%2"1—21—%2‘1 i
1- 1271 ‘
1 n
W) = (3 u(n)
1
Y(z) = i—_—%—z_—1
(a)
H(z) = Y(2)X(2)
I EIT
T (=11 -2
3 2
B 1- 3271 - 1-1z-1
am = [ - 23]
4 3
(b)
1- %z’l
HE) = o5
Yn) = Tzu(n=1)= Ty(n — 2)+ 2(n) = y2(n = 1)

(c) Refer to fig 3.1.
(d) The poles of the system are inside the unit circle. Hence, the system is stable.
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x(n) y(n)
’ !
z -1
712 -112
+
| |
z-l
-1/12
Figure 3.1:
3.42
1
H =
(z) 1+a1z71 +apz—2
If a2 —4a; < 0, there are two complex pbles
-0y + J\/ 402 - ai
P2 = )
2
a Vdas — a’
a2l = (54| ¥—=—) <1
2 2
=a < 1
If a> —ada; > 0, there are two real poles
-a + \/01! - 402
P2 = 2
i s '20’ —492 ¢ Jand
—-a; - \/ai1 - 4a
7 > -1
=>a;—a; < 1land
a;+a; > 1

Refer to fig 3.2.
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Figure 3.2: i

3.43
7l 4 1,72
H@) = o o=
(a)
1 "% i
ne = e b
h(n) = [—;(%)"‘Wg(%)""] u(n - 1)
(b)
Y(z) = H(2)X(2)
X(z) = l_lz-l
I T
YE) = oAt Tt
7
y(n) = %4-5(';‘)"‘3(%)"] u(n)

(c) Determine the response caused by the initial conditions and add it to the response in (b).
3 2
vn) = gy(n =1+ Zoy(n-2) = 0
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Y*(z )-- [Y*(z)z7! +l]+——[Y+(z)z'2+z'l+2] =0
Y+ . —_ %z ! ;;
(z) = (1= (1 =271
1 -1z
- 25 75
To1- gz—l 1- 2271
1.1 12,2
o = [xdr- 2| un
Therefore, the total step response is
25 33,1 87 2
i = [Br e -FEr|um
3.44
[aY(z) + X(2)]z7% = Y(2)
-2
Y(Z) = -1—:2—0‘—2—_—5X(Z)
Assume that a > 0. Then
1 a
Hz) = “a + (1 - Vaz=1)(1 + az"!)
1.1 1 11
- —;+2al-\/52“ +2al+\/52'1
hm) = —18(n)+ oo [(VA)" + (~V@)"] u(n)
Step Response: X(z) = l—lz'l
2-2
i) = (== Va0 + Ve )
- (a 1) 2(a-~/') 2(a+\/_)
= 17 1-+a:"! + 1+ az-!
1 1 " 1 .
y(n) = [a—1+ 2 _\/E)(\/E) +m‘)(-\/5) ]U(")
3.45
y(n) = =a1y(n—1)+boz(n)+ brz(n-1)
bo-i»b]z_1
Y(2) 1_4-—0-1_27‘-}((2)
(a)
H(z) M: h(n) = bo(—a1)"u(n) + by(=a1)" " Tu(n - 1)
1+012_l -0 ! ! !
- -1 :
= bo+ ""1 +"::‘;1’l = h(n) = bod(n) + (by = boa1)(—a;)" " 'u(n —1)
(b)

Step Response: X(z)

1
1-2-1

81



bo + blz“

Y(Z) - (1 — Z’l)(l +012—1)
b0+b] 1 a1bo—bl 1
14a,1-2"1 14a; 1+a;z-!
bo+ by ajbo— b n

vw =[R2

(c) Let us compute the zero-input response and add it to the response in (b). Hence,

Y*(2)+a, [z7'YH(z)+ 4] = 0
—01A
Y = 1+a;z°!
= y,i(n) = —a;A(—a;)"u(n)

The total response to a unit step 1s

_ [bo+b  arbo—by—a1A(l +ay) n
) = [2E — (=a)"] u(n)
(d)
z(n) = coswgpnu(n)
1 - z"Ycoswy
X(z) = 1-2z-leoswy + 22
y(z) = (bo + 8127 1) (1 — 2z coswyp)
2= (14 a1z=1)(1 — 2z~ coswp + 272)
_ A B(1 = z7coswy) C(z7 'coswp) i
T l4a;z7! " 1-2z-lcoswpg+ 22 1 —2z-lcoswg + z-2
Then, y(n) = [A(—a1)" + Bcoswo + Csinwo) u(n)

where A, B and C are determined from the equations

A+B = b
(2coswo)A + (ay = coswg) B + (sinwg)C

b] d bo coswo

A — (a) — coswg)B + (sinwg)C = —bjcoswy
3.46
y(in) = %y(n - 1)+4z(n)+ 3z(n-1)
Y(z) = %;—;;X(z)
z(n) = €&Y"y(n)
X)) = 1- cfl‘"z“
371
Y(z) = a- %zfl.;(l — efwoz=1)
Y(z) = 1-22-1 l—e-f"oz‘1
where A = %—_—sem
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4eivo +3

The steady state response is

3.47

(a)

B Tiwe — L
eJVWo — 3
Then y(n) = [A(fraci2)® + Be’*°"] u(n)
= Be&ven

Iim,...my(n) = yu(n)

H(z)

H(:)h=1=1C

(z — rei®)(z — re=i®)
2(z+0.8)
1 - 2rcos©z=! +r2z72
(140.82)
1.8
1 - 2rcos© + r?

= C

=2.77

(b) The poles are inside the unit circle, so the system is stable.

(c) y(n) = —08y(n— 1)+ Cz(n) - 1.5

x(n)

V3Cz(n —1) +2.25Cz(n — 2). Refer to fig 3.3.

-0.8

l —Q—C——W(n)

-1.5/3

225

Figure 3.3:
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3.48

If h(n) is real, even and has a finite duration 2N + 1, then (with M = 2N + 1)

H(z) h(O) + h(1)z™  + h(2)z"2 4 ...+ h(M = 1)z~ M-1)/2
since h(n) = h(M —n-1), then
H(z) = z-M-1I2(p(0) [zw—x)/z + ,—(M—l)n]

+h(1) [2M-312 4 M3 44 h(M = 1/2))

with M = 2N + 1, the expression becomes
H(z) 2N (h(0) [N + 27F]
+h(1) [zN‘l + z"(N")]

+h(2) [:”'2 + z‘(”")] + ...+ h(N))

N-1 N-1
=N {h(N) + ) h(n)zN "+ ) h(n)z‘(N‘")}

n=0 n=0

"N {h(N)+ P(z) + P(z71)}
Now, suppose z; is a root of H(z), i.e.,

H(Zl)
Then, h(N) + P(z1) + P(z;})

TN {RN)+ P(21) + P(z7")} =0
0. -

This implies that H(:—‘) = 0 since we again have

h(N)+ P(z;')+ P(z;) = O.

3.49
(a)

: z—1

(z+ %)(z +3)(z-2)’

(b) The system can be causal if the ROC is |z| > 3, but it cannot be stable.
(c)

H(z) = ROC: % <zl <2

A B C

H(z) = l+-;-z"1 + 143271 + 1-22-1

(1) The system can be causal; (2) The system can be anti-causal; (3) There are two other
noncausal responses.The corresponding ROC for each of these possibilities are :
ROC; :|z| >3; ROC;:|z|<3; ROCs:3<|z/]<2 ROCs:2<|z[/<3;

3.50
z(n) is causal.
(a)
X(z) = Y z(n)2"
n=0
lim,c X(z) = z(0)



(b)(i) X(z) = E: ;: = lim, ., X(2) = 0o = z(n) is not causal.

.. > - -32y3 .
(i) X(z2) = (11_ 'z_,) = lim,_.»X(z) = 1 Hence X(z) can be associated wih a causal
sequence.

2-1)? . . . .
(i) X(z) = ::—_gz—, = lim,_X(z) = 0. Hence X(z) can be associated wih a causal
sequence.

3.51
The answer is no. For the given system h;(n) = a"u(n) = H1(z) = .=2=r, la| < 1. This system

is causal and stable. However when ho(n) = a"u(n +3) = H2(z) = 1%-73:—_?; the system is stable
but is not causal.

3.52

Initial value theorem for anticausal signals: If z(n) is anticausal, then z(0) = lim, o X(z)
Proof: X(z) = Z?‘:_w z(n)z™" = 2(0) + z(~1)z + z(~2)2? + ... Then lim, o X(z) = z(0)

3.53

s(n) = (3)"*u(n +2)

h(n) = s(n)—-s(n-1)
= (%)”'2u(n+2)—(%)"’3u(n+1)

= 3%6(n+2)—546(n+1)— 18(%)"14(71)

-18
H(z) = 8122-54z+1_lz_,
3
_ 8lz(z7h)
To1-4?

H(z) has zeros at z = 0,1 and a pole at z = §.
(b) h(n) = 816(n+ 2) — 546(n+1) — 18(3)"u(n)
(c) The system is not causal, but it is stable since the pole is inside the unit circle.

3.54
(a)
1 zn—l
= — ¢ —"d
z(n) 21rjf,l—%z‘1 z
n
= —}—f ad Tdz
2mj Jez— 3
forn>0,z(n) = (%)"
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forn < 0,2(-1) 2;1_ f o 1 )

1
= Z-_— %lzzo + ;l;:% =0

1 1
z(-2) 2”%22(2_ Y

d 1
= (o) et ey =0

By continuing this process, we find that z(n) = 0 for n < 0.

(b)
1 1
X(z) = l—_-j;_'zj,lﬂ <3
1 2" 1
z(n) = - @ —dz, where c is contour of radius less than~
27j c 2= 5 2

For n > 0, there are no poles enclosed in ¢ and, hence, z(n) = 0. For n < 0, we have

1 1
z(-1) = m,fz(z_ 5

1
= ll:=0=—2
2—7

1 1 ) _
(-2) = g f oo

d 1
= :i;<_‘z_%)‘z=0—-4

Alternatively, we may change variables by letting w = z=!. Then,

2(n) 1 w"

1
—— ¢ ——(-—)d
2‘”] o w_l_%( wz) w)

= L _:l_dw
27} f w1 - Tw)

1 AT

-E;r? ¢’ w—2)

—-(2™", n<o0

dw

(c)

z—-a 1
X(z) = T-_-_a_z’lzl > Tal
1
z(n) = -2-;16 A 112_ dz, ¢ has a radius greater tha.an|
<

—1 2715 —
o Lo,
275 ), a z—-3

Forn > 0,z(n) = :;Il(l)"‘l(é —a)

= G-y
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Forn = 0,z(n) = —l—f :l—g—z—:—aT)—dz

2rj ). a 2(z - ¢)
~1[-a 1-a
iy [-1 4T ]
a a
-1 2
= — 1 -
(@ +1-a?)
_ =1
T a
For n < 0, we let w=2"1. Then
1 —w " Yw l-qa), 1
z(n) = 27; . 1-aw™! (—ﬁ)dw'
= 0, forn<O
(d)
1-1z-1 1
X = 4 Nzl > =
(2) 1-Ltz-1-1:-2 l2| 2
3 z
- 10 10
1- 427! 1+-1-z‘1
7
:c(n) = floz ﬁzn
271’] z-1 21rJ ez + 3

where the radius of the contour c is greater than |z| = 5. Then, forn >0

[—( 3"+ (-] wew

z(n)

For n < 0,z(n)

3.55
1-a® 1
X(z) = T )i-a ) a<|z|<;,0<a<1
_ 1 + -1
T o l-az! T 1-1i
1 z? 1 "
= —_— dz = — ¢ ——
z(n) T AT ,z—%dz

1 " "
Forn>0, — dz = a" and
- 2m

.z—a
1 "
2‘Kj CZ—;
1 "
Forn< 0, — dz = O0and
2rj Joz—a
1 2" -n

-2;7 ¢Z-;

3.56
220 1

= e e 2

<zl <2
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_ zn~ 0
#(n) 2#: f(z~—)(z—2)5(z+5)2(z+3) 4

1.(_]8) = 217] C(Z__)(z_2)5(2+ 5)2(2-4»3) dz

|
o

(--2) z+35)7(3+3)

( 7)5(3)’( 7)
~95

(7))
-32

15309
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Chapter 4

4.1

(a) Since z,4(t) is periodic, it can be represented by the fourier series

oo
z.(t) = Z c’,ejh“/'

k=-0o0

T
where c; = ;-/ Asin(nt/T)el 3"k 4y
0

A T
- _/ [ejl!/‘r _ e—jrt/-r] e-i2mkt/T gy
2t ) o

A [eim(1-2k)t/T e—jr(1+2k)t/~r"

jor [jgu-zk) T -5 +2m)],

_ Al 1
T ow1-2k 142k

_ 24
T T(1- 4k
oo ] .
Then, Xo(F) = / ro(t)e=I " F~ Sy
o o
= ch/ eI (F- gy
k=—o0 -0
e =]
k
= Y ab(F-=)
k=-o00 T

Hence, the spectrum of z,(t) consists of spectral lines of frequencies §, k=0+1%2,...with
amplitude |cx| and phases Zc;.
(b) P = L[Qz2(t)dt = L [( A%sin?(%)dt = 4
(¢c) The power spectral density spectrum is |cx|?,k = 0,£1,%2,.... Refer to fig 4.1.
{d) Parseval’s relation

1 T
P = ;/ z2(t)dt

0
= |al
o0 [= o]
4A? 1
2
Z lex 72 Z (akz = 1)2
o0

k=-oc k=~
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2 2
(N ey |
2 k I2
iy | 2
2 Lo 1 2
Figure 4.1:
_ a2,

1+ 2424
377 152 "

Hence, Z lex|?
k=~co
4.2
(a)
z,(t) =
Xo(F) =
| Xa(F)| =

3 152

= 1.2337(Infinite series sum to IS—)

AZ
= 4”—2(1.2337)

A2

2

Ae~%u(t), a>0

o0
/ Ae—0te—i2xFi gy
0

A e-(a+12rr)t]
—a - j27F
A
a+j2nF
A

Va2 + (27F)?
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Al

17 veay

(Xa(F) = —ian'l(m)
a

Refer to fig 4.2
(b)

A=2,a=4

phase of Xa(F)

. X . 2 . ‘
-5 0 5 10 S0 i o
-—>F -—>F
Figure 4.2:
o . 00 )
XG(F) = / Aeate—JQIFtdt+/ Ae""e"”"‘dt
0 0
- A + A
T a-j2rF " a+j2rF
_ 2aA
T @24 2rF?
2aA
X -
el = a3 anFy
LX,(F) = 0
Refer to fig 4.3
4.3
(a) Refer to fig 4.4.
-4 s
#t) = { 0, otherwise
‘ t\ —joxF T t. _.
XO(F) = (1+;)e'17* tdt-{-/ (1_;)e—12t}"ldt
—r 0

Alternatively, we may find the fourier transform of

1
— -— Py -T<1S0
y(i)_z(t)—{ ; 0<t<r

91
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A2 as=f
07 r -r v T

0.6+ 4

04} 4

IXa(F)|

0.3}

02

01p 4

0 5 10 15 20 5
—3 F

Figure 4.3:

x(t) IXF)

JaVAN JAVANE

- o N 0 It 2

Figure 4.4
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Then,

T

Y(F) = / y(t)e-j'brhd,

-7

L T -1 .
/ _e-Jz*F‘dt + (____)e—J?I'F!dt
-7 o T

_ 2sin?xFr
- jnFr
and X(F) = j_2:r_FY(F)
_ T(sin‘frFr 2
- nFr
sintFr\?2
X(F)| = r( e )
Z_XQ(F) = 0
(b)
1 (Te/2
cy = _] I(i)c'jz""/Trdt
TpJ -1,/2

= L ‘ (1+£)e—j2lk2/7,dt+/7(l_ i)e—j21kt/T,dt
TP -7 T 0 T

T sintkr /T, 2
T, | =k7/T,

(c) From (a) and (b), we have ¢; = 71:,\’“(7‘.’.’-)

4'4
(a)
z(n) = {--.,1,0,1,2,§,2,1,0,1,...}
N = 6
&G = _Ez(n)e-Jhrkn/S
n=0
= [3+2c"’7_+ "'_.4.5“";‘—_4..2 -‘—-'.o"‘]
nk 2rk
= 6[3-}-4003—5—-{-2008—3—]
4 1
Hence, co = %»Cl=g,cz=0.cs=g,c4=0,c5=46
(b)

5
P = gz.: lz(n)|?
= 1(32’+22+12+o"+12+22)
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Thus, P,

19
16

5
Z le(n)

k;)+(f+$+(f+w+()ﬂ
19
16
Py
19
16

z(n) = 2+ 2costn/4 + cosTn/2 + -;-cos3xn/4, =>N=8

4.5
(a)
G =
z(n) =
Hence, ¢g =
(b)
4.6
(a)
z(n)

Ck

8 Z z(n)e—Jrkn/4

n=0

11 3 3 1 3 3
_)2 " 2)112—— 21-1 - 1 4y -V2
{ > +-4\/' 4\/' 502 4\/5 1,2+ 4\/'}

1 1
2)61 =C7=1,C2=65=§,C3=05= -,C4=0

4

7
Z le(3)|?
1 1

1
= 44141 =+ =
Tl +4+4+16 16
53

8

m(n—2)
3
27(n — 2)
6

5
%Z:(n)e‘z"""‘/s

6 Z . 27(" -2) e=2iTkn/6

4sin

4sin

1 —joxk/3 _ —jwk/3 | —jxk[3 , .—j2xk/3
__el"/_,e J'/+eJ'/+el /]
\/5[
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Hence, ¢g

and || = es] =

LC] =

LC5 =

[Co =

(b)

z(n)

Ck

where ¢y 1s the DTFS coefficients of cos <2 2"‘ and cs; is the DTFS coefficients of sin5* 2’"‘ . But

cosz;— = -( B e 75"')
Hence,
%, k=25,10
€1k =91 0, otherwise
Similarly,
sinzﬂn = -—l—( BE T 2")
5 ~ 2j
Hence,
-2;1—, k=3
j
Cok = ;—Jl, k=12
0, otherwise
Therefore,
7, k=3
5
%, k=5
cr = C1x + C2x 2 k=10
T’ k = 12
0, otherwise
(c) z(n) = cos¥ZsinZ2 = 1sinl8® — lsin®f2. Hence, N = 15. Following the same method
as in (b) above, we find that
;_"11 k = 2\ 7
j
&= 313.-, k=813
0, otherwise

Ck

%(—j?) [sin% + sin%] e~I2rk/3

0,c; = —j2e~7%7/3

2. leol = lea} = |ea| =
r 27 5w

"™IT3T T

—-57

6
ch =

,ca=c3=1¢4 =0,c5 = ¢}
leal =0

lea=Ley =0

= cosg;—n +sin21rTn =2>N=15

= Cik+ 2%

= 35
- it-h
= 5 Z:(ﬂ ==
n=0
- [ -pn + 2 _ 26-,:-& -—c-l:'.]
2) 27k 4k
—5—[—51 { 3 } — 2sin( s )



Therefore, ¢y = 0,
2j . 27 . 4T
g = ?‘7 [—szn(?) + 2szn(?)]
25 { . 4w . 27
c2 = 3 [sm(?) - Qsm(?)]
C3 = =02
€4 = -—0
(e)
N =6
1 : —idzak
= z z(n)e™ ¢
n=0
= é[l+2e-.“—e-§"—e-;"+2e_:"}
1 k 27k
= 3 [1 + 4cos(7r—3-) - 2cos(%)]
Therefore, ¢g = %
= 2
¢, = 3
C2 = 0
-5
c3 = -6—
Cq = 0
c - 2
ST 3

N =5
1o jreas
- LA
cx = gnz-.oz'(n)e g
1 =3k
= g [t
2 -gywh
= Zcos(—)e 5
5
2
Therefore, ¢ = :
g = zcos(I)ezii
75T
= 2cos(2—1r)e=:_'
2= 5%y
2 =j3r
c3 = -s-cos(y-)e":_
€4 = 2:08(4w)e:";—"
T TS
() N=1 cx=z(0)=1lorep=1
(h)
N = 2



1
1 .
= -Z-Zz:(n)e“""“
n=0
= %(l—e"’"")
=c = 0,cp=1
4.7
(a)
7 12 k
:t(n) = che .“
k=0
Note that if ¢, = eﬂ_:L., then
7 7
Zeﬂ:llel::nl - Ze Iw > n)k
k=0 n=0
= 8, p=-n
= 0) p¢ -n
Since ¢ = -;— [e&:i +e” :"] + 2i [e”T'! —e” :"]
J
We have z(n) = 46(n+1)+48(n—-1)—4j6(n +3)+4jé(n—-3),-3<n<5
(b)
3 3 V3 V3
c = 0= g,cz = %.Ca =0,¢4 = = -G = = 0
7
z(n) = che&"'&
k=0
V3 [ FELLY FIrsy FELLY
= -E-[e « +e ¢ —¢ ¢ —_—e 4
= \/g[sinﬂ+sinﬂ e =
2 4
(c)
4 p'nk
z(n) = z cpe ¢
k=-3
= 24T 47 +le“34+le='52+leu:_'+le-:"
2 2 4 4
949 ™ ™m + lco 32
= -i-cos‘l«}-cos2 2.s4
4.8
(a)
Ifk = 0,xN,x2N,
N-1
e 2FknIN sum,’:;'oll:N

3
=]



Ifk # 0,£N,%2N,...

N-1 ]
Z ei2%kn/N 1— ei27k
T ] —ei27k/N
n=0
= 0
(b) Refer to fig 4.5.
(c)
k=1 k=2 s
s ,4)
S {2) S‘(l) s 2(1)
s (1) s (0
s 3,0 0) s ?3)- 2o
3
5 @)
s{4) s {5) 5(2) 2 X0 s,
5
32( )
k=4 k=5 .
s 4(5)
5 {
W s (4) s §©
36(0)
WO s 34(0) -
s (3) .
AL 4 s () :
4 s @ 5 o
s (4)
4
Figure 4.5:
= = y . .
Z se(n)si(n) = Z i 27En[N = j2%in|N
n=0 n=0
N-1
= Z i 27 (k=i)n/N
n=0
= Nk=1i
= 0,k#1i

Therefore, the {s¢(n)} are orthogonal.

4.9
(a)



[+ 5]

X(w) = 3 z(n)eri
n=—oQ
5
n=0
1 - Jv
T T—ew
(b)
z(n) = 2"u(-n)
0
X(w) = 3 mein
n=-—00
o
e
= > (5
m=0
_ 2
T 2-eiv
()
] n
z(n) = (F)u(n+4)
© 4 4
Xw) = Y (re
n=-4
= Z( )m -me)44ej4w
m=0
_ 44ej4w
1= feiv
(d)
z(n) = a"sinwonu(n),|a| <1
o . ,
A giwon _ g—jwon _
-— e~ Jwn
X(w) = n};a" [‘_—_—21' ]
1 1 ‘ n
= = -j(w— wo)] [ -](w+wo)]
2,2[“ 212
n=0 n=0
1 1
T l—ae'J(‘” wa) ] — ae-l(wtwo)
_ asinwge™ /¥
T 1 - 2acoswge=ivY + ale"Iw
(e)
z(n) = |o|"sinwen,la|< 1
o0 o0
Note that Z lz(n)] = z la|”|sinwon|
n=-o00 n==-00 -
Suppose that wo = %, so that [sinwgn| = 1.
o oo
Sl = Yl
n=-0oc n=-oo
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Therefore, the fourier transform does not exist.

(f)
X(w)
(8)
(h)
4.10
(a)

_[2-(" Inl<4
z(n) = { 0, otherwise

4

= Z z(n)e~ivn

n=-4
= i [2— (-l-)"] e~ivn

n=-4 2

26j4w

T 1-emiv

’% [—4e74Y 4 ge774% — 3eI3% 4 £7I3V — 2720 4 27 _ eIV 4 ¢~IY]

2e/4v A . _ _
= T +7 [4sindw + 3sindw + 2sin2w + sinu)
m .
Xw) = 3 z(n)eivn
n=-00
- _2ej2w - cjw + ejw + 2e_j2w
= =—2j[2sin2w + sinuw)]
_J ACM +1-In|), |n|< M
=(n) = { 0 In|>M
M .
X(w) = Z I(ﬂ)e""’"
n==-M
M .
= A Y @M +1-|neivn
n=-M
M . .
= M+ 1A+ A2(2M +1— k)(emIvE 4 eivt)
k=1

M
(2M +1)A+ 24 (2M + 1 — k)coswk
k=1

2 4
z(n) = 51; X (w)ei* dw

= L[ gungyy L /'aw"dw
27 J_o 2 wo

20) = 5o (7= wo)+ (1~ wo)
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(c)

4.11

—-wo
For n # 0,/

— Re

[
4

erndw
-

]'
Wo

ejwndw

T — wp

T
1

__ejwnl::m

jn

L(e-jwon
jn

1

_ejwnl:m

jn
1 j*n _ jwon
j_n(eJ even)

stnnwg

Hence, z(n) = - oy m#0
X(w) = cos*(w)
1., 1 _,
_ 1w ~p—iwy2
= (3¢ +3¢77Y)
- %(ei?'"+2+e"'"”)
1 ' jwn
z(n) = 2 -’X(w)eJ dw

1

27

1
27

z(n)

L4

X(w)e ¥ dw

-
wo+§'3"

e dw

wo=-— 2

_e-jrn)

1
e [276(n + 2) + 478(n) + 276(n — 2)]

3 600+ 2) + 26(n) + 6(n - 2)]

%611) (sin(n&w/Z)) JRETS

néw/2
/8 3r/8 /8 [ 4 )
/ 2e"‘”‘dw+/ e-"”‘dw+/ e’""‘dw+/ evndw
0 /8 6x/8 7x/8
3x/8 7x/8 L4
2coswndw+/ coswndw+/ coswndw+/ 2coswndw
x/8 6x/8 Tx/8
. Tm™ + s,n61rn sinsml sin’m
vmtss— 1 r— — — — ——
STy 8 8 8
z(n)+ z(—n
rim = HorrCn
1 1
= Y 0 1 &y 1107 a
{ 27 [l 1 ? 2}
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z,(n)

Then, Xgp(w)

iXr(w)

Now, Y (w)
y(n)

(8)

X(w)

(h)

C z(n) =

M

z(n) — z(-n)
2

1 1
= o 01_2) ‘2703—
{2 ? 2}
3

= Z ze(n)e ivn

n=-3
3

= Z zo(n)e V"

n=-3
Xr(w) + Xn(w)ejz"'. Therefore,
F~Y{X(w)} + F~ ' {Xp(w)e'?}

o0

= Z z(n)e~7v"

n=-=00
—2eI%Y — ¢V 4 IV 4 2e7I 2V
= -2j[2sin2w + sinw]

]

ACM +1—-|n]), In|<M
0, In| > M

X(w) = Z z(n)e~ivn

n==-M

M

= A ) (2M+1-|n)e7Ivn
n=-M

4.12
(a)

M
M+ 1A+ A) (2M +1 - k)(e7Ivk + &vF)

k=1
M

(2M + 1)A+2A) _(2M + 1 - k)coswk

k=1

z(n) = %/j X(w)e " dw

1 [T 1 "
= — eV dw + 5—/ eV dw

2” - wo
2(0) = (7= wo)+ o= (r - wo)
T 2 T o 0
_ T-w
- x
—wo 1
Forn;éO,/ eVidw = —evVm|IY°
- mn



(b)

(d)

z(n)

4.13

—I—Re

27

1
g

1
nw

= (enimn i)
o 1
jwn g — lwny*
/w., oA = e
= }%(ejtn — ejwo")
Hence, z(n) = —s"::;wo," #0
X(w) = cosi(w)

z(n)

8

1

1. .
2w Zp—jw)2
(36" +5¢77)

2

i—(ej""” +2+4e77%)

1 [ ;
- wn
o /_  X(w)emdu

o= [276(n + 2) + 4n6(n) + 276(n - 2)]

% [6(n + 2) + 26(n) + &(n — 2)]

. 7an . 67n in T
sin— 4+ sin—— — sin—— = 3"'—8‘

z.(n)

8

1 r jwn
7 /-’r X(w)e¥ " dw
1 WO""?

il v dw
27 Juwo- o2

%6w (sm(n&w/?)) inve

néw/2

ar/8 */8

coswndw + /

/8 6x/8

. 37n

z(n) + z(—n)
2

1 1
~ ) 1110'-
{2’0’1? 2}

z(n) = z(—n)
2

1 1
"’,0,‘2s )2?0‘_
{2 ? 2}
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coswndw + /
7=/8

/8 3x/8 ™8 W
/ 26’"""dw+/ e’"’"dw*‘/ eV dw + ¥ dw
0 */8 6x/8 7x/8

x/8 .
/ 2coswndw + /
o L g

2coswndw}



3
Then, Xg(w) = Zze(n)e’j‘”"

n=-3
3 .
iXr(w) = Z z,(n)ev"
n=-3
Now, Y(w) = X;(w)+ Xgr(w)e’*". Therefore,
vin) = F {X1(w)}+ F ' {Xp(w)e>}
= —jzo.(n)+z.(n+2)
= {1 J 7o 1
= {2,0,1 2,2,1+2 0,5~ 2,0, 2}
4.14
(a)
9% /10 -8x/10 r ) -97/10
z{n) = / e“‘"’dw+/ eJ""‘dw+2/ e"""dw+2/ eV dw
2 8x/10 -9%/10 9x/10 -x
- 27" [Jn(eJQtn/lo —j9rn/10_ ejS‘tn/10+e—j81n/10)
__( eJQIn/10+e-197n/10+e)tn_ —Jrn)]
jn
= n_lw_ [sintn — sin8xn/10 — sin97n/10)
= —-7;1; [sind4mn/5 + sin97n/10]
(b)
z(n) L[ X(w)e " dw + 1 /' X(w)e’¥"dw
- 2 - 2n 0
1 0 w . 1 Tw .
- v jwn = % jun
- 2"/_'(”+1)e dw+2”/° L i ndu
- L _w__ejum L4 ejum 0
27 | jnrw - jn 7
- Lsm” -Jnr/2
™
(c)
1 wet+ ¥ ~wct+ ¥
z(n) = —/ e-"""dw+—/ 2" dw
2 Jue-y
- 1 wn Wc+* 'w” -W¢+*
I [J e |'"e'!‘+ |-W=-§
9 [eilwet¥In _ e:(m—f)n 4 emiwem¥)n _ p-j(wc+¥)n
- ?[ %j ]
w . w
= [sm(u,c -2-)n — sin(w, — -2-)n]
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4.15

z(n)- 1, OSnSM
1 ~ 1 0, otherwise

M
Xy(w) = 3 e

n=0

l_e-jw(M+l)

1—e-iv

zo(n) = 1, - M<n<-1
271 0, otherwise

-1

Xo(w) = Z e~ lvn

n=-M

M
= L
n=l

_ pJuM
— 1 € j w

1—elv
X(w) = Xi(w)+ Xa(w)
14 6/w —eiw — 1 = e—Jw(M+1) _ gjw(M+1) 4 JwM o o-juM

2~ e iw — giw
2coswM — 2cosw(M + 1)
2 — 2cosw
2sin(wM + %)cos%
2sin?%
sin(M + 3)w

sin(%)

4.16

(a) X(0)=3 ,z(n)= -1

(b) £X(w) = 7 forall w

(¢) 2(0) = 5= [7_ X(w)dw Hence, 7 X(w)dw = 27X(0) = -6
(d)

(]

X(m)= Y z(m)e ™= (-1)"z(n)=-3-4-2=-9

n=-00

(e) [T 1X(w)]Pdw = 27 T, |z(n)|? = (27)(19) = 38~

4.17
(a)
X(w) = Z z(n)e V"

n
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X(0) = Y z(n)

n

—jz nz(n)e ", =0
n

1]
|
<.
S
2]
—_
3
~—

Therefore, ¢ =

(b) See fig 4.6 X(0) = 1 Therefore, c= $ =0.

dw

Figure 4.6:

4.18

= a"u(n)
F 1

1 - age-iv

z,(n)

Now, suppose that
_ (n+k=1) |
n(m) = oy
F 1
(1 —ae-iw)k

holds. Then
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4.19
(a)

(b)

(¢)

(e)

(f)

n

ri4a(n)

Z:'(—n)e'j"’"

Xip1(w) =

(n+ k)

@ u(n)

+k
2 3 zr(n) ‘
-'1; z nzi(n)e " + Z zr(n)e V"

n n
1 .dX(w
;J—d%—)- + Xi(w)

ge v 1

n

Y(w)

a

y(n)

Hence, X (w)
= Y(w)

(1 — ae~Jw)k+l + (1 —ae-iw)k

Yzt (n)emivn = (X z(n)em iy = X7 (~w)

o0

= Z z*(n)ev" = X" (w)

n=-0co

Z y(n)e ¥ = Zx(n)e'j'”" - Zz(n —1)eivn

X(w) + X(w)e ¥

- e ) X(w)

n

> =(k)

k=-o0

y(n) = y(n - 1)

z(n)

(1-e7%)Y(w)
X(w)

1—eiv

nonwon

Y(w) = Z z(2n)e~7v"

n

= 2 z(n)e %"

n

= X(3)

Y(w) = zn:z(%)e"’"""
= Ez(n)e'izw"

= X(2w)
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4.20

(a)
Xi(w) = E z(n)e~7vm
= ;2"' +eY 41 4eIY eI
= 14 2cosw + 2cos2w
(b)
Xo(w) = Y za(n)e”In
;w + &2 414 eI 4 eItV
1 + 2cos2w + 2cosdw
(c)
X3(w) =

- zs(n)eIen

n
ejﬁw + ej3w + 1 + e__jaw + e-jGw
= 1+ 2cos3w + 2cosbw

(d) X2(w) = X;(2w) and X3(w) = X1(3w). Refer to fig 4.7
(e) If

= {5 dm
Then,
Xi(w) = Z Z'k(‘n)e-jw"
n,g an integer
= Z:(n)e—jkwn
= X(kw)
4.21
(a)
zi(n) = %(e".""/‘1 +e—j'n/4):(n)
X(w) = 3 [Xe-D+xw+]
(b)
zo(n) = Elg(ejrn/2+e—jtn/2)x(n)
Xa(w) = -2% [X(w - %) + X(w+ g)]
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)i(W) )s(w)

-n 0 T© —0.5n 05 =

-3 0 n/3 n

Figure 4.7:

(c)

%(ejtnﬁ + e-jrn/Z)z(n)

3]
“.
3
~—
]

>

-

£
]

-;- [X(w=-2)+ X+ 3)]

L2
o

3
~

]

%(e"""l + e~ 7™)z(n)

S¢

A

£
1

S 1X(w =)+ X(w+ 7))
= X(w-r)

4.22

2
U

y(n)e-jZ'tkn/N

[ f: z(n‘-— lN)] e~ i2rkn/N
|=—

-1-IN
Z I(m)e—jmrk(m-HN)/N

-0 m=-IN

L}
le
23
[
- O

z| -

n=0

I
2| -
M

-
[}
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4.23

4.24

(b)

(c)

oo N-1~IN

But Z z z(m)e~Iw(m+IN)

l==00 m=-IN

Therefore,

Let zy(n) =

where z(n)

w(n)

I n

sinw.n

Then

m

X(w)

1, 27k
N

v
Ck

smwcn' _N<n<N
n

z(n)w(n)

sinw.n
T

1, —N<n<N

0, otherwise

X(w)

) —oo<n<g oo

= 1, |w<uw

Xn(w)

Xi(w) =

X2 (w) =

Xa(w)

0, otherwise
X(w) « W(w)
" X(e)W(w - 6)de
/"" sin(2N + 1)(w — ©)/2
sin(w — ©)/2

de

-We

Z z(2n + 1)e~7v"

n

Zz(k)c—jwk/2ejw/2
k

X(5)eir?
ejw/?
1 - aeiw/2

Z:(n + 2)ern/2e-jwn

n

_Zz(k)e—jk(w+j1/2)ej2w
k
~X(w+ 20)er

= Zz(—?n)e""’"

n
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- z z(k)e~ tw/2)

k
X(-3)

Xq(w)

Z %(ejo.arn + e‘j°'3’")z(n)¢'fw"
n
1 . ,
= = z(n) e~ i(w=03m)n 4 —j(w+03x)n
7 220 | )
1
= 3 [X(w—0.37) + X(w + 0.37)]

(e) Xs(w) = X(w) [X(w)e™?¥] = X*(w)e~ I

()
Xo(w) = X(w)X(-w)
- (l—ae-:’wl)(l—aem
= (1-—2ac¢:sw+a2)
4.25

() i(u) =3, ni(n)e ¥ =3 even z(n)e~/¥" The fourier transform Y;(w) can easily be
obtained by combining the results of (b) and (c).
(b)

z(2n)
z yz(n)e—jwn

Zz(2n)e""""
Zx(m)e""""‘/2

= X(3)

y2(n)
Ya(w)

Refer to fig 4.8.
(c)

va(n) {.t(n/2), n even

0, otherwise

Ys(w)

> w(n)e "
Z z(n/2)e~Ivn

n even

= Zz(m)e'”"’"’

m

X(2w)
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(W)

- -n/2 0 T2 n 3n2 2n

Figure 4.8:

We now return to part(a). Note that y;(n) may be expressed as

2),
w(n) = { p(n/2), meven

Hence, Y)(w) = Y2(2w). Refer to fig 4.9.

4.26

(a) Because the range of n is (—oco, 00), the fourier transforms of z(n) and y(n) do not exist.
However, the relationship implied by the forms of z(n) and y(n) is y(n) = z3(n). In this case,
the system H, is non-linear.

(b) In this case,

1
Xw) = —r—
2
Y _ 1
@ =TT
Hence, H(w) = ;—((:‘%
_ 1oge
- 1—fe-iv

=  System is LTI

Note however that the system may also be nonlinear, e.g., y(n) = z3(n). (¢) and (d). Clearly,
there is an LTI system that produces y(n) when excited by z(n), e.g. H(w) = 3, for all w, or
H(})=3
(e) If this system is LTI, the period of the output signal would be the same as the period of the
input signal, 1.e., Ny = N,. Since this is not the case, the system is nonlinear.
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¥(w)

\NEWAN

-n -n/8 -n/8 o ™8 W2 Tm8 =

Y(w)

AN/ \NIWA\

-n =34 -2 Lpyq 0 WA W2 3ys T

Figure 4.9:

4.27
(a)

M
Wgr(w) = Z wr(n)e™ "

n=0
M
n=0

l1-e¢
1—e-Jv

-i(M+1)w

e—jMw/25in(£§_l)w
sing
(b) Let wr(n) = hg(n) * hg(n —1),

1, 0<n<¥
hr(n) = { 0, otherwise

Hence,

Wr(w) = HE(w)e v

2
M
SN W -jwM/2
sin%
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(c)

1 27n
Let = = —_—
et c(n) 2(1+cosM )
1 27 1 2r
T = - — 2y 4 - il —
hen, C(w) T [6(w) + 26(w M)+ 26(w-§- M)] r<w<rw

1 T

We(w) = 7 ¢(©)Wgr(w — 6)d6

-
27

1 1 2% 1
= ~Wg(w)+ =Wg(w— =)+ =Wgr(w +
2 R(w) 2 R M) 2 R M)

Refer to fig 4.10

W(w)l wi
R v mf(

N\ /\/w

=2nM+1 0 2n/M+1 —4yM 0 4nM
l“é(w)l

-2nM omymel 0 2Mel 2mM

Figure 4.10:

4.28
(@)
h(n) = (3)u(n)

Hw) = Y (3re ™
n=0

= Z(%C_jw)"
n=0
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|H (w)]

LH(w)

For the input z(n)

y(n)

(c)
z(n)
First, determine z.(n)

and z,(n)

Then, Xgr(w)

4.29
(a)

1
1 fe-iv
1
I
[(1 = Lcosw)? + (4sinw)?]?
1

5

e COS'U)] *

1 .
1 ismw

—tan~ 1
1- FCOSW

O(w)

cos:mn
10

PELL) =13%m»

%(e T 4e-10 )

w [6(w— ::—g)+6(w+ -::—g)} Jwl <7
H(w)X (w)

H(-:i—g)w [6(w-— %)+6(w+ ?—;)]

|

{...,1,1,0,11,1,1,0,1,1,1,0,...}

z(n) + z(-n)
2
z(n) — z(-n)

2
Zx,(n)e""‘"‘

2 z,(n)e”Iv"

[XE(w) + X}(w)],
-1 .Y[(w)

Xr(w)
H(w)X(w)

3r
|H(35)lcos

3rn
— +

3n
5 o)

tan

z(n)+z(n-1)
2

%(1 +e7 %)X (w)
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Refer to fig 4.11.
(b)

H(w)

1 .
5(1 +e77Y)

(cos%)e‘j“"?

-—>w

Refer to fig 4.12.
()

Refer to fig 4.13.
(d)

-2 -1 0 1 2 3 4
-——> W

Figure 4.11:

z(n)—z(n-1)

y(n) = 3
Y(w) = %(l—e"“")X(w)
Hw) = 3(1-ev)

= (sin%)e‘j"’”ej"/?
y(n) = z(n+1)-z(n-1)

2
Y(w) = -;-(ej’”-e'j“’),‘((w)
Hw) = -;-(ej"’—e""")

= (sinw)e™/?

z(n+ 1)+ z(n-1)
2
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35

25

-—d> W

15

0.8

(214
04F
0.2+

-

e <

3s
38

28

—>w
-— W

117

Figure 4.12:
1.3
Figure 4.13:

0s
(X}

0.2



- %(ej'” + e~ i) X (w)

— l yw -jw
= 2(€J +e77%)

= Ccosw

35
4 - —
As f
3
i
A
i
1+
0 R . . .
) 05 1 15 2 25 35
-—d> W
Figure 4.14:

y(n)
Y(w)

H(w)

Refer to fig 4.15.
(f)
y(n)
Y(w)

H(w)

Refer to fig 4.16 (g)

z(n)+z(n—2)
2

= 214X ()

= %(l +e7I%v)

= (cosw)e™’v

z(n) —z(n-2)
2

= %(1-c-f2'")X(w)
= %(l—e'”"‘)

= (sinw)e iwHi/2

z(n)+z(n-1)+z(n-2)

3
S+ 4+ eI X (w)
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35

-—>w

(g <--

n
L L B L ©
{e
1%
41N
i{=
-
{-
{n
o
.
- o - 20
] i

-——>W

Figure 4.15:

n ]

T L v L 3 T Y T -

4™

40

o~

406

4 3

i 1

{2

{- 4~

12 {=

o o

w © < N o - o - &°

o o o o

Wb <-- (mmeyy <--

Figure 4.16:
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1 ) .
Hw) = 3(1+e""’+e"2"’)
1 . , )
= (1 +e¥4el¥)e”
1 A
= 5(1+2cosw)e"’""

|H(w)|

1
|§(1 + 2cosw)|

_ ] -w, 1+ 2cosw >0
LH(w)_{ *—w, 142cosw<0

Refer to fig 4.17.

(h)
08 4
;,-o.
to.
02
3
2 —
1+
¥o 4
z
1 1
-2F
3 . . . N . .
) 08 1 15 2 25 3 as
-_—>w
Figure 4.17:
Wn) = 2(n)-z(n-8)
Y(w) = (1-e77%%)X(w)
Hw) = (1-e77%v)
= 2(sindw)el(*/2-4v)
Refer to fig 4.18.
(i)
yn) = 2z(n-1)-z(n-2)

Y(w) = (2e77% —e™ %)X (w)
H(w) = (2e‘j‘”—e'52"’)

= 2cosw — cos2w — j(2sinw — sin2w)

|[H(w)] = [(2cosw - cos2w)? + (2sinw — sin?w)’]*
2sinw — sin2w
Y = —ggnl (= T
O(w) tan (2cosw -~ cosQw)
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] b
\J v T - T Y Y Py
b 4™
3 r “
- qo
]
i
a - ﬂlv
5 {-
o
s 12
A i A o n A I o
o~ [} - n o~ L ad o cﬂ 9.-
o
 Jowl <=- {mporny) <--

-—>w

Figure 4.18:

38

- W

s

- W

1.5

[[E]

(meyy <--

-2

Figure 4.19:
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Refer to fig 4.19.

Q)
un) = r(n)+ z(n - ])+:(n—2)+z(n_3)
Y(v) = %(1 +eIVW 4w +C-j3w)X(‘w)
H(w) = % [e"J'W(ejw +e-j'”)+e"j2"’(e""’ +e—jw)]

1 . .
= 5(3—” + e 1) cosw

= (cosw)(cos % Je

-j3uw/2

(k)

s
2
=
¥
io
4
L
-2 N R . .
0 05 1 15 2 28 3 3s
—>w
Figure 4.20:

z(n +3zﬂ—1+3xn_2+zn_3
y(n)=()()8()()
Y(w) = %(l+38-jw+33“j2‘”+e—j3w)x(w)

1 )

Hu) = s(1+evy

= (c05w/2)3e—j3w/2

Refer to fig 4.21.
)

y(n) z(n —4)
Y (w) e~ X (w)
H(w) = e'“"'
|H(w)] = 1

O(w) = -—-4w
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-—>w

-2 . . . . . .
0 05 1 15 2 28 3 as
Figure 4.21:
Refer to fig 4.22.
(m)
y(n) = z(n+4)
Y(w) = €*X(w)
Hw) = &%
[Hw)l = 1
O(w) = 4w
Refer to fig 4.23.
(n)
z(n)=2z(n—-1)+z(n-2)
y(n) = y
Y(w) = %(1 — 27V + eI M) X (w)
Hw) = %(1 —eIv)?
= (sinw/2)e”t(v-")
Refer to fig 4.24.
4.30
(a)
y(n) = =z(n)+z(n~10)
Y(w) = (1+e77%%)X(w)
H(w) = (2cos5w)e™7%%
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as

25

15

0.3

-

s

-— W

1.5

08

. "
) - 0

" ol <=

. .T

A s

- o 4
(mmep <—-

-2

Figure 4.22:

n "
' v v s T v -
LS 4
AN M
4 4o
3
i i
] n
1~ 1~
. {-
{® L
o o
;] - [, ] .vo - (-3 - uco
- o ] 1
(M4} <=~ (mmoyy <--

Figure 4.23:
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38

) 0.5

Refer to fig 4.25.
(b)

4.31

h(n)
H(w)

Steady State Response: H(%)

Therefore, y,,(n)
Transient Response:

1.5 2 2% 3 3s
-—>w

Figure 4.24:

0

(2cos%7:)e'j§=;

S#. . ® =«
(6cos?)sm(§ + %
47

30-)

57
- ?)

5
(6cos§)sin(§ -

= 2
= 2
r
2

20 + lOcos? +

§(n) + 26(n — 2) + &(n — 4)
l+2e-j2w + e—j4w
(14 e792v)2

4(cosw)?e I

0
0,(n>4)



2 T - v r
1.5} ;
3
I
A
1
'
os} .
o . . . . . .
0 s 1 15 2 25 3 3s
-——d W
2 -

-
T

-=> theta(w)
o

-1 4

-2 " " . A A

) 0.5 1 15 2 25 3 3s
-—d W
Figure 4.25:
vir(n) = 10eTu(n)+ 20e =5 u(n — 2) + 10e” E u(n - 4)

106(n) + j108(n — 1) + 106(n — 2) + j106(n — 3)

{ -
)
i}

4.32
(a)
y(n) = z(n)+z(n-4)
Y(w) = (1+e )X (w)
H(w) = (2cos2w)e™??v
Refer to fig 4.26.
(b)
T 4 s T
y(n) = coszn + cos_n + cosi(n -4)+ cosz(n —4)
But cosg(n -4) = cos%ncos27r + sin%nsinmr
= costn
B 2

g n .
and cos—(n - 4) COS—NCOST — Sin~—nsinm
4 4 4
x
= =Cos—n
4

Therefore, y(n) = 2cos—n

(¢) Note that H(3) = 2 and H(%) = 0. Therefore, the filter does not pass the signal cos($n).
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Figure 4.26:
4.33
1
wn) = 3la(n) - z(n-2)
Y(w) = 3(1-e3)X(w)
H(w) = %(1 _ emiw)
= (sinw)el(3~)
H(O) = O,H(%) =1
Hence, y,5(n) = 3cos(gn + 60°)
Yir(n) = 0
4.34
z(n) = Acosyn
(a) y(n) = z(2n) = Acos n = w =§
(b) y(n) = z%(n) = cos Zn=}A%+ jA%os}n. Hence, w=0and w= 3
(<)
y(n) = z(n)cosmn
x
= Acoszncoswn
= Acosswn-&- cos—n
T2 4 2
Hence, w = %7-’- and w = 5—”



4.35

(a)

‘ Wn) = le(n)+2(n-1)
Y(w) = 3(+e7)X(w)

H(w) = %(1 +e77)

= cos(—;:)e'-’.‘ll

s
-—> W
~-03
3
!
=-l.5-
-2 A . . . L s
0 05 1 1.5 2 25 3 3s
-—> W
Figure 4.27:
1
ym) = -3lz(n)—z(n-1)]
Y(w) = —-;-(l-e‘j“’)X(w)
|H(w)| = sin%

O(w) = &G~ Y

Refer to fig 4.28.
(c)

y(n) = % [z(n) + 3z(n — 1) + 3z(n - 2) + z(n - 3))
Y(w) = %(1 + e IVPX (w)
Hw) = g1+

= cosa(%)e’j}f
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-—> W
2 —_ —_
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Refer to fig 4.29.

4.36
y(n)
Y (w)
H(w)
H(w)
or w
|H (w)
4.37
(a)

Figure 4.28:

= z(n)+z(n-M)
= (1+e7*MX(w)
= (14e77vM)

= (2k+1)7/M,

M
= |2cos-!-”—2—|

y(n) = 0.9y(n — 1) + bz(n)

Y(w) = 09e77¥Y(w)+bX(w)
Hw) = ;—iz—;

- b

T 1-0.9e-Iv
HO) = 1,=b==201

—uM wM
o(w) = { M cos >0

w-—g‘i, cos‘%(O
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-=> [H(w)|
e © o
» [-J (-]
v v v

o
N
T

°¢ >

~=> theta(w)
o

=1p

3 0.5 1 15 2 2.5 3 35
- W .

Figure 4.29:

(b) [H(wo)|? = § = 157250 = 5 = wo = 0.105
(¢) The filter is lowpass.
(d) For |H(wo)|? = 1 = wo = 3.036. This filter is a highpass filter.

4.38 *
(a)

Spurious power = P; — 2|col?

THD =

(b) for f0 = &, refer to fig 4.30

for f0 = 35, refer to fig 4.31

for fO = sz, refer to fig 4.32
(¢) for fO = gg, refer to fig 4.33

for f0 = 33, refer to fig 4.34

for fO = 5z, refer to fig 4.35

The total harmonic distortion(THD) reduces as the number of terms in the Taylor approxi-
mation is increased.
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tormes 4

termes 3

tormes 2

g g
~
um 8
&8 ° N. Mn- - N O e..o
{u)x <~ (u)x <=~
8 8
o
mw 8
ux <-- .w e o g
Lid o
3 4 2
g6 & R & & °© & - ° 57 %
. ! ! (u)x <=-

(U)x <=

(u)x <==

Figure 4.30:

orme= 4

ormes 3

ormes 2

3 S
o \ o
R ° ~ -~ o =
u)x Ac@.. ﬂ (u)x <==
S 3
[ ]
mm )
§ R S R ~° & 1
.~ {u)x <=~
(u)x < 3 g
i J :
s ¢ g 8 2 ° g v ° %
{u)x - (u)x <-- ' (u)x <—-

Figure 4.31:
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torme= 2 termss 3 torme= 4
10 50 20
£ o0 £ /g e
»” » o =
A A A
i-10 H ]
-2 -50 -40
[} 1@ 2? 300 0 1%‘_290 300 0 1@ 290 300
40 1] 4
€2 / € 0\/—\ E2
x » =
A A A
i o ! -5 i o
-0 -10 -2
] 1@ 2@ 300 0 100 200 300 0 100 200 300
1
€0
-
A
S
-2
0 100 200 300
Figure 4.32:
org cok thds2.22e-16 torms=2 tha=0.06188 termsa3 thdeD 4379
100 ’ -

1ormsa=d %.o 5283

1

termsa=6 T80 6265

1

-1

m N
qorms-s :Ros-o 002657’
100 -

-zoco -200
Figure 4.33:
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ong cos thd=0 terms=2 thd=0 07905 termsa3 thd=0 4439
- S0 v 50 "

Figure 4.34:

org cos thd=—6 6616~16 tormsa=2 thd=0 05647 termsa3 thd=0 4357
100 " 00 .

1

Figure 4.35:
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4.39

(a) Refer to fig 4.36

(b) fo= 25
1 y - 1.5
/\ [\ il
0.5 ]
= G 0.5
> | o _
A 0 ’/l: 0
! 05
-0.5
-1}
-1 . . -1.5 .
0 100 200 300 0 100
-=>N
Figure 4.36:
bits 4 6 8 16

(©) fo= 155

THD 9.4616e—04 5.3431e—~ 05 3.5650e — 06 4.2848¢ — 11

bits 4 6 8 16
THD 9.1993e — 04 5.5965¢ — 05 3.0308¢ — 06 4.5383e— 11

(d) As the number of bits are increased, THD is reduced considerably.

4.40

(a) Refer to fig 4.37
(b) Refer to fig 4.38
The response of the system to z;(n) can be seen from fig 4.39

4.41
(a)

Hw) = Y h(n)eivn
_ - 1 -n_ =-jwn — 1 n_-jwn
= H:Z-m(s) e +§(3> e
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f=0.25 1=0.2
1 1
o.si osh [
0 1 0
-05 -0.5 \
-1 -1
0 50 100 0 50 100
f=0.1 -14 1=0.5
1 4 x 10
0.5 2 )
0 0 1
-0.5 -2
-1 -4
0 50 100 0 50 100
Figure 4.37:
1 v r v
~ osf 4
. oér 4
04} <
02} .
% oos 015 02 025 03 038 04 08
req(Hz)
() v v
i-o,s - 4
-1}
0 o008 015 02 02 03 038 045 08
req(Hz)
Figure 4.38:
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1=0.28 =02
0.1 0.15 T
0.05 0.1
0.05
0
0
005 -0.08
<% 50 w0 80 100
03 i X1 i
0.2 0
o1
-2
0
-01 -
% S0 100 *o 50 100
Figure 4.39:
_ e
T o1-deiv T 1 leiw
- 3
T 5-3cosw
_ 4
~ 5—3cosw
= 0
(b) (1)
37n
z(n) = cos—2=
3rn 3zn
X(w) = 7lb(w-—=)+bw+ — )| —Fswsw
Y(w) = H(w)X(w)
4r 3rn 37n
= —l(w-—)+ _—
5—3cos‘%’[(w 8 )+ 8w+ 8 )
3
Hence, the output is simply y(n) = Acos%
In
h A = H -3 = H -—_
where (W)= = H(F)

(2

= {...,-1,1,—1,‘1,-1,1,—1,1,—1,...}

= c¢ostn,—00< N <00

_ 4 _4_ 1
T 5-—3cost 8 2
= =~cosmn
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4.42

(b)

(c) Refer to fig 4.40
(d) Refer to fig 4.41

z4(t)
Xa(F)

Xo(F)

z(n)
X(f)

(e) Aliasing occurs at F, = 10Hz.

4.43
(a)

<
—~
=

~— N
|

|H (w)
= |H(w)|

—4e7I%sin

% [6(w = 7) + 6(w + )]

e-jzl’Po!

o .
/ zq(t)e 12" Fdy
0
oo
/ e-j21Fote—j2ﬂdt
0

oo
/ ¢-32n(F4Fo)t gy
0
e—j?!’(F+Fo)t

—j2n(F + Fo)"’
1
j2n(F + Fo)

JawFgn
e T
oo

E z(n)e-jh'fn

n=-0o

o0
Y em B mi2esn
n=0

oo
Ee-j21(F+;g-)n
n=0
1
1 - e-i27(F+¥2)

z(n) - 2coswoz(n — 1) + z(n - 2)
§(n) — 2coswob(n — 1) + 6(n — 2)

1 - 2coswoe™ ¥ + e~72¥
(1- e""""c""")(l — voelv)

w+w°sinw_ wo
2 2

—2e77¥(cosw — coswyg)
2|cosw — coswp|

0atw==wp
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Figure 4.41:
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Refer to fig 4.42.
(c)

w0 = p/3
3
25k
i 2
L 15p
A
|
ost 1
0
35
~—~>w
2
-~ F
2
]
e 0
A
)
=
-2 . . . . . R
0 05 1 15 2 25 3 35
-——> W
Figure 4.42:
when wo = 7/2, H(w) = 1-¢&%

at w=m/3, H(r/3) 1—el27/3 = 17/3

y(n) = |H(1r/3)l3cos(%n +30° — 60°)
= 3cos(£n - 30°)
3
4.44
(a)
Wn) = z(n)-z(n-4)
H(w) = 1=—e7i%
2e” Il ™ 25in2uw
Refer to fig 4.43.
(b)
n n g
z(n) = cosgn + cos -, H(En) =0
n T x
y(n) = 2coszn, H(z)—2, LH(Z)—O
(c) The filter blocks the frequency at w = 5.
4.45
1
yn) = 3lz(n)-z(n -2
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L ]
3
g ]
3
i
0.5}
30 0:5 3 35
2 r -r -T
= r A
3
i ‘
4
'1b <
-2 i A A A v h
() 05 1 1.5 2 25 3 s
—-——>
Figure 4.43:
1 -j2w
Hw) = -2-(1-e Jewy
= e iwI ™ 25iny
z(n) = 5+ 3sin(;-n + 60°) + 4sin(7n + 45°)
H(0) = 0, H(3)=1, H(m=0
y(n) = 3sin(g—n+60°)
4.46
(a)
y(n) = z(2n) = This is a linear, time-varying system
Y(w) = Y yn)een
n=-—00%
hind .
= Z z(2n)e~ V"
n=-0o0
w
= X(3)
=1, |u<Z
= 1, <3
.4
= 0, =< <
> <lul<n
(b)
y(n) = z%(n)= This is a non-linear, time-invariant system
1
Y(w) = ﬂX(w)#X(w)
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Refer to fig 4.44.
(c)

Y(w)
1/4

) 0 /2

Figure 4.44:
y(n) = (coswn)z(n) = This is a time-varying system
Y(w) = % [6(w — =) + 76(w + 7)] » X(w)

= %[X(w—w)-&-X(w-&-:r)]

=0 ¥
= 1 <
2
4.47
h(n) = [(%)"cosgnu(n)]
(a)

1- tcosiz™!
1-2(4)cos5z~1 +(3)222

1- 3?2‘1
2,-14 1 ,-2
1_)452 + 187

H(z) =

141



(b) Yes. Refer to fig 4.45

(c) Poles at z = %e*i%, zeros at z = %2,

x(n)

l-’ée""

H(uw) = 1')45‘-“'"'3}39"""
(d)

.t(n) =

X(Z) =

Y(z) =

y(n) =
4.48

> Y(0)

Figure 4.45:

Refer to fig 4.46.

()" u(m)

_r

1-4z7!

X (2)H(z)
3, 30—

1- 427} 1_41—X+1L62—2
14v2 /7, -1

+ 2 8°

—¥2,-1 L 1 -2
1 T2+ 152

1
2

y(n) = z(n) — z(n - 10)
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0 .
%

b

05 1
-—>W
Figure 4.46:
(a)
Hw) = 1-—eJ10¥
= 2e7 7% FsinSw
|[H(w)] = 2|sin5w],
O(w) = -72: - 5w, for sinbw > 0
= g-5w+7r, for sindw < 0
Refer to fig 4.47.
(b) :
g r
HGT) = 2 CH({H)=0
n L n n
- = 3 (=)= )= -=
HGI = V3, e(F)=¢H() =5
(1) Hence, y(n) = 2cos%n + 3\/§sin(§n - %)
2
H(O) = o, H(?”) =0
(2) Hence,y(n) = 0
4.49
(a)
- 1 i jwn
h(n) = Tm _'X(w)e" dw

1 F T
LT[R g [F rena
- -4
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(b) Let

Then,

and

4.50

(2)

==> Hw)|

0S8
% 05 2 25 3 as
2 -r v -
= r
3
id d
4
"tk
% 05 1 e z 25 3 3s
-3 W
Figure 4.47:
1 : ]
= —|sin—n-—sin-n
™
= lsinlncoszn
T wn 8 4
2singn
hi(n) = nw
2 lvlgsg
Hl(w)_{ 0, §<luwl<n
r
h(n) = hl(n)coszn
1 1
wn) = Fu(n=1)+z(n)+g2(n=1)
1 1
Y(z2) = Ez"’}’(z) + X(2)+ Ez'IX(z)
Y(z
) = X((;
14327t
T o1-4m
2
H(z) T, !
1- 3271

hm) = 23)"u(n) - 6(n)
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(b)

H(w) = 3 h(n)emivn
=0

2
= . l 1 —jw - 1
_ 1+ fe-iv
1- eI
= H(z)l;zen
(c)
g 14 1ei%
H(Zy = T2° °°
3 = o
b}
14353
= le—j'han“%
Hence, y(n) = cos(%n + % - 2tan"%)
4.51
Refer to fig 4.48.
1X(w)} for (a) 1X(w)} for (b)
4 [}
3 6
2
£ .
g H
1 2
% 1 2 3 4 % 1 2 3
X(w)| for {c) 1X(w)! for (d)
15 12
10
(1
{ i
H g,
2
o.so 1 2 3 4 °o 1 2 3
Figure 4.48:

4.52

H(z) = (1-é€%z7)1-e75:7")
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y(n)

for z(n) =

¥(0)

¥(1)
¥(2)

¥(3)
y(4)

4.53

1= V271 4272
1= V2e ¥ 4 W
2~ (cosw — \/Ti)
V2z(n—1)+z(n-2)
sinlu(n)

4

z(0)=0

z(n) -

z(1) -

MIS

fr(O) +z(-1)=

z(2) - V2z(1) + z(0) —1—\/"/-+o=o

/3

2(3)—\/52(2)+z(1)=—2-—\/§+?=0

0

(a) H( ) = kW Refer to ﬁg 4.49.

(b)

H(w)

~K

Figure 4.49:

1—e-iv

= k——m—m
1+ 0.9e-v
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2|sin¥|
V1.81 + 1.8cosw
sinw _y 09sinw
—_—+ttan” ' ——————
1 - cosw 1+ 0.9cosw

O(w) = tan™!

() H(r)=kssem = kZ =20k=1= k=

:d)) y(n) = =0.9y(n = 1) + % [z(n) - z(n = 1)]
€
H(%) = 0014698
y(n) = 0.028005(%71 +134.2°)
4.54

(a) H(z) = bo 4221 Refer to fig 4.50.
(b) Fora=05,b=—06, H(z)=byis28 "1 Since the pole is inside the unit circle and the

140.52=1"

Direct form I:

x(n) y(m

Direct form II :

x(n)

+ ‘ + tb y(n)

Figure 4.50:
filter is causal, it is also stable. Refer to fig 4.51.
(c)
1405271
= by——m—m—
H() °T=052-1
5
24+ cosw
2 24
= b+
= |H(w)| 0%—608111
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z-plane

Figure 4.51: .

The maximum occurs at w = 0. Hence,

H(w)lw=0

I
o
ow
R PN

I
0
o
own
1l

=>bo

(d) Refer to fig 4.52.
(e) Refer to fig 4.53.
obviously, this is a highpass filter. By selecting b = —1, the frequency response of the

highpass filter is improved.

4.55
2 _ A
|H(w)" = (1+ 72 = 2rcos(w — ©)}[1 + r? — 2rcos(w + ©))

4_1 - lorsinw- 2_

e = A[2rsm(w ©)(1 + r? — 2rcos(w + ©))

+2rsin(w + ©)(1 + r? — 2rcos(w - 6)))

= 0
(14 r?)(sin(w —O)+sin(w+O)) = 2r[sin(w - O)cos(w + O) + sin(w + O)cos(w — O)]
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H(w)|

1 -

o8} .
=06 -
3
=0.4p p

0.2} i

0 0.5 1 15 2 25 3 3s
w
phase
0 — +
-0.2p 4
2-0.4 - <
-0.6} 4
-0.8f .
. N \ : R A N
() 05 1 15 2 25 as
w
Figure 4.52:

o

z-plane

“
o

Figure 4.53:
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(14 r?)2sinweos® = 2rsin2w

= 4rsinwcosw
2
Therefore, cosw = 1-2+r cos©
r
1 2
wy = cos"[ rr cose]
. 2r
4.56
(n) = lz(n)+ 1:a:(n l)+lz(n—2)
wwo= g 2 1
1 1 _. 1 _;
H = — 4 leTiw Ze—J2w
(w) 3 + 3¢ + i
_ 14 e 2
= ()
= e-iveos?
e” ¥ cos” 2
|H(w)] = cosz%
O(w) = (H(w)=-w

Refer to fig 4.54

-4 -3 -2 -1 0 1 2 3 4
-—>w

Figure 4.54:

4.57

z(n)

()" u(m) + u(=n - 1)
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1 -1 1
X(z) = =<z
() 1-%z-1+1—z—1’ROC4<H<1
Y(2)
H VH(z) =
ence, H(z) X0
-2z}
= Tx-v ROC: |z] < 1
(b)
-gz—l
Y = 4
(2) (-1 D1+
-3 3
- 5 5
1-4z70 14271
= 3 3= u(=n -
Wn) = =2 u(m) - (=) u(=n 1)
4.58
y(n) = boz(n)+ byz(n— 1)+ bzx(n-2)
H(w) = bo+be ¥ +be 7%
(a)
H(gg-) = bo+ble-j33! +bze_j13" =0
H(O) bo+b1+b2=l
For linear phase, by = =b2.
select by b, (otherwise b; = 0).
These conditions yield
1
bo = b; = b) = 5
Hence, H(w) = %e"’""(l + 2cosw)
(b)

H(w) = %(1 + 2cosw)

e(w) = { :$’+ .
Refer to fig 4.55.
4.59
(a)
1
vn) = oy

for 1 4+ 2cosw > 0
for 1 + 2cosw < 0



35

2
1+ p

g 0

A

1

-2} 1
=3 i . A e e A
() 05 1 1.5 2 28 3 35
-—>w
Figure 4.55:
1
H(w) = D eIt
IM+1 &=,
1 & ;-
= a1 [1+2§coswk} ’
(b)
1 ) Mo ]
y(n) = mz(n-?ﬁ[)-ﬁ-m Z ::(n—k)+mx(n—M)
k=-M+1
1 1 —
H(w) = WCOSMW + M [l +2 kz_:, coswk]

The filter in (b) provides somewhat better smoothing because of its sharper attenuation at
the high frequencies.

4.60
(a)

X(f) / ” z(t)e I Fidt

- 00

/oo [/oo zy(t— r)zg(r)dr] e~ Figy

o0 [+ ] . R
/ za(T1) [/ zy(t - r)e""r("’)dt] e~ i*Frdr
-00 -0

xl(F)/oo zo(7)e” i Fdr
= Xi(F)X2(F)

"
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z(t)

T+t
/ ldd=714+t,-7<t<0

Wi s

/ ldd=7r-t,-7>t2>0
~ 5+t

(VIR

z(t) = { Tt ftl<r

0, otherwise
Refer to fig 4.56.

(¢)
x(t)
T
-1 0
Figure 4.56:
5
Xy\(F) = Xo(F) = / (=i2%Ft gy
-3
_ sintFr ,
- ( ﬂF )
4.61
H(z) = 1+z+22+...+2°
R 2°
To1-2z7!
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1- e-j?w
1—e-iw
e~I%%/2 5in9w /2
e~iw/? sinw/2
sinSw/2
sinw/2
sin9w/2
sinw/2 |
©(w) = -—4w, when sin%w/2>0

= —4w+ 7, when sin9w/2 <0

—_ e—j4w
|H(w)] = |

Hw) = 0 atw=2 k=128
The corresponding analog frequencies are ££2, £ =1,2,3,4, or $kHz, 2kHz, 2kHz, $kHz.

4.62

Refer to fig 4.57.

Figure 4.57:

(1 - ej31/4z—l)(l - e-er/4z-l)
1- %z‘l)2
H(z)lzzel"

-
—_—
N
Nt
H

x
£
0
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(l - ej3'l’/4)(l — e—j3!/4)

- 17
12
|H(w)| = 1ﬁGI=1
3
2 o= 2+V2
1
G = m = 0.073
4.63 .
Hiw) = 1-—rele v
= 1-rcos(w—0)+ jrsin(w - 6)
(a)
|H.(w)] = {{1-recos(w— 8))? + [rsin(w — 0)]2}}5

= [1+r?-2rcos(w - 6))%

20log, o| H.(w)] 10log;o[1 — 2rcos(w — 6) + r?)

Hence proved.

(b)

_;imag. part

= tan~ ! ———

©:(w) % real part
_y rsin(w-29)

= tan 1 - rcos(w—9)

Hence proved.

(c)
z d@z(w)
)= dw
= - . [1 = reos(w — 8)]rcos(w — 6) — rsin(w — f)(rsin(w — 8))
T+ RS (1 = reos(w — 6))2

r?2 — rcos(w — 0)

14712 - 2rcos(w - 6)

Hence proved.
(d) Refer to fig 4.58.

4.64
1
Bow) = Tgvemes T
(a)
|y ()] ‘
Pl {[1 = rcos(w — 8)]? + [rsin(w - )2}
1
© [H.w)]



magnitude theta=0

phase theta=0

magnitude ﬂleta=1 .5715

5magnituc!e ﬂweta=3.1 425

-10

-20g 0 5

phase thgta=1 57

5

phase thgta=3.1 42

5

-5 0

Figure 4.58:
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group delay theta=0
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0

-1

J

0
'Sroup delatheta=1 57

20

10

0

_

-10

20

8roup delay Jheta=3.143

10

0

-10
-5

\_J




[Hywlap = 20logiol o)
= —20log;o|H:(w)]
= —|H.(w)lyB
Hence proved.
(b)
_ 1 = rcos(w — 8) — jrsin(w — 6)
Hp(w) = [1 = reos(w — 8))2 + [rsin(w — 6)}?
' -6
O,(w) = —tan~ 1 :s::c()tsl;w _)9)
= -6,(w)
Hence proved.
(c)
H(w) = ___%_w_)
_d(=6.(w))
- dw
_ dO,(w)
- dw
= -7 (w)
Hence proved.
4.65
Hi(w) = (1-rée )1 -rei%ev)
= (1 =re7l(w=0)(1 = re7iu+h))
= A(w)B(w)
(a)
|H:(w)l = [|A(w)b(w)]
= |A(w)l|B(w)]
|H:(w)lqgp = 20log, | H:(w)|
= 10log,o[1 — 2rcos(w — 6) + r?] + 10log, o[1 — 2rcos(w + 6) + r?)
(b)
LH,(w) = (A(w)+ (B(w)
_ _y rsin(w—196) -y rsin(w+6)
= ton 1 — rcos(w —0) + tan 1—reos(w+9)
(¢)
de,
e = - di;w)
= ri(w)+ rf(w)
r? — rcos(w — 6) r? — rcos(w + 6)

1+r2—2rcos(w—6) 14+r?—2rcos(uw+8)
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(d)
Hp(w)

1

group delay theta=0

-

R

5

group delay theta=1.571

H;(w)
Therefore, |H,(w)] = m:tT)l
[Hp(w)lgg = —IH:(w)lygB
on the same lines of prob4.62
©,(w) = -6,(w)and
H(w) = -1/(w)
(e) Refer to fig 4.59.
magnitude theta=0 phase theta=0
10 1.5
5 1
150
0 0.5
-5 0 100
-10 -05
50
-15 -1
-20 -15 0
-5 0 5 -5 0 5 -5
magnitude theta=1.571 phase theta=1.571
10 15 200
5 1
N\ | s
0 05
-5 0 100
-10 -05
50
-15 -1
- -1.5 0
295 0 5 -5 0 5 -5
Figure 4.59:
4.66
(a)
—a)2
W)l = o
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(1-a)?
1 4+ a? - 2acosw

1 a1 — a?
|H1(u’)|2=-2-=cosw1 = 4= o a
(b)
Hyw)P = (58 (Lt cosw) +sin'u

2 (1 — acosw)? + a?sinw
(1-a)? 2(1+ cosw)
2 1+ a?%-2acosw

1
|Ha(w))? = 5 Dcoswz = o _2:02

By comparing the results of (a) and (b), we find that cosw, > cosw, and, hence w, < w
Therefore, the second filter has a smaller 3dB bandwidth.

4.67

h(n) = cos(wen + ©)

= coswgncos® — sinwgnsin®

use the coupled-form oscillator shown in figure 5.38 and multiply the two outputs by cos®
and sin©. respectively, and add the products, i.e.,

Ye(n)cos© + y,(n)sin® = cos(won + O)

4.68
(a)
y(n) = evoy(n—1)+z(n)
= (coswo + jsinwo) [yr(n = 1) + jyr(n — 1)] + z(n)
yr(n - 1)+ jyri(n=1) = yr(n—1)coswo — yr(n — 1)sinwo + z(n)

+j [yr(n = 1)sinwo + yr(n — 1)coswo)

{b)Refer to fig 4.60.
(¢)

Y(z) = €vrTly(z)+1

- 1

T 1 —elwor-t

yn) = e&™eu(n)

= [coswon + jsinwgn] u(n)
Hence, yr(n) = coswonu(n)
yi(n) = sinwpnu(n)
(d)

n 0 1 2 3 4 5 6 7 8 9
vr(n) 1 @ 1 0 -3 =& 1 -3 1 o
w0 5 F £ b 0 o S



x(n)

> YR(B)

-

COSWO

)
[Sin %0 21
!
e + - yl(n)
cos Wo

Figure 4.60: ;

-sin WO

4.69

(a) poles: p; g = reXive

zeros: 1 5 = e¥ivo
(b) For w = wg, H(wo) = 0 For w # wo, the poles and zeros factors in H(w) cancel, so that
H(w) = 1. Refer to fig 4.61.

(c)
P = grllmenet o e
B |1 — reiwoe=iv|?|1 — re=iwoe-iv|?
2 21 = cos(w— wp)) 2(1 = reos(w + wyo))
- 1+ 12— 2rcos(w — wo) ) |14 r? — 2rcos(w + wo)
where wy = % Then
2
_____dIH(w)I = 0=2w=rw
dw
3
2 _ 2 -
HnP = 46 i) =1
1
G = 5(1 +r<+ T2)

(d) Refer to fig 4.62.
(e)
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Figure 4.61:

y(n)

Figure 4.62:
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2 11— elwoe=iw|?|] - gmiwoe-jw|?

|H(w)]* =

|1 - rejwoe=iw[*|1 — re=iwoe=sw|?
In the vicinity of w = wy, we have

2 |1 = elvoe=ivp?

|H(w)|?

II

[1 - rejwoe-iw|?
2 2(1 - cos(w — wp)) _1
- [1+r2—2rcos(w-wo)] T2
1+4r? - 4G?
2r — 4G?

cos(w — wp) =

14 r2-4G?
2r — 4G? )
1+r2—4G2)
2r — 4G*
T—l 2
\/5))

w2 = wez cos™(

Byjpg=w, —wy, = 2cos'l(

= 2cos™}(1~—(

= 2Vl-r

4.70
1 -
For the sampling frequency F, = 500samples/sec., the rejected frequency should be’ wy =

2m( &%) = 55 7. The filter should have unity gain at w; = 27(333) = 7. Hence,

6

and H(gw) 1

Hw) = Gl -eFeI¥)(1-e 5V

; 6x
= Geiv - —
e %[2cosw ~ 2¢os %

4 4 6
H(gw) = 2G|[cos(g7r) - cos(-z—sr)]l =1
1
Hence, G = —s—"i__q"
COS5x M — COSET
4.71
From (5.4.22) we have,
—_ p=Ji2w
H(w) = 1—e

bo (1 — ref(wo-w))(1 = pe=i(wo—w))
2w 2
2 2 ll - C—szl — 1
|H (wo) b (1 = r)2[(1 = rcos2wg)? + (rsin2wo)?]
V(1 =r)%(1 = 2rcos2wg + r?)
2|sinwp|

Hence, bg
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4.72

Froma = (n+1)w
;3 = (n - 1)w°
and cosa + cosf = 2cosa ; ﬂcosa — ﬁ, we obtain
cos(n + 1wp + cos(n — 1)wg = 2cosnwgcoswo
with y(n) = coswgn, it follows that
yin+1)+y(n-1) = 2coswoy(n) or equivalently,
y(n) = 2coswoy(n —1)—y(n—-2)
4.73
sina +sinf = 231'1&0r ; ﬁcosa ; ﬂ, we obtain
when @ = nwp and B = (n — 2)wp, we obtain
sinnwo + sin(n —2)wp = 2sin(n — 1)wocoswo
If y(n) = Asinwgn, then
y(n) = 2coswoy(n—1)—y(n-2)

Initial conditions: y(—=1) = =—Asinwg,y(-2) = —Asin2wg
4.74

For h(n) = Acoswonu(n)

1 - z-leoswy
h@z) = 1~ 2coswgz~! + 22
Hence, y(n) = 2coswoy(n —1)—y(n—2)+ Az(n) - Acoswoz(n — 1)
Fot h(n) = Asinnwou(n)
z-lsinwp
H(z) = 1 - 2coswgz=! + 272
Hence, y(n) = 2coswoy(n — 1)+ y(n —2)+ Az(n) - Asinwgz(n — 1)

4.75

Refer to fig 4.63. y1(n) = Acosnwou(n), y2(n) = Asinnwgu(n)

4.76
(a) Replace z by z3. We need 8 zeros at the frequencies w = 0, %7, i-},:{::’T’, = Hence,
1-2-8
He) = 105
_ Y()
T X(2)
Hence, y(n) = ay(n—8)+z(n)—z(n-28)
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Figure 4.63: g

(b) Zeros at 1,eti ¥ exif ¥ -1
Poles at at,ate®’ ¥ ateri ¥ ateri ¥ —1. Refer to fig 4.64.

(c)
|H(w)| = 2|cosdw|
V1 - 2acos8w + a?
_tan—l asinBw , C034w > 0
i) ={ [T o 20
1-acos8uw’

Refer to fig 4.65.

4.77

We use F,/L = lcycle/day. We also choose nulls of multiples of -117 = 0.071, which results in a
narrow passband of k+0.067. Thus, M + 1 = 14 or, equivalently M =13

4.78
(a)
1- ;‘;e"’""
Hw) = 1o
Hw)f = (1= teosw)? + (Lsinw)?

(1 — acosw)? + (asinw)?
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Unit circle

Figure 4.64:

magntude of notch fiter

v

A

02 025 03 035 04 045 05

-=>1

o O

—>HN

»~

magnatude of a tugh pass filter

T v Y 14 n

i A A n

02 025 03 035 04 045 05

——>1

Figure 4.65:
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1 _ 2
14 55 — scosw
1+ a2 — 2acosw

= -1—2 for all w

I
Qi—=a

Hence, {H(w)|

For the two-pole, two-zero system,

(1 - Leiwoemiv)(1 — Le~/voei")
(1 - re-jwoe—iw)(1 — refwoe=iv)
1- %coswge'-’“’ + ,“‘:€°j2'"

1 — 2rcoswgpe=IY + r2e=iv

1

r2

H(w) =

Hence, |H(w)| =

1-Zcoswozr™ ' +427?
(b) H(Z) = {=2rcoswoz-14riz-3 Y .
Hence, we need two delays and four multiplies per output point.

4.79
(a)
—_ _60_ 2% = 6_”
wo = 200" T 50
H(z) = (l-ej%z'l)(l—e'j%&z'l)bo ;
= bo(l—2cos%z‘1+z“2)
_; 6n
H(w) = 2bge "”(cosw-coa%)
6x
|H(0)| = 2bo(l—cos-2—5)_1
1
b = ———r
2(1 — cos %
(b)
1-e B )(1—e %!
H(z) G S X — )
(1-re?asz=)(1—re i% 2
2bo(1—cos%) _
IHE) = 1 - 2rcosSE + r? =1
by = 1 —2rcosSE +r?
2(1 - cos$%
4.80

h(n) = {h(0), H(1),h(2), h(3)} where h(0) = —h(3), h(1) = —h(2)
Hence, H,(w) = 2(h(0)sin%u—) + h(l)sin%)

2h(0)sin%” + 2h(l)sin%) =

|-

HA(3)
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3 9
HA(Z) = 2h(O)sin + 2h(1)sin§;-') -1

1.85h(0) + 0.765h(1) = %
—0.765h(0) + 1.85h(1) = 1

h(1) = 0.56,h(0) = 0.04

4.81
(a)
H(z) = b (1—2z=)(1 +z71)(1 = 2cos3 27! + 277)
- a- 1.6cos&z-1 + 0.64272)(1 - 1.6cos3rz-1 + 0.64272)
H(w) b (2je"’""sinw)(2e'j"‘)(cosw - cos—)
w) = . .
0(1 - 1.6cos%’1e'1‘” +0.64e-72%)(1 — 1.6cos 3 e~Iv + 0.64¢-12v)
H (w)] " 4|sinw||cosw — cos 2|
w = - " - -
0 |1- 1.6cos%"e“1"' +0.64e72w||1 — 1.6cos3Te7v + 0.64e~72%]
|H( )l = 1=>by=0.089

(b) H(z) as given above.
(c) Refer to fig 4.66. The filter designed is not a good approximation of the desired response.

1.5 Y y Y Y T y Y v Y

> IO

A A I n i " P

0 0.05 0.1 015 02 0.2% 03 033 04 045 0S5
>t

-‘0 0.& 0:1 0.:|5 0.2 0.l25' 0j3 0..36 0:4 0.;5 0.8
-—>
Figure 4.66:
4.82
dx
Y(w) = eV X (w) + d(‘”)
(a)

For z(n) = é&(n), X(w)=
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Hence, dX(w) = 0, and Y(w) = e~I¥
dw

1 L g
= — jwn
h(n) o /_1 Y (w)e dw'

1 x
= ejw(n-l)dw
27 J_,

1 .
— er(n-I) *
27j(n-1) I~
sinw(n — 1)

x(n-1)

(b) y(n) = 2(n ~ 1) — jnz(n). the system is unstable and time-variant.

4.83

[>~]

Z h(n)e""""

n=-—o00
1, lwl < w,
= 0, w<]|ulr

H(w)

oo

G(w) = Z g(n)e~Ivn ‘

= 3 hGevn

n=-—00

had -
= Z h(m)e=72wm
m=-—00
= H(2w)
Rence,

L, |wl< % and [u|> 7 - %

G(w):{ 0, B <lul<r-%

4.84

y(n) = z(n) — z(n) * h(n) = [§(n) — h(n)] =« z(n) The overall system function is 1 — H(z) and the
frequency response is 1 — H(w). Refer to fig 4.67.

4.85

(a) Since X(w) and Y(w) are periodic, it is observed that Y(w) = X(w - 7). Therefore,
¥(n) = &*"z(n) = (—1)"z(n)
(b) z(n) = (-=1)"y(n).

4.86
y(n) =09y(n—-1)+0.1z(n)
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H(w) 1-H(w)

H(w) 1-H(w)

Figure 4.67:
(a)
0.1
H(z) 1-09z"
7r 0.1
Hyp(w)=Hw-3) = 175509
0.1
1-;0.9e-Jv

(b) h(n) = 0.1(0.9¢ )" u(n)
(¢) Since the impulse response is complex, a real input signal produces a complex-valued output
signal. For the output to be real, the bandpass filter should have a complex conjugate pole.

4.87
(a)
Let g(n) = nh(n)
Then, G(w) = jd—I;-g—p)
D = Y le)f
- ;7 .:|G(w)12dw
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- 2%5 /_ G(w)G" (w)dw

1 dH(w) dH(w)
- 5 [Tt (f5R) |

LI [——‘”““’)+j|H(w)|—d3ff)]ae<w>

dw dw
Therefore,

o = &L (o2

(b) D consists of two terms, both of which are positive. For |H(w)| # 0, D is minimized by
selecting ©(w) = 0, in which case the second term becomes zero.

4.88
y(n) =ay(n — 1)+ bz(n),0<a <1
H(z)= l—?zz"1
(a)
H®) = o
|H(0)] = 1'_%:1
b = %(1-a)
(b)
2
HOF = Trarge = 2
=202 = 1+ a’~-2acosw
cosw = 21—0[1-{-02—2(1—0)2]
= -;;(4(:-1—&)
—1=a2
w3y = cos'l(ﬁ—;&——a—)
()
—_1)2
wy = cos“‘(l—(:a—%—l)—)
Let f(a) = —2%&
Then f'(a) = _“_2;'31
= 12—0: >0

Therefore f(a) is maximum at a = 1 and decreases monotonically as a — 0. Consequently,
ws increases as a — 0.
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(d)
b

w3

+(1-a)
4a—-1-a?

-1
cos™ 7 )

The 3-dB bandwidth increases as a — 0.

4.89
y(n) = z(n)+az(n-M),a>0
Hw) = 1+aeivM
|H(w)] = 1+ 2acoswM + a?
—asinwM
© = tan"! —m ———
(w) T+ acoswM
Refer to fig 4.68.
\ M= 10, aipha = 0.1
15}
£
% | N P N N e
!
osf
% oo o1 o1 o2 o.&s' 03 03 04 045 05
-3
1
05

-0.5F

N

e

0 008 0.1

4.90
(a)
Y(2)

H(z)

0.18

o.a' 03 035 o4 048
-

0.2 08

Figure 4.68:

% [X(2) + 271 X(2)]
Y(z)
X(2)
1 -
5(1 +2 1)
z2+1
2z
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Zero at z = ~1 and a pole at z = 0. The system is stable.

(b)

Y(z) = %[—X(:)+z'1X(z)]
L Y@
=) = x6)

= %(—Hz“)

_ z—-1

-7 2z

Zero at z = 1 and a pole at 2z = 0. The system is stable.

(c)

Y(z) = -;—(1 +2z71)3
_ 10+2)°
-8 23
Three zeros at z = —1 and three poles at z = 0. The system is stable.
4.91
Y(z) = X(2)+bz72X(2)+27*X(2)
_ Y(2)
0 = x0)
1462724274
Forb=1H(w) = 1462 4734

(1 4+ 2cosw)e™¥
|[H(w)] = |14 2cosw)|

_ | —w, 1+ 2cosw 20
éH(w).-{ m—w, 14+2cosw<0

Refer to fig 4.69.

b=—1,H(w) = l1—ge IV fei2w
= (2cosw —1)e” 7"

|H(w)] = |2cosw-—1|
N =14 2cosw >0
¢Hw) = { r—w, =1l+42cosw<0

Refer to fig 4.70.

4.92

y(n) = z(n) — 0.95z(n — 6)
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Figure 4.69:
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Figure 4.70:
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Y(z) = X(z)(1-0.95z"%)

H(z) = (1-0.95:"°%)
_ 25-0.95
= —
£ = 095
z = (095)%2°%/6 k=0,1,...,5

6'? order pole at z = 0. Refer to fig 4.71.
{b)Refer to fig 4.72.

r=(0.95)./6

Figure 4.71:

(¢) Hin(2) = 72553 * = (0.95)}. Refer to fig 4.73.
(d)Refer to fig 4.74.

4.93
(a)

z-}

1_2—1 _2-2
2z

(1- 15082101 - 150571

H(z)

-1
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-->H(H)

4.

0.05 0.1 0.15 0.2 0.25 0.3
-=>1

Figure 4.72:

Figure 4.73:
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15}
=
I
=10
P
5
0 L L I 1
0 005 01 015 02 025 03 035 04 045 05
-=>f
Figure 4.74:
1 1
- V5 + A
1__-13[1 52-1 l—l" 5.-1
If |z} > l+2\/_ is ROC, then
1+4v5, 1 1-5
h = —_—  — —_ e ( ——\"
(n) [\/g( 7 )" \/5( 7) ] u(n)
If ROC is ‘/52'1 <lel< B then i
1 1-5 1+V5
h = (YT —-— nof o
(n) \/5( 57— )" u(n) \/g( 7 ) u(-n-1)
Iflzl < 1- \/gé' 1 is ROC, then
1 1+v5, 1 1-5
h = — n —_n -
(n) [ \/,( 7 "+ \/5( 7 ) ] u(-n-—1)

From H(z), the difference equation is

(b)

H(z)

The difference equation is
y(n)
H(z)

If ROC is |z
h(n)
If ROC is |2|
h(n)

\"

N

¥(n) = y(n-N+yn-2)+z(n-1)

1

] — e—40,-4

e"*y(n - 1) + z(n)

1
(1—e-°z-1)(1— e Fe-0z-1)(1 +e-2z-1)(1 + je~2z~1)
1 1 1 1

- - = -

4 4 4 4

1—e-9z=1 " 1—je-9z=! " 14e-9z71 14 je-°z!
1, then

1 . . -

T+ G + (21" + (=) e u(n)

1, then

—% [+ G)" + (=1)" + (=) e~ u(-n — 1)
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4.94

Y(:) = 1-27" +3272-2"% 46274 _
= (14+z7'42:7Y)(1-2:"1 43277
X(z) = 142714272
Therefore, H(z) = %

= 1-2:"1432"2

h(n) = {%,—2,3}

4.95
y(n) = %y(n-l)+z(n)
z(n) = (3)"uln)
I €
HE = %6
a 1
1=
1
X(Z) = IT%?I
1
Y(o) = (1-—%2"‘)(1—%2")
Rez(z) = X(2)X(z71)
1
T a-La-1
_ —427!
T o(1=1a1(1-427Y)
181 161
T 151-11 151-4z7!
Hence, r;2.(n) = i—g(%)"u(n) + -:—2(4)"u(—n -1)
Run(z) = H(2)H(z™")
1
T 0-Lh(-1a)
_ -2z}
T (=i -2:Y)
4 1 41
- 31-%2'1-31-22‘1
Hence, raa(n) = —(2) u(n) + 2(2)"u(-n —1)
sy Thh - 3'3 3

Roy(s) = X()Y()
1
(- i-190-19)
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16 1 16 1 128 1

TT1T=2:-1 T I31=az-1 +ﬁ1-§z—x

Hence, r;y(n) = %(2)"11(—71 -1)- 1—2(4)"11(—11 -1)+ %g—i(%)"u(n)
Ry(z) = Y()Y(z™)
_ 1
(=)A= 31— 1)1 - 32)
_ &4 1 128 1 64 1 128 1
211-2z71 " 1051-4z"1 " 211- 3271 1051 - {z-!
Hence, r,y(n) = 2—‘:(2)%(-7; —1)- %(4)"1‘(-7: -1+ g—‘l‘(%)" u(n) - %(%)"u(n)

4.96

(a) h(n) = {104,9,~7,-8,0,5,3}

The roots(zeros) are 0.8084 + j0.3370, —0.3750 & ;0.6074, —~1.0, —0.7667

All the roots of H(z) are inside the unit circle. Hence, the system is minimum phase.
(b) h(n) = {5,4,-3,-4,0,2,1} H(z) =5+ 4271 = 3272 - 4273 4 2,78 4 ™6

The roots(zeros) are 0.7753 + j0.2963, —0.4219 £ 50.5503, —-0.7534 = j0.1900

All the roots of H(z) are inside the unit circle. Hence, the system is minimum phase.

4.97 _
The impulse response satisfies the difference equation "
N
Y awh(n-k) = é(n)ac=1
k=0
N
n=0=> deh(—k) = agh(0)=1
k=0
1
R TO))
n=1=aoh(l)+aoh(0) = 0

—aoh(1) _ —h(1)
h(0) ~ h%(0)

a; =

n=N,= aoh(N)+a1h(N—1)+...+anh(0) = yieldsan

It is apparent that the coefficients {a,} can be determined if we know the order N and the values
h(0), h(1),...,h(N). If we do not know the filter order N, we cannot determine the {an}.

4.98

h(n) = bob(n) + b16(n — D) + b26(n — 2D) (a) If the input to the system is z(n), the output is
y(n) = boz(n)+byz(n — D)+baz(n—2D). Hence, the output consists of z(n), which is the input
signal, and the delayed signals z(n — D) and z(n — 2D). The latter may be thought of as echoes
of z(n).
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(b)

Hw) = bo+be vl 4+ bpe~72wD
bo + bycoswD + bycos2wD — j(bysinwD + bzsin2w D)

[H(w)] = /8% +b: +ba? +2by(bo + bz)coswD + 2bobacos2wD
bysinwD + bysin2wD
(w) an bo + bicoswD + bocos2wD

(¢) If |bo + b2| << |b1], then the dominant term is bye=i¥D and

|H(w)| = \/bo? + b2 + bs? + 2b1(bo + by)coswD

and |H(w)| has maxima and minima at w = +47,k=0,1,2,...
(d) The phase ©(w) is approximately linear with a slope of —D. Refer to fig 4.75.

-=> {H(DI

¢} 005 01 015 02 025 03 035 04 045 05
—>1

40 005 01 015 02 025 03 035 04 045 05
—>t
Figure 4.75:

4.99
_B() _ 14 SN0
H(z) = A(z) " l+4az gh(n)z
(a)
H(z) = 14(b-a)r"+(a® = ab)s2 + (a2 %)z + (a* = a®)z™5 + ..
Hence, h(0) = 1, -

]
Q
|
[~
o

Il
~]
~
o
}
=]
w

>
—
—
— et e St S N
I
o
|
»

179



(b)

y(n)+ay(n—-1) = z(n)+bz(n-1)
For z(n) é(n),
h(n)+ah(n—-1) = 6é(n)+bé(n—1)
Multiply both sides by h(n) and sum. Then

ran(0) +aran(l) = h(0) +bh(1)

ran(1) + ara(0) = bh(0)
ran(2) +armn(l) = 0
rp,;,(3) + ar;.;.(2) = 0
By solving these equations recursively, we obtain
b2 — 2ab+ 1
ma(0) =
_ (ab=1)a-b)
(1) = TR
(ab—1)(a = b)
(@) = e
_ a(ab=1)(a-b)

4.100

z(n) is a real-valued, minimum-phase sequence. The sequence y(n) must satisfy the con‘ditiohs,
y(0) = z(0), |y(n)| = |z(n)|, and must be minimum phase. The solution that satisfies the
condition is y(n) = (—1)"z(n). The proof that y(n) is minimum phase proceeds as follows:
Y(z) = ) un)™"
n
= Z(-—l)"x(n)z'“
n
Yoz(n)(=="1)"
n
= X(-2)

This preserves the minimum phase property since a factor (1 - az"l) = (1+az7l)

4.101

Consider the system with real and even impulse response h(n) = {1,1,4} and frequency response

H(w)=1+ %cosw. Then H(z) = z"(%z2 + 2+ %). The system has zeros at z = =2 % V3.
We observe that the system is stable, and its frequency response is real and even. However, the
inverse system is unstable. Therefore, the stability of the inverse system is not guaranteed.

4.102
(a)

h(n) * z(n) = G(w) = H(w)X(w)
h(n) » g(—n) = F(w) = H(w)G(-w)

g(n)
f(n)
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Y(w) = F(-w)

Then, Y(w) = H(-w)G(w)
= H(-w)H(w)X(w)
= H"(w)H(w)X(w)
= |H(w)X(w)
But Hy(w) = |H(w)|2 is a zero-phase system.
(b)

G(w) = H(w)X(w)

F(w) = H(w)X(-w)

Y(w) = G(w)+ F(-w)

H(w)X(w) + H(-w)X(w)
X(w)(H(w) + H*(-w))
2X (w)Re(H (w))

But Hy(w) = 2Re {H(w)} is a zero-phase system.

4.103

(a) Correct. The zeros of the resulting system are the combination of the zeros of the two systems.
Hence, the resulting system is minimum phase if the inividual system are minimum phase.
(b) Incorrect. For example, consider the two minimum-phase systems.
1,-1
1- 52
1,-1
1-3
-2(1+ 3z71)
1-3z-!

Hy(z) =

and H(z)

S Zz-l
Their sum is Hy(z) + Ha2(2z) = T_li‘—‘-’ which is not minimum phase.
-3

4.104
(a)

]

i cosw
10 2
| - 5cosw

= H(Z)H(z-l)|z=e'l'

|H (w)?

Hence, H(z)H(:™') = +H5—5%——

(b)
2(1 - a?)
1+ a? — 2acosw
2(1 — a?)
14a2-a(z+2"1)

\H(w)]?
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2(1+a)(1-a)
(1-az=1)1-az)

Hence, H(z) = ——_“2(1-02)

H(z)H(z™Y)

1-—az"?
or H(z) - ———M
1-az
4.105
H(z) = (1-0.8¢"/2271)(1 - 0.8¢77"/2:71)(1 — 1.5e"/4271)(1 - 1.5¢~77/4;71)

(140.64z72)(1 - %z'l +2.25:72)

(a) There are four different FIR systems with real coefficients:

Hy(z) = (1+0.64z'2)(l—%z'1+2.25z’2)
3
Hy(z) = (1+0.64z'2)(1-Wz"1+2.252'2)
Ha(z) = (1+0.64z'2)(1-%z"l+2.252‘2)
Hy(z) = (1+0.64z'2)(1—-%z'1+2.252'2)
H(z) is the minimum-phase system. ;
(b) h
Hi(z) = 1———}52"‘-4-2.892'2-%22'34-].442"
3 -1.92
hi(n) = 1,———,2.89,-——,1.44}
= {1-gpre
Ha(z) = 06422 - 292, 1044 3 -1 4 995,-2
2 " ﬁ . ﬂ .
-1.92 3
h = {064, —— 2.44,—— 2.25
#(n) { V2 TR }
3 1.92
H = 22527 - —z4244- ="' 4 0.64:72
a(z) 5z ﬂz \/iz + z
-3 1.92
ha(n) = {2.25,—=, 2.44,——,0.64
3() { \/§ 1 \/'2' }
1.92 3
Hy(z) = 1.442% - Wza +2.892% — EZ +1
-1.92 3
h = {144, —= 289, —— 1,
= {172 vl
()
Ei(n) = {1,5.5,13.85,15.70,17.77}
Ea(n) = {0.64,2.48,8.44,12.94,18.0}
E3(n) = {2.25,6.75,12.70,14.55,14.96})
Eq(n) = {1.44,3.28,11.64,16.14,17.14)

Clearly, h3(n) is minimum phase and h,(n) is maximum phase.
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4.106

1
- I+ zlkv=l akz-k
(a) The new system function is H'(z) = H(A~!z)

H(z)

1
L+ Tis, aedbzt

If py is a pole of H(z), then Ap; is a pole of H'(z).
Hence, A < rp'_l—“{ is selected then |pxA| < 1 for all k and, hence the system is stable.

(b) y(n) = = L1, axd*y(n — k) = z(n)

H'(2) =

4.107

(a) The impulse response is given in pr10fig 4.76.
(b) Reverberator 1: refer to fig 4.77.

12
1r b
o8t 1
L]
3
€
2’06
A
|
04}
0.2b II
0 IlllllLA "
0 500 1000 1500 2000 2500
-—> N
Figure 4.76:

Reverberator 2: refer to fig 4.77.
(c) Unit 2 is a better reverberator.
(d) For prime number of Dy, D;, D3, the reverberations of the signal in the different sections do
not overlap which results in the impulse response of the unit being more dense.
(e) Refer to fig 4.78.
(f) Refer to fig 4.79 for the delays being prime numbers.

4.108

(a) Refer to fig 4.80.
(b) Refer to fig 4.81.
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Figure 4.78:
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o

80}
=19 05 1 s z 25 3
> w(rad)
4 v - v
2F
i,
A
i
-2F
- . R N R . .
0 0.5 1 15 2 25 3 as
«-> wirad)
Figure 4.81:
4.109
(a) N
B = 10kH:z K
F, 20kH z
10k
21 2—0; =05
7.778k
F23 oF = 0.3889
8.889k
23 -26k— = 0.4445
6.667k
=03
24 20k 0.3334
H(z) (z — 0.5)(z — 0.3889)(z — 0.4445)(z — 0.3334)

(b) Refer to fig 4.82.

(c) It satisfies the objectives but this filter is not recommended in a practical application because
in a speech application linear phase for the filter is desired and this filter does not provide linear

phase for all frequencies.

4.110

Refer to fig 4.83.

Practical:
r=099 w =% Bandwidth = 35 = 0.0245
r=09 w,=5% Bandwidth= 35 =049
r=06 w,=0 Bandwidth=1.1536

Theoretical:
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0 [X] 1 13 2 23 3 s

"—> w(rad)
2F
i,
A
H
-2}
- , N . A N \
() 0.5 1 15 2 2.8 3 35
-~> w(rad)
Figure 4.82:
r=20.99, w, Bandwidth = 2(1 = r) = 0.02

olno|n

r=09, w, Bandwidth = 2(1 —r) = 0.2

For r very close to 1, the theoretical and practical values match.

4.111
H(z) = (1-0.9¢°%"271)(1-0.9e77%4 27 )(1 - 1506727 1)(1 — 1.5¢77%"271)
_ B()
H(z) = AG)
_ (2—0.9¢7%47)(z - 0.9e77%47)(z — 1.5e796%)(z — 1.5¢-70-67)

24
Let Bi(z) = (z- 0.9¢7947)(z — 0.9e"°‘4")
Ba(z) = (z-1.56%7)(z - 1.5¢77%°")

A(z) = 2*
B B
Hmin(2) = ————-1(;)(2)2(2)
_ (z- 0.9¢7947)(z — 0.9¢~7047)(z~! — 1.51%67)(z~! — 1.5¢77°6")
= —
B
Hap(z) = -b:;—z(—f—)r)-

(z - 1.567967)(z — 1.5¢~7067)
(z-) — 1.563067)(z=1 — 1.5¢~7067)
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- -3 -2 -1 )
—> wirad)

Figure 4.83:

Hap(z) has a flat magnitude response. To get a flat magnitude response for the system, connect
a system which is the inverse of Hpin(2), i-e.,

1 LT
HC(Z) = Hm]n(z) !

24

(z — 0.9€7947)(z — 0.9¢-7947)(z=1 — 1.5e/967)(2~! — 1.5¢=70 ¢7)

(b) Refer to fig 4.84 and fig 4.85.
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poie-zero plots for He(z)
9501.5

Figure 4.84:
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Chapter 5

5.1

Since z(n) is real, the real part of the DFT is even, imaginary part odd. Thus, the remaining
points are {0.125 + j0.0518,0,0.125+ j0.3018}

5.2

(a)

B() = z(l), 0<ISN-1
= n(+N), -(N-1<i<-1

2() = sin(f’g”-z), 0<I<T
- sin(:%r(l+8)), —7<i< -1

= wn(CTU), W<

3

Therefore, zl(n)rg(n) = z #?(n — m)

m=0
3 3 3
= sin(%ln[) + sin(—;-ln —1) 4.+ sin(%ln -3))
= {1.25, 2.55,2.55,1.25,0.25,—~1.06, —-1.06,0.25}

Zq.(n) = cos(%n), 0T

3
= —cos(—:-n), -7<1< -1

[2u(n) - 1] cos(-3—81-tn), In| <7

Therefore, 21(”)22(7)) i (%)mj-?(n — m)

m=0

{0.96,0.62,—0.55, —1.06, —0.26, —0.86,0.92, -0.15}

7
for (a) Xi1(k) = Y zi(n)e”? %"

3
I}
=}

191



= {4,1-;2.4142,0,1— j0.4142,0,1+ j0.4142,0,1+ j2.4142)
similarly,
Xa(k) = {1.4966,2.8478,—2.4142, —0.8478, ~0.6682, —0.8478,
~2.4142,2.8478}
DFT of zl(n):z(n) = Xi1(k)X2(k)
= {5.9864,2.8478 — j6.8751,0,—0.8478 + j0.3512,0,
—0.8478 — j0.3512,0,2.8478 + j6.8751}
For sequences of part (b)

X\(k) = {1.3333,1.1612— j0.2493,0.9412 — j0.2353,0.8310 — j0.1248,
0.8,0.8310 + j0.1248,0.9412 + j0.2353,1.1612 + j0.2493)
Xy(k) = {1.0,1.0+4 j2.1796,1.0— j2.6131,1.0 - j0.6488,1.0,

1.0 + j0.6488,1.0 + 72.6131,1.0 — j2.1796}

Consequently,
DFT of :,(n)zg(n) = X;(k)X2(k) .
= {1.3333,1.7046 + j2.2815,0.3263 — j2.6947,0.75 — j0.664,0.8,
0.75 + j0.664,0.3263 + j2.6947,1.7046 — j2.2815}

5.3
z(k) may be viewed as the product of X (k) with

- l, OSkSkCYN-kCSkSN_l h
F(")‘{ 0 K.<k< N~k

F(k) represents an ideal lowpass filter removing frequency components from (K. + l)%,’-’- to «.
Hence z(n) is a lowpass version of z(n).

5.4
(2)
£i(n) = %(eﬁi"w'f‘k‘")
Xa(k) = 18k =1)+6(k+1)]
also Xp(k) = %[6(1:-1)—6(1:-4—1)]
So Xa(k) = Xi(k)Xa(k)
N2
= -1 -6+ )
and z3(n) = %sin(%n)
(b)

Rey(k) = Xi(k)X3(k)
2
- %-[5(1:-1)-5(“1)]
N 27

= fzy(n) = —-2—sin(Tv-n)
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(<)
Res(k) = X\(k)Xj(k)
N2
= T[é(k—1)+6(k+1)]

> fuln) = %cos(%n)
(d)
Ryy(k) = Xa(k)X;(k)
N2
= - [6(k-1)+6(k+1)]
=  fyuh) = %’-cos(i—:’r—n)
5.5
(3)
gy PNy | ,
sz(n)z§(n) = 3 (e]*n_'_e_v%n)
L s
= - ¥ 4 emiFn
4n=0 )
= 32N
=X
T2
(b)
N-1 | N
S nmen) = - 3 (S0 e HR) (¥ - )
n=0 1 Njfo
= — (c’%" e-Jﬁn)
n=0

(c) Z::ol zi(n)z3(n)=141=2
5.6

w(n) = 0.42-0.25 (e" L L e"'ﬁ:—:") +0.04 (ein‘fr" + e-:’ﬁ-&n)

n=0 n=0 n=0

N-1 N-1 N-1
w(k) = 0.42 Z eI ®nk _ .95 [Z o W= emidenk Z ,-:‘ﬁ:—,ne-mnk]

N-1 N-1
+0.04 [Z ej'D"-'_x"e-J'§nk + } : e-d ﬁ‘:‘x"e’jﬁnk]
n=0 =0

= 0.42N6(k)
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-0.25

il i BN St il tisa
1- ej?r[‘w‘-—l"f'] + 1 e‘“"[ﬁ’-’x‘*’fv]]
1- en’r[ﬁ'g?-k] 1 - e'-’.z*[ﬁ%‘l‘k]
11— ej?w[wz-x‘ﬁ] + 1 e_jzr[wi__l.,,;,]]

= 0.42N6(k)

[1 - cos( %

+0.04

2« N

s ) — cos(2n( s + &) + cos( >]

T eoner(xs * B)
1 - COS(?VLI!I') - cos(2n(xiy + £)) + cos(z"" )]

1- cos(21r(r + N))

+0.04

5.7

Z

... [ e

X(k)

z(n) (e"z%ﬂ + e-i’—',"qﬂ) om0

0

Z n)e"ﬂw.'m Z z(n)e" jar(tng)s

S
1]

ﬂ-O

(k kO)modN + - X(k <+ ko)mod)v

N"“ Nlo—-

similarly, X:(k) = EEX(k - kO)mOdN - EX(& <+ k°)modN
5.8

y(n) = zi(n)dz2(n)
3

= Z z1(M)modsZ2(? = M)modas

m=0

= {17,19,22,19}
5.9

Xi(k) = {7,-2-j1,-2+j}
Xa(k) {11,2—j‘1’2+j}
= Xa(k) = Xl(k)xz(k)
= {17,19,22,19}

5.10

z(n)
z(n)z"(n) =

(eja:,!g +e‘ja%5“)

(2+ej‘%" +e’j‘-',;'y‘3)

PR N
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b4
[

E = z(n)z"(n)
n=0
N-1
- %n=0(2+ejuw.n+e-j‘%-!)
1
= Z2N
_ N
T2
5.11
(a)
z(n) = z("—s)mods
Xi(k) = X(k)ei®s®
= X(k)e i
(b)
z2(n) = z2(n = 2)mods
Xo(k) = X(k)emi ¥
= X(k)e i
5.12
(a)
s(k) = WEX(k)
= (-1)*X(k)
5
s(n) = %2(—1)"X(k)W,;"" N=6
k=0
= liX(k)w“‘"-s)
= 3 p
k=0
= z(n = 3Imods
s(n) = {3,4,0,0,1,2}
(b)
y(n) = IDFT{-{&;X—'(Q}

- % [IDFT {X(k)} + IDFT {X"(k)}]

= % [z(n) + z‘(_")modN]

{1(0), z(1) ; 3(5), z(2) -; z(4),z

z(4) + 2(2) 2(5) +z(1) }

(3), 2 ’ 2

i}
——
o
|-
©
w
w
N
—
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(c)

o(n) = IDFT{M}
25
By similar means to (b)
1. . 1.
v(n) - {ov—i.’aJton_JaE.’}
5.13
(2)
N-1
Xy(k) = Y z(n)wp”
n=0
3N=-1
Xa(k) = Y z(m)WiF
n=0
N=1 2N-1 3N-1
= Y z()Wi+ D z(mWih + Y z(m)WiR
n=0 n=N n=2N
N-=1 . N-1 5_ N-1 "
= Y z(m)WRT+ D z(m)WaWy + Y z(mywitwit
n=0 n=0 n=0
N-1
= 3 z(n) [1+ WE+ W2 wht
n=0
= (1+ Wk 4+ wW2hX, (k)
(b)
X\(k) = 2+W;
Xa(k) = 2+ Wk 2wt + W3k 4 owdt 4 wit
= Q+WH+ W@+ W)+ Wik + wy)
k
= (1+W3‘+W32")X1(§)
5.14
(a)
wm) = am(Dean)
= {4,0,1,2,3}
(b) Let z3(n) = {z0,2),...,24}. Then,
04 3 21 zo 1
1 04 3 2 ) 0
2 10 4 3 2, |=]0
3210 4 z3 0
4 3210 z4 0

Solving yields sequence z3(n) = {—0.18;,0.22,0.02,0.02,0.02}.
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5.15
Define Hy(z) 2 H-'(z) and ¢

and h;(n) yields z(n) = y(n)
can simply recognize that

X(z)

so z(n)

with y(-1)

5.16

H(k) =

>

esponding time signal h;(n). The use of 64-pt DFTs of y(n)
hi(n) whereas z(n) requires linear convolution. However we

Y(z)Hi(z)

Y(z) - 0.5Y(z)z"!
y(n) = 0.5y(n - 1),
0

0<n<63

1,-7%5k
l—ze J%

= 14 (seiEE) 4 le—j’}")2+
: 2

3 il

_ f416-4j 4 16+4j
17’5 17

, Tepeat kg times }

|
52_}+{(’6;“"])e" ) {Lotim )

+ 16 —4j +g+ (16+4j
17 5 17

197



1[4 . (16=45\ 4 (16+4;
9(ko) 4[3“( 17 ) 5"( 17 )]

_ o8
T 255
1[4 (16-4j) 4 (16+4j
%) = - |-- i
9(2ko) il3 ( 7 )+5 ( = )]
1
T 255
1[4 16-45\ 4 . [(16+4j
3k) = - |-- -2
9(3k0) 413 (17)5+(17)]
= 4
T 255
and g(n) = O for other n in [0,4ko).
ko 2ko 3k 1
4ko

g(.) represents a close approximation to an inverse system, but not an exact one.

5.17
7 -
X(k) = 3 z(n)ei ¥t
n=0
= {6,—0.7071 - j1.7071,1 ~ ,0.7071 + j0.2929,0,0.7071 — j0.2929,1 + j,
~0.7071 4 j1.7071}
IX(k)] = {6,1.8478,1.4142,0.7654,0,0.7654,1.4142,1.8478}
(X(k) = {0,—1.9635,:},0.3927,0,—0.3927,-},1.9635}
5.18

z(n) = i §(n —iN)

i=-00

Y h(m)z(n — m)

Y~ h(m) [}: 6(n—m-—~ iN)]
= Y h(n-iN)

y(n)

Therefore, y(.) is a periodic sequence with period N. So

Y (k)

N-1
3 ynywg?
n=0

H(w)lwz ﬁ-k
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27k
Y(k) = H(—;—) k=01,...,N-1

5.19

Call the two real even sequences z.;(.) and z.2(.), and the odd ones z,)(.) and z.2(.) (a)

Let z.(n)
Then, X (k)

[ze1(n) + zo1(n)] + j[ze2(n) + Z02(n)]
DFT {z.1(n)} + DFT {z01(n)} + jDFT {z.2(n)} + jDFT {zo2(n)}
[Xel(k) + Xol(k)] + J [Xe2(k) + Xaz(k)]
Re[X (k)] + Re[X.(—k)]
2

where X.1(k)

Xo(k) = Wcﬂ)l—?k[xc(—k)]
Xo(k) = Ilec(k)1+2lm{xc(-k)]
Xoo(k) = Im[Xc<'=)l—2lm[X=<-k)1
(b)
5i(0) = z(l)-z(N-1) =0
..s.'(N—n) = —zi(N—n+1)+2.‘(N—n- 1)
= zi(n+1)—zi(n-1)
= s(n)
(c)
z(n) = [z1(n)+ sa(n)] +j [z2(n) + s4(n)]

The DFT of the four sequences can be computed using the results of part (a)
N-1
Fori=34,s(k) = ) si(n)W§"
n=0
N-1

= 3 [zn+ 1) —zi(n— DIWA

n=0

= Wt Xi(k) — Wi X(k)
= 2jsin(%-wk)x.'(k)

___s3a(k)

Therefore, Xa(k) = 2jsin(5F)
_ s4(k)

XB) = SeinEH)

(d) X3(0) and X4(0), because sin(%Fk) = 0.

5.20

1

N
X(ky = Y z(mWg”

=0

3
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-1

“z

£
(WK + Y z(n+ %)w,';"‘*’*’

n=0

n
vz 3
Tl

= [z(n) - z(n)W;] wEn

3
fl
o

If k is even, W¥ = 1, and X(k) =0
(b) If k is odd, W = —1, Therefore,

¥

X(k) = ZQz(n)W:,"
n=0
g1

= 2% ;c(n)w,';gf

n=0

Fork = 2041, I=0,...,%-—l
5~

X@20+1) = 2 z(n)w}gw;:,

n=0
N

= - pt DFT of sequence 2z(n)Wg

5.21

(a) F, = Fy = 2B = 6000 samples/sec
(b)

1
S
_ 1
~ 6000
1
- < 50
LT -~
1
> —
L =2 50T
6000
T 50
= 120 samples
(¢) LT = -671@1:120 = 0.02 seconds.
5.22
1 ‘g_" 1 —-jdn
z(n) = 5CJ +§e’ , 0<n<N, N=10
N-1
X)) = 3 z(n)eiFre
n=0
N-14 " N-1, .
= 2—idglk=1)n 1 o -igk+ein
ER S )

= 586(k—1)+56(k-9), O0<k<9
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5.23

(a) X(k) = T02) b(n)e~ ¥4~ =1, 0<k<N-1

(b)

(c)

(d)

(e)

()

(8)

N-1

2 §(n — no)e™? ¥*n

n=0

= e i¥te 0<k<N-1

X (k)

N-1
Z ae=i Fkn
n=0
N-1

= Y (aemiFEyn

n=0

X(k)

1-aV

1 —ae-i &k

51
Xy = 3 it
n=0
1- e-i%"‘s“
1-e-i %
1-(-1)*
1- eIk

N-1
Z ejy’-nkoe-—j%kn
n=0
N-1
= Y emiHGokon

n=0

= N6(k — ko)

X (k)

z(n) = %ejﬁ"k°+%e'13"'""°

N

From (e) we obtain X (k) 5 [6(k — ko) + 6(k — N + ko))

]

_ 1 '&‘r'-nko_i -j4Fnko
z(n) = 2",1':-7 2je

Hence X (k) %[5(1: — ko) = 6(k = N + ko))
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N-1

X(k) = Y z(n)em ¥ *(assume Nodd)

n=0

= 1+ el ik + e~ 1 Fak +...+ eI F(n-1)k

1 - (emi¥p2e)E

1-e %k

1

5.24
(a)

N-1
= Y X(k)e®nt
X(0)+ X(1) + X(2) + X(3)
X(0)+X(1)e' ¥ + X(2)&" + X(3) ¥
X(0) + X(1)e™ + X(2)" + X(3)e*"
X(0)+ X(1)e ¥ + X(2)> + X(3)e F

1 1 1] X0
i -1 —j] X(1)

-1 1 -1
-j -1 J

[ T

|

X (k)

X(0)
X(1)
X(2)

X(3)

1—ei¥Ek

1 —e-ifk

k=0

X(2)
X(3)

1 —ei2k

N-1
z(n) = Z X(k)el ¥nk

]
P4
2]
—~~
S
N’

12
4

4 X(0) 7

8 x(1) | _| -2-j
Sl || x@ ||

4 X(3) -2+

3

Z z(n)e~ i Enk

n=0
3

}: z(n)

n=0

7

3
> z(n)e=i3n
n=0
-2

3 .
Z z(n)e~7 ™

n=0

1
3
Z z(n)e"j 3Fn

n=0

~2+
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5.25
(a)

[« <]

z z(n)e""""

n=-oo
&2 4+ 267Y 4+ 34+ 27TV 47
= 34 2cos(2w) + 4cos(4w)

X(w)

(b)
5
V(k) = 3 v(n)ei%nt
n=0
= 3420 Ik 4 miRM Ly i WAy omi NS

= 3+ 4cos(§k) + 2cos(23:lc)

(C) V(k) = X(w)lw=lz£=!5!
This is apparent from the fact that v(n) is one period (0 < n < 7) of a periodic sequence
obtained by repeating z(n).

5.26

Let z(n) = i §(n+IN)

l=—o0

Hence, z(n) is periodic with period N, i.e.

z(n) = 1, n=0,+N,x2N,...
= 0, otherwise
N-1 A
Then X (k) = z(n)e"*”" =1 0<k<N-1
n=0
, N1 ‘
andz(n) = & X(k)ed ®rk
k=0
) 1 N-1 ]
Hence, Y 6(n+IN) = N e Jnk
l=—00 k=0
5.27
(a)
M-1
Y(k) = ) ym)Wp
n=0
M-1
= Y. Y zn+ MWy
n=0 |
Now X(w) = Z:(n)e'j‘”",

n
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SO X(%k)

S wir
n

M-1
S S a(n+ IM)W P M)
=0 1

M-1
= Y Y zn+ i)Wy
n=0 |
Y (k)
Therefore, Y (k) = X(w)ly=35:
(b)
Y(k) = X(“’)'w:?k
k
Y(E) = X('”)Iw:%k
= X(k), k=24,...,N=2
(c)
Xi(k) = X(k+1)
= z,(n) = z(n)e"'%"
= z(n)Wg
Let y(n) = zi(n)+z1(n+ -};-), 0<n<N-1I .
= 0, elsewhere
Then X(k+1) = Xi(k)
= Y(;—), k=0,2,...,N=-2
where Y (k) is the %-pt DFT of y(n)
5.28
(a) Refer to fit 5.1.
(b)
Z z(n)e v = Z alnle=iwn

a

a

a

1 L
+Za—nc—jwn +Zane-jwn
-L 1
L L
+ Eancjwn + Zane—jwn
1 1

L
+2 2 a"cos(wn)

n=1

L
z(0)+2 Z z(n)cos(wn)

n=1
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x(n) X(w)

1 -]
08 15
Eos § 10
1 4
; 04 ‘ S
02 0
0
() 10 20 0 0 1 2 3 r
— ) —d W
& xiide(n)
06
1
04 e
02 {
A 08
0 ]
025 10 20 0 ‘0 10 20 0
—_— N

Figure 5.1:

(c) Refer to fit 5.1.
(d) Refer to fit 5.1.
(e) Refer to fit 5.2.
(f) N=15. Refer to fit 5.3.

5.29

Refer to fig 5.4. The time domain aliasing is clearly evident when N=20.

5.30
Refer to fig 5.5.
()
Zam(n) = z(n)cos(2xf.n)
N-1
Xam(w) = Z z(n)cos(?wfcn)e’jz’f“
vl
- % Y z(n) [e—j'h(!-h)ﬂ + c-j2f(l+fe)n]
n=0
Xem(w) = 3[X(w = w)+ X(w+we)]
5.31
() ek = {2, =%, 3% =%

1 .
(b) Refer to ﬁg 5.6. The DFT of z(n) with N = 128 has a better resolution compared to one
with N = 64.
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x(n)

1 -
o}
o8}
0.7
_osp
Tost
!
04 4
o3}
02
o1}
% %0 ™) 150 200 250
-— N
Figure 5.2:
5.32
(a)
. 1 . .
Y(iQ) = S-PUR)=X(D)
1 . QTy, _;or
= o (Tosm(——z—g)e 1—:“) * [276(Q2 — Qo?]
. A Ssinz
where sincz = p
Y(jQ) = Tosinc (—-————TD(Q; QD)) e"lz‘rﬂi'—_n'n'l
(b) woP = 27k for an integer k, or wo = %’ér
(c)
N-l . -
Y(w) = 2 elwonegIwn
n=0
- N
= _""‘7_("’ it °.._)e—j&fi(w-wo)
sintsra

Larger N = narrower main lobe of |Y(w)|. To in Y (j) has the same effect.

(d)

Y() = Y()logss

_ sinr(k—l)e_jyﬁl,“_,)
sinﬁ%:-'l

|sinx(k = 1)|
|sinfﬂ‘ﬁ'—Q|

= N&(k=1)

1Y (k)|
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x(n) X(w)
1 20
08 15
Sos 3L
¥ 1
:0‘ I 5
02 0
0
-0 -0 0 0 20 ~o 1 2 3 4
_—>0 — W
ok xtide(n)
15 14
1 =12
. £
(%]
405 g 1
| i
0 los
0% 5 10 15 T 0 5 10
—> W -——D>N
Figure 5.3:

(e) The frequency samples %k fall on the zeros of Y (w). By increasing the sampling by a factor
of two, for example, we will obtain a frequency sample between the nulls.

Y(w)lu= ink=Fk k=01, 2N-1
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Figure 5.4
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x(n)

xc(n)

2
o A
> TR
. ! ?!gig; 1”! i NI
! | ! i
-2 1 U
0 100 4 amin) 200 300 0 Xamiw) with Nofes 300
40 :
o
g 20} !
0
0 Xadtw) with Neofbo 300 0 Xamdw) with N0~ 130
30 60
20 40
10 20 ]
0! : 0
0 50 100 150 0 100 200 300
Figure 5.5:
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50t

40
30
20

10

x(n)

200 400 600

DFT of x(n) with N=128

800

150

Figure 5.6:

210

20

15t

10

DFT of x(n) with N=64
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Chapter 6

6.1

Since (e3 ¥ ¥)N = ¢i27k = 1, ¢ ¥ satisfies the equation XV = 1. Hence ¢/ ¥* is an N root

of unity. Consider Y= ei ¥ 4nei %17 If k # I, the terms in the sum represent the N equally

spaced roots in the unit circle which clearly add to zero. However, if £ = [, the sum becomes
N-l11=N. see fig 6.1

n=0

z-plane

NES
ol 3
©

A

N

i
e

unit circle

Roots for N=12

Figure 6.1:

6.2

(a) WEWII™D) = e=iRae-iBal-1) = e Bel = WY -
(b) Let W§ = W} +6 where W}, is the truncated value of W§. Now Wi = (Wi +6) = W +16.
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Generally, single precision means a 32-bit length or § = 5x10~1°; while 4 significant digits means
6 = 5x1075. Thus the error in the final results would be 10° times larger.

(c) Since the error grows as 16, after N iterations we have an error of Né. If W,?,' is reset to -j
after every gl = % iterations, the error at the last step of the iteration is 16 = [%] 6. Thus, the
error reduced by approximately a factor 4q.

6.3
N-1
X(k) = D z(m)Wy" 0<k<N-1

n=0
-1 N-1

= Y z(m)WR+ Y z(n)WR"
n=0 n:%’—
§-1 5

N (r

= Y amwhr+ Y atr+ Wt

n=0 r=0
LetX'(K) = X((2k+1), 0<k'< -j;—, -1
4—1 [ ’ N N '
Then, Xl(kl) - Z Lx(n)wﬁ?k +1)n + l(ﬂ + ?)W,(Jl-* 3 )(2k +1)]
n=0
Using the fact that W™ = WEL'", wh =1 -
H-1 N "
X'(k) = H(mWRWE™ + 2(n+ ZIWE"WR Wﬁ]
n=0 *
-1 N
= 2 -z(n) -z(n+ ?)] W,',}ng"n
6.4

Create three subsequences of 8-pts each

21

22 23
Yo W+ Y ymWEr+ Y y(mWR

Y(k) =
n=0,3,6,... n=1,47,... n=205,...
7 7 7
= Zy(si)w}g’ +> 3+ 1)w,"§"w,':, +) yBi+ 2)w}§'w,3,‘=
=0 i=0 1=0

2 Yi(k) + WhYa(k) + WEYa(K)

where Y;,Y3,Y; represent the 8-pt DFTs of the subsequences.

6.5

1+z7 V4. 4278
X(Z)lz=c’¥

X(z)
X(k)
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= 14e ¥ 4 I¥ 4 4
= 2427 7F 4emiN 4 eI
z'(n) = {2,2,1,1,1})
z'(n) = Zz(n+7m), n=0,1,...,4
™

Temporal aliasing occurs in first two points of z’(n) because X(z) is not sampled at sufficiently
small spacing on the unit circle.

6.6
(a) Zi = 0.8¢/ 5+ %] see fig 6.2
(b)
z-plane
Z
24 27
2g
circle of radius 0.8
Figure 6.2:
X(k) = X(2)l:=:
7 -n
= 3 a(m[oslE 3]
n=0
s(n) = z(n)0.8e~ ¥"
6.7



-
F(0,q) = Zz(o,m)WE'

n=0
§-1
> z(1,m)Wg!

n=0

F(1,q)

which are the same as Fy(k) and F,(k) in (6.1.26)

G(qu) = F(0,9) = Fy(k)
G(LQ) = WI%F(I’q) = F2(k)wlk4
X(0,q)=z(k) = G(0,9)+G(1,9)W;
= F()+REWS
Xl,q):z(k) = G(qu)+G(1!Q)W21

= Fi(k) - F()Wh

6.8

W = -L(l -J)

V2
Refer to Fig.6.9. The first stage of butterflies produces (2,2, 2,2,0,0,0, 0). The twiddle factor
multiplications do not change this sequence. The nex stage produces (4, 4, 0,0, 0,0, 0, 0) which
again remains unchanged by the twiddle factors. The last stage produces (8,0, 0, 0, 0, 0, 0,0).
The bit reversal to permute the sequence into proper order unscrambles only zeros so the result
remains (8, 0, 0, 0, 0, 0, 0, 0).
6.9

See Fig. 6.13.

6.10

Using (6.1.45), (6.1.46), and (6.1.47) the fig 6.3 is derived:

6.11
Using DIT following fig 6.6:

15¢ stage outputs

1111
2'2°277772

stage outputs {1,
1

1 1 1 1
22d Luawd)o da-wia o+ w050 -wh)
ard stage outputs 2, %(1 + Wi+ w2+ w0, %(1 - W2+ W3 -Wj),0,

5(1 -Wi+ w2 - Wg),O,-;-(l 7 W;}
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0 Q O O x0)
0

4 Q oL )]
28 Q O x2)
12) @ O 3
1)

O x4)

x5 OBy “ ‘(’lA ) L)
” ’ 2 \'A. >
w3 ", "\\k‘ O xn

x(2) 0 , \ O x8)
16 @ / o
4
e o O x10)
h g 9o O s
)
hitfe O i
0
Y O3
g
(1) & O n14)
W5 A O x1%)

Figure 6.3:

Using DIF following fig 6.11:

15! stage outputs

2
1 1 1 1
ond stage outputs : {1, 1,0,0, (1 + W3),0, E(Wg + W), 5(1 - W3, -2-(Wg - Ws‘")}
1
3™ stage outputs : {2,0,0,0,-(1 + Wi+ W2+ W), (1= Wi+ w2-w?),

1 1
5(1—W§+W§—W§),§(1—W§-—W§+Wg}

6.12
Let
1 1 1 1
all —j -1
4= 1 -1 1 -1
1 5 -1 -j

2 220 z(4) z8) 2(12) ]
2,2 z(1) z(5) z(9) z(13) )7
£, 2 z(2) z(6) z(10) z(14) )"
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2,223 z(m z11) z(5)]7

[ F(0) ] [ 4]
Fo) | _, _ o
Fg) | =401 = | o

| F(12) | | o |

i ?EI; i o

5 0
F9) |T42% |
| F(13) | | 0 |
ﬁgz; -4
6 0

Faoy | =48 =| o

F(14) 0
f{s; 0

7 0
F1) | =48 = | o
F(15) 0

As every F(i) = 0 except F(0) = —F(2) = 4,

A EANRE
z 1

28) | =A% | F) [T o

z(12) F(3) 8

which means that X(4) = X(12) = 8. X(k) = 0 for other K.

6.13

(a) "gain” = WEWQ(-1)W2 = -Wi =

(b) Given a certain output sample, there is one path from every input leading to it. This is true
for every output.

(€) X(3) = z(0) + W2z(1) — W2z(2) + WEW3z(3) - Wiz(4) — WIW3z(5) + WiWiz(6) +
WOW2W3z(7)

6.14

Flowgraph for DIF SRFFT algorithm for N=16 is given in fig 6.4. There are 20 real, non trivial
multiplications.

6.15
For the DIT FFT, we have
£ ¥
X(ky=Y" z(2n)WE + 3 zen+ WDt
n=0 n=0
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AN 7T o
*2Q ‘ v ’ o Ox«z
x(3) Q \\'II ‘ \Xi:‘, QO x12)
x(4) .‘\\'V'III‘ 'A’voA’A :'6

AN/ 70 O

26 O \‘"A“’I""A\‘v‘m -::::»
“‘“‘“"MA d

O1+10 X2

O X(14)
x®) e A .‘.""'. 'A". o O x(1)
x® O " "“ ’c >'l SSEH—O x9)
I’uu\ PR
x(10) O ‘ay, = VAV 7o . —CO X(5)
’ " » -1 A ’
x(11) . D99 O x(13)
x12) O =T A¢ S H—O X3
x13) O > " - - —OH—O X1
x(u)c/ 23 \:/ o— hud > ‘: O xm
x(15) > O 1,- '? T 2610 xu9

Figure 6.4:

The first term can be obtained from an —-pomt DFT without any additional multiplications.
Hence, we use a radix-2 FFT. For the second term, we use a radix-4 FFT. Thus, for N=8, the
DFT is decomposed into a 4-point, radix-2 DFT and a 4-point radix-4 DFT. The latter is

N N o

-1 1! !

E x(2n+1)W,(V2"+l)k= E z(4n+ Wy WL + E z(4n + )W WE
4 [)

n=0 n=0 n=0

The computation of X (k), X (k + %), X(k+ ’—;'—-), X(k+ §4ﬂ) fork=0,1,.. .,% — 1 are performed
from the following;:

E_, 2 !

Fl
X(hy = > z(2n)WE + Y zlan+ NWEWE + Y z(an+WREWE
n=0 n=0 n=0
N ! & -1
X(k+) = 3 z(2n)WEH(=1)" + > z(an+ D(-5)WE + Y z(an+ YW GIWE
n=0 n=0 n=0
N -} &1
X(k + ‘?) = Z 2(2m)WE + Z z(4n + 1)(-1)WAWE* + Y z(an+3)(-1)WHWE
n= n=0 n-O
3N i b i
X(k+=) = ) z(mWE(-1)"+ Z z(4n + DG)WRWE + Z z(4n + 3)(—)WR W
n=0 =0

The basic butterfly is given in fig 6.5
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x(4) O Xx)
x(2) OX(2) i
This graph looks like the ounspose of
x(6) O 8 = - O x(3) o N-point DIF FFT. The rwiddlo facon
come befre he sscond stage.
x(1) QO S :'v v O X&)
x(5) U - ) :v:v: = A‘. O x(%)
= = O
x7) : - 1 " X7

Figure 6.5: ;
6.16
z = zr+Jjzr
= (a+jb)(c+jd)
e = (a—b)d 1add, 1 mult
zp = e+(c—d)a 2adds 1 mult
z; = e+ (c+db 2adds 1 mult
Total 5 adds 3 mult
6.17

N-1
X(z) = Zz(n)z“"

n=0

N-1
Hence, X(z:) = zz(n)r-ﬂe-i"ﬁkn

n=0

where z; = re- ¥t k = 0,1,..., N — 1 are the N sample points. It is clear that X(z;).k =
0,1,...,N — 1 is equivalent to the DFT (N-pt) of the sequence z(n)r=",n € [0,N -1].
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6.18

| Ly
' — -k
Z(n) = Tx ?j; X' ()Wn"
1 [ko—-1 LN-1
= 77 | X' (DWW + 3 X'(k)W,j,f,"]
k=0 k=LN-ko+1
1 [ko—1 LN-1
= v | X(EWoE"+ ). X(k+N- LN)W;;,"]
k=0 k=LN-ko+l
L= N-1 L NALN
= % Yo xwpit+ Y X(ewiy Tt )"]
L k=0 k=N~-ko-1
1 ko—1 N-1
Therefore Lz'(Ln) = ~ [Z X)Wy + Z X(k)W,;""]
k=0 k=N-ko+1
= ()
L = 1is a trivial case with no zeros inserted and
o = = (rr 1yl .l
doy=) = {33+35.03-73
6.19
N-1
X(k)y = z(n)Wr
n=0
Let F(t), t=0,1,...,N—1 bethe DFT of the sequence on k& X (k).
N-1
F(ty = Y X(E)W¥
: k=0
N-1[N=1
= 3 [z :(n)w,‘:,"] Wik
k=0 Ln=0
N-1 N-1
= Z z(n) [Z W)t,(".H)]
k=0

23
o
- O

]

z(n)6(n+1t)mod N

Z 3
[
- O

= Y z(n)§(N-1-n-t) t=01,... . N-1
n=0

= {z(N-1),z(N =2),...,2(1),2(0)}

6.20
2N -1
Yy = Y, ymWR k=0,1,...2N-1
n=0
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2N-1

= Y un)WiR

n=0,n €vén

N-1
= Y yem)Wi”

m=0
N=-1

= Z t(m)W:,m
m=0

X(k), ke[0,N-1]
X(k-=N), ke[N,2N-1]

6.21
(a)
1 27n
= = -— < < -
w(n) 2(1 cosN_l), 0<n<N-1
= }.—l(c’ﬁ-+c-lﬁ)
2 4
N-1
W(z) = Y w(n)z™"
m _
= ¥ [- - (@Fr 4 e-fﬁ'f%)] "
2 4 f
n=0 ‘1
_11=zN - i@
T 21-z71 4 j_,-1d¥5
11— (z-te I ¥T)N
4 1 z-1e7idT
(b)
zy(n) = w(n)z(n)
= Xu(k) = W(k)NX(k)
6.22
The standard DFT table stores N complex values W,‘,‘,, k=0,1,...,N - 1. However, since
W,':,“§ = —W}, we need only store Wy k= 0,1,...,% - 1. Also, W:,"‘% = —jW§ which is
merely an interchange of real and imaginary parts of W§, and a sign reversal. Hence all essential
quantities are easily obtained from wt  k=0,1,..., % -1
6.23

The radix-2 FFT algorithm for computing a 2N-pt DFT requires %VIOQQZN = N + Nlog:N
complex multiplications. The algorithm in (6.2.12) requires 2[%’-1092N+ %] = -’¥+loggN complex
multiplications.
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6.24

M -k
since H(z) = -2—*=13h‘z—-
14 0.2k
H( 2x k) - E:!:O bkw}t’ll
— = N
N-1 1+ 30 Wi,

1

H(k), k=0,... N

Compute N + 1-pt DFTs of sequences {bo,b,,...,bm,0,0,...,0} and {1,a1,.. .,an} (assumes
N > M), say B(k) and A(k) k=0,...,N

_ Bk)
H®) = 20
6.25
8
Y(h) = ) ymwgt
n=0
= ymWet+ D y(n)Wet + y(n)Wwst
n=0,3,6 n=14,7 n=2538

2 2 2
= Z y(3m)W3™ 4 Z y(3m + 1)W9(3m+l)k + Z y(3m + 2)W§3m+2)k
m=0 m=0 m=0
2 2 2
= S yEmWET + Y y(Bm+ YWPWS + Y y(3m + WS W

m=0 m=0 m=0

Total number of complex multiplies is 28 and the operations can be performed in-place. see
fig 6.6

6.26
8
X(k) = Y z(mwgt
n=0
2 S 8
= Yo azmWEm+ ) z(mWet + ) 2wt
n=0 n=3 n=6
2 2 2
= Y zn)WE + Y z(n+ H)WSWE + Y z(n+6)Wrtwit
n=0 n=0 n=0
2 2 2
z3) = Y (WP + Y z(n+ YWD + Y 2(n+E)WS
n=0 n=0 n=0
2 2 2
23+1) = Y z(WFWE 4 z(n+ IWFWIWS + 3 z(n+6)WpiWe w3
n=0 n=0 n=0

2
= 3 WP [z(n)+ Wiz(n+3)+ Wiz(n+6)] W'
n=0
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L\ /
w
x(1) O 3

2
x2) O = 1o
w3
x3) O s
1
W
x@) O
3
X(S) G < W; <

x(6) O S =)
XL
x(8) O- v

1
A < 99— A QOX(@)
Figure 6.6: i ‘
2
z(3l+2) = Z W2n [z(n) + Wiz(n+3) + Wiz(n +6)] wp

n=0

The number of required complex multiplications is 28. The operations can be performed in-place.
see fig 6.7

6.27

(a)Refer to fig 6.8

(b)Refer to fig 6.9

(c) DIF is preferable for computing all points. It is also better when only X(0), X(1),X(2), X(3)
are to be calculated. The rule is to compare the number of nontrivial complex multiplies and

choose the algorithm with the fewer.

(d) If M << N and L << N, the percentage of savings is
HilogsN-Mkiog, N

A A 2100% = (1 - ML)z100%
6.28

(a)Refer to fig 6.10. If data shuffling is not allowed, then X(0),...,X(3) should be computed
by one DSP. Similarly for X(4),...,X(7) and X(8),...,X(11) and X(12),...,X(15). From the
flow diagram the output of every DSP requires all 16 inputs which must therefore be stored in
each DSP.

(b)Refer to fig 6.11

(¢) The computations necessary for a general FFT are shown in the figure for part (a), Ny =
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x(0) ——O O -0 X(0)
/ P
x(1) ® 0 O O O X(3)
\/ NSO
\X// P
x(2) SVAVY c, . O X(6)
X 1 // W
x(3) o# e" ‘; . O O x(1)
// IN 3 1 \ /
JAVAN A w2
x(4) XA ® OGN0 O X(4)
AU, (W3
5 LD /A/\ A O LW o O X
'Q"’ V 3 ‘

x(6) O 43 é w O N O X2
) ,i A‘. W A A'{. . 0 X65)
ENES &

x(8) ——O i, LL O Ox(®)

3
Figure 6.7:

%IoggN. Parallel computation of

Np

Complex operations, as is seen in
S
6.29
Refer to fig 6.12
L N=l
= = X(k
z(n) = & ; (k)

the DFTs requires

IN, N N1
= MMl Y
1

N N

the figure for (b). Thus
Ny
N,
%IoggN
Hrlogafy + N(1 - 3)
Mlogs N
logaN — logs M + 2(M — 1)

-kn
WN
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x(0)

N X,

" X4

\ X(l)
A : X(9)
X(13)

\ >< X3)
uf v XAl

11 X(18)

b (9]

Figure 6.8: ;
_ 1 -kn 1 -kn
= 3 ST X(kyw; "+3 S x(kyw;
k even kodd

= = Z X@mW,™ + - 2 X(2m + )W, ™ Wi

m-O m-O
1
= 3 z [X(2m) + X(2m + W W™
m=0
1 13 3
z(n) = g[z (2m)W4'""'+W5'"ZX(2m+1)W4’""‘], 0<n<3
m=0 m=0
1 [38
z(n+4) = = [z X@2m)ywsm" - wg" Z X(2m + I)W‘""‘] , 0<n<3
m=0 m=0

This result can be obtained from the forward DIT FFT algorithm by conjugating each occurrence

of Wi, — Wx* and multiplying each output by } (or ; can be multiplied into the outputs of

each stage).

6.30

7
2(n) = % S X (Wt
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x(0)

) NN N W A
NN\ W \ U/ A
R/

Figure 6.9:

3 7
— l -kn l -kn
= SEZX(L-)WE +8§X(k)W8

=0
1 [ 3 3
= 3 ZX(k)W;*"+(-1)"ZX(k+4)W;*"]
Lk=0 k=0
e 3
$(2) = 3 ZX(k)W;"+ZX(k+4)W;'*], 1=0,1,2,3
Lt =0 k=0
1 3 3
22A+1) = 3 ZX(k)W;”‘W;"—ZX(I:+4)W;”‘W;"], 1=0,1,2,3
Lk=0 k=0

Similar to the DIT case (prob. 6.29) result can be obtained by conjugating each W) and scaling
by 1. Refer to fig 6.13

6.31
z(n) = z°(N=-n)
1 N-1
IDFT(z’(n)) = % 3 2t ()Wt
n=0
) Nl
= 5 Z z(N —-n)W;""
n=0 )
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x(0)
(1)
x(2)
x3)
x(4)
x(5)
x(6)
x(7)
x(8)
x(9)

x(10)
x(11)

x(12)
x(13)

x(14)
x(15)

Since the IDFT of a Hermitian symmetric sequence is real, we may conjugate all terms in the

sum yielding

In general, the IDFT of an N-length sequence can be obtained by reversing the flow of a forward
FFT and introducing a scale factor -,37 Since the IDFT is apparently capable of producing the
(scaled) DFT for a Hermitian symmetric sequence, the reversed flow FFT will produce the desired

FFT.

VTN 7N <d.
AVANT

\W/ RN TP
N/ A,
WS >
\‘A’A’A’!’.’A\ v /N .. " X(6
W/ Nwe /R wt > &
e ! R

MRS 7 N7 S
I’A’:’#’A\\m A’A .. i X6)
II'A’A\\\ v ‘I I"Am '. X(13)
INNER S !

N/ XN >

X3

IDFT(z"(n))

; >
/ :,\237 \§.fo <

X(15)

Figure 6.10:

1 N-1 ,
v Z z°(N = m" W™
=0

1 N-1
= 2 z(n)WE"
n=0

X(k)

z|— =
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6.32

x(0)
x(1)
x(2)
x(3)

x(4)

x(5) ///// \\‘\I %v >< i&-xa)
x(6) ////// \K 4 -l
N ////// A

=T > i X(14)
x(8) ://
x(9)
x(10)
x(11)
x(12)
x(13)

x(14)
x(15)

Figure 6.11:

z
L

X(k) z(m)WE™

z 3
U]
- o

z(m)Wﬁ"‘Wg"N since WtV =1

™

z 3
ron
- O

= z(m)W;k(N"")

3
1]
)

This can be viewed as the convolution of the N-length sequence z(n) with the impusle response

of a linear filter.

hi(n) 2 WEru(n), evaluated at time N
He(z) = Y Wyra™"
n=0
= 1
T o1-Whz!
_ Y(9)
X(2)
w(n) = Wrm(n-1)+z(n), w(-1)=0
w(N) = X(k)
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X0

NZERNA
SN

X4

0
wd ><_
-1 w
X p 8 =
w2 > w2/ X \XX/

x(6) —& Ve I LB x(3)
X(1) 8 1R x4)
wd > N\ W /XX
x(5) —& : 3 1R x(5)
W XX w2 /NN

X(@3) _0>< ) /\ 3 / )\ x(6)
\*Y W W
X(7) —& S E— o SR 1)
Figure 6.12: "

6.33

(a) 11 frequency points must be calculated. Radix-2 FFT requires 1—(-’.}7—"103;;21024 = 5000 complex
multiplies or 20,000 real multiplies. FFT of radix-4 requires 0.75z5000 = 3,750 complex multi-
plies or 15,000 real multiplies. Choose Goertzel.

(b) In this case, direct evaluation requires 108 complex multiplies, chirp-z 222103 comples mul-

tiplies, and FFT 1000 + 382°713 = 33210 complex multiplies. Choose chirp-z.

6.34

In the DIF case, the number of butterflies affecting a given output is 5’2- in the first stage, % in
the second, . ... The total number is

1+2+...+2“‘=2"(1—(%))=N—1

Every butterfly requires 4 real multiplies, and the eror variance is {-:,- Under the assumption that
the errors are uncorrelated, the variance of the total output quantization error is

62 N&?
2 _ o A
o, = 4N 1)12 3
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R
x2) 18 \XX/ /\ >< x(2)
X(3) L& " x(6)
w
- //\\ e
w2><><
X(7) 5 i x(7)
Figure 6.13:
6.35
(a)
1 1.,
Re[Xn4i(k)] = §X,,+,(lc)+-2-X,,+l(k)
= %X..(k) + %w;,"xn(l) +ixmk) - %w,;mx;(:)
= Re[Xn(k)] + Re[WF Xa(1)]
since lX,,(k)|<%, [Re[Xn(E)]] < %
since | Xi(k) \<% IRe[WT Xn (D)l < %
s [RWT XDl < -;-
Therefore |Re[Xn41(k)]l < |Re[Xn(k)]| + [Re[WE Xa(N)]| < 1

The other inequalities are verified similarly. (b)

Xn+1(k)

Therefore, | Xn41(k)]

Re[ X, (k)] + jIm[Xn (k)]

feos(27m) — jsin(3rm)IRelXn (D] + lmlXa ()]
Re[ X (k)] + cos(.)Re[Xn()] + sin()Im{Xn(})]

47 {Im[Xn (k)] + cos(Jm[Xn (D)] + sin(-)Re[XA(1)]}
[Xn(k)] +1Xa(D] + 4
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where 4 2 2cos(.) {Re[Xn (k)] Re[Xn(1)] + Im{X.(k)]Im[Xn ()]}
+2sin(.) {Re[Xn (k))Im[Xn(1)] = Im[X,, (k)] Re[Xn(!)]}
1Xa(E)? + 1 Xa(DI? = A(%)

also | Xn41 (D)2
Therefore, if A > 0,
max([|Xn+1(E)l, 1 Xn+1(D)] | Xn+1(F)|
{1Xa(B? + 1Xa)F + 4}
> max[|Xa(k)|, | Xa(Dl]

By similar means using (*), it can be shown that the same inequality holds if A < 0. Also,
from the pair of equations fro computing the butterfly outputs, we have

2Xn(k) = Xn4r(k)+ Xnsa(l)
2Xa(l) = Wi™Xnsr(k) = Wi™ Xaa(l)

By a similar method to that employed above, it can be shown that

2max{| Xn (k)1 | Xn(D)]] 2 max{| Xn41(K)l, | Xnsr(D)]]

6.36

Refer to fig 6.14.
(d) (1) The frequency interval between successive samples for the plots in parts (a), (b), (¢) and

(&) Notd don 18 . (b) N84 domB foo-
13 [
2
5 2
c0 20 40 80 80 eo 2 40 60 80
(c) N=128 do=18 () N=64 dcaT 864e- 14
2 800
18 600
%vo ‘g‘w
[ 200
=° 50 100 150 ao 0 40 [ ) 80
Figure 6.14:

(d) are g‘;, ‘slTv %”andg‘; respectively.
(2) The dc values computed theoretically and from the plots are given below:

parta partb partc partd
theoretical 16 8 16 0
practical 16 8 16 8.203e — 14

Both theoretical and practical dc values match except in the last case because of the finite word
length effects the dc value is not a perfect zero.
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magnitude

(3) Frequency interval = -
(4) Resolution is better w

6.37

(2) Refer to fig 6.15.

(b) Refer to fig 6.15.

x
ith ¥ = 128.

re0.9, YOY r=0.9, c=0.82, W(K)
(] 25
s 20
4
15
¢ g
i, g0
1 5
% 50 100 150 % 50 100 150
0.8, V(¥ 0.5 , c=0.55, WK
14 ]
$
12 4
g :
£ 1 2
1
0% 50 100 150 % $0 100 150
Figure 6.15:
(c) Refer to fig 6.15.
(d) Refer to fig 6.15.
(e) Refer to fig 6.16.
r=0.5, Y(k) x 103 W(k)
12 4 v
10
3t
8 8
2
6 g2
«
4 E
f !
2 >
0 ~ . 0
0 S0 100 150 0 50
Figure 6.16:
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Chapter 7

7.1

(a) H(z) = 14+ 2:71 4327244273 4+ 3274 4+ 2:7% 4 z7°. Refer to fig 7.1
(b) H(z) = 142271 43272 43273 4+ 2274+ 275 Refer to fig 7.2

x(n) 21 2! ! vl vl vl

y(n)
Figure 7.1:
7.2
Refer to fig 7.3
As(z) = H(z) = 14288271 +43.404827%+1.74z7+ 0427
Bi(z) = 04+ 1.74z7' 434048272 +2.88:7%+27*

Hence, K4 = 04
Aq(z) — kqBa(2)
1— k32
= 142627'42432:"240.7:73

A3(Z) =
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x(n)

7!

rl r! r!

rl

Bs(z)
Hence, K3

A2(Z)
Ba(z)
Then, Kz

A1(Z)

Therefore, K,

Figure 7.2:

0.7+2432:71 4262724273
0.7
As(z) — k3B3(2)
1 — k2
14 1.76271 4 1.2272
1.2+ 1.76z"1 + 272
1.2
AQ(Z) - kgBQ(Z)
1- k2
1+0.8:z"}

08

Since K > 1, the system is not minimum phase.

7.3

V(z)

v(n)
Y(2)
H(z)

h(n)

X(z)+ -;-z"‘V(z)

2(n) + %v(n —1)

23X (2) + V(2)] + 2271V (2)
Y(:)
X(z)
8—z"!
1-0.5z"1
8(0.5)"u(n) — (0.5)" " 'u(n — 1)
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x(n)

xn) ﬁ ffm ./:\ f4n) _m f4{m _m fq @ =y

(®)

Figure 7.3: (a) Direct form. (b) Lattice form

7.4
. 3z 1422
H(z) = a-+-l+%z_1 v
A(m) = 86(m)+3(—2)"uln = 1)+ (3)"u(m) + 23)" u(n - 1)
7.5

6 + %z‘ - %z'z
Q+ %z’l)(l - %z'l)
6+ 220 - gz—z
-2 3

~ 1, _1l,=2
1-§20 g2

H(z) =

Refer to fig 7.4

7.6

1 1
l—b,z“ 1~b22-‘
1—(b + bg)z'l

For the first system, H(z) =

A = ot na-gen
-1
For the second system, H(z) = - d::_t;(llz._ a20)
clearly,co = 1
e = ~(by+b2)
d = b
a; = b;
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6
x(n) Q > y(n)
z'l
Y9 < ) 1/6
z'l
503 ( > 16 |
Figure 7.4:
7.7
(a)
y(n) = aiy(n—-1)+ay(n —2)+ boz(n)+biz(n - 1) + baz(n = 2)
_ bg + b]Z’l +bzz"2
H(z) = 1+a;z7! +a22"2
(b)
14227 4272
H@=) = {3is.-1708:2
Zerosatz = -1,-1
Polesat z = -—0.75% ;0.58
Since the poles are inside the unit circle, the system is stable.
142270 4272
H(z) = 14271 =222
Zerosat z = -1,-1
Polesat z = 2,-1
The system is unstable.
(c)
z(n) = cos(%n)



7.8
(a)
(b)
z(n)
X(2)
X(z2)
Y(z)
y(n)

(c)Refer to fig 7.5
(d)

Refer to fig 7.6.

7.9
(a)

1

HE) = T —oeee
1
H = - .
(w) 14+ e-iw — (.99e-72w
H(%) = 100e~7¥
Hence, y(n) = 100cos(1n - 1)
3 3

1

W) = gun=2)+z(n)
1

H(Z) = —-—:—

1- 5272

bm = 3 [@r+ 3]
3 i
B = 1ot e

[+ =3r] wem

_ 1 1
B 1-4z-0 14327}
- 2
T1-4z7?
= X(:)H(2)
_ 1 1 —3z7! 3z71
144z T 12270 T (1= 32712 (14 3271)2
1 1 1
= [+ =g = nGr + -] win
1
H(w) = —_—l—%e'ﬁ“’
— 4 [ — tan-} sin2w
V17 — Bcos2w 4 — cos2w
1+4z71
H(z) = 3
(=) 1- 32714 1272



Direct form 2 cascade form

+ (n)
x(n) —‘CD—F—.Y " x(n) C\ J:'\

1401271 -0.72z2
0.7(1 - 0.621)(1 + 0.6z1)
(14+0.9z-1)(1 -0.8271)
0.1647 0.1853

= 035-

1+09z-1 1-08z-!
Refer to fig 7.8
(¢)
3(141.2271 4+ 0.2272)
1+0.1z-1 —0.22-2
314022114271
(1+05z-1)(1-04z-1)
7 1
1-04z-1 1405z}

H(z)

~3+

Refer to fig 7.9
(d)

238

4
D
D D
12 -12
D
14 |
Parallel form
lﬂ/:\ T G y(n)
D
12
x(n) —=1
127
D
-1
Figure 7.5:
1+ 527!
T -32h)(1 - 527
10 -7
- 3
1- 4z} Yo 327!
~ Refer to fig 7.7
(b)
0.7(1 - 0.362"2
e = ( )

y(n)



Magnitude of H(w)

2 25 3 35
-—> W
Phase of H(w)
3 0.2f b
pd
3
2 .
g
1
102 .
0 05 1 15 7 25 3 3s
— W
Figure 7.6:
2(1 =z~ (1 + V2: ! 4+ 272)
H(z)

(140.5z=1)(1 =0.92~1 + 0.822)

24 (2v2 - 2)271 4+ (2 - 2V/2)272 — 2273)
1-0.4z-!4+0.362-2 4+ 0.4052~3
A B+C:zt

1405z~ + 1-092-14082"!

Refer to fig 7.10

(e)
1427}
H(z) =
(=) 1-3z71 = %272
_ 14271
T (1-0.81z-1)(1+0.31z"1)
1.62 -0.62

T—081z-1 T 14031z7

Refer to fig 7.11
(f)y H(z) = 11—:5%25:—2—1 = Complex valued poles and zeros.Refer to fig 7.12 All the above
systems are stable.

7.10

Refer to fig 7.13

1
H(z) = 1 — 2rcoswpz=—! + r22-2
(1) V(z) = X(z)-rsinwgz"'Y(z)
2y W() = V(z)- reoswoz ™ 'W(z)
(3) Y(z) = rcoswoz™'Y(z) - rsinwez"'W(z)
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Direct form I Direct form IL:

+ + y(n)
i
. 34 13
2
Cascade: Paraliel:
x(n) + + + ey ()
+
2 2! 1 o3
"2 13 14 x(n) 12 . Y@
14
vl 3
*
Figure 7.7:
By combining (1) and (2) we obtain
1 rsinwgz™!
(4) W) = ————X(2)- 0 Y(z)

1 - rcoswgz 1 — reoswpz™?!

Use (4) to eliminate W(z) in (3). Thus,

Y (2)[(1 - reoswoz™!)? + rlsinfwez™? = X(2)
Y (2){1 - 2rcoswoz™! + (r?cos®wo + risinwg)z™? = X(2)
Y(z) _ 1
X(z) ~ 1-2rcoswoz~!+r2z"?
7.11
Ao(z) = Bo(z) =1
Ay(z) = Ao(z)+ k1Bo(2)z™"
= 14 -;-z"
1
Bi(z) = 3+ 27!

Az(z) = Ai1(2)+ k2Bi(2)
1403272406272
Ba(z) 06+03z"" +272
Aa(z) = Aa(z)+ kaBa(2)
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Direct form I:
x(n)
— +
21
7! <.
+
! vl
0.3 0.72
Cascade:
x(n) + +
21
0.9
B 3 ( z ) =
A4 ( z ) =

Therefore, H(z)

where C is a constant

7.12

Refer to fig 7.14

He(z2)

ve(n)
w“,(n)

wzk(n)

Direct form II:

0.7
y(n)‘(n) + + y(n)
ol
0.1
+
21
0.72 036
Paralicl:
+ + 7 y(n)
[ +
rl 2!
08 | 0s @)
09
7l
+
Figure 7.8:

1-012z"140.39:72-0.72"3
—0.7+4+0.39271 -0.122"2 4 73
Az(z) + kqBa(z)

53

0.1853

+ y(n)

0.1647

-2 3 1 4
1 T -
1 1502’ z z z

3
c(1 - 33 - +0.52:72-0.74z"3 4

150

bok + baz™ + bopz?
14+ a2z + azpz=?
borzk(n) + wie(n = 1)
biez(n) — a1ryk(n) + war(n - 1)
borz(n) — azeye(n)
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Direct form L: Direct form II:

3
+ + Y@ x(m) + + yo

vl 2!

0.2 0.2 0.2

-l 1 Y

08 | 02 04 1 J.1(Y3 I R y(n)

0.5

Figure 7.9:

7.13

YIM1 = G * XIN
DO 20 J=1K
YJI=B(3,0) * XIN + W1(J)
W1(J) = B(J,1)*XIN - A(J,1)*YI + W2(J)
W2(J) = B(3,2)*XIN - A(J,2)*Y]
YIM1 = YIM1 + YJ
20 CONTINUE YOUT = YIM1 RETURN

7.14

YIM1 = XIN
DO 20J=1K
W =-A(J,1) * WOLD1 - A(J,2) * WOLD2 + YMJ1
YJ = W + B(J,1)*WOLD1 + B(J,2)*WOLD2
WOLD2 = WOLD1
WOLD1 =W
YIM1 =Y]
20 CONTINUE
YOUT =Y
RETURN
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Figure 7.10:

7.15
H(z) = A2(z) = 1+2z'1+%z"2
Ba(z) = %+2z‘l+z'2
1
ky = 3
_ Ax(z) = k2Bo(2)
Alz) = 1- k2
= l+-3-z’l
- 2
3
k] = -2~
7.16



Direct form I Direct form II:

x(n) . R y(B)x(n) . m v(a)
2! 7l
! . 12 . 12 1
vl !l
14 14
Cascade: Parallel:
x(n) fo\ + * —=y(0)
+
2l 21 -1
031 031 x(a) :’)'Z‘ + b=y
-1
*
062
Figure 7.11: i
As(z) | _ |11 Az(z)
Ba(z) | T |11 z=1By(2)
Hy(z) = Aa(z) =14 73
zeros at z = —1, €%/ ¥

(b)

Ho(z) = Az(2) - z7'By(2)
— 2., 2 -3
= 1+ 32 32 z
54+
The zeros are 2 = 1, -—:%]—-\/1—1

(¢) If the magnitude of the last coefficient lkn] =1, ie., ky = %1, all the zeros lie on the unit

circle.

(d) Refer to fig 7.15. We observe that the filters are linear phase filters with phase jumps at the
zeros of H(z). ’

T.17

(a) Refer to fig 7.16
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Direct form I:

Direct form II, cascade, parallel:

Y@ x(n) + T
z'l
1 -1
+
|
05 | 1

Figure 7.12:

6(n) + 0.4296(n — 1) — 0.346(n — 2)

~0.346(n) + 0.4296(n — 1) + é(n — 2)

z(n) = é(n)

fitn) = 6&(n)+0.656(n—1)

gi(n) = 0.656(n)+68(n-1)

f2(n) = fi(n)-0.34g:(n - 1)

g2(n) = =034fi(n)+gq(n-1)
h(n) = fa(n) = fa(n)+0.8gx(n—1)

= &n)+0.1578(n — 1) + 0.00326(n — 2) + 0.86(n - 3)

(b) H(z) = 1+0.157z"% 4 0.00322"% + 0.8z73. Refer to fig 7.17

7.18
(a)
H(z)
As(z)
Bs(:)
k3

Ci(z)

As(z)
= 1409z°'-08z"2+05:"3
05-08z"14092:"24 .73
= 05
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x(n)

v(n)

win) |

r sin (n)
Figure 7.13:
_ As(z) — k3Bs(2)
Az(z) - 1 —_ kg
= 1417327} -1.67:72
By(z) = -167+1.73z"1 4272
ks -1.67
— AQ(Z) - szz(Z)
Al(Z) = 1= k%
= 1416227}
Bi(z) = 162+:7!
ky 1.62
Cs(z) = 142! +3:72 42273
Dy(z) = 2432714272 +273
ks = 2
_ Ci(z) = k3Ds(2)
C2(z) - 1- kg
I ST
= 1+ 32 + 32
_ 1. 4 -2
Dy(z) = 34377 +:2
1
k2 = 3
_ Ca(z) — k2D1(2)
3
= 14 42
Di(z) = % +z7!



0k
xk(n) -{l;\/ )&(n)
P
¥k (n)
bk 'ﬂk
\’]’/
21
war(m)
b o
+
_/
x(n) = (n
;;., Hl (2) Heiz) p—e-oe ! HN(Z) _.y(“)WN m
Figure 7.14:
3
kl = Z
Cs(z) = wvo+v1Di(z)+ v2Da(2) + v3Ds(z)

= 142z 4327242273
From the equations, we obtain

I ()
© T Tag
13
ngn = —-4—
v, = -1
vz = 2

The equivalent lattice-ladder structure is: Refer to fig 7.18
(b) Az(z) =1+09z71 - 0.82-240.5z-3,  |k;| > 1 and |kz| > 1 = the system is unstable.

7.19

Refer to fig 7.19

Y(z) = [rsin®X(z)+ rcosOY (z) - rsinOC(z)] 7!

C(z) = [-rcos©X(z)+ rsin®Y(z)+ rcos©C(z)] 27!
H(z) = ’;((z))
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-

~=~> phase of H1(w)
o

-1
%005 01 015 02 025 03 038 04 045 05
—> freq(Hz)
4 v r v
3
g 2
L]
io
4-2
i
- . . . . - ) N .
0 005 01 015 02 025 03 035 04 045 05
—> Weq(H2)
Figure 7.15:
_ rsin©z!
T 1-2rcos®z=! 4 r2;-2
Hence, h(n) = r"sin(On)u(n)
and y(n) = rsinOz(n — 1)+ 2rcosOy(n — 1) — r’y(n —2)

The system has a zero at z = 0 and poles at 2 = reti®,

7.20

5(2)
s(n)

> a;
Qa2

=0
q2
vi(n+1)

v2(n)

1
1 — 2rcoswoz~! + r2z-2

rcos2wg
rcoswo — ) 2sinwg

1+

crcos2w
rcoswg + ]-—"‘2"-,"‘,o

z — (rcoswg + jrsinwg)

;reos2wg
rcoswg — J} 231nWo

z — (rcoswp + jrsinwo)
vi(n) + jv2(n)

ay + jaz

rcoswy

rsinwg

91+ g2

rcoswg
—~rcoswy

2sinwg

X(2)

ayvy(n) — agvz(n) + q1z(n)
rcoswovy (n) — rsinwova(n) + reoswoz(n)
asvy(n) + ayv2(n) + q2z(n)

rsinwgu;(n) + reoswova{n) +
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—rcoswy

z — (rcoswg — jrsinwg)

z(n)

2stnwo



x(n) _C\ f(m _/;\ fAn) m f{n) =y@)

+

0.65

% (n) 82(n 83(0)

Figure 7.16:

or, equivalently,

u(n+1) = [ rcoswg —rsinwg ]E(ﬂ) + [ rcoswy ] 2(n)

rsinwy rcoswp %‘:’n—ﬁ%

s(n) + s*(n) + z(n)
2vy(n) + z(n)

y(n)

I

or, equivalently,

y(n) = [2 OJu(n)+ z(n)
where (n)
E(n) = [ v;(n) ]
7.21
(a)
k;, = 06
Ai(z) = 140627}
B)(Z) = 0.6-{-2.l
Aql(2) = A;(z)+k231(2)z’1
= 14078271 40.3272
By(z) = 03+0.782"1 4277

As(z) = Ag(2)+k3Ba(2)z7!

14093271 +0.69272 405273
0.5+0.69z"! +093z7%2 4 273

As(z) + k4B3(2)z™!

= 1413827 +1311272+1.337:"3+0.9:7*

Bj(2)
H(z) = A4(2)
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x(n)

y(n)
Figure 7.17:
(b) Refer to fig 7.20
7.22
(a)
From (7.3.38) we have
y(n) = =—ki(1+k2)y(n —1) = kay(n — 2) + z(n)
But, y(n) = 2rcoswoy(n —1)— r2y(n — 2) + z(n)
Hence, k; = r?
and, k(1 + k2) = —2rcoswo
2rcoswy
k _Zreosto
v 1412

Refer to fig 7.21
(b) When r = 1, the system becomes an oscillator.

7.23

1-0.827%+0.15272
H@) = 1oon1o0722

_ B(z)

T A(2)

1
For the all-pole system m, we have
ki(l+k) = 0.1
k, = —0.72
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x(n)

0.5

V3 =2

Figure 7.18:

=k

ks

For the all-zero system, C»(z)
Aa(2)

By(z)

k2

A(2)

B(z)
ky
Ao(z)

Ca(2)

The solution is:
v2
vy — 0.18v9
vo — 0.696v; + 0.15v,
= o
"

v2

Thus the lattice-ladder structure is: Refer to fig 7.22
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0.357

0.72

1—0.82"1 4+0.15272
1-0.8z"140.15:72
0.15—- 082" 4272
0.15

A2(z) = k2Ba(2)

1— k2
1-0.696z"!
-0.696 + z~!
~0.696

Bo(z)=1
2

Z Ym Bm(2)

m=0
vo + ‘U;Bl(Z) <+ szg(Z)
1-0.8z"'+0.15:7?

0.15
-0.8
1

1.5
-0.68
0.15



rcos 6

_rsing [ ! Yo
rsin®
x(n)
-rsin 0
+ S c(n)
-rcos 6
roos 6
Figure 7.19:
7.24
M
y(n) = Zbgz(n—k)
k=0
Let v;(n+1) = wvip(n), i=12,.... M-1
om(n+1) = z(M)
M
Then, y(n) = boz(n)+ Y bivm41-i(n)
i=1
Then
vi(n+1) 0 1 0 .. 0T y(n) 0
va(n + 1) 00 1 0 ... 0| yn) 0
: = : 0 : +|: |z(n)
vp-1(n+1) S0 1 vm-1(n) 0
vm(n+1) 0 oo oo e o 0] Lom(m) 1
vi(n)
va(n)
yn)=[bm bm-r .. b ]| . + boz(n)
upm(n)
General representation:
yn+1) = EV(n)+gz(n)

y(n) = g'V(n)+boz(n)

The general state-space realization for this system is shown in figure 7.36 where d = bo.
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Direct form:

x(n) ! vl 7! 7}
1 138 1311|1337 09
+ + +
y(m)
Lattice form:
o 0 05 09
! + 21| b 2d | + 2l
Figure 7.20:
7.25
y(n) = y(n—-1)+011y(n—-2)+ z(n)
a = -1
a = -0.11
bg = 1
Type 1 representation:
0 1 0 0.11
f-‘[0.111? 1‘[1]' l‘[l Ik
Type 2 representation:
0 0.11 0.11 0]
=0 =[] e8]
Refer to fig 7.23
7.26
y(n) = y(n-1)+y(n-2)+z(n)
ag=a; = -1
bo = 1
Type 1 representation:
- . : A
1 1
E=|y 1] ¢=|1] £=[1) 9=!
Type 2 representation:
(0 1] 1] _[o]
E—.ll.’ l—Ll.’ g—Ll.’ i=1
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OWEN R

Figure 7.21:

Diagonal form (see example 7.5.2)

. 133 1
MEAINES)
2

%]
g= 2 , d=1

0 —_ 3-2 S
7.27 ‘
nn+1) | _[0 011 vi(n) 0.11 n
[v:(n+l)]_[l 1 ][vg(n)]+[ 0 ]z()
_ vi(n) n
yn)=1[0 1][v2(n)]+z( )
Vi(z) = 0.11V3(z) + 0.11X(z)
Vo(z) = Wi(z) + Valz) + X(2)
Y(z) = Va(z)+ X(2)
_ Y(9)
= H(z) = X)
1
= 1=z 1-0112-2
u 1
- 12 12
1-1.1z"! " 1+0.1z7!
1, ., 1 .
h(n) = [1—2(11) + 1—2-(—0.1) ]u(n)
7.28

a; —Qa
vin+1)= [ P

] u(n) + [ - ] z(n)
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x(n)

+
.15
2=0.15
Figure 7.22:
M -Il= Ama e =(A-a;)’ = (a2)? =0
= =7 -2 /\—01 - ! 2=
(A=a;)? =(a2)? = X =a; % jaz
7.29

Refer to fig 7.24 To obtain the transpose structure, we reverse the directions of all branch trans-
mittances and interchange the input and output. Thus we obtain the structure shown below:
Refer to fig 7.25

7.30

(a) H(z) = %ﬁ—::::—g—m. Refer to fig 7.26

(b)
a = -0.8
a; = 0.64
bo = 1
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Type |1 Realization:

o) 1

Type 2 Realization:

x(n)

(n)

+
0.11 2L
Figure 7.23: ;
V2
bh = —-—
2
by = 025

Type 1 representation:

0o 1 0 ~0.39
Y E e 3 T Py

Type 2 representation:

_[o o064 [ -039 (0] 4o,
=11 o8 |* 9%los-2 | 5|1 °7

™

Refer to fig 7.27
(c)

1—0.7072"1 4 0.25z72

HG) = 58 T+064:2
_ % + 0.609(1 — cos(§)z~1)
64  1-2(0.8cos})z~! +(0.8)2z72
-0.208sin(%)z"!
+ 1= 2(08c0s5 )21 + (0.8
Therefore, h(n) = 0.3916(n) + [0.609(0.8)%05(%,:) - 0.208(0A8)"sin(§n)]u(n)
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x(n) qQ 21 2

> y(n)

Figure 7.24: State-space realization of coupled-form structure i

From the state-space representation, we have

o 1170
h(n)z[-0.39 0‘8_)‘?][0.64 0.8] [l]u(n—1)+6(n)

(d) Coupled-form state space realization:

0.0464 + j0.255 0.0464 — j0.255
H(z) = - -
z—(0.4+j0.4v3) z - (0.4-;0.4V3)
Hence, Ay = 0.0464+ j0.255 gqx; = 0.0464  qx2 = 0.255
pe = 04+j04V3 @ =04 ap2=04V3

Therefore,

A S AP - AP H A
(e)

(a)H(z) = 11:;%1—-’;?6.265::‘:’ Refer to fig 7.28
(b)

0 1 0 -0.39
F‘[—o.64 0.8\/5]’ "‘[1]’ 9‘[0.3\/2" d=1
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al
y(n) = A zl
%
) 21
1
Figure 7.25:
h(n) = [ -0.39 0.3V2 ] [ _0?64 0_81\/5 ]M [ ‘ ]u(n— 1)+ 6(n)
(d)
r=[00d wwr ] e=lom] e=[o] e=
7.31

- 14277 1
(a) H(z) = 1=2-1'1-08v2z-140.64z-2

(b) H(z) = 28y + —ol3lt286:— Refer to fig 7.29
I . ,

(c)
1427}
H@z) = {ierTe121:-7-032:3

a; = -163

a; = 121

az = -0.32

bo = 1

by = 1
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Direct form 11 :

(n) x(n)

y(n)

D
d I c

where 5=08,b=V2/2,c=0.25and d = -0.64

Type 1 representation:

F=

0
0
0.32

Type 2 representation:

0
E=11
0

7.32

Figure 7.26:

0 032 0.32 0
0 -121 ], = -121}, g= 01, d=1
1 1.63 2.63 1
H(z) = 0.5H(z)H2(2)
where Hi(z) = 1404271 - 1.2z72 42273
1

Hy(z)

1—0.62-140.2z-2 4+ 0.5z-3

H(z) can be realized as a cascade or two lattice filters (an all-zero lattice and an all-pole lattice)
or as a lattice-ladder filter. Let us choose a cascade configuration:

For H,(z) we have
Aa(z)
Bs(z)

1404271 -1.2:"2 4 2773
241214042724 23
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Type I Realization:

039
V‘(l) l" ‘Hl)
064
) L )
+ ‘?‘1) z P.S-Vilz + y(n)
038 ,
Type 2 Reatization:
W Lo e 1L
039
064
x(@) {0.8v5 9 . 1) ) v, 3 "
—ilR
Figure 7.27:
ks = 2
As(z) — kaBs(z
Az(z) = 3( )1-;1% 3 )
= 1- %Z_l + 52—2
2 14
By(z) = 3- ﬁz“ + 272
2
ky, = 3
Aq(z) — k9B2(z
A(z) = 2 )1—1:g 2(2)
_ 14 _,
= 1-%°
14
khk = ——
! 15
For Hy(z) we have
F3(z) 1-06z"'+ 0.2:"% + 0.52-3
Gi(z) = 05+4+02:"! —06z"%423
k3 0.5
F3(Z — k3G3 z)
Fy(2) = )l—kg (
B 4 _, 2 _,
= -ty
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n) x(n)

where a=0.8V 2, b=-V2/2,c=025and d = -0.64

Figure 7.

y(n)

28:

G2(z)

k2

F](Z)

ky

The all-zero lattice has reflection coefficients

k3
k;

k;

The all-pole lattice has reflection coefficients
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k3
ks

ky

2 14 _, _2
3 Y tF
2
3
Fz(z) - kQGQ(Z)
1-k3
14 _,
1- 252
14
25
2
2
3
E
15
1
2
2
3
E
25



Parallel:

. + 231
Cascade: ]
-1
@ ) -
0.64
z-1
1/2 + b 2.96
z-1
. [ o131
Figure 7.29:

Refer to fig 7.30

7.33
(a),
M-Fl=| 2 Tl l=aa-1)+081=0
DL-El=| g a_y [TAA-1D+08L=
A —-A+081=0=X2=05%31.50
(b)
1 z=1 =081
- R it S S
®(z) = 2(zI - F) zz2—z+0.81[ ] s ]

_ [ ¢1(n) ¢12(n)
s = ) 4]

P 4

®1(2) Z2— 2z + 081
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s H@ [ Hfn) ey

Figure 7.30:

1-2-1

1—2-140812-2
é1:1(n) = (0.9)" [cos(0.98n) - %sin(O.QBn)] u(n)

-0.82
$2) = T ros
$12(n) = 45(0.9)"3:’71(0.9871)14(n)
() = T rom
#21(n) = —1.08(0.9)"sin(0.98n)u(n)
2
2(:) = Foiow
d22(n) = (0.9)” [cos(0.98n)+ %sin(O.QSn)] u(n)
(¢)
a; = -1
a, = 0.81
bo = 1
by = 0
bz = -1
1—-272
HE) = {sosn—e
h(n) = (0.9)"cos(0.98n)u(n) + [~0.5c0s(0.98(n — 1)) — sin(0.98(n — 1))] (0.9)" 'u(n — 1)

(d) For the zero-input repsonse y,,(n) we have
2[V(z) —v(0)] = EV(2)
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V(z)
Yui(2) = g¥(2)
Y:i(n)

For the zero-state repsonse y,,(n) we have

EV(z) + gX(2)
gV (z) + X(2)

zY(z)
Y..(2)
Y, (2)
X(z)
Vis(n)
y(n)

(e) Refer to fig 7.31

g(zI - F)~¢X(2) + X(2),

-1

F4

1-2z-!

27! {Yz:(z)}
Y:i(n) + Yzu(n)
(0.9)" [2cos(0.98n) + 1.1sin(0.98n)] u(n)

(:1- E)~'z¥(0)
g(z1 - E)~'2¥(0)
= 7 H{Y.(2)}

yo+1) I 181
Z
0.8
X(I_lz -1 v,,(n) ‘/l
] + \§n+l) ¥ A r - >
Figure 7.31:
7.34

Using the same method as in 7.33 we obtain the following answers:

(2)

C(z) = 22+3Z +2
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(b)

(c)

(d)
y(n)
h(n)

(e) Refer to fig 7.32

7.35

roots: z = =2,-1

_ | ¢1(n) é12(n)
¥(n) = [ 021(n) é22(n) }

é11(n) = [-1(=2)"+2(-1)"]u(n)
¢12(n) = [~1(=2)" +2(-1)"]u(n)
¢21(n) = —2¢12(n)
$22(n) = [2(=2)" = (=1)"]u(n)
1
BG) = a3
h(n) = [=(=2)"" '+ (-1)"]Ju(n-1)
= Y:(n) + yuu(n)

[~(=2)" + (~1"lu(n) + [5(-2)" = 3(=1)"

\Tn-k 1

+ glu(n)

\§n+l)

Figure 7.32:

+ y(n)

Using the same method for the solution as in 7.33, we obtain the following answers:

(a)

C(z) = 22+062z-0.07
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(b)

(c)

roots: z = 0.1,-0.7

[5(0.1)" + 5(~0.7)"Ju(n)

ba(m) = gu(n) = (3O = 5(=0.7)u(n)

é11(n) = ¢22(n)

1
H(z) = z—0.1+l

h(n) = 6&(n)+(0.1)" u(n—1)

(d) y(n) = (0.1)"u(n) + [2 — 12(0.1)"]u(n) Refer to fig 7.33

0.3
n+1) v (n)
x(n) + z-1
0.4
+1) w04
+ -zl
0.3
Figure 7.33:
7.36
(a)
1427}
B = T5e T 008
a = -0.9
a; = 0.08
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bo:l
b1=

[

Type 1 representation:

0o 1 0 ~0.08
f—‘[-o.os 0.9]' 1‘[1]’ g'[1.9 ] d=1

Type 2 representation:

0 -0.08 ~0.08 0
‘F-z[l 0.9]’ 1=[1.9 ] ﬂ=[1]' d=1

(b) Refer to fig 7.34

Parallel:
1
VR OB,
'
z-1
x(n) vl(n)
y(n)
O\ 187
+
!
2-1
0.8
Figure 7.34:
14271
HE) = g na—os)
_u 18
_ 7 + 7

]
]

01 0 _[-% _foz1 _
) B I

1+ 271
(1-082-1)(1-0.1z-1)

Cascade:

H(z)
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H(z)H2(2)

F, = [08], g¢,=[1] g, =018 d=1
F, = [01), ¢,=01}), g,=[01, dr=1
(c) Method 1:
_u 18
HE) = 1o Tooe
hn) = [-371(0.1)" + -179(0.8)"] u(n)

Method 2: From (a) we have,

yn+1) = Fuy(n)+gz(n)
y(n) = u'y(n)+dz(n)
Y(z) = g'(z1-F)7'gX(2)+dX(z), X(z)=1

Hence, H(z) = g‘(zl—ﬁ)_lg"'d

008 1'[ = -1 0
H(Z)"'[ 1.9} [o.os 2—0.9][1]+1
1427}

1—-0.9z-1+40.082-2
which is the same system function as in (a).

H(z) =

7.37
() H:) = s
(b)bo=1, b=3% a=-3 a2 = 3§
-1
-4 1] =[] ee[§) e
8 4 12
(c)
®(z) = 2zl - F)™' = =—— i Bt
@=:cI-D" =573 71| 17 2
1-4z7} -2
= [ O R T e O }
=f:-nH(-L:-1 {-f-nHa-1z-1
[ =(yrun)+ 23" u(n) 43 u(n) - 4()"u(n)
g(n) = [ —( () + s)ru(m) 2 u(n) - (5 u(n)
(d)

Hz)=[ -} %1[2 z——lﬁl[”“

144:7}
H(z)= m‘—;&.’:}'ﬁ
() det(zl - F) =z =224+ L=(z-3)(z-})=0.z2= 1,1 are both inside the unit circle.
Hence, the system is stable.



Hiz)=[ 0 1][:1 —0,11][(1).11]_'_1

z—-1

1

1—-2-1-0.11z"2
11
12

1
T- 1127 T 140123
1, ., 1
—(1. —(-0.1)"
[0+ 501 uim)

H(z)

L
2

Therefore, h(n)

7.39

(a) Refer to fig 7.35
(b)

v, (n)
2
n
o)) 11/8
1 + y(n)
+1) 2
+ 271
-5/16
Figure 7.35:

_v_(n+1)=[ 5 _ll]z(n)+[?]z(n)

g(l)=[_°1 _II]E(OH[?]’("):[?]

269
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11

wn) = [5g 2en)+22(n)
11
h(0) = [ﬁ 2Ju(0) +2z(0) = 2
11
h(1) = I 2Jy(1) +2z(1) =2
proceeding in the same way, we obtain
5
h3) = 0
25
h(4) = —
(4) 128
25
h(5) = — 158
(¢)
H(z) = g'(z1-E)"'¢g+d
_ 2+ 4271 4+ 2272
T o1ttt 4 gz
Therefore, y(n) = -y(n-1)- -ls—ﬁy(n —-2)+2z(n)+4z(n—1)+2z(n-2),

(d) For z(n) = 6(n), we obtain y(0) = 2,y(1) =2,y(2) = —%, etc. These results check with (b)
(e). Refer to fig 7.36

. 2
x(n + y(n)
D
-1 4
D
-5/16 2
Figure 7.36:
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7.40

(a) Refer to fig 7.37

x(n) m .m Yoo
X X e "
-1 -1 -1 -1
|  Z + z + Yoo 1
v(D) Y% (@) )
Figure 7.37: All-zero lattice
n(n+1) = z(n)
vo(n+1) = kiz(n)+v(n)
va(n+1) = koz(n)+ k1kavi(n) + va(n)
uN(n+1) = kn_jz(n)+ kiknoyvi(n) + kaknoyva(n) + ...+ vn_1(n)
y(n) = z(n)+kivi(n) + kava(n) + ...+ knvn(n)
[0 0 ... 00 '1
1 0 ... 00 1
klkz 1 .0 : :l
F= q= 2
ky k3 kak3 B :
. . kN-l
| kiknoy k2knoa 1 0
t_ —
g=[k k ... ky] d=1

{b) If we proceed as in (a) we obtain
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[ —k1 —kz
1-k2  —ky
E=1 0o 1-k -k
! 1-k%_,

7.41

For positive numbers, range is

—kN h )
. k,
g: k?
_i,N ] kvoa
—kN ] d=1

01.00...022%
N e’

11

or 7.8125z10°3

negitive numbers
10.11...1221%
11

1

or —7.8163z1073

For positive numbers, range is
01.00 0z21000000l

23
or 5.8774717z107%°
negitive numbers
10.11...12210000001

23
or —5.8774724z107%

7.42

(a) Refer to fig 7.38

HRp(z)

poles 2p1,2

for stability
(i)a? - 4ay

—ay—Jal—4
ifa, >0, —L-VAHTR

2
= \/af — 4a,

272

(AR AV

IA

—~ 01.11...1z20%"
N, e’

11

—  2.5596875z10%

— 10.00...0z20%%!
Ny s’

11

- -256z10%

01.11...1z201111111
N s’

23
3.4028234x10%8

10.00...0z20M 111

23
—-3.402823621038

(1+4a127" + 62277

-a + vV 051 - 402
2

2—01

-1



-a1 -a)
- -1
z -1 z
Figure 7.38:
=a; <2andag —-a; < 1
ifa) <0, —TVA —da2
=>4/al-4a2 < 2+a
=>a;>-2anda;+a2 > -1
.. a 4a, — a
(=37 + (20 < 1
a2 < 1

Refer to fig 7.39. The region of stability in the a; — a; plane is shaded in the figure. There are
nine integer pairs (a;,az) which satisfy the stability conditions. These are (with corresponding

system functions):

(0,-1) Hg(z) = (1-z73)"!
(0,0) Hp,(z) = 1
(0,1) Hgpy(z) = (14277
(1,0) Hpa,(2) (l-*»z“)'1
(1,1) Hpg(z) = (l-f-z:’l-i-z'z)"1
(2,1) Hg(z) = (1-1—22’14-::"")'l
(-1,0) Hg(z) = (1-27Y)7"
(-1,1) Hp,(z) = (l—z'l-+-z‘2)‘l
(=2,1) Hp(z) = (1-2z""+z7%)"!
(b)
Hg,(2) HRr (2)HR,(2)
Hr,(z) = Hp/(z)Hg,(z)
Hg,(z) = Hg,(2)HR,(2)
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mmhmd(’.nz)

Figure 7.39:

(c) Only the following cases can make h(n) FIR:
(i)
hr(n)

Then H(z) = ) z~°

I

O
—_

3
~—

yn) = Y z(n-i)

(ii)
hr(n)s hp(n) = &(n)
Then H(z) = 1
y(n) = z(n)
(d) see above.

7.43

Refer to fig 7.40
Note that 4 multiplications and 3 additions are required to implement H,(z). The advantage
of Horner’s method is in evaluating H,(z) for a specific zo. Thus, if
Hl(z) = bo+ 60512-1 + boblbzz_z + bcblbzb;;z-a
bo + Z_l(bobl + Z-l(boblbz + Z-Iboblbgba))
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x(n)

VAR
Y "
+ » z'1

Figure 7.40: Structure of H;(z)

the 3 multiplications and 3 additions are required for the evaluation of 7.1 in the field of z.
If the various powers of z are prestored, then Horner’s scheme has no advantage over the direct
evaluation of 7.1. Refer to fig 7.41
This requires 4 multiplications and 3 additions. The linear-phase system is written as

H(z)= z%a3 + zaz + 61 + z Yag+z27%, + z73%a, + 27 %as
By applying Horner’s scheme, we can rewrite this as
H(z)=2(as + z7 (a2 + 2~ Yay + 27 Y ao+ 27 (a1 + z=Yay + z7a3))))))

Assuming that z~! and z are given, a direct evaluation of H(z) at z = zq requires 8 multiplications
and 6 additions. Using Horner’s scheme based on 7.43, requires the same number of operations
as direct evaluation of H(z). Hence, Horner’s scheme does not offer any savings in computation.

7.44

(a) When z; and z, are positive, the result is obvious. If z; and z, are negative, let

zy = =-0Onyng...np
-0 A ... M3 +000...01

I = —-0mymy...my
= ~1mm,... My +000...01
I3 = 1+ 22
= -0m0...04+40m;0...04¢
wheree = 007, ... +007, ... mpy+000...010
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21

Figure 7.41: Structure of H(z) = boz™2 + bobiz~2 + bobibaz™1 + bobybaba

If the sign changes, there are two possibilities

(1) ﬁl = ﬁl

>m=m
= |zi|

= l.‘tal
(#)(#@, =1,/ =0,c = 0)

1
= (lom0... 0)10] > 3

and |eyo]

= |z3]
(b)

)

z2

z3

T+ 2
1+ T2+ T3

or (M =0m =1,¢c=0)

1
or (o, 0... 0)10' > 5

1

2
> 1, overflow
0100
0110
-0110=1010

1010, overflow
0100, correct result
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7.45

(a)
H(z) = —a+z7!
T 1—az"!
. - +e-j""
H(eY 2 _a_____ 2
HEE = 1T
_ (—a+cosw)? + (-sinw)?
= (1 - acosw)? + (asinw)?
2 _
_ ¢ 2acosw + 1 -1 Vw
1 - 2acosw + a?
(b) Refer to fig 7.42
(c) If |a] = | — a|, where & means the quantized value of a, then the filter remains all-pass.

Z-l
a 1

Figure 7.42:
(d) Refer to fig 7.43
() Yes, it is still all-pass.
7.46
(a) y(n) = [23)" = ()] u(n)
(b) Quantization table

1 P —_
z > 1- :—35 T=1



x(n)

[ &) Pt
v IV

v
N

8l-

Therefore Z(n)

(c)
y(n)

¥(n)

L]

=y(n)

Figure 7.43:
s B LB
32 T 16
> 27 f_14
32 T 16
> L oaol
32 T 16
< 1+l T=-1
32 -

4 1
{%’-1—6’1—6,0’.”'0}

-18—6§(n -1)+%(n)

12 7 3 1
{%,E,E,E’T&’O’ 7"'}

3 7 15 31 63 }

371216
174°16°64'256" ' '

Errors occur when number becomes small.
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7.47

y(n) = 0.999y(n— 1)+ e(n)

e(n) is white noise, uniformly distributed in the interval [~ Z, 55]

E {y*(n)} 0.999°E {y*(n — 1)} + E {€*(n)}
(1-0.999Y)E {y’(n)} = E{e*(n)}

2
= — whereA=2"%
12

1.1 1
Therefore,E{yz(")} = 3(5)21—09992
= 6.361z10"4

7.48

(a) poles zp; = 0.695,  zp7 = 0.180 Refer to fig 7.44
(b) Truncation

«(n) + r l + l > y(n)

0.695 L 018

Figure 7.44:

0695 — 0.625

oo| o
i
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poles Tp; = 0.625,

{(c) Rounding

poles Z) = 0.75,

(d)
|0.75 — 0.695|
Rounding is better
|Ha(w)]
| Hy(w)]
|He(w)l
7.49
(a)

0.180 — % =0.125
Zp2 = 0.125
6
0695 — -==0.75
8
0.180 — % =0.125
Zp2 =0.125

< 10.695 — 0.625|

[(1.483 + 1.39cosw)(1.0324 + 0.36cosw)) ™ ¥
[(1.391 + 1.25c0sw)(1.0156 + 0.25cosw)}~ ¥
((1.563 + 1.5cosw)(1.0156 + 0.25cosw)]~*

Hi(z) = 1-%;* -
hi(n) = {1,-%} 5
) = (1-3:)7

ha(n) = (P"uln)

Hoz) = (145

ha(n) = (=3)uln)

Refer to fig 7.45 Cascade the three systems in six possible permutations to obtain six realizations.

(b) Error sequence e;(n) is uniformly distributed over interval (327%,427%). So o},

any i (call it 0?)

-2
= 4 for

(¢) consider cascade H; - H, - H3 Refer to fig 7.46

hy(n) ha(n) * ha(n)

1 1
= 1,0,—, ) —’2101'“
{ 6% (%) }

o = o} [2Zh3(n)+ih§(n)]
n=0 n=0
_ 02[ 2 _1 ]
Tl 1-(9)

= 3.074502
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H, (2)

o
+) 8
Y

—
A -1 Z "1
1/4 -1/4
Figure 7.45:
using similar methods:
H - H,—Hs ol = 3.07450]
Hy-H,-Hs o} = 3.38820]
Hy—Hsa—H, o} = 3253880;
Hy-Hi—-H, o2 = 326270}
Hy-H,-H, o} = 3.32160;
7.50
y(n) = Q[0.18(n)] + Qlay(n - 1)]
(a)
y(n) = Q[0.18(n)] + Q[0.5y(n — 1)]
1
y0) = Qo]=¢
1
¥1) = Qlgl=0
¥(2)=y3)=y4) = 0
no limit cycle
(b)

y(n) = Q[0.16(n)] + Q[0.75y(n — 1))
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¥(0)

y(l) =

¥(2) =

y(3) = y(4)

limit cycle occurs

7.51

(a) ”3 =r.(0)=3=> Ay = 715
(b)

o N

so SNR

Figure 7.46:

1
Qo.1} = 3
3 1
Q[ﬁ] =3
3 1
Q[3—2’] 3
1
8
2—6
A2
12
1
122212
1
1010910-6—3
10log10(1222'%)
46.91dB
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(¢) left-justified.

(d)
o0 [e
ag = o Z h*(n) + o2, Z h%(n)
n=0 n=0
1.1
Now 02, = n -2-5)2
1 16
d h2 = r——— | —
an ‘L: (m) 1-075¢ 7'
Do B (Ldyediky)
o0, = 7 \pe) + @
_T
T 344,064
1
and SNR = 10109100—3
= 43.06dB
7'52
Define p. = rcosé, p, £ rsind for convenience, (a)
—psy(n— 1)+ e1(n) + z(n) + pev(n — 1) + e2(n) = v(n)
psu(n — 1) + e3(n) + pey(n — 1) + ea(n) = y(n)
(b)
—ps27 Y (2) + Ev(2) + X(2) + pez WV (2)+ Ex(z) = V(2)
psz - WV(z2) + Ea(2) + pe2 Y (2) + Eo(z) = Y(2)
-1
Ps2
Y(z) = — 2p¢z,-1 = [X(2) + Er(2) + E2(2))
1-p.27!1

1-2p z=1 4 p22-2 [E3(Z) + E4(Z)]

Hi(2)X(2) + Hi(2)[E1(2) + Ea(2)]
+Ha(2)[Ea(2) + Eq(2))

when H,(z) and H(z) are as defined in the problem statement

hy(n) Ps ,1 = lsinfnu(n — 1)

sinf
r"sinnfu(n — 1)

r"sinnfu(n)

1
ha(n) = sinf

rﬂ

8(n) + sind
§(n) + r"cosnfu(n — 1)

r"cosnfu(n)

n_: 1 n-1_-
r"sin(n + 1)8u(n) + p. v sinfnu(n — 1)

[sin(n + 1)8 — cosBsinnflu(n — 1)



7.53
(a)
hy(n)
hz(n)
h(n)
o
(b)
o
7.54
Refer to fig 7.47
7.55
H(z)

1 o-by2
z(27)
-2-—20
12
oo o0
= 202 Z h3(n) + 20? Z h3(n)

n=0 n=0

- N

=]
= 202 Z[r’"sin’nﬂ + r2"cos?nb)

n=0

1
_ 2
= 20, ———1 —

2-2%
6 1—r2n

(3)"u(n)

() u(n)

2(5)" = (3)"Ju(n)

202, i h3(n) + 202, i h(n)

n=0 n=0

64 , 16 ,
§gael+ﬁde2

oY K (n)+ 05 Y hi(n)

64 4
g”f: + 5‘732
1
2 - - —2bv'
.. 122 i
o = (M-1)l
- (M - 1)2—Zb
12
B(z)
A(z)
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x{(n) L

z
M:2 ?—emz(n)
-1
4
I ‘M.l @_‘M-l(n)
Figure 7.47:
_ [ (1-08e%)(1—-08e7%)
T TV =05z )1+ 3270)
(1402527 1) (1= $271)
2(1-08e5)(1—08e %)
= Hy(2)H2(2)
(a)
z—l —_ e-jw
Atw=0,z"1 = 1
Hy(w)lw=o = 1
—08e55) 1 —0.8e9%
Gl(l 0.8¢7)(1 018e ) _
(1-05)(1+3)
Gl = 1.1381
(140.25)(1 - 2) _
21-08e7%)(1-08e7%)
G, = 1.7920

(b) Refer to fig 7.48.
(c) Refer to fig 7.49.
Refer to fig 7.50.
Refer to fig 7.51.
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G y(n)

Direct form II and cascade structure:

xm 7\ & R G |xm
-1
+ L6 38 +
-1
z
U -5132
Figure 7.48:
7.56
(a)
;2
kl = —252-
32
= 4
-9
5
kz = _ﬁ
Refer to fig 7.52a.
(b)
A _ 1
(2) = G s+ i)
_ 1
R T L
1
kz = —E
1
k1(1+k2) = —g
1
kl = —-5'
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Cascade form , mpuise response

15 v T -+ v v v v -+ Y
I 4
o
£
A 05 E
|
L]
_05 A A A A 4 A A i 4
0 10 20 30 40 5 60 70 80 90 100
Cascade form, step response
15 L L) I Lg LS LA LS AJ v
14 b
[-.]
g3 b
A
1124 1
i
11 1
B : . . N N " " .

-—>N

Figure 7.51:

w g 0 fw L) _fa@=ym

21| + b 7! | + | 2] f—

(a)

Forward

gm0 gyo y(o)

dn)

Reverse
®)

Figure 7.52:
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Refer to fig

7
(c) Refer to fig 7.

Direct form |, impuise response

(e) Refer to fig 7.54.
(f) Finite word length effects are visible in h(n) for part f.

7.57

(a) Refer to fig 7

.55.

(b) Refer to fig 7.55.

(c) N = 100;

x = [1 zeros(1,N-1)];

¢=15/16;
al = 9/10;
a2 = 83/80;
pl = 0.5;
p2 =-1/3;

y1(1) = al*x(1);
y2(1) = a2*x(1);

y(1) = ¢*x(1) + y1(1) + y2(1);

for i=2:N,

yl(i) = al*x(i) + p1*y1(i-1);
y2(1) = a2*x(i) + p2*y2(i-1);

15
c = —
16
S
@) = Ti=
2
_ 8
H 0
2(2) 14 327!

287

18 T T
1 d
g
g 03 ]
A
i0
]
05
-1 N A N R A —
0 10 20 0 40 50 60 70 100
Direct form |, step response
16 T v Y T Y
14F o
o
£
al2 -
|
]
1 m,
08 " N N N N . o
0 10 20 30 40 S0 60 7 100
-—>n
Figure 7.49:
.52b.
53.



Direct form Il, imputse response

15 v v \ T
it 4
g
a 05 J
i
]
0 vﬁ
_os e A 'y A 't A A A
0 10 20 30 40 50 60 70 80 90 100
Drect form 1i, step response
15 T v v y T T + T -
14 <
[- 3
gla 4
A
1 1.2f 4
]
11} 1
1 " A A N N A

Figure 7.50:

y(i) = ¢*x(i) + y1(i) + y2(i);
end
(d) Refer to fig 7.56.
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x(n)

+
<1/6
z 'l
v_=-0.1563 \/ 0=0.7829
2
i
Figure 7.53:
iR for part a IR for part b
1 1
05 05
E O
= £
0 0
2% 0 w05 50 100
IR for partc IR for pan t
o8 1
06
05
[3 [
£ r3
0.2 0
i\
-0‘20 50 100 .0'50 50 100
—_>n -—>N
Figure 7.54:
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Paralle] form structure:

[~
152

x(n)

Hl @ y(n)

Ez(z)

Paralie] form structare using 2nd-order coupled-form stase-space sections

1

x(n)

f :\ y(®)
G/

Figure 7.55:

Parallel form mmpuise response

3 T Y T Y T T Y T \

--> ()

no

0 10 20 30 40 50 60 70 80 90 100
—>n
Paratie! structure coupied form: impuise response
1 T Y v T T v T T -+
0s8p b
EO.G 1
A
104 E
02 L 1
G0 10 20 30 40 &0 60 ] 80 90 100
——d

Figure 7.56:
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Chapter 8

8.1
(a) To obtain the desired length of 25, a delay of 237! = 12 is incorporated into Ha(w). Hence,
Hyw) = 1'%, o<lul<g
= 0, otherwise

§ |
ha(n) = 2_1;/  Ha(w)e " dw
.

sink(n - 12)
x(n — 12)
Then, A(n) = hg(n)w(n)
where w(n) is a rectangular window of length N = 25.

(l())Hf(lw) = :‘:0 }:i(n)e"“’" = plot |H(w)| and {H(w). Refer to fig 8.1.
¢) Hamming window:

-1 N N N 2 N . " A N
wﬂ 0.0% 0.1 0.18 0.2 0.25 03 0.35 o4 0.45 [X]
—=> Freq(H2)
4 v T T T v T .

“o o o1 o015 o0z 02 03 03 o4 045 05
—-> Froq(Hz) .
Figure 8.1:
w(n) = (0.54—0.46(:05%;—
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h(n) = hg(n)w(n) for0<n<24

Refer to fig 8.2.
(d) Bartlett window:

S0 T Y T T T Y T Y v
= 0
8
k-3
g -%0
A
i
' -100
-150 N A N . . . . . R
[+] 0.05 0.1 0.15 02 0.28 0.3 0.3% 04 0.45 0.5
~—> Freq(Hz)

-‘0 0.&5 0:1 0..15 0:2 0.:"5 OTS 0.; 0‘.4 0.;5 0.8
-3 Freq(Hz)
Figure 8.2:
-12
w(n) = 1-3(-%1—-) 0<n<24

Refer to fig 8.3.

o

- -10p
8
$-20F

g

A =30}

|

' o}

.50 R , A . . A R N .
] 0.05 0.1 0.18 02 0.2 0.3 033 0.4 0.45 oS
-—=> Froq(Hz)

4005 01 o015 0z 02 03 03 04 045 05
——> Freq(Hz)
Figure 8.3:
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8.2

(a)
Ho(w) = 1e7'2%  |u|< %, g <lwl<r
n n
= 0,=-< < =
g Slvls3
1 v jwnd
h = — -
a(n) ). Hy(w)e w
= 5(n)- sinf(n—12) sin%(n-12)
n(n —12) x(n - 12)
(b) Rectangular window:
win) = 1, 0<n<24

0, otherwise

Refer to fig 8.4.
(¢) Hamming window:

10
0
810}
-
g-2
A
-0 *
-40
50 A R . . N N . N A
0 0.08 0.1 0.15 0.2 0.2% 0.3 0.38 04 0.48 0S8
«==> Freq(H2)

4o o1 o015 0z 0z 03 03 o4 045 05
——> Freq(Hz)
Figure 8.4:
w(n) = (0.54—0.46cos%
h(n) = ha(n)w(n)
24
Hw) = Zh(n)e"j"”‘
n=0
Refer to fig 8.5.
(d) Bartlett window:
w(n) = 1-("12’2), 0<n<24



-~-> mag(dB)
b

-20 A A i "

0 0.05 0.1 015 02 0.25 03 035 04 045 08
—> Froq{Hz)

46 005 o1 015 02 025 03 035 04 045 0S5
—-> Freq(Hz)
Figure 8.5:

Refer to fig 8.6.

Note that the magnitude responses in (¢) and (d) are poor because the transition region is
wide. To obtain sharper cut-off, we must increase the length N of the filter.

8.3 ‘

(a) Hanning window: w(n) = %(1 —cos3Z), 0< n <24 Refer tofig 8.7
(b) Blackman window: w(n) = 0.42 — 0.5cos {3 + 0.08cos*g*. Refer to fig 8.8.

8.4

(a) Hanning window: Refer to fig 8.9.
(b) Blackman window: Refer to fig 8.10.
The results are still relatively poor for these window functions.

8.5
T 1
M = 4, H/(0)=1, H,(-2—) =3
M
H (w) = 2 Z h(n)cos[w(M -1 n))
nl=0 ,
= 22 h(n)cos[w(§ - n)]
n=0
1
Atw=0,H,(0)=1 = 22 h(n)ecos[0]
n=0
2[h(0)+ h(1)] = 1 (1)
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---> mag(dB)

-1 — — N " A A " N "
0 008 01 015 02 025 03 035 04 045 0S8
=—-> Freq(H2)
4 - -

- " N a N N " " R N
0 0.05 0.1 0.18 0.2 0.2% 03 038 04 048 0.8
—==> Freq(Hz)
Figure 8.6:

.4 g 1
tw=—=,H, (7)==
At w 2,H(2) 3

1
2 Z h(n)cos[;(g - n)]

n=0
—-h(0)+ h(1) = 0.354 (2) {
Solving (1) and (2), we get
h(0) = 0.073 and
h(1) = 0.427
h(2) = h(1)
h(3) = h(0)
Hence, h(n) = {0.073,0.427,0.427,0.073)

8.6

M=15H.25 = {

H.(w)

h(n)
h(n)

H.(w)

Solving the above eqn yields,
h(n)

15

Mo
h(Mz_ l)-4-2 Z h(n)cosw(M; 1
n=0

h(M =1 -n)
h(14 - n)

_n)

6 "
h(7) + 2 Z h(n)cosw(T —n) W ~ °

n=0

{0.3189,0.0341, —0.1079, —0.0365,0.0667,0.0412, —0.0498,0.4667
0.4667, —0.0498,0.0412,0.0667, —0.0365, —0.1079, 0.0341,0.3189}
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-==> mag(dB)

0 0.05

0.1

015 02 025 03 035 04 045 03
——> Freq(Hz)

A

0 0.05

0.1

015 02 025 03 035 04 045 05

> Frog(Hz)
Figure 8.7:
8.7
1, &£=0,1,23 -
M= 15.H,(2:—5k) = 04, k=4 ',
0, k = 5,6,7 4
M-1 = M-1
He(w) = h(—5—)+2 ; h(n)cosw(—— = n)
h(n) = h(M -1-n)
h(n) = h(l14—n)
6
H(w) = h(7)+2 Z h(n)cosw(7 — n)

Solving the above eqn yields,
h(n)

8.8

Hence, H(F) =

n=0

{0.3133,-0.0181, —0.0914, 0.0122, 0.0400, —0.0019, -0.0141, 0.52,
0.52, —0.0141, —0.0019, 0.0400,0.0122, —0.0914, —0.0181,0.3133}

va(t) = d:l‘;t(t)

- _d_ j 2x F't
= dt[e’ ]

= jorFe?F
j2=nF
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-=-> mag(dB)

_1%0 N N
[

0085 01 018

0.2

025 03 05
> Freq(H2)

4005 01 015 02 02 03 03 04 045 05
-3 Freq(Hz)
Figure 8.8:
(b)
|H(F)| = 2xF
LH(F) = % F>0
r
= —'5, F<O
Refer to fig 8.11.
(c)
Hw) = jw, J|uw|<7
[H(w)| = |w]
.4
LH(w) = 5, w>0
= -2 <0
- 2 w

Refer to fig 8.12.

we note that the digital differentiator has a frequency response that resembles the response

of the analog differentiator.

(d)

y(n)
H(z)
H(w)

|H(w)|
LH(w)

Refer to fig 8.13.
Note that for small w, sin% =

z(n)-z(n-1)

w
2|sin—
|sm2|
T w
2 2

% and H(w) =~ jwe~’ ¥ which is a suitable approximation
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[
4
4
p

= 0

8

-

g -5 1

A

]

]

' <10 4
s N —
0 008 01 015 ©02 025 ©03 035 04 045 05

«=-> Freq(Hz)

0 005 01 015 02 025 03 035 04 045 05
—> Freq(Hz)
Figure 8.9:

to the differentiator in (c).
(¢) The value H(wp) is obtained from (d) above. Then y(n) = A|H(wo)lcos(won +6 + 5 — %)

8.9 ‘
Hyw) = we % 0<w<r
—we™J10% ~-r<w<0
he(n) = 51; [ Hawyende
cosm(n — 10)
= —_——— 0
(n—10) n#1l
= 0, n=10
cosm(n — 10)
= —— <n<
hg(n) n—10) 0<n<20,n#10
= 0, =n=10

With a Hamming window, we obtain the following frequency response: Refer to fig 8.14.

8.10

H(s) has two zeros at z; = —0.1 and z3 = o and two poles p; 2 = —0.1 £ j3. The matched
z-transform maps these into:

e—D.lT - e-0.0l =0.99

zy =

i, = T =0

F = e(=0-14i3)T — ( ggei0-3
P2 = 0.99¢79°3
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= 0
8
-]
£ -st -
A
]
]
! =10 L
s —
[ 0.05 0.1 0.1% 0.2 0.28 03 038 04 045 (X

—==> Fraq(Hz)

2o o0 o1 o1 o0z 02 03 03 04 04 08
—=> Freq(H2)
Figure 8.10:
SRR

Hence, H(z) = 1-rz wo = 0.3r=0.99

1 - 2rcoswoz=! + r2z=2’
From the impulse invariance method we obtain

1 1 1
H(s) = §[s+o.1—js+s+o.1+j3]

1 1 1
H(z) = 3 [1 T 0iTg3 -1 T 1= e-O.lTe—jaTz-l]

1 — rcoswpz™}

1 — 2rcoswgz=! + r2z-2

The poles are the same, but the zero is different.

8.11
_ (Qu = U)s
Hq(s) = s?_(Qu—Q])8+QuQI
. = 21-2z"1
T Ti1+2z71

F(1-2"1)(1+ z7h)
(Z)P(1= 2712 + (Qu = U)(F) (L =27 )(1 + 271 + Quu(1 + 271)?
20a - H)(1 = 272)
[A+20@-0B)+afl-24-af)zt+[4-2(a-F)+ apflz-2
Q.T, B=T

H(z) = (Qu-%)

where a

In order to compare the result with example 8.3.2, let

3
Wy = Q‘,T=?"r
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-%1 008 -006 -004 -002 0 002 004 006 008 01
—> Freq(Hz)

2 v v

1 p
-9 4
A

]

I

-1t

:31 -008 -006 -004 -002 0 002 004 006 008 01

—> Freq(Hz)
Figure 8.11:
27
w = YT = ry
Then, H(z) = %’%;—:—Z—) ( example 8.3.2) -
In our case, we have a = Q,T = 2tan923 = 2.753 ( 4
=T = 2tan'-‘;—' = 1.453

By substituting into the equation above, we obtain

_ 2.599(1—z72)
H(z) = {5599+35.401:-2
0.245(1 — z-2)
14 0.509z-2
8.12
Let T =2 .
(a) H(z) = %%;‘- = yn)=yn-1)+z(n)+z(n-1)
(b)
1 -1, Q>0
HG(Q)zl—S_—z-i LH(Q):{ %’2 Q<0
(c)

H - v H = :
Hw)l = ot %) cHw)={ 3

(d) The digital integrator closely matches the magnitude characteristics of the analog integrator.
The two phase characteristics are identical.

(e) The integrator has a pole at w = 0. To avoid overflow problems, we would have E[z(n)] = 0,
i.e., a signal with no dc component.
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(2]
T

-=> magniude
n

it i
o
-4 4
2 v
1+ i
i) .
A
!
-1F -
-2 ‘ A - " " .
- -3 -2 -1 0 1 2 3 4
-—> W
Figure 8.12:
8.13
(a)
(1+271)3
H(z = A
(=) (l—%z“)(l—%z"+%z‘2)
_ Q4271 +2271 +277)
BT S (P ol
H(z)lz=l = 1
3 1 1
A = —vb=2)b=11 =11 _’,d———,d
= g1 1 2 a; < 20 &1 7 %2

(b) Refer to fig 8.15

8.14

(a) There are only zeros, thus H(z) is FIR.
(b)

Zeros: )
22
23,4

25,6
7

Hence, =2



-2 N R A " A . .
-4 -3 -2 -1 0 1 2 3 4
—>w :

Figure 8.13:

L]

24 = 23

1

25 = -

23

2 = Z;

1

2y = —=1
27

and H(z) = 2z SH(z™})

Therefore, H(w) is linear phase.
(¢) Refer to fig 8.16

8.15
From the design specifications we obtain
= 0.509
6 = 99.995
4 1
b= 2475
6 1
fh= %=1
Assume t = 1. Then, @, = 2tan-u§’g
2tan7f, = 1.155
and @, = Ztan-ué'-
= 2annf, =2
n = é = 196.5

€
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w
4
r

251 b
8 of ]
-]
g1.5¢ .
A

ot \
[
0.5} :
"0 005 01 015 02 025 03 035 04 045 05
-—> Freq(Hz)

4 o® o1 o1 oz 0% 03 035 04 045 05
-—> Freq(Hz)
Figure 8.14:
k = & = 1.732
Qp
Butterworth filter: N > logn =9613 = N=10
logk
cosh~1n
Chebyshev filter: N 2> oeh-TF - 5212 = N =6
Elliptic filter: sina = %: 0.577 = a = 35.3°
sinl = % =0.57T7 = #=0.3°
k(sina) k(cosB)
; > . =3.7 =
Nmin 2 Tieosa) eing) — o8 = V=4
8.16
From the design specifications we have
e = 0349
6 = 99.995
1.2
= —=0.15
fP 8 0.1
2
= =-=025
.= %
Q, = 2tan-u;—p =1.019
Q, = 2tan’2t = 2
2
é
= -=2865
n . 28
Q,
P = —=1.963
Q

P
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+

x(n)

+ y(n)

y(n)

Butterworth filter: N

Figure 8.15:

I
ﬂ=8.393: N=9

mi logk
cosh~1n
Chebyshev filter: Npin 2 Py 490 = N=5
Ky HT- &)
Elliptic filter: Npip 2 -——(-5-)———-1-—"— N=4
k(1-4)  FG)
8.17
Passband ripple = 1dB = ¢ = 0.509
Stopband attenuation = 60dB = 6 = 1000
wp 037
w, = 035«
Wp
Q, 2tan—2-— = 1.019
Q, = 2tan—!=1226
n = %: 1965.226
k= & =1.203
Qp
-1 7
N > DR 82T 305 N=14

cosh-1k — 0.627
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x(n)

o )
A
1

r z!

| ; /-4I3-3/4=-25/12
M ‘./f+>

z 7! —\

Figure 8.16:

@R+ (3/4)% + 4 cos 260°= 481/144

Special software package, such as MATLAB or PC-DSP may be used to obtain the filter coeffi-
cients. Hand computation of these coefficients for N = 14 is very tedious.

8.18

Passband ripple = 0.5dB = ¢ = 0.349

Stopband attenuation = 50dB

Wp
w,

2

Q,

n

k

N min

v

0.247
0.35w

2tan%’- = 0.792

2tan-u-;-’- =1.226

-6— = 906.1

€

9—"— = 1.547
QP

cosh~'n _ 7.502
cosh-'k ~ 1.003

=748 = N=8

Use a computer software package to determine the filter coefficients.
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8.19

(a) MATLAB is used to design the FIR filter using the Remez algorithm. We find that a filter
of length N = 37 meets the specifications. We note that in MATLAB, the frequency scale is
normalized to % of the sampling frequency. Refer to fig 8.17.

(b)é; = 0.02, 62 =0.01, Af = & — {5 =0.05

12 v v v T r— v v v

0 i N g P a—

0 01 0.2 03 04 05 oe 07 o8 09 1

—>1

Figure 8.17:

With equation (8.2.94) we obtain
—20logy0(V/5:87) — 13 +1

M = X
14.60f 34
With equation (8.2.95) we obtain
Do (6:6;) = 1.7371
f(6:6;) = 11.166
X _ 2
and §r = 2% A’Jf“?"“ L 41~ 36

Note (8.2.95) is a better approximation of M.
(c) Refer to fig 8.18.
Note that this filter does not satisfy the specifications.
(d)The elliptic filter satisfies the specifications. Refer to fig 8.19.

(e)
FIR I1IR
order 37 5
storage 19 16

No. of mult. 19 16
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1 T T T
08t
os8r 4
0.7 4
06} L

Zos ]

04 -
03 4
02r E
0.1

°0 0‘.1 0:2 0?3 Otl OtS' Otﬁ 0?7 O,‘O O.ID 1

—>

Figure 8.18: M=37 FIR filter designed by window method with Hamming window

8.20
(a)
h(n) = {Qv1v2)31415,4131211)0u-"}
10
H(z) = Y_h(n)z™"
n=0
= 2 42,2433 44 45278 4427 4327 4270 4270
H(w) = e 7%%[2cosdw + 4cos3w + 6cos2w + 8cosw + ]

(b)|H(w)| = |2cosdw + 4cos3w + 6cos2w + 8cosw + 5|. Refer to fig 8.20.
(¢)

by = h(1)=1
9
ran(0) = Y_h*(n)=85
n=1
38
ran(1) = Y h(n)h(n+1) = 80
n=1

7
ra(2) = D h(n)h(n+2) =68

n=l

r (0) r (1) a _ _rhh(l) _ _?B B 1_2—4
[ '::(1) ’::(0) ] [ @ ] - [ ~raa(2) ] =N ="T65 7 165

8.21

(a)
dc gain: Hq(0) = 1
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T h —— g W\

osf
o8}
o7}
LY
o5}
o4t
03}
02
0.1
% 005 o1 o015 oz o."zs' 03 035 04 045 0S5
-
Figure 8.19:
3dB frequency: |H,(jQ)|? = -;—
_e _ 1
ey T 2
= Q, a i
For all 2, only H(joo) 0
1 1
h = 2h(0)=-
o(r) = Tha(0) =
=e % = ¢!
1
=T = -
a
h(n) = ha(nT)
= e "Ty(n)
1
HE) = Tt
1
Hw) = 1 —e-aTe-iv
H(0) = H(w)lu=o
_ 1
T 1-eoT
3dB frequency: |H(w)>? = %IH(O)I"'
(1-aT%osw,)? + (e°Tsinw,)? = 2(1- e~°T)?
T
Hence, w, = 2sin"1(sinh22—)
1

Since |H(w)|?

310
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./.\./

0 0.05 0.1 0.15

62 025 03 035 04 045 05
=> Freq(Hz)

Figure 8.20:
it oscillates between ! and !
(1 _e—aT)2 (1+e-aT)2
but never reaches zero
h(r) = e ®T=¢!
1
S —
=7 2 —
7 is the smallest integer that is larger than %
(c)
a
H(:) = —/———/———
© = TEEe.
_ aT(1+z71)
T o21-z2"Y)y+aT(1427Y)
_ aT(1+z71)
T 24aT+(aT -2)z"!
DC Gain: H(z)|;=1 = 1
Atz=-l(w=7m),H(z) = 0
since |Ha(jQ)? = %, we have Q. = «
we = 2tan'l%T
= 2tan~'aT2
Leta = 2—-aT
€ = 2+aT
_ 1-a (1+a)z7!
Then H(z) = > [1+ o, ]
by = S22 [8(n) + (14 a)a u(n - 1)]

2
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h(0) =

2
h(n) 1
h(0) ~ e
= (14a)a" ! = %
0 = Ingds
Ina
_ In(3E) -1
’n(ilﬁ)
8.22
(a)
hg(n) = —T—/;H( )e?¥nd
d T o2r -5 a\w v
T [ -9 . ol
= — / e"""dw+/ e dw
|- e
= I— sin2 — &1 2—12
= U2 ST
(b) ‘|
Let hy(n) = hg(n)w(n), - 100 < n < 100(M = 101)
Then, h(r) = h,(n — 100) will be the impulse of the filter for 0 < n < 200
(c)
0, 0<w< &
e—leOw’ 0.4 w< 0.5%
Hi(w)=14 0O, g%‘—"<w< 150
e'leOw‘ l_zl S w S _l_%
0, HF<wsF
_27:;_
L
T 100T
Then, H(k) = 0, 0<k<40
= 0, 50<k<150
= 0, 160< k<200
H() = e, 40<k<50

e T 150< k< 160
H(w) will match Hg(w) at 201 points in frequency. The filter will contain large ripples in

between the sampled frequencies. Transition values should be specified to reduce the ripples in
both the passbands and the stopband.
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8.23
(a)

Analog: lowpass to bandpass
S —
Bilinear: Analog to digital

S e

combine the two steps:

Therefore, H(z) =

Ky 4
12
tan—— (for T=2)
i
12
Wy
tan—2=
an 3
52 + QS
S(Qu —91)
z-1_ 1-— 27!
241 142zt

1+.'z:l (Q - Q’)
(1-2z"1)? + Q21 +27})?
(1-271)(Qu — 1)

1
[(1-:—‘)°+0.n-(1+z")’]2 +V2 [(“z-‘)’m-ﬂ'(l““)’] +1

1=-z-7)(0.-4) (I=z=7)(8la—SU)

93— = ta_n%_ =1.7
17 tan3g
(1)?)—': = 143
(2)?2—:‘ = 18
(3)%"1 = 1.82
(4)%:i = 1.7

filter (4) satisfies the constraint

8.24

1 1 1,-1 1,-1
(1- z-12) 1l L (1 +32 ]
l+z“ l—z"-é-z‘2 14270 4272
12 2427+ 3272412734274 ]
E B ) 1+"‘+z"2+z‘3+z"‘+z'5
1 - o1 1,3 2 1 3 -
-2 ) (1-z"1)(2+: LTI L )
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This filter is FIR with zeros at z = 1, 7% e/ ¥ ¢%15% _0.5528 % j0.6823 and 0.3028 + j0.7462
(b) 1t is a highpass filter.
(c)

1 . , : 3 . , )
H(w) = E(l —e i) (1 -eTY) 24+ + 56_]2"" + %e"""‘” + eIt

H(O)-_:H(%):H(%”):H(%") =0

2
i - )
H(éé—r) = 2
H(m) = 2
8.25
(a)
900
fr = 2—5-66=0.36
1100

Refer to fig 8.21.
(b) The ideal lowpass filter has a passband of —0.04 < f € 0.04. Hence,

X win
04 0304044 ' 04 008 0 004 oa !
A{U]
f
004 0 004
Figure 8.21:
le-its*  _0.087 <w < 0.087
Ha(w) = { 0, otherwise

Hence,
| [oo8x

h4(n) = eI eIvndy

27 J_o.08x
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h(n)

wy (n)

1 [oo0sr

_— elw(n=15)4,,

27 J_o.08x

25in0.087(n — 15)
(n -15)

ha(n)wy(n)
0.54 — 0.46¢cos

27(n - 15)
30

h(n) is the impulse response of the lowpass filter H(w)

8.26
oc
rd;,(O) =
ran(l) =
n=0
ran(2) =
Therefore,
1.25 -0.5
-0.5 1.25
0 -05
by =
bl =
b2
Emin =
8.27
N-1

z(n) = Z ejz:kn/N =

k=0

§(n—-2)h(n) =0
i §(n—-2)h(n-1)=h(1)=-05

f: é(n —2)h(n—2) = h(0) = 1
=0

0 0
-0.5 -0.5
1

1.25

bo
b
b,

|

~0.0471
—0.1176
0.7529

Y d(m) -

oo
> beran(k)
n=0 k=0

1-[0.7529 + %(01176)]
0.1883

|- L]

N,
0,

n=20
1<n<N-~1

{

z(n) is a periodic sequence with period N. Hence, y(n) is also periodic with period N. Let

H(z)

and hs(n)
Then. ha(n) * y(n)

P
1+ Z akz"'
k=1

{1,a1,a2,...,8p}
z(n), n=01..,
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If p+1 < N, the N equations above are sufficient to determine a;,az,...,a, and their order. If
p+ 1> N, itis not possible to determine the {a;} and the order p.

(c)

Let hl(n) = {bg,bl,...,bN}
1

and ha(n) = {1,8y,...,0p}
Then, hij(n)xz(n) = ha(n)=*y(n)

If hy(n) is known, then w(n) = h;(n)z(n) is also a periodic signal with period N. If N > p+1,
then hz(n) or a,az,...,a, can be determined by the above equation. If either N < p+ 1 or
hy(n) is not known, then, it is not possible to determine the filter parameters. (d) (1) The set of
linear equations are:

M-1
Y h(k)rez(k = 1)

k=0

ryz(l), 1=0,1,... M-1

where r.o(I) = i z(n)z(n -1) and

n=0
o0
re(l) = D y(n)z(n-1)
n=0
0 M-1
E = Y [yn)- Y h(k)z(n- k)
n=-0 =0 ; -
(2) Refer to fig 8.22. "
(3) Refer to fig 8.23.
Total squared error
8.28 r - v
8.26}
824}
8 22}
82}
ga 18
8.16
814
812
81
8.08, N 0 " 12 3 14
filter order
Figure 8.22:

(4) v(n) = y(n) + 0.01w(n). Refer to fig 8.24.
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01 0.1
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0 1000 2000 3000 (] 1000 2000 3000
Figure 8.23:
M of originai h(n) Ms=8 E=8 42 Me8 E=8 305
15 04
_ 05
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z 02
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Figure 8.24:






Chapter 9

9.1

Since F‘—;% = %) = 3 is an integer, then F, = 2B = 40H
9.2

F. = 100

F.+%

106
= [8.83]1=8
B =

9.3

() = [2(t) +jE(t))e” 7!
Since [z(t) + j(t)] is complex, zi(t) is complex. The condition for z:(t) to be real is Xi(f) =

X (=f).

9.4

(2)

z(n) -~ X(w)
3(n) ~ X(w)=* X(w)
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The output y;(t) is basically the square of the input signal y,(t). For the second system,

X(w) X(w) * X(w)
SR E I . r--
-3n -2n -n O n 2n 3n v -2n -n 0 n 2n v
trum of sampled 2(t)
spectrum of xz(t) SW )2 pied Xg (b
(ie).s@=X(@T)
2B 0 2B 2B 0 2B
Figure 9.1:

z2(t) — X(w) * X(w), the bandwidth is basically 2B. The spectrum of the sampled signal is
given in fig refprob9.4a. :

(b)

z,(t) = cos40nt
407n

50
_ cos‘“n

- 5
y(n) = z%(n)

47n

- 230

= cos :

_ 1+1 osSrn

= 373
1 1 2mn
2

t oty

(t) = 1-l-lcos201rt
n = 273
sa(t) = zi(t)

= cos’40mt

1

= %4’5605807!‘1

1 1 807n

s(n) = -2-+§cos =0

z(n) = cos
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Hence, y»(t)
For F,

4

o
3]
»n
0]
(L]
3

gml—-wlo-»wh—
+  +

DY = MO = N}
o

o

Qo

&
-
3
3

[ %]
3y w
]

COS——

3
z(n)
227n

1

2
1

2

i Il T

coS§" —

3
47n

+ —cos—

3

27n

+ =cos——

3
cos20mt

vi(2)
sq(t)

s(n)

Hence, y2(t)

1.1
2 2
EHG)

cos?40mt
l + lr:03801rt
2 2

1+1 sSOfrn
2 72% 30
+1021rn
27273

1 1
- - nt
2 + 2co.si?O

9.5
sa(t) = z4(t)+ azs(t—r71),
sa(n) = za(n)+ aza(n - 7)
Se(w) —i%e
X.(w) 1+ ae
If -;: is an integer, then we may select
1 T
H(:) = T-ar—2 where 7= L
9.6
o0 1 k4
Y &) = o / X (w)|2dw
. 1 «— w - 27k
X(w) = Tk;mxa ( = )

lal < 1



Also, E,

(=)

Therefore, Z z%(n)

n=-0oQ

9.7
(a)
d(n)
Eld(n)]
Eld*(n)] = o;
where pz(1)
(b)

% [o'f,(l +a? - 2ap,(l))]

m

lw| < =
k=-00
_ 1 M W, .,
= /)., T—,.,-|Xa(T)| dw

= —1—/’.’ | Xa(A)[2TdA
- 27TT2 _’-. a

= L/i X, (0)[2dA
T exT J_.°
T
infty
/ z2(t)dt

infty
= / IXa(f)Pdf

- 00

= [ Xaniy
-5

E,

T

z(n) —az(n-1)
E[z(n)]—aE[z(n-1)]=0
E {[z(n) - az(n - 1))?}
o2 +a%0? — 2aE[z(n)z(n - 1)]
o2 + a0l — 2av:(1)
ol(1 +a® - 2ap:(1))
1:(1)
ol
2:(1)
72(0)

For this value of a we have

= 2a-2p:(1)=0
a = p(1)
o? o1+ p2(1) - 202(1))

a2l - p2(1))

(c) 02 < o2 is always true if |p;(1)] > 0. Note also that [p-(1)] < 1.

(d)

d(n)
E[d*(n)]

nou

r(n)—ajz(n—1)—az(n-2)
E{[z(n) - a1z(n - 1) - azz(n - 2)]*}
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(Td =
d 2
El‘dd = 0

_ pz(l){l—p:(Q)]

Ta= 1-p2(1)
d ,
Edd = 0
L. L =220

: 1-p2(1)

Then, 03 ;.

o2(1 + a2 + a3 + 2a,(ay — 1)pz(1) — 2a2p:(2))

1 - 3p2(1) — p2(2) + 2p2(1)p=(2) + 202(1) + p2(1)P2(2) — 2p3(1)p:(2)

9.8

z(t)
d(0)

dt

dz(t)
dt
Hence, A

Imax

Refer to fig 9.2.

9.9

Let Py denote the power spectral density

P,

SQNR

[1-p2(1)]2

Acos2nFt

—A(27F)sin2x Ft
—-2rAFsin2nFt
27AF <

2nrAFT
27AF
F,

T

v

of the quantization noise. Then (a)

#

/ Pydf
-#

28,

F,
2

o,

2

ag
1010g10—£
o?

o2F,

2BPy

olF,

2BPy

1010910

10log; o + 10logy1o F,

Thus. SQNR will increase by 3dB if F, is doubled.
(b) The most efficient way to double the sampling frequency is to use a sigma-delta modulator.
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yd
y/
Figure 9.2:
9.10
(a)
2
ae
Se(F) = ’E
. nF
|Ha(F) = 2|szn7_,7
B
o2 = /BlHn(F)l"’S,(F)dF
B 2
= in2(TE)%e
= 2/0 4sin (F,)F,dF
_ 402 /B 2rF
= F, A (1 COST’)dF
40? F, . 2=B
= ; [B - 2—wstﬂ—fT
_ 203[21rB_ 27B
- T 3 : Fy
(b)
27B
For —}_:.-’- << 1,
sin27rB 218 1(2773)3
F, F, 6 F,



Therefore, 62 = 20‘[273 2;3 1(2WB)]
3

1 2B

= FUeE)

9.11
(a)

{IX(2) = Dy(a)li—=5 = Dyl 7oy = Dyle) - E(3)

Dy(2) 271 X(z) + (1= 271)2E(2)
Therefore, H,(z) 27!

and Ho(z) = (1-271)2

|Hn(F)|

F
4sin?(Z5)
s

)

= 2(1 - cos( 2;F

Q
1}

2 B 2”2
2= [ HAPIPRr
-B s
B 2
2 ] [4(-’f)212"—°df

4.2
_ 327:'0/ FidF

= ey

Q

9.12
(a)

21rn
cos v

4

z(n)
Z4(1)

z(n)ln=4

= COS——=

NT
= cos2n(

F,
N

ﬁ)

Therefore, Fy

(b) N analog sinusoids can be generated. There are N possible different starting phases.
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9.13

(a)
h(t) = /Q° H(F)e?"FidF
= /w [c(F = F.) +c*(—F - F.)}e>"F'dF
= c(t)ej2rf‘,t+c-(t)e-j21ri‘ct
= 2Re[c(t)e’ 2" F<)
(b)
H(F) = C(F-F.)+C"(-F-F.)
X(F) = %[U(F —F.)4 U (=F = F.)]
Y(F) = X(F)H(F)

= %[C(F — F.)U(F = F.)+ U*(=F = F.)C*(~F - F.)]

+%[C(F — F)U*(~F = F.) + U(F = F.)C"(~F = F.)]
But C(F = F)U*(<F — F)) = U(F—-F)C*(-F=F.)=0
F-UC(F)U(F)] = / 7 r)ult = T)dr = olt)
Hence, y(t) = %v(t)cjz'r'“ + %v‘(t)e’jz"r“ -
= Re[v(t)e! 27 F<t)

9.14

(a) Refer to fig 9.3.
(b) Refer to fig 9.4.

(¢) Refer to fig 9.5. The first order hold interpolator performs better than the zero order
interpolator because the frequency response of the first order hold is more closer to the ideal
interpolator than that of the zero order hold case.

(d) Refer to fig 9.6.
(e) Refer to fig 9.7. Higher order interpolators with more memory or cubic spline interpolators
would be a better choice.

9.15

(a) zp(t) = Yoo _ o zo(t — nTy) is a periodic signal with period T;. The fourier coeflicients in a
fourier series representation are

T,
_ 1 2 =22wht
e = ﬁ-/-zz‘zp(t)e T dt
1 1;" i (t T) -p-ndt
= —— Ta -_n € »
T‘ ’Iz“ n=-00 ’

zo(t = nT,)e = Fdt

NI S

100
-z [
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Zero Order hold: N = 32 thd = 0.1154

First Order hold, N = 32 thd=0.1152
1 1 . " .
Eos Sos
A A
106 1 0.6
04 ‘0 04 - 0
9ero OrdS hoid: fP= 64 = 0.235P First 0r83r hold, 1 = 64 159-0.2328
1 ~— 1 -
€ o
x x
A 0.5 A 0.5
] |
] 1
0 0 0
Poro Order ROld: N = 128%hd = 0.4d88 irst Order RId, N = 128%hd=0.4633
1 1
€ €
x x
A 05 A 0.5¢
| |
| [}
0 —- 0
0 100 200 300 0 100 200 300
—->n ——->n
Figure 9.3:
e "T'+E:L ~2wk(t' $aT
= .7-1T Z /T I, za(t')"'#—*%—ddt'
_ . .1_ o , - z:n' ,
=z /_m zo(t)e F" dt
1 k
= F.X"(T,)
1
= 7 Xa(k6F)
(b) Let . .
1, -h<i<cths
w(t) = { 0, otzherwi ?
T, >2r, z4t) = zp(t)w(t)
Xo(F) = Xp(F)sW(F)
. > k sintFT,
i - [§ o] b
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Zero Orde

: rhoid: N =32thd = 0.1154 First Order hold, N = 32 thd=0.1153
1. . . . 15 v — .
X \ g | \
A 1
| 0.5} 105
0 K 0
Qero Or&er hoid: ﬁo= 64 th%o = 0.23&9 Q-'irst Orggr hold,t?= 64 tr%)=0.233§0
1.5 ~ 1.5
% 1 \ % 1 4\
A A
| 05 | 0.5
| |
0 0
é’ero Order F?&d: N= 13&% = 04&58 pirst Order Rgld N= 158%&0. §°
15 15
€ € ‘
» b
1 0.5 1 0.5} QO
0 0
0 100 200 300 0 100 200 300
_——>n -—==>n
Figure 9.4:

consequently, z,(t) cannot be recovered from zp(t).

o0

sint(F — £)T,
= T, Z Ck T

k=-

o0

=(F - )T,

inT _ &
B D () Gl 2L

k=-~o0

1
v Ti=+x
w(F - )T, 'T6F

(¢) If T < 27, there will be aliasing in every period of z,(t). Hence, z4(t) # zp(t)w(l) and

(d) From (b) X4(F) = Lie oo X“(MF)“:
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-r

Zero Order Hold First Order Hold

RN
. PR

.......

0.8}
0.6
0.4}

02}

.
..l 'R AT A B S SR T A S A PR M I e s ve v irTTt
MR HEIE IR I AR NS S A A R R SR S T IR . vl .

,,,,, . N SR I 0--<,‘Ar‘,~.‘.‘}:-::‘~ [
10 20 30 40 50 10 20 30 40 50

Zero Order Hold, filter spectrum First Order Hold, filter spectrum
2 -

1.5¢

05

o~ 0 A A
-05 0 0.5 1 -1 -0.5 0 05 1

Figure 9.5:
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Zero Order Hold, interpolated output

100 200 300 400 500

First Order Hold, Interpolated output

L L] L] T T

100 200 300 400 500

——>n

Figure 9.6:
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0.2

0.15

0.1

——=> xi(n)

0.05

v

Zero Order Hold, xi(n)

PU.VAY O

DA

10

20 30

PW_V. -

40

First Order Hold, xi(n)

P N

10

20 30

O

Figure 9.7:
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——->y(n)

0.05

Zero Order Hold, y(n)
0.2 - . . .

0.15

0.1}

--->y(n)

0.05

0
0

P e

30 40

10 20

First Order Hold, y(n)
0.2

0.15

0.1¢

0 i

0 10 20

e

30 40







Chapter 10

10.1

(a) Let the corresponding baseband spectrum be called X;(2). Then

Xa(Q) = %[xb(n — 20007) + X3($2 + 20007)]

With frequencies normalized to F;,

, 9
YTF
. The sequence z(n) has DTFT :
o0
X(w) = D Xe(w'-2mq)
g=—00
= Z [Xa(w' — 0.87 — 27q) + Xy (w' + 0.87 — 27q)]

g==-00

modulation by cos(0.87) causes shifts up and down by 0.87 (and scaling by 3) of each com-
ponent in the spectrum. Refer to fig 10.1. 1deal LPF preserves only the baseband spectrum

(of each period). Refer to fig 10.2 The downsampling produces the figure in fig 10.3, where

w' = FQ = ‘}.—D = 10w’. Note that there is no aliasing in the spectrum |Y (w”)| because the
¥ z

decimated sample rate, in terms of w’, is % > 0.047.

(b) The assumned spectral amplitude normalization in fig 10.1 implies that the analog FT (mag-
nitude spectrum) of z4(t) is (refer to fig 10.4). The given sample rate is identical to Fy above,
F, = 250Hz. The DTFT of samples taken at this rate is Y(Q) = 7!;2, Xa(Q — ¢2y) where

Q, = 27F,. On a scaled frequency axis w” = QT, = 7,-‘3;, Y(w") = ,};Zq Xo(w" - g27).
Consequently g(n) = y(n).

10.2

(3) X(w) = rregt=5ey

b) After decimation Y (uw') = 1 X v)= _1
(b) (W) = 2X(%) 2(1-ae=F)
()

DTFT {z(2n)} = J_z(2n)e™?*™™

= zz(Qn)e_j"""
= Y(uv')
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X(w ) Assumes peak of 7%(.) normalized to unity
0.
- N X (w’)shifted t0 0.5
period 2r b
-n -0.8n 0 0.8n n w’
p=0.161
Figure 10.1:
10.3
(a)Refer to fig 10.5
(b) -
L0 L9 _ ‘
Let w' = F w_Fy--2
"o n. i 1, n-1 N+l _ivin
Y’ = Y w4 30 sl + ()l
n even » od

Sen t l -
= -jw'2p o _ -jw'(29+1)
= Dz +2§;hw)+uq+nki

4

- xqu+%r”ﬁx&wq+é“”xuwm

= X(2w")[1 + cosuw”]

xw)={ g

xuﬁﬁ:{&

1, 0<|u'| <027
otherwise

0<|2w”| <0.27
, otherwise

otherwise

_ { 1, 0<|v’|<0.1x
={ 0

1+ cosw”,

v ={ ¢
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0<|w<0.1n
otherwise



W(w)

e B period2n
/0.5\ ! 0.5
' /\ w
- ~0.4n 0.1n 0.4n n

Figure 10.2:

(c) Refer to fig 10.6

or 0.557 < |w”} < 0.657

1+ cosw”, 0.357 < |u”| < 0.457
Y(wll) -
0, otherwise

10.4

(a) Let w' = £, w” = 32 Refer to fig 10.7
Let z'(n) be the downsampled sequence.

z’(n) = =z(nD)

X"w") = $X(F)

As long as Dw!, < 7, X(w') [hence z(n)] can be recovered from X"(w")[z"(n) = z(Dn)]
using interpolation by a factor D:

X(w') = DX"(Du'")

The given sampling frequency is w, = 4. The condition Dwj, < ™ — 2wy, < Z =

(b) Let z,4(t) be the ral analog signal from which samples z(n) were taken at rate F;. There exists
a signal, say z/(t'), such that z;(¢') = X.,(,ﬁ;). z(n) may be considered to be the samples of z'(t')
taken at rate f; = 1. Likewise z”(n) = z(nD) are samples of z'(t') taken at rate f; = % =3
From sampling theory, we know that z’(t') can be reconstructed from its samples z"'(n) as long
as it is bandlimited to fm < 7‘5, or wm < 7, which is the case here. The reconstruction formula

18
Z(t) =Y z"(k)h.(t' - kD)
k

where x
w0 B
(pt')
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IV(w")l
period 2n
- w’
0.08n R
[
YW )=0.1IVO.1w'")I
0.1
period 2
0.8n n v
Figure 10.3: i

Refer to fig 10.8

Actually the bandwidth of the reconstruction filter may be made as small as w/,, or as large

as%'-—w;n,soh,maybe

sin(wlt’)

hr(t,) = (w’t')

where v}, < w, < 3 — w),. In particular z(n) = z'(t' = n) so

z(n) =Y z(kD)h,(n - kD)

k

(c) Clearly if we define

w(p) = z(p), if pis an integer multiple of D
P}=1 o, other p

then, we may write 10.4 as

z(n) = Y_ v(p)h(n - p)

4

so z(n) is reconstructed as (see fig 10.9)
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X, (Q)!

Figure 10.4:

10.5

Q
Let w = Yot w":i‘—Q

X, (w) = Zz,(n)e""""
= Z:(2m)c'j“’2"‘

m

1 27
= %ZX(w—-ﬂ’q)
q

To recover z(n) from z,(n): see fig 10.10

(b)

Recall v’
Xa(w')

2w

sz(n)e""“"’
Z z,(n)e'j""*

n even

= Zz,(n)e"""l*
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x(n)

Figure 10.5: .

since z,(n) = 0 when n odd
wl
= X:(?)

see fig 10.11
~ No information is lost since the decimated sample rate still exceeds twice the bandlimit of
the original signal.

10.6

A filter of length 30 meets the specification. The cutoff frequency is w. = § and the coefficients
are given below:

h(1) = h(30) = 0.006399

h(2) h(29) = —0.01476
h(3) = h(28)= —0.001089

h(4) = h(27) = —0.002871
h(5) = h(26) = 0.01049
h(6) = h(25)=0.02148
h(7) = h(24) =0.01948
h(8) = h(23)= —0.0003107
h(9) = h(22) = -0.03005
h(10) = h(21) = —0.04988
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X()

6 0.7n
0 0.35nm

0.9m rlr l.ln 13n
045n 055n 0.65n

Figure 10.6:
h(11) = h(20) = -0.03737
h(12) = h(19)=0.01848
h(13) = h(18)=0.1075
h(14) = h(17)=0.1995
h(15) = h(16) = 0.2579
pe(n) = h(n+k), k=0,1,...

corresponding polyphase filter structure (see fig 10.12)

10.7

A filter of length 30 meets the specnﬁcamon The cutoff frequency is w. = 5 and the coefficients

are given below:

h(1)
h(2)
h(3)
h(4)
h(5)
h(6)
h(7)
h(8)
h(9)
h(10)
h(11)
h(12)

= h(30) = 0.006026
h(29) = —0.01282
h(28) = —0.002858
h(27) = 0.01366
h(26) = —0.004669
h(25) = —0.01970
= h(24) = 0.01598
h(23) = 0.02138
h(22) = —0.03498
= h(21) = —0.01562
h(20) = 0.06401

= h(19) = —0.007345
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IX(w i
1
Wi W n W
|X"(W")|
/D
-‘ R Ll N : w X}
Dwm Dwp n
Figure 10.7: .
h(13) = h(18) = —0.1187
h(14) = h(17) = 0.09805
h(15) = h(16) = 0.4923
pe(n) = h(2n+k), k=0,1,n=0,1,...,14

éorresponding polyphase filter structure (see fig 10.13)

10.8

The FIR filter that meets the specifications of this problem is exactly the same as that in prob10.6.
Its bandwidth is §. Its coefficients are

g(n,m) = h(nl+ (mD))
= h(nI+mD- ['—"1211)
= h(2n+5m-22T))

9(0,m) = {h(0),h(1)}
g(1,m) {h(2), h(3)}

9(14, m)

{h(28),h(29)}
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IX(w ")l period2 n/D

’n
PR
3 N
N
’ ~
’ N
rd .
v \

, AN
’ Ay
’ ~
’ AN

nD 2D - 27/D w

Figure 10.8:

A polyphase filter would employ two subfilters, each of length 15

10.9

po(n) =
n(n) =
z(n)
D = I = 2. Decimation first
z2(n)
wa(n)
Interpolation first
z1(n)
n(n)
s0 y2(n)

{h(0), h(2), ..., h(28)}
{h(1), h(3), ..., h(29)}

= {zo,z1,22,...}

= {10712)347"‘}
= {z0,0,22,0,24,0,...}

= {30,0,21,0,22,0, .. }
= {30,11,12,---}

# w(n)

(b) suppose D = dk and I = ik and d, i are relatively prime.

z(n) = {z0,21,%2,...}
Decimation first
23(n) = {Zo,Tar, Z2ar,.--}
y2(n) = 20,0,...,0,24k,0,...,0, 224k, .- -
Nt e’
ik—1 k=1

Interpolation first

341



x"(n)=x(kn) ! v(n) x(n)
D h(n) ——
Figure 10.9:
z1(n) = z0,0,...,0,2,,0,...,0,22,0,...,0,...
ik=1 ik—1 k=1
vni(n) = zo,0,...,0,24,0,...,0,...
N’ e, e’
d—1 d-1

Thus y2(n) = y;(nj iff d = dk or k = 1 which means that D and I are relatively prime.

10.10

(a) Refer to fig 10.14

vi(n) = h(n)*w(n)
= h(n)*z(nD)
= Y h(k)z[(n - k)D]
k=0
H(z®) = ... h(0)2°+ Ah(1)2P 4+ h(2)z?P + ...

H(:ZP) — h(n)
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Xs (w)
; 2 ,  period =
-n -2m3 -mi3 03 2n/3 W
x (n)
4y x(n) () | x(m) _
where
H W)
1
-nj2 nf2 w
Figure 10.10:
= {ho,o,...,O,Hl,O,...,O,h(Q),...}
e N !
D-1 D-1
nD-1
so wa(n) = Z h(k)z(n - k)
k=0
= h(kD)z(n — kD)
k=0
= h(k)z(n — kD)
k=0
yg(n) = !H2(nD)
= ) h(k)z(nD - kD)
k=0
= Y h(k)z{(n - k)D]
k=0
Soyi(n) = w(n)
(b)
o0
wi(n) = Y h(k)z(n - k)
k=0
vi(n) = w(p), n=pl(paninteger)
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1/2

wa(n)

273 now’

Figure 10.11:

0,

z(p),
01

Let h(n) be the IR corresponding to H(ZY)

y2(n)

forn

y2(n)

forn

y2(n)

other n

n=pl

other n

R S

I

344

h(k)wa(n — k)

12 £

h(kI)wy(n — kI)

»~
1]
-]

M s

h(k)ws(n — kI)

'un-
g =~
o

S~ h(kywa((p - B)I)

k=0

S h(k)z(p - k)
k=0
wy (p)( see above )

pl
Y h(k).0=0

k=0



x(n)

10.11

(b)

Ry @ y(n)

O——— 12 (n) —

o——— p® -——T

F =F/D

Figure 10.12:

so we conclude y3(n) = y2(n)

H(z)

Therefore Ho(z)

Hi(z)

H(z)

S h(2n)z7* + 3 h(2n+ 1)z
Z h(2n)(z2)™" + 27! Z h(2n + 1)(z%)""

Ho(2%) + 27 Hy(2%)
Zh(?n)z'"

> h@n+1)z7"

Y h(nD)z"P + Y h(nD+1)z"P1 4

+Y h(nD+D- 1)z-"D-D+1

n
1

- 2™ h(nD +k)(P)T"

k=0

D
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x(n) 18 (n)

y(n)

p @ o

Figure 10.13:

Therefore Hi(z) = Z h(nD + k)z™"

H(z) =

o0
Ho(z) = Z a?"z "

10.12

D] = 25, D2=4
Fo = 10kHz, Fy=-— =400Hz



x@) | w(n)

D

won)

@ gD

Hz) ——— Y (n)
\D Y (n)

Figure 10.14:

Passband 0 < F £ 50
Transition band 50 < F' < 345
Stopband 345 < F < 5000

Fy

Passband 0 < F < 50
Transition band 50 < F < 55
Stopband 55 < F < 200

For filter 1, 6,

af

M,
For filter 2, 6,
Af

M,

Fy
— =100
Ds Hz
95—1 =0.05 §é,=10"3
345 — 50 s
10,000 = 2.95210
—10!0g6162 -13 -
Taen; T
0.05, 6;=10"3
55 — 50
=7 -3
200 5z10
—10logéy 62 — 13
—_— T4 1a27
Taeny  T1F

The coefficients of the two filters can be obtained using a number of DSP software packages.



10.13
To avoid aliasing F,. < £. Thus D = I = 50.

Single stage
6 = 0.1, 6y = 10°3

65 — 60 -
Af = —16’—0-66 = 5210
. —10logb, 6, — 13
= —_—— 1 =37
M; T4 6Af + 3700
Two stages
D1 = 25, D2 =2 11 = 2, ]2 =25
10,000
stage 1:F}, = o5 = 400
Passband 0 < F < 60
Transition band 60 < F < 335
Stopband 335 < F < 5000
5 = 01 &=
1 - g ] 2 = 4
Af = 27521072 M, =84
stage 2:F, = -4(2)—0 = 200
Passband 0 < F < 60 ' -
Transition band 60 < F < 65 h
Stopband 65 < F < 100
10-3
6 = 01, é= r

Af = 01875 M,=13

Use DSP software to obtain filter coefficients.

10.14

b4(n) is nonzero for 0 < n < 2N —2 with N even. Let ¢(n) = by[n— (N —1)]. So c(n) is nonzero
for =(N —=1)<n< N - 1. From (10.9.43)

B+(w)+("1)N-lB+(u}-— x) = ae-iv(N-1)
or By(z)+ (-1)V"'By(~z) = az VD
Therefore, C(z)z'(N—l) + (_I)N-IC(_Z)(_Z)-(N-!) - 02-(N-1)

or C(z)+C(-2) = a

e(n) +c(-n) = aé(n)
when n # 0¢(n) = —¢(-n)
when nisodd ¢(n) = —c¢(-n)

when niseven but n #0,¢(n) = 0
(half-band filter)

when n=0,¢c(n) = %
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10.15

one stage:
& 0.01, &;=10"3
100-90 . __,
af 10,000 10
- _ —10logby 65 — 13
M= 46D f + 12536
two stages: Fy 2z10° Hz
11 1, 12 =2
F
F, 2 =2710* Hz
5L
Passband 0 < F < 90
Transition band 90 < F < 19,900
19,900 — 90
————— = 0.09905
Therefore A f 2210° 0.099
)
and 6y, ?1, 612 = b2
-~ —101096152 -13
M=— """ 41x29
! N
F, B _ 1210t e
I
Passband 0 < F < 90
Transition band 90 < F < 9,900
9,900 - 90
Therefore A f ST 0.4905
6
and 67, -il-, 622 = 62
. -10! -13

14.60f

10.16

Suppose the output of the analysis section is z,0(m) and z4;(m). After interpolation by 2, they

become yo(m) and y;(m). Thus

wim = { g3

The final output is

z(m) =

meven k=0,1
m odd

when m is even, say m
z(m) = 2(2j)

349

yo(m) * 2h(m) + y1(m) * [-2(-1)"h(m)]
2j,
2yo(mm) » h(m) — 2y, (m) » h(m)

23 wo(k)h(m = k) = 23 "y (k)h(m = k)
k k

2 yo(20)h(2 ~ 21) = 2 _ y1(20)h(25 - 21)
i ) !



= 2 zao(DA2( = D =2 zai(Dh[2( = D)
1 i

= 2[za0(j) — za1(4)] * h(2j)
= 2[za0(j) = Za1(4)] * Po(J)
In the same manner, it can be shown that

2(2j+1) 2{za0(4) + 2a1(5)] * P1(4)

10.17

Refer to fig 10.15, where h;(n) is a lowpass filter with cutoff freq. . After transposition (refer

- e mn wn er am em em e e e W s R e oem W W W e - e em em e e e e e e s G e am o W e e . -

Interpolator 1 Interpolator L

Figure 10.15: I = I, I ... Iy L-stage interpolator

to fig 10.16). As D=1I,let D; = Ir41-i, then D=D1D;...Dyr. Refer to fig 10.17
Obviously, this is equivalent to the transposed form above.

10.18

Suppose that output is y(n). Then Ty = $T:. Fy = -}—v = {73: = LF;. Assume that the lowpass
filter is h(n) of length M = kI (see fig 10.18)
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> hIEn) o ‘IL _lp ..
i
___________________ 2
10.19
(a)
for any n

I-1
S pe(n—k)
k=0

Therefore, h(n)

(b) z-transform both sides

Figure 10.16:

i+

I-1
Y piI+j-k)

k=0

p; (1)

p; ()

h(j +1I)
h(n)

I-1
S pe(n— k)
k=0

(0<j<I-1)

%ZZ h(n)ej ami(n k) 2_._;1

n I=0
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Figure 10.17: L-stage decimator 4

I-1
= 1Y Ak mpetimm

m =0

= Zh(k+m1)z'"’
= Zpk(m)z""

= pi(2)

10.20

(a) Refer to fig 10.19.
(b)

Bandwidth = <

cut off freq = %

sampling freq of z(n) = 2=
sampling freq for the desired band of frequencies = 2—; =7
Therefore, D = -2-21 =2

{c) Refer to fig 10.20.
(d) Refer to fig 10.21.
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' E
’ 8(n‘0) n=0,1 K-1 :
" 8@ | p=0,1,...K-1 ;
. buffer E
- length K i
gnJ-1) | n=0,1....K-1
buffer
length K
output
buffer y(n)
rEhl | E=(W K
Figure 10.18:
spectrum of x(n) spectrum of y(n)
1 ' " 0.8 : _ '
8 > © 0.7
S °
£ =
= i 3
£ 06 s
g g 0.6
€4l -
"\ |
| 1 0.5
0.2t
0 - 0.4 .
0 4 6 8 0 > 2
-—>W oW

Figure 10.19:
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x(n) IX(w)
1200
1000
$ a0
'
E‘ 600
':‘ 400
200
.-.-.‘.-b‘h‘.‘
500 1000 1500 0 500 1000
——d>
Figure 10.20:
specyum of o(n)
1000 Y T v
900+ o
800+ 4
700 H 4
i 600 H <4
§ w0l |
T aoof ]
3001 p
200 <4
]

Figure 10
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Chapter 11

11.1
(a)
25
Pea(2) = (1-z"'4 3271 -2 4+ %z"-’)
1
H(Z) = m_—?
ando? = 25
soz(n) = z(n-1)- %z(n - 2)+ w(n)

(b) The whitening filter is H~1(z) =1-2"! + 1272

11.2
_ Zz(l— 2V )(1=-42)
(a) Tzz(2) = 3 (1—§,zn)(1—§z)
For a stable filter, denominator (1 — %z*) must be chose. However, either numerator factor

’ (1- %21) (1-42)
may be used. H(Z) = (_l——%_z‘). or (—l_-—iz_)
v e?

{min pk.}
(b) Must invert the min. pk. filter to obtain a stable whitening filter.

-1 _(1_%21)
H™(2) = ———(1_ %z!)

11.3

1409z}
1-1.62-1+40.63z-2
1-16z"140.632"2

1409z}
zeros: z = 0.7and 0.9

H(z) =

whitening filter, H=!(z) =

pole: z = =09



11.4

11.5

11.6

F::(w) = ol H(w)H(-w)
) 114 0.9e=7% |2
= T —1.6e-7% + 0.63e-2v|?
A(z) = 1+-;—iz”l+§z'2+5z'3
b o= 3
Br(z) = 34ail4opries
ks = %
By(z) = %-&-?8-2'14-2'2
Ar(e) = Az(z)l—-k:;z(z)
= 1+%z‘l
b= g
Ay(z) = 1422714272
By(z) = %+2z"+z'2
ko= g
Ar(z) = Az(z)l:’;:ng(Z)
= 1+gz'l
ho= 3
A(z) = l-h%z‘1
Bi(z) = %+z"1
Ax(z) = Ai(2) +kBy(z)z7}
= l+%z'1—%z'2




Ba(z) = —% + %z'l + 272
H(z) = Aa(z) = Aa(z)+ k3By(z)2"!
= 14273
The zeros areat z = —1,e*/%

Refer to fig 11.1
(b)

L1
NN

Figure 11.1:
If k3 = -1, we have
H(z) = A3(z) = A(z) = By(2)z7!
- 2 0.2 -3
= 14 32 3: z
5
The zeros are at z = -1,_61_,'.\./_61_.1.

(c) If |kp| = 1, the zeros of H(z) = Ap(z) are on the unit circle. Refer to fig 11.2.

11.7

l-§-0.62'1
0.6+ :"!

Ai(z)
Bl(z)



unit circle

Figure 11.2: " .

Az(z) = Ai(2)+k2By(2)z7}
1407827 +0.3272

By(z) = 03+0.78z71 4 272
As3(z) = Az(2)+0.52By(z)z"!
= 14093z 406922405272
Bs(z) = 05+0.69:71+0.93272 427
Ha(z) = As(z)+0.9Bj(z)z™!
= 1+41.38z7'41.31127?2+1.337273 4+ 0.9:7*
h(n) = {%,1.38,1.311,1.337,0.9,0,..‘}

11.8

Let y(m) = z(2n — p — m). Then, the backward prediction of z(n — p) becomes the forward
prediction of y(n). Hence, its linear prediction error filter is just the noise whitening filter of the
corresponding anticausal AR(p) process.

11.9

P
t(n+m) = - z: ap(k)z(n - k)

k=1
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e(n) = z(n+m)—z(n+m)

P
= z(n+m)+ Y ap(k)z(n—k)
k=1
0, I=12,...,p

Ele(n)z"(n = 1)]

14
=Y ap(k)rec(k = 1)

‘7::(1 + m), 1=1,2,..., p

k=1
The minimum error is
E{le(n)’} = Ele(n)z"(n+m)]
P
= 7:(0)+ z ap(k)'Yz:(m + k)
k=1
Refer to fig 11.3.
x(n+m) +
forward | A
-m-1 ] x(n+m)
Z linear
predictor
Figure 11.3:
11.10
p-1
ttn-p-m) = - Z bp(k)z(n — k)
k=0
e(n) = z(n—p-m)-z(n-p-m)
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p~1
= z(n—p-m)+ Z by(k)z(n — k)
k=0

Ele(n)z*(n = 1)) 0, 1=0,2,....p—1

p-1
=) bp(k)rec(l - k) —vz(l-p-m), 1=0,2,....,p—1
k=0

The minimum error is

E{le(n)P?}

Ele(n)z"(n — p—m)]
p-1

= 1:-(0)+ pr(k)'fz:(P +m-—k)
k=0

Refer to fig 11.4.

P [Sapm
predictor

x(n)

x(n-p-m) + /.l e(n

Figure 11.4:

11.11

The Levinson-Durbin algorithm for the forward filter coefficients is

Yzz(m) + Z:,:_,Qm—l
Eh
am-1(k) + kmaz,_,(m - k),
k=12 ... m-1,m=12,....p

gm(m)=km =

anm (k)
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but b, (k)
or a, (k)

Therefore, b, (0) = k,,
by (m — k)
Equivalently, b, (0) = k;,

bm (k)

a,(m-%k), k=0,2,....m
bra(m — )
721‘(m) +l:.n_1-b-:n—1
- £
bro_1(m—1—k)+ kmbm-1(k)
Yoe(m) + 95, _ by
Eb

b1k = 1) + k5,82, (m — k)

This is the Levinson-Durbin algorithm for the backward filter.

11.12
Let
b d
- m-1 Z2m-1
o i et
Then,
i 2 e[ )Ll ) - [
l:,‘,_l 7z2(0) 0 m(m) em(m)
Hence,
| IPY . 1+Lm-lim-l+bm(m)l::_x = &ma1
7: 1Ilm-l+7m \m-1 +bm(m)7z2(0) = em(m)
But L1 8m €m-1
>l 1dny = =b (m)’fb.
Hence, d,,_, = =bm(m)[ ;L 17 -
Also, L;l_l-yb. , = g_f;_l
Therefore, b, (m ) 1_,,: 1+ 0m(m)yz2(0) = cm(m)—lf;_lgm_l
solvmg for b,(m), we obtain
cm(m) — 1§m 1

bm (m)

¥zz(0) + '7M ‘—m-l
em(m) = 7 b,

El_,

we also obtain the recursion

11.13

Equations for the forward linear predictor:

Lna, =

bn(k) = bmo1(k) + bn(m)ai_y(m = &),

k=1,2,....m-1

ISG
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where the elements of ¢, are v;-(I+m), (=1,2,...,p. The solution of g, is

Cm(m) - l:_lg.m-l
am(m) = 0 be o
7:‘:( )+ 'Ym_)gm-l

cm(m) - l::'_xgm-l

- El_
am(k) = am-1(k) + am(m)ay,_(m—k),
k=112v'~~vm—l; m=1v2)
where ay, is the solution to La,, = 7,

The coefficients for the m-step backward predictor are b, = a,.

11.14
1 km
vo= i, 1]
te 1 km 1 0 ] km
vovi=[ 3] [o 4]k 1]
1 -kn}[1 km]_[1-lkal® ©
'[k;. -1 Hk,‘n 1 ]’[0 —(l-lka’)]
=a-tkal [ g %, =0 tkaPiL
_11.15
(a)
Elfm(n)z(n—1i)] = E[Y_am(k)z(n - k)z(n-1)]
k=0
= 0, by the orthogonality property
(b)
Elgm(n)z(n=1i)] = Y_an(k)E[z(n—m+k)z(n—1i)
k=0
= Za:n(k)'y“(k-m+i)
k=0
= 0, i=0,1,...m-1
(c)

Elfm(n)z(n)] = E{fm(n)[fm(n) =Y am(k)z(n - k)]}

k=1

362



E{|fm(n)1?}

En
m-1
Elgm(n)z(n—=m)) = E{gm(n)lgm(n) = Y_ bm(k)z(n = k)}}
k=0
= E{lgm(n)lz}
= E,
(d)
j
ELfi(mfi(m] = E{fim)lz(n) +3_ a;(k)a(n - k)
k=1
= E{fi(n)z(n)}
= E;
= Emax(i,7)
where i > j has been assumed
(e)

Jj
Elfin)fi(n—1t)] = E{f(n)z(n—t)+)_a;(k)z(n—t~E)]}

k=1

when 0 <t <i—jz(n—t—1),z(n—t—2),...,2(n—1t—j) are just a subset of z(n—1),z(n~-
2),...,z(n— i) Hence, from the orthogonality principle,

E[fi(n)fi(n—1)] =0

Also, when —1 >t > i — j holds, via the same method we have
Elfi(n)fj(n-1)] =0
(f)

Jj=1

Elg(ngs(n=0)] = E{g(n)z(n—t=j)+ 3 bj(k)z(n -t - b))

k=0

when 0< t <i—j {z(n—1),z(n—=t—1),...,z(n—t—j)} is a subset of {z(n),...,z(n—i+1)}
Hence, from the orthogonality principle,

Elgi(n)gj(n-1)] =0

Also, when 0 >t > i — j + 1 we obtain the same result (g)

fori=j,E{filn+i)fj(n+4)} = E{fi(n+i)}
= Ei
for i # j, suppose that i > j. Then

J
E{fin+i)z(n+3) +Y_a;(k)z(n+j - ¥)]}

k=1

E{fin+i)f;(n+J)}

= 0
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M

suppose i > j

E{gi(n +1)g;(n + j)}

fori>j

E{fi(n)g;(n)}

for i < j,

E{fi(n)g;(n)}

E{fi(n)gi(n - 1)}

E{gi(n - 1)z(n}}

E{fi(n+ 1)z(n -1)}

suppose i > j

E{fi(n)gi(n— 1)}

j=1

= E{g(n+i)[z(n)+)_b(k)z(n+j— k)]

k=0
Efgi(n + i)z(n)]
E.

j-1
E{fi(n)[z(n - ) + ) _ bj(k)z(n = k)]}

k=0
E{fi(n)[b;(0)z(n)]}
k; E(fi(n)z(n)]
k; Ei

E{gi(n)lz(n)+ Y_ ai(k)z(n — k)]}

k=1
0

i-1
E{fi(m)z(n—1=j)+Y_ bi(k)z(n = 1= k)]}

k=0

Elfi(n)z(n —1-1))

E{fi(n){gix1(n) = Y bisa(k)z(n = k)]}

k=0
—E[fi(n)bi+1(0)z(n)]
—kiy1E;
i+1
E{gi(n = D)[fis1(n) = Y_ aini(k)z(n = K)]}
k=1

—E[gi(n = 1)ais1(i + 1)z(n—1-1i)]
—ki1E;

E{fin+ Dfiln= i)=Y ai(k)z(n— i = k)]}

k=1

j=1
E{fin)lz(n—1-j)+Y_b;(k)z(n—1-Kk)]}
k=0
0
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Now, let ¢ < j. then

E{fi(n)g;(n-1)} = FE{gj(n-1)[z(n)+ Zag(k)z(n - k))}
k=1

E{g;(n — 1)z(n)}

—kj 11 E;  from (d)

11.16

(a) Elfm(m)z"(n =] =0, 1<i<m

(b) Elgm(n)z*(n-d)] =0, 0<i<m-1
(¢) E[fm(n)z*(n)] = Elgm(n)z*(n — m)] = Em
(d) E[fi(n)f;(n)] = Emaz(1,])

(e)
B == o { LIS 1T

(f)
0<t<i-j i > j
E[gi(n)gj(n —t)] =0, f°’{o§¢§_:-j+1, :Z;

(8)

Elfi(n+i)f; (n+J)] ={ (1)5:.'. :=]

(h) Efgi(n +i)g7 (n + j)] = Emaz (i, )

0)
stamae={ g o (27
EJ:(;) PRy
shmgn-={ % g 1<)
11.17

- 0 Yzz(1) Y22(2)  Ys2(3)
QO_['Y::(O) Yzz(1)  722(2) 73'3(3)]

- 0 7::(1) Y2z(2) 7:22(3)
Ql_[o 7::(0) ')‘z:(l) 7::(2)]

‘7::(1) [ 1 kl ]
k= - V=1 ..
YT T yee(0) TP RO
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V.G, = [ 0 0 '7:::(2)+ kl')’z:(l) 7::(3)+k17xz(2) ]
RANR A1 0 'Y,:(O) + k;'y::(l) 7::(1) + k;7zr(2) 71'2(2) + k;‘l:z(:;)

G. = [ 0 0 7,:(2)'*"317::(1) 7::(3)+k17zz(2) ]
=2 00 7::(0)+ k;')’:z(l) 7::(1)+k17zz(2)

- Xz 2)+ky v (1) '7::*0!7:.!!2!-‘7:‘3112
;I:herefore; k2 - Y= 0)+k:1”(1 - .7“(1 — 0
et,
o[ R
o=l o

00 0 A]

ZzQ2=[o 0 k2[7,,(2)+kl'Y::(l)]+7‘-’-‘3'(0)+kl7“(1) B

where A = v;:(3) + k17:2(2) + k1 k27:2(2) + k2v:z2(1), and
B= k27,,(3) + k1k27t:(2) + k17::(2) + 7::(1)

_ 0 00 7::(3)+k1(1+k2)7zz(2)+k27¢':(1)
and therefort!, _GJ -_— [ 0 0 0 k27zz(3) + kl(l + k2)7:z(2) +7z:(l)

and

ka = — [73:(1) - 73:(0)]7:':(3) +C b
3 T e (0)722(2) = 72, (D)]722(3) — Y22 (1)72.(2) + D

where C = 2'7::(0)'722(1)72::(2) - 7::(1)73:(2) - 73:(1) and

D= 73‘2(0)7zz(1)722(2) + 72:(1) - 7::(1)733'(0)
This is the same result obtained from the Levinson Algorithm.

11.18
The results of section 11.1 apply directly to this problem. We may express I';-(f) as
Tze(f) = oL 1H(N)P
where H(f) is a filter with transfer function
o0
H(z) = exp[)_ v(m)z™™]
m=1

The prediction error filter whitens the input process, so that the output process is white with
spectral density 02 = exp[v(0)]. Therefore, the minimum MSE is

EL = / o2 dw
-
tr:‘:,/ dw

2702

27e

v(0)
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But v(0)

H
/_% Inl-(f)df

1
Therefore, EL, = 27!’6)([)[]2 InT ;. (f)df]
-1
3

11.19
oL
Fe(2) = (1 —az"1)(1 - a2)
=G = = iz_l
Since d(n) = z(n+ m), we have
vaz(k) = E{d(n)z(n - k)}
= E{z(n+ m)z(n - k)}
Yez(m + k)
Therefore, [4z(z) = 2MT..(2)
T4-(2) _ [ ™ol (1 - az) ]
[G(z“l)]+ T lQ=-ezY)(1-a2)],
_ 2™
- [l - az“]+
_ 9" o
T 1-az Y
Hopt(z) = ;1?(1““-1)1 az-1 3;
= a™
hopt(n) = a™é(n)
the output is y(n) = hgpt(n) = z(n)
= a™z(m)
MMSEx = 7:2(0)- E hopt(k)')’d.:(k)
k=0
= '7::(0) - am"/d:(o)
= 7.2:(0) - am7:z(m)
o8 __ mamol
T 1-a? % T-a?
1 - 2m
= l—aa2 %%
11.20
(a) L1
G=[111%]
2 8 64
o & L1 L
a=[s 1§ F]on-
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00 - -2
K*Q‘[o : —g]

<
N
I
r—
WINY =
o |
(718
| S— |

_[0o 00 #5 _ 47
Gs = [ 000 ¥ Thk=1g
(b)Refer to fig 11.5
e D D) x()
47028 28\ /1 1”2\ /-2
47/128

B B . B

o/

Figure 11.5:
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11.21

Lz2(f)

Am(f)

An(f)

)
/_ oD An(D ALY

where the last step follows from prob.

11.22

11.23

Ai(2)
BI(Z)
Az(z)

Bz(z)
Az(z)

Bs(z)
A4(Z)

H(z)

nwnwnonnn

I

A4(Z)

& .
z Yrz (k)e-J ik

k=-00

hidd .
Y am(p)e™I /P

p=0

n
D a;(g)ef*e

a=0

)
TS v Bam(plai(a) [ e rrogy
k } 4 q -3

Y 35 ves(k)am(plan(@)é(a = p - k)

k=~00p=0g¢=0

33 el - Plam(plan(e)

p=0g¢=0

S Elz(1 + )2 (1 + p)lam(p)as (9)
P q

s{zam(p)z'(1+p)za:.(q)z(z+p)}

p=0 ¢=0

E{fm(l+m)fs(I+n)}
Emémn

11.16 property (g)

1+06z7!

0.6+ 2z}

Ai(z) + k2 By (2)z7}

14078271 +0.3z:72

0.3+0.7827} 4 272

Aqx(2) + kaBz(Z)z-1

14093271 +0.69:"2+0.5273
054069z +0.93:"2+ 273

As(2) + k483(z)z’1

14138271 +1.3112724+1.337z2734+ 09274

= 1401z"1-0.72:2
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kg = =0.72

By(z) = -0.72+40.127) 4 272
) = Az(z)l-kl:%&(z)
= 1+40.35727"
kl = 0.357
By(z) = 0357+ 27!
Ao(z) = Bo(z)=1
Ca(z) = PoBo(z)+ B1Bi(z) + B2Bs(z)

]

Bo +B1(0.357+ z71) + B2(—0.724 0.1z7 1 + 27%)
1-08z"! +0.15z72

Hence, fy, = 1.399
fi = -0.815
f2 = 0.15

Refer to fig 11.6

input
0.357

1.399
0.15 -0.815

\...j —/\‘ + >——~output

Figure 11.6:

11.24
Refer to fig 11.7 h*(n) mininizes E[e?(n)] (wiener filter) length M = 2 (a)
[(w) = a’le(w)|2
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w(n)

s(n) x(n) + (n)
== h'm) (n)
FIR
d(n)
Figure 11.7:
_ 0.49
T |1—-0.8e-7v|?
I,.(z) = 0.49

(1-0.8z-1)(1 - 0.82)

We can either formally invert this z-transform, or use the following idea: The inverse 2-
transform of 11.1 will have the form

Yas(m) = 7,,(0)(0.8)™

From the AR model for s(n) it is easy to show

7::(0) = 0~87u(1)+7lv(0)
0.87,,(1) + 62

and ¥,,(1) 0.87,5(0) + v5u(1)
= 0.84,,(0)
49
solve for v,,(0) = 36
49 4
= 22 (Zyiml
SO 754(m) 36(5)

Now v,,(m) E[z(n)z(n — m)]
E{[s(n) + w(m][s(n - m) + w(n - m)]}
Yas(m) + 0,6(m)

49 4\im|
S ()™ + 8(m)

(b)
d(n) = s(n)
Ya: (1) = 715=(1) E[s(n)z(n = 1)]
E{s(n)[s(n = 1) + w(n - )]}
= 73:(1)
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So the normal equations are

[1

8ls +

‘-"l*x»'.n
olo

h'(0) = 0.462, h'(1)=0.248

3

(c) E=MMSE, = 22 - 0462 x £ - 0.248 x 32 x § = 0.462

11.25

Taz(2)

Izz(2)

G(2)

il

HZ(2)

h (n)

11.26

Using quantities in prob. 11-25,

HZ.(2)

€. = MMSE,,.

T,s(2)

0.49
(1-0.82-1)(1—0.8z)
T..(z2)+1
1.78(1 — 0.4521)(1 — 0.452)

(1—0.82z-1)(1—0.8z)
(1 -0.45z71)
(1 -0.82-1)

0.49
[(1 —-0.82-1)(1 - 0.452)] +

0.766 0.345:2
[1 -0.8z-! + 1- 0.45:] +
0.766
1-0.8z71

1 1-08z"! 0.766

1.781 —-0.45z-! 1 —0.82"!
0.43

1—0.45z-1
0.43(0.45)"u(n)

—1— z) - z z7 1))z
3 FIn(2) = H(o) (e

1 }( 0.28 i
27j J, (z— 0.45)(1 — 0.82)
0.438

Tiz(2)
I:2(2)

0.275
(1—0.45z-1)(1 — 0.452)

1 -1y .-
27],%[[‘44(2)—11:‘: :)l“d,(z l)]z ld:
3
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_ _1_}( 0.275 i
27 J. (z—0.45)(1 — 0.45z1)
= 0.345

11.27

Tor(m) = (0.6)/™

2 06 0367 [ A*+(0) 1
06 2 06 ht(1) | =| o6
[ 036 06 2 } [ ht(2) ] [ 0.36 ]

h*(0) = 0.455, h*(1)=0.15, h*(2)=0055

£3=MMSE3; =1-0455-0.15x 0.6 — 0.055x 0.36 = 0.435
Increasing the length of the filter decreases the MMSE.

11.28
7::(0) 'Yt:(l) 7::(2) 1 1
’7::(1) 7::(0) 7::(1) -1 =10 a?p
Ye2(2) Yz2(1)  722(0) 0.6 0
1 -1 067 [ 7::(0) 1
=>| -1 16 0 vw:(1) | =}0]e
06 -1 1 7::(2) 0
7::(0) = 2.5641, vz:(1) = 1.6026,v,.(2) = 0.064
For m > 3,7:z(m) = Yzz(m = 1) = 0.69z2(m — 2)
For m < 0,¥zz(m) = ¥zz(—m)
11.29
Tu(2) = S — :
(14 X5, ap(k)z=%)(1 + kg ap(k)2F)
Let a,(0) 2
T4,(2) %

(F o ap(k)z=%) (koo aplk)z®)
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[,(z) = T,(z2)+02
o2 +05()()
()()
z(n)is ARMA(p,p). Suppose
L) = (Zimobe()2TN(hs bk
(R0 ap(k)z=*)(F =0 ap(k)2*)

Comparing parameters of the two numerators

)4 P
ol +02 Y al(k) = o) b3(K)
k=0 =0
P—9 P—q
02 ap(kap(k+q) = o) bp(R)bp(k+q) ¢=12...p
k=0 k=0

There are p+ 1 equations in p+ 1 unknown parameters 02,bp(1),...,b5(p). Note that by(0) = 1.
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Chapter 12

12.1

(a)

lim E _1_‘./70 z(t)e-jzti‘:dtlg
To— 00 T -

1 To . T -
limTo~coE ——/ ’(t)c"ﬂ”“dt/ z'(r)c’" rdr
2To J-1, i

=40

1 To To . -j2xF(t-71)
liln'z‘o-w._/ E[z(t)z"(7)]e™? dtdr
2To =To /=To

To To ‘
limr _.ooL/ / 7zr(t - T)e-Jz'F(‘-")dth
o 2T, o J-To

t+To

liln]a—ow l / / ° 7z:(a)e—J2’F(a)dtda
2T Jio1, J-714

i .
/ 7::(0)6-’2'F(ﬂ)da

-0

Yzz(F)

N-1
Tee(m) = Tt/. Z z(n + m)z*(n)
n=0

N N-1

S meelme I = 30 5 3 elnk miaT (e

N n=0
n+N

Z z(l)z" (n)e~ 327/ 0-m)

l=n-N

1}
3 z a
!':Ml l‘l
Z| -

2
Z

z(l)z" (n)e~3 271 i27In
1
1

' I(n)e"j2"ln|2
0

3
1]
-]
1]
o

z
1

B
1
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12.2

12.3
(a)

Hence, E(pzz(f1)pzz(f2)]

E“'Y:r(m)|2]

Let p

E[I7z:(m)|2]

Therefore,

var(yzz(m))

It

Q

N=|m|-1 N=|m|-1

% Z ) Z E[z*(n)z(n + m)z(n')z"(n' + m)]

n=0 n'=0
5 5 S Bl (m)2(n + m)) Elz()z" (' + m)]

+E[z*(n)z(n")|E[z*(n' + m)z(n + m)]
+E[z"(n)z*(n' + m)]E[z(n")z(n + m)]}

5 2 Yol (m) + 72 (n = ')

+7;:(n' + m—n)yzz(n+m-— n’)]
n—n'. Then

2 [N=Im]}* 1 2 (.
+12:(m) [ ~ ] + 53 2 2 (P)ze (P =~ m)Tee (p+ )]
n op

|E[yzc(m)]}* + Tvl_g SN ()i (o~ m)ree(p + )
n p

7V1_2 Z 2[731(1’)7;3(11 — m)yz:(p+ m)]
nop

T Y A1 (- mres(p+ m)]

p=-

n=0

1 N—|mj-1
Elyzz(m)yz.(m')] = E’{ v z z*(n)z(n+m).

1 N-=|m|-1
[-ﬁ 3 :(n')z'(n'+m’)]}

n'=0

= % Z Z E{z*(n)z(n 4+ m)z(n')z*(n' + m')}

= = 3 T AE ()2(n + m)Ela(w)z" (v + m)]

+Efe"(m)2(n)] Elz"(n' + m')z(n + m)]
+E[z"(n)z"(n' + m')|E[z(n')z(n + m)]}

= ;_: Y S l6(m)é(m') + 6(n — n')é(m — m')

+6(n' + m' = n)é(n +m —n'))
N-1 N-1 | N
z Z Ehz:(m)‘yzz(m')]e“J?'mf)c—]?rm fa

m=—(N=-1)m'==-(N-1)
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4
= FT 2 L TI6m)E(m) + 6(n = n')é(m — m)

m m'’ n n'

+6(n’ +m - n)é(n +m-— n/)]e—j2rm/|e-j2rm,h

_ {1 A [smm +f2)N]2+ [simr(fl —fg)N]"’}

Nsinw(fy + f2) Nsinw(fy - fa)

(b)
COV[P::(fl )Pz:(f?)] = E{Pz:(fl)?::(f?)] - E[P:z(fl)]E[prt(fi’)]
= E[pzz(f1)Pz(f2)] — 0':
4 [simr(fl + fz)N]2 + sinw(f, — j’-‘y)N]2
) | Nsinw(fi + f2) Nsinm(fi — f2)
(c)
var[p,,(f)] = COV[Pzr(fl)ptt(f2)][lx=!z=!
_ sin2xfN 2
= o [1 t (Nsin21rf) ]
12.4

Assume that z(n) is the output of a linear system excited by white noise input w(n), where
02 = 1. Then p;z(f) = Tzz(f)Pww(f). From prob. 12.3, (a), (b) and (c), we have

E[P::(fl )Pr:(f2)] r"‘(fl)rt’(fz)E[wa(fx)wa(fg)]
= Tea(fi)2e(f2) {1 + [simr(h +fNY? [sinw(fl - fz)Nr}

Nsinz(fi + f2) Nsinxz(f, - f2)
COV[P::(fl)p:z(f2)] = r:z(f])rzz(f2)C°V[wa(fl)wa(fz)]

- sint(fy + f2)N1?  [sinn(fy — f2)N]?
= r:z(fl)rz:(f2){[m] + [m] }

var[p:(f)] = covpez(f1)pz=(f2)lf1=12=s

. 2
s sin2n fN
= Tz [1 + (Nsin21rf

12.5
Let yx(n) = z(n)=*he(n)
N-1
= Z :(m)e p'ian-nz
m:zﬁh N .
= el_;T: E z(m)c:')_ﬁ':
Nl m=o- Jehkm
U()aen = Y z(m)eT T
m=0
= X(k)
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Note that this is just the Goertzel algorithm for computing the DFT. Then,

N-1
ka(n)lz = 'X(k”? = | Z x(m)e- e 2

m=0

12.6

From (12.2.18) we have

1 M-1
-j2rfn)2
Tl 3 w(m)ei |

w(f) =
n=0
1 = of Ny,=j2xf(n-n')
= W"Z;an::ow(n)w (n')e
] 1 YA —j2nf(men’)
/_%W(f)df = 35 LD (n)/_%ef“ df

- ﬁ 5 w(n)wt (n')é(n - n')

11 %
n=0

by the definition of U in (12.2.12) ;

12.7

(a) (1) Divide z(n) into subsequences of length % and overlapped by 50% to produce 4k subse-
quences. Each subsequence is padded with -"% zeros.

(2) Compute the M-point DFT of each frame or subsequence.

(3) Compute the magnitude square of each DFT.

(4) Average the 4k M-point DFT’s.

(5) Perform the IDFT to obtain an estimate of the autocorrelation sequence.

(b)

M-1
Xs(k) = 3 zs(m)em UHE

m=0

¥ Iwkm M-) M Irkm
= }: zl(m)e“—ﬂ_ + Z za(m - T)e“l_ﬂ—

m=0 m:*
M-1 ark M-l arkm’
Y RM™m . whkm
= Z zy(m)e” Th 4 eimk Z za(m')e™ 5
m=0 m'=0

Xa(k) = Xi(k)+e ™ Xo(k)
(¢) Instead of zero-padding, we can combine two subsequences to produce a single M-point
subsequence and thus reduce the number of sequences form 4k to 2k. Then, we use the relation

in (b) for the DFT.
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12.8

(a) Obviously, Af = 0.01. From (12.2.52), M = g—? = 90.

{b) From (12.2.53), the quality factor is @g = 1.1NAf. This expression does not depend on M;
hence, there is no advantage to increasing the value of M beyond 90.

12.9
(a) From table 12.1, we have

Qs = LI1INAS

_ Qs _ 1
=48 = 1LIIN ~ 111
Q. = 139NAS
. Quw _ 1
=8 = {38 = 139
Qer = 2.34NAf
_ Qsr _ 1
=0l = JuN T
(b)
For the Bartlett estimate,
N
Qe = o
N
=M = — =100
QB
For the Welch estimate with 50% overlap,
16 N
O =
16N
=M = —=178
Qu
For the Blackman-Tukey estimate,
0pr = LN
BT = 3¢
1.5
=2>2M = — =150
Qsr
12.10

(a) Suppose Pg)(f) is the periodogram based on the Bartlett method. Then,

M-1

PY(f) = %IZzg(m)e'ﬂ”"lz, i=01,. .. k-1
n=0
PO(f) = 0
1 M-1
PR = S X almed?inp?
n=0

= (1-w)P(f)
PR(f) = wPD(f)+ (1 -w)PF(f)
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PN =

Therefore, E{P{M)(f)}

12.11

Let R;(,‘,) be defined as follows:

var{ PM(f)} = E{[PE(I*} - [E{PSPN))
var(PM(f)} = E{[(1- w) 3 Mu™*PLI(f))
k=1
—{E[(1 - w) 3 Mw™* PR (f)])
k=1
= (1 _ w)2 [Z Mw?(M—k)E{Pg)(f)}'z _ {E[Pg‘)(f)]}?]
k=1
= (1-w)? Z sz(M"‘)var[Pg')(f)]
k=1
. 2
TP it 0 [1 + () ]
- in 2 b
= (- w?‘")i—ﬁ,ri,(n [1 + (;,—jg-,";) ] |
E{PI(f)} = {P"")(m
- / Tee(0)W(f - a)da
where W(f) = l Z w(n)e~i?*In|?
n..O
var[PM(f)] = (1- w)22w2<M-*)var[P§;)(f)]
k=1

R3)

(1 - w)wPS(f) + PP(S)]
(1-w) Y mu™*PL(f)

k=1
(1-w) Y Mu™*E[PS(f))

k=1

(l—w)l wM1/ I..(a )[SIﬂﬂ’(f a)M1? da

sinz(f — a)

(1wt / ee(a )[“”"‘f "’M] do

sinw(f — a)

= (- 2“‘)(1+ ) ()

r{2(0) ('>(1)
1| 81 ’(0)

M

r£2(0)
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Then,

M-1M-1
E.t(f)RilgE(f) = (‘) (k- k —JZr(k-k’)j
k=0

= 37 E Z r{)(m)e=32*m/

k=0 m=k-(M-1)
(M-1)

n

':0

— Z (M m|) rgig(m)e-j’z:m]
M
-(M-1)
= P“’(f)
Therefore, P (f) = E E*(f)RYE(f)
K
12.12
To prove the recursive relation in (12.3.19) we make use of the following relations:
A N-1
Em = I_Ufmm) +lgm(n -1 (1)
n=m
where fn(n) = fm-1(n)+Emgm-1(n—1)
gm(n) = kpfm-i(n)+gmoa(n—1)  (2)
N-1
and Emoy = O [fmo1(m)P + lgm-1(n = D)
n=m-1

= |fm-1(m = DI +lgm-1(m = 2)|*

N-1
+ 3" (fm-1(0)P + lgm=r(n = 1)I]

n=m
N-1 1- )
Also, S [fmoi(n) + gmoa(n=1)) = —ZkmEm-1
n=m

We substitute for fm(n) and gm(n — 1) from (2) into (1), and we expand the expressions. Then,
use the relations for E,_; and km to reduce the result.

12.13

z(n) = %:(n -1+ w(n)-win-1)

E[z(n)]

since E[w(n)]

%E[z(n - 1)] + E[w(n)] = E[w(n - 1)]
0, it follows that E[z(n)] =0

To determine the autocorrelation, we have

hO) = -12-h(-—1)+6(0)-6(-1)=-1
A1) = h(0)+6(1) = 8(0) = -3
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p=qg=1 a=-: bo=1, b =-1
Hence, v::(0) =
T22(1) =
and 7;:(0) =

'Yz:(l) =
7zz(m) =

Yez(m) =

12.14
z(n)
E[z(n)]
Yzz(m)
where g =2, bo=1, b =-2, by=1

Hence, v.:(0)

7:::(1)
7::(2)
'Y::(m)
7::(“"‘)
12.15
(a)
::(z2) =

1%5V3 1+;jV3
2 72
The minimum-phase system is

H(z)
Hence, H(z) =

The four zeros are

{(b) The solution is unique.

382

1 ) 1
57::(1) +o,(1+ 2)
1
57e=(0) +ou(=1)
e

-%03,
_al'Ytz(m - l)

—%(% m-lg2 m>1

Yzz(—mm)
11 -m+1 .2
3377

w!

m<0

= w(n)-2w(n-1)+w(n-2)
= O since E[w(n)] =0

q
= oZ,Zb‘,me, 0<m<gqg
k=

2
= a?" Zbgbg.u = —40,
k=0
2
= 0‘2‘} Z bkbk...z =0,
k=0
0, jm| > 3,
Yzz(m)

Z 7zz(m)z-m

2:7%(z4 - 2284 322 =224 1)

G(1- 2" 4 :7?%), where G = V2
V2(1-2z"14:7%)



12.16
(a)

[=<]

Tee(z) = D ¥ee(m)z™™

m==00

2
= %5(6 - 35771 462272 - 35273 4+ 627

= 21— 2711 = da 1 - R
—35(-2)(—2)(—52 J1=3277)

The four zeros are z = 3,2,1, 1
32
6 1 1
The mini h tem is H = —(1-2z")1-zz71
e minimum phase system is H(z) \/ﬁ( 32 )1 37 )

1
= ﬁ(e -5z 4277

(b) The maximum phase system is H(z) = 7!5(1 — 5271 4+6272)
(c) There are two possible mixed-phase systems: Hi(z) = 716—2(3 — 7271 4 227%)  Ho(z) =
71-(2 - 7271 43272

62
12.17
(a)
142!
Hz) = 1-0.8z"1
Tan(f) = H()H(z"")|izerser
1+ €327/ 14627
T 1-0.8e-727/ 1 —0.8ei2%S
- 4 cos’n f
T 71.64—1.6cos2nf
1
Yzz(m) = (§)|MI
© 1 )
>Tee(f) = ) (Pmle7
m=-—00
_ 0.75
T 1.25-cos2nf
Tyy(f) = Tzz(HTan(S)
_ 3cos?’nf
~ (1.64—1.6cos27 f)(1.25 — cos2n f)
(b)
54 B
ryy(f) = - 2
1.64 — 1.6cos2xf 1.25— cos2nf
S 3
_ 25 _= 1
- 1501.64 — 1.6cos2n f 001‘25 — cos2w f
vyy(m) = 150(0.8)™ - 50(%)“"'
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(¢) 02 = 7z:(0) = 150 — 50 = 100

12.18

proof is by contradiction.

(a) Assume the [km| > 1. Since Em = (1= [km|2)Em-1, this implies that either Em < 0 or
Em-1 < 0. Hence, 02 <0, and

is not positive definite.

(b) From the Schur-Cohn test, Ap(z) is stable if |km| < 1. Hence, the roots of Ap(z) are inside
the unit circle.

12.19
(a)
i(n) = =—a;z(n-1)-az(n—-2)—azz(n-3)

But z(n)

-iz.t(n -1)+ Egzz(n -2)- 21—4.1:(11 —3)+ w(n)

E{[z(n) - #(n)}?} is minimized by selecting the coefficients as a, = -Ba=-

(b)

Ble
g
"W
2=

3
Yes(m) = = Gkve(m-k), m>0
k=1

P
S @ (m—k)+0i, m=0
k=1

Since we know the {ax} we can solve for ¥zz(m), m =0,1,2,3. Then we can obtain vzz(m)
for m > 3, by the above recursion. Thus,

v:2(0) = 4.93
122(1) = 432
1::(2) = 42
1:z(3) = 3.85
vsz(4) = 3.65
Y2(5) = 3.46
(c)
— 14 _, 9 ., -3
Asz(z) = 1 23° 23’ +5:2
1
k3 = —
3 24
_ 1 9 _, 147__2 _3
Bs(z) = 53-93° "7 tF
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A3(z) — k3B3(z)

A2(2) =

1- k2
= 1-0.5692"1-0.3512"2
ks = -0.351
By(z) = -0.351-0.569z"" + 272
Az(z) — k2 Ba(2)
A =
1(2) 1- k2
= 1-0.877z"1
khk, = -0.877
12.20
(a)

7:2(0) Yez(1)  722(2) 1 03:
71'1'("1) 7::(0) 72:(1) 0 = 0
7::("2) 7::(-1) 7::(0) -0.81 0

Yez(m) = 0.8ly;:(m-2), m2>3

Hence,w = {2.91,0,2.36,0,1.91,0,1.55,0,.. }
w
9
The values of the parameters d, = Z brbr4m are as follows:

k=0

MA®2) :dm = {2.91,0,2,36)

MA(4) :dm = {2.91,0,2,36,0,1.91)

MA(8) :dm = {2.91,0,2,36,0,191,0,1.55,0)

(b) The M A(2), M A(4)andM A(8) models have spectra that contain negative values. On the
other hand, the spectrum of the AR process is shown below. Clearly, the MA models do not
provide good approximations to the AR process. Refer to fig 12.1.

12.21

vez(m) = {1.65602,0,0.8102,0,...}.

For AR(2) process:
1.65602 0 0.8102 1 go?
0 1.65602 0 a =] 0
08102 0 1.65602 a; 0

The solution 1s

g = 112
a = 0
a; = -0489
For the AR(4) process, we obtaing = 1.07 and
a = {1,0,-0.643,0,0.314}
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—--=> magnitude

6 T — . , T . T , l
5
4
3
2
1
o0 0.65 of1 o.'1s oia 0.125 ot3 o.lss oi4 o.:ts 0.5
---> frequency(Hz)
Figure 12.1:
For the AR(8) process, we obtain g = 1.024 and

a = {1,0,-0.75,0,0.536,0,—-0.345,0,0.169}
Refer to fig 12.2.
12.22
(a)

Lol = el )E-2)

9 3-z-1)(3-2)
= o2H(z)H(z™!

The minimum-phase system function H(z) is

22—z}
3321
41— 327!
51—%2‘1

H(z) =

(b) The mixed-phase stable system has a system function

21-2z!
H() = 330
_21-2271
- 91—%2—1
12.23
(a)
Ax(z) = 1 = 2rcos©z= ! 412272
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MA(2) AR(2)

N
fnd
wn

gms g 2
T E
g §15
A A
| \
105 d

-l

)
o
wn

0 0.2 0.4 0.6 [+] 0.2 0.4 0.6
---> frequency(Hz) —=> frequency(Hz)
AR(4) AR(8)
2 2
g .5 31.5
[ e
g g
s ?
' 1 0.5
0.5 0
0 0.2 04 0.6 0 0.2 0.4 0.6
—-=> trequency(Hz) —-> frequency(Hz)
Figure 12.2:
= kz S 1‘2
Ba(z) = r?—2rcos©z7' + 272
Az(2) = k2B (2)
Az) = 1- k2
2rcos® _,
= - Zz
1412
2rcos©
Hence, k; = -— T3 7

(b) As r — 1,kz — 1 and k; — —cos©

12.24
(a)
a(l) = =-1.25, az(2) = 1.25, a3(3) = -1
Hence, A3(z) = 1-125z"1+ 1.25z72 273
First, we determine the reflection coefficients. Clearly, k3 = —1, whcih implies that the roots

of As(z) are on the unit circle. We may factor out one root. Thus,

Asfe) = (-ha- g4

= (1-z"YH1-az")(1=-a"z7")

1+ jV63

h
where a 8
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Hence, the roots of A3(z) are z = 1,a, and a”.
(b) The autocorrelation function satisfies the equations

3
Yez(m) + Zas(k)'yu(m -k)= {

k=1

Yz2(0)
Yez(1)
Yzz(2)
7::(3)

Yzz (1)
7::(0)
7::( 1)
Yez(2)

vz2(2)
Yz (1)
'7::(0)
Tzz (1)

(c) Note that since k3 = —1, the recursion Ef, = E!._,(1 = |kpn|?) implies that E{ = 0. This

implies that the 4x4 correlation matrix T.-

12.25

7::(0)
Yz2(1)
Yz2(2)

Yz2(3)
Use the Levinson-Durbin algorithm

01(1)

Ay(2)

1
=>k1=§

Ey
az(2)

az(1)

Therefore, A2(z)

1
=k2=—§

E,
a3(3)

a3(2)
as(1)
Therefore, A3(z)

1
=>k3=§

02, m=0

0, 1<m<3
vzz(3) 1 ol
r2(2) -1.25 0
v:2(1) 1.25 0
¥22(0) -1 0

is singular. Since Ef = 0, then 62 =0

(1 - af(1))ee(0) = 3

-7’:(2)-{-01(1)7::(1) _ _l
E; K

ai(1) + a2(2)ay(1) =

b | o—

1
14 Zz" - %z'z

(1- @B = 55

_ ¥z=(3) + 02(1)722(2) + 02(2) 722 (1)

E;
a2(2) + aa(3)az(1) = —
az(1) +a3(3)ax(2) =0

| W

1 3
+2z
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Es = (1-al(3)Es= 2

64
12.26
(a) (1)
1-eiv
Hw) = 13581
rz:(w) = |H(w)|2(r;‘:,
_e-iw
Tez(w) = |ﬁ'§ﬁl23
(2)
Hw) = (1-e7%)
Te(w) = |H(w)?ol
= 403,sinzw
(3)
Hw) = ————
(W) = {—5srew
T.e(w) %

1.6561 — 1.62cosw
(b) Refer to fig 12.3.

(c) For (2),
{ 02 53 bibrym, 0<m<2
7::("‘) = 0, m>2
7zz(—m), m<0

sincebgp = 1, b =0 andb;=—1, we have
7::(0_) = 263
7::(2) = _‘7?4;

Yez(=2) = "”ia

ves(m) = 0, m#0,%2

For (3), the AR process has coefficients ag = 1,a; = 0 and a; = 0.81.

1 0 081 vz2(0) o2
0 1.81 0 7::(1) = 0
081 O 1 Yzz(2) 0

vez(0) = 2902
7tz(m) = 0, m odd
Yrz(m) = 2.9(0.9)""'0,";, m even

389



M

G

2
-§s §1.5
g £
2 2
1 1
|2 105
00 0.2 0.4 0.6 00 0.2 04 0.6
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6
S
(]
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c
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)
|
1
0
0 0.2 0.4 06
-—-> frequency(Hz)
Figure 12.3:
12.27
(a)
Pr:(z) = 2722("‘)2 m
-0
-1 1 oo 1
- -\ - Zym, -m
= YA
—-00 (4]
lz 1
- 4
- 1—%z+ 1- 1272

since ['z-(2)

H(z)

(1-1)(1-327Y)

o?H(z)H(z™"),
0.968

1-4z71

is the minimum-phase solution. The difference equation is

z(n) = %z(n -1)+ Q.968w(n)
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where w(n) is a white noise sequence
(b) If we choose

H(z)

then, z(n)

12.28

72z(0)
Yrz(1)
V22(2)
7z2(3)

ai(1)

A1(2)
=k; =0
E,

a2(2)

ax(1)
Therefore,A2(z)
= ky = a?

E,
a3(3)

a3(2)

as(1)

Therefore, A3(z) = A2(z2)
= k3 =0

E3=E;

12.29

with zero mean and unit variance.

T1-4z1
4z(n — 1) — 420.968w(n — 1)

{
O

72e(0) =0

= 1

= (1-af(D))r==(0) =1

_7::(2)+ 01(1)738(1) = a2
E,

= a;(1)+a2(2)a;(1)=0

= 1+4a%:72

= (1-a3(2)E;=1-d*
_7::(3) + 02(1)71':(2) + a2(2)7::(1) =0

= E
= a62(2)+ az(3)az(1) = a®
= az(1)+ a3(3)ax(2) =0
= 14a%:72

= 1-ad*

(a) For the Bartlett estimate,

0.9
M = &7
09
= - %
0.9
(b)‘M = m—45
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|=

(c)for (a), @8

M
2400
= —— =26.67
90 6
N
for (b)v QB = 'H
2400
= —— =153.
5 3.33

12.30

Ap(2) = Ap-1(2) + kpBpa(2)2”!

where B,_(z) is the reverse polynomial of Ap_i(2).

For |kp| < 1, we have all the roots inside the unit circle as previously shown.

For |kp| = 1, Ap(2) is symmetric, which implies that all the roots are on the unit circle.

For |ky| > 1, Ap(2) = A,(2) + €Bp_1(z)z~!, where A,(z) is the symmetric polynomial with all
the roots on the unit circle and Bp—1(z) has all the roots outside the unit circle. Therefore, Ap(z)
will have all its roots outside the unit circle. ’

12.31

|e?2*) - 0.9)2
— 70.9|2|ei 27/ + j0.9|2

To(f) =0l lei2x]

, 2—09 271 -09

Tee(2) = w7 108122+ 081
z—-09
f H = T I0R
Therefore, H(z) 22 + 0.81
_ z_l(l - 0.92-1)
- 14+0.81z-2
(b) The inverse system is
1 14+081z"2

H(z) = z=1(1-0.9z"1)

This is a stable system.

12.32
., N-1
X(k)= Y z(n)e=F"
n=0
(2)
EX(k)] = S Elz(m)]e™F* =0

E[IX(k)|2] = ZZ E[z(n)z" (m)}e STLTICELY)
= 22035(" — m)e 2=t
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12.33

12.34

12.35
(a)

E{X(K)X" (k = m))

Z
|

8w
—

1}
=z
HQM 3
H
o

T3 Ela(n)a” (n')]e =52 2o

n n'
=33wma’ —jaek(n-n')
= 032 Eé(n—n')e N e~ N
n n'
3rmn
o225

No2, m=pN
0, otherwise p=0,£1,%2,...

Yv(m) = E v*(n)u(n + m)]

]
Q

= 0

]
Q

M-

bpbe E[w*(n — k)w(n + m — k)]

»

‘=0

"
1]

0

9
Y bibeb(m+ k- k')

Ok=0

M-

2
w

1]

k

2
w

M-

b;bk+m

»

=0

au

2
wlm
2
w

9
Then, Tyo(f) = 02 Y dmei27/m
m= q

7::("‘)

o

y(n

E[z*(n)z(n + m)]
A*E{cos(wyn + ¢)cos[w(n + m) + ¢]}

2
%—-E{coswlm + cos[w1(2n + m) + 2¢)}
A2

?coswm
z(n) = 0.81z(n-2)+ w(n)
y(n) = z(n)+v(n)

= z(n) = y(n)-uv(n)

)= v(n) =

0.81y(n —2) -~ 0.81v(n — 2) + w(n)
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Therefore, y(n) =

so that y(n) is an ARMA(2,2) process

(b)

z(n)

y(n)
= z(n)

y(n) = v(n)

P
y(n)+ D _ary(n—k)
k=1
Hence, y(n) is an ARMA(p,p) process

4
Note that X(z){1+ Y axz~*]
k=1

H(z)

T.z(2)
and Ty (2)

12.36
(a)
Yzz(m) =
k=1
B k&
XA
= z—é-cos(wgn)-i-a?,&(m)
k=1
(b)
Too(w) = D ¥ez(m)e™¥™
K A2 o
= ZT
k=1 m=-—00

0.81y(n — 2) + v(n) — 0.81v(n — 2) + w(n)

- taw(n - k) + w(n)
k=1
z(n) + v(n)

y(n) = v(n)
P
=3 aily(n = k) = v(n = k)] + w(n)

k=1

P
= v(n)+ Zakv(n - k) + w(n)

k=1

= W(z)

1
1+ zz:—.l akz-k
1
Ap(z)
o2 H(z)H(z™") }
o2 H(z)H(z™') + o2
_0_3’__—- + 02
Ap(2)Ap(z71) ¢
02 + 02A,(2)Ap(z7)
Ap(2)Ap(271)

K K
E{[Z Apcos(wgn + i) + w(n)][z Apcos(wir(n + m) + ) + w(n + m)]}

k'=1

Z E AxAg E{cos(win + éx)cos(wi(n + m) + éx)} + E{w(n)w(n + m))

$5 (o el
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S

k=1

12.37
£ =
d&
da ~
= Ey a—lda =
orl,.a

Thus a is an eigenvector corresponding to the eigenvalue A. Substltute L,ya=Xainto £ Then

—4—[27ré(w — wg — 27m) + 278(w + wi — 27m)) + o2

%Z,ﬁ[a(w — wi = 27m) + 276(w + wy — 27m)] + o2
=1

3

= A. To minimize €, we select th smallest eigenvalue, namely, ¢

12.38
(a)

722(0)
Yr=(1)
Yz2(2)
By the Levinson-Durbin algorithm,

a;(l)

E,

az(2)

az(1)

(b) k2 = a3(2)

(c)

If o2
a(1)

az(2)

ki, = a;(1) as given above.

P+o?
Pcos2rn f,
Pcos4n f

_7::(1)

7::(0)

Pcos2r f,
TP+ ol
a1(1)
(1 - k?)'hr(o)
P2sin?2n f, + 2Po2 + o}

P+ o2
_ 7::(2) + 01(1)722(1)
E,

Polcosdnf, — Pisin?2nf,
B P%sin22xf) 4+ 2P0o2 + o3
a1(1) + a2(2)a; (1)

Pcos2r f, P%sin?2rn f, - Paacos‘!wfl]
P+o2 P%sin22n f) + 2P0 + od
0, we have
—(cos2rf1)(1+ 1)
—2cos2r f)

1
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kg = 1
ky, = =—cos2nfy

12.39
(a)

N=-1
rep(no) = 3 y(n = no)ly(n = no) + w(n)]

n=0

N-1
Ef1ey(no)] = 3 Ely*(n—no)l
n=0
N-1
= 2 E[A%cos?wo(n — no)) 0<n<M-1
n=1
_ ma
-2
Varh:y(nO)] = E[7:y(n0)](__)2
= ZZ E{y(n — no)[y(n — no) + w(n)ly(n’ = no) )y(n' = no) + w(n)]} - (——-')2
(b) ",
B[y (no)))?
SNR = Varhty("ﬂ)]
(MA’ )2
= m
MA2
202

(c) As M increases, the SNR increases.

12.40

Refer to fig 12.4.

12.41

Refer to fig 12.5.
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autocor of w(n) periodogram Pxx(f)
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Figure 12.4:
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theoretical psd with M = 100 Bartlett with M = 50
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Figure 12.5:
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