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Preface

Statics and dynamics are basic subjects in the general field known as engi-
neering mechanics. At the risk of oversimplifying, engineering mechanics is
that branch of engineering that is concerned with the behavior of bodies under
the action of forces. Statics and dynamics form the basis for many of the tradi-
tional fields of engineering, such as automotive engineering, civil engineering,
and mechanical engineering. In addition, these subjects often play fundamen-
tal roles when the principles of mechanics are applied to such diverse fields
as medicine and biology. Applying the principles of statics and dynamics to
such a wide range of applications requires reasoning and practice rather than
memorization. Although the principles of statics and dynamics are relatively
few, they can only be truly mastered by studying and analyzing problems.
Therefore, all modern textbooks, including ours, contain a large number of
problems to be solved by the student. Learning the engineering approach to
problem solving is one of the more valuable lessons to be learned from the
study of statics and dynamics.

We have made every effort to improve our presentation without compro-
mising the following principles that formed the basis of the previous editions.

» Each sample problem is carefully chosen to help students master the
intricacies of engineering problem analysis.

* The selection of homework problems is balanced between “textbook”
problems that illustrate the principles of engineering mechanics in a
straight-forward manner, and practical engineering problems that are
applicable to engineering design.

* The number of problems using U.S. Customary Units and SI Units are
approximately equal.

* The importance of correctly drawn free-body diagrams is emphasized
throughout.

* We continue to present equilibrium analysis in three separate articles,
each followed by a set of problems. The first article teaches the method
for drawing free-body diagrams. The second shows how to write and
solve the equilibrium equations using a given free-body diagram. The
third article combines the two techniques just learned to arrive at a
logical plan for the complete analysis of an equilibrium problem.

* Whenever applicable, the number of independent equations is compared
to the number of unknown quantities before the governing equations are
written.

* Review Problems appear at the end of chapters to encourage students to
synthesize the individual topics they have been learning.



xii
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We have included several optional topics, which are marked with an
asterisk (*). Due to time constraints, topics so indicated can be omitted with-
out jeopardizing the presentation of the subject. An asterisk is also used to
indicate problems that require advanced reasoning. Articles, sample prob-
lems, and problems associated with numerical methods are preceded by an
icon representing a computer disk. ¢ ¢

In this third edition, we have made a number of significant improve-
ments based upon the feedback received from students and faculty who have
used the previous editions. In addition, we have incorporated many of the
suggestions provided by the reviewers of the second edition.

A number of articles have been reorganized, or rewritten, to make the
topics easier for the student to understand. For example, our presentation of
beam analysis in Chapter 6 has been completely rewritten and includes both
revised sample problems and revised problems. Our discussion of beams now
more clearly focuses upon the methods and terminology used in the engineer-
ing analysis and design of beams. Also, the topic of rolling resistance has been
added to Chapter 7. Furthermore, our discussion of virtual displacements in
Chapter 10 has been made more concise and therefore will be easier for the
students to understand. New to this edition, sections entitled Review of Equa-
tions have been added at the end of each chapter as a convenience for students
as they solve the problems.

The total numbers of sample problems and problems remain about the
same as in the previous edition; however, the introduction of two colors
improves the overall readability of the text and artwork. Compared with the
previous edition, approximately one-third of the problems is new, or has been
modified.

Ancillary  Study Guide to Accompany Pytel and Kiusalaas Engineering
Mechanics, Statics, Third Edition, J.L. Pytel and A. Pytel, 2010. The goals
of this study guide are two-fold. First, self-tests are included to help the stu-
dent focus on the salient features of the assigned reading. Second, the study
guide uses “guided” problems that give the student an opportunity to work
through representative problems, before attempting to solve the problems in
the text.
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Introduction to Statics
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1.1 Introduction

a. Whatis engineering mechanics?

Statics and dynamics are among the first engineering topics encountered by most
students. Therefore, it is appropriate that we begin with a brief exposition on the
meaning of the term engineering mechanics and on the role that these courses
play in engineering education. Before defining engineering mechanics, we must
first consider the similarities and differences between physics and engineering.
In general terms, physics is the science that relates the properties of matter
and energy, excluding biological and chemical effects. Physics includes the study

b P
Ll

1

i
i
5
!
:
b

Y A

=
i

s

The Flemish mathematician

and engineer Simon Stevinus
(1548-1620) was the first to
demonstrate resolution of forces,
thereby establishing the
foundation of modern statics.
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of mechanics,” thermodynamics, electricity and magnetism, and nuclear physics.
On the other hand, engineering is the application of the mathematical and physical
sciences (physics, chemistry, and biology) to the design and manufacture of items
that benefit humanity. Design is the key concept that distinguishes engineers from
scientists. According to the Accreditation Board for Engineering and Technology
(ABET), engineering design is the process of devising a system, component, or
process to meet desired needs.

Mechanics is the branch of physics that considers the action of forces on bod-
ies or fluids that are at rest or in motion. Correspondingly, the primary topics
of mechanics are statics and dynamics. The first topic that you studied in your
initial physics course, in either high school or college, was undoubtedly mechan-
ics. Thus, engineering mechanics is the branch of engineering that applies the
principles of mechanics to mechanical design (i.e., any design that must take
into account the effect of forces). The primary goal of engineering mechanics
courses is to introduce the student to the engineering applications of mechanics.
Statics and Dynamics are generally followed by one or more courses that intro-
duce material properties and deformation, usually called Strength of Materials
or Mechanics of Materials. This sequence of courses is then followed by formal
training in mechanical design.

Of course, engineering mechanics is an integral component of the education
of engineers whose disciplines are related to the mechanical sciences, such as
aerospace engineering, architectural engineering, civil engineering, and mechan-
ical engineering. However, a knowledge of engineering mechanics is also useful
in most other engineering disciplines, because there, too, the mechanical behav-
ior of a body or fluid must often be considered. Because mechanics was the first
physical science to be applied to everyday life, it follows that engineering mechan-
ics is the oldest branch of engineering. Given the interdisciplinary character of
many engineering applications (e.g., robotics and manufacturing), a sound train-
ing in engineering mechanics continues to be one of the more important aspects
of engineering education.

b. Problem formulation and the accuracy of solutions

Your mastery of the principles of engineering mechanics will be reflected in your
ability to formulate and solve problems. Unfortunately, there is no simple method
for teaching problem-solving skills. Nearly all individuals require a considerable
amount of practice in solving problems before they begin to develop the analytical
skills that are so necessary for success in engineering. For this reason, a relatively
large number of sample problems and homework problems are placed at strategic
points throughout this text.

To help you develop an “engineering approach” to problem analysis, you will
find it instructive to divide your solution for each homework problem into the
following parts:

1. GIVEN: After carefully reading the problem statement, list all the data
provided. If a figure is required, sketch it neatly and approximately to scale.
2. FIND: State precisely the information that is to be determined.

“When discussing the topics included in physics, the term mechanics is used without a modifier. Quite
naturally, this often leads to confusion between “mechanics” and “engineering mechanics.”



3. SOLUTION: Solve the problem, showing all the steps that you used in the
analysis. Work neatly so that your work can be easily followed by others.

4. VALIDATE: Many times, an invalid solution can be uncovered by simply
asking yourself, “Does the answer make sense?”

When reporting your answers, use only as many digits as the least accurate
value in the given data. For example, suppose that you are required to convert
12500 ft (assumed to be accurate to three significant digits) to miles. Using a cal-
culator, you would divide 12 500 ft by 5280 ft/mi and report the answer as 2.37 mi
(three significant digits), although the quotient displayed on the calculator would
be 2.367424 2. Reporting the answer as 2.367 424 2 implies that all eight digits
are significant, which is, of course, untrue. It is your responsibility to round off the
answer to the correct number of digits. /n this text, you should assume that given
data are accurate to three significant digits unless stated otherwise. For example,
a length that is given as 3 ft should be interpreted as 3.00 ft.

When performing intermediate calculations, a good rule of thumb is to carry
one more digit than will be reported in the final answer; for example, use four-digit
intermediate values if the answer is to be significant to three digits. Furthermore,
it is common practice to report four digits if the first digit in an answer is 1; for
example, use 1.392 rather than 1.39.

1.2 Newtonian Mechanics

a. Scope of Newtonian mechanics

In 1687 Sir Isaac Newton (1642—1727) published his celebrated laws of motion
in Principia (Mathematical Principles of Natural Philosophy). Without a doubt,
this work ranks among the most influential scientific books ever published. We
should not think, however, that its publication immediately established classical
mechanics. Newton’s work on mechanics dealt primarily with celestial mechanics
and was thus limited to particle motion. Another two hundred or so years elapsed
before rigid-body dynamics, fluid mechanics, and the mechanics of deformable
bodies were developed. Each of these areas required new axioms before it could
assume a usable form.

Nevertheless, Newton’s work is the foundation of classical, or Newtonian,
mechanics. His efforts have even influenced two other branches of mechanics,
born at the beginning of the twentieth century: relativistic and quantum mechan-
ics. Relativistic mechanics addresses phenomena that occur on a cosmic scale
(velocities approaching the speed of light, strong gravitational fields, etc.). It
removes two of the most objectionable postulates of Newtonian mechanics: the
existence of a fixed or inertial reference frame and the assumption that time is an
absolute variable, “running” at the same rate in all parts of the universe. (There
is evidence that Newton himself was bothered by these two postulates.) Quantum
mechanics is concerned with particles on the atomic or subatomic scale. It also
removes two cherished concepts of classical mechanics: determinism and continu-
ity. Quantum mechanics is essentially a probabilistic theory; instead of predicting
an event, it determines the likelihood that an event will occur. Moreover, accord-
ing to this theory, the events occur in discrete steps (called quanta) rather than in
a continuous manner.

1.2

Newtonian Mechanics
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Relativistic and quantum mechanics, however, have by no means invalidated
the principles of Newtonian mechanics. In the analysis of the motion of bodies
encountered in our everyday experience, both theories converge on the equations
of Newtonian mechanics. Thus the more esoteric theories actually reinforce the
validity of Newton’s laws of motion.

b. Newton’s laws for particle motion

Using modern terminology, Newton’s laws of particle motion may be stated as
follows:

1. If a particle is at rest (or moving with constant velocity in a straight line), it
will remain at rest (or continue to move with constant velocity in a straight
line) unless acted upon by a force.

2. A particle acted upon by a force will accelerate in the direction of the force.
The magnitude of the acceleration is proportional to the magnitude of the
force and inversely proportional to the mass of the particle.

3. For every action, there is an equal and opposite reaction; that is, the forces
of interaction between two particles are equal in magnitude and oppositely
directed along the same line of action.

Although the first law is simply a special case of the second law, it is customary
to state the first law separately because of its importance to the subject of statics.

¢. Inertial reference frames

When applying Newton’s second law, attention must be paid to the coordinate
system in which the accelerations are measured. An inertial reference frame
(also known as a Newtonian or Galilean reference frame) is defined to be any
rigid coordinate system in which Newton’s laws of particle motion relative to that
frame are valid with an acceptable degree of accuracy. In most design applica-
tions used on the surface of the earth, an inertial frame can be approximated with
sufficient accuracy by attaching the coordinate system to the earth. In the study of
earth satellites, a coordinate system attached to the sun usually suffices. For inter-
planetary travel, it is necessary to use coordinate systems attached to the so-called
fixed stars.

It can be shown that any frame that is translating with constant velocity rela-
tive to an inertial frame is itself an inertial frame. It is a common practice to omit
the word inertial when referring to frames for which Newton’s laws obviously

apply.
d. Units and dimensions

The standards of measurement are called units. The term dimension refers to the
type of measurement, regardless of the units used. For example, kilogram and
feet/second are units, whereas mass and length/time are dimensions. Through-
out this text we use two standards of measurement: U.S. Customary system and
SI system (from Systéme internationale d’unités). In the U.S. Customary system
the base (fundamental) dimensions™ are force [F], length [L], and time [T]. The
corresponding base units are pound (Ib), foot (ft), and second (s). The base dimen-
sions in the SI system are mass [M], length [L], and time [7], and the base units

“We follow the established custom and enclose dimensions in brackets.



are kilogram (kg), meter (m), and second (s). All other dimensions or units are
combinations of the base quantities. For example, the dimension of velocity is
[L/T], the units being ft/s, m/s, and so on.

A system with the base dimensions [FLT] (such as the U.S. Customary sys-
tem) is called a gravitational system. If the base dimensions are [MLT] (as in the
SI system), the system is known as an absolute system. In each system of mea-
surement, the base units are defined by physically reproducible phenomena or
physical objects. For example, the second is defined by the duration of a specified
number of radiation cycles in a certain isotope, the kilogram is defined as the mass
of a certain block of metal kept near Paris, France, and so on.

All equations representing physical phenomena must be dimensionally homo-
geneous, that is, each term of an equation must have the same dimension.
Otherwise, the equation will not make physical sense (it would be meaningless,
for example, to add a force to a length). Checking equations for dimensional
homogeneity is a good habit to learn, as it can reveal mistakes made during
algebraic manipulations.

e. Mass, force, and weight

If a force F acts on a particle of mass m, Newton’s second law states that

F=ma (1.1)

where a is the acceleration vector of the particle. For a gravitational [FLT] system,
dimensional homogeneity of Eq. (1.1) requires the dimension of mass to be

(M]= [FTTZ} (1.2a)

In the U.S. Customary system, the derived unit of mass is called a slug. A slug is
defined as the mass that is accelerated at the rate of 1.0 ft/s> by a force of 1.01b.
Substituting units for dimensions in Eq. (1.2a), we get for the unit of a slug

1.0slug =1.01b - s*/ft

For an absolute [MLT] system of units, dimensional homogeneity of Eq. (1.1)
yields for the dimension of force

[F]= [Aﬁ} (1.2b)

The derived unit of force in the SI system is a newton (N), defined as the force
that accelerates a 1.0-kg mass at the rate of 1.0 m/s>. From Eq. (1.2b), we obtain

1.0N=1.0kg - m/s’

Weight is the force of gravitation acting on a body. Denoting gravitational
acceleration (free-fall acceleration of the body) by g, the weight W of a body of
mass m is given by Newton’s second law as

W =mg (1.3)

1.2

Newtonian Mechanics
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Note that mass is a constant property of a body, whereas weight is a variable that
depends on the local value of g. The gravitational acceleration on the surface of
the earth is approximately 32.2 ft/s?, or 9.81 m/s?. Thus the mass of a body that
weighs 1.0 Ib on earth is (1.01b)/(32.2 ft/s?>) = 1/32.2 slug. Similarly, if the mass
of a body is 1.0 kg, its weight on earth is (9.81 m/s?)(1.0 kg) =9.81 N.

At one time, the pound was also used as a unit of mass. The pound mass (Ibm)
was defined as the mass of a body that weighs 1.01b on the surface of the earth.
Although pound mass is an obsolete unit, it is still used occasionally, giving rise
to confusion between mass and weight. In this text, we use the pound exclusively
as a unit of force.

f. Conversion of units

A convenient method for converting a measurement from one set of units to
another is to multiply the measurement by appropriate conversion factors. For
example, to convert 240 mi/h into ft/s, we proceed as follows:

f 1.0k 5280ft
240 mih = 2407  LOX .
7 3600s . 1.0mf

= 352 ft/s

where the multipliers 1.0h/3600s and 5280 ft/1.0mi are conversion factors.
Because 1.0h=3600s and 5280 ft=1.0mi, we see that each conversion factor
is dimensionless and of magnitude 1. Therefore, a measurement is unchanged
when it is multiplied by conversion factors—only its units are altered. Note that
it is permissible to cancel units during the conversion as if they were algebraic
quantities.

Conversion factors applicable to mechanics are listed inside the front cover of
the book.

g. Law of gravitation

In addition to his many other accomplishments, Newton also proposed the law of
universal gravitation. Consider two particles of mass m 4 and mp that are sepa-
rated by a distance R, as shown in Fig. 1.1. The law of gravitation states that the
two particles are attracted to each other by forces of magnitude F that act along
the line connecting the particles, where

(1.4)

The universal gravitational constant G is equal to 3.44 x 10~ ft*/(Ib - s*), or 6.67 x
10~ m3/(kg - s?). Although this law is valid for particles, Newton showed that
it is also applicable to spherical bodies, provided that their masses are distributed
uniformly. (When attempting to derive this result, Newton was forced to develop
calculus.)

If we let m4 = M, (the mass of the earth), m g = m (the mass of a body), and
R = R, (the mean radius of the earth), then F in Eq. (1.4) will be the weight W
of the body. Comparing W = GM,m/R? with W = mg, we find that g = GM,/R>.
Of course, adjustments may be necessary in the value of g for some applications
in order to account for local variation of the gravitational attraction.



Sample Problem 1.1

Convert 5000 1b/in.2 to Pa (1 Pa= 1 N/m?).

Using the conversion factors listed inside the front cover, we obtain

4.448 N 39.37in7\ >
5000 1b/in.% = 50002 x ( - M)
um

X
a2 1.0
= 34.5 x 10° N/m? = 34.5 MPa Answer

Sample Problem 1.2

The acceleration a of a particle is related to its velocity v, its position coordinate x,
and time ¢ by the equation

a=Ax3t + Bvt? @

where A and B are constants. The dimension of the acceleration is length per
unit time squared; that is, [a] = [L/ T?]. The dimensions of the other variables are
[v]=I[L/T], [x]=[L], and [¢] =[T]. Derive the dimensions of A and B if Eq. (a)
is to be dimensionally homogeneous.

For Eq. (a) to be dimensionally homogeneous, the dimension of each term on
the right-hand side of the equation must be [L/T?], the same as the dimension
for a. Therefore, the dimension of the first term on the right-hand side of Eq. (a)
becomes

L
[Ax*t] = [AILC ] = [AILNT] = [ﬁ} (b)

Solving Eq.(b) for the dimension of A, we find

[A]——l L ——1 Answer
T LT LT T [L2T)



Performing a similar dimensional analysis on the second term on the right-
hand side of Eq. (a) gives

L L
By’ = [BIVII) = [B] [7] = [ﬁ} ©

Solving Eq. (c) for the dimension of B, we find

-[E]

Sample Problem 1.3

Find the gravitational force exerted by the earth on a 70-kg man whose elevation
above the surface of the earth equals the radius of the earth. The mass and radius
of the earth are M, =5.9742 x 10** kg and R, = 6378 km, respectively.

Consider a body of mass m located at the distance 2R, from the center of the
earth (of mass M,). The law of universal gravitation, from Eq. (11.4), states that
the body is attracted to the earth by the force F given by

mM,
(2R,)*

where G =6.67 x 107! m%/(kg - s?) is the universal gravitational constant. Sub-
stituting the values for G and the given parameters, the earth’s gravitational force
acting on the 70-kg man is

1 (70)(5.9742 x 10%)
F=(6.67x 107" =1714N Ans
(6.67> 107 =7 6378 = 102 nswer




Problems

1.1 A person weighs 301b on the moon, where g = 5.32 ft/s. Determine (a) the
mass of the person and (b) the weight of the person on earth.

1.2 The radius and length of a steel cylinder are 60 mm and 120 mm, respec-
tively. If the mass density of steel is 7850 kg/m?, determine the weight of the
cylinder in pounds.

1.3 Convert the following: (a) 400 Ib-ft to kN -m; (b) 6 m/s to mi/h; (c) 20 1b/in.?
to kPa; and (d) 500 slug/in. to kg/m.

1.4 The mass moment of inertia of a certain body is / = 20 kg - m?. Express /
in terms of the base units of the U.S. Customary system.

1.5 The kinetic energy of a car of mass m moving with velocity vis E = mv?/2.
If m = 1000kg and v = 6 m/s, compute E in (a) kN - m; and (b) Ib - ft.

1.6 In a certain application, the acceleration a and the position coordinate x of
a particle are related by

where g is the gravitational acceleration, k is a constant, and W is the weight of
the particle. Show that this equation is dimensionally consistent if the dimension
of kis [F/L].

1.7 When a force F acts on a linear spring, the elongation x of the spring is
given by F =kx, where k is called the stiffness of the spring. Determine the
dimension of k in terms of the base dimensions of an absolute [MLT] system
of units.

1.8 Insome applications dealing with very high speeds, the velocity is measured
in mm/us. Convert 25 mm/us into (a) m/s; and (b) mi/h.

1.9 A geometry textbook gives the equation of a parabola as y = x?, where x
and y are measured in inches. How can this equation be dimensionally correct?

1.10 The mass moment of inertia / of a homogeneous sphere about its diameter
is I = (2/5)mR?, where m and R are its mass and radius, respectively. Find the
dimension of 7 in terms of the base dimensions of (a) a gravitational [FLT] system
and (b) an absolute [MLT] system.

1.11  The position coordinate x of a particle is determined by its velocity v and
the elapsed time 7 as follows: (a) x = At?>— Bvt; and (b) x = Avte 5’. Determine
the dimensions of constants A and B in each case, assuming the expressions to be
dimensionally correct.

1.1-1.21

Problems

9
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“1.12 1In a certain vibration problem the differential equation describing the
motion of a particle of mass m is

x + dx +k Py sin wt
m-—-: C— X = S1n w.
dt? dt 0

where x is the displacement of the particle and ¢ is time. What are the dimensions
of the constants c, k, Py, and w in terms of the base dimensions of a gravitational
[FLT] system?

1.13 Using Eq. (1.4), derive the dimensions of the universal gravitational con-
stant G in terms of the base dimensions of (a) a gravitational [FLT] system; and
(b) an absolute [MLT] system.

1.14 The typical power output of a compact car engine is 120 hp. What is the
equivalent power in (a) 1b - ft/s; and (b) kW?

1.15 Two 10-kg spheres are placed 500 mm apart. Express the gravitational
attraction acting on one of the spheres as a percentage of its weight on earth.

1.16 Two identical spheres of radius 8 in. and weighing 2 1b on the surface of
the earth are placed in contact. Find the gravitational attraction between them.

Use the following data for Problems 1.17—1.21: mass of earth = 5.9742 x 10** kg,
radius of earth = 6378 km, mass of moon = 0.073483 x 10** kg, radius of
moon = 1737 km.

1.17 A man weighs 180 Ib on the surface of the earth. Compute his weight in an
airplane flying at an elevation of 30 000 ft.

1.18 Use Eq. (1.4) to show that the weight of an object on the moon is
approximately 1/6 its weight on earth.

1.19  Plot the earth’s gravitational acceleration g (m/s?) against the height /2 (km)
above the surface of the earth.

1.20 Find the elevation # (km) where the weight of an object is one-tenth its
weight on the surface of the earth.

1.21 Calculate the gravitational force between the earth and the moon in
newtons. The distance between the earth and the moon is 384 x 10 km.

83N Fundamental Properties of Vectors

A knowledge of vectors is a prerequisite for the study of statics. In this article,
we describe the fundamental properties of vectors, with subsequent articles dis-
cussing some of the more important elements of vector algebra. (The calculus
of vectors will be introduced as needed in Dynamics.) We assume that you are
already familiar with vector algebra—our discussion is intended only to be a
review of the basic concepts.
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The differences between scalar and vector quantities must be understood:

A scalar is a quantity that has magnitude only. A vector is a quantity
that possesses magnitude and direction and obeys the parallelogram law for
addition.

Because scalars possess only magnitudes, they are real numbers that can be
positive, negative, or zero. Physical quantities that are scalars include temperature,
time, and speed. As shown later, force, velocity, and displacement are examples
of physical quantities that are vectors. The magnitude of a vector is always taken
to be a nonnegative number. When a vector represents a physical quantity, the
units of the vector are taken to be the same as the units of its magnitude (pounds,
meters per second, feet, etc.).

The algebraic notation used for a scalar quantity must, of course, be different
from that used for a vector quantity. In this text, we adopt the following conven-
tions: (1) scalars are written as italicized English or Greek letters—for example,
t for time and 0 for angle; (2) vectors are written as boldface letters—for example,
F for force; and (3) the magnitude of a vector A is denoted as |A| or simply as A
(italic).

There is no universal method for indicating vector quantities when writing
by hand. The more common notations are X, é) , A, and A. Unless instructed
otherwise, you are free to use the convention that you find most comfortable.
However, it is imperative that you take care to always distinguish between scalars
and vectors when you write.

The following summarizes several important properties of vectors.

Vectors as Directed Line Segments Any vector A can be represented geo-
metrically as a directed line segment (an arrow), as shown in Fig. 1.2(a). The
magnitude of A is denoted by A, and the direction of A is specified by the sense
of the arrow and the angle 6 that it makes with a fixed reference line. When using
graphical methods, the length of the arrow is drawn proportional to the magnitude
of the vector. Observe that the representation shown in Fig. 1.2(a) is complete
because both the magnitude and direction of the vector are indicated. In some
instances, it is also convenient to use the representation shown in Fig. 1.2(b),
where the vector character of A is given additional emphasis by using boldface.
Both of these representations for vectors are used in this text.

A A

0

[4
L Fixed reference line j
(@) (b)

Fig. 1.2

We see that a vector does not possess a unique line of action, because moving
a vector to a parallel line of action changes neither its magnitude nor its direction.
In some engineering applications, the definition of a vector is more restrictive to
include a line of action or even a point of application—see Art. 2.2.
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(b) Triangle law

Fig.1.3

Equality of Vectors  Two vectors A and B are said to be equal, written as A = B,
if (1) their magnitudes are equal—that is, A = B, and (2) they have the same
direction.

Scalar-Vector Multiplication  The multiplication of a scalar m and a vector A,
written as mA or as Am, is defined as follows.

1. If mis positive, mA is the vector of magnitude mA that has the same direction
as A.

2. If mis negative, mA is the vector of magnitude |m|A that is oppositely directed
to A.

3. If m =0, mA (called the null or zero vector) is a vector of zero magnitude and
arbitrary direction.

For m = — 1, we see that (—1)A is the vector that has the same magnitude as A
but is oppositely directed to A. The vector (—1)A, usually written as —A, is called
the negative of A.

Unit Vectors A unit vector is a dimensionless vector with magnitude 1. There-
fore, if N represents a unit vector (]| = 1) with the same direction as A, we can
write

A=A\

This representation of a vector often is useful because it separates the magnitude
A and the direction \ of the vector.

The Parallelogram Law for Addition and the Triangle Law  The addition of two
vectors A and B is defined to be the vector C that results from the geometric con-
struction shown in Fig. 1.3(a) . Observe that C is the diagonal of the parallelogram
formed by A and B. The operation depicted in Fig. 1.3(a), written as A + B =
C, is called the parallelogram law for addition. The vectors A and B are referred
to as components of C, and C is called the resultant of A and B. The process of
replacing a resultant with its components is called resolution. For example, C in
Fig. 1.3(a) is resolved into its components A and B.

An equivalent statement of the parallelogram law is the friangle law, which
is shown in Fig. 1.3(b). Here the tail of B is placed at the tip of A, and C is the
vector that completes the triangle, drawn from the tail of A to the tip of B. The
result is identical if the tail of A is placed at the tip of B and C is drawn from the
tail of B to the tip of A.

Letting E, F, and G represent any three vectors, we have the following two
important properties (each follows directly from the parallelogram law):

¢ Addition is commutative: E+ F=F + E
¢ Addition is associative: E4+ (F+G)=(E+ F) + G

It is often convenient to find the sum E + F 4+ G (no parentheses are needed)
by adding the vectors from tip to tail, as shown in Fig. 1.4. The sum of the three
vectors is seen to be the vector drawn from the tail of the first vector (E) to the
tip of the last vector (G). This method, called the polygon rule for addition, can
easily be extended to any number of vectors.
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E+F+G
Fig. 1.4

The subtraction of two vectors A and B, written as A — B, is defined as
A — B = A + (—B), as shown in Fig. 1.5.

Fig. 1.5

Because of the geometric nature of the parallelogram law and the triangle law,
vector addition can be accomplished graphically. A second technique is to deter-
mine the relationships between the various magnitudes and angles analytically
by applying the laws of sines and cosines to a sketch of the parallelogram
(or the triangle)—see Table 1.1. Both the graphical and the analytical methods
are illustrated in Sample Problem 1.4.

a b c

Law of sines - = — = —
sine sinf  siny

a? = b+ ¢* — 2bccosa

Law of cosines | b?> =c?4a?> —2cacosf

2 =a*>+b*>—2abcosy

Table 1.1

Some words of caution: It is unfortunate that the symbols +, —, and = are
commonly used in both scalar algebra and vector algebra, because they have
completely different meanings in the two systems. For example, note the dif-
ferent meanings for + and = in the following two equations: A + B = C and
1 + 2 =3. In computer programming, this is known as operator overloading,
where the rules of the operation depend on the operands involved in the process.
Unless you are extremely careful, this double meaning for symbols can easily lead
to invalid expressions—for example, A + 5 (a vector cannot be added to a scalar!)
and A = 1 (a vector cannot equal a scalar!).

13
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(b)

Sample Problem 1.4

Figure (a) shows two position vectors of magnitudes A =60 ft and B =100 ft.
(A position vector is a vector drawn between two points in space.) Determine
the resultant R = A + B using the following methods: (1) analytically, using the
triangle law; and (2) graphically, using the triangle law.

100[?

>
o 70°

Part 1

The first step in the analytical solution is to draw a sketch (approximately to scale)
of the triangle law. The magnitude and direction of the resultant are then found by
applying the laws of sines and cosines to the triangle.

In this problem, the triangle law for the vector addition of A and B is shown
in Fig. (b). The magnitude R of the resultant and the angle « are the unknowns to
be determined. Applying the law of cosines, we obtain

R? =60% + 100> — 2(60)(100) cos 140°

which yields R =151.0 ft.
The angle o can now be found from the law of sines:

100 R
sina  sin 140°

Substituting R =151.0 ft and solving for «, we get « = 25.2°. Referring to
Fig. (b), we see that the angle that R makes with the horizontal is 30° +« = 30° +
25.2° =55.2°. Therefore, the resultant of A and B is

R=151.01t

Answer
55.2°




Part 2

In the graphical solution, Fig. (b) is drawn to scale with the aid of a ruler and
a protractor. We first draw the vector A at 30° to the horizontal and then append
vector B at 70° to the horizontal. The resultant R is then obtained by drawing a
line from the tail of A to the head of B. The magnitude of R and the angle it makes
with the horizontal can now be measured directly from the figure.

Of course, the results would not be as accurate as those obtained in the ana-
lytical solution. If care is taken in making the drawing, two-digit accuracy is the
best we can hope for. In this problem we should get R ~ 150 ft, inclined at 55°
to the horizontal.

Sample Problem 1.5

The vertical force P of magnitude 100 kN is applied to the frame shown in Fig. (a).
Resolve P into components that are parallel to the members AB and AC of
the truss.

A 70°
Z
S -
P B 8
I
_

35°
70°

C

(a) (b)

The force triangle in Fig. (b) represents the vector addition P = P4¢ + Psp. The
angles in the figure were derived from the inclinations of AC and AB with the
vertical: P4 is inclined at 35° (parallel to AC), and P4 is inclined at 70° (parallel
to AB). Applying the law of sines to the triangle, we obtain

100 _ PAB _ PAC
sin35° " sin35°  sin 110°

which yields for the magnitudes of the components

P, =100.0kN Pgc =163.8kN Answer

15
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Problems

Vi

60°

Fig. P1.22, P1.23

oS
=

e

Fig. P1.24

200 Ib

Fig. P1.25

Solve the problems in this set analytically, unless a graphical solution is specified
by your instructor.

1.22 The magnitudes of the two velocity vectors are v = 3m/s and v, = 2 m/s.
Determine their resultant v = vy + v,.

1.23 Determine the magnitudes of vectors v and v, so that their resultant is a
horizontal vector of magnitude 4 m/s directed to the right.

1.24 The total aerodynamic force F acting on the airplane has a magnitude of
62501b. Resolve this force into vertical and horizontal components (called the lift
and the drag, respectively).

1.25 Resolve the 200-Ib force into components along (a) the x- and y-axes and
(b) the x’- and y-axes.

1.26 The velocity vector of the boat has two components: v; is the velocity of
the water, and v, is the velocity of the boat relative to the water. If v = 3mi/h
and v, = 5 mi/h, determine the velocity vector of the boat.

Fig. P1.26

1.27 The two tugboats apply the forces P and Q to the barge, where P =76 kN
and Q =52 kN. Determine the resultant of P and Q.

Fig. P1.27



1.28 The 500-N weight is supported by two cables, the cable forces being F,
and F,. Knowing that the resultant of F; and F; is a force of magnitude 500 N
acting in the y-direction, determine F; and F.

1.29 Determine the resultant of the position vectors A and B.

/ 3500 ft

Fig. P1.29 Fig. P1.30

1.30 Resolve the position vector A of the car (measured from fixed point O)
into components parallel to OB and OC.

1.31  Resolve the 360-1b force into components along the cables AB and AC. Use
o =55°and g =30°.

1.32 The supporting cables AB and AC are oriented so that the components of
the 360-1b force along AB and AC are 185 1b and 200 Ib, respectively. Determine
the angles « and 8.

1.33 The two forces shown act on the structural member AB. Determine the
magnitude of P such that the resultant of these forces is directed along AB.

0
T
/ 7
%P -7
500 1b w

Fig. P1.33 Fig. P1.34 Fig. P1.35

SkN

1.34 The resultant of the two forces has a magnitude of 6501b. Determine the
direction of the resultant and the magnitude of P.

1.35 The forces acting on the bob of the pendulum are its weight W (W = 2 Ib)
and the tension T in the cord. When the pendulum reaches the limit of its swing
at § =30°, it can be shown that the resultant of W and T is perpendicular to the
cord. Determine the magnitude of T in this position.

1.36 A surveyor sights a target at C from points A and B, recording the angles
shown. Determine the magnitudes of the position vectors a and b.

1.22-1.39 Problems

F, F,
350 50°
500 N
Fig. P1.28
B
a | B
’/'
A
360 Ib

Fig. P1.31, P1.32

A 200m B

Fig. P1.36

17
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1.37 Determine the following resultants of the position vectors given in the
figure, and show the results in a sketch of the “box”: (a) A + B; and (b) B + C.

*1.38 To move the oil drum, the resultant of the three forces shown must have
a magnitude of 500 N. Determine the magnitude and direction of the smallest
force F that would cause the drum to move.

Fig. P1.38

1.39 The resultant of the 50-1b and 30-Ib forces is R. If R = 65 1b, determine
the angles « and 8.

N Representation of Vectors Using
Rectangular Components

The fundamental properties of vectors discussed in the preceding article are
independent of coordinate systems. However, in engineering applications, it is
customary to describe vectors using their rectangular components and then to
perform vector operations, such as addition, in terms of these components.

a. Rectangular components and direction cosines

The reference frame we use throughout this book is shown in Fig. 1.6(a).
It is a right-handed, rectangular Cartesian coordinate system. To test for
right-handedness, curl the fingers of your right hand and extend your thumb, as
shown in the figure. The coordinate axes now should line up with your hand as

Z

Ak f

(b)

Fig. 1.6
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follows: the palm is parallel to the x-direction, the fingers point in the y-direction,
and the thumb lies in the z-direction. Figure 1.6(a) also shows the base vectorsi, j,
and k of the coordinate system. They are dimensionless vectors of unit magnitude
directed in the positive coordinate directions.

If a vector A is resolved into its rectangular components, as illustrated in
Fig. 1.6(b), it can be written as

A= Axi A ij a4 Azk (15)

where A,i, A}, and A Kk are the vector components of A. The scalar components
of A are

A, = Acosb, Ay, = Acosb, A, = Acosb, (1.6)

where 6, 6y, and 6, are the angles between A and the positive coordinate axes.
The scalar components can be positive or negative, depending upon whether the
corresponding vector component points in the positive or negative coordinate
direction. The magnitude of A is related to its scalar components by

A= [A2+ A2+ A2 (1.7)

The direction of A customarily is specified by its direction cosines defined as
Ay =cosf,  iy=cosf, i, =cosb, (1.8)

The scalar components of A in Eq. (1.6) now become A, = AL,, A, = AA,,
and A, = AL, so Eq. (1.5) takes the form

A = AQui+ Ayj+ Ak) = AN (1.9)

where
A=A d+ A )+ 2k (1.10)

is a unit vector in the direction of A, as shown in Fig. 1.6(b). Because the
magnitude of \ is one, its components satisfy the identity

22+ )\i +a2=1 (1.12)

19
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b. Vector addition using rectangular components

Consider the two vectors A= A,i+ A,j+ Ak and B= B,i+ B,j+ B k. Letting
C be the sum of A and B, we have

C=A+B=(Ai+A,j+ Ak + (B,i+ B,j+ B.k)
which can be written as

C=C,ii+Cyj+Ck
= (A, + Bi+ (A, + B))j + (A. + B.)k (1.12)

Equating like components, we find that the rectangular components of C are

C.=A,+B, Cy,=A,+B, C.,=A.+B. (1.13)

Equations (1.13) show that each component of the sum equals the sum of the
components. This result is depicted in Fig. 1.7, where, for simplicity’s sake, the
xy-plane has been chosen as a plane that contains the vectors A and B. Equations
(1.12) and (1.13) can, of course, be extended to include the sum of any number of
vectors.

B o<

5 B, *
<
Q// I

o
A Ay J

o T X
A, B, —
——C,=A.+B,
Fig.1.7

C. Relative position vectors

The vector drawn from the origin O of a coordinate system to point B, denoted
by &’3, is called the position vector of B. The vector A—I)i, drawn from point A to
point B, is called the position vector of B relative to A. (Note that the position
vector of B relative to A is the negative of the position vector of A relative to B;
that is, A_é = —EZ.)

Figure 1.8 shows the relative position vector A_l)?: the vector drawn from
A (x4, Ya, za) to B (xp, yp, zp). The rectangular representation of this vector is

—
AB=(xp —x)i+ (yp — ya)i+ (zg — za)k (1.14)
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252,

YB—YaA

Fig.1.8

The magnitude of A_fS (the distance d in Fig. 1.8) is

AB| =d = /(x5 — x2)2 + (v6 — ya) + (25 — 242 (1.15)

The unit vector '\ in the direction of A_é can be found by dividing the vector A_é
by its magnitude:

_
AB  (xp —xA)i+ (yg —ya)i+ (zg —za)k

A= p— p (1.16)
|AB|
Therefore, the components of '\ are
XB — XA YB — YA B — ZA
A= ——— Ay = A, = 1.1
d y d z d (1.17)

d. How to write a vector in rectangular form

In statics, we frequently encounter the following problem: Given the magnitude
of a vector and two points on its line of action, determine the rectangular repre-
sentation of the vector. Figure 1.9 shows a vector F that acts along the line AB. N
Suppose that the magnitude of F and the coordinates of A and B are known, and /4
we want to write the vector F in the rectangular form F = F,i + F,j + F k. The B
recommended procedure is ~

1. Write the relative position vector A_I)i The rectangular components of A_é can yoo Y
be obtained by inspection of a sketch similar to Fig. 1.9 or by substituting the A
coordinates of points A and B into Eq. (1.14).

K —  —
2. Evaluate the unit vector A = AB/|AB|.
3. Write F in the rectangular form Fig. 1.9

F = F\= F(Ad+Aj+ 1K) (1.18)



Sample Problem 1.6

The cable attached to the eyebolt in Fig. (a) is pulled with the force F of magnitude
500 Ib. Determine the rectangular representation of this force.

6 ft

y

(a)

Because the coordinates of points A and B on the line of action of F are
known, the following is a convenient method for obtaining the rectangular
representation of F.

. .
1. Write AB, the vector from A to B, in rectangular form.

The vector A_I)B and its rectangular components are shown in Fig. (b). Two
common errors made by students at this point are choosing the wrong signs
and mixing up the scalar components. You can avoid both of these difficul-
ties by taking the time to show the vector on a carefully drawn sketch of the
appropriate parallelepiped. From Fig. (b) we see that

—
AB= —4i +6j — 3k ft

(b)

2. Evaluate \, the unit vector from A toward B:

—_
AB —4i + 6j — 3k
X = — =
AB| V(=42 + 67 + (=3)2

= —0.5122i 4+ 0.7682j — 0.3841k

3. Write F= F\:

()t
05 I
Ay F = 500(—0.5122i + 0.7682j — 0.3841K)
192 ]bl ),L384 Ib
——————— ——— — )7
o - = —256i + 384j — 192k Ib Answer
-

© The rectangular components of F are shown in Fig. (c).

22



Sample Problem 1.7

Referring to Fig. (a), determine (1) the rectangular representation of the position
vector A; and (2) the angles between A and each of the positive coordinate axes.

Part1

We first resolve A into two components as shown in Fig. (b): A, along the z-axis
and Ay, in the xy-plane. (Once again we see that a carefully drawn sketch is an
essential aid in performing vector resolution.) Because A, A;, and A,, lie in the
same plane (a diagonal plane of the parallelepiped), we obtain by trigonometry

A, = Acos30°=12co0s30°=10.392m
Ay = Asin30°=12sin30°=6m

The next step, illustrated in Fig. (c), is to resolve A,, into the components
along the coordinate axes:

Ay = Ayycos40° =6cos40° =4.596m
Ay = Ay, sin40° =65sin40° =3.857m

Therefore, the rectangular representation of A is
A=A+ Aj+ A k=4.60i + 3.86j + 10.39km Answer

Part 2

The angles between A and the coordinate axes can be computed from Eqgs. (1.6):

Ay 4.596
0, = cos™! i cos™! 7 = 67.5°
A, 3.857
0, =cos ' =X =cos™! ——— =71.3° Answer
A 12
A 10.392
6, = cos ! == = cos~! =30.0°
A 12

These angles are shown in Fig. (d). Note that it was not necessary to compute 6,,
because it was already given in Fig (a).

(d)

A cos 30°
e e el
S

\
ANCA
Ve
o
4
Ll
1

\

A cos 30°

Z

A=

/Ay =A,,sin 40°

A=A, cos40°
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Sample Problem 1.8

The pulley shown in Fig. (a) is subjected to the belt forces P and Q. Using
rectangular components, determine the magnitude and direction of the resultant

force.

P=1201b

0=1001b
(a)

Referring to Fig. (b), the rectangular representations of P and Q are

P = 120 cos 30°i 4+ 120sin 30°j = 103.9i + 60.0j 1b
Q = —100cos70°i — 100sin 70°j = — 34.2i — 94.0j 1b

0=1001b
y

L.

(b)

The resultant of P and Q is found by adding their components:

R=P + Q = (103.9 — 34.2)i + (60.0 — 94.0)j
= 69.7i — 34.0j1b

Calculating the magnitude and direction of R, we obtain

34.0

R=v34.02 4+ 69.2=77.61b 6= tan~' o =26.0°
+ 597

Answer
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Problems

1.40 Obtain the rectangular representation of the force P, given that its magni-
tude is 30 1b.

50°

Fig. P1.40

1.41 The length of the position vector r is 240 mm. Determine the rectangular
components of (a) r; and (b) the unit vector directed from O toward A.

1.42 (a) Compute the angle 6, between the force vector F and the z-axis.
(b) Determine the rectangular representation of F given that F = 240 N.

1.43 The coordinates of points A and B are (—3,0,2) ft and (4,1,7) ft,
respectively. Determine (a) the distance between A and B; and (b) the rectangular
representation of the unit vector directed from A towards B.

1.44 The slider travels along the guide rod AB with the velocity v = 6m/s.
Determine the rectangular representations of (a) the unit vector directed from A
toward B; and (b) the velocity vector v.

Fig. P1.42

n

3m

AT

Fig. P1.44

1.45 Find the rectangular representation of the force F, given its magnitude

240N, Fig. P1.45
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65°

35°

g/

Fig. P1.51

1.46 The magnitude of the force F is 120 Ib. Find its rectangular representation.

Fig. P1.46 Fig. P1.47

1.47 Arifle at A is fired at a target at B. If the speed of the bullet is 1800 ft/s,
determine the rectangular form of the velocity vector v.

1.48 Find the angles between the force F = 1200i 4+ 800j — 1500k N and the
x-, y-, and z-axes. Show your results on a sketch of the coordinate system.

1.49 Find the resultant of the two forces, each of which is of magnitude P.

Fig. P1.49 Fig. P1.50

1.50 Determine the resultant of the two forces shown.

1.51 The magnitudes of the three forces are F; = 1.6kN, F, = 1.2kN, and
F3 = 1.0kN. Compute their resultant in the form (a) R = R,i + R,j + R K; and
(b) R = R\.



1.5

1.52 Given that P =120 Ib and Q = 130 Ib, find the rectangular representation
of P+ Q.

1.53 Knowing that P = 120 1b and that the resultant of P and Q lies in the
positive x-direction, determine Q and the magnitude of the resultant.

1.54 If R is the resultant of the forces P and Q, find P and Q.

P=3kN

Fig. P1.54 Fig. P1.55
1.55 The force R is the resultant of P and Q. Determine Q and the angle 6.

1.56 The vertical post is secured by three cables. The cables are pre-tensioned
so that the resultant of the cable forces F, Q, and P is directed along the z-axis.
If F =1201b, find P and Q.

BN Vector Multiplication*

a. Dot (scalar) product

Figure 1.10 shows two vectors A and B, with 6 being the angle between their
positive directions. The dot product of A and B is defined as

A-B=ABcosf (0 <6 < 180°) (1.19)

Because the dot product is a scalar, it is also called the scalar product. Note that
the dot product is positive if & < 90°, negative if 6 > 90°, and zero if § = 90°.

The following two properties of the dot product follow from its definition in
Eq. (1.19).

* The dot product is commutative: A-B=B-A
 The dot product is distributive: A- (B+ C)=A-B+A-.C

“Note that division by a vector, such as 1/A or B/A, is not defined.

Vector Multiplication

Fig. 1.10
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Fig. 1.11
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/XA

From the definition of the dot product, we also note that the base vectors of a
rectangular coordinate system satisfy the following identities:

i-i=j-j=k-k=1
i-j=j-k=k-i=0

(1.20)

When A and B are expressed in rectangular form, their dot product becomes
A-B=(A,i+ Ayj+ Ak)-(B,i+ B,j+ B.k)

which, using the distributive property of the dot product and Egs. (1.20),
reduces to

A-B=A,B.+ A,B,+ A,B, (1.21)

Equation (1.21) is a powerful and relatively simple method for computing the dot
product of two vectors that are given in rectangular form.
The following are two of the more important applications of the dot product.

Finding the Angle Between Two Vectors The angle 6 between the two vec-
tors A and B in Fig. 1.11 can be found from the definition of the dot product in
Eq. (1.19), which can be rewritten as

A-B A B

cosf=——=—+—

AB A B
Letting Ny = A/A and \ 3 = B/B be the unit vectors that have the same directions
as A and B, as shown in Fig. 1.11, the last equation becomes

cosf =Ny + N (1.22)

If the unit vectors are written in rectangular form, this dot product is easily
evaluated using Eq. (1.21).

Determining the Orthogonal Component of a Vector in a Given Direction If
we project B onto A as in Fig. 1.12, the projected length B cos@ is called the
orthogonal component of B in the direction of A. Because 0 is the angle between
A and B, the definition of the dot product, A - B= AB cos 9, yields

A-B A
Bcos=—=B.—
A A

Because A/A ='h4 (the unit vector in the direction of A), as shown in Fig. 1.12,
the last equation becomes

BcosO=B-\, (1.23)
Therefore,

The orthogonal component of B in the direction
of A equals B - \4. (1.24)



b. Cross (vector) product

The cross product C of two vectors A and B, denoted by
C=AxB
has the following characteristics (see Fig. 1.13):
¢ The magnitude of C is

C = ABsinf (1.25)

where 6 (0 < 0 < 180°) is the angle between the positive directions of A and
B. (Note that C is always a positive number.)

» Cis perpendicular to both A and B.

* The sense of C is determined by the right-hand rule, which states that when the
fingers of your right hand are curled in the direction of the angle 6 (directed
from A toward B), your thumb points in the direction of C.”

Fig. 1.13

The cross product of two vectors is also called their vector product.
It can be shown that the cross product is distributive; that is,

AxB+CO=AxB)+(AxCO)
However, the cross product is neither associative nor commutative. In other words,

AxBxC)#AxB)xC
AxB#BxA

In fact, it can be deduced from the right-hand rule that A x B= — B x A.

From the definition of the cross product C = A x B, we see that (1) if A and
B are perpendicular (6 = 90°), then C = AB; and (2) if A and B are parallel
(6 = 0° or 180°), then C = 0.

*An alternative statement of the right-hand rule is this: The direction of C is the direction in which a
right-hand screw would advance when turned in the direction of 6 (directed from A toward B).

1.5

Vector Multiplication
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From the properties of the cross product, we deduce that the base vectors of a
rectangular coordinate system satisfy the following identities:

ixi=0 ixji=0 kxk=0
(1.26)
ixj=k jx k=i kxi=j

where the equations in the bottom row are valid in a right-handed coordinate
system. If the coordinate axes are labeled such thati x j= —k, j x k= —1i, and
k x i= — j, the system is said to be left-handed. Examples of both right- and
left-handed coordinate systems are shown in Fig. 1.14."

Right-handed coordinate Left-handed coordinate
system (ixj = Kk, etc.) system (ixj = —k, etc.)
Fig. 1.14

When A and B are expressed in rectangular form, their cross product becomes

A xB=(Ai+ A,j+ A.K) x (Bi+ B,j+ B.K)

Using the distributive property of the cross product and Egs. (1.26), this equation
becomes

A xB=(A,B, — A_B)i
- (Ax Bz - Asz)j (1-27)
+ (A:B, — A, By)k

The identical expression is obtained when the rules for expanding a 3 x 3 deter-
minant are applied to the following array of nine terms (because the terms are not
all scalars, the array is not a true determinant):

i i Kk
AxB= A, A, A, (1.28)
B, B, B

=
~
~

“In this text, we assume that all rectangular coordinate systems are right-handed.



You may use any method for determinant expansion, but you will find that
the following technique, called expansion by minors using the first row, is very
convenient.

d e
g h

e f
hoi

~ofy ]
g 1

+c'
=a(ei — fh) —b(di — fg) + c(dh — eg)

Expanding Eq. (1.28) by this method, we find that the 2 x 2 determinants equal
the i, j, and k components of the cross product.

€. Scalar triple product

Of the vector products that involve three or more vectors, the one that is most use-
ful in statics is the scalar triple product. The scalar triple product arises when the
cross product of two vectors is dotted with a third vector—for example, A x B - C.
When writing this product, it is not necessary to show the parentheses, because
A x B - C can be interpreted only in one way—the cross product must be done
first; otherwise the expression is meaningless.

Assuming that A, B, and C are expressed in rectangular form and recalling
Eq. (1.27), the scalar triple product becomes

AxB-.-C=[(AyB. — A.By)i— (A:B, — A,B,)j
+ (A:By — AyByk]| - (Cii+ Cyj + C.K)

Using Eq. (1.21) and the properties of the dot products of the rectangular base
vectors, this expression simplifies to

AxB-C=(A,B, — A;B,)C — (A:B; — A;B\)C,
+ (AxBy - AyBx)CZ

(1.29)

Therefore, the scalar triple product can be written in the following determinant
form, which is easy to remember:

Ay A, A
AxB.-C=|B, B, B (1.30)
C: C, C:
The following identities relating to the scalar triple product are useful:
AxB-C=A-BxC=B-CxA=C-AxB (1.31)

Observe that the value of the scalar triple product is not altered if the locations of
the dot and cross are interchanged or if the positions of A, B, and C are changed—
provided that the cyclic order A—-B—C is maintained.

1.5

Vector Multiplication
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Sample Problem 1.9

Given the vectors

A=8i+4j—2kIb
B = 2j + 6k ft
C=3i—2j+4kft

calculate the following: (1) A - B; (2) the orthogonal component of B in the direc-
tion of C; (3) the angle between A and C; (4) A x B; (5) a unit vector \ that is
perpendicular to both A and B; and (6) A x B-C.

Part 1
From Eq. (1.21), the dot product of A and B is

A-B=A,B, + AyBy + A;B. = 8(0) + 4(2) + (—2)(6)
= —41b-ft Answer

The negative sign indicates that the angle between A and B is greater than 90°.
Part 2

Letting 6 be the angle between B and C, we obtain from Eq. (1.23)

3i — 2j + 4k

V3 + (=27 +4

_ OB+ + 6@
V29

C
Bcos@:B-XczB-E=(2j+6k)-

=3.71ft Answer

Part 3
Letting o be the angle between A and C, we find from Eq. (1.22)

CoOSA=DAp+hc =

= |
ala

_ 8it4j-2k 3 — 2j + 4k
VB (2?2 B4 (2P + 8

_ ®0) + @2 + (-2

=0.16209
V84129




which yields

o =80.7° Answer

Part 4
Referring to Eq. (1.28), the cross product of A and B is

i j Kk i j k
AxB=JA, A, A|=|8 4 -2
B, B, B| [0 2 6
L
2 6o 6 0 2
=28i —48j+ 16k 1b - ft Answer

Part 5

The cross product A x B is perpendicular to both A and B. Therefore, a unit vector
in that direction is obtained by dividing A x B, which was evaluated above, by its
magnitude

AxB 28i — 48j + 16k

A xB| /287 + (—48)2 + 162

= 0.484i — 0.830j + 0.277k

Because the negative of this vector is also a unit vector that is perpendicular to
both A and B, we obtain

A= £ (0.484i — 0.830j + 0.277k) Answer

Part 6
The scalar triple product A x B - C is evaluated using Eq. (1.30).

A, A, A, 8 4 2
AxB.C=|B, B, B/|=1[0 2 6
¢, C, C, 3 -2 4
2 6 0 6 0 2
=160 +72+ 12=2441b - ft* Answer
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Problems

200 mm

Fig. P1.62

Introduction to Statics

1.57 Compute the dot product A - B for each of the following cases. Identify the
units of each product.

(@ A=6j+9Kkft B=7i—3j+ 2k ft
(b) A=2i—3jm B=6i— 13k N
(© A=5i—6j—km B=—S5i+8j+6km

1.58 Compute the cross product C=A x B for each of the cases given in
Prob. 1.57. Identify the units of each product.

1.59 Given

r = 5i + 4j 4+ 3k m (position vector)
F = 30i — 20j — 10k N (force vector)
= 0.6j + 0.8k (dimensionless unit vector)

compute (a) r x F«X;and (b) A xr-F.
1.60 Compute A x B and C x B for the position vectors shown.

1.61  Use the dot product to find the angle between the position vectors A and
B. Check your results by trigonometry.

1.62  Use the dot product to find the angle between the position vectors A and B.

1.63 Let A and B be two nonparallel vectors that lie in a common plane S. If
C =A x (A x B), which of the following statements are true: (i) C = 0; (ii) C lies
in plane S; and (iii) C is perpendicular to plane S?

1.64 Determine which of the following position vectors B is perpendicular to
A=3i—-5j+2km:

@ B=5i+3j—2km
(b) B=2i+3j+4km
© B=i+j+km

d) B=3i+j—2km

1.65 Find a unit vector that is perpendicular to both A =5i — 2j + 2k ft and
B= —3i+2j+4kft

1.66 The three points A (0, —2, 2), B(—1, 4, 1), and C (3, 0, 0) define a plane.
The coordinates are in inches. Find a unit vector that is perpendicular to this plane.

1.67 Determine the orthogonal component of C = r x F in the direction of the
unit vector X where r = 0.2i 4+ 0.3j — 0.2k m, F = 300i — 100j + 500k N, and
A= (+j+k/3



1.68 Compute the orthogonal component of F=6i + 20j — 12k 1b in the
direction of the vector A =2i — 3j + 5k ft.

1.69 Using the dot product, find the components of the velocity vector v = 20i+
12j km/h in the directions of the x’- and y’-axes.

“1.70 Resolve A = 3i 4 5j — 4Kk in. into two vector components—one parallel
to and the other perpendicular to B = 6i + 2k in. Express each of your answers
as a magnitude multiplied by a unit vector.

1.71  Show that the shortest distance between the point P and the line AB is
d = |AP x \ap| where h4p is a unit vector in the direction of the line.

1.72 Determine the value of the scalar a if the following three vectors are to lie
in the same plane: A =2i—j+2k m, B =6i+3j+ak m, and C = 16i+46j+7k m.

“1.73 Resolve the force F=20i + 30j + 50k Ib into two components—one
perpendicular to plane ABC and the other lying in plane ABC.

1.74 It can be shown that a plane area may be represented by a vector A = A\,
where A is the area and '\ represents a unit vector normal to the plane of the area.
Show that the area vector of the parallelogram formed by the vectors a and b
shown in the figure is A=a x b.

Z

b S

A = A\

Area = A

Fig. P1.74

1.75 The coordinates of the corners of a triangle ABC are A (3, —1, 0), B (-2,
2, 3), and C (0, 0, 4). The units are inches. Calculate the area of triangle ABC.
(Hint: See Prob. 1.74.)

1.76  Show that |a x b - ¢| equals the volume of a parallelepiped that has a, b,
and c as its edges. (Hint: See Prob. 1.74.)

1.57-1.76  Problems

Fig. P1.73
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Review of Equations

F = Gmampl/R?
G =6.67 x 107" m%/(kg - s?)
=3.44 x 1078 ft*/(Ib - %)

A=A+ Aj+ Ak
A + B = (Ax + Bx)i + (Ay + By)j + (AZ + Bz)k

% . .
AB = (xp —x)i+ (yp — ya)ji+ (zg — za)K

A-B=A.B,+A,By+ A,B, = ABcosf

i j k
AxB=|A, A, A.| |AxB|=ABsinb
B, B, B,
A, A, A,
AxB-C=|B, B, B.
c. C, C.

6 = angle between A and B



Basic Operations
with Force Systems

/

2.1 Introduction

The usefulness of vector algebra in real-world problems stems from the fact that
several commonly encountered physical quantities possess the properties of vec-
tors. One such quantity is force, which was shown to obey the parallelogram law
of addition by Stevinus (1548-1620).

In this chapter we begin to study the effects of forces on particles and rigid
bodies. In particular, we learn how to use vector algebra to reduce a system of
forces to a simpler, equivalent system. If the forces are concurrent (all forces
intersect at the same point), we show that the equivalent system is a single force.
The reduction of a nonconcurrent force system requires two additional vector con-
cepts: the moment of a force and the couple. Both of these concepts are introduced
in this chapter.

228 Fquivalence of Vectors

We recall that vectors are quantities that have magnitude and direction, and com-
bine according to the parallelogram law for addition. Two vectors that have the
same magnitude and direction are said to be equal.

A fundamental concept of statics is
the equivalence of forces. For
example, a single force can produce
the same effect on the floating
drilling platform as the two forces
applied by the tugboats. Equivalence
of forces is one of the topics
discussed in this chapter. Don
Farrall/Photodisc/Getty Images
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CHAPTER 2

Basic Operations with Force Systems

In mechanics, the term equivalence implies interchangeability; two vectors are
considered to be equivalent if they can be interchanged without changing the out-
come of the problem. Equality does not always result in equivalence. For example,
a force applied to a certain point in a body does not necessarily produce the same
effect on the body as an equal force acting at a different point.

From the viewpoint of equivalence, vectors representing physical quantities
are classified into the following three types:

e Fixed vectors: Equivalent vectors have the same magnitude, direction, and
point of application.

* Sliding vectors: Equivalent vectors have the same magnitude, direction, and
line of action.

* Free vectors: Equivalent vectors have the same magnitude and direction.

It is possible for a physical quantity to be one type of vector—say, fixed—in
one application and another type of vector, such as sliding, in another application.
In vector algebra, reviewed in Chapter 1, all vectors were treated as free vectors.

2.3 Force

Force is the term assigned to mechanical interaction between bodies. A force can
affect both the motion and the deformation of the body on which it acts. Forces
may arise from direct contact between bodies, or they may be applied at a distance
(such as gravitational attraction). Contact forces are distributed over a surface area
of the body, whereas forces acting at a distance are distributed over the volume of
the body.

Sometimes the area over which a contact force is applied is so small that it
may be approximated by a point, in which case the force is said to be concentrated
at the point of contact. The contact point is also called the point of application of
the force. The line of action of a concentrated force is the line that passes through
the point of application and is parallel to the force. In this chapter we consider
only concentrated forces; the discussion of distributed forces begins in the next
chapter.

Force is a fixed vector, because one of its characteristics (in addition to its
magnitude and direction) is its point of application. As an informal proof, con-
sider the three identical bars in Fig. 2.1, each loaded by two equal but opposite
forces of magnitude P. If the forces are applied as shown Fig. 2.1(a), the bar is
under tension, and its deformation is an elongation. By interchanging the forces,
as seen in Fig. 2.1(b), the bar is placed in compression, resulting in its shortening.
The loading in Fig. 2.1(c), where both forces are acting at point A, produces no
deformation. Note that the forces in all three cases have the same line of action
and the same zero resultant; only the points of application are different. There-
fore, we conclude that the point of application is a characteristic of a force, as far
as deformation is concerned.

If the bar is rigid, however (meaning that the deformation is negligible), there
will be no observable differences in the behavior of the three bars in Fig. 2.1.



2.4 Reduction of Concurrent Force Systems 39

Pty — — ——— ———  — @ P
A B
(@)
Pe——irg — ———  ———  ——— ¢t P
A B

P ——t- e P——  ———  ——— -

(©)

Fig. 2.1

In other words, the external eﬁ’ects* of the three loadings are identical. It fol-
lows that if we are interested only in the external effects, a force can be treated
as a sliding vector. The above conclusion is summarized by the principle of
transmissibility:

A force may be moved anywhere along its line of action without changing its
external effects on a rigid body.

Two force systems that produce the same external effects on a rigid body are said
to be equivalent. (Sometimes the term rigid-body equivalent is used.)

In summary, a force is a fixed vector tied to a point of application, but if one
is interested only in its external effect on a rigid body, a force may be treated as a
sliding vector.

As a further illustration of the principle of transmissibility, consider the rigid
block shown in Fig. 2.2. The block is subjected to three forces P, Q, and S,
each with magnitude 20 N. The three forces are equal in the mathematical sense:
P=Q=S. However, only P and Q would produce identical external effects
because they have the same line of action. Because S has a different line of action,
its external effect would be different.

20 Reduction of Concurrent Force Systems

In this article, we discuss the method for replacing a system of concurrent forces
with a single equivalent force.

Consider the forces Fy, F, F3, . . . acting on the rigid body in Fig. 2.3(a) (for
convenience, only three of the forces are shown). All the forces are concurrent at
point O. (Their lines of action intersect at O.) These forces can be reduced to a
single, equivalent force by the following two steps.

1. Move the forces along their lines of action to the point of concurrency O,
as indicated in Fig. 2.3(b). According to the principle of transmissibility, this

“The external effects that concern us most are the motion (or state of rest) of the body, and the support
reactions.

P=20N
B

S=20N
N

0=20N
e

Fig. 2.2
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(a) (b) ©)

Fig. 2.3

operation does not change the external effects on the body. Therefore, the
force systems in Figs. 2.3(a) and (b) are equivalent, which is indicated by the
equal sign between the figures.

2. With the forces now at the common point O, compute their resultant R from
the vector sum

R=XF=F +F, +F;+--. (2.1)

This resultant, which is also equivalent to the original force system, is shown
in Fig. 2.3(c) together with its rectangular components. Note that Eq. (2.1)
determines only the magnitude and direction of the resultant. The line of
action of R must pass through the point of concurrency O in order for the
equivalence to be valid.

When evaluating Eq. (2.1), any of the graphical or analytical methods for
vector addition discussed in Chapter 1 may be used. If rectangular components
are chosen, the equivalent scalar equations for determining the resultant force
R are

R,=%F, R,=%F, R.=XF. (2.2)

Thus we see that three scalar equations are required to determine the resultant
force for a concurrent system of forces. If the original forces lie in a common
plane—say, the xy-plane—the equation R, = X F,, yields no independent informa-
tion and only the following two equations are necessary to determine the resultant
force.

R, =%F, R,=%3F, (2.3)

We emphasize that the method described here for determining the resultant
force is valid only for forces that are concurrent. Because a force is tied to its line
of action, the reduction of nonconcurrent force systems will require additional
concepts, which are discussed later.



Sample Problem 2.1

Determine the resultant of the three concurrent forces shown in Fig. (a).

F,=10N F;=50N

60°

Fy=60N
(@)

Because the three forces are concurrent at point A, they may be added immediately
to obtain the resultant force R.

The rectangular components of each of the three forces are shown in Fig. (b).
Using Eqgs. (2.3) to determine the components of the resultant, we have

R,=%XF, - R,=30-5=25N

and
Ry=%F, ] R,=40+8.66—60= —11.34N

The signs in these equations indicate that R, acts to the right and R, acts down-
ward. The resultant force R is shown in Fig. (c). Note that the magnitude of
the resultant is 27.5N and that it acts through point A (the original point of
concurrency) at the 24.4° angle shown.

y
A 25N
So = ——— —x
:\K:
1 |
|
naanNt_ S |
R=275N
6=tan 153 = 2400

The foregoing solution could also have been accomplished using vector
notation. The forces would first be written in vector form as follows,

F, = 30i + 40j N
F, = —5i 4+ 8.66j N
F; = —60j N

y

10 sin60° = 8.66 N

10 cos60°= 5N
A

50(%‘):40N

— Y

50(2)=30N

60 N

(b)

41



and the resultant force R would then be determined from the vector equation

R=XF=F +F,+F;
R = (30i 4 40j) + (—5i + 8.66j) + (—60j)
R =251 —-11.34jN Answer

Whether you use scalar or vector notation is a matter of personal preference.

42

Sample Problem 2.2

Three ropes are attached to the post at A in Fig. (a). The forces in the ropes are
Fy = 2601b, F, = 751b, and F3 = 601b. Determine (1) the magnitude of the
force R that is equivalent to the three forces shown, and (2) the coordinates of the
point where the line of action of R intersects the yz-plane.

[l

Part 1

The forces are concurrent at point A and thus may be added immediately. Because

the forces do not lie in a coordinate plane, it is convenient to use vector notation.
One method for expressing each of the forces in vector notation is to use the

form F = F'\, where \ is the unit vector in the direction of the force F. Thus

—
AB

F, = 260ha5 = 260-— =260
|AB|

= —60i — 240j + 80k Ib
AC 3i + 4k
—J1
Fy = 75%sc = 75— =75< )
|AC| 5
—45i + 60k 1b
—60j Ib

—3i— 12j + 4k
13

F;



The resultant force is given by
R=XF=F +F,+F;
= (—60i — 240j + 80k) + (—45i + 60k) + (—60j)
= —105i — 300j + 140k 1b

The magnitude of R is

R=+/(—105)2 + (—300)2 + (140)2 =347.3 Ib Answer

Part 2

The unit vector \ in the direction of R is

\— R —105i — 300j + 140k
"R 3473

= —0.3023i — 0.8638j 4 0.4031k

12 ft
(b)

Let D be the point where \ intersects the yz-plane, as shown in Fig. (b). The
coordinates of D can be determined by proportions:

bl Il _ e
3 12—yD D

Substituting the components of '\, this becomes

0.3023  0.8638  0.4031
3 o 12 — Ybp o D

yielding

yp = 3.43 ft zp = 4.0 ft Answer
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Problems

2.1 Which of the force systems shown are equivalent to the S00-N force in (a)?

| \

|
|
| /
|
4 m !
500 N 250N : 335N
l
3m 4 2m A
(@) ®)

1500N

\ i

A
(©) (d
559 N
250N
| |
| |
b/ b/
| / | /
L /559N : /
| |
250 N [ !
A A
(e) (f)
1500N Ts00N
| 250N |
| |
| |
| |
| |
| |
250 N ! !
A A
(@ (h)

Fig. P2.1
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2.2 Two men are trying to roll the boulder by applying the forces shown. Deter-
mine the magnitude and direction of the force that is equivalent to the two applied
forces.

2.3 The magnitudes of the three forces applied to the eye bolt are 7} =
1101b, T, = 401b, and T5 = 1501b. Replace these forces with a single equivalent
force R. Show the result on a sketch of the eye bolt.

Fig. P2.3

2.4 Determine P and 6 so that the three forces shown are equivalent to the
single force R = 85i + 20j kN.

30N

J;y

Fig. P2.4 Fig. P2.5

2.5 Replace the three forces acting on the bracket by a single, equivalent force.

2.6 The forces P; = 1101b, P, = 2001b, and P; = 1501b are equivalent to a
single force R. Determine (a) the magnitude of R; and (b) the coordinates of the
point where the line of action of R crosses the yz-plane.

2.7 Determine the magnitudes of the three forces Py, P,, and P3, given that they
are equivalent to the force R= — 600i 4+ 500j + 300k 1b. Fig. P2.6, P2.7
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Fig. P2.8, P2.9

Fig. P2.13

2.8 The magnitudes of the three forces acting on the plate are 7; =
100kN, 7, = 80kN and 73 = S50kN. Replace these forces with a single
equivalent force R. Also, find the coordinates of the point where R intersects
the plate.

2.9 Determine the three forces acting on the plate that are equivalent to the
force R = 210k kN.

2.10 The force R is the resultant of the forces P, P,, and P; acting on the
rectangular plate. Find P; and P, if R =40 kN and P; =20 kN.

y P,
300 | 300
/
y
= // R4 R |
/ . : |
© / R | 8 in. ‘
/// . \300 e
P —-——- X * T -1
’ N ‘ 24 1b
: R Ib
N 18 4in
A
P, . . x
Dimensions in mm Li X ‘
Fig. P2.10 Fig. P2.11

2.11  The two forces are equivalent to a force R that has a line of action passing
through point A. Determine R and the distance x.

Fig. P2.12

2.12 Knowing that the forces P and Q are equivalent to a single force R that
passes through point A, determine P and R.

2.13 The four forces are to be replaced by a single, equivalent force. Determine
the rectangular components of this force and the point of intersection of its line of
action with the plate.



2.14 Find the forces Qi, Q,, and Q3 so that the two force systems are
equivalent.

3 ft 3ft

XS

AN

N [y
P, =1001b ‘\{£2=1201b
4ft 41t N
Py=60Tb 0,
vl o- 0,
7

Fig. P2.14

2.15 The man exerts a force P of magnitude 50 Ib on the handles of the wheel-
barrow. Knowing that the resultant of the forces P, Q (the reaction at the wheel),
and W (the weight of the wheelbarrow) is the force R = 101i1b, determine W.

Fig. P2.15

2.16 The three forces acting on the beam can be replaced with a single
equivalent force R. Determine the angle 6 and R.

Py =60 kN ~
P =25kN P;=80kN
40° 6 50° Y
X
4m 6m

Fig. P2.16

2.1-2.21

Problems
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ll 20 1b

=
(=)
o
-
-
30° 30°
Z
80 1b 160 1b

Fig. P2.19

240N = = ¥
300N
25°
A
L hd 12
1.2m
—y 4.{ V
X
Fig. P2.17

2.17 The trapdoor is held in the horizontal plane by two wires. Replace the
forces in the wires with an equivalent force R that passes through point A, and
determine the y-coordinate of point A.

2.18 Replace the three forces acting on the guy wires by a single, equivalent
force acting on the flagpole. Use 71 =200 1b, 7, =400 1b, and 73 =350 Ib.

2.19 The three forces acting on the pole are equivalent to a single force R.
Determine (a) the magnitude of R; and (b) the coordinates of the point where the
line of action of R crosses the xy-plane.

2.20 The three forces, each of magnitude F, are applied to the crate. Deter-
mine F so that the three forces are equivalent to a single 600-1b force.

Fig. P2.20 Fig. P2.21

*2.21  Determine the resultant force R that is equivalent to the forces exerted
by the three tugboats as they maneuver the barge. Specify the coordinate of the
point on the x-axis through which R passes. (Hint: First determine the resultant
force for the two forces at point A, and then combine this result with the force at
point B.)
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2N Moment of a Force about a Point

In general, a force acting on a rigid body tends to rotate, as well as translate, the
body. The force itself is the translational effect—the body tends to move in the
direction of the force, and the magnitude of the force is proportional to its ability
to translate the body. (The formal statement of this relationship is Newton’s sec-
ond law: Force equals mass times acceleration.) Here we introduce the tendency
of a force to rotate a body, called the moment of a force about a point. This rota-
tional effect depends on the magnitude of the force and the distance between the
point and the line of action of the force. The tendency of a force to rotate a body
about an axis, called the moment of a force about an axis, is discussed in the next
article.

a. Definition

Let F be a force and O a point that is not on the line of action of F, as shown in
Fig. 2.4. Note that the force F and the point O determine a unique plane. We let A
be any point on the line of action of F and define r to be the vector from point O
to point A.

The moment of the force F about point O, called the moment center, is
defined as

Moy =r xF (2.4)

Note that moment about a point has the dimension [FL]. In SI units, moment
is measured in newton-meters (N - m). In U.S. Customary units, pound-inches
(Ib - in.) and pound-feet (Ib - ft) are commonly used.

The moment of F about point O is a vector by definition. From the properties
of the cross product of two vectors, My is perpendicular to both r and F, with its
sense determined by the right-hand rule, as shown in Fig. 2.4."

b. Geometric interpretation

The moment of a force about a point can always be computed using the cross pro-
duct in Eq. (2.4). However, a scalar computation of the magnitude of the moment
can be obtained from the geometric interpretation of Eq. (2.4).

Observe that the magnitude of My, is given by

Mo =|Mp|=|r x F|=rFsin6 (2.5)
in which 6 is the angle between r and F. Returning to Fig. 2.4, we see that
rsinf =d (2.6)

where d is the perpendicular distance from the moment center to the line of action
of the force F called the moment arm of the force. Therefore, the magnitude
of My is

Mo=Fd (27)

“Moment vectors are drawn as double-headed arrows throughout this text.

Fig. 2.4

Plane determined

by O and F

49




50

CHAPTER 2

Basic Operations with Force Systems

Because the magnitude of My depends only on the magnitude of the force
and the perpendicular distance d, a force may be moved anywhere along its line of
action without changing its moment about a point. Therefore, in this application,
a force may be treated as a sliding vector. This explains why any point A on
the line of action of the force may be chosen when determining the vector r in
Eq. (2.4).

Equation (2.7) is convenient only when the moment arm can be easily deter-
mined. Furthermore, when using Eq. (2.7), the direction of M must be found by
inspection. For example, the magnitude of the moment of the 100-N force about
the point O in Fig. 2.5(a) is (100)(2) =200 N - m, and its direction is counter-
clockwise, as viewed from the positive z-axis. Using the right-hand rule, the vector
representation of this moment is My =200k N - m, as shown in Fig. 2.5(b). The
magnitude of the moment about point O for the 100-N force in Fig. 2.5(c) is also
200 N - m, but in this case its direction is clockwise, as viewed from the positive
z-axis. For this force, Mp = — 200k N - m, as shown in Fig. 2.5(d). Although the
vector description for both forces is —100i N, their moments about point O are
oppositely directed.

(© (d)

Fig. 2.5
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€. Principle of moments

When determining the moment of a force about a point, it is often convenient to
use the principle of moments, also known as Varignon’s theorem:

The moment of a force about a point is equal to the sum of the moments of its
components about that point.

Proof

To prove Varignon’s theorem, consider the three forces Fy, F,, and F5 concurrent
at point A, as shown in Fig. 2.6, where r is the vector from point O to point A. The
sum of the moments about point O for the three forces is

Mo=X@xF)=CxF)+ @ xF)+ @ xF3) @
Using the properties of the cross product, Eq. (a) may be written as
Mo=rx (F;+F,+F;)=rxR (b)

where R=F; 4 F, + F; is the resultant force for the three original forces. Equa-
tion (b) proves the principle of moments: The moment of R equals the moments
of the components of R. (Although the preceding proof has used only three
components, it may obviously be extended to any number of components.)

d. Vector and scalar methods

From the preceding discussion, we observe that the following are equivalent
methods for computing the moment of a force F about a point O.

Vector Method The vector method uses My =r x F, where r is a vector from
point O to any point on the line of action of F. The most efficient technique for
using the vector method (with rectangular components) is the following: (1) Write
F in vector form; (2) choose an r, and write it in vector form; and (3) use the
determinant form of r x F to evaluate My:

i
Mpo=rxF=|x
Fy

(2.8)

S e
R

where the second and third lines in the determinant are the rectangular compo-
nents of r and F, respectively. These components are shown in Fig. 2.7. Expansion
of the determinant in Eq. (2.8) yields

Mo =(yF, —zF)i+ (2F, —xF)j+ (xF, — yFok (2.9)

Scalar Method In the scalar method, the magnitude of the moment of the force
F about the point O is found from My = F'd, where d is the moment arm of the
force. In this method, the sense of the moment must be determined by inspection.
As mentioned previously, the scalar method is convenient only when the moment
arm d can be easily determined.

F
A 3
r
________ I
Fig. 2.6
FZ
—
A F,
. )
FX
S S —
y
Fig. 2.7
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Sample Problem 2.3

Determine (1) the moment of the force F about point C; and (2) the perpendicular
distance between C and the line of action of F.

Part1

The moment of a force about point C can be computed by either the scalar method
(M¢ = Fd), or the vector method (M¢ =r x F). In this problem the scalar method
would be inconvenient, because we have no easy means of determining d (the
perpendicular distance between C and the line AB). Therefore, we use the vector
method, which consists of the following three steps: (1) write F in vector form;
(2) choose an r, and write it in vector form; and (3) compute M¢c =r x F.

Step 1: Write F in vector form.
Referring to the figure, we obtain

AB 2i — 4j + 3k
F = 50045 = 500-—o- =500 ( =3 7%
B 5.385

which yields

F=185.7i — 371.4j + 278.6k N

Step 2: Choose an r, and write it in vector form.

The vector r is a vector from point C to any point on the line of
action of F. From the figure we see that there are two convenient choices
for r—the vector from point C to either point A or point B. As shown
in the figure, let us choose r to be rc4. (As an exercise, you may wish
to solve this problem by choosing r to be the vector from point C to
point B.) Now we have

r=rcya= —2im



Step 3: Calculate M¢c =r x F.
The easiest method for evaluating the cross product is to use the
determinant expansion:

i j k
Mc=rxF=rcy xF=| =2 0 0
185.7 3714 278.6

Expanding this determinant gives

M¢ =557.2j+ 742.8k N - m Answer

Part 2

The magnitude of M¢ is

Mc=+/(557.2)% + (742.8)>=928.6 N-m

The perpendicular distance d from point C to the line of action of F may be
determined by
_ Mc 9286
T F 500
Observe that, instead of using the perpendicular distance to determine the
moment, we have used the moment to determine the perpendicular distance.

=1.857m Answer

Caution A common mistake is choosing the wrong sense for r in Eq. (2.4).
Note that r is directed from the moment center to the line of action of F. If the
sense of r is reversed, r x F will yield the correct magnitude of the moment, but
the wrong sense. To avoid this pitfall, it is strongly recommended that you draw r
on your sketch before attempting to write it in vector form.

Sample Problem 2.4

Determine the moment of the force F in Fig. (a) about point A.

F=2001b
;3 5
-~ - 1 in.
B
i b
¥
C 1in.
y N i
o x A D

(a)
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The force F and point A lie in the xy-plane. Problems of this type may be solved
using either the vector method (r x F) or the scalar method (F'd). For illustrative
purposes, we use both methods.

Vector Solution

Recall that the three steps in the vector method are to write F in vector form,
choose r and write it in vector form, and then evaluate the cross product r x F.
Writing F in vector form, we get

F Y 2001 + (2 ) 2005
— — — l p—
5 5)
— —160i + 120§ Ib

There are several good choices for r in this problem, three of which are
Iap, TaAC, and TaApD. ChOOSng

I=TIsp— —4i+6j in.

the moment about point A is

i j k
My=rxF=rpxF=| -4 6 0
—-160 120 0
Expanding this determinant, we obtain
M, =Kk[(120)(—4) + (160)(6)] =480k 1b - in. Answer

The magnitude of M4 is 480 1b - in. Note that the direction of M4 is the positive z
direction, which by the right-hand rule means that the moment about point A is
counterclockwise.

Scalar Solution

In Fig. (b), we have resolved the force into the rectangular components F; and F,
at point B. The moment arm of each component about point A (the perpendicular
distance between A and the line of action of the force) can be determined by
inspection. The moment arms are d; = 6in. for F| and d, = 4in. for F,, as
shown in Fig. (b).

The moment of F about A now can be obtained by the principle of moments.
Nothing that the moment of F; is counterclockwise, whereas the moment of F, is
clockwise, we obtain

3 My =Fd — Fd,
— 160(6) — 120(4) = 480 Ib - in.



W ) F,=1201b 1 in,

A

<7d24>

(b)

Note that the sense of M, is counterclockwise. Applying the right-hand rule, the
vector representation of the moment is

M, =480k 1b - in. Answer

Recall that a force, being a sliding vector, can be moved to any point on its line
of action without changing its moment. In Fig. (c) we have moved F to point C.
Now the moment arm of F; about A is d; = 3in., and the moment arm of F; is
zero. Hence, the moment of F about A is

5 My =Fid =1603) =4801b - in.

counterclockwise, as before.

1 in.

4 71 in.
™ F2:12()1bf71

e

=

(©)

Another convenient location for F would be point D in Fig. (c). Here the
moment arm of F| about A is zero, whereas the moment arm of F, is 4 in., which
again yields M4 = 4801b - in. counterclockwise.
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Problems
S0ON 2.22 Determine the magnitude and sense of the moment of the 800-N force
38° about point A.
2.23 Find the magnitude and sense of the moment of the 60-1b force about
points A and B.
0.6 m
A B
A : AN
0.5m . y AN
24 in. \ 35m
. P P
Fig. P2.22 60 Ib — A 55m T 25m
\\\\ 12 in. 2 c ”
40 in. ]
Fig. P2.23 Fig. P2.24

2.24 The two forces can be replaced by an equivalent force R acting at point B
on the beam. Determine the distance b that locates B. (Hint: The combined
moment of the two forces about any point is equal to the moment of R about
the same point.)

2.25 A force P in the xy-plane acts on the triangular plate. The moments of P
about points O, A, and B are My =200 N - m clockwise, M4 =0, and Mp =0.
Determine P.

2.26 A force P in the xy-plane acts on the triangular plate. The moments of P
about points O, A, and B are My =80 N - m counterclockwise, M4 =200 N - m
clockwise, and Mg = 0. Determine P.

A
Y ¥
500 mm 12 in. /
e A
_- |
—~ |
_— X o - 1 x
o 400 mm B o
Fig. P2.25, P2.26 Fig. P2.27

2.27 Determine the moment of the force F =9i + 18j Ib about point O by
the following methods: (a) vector method using r x F; (b) scalar method using
rectangular components of F; and (c) scalar method using components of F that
are parallel and perpendicular to the line OA.



2.28 Given that T =28.3 kN and W =25 kN, determine the magnitude and
sense of the moments about point B of the following: (a) the force T; (b) the
force W; and (c) forces T and W combined.

36 m
T
w
B
/}—7 20 m }—f16 m-——=
Fig. P2.28

2.29 A moment of 50 Ib - ft about O is required to loosen the nut. Determine
the smallest magnitude of the force F and the corresponding angle 6 that will turn
the nut.

Fig. P2.29

2.30 Knowing that the forces P and Q are equivalent to a single force R that
passes through point A, determine P. (Hint: The combined moment of P and Q
about A is zero.)

Fig. P2.30

2.31 The resultant of the two forces shown has a line of action that passes
through point A. Recognizing that the moment of the resultant about A is zero,
determine the distance x.

2.22-2.46

Problems

57

Fig. P2.31
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2.32 The tow truck’s front wheels will be lifted off the ground if the moment of
the load W about the rear axle exceeds the moment of the 6200-1b weight of the
truck. Determine the largest W that may be safely applied.

bK
L ,
\Ax A0 W
\
RN
4 ft \
e I T AN
-
! 8 fit ‘ 10 ft !

Fig. P2.32

2.33 The force F acts on the gripper of the robot arm. The moments of F about
points A and B are 210 N - m and 90 N - m, respectively—both counterclockwise.
Determine F and the angle 6.

150 mm

300 mm

Fig. P2.33
2.34 Compute the moment of the force P about point A.

2~

/
360 mm

/ /a----\ -------- —
Q P $
4 Q
/ S
D
/ 600 mm A
X
Fig. P2.34 Fig. P2.35, P2.36

2.35 The magnitude of the force P is 100 N. Determine the moments of P about
(a) point O; and (b) point C.

2.36 The magnitude of the force Q is 250 N. Determine the moments of Q
about (a) point O; and (b) point C.



2.22-2.46 Problems

2.37 The magnitude of the moment of force P about point O is 200 kN - m.
Determine the magnitude of P.

2.38 The magnitude of the force P is 50 kN. Determine the moment of P about e
(a) point A; and (b) point B. A —

~

2.39 Determine the moments of Q about (a) point O; and (b) point C. The x
magnitude of Q is 201b. 3

B 4m

A Fig. P2.37, P2.38

8 ft N
. N
Vs
2 4 ft C ’
x
Fig. P2.39 Fig. P2.40

2.40 Find the combined moment of the forces P and Q about point O. The
magnitudes of the forces are P = 801b and O = 601b.

2.41 The wrench is used to tighten a nut on the wheel. Determine the moment
of the 120-1b force about the origin O. Express your answer in vector form.

AN

Fig. P2.41

2.42 The magnitudes of the two forces shown are P =16 b and Q =22 1Ib. x
Determine the magnitude of the combined moment of P and Q about point O and
the direction cosines of this moment vector.

Fig. P2.42

E)
i
N\ =
N\

[y}

%
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2.43 The moment of the force F = 50i — 100j — 70k Ib about point O is
My = 400i + 410j — 300k 1b - ft. Determine the coordinates of the point where
the line of action of F intersects the xz-plane.

2.44 Determine the magnitude of the moment of the 150-N force about point O
and find the direction cosines of the moment vector.

Fig. P2.44 Fig. P2.45

2.45 The combined moment of the two forces, each of magnitude P, about
point A is zero. Determine the distance d that locates A.

2.46 The force F = —20i + 4j + 6Kk b acts at point A. Determine the coordi-
nates of point B where the line of action of F intersects the xy-plane. (Hint: The
moment of F about B is zero.)

v y
5 )
‘ ”5%

Fig. P2.46

2 NVoment of a Force about an Axis

Whereas the preceding article defined the moment of a force about a point, this
article discusses the moment of a force about an axis. Because moment about an
axis is a measure of the tendency of a force to rotate a body about the axis, it is fun-
damental to the study of engineering mechanics. We begin with a formal definition
of the moment about an axis, and we then examine its geometric interpretation.
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a. Definition

The moment of a force about an axis, called the moment axis, is most easily
defined in terms of the moment of the force about a point on the axis. Figure 2.8
shows the force F and its moment My =r x F about point O, where O is any
point on the axis AB. We define the moment about an axis as follows:

The moment of F about the axis AB is the orthogonal component of M along
the axis AB, where O is any point on AB.

Letting N be a unit vector directed from A toward B, this definition gives for the
moment of F about the axis AB

Mup= Mg cosa (2.10)

where « is the angle between M and '\, as shown in Fig. 2.8.
Because Mpcosa =My -\ (from the definition of the dot product),
Eq. (2.10) can also be expressed in the form

Mup=Mp-A=rxF-\ (2.11)

Let us review each of the terms appearing in this equation:

* Myp is the moment (actually, the magnitude of the moment) of the force F
about the axis AB.

* My represents the moment of F about the point O, where O is any point on
the axis AB."

* '\ is the unit vector directed from A toward B.

* r is the position vector drawn from O to any point on the line of action of F.

Note that the direction of \ determines the positive sense of Mg by the right-hand
rule, as illustrated in Fig. 2.9. Paying heed to this sign convention will enable you
to interpret correctly the sign of Mg in Egs. (2.10) and (2.11).

Sometimes we wish to express the moment of F about the axis AB as a vector.
We can do this by multiplying M4 by the unit vector N that specifies the direction
of the moment axis, yielding

Mug=Msuph=(@ xF-M\ (2.12)

Rectangular components of Mg Let My be the moment of a force F about
O, where O is the origin of the xyz-coordinate system shown in Fig. 2.10. The

“If we let O and C be two points on the moment axis AB, then Mo and Mc¢ will, in general, be
different. However, it can be shown that M «+ A =M - '\, where '\ is a unit vector parallel to AB. For
this reason, O in Eq. (2.10) can be any point on AB.

M, =rxF

B

|
l r

N u
Myp = Mycosa

Plane determined
by O and F

—
®+MAB

(b)

Fig. 2.9
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Plane determined
by O and F

Fig. 2.10

moments of F about the three coordinate axes can be obtained from Eq. (2.11) by
substituting i, j, and Kk in turn for '\.. The results are

M,=Mgp -i M,=Mp -j M,=Mp -k
from which we draw the following conclusion:

The rectangular components of the moment of a force about the origin O are
equal to the moments of the force about the coordinate axes.

In other words,
Mo =M, i+ M,j+ Mk (2.13)

where M, My, and M_, shown in Fig. 2.10, are equal to the moments of the force
about the coordinate axes.

Special Case: Moment Axis Perpendicular to F Consider the case where the
moment axis is perpendicular to the plane containing the force F and the point O,
as shown in Fig. 2.11(a). Because the directions of My and Mz now coincide, '\
in Eq. (2.11) is in the direction of M. Consequently, Eq. (2.11) yields

Mo = Myg (2.14)

That is, the moment of F about point O equals the moment of F about the axis AB.

A two-dimensional representation of Fig. 2.11(a), viewed along the moment
axis AB, is shown in Fig. 2.11(b). We will frequently use a similar figure in the
solution of two-dimensional problems (problems where all forces lie in the same
plane). In problems of this type, it is customary to use the term moment about a
point (M), rather than moment about an axis (Mag).

b. Geometric interpretation

It is instructive to examine the geometric interpretation of the equation Msp =
rxF-\

Suppose we are given an arbitrary force F and an arbitrary axis AB, as shown
in Fig. 2.12. We construct a plane % that is perpendicular to the AB axis and let O
and C be the points where the axis and the line of action of the force intersect P,
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respectively. The vector from O to C is denoted by r, and '\ is the unit vector
along the axis AB. We then resolve F into two components: F; and F,, which
are parallel and perpendicular to the axis AB, respectively (observe that F, lies in
plane %). In terms of these components, the moment of F about the axis AB is

MABII'XF~)»=PX(F1+F2)')\.
=rxF - A+rxF,-\

Because r x F; is perpendicular to 'k, r x F; - A =0, and we get
MAB =TI X F2 Y

Substitution of r x F, - A = F»d, where d is the perpendicular distance from O to
the line of action of F,, yields

Mg = F>d (2.15)

We see that the moment of F about the axis AB equals the product of the com-
ponent of F that is perpendicular to AB and the perpendicular distance of this
component from AB. Observe that Eq. (2.15) gives only the magnitude of the
moment about the axis; its sense must be determined by inspection.

Consideration of Eq. (2.15) reveals that the moment of a force about an axis,
as defined in Eq. (2.10), possesses the following physical characteristics:

* A force that is parallel to the moment axis (such as F;) has no moment about
that axis.

e If the line of action of a force intersects the moment axis (d = 0), the force has
no moment about that axis.

* The moment of a force is proportional to its component that is perpendicular
to the moment axis (such as F;), and the moment arm (d) of that component.

e The sense of the moment is consistent with the direction in which the force
would tend to rotate a body.
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q—) Direction
of rotation

Hinge axis

Fig. 2.13

To illustrate the above characteristics, consider opening the door in Fig. 2.13
by applying a force P to the handle. In the figure, P is resolved into the following
rectangular components: P, intersects the hinge axis, P, is perpendicular to the
door, and P, is parallel to the hinge axis.

To open the door, we must apply a moment about the z-axis (the hinge axis).
Experience tells us that Py is the only component of the force that would accom-
plish this task. The components P, and P, are ineffective, because their moments
about the z-axis are zero. We also know that it is easier to open the door if we
increase the distance between the handle and the hinge axis (the moment arm) or
if the magnitude of P, is increased. Finally, observe that P, causes the door to
rotate in the direction shown in the figure, which is also the sense of the moment
about the z-axis.

¢. Vectorand scalar methods

From the preceding discussion we see that the moment of the force F about an
axis AB can be computed by two methods.

Vector Method The moment of F about AB is obtained from the triple scalar
product My =1 x F - '\, where r is a vector drawn from any point on the moment
axis AB to any point on the line of action of F and '\ represents a unit directed
from A toward B. A convenient means of evaluating the scalar triple product is its
determinant form

x y z
Msp= |F, F, F, (2.16)
Ao Ay A

where x, y, and z are the rectangular components of r.

Scalar Method The moment of F about AB is obtained from the scalar expres-
sion Mg = F>d. The sense of the moment must be determined by inspection.
This method is convenient if AB is parallel to one of the coordinate axes (which
is always the case in two-dimensional problems).



Sample Problem 2.5

The force F of magnitude 195kN acts along the line AB. (1) Determine the
moments M., M,, and M of F about the coordinate axes by the scalar method;
and (2) find the moment of F about point O by the vector method and verify that
Mo =M,i+ M,j+ M_Kk.

A 180 kN
- -
I :\F:l95kN
JOOKN ™
4m| Jm——m—m—Dwo——- - y
0 O o
J/ 12m B

We start by computing the rectangular components of F:

%

AB 3+ 12j — 4k
F= Fhp=F oo =195 213

|AB| V324122 4 (—4)2

= 45i 4 180j — 60k kN

When calculating the moment of a force, the force may be placed at any point
on its line of action. As shown in Fig. (a), we chose to have the force acting at
point A.

Part 1

The moment of F about a coordinate axis can be computed by summing the
moments of the components of F about that axis (the principle of moments).

Moment about the x-Axis  Figure (b) represents a two-dimensional version of
Fig. (a), showing the yz-plane. We see that the 45-kN and the 60-kN components
of the force contribute nothing to the moment about the x-axis (the former is
parallel to the axis, and the latter intersects the axis). The perpendicular distance
(moment arm) between the 180-kN component and the x-axis is 4 m. Therefore,
the moment of this component about the x-axis (which is also the moment of F)
is 180(4) =720 kN - m, clockwise. According to the right-hand rule, the positive
sense of M, is counterclockwise, which means that M, is negative; that is,

M,= —T720kN - m Answer

Moment about the y-Axis To compute the moment about the y-axis, we refer
to Fig. (c), which represents the xz-plane. We note that only the 45-kN force
component has a moment about the y-axis, because the 180-kN component is
parallel to the y-axis and the 60-kN component intersects the y-axis. Because the

45kN— 14 180 kN

3]

45 kN Al —~180kN

4 m
x#ﬁ N

O "180kN-m

()



moment arm of the 45-kN component is 4 m, the moment of F about the y-axis is
45(4) =180 kN - m, counterclockwise. Therefore, we have

M, =45(4)=180kN-m Answer
The sign of the moment is positive, because the right-hand rule determines

positive M, to be counterclockwise.

Moment about the z-Axis The moment of F about the z-axis is zero, because
F intersects that axis. Hence

M,=0 Answer

Part 2

Recognizing that the vector from O to A in Fig. (a) is ro 4 =4k m, the moment of
F about point O can be computed as follows.

i j k
Mo=rpaxF=|0 0 4 | = —i4)(180) + j(4)(45)
45 180 —60
= —720i + 180j kN - m Answer

Comparing with Mo = M,i + M,j + M K, we see that
M,= —720kN-m M,=180kN -m M,=0

which agree with the results obtained in Part 1.
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Sample Problem 2.6

The force F of Sample Problem 2.5 is shown again in Fig. (a). (1) Determine the
moment of F about the axis CE; and (2) express the moment found in Part 1 in
vector form.

N 180 kKN
A ———— -
45 KN :\F:l‘)SkN
JOORN = c |2m
4m| Lo S B S
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e 12m B



Part1

Referring to Fig. (a), we see that it is not practical to calculate the moment about
the axis CE by the scalar method. Because the axis CE is not parallel to a coor-
dinate axis, the task of determining the perpendicular distance between F and CE
would be tedious. However, if the vector method is used, the calculation of the
moment is straightforward.

To employ the vector method we first express the force F in vector form. This
was already done in the solution to Sample Problem 2.5:

F = 45i + 180j — 60k kN

Next we calculate the moment of F about any convenient point on the axis
CE. Inspection of Fig. (a) reveals that there are only two convenient points from
which to choose—points C and E. Let us choose point C. Because we will use the
cross product r x F to compute the moment about C, our next step is to choose
the vector r and to write it in vector form (remember that r must be a vector from
point C to any point on the line of action of F). From Fig. (a) we see that there are
two convenient choices for r: either the vector from C to A or the vector from C
to B. Choosing the latter, we have

r=rcp= —4km

The moment of F about point C then becomes

i j K
MC =Tcp X F=1|0 0 —4
45 180 —60

= 720i — 180j kN - m

Note that the z-component of M is zero. To understand this result, recall that the
z-component of M¢ equals the moment of F about the axis BC (the line parallel
to the z-axis passing through C). Because F intersects BC, its moment about BC
is expected to be zero.

Next, we calculate the unit vector h¢g directed from point C toward point E:

N
CE _3i42j — 4k
e — —0.5571i + 0.3714j — 0.7428k

Ncg = = =
CTCE (3Rt 2t (-4

The moment of M¢ about the axis CE can now be obtained from Eq. (2.11):

Mcg =Mc - hcg
= (720i — 180j) - (—0.5571i + 0.3714j — 0.7428Kk)
= —468 kKN - m Answer
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The negative sign indicates that the sense of the moment is as shown in Fig. (b)—
that is, opposite to the sense associated with \¢g.

(b)

We could also compute Mg without first determining M¢ by using the scalar
triple product:

0 0 —4
MCE =Tpc X F. XCE = 45 180 —60
—0.5571 0.3714 —0.7428

= —468 kN - m

This agrees, of course, with the result determined previously.
Part 2

To express the moment of F about the axis CE in vector form, we multiply Mg
by the unit vector h¢g, which gives

Mcg = Mcphce = — 468(—0.5571i + 0.3714j — 0.7428Kk)
=261i — 174j + 348k kN - m Answer

There is no doubt that using the vector method is convenient when one wishes
to calculate the moment about an axis such as CE, which is skewed relative to the
coordinate system. However, there is a drawback to vector formalism: You can
easily lose appreciation for the physical nature of the problem.
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Problems

2.47 Calculate the combined moment of the three forces about each of the
coordinate axes. Use (a) the scalar method; and (b) the vector method.

2]

40 kN
B F
B F :
|
0.85m S | !
S0 Y A ! /
$ So— CHE PR e (A
A /7 7 | /
160 kN 600 e - I
mm L _— 'D/ H
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90 kN P 7.5 ft e 400 1b
75 kN C 900 mm G e
/
7
7
Fig. P2.47 Fig. P2.48 c /7
4 ft G

2.48 Determine the moment of the 40-kN force about each of the following x
axes: (a) AB; (b) CD; (c) CG; (d) CH; and (e) EG.

2.49 Determine the moment of the 400-lb force about each of the following
axes: (a) AB; (b) CD; (c) BF; (d) DH; and (e) BD.

2.50 The magnitude of the force F is 751b. Calculate the moment of F about
the x-axis using (a) the scalar method; and (b) the vector method.

2.51 The force F=12i — 8j + 6k N is applied to the gripper of the holding
device shown. Determine the moment of F about (a) the a-axis; and (b) the z-axis.

d

&
u"oQ&

Fig. P2.50

Fig. P2.51
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2.52 The moment of the force F about the x-axis is 1080 N - m. Determine the
moment of F about the axis AB.

F I8N
Z
‘«d
: s 30N 420N
| / B '
F
S -~ By L]
4m // - — /4‘
7 - - 6@ ¥ o
AlLl—- O
12m
X 4 ! 1.2m !/
Fig. P2.52 Fig. P2.53, P2.54

2.53 Compute the combined moment of the four parallel forces about point O
(the center of the table) using F =40 N and d =0.4 m. Express your answer in
vector form.

2.54 To lift the table without tilting, the combined moment of the four parallel
forces must be zero about the x-axis and the y-axis (O is the center of the table).
Determine the magnitude of the force F and the distance d.

2.55 The combined moment of the three forces is zero about the axis a—a and
Fig. P2.55 the axis b—b. Determine the distances x¢ and y.

2.56 The trap door is held open by the rope AB. If the tension in the rope is
T = 401b, determine its moment about the y-axis.

— g 5
LCIC 1] []
[ Il Il 3 ft
L T A I I
[y 1] I y
pa—
S
A T
[
/ 4 ft
X
Fig. P2.56

2.57 The forces P and Q act on the handles of the wrench. If P = 321b and
Q = 361b, determine the combined moment of the two forces about the z-axis.
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0.54m AR T Y

Fig. P2.57 Fig. P2.58
2.58 The magnitude of the force P is 480 N. Determine the moment of P about

the axis CD. Express the result in vector form.

2.59 The combined moment of P and the 20-1b force about the axis GB is zero.
Determine the magnitude of P.

G 12 in. F
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Fig. P2.59

2.60 Determine the magnitude of the force F given that its moment about the
axis BC is 150 Ib - ft.

4 ft
B
g
6‘\
c |
1ft
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Fig. P2.60
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2~

*2.61 Given that F =250 N, determine the moment of F about the axis that is
perpendicular to the plane ABC and passes through point O. Express your answer
in vector form.

2.62 Calculate the moment of the force P about the axis AD using (a) point A
as the moment center; and (b) point D as the moment center.

lP:lZOOlb

Fig. P2.61

4

y

0 =28001b

A

Fig. P2.62 Fig. P2.63

2.63 Calculate the combined moment of the two forces about the axis OA, using
A 1 1.6 m (a) the vector method; and (b) the scalar method (use trigonometry to find the
moment arm of each force about the axis OA).

D=~ g 12m  2.64 The force F=F(0.6i + 0.8j) kN is applied to the frame at the
L \// point D (0, 0, zp). If the moment of F about the axis BC is zero, determine the
/f __0_ I __y coordinate zp.
ZD
1.2m 2.65 Determine the combined moment of the four forces acting on the pulleys

about the axis AB (points A and B are the centers of the pulleys).

0.5m

2.66 The flexible shaft AB of the wrench is bent into a horizontal arc with a
radius of 24 in. The two 20-1b forces, which are parallel to the z-axis, are applied
to the handle CD, as shown. Determine the combined moment of the two 20-1b
forces about the x-axis (the axis of the socket at point B).
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2.67 The magnitude of the force F is 1201b. Find the moment of F about the
axis AB using (a) the vector method, and (b) the scalar method.

20 Couples

As pointed out before, a force has two effects on a rigid body: translation due
to the force itself and rotation due to the moment of the force. A couple, on the
other hand, is a purely rotational effect—it has a moment but no resultant force.
Couples play an important role in the analysis of force systems.

a. Definition

Two parallel, noncollinear forces that are equal in magnitude and opposite in
direction are known as a couple.

A typical couple is shown in Fig. 2.14. The two forces of equal magnitude F
are oppositely directed along lines of action that are separated by the perpendic-
ular distance d. (In a vector description of the forces, one of the forces would be g e
labeled F and the other —F.) The lines of action of the two forces determine a
plane that we call the plane of the couple. The two forces that form a couple have F Plane of
some interesting properties, which will become apparent when we calculate their the couple
combined moment about a point.

Fig. 2.14
b. Moment of a couple about a point

The moment of a couple about a point is the sum of the moments of the two forces
that form the couple. When calculating the moment of a couple about a point,
either the scalar method (force times perpendicular distance) or the vector method
(r x F) may be used. For illustrative purposes, we will calculate the moment of
a couple using both methods. Using two methods of analysis to determine the
same quantity may appear redundant, but it is instructive because each method
emphasizes different characteristics of a couple.

Scalar Calculation Let us calculate the moment of the couple shown in
Fig. 2.14 about the point O. Note that O is an arbitrary point in the plane of
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the couple and that it is located a distance a from the force on the left. The sum
of the moments about point O for the two forces is

3 Mo=F(a+d)—F(a)=Fd (2.17)

Observe that the moment of the couple about point O is independent of the
location of O, because the result is independent of the distance a.

From the foregoing discussion, we see that a couple possesses two important
characteristics: (1) A couple has no resultant force (XF =0), and (2) the moment
of a couple is the same about any point in the plane of the couple.

Vector Calculation When the two forces that form the couple are expressed as
vectors, they can be denoted by F and —F, as shown in Fig. 2.15. The points
labeled in the figure are A, any point on the line of action of F; B, any point on
the line of action of —F; and O, an arbitrary point in space (not necessarily lying
in the plane of the couple). The vectors rps and rpp are drawn from point O to
points A and B, respectively. The vector rg4 connects points B and A. Using the
cross product to evaluate the moment of the couple about point O, we get

Mo =[ros x F]+[rop x (=F)]=(ros —rop) xF

e

Plane of
the couple

Fig. 2.15

Since rp4 — rop =rpa, the moment of the couple about point O reduces to
Mop=rps xF (2.18)

which confirms that the moment of the couple about point O is independent of the
location of O. Although the choice of point O determines rps and rog, neither of
these vectors appear in Eq. (2.18). Thus we conclude the following:

The moment of a couple is the same about every point.

In other words, the moment of a couple is a free vector. (Recall that, in the scalar
calculation, point O was restricted to points in the plane of the couple. We see
now that this restriction is unnecessary; that is, O can be any point in space.) In
contrast, the moment of a force about a point (the moment center) is a fixed vector,
because the moment depends on the location of the moment center.



¢. Equivalent couples

2.7

Because a couple has no resultant force, its only effect on a rigid body is its
moment. For this reason, two couples that have the same moment are said to be
equivalent (have the same effect on a rigid body). Figure 2.16 illustrates the four
operations that may be performed on a couple without changing its moment; all

couples shown in the figure are equivalent. The operations are

1. Changing the magnitude F of each force and the perpendicular distance d

while keeping the product Fd constant
2. Rotating the couple in its plane
3. Moving the couple to a parallel position in its plane
4. Moving the couple to a parallel plane

100 Ib 200 Ib

2 ft—— +1ft~—‘
100 1b 200 1b

(a) Original 200 1b - ft
counterclockwise couple

(b) Change F and d, but
keep Fd = 200 Ib- ft

y
|

100 1b

2 ft — X

\ 100 Ib

[ S

(c) Rotate original couple
in its plane

-1 ft»<72ft——‘

100 1b

100 Ib ’

(d) Move original couple to a
parallel position in its plane

(e) Move original couple to
a parallel plane

Fig. 2.16

d. Notation and terminology

Consider the couple shown in Fig. 2.17(a). The moment of this couple, shown in
Fig. 2.17(b), has a magnitude of C = 1800 N-m and is directed counterclockwise
in the xy-plane. Because the only rigid-body effect of a couple is its moment, the
representations in Figs. 2.17(a) and (b) are equivalent. That is, we can replace

Couples

75



76

CHAPTER 2 Basic Operations with Force Systems

600 N

2 m*"f3 m-—-

Q

j600 N

) ¢ \_/ - -
C =1800k N-m

(a) Couple

C=1800 N-m

(@)

(b) Moment of the couple, (c) Vector representation
commonly called the couple of the couple, known as
the couple-vector

Fig. 2.17

a couple that acts on a rigid body by its moment without changing the external
effect on the body. This equivalence also applies to the terminology—rather than
referring to C as the moment of the couple, it usually is called simply the couple.
Figure 2.17(c) shows the same couple (strictly speaking, the moment of the
couple) as a vector, which we call the couple-vector. The couple-vector is perpen-
dicular to the plane of the couple, and its direction is determined by the right-hand
rule. The choice of point O for the location of the couple-vector was arbitrary.
Being a free vector, the couple-vector could be placed anywhere in the figure.
We will use the scalar and vector representations in Figs. 2.17(b) and (c)
interchangeably, choosing the one that is more convenient for the problem at hand.

e. The addition and resolution of couples

Because couples are vectors, they may be added by the usual rules of vector addi-
tion. Being free vectors, the requirement that the couples to be added must have
a common point of application does not apply. This is in contrast to the addition
of forces, which can be added only if they are concurrent. Concurrency is also
required for the addition of moments of forces about points, because these are
fixed to a moment center. It follows that we must be careful when representing
moments of forces and couples as vectors—it is easy to confuse these two con-
cepts. To minimize the possibility of confusion, we will use M to denote moments
of forces and reserve C for couples.

The resolution of couples is no different than the resolution of moments of
forces. For example, the moment of a couple C about an axis AB can be computed
from Eq. (2.11) by replacing M with C:

Mup=C-\ (2.19)

where '\ is the unit vector in the direction of the axis. Note that the subscript O,
which indicated that the moment must be taken about point O lying on the axis
AB, is no longer present in Eq. (2.19). The reason is, of course, that the moment
of C is the same about every point. As in the case of moments of forces, Mg is
equal to the rectangular component of C in the direction of AB, and is a measure
of the tendency of C to rotate a body about the axis AB.



Sample Problem 2.7

For the couple shown in Fig. (a), determine (1) the corresponding couple-vector;
and (2) the moment of the couple about the axis GH.

Part 1

One method for determining the couple-vector is to multiply the magnitude of the
couple by the unit vector in its direction. The magnitude of the couple is

Fd=100(0.6) =60 kN - m

The sense of the couple is shown in Fig. (b)—counterclockwise looking down
on the plane of the couple. Letting '\ be the unit vector perpendicular to the
plane of the couple, as shown in Fig. (c), the couple-vector C may be written
as C=60\ kN - m. Because \ is perpendicular to the line AB, it can be seen
that A = (3j + 4k)/5 (recalling that perpendicular lines have negative reciprocal
slopes). Therefore, the couple-vector is

3j + 4k

C:6OXZ6O< ) =36j+ 48k kN - m Answer

(b) ©

Alternative Solution  Because the couple-vector is equal to the moment of the
couple about any point, it can also be determined by adding the moments of the
two forces forming the couple about any convenient point, such as point B. Letting
F be the 100-kN force that acts along the line DE, we have

—

DE —0.4j + 0.3k
F = 100\ p = 100— =100 (L>

= —80j + 60k kN

400 mm

(a)

B



(d

Equating C to the moment of F about point B (the other force of the couple passes
through B), we obtain

i i k
CZI'BDXFZ —-0.6 0 0
0 —80 60

= 36j + 48k kN - m

which agrees with the answer determined previously.

In this solution, the choice of point B as the moment center was arbitrary.
Because the moment of a couple is the same about every point, the same result
would have been obtained no matter which point had been chosen as the moment
center.

Part 2

The most direct method for determining the moment of the couple about the axis
GH is Mgy = C - hgu. Because C has already been computed, all we need to do
is compute the unit vector hgy and evaluate the dot product. Referring to Fig. (a),
we have

—

GO —03i+03k
Mow = oo = T 0K 7071 4 07071k

|GH| 0.3v2

Hence the moment of the couple about axis GH is

Mgy =C - Agy = (36j + 48Kk) - (—0.7071i + 0.7071Kk)
=+4339kN -m Answer

The result is illustrated in Fig. (d). If you need help in interpreting the positive
sign in the answer, you should refer back to Fig. 2.9.
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Sample Problem 2.8

The flat plate shown in Fig. (a) is acted on by the three couples. Replace the three
couples with (1) a couple-vector; (2) two forces, one acting along the line OP

y
Téolb 60 1b
‘ 3in. ] 5 in.
1 in. D B
p— 5
150 1b ___4_ifl-__,
31in. H .
17350 1b-in.
0L i
2 in. :
! —_— X
0 ~Jo=30° A
Tep

(a)



and the other acting at point A; and (3) the smallest pair of forces, with one force
acting at point O and the other at point A.

Part 1

The magnitudes (Fd) and senses of the couples, all of which lie in the xy-plane,
are listed below.

* Couple at H: 3501b - in. clockwise.
* Couple acting on GE: (150)(3) =450 Ib - in. counterclockwise.
* Couple acting on DB: (60)(5) =300 Ib - in. clockwise.

Because all three couples lie in the same plane, they can be added algebraically,
their sum being the resultant couple C*. Choosing the counterclockwise sense as
positive, we get

5 CR= —350+450 —300= —2001b - in.

The negative sign shows that the sense of C® is clockwise. Therefore, the cor-
responding couple-vector C¥ is, according to the right-hand rule, in the negative
z-direction. It follows that

CR= — 200k Ib - in. Answer

Note that more dimensions are given in Fig. (a) than are needed for the solu-
tion. The only relevant dimensions are the distances between the 60-1b forces
(5 in.) and the 150-1b forces (3 in.).

Part 2

Two forces that are equivalent to the three couples shown in Fig. (a) must, of
course, form a couple. The problem states that one of the forces acts along the
line OP and the other acts at point A.

Because the two forces that form a couple must have parallel lines of action,
the line of action of the force at point A must also be parallel to OP. From Fig. (b),
we see that the perpendicular distance d between the lines of action of the two
forces is d = 8 sin 30° =4 in. Having already determined that the magnitude of the
resultant couple is 200 Ib - in., the magnitudes of the forces that form the couple
are given by C®/d =200/4 =50 Ib. The sense of each force must be consistent
with the clockwise sense of CR. The final result is shown in Fig. (b).

= S
50}& ko Answer

\\ V4
R 50 1b
~
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Part 3

Here we are to determine the smallest two forces acting at points O and A that
are equivalent to the three couples shown in Fig. (a). Therefore, the two forces
to be determined must form a couple that is equivalent to the resultant couple
(200 1b - in., clockwise).

The magnitude of a couple (Fd) equals the product of the magnitude of the
forces that form the couple (F) and the perpendicular distance (d) between the
forces. For a couple of given magnitude, the smallest forces will be obtained
when the perpendicular distance d is as large as possible. From Fig. (b) it can
be seen that for forces acting at points O and A, the largest d will correspond
to 8 =90°, giving d =8 in. Therefore, the magnitudes of the smallest forces are
given by C®/d =200/8 =25 Ib. These results are shown in Fig. (c), where again
note should be taken of the senses of the forces.

1 1 Answer
251b 251b

(©

80

Sample Problem 2.9

A section of a piping system is acted on by the three couples shown in Fig. (a).
Determine the magnitude of the resultant couple-vector CX and its direction
cosines, given that the magnitudes of the applied couples are C; =50 N - m,
C,=90N-m, and C3=140 N - m.

Applying the right-hand rule to each of the three couples in Fig. (a), we see that
the corresponding couple-vectors will be directed as follows: C;, from point D
toward point O; C,, from point O toward point B; and Cs, from point A toward
point B. Because these couple-vectors do not have the same directions, the most
practical method of determining their resultant is to use the vector equation

CR=C +C, +C;

Using the three unit vectors shown in Fig. (b), the couple-vectors C;, C,, and
C; can be written as

—

DO 0.4j — 0.5k

C; =Ci Apo=50—-=50 (—‘] )
Do) 0.6403

= 31.24j — 39.04k N - m



C2=C2 X03=90iN~m

—
AB —0.2i — 0.3j + 0.6k
C3=c3xAB=14oj=14o( b )
|AB| 0.7000

= —40i — 60j + 120k N - m
Adding these three couple-vectors gives
CR=50i — 28.76j + 80.96k N - m

The magnitude of CX is

CR=/(50)2 + (—28.76)% + (80.96)2=99.41 N - m Answer

and the direction cosines of CX are the components of the unit vector \ directed
along CX:

50 28.76 80.96
Ar=——=0503 Ay=—-———=-0289 A,=——=0.814 Answer
99.41 ’ 99.41 99.41

The resultant couple-vector is shown in Fig. (c). Although C is shown at point O,
it must be remembered that couples are free vectors, so that CR could be shown
acting anywhere.

The couple-vector CX can be represented as two equal and opposite parallel
forces. However, because the two forces will lie in a plane perpendicular to the
couple-vector, in this case a skewed plane, this representation is inconvenient
here.

In general, given two forces that form a couple, the corresponding couple-
vector is easily determined (e.g., by summing the moments of the two forces
about any point). However, given a couple-vector, it is not always convenient (or
even desirable) to determine two equivalent forces.

I!
I
I
I
|
|
0.6m |
|
|
|
|
|
|
|
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Basic Operations with Force Systems

2.68 Which of the systems are equivalent to the couple in (a)?
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2.69 Which of the systems are equivalent to the couple in (a)?

60 1b
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i 451b
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451b 145 Ib : 451b
___________ I N
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. 751b .
e 7 50 1b
(e) (f)
Fig. P2.69

2.70 Replace the two couples shown by a single equivalent couple.

75 1b

751b

Fig. P2.70
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451b
60 3 g
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B
60°
451b
Fig. P2.71
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x 1301 301b
Fig. P2.72

Fig. P2.75

2.71 Determine the vector representation of the couple shown.

2.72 Determine the magnitude of the single couple that is equivalent to the two
couples shown.

2.73 Calculate the combined moment of the couple C and the force P about the
axis AB. Use C =80 N - m and P =400 N.

6 in.

0 —
/ 300mm A
/ 7 in.

Fig. P2.73 Fig. P2.74

*2.74 Determine the couple-vector that is equivalent to the three couples acting
on the gear box, given that C; =200 1b-in., C, =1401b-in., and C3 =2201b - in.

2.75 The two forces of magnitude F = 24 kN form a couple. Determine the
corresponding couple-vector.

2.76  The couple acts on the handles of a steering mechanism. In the position
shown, the moment applied by the couple about the z-axis is zero. Determine the
distance b. Use F = 200i — 110j — 80k kN.

80 1b

500 Ib-in

Fig. P2.76 Fig. P2.77

2.77 The force-couple system shown can be replaced by a single equivalent
couple C®. Determine CR.
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2.78 A couple of magnitude 360 1b - ft is applied about portion AB of the drive
shaft (the drive shaft is connected by universal joints at points B and C). Compute
the moment of the applied couple about the portion CD when the drive shaft is in
the position shown.

Plane of BCD

Plane of ABC

Fig. P2.78

2.79 The arm ABCD of the industrial robot lies in a vertical plane that is
inclined at 40° to the yz-plane. The arm CD makes an angle of 30° with the
vertical. A socket wrench attached at point D applies a 52-1b - ft couple about the
arm CD, directed as shown. (a) Find the couple-vector that represents the given
couple. (b) Determine the moment of the couple about the z-axis.

Fig. P2.79

2.80 The figure shows one-half of a universal coupling known as the Hooke’s
Jjoint. The coupling is acted on by the three couples shown: (a) the input couple
consisting of forces of magnitude P, (b) the output couple Cy, and (c) the couple
formed by bearing reactions of magnitude R. If the resultant of these couples is
zero, compute R and Cy for P =600 1b. Fig. P2.80
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2.81 The steering column of the rack-and-pinion steering mechanism lies in the
xz-plane. The tube AB of the steering gear is attached to the automobile chassis at
A and B. When the steering wheel is turned, the assembly is subjected to the four
couples shown: the 3-N - m couple applied by the driver to the steering wheel, two
1.8-N - m couples (one at each wheel), and the couple formed by the two forces
of magnitude F acting at A and B. If the resultant couple acting on the steering
mechanism is zero, determine F and the angle 6 (the magnitude and direction of
the bearing reactions).

Fig. P2.81

288 Changing the Line of Action of a Force

In this article we show how to change the line of action of a force without affecting
its external effect on a rigid body. This topic lays the foundation for the next
chapter, in which we discuss the resultants of force systems.

Referring to Fig. 2.18(a), consider the problem of moving the force of magni-
tude F from point B to point A. We cannot simply move the force to A, because
this would change its line of action, thereby altering the rotational effect (the

Plane of A and F
Y * P F Couple f F
Ae A ?AF - /~‘ ~ A

1

F F v FEs, CT=Fd
\ \

F N F 1
B B So /I .
S~ _a” B
. = 1B
(a) Original force (b) Introduce equal and (c) Identify the couple (d) Equivalent force-couple

opposite forces at A system

Fig. P2.18
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moment) of the force. We can, however, counteract this change by introducing a
couple that restores the rotational effect to its original state. The construction for
determining this couple is illustrated in Fig. 2.18. It consists of the following two
steps:

* Introduce two equal and opposite forces of magnitude F at point A, as shown
in Fig. 2.18(b). These forces are parallel to the original force at B. Because
the forces at A have no net external effect on a rigid body, the force systems
in Figs. 2.18(a) and (b) are equivalent.

¢ Identify the two forces that form a couple, as has been done in Fig. 2.18(c).
The magnitude of this couple is CT = Fd, where d is the distance between
the lines of action of the forces at A and B. The third force and C” thus con-
stitute the force-couple system shown in Fig. 2.18(d), which is equivalent to
the original force in Fig. 2.18(a).

We refer to the couple C7 as the couple of transfer, because it is the couple
that must be introduced when a force is transferred from one line of action to
another. From the construction in Fig. 2.18 we note the following:

The couple of transfer is equal to the moment of the original force (acting at B)
about the transfer point A.

In vector terminology, the line of action of a force F can be changed to a
parallel line, provided that we introduce the couple of transfer

CT=rxF (2.20)

where r is the vector drawn from the transfer point A to the point of application
B of the original force, as illustrated in Fig. 2.19. It is conventional to show CT
acting at the transfer point, as in Fig. 2.19(b), but you must not forget that a couple
is a free vector that could be placed anywhere.

According to the properties of the cross product in Eq. (2.20), the couple-
vector CT is perpendicular to F. Thus a force at a given point can always be
replaced by a force at a different point and a couple-vector that is perpendicular to
the force. The converse is also true: A force and a couple-vector that are mutually
perpendicular can always be reduced to a single, equivalent force by reversing the
construction outlined in Figs. 2.18 and 2.19.

(a) Original force

CT'=rxF » F

&/

(b) Equivalent force-couple system

Fig. 2.19
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Sample Problem 2.10

For the machine part shown in Fig. (a), replace the applied load of 150 kN acting at
point A by (1) an equivalent force-couple system with the force acting at point B;
and (2) two horizontal forces, one acting at point B and the other acting at point C.

A 150 kl\l
4
80 mm
40 b
+40 mm
5o 40 mm ﬂmm
C

(a)

Part1

First we move the 150-kN force to point B, and then we introduce the couple
of transfer equal to the moment of the 150-kN force in Fig. (a) about point B,
given by

5 CT=Mp= —150(0.080 +0.040)= — I8 kN -m

The negative sign indicates that the sense of the couple is clockwise. The
equivalent force-couple system is shown in Fig. (b).

40 mm §_ 150 kN
40 mm Bai * Answer

C 18 kN-m

(b)

Part 2

The 18 kN - m clockwise couple in Fig. (b) can be replaced by two 450-kN forces,
one acting at point B and the other at point C, as shown in Fig. (c). (The couple
represented by these two forces is 450(0.040) = 18 kN - m in the clockwise direc-
tion.) The two forces acting at point B can be added to get the system shown in
Fig. (d). This is the answer, because we have replaced the original force with two
horizontal forces, one at point B and the other at point C, as required.

A A
450 kﬂ
40 mm§ B~ 150kN e RO00KN
40 mm } b Answer
C 450kN 450kN C 40 mm

(© (d)



Sample Problem 2.11

Replace the force-couple system shown in Fig. (a) with an equivalent force-couple
system, with the force acting at point A, given that F =100 1b and C =120 Ib - in.

Moving the given force F from point B to point A requires the introduction of
a couple of transfer CT. This couple is then added to the given couple-vector C,
thereby obtaining the resultant couple-vector, which we label CX. The couple-
vector C® and the force F located at point A will then be the required force-couple
system.

Owing to the three-dimensional nature of this problem, it is convenient to use
vector methods in the solution. Writing F in vector form, we obtain

BE —4i+ 2k
F = 100\gg = IOOT =100 ————
|BE| 4.472
= —89.44i + 44.72k 1b

The position vector from A to B is r45 = 4j— 2k in. The couple of transfer is equal
to the moment of the given force F about point A, so we have

i j Kk
CTZMAZI'ABXFZ 0 4 -2
—89.44 0 44.72

= 178.91 + 178.9j + 357.8k Ib - in.

Expressing the given couple-vector C shown in Fig. (a) in vector form,

DB 4i+ 4§ — 2k
C = 1200ps=120— =120 -3 ==
DB 6

= 80i ++ 80j — 40k Ib - in.

Adding CT and C (remember that couple-vectors are free vectors), the resultant
couple-vector is

CR=CT + € =258.9i + 258.9j + 317.8k Ib - in.

The magnitude of CX is given by

CR=/(258.9)2 + (258.9)2 + (317.8)2 =485 b - in.

The equivalent force-couple system is shown in Fig. (b). Note that the force
acts at point A. For convenience of representation, C¥ is shown at point O, but
being a free vector, it could be placed anywhere.

O —— ) _
2 in. ///_ \

F=1001b 3181b-

A
(o) Spp——

in.

CR=4851b - in.

259 1b - in.
i i, ——— Y

(b)

|
I
|
2591b -
|
I
/I

X

89
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Problems

2.82  Which of the systems are equivalent to the force-couple system in (a)?

100 N TIOON
(b )
J /
400N - m TON - m
2m
2m
(a) (b)
TIOON
300N~m(/\

100 N

600 N - m()

(d) (e)

Fig. P2.82

TIOON

7OON~mQ_)

()

200 Nl

()]

2.83 A 15-1bforce acts at point A on the high-pressure water cock. Replace this
force with (a) a force-couple system, the force of which acts at point B; and (b)
two horizontal forces, one acting at point B and the other acting at point C.

Fig. P2.83

150 mm»‘ f— 700 mm—jp C
|

T

=%

—{33

1200 mm

Fig. P2.84

2.84 The bracket, which is fastened to a wall by anchor bolts at A and B, is
loaded by the force P = 120 N and the couple C = 140 N-m. Replace P and C with



(a) an equivalent force-couple system, the force of which acts at A; and (b) two
vertical forces, one acting at A and the other at B.

2.85 The three forces shown are equivalent to a 50-kN upward force at A and a
170-kN - m counterclockwise couple. Determine P and Q.

2.86 Replace the two forces shown by a force-couple system with the force
acting at O.

Fig. P2.86

2.87 The figure shows a schematic of a torsion-bar suspension for an automo-
bile (the torsion bar appears in cross section at A). If the three forces and the
couple C = 9001b - ft are equivalent to a upward vertical force R = 12001b
acting at D, determine H and V.

2.88 The table can be lifted without tilting by applying the 100-N force at
point O, the center of the table. Determine the force-couple system with the force

acting at corner A that will produce the same result.

2.89 The magnitude of the force F acting at point A on the plate is 160 kN.
Determine the equivalent force-couple system with the force acting at point O.

100 N

| 12m I/

Fig. P2.88 Fig. P2.89

2.90 Replace the force-couple system acting on the pipe with an equivalent
force-couple system with the force acting at point O.

2.82-2.93

0

Problems 91

20 kN

2m-—»

Fig. P2.85

Fig. P2.87

Fig. P2.90
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*2.91 (a) Replace the force F = — 2800i + 1600j + 3000k 1b acting at end A of
the crank handle with a force R acting at O and a couple-vector C®. (b) Resolve
R into the normal component P (normal to the cross section of the shaft) and the
shear component V (in the plane of the cross section). (c) Resolve CF into the
twisting component 7 and the bending component M.

Fig. P2.91

2.92 Determine the force-couple system, with the force acting at point O, that
is equivalent to the force and couple acting on the arm CD of the industrial robot.
Note that the arm ABCD lies in a vertical plane that is inclined at 40° to the
yz-plane; the arm CD makes an angle of 30° with the vertical.

2.93 Replace the force and the couple shown by an equivalent force-couple
system with the force acting at (a) point B; and (b) point D.

Fig. P2.92

Fig. P2.93
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Review of Equations

A force may be moved anywhere along its line of action without changing its
external effect on a rigid body.

M():I'XF MOIFd

r = vector from O to any point on the line of action of F
d = perpendicular distance between O and the line of action of F

Myp=rxF-A=Mp-\

r = vector from any point on AB to any point on the line of action of F
N\ = unit vector directed from A toward B
O = any point on AB

A force F acting at point A is equivalent to F acting at point B plus the couple of
transfer

CT=rxF

r = vector from A to B
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Review Problems

2.94 The moment of the force P about the axis AB is 600 1b - ft. Determine the
magnitude of P.

Fig. P2.94
2.95 Replace the force and the couple shown with an equivalent force-couple
system where the force acts at A.

Fig. P2.95

2.96 Three cable tensions T, T, and T3 act at the top of the flagpole. Given
that the resultant force for the three tensions is R = —400k N, find the magnitudes
of the cable tensions.

2.97 The force acting at A is F = 10i + 20j — 5kkN. Knowing that the
moment of this force about the y-axis is 8j kN - m, determine the distance b and
the moment of F about point O.

Fig. P2.96 /

Fig. P2.97

300 mm

AR
0 |\F
!
|
|
i
i
e




2.94-2.108 Review Problems 9§

2.98 The magnitude of the moment of the force P about the axis CD is 50 1b - in.
Find the magnitude of P.

2.99 The three couples in (a) are equivalent to the couple shown in (b), where
F = 160i + 120j N. Determine the distance b.

0.5m b . 5 in.

400N-m 1 1oON ~

’\ y

N, ] o

. -
0.5m }: 160 N
120 N-m
(a) (b)
Fig. P2.99

2.100 The magnitudes of the force P and couple C are 500 1b and 1200 Ib - ft,
respectively. Calculate the combined moment of P and C about (a) the origin O;
and (b) the axis OF.

.8 12 fit
|
p/ Fl x
/o C
AL S I *__ .,
B E
X

Fig. P2.100 Fig. P2.101

2.101 The resultant force of the three cable tensions that support the crate is
R =500j Ib. Find T and T3, given that 7, =300 Ib.

2.102 A force system consists of the force F = 200i 4+ 100j + 250k Ib, acting at

- . . = Fig. P2.103
the origin of a rectangular coordinate system, and a couple C = —400i + 300j +
200k 1b - in. (a) Show that F and C can be reduced to a single force. (b) Find the
coordinates of the point in the xy-plane where the combined moment of F and C P
is zero. i L %4,‘
K — :

2.103 Replace the two forces shown with an equivalent force-couple system 4
with the force acting at O.

X

2.104 The three forces of magnitude P can be replaced by a single, equiva- P
lent force R acting at point A. Determine the distance x and the magnitude and
direction of R. Fig. P2.104



96

CHAPTER 2  Basic Operations with Force Systems

Fig. P2.107

2.105 Knowing that the two forces shown can be replaced by an equivalent
force acting at O (no couple), determine P.

Fig. P2.105 Fig. P2.106

2.106 The trapdoor is held in the position shown by two cables. The tensions
in the cables are T} =30 1b and 7, = 90 lb. Determine the magnitude of the single
force that would have the same effect on the door as the cable tensions.

2.107 The force system consists of the force P= — 300i + 200j + 150k 1b and
the couple C. Determine the magnitude of C if the moment of this force system
about the axis DE is 800 Ib - ft.

2.108 The force system shown can be replaced with a single, equivalent couple
CR. Determine CX.

200 N

Dimensions in mm

Fig. P2.108
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Resultants of Force Systems

In order to investigate the effects of a system of forces on a body, it is often
convenient to reduce the force system to its simplest equivalent representation.
Some of these simplifications have been discussed in the preceding chapter. For
example, you have learned that a system of concurrent forces can be replaced by
a single force and that a system of couples can be replaced by a single couple.

The next article explains how an arbitrary force system can be reduced to a
force and a couple. Subsequent articles discuss applications of the force-couple
system to the determination of the resultants of force systems.

Reduction of a Force System to a Force
and a Couple

Here we show how a system of forces can be reduced to an equivalent system
consisting of a force acting at an arbitrary point, plus a couple.

V

Strong winds result in significant
loads on high-rise buildings. If the
pressure distribution is known, the
resultant force of the wind and the
location of the corresponding
pressure center can be computed
using the principles of statics—see
Problem P3.52. Visions of
America/Joe Sohm/Digital
Vision/Getty Images
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F,

(a) (®) (©)

Fig.3.1

Consider the force system shown in Fig. 3.1(a), consisting of the forces Fy,
F,, Fs,.... The position vectors ry, Iy, I3, .. .of the points where the forces act
are measured from an arbitrarily chosen base point O. We can reduce this force
system to an equivalent force-couple system, with the force acting at O, by the
following procedure:

* Move each force to point O. As explained in Art. 2.8, the force F; can be
moved to O if we introduce the couple of transfer CIT =1, x F; (the moment
of Fy about O). The forces F», F3, ... can be moved in the same manner, their
couples of transfer being CJ =r, xF,, CI =r3xFs, . . . . After all the forces
have been moved, we end up with the force system in Fig 3.1(b), which is
equivalent to the original system. (The equal signs between the figures signify
equivalence.)

* Because the forces are now concurrent at point O, they can be added to yield
the resultant force R:

R=F +F,+F;+...=%F 3.1)

The couples of transfer can also be added, their sum being the resultant
couple-vector CR:

CR=I'1XF1+I‘2XF2+1'3XF3+"-=EM0 (32)

The resultant force-couple system is displayed in Fig. 3.1(c), with both R and
C® shown acting at point O. It should be noted, however, that R is a sliding
vector (its line of action must pass through O), whereas CX is a free vector.
Although CT is perpendicular to Fy, and so on, as pointed out in Art. 2.8,
CR is generally not perpendicular to R.



3.2  Reduction of a Force System to a Force and a Couple

Using Egs. (3.1) and (3.2), any force system can be reduced to an equivalent
force-couple system, with the force acting at a reference point of your choosing.
The resultant force R is simply the vector sum of all the forces—therefore, it is
not affected by the location of the reference point. However, the resultant couple-
vector CX, being the sum of the moments of all the forces about the reference
point,” does depend on the choice of the reference point.

If we choose the reference point O be the origin of a rectangular coordinate
system, the two vector equations in Eqgs. (3.1) and (3.2) are equivalent to the
following six scalar equations:

R, =%F, R,=%XF, R.=%F,

(3.3)
CR=3xM, CF=3M, CF=3xmM,

If the forces of the original system lie in a plane—say, the xy-plane—the
following three scalar equations are necessary to determine the force-couple
system.

R,=XF, R,=3F, CR=3M, G.4)

The couple-vector C® will always be in the z-direction, because the plane of the
couple is the xy-plane. Because the resultant force R lies in the xy-plane, R and
CR will be mutually perpendicular. The last observation is significant—it implies
that a coplanar force system can be further reduced to a single force or a single
couple. This topic is discussed in more detail in the next article.

“If the original force system contains couples, their moments must be included in the sum.

99
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Sample Problem 3.1

The force system acting on a structural member consists of the couple C and the
forces Fy, F», and F5. Determine the equivalent force-couple system with the force
acting at point G. Use C =2001b - ft, F; =100 1b, F, =90 Ib, and F5 =120 Ib.

Because of the three-dimensional nature of this problem, we will use vector alge-
bra to solve it. The first step is to express the three forces and the couple in vector
form:

AB —4i — 6j + 3k
Fi = 100h45 = 100— = 100 7

|AB| (—4)? + (—6)2 + 32
= —51.22i — 76.82j + 38.41k Ib
F, = 90i Ib
F; = 120 Ib
P
C = 200Nz = 200 BG 200 43k
= BG = —_— = _—
IBG| VA +(-3)2

= 160i — 120k Ib - ft

When we move the forces F; and F; to point G, they are concurrent with F;.
Adding the three forces, we get for the resultant force

R=F,+F,+F;
= (—51.22i — 76.82j + 38.41k) + 90i + 120j
= 38.78i + 43.18j + 38.41k 1b Answer

The couple of transfer that arises from moving F; and F, is the moment
about G of

F, +F, = (—51.22i — 76.82j 4 38.41k) + 90i
= 38.78i — 76.82j 4+ 38.41k Ib

The resultant couple is the sum of the couple of transfer and the couple C,
resulting in

CRZTGBX(F1+F2)+C

i j k
=| —4 3 0 + 160i — 120k
38.78 —76.82 38.41
= 2751+ 153.6j + 70.9k Ib - ft Answer



Sample Problem 3.2

The coplanar force system in Fig. (a) consists of three forces and one couple. |

Determine the equivalent force-couple system with the force acting at point O. 90 N SOAN’
40°
. 40N-m —7
=)
; L 00 - g
. . . © 1300 mm =
We will solve this problem with scalar algebra; however, the use of vector algebra 0 ! |
would be almost as convenient. f 800 mm A *
The components of the resultant force R are 100 N
3 (a)
R, =XF, —+ R, =SOcos4O°—|—9O—5(100)=68.3ON
. 4
Ry=%F, < R,=50sin40°— 5(100) = —47.86 N
Thus the resultant force is
R=68.3i —479j N Answer
The magnitude of R is
R=+/(68.30)2 + (—47.86)2=83.4N
and the angle that R makes with the x-axis is
6= tan' 250 3500
B 68.30
The force R acting at point O is shown in Fig. (b). Y
The magnitude of the resultant couple equals the magnitude of the total | CR=874N-m
moment about point O of the original force system. Referring to Fig. (a), we have ol 083N
1 NJ35°
i
Ch=xM C* = 505in40°(0.800) — 50 cos 40°(0.500 479N
0 3 sin 40°( ) cos 40°( ) N
—90(0.600) — 40 (b)
= —87.44N-m
Therefore,
CR=874N-m clockwise Answer

The resultant force-couple system is shown in Fig. (b).
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Problems

3.1 Determine which of the force systems in (b) through (f) are equivalent to
the force-couple system in (a).

101b
50 Ib- ft 101b it
si [ sib | ‘
/KJ ///
7 7z
3 ft -
et 10 1b
7
7
s 50 Ib- ft
41b
(a) (b) (©)
10 1b 24 1b- ft 61b 51b
/) \ 81b
\/80 Ib- ft
81b f " 81b
41b 36 1b- ft
(d) (e) ()
Fig. P3.1

3.2 Two forces and a couple are applied to the beam in an attempt to lift it.
Replace this force system by an equivalent force-couple system with the force
acting at (a) point A; and (b) point B.

y 36 kN 20 kN
2m 3m 2m 94 kN-m

A —Cc="—h", x
O O

b

Fig. P3.2, P3.3

3.3 The two forces and a couple acting on the beam are equivalent to a single
force acting at C. Determine the distance b that locates point C.

18 1b 301b 46 1b 60 1b

Dimensions in inches 3.4 The four forces shown act on the rollers of an in-line skate. Determine the
equivalent force-couple system, with the force acting at O (the ankle joint of
Fig. P3.4 the skater).



3.1-3.15  Problems 103
3.5 Replace the three forces with an equivalent force-couple system, with the
force acting at O.

3.6 The force system acting on the machine part is equivalent to the single force
R = 95i + 10j Ib acting at O. Determine the force P and the distance b.

U e

300 1b <—f o ——+ x
, [-——300 — 400N

Dimensions in mm

Fig. P3.5

200 1Ib

Fig. P3.6
3.7 The three forces are perpendicular to the triangular plate. Find the equiva-
lent force-couple system, with the force acting at O.

Fig. P3.7
3.8 Replace the three forces acting on the quarter-circular plate with an
equivalent force-couple system with the force at point D. Use P =4001b and
0 =40°.

200 1b

Z
jP
0 6 ft B

— )
240 1b

A
e D
X
Fig. P3.8, P3.9
3.9 When the three forces acting on the quarter-circular plate are replaced by

an equivalent force-couple system with the force acting at point D, the resultant
couple is zero. Determine P and the angle 6.
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104 CHAPTER 3
Z
| 5 in.
|
I
61b
: A
|
A —_————e
3in. /
21b
/
X
(a)
31b
' 13 Ib- in.
?4
|
31b / !
; A
/J ______ T
?
31b
(d)

3.10 Represent each of the force systems with a force-couple system having the
force act at point A. Which systems are equivalent to each other?

| 31b

16 1b

| A

—y /J— —————————— °
(b) (©
21b l9 Ib
11b -

: | 51b

| |

i A . A

Jomo o — 41b | SR -

// ' 7 /’25 Ib- in.
d o’/—>> —
16 1b- in
31b
(e) ®
Fig. P3.10

3.11 A worker applies the forces P = —10i + 8jlb and Q = 10ilb to the
handgrips of the electric drill. These forces are equivalent to the force R = 8j1b
acting at the tip of the drill and the couple CX = —120j Ib - in. Determine the

dimensions a and b.

Fig. P3.11

3.12 Two cable tensions and a couple act on the rod OAB. Determine the
equivalent force-couple system with the force acting at O.
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Fig. P3.12

3.13 Replace the two forces and a couple acting on the bent rod ABC with an
equivalent force-couple system with the force acting at C.

3.14 The shaft-and-pulley assembly ABCD is driven by the 32-1b - ft torque Fig. P
(couple) supplied by the electric motor at A. The assembly is also subjected to the 8. F3.13
two belt tensions shown at each of the two pulleys. Determine the force-couple

system at D that is equivalent to the torque and the four belt tensions.

Fig. P3.14

3.15 Replace the two forces and the couple with an equivalent force-couple
system, with the force acting at A. Note that the 6-N - m couple lies in the plane
OCED.

Dimensions in mm

Fig. P3.15

383 Definition of Resultant

The resultant of a force system is defined to be the simplest system that can
replace the original system without changing its external effect on a rigid
body.



106

CHAPTER 3

Resultants of Force Systems

The word simplest is used in the sense that one force is simpler than two forces,
one couple is simpler than two couples, a force is simpler than a force and a
couple, and so on.

The resultant of a force system is generally a force-couple system R and C~.
As explained in Art. 2.8, if R and C¥ are mutually perpendicular, they can be
further reduced to a single force. It follows that the resultant of a force system
must be one of the following:"

« A resultant force R (if C¥ =0 or if R and C* are perpendicular)
* A resultant couple-vector CR (if R=0)
* A resultant force-couple system (if R and C® are not mutually perpendicular)

Force systems that have the same resultant are called statically equivalent.
The remainder of this chapter discusses the procedures for determining the
resultants of two- and three-dimensional force systems.

S Resultants of Coplanar Force Systems

This article investigates the resultants of force systems in which all the forces lie
in a single plane, chosen as the xy-coordinate plane. We begin with a discussion
of the resultants of general coplanar force systems and then consider two special
cases: concurrent force systems and parallel force systems.

a. General coplanar force system

A general coplanar force system is shown in Fig. 3.2(a), with all the forces lying
in the xy-plane. The origin O is located at any convenient point in the plane. The
reduction of this force system to its resultant (simplest equivalent force system) is
accomplished by the following procedure.

(a) General coplanar (b) Equivalent (c) Resultant is a
force system force-couple system force (or a couple)
Fig.3.2

“It is important that you pay particular attention to the use of the terms resultant, resultant force R,
and resultant couple-vector CR.



3.4 Resultants of Coplanar Force Systems

Replace the original force system with the equivalent system consisting of
the resultant force R=XF (or R, =XF, and R, =XF)) acting at O and the
resultant couple CX = X M, as shown in Fig. 3.2(b). This procedure has three
possible outcomes:

* R =0. The resultant is the couple C~.

e CR=0. The resultant is the force R acting through O.

* R # 0 and C® # 0. Because R and C® are perpendicular to each other, the
system can be reduced to a single force R acting at a point different from O, as
illustrated in Fig. 3.2(c). The perpendicular distance d between O and the line
of action of R is determined by the requirement that moments about O of the
force systems in Figs. 3.2(b) and (c) must be the same; that is, XMy = Rd.

In summary, the resultant of the general coplanar force system shown in
Fig. 3.2(a) is either a force or a couple. If £F # 0, then the resultant is a force R
determined by

R,=%XF, R,=%F, IMy=Rd 3.5)

Note that the moment equation locates the line of action of R.
If X F=0and XM, # 0, then the resultant is the couple

cR=xM, (3.6)

b. Concurrent, coplanar force system

The resultant of a concurrent, coplanar force system is the force R=XF
(Ry=XF,, R,=XF),) acting through the point of concurrency O, as indicated
in Fig. 3.3. This conclusion follows from Eq. (3.5): Because ¥ M = 0 for a force
system that is concurrent at O, the moment equation X My = Rd yields d =0.

~<
<

R, |

F, F, T !
1

/ — L !

0 = wp!

0 o R,
F;
(a) Concurrent, coplanar (b) Resultant is a force
force system through point of concurrency

Fig.3.3
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C. Farallel, coplanar force system

Figure 3.4(a) shows a coplanar force system, where the forces F, F», F3, . .. are
parallel to the y-axis. The equivalent force-couple system at point O is shown in
Fig. 3.4(b), where

R=F+FH+F+ - -=XF
CcR =Fixi+Fxy+ Fxs+---=XMp
y y
F. R
o0 °o o X - —_ X
f—— xz —
X3

(a) Parallel, coplanar (b) Equivalent (c) Resultant is a
force system force-couple system force (or a couple)

Fig. 3.4

If ¥ F # 0, the resultant is a force R located at the distance x from O, as indicated
in Fig. 3.4(c). The value of x is obtained by equating the moments about O in
Figs. 3.4(b) and (c):

Mo = Rx (3.7)

If, on the other hand, ¥ F =0 and ¥ M, # O, then the resultant is the couple
cCR=3xM,.



Sample Problem 3.3

The values of Ry =X F,, R, =X F,, and XM for five force systems lying in the
xy-plane are listed in the following table. Point O is the origin of the coordinate
system, and positive moments are counterclockwise. Determine the resultant for
each force system, and show it on a sketch of the coordinate system.

Part R, R, XMy

1 0 200N 400N - m

2 0 200N —400N - m

3 3001b 4001b 6001b - ft

4 400N —600N —900N - m

5 0 0 —2001b - ft
Part1

R,=0 R,=200N XMy=400N-m

The resultant is a 200-N force that is parallel to the y-axis, as shown in Fig. (a).
Letting x be the distance from point O to the line of action of the resultant, as
shown in Fig. (a), and using Eq. (3.7), we have

IMo=Rx *) 400=200x

which gives
x=2m

Part 2
R, =0 R, =200N SMo= —400N-m

The resultant is the same 200-N force as in Part 1, but here the moment equation
gives

IMo=Rx ) —400=200x
or
x=—2m
The negative sign indicates that x lies to the left of point O, as shown in Fig. (b).

Part 3
R,=3001b  R,=4001b Mo =6001b - ft

The resultant is the force R=300i+4400j Ib. Its magnitude is R=
v/ (300)2 + (400)2 = 500 1b. The moment equation of Egs. (3.5) must be used to

200 N

x=2m —

o
(a)

200 N

(b)
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R =5001b

(©)

S R=400b
R=5001b

4
.7 NR=T21.IN
7z
_-d=1248m

7
z

(e)
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determine the line of action of R. Letting d be the perpendicular distance from
point O to the line of action of R, as shown in Fig. (c), we have
TMo=Rd %) 600=500d
which yields
d=12ft

The points where R intersects the coordinate axes can then be determined by
trigonometry or by using the principle of moments, as follows.

With R placed at A, as in Fig. (¢c): With R placed at B, as in Fig. (d):

Mo =Ryx XMoo= Ry
:D 600 = 400x 9 600 = 300y
x=15ft y=2ft
Part 4
R, =400N R, = — 600N XMp= —900N - -m
The resultant is the force R = 400i — 600j N; its magnitude is R=

V/(400)% + (600)2 = 721.1 N. Letting d be the perpendicular distance from
point O to the line of action of R, as shown in Fig. (e), we have

IMo=Rd ) —900= —721.1d
which gives
d=1.248m

Note that the line of action of R must be placed to the right of the origin, so that
its moment about point O has the same sense as X M p—that is, clockwise.

Part 5
R,=0 R,=0 XIMp= —2001b-ft

Because the sum of the forces is zero, the resultant of this force system is a
200-1b - ft clockwise couple, as shown in Fig. (f).

N,
~/

200 Ib- ft

®



Sample Problem 3.4

The force R is the resultant of the other three concurrent forces shown. Determine
P and R.

The three applied forces represent a concurrent, coplanar force system. Therefore,
the components of the resultant force are determined by two scalar equations:
R, =XF, and Ry =XF,. Because the directions of all the forces are known,
there are two unknowns in this problem—the magnitudes P and R. The most
direct method for determining these two unknowns is to solve the following
two scalar equations (comparing the number of unknowns with the number of
available equations is often a valuable aid in the solution of problems):

R, =XF, =+ R cos30° = P sin20° — 80 (1)

R, =XF, T Rsin30° = P cos 20° — 100 ()

Solving Egs. (1) and (2) simultaneously gives
P=7251b and R=—-6371b
The positive value of P indicates that P is directed as shown in the figure. The
negative sign associated with R means that R acts in the direction opposite to that

shown in the figure.
Therefore, the forces P and R are

30°
/‘K P=72.51b ;L( Answer

20° R=063.71b

Of course, the lines of action of P and R pass through O, the point of concurrency.

80 Ib

100 Ib

Sample Problem 3.5

Determine the resultant of the coplanar force system shown in Fig. (a) that acts on
the arm of an excavator. Show your answer on a sketch of the coordinate system.

For a coplanar force system, the resultant is either a force or a couple. If the
resultant is a force, then Egs. (3.5) provide three scalar equations: R, =X F,,
Ry,=%F,,and ZMo =Rd.

We see that there are no unknown quantities in the original force system.
Therefore, if the resultant is a force, the three unknowns in this problem will
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80 kN
40°
L+ 350 kN- m
60 kN y
33m & 37.2°
e 7 “R=1417kN
/% —d=227m
50 kN X
0 - 0
3m (b)

be R,, Ry, and d, which could be determined from the three scalar equations.
Referring to Fig. (a), the three equations become

R.,=%F, - R,=80cos40°—50=11.284kN

This equation is sufficient to tell us that the resultant is a force, not a couple; if
the resultant were a couple, X F, would be zero.

Ry=%F, < R,=80sin40°—60= —8.577kN
SMo=Rd %) EMp=350— (80 cos40°)(3.3) — 60(3) = —32.24kN - m

Therefore, the resultant R is

11.284 kN
0 | _, 8.577
I f=tan — =37.2°
——— 11.284

8.577 kN R=14.174 kN

Because X M, is negative (i.e., clockwise), the resultant R must also provide
a clockwise moment about O, as shown in Fig. (b). Therefore we obtain

SMo=Rd "x) 32.24=14.174d

which gives
d=227Tm

The final result is shown in Fig. (b).



Sample Problem 3.6

The force system shown consists of the couple C and four forces. If the resultant
of this system is a 500-Ib - in. counterclockwise couple, determine P, Q, and C.

y 20 1b
12 1A
; A)e
0 i
1in.
- »
801b
3
4 X

- ket

This problem contains three unknowns: P, O, and C. Because the force system is
the general coplanar case, three equations are available to determine the resultant.

Since the resultant is a couple, the first two of Eqgs. (3.5) become

N 12 4
R, =XF, =0 -+ —EQ+§P+80=0 (@

5 3
R, =XF,=0 J —-=0+ZP-20=0 (b)
’ 13 5
Solving Egs. (a) and (b) simultaneously gives

P=2001b and Q=2601b Answer

The third equation is Eq. (3.6), C® =% M. Because a couple is a free
vector, the moment center can be any point. Given that C® =500 Ib-in.,
counterclockwise, and choosing point A as the moment center, we have

cfh=xm, 3 500=—20(3)—C+80(4)+§P(6)+§P(6)

Substituting P = 200 1b and solving yields

C=14401b - in. Answer

Because the values for P, Q, and C are positive, each force acts in the direction

shown in the figure.

113



114 CHAPTER 3 Resultants of Force Systems

Problems
T 3.16 Determine the resultant force R and its line of action for the following
F force-couple systems:
)
FX
Q/ —x @ F, = 3001b, F, =0, and C = —9001b - in.
¢ (b) F, = 200N, F, = —200N, and C = 800N - m
Fig. P3.16 () F, = —600kN, Fy, = —400kN,and C =0
813 (d) F, = —6001b, F, =8001b, and C = —240001b - ft
3.17 Determine the resultant of the three forces acting on the gusset plate of a
truss.
6200 1b
4000 1b 3800 1o

Fig. P3.17

3.18 The resultant of the three concurrent forces acting on the eyebolt is the
force R=800j Ib. Determine the magnitude of the force P and the angle 6 that
specifies the direction of the 900-1b force.

300 kN 120 kN 200 kN

4m *1*3 m-~

8m
LA S B
C

X

500 kN

Fig. P3.18 Fig. P3.19

3.19 The overhead electric hoist C rides along a track on the horizontal beam
AB. In addition to the 500-kN vertical force carried by the hoist, the beam also
supports the three vertical forces shown. (a) If x =5 m, determine the resultant of
y the four forces carried by the beam. (b) Determine the distance x for which the
L resultant of the four forces would act at the center of the span AB.

X

3.20 Knowing that the resultant of the couple and the two forces shown is a
Fig. P3.20 force R acting through point O, determine P and R.



3.16-3.29

3.21  Determine which of the force systems in (b) through (f) are equivalent to
the 21-kN force in (a).

2.1m 189 kKN- m

21 kN 15 kN 15 kN
1.575m 6 kN 6 kN

~—15m—

(a) (b) ()

6 kN
10 kN

3 8 kN

4
17kN | 8 kN
21 kN 15 kN

8 kN

6 kN
12.6 kN m

() (e) )

Fig. P3.21

3.22 Determine the resultant of the three forces if (a) & =30°; and (b) 6 =45°.

3.23 Determine the resultant of the force system acting on the beam.

y
130N
150 N
12 2.8m | 4
y 5 /5
8.2 ft 5.5 ft — " ; B —®
100016 4600 Ib '
4.5t 1 |
PR E— ) I —— & -x | 24m
<= | . \
1000 Ib & &

1200 Ib C

Fig. P3.23 Fig. P3.24

3.24 Determine the resultant of the three forces and the couple C, and show it
on a sketch of the coordinate system if (a) C =0; and (b) C =90N - m.

Problems
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3.25 The resultant of the three forces is a force R that passes through point B.
Determine R and F.

36 1b

Fig. P3.25

3.26  The resultant of the four belt tensions and the couple C is a force R acting
through point O. Determine C and R.

3.27 The resultant of the three forces shown is a counterclockwise couple of
magnitude 150 1b - ft. Calculate the magnitudes of the forces.

y

10 f[ Pl\

] A

\\
.| J1ofe
S \
P N
2 N .
0 B\ P,
Fig. P3.27 Fig. P3.28 Fig. P3.29

3.28 The resultant of the three forces is the force R = —170j kN acting through
point B. Determine P, P,, and P;.

*3.29 The bar AB, which is inclined at the angle 6 to the horizontal, is subjected
to the four forces shown. Knowing that these forces have no resultant (neither a
force nor a couple), determine P;, P>, and 6.

SN Resultants of Three-Dimensional Systems

In general, a three-dimensional force system cannot be simplified beyond a force-
couple system. Exceptions are systems in which the forces are either concurrent or
parallel. In this article, we discuss these two special cases, together with a special
form of the force-couple system called the wrench.



3.5 Resultants of Three-Dimensional Systems

a. Concurrent, three-dimensional force system

A concurrent, three-dimensional force system is shown in Fig. 3.5(a). As in the
case of concurrent, coplanar forces, this system can be reduced to the resul-
tant force R=XF (R, =X F,, R,=XF,, R, =XF,) acting through the point
of concurrency O, as indicated in Fig. 3.5(b).

(a) Concurrent, three-dimensional (b) Resultant is a force through
force system the point of concurrency

Fig.3.5

b. Parallel, three-dimensional force system

Consider the force system in Fig. 3.6(a), where the forces Fy, F», F3, ... are
parallel to the z-axis. To find the resultant, we begin by replacing the forces with
an equivalent force-couple system, with the force acting at the origin O, as shown
in Fig. 3.6(b). The magnitude of the resultant force R, which is also parallel to the
z-axis, and the resultant couple-vector C® are given by

R=%XF (3.8)

(a) Parallel, three-dimensional (b) Equivalent (c) Resultant is a
force system force-couple system force (or a couple)

Fig. 3.6
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Plane normal
toR

(b)

R (0} |
| [y (0] d
Direction of C;; / A Yoo duiiinit

and
Cf=3xM, (.9)

where My, is the sum of the moments of Fy, F5, F3, . . . about O. The resultant
couple-vector CR lies in the xy-plane (C® has no z-component because forces
parallel to an axis have no moment about that axis).

Since R and C® are mutually perpendicular, the force system in Fig. 3.6(b)
can be further simplified. If £ F = 0, then the resultant is the couple C¥ = M.
If ©F # 0, the resultant is the force R acting through the unique point A in the
xy-plane, as shown in Fig. 3.6(c). The vector r =xi + yj that locates this point
is obtained by equating the moments about point O of the force-couple system in
Fig. 3.6(b) and the force R in Fig. 3.6(c):

EMo=r x R (3.10)
The scalar components of this vector equation are

XM = Fiy1+ Foy, + Fays+ - =Ry
EMy = —F1X1 —Fz)Cz—F3)C3 — ... = — Rx

where X M, and XM, are the moments of the original forces about the x- and
y-axes, respectively. Therefore, the coordinates x and y become

oM, M,
_ =

= = G.11)

X =

¢. General three-dimensional force system: The wrench

It was shown in Art. 3.2 that a given force system can always be reduced to a
force-couple system consisting of a resultant force R = XF, acting at an arbitrary
point O, and a resultant couple-vector CX = My, as shown in Fig. 3.7(a). If R
and C® are mutually perpendicular, they can be reduced to a single force R, acting

(© (d

Fig.3.7



3.5  Resultants of Three-Dimensional Systems

through a unique point (this property was used in the special cases of coplanar and
parallel force systems). In the general case, R and C* will not be perpendicular to
each other, and thus they will not be reducible to a single force. However, a general
force system can always be represented by a force and a parallel couple-vector
by the procedure described next.

* Resolve CR into the orthogonal components C® and CR, which are parallel
and perpendicular to R, respectively. The result is shown in Fig. 3.7(b). The
parallel component can be computed from Eq. (2.11):

CE=(C®. M2 (3.12)

where '\ is the unit vector in the direction of R. The normal component is then
found from

Cr=ck -k (3.13)

* Because CX and R are mutually perpendicular, they can be replaced by the
single force R acting at point A, as illustrated in Fig. 3.7(c). The line of action
of this force is determined by the requirement that its moment about O must
be equal to C,’f. In other words,

r x R=C% (3.14)

where r is the vector drawn from O to any point on the new line of action of R.
The scalar form of Eq. (3.14) is Rd = CX, where d is the distance between O
and A, as indicated in Fig. 3.7(c). This equation yields

d=—"> (3.15)

Note that the line OA is perpendicular to CR.

* Move C,R to point A, as shown in Fig. 3.7(d) (we can do this because a couple
is a free vector). The result is a collinear force-couple system, called the
wrench. The direction of the wrench, also known as the axis of the wrench,
is specified by the vector ‘.

A physical example of a wrench is the operation of a screwdriver. You exert
a force along the axis of the screwdriver to hold its tip against the screw, while
applying a couple about the same axis to turn the screw. Because the force and
the couple-vector are parallel, they constitute a wrench.
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50 kN
o)
o>
Ae
1.2m
()
2z 600 Ib
_/
g
0 v
/

(b)

Sample Problem 3.7

The values of X F,, ¥M,, and XM, for three force systems that are parallel to
the z-axis are as follows:

Part XF, XM, XM,
1 S0kN 60kN - m —125kN - m
2 —6001b 0 —12001b - ft
3 0 6001b - in. —8001b - in.

Determine the resultant of each force system and show it on a sketch of the
coordinate system.

Part1
Y F,=50kN M, =60kN-m EMy,= —125kN -m

The resultant is the force R=50k kN. With XM, =XM,i + ¥ M,j and
r=xi+ yj, Eq. (3.10) can be used to determine the line of action of R:

EMO =rx R
k
0

60i — 125j = = 50yi — 50xj

O = -
O < e
91

0
Equating like components gives the following scalar equations:
60=50y and —125= —50x
which gives x =2.5 m and y=1.2 m. The sketch of the resultant is shown in

Fig. (a).
Identical results for x and y are obtained if one uses Egs. (3.11):

M, —125
X =— = — ———=25m
R 50
M, 60
y = =—=12m
R 50

Part 2
SF.,= —6001b SM,=0 IM,= —12001b- ft

The resultant is the force R = — 600Kk 1b. In this case, Eq. (3.10) yields

XMp=rxR
i j k
—1200j= |x y 0 | = —600yi+ 600xj
0 0 —600
Equating like components gives x = — 2 ft and y =0. The resultant is shown in

Fig. (b).



Part 3
YF,=0 XM,=6001Ib-in. EM,= —8001b-in.

Because the sum of the forces is zero and the sum of the moments is not zero, the
resultant is the couple-vector CX = £ M,i + £ M,j=600i — 800j Ib - in., shown
in Fig. (c). The magnitude of this couple-vector is 1000 Ib - in.

Sample Problem 3.8

The parallel force system in Fig. (a) consists of the three forces shown and the
1250-N-m couple. (1) Determine the resultant, and show it on a sketch of the
coordinate system. (2) Determine the resultant if the direction of the 100-N force

is reversed.
/4& 3m ﬁ|—f 3m —>|
|
\

&

Part 1

The resultant of the force system shown in Fig. (a) will be either a force or a
couple. We begin by summing the forces.

7 R=XF.=100— 200+ 300=200 N

Therefore, the resultant is the force R =200k N.

We must use a moment equation to find the line of action of R. Using the
origin O as the moment center and assuming that R intersects the xy-plane at the
point (x, y, 0), Eq. (3.10) becomes

EMO =rx R
3i x (—200Kk) + [(2i + 6j) x 300K]
4 . (3 . —
|5 12501 — 3 1250 = (xi+ yj) x 200k
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(b)

Expanding the cross products and simplifying, we obtain
800i — 750j =200yi — 200xj

Equating like components yields x =3.75 m and y =4 m. The resultant is shown
in Fig. (b).

Part 2

If the direction of the 100-N force is reversed, the sum of the forces will be
zero, which means that the resultant is not a force. To determine the resultant
couple, we must compute the moment about any point. We choose the origin O
as the moment center. Because reversing the direction of the 100-N force has
no effect on the moment about O, we conclude that the moment is the same as
that found in the solution to Part 1. Therefore, the resultant is the couple-vector
CR=XM, =800i — 750j N - m.

400 Ib

300 1b
200 Ib 0) -y

7

A

(a)

b4
I
400 Ib

0
&N
200 Ib %‘x

e

————— TTTTTT(A
X ya
500 1b

(b)
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Sample Problem 3.9

The plate is acted on by four parallel forces, three of which are shown in Fig. (a).
The fourth force P and its line of action are unknown. The resultant of this force
system is the couple-vector C® = — 1100i + 1500j 1b - ft. Determine P and its line
of action.

Because the resultant is a couple, the sum of the forces must be zero:
T R=XF,=P +300+400 — 200=0
from which P = —500 1b. Therefore, the force P is
P= — 500k Ib Answer
As shown in Fig. (b), we let A be the point where P intersects the xy-plane.
To determine the location of A, we equate the sum of the moments of the original
forces about any point to the moment of the resultant about that point (in this
case, the moment of the resultant about every point is simply C*). Choosing point
O as the moment center and noting that x4i + y4j is the vector from point O to

point A, the moment equation becomes

CR=XMy,=3rxF

i i
—1100i4+1500j=13 0 O |+[2 3
00 0 0



Expanding the above determinants and equating like components gives

—1100 =900 — 500y,
1500 = 600 — 600 + 500x 4

from which

xa=3ft and ya =4 ft Answer

Sample Problem 3.10

Determine the wrench that is equivalent to the force system described in Sam-
ple Problem 3.1. Find the coordinates of the point where the axis of the wrench
crosses the xy-plane.

As explained in the solution to Sample Problem 3.1, the original force system can
be reduced to the force-couple system shown in Fig. (a): the force R, acting at the
origin O, and the couple C%, where

R = 38.8i +-43.2j + 38.4k Ib (@)
CR =390i + 116j + 360k Ib - ft

The magnitude of R is

R=1/(38.8)2 + (43.2)2 + (38.4)2=69.6 Ib

We begin by determining the axis of the wrench, defined by the unit vector A
in the direction of R:

R 38.8i+43.2j + 38.4k

R 69.6
= 0.557i + 0.621j + 0.552k

The component of C¥ in the direction of '\ can now be obtained from Eq. (3.12):
CF = (CF . \)\. The magnitude of this vector is

cf=ck.r
= (390i + 116j + 360k) - (0.557i 4 0.621j + 0.552k)
=488 1b - ft

which gives

CR = CcF\=488(0.557i + 0.621j + 0.552k)
= 272i 4 303j + 269Kk Ib - ft
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Therefore, the wrench consists of the force-couple system
R = 38.8i + 43.2j + 38.4k Ib Answer
CR =272i + 303j + 269k Ib - ft Answer

To find the coordinates of the point where the axis of the wrench intersects
the xy-plane, we must find CX, the component of C¥ that is normal to '\. From
Eq. (3.13), we obtain

CF=C® — CF = (390i + 116j + 360k) — (272i + 303j + 269Kk)
= 118i — 187j + 91k Ib - ft

Referring to Fig. (a), we let r =xi + yj be the vector from the origin O to A, the
point where the wrench intersects the xy-plane. Using Eq. (3.14), we have

r x R:Cf
i J k
x y 0 | =118i—187j+ 91k
38.8 432 384

After expanding the determinant, we get
38.4yi —38.4xj + (43.2x — 38.8y)k=118i — 187j + 91k
Equating the coefficients of i and j yields
384y =118 y =3.07 ft Answer
—38.4x = —187 x =4.87ft Answer
The third equation, obtained by equating the coefficients of K, is not independent
of the preceding two equations, as can be easily verified.

The resultant wrench is depicted in Fig. (b), which shows the magnitudes of
the force and the couple-vector.

z
Z

CR =488 Ib- ft
<4

()
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125

3.30 The values of £ F;, ¥ M,, and XM, for three force systems that are par-
allel to the z-axis are

Case YF, M, XM,
a —-501b —2501b - ft 2001b - ft
b S50kN 0 —250kN - m
c 40N 320N - m —400N - m

Determine the resultant of each force system and show it on a sketch of the
coordinate system.

3.31 State whether the resultant of each force system shown is a force, a couple,
or a wrench. Do not determine the resultant.

8 kN

9 kN 12m N 24 kN

. \0*_\ /

Z
|
|
|
|
|
|
I,
|
|

N |

7 < ) — y 7
6kN | .~ 7 & PA
A 9 “5iN
x/ (a)
(b)
16 kKN
20 kN
e !
! 20 kN 12kN |
I |
! |
| |
400 kN~
ol | ) 12kN
< 25 kN~ -~
© @ ©
Fig. P3.31

3.32 Determine the resultant of the three cable tensions that act on the
horizontal boom if 73 =900 Ib, 7, =500 1b, and 75 = 300 Ib.

3.33 The resultant of the three cable tensions acts along the y-direction.
Determine 77 and 73 given that 7, =980 Ib.

Fig. P3.32, P3.33
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Fig. P3.34

x/»‘S in.‘%lS in. —-‘/

Fig. P3.38, P3.39

300 lb'

Fig. P3.40

3.34 The resultant of the three forces shown is the force R =200k Ib. Deter-
mine Py, P>, and P;5.

3.35 The resultant of the four forces that act on the right-angle bracket is a
couple CR. Determine CR and the force P.

Fig. P3.35 Fig. P3.36

3.36 Determine the resultant of the three forces shown.

3.37 Find the resultant of the three forces acting on the square plate.

Fig. P3.37

3.38 The resultant of the forces Py, P,, and the couple C is the force R =12k Ib
acting at point A (R is not shown in the figure). Determine P;, P,, and C.

3.39 Find the resultant of the two forces and the couple shown, given that
P, =201b, P,=301b,and C =1001b - in.

3.40 Determine the resultant of the force system acting on the semi-circular
plate.

3.41 The streetlight A is attached to the end of the horizontal boom ABO. The
light, which weighs 100 N, is subjected to a wind load of 20 N acting in the neg-
ative y-direction. The forces P and Q represent the tensions in the two cables that
are attached at point B. The resultant of the four forces shown is a force R acting
at point O. Determine the tensions P and Q and the force R.



R
3

100 N

Fig. P3.41

3.42 The transmission tower OA is being hoisted into position by the cables
AB and AC. The resultant of the cable tensions P and Q, along with the 2400-1b
weight of the tower, is a force R acting at point O. Determine P, Q, and R.

Fig. P3.42

3.43 The force-couple system acting at O is equivalent to the wrench acting
at A. If R = 600i + 1400j + 700k Ib and |C| = 12001b - ft, determine C~.

Fig. P3.43 Fig. P3.44

3.44 The force-couple system consists of the force R = 250i + 360j — 400k N
and the couple-vector CR = 1200i 4 750j 4 560k N - m. Determine the equivalent

3.30-3.45

Problems
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wrench and find the coordinates of the point where the axis of the wrench crosses
the xy-plane.

3.45 (a) Replace the force system shown by an equivalent force-couple system
with the force acting at point O. (b) Determine the equivalent wrench, and find
the coordinates of the point where the axis of the wrench crosses the xy-plane.

Z

$6W /ntroduction to Distributed Normal Loads

All forces considered up to this point have been assumed to be concentrated. Here
we consider distributed loads that are directed normal to the surface on which they
act, such as pressure. Two examples of distributed normal loads are the wind pres-
sure acting on the side of a building and the water pressure on a dam. The methods
for determining the resultants of distributed normal loads are very similar to those
used for concentrated loads. The only notable difference is that integration is used
in place of summation.
a. Surface loads

Consider the load shown in Fig. 3.8, which is parallel to the z-axis and distributed
over the plane region o lying in the xy-plane.” The distribution of the load is

Z

); Y Load surface

iy

Load area o

Fig.3.8

“The more general case of a load distributed over a curved surface is discussed in Chapter 8.
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specified by the function p(x, y), called the load intensity. The units of load
intensity are N/m?, 1b/ft?>, and so on. The plane region s is known as the load
area, and the surface formed by the plot of the load intensity is called the load
surface. The region that lies between the load area & and the load surface is
labeled V.

As shown in Fig. 3.9(a), we let dA represent a differential (infinitesimal) area
element of s{. The force applied to dA is dR = p dA. The distributed surface load
can thus be represented mathematically as an infinite number of forces dR that
are parallel to the z-axis. Therefore, the resultant can be determined by employing
the methods explained previously for parallel forces. However, because the force
system here consists of an infinite number of differential forces, the summations
must be replaced by an integrations over the load area .

The resultant force is obtained from R = X F,, which becomes

R=/;4dR=/;4pdA (3.16)

where the range of integration is the load area .

The coordinates x and y that locate the line of action of R, shown in
Fig. 3.9(b), are determined by Egs. (3.11): x = — ¥ M,;/R and y = ZM,/R. After
replacing M, by [ o Py dA and XM, by — /. 4 DX dA, these equations become

[y pxdA and _:fsdpydA

(3.17)
fﬂpdA fﬁpdA

X =

Let us now consider Egs. (3.16) and (3.17) from a geometrical viewpoint. By
inspection of Fig. 3.9 we observe that dR = p dA represents a differential volume
of the region V" in Fig. 3.8. This volume has been denoted dV in Fig. 3.9(a).
Therefore, the resultant force R in Eq. (3.16) can also be written as

R= /V V=V (3.18)

where V is the total volume of the region V.

Load area oA

(a)

Fig. 3.9

(b)
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(a)

(b)

Fig. 3.10

Resultants of Force Systems

Load diagram

Load diagram

w(y)

——

Replacing p dA with dV in Egs. (3.17), we get

fondVZ Jrxav
JyrdVv 1%

X

(3.19)
Jyyav _ Jyyav

Jypdv 14

y

As will be explained in Chapter 8, Eqgs. (3.19) define the coordinates of a point
known as the centroid of the volume that occupies the region V. This point is
labeled C in Fig. 3.9(b). The z-coordinate of the centroid is of no concern here
because x and y are sufficient to define the line of action of the resultant force.

The determination of the resultant force of a normal loading distributed over
a plane area may thus be summarized as follows:

* The magnitude of the resultant force is equal to the volume of the region
between the load area and the load surface.

e The line of action of the resultant force passes through the centroid
of the volume bounded by the load area and the load surface.

b. Lineloads

Whenever the width of the loading area is negligible compared with its length,
a distributed load can be represented as a line load. Loadings distributed along a
plane curve and along a straight line are shown in Figs. 3.10(a) and (b), respec-
tively. Line loads are characterized by the load intensity w, a function of the
distance measured along the line of distribution. The plot of w is called the load
diagram. The units of w are N/m, 1b/ft, and so on. In this article, we consider
only straight-line loads. Loads distributed along plane curves will be discussed in
Chapter 8.

As shown in Fig. 3.11(a), a straight-line load is equivalent to an infinite num-
ber of differential forces, each of magnitude dR = w dx. Because these forces are
parallel, their resultant is R = X F,, or

L L
R=/ dR=/ wdx (3.20)
x=0 0

directed parallel to the z-axis, as indicated in Fig. 3.11(b).
The line of action of R can be determined by equating the moments about
point O for the two systems in Figs. 3.11(a) and (b):

L L
3 EM0=f de=/ wx dx= RXx
x=0 0
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z Load

. dR =wdx R
diagram z
H
il = 5
0 — or! X
X ‘ «— dx X
L
(a) (®)
Fig.3.11

Substituting the expression for R given in Eq. (3.20) and solving for x, we obtain

fOL wx dx
f wx

F=

(3.21)

Referring to Fig. 3.11(a), we observe that dR =wdx equals the differential
area dA under the load diagram. Therefore, Eq. (3.20) represents the total area A
under that diagram. Substituting w dx = dA, Eq. (3.21) can be written as

fo=OXdA B fo=0x‘lA

L
fx:O dA A

X =

(3.22)

It is shown in Chapter 8 that x locates the centroid of the area under the load dia-
gram, labeled C in Fig. 3.11(b) (the z-coordinate of the centroid is not of interest
in this case). Therefore, we may conclude the following for straight-line loads:

* The magnitude of the resultant force is equal to the area under the load
diagram.

* The line of action of the resultant force passes through the centroid of the
area under the load diagram.

¢. Computation of resultants

Examining Eqs. (3.16) through (3.22), we see that the computation of the resultant
of distributed loading is essentially an integration problem. A discussion of the
associated integration techniques is postponed until Chapter 8. However, if the
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load surface or the load diagram has a simple shape, then tables of centroids, such
as Table 3.1, can be used to determine the resultant as illustrated in the following

sample problems.

A. Volumes B. Areas
Rectangular solid Rectangle
z
| y
I C
| K] X C
[ 2 [ A [ S S,
W el ) 0k
/_/ _____ 12 X A y
’ e |
s y b X
J/ L
X
¥=1b  y=1L  z=1n ¥=1b  y=1h
V=>bLh A=bh

Right triangle

Right-triangular solid

Table 3.1 Centroids of Some Common Geometric Shapes (Additional tables are
found in Chapter 8.)



Sample Problem 3.11

Determine the resultant of the line load acting on the beam shown in Fig. (a).

We note that the load diagram is not one of the common shapes that are listed
in Table 3.1. However, as shown in Fig. (b), the load diagram can be represented
as the sum of three line loads corresponding to the two triangles, A; and A,
and the rectangle Asz. The resultant of each of these three line loads is equal to
the area of the corresponding load diagram. The line of action of each resultant
passes through the centroid of the diagram, the location of which can be found in
Table 3.1.

y

l— X3 = 7 m—-+]

—Xp = 6m4>‘

X = 2.67m — |/P2=15 kN
] 4
P; =60 kN
P;= 30 kN —— \7 3
\*\

Cz.
T 15 kN/m
° C 10 kN/m
A, Cla, ’ |
[0) X
~—4m 6m

(b)

Letting Py, P>, and P; be the resultants of the line loads represented by the
areas A, Ay, and Aj, respectively, we have

P = %(4)(15) =30kN

P, = %(6)(5) =15kN

Py = 6(10) = 60 kN

The line of action of each of these forces passes through the centroid of the cor-
responding load diagram, labeled C;, C,, and C3 in Fig. (b). The x-coordinates of
the centroids are obtained using Table 3.1:

2
5=34)=267m
) 1
B =4+2(0)=6m

1

y

f—4m-—f——6m—-|

15 kN/m

(a)

X

10 kN/m
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y
R=105kN

X = 5.62 m~

(©

It follows that the magnitude of the resultant of the line load in Fig. (a) is given by
+f R=P + P+ P;=30+15+60=105kN Answer

To determine x, the horizontal distance from point O to the line of action of R, we
use the moment equation:

YXMo=Rx :D 30(2.67) + 15(6) + 60(7) = 105x

which gives
Xx=5.62m Answer

The resultant is shown in Fig. (c).
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Sample Problem 3.12

After a severe rainstorm, the flat roof of the building shown in Fig. (a) is covered
by 2.5in. of rainwater. The specific weight of water is 62.41b/ft?, so water at a
depth of 2.5in. causes a uniform pressure of 62.4(2.5/12) = 13 1b/ft>. Determine
the resultant force that the water exerts on the roof.

(a)

The load diagram in Fig. (b) can be divided into three solid shapes: two right-
triangular solids of volume V| and V3 and a rectangular solid of volume V,. The
resultant force corresponding to each of these shapes is equal to the volume of the
shape. Letting P;, P>, and Ps be the resultants, we have

1
P=V, =13 [5(12)(75)} —=5850 Ib

P, = V5 = 13[(40)(75)] = 39000 Ib
Py = V3=P =58501b



) P; = 5850 Ib
J;— V3=50ft— ¢
p—°

‘«yz =375 ft»‘Pz = 39000 Ib
@

— _ ®2
Z TS 1P1=58501b

75 ft

(b)

The lines of action of these forces pass through the centroids of the correspond-
ing volumes. The points where these forces intersect the roof of the building are
labeled C, C;, and Cj3 in Fig. (b).

The magnitude of the resultant force is given by

+f R=P+P+P;
= 5850 + 39000 + 5850 =50700 Ib Answer
Because the load area (the roof of the building) is symmetrical about the y-axis

and the pressure is uniform, the resultant will lie along the y-axis. Therefore, we
need only calculate the distance y shown in Fig. (c).

Z

~—75 = 40.4 ft—| R = 50700 1b

(©)

Using Table 3.1, the coordinates of Cy, C;, and C3 in Fig. (b) are
- 2
yi=y= 5(75) =50ft
_ 1
2= 5(75) =375 ft
We can now determine y using the moment equation

YXM,= — Ry — 5850 (50) — 39000 (37.5) — 5850 (50) = — 50700 y

which yields
y=40.4 ft Answer

The resultant is shown in Fig. (c).
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Problems

3.46 During a storm, wind exerts a pressure of 2.3 Ib/ft?, normal to the surface
of the stop sign. Determine the resultant force due to the wind.

10 in. 10 in.

[—«1 2 in.ji

—
(=)
[
=

—
¥}

S
= b

A+

._
S
=
I

Fig. P3.46

3.47 Water pressure acting on the vertical wall of the concrete dam varies lin-
early with the depth of the water as shown. Determine the resultant force caused

58.9 kN/m? by the water.
Fig. P3.47 3.48 Determine the resultant of the line load acting on the beam ABC.
1200 1b/ft
y
1700 1b/ft
X
A |B |C
~—6 ft | 8 ft |

Fig. P3.48

3.49 Determine the resultant of the line load acting on the beam.
y

y
et
| 0 L
wo L2
L2

| &~

X L2
Wo wo
Fig. P3.49 Fig. P3.50

3.50 Determine the resultant of the line loads acting on the frame, and the
x-coordinate of the point where the resultant intersects the x-axis.



3.51 Find the resultant of the distributed load acting on the flat plate.

120 kN/m?

80 kN/m?

/

X

Fig. P3.51

3.52 At a certain time during a hurricane, the wind pressure acting on the wall

of a high-rise building varies linearly as shown. Determine the resultant force
caused by the wind.

3.53 The figure shows the water pressure acting on the sides of a dam that is
20-ft long. Determine the resultant force of the water pressure acting on the dam.

Y y
Brr————— |*6ft»‘
Sos s e )
B i :
— = . a = L
T BT \— — 8ft NI
[ =059 2
ST = =0 L, =750 b/t
= ﬁi{ - e 4
— =/ T S
E— — ) ~ v ”
— (S ~ = p =
— o X =
‘j A i‘ 4 S N
2
312 Ib/ft? 499 1b/ft? o} 12 fi | 1217 Ib/ft
Fig. P3.53 Fig. P3.54

3.54 The water pressure acting on a masonry dam varies as shown. If the dam is
20 ft wide, determine the resultant force of the water pressure acting on the dam.

3.55 The concrete pier is subjected to soil pressure that causes the line loads
shown. Determine the resultant of the loading and find the y-coordinate of the
point where the resultant crosses the y-axis.

3.46-3.55 Problems 137

Fig. P3.52

6 MN/m
4 MN/m

L 7 v
7o 4
14 = o
BRI RS
4m e T
<
L4 14
7o 4
7o 2.5m
\_—x

8 MN/m

Fig. P3.55
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Review of Equations

The forces Fy, F,, Fs, ...can be reduced to the force R acting at an arbitrary
point A and the couple C:

R =XF; CR=3%r; xF;

r; = vector from A to any point on the line of action of F;

R=Z3F; ifR#0
CR=3r; xF;ifR=0

R = TF; CR = (CR. )2

‘N = unit vector in the direction of R

dA dA
R=/pdA ;=I&4L y=f&ﬁp—y
el R R

R = volume under load diagram
X,y = centroidal coordinates of the volume under load diagram

d
R:/m o Jewxdx
1% R

R = area under the load diagram
X = centroidal coordinate of the area under the load diagram
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Review Problems

3.56 Find the resultant of the three forces acting on the eye bolt.

y / 360 1b

50°
95 Ib
~— X
20°
T~ 2201
Fig. P3.56

3.57 The resultant of the force system shown is a 50-Ib - ft counterclockwise
couple. Find P, Q, and C.

3 ft 0

\ 2ft—fT\f2ft—>/4r3
4

i | X

]
c\ |7/

201b

Fig. P3.57

3.58 Determine the resultant of the three forces acting on the plate. Also, find
the coordinates of the point where the resultant crosses the xy-plane.

Fig. P3.58

3.59 The five forces act at end A of the boom. Determine 7}, T», and T3 if the
resultant of this force system is zero.
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Fig. P3.59

3.60 A portion of the square plate is loaded by the uniformly distributed load
p =201b/ft>. Find the coordinates of the point in the xy-plane through which the
resultant passes.

100 Ib/ft
a B
— X
75 Ib/ft
8 ft !
Fig. P3.60 Fig. P3.61

3.61  The resultant of the line loads acting on the beam AB is a couple C*.
Determine the distance a and the couple CX.

3.62 (a) Replace the force system shown with a force-couple system with the
force acting at point O. (b) Determine the wrench that is equivalent to this force
system. Find the coordinates of the point where the axis of the wrench crosses the
xy-plane.

200 1b 250 1b
5ft

1 v
300 b'/”’ 300 Ib

0 / B
A 200 1b

X
Fig. P3.62

3.63 The center of gravity of the 30-1b square plate is at G. The plate can be
raised slowly without rotating if the resultant of the three cable tensions is a 30-1b



3.56-3.70

force that passes through G. If Ty =6 1b and T, =14 1b, find T3 and the x- and
y-coordinates of its point of attachment.

Dimensions in inches

Fig. P3.63

3.64 The resultant of the force-couple system acting on the frame is a force R
acting at point A. Determine the forces P and R.

8 m

140 KN m : 100 kN
QZ' 300

Fig. P3.64 Fig. P3.65

3.65 Find the x- and y-coordinates of the point where the resultant of the three
forces crosses the plate.

3.66 Replace the force system acting on the pipe with an equivalent force-
couple system with the force acting at point D.

Review Problems
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3.67 Replace the coplanar force system that acts on the casting with an equiva-
lent force-couple system, with the force acting at (a) point O; and (b) point A.

800 Ib - ft

y Q) y
s M T
X
c)&\/ 3 ft
f).
i 200 1b
Fig. P3.67 Fig. P3.68

3.68 Determine the magnitude of the resultant of the three concurrent forces
acting on the hook.

3.69 Determine the wrench that is equivalent to the force-couple system shown
and find the coordinates of the point where the axis of the wrench crosses the
xz-plane.

Fig. P3.69 Fig. P3.70

3.70 The resultant of the three cable tensions acting on the flagpole is the force
R = RKk. Find T}, T3, and R given that 73 = 500 N.



Coplanar Equilibrium Analysis

- Introduction

The first three chapters of this text were devoted to mastering the elements of
vector algebra, with emphasis on forces and couples. Proficiency in vector alge-
bra is a prerequisite to the study of statics and most other areas of engineering
mechanics.

With this chapter, we begin the application of vector methods to the equi-
librium analysis of engineering problems. We introduce the free-body diagram,
which is perhaps the most important physical concept found in this text. We show
how the free-body diagram is used to obtain the equations that relate the forces
acting on a body in equilibrium.

For the present, we restrict our attention to the analysis of bodies that are
held in equilibrium by coplanar force systems. The subject is divided into three
parts: analysis of single bodies, analysis of composite bodies (called frames and
machines in some texts), and analysis of plane trusses.

Principles of statics often enable us
to determine quantities that cannot
be easily measured directly. For
example, measuring the axle loads of
a dump truck with the tray in the up
and down positions enables us to
compute the weight of the chassis
and the weight of the tray. This is
illustrated in Problem P4.59. Lester
Lefkowitz/The Image Bank/Getty
Images
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@28 Definition of Equilibrium

A body is said to be in equilibrium if the resultant of the force system that acts
on the body vanishes. Equilibrium means that both the resultant force and the
resultant couple are zero.

When a force system acts on a body that is initially at rest, the absence of a
resultant means that the body has no tendency to move. The analysis of problems
of this type is the focus of statics; dynamics is concerned with the response of
bodies to force systems that are not in equilibrium.

We showed in Chapter 3 that a coplanar force system always can be repre-
sented as a resultant force R passing through an arbitrary point O and a couple
C* that lies in the plane of the forces. Assuming that the forces lie in the xy-plane,
R and CX can be determined from R,=XF,, Ry,=XF,, and CR=ZM,.
Therefore, the equations of equilibrium are

LF,=0 XF,=0 XMp=0 (4.2)

The summations in Egs. (4.1) must, of course, include all the forces that act on the
body—both the applied forces and the reactions (the forces provided by supports).

PART A: Analysis of Single Bodies

I3 Free-Body Diagram of a Body

The first step in equilibrium analysis is to identify all the forces that act on the
body. This is accomplished by means of a free-body diagram.

The free-body diagram (FBD) of a body is a sketch of the body showing all
forces that act on it. The term free implies that all supports have been removed
and replaced by the forces (reactions) that they exert on the body.

The importance of mastering the FBD technique cannot be overemphasized.
Free-body diagrams are fundamental to all engineering disciplines that are con-
cerned with the effects that forces have on bodies. The construction of an FBD is
the key step that translates a physical problem into a form that can be analyzed
mathematically.

Forces that act on a body can be divided into two general categories—reactive
forces (or, simply, reactions) and applied forces. Reactions are those forces that
are exerted on a body by the supports to which it is attached. Forces acting on a
body that are not provided by the supports are called applied forces. Of course,
all forces, both reactive and applied, must be shown on free-body diagrams.



4.3

The following is the general procedure for constructing a free-body diagram.

1. A sketch of the body is drawn assuming that all supports (surfaces of contact,
supporting cables, etc.) have been removed.

2. All applied forces are drawn and labeled on the sketch. The weight of the body
is considered to be an applied force acting at the center of gravity. As shown
in Chapter 8, the center of gravity of a homogeneous body coincides with the
centroid of its volume.

3. The support reactions are drawn and labeled on the sketch. If the sense of
a reaction is unknown, it should be assumed. The solution will determine
the correct sense: A positive result indicates that the assumed sense is cor-
rect, whereas a negative result means that the correct sense is opposite to the
assumed sense.

4. All relevant angles and dimensions are shown on the sketch.

When you have completed this procedure, you will have a drawing (i.e., a free-
body diagram) that contains all of the information necessary for writing the
equilibrium equations for the body.

The most difficult step to master in the construction of FBDs is the determi-
nation of the support reactions. Table 4.1 shows the reactions exerted by various
coplanar supports; it also lists the number of unknowns that are introduced on
an FBD by the removal of each support. To be successful at drawing FBDs, you
must be completely familiar with the contents of Table 4.1. It is also helpful to
understand the physical reasoning that determines the reactions at each support,
which are described below.

(a) Flexible Cable (Negligible Weight). A flexible cable exerts a pull, or tensile
force, in the direction of the cable. With the weight of the cable neglected,
the cable forms a straight line. If its direction is known, removal of the cable
introduces one unknown in a free-body diagram—the magnitude of the force
exerted by the cable.

(b) Frictionless Surface: Single Point of Contact. When a body is in contact
with a frictionless surface at only one point, the reaction is a force that is
perpendicular to the surface, acting at the point of contact. This reaction is
often referred to simply as the normal force. (Walking on an icy sidewalk is
treacherous because it is difficult to generate a force in any direction except
perpendicular to the sidewalk.) Therefore, removing such a surface introduces
one unknown in a free-body diagram—the magnitude of the normal force. If
contact between the body and the surface occurs across a finite area, rather
than at one point, the line of action of the resultant normal force will also be
unknown.

(c) Roller Support. A roller support is equivalent to a frictionless surface: It
can only exert a force that is perpendicular to the supporting surface. The
magnitude of the force is thus the only unknown introduced in a free-body
diagram when the support is removed.

(d) Surface with Friction: Single Point of Contact. A friction surface can exert
a force that acts at an angle to the surface. The unknowns may be taken to be

Free-Body Diagram of a Body
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Support Reaction(s) Description Number of
of reaction(s) unknowns

(a)

Tension of unknown One

magnitude 7 in the
direction of the

4
%

cable
Flexible cable of
negligible weight
(b)
Force of unknown One
magnitude N
directed normal to
the surface
0 N
Frictionless surface o
(single point of contact)
(©
Force of unknown One

magnitude N normal

{

to the surface
‘/ N supporting the roller
[4
\ 6
Roller support
(d)
Force of unknown Two
magnitude N normal

to the surface
and a friction force

\0 F N of unknown magnitude
- o ‘6’ F parallel to the surface
Surface with friction
(single point of contact)
(O]
R, Unknown force R Two
P —_—f
y
L B
X
Pin support
()
y Unknown force R and Three
|_ a couple of unknown
X 9 magnitude C
——— & —»4:

Built-in (cantilever)
support

Table 4.1 Reactions of Coplanar Supports
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the magnitude and direction of the force. However, it is usually advantageous
to represent the unknowns as N and F, the components that are perpendicular
and parallel to the surface, respectively. The component N is called the normal
force, and F is known as the friction force. If there is an area of contact, the
line of action of N will also be unknown.

(e) Pin Support. A pin is a cylinder that is slightly smaller than the hole into
which it is inserted, as shown in Fig. 4.1(a). Neglecting friction, the pin
can only exert a force that is normal to the contact surface, shown as R in
Fig. 4.1(b). A pin support thus introduces two unknowns: the magnitude of
R and the angle « that specifies the direction of R (« is unknown because
the point where the pin contacts the surface of the hole is not known). More
commonly, the two unknowns are chosen to be perpendicular components of
R, such as R, and R, shown in Fig. 4.1(c).

(f) Built-in (Cantilever) Support. A built-in support, also known as a cantilever
support, prevents all motion of the body at the support. Translation (horizontal
or vertical movement) is prevented by a force, and a couple prohibits rotation.
Therefore, a built-in support introduces three unknowns in a free-body dia-
gram: the magnitude and direction of the reactive force R (these unknowns
are commonly chosen to be two components of R, such as R, and R, ) and the
magnitude C of the reactive couple.

() (®) (©)

Fig. 4.1

You should keep the following points in mind when you are drawing free-body
diagrams.

1. Be neat. Because the equilibrium equations will be derived directly from the
free-body diagram, it is essential that the diagram be readable.

2. Clearly label all forces, angles, and distances with values (if known) or
symbols (if the values are not known).

3. The support reactions must be consistent with the information presented in
Table 4.1.

4. Show only forces that are external to the body (this includes support reactions
and the weight). Internal forces occur in equal and opposite pairs and thus will
not appear on free-body diagrams.

Free-Body Diagram of a Body
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Sample Problem 4.1

The homogeneous 6-m bar AB in Fig. (a) is supported in the vertical plane by
rollers at A and B and by a cable at C. The mass of the bar is 50 kg. Draw the FBD
of bar AB. Determine the number of unknowns on the FBD.

The FBD of bar AB is shown in Fig. (b). The first step in the construction of this
diagram is to sketch the bar, assuming the supports have been removed. Then the
following forces are added to the sketch.

y \ 3
@ NB
W=491 N
Lx w/ A 1
Gy r
/( CLA=T20° »®
® 20° 40\ &:/
< g
f\/”é\
A N,

(a) (b)

W: The Weight of the Bar

The weight W is shown as a vertical force acting at G, the center of gravity of the
bar. Because the bar is homogeneous, G is located at the center of the bar. The
magnitude of the weight is W = mg = (50)(9.81) = 491 N.

Nj: The Normal Reaction at A

Removal of the roller support at A dictates that we show the force that this support
can exert on the bar. From Table 4.1, we note that a roller support can exert a single
force that is normal to the supporting surface. Therefore, on the FBD we show the
reaction at A as a vertical force and label its magnitude as Ny.

Ng: The Normal Reaction at B

Following an argument similar to that for N4, we conclude that the removal of the
roller support at B means that we must show a horizontal force at that point. On
the FBD, we label this reaction as Np.

T: The Tension in the Cable at C

From Table 4.1, the force exerted by a cable is a tensile force acting in the direc-
tion of the cable. Therefore, the force exerted on the bar by the cable is shown as
a force of magnitude 7, acting at 20° to the horizontal.

We note that there are three unknowns on the FBD: the magnitudes of the
three reactions (NVy, N, and T).



Sample Problem 4.2

The homogeneous, 250-kg triangular plate in Fig. (a) is supported by a pin at
A and a roller at C. Draw the FBD of the plate and determine the number of
unknowns.

The FBD of the plate is shown in Fig. (b). The pin and roller supports have been
removed and replaced by the reactive forces. The forces acting on the plate are
described below.

W: The Weight of the Plate

The weight of the plate is W =mg = (250)(9.81) = 2453 N. It acts at the centroid
G of the triangle ABC, the location of which was determined from Table 3.1.
Only the horizontal location of G is shown in the figure, because it is sufficient to
determine the line of action of W.

Ax and Ay: The Components of the Pin Reaction at A

From Table 4.1, we see that a pin reaction can be shown as two components A,
and Ay, which are equivalent to an unknown force acting at an unknown angle. We
have shown A, acting to the right and A, acting upward. These directions were
chosen arbitrarily; the solution of the equilibrium equations will determine the
correct sense for each force. Therefore, the free-body diagram would be correct
even if A, or A, had been chosen to act in directions opposite to those shown in
Fig. (b).

N¢: The Normal Reaction at C

From Table 4.1, the force exerted by a roller support is normal to the inclined
surface. Therefore, on the FBD we show the force N¢ at C, inclined at 30° to the
vertical.

The FBD contains three unknowns: Ay, Ay, and Nc.

(a)

W=2453 N

kO.Z m-
B

—— 0.4 m—

(b)

Sample Problem 4.3

A rigid frame is fabricated by joining the three bars with pins at B, C, and D, as
shown in Fig. (a). The frame is loaded by the 1000-Ib force and the 1200-Ib - ft
couple. The supports consist of a pin at A and a roller support at E. Draw the FBD

1000 Ib

-2 ft-mte-2 ft—ote-2 ftote-2 ft~>‘

(a)
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of the frame, neglecting the weights of the members. How many unknowns are on
the FBD?

The FBD of the entire frame is shown in Fig. (b). In addition to the applied force
and couple, the diagram shows the pin reaction at A (A, and A,) and the normal
force at roller E (Ng).

F
')

\E‘IOOOIb
o,
8 ft * Flﬁ

1
A Ny

i A, 1200 Ib- ft

(b)

It is important to realize that the forces at pins B, C, and D do not appear
on the FBD of the frame. These pin forces, as well as the forces inside the bars
themselves, are internal to the frame (recall that only external forces are shown
on FBDs).

We note that there are three unknowns on the FBD: A,, A,, and Ng.

‘

6 ft
\ 1000 Ib/ft
A )
A B ‘c
35—
(a)
Lsq 30000
3& T
Ca 77~ 4
Y !
e - | 1 o)
A, Au/ 4 ft l 4ft C
A 560 1b
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Sample Problem 4.4

The beam ABC, built into the wall at A and supported by a cable at C, carries a
distributed load over part of its length, as shown in Fig. (a). The weight of the
beam is 70 Ib/ft. Draw the FBD of the beam.

The FBD of the beam is shown in Fig. (b). Because a built-in, or cantilever, sup-
port can exert a force and a couple, the reactions at the wall are shown as the force
components A, and A, and the couple C4. The tension in the cable is labeled 7.
Also shown on the FBD are the weight of the beam (70 Ib/ft x 8 ft = 5601b) and
the resultant of the distributed load (3000 b, acting at the centroid of the loading
diagram).

Observe that the FBD contains four unknowns whereas the number of equi-
librium equations in Eqs. (4.1) is three. Therefore, it would not be possible to
calculate all of the unknowns using only equilibrium analysis. The reason for the
indeterminacy is that the beam is oversupported; it would be in equilibrium even
if the cable at C were removed or if the built-in support were replaced by a pin
connection.
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Problems

4.1—-4.3  Each of the bodies shown is homogeneous and has a mass of 30kg.
Assume friction at all contact surfaces. Draw the fully dimensioned FBD for each
body and determine the number of unknowns.

12m g 09m
H/ 0.6 m | Cable |
Pt
800 N/m
1.5m A

B

A 30° / ~
Fig. P4.1 Fig. P4.2 Fig. P4.3

4.4 The homogeneous bar weighs 91b. It is resting on friction surfaces at
A and B. Draw the FBD of the bar and determine the number of unknowns.

4.5 The homogeneous beam AB weighs 4001b. For each support condition
shown in (a) through (d), draw the FBD of the beam and determine the number of
unknowns.

Fig. P4.4

8 ft

12 ft B

A 6 ft B
A flo DY () D
AL L .
(a) (b)
12 ft B
A °)
A 12 ft B

(c) ()

Fig. P4.5
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4.6 The homogeneous triangular plate has a mass of 12kg. Draw the FBD of
the plate for each set of supports shown in (a)—(d) and determine the number of

unknowns.
210 mm L
Friction
A
120 mm
Friction
Frictionless °
B 60 30°
(b)

(a)

-/_<45°
()

Friction
)

Fig. P4.6

4.7 The bracket of negligible weight is supported by a pin at A and a frictionless
peg at B, which can slide in the slot in the bracket. Draw the FBD of the bracket
if (a) 8 =45°; and (b) 8 =90°. What are the unknowns?

12in.— |—

4.8 To open the high-pressure water cock, a 12-1b horizontal force must be
applied to the handle at A. Draw the FBD of the handle, neglecting its weight.
Count the unknowns.

| 8 in. |
Fig. P4.7
4 ft 1ft|]—
(o)
1 20 1b/ft / 3 Fig. P4.8, Ps.9

E
ol Zen s ) 4.9 The high-pressure water cock is rigidly attached to the support at D.
D Slot Neglecting the weights of the members, draw the FBD of the entire assembly

3ft and count the unknowns.
Afle Ble)—" 4.10 Draw the FBD of the entire frame, assuming that friction and the weights
L —— of the members are negligible. How many unknowns appear on this FBD?

— A

4.11 Draw an FBD of member CE of the frame described in the previous
Fig. P4.10, P4.11 problem. How many unknowns appear on this FBD?
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W Coplanar Equilibrium Equations

a. General case

As stated in Art. 4.2, a body is in equilibrium under a coplanar force system if
both the resultant force R and the resultant couple C*® of the force system are
zero. It follows that the following three conditions are necessary for equilibrium:

F, =0 XF, =0 XMy =0 (4.1 repeated)

where the moment center O and the orientation of the xy-coordinate system can
be chosen arbitrarily. The two force equations are equivalent to R = 0, and the
moment equation assures us that CR = 0.

It often is convenient to use a set of three independent equations different from
those in Eqs. (4.1). The alternative equations are described next.

1. Two force equations and one moment equation The x- and y-directions
in Eqgs. (4.1) do not have to be mutually perpendicular—as long as they are
not parallel. Hence, the equilibrium equations can be restated as

$Fe=0 $Fy=0 XMy=0 (4.2)

where x" and y’ are any two non-parallel directions and O is an arbitrary point.
2. Two moment equations and one force equation It is possible to replace
one of the force equations in Egs. (4.2) by a moment equation, obtaining

IMy=0 IMp=0 XF,=0 (4.3)

Here, A and B are any two distinct points, and x’ is any direction that is not
perpendicular to the line AB. Note that if XM, = 0 and ¥Mp = 0 are
satisfied, the resultant only can be a force R that lies along the line AB, as
shown in Fig. 4.2. The equation £ F,» = 0 (x” not perpendicular to AB) then
can be satisfied only if R = 0.

3. Three moment equations We also can replace both force equations in
Egs. (4.2) by two moment equations. The result is

SMy=0 IMzp=0 IMc=0 (4.4)

where A, B, and C are any three distinct, non-collinear points, as indicated in
Fig. 4.2. Again the equations ¥ M, = 0 and ¥ Mg = 0 are satisfied only if the
resultant is a force R that lies along the line AB. The third equation XM¢ = 0
(C not on the line AB) then guarantees that R = 0.

Plane of forces .
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b. Concurrent force system

Recall that the resultant of a concurrent force system is a force R that passes
through the point of concurrency, which we label as point O. The moment equa-
tion XMy = 0 now is satisfied trivially, so that the number of independent
equilibrium equations is reduced from three to two. Using the arguments in Part a,
it is straightforward to verify that the following are valid choices for independent
equilibrium equations, each set consisting of two equations.

1. Two force equations.
LF/=0 XFy=0 (4.5)

where x” and y’ are any two non-parallel directions in the xy-plane.

2. Two moment equations.

SMy=0 IMp=0 (4.6)
where A and B are any two points in the xy-plane (except point O) provided that
A, B, and O do not lie on a straight line.

3. One force equation and one moment equation.

LFy=0 EM,=0 4.7)

where A is any point in the xy-plane (except point O) and x’ is any direction that
is not perpendicular to the line OA.

C. Parallel force system

Assume that all the forces lying in the xy-plane are parallel to the y-axis. The
equation X F, = 0 is automatically satisfied, and the number of independent equi-
librium equations is again reduced from three to two. Using the reasoning in
Part a, it can be shown that there are two choices for independent equilibrium
equations, each containing two equations:

1. One force equation and one moment equation.
TFy=0 XIMu=0 (4.8)

where y’ is any direction in the xy-plane except the x-direction, and A is any point
in the xy-plane.

2. Two moment equations.

SMy=0 IMp=0 (4.9)

where A and B are any two points in the xy-plane, provided that the line AB is not
parallel to the y-axis.
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4.5 Writing and Solving Equilibrium Equations
The three steps in the equilibrium analysis of a body are:

Step 1: Draw a free-body diagram (FBD) of the body that shows all of the
forces and couples that act on the body.

Step 2: Write the equilibrium equations in terms of the forces and couples that
appear on the free-body diagram.

Step 3: Solve the equilibrium equations for the unknowns.

In this article, we assume that the correct free-body diagram has already been
drawn, so that we can concentrate on Steps 2 and 3—writing and solving the
equilibrium equations.

The force system that holds a body in equilibrium is said to be statically deter-
minate if the number of independent equilibrium equations equals the number
of unknowns that appear on its free-body diagram. Statically determinate prob-
lems can therefore be solved by equilibrium analysis alone. If the number of
unknowns exceeds the number of independent equilibrium equations, the prob-
lem is called statically indeterminate. The solution of statically indeterminate
problems requires the use of additional principles that are beyond the scope of
this text.

When analyzing a force system that holds a body in equilibrium, you should
first determine the number of independent equilibrium equations and count the
number of unknowns. If the force system is statically determinate, these two num-
bers will be equal. It is then best to outline a method of analysis, or plan of attack,
which specifies the sequence in which the equations are to be written and lists
the unknowns that will appear in each equation. After you have determined a
viable method of analysis, you can then proceed to the mathematical details of
the solution.

One word of caution—the set of equilibrium equations used in the analysis
must be independent. An attempt to solve a dependent set of equations will, at
some stage, yield a useless identity, such as 0 =0.

By now you should realize that, although the solution of a statically deter-
minate problem is unique, the set of equations used to determine that solution is
not unique. For example, there is an infinite number of choices for point O in the
equilibrium equation ¥ My =0.

With an infinite number of equilibrium equations from which to choose, how
are you to decide which equations to use for a given problem? The answer is
to base your choice on mathematical convenience. If you intend to solve the
equations by hand, try to select equations that involve as few unknowns as possi-
ble, thus simplifying the algebraic manipulations required. However, if you have
access to a computer or a programmable calculator with equation-solving capa-
bility, the solution of simultaneous equations is not burdensome and the choice
of equations is therefore not critical. It cannot be overemphasized that the set of
chosen equations must be independent.
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Sample Problem 4.5

The weight W is attached to one end of a rope that passes over a pulley that is free
to rotate about the pin at A. The weight is held at rest by the force T applied to
the other end of the rope. Using the given FBD, show that T = W and compute
the pin reactions at A.

G

Wi FBD

Method of Analysis

The forces shown on the FBD are the weight W, the pull T acting at the end of
the rope, and the reactive forces applied to the pulley by the pin at A. Because the
force system is coplanar, there are three independent equilibrium equations. The
number of unknowns is also three (T', A, and A,), which means that the problem
is statically determinate.

The equilibrium equation X M4 = 0 is a convenient starting point. Since the
pin reactions have zero moments about A, the only unknown in this equation is
T. Having computed 7', we can then determine A, from X F, = 0 and A, from
XF, =0.

Mathematical Details
IMga=0 ) Tr—Wr=0
T=W Q.E.D.

This result is significant because it shows that the tension in a rope does not
change when the rope passes over a pulley that is supported by a frictionless pin.

SF,=0 —+ A,+Tsin30°=0
TF,=0 + Ay—W—Tcos30°=0

With T = W, the last two equations yield
A, =—-05W Ay =1.866W Answer

The minus sign indicates that A, acts to the left; that is, in the direction opposite
to what is shown on the FED.



Sample Problem 4.6

The homogeneous 60-kg disk supported by the rope AB rests against a rough ver-
tical wall. Using the given FBD, determine the force in the rope and the reaction
at the wall.

Dimensions in mm

Method of Analysis

The FBD contains the weight W = 60(9.81) = 588.6 N, acting at the center of the
disk. The other forces shown on the FBD are the force T applied by the rope and
the reactive forces N¢ (the normal reaction) and F¢ (the friction force) applied by
the wall. The result is a general, coplanar force system for which there are three
independent equilibrium equations. Since the number of unknown forces is also
three, the problem is statically determinate.

Because N¢ and T intersect at point B, the moment equation X Mp = 0 will
yield Fc. Then the two force equations X Fy = 0 and X F), = 0 can be used to
calculate Nc and T.

Mathematical Details
YXMpg =0 gives Fc=0 Answer
4
TF,=0 57 —5886=0
T =7358N Answer
n 3 3
YF, =0 =+ NC—§T=0 Nc—§(735.8)=0

Nec =441 N Answer
Another Method of Analysis
IMs=0 (¥ 200Nc —150(588.6) =0

Ne = 441N
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Sample Problem 4.7

The homogeneous, 120-kg wooden beam is suspended from ropes at A and B.
A power wrench applies the 500-N - m clockwise couple to tighten a bolt at C.
Use the given FBD to determine the tensions in the ropes.

4m — 2 m —

HA B
[ i Ol

Ty Lxl

Ty
4m 2 m—-~
A B
|C
PSm 0

500 N-m
W=11772N

FBD

500 N-m

Method of Analysis

The FBD of the beam contains the weight W =mg =120(9.81) =1177.2 N act-
ing at the center of the beam, the 500-N - m couple applied by the wrench, and
the unknown tensions T4 and T in the ropes. Because all the forces lie in the
xy-plane and are parallel to the y-axis, there are two independent equilibrium
equations. There are also two unknowns: T4 and Tp. Therefore, the problem is
statically determinate.

It is convenient to start the analysis with the equilibrium equation X M4 =0.
Because this equation does not contain T4, we can immediately solve it for Tp.
We can then use the equation X F, =0 to calculate 7.

Mathematical Details

IMy=0 ) 4Tz —1177.2(3) —500=0
Tg =1007.9 N Answer
TFy=0 T Ta+Tp—1177.2=0

Substituting 7 = 1007.9 N and solving for T4, we get

T4,=169.3N Answer



Other Methods of Analysis

Another, equally convenient option is to compute T using XMp = 0 as

YXMp=0 3 — 4T, + 1177.2(1.0) — 500=0
T4,=169.3 N

Sample Problem 4.8

The 420-1b homogeneous log is supported by a rope at A and loose-fitting rollers
at B and C as it is being fed into a sawmill. Calculate the tension in the rope and
the reactions at the rollers, using the given FBD. Which rollers are in contact with
the log?

30°
W =4201b

Method of Analysis

The FBD contains the weight W of the log and three unknown forces: the tension
T in rope and the roller reactions Nz and N¢ perpendicular to the log. The sense
of each roller reaction indicates that we have assumed the upper rollers to be in
contact with the lumber.

The force system in the FBD is the general coplanar case, for which three
independent equilibrium equations are available. Because there are also three
unknowns, the problem is statically determinate.

In general, equilibrium analysis would require the solution of three simultane-
ous equations, with all three unknowns appearing in each equation. With planning,
it usually is possible to reduce the number of unknowns that must be solved
simultaneously. Referring to the FBD, we could start with X F, =0, which would
contain only two unknowns: Ny and N¢. Then we would look for another equa-
tion that contains only these two unknowns. Inspection of the FBD reveals that
the equation ¥ M4 =0 would not contain 7', because this force passes through A.
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The equations X F,, and X M4 could thus be solved simultaneously for Ny and Np.
Finally, ¥ F, would be used to compute 7.

Mathematical Details
SF,=0 > —Ngcos30° — N¢ccos30°=0 (@
TMa=0 T+) 420(7.5sin30°) + 10Nz 4+ 15Nc =0 (b)

The solution of Egs. (a) and (b) is
Np=315.01b and Nc= —31501b Answer

The signs indicate that the sense of N is as shown on the FBD, whereas the sense
of N¢ is opposite to that shown. Therefore, the upper roller at B and the lower
roller at C are in contact with the log.

TF,=0 4] T —420— Npsin30° — Ncsin30°=0
Because Ny = — N¢, this equation yields

T =4201b Answer

Other Methods of Analysis

The above solution used the equations X Fy =0, X F, =0, and XM, =0. There
are other sets of independent equilibrium equations that would serve equally
well. For example, we could find 7 from just a single equation—summation of
forces parallel to the log equals zero. Because N and N¢ are perpendicular to the
log, T would be the only unknown in this equation. The reaction N¢ could also
be computed independently from the other unknowns by setting the sum of the
moments about the point where 7 and Ny intersect to zero. Similarly, we could
find Np from a single equation—summation of moments about the point where T
and N¢ intersect equals zero.

It is important to realize that the equilibrium equations must be independent.
Referring to the FBD, you might be tempted to use the three moment equations
YXMp=0, Mg =0, and XM =0. Although each is a valid equation, they are
not independent of each other. Why not? What would happen if you tried to solve
these equations for Ng, N¢, and T?
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Problems

In each of the following problems, the free-body diagram is given. Write the
equilibrium equations, and compute the requested unknowns.

4.12  The homogeneous cylinder of weight W rests in a frictionless right-angled
corner. Determine the contact forces Ny and Np in terms of W and 6.

Fig. P4.12 Fig. P4.13
4.13  Calculate the force P that is required to hold the 120-Ib roller at rest on the
rough incline. FBD
4.14  Solve Prob. 4.13 if the force P pushes rather than pulls. Fig. P4.14

4.15 The 480-kg bent bar ABC of uniform cross section is supported by a pin
at A and a vertical cable at C. Determine the pin reactions and the force in the
cable.

9 A | A
2m
W,3=160(9.81) N TT
B IC B : —a C
4m 2m l 2m
Wpe=320(9.81) N
FBD

Fig. P4.15



Coplanar Equilibrium Analysis
4.16  The table lamp consists of two uniform arms, each weighing 0.8 b, and a
2-1b bulb fixture. If & = 16°, calculate the couple C4 that must be supplied by the

CHAPTER 4
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friction in joint A.
4in.
i
20 in.

’4-»

o M
7 1

Fig. P4.16

4.17 At what angle 6 will the lamp in Prob. 4.16 be in equilibrium without the

couple Cy?
h14 in. —10 in.
\
0.8 1b &
S
21b —
0.81b 5
2

FBD
Fig. P4.17

4.18 The bent beam ABC is attached to a pin at C and rests against a roller
support at B. Neglecting the weight of the beam, find the reactions at B and C

3m
3
Rp 4

150(9.81) N
FBD

caused by the 150-kg load.

Fig. P4.18



4.19 Compute all reactions at the base A of the traffic light standard, given that
the tension in the cable BC is (a) T = 544 1b; and (b) T =0. The weight of the
standard is negligible compared with the 320-1b weight of the traffic light.

15 ft

Fig. P4.19

4.20 The man is holding up the 35-kg ladder ABC by pushing perpendicular to
the ladder. If the maximum force that the man can exert is 400 N, determine the
smallest angle € at which he can support the ladder.

Fig. P4.20

4.12—4.25

Problems
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4.21  The machine part of negligible weight is supported by a pin at A and a
roller at C. Determine the magnitudes of the forces acting on the part at A and C.

3 kN

A’C
ToA D
«—200——250 1 300
A, 3kN
FBD
Fig. P4.21

4.22  The uniform plank ABC weighs 400 N. It is supported by a pin at A and
a cable that runs around the pulley D. Determine the tension in the cable and the
components of the pin reaction at A. Note that the tension in the cable is constant
(see Sample Problem 4.5).

D

70°

A [ BI IC
! 2.5m
0.5m

y
. oy
X o
. pfotm
. _ / b e
Ay T 1.5m l].Om 0.5m
A

400 N
FBD

y

Fig. P4.22

4.23  The center of gravity of the 850-N man is at G. If the man pulls on the
rope with a 388-N force, determine the horizontal distance b between the man’s
feet and G.
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388 N

FBD

Fig. P4.23

4.24 The homogeneous 200-1b sign is suspended from three wires. Find the
tension in each wire.

T,
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A 4 ft B - A1 4ft B 3
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FBD

Fig. P4.24

4.25 When the truck is empty, it weighs 6000 1b and its center of gravity is at
G. Determine the total weight W of the logs, knowing that the load on the rear
axle is twice the load on the front axle.

72 in.*rf 144 in.

‘« 96 in. a‘« 92 in. —| 60 in. |=~—
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Fig. P4.25
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6N Lquilibrium Analysis for Single-Body
Problems

We learned that the three steps in the equilibrium analysis of a body are:

1. Draw the free-body diagram (FBD).
2. Write the equilibrium equations.
3. Solve the equations for the unknowns.

The individual steps were introduced separately in the preceding articles. The
purpose of this article is to give you experience in the entire process of equilibrium
analysis.

Always begin by drawing the FBD; there are no exceptions. The FBD is
the very key to equilibrium analysis, so it should be drawn with great care.
We recommend that you use a straightedge and circle template. After the FBD
has been drawn, the remainder of the solution, consisting of writing and solving
equilibrium equations, will be straight forward.

It must be reiterated that if the number of unknowns on the FBD equals the
number of independent equations (statically determinate problem), you will be
able to calculate all of the unknowns. Conversely, if the number of unknowns
exceeds the number of independent equations (statically indeterminate prob-
lem), all of the unknowns cannot be determined by using equilibrium analysis
alone.

Although there are many statically indeterminate problems of practical impor-
tance, you will find that nearly all problems in this text are statically determinate.
To solve a statically indeterminate problem, one must consider deformations of
the body, as well as equations of equilibrium. The solution of statically indeter-
minate problems is discussed in texts with such titles as Strength of Materials or
Mechanics of Materials, the understanding of which requires a prior knowledge
of statics.



Sample Problem 4.9

The telephone cable spool in Fig. (a) weighs 3001b and is held at rest on a 40°
incline by the horizontal cable. The cable is wound around the inner hub of the
spool and attached to the support at B. Assume that G, the center of gravity of the
spool, is located at the center of the spool. Find all forces acting on the spool.

Method of Analysis

The first step is, of course, to draw the FBD of the spool, which is shown in
Fig. (b). In addition to its weight, the spool is acted on by the normal contact
force N and friction force F (both acting at the point of contact A) and by the
cable tension 7. Note that the magnitudes 7', N, and F' are the only unknowns and
that there are three independent equilibrium equations (general coplanar force sys-
tem). Therefore, the problem is statically determinate. We illustrate one method
of solution in detail and then discuss several other methods that could be used.
We start with the equation

YMy=0
The tension T can be calculated using this equation because it will be the only
unknown (N and F do not have moments about point A). The next equation is

TMg=0

The unknowns in this equation will be 7" and F, because N has no moment
about G. Because T has already been found, this equation can be solved for F.
Finally, we use the equation

$Fy =0

The unknowns in this equation will be T and N (F is perpendicular to the
y'-direction). Again, with T already computed, N can be found.

Mathematical Details

To help you follow the details of the preceding analysis, the FBD of the spool
has been redrawn in Fig. (c). Note that the 300-1b weight of the spool has been
replaced by its x’- and y’-components and that the vertical distance between A and
G (1.5 cos 40° ft) has been added. The analysis now proceeds as follows:

XM4=0 3 300sin40°(1.5) — T(0.8 + 1.5c0s40°) =0

T =148.41b Answer
YMg=0 "+) F(1.5 —-T(0.8)=0
148.4(0.8
F= % =79.11b Answer
YFy=0 Nt N —300cos40°— T sin40°=0
N =300co0s40° + 148.4sin40° =325.2 1b Answer

/ \\
/
i G
300 sin 40;/ 300 cos 40°
Yo X A 1.5 cos 40° ft
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The positive signs determined for 7, F, and N indicate that the correct sense for
each force was assumed on the FBD.
As a check on this solution, we can verify that the above answers satisfy a
fourth equilibrium equation. For example,
YF,=0 —+> Fcos40° — Nsind40°+ T
=79.1cos40° — 325.2sin40° + 148.4 ~ 0 Check

Other Methods of Analysis

Two additional methods of analysis are outlined in the table below, with the
mathematical details omitted.

Equation Unknowns Solution

Mg =0 T'and F } Solve simultaneously for 7 and F

YFo =0 T and F

XFy =0 T and N Knowing 7', solve for N
XMy=0 T Solve for T

XFy =0 T and F Knowing T, solve for F

XF, =0 T,N,and F Knowing T and F, solve for N

In this sample problem, we have illustrated only three of the many sets of
equations that can be used to analyze this problem. You may find it beneficial to
outline one or more additional analyses. Outlining the solution will permit you
to concentrate on the method of analysis without becoming too involved with the
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mathematical details of the solution.

Sample Problem  4.10

Determine the mass of the heaviest uniform bar that can be supported in the posi-
tion shown in Fig. (a) if the breaking strength of the horizontal cable attached at
C is 15kN. Neglect friction.

Method of Analysis

We begin by drawing the FBD of the bar as shown in Fig. (b). The weight W of
the heaviest bar that can be supported will be obtained when the tension 7' is set



equal to 15kN. A heavier bar would result in a cable tension greater than 15 kN,
and the cable would break.

There are three unknowns in the FBD: the normal contact forces N4 and N,
and W. Note that the directions of all these forces are known. The unknowns can,
therefore, be found using the three independent equilibrium equations that are
available for a general coplanar force system. However, because we are seeking
W only, it may not be necessary to use all three equations.

In our analysis, we will use the following two equations.

TF, =0

The force N4 can be found from this equation (W and Ng will not appear because
they are perpendicular to the x-direction).

EMB =O

This equation will contain the two unknowns W and Ny. Because N4 already has
been determined, W now can be found.

Mathematical Details

Referring to the FBD in Fig. (b), the mathematical details of the preceding
analysis are as follows:

4
BF=0 5 Ny-15=0
Ny =18.75kN @)
3
EMp=0 3 W(1.2€0520°) + 15(1.25in 20°) — SNy (2.4c0520°)

—gNA (2.45in20°) =0 (b)

Substituting Ny = 18.75 kN from Eq. (a) into Eq. (b) gives W =28.0 kN. There-
fore, the mass of the heaviest bar that can be supported without breaking the
cable is

W 28.0 x 10°
g 98l
Other Methods of Analysis

Another method that could be used to calculate W is outlined in the following
table.

=2850 kg Answer

m =

Equation Unknowns Solution
M A= 0 NB and W
YF., =0 Ng and W

} Solve simultaneously for Nz and W

There are, of course, many other sets of equations that could be used to
compute W. It is even possible to determine W using only one equilibrium
equation— a moment equation taken about the point where N4 and Np intersect.
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Sample Problem 4.11

Figure (a) shows the distributed loading due to water pressure that is acting on the
upstream side of the flood barrier. Determine the support reactions acting on the
barrier at A and B. Neglect the weight of the barrier.

\

3200 Ib/ft

(a)

(b)

Method of Analysis

The FBD of the barrier is shown in Fig. (b), where Nj is the reaction at B, acting
perpendicular to the inclined surface, and A, and A, are the components of the
pin reaction at A. Any three independent equilibrium equations can be used to
determine these three unknowns. As explained in Art. 3.6, the resultant of a dis-
tributed load is equal to the area under the loading diagram, acting at the centroid
of that area. Therefore, we obtain

1
R = (10)(3200) = 16000 Ib

and from Table 3.1, we find

_ 10 t
Y73
Because the unknown forces A, and A, intersect at A, a convenient starting
point is
XMu=0
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This equation will determine Ng. We then use
YF,=0

Having previously determined N, this equation will give A, . The final equation is
YF,=0

With Np previously computed, A, can be found from this equation.

Mathematical Details
IMy=0 ) 16000 (13—0> — N8 =0
N =66701b Answer
YLF, =0 > Npcos30°+ A, —16000=0
A, =16000 — (6670) cos 30° = 10220 Ib Answer
TF,=0 T Ay+Npsin30°=0
Ay = — (6670)sin30°= — 3340 1b Answer

The signs indicate that Ny and A, are directed as shown on the FBD, whereas the
correct direction of A, is opposite the direction shown on the FBD. Therefore, the
force that acts on the barrier at A is

10220 |A| = 1/(10220)2 + (3340)2 = 10750 Ib
|

0 |
| _y ( 3340 R
,,,,,,,,, A 6 = tan —— ) =18.1 Answer
3340 1b 10220
and the force at B is
6670 1b

Answer
) 30°

Other Methods of Analysis

There are, of course, many other independent equations that could be used to solve
this problem. Referring to the FBD in Fig. (b), the following set of equations has
the advantage of determining each unknown independently of the other two.

Equation Unknowns Solution

YM4=0 Np Solve for Ny
YMc-=0 A, Solve for A,
XMp=0 Ay Solve for A,
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Problems

Fig. P4.29

4.26  The homogeneous bar AB weighs 30 Ib. Determine the magnitudes of the
forces acting on the bar at A and B. Neglect friction.

&
N 350

y
60°
A Af® oY) X

9 ft

Fig. P4.26 Fig. P4.27 Fig. P4.28

4.27 Determine the horizontal force P required to keep the homogeneous 30-kg
cylinder in equilibrium on the rough inclined surface.

4.28 The homogeneous beam AB weighing 600 1b carries the distributed load
shown. Find the support reactions at A and B.

4.29 The homogeneous 40-kg bar ABC is held in position by a horizontal rope
attached to end C. Neglecting friction, determine the tension in the rope.

4.30 The horizontal force P is applied to the handle of the puller. Determine
the resulting tension 7 in the chain in terms of P.

By
21
r

12 ft ! 9 ft—

Fig. P4.30 Fig. P4.31

4.31  The thin steel plate, weighing 82 Ib/ft?, is being lifted slowly by the cables
AC and BC. Compute the distance x and find the corresponding tension in each of
the cables.

4.32 Neglecting the mass of the beam, compute the reactions at A and B.
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2kN
1 kN/m
A /"
© { °
Nlr 12kN-m B
‘&3111 3m 1 6 m l

Fig. P4.32
4.33 The 1200-kg car is being lowered slowly onto the dock using the hoist A
and winch C. Determine the forces in cables BA and BC for the position shown.

22m

‘<—><—5.6 m—-=|

Fig. P4.33 Fig. P4.34, P4.35
4.34 The crate weighing 4001b is supported by three ropes concurrent at B.
Find the forces in ropes AB and BC if P =460 Ib.

4.35 Find the smallest value of P for which the crate in the Prob. 4.34 will be in
equilibrium in the position shown. (Hint: A rope can only support a tensile force.)

4.36  Determine the rope tension T for which the pulley will be in equilibrium.
4.37 The 60-kg homogeneous disk is resting on an inclined friction surface.

(a) Compute the magnitude of the horizontal force P. (b) Could the disk be in
equilibrium if the inclined surface were frictionless?

Fig. P4.36

Fig. P4.37, P4.38

4.38 The 60-kg homogeneous disk is placed on a frictionless inclined surface
and held in equilibrium by the horizontal force P and a couple C (C is not shown
on the figure). Find P and C.
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4.39 The mass of the uniform bar AB is 40 kg. Calculate the couple C required
for equilibrium if (a) & = 0; and (b) 6 = 54°.

Fig. P4.39

4.40 The mechanism shown is a modified Geneva drive—a constant veloc-
ity input produces a varying velocity output with periods of dwell. The input
torque is 120 N-m. For the position shown, compute the contact force at B
and the magnitude of the reaction at A. Neglect friction and the weights of the
components.

Input Output

Fig. P4.40

4.41  The center of gravity of the 3000-1b car is at G. The car is parked on an
incline with the parking brake engaged, which locks the rear wheels. Find (a) the
normal forces (perpendicular to the incline) acting under the front and rear pairs
of wheels; and (b) the friction force (parallel to the incline) under the rear pair of
wheels.

Fig. P4.41

4.42 The 1800-kg boat is suspended from two parallel cables of equal length.
The location of the center of gravity of the boat is not known. Calculate the force
P required to hold the boat in the position shown.



—

L A

20°
B
~—

Fig. P4.42

4.43 The bracket contains three slots that engage pins that are attached to a
wall. Neglecting friction, determine the force exerted on the bracket by each pin.

4.44 The uniform ladder of weight W is raised slowly by applying a vertical
force P to the rope at A. Show that P is independent of the angle 6.

4.45 The uniform, 40-1b ladder is raised slowly by pulling on the rope attached
at A. Determine the largest angle 6 that the ladder can attain if the maximum
allowable tension in rope BC is 3301b.

4.46 The 90-kg man, whose center of gravity is at G, is climbing a uniform
ladder. The length of the ladder is 5m, and its mass is 20 kg. Friction may be
neglected. (a) Compute the magnitudes of the reactions at A and B for x = 1.5 m.
(b) Find the distance x for which the ladder will be ready to fall.

X

Y/

=
-

1.6 m—|
Fig. P4.46 Fig. P4.47

4.47 The homogeneous 240-1b bar AB is in equilibrium in the position shown.
Determine the distance b that locates the 165-1b force and compute the magnitude
of the support reaction at A.

4.48 The tensioning mechanism of a magnetic tape drive has a mass of 0.4 kg,
and its center of gravity is at G. The tension 7 in the tape is maintained by preset-
ting the tensile force in the spring at B to 14 N. Calculate 7 and the magnitude of
the pin reaction at A.

4.26-4.60
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Fig. P4.43

Fig. P4.44, P4.45
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Fig. P4.48
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4.49 The homogeneous 300-kg cylinder is pulled over the 100-mm step by the
horizontal force P. Find the smallest P that would raise the cylinder off the surface
at A. Assume sufficient friction at corner B to prevent slipping.

4.50 The homogeneous 18-kg pulley is attached to the bar ABC with a pin
at B. The mass of the bar is negligible. The cable running over the pulley carries a
tension of 600 N. Determine the magnitudes of the support reactions at A and C.

| 240 240 |

600 N Dimensions in mm
Fig. P4.50

4.51  Each of the sandbags piled on the 250-Ib uniform beam weighs 12 Ib.
Determine the support reactions at A and C.

I__1_5 ~] 4—1.5—>|
2
y |
I
p—
T I

1 T ) I S —
[ | 1 ) - 1 I ]
= 1 T 1T 1T T X lI x

éﬂ_ B i)_C
Li Il ft———=—8 ft — Dimensions in feet
Fig. P4.51 Fig. P4.52

4.52 The homogeneous 600-1b plate is suspended from three cables. Determine
the force in each cable.

4.53 The supporting structure of the billboard is attached to the ground by a pin
at B, and its rear leg rests on the ground at A. Friction may be neglected. Point G is
the center of gravity of the billboard and structure, which together weigh 2800 Ib.
To prevent tipping over in high winds, a 2370-1b weight is placed on the structure
near A, as shown. (a) Compute the magnitudes of the reactions at A and B if the
wind load on the billboard is ¢ = 120 1b/ft. (b) Find the smallest wind load ¢ that
would cause the structure to tip over.

4.54 The self-regulating floodgate ABC, pinned at B, is pressed against the lip
of the spillway at C by the action of the 3645-1b weight A. If the gate is to open



—_—
320h Ib/ft

Fig. P4.54

when the water level reaches a height 7 = 6 ft, determine the distance x locating
the weight A. Neglect the weight of the gate.

4.55 The cantilever beam is built into a wall at O. Neglecting the weight of the
beam, determine the support reactions at O.

4.56 Determine the force F required to keep the 200-kg crate in equilibrium in
the position shown.

4.57 Determine the angle 6 for which the 1250-N homogeneous cylinder will
be in equilibrium in the position shown. Also, find the tension in the rope AB.

P
A
T .
5¢0 B C
b = 25°
l——150 50 — T
500 N Dimensions in mm
Fig. P4.57 Fig. P4.58

4.58 A machine operator produces the tension T in the control rod by applying
the force P to the foot pedal. Determine the largest P if the magnitude of the pin
reaction at B is limited to 1.8 kN. Neglect the mass of the mechanism.
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“4.59 The dump truck consists of a chassis and a tray, with centers of gravity
at G and G, respectively. With the tray down, the axle loads (normal forces at
A and B) are 41 900 1b each. When the tray is in the raised position, the rear axle
load increases to 48 700 1b. Compute the weight of the chassis, the weight of the
tray, and the distance x.

‘kxa

‘ 14.5 ft

Fig. P4.59

*4.60 The centers of gravity of the 50-kg lift truck and the 120-kg box are at
G and G, respectively. The truck must be able to negotiate the 5-mm step when
the pushing force P is 600 N. Find the smallest allowable radius of the wheel at A.
Be sure to check whether the truck will tip.

1P anmls
G,
1200
Gy
[
i s Y
i A B
5 375
+— 500 —
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Dimensions in mm

Fig. P4.60



4.7 Free-Body Diagrams Involving Internal Reactions

PART B: Analysis of Composite Bodies

P Free-Body Diagrams Involving Internal
Reactions

Up to now, we have been considering “one-body” problems. Because we have
been concerned primarily with calculating external reactions, each problem has
required the use of only one free-body diagram (FBD) and the solution of one
set of equilibrium equations. We now begin a study of the forces that act at con-
nections that are internal to the body, called internal reactions. The calculation of
internal reactions often requires the use of more than one FBD.

In this article, attention is focused on the drawing of FBDs of the various
parts that together form a composite body. Frames and machines are examples
of connected bodies that are commonly used in engineering applications. Frames
are rigid structures that are designed to carry load in a fixed position. Machines
contain moving parts and are usually designed to convert an input force to an
output force.

The construction of FBDs that involve internal forces relies on Newton’s third
law: For every action there is an equal and opposite reaction. Strict adherence to
this principle is the key to the construction of FBDs.

a. Internal forces in members

Consider the beam in Fig. 4.3(a), which carries the load P acting at its center
(P and 0 are assumed known). In the FBD of the entire beam, Fig. 4.3(b), there
are three unknown external reactions (A, A,, and Np) and three independent
equilibrium equations. Therefore, the beam is statically determinate, and the three
unknowns could be easily calculated, although we will not do so here.
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Fig. 4.3
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Now suppose that we are asked to determine the force system that acts on the
internal cross section at D, located a distance L/4 to the right of end A. We begin
by isolating the parts of the beam that lie to the left and right of D. In effect, we
imagine that the beam is cut open at the section of interest. Thus the cross section
that was initially an internal section now becomes an external section. We then
draw the FBDs of both parts of the beam, as shown in Fig. 4.3(c) and (d).

Consider the FBD for the left portion of the beam, Fig. 4.3(c). The right por-
tion of the beam has been removed, and its effect is shown as an unknown force
(represented by the independent components D, and D,) and an unknown couple
(Cp), the senses of which are assumed.

On the FBD for the right portion of the beam, Fig. 4.3(d), the effect of the
removed left portion is likewise an unknown force and an unknown couple. How-
ever, Newton’s third law prescribes that the effect that the right part of the beam
has on the left part is equal and opposite to the effect that the left part has on the
right. Therefore, on the FBD in Fig. 4.3(d), the force system at D consists of the
forces D, and D, and the couple Cp, each equal in magnitude, but opposite in
direction, to its counterpart in Fig. 4.3(c). That is the key to understanding FBDs!
When isolating two parts of a body in order to expose the internal reactions, these
reactions must be shown as equal and opposite force systems on the FBDs of the
respective parts.

Note that we are using scalar representation for the forces and couples in the
FBDs in Fig. 4.3. For example, the magnitude of the x-component of the force at
D is labeled D,, and its direction is indicated by an arrow. If a vector representa-
tion is used, one force of the pair would be labeled D, and the other force —D,.
Because there is no advantage to using vector notation here, we continue to use
the scalar representation.

Finally, note that if A,, A, and Np had been previously computed from the
FBD for the entire beam, the FBD in either Fig. 4.3(c) or (d) could be used to
calculate the three unknowns D,, Dy, and Cp.

Observe that internal forces do not appear on the FBD of the entire beam,
Fig. 4.3(b). The reason is that there are two internal force systems acting on every
section of the beam, each system being equal and opposite to the other. Therefore,
internal reactions have no effect on the force or moment equations for the entire
beam.

b. Internal forces at connections

Consider the frame shown in Fig. 4.4(a) , which consists of two identical, homo-
geneous bars AB and BC, each of weight W and length L. The bars are pinned
together at B and are attached to the supports with pins at A and C. Two forces
P and Q are applied directly to the pin at B. We assume that L, W, P, O, and 6
are known quantities. Furthermore, throughout this text we neglect the weights of
pins and other connectors, unless stated otherwise.

The FBD of the structure shown in Fig. 4.4(b) contains four unknown pin
reactions: A, and A, (the forces exerted on bar AB by the pin A) and C, and
C, (the forces exerted on bar BC by the pin C). The senses of these forces have
been chosen arbitrarily. Because only three independent equilibrium equations

(b) are available from this FBD, you might presume that the problem is statically

indeterminate. Indeed, this would be the correct conclusion if ABC were a single
Fig. 4.4 rigid unit, rather than two rigid bars joined by a pin. If the system is “taken apart”
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and an FBD is drawn for each component, it will be seen that the problem is
statically determinate. As explained in the following, drawing the FBD of each
component increases the number of unknowns, but the number of independent
equations also increases.

The FBD of each component of the frame is shown in Fig. 4.5.

(@) (b)

Fig. 4.5

Figure 4.5 (@) FBD of bar AB with pins at A and B removed.

W is the weight of bar AB acting at the center of the bar.
A, and A, are the forces exerted on bar AB by the pin at A.
By and B, are the forces exerted on bar AB by the pin at B.

Notes

1. The senses of A, and A, cannot be chosen arbitrarily here. These senses were
already assumed when the FBD of the system, Fig. 4.4(b), was drawn. Ini-
tially, the sense of an unknown force may be chosen arbitrarily, but if that
force appears on more than one FBD, its sense must be consistent with the
original assumption.

2. The senses of B, and B, were chosen arbitrarily, because this is the first FBD
on which these forces appear.

3. P and Q are applied directly to the pin at B, so they do not appear on this FBD
(recall that the pin at B has been removed).
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©

Fig. 4.5 repeated

Figure 4.5 (b) FBD of bar BC with pins at B and C removed.

W is the weight of bar BC acting at the center of the bar.
C, and C, are the forces exerted on bar BC by the pin at C.
B, and By are the forces exerted on bar BC by the pin at B.

Notes

4. The directions of C, and C, must be the same as shown in Fig. 4.4(b). (See
Note 1.)

5. The forces exerted by the pin B on bar BC are labeled B, and Bj. Because this
is the first FBD on which B} and B have appeared, their senses have been
chosen arbitrarily.

Figure 4.5 (c) FBD of pin B with bars AB and BC removed.

P and Q are the external forces acting directly on the pin.
By and B, are the forces exerted on the pin by bar AB.
B} and B are the forces exerted on the pin by bar BC.

Notes

6. Because P and Q are applied directly to the pin at B, they will appear on every
FBD that contains that pin.

7. The senses of B, and B, are opposite to the senses chosen for these forces on
the FBD of bar AB. This follows from Newton’s third law: The force exerted
on bar AB by the pin B is equal and opposite to the force exerted on pin B by
bar AB. A similar argument holds for the directions of B, and B,

Let us now count the unknowns and the independent equilibrium equations
available from the FBDs in Fig. 4.5. There are eight unknowns: A,, A,, B,, By,
By, B, Cy, and Cy. The number of equilibrium equations is also eight: three
each from the FBDs of bars AB and BC (general coplanar force systems) and two
from the FBD of the pin at B (concurrent, coplanar force system). Therefore, we
conclude that the problem is statically determinate, and the eight unknowns are
solvable from the eight independent equilibrium equations.

As mentioned previously, there are also three independent equations for the
FBD of the entire body, shown in Fig. 4.4. Does this mean that we have a total
of 8 + 3 =11 independent equations? The answer is no! The FBD for the entire
system is not independent of the FBDs for all of its parts—the FBDs in Fig. 4.5
could be put back together again to form the FBD in Fig. 4.4. In other words,
if each part of the body is in equilibrium, then equilibrium of the entire body is
guaranteed. This means that of the eleven equations just cited, only eight will be
independent.

Let us now change the problem by assuming ABC to be a single rigid unit
rather than two bars pinned together at B. In this case, the body would be able to
transmit a force and a couple at B. Consequently, the number of unknowns would
be increased by one (the magnitude of the couple), but the number of indepen-
dent equations would remain at eight. Hence, this problem would be statically
indeterminate.



4.7 Free-Body Diagrams Involving Internal Reactions

So far, we have drawn the FBD for the entire system and the FBDs for each of
its parts. There are two other FBDs that could be constructed—the FBDs with the
pin B left inside bar AB and those with pin B left inside bar BC. These FBDs are
shown in Figs. 4.6 and Fig. 4.7, respectively. As you study each of the FBDs, note
that B, and B; do not appear in Fig. 4.6 because they are now internal forces. For
the same reason, B, and B, do not appear in Fig. 4.7. It should be noted again
that, although we have drawn additional FBDs, the total number of independent
equilibrium equations remains eight.

FBDs of AB and BC with pin B left in BC

Fig. 4.6

FBDs of AB and BC with pin B left in AB
Fig. 4.7

The following special case is extensively used in the construction of FBDs of
bodies that are joined by pins.

Special Case: Equal and Opposite Pin Reactions

If two members are joined by a pin and if there are no external forces applied
to the pin, then the forces that the pin exerts on each member are equal in
magnitude and oppositely directed.

It is relatively easy to verify this statement by referring again to the FBD of
the pin B, Fig. 4.5(c). Note that if there are no forces applied to the pin (i.e.,
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if P =0 =0), the equilibrium equations for the pin dictate that By = B, and
B, = B;—the pin reactions are equal in magnitude and oppositely directed.

Using this special case, the FBDs for bars AB and BC, and pin B would be as
shown in Fig. 4.8. Here, the total number of unknowns is six, and the total number
of independent equations is six—three for each bar. Obviously, two of the original
eight equations have been used up in proving that the pin reactions at B are equal
and opposite.

FBDs with no external forces applied to pin B

Fig. 4.8

In this text we utilize equal and opposite pin reactions wherever applicable.
That is, our FBDs of members display equal and opposite reactions at the pins,
as shown at B in Fig. 4.8. The FBDs of the pins are not drawn. The two most
common situations where the pin reactions are not equal and opposite are

 External force is applied to the pin
* More than two members are connected by the pin



Sample Problem 4.12

(1) Referring to Fig. (a), draw the FBD for the entire frame and for each of its
parts, neglecting the weights of the members. (2) Determine the total number of
unknowns and the total number of independent equilibrium equations, assuming
that the force P and couple Cj are known.

Part 1
The force system on each of the FBDs is described below.

FBD of Entire Frame —Fig. (b)

P and Cy: applied force and applied couple

A, and A,: components of the force exerted on the frame by pin A (directions are
assumed)

C, and C,: components of the force exerted on the frame by pin C (directions are
assumed)

FBD of Member ABD—Fig. (c)

P: applied force

A, and A,: components of the force exerted on member ABD by pin A [must be
shown acting in the same directions as in Fig. (b)]

D, and D,: components of the force exerted on member ABD by pin D (directions
are assumed)

Np: force exerted on member ABD by the roller at B (must be perpendicular to
member CDB)

FBD of Member CDB—Fig. (d)
Cy: applied couple

C, and C,: components of the force exerted on member CDB by pin C [must be
shown acting in the same directions as in Fig. (a)]

lP
A, A 2m 2m

(©) (d)

2 m—

(b)
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D, and D,: components of the force exerted on member CDB by pin D [must be
equal and opposite to the corresponding components in Fig. (c)]

Npg: force exerted on the member by the roller at B [must be equal and opposite to
the corresponding force in Fig. (c)]

Part 2

Three independent equilibrium equations are available from the FBD of mem-
ber ABD, and three from the FBD of member CDB, which gives a total of six
independent equilibrium equations (recall that the FBD for the entire frame is not
independent of the FBDs for its two composite members). The total number of
unknowns is seven: two unknowns each at A, C, and D and one unknown at B.

Because the number of unknowns exceeds the number of independent equi-
librium equations, we conclude that this problem is statically indeterminate; that
is, all unknowns cannot be determined from equilibrium analysis alone.

186
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Sample Problem 4.13

(1) Draw the FBDs for the entire frame in Fig. (a) and for each of its parts. The
weights of the members are negligible. The cable at C is attached directly to
the pin. (2) Determine the total number of unknowns and the total number of
independent equilibrium equations, assuming that P is known.

(a) (b)

Part 1

The forces on each of the FBDs are described in the following.
FBD of Entire Frame—Fig. (b)

P: applied force

Ay and A,: components of force exerted on the frame by pin A (directions are
assumed)



Ng: force exerted on the frame by the roller E (direction is horizontal, assumed
acting to the right)
T): force exerted on the frame by the cable that is attached to pin C

FBD of Member EDC—Fig. (c)

Ng: force exerted on member EDC by the roller at E [must be shown acting in the
same direction as in Fig. (b)]

D, and D,: components of the force exerted on member EDC by pin D (directions
are assumed)

C, and C,: components of the force exerted on member EDC by pin C (directions
are assumed)

FBD of the Pulley—Fig. (d)

P: applied force

D, and D,: components of the force exerted on the pulley by pin D [must be
shown equal and opposite to the corresponding components in Fig. (c)]

T»: tension in the cable on the left side of the pulley

FBD of Member ABC—Fig. (e)

Ay and A,: components of the force exerted on member ABC by pin A [must be
shown acting in the same directions as in Fig. (b)]

T,: force exerted on member ABC by the cable that is attached at B [must be equal
and opposite to the corresponding force in Fig. (d)]

C and C}: components of the force exerted on member ABC by pin C (directions
are assumed)

FBD of Pin C—Fig. (f) This FBD is necessary because a cable is attached
directly to pin C.

T): force exerted on pin C by the cable [must be shown acting in the same direction
as in Fig. (b)]

C, and C,: components of the force exerted on pin C by member EDC [must be
shown equal and opposite to the corresponding components in Fig. (c)]

C. and C ;: components of the force exerted on pin C by member ABC [must be
shown equal and opposite to the corresponding components in Fig. (e)]

Part 2

There are a total of eleven independent equilibrium equations: three for each of
the two bars, three for the pulley, and two for pin C (the force system acting on
the pin is concurrent, coplanar). Recall that the FBD for the entire frame is not
independent of the FBDs of its members.

The problem is statically determinate because the total number of unknowns
is also eleven: A, and A,, C, and C,, C; and C;, D, and Dy, Ng, Ty, and T>.

1w [
A A 3ft 5 ft
X > o o
B c G
A,
(e
Tl C\
C\’ CY
e @ i
C
C
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Problems
’_71 m 4,’_71 m
T D
11 Loo N
e
T
1
L OV e\ B
(a)
—| 1ft 4 ft i
|
A(e B
100 Ib

For Probs. 4.61-4.68, (a) draw the free-body diagrams for the entire assembly (or
structure) and each of its parts. Neglect friction and the weights of the members
unless specified otherwise. Be sure to indicate all relevant dimensions. For each
problem, (b) determine the total number of unknown forces and the total number
of independent equilibrium equations.

(a)

(©)

100 Ib
(b)
Fig. P4.62

Force in spring
is 100 1b tension

12 in. .
10 in.

[+—1.8 ft ~

()

200 1b

Fig. P4.65



4.61-4.72  Problems

Friction
C

3 ft

1ft ﬁzﬁ—»

150 1b - in.
4 ft

200 1b- ft

(o L] CB

#th»‘%;%fta

Fig. P4.66 Fig. P4.67 Fig. P4.68
4.69 The fluid control valve D is controlled by the float A. Draw FBDs for
the float-arm assembly ABC, the link CE, the support arm BD, and the assembly
composed of all three of these components. The upward thrust on the float is

2.41b. Neglect the weights of the components. Assume that all dimensions are

known.

Fig. P4.69

4.70 Draw the FBDs for the following: (a) bar ABC with pin A inside the
bar; (b) bar ABC with pin A removed; and (c) pin A. Neglect the weights of the

members.

3.6 m

2.4 kN

Fig. P4.70
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4.71  Tension in the spring connecting the two arms of the lifting tongs is 150 Ib.
Draw the FBDs of (a) the entire assembly; (b) the pin A; (c) the arm ABD with
pin A removed; and (d) the 60-1b block. Neglect the weight of the tongs.

! L5 ft
AT E
E|601b D LE 5 ft 2.5 ft
1.5 ft
—{ 10in.]+— 12001b =
Fig. P4.71 Fig. P4.72

4.72  For the structure shown, draw the following FBDs: (a) the entire structure;
(b) the small pulley at D; and (c) the frame ADE.

R8N Equilibrium Analysis of Composite Bodies

In the equilibrium analysis of a composite body and its various parts, you must be
able to construct the appropriate FBDs. As explained in the previous article, this
ability depends on the correct application of Newton’s third law. Furthermore, you
must be able to write and solve equilibrium equations based on FBDs, a technique
that was explained for one-body problems in Art. 4.6. The primary difference
between one-body and composite-body problems is that the latter often require
that you analyze more than one FBD.

The problems in the preceding article required the construction of FBDs for a
composite body and each of its parts. These problems were simply exercises in the
drawing of FBDs. Beginning an equilibrium analysis by constructing all possible
FBDs is inefficient; in fact, it can lead to confusion. You should begin by drawing
the FBD of the entire body and, if possible, calculate the external reactions. Then,
and only then, should you consider the analysis of one or more parts of the body.
The advantages of this technique are the following: First, because only external
reactions appear on the FBD of the entire body, some or all of them can often be
calculated without referring to internal forces. A second advantage is that FBDs
are drawn only as needed, thereby reducing the amount of labor. Most of the
time it will not be necessary to draw all possible FBDs and compute all internal
reactions in order to find the desired unknowns. Knowing which FBDs to draw
and what equations to write are undoubtedly the most difficult parts of equilibrium
analysis.



Sample Problem 4.14

The structure in Fig. (a) is loaded by the 240-1b-in. counterclockwise couple
applied to member AB. Neglecting the weights of the members, determine all
forces acting on member BCD.

The solution of a problem involving a composite body such as this must be
approached with caution. Unless an efficient method of analysis is planned from
the outset, it is easy to be overwhelmed by the number of FBDs that can be drawn
and the number of equilibrium equations that can be written.

Method of Analysis

Although not absolutely necessary, considering the FBD of the entire structure is
often a good starting point. The FBD shown in Fig. (b) contains the four unknowns
Np, Tc, Ay, and A,. With four unknowns and three independent equilibrium
equations (general coplanar force system), we cannot determine all unknowns on
this FBD (one more independent equation is required). Therefore, without writing
a single equation from the FBD in Fig. (b), we turn our attention to another FBD.

Because we are seeking the forces acting on member BCD, let us next con-
sider its FBD, shown in Fig. (c). This FBD contains four unknowns: Np, T¢, By,
and B,. Again there are only three independent equations (general coplanar force
system), but a study of Fig. (c) reveals that the equation ¥ Mg = 0 will relate the
unknowns Np and T¢. Additionally, from Fig. (b) we see that N, and ¢ are also
related by the equation M4 = 0. Therefore, these two moment equations can
be solved simultaneously for Np and T¢. After those two unknowns have been
found, the calculation of B, and B,, which are the remaining unknown forces
acting on BCD, is straightforward.

Mathematical Details

Referring to the FBD of the entire structure in Fig. (b),

XMys=0 :JD Tc cos30°(8) — Np(12) +240 =0
Np=0.5774T¢ + 20 €)

From the FBD of member BCD in Fig. (c),

SMp=0 ) Tccos30°4)+ Tcsin30°(3) — 8 Np=0
Np=0.6205T¢ (b)

Solving Egs. (a) and (b) simultaneously yields
Tc=4641b and Np=288Ib Answer
Also from the FBD of member BCD in Fig. (c),

YF,=0 + Np—Tccos30°+ B, =0
B, =464 cos30° —288=1141b Answer

(©)

2401b - in.
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and

LF,=0 < By,—Tcsin30°=0
B, =4645sin30° =232 1b Answer

Because the solution yields positive numbers for the unknowns, each force is
directed as shown on the FBDs.

The FBD of member AB, although not required in the foregoing analysis, is
shown in Fig. (d).

Other Methods of Analysis

Note that the FBDs for the two members that make up the structure, Figs. (c)
and (d), contain a total of six unknowns: A,, A,, B,, B,, Np, and T¢. There are
also six independent equilibrium equations—three for each member. (Thus you
see that it is not absolutely necessary to use the FBD of the entire assembly.)
There are many combinations of equations that could be used to determine the
forces acting on member BCD. It is recommended that you practice your skills by
outlining one or more additional methods of analysis.

192

Sample Problem 4.15

An 80-N box is placed on a folding table as shown in Fig. (a). Neglecting friction
and the weights of the members, determine all forces acting on member EFG and
the tension in the cable connecting points B and D.

~—400 »‘ 200 f+—— 600 ——=
A 80N|_|13 D E
3%0 )
o .

‘k 400 —=|=— 400 —|
Dimensions in mm

(@)

Method of Analysis

We begin by considering the FBD of the entire table, Fig. (b). Because this FBD
contains three unknowns (Ng, H,, and H,), it will be possible to compute all of
them from this FBD. In particular, Ng can be found using the equation X My =0.



80N 80 N
s
A4
A, E,
| 1200 |

(b) (©)

Next, we turn our attention to the FBD of member EFG by skipping ahead to
Fig. (d). We note that there are five unknowns on this FBD (Ng, F, Fy, E, and
E,). Although we have already found a way to find N, four unknowns remain—
with only three independent equations.

Therefore, without writing any equations for the time being, we consider
another FBD—the FBD of the tabletop, shown in Fig. (c). Although this FBD
also contains four unknown forces, we see that three of them (A,, A,, and E,)
pass through point A. Therefore, the fourth force, E,, which is one of the forces
we are seeking, can be determined from the equation ¥ M, =0.

Having computed E,, only three unknowns remain on the FBD in Fig. (d).
These unknowns can now be readily found by using the three available equilib-
rium equations.

Thus far, our analysis has explained how to determine the five forces acting
on member EFG. All that remains is to find the tension in the cable connected
between B and D. This force has not yet appeared on any of the FBDs, so we
must draw another FBD.

E, Tgp D £ 3—%
180 T
fc < E,
Cyl=—1600 —

(d) ©)]

We choose to draw the FBD of the right half of the tabletop, shown in Fig. (e).
The right half is chosen instead of the left because the pin reactions at E have
already been determined. With E, and E, previously found, the remaining three
unknowns (Cy, C,, and Tpp) can be computed. In particular, the tension Tgp can
be found from the equation ¥ M¢ =0.

Note that we did not find it necessary to draw the FBD for member AFH or
for the left half of the tabletop.
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Mathematical Details
From the FBD of the entire table, Fig. (b),

XMy=0 3 80(600) — Ns(800) =0
Ng=60N
From the FBD of the tabletop, Fig. (c),
EMs=0 3 —80(400) + E,(1200) =0
E,=26.67TN
From the FBD of member EFG, Fig. (d),
YXMp=0 :D E,(360) — E,(600) — N;(400) =0
E,(360) =26.67(600) + 60(400)

E,=111.12N

YF,=0 & F —E.=0
F,=E,=111.12N
LF,=0  Ng—F,—E,=0
F, =60 —26.67=33.33 N
From the FBD of the right half of the tabletop, Fig. (e),
XMc=0 3 E,(600) — E,(180) + Tpp(180) =0
Tpp(180) =111.12(180) — 26.67(600)

Tpp=22.22N

Other Methods of Analysis

@

Answer

(b)

Answer

©

Answer

)

Answer

(e

Answer

)

Answer

Our analysis was based on the six independent equilibrium equations, Egs. (a)—(f).
For a structure as complex as the one shown in Fig. (a), there are many other
methods of analysis that could be used. For example, a different set of equations
would result if we chose to consider the left side of the tabletop instead of the

right, as was done in Fig. (e).



Problems

4.73 The beam consists of two bars connected by a pin at B. Neglecting the
weight of the beam, compute the support reactions at A.

} 3 kN/m

A )
g c

} 1.8m 1.2 m—

Fig. P4.73

4.74 For the frame shown, determine the magnitude of the pin reaction at B.
Neglect the weight of the frame.

2m B

1.8m

L]
——15kN/m

o] A
12kN/m—

Fig. P4.74

4.75 The structure consists of two identical bars joined by a pin at B. Neglecting
the weights of the bars, find the magnitude of the pin reaction at C.

Fig. P4.75

4.73-4.99

Problems
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%‘ 200 =——400 —~
‘}_.
AT B
o
=
w
200N - m
D E
T ° ° )
|
= —{ 200 }—
o
A s

—

Dimensions in mm

Fig. P4.77
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~—0.8m—1—08m—

Fig. P4.80

4.76  The bars AB and AC are joined by a pin at A and a horizontal cable. The
vertical cable carrying the 200-kg mass is attached to the pin at A. Determine the
tension in the horizontal cable. Neglect the weights of the bars.

200 kg
Fig. P4.76
4.77 Neglecting the weights of the members, determine the magnitude of the
pin reaction at D when the frame is loaded by the 200-N - m couple.

4.78 The bars AB and BC of the structure are each of length L and weigh W and
2W, respectively. Find the tension in cable DE in terms of W, L, and the angle 6.

Fig. P4.78 Fig. P4.79

4.79 Determine the magnitude of the pin reaction at A as a function of P. The
weights of the members are negligible.

4.80 Neglecting friction and the weights of the members, compute the magni-
tudes of the pin reactions at A and C for the folding table shown.

4.81  When activated by the force P, the gripper on a robotic arm is able to pick
up objects by applying the gripping force F. Given that P = 120 N, calculate the
gripping force for the position shown.



52 mm -

Fig. P4.81

4.82 Determine the axle loads (normal forces at A, B, and C) for the ore hauler
when it is parked on a horizontal roadway with its brakes off. The masses of the
cab and the trailer are 4000 kg and 6000 kg, respectively, with centers of gravity
at D and E. Assume that the connection at F is equivalent to a smooth pin.

Fig. P4.82 Fig. P4.83

4.83 Determine the force P that would produce a tensile force of 251b in the
cable at E. Neglect the weights of the members.

4.84 Determine the force P that will keep the pulley system in equilibrium.
Neglect the weights of the pulleys.

4.85 Determine the contact force between the smooth 200-1b ball B and the
horizontal bar, and the magnitude of the pin reaction at A. Neglect the weights of
the bar and the pulley.

Fig. P4.85

4.73—4.99 Problems

1800 1b

Fig. P4.84
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Fig. P4.86

10.5 ft

O
LS.SJ%]Z—»

Dimensions in inches

Fig. P4.91

4.86 Compute the tension in the cable and the contact force at the smooth sur-
face B when the 300-N - m couple is applied to the cylinder. Neglect the weights
of the members.

4.87 The weights and lengths of the two homogeneous beams that make
up the structure are shown in the figure. Determine the magnitude of the pin
reaction at B.

B 9 ft

q _I(j_C

540 1b

Fig. P4.87

4.88 Determine the tension in the cable at B, given that the uniform cylinder
weighs 350 1b. Neglect friction and the weight of bar AB.

4.89 The masses of the frictionless cylinders A and B are 2.0kg and 1.0kg,
respectively. The smallest value of the force P that will lift cylinder A off the
horizontal surface is 55.5 N. Calculate the radius R of the cylinder B.

200 Ib/ft

‘ 18 ft 12 ft—
Fig. P4.89 Fig. P4.90
4.90 Neglecting the weight of the frame, find the tension in cable CD.

4.91 Determine the clamping force at A due to the 15-1b horizontal force
applied to the handle at E.

4.92 Compute the tension in the cable BD when the 165-1b man stands 5 ft
off the ground, as shown. The weight of the stepladder and friction may be
neglected.



P [+~ 300 mm
600 N =gt (@) A
: —( 300 mm
\ 31t R A
|
T g lLL\D 20(1 mm
} 400 mm et 600N
|
5 ft | 45 ft ‘
\ } LA 400 mm
‘ c
4 A | E l
-2nd2nd =
2 ft =2 ft = D
Fig. P4.92 Fig. P4.93

4.93 Calculate the reactions at the built-in support at C, neglecting the weights
of the members.

4.94 In the angular motion amplifier shown, the oscillatory motion of AC is
amplified by the oscillatory motion of BC. Neglecting friction and the weights
of the members, determine the output torque Cj, given that the input torque
is 36 N - m.

4.95 The linkage of the braking system consists of the pedal arm DAB, the
connecting rod BC, and the hydraulic cylinder C. At what angle 6 will the force
0 be four times greater than the force P applied to the pedal? Neglect friction and
the weight of the linkage.

250 mm ‘

Fig. P4.95

4.96 The window washers A and B support themselves and the 30-1b uniform
plank CD by pulling down on the two ropes. Determine (a) the tension in each
rope; and (b) the vertical force that each man exerts on the plank.

4.73-4.99

Problems
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4.97 The figure shows a wire cutter. Determine the cutting force on the wire
at A when the 75-N forces are applied to the handgrips. (Hint: The horizontal
components of pin forces at B and D are zero due to symmetry.)

175N

Dimensions in mm

Fig. P4.97

4.98 Find the tension T in the cable when the 180-N force is applied to the
pedal at E. Neglect friction and the weights of the parts.

E 1.4 m

Fig. P4.98 Fig. P4.99

4.99 The 400-kg drum is held by tongs of negligible mass. Determine the
magnitude of the contact force between the drum and the tongs at D.

RO Special Cases: Two-Force and Three-Force
Bodies

Up to this point, we have been emphasizing a general approach to the solution
of equilibrium problems. Special cases, with the exception of equal and opposite
pin reactions, have been avoided so as not to interfere with our discussion of the
general principles of equilibrium analysis. Here we study two special cases that
can simplify the solution of some problems.



4.9  Special Cases: Two-Force and Three-Force Bodies 201

a. Two-force bodies

The analysis of bodies held in equilibrium by only two forces is greatly simplified
by the application of the following principle.

Two-Force Principle
If a body is held in equilibrium by two forces, the forces must be equal in
magnitude and oppositely directed along the same line of action.

To prove the two-force principle, consider the body in Fig. 4.9 (a) that is held
in equilibrium by the two forces P4 and Py (the forces do not have to be coplanar).
From the equilibrium equation ¥F =0 we get P4 = —Pp. That is, the forces must
be equal in magnitude and of opposite sense; they must form a couple. Because
the second equilibrium equation, XM = 0 (O is an arbitrary point), requires the
magnitude of the couple to be zero, P, and Pz must be collinear. We conclude
that a two-force body can be in equilibrium only if the two forces are as shown in
Fig. 4.9(b).

(a) (b)
Fig. 4.9
To illustrate the use of the two-force principle, consider the frame shown in

Fig. 4.10(a). Neglecting the weights of the members, the FBDs for the entire
frame and each of its parts are as shown in Figs. 4.10(b) through (d). There are

B__ 1000 Ib B_ 1000 1b B_ 10001b
f c
1.5 ft 1.5 ft 7 1.5 ft
41t 4 ft
o) — s C C
C c C, C
C,
y S(t 3 ft 3 ft 3 ft
|| A D A D
A o v D A X A D X X A D X
\ |
f 4 ft | A, D, A, D,

(a) () (©) (©)

Fig. 4.10
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4 ft

Fig. 4.11

Coplanar Equilibrium Analysis

six unknowns (A, Ay, C,, Cy, D,, and Dy) and six independent equilibrium
equations (three each for the two members). Therefore, the problem is statically
determinate.

An efficient analysis is obtained if we recognize that member AC is a two-
force body; that is, it is held in equilibrium by two forces—one acting at A (A,
and A, are its components) and the other acting at C (C, and C, are its compo-
nents). Using the two-force principle, we know—without writing any equilibrium
equations—that the resultant forces at A and C are equal in magnitude and oppo-
sitely directed along the line joining A and C. The magnitude of these forces is
labeled P4c¢ in Fig. 4.11 .

Therefore, if we recognize that AC is a two-force body, either of the FBDs in
Fig. 4.12 can be used to replace the FBDs in Fig. 4.10. Because each of the FBDs
in Fig. 4.12 contains three unknowns (Psc, D,, and D,) and provides us with
three independent equilibrium equations, either could be solved completely.

B _ 1000 Ib B_1000 Ib
1.5 ft 1.5 ft
4 ft
»C lo| C

3 3 ft P 3t

(a) (b)

Fig. 4.12

It is not absolutely necessary to identify two-force bodies when solving equi-
librium problems. However, applying the two-force principle always reduces the
number of equilibrium equations that must be used (from six to three, in the pre-
ceding example). This simplification is invariably convenient, particularly in the
analysis of complicated problems.

b. Three-force bodies

The analysis of a body held in equilibrium by three forces can be facilitated by
applying the following principle.

Three-Force Principle
Three non-parallel, coplanar forces that hold a body in equilibrium must be
concurrent.

The proof of this principle can be obtained by referring to Fig. 4.13, which
shows a body subjected to the three non-parallel, coplanar forces P4, Pp, and
Pc. Because the forces are not parallel, two of them—say, P4 and Pg—must
intersect at some point, such as O. For the body to be in equilibrium, we must have
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Fig. 4.13

XM =0. Therefore, the third force, Pc, must also pass through O, as shown in
Fig. 4.13. This completes the proof of the principle.

As an example of the use of the three-force principle, consider once again the
frame shown in Fig. 4.10. We have already shown how the analysis is simplified
by recognizing that member AC is a two-force body. A further simplification can
be made if we utilize the fact that member BCD is a three-force body.

The FBD of member BCD, repeated in Fig. 4.14(a), shows that the member
is held in equilibrium by three non-parallel, coplanar forces. Knowing that the
three forces must be concurrent, we could draw the FBD of BCD as shown in Fig.
4.14(b). Because the 1000-1b force and P4¢ intersect at point E, the pin reaction
at D must also pass through that point. Therefore, the two components D, and D,
can be replaced by a force Rp with the slope 11/4.

2 ft ~—2 ft—
Bl 1000 Ib Bl 10001b .
15 ft rad 1.5 ft
//
/‘ ¢ /‘
Pic Pac
41t 41t
DX
D /i' D
Dy Rp
(a) (b)
Fig. 4.14

Observe that the FBD in Fig. 4.14(a) contains three unknowns (P4c, Dy, and
D,) and that there are three independent equilibrium equations (general copla-
nar force system). The FBD in Fig. 4.14(b) contains two unknowns (P4¢ and
Rp), and there are two independent equilibrium equations (concurrent, coplanar
force system). By recognizing that BCD is a three-force body, we reduce both
the number of unknowns and the number of independent equilibrium equations
by one.

The use of the three-force principle can be helpful in the solution of some
problems. However, it is not always beneficial, because complicated trigonometry
may be required to locate the point where the three forces intersect.
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Sample Problem  4.16

Determine the pin reactions at A and all forces acting on member DEF of the
frame shown in Fig. (a). Neglect the weights of the members and use the two-force
principle wherever applicable.

Method of Analysis

We begin by considering the FBD of the entire frame, Fig. (b). Because there are
only three independent equilibrium equations, it will not be possible to find all
four unknowns (Ay, Ay, Fy, and F)) from this FBD alone. However it is possible
to compute Fy from X M4 =0, because it is the only unknown force that has a
moment about point A. Similarly, M =0 will give A,. To calculate A, and Fy,
we must consider the FBD of at least one member of the frame.

Note that members CD and BE are two-force bodies, because the only forces
acting on them are the pin reactions at each end (the weights of the members
are neglected). Therefore, the FBD of member DEF is as shown in Fig. (c). The
forces Pcp and Pgg act along the lines CD and BE, respectively, as determined by
the two-force principle. With F, having been previously computed, the remaining
three unknowns in the FBD (Pc¢p, Ppg, and F,) can then be calculated. Returning
to the FBD of the entire frame, Fig. (b), we can then find A, from X F, =0.

Mathematical Details
From the FBD of the entire frame, Fig. (b),

IMy=0 ) —4003)+ F,(5)=0

Fy,=24.0kN Answer
IMp=0 ) —40(3)+ A,(5)=0
Ay = —24.0kN Answer

From the FBD of member DEF, Fig. (c),

2
TF,=0 < Fy— ¢_2_9PBE:0
V29
Ppp = 7(24.0) =64.6 kN Answer
5
IMp=0 ) P+ a5 e =0
Pcp = 15 (64.6) = —45.0kN Answer
cD = 4@ .0)= .
5
EFXZO i) —PCD—\/—Z_QPBE‘FFXZO
5
F.=——(64.6) + (—45.0) = 15.0 kN Answer

V29



From the FBD of the entire frame, Fig. (b),

SF,=0 -+ A,+ F,+40.0=0
Ay,= —15.0—-40.0= — 55.0kN Answer

Other Methods of Analysis

There are, of course, many other methods of analysis that could be used. For
example, we could analyze the FBDs of the members ABC and DEF, without
considering the FBD of the entire frame.

Sample Problem 4.17

Neglecting the weights of the members in Fig. (a), determine the forces acting
on the cylinder at A and B. Apply the two-force and three-force principles where
appropriate. Use two methods of solution: utilizing (1) conventional equilibrium
equations; and (2) the force triangle.

2 in. == 2in.
X

(a) (b)

We begin by drawing the FBD of the cylinder, Fig. (b). Because bar BC is acted
upon only by the pin reactions at its ends, it is a two-force body. Therefore, the
force at B, labeled Ppc, is directed along the line BC. The point where the line of
action of Ppc intersects the 20-1b force is labeled O.

Next, we note that the cylinder is acted on by three forces: Ppc, the 20-1b
applied force, and the pin reaction R 4. From the three-force principle, the line of
action of R4 must also pass through point O, as shown in Fig. (b).
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The angles 6, and 6,, locating the lines of action of Pgc and Ry, respectively,
can be found from trigonometry. Referring to Fig. (b), we obtain

3.5
6, = tan~! <7> =60.3°

a=2+2.5) tan6; =4.5tan 60.3° =7.89 in.
i/ a 1 (7.89 o
6, = tan (—) = tan — | =724
2.5 2.5

Part1

The force system acting on the cylinder is concurrent and coplanar, yielding two
independent equilibrium equations. Therefore, referring to the FBD in Fig. (b),
the unknowns Ppc and R4 can be determined as follows:

>F,=0 4> —Pgccosf +Rycos6,=0

__cos 01 __cos 60.3°
A= cos 6, b= cos 72.4° Be
Ry =1.639Ppc )

LFy=0 ] —Pgcsing + Rysin6, —20=0

— Ppcsin60.3° + Ry sin72.4° —20=0 (b)
Solving Egs. (a) and (b) simultaneously yields

Ry =4721b and Pgc =28.81b Answer

Part 2

Because the three forces acting on the cylinder are concurrent, the unknowns Pp¢
and R, can be found by applying the law of sines to the force triangle in Fig. (c).
The angles in Fig. (c) are computed as follows:
o =724°—-603°=12.1°
03 = 90° — 60.3° =29.7°
B =180° — 03 =180° —29.7° =150.3°
y = 180° — (@ + B) =180° — (12.1° 4+ 150.3°) = 17.6°

Applying the law of sines, we obtain

20 Ry Ppc

sin¢ sinf8  siny

Substituting the values for «, 8, and y into this equation yields the same values
for Pgc and Ry as given in Part 1.

The force triangle that results from the application of the three-force principle,
Fig. (c), can also be solved graphically. If the triangle is drawn to a suitable scale,
the unknown forces and angles can be measured directly.
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Problems
Problems 4.100—4.120 each contain at least one two-force member. Solve by uti- 9 C
lizing the two-force principle, where appropriate. If the weight of a body is not
specifically stated, it can be neglected. 80 kips B -
4.100 Compute the magnitudes of all forces acting on member CDE of the
frame. 3D
4.101  Calculate all forces acting on member CDB. oft
6 ft
A
B ApL-* £ ~19F
-5 4 ft
2 ft W l
D St Fig. P4.100
p ) 8- P4
k3ft—>#3 ft#HS ft —
240 1b
Fig. P4.101 54 in— =30 in~

4.102 The automatic drilling robot must sustain a thrust of 38 Ib at the tip of the
drill bit. Determine the couple C4 that must be developed by the electric motor to
resist this thrust.

4.103 Determine the clamping (vertical) force applied by the tongs at E.

| 10 in.

l« 3 in. |
™

N

Fig. P4.102

Fig. P4.103

4.104 The two disks are connected by the bar AB and the smooth peg in the slot
at D. Compute the magnitude of the pin reaction at A.

Fig. P4.104
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4.105 Neglecting friction, determine the relationship between P and Q, assum-
ing that the mechanism is in equilibrium in the position shown.

4.106  Calculate the magnitudes of the pin reactions acting on the crane at A
P and C due to the 5000-1b load.

8 in. | V4
gind  A———— B ' N
18 in.
¥
c
ths in,. —t 106 in. ~—8in.
Fig. P4.105 E
5000 Ib

Fig. P4.106

4.107 The load in the bucket of a skid steer loader is 6001b with its center
of gravity at G. For the position shown, determine the forces in the hydraulic
cylinders AC and DE.

«()_5aL_

0.25
Dimensions in inches Dimensions in meters

Fig. P4.107 Fig. P4.108

4.108 The load in the scoop of an excavator weighs 1.5 MN, and its center
of gravity is at G. For the position shown, determine the forces in the hydraulic
cylinders AB and CD.

4.109 The tool shown is used to crimp terminals onto electric wires. The wire
. and terminal are inserted into the space D and are squeezed together by the motion
Fig. P4.109 of slider A. Compute the magnitude of the crimping force.
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4.110 The 50-N force is applied to the handle of the toggle cutter. Determine
the force exerted by the cutting blade CB on the workpiece E.

4.111  The blade of the bulldozer is rigidly attached to a linkage consisting of the
arm AB, which is controlled by the hydraulic cylinder BC. There is an identical
linkage on the other side of the bulldozer. Determine the magnitudes of the pin
reactions at A, B, and C.

B -

Dimensions in mm

I 600 kN

500 mm 640 mm Fig. P4.110

Fig. P4.111

4.112  Find the magnitudes of the pin reactions at A, C, and E caused by the
180-1b - ft couple.

4.113 The pins at the end of the retaining-ring spreader fit into holes in a
retaining ring. When the handgrip is squeezed, the pins spread the retaining ring,
allowing its insertion or removal. Determine the spreading force P caused by the
8-1b forces applied to the handgrip.

0.6
|<1.2i 2 '/_' 3.8 8o

C ]
81b

Dimensions in inches

Fig. P4.113

4.114 When the C-shaped member is suspended from the edge of a friction-
less table, it assumes the position shown. Use a graphical construction to find the
distance x locating the center of gravity G.

Fig. P4.114
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4.115 The center of gravity of the eccentric wheel is at point G. Determine
the largest slope angle 6 for which the wheel will be at rest on a rough inclined
surface.

Fig. P4.115

4.116  For the pliers shown, determine the relationship between the magnitudes
of the applied forces P and the gripping forces at E.

Fig. P4.116

4.117 The device shown is an overload prevention mechanism. When the force
acting on the smooth peg at D reaches 1.0kN, the peg will be sheared, allowing
the jaws at C to open and thereby releasing the eye-bolt. Determine the maxi-
mum value of the tension P that can be applied without causing the eyebolt to be
released. Neglect friction.

Dimensions in mm

Fig. P4.117

4.118 The figure represents the head of a pole-mounted tree pruner. Determine
the force applied by the cutting blade ED on the tree branch when the vertical
rope attached at A is pulled with the force P.



branch

Dimensions in inches
Fig. P4.118
“44.119 The hinge shown is the type used on the doors of some automobiles. If

a torsion spring at F applies the constant couple Co =20 Ib - ft to member ABF,
calculate the force P required to hold the door open in the position shown.

Fig. P4.119

4.120 Determine the force in the hydraulic cylinder EF that would maintain the
parallelogram mechanism in the position shown.

0.6 ft i‘ 200 1b

Fig. P4.120

4.100-4.130

Problems
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D)

/ 0.4 m

03m D

Fig. P4.121

Fig. P4.123

Coplanar Equilibrium Analysis

Solve Probs. 4.121-4.130, using the two-force and three-force principles where
appropriate. Neglect weights of members unless specified otherwise.

4.121  Determine the horizontal force P that would keep the uniform 15-kg
rectangular plate in the position shown.

4.122  Determine the magnitudes of the forces acting on the bracket at B and C.

120 1b y
6.5 in.

* A

L
|

Fig. P4.122

4.123 Determine the angle 6 at which the bar AB is in equilibrium. Neglect
friction.

4.124 The automobile, with center of gravity at G, is parked on an 18° slope
with its brakes off. Determine the height / of the smallest curb that will prevent
the automobile from rolling down the plane.

30 kg B P

~J 30°
60/

Fig. P4.124 Fig. P4.125

4.125 Determine the horizontal force P that will keep the 30-kg homogeneous
bar AB at rest in the position shown.

4.126  The center of gravity of the nonhomogeneous bar AB is located at G.
Find the angle 8 at which the bar will be in equilibrium if it is free to slide on the
frictionless cylindrical surface.

8 in. dia

Fig. P4.126



4.127 When suspended from two cables, the rocket assumes the equilibrium
position shown. Determine the distance x that locates G, the center of gravity of
the rocket.

—~{2.5 m| 6 m 4m—>‘

Fig. P4.127

4.128 The pump oiler is operated by pressing on the handle at D, causing the
plunger to raise and force out the oil. Determine the distance d of link BC so that
the horizontal pin reaction at A is zero.

Dimensions in mm
Fig. P4.128

4.129 The uniform 320-1b bar AB is held in the position shown by the cable
AC. Compute the tension in the cable.

4.130 Find the force P required to (a) push; and (b) pull the 80-1b homogeneous
roller over the 3-in. curb.

20°

L?)in.
T

(a) (b)

Fig. P4.130

4.100—4.130 Problems
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PART C: Analysis of Plane Trusses

W10 Description of a Truss

A truss is a structure that is made of straight, slender bars that are joined together
to form a pattern of triangles. Trusses are usually designed to transmit forces
over relatively long spans; common examples are bridge trusses and roof trusses.
A typical bridge truss is shown in Fig. 4.15(a).

(a)

P P P P

Compression

Fig. 4.16

(b)

Fig. 4.15

The analysis of trusses is based on the following three assumptions:

1. The weights of the members are negligible. A truss can be classified as a
lightweight structure, meaning that the weights of its members are generally
much smaller than the loads that it is designed to carry.

2. All joints are pins. In practice, the members at each joint are usually riveted
or welded to a plate, called a gusset plate, as shown in Fig. 4.15(b).

However, if the members at a joint are aligned so that their centroidal axes
(axes that pass through the centroids of the cross-sectional areas of the mem-
bers) intersect at a common point, advanced methods of analysis indicate that
the assumption of pins is justified.

3. The applied forces act at the joints. Because the members of a truss are
slender, they may fail in bending when subjected to loads applied at locations
other than the joints. Therefore, trusses are designed so that the major applied
loads act at the joints.

Although these assumptions may appear to oversimplify the real situation, they
lead to results that are adequate in most applications.

Using the assumptions, the free-body diagram for any member of a truss will
contain only two forces—the forces exerted on the member by the pin at each end.
Therefore, each member of a truss is a two-force body.

When dealing with the internal force in a two-force body, engineers com-
monly distinguish between fension and compression. Figure 4.16 shows the
external and internal forces in tension and compression. Tensile forces elongate
(stretch) the member, whereas compressive forces compress (shorten) it. Because



the forces act along the longitudinal axis of the member, they are often called
axial forces. Note that internal forces always occur as equal and opposite pairs on

the two faces of an internal cross section.

The two common techniques for computing the internal forces in a truss are
the method of joints and the method of sections, each of which is discussed in the

following articles.

4.11

Method of Joints

When using the method of joints to calculate the forces in the members of a truss,
the equilibrium equations are applied to individual joints (or pins) of the truss.
Because the members are two-force bodies, the forces in the FBD of a joint are
concurrent. Consequently, two independent equilibrium equations are available

for each joint.

To illustrate this method of analysis, consider the truss shown in Fig. 4.17(a).
The supports consist of a pin at A and a roller at E (one of the supports is usu-
ally designed to be equivalent to a roller, in order to permit the elongation and
contraction of the truss with temperature changes).

8000 Ib
y

3000 Ib

C

8000 1b

- N

/
"B

4.11
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3000 Ib

C D

L.

~—6ft

6 ft

(a)

a. Support reactions

6 ft—

SN

A, =75001b

Fig. 4.17

It is usually a good idea to start the analysis by determining the reactions at the
supports using the FBD of the entire truss. The FBD of the truss in Fig. 14.17(b)
contains three unknown reactions: A,, A, and Ng, which can be found from the
three available equilibrium equations. The results of the computation are shown

in Fig. 4.17(b).

Note that A,, the horizontal reaction at A, is zero. This result indicates that
the truss would be in equilibrium under the given loading even if the pin at A
were replaced by a roller. However, we would then have an improper constraint,
because an incidental horizontal force would cause the truss to move horizontally.
Therefore, a pin support at A (or B) is necessary to properly constrain the truss.

Sometimes the number of unknown reactions on the FBD of the entire truss is
greater than three. In this case, all the reactions cannot be found at the outset.

(b)

G

F 1E

N = 3500 1b
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b. Equilibrium analysis of joints

Let us now determine the forces in the individual members of the truss in
Fig. 4.17. Because the force in a member is internal to the truss, it will appear on a
FBD only if the FBD “cuts” the member, thereby separating it from the rest of the
truss. For example, to determine the force in members AB and AH, we can draw
the FBD of joint A—that is, the portion of the truss encircled by the dashed line 1
in Fig. 4.17(b). This FBD, shown in Fig. 4.18(a), contains the external reactions
Ay and A, and the member forces P4p and P4y (the subscripts identify the mem-
ber). Note that we have assumed the forces in the members to be tensile. If the
solution yields a negative value for a force, the force is compressive. By assuming
the members to be in tension, we are using an established convention for which
positive results indicate tension and negative results indicate compression.

8000 Ib

(b) FBD of joint B

A, =7500 Ib

(a) FBD of joint A

Fig. 4.18

Having previously computed A, and A,, the forces Psp and P4y are the only
unknowns in the FBD for joint A. Therefore, they can be determined from the two
independent equilibrium equations for the joint, as follows.

4
SF=0 7500+ £ Pay=0
5
PAB:—Z(7500):—9375 1b
L3
ZFX=O — gPAB+PAH+Ax=O
3
3(_9375) + P4 +0=0

3
Pyy= — g(—9375) =56251b



The negative value for P4p indicates that the force in member AB is com-
pressive; the positive value for P4y means that the force in member AH is
tensile.

To compute the forces in members BC and BH, we draw the FBD of joint
B—the portion of the truss encircled by the dashed line 2 in Fig. 4.17(b). This
FBD is shown in Fig. 4.18(b). Note that the force Pap is equal and opposite to the
corresponding force in Fig. 4.18(a), and that we again assumed Ppc and Pgy to
be tensile. Knowing that Pyg = — 9375 1b, Ppc and Ppy are the only unknowns
in this FBD. The equilibrium equations of the joint yield

3
YF, =0 i>PBC—§PAB=0
3 3
Ppc = gPAB = 5(_9375) = —56251b
4
TF=0 — 5 Pas — Py — 8000=0
4
Pgy = —8000—§PAB

4
= — 8000 — 5(_9375) = —5001b

The negative values indicate that both Pgc and Pgy are compressive.

We could continue the procedure, moving from joint to joint, until the forces
in all the members are determined. In order to show that this is feasible, we count
the number of unknowns and the number of independent equilibrium equations:

13 member forces + 3 support reactions = 16 unknowns

8 joints, each yielding 2 equilibrium equations = 16 equations

Because the number of equations equals the number of unknowns, the truss is
statically determinate. The three equilibrium equations of the entire truss were
not counted, because they are not independent of the joint equilibrium equa-
tions (recall that a structure is in equilibrium if each of its components is in
equilibrium).

€. Equilibrium analysis of pins

In the above example, the FBD of a joint contained a finite portion of the truss
surrounding the joint. This required “cutting” the members attached to the joint, so
that the internal forces in the members would appear on the FBD. An alternative
approach, preferred by many engineers, is to draw the FBDs of the “pins,” as
illustrated in Fig. 4.19 . In this case, the internal forces in the members appear as
forces acting on the pin. For all practical purposes, the FBDs in Figs. 4.18 and
4.19 are identical. The FBD of a pin is easier to draw, but the FBD of a joint is
somewhat more meaningful, particularly when it comes to determining whether
the member forces are tensile or compressive.

4.11  Method of Joints 217

8000 Ib

J o e —

Ppc
Pap Ppy
(b) FBD of pin B
3/ Pyp
4
A=0 V3

—_—
A

@ —-
PAH
A, = 7500 1b

(a) FBD of pin A

Fig. 4.19
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d. Zero-force members

There is a special case that occurs frequently enough to warrant special atten-
tion. Figure 4.20(a) shows the FBD for joint G of the truss in Fig. 4.17. Because
no external loads are applied at G, the joint equilibrium equations ¥ F, =0 and
X F, =0 yield Pgy = Pgr and Pgc =0. Because member GC does not carry a
force, it is called a zero-force member: It is easily verified that the results remain
unchanged if member GC is inclined to GH and GF, as shown in Fig. 4.20(b).
When analyzing a truss, it is often advantageous to begin by identifying zero-force
members, thereby simplifying the solution.

(a) FBD of joint G

Fig. 4.20

You may wonder why a member, such as GC, is included in the truss if it
carries no force. The explanation is the same as the one given for providing a pin
support—rather than a roller—at A for the truss in Fig. 4.17(a): It is necessary to
ensure the proper constraint of joint G. If member GC were removed, the truss
would theoretically remain in equilibrium for the loading shown.” However, the
slightest vertical load applied to the joint at G would cause the truss to deform
excessively, or even collapse. Moreover, it is unlikely that the loads shown in Fig.
4.17(a) will be the only forces acting on the truss during its lifetime. Should a
vertical load be suspended from joint G at some future time, member GC would
be essential for equilibrium.

“The word theoretically is to be interpreted as “in accordance with the assumptions.” Our mathemati-
cal model for a truss assumes that the weights of the members are negligible. In practice, the force in
a so-called zero-force member is not exactly zero but is determined by the weights of the members.



Sample Problem 4.18

Using the method of joints, determine the force in each member of the truss shown

in Fig. (a). Indicate whether the members are in tension or compression.

10 kN

The FBD of the entire truss is shown in Fig. (b). The three unknowns (N4, Cy,

and C,) can be computed from the three equilibrium equations

IMc=0 3) —Na(6)+60(3) —10(6) =0
Ni=20kN
TF,=0  Ny—60+C,=0

Cy=60— Ny =60—20=40kN
YF,=0 —+ 10-C,=0

C,=10kN

We now proceed to the computation of the internal forces by analyzing the FBDs

of various pins.

10 kN
B g
6 m
A 3 m | Cx
1 ) )
N, 60 kN C

(b)
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In the following discussion, the external reactions are treated as knowns, because
they have already been calculated. It is convenient to assume the force in each
member to be tensile. Therefore, positive values of the forces indicate tension,
and negative values denote compression.

The FBD of pin A, shown in Fig. (c), contains two unknowns: Psp and
P,yp. We can compute these two forces immediately, because two independent
equilibrium equations are available from this FBD.

The FBD of pin D, in Fig. (d), contains the forces P4p, Pgp, and Pcp. Because
P4p has already been found, we have once again two equations that can be solved
for the two unknowns.

Figure (e) shows the FBD of pin C. With P¢p previously found, the only
remaining unknown is Pgc, which can be easily computed.

%1 fSA2 o
PpA 1 Pep a1 BC
A/ Fip Fep Pep C,=10kN
O i ¢ :
Eip Dl C
Ny=20kN 60 kN C, = 40 kKN

(© (d) (e)

Mathematical Details
From the FBD of pin A, Fig. (c),

1
EF\ZO +T EPAB“‘NA:O
Pis= —~/2(20)= —28.3kN
Pip=28.3 kN (compression) Answer
1
EFx:O i) EPAE"’PAD:O
1 1
Pap = _EPAB = — E(—28-3)
=20.0kN (tension) Answer
From the FBD of pin D, Fig. (d),
2
TF,=0 4 EPBD —60=0
5
Pgp = \/7_(60) =67.1 kN (tension) Answer



1
YF,=0 —+ —Pip+—Pgp+ Pcp=0

NG

1
Pcp=Psp — —=Ppp

N&]

1
Pcp =20.0 — ﬁ(67.1) — — 10.0kN

Pcp=10.0kN (compression) Answer

From the FBD of pin C, Fig. (e),
LF=0  Cy+ Ppc=0
Pgc= —Cy= —40kN
Pgc =40 kN (compression) Answer

Note that the equation X F, =0 yields Pcp= — 10.0 kN, a value that has
been found before. Therefore, this equation is not independent of the equations
used previously. The reason for the dependence is that the external reactions were
determined by analyzing the FBD of the entire truss. However, the equations for
the pins and those for the entire truss are not independent of each other.

Other Methods of Analysis

In the preceding analysis, the pins were considered in the following order: A, D,
and C (the FBD of pin B was not used). Another sequence that could be used is

1. FBD of pin A: Calculate P45 and Pgp (as before).
2. FBD of pin B: With P4p already found, calculate Pgp and Ppc.
3. FBD of pin C: Calculate Pcp.

In this analysis, the FBD of pin D would not be used.

Yet another approach would be to compute the three external reactions and the
forces in the five members (a total of eight unknowns) by using the equilibrium
equations for all the pins (a total of eight equations, two for each pin).

221
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Problems

4.131-4.140 Using the method of joints, calculate the force in each member of
the trusses shown. State whether each member is in tension or compression.

B
b;\\'
A A
70° 10 ft ’»L L L L
A B c
P 50° ? P # !
“ L
C | D H
° L]
E F G
20— C D P p P
Fig. P4.131 Fig. P4.132 Fig. P4.133
c
P
E
| L,
. B
8 ft / 2m
55°
L 35° A ° E
Alt B c *\P 0 s D
2m 2m |
‘% 6 ft 8 ft 6 ft— /
2000 Ib 1200 Ib — 8 ft ~— 8 ft 4 160 kN 160 kN
Fig. P4.134 Fig. P4.135 Fig. P4.136

{)3011)
LN 4R 8kNl

45° 45°

Fig. P4.137 Fig. P4.138 Fig. P4.139



4.141 Identify all the zero-force members in the four trusses shown.

©) (d)

Fig. P4.141

4.142 The walkway ABC of the footbridge is stiffened by adding the cable ADC
and the short post of length L. If the tension in the cable is not to exceed 500 1b,
what is the smallest value of L for which the 185-1b person can be supported at B?

[
185 1b
A C
@, Q =)
B L
| L
| 8 fit | 8 fit |
Fig. P4.142

4.143 Find the force in member EF.
4.144 Find the forces in members HC and HG in terms of P.

4.145 Determine the reaction at E and the force in each member of the right
half of the truss.

Fig. P4.145

4.131-4.147 Problems 223

Fig. P4.140
D 2m A
2m
42KN 2m \B
2m
| 2m ?
F |
2m,|
G
Fig. P4.143
\«3 ft»j«3 ft »‘« 3 ft— j
[A . D
2 ft
—1 g ft
6 fit H
l G
- |F
Fig. P4.144
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SRR E—

8000 1b
j 15t | 15 ft j

B —_—— e — =

8000 Ib

-—25 ft—-—25 ft»\

Fig. P4.146

4.146 Determine the force in member AD of the truss.

4.147 Determine the force in member BE of the truss.

300 kN
—g

400 kN

I»SmAP\%m

Fig. P4.147

A28 Method of Sections

Truss analysis by the method of joints is based on the FBDs of individual
joints. Analyzing the free-body diagram of a part of a truss that contains two
or more joints is called the method of sections. The FBD for a single joint
results in a concurrent, coplanar force system (two independent equilibrium equa-
tions). When applying the method of sections, the force system will generally be
nonconcurrent, coplanar (three independent equilibrium equations).

In the method of sections, a part of the truss is isolated on an FBD so that it
exposes the forces to be computed. If the FBD for the isolated portion contains
three unknowns, all of them can usually be computed from the three available
equilibrium equations. If the number of unknowns exceeds three, one or more of
the unknowns must be found by analyzing a different part of the truss. If you are
skillful in writing and solving equilibrium equations, the only challenge in using
the method of sections is selecting a convenient part of the truss for the FBD.

Consider once again the truss discussed in the preceding article [its FBD is
repeated in Fig. 4.21(a)]. We now use the method of sections to determine the
forces in members BC, HC, HG, and DF—each of these members is identified by
two short parallel lines in Fig. 4.21(a).

Assuming that the external reactions have been previously computed, the first
and most important step is the selection of the part of the truss to be analyzed.
We note that the section labeled 1 in Fig. 4.21(a) passes through members BC,
HC, and HG. The forces in these three members are the only unknowns if the
FBD is drawn for a part of the truss that is isolated by this section. Note that
after the section has been chosen, the portion of the truss on either side of the
cut may be used for the FBD. The forces inside the members occur in equal
and opposite pairs, so the same results will be obtained regardless of which
part is analyzed. Of course, given a choice, one would naturally select the less
complicated part.



8000 Ib 3000 Ib

Dic @,
B H N
| N ‘
| \
| \
| \ N
8 ft
| AN
| \
| \\
— H 1
Ac=0 A G F E
~— 6 ft i 6 ft i 6 ft i 6 ft —=
A,=175001b N = 3500 Ib
(a)
8000 1b
Ppe C
B p— i 7.
/
/
/
8 fit Puc
54
6t /3
A.=0 -
1 A H Pye
A, =75001b
Ng= 3500 Ib
(b) ©
Fig. 4.21

For our truss, using either the portion to the left or to the right of section 1 is
equally convenient. For no particular reason, we choose to analyze the left portion,
with its FBD shown in Fig. 4.21(b) (we have again assumed the members to be in
tension). Note that the force system is nonconcurrent and coplanar, so that any set
of three independent equations can be used to compute the three unknown forces.

The following is an efficient method of solution.

X Fy = 0—determines Py, because Pgc and Pyg have no y-components

Y. My = 0—determines Ppc, because Pyc and Py have no moment about
point H

¥ M¢ = 0—determines Pyg, because Pgc and Pyc have no moment about point C

The details of this analysis are as follows:
4
XF,=0 +T gPHc — 8000 + 7500 =0

5
Pyc= 2(8000 — 7500)

=6251b (tension) Answer

4.12

Method of Sections
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SMy=0 3 —7500(6) — Psc(8)=0
Pgc= —56251b

=56251b (compression) Answer

XMc=0 :D 8000(6) — 7500(12) 4+ Prc(8) =0
Py = %[7500(12) — 8000(6)]

=52501b (tension) Answer

To determine the force in member DF by the method of sections, consider
once again the FBD of the entire truss in Fig. 4.21(a). Our intention is to isolate a
part of the truss by cutting only three members, one of which is the member DF.
It can be seen that section 2 accomplishes this task. We choose to analyze the part
to the right of this section because it contains fewer forces. The FBD is shown in
Fig. 4.21(c), with the unknown forces again assumed to be tensile. Note that Ppp
can be computed from the equation

LF,=0 ] 3500— Ppr=0

Ppr=35001b (tension) Answer

If desired, Pgr could now be calculated using XMp =0, and ¥ Mg =0 would
give Ppc.

As you see, the forces in the members of a truss can be found by either the
method of joints or the method of sections. Selecting the method that results in
the most straightforward analysis is usually not difficult. For example, for the
truss shown in Fig. 4.21(a), the FBD of joint A is convenient for computing P,p,
whereas the method of sections is more advantageous for calculating Pgc.



Sample Problem 4.19

Using the method of sections, determine the forces in the following members of
the truss in Fig. (a): FI and JC. Indicate tension or compression.

T +E_D
& F
NeJ
C I H G
= «4&%4&4
o
3 ;300016 10001b
y
=
O
| 4 K !
. |
‘«4&»

(a)

The FBD of the entire truss is shown in Fig. (b). The three external reactions
(Ax, Ay, and Ppg) can be calculated using the following equations (mathematical

details have been omitted):
ZMA =0 gives PDE = 2000 Ib
XF, =0 gives A, = 20001b
XF, =0 gives A, =40001Ib

These forces are shown in Fig. (b), and from now on we treat them as known
quantities.

Member F/

Method of Analysis

Referring to the FBD in Fig. (b), it can be seen that section 1 cuts through mem-
bers FD, FI, and HI. Because there are three equilibrium equations available for a

portion of the truss separated by this section, we could find the forces in all three
members.

Mathematical Details

Having chosen section 1, we must now decide which portion of the truss to ana-
lyze. We select the portion lying to the right of the section, because it is somewhat

Py = 2000 Ib
—y

A, = 2000 Ib

6 ft W%()ft o)

6 ft

~

4 ft

A

(b)

30001b 1000 1b

A, = 4000 Ib

227



Pech 2 NFic yp,
B J
A, = 2000 Ib
A K
A, = 4000 Ib

(d)

228

less complicated than the portion on the left. Of course, identical results will be
obtained regardless of which part of the truss is analyzed.

The FBD for the part of the truss lying to the right of section 1 is shown
in Fig. (c), with the three unknowns being Ppp, Pr, and Py;. Any set of three
independent equations can be used to solve for these unknowns. A convenient
solution that yields P directly is the following:

YMs =0 gives Pgp, because Ppp and Py pass through point G.
3
3 3000(4) + 5 Pr(8)=0

Prr = —2500 1b

=25001b (compression) Answer

Note: The moment of Pr; about point G was computed by replacing Pr; with its
x- and y-components acting at point /.

Py &
o
4 4// 4 ft 4 ft ' G
A
3000 Ib 1000 Ib
(c)
Member JC

Method of Analysis

In Fig. (b), section 2 passes through only three members, one of which is member
JC. Therefore, we can find the force in that member (and the forces in the other
two members if desired) from one FBD.

Mathematical Details

The FBD for the portion of the truss lying below section 2 is shown in Fig. (d).
The three unknowns are Pgc, Pjc, and Pj;. The force P;c can be obtained from

the following equation:

2
SF,=0 & A, — —P;c=0
B Jc
V13 V13
Pjc=——A,=——(2000)
2 2
=36101b (tension) Answer
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Problems

4.148 Show that all diagonal members of the truss carry the same force, and
find the magnitude of this force.

N

.
|

8 ftnt= 8 fi i~ 8 fi~t~ 8 fi
F G H I r ¢
D

f

‘ B 8 ft

f——4panels @ 3m=12m —— A L aE
Fl Gl H

Fig. P4.148, P4.149
4.149 Determine the forces in members FG and AB in terms of P. 40001b 600016 8000 Ib

4.150 Determine the forces in members BC, BG, and FG. Fig. P4.150
4.151  Find the forces in members BC and DE.

4.152  Compute the forces in members EF, NF, and NO.

D E F
B ¢ ¢ H

1

o

A

6.25

2| Sa
o v

®\ R

\n
J[e o . #.
K jL M N O P O

300 kN
8panels @ 5m=40m——~

Dimensions in meters

Fig. P4.152, P4.153
4.153 Repeat Prob. 4.152 assuming that the 300-kN force is applied at O instead
of L.

4.154 Determine the forces in members BG, CI, and CD.

l—a a a a—
T8 c D E
Foar
a
|
F G H 1 J
P

Fig. P4.154, P4.155

4.155  Assuming that P =48 000 Ib and that it may be applied at any joint on
the line FJ, determine the location of P that would cause (a) maximum tension in
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2 ft——2 ft
Pl
A
3
F I
B
3
/GO J
C_,// \\\—7
3
D K

Fig. P4.159, P4.160

ft

ft

ft

Coplanar Equilibrium Analysis

member HI; (b) maximum compression in member CI; and (¢) maximum tension
in member CI. Also determine the magnitude of the indicated force in each case.

4.156 Determine the angle 6 that maximizes the tensile force in member BC
and calculate the maximum value of this force.

D 2m A
2m
42 kN
2m \B
E
2m
C
2m
F ]
2m,
i
G
Fig. P4.156
4.157 Find the forces in members CD, DH, and HI.
7201b 14401b 14401b 7201b SKN 4kN 3kN 2kN
Al 8ft1 8 ft l 8 ft 1 8 ft Hm’1*3m’1‘3m’1‘3m’1
QE A B C D E

I
I
112 ft 4m
I
1

Fig. P4.157 Fig. P4.158

4.158 Determine the forces in members CD and DF.

4.159 Compute the forces in members CD and JK, given that P =3000 Ib and
Q = 1000 1b. (Hint: Use the section indicated by the dashed line.)

4.160 If Pcp =6000 Ib and Pgp = 1000 Ib (both compression), find P and Q.
4.161  Determine the forces in members BC, CE, and FG.
560 1b 560 1b 560 1b
A ~— 3 ft 3 ft 3 ft —>l
B C D}
2 ft
4 ft
H

Fig. P4.161
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4.162  Determine the forces in members AC, AD, and DE. A4 @ 42= 16m
4.163  Determine the forces in members GI, FH, and GH.
& ¢ D E
4.164 Determine the forces in members CD, IJ, and NJ of the K-truss in S F G !
terms of P. g 60 kips
H 1 J K L ' H 1
®
N 0] ! T
a K
a2 SIS '
Bl c| D| E| F v,
[~—a a a a a a—|
p Y YP tP TP

Fig. P4.162, P4.163
Fig. P4.164

4.165 Determine the largest allowable value for the angle 6 if the magnitude of 4
the force in member BC is not to exceed SP. 0
16
|
4.166  Find the forces in members BC and BG. :
|B C D
o |
2P P
Fig. P4.165

Fig. P4.166
4.167 Determine the forces in members BC and BE and the horizontal pin

reaction at G.

12000 1b 16000 Ib 12000 Ib
-3 8——8 8—
A T
T
B 5
N
9
G
[y S

Dimensions in feet
Fig. P4.167 Fig. P4.168

4.168 A couple acting on the winch at G slowly raises the load W by means of
a rope that runs around the pulleys attached to the derrick at A and B. Determine
the forces in members EF and KL of the derrick, assuming the diameters of the

pulleys and the winch are negligible.
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Review of Equations

YF,=%XF,=XM,=0 (A arbitrary point)
YF, =XMy =3XMp =0 (x-axis not perpendicular to AB)
YMp=3XMpg=3XMc =0 (A, B and C not collinear)

There are three independent (scalar) equilibrium equations for each body.

A free-body diagram is a sketch of the body that shows all of the forces and
couples (including support reactions) that act upon it.

If two members are joined by a pin, the forces exerted by the pin on the members
are equal and opposite, provided that no external force is applied to the pin.

If a body is held in equilibrium by two forces, the forces must be equal and
opposite.

Three non-parallel, coplanar forces that hold a body in equilibrium must be
concurrent.

A truss is a structure that consists of two-force members joined by pins. All
external loads are applied to the pins.
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Review Problems

4.169 The uniform, 20-kg bar is placed between two vertical surfaces.
Assuming sufficient friction at A to support the bar, find the magnitudes of the

reactions at A and B. A
4.170 The homogeneous cylinder of weight W and radius R rests in a groove @
of width 2b. Determine the smallest force P required to roll the cylinder out of V2
the groove. Assume that there is enough friction to prevent slipping.
A
1.2m
Fig. P4.169
P
—_— —
2
Fig. P4.170 Fig. P4.171
4.171  Determine the magnitude of the pin reaction at A, assuming the weight of
bar ABC to be negligible.
4.172  Determine the couple C that will hold the bar AB in equilibrium in the [ B
position shown. Neglect the weight of the bar and the diameter of the small
pulley at B.
4.173 Calculate the magnitudes of the pin reactions at A, B, and C for the frame L
shown. Neglect the weights of the members. c 30° w
A
80 Ib/ft
Fig. P4.172
D) _
L*S ft—q%ﬁ ft —+
8 —
L fe) A Cl—-
1\

Fig. P4.173
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4.174 The weight W = 6 kN hangs from the cable which passes over the pulley
at F. Neglecting the weights of the bars and the pulley, determine the magnitude
of the pin reaction at D.

4.175 The 10-kN and 40-kN forces are applied to the pins at B and C, respec-
tively. Calculate the magnitudes of the pin reactions at A and F. Neglect the
weights of the members.

l 2m 2m } 40 kN C
Fig. P4.174 T m »
10kN} B JE |Im

2m
| 4

ji @

1 m F v
¥

4m L3 m——3 ma‘
Fig. P4.175 Fig. P4.176

6 ft

-—th;i\
L

900 Ib - ft

Fig. P4.179

4.176  The two couples act at the midpoints of bars AB and BD. Determine the
magnitudes of the pin reactions at A and D. Neglect the weights of the members.

4.177 Determine the forces in members AC and AD of the truss.

4 kips
12 ft l e
1
4 ft
| |
B 10ft E| |
~—5 ft—
Fig. P4.177 Fig. P4.178

4.178 Determine the angle 6 for which the uniform bar of length L and weight
W will be in equilibrium. Neglect friction.

4.179 Determine the magnitudes of the pin reactions at A, C, and E. Neglect
= the weight of the frame.

4.180 Calculate the forces in members (a) DE; (b) BE; and (¢) BC. Indicate
tension or compression.
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C
B 4m
-t
D 2m
A E !
6m 3m—
200 kN 100 kN
Fig. P4.180 Fig. P4.181
4.181  Determine the ratio P/Q for which the parallel linkage will be in b

equilibrium in the position shown. Neglect the weights of the members.

4.182 The 50-1b block C rests on the uniform 20-1b bar AB. The cable con- A 9 30° B
necting C to B passes over a pulley at D. Find the magnitude of the force acting e D
between the block and the bar. 2 ft 1 6 ft 1
4.183 The 30-Ib homogeneous bar AB supports the 60-1b block. The ends of Fig. P4.182

the bar rest on frictionless inclines. Determine the distance x for which the bar
will be in equilibrium in the position shown.

|
X |

A 301b |_|601b B_~

60° 12 ft 30°

Fig. P4.183

4.184 Determine the forces in members (a) BF; and (b) EF. Indicate tension or

compression.
8000 1b
=3 ft *‘ l* 3 ft =
C D
T
4 ft
1500 1b B E |
T F -
4 ft
| A
P 6 ft — 6 ft —

Fig. P4.184
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4.185 The bar ABC of negligible weight is supported by a pin at A and a rope
that runs around the small pulley at D and the 20-1b homogeneous disk. Determine
the tension in the rope.

~——15in.

45in. 1 18 in. 1

Fig. P4.185 Fig. P4.186
4 m»ﬁ4 m—~+—4 m%4 m
Ags B e Ca 4.186 The breaking strength of the cable FG that supports the portable camping
stool is 400 Ib. Determine the maximum weight W that can be supported. Neglect
6m  friction and the weights of the members.

D El Fj G H[\  4.187 For the truss shown, determine the forces in members (a) BD; and (b) BF.
20kN  20kN  20kN 4.188 The 80-N force is applied to the handle of the embosser at E. Determine
. the resulting normal force exerted on the workpiece at D. Neglect the weights of

Fig. P4.187 the members.

80N

Dimensions in mm

130 50—

Fig. P4.188

4.189 The tongs shown are designed for lifting blocks of ice. If the weight of
the ice block is W, find the horizontal force between the tongs and the ice block
at C and D.

Fig. P4.189



Three-Dimensional Equilibrium k

Analysis of three-dimensional
structures relies heavily on vector
algebra. The determination of forces
in even a simple space structure,

- Intro dU ction such as the tripod shown here,
requires the use of vector analysis.

prism_68/Shutterstock
In this chapter, we discuss the analysis of bodies that are held in equilibrium by

three-dimensional force systems. The emphasis on free-body diagrams and the
number of independent equations, begun in Chapter 4, is continued here.

In the analysis of coplanar force systems, there was little advantage in using
vector notation. This is not true for equilibrium analysis in three dimensions,
where vector notation frequently has a decided advantage over scalar notation.
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8228 Definition of Equilibrium

By definition, a body is in equilibrium if the resultant of the force system acting
on the body vanishes. A general force system can always be reduced to an equiv-
alent force-couple system R = XF and C® = XM, (where O is any point).
Therefore, for a body to be in equilibrium, the following two vector equations
must be satisfied:

YF=0 IMy,=0 (5.1)

The equivalent six scalar equations are

$F,=0 XF,=0 XF =0

.2
SM,=0 SM,=0 SM,=0 5-2)

where the x-, y-, and z-axes are assumed to intersect at point O. It is important
to recall that the summations must be taken over all forces acting on the body,
including the support reactions.

B3N [ree-Body Diagrams

Our study of coplanar equilibrium in Chapter 4 demonstrated the importance of
correctly drawn free-body diagrams (FBDs) in the solution of equilibrium prob-
lems. To extend the free-body diagram concept to problems in which the loads
are not coplanar we must again investigate the reactions that are applied by the
various connections and supports.

As mentioned in Chapter 4, the reactions that a connection is capable of exert-
ing on the body can be derived from the following rule: A support that prevents
translation in a given direction must apply a force in that direction and a support
that prevents rotation about an axis must apply a couple about that axis. Some
common supports are illustrated in Table 5.1 and are described in the following
paragraphs.

(a) Flexible Cable (Negligible Weight). A flexible cable can exert a tensile force
only in the direction of the cable. (With the weight of the cable neglected, the
cable can be shown as a straight line.) Assuming that the direction of the cable
is known, the removal of a cable introduces one unknown in the free-body
diagram—the magnitude of the tension.

(b) Spherical Roller or Single Point of Contact on Frictionless Surface. A spher-
ical roller, or a frictionless surface with a single point of contact, can exert
only a force that acts normal to the surface. Consequently, the magnitude of
the force is the only unknown.

(c) Cylindrical Roller on Friction Surface, or on Guide Rail. A cylindrical roller
placed on a friction surface can exert a force that is normal to the surface and



a friction force that is perpendicular to the plane of the roller. If a cylindrical
roller is placed on a guide rail, the force perpendicular to the plane of the
roller is provided by the side of the guide rail. In either case, two unknowns
are introduced in the FBD.

(d) Ball-and-Socket Joint. A ball-and-socket joint prevents translational move-
ment but not rotation. Therefore, a connection of this type exerts an unknown
force, usually shown as three independent components; it does not apply a
couple.

(e) Friction Surface: Single Point of Contact. A friction surface in contact with
a body at one point can exert an unknown force, acting through the point of
contact. This force is usually shown as three components—a normal force and
two components of the friction force acting parallel to the surface.

Before describing the hinge and bearing supports, shown in Table 5.1 parts
(f) and (g), it is necessary to discuss how these supports are designed and used in
practice.

A hinge and a thrust bearing are illustrated in Fig 5.1(a) and 5.1(b), respec-
tively. Each of these can exert both a force and a couple on the body it supports.
Because hinges and bearings prevent translation completely, the force R can act
in any direction. As these connections are designed to allow rotation about the a-a
axis, the reactive couple-vector C is always perpendicular to that axis. However,
hinges and bearings are seldom strong enough to exert the couples without failure.
Consequently, they must be arranged so that the reactive couples are not needed
to support the body. For this reason, we consider all hinges and bearings capable
of providing only reactive forces.

To further illustrate the physical reasoning behind omitting couples at hinges
and bearings, consider the door shown in Fig. 5.2. If the door is supported by
a single hinge, as shown in Fig. 5.2(a), the reactive couple C4 is essential for
equilibrium; otherwise the moment equation XM, = 0 could not be satisfied.
However, we know from experience that this is not the way to suspend a door if
we expect it to last for any length of time. The screws used to attach the hinge to
the door and doorframe would soon pull out as a result of the large forces that are
necessary to provide the couple C4. Figure 5.2(b) shows the conventional method
for supporting a door. Two hinges are aligned along a common axis with the hinge
at B assumed to be free to slide, so that it does not provide an axial thrust—that
is, a force along the axis of the hinge. The FBD shows that equilibrium can be

:|A ] A

A, Cap
" i)
N

1B ———t-| B

FBD FBD
(a) (b)

Fig.5.2

5.3

Free-Body Diagrams

(b)

Fig. 5.1
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Support Reaction(s) Description Number of
PP of reaction(s) unknowns
(@)
T
Tension of unknown
; ;é magnitude 7 in the
direction of One
Flexible cable
cable of
negligible weight
(b)
Force of unknown
magnitude N One
K directed normal to
Spherical rol.ler on ar.ly N the surface
surface or a single point
of contact on
frictionless surface
(©)
Force of unknown
magnitude N normal
to the surface and
a force of unknown Two
F magnitude F in the
Cylindrical roller direction of the axis
on friction surface N of the roller
or guide rail
(d)
z
)‘ Y
X Unknown force R Three
Ball-and-socket
joint
(e
z Force of unknown
magnitude N normal
y to the surface and an -
X unknown friction ree

Single point of contact
on friction surface

force F in the plane
of the surface

Table 5.1 Common Supports for Three-Dimensional Loading (Table continues

onp.241.)



Description Number of

Support Reaction(s) of reaction(s) unknowns

(f) RT

&5

Z R, Unknown force R

y T R, directed normal to the Two
axis of the bearing

x ﬁ g)—» or hinge

Slider (radial)
bearing or hinge

Unknown force R Three

Thrust bearing
or hinge

Unknown force R and
a couple-vector of
unknown magnitude C Four
directed along the axis
of the joint

z Axis>/
i

Universal joint

Unknown force R
and an unknown Six
couple-vector C

()
z
y
X ( £
Built-in
(cantilever) support

Table 5.1 (continued)

satisfied without developing reactive couples at the hinges. The reactive couple,
identified as C4 in Fig. 5.2(a), is now provided by the reactive forces A, and By in
Fig. 5.2(b). Any small misalignment between the axes of the hinges, which could
also give rise to reactive couples, is usually accommodated by the slack that is
present in most hinges and bearings.

(f) Slider Bearing or Hinge. A slider bearing, or slider hinge, can exert only
a force normal to the axis of the shaft passing through it. Therefore, two
unknown force components are introduced into the FBD by this support.
A slider bearing is also called a radial bearing, because it is designed to carry
loads acting in the radial direction only.

(g) Thrust Bearing or Hinge. In thrust bearings and thrust hinges, the sliding
motion of the shaft along its axis is prevented by an end cap or equivalent

5.3

Free-Body Diagrams

241



242

CHAPTER 5

Three-Dimensional Equilibrium

support. Consequently, this type of support results in three unknown force
components on an FBD. The force component R,, acting parallel to the axis
of the shaft, is called the axial thrust.

(h) Universal Joint. A universal joint prevents all translation, and rotation about
the axis of the joint. A universal joint can, therefore, apply an unknown force,
usually shown as three independent components, and a couple-vector acting
along the axis of the joint. Consequently, four unknowns are introduced.

(i) Built-in (Cantilever) Support. A built-in support, also called a cantilever
support, prevents all translational and rotational movement of the body. There-
fore, the support can exert an unknown force and an unknown couple-vector,
introducing six unknowns in the FBD.

The procedure for constructing a free-body diagram involving a three-
dimensional force system is identical to that used for a coplanar force system:

1. A sketch of the body (or part of a body) is drawn with all supports removed.
2. All applied forces are shown on the sketch.
3. The reactions are shown for each support that was removed.

When analyzing connected bodies, it is again important that you adhere to
Newton’s third law: For every action, there is an equal and opposite reaction.

If a problem contains two-force members, the FBD can be simplified consid-
erably by recalling the two-force principle: Two forces in equilibrium must be
equal, opposite, and collinear. This principle is illustrated in Fig. 5.3. The bar in
Fig. 5.3(a) is supported by a ball-and-socket joint at each end and is not subjected
to any forces other than the joint reactions (the weight is assumed negligible).
The FBD of the bar, Fig. 5.3(b), shows the joint reactions—one force at A with
components Ay, Ay, and A; and the other at B with components B,, B,, and B;.
Therefore, we see that the bar is a two-force member. After invoking the two-force
principle, the FBD of the bar simplifies to that shown in Fig. 5.3(c)—the forces at
A and B are equal, opposite, and collinear.




Sample Problem 5.1

The 2-Mg uniform pole in Fig. (a) is supported by a ball-and-socket joint at O and
two cables. Draw the FBD for the pole, and determine the number of unknowns.

i

3m 3m \TBD
\\
\
40 kN 40 kKN | \
\
I'm lW: 19.62 kN
’n P [
3m

(@) (b)

The FBD for the pole is shown in Fig. (b). Observe that, in addition to the 40-kN
applied load, the pole is subjected to the following forces:

* The tensions in the two cables: The magnitudes of the tensions are labeled
Tic and Tpp. Because the direction of each cable is known, the force in each
cable introduces only one unknown on the FBD—its magnitude.

* The reaction at O: Because the support at O is a ball-and-socket joint, the
reaction at O is an unknown force, which we show as the three independent
components: Oy, Oy, and O;.

* The weight of the pole: The center of gravity is at G, the midpoint of the pole.
The weight is

W =mg = (2 x 10’ kg)(9.81 m/s*) = 19620 N

Inspection of Fig. (b) reveals that there are five unknowns on the FBD:
the magnitude of the tension in each of the two cables and the three force
components at O.
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Sample Problem 5.2

The 20-1b surveyor’s transit in Fig. (a) is supported by a tripod of negligible
weight that is resting on a rough horizontal surface. The legs of the tripod are
connected by ball-and-socket joints to the platform supporting the transit. Draw
the FBD for the entire assembly using two methods: (1) not recognizing two-force
bodies; and (2) recognizing two-force bodies. In each case, determine the number
of unknowns. What modifications to these FBDs are necessary if the weights of
the legs are not negligible?

Part 1 Not Recognizing Two-Force Bodies

The FBD of the entire assembly is shown in Fig. (b). In addition to the weight W
of the transit, we show three independent components of the ground reactions at
X B, C, and D—giving a total of nine unknowns.

(a)

—2ft—/1.5 ft*/ ¢

W=201b W=201b

Part 2 Recognizing Two-Force Bodies

When each leg of the tripod is recognized to be a two-force body, the FBD of the
assembly can be drawn as shown in Fig. (c). The forces at B, C, and D act in the
direction of the corresponding leg of the tripod. Therefore, the three leg reactions
are the unknowns.

If the weights of the legs are not negligible, the FBD in Fig. (b) can be mod-
ified by simply including the weight of each leg. However, the FBD in Fig. (c)
cannot be corrected in the same manner. Because the legs are no longer two-force
bodies, the forces at B, C, and D cannot be assumed to act in the directions of the
respective legs.
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Sample Problem 5.3

The structure shown in Fig. (a) is supported by ball-and-socket joints at O and D,
and by a slider bearing at C. The two members OABC and AD, connected by a
ball-and-socket joint at A, each weigh 20 1b/ft. (1) Draw the FBD for the entire
structure, and count the unknowns. (2) Draw the FBD for each of the members,
and count the total number of unknowns.

()

Part1 FBD for the Entire Structure

The FBD for the entire structure is shown in Fig. (b); the dimensions have been
omitted for the sake of clarity.

————— W,p = 93.81b
| Wee=601b
W = 1001b

The weight of the structure is represented by the weights of the segments OB,
BC, and AD at their respective midpoints. The weights have been computed by
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multiplying the weight per unit length (201b/ft) by the lengths of the respective
segments. (Note that the length of AD is /2% + 3% + 32 = 4.69 ft.)

In Fig. (b) we also show the reactions at the ball-and-socket joints at O and D.
Note that member AD is not a two-force body (because its weight is not negligi-
ble), and thus we cannot assume that the force at D acts along the line AD. The
FBD includes the two force components exerted on the structure by the slider
bearing at C. The FBD of the entire structure in Fig. (b) contains eight unknowns:
three forces at O, three forces at D, and two forces at C.

Part 2 FBD for Each of the Members

The FBDs for the members OABC and AD are shown in Fig. (¢); the dimensions
are again omitted for clarity.

The ball-and-socket reactions at O and D are shown in the same directions as
assumed in Fig. (b).

We must also include the force exerted on each member by the ball-and-socket
joint at A [because this force is internal to the FBD of the entire structure, it does
not appear in Fig. (b)]. Note that A,, A, and A, must be shown to be equal and
opposite on the two members.

Finally, the reactions at C—shown in the same directions as in Fig. (b)—as
well as the weights of the segments are included on the FBDs in Fig. (c).

When the composite structure is subdivided into its two constituent bodies,
the total number of unknowns is eleven—three at O, three at D, three at A, and
two at C.
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Problems

5.1 Bar AB of negligible weight is supported by a ball-and-socket joint at B
and two cables attached at A. Draw the FBD for the bar, recognizing that it is a
two-force body. Determine the number of unknowns.

5.2 Draw the FBD for the bar described in Prob. 5.1 if the bar is homogeneous
and weighs 180 1b. Count the unknowns.

Fig. P5.1, P5.2

5.3 The space truss ABCD in the shape of a tetrahedron is suspended from three B 12m
vertical links. Assuming that all connections are ball-and-socket joints, draw the
FBD of the truss and count the unknowns.

2
5.4 Draw the FBD of the portion BCD of the space truss described in Prob. 5.3. "
How many unknowns appear on this FBD?

D

5.5 The 600-1b uniform log OGA—G being its center of gravity—is held in the

position shown by the two cables and the light bar BG. Draw the FBD for the log, ISkN 40 kN
assuming friction at all contact surfaces and noting that BG is a two-force body.

Count the unknowns. Fig. P5.3, P5.4
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5.6 The bar ABCD of negligible weight is supported by a slider bearing at A,
a thrust bearing at D, and the cable BE. Draw the FBD and count the unknowns.

/' Dimensions in mm

Fig. P5.6 Fig. P5.7

5.7 The shaft-pulley assembly is supported by the universal joint at O and by
the slider bearing at A. The pulley, which has a mass of 7kg, is subjected to
the belt tensions shown. The mass of the shaft may be neglected. Draw an FBD
that consists of the pulley and shaft AO. Determine the number of unknowns on
this FBD.

5.8 The 30-kg homogeneous door is supported by hinges at A and B, with only
the hinge at B being capable of providing axial thrust. The cable CD prevents the
door from fully opening when it is pulled by the 200-N force acting perpendicular
to the door. Draw the FBD for the door, and count the unknowns.

5.9 Draw the FBD for bar BCD. The connections at A and B are ball-and-socket
joints, C is a slider bearing, and D is a thrust bearing. Assume that the weights of
members are negligible and recognize that AB is a two-force member. How many
unknowns appear on the FBD?

Dimensions in mm EAN

Fig. P5.8

Dimensions in mm

Fig. P5.9



5.4 Independent Equilibrium Equations 249

5.10 The T-bar AEBF is connected to rod CD, with the joint at F being
equivalent to a slider bearing. The supports at A and C are slider bearings, and
thrust bearings are found at B and D. The two applied forces, which act at the
midpoint of the arm EF’, are parallel to the y- and z-axes, respectively. Neglecting
the weights of the members, draw the FBDs for the entire structure, the T-bar, and
rod CD. Determine the total number of unknowns.

5.11  The L-shaped rod, supported by slider bearings at A and B, passes through
a hole in the cantilever beam DE. Draw the FBDs for the entire assembly and for
its two parts. Determine the total number of unknowns. Neglect the weights of the
components.

Z

Al 18in. B 20in. 80 1b .
/L; / (f = — Fig. P5.10
<
’ . N
(ﬂ 38 in. 24 in.
\ v

1601b

Fig. P5.11

5.12 Draw the FBD for the space truss assuming all connections to be ball-and-
socket joints. How many unknowns are there?

10 kN

Fig. P5.12

B /ndependent Equilibrium Equations

a. General case

The equilibrium equations for a body subjected to a three-dimensional force
system have been given in Art 5.2:

YF=0 My =0 (5.1, repeated)
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where O is an arbitrary point. If O is the origin of the x, y, and z coordinate axes,
the equivalent scalar equations are

SF,=0 XF,=0 3F.=0

(5.2, repeated)
M, =0 IM,=0 IM.=0

As was the case for coplanar force systems, alternate sets of independent
equilibrium equations can be used in place of the above equations. Regrettably,
the restrictions ensuring the independence of the equations for three-dimensional
force systems are so numerous (and often fairly complicated) that a complete list-
ing of the restrictions is of little practical value. It is much better to rely on logic
rather than a long list of complex rules.

As an example of an alternate set of independent equilibrium equations, con-
sider the six scalar moment equilibrium equations that result from summing the
moments about two arbitrary points, say A and B. If these six equations are sat-
isfied, there can be no resultant couple. However, there could still be a resultant
force R = XF with the line of action passing through points A and B. Therefore,
only five of the moment equations are independent. An additional scalar equation
(a carefully chosen force or moment equation) must be used to guarantee that R
vanishes.

When considering a three-dimensional force system, remember that the num-
ber of independent scalar equations is six. Although various combinations of force
and moment equations may be used, at least three must be moment equations.
The reason is that couples do not appear in force equations, so that the only
way to guarantee that the resultant couple vanishes is to satisfy three independent
moment equations of equilibrium. However, if properly chosen, the six indepen-
dent equations could be three force and three moment equations, two force and
four moment equations, one force and five moment equations, or even six moment
equations.

Three special cases, occurring frequently enough to warrant special attention,
are discussed in the next three sections and summarized in Fig. 5.4.

b. Concurrent force system

In Chapter 3 the resultant of a concurrent force system was found to be a force R
passing through the point of concurrency. The components of R were given by
R, = ¥F,, R, = XF,, and R, = X F.. It follows that there are only three
independent equilibrium equations:

$F,=0 $F,=0 IF.=0 (5.3)

The x-, y-, and z-axes do not have to be the coordinate axes; they can represent
any three arbitrary directions, not necessarily perpendicular.

Note that the six independent equations for the general case are reduced to
three for this special case. Alternate sets of equations are one moment and two
force equations, one force and two moment equations, or three moment equations,
each with its own restrictions to ensure independence.
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Fig. 5.4

C. Parallel force system

It has been shown in Chapter 3 that, if all the forces are parallel to the z-axis, the
resultant is either a force parallel to the z-axis or a couple-vector perpendicular to
the z-axis. Therefore, the number of independent equilibrium equations is again

Independent Equilibrium Equations

reduced to three.

LF.=0 IM,=0 IM,=0 (5.4)

The force equation eliminates the possibility of a resultant force, and the two
moment equations ensure that there is no resultant couple.
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In Egs. (5.4), the moments can be summed about any two axes that lie in
the xy plane. The three equations in Eqgs. (5.4) can be replaced by three moment
equations, with various restrictions required to guarantee their independence.

d. All forces intersect an axis

If all the forces intersect an axis—say, the y-axis, as shown in Fig. 5.4—the
moment equation X M, = 0is trivially satisfied, and we are left with the following
five independent equilibrium equations.

LF,=0 XF,=0 IF.=0

(5.5)
M, =0 M, =0

Of course, alternate sets of independent equations can be used—two force and
three moment equations, one force and four moment equations, or five moment
equations.

5.5 Improper Constraints

Even if the number of equilibrium equations equals the number of unknowns,
we cannot always conclude that a solution exists. As we have mentioned several
times, this is the predicament when the equilibrium equations are not indepen-
dent. In such a case, the fault lies with the analyst who chooses the equations,
not with the physical problem. But another situation exists in which the problem
itself precludes a solution of the equilibrium equations; it is known as the case of
improper constraints.

As an example of improper constraints, consider the plate of weight W sus-
pended from six parallel wires and pushed by the horizontal force P, as shown in
Fig. 5.5(a). The free-body diagram of the plate shows that there are six unknowns
(the forces in the wires). Because the two equations £ F, =0 and XM, = 0 are
trivially satisfied, the number of independent equilibrium equations is reduced to
four in this case. Moreover, the equation X F,, =0 yields P =0. From all this we
conclude that the plate can be in equilibrium in the position shown only if P =0,
and then the problem is statically indeterminate (there are three equilibrium
equations left with six unknowns).

The trouble with this problem is that the supports are not capable of resisting
the applied load P in the given position; that is, they cannot provide the proper
constraints that prevent motion. We encounter this situation whenever the sup-
port reactions form one of the special cases described in the preceding article:
concurrent, parallel (as in the present example), or intersecting a common axis.
An example of the latter is shown in Fig. 5.5(b), in which the plate of weight
W is supported by three sliding hinges. Again we have six unknown reactions
and ostensibly six independent equilibrium equations, but equilibrium is clearly
impossible in the position shown, unless P =0.

In summary, the support constraints are said to be improper if they are not
capable of supporting an arbitrary load system (this does not preclude equilibrium
under certain loads, e.g., when P =0 in the examples shown in Fig. 5.5).
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(a) (b)

Fig. 5.5

BR8N |Vriting and Solving Equilibrium Equations

The steps in the analysis of three-dimensional equilibrium problems are identical
to those we used in coplanar analysis.

1. Draw the free-body diagrams (FBDs).
2. Write the equilibrium equations.
3. Solve the equations for the unknowns.

The first step, the construction of FBDs, was discussed in Art 5.3. In this article
we assume that the FBDs are given, permitting us to concentrate on the second
and third steps—writing and solving the equilibrium equations.

The solution of three-dimensional problems requires careful planning before
any equilibrium equations are written. As recommended in Chapter 4, you should
prepare a method of analysis or plan of attack that specifies the equations to be
written and identifies the unknowns that appear in the equations. Comparing the
number of unknowns with the number of independent equilibrium equations lets
you determine if the problem is statically determinate or indeterminate. With a
stated plan, you are able to maintain control of the solution; without it, you can
easily be overwhelmed with the complexity of the problem. After you adopt a
workable method of analysis, you can then proceed to the mathematical details of
the solution.

In the solution of coplanar equilibrium problems, the method of analysis fre-
quently centers on a moment equation. The idea is to find a moment center A so
that the equation X M4 =0 involves the fewest possible number of unknowns
(ideally only one unknown). This strategy is also convenient for analyzing three-
dimensional problems. In most problems, you should look for moment equations
that simplify the solution. A moment equation about an axis is frequently useful
because it eliminates forces that pass through the axis. In many problems, it is
possible to find an axis for which the corresponding moment equation contains
only one unknown.



Sample Problem 5.4

Calculate the tension in each of the three cables that support the 1500-kN weight,
using the given FBD.

Method of Analysis

As shown in the FBD, the forces acting on the weight are concurrent (all the
forces intersect at A). Therefore, there are three independent equilibrium equa-
tions. Because there are also three unknowns (the tensions Tag, Tac, and Typ),
we conclude that the problem is statically determinate.

The most straightforward solution is obtained from the three scalar force equa-
tions, XF, = 0, ¥XF, = 0, and X F, = 0 (or the equivalent vector equation,
YF =0).

Mathematical Details

The first step is to write the forces in vector form, as follows:

Tap = Taphap = Tap—— = 3302

|AB|
= T45(0.6246i 4- 0.7808Kk)

—
AB (Zi + 2.5k)
AB\ — 5 Ann

—_—
AC
Tac = Tachac = Tac——
|AC|

- (—3i 12§+ 2.5k)
4.085
= Tac(—0.7344i — 0.2938j + 0.6120k)
AD 1.5 + 2.5k
Tap = Tap™ap = Tap—— = Tup (%)
1500 kN |AD| .

FBD = Tap(0.5145j + 0.8575k)
W = —1500k kN

Summing the x-, y-, and z-components and setting the results equal to zero,
we have

XF, =0 0.6246T,5 — 0.7344T4c =0
YXF, =0 —0.2938Tsc + 0.5145T4p =0
YF, =0 0.7808T4p + 0.6120T4¢ + 0.8575T4p — 1500 =0

Solving these equations simultaneously gives

Tap = 8T3 KN Tyuc =743 kN Typ = 424 kN Answer
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As you can see, the use of three force equations results in a straightforward
method of analysis for a concurrent force system. However, there are other sets of
equilibrium equations that could have been used just as effectively.

Another Method of Analysis

Note that the tensions T4c and T,p intersect the line CD and thus have no
moment about that line. Therefore, Typ can be calculated from only one equa-
tion: ¥ M¢p = 0. Similar arguments can be used to show that ¥ Mpp = 0 yields
TAC, and EMBC =0 gives TAD-

Mathematical Details
XMcp =0 (rcg X Tag + hcp) + (rco X We'hep) =0

From the figure, we note that rcg = 5i + 1.2j m, rcp = 3i + 1.2j m, and the unit
vector h¢p is given by

—
_ CD  3i+2j

|CTD)| 4.036
Using the vector expressions for T4p and W determined in the foregoing, and

using the determinant form of the scalar triple product, the moment equation
Y. M¢cp = 0 becomes

. 5 12 0 L2 o
ﬁ 0.6246 0 0.7808 + =0 0 —1500/ =0
: 3 27 0 03613 7 o

Expanding the determinants and solving the resulting equation yields Txp =
873 kN, the same answer determined in the preceding analysis.

As mentioned, the tensions in the other two cables could be obtained from
EMDB =0and ZMBC =0.

Sample Problem 5.5

The horizontal boom OC, which is supported by a ball-and-socket joint and two
cables, carries the vertical force P = 8000 Ib. Calculate T4p and T, the tensions
in the cables, and the components of the force exerted on the boom by the joint
at O. Use the given FBD (the weight of the boom is negligible).

Method of Analysis

As shown in the FBD, the force system acting on the boom is the special case
in which all forces intersect an axis, namely, the y-axis. Therefore, there are five
independent equilibrium equations. Because there are also five unknowns in the
FBD (Typ, Tck, Oy, Oy, and O;), the problem is statically determinate.
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FBD

Consider the moment equations about the x- and z-axes (¥ M, = 0 is trivially
satisfied):

Y M, = O—contains the unknowns Typ and T¢cg

¥ M, = O—contains the unknowns Tsp and T¢cg

These two equations can be solved simultaneously for Txp and T¢g. After these
tensions have been found, the reactions at O can be determined using the force
equations of equilibrium.

Mathematical Details

A convenient method of writing ¥ M, = 0 and ¥ M, = 0 is to sum the moments
about point O using vector representation (recall that Mo = M,i+ M,j+ M_K).
Referring to the FBD, we have

YXMop = (rosa x Tap) + (roc x Tce) + (rop x P) =0
where
roa = 3j ft roc = 6j ft rogp = S5j ft
AD 2.51 — 3j + 3k
Si—
Tap = Taphap = Tap—— = Tap <49—2J4>
|AD| )
= Txp(0.5077i — 0.6093j + 0.6093k)

—
CE —3.5i—6j+ 3k
Tce = Teehce = Tep—— = Tce (#)
|CE] :
= Tcp(—0.4626i — 0.7930j + 0.3965k)
P = —8000k Ib

Using the determinant form for the cross products, we have

i j k
Mo = Tap| O 3 0
0.5077 —0.6093 0.6093
i j k
+Teg| O 6 0
—0.4626 —0.7930 0.3965

i j Kk
+05 0 |=0
0 0 —8000

Expanding the determinants and equating the x- and z-components (the y-
components are identically zero, as expected), we get

M, =0 1.828T4p + 2.379Tcg — 40000 = 0
XM, =0 —1.523T4p +2.776Tcg = 0



from which we find
Tip = 12770 1b Tce = 7010 1b Answer

After the tensions have been computed, the reactions at O can be calculated by
using the force equation XF = 0:

XF, =0 O, +0.5077Tsp — 0.4626Tcr =0
YF, =0 0, —0.6093T4p — 0.7930Tcg =0
XF, =0 O, + 0.6093T,p + 0.3965T¢r — 8000 = 0

Substituting the previously found values for T4p and T¢g, we obtain
0, =-32401b 0, =133401b 0, = —25601b Answer

The negative values for O, and O, indicate that the directions of these compo-
nents are opposite to the directions shown in the FBD.

Sample Problem §.6

The nonhomogeneous plate weighing 60 kN has its center of gravity at G. It is
supported in the horizontal plane by three vertical cables. Compute the tension in
each cable using the given FBD.

Method of Analysis

As shown in the FBD, the forces holding the plate in equilibrium form a parallel
system, which has three independent equilibrium equations. Because there are
also three unknowns (74, T, and T¢), the problem is statically determinate.

One method of analysis considers the moment equations about the x- and
y-axes (XM, = 0 is trivially satisfied because the forces are parallel to the z-axis)
and the force equation in the z-direction.

¥ M, = O—contains the unknowns T and T¢
XM, = O—contains the unknown T4

¥ F, = O—contains the unknowns T4, Ty, and T¢

First, the equation X M, = 0 can be used to find T4. Then, the other two equations
can be solved simultaneously for Tp and T¢. The details of this analysis, using
scalar representation, are shown in the following.

FBD
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Mathematical Details

M, =0 ;CL— 60(1.2) — 3.6T4 =0 o)
which gives
T4 =20.0kN Answer
M, =0 )} 0.8T5 + 3.0T¢ — 60(1.0) =0 (2
XF, =0 +T Th+Tg+Tc—60=0 3)

Substituting T4 = 20.0 kN, and solving Egs. (2) and (3) yields
Tg =27.3kN Tc = 12.7kN Answer

Another Method of Analysis

In the above solution, we were able to find 74 using the equation XM, = 0
because T and T¢ have no moment about the y-axis. By studying the FBD, you
will see that it is also possible to calculate T using one equation, and T¢ using
one equation.
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Sample Problem 5§.7

The bent bar of negligible weight is supported by a ball-and-socket joint at O,
a cable connected between A and E, and a slider bearing at D. The bar is acted on
by a wrench consisting of the force P and couple C, both parallel to the z-axis.
Determine the components of bearing reaction at D and the force in the cable
using the given FBD.

Method of Analysis

The force system in the FBD is the general case. Therefore, there are six indepen-
dent equilibrium equations available for computing the six unknowns (O,, Oy,
OZ’ TAEa Dx» and Dz)

Referring to the FBD, we consider the moment equation about each of the
coordinate axes:

¥ M, = 0— contains the unknown D,
¥ M, = 0— contains the unknowns Txg, D,, and D,
XM, = 0— contains the unknowns T4g and D,
Therefore, the three unknowns Txg, D, and D, can be computed from these equa-

tions according to the following scheme: First find D, from XM, = 0, and then
solve the other two equations simultaneously for D, and Tyg.



Mathematical Details E

When utilizing the above analysis, it is convenient to use the vector approach to |
derive the moment equations XMy = X M,i+ X M,j+ LM k = 0. The details 141t
are as follows: :

|

XMp =0 (roa X Tag) + (rop x D) + (rop x P) + C =0

Referring to the FBD, the vectors in the above equation are * P =20001b
¥.C=60001b-ft
Toa = 4i ft r0D=4i+7j+2kft
Z
rop = 4i + 2j ft | AE
s |
P=-2000klb  C = —6000kIb - ft 0‘ o n
x s |
— pd D, |
AE —4i+7j + 4k // [
Tug = Tapghe = Tae—- = Tue <T> 5 T / :
AE]| ' ‘ D

D= D,i+ D.k

A
/a2t | 2
X

P =20001b

Therefore, XMy = 0 can be written in determinant form as

YC = 6000 1b-ft
T i j Kk i j Kk i j k FBD
AEV 4 0 ol+|4 7 2|+l4 2 0 |—6000k=0
1.4 7 4 |p, 0 D.| |0 0 —2000

Expanding the determinants and equating the x-, y-, and z-components yields the
equations

(x-component) 7D, —4000=0
(y-component) —1.778Txr + 2D, —4D, 4+ 8000=0
(z-component) 3.111T4 — 7D, —6000=0

The solution of these equations yields

D, =5711b Tag = 4500 Ib D, =11401b Answer

If desired, the reactions Oy, O,, and O; could now be found from the force
equation XF = 0.

It should be noted that T4 could also be obtained from a single scalar
equilibrium equation X Myp = 0.
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Problems

Three-Dimensional Equilibrium

In each of the following problems, the free-body diagram is given. Write the
equilibrium equations and compute the requested unknowns.

5.13 In Sample Problem 5.4, determine the tension T4¢ using the equation
X Mpg = 0.

5.14 In Sample Problem 5.5, compute the tension T4p using one scalar equilib-
rium equation.

5.15 In Sample Problem 5.5, determine O, with one scalar equilibrium equa-
tion.

5.16 Determine the tension Tp in Sample Problem 5.6 using one scalar
equilibrium equation.

5.17 Compute the tension T4z in Sample Problem 5.7 using one scalar equilib-
rium equation.

5.18 The 40-kg homogeneous plate is suspended from four wires. Determine
the tension in each wire.

Dimensions in mm

Fig. P5.18

5.19 The bent bar is supported by slider bearings at A, B, and C. Determine
the bearing reactions caused by the 1200-Ib-in. couple. Express the answers in
vector form.
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1200 1b - in.

Fig. P5.19

5.20 The compound bar is supported by a thrust bearing at A, a slider bearing
at B, and the cable CD. Determine the tension in the cable and the magnitude of
the bearing reaction at A. Neglect the weight of the bar.

Problems 261

Z 0,(
0, ’
Fig. P5.20 : — —y
601 ] % /‘é
N s _L v &
< 2 ft 4
5.21  The homogeneous door of weight W = 60 Ib is held in the horizontal plane Ay qf’K 1 p
by a thrust hinge at O, a hinge at A, and the vertical prop BC. Determine all forces / 41t e
acting on the door. *
FBD

5.22 The light boom AB is attached to the vertical wall by a ball-and-socket
joint at A and supported by two cables at B. A force P = 12i — 16k kN is applied Fig. P5.21
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at B. Note that R4, the reaction at A, acts along the boom because it is a two-force
body. Compute the cable tensions and R 4.

Z Z
D
HS Sl
e 12 ft
|
J
2
g &
C >0
N 5
X
\y
3 ft
FBD
Fig. P5.22
Z \Y //ID
// /’I: 2 fit 5.23 The homogeneous 120-1b sign is suspended from a ball-and-socket joint
/)I at O, and cables AD and BC. Determine the forces in the cables.
0, T
0, 7 Tap 5.24 The support for the T-shaped bar consists of a thrust bearing at O and a
0 4 n slider bearing at B. When a weight W is suspended from D, the force P = W/2,
C _/__ _0,\- TBCT 25 parallel to the x-axis, is required to maintain equilibrium. Calculate 6, the angle
e —--F 4; B of inclination of the bearing axis OB.
X ! \
y

Fig. P5.24

5.25 The space truss is supported by ball-and-socket joints at B, D, and F.
Determine the forces in members AB, AC, and AD.



1200 Ib

1200 Ib

Fig. P5.25
5.26 For the truss described in Prob. 5.25, find the forces in members BC
and CE.

1200 Ib

FBD
Fig. P5.26
B LEquilibrium Analysis

The method for analyzing rigid bodies subjected to three-dimensional force
systems is the same as used in Chapter 4 for coplanar loadings.

1. Draw the free-body diagrams.
2. Write the equilibrium equations.
3. Solve the equations for the unknowns.

Article 5.3 concentrated on the construction of FBDs. Article 5.6 was devoted
to writing and solving the equilibrium equations from given FBDs. The sam-
ple problems that follow this article illustrate the complete analysis of three-
dimensional equilibrium problems, beginning with the construction of the FBDs
and ending with the solution. Analyses of both single and connected bodies are
considered.

We reiterate that you must be careful when drawing free-body diagrams.
Sloppy sketches of three-dimensional problems are notoriously difficult to read;
consequently, they are a major source of errors in the derivation of equilibrium
equations.

5.7

Equilibrium Analysis
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Sample Problem §.8

Determine the forces acting on the bent bar OBD in Fig. (a). The bar is loaded
by the wrench consisting of the force P and couple C. Neglect the weights of the
members, and assume that all connections are ball-and-socket joints.

4m

3m ’m
C=40kN-m¥ D }
D

TP:IOkN P=10kN
(a) (b)

Method of Analysis

The first step is to draw the FBD of bar OBD, which is shown in Fig. (b). The
reactions at the ball-and-socket at O are labeled O,, O,, and O.. Note that we
have used the fact that the struts AE and BF are two-force bodies, each assumed
to act in tension.

We see that the FBD contains five unknowns (Psg, Ppr, Oy, O, and O,).
Because there are also five independent equilibrium equations, the problem is
statically determinate.

Referring to the FBD in Fig. (b), we consider the moment equations about the
x- and z-axes (XM, = 0 is trivially satisfied):

Y M, = O—contains the unknowns P,z and Pgp

Y. M, = O—contains the unknowns Pug and Pgp

Therefore, these two equations can be solved simultaneously for Psr and Pgp.
After these two unknowns have been found, the force equation ¥F = 0 can be
used to find the remaining three unknowns: Oy, Oy, and O;.

Mathematical Details

We choose to write the moments about the x- and z-axes using the vector
expression XMoo = I M,i+ XM,j+ X M. k.

XMy =0 (roa X Pag) + (rop X Pp) + (rop x P) + C =0



The vectors that appear in this equation are

roa =4jm rop =7jm P = 10k kN C = —40kkN-m
—
Pip = Paphae = PAEA_E = Pyg ( i 2k>
ax 5.385
—
Ppr = Ppphpr = PBFﬁ = Ppr <w>
|ﬁ;| 8.124

Expressing the cross products in determinant form, the equilibrium equation
Y~Mo = 0 then becomes

i j ok i k| i K

po |1 p i i

AE_ 10 4o+%0 7 0/4+1]0 7 0|—40k=0
538513 _4 o 812414 7 ] o 0 10

Expanding the determinants and equating the x- and z-components (there is no
y-component, as expected), we obtain

(x-component) 1.486 Py + 0.862Ppr +70 =0
(z-component) —2.228Pag+3.447Pgr —40 =0

Solving simultaneously, we obtain
Py = —39.16 kKN Ppr = —13.70 kKN Answer

The minus signs indicate that the sense of each force is opposite to that assumed
in the FBD. In vector form, the two forces are

3i — 4j + 2k
Pap = Piphag = —39.16 [ ————
AE AE MAE ( 5385 )
= —21.82i + 29.09j — 14.54k kN
—4i—Tj+k
Pyr = Pprdpr = —13.70 ( ——— "=
BF BF MBF ( 8124 )

= 6.751 4+ 11.80j — 1.69k kN
Summing forces, we have
YF=0 Py +Ppr+P+ (O,i+ 0,j+ Ok) =0
Substituting the expressions for P4z, Ppr, and P, and solving, yields

O, =15.1kN 0, = —40.9 kN 0, =6.2kN Answer
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Sample Problem 5.9

The window in Fig. (a) weighs 401b; its center of gravity G is located at the
geometric center. Find all forces acting on the window when it is held open in the
position shown by the rope attached to C. Assume that the hinge at A can provide
an axial thrust whereas the hinge at B cannot.

b4
<

N
<
N
\/
Vz
SN
o

@

1.8 ft—%th

a

@ (b)

Method of Analysis

We begin by drawing the FBD of the window—see Fig. (b). In addition to its
40-1b weight and the tension T¢p in the rope, the window is acted on by the hinge
reactions at A and B. Note that an axial thrust (force component in the x-direction)
is shown only for the hinge at A.

The FBD contains six unknowns: A, Ay, A;, By, B;, and Tcp. Because
the force system is the general case, there are also six independent equilibrium
equations, which means that the problem is statically determinate.

Point A plays an important role in the analysis of this problem, because three
of the unknowns (A,, Ay, and A;) pass through A. Referring to the FBD, we
examine the following moment equations:

Y (M,), = 0— contains the unknown T¢p
¥ (My)y = 0— contains the unknowns T¢p and B; (B, is parallel to this axis)

¥ (M,); = 0— contains the unknowns T¢p and By, (B; is parallel to this axis)
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These three scalar equations can be solved for the unknowns T¢p, By, and B..
Once these values are known, the three force components at A (A,, Ay, and A;)
can be found from the force equation £F = 0.

Mathematical Details

We will use the vector representation to find the moment equations about the axes
passing through A; thatis, My = (M) d + (EMy),j + (EMy) k= 0.

XMy =0 (rap X Tep) + (xap X B) + (rag x W) =0

Writing the forces and position vectors in rectangular form, we have

—
ch 1.9i — 2.2j + 3.8k

Tep = Teohep = Tep—— = Tep ( 1784 )
|CD| :

B=B,j+Bk W=—40klb
rap = —151+2kft ryp=-3ift
rac = —1.5i+ 1.1j — 0.9k ft

Then, the determinant form of the equation XM, = 0 is

i ik i i kK i ik
T i j j j

47ch4 ~15 0 2|+[-3 0 0]|+|-15 1.1 —-09/=0
: 19 —22 38 0 B, B, 0 0 —40

Expanding the above determinants and equating like components, we get

(x-component) 0.9197T¢p —44.0=0
(y-component) 1.98587¢p +3B, —60.0=0
(z-component) 0.6898T¢p — 3B, =0

Solving these equations gives
Tep =47.841b By, =11.001b B, =—-11.671b Answer

Omitting the details, the remaining three unknowns are found from the force
equation XF = 0 to be

A, = —19.001b A, =11.001b A, =13.671b Answer
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Sample Problem 5.10

The two bars AC and CD are homogeneous and weigh 200 N/m. Joints A, C, and
D are ball-and-sockets, and a cable is connected between B and E. Determine all
forces that act on bar AC.

(a)

Method of Analysis

As you know, there are many ways in which one can calculate the unknown forces
acting on bodies that are connected together. However, considering the FBD of the
entire assembly is usually a good place to begin.

The FBD of the entire assembly is shown in Fig. (b). The weights of the
bars, Ws¢c and W¢p, were calculated by multiplying the weight per unit length
(200 N/m) by the length of each bar. The components of the reaction at A are A,,
Ay, and A_; the components of the reaction at D are Dy, Dy, and D_; Ty is the
tension in the cable.

We see that the FBD in Fig. (b) contains seven unknowns (three force com-
ponents each at A and D, and the tension Tgg). Because there are only six
independent equilibrium equations (the force system represents the general case),
we cannot calculate all of the unknowns without taking the assembly apart. How-
ever, we see that Tgg is the only unknown that does not intersect the axis AD.
Therefore, we can find Tgg from the moment equation X Myp = 0.
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We next draw the FBDs of bars AC and CD separately—see Figs. (c) and (d).
The force components at A in Fig. (c) and the force components at D in Fig. (d)
must act in the same directions as in Fig. (b). Furthermore, the components of the
reaction at C (Cy, Cy, and C;) in Fig. (c) must be equal in magnitude, but oppo-
sitely directed, to the corresponding components in Fig. (d). We note that there are
ten unknowns in this problem: three each at A, C, and D, and the tension Tgg. The
total number of independent equilibrium equations is also ten: five each for the
two bars (the force system acting on each bar represents the special case in which
the forces intersect an axis). This problem is therefore statically determinate.

(c) (@

Referring to the FBD in Fig. (d), C can be computed using the moment equa-
tion ¥ (Mp), = 0. Next, consider the FBD in Fig. (c). Because we have already
determined Tgg and C,, only five unknowns remain: A,, Ay, A;, C,, and C..
Therefore, any of the five independent equations for this FBD can be used to find
these unknowns.

Mathematical Details

Referring to the FBD of the entire assembly in Fig. (b), and using scalar triple
products to evaluate the moments about the axis AD, we obtain

YXMup=0
(rap X Tpg * Map) + (xap X Wyc » Map) + (xar X Wep = hgp) =0

The vectors appearing in this equation are

rAB=3jm rAF=—2i+6j+15km
Wyc = —1200k N Wep = —1000k N
—
BE —2i—3j+2k
Tpe = Tgehpe = Tpp—— = Tk (#)
|B | . 3

—
AD  —4i+6j+ 3k
|ﬂ>)| 7.810

Map =
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The equation X Msp = O thus becomes

L |0 300 L o3 0
BE
— 2 =3 2|+ =—==|0 0 —1200
78104123 |, o 5| 7810|_, 3
L |26 1.5
+ 25| 0 0 —1000(=0
7810 |_, ¢ 3

Expanding the determinants and solving yields

Tge = 18140 N Answer

Using the FBD of bar CD in Fig. (d),
YX(Mp), =0 gives C, =0 Answer
As mentioned, with Tgr and C, already computed, we can use any five avail-
able equations to find the five remaining unknown forces on the FBD of bar AC in

Fig. (c). One method for finding the forces at A and C is outlined in the following;
the mathematical details are left as an exercise.

XF, =0 gives Ay = 13200 N Answer
Y(Mc), =0 gives A, = 3800 N Answer
YX(Me), =0 gives A, = 4400 N Answer

XF, =0 gives C, = 4400 N Answer

YF, =0 gives C, = 3800 N Answer



Problems

5.27 Calculate all forces acting on the bar AB described in Prob. 5.1.

5.28 Determine the forces in members AD, BD, and CD of the space truss in
Prob. 5.3.

5.29 Find the tension in cable BE that supports the bar ABCD described in
Prob. 5.6.

5.30 For the structure in Prob. 5.9, determine the reactions at C and D.

5.31 Calculate the reaction at D for the structure described in Prob. 5.11.

Dimensions in feet

Fig. P5.32

5.32 The frame is supported by a ball-and-socket joint at A and a slider bearing
at C. The strut EF has a ball-and-socket joint at each end. The cable EBD runs
over a small pulley at B and carries a 600-1b weight D. Neglecting the weights of
the members, determine the force in EF and the magnitude of the reaction at C.

5.33 Determine the tension in each of the three ropes supporting the 600-1b
crate.

5.34 Using only one equilibrium equation, compute the force in rope AD of
Prob. 5.33.

5.35 The homogeneous 25-kg bar AB is supported by a ball-and-socket joint
at A. End B, which leans against a frictionless vertical wall, is kept from
sliding by the horizontal force P. Determine P and the force exerted by the
wall at B.

5.27-5.49 Problems
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Fig. P5.33, P5.34

Fig. P5.35
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5.36 The shaft AB is supported by a thrust bearing at A and a slider bearing at B.
Determine the force in cable CD, and the bearing reactions at A and B caused by
the 90-N vertical force applied at E. Neglect weights.

Dimensions in mm Dimensions in mm

Fig. P5.36 Fig. P5.37

5.37 The bar ABCD has a built-in support at A. Calculate the force and the
couple exerted by the support on the bar. Neglect the weight of the bar and express
the answers in vector form.

5.38 The total mass of the L-shaped beam of constant cross section is 1470 kg.
The beam is hoisted by three vertical cables attached at O, A, and B. Determine
‘ the distances a and b for which the tensions in the cables are equal.

5.39 The crank is supported by a thrust bearing at A, a slider bearing at B, and
a frictionless surface at D. Calculate the reactions at A, B, and D if P = 200 1b
and C = 800 1b - ft. The weight of the crank may be neglected.

xX—=

Z

/th 7@151% Ztt

\5‘*‘/ /
1 2T5 ft /
I
* / 2 ft *‘/ '

Fig. P5.39

5.40 A 120-1b weight is attached to the cable that is wrapped around the 50-1b
homogeneous drum. The shaft attached to the drum is supported by a thrust bear-
ing at A and a slider bearing at B. The drum is kept in equilibrium by the vertical
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force P acting on the handle of the crank. Determine P and the reactions at A and
B. Neglect the weights of the crank and the shaft.

Dimensions in inches

Fig. P5.40

5.41 Calculate the force in cable CD and the reaction at O. Assume that O, A,
and B are ball-and-socket joints, and neglect the weights of the members. Fig. P5.41

5.42 The homogeneous 48-Ib plate is welded to the vertical shaft AB of neg-
ligible weight. The assembly is supported by a slider bearing at A and a thrust
bearing at B. Determine the force in cable CD and the magnitude of the bearing
reaction at A.

A D
0.8'ft .
(
4 60 Ib
35ft E
48 1b
y

Fig. P5.42
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5.43 The A-frame is supported by a thrust bearing at A, a slider bearing at B,
and the cable CD. Compute the tension in the cable and the components of the
bearing reaction at B caused by the 600-1b load.

5.44 A hoist is formed by connecting bars BD and BE to member ABC.
Neglecting the weights of the members and assuming that all connections are
ball-and-socket joints, determine the magnitudes of the forces in bars BD and BE
in terms of the applied load P.

5.45 The crank arm OD of the winch is connected by a universal joint at D to
the shaft-pulley assembly. The winch is supported by slider bearings at B and E,
and by a thrust bearing at G. Determine the force P that will hold the winch at rest,
and calculate the magnitudes of the corresponding bearing reactions. Neglect the
weights of the members.

™~
240 -

F
. . . y
Dimensions in mm G

360 N

Fig. P5.45
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5.46 The 40-1b homogeneous door is rigidly attached to the bent bar ABC. The
assembly is supported by a thrust bearing at A and a slider bearing at C. Deter-
mine the vertical force P required to keep the door in equilibrium in the position
shown. Neglect the weight of bar ABC.

Fig. P5.46

5.47 The frame is built into the wall at D and G. The cross-members AE and
BF pass through frictionless holes at A, B, E, and F. The weights of the members
are negligible. Determine the reactions at D.

Dimensions in mm

Fig. P5.47 Fig. P5.48

5.48 All connections of the structure are ball-and-socket joints, except for
the slider bearings at A and O. The weights of the members may be neglected.
Calculate the forces in members BE and CF.
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5.49 Determine the reactions at ball-and-socket joints D, E, and F of the space
truss shown. Express the answers in vector form.

90 kN

Fig. P5.49

Review of Equations

General case XF = XM, = 0 (6 egs.)
Concurrent force system XF =0 (3 egs.)
All forces parallel to z-axis X F, = XM, = XM, =0 (3 eqs.)
All forces intersect z-axis YF =0 XM,=0 XM, =0 (5eqgs.)



5.50-5.62

Review Problems

5.50 The space truss is supported by vertical cables at A, B, and C. Calculate
the forces in members CB and CD of the truss.

5.51 The bent rod is supported by a ball-and-socket joint at O, a cable at B, and
a slider bearing at D. Neglecting the weight of the rod, calculate the tension in the
cable and the magnitude of the bearing reaction at D.

1000 Ib

Fig. P5.51

5.52 Find the maximum load P that can be supported by the tripod if the force
in any leg is limited to 2000 Ib. Assume that the legs are two-force bodies.

Fig. P5.52

5.53 The vertical mast OA, which weighs 1.5kN, is supported by a ball-and-
socket joint at O and by the cables AB and AC. Calculate the tension in each cable
when the 20-kN force is applied.

Review Problems

277

D

1800 Ib

Fig. P5.50

Dimensions
in meters

Fig. P5.53
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5.54 The homogeneous bar AB weighs 80 1b. End B leans against a vertical wall
and end A is supported by a ball-and-socket joint. Determine the tension in the
cable BC and the wall reaction at B. Neglect friction.

5.55 The 500-kg crate is supported by the three cables. Find the tension in
cable AD.

Fig. P5.54

L]

500 kg

Fig. P5.55

5.56 The uniform bars AB and BC each weigh 4 Ib/ft. Calculate the tension in
cable DE, and the magnitudes of the ball-and-socket reactions at A, B, and C.

1200 Ib

Fig. P5.56 Fig. P5.57

5.57 The 1200-1b weight is suspended from a cable that runs over a small pulley
attached to the boom ABC. The boom is supported by a ball-and-socket joint at C
and two cables attached at B. Neglecting the weight of the boom, determine the
tension in cable BE.
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5.58 The homogeneous 860-kg bar AB is supported by a ball-and-socket joint
at A and two cables attached to B. Find the tension in cable CB.

le—2 m —

Cc

Fig. P5.58 Fig. P5.59

5.59 The triangular plate is supported by three vertical rods, each of which is
able to carry a tensile or compressive force. Calculate the force in each rod when
the 20-kN - m couple is applied. Neglect the weight of the plate.

5.60 The connections at the ends of bars AB and BC are ball-and-socket joints.
Neglecting the weights of the bars, determine the force in cable DE and the reac-
tion at A.

\l/\ @A/

800 N

Fig. P5.60 Fig. P5.61

5.61  The 150-kg bar ABO is supported by two cables at A and a slider bear-
ing at B. The end of the bar presses against a frictionless surface at O. Find the
tensions in the cables and the contact force at O.
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5.62 The shaft is supported by a thrust bearing at A and a slider bearing at B.
Rotation of the shaft is prevented by the cable CD. Compute the tension in the
cable and the magnitude of the bearing reaction at B caused by the 50-1b - ft
couple.




Beams and Cables

Cables are the main structural
components of a suspension bridge.
This chapter shows how to determine
the tension in a cable under a variety
of load conditions. George
Doyle/Stockbyte/Getty Images

*6.1 Introduction

In this chapter we introduce the analyses of beams and flexible cables, two impor-
tant topics of structural mechanics. The analysis of beams that carry transverse
loads deals with the computation of internal forces and couples. Because the
internal forces and couples may vary in a complicated manner with the distance
along the beam, we place considerable emphasis on methods of computation and
graphical displays of the results.

The analysis of flexible cables can also become quite involved; the source of
the difficulty lies in the geometry of the cable. Because a cable can carry only
a tensile force, it must adjust its shape so that the internal tension is in equilib-
rium with the applied loads. Therefore, the geometry of the cable is not always
known at the beginning of the analysis. When the shape of the cable is unknown,
the solution invariably leads to nonlinear equations, which can only be solved
numerically.
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PART A: Beams

®B2W /nternal Force Systems

The determination of internal forces is a fundamental step in the design of mem-
bers that carry loads. Only after this computation has been made can the design
engineer select the proper dimensions for a member or choose the material from
which the member should be fabricated.

If the external forces that hold a member in equilibrium are known, we can
compute the internal forces by straightforward equilibrium analysis. For example,
consider the bar in Fig. 6.1(a) that is loaded by the external forces F, F,, . . . , Fs.
To determine the internal force system acting on the cross section labeled 1 (per-
pendicular to the axis of the bar), we must first isolate the portions of the bar lying
on either side of section 1. The free-body diagram (FBD) of the portion to the left
of section 1 is shown in Fig. 6.1(b). In addition to the external forces Fy, F,, and
F3, this FBD shows the resultant force-couple system of the internal forces that
are distributed over the cross section: the resultant force R acting at the centroid
C of the cross section and the resultant couple CX. As explained in Chapter 3,
we can place the resultant force R at any point, provided that we introduce the
proper resultant couple. However, locating R at the centroid of the cross section

F,

Fig. 6.1



6.2

is the standard engineering practice. If Fy, F, and F5 are known, the equilibrium
equations XF = 0 and ¥XM¢ = 0 can be used to compute R and C¥.

It is conventional to introduce the centroidal coordinate system shown in
Fig. 6.1(b). The axis that is perpendicular to the cross section and passes through
the centroid (x-axis) is called the centroidal axis. The components of R and CR
relative to this coordinate system are identified by the labels shown in Fig. 6.1(c)
and are given the following physically meaningful names.

P: The force component that is perpendicular to the cross section, tending to
elongate or shorten the bar, is called the normal force.

V, and V;: The force components lying in the plane of the cross section, tending
to slide (shear) the parts of the bar lying on either side of the cross section
relative to one another, are called shear forces.

T: The component of the resultant couple that tends to twist the bar is called
twisting moment, or torque.

M, and M_: The components of the resultant couple that tend to bend the bar are
called bending moments.

The deformations produced by these internal forces and couples are illustrated
in Fig. 6.2.

(O -
\\\\\\\j

Undeformed Elongation Shear

Twisting Bending

Fig. 6.2

In many applications the external forces are coplanar and lie in a plane that
contains the centroidal axis. Figure 6.3(a) illustrates the case in which all the
external forces lie in the xy-plane, where the x-axis coincides with the centroidal
axis of the bar. In this special case, the only nonzero components of the inter-
nal force system acting on any cross section—for example, section 1—are the
normal force P, the shear force V, and the bending moment M, as shown in
Fig. 6.3(b).

Internal Force Systems
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Plane of external loads

(a)

()

Fig. 6.3

Thus far, we have concentrated on the internal force system acting on the
portion of the bar lying to the left of section 1. Using Newton’s third law, these
internal forces occur in equal and opposite pairs on the two sides of the cross
section, as shown in Fig. 6.3(c). In the following articles, we confine our attention
to calculating the internal forces and couples in members subjected to coplanar
forces.



Sample Problem 6.1

The bar in Fig. (a), supported by a pin at A and a cable at B, carries a uniformly
distributed load over its left half. Neglecting the weight of the bar, determine the
normal force, shear force, and bending moment acting on the cross section at 1 by
analyzing (1) the bar segment on the left of section 1; and (2) the bar segment on
the right of section 1.

Preliminary Calculations

We must calculate the external reactions before we can find the internal force
system. As shown in the FBD in Fig. (b), the bar is subjected to the following
forces: the components A, and A, of the pin reaction at A, the tension 7 in the
cable at B, and the 2400-N resultant of the uniformly distributed load. Equilibrium
analysis determines the reactions as follows:

XMy =0 3 T sin30°(6) — 2400(1.5) =0
T =1200N
YF,=0 £ A, —Tcos30°=0
A, =T cos30° = 1200 cos 30°
A, =1039N
TF,=0 < A, —2400+ Tsin30°=0
Ay = 2400 — T sin30° = 2400 — 1200 sin 30°
A, = 1800 N

Because these answers are positive, each of the reactions is directed as assumed
in Fig. (b).

To find the internal force system acting on the cross section at 1, we must
isolate the segments of the bar lying on either side of section 1. The FBDs of the
segments on the left and on the right of section 1 are shown in Figs. (c) and (d),
respectively. Note that in determining the resultants of distributed loading, we
considered only that part of the load that acts on the segment.

The force system acting on the cross section at 1 consists of the normal
force P, the shear force V|, and the bending moment M. To be consistent with
Newton’s third law (equal and opposite reactions), P, Vi, and M; in Fig. (c) are
shown equal in magnitude but oppositely directed to their counterparts in Fig. (d).
We can use either FBD to compute Py, V;, and M;.

Part 1
Applying the equilibrium equations to the FBD of the bar segment lying to the
left of section 1, Fig. (c), we obtain
SF,=0 £ P, +1039=0
P, =—-1039N Answer

3m 3m
(a)
le1.5 m~| 2400 N
T
A ' 30‘°N
X
- [@ |
A 6 m B
A,
(b)
I m 11600 N
Ml
A, =1039N C
T —p [0 e
A 2m Pl
A, =1800N v,
()
0.5m
L 800 N
Vik T =1200N
Ml | * 300'f
e |
Py C 4m B

(@
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TF,=0 <] 1800—1600—V,; =0
V; = 1800 — 1600 = 200 N Answer
SMc=0 3 —1800(2) + 1600(1) + M; =0
M, = 3600 — 1600 = 2000 N - m Answer

The negative sign in P; indicates that its sense is opposite to what is shown in the
FBD.

Part 2

Applying the equilibrium equations to the FBD of the bar segment on the right of
section 1, Fig. (d), yields

$F, =0 -t —P; —1200c0s30° =0

P, = —1200cos 30° = —1039 N Answer
SF, =0 < V;+1200sin30° —800 =0

Vi = —1200sin30° + 800 = 200 N Answer
SMc=0 3 —M; —800(0.5) + 12005in30°(4) = 0

M, = —800(0.5) + 1200sin30°(4) = 2000 N - m Answer

These answers agree, of course, with those obtained in Part 1.
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Sample Problem 6.2

A pin-connected circular arch supports a 5000-1b vertical load as shown in
Fig. (a). Neglecting the weights of the members, determine the normal force, shear
force, and bending moment that act on the cross section at 1.

y

5000 1b

(a)



The FBD of the entire arch is shown in Fig. (b). The forces A, and A, are the
components of the pin reactions at A, and R is the pin reaction at C. Recognizing
that member BC is a two-force member, we know that R is directed along the line
BC. In general, all the external reactions should be computed before the internal
force systems are found. However, in this problem, we need only calculate Rc.
From the FBD in Fig. (b) we obtain

SMy=0 3 Resind5°(20) — 5000(4) = 0
Rc = 1414 1b

We next consider the FBD of the portion CD shown in Fig. (c). The forces D,
and D, are the horizontal and vertical components of the resultant force acting on
the cross section, and M is the bending moment. We could compute D,, D,, and
M, by recognizing that their resultant is a single force that is equal and opposite
to Rc. However, it is simpler to compute these unknowns using the following
equilibrium equations:

F, =0 - D,—1414c0s45°=0 D, =10001b
TF,=0 + —D,+1414sin45°=0 D, =10001b
IMp=0 ) M;— 1414cos45°(8.66) — 14145in45°(5.00) = 0
M; =36601b - ft Answer

The FBD in Fig. (d) shows the resultant force acting on the cross section
in terms of its normal component P; and shear component V;. Comparing
Figs. (c) and (d), we obtain

Py = Dy, cos 60° + D, sin 60°
= 1000 cos 60° + 1000 sin 60° = 1366 1b Answer
and
Vi = Dy sin60° — D, cos 60°
= 1000 sin 60° — 1000 cos 60° = 366 1b Answer

Because P;, Vi, and M; turned out to be positive, each of them is directed as
shown in Fig. (d).

. ’U

4 ft~ 5000 Ib

)C

— ~ i

/
Ml/

10 sin 60° —
= 8.66 ft -

c |
‘ /45°

10—10cm60° Rc=14141b
=5.00 ft

4\60°

Jase

Re=14141b

(b) (© (d)
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Problems

In the following problems the internal force system is to be represented as a nor-
mal force P, a shear force V, and a bending moment M. Neglect the weights of the
members.

6.1-6.3 Determine the internal force system acting on section 1 by analyzing
the FBD of (a) segment AD; and (b) segment DB.

o 4001b/ft 1
6 kN/m @D 1.5 m—

/Llllllllllll : B A@"i (/;\llg()kN.mi [\ B A (@ [o\ B
& Sy e = g
F3.75m4—#1.5mﬂ | 3m e 15m—] | 6 ft 3]

0.75 m
Fig. P6.2 Fig. P6.3

C

| @l
| 51t }——Sft ‘

Fig. P6.4 Fig. P6.5 Fig. P6.6

6.7 The three identical cantilever beams carry vertical loads that are distributed
in a different manner. It is known that beam (a) fails because the maximum inter-
nal bending moment reaches its critical value when P; = 360 Ib. Compute the
values of P> and P; that would cause the failure of the other two beams.

Total load = P,

P Total load = P5
| M

[ [ [ |
| L L | L

(a) (b) (©)

Fig. P6.7

6.8 Find the internal force systems acting on sections 1 and 2 for the eyebolt
shown.
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40 1b

Fig. P6.8

6.9 For the structural component shown, determine the internal force systems
acting on sections 1 and 2.

2.5 kN ~—~f
235
1
A ®: D B
gu 1 0)
c |
235 @
e 12 kN
. 400 | 400 | 400

Dimensions in mm

Fig. P6.9

6.10 The two bars, pinned together at B, are supported by a frictionless surface
at A and a built-in support at C. Determine the internal force systems acting on
sections 1 and 2.

ro.ﬁ m»‘« 0.6 m »‘« 0.6 m —~- 0.6 m»‘
&HHHHH{T’N’“‘:
50° "\ i B i C
® ®
Fig. P6.10

6.11  Determine the internal force system acting on section 1 (just below D) of
the pin-connected frame.

6.12 Determine the internal force systems acting on section 2 (just to the right
of the 600-N load) of the pin-connected frame. Fig. P6.11, P6.12



290  CHAPTER 6  Beams and Cables

240N
0.3 m
240N | (D--H4C
—=
@___
0.4 m
A ®

U o,
b 04m—

Fig. P6.13, P6.14

OD
Ce@ 16 in.
@T.__ 7 in.
4 in.
i E
—— (| oD
; PO
8 in.
600 1b.in. M
™
A — — ————— { o\ F
] 12 in
Fig. P6.16

6.13 Determine the internal force systems acting on sections 1 and 2 for the
pin-connected frame. The sections are located just above and just below pin C.

6.14 Find the internal force system acting on section 3 for the pin-connected
frame.

6.15 Calculate the internal force systems acting on sections 1 and 2, which are
adjacent to point C.

1 A £ Bl-l
VA
181t 2.2 fit

100 1b

Fig. P6.15

6.16 The 600 Ib-in. couple is applied to member DEF of the pin-connected
frame. Find the internal force systems acting on sections 1 and 2.

6.17 A man of weight W climbs a ladder that has been placed on a frictionless
horizontal surface. Find the internal force system acting on section 1 as a function
of x (the position coordinate of the person).

6.18 For the ladder in Prob. 6.17, find the internal force system acting on
section 2, assuming that x < a/2.

Fig. P6.17, P6.18

6.19 Determine the internal force system acting on section 1 of the circular
arch.



6.3

1000 Ib

e /&/30"
Fig. P6.19

*6.20 The equation of the parabolic arch is y = (36 — x2)/6, where x and y are
measured in feet. Compute the internal force system acting on section 1.

y
o |
I ‘
|
: | 2000 Ib 6 ft
| |
|
|
I
I O\p *
|
|
[~—4 ft 4’! ‘
| 6 ft = 6 ft |
Fig. P6.20

BB Analysis of Internal Forces

a. Loading and supports

The term beam is reserved for a slender bar that is subjected to transverse loading
(the applied forces are perpendicular to the bar). In this chapter, we consider only
loadings that are also coplanar. As explained in Art. 6.2, the internal force system
caused by coplanar loads can be represented as a normal force, a shear force, and
a bending moment acting on the cross section.

Several examples of coplanar beam supports and loadings encountered in
structural design are depicted in Fig. 6.4. Also shown are the free-body diagrams
of the beams, which display both the applied loads and the support reactions.
The reactions for statically determinate beams, Fig. 6.4(a)—(c), can be found from
equilibrium analysis. The computation of the reactions for statically indeterminate
beams, Fig. 6.4(d)—(f), requires analyses that are beyond the scope of this text.

Analysis of Internal Forces
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Statically determinate

Statically indeterminate

EEEEEEEY (TT17]
AL 1°\B fon HoR 7\

L

(d) Continuous beam

: Hon 7°\B

TNA B

y

(b) Overhanging beam

Cl
: D
L L B
A
C My
: i\ B
T -/ 1/
N, B,

(e) Propped cantilever beam

mf b

B

y

(c) Cantilever beam

(f) Fixed beam

For the sake of consistency, it is necessary to adopt sign conventions for applied
loading, shear forces, and bending moments. We will use the conventions shown

b. Sign convention

Fig. 6.4

in Fig. 6.5 which assume the following to be positive:

 External forces that are directed downward; external couples that are directed

clockwise.
¢ Shear forces that tend to rotate a beam element clockwise.

* Bending moments that tend to bend a beam element concave upward (the

beam “smiles”).
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Positive Negative
P w P w
External C j l 4 T T\T
loads * |
[ |
C
Vv \%4
Shear 1 [
force Q’l ll?
\%4 \%4
M M
Bending ( ? ‘. ) C:
moment Cj C D

Fig. 6.5 Sign conventions for external loads, shear force, and bending moment.

The main disadvantage of the above conventions is that they rely on such
adjectives as “downward,” “clockwise,” and so on. To eliminate this obstacle, a
convention based upon a Cartesian coordinate system is sometimes used.

€. Shear force and bending moment
equations and diagrams

The determination of the internal force system at a given cross section in a mem-
ber has been discussed in Art. 6.2. The goal of beam analysis is to determine
the shear force and bending moment at every cross section of the beam. Particu-
lar attention is paid to finding the values and the locations of the maximum shear
force and the maximum bending moment. The results enable the engineer to select
a suitable beam that is capable of supporting the applied loads.

The equations that describe the variation of the shear force (V) and the bending
moment (M) with the location of the cross section are called the shear force and
bending moment equations, or simply, the V- and M-equations. These equations
are always dependent on sign conventions, such as shown in Fig. 6.5.

When the V- and M-equations are drawn to scale, the results are called the
shear force and bending moment diagrams, or simply, the V- and M-diagrams.
After these diagrams have been drawn, the maximum shear force and the max-
imum bending moment can usually be found by inspection or with minimal
computation.

In the following sample problems, we explain the procedures for deriving the
V- and M-equations and for plotting the V- and M-diagrams.
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Sample Problem 6.3

The simply supported beam shown in Fig. (a) carries two concentrated loads.
(1) Derive the expressions for the shear force and the bending moment for each
segment of the beam. (2) Sketch the shear force and bending moment diagrams.
Neglect the weight of the beam. Note that the support reactions at A and D have
been computed and are shown in Fig. (a).

y 14 kN 28 kN
~—2m 3m ZmW
| | |
A 'yB | C| D
Y.\ | | | | —x
0 © o5
Ry = 18kN Rp = 24kN[

(a)

Part1

The determination of the expressions for V and M for each of the three beam
segments (AB, BC, and CD) is explained below.

Segment AB (0 <x <2m)  Figure (b) shows the FBDs for the two parts of the
beam that are separated by section 1, located within segment AB. Note that we
show V and M acting in their positive directions according to the sign conventions
in Fig. 6.5. Because V and M are equal in magnitude and oppositely directed on
the two FBDs, they can be computed using either FBD. The analysis of the FBD
of the part to the left of section 1 yields

LF,=0 +T 18-V =0
V =418 kN Answer

IMp=0 %) —18x+M=0

M = +18x kN - m Answer
14 kN 28 kN
1%
M M 3m 2m —
A E D
ET
B Cc
- X —e
1%
18 kN 24 kN
(b) FBDs
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18 kN 24 kN
(c) FBDs

Segment BC (2m <x <5m)  Figure (c) shows the FBDs for the two parts of
the beam that are separated by section 2, an arbitrary section within segment BC.
Once again, V and M are assumed to be positive according to the sign conventions
in Fig. 6.5. The analysis of the part to the left of section 2 gives

TF=0  18-14-V =0

V =+18 — 14 = +4 kN Answer
YXMr=0 E) —18x+14x—-2)+ M =0
M =+18x —14(x —2) =4x +28kN-m Answer

Segment CD (sm< x <7m)  Section 3 is used to find the shear force and bend-
ing moment in segment CD. The FBDs in Fig. (d) again show V and M acting in
their positive directions. Analyzing the portion of the beam to the left of section 3,
we obtain

TF,=0 ] 18—-14-28—V =0
V=418 —-14 — 28 = —24 kN Answer
IMg=0 5 —18x+14(x—2)+28(x—5)+M =0
M =+418x — 14(x —2) —28(x —5) = —24x + 168 kKN - m Answer

14 KN 28 kN
—2m >~+~— 3m — M M AV
A B C D
[ G G
X
18 kKN Vv 24 kN
(d) FBDs

Part 2

The shear force and bending moment diagrams in Figs. (f) and (g) are the plots
of the expressions for V and M derived in Part 1. By placing these plots directly
below the sketch of the beam in Fig. (e), we establish a clear visual relationship
between the diagrams and locations on the beam.
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14 kKN 28 kN
~—2m 3m 2m —~
A v B vC D
[o —X
A
I I
18 kKN : (e) : 24 kKN
| : : |
V (kKN |
(kN) 8 | |
! |

M (KN - m)

(2

Shear force and bending moment diagrams

An inspection of the V-diagram reveals that the largest shear force in the beam
is —24 kN and that it occurs at every cross section of the beam in segment CD.
From the M-diagram we see that the maximum bending moment is +48 kN - m,
which occurs under the 28-kN load at C. Note that at each concentrated force the
V-diagram “jumps” by an amount equal to the force. Furthermore, there is a
discontinuity in the slope of the M-diagram at each concentrated force.
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Sample Problem 6.4

The simply supported beam shown in Fig. (a) is loaded by the clockwise couple
Cy at B. (1) Derive the shear force and bending moment equations; and (2) draw
the shear force and bending moment diagrams. Neglect the weight of the beam.
The support reactions A and C have been computed, and their values are shown
in Fig. (a).

Part 1

Due to the presence of the couple Cj, we must analyze segments AB and BC
separately.

Segment AB (o< x < 3L/4) Figure (b) shows the FBD of the part of the beam
to the left of section 1 (we could also use the part to the right). Note that V and M
are assumed to act in their positive directions according to the sign conventions in
Fig. 6.5. The equilibrium equations for this portion of the beam yield



c
BR=0 4 -2 -V=0

C
V = 0 Answer
L
XMp=0 E) ﬁx+M—0
D = 7 =
C
M = —%x Answer

Segment BC (3L/4 <x <L) Figure (c) shows the FBD of the portion of the
beam to the left of section 2 (the right portion could also be used). Once again,
V and M are assumed to act in their positive directions. Applying the equilibrium
equations to the segment, we obtain

C
SF=0 —TO—V—O
C
v=-=22 Answer
L
IMp=0 3 @x—c +M=0
E — L 0 -
C
M = —Tox + Cy Answer

Part 2

The shear force and bending moment diagrams shown in Figs. (d) and (e), are
obtained by plotting the expressions for V and M found in Part 1. From the
V-diagram, we see that the shear force is the same for all cross sections of the
beam. The M-diagram shows a jump of magnitude Cy at the point of application
of the couple.

y
L
Co
@ CO @ /\
! ~ c | (e x
Al® ! \_® ! ] X Nl
_[A_ | N O Cy 3 L1, ¢,
! ! A 4 o4 I
I I y
37 I I
C, =L 1 G |
Ry=7 47 ! | Re=T | | :
i @ Lo v I :
| | M : | : X
| | ) : | :
[e D !
C i | - % E I
2 B LA | o
| b ! @ | i
| ® m | |
‘ 3L M L :
4 /l\co : Z Co | :
[e [ E 0 X
% ; ,
L 14 -3¢,
(© ()
FBDs Shear force and bending moment diagrams

297



298

Sample Problem 6.5

The cantilever beam in Fig. (a) carries a triangular load, the intensity of which
varies from zero at the left end to 360 1b/ft at the right end. In addition, a 1000-1b
upward vertical load acts at the free end of the beam. (1) Derive the shear force
and bending moment equations; and (2) draw the shear force and bending moment
diagrams. Neglect the weight of the beam.

y
360 Ib/ft

— X

12 ft B

1000 Ib
(a)

The FBD of the beam is shown in Fig. (b). Note that the triangular load has been
replaced by its resultant, which is the force 0.5(12)(360) = 2160 1b (area under
the loading diagram) acting at the centroid of the loading diagram. The support
reactions at B can now be computed from the equilibrium equations; the results
are shown in Fig. (b).

y

8 ft |
12160 1b 360 Ib/ft
1
/}/ My = 3360 Ib- ft
: } ‘
A i B
000 1b 12 f Ry = 1160 1b
1 | ) | Ry =
| X !
' 30 =30 b :
i 15x%1b ! - e !
M |
/* |
A C) |
|
x |
1000 Ib 14 :
|
| (©) :
| |
V (Ib) . !
1000 !
|
] I X

:‘7 8.165ft —

: (d) -1160
|
|
M (Ib-ft) 443

3360




Because the loading is continuous, the beam does not have to be divided into
segments. Therefore, only one expression for V and one expression for M apply
to the entire beam.

Part 1

Figure (c) shows the FBD of the part of the beam that lies to the left of section 1.
Letting w be the intensity of the loading at section 1, as shown in Fig. (b), we have
from similar triangles, w/x = 360/12, or w = 30x 1b/ft. Now the triangular load in
Fig. (c) can be replaced by its resultant force 15x2 1b acting at the centroid of the
loading diagram, which is located at x/3 ft from section 1. The shear force V and
bending moment M acting at section 1 are shown acting in their positive directions
according to the sign convention in Fig. 6.5. Equilibrium analysis of the FBD in
Fig. (c) yields

TF,=0 T 1000—15x* -V =0
V = 1000 — 15x*1b Answer
EMc=0 D) —1000x +15¢ (3 )+ M =0
¢ 3

M = 1000x — 5x> 1b- ft Answer

Part 2

Plotting the expressions for V and M found in Part 1 gives the shear force and
bending moment diagrams shown in Figs. (d) and (e). Observe that the shear
force diagram is a parabola and the bending moment diagram is a third-degree
polynomial in x.

The location of the section where the shear force is zero is found from

V =1000 — 15x> =0
which gives
x = 8.165ft

The maximum bending moment occurs where the slope of the M-diagram is
zero—that is, where dM / dx = 0. Differentiating the expression for M, we obtain

M 1000 - 15¢2 = 0

dx
which again yields x = 8.165 ft. (In the next article, we will show that the slope
of the bending moment diagram is always zero at a section where the shear force
vanishes.) Substituting this value of x into the expression for M, we find that the
maximum bending moment is

Minax = 1000(8.165) — 5(8.165)° = 5443 1b - fit
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Problems

6.21-6.38 For the beam shown, derive the expressions for V and M, and draw
the shear force and bending moment diagrams. Neglect the weight of the beam.

y
Wo
A ) ! B X
—L\— L
Fig. P6.21
y —
m// b
A o)\ Py
_L\_ L B
Fig. P6.23
y
60 Ib/ft
300 Ib - ft
5 x
A 9 ft
Fig. P6.25
" 200 kN/m
A < y
) X
_L\_ B ¢
| 2m 2m }
Fig. P6.27
" | 50 kN
A 75kN-m C

Fig. P6.29

X
A L moY]
Fig. P6.22
y
Wo
—X
A L B
Fig. P6.24
Y P
A B c
{'\ X
| a b |
Fig. P6.26
y
120 Ib/ft
A B c
8 ft 6 ft }
Fig. P6.28
y
120 Ib/ft
' C
/;;\ x
A 1B\
e 3t 6ft |
Fig. P6.30



} 2m ‘ 2m ‘
Fig. P6.31
y
4 kN/m
A ‘B c 7
2m ‘ 3m |
Fig. P6.33
)‘,
lSOkN 50 kN
Pl 12
B\ c _O
— 1ml 3m 2m—>‘
Fig. P6.35
y
800 Ib/ft
AR RN Ees
_E\_ B _Q l
2 ft ai— o

Fig. P6.37

8 kN/m

Problems

6.21-6.42

| Sm 3m }
Fig. P6.32
¥
P P
A B C D
O\l | X
_L\_ _O
L L L
3 3 3 ‘
Fig. P6.34
y
12 kips
48 kip - ft
AL ) 12
[ ) [ ) X
_L\_ B c|/ _O
PR 44—
Fig. P6.36
y
9001b 400 1b
Y Y VY Y Y VY VY YV
A O D X
ALL B Q
c
|+ 4 frmle— 8 ft ——— 6t —

Fig. P6.38
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6.39-6.40 Derive the shear force and the bending moment as functions of the
angle 0 for the arch shown. Neglect the weight of the arch.

Fig. P6.39 Fig. P6.40

6.41 The 24-ft timber floor joist is designed to carry a uniformly distributed
load. Because only 16-ft timbers are available, the joist is to be fabricated from
two pieces connected by a nailed joint D. Determine the distance b for the most
advantageous position of the joint D, knowing that nailed joints are strong in shear
but weak in bending.

P
| wo Ibft }*xal
A ! B
Case 1 {0\ I ]— x
O c
b | L L
—p— ! 2 2 !
16 ft 8 ft— y
F P
X
IE -
Case 2 o) T ] X
o0 oo ! O
o0 oo |
oo oo|—] I
I N )
I 2 o 2 |
Detail of joint at D @
Fig. P6.41 Fig. P6.42

6.42 For the beam AB shown in Cases 1 and 2, derive and plot expressions for
the shear force and bending moment acting on section 1 in terms of the distance
x (0 < x < L). [Note: Case 1 results in the conventional V- and M-diagrams,
in which the loads are fixed and the location of the section varies; the diagrams
for Case 2 (called influence diagrams) show the variation of V and M at a fixed
section as the location of the load is varied.]



6.4 Area Method for Drawing V- and M-Diagrams

GNP Area Method for Drawing
V- and M-Diagrams

There are useful relationships between the load diagram, the shear force diagram,
and the bending moment diagram, which are derivable from the equilibrium equa-
tions. Utilizing these relationships, we can plot the shear force diagram directly
from the load diagram, and then sketch the bending moment diagram directly
from the shear force diagram. This technique, called the area method, enables us
to draw the V- and M-diagrams without having to go through the tedium of writing
the V- and M-equations. We first consider beams subjected to distributed loading
and then discuss concentrated forces and couples.

a. Distributed loading

Consider the beam in Fig. 6.6(a) that is subjected to a line load of intensity w(x),
where w(x) is assumed to be a continuous function. The free-body diagram of an
infinitesimal element of the beam, located at the distance x from the left end, is
shown in Fig. 6.6(b). In addition to the distributed load w(x), the segment car-
ries a shear force and a bending moment at each end section, which are denoted
by V and M at the left end and by V + dV and M + dM at the right end. The
infinitesimal differences dV and dM represent the changes that occur over the dif-
ferential length dx of the element. Observe that all forces and bending moments
are assumed to act in the positive directions, as defined in Fig. 6.5.
The force equation of equilibrium for the element is

TF,=0 J V—-wdi—(V+dV)=0

y
w(x)
o) X
e [ S
| @)
\
} wdx
1
|
Vi 2
M | M+dM
Ch-
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from which we get

A%
= —— 6.
W dx 6

The moment equation of equilibrium yields
dx
IMp=0 3% —-M- de+(M+dM)+wdx? =0

After canceling M and dividing by dx, we get

V+dM+wdx_0
dx 2

Because dx is infinitesimal, the last term can be dropped (this is not an approxi-
mation), yielding

am

V=—
dx

(6.2)
Equations (6.1) and (6.2) are called the differential equations of equilibrium for
beams. The following five theorems relating the load, the shear force, and bending
moment diagrams follow from these equations.

1. The load intensity at any section of a beam is equal to the negative of the slope
of the shear force diagram at that section.
Proof—follows directly from Eq. (6.1).

2. The shear force at any section is equal to the slope of the bending moment
diagram at that section.
Proof—follows directly from Eq. (6.2).

3. The difference between the shear force at two sections of a beam is equal to
the negative of the area under the load diagram between those two sections.
Proof—integrating Eq. (6.1) between sections A and B in Fig. 6.7, we obtain

XB dv XB
/ —dX:VB—VA:—/ wdx
XA dx XA

Recognizing that the integral on the right-hand side of this equation represents
the area under the load diagram between A and B, we get

Vg — V4 = —area of w-diagram ]ﬁ Q.E.D.
For computational purposes, a more convenient form of this equation is
Vg = V4 — area of w-diagram ]i 6.3)

Note that the signs in Eq. (6.3) are correct only if x5 > x4.
4. The difference between the bending moments at two sections of a beam is
equal to the area of the shear force diagram between these two sections.
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w(x)

Fig. 6.7

Proof—integrating Eq. (6.2) between sections A and B (see Fig. 6.7), we have

B M XB
/ —dx:MB—MA:/ Vdx
X d XA

A X

Because the right-hand side of this equation is the area of the shear force
diagram between A and B, we obtain

Mg — M, = area of V-diagram ]i Q.E.D.

We find it convenient to use this equation in the form

Mp = M, + area of V-diagram ]i (6.4)

The signs in Eq. (6.4) are correct only if xg > x4.

5. If the load diagram is a polynomial of degree n, then the shear force diagram
is a polynomial of degree (n 4 1), and the bending moment diagram is a
polynomial of degree (n + 2).

Proof—follows directly from the integration of Egs. (6.1) and (6.2).

The area method for drawing shear force and bending moment diagrams is
a direct application of the foregoing theorems. For example, consider the beam
segment shown in Fig. 6.8(a), which is 2m long and is subjected to a uniformly
distributed load w =300 N/m. Figure 6.8(b) shows the steps required in the con-
struction of the shear force and bending moment diagrams for the segment, given
that the shear force and the bending moment at the left end are V4 = 41000 N
and My = +3000 N - m.
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y

‘ w =+300 N/m

T T T1
Area = +600 N Mg

MA=3000N-mQ { *jﬂ} t %7,\:

V, = 1000 N

Vg
(2)
3000 ——
w = +300 N/m (const.) w (N/m) : +600 N :
X
A 2m B
1000 ¢
|
V,=+1000 N (given) V (N) :
| x
A B
5 1000 ¢
-V - _di |
Vg =V, — area of w—diagram] , VN : ¢ 400
=1000 - 600 = + 400N ! X
A B

1000 |
dVldx = —w = =300 N/m (const.) V(N) : PR 400
|

V—diagram is a straight line | .

A 2m B
. 3000 ¢

M, =+3000N - m (given) M (N -m) | |

L X
A B

3 ¢ 4400

Mp =M, +area of V-diagram] 3000 ¢ I
M (N -m) | !

=3000 + 1400 = +4400N - m L ! X
A B

——?—-—

(dMldx), = Vy = +1000N - !
M (N -m) | !

(dMldx) = Vy=+400N L ! x
A B

4400

3000 I

M-diagram is a parabola M (N -m) : i .
A B

(b)

Fig. 6.8 Constructing shear force and bending moment diagrams for a
beam segment.



6.4 Area Method for Drawing V- and M-Diagrams

b. Concentrated forces and couples

The area method for constructing shear force and bending moment diagrams
described above for distributed loads can be extended to beams that are loaded
by concentrated forces and/or couples. Figure 6.9 shows the free-body diagram of
a beam element of infinitesimal length dx containing a point A where a concen-
trated force P4 and a concentrated couple C4 are applied. The shear force and the
bending acting at the left side of the element are denoted by V,, and M, , whereas
the notation V] and M is used for the right side of the element. Observe that all
forces and moments in Fig. 6.9 are assumed to be positive according to the sign
conventions in Fig. 6.5.

B
dx |
2
y
Va
N
My Ma
@
I AN Y N W
Ca
Vi

e
Fig. 6.9

The force equation of equilibrium gives

TF=0 7 V,—Pi—-Vi=0

Vi=Vi— P4 (6.5)

Equation (6.5) indicates that a positive concentrated force causes a negative jump
discontinuity in the shear force diagram at A (a concentrated couple does not
affect the shear force diagram).

The moment equilibrium equation yields

dx dx
IMya=0 3 MX—M;—CA—V:?—VA_?zo

Dropping the last two terms because they are infinitesimals (this is not an
approximation), we obtain

Mf =M, +C, (6.6)

Thus, a positive concentrated couple causes a positive jump in the bending
moment diagram.
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Cc. Summary

Equations (6.1)—(6.6), which are repeated below, form the basis of the area
method for constructing shear force and bending moment diagrams without
deriving the expressions for V and M. The area method is useful only if the areas
under the load and shear force diagrams can be easily computed.

w=-2 (6.9

= [%[ (6.2)

Vg = V4 — area of w-diagram ]i (6.3)
Mg = M4 + area of V-diagram ]i 6.4)
V: =V, — P, (6.5)

M} =M, +C, (6.6)

Procedure for the Area Method  The following steps outline the procedure for
constructing shear force and bending moment diagrams by the area method:

» Compute the support reactions from the free-body diagram (FBD) of the entire
beam.

* Draw the load diagram of the beam (which is essentially a FBD) showing the
values of the loads, including the support reactions. Use the sign conventions
in Fig. 6.5 to determine the correct sign of each load.

* Working from left to right, construct the V- and M-diagrams for each segment
of the beam using Eqs. (6.1)—(6.6).

* When you reach the right end of the beam, check to see whether the computed
values of V and M are consistent with the end conditions. If they are not, you
have made an error in the computations.

At first glance, using the area method may appear to be more cumbersome
than plotting the shear force and bending moment equations. However, with
practice you will find that the area method is not only much faster but also
less susceptible to numerical errors because of the self-checking nature of the
computations.



Sample Problem 6.6

The simply-supported beam in Fig. (a) supports a 30-kN concentrated force at B
and a 40-kN-m couple at D. Sketch the shear force and bending moment diagrams
by the area method. Neglect the weight of the beam.

Pp=30kN
4m——3 m*;r\*:‘& m*"
A E
ro\ o | | X
B Dy O

Cp=40kN.m

(a)

Load Diagram

The load diagram for the beam is shown in Fig. (b). The reactions at A and E
are found from equilibrium analysis. The numerical value of each force and the
couple is followed by a plus or minus sign in parentheses, indicating its sign as
established by the sign conventions in Fig. 6.5.

y Py = 30 kN (+)
Cp = 40kN-m (+)
A B N\ E
D De ) X
T T
Ry=14kN () { Rp=16kN ()
: EOR :
V(kN))| g
14 :
+56 kN - m

~48kN-mi-48 kN-m

© @
(9 :

-16

(d

Shear Force Diagram

We now explain the steps used to construct the shear force diagram in Fig. (c).
From the load diagram, we see that there are concentrated forces at A, B, and E
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that will cause jumps in the shear force diagram at these points. Therefore, our dis-
cussion of shear force must distinguish between sections of the beam immediately
to the left and to the right of each of these points.

We begin by noting that V- = 0 because no loading is applied to the left of A.
We then proceed across the beam from left to right, constructing the diagram as
we go:

Vi=V, —Ri=0-(—14) = +14kN
Plot point a.
V, = Vi —areaof w-diagram]ﬁ =14—-0=—-14kN
Plot point b.

Because w = —dV/dx = 0 between A and B, the slope of the V-diagram is zero
between these points.

Connect a and b with a horizontal straight line.

Vi =V, — Pg=14—(+30) = =16 kN

Plot point c.
=—-16—-0=—16kN

Plot point d.

Vg = V; — area of w-diagramE

Noting that w = —dV/dx = 0 between B and E, we conclude that the slope of the
V-diagram is zero in segment BE.

Connect ¢ and d with a horizontal straight line.

Because there is no loading to the right of E, we should find that V" = 0.
Vi=V, —Rg=-16—(-16)=0 Checks!

Bending Moment Diagram

We now explain the steps required to construct the bending moment diagram
shown in Fig. (d). Because the applied couple is known to cause a jump in
the bending moment diagram at D, we must distinguish between the bending
moments at sections just to the left and to the right of D. Before proceeding, we
compute the areas under the shear force diagram for the different beam segments.
The results of these computations are shown in Fig. (c). Observe that the areas are
either positive or negative, depending on the sign of the shear force.



We begin our construction of the bending moment diagram by noting that
M 4 = 0 (there is no couple applied at A).

Plot point e.

Proceeding across the beam from left to right, we generate the moment
diagram in Fig. (d) in the following manner:

Mp = M, + area of V-diagram]i =0+ (4+56) =56 kN - m
Plot point f.

The V-diagram shows that the shear force between A and B is constant and
positive. Therefore, the slope of the M-diagram between these two sections is
also constant and positive (recall that dM/dx = V).

Connect e and f with a straight line.

M, = Mp + area of V-diagram]g =56+ (—48) = 8kN -m
Plot point g.

Because the slope of the V-diagram between B and D is negative and constant,
the M-diagram has a constant, negative slope in this segment.

Connect f and g with a straight line.

M} =M, +Cp =8+ (+40) =48 kN - m
Plot point h.

Next, we note that Mg = O (there is no couple applied at E). Our computations
based on the area of the V-diagram should verify this result.

Mg = M} + area of V-diagram]}, = 48 + (—48) = 0 Checks!
Plot point i.

The shear force between D and E is negative and constant, which means that the
slope of the M-diagram for this segment is also constant and negative.

Connect h and i with a straight line.
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Sample Problem 6.7

The overhanging beam in Fig. (a) carries two uniformly distributed loads and
a concentrated load. Using the area method, draw the shear force and bending

y moment diagrams for the beam. Neglect the weight of the beam.
400 Ib/ft fe=400T 400 Ib/ft (+) Pcd= 400 1b (+)
Y 200 Ib/fe 1 200 b @)
RRRRRRRRNNY RERRRNNREE
_@_ c O e A B} |C iF iD E
D 2 ft—]1 ft 4 ft 2 ft—=
26t 16t 4t 2t Ry=152016 () |Rp=8801b ()

|
()
|

(a)

|
|
|
|
|
I
| |
V (Ib) :
|

400

—576 Ib- ft
I
I
| i |® x (ft)
—800 Ib- ft +256 Ib-ft @ +400 Ib - ft

800 @. |

Load Diagram

The load diagram for the beam is shown in Fig. (b); the reactions at B and D are
determined by equilibrium analysis. Each of the numerical values is followed by a
plus or minus sign in parentheses, determined by the sign conventions established
in Fig. 6.5. The significance of the section labeled F' will become apparent in the
discussion that follows.

Shear Force Diagram

The steps required to construct the shear force diagram shown in Fig. (c) are now
detailed. From the load diagram, we see that there are concentrated forces at B, C,
and D, which means that there will be jumps in the shear diagram at these points.
Therefore, we must differentiate between the shear force immediately to the left
and to the right of each of these points.
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We begin our construction of the V-diagram by observing that V4 = 0 because
no force is applied at A.

Plot point a.

Vg = V4 — area of w—diagram]i =0—(+400)(2) = —800 Ib
Plot point b.
We observe from Fig. (b) that the applied loading between A and B is constant

and positive, so the slope of the shear diagram between the two cross sections is
constant and negative (recall that dV/dx = —w).

Connect a and b with a straight line.

Vi =V, — Rp = —800 — (—1520) =720 Ib
Plot point c.

Vi = Vi — area of w-diagram], = 720 — 0 = 720 Ib
Plot point d.

Because w = —dV/dx = 0 between B and C, the slope of the V-diagram is zero
in this segment.

Connect c and d with a horizontal straight line.

Vi = Vi — Pe =720 — (+400) = 320 Ib
Plot point e.

V, = V& — area of w-diagram] . = 320 — (+-200)4 = —480 Ib
Plot point f.

Because the loading between C and D is constant and positive, the slope of the
V-diagram between these two sections is constant and negative.

Connect e and f with a straight line.

Our computations have identified an additional point of interest—the point
where the shear force is zero, labeled F on the load diagram in Fig. (b). The
location of F can be found from

Vp = V& — area of w-diagram]g =320 — (+200)d =0

which gives d = 1.60 ft, as shown in Fig. (c).
Continuing across the beam, we have

V5 =V, — Rp = —480 — (—880) = 400 Ib
Plot point g.
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Next, we note that Vg = 0 (there is no force acting at E). The computation based
on the area of the load diagram should verify this result:

Vg =V} — area of w—diagram]LE) =400 — (+200)2 =0 Checks!
Plot point h.
From Fig. (b), we see that the applied loading between D and E is constant and

positive. Therefore the slope of the V-diagram between these two cross sections
is constant and negative.

Connect g and h with a straight line.

This completes the construction of the shear force diagram.

Bending Moment Diagram

We now explain the steps required to construct the bending moment diagram
shown in Fig. (d). Because there are no applied couples, there will be no jumps in
the M-diagram. The areas of the shear force diagram for the different segments of
the beam are shown in Fig. (c).

We begin by noting that M4 = 0 because no couple is applied at A.

Plot point i.

Proceeding from left to right across the beam, we construct the bending
moment diagram as follows:

Mp = M4 + area of V—diagram]i =04 (—800) = —8001Ib - ft
Plot point j.
We note from Fig. (c) that the V-diagram between A and B is a first-degree poly-
nomial (inclined straight line). Therefore, the M-diagram between these two cross

sections is a second-degree polynomial—that is, a parabola. From dM/dx = V,
we see that the slope of the M-diagram is zero at A and —800 1b/ft at B.

Connect i and j with a parabola that has zero slope at i and
negative slope at j. The parabola will be concave downward.

M¢ = Mp + area of V-diagram]g = —800 + (+720) = —801b - ft
Plot point k.

Because the V-diagram is constant and positive between B and C, the slope of the
M-diagram is constant and positive between those two cross sections.

Connect j and k with a straight line.

Mp = Mc + area of V-diagram],. = —80 + (+256) = +176 Ib - ft
Plot point |.



Using V = dM/dx, we know that the slope of the M-diagram is +320 Ib/ft at C
and zero at F, and that the curve is a parabola between these two cross sections.

Connect k and | with a parabola that has positive slope at k
and zero slope at |. The parabola will be concave downward.

Mp = My + area of V-diagram]}, = 176 + (=576) = —400 Ib - ft
Plot point m.

The M-diagram between F and D is again a parabola, with a slope of zero at F
and —4801b/ft at D.

Connect | and m with a parabola that has zero slope at | and
negative slope at m. The parabola will be concave downward.

Next, we note that My = 0 because no couple is applied at E. Our
computation based on the area of the V-diagram should verify this result.

Mg = Mp + area of V-diagram ]} = —400 4 (+400) = 0 Checks!
Plot point n.

From the familiar arguments, the M-diagram between D and E is a parabola with
a slope equal to 4400 Ib/ft at D and zero slope at E.

Connect m and n with a parabola that has positive slope at m
and zero slope at n. The parabola will be concave downward.

This completes the construction of the bending moment diagram. It is obvious
in Fig. (d) that the slope of the M-diagram is discontinuous at j and m. Not so
obvious is the slope discontinuity at k: From dM/dx = V, we see that the slope
of the M-diagram to the left of k equals +720 Ib/ft, whereas to the right of k the
slope equals +320 Ib/ft. Observe that the slope of the M-diagram is continuous at
1 because the shear force has the same value (zero) to the left and to the right of L.
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Problems

6.43-6.56 Construct the shear force and bending moment diagrams for the
beam shown by the area method. Neglect the weight of the beam.

20kN  [40kN |60 kN 5 kN/m
B B c D 30kN-m I
Q) | E
_A_ — O Q, ° )
‘ B “/30 kN .m Cc
‘«— 2m 2m 2m 2 m—»‘ | 3m i 3m l
Fig. P6.43 Fig. P6.44
1
120 Ib/ft 9001 10 kN/m
25kN-m
A [o\ ‘\) E
A .\ C () ]
| Y g~
2 @) B C 4)1)_
l 8 ft 4ft ] le 1m 3m ! 2m—
Fig. P6.45 Fig. P6.46
1000 Ib | 400 Ib/ft
120 1b/e | 10010 120 Ib/ft 2000 1b 200 Ib/ft
B Cy B c
A [o\ A Q) D
L— _O L\ _O
2t 2 ft — =~ 2 ft —+ 5 ft—] 10 ft 10 ft |
Fig. P6.47 Fig. P6.48
14 kN/
i 60 kN 40 kN/m
7 KN/m 7 kKN/m 120 kN - m
YV By Yy Y Y YV VC =~
A Q\ o) |E
A%\ D D <" __(
B @)
< |
‘%3m 4m 1 3m—> ~1m—~| 3m 1m»«1m4
Fig. P6.49 Fig. P6.50
750 1b 20 kN/m 60 kN
3000 1b - ft 120kN - m
~
A {'\ ] D A Ql (,: | E
B~ _O A C <D @)
< |
PP ! 3 el 2 f ~2m—~—2m 2m—sl—2m—]
Fig. P6.51

Fig. P6.52



6.43-6.61  Problems
960 1b/ft 960 1b/ft
30 kN 40 kN
10 kN/m 440 Ib/ft
A Q |E Afe) D
A C D B c O
<—2m—>‘<—2m—> 1m 3m4>‘ Lf4ft 8 ft 2ft+‘
Fig. P6.53 Fig. P6.54
1 1000 1b 400 Ib/ft
B Pol T A A A A 200 Ib/ft
Al
A D A [C
_0O _ c D
<2 ft 2 ft—] 4ft B ngf«‘/
500 1b 2 ft—] 41t 2 ft—»‘
Fig. P6.55 Fig. P6.56
6.57—6.61 Draw the load and the bending moment diagrams that correspond to
the given shear force diagram. Assume no couples are applied to the beam.
V (Ib)
2400 3700
1000 1700
400 I I
x (ft) ‘ ‘ x (ft)
-3100
—4000
~4000 \H4 l 4 4 8
Fig. P6.57 Fig. P6.58
V (lb)
4 i 2 i 4 4 4—
900
V (Ib)
300 600 480
x (ft)
x (ft)
=360
-900
780 \
2 6 f—3 — 1380
Fig. P6.59 Fig. P6.60
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V (kN)

10 2nd-degree curve

_2\ x (m)

8

Fig. P6.61

Part B: Cables

BB Cables under Distributed Loads

a. General discussion

Flexible cables are used in numerous engineering applications. Common exam-
ples are power transmission lines and suspension bridges. The term flexible means
that the cables are incapable of developing internal forces other than tension. In
earlier chapters we treated cables as two-force members; that is, the weights of
the cables were neglected, and the loading consisted of end forces only. Here we
consider the effects of distributed forces, such as the weight of the cable or the
weight of a structure that is suspended from the cable. Concentrated loads are
covered in the next article.

Figure 6.10(a) shows a cable that is suspended from its endpoints A and B.
In order to support the distributed loading of intensity w, the cable must assume
a curved shape. It turns out that the equation describing this shape is simplified
if we place the origin of the xy-coordinate system at the lowest point O of the
cable. We let s be the distance measured along the cable from O. The shape of
the cable and the location of point O are generally unknown at the beginning of
the analysis.

y
5 A
r A N !

FBD

(a) (b)

Fig. 6.10



6.5 Cables under Distributed Loads

The units of the load intensity w are lIb/ft or N/m. The length can be measured
in two ways: along the horizontal x-axis (w as a function of x) or along the cable
(w as a function of s). Although these two cases must be treated separately, we
first consider the elements of the analyses that are common to both.

The free-body diagram (FBD) of a segment of the cable, extending from the
lowest point O to an arbitrary point C, is shown in Fig. 6.10(b). The tensile forces
in the cable at O and C are denoted by T and T, respectively; W is the resultant
of the distributed loading; and 6 represents the slope angle of the cable at C. The
force equilibrium equations of the cable segment are

SF,=0 -+ Tcos6—-Tp=0
LF,=0 4 Tsind-W=0

from which we obtain
T cost =T, Tsing =W 6.7)

The first of Eqs. (6.7) shows that the horizontal component of the cable force,
namely 7 cos 6, is constant throughout the cable. The solution of Egs. (6.7) for 6

and T yields
w
tanf = - T =,/T§ + W? (6.8)

0

b. Parabolic cable

Here we analyze the special case in which the loading is distributed uniformly
along the horizontal; that is, w(x) = wy, where wy is the constant load inten-
sity. This case arises, for example, in the main cables of a suspension bridge [see
Fig. 6.11(a)] where wy represents the weight of the roadway per unit length. It is
assumed that the roadway is connected to the main cables by a large number of
vertical cables and that the weights of all cables are negligible compared to the
weight of the roadway.

Taking Egs. (6.8) as the starting point, we now derive several useful equations
that describe the geometry of the cable and the variation of the tensile force within
the cable.

0 and T as functions of xand Top  Because the resultant of the loading shown in
Fig. 6.11(b) is W = wyx, Egs. (6.8) become

tan6 = g T = \/T§ + (wox)? (6.9)

0

y as a function of x and To  Substituting tan 6 = dy/dx, the first of Egs. (6.9)
can be written as dy/dx = wyx/Ty. Upon integration, we get

woXx 2

T (6.10)

y:
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/Maincable
O

= T e

w
FBD
(b)

Fig. 6.11

where the constant of integration was set equal to zero to satisfy the condition
y = 0 when x = 0. Equation (6.10), which represents a parabola with its vertex
at O, could also be obtained from a moment equilibrium equation using the FBD
in Fig. 6.11(b).

s as a function of x and To It is often necessary to compute the length s of
the cable between points O and C in Fig. 6.11(b). The infinitesimal length of the

cable is
d 2
ds = \JdP +dy? = [1 +(Eyc) dx @)

Substituting dy/dx = wox/Ty and integrating, we obtain

X 2
s(x) = / J1+ (@) dx (6.11)
0 Ty

Therefore, the length of the cable between points O and C is (see a table of
integrals)

(T
%) T() TO .



6.5  Cables under Distributed Loads

¢. Catenary cable

Consider a homogeneous cable that carries no load except its own weight. In
this case, the loading is uniformly distributed along the length of the cable; that
is, w(s) =wyp, where wy is the weight of the cable per unit length, and the dis-
tance s is measured along the cable. Therefore, the resultant of the loading shown
in Fig. 6.10(b) is W = wys. The following useful relationships can now be derived
from Egs. (6.8).

6 and T as functions of s and T Substituting W = wys into Egs. (6.8) gives

wos
tanf = A T = /T + (wos)* (6.13)

s as a function of x and Tg We start with Eq. (a), which can be written as
(dy/dx)2 = (ds/dx)* — 1. Substituting dy/dx = tan 0 = wys/Ty, and solving for dx,
yields

dx = —ds (b)

Using a table of integrals, Eq. (b) yields

N T 2
x(s) = / dx = o gy | Mos 1+(M) (6.14)
0

wo To T()

Solving this equation for s gives

T
s(x) = -2 sinh 2% (6.15)
wo Ty

The functions sinhu and coshu, called the hyperbolic sine and hyperbolic
cosine, respectively, are defined as

1 1
sinhu = — (e” — e’”) coshu = — (e“ + e’”)
2 2
It can be seen that the rules for differentiation are
d . d .
— sinhu = coshu — coshu = sinhu
du du

y as a function of x and To  We substitute Eq. (6.15) into the first equation of
Egs. (6.13), which yields tan 6 = sinh(wyx/T). Using tan 6 = dy/dx, we obtain

. WwoX
dy = tan 0 dx = sinh — dx
Ty
which gives
. T
y(x) = / dy=-"2 (cosh Tot 1> (6.16)
0 wo Ty

The curve represented by Eq. (6.16) is called a catenary.
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If the slope of the catenary is small everywhere, then the curve differs very
little from a parabola. As a proof of this statement, we note that if & << 1, then
dx = dscosf = ds. Consequently, w(s) =~ w(x), which means that the weight
of the cable may be approximated by a uniformly distributed loading along the
horizontal. This approximation usually simplifies the solution, because parabolic
cables are generally easier to analyze than catenary cables.

T as a function of x and Tog  According to Eq. (6.7), the tension in the cable
is T = Ty/ cos 0. Utilizing the geometrical relationship cos 8 = dx/ds, this becomes
T = Ty ds/dx. On substituting for s from Eq. (6.15), we get

T = Tycosh e (6.17)
Ty

d. Note on the solution of problems

There is no standard, step-by-step procedure for solving problems involving flex-
ible cables. The reason is that the solution method for every problem is highly
dependent on the information that is given in the problem statement. However,
here are two guidelines that are applicable in most situations and that may be
helpful.

1. Itis not always wise to depend entirely on Egs. (6.9)—(6.17). More often than
not, a good starting point is the free-body diagram of the entire cable, or a
portion of it, similar to Figs. 6.10(b) or 6.11 (b). This FBD, in conjunction with
Egs. (6.9)—(6.17), should be used to formulate a method of analysis before
proceeding to the actual computations.

2. Observe that point O, the origin of the coordinate system, and 7, appear in all
of the cable equations. If the location of point O and/or Tj are not known, they
should be determined first.



Sample Problem 6.8

The 36-m cable shown in Fig. (a) weighs 1.5 kN/m. Determine the sag H and the
maximum tension in the cable.

Method of Analysis

Because the loading is distributed along the cable, the shape of the cable is a cate-
nary. The cable is obviously symmetric about the midpoint of AB, which means
that the location of the lowest point O of the cable is known. From the second
of Egs. (6.13), we note that the maximum cable tension occurs at the endpoints,
where s is a maximum.

We now draw the free-body diagram of the right half of the cable, shown in
Fig. (b). Although we could use this FBD in the solution of the problem, it is
easier to use Egs. (6.15)—(6.17). However, the FBD is convenient for identifying
the various terms that arise in the solution.

Y
Y B / Tp=Thax
s

!
= H
TO o) 5B l

wo = 1.5 kN/m

(b) FBD of segment OB

By studying Egs. (6.15)—(6.17), we conclude that the solution can be obtained
by the following three steps.

Step 1: Equation (6.15)—Substitute wy = 1.5 kN/m and the coordinates of B
(s = 18 m, x = 15 m); solve for Tj.

Step 2: Equation (6.16)—Substitute wy = 1.5 kN/m, the coordinates of B (x =
15 m, y = H), and the value found for Tj; solve for H.

Step 3: Equation (6.17)—Substitute wog = 1.5 kN/m, x = 15 m, T = Tjys, and
the value found for Ty; solve for Tyax.

Mathematical Details

Step 1
Equation (6.15) is

T() . WwoXx
s = — sinh —
wo TO
T 1.5(1
18 = -2 sinh >(15)
1.5 To
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This equation must be solved numerically. The result, which may be verified by
substitution, is 7y = 21.13 kN.

Step 2
Equation (6.16) is

324

21.13 1.5(15
H = cosh (15) —1|=877Tm Answer
1.5 21.13
Step 3
Equation (6.17) is
T = Tycosh woX
Ty
1.5(15)
Tmax = 21.13 cosh =343 kN Answer
21.13
L

Sample Problem 6.9

Figure (a) shows a cable that carries the uniformly distributed load wy = 80 Ib/ft,
where the distance is measured along the horizontal. Determine the shortest cable
for which the cable tension does not exceed 10000 1b, and find the corresponding
vertical distance H.

200 ft i

N

Method of Analysis

Because the loading is distributed uniformly over the horizontal distance, we
know that the shape of the cable is parabolic. It is also apparent that the loca-
tion of the lowest point O of the cable and the cable tension 7j at that point are
not known. Therefore, the computation of these unknowns is addressed first.

A good starting point is the free-body diagram of the entire cable,
shown in Fig. (b). The forces appearing on this diagram are the cable ten-
sions at the endpoints (T4 and Tp) and the resultant of the distributed load:



W= (801b/ft)(200 ft) = 16 000 Ib. According to the second equation of Egs. (6.9),
the tension in the cable increases with x (x is measured from the vertex of
the parabola). It follows that the maximum cable tension occurs at B; that is,
Tg = 10000 1b, as shown in the figure. The FBD in Fig. (b) now contains three
unknowns: the slope angles 64 and 65 and the tension T4, all of which could be
computed from the three available equilibrium equations. It turns out that we need
only 65, which can be obtained from the moment equation XM, = 0.

Ty=10000 Ib
200 ft

f T,
At 047 <—]00ft—>‘
A SA 1

W =16 000 Ib
— LA I LB |

(b) FBD of entire cable

As the next step, we draw the FBD of the portion of the cable that lies to the
right of point O, as shown in Fig. (c). Assuming that 65 has already been com-
puted, this FBD contains three unknowns: L g (which locates point O), Ty, and H.
Because there are also three equilibrium equations available, all the unknowns
can now be calculated. The final step is to calculate the length of the cable from
Eq. (6.12).

T5= 10000 Ib
B/ \%

T
H
i

X
W = 80Lg
LB

(c) FBD of segment OB

Mathematical Details
From the FBD of the entire cable in Fig. (b), we obtain

TM,=0 ) (10000sin65)(200) — (10000 cos f)(40)
— (16000)(100) = 0

which reduces to

sinfp —0.2cosfp —0.8 =0

The smallest positive root of this equation can be found by numerical methods.

The result, which can be verified by substitution, is 6 = 62.98°.
From the FBD of segment OB in Fig. (c) we obtain

XF, =0 To = TpcosOp = 10000 cos 62.98° = 4543 b
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Note that this equation is identical to the first equation of Egs. (6.7). Using the
FBD in Fig. (c), we also get

XF, =0 80Lp = Tpsinfp = 10000sin 62.98° = 8908 1b

Therefore, Ly = 8908/80 = 111.35 ft and Ly = 200 — 111.35 = 88.65 ft. The
FBD in Fig. (c) also gives

. Lp
EMOIO :—D TB Sll’l@B(LB)—TBCOSQB(H)—SOLBT:0

which, on substituting the values for T, 65, and Lg, becomes

, . . (111.35)?
100005in 62.98°(111.35) — 10000 cos 62.98° (H) — 80———— =0

Solving for H, we find
H =109.2 ft Answer

The length of each of the two cable segments can be computed from
Eq. (6.12). For the segment AO, we substitute x = —L4 = —88.65 ft, wy =
80 Ib/ft, and Ty = 4543 1b. Therefore, wox/Ty = 80(—88.65)/4543 = —1.5611,
and Eq. (6.12) becomes

—88.65
s(—Ly) = V1+ (—1.5611)2

2
14543
- — _ 2
3750 ln[( 1.5611) + /1 + ( 1.5611)]
— _117.0ft

The negative result is due to the sign convention: The positive direction of s points
to the right of O, whereas point A is to the left of O. Therefore, the length of
segment OA is s4 = 117.0 ft.

The length of segment OB is obtained by using x = Lg = 111.35 ft in
Eq. (6.12). Omitting the details of this computation, the result is s = 163.1
ft. Hence the total length of the cable is

sa+sp =117.04+ 163.1 = 280.1 ft Answer

If the length of the cable were smaller than 280.1 ft, the maximum cable tension
would exceed the limiting value of 10000 Ib.



Problems

6.62 Show that the tension acting at a point in a parabolic cable varies with the
xy-coordinates of the point as

T(x,y) =wox [1 + 29)°]" (x> 0)

6.63 The cable of the suspension bridge spans L = 120m with a sag H =
18 m. The cable supports a uniformly distributed load of wy N/m along the hori-
zontal. If the maximum allowable force in the cable is 4 MN, determine the largest
permissible value of wy.

[
\

Fig. P6.63, P6.64

6.64 The two main cables of the Akashi Kaikyo suspension bridge in Japan
have a span L = 1990 m and a sag H = 233 m. The loading on each cable is wy =
444.7kN/m (without traffic) along the horizontal. Determine the corresponding
maximum force in one of the cables.

6.65 Cable AB supports the uniformly distributed load of 2 kN/m. If the slope
of the cable at A is zero, compute (a) the maximum tensile force in the cable; and
(b) the length of the cable.

80 ft

__4m_

6.62-6.79

Fig. P6.65 Fig. P6.66

6.66 A uniform 80-ft pipe that weighs 960 1b is supported entirely by a cable
AB of negligible weight. Determine the length of the cable and the maximum
force in the cable. (Hint: First locate the point O where the cable is tangent to the
pipe.)

i ...._ "s_'_
W =960 Ib
2 kN/m

Problems
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B /\50° 6.67 The cable AB supports a uniformly distributed load of 12 Ib/ft. Determine
the maximum force in the cable and the distance 5.

6.68 The string attached to the kite weighs 0.4 oz/ft. If the tension in the string
is 2.81b at O and 3.21b at B, determine the length s of the string and the height
H of the kite.

4 A
20°
( 12 1b/ft

L 60 ft

Fig. P6.67

)
|

Fig. P6.68

6.69 Show that the tension acting at a point in a catenary cable varies with the
y-coordinate of the point as 7(y) = Tp + woy.

6.70 A uniform cable weighing 15 N/m is suspended from points A and B. The
force in the cable at B is known to be 500 N. Using the result of Prob. 6.69,
calculate (a) the force in the cable at A; and (b) the span L.

Fig. P6.70

6.71  The span L and the sag H of the cable AB are 100 m and 10 m, respec-
tively. If the cable weighs 50 N/m, determine the maximum force in the cable
using (a) the equations of the catenary; and (b) the parabolic approximation.
(c) Compute the percentage error in the parabolic approximation.

6.72 Determine the ratio H/L that minimizes the maximum force in the uni-
form cable AB of a given span L. (Hint: Minimize the maximum force with respect
to T())

6.73 The cable of mass 1.8 kg/m is attached to a rigid support at A and passes
over a smooth pulley at B. If the mass M = 40 kg is attached to the free end
of the cable, find the two values of H for which the cable will be in equilibrium.
(Note: The smaller value of H represents stable equilibrium.)

6.74 One end of cable AB is fixed, whereas the other end passes over a smooth
pulley at B. If the mass of the cable is 1.5kg/m and the sag is H =1.8 m,
Fig. P6.73, P6.74 determine the mass M that is attached to the free end of the cable.
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6.75 The end of a water hose weighing 0.5 Ib/ft is pulled with a 40-1b force that
is inclined at 14° to the horizontal. Determine the length s of the hose that is lifted
off the ground and the corresponding horizontal distance L.

Fig. P6.75

6.76  The 50-ft steel tape AB that weighs 2.4 1b is used to measure the horizontal
distance between points A and C. If the spring scale at B reads 7.51b when the
length of tape between A and C is 36 ft, calculate the horizontal distance Ljc¢
between A and C to four significant digits.

‘ C

LAC
6.77 The cable AOB weighs 5.2 N/m. When the horizontal 30-N force is applied

to the roller support at B, the sag in the cable is 5 m. Find the span L of the cable. Fig. P6.76

Fig. P6.77

6.78 The chain AB weighs 51b/ft. If the force in the chain at B is 8001Ib,
determine the length of the chain.

‘ 60 ft i 60 ft ‘

Fig. P6.78 Fig. P6.79

6.79 The 120-1b traffic light is suspended from two identical cables AB and BC,
each weighing 0.75 Ib/ft. If the maximum allowable horizontal force exerted by a
cable on a vertical post is 180 1b, determine the shortest possible length of each
cable and the corresponding vertical distance /.
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*6.6 Cables under Concentrated Loads

a. General discussion

Sometimes a cable is called on to carry a number of concentrated vertical loads,
such as in Fig. 6.12(a). If the weight of the cable is negligible compared to the
applied loads, then each segment of the cable is a two-force member and the shape
of the cable consists of a series of straight lines. The analysis of a cable loaded
in this manner is similar to truss analysis, except that with cables the locations of
the joints (i.e., points where the loads are applied) are sometimes unknown. As in
the case of truss analysis, we can use the method of joints and/or the method of
sections to determine the equilibrium equations. However, it is often necessary to
include equations of geometric constraints in order to have enough equations to
find all the unknowns.

h
A
(@)
y y y
T3 Ti+l
T, 0, 0:1

; ® b . ©) . @ . .
M 92& 0,-\‘

T, W,

T, W, T; W;

(b) FBDs

Fig. 6.12

If a cable has n segments, then there are (n — 1) joints. For example, the cable
in Fig. 6.12(a) has n = 3 segments, and (n — 1) = 2 joints, labeled 1 and 2. We
use the following notation: s; is the segment length; L; is the horizontal spacing
of the loads; and 6; is the angle between a segment and the horizontal, where
i =1,2,..., nis the segment number. The vertical position of the ith joint,
measured downward from end B, is denoted by h;,i=1,2,...,n — 1.



6.6 Cables under Concentrated Loads

Figure 6.12(b) shows the FBDs for joints 1, 2, and an arbitrary joint i, i = 1,
2,...,n — 1. The equilibrium analysis of a cable with n segments involves cal-
culating the force 7; and slope angle 6; of each cable segment. Because the FBD
of each joint yields two equilibrium equations, the total number of independent
equilibrium equations for a cable with n segments is 2(n — 1). The equilibrium
equations for joint i in Fig. 6.12(b) are

YF,=0 =+ T c086;4 —Ticos6; =0 (@
TF,=0 ] Tiysin6q —T;sing —W; =0 (b)
wherei = 1,2, ...,n — 1. From Eq. (a) we see that the horizontal component

T; cos 6; is the same for each segment. Labeling this component as T, we can
replace Eq. (a) with

T cos6; =Ty i=12,....n (6.18)

and Eq. (b) can be rewritten as

To(tan9;; — tan ;) = W; i=12,...,n—1 (6.19)

Observe that Eqgs. (6.19) represent (n — 1) equations that contain the (n+ 1)
unknowns Tjy, 6;, 05, ..., 6,. Therefore, we must obtain two additional inde-
pendent equations before we can calculate all of the unknowns.

The source of the additional equations depends primarily on the nature of
the problem. It is convenient to divide problems into two categories depending
on whether the horizontal spacings of the loads (L;) or the lengths of the cable
segments (s;) are given and to discuss each category separately (we assume that
the relative position of the supports—the distances /# and L in Fig. 6.12(a)—are
known).

Because Egs. (6.18) and (6.19) have been derived from Fig. 6.12, the figure
also defines the sign conventions that have been used in the derivations: fensile
forces and counterclockwise angles measured from the horizontal are positive,
and £ is the vertical distance measured downward from the right-hand support B.
These conventions also apply to the equations that are derived in the remainder of
this article.

b. Horizontal spacings of the loads are given

Consider a cable with n segments for which the horizontal spacings of the loads
(Ly, Ly, ..., L,) are given. For this case, the following geometric relationship
can be obtained from Fig. 6.12(a):

h = Z L; tan 6; (6.20)
i=1

However, the problem is still not solvable, unless one additional piece of infor-
mation is given. This information may take several forms. For example, the hor-
izontal pull 7 or the maximum cable tension may be specified (both conditions

331



332

CHAPTER 6  Beams and Cables

are relevant from a design viewpoint), the vertical position of one of the joints
(e.g., h) may be prescribed, or the total length of the cable may be known.

We should point out that, in general, the analysis involves the solution of
simultaneous equations that are nonlinear in the angles 6;. In many problems this
difficulty can be avoided by considering an appropriate moment equation using
the FBD of the entire cable (see Sample Problem 6.10) or the FBD of a section
of the cable containing two or more joints. However, these moment equilibrium
equations are not independent of Egs. (6.18)—(6.20).

¢. Lengths of the segments are given

Consider next a cable with n segments for which the lengths of the segments
S1, $2, ..., 8, are known. For this case, Fig. 6.12(a) yields two independent
geometric relationships:

n n
h = Zsi sin 6; L= Zsi cos 6; (6.21)
i=1 i=1

These two equations, coupled with the (n — 1) equilibrium equations given in
Eq. (6.19), can be solved for the (rn + 1) unknowns without the need for additional
information. After Ty, 61, 6, . . . , 6, have been computed, the forces in the cables
can be found from Eq. (6.18).

Unfortunately, in this case it is not always possible to avoid the solution
of simultaneous, nonlinear equations (a very difficult task to perform analyti-
cally). Therefore, a computer program capable of solving simultaneous, nonlinear
equations may be necessary for solving problems in this category.



Sample Problem 6.10

For the cable loaded as shown in Fig. (a), determine the angles 8; and B,, the
force in each segment, and the length of the cable.

61t 11 ft 7 ft—]
( f
A ‘ 6 ft
|
=~~~ . ,
@ L W Bi=35 W, = 160016 | @)
1600 1b @ W, = 2000 Ib
2000 Ib

FBD

(a) ()

Method of Analysis

The free-body diagram of the entire cable is shown in Fig. (b), where the labeling
of the variables is consistent with the notation used in Fig. 6.12 (recall that the
positive direction for 0y, 6,, and 65 is counterclockwise from the horizontal, and
positive & is measured downward from end B).

We note that the information given in Fig. (a) includes the horizontal spacing
of the loads and the angle 3. Therefore, according to the discussion in Art. 6.6,
the problem is statically determinate, and a solution can be obtained by writing
and solving Egs. (6.18)—(6.20). In this problem, however, the difficulty of solving
these simultaneous, nonlinear equations can be avoided.

Examination of the FBD in Fig. (b) reveals that 75 can be calculated from the
equation ¥ M4 = 0. Equilibrium equations for joints 2 and 1 will then determine
the other unknowns without having to solve the equations simultaneously.

Mathematical Details
From the FBD of the entire cable, Fig. (b), we obtain

XMy =0 @ T5 sin 35°(24) + T5 cos 35°(6) — 1600(6) — 2000(17) =0
which gives
T; = 2334 1b Answer

The constant horizontal component 7j of the cable tension can now be found
by computing the horizontal component of 75.

To = T3 cos 63 = 2334 cos35° = 1912 1b
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Substituting i = 2 into Egs. (6.19), we obtain the equilibrium equation for

joint 2:
To(tan 03 — tan6,) = W,
1912(tan 35° — tan 6,) = 2000
which gives
6, = —19.08° or B2 = 19.08°
Withi = 1, Egs. (6.19) give the equilibrium equation for joint 1:

Ty(tan 9, — tan ;) = W,

1912[tan(—19.08°) — tan6;] = 1600
which gives

0, = —49.78°  or  Pi =49.78°

Answer

Answer

The tensions in the first and second segments can now be found from Egs.

(6.18):
T, 1912
T, =—2 — = 2961 Ib
cos 0, cos(—49.78°)
T, 1912
TH=—2 — =20231b

T cost,  cos(—19.08°)
The total length s of the cable is

s =81+ 5+ 53

L, L, Ls

+
cosf;  cosB,  cospPs

6 n 11 n 7
c0s49.78°  co0s19.08°  cos35°

=9.29 + 11.64 + 8.55 = 29.48 ft

Answer

Answer

Answer



Sample Problem 6.11

For the cable loaded as shown in Fig. (a), calculate the angles B;, B,, and B3 and
the force in each segment of the cable.

| 24 ft

1600 Ib
2000 Ib

(a)

Method of Analysis

The free-body diagram of the entire cable is shown in Fig. (b). Its main function
is to identify the variables and to enforce the sign conventions defined in Fig.
6.12 (recall that the positive directions for the 8’s are counterclockwise and that
positive & is measured downward from end B).

W =

W, = 2000 Ib

(b)

Observe that the length of each cable segment is given. As pointed out in
Art. 6.6, in problems of this type (and this problem is no exception) it is sel-
dom possible to obtain a solution without having to solve nonlinear, simultaneous
equations. An inspection of Fig. (b) reveals that two or more unknown angles
would appear in each equilibrium equation for the entire cable (this would also be
the situation if the equilibrium of any portion of the cable is analyzed). Therefore,
the most direct method of solution is to write and solve Egs. (6.19) and (6.21),
giving us a total of four equations containing the unknowns Ty, 6;, 6, and 6.
Because the equations are nonlinear, the solution must be obtained numerically by
a computer program capable of solving nonlinear, simultaneous equations. After
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the solution has been found, the force in each segment can be calculated from
Egs. (6.18).

Mathematical Details

On substituting the given values, Eqgs. (6.19) yield

i=1 To(tan 6y — tan ) = W,
To(tan 8, — tan @) = 1600 @)
and
(i=2) To(tan 93 — tanG,) = W,
To(tan 83 — tan 6,) = 2000 (b)
and Egs. (6.21) become
s;sinf; + s> 8in6, + s3sinf3 = h
8sin#; + 12sin6, + 10sinb; = —6 (o)
and
51086 + 52cos0r + s3¢c08605 = L
8cos; + 12cosh + 10cos O3 = 24 (d)
The solution of Eqgs. (a)—(d), which can be verified by substitution, is

Tp = 1789 1b

6 = —53.62°(= —B1)

Answer
0, = —24.83°(= —Ba)
03 = 33.23°(= B3)
Using Eqgs. (6.18), the tensions in the cable segments are
T; 1789
T, = —2 — =30201b
cos 0y cos(—53.62°)
T; 1789
T, = 0 _ =19711b Answer

cosf,  cos(—24.83°)

T 1789
= = =21401b
cos 63 cos 33.23°




Problems

6.80 The cable carrying 40-1b loads at B and C is held in the position shown
by the horizontal force P = 60 Ib applied at A. Determine 4 and the forces in

segments BC and CD.

6.81  The cable ABCD is held in the position shown by the horizontal force P.

Determine P, h, and the forces in segments BC and CD of the cable.

6.80-6.91 Problems

337

- 6ft 8 ft 12 ft
__bft _ 4ft
| YL
| |
! 6ft)
! |
|
| |
| c
|
P 3
A B 401b
ﬁ 401b 1.8 kips
Fig. P6.81 Fig. P6.82

6.82 Determine the angles 8, and B3 and the force in each cable segment if

Bi = 40°.

6.83 The cable carrying three 400-1b loads has a sag at C of he =16 ft.

Calculate the force in each segment of the cable.

- 8 ft =« 8ft »~— 12ft —|~— 12t —

Fig. P6.83, P6.84

6.84 The cable supports three 400-1b loads as shown. If the maximum allow-

able tension in the cable is 900 1b, find the smallest possible sag hi¢ at C.

6.85 Cable ABC of length 5m supports the force W at B. Determine (a) the

angles B; and B,; and (b) the force in each cable segment in terms of W.

Fig. P6.80

Fig. P6.85
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6.86 When the 12-kN load and the unknown force P are applied, the cable
assumes the configuration shown. Determine P and the force in each segment of
the cable.

P
Fig. P6.86

6.87 The cable is subjected to a 150-lb horizontal force at B, and an 80-Ib
vertical force at C. Determine the force in segment CD of the cable, and the
distance b.

Fig. P6.87

6.88 The 15-m-long cable supports the loads W; and W, as shown. Find the
ratio W;/W, for which the segment BC will be horizontal; that is, 8, = 0.

Fig. P6.88, P6.89

6.89 The cable of length 15 m supports the forces W; = W, = W at B and C.
(a) Derive the simultaneous equations for 8;, ,, and 3. (b) Show that the solu-
tion to these equations is g; = 41.0°, B, = 9.8°, and B3 = 50.5°. (c) Compute
the force in each segment in terms of W.



6.90 The 12-kN weight is suspended from a small pulley that is free to roll on
the cable. The length of the cable ABC is 18 m. Determine the horizontal force P
that would hold the pulley in equilibrium in the position x = 4 m.

6.91  The cable ABCD is held in the position shown by the horizontal force P.
Determine P and the force in each segment of the cable.

1.0m

Fig. P6.91

6.80-6.91

Problems

339



340  CHAPTER 6  Beams and Cables

Review of Equations

A beam is a slender bar carrying loads that are perpendicular to the bar.

by

| y
+w || +V|iG+MD |_x

w = —dV/dx V =dM/dx

Vp = V, — area of w-diagram]5
Mg = M4 + area of V-diagram] ﬁ

Vi=Vi—Py MIi=M,+Cy

If the loading wy is distributed uniformly along the horizontal, the shape of the
cable is parabolic:

( ) W())C2
X) =
y 27,
X WoX 2 Ty WoXx WoX :
=—1 —_— —1In| — 1 —_—
500 2 +<To)+2W0n To+ +<To)

To = tension in the cable at x = 0
s(x) = length measured along the cable from x = 0

If the loading wy is distributed uniformly along the cable, the shape of the cable
is a catenary:
T
y(x) = -0 (coshM — 1)
wo To
WwoXx

T .
s(x) = —sinh——
wo To
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Dry Friction

i

- Introduction

In most of the equilibrium problems that we have analyzed up to this point, the
surfaces of contact have been frictionless. The reactive forces were, therefore,
normal to the contact surfaces. The concept of a frictionless surface is, of course,
an idealization. All real surfaces also provide a force component that is tangent to
the surface, called the friction force, that resists sliding.

In many situations, friction forces are helpful. For example, friction enables
you to walk without slipping, it holds nails and screws in place, and it allows us

The force required to turn the handle
of a screw press, such as the antique
wine press shown here, depends on
the coefficient of friction between the
screw threads. This effect is
illustrated Sample Problem 7.12.
Andrey Kudinov/Shutterstock
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(b)

Fig. 7.1

to transmit power by means of clutches and belts. On the other hand, friction can
also be detrimental: It causes wear in machinery and reduces efficiency in the
transmission of power by converting mechanical energy into heat.

Dry friction refers to the friction force that exists between two unlubricated
solid surfaces. Fluid friction acts between moving surfaces that are separated by
a layer of fluid. The friction in a lubricated journal bearing is classified as fluid
friction, because the two halves of the bearing are not in direct contact but are
separated by a thin layer of liquid lubricant. In this chapter, we consider only dry
friction.” A study of fluid friction involves hydrodynamics, which is beyond the
scope of this text.

22 Coulomb’s Theory of Dry Friction

Dry friction is a complex phenomenon that is not yet completely understood.
This article introduces a highly simplified theory, known as Coulomb’s theory
of dry friction, that has been found to give satisfactory results in many practical
problems.

Coulomb’s theory is best explained by considering two bodies that are in con-
tact with each other, as shown in Fig. 7.1 (a). Although a single point of contact
is indicated in this figure, the following discussion also applies for a finite con-
tact area. The plane of contact shown in Fig. 7.1(a) is tangent to both bodies at
the point of contact. Figure 7.1(b) displays the free-body diagrams of the bod-
ies, where N is the normal contact force and F is the friction force. The force N
is perpendicular to the plane of contact, whereas F lies in the plane of con-
tact. Coulomb’s theory consists of several postulates that are explained in the
following.

a. Static case

Coulomb proposed the following law: If there is no relative motion between two
surfaces that are in contact, the normal force N and the friction force F satisfy the
following relationship.

F < Frax = /'LSN (71)

where F,.x 1S the maximum static friction force that can exist between the contact-
ing surfaces and p, is known as the coefficient of static friction. The coefficient
of static friction is an experimental constant that depends on the composition and
roughness of the contacting surfaces. Typical values of u are listed in Table 7.1.
Observe that Eq. (7.1) states simply that the friction force F that exists under
static conditions (no relative motion) has an upper limit that is proportional to the
normal force.

*Dry friction is also known as Coulomb friction, after C.-A. de Coulomb (1736-1806), the first
investigator to completely state the laws of dry friction.
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b. Impending sliding

Consider the static case in which the friction force equals its limiting value; that is,

F = Fpax = usN (7.2)

For this condition, the surfaces are on the verge of sliding, a condition known
as impending sliding. When sliding impends, the surfaces are at rest relative to
each other. However, any change that would require an increase in the friction
force would cause sliding. The direction for Fp,x can be determined from the
observation that

Finax always opposes impending sliding

€. Dynamic case

If the two contact surfaces are sliding relative to each other, the friction force F is
postulated to be

F = F, = wN (7.3)

where N is the contact normal force; 1y is an experimental constant called the
coefficient of kinetic friction; and Fy is referred to as the kinetic, or dynamic fric-
tion force. As indicated in Table 7.1, the coefficient of kinetic friction is usually
smaller than its static counterpart. As in the static case,

F; always opposes sliding

d. Further discussion of Coulomb friction

When applying Coulomb’s theory, the difference between Fy,,x and F; must be
clearly understood: Fi,.x is the maximum friction force that can exist under static
conditions; F} is the friction force that does exist during sliding.

To illustrate Coulomb’s laws of friction, consider the situation depicted in
Fig. 7.2 (a). The block of weight W is assumed to be at rest on a horizontal surface
when it is subjected to the horizontal force P. (We limit our attention here to
sliding motion; the possibility that the block may tip about its corner is considered

(a)

|W
P '
|
—
F '
N

(b)

Fig. 7.2
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later.) The free-body diagram of the block is shown in Fig. 7.2(b). Because the
friction force F resists the tendency of the block to slide, F is directed opposite
to P. We now examine the variation of F' with P as the latter increases slowly
from zero.

If P is relatively small, the block will remain at rest, and the force equations
of equilibrium, £F, =0 and £ F, =0, yield F = P and N = W." Therefore, as
long as the block remains at rest, the friction force F equals the applied force P.
Figure 7.3 shows the plot of F versus P. In the static region, 0 < F < Fj,x; the
variation is a straight line with unit slope. When F = F,, the block is still
in static equilibrium, but sliding impends. However, the slightest increase in P
would result in sliding. In Fig. 7.3, the point referring to impending sliding marks
the end of the static region. When P exceeds Fp,x, the block starts to slide, and the
friction force F drops to its kinetic value Fj. If P is further increased, F' remains
constant at F;. Consequently, the plot of F' versus P is a horizontal line in the
dynamic range.

F
(friction
force)
Static | Dynamic
_—Impending sliding
Fnax = BN === ==~
1 U R=mynN
P
(applied
force)
Fig.7.3

e. Limitations

Because there is no theoretical explanation that accurately describes friction phe-
nomena, engineers must rely on empirical constants, such as the coefficient of
friction. Handbook values for the coefficients of friction should be treated as
approximate values. Experimental results indicate that the coefficients may vary
widely with environmental conditions, such as humidity, the cleanliness of the
surfaces, and so on.

The theory of dry friction is applicable only to surfaces that are dry or that
contain only a small amount of lubricant. If there is relative motion between the
surfaces of contact, the theory is valid for low speeds only. If the surfaces are well
lubricated and are moving with high relative speeds, the frictional characteristics
are best described by the theories of fluid friction, which are beyond the scope of
this text.

“The moment equation of equilibrium would determine the line of action of the normal force N, an
important consideration in the analysis of tipping. However, because we are delaying a discussion of
tipping, this equation is not of interest at the present time.



7-3  Problem Classification and Analysis

It is interesting to note that Coulomb’s theory of dry friction does not depend
on the area of contact. There are, of course, many situations where this is not the
case. For example, the traction (friction force) between an automobile tire and the
pavement can be increased under certain conditions by letting a small amount of
air out of the tire, thus increasing the contact area. Obviously, Coulomb’s theory
of dry friction is not applicable in this situation. The maximum traction in this
case is also influenced by factors, such as surface adhesion, that depend on the
area of contact.

3 Problem Classification and Analysis

The analysis of equilibrium problems that involve friction can be somewhat com-
plicated because Coulomb’s law, Eq. (7.1), is an inequality. It does not tell us
the friction force; it tells us only the largest possible friction force. The equality
F = Fiyax = UsN can be used only if slipping is known to impend. Because F is
not necessarily equal to Fp,x at a friction surface, it is not possible to develop a
single method of analysis that is valid for all friction problems. However, friction
problems can be classified into three types, and a separate method of solution can
be outlined for each type.

Type | The problem statement does not specify impending motion. In problems
of this type, we do not know whether or not the body is in equilibrium. Therefore,
the analysis must begin with an assumption about equilibrium.

Method of Analysis

1. Assume equilibrium You are strongly advised to write down this assumption
as a reminder that the solution will not be complete unless the assumption has
been checked. The sense of each friction force can be assumed because the
solution of the equilibrium equations will determine the correct sense.

Solve the equilibrium equations for the friction forces required for equilib-

rium.”

3. Check the assumption If the friction forces required for equilibrium do
not exceed their limits (i.e., if F < uyN at each friction surface), then the
assumption is correct, and the remaining unknowns can be computed using
equilibrium analysis. (Note that if F=usN at a surface, which would
imply impending sliding, then the assumption is still correct.) If equilibrium
requires that F > N at any friction surface (which is physically impossible),
the assumption of equilibrium is incorrect. Therefore, we have a dynamics
problem in which the friction forces at the sliding surfaces are F = Fy = ux N.

N

See Sample Problems 7.1 and 7.4 for examples of Type I problems.

“This analysis presupposes that the friction forces are statically determinate. Statically indeterminate
friction forces are omitted from the present discussion. Problems of this type are best solved using the
principle of virtual work (see Chapter 10).
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Type Il The problem statement implies impending sliding, and the surfaces where
sliding impends are known. Friction problems of this type have the most straight-
forward analyses, because no assumptions and, therefore, no checks are required.
It is not necessary to assume equilibrium—a body known to be in a state of
impending sliding is in equilibrium by definition.

Method of Analysis

1. Set F = Fyu.x = UgN at the surfaces where sliding impends. Make sure that
the sense of each Fp,y is correctly shown on the FBD (opposing impending
sliding), because the solution of the equilibrium equations may depend on the
assumed directions of the friction forces.

2. Solve for the unknowns using the equilibrium equations.

See Sample Problems 7.2, 7.5, and 7.6 for examples of Type II problems.

Type lll  The problem statement implies impending sliding, but the surfaces at
which sliding impends are not known. Problems of this type are the most tedious
to analyze, because the surfaces at which sliding impends must be identified by
trial and error. Once an assumption has been made, the analysis is similar to that
for Type II problems. Two methods of analysis can be used here, both of which
are described in the following.

Method of Analysis 1

1. Determine all possible ways in which sliding can impend.

2. For each case, set F = Fpx at the surfaces where sliding impends and solve
the equilibrium equations. Again, the sense of each Fp,x should be correct
on the FBD. In general, a different solution is obtained for each mode of
impending sliding.

3. Choose the correct answer by inspection of the solutions.

Method of Analysis 2

1. Determine all possible ways in which sliding can impend.

2. For one of the cases, set F = Fy, at the surfaces where sliding impends and
solve the equilibrium equations.

3. Check the solution by comparing the friction force at each of the other sur-
faces with its limiting value. If all these forces are less than or equal to their
maximum permissible values, then the solution is correct. If a friction force
exceeds its limiting value u; N, the solution is invalid and another mode of
impending sliding must be analyzed. This procedure must be continued until
the correct solution is found.

See Sample Problems 7.3 and 7.7 for examples of Type III problems.

Caution Remember that the equation F = u, N is valid only in the special case
of impending sliding. Many difficulties encountered by students can be traced to
the incorrect assumption that the equation F = u N is always true.



Sample Problem 7.1

The 100-1b block in Fig. (a) is initially at rest on a horizontal plane. Determine the
friction force between the block and the surface after P was gradually increased
from 0 to 301b.

From the problem statement we conclude that this is a Type I problem (impending
motion is not specified). Furthermore, we do not know if the block will even
remain at rest in static equilibrium when P = 30 Ib.

Assume Equilibrium

Once we have assumed that the body remains at rest, the equilibrium equations
for the free-body diagram in Fig. (b) can be used to calculate the two unknowns
(N and F), as follows.

LF,=0  N-100=0
N =1001b

XF,=0 =& P-F=0
F=P=30lb

Before we can accept this solution, the assumption of equilibrium must be
checked.

Check

The maximum static friction force is
Finax = sN = 0.5(100) =50 1b

Because F < Fyx, we conclude that the block is in static equilibrium, and the
correct value of the friction force is

F=301Ib Answer

Comment

If the coefficient of static friction had been 0.25, instead of 0.5, the block would
not be in equilibrium. The 30-1b friction force required for equilibrium would be
greater than F,x = 0.25(100) = 25 1b; therefore, the friction force would be

F=F, =N =02(100) =20 Ib

and the block would be sliding to the right.

P
W=1001b |=—s
By =05
w=02
(a)
100 Ib
j P=301Ib
y
1
F X
N

(b)
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W =100 1b

py=0.5
=02

(a)

100 1b

.

(b)

Sample Problem 7.2

The 100-1b block in Fig. (a) is at rest on a rough horizontal plane before the force P
is applied. Determine the magnitude of P that would cause impending sliding to
the right.

The problem statement clearly specifies that sliding impends. Because we know
where it impends (there is only one friction surface), we conclude that this is a
Type II problem.

The free-body diagram of the block is shown in Fig. (b), where the friction
force is shown acting to the left, opposite the direction of impending sliding. There
are three unknowns in this FBD: P, N, and F. There are also three independent
equations: two equilibrium equations and Coulomb’s law for impending sliding.

From the FBD we see that the equilibrium equations give N = 100 1b and
P = F. Coulomb’s law then yields

P =F = Fpxx = usN =0.5(100) = 50 1b Answer
This completes the solution. Because there were no assumptions, no checks are
necessary.

Comment

Note that Fig. (a) in both Sample Problems 7.1 and 7.2 is identical. The differ-
ences are revealed only in the problem statements. This shows that you must read
each problem statement very carefully, because it determines the problem type.

A problem statement can imply impending sliding. For example, the following
are equivalent to the original statement of this problem: They both imply that P is
to be calculated for impending sliding.

1. Determine the largest force P that can be applied without causing the block to
slide to the right.
2. Determine the smallest force P that will cause the block to slide to the right.

y

Surface @
p=02 N\

.

W, = 100 Ib

B

Wy = 200 Ib
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(a)

Sample Problem 7.3

Determine the maximum force P that can be applied to block A in Fig. (a) without
causing either block to move.

The problem statement indicates that we are to find P that would cause impend-
ing motion. However, there are two possible ways in which motion can impend:
impending sliding at surface 1, or impending sliding at surface 2. Because
impending sliding is specified but not its location, this is a Type III problem.

The free-body diagrams of the entire system and each block are shown in
Figs. (b) and (c), respectively. Note that the equilibrium of each block yields



| W, = 100 Ib

A ; P
T
—
Fl
/ Ny =1001b
W, =100 1b
A I Ny = 100 1b
®\ F
1 —
B B
Wy = 200 Ib ‘WB = 2001b
f—

) o 7
N, = 300 Ib 2 N, = 300 Ib

(b) (©

N; = 100 Ib and N, = 300 1b, as shown on the FBDs. Attention should be paid
to the friction forces. The friction force F, on the bottom of block B is directed
to the left, opposite the direction in which sliding would impend. At surface 1,
block A would tend to slide to the right, across the top of block B. Therefore, F)
is directed to the left on block A, and to the right on block B. The tendency of F)
to slide B to the right is resisted by the friction force F,. Note that F; and N do
not appear in the FBD in Fig. (b), because they are internal to the system of both
blocks.

Two solutions are presented here to illustrate both methods of analysis
described in Art. 7.3.

Method of Analysis 1

First, assume impending sliding at surface 1. Under this assumption we have
Fi = (F)max = (s)1 Ny = 0.2(100) = 20 1b
The FBD of block A then gives

F,=0 -+ P—-F =0
P=F =201Ib

Next, assume impending sliding at surface 2, which gives
Fy = (F)max = (15)2N2 = 0.1(300) = 30 1b
From the FBD of the entire system, Fig. (b), we then obtain

$F,=0 -t P—F=0
P=F,=301lb
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So far, we have determined that P =20 Ib will cause motion to impend at
surface 1 and that P =30 1b will cause motion to impend at surface 2. Therefore,
the largest force that can be applied without causing either block to move is

P=201b Answer

with sliding impending at surface 1.

Be sure you understand that the largest force that can be applied is the smaller
of the two values determined in the preceding calculations. If sliding impends
when P =20 Ib, then the system would not be at rest when P =30 1b.

Method of Analysis 2

Assume impending motion at surface 1. We would then obtain P = (F)max =
20 1b, as determined in Method of Analysis 1. Next, we check the assumption.

Check

The assumption of impending motion at surface 1 is checked by comparing the
friction force F, with (F2)max, its maximum possible value. Using the FBD of
block B, we obtain

SF, =0 =t F—-F=0
Fi=F =201

Because (F2)max = ()2 N> =0.1(300) =30 1b, we have F) < (F>)max. Con-
sequently, we conclude that impending motion at surface 1 is the correct
assumption, so that the answer is P =201b.

Had F, turned out to be greater than (F3)max, we would know that sliding
would first impend at surface 2, and the problem would have to be solved again
making use of this fact.

Comment

There are five unknowns in this problem: P, Ny, Fj, N,, and F,. There are
four independent equilibrium equations: two for each block. The assumption of
impending motion at one surface provides the fifth equation, F = py N, making
the problem statically determinate.

In our solution, we have considered two possible modes of impending
motion—impending sliding at surface 1 and impending sliding at surface 2.
Impending sliding at both surfaces at the same time is obviously a third possibility,
but it need not be examined independently. Both of the foregoing analyses would
determine if simultaneous impending sliding is indeed the case. In Method of
Analysis 1 the two computed values of P would be equal. In Method of Analysis 2
the check would reveal that F = F,,,x at both surfaces.

Caution A mistake that is often made in the analysis of Type III problems is to
assume that motion impends at the surface with the smallest coefficient of static
friction. The solution to this problem illustrates that this need not be the case.



Sample Problem 7.4

Can the system in Fig. (a) be in static equilibrium in the position shown? The
uniform bar AB weighs 5001b, and the weight of block C is 300 Ib. Friction at A
is negligible, and the coefficient of static friction is 0.4 at the other two contact
surfaces.

Because it is not known whether motion impends, we identify this as a Type I
problem. Note that the FBDs of the bar and the block, Figs. (b) and (c), contain
five unknowns: N4, N, Fg, Nc, and Fc.

Assume Equilibrium

Under this assumption, there are five equilibrium equations: three for the bar
AB and two for the block C. The unknowns may be computed by the following
procedure.

FBD of AB [Fig. (b)]
XMp =0 :D N4 sin40°(10cos 30°) + N4 cos40°(10sin 30°)

—500(5c0s30°) =0
Ny =230.41b

>F,=0 > Fp—Nycos40° =0
Fp =230.4cos40° = 176.50 1b

$F, =0 T N+ Nysind0° —500=0
Np = —230.45in40° + 500 = 351.9 Ib

FBD of Block C [Fig. (c)] (©)

LF,=0 ] Nc—Np—300=0
N¢ =351.9+300 = 651.91b

YF, =0 =+ Fc—Fp=0
Fc = Fp =176.501b

Check

To check the assumption of equilibrium, we must compare each of the friction
forces against its maximum static value.

(Fg)max = 0.4Np = 0.4(351.9) = 140.76 Ib < Fp = 176.50 1b
Answer
(Fo)max = 0.4Nc = 0.4(651.9) =260.81b > F- = 176.501b

We conclude that the system cannot be in equilibrium. Although there is sufficient
friction beneath B, the friction force under C exceeds its limiting value.
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Sample Problem 7.5

Determine the largest and smallest values of the force P for which the system
in Fig. (a) will be in static equilibrium. The homogeneous bars AB and BC are
identical, each having a mass of 100 kg. The coefficient of static friction between
the bar at C and the horizontal plane is 0.5.

(a)

This is a Type II problem because impending sliding at C is implied. Howeyver,
finding the largest and smallest values of P are two separate problems.

Note that the weights of the bars have a tendency to slide C to the right.
Therefore, impending sliding of C to the right corresponds to the smallest P. The
largest P occurs when sliding of C impends to the left; in this case, P must over-
come both the friction and the tendency of the weights to slide C to the right.
Consequently, the only difference between the two problems is the direction of
the friction force at C.

The FBD of the system consisting of both bars is shown in Fig. (b); the
two directions of F¢ are indicated by dashed lines. The weight of each bar,
W =mg=100(9.81) =981 N, is also shown on the diagram.

(b)

An equation involving only N¢ and P is obtained by summing moments about
A in Fig. (b):

IMs=0 ) Nc(6cos30°) + P(1.5sin30°)
—981(1.5cos 30°) — 981(4.5 cos 30°) = 0 @

The FBDs of bar BC corresponding to the largest and smallest values of P are
shown in Figs. (c) and (d), respectively. In both cases, F¢ is set equal to (F¢)max
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(c) Largest P (d) Smallest P

because sliding impends. Summing moments about B yields another equation
containing N¢ and P.

SMp=0 5 Nc(3cos30°) — 981(1.5cos30°)
— P(1.55in30°) £+ 0.5N¢(3sin 30°) = 0 (b)

where the positive (negative) sign on the last term corresponds to the largest
(smallest) value of P.
Solving Egs. (a) and (b) gives

largest P = 1630 N Answer
smallest P = 530 N Answer

Therefore, the system is in static equilibrium for values of P in the range
530N < P <1630 N.

The solution of this sample problem clearly illustrates that the directions of the
friction forces must be shown correctly on the free-body diagrams when sliding
impends.

Sample Problem 7.6

The uniform 100-Ib plank in Fig. (a) is resting on friction surfaces at A and B.
The coefficients of static friction are shown in the figure. If a 200-1b man starts
walking from A toward B, determine the distance x when the plank will start to
slide.

]

f,=02 \ B//
(
‘ A 10 ft /<\400

(a)
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anl 200 Ib
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.

F, T 5 ft
NA

(b)

FB
B ar
el

51t
50° A\ Ny

100 1b

This is a Type II problem. When the plank is on the verge of moving, sliding
must impend at both A and B. Impending sliding at A only, or at B only, would be
physically impossible. Because the plank is a rigid body, any movement of end A
must be accompanied by a movement of end B.

The FBD of the plank is shown in Fig. (b). Observe that the friction forces
are shown acting in their correct directions. When the plank is ready to move,
the direction of impending sliding of end B is down the inclined plane. Con-
sequently, end A would tend to slide to the left. The directions of F4 and Fp
must oppose these motions. Showing either of the friction forces in the opposite
direction would lead to incorrect results.

Inspection of the FBD in Fig. (b) reveals that there are five unknowns: N4,
F4, Ng, Fp, and x. There are also five equations: three equilibrium equations and
two friction equations. Therefore, all the unknowns can be computed from the
FBD as follows.

EMs=0 ) Ngsin50°(10) + Fp sin40°(10)

—200x — 100(5) =0 @)
YF,=0 =+ F4— Npcos50°+ Fgcos40° =0 (b)
YF,=0 T Ni—200—100+ Npsin50° + Fpsin40° =0  (0)

Substituting the friction equations, Fy4 = 0.2N4 and Fg = 0.5Np, and solving
Egs. (a)—(c) give Ny = 163.31b, Ny = 125.7 Ib, and

x =434 ft Answer
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Sample Problem 7.7

The spool in Fig. (a) weighs 25 N, and its center of gravity is located at the geo-
metric center. The weight of block C is 50 N. The coefficients of static friction at
the two points of contact are as shown. Determine the largest horizontal force P
that can be applied without disturbing the equilibrium of the system.

.

Dimensions
in mm




The key to the analysis of this problem is understanding that there are two possi-
bilities for impending motion (both could occur simultaneously): (1) impending
sliding at A with impending rolling (without sliding) at B, and (2) impending
sliding at B with impending rolling (without sliding) at A. Because it is initially
not known which of these possibilities represents the actual mode of impending
motion, this is a Type III problem.

The free-body diagrams for the block and the spool are shown in Fig. (b).
Observe that both friction forces have been shown in their correct directions. The
force P tends to slide points A and B on the spool to the right. Therefore, both
friction forces are shown acting to the left on the FBD of the spool.

Inspecting the FBDs in Fig. (b), we conclude from X F, = 0 that Ny = 50 N
and Np = 75 N. At this stage three unknowns remain in the FBD of the spool: Fj4,
Fg, and P. Because only two equilibrium equations are left (X F,, = 0 has already
been used), the remainder of the solution depends on the assumption regarding
impending motion.

Assume Impending Sliding at A
This assumption gives us the additional equation F4 = 0.3N4 = 0.3(50) = 15N.
The FBD of the spool then yields

EMp=0 3 Fa(240) — P(40) =0

which gives
P =6F, =6(15 =90.0N
Assume Impending Sliding at B
This assumption gives Fg =0.4Np = 0.4(75) =30 N. From the FBD of the spool,
we now obtain

EMy=0 3 — Fp(240) + P(200) =0

which gives
P=12Fz =1230)=36.0N

Choose the Correct Answer

Up to this point, the analysis has determined that sliding impends at A if
P =90.0 N and at B if P =36.0 N. Consequently, the largest force P that can
be applied without disturbing the static equilibrium of the spool is

P =36.0N Answer

with sliding impending at B.

An alternate method for solving this problem is to assume impending sliding
at one surface and then to compare the friction force at the other surface with its
limiting static value.

50N
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Problems

20° T~ 120 1b

80 Ib

py=02

Fig. P7.1

30° f\ A

120 1b

80 1b

s = 0.2

Fig. P7.2

Fig. P7.5

7.1 Can the two blocks be in equilibrium in the position shown? Justify your
answer. All surfaces are frictionless except the horizontal surface beneath block B.

7.2 Determine the range of P for which the system of two blocks will be in
equilibrium. Friction is negligible except for the surface under block B.

7-3 Two identical chairs, each weighing 14 1b, are stacked as shown. The cen-
ter of gravity of each chair is denoted by G. The coefficient of static friction is
0.2 at B (the contact point between the chairs) and 0.35 at A, C, and D. Determine
the smallest force P that would cause sliding.

Fig. P7.3

7.4 The two homogeneous bars AB and BC are connected with a pin at B and
placed between rough vertical walls. If the coefficient of static friction between
each bar and the wall is 0.4, determine the largest angle 8 for which the assembly
will remain at rest.

Fig. P7.4

7.5 The contact surface between the 36-1b block and 20-1b homogenous cylin-
der is frictionless. Can the system be in static equilibrium on the rough inclined
plane?



7.6 Determine the smallest angle 6 at which the uniform triangular plate of
weight W can remain at rest. The coefficient of static friction at A and B is 0.5.

7.7 The center of gravity of the 50-kg spool is at G. A cable wound around
the hub of the spool is attached to the 30-kg block B. The coefficients of static
friction are 0.15 under the spool and 0.2 under the block. Determine the largest
counterclockwise couple Cy that can be applied to the spool without disturbing
the equilibrium of the system.

Fig. P7.7

7.8 The brake pads at C and D are pressed against the cylinder by the spring BF'.
The coefficient of static friction between each pad and the cylinder is 0.2. Find
the smallest tension in the spring that would prevent the cylinder from rotating
when the clockwise couple M = 3000 1b - in. is applied. Neglect the weights of
the members.

7.9 Can the three identical cylinders be in equilibrium if they are stacked as
shown? The static coefficient of friction is 0.30 between the cylinders and 0.1
between the cylinders and the ground.

7.10 The rear-wheel-drive pickup truck, with its center of gravity at G, is to
negotiate a bump from a standing start in the position shown. The static and
kinetic coefficients of friction between the tires and the pavement are 0.18 and
0.15, respectively. Determine the largest slope angle 6 that can be negotiated,
assuming that the drive wheels are (a) spinning; and (b) not spinning.

G
-
0

A‘ ‘B
~— 60 in.—{= 40 in. ~

Fig. P7.10, P7.11
7-11  Solve Prob. 7.10 assuming that the pick-up truck has front-wheel drive.

7.12  The 0.8-kg bar is pinned at A and rests on the 1.6-kg spool at B. Both
bodies are homogenous. If the coefficient of static friction is 0.25 at both B and C,
calculate the largest force P that can be applied without disturbing the equilibrium
of the system.
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Fig. P7.9
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Fig. P7.12
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~ 530Q

Fig. P7.13

Dimensions in mm

Fig. P7.16

7.13 The horizontal force P acts on the rim of the homogeneous cylinder of
radius R and weight W. Determine the smallest coefficient of static friction that
enables the cylinder to start rolling up the 30° incline.

7.14 The uniform bar and the homogeneous cylinder each have a mass of 24 kg.
The static coefficient of friction is uy at A, B, and C (the three points of contact).
(a) Assuming equilibrium, calculate the normal and friction forces at A, B, and C.
(b) What is the smallest value of ;1 necessary for equilibrium?

0.333m

|
L A g

I Im | | 6.4 ft |

Fig. P7.14 Fig. P7.15

7.15 A stepladder consisting of two legs pinned together at C is resting on a
rough floor. Will a 160-1b worker be able to change the light bulb if he is required
to climb to a height of 2.6 {t? The uniform legs AC and BC weigh 22 1b and 14 1b,
respectively. The coefficient of static friction at A and B is 0.48.

7.16  The mass of the unbalanced disk is m, and its center of gravity is located
at G. If the coefficient of static friction is 0.2 between the cylinder and the inclined
surface, determine whether the cylinder can be at rest in the position shown. Note
that the string AB is parallel to the incline.

7.17 The two uniform sheets of plywood, each of length L and weight W, are

propped as shown. If the coefficient of static friction is 0.5 at all three contact
surfaces, determine whether the sheets will remain at rest.

60°

609

Fig. P7.17
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7.18  Find the smallest coefficient of static friction at B and E that would permit
the tongs to lift the 40-kg block. Neglect the mass of the tongs.

1200

Dimensions
in mm

Fig. P7.18

7.19 Determine the smallest force P that the worker must apply to the bar
CD to prevent the homogeneous 80-kg spool from moving down the hill. The
coefficients of static friction are 0.12 at A and 0.36 at B. Neglect the weight of
bar CD.

Fig. P7.19, P7.20

7.20 Find the smallest force P that the worker must apply to the bar CD in
order to initiate uphill motion of the homogeneous 80-kg spool. The coefficients
of static friction are 0.12 at A and 0.36 at B. Neglect the weight of bar CD.

7.21  The man is trying to push the homogeneous 20-kg ladder AB up a wall by
applying the horizontal force P. Determine the smallest value of P that would
move the ladder. The coefficient of static friction between the ladder and both .
contact surfaces is 0.3. Fig. P7.21
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7.22 A 2.2-1b disk A is placed on the inclined surface. The coefficient of static
friction between the disk and the surface is 0.4. Is the disk in equilibrium if P =
1.21band 6 = 30°?

Fig. P7.22 Fig. P7.23

7.23 The 40-1b spool is suspended from the hanger GA and rests against a ver-
tical wall. The center of gravity of the spool is at G and the weight of the hanger
is negligible. The wire wound around the hub of the spool is extracted by pulling
its end with the force P. If the coefficient of static friction between the spool and
the wall is 0.25, determine the smallest P that will extract the wire.

7.24 A uniform plank is supported by a fixed support at A and a drum at B that
rotates clockwise. The coefficients of static and kinetic friction for the two points
of contact are as shown. Determine whether the plank moves from the position
shown if (a) the plank is placed in position before the drum is set in motion; and
(b) the plank is first placed on the support at A and then lowered onto the drum,
which is already rotating.

=032 us—()lS
1 = 0.28 ﬂk_o15

T ®

1 m~y 3m 2m-—=

Fig. P7.24

7.25 The uniform bar of weight W is supported by a ball-and-socket joint at
A and rests against a vertical wall at B. If sliding impends when the bar is in
the position shown, determine the static coefficient of friction at B. [Hint: The
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direction of impending sliding is tangent to the dashed circle (the potential path
of motion of point B).]

1,',.\
Path of impending —_| ~
motion of B I~

Fig. P7.25

7.26  The uniform plank is initially at rest on the fixed support at A and the
stationary drum at B. If the drum begins rotating slowly counterclockwise, deter-
mine how far the plank will travel before it comes to rest again. (Note: Because
the drum rotates slowly, the inertia of the plank may be neglected.)

Fig. P7.26

7.27 The two homogeneous bars with the weights shown are connected with a
pin at B and suspended from a pin support at C. The coefficient of static friction
between bar AB and the vertical wall is ;. Determine the smallest u required to
keep the assembly in equilibrium in the position shown. Fig. P7.27

& /mpending Tipping

In the preceding article, we restricted our attention to sliding; the possibility of
tipping was neglected. We now discuss problems that include both sliding and
tipping as possible motions.
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Consider again a homogeneous block on a friction surface being pushed by
a force P, as shown in Fig. 7.4 (a). We assume that the weight W of the block,
and the dimensions b, &, and d are known. We wish to determine the magnitude
of P that will cause impending motion of the block, either impending sliding or
impending tipping.

LA
et L
b T VG X
,
P d }
T °G |k l 1 A
d [P —
l F
A f—x N

(@) (b)

Fig. 7.4

We can gain insight into the solution by comparing the number of unknowns
with the number of available equilibrium equations. From the free-body dia-
gram of the block, Fig. 7.4(b), we see that there are four unknowns: the applied
force P, the resultant normal force N, the friction force F, and the distance x that
locates the line of action of N. Because there are only three independent equi-
librium equations, an additional equation must be found before all unknowns
can be calculated. If we assume impending sliding, the additional equation is
F = Fiax = s N. On the other hand, if impending tipping about corner A is
assumed, the additional equation is x = b/2, because N acts at the corner of the
block when tipping impends.

In the preceding article, three classes of friction problems were introduced
for impending sliding. This classification can be easily reworded to include the
possibility of impending tipping.

Type | The problem statement does not specify impending motion (sliding or
tipping).

Type Il The problem statement implies impending motion, and the type of
motion (sliding at known surfaces, or tipping) is known.

Type Il  The problem statement implies impending motion, but the type of
motion (sliding or tipping) and/or the surfaces where sliding impends are not
known.

Examples of the three types of problems are given in the sample problems that
follow.



Sample Problem 7.8

The man in Fig. (a) is trying to move a packing crate across the floor by applying
a horizontal force P. The center of gravity of the 250-N crate is located at its geo-
metric center. Does the crate move if P =60 N? The coefficient of static friction

between the crate and the floor is 0.3.

0.6 m

1.8 m

0.9m LE\

(a)

This is a Type I problem because the problem statement does not specify impend-
ing motion. To determine if the crate moves for the conditions stated, we first
assume equilibrium and then check the assumption. However, the check must
answer two questions—(1) does the crate slide and (2) does the crate tip?

The free-body diagram of the crate is shown in Fig. (b). If the block is assumed
to remain in equilibrium, the three equilibrium equations can be used to calculate
the three unknowns: the normal force N, the friction force Fj, and the distance x
locating the line of action of Ny, as shown in the following.

0.6 m
y
L)c
P =60N g
e 0
E \
)
S| 250 N
1
|
0¢
=
Fy | 1
|
i N}
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Assume Equilibrium
SF,.=0 +*— P—-F =0

Fi=P=60N
LF,=0 4 N —250=0
Ny =250N

SMo=0 %) Nux—P0.9)=0

which gives
x = P(0.9)/N; = 60(0.9)/250 = 0.216 m

Check

The largest possible value for x is 0.3 m (half the width of the crate). Because
x = 0.216 m, as obtained from equilibrium analysis, is smaller than that, we
conclude that the block will not tip.

The limiting static friction force is (F])max = s N1 =0.3(250) =75.0 N,
which is larger than the force F; =60 N that is required for equilibrium. We
therefore conclude that the crate will not slide.

Crate will not move when P = 60 N Answer

0.6 m

364

0.9m

1.8 m

Sample Problem 7.9

Calculate the force P required to cause tipping of the packing crate in Sam-
ple Problem 7.8. Also determine the minimum coefficient of static friction that
permits tipping.

This is a Type II problem because impending tipping is specified. The free-body
diagram for the crate is shown in the figure. Note that when the crate is on the
verge of tipping, the normal force N4 acts at corner A. There are three equilibrium
equations that can be solved for the unknowns P, N4, and Fy4:

XMy =0 3) 250(0.3) — P(0.9) =0

P =833N Answer
SF,=0 -+ P—-F,=0

Fy=P=833N
TF,=0 T N4—250=0

Ny =250N



The minimum coefficient of static friction that permits tipping is
s = Fal/Ny = 83.3/250 = 0.333 Answer

Note that if the coefficient of static friction were exactly 0.333, then the
force P =83.3 N would result in simultaneous impending sliding and impending
tipping.

Sample Problem 7.10

The winch in Fig. (a) is used to move the 300-1b uniform log AB. Compute the
largest tension in the cable for which the log remains at rest. The coefficient of
static friction between the log and the plane is 0.4.

A AV
e |

(a)

Although we are asked to find the cable tension that would cause impending
motion, we do not know whether sliding or tipping impends. Therefore, this is
a Type III problem.

The free-body diagram of the log in Fig. (b) contains four unknowns: ten-
sion T, resultant normal force N, friction force F, and x (the distance from A
to the line of action of N). Because there are only three independent equilib-
rium equations, all unknowns cannot be calculated unless an assumption is made
concerning the type of impending motion.

y

300 Ib
X

41t l aft N

Al | B

I

N

(b)
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Assume Impending Sliding

Under this assumption, we have F = Fy,.x = 0.4 N, and the force equilibrium
equations for the FBD in Fig. (b) are as follows.

SF,=0 -+ 04N —Tcos60°=0 @
XF, =0 +T N — 300+ T sin60° =0 (b)

Solving Egs. (a) and (b) simultaneously, we obtain 7 = 141.8 lband N = 177.2 1b.

Assume Impending Tipping

Under this assumption, N will act at A, as shown in the FBD in Fig. (c). The cable
tension 7' can be computed from the moment equation

XMy =0 :D T sin60°(8) —300(4) =0

T =17321b

T

300 Ib
A 4 ft l 4ft [ 60°

| B

©)

Choose the Correct Answer

Because 7 = 141.8 Ib for impending sliding and 7 = 173.2 b for impending
tipping, the maximum tension that can be applied without moving the log is

T =141.81b Answer

Alternate Solutions

As with most equilibrium problems, there are several equivalent methods of
analysis that could be used. Two such methods are

1. Assume impending sliding, and solve for 7. Continue the equilibrium analysis
to find x. Then check to see if this value of x is physically possible.

2. Assume impending tipping, and solve for 7. Continue the equilibrium analysis
to find F. Then check to see if F < Fax.



Problems

7.28 The man pushes the 120-1b homogeneous crate with the horizontal
force P. Determine the largest distance 4 for which the crate will slide without

tipping.

1 m
0
\ .
1.2m G

6 ft . T

)\ 0.5l m
By=03
0.4 m~|
Fig. P7.28 Fig. P7.29, P7.30

7.29 The 60-kg crate has its center of gravity at G. Determine the smallest
force P that will initiate motion if 6 =30°.

7-30 Solve Prob. 7.29if 6 = 0.

7-31  The 120-1b door with its center of gravity at G is hung from a horizontal
track at A and B. Find the largest coefficient of static friction u; at A and B
for which the door will slide without lifting off the track. Also, determine the
corresponding force P.

7.32 Determine the largest force P for which the 18-kg uniform bar remains in
equilibrium.

i 2m i 1m —>‘
C D
us = 0.2 v
P
Fig. P7.32

7-33 Determine the largest angle 6 for which the homogeneous block remains
at rest.

7-34 The cylinder and the block are connected by a horizontal cord. Determine
the largest couple C that can be applied to the cylinder without disturbing the
equilibrium of the system. Assume that both bodies are homogeneous.

7-35 The weight of the cylindrical tank is negligible in comparison to the weight
of water it contains (water weighs 62.4 1b/ft3). The coefficient of static friction

7.28-7.43  Problems

367

—| |~—18in. —| [—18in.
=A B
[T [T
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Fig. P7.31
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5%
6
s =04
Fig. P7.33
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c 3b |5in.
31b

= =035

Fig. P7.34
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between the tank and the horizontal surface is u;. (a) Assuming a full tank, find
the smallest force P required to tip the tank, and the smallest u, that would allow
tipping to take place. (b) If the force P =200 Ib initiates tipping, determine the
depth of water in the tank.

C . .
Fig. P7.35 Fig. P7.36
- 0%
ps =06 z 8 ft 7.36  Find the smallest angle 6 for which a sufficiently large force P would
RN cause the uniform log AB of weight W to tip about A.
3 ft
by = 0.1 i
A 7.37 The 40-1b ladder AC is leaning on a 10-Ib block at B and a frictionless
—~[2 ft 10 ft corner at C. Both bodies are homogeneous. Can the system remain at rest in the
position shown? Be sure to consider all possibilities.
Fig. P7.37
7.38 Two concrete blocks weighing 320 1b each form part of the retaining wall
of a swimming pool. Will the blocks be in equilibrium when the pool is filled and
the water exerts the line loading shown?
- 10 in. |~
N 18 in. & b
c J #=0.5
T T\ h
B ;=02 18 in. Plastic <19
& liner
¢
Re
J J —_— M
1=1.0 32 Ib/in.
D 8 ft
Fig. P7.38 Fig. P7.39
. =02 —
\A Ko R 7-39 Derive the expression for the largest angle 6 for which the homogeneous
‘ block stays in equilibrium.
—6ft— 2ft |-

. 7.40 Find the weight of the lightest block D that can be used to support the
Fig. P7.40 200-Ib uniform pole ABC in the position shown.
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7-.41  The 2000-1b weight of the trailer is distributed equally between its two
wheels, one on each side of the trailer. The center of gravity is at G, and the
wheels are free to rotate. Determine whether the trailer can be pushed over a 6-in.
curb without tipping, and, if so, compute the required horizontal force P.

P Go = R
— \
20 in. & Pz (@&1

A
=04~ 1«36 in~— 6in.
18 in.

12/in.
i
!
1

Fig. P7.41

7.42 Determine the smallest force P, applied to the plunger D, that will prevent
the couple C = 250 N-m from moving the cylinder. Friction may be neglected at
all surfaces, except between the plunger and cylinder. The masses of the bodies
are negligible.

—16 A

40 mm

3300

30°0 et
M

Fig. P7.42

7.43 The weights of the homogeneous roller and the wedge are 100 1b and 40 1b,
respectively. The coefficient of static friction is 0.2 between all contact surfaces.
Find the smallest couple C that will move the cylinder.

5 Angle of Friction; Wedges and Screws

a. Angle of friction

Figure 7.5 shows a block on a friction surface subjected to the horizontal force P.
As seen in the free-body diagram, we let ¢ be the angle between the con-
tact force R and the normal » to the contact surface. The angle ¢ is given by
tan¢ = F/N, where N and F are the normal and friction forces, respectively.
The upper limit of ¢, denoted by ¢;, is reached at impending sliding when
F = F.x = s N. Therefore, we have

tan ¢; = fuy 7.4)

2 ft

C »\300

369

Fig. P7.43
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FBD

Fig. 7.5

The angle ¢; is called the angle of static friction. Note that ¢ < ¢; signifies equi-
librium and that ¢ = ¢, indicates impending sliding. Therefore, the direction of
the contact force R is known at all surfaces where sliding impends. This knowl-
edge can be frequently utilized to gain insight into problems involving two- and
three-force bodies.

In Fig. 7.5, the friction force F opposes the tendency of P to slide the block
to the right. If the direction of P is reversed, the direction of F' would also be
reversed. This leads to the conclusion that the block can be in equilibrium only if
the line of action of R stays within the sector AOB (bounded by +¢;), as shown
in Fig. 7.6. For more general loadings, the line of action of R must lie within the
cone, called the cone of static friction, that is formed by rotating sector AOB about
the normal n. Observe that the vertex angle of the cone of static friction is 2¢.

Equilibrium range
of the line
of action of R

Fig. 7.6

When sliding occurs, the friction force is ' = N, and the value of ¢ that
specifies the direction of R is given by

tan ¢ = i (7.5)
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The angle ¢y is called the angle of kinetic friction. For this case, the cone of static
friction is replaced by the smaller cone of kinetic friction, for which the vertex
angle is 2¢y.

b. Wedges

A wedge is a simple device that is used for the same purpose as a lever—to create
a mechanical advantage. Consider, for example, the wedge shown in Fig. 7.7(a)
that is being forced into a crack by the applied force P. The angle formed by
the tip of the wedge is 28, where B is called the wedge angle. Neglecting the
weight, the free-body diagram of the wedge at impending sliding is shown in
Fig. 7.7(b). As before, we let ¢ be the angle between the contact force R and
the normal n to the contact surface. Because sliding impends, ¢ = ¢, where
¢ = tan~! p, is the angle of friction. From the force diagram in Fig. 7.7(c) we see
that R = P/[2 sin(¢s + B)], which is substantially larger than P if the wedge angle
B is small and the sides of the wedge are lubricated (giving a small value for ¢;).

(a) (b) (©)

Fig. 7.7

Ideally, a wedge should be slippery enough to be easily driven into the crack,
but have enough friction so that it stays in place when the driving force is removed.
In the absence of P, the wedge becomes a two-force body. Therefore, the contact
forces R must be collinear, as indicated in the free-body diagram in Fig. 7.8, where
now ¢ = . Recalling that equilibrium can exist only if ¢ < ¢,, we conclude that
the wedge will stay in place provided that 8 < ¢;.

Fig. 7.8
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C. Square-threaded screws

Screws with square threads are employed in jacks, vises, and other devices that
produce a large axial force by applying a relatively small couple about the axis of
the screw. A square-threaded screw can be viewed as a bar of rectangular cross
section wrapped around a cylinder in a helical fashion, as shown in Fig. 7.9. The
helix angle 6 is called the lead angle, the distance p between the threads is known
as the pitch, and the mean radius of the threads is denoted by r. It can be seen that
these parameters are related by

p =2nrtanf (7.6)

Figure 7.10 (a) shows a screw being employed as a jack. Assuming that the
couple Cy, called the forque, is large enough, it will cause the screw to advance,
thereby elevating the weight W. The analysis of this problem is simplified if we
recall that in Coulomb’s theory the friction force is independent of the contact
area. Therefore, we can assume the contact area to be very small, as illustrated
in Fig. 7.10(b). Note that the entire weight W is carried by the contact area and
that the horizontal force O = Cy/r is supplied by the applied torque Cy. We can
now see that this problem is identical to the one shown in Fig. 7.11(a)—namely,
a block of weight W being pushed up an incline by the horizontal force Q.

.

¢

Contact
area

Co

(@) (b)
Fig. 7.10

The smallest torque required to start the weight W moving upward can now be
obtained from the FBD in Fig. 7.11(b). Note that at impending sliding the angle
between R and the normal 7 to the contact surface is ¢ = ¢y, and that the direction
of ¢ relative to the normal » indicates that the impending motion is directed up
the incline. For equilibrium of the block, we have

C
YF, =0 -+ 22 _ Rsin(g, +6) =0 @)
r

TF,=0 4 Rcos(¢ps +0) — W =0 (b)
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() (b)

Fig. 7.11

Solving Egs. (a) and (b), we find that the smallest torque that will cause the
weight W to move upward is

(Co)up = Wr tan(eps + 0) (7.73)

If we reverse the direction of Cy and assume impending motion down the
incline, the FBD in Fig. 7.11(c) must be used. It is seen from the equilibrium
equations that the torque required to cause the weight W to move downward is

(Co)down = Wr tan(¢p; — 0) (7.7b)

If ¢, > 6, the torque Cy in Eq. (7.7b) is positive, which means that the weight W
remains at rest if Cy is removed. In this case, the screw is said to be self-locking.
On the other hand, if ¢s <6, the torque Cy in Eq. (7.7b) is negative, indicating
that the weight W would come down by itself in the absence of Cj.

G/r
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(a)
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Sample Problem 7.11

Using the angle of friction, determine the smallest angle 6 for which the slender
bar shown in Fig. (a) can remain at rest. The bar is homogeneous of weight W and
length L. Neglect friction between the bar and wall at B.

As shown in the FBD, Fig. (b), the bar is acted on by three forces: the weight W
acting at the midpoint of the bar, the horizontal normal force Ny, and the reac-
tion R, at the horizontal surface. Because impending motion is specified, the
angle ¢ between R, and the normal to the contact surface is equal to its limiting
value: ¢ = ¢, = tan~! ;= tan~! 0.5 = 26.57°. Because the bar is a three-force
member, the forces intersect at point C.

N
|
:
|
|
|
|
|
|
|
|
|
|
D
R, 1¢—¢b=2657°
(b)
From triangle ABD we see that
BD
tanf = — (@
AD

From triangle ACE we obtain AE = CEtan26.57°. Because AD = 2AE, this
becomes

AD = 2CE tan 26.57° (b)
Substituting Eq. (b) into Eq. (a) together with BD = CE, we get

CE B 1
2CEtan26.57°  2tan26.57°

tanf =

which yields
0 =45.0° Answer

By using the angle of friction and by recognizing the bar to be a three-force
member, we were able to find 6 from geometry, without having to write the
equilibrium equations.



Sample Problem 7.12

The screw press shown is used in bookbinding. The screw has a mean radius of
10 mm and its pitch is 5 mm. The static coefficient of friction between the threads
is 0.18. If a clamping force of 1000 N is applied to the book, determine (1) the
torque that was applied to the handle of the press; and (2) the torque required to
loosen the press.

‘\\\\Q

2
)

The lead angle of the screw is computed from Eq. (7.6).

5
0 = tan™! L tan~! = 4.550°
2rr 21 (10)

The friction angle is
¢y =tan"! py, = tan~' 0.18 = 10.204°

Part 1

The torque required to apply the force W = 1000 N can be calculated from
Eq. (7.7a).

Co = Wrtan(¢s + 6) = 1000(0.01) tan(10.204° + 4.550°)

Co=2.63N-m Answer

Part 2

The torque needed to loosen the press is obtained from Eq. (7.7b).
Co = Wrtan(¢; — 6) = 1000(0.01) tan(10.204° — 4.550°)

Co=0990N - -m Answer
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Problems

N\ L >N\
60° 30°

Fig. P7.44

Fig. P7.45

B=0.6 ~ l

~—2in.—|

Fig. P7.48

The following problems are to be solved using the angle of friction. Utilize the
characteristics of two-force and/or three-force bodies wherever applicable.

7-44 The uniform bar of length L and weight W is kept in the horizontal
position by friction. Determine the smallest possible coefficient of static friction
between the bar and the inclined surfaces.

7-45 The movable bracket of negligible weight is mounted on a vertical post.
The coefficient of static friction between the bracket and the post is 0.2. Deter-
mine the smallest ratio b/a for which the bracket can support the vertical force P.
Assume that the diameter of the post is negligible. (Note: Because the result is
independent of P, the bracket is said to be self-locking.)

7.46 The 200-1b man walks up the inclined plank of negligible weight. The
coefficients of static friction at A and B are 0.3 and 0.2, respectively. Determine
the distance x at which the plank would begin to slide.

Fig. P7.46

7.47 The four-wheel drive vehicle of weight W attempts to climb a vertical
obstruction at A. The center of gravity of the vehicle is at G, and the coefficient
of static friction is uy at A and B. Find the smallest u; necessary to initiate the
climb. (Hint: Slipping must impend at A and B simultaneously.)

Fig. P7.47

7.48 Find the smallest distance d for which the hook will remain at rest when
acted on by the force P. Neglect the weight of the hook, and assume that the
vertical wall is frictionless.



7.49 The figure shows a locking device that is used in some belt buckles. When
the belt is pulled to the right by the force P, the roller A becomes jammed between
the belt and the upper surface of the buckle. If the coefficient of static friction
between all surfaces is 0.24, determine the largest angle 6 for which the buckle
is self-locking (motion of the belt in either direction is prevented even after the
force P is removed). Neglect the weight of roller A.

 —
A
P 4000 kg
T 7 M= 0.12
s/ 18

Flexible belt \‘ =02

Fig. P7.49 Fig. P7.50

7.50 A small wedge is placed beneath corner B of the 4000-kg block of marble.
Determine the largest angle 6 for which the wedge is self-locking; that is, the
wedge will not slide out from under the block. Neglect the mass of the wedge and
the small angle between surface AB and the horizontal.

7.51  The two 200-1b blocks are pushed apart by the 15° wedge of negligible
weight. The angle of static friction is 12° at all contact surfaces. Determine the
the force P required to start the blocks moving.

P
¢y =15° ¢, =12°
200 Ib 200 Ib P P P
T — G
Fig. P7.51 Fig. P7.52

7.52 The wedge with the angle g is squeezed between two blocks as shown.
Determine the largest 8 for which the wedge will not move regardless of the
magnitude of the squeezing force P. Neglect the weight of the wedge.

7.53 The device shown is used to measure the kinetic coefficient of friction
between the rotating shaft S and the homogeneous stationary collar C. The entire
840-N weight of the collar is supported by the shaft. The spring scale attached to
the collar at A measures the tension in AB caused by the counterclockwise rotation
of the shaft. What is the coefficient of kinetic friction if the reading on the scale
is 150 N?

7.44—7.58  Problems

Fig. P7.53
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Fig. P7.56

Dry Friction

7.54 The single-threaded screw of the floor jack has a pitch of 0.5 in. and a mean
radius of 1.75in. The angle of static friction is 8.5°. (a) Determine the couple C
that must be applied to the screw to start lifting a weight of 40001b. (b) What is
the couple required to start lowering the weight?

P
4000 1b \
) y
A\ ! B

—

—1

T,
Fig. P7.54 Fig. P7.55

7.55 The force P = 900 1b is required to push the wedge into the crack, starting
from the position shown. It is also known that a force of 250 Ib is required to
pull the wedge out of the crack from this position. Determine the coefficient of
static friction between the wedge and the corners of the crack. Assume that the
horizontal components of the contact forces at A and B are the same for both
cases.

7.56  The square-threaded screw of the C-clamp has a mean diameter of 9 mm
and a pitch of 1.5 mm. The coefficient of static friction between the threads is
0.2. If the torque C = 1.25 N - m is used to tighten the clamp, determine (a) the
clamping force; and (b) the torque required to loosen the clamp.

7.57 The square-threaded screw with a pitch of 10 mm and a mean radius of
18 mm drives a gear that has a mean radius of 75 mm. The static and kinetic

Fig. P7.57



coefficients of friction between the gear and the screw are 0.12 and 0.06, respec-
tively. The input torque applied to the screw is Cp = 10 N - m. Assuming constant
speed operation, determine the output torque C; acting on the gear.

7.58 The screw of the car jack has a pitch of 0.1in. and a mean radius of
0.175 in. Note that the ends of the screw are threaded in opposite directions (right-
and left-handed threads). The coefficient of static friction between the threads is
0.08. Calculate the torque C¢ that must be applied to the screw in order to start
the 1200-Ib load moving (a) upward; and (b) downward.

1200 Ib

Fig. P7.58

®6 Ropes and Flat Belts

The theory of Coulomb friction can also be used to analyze the forces acting
between a flexible body, such as a rope or belt, and a friction surface.

Figure 7.12 shows a weight W that is held in static equilibrium by a rope that
passes over a peg. If the peg is frictionless, then P = W, that is, the peg sim-
ply reverses the direction of the rope without changing its tension. If the contact
surface between the peg and the rope has friction, the friction force will help to
keep the weight from falling. In this case, it is possible to have P < W and still

Fig. 7.12

7.6

Ropes and Flat Belts
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(a)

Assumed direction
of impending motion

(or motion) y

Distributed
normal force

Distributed
friction force

Fig. 7.13

maintain equilibrium. A good example of this principle in action is the capstan—a
device for fastening a ship to the dock. Other applications are belt drives and band
brakes. In a belt drive, the friction between the belt and the pulleys enables power
to be transmitted between rotating shafts. Band brakes use friction between a band
(belt) and a cylindrical drum to reduce the speed of rotating machinery.

Figure 7.13 (a) shows a thin, flat belt that passes over a cylinder of radius r.
Assuming that there is friction between the belt and the cylinder, the tensions
Ty and 75 are not equal. According to the theory of dry friction, the belt is in
one of the following states depending on the values of 7} and T5: equilibrium
without impending slipping, equilibrium with impending slipping, or slipping.
The analysis that follows determines the relationship between 77 and T, for the
last two cases.

The forces acting on the belt are shown in Fig. 7.13(b), where the weight of
the belt is assumed to be negligible. The cylinder exerts normal and friction forces
on the belt, both of which are distributed along the contact area between A and B.
Because the direction of impending motion (or motion) of the belt is assumed to
be clockwise, equilibrium implies that 7, > T; " Because the contact forces are
distributed, it is necessary to perform the equilibrium analysis on an infinitesimal
(differential) length of the belt that subtends the differential angle do.

The free-body diagram of the differential element is shown in Fig. 7.13(c),
where n and ¢ refer to the directions that are normal and tangent to the cylindrical
surface at the center of the element. The belt tension on the left side of the element
is denoted by 7', and the tension on the right side by (T 4 dT'), where the differ-
ential change in the tension is dT = (dT/da) do. The angle between each tension
and the ¢-direction is da/2. The element is also subjected to the normal force d N
and to the friction force d F, acting in the n- and ¢-directions, respectively.

Equilibrium of forces in the tangential direction yields

d d
YF=0 4/ (T+dT)c0s7a—Tcos7a—dF=O @
Because the cosine of an infinitesimal angle equals 1, Eq. (a) reduces to
dF =dT (b)

The balance of forces in the normal direction gives

d d
TF=0 K dN—(T—i—dT)sin?a—Tsin?a:O ©

Assuming that « is measured in radians, sin(da/2) can be replaced by do/2, an
identity that is valid for infinitesimal angles. Making this substitution gives

dN—(T+dT)d7“—Td7°‘=o (d)

“The equilibrium equations are applicable even if the belt is moving. Because the weight of the belt is
assumed to be negligible, inertial effects can be omitted except for very high speeds.



Neglecting the product of differentials (dT do) compared to T'da (this is not an
approximation), we have

dN =T da (e

If the belt is slipping or if motion impends, we have the additional equation
dF = pdN, where u = puy (slipping), or © = p, (impending slipping). Sub-
stituting this for dF in Eq. (b) and eliminating d N between Eqs. (b) and (e), we
obtain

dT
T = pda ®

Integrating both sides of Eq. (f) over the contact angle 6 shown in Fig. 7.13(a),
we get

9 0
dT
—=M/ da
o T 0

Noting that 7 =T; when « =0, and T = T, when o = 6, integration yields
ln(Tz/Tl) = [,LQ

which can be written as
T2 S Tlell'g (78)

where e = 2.718 . . . is the base of natural (Naperian) logarithms. If the tension
in one side of the belt is known, Eq. (7.8) can be used to calculate the belt tension
in the other side.

The following points should be kept in mind when using Eq. (7.8).

* T is the belt tension that is directed opposite the belt friction. Thus, 7, must
always refer to the larger of the two tensions.

» For impending motion, use = pu,. If there is relative motion between the
belt and cylinder, use © = .

* The angle of contact & must be expressed in radians.

* Because Eq. (7.8) is independent of r, its use is not restricted to circular
contact surfaces; it may also be used for a surface of arbitrary shape.

7.6
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Sample Problem 7.13

The block of weight W is supported by a rope that is wrapped one-and-one-half
times around the circular peg. Determine the range of values of P for which the
block remains at rest. The coefficient of static friction between the rope and the
pegis 0.2.

The tension in the portion of the rope that is attached to the block is obviously
equal to W. Because motion impends, Eq. (7.8) can be used to relate this tension
to P. Because the angle of contactis 6 = 1.5(27) = 37 rad, Eq. (7.8) becomes

T = Tie'? = T1%20% = 6.59T,

Recall that in this equation, T; refers to the larger of the two tensions.

The largest value of P for equilibrium occurs when the block is on the verge
of moving upward. For this case we must substitute 7; = W and 7, = P into the
preceding equation. The resultis P = 6.59W.

The smallest value of P corresponds to impending motion of the block down-
ward, when W will be larger than P. Substituting 77 = P and 7, = W, we have
W =6.59P,or P = W/6.59 = 0.152W.

Therefore, the block is at rest if P is in the range

0.152W < P < 6.59W Answer

382

Sample Problem 7.14

As shown in Fig. (a), a flexible belt placed around a rotating drum of 4-inch radius
acts as a brake when the arm ABCD is pulled down by the force P. The coefficient
of kinetic friction between the belt and the drum is 0.2. Determine the force P that
would result in a braking torque of 400-1b - in., assuming that the drum is rotating
counterclockwise. Neglect the weight of the brake arm.

A B C
LZ in~~——4in. 2 in.>

(a)



The free-body diagram of the belt is shown in Fig. (b). The distributed contact
forces exerted by the drum have been replaced by the equivalent force-couple
system at O. The resultant force R is not of interest to us, but the couple C¥
represents the braking torque; that is, CR = 400 1b-in. Note that C® has the
same sense as the rotation of the drum—namely, counterclockwise. The moment
equation of equilibrium, with O as the moment center, is

IMo=0 5 (Tc—Tg)4—-400=0 (a)
Equation (7.8) provides us with another relationship between the belt tensions.
Substituting © = u; = 02, T} = T, T, = T¢ (note that Tc > Tp), and
0 = 240(r/180) = 1.333x rad, Eq. (7.8) becomes
Te = Tpe™?!'337) = 23117y (b)
The solution of Eqgs. (a) and (b) is T = 76.3 Ib and T¢ = 176.3 1b.
The force P can now be found by the balance of moments about A on the FBD

of the brake arm, shown in Fig. (¢):

SMy=0 3 Tgsin60°(2) + Tcsin60°(6) — P(8) =0

(b) ©

Substituting the values for 7 and 7¢, and solving for P, gives

P =13101b Answer
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Problems

7.59 How many turns of rope around the capstan are needed for the 60-lb
force to resist the 9000-1b pull of a docked ship? The static coefficient of friction
between the capstan and the rope is 0.2.

T

8 in.
=02
12 in.
9000 Ib 60 b —ﬂ— EEI V-
61in.
|
N\
Fig. P7.59 Fig. P7.60, P7.61

7.60 The force P applied to the brake handle enables the band brake to reduce
the angular speed of a rotating drum. If the tensile strength of the band is 3800 Ib,
find the maximum safe value of P and the corresponding braking torque acting on
the drum. Assume that the drum is rotating clockwise.

7.61  Solve Prob. 7.60 if the drum is rotating counterclockwise.
7.62  The rope running over two fixed cylinders carries the 4-kg mass at one end.

Determine the force P that must be applied to the other end to initiate motion. The
coefficient of static friction between the rope and the cylinders is 0.15.

4 kg

Fig. P7.62

7.63  The leather rein used to fasten the horse to the hitching rail weighs 4 oz
per foot. The coefficient of static friction between the rail and the rein is 0.6. If
a 30-1b force acting on the bridle is sufficient to restrain the horse, determine the
smallest safe length L for the free end of the rein.




7.59-7.68 Problems 385

7.64 The 30-1b weight is attached to a rope that runs over a fixed cylinder. The
coefficient of static friction between the rope and the cylinder is 0.3. Determine
the range of the force P for which the system will be at rest.

7.65 The rail AB of negligible weight is suspended from a rope that runs around 30 1b l P
two fixed pegs. The coefficient of static friction between the rope and the pegs is
0.5. As the weight W moves along the rail toward end B, determine its position x

when the rope is about to slip on the pegs. Fig. P7.64
7.66  The sling with a sliding hook is used to hoist a homogeneous drum. If 10 ft
the static coefficient of friction between the cable and the eye of the hook is 0.6, I:_' '_:I
: . il L
determine the smallest possible value for the angle 6.
x |
Gﬁ
A B
w
Fig. P7.65

150 Ib

Fig. P7.66 Fig. P7.67

7.67 The 150-1b weight is attached to a rope that passes over the fixed cylinders
A and B. The coefficient of static friction between the rope and the cylinders is
0.3. Determine the smallest force P that keeps the system at rest.

7.68  The 50-1b homogeneous bar AB is suspended from a rope that runs over a
small peg at C. The bar is kept in the position shown by the horizontal force P.
Determine the smallest coefficient of static friction at C for which the bar will be
at rest.

Fig. P7.68
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(b) Pivot bearing

C

(c) Collar bearing

Fig. 7.14

S Disk Friction

When a disk or the end of a shaft is pressed against a flat surface, its rotation
is resisted by a frictional couple, known as disk friction. Some examples of disk
friction are illustrated in Fig. 7.14. The friction clutch consists of two disks that are
coated with special high-friction materials. When the disks are pressed together by
an axial force P, as shown in Fig. 7.14(a), they are capable of transmitting a large
torque C without slipping. Axial loads carried by rotating shafts are sometimes
supported by pivot bearings and collar bearings, shown in Fig. 7.14(b) and (c),
respectively. In a pivot bearing, the axial force is distributed over the end of the
shaft; in a collar bearing, the load is carried by the annular area of the collar. In
both cases the torque C is required to overcome the rotational resistance of the
bearing.

In order to analyze the frictional couple, consider the hollow shaft with inner
radius R; and outer radius R, shown in Fig. 7.15(a). The shaft is pressed against a
flat surface by the axial force P, and the torque required to overcome the frictional
couple is denoted by C. The objective of our analysis is to determine the relation-
ship between P and C. Following the practice of the preceding article, we denote
the coefficient of friction by w. If the shaft is rotating, then p is to be interpreted
as g ; for impending rotation, w, should be used.

Figure 7.15(b) shows the normal force d N and the friction force d F' acting on
the infinitesimal element of area dA at the end of the shaft. If the shaft is rotating,
or about to rotate, then d F = p d N. The equilibrium equations of the shaft are

ZFaxiaIZO P—/dNZO
A

= Mygs = 0 C—/rdF=C—u/rdN=O
A A

Contact
region o

dA




where the integrals are to be computed over the contact region &, which is an
annular ring of area A = n(R(z, — Riz). Denoting the normal contact pressure by p,
we have dN = p dA, and the equilibrium equations become

P= /&g p dA (7.9)

C= u/ pr dA (7.10)
A

In order to perform the integrations, the variation of the normal pressure p over
the contact region must be known. This variation depends on whether the contact
surfaces are new or worn.

New Surfaces For new, flat contact surfaces, it is reasonable to assume that the
pressure p is uniformly distributed. Therefore, Eq. (7.9) becomes P = pA, and
the contact pressure is given by

P

_P_
P A~ 7k -R)

Taking p outside the integral in Eq. (7.10) gives C = up f 4 dA. As shown in
Fig. 7.15(b), dA can be expressed in terms of polar coordinates as dA = r d6 dr.
Therefore, the torque required to overcome the friction couple becomes

P Ry 2
C=—™>0" / / r2do dr
T (Rg — Ri) R; 0

which, after evaluating the integrals, becomes:

—:) (7.11)

If the cross section is a solid circle of radius R,(R; = 0), the above expression
reduces to

(7.12)

Worn Surfaces Although the normal pressure p may be initially uniform
between two new, flat surfaces, the wear will not be uniform. The wear at a given
point on the cross section will depend on both the pressure and the distance trav-
eled by the point during slipping. Because the distance traveled is proportional to

7.7  Disk Friction
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r (a point at a radial distance r travels the distance 277 in one revolution of the
shaft), greater wear will occur at points farther from the axis of the shaft. Once
the contact surfaces have been broken in, it is reasonable to assume that the cross
section will have worn to a shape for which the rate of wear is constant. In this sit-
uation, we would have pr = K, where K is a constant. For a hollow cross section,
Eq. (7.10) then becomes

C = MK/ dA = nKm (R — RY) (7.13)
A

The constant K can be calculated by substituting p = K/r into Eq. (7.9),
resulting in

Ry 2 K
P=/pdA=/ / —rdfdr =2nK (R, — R;)
A R Jo T

from which

P
K=—
2 (Ru_Ri)

Substituting this expression for K into Eq. (7.13), the torque required to overcome
the friction couple is
uP
C="-(R,+R) (7.14)

For a solid shaft of radius R,, we have R; =0 and the torque reduces to

C=—— (7.15)



Sample Problem 7.1%

Figure (a) shows a disk clutch that transmits torque from the input shaft on the
left to the output shaft on the right. The clutch disk is splined to the input shaft,
thereby forcing the clutch disk and the shaft to rotate together but allowing the
disk to slide along the shaft. The normal force between the two halves of the clutch
is provided by the compression spring. The force F applied to the clutch pedal can
disengage the clutch by sliding the throw-out bearing to the left. Determine the
largest torque that can be transmitted if the value of F necessary to disengage the
clutch is 201b. Solve for both new and worn friction surfaces.

Clutch
disk
Throw-out
bearing / Friction surface, u,= 0.6

Compression
spring

Input

shaft T o

4.5 in.

Output shaft
— Bearing

Utilizing the free-body diagram of the clutch pedal assembly, Fig. (b), we get

IMy=0 ) 20(18) — P(4.5 =0
P =2801b

This is the normal force acting on the friction surface when the clutch is engaged.
The largest torque that can be transmitted equals the friction couple for this
value of P.

For a new friction surface, Eq. (7.11) gives

_ 2u,P (RI—R})  2(0.6)(80) (5° —3°)
3 (RR—R) 3 (32-3?)
= 196.01b - in. Answer

C

After the friction surfaces have become worn, we have from Eq. (7.14)

1y P 0.6(80)
R, + R) =
7 (R, + R)) >

C =

54+3)=192.01b-in. Answer

F=201b

(b)
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Sample Problem 7.16

The normal pressure under a circular industrial glass polisher is axially symmetric
and varies linearly from pg at r =0 to zero at r = R, as shown in the figure. Derive
the expression for the torque required to rotate the polisher in terms of the axial
load P. The coefficient of kinetic friction between the polisher and the glass is .

=l=f

!

g

N

P
|

Po

)

b—R—

The pressure p at the radial distance r is given by p = po(R — r)/R. Substituting
this expression into Eq. (7.10), the torque C required to rotate the polisher is

wepo (R [7
Czuk/prdAz f (R —r)r’dodr
o R Jo Jo

_ poR’
6

The relationship between py and P can be obtained from Eq. (7.9).

R 2 R2
P:/pdAzﬂf / (R —ryrdodr = 20
s R Jo Jo 3

Substituting po = 3 P/m R? into the expression for C yields

_ PR
)

C Answer



S8 Rolling Resistance

Up to this point, our discussion of friction has dealt only with rigid bodies. Defor-
mation (if any) was assumed to be negligible. For example, consider a rigid wheel
of weight W and radius R that is rolling on a rigid, horizontal surface with a con-
stant velocity. The FBD of the wheel is shown in Fig. 7.16(a). Because W and the
contact force N are perpendicular to the direction of travel, the wheel encounters
no resistance and, therefore, will roll forever.

NN

.

(a) (b)

Fig. 7.16

In the real world, both the wheel and the surface deform in the region of con-
tact. As a consequence, contact occurs over a finite area rather than at a point,
as illustrated in Fig. 7.16(b). The deformation in front of the wheel retards the
motion, whereas the material behind the wheel is in recovery, thereby assisting the
motion. During the deformation-recovery cycle some of the mechanical energy
invariably is converted to heat—a phenomena called hysteresis. Consequently,
the retarding force due to deformation always is greater than the propulsion force
from the recovering material, so that the contact force N has a horizontal compo-
nent opposing the motion, as indicated in Fig. 7.16(b). To keep the wheel rolling
at a constant velocity now requires the application of a horizontal force F equal to
the horizontal component of N. The magnitude of the force F is known as rolling
resistance or rolling friction.

Let A be the point of application of N, and let a represent the horizon-
tal distance between A and the vertical center line of the wheel. Referring to
Fig. 7.16(b), the moment equation X M4 =0 yields Wa = F R cos ¢, where ¢ is
the angle between N and the vertical. In practice a << R, which allows us to
approximate cos ¢ ~ 1. Therefore, Wa = FR, or

Fz%Wsz (7.16)

where 1, = a/R is called the coefficient of rolling resistance (unfortunately, the
distance a also often is referred to as the coefficient of rolling resistance). Note
that u, is analogous to the coefficient of kinetic friction . Generally, u, is con-
siderably smaller than j. Typical values of u, are 0.0002 to 0.0005 for railroad
car wheels on steel rails, and 0.01 to 0.03 for car tires on paved roads.

7.8

Rolling Resistance
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Sample Problem 7.17

An 80-1b shopping cart with 6-in. diameter wheels rolls down a ramp with con-
stant speed. If the slope angle of the ramp is 1.5°, what is the coefficient of rolling
resistance?

$=15°

1.5°T— [
N

Consider the FBD of one wheel of the cart shown in the figure. Since the speed
of the wheel is constant, the wheel is in equilibrium. We also note that the wheel
is a two-force body, so that the weight W acting on a wheel and the contact force
N are collinear. From geometry, we get

a =3sin1.5° = 0.07853 in.

Therefore, the coefficient of rolling resistance is

a _ 0.07853

z = 0.0262 Answer

Mr =



Problems

7.69 The collar bearing carries the axial load P =400 N. Assuming uniform
pressure between the collar and the horizontal surface, determine the couple C
required to start the shaft turning. Use u; =0.15 for the coefficient of static
friction.

7.70 Solve Sample Problem 7.16 if the contact pressure under the polisher
varies parabolically from pg at 7 = 0 to zero at r = R; thatis, p = po(1 —r?/R?).

7.71  The 500-1b cable spool is placed on a frictionless spindle that has been
driven into the ground. If the force required to start the spool rotating is
F = 1101b, determine the coefficient of friction between the ground and the spool.
Neglect the diameter of the spindle compared to the diameter of the spool.

7.72 Determine the braking torque acting on the rotating disk when a force
P =200 N is applied to each brake pad. Assume that the brakes are (a) new; and
(b) worn.

Dimensions in mm

Fig. P7.72

7.73 The normal pressure acting on the disk of the sander is given by p =
(4/3) + (r%/6), where p is the pressure in pounds per square inch (psi) and r repre-
sents the radial distance in inches. Determine the torque C required to operate the
sander at constant speed if the kinetic coefficient of friction for the surface being
sanded is 0.86.

P
Q:‘_JC
7
(o] <

7.69-7.81  Problems

2.8 ft —

Fig. P7.71

393



394

C

=

FF—A

CHAPTER 7  Dry Friction

300 N

—

< 100 mm

300{mm -

Fig. P7.74

7.74 The 20-kg stepped shaft is supported by bearings at A and B. The coeffi-
cients of kinetic friction are 0.15 at A and 0.06 at B. Assuming that all surfaces
are new, determine the couple C that will rotate the shaft at constant speed.

7.75 The single-plate clutch transmits the torque C from the input shaft on the
left to the output shaft on the right. Compression springs between the clutch hous-
ing and the pressure plate provide the necessary pressure on the friction surface.
The splines prevent the clutch plate from rotating relative to the output shaft. If
R;, = 4 in. and R, = 9 in., determine the total force that must be applied to the
pressure plate by the springs if the clutch is to transmit a torque of C = 56 Ib - ft
when it is new.

Gear teeth
Clutch housing ﬁj\

o Clutch plate Radial bearing .
Friction N / Key Thrust bearing
surface C

P
. e 1.6\ 7;§§§§ 777777777 I
[—Pressure plate E - - -
- N
e — 4 p
1§ — /V\Sz‘ﬂ \Yc l {
3 plines N
Friction surface
RO uS
Fig. P7.75, P7.76 Fig. P7.77

7.76  The clutch described in Prob. 7.75 is to transmit a torque of 1201b - ft when
the total spring force exerted on the pressure plate is 75 1b. If R; = 4 in., calculate
the minimum acceptable value for R,. Assume that the clutch is new.

*7.77 The cone clutch transmits the torque C through a conical friction surface
with cone angle 8. The inner and outer radii of the friction surface are a and b,
respectively. The left half of the clutch is keyed to the shaft, and the right half
drives a machine (not shown) through a gear attached to its outer rim. Assuming
uniform pressure on the friction surface, show that the maximum torque that can
be transmitted by the clutch is

o (- )

C‘3mﬁwtwa

7.78 Determine the force F required to push the 3700-1Ib car at a constant speed
on concrete pavement. The coefficient of rolling resistance of the 11-in. radius
tires on concrete is u, = 0.015.

11in. 11 in.

Fig. P7.78
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7.79 The coefficient of rolling resistance between the 30-kg lawn roller and
the ground is u, = 0.1. (a) Determine the force P required to pull the roller
at a co