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CHAPTER 1
Limits and Their Properties

Section 1.1 A Preview of Calculus
Solutions to Odd-Numbered Exercises

11.

Precalculus. (20 ft/sec)(15 seconds) = 300 feet 3. Calculusrequired: slope of tangent line at x = 2 is rate of
change, and equals about 0.16.

Precalculus: Area = 3bh = 3(5)(3) = 2. units 7. Precalculus. Volume = (2)(4)(3) = 24 cubic units
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(b) The graphs of y, are approximations to the tangent linetoy; at x = 1.

(c) The dope is approximately 2. For a better approximation make the list numbers smaller:
{0.2,0.1, 0.01, 0.001}

(@ D,=V6B-12+(1-52= .16 + 16 ~ 5.66

) D= 1+ +V1+ G-+ V1+(G-+V1+(-1
~ 2.693 + 1.302 + 1.083 + 1.031 = 6.11
(¢) Increase the number of line segments.

Section 1.2  Finding Limits Graphically and Numerically

X 1.9 1.99 1999 | 2001 | 201 21
f(x) | 0.3448 | 0.3344 | 0.3334 | 0.3332 | 0.3322 | 0.3226

. X—2 . Lol
lim 5~ = ~=03333 (Actud limitis3)

X -01 —0.01 —0.001 0.001 | 0.01 0.1
f(x) 0.2911 0.2889 0.2887 | 0.2887 | 0.2884 | 0.2863

lim J"%“@ ~ 02887 (Actud limitis 1/(2./3).)

x-0

27



28 Chapter 1 Limits and Their Properties
S| x 2.9 2.99 2.999 3.001 3.01 31
f(x) | —0.0641 | —0.0627 | —0.0625 | —0.0625 | —0.0623 | —0.0610
+ -
lim L D1 = Q4 6065 (Actual limitis %)
X—3 X—3
"!I'x |-01 |-00r |-0001 |0001 | 001 |O1
f(x) 0.9983 0.99998 1.0000 | 1.0000 | 0.99998 | 0.9983
. sinx oo )
I'”J)T ~ 1.0000 (Actua limitis1.) (Make sure you use radian mode.)
X—
9. lim4—-x =1 11. limf(x) = lim (4 — x) = 2
X-3 X—2 X—2
13. Iing |§ — 2' does not exist. For values of x to the left of 5, |[x — 5|/(x — 5) equals — 1,
Ll v

15.

19.

21.

whereas for values of x to theright of 5, |x — 5|/(x — 5) equals 1.

Iim/2 tan x does not exist since the function increases and 17. Iing) cos(1/x) does not exist since the function oscillates
X, X —
decreases without bound as x approaches /2. between — 1 and 1 as x approaches 0.
C(t) = 0.75 — 0.50[- (t — 1)] ® ¢z |33 [34 |35 [36 |37 |4
@ cl175] 225 | 225 | 225 | 225 | 2.25 | 2.25
p—
*—-O
o—0 .
lim C(t) = 2.25
L o t-35
0 5
0 © ¢ T2 25 |29 |3 |31 |35 |4
C|125 | 175 | 175 | 175 | 225 | 225 | 2.25
!in; C(t) does not exist. The values of C jump from 1.75t0 2.25att = 3.
You need to find § such that 0 < |x — 1| < §implies Sotake § = Tll Then0 < |x — 1| < simplies
110 — 1) = |2 — 1| < 01 Thatis
X AN §
1 11 11
-01<--1<01
X 1,1
1 11 9
1-01< = <1+01 _ _ _ _ _ - _
X Using the first series of equivalent inequalities, you obtain
9_ 1 _1 1
10 10
2 oy os=
9 11
10 10
9 71>xf1>1171
1 1

> .
9 11



Section 1.2 Finding Limits Graphically and Numerically 29

23 lim(3x+2=8=L 25. lim(¢ -3 =1=L

X— -

(3x + 2) — 8| < 001 |6@ = 3) — 1] < 001

|3x — 6| < 0.01 |x2 — 4] < 001

3/x — 2| < 0.01 |(x+ 2)(x — 2)| <001

X+ 2| |x— 2] <0.01

0<x-2 <% o0033=5 e 2] bx = 2]
3
0.01
[x — 2| <

0.01
Hence, if 0 < [x — 2| < & = ==, youhave Ix+ 2|

If weassumel < x < 3, then 6 = 0.01/5 = 0.002.

Shc -2/ <001 Hence, if 0 < |[x — 2| < & = 0.002, you have
|3x — 6] < 0.01 L L
(3x+2) — 8| < 001 [x = 2| < 0002 = £(001) < X 2|(0.01)
[f(x) — L| <001 |x + 2||x — 2| < 0.01
|x® — 4] < 0.01
|(x@ —3) — 1| < 0.01
|f(x) — L| <001
27. lim (x + 3) = 5 29, xllnj4(%x -1)=3-4-1=-3
Givene > 0 Givene > 0:
|(x+3) -5 <e ‘(%x—l)—(—3)‘ <e
x—2 <e=4 ‘%X+2‘<e
Hence, let § = e. SIx— (—4)| < e
Hence, if 0 < [x — 2| < § = ¢, you have X — (—4)] < 2¢
x-2[<e Hence, let § = 2e.
|x+3) — 5 < e Hence, if 0 < |[x — (—4)| < & = 2¢, you have
[f0 — L[ < Ix — (—4)| < 2€
‘%X + 2‘ <e€
Bx-1)+3 <e
[fx) —L| <€
3L lim3=3 33. lim¥x =0
Givene > 0: Givene > 0: ‘§/Q—O‘<e
I3—3| <€ ‘\3/;(‘ < e
0<e X < =8
Hence, any 6 > 0 will work. Hence, let § = €.
Hence, for any 8 > 0, you have Hencefor 0 < |x — 0] < § = €, you have
3—-3| <€ x| < €
[fx) — L] <€ |\3/i|<e
9% -0 < e

[f() —L| <e



30 Chapter 1 Limits and Their Properties

3. lim [x— 2| =|(-2) - 2| =4
Givene > 0
[[x—=2| — 4| <€
|-(x—2) — 4| <€
|[-x—=2|=|x+2=|x—-(-2)] <€

(x

Hence, 6 = e.

Hencefor 0 < |x — (=2)| < 8 = ¢ you have

x+ 2| <€
[-(x+2)| <€
|-(x—2) —4] <€
[[x = 2| — 4] < e (becausex — 20)
1100 — L| < e
- 05
39. f(x):%
\-H-\-\_\_\_\_-\_‘—\_
. 1
imfx =4 B 8

-0.1667

The domainis[—5, 4) U (4, o).

-2<0)

The graphing utility does not show the hole at (4, é)

37. Im(@+1) =2
X-1
Givene > O:
[+ 1) -2 <e
-1 < e

|(x + D(x = 1]

N
m

=1 <

If weassumeO < x < 2,then § = €/3.

Hencefor0 < |x — 1] < azg, you have
1 1
|X—l| <§E<m€
-1 <e
[(+1) -2 <e

[f(x) — 2| <

m

X—9

41. f(x) =

10

Jx—3

J(IITg,f(X) =6

_

0

Thedomainisal x = 0 except x = 9. The graphing

utility does not show the hole at (9, 6).

. |ing f(x) = 25 means that the values of f approach 25 as x gets closer and closer to 8.
X —

10

. (i) The values of f approach different
numbers as x approaches ¢ from

(ii) Thevalues of f increase with-
out bound as x approaches c:

(iii) The values of f oscillate
between two fixed numbers as

different sides of c:

N W s
o

47 1(x) = (1 + x)¥x X f(x) X f(x)
)I(im 1+ xY*=e=~ 271828 -01 2.867972 0.1 2.593742
y —-0.01 2.731999 0.01 2.704814
—0.001 2.719642 0.001 2.716942
—0.0001 2.718418 0.0001 2.718146
—0.00001 2.718295 0.00001 2.718268
—0.000001 | 2.718283 0.000001 2.718280

2

3 4 5

X approaches c:




Section 1.3 Evaluating Limits Analytically 31
49. Fase f(x) = (sinx)/xis 51. Fasg let 53. Answerswill vary.
undefined when x = 0. )
From Exercise 7, we have f(x) = {X —4 x#4
10, X=4
lim 31X — 1
o x f(4) = 10

limf(x) = lim (x> — 4x) = 0 # 10
X—4 X-4
55. If limf(x) = L, and limf(x) = L,, then for every e > 0, thereexists §, > Oand §, > Osuchthat [x — c| < 6, [J |f(x) — L,| < eand
X-C X—C

x—c| <8, O [f(X) — L,| < e Letdequal thesmaller of §; and §,. Thenfor |x — ¢| < §, we have
Ly — Ly = Ly = f(Q) +f(x) — Ly < L —f(X)] +[f(0) — Ly < e+ e

Therefore, |L; — L,| < 2e. Since e > Oisarbitrary, it followsthat L, = L,.

57. Lim[f(x) — L] = 0 meansthat for every e > 0 there exists § > 0 such that if
0<|x—¢|l<§

then
[(f(x) — L) —0] <e

Thismeansthe same as |f(x) — L| < € when
0<|x—c|] <ad

Thus, limf(x) = L.
X-C

Section 1.3  Evaluating Limits Analytically

@ lepg h(x) =0 3. 4

AN :
N\

@ IXiIr(])f(x) =0
(b) XUrE?’f(x) ~ 0.524

-3

R S
\J

(b) lim h() =6

-7 -4
h(x) = x> — 5x f(x) = x cosx
5 limxt=2*=16 7. lim@2x—1) =20 -1= -1
X-2 x-0
9. lim (@+30=(-32+3(-3=9-9=0
o
1L lim (2@ +4x+ 1) =232+ 4(-3) + 1=18 - 12+ 1=7
ol
1 X — 1-3 2 2
B3 mx=2 B M e a4~ 2+4" 5 5
. 5X 5(7) 3B 35 —
17. lim = =—=— 19. limJYx+1=J/3+1=2
7 x+2 JT+2 J9 3 x=3 v v



32 Chapter 1 Limits and Their Properties

21 lim (x+ 37 = (-4 + 37 =1 23 (@ limf =5-1=4
(b) Ixif‘l gx) = 4° =64
(©) limg(f(9) = g(f(1) = g(4) = 64

25.

a1

@ limf) =4-1=3 27. Xgn}zsinx=sin127=1
(b) Ligg(x) =J/3+1=2
(© limg(f(x) = g(8) =2

TX T2 1 . _ _
29. llﬂms?:cos?* 5 31 )I(msech—secO— 1
33. X1|5r7r71/ sinx = sm%T % 35. iiﬂtm(%) = tan%T =-1
37. (a lem [59(x)] = 5>I(i£11 g(x) =5(3) = 15 39. (a) Lim[f(x)? = [limf(x)]s = (4)° =64
(b) Lim[f(x) +g¥)] = !(imf(x) + Limg(x) =2+43=5 (©) lim Jf(x) = \/m= JA=2
(© lim[f()g] = [lim f([lim g(x)] = (2)(3) = 6 © lim[3f(x)] = 3limf(x) = 3(4) = 12
@ lim ) _ Mt () _2 ; 3/2 _ )i 3/2 3/2
() lim cg® Iml gx 3 @ 'xt"l[f(x)] - [L'mf(x)] =@ =8
—2%2 + X
41. f(x) = —2x+ land g(x) = agree except at 43. f(x) = x(x + 1) and g(x) = 1 agree except at x = 1.
x = 0.
() limg(9 = limf() = 1 (@ lim k) = lim () =
(b) lim g0 = lim f(x) = 3 (b) Jim, g(x) = lim, f(x) =0
x2—1 x3— 8
45. f(x) = T 1 andg(x) = x — lagreeexcept at X = — 1. 47. f(x) = — and g(x) = X2 + 2x + 4 agree except at

lim f(x) = lim g(x) = —2 x=2
-t -t lim () = lim g(x) = 12

3

12

| \

-4

-9 9
0
. x—5 X—5 X +x=6_ . (x+3(x—2)
49 lim e s = M G T 5x - 5) 8L M e g = M Ty =3
Cml o1 i X—2_-5_5
x5 10 X3 "6 6



Section 1.

3 Evaluating Limits Analytically

33

53.

55.

57.

59.

61.

63.

65.

lim

\/x+5—\/§:”m\/x+ -5 Ux+5+ 5

x-0 X

X—4 X—4

Xx-0

b x(/x+ 5+ /5)

X

(x+ 5 —

Jx+5+ /5

5

1

1

m\/x+5—3:“m\/x+ —3'\/x+5+3

X4 X

—4
(x+5) —

VX+5+3
9

lim = =
x-0 /X+5+ V5 25

1

)l_ (xf4)(\/x+ 5+ 3

. 1
= lim =
) x-4/x+5+3 J9+3

/5

10

_1
6

11 2-(2+x
jim 2P X2 iy 22X, =1L
x—-0 X x-0 x-02(2 + X) 4
lim 2(x+Ax)—2x: lim 2X + 20X — 2X _ lim 2 = 2
Ax-0 AX Ax-0 AX Ax-0
lim (X+Ax2—2x+Ax) +1—(x®—2x+ 1) lim X2+ 2XAX + (AX)2 — 22X — 2Ax+ 1 - X2 + 2x— 1
AX-0 Ax T Ax-0 Ax
= lim (2Xx+ Ax—2)=2x—2
Ax-0
limYXF 222 g .
X-0 X
— |
X -0.1 -0.01 —-0.001 | O | 0001 | 0.01 0.1 -3 8
f(x) 0.358 0.354 0345 | ? | 0.354 | 0.353 | 0.349
-2
Andytically, lim XXt 2= N2 o XF2- V2 Uxr2t V2
x-0 X X0 X /X +2+ /2
: X+2—2 1 1 V2
= lim = lim = =—=034
X~0x(‘/x+2+ ﬁ) -0 /x+2+ /2 2/2 4
1 1 —
im2tx 2 _ 1 !
x-0 X h 4 i
-5 1 —
X -0.1 —-0.01 —-0001 | O 0.001 0.01 0.1 :K/__—Z
f(x) | —0.263 | —0.251 | —0.250 | ? | —0.250 | —0.249 | —0.238
1 1
. C24x 2 o 2-(Q+% 1. -x 1 . -1 1
Andyticaly, Im=—— =m0 1% "X "R22+x x M2+~ &



34  Chapter 1 Limits and Their Properties
. o§inx snx\(1\] _ (1) _1 . sinx(1 —cosx) _ . [; sinx 1 — cosx
67. lim BX LI%[( X )(5)] - (1)(5) "5 69. lim 2x2 =1mz2 x X
1
= WO =0
. ¢§mx . [sinx . _ Lo (1 — cosh)? 1 - cosh,
71. )|(Iﬁo < )|(I_I:T8 [—X sin x] =(1)sn0=0 73. ILIET(]) h = Illmj[ h 1- cosh)]
= (00 =0
COSX . o sn3t _ . (sin3t\(3)\ _ 3\ _3
. o2 cotx Xgrp/zsmx =1 imT = !'IE( 3t )<2> B (1)<2> 2
79 1) = 13 T
t -0.1 —0.01 —0.001 | O | 0.001 | 0.021 0.1 . n
—2m Ta, '\,II I'.,l'l Ta. 27
f(t) 2.96 2.9996 3 ?13 2.9996 | 2.96 =
. . The limit appear to equal 3.
. . sSin3t . sin 3t
Analytically, !Lrgf = !er(} S<T) =3(1) =3
i 2
8L f(x) = 2NX ;
X
“om #Iﬁ'Ihl;'hﬂ hl.lrll,lﬂ"llw o
x | -01 ~0.01| —0.001|0|0.001 | 0.01 | 0.1 Vi
f(x) | —0.099998 | —0.01| —0.001 | ?| 0.001 | 0.01 | 0.099998 -
Andyticaly, lim 3™ — lim X(gn)@) —01) =0
y Y, x-0 X _xﬂO X2 a e
83, Iimf(x+ h) —f(x) _ Iim2(x+ h)+3—-(2x+3) _ ”m2x+2h+3—2x—3: lim@:2
h-0 h h-0 h h-0 h h-o h
4 —_—
. fx+h)—fx . x+h x . 4X—4x+h . -4 -4
8. Im=—, S T MM xR
87. lim(4 —x% < limf(x) < lim(4 + %% 89. f(x) = xcosx
X0 X0 X0
4< .

limf(x) < 4
Xx-0

Therefore, Iirrg f(x) = 4.
X

SN
e

-4

lim(xcosx) =0
X-0
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91. f(x) = |x| sinx

6

-\

-6

lim|x] sinx =0
x-0

95. We say that two functions f and g agree at all but one
point (on an open interval) if f(x) = g(x) for al xin the
interval except for x = ¢, wherecisin theinterval.

93.

97.

1
f(x) = xsinZ

AN

0.5

-0.5

lim (xsin1> =0
X X
An indeterminant form is obtained when evaluating a limit

using direct substitution produces a meaningless fractional
expression such as 0/0. That is,

)
M g0

for which limf(x) = limg(x) = 0
X-C X-C

99. f(x) = X, g(x) = sinx, h(x) = szx
3 When you are “close to” 0 the magnitude of f is
g h ! approximately equal to the magnitude of g.
- 5 Thus, |g|/|f| = 1when xis“closeto” 0.
i
-3
101. s(t) = —16t2 + 1000
s(5) — s(t) — (=16t + 1000) _ . 16(t + 5)(t =5 _ B
i "”é 5t =M= g5~ lim 16+ 5 = ~160ft/sec

Speed = 160 ft/sec

103. s(t) = —4.9t2 + 150

8(3) s(t) —4.9(32) + 150 — (—4.9‘[2 150) —4.9(9 — tz)
im=s—¢ =1 3-t =lim—3
—493—-1t)(3+1)

:Ii Im —49(3 +t) = —29.4m/sec
X 3—-t

105. Letf(x) = 1/xand g(x) = —1/x. )I(irrgf(x) and )I(ing g(x) do not exist.

Ilm[f(x) +g(x] = ng[l + (—%)] = J(Il‘]?) [0]=0

X

107. Givenf(x) =
[f() — b| =

b, show that for every e > Othereexistsad > 0 such that |f(x) — b| < ewhenever |x — ¢| < 8. Since
b — b| =0 < eforany € > 0, then any value of § > O will work.

109. If b = 0, then the property is true because both sides are equal to 0. If b # O, let ¢ > 0 be given. Since Limf(x) =1L,
thereexists > Osuchthat |f(x) — L| < €/|b| whenever 0 < |x — c| < 8. Hence, wherever 0 < |x — ¢| < §,
we have

[b||f(x) = L| <€ or |bf(x) —bL| <e€
which implies that lem [bf (x)] = bL.
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111 ~M[f(¥] < f(g(x) < M[f(¥) | 113. False. As x approaches O from theleft,m -1

L=
lim (=M[f(x)[) < limf(x)g() < lim (M|f(3)[)
—M(0) < Limf(x)g(x) < M(0)

2

0 < limf(xg(x) < 0 = *

Therefore, lel f(x)g(x) = 0.

115. True. 117. Fase. The limit does not exist.

4

119. Let

4, ifx=0
Fe0 _{—4, ifx < 0

lim [f(¥)| = lima = 4.

Iingf(x) does not exist sincefor x < 0, f(x) = —4andforx = 0O, f(x) = 4.
X

0, if xisrational
121 169 = {1, if xisirrational

0, if xisrational
X, if xisirrational

g(X)—{

Iirrgf(x) does not exist.
X

No matter how “close to” 0 x is, there are still an infinite number of rational and irrational numbers so that Iirr(]) f(x) does not
exist. “

)I(m g(x) = 0.

When x is“close to” 0, both parts of the function are “close to” 0.

. 1l—cosx_ . 1—cosx 1+ cosx l—-cosx 1 o 1,
123. (@) )I(lm) Z lefrg) 2 1+ cosx (b) Thus, = 3 0O 1 — cosx X
_ . 1-—cos’x .1, _
= LIII;I) 2L + cos) O cosx=1 X forx = 0.
_ . Sin®x 1 IR PR
= lim Z 17T cosx (¢) cos(0.1) = 1 2(0.1) = 0.995

_ 1\ 1 (d) cos(0.1) = 0.9950, which agrees with part (c).
= (1) 5=



Section 1.4

Continuity and One-Sided Limits 37

Section 1.4

1

11.

13.

15.

19.

23.

29.

€) Xlir131‘ fx) =1
(b) Xlianewf fx) =1
(©) lifr;f(X) =1

The function is continuous at

lim cot x does not exist since

X—a

lim

| cot xand lim cot x do not exist.
X—a X—a

Iing(z — [—X]) does not exist

X

because

Iim2-[-x)) =2-(-3) =5
X-3"

and

lim 2= [-x) =2 - (-4 = 6.

g(x) = /25 — X2 is continuous
on[—5,5].

Continuity and One-Sided Limits

3. (@ Xlir131‘ f(x) =0
(b) Xlianewf fx) =0
(©) lifr;f(X) =0

The function is NOT continuous at

5. (a) Xlirp f(x) =2
(o) Xlirn fx) = -2
© Iximf(x) does not exist

The function is NOT continuous
ax = 4.

x =3 x=3.
lim 2= _ fjm——+_-1 9. lim —=—— does not exist because ———— grows
"x-5'x2—25 x.5'Xx+5 10 "x--3- /X -9 N 9g
without bound asx - —3.
tim 2= i =X = 1,
x-0" X x-0" X
1 1
im XEAX X X—(x+Ax 1 _ lim A1
AX-0" Ax -0 X(X+ AX)  AX  ax-0 X(X + Ax)  Ax
= lim _71
ax-0" X(X + Ax)
- -1 _ 1
x(x + 0) X2
. . xXx+2 5
Jim 109 = fim =5 =3 17

limf(x) = lim (x+ 1) =2
X— 1" X 1%

Xliqr?f f(x) = xlle C+1)=2

llmf(x) =2

21 xllrll (3x] -5 =33 -5=4

(IX] = 3for3 < x < 4)

X

7+X

25, f(x) = lef 27. F(x) =

4

has discontinuities at each integer
k since Iink1f(x) # Iinklf(x).
X— X

has discontinuitiesat x = —2 and
x = 2 dince f(—2) and f (2) are not
defined.

31. 33. f(x) = x2 — 2x + 1iscontinuous

lim f(x) =3 = lim ().
X0 x>0 for all real x.

fiscontinuouson[—1, 4].
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35. f(x) = 3x — cosxis continuous for all real x. 37. f(x) = is not continuous at X = 0, 1. Since

X2 — X

X 1 .
Z—x - 1forx;éo,x=0|saremovable

discontinuity, whereas x = 1 is a nonremovable
discontinuity.

X+ 2

v i 1 is continuous for all real x. 41. f(x) =
has a nonremovable discontinuity at x = 5 since Iirré f(x)
X —
does not exist, and has a removable discontinuity at
X = —2since

. . 1
xllrpzf(x) - xlerZ X—5 B _i.

X+ 2 . . . . .
|72| has a nonremovable discontinuity at x = —2 since I|m2 f(x) does not exist.
X —

43. f(x) = s

X, Xx<1

45, f(x)={2

X4, XxX>1
has a possible discontinuity at x = 1.
1Lfy)=1

lim f(x) = lim x= 1}
X—1 X—1
limf(x) = limx2=1
X — 1If X— 1

2. limf(x) =1

3. f(1) = iimf(x)

f iscontinuous at x = 1, therefore, f is continuous for all real x.

41, x<2 o
47. f(x) =12 has a possible discontinuity at x = 2.
3—X% x>2
2

Lf@=5+1=2

lim f(x) = lim (% + 1> =2
X2 X2 |irgf(x) does not exist.
X

i 169 = fim 3 =1

Therefore, f has a nonremovable discontinuity at x = 2.

X X

an ™, X <1 ([@an™ _1<x<1 . ' N

= 4 = 4 = — =
49. f(x) {x X =1 X X< —lorxs 1 has possible discontinuities at x 1, x=1

1. f(-1) = -1 f(1) =1
2. X'j”jlf(x) =-1 liﬂf(x) =1
3. (-1 = XIairplf(x) f(1) = Liﬂf(x)

fiscontinuous at X = +1, therefore, f is continuous for all real x.
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51. f(x) = csc 2x has nonremovable discontinuities at integer
multiples of /2.

55. lim f(x) =0 50
X— 0"
g 169 =0 \
fisnot continuousat x = —2. -s 8

-10

53. f(x) = [x — 1] has nonremovable discontinuities at each

integer k.

57.f(2 =8

Find asothat lim ax* =8 O a:%: 2.
X 2 2

59. Find a and b such that Iimr (ax+b)=—-a+b=2and Iirg]ﬁ (ax+b=3a+b=-2
X— — X

a-b=-2
da — f(x) ={—x+1,
_2,
a=-1

b= 2+(-1)=1

61. f(g(x) = (x — 1)

Continuous for al real x.

65. y = [x] — x

Nonremovable discontinuity at each integer

0.5

AN

X
+1

69. f(x) = 2
Continuous on (— oo, o)

_sinx

73. f(x) "

-2

The graph appear s to be continuous on the interval
[—4, 4]. Since f(0) is not defined, we know that f has
adiscontinuity at x = 0. This discontinuity is removable
so it does not show up on the graph.

X< -1
-1<x<3
x=3

1 1

63. f(g(x) = ( =

67.

71.

75.

X2+5 -6 x-1

Nonremovable discontinuitiesat x = +1

2X — 4, Xx<3
f()_{XZ—ZX, X >3

Nonremovable discontinuity at x = 3

7
-"l. 7
/

— oo X
f(x)—ser:4

Continuous on:
..., (=6,-2),(-22),(206), (6 10),. . .

f(x) = ﬁx“ — x8 4+ 3iscontinuous on [1, 2].

f(1) = %2 and f(2) = —4. By the Intermediate Value
Theorem, f(c) = O for at least one value of ¢ between
1land 2.
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77. f(x) = X2 — 2 — cosxiscontinuous on [0, 7).

f(0) = —3and f(7) = 72 — 1 > 0. By the Intermediate
Value Theorem, f(c) = O for the |least one value of ¢
between 0 and 7.

81. g(t) = 2cost — 3t
giscontinuouson [0, 1].
g0) =2 > 0andg(l) = -1.9 < 0.

By the Intermediate Value Theorem, g(t) = O for at least
one value ¢ between 0 and 1. Using a graphing utility, we
find that t =~ 0.5636.

85. f(x) =x*—x2+x—2
fis continuous on [0, 3].
f(0) = —2and f(3) = 19
—2<4<19
The Intermediate Vaue Theorem applies.
- +x—-2=4
X=X +x—-6=0
x—2(x®*+x+3)=0
X=2
(X2 + x + 3 hasno rea solution.)
c=2
Thus, f(2) = 4.

PN oW A O
P

X
-2-1 1 1 34567
24

P

The function is not continuous at x = 3 because
Iirg+ fx)=1#0= Iirgff(x).
X— X

79. fx)=x¥+x—1
f(x) is continuous on [0, 1].
f(0)=—-1landf(l) =1

By the Intermediate Value Theorem, f (x) = O for at least
one value of ¢ between 0 and 1. Using a graphing utility,
we find that x = 0.6823.

83 f(x)=x+x—-1
fis continuous on [0, 5].
f(0) = —1andf(5) = 29
-1<11 <29
The Intermediate Val ue Theorem applies.
¥+x—-1=11
X+x—-12=0
x+4x—-3 =0
Xx=—-4o0rx=3
c=3(x= —4isnotintheinterval.)

Thus, f(3) = 11.

87. (@) Thelimit does not exist at x = c.
(b) The function isnot defined at x = c.

() Thelimit exists at X = G but it is not equal to the
value of the function at X = C.

(d) Thelimit does not exist at x = c.

91. The functions agree for integer values of x:

gx) =3—-[-xX]=3—-(—x) =3 +x

F) = 3+ [] = 3 + }forxanlnteger

However, for non-integer values of x, the functions
differ by 1.

fX)=3+[x=9gx) —1=2—[—x].

For example, f(3) =3+0=3,g(})=3—- (-1 =4
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[t +
9. N(t)=25<2 %}]70
t 0 1 (18| 2 3 | 38
N(t) 50| 25| 5| 50| 25| 5

Discontinuous at every positive even integer.The

company replenishes its inventory every two months.

95. Let V = 3713 be the volume of a sphere of radiusr.

V(1) = 47 ~ 419
V(5) = 47(5%) ~ 523.6

Since 4.19 < 275 < 523.6, the Intermediate Value Theorem implies that there is at |east one value r between 1 and 5 such

that V(r) = 275. (In fact, r = 4.0341.)

Number of units

t
2 4 6 8 10 12

Time (in months)

97. Let ¢ be any real number. Then lim f (x) does not exist since there are both rational and
X—-C

irrational numbers arbitrarily close to c. Therefore, f is not continuous at c.

-1, ifx<O
99. sgn(x) = 0, ifx=0
1, ifx>0
@ Iir(r)l sgn(x) = —1
(b) Iirg)l+ sgn(x) = 1

(o Iirrg sgn(x) does not exist.

101. True; if f(x) = g(x), x # ¢, thenlim f(x) = lim g(x) and
X—-C X—C
at least one of these limits (if they exist) does not equal
the corresponding function at x = c.

0 O=<sx<b

105. (@) f(x) = {b b<xs<2b

y

2b—+

2b

NOT continuous at x = b.

(b) 9 =

103. False; f(1) is not defined and Iirqf(x) does not exist.
X

0<x<b

o NIX

b<x<2b

N | X

N

b 2b

Continuous on [0, 2b].
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107. £(x) =w, c>0

Domain: x+¢2>0 0 x= —c2andx # 0, [—c? 0) U (0, o0)

X+ —-c . Ux+cE—-c Ix+E+c
lim——— = lim e
X0 X X0 X \/X +c2+¢c
. x+A-¢? ) 1
= lim =|lim— = =
-0 /X +E+d x0/x+E+c 2
Define f(0) = 1/(2c) to make f continuous at x = 0.
109. h(x) = x[X] 15
h has nonremovable discontinuities at
™o
Xx==+1+2 +3 ... . - 1
-3 & &= 3
-3
Section 1.5 Infinite Limits
1. lim 2%‘ = oo 3. lim tanlx— —o0
x-—2" |[x¢ — 4 —2* 4
; lim tanlx =
xLIEnZ* 2 X2 — 4‘ > X —2 4
1
5 f(x) = Z-9
X —-35 —31|—-301| —3001 || —2999 | —299 —-29 —-25
f(x) | 0.308 | 1.639 | 16.64 166.6 —166.7 | —16.69 | —1.695 | —0.364
lim f(x) = oo
X——3
lim f(x) = —c0
X —3"
X2
7. f(x) = Z-9
X —-35 —31 | —-301| —3.001 || —2.999 | —299 —-29 —-25
f(x) | 3.769 | 15.75 | 150.8 1501 —1499 | —1493 | —14.25 | —2.273
lim f(x) = oo
X——3
lim f(x) = —oo

X— —3"
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1 1 . X2 — 2
9. lim =< = = lim = - - £ -
oo 2Tl 1L xlirg x-2x+1 °~°
Therefore, x = 0 isavertical asymptote. . X2 —2
lim —————~ = -0
x-2- (X —2)(x + 1)
Therefore, x = 2 isavertical asymptote.
lim & = oo
X —1* (X — 2)(X + l)
lim & = —
x--1" (X —2)(x + 1)
Therefore, x = —1isavertical asymptote.
2 2
13. lim L ocoand lim X - —o0 15. No vertical asymptote since the denominator is never zero.
Xx——2- X2 — 4 x--2" X2 — 4
Therefore, x = —2 isavertical asymptote.
. X2 . 2
Mg = Teeand lim e
Therefore, x = 2 isavertical asymptote.
_ _ Sin2x : . 4\ _ o 4
17. f(x) = tan 2x = 05 2x has vertical asymptotes at 10. tllrg (1 — t—2> = —o00 = tllrgj (1 - t—2>
= (2n Z Dm _ 77: + LZW n any integer. Therefore, t = O isavertical asymptote.
. X B x4+l (x+ D -x+1)
21 XL|@2+(X+2)(X_1)—w 23'f(x)_x+1_ x+1
O S has no vertical asymptote since
ML Sy T R _ _
lim f(x) = lim x*—-x+1) =3
Therefore, x = —2 isavertical asymptote. x--1 x-ot
lim ———— = oo
x-1' (X + 2)(x — 1)
lim——~— = —
x-1 (X + 2)(x — 1)
Therefore, x = 1lisavertical asymptote.
x—5x+3) x+3 t .
25. f(x) = = X# 5 27. st) = ant has vertical asymptotesat t = nar, n

X—-50+1) x+1
No vertical asymptotes. The graph hasaholeat x = 5.

anonzero integer. There is no vertical asymptote at
t = 0since
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2 2
. - . . +
29. lim » l=I|m(x71)=72 3L lim X 1:oo 8
x--1 X+ 1 X —1 x-—1" X+ 1 7
2 2 :k
Iimx+1:_oo i : L,
i 5 x-—-1" X+ 1 h
/ Vertical asymptote at ' ~
x=-1
-5
Removable discontinuity at x = —1
. x—3 . X2 _
S S Uy T B
. X+ 2x—3 . x—-1 4 X2 = X X 1
37. Ilim ————= lim == im—-———-=lim—-——==
e x—6 M x—2 5 3 M e Dx =1 iMe+1 2

41. lim (1+1>=foo 43. Iim.i=oo
X-0" X x-0" SN X

45, lim == = lim (/xsinx) = 0 47. lim xsec(mx) = coand lim xsec(wX) = —oo.
X CSC X X T x-(1/2) x-(1/2)*

Therefore, lim X sec(mx) does not exist.
X (1/2)

¥+ x+1 1
49. f(x) = e o1 51 f(x) = @ — 25
. . 1 .
Am 00 = Jim Sy = oo Jim £ = —oo
0.3
3 i
L gLy
e : 5 I(,—jl
: : -0.3 I
-3
S . . . . x—3 X—3
53. A limit in which f(x) increases or decreases without 55. One answer is f(x)

=— =
bound as x approaches c is called an infinite limit. co is x-8x+2 »¥-a4x-12
not a number. Rather, the symbol

limf(x) = oo

X-C

says how the limit fails to exist.

57. y 59. Szliir,o < |r] < 1. Assumek # 0.
ST )
,_(, E rllj{ls:rlﬂlﬁ:m (or —ocifk < 0)
? i
S T O A R
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528x 2(7) 7
6l C = .0 < x < 100 63 (@ r=—20D /e
100 — x @ /625 — 49 12 /
a) C(25) = $176 million
(a) C(25) 0 r 2(15) :gft/sec
(b) C(50) = $528 million /625 — 225
.- 2X
c) C(75) = $1584 million im —=2 =
© ¢ O m—e *
(d) lim 58 _ Thus, it is not possible
o100 100 — x _ ° S P '
65.
@y 1 05 0.2 01 | 001| 0.001 | 0.0001
f(x) | 0.1585 | 0.0411 | 0.0067 | 0.0017 | ~ ~ ~
0.5 o
lim 23X _
X 0" X
-15 15
-0.25
®) [y 1 0.5 0.2 0.1 0.01 | 0.001 | 0.0001
f(x) | 0.1585 | 0.0823 | 0.0333 | 0.0167 | 0.0017 | ~ ~
0.25
. X—s8nx
-15 15 X“jgl 2 0
-0.25
© [y 1 05 | 02 01 | 001 |0001 | 0.0001
f(x) | 0.1585 | 0.1646 | 0.1663 | 0.1666 | 0.1667 | 0.1667| 0.1667
0.25
. X—98nx
s . Jim =— 2= = 0.1167 (1/6)
-0.25
@[5 1 05 0.2 0.1 0.01 | 0.001 | 0.0001

f(x) | 0.1585 | 0.3292 | 0.8317 | 1.6658 | 16.67 | 166.7 | 1667.0

15

L lim X= sinx
-15 ﬁ 15 xl%l X4 = oo

-15

X — sinX
2792 o

Forn = 3, lim =
X 0" X
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67. (d) Because the circumference of the motor is (b) Thedirection of rotation is reversed.
half that of the saw arbor, the saw makes d
1700/2 = 850 revolutions per minute. @ ¢| 03 0.6 0.9 1.2 15
(c) 2(20 cot ¢) + 2(10 cot ¢): straight sections. L | 306.2 | 217.9 | 195.9 | 189.6 | 1885

The angle subtended in each circleis

hu(4g7¢»=w+2¢ \KRH_E_

Thus, the length of the belt around the pulleysis

(e) 4s0

20(7 + 2¢) + 10(7 + 2¢) = 30(7 + 2¢). o z
Total length = 60 cot ¢ + 30(7 + 2¢) (fy lim_ L =607 ~ 1885
b (m/2)”
Domain: <0, g) (All the belts are around pulleys.)

@ Jim L=oo

69. False; for instance, let 71. False let
2_ 1
f(x):X lor f(x)—{X x#0
x—1 3, x=0.
(%) = X The graph of f has a vertical asymptote at x = 0, but
=1 £(0) = 3.

73. Given limf(x) = co and lim g(x) = L:
X—C X—C

(2) Product:
If L > 0, thenfor e = L/2 > Othereexists §, > O such that [g(x) — L| < L/2whenever 0 < |x — ¢| < §;. Thus,
L/2 < g(x) < 3L/2.Sincelimf(x) = cothenfor M > O, there exists 8, > 0 such that f(x) > M(2/L) whenever
|x —¢| < &, Letd bethes:(ﬁgller of 8, and §,. Thenfor 0 < |x — c| < §, wehavef(x)g(x) > M(2/L)(L/2) = M.
Therefore Ixirrlf(x)g(x) = oo. The proof issimilar for L < 0.

(3) Quotient: Let € > 0 be given.
There exists §; > Osuchthat f(x) > 3L/2e whenever 0 < |x — ¢| < §; and there exists §, > O such that |g(x) — L| <
L/2whenever 0 < |x — c| < &,. Thisinequality givesusL/2 < g(x) < 3L/2. Let & be the smaller of §, and &,. Then
for0 < |x —c| < §, wehave

‘@ < 3L/2 _ .
f(x) 3L/2e
Therefore, lim 9(x) =0.
xﬂcf(X)
75. Given Iimi =0
' xacf(X) '
Suppose lim f (x) exists and equals L. Then,
X—C
lim1l
P S o S S
MM~ imfe L~ %

Thisis not possible. Thus, lim f(x) does not exist.
X-C



