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CHAPTER 10
Vectors and the Geometry of Space

Section 10.1  Vectorsin the Plane

Solutions to Even-Numbered Exercises

2. (@ v=(3-3-2-4)=(0, -6) 4. @v=(—-1-23-1=(-32)
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6. u=(1l—(—4),8—0)=(5,8)
v=(7-27-(-1) = (5,8)

u=yv

10. (b) v=(3—-2,6 — (—6)) =(1,12) 12. b) v=(-5-0,—-1—-(—4) =(-53)
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18. (a) 4v = (—4, 20)

.u= (11— (-4),-4 - (-1) = (15, -3)
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18. —CONTINUED—

() Ov=0,0)
y
6
(-1,5)e
v
ov
-3 -2 -1 12 3

24. (a) %u = %(—3, -8) = <_2, _179

(b) v — u = (825 — (—3,—8) = (11, 33)

(€) 2u + 5v = 2(—3, —8) + 5(8, 25) = (34, 109)

28. v = 5u — 3w = 52, —1) — 3(1, 2) = (7, —11)

32. || = V144 + 25 = 13

38. |u] = VB + 152 = /250 = 5./10

v=i= (5,15) =< 1 3 >unitvector
lul ~ 510 \J/10' /10

34. V| = V100 + 9 = /109

(d) —6v = (6, —30)

(e 5){
Il Il v

——t t t t t X
-15 -10 -5 5 10 15

-10 -6v

-30  (6,-30)

22. y

2v

26.v=(2—j) +(+2)
=3 +j=(31

36. v =V1+1= 2

40. u| = V(=627 + (34 = V50 = 5./2
yo U _(-6234) <—1.24 0.68
il 5v2 V22

—> unit vector
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42. u=(0,1),v = (3 —3)
@ Jul=vo+1=1
() vl = Vo +9=3/2
(©0 u+v=¢(3 -2
lu+vi=+o+4= 13

U
lu

(d) 0,1

u

lul
v __1
M 3.2

v
I

=1

C) (3,-3

=1

u-+v 1

O W T U

u+v
flu+ v

3,-2

=1

46. u=(-32)
Jull = 13 =~ 3.606
v={(1-2)
M| = V5 = 2.236
u+v=(-20
lu+ vl =2

lu+ v < flull + v

u 1

50. Tul =3 0,3
u j—
3<m> =0, 3)
v = (0, 3)

54. v = (cos3.5°)i + (sin 3.5%)j
~ 0.9981i + 0.0610j = (0.9981, 0.0610)

58. u = 5[cos(—0.5)]i + 5[sin(—0.5)]j
= 5[cos(0.5)]i — 5[sin(0.5)]j
v = 5[cos(0.5)]i + 5[sin(0.5)]j
u + v = 10[cos(0.5)]i

44. u = (2,—-4),v=(55)
@ Jul = V4 +16 = 25
(b) M| = V25 + 25 = 5./2
© u+v=((71)
u+v|=/49+1=5/2

u 1

T~ 282~

(d)

]

Y 1

M~ 52>

(e

v

v
utv _ 1
lu+vl 5.2

u+v
lu+ v

=1

() 7.1

=1

w1,
T

u
4<m 2/2(-1,1)
(-2v2,242)

48.

\Y

52. v = 5[(cos 120°)i + (sin 120°)j]
5 53

= 5t

56. u=4di
v=i+ /3
u+v=>5 + J/3j

60. See page 718:

(kug, kup) o —

(Ug + vy, Up +Vp)
(G RS J
-~ U+v
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62. See Theorem 10.1, page 719.

For Exercises 6468, au + bw = a(i + 2j) + b(i —j) = (a + b)i + (2a — b)j.

64. v = 3j. Therefore,a + b = 0, 2a — b = 3. Solving 66. v = 3i + 3j. Therefore,a + b = 3,2a — b = 3. Solving
simultaneously, wehavea = 1,b = — 1. simultaneously, we havea = 2,b = 1.
68. v= —i+ 7j. Therefore,a+ b= —-1,2a—b=7.

Solving simultaneously, wehavea = 2, b = —3.

70.y=x3y =3 =12ax= -2 72. f(x) = tanx
(@ m=12. Letw = (1, 12), then f/(x)=seczx=2atx=%.
w1 1y (@ m=2 Letw = (1, 2), then
Iwl  — /145 " ' Y
w 1
b) m= —&. Letw = (12, —1), then = +—— (1, 2).
w1 g, (b) m= —1 Letw = (—2, 1), then
Wl ~ /145
w 1
= (=2, 1),
(Wl /5
74, u=2J/3i+ 2 76. magnitude ~ 63.5
u+v= -3+ 3/3j direction ~ —8.26°

(U+v)—u=(-3-243)i + (3.3~ 2)

<
Il

78. |IFy| = 2, 6 = —10°
IFJl = 4, O, 140°
IF3| = 3, 6, = 200°
IRl = [IFy + F, + Fy| ~ 4.09
br = O, +r,+F, = 163.0°

80. F, + F, = (500 cos30°i + 500sin30%) + (200 cos(—45°)i + 200 sin(—45°)j)
= (250./3 + 100./2)i + (250 — 100./2)j
IF, + Fyfl = /(25043 + 1004/2)? + (250 — 100./2)° ~ 584.6 Ib

_ 250 - 100./2
250/3 + 100./2

tan 6 0O 6=107°

82. F, + F, + F, = [400(cos(—30°)i + sin(—30°)j)] + [280(cos(45”)i + sin(45°)j)] + [350(cos(135%)i + sin(135%)j]
=[200./3 + 1402 — 175./2)i + [-200 + 140./2 + 175./2];
IR = /(2004/3 — 350/2)? + (—200 + 315./2)° ~ 385.2483 newtons

—200 + 3152 .
O = arctan<200 N \/é> ~ 0.6908 ~ 39.6
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84. F, = (20,0), F, = 10(cos 6, sin 6)
(@ |F, + FJ| = {20 + 10 cos 6, 10 sin 6)||
400 + 400 cos 6 + 100 cos? 6 + 100 sin? 6

= /500 + 400 cos 6
(b) < (c) Therangeis10 < ||F, + F,| < 30.
The maximum is 30, which occur at 6 = Oand 6 = 2.
\/ Theminimumis10at 6 = .
0% 2 (d) The minimum of the resultant is 10.

8. u=(7—-15-2)=(63)

1
EU = <2, l>

P,=(12+(21= 373
P,= (1,2 +221) = (54

24 " y
88. 6, = arctan 20/~ 0.8761 or 50.2
A & B
0, = arctan(%) + 7 = 1.9656 or 112.6° P/
- A% u
u = ||ull(cos 6,i + sin 6, j) © g
v = |v|(cos 6,i + sin 6,])

Vertical components: |Jul| sin 6, + |v|| sin 6, = 5000
Horizontal components: |ul| cos 6; + |v| cos 6, = 0
Solving this system, you obtain

ul| =~ 2169.4 and v ~ 3611.2.

90. To lift the weight vertically, the sum of the vertical components of u and v must
be 100 and the sum of the horizontal components must be 0. ;

u = |lu|| (cos 60°i + sin 60%) u

v = |v|| (cos 110° + sin 110%)

Thus, [|u sin 60° + [[v]| sin 110° = 100, or ool
IUII<‘£§> + M sin 110° = 100. ¥

And |lu]| cos 60° + ||v|| cos 110° = 0 or
1 O
HU||<§> + |Iv] cos 110° = 0

Multiplying the last equation by (\/ﬁ) and adding to the first equation gives
Jul(sin 110° — /3cos110°) = 100 O || = 65.27 Ib.

Then, |u||(%) + 65.27 cos 110° = 0 gives

lul| = 44.65 Ib.
(@ Thetension in each rope: ||u|| = 44.65 b, ||v|| = 65.27 Ib.
(b) Vertical components: ||ul| sin 60° =~ 38.67 Ib.
[Vl sin 110° =~ 61.33 Ib.
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92. u = 400i(plane)
v = 50(cos 135°i + sin 135°%j) = —25./2i + 25./2j (wind)
u+ v = (400 — 25/2)i + 25./2j ~ 364.64i + 35.36]

35.36 .
tn 6 = -0 O 0~554

Direction North of East: = N 84.46° E
Speed: = 336.35 mph

94. |u| = cos? 6 + sin? 6 = 1,
M| = V/sin?6 + cos? 6 = 1

96. Let u and v be the vectors that determine the parallelogram, as indicated in the figure.
Thetwo diagonasareu + v andv — u. Therefore, r = x(u + v), s = y(v — u). But,

u=r-—s
=XUu+vVv)—ylv—u)=X+yu-+ x—yv

Therefore, x + y = 1andx — y = 0. Solvingwe havex = y = %

98. The setisacircle of radius 5, centered at the origin.
lull = [Kx Wl = V> + y* =5 0 X +y>=25

100. True 102. False 104. True
a=b=0

Section 10.2  Space Coordinates and Vectors in Space

6. A2, —3,—-1) 8. x=7y=-2z=-1 10. x=0,y=3,z2=2:(0,3,2)
B(-3,1,4) (7,-2,-1)
12. The x-coordinate is 0. 14. The point is 2 unitsin front of the xz-plane.

16. The point ison the plane z = —3. 18. The point is behind the yz-plane.
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20. The point isin front of the plane x = 4. 22. The point (x, Y, 2) is 4 units above the xy-plane, and above
either quadrant I1 or IV.

24. The point could be above the xy-plane, and thus above quadrants | or I,
or below the xy-plane, and thus below quadrants 11 or IV.

26.d=V2-(-2)°+ (-5-32+ (-2—-2)7? 28.d=V(4-22+(-5—-22+(6—-3)7?
= /16 + 64 + 16 = /96 = 4./6 = JA+49+9= /62
30. A5, 3,4),B(7, 1, 3), C(3, 5, 3) 32. A(5,0,0),B(0,20),C(0,0,—3)
|AB| = /4+4+1=3 |AB| = /25 + 4+ 0= .29
|AC|=V4+4+1=3 |AC| = V25 +0+9= /34
|IBC| = /16 + 16 + 0 = 4./2 |IBC| = O+ 4+9= .13
Since |AB| = |AC|, the triangle is isosceles. Neither
34. They-coordinate is changed by 3 units: 36. (4 er 8, 0 er 8, —6 ; 20) =(6,4,7)
(5,6,4),(7,4,3),(3,8,3)
38. Center: (4, —1,1) 40. Center: (—3,2,4)
Radius: 5 r=3
X—42+(y+12+((z-1*=25 (tangent to yz-plane)
XR+y+2-8+2y—22—7=0 X+ 32+ (y—22+ (z—42=9
42, R+ +22+9%—-2y+10z2+19=0
81 81
x2+9x+7 + (2 -2y + 1)+ (2+10z+ 25) = 19+ 41425
9\ 2 »_ 109
<x+2>+(y 12+ (z+ 5?2 = 2
(294 _
Center: ( > 1, 5)
Radius: 109
2
44, A2+ Ay + 422 — 4x—32y+82+33=0
x2+y2+22—x—8y+22+37?:0
(xz—x+%>+(y2—8y+ 1)+ Z+2z+1) = —%+%+16+1

(x—%>2+(y—4)2+(z+1)2=9

1
Center: (5’ 4, 71>

Radius: 3
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46. X+ y?+72<4x—6y+ 82— 13
(RR—4x+4)+(y2+6y+9 +(2—-8+16) <4+ 9+ 16— 13
X—22+(y+32+(z—-42%<16
Interior of sphere of radius 4 centered at (2, — 3, 4).

48. (8 v=(4—0)i + (0—-5)j +(3- 1k 50. (8) v=(2-2i+(3-3)j+ (4—-0k
=4i — 5 + 2k = (4,-5,2) =4k = (0,0, 4)
(b) ; (b) :

52. (—1—4,7—(-5),-3—2) =(-5,12, —5) 54. 2—-1,4—-(-2),—-2—-4)=(1,6,—6)
[(=5,12, —=5)| = /25 + 144 + 25 = /194 (1,6, —6)| = /1 + 36 + 36 = /73
_ (-512,-5) [/ -5 12 -5 , /1 6 -6
Unit vector: /194 = <m /194’ m> Unit vector: <\/ﬁ e \/ﬁ>
5. b) v=(—4—-2i+ @B+ 1)+ (7+ 2k
= -6l +4) + 9% =(—6,4,9)
(a) and ().
58. (0, 0 ) — (0.2.3) = (1, -5,3)
Q=(1-33
60. (8 ~v=(-22-1 (b) 2v = (4,—4,2)

z

4

32,2,-10
X y

© 3v=(1-13) (d
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62.z=u—vVv+2w=(123) - (22 —1) +(8,0,—8) = (7,0, —4)
64. z=5u — 3v — 2w = (5,10, 15) — (6,6, —3) — (2,0, —2) = (-3, 4, 20)

66. 2u+v—w+32=2(1,2,3) +(2,2,-1) — (40 —-4) + Xz,2,2) = (0,00
(0, 6,9) + (3z, 3z,, 3z;) = (0,0, 0)
0+3z =00 2z =0
6+3,=00 z=-2
9+3,=00 z=-3
z=1(0,—-2 —3)

68. (b) and (d) are parallel since —i + 3j — 3k = —2(3i — 3j + 3k)and3i — j + gk = 3(3i — 5j + 3K).

70. z=(-7,-8,3) 72. P(4,-2,7),Q(—2,0,3),R(7, —3,9)
(b) is parallel since (—2)z = (14, 16, —6). PO =(-6,2 —4)
PR=(3 -1 2)

(3,-1,2) = -x-6,2, -4
Therefore, FY;) and PR are parallel.

The points are collinear.

74. P(0,0,0),Q(1,3, —2),R(2, —6,4) 76. A(1,1,3),B(9, —1,—-2),C(11, 2, —9),D(3,4, —4)
PQ = (1,3, -2) AB = (8, -2, —5)
PR = (2,-6,4) DC = (8, —2, —5)
Since @ and PR are not parallel, the points are not AD = (2,3,=7)
collinear. B = 2.3, -7)

Since AB = DC and AD = BC, the given points form the
vertices of a parallelogram.

78. |vl=v1+0+9= /10 80. v=(-4,37) 82. v=(1,3 -2
vl = /16 + 9 + 49 = /74 Ivl=v1+9+4=14
84. u=<60,8) 86. u=<800
ul = 36+ 0+ 64 =10 ul =8
u 1 u
a 7 =--(6028 a —7=(0,0
@ ol 10° ) @ Tl ( )
u 1 u

b) —— = —-7-(6,0,8 b) ——=(-1,0,0

(b) Tl 10¢ ) (b) Il ( )
88. (& u+v=(4,75 -2 90. cu = {c, 2¢c, 3¢)

(0) |u + v| = 8.732 lcull = /c2+ 4c2 + 9c2 =3

(©) |lu]| = 5.099 14c2 = 9

(d) |v| = 9.014

L3124
T 14
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f

96. v = 5(cos45°% + sin45%) = 5 ——(@i + k) or

v = 5(cos 135°% + sin135%) = i(—| + k)

z

100. x, isdirected distance to yz-plane.
Y, is directed distance to xz-plane.
Z, is directed distance to xy-plane.

104. A sphere of radius 4 centered at (X, Yy, Zy).

X = %oy — Y1, 2 — 2))|
R R R A R A

(X = x)? + (y — yo)* + (z— z)* = 16 sphere

I

108. 550 = ||c(75i — 50j — 100K)||
302,500 = 18,125c2
c? = 16.689655

c =~ 4.085
F =~ 4.085(75i — 50j — 100k)
~ 306i — 204j — 409k

Section 10.3

2. u=(410),v = (-2 3)
@ u-v=4-2 + 10(3) = 22
(b) u - u=4(4) + 10(10) = 116
(© |ulP = 116
(d) (u-v)v=22(-2,3) = (—44, 66)
@ u-(2v)=2u-v)=222 =

Section 10.3 The Dot Product of Two Vectors
3 1
9. v= 50 = <— — —>
] J14' 14/
(/B 2B /7
7 ' 14 ' 14
98. v = (56 —3)
3V = <Q 4, _2>

1,25 + (2,4 -2)= (%673

102. (X = %2+ (Y — Y2 + (z — z)2 = r2

106. Asin Exercise 105(c), x = a will be avertical
asymptote. Hence, lim T = co.
roqa’

110. Let Alie on the y-axis and the wall on the x-axis. Then

= (0,10,0),B=(8,0,6), C = (—10, 0, 6) and

= (8, —10, 6), AC = (—10, — 10, 6).
IAB| = 102, |AC]| = 2/59

Thus, F, = 420-— AB  F, —650A—C
=) IAC]

F=F, + F,= (237.6, —297.0, 178.2)
+ (—423.1, —423.1, 253.9)
~ (—185.5, —720.1, 432.1)
IF|| = 860.01b

The Dot Product of Two Vectors

4. u=i,v=i
@u-v=1
b)u-u=1
© JulP=1
d (u-vv=i
@u-2vy=2u-v)=2



484  Chapter 10  Vectors and the Geometry of Space

6. u=2+j—2k,v=i-3 + 2k 8. u = (3240, 1450, 2235)
@u-v=21+1-3) +(-2(2 = -5 v = (2.22,1.85, 3.25)
)u-u=22+11)+(-2(-2=9 Increase prices by 4%: 1.04(2.22, 1.85, 3.25).
© [ulP=29 New total amount: 1.04(u - v) = 1.04(17,139.05)
@) (u-v)v=—5G—3j +2k) = —5i + 15] — 10k = $17,824.61

@ u-@2v)=2u-v)=2(-5=-10

u-v
10. 75— = cos 6 12 u=(3,1,v=(2 -1
lull v
5 cos § = C LA S -1
v = = [
u-v:(40)(25)cosF:—500\/§ [ullMl V105 2
aw
=3
= ood TV 4 o[V~ B L a4 i g
14. u—cos<6)|+sm<6>j— 5 |+21 16, u=3i+2 +k,v=2 — 3
u-v 32 +2-3+0
BT 3T Y2 V2 cos = Y = -0
v = cof 3T + sn 37 = — 21+ 75 WM~ Tl
ko
080 = Y 0=5
(ull {iv]|
TN AT TNANRY
=2\ 72 )2l T ) 3
O:arccos[\f(l— J3)| = 105°
. . . . 3 1
B u=2—-3 +kv=i—-2 +k 20.u=<2,18),v=<§,—6>
u-v
cosezm u#cv O notparale
u-v=0 0 orthogona
_ 9 _ 9 :3\/21
V146 221 14
_ 321\ _ .o
0—arccos< 12 )~10.9
22.u=—3(—2j),v=2 — 4 24 u=-2+3 —kv=2i+j—k
u——%v O parsdlld u # cv O not paralel
u-v=0 0O orthogona
26. u = (cos 0, sin 9, — 1), 28. u=¢(5,3,—-1) |u|=V35
v = (sin 6, —cos 6, 0) cosa =
u#cv O not parallel T /3
u-v=0 O orthogonal 3
cosfB=—=
P=m
-1
COS‘y:E
25 9 1
COSZa+COSZB+COSZ'y—£+£+£—1
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30. u=<(ahbc),|u| = Va2 + b2+ c?
_ a
N T
b
N
_ C
N
SZ 32 32 aZ b2 CZ
COSat S pH oSy e @i @R
32. u=(-4,35 |ul=50=5/2 34. u=(-26,1 |u|=v41
—4 -2
coOsa = —— O =~ 21721 or 124.4° cosa =—— [ ~ 1.8885 or 108.2°
o 5\/2 03 03 \/ﬂ o
3 6
cosB=—~= O ~ 1.1326 or 64.9° cosB=—+= 0O =~ 0.3567 or 20.4°
P=5/2 A F=m = e
5 1 7 1
cosy=—~==—= 0 ~— or 45° cosy=——= 01 ~ 1.4140 or 81.0°
Y shm- B0 Y v=g o e
36. F: C, = ”3F—Oj ~ 13.0931 38. v, =¢(559
Fy C= 0 _ 63046 il =3
SR = . v, = (s,5,0)
F=F, +F, vl = sv/2
~ 13.0931(— 20, — 10, 5) + 6.3246(5, 15, 0)) cosg_ SV2_ /6
= (—230.239, —36.062, 65.4655) svV3 3
IF|| ~ 242.067 Ib 9 = arccos? ~ 35.26°
cosa ~ $ O a= 16202
cos B = —36.062 O B= 9857
[IFl
coSy = % O y=7431°

40. F, = C,(0,10,10). ||F,||=200=C,10/2 0 C,=10/2 42 w,=u—w; =(9,7) — (3,9) = (6, —2)
and F, = (0, 100./2, 100./2)
F, = C,{(—4, —6,10)
F, = C4(4, —6, 10)
F =(0,0,w)
F+F, +F,+F;=0
—4C, +4C, =00 C,=C,

100./2 — 6C, — 6C, = 0 [ c2=cs=L3ﬁN

4 w,=u—-w,; =(820 —<63 -3 =(2,-13)
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46. u = (2,-3),v=(32 48. u=(1,04),v=(302

@ w, = <L|J|V||2V )v — v = (0,0) @ w, = (W)v - %<3, 0,2) = <— 0 —>

B) wp = u—w, =(2,-3) (B) Wo = u—w, = (1,0,4) — <1—301—3>

20 _ 30
_< 13 0, 13>

50. The vectorsu and v are orthogonal if u - v = 0. 52. () and (b) are defined.

The angle 6 between u and v is given by

u-v
COS O = 7~
llul v
54. See figure 10.29, page 739. 56. Yes, HWV Wu
Y] Jlul
u-v V-eu
Vi = V- e
1_1
VIl
lull = v
o 64 16
58. (a) |ull ~ 8.602, § ~ 91.33 60. (a) < T 17>
(b) |lul| = 9.165, ||v|| = 5.745, § = 90 o <_§ 63 £>
26’ 26’ 13
62. Because u appears to be a multiple of v, the projection of u onto v is u. Analytically,
. v, _(=3-2-(64
roj 6,4
o = eV = e - ) O
- 26
= 3(6, 4> = <—3, —2) = Uu.
64. u= —8i + 3j.Wantu - v =0. 66. u=(0,—3,6).Wantu - v = 0.
v =3i + 8 and —v = —3i — 8 are orthogonal to u. v =(0,6,3) and —v = (0, —6, —3) are orthogonal to u.
68. OA = (10, 5,20), v = (0, 0, 1) 70. F = 25(cos20°i + sin 20°))

v = 50i

proj,OA = %o, 0,1) = (0,0, 20)
W=F v =1250c0s20° = 1174.6ft - |b

lproj,OA| = 20
72. PQ = (—4,2,10) 74. True

V=(-236) weU+v)=w-u+w-v

0+0=00 w

W=PQ V=714

and u + v are orthogonal.
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0,k K

(0,0 k K> _ <_L< _k _K>
=(0,0.0) ~ <2 "2 22 2
) 2
e (k k0) 3
(b) Length of each edge:
J+1e+ 02 =kJ2
k? 1
C) COSO=F7—=7—= ==
© k2(kv2) 2
0= arccos(l) = 60°
2
78. Thecurvesy, = ¥ andy, = x*/3intersect at (0, 0) and at (1, 1). y v
At (0, 0): (1,0) istangent toy; and (0, 1) is tangent to y,. The angle .,
between these vectorsis 90°.
y
At (1,1): (1//5)(1, 2) istangent to y, and (3//10)(1, 1/3) = (1//10)(3, 1) N A i
is tangent to y,. To find the angle between these vectors, '
1 > x
C0Sh= = (3+2) = [ §= 45, Gof 12
V5 /10 V2
80. u-v=|ul|v|]cos6
Ju- v| = [Juil V] cos )
= |lull]vil |cos |
< |\ul| vl since |cos 0] <
82. Let w, = proj, u, asindicated in the figure. Because w, isa scalar multiple of v, you can write [~ ~"""""""""""7 i
u=w;, +w,=cv+ w, E
Taking the dot product of both sides with v produces e ; E
urv=(Cv+w) -v=cv:-v+w,: Vv |
\6 v -~
= |v|]?, since w,, and v are orthogonol. Wy
Thus,u-v=dv]P O c= u > ¥ and W, = proj,u = cv = u—.zvv
ME IV
Section 10.4 The Cross Product of Two Vectorsin Space
i j ok ik i j oK
2ixj=1 0 0=k 4. kxj=10 0 1= 6. kxi=1[0 0 1 =j
010 010 1 00
1 1 1
K k/ "
i i |
A/l‘ i 1\ ! 1\ A/l‘ i 1
X y
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[ I i j ok
8 @uxv=|3 0 5/ =(-1516,9) 10. @ uxv=1|3 —2 —2| =(8,—5,17)
2 3 -2 1 5 1
(b) vxu=—(uxv)=(15 —16, —9) (b) vxu=—(uxv)=<(=85 —17)
(c)vxv=0 (g vxv=0
12 u=(-1,1,2),v=¢0,1,0) 14. u = (-10,0,6),v = (7,0,0)
i j ok i j k
uxv=|[-1 1 2/=-21—-k=(=20-1) uxv =|-10 0 6| =42 =(0,42,0)
0 1 o0 7 0 O
u-uxv)=(E-1-2+ (10O + (-1 u- (uxv)=(—10)0) + (0)(42) + 6(0)
=00 uluxv =00 uluxv
v (uxv) =(0)(-2 + (10 + (0)(—1) v+ (uxv)=7(0) + (0)(42) + (0)(0)
=00 voiluxyv =00 voiuxyv
i j k
16, uxv=| 1 6 0 =6 —j+ 13k
-2 11

Uu-(uxv)=16)+6(-1)=00 ul(uxv)
Ve(uxv)=-26)+1—-1)+113) =00 vL(Uuxv

18. z 20. z

1 1
1 1
v 1
1 1
1 1
1 e 21 *
2
3 u 4 3 U=y
4.7~ 4. y YZalv 4 4. y

1
~] I 6

B NWA OO
BN WSO o

22. u=(—8 —86,4) 24, uzgk
v = (10, —12, —2)
IR
u x v = (60, 24, 156) v 2|
uxv 1 L
= —=——(60, 24, 156 _ (o} 0>
METREN ) wxv=(o
5 2 13
:< '3/ > UXV _ (0,1,0)
3/22'3/22'3/22 lux v
26. (@ u xv=(-18, —12 48) 28.u=i+j+k
lu x v| = 52.650 v=ij+k
(b) u x v =(-50,40, —34) ik
lu x v|| = 72.498 uxv=|1 1 1=-j+k
011

A=lluxvl=]-j+kl=v2
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30.

32.

34.

38.

u=<(2 -10)
v=1(-120
i j kK
uxv=| 2 -1 0] =¢00,3)
-1 2 0

A=|uxv]|=1(,073)=3

A2, -3,1),B(6,5, —1),C(3,—6,4),D(7,2,2)

AB = (4,8, —2),AC = (1, —3,3),CD = (4,8, —2),BD = (1, —3,3)

Since AB = CD and AC = BD, the figure is a parallelogram.

AB and AC are adjacent sides and

i ik
AB xAC = |4 8 —2| = (18, —14, —20).
1-3 3

Area = |[AB x AC|| = /920 = 2./230

A2, —3,4),B(0, 1,2),C(—1,2,0)
AB = (—2,4,—2),AC = (—3,5, —4)

ik
ABxAC=|-2 4 -2/ =-6i—2 +2
-3 5 -4

A= %Hﬁ « AC|| = %m - /11

F = —2000(cos30°j + sin30°k) = —1000/3j — 1000k
PQ = 0.16k

i i k
PQxF=|0 0 0.16 | = 160./3i
0 —1000./3 —1000
IPQ x F| = 160./3ft - Ib
. (8 Bis —% = —% to the left of A, and one foot upwards:
AB =2j +k
F = —200(cos 6j + sin 6k)
i i k
(b) ABxF=1|0 —5/4 1
0 —200cosf® —200sin6

= (250sin § + 200 cos h)i
|AB x F| = |250sin 6 + 200 cos 6|
= 25(10sin 6 + 8 cos 6)
(c) For 6 = 30°,

g -i-a{oly o 7)

= 25(5 + 4./3) ~ 298.2.

36. A(1,2,0),B(—2, 1,0), C(0,0,0)
AB =(—3,—1,0),AC = (-1, —2,0)

i j Kk
ABxAC = (-3 -1 0| =5k
-1-2 0
Tas <2y 5
A =S]lAB x AC| = 3

(d) If T = ||AB x F,

dT . 5
46~ 25(10cos® — 8sinf) =0 [0 tang = 2

O 6=513#
The vectors are orthogonal .

(e) Thezerois 6 = 141.34°, the angle making AB parallel
toF.

400

-300
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111
2. u-(vxw)=1[2 1 0/=-1
0 01
1 3 1
46.u-(vxw)=| 0 6 6/=-72
-4 0 -4

V=lu-(vxw)|=72

48. u = (1, 1,0)
v=1(10,2)
w=¢(0,11)

11
u-(vxw=1|1 0
0 1

V=|u-(vxw)|=3

52. Form the vectors for two sides of the triangle, and compute their cross product:

Ko = Xy Yo = Y1, 25 — Z) X (X3 — X, Y3 — Y. 23 — Zy)

54. False letu = (1,0,0),v = (1,0,0),w = (—1,0, 0).
Then,

uxv=uxw=0,butv # w.

56. U = (Uy, Uy, Ug), V = (Vy, Vy, V5), W = (W, W,, Wy)
u=ui+ uyj +ugk

VX W = (VW — VaWo)i — (VWs — VaWy)j + (VW — vowy )k

U- (v +w) = u(VaWg — VaW,) — Uy(VWs — Vaw,) + Ug(VyW,

58. U = (u;, Uy, Ug), vV = (Vy, V,, V), C isascalar.

i j k
(cu) x v =cu, cu, cu,
Vi V2 Vg

4. u-(Vvxw) =

oOrFr N

N~ O

N P O

50. See Theorem 10.8, page 746.

— VW) = [V

Wy

= (CuUV3 — CUV,)i — (Cupvy — cUgvy)j + (cupv, — cu,v )k

= c[(uvg — UgVy)i — (UpVvy — Ugvy)j + (U, — Uvpk] = c(u x v)

U Uy Ug
60. U-(VxwW) =|v, Vv, Vg
W, W, Wi

W W, Wi
Uxv)-w=w-UxV)=[u U U
Vi V2 V3

= W, (UVg — Vo) — Wy(UgVy — ViUg) + wWy(UV, — ViU )

Up (VoW — WoV3) — UL(ViWa — WyVg) + Ug(VaW, — WyVy)

=u-(vxw

\2)
W,

V3
Ws
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62. If uand v are scalar multiples of each other, u = cv for some scalar c.

uxv=(v)xv=clvxv)=c0) =0

If ux v =0,then|u| v sin 6 = 0. (Assumeu # 0,v # 0.) Thus,sin ® = 0, = 0, and u and v are parallel. Therefore,

u = cv for some scalar c.

64. u = (&, by, ¢)), v = (ay, by, Cy), W = (a5, by, C3)

i ]k
vxw=|a, b, ¢, =(bc;— bc,)i— (a,c5— ac,)j + (ah; — agh,)k
a; by ¢
i j k
ux(vxw) = a, b, C,
(boC; — b)) (agC, — axCs) (aghy — aghy)

u x (v x w) = [by(ab; — agh,) — c,(asc, — a,cy)]i — [ay(ah; — agh,) — c(bycy — bacy)lj +

[a,(a5c, — a,cy) — by(b,cs — bycy)lk

= [ay)(a,a5 + b;by + c,¢5) — ag(aya, + bib, + ¢cy)]i +

[by(ayas + bib; + ¢i¢5) — by(aya, + bib, + ¢cic))lj +
[c(aya; + bibs + cc5) — cy(aya, + bib, + cic,)k

= (aya;3 + b;b; + cic)(ay by, ¢y — (a3, + bib, + ¢,¢,)(a,, by, C3)

=Uu-wyv—(u-vw

Section 10.5 Linesand Planesin Space

2. x=2-3,y=2z=1-1t
@ z

4. Point: (0,0, 0)

Direction vector: v = <—2, g 1>

Direction numbers. —4, 5, 2
(@) Parametric: x = —4t,y = 5t,z= 2t

e X _Y_2
() Symmetric: — 1°5 2

(b) Whent = OwehaveP = (2,2,1). Whent = 2 we have
Q=(-42-1).

PQ = (—6,0,—2)

The components of the vector and the coefficients of t are
proportional since the line is parallel to PQ.

(¢ z=O0Owhent = 1. Thus,x = —l1landy = 2.
Point: (—1,2,0)

2 1
x = 0whent = 3 Point: (O, 2, 3)
6. Point: (—3,0,2)
Direction vector: v = (0, 6, 3)
Direction numbers: 0, 2, 1
(@) Parametric: x= -3, y=2t,z=2+1

(b) Symmetric: %= z—2,x=-3
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8. Point: (—3,5,4) 10. Points: (2,0, 2),(1,4, —3)
Directions numbers: 3, —2,1 Direction vector: (1, —4, 5)
(&) Pearametric: x= -3+ 3t,y=5-2t,z=4+1t Direction numbers: 1, —4,5
. + - icc x=2+ = - =2+
(b) Symmetric: X . 3_ y_25 s (@) Parametric: x =2 +1t,y 4,z=2 + 5t
vy oY 272
(b) Symmetric: x — 2 = — 2 5
12. Points: (0, 0, 25), (10, 10, 0) 14. Point: (2, 3,4)
Direction vector: (10, 10, —25) Direction vector: v = 3i + 2j — k

Direction numbers: 3,2, —1
Parametric: x=2+ 3t,y=3+2t,z=4 -1t

Direction numbers. 2,2, —5

(@) Parametric: x = 2t,y = 2t,z= 25 — 5t

X _y_zZ-— 25
(b) Symmetric: 5= 5 5
16. Points: (2,0, —3), (4,2, —2) 18. Ly: v=(4,-273) (8, —5, —9) online
Direction vector: v =2i + 2j + k Ly v =(215)

Direction numbers; 2,2, 1

_ Ly v=¢(-8,4,-6) (8, —5, —9) online
Parametric: x =2+ 2t,y =2t,z= -3 +t
X—2_y_z+3

Ly v=(-2115)
2 2 1 L, and L, are identical.

Symmetric:

(@) Noton Iine(l * % * 1)

(b) Online
. -3 -3
(c) Notonline (7 = * —1>
20. By equating like variables, we have
(i)-3t+1=3s+1, (ii)dt+1=2s+ 4, and (iii)2t + 4 = —s+ 1.

From (i) we have s = —t, and consequently from (ii), t = % and from (iii), t = —3. Thelines do not intersect.

22. Writing the equations of the lines in parametric form we have
x=2-3t y=2+ 6t z=3+t
Xx=3+2s y=-5+s z=—2+4s.

By equating like variables, wehave2 — 3t =3+ 25, 2+ 6t = -5+ 3 +t= -2+ 4s Thus,t = —1,s= landthe
point of intersection is (5, —4, 2).

u=<(-361) (First line)
v=1(214) (Second line)
oS § = [u-v| 4 4  2./966

IulMl /46,21 /966 483

24 x=2t— 1 x=—-5s—12 x=2t-1 x=-55-12
_ _ y=-4t+10 y=3s+11
y= —4t+ 10 y=3+11 7=t 2=-25-4

Point of intersection: (3,2, 2)
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26.

30.

38.

42.

2X+3y+4z=4
P=1(0,0,1),Q=(20,0,R= (32 —2)
(@ PQ = (2,0,—1),PR = (3,2, —3)

ik
() PQxPR=1[2 0 —1|=(23,4)
3 2 -3

The components of the cross product are proportional
(for this choice of P, Q, and R, they are the same) to
the coefficients of the variables in the equation. The
cross product is parallel to the normal vector.

Point: (0,0, 0)

Normal vector: n = —3i + 2k
-3x—0)+0y—-—0)+2z—-0=0
-3 +22=0

. Let u bevector from (2,3, —2)to (3,4, 2): (1,1, 4).
Let v be vector from (2.3, =2) to (1, —1,0): (-1, —4, 2).

i j ok

Normal vector: uxv=| 1 1 4| =(18 —6,—3)
-1 -4 2

= —-3(—6,2,1)

—-6x—2)+2(y—-3 +1(z+2 =0
—6x+2y+z=-8

The plane passes through the three points (0, 0, 0),
(0,1,0) (v/3,0,1).

The vector from (0,0,0)to (0, 1,0): u =j
The vector from (0, 0,0) to (1/3,0,1): v = /3i + k

Normal vector: u x v =

Hl—
P O X
Il
|
@
¢

i

0
J3 0
Xx— J/3z=0

Let v be the vector from (3,2, 1) to (3,1, —5):
v=—j—6k
Let n be the normal to the given plane: n = 6i + 7] + 2k

Since v and n both lie in the plane P, the normal vector to
Pis:

i j Kk
vxn=|0 -1 —6| = 40i — 36] + 6k
6 7 2

= 2(20i — 18} + 3k)
20x—3)—18y—-2 +3z—-1)=0
20x — 18y + 3z = 27

28. Point: (1,0, —3)

n=k=(00 1)
Ox—1)+0y—-0+1z-(-3)]=0
z+3=0

. Point: (3,2,2)

Normal vector: v =4i +j — 3k
4x—3+(y—-2—-3z—2 =0
4Xx+y—3z2=8

. (1,2,3), Normal vector: v=1i,1x—1) =0,x=1

. Thedirection of thelineisu = 2i — j + k. Choose any

point on the line, [(0, 4, 0), for example], and let v be the
vector from (0, 4, 0) to the given point (2, 2, 1):

v=2 -2 +k
i
Normal vector: uxv =1{2 —1

k
1 =i—-2k
2 -2 1

x—2—-2z—-1)=0
XxX—22=0

. Let u = k and let v be the vector from (4, 2, 1) to

(=3,5,7): v=—Ti + 3j + 6k

Since u and v both lie in the plane P, the normal vector to
Pis:

k
1 =-3-7=-@3+7)
6

Ax—4) +7y-2)=0
X+ 7y =26



494  Chapter 10  Vectors and the Geometry of Space

46. The normal vectors to the planesare n; = (3,1, —4), n, = (-9,

48. The normal vectors to the planes are
n=3+2 —k, n,=i—-4 + 2k,
Ing -yl |3_8_2|_i

Indllindl 14021 /6

) ~ 65.9°.

cos 0 =

/6

Therefore, 0 = arccos<

52. 3x + 6y +22=16

z

A

X} 2 gy
58.z=18
SQ
i ; ' |: Generated by Mathematica
5y =" e
X 5 y
64. P,: n = (—60, 90, 30) or (—2,3,1) (0,0,3) on plane
P,y n=¢(6—-9 -3) or (-2,31) (0,0, —2) on plane
P, n=(-20,30,10) or (—2,3,1) (0,0,2) on plane
P, n=(12,-18,6) or (—2,3,—1)

P, P,, and P; are parallel.

66. If c = 0,z = Oisxy-plane.

Ifc#0,cy+2z=00 y:%lzisaplaneparallel to

x-axis and passing through the points (0, 0, 0) and
(0,1, —c).

—3,12). Since n, = —3n,, the planes are parallel, but not equal

50. The normal vectors to the planes are

n,=¢2,0,-1),n, = (4,1, 8),

n,-n
cosf = Iny - n,| =0.
Il fin
Thus, 6 = = and the planes are orthogonal.

2

56. x + 2y =4

Generated by Mathematica

68. The normalsto the planesaren; = (6, —3, 1).

andn, = (—1,1,5).

The direction vector for the lineis

i j k
nxn,=| 6 -3 1 =(-16, 31, 3).
-1 1 5

Now find a point of intersection of the planes.

6x—3y+ z=5 0O 6x—3y+ z= 5
—Xx+ y+52=5 0 —-6x+ 6y+ 30z=30
3y +31z=35

Lety=—-9z=20 x=-40 (-4-92).
X=-4-16t,y=-9-3lt,z=2+3t
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70.

74.

78.

82.

86.

Writing the equation of the line in parametric form and
substituting into the equation of the plane we have:

x=1+4, y=2t, z=3+ 6t

2(1 + 4t) + 3(2t) = —5,t = _71

Substituting t = f% into the parametric equations for the
line we have the point of intersection (—1, —1, 0). The
line does not lie in the plane.

Point: Q(0, 0, 0)

Plane 8x — 4y +z=18
Normal to plane: n = (8, —4, 1)
Point in plane: P(1, 0, 0)
Vector: @ =(-1,0,0)

o _IPO-nl_|-8 _8
[In] J8lL 9

The normal vectors to the planesaren, = (4, —4,9) and
n, = (4, —4,9). Since n, = n,, the planes are parallel.
Choose a point in each plane.

P =(-50,3)isapointin4x — 4y + 9z = 7.
Q =1(0,0,2) isapointin4x — 4y + 9z = 18.
PQ = (5,0, 1)

. PQ-n| 11 11113
[In4 J113 113

u = (2, 1, 2) isthe direction vector for the line.
P = (0, —3,2) isapoint ontheline (lett = 0).
PQ =(1,1,2)

i j k
POxu=1|1 1 2 =02 —1)
2 1 2
D:||@Xu”:£:75
Jlul 9 3

X = a: plane paralléel to yz-plane containing (a, 0, 0)
y = b: plane parallél to xz-plane containing (0, b, 0)

z = ¢ plane paralléel to xy-plane containing (0, 0, ¢)

72.

76.

80.

88.

Writing the equation of the line in parametric form and
substituting into the equation of the plane we have:

X=4+2t,y=-1-3t, z= -2+ 5t
54+ 2t) +3(—1—-3t) =17,t=0

Substituting t = 0 into the parametric equations for the
line we have the point of intersection (4, —1, —2). The
line does not lie in the plane.

Point: Q(3,2,1)

Plane x -y +2z=4

Normal to plane: n = (1, —1, 2)
Point in plane: P(4, 0, 0)
Vector: PQ = (—1,2, 1)

The normal vectors to the planesaren, = (2, 0, —4) and
n, = (2,0, —4). Since n, = n,, the planes are parallédl.
Choose a point in each plane.

P=(20,0)isapointin2x —4z=4.Q = (5,0, 0)
isapointin2x — 4z = 10.

R IPQ - n,| 6 3.5
PQ =¢(3,0,0),D = = =
(Il J20 5

. The equation of the plane containing P(x,, y;, z;) and

having normal vector n = (a, b, ¢) is
ax —x) +bly—-y)+cz—2z)=0.
You need n and P to find the equation.

(a) tv representsaline paralel tov.

(b) u + tv represents aline through the terminal point of
u parale tov.

(c) su + tv represent the plane containing u and v.
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90. On one side we have the points (0, 0, 0), (6, 0, 0), and (— 1, —1, 8).

i j k
n=| 6 0 O0f=-48 — 6k
-1 -1 8
On the adjacent side we have the points (0, 0, 0), (0, 6,0), and (— 1, — 1, 8). :
(-1,-1,8) ]
i j ok :
n=| 0 6 0| =48 + 6k €
-1 -1 8 J
| | 3
n, - N, 36 1 =
= = =GB - (0,6,0)
%0 Ingllnd] ~ 2340 " 65 s (8
A (6,00

1 o
6= arcc0565 ~ 89.1

92. False. They may be skew lines. (See Section Project)
Section 10.6  Surfacesin Space

2. Hyperboloid of two sheets
Matches graph (€)

4. Elliptic cone
Matches graph (b)

6. Hyperbolic paraboloid
Matches graph (a)

8. x=4
Plane parallel to the

10. X2+ 22=25
- The y-coordinate is missing so we have a cylindrical

yz-coordinate plane = Pt surface with rulings parallel to the y-axis. The generating
! curveisacircle.
4 T i
x 4 -4 ~y
4
8.
12. z=4-y? 14. y2-22=4 16. z=¢&
The x-coordinate is missing so y2 2 The x-coordinate is missing so
we have a cylindrical surface with 44" 1 we have a cylindrical surface

rulings parallel to the x-axis. The
generating curve is a parabola.

z
A

8!

4

The x-coordinate is missing so
we have a cylindrical surface with
rulings parallel to the x-axis. The
generating curve is a hyperbola.

A
51

with rulings parallel to the x-axis.
The generating curve is the
exponential curve.
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18. y»+22=4
(a From (10, 0, 0): (b) From (0, 10, 0): (c) From (10, 10, 10):

z

z
A A

X2 z 2
20.1—6+2ﬁ5 =1 22.22—x2—yZ:1 g
Ellipsoid Hyperboloid of two sheets 4
2 y? . xy-trace: none —
xy-trace: 7=+ o2 = Llellipse xz-trace: 22 — X2 = 1 hyperbola XW"V

2 . Y _
xztrace ~ + 2 =1 ellipse yz-trace: 72 — 21 hyperbola

16 25
C 2 _ ; X2 y? .
yz-trace: y2 + 22 = 25 circle z=+./10: 5 * 35 = Lellipse
24. 2= X2 + 4y? 26. 3z= —y? + x2 28. X2 = 2y? + 272
Elliptic paraboloid Hyperbolic paraboloid Elliptic Cone
xy-trace: point (0, 0, 0) xy-trace: y = =X xy-trace: x = +./2y
xz-trace: z = x2 parabola xz-trace; z = 32 xz-trace: X = +/2z
yz-trace: z = 4y? parabola yz-trace: z= —3y? yz-trace: point: (0, 0, 0)
4 28
4+/ 24 - 3
20
_\)y“ ]
-, b
g 2 LTy
x}
30. O +y?—92-54x—4y—54z+4=0

9 —6x+9) + (2 —4y+4)—92+6z+9 =8l+4-81 T“*""-”?
Ix— 32+ (y—22—-9z+32=4 ~3

(y—-22 @+ 3)2=1 S

(x-32
4/9 4 4/9

Hyperboloid of one sheet with center (3, 2, —3).

32. z= X%+ 0.5y 34 22=4y - x?
z=+J/dy — X2




498 Chapter 10  Vectors and the Geometry of Space

40. 9x2 + 4y2 — 822 =72 42. 2= /4 — x?
— /A — x2
z=+ gx2+fy2—9 y 4-x

44, z= J4 - -y R 46. X2 + 2 = [r(y)]? and z = r(y) = 3y; therefore,
y=2z 31 X2 + 72 = 9y2.
z=0 4 i
_3- /‘
] .‘ 2 //'3 >y
F3 To--)
48. y»+ Z=[rx)Pardz=r(x) = %\/4 — X2; therefore, 50. ¥ +y2=[r(2Pandy = r(z) = & therefore,
2+ y?=¢e~
y2+22=%r(47x2),x2+4y2+422=4. xry
52. X2 + 22 = coty 54. Thetrace of asurfaceisthe inter- 56. About x-axis. y2 + 22 = [r(X)]?

section of the surface with a plane.
You find atrace by setting one
variable equal to a constant, such About z-axis: X2 + y2 = [r(2) 2
asx=0orz=2

Equation of generating curve: About y-axis: X2 + 22 = [r(y)]?

X = COSYy Or Z= cosy

™ X2 y2
58.V:27rj ysinydy 60. z=—-+ =
0 2 4
. ™ X2 1 °
= 2m|siny —ycosy| =272 @ Wheny=4wehavez=z+4,4§(z—4):x.
0
2 . 9
Focus: <O,4, 2)
T (b) When x = 2 we have
i o Y s o) =2
05 z—2+4,4(z 2) =y
o y Focus: (2,0, 3)
LZT m

62. If (x, Y, 2) is on the surface, then
Z=x+y+ (z— 472

2=xX+y+22—-82+16

2 2
8z=x+y*+ 160 z=X§+y§+2

Elliptic paraboloid shifted up 2 units. Traces parallel to xy-plane are circles.
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64. z= —0.775x% + 0.007y? + 22.15x — 0.54y — 45.4
@ Year 1980 | 1985 | 1990 | 1995 | 1996 | 1997 (b) 2502
z 375 | 722 | 1115 | 1852 | 200.1 | 214.6 200
Model | 37.8 | 720 | 112.2 | 185.8 | 204.5 | 214.7 150

(c) Fory constant, the traces parallel to the xz-plane are

concave downward. That is, for fixed y (public
assistance), the rate of increase of z (Medicare) is
decreasing with respect to x (worker’s compensation).

66. Equating twice the first equation with the second equation,

22+ 6y? — 42+ 4y —8=2%+ 6y> — 422 — 3x — 2
dy—8=-3x—-2

3x + 4y = 6, aplane

Section 10.7

2. (4, iZT —2), cylindrical

o
x74cosz—0
. T
y—4sm§—4

z= -2

(0, 4, —2), rectangular

8. (2\@, —2/2, 4), rectangular

= V227 + (202 -
6 = arctan(—1) = —77:

zZ
(4, —f, 4>, cylindrical

14.

z=1r2-2

4

z= X%+ y? — 2 rectangular equation

cylindrical equation

4.

10.

(6, —727, 2), cylindrical

X = 6cos<—%) =3/2
y= 6sin(—%> =-3.2
z=2

(3v2, -3V2,2)

(2/3, -2, 6), rectangular
r=JI2+4=4

1 57
0=actan| ——= | = —
( \/§> 6

z=1

(4, —ig, 1), cylindrical

16. X2 + y?2 = 8x

100

10,
20,

X

100

200 Y

(d) The traces parallél to the yz-plane (x constant) are

concave upward. That is, for fixed x (worker’s
compensation), the rate of increase of z (Medicare)
isincreasing with respect to y (public assistance).

Cylindrical and Spherical Coordinates

6.

12.

r2 = 8r cos 6

(l, 3777 1), cylindrical

37
x—cos2 =0
. 37
y—sm7 -1

z=1

(0, —1, 1), rectangular

(—3,2, —1), rectangular
r=J(-32+ 2= /13

-2
G—arctan( 3>

2
= arctanS

z=-—-1
(\/ﬁ, —arctan%, —1), cylindrical

rectangular equation

r =8cos6 cylindrica equation
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z
18. z=2 20.r:§ 22. r =2cos6
Same . r2=2rcos6
: VXZJFV:E X2+ y2 = 2x
3‘E 22 X+y2—2x=0
X¥+y?——=0 2 2 _
: 4 (x—12+y*=1
E g ! E 4 A
3-2..‘.‘\‘1://- 3>y |lal 1
X) -
o V=2 =
e e -
X 3
x;
24. 7z =r2cos? 6 26. (1,1, 1), rectangular
z=x2 p=J12+12+12= /3
2 _ -7
i 6=actanl =
1
= arccos——
¢ V3
1 .
J3,Z arccos), herical
( 4 Nelis
g2t i) W
x Sasgny
28. (2, 2, 4\@), rectangular 30. (—4,0,0), rectangular

p= 22+ 22+ (42 =2/10

T
9—arctan1—4

¢ = arccosi

p= ST PP =4

0=

¢ = arccos0 = 7—27

V5 , (4, w,g),spherical
2./10,Z arccos ) herical
< 4 /5) ¥
32. (12, 37”, g) spherical 34. (9, 7747, w>, spherical

36.

. 37
X = 125|n§cosj = —2.902
— 126nZsn37 ~ 2902
y oIy T4

z=12 cosg ~ 11.276

(—2.902, 2.902, 11.276), rectangular

(6, - 7—27> spherical

X = 65ingc03w= -6

y = 6singsinar:0

T
2—60052—0

(—6, 0, 0), rectangular

38.

X = Qsjnﬂ-cos%: 0

. . T
y—Qsmwst—O

z=9cosm7T=—9
(0,0, —9), rectangular

(a) Programswill vary.

(b) (p, 6, ») = (5,1,05)
(x,y,2) = (1.295, 2.017, 4.388)
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40. X2 +y?—-32=0
X2+ y?+ 22 =47
p? = 4 p?cos’ ¢

1= 4cos ¢
Ccos ¢ =%
¢ = 3 (cone) spherical equation
3T _m
a4.0=", 4. ¢ =
cos¢ = R —
tanezil T T2
-z
—1:¥ I+ yr+ 2
Xx+y=20 2= 0
, xy-plane
A 2
3¢ A
ol
N
s . _ .
= -3 el
3 >y J.?E-:-’n-_,
M )_.rs 3Ty
-3¢ X =27
_al
50. p = 4CSC ¢ SeC 52. (3, —7747, o), cylindrical
4
"~ sin¢coso p=VF+00=3
psSin¢cosh =4 _m
9= ——
X =4 4
z 0 T
A - .7
Gi ¢ arccos<9> >
it (3 _m 3) herical
a8 T a2 » P
- ey
x)
56. (—4, g 4), cylindrical 58. (4, 127 3), cylindrical
p=V(=42+# =42 p=JV#+F=5
o o
6= § 0= 5
1 T 3
o,’>—arccos\/§—4 o,’>—arccos5
T . T 3 .
(4\@, 3 Z)’ spherical (5, > aI‘CCOSg), spherical

rectangular eguation

psingcosh =10

42. x =10

rectangular equation

p = 10csc ¢ sec 6 spherical equation

48. p = 2seC ¢
pCOSp =2
z=2

60.

=22+ (-22=2/2

o
z=4 — =
cos2 0

o . .
(4, I, 0), cylindrical
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62.

68.
70.
72.
74.
76.

78.

80.

82.

88.

92.

96.

T . 57 . T 3 .

(18, 3 3), spherical 64. (5, ry 7r>, spherical 66. (7, 24 ) spherical
T dng LT r=5snw=0 r=7sin3—7r=77ﬁ
r=psin¢ =18sin 3 9 4 2
S5 T
0=7% =% =2
- z=5cos7m = —5 z:70053l:—7—ﬂ
z=pcos¢>=18cos§=9\/§ 5 4 2
T . .
_ (0, — 75), cylindrical (7\2@ 7ZT 7\2@> oylindrical
(9, 3 9\/§>, cylindrical
Rectangular Cylindrical Soherical
(6,—2,—-3) (6.325, —0.322, —3) (7.000, —0.322, 2.014)
(7.317, —6.816, 6) (10, —0.75, 6) (11.662, —0.750, 1.030)
(6.115, 1.561, 4.052) (6.311, 0.25, 4.052) (7.5,0.25,1)
(3v2,3v2,-3 (6,0.785, —3) (6.708, 0.785, 2.034)
0, —5,4) (5, —1.571, 4) (6.403, — 1.571, 0.896)
117
(—1.732,1,3) (— 2, 5 3> (3.606, 2.618, 0.588)
L " S5
[Note: Use the cylindrical coordinate <2, 5 3>]
(2.207,7.949, —4) (8.25,1.3, —4) (9.169, 1.3, 2.022)
0=77: 84.¢=% 86. p=4seCh,z=pcosd = 4
Pl

Plane Cone M:eh h (5
Matches graph (€) Matches graph (a) ches graph (b)
r = a Cylinder with z-axis symmetry 90. p = a Sphere

0 = b Plane perpendicular to xy-plane

z = ¢ Plane parallel to xy-plane

402 +y?) = 22

(@ 4r2=2%2r =z

(b) 4(p?sin? ¢ cos? 6 + p?sin? ¢ SiN? H) = p? cos? ¢,

4sin? ¢ = cos? ¢, tan® ¢ = %

tanqb:%,qs:arctan%

X2+ y? =16
(@ r2=16,r=4

(b) p?Sin? ¢ = 16, p?sin? ¢ — 16 = O,
(psing —4)(psing +4) =0,p=4csc

0 = b Vertica half-plane
¢ = ¢ Haf-cone

9. x2+y? =1z

@r2=z
(b) p?sin? ¢ = pcos ¢, pSin? ¢ = cos ¢,
_Cos¢ _
P =Gl CsC ¢ cot ¢
9. y=4

(@ rsn6d=4,r=4csch
(b) psingpsin® =4,p=4csc¢csco
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100 - T <p< X 102. 0 < 6 < 27 104. 0 < 6 < 27
2 2 2<r<4 T T
O<r=<3 z2< —r2+6r—-8 ZSd)SE
0<z<rcosh 0<ps<i

106. Cylindrical: 0.75 < r < 1.25,z2=8

108. Cylindrical z

IN

Review Exercises for Chapter 10

22P=(-2,-1),Q=(5,-1) R=(2,4)

110. p=2sec¢p O pcos¢p =2 O z= 2 plane
p = 4 sphere
The intersection of the plane and the sphereisacircle.

1 1
4. v=|v|cos@i + |v|sinoj = 5005225°i + Esin 225°

(@ u=PQ =(7,00=7i, v=PR=(4,5) = 4i + 5 .~
(b) V| = V4 +52= /41 T Tt T
(© 2u+v=14i + (4 +5) =18 + 5
6. (@) Thelength of cable POQisL. y
oQ =9 —vy | o o
L2 -9 9
L=2J/9%+y O Z—Slzy | |
Tension: T = ¢|OQ|| = c/81 + y2 P ™o
Also 500 Ib
250 ——— 250 L 2501 D
=250 0 T="-/8l+y? 0 T= So=
& y y J(Z/4) —-81 2 J12-324
Domain: L > 18inches
(®) L 19 20 21 22 23 24 25
T | 780.9 | 573.54 | 485.36 | 434.81 | 401.60 | 377.96 | 360.24
(© 1000 (d) Theline T = 400 intersects the (e LIingO T = 250
: curve a The maximum tension is 250
f L = 23.06 inches. pounds in each side of the cable

1sl: 25

since the total weight is 500 pounds.
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8 x=2z=0,y=-7(0,-70 10. Looking towards the xy-plane from the positive z-axis.
The point is either in the second quadrant (x < 0,y > 0)
or in the fourth quadrant (x > 0,y < 0). The z-coordinate
can be any number.

(0+40+64+0) _
12. Center.( R )—(2,3,2)

Radius V/(2—-02+(B3—-02+(2—-42=/4+9+4= /17
xX—22+({y—32+(z—-22=17

14, (2 —10x+ 25) + (y2+6y+ 9 + (22— 4z+4)=-34+25+9+ 4 A
(X— 52+ (y+32+(z—22=4 1
Center: (5, —3,2)

Radius. 2 = 2;
<™y

» 8
16.v=(3-6,-3—-2,8—-0)= (-3, -5,8) 18.v=(8-5-5+45-7)=(3 —1 -2)
2 w=(11-56+4,3—7) = (6,10, —4)
(3,-3,8) s
e 7 Since v and w are not parallel, the pointsdo not liein a
. straight line.
3
2
1
?f\/\a*y
M ’(Es,z,O)
(6,-3,2) _8 <48 24 16>
20. 8 =—=(6,-3,2) =\—,——,— 2. P=(2,-1,3,Q=1(0,51), R= (55,
/49 7< ) T (43)Q (0,5,1) (5,50
(@ u=PQ=(-2,6-2)= -2 + 6 — 2k,
v=PR=(36-3) =3 +6 — 3k
(b) u-v=(=2(@) + (6)(6) + (-2)(-3) = 36
©v-v=9+36+9=54
24. u=(—4,3 —6), v= (16 —12, 24) 26. u=(4,—-1,5), v=(32 —2)
Sincev = —4u, the vectors are parallel. u-v=0 0O isorthogona tov.
aw
=73
28. U= (1,0 —3) 30. W= F - PQ = || [PQ| cos 6 = (75)(8)cos 30°
v=1(2-21) = 300./3ft - Ib
u-v=-1
luf = V10
M =3
[u - v 1
COSO = = ——
lullvl - 3./10

0 =~ 83.9°
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In Exercises 3240, u = 3, -2, ), v =42, -4, -3, w = {-1,2,2).
lu - v 11
32. cos 6 = =— 34 Work=|u-w|=|-3-4+2/=5
Tl ~ /1429 ju-wl =] |
11
0= arccos<i) ~ 56.9°
V1429
i j k
36.uxv=1|3 -2 1| = 10i + 11j — 8k
2 -4 -3
i j k
vxu=|2 -4 -3 =-10i — 11j + 8k
3 -2 1
Thus, u x v = —(V x u).
i i k
3B.ux(vV+w =(3,-2,1)x(1,-2,-1)=1|3 -2 1| = 4i + 4 — 4k
1 -2 -1
i 0§k
uxv=13 -2 1| = 10i + 11j — 8k
2 -4 -3
i j 0k
uxw=| 3 -2 1 =-6i—7 +4k
-1 2 2
UxVv)+Uuxw) =4i+4 —4k=ux(v+w)
40. Areatriangle = %Hv x w|| = %\/(—2)2 + (—1)2= ? (See Exercise 35)
2 1 0
2. V=Ju-(vxw)|=|0 2 1/ =205 =10 44. Direction numbers: 1,1, 1
0-1 2 (@ x=1+ty=2+t z=3+1
by x—1=y—-—2=2z-3
ij Kk
46. uxv=|2 -—5 1} = —21i — 11j — 13k 48. P=(-3,-4,2,0=(-3,41, R=(1,1,-2
34 PQ = (0,8, ~1), PR = (4,5, 4)
Direction numbers: 21, 11, 13 i j K
(@ x=21t, y=1+11t, z= 4 + 13t n=PQxPR=1|0 8 —1|=-27 -4 — 3%
X Y1 24 4 5 -4
21 11 13 —27x +3) —4y+4) —-32z-2 =0

27X + 4y + 32z = —33
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50. The normal vectors to the planes are the same,
n =<5 -3 1).

Choose a point in the first plane, P = (0, 0, 2). Choose a
point in the second plane, Q = (0, 0, —3).

PQ = (0,0, —5)

52. Q(—5,1, 3) point
u = (1, —2, —1) direction vector
P = (1, 3,5) point online
PQ = (-6,-2 -2

ik
D_|@.n|_|,5|_ 5 /35 PQxu=|-6 —2 —2| =(-2,-8,14)
[Inll J3B /BT 1-2-1
D:||Pqu||: \/264=2\/ﬂ
lull NG
54, y =272 56. y = cosz 58. 16x? + 16y> — 922 = 0

Since the x-coordinate is missing, Since the x-coordinate is missing, Cone
we have a cylindrical surfa_lce with we have a cylindrical wrfa_lce with xy-trace; point (0,0, 0)
rulings parallel to the x-axis. The rulings parallel to the x-axis. The
generating curve is a parabolain generating curveisy = cosz xztrace z = + 4x

the yz-coordinate plane.

z

4
A .
24
1+ ]
’H T
3 >
4
P y

X C T

X2 y2 22 B
60 55+ 74 ~ 100 1

Hyperboloid of one sheet

z
A

XY
xy-trace: —= + - = 1
Xz-trace: o5 100 =1
trace Lo — 2
yZtrace: 4= 100
64. (73 % %) rectangular
B \/§>2 (3)2 3 o
@r = (4 +12 —2,9—arctanJ§—3.

3

62. Lety = r(x) = 2./x and revolve the curve about
the x-axis.

(b) p= \/<\4/1)2 + <4§1>2 + (3—\2@)2 = \/?% 0= 7—; ¢ = arccosif, <\/T70 7—; arccos%), spherical



