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CHAPTER 10
Vectors and the Geometry of Space

Section 10.1
Solutions to Odd-Numbered Exercises

Vectorsin the Plane

L. @v=(5-13-1 =472

13.

17.

(b) ¥

(4.2
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—t—F—F—
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12 3 4 5

.u=(-36-2)=(24)

v={(1-(-1),8—-4) = (2,4

(5,5
]

43

u=v
. v={(-15-2)=(423)
(a) and (c). y
2:(1,2)

(b) v=1(6—66—2) =04

(a) and (c). y
ol
4;; (0, 4)

24

(6,6)
L ]

@ 2v = (4,6)

—CONTINUED—

11.

15.

(b) J

€ro v

R S

.u=(6-0-2-3)=¢(6 -5

v=(9—-35-10) = (6, —5)

u=yv

(b)) v=(6—-10,—-1-2) =(—4,—-3)
(a) and (). y

b v=_(-33-5=(-1

(a) and (c).

@ v=(-4-3-2-(-2)=(-7,0)

(b) —3v=(-6-9
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228 Chapter 10  Vectors and the Geometry of Space

17. —CONTINUED—

© 3v=(7.%) @ 5v=1(32
Y y
S
° 3t ® (2,3
8 v
.l
Lv 4
(54
1 fey AY
V. } X
g —
9. v 21. y
‘\\u\' u
v/ v X
23. () 2u=2%409) = (%6 25. v =302 — ) =3 -3
3
() v—u=(2-5) — (49 = (-2, —14) =(3,-3)
(©) 2u + 5v = 2(4,9) + 5(2, —5) = (18, —7) y
1+ v:gu
T
u
_277 2
ol
27.v=(2i —j) + 2(i + 2)) y 29. u,—4=-1
=4 +3 = (4,3 T u—-2=3
4+ .
1 2w oV Ul = 3
1 =5
SO TR Q=35
n
3L |v|=V/16+9=5 33. |v| = V36 + 25 = /61 35. V= JO+16=4
2 2
37, |ul = JF+ 12 - /153 39 Ju] = </ (g) ; (g) -4
u (3,12 < 3 12 >
V== = , _u  ((3/2,(5/2) [/ 3 5
HU” Vv 153 V 153 AV 153 vV = m - @/2 - \/@1 \/@
= <@47‘/ﬁ> unit vector 3./34 534\ .
17 17 = 7’7 unit vector
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4L Jul =<1, -1, v=(-1,2)
@ [u=vi+1=12
O vl=v1i+4=15
(0 u+v=401
lu+v=vo+1=1
u 1
(d) -
u
fJul
\Y 1
(e) NG
v
IVl

(1,-1)

=1

(=12

=1

u-+v
N TR

=01

u+v
llu+ vl

=1

45, u=(21)
Jull = VB = 2.236
v = (5,4)
IVl = V41 ~ 6.403
u+v={(75)
Ju+ v| = /74 ~ 8.602

llu+ vl < Jlu + v

u 1
49. —_ = 3,3
= 2.73439

2(ﬁ %(Jé, 3)
(1.V3)

»

VvV =

53. v = 2[(cos 150°)i + (sin 150°)j]
=-V3+j=(-v31

43 u-= <1,%>,v - (2,3

_ 1_.5
@ lul= /143

() V| = V4+9= /13

(g utv= 3g>

Ju + vi| = 9+479:§
u 2 1
@ u ?<1' E>
u p—
i
v _ 1
© M-UE®?
v p—
Ml =t
utv _ 2 [ 7
L T J@<3’ 2>
utv | _,
Ju+
u_ 1
M TV A
4<i> = 2/2(1, 1)
ul) = :
v=1(2./22/2)

51. v = 3[(cos0°)i + (sin0)j] = 3i = (3,0)

—_ +7
2 2

u+v—<2+23\/é>i+3‘2&j

v=3ﬂi 3‘ﬁj
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57. u = 2(cos4)i + 2(sin 4)j 59. A scalarisarea number. A vector is represented by a
. o directed line segment. A vector has both length and
v = (cos 2)i + (sin 2)j direction. 9 g

u+v=(2cos4 + cos2)i + (2sin4 + sin 2)j

61. To normalize v, you find a unit vector u in the direction of v:

u=-2
vl
For Exercises 63-67, au + bw = a(i + 2j) + b(i — j) = (a + b)i + (2a — b)j.

63. v = 2i + . Therefore,a + b = 2, 2a — b = 1. Solving 65. v = 3i. Therefore,a + b = 3,2a — b = 0. Solving
simultaneously, wehavea = 1, b = 1. simultaneously, we havea = 1,b = 2.

67. v=1i + j. Therefore,a + b = 1, 2a — b = 1. Solving
simultaneously, we havea = 5, b = 3.

69. y=x3y =3x*=3ax=1 7L f(x) = V25 — X2
(& m= 3. Letw = (1, 3), then —X -3
f(X) =————==—ax=3
W 1 ) J25-x 4
m = 170 <1, 3>
V1 @ m= f%. Letw = (—4, 3), then
(b) m= —%. Letw = (3, —1), then
wo_ +1<_4 3)
w1 e R
Il ~ /10
(b) m=3% Letw = (3, 4), then
W 1
= = (3,4)
w5
73. u= %i + %j 75. Programs will vary.
u+v= J2j
v=(Uu-+v)—u _M2 2
- -T2 2
77. ||FJl = 2, 9F1 =33
IF2l =3, O, = —-125°
IF4| = 25, 6, = 110°
IRl = [IFy + F; + Fdl ~ 1.33
br = O, +F,+F, =~ 1325°
79. (a) 180(cos30i + sin30j) + 275i = 430.88i + 90j (b) M = /(275 + 180 cos 6)? + (180 sin 6)2
o 0 \ _ i - 180sin 0
Direction: « = arctan<7430.88) = 0.206( = 11.8°) a= arctan[—275 180 o8 0]

Magnitude: /430.882 + 90% = 440.18 newtons

—CONTINUED—



Section 10.1 Vectors in the Plane 231

79. —CONTINUED—

C
© 0 0° 30° 60° 90° 120° | 150° |180°
M | 455 | 440.2 | 396.9 | 328.7 | 2419 | 149.3 | 95
1o (0 11.8° | 23.1° | 33.2° | 40.1° | 37.1° 0
(d) s00 50 (e) M decreases because the forces change from acting in
the same direction to acting in the opposite direction
\ a as 6 increases from 0° to 180°.
0 180 0 180
0 0

8lL. F, + F, + F; = (75cos30°i + 75sin30%) + (100 cos 45°% + 100 sin 45°j) + (125 cos 120°i + 125 sin 120°))
(75f 503 - 125) < 503+ 125f)1

IRl = |IF, + F, + F4 = 22851b
O = O, ¢, p, ~ 713

83. (d) Theforces act along the same direction. 6 = 0°. (b) The forces cancel out each other. # = 180°.

(c) No, the magnitude of the resultant can not be greater
than the sum.

85. (—4,-1),(6,5), (10, 3)

y y y
8+ 8+ 8-+
T 8,4 T @3 (8,4) T (8,4)
2l 2 (10, 3)
RGN L, | ey Ly
_\ _\ T T T T X _\ T / T T T T X
( 2 1) 1 2 4 6 8 4 27277 2 4 6 8 27277 (3 1) 4 6 8 10
—4+ -4+ -4+
87. u= CB = ||uf(cos30°i + sin30°j) y
v = CA = |v|(cos130°i + sin130°j) A5 | 13 30 g
Vertical components: ||ul| sin 30° + ||v|| sin 130° = 2000 Y ! .
C
-

Horizontal components: ||ul| cos 30° + |)v|| cos 130° = 0

Solving this system, you obtain
lull = 1305.5 and |Jv]| ~ 1758.8.

89. Horizontal component = ||v|| cos & = 1200 cos 6° =~ 1193.43 ft/sec
Vertical component = |v|| sin 6 = 1200 sin 6° =~ 125.43 ft/sec
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91. U = 900[cos148°i + sin 148°j ]
v = 100[cos45° i + sin45°j]
u + v = [900 cos 148° + 100 cos 45°]i + [900 sin 148° + 100 sin 45°]j
~ —692.53i + 547.64]

547.64
—692.53

lu+ v| = /(—69253)2 + (547.64)2 ~ 882.9 km/hr.

6 = arctan< > ~ —38.34°. 38.34° North of West.

93. F, +F,+F;=0
—3600] + T,(cos35°% — sin35°j) + T4(cos92°% + sin92°%) = 0
T,c0s35° + T;c0592° = 0
—T,c0s35° + T;sin 92° = 3600

_ —T5c0892° T, cos 92°
27 c0s35° cos 35°
Finaly, T, = 157.32

sin 35° + T,sin 92° = 3600 and T4(0.97495) = 3600 [ T, ~ 3692.48

95. Let the triangle have vertices at (0, 0), (a, 0), and (b, c). y
Let u be the vector joining (0, 0) and (b, c), asindicated
in the figure. Then v, the vector joining the midpoints, is

V_(a+b_§>i+g.
2 T2)72

b. . c. 1. L1
=3 +§J—§(DI+CJ)—§U

97. w = ||ulv + |V]ju
= [lulllivll cos 6,i + M| sin 6] + IM[llull cos 6,i + [lul sin 6,]] = [lul Ivl[(cos 6, + cos 6,)i + (sin 6, + sin 6,)]]

B 9, + 6, 0, — ev)_ _ <ou + 0V> s<0“ - ov)_]
= 2l Hv||[cos< > )cos( 5 Ji +sinl = co 5 )i

(6, + 6, 0, — 6,

9“( 2 >°°S< 2 ) (9u+av>
= tan

COS(eu n 0V> cos(au _ ev) 2

2
Thus, 6,, = (6, + 6,)/2 and w bisects the angle between u and v.

tan 6,, =

99. True 101. True 103. False
lai + bjf| = V2]l

Section 10.2  Space Coordinates and Vectorsin Space




Section 10.2

11.

15.

19.

23.

25.

29.

33.

37.

41.

. A2,3,4) 7. x =

B(—1,-22)

The z-coordinate is O.

The point is on the plane paralld to the yz-plane that

passes through x = 4.

The point is on or between the planesy = 3andy = —3.

-3, y=4,z=5 (-3,4,5

13. The point is 6 units above the xy-plane.

17. The point is to the left of the xz-plane.

21. The point (X, Y, 2) is 3 units below the xy-plane, and below

either quadrant | or I11.

The point could be above the xy-plane and thus above quadrants 11 or IV,

or below the xy-plane, and thus below quadrants | or I11.

d=/(E-02+2- 072+ (6 072
=J/25+4+36= 65

A(0,0,0),B(2,2,1),C(2, —4,4)
|AB| = V4+4+1=3
IAC|= V4 +16+16=6
IBC| = O+ 36+9=3/5
|BC|? = |AB|2 + |AC|?

Right triangle

The z-coordinate is changed by 5 units:
(0,0,5),(2,2,6),(2,—4,9)

Center: (0, 2,5)

Radius: 2
(x—02+(y—22+(z—-52?=4
XX+y?+22—-4y—-10z+25=0

X+y2+22-2x+6y+8+1=0

Space Coordinates and Vectors in Space

9.y=z=0,x=10: (10,0, 0)

27.d= 617+ (—2- (9P + (-2 - 472

=JV25+0+ 36 =61

31 AL, —3,-2),B(5-1,2),C(-1,1,2)
|AB| = V16 + 4 + 16 =6
IAC|=/4+16+16=6
|BC| = /36 + 4 + 0 = 2,/10

Since |AB| = |AC|, the triangle is isosceles.

5+(—2)—9+37+3)_<§_ )
35.( AT (2 a5

39. Center: %2(060) =(1,3,0

Radius; /10
x—12+(y—32%+(z—-02=10

X¥+y2+22-2x—6y=0

-2+ +(y?+6y+9+(Z+8+16=-1+1+9+16

(X =12+ (y+ 32 + (z+ 42 = 25

Center: (1, —3, —4)
Radius. 5
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43. X2+ 9?2+ 92—-6x+18y+1=0

2 1
2+ +Z2-x+2y+ - =
X2y +Z - ox 2y 9 0

1

3 9 9

(xz—gx+1>+(y2+2y+1)+22=—7+7+1

(x—%>2+(y+ 4+ (z-02=1

Center: (% -1, O>
Radius: 1
47. @ v=02-4i+(4-2j+(B3—-1k

(b)

51 (4—3,1-26-0)=(1,-16)
1, -1,6)| = V1 + 1+ 36 = /38

<1,—1,6>:< 1 -1 6 >
/38 V38 /38’ /38

Unit vector:

55. () v=(38+1i+(3—-2j+(4-23k
=4i+j+k=(411)
(8 and ().

—CONTINUED—

45. X2+ y> + 22 < 36
Solid ball of radius 6 centered at origin.

49. (@ v=(0—-23)i +(3—3)j +(3— 0k
= —3i + 3k = (—3,0,3)
(b)

53. (-5—-(—4),3-3,0-1)=(-1,0 —-1)
[(-1,0-D=Vi+1=.2

: R P

Unit vector: <ﬂ 0, ﬁ>

57 (ql’ q2' QB) - (O! 61 2) = (31 _51 6)
Q=319

() —v=(-1-2-2)
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59. —CONTINUED—
©3v=(333) (d) Ov = (0,0, 0)

6l. z=u—-v=1(123) — (2,2 —1) = (—1,0,4)

63.z=2u+4v—-w=(24,6)+ (88 —4) — (40, —4) = (6,12,6)

65. 2z — 3u = 2z,,2,,2) — 31,2,3) = (4,0, —4) 67. (a) and (b) are parallel since (—6, —4, 10) = —2(3,2, —5)
22, -3-40 2-1 and (2,3, —%) = 5(3,2, —5).
2z,-6=00 2z =3
2,-9=-40 z=7
2=(233)
69. z= —3i + 4 + 2k 71. P(0,—2,-5),Q(3,4,4),R(2,2,1)
(a) isparalel since —6i + 8 + 4k = 2z. PQ = (3,6,9)
PR = (2,4,6)
(3,6,9) = 3(2,4,6)
Therefore, @ and PR are paralel. The points are
collinear.
73. P(1,2,4),Q(2,5,0),R(0,1,5) 75. A(2,9, 1), B(3, 11, 4), C(0, 10, 2), D(1, 12, 5)
PQ = (1,3,-4) AB = (1,2, 3)
PR=(-1,-1,1) CD =(1,2,3)
Since@ and PR are not parallel, the points are not AC =(-211)
collinear. BO = (=2.1,1)
Since AB = CD and AC = BD, the given points form the
vertices of a parallelogram.
77. M| =0 79. v=(1,-2 -3) 8l. v =103, —5)
M| = V1+4+9= /14 V| = VO+9+25= 34
83. u=(2,-12 85. u=(372 -5 87. Programs will vary.
ul=Vv4+1+4=3 Jul = V9 +4+25=.38
u 1 u 1
7:7<21 _11 2> 7:7<31 2: _5>
@~ s @l ~ Va8
u 1 u 1
b) —77=-2(2,-1,2) b) -7 = —-—=(3,2,—5)
® = 73 ® = e
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89. cv =(2c 2c, —c)

lev| = /4c2 + 4c2+ c2=5

9c2 = 25
c= 42
73
3 u 3/2 —-21 1
B.v= z||u||*2<3’ 3 ’3>’<1'_1' 2>

95. v = 2[cos(x30°)j + sin(x30°)k]
= /3j+k= <O, \/é,il>

©a+@+bj+bk=i+2 +k
a=1b=1

W=u-+vVv

101. d =

(X = x)? + (Yo — V)2 + (z, — 2)?

105. (a) The height of theright triangleish = / L2 — 182

The vector PQ is given by
PQ = (0, —18, h).
The tension vector T in each wireis

T = (0, —18, h) wherech = 24

97. v=1(-3-673)

V=(-2-4,2)
(4,300 + (-2,-4,2) = (2,—-1,2)

(b)) w=au+bv=a +(a+b)j+bk=0
a=0a+tb=0b=0

Thus, aand b are both zero.

(d) ai + (@a+ b)j +bk=i+2 + 3k
a=la+b=2b=3
Not possible

103. Two nonzero vectors u and v are parallel if u = cv
for some scalar c.

Qe(0.0.N)

3" 8.
8
Hence, T = ﬁ<0’ —18, h) and
T=|T= CVT oy . BT (LI T .
h L2 — 182 L2 — 18
(b)

20 25 30 35 40

T |]184 | 115 | 10 | 93 | 90 | 87

—CONTINUED—
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105. —CONTINUED— 107. Let o be the angle between v and the coordinate axes.

Vv = (cos a)i + (cosa)j + (cos a)k

vl = v3cosa =1
V3
coSa = —= = ——
=8 ‘T3
100
v=§('+j+k)=§<l,l,l>

x = 18 isavertica asymptoteandy = 8isa
horizontal asymptote.

@ lim —  — o
T

: 8L : 8
lIim ————= IIm ———==8
Loeo /12— 18 L-o /1 — (18/L)2

(e) Fromthetable, T = 10 impliesL = 30 inches.

109. AB = (0, 70, 115), F, = C,(0, 70, 115)
AC = (—60, 0, 115), F, = C,(—60, 0, 115)
AD = (45, — 65, 115), F, = C4(45, — 65, 115)
F=F,+F,+F,=(0,0,500)
Thus:
— 60C, + 45C, = 0
70C, —65C,= 0
115(C, + C,+ Cy) =500

Solving this system yields C, = %, C,= %2 and C; = —%. Thus:

|F)|| = 202.919N
IF,| =~ 157.909N
IF4| = 226.521N

111. d(AP) = 2d(BP)
X+ (y+ 12+ (z-12=2/(x—12?+(y— 2?2+ 22
R+ +2+2y—22+2=40+y + 22— 2x— 4y + 5)
0=23x2+3y?+ 32— 8x— 18y + 2z + 18

g 16 1 (28 16}, o <2 2 1)
6+9+9+9—(x 3x+9>+(y 6y +9 + Z+3z+g
e O ) < 1)2
9—(x 3)4—(y 3)-i-z—i-3

2J/11

. B PN A R
Sphere; center: (3' 3, 3>, radius: 3
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Section 10.3  The Dot Product of Two Vectors
L u=(34,v=(2 -3) 3. u=(2 -34),v=(065)

13.

17.

21.

25.

@u-v=32 +4-3) =-6
(b) u-u=23@3) + 44 =25
(©) |lul> =25

(d) (u-vv=-6(2 —3) =(—12,18)
@u-@2v)=2u-v)=2(-6)=-12

.u=2i—j+kv=i-—-k
@u-v=20+ (-0 +1(-1=1
®u-u=22+(-1(-1)+ V@D =6

© [ul* =6
d @U-v)iVv=v=i-k
@u-@2vy=2u-v)=2

-V
T = C0S 6

lull vl

u-v=(8)(5 0057—37 =20
u=3i+jv=-2+4

u-v -2 -1
cosf = = =

iVl v10v20 542

1
6= arccos<——) ~ 08.1°
5.2

U=3i+4,v=—2 + 3k
u-v _ -8 _ -8./13
[ull M 5./13 65

6= arccos<—86513> ~ 116.3°

cos 6 =

u=<(473),v= <% —§>

u#cv O not paralle
u-v=0 0O orthogona

u=42,-3L,v=(-1-1-1)
u#cv O not parale
u-v=0 O orthogonal

11

15.

10.

23.

@ u-v=20)+(=3)(6) + (4O =2
(b) u-u=202) + (=3)(=3) + 4(4) = 29
(© [ul> =29

(d) (u-v)v=2(0,6,5) = (0,12, 10)
@u-@y=2u-v)=202 =4

u = (3240, 1450, 2235)
v = (2.22, 1.85, 3.25)
u-v = $17,139.05

This gives the total amount that the person earned on his
products.

u=(11),v=1(2-2

cosg= U V__ 0 _,
ulllvl - /28
o
=3
u=<(1,1,1,v=(21 -1)
coseziu'v -2 =£
fullM - v3v6 3
0= arcos% ~ 61.9°

u=(4,0,v=<(1)

u#cv O notparalé
u-v=4+0 0O notorthogonal
Neither

u=j+6ek,v=i—2 —k

u# cv O notpardle
u-v=-8%0 [ notorthogona
Neither
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27.u=i+2 + 2k |u| =3

cosa = 1
3
2
cosfB = 3
cosy = 2
Y73
Cosza-i-COSZ,B-i-COSZy—% g+g: 1
3. u=(3,2,-2) |u|= V17
3 o
cosa = ﬁ 0 a=0.7560 or 43.3
cosB = fD B = 1.0644 or 61.0°
_2 o
cosy = 0O = 20772 or 119.0
) 50
35 F:C, = ||F1|| ~ 4.3193
e 80
F,: C, = 5 5.4183
F=F, +F,

~ 4.3193(10, 5, 3) + 5.4183(12, 7, —5)
= (108.2126, 59.5246, — 14.1336)

|F| = 124.3101b
cosa =~ 108.2126 O o= 2948
[IF
0SB ~ 59"|5Fﬁ46 O B~6L3
oSy ~ %f’% O y~ 9653
39. OA = (0, 10, 10)
O O
cosq=————=00 a=90
V02 + 10% + 102
cosB =cosy = -1
Y V0% + 10?2 + 1072
-l og=y=uw
7z Y
43. w,=u—w, =(0,33) — (-2,2,2) =(2,1,1)

N

0. u=

/52 =2./13
cosa =0
3

cosB=——

R V13
cos .

LT
cos? @ + cos? B + cos? —0+3+i 1

« Y=Y 713713

33. u=(-152 |u|l=30

cosa = -1 O «= 17544 or 100.5°

V30
cos B = \/T) O B = 04205 or 24.1°
coSy = % O y= 11970 or 68.6°

37. Let s = length of aside.

vV=(ss§s
IVl = sv/3
COSa = COS 3 = COS -5 _ 1
YT/ /3
~ 54.7°
%)

4L w,=u-—w,; =(6,7) — (2,8 =(4 -1

45. u = (2,3),v=<(51)

Boy- (3

)

@ w, = (S -

(b) w2=ufW1=<f

Nl

NI
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47. u = (2,1,2),v = (0,3, 4)

@ =)

11 33 4
2*5(0, 3,4) = <0‘ 25 ?5>
8 6
(b) w, =u—w; = <2. o5 25>

51. (a) Orthogonal, 6 = 7—27

53. See page 738. Direction cosines of v = (v,, v,, V) are

V.
cosy =i~

Vi 3
CoSa = = cosfB = .
vl vl

||V||

a, B, and y are the direction angles. See Figure 10.26.

57. Programs will vary.

(b) Acute, 0 < 9 < 127

49. U -V = (Ug, Uy, Ug) = (Vq, Vy, V3) = UV + UV, + UgVg

(c) Obtuse,g <6<

55. (@) (” Hz) =u 0 u=cv O uandvaepadld.

(b)(|| H2> =00 u-v=00 uandv

are orthogonal.

59. Programs will vary.

61. Because u appears to be perpendicular to v, the projection of u onto v is 0. Analytically,

_u-v,_(2-3-(64
Prol. 4 v ”2 = H<6>4>ﬁ2 ><6. 4) = (6,4) = 0.
1.
63'u:§'_*lWantu v=o.

v =8 + 6 and —v = —8i — 6j are orthogonal to u.

67. (d) Gravitational Force F = —48,000

v =cos10°i + sin10°j

Vv = (F - v)v = (—48,000)(sin 10°)v

e
~ —8335.1(cos 10°i + sin 10°j)
w,]| ~ 8335.11b
(1. V3.
69. F = 85<2| + > j)
v = 10i

W=F-v=425ft-Ib

73. Fdse. Letu =(2,4),v=(1,7)andw =

75. Inarhombus, ||u|| =
U+Vv)-U-V=U+V)-u—(U+Vv)-v
=U*u+Vv-u—u-v-v-yv

lul® = [m[> =0

Therefore, the diagonal s are orthogonal.

(b) w, = F - w, =

[v]l. The diagonalsareu + vandu — v.

65. u=(3,1,—-2).Wantu - v = 0.

v =1¢0,2,1)and —v = (0, —2, —1) are orthogonal to u.

—48,000j + 8335.1(cos10°i + sin10°j)
= 8208.5i — 46,552.6 |
|w,|| = 47,270.81b

71. PQ = (4,7, 5)
v=1(1428)

W=PQ -v=T"2

(5,5). Thenu-v=2+28=30andu -w =10 + 20 = 30.
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77. u = (cos a, Sin a, 0), v = (cos B, sin B3, 0)
The angle between u and vis a — B. (Assuming that « > ). Also,

u-v cosacosPB + snasnp

Tl v~ )

cosla — B) = = cosacosB + sinasinB.

79. u—-vP=U-v)-(u—v) 8L Ju+VvP=@U+Vv):(Uu+v)

=u—-Vv):u—U-v)-v uU+v):u+@U+v)-v

=U-u—-VvV-u-—u-v+v-yv

u-u+v-ut+tu-v+v-yv

ol = e v = ue v VP lulP + 2u - v+ VP
= ul + IMP - 2u - v < [Jull2 + 2Jul v + [M[? from Exercise 66
< (lull + IMD?

Therefore, lu + v|| < |ul| + [Vl

Section 10.4  The Cross Product of Two Vectorsin Space

I
o
X
=~

= —k 3 jxk=

o o —
o R —
» o X

N
N

i j k i j k
7.@uxv=|-2 3 4] =(-22 16, —23) 9. @uxv=|7 3 2[=(17, -33 —10)
37 2 1 -1 5
(b) vxu=—(uxv)= (22 —16,23) (b) vxu=—(uxv)=(-17, 33, 10)

i j ok (©)vxv=0
©vxv=13 7 2/=0
37 2

11. u=(2,-31),v=(1-21)

i j K
uxv=[2 -3 1=-i—j—k=(-1-1-1)
1 -2 1

u-uxv)=2(-1)+(-3)(-)+1D(-1) =00 uluxv
V:euxv)=1(-1)+(-2)(-)+(D)(-) =00 vLiuxv
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13. u=(12,-3,0),v=(-2,50)

17.

21.

25.

27.

31

i ik
uxv=|12 -3 0| = 54k = (0, 0, 54)
-2 5 0

u- (uxv) =120 + (—3)(0) + 0(54)
=00 uluxv

v+ (uxv)=—20) + 50) + 0(54)
=00 vluxv

u=(4,-357)
v=(-184
uxyv= <f70, 723,g>

2
uxv_<—140 —46 57 >
lu < v 24,965’ /24,965 /24,965
Programs will vary.

u=j
v=j+Kk
i j k
uxv=10 1 0] =i
011
A= fuxv|=li=1
A(1,1,1,),B(2,3,4),C(6,5,2),D(7,7,5)

AB =(1,2,3), AC = (54,1), CD =(1,2,3),
BD = (5,4, 1)

Since@ = @andﬁ = BD, thefigure is a parallelo-
gram. AB and AC are adjacent sides and

x

i
ABxAC=|1 2 3| =-10i + 14j — 6k.
5 4 1

A=|AB x AC|| = /332 = 2./83

I5u=i+j+kv=2+j—-Kk

ik
uxv=1|1 1 1j=-2+3 —k=(-23—1)
2 1-1

u-Uuxv)=1-2) +13) + 1(-1)
=00 uluxv
v-Uxv)=2-2) +13) + (-1)(-1)
=00 vluxv

19. z

23.u= -3 + 2 — 5k

V_EI—ZJ Tok
uxv—<l£§>
"\ 20 5'4
uxv 20 <_E_g§>
luxvl| 7602\ 200 5'4
:<_ 71 M 25 >
7602' 7602" /7602
29. u=¢(3,2 -1
v=(1273)
i j k
uxv=|3 2 -1 = (8, -10,4)
1 2 3

A=luxv|=](8, —10,4)| = /180 = 6./5

33. A(0,0,0), B(1, 2, 3), C(—3,0,0)
AB = (1,2,3),AC = (—3,0,0)

ik
ABxAC=| 1 2 3/=-9 +6k
-3 0 0

1, ~ LN

A= 8B x AC| - %‘/11 - %/13
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35. A(2,—7,3),B(—1,5,8),C(4,6, 1) 37. F = —20k
AB = (—3,12,5),AC = (2,13, -4 N o
( ) ( ) PQ = %(00540"1 + sin 40°k)
i j K . .
ABxAC = |-3 12 5| =(—113, —2, —63) N ! ook .
2 13 4 PQ x F = |0 cos40°/2 sin40°/2| = —10 cos 40°
0 0 -20
1.~ & 1 N
Area = E”AB x AC| = 516,742 IPQ x F|| = 10 cos 40° = 7.66ft - Ib
— N 3
39. (a) OA = Ek 100
F = —60(sin 0] + cos k)
i i k
OAxF=10 0 3/2 = 90sin i oft 180
0 —60sn6 —60cosf
[OA x F|| = 90sin 6
(b) When ¢ = 45° [OA x F|| = 9o<\f) = 452 ~ 63.64.
(c) Let T=90sin#.
ar _ 90 cos 8 = 0 when 6§ = 90°.
de
Thisis what we expected. When 6 = 90° the pipe wrench is horizontal.
1 00 2 01 110
4. u-(vxw)=1[0 1 0|=1 43. u-(vxw)=1]0 3 0|=6 45, u-(vxw)=1[0 1 1|=2
0 01 0 01 1 01
V=Ju-(vxw)=2
47. u = (3,0,0)
v ={(0,5,1)
w = (2,0,5)
3 00
u-(vxw)=10 5 1 =75
2 05

V=|u-(vxw)|=75
49. U x V = (Uy, Uy, Ug) + {Vy, Vp, Vg) = (UpVg — UgVy)i — (Uyvg — Ugvy)j + (U, — unvyk

51. The magnitude of the cross product will increase by a 53. If the vectors are ordered pairs, then the cross product
factor of 4. does not exist. False.

55. True
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57. U = (Uy, Uy Ug), V = (Vy, Vp, V), W = (Wj, Wy, Wa)
i i k
u; U, Uz
VWV, W, VW

ux(v+w)

= [uy(vz + Wy) — Ug(V, + Wy)]i — [uy(Vz + Wa) — Ug(vy + Wlj + [uy(v, + wy) — uy(v; + wy)lk
= (U — UgVp)i — (Upvg — Ugvy)j + (U, — Uk + (UWg — UgW,)i —
(uywg — uwy)j + (uw, — uwyk

=UxVv)+ (Uuxw)

59. u = (uy, Uy, Ug)

i j K
UXU={U U U = (Uly — Uglp)i — (Uug — Uguy)j + (uu, — uu)k =0
u U U
61. U XV = (UVy — U\,)i — (Uvy — Uvy)j + (Uv, — Upvy)k

(U X V) U= (UV; — UV)uy + (Ugv; — Uvau, + (Ugv, — Upvy)ug = 0
(Ux V) = V= (UVg — UVp)vy + (Ugvy — UpVa)V, + (UgV, — Upvy)V; = 0

Thus,uxv Luandu x v L v.

63. [lu x vi| = |lull [V sin 6
If uand v are orthogonal, § = 7/2 and sin 6 = 1. Therefore, |ju x v|| = ||ul| ||V

Section 10.5 Linesand Planesin Space

L. x=1+3t,y=2—-tz=2+5t (b) Whent = Owe have P = (1, 2, 2). When t = 3 we have
@ ] Q = (10, — 1, 17).

PQ = (9, -3, 15)

>\\ The components of the vector and the coefficients of t are

proportional sincethelineis parallel to @

(c) y=0whent =2 Thus,x = 7and z = 12.
Point: (7,0, 12)

1 (g7 1
X = 0Owhent = 3 Point: <O, 3 3>

2 o (112
z=0whent = 5 Point: ( 5 5,0)
3. Point: (0, 0, 0) 5. Point: (—2,0,3)
Direction vector: v = (1, 2, 3) Direction vector: v = (2,4, —2)
Direction numbers: 1, 2, 3 Direction numbers: 2, 4, —2
(8) Parametric: x =t,y=2t,z= 3t (8) Parametric: x= —2+ 2t,y=4t,z=3 - 2t
oy _z . oX+2_y_z-3
(b) Symmetric: x = 5~ 3 (b) Symmetric: 5~ 4" 2
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7.

11.

15.

10.

21.

23.

) -2 2
Point: (1,0, 1) 9. Points: (5, —3, —2), (? 3 1>
Direction vector: v =3i — 2j + k
i RV L |
Direction numbers; 3, —2, 1 Direction vector: v = =1 = =] = 3
(@) Parametric: x =1+ 3t,y=—2t,z=1+t Direction numbers; 17, —11, —9
(b) Symmetric: x; 1:%: 21 1 (@) Parametric: x =5+ 17t,y= -3 — 11t,z= —2 — ot
B . X—5_ y+3 z+2
(b) Symmetric: 7 - 11 9
Points: (2, 3,0), (10, 8, 12) 13. Point: (2, 3, 4)
Direction vector: (8,5, 12) Direction vector: v = k
Direction numbers: 8, 5, 12 Direction numbers: 0, 0, 1
(8) Parametric: x =2+ 8,y = 3 + 5,z = 12t Parametric: x =2,y =3,z=4+1
o X—-2_y—-3_z
(b) Symmetric: 8 5 1
Point: (—2,3,1) 17. Li: v=1(=-3,2,4) (6, —2,5) online
Direction vector: v = 4i — k L v= (6, —4, —8) (6, —2,5) online
Dlrectlor? numbers: 4,0, —1 Ly v=(-6,4,8) (6, —2,5) not on line
Parametric: x = —2 + 4, y=3,z=1—-1t
x4+ 2 71 L, v=(64—6) not parallel to L, L,, nor Ly
Symmetric: 4~ 177 3 Hence, L, and L, are identical.
(@ Online L, = L,and L are paralel.
(b) Online
(c) Notonline(y # 3)
. + -2 -
(d) Not onIme(6 2 * 2_1 l)

At the point of intersection, the coordinates for one line equal the corresponding coordinates for the other line. Thus,
(Y4t +2=2s+ 2, (ii)3=2s+ 3, and (iii) —t+1=s+ 1

From (ii), we find that s = 0 and consequently, from (iii), t = 0. Letting s = t = 0, we see that equation (i) is satisfied
and therefore the two lines intersect. Substituting zero for s or for t, we obtain the point (2, 3, 1).

u=4i-k (First line)
v=2 +2 +k (Second line)
[u - v| 8-1 7 717
cos 6 = =

Ml V170 3v/17 - 8L

Writing the equations of the lines in parametric form we have
X =3t y=2-1t z=-1+t
x=1+4s y=-2+s z=—-3- 3s

For the coordinatesto beequal, 3t = 1 + 4sand 2 — t = —2 + s. Solving this system yieldst = 177 ands = %

When using these values for s and t, the z coordinates are not equal. The lines do not intersect.

Xx=2t+3 X=-=-25+7
y=5-2 y=s+38
z=-t+1 z=2s—-1
Point of intersection: (7, 8, —1)
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(@ P=1(0,0,-1,Q=(0-20,R= (34 -1 (b) PQxPR=0 -2 1
PG = (0, ~2,1),PR = (3,4,0) 3 40
The components of the cross product are proportional

to the coefficients of the variables in the equation. The
cross product is parallel to the normal vector.

=(—4,3,6)

27. Point: (2,1,2) 29. Point: (3,2,2)
n=i=(10,0) Normal vector: n = 2i + 3j — k
Ix—2+0y—-1)+0z—-2=0 2x—3)+3y—-2-1z—-2 =0
x—2=0 2x+3y—2z=10

31. Point: (0, 0, 6) 33. Let u be the vector from (0, 0, 0) to (1, 2, 3):
Normal vector: n = —i +j — 2k u=i+2 +3k

Let v be the vector from (0, 0, 0) to (—2, 3, 3):

-1x-0+1Uy-0—-2z-6=0 v=—2i +3 +3k

—X+y—22+12=0

i)k
X—y+2z=12 Normal vector: uxv=| 1 2 3
-2 3 3

=38+ (-9)j + 7k

-3x—0—-9y—-0+7(z—0 =0
AX+9%Y—-72=0

35. Let u bethevector from (1,2,3)t0(3,2,1): u =2 — 2k

Let v bethe vector from (1,2,3)to (-1, —2,2): v= —2i — 4j — k
i j k
Normal vector: (3u) x (—v) = |1 0 —1| = 4i — 3j + 4k
2 4 1
4x—-1)—-3y—2+4z-3) =0
4x — 3y +4z=10
37. (1, 2, 3), Normal vector: v=k,1(z—3)=0,z=3 39. The direction vectors for thelinesareu = —2i + j + Kk,

v=-3i+4 — k.
ik
Normal vector: uxv=|-2 1 1= -5(i+j+k)
-3 4 -1
Point of intersection of thelines; (—1, 5, 1)
x+1)+y-5+@z-1=0
X+y+z=5

41. Letv bethevector from(—1,1, -1)t0(2,2,1): v=3i +j + 2k
Let n be avector normal totheplane2x — 3y +z=3: n=2i — 3] + k

Since v and n both lie in the plane p, the normal vector to p is

i j k
vxn=|3 1 2/=7 +j—-11k
2 -3 1

Ix—2+1y—-2—-11(z—1) =0
x+y—11z=5
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43.

47.

51.

57.

63.

Let u = i and let v be the vector from (1,
(2,56: v=i+7 + 7k

-2,—1)to

Since u and v both lie in the plane P, the normal vector to
Pis

=7 + Tk =~7( - k)

~N O X

i
uxv=11 0
1 7

y-(=2]-[z=(-D]=0
y—z=-1

The normal vectors to the planes are

ng,=1i-3 +6k, n,=5 +j—Kk,
Ing-no| [5-3-6] 4/138
Indllingll /4627 414

4./138
414

cos f =

Therefore, 6 = arccos< ) ~ 83.5°.

4X + 2y + 6z =12

Xx=5

b
\
y
<

P;:n=(3-25)
P,: n=(—6,4, —10)
Py n=(-325)
P, n = (75, —50, 125) (1,

(1, -1, 1) on plane
(1, =1, 1) not on plane

—1,1) on plane
P, and P, areidentical.

P, = P,isparalel to P,.

5. 2x—-y+3z=4

Generated by Maple

45. The normal vectors to the planes are

[Ny - ny _
In4ll Il

Thus, # = /2 and the planes are orthogonal.

n, =<5 -3,1),n,=(1,4,7),cosh = 0.

49. The normal vectorsto the planesaren, = (1, —5, —1)
and n, = (5, — 25, —5). Sincen, = 5n,, the planes are
parallel, but not equal.

X Generated by Maple

65. Each plane passes through the points
(¢,0,0),(0,¢c,0),and (0,0, 0c).
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67. Thennormalsto the planesaren, = 3i + 2j — k and

n, =i — 4j + 2k. The direction vector for the lineis
i ] kK
n,xn, =1 -4 2/ =7( + 2k).
3 2-1

Now find a point of intersection of the planes.
6x +4y — 2y =14
X—4+2z= 0
X =14
Xx= 2
Substituting 2 for x in the second equation, we have
—4dy +2z= —2o0rz= 2y — 1. Lettingy = 1, apoint
of intersection is (2, 1, 1).
X=2y=1+tz=1+2t

71. Writing the equation of the line in parametric form and
substituting into the equation of the plane we have:

Xx=1+3t,y=-1-2t,z=3+1t
2(1 + 3t) + 3(—1 — 2t) = 10, —1 = 10, contradiction
Therefore, the line does not intersect the plane.

75. Point: Q(2, 8, 4)
Plane 2x+y+z=5
Normal to plane: n = (2,1, 1)
Point in plane: P(0, 0, 5)
Vector: @ =(2,8, —1)

o PG-n 11 16
(NI

79. The normal vectors to the planesaren, = (=3, 6, 7) and
n, = (6, —12, —14). Since n, = —2n,, the planes are
parallel. Choose a point in each plane.

P=(0,—1,1) isapointin —3x + 6y + 7z = 1.

Q= (é 0, O) isapointin 6x — 12y — 14z = 25,

6

s [25

PQ = <6 1, —1>

oo [PQ-m| _|-27/2| 21 _27/%
Iyl Jo4  2/94 188

83. The parametric equations of aline L paralel tov = (a, b, c,)
and passing through the point P(x,, y,, z,) are

XxX=x, +a,y=y, +bt,z=12z + ct
The symmetric equations are

X=Xk _ Y~ N _2-7
a b c

69. Writing the equation of the line in parametric form and
substituting into the equation of the plane we have:

1 -3
==+ = — — = -1+
X > t,y > t, z 1+ 2t

1 -3 3
2(§+t>_2<7—t)+(—l+2t)712,tfi

Substituting t = 3/2 into the parametric equations for the
line we have the point of intersection (2, —3, 2). Theline
does not lie in the plane.

73. Point: Q(0, 0, 0)
Plane 2x+3y+z—-12=0
Normal to plane: n = (2, 3, 1)
Point in plane: P(6, 0, 0)
Vector PQ = (—6,00)

_[PQ-n| _|-12 _6./14
[Inl J14 7

77. The norma vectors to the planesaren, = (1, —3, 4) and
n, = (1, —3,4). Since n, = n,, the planes are paralléel.
Choose a point in each plane.

P = (10,0,0) isapointinx — 3y + 4z = 10.
Q= (6,0,0)isapointinx — 3y + 4z = 6.
PO-n _ 4 _2/%
[In4 J26 13

PQ = (-4,0,0),D =

81. u = (4,0, —1) isthe direction vector for the line.
Q(1,5, -2 ﬂhe given point, and P(—2, 3, 1) ison the
line. Hence, PQ = (3, 2, —3) and

ik
POQxu=[3 2 —3=(-2-9-8)
4 0 -1

_[PQ xul _ V149 _ /2533

D =
[Jull V17 17

85. Solve the two linear equations representing the planes
to find two points of intersection. Then find the line
determined by the two points.
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87. (d) Sphere (b) Pardlel planes
(x—32+(y+22+(z-52=16 4x — 3y +z=10=+ 4n| = 10 + 4./26
X+y2+22—6x+4y—10z+22=0

89. (8) z= 28.7 — 1.83x — 1.09y

Year 1980 | 1985 | 1990 | 1994 | 1995 | 1996 | 1997
z(approx.) | 16.16 | 14.23 | 9.81 | 860 | 842 | 8.27 | 8.23

(b) Anincreasein xor y will cause adecreasein z In fact,
any increase in two variables will cause a decrease in the third.

(© .

A
304 (0,0, 28.7)

15.7,0, 0
(35,0 : 0 (0,26.3,0)
30 ;

x 30 *y
91. True

Section 10.6  Surfacesin Space

1. Ellipsoid 3. Hyperboloid of one sheet 5. Elliptic paraboloid
Matches graph (c) Matches graph (f) Matches graph (d)
7.2=3 z 9.2+ 2=9

The x-coordinate is missing so we have a cylindrical
surface with rulings parallel to the x-axis. The generating
curveisacircle.

Plane parallel to the
xy-coordinate plane

A

~

11 y=x? 13. 42 +y? =4
The z-coordinate is missing so we have a cylindrical sur- 2 y2
face with rulings parallel to the z-axis. The generating 1 + 4= 1

curveis a parabola i L o
The z-coordinate is missing so we have a cylindrica

A surface with rulings parallel to the z-axis. The generating
curveisan elipse.
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15. z=siny i
The x-coordinate is missing so we have a cylindrical N i:
surface with rulings parallel to the x-axis. The generating o i “—

17.

10.

23.

29.

curve is the sine curve. . e

X=X +y?

(8 You are viewing the paraboloid from the x-axis: (20, 0, 0)

(b) You are viewing the paraboloid from above, but not on the z-axis: (10, 10, 20)
(c) You are viewing the paraboloid from the z-axis: (0, 0, 20)

(d) You are viewing the paraboloid from the y-axis: (0, 20, 0)

y2

ALY e 2 _ 2 2 — z
1+4+1 1 21. 16x 32/+162 4 i
ad
Ellipsoid a2 - Y442 =1 3
X2 2 ) ) 1 2
xy-trace: T + yz = léllipse Hyperboloid on one sheet ) __.' <
2 2~" TR
xz-trace: x? + z2 = 1circle xy-trace: 4x? — yz = 1 hyperbola Xf - 3"
y2 22 X -2 -3
yz-trace: y + 1= 1é€llipse xz-trace: 4(x2 + z3) = 1circle

—y2

yz-trace: -t 472 = 1 hyperbola

X2_y+22:0 27.

Elliptic paraboloid

25. X2 —-y?+2z=0
Hyperbolic paraboloid
xy-trace: y = X2 Xy-trace: y = =X

Xz-trace; X2 + z2 =0, Xz-trace; z = —X?

point (0, 0, 0) yz-trace: z = y?
yz-trace: y = 22 y==x1lLz=1-x?
— -2 2 — z
y=Lx+z2=1 . i
z 3
A
al
i s =20 y
2 L
i'- ;.-AE‘Y

16x2 + 9y? + 1622 — 32x — 36y + 36 = 0
162 —2x+1) +9(y>—4y+ 4) + 1622= —36 + 16 + 36 2
16(x — 1)2 + 9(y — 2)2 + 1622 = 16

x—12  (y—27?
1 16/9

Ellipsoid with center (1, 2, 0).

—> N

z_

+3 ¥

1 x e

2

2 — 2 + yi

z X 4
Elliptic Cone

xy-trace: point (0, 0, 0)
Xz-trace: z = X

yz-trace: z = %y

2
= . 2+7y =
z==1. X 2 1
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3l z=2sinx 33. 2= x% + 4y?
o z= %X + 4y?

li"", I
] (il

2o, 7 (THUTAN
et ol

. ,IIII[;;II”’(§§\$\'""I,{II[ Y

x 4{{{2’”’[ 73Ny

i

39. 4x2 —y2 + 472 = - 16 41. 2= 2UX + y?
2 =
z== yZ—x2—4 z=2
2V +y?=2
X x2+y?=1

43. @ +y2=1 : 45. x2 + 72 = [r(y)2and z = r(y) = £2./y; therefore,
xtz=2 X2+ 72 = dy.
z=0
47. ¥ +y? =[r(2Pandy =r(2) = %; therefore, 49. y2+ 22 =[r(x)Pandy = r(x) = %; therefore,
z? 2\? 4
2+ 2 — = 2+ 2 — 2_ 2+ 2 — | = 2+ 2:7.
X+ y 2 4x 4y z y Z <x> Y% z 2
51. x>+ y?—22=0 53. Let Cheacurveinaplaneandlet L bealinenotina

parallel plane. The set of al lines parallel to L and
intersecting C is called a cylinder.

R+ = (V2]
Equation of generating curve: y = /2zorx = /2z

4

55. See pages 765 and 766. 57. V=27 f X(4x — x?) dx
0

_ [4;@'_&4]4_12877
M3 T 4l 3
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X2 y2
L Z="7+ =
59. z 5 4

2 2
(@ Whenz = 2we have 2 :XE+ y—, orl=

Major axis: 2/8 = 4./2

Minor axis; 2/4 = 4
c2=a2—b3ci=4c=2
Foci: (0,+2,2)

61. If (x,v, 2 isonthe surface, then
(y+22=x2+(y—2?+2
V+ay+4d=x2+y—4dy+4+27
X2+ 72 =8y
Elliptic paraboloid

Traces parallel to xz-plane are circles.

2 2
65. z=§—§,z=bx+ay
2 X2
bx+ay:§—;

412 214
é(xz + a?bx + ﬂ) 1<y2 —ab%y + ﬂ)

x2 y2
478

(b) Whenz = 8wehave8 =

X2 y2 X2
4 16

Major axis: 2./32 = 8./2
Minor axis. 2/16 = 8
c2=132-16=16,c = 4
Foci: (0, 4, 8)

y2 22

: + + =
63 3963? 39632 39422

1

Al

A
4000

-+ = =—+
> ,orl

y2

32

67. The Klein bottle does not have both an “inside” and an
“outside” It is formed by inserting the small open end
through the side of the bottle and making it contiguous
with the top of the bottle.

4) 4
a’b\? ab?\?
) %)
a? b?
b a’b ab?
y‘*é(”?)*?

Letting x = at, you obtain the two intersecting lines

Xx=at,y=—bt,z=0andx = at,y = bt +
z = 2abt + a??.

Section 10.7

1. (5,0, 2), cylindrica 3.
x=5cos0=5
y=5sn0=0
z=2
(5, 0, 2), rectangular

abZ

(2, g 2), cylindrical
T
X = 20053 =1

y=25in%= /3
z=2

(1, V/3, 2), rectangular

Cylindrical and Spherical Coordinates

5. (4, %T 3), cylindrical

X = 40057—677 =-2./3

Im _

6 -2

y = 4sn
z=3
(-2/3, -2, 3), rectangular
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Cylindrical and Spherical Coordinates
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7.

13.

17.

23.

27.

(0,5, 1), rectangular 9. (1, /3, 4), rectangular

11. (2, —2, —4), rectangular

r= O+ 67 = r=J12+ (V32 = = VZT(-22=2/2
5 =« _.m
6=arctan6=§ 9=arctanf=g 9=arctan(—1)——z
z=1 z7=4 z=—4
T . . —ar . .
(5, > 1), cylindrical (2, z 4)' oylindrica (zﬁ, - —4>, cylindrical
X2 4+ y? + z2 = 10 rectangular equation 15 y=x rectangular equation
r2 + z2 = 10 cylindrical equation rsin 6 = (r cos 6)?
sinf =r cos? 6
r = sec6 - tan 0 cylindrical equation
r=2 19.9=7—g : 21.r=2sin0
STy =2 y 2.2 r2=2rsiné
o
x2+y2=4 tang=; [~ x2+y=2y
- P
: 1y —eti ” ¥ty -2y=0
3 X _a R4y -1 =1
x = /3y 4 2
x— J3y=0 ,
1
=) A "-:_ -y

r2+z22=4
X+y2+2z2=4

(-2,2./3, 4), rectangular
p= (=22 +(2J37 + # = 442

6 = arctan(— /3) = 2?77
1
= arccos— = —

25. (4,0, 0), rectangular
p=V#+0P+0>=4
6=actan0=0
¢ = arccos0 = 7—27

<4, 0, g) spherical

29. (+/3,1,2/3), rectangular

p=V3+1+12=14
1 T
6= arctan—= = —
J3 6
_ J3_m
q&—arcoos2 =5

a T .
<4, E, E), spherlcal
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3L (4 u —) spherical 33, (12, _TW' o), spherical 35, (5, 7747, %),spherical
LT T . —r . 37 T 5
x—4sm4c056—\/§ x—123n0003<4)—0 x—53m4cos4—2
LT T 3m .. m 5
y—4smzsng—\/§ y—125|n05|n< 4>—0 y= Ssstmz >
z=4cosT =22 z=12cos0 = 12 2—50053—77 52
4 (0, 0, 12), rectangular 4 2
(V6, v/2,2/2), rectangular 55 5v2\ \ongular
2'2 2
37. (a) Programswill vary. 39. X2 + y? + 22 = 36 rectangular equation
(b xy,2=(3-42 p? =36 spherical equation
(p, 6, $) = (5.385, —0.927, 1.190)
41. 2 + y? = 9 rectangular equation 43. p=2

p2Sin? p cos? 6 + p?sin? psin? 9 = 9 Xty +z2=4

p?sin?¢p =9
psing =3
p = 3csc ¢ spherical equation

47. p = 4cos ¢
/X2+y2+22:L
VX + Y+ 2
X+y+22-42=0
S XR+y+(z-22=4
51. <4,774T,o,cy|indricaj 53. <4,7—27 )cyllndrlcal
p=VHE+ 0= p=VE+82=4/2
T
) =— _T
4 =75
d>=arccoso=127 o—acod 4 )=
42 4

(455) o (
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55. (4, s 6), cylindrical 57. (12, m,5), cylindrica 50. (10, T 5), spherical
6 p= V12 +5=13 62
— /N2 + 2 — / _
P yre=2/1s o= r=10sin—~ = 10
P 5 2
6 ¢ = arccosl—3 ho
¢ = arccos 3 ( o ) herical °
= N 13, 7, arccos - |, spherici
V13 13 z=10 cos7—2T =0
- 3
213, ——, arccos —— |, o
( 6 Jﬁ) (10, 7—67 0), cylindrical
spherical
7 .
6L. (36, , g) spherical 63. (6, —g, g) spherical 65. <8, g, g) spherical
. T . T
r:psind>:36sin127:36 r=6sm§=3\/§ r=38sng =4
_ _ . I
0= 6= 6 0 6
T
Z=pCOS(b=3GCOS§=O 7=6cos™ =13 z=8coslr=8‘/§
3 6 2
36, r, 0), cylindrical o N
(36, , 0), cy <3\/§, —%, 3), cylindrical <4, %T 4\/5), cylindrical
Rectangular Cylindrical Spherical
67. (4,6,3) (7.211,0.983, 3) (7.810, 0.983, 1.177)
69. (4.698, 1.710, 8) (5, g 8> (9.434, 0.349, 0.559)
27
71. (—7.071, 12.247, 14.142) (14.142, 2.094, 14.142) 20, X
73. (3,-2,2) (3.606, —0.588, 2) (4.123, —0.588, 1.064)
54 -3
75. >3 2 (2.833,0.490, — 1.5) (3.206, 0.490, 2.058)
77. (—3.536, 3.536, —5) (5, 37?7 —5) (7.071, 2.356, 2.356)
79. (2.804, —2.095, 6) (=35, 25, 6) (6.946, 5.642, 0.528)
[Note: Usethe cylindrical coordinates (3.5, 5.642, 6)]
8L.r=5 83. p=5 85 r2=zx>+y2=z
Cylinder Sphere Paraboloid
Matches graph (d) Matches graph (c) Matches graph (f)
87. Rectangular to cylindrical: r2 = x2 + y? 89. Rectangular to spherical: p? = xX* + y? + 72
tang =Y tang =Y
X
e ¢ = arcco %)
Cylindrical to rectangular: x = r cos 6 Xty tz
y=rsng Spherical to rectangular: x = p sin ¢ cos 0
z=12 y=psn¢sno

Z= pcCcoS¢
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91l ¥+ VY2 +22=16
@r2+z2=16
(b) p»=16,p=4

95. X2 + y? = 4y
@ r2=4rsing, r=4sn6
(b) p?sin?¢p = 4psin ¢ sin 0,

psing(psing — 4sin6) = 0,

_4sné

p= sin¢,p=4$|n0080¢>
v
99.05055 101. 0 < 0 < 27
0O<r<2 O<r<a
0 z;4 r<z<a
: i
sl a=
3 o
2
] el
i.f- 2 3™y
105. Rectangular :
0<sx<10
0<y<10
0<z<10

109. z=sin6,r =1

_Y_Y_

=y Ty

93. ¥ +Vy2+2-22=0

@r2+z22-2z2=0,r2+ (z—12=
(b) p> — 2pcos¢ = 0, p(p — 2cos ¢) = 0,
p = 2cos¢

97. 2 —y?=9

(@) r?2cos? 0 — r2sin? 6 = 9,
9

(2=—_ 2
cos? § — sin? 0

(b) p?sin? ¢ cos? 6 — p?sin® pSin? 6 = 9,
. 9
2 2 - v
psinté cos? § — sin? '

_ 9 csc? ¢
pz_cos29—sin20

103. 0 < 0 < 27

T
0< ¢ < g
O<sp<asceo
1
€1
vt il
i, A
] ______..
-, e T~
H\KV
107. Spherical H

4<p<6b6

The curve of intersection is the ellipse formed by the intersection of the plane z = y and the cylinder r = 1.

Review Exercises for Chapter 10

1.P=(12,Q0=(41, R=(54)
@ u=PQ=(3-1)=3 —j,
v=PR=(42) =4 + 2]
®) vl = V& +22=2.5
(©) 2u + v = (6, —2) + (4,2) = (10, 0) = 10i

8c0s120°i + 8sin120°j
—4i + 4.3

3. v=|v|cosoi+|v|singj
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5. 120 cos 6§ = 100 21t
5
0= arccos<6>
2 2 Y
tan 0 = y O y= tan o o 1201b
y= 2 = 2 = 10 ~ 3.015ft '

tan[arccos(5/6)]  /11/5 /11

7.2=0,y=4, x= -5 (-5,4,0) 9. Looking down from the positive x-axis towards the yz-plane,
the point is either in the first quadrant (y > 0,z > 0) orin
the third quadrant (y < 0, z< 0). The x-coordinate can be

any number.
15\?
11. x =32+ (y+22+(z—6?2= >
13. @ —4x+4) + (Y2 —6y+9) +22=—4+4+9 15.v=(4—24+1, -7 - 3) = (2,5 —10)
x—22+(y—32+22=9 2
Center: (2,3,0) (2,—1,3)2

Radius. 3

x
Vo
w1
S
~
ES
y
<
o= ____ %

(4,4,-7)

<2,3,5>=< 2 3 5 >

. u
17 v=(—-1-3,6—4,9+ 1) =(—4,2,10 19. Unit vector: — = , ,
< ) : lul 38 /38 /38 /38

w=(5-33-4-6+1)=(2 -1, -5

Since —2w = v, the pointslie in a straight line.

21. P= (50,0, Q= (4,4,0, R=(20,6) 2. u=(7,-23),v=(-145)
(@ u= PQ=(-1,4,00= —i + 4, Sinceu - v = 0, the vectors are orthogonal .

v=PR=(-306) = —3 + 6k
() u-v=(=1)(-3) + 40) + 0(6) = 3
(c)v-v=9+36=145

25. u < s—|+si 3Tjrj>zi—i+j] 27. u=10,-5,15), v=(—2,1,—3)
u= —5v O uispardlel tov and in the opposite
= (cos—l + sn? ) —i + /3] direction.
0=

5‘[(1 +V3)
lull = 5
IV = 2
cosg o UVl (5v2/2(1+ V3)  V2+ /6

(ull v 5(2) 4

0= arccos‘[Jr /6 = 15°

4
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29. There are many correct answers. For example: v = +(6, —5, 0).

In Exercises 31-39, u = <3, -2, 1>. V= <2, -4, —3>, w = <—1, 2, 2>.

3Lu-u=303)+(-2(-2 + (V) 33. projw = <W>u
= 14 = (VI3) = |ul? :
=28 -2D
_ <,E 10 ,£>
14’14 14
_ <_L ) _£>
14'7 14
i j k
Bn=vxw=| 2 -4 -3 =-2—] 37.V=|u-(vxw)
oz e =3, -2,0) - (-2,-1,0) = |4 = 4
Il = v/
n 1
=2 =)
Inl /5
39. Areaparalelogram = |u x V|| = /107 + 112 + (—8)? (See Exercises 36, 38)
= /285
41. F = c(cos20°% + sin 20°k) z
@ = 2k 76
o F
i i k ant|
POxF=10 0 2 | = —2ccos20°i
0 ccos20° csin20° !
200 = |[PQ x F|| = 2c cos 20° )
100
C =
cos 20°
_ 10 (cos 20°j + sin 20°k) = 100(j + tan 20°k)
" cos 20° J - J
[F| = 100./1 + tan? 20° = 100 sec 20° =~ 106.4 Ib
43. v =j 45 3x—3y—7z= -4, x—y+22=3
@x=1Ly=2+t z=3 Solving simultaneoudly, we have z = 1. Substitutingz = 1

into the second equation we havey = x — 1. Substituting
for x in this equation we obtain two points on the line of
intersection, (0, —1, 1), (1, 0, 1). The direction vector of
theline of intersectionisv =i + j.

(b) None

@x=ty=-1+t z=1
by x=y+1z=1
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47.

51.

55.

59.

The two lines are paralldl as they have the same direction
numbers, —2, 1, 1. Therefore, a vector parallel to the
planeisv = —2i + j + k. A point on thefirst lineis
(1,0, —1) and a point on the second lineis (-1, 1, 2).
The vector u = 2i — j — 3k connecting these two points
is aso parald to the plane. Therefore, a normal to the
planeis

i i k
Vvxu=|—2 1 1
2 -1 -3

—2i —4j = -2( + 2)).
Equation of theplane: (x — 1) + 2y =0
X+2y=1

Q(3, —2,4) point

P(5, 0, 0) point on plane

n = (2, —5,1) normal to plane
PQ = (~2,-2,4)

Do PQ-n| _ 10 _ /30
[Inl] V30 3

1
y=3

Plane with rulings parallel to the x-axis

2 Y
X2 y2 2 — z
16 9 +z2=-1 o
Hyperboloid of two sheets __,_‘-',{'-_-_- |'
race = X _ Sl
Xy-trace: 7 16 1
Xz-trace: None

2
yz-trace: yg -22=1

49. Q= (1,0,2)
2Xx—3y+62=06
A point P on the planeis (3, 0, 0).

PQ =(-2,0,2)
n=(2 -3 6)
PQ-n| 8
D=1~ "1_°9
(ll 7

. X+2y+3z2=6
Plane
Intercepts: (6,0, 0), (0,3,0), (0,0,2)

z
A

3t
(0,0,2

3
a
6 ©.3.0
x“6,0,0)

X2 y2

57. —+<-+z2=1 z

6 9 A
Ellipsoid

X
xy-trace: — +
X
xz-trace; — + 22=1

yztrace: °-+ 22 =1
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61. (a) X +y2=[r2]? A
- [Vaz- P '

X2+y2—-22+2=0

2
(b) V= wa X[3 - <1x2 + 1)] dx y
o 2
2 1 3
= 27| | 2x — =x3| dx
0 2 2T
4712 |
= 27T|:X2 — %]0 !
= 47 =~ 12.6 cmd v
2 1 y
() V= ?_n-f x[3 - <7x2 + 1)} dx
1/2 2 st
2 1
= wa (Zx - 7x3) dx 2+
1/2 2
X412 1T
— 2 _ 2~
ZW[X 8]1/2 |
1
. 3lw_ 2%mw .
= 41 o - o 11.04 cm

63. (—24/2,2./2,2), rectangular

@r= \/(—2\/E)Z +(2V2)° =4, 9 = arctan(— 1) = 3T =2,

4

(b) p= \/(—Zﬂ)z + (22 + (22 =25, 0= 3777 ¢ = arccos

65. (100, —7—67, 50), oylindrical
p = /1002 + 502 = 50./5

T
0="%

B 50 \ _ 1) 0
¢ = arccos<50 \/§> arccos< \/§> 63.4

(50\@, —%, 63.4"), spherical

69. X2 —y2 =2z
(@ Cylindrical: r?2cos? 0 — r2sin? 9 = 2z, r?cos260 = 2z

3 ,2), cylindrical

2
———= = arccos—=,
25

r2 = (25 sin(

zZ=pcos¢ — 25cos

252 T _2¥L

<2\/§, 3777 arccos?), spherical

o ool

3777 — _25@
2
), cylindrical

(b) Spherical: p?sin? ¢ cos?  — p? SN psin? § = 2p cos ¢, pSin? ¢p cos26 — 2cosd = 0, p = 2 Sec 26 €oS ¢ CSC*d



