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HAPTER 11

Vector-Valued Functions

Section 11.1  Vector-Valued Functions

Solutions to Even-Numbered Exercises

2.

10.

12.

14.

268

rh=FHxom=|t t =(—t(t+2)—

rt) = V4 — t2i + t3 — 6tk 4. r(t) = sinti + 4costj + tk
Component functions: f(t) = /4 — t2 Component functions: f(t) = sint
g(t) = t? g(t) = 4 cost
h(t) = —6t h(t) =t
Domain: [—2, 2] Domain; (—oo, c0)
1) = F) — G(t) = (Inti + 5tj — 3t%) — (i + 4tj — 3t%)

=(Int — 1)i + (5t — 4t)j + (—3t2 + 3tk
=(nt — 1)i + tj

Domain: (0, co)

i i k

t P — 3 — +3/t)i (L 3)
) t+1>| (13t + 2) — t3A)j + gtk
SANEES TR

Domain; (—oo, —1), (=1, 0o0)

r(t) = costi + 2sintj
@ r(0) =i
(b) r(%) = %i + V2]

©) r(6 — @) = cos(§ — m)i +2sin(6 — m)j = —cosOi — 2sin ]
(d) r(g + At) - r(ig) = cos(g + At)i + Zsin(g + At)j - (cos(%)i + Zsin%j>

rt) = Vti + 83 + e ¥/%

@ r(0) =k

(b) r(4) = 2i + 8§ + ek

© r(c+2) = Jc+2i+ (c+ 233 + eler2/4k

(@) r(9+ At) — r(9) = (VO + At)i + (9 + AY)¥? + e [O+a0/4k — (3 + 27) + e %%)
= (VO+ At — 3)i + (9 + AD¥2 — 27)j + (e le+20/4] — g-9/a

r(t) = Jti + 3tj — 4tk
Iroll = V(i) + @302 + (—a2
= Jt+ 92 + 1622 = Jt(1 + 25t)
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16. r(t) - u(t) = (3cost)(4sint) + (2sint)(—6 cost) + (t — 2)(t?) = t3 — 2t? ascaar.
The dot product is a scalar-valued function.

18. 1(t) = cos(mt)i + sin(mt)j + t%k, ~1 <t <1 20, 1() = ti + Intj + %k,o.l <t<s

X = cos(wt), y = sin(wt), z = t?

x=t,y=|nt,z=%

Thus, X* + y2 = 1. Matches (c) 3

Thus, z = %x andy = Inx. Matches (a)

22.r(t) =ti +1tj + 2k
x=ty=tz=20 x=y

@ (0,0,20) (b) (10, 0,0) (© (5,55
T R
sl
o
ol
o
N
} t } y
X 1 2 3
24.x:1—t,y:ﬁ 26. x=t2+t,y=t2—1t 28. X = 2cost
y = 1— X y y= 2sint
Domain: t = 0 X +y =4
y y
ol
sl
44 11+
3l ‘ ‘
T~ =Y : "
DN -1y
43-2-1 | 123 4
Ll
30. x = 2cos’t,y = 2sin’t 32. x=t 34.x=3003t,y=4sint,z=%
2/3 2/3 - —
(g) +<)2/> = cos’t + sin?t y=2-5 f+ﬁ_l
y=3t 9 16
=1 Line passing through the points: , t
2/3 2/3 — 92/3 =5
X3 4y 2 (0_50)(§ E) 2
790,505
(0%)

(0, -5,0)
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36. x:tz,y:2t,z:gt 38. x = cost + tsint
=sint — tcost
LY, 3 ’
Tttty z=t

X+y2=1+t2=1+22 or ¥ +y2—-22=1

z=1

Helix aong a hyperboloid of one sheet

N
|
w
|
Nlw
o
NIw
w

40. r(t) = ti — ?tzj + %tzk 42. r(t) = —J/2sinti + 2costj + /2sintk

Parabola z Ellipse |

4. r(t) = ti + t2) + %tsh (@ u(t) =r(t) — 2j isatrandation (b) u(t) =t +tj + %t3k has the roles
2 units to the left dlong the y-axis. of x and y interchanged. The graph
z isareflectionintheplanex = y.

(©) u(t) = r(t) + 4k isan upward (d) u(t) =ti +t3j + %@k shrinks the (&) u(t) = r(—t) reversesthe

shift 4 units. zvalue by afactor of 4. The curve orientation.
2 rises more slowly.

z




Section 11.1 Vector-Valued Functions

271

46.

50.

56.

58.

60.

62.

2X—3y+5=0 48.y=4—-x
Letx =t theny = 4 — t2

Letx=t,theny=%(2t+5). x=Lieny
() = ti + (4 — )]

r) = ti + %(Zt 4 5)

X2 y2
_ 2)2 2 — EANND A
(x—22+y2=4 52'16+9 1
Letx — 2= 2cost,y = 2sint. Let x = 4cost,y = 3sint.
- L oodnti
r(t) = (2 + 2cost)i + 2sint] r(t) = 4costi + 3sintj

. One possible answer is

r(t) = 1.5costi + 1.5sintj + %tk,o <ts<2m

Note that r (27) = 1.5 + 2k.
r,)=ti, 0<ts 10 (r,(0) = 0,r,(10) = 10i)

r,(t) = 10(costi + sintj), 0<t < 7ZT <r2(0) = 10i, r2<g> =5/2i + Sﬂj)

ra) =521 — )i + 5421 —t)j, 0<t<1 (ry0) =52 +52j,r41) =0

(Other answers possible)

LM =ti+ Vi, 0st<1(y=Jx)
HLO=1-i+@-1, 0st<1(y=x

(Other answers possible)

z=X+y3 z=4 z
Therefore, X2 + y? = 4 or
X = 2cost,y = 2sint,z= 4.

r(t) = 2costi + 2sintj + 4k

AR+ 42+ 22=16,x=2

Ifz:t,thenx:tzandy:%\/le—4t4—t2.

t|—-13| -12| -1 1 12

y| 085 | 1.25 | 1.66 166 | 1.25

0

X | 169 | 144 1 0| 1 |14
2
0

z|—-13 | -12| -1

1 12

() = €+ 2J16 — 46— 0] + Kk
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64. x2+y?+22=10,xty=4

Letx =2+ sint, then y=2 —sint and
T a T ar
e T O
3 5
X 1 > 2 > 3 2
5 3
z| o ? J2 ? 0 -2

rt) = (2 + sint)i + (2 — sint)j + /2 costk

z= J2(1 - sir’t) = /2 cost.

66. X2 + y2 4+ z2 = 16, xy = 4 (first octant) i
Letx = t, then >
yz% and x2+y2+z2=t2+%+22=16.
4 >y
Z=%\/—t4+ 16t2 — 16 x* ¢
( 8-4/3<ts< 8+4Jé>
t 8+4/3| 15| 2 25| 30| 35 8+ 43
X 1.0 15| 2 25 | 30| 35 3.9
y 3.9 27 | 2 16 | 1.3 | 11 1.0
z 0 26 | 28 27 | 23 | 16 0
f) = ti + ‘%j + %\/—t“ T 160 — 16k
68. X2+ y2 = (e"'cost)? + (e7'sint)2=e 2 =2 70. lim [e‘i + S'—j + e‘tk] =i+j+k
since
. sint cost o
ILng— = 1LngT =1 (L'Hopita’sRule)

' . Int . o
72. !er}[ﬁ|+t2_1j+2t k]—|+21+2k
since
. Int . 1/t 1 e
!qutz_l—ltrqu =5 (L'Hépital's Rule)

. o1 t
—t = =
74. tllmw [e I+ ey 1k] 0
since

. 1 . t
—t — —_ = —_— =
tllm e 0, t“fllt 0, and 1|lrllt2 1

0.
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76.

80.

86.

88.

rt) = Vti + Jt — 1j 78. r(t) = (2e7t, et In(t — 1))
Continuous on [1, oo) Continuousont — 1 > Oort > 1: (1, c0).
rt) = (8, Vi, ¥t) 82. No. The graph is the same because r (t) = u(t + 2).

Continuous on [0, co) same point

. A vector-valued function r iscontinuous at t = a if

the limit of r(t) existsast —» a and
limr(t) = r(a).
t-a

i+j) t=0

Lo isnot continuous at t = 0.
—-i+j t<O

The function r(t) = {

Letr(t) = x,(0i + y,(0)j + z Ok and u(t) = x,(t)i + y,(t)] + z,(t)k. Then:

!il’g [r(® - u®] = |tm2 X (D%(1) + y,(Dy,(0) + Z,()Z,(1)]

) = lim (0 limox(0) + limy, (0 imy,(0) + limz,(0 lim ()
= [ﬁjg X (D) o lim yl(t)f + lim ZI(t)k] . [{iﬂngaxz(t)i + ﬂlti imy,(t)j + lim z;(t)k]
= fimr(0 - fmuty

Let 90. False. Thegraph of x =y = z = t3 represents aline.

1, ift=0
fo {1, ift <0

andr(t) = f(t)i. Thenr isnot continuous at ¢ = O,
wheress, ||| = 1 is continuous for all t.

Section 11.2  Differentiation and Integration of Vector-Valued Functions

2 1) =ti + 1%, t, = 1 4 r(t)=t2i+%j,to=2
X0 = t, y) = £ L
y = x3 x(t) = 1% y(t) = 1

FL) =i+ = %
r =i+ 33 g
ry) =i+ 3 r(2) = 4i + 5
r(ty) is tangent to the curve. () = 2ti — t%j
y (@) = 4i - ]

r(t,) is tangent to the curve.

For example, if r(0) is on the graph of r, then u(2) isthe
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. . . .3
6. r(t) =ti + (4 — t9)] 8. r(t)=ti +1t3j + Ek’ ty =2
y

@ IV

r(1)5 ’ 2
3 r') =i+ 2t

2 r(1.25)

10.

14.

18.

22.

r(1.25) -r(1)

(b) r() =i+ 3
r(1.25) = 1.25i + 2.4375i
r(1.25) — r(1) = 0.25i — 0.5625j

(© r't) =i — 2t
(L) =i -2
r(125) — r(1) 0251 — 05625 . . __
125-1 0.25 == 22

This vector approximates r (1).

1. N
r(t) = 7 + 16tj + Ek

F1t) = ftlzi +16] + tk

r(t) = (sint — tcost, cost + tsint, t?)

r’(t) = (tsint, t cost, 2t)

r(t) = (2 + t)i + (12 — t)j
@ r)=(2t+ 1i+ (2t - Dj
r(t) = 2i + 2j
(o) r ) - rt) = (2t + 1)(2) + (2t — 1)(2) = 8t

rt) =ti + (2t + 3)j + 3t — 5k

@ r=i+2 +3k
rit=0

() r't)-r(t)=0

r2 = 2i + 4j +gk

r'2 =i+ 4

12. r(t) = 44 + 2/t + Int2k

r(t)_ﬁ'+<2tﬁ+2\/{>1+tk

16. r(t) = (arcsint, arccost, 0)

-

20. r(t) = 8costi + 3sintj
(@ r(t) = —8sinti + 3costj
r(t) = —8costi — 3sintj
() rt) - r(t) = (—8sint)(—8cost) + 3cost(—3sint)

= 55sintcost

24. r(t) = (e7', 3 tan(t))
(@ r1t) = (—et 2t, sec?t)
r(t) = (e7t, 2, 2sec?ttant)
() r’(t) - r(t) = —e 2 + 4t + 2sec*ttant
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26. r(t) = ti +t3 + Pk, t, = 2
r'it) =i+ 2t + 0.75e>75k
7 1 — 1 11875 — | 1 § /16
r<4>—|+21+0.75ep k—|+2]+4e3 k
(A = s (2F <§ /16>2_\/§ 9 5o _ /20 + 08
r<4>’_\/1+(2)+4e3 “Vat® " 4
r/4) _ 1 ; ; /16|
e~ oo+ egr T3 T3
” — 9 3 .75t
r) =2 + 16e° k
1 . 9
=) — _~ a3/16k
r <4> 2i + 16e3
e —e 3/162_\/ 8l o, _ /1024 + 81T
r<4>‘_\/2+(1663 J = At e - 16
r(1/4) 1 . 16
[@/a] ~ /a2 + sien o0 T
28. rit) = - li + 3tj 30. r(0) = (0 + sin )i + (1 — cos h)j
1 r’(6) = (1 + cos )i + sin 6j
r(t) = o T 3 r’((2n — 1)@ = 0, n any integer

32.

38.

Not continuouswhent = 1
Smooth on (—oo, 1), (1, o)

g

2t .
8+ 0

8+t
e 32— 2
82 ' (B + 872

i+

r =

16—
r = (8 +
r’(t) # Ofor any value of t.

r isnot continuouswhent = —2.
Smooth on (— oo, —2), (=2, c0).
r(t) =ti + 2sintj + 2 costk
ut) = %i + 2sintj + 2costk

(@ rt) =i+ 2costj — 2sintk

(© r) -ut) =1+ 4sinr’t+ 4cost=5
DLr®) -u®)]=0,t+#0

—CONTINUED—

34.

Smooth on ((2n — )7, (2n + 1)7)

rit) = ei — e + 3tk
rty=¢ei+ej+3k+#0

36. r(t) = Jti + (12— 1)j + %tk

ii+2tj+%fk¢o

2Vt

r issmooth foralt > 0: (0, co0)

r(t) =

r is smooth for all t: (—oo, c0)

(b) r(t) = —2sintj — 2 costk

(d) 3r(t) —u(t) = <3t — %)I + 4sd€ntj + 4costk

DL3r(t) — u()] = (3 - t%). 4 4cost — 4sintk
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38. —CONTINUED—
i i k
(e rt) xut) =| t 2sint 2cost
1/t 2sint 2cost

= 2cost<% - t)j + 23int<t - %)k
DLr(t) — u®)] = [—25int(% - t) + Zcost<—ti2 - 1>]j

+ [Zcost(t - %) + 2sint(1 + t%)]k
@) Ir@f = v+ 4

DIr(vl) = 542+ &) ¥2(2) =

J2+ 4
40. r(t) = t2i + t 10
() = 2ti + j
rit) - rt) = 2t3 + t 0 7
[rOf = Vt* + 2 r @ = Va2 + 1
23+t
cos 6 =
Jr+ 2 /42 + 1
6 = arccos 20+t
VA + 242+ 1
9 = 0.340 (=~ 19.47°)maximum at t = o.7o7<?>.

Gigforanyt.

r(t + At) — r(t)

42. 1) = Jt“;no At
7\/t + Ati + ij - 2%t + At)k] - [ﬁi + §j - 2tk]
~im L t+ At t
T At-0 At
_ 3 _ §
VALVt ALt
= lim At L
Y E— [ %
At—0 7At(\/t FAL+ Vi) At)t(At)J
| 1 . 3 .
= |im i— -2k
A0 | Jt+ At + A (t-l-At)tJ ]
1. 3.
=—i—->j—2
N
44, f(4t3i + 6tj — 4/tk) dt = t4i + 3t3 — §t3/2k +C 46. ﬂlnti + %j + k] dt = (tInt — t)i + Intj +tk + C

(Integration by parts)

48. J[éi + sintj + costk]dt = €i — costj + sintk + C
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—t —t
50. f[e*‘sjnti + e tcostj]dt = e7(—sint — cost)i + e7(—cost +sint)j + C

1 o v 2 t4 2 34/3 1
52, f_l(tu + 13 + Ytk dt = [?ll + [Zj]71 + [Zt kll =0

2 2 72 2 2
54, j(ti + & —tek) dt = [%u] + [e‘j] - [(t - l)ék] 56. r(t) = f(atzj' + 6./tk) dt = t3) + 4t¥2k + C
0 0 0]

0
=2+ (& - 1j — (& + Dk rg=C=i+2
rit) =i+ (2 +t3j + 4t¥%

58. r(t) = —4costi — 3sintk
r(t) = —4sinti + 3costk + C;
r0)=3k=3+C, 0 C, =0
r(t) = 4costi + 3sintk + C,
r(0)=4i+C,=4j O C,=4j — 4i
r(t) = (4cost — 4)i + 4j + 3sntk

60. r(t) =J[ﬁi +t£2j +%k]dt= arctan ti f%j +Intk + C

r(l)—4|—j+C—2| | C—(2—4>|+]

r(t) = [2—77:+ arctant]i + (1—%)] + Intk

62. To find the integral of a vector-valued function, you 64. The graph of u(t) does not change position relative to the
integrate each component function separately. The xy-plane.
constant of integration C is a constant vector.

66. Letr(t) = x,(1)i + y;(b)j + z(Hk and u(t) = x,(t)i + y,(1)j + z,(t)k.
r®) = u®) = [x,(t) £ %O + [yy(t) = y(01j + [z0) + z(t)]k
Dr() = u®] =[x £ Ol + [y, (1) £y, O] + [z = 2,1k
= [x/OF + v, O + 2 (Ok] = [0 + y,' (0] + 2, (K]
=r(t) £ u(t)

68. Letr(t) = x,(1)i + y;(1)j + z(Hk and u(t) = x,(t)i + y,(1)j + z,(t)k.
r®) x ut) = [y:)z(t) — z)y,(0]i — [}V — ZOxO]] + DOy — yaO)x(0]k
Dr(® x u®] = [y;(0z 1) + v, 0z(0) — 2Oy, (1) — ' Oy,(0]i — X021 + %' Oz(1) — 2% 1) — 2 Ox(O]] +
DXy, (1) + %, Oy — yi(O0%() — y; (Ox,(0]k
=y, (0 1) — Oy, Ofi — [ 0Z1) — O O] + DOy, 1) — v, (0% M} +
{Iy 0z — Z/Oy,O]i — % O2(1) — 2/ O%(0]] + DX Wyx(t) — y1 Ox(t)]k}
=r(t) x u’t) + r(t) x u()



278  Chapter 11 Vector-Valued Functions

70. Letr(t) = x(b)i + y(t)j + z(t)k. Thenr(t) = x"(t)i + y(t)j + z'(Hk.
r@®) x rt) = [y®z'(t) — 2ty O] — [x®)z'() — 2O)x"O1j + xOy M — yOx O]k
DLr(® = r'®] = [y©z'®) + y' )z’ (1) — 20y — 2Oy’ Ol — [xOz1) + x )z 1) — 20X — 2O O] +
Xy + x Oy — yOx1@) — yOx )k
= [y()z't) — 20y’ O] — xOz(1) — 2Ox" O] + [xOy1) — yOx W]k = r(t) x r'©

72. Letr(t) = x(t)i + y(t)j + z(t)k. If r(t) - r(t) is constant, 74. Fdse
then DLF(®) - u®] = r(®) - U + 1O - u(®

2 2 2(t) —
XD +yA) + 220 = C (See Theorem 11.2, part 4)

D) + yA(t) + ZX(t)] = D{C]
2X(t)x'(t) + 2y(t)y(t) + 2z(t)z(t) = 0
2[xOx (1) + yM)y ) + z20)z'(t)] = 0
2Ar(t) - /0] = 0
Therefore, r(t) - r(t) = 0.

Section 11.3  Velocity and Acceleration

2. r(t) = (6 —t)i +1j y 4. r(t) =3 + 9 y
Vi) =r(t) = =i +] v(t) = r(t) = 2ti + 3t 1 a
alt) = r'(t) = 0 alt) = r'(t) = 2i + 64 /s
X=6-ty=ty=6-x Xx=1ry=t x=y3 g
) At(1,1),t=1 Ak
TN 2345678
v(1) = 2i + 3j
a(l) = 2i + 6
6. r(t) = 3costi + 2sintj 8. r(t) = (et &) [
v(t) = —3sinti + 2costj v(t) =r'(t) = (—et &) 2+
a(t) = —3costi — 2dntj alt) =r1t) = (e, &) . (\1 ) a
x:Scost,yZZSint,XngyZz:lEIIipse x=e*‘:$,y=e‘,y=% }
At (3,0),t=0. v At(1,1), t=0. '

v(0) = 2 V(0) =(=1,1) = —i +]

a(0) = —3i /r\a]v a0) = (1,1) =i +j
3 7}1_17 —y(s, 0)x

10. r(t) = 4ti + 4tj + 2tk
v(t) = 4i + 4j + 2k
st) = [lvt)| = V16 + 16 + 4 =6
at) =0
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12, r(t) = 3t + 4 + %tzk 14, 1(t) = 20 + 1 + 209%
L v(t) = 2ti + j + 3tk
v{h) = 3+ + Stk st)= JAZ+ 1+ 0= a0+ 1
.3
-/ 1,/ 1 alt) = 2i + —k
st) = 9+1+4t2— 10+4t2 2/t
1
alt) = Ek
16. r(t) = (¢ cost, € sint, &) 18. @ r(t)=(t V25— 1t2 /25— t2),t,=3
v(t) = (e cost — esint)i + (¢sint + € cost)] + ek ) = <1 —t —t >
s(t) = Ve#(cost — sint)? + e(cost + sSnt)2 + & V25 -2 /25 - 2
N : :< 3 _§>
r@) ={L-, -4

at) = —2e'sinti + 2e costj + ek

3
x—3+t,y—z—4—zt

() 13+ 0.1) ~ <3 +01,4- %(0.1), 4- Z(O.l)>

= (3.100, 3.925, 3.925)

20. a(t) = 2i + 3k 22. a(t) = —costi — €intj,v(0) =j + k,r(0) =i
v(t) = J(Zi + 3k)dt = 2ti + 3tk + C v(t) = j(—costi —sintj)dt = —sinti + costj + C
v0)=C =4 O v(t) = 2ti + 4 + 3tk vO=j+C=j+k 0O C=k

r(t) = J(Zti +4j + 3tk) dt = 3 + 4 + gtzk +C V(D) = —sinti + costj + k

rt) = f(—sinti + costj + k) dt

HO)=C=000 r(t)="ti+4 + thk
= costi + sintj +tk + C

(2) =4+ 8 + 6k (@ =i+C=i0 C=0
r(t) = costi + sintj + tk
r(2) = (cos2)i + (sin2)j + 2k

24. () The speed isincreasing.
(b) The speed is decreasing.

26. r(t) = (900 cos45°)ti + [3 + (900 sin 45°)t — 16t2]]
= 450./2ti + (3 + 450./2t — 16t

The maximum height occurs when y/(t) = 450./2 — 32t = 0, which impliesthat t = (225\/5)/ 16.
The maximum height reached by the projectile is

zzsﬂ) B 16(225ﬂ>2 _ 50,649
16 16 8

The range is determined by setting y(t) = 3 + 450./2t — 16t2 = 0 which implies that

—450+/2 — /405,192
t= -3

—450/2 — /405,192
-3

= 6331.125 feet.

y=3+ 450J§(

=~ 39.779 seconds.

Range: x = 450\@( > ~ 25,315.500 feet
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28. 50 mph = 2—:2%0 ft/sec

r(t) = (2—:2%0 cos 15°)ti + [5 + (%0 sin 15°)t — 16t2]j
The ball is 90 feet from where it is thrown when

220 o 2
X =5~ cos 15°t=90 O t= 22 c0s 15° 1.2706 seconds.

The height of the ball at thistime is

220 27 27 2
=5+ (= ° — ~ 3. :
y=»5 ( 3 Sn1S )(22 cos 15°) 16(22 cos 15°> 3.286 feet

30. y = x — 0.005%x2
From Exercise 34 we know that tan 6 is the coefficient of x. Therefore, tan 6 = 1, 6 = (7/4) rad = 45°. Also

% sec? § = negative of coefficient of x?
0

3—;(2) = 0.005 or v, = 80 ft/sec

r(t) = (40./2t)i + (40./2t — 16t2)j. Position function.
When 40./2t = 60,

60 3.2

v(t) = 40/2i + (4042 — 32t)j

V<¥> = 40./2i + (4012 — 24\/§>J' = 8V2(5i + 2j) direction

Speed = Hv(?’Tﬁ> H =8V2/25 + 4 = 8./58 ft/sec

32. Wind: 8 mph = %ft/sec

r(t) = <140(cos 22t — 11—756)i + (25 + (140 sin 22°)t — 1612)j

50

0 450
0

When x = 375,t = 298 and y = 16.7 feet.
Thus, the ball clears the 10-foot fence.
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34. h = 7feet, # = 35°, 30 yards = 90 feet
r(t) = (vocos35°)ti + [7 + (v, sin 35°)t — 16t2]j
(@) vpcos35°t = 90 when 7 + (v,sin35°)t — 16t2 = 4

-
vV, cos 35°

7+(vosin35°)< 0 )—16( %0 >2:4

vV, cos 35° vV, cos 35°
129,600
°+3=—"">—
90tan 35° + 3 V& oS 35°
) 129,600
Vy

~ cos? 35°(90 tan 35° + 3)
V, = 54.088 feet per second

(b) The maximum height occurs when (c) x(t) =90 O (vycos35°)t = 90
y'(t) = vosin35° — 32t = 0. _ 90 _
v Sn 35 ' = 54088 cos 350 20 Seconds
t= OT ~ 0.969 second

At thistime, the height is y(0.969) =~ 22.0 feet.

36. Place the origin directly below the plane. Then § = 0, v, = 792 and ----
r(t) = (v, cos Ot + (30,000 + (v, Sin O)t — 16t2)]

= 792ti + (30,000 — 16t2)] 30,0005
v(t) = 792i — 32tj. E
At time of impact, 30,000 — 16t2 = 0 [ t?> = 1875 [ t =~ 43.3 seconds. 00 34295

r(43.3) = 34,294.6i
v(43.3) = 792i — 1385.6]
v(43.3)| = 1596 ft/sec = 1088 mph

_ 30,000
34,294.6

tan o ~ 0.8748 [0 «a =~ 0.7187(41.18°)

38. From Exercise 37, therange is

2
V2 .
X = -2 sin 26.

3R
_ 150 = YO Gn(ome » _ 4800 -
Hence, x = 150 = 3 sin24°) O v = Sn o O v, =~ 108.6 ft/sec.
40. (@) r(t) = t(vycos H)i + (tv,sin 6 — 16t?)] (b) y(t) = tvysin 6 — 16t?
. B _ _ VoSin 6 dy _ . _ _ _ VoSin 6
t(vosin 0 — 16t) = 0 when t 6 o Vosin @ — 32t = 0 when t 2
. 2 H 2 .
Range: X = v, oS 0<v0 :zn 0) _ (\%) sn 20 Maximum height:
VosSin 6\ _ vZsin?6 l6v02sjn2 0 v2sin? 6
The range will be maximum when R ) R 322 64
U ()2 cos20 - A . ™
at (32 2cos26=0 Minimum height when sin 6 = 1, or G—E.

or

ar T
29—2, 0—4rad.
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42. r(t) = (Vocos O)ti + [h + (vysin O)t — 4.9t2]]
= (vp cos 8)ti + [(v,sin8°)t — 4.9t2]j

x = 50 when (vycos8)t =50 O t= 0 -. For thisvalueof t,y = O:
V Cos 8
. ( 50 50 \2
(Vosin8 )<v0 cos 8°> 4'9<v0 cos 8°> =0
. (4.9)(2500) , (4950
50 tan 8° = T O Ve = oy ~ 1777698

O vy =422m/sec

44. r(t) = b(wt — sin wt)i + b(1 — cos wt)j
v(t) = ba[(1 — cos wt)i + (sin wt)j]
Speed = ||v(t)]| = V2bw+/1 — cos wt and has a maximum value of 2bw when wt = , 3, ... .
55 mph = 80.67 ft/sec = 80.67 rad/sec = w since (sinceb = 1)
Therefore, the maximum speed of a point on the tire is twice the speed of the car:
2(80.67) ft/sec = 110 mph

46. (a) Speed = ||v| = /b?w? sin¥(wt) + b2w? cos(wt) (b) 10
= /b2osind(wt) + cosX(wt)] = bw

S

The graphing utility draws the circle faster for greater
values of w.

48. ||a(t)]| = bw?|cos(wt)i + sin(wt)j|| = bw?

50. |v(t)]| = 30 mph = 44 ft/sec
vl _ a4
b 300

la®)] = bw?

rad/sec

3000 44
F= m(bwz) = 3(300)<%

Let n be normal to the road.
[In|| cos & = 3000
[n|| sin 6 = 605

2
) = 6051b

Dividing the second equation by the first:

605
an 0= 3500

605 N
0= arctan(%) ~ 11.4°
52. h = 6 feet, v, = 45 feet per second, 6 = 42.5°. From Exercise 47,

(o 45sin42.5° + /(45)2sin? 42.5° + 2(32)(6)
B 32

At thistime, x(t) = 69.02 feet.

=~ 2.08 seconds.
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54. r(t) = x(0)i + y()j 56. r,(t) = x()i + y(t)j + z(t)k
y(t) = m(x(t)) + b, mand b are constants. r(t) = ry(2t)
r(t) = x(®)i + [m(x(t)) + b]j Velocity: r,/(t) = 2r,(2t)
v(t) = x/(t)i + mx’(t)j Acceleration: r,(t) = 4r,"(2t)
sit) = V[X ()2 + [mx'() ]2 = C, Cisaconstant. In general, if r4(t) = r,(wt), then:
Thus, x 1) = /1C+7mz Xeclcoelcgrye:lti;i:(t)r;(t()ur—l/(gr) o)
X)) =0

a(t) = x(t)i + mx1(t)j = 0.

Section 11.4  Tangent Vectors and Normal Vectors

2. )y =1+ 2t3 4, r(t) = 6costi + 2sintj
r(t) = 3t3 + 4 r(t) = —6sinti + 2costj
[r @ = Vot* + 16t2 [r @) = V/36sin?t + 4 cos? t
(1) = r) 1 (3¢ + 4t)) () = r'ty  —6sinti + 2costj

[r ] ot + 16t2 [ 36sin?t + 4cos’t

_ 1 S 3. 4 =3V 1o s
T(D) = 5 16(3| +4j) = U T<3) O] @( 3V3 +j)
6. 1) = € + § + 5k 8 (0= (11, /- )
r =2t + | r(t) = <1, 1, —\/ﬁ>
/| p— /| — H H _ é
Whent =1,r(t) =r"(1) =2 +j [t— 1at(1,1,3>]. Whent = 1. r11) = <1,1, _%> =1z (L1 V3]

_r@ :2i+j:£
W=~ 5 s

Directionnumbers: a=2,b=1,¢c=0

@ +j) r@oy _Jv21 1

T = ey = s ‘ﬁ>

4 Directionnumbers: a=1, b=1, c = 1
Parametric equations: x=2t+1,y=t+1,z=§ V3
Parametric equations: x =t + 1, y =t + 1,
1 _
z=—"t+ /3
V3
10. r(t) = (2sint, 2cost, 4 sin?t)
r(t) = (2cost, —2sint, 8sint cost)
When't = 7—67, r,<167> = (3, -1,2./3), [t =% a (1, /3, 1)].

e 1 .
T(5) = ey = &(¥3-1.243)

Direction numbers: a= /3, b= -1, ¢ = 2./3
Parametric equations; x = /3t + 1, y= —t+ /3, z=2/3t+ 1
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12. r(t) = 3costi + 4sintj + %k

r(t) = —3sinti + 4 costj + %k

r(g) = -3+ %k, [t =T a <o, 4,%)].

T(i;) _ % - %(—Bi + %k) = % ~6i + k)

Direction numbers; a= —6, b=0, c=1

Whent =

ASIE

Parametric equations. x = —6t, y=4, z=1 + g

14. r(t) = e'i + 2costj + 2sintk, t; =0

rt) = —e’i — 2sintj + 2costk

r()=i+2,r()=—i+2, [r)=5
_r _ -i+2
TO=1ro1= "5

Parametric equations: x(s) =1 —s, y(s) = 2, z(s) = 2s
rt, + 0.1) = r(0 + 0.1) = (1 — 0.1, 2, 2(0.1))

=(0.9,2,0.2)

16. r(0) = (0, 1, 0)
u(0) =<0, 1,0
Hence the curves intersect.

r’(t) = (1, —sint, cost), r’(0) = (1, 0, 1)

, . . 1 1
u’(s) = { —sinscoss — coss, —SINSCOSS — COSS,ECOSZSJr >

u0) =(-1,0,1)

r’(0) - u’0) T
cosfh=-———- =00 =
[Ir @) lu O 2
. 6. . .. T
18. r(t)=tl+YJ,t=3 20. r(t) = costi + 2sint; +k,t:—z
, . 6. r’(t) = —sinti + 2 costj
r =i- t—zj . .
T(t) = r(t) _ —sinti + 2 costj
M) r'e _ 1 (i 3 Ej) [r'® </sin?t + 4cos?t
[Ir @l 1+ (36/t%) t2 The unit normal vector is perpendicular to this vector and
2 6 points toward the z-axis:
J+ 36< tzl) N() = —2costi — sintj
ot 1213 JSn2t + 4coft’
TO=r 389 * @+ 3g92)
N(2) = '@ 1 (3i + 2j)

RO RNE
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22.

26.

30.

32.

rt) = 4ti — 2tj 24, r(t) =t + k
v(t) = 4i — 2 v(t) = 2t]
at) =0 alt) =2
_v(t):i._. :v(t):27tj:.
TO = v =~ 82 0= v = 20 =
T() =0 T() =0
_ T . _ T :
N(t) = Tl is undefined. N(t) Tl is undefined.

The path is aline and the speed is constant. The path is aline and the speed is variable.

rt) =ta + 2tj,t=1 28. r(t) = acos(wt)i + bsin(wt)j
v(t) =2t + 2j,v(1) = 2i + 2 V(t) = —aw sin(wt)i + bw cos(wt)j
alt) = 2i,a(l) = 2i v(0) = baj
_ov 1 . S 1 . at) = —aw? cos(wt)i — bw? sin(wt)]
T = Vo[~ VaZT 4 (2t + 2j) = 7\/m(t| +1) 20— o
) 5 = —awd
G O = gy -
1 . —t . . . .
. T _ e 1)3/2| + @ 1)3/21 Motion aong r(t) is counterclockwise. Therefore,
[T @l 1 N() = —i.
2+ 1
ar=a-T=0
1 . . ' — N = 2
= t2+1(|+tj) ay=a- = aw
-2,
a,=a-T=.2
ay=a-N=.2

r(ty) = (wty — sinwtp)i + (1 — cos wty)j
V(ty) = o[(1 — cos wtp)i + (sin wty)j]
aty) = A (sin wty)i + (cos wty)j]

V(1 - cosaty)i + (sin ety)j

=M_ ﬂdl—COSwto
_ (dnawty)i — (1 — cos wty)]

Motion along r is clockwise. Therefore, N =
9 V2/1 = cos wt,

T

w? sin wt ?
ar=a-T=——~—729 = — /14 coswt
T V2J1 - coswt, /2 0
(1)2
=a-N=—=V1- coswt
a'N \/2 0
T(t) pointsin the direction that r is moving. N(t) pointsin the direction that r is turning, y

toward the concave side of the curve.

~
N
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34. If the angular velocity w is halved,

,a<9>2,LwZ
dNTAaZ) T

a, is changed by afactor of ;.

36. r(t) = 2costi + 2sintj, tozg

x=2cost, y=2sint 0 x2+y?=4
r(t) = —2sinti + 2 costj
Tt) = %(—Zsjnti + 2costj) = —sinti + costj

N(t) = —costi — sintj y

= V2 + /2] ™ (2, v2)

40. r(t) = ésinti + € costj + €k

v(t) = (¢ cost + e sint)i + (—e'sint + e cost)] + €k

v0) =i +j+k
at) = 2etcosti — 2e¢'sintj + ek
a(0) =2 + k

v
T(t) = — = —=[(cost + sint)i + (—sint + cost)j
v f

T(O) = i+j+k]

L
/3

N(t) = %[(—sint + cost)i + (—cost — sint)j]

N(0) = il - ‘2[1
ar = =
ay = = f

38. r(t) = 4ti — 4tj + 2tk

42.

v(t) = 4i — 4j + 2k
alt) =

T) = (2| 2 +k)

HVII

N(t) = is undefined.

HT ||
ar, ay are not defined.

t2
rit) =ti + 3t + Ek
vit) =i + 6t +tk
v(2 =i+ 12] + 2k
at) =6j + k
1 . .
Tt) = M 7# — 37t2(| + 6tj + tk)
1 . .
T(2) = i+ 12 + 2k
2 \/m( ] )
1 . .
ND = T W[—Sﬁl + 6j + K]
(L V37
1+ 372
1 . .
= NN 37t2[737t| + 6 + k]
N(2) = ﬁ[—74i + 6 + K]
= f51513(—74i +6j + k)
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44. The unit tangent vector points in the direction of motion. 46. If a; = 0, then the speed is constant.

48. (@) r(t) = (coswt + wtsin at, Sin 7t — 71t cos rt)
v(t) = (—wsin @t + wsin 7t + 72t cos «t, w cos 7t — rcos wt + w2t sin wt) = (7t cos mt, 72t sin wwt)
a(t) = (w2cos wt — w3t sin art, w2 sin 7t + 7%t cos wt)

T(t) = Vi) _ (cos mt, sin 7rt)

vl
ar=a-T = cosnt(m?cos wt — w3t sin wt) + sin wt(72 sin ot + 7t cos 7t) = 72
ay = VaPR - a2 = Vw1l + 74 — 7t = 73
Whent =1, a; = 72, ay = 7. Whent = 2, a; = 72, a, = 27°.

(b) Sincea; = w2 > 0for al values of t, the speed isincreasingwhent = 1andt = 2.

3
50. r(t) =ti +1t3j + %k, =1
r) =i+ 2t + 1tk

T(t) (i + 2tj + t?k)

1
T 1t ar+

1+ 42+ ti\/l AT O @) (e 20K]

N(t) =

.
I’(l)—l+]+§k

1.
T =——=(+2 +k
D \/é( j + k)
1 . V2, .
N(1) = ———=(—3i + 3k) = 25(—i + k
(& 76 \/é( )= )
i j k
V6 /6 /6 = 2
BO)=TWxND=|6 3 6 =§i —?j +§k=€(i —j+k
_Q 0 Q
2 2
52. (a) r(t) = (vpcosO)ti + [h + (v sin 6)t — %gtz]j (b) 60
= (100 cos 30°)ti + [5 + (100sin 30°)t — 16t2]] /—\
= 50./3ti + [5 + 50t — 16t7]j . np
-10
Maximum height = 44.0625
Range ~ 279.0325
(© v(t) = 50/3i + (50 — 32t)j (d)
Speed = |v(t)]| = +/2500(3) + (50 — 32t)2 t 05 | 1.0 | 15 | 20 | 25 3.0
= 4./64t2 — 200t + 625a(t) = — 32 Speed | 93.04 | 88.45 | 86.63 | 87.73 | 91.65 | 98.06

—CONTINUED—
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52. —CONTINUED—
25./3i + (25 — 16t)j
2./64t2 — 200t + 625
(25 — 16t)i — 25./3
2./64t2 — 200t + 625

C T =

N(t) =

16(16t — 25)
a_l_ =a-T=
64t> — 200t + 625
aN:a.N: 400\/§

642 — 200t + 625
aT + agN = —32j

54. 600 mph = 880 ft/sec
r(t) = 880ti + (—16t2 + 36,000)]
v(t) = 880i — 32ij
alt) = —32

880 — 324 55i — 24

T(t) = =
0= e /arT 205 var T 0%

Motion along r is clockwise, therefore
—2ti — 55j
VA4t2 + 3025
64t
V42 + 3025
—a-N= 1760
o JV4t2 + 3025

/9.56 x 10* .
58. v= W~4.77m|/5€0

N(t) =

aT:a.T:

(f)

56.

60. Let x = distance from the satellite to the center of the earth (x = r

_2mX . 27X

_2mx _ _ /956 x 10*
t 24(3600) X

4722 956 x 10°

(24)2(3600)2 X
5 (9.56 x 10)(24)%(3600)2
= 472
_ 27(26,245)
"~ 24(3600)

62. r(t) = x(t)i + y(t)j
y(t) = m(x(t)) + b, mand b are constants.
rt) = x®)i + [m(x(t)) + bj
v(t) = x/(t)i + mx(t)j

IVOIl = VIXOF + [mx OF = [x(0)] V1 + m?

V) £ +mj)
VOl 1+ n?
Hence, T'(t) = 0.

T = , constant

O

~ 1.92 mi/sec = 6871 mph

X = 26,245 mi

m? _GMm , GM GM
— = Vi=—— v= [/ —
r r r r
+ 4000). Then:
64. |[dl?=a-a

50

-50

The speed is increasing when a; and a have
opposite signs.

r(t) = (r coswt)i + (r sin wt)]

V(t) = (—rewsin wt)i + (rwcos wt)j
[Vl = rev/1l=ro=v

a(t) = (—re?cos wt)i — (re?sin wt)j

Jatt] = re?
@ F = mat)] = mire?) = Nz = ™

(b) By Newton’s Law:

(a;T +ayN) - (a;T + ayN)
= a|T[* + 2ara\T - N + a2N|?
= a;? + a2

a2 = laP - ar

Sincea, > 0, wehaveay = V|4 — a2
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Section 11.5  Arc Length and Curvature

Section 11.5

2. r(t) =ti +1t%k
dz

d _ . dy_, dz_
dt_l’dt_o’dt 2

4
s:f 1+ 42 dt
0
4
= %[Zt\/l + 42 + Inj2t + V1 + 4t|]
0

_ %[8@ +In(8 + /65)] ~ 16.819

4. r(t) = acosti + asintj

dx

dt

.. d
—asint, Y _ acost

Arc Length and Curvature

27
s=f Ja2sin?t + a2 cos? t dt
0

2m 2
= f adt = [at] = 27a
0 (0]

6. (@ r(t) = (vocosoti + [(vosin ot — %gtz]j

y(t) = (Vosin o)t — %gt2
y(t) = vosin 6 — gt = Owhent = M.

Maximum height whensin @ = 1, or 6 = 7—27
(c) x(t) = vycos 6

y'(t) = vosin 6 — gt

X(t)? + y(t)? = vi2 cos? 6 + (Vo Sin 6 — gt)?

s
o

= V,2c0s? § + v2sin? § — 2v,2g sin ot + g2

= vg? — 2V,gsin 6t + g2t

2v,sin 6/g 1/2
s(6) = J' [voz — 2v,gsin 6t + gztz]

0 dt

Since v, = 96 ft/sec, we have

1/2

s(6) =

6sin6
f [962 — (6144 sin O)t + 1024t2]
dt

0

NS
b) y(t) = (v SinG)t—lth:OD t=m
° 2

2v, S 2
Range: x(t) = (v,cos 0)<M) = % sin? 6

The range x(t) isamaximum for sin26 = 1, or § =

S E]

Using a computer algebra system, s(6) is amaximum for § =~ 0.9855 ~ 56.5°.
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8. r(t) = (3t, 2 cost, 2sint) 10. r(t) = (cost + tsint, sint — t cost, t2)
& _dy 0 4z dx _ dy _ o4z _
dt_s’dt_ Zsmt,dt—2cost dt—tcost,dt—tsmt,dt—Zt

/2 /2
s= f 3F + (—2sint)? + (2cost)? dt s= f (tcost)? + (tsint)? + (2t)2 dt
0 0
/2 /2 / /2 277/2 2
=J J13dt = Jﬁt} = ;377 =J VB2 dt = \@%] - \/277
0 0 0 0

12. r(t) = sinwti + cos wtj + t3k 14. r(t) = 6cos<%t>i + Zsin(%>j +tk,0st<2
o _ &y e, e
i r COS 7, g~ msn at, i 3t (@ r(0) = 6i = (6,0,0)
> r2) =2 + 2k = (0,2, 2)
— 2 + (— 9 2+ 2)2
s L (meos mt)? + (= mwsin )+ Gl distance = V&7 ¥ 22 22 — /& — 2./T0 ~ 6,633
2 —
:f VT ot dt ~ 1115 (®) 1(0)=(6.0.0)
0

r(0.5) = (5543, 0.765, 0.5)

r(1.0) = (4.243, 1.414, 1.0)

r(1.5) = (2.296, 1.848, 1.5)

r(2.0) = (0, 2, 2)

(c) Increase the number of line segments.

(d) Using a graphing utility, you obtain

2
s= f I ®)] ct = 7.0105.
0

16. r(t) = <4(Sint — tcost), 4(cost + tsint),gt2>

@s=£ XOF + YT + ZOFdu

t t t
= f (4usinu)? + (4ucosu)? + (3u)?2 du = f J16u + 9u2du = f S5udu = gtz
0

0 0
—CONTINUED—
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16. —CONTINUED—

(b) t= \/ZS
4<smf fcos 258>
2, JZan /=
5
r(s) = 4<S|n =_ \/%cos 255>| + 4 cos\/;S \/;S ' \/?S> n %Sk

(c) Whens = /5: When's =

g

<

Il
N
+

ol
m\'\’

8
(%]
ol

I\)\O.)

(&)]

(. 2B 2.5 \/2J§ B \/é \ﬁ f
X = 4<S|n\/ 5 \/ 5 cos 5 ~ —6.956 4lsin 5 5cos 5 ~ 2.291
8 8
y:4<cos\/2ﬁ+ 2‘/§sin\/2£>z14.169 y = 4<cos\/ \/sn 5>~6029
5 5 5
S35 e 2= =24

(—6.956, 14.169, 1.342) (2.291, 6.029, 2.400)

(o JIr <s>||—\/( sn\/§> +(gcos\/§> +(§) SRVE N .

18. r(s) = (B3 +9)i +j
r<ss=i and |[r(9)=1
T(s) =r'(s)
T(9 =00 K=|T(s)|=0 (Thecurveisaline)

. 2s 2s 2s). 2s 2s . 2s).  3s
20. r(s) = 4<sm\/g— \/gcos\/;>| + 4(cos\/g+ \/gsm\/;» + Sk
- tan /B A [5.3
T(s)—r(s)—SSm\/g|+5cos\/?J+5k
ot S Bt [ [
25V 2s 5' " 25V 2s 5
el A /5 _2J/10s
K=IT (S)”_ZS\/Z:_ 255

2. 1) =13 +k
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24. r(t) =ti +t3

v(t) =i + 2tj
v(l) =i+ 2
at) = 2j
al) =2
i+ 2
0=
I TP
N(t) = m( 2ti +j)
_ 1
N = (-2 + )
_a-N_ 2
MP? 5.5

28. r(t) = acos(wt)i + bsin (wt)j
r'(t) = —aw sin(wt)i + bw cos(wt)j

—asin(wt)i + b cos(wt)j

T = .
a2 sinf(wt) + b?cos?(wt)
TI(t) = —ab?w cos(wt)i — a?bw sin(wt)j
T [@sin(wt) + b?cosX(wt) P2
abw
- [T _ @ sin’(wt) + bPcos’(wl)
IOl wvaZsr(wt) + b2 co(wt)

ab
[a2 sin?(wt) + b2 cos?(wt)]¥/2

32, r(t) = 4ti — 4 + 2tk
r(t) = 4i — 4 + 2k

T(t) = %(z — 2+ K)
T4 =0

_ITo)_

[[r ol

36. r(t) = €costi + €sintj + €k

r(t) = (—e'sint + e cost)i + (¢ cost + e sint)j + ek

T(t) = i[(—sjnt + cost)i + (cost + sint)j + k]

/3

T = i[(—cost — sint)i + (—sint + cost)j]

7

26.

30.

34.

Tl (1/J§) (—cost — sint)?2 + (—sint + cost)?

rol /3¢

r(t) = 2cosati + sin 7]
r'(t) = —2msin oti + 7 cos ntj
Ir @) = 74 sin? ot + cos? #t

—2sin wti + cos 7rtj

TH) = ———=2
® J4sn? 7t + cos? art
T4t) = — 27 coS 7rti — 4ar Sin 7t
(4sin? 7t + cos? mt)3/2
2
= IT@] _ _4sin? 7t + cos® mt
Ir'® #4812 7t + cos? it

2
"~ (4sin? gt + cos? art)3/2

r(t) = (a(wt — sin wt), a(1 — cos wt))

From Exercise 22, Section 11.4, we have:

Q
g
N

a-N 2%' V1 — cos wt
alt) - N
K=" vale

<aw2> 1 — cos wt
2 _ NG
280’1 — coswt)  4a/1 — cos wt

() = 20 + § + %tzk

r(t) =4t +j + tk

T(t) = itttk
J1+ 178
A1 +k
T0= (1 + 17932
_ Tl _ /2892 + 17
= rol @+ 17t2)3/2/(1 + 1712
I
(1 + 17t2)%/2
_ 2
3¢
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3B.y=mx+b

Sincey”

0, K = 0, and the radius of curvature is undefined.

40. y=2x+§,x=1

4
y'=2- 5y =2

” 8
y_

- Sy -8

Ke— W1 8 8
[1+ ()27~ a+a%2 57
152

K~ 8

(radius of curvature)

452

44. (a) y=x2+3

, 24x
Y= e+ ap

_ 721 - x)
0@+ 38

Atx=0.y'=0

”

72 _
T

_ &3 _8
@+ P92~ 3

1

K

”

8
3
K

3

8

(o3
Center: (O, 8>

Equation: x% + (y 9

64

3 2

_ g) -

(b) The circles have different radii since the curvatureis
different and

1

K

r

42. y= %/16 - %

,_ X
AT
» o Z[9+ 16y
y 16y
Atx=0. y'=0
//__i
Y= "1
K| =316 |_3
T 1+ 022 " 16
1 '
R = — (radius of curvature)
y =Inx, x=1
,_1 o1
y =% y X2
y@® =1 y@=-1
e
KT apEEe k222

The dope of the tangent lineat (1, 0) isy’(1) = 1.
The slope of the normal lineis —1.
Equation of normal linet y = —(x — 1) = —x + 1

The center of the circle is on the normal line 2+/2 units
away from the point (1, 0).

L= X7+ 0 - yP =22
1-x%+(x—12=
22— 4x+2=8
2@—-2x—3) =0
2x—3)x+1 =0

x=3o0or x=-1
Since the circle isbelow the curve, x = 3andy = —2.
Center of circle: (3, —2)
Equation of circle: (x — 3)2+ (y + 22 =18




294  Chapter 11  Vector-Valued Functions
48. y = %xﬁ‘, x=1
y' =%,  y(l) =2
y =1 y@m=2
2 1

50.

58.

K=T+v2~ 52"k

L_

The slope of the tangent line at (1, 3) isy’(1) = 1.
The slope of the normal lineis —1.

Equation of normal line: y — 3 = —(x — 1) or y = —x + 3

The center of the circle is on the normal line /2 units away from the point (1, %)

Ja-x2+ (¢ -y)’= 2
1-%2+(x-12=2
(x—12=1

x=0o0r x=2

Since the circleis above the curve, x = O andy = %.

Center of circle: (0, %)

Equation of circle: x + (y — %)2 =2

R
y= ly_xvy_ X2
K = —-1/x? _ X
[+ @2 6@+ D72
K —2¢+1
dx (@ + 1)5/2
. 1
K has amaximum when x = ——.
@ V2
(b) ImK=0
X - 0O
— X
y=(:oshx=eXJre
2
— — X
y’=ex € — dnhx
+ — X
y” ere = cosh X
2
|cosh x| cosh x

1

1+ (Snhx)2F2 T (cos®x)®2  cos®x

1
NG

52. y = x3, y' = 3%,

6x
K= ‘(1+9x

(@ Kismaximum at (—

() lim K =0

56. y = cosx
y’= —sinx
y” = —CoSX

K [yl

y” = 6X

4)3/2

1
Y45

Y25

| —cos x|

T+ (y)PPR T (1 + sinex)¥2

Curvatureis 0 at (

60. See page 828.

lZTJrKﬂ',O

)

) 2 2)

:Oforx:g+ Kar.
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1y
[1+ (y)P?
At the smooth relative extremum y’ = 0, so K = |y”]. Yes, for example, y = x* has a curvature of O at its relative minimum
(0, 0). The curvature is positive for any other point of the curvature.

62. K =

X

64. y1=ax(bfx), y2=m

We observe that (0, 0) is a solution point to both equations. Therefore, the point P is the origin.
yy=ax(b—-x, y’=ab-2x, y,”=-2a

2 4
_ X -2 o4
2Txv2 2Tk 2T (28 %
At P,
2 1
yl/(o) = ab and Y2/(0) = (O I 2)2 = E

Since the curves have a common tangent at P, y;(0) = y,’(0) or ab = % Therefore, y,(0) = % Since the curves have the
same curvature at P, K,(0) = K,(0).

B yl//(o) _ —2a
O a0 T T aee
3 yzu(o) _ —1/2
Ka(0) = ‘[1 + (0772 © ‘[1 + WP

Therefore, 2a = _% ora= i%. In order that the curves intersect at only one point, the parabola must be concave downward.
Thus,

1 1
a= 2 and b= % 2
1 X
o= x2-x and y,= ——
1
66. y=Zx8/5, 0<x<5
5
@ : (b) V = J 27Tx<%x8/5> d  (shely
0
*»- 2o = 2222
2], 21 18/5]o
2 = -
= ey 57,
= - 518/5 ~ 3
x* % 5 143.25cm
(rotated about y-axis)
/—235 //—6*25— 6
(©y = gx/ VY= X /5 = 25 (d) No, the curvature approaches oo as x — 0*. Hence, any
6 spherical object will hit the sides of the goblet before
PN 5 touching the bottom (0, 0).
K = X =

4 6/5 32— 2/5 4 6/5 %2
+ = + =
[1 25x ] 25x [1 25x ]
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c
68. s=——
JK
_1s
y - 3X
y =x
y” = 2X

70.

72.

76.

2X
K= ‘(1 X

1
Whenx = 1: K=—
J2
s=—>— —4/%
\/1/\@
30
30=%2c 0 c=—+
42
3 3
Atx =35 K= T guagpe ~ 020

4
o <§> _© 302 ot mism.

2/ KUK

r(6) =rcos6i + rsingj = f(0) cos i + () sin §

x(6) = f(6) cos 6

y(0) = f(6) sin o
x(0) = —f(0) sin 6 + £(0) cos O
y’(0) = f(0) cos 6 + f’(9) sin 6
x(0) = —f(6) cos9 — f(6) sin g — f(0) sin O + £(6) cos = —f(H) cos§ — 2/() sin 6 + 1(6) cos 6
y(6) = —f(6)sino + f/(6) cos 0 + f/(6) cos 6 + (6) sin 0 = —f(6) sin 0 + 2/(6) cos 6 + (6) sin 0

_ Xy =y [£20) — £(0)f(6) + 2(f(0)?] _ [r2—rr”+ 2(r)?
[(x)2 + (y)2*2 [f2(6) + (f(6)2]/2 2+ ()72
r= 4. r=¢
r'r=1 r’'=e?
r’=0 r’= el
K — 2002 = rr”+ 72 2+ 62 K — 202 —rr7+r2] g0 1
[(r r)z + r2]3/2 - (1 + 92)3/2 - [(r /)2 + rz]s/z - (2e29)3/2 - \/éeg
Atthepole r = 0. 78. r = 6c0s 360
VL Wil il | r'=—18sin3¢
[(r)2 + r2)/2 At the pole,
|27 _ 2
= e = _ /(z):f
Ir’| Ir’| 4 6 "\6 18,
and
2 2 1

r(m/6)]  |-18] 9
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80. x(t) = 3, x/(t) = 3t2 x1t) = 6t
YO = 5%y =ty = 1
« _ @ - we|
(@2 + (72
B 3t B 3
3otz + 1)¥2 (ot + 1)%2

Ks0ast- +oo

82. (a) r(t) = 3t + (3t — t3)
v(t) = 6ti + (3 — 3t?)]
ds

= 2 =

= vl = 3(1 + t2), dtz &t
2

T 31+ t2)2

d%
T_E 6t

[y 2 22 —
aN_K(dt) BECRNCE 9(1+1t3)2=¢6

“laal

8. (&) K = [T <s>||—\
_ ‘ a7/t H Il [T
g/t | = ol ol

oy r
® O o) G

r() = aT(t)

1= (G + $r

e = ()G o <o+ (£ T < )
Since T(t) x T(t) = Oand(ls = ||Ir (t)||, we have:

r) x rt) = [r@PFTE x T)]

by the Chain Rule

(B) r) = 1i + € +

v(t) =i+ 2t +tk
ds

=|v(@)| = V52 + 1
d:s _ st
da? /52 + 1
at) =2 +k
i j ok
ry)yxrf)=vit) xat) =11 2t t|=—-j+2k
0 21
IO 5
[Ir o[ (52 + 1)¥/2
, _s_ s
Todz B2+ 1
ds)\? /5 /5
=Kl—=) =———=6t2+1) =
B (dt) (52 + 1)3/2( ) V52 + 1

[Ir @) x @)l = [ OIPITE® x T = [Ir ORTOIIT Ol = r OIXOK|r @) from (@)

[Ir t) < r )]
Therefore, —+— 7 = K.
Ir @[

Ir @) > r@ - v < a)]

R 2 U2 ) I 70

[[r )3 [Ir ()2 [Ir )2
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86. F =ma mazicigmMr
_ _GM
a——Fr

Sincer is aconstant multiple of a, they are parallel. Sincea = r”isparalel tor,r x r” = 0. Also,
(;)(rxr)—r xr’'+rxr’=0+0=0.

Thus, r x r”isaconstant vector which we will denote by L.

df r’

Y PR T T
% a[eM L‘?]—GTA[”O“XLJ Sl xry

GlM[O+< ?M)x[rxr]] 3{[r><r’]><r}
=f%x[rxr’]fr—13{[rxr/]xr}

=r—13{[rxr’]xr—[rxr’]><r}=0

Thus, ( C;M) x L — (%) is a constant vector which we will denote by e.
90. [ILf = Ir x| 92. Let P denote the period. Then
Let: r =r(cos@i + sin 6]
( ) f—dt f||L||P
o .dé (dr dr d0>
r’'=r(—sinfi + cosbj)—-
( J)dt dt  do dt Also, the area of an ellipse is 7rab where 2a and 2b are the
lengths of the major and minor axes.
i i k 1
Then: r xr’/— | rcosé rsing 0 ab=§||L||P
de do
- 6=~ rcosf9Y
SO a O _ 2mab
do do L]
= r2gk and L] = [ r = r2 2a?
dt dt 2 _ 47282 4777a 5
P2 =@ —-c?)= a%(l- &)
L2 IIL[?

as

_ 4772a4/§> _ Ar2ed
[MER L2

_ 477'2(HL||2/GM)a 42

3 — 3
I am® ~ K@

Review Exercises for Chapter 11

2. r(t) = \/|+—J+k 4.r(t) = 2t + )i +t3 + tk
(@ Domain: (—oo, o)
(b) Continuous for all t

(@) Domain: [0,4) and (4, oo)
(b) Continuous except att = 4
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6. (@) r(0) = 3i +j

(b) r(%) = —isz

(©) r(s— @) =3cos(s— mi + (1 —sin(s— m)j — (s— Mk
(d) r(m + At) — r(m) = (3cos(w + Ab)i + (1 — sin(w + At))j — (7 + At)k) — (=3i + | — 7k)
= (—3cosAt + 3)i + sinAt — Atk

8. r(t) = ti + ﬁj \ 10. r(t) = 2ti + tj + t%
ol
¢ sl x=12t,y—t,z—t2,
x(t) =t, y(t) = r— 24 y=3X z=Yy?
1L
y= 2 SN tjoj1]-1]2
2t x| 02| -2]4 e
y| 0| 1] -1]|2
z| 0|1 1,4
12. r(t) = 2costi + tj + 2sintk R 14. r(t) = 3ti + Jtj + 5t3k
X =2cost, y=1t, z= 2sint 3 z
X+ z2=4
T 37
t 0 > T >
x| 2] 0 |-2 0
T 37
Y10z | 7 2
z| 0] 2 0] -2
16. One possible answer is: 18. The x- and y-components are 2 cost and 2 sin t. At
r,(t) = 4ti, 0<st<1 37
t="=
- 2
=4 i +4sintj <ts<s - . . -
A0 costl snt,  0st 2 the staircase has made?1 of arevolution and is 2 meters
. high. Th i
f0 = (@ - 1, 0<t<4 ig US, One answer is
r(t) = 2costi + 2sintj + itk.
37
20. X +22=4 x-y=0,t=x 22, png(s”lmi ey + e‘k) = <1ingzccf'2t)i +j+k

Xx=ty=tz=x/4-1t2
r =t +t + J4-t%k
rit) =ti +tj — V4 -tk

=2+ +k
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24. r(t) = sinti + costj + tk, u(t) = sinti + costj + %k

26.

28.

30.

32.

34

36

38.

(@ r(t) = costi — sintj + k (b) r(t) = —sinti — costj

(© r(®) - ut) =2 (d) u(t) — 2r(t) = —sinti — costj + <% - 2t>k
DIr(® - u®] = 0 L
DJu(t) — 2r(t)] = —costi + sintj + (—t—z - 2)k
@© lroll = v1i+t
t
V14 t?

() rt) x u(t) = <% cost — tcost)i - (%sint - tsint)j

DLlIr®ll] =

1. 1 . . 1 1. AN
Dr(t) xu®)] = <—Ysmt - t—zcost +tsint — COSt)I - <Y cost — t—zsmt — tcost — smt)l

The graph of u is parallél to the yz-plane.
2
f(lnti +tintj + k)dt = (tInt — t)i + tZ(—l + 2Int)j +tk + C

ot t3 t2
() +t%K) x (i +tj +tk)dt = [[(2— )i +tj — tk]dt = (———)i +5j—5k+C
3 4 3 2
3
ret) = f(secti +tantj + t%) dt = In|sect + tant|i — In|cost|j + %k +C

r(0) =C =3k

3
r(t) = In|sect + tant|i — In|cost|j + (% + 3>k

1
0

1
: J(ﬁj +tsintk)dt = [§t3/2j + (sint — tcost)k] =§j + (sin1 — cos 1)k
0

1 t4 t3 1
. f (3 — arcsintj — t%) dt = [Zi — (tarcsint + V1 - 2)j — Ek]
—1 -1
2
= _§k
r(t) = (t, —tant, &) 40. r(t) = (3cosht,sinht, —2t), t; =0
r'(t) = v(t) = (1, —sec?t, &) r(t) = (3sinht, cosht, —2)
[Vl = V1 + sec*t + & r’(0) = (0, 1, —2) direction numbers
r’(t) = a(t) = (0, —2sec?t - tant, &) Since r(0) = (3, 0, 0), the parametric equations are x = 3,

y=tz= -2t
r(t, + 0.1) = r(0.1) = (3,0.1, —0.2)
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v2
42. Range = 4 = -2 d§n 0 cos 6

16
_V' 6 4 3% 218
16 2.,/13 2.,/13 104 6
%:\,02 O v, = 11.776 ft/sec

44. 1(t) = [(vy cos O)t]i + [(vy sin O)t — 2(9.8)t7j

(@ r(t) = [(20 cos 30°)t]i + [(20sin 30°)t — 4.9t2]j (b) r(t) = [(20 cos45°)t]i + [(20sin 45°)t — 4.9t2]j
20 20
0 45 0 45
0 0
Maximum height = 5.1 m; Range = 35.3 m Maximum height = 10.2 m; Range =~ 40.8 m

(©) r(t) = [(20 cos60°)t]i + [(20 sin 60°)t — 4.9t2]j

20

0 45
0

Maximum height = 15.3 m; Range =~ 35.3 m

(Note that 45° gives the longest range)

46. 1) = (1+ 40i + (2 — 3] 48 M =2t+ )i+ %’I
v(t) = 4i — 3j 2
i =s R
a - 0 R
1 . .
T() = =(4i — 3j) 4
5 | a(t) = t+ 18
N(t) does not exist o - 1% -
a-T=0 m
a- N doesnot exist NGt = i+ t+y
N
_ —4
(t+ 213 /t+ %+ 1
N = At + 1)
t+ 13/t + %+ 1

_ 4
G+ DS+ )+ 1
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50. r(t) = tcosti + tsintj
v(t) =r’(t) = (—tsint + cost)i + (tcost + sint)j
[v(®)| = speed = /(—tsint + cost)? + (tcost + sint)2 = /2 + 1
alt) = r(t) = (—tcost — 2sint)i + (—tsint + 2 cost)j
T(t) = v(t) _ (—tsint + cost)i + (tcost + sint)j
V@) JE+1
N() = —(tcost + sint)i + (—tsint + cost)j
Vigt+l
t
at) + T(t) = —=—
0T =
t24+ 2
at) - N(t) = —
0+ N = — ==

5. rlt)=(t-1)i+1 + %k

v(t)=i+j—t%k

vy = 2
a(t) :t%k
T = Btk
24+ 1
S v
a-N= t/2 3t4 +1

56. Factor of 4
58. r(t) =t4 + 2tk,0<t< 3
r(t) = 2ti + 2k
b 3
s:f||r/(t)||dt:f ST Ad
a [0]

= [In“/tz T4t t/E T 1]
= In(/10 + 3) + 3./10 ~ 11.3053

3
0

B4 r(t) =ti + 4 + 5tk x=t y=13 z=3t3

Whent=2 x=2 y=4,z=2
rt) =i+ 2t + 2t%
Direction numberswhent =2, a=1 b=4, ¢c=8

16
X=t+2, y=4+4z=8+73
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60. r(t) = 10costi + 10sintj
r(t) = —10sinti + 10 costj

Ir )] = 10

27
S=J 10dt = 207
0

64. r(t) = (2(sint — tcost), 2(cost + tsint),t),0 <t < 127 66.
x(t) = (2tsint, 2t cost, 1), [r (t)| = V42 + 1
b /2
s:f||r/(t)|| dt:f VA2 + Ldt
a 0
= /17 - %In(\/ﬂ — 4) ~ 4.6468
68. r(t)=2.t + 3
1. \/1 \/1 + ot
r't) =—=i+ 3j,|r'@| = -+ 9=
0=+ 3000l = /] :
r//(t) — _%t73/2i
i i k
1
= 3 0 3 3
o=V = A ] = 5
1—3/2
—=t 0 0
2
K = [Ir () < r @l _ 3/2t3/2 _ 3
[FOF T @ o7 T 21+ ey
70. r(t) = 2ti + 5costj + 5sintk
r’(t) =2i — 5sintj + 5costk, |r (t)]| = +/29
r'(t) = 5costj — 5sintk
i j k
r'xr”=12 —5sint 5cost| = 25i + 10sintj — 10 costk
0 —5cost —5sint

Ir'xr”| =725

c <l V75 /2529 5
IrP (292 29429 29

62. r(t)=ti+tj +2tk,0<st<?2

rt) =i+ 24+ 2k, |r')) = /5 + 42
b 2
s= f [r @) dt = f V5 + 42 dt
a (0]

= V21 + %Ins - %In(\/105 — 4/5) ~ 6.2638

z

r(t) = ésinti + ecostk, 0 <t < 7
r(t) = (e cost + esint)i + (—€esint + € cost)k
[r @] = V(€' cost + € sint)?2 + (—e' sint + € cost)?

= J2¢

6= f I @) o

= ﬂfetdt= [ﬂet] = J2(em - 1)

K
0



