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86. F =ma mazicigmMr
_ _GM
a——Fr

Sincer is aconstant multiple of a, they are parallel. Sincea = r”isparalel tor,r x r” = 0. Also,
(;)(rxr)—r xr’'+rxr’=0+0=0.

Thus, r x r”isaconstant vector which we will denote by L.

df r’

Y PR T T
% a[eM L‘?]—GTA[”O“XLJ Sl xry

GlM[O+< ?M)x[rxr]] 3{[r><r’]><r}
=f%x[rxr’]fr—13{[rxr/]xr}

=r—13{[rxr’]xr—[rxr’]><r}=0

Thus, ( C;M) x L — (%) is a constant vector which we will denote by e.
90. [ILf = Ir x| 92. Let P denote the period. Then
Let: r =r(cos@i + sin 6]
( ) f—dt f||L||P
o .dé (dr dr d0>
r’'=r(—sinfi + cosbj)—-
( J)dt dt  do dt Also, the area of an ellipse is 7rab where 2a and 2b are the
lengths of the major and minor axes.
i i k 1
Then: r xr’/— | rcosé rsing 0 ab=§||L||P
de do
- 6=~ rcosf9Y
SO a O _ 2mab
do do L]
= r2gk and L] = [ r = r2 2a?
dt dt 2 _ 47282 4777a 5
P2 =@ —-c?)= a%(l- &)
L2 IIL[?

as

_ 4772a4/§> _ Ar2ed
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Review Exercises for Chapter 11

2. r(t) = \/|+—J+k 4.r(t) = 2t + )i +t3 + tk
(@ Domain: (—oo, o)
(b) Continuous for all t

(@) Domain: [0,4) and (4, oo)
(b) Continuous except att = 4
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6. (@) r(0) = 3i +j

(b) r(%) = —isz

(©) r(s— @) =3cos(s— mi + (1 —sin(s— m)j — (s— Mk
(d) r(m + At) — r(m) = (3cos(w + Ab)i + (1 — sin(w + At))j — (7 + At)k) — (=3i + | — 7k)
= (—3cosAt + 3)i + sinAt — Atk

8. r(t) = ti + ﬁj \ 10. r(t) = 2ti + tj + t%
ol
¢ sl x=12t,y—t,z—t2,
x(t) =t, y(t) = r— 24 y=3X z=Yy?
1L
y= 2 SN tjoj1]-1]2
2t x| 02| -2]4 e
y| 0| 1] -1]|2
z| 0|1 1,4
12. r(t) = 2costi + tj + 2sintk R 14. r(t) = 3ti + Jtj + 5t3k
X =2cost, y=1t, z= 2sint 3 z
X+ z2=4
T 37
t 0 > T >
x| 2] 0 |-2 0
T 37
Y10z | 7 2
z| 0] 2 0] -2
16. One possible answer is: 18. The x- and y-components are 2 cost and 2 sin t. At
r,(t) = 4ti, 0<st<1 37
t="=
- 2
=4 i +4sintj <ts<s - . . -
A0 costl snt,  0st 2 the staircase has made?1 of arevolution and is 2 meters
. high. Th i
f0 = (@ - 1, 0<t<4 ig US, One answer is
r(t) = 2costi + 2sintj + itk.
37
20. X +22=4 x-y=0,t=x 22, png(s”lmi ey + e‘k) = <1ingzccf'2t)i +j+k

Xx=ty=tz=x/4-1t2
r =t +t + J4-t%k
rit) =ti +tj — V4 -tk

=2+ +k
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24. r(t) = sinti + costj + tk, u(t) = sinti + costj + %k

26.

28.

30.

32.

34

36

38.

(@ r(t) = costi — sintj + k (b) r(t) = —sinti — costj

(© r(®) - ut) =2 (d) u(t) — 2r(t) = —sinti — costj + <% - 2t>k
DIr(® - u®] = 0 L
DJu(t) — 2r(t)] = —costi + sintj + (—t—z - 2)k
@© lroll = v1i+t
t
V14 t?

() rt) x u(t) = <% cost — tcost)i - (%sint - tsint)j

DLlIr®ll] =

1. 1 . . 1 1. AN
Dr(t) xu®)] = <—Ysmt - t—zcost +tsint — COSt)I - <Y cost — t—zsmt — tcost — smt)l

The graph of u is parallél to the yz-plane.
2
f(lnti +tintj + k)dt = (tInt — t)i + tZ(—l + 2Int)j +tk + C

ot t3 t2
() +t%K) x (i +tj +tk)dt = [[(2— )i +tj — tk]dt = (———)i +5j—5k+C
3 4 3 2
3
ret) = f(secti +tantj + t%) dt = In|sect + tant|i — In|cost|j + %k +C

r(0) =C =3k

3
r(t) = In|sect + tant|i — In|cost|j + (% + 3>k

1
0

1
: J(ﬁj +tsintk)dt = [§t3/2j + (sint — tcost)k] =§j + (sin1 — cos 1)k
0

1 t4 t3 1
. f (3 — arcsintj — t%) dt = [Zi — (tarcsint + V1 - 2)j — Ek]
—1 -1
2
= _§k
r(t) = (t, —tant, &) 40. r(t) = (3cosht,sinht, —2t), t; =0
r'(t) = v(t) = (1, —sec?t, &) r(t) = (3sinht, cosht, —2)
[Vl = V1 + sec*t + & r’(0) = (0, 1, —2) direction numbers
r’(t) = a(t) = (0, —2sec?t - tant, &) Since r(0) = (3, 0, 0), the parametric equations are x = 3,

y=tz= -2t
r(t, + 0.1) = r(0.1) = (3,0.1, —0.2)
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v2
42. Range = 4 = -2 d§n 0 cos 6

16
_V' 6 4 3% 218
16 2.,/13 2.,/13 104 6
%:\,02 O v, = 11.776 ft/sec

44. 1(t) = [(vy cos O)t]i + [(vy sin O)t — 2(9.8)t7j

(@ r(t) = [(20 cos 30°)t]i + [(20sin 30°)t — 4.9t2]j (b) r(t) = [(20 cos45°)t]i + [(20sin 45°)t — 4.9t2]j
20 20
0 45 0 45
0 0
Maximum height = 5.1 m; Range = 35.3 m Maximum height = 10.2 m; Range =~ 40.8 m

(©) r(t) = [(20 cos60°)t]i + [(20 sin 60°)t — 4.9t2]j

20

0 45
0

Maximum height = 15.3 m; Range =~ 35.3 m

(Note that 45° gives the longest range)

46. 1) = (1+ 40i + (2 — 3] 48 M =2t+ )i+ %’I
v(t) = 4i — 3j 2
i =s R
a - 0 R
1 . .
T() = =(4i — 3j) 4
5 | a(t) = t+ 18
N(t) does not exist o - 1% -
a-T=0 m
a- N doesnot exist NGt = i+ t+y
N
_ —4
(t+ 213 /t+ %+ 1
N = At + 1)
t+ 13/t + %+ 1

_ 4
G+ DS+ )+ 1
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50. r(t) = tcosti + tsintj
v(t) =r’(t) = (—tsint + cost)i + (tcost + sint)j
[v(®)| = speed = /(—tsint + cost)? + (tcost + sint)2 = /2 + 1
alt) = r(t) = (—tcost — 2sint)i + (—tsint + 2 cost)j
T(t) = v(t) _ (—tsint + cost)i + (tcost + sint)j
V@) JE+1
N() = —(tcost + sint)i + (—tsint + cost)j
Vigt+l
t
at) + T(t) = —=—
0T =
t24+ 2
at) - N(t) = —
0+ N = — ==

5. rlt)=(t-1)i+1 + %k

v(t)=i+j—t%k

vy = 2
a(t) :t%k
T = Btk
24+ 1
S v
a-N= t/2 3t4 +1

56. Factor of 4
58. r(t) =t4 + 2tk,0<t< 3
r(t) = 2ti + 2k
b 3
s:f||r/(t)||dt:f ST Ad
a [0]

= [In“/tz T4t t/E T 1]
= In(/10 + 3) + 3./10 ~ 11.3053

3
0

B4 r(t) =ti + 4 + 5tk x=t y=13 z=3t3

Whent=2 x=2 y=4,z=2
rt) =i+ 2t + 2t%
Direction numberswhent =2, a=1 b=4, ¢c=8

16
X=t+2, y=4+4z=8+73
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60. r(t) = 10costi + 10sintj
r(t) = —10sinti + 10 costj

Ir )] = 10

27
S=J 10dt = 207
0

64. r(t) = (2(sint — tcost), 2(cost + tsint),t),0 <t < 127 66.
x(t) = (2tsint, 2t cost, 1), [r (t)| = V42 + 1
b /2
s:f||r/(t)|| dt:f VA2 + Ldt
a 0
= /17 - %In(\/ﬂ — 4) ~ 4.6468
68. r(t)=2.t + 3
1. \/1 \/1 + ot
r't) =—=i+ 3j,|r'@| = -+ 9=
0=+ 3000l = /] :
r//(t) — _%t73/2i
i i k
1
= 3 0 3 3
o=V = A ] = 5
1—3/2
—=t 0 0
2
K = [Ir () < r @l _ 3/2t3/2 _ 3
[FOF T @ o7 T 21+ ey
70. r(t) = 2ti + 5costj + 5sintk
r’(t) =2i — 5sintj + 5costk, |r (t)]| = +/29
r'(t) = 5costj — 5sintk
i j k
r'xr”=12 —5sint 5cost| = 25i + 10sintj — 10 costk
0 —5cost —5sint

Ir'xr”| =725

c <l V75 /2529 5
IrP (292 29429 29

62. r(t)=ti+tj +2tk,0<st<?2

rt) =i+ 24+ 2k, |r')) = /5 + 42
b 2
s= f [r @) dt = f V5 + 42 dt
a (0]

= V21 + %Ins - %In(\/105 — 4/5) ~ 6.2638

z

r(t) = ésinti + ecostk, 0 <t < 7
r(t) = (e cost + esint)i + (—€esint + € cost)k
[r @] = V(€' cost + € sint)?2 + (—e' sint + € cost)?

= J2¢

6= f I @) o

= ﬂfetdt= [ﬂet] = J2(em - 1)

K
0
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72 y=eX? 74. y = tanx
y/ _ _%efx/zl y// _ %e,X/Z y/ = sec? X
y” = 2 sec?xtan x
Iy %e*x/z K — [y _|2sec?xtanx|
— — - N213/2 3/2
K [1 + (y/)2]3/2 14+ ; . 3/2 [1 + (y) ] [1 + SeC4X]
4° x 4 4 45 5.5
Atx:Z,K:@=57\@=Eandr:T.
Ax—oK- A 2 _ 2 245 _5/5
X=OR T Gape 52 5/5 25 2
Problem Solving for Chapter 11
2. X2/3 + y2/3 = g2/3 4. Bomb: r,(t) = (5000 + 400t, 3200 — 16t?)

2

_ 2 Projectile: r,(t) = ((v, cos O)t, (v, sin O)t — 16t%)
=y—1/3 Sv—1/3y7 = 2 0 0
X + ¥ y'=0

At 1600 feet: Bomb:
y' = %/13/3 Slope at P(x, y). 3200 — 16t2 = 1600 0 t= 10
Projectile will travel 5 seconds:
5(vy sin 6) — 16(25) = 1600
Vo Sin 6 = 400.

r(t) = cos®ti + sindtj
r'(t) = —3cos’tsinti + 3sin?t costj
Ir (©)i = |3 costsint]|

r(t)

Horizontal position:

TO = oy = —cost +sing Att = 10, bomb i a 5000 + 400(10) = 9000.
T(t) = sinti + costj Att = 5, projectileis at (v, cos 6)5.
Q(0, 0, 0) origin Thus,
P = (cos’t, sin®t, 0) on curve. 5v, cos § = 9000
i j k Vv, cos 6 = 1800.
POxT = | o= Sﬂ13t 0 Combinin vosino_@D tano—gD 0~ 125°
—cost sint O g, V,c0s6 1800 =9 O
= (cos®tsint — sin3t cost)k
PG x Tl vy = % ~ 18439 ft/sec
D= IPQ x T _ |3 costsint|
Il
P L
[r @) |3costsint|

Thus, the radius of curvature, % is three times the

distance from the origin to the tangent line.
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6. r=1-cosf

r'=sné
t t
s(t)=J (170039)2+sjn20d0=f\/2720059d9
‘.8 o]t t
= LanEd()— [—40055]”— —40055

22 =7+ 2
L7 P

_]2sin? 6 — (1 — cos H)(cos ) + (1 — cos 6)?|
. o0
3
8sdin >

K

_ |3 —3cos |

. .0
3 2
8sin 5

—
2
§sm 5 3

P+ 9p? = 1600523 + 169'nzg =16

8. (@) r =x +yj position vector

r=rcoséi +rsn 6

dr dr . de|. dr . de|.
dt—[dtcose—rsnedt}l+[dtsm9+rcos(9dt]1
a=ﬁ=[dircose—gsiney—gsiney—rcos()(%f—rsined—ze]i
dt? dt? dt dt dt dt dt dt?
d’r dr de | dr de . (d6)? d?¢
+[@SHG‘FECOSBE‘FECOSOE—rSan(E) +rcost9¥]
a=a-u =a-(cosfi+ singj)
o dr de dg\? . die]
—[dtzcosze 2 Snocoso o rc0520<dt) reososin gy
dr Lo i 9O grp o ) o]
+[dt2 n 0+2dtsm0cosedt rsin® 6 at +rcos¢9sm0dt2
{2
dt? dt
. . drdg  d%
ae—a-ue—a-(—smf)l+cos€j)—2§5+r¥

a=(a-u)u + (@- uyu,

d?r do\? drdo  d?%
= [@ — r(a) :|Ur + [Zaa +r dt2:|U9

—CONTINUED—
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8. —CONTINUED— 10. r(t) = costi + sintj — k, t :g )
at). . [t , L A
(b) r = 42,000 cos<ﬁ>| + 42,000 SH<E>1 r’(t) = —sinti + costj, [r(®) = 1
T = —sinti + costj
dr d?r
r=42000, 4 =037 =0 T’ = —costi — sintj
a6 _ = d29_0 N = —costi — sintj
=1 = . .
B 7\ 875 ,
Therefore, a = *42000(5) u. = *?77 u,. Att = E'T<ﬂ) — 7£| + Q]
4 4 2 2
: 875 ,
Radial component: ———— 7\ J2 V2
3 Niz)= 51 ]
Angular component: 0 -
8(%) - &
4
1
— T \5/2
12. vy 32x
y= S
15,
" — T \1/2
ETTY
15,
= y1/2
«_ | 128
= 4(1 o5 3)3/2
" 4006"
. 120 1 (892
At thepoint (4,1), K = (8972 Or=_= T 7

14. (8) Eliminate the parameter to see that the Ferris wheel has aradius of 15 meters and is centered at 16j.
Att = 0O, thefriend islocated at r,(0) = j, which is the low point on the Ferris wheel.

(b) If arevolution takes At seconds, then

alt+ At
10 —10"°7

and so At = 20 seconds. The Ferris wheel makes three revolutions per minute.

(c) Theinitial velocity isr/,(t,) = —8.03i + 11.47j. The speed is </8.03? + 11.472 =~ 14 m/sec. The angle of
inclination is arctan(11.47/8/03) =~ 0.96 radians or 55°.

(d) Although you may start with other values, t, = O is afine choice. The graph at 20
the right shows two points of intersection. At t = 3.15 sec the friend is near the
vertex of the parabola, which the object reaches when

1147
t=to= ~5 49 ~ L17s , "

0

Thus, after the friend reaches the low point on the Ferris wheel, wait t, = 2 sec before throwing the object in
order to allow it to be within reach.

(e) The approximate time is 3.15 seconds after starting to rise from the low point on the Ferris wheel. The friend
has a constant speed of ||r /,(t)|| = 15 m/sec. The speed of the object at that time is

I ,(3.15)|| = /8.032 + [11.47 — 9.8(3.15 — 2) 2 ~ 8.03 m/sec.



