CHAPTER 11
Vector-Valued Functions

Section 11.1 Vector-Valued Functions . . . . . ... ... ... .. ... ... 39
Section 11.2 Differentiation and Integration of Vector-Valued Functions . . . . 44
Section 11.3 Velocity and Accdleration . . . . .. ... ... 48
Section 11.4 Tangent Vectorsand Normal Vectors . . . . . ... ... .... 54
Section 11.5 ArcLengthand Curvature . ... ... ... ... ... ..... 60
Review EXercises . . . .. . . . . 68

Problem Solving . . . . . . . . . e 73



CHAPTER 11
Vector-Valued Functions

Section 11.1  Vector-Valued Functions
Solutions to Odd-Numbered Exercises

11.

L) = F) x Gt) =

Cr(t) = 5ti — 4t —%k 3. () = Inti — &j — tk

Component functions: f(t) = Int
o) = —¢
h(t) = —t

Component functions: f(t) = 5t

gty = —4t

1

ht) = -7 Domain: (0, oo)

Domain: (—oo, 0) U (0, oo)

. tr(t) = F(t) + G(t) = (costi — sintj + /tk) + (costi + sintj) = 2costi + J/tk

Domain: [0, co)

i j k
sint cost 0
0 sint  cost

= cos?ti — sintcostj + sin?tk

Domain: (— oo, o)

Tt = 3t2 — (t — 1)]

@ r() = 3i

(b) r(0) = |

©r(s+1)=3s+12—-(s+1—-1j=3s+132% —g

(d) r2+ At —r(2) =32+ A)A — 2+ At — 1)j — (2 — j)
= (2 + 2At + 3(AD2)i — (1 + ADj — 20 + ]
= (2at + 3(At))i — (Ab)

(M) = Inti + %j + 3tk
o1
@ r(2 =In2i + 5l + 6k

(b) r(—3)isnot defined.  (In(—3) does not exist.)

(© rlt — 4) = In(t — )i + ﬁj +3(t — 4k

(d) r(2+ At) —r(1) = In(1 + At)i + j+ 31+ Ak — (0 +j + 3k)

+A

1
n(l + At ( ) (3A0)k

1+ At

39
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13.

17.

21.

23.

29.

35.

r(t) = sin3ti + cos3tj + tk
[r@®l = +/(sin3t)? + (cos3t)? + t2 =

1+t2

rt) =ti + 2tj +t%k, -2<t<2
X=ty=2tz=1t?
Thus, z = x2. Matches (b)

() View from the negative x-axis. (—20, 0, 0)
(c) View from the z-axis: (0, 0, 20)

15. r(t) - u(t) = (3t — 1)(t?) + (5t3)(—8) + 4(t3)
=3t3 - t2 — 2t3 + 4t3 = 5t3 — t2, ascaar.
The dot product is a scalar-valued function.

19. r(t) =ti +t3 + L™k, —2<t <2
X=t,y=t2,z= eD.75t
Thus, y = x2. Matches (d)

(b) View from above the first octant: (10, 20, 10)
(d) View from the positive x-axis: (20, 0, 0)

X = 3t 25 x=t,y=12 27. x =cosf,y = 3sno
=t—-1 — y2/3 2
y y=x X + £ = 1 Ellipse
X
y= 3 ! 7+ y
ol
y 5+
1 M 2t
27 gl gl
| x T S B A
4 6 -2+
— _3t 1
ol
Ll
Xx=3sechy=2tan o 3. x=—-t+1 33. x=2cost, y=2sint, z=t
2 2 =4t + 2 2 2
—=y—+1HyperboIa Y L |
° 4 z=2t+3 4 4
Y Line passing through the points: z=t
1 (0,6,5), (1,2,3 Circular helix
oL
s/ | N6 o1 o
ok
ol
]

X = 2sint, y=2cost, z= et
X +y2=14 £

z=¢t

=y

W

3=y
37.x=t,y=t2,z=§t3 z

y=x2, Z:%xS
t -2 | -1 0 1] 2
X -2 | -11]0 112
y 4| 10|14

16 2 2 16
zZ| -3 | 5|05 |73
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B PR I _ dnti <£ _;>- (; é)
39. r(t) = 2t|+tj 2tk 41. r(t) = sinti + > cost 2t]+ 2cost+ 5 k
Parabola Helix
43. i (b) 0 (© :
2n 8rr 2m
>
-2 -2 g -2
2 2 < > 2
x 2Ry X 2Ry X 2 Xy
The helix istrandated 2 The height of the helix The orientation of the
units back on the x-axis. increases at afaster rate. helix is reversed.
(d)
The axis of the helix is The radius of the helix is
the x-axis. increased from 2 to 6.
45,y =4 —x 47. y = (x — 2)?
Letx =t theny = 4 — t. Letx =t theny = (t — 2)2
rit) =ti + (4 — t)j rt) = ti + (t — 2)?j
X2 y2
2 2 — R A —
49. 2 +y?2=25 51 6 4 1
Let x = 5cost, theny = 5sint. Letx = 4sect,y = 2tant.
r(t) = 5costi + 5sintj (1) = 4secti + 2tantj

53. The parametric equations for the line are z

x=2-2t,y=3+5t z= 8t
One possible answer is

rt) = (2 — 2t)i + (3 + 5t)j + 8tk.

PNWAGON®

55. ry(t) = ti, 0<t<4 (1,00 =0r,4) = 4)
L) =@ —4a)i+6f, 0<ts<1 (1,0 =4iry1) = 6)
40 = (6 — 0, 0<ts<6 (10 = 6j,ry6) = 0)

(Other answers possible)
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57.r,) =ti+t3, 0<st<2(y=x) 59. z=x2+y2 x+y=0
() =2—-1ti, 0<st<?2 Letx =t theny = —x = —tandz = x® + y? = 2t2
. Therefore,
r,) =@4-1j, 0<st<4
. X=t y=—-t z=2t2
(Other answers possible)
rt) = ti —tj + 2t
W2-v24) o (V2 v24)
\
_g - -1
5] T-y2gr Y
3.4
4
6l X2 +y2=4,z=x
X = 2sint, y = 2cost
z=x*=4sn’t
T T T 37
1% s | a3 | 2| & m
x| 0 1 2 | 2 /2 0 ’
y| 2| V3| V2 -J2 | -2
z 0 1 2 2 0

r(t) = 2sinti + 2costj + 4sintk

63. X2+ y2+722=4,x+2=2
Letx =1+ sint,thenz=2 - x=1—sintandx® + y2 + 22 = 4.
(L+snt)2+y2+ (1—-snt)2=2+2sn’t+y2=4

y? = 2cos’t, y = +./2cost

x=1+sdnt, y=*2cost

z=1-sint
T T a T
t72 6 0 6 2
« 0 1 1 3 5 r(t) = (1 + sint)i + V2costj + (1 + sint)k and
2 2
r(t) = (1 + sint)i — V2costj + (1 — sint)k
y 0 iﬁ +J2 iﬁ 0
2 2
3 1
z 2 > 1 5 0
65. 2 +Z2=4,y2+272=14 z
A
Subtracting, we have x?2 — y2 = 0 ory = *x. *0.02
Therefore, in the first octant, if weletx =t thenx =t, y=1, z= V4 — t2 ; '
rt) = ti + tj + V4 — %k 13 2 .,
40" 4
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67.

71.

75.

79.

83.

85.

87.

y2 + 22 = (2tcost)? + (2tsint)? = 4t2 = 4x2

. . 1=
Ilm[tzl + 3tj + iﬂk] =0
t-0 t
since
1 — cost . sint .
lﬁmf = MET = 0. (L'Hopitad’'sRule)
() = ti + %j

Continuous on (— oo, 0), (0, o)

r(t) = (e 4, t3 tant)

Discontinuous at t = 7—27 + nw

Continuous on (,%T + nw,g + nw)

rt) =t + (t — 3)j +tk

@ sty =rt) +2k =t3 + (t— 3)j + (t+ 3k
(b) sty =r(t) —2i = (- 2)i + (t — Jj + tk
© sty =rt) +5 =t + (t+ 2)j + tk

-4

t2 — 2t

. . 1 . 1
69. Mg[tl + j+Yk]—2l + 2 +§k

since
t2 -4 2t

Mz =My

5= 2. (L'Hopita’'sRule)

73. !lng[%l + costj + sintk]

L 1 .
does not exist since !mg n does not exist.

77. r(t) = ti + arcsintj + (t — 1)k

Continuouson [—1, 1]

81. Seethe definition on page 786.

Letr(t) = x,(t) + y,(t)j + z(Hk and u(t) = x,()i + y,(t)j + z(tH)k. Then:
lim[r® x u®] = lim {[y,(02,(0) — y,OzO)i — 10 — x%OzO] + DOy, — x5Oy Ok}
= [0 1m0 — Iy a0 — im0 im0 — o fm (0]
[ %0 ) — B ]k
= [I[ercl X, (t)i + !'ITJ y, ()] + Itljrg zl(t)k] X [IterC] Xo(t)i + !IITC] yo(t)j + Itljrg zz(t)k]

=l i

Letr(t) = x(t)i + y(t)j + z(t)k. Sincer is continuous at

t = ¢, then Itirrgr(t) = r(c).

r(c) = x(c)i + y(c)j + zZlc)k O x(c), y(c), z(c)

are defined at c.
[Irl = V(x(®)? + (y(V)? + ((1)?
lim | = (x(©))* + (y(c)? + () = [r(c)]
Therefore, |

r|| is continuous at c.

89. True
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Section 11.2  Differentiation and Integration of Vector-Valued Functions

<

Lr@t)=ti+tj, t,=2 3. r(t) = costi + dntj, t, = T

2
X(t) =12 yt) =t x(t) = cost, y(t) = sint

X:y2 1 r X2+y2:

et
®
S

r(2) =4+ 2 Ll r<7—7>—j
rt) = 2t + f 2
i
r'2) = 4i + | r'(t) = —sinti + costj
r(t,) istangent to the curve. r’<7—7> = —j
2
r (o) istangent to the curve.
. . . . 37
5.r(t) =ti +1t3 7. r(t) = 2costi + 2sintj + tk, t, = >

<

@

X+y?=42z=t

r’(t) = —2sinti + 2costj + k

37 . 37
r(z)——21+ 2k

r'(327’) =2 +k

(© r't) =i+ 2t
r’(l) =i+ %
4 2!
r(1/2) —r(1/4) _ (1/4)i + (3/16)j _ i+ §j
(1/2) = (1/4) 1/4 4
This vector approximates r ’(%).
9. r(t) = 6ti — 7t + t%k 11. r(t) = acos’ti + asin® tj + k
r(t) = 6i — 14tj + 3t%k r'(t) = —3a costsinti + 3asin?t costj
13. r(t) = et + 4j 15. r(t) = (tsint,t cost, t)
r)=—eti r’(t) = (sint + tcost, cost — tsint, 1)
o1
17. r(t) =68 + =t
2
@ r(t) = 3t + (b) r/(t) - r(t) = 3t2(6t) + t = 18t3 + t

£ = 6ti +
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19.

23.

25.

27.

31

r(t) = 4costi + 4sintj

@ r(t) = —4sdinti + 4 costj
r’(t) = —4costi — 4sintj

(b) rt) - r(t) = (—4sint)(—4cost) + 4cost(—4sint)

=0

r(t) = (cost + tsint,sint — t cost, t)
(@ r(t) = (—sint + sint + tcost, cost — cost + tsint, 1)
= (tcost,tsint, 1)
rt) =
(b) r 1) -

(cost — tsint, sint + t cost, 0)

r(t) = cos(mt)i + sin(wt)j + t%k, ty = —

NS

r'(t) = —wsin(wt)i + o cos(art)j + 2tk

r’<—1) \/577 %J—*k

r(-14 _ 1 , .
P38 ~ Vaz e g Y2 V2T
r(t) = —m2cos(mt)i — w2sin(wt)j + 2k

r”< 1) = ——ﬂz”zi + ﬁz”zj + 2

T

) +(22=Jr+ 4
(- V27% + /279 + 4K)

-

r-1/4 _ 1
[r(=1/4] 2/7*+4

r(t) = t% + t3 29,
r(t) = 2ti + 3t3
r'0) =0

Smooth on (— oo, 0), (0, oo)

r(e) =
r'(6) =
r’(6) # 0 for any value of 6

(6 — 2sin )i + (1 — 2cos )
(1 —2cos@)i + (1 + 2sin 0)]

Smooth on (— oo, o)

21. r(t)

(b) 1) -

- VOB (B (- i

1 1
=20 -t + 2%k
2 T TG

@r@=ti—-j+ %tzk

r’t) =i +tk

” — _ 12 — g
r(t) = t(1) — 10 + 2t (t) =t+ 5

r’(t) = (tcost)(cost — tsint) + (tsint)(sint + tcost) =t

VA2 + 1
2

r(6) = 2cos® 9i + 3sind §j
r'(6) = —6c¢os? Hsin 6i + 9sin? 6 cos
7 M —
r ( 2) 0
nmr (n+ Vw )
Smooth on oo , N any integer.

33 r(t) = (t — i + %j %k

r/(t)=i—t12j—2tk¢o

r issmooth for al t # 0: (—oo, 0), U (0, c0)
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35. r(t) =ti — 3tj + tantk

r't) =i—3j +sec?tk # 0
r issmoothforallt;&g+ nmw = 2n2+ 177.

Smooth on intervals of form (—7—27 + nw,g + nrr)

37. r(t) =ti + 3tj + t2k, u(t) = 4ti +t3 + t3k

@ r() =i+ 3 + 2tk (b) rt) = 2k
(©) r(t) - u(t) = 4t2 + 3t3 + t° (d) 3r(t) —ut) = —ti + (9t —t3)j + (32— 3k
DLr(t) - u(t)] = 8t + 9t2 + 5t* DL3r(t) — u®)] = —i + (9 — 2t)j + (6t — 3tk
(@ r(t) x ut) = 2t4 — (t* — 4t3j + (13 — 1269k ) Ir@l = V10t2 + t4 = t/10 + t2
DLr(t) x u(t)] = 8t3i + (12t2 — 4t3)j + (3t2 — 24t)k DJlIr@[] = 10 + 2t2
V10 + 12
39. r(t) = 3sinti + 4 costj

r’(t) = 3costi — 4sintj

r(t) - r’(t) = 9sintcost — 16 costsint = —7sint cost
() - r —7sintcost
cosf = e = = _
r @[l lIr @l 9sin’t + 16 cos?t/9 co?t + 16sin?t

s[ —7sintcost ]
6 = arcco - :
(9sin?t + 16 cos?t)(9 cos?t + 16 sin?t)

9 = 1.855 maximum at t = 3.927(57”) andt = o.785(’747>.

0= 1287 minimumatt = 2.356(3777) andt = 5.498(77?7).
9= (1571 fort=n—= n=0,1,23,. ..
2 2
v T AY —r(b)
a1y = Altltno At
— lim [Bt+ At) + 2)i +[1 — (t + Ap)?Z]j — (Bt + 2)i — (1 — t?)]
T At-0 At
(3AbD)i — (2t(At) + (A1)
= lim
At—0 At
= AItlran0 3 — (2t + At)) = 3i — 2j
43.f(zti+j+k)dt:t2i+tj+tk+c %.J(%iﬂ—t?'/zk

47. J[(Zt — )i + 4% + 3/k]dt = (t2 - i + t4 + 2¥% + C

49. f[seéti+ j]dtztanti+arctantj+c

1
1+ t2

)dt =Inti + { —%tS/Zk +C
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1 1 2t 1 1
51. f(su +tj—Kk)dt= [4t2i} + [—j] - [tk] =4i+2j—k
0 0 27 Jo 0 2
/2 ] o . kL 2 /2 . . -
53. f [(acost)i + (asint)j + k] dt = [asmtl]o - [acostj]o + [tk]o =ai+aj + Ek
0
55. r(t) = J(4e2‘i + 3¢j) dt = 2¢%i + 3¢j + C 57. r/(t) = f—szj dt = —32tj + C,
r0)=2+3+C=20 C=-3 r’(0) = C, = 600./3i + 600j
r(t) = 2e%i + 3¢ — 1)j r'(t) = 600/3i + (600 — 32t)j
r(t) = j [600./3i + (600 — 321)j] it
= 600-/3ti + (600t — 16t?)j + C
r0)=C=0
r(t) = 600./3ti + (600t — 16t2)]
59. r(t) = J(te‘tzi —efj+kd= —%e‘tzi +ef+tk+C
1 . 1. . . .
r(O):—§I+J+C:§I—j+k O C=i-2 +k
1 .\ B ) 2 — e %) B )
r(t) = l—iet i+(et=2j+(t+1k= i+ (et=2)j+(t+ 1k
61. See“Definition of the Derivative of aVector-Valued 63. Att = t,, the graph of u(t) isincreasing in the x, y, and z

Function” and Figure 11.8 on page 794. directions simultaneously.

65. Letr(t) = x(t)i + y(t)j + z(t)k. Thencr(t) = cx(t)i + cy(t)j + cz(t)k and
Dfcr(t)] = ex(t)i + cy’(t)j + cz/(Hk
= c[x(t)i + y(t)j + z(Hk] = cr(t).

67. Letr(t) = x(1)i + y(t)j + z(tk, then f(t)r(t) = F(Ox(©)i + fF)y(t)] + f(H)zt)k.
DLIOr®] = [fOx'® + FOxOi + [fOy® + FOy®]] + [FOz1) + FOzt)]k
= O @i + y'Oi + z(k] + FOX01 + yd)j + 20k]
=f)rt) + fOr(t)

69. Letr(t) = x(t)i + y(®)j + z(t)k. Then r(f(t)) = x(f®)i + y(f(®)j + z(f(t))k and
DLr(f®)] = x(FO) PO + y(FR) F(0] + /(F®)F(Ok  (Chain Rule)
= O (F )i + y (F1)j + z(fR)k] = FOr (F(1)).



48  Chapter 11 Vector-Valued Functions

71 Letr(t) = ()i + y,(0)j + (DK, u(t) = %,(1)i + y,(1)] + z(D)k, and v(t) = x5(t)i + y5(t)j + z(t)k. Then:
r® - [u® x v(t)] = xO0y(0z0) — z0y50] — Y1002 — ZOx0)] + ZODGAY(1) — ya(Ox5()]
DLr(® - (u® x v(t)] = x,(Oyx()z5'1) + X,z (OZ5(0) + X Oy(DZ(1) — X, (W)y5(t)z,/ (1) —
X (1)y3 M2 — % (OY5(02() — Y1(0)%(025 1) — yi(O0% Dz — v, (Ox(0z4(t) +
Y1i(0Z(0%5 (1) + y1 (02 (1)x5(0 + v, (DZ(U)x5(t) + Oty (1) + (0%, (VY50 +
Z/(O%(0y5(1) — Z(OY(0%5(1) — V)Y, Ox(t) — 2z (Dya(Dx5(1)
= %/ Oz — ys02O] + y (O =%(02(1) + 2(0x5(0)] + 2 OX(0Y5(t) = Va(Ox(D]} +
Oy, (021 — vz O] + y1 (0] =% 020 + 2 Ox30] + O Oys0 — v, OO} +
xOLy(0z1) = y302(0] + y1 (0] %0z 1) + 2O (O] + OGO — v)x O]}
=1/ - [u® x v + r® - [u® < vO] + r® - [u®) x v(1)]

73. Fase. Letr(t) = costi + sintj + k.

Irol = V2
d
Shron = o

r’(t) = —sinti + cost;
[r ol =1

Section 11.3  Velocity and Acceleration

<

1. r(t) = 3ti + (t — )]
v(t) =rt) =3i +]j .1
at) = r1t) =0 1., 69 o

x=3y=t-Ly=2-1

At(3,0),t= 1. i
v() =3i+j,al) =0

5. r(t) = 2costi + 2sintj
v(t) =r(t) = —2sinti + 2costj
a(t) = rt) = —2costi — 2sintj

X = 2cost, y=2sint, ¥ +y2=14

At(V2, /2),t = 77:.
v(g) = —V2i + /2

a(%) = —-J2i - V2

y

(O

-31L

. r(t) = 2+t y
v(t) = rt) = 2ti +j ol
alt) = r'(t) = 2i R
X=Ey=tx=y SCEERR R
At(4,2),t = 2.
V(2) = 4i + ] ]
a2 =2

. r(t) = (t — sint, 1 — cost)

v(t) = r(t) = (1 — cost, sint)

a(t) = r(t) = (sint, cost)
X=t—snt, y=1- cost (cycloid)
At(m2), t=m

v(m) = (2,0) = 2i

a(m) =0, -1) = —j




Section 11.3  Velocity and Acceleration

49

2
9. r(t) = ti + (2t — B) + 3tk 11 r(t) = ti + % +%k
vt) =i+ 2 + 3k vt) =i + 2t + tk
s = vl = V1+4+9= .14 st) = VI+4Z+2=/1+5
alt) =0 alt) =2 +k
13. r(t) =ti +tj + V9 —t2k 15. r(t) = (4t, 3cost,3sint)
V) =i +j— zk v(t) = (4, —3s€int,3cost) = 4i — 3sintj + 3costk
9-t st) = /16 + 9sn?t + 9cos’t =5
t? \/18_t2 at) = (0, —3cost, —3sint) = —3costj — 3§
= = \ , j — 3sintk
s(t) \/1+1+9_t2 9_
9
a(t) = 7(9 _ t2)3/2k
t3 1 3
17.@ i) =(t -2 7). =1 (b) r(+01) =~ {1+01,-1-201),7 + ;0.1
2 - —
) = < 12 3% > (1.100, —1.200, 0.325)

r(1) = <1, -2, £§1>

1 3
x—1+t,y——1—2t,z—z+zt
19. at)=i+j +k,v(0)=0,r(0) =0 21. a(t) = tj + tk,v(1) = 5/,r(1) = 0
2 2
v(t):j(i+j+k)dt:ti+tj+tk+C v(t):j(tj+tk)dt:t§j+t§k+c
v(0) = C =0,v(t) =ti +tj +tk,v(t) =t(i +j + k) v(1)=1j+1k+C=5jIZI C=9j—1k
. _ 2 2 2 2 2
r(t):f(t|+tj+tk)dt:E(|+J+k)+C V(t)7<f+g>-+<f_1>k
2 2T \2 72
r(O)=C=O,r(t)=E(|+J+k), 2 9\ 2 1
r(t)= E+§J+ E_Ek dt
rQ=20+j+k =2 +2 +2k
t3 9 t3 1
—<g+§t)J+(g*Et>k+C
14 1 14 1
r(l) Ej—ék-i-C—OD C——Ej‘i‘ék
t3 9 14\. t3 1 1
I’(t)7<g+§t—§)J+(g—Et+§)k
17. 2
I'(Z) §j+§k

23. The velocity of an object involves both magnitude and direction of motion,
whereas speed involves only magnitude.

50

25. r(t) = (88cos30°)ti + [10 + (88sin 30°)t — 16t2]j
= 44/3ti + (10 + 44t — 16t2);j

0 300
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1 V, V,
27. r(t) = (v, cosoti+[h+ vsjnet—ftz}' =—°ti+<3+f0t716t2>'
) = (v ) (vosin O)t — 5gt? /3 /3 j

Vot — 300when3 + 2t — 1612 = 3.

V2 V2
12,
(o sooﬂ’ A<300ﬂ> 16(300f) _ 0,300 _ 3% (232) o
Vo 2\ Vo Vo Vo
= 300(32), V, = /9600 = 40./6, v, = 40./6 ~ 97.98 ft/sec
The maximum hei ght is reached when the derivative of the vertical component is zero.
tvo 40./6
)=3+—%—16t2=3+ — =1t — 16t2 = 3 + 40./3t — 16t2
y(t) N: N
y(t) =40,/3-32t=0
_40J3_5/3
32 4

Maximum height: y( f) =3+ 40f(5f) - 16<5f> = 78 feet

29. x(t) = t(vycos0) or t = Vo <05 0

y(t) = t(vysin 6) — 16t + h

y=

X X2 _ _ (16 2
s gllosn0) - <02CO820>+h—(tan0)x (Vozsecze)x ih

31. r(t) = ti + (—0.004t2 + 0.3667t + 6)j, or

(@ y = —0.004x* + 0.3667x + 6 (b) s
0 120
0
(c) y’= —0.008x + 0.3667 = 0 [0 x = 45.8375 and (d) From Exercise 29,
y(45.8375) =~ 14.4 feet. tan § = 0.3667 [0 6~ 20.14°
165ec” 9 _ ,_ 16500
@ 0.004 O vz = 0,004

O v, ~ 67.4ft/sec.

33. 100 mph = (100 m:es)(szso —) /(3600 sec/hour) = @ ft/sec
@ ri) = (4%0 cos Bo)ti + [3 + (4%0 sin Bo)t - 16t2]j
(b) 100 Graphing these curves together with y = 10 shows that 6, = 20°.

. @500

0

—CONTINUED—

4000

T o 0
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33. —CONTINUED—

() We want

x(t) = <% cos 0>t > 400 and y(t) =3+ (4%0 sin G)t — 16t2 = 10.

From x(t), the minimum angle occurs when t = 30/(11 cos 6). Substituting this for t in y(t) yields:
440 . 30 30 2
3+ (T sn 6)(11 cos 9) N 16<11 cos o) =10
14,400

400tan0—ﬁse(:20:7

(1+ tan? ) — 400tan 9 + 7= 10

14,400
121

14,400 tan? 6 — 48,400 tan 6 + 15,247 = 0

_ 48,400 + /48,4007 — 4(14,400)(15,247)
2(14,400)

48,400 — /1,464,332,800
28,800

tan 0

6= tan*1< ) ~ 19.38°
35. r(t) = (veos O)ti + [(vsin o)t — 16t7]j

(8 We want to find the minimum initial speed v as a function of the angle 6. Since the bale must be thrown to the
position (16, 8), we have

16 = (vcos Ot
8 = (vsin H)t — 16t2

t = 16/(v cos 6) from the first equation. Substituting into the second equation and solving for v, we obtain:

. 16 16 \2
8= (vsin 0)(v cos 0) B 16(v cos 0>

sin @ 1
1_Zcoso 512(\/2(:052 0)
1 _snf§
V2 cos? 6 cos 0

512

1 ( sing \cos?# _ 2sin6cosh — cos? §

v \“cose ) B12 512
) 512
V2= —
2sinHcosf — cos?
512

We minimize f(6) = 2SN 0cosf — o2 0

2cos? 0 — 2sin20 + 2sin §cos 6
(2sin 6cos § — cos? 6)?

f(0) =0 O 2cos(26) + sin(26) =0
tan(20) = —2
0 =~ 1.01722 =~ 58.28°

f(6) = —512

Substituting into the equation for v, v = 28.78 feet per second.

(b) If § = 45°,
16 = (vcos Ot = v?t
8= (vsin o)t — 162 = v?t — 1612
512 512

V2/2)(V2/2) - (V2/2)? Ve 1024 O v = 32ft/sec.

From part (a), v2 =
part (a) 2(
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37. r(t) = (vocos O)ti + [(v,sin O)t — 16t2]]

VpSin 6
16

(VpSinO)t — 162 =0 whent=0and t =

Therangeis
VosSin 6 _ 7
16

30 sin 26.

x = (Vo cos O)t = (v, cos 6)

Hence,

12002
32

X sin(26) = 3000 O

39. (8) 6= 10°, v, = 66ft/sec
r(t) = (66 cos10°)ti + [0 + (66 sin 10°)t — 16t2];
r(t) = (65t)i + (11.46t — 16t?);
Maximum height: 2.052 feet
Range: 46.557 feet

5

0 50
0

0 = 45° v, = 66 ft/sec

r(t) = (66 cos45°)ti + [0 + (66 sin 45°)t — 16t2];
r(t) = (46.67t)i + (46.67t — 16t?)j

Maximum height: 34.031 feet

Range: 136.125 feet

(©

40

0
6 = 60°, v, = 66 ft/sec

r(t) = (66 cos60°)ti + [0 + (66 sin 60°)t — 16t2]]
r(t) =~ (33t)i + (57.16t — 16t?)]

Maximum height: 51.074 feet

Range: 117.888 feet

(€

60

. 1 .
anO—E O 6= 1.91°.

(b)

(d)

()

6 = 10°, v, = 146 ft/sec

r(t) = (146 cos 10°)ti + [0 + (146 sin 10°)t — 16t2];j
r(t) = (143.78t)i + (25.35t — 16t?);

Maximum height: 10.043 feet

Range: 227.828 feet

15

0 300
[

= 45°, v, = 146 ft/sec

r(t) = (146 cos45°)ti + [0 + (146 sin 45°)t — 16t2];
r(t) =~ (103.24t)i + (103.24t — 16t?)]

Maximum height: 166.531 feet

Range: 666.125 feet

200

0
6 = 60°, v, = 146 ft/sec

r(t) = (146 cos 60°)ti + [0 + (146 sin 60°)t — 16t2];
r(t) = (73t)i + (126.44t — 16t?)j

Maximum height: 249.797 feet

Range: 576.881 feet

300
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41.

47.

49.

51.

r(t) = (v cos Oti + [h + (v, sin O)t — 4.9t2];
= (100 cos 30°)ti + [1.5 + (100 sin 30°)t — 4.9t7];
The projectile hits the ground when —4.9t2 + 100(%)t +15=0 0 t= 10.234 seconds.

The range is therefore (100 cos 30°)(10.234) =~ 886.3 meters.
The maximum height occurs when dy/dt = 0.

100sin30 = 9.8t O t~ 5102 sec
The maximum height is

y = 1.5 4+ (100 sin 30°)(5.102) — 4.9(5.102)? =~ 129.1 meters.

. 1(t) = b(wt — Sinwt)i + b(1 — cos wt)j

V(t) = b(w — wcos wt)i + bo sSin wtj = bw(1 — cos wt)i + bw Sin wtj
at) = (bw?sin wt)i + (bw? cos wt)] = basin(wt)i + cos(wt)j]

Iv(®)| = V2bw/1 — cos(wt)

la@ll = be?

@ |v@®)| = 0 when ot =0, 27, 4m,. . ..
then ||v(t)]| = 2bw.

V(t) = —bw sin(wt)i + bw cos(wt)j
r(t) - v(t) = —b2w sin(wt) cos(wt) + b2w sin(wt) cos(wt) = 0

Therefore, r(t) and v(t) are orthogonal.

at) = —bw? cos(wt)i — bw? sin(wt)j = —bw?cos(wt)i + sin(wt)j] = — w?r ()

a(t) is a negative multiple of a unit vector from (0, 0) to (cos wt, Sin wt) and thus a(t) is directed toward the origin.

la®)] =
1=m(32)

F = m(u?b) = (207) = 10

o = 4./10rad/sec
[v(©)|| = bw = 8./10 ft/sec

To find the range, set y(t) = h + (v, sin )t — %gt2 = 0then0 = (%g)t2 = (vpsin )t — h.

By the Quadratic Formula, (discount the negative value)

_ VosSinf + V(=Vysin6)® — 4[(1/2)gl(—h) _ VoSno + Jv?sn? 6 + 2gh
2[(1/2)g] g '

t

At thistime,

i 2 qjn2 . .
X(t) = v, COSG(vosmG + JV2sin? 6 + Zgh> _ V008 0/v09n0 N v02<sm2 0+ 2&2\)
g g \ Vo
2
=V00050<sjn0+ . /sjn20+zg?>.
g Vo

() ||v()|| is maximum when ot = 7, 3, . . .
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53. r(t) = x(t)i + y(t)j + z(t)k Position vector
v(t) = x(t)i + y’(t)j + z(t)k Velocity vector
a(t) = x1(t)i + y(t)j + z(t)k Acceleration vector
Speed = [v(t)]| = V(x(1)? + y' (1) + 2'(1)?

= C, Cisaconstant.

SIx? +y 2 + 207 = 0

2X(Hx1(t) + 2y (Hy1t) + 2z(1)z(t) = 0
2[x(Ox(V) + y' Oy + z(®)z' (1] = 0
v(t) - alt) =0

Orthogonal

55. r(t) = 6costi + 3sintj
(@ v(t) =r(t) = —6sinti + 3 costj
V@] = V36t + Gcot
= 3/4sn?t + cos?t
=3/3smt+ 1
alt) = v/(t) = —6costi — 3sintj
(© 5

| N

-6

(0) T 2
4 3

Ny

Speeng\/E6g\/E3

(d) The speed isincreasing when the angle between
v and aisin the interval

o)

The speed is decreasing when the angleisin the
interval

£}

Section 11.4  Tangent Vectors and Normal Vectors

1 r(t) = 3 + 2t

rt) =2t+ 2, [r)=vVa+4=2/2+1

r 2+ 2

B o
0= 0" 2ver1 verit Y
T(l)=%<i+1)=§i+%

5 r(t)=ti +t3j +tk
rt) =i+2t +k
Whent =0, r(0) =i + k, [t =04t (0,0, 0)].

(0 _ V2
RO

T(0) = (i +k)

Directionnumbers: a=1, b=0,c=1
Parametric equations: x =t, y=0, z=t

3. r(t) = 4costi + 4sintj

r(t) = —4sinti + 4 costj

[Ir'®)) = V/16sin?t + 16 cos’t = 4
r(t) e )
T(t) = = —dinti + costj
[Ir @)
T\ N2, V2
T(4) = > I+ > |

7. r(t) = 2costi + 2sintj + tk

r’(t) = —2sinti + 2costj + k
Whent =0, r(0) = 2j + k, [t = 0at (2 0,0)].

(0 _ 5
I

T(0) = (2 + k)

Directionnumbers: a=0,b=2,c=1
Parametric equations: x =2, y=2t, z=1t
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9. r(t) = (2cost, 2dint, 4)
r’(t) = (—2sint, 2 cost, 0)
Whent = 77: r’<g> = (-2, 72,0), [t :77: a (V2 V2, 4)]

a\_ =/ _ 1,
T(5) = ey = o~ v2 V2.9

Direction numbers: a= —+/2, b= /2, ¢=0

Parametric equations: x = — /2t + /2, y= /2t + /2, z= 4

1. () = <t, e, §t3>

r(t) = (1,2, 2t
Whent =3, r'(3) = (1,6,18), [t= 3 a (3,9, 18)].
e 1
B (XTI Chak

Directionnumbers: a= 1, b= 6, c = 18
Parametric equations; x =t + 3, y=6t + 9, z= 18t + 18

13. r(t) = ti + Intj + Vtk, t,=1
o1 1 o1
r¢)=i+5+—=k-r'd)=i+j+ =k
(®) o 2 /i (2) i+35
P _ i+j+(@/2k 20 2

IF®l ~ v1+1+@a 3 3!

. 1
Tangent linee x =1+ t, y=1t, z=1+§t

r(L1) ~ 1.1 + 0.1j + 1.05k

1
T = + ék

r(ty + 0.2)

=(1.1,0.1, 1.05)

17. r(t) =ti + %th,t =2

r) =i+t

T i
0w~ /v e

—t

. 1 .
T = (t2 + 1)3/2I * (t2 + 1)3/21
-2, 1.
T2 = =L + o2l
T 1, . —2/5 /5
N(2) = e + \/5( 2i+j) = 5 i+ 5 i

15. r(4) = (2,16, 2)

u® = (2,16, 2)

Hence the curves intersect.

Ft) = <1, 2, %> r4) = <1, 8, %>

o= (g2 i) v - (G2 f)

r’(4) - u’(8 _ 16.29167
r@|u®) 16.29513

cosf = O 6=12°

19. r(t) = 6costi + 6sintj +k,t=37?7

r'(t) = —6sinti + 6 costj

o
TO= o)
T/(t) = —costi — sintj, [T®)| = 1
37\ ﬂ ﬁ
W?%E““?

—sinti + costj
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21 r(t) = 4ti 23, 1(t) = 4t2i

v(t) = 4i v(t) = 8ti

at) =0 at) = 8i

TO = g~ 3 ! TO = g~

T =0 T =0

N(t) = T is undefined. N(t) = T is undefined.

Tl IT @

The path is aline and the speed is constant. The path is aline and the speed is variable.

25. r(t) =ti + %j, vit) =i — tlzj, v(il) =i —j, 27. r(t) = (€' cost)i + (€'sint)j

v(t) = €(cost — sint)i + €(cost + sint)j

alt) = 2j, a1) = 2j - |
at) = e(—2sint)i + €(2 cost)j

v(t) 2 (1 _ i 7 v 1, V2
T(t) = HV('[)” \/m(l t2J> \/W( I = ) Att = E' T= M = ﬁ(_l + ]) = 7(_| + ])-
T@1) = %(i —j) = %(i - Motion along r is counterclockwise. Therefore,
1, V2.
2 a8 N="gi =5+
T D @ e IR
N(t) - ||T /(t)” - 2t ar =a- T= \/ée /
(t* + 1) ay=a-N= 22
\/t4 gl 1)
N = i+ ) = i+ )
a,=a-T=-2
ag=a-N=.2

29. r(ty) = (coswty + wtysin wtp)i + (Sin wty — wty coS wtp)j
V(ty) = (w?ty cos wtp)i + (0t Sin wtp)j
alty) = wA(cos wty — wtySin wty)i + (wty COS wty + Sin wtp)j]

T(t,) = Il ” = (cos wty)i + (sin wty)j

Motion along r is counterclockwise. Therefore
N(to)

ar=a-T =0

ay

(—sin wty)i + (cos wty);.

a-N= o*at) = o,
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3L r(t) = acos(wt)i + asin(wt)j
v(t) = —aw sin(wt)i + aw cos(wt)j
a(t) = —aw? cos(wt)i — aw? sin(wt)j

v _
v
N(t) = ”; :8” = —cos(wt)i — sin(wt)j

ar=a-T=0

T@) = —sin(wt)i + cos(wt)j

ay=a-N=aw?

35. r(t)=ti+%j,to=2
x=t,y=%D xy =1
.1
r’(t)=|—t—21

T = S

ST,
N(2) = i (i +4j)
t2
39. r(t) =ti +t3 + Sk

v(t) =i + 2t + tk
vi)=i+2 +k

at) =2 +k
T = =2 i+ 2 +tk)
vl /1 + 52
T(1) = %(i +2) + k)
—5ti + 2 + k
N() = T (1+59)¥  -5ti+2 +k
[T NG V51 + 52
1+ 5t2
N(D) = Y35 4+ 25 + k)
30
5.6
a_l_ =a--T= T
/30

a=a-N="g"

33.

37.

41.

Speed: [V(1)]| = aw
The speed is constant since a; = 0.

r(t) = ti + 2tj — 3tk
v(t) =i+ 2 — 3k

at)=0
\Y; 1 . ) V14
TM) == ——=(i + 2] — 3k) ==
O T AT
T . .
N(t) = 57— isundefined.
O =7

ar, ay are not defined.

r(t) = 4ti + 3costj + 3sintk
v(t) = 4i — 3sintj + 3costk
v(g) = 4i — 3
a(t) = —3costj — 3sintk
o
a(z) = -3k
Tt) = Mo 1(4i — 3sintj + 3 costk)
R ’
T 1 . .
T(E) = g(4| — 3])
T . .
N(t) = m = —costj — sintk

(i + 2 — 3K)

N(g) = —k

ar=a-T=0

ag=a*N=3
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r(t)
Ir @l
(1)
(Nl

If a(t) = a;T(t) + ayN(t), then a; is the tangential component of acceleration
and a is the normal component of acceleration.

43. T(1) =

N(t) =

45. If ay = 0, then the motion isin astraight line.

47. r(t) = (@t — sinat, 1 — cos 7t)
The graph isacycloid.
@ r(t) = {(wt— snmxt, 1 — cos xt) y

v(t) = (m — mcoswt, wsin 7t)

o 1
-
1"
N|w

NES

a(t) = (w2sin t, 72 cos rt)

v(t) 1

T) = = 1 — coswt, sin 7t x
© IvOl  /2(1 — cos wt)\ )
T(t) 1 .
N(t) = — 57 = ——————==(sinwt, —1 + cos 7t)
ITOl /21— cosat)
1 . . 2g
ar=a-T [m2sin #it(1 — cos wrt) + w2 cos wt sin «rt] = ™ Sn it

N V2(1 — cos mt) ~ J/2(1 — cos )

2(1 _ 2\/,7
ay=a-N= ;[ﬂz si it + w2 cos wt(—1 + cos wt)] = w1 —cosmt) _ m°v21 — cosl)
V2(1 — cos mt) V2(1 — cos mt) 2
_1 w2 J2x? _ J2x?
Whent—z.aT—ﬂ— > AT,

Whent =1: a; =0, ay = 72

3 Vo V2?2
Whent—z.aT— 5 AT,
(b) Speed: s = |v(t)]| = 7v/2(1 — cos =t)
ds _ msinat a
d /21— cosat)
2
Whent = %z ar = \/377 > 0 O thespeedinincreasing.

Whent = 1: a; = 0 O the height is maximum.

S22
2

Whentzg: ar = —

> < 0 O the speed is decreasing.
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49. r(t) = 2costi + 2sintj] + %k, to 2127 ,

r(t) = —2sinti + 2 costj +%k

2 o1
T(t) = 17 ( 23mt|+2003t]+2k)
N(t) = —costi — sintj
o . T
F(E>—2]+Zk
7\ 2J/17 1\ V17,
T(7) = 252+ 3x) - a4 w0
aw .
N(2>**J
i ik
T\ _ o7 7\ _ | 4a/17 JI7| V1T oaJ1r, V17,
B(2> T<2>><N(2> T 0 7 17|+ 17 k h (i + 4k)
0 -1 0

51. From Theorem 11.3 we have:
r(t) = (Votcos 6)i + (h + vgtsin 0 — 16t9)]
v(t) = vycos 6i + (Vo Sin 6 — 32t)j
alt) = —32j
(Vocos 0)i + (v, sin § — 32t)j
Vg2 Cos2 0 + (Vo Sin § — 32t)2
(Vgsin 6 — 32t)i — v, cos 6
Vo2 COS? 6 + (Vo Sin 6 — 32t)?
—32(v,sin § — 321)
Vg2 COS? 6 + (Vo Sin 6 — 32t)?

T =

(Motion is clockwise.)

N(t) =

aT:a-T:

ag=a-N= 32v, cos 0
V2 cos 6 + (vysin 6 — 32t)2
Maximum height when v, sin § — 32t = 0; (vertical component of velocity)
At maximum height, a, = 0 and a, = 32.

53. r(t) = (10 cos 107, 10sin 107t, 4 + 4t), 0 < t < =%
(& r(t) = (—1007 sin(107t), 1007 cos(107t), 4)
r ]| = +/(1007)2 in2(107t) + (100m)2 cos2(10t) + 16
= /(10072 + 16 = 4./62572 + 1 ~ 314 mi/hr
(b) a; = 0 and a, = 100072

a; = 0 because the speed is constant.

55. r(t) = (acoswt)i + (asn wt)j
From Exercise 31, weknowa - T = 0anda - N = aw?.

(@ Let wy = 2w. Then (b) Leta, = a/2. Then
or the centripetal acceleration isincreased by afactor
of 4 when the velocity is doubled. or the centripetal acceleration is halved when the

radiusis halved.
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/956 x10* : /956 x 10* ,
57. v= ~10 4.83 mi/sec 59. v= 3 4.67 mi/sec

61. Let T(t) = cos @i + sin ¢ be the unit tangent vector. Then

pdr _drde o ndo _ \, do
T(t) = & dbdt (sin ¢i +cos¢>1)dt =M e
M = —sin¢i + cospj = cod ¢ + (7/2)]i + sin[¢ + (7/2)]j and is rotated counterclockwise through an angle

of w/2fromT.
If dp/dt > 0, then the curve bends to the left and M has the If dgp/dt < 0, then the curve bends to the right and M has the

same direction as T'. Thus, M has the same direction as opposite direction as T”. Thus,
T’ T’
N = 10 N = =
Il T
which is toward the concave side of the curve, again points to the concave side of the curve.
y y

M

X

/

63. Usinga=a;T + N, TxT =0, and |T x N|| = 1, we have:
vxa=|VT x (T + ayN)
= |Vlar(T x T) + [[Vlfan(T > N)
= [Vlan(T x N)
Ivx & = [mayT = NI
= [Ivlay

V X
s, = M

Section 11.5 Arc Length and Curvature

L or(t) =ti + 3t 3. r(t) = acos®ti + asindtj
d _ . dy_, dz_ d _ e Yo
i 1, i 3, i 0 i 3acostsint, i 3asint cost
4 /2
s= f J1+9dt s=4J [Bacos?t(—sint)2 + [3asin?t cost]? dt
0 (0]
a4 /2
= MJ dt :12af sint cost dt
0] 0]

/2

4 /2
=[\/10t] =410 =3af 23in2tdt=[—3ac052t] = 6a
0 0

0
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5.

13.

Cr(t) = 2ti — 3t + tk

. r(t) = acosti + asintj + btk

@ r(t) = (vycos Oti + [h + (Vo Sin O)t — %gtz]j

(100 cos 45°)ti + [3 + (100 sin 45°)t — %(32)?] j

50./2ti + [3 + 502t — 16t7;
(b) v(t) = 50/2i + (50./2 — 32t)j

502 - 32t=0 O t=%‘6@

Maximum height: 3 + 50ﬁ<M> - 16(

252
16 16
() 3+50/2t—16t2=0 0O t= 44614

Range: 50./2(4.4614) ~ 315.5 feet

2
) = 81.125ft

.46
d) s= f * 14\/ (50./2)* + (502 — 32t)clt ~ 362.9 feet

0

a _,dy _, dz_
da T dt 3’dt71

2
s=fmdt
0

:J:\/ﬁdt:[Jﬁt]zzzJﬂ

A dz _ dx
i asint, dt—acost, dt_b p

2
S*J’
0

a?sin’t + a?cos’t + b2 dt

=2t,$/=1,

dt

11 r(t) =t3 + tj + Intk
dz 1

dt ot

s= f\/(zt)2 + (12 + <%>2dt

2m 2 R Gl
= j Ja& + P dt = [\/a2 + b’—’t}0 = 2m/a + b? = J — e
0 1

z

A =

@o.2m) . |

c@oo

ri)=ti+@4—-t3)j +t3%k, 0<t<?2
@ r(0) = (0,4,0), r(2) = (2,0,8)
distance = V22 + £ + 8 = /84 = 2/21 ~ 9.165

—CONTINUED—

F\/zlt4 +t2+1

1 t

dt =~ 8.37
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13. —CONTINUED—

(b) r(0) =<0,4,0)
r(0.5) = (0.5, 3.75, .125)
r(1) = (1,3, 1)
r(15) = (1.5, 1.75, 3.375)
r(2) =(2,0,8)

distance = /(0.5)? + (.25)% + (.125)% + /(.5)? + (.75)?> + (.875)% +

(05)2 + (1757 + (4.625)2

~ 0.5728 + 1.2562 + 2.7300 + 4.9702 =~ 9.529

(¢) Increase the number of line segments.

(d) Using agraphing utility, you obtain 9.57057.

15. r(t) = (2 cost, 2sint, t)

@ s- f JXOF T Y OF + 2P du

= Jt (—2sinu)2 + (2cosu)? + (1)2du

:J:ﬁdu:[\/ﬁu];: /Bt

(c) Whens = /5: x = 2cosl =~ 1.081
y=2sn1l~ 1683
z=1

(1.081, 1.683, 1.000)

X = 2005—2 ~ 0433

When s = 4:
V5
y=2sn-* ~ 1953
J5
4
7= ——~1789
NG

(—0.433, 1.953, 1.789)

S —
0 =t

X = 2co f) —25in<%), z=

r(s) = 2co! f) i+ 25in(%)

@ |r’(s)||:\/(—J5sm( )+ (oo )+ () -

17. r(s) = <1 + ‘fs)i + <1 - %s)j

ﬂ\/i
2 ' T o

r’(s)
[Ir ()l
T(9=00 K=T(s] =0

1

s = ad ol = /35

T(s) =

=rs

(Thecurveisaline)

=1

19. () = 2cos<%>i + Zsin(%>j +

T(s) =r1s =

K=[T1s)

%sin(

allnN

S \. 2
i + —co

7

o

V5

s)j

S

NG

V5

NG

S

5

(0.52 + (1.25)2 + (2.375)? +

j + =k

{

5

b

NG

k
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21 r(t) = 4ti — 2t
v(t) = 4i — 2
@) = %(m )
T =0

7ol _
e ol

0 (Thecurveisaline)

25. r(t) = 4 cos(2mt)i + 4€n(2wt)j
r'(t) = —8wsin(2xt)i + 8w cos(2wt)j
T(t) = —sin(2#t)i + cos(2nt)j
T(t) = — 27 cos(2wt)i — 27 Sin(27t)]
T _ 2w _1

K = = =
Irolf 8= 4

29. r(t) = écosti + €sintj
r(t) = (—e'sint + e cost)i + (¢ cost + € sint)j

Tt) = i[(—sint + cost)i + (cost + sint)j]

J2

T = %[(—cost —sint)i + (—sint + cost)j]

%

ol 1 /5
K=ol ~ Ve~ 2 ©

2
B 1) = ti + 1 + %k

rt) =i+ 2tj + tk
i+ 2t + tk
J1 + 5t2
—5ti + 2j + k
(1 + 5932
_ Tl
[[r
V5
_ @+t /5
J1+522  (1+ 5232

T =

T =

23 rt) =ti + %j

v =i - i

v(l) =i —j

alt) = 5

all) =2
i

0= 1

N = g gl + )

N(D) =%(i i)
_a-N_J2
ME ~ 2

27. r(t) = acos(wt)i + asin(wt)j
r(t) = —aw sin(wt)i + aw cos(wt)j
T(t) = —sin(wt)i + cos(wt)j
T(t) = —wcos(wt)i — w sin(wt)j

L
ol e " a

31. r(t) = (coswt + wt Sin wt, Sin wt — wt cos wt)
From Exercise 21, Section 11.4, we have:
a*N= ot

(a0 NO | ot 1
TTME T o

35. r(t) = 4ti + 3costj + 3sintk
r'(t) = 4i — 3sintj + 3costk

T(t) = %[4i — 3sintj + 3costk]

T = %[—Scostj — 3sintk]
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37.y=3&-2

Sincey” = 0, K = 0, and the radius of curvature
is undefined.

4. y= Ja2— %
, —X
y = 2 — x2
y' = (a2 _ X2)3/2
Atx = 0: y'=0
//:;
y a
K 1l/a 1

S+ a

K =a (radiusof curvature)

1 y— _i //_z
45.y—x+;,y—l x2’y_x3
2

K=Tr7

2

Radius of curvature = 1/2. Since the tangent lineis
horizontal at (1, 2), the normal line is vertical. The center
of the circleis 1/2 unit above the point (1, 2) at (1, 5/2).

2
Circle: (x — 1)2 + <y - g) = %

4

o

(.2

39. y=2¢+3

47.

y’ = 4x
y// = 4
4 4
K= [1+ (—47? =17~ 0.057
3/2
%: 17 =~ 17.523 (radius of curvature)

(a) Point on circle: (7—27 1)

A
Center: <2, O)

2
Equation: (x - 7—27> +y?=1

(b) The circles have different radii since the curvature is

different and
o1
=
y =€ X=0
y/ — ex, y/I: e)(
y0=1 y0=1
1 1 1 1
Keas @22 55 =i =2v2

The dope of the tangent lineat (0, 1) isy’(0) = 1.

The slope of the normal lineis — 1.

Equation of normd linet y — 1= —xory=-x+1
The center of the circle is on the normal line 2+/2 units
away from the point (0, 1).

0-x2+ (1 —-y2=2/2

X2+ x2=38
X2 =4
X=%2

Since the circleis above the curve, x = —2andy = 3.
Center of circle: (—2, 3)
Equation of circle: (x + 2)2 + (y — 3)?=8

6

(0,1
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49, y 5. y=(x—12+3 y =2x—-1),y =2
T K = 2 _ 2
—_— e x 1+ [2x— P32 [1+ 4x— 122
r AB (d) Kismaximum when x = 1 or at the vertex (1, 3).
(b) imK=0
X - 00
ol
— y2/3 ’— 2 —-1/3 " _— 2 —4/3 _ 3
53. y = X Y =X A Y= g 55. y=(x—13%+3
’— _ 2
K = (—2/9)x4/3 _ 6 y'=3x-1
[1+ (4/9)x"2/3]3/2 XI/3(9x2/3 + 4)3/2 y’=6(x — 1)
(@ K O ooasx O 0.Nomaximum _ ly”] _ |ex=1] _
K= = =0ax=1
(b) lim K =0 [1+)2F?  [1+9kx — )2
X 00

Curvatureis 0 at (1, 3).

ly”]

b
57. K=" s 59. s= f r(t)| dt 61. Thecurveisaline.
T LK

The curvature is zero when y” = 0.

63. Endpoints of the major axis: (=2, 0)
Endpoints of the minor axis: (0, +1)

X2+ 4y? =4
2X+ 8y’ =0
s X
Ay
y - @ED - (=0@y) -4y -0y —@+x) -1
16y? 16y? 16y VS
|—1/4y° |- 16| 16 16

T (/a2 T (162 + P2 (122 + 972 (16 — 32

Therefore, since —2 < x £ 2, Kislargest when x = +2 and smallest when x = 0.

65. f(x) = x* — x?

‘_ 2l6x2 — 1
@ K =T166 — 160 + 22 + 1772

(b) Forx = 0,K = 2.f(0) = 0.At (0, 0), the circle of curvature has radius 3. Using the symmetry of the graph of f, you obtain

x2+< +1>2:1
YT T x

Forx=1K = (2\/5)/5. f(1) = 0. At (1, 0), thecircle of curvature has radius

V5_1
2 K’
Using the graph of f, you see that the center of curvature is (O, %) Thus, 2

f
o a
X2+(Y*§> =7 -3 3

To graph these circles, use

-2
-1 1 . :; S_
y = 21,/4 X¢ and y 21,/4 X,

—CONTINUED—
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65. —CONTINUED—

(c) The curvature tends to be greatest near the extrema of f, and K decreases as x — +oo.
However, f and K do not have the same critical numbers. \}\/ \A/
Critical numbersof f: x = 0, t% =~ +0.7071

Critical numbersof K: x = 0, +.7647, +0.4082

o

67. (a) Imagine dropping the circle x2 + (y — k)? = 16 into the parabolay = x2. The circle will drop y
to the point where the tangents to the circle and parabola are equal.
y=x2 and X+ (y—k?=16 0 x>+ (x*—-Kk?*=16 e’
Taking derivatives, 2x + 2(y — kly’= 0 and Yy’ = 2x. Hence,
’r— - —X
(y=Ry'=—x Dy =5 \

L L L L
t t t t
-10 -5 5 10

Thus,

X _ iy = _ 1 = 2 _ 2 _ :,1
y—k 2x 0 —x=2x(y—-k O —-1=20x—-k O x*—k 5

Thus,

2
X2+ (% — k2 =x+ <—%) =16 O x2=15.75.
Finally, k = 2 + 3 = 16.25, and the center of the circle is 16.25 units from the vertex of the parabola. Since the radius of
the circleis 4, the circle is 12.25 units from the vertex.

(b) In 2-space, the parabolaz = y? (or z = x?) has a curvature of K = 2 at (0, 0). The radius of the largest sphere that will
touch the vertex has radius = 1/K = 3.

NPTV | 4 R
69. Giveny = f(x): K= 1+ [y/]z)s/z
1
Rk

The center of the circleis on the normal line at a distance of R from (x, y).

Equation of normal line: y — y, = —%(x - %)

J x| - L[ = B Thus, (%) = (X — Y2,y + 2.
y |y1 1+e2x B
Fory=e,y =e,y =¢e z= =e X+ e
R PR S I ¢ e 04 e
X=x)4 1+ 2
(¥) 8% Whenx =0: x,=x—yz=0- (1)(2) = -2
WAL+ [yP)? Yo=y+tz=1+2=3

R (VA&
y Center of curvature: (—2, 3)

_YaryP ., (See Exercise 47)

y//
Xo=X—Yy7Z

X=X

1
Y= Y= —yﬁ(x— x—y2)=-z

Yo=Ytz
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7. r=1+sné

r’=cosé
"= —sing
K = [2(r")2 = rr” + 12|

()7 + rF7

|2cos? 6 — (1 + sin §)(—sin 6) + (1 + sin 6)?|

[cos? 6 + (1 + sin §)2]R
31+sn6 3

8(1+sn6 221+ sno

7. r=€e¥a>0

r’ = ae?
r’ = a%e?
K = |2(r /)2 —rr’+ r2| _ |2a262a0 _ a2e2a9 + e230|
- [(r)2 + r2]3/2 - [a2e?20 + g2a0]3/2
1
N 2

(@ Aso O oo, KO O
(b) Asa 0 oo, K O 0.

79. x = f(t)
y =g
dy
y/:iy:izg’(t)
dx dx  f1(t)
dt
Q[g’(t)] f(Bg(t) — g’ HF 1)
v = dtl £ ] _ [f(H)]
dx )
dt
_ f0g’H — g’ ®F 1)
[
f(t)g’(t) — g’(t)f”(t)‘
K 1T [FO]°
[1+ (y)2/2 g'(t)\2]%2
[1 * (f/(t)) ]

g — g OF )
[f(O)F

\/ {[f’(t)]z + [g '(t)]z}s
[F(D]°

_ 1fg® — g’ f )]
[P + [g®]%2

83 a — mK(gs)2:< 5500 Ib )( 1 )(30(5280) ft
- B at 32ft/sec? )\ 100 ft )\ 3600 sec

73. r=asnéf

acos 6

ﬁ
N
Il

_‘
N
Il

—asing
[2(rw)? — rr” + r?|
[ + rF7
_ |2a2cos® § + a*sin? 6 + a?sin? 4|
[a2cos? 9 + a2sin? 93

2
a a

K =

77. r =4sn20

r’ = 8cos26

Atthepole K =

2 _2_1
r0)] 8 4

81l. x(6) = a(f — sin6)
x’(6) = a(1 — cos )

y(6) = a(1 — cos 0)
y(#) = asing
x(6) = asin @

_ [x10y10) — y(0)x10)|
[x(0)2 + y(6)2%?

_ |a¥(1 — cos @) cos § — a®sin? 6

"~ [aX1 — cos §)2 + a2sin? §]3/2

y(6) = acos @

_ 1 Jcos6 -1
a[2— 2cos6]/?
1 1-cosf

"~ a2./2[1 — cos P2 (1=cos20)

1 1 (9)
=— =  _ = g2
2a/2—2cosf 4a 2

S | _
Minimum: ™ (6=m)

Maximum: none (K-oo as 6-0)

2
) = 332751b
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85. Letr = x(t)i + y(t)] + z(t)k. Thenr = |r|| = V/[x®)]2 + [y(®)]2 + [z()]2 and r’ = x(t)i + y(t)j + z/(t)k. Then,

()

VIXOP + [y®]? + [Z(t)]z[%{ X1 + [y®)]* + [20)]7} 2 - (2x(Ox (1) + 2y(W)y (1) + 22(t)2’(t))]

X(Ox(t) + ytyy(t) + z0)z’t) =1 - r".

87. Letr = xi +yj + zk wherex, y, and zare functionsof t, and r = |r|.
d[r] crr/—=r(dr/dt) rr/—=r[(r-r)/r] v —=(r o)
= = > =

(using Exercise 77)

dtlr r2 r3

R+ Y+ X+ Y]+ k) - x4y + z2) (i + )+ ZK)

= =

= r—l3[(x’y2 + x'22 — xyy’ — xzz))i + (X&' + 2%y’ — xxy — zz'y)j + (X?2" + y?%z2’ — xx'z — yy'z2)k]
i i k

l ’ /- /’ /- ’ A l ’

=2 myz —0e—x2) xy' = xy | =Gilrxrxr)

X y z

<

89. From Exercise 86, we have concluded that planetary motion is planar. Assume that the planet
moves in the xy-plane with the sun at the origin. From Exercise 88, we have

Planet

rxL :GM(£+e).

Sincer’ x L and r are both perpendicular to L, soise. Thus, eliesin the xy-plane. Situate the
coordinate system so that e lies along the positive x-axis and 6 is the angle between eand r. Let ] 6
e=|lg]. Thenr - e = ||r| ||| cos 6 = re cos 6. Also,

ILIP=L-L=(xr)-L
=r-(r’><L)=r-[GM<e+£)]=GM[r-e+¥]=GM[recosO+r]

Thus,
ILIZ/GM  _

1+ ecos6

and the planetary motion is a conic section. Since the planet returns to itsinitial position periodically, the conic is an ellipse.

1(?,
91.A=§ rede

Thus,

A _dAdy_1,d_ 1,
d¢ do dt 2 d 2

andr Sweeps out area at a constant rate.
Review Exercises for Chapter 11
1 r(t) =ti + csctk 3.r(t) =Inti +tj +tk

(a) Domain: t # nar, nan integer (@ Domain: (0, co)
(b) Continuous except att = nar, N an integer (b) Continuousforalt > 0
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5 (@ r(0) =i
(b) r(—2) = —3i + 4 + 5k
©rc-1=@c—-1+2i+(—203 30— D%
=(2c - 1i + (c— 13 - 3(c — 1%
(d) r(1+At) —r(1) = (21 + At) + 1]i + [1 + At]§ — 3[1 + AtPKk) — 3B + ] — 2k)
= 2Ati + At(At + 2)j — 3(At3 + 3At2 + 3Ab)k

7. r(t) = costi + 2€in?tj 9.r(t) =i+t +1t%k 11 r(t) =i + sintj + k
X(t) = cost, y(t) = 2dn?t Xx=1 x=1,y=snt, z=1
y
+2=1 3
2 m o7
t 0 5 T >
y=21-x)
X 1 1 1 1
—1<x<1
, yl o] 1] 0] -1
z 1 1 1 1
1
- .
13. r(t) = ti + Intj + 3t% 15. One possible answer is;
r(t) = 4ti + 3tj, O<st<1
rt)=4i+(3—-1tj, 0<t<3
ry(t) = (4 — 1)i, O<st<4
17. The vector joining the pointsis (7, 4, —10). One path is 19. z=x+y3 x+y=0t=x
rt) = (—2+ 7t, —3 + 4t, 8 — 10t). X=ty=—-tz=2

rt) =ti — tj + 2t%

z
A

w
VI

21. tlir; (tii+ V4—-t3 +k)=4i+k



70

Chapter 11 Vector-Valued Functions

23.

25.

29.

31

35.

37.

39.

r(t) = 3ti + (t — 1)j, u@®) =ti +t3 + §t3k
@ rit)=3i+]

(© r@®)-ut) =32+t -1 =13+ 22

D{r(t) - u(t)] = 3t + 4t

e r) = Vo2 — 2t + 1

10t — 1
DUrON = Zsr =21

X(t) and y(t) are increasing functions at t = t,, and z(t) isa
decreasing function at t = t.

(b) r'(® =0
(d) u(t) — 2r(t) = —5ti + (2 — 2t + 2)j + %tsk

DJu® — 2r®)] = —5i + (2t — 2)j + 2t%

() r(t) x u(t) = %(v* — %) — 24 + (3% — 12 + K

DLr(t) x u®] = ( 2t2) 8t3 + (9t2 — 2t + Dk

27. f(costi + tcostj) dt = sinti + (tsint + cost)j + C

f||costi +sintj + tk dt = J\/l +2dt = %[t\/l TR+ Int+ I+ +C

rt) = J(Zti +é +etk)dt=1t4 +€j —etk +C

r0)=j—k+C=i+3 —5k 0 C=i+2j—4k
rt) =2+ )i + (¢ +2)j — (et + 4k

e 23 t4] 32

2
; 2 _ 13 =i+ S
33. ﬁz(Stl + 2t t3k) dt [ o + 3] k

2 2
f (&4 — 3t3 — k) dt = [?_et/zi -t — tk] =(2e—-2i—-8 — 2
0 0

r(t) = (cos’t, sin’t, 3t)
v(t) = r(t) = (—3cos?tsint, 3sin?t cost, 3)
IO =
= 3/coftsint(cos?t + sin?t) + 1

= 3J/cotsin’t + 1

9cos*tsin?t + 9sin*tcos?t + 9

a(t) = v/(t) = (—6cost(—sint) + (—3 cos?t) cost, 6sint cos?t + 3sin?t(—sint), O)
= (3cost(2sin?t — cos?t), 3sint(2cos?t — sin?t), 0)

r(t) =<In(t—3) t27> to=4

-(Zeal)
r4) = <

Since r(4) = (0, 16, 2), the parametric equations are
x=t,y=16+8t,z=2+%t.
r(t, + 0.1) = r(4.1) = (0.1, 16.8, 2.05)

> direction numbers

2 2
4]1. Range=x=visin29— @ sin60° = 152 feet

32 32

Vi _ /(8098
43. Range = x = 9.83m20—80 O v = Sn 40° ~ 34.9 m/sec
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45.  r(t) = Sti
v(t) = 5i
IV =5
at)=0

T) =i

N(t) does not exist
a-T=0

a - N doesnot exist

(Thecurveisaline))

49. r(t)=¢€i+ef
vit) =€ei — ey
IVOIl = Ve + e
alt) =¢éi+ e
éi — e
JE e
eli + €j
JFEren
e2t — e—2t
JF e
-2
JE e

T =

N(t) =

a-T =

aN=

47, r(t) =ti + S
v =i + zi\/ij
Ja+ 1

vl = o

1.
at) = —mj
i+ (1/2/)] _ 2+
(Vat+1)/2st  Jat+1
i — 24
JAat+1
T = _71
4t/ + 1
1
2t/4t + 1

T =

N(t) =

a-N-=

51 r(t) =ti +t3 + %tzk

v(t) =i+ 2tj +tk
vl = /1 + 5t2
at) =2 +k
i + 2t +tk
V1 + 52
—5ti + 2 + k
V5J/1 + 5t
5t
Y1+ 5t2
_ 5 __ 5
JBY1+ 52 /1 + 52

T(t) =

N(t) =

a-T=

a-N

53. r(t) = 2costi + 2sintj + tk,x = 2cost,y = 2sint,z=t

Whent=@, XxX=-J2,y=/2 z=

4
r'(t) = —2sinti + 2costj + k
Direction numberswhent = 3777 a=

X=—V2t— J2y=—Jot+ Jaz=t+ "

9.56 x 10

2600 =~ 4.56 mi/sec

55. v=

57. r(t) =2ti —3tj,0<t<5
r't) =2 — 3

b 5
S=J||r’(t)\|dt=f J4+ 9dt
a 0

= \/f%t]z=5\/ﬁ

-/2,b=—-/2,c=1
4
y
SN
4-2 [\2 4 6 8 1012 14
-4
-6
-8
-10
-12
1 (10, -15)
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59. r(t) = 10cositi + 10sindtj
r(t) = —30cos’tsinti + 30 sin?t costj

[r ®)|| = 30+/cos*t sin?t + sin*t cos’ t
= 30|costsint]
/2

/2 o
s= 4[ 30cost - sintdt = [120Sm t] =60
0 2 0

r(t) = —3ti + 2t + 4tk,0<t< 3
r't) = -3 +2j + 4k

b 3 3
s=f||r’(t)\|dtzjmm=f\/Edt=3\/ﬁ
a 0 0

r(t) = (8cost, 8sint, 1), 0 < t < 127 65. r(t) = %ti +sintj + costk, 0<t< 7

rt) = < —8sint, 8cost, 1), [r (1) = /65
b /2
s= [rota- [ vema-
a 0

rt) = %i + costj — sintk

5= f e
-[ \/mm

ff dt = —t] =7w

67. r(t) = 3ti + 24 69. r(t) =2t + %’[Zj + 12k
Line / ; ; /
r =2+t +2tk,|r] = V52 + 4
k=0 P = j + 2
ik
r’xr’=12 t 2t|=-4+2k,|[r' xr] =20
0o 1 2
K:||r’xr’1\: vV20 25
Ir 13 (5t2 + 4)3/2 (4 + 5t7)32
71 y=-x+2 3y =lInx
/_ 1 //_ 1
y’ =X y =% X2
y//_ 1 K = |y”| _ 1/X2
v 1 [1+)P2 [1+@Q/x72
2132 2\3/2
R Atx=1k=L =1 Y24 50

1 22 2/2 4
— 3/2 —
Atx=4,K = 173/2andr—17/ =17/17

75. The curvature changes abruptly from zero to a nonzero
constant at the points B and C.



