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85. Letr = x(t)i + y(t)] + z(t)k. Thenr = |r|| = V/[x®)]2 + [y(®)]2 + [z()]2 and r’ = x(t)i + y(t)j + z/(t)k. Then,

()

VIXOP + [y®]? + [Z(t)]z[%{ X1 + [y®)]* + [20)]7} 2 - (2x(Ox (1) + 2y(W)y (1) + 22(t)2’(t))]

X(Ox(t) + ytyy(t) + z0)z’t) =1 - r".

87. Letr = xi +yj + zk wherex, y, and zare functionsof t, and r = |r|.
d[r] crr/—=r(dr/dt) rr/—=r[(r-r)/r] v —=(r o)
= = > =

(using Exercise 77)

dtlr r2 r3

R+ Y+ X+ Y]+ k) - x4y + z2) (i + )+ ZK)

= =

= r—l3[(x’y2 + x'22 — xyy’ — xzz))i + (X&' + 2%y’ — xxy — zz'y)j + (X?2" + y?%z2’ — xx'z — yy'z2)k]
i i k

l ’ /- /’ /- ’ A l ’

=2 myz —0e—x2) xy' = xy | =Gilrxrxr)

X y z

<

89. From Exercise 86, we have concluded that planetary motion is planar. Assume that the planet
moves in the xy-plane with the sun at the origin. From Exercise 88, we have

Planet

rxL :GM(£+e).

Sincer’ x L and r are both perpendicular to L, soise. Thus, eliesin the xy-plane. Situate the
coordinate system so that e lies along the positive x-axis and 6 is the angle between eand r. Let ] 6
e=|lg]. Thenr - e = ||r| ||| cos 6 = re cos 6. Also,

ILIP=L-L=(xr)-L
=r-(r’><L)=r-[GM<e+£)]=GM[r-e+¥]=GM[recosO+r]

Thus,
ILIZ/GM  _

1+ ecos6

and the planetary motion is a conic section. Since the planet returns to itsinitial position periodically, the conic is an ellipse.

1(?,
91.A=§ rede

Thus,

A _dAdy_1,d_ 1,
d¢ do dt 2 d 2

andr Sweeps out area at a constant rate.
Review Exercises for Chapter 11
1 r(t) =ti + csctk 3.r(t) =Inti +tj +tk

(a) Domain: t # nar, nan integer (@ Domain: (0, co)
(b) Continuous except att = nar, N an integer (b) Continuousforalt > 0
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5 (@ r(0) =i
(b) r(—2) = —3i + 4 + 5k
©rc-1=@c—-1+2i+(—203 30— D%
=(2c - 1i + (c— 13 - 3(c — 1%
(d) r(1+At) —r(1) = (21 + At) + 1]i + [1 + At]§ — 3[1 + AtPKk) — 3B + ] — 2k)
= 2Ati + At(At + 2)j — 3(At3 + 3At2 + 3Ab)k

7. r(t) = costi + 2€in?tj 9.r(t) =i+t +1t%k 11 r(t) =i + sintj + k
X(t) = cost, y(t) = 2dn?t Xx=1 x=1,y=snt, z=1
y
+2=1 3
2 m o7
t 0 5 T >
y=21-x)
X 1 1 1 1
—1<x<1
, yl o] 1] 0] -1
z 1 1 1 1
1
- .
13. r(t) = ti + Intj + 3t% 15. One possible answer is;
r(t) = 4ti + 3tj, O<st<1
rt)=4i+(3—-1tj, 0<t<3
ry(t) = (4 — 1)i, O<st<4
17. The vector joining the pointsis (7, 4, —10). One path is 19. z=x+y3 x+y=0t=x
rt) = (—2+ 7t, —3 + 4t, 8 — 10t). X=ty=—-tz=2

rt) =ti — tj + 2t%

z
A

w
VI

21. tlir; (tii+ V4—-t3 +k)=4i+k



70

Chapter 11 Vector-Valued Functions

23.

25.

29.

31

35.

37.

39.

r(t) = 3ti + (t — 1)j, u@®) =ti +t3 + §t3k
@ rit)=3i+]

(© r@®)-ut) =32+t -1 =13+ 22

D{r(t) - u(t)] = 3t + 4t

e r) = Vo2 — 2t + 1

10t — 1
DUrON = Zsr =21

X(t) and y(t) are increasing functions at t = t,, and z(t) isa
decreasing function at t = t.

(b) r'(® =0
(d) u(t) — 2r(t) = —5ti + (2 — 2t + 2)j + %tsk

DJu® — 2r®)] = —5i + (2t — 2)j + 2t%

() r(t) x u(t) = %(v* — %) — 24 + (3% — 12 + K

DLr(t) x u®] = ( 2t2) 8t3 + (9t2 — 2t + Dk

27. f(costi + tcostj) dt = sinti + (tsint + cost)j + C

f||costi +sintj + tk dt = J\/l +2dt = %[t\/l TR+ Int+ I+ +C

rt) = J(Zti +é +etk)dt=1t4 +€j —etk +C

r0)=j—k+C=i+3 —5k 0 C=i+2j—4k
rt) =2+ )i + (¢ +2)j — (et + 4k

e 23 t4] 32

2
; 2 _ 13 =i+ S
33. ﬁz(Stl + 2t t3k) dt [ o + 3] k

2 2
f (&4 — 3t3 — k) dt = [?_et/zi -t — tk] =(2e—-2i—-8 — 2
0 0

r(t) = (cos’t, sin’t, 3t)
v(t) = r(t) = (—3cos?tsint, 3sin?t cost, 3)
IO =
= 3/coftsint(cos?t + sin?t) + 1

= 3J/cotsin’t + 1

9cos*tsin?t + 9sin*tcos?t + 9

a(t) = v/(t) = (—6cost(—sint) + (—3 cos?t) cost, 6sint cos?t + 3sin?t(—sint), O)
= (3cost(2sin?t — cos?t), 3sint(2cos?t — sin?t), 0)

r(t) =<In(t—3) t27> to=4

-(Zeal)
r4) = <

Since r(4) = (0, 16, 2), the parametric equations are
x=t,y=16+8t,z=2+%t.
r(t, + 0.1) = r(4.1) = (0.1, 16.8, 2.05)

> direction numbers

2 2
4]1. Range=x=visin29— @ sin60° = 152 feet

32 32

Vi _ /(8098
43. Range = x = 9.83m20—80 O v = Sn 40° ~ 34.9 m/sec
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45.  r(t) = Sti
v(t) = 5i
IV =5
at)=0

T) =i

N(t) does not exist
a-T=0

a - N doesnot exist

(Thecurveisaline))

49. r(t)=¢€i+ef
vit) =€ei — ey
IVOIl = Ve + e
alt) =¢éi+ e
éi — e
JE e
eli + €j
JFEren
e2t — e—2t
JF e
-2
JE e

T =

N(t) =

a-T =

aN=

47, r(t) =ti + S
v =i + zi\/ij
Ja+ 1

vl = o

1.
at) = —mj
i+ (1/2/)] _ 2+
(Vat+1)/2st  Jat+1
i — 24
JAat+1
T = _71
4t/ + 1
1
2t/4t + 1

T =

N(t) =

a-N-=

51 r(t) =ti +t3 + %tzk

v(t) =i+ 2tj +tk
vl = /1 + 5t2
at) =2 +k
i + 2t +tk
V1 + 52
—5ti + 2 + k
V5J/1 + 5t
5t
Y1+ 5t2
_ 5 __ 5
JBY1+ 52 /1 + 52

T(t) =

N(t) =

a-T=

a-N

53. r(t) = 2costi + 2sintj + tk,x = 2cost,y = 2sint,z=t

Whent=@, XxX=-J2,y=/2 z=

4
r'(t) = —2sinti + 2costj + k
Direction numberswhent = 3777 a=

X=—V2t— J2y=—Jot+ Jaz=t+ "

9.56 x 10

2600 =~ 4.56 mi/sec

55. v=

57. r(t) =2ti —3tj,0<t<5
r't) =2 — 3

b 5
S=J||r’(t)\|dt=f J4+ 9dt
a 0

= \/f%t]z=5\/ﬁ

-/2,b=—-/2,c=1
4
y
SN
4-2 [\2 4 6 8 1012 14
-4
-6
-8
-10
-12
1 (10, -15)
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59. r(t) = 10cositi + 10sindtj
r(t) = —30cos’tsinti + 30 sin?t costj

[r ®)|| = 30+/cos*t sin?t + sin*t cos’ t
= 30|costsint]
/2

/2 o
s= 4[ 30cost - sintdt = [120Sm t] =60
0 2 0

r(t) = —3ti + 2t + 4tk,0<t< 3
r't) = -3 +2j + 4k

b 3 3
s=f||r’(t)\|dtzjmm=f\/Edt=3\/ﬁ
a 0 0

r(t) = (8cost, 8sint, 1), 0 < t < 127 65. r(t) = %ti +sintj + costk, 0<t< 7

rt) = < —8sint, 8cost, 1), [r (1) = /65
b /2
s= [rota- [ vema-
a 0

rt) = %i + costj — sintk

5= f e
-[ \/mm

ff dt = —t] =7w

67. r(t) = 3ti + 24 69. r(t) =2t + %’[Zj + 12k
Line / ; ; /
r =2+t +2tk,|r] = V52 + 4
k=0 P = j + 2
ik
r’xr’=12 t 2t|=-4+2k,|[r' xr] =20
0o 1 2
K:||r’xr’1\: vV20 25
Ir 13 (5t2 + 4)3/2 (4 + 5t7)32
71 y=-x+2 3y =lInx
/_ 1 //_ 1
y’ =X y =% X2
y//_ 1 K = |y”| _ 1/X2
v 1 [1+)P2 [1+@Q/x72
2132 2\3/2
R Atx=1k=L =1 Y24 50

1 22 2/2 4
— 3/2 —
Atx=4,K = 173/2andr—17/ =17/17

75. The curvature changes abruptly from zero to a nonzero
constant at the points B and C.
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Problem Solving for Chapter 11

1 xt) = JO tcos(q%z) du, y(t) = j tsin<777uz> du
x'(t) = cos( ) y(t) = SII’I(T;[ )

@ s= F\/x’(t)2 + y/(t)?dt = Jadt =a
0 (0]

©) x10 = s 75 ).y10 = mt oo 7 |

at? - 2<Lt2>
‘wtcosz< > > + wtsin >

1

=t

K=

Att=a, K= 7a.
(c) K = 7a = w(length)

5 x(0) =1—cos,y(6 =snh,0< 6< 27

x(6)2 + y(0)? = /(1 — cos 6)? + sin? 6

= /2 —-2c0sf = /4sinzg

t

t
_ U or _ _ t
s(t)—LZsmde—[ 40032]7 4cos2

X”(6) = sin 6, y”(6) = cos 0

K = 1(1 - cose)cosee—gsin gsn6| _ |lcosé ; 1]
(25“’15) 85"'135
_ 1
4§ng
Thus,p=%=4sin%and

L+ p2=16 cos2(%) + 16 sinz(%) = 16.

7. Ir2®) = r) - r(t)
(||r(t)||)2 2r 5,

= r(t) .

||r(t)||

r +r-r O ||r(t | =

- r
IIr(t)II

3. Bomb: r,(t) = (5000 — 400t, 3200 — 16t2)
Projectile: r,(t) = ((v, cos O)t, (v, Sin O)t — 16t2)
At 1600 feet: Bomb:

3200 — 16t? = 1600 [ t = 10 seconds.
Projectile will travel 5 seconds:
5(vy sin 6) — 16(25) = 1600
Vo Sin 6 = 400.

Horizontal position:

Att = 10, bomb is at 5000 — 400(10) = 1000.

Att = 5, projectileis at 5v, cos 6.
Thus, v, cos § = 200.

.. VpsSing _ 400 _ o
Combining, Vo COS 6 = %00 O tano=2 010 6= 634.
200
Vo= Cosp " 447.2 ft/sec
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9. r(t) = 4costi + 4sintj + 3tk, t :7—27 11. (@) |B] = [T x N|| = 1 constant length [J %L B
t) = —4sinti + j + | =
r(t) 4sinti + 4costj + 3k, |r'®)]| =5 %—B=d£(TxN)=(TxN’)+(T’xN)
r’(t) = —4costi — 4sintj S S
dB r ’
T=—ﬂsinti+ﬂcostj+§k T g - T TxN)+T-(T'xN)
5 5 5
, VLIS
T’:—ﬂcosti—ﬂsintj =(TxT)-N+T (T ><||_I_/H>70
5 5
N = —costi — sinfj Hence, B 1 Band B 170 B
ds ds ds

B=TxN=gsinti—gcostj +gk for some scalar 7.

4 3 (b) B = T x N. Using Exercise 10.3, number 64,

5 T ¢ BxN=(TxN)xN=—Nx(TxN)

y = —[(N-N)T = (N - T)N]
=T

3 4

§|+§k BxT=(TxN)xT=-Tx(TxN)

=—[(T-N)T = (T - T)N]

v/ N
/

v AT T _ o _dT
/ Now kN = | €| g =T = G
e
Finally,
N9 = dﬂs(s X T)=(BxT)+ (B xT)
= (B xKN)+ (=N xT)
— —KT + 7B.
13. r(t) = (tcosat,tsinzt), 0 <t < 2 )
@ z ® Lengn = [ Ir o] o

2

-3 C‘i_/ 3 = f J7AZ+ Ldt ~ 6.766  (graphing utility)
0

-2
_ w(m%2 + 2)
© T [m%2 + 132 @
K() = 27
(w2 + 2)
K(1) = (2 + 1)3/2 ~ 104 0 5
0
K(2) ~ 051

(f) Ast - oo, the graph spirals outward and the curvature

© limK=0 decreases.



