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CHAPTER 12
Functions of Several Variables

Section 12.1 Introduction to Functions of Several Variables

Solutions to Even-Numbered Exercises

2. X2+ 2xy —y?>=4 4. z+ xlny—-8=0
No, zis not a function of x and y. For example, z=8—xlIny

(x,y) = (1, 0) correspondsto both z = 2 Yes, zis a function of x and y.

6. f(x,y) = 4 — x2 — 4y? 8. gx,y) = In|x +y]|
(@ f(0,00 =4 (@ 92,3 =In|]2+ 3| =1In5
() f(0,1)=4-0-4=0 (b) 9(5,6) =In|5+ 6] =In11
© (23 =4—-4—-36=—-36 © g€ 0 =Ine+0] =1
d f(Ly=4—1—4y2=3 — 4y? (d) 9g(0,1) =Inj0+ 1] =0
(e f(x,00=4-x>-0=4-x? (® g2 -3)=In2-3=In1=0
fft,)=4—-1t2—4=—t2 (f) gle;e) = Inje + €| =1In2e

=In2+Ine=(n2) +1

10. fx,y,2 = Vx+y+z 12. V(r,h) = 7rr?h
(@ (0,54 = JO+5+4=3 (@ V(3,10) = 7(3)%(10) = 90=
(b) (6,8, -3)=/6+8-3= /11 (b) V(5,2) = 7(5)%(2) = 507

Y1
14. g(x, y) = j Ydt

X

'1 1 1 3 1
(@ g4,1) = L Ydt = [In|t|]4 =-In4 (o) o(6,3) = J ?dt = [In|’[|]6 =In3-1In6= In<§>

6

16. f(x,y) = 3xy + y?
fix+Axy) — f(xy) _ [Bx+ Ax)y +y?] — (3xy + y?)

@ AX AX
_ 3y + 3(Axy + y2 —3xy —y? _ 3(Ax)y
= Ax = TAx 3y, Ax # 0
®) fixy+Ay) —f(xy) _ [3x(y+ Ay) + (y + Ay)’] — xy + y?)
Ay Ay
_ 3y + 3X(Ay) + y? + 2y(Ay) + (Ay)? — 3xy — ¥?
- A

= —Ay(Sx +A§y + Ay) =3X+2y+ Ay, Ay # 0

308
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18.

24.

30.

32.

38.

foy) = V42— a2

Domain: 4 —x2—4y> >0

X2 + 4y? <

A
N

7=
X—y

Domain: {(x,y): X # y}

Range: al rea numbers

20. f(x,y) = arccos%

Domain: {(x, y):—1¢< % < 1}

Rangee 0<sz<s 7

26. f(x,y) = x2 + y?

Domain: {(x,y): X is any real number,
y isany real number}
Range: z= 0

(3) Domain: {(x,y): xisany real number,

y isany real number}

Ranges —2<z<2

(b) z = 0when x = 0 which represents points on the y-axis.

(c) No. When x is positive, zis negative. When X is negative, z is positive. The surface does not pass through the first octant,
the octant wherey is negative and x and z are positive, the octant wherey is positive and x and z are negative, and the

octant where x, y and z are all negative.

f(x,y) =6 —2x— 3y

Plane

Domain: entire xy-plane
Range —o0 <z < o

z
A
6

x4)-3 ZaNy
f(Xy):xy,xzo,yzo
' 0, elsewhere

Domain of f: entire xy-plane
Range: z= 0

34 g(x,y) = 3x
Plane: z = 3x

40. f(x,y) = 15144 — 16x2 — 9y?

Semi-éllipsoid

Domain: set of al points
lying on or inside the ellipse
(x?/9) + (y?/16) = 1

Rangee 0 <z<1

22. f(x,y) = In(xy — 6)
Domain:; xy—6>0

Xy > 6

{(xy): xy > 6}
Range: al real numbers

28 g(xy) = xy
Domain: {(x,y):y = 0}
Range: al real numbers

3. 2= 2+

Cone

Domain of f: entire xy-plane

Range: z= 0

42. f(x,y) = xsiny

A
A
"< AR \\
4™ LR
R
(X
NN

// \:
X7
)

T
.4
.49'01/
7
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4. f(x,y) =xy,x2 0,y =20

@ i
25
20

(d)

The graph of g is lower than the graph of f. If

(b) gisavertica trandation of f

3 units downward

C)

z = f(x,y) is on the graph of f, then 3z is on the graph

of g.

46. z = el ¥*+y?
Level curves:

c=el Xy
Inc=1-x>+y?
x2—y?2=1-Inc
Hyperbolas centered at (0, 0)
Matches (d)

52. f(x,y) = X2 + 2y2

The level curves are ellipses of the form

(c) gisareflection of finthe
xy-plane

z
A

5K
+ 2
48. 7= cos(%) 50. f(x,y) = 6 — 2x — 3y
Level curves The level curves are of the form
Ve curves. 6—-—2x—3y=cor2x+ 3y =
_ X2 4+ 2y2 6 — c. Thus, the level curves are
c=co 4 straight lines with a slope of —%.
2 + 2 y
coslc = X2+ 2y°

4

X2+ 2y?=4cos tc

Ellipses
Matches (@)

54.

X2 + 2y? = ¢ (except X2 + 2y? = Qisthe point (0, 0)).

L LI | N L N | Y

o o0 oo
o AN O

f(x,y) = e¥/2
The level curves are of the form

Xy

ev¥/2=corlnc = >

Thus, the level curves are hyperbolas.
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56. f(x,y) = In(x —y) 58. f(x,y) = [xy|
The level curves are of the
form
c=In(x—y)
e€=x—-y
y=Xx—¢€°
Thus, the level curves are parallel lines of dlope 1 passing
through the fourth quadrant.
60. h(x,y) = 3sin(|x| + |y|) 62. The graph of afunction of two variables is the set of all

points (x, y, 2) for which z = f(x, y) and (x, y) isin the

1

domain of f. The graph can be interpreted as a surface in
- space. Level curves are the scalar fields f(x, y) = ¢, for
_ =1
1 <5 1 ¢, a constant.
-1
64. f(x,y) = X 66. The surface could be an ellipsoid centered at (0, 1, 0).
y One possible function is
The level curves are the lines
X 1 f(xy):x2+(y_1)2:1.
c=-0ry==X ' 4
y c
These lines all pass through the origin.
68. A(r,t) = 1000e"
Number of years
Rate 5 10 15 20
0.08 | $1491.82 | $222554 | $3320.12 $4953.03
0.10 | $1648.72 | $2718.28 | $4481.69 $7389.06
0.12 | $1822.12 | $3320.12 | $6049.65 | $11,023.18
0.14 | $2013.75 | $4055.20 | $8166.17 | $16,444.65
70. f(X,y,2) = 4X +y + 2z 72.f(x,y, 2 =@+ 32—z 74. f(x,y,2) = sSnx — z
c=4 c=1 c=0
4=4x+y+ 2z l:x2+;11y2—z 0=s8nx—zorz=snx
Plane A
Elliptic paraboloid E
o Vertex: (0,0, —1) Do 9
— 4
2 z x“ 8
A
& IIL'I. |
1 ¥
F s \
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76. W(x,y) = Xfly y < x

(8 W(15,10) = 7 1

1 .
ﬁ—ghr—lZmln

1
12 -

() W(12,6) = - % hr = 10 min

6

78.  f(xy) = 100x06yo4

f(2x, 2y) = 100(2x)°%(2y)*

1 1 .
(b) W(12,9) = 29 —ghr = 20min
1 1 .
(d) W(4, 2) —m— Ehr = 30 min

— 100(2)0.6X0.6(2)0.4-y0.4 — 100(2)0.6(2)0.4X0.6y0.4 — 2[100X0.6y0.4] — 2f(X, y)

2
80. V= ard + gwr3 = %(SI + 4r)

82. (a)
@ Year 1995 | 1996 | 1997 | 1998 | 1999 | 2000
z 12.7 14.8 171 185 | 21.1 25.8
Model | 13.09 | 14.79 | 16.45 | 1847 | 21.38 | 25.78

(b) x hasthe greater influence because its coefficient (0.143) is larger than that of y(0.024).

(©) f(x 25) = 0.143x + 0.024(25) + 0.502
= 0.143x + 1102

This function gives the shareholder’s equity z in terms of net sales x and assumes constant assets of y = 25.

84. Southwest

88. True

Section 12.2  Limits and Continuity

86. Latitude and land versus ocean location have the greatest
effect on temperature.

90. True

2. Lete > O begiven. Weneedto find § > Osuchthat |[f(x,y) — L| =[x — 4| < &

whenever 0 < /(x —a)2 + (y — b2 =
Thenif 0 < /(X —4)? + (y + 1)? < § = &, we have
JXx—42<¢
|x — 4] < e.

4F(x, y)] _ :

a(x, y) 3

" xy)~(@b) [ gxy)

lim
(%)~ (a b)

4[(& y!ip?a, b) fxy) ] 45 _ 20

X— 47+ (y+ 12 < & Take 6 = ¢.
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lim lim
f(x,y) — g(x, y) xy) - (ab)f(x y) - xy)~ (ab) 9(x,y) _5-3_2
6. m w7 IVm T H - -
(x, y)|~ (ab) [ f(x,y) ] *xy) n?a b)f(x y) 5 >
. X 1 V2
8. 5+y+1)=0+0+1=1 10. | = =—
(%, y) Mo.o >( y+1 (w)'P?l,l)\/x +y J1i+1 2
Continuous everywhere Continuousforx +y > 0
i _ T _ im -y _1
12. « y)y(mm’ » y cos(xy) = 2 cos 5 0 14. « y!l D?l, VX +YE 2
Continuous everywhere Continuous except at (0, 0)
1 l R ) f S
L POt 1810 = e
Continuous everywhere i X2 B 0 .
xy-00(x2+ 1)(y2+1) (O+1O0+1)
Continuous everywhere
2 2
0. lim [ _M]: _
(X, y) - (0, 0) X2 + y?
The limit does not exist.
Continuous except at (0, 0)
__ Yy
22. f(x,y) = VRN
Continuous except at (0, 0)
Path:y = 0
(xy) | (11 | (0505 | (0.1,0.1) | (0.01,0.01) | (0.001,0.001)
fxy) | 3 1 5 50 500
Path: y = x
(xy) | (1,0)| (050 | (01,0 | (0.01,0) | (0.001,0)
f(x,y) 0 0 0 0 0
The limit does not exist because along the path y = 0 the function equals O, whereas along the pathy = x
the function tends to infinity.
y2
24. f(x,y) = x2 Ty
Continuous except at (0, 0)
Path:y = 0 x,y) | (1,0 | (0.250) | (0.01,0) | (0.001,0) | (0.000001, 0)
f(x,y) 1 4 100 1000 1,000,000
Path: y = x
(x,y) | (1,1) | (0.25,0.25) | (0.01,0.01) | (0.001,0.001) | (0.0001, 0.0001)
fxy) | 3 1.17 1.95 1.995 2.0

The limit does not exist because along the liney = 0 the function tends to infinity, whereas along the liney = x

the function tends to 2.
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2\ /2
2. lim XY __ 28, lim (sin1 + cosl)
xy)-0,0 (X2 + y? (%, y) - (0, 0) X X
Hence, lim f(x,y)= lim X, y) = 0. Does not exist
(% y) -~ (0,0) ( y) (x, )~ (0,0) g( y)
fis continuous at (0, 0), whereas g is not continuous
at (0, 0).
X2 + y2 _ 2Xy
B0 Moo X2y 32 fxy) =5 v+ 1
Does not exist The limit equals 0.

z

2 2 qn2
34.  lim 2xy 5= imw:”m (rcos@sin?6) =0
xy)-(0,0 X* + Yy r-0 r r-o
2\/2 4 i N2
36. lim % = Iimw = limr2cos?gsin?6 =0
(x,y)~(0,0) X* + Y’ r-0 r -0
z .
38. f(X, Y, Z) = m 40. L(X, )./, Z) = Xy sin Zh
Continuous for x2 + y? # 9 ontinuous everywhere
1 1
42. f(t) = n 4. (1) = =1
g(x,y) = x* +y? g(x, y) = x* +y?
floxy) = f(x* +y?) 1
) b)) = T +y9) = g
T XA y? Continuous for x2 + y2 # 4

Continuous except at (0, 0)

46. f(x,y) = x2 + y?

fix + Ax,y) — f(x,y) [(x + Ax)2 + y2] — (X2 + y?)

@ Alirpo AX - A|>i<rpo AX
2
= |im M: lim (2X+ AX) = 2x
AX-0 AX AX-0
- 2 21 — (y2 2
() lim LY A ZF00y) o DO (v Ay (@ +y?)
Ay-0 Ay Ay—0 Ay
2
= |lim w — A||mo(2y_i_ Ay) - 2y
Ay
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48. f(x,y) = Jy(y + 1)

fx+Axy) —fxy _ . Vyly+1D) = Vyly+1) _

@ A|>I<I;n0 AX A|>I<rpo AX 0
_ 3/2 1/2 _ /2 1/2
®) lim fy +Ay) = fxy) _ o (v + Ay)*2 + (y + Ay) (Y¥2 + y*?)
Ay-0 Ay Ay-0 Ay
3/2 _ \3/2 1/2—\1/2
_ i AT Y2 (v ARy
Ay-0 Ay Ay-0 Ay
= gyl/z + %y*”z (L' Hopital’s Rule)
_ y+1
2y
50. See the definition on page 854.
2 2
52 lim XY
(xy)-(0,0 Xy
o . X2 + (ax)? o ) X+ (@2 1+
(& Alongy = ax: « ai)'qo, 0 x@) (b) Alongy = x2: ® le)lmo, 0 X0 )|(I1’T(1) X
2, 2 2 imi i
:“mx(l—;a):1+a'agéo limit does not exist
x-0 axX a

If a =0, theny = 0 and the limit does not exist.

(c) No, the limit does not exist. Different paths result in
different limits.

54. Given that f(x, y) is continuous, then( !m? b)f(x, y) = f(a,b) < 0, which means that for each ¢ > 0, there corresponds
X, y) - (&,

ad > Osuchthat |f(x,y) — f(a b)| < & whenever

0< J(x—a?+(y—b?<a.
Lete = |f(a, b)|/2, thenf(x,y) < Ofor every point in the corresponding & neighborhood since

1oy) — fla )] < @Rl LHEBL ) g p) < 120N

0 gf(a, b) < f(xy) < %f(a, b) < 0.

56. False. Let f(x,y) = Xz%yz 58. True

See Exercise 21.

Section 12.3  Partial Derivatives

2. f(-1,-2) <0 4.f(-1,-1)=0 6. f(xy)=x2—3y2+7 8. z=2y2UX
f(xy) = 2x 9z _ y*
_ ax  JX
fy(xl y) - 76y

Jz
ay = Y
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10. z=y3 — 4x2 — 1 12. z=xey 14. z= IanT/ZEIn(xy)
%=74y2 %:fexNJreX/v:eW(Ml) z_1y 1
X y y X 2xy 2
] 2
£= 3y2 — Bxy %=X6X/y(—é> =~z dz_1x_1
y y y ay  2xy 2y
Xy
= 2 _\2 X
16. z= In(x ) 18. f(x,y) 2+ Y2
a0z 1 2X
v C. (v iy = PETYI0) — 090 _ v =y
y y XXy (X2 + y?)2 (X2 + y2)2
0z —
s oy = DY~ @) Xy
y\ (X2 + y2)2 (XZ + y2)2
20. gx,y) =InVx?+y =%In(x2+y2) 22. f(x,y) = V2x+y°
of 1 1
1o x X — =X+ YY)V = ———
gx(xly)_2X2+y2_X2+y2 X 2 \/2X+y3
of 1 3y?
_1ly oy — =X+ Y)Y = =
gy(xxy) 7§X2+ y2 - X2 + y2 ay 2 22X + y3
24. z = sin 3xcos 3y 26. z = cos(x? + y?)
9z _ 9Z _ oy sy 4 2
X 3 cos 3x cos 3y o 2xsin(x? + y?)
92 _ a4 ~ 9Z _ 5 en(x? 4 2
ay 3sin3xsin 3y oy 2y sin(x? + y?)
y X
28. f(x,y)=f (2t+1)dt+f (2t — 1) dt
X y
y y
:J (2t+1)dt—f (2t —1)dt
y y
=J 2dt=[2t] =2y — 2
fx(X,Y) = -2
f(xy) =2
30. f(x,y) = X2 — 2xy + y? = (x = y)?
af . f(x+ Axy) — f(xy)
— = lim
OX  Ax-0 AX
o (X AXZ -2+ AX)Y Y2 - X2+ 2xy — YR _ _ _
= A, Ax = Ay (2 Ax = 2y) = 2y
af . fxy+ Ay) —f(xy)
— = lim
dy  Ay-0 Ay

Cim X o2y AY) + (Y + Ay X 2y — Y2
_AyaO Ay

= AIjrpo(—Zx T2y +Ay) =2(y - %
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1
32. f(X, y) = m
1
of _ lim fx+ Axy) —f(xy) _ IimX+AX+y X+y_ lim -1 __—1
IX  Ax-0 Ax AX-0 AXx a0 (X+AX+y)(x+y (X+y)?
11
of _ f(x,y+Ay)—f(x,y)_“mx+y+Ay x+y_Iim -1 -1
ay  ay-o Ay T ay-0 Ay T ayo(X+y+AYX+Y) (X +y)?
34. h(x,y) = x> — y? 36. z = cos(2x — y)
h(x,y) = 2x 9z = -2sn(2x —y)
At(—2,1):h(-2,1) = —4 09X
-2 ELT)E:_ -(ﬂ)z_
hy(x, y) y At<4,3 o 2sin| 1
At(=2,1):h(-21) = -2 oz
oy~ SN - y)(=1 =sin2x—y)
T T\ 0Z T 1
Atl= =) == =gnlZ) = =
t<4’ 3>’ ay ”(6) 2
38. f(x,y) = arccos(xy) 40. f(x,y) = % 42. z=x2+ 4y’ y=1, (2,1,8)
] 1 \/m H il ) i
-y Intersecting curve: z= x> + 4
fxy) = ———= _ 30y°
NAEYA f(xy) = (@2 + 5977 iz
At (1, 1), f, is undefined. 0 10 ax
x At (1,1),f(1, 1) = 7-9 a7
f(xy = =0y " At(2,1,8): o 202) =4

At(1,1), f, is undefined.

L z=9% —-y%4 x=1, (1,30
Intersecting curve: z =9 — y?

oz _

ay B

At (1, 3,0): 2—;

-2(3)= -6

fy(x’ y) = (4x2 + 5y2)32

ALL D, 10,1 = ¢

46. f (x,y) = 9% — 12y, f(x,y) = —12x + 3y?
f,=f,=09¢—-12y=00 3x=4y
3y?—12x=0 O y? = 4X
Solving for x in the second equation, x = y?/4, you obtain
3(y2/4)° = 4y.

4
3yt =64y O y:Oory:@

1/ 16
O x=0o0orx= Z(@)
] 4 4
Points: (0, 0%(@' @)
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_ 2X _ _ .
48. f (x,y) = eI o0 x=0 50. (a) Thegraphisthat of f,.
2y (b) Thegraphisthat of f,.
fy(X,y)=m=0D y=0
Points: (0, 0)
_ 3 B 1
52. W=7 4. G(XIV’Z)—W
w _ (x+y)(32 —3xz_  3yz B X
ax (x + y)? C(x+y)? Clx ¥, 2) = (1-x2—y2—22)3?
w_ 3z _ y
ay B (x + y)? GV(X’ ¥.2) = (1-x2—y2— )32
aw _ 3X _ z
3z xX+y Gx Y. 2) = (1—x2—y2— 7232
56. f(x,V, 2 = 3x?y — 5xyz + 10yz? 58. z=x*— 3x¥? + y* 60. z=Inx—y)
fx(X, Y Z) = bxy — 5yz % = 4x3 — 6Xy2 % — Xi
fy(x, Yy, 2) = 3x? — 5xz + 10z2 X y
9%z 9%z 1
f(xy,2) = —5xy + 20yz o = 12¢ - ey? - T x—y2
92z ¥z _ 1
ayox — 1y ayox  (x — y)2
0z 9z _ -1 - 1
a—y=—6x2y+4y3 Iy X—y y-—x
9%z Pz_ 1
Evie —6x2 + 12y? ay? (x—y)?
527 7’z _ 1
oy~ 12xy axay  (x —y)?
2. 2.
Therefore, oz _ 0z .
ayax  axay
62. z = 2xe¥ — 3yeX 64. z=sin(x — 2y) 66. z= /9 —x2—y?
9z . 0z 9z —X
g9 _ - 2 — 2 vce_ 2
ax 22t e ox ~ o= ) X /X2y
8%z _ Pz %z y2—9
Sl e e~ Snkx—2y) e (92— yr
02z 9%z . 9%z -Xy
- - == = 25in(x — 2 =—"
ayox 2¢" + 3ye ayox sin(x ) ayox (9 — x2 — y2)3/2
9z _ E=—ZCO X — 2 9z _ =y
Gy = 2@ 3 ay s(x — 2y) ay Jox
9z P2 dinx — Pz x99
ap =2 e T A R
2. 2.
9%z PZ _ sinx - 2 oz _ Y
Xy 2¢V + e IXJy sin(x = 2y) axyy (9 — x2—y?)32
2 2
Therefore, oz ﬂ.
ayax  axay
E—§=Oifx=y=0

X ay
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68. z=—Y
X—y
9z _yx—y) —xy__—VY?
X x—y)? x—y)?
Pz _ 2y
e (x—y)3
2 _ (x— YP-2) + YRx — (-1 _ —2x
ayox x—y* (x—vy)3
Z_ xx=y +xy_ X
ay (x—y)? (x — y)2
0’z 2
ay? (x—y?
Pz _ (X yAX) — ¥Rk —y) | =2y
G (x—y* (x—y)3

There are no points for which z, = z, = 0.

n.fmya=xfy
by =5 +2§>2
X %2 =
MWM@Z&%%g
v
fMMMﬂ=§%%z
fWMMﬂ=&fz4

76. z= arctan%

From Exercise 53, we have

vz vz 2y —2y _
8X2+8y2_(X2+y2)2+(X2+y2)2_0

70. f(X,y,2) = x> —3xy + 4yz + £
fxy, 2 =2x -3y
fy(x, y,2) = —3x + 4z

f(%y,2 =0
Xy, 2 = —
fxy,2=-3
fx(%y,2 =0
fyXy,2 =0
yo(%,¥,2) =0

Therefore, foy = Ty = fx = 0.

74. z= sinx(

9z _ cosx(ey — eﬂ)
X 2

G 2

2 _ &n x(ey . e_y>
ay 2
%2
ay?
Therefore,

ey — e*Y>

azz 0%z . ey — eV . e
= —sinx + sinx

ax2 ay?

78.  z = sin(wct) sin(wx)

Jz .

o= we cos(wct) sin(wx)
9%z oo !
e = Wk sin(wct) sin(wx)
0z .

— = wsin(wct) cos(wx)

aX

9%z - .
Pl sin(wct) sin(wx)

Therefore, 12 — ¢29°Z
erefore, —5 = C -—
at2 X%
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80. z=etsn> 82. If z=f(x,y), thento find f, you 84. Theplanez = —x +y = f(xy)
¢ consider y constant and differentiate satisfies
9z X with respect to x. Similarly, to find of of
Gt € eng f,, you consider x constant and o < 0and== > 0.
differentiate with respect to y. y
iz 1 | X z
— ==etcos— A
X c c
%z 1 ., . X
e~ e® 9N
Therefore, 9z _ cza—22 V
"ot ax?
86. In this case, the mixed partials are equal, f,, = f,,.

88.

90.

92.

See Theorem 12.3.

f(x, y) = 200x0-7y03

@ g—; = 140x 0303 = 1 40@)0-3

At (x,y) = (1000, 500), %‘( _q 40< % >0-3 _ 140(%)0_3 e
(b) g—)f( = GOXOTy 07 = 60()%)0'7

At (x,y) = (1000, 500), ;i)f( _ 60(%)0.7 oo oran

VU, R) = 1000[M]10

1+1

[1+ 010(1 — R
@L+na

= —10,000

VI, R) = 10,000[1 +0.10(1 — R)]g[_l +0.10(1 — R)]

1+1 @a+1)2
V,(0.03,0.28) = —14,478.99

1+ 01001 — R)]9[—0.10]
1+1 1+1

[1+ 0.10(1 — R)]°

= ~1000=— 5

VI, R) = 10,000[

V(0.03,0.28) = —1391.17
The rate of inflation has the greater negative influence on the growth of the investment. (See Exercise 61 in Section 12.1.)

A = 0.885t — 22.4h + 1.20th — 0.544 94. U= —5x%+ xy — 3y?
= - +
@ % — 0.885 + 1.20h (@ U= —10c+y
' (b) U, =x— 6y
%(30", 0.80) = 0.885 + 1.20(0.80) = 1.845 (©) U,(2,3) = —17and U,(2, 3) = —16. The person
d should consume one more unit of y because the rate of
oA 2.4+ 190 decrease of satisfaction islessfory.
— = =224+ 1.
ah (d) z
A
oA _ " 1
—-(30° 0.80) = —22.4 + 1.20(30°) = 13.6 K x
8h 2 i— i 27y

(b) The humidity has a greater effect on A sinceits
coefficient —22.4 islarger than that of t.
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9z 2
96. (a) ax = —155x + 22.15 (b) Concave downward <% < O>
9z _ The rate of increase of Medicare
= —155 . S -
ax? expenses (2) is declining with
a7 respect to worker’s compensation
aiy = 0.014y — 0.54 expenses (x).
9%z
37)’2 = 0.014
98. False 100. True

Letz=x+y+ L

y
102. f(x,y) = f V14 t3dt

By the Second Fundamental Theorem of Calculus,

y X
XA ivea=--3 Ared=-vitx
ax  dx), ax ),
J

y
§=%fwﬁ?m=ﬁﬁ?.

Section 12.4 Differentials

iz

(c) Concave upward (ayz > O>

The rate of increase of Medicare
expenses (2) isincreasing with
respect to public assistance
expenses (y).

2
2. 2=% 4 we XtV
y z—-2
2X x2 1 zZ+ 2x X+y
dz=—dx— —d dw = dx + -
y y: Y z—2 (z—2y)zoly (z-2y)

6. z= <%>(ex2+y2 — ey

Y2 | g xP—y? Y2 | g x2—y?

> dz

dz = 2x(f> dx + m(f> dy = (&Y + e ¥~ (xdx + y dy)

8. w=e¢&cosx + 22 10. w = x?yz? + sinyz

dw = —e’sinxdx + € cosxdy + 2zdz dw = 2xyz2 dx + (x?z2 + zcosyz) dy +

(2x?yz + y cosyz) dz

12. (a) f(1,2) = /5~ 22361 14. (a) f(1,2) = € ~ 7.3891
£(1.05,2.1) = /55125 ~ 2.3479 £(1.05, 2.1) = 1.05€* ~ 85745
Az = 0.11180 Az = 1.1854
X y (b) dz= & dx + xe’dy
b) dz = dx +
RN N

_xdx+ydy 005+ 2(0.1)
Ve AN

~ 0.11180

= €2(0.05) + €%0.1) =~ 1.1084
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16.

18.

20.

22.

26.

28.

@ f(1,2) = % — 05

f(1.05,21) = 127(;_5 =05

Az=0

1 X
(b) dz=§dxf?dy

1 1
= 5(0.05) - Z(O'l) =0

Letz=x3(1+y?3 x=2y=09dx=0.03dy=—0.1 Then: dz= 2x(1 + y)3dx + 3x¥(1 + y)?dy
(2.03)%(1 + 8.9)° — 22(1 + 93 = 2(2)(1 + 9)%(0.03) + 3(24(1 + 9%—0.1) =0

Letz=sin(x? + y?),x=y = 1,dx = 0.05, dy = —0.05. Then: dz = 2x cos(x? + y?) dx + 2y cos(x? + y?) dy

sin[(1.05)2 + (0.95)?] — sin 2 =~ 2(1) cos(1? + 12)(0.05) + 2(1) cos(12 + 1?)(—0.05) = 0

In general, the accuracy worsens as Ax and Ay increase.

V = 7réh
dV = 2zrhdr + @r2dh

mZh  AV-dv

S=nrJr2+h

r=8h=20

dS 2 2)\1/2 2(r2 2\—1/2

E:W(r + W)Y2 + 7r(r2 + h?)~Y
_w(r2+h) +ar2 224+ R
R o T A ey

ds ) rh

2 )YV —

dah ar(r h?)~1/2h 'n'm

2r2 + h? rh
dS= 7———=dr + m——=—=1dh
K N

- ﬁ[(zum) dr + (rh) dh]

S8, 20) = 541.3758

24. If z = f(x,y), then Az = dzisthe propagated error,

Az

dz.

and - =~ - isthe relative error.

Ar Ah ds AS AS — dS
01 01 10.0341 10.0768 0.0427
01 -01 5.3671 53596 | —0.0075
0.001 0.002 0.12368 0.12368 0.683 x 105
—0.0001 0.0002 | —0.00303 | —0.00303 | —0.286 x 107
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30.

32.

36.

< _ 0.0817[(3.71)1v*1/2 - 0.25](T — 91.4)
v 2
0.1516
= [W - 0.0204](T — 91.4)
aC
5= 0.0817(3.71/v + 5.81 — 0.25v)
dC = C,dv + C.dT
0.1516
=3z ~ 0.0204 |(8 — 91.4)(+3) + 0.0817(3.71@ + 5.81 — 0.25(23))(1 1)
= +2.79 + 1.46 = +4.25 Maximum propagated error
dC  +425
T T “3024 0

(x,y) = (85,3.2), [dx| < 0.05, |dy| < 0.05

r=Vx2+y20 dr =

X y
mdx+ mdy

85 dx + 3.2 dy = 0.9359 dx + 0.3523 dy

NG /85t 3.2
|dr| < (1.288)(0.05) ~ 0.064

-y X . —32 8.5
2ty Xt ey Y g2 * T gm 32 Y

Using the worst case scenario, dx = —0.05 and dy = 0.05, you see that
|dg| < 0.00194 + 0.00515 = 0.0071.
V2

a=—
r

2
daz%dv—%dr

dza = 2d7\>/ - ? = 2(0.03) — (—0.02) = 0.08 = 8%

Note: The maximum error will occur when dv and dr differ in signs.

(@) Using the Law of Cosines:
a?=b? + c® — 2bccos A
= 3302 + 4207 — 2(330)(420)cos &° 3301t
a~ 107.3ft. ot

(b) a= /b?+ 420° — 2b(420)cos 6
-1/2
da = %[bz + 4207 — 840b cos 0] [(2b — 840 cos 6) db + 840b sin 6 d6]

_1
2

[3302 + 4202 — 840(330)(cosz%)]_1/2[<2(330) - 840c052%)(6) + 840(330)<sin2—76)(1%0>]

~ %[11512.79]*1/2[1 1774.79] = 827 ft
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1 1 1
_ RiR,
R= R, +R,
dR, = AR, = 05
dR, = AR, = -2
dR R,?
AR~ dR = a?dR tor R o rp MR Rt Ry AR
When R, = 10 and R, = 15, we have AR = 1752(05) + 1702(—2) = —0.14 ohm
1 25 (10 + 15)2* (10 + 15)2 e '
40. T= 277\/£
g
dg = Ag = 32.24 — 32.09 = 0.15
dL = AL = 248 — 25 = —-0.02
aT T L T
AT~dT—fd +—dL = —f\ﬁA + —=AL
99 97 L gVvg g JVLg
aw o
Wheng = 32.09and L = 2.5, we have AT = ———— ———F———(—0.02) = —0.0111 sec.
9 32.09 ( 5+ (2.5)(32.09)( )
42. z=1f(xy) =X+ y?
Az=f(x+ Ax, y + Ay) — f(x,y)
= X2 4+ 2X(Ax) + (AX)? + Y2 + 2y(Ay) + (Ay)? — (@ + y?)
= 2x(Ax) + 2y(Ay) + Ax(Ax) + Ay(Ay)
= £ y) Ax + (X, y) Ay + €AX + €,Ay wheree; = Ax and €, = Ay.
As (Ax, Ay) - (0,0), ¢, -~ 0and e, - 0.
44, z=1f(xy) =5x— 10y + y®
Az=f(x+ Ax, y + Ay) — f(x,y)
= 5x + 5Ax — 10y — 10Ay + y3 + 3y3(Ay) + 3y(Ay)? + (Ay)® — (5x — 10y + yd)
= 5(A%) + (3y> — 10)(Ay) + 0(Ax) + (3y(Ay) + (Ay)?) Ay
=6 y) AX + (X, y) Ay + €AX + €Ay wheree; = 0 and €, = 3y(Ay) + (Ay)2
As (Ax, Ay) - (0,0), ¢, - Oand €, — 0.
5x2y
=7 x,y) # (0,0
46, Tixy) = ¢y (x,y) # (0,0
U (x,y) = (0,0
. f(Ax,00—-f(0,0) . 0-0 o B 5
(@ f,(0,0 = Alirpo—Ax = AI)l(rﬁn0 Ax - 0 (b) Alongtheliney = x: (X‘yglmoyo)f(x, y) = lerr(1)2X3 >
£(0,0) = lim (0, Ay) — (0, 0) — lim 0-0_ 0 Along theline x = O,( Jir (0 0)f(x y) = 0.
y Ay-0 Ay Ay-0 Ay

Thus, the partial derivatives exist at (0, 0).

Thus, f is not continuous at (0, 0). Therefore f is not
differentiable at (0, 0).

(See Theorem 12.5)
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Section 12.5 Chain Rules for Functions of Several Variables

2.

10.

12.

w= 3+ y? 4. w=|ni’

X = cost,y = € « — cost

dw X . y .

— = —sint) + e = gint

da  x+ y2( ) X+ 2 y

. ) dw -1 . 1
_ —xsint+ye —costsint + € e (—sint) + v (cost)
VX4 y? Jcos?t + 2
=tant + cott = Sintlcost

.w=cosx—y), x=1 y=1

@ % = —dn(x — y)(2t) + sin(x — y)(0)
= —2tsin(x — y) = —2tsin(t? — 1)

(b) w = cos(t? — 1), (:(iTvtv = —2tsin(t? — 1)

. W = Xy COSZ

X=t
y=¢t

z = arccost

dw i !
@ i (ycosz)(1) + (xcosz)(2t) + (_xyst)<— 1- t2>

= (t) + (2 — t(t%ﬂ( ! ) =+ 28+ 3= 48

Ji-©
(b) w=t4 ‘(’T"t” — 48

W=xyz, x=1t, y=2t, z=¢et
@ 5 = ya(2) + xaf2) + Gy)(—e )

= (20)(e ) (2) + (B)(e)(?2) + (B)(2)(—e™)
=222+ 1—-1t) =22 (3 —1)
(b) w=(B)2)(e") = 23"

%’tv = 2¥)(—e) + (eY(61) = 2% (—t + 3)

Distance = f(t) = /(x, — x)2 + (y, — y;)2 = \/[48 + (f — ﬂ)}z + [48t(1 — ﬂ)]z
=48t./8 — 22 - 26
f(t) = 48\/8 — 2/2 — 2/6 = /(1)
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X2
14, w= v’ 16. w=y3 — 3y
x =t X=e
y=t+1, y=¢
t=1 % = —6xy(e) + (37 — 3Q)(0) = — 6+
dw _ dwdx owdy aw
dt  ox dt oy dt o = T 0v(0) + 3y - 30)()
2
=y + X _ 3@ - )
y y
2t t4 Whens=0andt=1,%lsv= —6eand%V=3e(e2—1).

Tt+1 (412
(@R -t

(t+ 1)2
_ 3t + 4
(t+ 1)2
daw  (t + 1)%(12t + 1212 — (3t* + 463)2(t + 1)
dtz (t+1)4
_ .. 02w _ 424 - (7)(4) _ 68 _
Att=1 15 = 5 =15~ 425

18. w = sin(2x + 3y)

X=s+t

y=s—t
ow
¥=2003(2x+3y)+3cos(2x+3y)

= 5cos(2x + 3y) = 5cos(5s — t)

%—Vtv = 2cos(2x + 3y) — 3cos(2x + 3y)
= —cos(2x + 3y) = —cos(5s — 1)
T J ow
Whens = 0andt = > a5 0 and P 0.

20. w= /25— 5% — 5y, x =rcosf,y =rsinf

@ 2 ==

S S P — Y
ar 25 — 5x* — by? 25 — 5x2 — by?
_ —5rcos’f —5rsin?g _ —5r
V25 — 5x% — By? V25 — 5r2
ow —5x

. —5y
— = (—rs§nf) + —=————(rcosf
a0 25 — 5% — 5y2( ) 25 — 5% — 5y2( )

_ —5r2sin?2 9 cos  — 5r2sin 6 cos _

0
V25 — 5% — 5y?
(b) w= /25 — 5r?
ow —-5r  ow _

o J2B—52 a0
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22. w:y;Z,x= Py=r+6z=r—20 24. W= Xcosyz, X=,y=1?, z=s—- 2t
ow . .
w _ —yz z Yy 2ty _2r — = cos(y2)(2s) — xzsin(yz)(0) — xy sin(yz)(1)
€) Friie: 0) + X(1) + X(l) = T 9s
ow , = cos(st? — 23)2s — 2 sin(st? — 2t3)
A TR ow _ _
T cos(yz)(0) — xzsin(yz)(2t) — xy sin(yz)(—2)
=+ o - 19)(2(9)+ r—60—(+0
- 0 62 = —25%(s — 2t) Sin(st? — 2t%) + 2”2 sin(st2 — 2t3)
_2AR-r) 2 -2 = (652 — 2s%) sin(st2 — 2t3)
T® 6 &
_yz_(+or—6_r>
(b) w= X 62 TP !
w_ 2
a 62
w _ —2r?
96 s

26.

30.

w=x+y?+ Z x=tsnsy=tcoss z=«?

ow

— = 2X + coss + 2y(—tsins) + 2z(t?)

as

w

at

X2+ y?

= 2t2sinscoss — 2t2sinscoss + 2t = 2st*

= 2xsns + 2ycoss + 2z(2st)

= 2tsin?s + 2t cos? s + 4543 = 2t + 4543

Xy -6=0

dy Ry

dx F (X, y)
(y2 — x?)/(x? + y?)?
C(—29)/(2 + y)2 — 2y
y2 _ X2
2y + 2y(x* + y?)?
y2 _ X2
2xy + 2yx* + 4xyR + 2y5

34. F(x,y,2) = esinly +2 — z

F, = esn(y + 2
F, = ecosly + 2)

F,=¢ecosly+2 -1

9z_ K esdnly+2
X F, 1-—ecosy+ x
iz F, ecosly+2

ay F, 1-ecos(y+2

28. cosx +tanxy + 5=0

dy _Fx(x,y) _ _ —sinx + ysec®xy

dx Fy(xy)

32. F(x,y,2 = xz+ yz+ xy

Fr=z+y
Fy=z+x
F,=x+y
dz_ K y+z
0X F, X+y
az_ F, x+z
ay F, Xty

36. x+sinly+2 =0

X SeC? Xy

M1+ %cos(y +2) =0 implies

0z 1

ax  cosly+2

(ii) (1 + %;) cos(y + 2) = 0 implies 22 = —1.

—sec(y + 2.

ay
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38. xlny+yz+22-8=0 40. X2+ y2 — 22— 5yw+ 10w? — 2 = F(X, Y,z W)
i) iz _ —FXvy,2  —Iny F.=2xF, =2y —5WF,=2zF, = —5y + 20w
- T \R
x  FxY2 Y2+ 2z w R . ox
X ox  F, —5y+20w 5y-— 20w
_ + 2yz 2 w
Yoy Y Y ay F, 20w- by
w ko 2z
oz F, 5y— 20w
42. FX,y,zwW) =w— VXx—y—Jy—z=0 44, f(x,y) =x3— 32+
w_—F_1(x-y¥2_ 1 (i ty) = (09° — 300(ty)2 + (ty)?
xRzt 2Vx =y = 1306 — 32 + y¥) = B (x,y)
6W _Fy _1 71/2 1 71/2 .
o _ = ——(x — “(y — Degree: 3
oy F 2 x—y) 2+ 5(y -2 €9
1 1 xf%, y) + yi,(x y) = (3% — 3y?) + y(—6xy + 3y?)
:2\/x—y+2\/y—z =333 — % + 3y = 3 (x )
ow_—-F__ -1
0z F. 2Jy -z
46. f(xy) X
L fxy) = ——
VT ey
2 2
ftx, ty) = (9 = t( a )— tf(x, y)
() + (ty)? X+ y
Degree: 1

X3 + 2xy? — X2y
S T s e

X+ X+ YY)

- (Xz + y2)3/2 - (x2 + y2)3/2

NG

ﬁ:f(x,y)

W _ oW 9x | oW dy dy f(x, y)

" 9s  9x 9s  ay os 0. ax _fy(xl y)
IW _ dw 9X | Iw dy az f(x Y, 2
ot~ ox at Ty ot (PA0EET8) x Yy 2

iz fxy2
ay  fxy2

52. (@ V= mrh

v _ 77(2rhg + r2@> = 71-r<2hg + r@) = 7(12)[2(36)(6) + 12(—4)] = 46087 in.3/min

dt dt d dt dt
(b) S=27ar(r + h)
ds dr dh

P 277[(2r + h)a + ra} = 27[(24 + 36)(6) + 12(—4)] = 6247 in.2/min
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54. (8 V= g(r2 + 1R + R?)h

56.

60.

62.

av _ 7
d 3

i

dr dR dh
[(2r+R)hdt+(r+2R)hdt + 2+ rR+ R2)d

- g[[zus) + 25](10)(4) + [15 + 2(25)](10)(4) + [(15)2 + (15)(25) + (25)2](12)]

= g(19,500) = 6,50077 cm3/min

B S=aR+nNJ(R-12+HK

ds R—1) |dr R=1n |drR
- = m—R+r}+[m+ R+ 1N —————
dt ”{{ R=0 RO = 1o o R=1) R =l
R+n—at___dn
JR=1)2+hdt
= w{[\/(ZS —15)2 + 102 — (25 + 15) 515 ](4) +
V(25 = 152 + 102
[\/(25 “I5P T A% 4+ (25 + 15) 22 1 ](4) + (25 + 15) 10 (12)}
V(25 = 152 + 107 V(25— 152 + 102
= 320/27 cm?/min
pV = mRT 58. g(t) = f(xt, yt) = t"f(x,y)
1 Letu = xt, v =y, then
T= *R(DV)
m /(t)_if.@+if.@_ifx+if
ar_ 1f,dp, oV IW=50 ot "av d T
dt mR[ a 7P dt] and g’(t) = nt" 3 (x, y).
Now, lett = 1and we haveu = x, v = y. Thus,
of of
X + a—yy = nf(x,y).
w= (x —y)sin(y — x)
ow .
S~ —(x— y) cosly — %) + sinly — ¥
Iw .
o (x —y) cosly — x) — sin(y — x)
ow  ow
X oy 0
w = arctan%, X=rcosf, y=rsno
rsiné T T
= arc'[an(r . 6) = arctan(tan 6) = @ for —5 <6< >
w __"y w — X w -0 w =1
X  X+yP ay X+y¥ oor " 96

B+ (3 - e
ax ay C+y)2 (+y)2 R+y?

(2 (B - -

awW\? ow\? ow\?2 1 [ow)\?
Therefore, <&> + (87)/) = (ﬁ) + ﬁ(?@) .

1

r2
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64. Note first that
u_ov_ X
X ay x2+y?
u_ _v__ Y
ay X  x2+y?

u_ X y _rcog?f+rsn?g 1
ar—Xz+yzcos0+7xzerzsm(:?——r2 =
v _ -y X _r2sin?@ +r2cos? 6
60_7x2+y2( rsm0)+7xz+y2(rcosa)— P =1
ou _ 1av
ThUS,E—?afe.
mv_ -y X . —rsinfcosf+rsnfhcosh
8r—X2+y2cose+X2+yzsm0— 2 =0
au_ X y _ —r2?sinfcosf +r2sinfcosd
60_7x2+y2( rsm9)+7xz+y2(rcose)— P =0
v 19u
ThUS,E— _FTH
Section 12.6  Directional Derivatives and Gradients
2, f(x,y)=x3—y3,v:§(i +1) 4. f(x,y):g
Vi(xy) = 3@ — 3y v=—j
Vi(4,3) = 481 — 27 Vi(x,y) = %i _ %j
U_HV”_ 2! 2! Vi(L, 1) =i—]
v .
Duf(4,3)=Vf(4,3)-u=24ﬂ—2—27f=%ﬂ ST !
D,f(1,1) =Vf(1,1)-u=1
6. g(x,y) = arccosxy,v =i + 5j 8.  h(xy) =e ®¥*y)
_ -y . -X_ . v=i-+]
Vax y) = i+ i
1- (XY)2 1- (XY)2 Vh = _zxe—(x2+y2)i _ zye—(x2+y2)j
10) = —i
Vg(1,0) = —j Yh(0,0) = 0
u=Yo i 2 D,h(0, 0) = Vh(0, 0 =0
M~ Vz Uz 2h(0.0) = Vh0.0) - u =
-5 -5/26
D,0(1,0 =Vg(1,0) -u=—+<==
10. fx,y,2 =x+y+ 2 12. h(x,y, 2 = xyz
v=i-2 +3k v=1(212
Vi = 2xi + 2yj + 2zk Vh = yzi + xzj + xyk
VE(1, 2, —1) = 2i + 4 — 2k Vh(2,1,1) =i + 2 + 2k
T A P R u="L =24 34 2
Ml V14 /14 V14 M| 3 3" 3
D, f(1,2 ~1) = Vi(1,2, ~1) - u = —575\/14 D,h(2 1 1) = Vh2,1,1) - u =§



Section 12.6 Directional Derivatives and Gradients 331
14. f(x,y) - 16. g(x,y) = xe¥
, Xty )
u:ﬁi—;' u=—%|+£1
2 ' 72!
Vg = &i + x&j
7/ D Y S
2 2
x+y) x+Y) Dug=—%ey+§xey=%y(ﬂx—l)
D foVfoue Y X
u 2x+ vy 2x+y)?
= 2(X+y)2(fy+x)

18. f(x,y) = cos(x +y)
v="Ti— 7
Vi = —sin(x + y)i — sin(x + y)j

20. g(x, Yy, 2) = xye*
v=—-2 —4
Vg = ye?i + xe?j + xye?k
At (2,4,0), Vg = 4i + 2j + 8k.

u= —] v 1 2
v U=r-=—=i-—=j
M~ f f VNG
1 . 2 .
D,f=——=sdn(x+y) + —=sn(x +Yy) Dag=V 4 4 8
= U=-————--——= ——
V5 V5 n9= V9 N NN
= %sin(x +y) = ?sin(x +y)
At (0, m), D,f=0
22. g(x,y) = 2xe"/* 24. z=1In(x —y)
Vg(x,y) = < Yoy 1 2eV/X>| + 284 V(x,y) = 5— yi - le_ yj
Vg(2,0) = 2i + 2] VZ2,3) = 4i —j
26. w = xtan(y + 2
VYw(x, Yy, 2) = tan(y + 2)i + xsec¥(y + 2)j + xsec¥y + 2k
Vw(4, 3, —1) =tan2i + 4sec?2j + 4sec?2k
28, PO = -2+ Tju= =i+
' =T s
VE(x,y) = 6xi — 2yj, Vf(3,1) = 18i — 2j
36 14 50 50./53
D,f=Vf-u= - - = - = -
V53 V53 /53 53
30 PQ— |+’7T]U_7|+2j
' NEENG

Vf(x,y) = 2cos2x cosyi — sin2xsinyj
Vf(0,0) = 2i
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32. h(x,y) = ycos(x — y)
Vhi(x,y) = —ysin(x — y)i + [cos(x — y) + ysin(x — y)]j

Vh(o, g) _ 3, (3 = \/§7T>j

6 6
( ) \/377 9— 637+ 37% _ /3(2n2 — 2./37 + 3
36 a 6
34 (x,y) = ye ™ 36 w= L
B SR
Va(x,y) = —2xye i + e 1
. Vw = Xi +y + z
Vg(0,5) = j (VI-2 -y - 2) (d +yj + k)
IVg(0,5)]| = 1 Yw(0,0,0) = 0
[Vw(0, 0, 0)]| = 0
38. w = xy’Z

Vw = V222 + 2xyZ + 2xy?zk
VWw(2,1,1) =i+ 4 + 4k
[Vw(2, 1, 1)] = /33

For Exercises 40—46, f(x,y) = 3 — g - )—2/ and D, f(x,y) = —(%) cos 0 — (%) sin 6.

40. (8 D,,1(3,2) = —(%) 2 _ (,)72: sf

(b) D,,,5(3,2) = — (%)( %) <,>7 2—173\/5

2 (@ u-= <j§>(i +]) a4. Vi = _<%>i - (%)J
D, f=Vf-u

- W

(©) v=—3i—4
M =9+ 16=5

u=

—

v _ 1
Ivfll /13

Therefore, u = (1//13)(3i — 2j) and D, f(3,2) = Vf - u = 0. Vf isthe direction of greatest rate of change of f.
Hence, in a direction orthogonal to Vf, the rate of change of fisO.

(=2 = 3))



Section 12.6 Directional Derivatives and Gradients 333

For Exercises48 and 50, f (x,y) = 9 — x> — y?and D, f(X,y) = —2xcos@ — 2ysin @ = —2(x cos § + y sin 6).

48. (@ D_,,f(1,2) = —2<f - f) V2 50. Vf(1,2) = —2i — 4j
viL,2 1, .
(b) D, f(1,2) = —2(% + Jﬁ) = —(1+2/3) il sl A
Therefore,

u=(1/V5)(-2 + ) and
D, f(1,2) = Vf(1,2) - u = 0.

52. (a) Inthedirection of the vectori + j.

P A RPVARE

Vi(1,2) = 1.+

(b) Vi =

2!
(Same direction as in part (a).)
(c) —Vf= —3i — 3], the direction opposite that of

the gradient.
3 8y 3 —16xy . 8+ 8x%2 — 8y?.
5@ Ty =1 e e =2 OV =@y T ey
— 2 2 _ y
O dy=1+x+y Vf(\/§,2)=—\/§i

2

4=y —Ady+t4+x+1
(y—22+x2=3
Circle: center: (0, 2), radius: /3

(c) Thedirectional derivative of f is 0 in the directions +j. (d) z

RGTIRKK
% 07//4{':0:‘:.:

56. f(x,y) =6 — 2x — 3y 58. f(x,y) = xy
c=6 P=(00) c=-3 P=(-13
Vi(x,y) = —2i — 3] Vi y) =vyi+ X
6-2x—3y =6 Xy = -3
Vi(=1,3) =3i —j
0=2x+3y

Vf(0,0) = —2i — 3j
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60. 3x2 — 22 =1 y 62. & —y=5 y
f(x,y) = 3 — 22 A f(x,y) = x& — y 3
Vi(x,y) = 6xi — 4yj Vi(x,y) = &i + (x¢¥ — 1)j .
VE(L, 1) = 6 — 4j 4 o VE(5,0) = i + 4 .
viLYy 1 ol VI5.0 _ 1 g _| )
o v A T AR s
/13, V1T,
=13 (3 — 2) =17 (i + 4)
64. h(x,y) = 5000 — 0.001x?> — 0.004y? 66. The directional derivative gives the dope of a surface at a

s ) S _ o €n oL
Yh = —0.002xi — 0.008y] point in an arbitrary direction u = cos #i + sin 6j

Vh(500, 300) = —i — 2.4j or
5Vh = —(5i + 12))

68. See the definition, page 887. 70. The gradient vector is normal to 72. Thewind speed is greatest at A.
the level curves.
See Theorem 12.12.
74. T(x,y) = 100 — 2 — 22, P=(423 76. (a)
x_ dy _ _
a - X a - Y
X(t) = Ce 2 y(t) = Ce ™
4=x(0) =C, 3=y0 =G,
X(t) = 42 y(t) = g™
¥ ooy D u=a (b) VT(x,y) = 4008 9/(~x) - 3]
VT(3,5) = 400e 7~ 3i — i
There will be no change in directions perpendicular to
the gradient: (i — 6j)
(c) The greatest increase is in the direction of the gradi-
ent: —3i — 3j
78. Fase 80. True

D, f(x,y) = /2 > 1 when
u= (cos%)i + (sin%)j.
Section 12.7 Tangent Planes and Normal Lines

2. Fx,y,2=x+y?+2-25=0 4. F(x,y,2) = 16x2 — 9y? + 144z=0
XR+y+22=25 16x2 — 9y? + 144z = 0 Hyperbolic paraboloid
Sphere, radius 5, centered at origin.
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6.

10.

14.

16.

18.

Fxy,2=x+y+2-11

VE(X,y,2) = 2Xi + 2yj + 2z

VF3,1,1) =60 +2j + 2k

= 1 ..
n=—""=—"_(6 + 2 + 2K)
VI /a4 :
1, JI1 . .
= =@ +j+k=""C+]+k
Jﬁ( j ) 11( j )

Fix,y,2=x2+3y+2-9
VF(x,y,2) = 2xi + 3j + 322k

VF(2, —1,2) = 4i + 3j + 12k

VF

1, . .
n= il = —3(4| + 3j + 12k)

Fix,y,2 =sinx—y)—z—2

VF(X,y,2) = cos(x — y)i —cos(x —y)j — k
36 2) " 2 2l 7K
VF 2 (v@. /3. k)

VF(W T 3> _ /3. /3

n —

RGNV

-1 mi_ aEi-
_\/TO( 3i — /3j — )

e INCINE PN

=Y
f(X, Y) - Xl (1! 21 2)

FMMazi—z

Fx(x1 A Z) = _%

X =

Fy(X, Y, Z) =

F(1,2,2) = -2 F(l1,2,2) =1
—2x-1)+(y-2-(z—-2=0
-—2Xx+y—-z+2=0
X—-—y+z=2

qxw=aum§(Lam

G(x,y,2) = arctan)% -z

-y -y
1+ (Y3/x0) X+ y?

G,(1,0,0) = 0

Gx(xv \Z Z) = Gy(X, Y, Z) =

y—z=0

8. F(Xxy,2=x-1z
VE(x,y,2 = 3x% — k
VF(2,1,8) = 12i — k

VF 1 )
n=roir=—=—=(12i — k
wEl - Va2 W

V145
=15 (12i — k)

12. F(x,y,2 =z ¥ -3
VFE(X,y, 2) = 2xze°~Yi — 2yze®~Yj + e Yk
VF(2,2,3) = 12 — 12 + k

VF

1., .
n= 7||VF|| = —7(12| - 12j + k)

FZ(X, Y, Z) =-1

F,(1,2,2)= -1

1/x X

1+ (/0 @ +y

G,(1,0,0) =1

Gxy,2=-1

G,1,0,0 = -1
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20. f(xy)=2-3x-vy, (3, -1,
Fxy,2 =2—-5x—y—2
FxY.2) = -5, Fxy.2) = -1, Fixy.2 = -1
“2x-3) - (y+1)-(z-1=0
~2x—-y—-2z+2=0
2X+3y+32=6

2. z=x2—2xy+ V2 (1,2, 1)
Fx,y,2 =X —2xy +y> -z
F(Xy,2 =2x— 2y Fxy,2 = —2x+ 2y Fxy,2=-1
F(1,2,1) = -2 Fy(l, 2,1)=2 F(1,2,1) =-1
-2x-1)+2y-2-(z—-1)=0
—X+2y-2z-1=0
X—2y+z=-1

_ m J2
24.  h(x,y) = cosy, (5, 2 2 )
H(x,y,2) = cosy — z
H(xy,2 =0 Hy(x, y,2) = —siny H,(x,y,2 = —1
if)0 weid)f ez
2 T V2
‘7( ‘z) - <Z‘z> -
42y + 8z= /2(m + 4)
26. X2 +222=y? (1,3, -2
F(x,y,2) = X2 — y? + 22
F (X, y,2) = 2x Fy(x, y,2) = =2y Fx Yy 2 =4z
F (1,3 —2) =2 F(L,3-2 = -6 F(1,3 -2 = -8
2(x—1) —6(y—3)—-8z+2 =0
x—1)—-3y—-3) —-4z+2=0
X—3y—4z2=0
28. x=y(2z - 3),(4,4,2)
F(xy,2 =x—2yz+ 3y
Fxy.2=1 F(xy,2=-22+3 F(xy,2 = -2y
FX(4, 4,2)=1 Fy(4, 4,2)=—-1 FZ(4, 4,2) = —8

x—4-Uy—4-8z—-2=0
X—y—8=-16
—X+y+8=16
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0. %2+y?+2=09 (1,22
Fx,y,. 2 =x+y2+22-9
F Xy, 2 = 2x Fxy,2) =2y Fx Yy 2 =2z
F(1,2,2) =2 F(1,2,2) =4 F,(1,2,2) =4

Direction numbers: 1, 2, 2
Planet (x — 1) +2(y—2)+2z-2) =0, x+2y+2z=9
x—1 y—-2 z-2

1 2 2

Line:

32.x—y2+ 2=0, (5,13, —12)
Fx,y,2 =X —y2 + 2

Fy(xv y! Z) = - 2y
F(513, -12) =10 F,(513,-12) = —26 F,xY,2) = —24

F (XY, 2 = 2x F(xy,2 =2z

Direction numbers; 5, —13, —12

X=5_y—-13_2z+12

Plane Line
5x—5) —13(y —13) —12(z+ 12) =0

5 — 13y —12z=0

34. xyz = 10, (1,2, 5)
F(x,y,2) = xyz — 10
Fdxy,2) = yz Fyxy,2) = xz
F(1,2,5 =10 Fy(l, 2,5 =5
Direction numbers: 10, 5, 2
Plane: 10(x — 1) + 5(y —2) + 2(z—5 =0, 10x + 5y + 2z2= 30

x712y722275
10 5 2

Fxy,2 =xy
F(1,2,5 =2

Line:

36. See the definition on page 897.

—-13 -12

38. For a sphere, the common object is the center of the

sphere. For aright circular cylinder, the common object is
the axis of the cylinder.

40. FX,y,2 =X +y>—2z
VF(x,y,2 = 2¢i + 2yj — k
VF(2, —1,5) = 4i — 2j — k
i i k
@ VFxVG=|4 -2 -1 =i+4 -4
0o -1 -1

Gxy,22=4-y—2z
VG(x,y,2 = —j — k
VG2, 1,5 = —j — k

N . L, X=2_ y+1 z-5
Direction numbers: 1, 4, —4, 1~ 2 "y
|VF - VG| 3 3 V42

b) cos O = = = =
(®) IVEIIVGl ~ Jaivz  vaz 14

; not orthogonal
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42. F(xy,2=VR%+y -2z G(X,y,2 =5x—2y+ 3z=22
_ X . y . e o

VF(x,y,2) = i y2| + T yzj k VG(x,y,2 =5 — 2j + 3k
3. 4 . .

VF(3.4,5 =2l + ¢ —k VG(3,4,5) = 5 — 2j + 3k
i k

VF x VG = [3/54/5 -1 =§i—%‘—2—:k
5 -2 3

Direction numbers; 1, —17, —13
X—3_y—4 z-5

1~ —17 ~ _13 rengent line
IVF-VG| -(8/5) -8
cos f = = = Not orthogonal
IvFlIvel ~ V2.3 ~ 5.7 °
4. Fxy,2=x+y> -z G(x,y,2 =x+y+ 62— 33
VF(X,y,2) = 2x + 2yj — k VG(x,y,2) =i + | + 6k
VF(1,2,5) =2i + 4 — k VG(1,2,5) =i +j + 6k
ik
(@ VFxVG=1[2 4 —1| =25 —13 — 2k
1 1 6

_ ) . B 3 x—1 y—-2 z-5
Direction numbers; 25, —13, —2, 25 —13 -2

|VF - VG|

b) cosO = ===
(®) REIRE]

= 0; orthogonal

46. (a) f(x,y) = V16 — x2 — y2 + 2x — 4y

g(x,y)=§ 1— 32+ y?>+ 6x + 4y f

(b) fx,y) =glx,y)

16 — x* — 2+2x—4y=1(1—3>x2+y2+6x+4y)
2

LY
ﬁ,,&_ .
m;----

N2 -2 -2+ 4x—8y=1-3+y+6x+4dy
X2 — 2x + 31 =32 + 12y
(@ —2x+1)+42=3(y>+ 4y + 4)
(x =12+ 42 =3(y + 2)7?

To find points of intersection, let x = 1. Then

Ay + 22 = 42
(y+2° =14
y=-2= .14

Vi(1, -2+ J/14) = — /2], Vg(1, -2 + /14) = (1//2)j. The normals to f and g at this point are — «/2j — k and
(1//2)j — k, which are orthogonal.

Similarly, Vf(1, -2 — /14) = /2j and Vg(1, =2 — /14) = (—1//2)j and the normals are /2j — k and
(-=1/+/2)j — k, which are also orthogonal.

(c) No, showing that the surfaces are orthogonal at 2 points does not imply that they are orthogonal at every point of
intersection.
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48. F(x,y,2 =2xy — 2,(2,2,2) 50. F(x,y,2 = x@ +y2—5, (2,1,3)
VF = 2yi + 2% — 32 VF(X, Y, 2) = 2% + 2y
VF(2,2,2) = 4i + 4 — 12k VF(2,1,3) = 4 + 2

|VF(2,2,2) - k| _|-12| 3/11 [VF(2,1,3) - k|
cos 0 = = = _1YrT\e 9 R
IVF2,2,2|  Jite 11 ©S0="I9F2 13|  °
= arccos( ) ~ 25.24° 6 = arccos0 = 90

52. F(X,¥,2 =3+ 2 —3x+4y—2z—-5
VF(X,y,2) = (6x — 3)i + (4y + 4)j — k
6x—3=0, x=3
dy+4=0y=-1
z=31 +2(-12-3%) +4-1) -5=-%

3-1-

2
54. T(x,y,2) = 100 — 3x — y — 2, (2,2, 5) 56. F(xy,2) = —2 éf%fl

d_ dy _ dz_
a3 a - L a- # Fxy.2 =5
x(t) = -3+ C; yt) = -t + C, Z(t) = Ce 2 2y

Fy(x,y,z):—2
x(0)=C, =2 y0)=C, =2 20)=C,=5 b
X=—-3t+2 y=—-t+2 z="5e2

FZ(X, Y, Z) = _?22
2
a2

XX Yo¥Y ZZ_ X Yoo %

2,
Plane: (x—xo)+%(y—yo)—gz°(z—zo):0

@ b 2 a b 2

58. z = xf X)
X

F XY, 2) = <X + xf<§>(—%> _ f<§> _ L;f(%)
o) )

FX(X' yv Z) = -
Tangent plane at (X, Yo, Zo):

[1(2) = o2 [0+ 1{22)iy =30~ 2= 20 = 0
1) el o) v i) + i) —wr(Re) ~ 2+ r(Re) <o
(2] 2l

Therefore, the plane passes through the origin (x, y, 20 = (0, 0, 0).
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60. f(x,y) = cos(x + y)

fxy) = —sin(x +y) fyxy) = —sin(x +y)

folX y) = —cos(x +y), f(x,y) = —cosx +y), fy(x y) = —cos(x +y)

(@ Py(x,y) =f(0,0) + f,(0,0)x + f(0,0)y = 1

(b) Py(x,y) = f(0,0) + £0,0)x + f,(00)y + 3£, (0, 0)x2 + (0, O)xy + 3,0, 0)y

=1-3%—xy— 3y

(©) If x=0,P,0,y) =1~ %yz. This is the second—degree Taylor polynomial for cosy.

If y = 0, P,(x,0) = 1 — 3x2. Thisis the second—degree Taylor polynomial for cos x.

(d)

X |y | fxy) | Pixy) | Pyxy)
0 [0 |1 1 1

0 |01 09950 1 0.9950
0.2 | 01| 0.9553 1 0.9950
0.2 | 05 | 0.7648 1 0.7550
1 | 05| 00707 1 ~0.1250

62. Givenz = f(x, y), then:
Fx,y,2 =f(x,y) —z=0
VF(Xo, Yor Z0) = TlXo Yoli + (%o, Yoli — K
_ IVF(% Yo ) - K|
IVF(or Yo 20l K|
-1
[0 Yo I + [y(X0 Yo 2 + (—1)2
1
[fx(x()r yo)]z + [fy(xo1 yo)]z + 1

cos 6

Section 12.8 Extrema of Functions of Two Variables

2.9xyY)=9-(x—-3°2—-(y+2?<9
Relative maximum: (3, —2, 9)

g, =—-2x—-3 =00 x=3
g,=-2y+2=00 y=-2

4. f(x,y) = V25 - (x—2°—-y><5
Relative maximum: (2, 0, 5)

Check: f, = — x—2 —00 x=2
25— (x—22-y?
y
f=— —00 y=0
Y 25— (x— 22— y? y

—\2
- 25 — y

25— (x — 2)? y(x — 2)
XX _[25 —(x— 22— z]a/z‘fyy -

_[25 — (X — 2)2 _ 2]3/2‘ ny - [25 _ (X _ 2)2 — 2]3/2
At the critical point (2, 0), f,, < 0and f, f,, — (f,)? > 0. Therefore, (2, 0, 5) is arelative maximum.
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6. f(x,y) = -2 —y2+4x+8—-11=-(x—-22-(y—42+9<9 z
Relative maximum: (2,4, 9) i 4'9)
LN
Check: f,=-2x+4=00 x=2 e
;?7///,'0:0.0:“:\\\\{\
f=-2y+8=00 y=4 %ﬁ}zw&{\“
h A\
=2 fy=-21,=0 : LD,

10.

12.

16.

20.

At the critical point (2, 4), f,, < 0and f, f,, — (f,)? >0. Therefore, (2, 4, 9) is arelative maximum.

f(x,y) = —x2 — 5y2 + 10x — 30y — 62
fo= —2x+10=0
f,=—10y — 30 =0

= -2,f,=-10,f, =0

}x—5,y——3

fXX

At the critical point (5, —3), f,, < 0and f, fy — f2 > 0.

Xy
Therefore, (5, — 3, 8) is arelative maximum.

fx,y) =x2+6xy + 102 — 4y + 4
f,=2x+6y=0 }
f,=6x+20y—4=0
fo =2 f, =20, f,=6

Solving simultaneously yieldsx = —6andy = 2.

At the critical point (-6, 2), f,, > 0and f fy — (f)? > 0. Therefore, (—6, 2, 0) is arelative minimum.

fx,y) = -3 —-22+3x—4y+5
f,=—6x+ 3:0whenx:%.
f,=—4y—4=0wheny= -1
foo=—6f,=—-4,1,=0

At the critical point (3, —1),f, < 0Oand

focfyy — (fxy)2 > 0. Therefore, (% -1, %) isarelative
maximum.

fixy) = |x+y —2

Since f(x,y) = —2foral (x,y),
the relative minima of f consist of
all points (x, y) satisfying
x+y=0.

z=evy
Saddle point: (0, 0, 1)

14. h(x, y) = (0@ + y)¥3 + 2
h = 2x _
x = 30 + y2)2/3 =

2y

h, = 302 + y)2/3 =0

0
x=0y=0

Since h(x,y) = 2for al (x, ), (0,0, 2) isarelative
minimum.

18. f(x,y) =y  — 3y —3y2 -3+ 1
Relative maximum: (0, 0, 1)
Saddle points: (0,2, —3), (++/3, -1, -3
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22. g(x,y) = 120x + 120y — xy — X2 — y?
gX=120—y—2x=0} o _
g, = 120~ x — 2y =0 Solving simultaneously yields x = 40 and y = 40.
O« = 72 9y = —2 gy = "1

At the critical point (40, 40), g,, < 0 and g,, Oy — (9,,)? > 0. Therefore, (40, 40, 4800) is a relative maximum.

Xy’

24. g(x,y) = xy
% =Y
g, = X
9« =0 0y=0g,=1
At the critical point (0, 0), g,, g,y — (g

} x=0andy =0

Xy)2 < 0. Therefore, (0, 0, 0) is a saddle point.

26. f(x,y) = 2y — %(x“ 1) 41
f,=2y — 2x3} Solving by substitution yields 3 critical points:
f,=2x—2y% (0,0),(1,1),(~-1,-1)
fo = —6X2, fy = —6y?, fy =2

At (0,0), f, f,, — (f,)2 <0 O (0,0, 1) saddle point.

At (1, 1), f,f, — (f,)? > 0and f, < 0 O (1, 1, 2) relative maximum.

At (-1, —1),f,f, — (f)>>0and f,, <0 O (-1, —1, 2) relative maximum.

28. f(x,y) = <% - X2+ y2>e1‘><2‘yz
fo= (28— 2x2 — 3xel ¥ ¥ =0
f,= (2 — 2% +ye ¥ ¥ =0
foo = (—4X* + B2 + 12x% — 2y? — 3)et ¥~ ¥
f,, = (4y" — &2 + 2 — 8y? + 1)et ¥ ~¥
fy = (—4Cy + 4xy® + 2xy)et ¥
At the critical point (0, 0), f,, f,, — (f,)* < 0. Therefore, (0, 0, &/2) is a saddle point. At the critical points(O, iﬁ/Z),

fo < Oandf, f, — ()2 > 0. Therefore, (0, = /2/2, /e) are relative maxima. At the critical points (+/6/2, 0), f,, > 0
and f,, f,, — (f,)2 > 0. Therefore, (+/6/2, 0, — /e/€) arerelative minima

} Solving yields the critical points (0, 0), <0, i§> (i? 0).

30. 2= XYV 0 2= 0ifxe=y2 %0 i
) X2 + y2 = ' : 2|_,
Relative minima at al points (x, x) and (x, —x), X # O. s )
X 5y
32. f < O0andf, f, — (f)2=(-3)(-8 —22>0 34. f,, > Oandf,, f, — (f,)? = (25)(8) — 10? > O
f has a relative maximum at (X,, Yo)- f has arelative minimum at (x,, yo)-

36. See Theorem 12.17.
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38. ‘ Extremaat all (x,y) 40. Relative maximum

41 4+ (2,14

> N

L
N
|

1

N

w
IN

N
™

<

42. A and B arerelative extrema. C and D are saddle points. 4. d="f, f, - fxy2 < 0if f,, and f,, have opposite signs.
Hence, (a, b, f(a, b)) is asaddle point. For example,
consider f(x,y) = X2 — y?2and (a, b) = (0, 0).

46. f(x,y) =x3+y3 — 62+ 9?2 + 12x + 27y + 19
f,i=3¢—-12x+12=0
f,=3y2+ 18y +27=0
fox = BX — 12,fyy= 6y + 18,ny= 0
At (2, —3), T, f,, — (f)? = Oand the test fails. (1, —2, 0) is asaddle point.

} Solvingyieldsx = 2andy = —3.

48. f(x,y) = Vx—1°2+(y+2?=0

‘- x—1 _
* (x—12+(y+27?
y+2 B Solvingyieldsx = 1andy = —2.
N e v
(y + 2)2 (x — 1)2 _ x—=Dy+?2

b S [ — 12+ (y+ 22P2" W " [x= D2+ (y + 2P ™~ [(x— 12 + (y + 27
At (1, —2), f, f,, — (f)?isundefined and the test fails.

Absolute minimum: (1, —2, 0)

50. f(x,y) = (@ +y9)?#3 > 0

f - 4x
x 3(X2 + y2)1/3
4 f, and f, are undefined a x = 0, y = 0. The critical point is (0, 0).
— y
fy - 3(X2 + y2)1/3
4(x° + 3y?) A3+ y?) —8xy

x = 92 + Y)V3 W T Qi@ + Y3 Y = 92 + y)¥/3
At (0, 0), f, fy — (fxy)2 is undefined and the test fails.

Absolute minimum: (0, 0, 0)

5. fx,y, 22 =4—-[x(y—-1D(@z+ 2P <4
f,=—-2x(y—-1%z+2?=0
f,=-2y—-1z+2?*=0
f,=-2x(y—-1%z+2 =0

Solving yields the critical points (0, a, b), (c, 1, d), (e, f, —2).
These points are all absolute maxima.
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54.

56.

58.

60.

fxy) = (@2x—y)? y
fi=42x—-y) =00 2x=y 3l
f, = —22x—y=00 2=y | @2
Ontheliney=x+ 1,0 < x < 1,

fxy) = 00 = (2x = (x+ D = (x — 12 =

0,1
and the maximum is 1, the minimum is 0. Ontheliney = —3x + 1,0 < x < 2, © ;

fxy) =fx) = (2x - (=3x + 1) = 3x - 1)?

and the maximum is 16, the minimum is0. Ontheliney = —2x + 4,1 < x < 2,
fx,y) =f(x) = (2x — (—=2x + 4))?2 = (4x — 4)?

and the maximum is 16, the minimum is O.

Absolute maximum: 16 at (2, 0)

Absolute minimum: 0 at (1, 2) and dlong the liney = 2x.

fx,y) =2x— 2xy + y? y

ff=2-2y=0 0 y=1 +
& Y f(1,1) =1 2
f=2y—-2x=00 y=x0O x=1
Y . 1Ly | @y
Ontheliney =1, -1 < x £ 1,
fx,yy =f(x) =2x—2x+ 1= 1 E i
-1 X

Onthecurvey =x%, -1 < x <1
fx,y) = f(0) = 2x = 20¢) + ()% = x* — 2 + 2x
and the maximum is 1, the minimum is —%.

Absolute maximum: 1at(1,1)andony =1
Absolute minimum: —% = —0.6875&(—%,%)

fxy) =X +2xy +y,R={(xy):|x <2y <1}

= —X

g:a+@=ﬂ
f=2x+2y=0

flx, —X)=x—-2¢+x2=0

Alongy=1,—-2 < x £ 2,
f=x2+2x+1,f=2x+2=00 x=-1,f(-21) =1,f(-1,1 =0,f(21) = 9.
Alongy = —1, -2 < x £ 2,
f=x-2x+1f=2x-2=00 x=1f(-2-1)=9f(1,-1)=0,f(2 -1 =1
Alongx=2,—-1<sy<1f=4+4+yf'=2y+4+0.
Alongx=—-2,—-1<sy<1f=4—-4y+yf'=2y—4+0.
Thus, the maximaaref(—2, —1) = 9and f(2, 1) = 9, and the minimaaref(x, —x) =0, —1 < x < 1.

f(x,y)=x2—4xy+5,R={(x,y):Osxs4,Osys \/)?} y
fX=2x—4y=O}X:y:0

f,=—-4x=0

f(0,0) =5 2
Alongy=0,0 < x < 4, f=x2+5and f(4,0) = 21.
Alongx=4,0<y<2f=16—-16y + 5f = -16 # Oand f(4,2) = —11.

Alongy = /X, 0 < X < 4,f=x — 432+ 5 = 2x — 6x¥/2 + 00on [0, 4].
Thus, the maximum is f(4, 0) = 21and the minimum is f(4, 2) = —11.




Section 12.9

Applications of Extrema of Functions of Two Variables 345

Section 12.9

— 4Xy — . 2 2
62. f(x,y) = @+ D2+ 1),R {x,y):x=0,y =20,x2+y>< 1}
_ A -xy _ _
fx_(y2+1)(x2+1)2_0D x=1lory=0
41 — y?)x

fy:WZOD y:lOTX:O

Forx =0,y = 0, aso, and f(0,0) = 0.
Forx = 1andy = 1, the point (1, 1) isoutside R.

X1 — X2

2 2 — = _2) = ANV - A

Forx2 + y2 = 1,f(x,y) f(x, 1 x) PR a—t
Absolute maximum isg = f(? ‘f)

SIS

and the maximum occurs at X = y

[

The absolute minimum is 0 = f(0, 0). (Infact, f(0,y) = f(x,0) = 0)

y

. False

Letf(x,y) = x* — 22 + y2
Relative minima: (+1,0, —1)
Saddle point: (0, 0, 0)

2. A point on the planeis given by (x,y, 12 — 2x — 3y). The

square of the distance from (1, 2, 3) to a point on the
planeis given by

S=(x—-12+(y—22+(9—2x— 3y)?
S =2(x— 1) + 209 — 2x — 3y)(—2)
§ =2y -2 + 29— 2x— 3y)(-3.

From the equations §, = 0 and §, = 0, we obtain the
system

5x + 6y = 19
6x + 10y = 29.
Solving simultaneously, we have x = 1o,y = 3, z = 55

and the distance is

JE T

3) - it

Applications of Extrema of Functions of Two Variables

4. A point on the paraboloid is given by (x, y, X + y?). The
square of the distance from (5, 0, 0) to a point on the
paraboloid is given by

S=(x—52+y2+ (+y?2
S=2x—5 + 4 +y?) =0
S =2y + 4y +y) =0.

From the equations § = 0 and §, = O, we obtain the
system

23+ 22+ x—5=0
2@+ 2% +y=0.

Solving asin Exercise 3, we have x = 1.235,y = 0,
z =~ 1.525 and the distance is

(1.235 — 5)2 + (1.525)? = 4.06.
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6. Sincex +y+ z=32,z= 32 — x — y. Therefore, 8. Letx,y, and zbethe numbersand let S= x2 + y?2 + 22
i +y+z=
P = X2 = 322 — 3 — Xy Sincex +y + z= 1, we have
— 2 + 2 + _ — 2
P, = 322 — 22 — y° = (32 — 2x — y) = 0 S=x+yitdox—y)
= ox — —x— ) = +y=
P, = 64xy — 2x%y — 3xy? = y(64x — 2x% — 3xy) = 0. S=x-21-x-y) O}ZX y=1
§=2y-21-x-y) =0/x+2y=1
Ignoring the solution y = 0 and substitutingy = 32 — 2x o ] 1 . .
into P, = 0, we have Solving simultaneously yieldsx = 5,y = 5, and z = 3.

10.

12.

14.

64x — 22 — 3x(32 —2x) =0
4x(x — 8) = 0.
Therefore, x = 8,y = 16,and z = 8.

Co — 15xy

Let %, y, and z be the length, width, and height, respectively. Then C, = 1.5xy + 2yz + 2xzand z = 2Axty)

The volume is given by

B _ Coxy — 1.5x3%?
V=ryz= 2x +y)
V. — y3(2C, — 3x% — 6xy)
x 4(x + y)?
_ X3(2C, — 3y* — 6xy)
TS

In solving the system V, = 0 and V, = 0, we note by the symmetry of the equations that y = x. Substitutingy = x
intoV, = Oyields
X2(2C, — 92
% =0, 2C, = M, x = %\/20 Ly = %\/20 ,andz = %\/200.

Consider the sphere given by X2 + y?2 + 22 = r2 and let a vertex of the rectangular box be (x, Y, V2 —x2 — y2).
Then the volume is given by

V= (202y) (2412 =X = y2) = 8xy /2 — 2 — y2

—X 8y
— A~ \/ﬁ — Oy (r2 o2 \2) —
V, 8<xym+y r2—x2—y r2—x2—y2(r 2x ) =10
- 8x
Vy_8<Xyr2_))(l2_y2+X r2_X2_y2>_r2—)(2—y2(r2_X2_2y2)_0-
Solving the system
22 +y2=r2
X2+ 2y2 = r2

yieldsthe solutionx =y = z = r//3.

Let %, y, and z be the length, width, and height, respectively.

Then the sum of the two perimeters of the two cross sections is given by
(2x+22)+ (2y+ 22 =108orx =54 —y — 2z

The volume is given by
V = xyz = 54yz — y’z — 2y7°
V,=54z—2yz—- 222 =254 -2y —22) =0
V, =54y —y? —4yz=y(54 -y - 47 = 0.

Solving the system 2y + 2z = 54 andy + 4z = 54, we obtain the solution
X = 18inches, y = 18 inches, and z = 9 inches.
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1
16. A= 5[(30 —2X) + (30 — 2x) + 2x cos A]x sin 6

18.

22.

=30xsin 9 — 2x2sin § + x2sin 6 cos

%: 30sinf — 4xsinf + 2xsinfcosH = 0
0A
T i 30cosh — 2x2cosf + x¥(2costH— 1) =0

From%: Owehavel5 — 2x + xcos9 =0 [ cosh =

From g—'g = 0 weobtain

2x — 15
P

— — _ 2
02 5) BB L oZ )
X X X

30(2x — 15) — 2x(2x — 15) + 2(2x — 15)2 — x2 = 0

3x2—30x=0

Thencos@=% O 60=60.

P(p,q,r) = 2pgq + 2pr + 2qr.
p+q+r=1impliesthatr=1—-p—q.
P(pg)=2pq+2p(1-p-a +2q1—-p—-0
2pq + 2p — 2p® — 2pq + 29 — 2pq — 207
—2pq + 2p + 29 — 2p? — 202

JP P B
pr——2q+2—4p, g 2p+2-4q
. 9P oP )
Solvmga—p = aiq = 0 gives
gt+2p=1
pt29=1

and

ECRCRERE

and hencep = q =

(-4

Ol Wik

Wi

x =10

20. R = 515p, + 805p, + 1.5p,p, — 1.5p2 — pf
R, = 515+ 15p, — 3p, = 0
R, = 805+ 15p, — p, = 0
3p, — 1.5p, = 515
—1.5p; + p, = 805

Solving this system yields p, = $2296.67, p, = $4250.

S=d+d,+d;=/(0-02+(y—02+
AT

0-27+(y-27+

0+ 22+ (y— 272

iS: MzowhenyZZ_z\/é:LZ\/é
dy V4 + (y — 2)2 3 3
The sum of the distance is minimized wheny = M ~ 0.845.

3



348

Chapter 12 Functions of Several Variables

24.

26.

28.

30.

@ S=Vx+ A2+ ¥+ JX-12+(y— 62+ Jx— 127 + (y — 22

The surface appears to have a minimum near (x,y) = (1, 5).

®) S = X+ 4 x—1 n X — 12
XY a6 V- 12P+ (y - 2P

s - y 4 y—=6 n y—2
(X + 4)2+ y? (x— 12+ (y — 6)? (x—122+ (y — 22

(c) Let(x,,Yyy) = (1,5). Then
—-Vg1,5) = 0.258i + 0.03]

Direction = 6.6°
(d) t=0.94 x, =124 y, = 503
(e) t = 3.56, Xg = 1.24, y; = 5.06,

t~104, x,~123 y,~506

Note: Minimum occurs at (x, y) = (1.2335, 5.0694)
(f) —VSX,y) pointsin the direction that S decreases most rapidly.

See the last paragraph on page 915 and Theorem 12.18.

@[ , - ” ® s-
-3 0 0 9 1
-1 1 —1 1 5
1 1 1 1
3 2 6 9
2%=0 [ Xyi=4|>2x¥=6| ¥x*=20
y:%x—k 1
@ X y Xy %
3 0 0 9
1 0 0 1
2 0 0 4
3 1 3 9
4 1 4 16
4 2 8 16
5 2 10 25
6 2 12 36
Yx=28| Yy =8| >xy=37| Yx2=116

837) - (28)(8) _ 72 3 1

1
T 8(116) — (28)2 144 2

5= (3o + (o] +3-of + (3 + 5

1 1
2 b—§[8*§<28>]— 2YTX g

S_
4

3

?)

2
Z_2> +

5-4-

3
2
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32. (1,0),(3,3),(5,6) 34. (6,4),(1,2),(3,3),(8,6),(11,8),(13,8;n =6

Exi=9, Eyi=9, N x =42 Yy =31
DXy =39 3 x?=35
_339-99 _36_3

T 335 —-(92 24 2

Y%y =275 Y x? =400

_ 6(275) — (42)(31) 29

i[. 3 9 3 3= "6ao0) — (422 53 0472
b=2lo- 3@ |=-2--2
e ° 2 b=1(31—§42>=@x13365
o3 3 6 53 318~
2 2 _29 45
7 Y= 53" " 318
9
. . /
- )
-1 14
-1
36. (a) (1.00, 450), (1.25, 375), (1.50, 330) 38. (3) y = 1.8311x — 47.1067
¥ x =375y, = 1,155, x? = 4.8125, (b) For each 1 point increase in the percent (x), y

increases by about 1.83 (slope of line).
E xy; = 1,413.75

_ 3(1,413.75) — (3.75)(1,155) _

3(4.8125) — (3.75)2 —240

b= %[1,155 — (—240)(3.75)] = 685

y = —240x + 685
(b) When x = 140,y = —240(1.40) + 685 = 349.

40. Sa,b) = .:il(axi +b-y)
S(ab) = 2a.:ilxi2 + 2b‘:ilxi - 2.21)(1.)/i
S(ab) = 2aixi + 2nb — 2iyi
i=1 =1

Sua.b) = 237

Sp@b) =2n

Sufa.b) = 2%

S.(a b) > 0aslongasx, # Oforali. (Note: If x; = Oforal i, then x = Oisthe least squares regression line.)

d= 8.8, ~ S’ = 4nixi2 - 4<ixi>2 = 4[n_ixi2 - (ix,)z} > Osince nim2 > (i)g)z

Aslong asd # 0, the given values for a and b yield a minimum.
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42. (=4,5), (-2,6), (2,6), (4,2

2%=0 S 20
2 =19 (_47/(\@, 2
D S A I
E x3=0 -

2%t =544

2 =12

Y x?y; = 160

544a + 40c = 160, 40b = —12, 40a + 4c = 19

_ _5 _ _3 _ 4 _ _5,0_ 3 41
a=-—z, b=—-93,C=%,y= %X 15X+ %

46. (a) y = 0.078x + 2.96
(b) y = 0.0001429x> + 0.07229x + 2.9886

© =

L

-5 45

(d) For the linear model, x = 50 givesy = 6.86 billion.
For the quadratic model, x = 50 givesy = 6.96 billion.

As you extrapolate into the future, the quadratic model
increases more rapidly.

Section 12.10 Lagrange Multipliers

2. Maximizef(x,y) = xy.
Congtraint: 2x +y = 4

Vf = AVg
yi +Xj =201 + A]j
y =2\
X=A
X+y=401 4r=4
A=1Lx=1y=2
f(1,2) =2

44. (0,10), (1,9),(2,6),(3,0)

E X =6 11
- ©.10 4 (1 g
E Y =25 2.6
E x? =14 3.9
-9 1 14 : 9
2 XiB =36 -1
> x4 =98
Y xy, =21
2% =33

98a + 36b + 14c = 33
36a+ 14b+ 6c=21
l4a+ 6b+ 4c=25

_ _5 _ 9 _ 199 _ _5p,, 9 199
a=—-zb=3,c=%,y=—iX¥+xX+ 3

48. (a) % = ax + b= —0.0029x + 0.1640

1
Y= ~0.0029x + 0.1640
® =

0

(c) No. For x = 60, y = —100. Note that thereis a
vertical asymptote at x = 56.6.

4. Minimizef(x,y) = x* + y2
Congtraint: 2x + 4y =5
Vf = AVg
2Xi + 2yj = 2\i + 4Aj

2x=2A 0O x=A
2y=4r0 y=2A
2x+4y= 50 10A=5

)\=%,x=%,y=1
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6. Maximizef(x,y) = X — y2. 8. Minimizef(x,y) = 3x + y + 10.
Constraint: 2y — x> =0 Constraint: X%y = 6
Vi = AVg Vi = AVg
i — 2yj = —2xXAi + 2)j 3i +j = 2xyAi + X2Aj

2X=—-2xA 0 x=0o0r A= -1 3

3=2xyr O A=2

If x =0, theny = O and f(0, 0) = O. B =oxy O y= 2
2
2 -1
IfA=—1, 1=xab A= (x# 0)
oy =2\ = — = 2 — =
y=2"=-20y=10 x®=20 x= .2 x2y=6Dx2<%)=6
f(v/2,1) =2 - 1= 1 Maximum.
=4
3
x= ¥4, y= 32£
3 3
f<%’3\/21):9ﬂ+20
2 2
10. Note: f(x,y) = /X% + y?isminimum when g(x, y) is 12. Minimize f(x,y) = 2x + V.
minimum. Constraint: xy = 32
Minimize g(x, y) = X2 + y2. 2w
Congtraint: 2x + 4y = 15 - }y— 2x
1=xA
2X—2)\] -
= = 2 =
oy = 4A y xy=2320 22 =32
XxX=4y=28
2x+ 4y =15 [ 10x =15
f(4,8) = 16
x=§ y=3
>
3 3 3.5
f<2’ 3) B g<2’ 3) N

14. Maximize or minimize f(x,y) = e™/4,
Constraint: x> +y2 < 1
Case 1l: Onthecirclex? + y? =1
—(y/4)e /4 = 2xA
(y/4) } O = y2
—(x/4)e~ /4 = 2y

x2+y?2=10 x= +Y2

2
Maxima: f(i%, :72> = el/8 ~ 11331
Minima: f(i%, 172> = ¢ 1/8 ~ 0.8825

Case 2: Inside the circle
fo=—(y/4)e/" =0

} O x=y=0
f, = —(x/4e¥/*=0

f

XX

:y:fxy/é‘v :Xifxy/él = *xy[i 71)
165y = 38 M ey = € 399 T

At(0,0), fyf,, — (f)2 < 0.

Saddle point: (0,0) = 1
J2

Combining the two cases, we have a maximum of e*/8 at <i7, 17> and a minimum of e~%/8 at (iT, +

N

N
NS

N
\._/



352

Chapter 12 Functions of Several Variables

16. Maximize f(x,Y, 2) = Xyz.

20.

Congtraint: x+y+z=26

f(2,2,2) =8

Minimizef(x,y, 2) = X2 + y? + 22
Constraints, X + 2z=6
X+y=12
Vf = AVg + uVh
2Xi + 2yf + 2zk = A(i + 2k) + wuli +j)

X=A+pu
y=pu X=2y+z
2z =2\
6 — X X
+ = = —2_2
x+2z2=6 O z > 3 >
x+y=12[10 y=12 - x
X 9
2x=2(12 — x) + 3—5 O EXZZ?D X=6
X=6,z=0
f(6,6,0) = 72

18. Minimize x2 — 10x + y? — 14y + 70
Constraint: x +y = 10

2x—10=A) x= (1/2)(A + 10)
2y —14=A¢ y = (1/2)(A + 14)
X+y=28

1

x+y:%(/\+10)+§()\+14)

=A+12=80 A=—-4
Thenx = 3,y = 5.
f(3,5=9-30+25—-70+70=14

22. Maximize f(x,y, 2) = xyz
Congtraints; x2 + z2 =5

x—2y=0
Vi = AVg + uVh
yzi + xzj + xyk = A(2xi + 2zk) + u(i — 2j)
yzZ = 2XA + w

xz=—2ul] ,u,:—%

xy =2zA O /\=%

XX+z22=5 O z=/5-%
x—2y=0 0O y=g
— oY) X
vz 2X<22> 2
X5 = X% _ x3 x5 — X2
2 2/5—x2 2
X3
N e e—
25— x?
2x(5 — x?) = x3

0 = 3x® — 10x = x(3x? — 10)

X:oOrX:\/ﬁ :éﬂzz\ﬁ
3772V 3 3
(VEINENHEE

3’2 3’ 3/ 9

Note: f(O, 0, fs) = 0 does not yield a maximum.
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24. Minimize the square of the distance f (x, y) = X2 + (y — 10)? subject to the constraint (x — 4)2 + y? = 4.

2x=2(x —4A) X y— 10 5
= y=—5x+10

2(y — 10) = 2yA X—4 y
x—42+y2=40 (x2—8x+l6)+<%x2—50x+ 100):4

%xz —58x +112=0

Using a graphing utility, we obtain x = 3.2572 and x = 4.7428 or, by the Quadratic Formula,

(5B 582 — 4(29/4)(112) _ 58 + 229 _ 4s 4./29
2(29/4) 29/2 29
Using the smaller value, we have x = 4(1 - %) and y= 102929 =~ 1.8570.
. o \/29> 10@]
The point on the C|rcle|s[4<1 29 ) 29
2 2
and the desired distance s d = \/16<1 - @> + (10‘@ - 10) ~ 877,
29 29
The larger x-value does not yield a minimum.
26. Minimize the square of the distance 28. Maximize f(x,y, 2 = z subject to the constraints
2 2 _ 52 — =
F(xy,2) = (X — 42 + y2 + 22 X¥+y*—zZ=0and x+ 2z=4.
0=2xA +
subject to the constraint /X2 + y2 — z = 0. K
O0=2yA 00 y=0
X X
2zx—4) =———=\ =" = -2 +
__ _Y, 20x — 4) = —2x ¥ +y?—7#=0
ety 2 2y = —2y Xx+22=40 x=4-22
2 = —
2= A (4-222+0—2=0
2 2 — = = =
VEry mz=0x=2y=02z2=2 32— 162+ 16 = 0
The point on the planeis (2, 0, 2) and the desired distance is (32— 4)(z—4) =0
d=JQ2 - 42+ 0+ 22=2.2. z=4orz=4
The maximum value of f occurs when z = 4 at the point
of (—4,0,4).
30. See explanation at the bottom of page 922.
32. Maximize V(x, y, 20 = Xxyz subject to the constraint 34. Minimize A(m, r) = 27rh + 2712 subject to the
1.5xy + 2xz + 2yz = C. congtraint 7rr?h = V,,.
yz = (1L5y + 22)A 3 27th + 47r = 27rhA h=2
xz = (15X + 22)A x=yandz=zx omt = w2\ =
Xy = (2x + 2y)A
3 3 mrh =V, O 27r3 =V,
15xy + 2xz+2yz=C O 152+ -x2+-x*=C — —
22 e [V _ /Y
Dimensions. r = 3 and h=23
J2C 27 27
x = Y&
3
Volume is maximum when
_,_Yx . S
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36. (d) Maximize P(x, Y, 2) = xyz subject to the constraint
Xty+z=S8
yz= A
XZ=A(X=y=12
Xy = A

X+y+z=S0O x=y=z=§

Therefore,

e (G515 e

(b) Maximize P = X;XX5 . . . X, subject to the constraint

n

Yx =SS0 x=X=x=
i=1

Therefore,

S
XXXz, o Xy S E ﬁ

XXoXg « + - X, s(

n S

U)X+ X% <
Xg+ X + X+ - A X,

UXXoXg .+ Xy S

n

2
38. Case 1. Minimize P(I,h) = 2h + | + <2|) subject to the constraint Th + <7T8| > = A

T rl
1+2 (h+*>)t

N
>

T
== 4+ =
2

(NI

2
Case 2: Minimize A(l, h) = |h + ( 8I )subject to the constraint 2h + | + ( 2') =P

h+%l=<1_ +7—27>)\
7l

I
=240 A= h+ 2=
| =2 A 2h 2

NI —

h:lzorI:Zh

40. Maximize T(x, y, 20 = 100 + x? + y? subject to the
congtraints x2 + y2 + z2=50 and x — z= 0.

2X=20 +
2y = 2yA
0=2z2\ — u

Ify#0,thenA=landu =0, z= 0.
Thus,x = z= Oandy = /50.
T(0, /50, 0) = 100 + 50 = 150

Ify=0,thenx?+ z2 = 2x> = 50and x = z = /50/2.

(20>—100+540—1125

Therefore, the maximum temperature is 150.

7l
+7
4

| —— 5 —|

e—————— | ————>1

42. Maximize P(x, y) = 100x0406
Constraint: 48x + 36y = 100,000.

—0.60.6 — X)O'G _ 481
40x~06y08 = 48) [ <X 0
4y —0.4 — 5)0'4 _ @
60x° 36A [ <y 60

" - (%))

X X 40 /\36A

)% =20 y=2x
48x + 36y(2x) = 100,000 [ x = @, y = @

(2500 5000

3 'T) ~ $126,309.71.
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44. Minimize C(x,y) = 48x + 36y subject to the constraint 100x°6y®4 = 20,000.
0.4
— 60x-0404 Y\ _ 48
48 = 60x 9404\ [ <x> 50X
— 6y~ 0.6 5)0'6 _ 36
36 = 40x°6y~06) [ <y 201
) - s
X X 60\ 6
y_8 _8
x "9 YT ¥
8 0.4
100x06y04 = 20,000 U x°-5<§x> = 200
200
X = 8/9)0% 209.65
8| 200
= digrops] = 190
Therefore, C(209.65, 186.35) = $16,771.94.
46. f(x,y) =ax+ by, x,y >0
it X2 LY
Constraint: 64 + % 1
(@ Level curvesof f(x,y) = 4x + 3y arelines of form (b) Level curvesof f(x,y) = 4x + 9y are lines of form
4 4
y——§x+C. y——§x+C.
. 4 . . 4 .
Usingy = fgx + 12.3, you obtain Usingy = f§x + 7, you obtain
x=7,y=3, and f(7,3) =28+ 9=37. Xx=4,y=52 and f(4,52) = 62.8.
8
-10 Cj\ 10
-8
Constraint is an ellipse.
Review Exercises for Chapter 12
2. Yes, it isthe graph of afunction.
4. f(x,y) = Inxy 6. f(X,y):X+y
The level curves are of 2 c=3 c=3 Thelevel curvesareof  ¢--3°=1°%7 c=1
the form =1 2 2 2
& ¢ the form c=-2F—
c=Inxy 3 c=0 s X c=1
Cc= -3 3
€° = Xy. R X+y c=2
The level curves are 2 y = <1 - C)X_ = es?
hyperbolas. c
The level curves are passing through the origin with slope
1-c

c
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8. g(x,y) = |y|t+¥ 10. f(x,y,22=9¢—-y2+922=0 12 lim ———
gl y) =yl (xy.2) y ®y) -1, X —y?
Elliptic cone Does not exist

Continuous except wheny = +Xx.

: Xy
v = 16. f(x,y) = >~ 18, 7=1n02 +y2 + 1
1 *x, y!lrr(]o, o 1+x 1+0 0 xy) X+y z=In(x®+y )
i 2 0z 2X
Continuous everywhere _Yx+Y) -xy_ Y

SV R R oy

2 0z 2y
__ X N o rvirl
ENCERE K
200 w= /X +y’+2 22. f(x,y,2 = L
JI-2-y-2
ow _ 1, X
= + v2 + 271/22)(:7
ox 2()( y Z) ( ) m fx — 7%(1 — X2 — y2 _ 22)73/2(,2)()
W _ Yy X
oy eyt - Ao
w_ .z y
iz Rty + 2 f, = (1—x2—y2— 2P
- z
z = (1—x2—y2— 2)3/2
24. u(x, t) = c(sin akx) cos kt 26. z=XIny + 1)
au 0z 9z
X akc(cos akx) cos kt o 2xIn(y + 1). At (2,0, 0), o 0.
thj — _ke(sinaky) sinkt Slope in x-direction.
0z X2 az
ay_ 1+ y.At(2,0,0), 3y =4
Slope in y-direction.
X - _
28. hix,y) = -~ y 30. g(x,y) = cos(x — 2y)
g = —sin(x — 2y)
he Y _
o (x+y)p? g, = 2sin(x — 2y)
hoo X O = —Cos(x — 2y)
Yoo x+y)? g,y = —4cos(x — 2y)
h o=~ Gy = 2Cos(x — 2y)
“x+y)?
Oyx = 2cos(x — 2y)
2X
" = oty
b= XEYP-yxty) | x—y
Y (x+y)* x+y?

hyX:—(X+y)2+2y(X+y): X—y
x+y* x+y)?
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32. z=x3 - 3y? 34. z=e*siny
9z — A2 2 9z _ .
ax Ty ax  gsny
0%z 9%z .
e & SE=esny
9z
ay —6xy g—;=excosy
0%z 2
EY gf;=*exsiny
i’z 9%z _ 2
Therefore, e ay? =0 Therefore, a—i + 220,
e gy?
Xy
306. z=———
Ve +y?
9z 0z
dz a—dx + a—ydy
R R LR | P I e S VR ek | P A
X2 + y2 2 + yz - (@ + y2)3/2 (@ + y2)3/2 y

38. From the accompanying figure we observe

tan0=20r h=xtan 6

=

dh*a—hd +a—hd0—tan9dx+ X sec? 6 dé.
]
. 1 117 T X
Letting x = 100, dx = 15, 6= 60" and db = 11780'

(Note that we express the measurement of the angle in radians.) The maximum error is approximately

117 1 117 T
dh = tan ( 0 )( 2) + 100 secz( )(i@) ~ +0.3247 + 2.4814 =~ +2.81 feet.

40. A=mrJr2+n

7rh

2
A= r2+h2+L)df+7dh
N L=
77{2r2+h2) wrh h:W(8+25)/ 1>+ 107/, );- 437
s O e Vs \78) " /\"8) " Va0

42. u=y?—x, X = cost, y = dnt

Chain Rule. Y — Qudx  oudy
dt  ax ot ay ot

= —1(—sint) + 2y(cost)

=sgint + 2(sint) cost

= sint(l + 2cost)
Substitution: u = sin?t — cost

du . . .
— =2sintcost +sint = sint(1 + 2 cost)

dt
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44, w:x—zy,x=2r+t,y=rt,z=2r—t

. oW dW IX = W 9 W 0z
Chain Rule: O = WX | WY | oW 0z

ar  agxor  ayor  zor
_Yy Xy - XY
=@+ -5

2rt (2r + 9t 2(2r + 1)(rt)
2r —t r —t (2r — t)2
_ At — A2 — 8
(2r —1)?

aw _awax | oway | ow oz
Jat ox ot ay ot 0z at

=YW+ 20 =21

_ At —rt? + 4rd
(2r —1)?

2 2
substitution: w = ¥ = & 00D _ 2rt 4 rt
z 2r —t 2r —t

oW _ A’ — 4rt? — t°
ar 2r — 1)2

ow _ Ar%t —rt? — 4r3
at (2r —1)2

4. f(xy = %yz — x2

o1
V= —-2xi + Eyj
Vi(1,4) = -2 + 2
oL, 245 5
/5 5 5

_4V5 25 2J5

D, f(1,4) = Vf(1,4) - u =

5 5 5
2
52, 7=2>
X—y
X2 — 2xy. X2 .
Vz = i+
x—y?  (x- y)21
VZ(2, 1) = 4j
[Vz(2, 1) = 4

56. dysinx —y? =3
f(x,y) = dysnx — y?
Vi(x,y) = 4y cosxi + (4sinx — 2y)j

w .
\%i <E’ 1) = 2]

Normal vector: j

46.

50.

58.

xz2 —ysinz=0

0z 0z
22—+ 72—ycosz—=0
ox yeoszoy
z__ 27

dX  ycosz — 2xz

0z 0z .
2Xxz— —ycosz— —sSnz=0

ay ay

iz _ sinz

dy 2xz— ycosz

w = 6x2 + 3xy — 4y%z
Vw = (12x + 3y)i + (3x — 8y2)j + (—4y?k
Yw(1,0,1) = 12i + 3j
1 V3., /3 /B

U="zYT 3Tl T gk

Dw(1,0,1) = Vw(1,0,1) - u
=43+ /3+0=5.3

z= X
Vz = 2xyi + %3
Vz(2, 1) = 4i + 4
V22, )] = 472

Fixy,2 =y2+22-25=0
VF = 2yj + 2zk
VF(2,3,4) = 6] + 8k = 2(3] + 4k)
Therefore, the equation of the tangent planeis
3(y—3) +4z—-—4)=0 or 3y+ 4z=25
and the equation of the normal lineis

y—3:z—4
3 4 -

X =2,
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60. F(x,y,20=x+y?+22-9=0
VF = 2xi + 2yj + 2zk
VF(1,2,2) = 2i +4j + 4k = 2(i + 2j + 2k)
Therefore, the equation of the tangent planeis
X—-1D+2y—-2+2z-2 =0 or
X+2y+22=09,
and the equation of the normal lineis

x=1_y—-2_z-2
1 2 2

64. (a) f(x,y) = cosx + siny, f(0,00 =1

f = —sinx £(0,0) =0
f, = cosy, f,(0, 0=1
Pixy)=1+y

(c) If y = 0, you obtain the 2nd degree Taylor polynomial

for cos x.

The accuracy lessens as the distance from (0, 0) increases.

66. f(x,y) = 2 + 6xy + 9y? + 8x + 14
fi=4+6y+8=0
f,=06x+ 18y =0, x= -3y
4-3y)+6y=-80 y=3 x=—4

fo = 4
f, =18
foy =6

62. F(xy,2=y?+z—-25=0
Gx,y,2 =x—y=0
VF = 2yi + k
VG=i—j
VF(4,4,9) = 8i + k
ik
VF x VG = |8 0 1
1 -1 0

=i+j—8k

Therefore, the equation of the tangent line is

X—4_y—-4_2z-9

1 1 -8
(b) f, = —cosx, f(0,0 = -1
f, = —siny, £,(0,00 =0
foy =0, f,(0,0) =0
Pxy) =1+y— 5@
d
@1 y | fxy) | Pixy | Pyixy)
0 0 1.0 1.0 1.0
0 0.1 | 1.0998 1.1 1.1
02 | 01| 10799 1.1 1.095
05| 03| 11731 13 1.175
1 05 | 1.0197 15 1.0

fofy = (f4)? = 4(18) — (6)> = 36 > O Therefore, (—4, 2 —2) is arelative minimum.
3
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68. z=50(x +y) — (0.1 + 20x + 150) — (0.05y° + 20.6y + 125)
z,=50—-03¢—-20=0, x= =10
z,=50—- 0152 - 206 =0, y = +14
Critical Points: (10, 14), (10, —14), (—10, 14), (—10, —14)
z, = —06x, z,= -03y, z,=0

At (10, 14), 2,2, — (z,)? = (—6)(—4.2) = ® > 0, 2, < O.
(10, 14, 199.4) is a relative maximum.

At (10, —14), 2,2, — (z,)? = (-6)(4.2) — ? < 0.
(10, — 14, —349.4) is a saddle point.

At (-10, 14), 7,2, — (z,)? = (6)(—42) — 07 < 0.
(=10, 14, —200.6) is a saddle point.

At(—10, —14), 7,2, — (x,)? = (6)(4.2) — 0> > 0, z, < 0.
(—10, — 14, —749.4) is arelative minimum.

70. Thelevel curvesindicate that there is a relative extremum at A, the center of the ellipse in the second quadrant,
and that there is a saddle point at B, the origin.

72. Minimize C(x,, X,) = 0.25x,2 + 10x, + 0.15x,2 + 12x, subject to the constraint X, + X, = 1000.

0.50x, + 10 = A

} 5%, — 3%, = 20
0.30%, + 12 = A

X, + X, =1000 OO 3x, + 3x, = 3000
5¢ — 3 = 20

8x, = 3020
x, = 377.5
X, = 6225

C(377.5, 622.5) = 104,997.50

74. Minimize the square of the distance:
f(xy,2 =(x—22+(y— 22+ (&+y>— 0>
f=2x—2 + 20 +y)2x=0] x—2+ 28+ 22 =0
f,=2y -2 +2(X2+y2)2y=0} y—2+ 283+ 2% =0

Clearly x = y and hence: 4x® + x — 2 = 0. Using a computer algebra system, x = 0.6894.
Thus, (distance)? = (0.6894 — 2)? + (0.6894 — 2)2 + [2(0.6894)?]* ~ 4.3389.
distance = 2.08

76. (3) (25,28), (50, 38), (75, 54), (100, 75), (125, 102)

> x = 375, >y, = 297, > x2 = 34,375, > %2 = 3,515,625
Y x* =382421,875, Y xy, = 26900, > x?y; = 2,760,000,
382,421,875a + 3,515,625b + 34,375¢ = 2,760,000
3515,625a + 34,375h + 375c = 26,900
34,375a + 375b + 5c = 297
a~= 0.0045, b~ 0.0717, ¢ ~ 23.2914, y =~ 0.0045x% + 0.0717x + 23.2914
(b) When x = 80 km/hr, y = 57.8 km.



