Review Exercises for Chapter 12 355
44. Minimize C(x,y) = 48x + 36y subject to the constraint 100x°6y®4 = 20,000.
0.4
— 60x-0404 Y\ _ 48
48 = 60x 9404\ [ <x> 50X
— 6y~ 0.6 5)0'6 _ 36
36 = 40x°6y~06) [ <y 201
) - s
X X 60\ 6
y_8 _8
x "9 YT ¥
8 0.4
100x06y04 = 20,000 U x°-5<§x> = 200
200
X = 8/9)0% 209.65
8| 200
= digrops] = 190
Therefore, C(209.65, 186.35) = $16,771.94.
46. f(x,y) =ax+ by, x,y >0
it X2 LY
Constraint: 64 + % 1
(@ Level curvesof f(x,y) = 4x + 3y arelines of form (b) Level curvesof f(x,y) = 4x + 9y are lines of form
4 4
y——§x+C. y——§x+C.
. 4 . . 4 .
Usingy = fgx + 12.3, you obtain Usingy = f§x + 7, you obtain
x=7,y=3, and f(7,3) =28+ 9=37. Xx=4,y=52 and f(4,52) = 62.8.
8
-10 Cj\ 10
-8
Constraint is an ellipse.
Review Exercises for Chapter 12
2. Yes, it isthe graph of afunction.
4. f(x,y) = Inxy 6. f(X,y):X+y
The level curves are of 2 c=3 c=3 Thelevel curvesareof  ¢--3°=1°%7 c=1
the form =1 2 2 2
& ¢ the form c=-2F—
c=Inxy 3 c=0 s X c=1
Cc= -3 3
€° = Xy. R X+y c=2
The level curves are 2 y = <1 - C)X_ = es?
hyperbolas. c
The level curves are passing through the origin with slope
1-c

c
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8. g(x,y) = |y|t+¥ 10. f(x,y,22=9¢—-y2+922=0 12 lim ———
gl y) =yl (xy.2) y ®y) -1, X —y?
Elliptic cone Does not exist

Continuous except wheny = +Xx.

: Xy
v = 16. f(x,y) = >~ 18, 7=1n02 +y2 + 1
1 *x, y!lrr(]o, o 1+x 1+0 0 xy) X+y z=In(x®+y )
i 2 0z 2X
Continuous everywhere _Yx+Y) -xy_ Y

SV R R oy

2 0z 2y
__ X N o rvirl
ENCERE K
200 w= /X +y’+2 22. f(x,y,2 = L
JI-2-y-2
ow _ 1, X
= + v2 + 271/22)(:7
ox 2()( y Z) ( ) m fx — 7%(1 — X2 — y2 _ 22)73/2(,2)()
W _ Yy X
oy eyt - Ao
w_ .z y
iz Rty + 2 f, = (1—x2—y2— 2P
- z
z = (1—x2—y2— 2)3/2
24. u(x, t) = c(sin akx) cos kt 26. z=XIny + 1)
au 0z 9z
X akc(cos akx) cos kt o 2xIn(y + 1). At (2,0, 0), o 0.
thj — _ke(sinaky) sinkt Slope in x-direction.
0z X2 az
ay_ 1+ y.At(2,0,0), 3y =4
Slope in y-direction.
X - _
28. hix,y) = -~ y 30. g(x,y) = cos(x — 2y)
g = —sin(x — 2y)
he Y _
o (x+y)p? g, = 2sin(x — 2y)
hoo X O = —Cos(x — 2y)
Yoo x+y)? g,y = —4cos(x — 2y)
h o=~ Gy = 2Cos(x — 2y)
“x+y)?
Oyx = 2cos(x — 2y)
2X
" = oty
b= XEYP-yxty) | x—y
Y (x+y)* x+y?

hyX:—(X+y)2+2y(X+y): X—y
x+y* x+y)?
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32. z=x3 - 3y? 34. z=e*siny
9z — A2 2 9z _ .
ax Ty ax  gsny
0%z 9%z .
e & SE=esny
9z
ay —6xy g—;=excosy
0%z 2
EY gf;=*exsiny
i’z 9%z _ 2
Therefore, e ay? =0 Therefore, a—i + 220,
e gy?
Xy
306. z=———
Ve +y?
9z 0z
dz a—dx + a—ydy
R R LR | P I e S VR ek | P A
X2 + y2 2 + yz - (@ + y2)3/2 (@ + y2)3/2 y

38. From the accompanying figure we observe

tan0=20r h=xtan 6

=

dh*a—hd +a—hd0—tan9dx+ X sec? 6 dé.
]
. 1 117 T X
Letting x = 100, dx = 15, 6= 60" and db = 11780'

(Note that we express the measurement of the angle in radians.) The maximum error is approximately

117 1 117 T
dh = tan ( 0 )( 2) + 100 secz( )(i@) ~ +0.3247 + 2.4814 =~ +2.81 feet.

40. A=mrJr2+n

7rh

2
A= r2+h2+L)df+7dh
N L=
77{2r2+h2) wrh h:W(8+25)/ 1>+ 107/, );- 437
s O e Vs \78) " /\"8) " Va0

42. u=y?—x, X = cost, y = dnt

Chain Rule. Y — Qudx  oudy
dt  ax ot ay ot

= —1(—sint) + 2y(cost)

=sgint + 2(sint) cost

= sint(l + 2cost)
Substitution: u = sin?t — cost

du . . .
— =2sintcost +sint = sint(1 + 2 cost)

dt
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44, w:x—zy,x=2r+t,y=rt,z=2r—t

. oW dW IX = W 9 W 0z
Chain Rule: O = WX | WY | oW 0z

ar  agxor  ayor  zor
_Yy Xy - XY
=@+ -5

2rt (2r + 9t 2(2r + 1)(rt)
2r —t r —t (2r — t)2
_ At — A2 — 8
(2r —1)?

aw _awax | oway | ow oz
Jat ox ot ay ot 0z at

=YW+ 20 =21

_ At —rt? + 4rd
(2r —1)?

2 2
substitution: w = ¥ = & 00D _ 2rt 4 rt
z 2r —t 2r —t

oW _ A’ — 4rt? — t°
ar 2r — 1)2

ow _ Ar%t —rt? — 4r3
at (2r —1)2

4. f(xy = %yz — x2

o1
V= —-2xi + Eyj
Vi(1,4) = -2 + 2
oL, 245 5
/5 5 5

_4V5 25 2J5

D, f(1,4) = Vf(1,4) - u =

5 5 5
2
52, 7=2>
X—y
X2 — 2xy. X2 .
Vz = i+
x—y?  (x- y)21
VZ(2, 1) = 4j
[Vz(2, 1) = 4

56. dysinx —y? =3
f(x,y) = dysnx — y?
Vi(x,y) = 4y cosxi + (4sinx — 2y)j

w .
\%i <E’ 1) = 2]

Normal vector: j

46.

50.

58.

xz2 —ysinz=0

0z 0z
22—+ 72—ycosz—=0
ox yeoszoy
z__ 27

dX  ycosz — 2xz

0z 0z .
2Xxz— —ycosz— —sSnz=0

ay ay

iz _ sinz

dy 2xz— ycosz

w = 6x2 + 3xy — 4y%z
Vw = (12x + 3y)i + (3x — 8y2)j + (—4y?k
Yw(1,0,1) = 12i + 3j
1 V3., /3 /B

U="zYT 3Tl T gk

Dw(1,0,1) = Vw(1,0,1) - u
=43+ /3+0=5.3

z= X
Vz = 2xyi + %3
Vz(2, 1) = 4i + 4
V22, )] = 472

Fixy,2 =y2+22-25=0
VF = 2yj + 2zk
VF(2,3,4) = 6] + 8k = 2(3] + 4k)
Therefore, the equation of the tangent planeis
3(y—3) +4z—-—4)=0 or 3y+ 4z=25
and the equation of the normal lineis

y—3:z—4
3 4 -

X =2,
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60. F(x,y,20=x+y?+22-9=0
VF = 2xi + 2yj + 2zk
VF(1,2,2) = 2i +4j + 4k = 2(i + 2j + 2k)
Therefore, the equation of the tangent planeis
X—-1D+2y—-2+2z-2 =0 or
X+2y+22=09,
and the equation of the normal lineis

x=1_y—-2_z-2
1 2 2

64. (a) f(x,y) = cosx + siny, f(0,00 =1

f = —sinx £(0,0) =0
f, = cosy, f,(0, 0=1
Pixy)=1+y

(c) If y = 0, you obtain the 2nd degree Taylor polynomial

for cos x.

The accuracy lessens as the distance from (0, 0) increases.

66. f(x,y) = 2 + 6xy + 9y? + 8x + 14
fi=4+6y+8=0
f,=06x+ 18y =0, x= -3y
4-3y)+6y=-80 y=3 x=—4

fo = 4
f, =18
foy =6

62. F(xy,2=y?+z—-25=0
Gx,y,2 =x—y=0
VF = 2yi + k
VG=i—j
VF(4,4,9) = 8i + k
ik
VF x VG = |8 0 1
1 -1 0

=i+j—8k

Therefore, the equation of the tangent line is

X—4_y—-4_2z-9

1 1 -8
(b) f, = —cosx, f(0,0 = -1
f, = —siny, £,(0,00 =0
foy =0, f,(0,0) =0
Pxy) =1+y— 5@
d
@1 y | fxy) | Pixy | Pyixy)
0 0 1.0 1.0 1.0
0 0.1 | 1.0998 1.1 1.1
02 | 01| 10799 1.1 1.095
05| 03| 11731 13 1.175
1 05 | 1.0197 15 1.0

fofy = (f4)? = 4(18) — (6)> = 36 > O Therefore, (—4, 2 —2) is arelative minimum.
3
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68. z=50(x +y) — (0.1 + 20x + 150) — (0.05y° + 20.6y + 125)
z,=50—-03¢—-20=0, x= =10
z,=50—- 0152 - 206 =0, y = +14
Critical Points: (10, 14), (10, —14), (—10, 14), (—10, —14)
z, = —06x, z,= -03y, z,=0

At (10, 14), 2,2, — (z,)? = (—6)(—4.2) = ® > 0, 2, < O.
(10, 14, 199.4) is a relative maximum.

At (10, —14), 2,2, — (z,)? = (-6)(4.2) — ? < 0.
(10, — 14, —349.4) is a saddle point.

At (-10, 14), 7,2, — (z,)? = (6)(—42) — 07 < 0.
(=10, 14, —200.6) is a saddle point.

At(—10, —14), 7,2, — (x,)? = (6)(4.2) — 0> > 0, z, < 0.
(—10, — 14, —749.4) is arelative minimum.

70. Thelevel curvesindicate that there is a relative extremum at A, the center of the ellipse in the second quadrant,
and that there is a saddle point at B, the origin.

72. Minimize C(x,, X,) = 0.25x,2 + 10x, + 0.15x,2 + 12x, subject to the constraint X, + X, = 1000.

0.50x, + 10 = A

} 5%, — 3%, = 20
0.30%, + 12 = A

X, + X, =1000 OO 3x, + 3x, = 3000
5¢ — 3 = 20

8x, = 3020
x, = 377.5
X, = 6225

C(377.5, 622.5) = 104,997.50

74. Minimize the square of the distance:
f(xy,2 =(x—22+(y— 22+ (&+y>— 0>
f=2x—2 + 20 +y)2x=0] x—2+ 28+ 22 =0
f,=2y -2 +2(X2+y2)2y=0} y—2+ 283+ 2% =0

Clearly x = y and hence: 4x® + x — 2 = 0. Using a computer algebra system, x = 0.6894.
Thus, (distance)? = (0.6894 — 2)? + (0.6894 — 2)2 + [2(0.6894)?]* ~ 4.3389.
distance = 2.08

76. (3) (25,28), (50, 38), (75, 54), (100, 75), (125, 102)

> x = 375, >y, = 297, > x2 = 34,375, > %2 = 3,515,625
Y x* =382421,875, Y xy, = 26900, > x?y; = 2,760,000,
382,421,875a + 3,515,625b + 34,375¢ = 2,760,000
3515,625a + 34,375h + 375c = 26,900
34,375a + 375b + 5c = 297
a~= 0.0045, b~ 0.0717, ¢ ~ 23.2914, y =~ 0.0045x% + 0.0717x + 23.2914
(b) When x = 80 km/hr, y = 57.8 km.
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78. Optimize f(x, y) = X2y subject to the constraint x + 2y = 2.

2xy = A
xX2=4xy [0 x=0o0r x =4y

X2 =2

X+2y=2

Ifx=0,y=1Ifx=4ytheny=31 x=13.

Maximum: f(%,3) =2
Minimum: f(0,1) =0

Problem Solving for Chapter 12

4
2. V= 577'!’3 + 7r2h

Material = M = 4412 + 27rh
1000 — (4/3)mr3

V=1000 O h= >
s
Hence,
_ 3
= b+ {100~ 49
r
= 4712 + @ - §7'rt‘2
r 3
dm 2000 16
ar = 8nr — 2 377'r—0
16 2000
8mr — Eﬂ'r =2

r3(g7r) = 2000

1/3
e =0 r=5<§> .
T T

_ 1000 — (4/3)7(750/ )
72

Then, h = 0.

6 1/3
Thetank is a sphere of radiusr = 5(;) .

4. (8 Asx - xoo,f(x) = (X3 — 1)¥/3 _, x and hence
lim [109 = g9] = lim [(9 — g09] = 0.
(b) Let (%, (X° — 1)*3) be apoint on the graph of f.

The line through this point perpendicular to g is
Y= —X+X+ I -1
This line intersects g at the point
1 1
(g + 3= 3b0 + #5571
The square of the distance between these two pointsis

hixy) = 306 — ¥%7 = 1"

h is amaximum for x, =

1
7

Hence, the point on f farthest from g is ( L ,
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6. Heat Loss = H = k(5xy + xy + 3xz + 3xz + 3yz + 3y2)
= k(bxy + 6xz + 6yz)

V=xyz=1000 O z= @.
ThenH = 6k<xy + 1000 + —1?(00)

Setting H, = H, = 0, youobtainx =y = z = 10.

8 (@ Tx,y) =2 +y>—y+10=10 y
2+ y? —y+1 %
2¢ ¢ (y-3) =3 T
%ZSJF%;/Z))Z:l ellipse
() Onx2+y?=1,T(xy) =Tly) =21 -y) +y*—y+10=12—-y? -y

T(yy=-2y—-1=00 y=f%,x=i
. 1
Inside: TX=4x—O,Ty=2y—1=O O (05)

T(O, 1) = 39 minimum

2 4
T +£ . maximum
T2 2 4

10. x=rcosf,y=rsing,z=z

du_duox  oudy , uiz
00 0xd06 adyald 9z a6

= ﬂ(—r sin 6) + g—;r cos 6 Similarly,

X
Jdu  adu ou .
— =-—-00S6+ —sino.
ar  ax ay
92U . Quax 92U gy = 94 az] au
o = (=reno)———— ot — | —r—_cosé
962 ( )[ax2 90 Ixdy 90  9X9z 90 X

+(r cosg)[ﬂ%JraiUﬂJr 9u az] TP
dyox 90 ay? 96  dyozae ay

92U 2u au ou
—2r29n20+—r20032072 r2sinfcosg — —_rcosg ———rsno
X ay? AXJy ax ay
u 92 a2u d?u
S|m|IarI, > = -, CO 520+—sm20+2—cosesm0
y X2 ay? Xy

Now observe that
92u  1ou 10 = 4 [aZU

0s? 0 + —sm20+ 2—cosesm 6] 1[%cose+—sm 6}

a2 rar  r2a02 a2 | oxd ay? IXay rla ay
92U 94U 14u lou . 92U

+ | S eme+ = —2 2= - == .
[823 0 8y2c0320 27 ysmé)cose T g oS0 ray S 9] i

_ou i,
e ay? 9%
92u  lou 190  d«w

Thus, Laplaces equation in cylindrical coordinates, is— +~—+ - —5 + — = 0.
@ € &y arZ2 - rar  r2g9e% o2
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12. (8 d = X+ 2 = /(3227 + (3242t — 16122

14.

16.

18.

= /400612 — 1024/2t% + 2564

= 16t/ — 42t + 16

(c) Whent = 2:
32(12 - 62
%‘: = M ~ 38.16 ft/sec
20— 8.2

(b)

(d)

JB - 4/2t + 16

dd 322 -3/2t+8
ot

d2d  32( - 6.2 + 36t — 32./12)
dt> (2 — 4/2t + 16)32

when t = 1.943 seconds. No. The projectileis at its
maximum height whent = /2.

=0

Given that f is a differentiable function such that Vf (x,, yo) = 0, then f,(x,, Yo) = 0 and f,(x, Yo) = O.
Therefore, the tangent planeis —(z — z)) = 0 or z = z, = f(x,, Y,) Which is horizontal.

<

o
(r,0) = (5, 18)
dr = +£0.05,d9 = +0.05

a
x—rcose—500518~4.924 oA

y=rsing = 5sn-—= ~ 0.868 ‘

18 1

(a) dx should be more effected by changesinr.
dx = (cos §)dr + (—r sin 6)de
~ (0.985)dr — 0.868 d#

dx is more effected by changesin r because
0.985 > 0.868.

ou 1
P E[—cos(x —t) + cos(x + t)]
2u 1. . .
ek E[—sm(x — 1) —sin(x + t)]
M _ Lrosix = 1) + cosx + 1]
x 2
2u_ 1[—sin(x — 1) —sin(x + t)]
Xz 2

2, 2,
Then, 22U _ U

Ttz o

(b) dy should be more effected by changesin 6.
dy = sn6dr + r cos6do
~ 0.174dr + 4.924d6
dy is more effected by 6 because 4.924 > 0.174.



