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CHAPTER 12
Functions of Several Variables

Section 12.1  Introduction to Functions of Several Variables
Solutions to Odd-Numbered Exercises

X2 y2
1L xz+yz—xy=10 3.Z+§+22:1

2 + — + .
2x y) =10 +x No, zis not afunction of x and y. For example,

10+ xy (x,y) = (0, 0) corresponds to both z = +1.
Rty

Yes, zisafunction of x and y.

_X
5 f(x,y) = y
@ (3,2 =g (b) f(—1,4) = —% () (30, 5) = 3—: -6
@ 16y = @ fx2 =3 0 1650 =
7. f(x,y) = xe¥ 9. h(x,y,2) = %
@ (5,0 =5 =5
_2@ _2
(b) 1(3,2) = 3¢? @ h2.3,9 ="~ =3
(© f(2-1) =27 = ge (b) h(1,0,1) = @ =0
(d) f(5,y) = 5e¥
(e f(x,2) = xe?
() f(t, 1) = te
11. f(x,y) = xsiny 13. g(x,y) = fy(2t -3 dt
T\ _ . E_ 4
@ f(2'2> =2siny = /2 @ g(0,4) = f (2t — 3) dt = [tz— St]z =4
() £(3,1) = 3sinl o .
(b) g(1,4) = f (2t —3)dt = [tz - 3t]l -6
1

15. f(x,y) = x2 — 2y

@ fx + Axy) = f(xy) _ [(x+ Ax)? — 2y] — (x* — 2y)
Ax AX

:x2+2x(Ax)+(Ax)2—2y—x2+2y:Ax(2x+Ax)72X+AX Ax £ 0

AX AX
fxy+Ay) —f(xy) [P—-2y+Ay)]—-(x*—2y) x*—2y—2Ay—x>+2y —2Ay
(b) Ay = Ay = Ay =y - 2,Ay # 0
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Section 12.1 Introduction to Functions of Several Variables 77

17.

23.

29.

31

35.

39.

fxy) =V4—x2—y2 19. f(x,y) = arcsin(x + y) 21 f(x,y) = In@d — x — y)
Domain: 4 —x2—y2 >0 Domain: Domain: 4 —x—y >0
X2+ y2 < 4 oy -1=x+ys<1} X+y<4a
{xy):x*+y> < 4} Rm%r-gszsg {xy:y < —x+ 4}
Range 0 < z< 2 Range: al real numbers
z= X:yy 25. f(x,y) = ey 27. g(x, y) = %

Domain: {(x,y):y # 0}

Domain: {(x,y):x # Oandy # 0} Domain: {(x,y):x # Oandy # 0}

Range: z > 0
Range: al real numbers g Range: al real numbers except zero
—4x
oy = iye vt
(@ View from the positive x-axis: (20, 0, 0) (b) View where x is negative, y and z are positive:
(—15, 10, 20)
(c) View from the first octant: (20, 15, 25) (d) View from theliney = xin the xy-plane: (20, 20, 0)
f(x,y) =5 H 33 f(xy) =y
Plane z=5 Since the variable x is missing, the surface is a cylinder
) with rulings parallel to the x-axis. The generating curve is
! i z = y2 The domain is the entire xy-plane and the range is
\ E : z=0.
Vo T . ,
" A Sy I\
e . 5
X \/ o
4 ‘.-J 7 3~y
z=4-x2-y2 37. f(x,y) = %
Paraboloid Since the variable y is missing, the i
Domain: entire xy-plane surface is a cylinder with rulings iy
Reance: 7 < 4 parallel to the y-axis. The generating o
ange. z = curveisz = e x. The domain is the i E
entire xy-plane and the rangeisz > 0. ‘. i
2- .
2 :J
4 SCamy
7=y2—x2+1 41, f(x,y) = x2e~9/2

Hyperbolic paraboloid
Domain: entire xy-plane
Rangel —co <z <
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43. f(x,y) = x2 + y?

€) : (c) gisahorizontal trandation of f two units to the right.

sk The vertex moves from (0, 0, 0) to (0, 2, 0).

(d) gisareflection of f in the xy-plane followed by a ver-
tical trandation 4 units upward.

© : :
-2 e o

4
X

(b) gisavertical trandation of f two units upward
z=f(Ly)

xi.- - Ry
45. z = el X~y 47. z=Inly — x| 49. z=x+y
Level curves: Level curves: Level curves are paralld lines of
0= gl-x-y? c=Inly - x| theformx +y = c.
Inc=1-x—-y? +ef =y — x2
x2+y2=1-1Inc y=x2+ €
Circles centered at (0, 0) Parabolas
Matches (c) Matches (b)
51 f(x,y) = V25 — x2 — y2 53. f(x,y) = xy
The level curves are of the form The level curves are hyperbolas of the form xy = c.
c=V25-x2-y? y

X2+ y2 = 25— c2 7/ 1 \g
Thus, the level curves are circles of radius 5 or less, A

centered at the origin.

I I PNWhOO

X

55. f(X, y) = XZTyZ

57. f(x,y) =x3 —y?+ 2

The level curves are of the form

1)? T
<2C) c=-1+ c=

Thus, the level curves are circles passing through the
origin and centered at (1/2c, 0).
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59.

65.

69.

75.

77.

8
IxY) =122 ¥ 61
4
-6 6
\
-4
The surface is sloped like a saddle. The graph is not

unique. Any vertical trandation would have the same level

curves.
One possible function is

f(x,y) = x2—y2

fx,y,2 =x—2y+ 3z

c=6
6=x—-2y+ 3z
Plane

N(d, L) = (%)2 L

22— 4

(& N(22,12) = (

T = 600 — 0.75x? — 0.75y?
The level curves are of the form

¢ = 600 — 0.75x? — 0.75y?

2
) (12) = 243 board-feet

. See Definition, page 838.

67. V(I,R) = 1000[1

63. No, The following graphs are not
hemispheres.

zZ=e (x2+y?)

z=x2>+y?

1+1

+0.10(1 — R)]lo

Inflation Rate
Tax Rate 0 0.03 0.05
0 2593.74 | 1929.99 | 1592.33
0.28 2004.23 | 1491.34 | 1230.42
0.35 1877.14 | 1396.77 | 1152.40

71 f(x,y,2 =x2+y?>+ 22

c=9
9=x2+y?+ 72
Sphere

(b) N(30, 12) = (

79. C = 0.75xy +

30 —
4

73. f(X,y,2) = 4x2 + 4y?> — 22
c=0
0=4x2+4y> — 72
Elliptic cone

z
A
b T
-— _2'_.
-2 o :'_
e e
L 2 Y
X i
1

2

4 2
) (12) = 507 board-feet

2(0.40)xz + 2(0.40)yz

base + front & back + two ends

= 0.75xy + 0.80(xz + yz)

79



80 Chapter 12 Functions of Several Variables

81. PV = KT, 20(2600) = k(300)
20(2600) _ 520

@ k=350 3
kKT 520(T
o P=-3-%1)
The level curves are of theform: ¢ = <5?20)<%)
520
V= gT

Thus, the level curves are lines through the origin with slope %

83. (a) Highest pressureat C 85. (a) The boundaries between colors represent level curves

(b) Lowest pressure at A (b) No, the colors represent intervals of different lengths,

() Highest wind velocity at B as indicated in the box

(c) You could use more colors, which means using
smaller intervals

87. Fase. Let 89. False. Let
f(xy) = 2xy f(x,y) = 5.
f(1,2 =1(2,1),but1 # 2 Then, f(2x, 2y) = 5 # 22f(X, y).

Section 12.2  Limits and Continuity

1. Lete > Obegiven. Weneed tofind 6 > Osuchthat |f(x,y) —L| = |y —b| < &

whenever 0 < /(x —a)? + (y — b)? < 6. Teke 6 = «.

Thenif 0 < /(x — a)? + (y — b)? < § = &, we have

Vy—-b?<e
ly —b| <.
3. Iim [f(xy) — g(x = |lim f(xy)— Ilim X,y)=5—-3=2
woim Ly =gyl = tlim £y = lim g y)
5 lim  [f(x X, =[ lim  f(x ][ lim X, ]=53 =15
wolim  [Eygk y)] =1 lim fxy) | lim g y) 3)
i 2\ — 2 i Xty — M - _
7. (x,yglfr(]z, 1)(x +3y?) =2+ 3(1) 5 9. (val)lﬂnszy wx—y 2-4 3
Continuous everywhere Continuous for X # y
1. lim arcsin(x/y) _ arcsin0 =0 13. lim ev= e*Z:l
xy-01 14+ xy Y- (=1,2) €?
Continuous for xy # —1,y # 0, |[x/y| < 1 Continuous everywhere
15. lim xX+ty+z=/8=2/2 17. lim evy=1
*x¥2~(125) ) -(,0

Continuousforx +y +z = 0 Continuous everywhere
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19.

21.

23.

25.

29.

li In(x2 + y?) = In(0) = —
<x,y>a<o,o>( y?) (0) oo

The limit does not exist.
Continuous except at (0, 0)

Xy
X2 + y?

Continuous except at (0, 0)

f(x,y) =

Path:y =0 | xy) | 1,0 | (050 | (0.0,0)

(0.01,0)

(0.001, 0)

f(xy) 0 0 0

0

Path: y = x xy) | (11 | (0505)|(0.1,01)

(0.01, 0.01)

(0.001, 0.001)

fxy) | 3 3 3

1 1

2 2

The limit does not exist because along the path y = 0 the function equals O, whereas along the pathy = x

the function equals %

0y = %

Continuous except at (0, 0)

Path: x = y* xy) | (1,1 | (02505) | (0.01,01) | (0.0001,0.01) | (0.000001,0.001)
oy | 3] 3 | 3 E -

Path: x = —y? xy) | (=11 | (-0.2505) | (-0.01,0.1) | (—0.0001,0.01) | (—0.000001, 0.001)
fxy) | 3 3 3 : 3

The limit does not exist because along the path x = y? the function equals —%, whereas along the path x = —y?

the function equals %

2 2 2
fix,y) = w)

lim < > >
(x,y)-(0,0) (x,y)-(0,0) Xe +y

2
- lim (1 + ﬂ) ~1
(%, y) (0, 0) X2+ y?
(same limit for g)
Thus, f is not continuous at (0, 0), whereas g is continuous
at (0, 0).

. X2y

lim e
xy)—(0,0) X* + 4y
Does not exist

z

>
TRIFET5527
QAR50
025552555

27. lim
(% y)~(0,0)

(sinx + siny) =0

31 f(x,y)

X
N
N\

\
\

AN
AN
IR
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i 2 2 j 2 2
33. Sinee + ) _ lim 3 Iim2r O8I imcosr? =1
*xy-00 X*+y2 -0 r? r-0 2r r-0
3 3 3 N3
35. X2+y2=limw=Iimr(m§0+dn30)=0
xy)-(0,0 X +y r-0 r r-0
37. f(x z):; 39. f(x,y,2) = Snz
I ey 2 TN e
Continuous except at (0, 0, 0) Continuous everywhere
1
41. f(t) = t2 43, U
X, y) = 3X — 2
g(x, y) y gix,y) = 3x — 2y
flg(x y)) = f(3x — 2y) 1
= (3x — 2y)? f(gxy) =f(3x — 2y) = 3x — 2y
= Ox2 — 12xy + 4y?
2y y Continuous for y # %
Continuous everywhere
45. f(x,y) = x2 — 4y
_ 2 _ — 2 _
@ lim fix+ Axy) = fxy) _ o [x+ AX)2 — 4y] — (X2 — 4y)
Ax-0 AX Ax-0 AX
— 2
_ gim 2AX (@7 ok — Ax) = 2
Ax-0 AX Ax-0
—_ 2 _ — 2
®) lim fxy+Ay) = fxy) _ i DE—4ly + AY)] — (2 — 4y)
Ay—0 Ay Ay-0 Ay
. —4Ay N
N Alxlfrpo Ay Al;lzrpo( 4= -4
47. f(x,y) = 2x+ xy — 3y
@ lim fx+ Axy) = f(xy) _ lim [2(x + AX) + (x + Ax)y — 3y] — (2x + xy — 3y)
Ax-0 AX Ax-0 AX
. 2Ax+ Axy . _
h Alirpo AXx h A|>I<En0 @+y=2+y
oty +Ay) —fxy) o [2X 4 X(y + Ay) — 3(y £ Ay)] — (2x + xy — 3y)
(b) lim = lim
Ay-0 Ay Ay-0 Ay
— lim XY =3 i -3 =x- 3
Ay-0 Ay Ay-0
49. See the definition on page 851. 51. No.
Show that thevalueof  lim  f(x, y) is not the same The _exi'stence of f(2, 3) has no bearing on the existence of
*.¥) = (%, Yo) thelimit as (x, y) - (2, 3).

for two different paths to (X, Yy)-
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53. Since( )Iln(1 b)f(x, y) = Ly, thenfor &/2 > 0, there corresponds §; > 0 such that |f(x,y) — L,| < &/2 whenever
X y) - (&

0<JV(x—a?+(y—b?<yg,.

Since( )|II’T(‘I ) g(x,y) = L,, thenfor £/2 > 0, there corresponds §, > 0 such that |g(x,y) — L,| < &/2 whenever
X, y) - (&

0<JV(x—a?+ (y—DbZ<é,.

Let 5 be the smaller of 8, and §,. By the triangle inequality, whenever /(x — a)? + (y — b)? < §, we have
e

[fo6y) + g0k y) — (Ly + L) = [(F(x y) — Ly + (g y) — Lo)| < [f(xy) — Ly| + gk y) — Ly| < % ty=e
Therefore, lim [0 y) +g(x Y] =Ly + L,

55. True 57. False Let
In0& +y%), (xy) # (0,0)
fx,y) = T
0, x=0y=0
See Exercise 19.
Section 12.3  Partial Derivatives
1 (41 <0 3141 >0 5 f(x,y)=2x—3y+5
fx(X! Y) =2
f,xy) = -3
7. z=xJy 9. z=x2 — 5xy + 3y2 11. z = x2e¥
9z _ 0z 9Z _ ey
X vy - X Y x - >€
0z X 0z 0z
—=—= 22 _ _ — = 2x%%
ay  2Jy 3y 5X + 6y ay
13. z=1In(x?+y? 15. z= In(i J_r 5) =Inx+y —Inx—1y)
0z 2x
=== 0z 1 1 2y
2 + 2 = = — = —
xoxAy X X+Yy X-—-y X2 —y?
%Z/:xziyyz oz_ 1 1
y x+ty x-—-y x2-y?
_x 4y - ety
17. z= 2 + ” 19. h(x,y) =€
= _ oy (¢+y?)
E B g B 47y2 B X3 _ 4y3 hx(Xa Y) 2Xe
ax 2y X xy hy(x,y) = —2ye~ (+y?)
9z _ ¥ 8y —x+ 16y°
ay 22 x 22
21, f(x,y) = VX2 + y? 23. z=tan(2x —y)
— 1 2 2\—1/2 _ X 9z _ _
flxy) =50+ y) V220 = —== v o = 2%t —y)
1., _ y 9z
- = + 2\—1/2 - _ ) s 2, _
iy =50 +y2) 2 (2y) NCEST ay S (2x—-y)
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y
25. z=¢e'sinxy 27. f(x,y) =f (t2— 1) dt
X
0z
(555
X 3 t ) 3 y 3 X
g—;=eysjnxy+xevcosxy fxy)y=-x>+1=1-x?
f =y>-1
= &(xcosxy + sinxy) Sy =y
[You could also use the Second Fundamental Theorem of
Calculus]

29. f(x,y) = 2x + 3y

of _ lim f(x+ Axy) —f(x,y) — lim 2(X+Ax)+3y—2x—3y: lim @:2
X  Ax-0 AX AX-0 AX Ax-0 AX
Ny Sy +AY) — Oy X3y AY) - 2x =3y By
dy  Ay-0 Ay Ay-0 Ay ay-0 Ay

3L fx,y) = Vx+vy

of _ lim f(erAx,y)—f(x,y):Iim X+AX+Yy— UX+Yy
X  Ax-0 AX Ax-0 AX
I'm( X+ Ax+y— x+y)( X+ Ax+y+ x+y)
= li
Ax-0 Ax( X+ Ax+y+ x+y)
= lim 1 = 1
Ax=0 /X + AX+y+ Xty 2IX+y
of . fx,y + Ay) — f(x,y) . X+y+Ay— VX+y
— = lim = lim
ay  ay-0 Ay Ay-0 Ay
y (UX+y+Ay— Sxt+y)(IX+ty+Ay+ Jx+y)
= lim
ay-0 AY(UX+y+ Ay + Sxty
= lim 1 = 1
-0 /x+y+Ay+ IUx+y 2Ux+ty
33 gxy) =4 —x2—y? 35. z= e *cosy
g(x, y) = —2x 92 _ _ o cosy
At(1,1): g1, 1) = —2 o )
z
g y) = —2y AL(0,0:5 = —1
At(1,1):9,(1,1) = -2 0z .
-, = —erdny
ay
[ir4
At(0,0).afy—O
_ y X
37. f(x,y) = arctanx 39. f(x,y) X—y
_ 1 _Y)\__ Yy _Yx—y) —xy o —y?
W0 = 1y ) ey R e R TR
At (2, -2):1,(2,-2) =% At (2, —2):f (2 —2) = —%
_ 1 1\ x o xXx—y +xy X2
L9 = T3 () =y MY =6 T -y

At(2,-2:1,(2,-2) = % At(2,-2):1(2,-2) = %
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41, z= /49 — X2 — y?, X =2,
(2,3,6)

Intersecting curve: z = /45 — y?

9Z_ -y
Iy /45 —y?
9z -3 1
At(2,3,6) 5 = ——oe = —=
( )ay J45 -9 2

TN NN

T «\}‘f.’o','l\
~ XA

<X

45. f (%, y) = 2x+ 4y — 4, f(x,y) = 4x + 2y + 16

fi=f=0 2x+4y=4
X+ 2y = —16
Solving for x and y,
X=—6andy = 4.

49. (a) Thegraphisthat of f,.
(b) Thegraphisthat of f,.

55. H(x,y,2) = sin(x + 2y + 32)
H,(x,y,2) = cos(x + 2y + 32)
Hy(x,y,2) = 2cos(x + 2y + 32)
H,(x Yy, 2) = 3cos(x + 2y + 32)

51.

43.

47.

z=9¢—-y% y=3 (130

Intersecting curve: z = 9x2 — 9

0z
X 18x
At (1,3, 0): % - 18(1) = 18

LI ]TH
200140 000

NN LA
A\N & y
&y

N “

™

A\
NN
NN

2 N\ %
q %

1 1
f(xy = —;+y, f(xy = —¢+x
1 1
f,="1f,=0: fﬁ+y=0andf?+x=0

1 1
y—ﬁandx—?

y=y0O y=1=x

Points: (1, 1)
w= STV 2 53. F(xy,2 =In /Tyt 2
ow X 1
_———_— == + 2 + 2
X R 2In(x y2 + 2?)
w_ Yy - x
Ny Yyt P2 X2 +y2+ 72
w_ .z - ¥y
iz U+ y?+ 2 Ry, 2) X2 +y2+ 722
z
F.xy,2) = Cry iR
Z=x2— 2xy + 3y? 59. zZ= X2 +y?
0z 0z X
XY xSy
Pz _ Pz_ oy
ax? M (x2+ y)3?
622 _ 822 _ _Xy
ayax ayox  (x2 + y?)¥/2
0z 0z y
L= —2x+6 e
ay Y ay /X2 + y?
iz _ 2w
ayz - 6y2 - (X2 + y2)3/2
9%z 9%z —Xy

axay (@ + y)¥?
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61. z=e*tany z:arctan};/
%:extany 9z _ 1 <,l)_ -y
ax 1+ (y2xd)\ x2)  x2+y?
2
% = e*tany P’z
e (X2 + y?)?
2
%:exseczy ¥z _ -+ YY) +y2y)  y*P-x?
y ayax (2 +y?? (x2 + y?)?
% = eXsec?y 9z _ 1 (1) X
Y ay 1+ (y2xd)\x) x2+y2
2
%:Zexseczytany ’z_ =2y
Yy ay2 (X2 + y2)2
2
aiaz = e*sec’y Pz _(X®+y)—x29 _ y*- %
y aXJy (x2 +y?)2 (x® + y?)2
X
65. Z=XSsecy 67. z= |n<x2+y2> =Inx — In(x® + y?)
0z
EV s 9z _ 1 _2x _ y*=x?
X X XH+Hyr xx+y?)
A
ﬁ: LZZ:X4_4X2y2_y4
aXZ XZ(XZ + y2)2
2z tan
ayox scytany ¥z Ay
5 ayox (2 + y?)?
z
a—y:xsecytany z_
2+ 2
a—zzfxsec (sec?y + tar?y) ” L
ay2 = y y y LZZ C2Ay2 - %)
o2z e+ y??
axay secytany %z Ay
2 2 axay  (x2+y?)2
Therefore, Jz _ 9z . ) :
ayox  oxay There are no points for which z, = z, = 0.

69.

There are no points for whichz, = 0 = z, because

% =secy # 0.
f(xy. 2) = xyz
fxy.2) =yz
f,(xy,2 =xz
f(xy,2 =0
f(xy.2 =2
f(xy2 =2

fx(%y,2 =0
foy(Xy,2 =0
% y,2 =0

Therefore, fxyy = fWy = fyyx =0.

71.

f(x,y,2 = eXdnyz
f(xy,2) = —e*sinyz
f, (%Y, 2) = ze67XCoSYyz
fyy(x, y,2) = —Z2eXsinyz
f(Xy,2) = —ze*cosyz
(XY, 2 = —ze"*cosyz
fyyx(x, y,2) = Z2e *sinyz

fxyy(x, y,2) = ZZe Xsinyz

f (%, Y 2) = e *sinyz

Therefore, f,,,, = fyxy = fyyx.

73.

z = 5xy

27 9%

d
erefore, —— +
Therefore, e oy

=0+0=0.
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75.

83.

87. (@ C = 32xy + 175x + 205y + 1050

9c_ 16\/;l + 175
X X

z=e*siny
0z i
— = eXsin
X y
9%z .
— = e*sin
X2 y
0z
— = eXcosy
ay
9%z .
——, = —e‘sny
ay
0%z 9%z
Therefore, —— + — =
ax y
— Aot X
z=-e'cos—
9z _ —etcos—
ot
0z 1 ,..X
— = —=eglsin-
X c c
%z 1
P —?e cos—
0z 0z
Therefore, — = c2—;
ot G
i (o Yor Z)
T
S
x \
Plane:y:y0

g—; denotes the slope of the surface in the x-direction.

ay

77. z=sn(x — ct)

oz _

P —ccos(x — ct)
%z —c2sin(x — ct)
%z cos(x — ct)
%z —sin(x — ct)
exsny — e*siny = 0. Therefore,% = ngTZ;'

81. See the definition on page 859.

L Ve 2o 85. Theplanez = x + y = f(x, y) satisfies

of

\ .
.-% ax>oanday>0'

Plane: x = x,

o denotes the slope of the surface in the y-direction.

(b) The fireplace-insert stove results in the cost
increasing at a faster rate because
dC _ aC
—_ > —_—
ay ~ ox

©) i iems-
0X (80, 20) 4

16 54 amm
ay y

ac
ay

} = 164 + 205 = 237
(80, 20)
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89. Anincreasein either price will cause a decreasein 91. T =500 — 0.6x? — 1.5y?
demand.
aT aT .
= LT (2,3) = —24/m
aT aT o
o= ¥=5,29=-9/m
_ Jz
93. PV = mRT %. (@ 5 = ~183
PV oT \Y
T=mwmY P m 2 100
P= MRT O o = - mRT (b) Asthe consumption of skim milk (x) increases,
\% Vv V2 . .
the consumption of whole milk (z) decreases.
V= MRT O N _ MR Similarly, as the consumption of reduced-fat milk
P T P (y) increases, the consumption of whole milk (2)
ﬂ.@.ﬂ:<i><_@>(@> decreases.
oP oV aT mR V2 P
_ TRT_ mRT_
VP mRT
xy(x* — y?)
-, ,y) # (0,0
97. f(x,y) =9 x2+y? (xy) #(0,0)
0, (x,y) = (0,0
_ (X2 + vy — ¥®) — (C®y — xy¥)(2x) _ y(x* + 4x%y* — y9)
@ fxy) = o2 + y2)2 = (X2 + y?2
fx.y) = (O + ¥y = 3xy?) — Oy — xy3)(2y) _ x(x* — 4%y — y7)
ey 0@ + y22 RS
_ o f(Ax 0 — (0,00 _ . 0/[(Ax)?] -0 _
(b) £(0.0) = Alirpo AX a Alirpo AX =0
_ i 10,Ay) — (0,00 _ . 0/[(Ay)?] -0 _
fy(O, 0 = Alylin 0 Ay N A'ero Ay =0
_ 9 (of . £0,Ay) 0,00 . Ay(—(Ay)?H) . _
© £,(0.0) = ay(ax) 0o T Ay =AM aypray) — Am V=1
f(Ax, 0) — (0,0 4
f(o’o):i<if> :”mwz i M:“mlzl
a ax\ay/|o,0 Ax-0 AXx ax-0 ((AX)?)?(AX)  ax-0
(d) f, or f,, or both are not continuous &t (0, 0).
99. True 101. True
Section 12.4  Differentials
1 z=3x%3 3 z= -1
. . X2 + y2
= 3 + 2\/2
dz = 6xy3 dx + 9x2y? dy ox 2y

oy ™ ety Y

2
= X2 + y2)2 (xdx + ydy)
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5.

11.

15.

17.

19.

21.

25.

27.

Z = XCOSYy — Y COSX

dz = (cosy + ysinx) dx + (—xsiny — cosx) dy = (cosy + ysinx) dx — (xsiny + cosx) dy

z= e*siny 9. w=2z%sinx
dz = (e*siny) dx + (e*cosy) dy dw = 273y cosx dx + 228 sinxdy + 622y sinx dz
@ f(L,2=4 13. (@) f(1,2) =sin2

f(1.05,2.1) = 3.4875 f(1.05,21) = 1.05sin2.1

Az = f(1.05,2.1) — f(1,2) = —0.5125 Az = f(1.05, 2.1) — (1, 2) = —0.00293
(b) dz= —2xdx — 2y dy (b) dz = sinydx + xcosydy

= —2(0.05) — 4(0.1) = —05 = (sin 2)(0.05) + (cos 2)(0.1) =~ 0.00385

@ f(1,2) = -5

f(1.05,21) = —5.25

Az= -025

(b) dz=3dx — 4dy
= 3(0.05) — 4(0.1) =~ —0.25

X y

Letz= /x> +y2% x=5,y= 3, dx=0.05dy = 0.1 Then: dz= dx + d
z X2+ y2, X y X y en: dz x2+y2X x2+y2y
5 3 0.55
5.0502 + (3.1)? — /5% + 3 = ————=(0.05) + ——=(0.1) = —= =~ 0.094
(o978 et e T
2X —-2(1 - x?

Letz= (1 - x9/y3 x=3,y=6,dx= 005 dy = —0.05 Then: dz= —?dx + Tdy

1-(3057 1-% _ 203 21-3)

(—0.05) = —0.012

(0.05) —

(5.95)2 62 6? 62
See the definition on page 869. 23. The tangent plane to the surface z = f(x, y) at the point P
isalinear approximation of z
A=1lh
dA =1dh+ hdl
Ah dA T]10A - dA
h dA
I Al
2|
V= %h Ar Ah av AV | AV-—av
F—3 0.1 0.1 47124 4.8391 0.1267
h=6 0.1 -0.1 2.8274 2.8264 | —0.0010
2mrh r2 ot 0.001 0.002 0.0565 0.0566 0.0001
dvV=—=—7—dr + —dh=—(2hdr + rdh)
3 3 3 —0.0001 0.0002 | —0.0019 | —0.0019 0.0000
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29. () dz= —1.83dx — 1.09 dy
Jz 0z
(b) dz = o dx + ay dy

= —1.83(x0.25) + (—1.09)(+0.25)
= +0.73
Maximum propagated error: +0.73

. dz +0.73 +0.73
. _ = ~ = 0,
Relative error: 7 (—183)(7.2) — 1.09(85) + 287 _ 6.259 +0.1166 = 11.67%

3l. V=ar*h=dV = 2nrh)dr + (wr?) dh

dv _,dr , dh
\Y r h

= 2(0.04) + (0.02) = 0.10 = 10%

33. A=1iabsinC
dA = 3[(bsinC) da + (asinC) db + (ab cosC) dC]

= 3[4(sin 45°)(+75) + 3(sin 45°)(++5) + 12(cos 45°)(x0.02)] = +0.24in2

35. (@) V= %bhl

- (18 sin g)<18 cosg)(lG)(lz)

= 31,104sin #in.3

= 18sin 6 ft3

Vismaximumwhensin 9 = 1or § = 7/2.

S
by V= E(sm o)l

dV = s(sin )l ds + %I(cos 0) do + g(sin o) d

= 18<sing)(16)(12)<%> + 1782(16)(12)<cos g)(%) + 1782<sin l;)(%)

= 1809in3 =~ 1.047 ft3

E2
37. P= R

2 _ E?
dP = = dE — o5 R

dP dE  dR
= =T — (= = = 79
P 2 E R 2(0.02) — (—0.03) = 0.07 = 7%
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39.

41.

47.

Section 12.4
L= 0.00021<In27h - 0.75)
dL = O.OOOZl[dT:] - % = o.00021[(i 11&)00) _& 1416)} ~ (+6.6) x 10~°
L = 0.00021(In 100 — 0.75) = 8.096 x 10~“ + dL = 8.096 x 10~* + 6.6 x 10~ micro-henrys
z=f(x,y) =X —2x+y

Az =f(x + Ax, y + Ay) — (X, y)
= (3 4+ 2X(Ax) + (Ax)2 —2x — 2(Ax) + Yy + (Ay)) — (x®* — 2x + y)
= 2x(AX) + (Ax)2 — 2(Ax) + (Ay)
= (2x — 2) Ax + Ay + Ax(Ax) + 0(Ay)
=f,(xy) Ax + f,(x, y) Ay + €,AX + e, Ay wheree; = Axand e, = 0.
As(Ax, Ay) - (0,0), ¢, - 0 and €, - 0.

z=1f(xy) =%y
Az=f(x+ Ax, y + Ay) — f(x,y)
= (3 4+ 2x(AX) + (AX)P)(y + Ay) — %y
= 2xy(AX) + Y(Ax)?2 + xPAy + 2x(Ax)(Ay) + (Ax)?Ay
= 2xy(AX) + x2Ay + (YAX) Ax + [2xAx + (Ax)?] Ay
=, y) Ax + f,(x, y) Ay + €,AX + €Ay wheree; = y(Ax) and €, = 2xAX + (Ax)2.
As (Ax, Ay) - (0,0), ¢, - Oand €, - O.

Xy , (xy # (0,0

Cfxy) = XY

0, (xy) =(0,0)
0
. f(Ax 0 — (0,00 . (Ax)* _
(@ £(0.0) = A|>I<TO AX B Alirpo Ax =0
o
_ i f0.Ay) — (0,0 _ . (Ay)?*
0.0 = fim T im0
Thus, the partial derivatives exist at (0, 0).
. i . o x X
(b) Along theliney = x: (x,yf'[ﬂ‘o,@f(x’ Y =lim e e =lime 7=0
. x* 3
=2 X _ 2
Along the curvey = X2 (x,y)IIEQO, o f(x,y) >~ 2

f is not continuous at (0, 0). Therefore, f is not differentiable at (0, 0). (See Theroem 12.5)

Essay. For example, we can use the equation F = ma:

dF =£dm+£da= adm + mda.
am Ja
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Section 12.5 Chain Rules for Functions of Several Variables

1L w=x+y? 3. W= Xxsecy
X =€ X=¢€
y=et y=m—t
c(iTvtv =2xé + 2y(—et) = 2(e® — e %) %—Vtv = (secy)(€) + (xsecytany)(—1)

= e sec(m — t)[1 — tan(7 — )]
= —é(sect + secttant)
5. w=xy, x=2sint, y = cost
dw . .
@ i 2y cost + x(—sint) = 2y cost — xsint
= 2(cos?t — sin?t) = 2cos2t

(b) w= 2dintcost = sin 2t, (ij—\f[v= 2cos2t

7.w=x2+y+ 2

X = € cost
y = €sint
z=¢

@ %N = 2Xx(—€e'sint + € cost) + 2y(e' cost + € sint) + 2ze = 4e*

dw
— ot W _ gt
(b) w = 2¢*, o 4e?

g w=xytxz+yz x=t—1Ly=t2-1 z=t
aw
@ G =V+2=Kx+22)+ (x+y)

={t2-1+t)+(t—-1+D2)+(t—1+1t2—1)=3(2t2—-1)
() w=(@t—-Dt2—1) + (t— Dt + (t2— 1t
dw

G ANl 1=3@22 - )

11. Distance = f(t) = V(X — %)> + (y; — ¥,)?> = V(10cos2t — 7 cost)? + (6sin2t — 4sint)?
ft) = %[(10 cos2t — 7cost)2 + (6sin2t — 4sint)2]~1/2
[[2(10 cos 2t — 7 cost)(—20sin2t + 7sint)] + [2(6sin2t — 4 sint)(12 cos 2t — 4 cost)]]
(3) = 31102 + 41 L2~ 10(7)] + (2~ H(-12]
2 -11J29 _
2/29 20

- %(116)*1/2(744) - —2.04
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13. w = arctan(2xy), x = cost, y =sint, t =0

dw _ awdx | owdy
d oxd gy dt

2y

=15 (437 (4X2y2)(—sint) +

2x
W(COS t)
2sint 2 cost

= (SNt =
1+4c032tsm2t( sny 1+4cosztsm2t(coso

_ 2cos?t — 2sin?t
1+ 4cos?tsin?t

d2w _ (1 + 4cos?tsin?t)(—8costsint) — (2cos?t — 2sin?t)(8 cos*t sint — 8 sin3tcost)
dt? (1 + 4 cos?t sin?t)?

_ —8costsint(l + 2sin*t + 2 cos*t)
(1 + 4 cos?tsin?t)?

d3w
Att =015 =0
15, w=x2+y? 17. w=x2—y?
X=s+t X = scost
y=s—t y = ssint
oW
=t 2y=24x+y) =4 %szcosthysint
‘%"t" =X+ 2y(—1) = 2x — y) = 4t = 2scos?t — 2ssint = 2scos 2t
ow . .
Whens= 2andt = —1, at—2x( ssint) — 2y(scost) = —2s?sin 2t
A oW T W ow
— =8and— = —4. = = — — = — = —
s ot Whens = 3and t 2 9s 0and 3t 18.

PV w=xR-—2xy+Vy, Xx=r+6y=r—20
@ 5 = (2x= (1) + (~2x + 2)(1) = 0

S = (2= 2)() + (~2x + 2)(~1)
=4x—dy=4>x—Yy)
— 4+ 0 — (- 0] =80

() W=+ 6220 + O — ) + (r — 0

=(r2+20+ 6 —202—6) + (r2—2rg + 69

= 462
M_o
or
M _ g

a0
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21. w= arctan);/, X=rcosh, y=rsno
@ ?Tvrv: Xz_eryZCOS@*)@%yzSinG: —rsinrzocosa rcosrezsinoz 0
?T\g/ = yz( rsne) + ﬁ(r c0s 6) = —(rsin Ogg—rsin 0  (rcos 0:(2r Ccos 6) _1

23.

by w= arctanrrzing = arctan(tan 6) = 6

aw

ar 0
ow
MW_q
96

W=Xyz, X=S+

oW

0S 0

ty=s—t z=s?

—o =yl + xz(1) + xy(t?)

=(s— pst? +
= 252 + 2
aw

e yz(1) + xz(—

=(s—t)st? -

(s+ t)st?2 + (s + t)(s — D2
—t4 =352 — t4 = 1432 — t?)

1) + xy(2st)

(s+ t)st2 + (s + t)(s — t)(2st)

2B w=z¥x=s—ty=s+tz=¢g

oW

as

= =243 + 25% — 23 = 25%t — 453 = 2t(s? — 2t?)

27. X2 =3y +y2—2X+y—-5=0

dy Fxy = 2x-3y-2
dx  Fxy)  —3x+2y+1
:3y—2x+2
2y — 3+ 1

3L FXy,2 =X +y?+22-25

F, = 2x
F,o=2
F,=2z

oW

ot

29.

1
2

33. F(x,

9z _

9z _

= W) + ~Ze(n) + e

2

ai_
s+t

(s — t)st
(s+t)?

— e(sft/sﬂ)[

st(s+ t) — &t + st2 + t(s + t)?

— als—t/s+1)

g [ (s + 1)

— e(s—t/s-#t)w
(s+ t)?

= J-D) + —Se) + ey

:

gi_
s+t

st(s — t)
(s + 1)2

— e(s—t/s+t)|: _

—st(s+t) —st(s—t) + s(s + 1)?

— e(sft/s+t)|: (S n t)Z
s(s? + t?)

— e(s—t/s+t)
(s + t)?

INVX+y?>+xy=4

“In+y) +xy—4=0

X
dy FX(X,y)__x2+y2+y_

Xt Xy 4y

+ X

dx _Fy(x, y) y

X2+ y?

y,2) =tan(x+y) +tan(y +2 — 1
Fo = se?(x +y)

F, = sec(x + y) + sec’(y + 2)
F,=sec®(y + 2

Fe sePx+y)
secz(y +2)

_sec(x +y) + sec(y + 2)

X

ax

y + xy2 + x3

F
A
F

(o

seci(y + 2)

1)

ay
sec?(x + y)
y + Z
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3. x2+2yz+22-1=0 37. €2+ xy =0
() 2+ 2y 5% + 2252 = 0 implies 5 = S & _ _Egzg =y
(i) 2y + 22+ 225 = 0 implies 57 = — %:_%:%:jﬁ:_ew

39.

43.

45.

F(X,y,ZW) = Xyz + Xaw — yaw + w2 — 5
Fr,=yz+ 2w
Fy=xz— 2w
Fz:Xy+XW_yW
Fo=X2—yz+ 2w

aw_ R ZAyt+w
ox  F, xz—yz+2w
w_ K 2x—=w
ay Fu Xz —yz+ 2w
ow _ F o xy 4w —yw
oz F, xz—yz+2w
xy
f(x, A A
I ey
((ty) ( xy )
f(tx, ty) = =1 = tf(x,
RN W A
Degree: 1
y® LS
xfxy) + yi(xy) = X((Xz + y2)32 Ty 0@ + y?)32
:%yz:lf(xd)
f(x,y) = e

f(tx, ty) = @¥/ty = /¥y = f(x, y)
Degree: 0

xf(x y) + yi(xy) = xeex/y) + y<—éex/y> =0

41. F(X,y,z W) = cosxy + sinyz + wz — 20

47.

dw

dt

ow _ —F_ysinxy

ox  F, z

ow _ —Fy _ xsinxy — zcosyz
ay Fy, z
ow_—F, _ _ycosy+w
az F. z

_ dwdx  owdy

Tk d ay dt (Page 876)

49. w = f(x,y) isthe explicit form of afunction of two variables, asinz = x* + y2.
The implicit formis of theform F(x,y,2) = 0, asinz — x2 — y?> = 0.

1 .0 0 X2 .
51. A= 2bh = (xsm2>(xcosz> =3 sin 6
dA . odx X2 do
t —xsm(i'dt + 2cosBdt

o)) Sfora) 25

< cos

+

/2
10

m?/hr
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53. (@) V= %Trr2h

div 1 ﬂ 2dh _ 1 2(_ _ I
@ 37r<2 hdt +r dt) 377-[2(12)(36)((:}) + (12(—4)] = 15367 in.3/min
(b) S= arJr2+ h? + 7r? (Surface areaincludes base.)
ds 5 dr rh dh
— = Jre+h?+ ———+2
dt ”(r AfTT 0 ﬁumm}
144 36(12)
= 7| VIZ ¥ 367 + e + 2(12) |(6) + (-4
”( N )>( )t e )}
| 12 36
= 7| 12/10 + == (6) + 144 + ——=(—4
w( V10 m)( ) \/f)( )}
6487 367 . .
= 22 + 1447 in2/min = 20 + 9./10) in.2/min
g T Ldmin/min = =55( Jin?/
— 1 2 2
55. 1 —Em(rl +r,2)
d 1 dry dr, _ 5
i 2m[Z Fm + 2r, dt] m(6)(2) + (8)(2)] = 28mcm?/sec
2
57. (a) teng == N
4 67—
tan(0 + (f)) ; ol 7
tang+tang _ 4 1
l1—-tanftand X <
tan 0 + (2/x) _4
1-(2/xtang X

xtan9+2:4—§tan9

X2tan § — 2x + 8tan 6 = 0
(b) F(x,0) = X + 8tand — 2x =0
d¢ ~ F_ 2xtan§—2 _ 2cos’H — 2xsinfHcos 6

< F, sec26(@+8) X2+ 8

. . 1
(c)£=0|] 2cos? § = 2xsinfcos® [1 cosh = xsing [ tanHz;

Thus, XZG) - 2x + 8(%) =00 gz x O x=2J2ft

59. w=f(xy)
X=U—V
y=v-—u

aw _awdk  awdy _ow _ ow

ou oxdu  dydu  ox ay

w _ awdx+awdy _w | aw
v oxdv ay av ax oy

w , w

=0
Jau v
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61l. w="f(x,y), x=rcosh, y=rsing

B—W—a—wcoso+a—wsin0
a  ox ay
ow
- _( — +7
0 ax( rsing) (r cos 0)
ow  ow oW
@ rcosf— = —rcoszoJr—rsunGcosO
ar  ax ay
oW ow, . ow_
—sinf® — =-—(rsin?9) — —rsin
s 069 X( sin? 6) Pl fcos o
ow ow .
rcosf)——sma— —(rcosz(9+rsm26)
ar 00 aXx
ow ow
— —rcos — —sin
X ( 6) a6 0
aw _ Iw ow sin 6

ax  ar %0 g

. ow  ow . ow .
rsing—=-—rsingcosd + —rsin? 6
or ay

X

a0

W ow . oW
cosea— —X(—rsnecose)+a—y(rcoszo)

oW ow, .
rsn0—+coso———y(rsm29+rcosze)

o (5]

Ju

63. Given —
X

o _
ar

v
a0

Therefore,

A%

ar

au
30

Therefore,

a0

aW a—wrsin0+a—wcos(9
ay ar a0

oW oW . JW CO0S
— =-—8n6+ — 0
ay or a0 r

a6 X X

oW ow

2——sinfcosf +

ax ay

% Ju ov

Ju . au
=—(-rsn® +—(r = —r
ax( sin 6) ay( cos 6) [

5\ 1du

o rog

2
+l2<a—w> (BW) cos2 g + 220 Mg 60050+(6w) sin20+<a—w> sn?g —
r ay ay P

ow _(ow\2 | [aw)2
<8y> cost0 = <&> " (67)

=—and—=——,x=rcosfandy = rsiné.
ay < ay ax’ y

Meoso+ Mano=Ycoso - Mnag

ax ay ay E%

Y . av av v .
=—(—rsm0)+—(rcose)=r[—cose——smé)]
ax ay ay ax
u_lav

ar rae

v v . .
a—cosoJr—sm(9=f@coséwr@sm@

ax ay ay ax

au Jau .
——cosf+ —sing
ay ax

]
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Section 12.6  Directional Derivatives and Gradients

1. f(x,y) = 3x — 4xy + 5y
v=2(i+ 3
Vi(x,y) = (3 — 4y)i + (—4x + 5)j

VF(L,2) = —5i +
v 1. /3

U=m=2-i+—
M~ 2' " 2!

mﬂL3=Wu2%u=%F5+J@

5. gxy) = VX2 + y?
v=3i—4

Vg=—2 i+ —L
N NG %

3. 4
Vg(3,4) = gl t gl

u=l=§i—ﬂj

IM 5 5
D, g3 4) = Vg(3,4) - u = — L
L 93, 93, 5

9. f(x,y,2 =xy +yz+ xz
v=2i+j—k
Vixy,2 =(y+ 2i+ X+ 2]+ XxX+yk
Vi(1,1,1) =2 +2j +2k
v J6. V6. B

UZM:?'+?J*?|<
Duf(l,l,l):w(l,l,l).u:%é
13.f(X,y):X2+y2
V2 V2
Vi = 2xi + 2yj
2
D, f=Vf-u=—"ox+—"oy= 20+
2R TR

3. flxy =x
V=i-+]j
VE(X, y) =yi + Xj
Vi(2,3) = 3i + 2
v V2. /2.

U=ir=-51i+-5
M~ 2 :

2
Dﬁaa=wawu=%§

N

7. h(x,y) = e*siny
V=i

Vh = eXsinyi + e*cosyj

h(l, g) = ¢

-V
Yl

m%LQ:V%La-u:—e

u —i

11. h(x,y, 20 = xarctanyz
v=1(12 -1

_ : Xz . Xy
Vh(x,y, 2) = arctanyzi + 1 (yz)zj + 17 (yz)2k

wuan%+a+%

ECINE
M \/6' V6 /6
7T+8:(7T+8)\/6

D,h(4,1,1) = Vh(4,1,1) - u =

4./6 24
15. f(x,y) = sin(2x — y)
uo Lo 3
2' 72!
Vf = 2cos(2x — y)i — cos(2x — y)j

Duf:Vf-u:cos(2x—y)+§cos(2x—y)

= (2+2‘/§> cos(2x —y)
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17. f(x,y) = X2 + 4y?

v=—-2i -2
Vf = 2xi + 8yj
WA SR

Ml 2 2

2 8
D f=——"=x——=y=—-J2x+4
u A V2(x + 4y)

2. f(x,y) =3x—5y2+ 10
Vi(x,y) = 3i — 10yj
Vi(2, 1) = 3i — 10j

25. w=3x%y — 5yz+ 2
Vw(x, Y, 2) = 6xyi + (32 — 52)j + (2z — 5y)k
YW(L, 1, —2) = 6i + 13j — 9k

N . 2. 1.

29. PO=2+ju=—©xi+—F%=

Q i +j,u \/EI \/E]

Vi(x,y) = —e *cosyi — e Xsinyj
Vf(0,0) = —i

2 2.5

D,f=Vf-u=—-—F==—"—

u \/g 5

33. gx,y) =1In ¥x% + y2 = %In(x2 +vy?)

Voxy) = %[xzii(yzi + xziyyzj]
Vg(1,2) = %(%I + gj) = %(i +2j)
Fat,2)) = 220
37. f(x,y,2 = xe”?

Vi(x Y, 2 = &% + xze%%) + xye’k
Vi(2,0,—4) =i — §
|[Vf(2,0,—4)| = /65

19. h(x,y,2 =Inx +y+ 2

V=3 +3 +k
1
Vh=———(+] +k)
X+y+z

At(1,0,0), Vh=i+j +k.
Y 1

U= —= (3Bi + 3 + k)
Ml /19
Duh:Vh~u:i:ng
/19 19
23. Z = cos(X® + y?)

Vz(x,y) = —2xsin(x2 + y?)i — 2y sin(x® + y?)j

V3, —4) = —6sin 25 + 8sin 25) ~ 0.7941i — 1.0588§

N ) . 1. 2.
27.  PQ=2 +4,u=—%=i=—"=
Q i j, u \/gl \@J
Vo(x, y) = 2xi + 2yj, Vg(1,2) = 2i + 4j
2 8 10
Dg=Vg-u=—+—=—7-=2.5
W=Vgru=—p+E=x V5
31. h(x,y) = xtany
Vh(x,y) = tanyi + x sec?yj
a . .
Vh(2,4>—l+4]
a3 - v
35. fxy,2 =V +y +2
1 . .
Vi, y,20) = —————=xi +vy] + zk
xy.2 m( yj + 2k)
1
Vi(1,4,2) = ——(i + 4] + 2k
( ) \/ﬁ( j )
[Vf(1,4,2)| =1
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Functions of Several Variables
For Exercises 39-45, f(x,y) = 3 — 373

39. f(x,y)

43. (3

\Y

Wl

45. |vf| =

X
3-3-

N I<

z

A

3 (3,21

= —3 + 4
=/9+16=5

- 34
5' "5
luzg—

and D, f(x,y) = —(%) cos 0 — (%) sin 0.

oz 31 (3-F)
_2+3.3
12
(b) D_,6f(3,2) = (;)(f) _ (%)(7%)
_3-2J3
12
by v=i+3
Ml = 10
1. 3
u= ﬁl ﬁl
D, f = Vf :6‘7\/1150: ,1150@

For Exercises 47 and 49, f(x,y) = 9 — x2 — y?2and D, f(X,y) = —2xcos @ — 2y sin § = —2(x cos @ + y sin 6).

47. £(x,y)

z

A
9l

X3‘F~

(b el

=9-x2—y?

1,24

4

e
3y

51. (a) Inthe direction of the vector —4i + j.
(b) V= 15 (2x — 3y)i + 36(—3x + 2y)]
Vi(1,2) = 15(=4)i + 16(1)j = —&i + 5

(Same direction as in part (a).)

(© —Vi=43i

53. f(x, y) = X2 — y?, (4,—3,7)

—CONTINUED-

- %j, the direction opposite that of the gradient.

49. Vf(1,2) = —2i — 4j
[Vi(1,2)| = V4 + 16 = V20 = 2./5
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53. —CONTINUED—

55.

59.

(b) D, f(xy) = Vf(x,y) - u=2xcosf — 2ysin 6
D, f(4,—3) =8cosf + 6sin 6
y

12

N
o \/

—124

Generated by Mathematica
(c) Zeros. 6 = 2.21,5.36
These are the angles 6 for which D,, f (4, 3) equals zero.
(d) g(6) = D, f(4, —3) = 8cosf + 6sin o

g(f) = —8sinH + 6¢cos h
Critical numbers. 6 = 0.64, 3.79
These are the angles for which D,, f(4, —3) is a maximum (0.64) and minimum (3.79).

(e |[Vf(4, =3)| = ||2(4)i — 2(3)j|| = /64 + 36 = 10, the maximum value of D, f(4, —3), at 6§ = 0.64.

(f)  fxy)=x-y=7 y
Vf(4, —3) = 8i + 6] isperpendicular to the level curve at (4, —3). T
ol
2
) A
ol
al
6l
Generated by Mathematica
f(x,y) = x2 +y? 57 f(xy)=L
] . 1 X2 + y2
c=25 P=(34 1
c=35P=(L1
VE(Y) = 20 + 2] 2
2 4 \2 = 25 y2 - X . :
Xe 4+ ye = Vi(xy) = 2+ yz)2| - (@ + yz)zl
Vi(3,4) = 6i + 8 « 1
X+ y 2
XX+y?—2x=0
1.
Vf(l, l) = —E]
42 —y=6 y 61. 9% + 4y? = 40
f(x,y) =42 —y 2y f(x,y) = 92 + 4y?
VE(X,y) = 8Xi — j ol Vi(x,y) = 18xi + 8yj
V(2,10) = 16i — j i Vi(2,—1) = 361 — § o
Vf(2, 10) 1 . + Vi(2, —1) 1 ) .
= 16i — = 9 — 2
R N A e e e e o~ e Y
V57, \/ V85
=5, (16 —]) = g5 91 —2)




102  Chapter 12 Functions of Several Variables

X

63. T= m 65. See the definition, page 885.
V- Gy g
VT3, 4) = ési - %j - 515(7i ~ 245

67. Let f(x,y) be afunction of two variables and 69. z

u = cos i + sin 6 aunit vector.
(@ If 6=0°thenD f—a—f
' Y X

o _of
(b) If 6= 90", then D, f =

71. 73. T(x,y) = 400 — 2x° — y?, P = (10, 10)
% = —4x % = -
X(t) = C,g™ y(t) = C.e 2
10 = x(0) = C, 10 = y(0) = C,
X(t) = 10e~4 y(t) = 10e~2
X = Vi yA(t) = 100e~*

10

y? = 10x

75. (@ (b) Thegraph of —D = —250 — 30x2 — 50 sin(ary/2)

would model the ocean floor.

(©) D(1,0.5) = 250 + 30(1) + 50 sin—z ~ 315.4 ft (d) —‘1')3( = 60x and —‘33 (1,05) = 60
aD Ty aD ™ . Try).
— = =7 - 5) = ~ ~ 55, = + el A

(e ay 257 cos 5 and ay (1,0.5) = 257 cos 2 55.5 (f) VD = 60xi + 257 cos{ 5 )i

VD(1, 0.5) = 60i + 55.5]

77. True 79. True

2
81. Letf(x,y,2) = e cosy + ZE + C.Then Vf(x,y,2) = e‘cosyi — esinyj + zk.
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Section 12.7 Tangent Planes and Normal Lines

1 F(x,y,2 =3 —-5y+3z—-15=0 3. Fxy,2 =42 +9?—-422=0
3x — 5y + 3z = 15 Plane 4x2 + 9y? = 422 Elliptic cone
5 Fx,y,22=x+y+z—4 7. Fxy,9=V¥+y -z
F=i+j+k
VE=i+]j VE(X,Y,2) = — i + —=2—] — k
VF 1 ( - k) X2 + y2 X2 + y2
Nn=r——=—@{+]j+
VF
IvFl 3 VF(3,4,5) =§i +gj —k
= ﬁ(i +j+k)
3 S (%)
IVFl  5/2\5 5
1 . .
= 57\&(& + 4 — 5k)
= %(fﬁ + 4 — 5Kk)
9. F(x,y,2) = xy* — z 11. Fxvy,2 = In(yi z> =Inx—In(y — 2
VE(X, Y, 2) = 2xy*i + &y — k 1 1 1
VF(1,2,16) = 321 + 32 — k VR =Sim g K
VF 1 ) . VF(1,4,3) =i —j +k
n= oo = 32 + 32 — k '
VFl ~ Vzoie 2 T3 W w1
n=—==—(@{—-j +k)
— 2099 05 1 39— k) Ivel V3
2049 /3
=5 (-i+k
13. F(x,y,2 = —xsiny+z— 4
VF(x,y,2) = —sinyi — xcosyj + k
T 1. .
VF<6, 6,7) == 3/3j +k
VF 2 < 1 . )
n=——=———(-3j -3/3j +k
VRl ~ vazs\ 2 :
1
= ——(—i —6V3j + 2
Gl j + 2K
. J113, .
=113 (—i — 6/3] + 2k)
15 f(x,y)=25—-x2—-¥? (31,15
Fx,y,20=25—-x2—y2—z
F(x Yy, 2 = —2x Fy(x, V,2) = =2y Fxy,2=-1
F(31,15) = -6 Fy(3, 1,15) = -2 F,(3,1,15 = -1

—-6(x—3)—2(y—1) —-(z—15 =0
0=6x+2y+z—35
6x+2y+z=35
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17. f(xy) = V% + V2 (3,4,5)

19.

21.

23.

25.

Fxy,2 = V@ +y -z

X

Fxy, 2 = )(27+y2

X+ y?

F.(3,4,5) = g F,(3,4,5) = g

3 4

g(x—3)+g(y—4)—(z—5)=0

3x—3)+4y—4—-5z—-5=0
3x+4y —52=0

g y) =% —y? (54,9
Gy, =x—-y>—z
G (x,Y,2) = 2x G/xy,2 = -2
G(5,4,9) = 10 G,5,4,9) = -8
10x—5 —-8y—-4—-(z—-9 =0
10x — 8y —z=9

Gy, 2 =-1
G,5,4,9 = -1

z=e(€ny + 1), (o, 127 2)

F(x,y,2 = e(siny+1) — z

_ y _
Fy(Xa Y Z) I s ar—— Fz(x! Y Z) =-1

F,3,4,5) = -1

F(X Yy, 2 = e(siny + 1) Fy(x, Yy, 2) = ecosy Fxy,2=-1
T o T
FX<O, > 2) =2 Fy<0, > 2) =0 FZ<O, > 2) =-1

2X—z2=-2

h(x,y) = In Vx2 + ¥?, (3,4,In5)

H(X,y,Z)=|n\/)(ZTy2—Z:%|n(X2+yz)_Z

_ X v
R %2 = Hy.2 =y
H (3, 4,In5) =2% H,(3,4,In5) =% H,(3,4,In5) = —1

3 4
2—5(x—3)+2—5(y—4)—(z—ln5)20

3x—3) +4y—4) —-25z—-1In5 =0
3x + 4y — 25z = 25(1 — In5)

X+ 4y + 72 =36, (2,-2,4)
Fx,y,2) =X+ 4y> + 2 — 36
F (X, y,2) = 2x Fy(xy,2) = 8y
F (2, —24) =4 F(2,-2,4) = -16
4x—2)—16(y+2) +8z—4 =0
x—2—4y+2)+2z—-4=0
X—4y + 2z2=18

Fx Yy, 2 =2z
FZ(Z, —-2,4 =28

HZ(XI Y, Z) =-1
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27.

29.

31

33.

XY +3x—22=4,(21-2
FX,y,2 =xy?+3x—22—4

Fxy,2=y>+3 Fy(xy,2) = 2xy Fxy,2 = -2z
F(21,-2)=4 Fy(2, 1,-2)=4 F,(2,1,-2 =4
dx—2)+4y—-1) +4z+2 =0

X+y+z=1

XX+y+2z=9 (1,24

Fx,y,2 =X +y>+2z-9

F Xy, 2 = 2x Fy(x, y,2) =2y Fxy,2=1
F(1,2,4) =2 Fy(l, 2,4) =4 F(1,24 =1

Direction numbers. 2,4, 1
Plane: 2(x — 1)+ 4y—-2+(z—4) =0, 2x+ 4y +z=14
x—1:y—2:z—4

2 4 1

Line:

xy—2z=0, (—-2,—-3,6)
Fxy.2 =xy—z

FXy,2 =y Fy(x, Y,2) = X Fxy,2=-1
F(-2,-3,6)= -3 Fy(—2,—3,6): -2 F(-2,-3,6)=-1
Direction numbers: 3,2, 1
Plane: 3(x+2) +2(y+3) +(z—6) =0, 3x+2y+z=—6

X+2 y+3 z-6
3 2

Line:

7= arctan%, (1, 1, 3)

4
_ Yy _
F(x,y,2 = arctanx z
F(xyz)=_7y F(xyz)=L Fxy,2=-1
x\N Y X2+y2 y\h Yo X2+y2 ASA 1D A1
T 1 T 1 T
FX<1, 1, Z) -5 Fy<1, 1, Z) =5 Fz(l, 1, Z) =-1
Direction numbers; 1, —1, 2
Plane: (x—l)—(y—1)+2(z—77:>=0,x—y+22=7—27

x=1 y-1_z—(n/4
1 -1 2

Line:
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4
35.z=f(x,y)=m, *ZSXSZ,OSySS

@ LetF(x,y,2) = ()@-i—f)% A

dy /x2+l—2x2>. 4x /y2+1—2y2>._k
Y+ 1\ (@ + 1)2 @+ 1\ (2 + 1)2

_ - 41— y?)
TR0+ 02 T 0e+ (2 + 12

VF(1,1,1) = —k.

VF(x,y,2) =

i —k

Direction numbers: 0, 0, —1.
Line x=1,y=1z=1-1
Tangentplane: O(x — 1) + 0(y—1) - 1z-1)=00 z=1

(b) VF(—l, 2, —i‘) =0i + _4(_3)1' —k = 2—65j -k

5 (257
v 1y B A
Line x = 1,y—2+25t,z— 5 t

. S0 4 _
Plane: O(x+1)+25(y 2) 1<z+5)—0
6y —12—-252—-20=0
By — 252 — 32 =0

(© z z (d) At (1,1, 1), thetangent planeis parallel to the xy-plane,
implying that the surface is level there. At (— 1,2 - ‘g')
the function does not change in the x-direction.

37. F(%o, Yo, 2)(X = %) + Fy(Xo, Yor 20(Y — Yo) + FolXo, Yo 2)(z — %) = 0
(Theorem 12.13)

39. F(xy,22=x+y>—-5 G(X,y,2 =x—2z
VFE(x, Y, 2) = 2xi + 2yj VG(x,y,2 =i —k
VF(2,1,2) = 4i + 2] VG(2,1,2) =i —k
i j k
(@ VFxVG=1[4 2 0 =-2i+4—2k=-2i-2 +Kk)
1 0 -1
- 4 X—2 y—-1 z-2
Direction numbers; 1, —2, 1, 1 - -2~ 1
|VF - VG| 4 2 J10
b) cos 6 = = = = ; not orthogonal
® IVFTIVGl ~ /2002~ V1o 5 g
41. F(xy,2=x+2-25 G(x,y,2) =y2+ 22— 25
VF = 2xi + 2zk VG = 2yj + 2zk
VF(3,3,4) = 6i + 8k VG(3, 3,4) = 6 + 8k

—CONTINUED—
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41. —CONTINUED—

o o -
O [S—
© 00 ~

(@ VF x VG = = —48i — 48] + 36k = —12(4i + 4j — 3k)

Direction numbers: 4, 4, —3, 2= 8_y-s8_z-4

4 4 -3
_|VF-VG| _ 64 16
(b) cosb = IVE[IVG] ~ (10)(10) ~ 25 not orthogonal
43. Fxy,2=xX+y+22-6 GXxy,2=x—-y—z
VF(x,y,2) = 2xi + 2yj + 2zk VG(x,y,2 =i—j—k
VF(2,1,1) =4 + 2 +2k VG(2,1,1) =i—j—k
gk VF - VG
(@ VFx VG = |4 2 2| =6 — 6k = 6(j — k) (b) cosb = W = 0; orthogona
1 -1 -1
Direction numbers: 0,1, —1,Xx = 2, % = Z_;ll
y2
4. fxy) =6 —x* =, gy =2 +y
y2
(@ Fx V.2 =z+x2+276
1 Gxy,2=z—2x-y
VFE(X,y, 2 = 2xi + Eyj + k VG Y. 2) = —2i — ] + k
VF(1,2,4) =2 +j +k VG(1,2,4) = —-2i —j +Kk
The cross product of these gradientsis parallel to the curve of intersection.
i j k
VF(1,2,4) xVG(1,2,4) =| 2 1 1 =2 — 4
-2 -1 1
Using direction numbers 1, —2,0,youget x=1+t, y=2—2t, z= 4.
VF - VG —-4-1+1 -4
cos 0 = = =— [0 0=482
IVEIHVG] V66 6
() z
8l
| 1,2,4
. Y
47. F(X,y,2 = 3 + 2y> —z— 15, (2,2,5) 49. Fx,y,2 =X —y?>+2z (1,293
VF(x,y,2) = 6xi + 4yj — k VF(X,y,2 = 2xi — 2yj +k
VF(2,2,5) =12 + 8§ — k VF(1,2,3) =2 — 4 +k
oS 0 = [VF(2,2,5) - k| _ 1 oS 0 = |[VF(1,2,3) - K| _ 1
[VF(2, 2, 5)| V209 IVF(1, 2, 3) V21

1 1
0 = arccos| ——— | = 86.03° 0 = arccos—— = 77.40°
S( v 209) V21
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51. F(X,¥,2=3—-X—y>+6y—2z 53. T(x,y,2) = 400 — 22 — y? — 422, (4, 3, 10)
VF(X,y,2 = —2xi + (—2y + 6)] — k %:—4kx ﬂ:—Zky d—Z:—Bkz
_ _ dt dt dt
—-2x=0,x=0

X(t) = Ce™ y(t) = Ce~ ™ Z(t) = Ce™ ™
x0)=C,=4 y0=C,=3 0 =C,=10

—2y+6=0,y=3
z=3-0— R +6(3) =12

(0,3,12) (vertex of paraboloid) x = de y=3e z=10e ™

Xy 2

55. F(x,y,2 = 2 Tete 1 57. F(x,y,2 = a®2 + b%? — 2

2x Fx Yy, 2 = 2a%
Flxy.2) = a2 Fy(x Y, 2) = 2b%y
F(xy,2 = % Fxy,2 = -2z

Plane: 2a2xy(x — Xo) + 2b%yy(y — yo) — 22z — 7)) =0
Fixy.2 = %ﬁ axX + byy — 5z = @2 + bPy,2 — 22 =0
Blane %(x g+ %(y v+ %(z =0 Hence, the plane passes through the origin.
XX VoY | ZZ_ X% Yo %

@ Te @ wte !
59. f(x,y) = ey
fxy) = e, fxy) = —e
Ly ey - e ) = e
(@ Py(x,y) =1(0,0) + ,(0,0x + f(0,0)y =1+ x—y
(b) P,(x,y) = f(0,0) + f,(0,0)x + f,(0,0)y + 510, 02 + f(0, O)xy + %fyy(ov 0)y?
=1+x—y+3%—xy+3y?
(€ Ifx=0,P,0,y) =1—y+ %yz. This is the second—degree Taylor polynomial for e™v.
Ify = 0, P,(x,0) = 1 + x + 32 Thisis the second—degree Taylor polynomial for ex.

(€

d
DT Ty Ty [Py | Py

0 0 0.9048 | 0.9000 | 0.9050
02| 01| 1.1052 | 1.1000 | 1.1050
0.2 | 05| 0.7408 | 0.7000 | 0.7450
1 0.5 | 1.6487 | 1.5000 | 1.6250

61. Givenw = F(x, y, z2) where F is differentiable at
(o1 Yor Z) and VF(xo, Yo, Z) # O,
the level surface of F at (x,, Yo, Z,) is of the form F(x, y, 2) = C for some constant C. Let
G(x,y,2 = F(x,y,2 — C=0.
Then VG(Xg, Yor Zo) = VF(Xg, Yor Zo) Where VG(Xy, Yo, Zo) is normal to F(X,, Yo, Z5) — C = 0.
Therefore, VF(X,, YoZo) is normal to F(X,, Yo, Z5) = C.
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Section 12.8

1

11.

gxy =(x—-12+(y—3220
Relative minimum: (1, 3, 0)

g, =2x—-1)=00 x=1
g,=2y—-3 =00 y=3

Xy =V +yY+1=21

Relative minimum: (0, 0, 1)

X

Extrema of Functions of Two Variables

A
i

Y

g

[
1]
lllm

7]
1l
|
I
“3‘&\\\\\*‘&‘%’\

AR
i

i
il
il

\
\y

77
11

fifl

Il

\

7/
il

Check: fx=ﬁ=0\] x=0
fp=——2——=00 y=0
R+ Yy +1
y+1 X+ 1

fx = @+ y2 + 1)%/2" W = 0@+ Y2+ 132" = O+ y2 + 1)32

At the critical point (0, 0), f,, > 0and f, f,, — (f,)* > 0. Therefore, (0, 0, 1) is arelative minimum.

Relative minimum: (-1, 3, —4)

Check: f,=2x+2=00 x=-1
f,=2y-6=00 y=3
f=21y,=21,=0

fxy)=x+y2+2x—6y+6=x+1>+(y—-32-4= -4

A

!
I\

RN
I
mlllllll

7/

7]
]
[l

777
11]
1

77
i
i

77
11
11

At the critical point (-1, 3), f,, > Oandf, f,, — (f,)? > 0. Therefore, (—1, 3, —4) isarelative minimum.

Cfxy) =2+ 22Xy +yP+2x—3

f,=4&+2y+2=0
f,=2x+2y=0
foa=41,=21f,=2

} Solving simultaneoudly yieldsx = —landy = 1.

At the critical point (—1, 1), f, > Oand f, f,, — (f,)? > O. Therefore, (—1, 1, —4) isarelative minimum.

L f(Xy) = =5 + 4xy — y?2 + 16x + 10

f,=—-10x+ 4y +16=0
f=4&-2y=0
foo= —10, f, = =2, f,, =4

At the critical point (8, 16), f,, < Oandf,, f,, — (f

f(x,y) =2+ 3y2 —4x — 12y + 13
f,=4x—4=4(x—-1) =0whenx =1
f,=6y—12=6(y — 2) =0wheny = 2.
foo =4 f, =6, f,=0

At the critical point (1, 2), f,, > Oand

} Solving simultaneously yieldsx = 8 and y = 16.

Xy)

2 > 0. Therefore, (8, 16, 74) is a relative maximum.

13. f(x,y) =2/ +y?+ 3

fu fyy — (fy)? > 0. Therefore, (1, 2, —1) isarelative

minimum.

=0l x=0,y=0

—=2_=o0
Since f(x,y) = 3for dl (x,y), (0,0, 3) is relative minimum.
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15. gx,y) =4 — x| — |yl
(0, 0) isthe only critical point. Since g(x, y) < 4 for al (x, y), (0, 0, 4) is relative maximum.

_—&
X+y2+1
Relative minimum: (1,0, —2)
Relative maximum: (—1, 0, 2)

17. z= 19. z= (@ + 4yP)el~ ¥~V
Relative minimum: (0, 0, 0)
Relative maxima: (0, +1, 4)

Saddle points: (1,0, 1)

R

£ Q
SN QIR
"llllll‘w "" ?}2”
/7

‘0
ST lifhytesss
RO
’?Z’»%i’l!%

,‘\\\ R
5 AN R\
é A
1,20‘\\\\\}‘,":0‘0“‘“\
M“\‘\“\

)

2L h(x,y) =X —y? —2x — 4y — 4
hy=2x—2=2(x—-1) = O0whenx = 1.
hy=-2y—4=-2(y+2 =0wheny = -2

he=2 h,=-2h,=0

At the critical point (1, —2), h,, h, — (hxy)2 < 0. Therefore, (1, —2, —1) is a saddle point.

23. h(x,y) = X2 — 3xy — y?
h =2x—3y=0
hy=-3x—-2y=0
he =2 h,=—2 h,=-3
At the critical point (0, 0), h, h, — (h,)? < 0. Therefore, (0, 0, 0) is asaddle point.

} Solving simultaneously yieldsx = Oandy = 0.

25 f(x,y) =x3—3xy + y°
fe=30¢—-y)=0
f,=3(-x+y) =0
foc = 6X, fyy= 6y, fxy= -3

At the critical point (0, 0), f,, fy — (fxy)2 < 0. Therefore, (0, 0, 0) is a saddle point. At the critical point (1, 1), f,, = 6 > Oand
fo fyy = (f)? > 0. Therefore, (1, 1, — 1) isarelative minimum.

} Solving by substitution yields two critical points (0, 0) and (1, 1).

27. f(x,y) = e Xsiny

fy=—e*dny= 0} Sincee ™ > Ofor all xand siny and cosy are never both zero for a

f,=e>cosy=0 given value of y, there are no critical points.

_x—y*
X2+ y

29. z >0.z=0ifx=y#0.

Relative minimum at all points (x, x), X # O.
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31

35.

37.

43.

47.

49.

51.

focfyy — (£5)2 = (9)(4) — 62=10 33. fo fy = (f4)2=(-9)(6) — 10 < 0
Insufficient information. f has a saddle point at (X,, Yo)-
(@ The function f defined on aregion R containing (x,, Y,) has arelative minimum at (X,, Yo)

if f(xy) = f(xq Y foral (x,y)inR

(b) The function f defined on aregion R containing (X,, Y,) has a relative maximum at (X,, Yo)
if f(x,y) < f(xy, Yo foral (x,y)inR.

(c) A saddle point isacritical point which is not a relative extremum.
(d) See definition page 906.

: No extrema 39. i Saddle point 41. The point A will be a saddle point.
754 ; The function could be
60 — 32 2
a5 fxy) =x2—y2
304
2 -l = & | S5t
h 2-Ay -3
d=1f,f, —f2=0@® —f2=16—-12>0 45 f(x,y) = X3 + y°
2 —
Ofyf<16l —d<fy<4 fx:?’XZ:O}Solvin ieldsx =y = 0
f,=32=0 gy y
fox = 6% f, =6y, f,, =0
At (0,0), f,, f,, — (f,)> = 0 and the test fails. (0, O, 0)
is a saddle point.
fixy)=x-DAy+4?>=0

fi=2x—1(y+42=0
f=2x—-1ay+4 =0
fo = 20y + 431, = 2x — D2 f,, = 4x — 1)(y + 4)

At both (1, a) and (b, —4), f,, foy — (fxy)2 = 0 and the test fails.
Absolute minima: (1, a, 0) and (b, —4, 0)

} Solving yields the critical points (1, a) and (b, —4).

fix,y) =x¥3+y>3 20
2

f,=
3¥/x
2 f, and f, are undefined at x = 0,y = 0. The critical point is (0, 0).
f =
y 3 g/gl

0

(o2 2
Xx ox /3 ¥ gy ¥y Y
At (0,0), f,, f,, — (f,)? is undefined and the test fails.
Absolute minimum: 0 at (0, 0)

fxy,2 =X+ (y—32+(@z+12=20

f=2x=0

f,=2(y—3) =0¢ Solvingyieldsthe critical point (0, 3, —1).
f,=2z+1) =0

Absolute minimum: 0 at (0, 3, —1)
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53. f(x,y) = 12 — 3x — 2y hasno critical points. Ontheliney = x + 1,0 < x < 1, y
f(x,y) =f(x) =12 -3x — 2(x + 1) = —5x + 10
and the maximum is 10, the minimum is5. Ontheliney = —2x + 4,1 < x < 2,
fxy) =fx) =12—-3x—2(—2x+4) =x+ 4
and the maximum is 6, the minimum is 5. Ontheliney = —3x + 1,0 < x < 2,

f(va) = f(X) =12 - 3x — 2(—%X+ 1) = —2x + 10

and the maximum is 10, the minimum is 6.
Absolute maximum: 10 at (0, 1)
Absolute minimum: 5 at (1, 2)

55. f(x,y) = 3 + 2y — 4y y
(24 2.4 4
f,=6x=0 O x=0
f(0,1) = -2
f=4-4=00 y=1 3T
Ontheliney =4, -2 < x £ 2, 2+
f(x,y) =f(x) =3x%+32—-16=3x* + 16 1e
and the maximum is 28, the minimum is 16. Onthe curvey = X%, =2 < X < 2, — >
- -1 1
fx,y) =f(X) =3 + 202 — 42 = 2x* — x> = X¥(2x* — 1)
and the maximum is 28, the minimum is —3.
Absolute maximum: 28 at (+2, 4)
Absolute minimum: —2at (0, 1)
57. f(x,y) =+ xy, R={(x,y): |x <2yl <1} y

fx_2X+y_o}x—y—0
f,=x=0

f(0,0) =0 w ; X
Alongy=1 -2<x< 2 f=x+xf'=2+1=00 x:—%.
Thus, f(-2,1) = 2,f(—3,1) = ~andf(2,1) = 6.
Alongy=—-1,-2<x<2f=x—-xf'=2x-1=00 x=3.
Thus, f(-2,—1) = 6,f(3, -1) = —%,f(2, —1) = 2.
Alongx=2,-1<y<1f=4+2y 0 f"=2+#0.
Alongx=-2,-1<sy<1f=4-2y 0 f"=-2+#0.

Thus, the maximaaref(2,1) = 6 and f(—2, —1) = 6 and theminimaaref(—%, l) = —% andf(%, —1) = —;11.

59, f(x,y) =X+ 2xy + YA, R={(X, y): X2 + y2 < 8} y
g=&+@=ﬂ . 4
f,=2x+2y=0

fix, X)) =X -2+ x2=0 ‘
On the boundary x2 + y?> = 8, wehavey? = 8 — x2andy = +/8 — x2. Thus,

f=x2+2x/8—x2+ (8—x3) =8+ 2x./8 — X2

P (8 — ) V2(—20) + 28 — x?) = 12
V8 — x2

Then, f’ = 0implies 16 = 4x? or x = +2.
f(2,2) =f(-2,-2)=16 and f(2,-2)=f(-22)=0
Thus, the maxima are f (2, 2) = 16 and f(—2, —2) = 16, and the minimaaref(x, —x) = 0, |x| < 2.
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_ axy _ )

61.f(x,y)—(X2+1)(y2+1),R—{(x,y).Osxs1,Osys1} y

_ A -xy _ _ L

fx_(y2+1)(x2+l)_OD x=1lory=0

R

¢ Bl _ _

fy_(x2+1)(y2+l)2D x=0ory=1 1 )

Forx =0,y =0, also, and f (0, 0) = 0.

Forx=1y=1f(11 =1
The absolute maximum is 1 = (1, 1).

The absolute minimumis 0 = f(0, 0). (In fact, f(0,y) = f(x,0) = 0)

63. Fase
Letf(x,y) =|1—x—yl.
(0,0, 1) is arelative maximum, but f,(0, 0) and fy(O, 0) do not exist.

Section 12.9  Applications of Extrema of Functions of Two Variables

1. A point on the planeis given by (x,y, 12 — 2x — 3y). The 3. A point on the paraboloid is given by (x, y, X2 + y?). The
square of the distance from the origin to this point is square of the distance from (5, 5, 0) to a point on the

S=x+ 2+ (12 — 2x — 3y)2 paraboloid is given by
So= 2+ 212 — 2x — 3y)(-2) = (XS (y = 57 O+
%:2y+2(1272>(73y)(73) S(=2(X—5)+4X(X2+y2)=0
= — 2 2) —
From the equations §, = 0 and §, = 0, we obtain the § =2y =5 + 4 +y) =0

system From the equations S, = 0 and § =0, we obtain the
5x + 6y = 24 system
3 2 _E—
3x + By = 18, 2+ 2y +x—5=0
+2¢% +y—5=
Solving simultaneously, we have x = 172 y = 178 AP+ 2y +y=5=0
z=12-2_%_ g Therefore, the distance from Multiply the first equation by y and the second equation
th ¢ (72 18 6 by x, and subtract to obtain x = y. Then, we have x = 1,
eoriginto (7, 7,7 y =1, z= 2 and thedistance is
2
\/( ) (78) (%:@, @ 57+ @ 57+ 2 02=6

5. Let x, y and z be the numbers. Sincex + y +z=30,z=30 — x — y.
P = xyz = 30xy — X%y — xy?
PX=30y—2xy—y2=y(30—2x—y)=0]2x+y=30
P,=30x—x -2y =X30 —x—2y) =0J/x+ 2y =230

Solving simultaneously yields x = 10, y = 10, and z = 10.

7. Letx,y, and zbethe numbersand let S= x? + y2 + 72 Sincex + y + z = 30, we have
S=xX+y?+ (30— x—y)?
S=2X+230-x—-y(-1 = 0}2x+y— 30
§ =2y +2(30-x—y)(—1) =0/x+ 2y = 30.
Solving simultaneoudly yieldsx = 10,y = 10, and z = 10.
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9. Let x,y, and z be the length, width, and height, respectively. Then the sum of the length and girth is given by
X+ (2y + 22) = 108 or x = 108 — 2y — 2z The volume is given by

V = xyz = 108zy — 2zy? — 2yZ°
V, =108z — 4yz — 272 = (108 — 4y — 22 = 0
V, = 108y — 2y? — 4yz = y(108 — 2y — 42) = 0.

Solving the system 4y + 2z = 108 and 2y + 4z = 108, we obtain the solution x = 36 inches, y = 18 inches, and z = 18 inches.

11. Leta+ b+ ¢c = k. Then

447 abc _ ilﬂ_
3 3

V= ab(k —a—b)
4
= gw(kab —a%h — a?)

va=%”(kb—2ab—b2)=o Kb — 2ab — B2 = 0

Vb:%r(ka—az—Zab)zo ka — a? — 2ab = 0.

Solving this system simultaneously yieldsa = b and
substitution yields b = k/3. Therefore, the solution is
a=b=c=k/3.

13. Let x,y, and z be the length, width, and height,
respectively and let V, be the given volume.

Then V, = xyzand z = V,/xy. The surface areais
VO VO
S=2xy+2yz+2xz=2xy+?+v
V,
S;(—Z(y——>—0 Xy —V,=0

Sj—z(x—\;—>—0xy =0.

Solving simultaneously yieldsx = 3/V,, y = 3/V,,
andz= 3V,

15. Thedistance from Pto Qis «/x? + 4. The distance from Q to Ris </(y — x)? + 1. The distance from Rto Sis 10 — .

C=3k/®®+4+2&kJ(y—x2+1+k10—-y)

Y S S _=ly=x ) _
&= 3k<ﬁx2 T 4) ’ 2"<J(y P+ 1>

_ y—X y— X 1
C,=2(———]-k=00 ——"2— =2
Y <¢(y—X)2+1) Vly-x2+1 2
X 1
3K —— +2k—f):o
(m) 2
oox 1
IE+4 3
X= 2+ 4
M =x2+ 4
1
2 — —
=5
w2
T2
2y-x=V(y—-x2+1
Ay —x2=(y—x?+1
1
— )2 = =
(y=x 3
y--Lt ., 1 _2/3+3/2
V32 6
Therefore,x=£~0707 kmandy = f f~1.284kms.

2
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17.

19.

21.

Let h be the height of the trough and r the length of the slanted sides. We observe that the area of atrapezoidal cross section is
given by

(w—2r) + [(w—2r) + 2x]
2

A:h[ ]:(W—2r+x)h

wherex = r cos § and h = r sin 6. Substituting these expressions for x and h, we have
Alr,0) =(wW—2r +rcos6)(rsing) =wrsing — 2r2sind + r2sin 6 cos
Now
A(r,0) =wsin® — 4rsinf + 2rsinfcosf = sin(w — 4r + 2rcos) =0 00 w=r(4 — 2cos6)
Ayr, 0) =wrcosf — 2r2cos 0 + r2cos260 = 0.
Substituting the expression for w from A,(r, 6) = 0 into the equation A(r, 6) = 0, we have
r2(4 — 2cosf)cosd — 2r2cosf + r3(2cof9—1) =0

r(2cos — 1) =0 or cos@z%.

Therefore, the first partial derivatives are zero when § = 7/3 and r = w/3. (Ignore the solutionr = 6 = 0.) Thus, the
trapezoid of maximum area occurs when each edge of width w/3 is turned up 60° from the horizontal .

R(X;, X5) = —5%2 — 8%,2 — 2X;%, + 42%; + 102x,
R, = —10% — 2, + 42 =0, 5%, + X, = 21
R, = —16x, — 2x, + 102 = 0,x, + 8%, = 51

Solving this system yields x; = 3 and x, = 6.

RX1X1= —10
Rx1x2: -2
Rx2x2: —16

RX1X1 < Oand Rxlxl RX2X2 o (Rxlxz)z >0

Thus, revenue is maximized when x; = 3 and x, = 6.

P(x;, X,) = 15(x; + %) — C; — C,

15x, + 15x, — (0.02x,2 + 4%, + 500) — (0.05x,2 + 4x, + 275)

—0.02x,2 — 0.05x,2 + 11x, + 11x, — 775

—0.04x;, + 11 = 0,x, = 275

Xy

—0.10x, + 11 = 0, x, = 110

X2

= —-0.04

XXy

=0

X%

= -0.10

XX

Py, < 0and P, P

X1Xy XX

— (P)? >0

Therefore, profit is maximized when x, = 275 and x, = 110.
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23. (@ Sx,y) =d, +d, + dg
= VX 0P (Y 0P+ VX 22+ (y — 22+ Jix— 42 + (y — 27
=UR+HY+ JX+22+(y—- 22+ JIx—4)2+ (y-27?
From the graph we see that the surface has a minimum. s
X X+ 2 X — 4 =
(b) S(xy) = X2+y2+ (X+2)2+(y_2)2+ e %
_ y y—2 y—2
R e L (e TN ey e (e ol
(© —VS1,1) = —S(1, Di — §/(1,1)j = —%i - (\1/ - }) - T
(v - (yv2) 2 .
tan 6 YN =1 NG [0 6= 186.027
(d) (% ¥2) = (X, — S, Yt y3 — S(x y)t)=<1 1t1+<2 1))
21 J2 1 RPN VALID KN 1 V1 f f f

2 13\ _ 210 125, 2),
bt (G ) e Pk )
+\/10—<2?+2ﬁ> (1—2‘[+5>t2

N

Using a computer algebra system, we find that the minimum occurs when t = 1.344. Thus, (%,, ¥,) = (0.05, 0.90).
(€) (Xg ¥a) = (% = S(X5 Vo), Yo — S, Yo)1) = (0.05 + 0.03t, 0.90 — 0.26t)
S(0.05 + 0.03t,0.90 — 0.26t) = /(0.05 + 0.03t)? + (0.90 — 0.26t)% + /(2.05 + 0.03t)? + (—1.10 — 0.26t)?

+ /(—3.95 + 0.03t)? + (—1.10 — 0.26t)?
Using a computer algebra system, we find that the minimum occurs when t = 1.78. Thus (X5, Y5) =~ (0.10, 0.44).
(X4 Ya) = (X3 = SiXq Ya)t, Y3 = S/(Xs, Ya)1) = (0.10 — 0.09t, 0.44 — 0.01t)
S(0.10 — 0.09t, 0.45 — 0.01t) = /(0.10 — 0.09t)?> + (0.45 — 0.01t)? + /(2.10 — 0.09t)? + (—1.55 — 0.01t)?

+ /(—3.90 — 0.09t)2 + (—1.55 — 0.01t)?
Using a computer algebra system, we find that the minimum occurs when t = 0.44. Thus, (x,, y,) = (0.06, 0.44).
Note: The minimum occurs at (x, y) = (0.0555, 0.3992)

(f) —VSx,y) pointsin the direction that S decreases most rapidly. You would use VS(x, y) for maximization problems.

25. Write the equation to be maximized or minimized as a function of two variables. Set the partial derivatives

equal to zero (or undefined) to obtain the critical points. Use the Second Partials Test to test for relative extrema
using the critical points. Check the boundary points, too.
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27. (a) -
X Yy Xy X
—2 0 0 4
0 1 0 0
2 3 6 4
2X=0 | Xyi=43Xx=6| 3x*=8
_36 —-04 _3 _1[ _3 ]_ﬂ
=TG- 4°73* 4073
3 4
Y=4*73
T S L L Y - B B
(b)S—(—2+3 o)+<3 1)+<2+3 3)
_1
6

31 (0,0),(1,1),(3,4),(4,2), (5,5
2% =13 2Y=12

X% = 46, X% =51
_ 5(46) — 13(12) 74 37

T 5(51) — (132 8 43

1 37 7
b= g[12 - E(ls)] -2
w7
Y=* " a3
S ly= %x + %
9,
3,4)e
04,2
1,1
-2 (0’ 0) 10

35. (8) y = 1.7236x + 79.7334
(b) 240

-1 100

(c) For each one-year increase in age, the pressure
changes by 1.7236 (slope of line).

29. (a) N y Xy 2

0 4 0 0

1 3 3 1

1 1 1 1

2 0 0 4
2%=412Y=8 | ¥xy=4] ¥x*=6
_4a -4 _ L, 1 _
A= - 2, b=7[8+24]=4
y=-2x+4

b)S=(4-42+(2-32+2-1)2+(0-02=2

33. (0,6), (4, 3), (5,0), (8, —4), (10, —5)
E X% = 21, E Y, =0,
> xy, = =70, 3 %2 = 205
_5(=70) — (27)(0) _ =350 _ 175

5(205) — (27)? 296 148

b = %[0 - <*E>(27)] _ 945

148 T 148
_ _&X 4 945
148" ' 148

8

(0,6)
04,3

37. (1.0, 32), (1.5, 41), (2.0, 48), (2.5, 53)
Y% =72 =174 xy, = 322, Y x? = 135
a=14,b=19y= 14x + 19
When x = 1.6, y = 41.4 bushels per acre.
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n
39. Sa,b,c) = > (y; — ax? — bx, — ¢)? 41. (-2,0),(-1,0),(0,1),(1,2),(25)
i=1
9S =0 6
ﬁzgl—mzyi—axz—bm—c)zo 2%
S @ >y =8 (—1<)) @9
o= 2y —ax? —bx —¢) =0 2 ) &2
b & > %2 =10 T
S 0 3 — ‘2
o= 22y —a—bx—0=0 2%*=0
i=1
n n n n 2 X14 = 34
ad x*+ by x3+cdx?= 2y,
iz1xI izl izl izlx1 ) E xy; = 12
aYx? + bYx? +cyx = Suy, XX =22
<1 <1 =1 <1
. . . 34a + 10c = 22, 10b = 12, 10a + 5¢ = 8
ay x2+ by x +cn= i
izl ;1‘ izly a=3b=8 c=2y=3e+8x+2
43. (0,0),(2,2),(3,6),(4,12) 45. (0, 0), (2, 15), (4, 30), (6, 50), (8, 65), (10, 70)
>x=9 > x = 30,
>yi=20 >y = 230,
> x2=29 ¥ x2 = 220,
> %2 =99 > % = 1,800,
x4 = 353 3 x4 = 15,664,
2 =10 S xy, = 1,670,
2 X%, = 254 I %2, = 13,500

353a + 99b + 29¢c = 254
9 +2% + 9c= 70
292+ 9+ 4c= 20

15,664a + 1,800b + 220c = 13,500
1,800a + 220b + 30c = 1,670

220a + 30b+ 6c= 230

—1b=-1c=0y=x—
a=< =0 y=x X y=-2x2+ 3y 2 0042+ 966x — 1.79

14

120

(4,12)

(3.6)
(2,2)
s 0.0 7 -1 14

-2

-20

47. (@) InP = —0.149%h + 9.3018
(b) InP = —0.149%h + 9.3018
P= e—041499h+9.3018 — 10,957.76_0'1499h

(c) 14,000

_2 \\KZA

-2,000

(d) Same answers.
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Section 12.10 Lagrange Multipliers
1. Maximizef(x,y) = xy. y 3. Minimizef(x,y) = X2 + y2 y
Constraint: x +y = 10 z Constraint: x +y =4 N constraint
10 —=
Vf = AVg 8l level curves Vf = AVg
yi +x = Al +]) T 20 + 2yf = Ai + Aj + SN
4l
y=A} Nl A=A] \§§§
X=y X=y =
X=A 2 4 . A 2y =2A 4 levelcurves
x+y=10= 0O x=y=5 X+y=40 x=y=2
(5,5 = 25 f(2,2) =8
5. Minimizef(x,y) = x2 — y2 7. Maximizef(x,y) = 2x + 2xy + .
Congtraint: x — 2y = —6 Congtraint: 2x + y = 100
Vf = AVg Vi = AVg
2Xi — 2yj = Ai — 2A]j 2+ 2y)i + (2x+ 1)j = 2Ai + Aj
x=r 0O x=2 2+2y=220 y=A-1
2 A—1(Y=2X
X+1=A O x=-"F—
—2y=-200 y=2 2
3 2x+y=100 O 4x = 100
X—2y=—-6 0O —JA=-6
2 x=25 y=50
A=4,x=2y= f(25, 50) = 2600

f(2,4) = —12

9. Note: f(x,y) = /6 — X2 — y?is maximum when g(x, y)

IS maximum.
Maximize g(x,y) = 6 — X2 — y2
Constraint: X +y = 2

—2x = )\}

X:

—2y=A Y
Xx+y=20 x=y=1
f(1,1) = Vo1,1) =2

13. Maximize or minimize f(x,y) = x? + 3xy + y2
Congtraint: x2+y? < 1

Case 1: Onthecirclex? + y?> =1
a+w—yw
X2 = yz
3X + 2y = 2yA

x2+y2=10 X=xoy =

11. Maximize f(x,y) = ev.

Congtraint: x> + y2 =8
yeXV=2x)\}
X=y
xXey = 2yA
xX+y?2=80 2x*=8
X=y=2
f(2,2) = ¢

Case 2: Inside the circle
f,=2x+3y= O}
X

:y:O
f,=3%+2y=0

foo=2 =2 f, =3 f,f, — ()2 <0

Saddle point: f(0,0) = 0

By combining these two cases, we have a maximum of % a

(iﬁ iﬁ)
N ( 2 2) 5 2’72
Maxima: f|l+—, +———| =7 o 1
22 2 and aminimum of —3 at
inima: 2_v2y_ 1 V2 _J2
Minima: f<i 5 T ) =75 (iT' +7>.
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15.

19.

Minimize f(x,y,2) = X2 + y2 + 22
Congtraint: x+y+z=26
2X= A

y=A(x=y=1z
22= A

X+ty+z=60 x=y=2z2=2
f(2,2,2) =12

Maximize f(x,y, 2) = xyz
Congtraints: x +y + z= 32

X—y+z=0
Vf = AVg + uVh
yzi + xzj + xyk = A +j + k) + pli —j + k)

YZ=At u
XZ=A—puryz=xy Ol x=z
Xy=A+pu

X+ty+z=32
2x+2z=32 0 x=z=8
X—y+z=0
y=16

f(8,16,8) = 1024

23. Minimize the square of the distance f (x,y) = X2 + y?

subject to the constraint 2x + 3y = — 1.

2x=2)\} 3
2y:3,\y 2

2 3
2x+3y=-10 X=—13Y= 13

The point on theline is (—1% —%) and the desired
distance is

17. Minimize f(x,y,2) = X2 + y2 + z2.
Congtraint: x+y+z=1

2xX=A
y=A(x=y=1z
2z= A

X+y+z=10 x=y=z=%

(334~

21. Maximize f(x,y,2) = xy + yz
Congtraints: x + 2y = 6

x—3z=0
Vi = AVg + uVh
yi + (x+ 2)j + yk = Al + 2j) + uli — 3k)

y=A+nu 8
X+z=2A y=ZAD x+z=§y
y=—3u

x+2y=60 y=3-7

X—3=00 z=

X
3 2
x:3,y:g,z:1

25. Minimize the square of the distance
fxy,2 =x-22+(y-12+(z—-1?

subject to the constraint x +y + z= 1.

2x—2) = A
2y—1)=Aapy=zandy=x-1
2z-1) =

X+y+z=10 x+2x—-1)=1
x=1y=z=0

The point on the planeis (1, 0, 0) and the desired
distanceis

d=J1-22+0—- 12+ (00— 12= .3
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27. Maximizef(x, y, 20 = z subject to the constraints 29. Optimization problems that have restrictions or contstraints
R+y?+2=36and 2x+y—z=2 on the values that can be used to produce the optimal
solution are called contrained optimization problems.
0=2xA + 2u
O=2yA+pu (X=2y
1=22\ — pu

X2+ y? + 72 = 36
2X+y—z=20 z=2Xx+y—2=5-2
(2y)2 +y?>+ (By — 2)> = 36
30y2— 20y —32=0
15y2 — 10y — 16 = 0

51 /265
y 15

Choosing the positive value for y we have the point

<1O + 2265 5+ /265 —1 + \/265)

15 15 3
31. Maximize V(x, Y, 2) = xyz subject to the constraint 33. Minimize C(x,y, 2) = 5xy + 3(2xz + 2yz + xy) subject
X + 2y + 2z = 108. to the constraint xyz = 480.
yz= A 8y + 6z = yzA
Xz2=2Apy=zandx = 2y 8X + 6z=xzA [ x=Y,4y =3z
Xy = 2\ 6x + 6y = xyA

X+2y+2z2=108 1 6y =108,y = 18
x=36,y=2z=18

xyz =480 [0 %y3 = 480
x =y = %360,z =3 ¥/360

Volume is maximum when the dimensions are Dimensions: 3/360 x /360 x 2 /360 feet
36 x 18 x 18 inches

2 2 2
35. Maximize V(X, Yy, 2 = (2x)(2y)(22) = 8xyz subject to the constraint% + é + % =1.
2X
8yz = g)\
2y X2 @ 2
&a = b2 a2 2 2
2z
8xy = ?)\
X2 y2 72 33 3y? 372
2ttt gl =te=1
g = & y = b ,=C
J3T U3 U3
Therefore, the dimensions of the box are Zééa X Z?b X 2?0.
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. i i L d2 + x? d2+y2 )
37. Using the formula Time = Dlstance’ minimize T(x, y) = 1 + 2 T subject to the constraint x + y = a.
Rate A V,
S A
v,/ 0,2 + X2 X y
= P Medium 1
Yy A viVadZ ¢ v/dR + Y2 N I.u
Vo d22 + y2 \\\ :
d S ,
xX+y=a ' S
N
X y \Q+Y->|
Sincesin §; = ———— and sin§, = —————, we have X AN !
bz 2 2+ y? RN &
Medium 2
X/Vd? +x2 y//d2 + y? snf, sng, o
v a v, ViV,

39. Maximize P(p, q,r) = 2pq + 2pr + 2qr.
Congraint: p+q+r=1
VP = AVg
2+ 2r=A
2p+2r=XAp 0 BA=4(p+q+r) =401
2p+29=AM o A=12

p+tg+r=1

41. Maximize P(x, y) = 100x%-25y0-75
subject to the constraint 48x + 36y = 100,000.

0.75
25X 07075 = 48) [ (%) - %)‘
0.25
75x025y~025 = 36) [] (§> = %
-G
X X 25 J\36A
o4
X
y = 4x
48x + 36y = 100,000 [1 192x = 100,000
(315 6250
6 3

Therefore, P(32, 820) ~ 147,314,

43. Minimize C(x, y) = 48x + 36y subject to the constraint 200x°>25y°-7> = 20,000.

_ —0.75,0.75 ¥>0'75 _ 48
48 = 25x 0750.75) ] (X 25\
_ 25,,—0.25 5)0'25 _ ﬁ
36 = 75x%%%y A O <y 751
<X>0.75(X)0.25 _ ( 48 )(75)\)
X X ~\250)\ 36
y_ =
- 4 [0 y=4x

100x025y075 = 20,000 [1 x025(4x)0.75 = 200

200 200
X—ﬁ—rﬁ = SOﬂ
y = 4x = 200./2

Therefore, C(50+/2, 200/2) ~ $13,576.45.
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45. (@) Maximize g(e, B, y) = cOS « cos 3 cos y subject to the constraint « + 8 + y = .

—SinacosBcosy = A

—cosasnBcosy= A tana=tanB=tany 0 a=B=y

—cosacosBsiny = A

at+tB+y=m0 a=B=vy=

(zzz>:1
9333 "8

b a+B+y=a0 y=m7—(a+P)
9(a + B)

w(y

= cosa cos B[cos mcos(a + B) + sinwsin(a + B)]

—cos a cos B cos(a + B)
Review Exercises for Chapter 12

1. No, it is not the graph of afunction.

3. f(x,y) = ety
The level curves are of the form
c=e’ty
Inc =x2+ y2

The level curves are circles centered at the origin.

Generated by Mathematica

7. f(x,y) = e ¢y

. 1
lim %:*
*xy)-1,10 X + Yy 2

11.

Continuous except at (0, 0).

cosa cosBcos(m — (a + B))

5. f(xy) =x—y2
The level curves are of the form
c=x2—y2

X2 y2
C

1= .
c

The level curves are hyperbolas.

Y ¢=-12 ¢c=-2
/

—Cc=2
4
/_c=12
1
X
-4 a1 4
-4
Generated by Mathematica
9.fx,y,20=xX-y+2=1 z

y=x+2z2-1

Elliptic paraboloid

_ 2,
13, Ay
x¥)~(0,0 X* + y?
Fory = x2 —4x%y = — 4 =—-2forx#0
y x4+ y? o x4+ x4 ’
_o &y _
Fory =0, X4+y2—0,forx¢0

Thus, the limit does not exist. Continuous except at (0, 0).
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15. f(x,y) = e*cosy 17. z= x& + ye&
f, = e cosy az—e‘/+yex
. X
f,= —e‘siny
L xe¥ + e
ay
_ Xy _ y
19. g(x,y) = X+ y? 21. f(x,y,2) = zarctan®
g - Y@ + y?) — xy(2) _ y(y* = %°) ‘- < 1) -
x (@ + y?? (x + y?)? 14 (y2/x2 X2) %2+ y? + y?
_ X0 —y?) ; z /;) Xz
%~ be+ya2 YT 1+ (y\x) T R+ y
f,= arctan?
X
23. u(x, t) = ce~™ sin(nx) 25. :
u_ cne™ "™ cos(nx) 7
ox !1
% = —cn%e "™ gn(nx) -
3 Y
34
x'
27. f(x,y) = 32 — xy + 2y° 29. h(x,y) = xsiny + y cosx 3. z=xX—-y?
f,=6x—y h,=sny — ysinx E:ZX
f,= —x + 6y? h, = xcosy + cosXx X
_ - _ 9%z
f = h, = —ycosx ﬁzz
f, = 12y h, = —xsny
. 9z _ _
fg=—1 h,, = cosy — sinx oy 2y
fx=—-1 h,, = cosy — sinx 927
TS =2
ay
0%z 9%z
Therefore, pva + W =0.
__ Yy —yvany
33. Z—X2er2 35. z xsmX
Z_ =2y 924 924 (gnY Y x) <y>
ax (@ + y?)2 dz = axd aydy = <snx Xcosx dx + cosX dy
0%z

—4x? 1 3% — y?
»e _ZV[(Xz + y?)3 + @ + yz)z] =2 (@ + y?)3
Z_(R+y) -2y _ X-y
vy Ry ey
9%z _ (@ + y)A=2y) — 20¢ = ¥y + yA)(2y)

ay? 0@+ v
o
-2 (x2 +y2R
2
Therefore, 0z + 7z _ =0.

X% ay?
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37.

41.

45.

Z=x

+ y2 39.

2zdx = 2xdx + 2y dy

Xt Yy = i(;) 12(1) 17 _
dz de + Zdy 13 + 0.654 cm

Percentage error: 5T

2) "13\2) " 26

dz  17/26

~ =~ KO0
13 0.0503 = 5%

w=Inx*+y),x=2t+3,y=4—-1t

dw _ owdx , ow dy

Chain Rule: o ox dt + ay dt
X y
- X2 + y2(2) + X2 + yz( l)
_ 2(2t + 3)2 24 —t)
2+32+@4—-1)2 (2+32+@4-1?
_ 10t + 4
5t2 + 4t + 25
Substitution: w = In(x2 + y?) = In[(2t + 3)2 + (4 — )]
dlv:2(2t+3)(2)—2(4—t): 10t + 4
dt (2t + 32+ (4 — 1)? 5t2 + 4t + 25

Chain Rule:

.U=X+y?+ 22 x=rcost, y=rsint, z=t

ou _dudx  audy , ouiz

ar  axar  gyor  azar
= 2xcost + 2ysint + 2z(0)
= 2(r cos?t + rsin’t) = 2r

du_duix  oudy  duiz
ot X ot ay ot dz ot

= 2x(—rsint) + 2y(r cost) + 2z
= 2(—r2sintcost + r2sint cost) + 2t

=2t

Substitution: u(r,t) = r2cos?t + r2sin’t + t2 =r2 + t2

@=2r
ar
ou
— =2
ot
Xy —2yz—x2—22=0
0z 0z 0z
2xy—26x—xax—z—220x—0
9z —2xy+z Xy -z
X —2y—X—22 XxX+t2y+2z
0z 0z 0z
2 _ 98 9y 25 _ v9s _
X Zyay z Xay Zay 0
iz —x+2z X2 —2z

dy —2y—x—-2z x+2y+2z

V = i7reh
dV = Zarhdr + 3mr2dh = 27(2)(5)(¢3) + 37 (2)2(+3)

51 -
= #gm *+ gm = x7in?
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47.  f(xy) =x¥

Vi = 2xyi + X3
Vi(2, 1) = 4i + 4]
1, N2 V2

u:ﬁv 2 2]
D, f(21) =Vi(21) -u=2/2-2,/2=0

__ Y
51. me

_ Xy X2 —y2
Vz= (X2 + yz)z' + (X2 + yz)zj

VA1, 1) = —%i - <—% o>
Iva(1, 1)) = 5

55. 9x2 — 4y2 = 65
f(x,y) = 9% — 4y?
Vi(x,y) = 18xi + 8yj
Vi(3,2) = 54i — 16j

54i — 16] 1
i : = 271 — §
Unit normal: e i \/ﬁ( )

59. Fx,y,2 =X +y>—4x+6y+z+9=0
VF=(2x—-4)i+ (2y+6) +k
VF(2,-3,4 =k
Therefore, the equation of the tangent planeis
z—4=0 or z=4,
and the equation of the normal lineis

X=2,y=-3z=4+1.

63. f(xy,2=x+y> +22-14
Vi(x,y,2) = 2xi + 2yj + 2z

Vf(2,1,3) = 4i + 2j + 6k Normal vector to plane.

g_In-k _ 6 _3/14
[Inll J/56 14

0= 36.7°

49, w=Yy?+ xz
Vw = zi + 2yj + xk
VWwW(l,2,2) =2i + 4j + k
1 2. 1. 2

U=§V=§I—§]+§k

+

wlhs

Wl

wIN
I

DW(1,2,2) =VwW1,2,2) -u=

53. zZ= e *cosy

Vz = —eXcosyi — e *sinyj

4 2 2!

w
7o) -1

VZ<O,E> = —ﬁi _ V2 :< \f V2

57. F(xy,2=xy—2z=0
VF = 2xyi + xj — k
VF(2,1,4) = 4i +4j — k
Therefore, the equation of the tangent plane is
4x—2+4y—-1)—-(z—-49=0 or
X + 4y —z=8,
and the equation of the normal lineis

x—2:y—1:z—4
4 4 -1

6l. F(xy,22=x—-y>—-2z=0
Gx,y,2=3-2z=0
VF = 2xi — 2yj — k

VG = —k
VF(2,1,3) = 4i — 2j — k
ik
VEFxVG=|4 -2 —1=2(+2)
0 0 -1

Therefore, the equation of the tangent line is

x—2 y—-1 __
1 - 2 , 2= 3.

wIinN

2

)
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65. f(x,y) = x® — 3xy + y?

fi=3—-3y=3x—-y) =0
f,=—3x+2y=0

fx = 6X
fy=2
fy=-3

From f, = 0, we havey = x2. Substituting thisinto f, = 0, we have —3x + 2x2 = x(2x — 3) = 0. Thus, x = 0 or 3,
At the critical point (0, 0), focfyy — (fxy)2 < 0. Therefore, (0, 0, 0) is a saddle point.
At the critical point (3, 3), T f,, — (f,)2 > 0andf,, > 0. Therefore, (3, 3, — %) isarelative minimum.

1. 1
67. f(X,y)—Xy'i‘;"ry

>
222

22
22X
Rz

2

22

ZE
LR

-
> PSS 2R
Rk ﬁ
s e
S R
=
25

1
fk=y-2=0 Xy =1

2>
ZZ

T
S
=
S
%
%

1
f,=x—-=5=0xy*=1
y y2 y

Thus, X3y = xy? or x =y and substitution yields the critical point (1, 1).

2
“= %
fy =1

_2
Yy y3

At the critical point (1, 1), f, = 2 > 0 and f,f,, — (f,)> = 3 > 0. Thus, (1, 1, 3) isarelative minimum.

level curve at any given point at (X, Yo)-

71 P(x, %) =R—-C, — C,

= [225 — 0.4(x; + x,)](%; + %,) — (0.05x,% + 15x; + 5400) — (0.03x,2 + 15x, + 6100)
= —0.45x,2 — 0.43x,?> — 0.8x;x, + 210x, + 210x, — 11,500
R, = —09x, — 0.8, + 210 = 0
0.9x, + 0.8x, = 210
R, = —0.86x, — 0.8% + 210 = 0
0.8, + 0.86x, = 210
Solving this system yields x; = 94 and x, =~ 157.

Py = —09
Ry, = —08
P, = —0.86
P, <0

XXy
F)xlx1 R<2xz - (Px )? >0

Therefore, profit is maximum when x; = 94 and x, = 157.

12Xz

69. Thelevel curves are hyperbolas. Thereis acritical point at (0, 0), but there are no relative extrema. The gradient is normal to the
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73. Maximizef(x,y) = 4x + xy + 2y subject to the

congtraint 20x + 4y = 2000.

4+y=20)\}5 6
X—y=—

X+2= 4\
20x + 4y = 2000 O 5x +y = 500
5X—y= —6
10x = 494
X =494
y = 253

f(49.4, 253) = 13,201.8

75. (8) y = 2.29t + 2.34

30

(b) 20

-1 3

Yes, the data appears more linear.
(c) y=837Int + 1.54

@ =

-1 10
i

-5

The logarithmic model is a better fit.

77. Optimizef(x,y, 2) = Xy + yz + xz subject to the constraint x + y + z = 1.

yt+tz=A
X+z=Arx=y=12
X+y=A

XxX+y+z=101 x:y:z:%

Maximum: f(%%%) = %

79. PQ= V% +4QR= J/Y¥+ 1 RS=zx+y+2z=10

C=3/+4+2/y?+1+2

Congtraint: x +y +z=10

VC=AVg

fx i+ fy i +k=Ali+] + k]
X+ 4 y+1

X=A/E+ 4

y =AY+ 1

1=

w=x2+40 x2=

2=y2+10 y?=

Wik Nl

Hence, X =



