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45. (@) Maximize g(e, B, y) = cOS « cos 3 cos y subject to the constraint « + 8 + y = .

—SinacosBcosy = A

—cosasnBcosy= A tana=tanB=tany 0 a=B=y

—cosacosBsiny = A

at+tB+y=m0 a=B=vy=

(zzz>:1
9333 "8

b a+B+y=a0 y=m7—(a+P)
9(a + B)

w(y

= cosa cos B[cos mcos(a + B) + sinwsin(a + B)]

—cos a cos B cos(a + B)
Review Exercises for Chapter 12

1. No, it is not the graph of afunction.

3. f(x,y) = ety
The level curves are of the form
c=e’ty
Inc =x2+ y2

The level curves are circles centered at the origin.

Generated by Mathematica

7. f(x,y) = e ¢y

. 1
lim %:*
*xy)-1,10 X + Yy 2

11.

Continuous except at (0, 0).

cosa cosBcos(m — (a + B))

5. f(xy) =x—y2
The level curves are of the form
c=x2—y2

X2 y2
C

1= .
c

The level curves are hyperbolas.

Y ¢=-12 ¢c=-2
/

—Cc=2
4
/_c=12
1
X
-4 a1 4
-4
Generated by Mathematica
9.fx,y,20=xX-y+2=1 z

y=x+2z2-1

Elliptic paraboloid

_ 2,
13, Ay
x¥)~(0,0 X* + y?
Fory = x2 —4x%y = — 4 =—-2forx#0
y x4+ y? o x4+ x4 ’
_o &y _
Fory =0, X4+y2—0,forx¢0

Thus, the limit does not exist. Continuous except at (0, 0).
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15. f(x,y) = e*cosy 17. z= x& + ye&
f, = e cosy az—e‘/+yex
. X
f,= —e‘siny
L xe¥ + e
ay
_ Xy _ y
19. g(x,y) = X+ y? 21. f(x,y,2) = zarctan®
g - Y@ + y?) — xy(2) _ y(y* = %°) ‘- < 1) -
x (@ + y?? (x + y?)? 14 (y2/x2 X2) %2+ y? + y?
_ X0 —y?) ; z /;) Xz
%~ be+ya2 YT 1+ (y\x) T R+ y
f,= arctan?
X
23. u(x, t) = ce~™ sin(nx) 25. :
u_ cne™ "™ cos(nx) 7
ox !1
% = —cn%e "™ gn(nx) -
3 Y
34
x'
27. f(x,y) = 32 — xy + 2y° 29. h(x,y) = xsiny + y cosx 3. z=xX—-y?
f,=6x—y h,=sny — ysinx E:ZX
f,= —x + 6y? h, = xcosy + cosXx X
_ - _ 9%z
f = h, = —ycosx ﬁzz
f, = 12y h, = —xsny
. 9z _ _
fg=—1 h,, = cosy — sinx oy 2y
fx=—-1 h,, = cosy — sinx 927
TS =2
ay
0%z 9%z
Therefore, pva + W =0.
__ Yy —yvany
33. Z—X2er2 35. z xsmX
Z_ =2y 924 924 (gnY Y x) <y>
ax (@ + y?)2 dz = axd aydy = <snx Xcosx dx + cosX dy
0%z

—4x? 1 3% — y?
»e _ZV[(Xz + y?)3 + @ + yz)z] =2 (@ + y?)3
Z_(R+y) -2y _ X-y
vy Ry ey
9%z _ (@ + y)A=2y) — 20¢ = ¥y + yA)(2y)

ay? 0@+ v
o
-2 (x2 +y2R
2
Therefore, 0z + 7z _ =0.

X% ay?
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37.

41.

45.

Z=x

+ y2 39.

2zdx = 2xdx + 2y dy

Xt Yy = i(;) 12(1) 17 _
dz de + Zdy 13 + 0.654 cm

Percentage error: 5T

2) "13\2) " 26

dz  17/26

~ =~ KO0
13 0.0503 = 5%

w=Inx*+y),x=2t+3,y=4—-1t

dw _ owdx , ow dy

Chain Rule: o ox dt + ay dt
X y
- X2 + y2(2) + X2 + yz( l)
_ 2(2t + 3)2 24 —t)
2+32+@4—-1)2 (2+32+@4-1?
_ 10t + 4
5t2 + 4t + 25
Substitution: w = In(x2 + y?) = In[(2t + 3)2 + (4 — )]
dlv:2(2t+3)(2)—2(4—t): 10t + 4
dt (2t + 32+ (4 — 1)? 5t2 + 4t + 25

Chain Rule:

.U=X+y?+ 22 x=rcost, y=rsint, z=t

ou _dudx  audy , ouiz

ar  axar  gyor  azar
= 2xcost + 2ysint + 2z(0)
= 2(r cos?t + rsin’t) = 2r

du_duix  oudy  duiz
ot X ot ay ot dz ot

= 2x(—rsint) + 2y(r cost) + 2z
= 2(—r2sintcost + r2sint cost) + 2t

=2t

Substitution: u(r,t) = r2cos?t + r2sin’t + t2 =r2 + t2

@=2r
ar
ou
— =2
ot
Xy —2yz—x2—22=0
0z 0z 0z
2xy—26x—xax—z—220x—0
9z —2xy+z Xy -z
X —2y—X—22 XxX+t2y+2z
0z 0z 0z
2 _ 98 9y 25 _ v9s _
X Zyay z Xay Zay 0
iz —x+2z X2 —2z

dy —2y—x—-2z x+2y+2z

V = i7reh
dV = Zarhdr + 3mr2dh = 27(2)(5)(¢3) + 37 (2)2(+3)

51 -
= #gm *+ gm = x7in?
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47.  f(xy) =x¥

Vi = 2xyi + X3
Vi(2, 1) = 4i + 4]
1, N2 V2

u:ﬁv 2 2]
D, f(21) =Vi(21) -u=2/2-2,/2=0

__ Y
51. me

_ Xy X2 —y2
Vz= (X2 + yz)z' + (X2 + yz)zj

VA1, 1) = —%i - <—% o>
Iva(1, 1)) = 5

55. 9x2 — 4y2 = 65
f(x,y) = 9% — 4y?
Vi(x,y) = 18xi + 8yj
Vi(3,2) = 54i — 16j

54i — 16] 1
i : = 271 — §
Unit normal: e i \/ﬁ( )

59. Fx,y,2 =X +y>—4x+6y+z+9=0
VF=(2x—-4)i+ (2y+6) +k
VF(2,-3,4 =k
Therefore, the equation of the tangent planeis
z—4=0 or z=4,
and the equation of the normal lineis

X=2,y=-3z=4+1.

63. f(xy,2=x+y> +22-14
Vi(x,y,2) = 2xi + 2yj + 2z

Vf(2,1,3) = 4i + 2j + 6k Normal vector to plane.

g_In-k _ 6 _3/14
[Inll J/56 14

0= 36.7°

49, w=Yy?+ xz
Vw = zi + 2yj + xk
VWwW(l,2,2) =2i + 4j + k
1 2. 1. 2

U=§V=§I—§]+§k

+

wlhs

Wl

wIN
I

DW(1,2,2) =VwW1,2,2) -u=

53. zZ= e *cosy

Vz = —eXcosyi — e *sinyj

4 2 2!

w
7o) -1

VZ<O,E> = —ﬁi _ V2 :< \f V2

57. F(xy,2=xy—2z=0
VF = 2xyi + xj — k
VF(2,1,4) = 4i +4j — k
Therefore, the equation of the tangent plane is
4x—2+4y—-1)—-(z—-49=0 or
X + 4y —z=8,
and the equation of the normal lineis

x—2:y—1:z—4
4 4 -1

6l. F(xy,22=x—-y>—-2z=0
Gx,y,2=3-2z=0
VF = 2xi — 2yj — k

VG = —k
VF(2,1,3) = 4i — 2j — k
ik
VEFxVG=|4 -2 —1=2(+2)
0 0 -1

Therefore, the equation of the tangent line is

x—2 y—-1 __
1 - 2 , 2= 3.

wIinN

2

)
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65. f(x,y) = x® — 3xy + y?

fi=3—-3y=3x—-y) =0
f,=—3x+2y=0

fx = 6X
fy=2
fy=-3

From f, = 0, we havey = x2. Substituting thisinto f, = 0, we have —3x + 2x2 = x(2x — 3) = 0. Thus, x = 0 or 3,
At the critical point (0, 0), focfyy — (fxy)2 < 0. Therefore, (0, 0, 0) is a saddle point.
At the critical point (3, 3), T f,, — (f,)2 > 0andf,, > 0. Therefore, (3, 3, — %) isarelative minimum.

1. 1
67. f(X,y)—Xy'i‘;"ry

>
222

22
22X
Rz

2

22

ZE
LR

-
> PSS 2R
Rk ﬁ
s e
S R
=
25

1
fk=y-2=0 Xy =1

2>
ZZ

T
S
=
S
%
%

1
f,=x—-=5=0xy*=1
y y2 y

Thus, X3y = xy? or x =y and substitution yields the critical point (1, 1).

2
“= %
fy =1

_2
Yy y3

At the critical point (1, 1), f, = 2 > 0 and f,f,, — (f,)> = 3 > 0. Thus, (1, 1, 3) isarelative minimum.

level curve at any given point at (X, Yo)-

71 P(x, %) =R—-C, — C,

= [225 — 0.4(x; + x,)](%; + %,) — (0.05x,% + 15x; + 5400) — (0.03x,2 + 15x, + 6100)
= —0.45x,2 — 0.43x,?> — 0.8x;x, + 210x, + 210x, — 11,500
R, = —09x, — 0.8, + 210 = 0
0.9x, + 0.8x, = 210
R, = —0.86x, — 0.8% + 210 = 0
0.8, + 0.86x, = 210
Solving this system yields x; = 94 and x, =~ 157.

Py = —09
Ry, = —08
P, = —0.86
P, <0

XXy
F)xlx1 R<2xz - (Px )? >0

Therefore, profit is maximum when x; = 94 and x, = 157.

12Xz

69. Thelevel curves are hyperbolas. Thereis acritical point at (0, 0), but there are no relative extrema. The gradient is normal to the
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73. Maximizef(x,y) = 4x + xy + 2y subject to the

congtraint 20x + 4y = 2000.

4+y=20)\}5 6
X—y=—

X+2= 4\
20x + 4y = 2000 O 5x +y = 500
5X—y= —6
10x = 494
X =494
y = 253

f(49.4, 253) = 13,201.8

75. (8) y = 2.29t + 2.34

30

(b) 20

-1 3

Yes, the data appears more linear.
(c) y=837Int + 1.54

@ =

-1 10
i

-5

The logarithmic model is a better fit.

77. Optimizef(x,y, 2) = Xy + yz + xz subject to the constraint x + y + z = 1.

yt+tz=A
X+z=Arx=y=12
X+y=A

XxX+y+z=101 x:y:z:%

Maximum: f(%%%) = %

79. PQ= V% +4QR= J/Y¥+ 1 RS=zx+y+2z=10

C=3/+4+2/y?+1+2

Congtraint: x +y +z=10

VC=AVg

fx i+ fy i +k=Ali+] + k]
X+ 4 y+1

X=A/E+ 4

y =AY+ 1

1=

w=x2+40 x2=

2=y2+10 y?=

Wik Nl

Hence, X =
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Problem Solving for Chapter 12

1. (8) Thethree sides have lengths 5, 6, and 5.

Thus, s=2 =8 adA= /83)(2(3) = 12

(b) Let f(a, b, c) = (area)? = s(s — a)(s — b)(s — ¢), subject to the constraint a + b + ¢ = constant (perimeter).
Using Lagrange multipliers,
—s(s—b)(s—c)=2A
—s(s—a)(s—c)=A
—s(s—b)(s—b)=2A
From thefirst 2 equationss—b=s—-—a 0 a=h.
Similarly, b = cand hencea = b = c which is an equilateral triangle.

(c) Let f(a,b,c) = a+ b+ c, subject to (Area)? = s(s — a)(s — b)(s — c¢) constant.
Using Lagrange multipliers,
1=—-As(s—b)(s—0¢)
1=-As(s—a)(s—o¢)
1= —-As(s— a)(s— b)

Hence, s—a=s—b [0 a=banda=b=c

3. (@ Fxy,2=xz—-1=0 (b) V= %(base)(height) I3
Fo=Vy2F,=xF, = =7
YTy TR T L8 sy i
Tangent plane: ~3l2 YoZo XoZo) \XoYo ) }angent plane
YoZo(X = Xo) + XoZo(y = Yo) + %Yoz — 29) = 0O &
YoZoX + %ZoY + XYoZ = 3%YoZo = 3 sy
3. \
“ 3 Base
Yo%

5. We cannot use Theorem 12.9 since f is not a differentiable function of x and y. Hence, we use the definition of
directional derivatives.

f(x +tcosh,y+tsinh —f(xy)
t

o (o (3] oo

D,f(xy) = tIi%

D,f(0,0) = tliirg) :
FEATES
2
= ing1 V2)\V2) | _ Iiml[zt—tz] =Jing)%whichdo%notexist.

2 2

t t
f<0+,0+>—2
2
D, £(0,0) = lim V2 . V2 :tn%%[%—z] =0

which implies that the directional derivative exists.
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7. H = k(5xy + 6xz + 6y2) 9. (@ 2—; = Caxaflylfa,s—; =C(1 — a)xay~2
1000 6000 , 6000
=— = +—+—|
T 0 oH k<5xy y X ) x 2 ya—f = Cax®y' 2 + C(1 — a)xy' 2
ax T ay
H, = 5y — 6?((2)0 =0 0O 5yx* = 6000 =[Ca+ C(1 — a)|xayt-2
= Cxyl-a=f

By symmetry, x =y OO x® = y3 = 1200.
(b) F(tx ty) = C(tx)?(ty)' 2 = Ctaxat -2yt -2

5
Thus, x =y =23150and z = 5\3/150. — OAyt-a(t) = th(x,y)

11. (a) x = 64(cos45°)t = 32./2t
y = 64(sin45°)t — 16t2 = 32./2t — 16t

__y
(b) tene =255
. arctan(#) _ arctan<32f2t—16t2>
X + 50 322t + 50

© Yo _ 1 —64(8./2 + 25t — 25/2) _ —16(8./2t2 + 25t — 25./2)

¢, <3zﬂt — 16t2\2 (32./2t + 50)2 64t* — 256./2t3 + 10242 + 800/2t + 625

32/2t + 50

(d) =

0 /\\ 4

-5

No. The rate of change of « is greatest when the projectile is closest to the camera.
(e %a = Owhen

8./2t2 + 25t — 25./2 =0
B J25 — 4(8./2)(-25./2)
N 2(8.2)

No, the projectile is at its maximum height when dy/dt = 32./2 — 32t = Qort = /2 ~ 1.41 seconds.

=~ (.98 second.

13. (@ Thereisaminimum at (0, 0, 0), maximaat (0, £1, 2/e) and saddle point at (=1, 0, 1/e): z

_,,
Il

= (02 + 2y)e (= 2x) + (2x)e" YD)

e [ + 2y2)(— 24 + 2¢]

L2408
ot

e EYI[-2¢8 + 42 +2x]=00 ¥+ 22 —x=0

_,,
I

(2 + 22 (= 2y) + (Ay)e 1<)

e W 0¢ + 27)(~2y) + 4]

e Y- ayP - 2%y +4y] =00 2 +xy—2y=0

Solving the two equations x3 + 2xy? — x = 0 and 2y® + x2y — 2y = 0, you obtain the following critica points: (0, 1),
(%1, 0), (0, 0). Using the second derivative test, you obtain the results above.

—CONTINUED—
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13. —CONTINUED—
(b) Asin part (a), you obtain

f = e 6208 — 1 - 22)]
f, = e Y 2y(2 + X2 — 2y?)]

The critical numbers are (0, 0), (0, £1), (x1, 0).

Theseyield
(1,0, —1/€) minima
(0,+1,2/6) maxima

(0,0,0) saddle

A

/]

AN
AN
ZAOXIAR
2N

15. (a) 6cm

lcm
'

(c) The height has more effect since the shaded region in

(b) islarger than the shaded region in (a).

17. Essay

19, u(x t) = %[f(x — o) + F(x + )]

Letr =x—ctands = x+ ct. Then u(r, s) = %[f(r) + f(9)].

au_ouor  ouds_ Ldf 1 df

gt ar ot osot 2dr(_c) * EOTS(C)
Thus,aiu: CaLzu

ot? X’

]

(c) Ingenera, for « > 0 you obtain
(0,0,0) minimum
(0, =1, B/e) maxima
(¥1,0, a/e) saddle
For @ < 0, you obtain
(1,0, @/€) minima
(0,£1, B/e) maxima

(0,0,0) saddle

(b) 6cm

d A=h O dA=Idh+ hd

If dl = 0.01and dh = 0, then dA = 1(0.01) = 0.01.
If dh = 0.01and dl = 0, then dA = 6(0.01) = 0.06.



