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CHAPTER 13
Multiple Integration

Section 13.1  Iterated Integrals and Area in the Plane

Solutions to Even-Numbered Exercises
X2y Ly2Pe _1(x* X3\ _ X, ., cosy cosy
2. JX ;dy = [EY]X 2(? - ;) E(X -1 4. JO ydx = [yx]o = ycosy

/x U
6. L (@ + 3y?) dy = [xzy + y3] = (@ x + (VX)) = 0@ + (@) = x8/2 + x¥2 — x5 — X9

Vimy 1 Ty 1 2/1—y2
2 2 3 2. — 9l =(1 — y2)3/2 2(1 — y2\1/2| = &Y= Y 2
S-J (x + y?) dx [3x +yx}ﬁ 2[3(1 22 + yA1 — y?) ] 3 (1+2y?)

— 17y2 1_Y2

/2 /2
10.f sin3xcosydx=f (1 — cos?x) sinxcosy dx
y y

1 /2 1
= [<fcosx+§co§x) cosy] = (cosyféco§y) cosy
y

1 (2 1 8 8
2 _ \2 — — 2 — 2 __ = 2 __ =
12. j_l _z(x ) dy dx = f 3 dx f_l[Zx 3+2x 3]dx
) g [30 I8 (118 (5,10
L3 37, \3 3 3 3/
4 4 X2
14.J f \/64—x3dydx=f [y\/64—x3] dx
-aJo

f V64 — x3x2dx = [—*(64— x3)3/2] 0+ (128)3/2 2%48ﬁ

16. ffy(lo + 22 + 2) dxdly = f[le + %‘3 + 2y2x]jydy = f:[(ZOy +pP 4ya) - <10y 2y 2y3)]dy

:L2[10y+%y3+2y3] [Sy +7y4 y4]720+5—§+8:£30

0

18. fz 2y7y23ydxdy = fz [Sxy]zy g dy = Sf (8y? — 4y®) dy = [3(%3/3 - y4>]z =16

0 Jay2—ey 0 2=

/2 (2 cost /2 [2]2cos 6 /2 1 /2 T
ZO.J f rdrd0=f [—] dezf 2c0520d0:[0—fsin20] =
0 0 0 2 0 0 2 0 2

/4 (cos 6 /4 cos 6
22. f f 3r2sin o dr df = f [r3sin 9] do
0 0 0 0

/4 /4
_ . _ [ costé o y/i1 1.3
—L cos3sm0d6—[ 2 ]0 = 4[(&) 1]_16
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3 [oo 2 3 oo 3 373
X T T X 97
24. ——dydx = [xz arctan ] dx = f xz(—) dx = [— . —] ==
LL 1+y2® L Yo , \2 2 3l 2
26. J J e—(><2+y2) dxdy = f |:—7 e—(X2+y2):| = J = e—y2 = |:—7e_)’2:| ==
o Jo Xyt y . 2 Yy o dy , 2 Yy dy 4 o 4

s [[om- [ o fracfof-e
A:fdede[X]jdyzfzdy:[2y]j=4 ai

T R A S S e

1/2 5 1+(1/yd) y
f fdxdy+f f dx dy o
1/2J2
1/2 1+(1/y?)
- PLe [ T [
) 2 12l 12 2l v

:fl/23dy+fl (i—l)dy i : ,\l x

0 12 \Y?

1/2 1 1
oL
0 y 1/2
2 rJa—x? y 4 2x
32. A= dy dx Fﬁ 34.A:ff dy dx T
J;)J(; Y N 0 Jx32 y 3” (4.8

61

2 4 2X 54
= — x2 — 1
LV“ X Hy] o 1

2L

/2 4 1
= o Ve o — - [ e ax e
0 0
/2 2 4
= ZJ; (1 + cos26) do = [Xz - gxs/z]o
2 16
/2 — _ = —- ==
= [2<0+18in 29)] =1 16 (32) 5
2 0
Vv
(x:Zsino, dx = 2 cos 6 dé, \/4—x2:20056) jf dx dy
0]
2 rJ/a-y? 2 y
:ff dxdy=f V4= yrdy :f <y2/3—§)dy
0Jo 0 0
/2 3 V28
=4f coszed9=2f (1 + cos26) do :[7},5/3,*]
0 0 5 4 |
1 . /2 3 16
= [2(6 + 58in 29)]0 =7 = 5(32) - 16 = 5

(y: 2sin g, dy = 2cos0do, V4 —y?= 20056)
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9 r9/x
36. A= IJ dydx+ff dy dx 38. A= ff dxdy+fJ' dx dy
0 Jy/2 2 Jy/2
9 9/x 3 9 y y
:J[Y] dx+f[y] dx—fxdx+fgdx j dy+f(2—§>dy
0 0 3 0 0 3 X 0

_ Exz]3+ [9Inx]9=g+ 9(in9 — In3) - [yﬂ+ [zy_yﬂ

0 3

9 _1+
=§(1+In9)

mew+f7%mw AJJdWXJY&mm[]Z
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y

1 39
= w—ww+f@—ﬁw J tﬁ
0 1 \Y
gy Lol [ _;2]3_9 L
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y

AT é @3 -
oL

2 4 6 8

(9, 1)

4 2 2 r4—x°
40ff fx,y)dxdy, Jysx<2 0<sy<4 42, jf f(x,y)dydx,0 s y<4—x3,0<x< 2
oJVy oJo

2 % 4 rJa-y
:Jf F(x, y) dy dx 4 :” (x,y) dx dy
0Jo 0JO

2 re* Cos X
44.J' f f(x,y)dydx,0sy<seX—-1<x<2 46. J J f(x,y)dydx,Osyscosx,—q—szxs
_ —m/2J0

—In arccos !
f f f(xy) dxdy+f j yf(x, y) dx dy f f ’ f(x,y) dx dy 2+
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2 4 4 2
%.ffdxdyzjfdydsz
1J2 2J1

yus
31

Pan

4 x/2 6 [6—X 4X 6
52.jf dydx+ff dydx:fidx+j(6—x)dx:4+2:6
oJo 4 Jo 0 4

2 r6-y 2 3y22
ff dxdy=J(6—3y)dy:[6y—7]=6
0 J2zy 0 0

9 (3 9 o
54, ff dydx=J'(3—\/>7<)dx=[3x—fx3/2] =27-18=9

0 JUx 0 3 0

3y’ 3 3

[faor fro-[2]-

oJo 0 3o

2 [4-y? 4 JT=% 3 Y
56.ff dxdy:ff dydx = = 2

~2Jo 0J_ /a=x 3

4— %+ /4 — %) dx = 4=

58. Thefirst integral arises using vertical representative rectangles. The second integral arises using horizontal

representative rectangles.

2 r2x
ff xsiny dy dx
0 Jx?

1 1. 1
~2 cos(4) — Esm(4) +3

xsinydxdy =

j i (—xcos(2x) + x cos(x?)) dx A

(2,4)

(%ysin(y) - %yz sin(y)) dy

[

1 1. 1
=3 cos(4) — fzsm(4) +32

[
0 Jy/2



Section 13.2 Double Integrals and Volume 369

60.

2 r2 2 ry
ff e Ydydx = ff e Y’ dxdy
0 Jx 0 Jo

2 y 2 1 2 1 1 1 1
- ¥ | dy = Yy =|—= —vz] = —Z(e? +fe°:f<1——>z0.4908
f[xe]oyjyedy[zeo PR A C

0 0

2 r4 4 %
62. f j Uxsinxdxdy = f f Jxsinx dy dx
0 Jy? 0Jo
4 X 4 4
= f [y\/isjnx] dx = f xsinxdx = [sjnx - xcosx] =sin4 — 4cos4 ~ 1.858
0 0 0 0
12y . . afa—x v
Mff sin(x+y)dxdy=ﬂ2—£3z0.408 66.JJ (x2+y2)dydx=a
0Jy 2 3 oJo 6
68. @ y=V4—x = x=J4-y? y
X2 2]
y=4—z=x= 16 — 4y
sl
2 2 32 4 /16— 4y 5]
Xy Xy Xy
(b)Lfryz x2+y?—‘+10|XOIy+LLx2+y2+10|XdyJFLJ0 x2+y2+1OIXOIy i
(c) Both orders of integration yield 1.11899. f ; x
2 2 w/2 f1+sin @ >
70. f f V16 — x® — y3 dy dx =~ 6.8520 72. 156r dr do = 4om” + 13 30.7541
0 Jx 0 0 32 8
74. A regionisverticaly simpleif it is bounded on the left and right by vertical lines, and bounded on the top and bottom by
functions of x. A region is horizontally simple if it is bounded on the top and bottom by horizontal lines, and bounded on the
left and right by functions of y.
76. Theintegrations might be easier. See Exercise 59-62.
78. Fasg letf(x,y) = x.

Section 13.2  Double Integrals and Volume

For Exercises2 and 4, Ax; = Ay, = 1 and the midpoints of the squares are y

2.

6D EDEDEIEIEDED !

1
fxy) = Exzy

mf(x )AX A :i+3+§+§+3+g+§+g:
2 A AY = 6+ 15T 15 16 16 T16 T 16 T 16

4 2 4 4
1. - ﬂ]z I _Xj]“_%~
Lfozxydydx—fo[4 de— Oxdx—30—3~21.3

21
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1
4 Y = G Dy + D
8 4.4 4 4 4 4 4 4 7936
Zf(&y.)AxAy. 9 et Tt 15 T o5t 35 T 25 = 4708 = 1680

In(y + 1)]2 dx

42 1 ar 4
| ey | [

- L“ XlrJ]r3l dx = [lnS - In(x + 1)]: = (In3)(In5) ~ 1.768

2 r2
6. fff(x.y)dydxz4+2+8+6:20
0Jo

T (/2 ™ 1 1 /2
SJJ sjnzxcos2ydydx=f [fsin2x<y+fsjn2y)] dx
0o Jo o L2 2 0 3+
N T
—J; 2sm x(2>dx
i
:If (1 — cos2x) dx S T
8Jo

T 1. ™

= [g (x - Esn ZX)]O
77.2
8

10. fJ x2y? dx dy = J 1
(1/2)y (1/2)y 4 (2,4
2l
-[5
|: 9/2 ] 1+
R

_ 1024 256 _ 256
27 9 27

110 11—y 1 o 1 1y
o [ oo (] e (o o [
0 1 o Jo o y-1 0 0 .
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w/2 (7 T (/2 4 r4—x 4 r4—y
14.f f sinxsiny dxdy = f f sinxsiny dy dx 16. jf x@dydx:ff xe¥ dx dy
0 - —mJ0 0Jo o0 Jo

For the first integral, we obtain:

- /2
= [ sinxcosy] dx

o 4 4—x 4—x
f [xey] —xdx = f (xe* — x)dx
T 0 0 0

= sin x dx 214
[—e“*x(l + %) - —]
=(—-5—-8) +e*=¢*—13.

- 3 "3 .
2 ra y 4 rJx Y
18. dxdy =
[ ] e = [ | e
_1 4[ yz ]ﬂ 3+
T2) 1, o]
1(* x 11+
_5L1+x2dx T
1 2 3 4
_|1 Al 1
- [4In(1+ x)]o— 2 In(a)
2 4—y2 y
20. X2 + y?) dx d
LLW( y?) dx dy A

[ e
B

f, [x2y+ W]ﬂ X

- [V« b e

2

= [—7(4 - x)¥2 + (x\/ — X2 + 4arcsin 2) + —[x(4 —x9)¥2 + 6x/4 — X% + 24 arctan 2]] = 4m
2

4 2 4 2 2 rx 2 2
22. Jf (6—2y)dydx=J [Gy—yz] dx 24, JJ‘Adydx=f4xdx=2x2} =8
0 Jo o 0 0Jo o 0

4 y
=J 8dx = 32

0
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2(2—x 2 y2 2—x
26.ff (2—x—y)dydx:f[2y—xy—5] dx
0Jo 0 0

2]
= — 2
L 2(2 X)2 dx

IR VR
2x 2)}0_3

21y 2
ZS.LL(A—yZ)dxdy=J;(4y—y3)dy

y4]2
— 2 _ )
[Zy 4 Jo

-4

' S

30. foojoo e &x+V/2dydx = foo [—Ze*“‘*y”z]oc dx = foo 2e7¥/2dx = [—4e*></2}0o =4
o Jo o 0 0 0

1rx
32. Jf \/1—x2dydx=%
0Jo

5 x
34. szf x dy dx 5
0.Jo
o
Sr 5 @
[ [ [ea
0 0 0 2t
[1 3]5 125 i
= | =x Y
3 o 3 T s 5 4 5"
r(Jr2=x?
36.V=8JJ Vr2 — x2 — y2dy dx :
' . y e ]
=4 rZ—x2—y2+ (12— x2 arcsmi]]
L[[y yir it edacsn el &
— a7 ' 2 _ g2
4<2>J; (r x?) dx
= [27r<r2x - %XS)]O
:417'r3
3
2 r4a—x 2 foo
38. V=ff (4 — x?) dy dx y 40. V = 1 5 dy dx
oJo ] odo 1ty

= f 2(4 — x3)(4 — x?) dx
0

= J2(16 — 8% + x%) dx
0

XB X5 2
= - 8= + =
[16x 83 5]0

g, 84,3225
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\ [y 81
42. V = JJ sin? x dx dy . 44, V=ff \/9—ydxdy=7
0
A 0
T
=1 = sl
[ 3
2
(51
2 0 -
1 2 3 4 5
_om
2
16 f4—y
46. V ff In(1 + x + y) dxdy =~ 38.25
a8 X4 Y1 2o
b c 2
A
z=c<1—§—y> y
b[1—(x/a)]
fJf(xy)dA jf 1—§—X)dydx
(0] b Aa 2~y
_ _X7y y2 b[1-(x/a)]
—CJO[y a Zb] dx
a x\ xb X b? x\2
‘CL (- 2) 23] (-3
S I N,
- 2 a 2a 32 6 a/ Jo

Il
(@)
|
SIS
w8
S——
I
/‘\
NI
+
i
~——
(—
(o]

50.

In10 10 10 (lny
oL e ] e
_ X Iny
_L [Iny]o dy
10 10
[ -

=9

2 2 2 (V2y
52. ff Jycosydydx = ff Jy cosy dx dy
0 J(1/2)% oJo

2
= j Jy cosy/2y dy y
0]
2 ] 2,2
= ﬂfycosydy @2
0
V2 ’ i
= 2[cos + sin] h
v+ ysny) B
= /2[cos2 + 2sin2 — 1] j 5

1rl 1

56. Averageziff e”ydydx:zf extl — e dx
1/2 0 Jx 0

1.1 1 1

— +1_ = — P =

z[ex 2e2x]0 2[92 Lo e 2]

=e—-2e+1
= (e — 1)
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58. The second isintegrable. The first contains f siny? dy 60. (a) Thetotal snowfall in the county R.
which does not have an elementary antiderivation. (b) The average snowfall in R.
1 60 50
62. Average = —— [192x + 576y — x2 — 5y? — 2xy — 5000] dx dy ~ 13,246.67
150 Ju5 Jao

64. f(x,y) = Ofordl (x,y) and

fJ f(x,y) dA = jf xydydx—fgdx—l

P(Osxsl,lsysZ)—f lxydydx-J'—dX—i6

66. f(x,y) = Ofordl (x,y) and

j f f(x,y) dA = jfe*x Y dy dx
=fo bILrDO[ exy] dx—Joo X dx = Ilm[ e*x]z=1

1r1 1
POsx<1x<ys 1):ff e*X*dedx:J [ V] dx:f (e7% — e *x" 1) dx
0 Jx 0
1.-
2

1 1 1 1
— | —Za2X —x—1 — _ 1 = (a1 _ 2 ~
[ se+e ]0 et+=5( 1)2 ~ 0.1998.

2
68. Sample Program for TI-82: 70. ff 20e ¥/Bdydx m=10,n= 20
0Jo

Program: DOUBLE (a) 129.2018

+Input A (b) 129.2756

:Input B

: Input M

tInput C

: Input D

“Input N

0 -V

:B-A)/M - G
:D-C/N - H

tFor (1,1, M, 1)

cFor (3,1, N, 1)

A+ 05G22 -1 - x
:C+05H2I-1) - vy
'V +sn(/Xx+y) xGxH -V
: End

: End

:DispV
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4 r2
72.jf VX +ydxdy m=6,n=4 74. V = 50
1J1
Match
(a) 13.956 chesa
(b) 13.9022 i
s
of
x) 3 =Y
76. True

2 2 —X — 2x
28, f efxydy:[_éefxy] _er-e”
X X

1 1

Thus,

0 A—X _ A—2X oo (2
fudx:ffe‘xydxdy
0 X o1
J'f e ¥dxdy
exy]
= -—— d
[l e
2 2
:f 1dy:[lny] =Iln2
1y 1

Section 13.3  Change of Variables: Polar Coordinates

2. Polar coordinates 4. Rectangular coordinates

6. R={(r,0): 0<sr<4sn60< 0= 7} 8 R={(r,d): 0<r<rcos36,0< 0<

/4 (4 4 w/2 (3 /2 1 3
10. f f r2sn @ cosdr do =f sm  cos 0] do 12. j J' re - drde = J' [—Eeﬂz] de
0 0 0 0 0 0 o

64\ sin? 67/4 _[_} —9 _ ]7/2
3) ] |- -vo|

16 _m(, 1
~ 3 _4<1 eQ)

[N
[NIE]
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w/2 (f1—cos 0 /2 r2]L-coseo 3
14. f f (sinG)r dr do = j [(s’n 0)5] do
o Jo 0

0 ) (xy)=(0,1)
w2

= j w(l — cos 0)2d6
o 2

- [%(1 - cos(e))s}:/2 -1

a [fJVa2—x? w/2 (a a3 /2 a3 /2 a3
16.fj xdydx=f f rzcosedrd0=—f cosed9=[—sin0] =—
0Jo 0 3 Jo 0 3

o 3

r2dr de
0

2 /B8=y? /4 (22
18. f f VX2 + y2dxdy = f
y

0 0

4 (Vay—y? w/2 [4sin g /2
20. fj x2dxdy=f J' r3 cos? 6 dr dezf 64 sin* 0 cos® do
0Jo 0 0 0

/2 ) /2
=64f (sin40—Sinse)d0=%[sinsecoso—w+g(0—sinBcosO)] =27
0 0

(5v2)/2 x 5 V25-x2 /4 (5
22-[ f xydydx+f f xydydx=f f r3sin 6 cos 6 dr do
0 0 (5v2)/2 Jo o Jo

/4
=J @Sin 0 cosdo
o 4
_[625 00"
—[ 3 sn 6]0
_ 6%
16
7/2 (5 /2 5 y
24. f fe*'z/zr dr dOZJ [—e*’z/z] de 1
—-=/2 Jo — /2 0 T
/2
=f (1-e®/?)dg .
/2
/2
- [(1 - e*25/2)0] = n(1- e
—1/2

3 JV/9—x2 w/2 (3
26. Jf (9—X2—y2)dydx=f (9 —rdrdrdo
0Jo 0 0]

/2 3 w/2 3 /2
=J' (9r—r3)drd0=f [gr2—1r4} do=3| dp= 8T
0 0 0
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w/2 (1 /2 r4 3r2 1 27 (2
28. V = 4f (r2+ 3)rdrdg = 4f (— + —) de 30. fJ In(x@ + y?) dA = f J' (Inr?)rdrdo
0 0 0 4 2 0 0 1
77/47 27 (2
=4 ng =2f Jrlnrdrde
0]
0 1
272

Il
\‘
—
ISE
SN————
Il
~
»[3
I
N
 —

[%(—1 +2In r)]i do

27
3
=2 <In4 - *)dﬂ
J, (a3
= 47T<|n4 - %)

2 (4 2 4 21
32. V= f f J16 — r2rdrdo = f [—%(\/16 — r2)3]1d0 = j 5./15d6 = 10./157
0 1 0 0

4. x+y?+2=a20 z= Ja2— (x> +y?) = Ja? —r?

w/2 (a
V= Sf Ja —r?rdrde (8 times the volume in the first octant)
0 0

/2 a
— _1 . Z 2 _ 2 3/2]
SL [ 5 3(a r?) Ode

/2 3 3 Jm/2 3
:8f idez[s—ae]o _ 4ma
0

3 3 3
-9 9 1 1
BTy P Ay aS=R0es)
@ —9 <z< 1
4213675 42+ 36
dr
(b) Perimeter = r2 + de.
7(1+00320) 1+fc0320 z
2 2
0 _ _ cososing '
do T
T 1 -
Perimeter = Zf \/%(1 + cos? 6)2 + cos? §sin? 6 df = 5.21 XA g
0

27 (1/2(1+ cos 6) 9
(C) V= ZJ(; Jl/4 ml’ dr do = 0.8000

27 (4 2w
38.A=j frdrd0=J 6d6 = 127
0 2 0
27 (2+sin6
40ff rdrde =
0 0

N\H

27 o B
f (2 + sin6)°de = ; (4+4sm0+sm20)d0—%f <4+4sin0+1+0320)d9
0 0

1 1 2 1
40—4cos(9+20—zsm20 5[877—4+77+4]=—

N\H
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w/4 (3 cos20 /4 /4 1 /4 or
42. 8 rdrdo=4 9cos?26dh = 18 (1+cos49)d0:18[0+fsin49] =0
o Jo 0 0 4 0 2
44. See Theorem 13.3. 46. (a) Horizontal or polar representative elements

(b) Polar representative element
(c) Vertica or polar

48. (d) The volume of the subregion determined by the point (5, 7/16, 7) is base x height = (5 - 10 - 7/8)(7). Adding up the 20
volumes, ending with (45 - 10 - 77/8)(12), you obtain

Vzlo-g[5(7+9+9+5)+ 15(8 + 10 + 11 + 8) + 25(10 + 14 + 15 + 11)
+ 35(12 + 15 + 18 + 16) + 45(9 + 10 + 14 + 12)]
= 57”[150 + 555 + 1250 + 2135 + 2025] ~ 57”[6115] ~ 240135 ft3

(b) (56)(24013.5) = 1,344,759 pounds
(c) (7.48)(24103.5) ~ 179,621 gallons

w/4 (4
50. f f 5evo r dr dg ~ 87.130 52. Volume = base x height :
0 [0] L
~Irx3=21 6!
Answer (a) “l
i~
(% -
fet 4
2
SN
54. True

oo

56. (a) Letu = /2, thenf e dx :f e‘“z/Z%du = %(\/277) =

%]

e*“zédu _1 J.

(b) Letu = 2x, thenf e dx = f >

—oo

oo oo /2 (oo /2 o /2
58. J j ke~ *+Y) dy dx = f f ke™"*r dr do = J [—Eefrz] de = f k do = ke
o Jo o Jo 0 2 0 o 2 4

For f(x, y) to be a probability density function,

ka
4—1
k=2,
T

2 2+ /4=y it
60. (a) 4 f f o dy N ’m
0J2

(b) 4JJ f dy dx / ) x
0Jo

/2 (4cos 6
(c) Zf f frdrde T
o Jo
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Section 13.4 Center of Mass and Moments of I nertia

3 r9-x 3\ 279 32
2.m=fJ xydydx=J[xy] dx
0Jo 0 2 0

3 f 3%(9 — x?)2
-

57

dx

0
1 243

— = (0 — 03) = £
12(0 %) 4

3 3+ /9% 3
4.m=ff xydydx=f[x
0J3 0

—f)z(((3+ JI— %) — 9) ik

3+/9-x2
y—] ' dx
3

2
2

3
= %f [GX\/Q — X2+ 9x — x3] dx
0

A g sy L 2 X;T
= 2[ 2(9 — x2)%/2 + > 4l
1[81 81 297
—ﬂi‘z+ﬂ—s
a b 212 a b
6. (8 m= Jf loxy dly i = K2 (b) m= Jf K2 + y2) dy dx = <22 (a2 + 1)
0Jo 4 0Jo 3
a (b 2113 a (b 2
M, = J f kxy? dy dx = ka'h M, = J f k(x?y + y®) dy dx = @(Zaz + 307
0Jo 6 0Jo 12
a (b a b
ka®b? ka’b
M, = f f kx?y dy dx = 5 M, = f f k(x® 4+ xy?) dy dx = ?(Ba2 + 2b?)
o0 Jo 0Jo
M kad?/6 2 M, (ka?b/12)(3a% + 2b?) a(3a? + 2b?
X=—= = — X=—= = —
m ka?/4 3 m (kab/3)(a2 + b?) 4\ a2+ b?
oo M ka6 2 M (kab?/12)(28% + 30D 9(2a2 + SbZ)
Y= 'm " ke?/4 3 Y= T kab/3)@ + ) 4\ a2 + b2
a’k
8. (a) m = 7 Y

a fa—x ka3
M, = ky dy dx = =~ 1

L ;
M, = M, by symmetry

M, ka¥6 a a
x:y:ﬁ— /6 _

-~ ka?/2 3

—CONTINUED—
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8. —CONTINUED—

(b) m:fafaix(x2+y2)dydx
0Jo

0

M, = Jofo (x® + xy?) dy dx

0
M, a5/15 2a

m a6 5

Xl

y= % by symmetry

@ 1 1 ) 1
— 3 4+,3_22+ 3 _ —y4 J— 3y — 22+ 3 -
f <ax x4+ e — a4 ad — o dx 3], (a%x — 322 + 6ax® — 4x%) dx 15

e+ 4] e [foe oo
— 2y 4 4 — 2 _ 3 1 Z(a — v)3 _
J[xy+30 dx ; ax? — X +3(a X)% | dx 6

a _a5

10. The x-coordinate changes by h units horizontally and k units vertically. Thisis not true for variable densities.

ka2

12. (3 m=JJ ) ledy dx = <75
0 Jo
a JVa?—x?
My=fj kox dly dx
0Jo

a
= f X/ a2 — x?2dx

0

LT 23/2]a_@
_[ 3(a x?) o 3

M, ka¥/3 4a

)7(:7)/_ _ —
m  kma?/4 3w
_ 4da
yzg by symmetry
2 X 2
14. mzf kxdydx=ka4dx=3—2k
0Jo 0 5
2
szf kxy dy dx = 16k
0 Jo
2 %
32k
= 2 _ o4k
y fookxdydx 3
M _3% 5 5
m 3 32 3
oM _ 16k 5
V=m ™2

a (Ve
(b) m=JJ k(x? + y?) dy dx
0Jo

w/2 [fa 4
=f fkrSdrolo:"‘M
0 0 8
a J/aZ—x?
szff k(x? + y?) y dy dx
0Jo

w/2 (a 5
=J J kr4sin0drd9=k%
0 0

M, = M, by symmetry

M, ket 8 g
m 5 ka*m 57

16. m= f kx? dy dx = 30k

1Jo

4 r4/x
Mx=j kx?y dy dx = 24k

1Jo
4 r4/x
My=j kx® dy dx = 84k
1Jo
M, 84k 14
g =y - oK _ 4
m 30k 5
oMy _ 24k _4
Y= m T3k 5
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L/2 fcosmx/L KL
18. X = 0 by symmetry 20. m= f f kdydx = o
0 0

3 [9-x?
23,328k L/2 (cosmx/L
= 2y dx = =220 kL
f—sfo ey 35 Mx=f f ky dy dx = =&

139 968k cos mx/L _
M—ff ky? dy dx = = f j focly o = L(ﬂ- 2)k
0

g= M, 139968k 35 _6 X:%:Lz(w—Z)k.izL(Tr—Z)
m 35 23,328k m 272 kL 27
y 7:%:&.£:E
12 y m 8 kL 8
t
6
4 5 6
L X
2
w/4 ra ka7T
22. fJ kvx? + y2dA = f f kr2dr de—— z
w/4 (a 4 _ 4
szjjkmydAzj f a2 sin fdp = <2 /2] g
R. 0 0
w/4 ra 2 o
My=ffkmdA=f f kr3cos 6 df = kaéﬁ : 0
R. 0 0
y=%=ka4ﬁ. 12 _3J2a
m 8 kadm 27
M, _kaf2-/2) 12 _32-.2a
¥ =m 8 ka3 2
e Inxk Kk !
24, m=£ ) ;dydx=§ 3l
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26. y = 0 by symmetry

27 (1+cosO
m:jjde:f f krdrdf):s%k
R 0 0
2w (f1+cos 6
My=fkadA=f J kr2 cos 6 dr do
R 0 0

2m
:gf cos 9(1 + 3cos 6 + 3cos? § + cos® §) d
0]

2m
= §J' [cose + g(l + cos? §) + 3cos (1 — sin? 6) + %(1 + cos26)2do
0]

h— (hx/b) >
28.m=ff dydx=% 30. m—ﬁ
0.Jo
h—(hx/b) 3
I, = 2dydx = ——
R
h— (hx/b)
b%h
= 2 - =
Iy JOL X2 dy dx B
- | b%h/12 b 6 - _aln
Xx= /2= =—_ =22 =1 +1, ==~
X m bh/2 6 Gb 0 X X 8
- [ bh3/12 h 6 ):(_:_\/Z_
= X = =— =" =y= =
y m Vb2 6 6" m
32. m=

(b/a) /a2—x2
= f f y2 dy dx
4p3

= 4J bs(a2 - x2)%2dx = 3

30 [a2/a% =2 — x2./a% — xq dx
0

3
4b[ <\/ —x2+a2arcsm;)

3a8 8
(a/b)vb?*—y? 3]
albmr
l, = 4J f x2dxdy = ——
Y 0 Jo 4
asbr abPwr abw
lO:|y+|x_ 2 2 —T(a2+b2)
- \/E ashr 1 a
X = = = —_— —
m 4 mab 2
o \ﬁ _ fabm 1 b
y m 4 mab 2

a
1 [X(ZXZ —a?)Ja?— x* + a arcsinﬂ] =
0

a47T

8

abdmr
4

[N

m

I —ff 2dA = ff r3s n20drd0—%
I —jfodA jf r3cosz(9drd6—§
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34. p=ky 36. p = kxy
JaZ—x2 1 rx Kk
—ZKJJ y dy dx m= f xy dy dx = J (e — xf’)dx——4
2 2ka® e k(* k
= 2 _ ) dx = & = == 5 %9) dx = —
f (a2 — x?) dx 3 I kL X2xy3dyd>< a), (x5 — x9) dx &0
Ve 4ka L k(* k
= = = [ 5 _ w7 =
I ka yidydx = ly kLanydydx ZJO (x® — x7) dx yr
JE=R 9k 3k
2kad — -
I, = kj_JO X2y dy dx = 15 lo =1+ 1, 240 =

I
+

[
><H

2kab f /k/48
0- x T lyT g k/24
_ \ﬁ /k/60 _ \ﬁ
- mV k/24 5

< I
Il
3‘% =%
Il Il
oy N
NI N x
= =
8,12 | 8%
Win| Wim
Il Il
m"&i a8,
I Il
'_“Ql\s) %‘m
o
<

38 p=x2+y2 40. p=ky
m=folff(x2+y2)dde=3(°;S m=2f02J:kydydx=%(
[T s 2 2 [ v -
Iy—Llef(Xz-l-yz)deydx—szs?Bg |y:2L2£:ka2ydde:%<
|O—|+|=% |O—|+|_M

><H

f /158 35 _ /395 f / \/E
2079 6 V81 512|< 15

X =
- \ﬂ_):(_ 395 _ f /32768k 136
Y= m 891 y= 512|<
4 (2 4 "
2. | = k(x — 6)°dydx = | 2k(x — 6)°dx = [2—k(x - 6)3] _ 416k
oJo 0 3 0 3

a (J/a2—x?
44, | = JJ ky(y — a)? dy dx
—aJo

A e

2a a2
— 2a%2 + x4) — g(a2 a2 — X2 — x2/a2 —x3 + o (@ =) | dx

— 1 4. _23.2)(3 E)_@[f( 2 _ y2 2 i 1)
—k[4(ax 3 +5 3|2 X/ & X +aarcsma

1 . X a? X3\ 2
-3 x(2x27a2)\/ﬂ+a4arcsng +5lax -3

1 2 1 2a/a*wr a‘wm a2 a3
ol (a5 _ a5 4 15| fA(&T  am) A& 3 a)f
2k[4(a 3? +5a) 3( 4 16>+ 2<a 3)]
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2 4-x2 2
46. I—ff —22dydx—f [ (y—l)] dx:fizg[(z—x2)+8]dx
= gJ:Z (16 — 12x2 + 6x* — x5) dx = [g(lGX — 43 + gx5 - %x7>]:
48. p(x,y) = k|2 — ¥]. 50. p(x,y) = k(4 — x)(4 — y). Both X and y will decrease

(%, y) will be the same.

52. I, = ffyz p(x, y) dA Moment of inertia about x-axis.
R.

ly = jsz p(x, y) dA Moment of inertia about y-axis.
R

54. Orient the xy-coordinate system so that L is along the y-axis and Ris in the first quadrant. Then the volume of the solid is

=ff277XdA
R y

< or [ [ xan [
deA ”dA o

deA < ’
= 2w XA.
By our positioning, X = r. Therefore, V = 27 rA.
__a a
56. y=§,A=ab,h=L—5 58. y=0,A=ma%h=1L
b ra y2 dy dx
|y=ff< )dd izb fJ——
0Jo
27 (a
_a_  ab/12  a@BL — 2a) =f f r3sin? 6 dr do
Ya= 2 T [L-(a/2]ab _ 3(2L - a) o Jo

27 4
al Lo
L 45m 0do
ot

4

_ _(a477/4) _ _iz
Ya= T a2 T TaL
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Section 13.5 SurfaceArea

4. f(x,y) = 10 + 2x — 3y
R={(x,y): x>+ y? < 9}

2. f(x,y) =15+ 2x — 3y

fi=2f,=-3
VIF e+ (2= V14 f=21f,=—

I+ (£)2+ ()2 = /14

3 3 3
= 14 dy dx = 3J/14dx =9/14
[[[ oy [Tavamac-ouzs WP
=f JTadydx
737 97)(2

’ f f¢ﬁ}mw 9/ 14m

6. f(x,y) = y?
R = square with vertices (0, 0), (3, 0), (0, 3), (3, 3) 3
R
=01, =2 .
1+(fx)2+(fy)2: 1+ 4y? L
33 3
=f mdxdy=f3mdy - :
0 Jo 0

-2y a iy Vi a | = Sevar 4 inls + V1)

10. f(x,y) =9+ x2—y?
fi=2xf,= -2
1+ (f)2 + (1))? = V1 + 4 + 4y?

27 (2
s- | fmrdrde
0 0

8. f(xy) = 2 + 2y

fxzo’ fy:yl/2
1+f2+12=V1l+y

=ff7y\/1+ydxdy:f\/1+y(2—y)dy

21 3/2 — = |+ 5/2 = —_— +[232

2 2
=2.3%2_%2.352_ z
2-3 5 3 2+5

12 8

Ty
- o
o

,_‘
t
Pl

X
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12. f(x,y) = xy
R={(x,y): X2 + y2 < 16}
fe=y f,=x

1+ (f)2+ ()=

1+y2+x?

JV16—x2
J J V1 +y?+ x2dydx
—a)_

V16—x2

27 (4
=j f ‘/1+r2rdrd0:2—;(17\/ﬁ—1)
0 0

14. See Exercise 13.
IJ a2 XZ
—(————dydx =
_JE e X2\/a2—x2—y

16. z=16 — x2 — y?

1+ 12+ 12= 1+ 4+ 4y?

4 J/16—x?
S:j V1 + 4(x2 + y?) dy dx
0Jo

w/2 (4
=f f \/1+4r2rdrd0=2%(65\/@—1)
0 0

IN
.

20. f(x,y) = 2x + y?
R = triangle with vertices (0, 0), (2, 0), (2, 2)
1+ ()2 + (f)?=

5+ 4y?

2 rx
=f \/5+74y2dydx=$(21\/ﬁ—5\/5)
0Jo

=

r dr do

18.

= 2ma?

2=2J%+y?

4y?

m—\/ﬁ

=f fﬁrdrd0=4w\@
0 0

o

T
=1 1
11

22. f(x,y) = X2 + y?

0
f

X

={(xy): 0= f(xy) < 16}
x> +y2 <16

IN

=2x f,=2y
1+ (f)2+ (1) =

1+ 4x2 + 4y?

V16—x2
ff V1 + 4x2 + 4y? dy dx
—4, V16— x2

27 (4
=f f N P C NG L
6
0 0

+
X+yr o X +y?

- U5
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24. f(x,y) = 5x%/2 + cosx 26. Surface area ~ (97)
R={(x,y): 0<x<10<y<1} Matches (c)
f,=xY2—dnx f, =0 z
=f 1,/1+(ﬁ—sinx)zdydle.ozlss h‘._‘t___a
0 Jo A 3~y
28. f(x,y) = 2y5/2 30. f(x,y) = x2 — 3xy — y2
R={(x,y):0<x<10<y<1} R={(xy): 0<sx<40<y<x}
f,=0,f, =y¥? fo=2x—3y, f,=-3—-2y=—(3x+2)
1+ ()2 + ()2 =V1+y 1+ (f) + (f,)2 = V1+ (2x— 3y)2 + (3 + 2y)?
:fl 1‘/1+y3dxdy = VIH 10y
0Jo

1
= f J1+y¥dy~ 11114
0

32. f(x,y) = cos(x? + y?)
= {(x, y): X2 +y? < 727}

f = —2xsin(x2 +y?), f, = —2ysin(x? + y?

X

4 X
= j f V14 13(x2 + y?) dy dx
0Jo

f)2+ (f,)2 = V1+ &2 s?(@ + y?) + dyZSin’(@ + y?) =

V(w/2)—x2
f f 1+ 40¢ + y?) sin?(x? + y?) dydx

MUBES

34, f(x,y) = e *sny
R={(x,y):0<x<40<y<x}

X

fy= —e™dny, f, = e*cosy

1+ (f)2+ (f)? = V1+ e sy + e >*cos’y

- /Ite®
4 X
:ff V1 + e dydx
0Jo

38. f(x,y) = kv/x% + y?

2 k2y
- |/
+ ()2 + (f) 1+X2+y+

X2 ty? o

1+ 4sin?(x? + y2)](x2 + y?)

36. (a) Yes. For example, let R be the square given by

0<sx<10=sy=<]
and Sthe sguare parallel to R given by
0<x=<10sy<lz=1

(b) Yes. Let R bethe region in part (a) and Sthe surface

givenby f(x,y) =

(c) No.

/k2

s:” 1+(fx)z+(fy>2dA=medA:JmUdA:Amzmzm
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40. (a) z=;—51y3+%y2—£y+25 (b) VzZ(SO)LE’( 715y ;5 2—1—2y+25)dy
= 100(266.25) = 26,625 cubic feet
© f(xy = 715y3 + fy - jy +25 (d) Arclength =~ 30.8758
Surface area of roof = 2(50)(30.8758) = 3087.58 5 ft
f=0f, = ——y2+ oy 16

50 15
S= 2f V1 + 17+ f,2dydx ~ 3087.58 sq ft

42. Fase. The surface areawill remain the same for any vertical trandation.

Section 13.6  Triple Integrals and Applications

1011 10t [t 1
2.f f f xzyzzzdxdydz:fJ' f [x3y222] dy dz
-1J-1J-1 31 -1
_2 " 252 — 2 _4 ' 2 — 4 ! — 8
—gﬁlfilyz dydz—f [y32] dz= - 712 dz—[fz3ll—27
9 ry/3 [Vy—ox? 1(° y/3
4fj j zdzdxdy:EJ’J' (y? — 9x?) dx dy
oJo Jo oJo

Y 3]v/3 2 (° _[14]9_729
_ZL[XV | W =1g | Y= |3, "

1 / Inz
6fjf Inzdydzdx—fj (Inz)y dzdx—jj —— dzdx
1J1 JO
4 4
:f FMJ dx:f gdx:[ZIn|x|] =2In4
1 X 2 1 1 X 1

/2 (y/2 1)y /2 (Y/2 /2 /2
8. f f f sinydzdxdy:f f wdxdyzlj' sinydy = [—écosy] _1
o Jo Jo o Jo y 2 Jo 2 0 2

V2-x2 V2 (V2=x?
10. f f f ydzdydx=f f (4y72x2y72y3)dydx=M
2x%+y? 0 0 15

3 r2—(2y/3) [6—2y—3z 6 [(6—X)/2 [(6—x—2y)/3
12. f f f e dxdzdy = f f f ze7*? dz dy dx
0Jo 0 0Jo 0

JGJ% (x/2) 1 — X Zy) e dy dx ~ 2.118

3 r2x 9—%
14. ij' dz dy dx
0oJo Jo



Section 13.6 Triple Integrals and Applications

389

16. z=%(x2+y2) 0O 2z=x2+y?

XR+yY+2=22+72=800 2+22-80=00 (z—-8)(z+100=00 z=801 X+y*=22=16
4 (V=R [JBO—X—y
JJ f dz dy dx
—4 J- /16— J1/20¢ +vP)
1,1 xy 1,1 1 271
18.fff dzdydx:ffxydydx:fldx:[x] -1
o0JoJo oJo 0 2 410 4

6 [V/36—% [36—X—Yy 6 V36— 6 NN
20. 4Jf f dzdydx=4J'f (36 — x® — 2)dydx=4f [36y—x2 _7] dx
0Jo 0 0Jo 0 3 Y]

6
= 4f [36 36— x2— x2/36 — X — %(36 - x2)3/2] dx

0

6
= 4[9x\/36 —3C + 324 arcs'n(%) + éx(36 - x2)3/2] = 4(1627) = 6487
0

2 [2—X [9—X? 2 [2—X 2
22. ff f dzdydx=fj (9—x2)dydx=f (9 — x3)(2 — x) dx
0Jo 0 0Jo 0
1

2
9 2 2 50
= — — 2 4 x3 = — Ix2 — =8 4+ =x4| ==
L(lS 9x — 2x2 + x3) dx [18x X~ 3X 4x]0 3

24, Topplane x+y+z=6 26. Elliptic cone: 4x? + 22 = y?

Sidecylinder: x2 +y?> =9

3 V99— [6—x—y
f j f dzdx dy
0Jo 0

z
A
54
]
3I
27

6 =Y 1
3 2 Lo
X = S'Ly
44 Z)2
ij dx dy dz
0Jz Jo
28. Q={(x,y,2:0<x<2,x¥<y<40<z<2—-x} z

2 4 r2—x 24
Jffxyzdv=ff Xyz dz dy dx !
a 0 Jx2JO
4 Jy (2%
=ff f xyz dz dx dy
0Jo 0
2 [f2—X (4
=jJ xyz dy dz dx
oJo X2
2 f2—z (4
=fJ' xyz dy dx dz
oJo x?
2 r2-2° [Vy 2 r4 2—2
=ff f xyzdxdydz+ff j xyz dx dy dz
0Jo 0 0 J(2-22Jo

4 2_\/9 \[y 4 2 2—z 104
=jJ xyzdxdzdy+ff J dxdzdy( =—>
0Jo 0 0Jz2-VyJo 21
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30.Q={xy,2: 0sx<1y<1-x0<z< 6}

1 V1= (6
ffjxyde=ff J'xyzdzdydx
a 0Jo 0

> N

1,JV/1-y2 (6
=ff fxyzdzdxdy
0.Jo 0
106 V1I-y?
= fj Xyz dx dz dy
0Jo Jo +
6 1 [ VI—y? | =
= fj xyz dx dy dz 14.' .
0JoJo 208" Ty
106 V1% &
= fj xyz dy dz dx
0 Jo Jo
6 1 V/1I-x
= f fj Xyz dy dx dz
0Jo Jo
5 5—x (1/5(15—3x—3y) b ra[1-(y/b)] fcl1-(y/b)—(x/a)]
32. m= jf f ydzdydz=@k 34, m= ff f dzdxdy:@
0Jo 0 8 0Jo 0 6
5 (5—x [1/5(15—3x—3y) _ _ _
125 b ra[1—(y/b)] rcll-(y/b)—(x/a)] >
M :kff f y2dzdy dx = ="k _ _ kab’c
“ oJo Jo 4 M, ko ) S y dz dx dy >
y:&zzz y:%:kabzc/ng
m m kabc/6 4

a (b rc 2

36. m= JJJ zdzdydx=kagc
0Jo Jo
a (b rc

kabc®

M,, = JJJ 22dzdydx=T
0Jo Jo

a (b rc
ka?bc?
M, = ff xzdzdy dx = 2
0JoJo

a b rc 2 2
M,, = ff yzdzdydxzkazC
0Jo Jo

- My, _ka?bc?/4 _a
m kabc?/2 2
o &z _ kab?c?/4 _ b
Y= m T kb2 " 2
- M,y _ kabc¥/3 _ 2c
m  kabc?/2 3

38. zwill be greater than 8/5, whereas X and y will be unchanged.

40. %,y and zwill all be greater than their original values.
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2 J/a=x2 [y
42. m:ZkIJ fdzdydx
0Jo 0

2
= J(47x2)dx=1—6k
0 3

2 JA—x2 (Y
M, = f f fxdzdydx=0
yz
-2J0 0
2 J/a=x2 [y
XZZZKJJ fydzdydx:ka
0Jo 0
N
—ZKJJ fzdzdydx—kw

X= 16k/3 =0
g = e _ 2kmw _ 3w
m  16k/3 8
S My km 3
m  16k/3 16
4. X =

2 (1 [1/(y?+1)
—2kfff dzdydx—2kff Y d—2k()fdx:k77

2 (1 [1/(y?+1) 2 r1 2

Xz=2kaJ ydzdydx=2ka - dydx=kJ (In2) dx = kIn4
0 Jo Jo oJoy?t1 0
2 1 (1/(y%+1)

Mxy=2ka'f zdz dy dx
0Jo Jo

ff dy dx = kf [#+1arctany]ldx=k(1+z>fdx:k(1+ﬂ>
(y2+1)2 2(y2 + 1) 478/, 5t 2

M, _kin4 _In4

m km T
M 1 = 2+ 7
- Y 4 K _
‘T m k(2+4>/k” 4
1
46. f(x,y) = (60 — 12x — 20y) y
—(3/5)x+3 [(1/15)(60— 12x— 20y) T
= f f f dzdy dx = 10k T
N
—(3/5)x+3 [(1/15)(60— 12x— 20y) 2+
M,, = JJ f xdzdydx:2—5k oL
oJo 2
—(3/5)x+3 [—(1/15)(60— 12x— 20y) 1 2 3 4 s
M, = ff f ydzdydx:%(
0Jo
—(3/5)x+3 [(1/15)(60— 12x— 20y)
= ff f zdzdy dx = 10k
oM _25k/2 5
m 10k 4
o _ M, _15k/2_3
Y= "m T 1k " 3
M
S My 10k
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48. (@) ), = f f J zzdzdydx——
—a/2J—-a/2)—-a/2
I =1y, = by symmetry
e=1,=1 """5+k‘3‘5 ke?
X z 12 6
a/2 (a/ a7k
(b) I, = f j f 2(x2 +y?) dzdydx——f f X2+ yy)dydx = —
—a/2J—-a/2)—-a/2 a/2)—-a/2 72
2 (o2 7ka’
l, = kf j f y2(x%2 + y?) dzdy dx = ka f (x2y2 + y* dydx =
—a/2J-a/2)-a2 —a/2)-a/2 360
ly, = I, by symmetry
a’k
L=ty +tle=735
a’k
ly =Ly + 1, =35
7ka’

4 (2 r4—y? 4 21
50. @) I,, = fff Zdzdydx = ka =(4 — y?*dydx
0JoJo 0Jo 4

4 2
= lZ(, f (256 — 256y2 + 96y* — 16y° + y8) dydx
0 Jo

k([ 2567 96y 16y y9] 16,384 , _ 65,536k
_J [256y 3 5 7 =K “ga5 *= 35

4 (2 fA—y?
= Jff szzdydx—kjj ~y2(4 — y?)2dy dx
0Jo 2
4 (2 fA—y? 4024
v = fff xzzdzdydx:kff§x2(47y2)2dydx
0JoJo 0Jo

4 2 4
_ 1 2016 ay2 _k [ 2< y3 ys)] k (* 256
LL X (16 — 8y? + y*) dy dx 7—,[) X2 16y — de 2), 15
B 2048k 8192k . 63,488k
h=letly =g Iy =l ly =" = I, + ==

—CONTINUED—

X2 dx

105

3 B _k[T1e 8y, y] ‘1024 2048k
LL (16y2 — 8y* + yo) dy dx = L[S = 70dx 20105d77

_ 8192
45
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50. —CONTINUED—

4 2 r4—y?
(b) '”:LLL 2(4 — 2) dzdy dx

4.2 ra-y? 4 (2 r4-y?
32,768k 65536k 32,768k
= 472 dz dx—kjff Zdzdydx = — - ==
LLL dy o Jo Jo Y 105 315 315
4 2 r4—y?
:ffJ' y2(4 — z) dzdy dx
0Jo Jo
42 ra-y? 4 (2 r4—y?
_ Jff 4y2dzdydxfkfff yzdzcy dx — 1024 _ 2088k _ 1024
0JoJo

15 105 21
4 2 r4—y?
= ffj 4 — 7) dzdy dx

arzpey’ 4 (2 fA—y?
= f f f 4x2 dz dy dx — kj f f X2z dz dy dx = 4096k 8192k _ 4096k
070 0 Jo Jo

9 45 15
_ 48128k | _ 118784k | 11,264k
b= latly =g Iy = Iyt by = =, L=l + 1, = =
c/2 (a/2 1 1
f f f Zdzdydx = f f dy dx = Ebz(abc) = En‘bz
—c/2J—a/2)—b/2 —c/2J—-a/2

ba3 (/2 ba’c
lo = 2dzdydx=b J y2dydx = — dx = — - a%(abc —maz
ﬁc/Zf—a/Zf—b/Z Y —c/2J—-a/2 y 12 —c/2 12 12 ( )

a2 c/2
abc® 1 1
x2dzdydx = ab x2dx = —— = ~=c?(abc) = —-mc?
v j c/2f a/zf b/2 y —¢/2 12 12 (abo) 12

I, +1 ——m(a2+b2)

X Xy ped

1
ly =l + Iyz=ﬁm(b2+ (o3

1
= et 1, = Em(a2 + c?)

1 (VITE [amxioy
54. f j j kx3(x? + y?) dz dy dx 56. 6
-1 1—x2J0

58. Because the density increases as you move away from the axis of symmetry, the moment of intertia will increase.

Section 13.7  TriplelIntegralsin Cylindrical and Spherical Coordinates

w/4 (2 [2—r /4 (2 rzz 2—r
Z.J Jf rzdzdr d0=J f[?] dr do
0 0 Jo 0] 0 0

1 /4 (2 , 1 /4 |: 4r3 r4:|2 2 /4
= = — + 3 - = 2 T + — - = —
ZJO L(4r 4 r3)dr do 2], 2r 3 7 Odo 3], do

w/2 (w2 w/2 1 2 w/2 1 772
4, f f fe*fp?dpded(z) =J f [fée*f] do do =J f §(1 —e8dodp = ?(1 —e9)
o JoJo o Jo 0 o Jo

ol
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w/4 (/4 [cos 6 1 /4 (/b
6.J f J pZSind)COSqf)ddedqﬁ:éj cos® 6 sin ¢ cos ¢ do d¢p
0 0 0 0

0

1 w/4 (/4
= §j f sin ¢ cos ¢ cos B(1 — sin? 6)]d6 do
0 0

/4 in3 /4
:%j sin¢cos¢[sinofsm 0] d
0

5/2 ("%, _|5v/2smp|”* 5/2
B s'n"scos"m"’s_[36 2 |, 144

w/2 (m (Sin® )
8. j f J (2cos p)p?dpdode = =
0 0 Jo 9

27 (/3 312 2m (/3
10.JJ f rdzdrd0=ff r(3 —r?drdo z
o Jo Jo o Jo }
2 2 AN NE] |
[
(2 9)), \

2w (7 (5 117 27 (7
12.f fffs'nd)dpdd)de:?f fsimbddbde :
0 0 J2 0 0 74 r=5

2, T
_ 7 [—cosd)] de
3 ) 0

_ 4687
3

/2 (2 (V16— 872
14. (a)f ff r2dzdrdg = —— — 273
0] 0 Jo 3

w/2 (/6 (4 w/2 (m/2 [f2CsC P 8772
(b)f f fp3sin2¢dpd¢d0+f f j p39n2¢dpd¢do=T—2w\/§
0 0 0 0

/6 J4
/2 (1 J/1—r2 - w/2 (m/2 1 -
16. (a) f ff rJr2+ 2dzdrdg = - (b) j f fpasin¢dpd¢d0=*
o JoJo 8 o Jo Jo 8
2 7/2 22 (T w/2 (4 J16—r2
18. V:fw(4)3+4U' j J' r dzdr d0+f f j rdzdrda] z
3 0 0 0 0 2V2Jo 1

(Volume of lower hemisphere) + 4(Volume in the first octant)

1287 r (/2 (22 w/2 (4
V=7+4f f r2drd0+f f r\/16—r2drd0]
3 LJo Jo o J2v2
1287 [8V27w (™ 2[ 1 ]4 ]
=" 4 =~ =" 4 _= — r2)3/2
3 47 3 fo 3(16 r?) s do
1287  [8( 2w sﬁn]
= +
3 T4 3 3

12;377 N 64?77 _ %T(Z )



Section 13.7  Triple Integrals in Cylindrical and Spherical Coordinates

395

2m (V2 (JI=1? /2 (2 126" /2 (2 N
20. V=f f f rdzdr dé 22. f ff krdzdrd0=f lekefr rdr do
0 o JoJo o Jo
2 /2 2 2
f j rV/4—r2—r? drdo =f [—er']
0 0

/2
- f [_,(4 — r2p/2 - j]ﬁdg = f (—6ke=* + 6k) do
0 3 Jo 0
=3km(l—e™?
3
24. x =y = 0by symmetry 26. =

m= 17-rr02hk from Exercise 23 =¥ = Oby symmetry

/2 (ro (h(rg—r)/rg
/2 [Ty (h(rg—1)/ry m = 4kf j J zr dzdr do
—4kJ J f zr dzdr d6

k’iTr 2h2
> (7/2 (T, 0
_ 2K (rozr — 2rgr2 + r3adr do
' Jo /2 [ty (h(ro—1)/ro
— 2
2kh2< )(g) ki@ten M,, 4kf0 L L Z’r dzdr do
a 12)\2) 12 1
- = 213
- Mxy kr02h2,n.( 3 > h 30|(7Tro h
Z=—= 2 = —
m 12 \mryhk 4 o % _ karg?h®/30  2h
Tm T kmr22/12 5
28. 1, = f f f (@ + y?2)p(x, y, 2) dV 30. m = kwah
Q 7/2 f2asin6 (h
/2 [ty (hirg—1)/ro I, = 2kf f f r3dzdr do
:4kf ff r4dzdr do o Jo 0
/2 rO _ = §|(7Ta.4h
= 4kh J f r4dr do 2
3
w/2 5 r = sma?
= 4khf LI ] 0 do 2
6r
/2, r.05
4khf 5 d0
77/2
= 4khf r05 de
~ . 5T
4kh30 5

1
15 —=ro°mkh
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w/4 (/2 (b
32.V= 8f f f p?sin ¢ dp d6 d¢ (includes upper and lower cones)
0 0 a
38 w/4 /2
= §(b3— a3)J J sin ¢ do d¢
0 0

/4
= 4?7T(b3 - a3)J sin ¢ d¢ ,
0 Pt Ty
/4
0

_ [%”(ba — a¥)(—cos d))]

- (1 - ﬂ)‘?(bs —a) = 22— /o) - @)

2 3
w/2 (m/2 [a
34. m=8kf f f p3sin? ¢ dp do do 36. X =y = 0bysymmetry
0 0 0
w2 (rf2 m= k<g7rR3 - 3m3) = 2n(R® — 1)
= 2ka4f f Sin? ¢ do dob 3 3 3
0 0

w/2 (7/2 (R
/2 Mxy=4kL L f p3cos ¢ sin ¢ dp d d¢p
g 0 (b ¢ 1 w/2 /2
1 1 /2 = EK(R4 - r4)J J sin2¢ do d¢
— a=s TG o Jo
[kwa <2¢> 2Sn 2¢>ﬂO

= k'n'a“% = %kaa“

1 /2
= ~km(R* — r4)J sin2¢ d¢

4 0
= [—lkw(R“ -9 0052¢>] = ~km(R* — r?)
8 4

My k(R —r4/4 3R — rf)

/2 1
0

2T T k(R -3 8RR -
w/2 (7/2 (R
38. IZ=4kf J f p*sin® ¢ dp do d¢ 40. x = psin ¢ cos 6 P=xX+y+ 27
0 0 r
/2 (/2 =psingsno tan0=¥
:ik(RS_rS)f f S|n3¢d9d¢ y p d’ X
5 0 0
z
/2 Z = pCos ¢ C0Sp = —F—————
- 2m(ge— 19| s o1 cost o)y N
0
m/2
= [@(R5 - r5)<fcos¢ + cos? ¢>]
5 3 0
_HKT s s
=15 (RE—r5)
0, (b2 (P2
42. f j f(psin ¢ cos b, psin ¢ sin 6, p cos ¢)p? sin ¢ dp dep df
0, Joby Jp,

44. (a) You areintegrating over a cylindrical wedge. (b) You are integrating over a spherical block.

46. The volume of this spherical block can be determined as follows. One sideis length Ap. R A
Another sideis pA¢. Finaly, the third side is given by the length of an arc of angle A6 in a b, ASN448
circle of radius p sin ¢. Thus: R

. & ;.yﬂ
AV = (Ap)(pA¢)(Afp Sin ¢) o
-
= p2 Sin qupAd)AO l,-".. Q\\\\_‘ i ~y



Section 13.8  Change of Variables: Jacobians 397

Section 13.8 Change of Variables: Jacobians

2. X=au+ bv 4. Xx=uv—2
y=cu-+dv y=uw
X9y ayox _ OXdY Y OX o
AUAV U av ad —cb duav  au av V=2u-w 2u
6. x=U+a 8 x= u
v
y=v+a y=u+v
axay oy ox
—=2—-—=—==(1)(1) - (00 =1 Qﬂ_ﬂ%_(}) _ (_g)_} u_u+yv
gudv . duav uadv  Juav v(l) @ )TV T v
10. x = %(4u —V) xy) | @v 1
©0 | ©0 N RER
=-(u-v) &
Y73 41 | 30
u=x-y 22 | 0-6 ol
v=x-—4y 6,3 | (3 -6 I RO B
1
12. x = 5(u+v), U=x-y (% y) (u,v)
Loy . 01 | (-1,1)
= —Z(u-—v), V=X
y=3 y 21 | L3
%ﬂ_ﬂ%_l(l)_<_1)<1>_1 1,2 | (-13)
auav  auav  2\2 2)\2) 2
(1,0 (1,1
J'j(SOxydA
R
1 3
1 1 1
= filfl 60<§(u + v))(—i(u - v)><§> dvdu ,
1 3 (-1,93) (1, 3)
= f J f%(vz — u?)dvdu
-1J1 2l
J’l [ 15<v3 ) )]3 1) @y
= -5 —wv/| du ' ’
_ 2\3 L C
! ! E— -
_[*15(,p @) at
= fil 5 (Zu 3 du
[(zs- 2]
2\3 3 1.1
2 26
= 15<§ - §> —120
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1
14. x = 2(u—i—v)

1
=§(U - V)

X ay  ay ox _ 1

duav  duoav

JJ4(x+yex YdA = fj 4ueV dvdu

_f 2u(l - ¢ 2)olu_z[——ueu 24 @ 2]z=2(1—e*2)

16. x =2
\"

y=v
axay _ayox _1
Juodv  duav Vv

4 ra 4 4
ffysjnxydA=ff v(sinu)%dvdu=f Ssinudu=[—3cosu] = 3(cos1 — cos4) ~ 3.5818
R. 1J1 1

1

18. u=x+y=m, v=x—-y=0 y
u=x-+y=2m, V=X—y=m
1 1
X—E(u+v), y—i(u—v)
ixy _ 1
a(u, v) 2

fJ(ery)zsmz(xfy)dA JJ uzsm2 dudv
_[T[a(e\ Lo cosvpr [7R( L N T
_L [2(3) 2 L d"_[lz (V 23'”2")]0_ 12

20. u=3x+2y=0, v=2y—x=0
u=3x+2y=16 v=2y—x=38

x:%(u—v), y:%(u+3v)

IXdy _ ay 9X _ <3> 1< 1)_;

auav  duav  4\8 8

JJ (Bx + 2y)(2y — x)¥2dA = ff uv3/2 du dv
0 Jo

16V3/2 dv = ( ) 16V 5/2]8 — @ﬁ
A 5 o 5
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2. u=x=1, v=xy=1 y
u=x-=4, v=xy=4 4”
i
v
X =, y=1 A @
IXdy Ay ox _ i !
Tt = L S

duov  Juoav U [ N
fJ1+x2 dA = ££1+v2 dvdu

=£[1|n(1+v2)] 1 E[mﬂ—|n2]|nu]:=%(lng)(ln4)

24, (a) f(x,y) = 16 — x> — y?

R—+L_1

9
JJf(x y) dA
Letx = 4uandy = 3v.

1 VIte
JJ(lG—xZ—yZ)dA=J j (16 — 16u? — 9v?) 12dv du (Letu=rcosh, v=rsing.)
R -1 11—

T (1
= J f (16 — 16r2cos? § — 9r2sin? §) 12r dr do
0 0

2 9 1 2
= 12f [Sr2 — 4r4cos? 9 — Zr“sin? 0]0 do = 12f

0 0

2 2
1 + cos 26 9/1 — cos26 39 7
—12]0 [8—4( > )—4< > )]de-lZL [8—8c0520}d0

27
= lZ[QO - lsin 20] = 12[%7] = 117w
0

[8— 4cos20—%sin20] de

_ LAE SN
(b) f(x,y) = A(:os[2 + bZ]
X2 y2
R >+ b2 <1
Letx = auandy = bv.
1 rJ/1-a -
JJf(x,y)dA:ff Acos[—\/u2+v2]abdvdu
o 2
Letu=rcosf,v=rsné6.

TR EM R

() o )] - 42

o
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26. See Theorem 13.5. 2. x=4u—-Vv,y=4—-w, z=U+Ww

axy |20

a(u, v, w) 1 0 1

30. x=rcosh, y=rsing, z=1z

cosf —rsnfd O
=|sn® rcos§ O|=1rcos?f+rsin?dl=r
0 0 1

Iy, 2 _
a(r, 0,2

Review Exercises for Chapter 13

2y 3 2y
2.f(x2+y2)dx:[x—+xy2] _ 109
v 3 y 3
2 r2x 2 2 2 4 1 2
4. (x2 + 2y)dydx = [xzy + yz] dx = | (4x2 + 2x3 — 2x¥) dx = [7x3 + ox* — fx5]
0 Jx2 0 X2 0 3 2 5 0
J‘ 2+ Ja—y? V3 y f
6. dxdy = 2 /4 — y2d =[ V4 — y2 + 4arcsin ] +
J iy Y fo e v 2
2 x 3 [6—2x 2 r(6-y)/2
SJI dydx+f dydx=jf dx dy
0Jo 2Jo 0Jy
2 r(6-y)/2
:Jf dx
0Jy
:; 2(6—3y)dy:[;<6 _§ 2)]2:3
2 s 2AY 2,
4 [BX— X2 1+V1+y 1+V1+y 3+ /99—y y
10. fj dydx—j f dydx+ff dx dy + f
x2—2x -1J1-V1i+y 3-Vo-y 3— ﬁ
4 6x—X? 2 14
J f dy dx = f (8x — 2x3) dx = [4x2 - fx3] =—
X2 —2x 3 0 3
2 ry2+1 12 5 (2 14
12.A=JJ dxdy=deydx+JJ dydx = —
0Jo 0Jo 1JVx—1 3
3 r2y-y? 0 [1+J/1—x 1+ V1 9
14. :JJ dxdy=ff dydx+ff dydx=§
0J-y —3J—x
16. Both integrations are over the common region R shown in the figure. Analytically, y
5 N
ff etydxdy = — + e5 o
3y/2
3
2x/3 5 r5—X
ey dydx + e><+ydydx=<§e‘5—e3+g>+(e5+e3)=§e5+g a
oJo s Jo 5 5 5 5 1

0 4 -1=17

88

T 15

32
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3 x
18. V= f f (x +y) dy dx 20. Matches (c) :
0Jo
|
3 X [
:f[xy+1y2] dx
0 27 o
_3[e
—2Lxdx

L[ -7
2 o 2

1[x I ey 2 ¢ 101 2 (2
zz.ff kxydydx:f[—y] dx 24, False,ffxdydx#ffxdydx
oJo ol 2 lo oJo 1J1

1

kX3
= —dx
o 2

k41t k
a [?]o "8
Sincek/8 = 1, we havek = 8.

0.5 0.25
P= f f 8xy dy dx = 0.03125
0 0

INE

1,1 1 1r1 1
26. True, LLdedy < LJ;1+X2dxdy:

4 J/16—y? /2 (4 /2 a4 /2
28. ff (x2+y2)dxdy=j fr3drd0=f [Z] d6=f 64 do = 327
0Jo o Jo 0 0 0

m/2 (R
30.V=8f VRZ —r?rdrdo 32. tan0=12 13_3 O 6= 0.9828
o Jb 8/13 2
8?2 R The polar regionisgivenby 0 < r < 4and
=3 [(R2 - rz)s/z]b do 0 < 6 < 0.9828. Hence,
0]
arctan(3/2) 4
) /2 f j (r cos )(r sin G)r dr dg = 288
=(R2 — b2)3/2 de 0 0 13
3 o ,
_4 2 _ h2)3/2 (8/13, 12//13)
= 377(R b?) T 2+y2=16
3 y=gx

.
1 8/+Vi3 4
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L ((h/2)[2—(x/L)— (&/L3)] L
34. m= jf dydx:@ <2—5—X2)dx:&
2 Jo
(h/2)[2— (x/L) — (6¢/L3)]
M, =k f f y dy dx
0

kh? X X
—?O(Z—E )dX

_ K2 [ _ﬂ_iﬂ+g+ﬁ]d
8 Jo L Lz L L
khz[ Aﬂ,ﬁ+ﬁ+£]L
L L2 2L  5L%)o

(h/2)[2— (x/L) — (¢/L3)]
M, = k f f x dy dx
0

_kn (ZX_LZ_Xi)dX:@[X_Xj X“]L:@.LLZZWLZ
2 2 3L 4z), 2 127 24

_kh? 171 17k

8 10 80

M, _5khl2 12 _ 5L

24 7KL 14

m
M, 17kl 12 _ 5lh
m 80 7khL 140

36. | —ffy p(x,y) dA = fj ky3 dy dx—l(;13584

512
I, = X2 (x,)dA=Jj kdy dy dx = ——=k
Y ” Py odo VYT 108

_ 16,384k 512k 17,920, _ 512
315 © 9

315
2 r4a-x
ffp(x y) dA = f kydydx—l—zsk
B \ﬁ _ [s12k/105 \/E
B m 128k/15 7
\/E _ /16384k/315 _ /128
m 128k/15 21

38. f(x,y) = 16 — x — y?

lo=1+1,

k

il

<l
I

R={(xy):0<x<20<y<x}
fi=—-Lf=—-2%
1+ (f2+ (f)2= V2 + 4y2

22 2
:f \/2+4y2dxdy=f[2 2+ 42 — yJ/2 + 42| dy
0Jy 0

[ (2yv2+ a7 +2in2y + V25 47]) - 2+ 4y2)3/2}
- JaviB + 21fa + i) - 5 1sf)] [nva - 222]

=6ﬁ+|n‘4+3ﬁ‘—%ﬂ—lnﬂ+§:%ﬂ+ln\2ﬂ+3\

—
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40. (a) Graph of b) Surface area = J1+1(x y)? + f(x y)2dA
X y
fxy) =z Using a symbolic computer program, you obtain surface

area =~ 4,540 sq. ft.

2 2
= —(x2+y2)/1000 X2ty >:|
25 [1 +e cosz< 1000

over region R

A
50 |

2 (Va2 ee+yd)r2 27 (2 (r2/2 1(% (2 16 [ 27
42. f f f X2 + y?) dzd dx:f ff r3dzdr do =*j fr5drd0=ff do = ——
—2J-va=¢ Jo ( v dzdy o JoJo 2Jo Jo 3Jo 3

5 (V25X V25— —y? 1 w/2 (7/2 (5 p2
44, ————5——dzdydx = sin ¢ dp de do
S R e S Gl N A e S

+y2+ 22
w/2 (/2 5
=f f [p—arctanp] sin ¢ d¢ do
o Jo 0

/2| /2 ar
= J [(5 — arctan 5)(—cos ¢)] dg = (5 — arctan 5)
0 0 2

2 (VAR [ JA—RE—y? 4
46.ff f Xyzdzdydx = -
0 Jo 0 3

7/2 f2€in 16—r2 w/2 £2sin 6
48.V:2j j J' rdzdrdO:ZJ' J' r(16 — r?) dr do
0 0 0 0 0

/2 /2
Zf (323in2974sin49)d6=8f (8sin?2 6 — sin* 6) do
0 0

. 1. 3/1 1. /2 291
= — ~4nd — 2z - = ==&
8[40 2sin26 + 4sm 6 cos 6 4(20 4sm20)]0 5

/2 (a fcrsiné 7/2 fa 2 /2 2
50. m:2kf jf rdzdrd0:2kcf frzsinodrdOkaca@J sin 6d6 = =kcad
0] 0 0] 0 3 3

0 0

w/2 (a (fersing w/2 (a 1 /2 1
M,, = 2k r2sin 6 dzdr dé = 2kc r3sin? 6dr d6 = “kca*| sin?6df =  wkeca*
0 0Jo 0 0 2 0 8

w/2 (fa (fersing /2 (a 1 w/2 1
M,, = 2k rzdzdr dg = kc? résin2 g dr dg = ~kc2 a* sin? § do = — wkcZa*
I 0 0Jo 0 0 4 0 16

Xx=0

o _ M, 7kea?/8 _3ma
Y= 2keca/3 16
- M, _ mkca?/16 _ 3mca

My =
m 2kca3/3 32
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v25-r2
52. 50077 IJJ rdzdedr = 5007T IJ' rv/25 — 12 — 4r)do dr

3
] 5007 [_ 84 _ o 125] 500m _ 4w _ o,
0

=73 %13 3 3 3

- %T - 277[—7(25 — 1z —

=0 by symmetry

y
27 (3 4 27 (5 [V25—r2 27 (3 1
Mxy:f f zrdzdrd0+f ff zrdzdrd@zf f[8—7(25—r2)}rdrd0+0
0 0J-V25-r2 3J-V25-r2 0 0 2
0

2w (3
1 9 1 9 8L |~ 81
= fr3—fr} dr d9=f [fr“—frz} de = [——0} =——
LL[Z 2 8 4 |, 8 1o 4
1

54. 1, = kjﬂf fp sin? ¢(p)p? sin ¢ dp d6 d¢p
0

_ dkma®
9
22 7T (2 (14712
56. x+y*+ =1 SS.JJJ rdzdr do
a 0 JoJo
|- 2 Sincez = 1 + r?2 represents a paraboloid with vertex
B xTy (0,0, 1), thisintegral represents the volume of the solid
a Tz T=y—7— below the paraboloid and above the semi-circle
= f f f (x2 + y?) dx dy dz y = V4 — x2in the xy-plane.
—aJ-JV1-Z-a J-JV1-y*-7-a

ax,y) _ axay ayox

a(u,v)  auav  auav
= (2u)(—2v) — (2u)(2v) = —8uv

60.

Xy _ 9xdy oxady _ (1)_ _1
62. a(u,v)  auav avou Hu) 074

x=u,y=%D u=xV=Xxy

Boundary in xy-plane Boundary in uv-plane
x=1 u=1
x=5 u=>5
xy=1 v=1
v=>5

fleer dA = f1£1+u2(v/u)2 dudv = £L1+ pdudv = f1+v2dv

= 4arctanv] =4actan5 — 7
1



