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CHAPTER 13
Multiple Integration

Section 13.1  Iterated Integrals and Area in the Plane
Solutions to Odd-Numbered Exercises
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Integration steps are similar to those above.
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Therefore, A = mab. Integration steps are similar to those
above.

y

)

2
41. J
-2

/b-
N

4—x?
J f(x,ydydx,0 s y<s V4 —x3, -2<x<2

0
2 (VA=Y
=jf dx dy
oJ-va—y
y

Eh%

-1 1 2

1 1
45.fff(x,y)dydx,xzsysl,lsxsl
—1. X2

100y
:ff f(x, y) dx dy
0oJ-Vy




136  Chapter 13 Multiple Integration

1r2 21
47. fj dydx=ff dxdy = 2 49, ff dxdy f f dydx——
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57. Thefirst integral arises using vertical representative rectangles. The second two integrals arise using horizontal
representative rectangles.
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59. ffxmdydx:fﬁxmdxdyzr[ﬂ-XZZ]Z dy

0
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(c) Both integrals equal 67520/693 ~ 97.43

2 r4—x2 27 [1+cos6 15
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73. Aniterated integral is a double integral of afunction of two variables. First integrate with respect to one variable
while holding the other variable constant. Then integrate with respect to the second variable.

75. Theregionisarectangle. 77. True

Section 13.2  Double Integrals and Volume

For Exercise 1-3, Ax; = Ay; = 1 and the midpoints of the squaresare v
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3. f(xy) = x2+ y?
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47. fisacontinuous function such that 0 < f(x,y) < 1 over aregion Rof area 1. Let f(m, n) = the minimum value of f over R
and f(M, N) = the maximum value of f over R. Then

f(m, n)fJ dA < fJf(x, y) dA < f(M, N)IJ dA.
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1 4 r2 1 4 X2 4
53. Average = xdydx == | 2xdx = [7] =2
8Jo Jo 8Jo 8 o

57. See the definition on page 946.
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61. Average = —— j 100x06y04 dx dy
1250 300 J200
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67. Divide the base into six squares, and assume the height at the center of each sgquare is the height of the entire square.

Thus,
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Section 13.3 Change of Variables: Polar Coordinates
73. V= 125 z 75. False
(4,0,16) 4
Matches d. (4419 Loy
V=28 V1 —x2—y2dxdy
0Jo
0.9 S
X (4,4,0)
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fe@]: - le-v=1a-9
Section 13.3

2

1. Rectangular coordinates

5 R={(r,0: 0<sr<80<0< 7}

21 (6 2 6
Q.J‘ J 3rzsin0drd0=f [r3sin (9] do
o Jo 0 0

2

216sin 6 do

Change of Variables: Polar Coordinates

3. Polar coordinates

7. R={(r,0): 0<r<3+35n6,0< 6 < 27} Cardioid

[SE]

)
|

0

2T
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w/2 1 3
f [—7(9 - r2)3/2] do
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w/2 (3
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0 2
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3

5.5
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0
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2 o

7/2 f1+sin6 /2
13.f f OrdrdO:f [ ]
0 0 (0]

77/21
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a JaZ—y? w/2 (fa a3 /2 a3 /2 a3
15. Jf ydxdy=f J rzsinedrd(?:—J sin0d0=[—(—cos(9)] =—
0Jo o Jo 3 Jo 3 0 3

w/2 (3 /2
17fj x2+y3/2dydx—f Jr“drdezgf dg = 287
o Jo 5 Jo 10

2 rJ/2x—x2 w/2 (2cos 6 /2 /2
19. fj xydydx:f J r3cosesjn0drd0:4j co§05ind9z[—4cos69] -2
0Jo 0 0 0

2 X 2.2 /8—x2 /4 22
21, fj deydx+f j Jx2+y2dyd><=f f rdr do
0Jo 2 0 0 Jo

/4
_ f 16./2 4o
o 3

_ 4/ 2m
3

0

6 o 3

2 rJ/a-x? w/2 (2 /2 (2
23. ff (x+y)dydx=J f (rc050+rsin9)rdrd0=J (cos 6 + sin G)rzdr do
0 0 0 0 0

/2 /2
=2J (cos(9+sin6)d0=[ (sn()—cos@)] =1§6
0
fl/ff y y 2 101
25. arctan dx dy + J arctanfdxdy e
N V2 X % %)
w/4 (2 (vZ.v2)
= or dr do
0] 1
/4 27 7/4 2
3 360 3 0
’L 20d0’[4]o ~ 64 .
/2 (1
27. V=J (r cos O)(r sin O)r dr do
0 0
1 w/2 (1 ) 1 /2 ) |: 1 i|7.r/2 1
—= 3 - = = —= - =
ZJ; for sin 26 dr do BL sin26do 1600520 8
27 (5
29.V=f jrzdrd0=@
0 0 3
/2 [4cos6 /2 1 4 cos 6 2 /2
31.V=2f \/16—r2rdrd0=2f [—§(¢16—r2)3] d9=—§f (64sin® 6 — 64) do
o Jo 0 0 0
/2
. 64
- 15 [1—sn9(1—cosz(9)]d0=%[0+cosB—%] = Sar -4
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33. V= FT J16 — r2rdrd6 = sz[—é(\/le —TZ)BT do = %(\/H)3(27r)

One-half the volume of the hemisphere is (64)/3.
216 — a2 = 227
(16 — a?)3/2 = 32
16 — a2 = 32%/3
a2 =16 — 3223 = 16 — 8%/2
a= a4 - 232) =24 - 292 ~ 24332

27 (4
35. Total Volume = V f J 25e~"*/4r dr d@
0 ]

2m 4
= f [—SOe*’Z/“} do
0 0

2
= f —50(e™* — 1) do

(0]
= (1 — e %) 1007 ~ 308.40524

Let ¢ be the radius of the hole that is removed.

1 2w [°C 21 c
—V= 25~ dr df = [—50e*f2/4] de
10 o Jo 0 0

21

= f —50(e~%/4 — 1) df I 30.84052 = 1007(1 — e~/4)
0

[0 e °/4 = 0.90183

2

[

2" —0.10333
c? = 0.41331
c = 0.6429

0 diameter = 2c = 1.2858

0

7 ("6 cos 6 T T r
37.A:jj rdrd0:J 18c0320d0:9f (1+00520)d0:[9(0+%sin20>] =97
0 Jo 0 0

2w (f1+cos 6 1 2T
39.f f rdrd9=ff (1 + 2cos 6 + cos? ) dg
0 0 2 0

N 1+00320> _;[ . ;( 1. )]27_3777
—ZL <1+20050+72 d0—2 0+23|n0+2 0+23m20 o T2

/3

/3 (2sin 360 3 /3 /3 1
41. 3 rdrde == 4sin?36dg = 3 (1—c0366)d0:3[9—fsin60] =1
0 0 2 0 0 6 0

43. Let R be aregion bounded by the graphs of r = g,(6) and 45. r-simple regions have fixed bounds for 6.

r = g,(0), andthelines 6 = aand 6 = b. #-simple regions have fixed bounds for r.

When using polar coordinates to evaluate a double integral
over R, R can be partitioned into small polar sectors.
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47. You would need to insert a factor of r because of the r dr d6 nature of polar coordinate integrals. The plane regions would be
sectors of circles.

w/2 5
49, f j r1 + r3sin/6dr do = 56.051
w/4 JO

/2 5
[Note: Thisintegral equals(f sin J@de)(f r<1+r3 dr)]

/4 0

51. Volume = base x height i 53. Fdse
~ 8m x 12 = 300 " 1 Let f(r, &) = r — 1 where Ris the circular sector
| 0<r<6and0< 6< m Then,
Answer (C) 4
ff(r—l)dA> O but r—1=% Oforalr.
R
i‘.‘ 4 g™y

oo oo 7/2 oo /2 oS /2
55. (@) 12 = J f e e ry)/2ga = 4f f e /2y drdh = 4J [fe*fz/z] dg = 4f de = 27
—oo)—co o Jo 0 0 0

(b) Therefore, | = /2.

7 (VA2 2m (7 21 7
57. J f 4000e001¢*+¥) dy dx = j f 4000e 001y dr d = j [—200,000e‘°-°1f2] de
-1)- vag—e o Jo 0 °

= 277(—200,000)(e~%4° — 1) = 400,0007(1 — e~94°) ~ 486,788

y

4y
) fdxd
a0 ] 1w ey,
2 V3x 4/ /3 [/3x 4 4 | 4.9
(b)j J fdydx+j f fdydx+f ffdydx T //){;34)
2/V/3J2 2 X 4//3J)x

/3 [4csch 4 '
(0 f frdrde ey

/4 J2csc O

o

w

H
;

oS

=y

61. A=

Agry? _ A6r? Ae(rl +r1,

> > > >(r2 —ry) = rArA6

Section 13.4 Center of Mass and Moments of Inertia
43 2713 4 274
_ I B DA U N S
1. m—jofoxydydx L[z]odx JOZXdX [4]0 36

w/2 (2 w/2 (2
3. m:f (r cos 0)(r sin O)r dr dezf fcosesino-r3drd6
(0] 0] 0] 0

/2
= j 4cosfsin6do
0

sin? /2
_[4 2 L -2
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a (b
5. (a) m:fj kdy dx = kab
0Jo

a rb >
W=IJWWW=@E
0.Jo 2

0Jo
X:%:kazb/Zzg
m kab 2
M ka2 b
Y"m T kb 2

Lo _(ab

%y - (23

N

a b a 1
© m:J'f kxdydx:kf xb dx = Zka’b
0Jo ]

a b 22
Mx=fkaydydx=kab
0Jo 4

a (b

ka®b

My:jf kx2dydx:?
0Jo

X_%_ka3b/3_ga
" m  ka*h/2 3
oM ka®?4 b
Y= T ka2 " 2
o 2 b
%9 - (%)
7@ m=%bh
b
x=§bysymmetry
b/2 [2hx/b b —2h(x—b)/b
Mx=f kydydx+f f ky dy dx
0 0 b/2J0
_ Kl ol _ ot
To12 12 6
o_M,_kbh?/6 _h
Y="m “on2 "3
_ b h
(X,Y)=<E.§>

—CONTINUED—

(b)

—
X

a (b >
m=Jj kydydx=%

0Jo

a (b 3
Mx:ff ky2dydx:@

0Jo 3

a rb 2|
My=ff kxydydx=¥
0Jo

M, ka¥?/4  a

X=—2= - =
m  kab?/2 2

oM ka3 _ 2

Y= T kap?/2 " 3

o (82

9= (3 %)
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7. —CONTINUED—

—2h(x—b)/b >
f ky dy dx = %
b/2J0
b/2 [2hx/b —2h(x—b)/b kbh
M, = ky? dy dx + ky2dydx——
b/2Jo

b/2 [2hx/b —2h(x—b)/b
f f kxydydx+f f kxydydx—kbz—h
0 b/2J0

L _ k??/12 b
m
_M

b/2 2hx/b
() m= f ky dy dx +
0 0

b
Il

kbh2/6 ~— 2
. kbh3/12 h

‘<\

m  kbh?/6 2
b/2 r2hx/b b —2h(x—b)/b

() m=J f kxdydx+f J kx dy dx
0 0 b/2J0

1 oh + Lkozn = Lz
= S5KbPh + Zkb?h = Jkbh

b/2 (2hx/b —2h(x—b)/b
Mx=f kxy dy dx + f kxy dy dx
0 0

0 b/2
~ Ikh2h2 = kh2h2 = 2h2
32khb +96khb 2khb
b/2 2hx/b ) b —2h(x—b)/b
My=f f kx dydx+f j ko dy dx
o Jo b/2Jo
—— Ikh3| ~~kh3| — Ikh3|
32kbh+ 96kbh 48kbh
= My _ 7kb*h/48 _ 7y
m  kb?h/4 12
oM, khn?/12 _h
Y=~ ka4 3
9. (@ The x-coordinate changes by 5: (X, y) = < + 5, g) 11. (8 X = 0by symmetry
a 2b m = mak
(b) The x-coordinate changes by 5: (X, y) = ( + 5, §>
a (V@R
2a
a+5 b M. = Kk _
© m=f kxdydx—fk(a+5)b—2—kb =), kI
5
5 goM_2k 2 _4a
M—J kaydydx—f(a+5)b2 4kb m 3 mak 3w
a+5 (b a—x a*k
My=f kxzdydx—fk(a+ 5)° b—gkb (b) m:f f k(a—y)ydydx:ﬂ(le—aw)
5 —-aJo
oM 2(a2 + 15a + 75) CrEE
" m~ 3@a&+10 Mo= [ ) k@a—y)y? dde—@(15Wf32)
- % _ 9 a2 —x2?
Y= m™2 Mysz kx(a — y) ydydx = 0
—aJo

M
x=—2=0

m
oM §[157T—32]
Y= "m "5 16 - 3x
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17.

21.

M, 3k 3
X=—"=——.+.— =
m 1 32k
oo M, _256k 3 _8
Y " m T 21 T3k 7

y = 0 by symmetry

4 r16—y?
8192k
m= kxdxdy = ——
f—4L / 15

4 16—y?2
524,288k
= 2 — !
M, £4 L kx? dx dy 105

X_%_524,288k. 15 64
- m 105 7

8192k

j

maZk

8
w/4 (a 3 _

szffkydA=f fkrzsinedrd(ﬂ:ka(z\@
R. 0 0 6

w/4 ra 3
My=fkadA=J J krzcosedrdt9=kaT;/é
R 0 0

X:%:kaﬂ@. 8 _4a/2

m 6 ma?k 3m
oM _k¥2-.2) 8 _4d2-2)
¥ ='m 6 ma?k 37

15. X = 0 by symmetry

1 r1/@1+xd
m=ff kdydx=k—277
-1Jo

1 [1/(1+x?) K
Mx=f f kydydx = =(2 + m)
o 8

Mk 2 _2+tm7
- m_8(2+7T) km 4w

<

19. x= % by symmetry

L rsinax/L
m:ff kydydx:%
0

0
L fsin wx/L 4KL

= 2 - =
M, NS ky2 dy dx 9
oM _ 4L 4 _ 16
Y= T or W on

<

N
h
t

[Nt S

(NI
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2
23. m= f ky dy dx = — (17 e 25. y = 0 by symmetry
0.Jo 2 cos 360 k7T
MX:” oK e ”de f,,/J « ar do = K7
0Jo
2 re*
_ _ k(1 -5 M =jkadA
MV—LL kxy dy dx = 8 y R
M k(e“— ) 4et ¢ —5 2 cos 30
v =2 = . = ~ 2 ~
X m 8 K& —1) 26— 1) 0.46 J'W/GJ' kr2 cos 6 dr d6 = 1.17k
oM _kef-1) 4 75[@71]~ oM ( )
y—m— 98 Ke—1) ole—e =~ 0.45 X_m~ll7k7rk~l'12
! H
2+ //é:g

/

N

1 2 ~

27. m= bh 29. m = ma?

b rh 3
IxszyZdydx:m I —ff 2dA = f fre'smzedrde——w
0Jo 3 4
I —ff x2dydx—— I —fszdA f fr%oszodrde— 47T

- /N m.;_ﬁ_g_ﬁ _am  a'm _a'm
*“NVm~ 3 bh- V3 3 3° b=bth ="~
_ | 3 2 _ _ 4
m 3 bh 3 J3 3 m 4 qa® 2
a?
31. m—f 33. p=ky
a b
w/2 (a — :k;abz
|—JJ 20A = J JrSstGdrde—— m J;Lydydx 2
a b
kab*
w/2 (fa _ 3 —
Il =k =2
fJdeA J Jr%oszedrdo—E % J;J;ydydx 4
a (b 32
_ _La4 _7734 I =kfj x2yydydx=kab
lo I+I 6 16 y o 6
5 :zﬁz mat 4 _a |O=|+|—M
y m 16 @a? 2
o Juo flews e s
m kab2/2 3 /3 3
o fu_ Jaia_ e b V3
y m kab?/2 2~ 2 2
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35. p = kx
2 r4—x?
m = fj x dy dx = 4k
0 Jo
2 r4—x?
Ix=kf xy2dydx=%
0Jo 3

2 4—x2
16k
|y=kjj X3dydx=?
0Jo

lo=1ly + I, = 16k

- _ ly,  /iek/3 /4
B m 4 3
go Jh_ [f0s_ [
y m K 3
39. p = kx
100k
3k
m= kxdydx = —
fo% Y20

|0:|X+|y:@
i:ﬁ: [k 20 _ /30
m 18 3k 9
\ﬂ_ /3 20_ /70
m 56 3k 14

<l
Il

37. p=kyy
4 rJx
mzf kxydydx=3—2k
0Jo 3

4 rJUx
Ix=ff kxy® dy dx = 16k
0Jo

4 Uk
[ =f kx3ydydx=%(

0Jo
=1, = 202K
0 'x y 5
):(_\/I:y_ 512k 3 _ /48 _4J15
B m 5 ok 5 5
::\ﬂ: 6k 3 _ [3_./6
y m 1 3% 2° 2

b Vb2—x2 b
4. | = ZkJ f (x —a)?dydx = ZkJ (x — a)?v/b? — X2 dx
-bJo —-b

b b
= ZK[J x2/b? — x2dx — ZaJ X/b?2 — x2dx + a?
—-b —b

4 2 >
=2k|:ﬂ+0+77ab2]:k77b

8 2 4

4 rJx 4
43. | = f f kx(x — 6)2dy dx = f kx/X (X2 — 12x + 36) dx = k[gxsa/2 - 7x7/2 + €x5/2]
oJo 0

T (7 + 4a2)

j_bb Vb2 —x2 dx]

24 72 4 42,752k

0 315
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0

a JEQTXZ a \/ﬂ 3 a k 4 \/ﬂ
45. | = kia—y)(y — a)?dydx = kia—y)’dydx = —Z(a -y dx
0 Jo o0Jo 0

SRR
dx
[0]

—EJ [a“— 4a%y + 6a?y? — day® + y*

0

a
= —%f [a* — 483/ — X2 + 6a%(a? — x2) — 4a(a? — x2) /&% — X2 + (a* — 2852 + x¥) — a“] dx
0

a
X f [7a¢ — B2 + xt — 8a3/&% 3 + dax/a? — ¥ dx

0

k 8a? X5 X a x\ B
= | Tax - e+ T 4 xJa — x2 + a®arcsin_ | + (X2 - ad)Ja? — x2 + a*arcsin
]
__K 5_§5 2.5 _ 945 ,5>:5(E_£)
4<7a 3a+ & — 2a°m + —a’w k16 15
47. p(x,y) = ky. y will increase 49. p(x,y) = kxy.
Both x and y will increase
51. Let p(X, y) be a continuous density function on the planar lamina R.
The movements of mass with respect to the x- and y-axes are
Mx:nyp(X.y)dAandMy:fJXp(x,y)dA-
R.
If misthe mass of the lamina, then the center of massis
M, M
v v) = [y Y
%9 = ().
53. See the definition on page 968
v LA _L g2k bt L
55 y—2,A—bL,h—2 57 y—3A—2,h—3
b rL b/2 rL
L\2 2L \>
I = (—f)ddx I7=2f f (ff)ddx
y o,fo y 2 y y 0 2Lx/b y 3 Y
b _ 3L 3 b/2 3L
_ [[y (L/2)]] o= P :gf [< _&H o
o 3 0 12 3Jo 3/ JoLxb
yo—y-p_ L Lbl2 L 2 (7L (ZLX 2L>3 4
: hA 2 (L/2(bL) 3 3, [27‘ b 3 ]X
=Z[L73><_£(Q_%)“T/2:Lib
327 8L\ b 3/ Jo 36

_2L L%h/36_ L

Ya= 3 " /6 2
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1 f(xy) =2x+ 2y
R = triangle with vertices (0, 0), (2, 0), (0, 2)
fo=21f=2

VI (2T (P =3

2 2—x 2
S:jf 3dydx=3f(2—x)dx
0 Jo 0

[t

-
t
Py

X

5. f(x,y) =9 — x?

R = square with vertices, (0, 0), (3, 0), (0, 3), (3, 3)

fo=—2%f,=0

=

T+ (T2 + (1) =

33 3
S=jf \/1+4x2dydx=f 31 + 4x2 dx
0Jo 0

1+ 4x2

3. f(x,y) =8+ 2x+ 2y

R={(xy):x?+y? < 4}
fo=21,=2
V1t (f)2+(f)2=3

2 /A% 2m (2
S=ff 3dydx=f f3rdrd9=127r
-2)-Va-x2 0 Jo
y

3
= [g(?_x\/l + 42+ In|2x+ V1 + 4x2|)] = %(6\/37 + In|6 + /37|
0

7. f(xy) =2+ x3/2

R = rectangle with vertices (0, 0), (0, 4), (3, 4), (3, 0)

3
fX:E)(l/Z, fy: 0
—_— 5 9 V4 + 9X
\/1+(fx)2+(fy)2: 1+(Z)X=?

2

34 / 3 /
S=ff %dydx=f4(ﬂ>dx
oJo

0
3
0

= [%(4 + 9x)3/2] = %(31\/? )

9. f(x,y) = In|sec x|

R={(x,y):05xs ,Osystanx}

m
4
f, = tanx, fy:0

1+ (f)2+ (f)2 =

1+ tan®X = secX

w/4 ftanx /4
S=f secxdydx=j secxtanxdx=[secx]
0 0

0

/4

=JV2-1

0

sy
NIy
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11 f(x,y) = VX2 + y?
R={(xy):0 < f(xy) <
0 UX2+y2<1 x2+y?<1

X y
= f, =
X /X2+y2 y /X2+y2

IF R 1 e

X2 + y? x2+y

1—x?
=j J ﬂdydx=J J J2rdrdo = 27
-1J-V1-x? o Jo

13. f(x,y) = V@ — X2 —y?
R={(xy:x*+y2<b’b<a}

- 2

AR
NI

fo= fy=
X J -2 —y? Y a2 x2—y?
J1+ (£)2+ (f,)2 = 1 X v = 2
+(f)2+ (1) = TE ooy @y ooyt
JOP—x2 21 a ( \/7)
dydx = ———rdrdd =2mala — VaZ — b?
”ﬁﬁy Lfofaz—rz
15. z=24 —3x — 2y !
T+ (f)7 + (f,)2 = V14 1
—(3/2)x+12 127
:jf V14 dy dx = 48./14 ol
0Jo
o
6
17. z= /25 — x2 — y2
2 2 5
\/ﬁ:\/ X y -
L+ (R + () eyt m ooy V25— x2 —y?

5
S=2 ————dyd
f—3J—\/9—x2 V25 — (x2 + y?) Y

5
=2 > rdrdo=20
L L\/zs—r2 m

19. f(x,y) = 2y + X2
R = triangle with vertices (0, 0), (1, 0), (1, 1)
14 (f)2 + ()2 = /5 + 4x2

1%
J V5 + ax2dy dx = (27 - 5.5
0




Section 13.5

Surface Area

155

21 f(x,y) =4 — x2 — y?
R={(xy): 0<f(xy}
0s4-x2-y2 x*+y?<4
f,= —2x fy= -2y

1+ (f)2+ ()=

2 rJ/4—x?
S:J f V1+ 4x? + 4y2dydx
—2)- va—e

2 (2 _
=j J1+ 4r2rdr dezﬁ—ﬂﬂ?3 Y
0

1+ 4x2 + 4y?

0

25. Surface area > (4) - (6) = 24.
Matches (e)

29. f(x,y) =x3—3xy +y3
R = square with vertices (1, 1), (-1, 1), (-1, —1), (1, —1)
fo =3 — 3y = 30 - y), f, = —=3x + 3y* = 3(y* — x)

1 1
S:f f 1+ 9(x2 —y)2 + 9y? — x)?dydx
-1J-1

33. f(x,y) = ey
R={(x,y): 0<x<4 0<yc< 10}
f, = yev, fy:xexy

23.

27.

3L

fx,y) =4—x2—-y?

R={(xy:0<x<10<ys<1}
fx: _ZX, fy: _2y
1+ (fx)2+ (fy)2: 1+4X2+4y2

1rl
s:ff JA B T A dyd
0 Jo

f(x,y) = &
R={(xy):0<sx<10<y<1}
f,=e,1,=0

1+ (f)2+ (f)2 = V1+ e

1r1
S=ff V1 + e dydx
0Jo

1
=f V1 + eX = 20035
0

~ 1.8616

f(x,y) = eXsiny
fy = —e7*dny,f, = e *cosy
1+12+12 =1+ e2>sny + e *cos’y

—-JVi+e®
2 VA=
S=f J V1+ e >dydx
-2 J-a=e

T+ (T2 + (f,2=

4 10
S:f V14 e2Y(x2 + y?) dy dx

0Jo

1+ y%e® + x%e =

1+e™(x2+y?)
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35. See the definition on page 972.

50 (/502 — X2 x2
XY Xty
39. (@ V= f j 2o+100 s >dydx

o 200

[10<x\/50 — X2 + 502 arcsm%> + éx

=~ 30,415.74 ft3

Xy
(b) 2=20 + 7

2 2
T+ (G2 + (2= J1+ 25+~

1 50 507 —x2
- = JI100Z + X2 + y2
1OOLJ; 100% + x? + y2dy dx

50
= J [20\/502 - X%+ 7(502 — X% — *\/502 — X2 -

37. f(x,y) =

V1-x%1f =

/12 — X2’ y

X f =0

s= ” VI+HZ+ f2dA
R

X
1
16| | ——
L 0 \/:I._X2

=16

10

4
— o=t *(502 — x2)3/2 — 250x + —

800

_J100% + X2 + y2
1002~ 1002

100

/2 (50
= ﬁj j V1002 + r2r dr dg = 2081.53 ft2
0 0

41. (@ V = fJf(x, y)

= 8f V625 — x2 — y2dA where Ris the region in the first quadrant

w/2 (25
= SJ f V625 — r2r dr do
0 4

/2 2 25
—4f [*(625 - rz)s/z} de
o 3 4

= —g[o — 609./609] -

= 8127./609 cm3

o
2

o

(b) A= f mdA—SfJ\/l+

25 25
= 8 —dA = 8 e
JJ V625 — x2 — y? J; J4 V625 — r2
b
lim [—200\/625 - rz] -~ 1007/609 cm?
25" 4

2

-y?

rdrdo

625 - x2—y?

X3
30

| A

o

dy dx

1
—16(1 — x2)1/2] - 16
0

dA

4 8 12 16 20 24
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Section 13.6  Triple Integrals and Applications

32,1 31211 1
1Jff (x+y+z)dxdydx=ff [fx2+xy+xz] dy dx
oJo Jo 0Jo L2 0
32 1 3 1 1 2 3
= <7+y+z)dydz= [fy+fy2+yz} dz=[32+z2] =18
o Jo \2 o 127 7 2 0 0
1x (xy 1x xy
fff xdzdydx:Jj [xz] dy dx
0JoJo oJo 0
1x y 1
= x2ddx:f— dx—f—d—— =—
J fovevac= 13 .
4 1 X 1
f j f Zzefxzdydxdz—f f (2ze~ Xz)y dxdz— f f 2zxe % dx dz
1JoJo 0
4 4 274
I I Y L e Ndr= |1 7127] :E< _1>
L[ ze ]Odz Lz(l e dz [(1 e )21 > 1 o
/2 [1—X 4 (/2 1-x 4 (/2
f xcosydzdydx=ff [(xcosy)z] dydx=fJ X(1 — x)cosy dy dx
oJo Y

ﬁf

0Jo 0
_ 7 e _[®_% _64_ -4
_L[X(l x)smy]0 dx—fx(l X)dx = [2 3]0—8 3~ 3

Jj j xdzdydx—fJ x3dydx—@
Va=x2Jo Va—x?

2 (Va=x2 (4 2 o 2 rJ/a=x? 4
fj jmdzdydx:ff [xzsinyln|z|] dy dx
0Jo 1 z 0Jo 1
2

2 JA=R
= f [len4(—cosy)] Tk = f x2In4[1 — cos./4 — xZ] dx ~ 2.44167
0 0

4 [fA—X [A—X—y 3 9= (9-X—y
13. fj f dz dy dx 15.f f f dz dy dx
o Jo 0 -3J-vo—x Jo
2 [4-y? X 2 r4-y?
f f szdxdyzf J x dx dy
-2Jo o -2Jo

3] v [as-eeyray [y -Gy bef - 22

w

o

~

©

11.

[N

1

~

6

a (V=R [VE—X—y a (V- x?
19. BJJ j dzdydx:8f Va2 — x? — y?2dydx
0

0 0 0Jo

f[\/mJ“(az*Xz)arc‘sn( : >]fxzdx

_q T ? 2 _ 2 _ 2 _la)rzﬂ 3
4<2>L(a X?) dx [2w<ax 3X . 37
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2 [4—X2 [4—X2 2 2 2
21. jf f dzdy dx = f (4 — x?9)2dx = f (16 — 8x2 + x¥ dx = [16x—§x3+1x5] _ 26
oJo o o 3 5 15

0 0

23. Plane: 3x + 6y + 4z = 12 25. Topcylinder: y2+ 2 =1
z Sideplane: x =y
3 z
A
1
2 gy
4
y
x 1
x = 1 -

3 (12— 42)/3 (12— 4z—3x)/6

dx dz
Lol e -
fff dz dy dx
0.Jo Jo

27.Q={(xy,2:0sx<10<sy<x0<z<3} y

1 31 x
[ o= [ s [ ] [ s | e
y 0JoJo
1,31
=fjfxyzdxdzdy R
0Jo Jy
13 x
=fffxyzdydzdx
0Jo Jo
1,13
=fjfxyzdzdxdy
0Jy Jo
1x (3 9
= dzd dx<=—>
[ L el - 5
29. Q={(xy,2: ¥+y*<9,0<zx 4} .
4 3 /9%
jffMW=fjf xyz dy dx dz
Q 0J-3)-v9-x
403 (VoY
fff xyz dx dy dz
0J-3/-Vo—y?
3 4 /oy
=J ff xyz dx dz dy
-3JoJ-Vo-y
3 V9 ra
fj fxyzdzdxdy
-3J-v9—-y2Jo
3 (4 0Vo-R
:f JJ xyz dy dz dx
-3JoJ- /o7
JJ' fxyzdzdydx(—o)
-3J-V/9-x2
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6 [4—(2x/3) [2—(y/2)—(x/3)
- f f f dz dy dx
4—(2x/3) [2—(y/2)—(x/3)
f J f X dz dy dx
0

X:& 12_3
m 8k 2
4 4
fff xdzdydxzkjj X(4 — x) dy dx 35.
0Jo
= 4k (4x—x2)dx=&8k
o 3
4 (4 [4—X 4 4 w2
w = fff xzdzdydx=kff x(42X) dy dx
0Jo Jo 0Jo
4
=2kJ (16x—8x2+x3)dx=&8k
o 3
M
z=-—2=1
m

37. x will be greater than 2, whereas'y and z will be unchanged.

39. y will be greater than 0, whereas X and z will be unchanged.

41. m= %kwr e

X =y = 0 by symmetry

N
Mxy=4kjf J zdzdy dx
0Jo hv/x2+y?/r

2 r27X2
—3kh IJ r2 —x2 —y?) dydx

- 3r2 f (r2 — x)%2 dx

_ karr 2h2
T4
My  kmr2w/4  3h

2Tm T kmh/3 T 4

b (b (b 5

m = fffxydzdydx=%
o0JoJo
b rb rb

kio®

M,, = JJJ xzydzdydx:?
0JoJo

b (b b o

M, = ffj xy2dzdydx:k%
0JoJo

= ff xyzdzdydx—i
0Jo Jo
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128k
43. ==3
X =y = 0 by symmetry
= J# —x2—y?
N N ey
= 4|<J J f zdzdy dx
0Jo
4 SRR " i "
= 2k (42 — x2 — y?3)dydx = 2k [15), — X2y — 1y3] X dx = 4K (42 — x?)¥2 dx
oJo 0 37 Jo 3 )
w/2
=%4kf cos*0de  (letx = 4sin )
0
= 647k by Wallis's Formula
_ My 64ks 3 3
7Z=—=—". ==
m 1 128km 2
5
45. f(x,y) = Y y
20 —(3/5)x+12 [(5/12)y 20+
m = f f f dzdy dx = 200k 16+
0o Jo 0 4

20 [—(3/5)x+12 [(5/12)y
M,, = f f J x dzdy dx = 1000k
0o Jo

0

20 [—(3/5)+x+12 [(5/12)y
o= f f f y dzdy dx = 1200k
0 Jo 0

20 [—(3/5)x+12 [(5/12)y
M,y = kf f f zdzdy dx = 250k
(0] 0 (0]
= My, _ 1000k _
m 200k
oM, 1200k _
Y="m T 200k
_ My 250k 5
Z2=—"=_—"—=—
m 200k 4

47. (@) I, —kffj (y2+22)dxdydz—kafj (y2+ 2 dydz

[y3+22] z—kaf (éa +azz)dz_[ <a32+%a23)}::%a5

2k5

x = ly =1, = —— by symmetry

(b I, = kjajafa(y2+zz)xyzdxdydz=k%2jaja(y32+yze)dydz
0JoJo 0Jo

[y Y] [ [ 2
_20[4 2 g ), @2t d= "5 )], " g

te]
=1,=1,= k% by symmetry
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49. @) I, =k ik 47X(y2+ ) dzdydx = kaJ'A[yZ(4— X) +%(4—x)3] dy dx
- kfo [2(4—@ +%(4—x)3]:dx: kfo [6—34(4—x) +‘§"(4—x)3] dx

4
- k[—¥(4 S T x)4] — 256k
3 3 0

4 (4 [f4—X 4 4 1
ly =Kk (x2+22)dzdydx:ka [X2(4_X)+§(4—X)3]dydx
0Jo

0JoJo
1

* 1 4 1 4
_ 2 3 4 (A4 — v)3 — T8 _ Zyd (A — 4| =
4kf [4x x3 + 3(4 X) ]dx 4k[3x X 12(4 X) ]0

512k
0 4 3

4 (4 fA—X 4 ra
I,=k j (x2+y2)dzdydx=kff (X2 + y?)(4 — x) dy dx
0Jo

0Jo Jo

= kﬁl[(xzy + g)(4 — x)];1 dx = kJ'A<4x2 + 6—;)(4 — X) dx = 256k

0

(b I, = kf f f 7Xy(y2 + Z2) dzdydx = kf f [y3(4 - X) + %y(4 — x)S] dy dx

- kj:[{:(4— X) + %2(4_ X)3]zdx= kL4[64(4_ X) + 2(4 _ x)3] dx
= k[—32(4 - x)?2 - %(4 — X)4]: _ %8'(

4 (4 f4—X 4 4 1
I, =k f y(x? + Z2) dzdy dx = kaJO [xzy(4 - X + 5y(4 - x)3] dy dx

0JoJo
4
1 4 1 1 4 1024k
— 2 _ 3 = — 3 — 3 = I _ 4 - =
8kf0 [4x x3 + 3(4 X) ]dx 8k[3x 4x4 12(4 X) ]O 3
4 r4 r4—x 4 rd
I,=k y(x? + y?) dzdy dx = kf (x3y + y3)(4 — x) dx
0 Jo Jo 0Jo

= kf:[(xzzyz + yZ4>(4 — x)]zdx =k 04 (8x? + 64)(4 — x) dx

4 4
=8k| (82 — 8x + 4x2 — ¥ dx = [8k<32x — e+ e - 1x“)] - 2048
o 3 4 /o 3

L/2 ra aZ—x2 L/2 ra 2
— 2 — Z(a2 — y2 2 _ y2
5L 1, = f_L/zf_J z2dzdxdy = J_a 3(a x2)J/a — x2dxdy

JaZ—x2 —L/2
2(% [a x\ 1 x |12
= *j k[—(x‘/a2 - X2+ & arcsinf> — 7<x(2x2 - —at+ at arcsjnf]] dy
3) 1 L2 a/ 8 all-a
[V (et etk
3),,\4 16 4

Sincem = ma?Lk, |, = ma?/4.

—CONTINUED—
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51. —CONTINUED—

VaZ=x?
= f fJ y2dzdxdy = 2k f y2J/a2 — x2dxdy
7L/2 — — —a

JaZ=x? —L/2

L/2 2 a L/2 2/13
= 2k [y—(x\/a2 —x2+ a2 arcsin5>] dy = kma? y2dy = 2kma (L—) - Lo
L2 a/l-a L2 3 \8) 12

VaZ—x?
= f JJ x?dzdx dy = 2k J x2/a2 — x?dx dy
—L/2J—-aJ - —a

JaZ—x? —L/2
a 4 L/2 4 2
—2kf 1[ 2—a?)Ja? — x* + a*arcsin ] dy:kaﬂf _ kalal et
*L/28 a a 4 *L/Z 4 4
ma?  mL?
= —+ = — + - 2 + 2
h=ly+le="7+75 12(3a L2
ma2 @ ma2  ma?
Iyzlxy+ le:T+T:7
_m2 m_m.,,
,=lg+ 1, 12+4 12(3a+L)
1 1 1—x
53. f j f (X2 + y?)/x% + y? + 22 dzdy dx 55. See the definition, page 978.
-1J-1J0

See Theorem 13.4, page 979.

57. (8) The annular solid on the right has the greater density.
(b) The annular solid on the right has the greater movement of inertia.

(c) The solid on the left will reach the bottom first. The solid on the right
has a greater resistance to rotational motion.

Section 13.7  TripleIntegralsin Cylindrical and Spherical Coordinates

4 rw/2 2 4 /2 r2 2
1. fj frcosedrdedz:ff [Ecose] dedz
0Jo 0 0 Jo 0
4 /2 4 /2 4
=JJ 20050d0dz=J [25in0] dz=f 2dz=8
0 Jo 0] 0 0

7/2 [2cos? 0 [4—r2 7/2 [2cos? 0 /2 r4 2cos? 0
3.f f f rsin 6dzdr d0=f f r(4 —r3sinodr dezf [<2r2— 4>sjn 0] do
0 0 0 0 0 0 0

8cos’ 6 N 4 cos® 6]”/2 B2

5 9 |, 45

/2
=J' [8cos* 6 — 4cos® Alsin 6 do = [—
0

2 (w/4 [Cos P 1 27 (w/4 1 27| /4 -
5. p?singdpdepdo == cospsinpdpdd = ——= [cos“db] do = -
0 0 0 3 0 0 [0] 8

12 ),
4 rz (/2

7ij ref dodr dz = w(e* + 3)
0JoJo



Section 13.7  Triple Integrals in Cylindrical and Spherical Coordinates

163

/2 (3 re" /2 (3
9. f f f rdzdr do = f f re " dr do 2
o JoJo o Jo A

7r/21
= (1 — @9
J; 2(1 e 9)do E L
¥
— T _ a9 x
21-e?

2w (72 (4 64 27 (/2
11 f p28in¢dpd¢d0=?f f sin ¢ do do
0 /6

o Jum/6 Jo
27 /2
:gf [—cos¢] de
3 0 /6
2
_ 323 f do
3 0

_ 64./37
3

27 (2 (4
13. (a) j JJrzcosodzdr dé=0
o JoJr?

27 (arctan(1/2) (4 sec ¢ 2 (/2 cot ¢ csc ¢
(b) f f f p3Sin2d)COSded¢d9+f f J p2sin? ¢pcosfdpdepdd =0
0 0 0 0

0 arctan(1/2)

27 (a fa+ Ja2z—r2
15. (a) f ff r2cosfdzdrdo =0
0 0Ja

7/4 (2w ([2ac0S
(b) f f J p3sin? ¢pcosOdpdhdep =0
0

0 asec ¢

7/2 facosé [J/aZ—r2 /2 [acos
17.V:4j f j rdzdrd0:4j j rva? —r2drdo
o Jo 0 o Jo

4 /2 . 4 1 . /24 (77 2) 2a3
-8 — s e = 2 T _f) =g, —
SaL (1 - sn30)do 32 [0+ 3cosé‘!(sm 0+ 2)]0 3305 3 9 B7—4)

7 [facos6 [a2—r? 2 (2 9—r oS O—2r sin O
19. V = ZJ f f rdzdrdo 21. m= f f (kr)r dzdr do
0 Jo 0 0 0Jo
T [facosf 2m (2
=2f J rva? —r2drde =j fkrz(g—rcose—ngno)drde
o Jo 0 0
T 1 5 o’ fzwk[s s so—Tg e]zdo
= (a2 — = r3— —cosf — —sin
ZJO[ 3(a r?) ]O de ) 4 2 o
5[ 21
:2% (l—sin30)d6 ZL k[24*40059*83.n0]d9
0
_2a cos o™ 2
=—|0tcoso— =kl 246 — 4sin6 + 8cos 6
3 3 Jo o
28

=5 B -4 = k{487 + 8 — 8] = 48kn
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23. z—h—h\/x2+y *—(ro—r)

7/2 (o (h(rg—r1)/1
V= 4f f f rdzdr dé
/2 [Ty
—ihf (ror —r?drdo
f'o Jo Jo

3
Sy
o 6

0
_4n L03><I>_1 >
’r0<6 2) = 37"

7/2 (rg (h(ro—T)/1g
27. 1, = 4kf f f r3dzdr do
0 0 Jo

akh (™2 (T

o Jo

“”‘(3’0)(2)

- = 4
1Ok7rr h

(r0r3 —r4drdo

Since the mass of the coreism = kV = k(%wrozh) from
Exercise 23, we have k = 3m/arr?h. Thus,

| *k'n'r “h

2710

3m ot
10( r02h> h
3 —nmr
10 o

27 (7 (f4sing
31 V=J Jj p?sing dp d¢p dg = 1672

0 0 Jo

25. p=kJx2+y2=
X =y = 0 by symmetry

7/2 (o (h(ro—r)/ro
m= 4kf j f r2dzdr do
0 0 Jo

-1 k77r03h

7/2 (o (h(ro—r)/ro
—4kf ff r2zdzdr de

32
3Ok7rr0 h

5 My _ karh?/30 _ h
m kmr®h/6 5

29. m = k(mb?h — ma?h) = karh(b? — a?)

w/2 (b rh
IZ=4kf Jf r3dzdr do
0 aJo
w/2 (b
= 4khJ J r3dr do
0 a

/2
= khf (b* — a% do
0

 ka(b* — a%)h

B 2

_ ka(p?* — @) (b* + @2)h
2

= %m(a2 + b?)

w/2 (/2 [a
33. m= 8kf J J p®sin ¢ dp df d¢p
0 0 0

w/2 (/2
- 2ka4J J sin ¢ do deb
0 0

/2
= kwa“j sin ¢ do
0

= [kq-ra“(— cos ¢)]Z/z

= kma*
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35. m= %kwr3

X =y = 0 by symmetry

w/2 (/2 (T
Mxy=4kf J' J'p3COS¢Sin¢dpd0d¢
0 0 0

1 w/2 (/2
=§kr4j j sin 2¢ do deb
0 0

_ krtw

4 Jo

= [—lkwr“ cos 2¢}

8

sin2¢ d¢

/2 1
o = Zkﬂf“

My  kar4/4  3r

z=—2

39. x=rcosf
y=rsne

Z2=12Z

m ~ 2kmr3/3 8

X2+ y2 = r2
tan g = ¥
X

Z=127

43. (8 r = ry: right circular cylinder about z-axis
0 = 6, plane parallel to z-axis
z = 7y plane parallel to xy-plane

a Va2 x2 [(VaE-xi—y? 22—y 7
45, 16ff f f dw dz dy dx
0Jo 0 0

a (V@ [V xEy?
=16ff f Va2 — x2 — y? — Zdzdy dx
0Jo 0

w/2 (a (/@2
= 16f f V(@2 —r?) — Z2dz(r dr db)
0 0Jo

/2 al
= 16f f {zJ(az —-19) — 2+ (a2 — rd arcsin
0 0 2

w/2 (a -
= 8f f (@ — r?rdrdo
(o] (o] 2

0

/2
cos® (1 — cos? ¢) sin ¢ dop

/4

(—%cosﬁqs + %coss d))]

z

/2 (cos ¢
f j p*sin® ¢ dp d6 d¢p
0 0

/2

cos® ¢ sin® ¢p df dop

h,(r cos 6, r sin 6)

f(rcos 6, rsin @, 2)r dzdr do

,(r cos 6, r sin 6)

(b) p = po: sphere of radius p,
0 = 6, plane parallédl to z-axis

¢ = ¢, cone

7]#”2 dr do
rar
a—r?lo
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Section 13.8 Change of Variables: Jacobians
1
1.x=—5(u—v) 3. Xx=u—V?
y=u+v
1
y=5u+v axay  ay ox
2 Y (1)) - ((-2) = 1+ 2
%ﬂ_ﬂ%_(_;)(l)_(l)(;) Ju ov ou ov
auav  auav \ 2/\2 2)\2
_ 1
2
5. Xx=ucosf — vsino
y=usiné + vcos 6
XY _NIX_ og+sn2g=1
Jduadv  Jduav
7. x=¢€'sinv
y = e'cosv
IX Y _ Y X _ G (— el siny) — - e
VIR (e¢“sinv)(—e“sinv) — (e“ cosV)(e" cos V) €
9. x=3u+ 2v (% y) | (u, v)
y=3v 0,0 0,0
sV (30 | (10
3
(2,3 0,1
_x—2v_x—2(y/3)
3 3
_X_
"3 9
11. x= %(u + V)
1
y=5u-v

13.

axdy _ ay ox _ (;)(,1) _ (1)(1) _ .1
auav  auav  \2J\ 2 2)\2) 2

JJ 4x2 +y9)dA = ﬁlel 4[%(u + v)2 + %(u - v)z]e) dv du

1 1 1
1 wou
= 2 42 = 24 = - a4
ﬁl 71(u + v3) dvdu f712<u +3> du [2<3 +3

X=UuU+vVv

y=u

X dy 9y ox _ _ -
suay  auay ~ WO — D@ 1

ny(x—y)dA:JBJ4uv(l)dvdu: f38udu:36
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R:y=5,y=2><,y=1.y=é ol -m
4 X X
y il
x=Jv/uy=Jw O u=>v=Xx N R
ox ax| | 1wl 1 EEEE R
axy) _ [0u oV _ 2u3/22u1/2v1/2:_1<1+1):_i
au,v) oy 9y 1wzl U2 4\u u 2u
au  av 2uV22 w2
Transformed Region: 1
o w=10 v=1
y_X yX— VvV = 3+
S
4 i
y=;D yx=401 v=4
y ZXD§=2D u=2 : 2o
_xoy_1 _1
=3B x=aB =g

v/2 2
je /2 dA = j f e*"/2 )dvdu = —j [e ] du = f (72— e*l/z) du
R vaJ1 s U 11 va

2
—[(e‘2 — e 3In u] =—(e2—-¢egt? (In2 - In%) = (e"¥2 — & 3)In8 =~ 0.9798
1/4

17.u=x+y=4 v=x—-y=0 y
u=x+y=8 v=x—-y=4 .
=%(u+v) y=%(ufv) 4
2
T
2 VA<
4 6

fJ (X + y)eYdA = ff ue'| = dvdu

-3 L u(e — 1) du = Euz(e“ - 1)]?1 — 12(* - 1)

19. u=x+4y=0 v=x—-y=0 y

u=x+4y=5: v=X—-y=5 z
x:%(qu 4v), y=%(ufv) Tl
A

X dy _ ay ox _ (;)(J) _ (;)(ﬂ) __1
auav  duav  \5/\ 5 5)\5/ 5 o

medA—ff\/uT/@)dudv

LG AL [5G -
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21. u=x+y,v=x—y,x=%(u+v),y=%(u—v)

axdy _ ay ox _ _1
AUIV AUV

JJMdA ff dvdu—L ufdu—[ US/ZL §a5/2

[rv=e]

2 2 > 5
8. Stiz=lx=auy=by @S+
(au)2  (bv)2
a2 + 2 =1 y
w+vi=1 X
S
alxy) _ ax dy _ ay ox
®) d(u,v)  du av
= (a)(b) -
@A:f ab dS
= ab(m(1)?) = mab
25. Jacobian = axy) _ axdy _ dy ox

a(u,v)  auav  duav

27. x=ul—-v), y=u(l—w), z=uw

a(x, v, 2) 1-v —-u 0
o, vw)_ vl-w) uldl-w -—uv
W uw uv

1 — v)(vv) + u(uv?

= uv

29. x=psin¢cosh, y=psin¢dsinh, z= pcos¢o

a(x,y. 2) singcosfd —psingsind p COS ¢ COos 6
6(17;/,4)): sin¢$sin®  psingcos o pCcosS¢sin b
P CoS ¢ 0 —psin¢

w+vi=1

(D
N

=(1- Vvl - w) + vdw] + u[uvd(1 — w) + uww]

= cos [ —p?Sin p cos ¢ SiN? @ — p?sin ¢ cos ¢ cos? 8] — p sin Pl p SIN? ¢ cos?H + p SiN? ¢ sin? 6]

= —p?sn ¢ cos?> ¢ — p?>sind ¢
—p?sin ¢(coS? ¢ + sin? )

—p2sin ¢

€os ¢[ — p2 Sin ¢ cos p(Sin? 6 + cos? B)] — psin ¢[p SN2 P(cos? 6 + sin? 6)]



