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CHAPTER 14
Vector Analysis

Section 14.1  Vector Fields

Solutions to Even-Numbered Exercises

2. All vectors are parallel to x-axis.
Matches (d)

8. F(x,y) = 2i
IF| =2
y
—
1 pr—
B N
D —
-2 t—
12. F(x,y) = Xi
IFll = |x| = c

16. F(x,y,2 = xi +yj + zk
[Fl = Vx2+y2+22=c¢c

X2 +y2+22=c?

. Vectors are in rotational pattern.

6. Vectors aong x-axis have no
X-component.

Matches ()

Matches (e)

10. F(x,y) = xi —Yj
IFll = 3y

14. Fx,y) = %+ y3)i +j
[Fl = V1+ 0+ y)?

y

407
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20. F(x,y,2 =xi —yj + zk

24, f(X,y,z):lZ/_i_;z(_XVZ
f(xy.2) = —X—Zz—i
f,(xy.2) :%—5—;—5
fxy,2 = —%+%—§
o2

y

1, . . 1
28. F(x,y) = ;(yl —Xj) =i — 3 30.

X2

22.

26.

M = y/x?and N = —(1/x) have continuous first partia

derivatives for all x # 0.

oN = % = M O Fisconservative.
X X ay
X y
32. M= N =
VY Y
ON — Xy oM

ax 0C+ y)¥2 oy

1, . .
36. F(x,y) = ﬁ(yl - 2xj)

QH _ 1
aylLy y2

i[_Q]__g
X y2 - y2

Not conservative

— [0 Conservative

38. F(x,y) = 33y + 23

0 221 — Ay2
ay[3xy] 6x2y

9 — 62

L2V = 6y

Conservative
f,(xy) = 3x%y?
f,(xy) = 2x3y

f(x,y) = sin 3x cos 4y

f(x, y) = 3 cos3x cosdy

f,(x,y) = —4sin3xsindy

F(x,y) = 3cos3xcosdyi — 4sin3xsin 4yj

g(x,y,2 = xarcsinyz

0dx Yy, 2) = arcsinyz

xy,2) = _x

gx Y2 = T
_ Xy

gz(xv Ys Z) - 1— y222

_ . . Xz . Xy
G(x,Y,2) = (arcsinyz)i + = yzzzj + T y222k

1 1. 1
Fix,y) = —(yi = xj) =i — —j
xy) Xy(y =3 )
M = 1/xand N = —1/y have continuous first partial
derivatives for al x,y # 0.

N =0= M O Fisconservative.
X ay
y —-X
. M= ,N =
1 — x3y? 1 — x3y?
oN -1 oM 1

ox + (1 — xy?)3/2 # (Ty (1 — x2y?)32

[0 Not conservative

g[,x:] _ 2
X y2 - y2

Not conservative

f(x,y) = x%2 + K
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42.

46.

50.

52.

2X . . . .
F(x,y) = Y i+ @ yz)zj 44. F(x,y,2 = X’zi — 2xzj + yzk, (2, -1, 3)
i[ 2x ] _ . 8By :9 fa l;
2 1 \2)2| 2 1 \2)3 |2 9 g9
ayLO@ + y?) (@ +y?) curl F = | by oz
i[ ] - 8y Xz —2xz Yz
IX (X2 + 2)2 (X2 + 2)3
Y Y — (24 20i — (0— )] + (~22— O)k
Conservative
; = (z+ 2x)i + x3j — 2zk
X
fxy) = @+ y22 curl F(2,-1,3) = 7i + 4j — 6k
__ %
fy(X, Y) - (X2 + y2)2
1
f(X, y) = —m + K
F(x,y,2 =e™4i +j + k), (3,2,0)
i j k
a a a —XYZ; —XYZ; —XYZ|
curl F = ax 5y 32 = (—xz + xy)e V4 — (—yz + xy)e Vg + (—yz + xz)e vk
@ XyZ @ Xyz @ Xyz
curl F(3,2,0) = 6i — 6
__yZ . Xz . Xy
. F(x,y,z)—y_zl v +X_yk
[ ]
4 9 4
curl F =] odx ay 0z
yz Xz Xy
Yy—2Z X—2Z X—Y
_ B X2 _ X2 :|| _|: _y2 _ y2 ] +|: _22 _ _22 :|k
S lx—y? o (x— 272 x-y? (y-22) T lx—22 " (y- 22
1 1 1. 1 1 . 1 1
— 2 _ 2 2 _
X [(x —y x- 22 Ty [(x - y)? " (y— 2)2}J Tz [(y -2? (x- Z)z]k
Fx,y,2 = VX +y>+ 2 +j+k)
i j k
curl F = i i i _y=2i+(@z-xj+ Kx=-yk
oX ay 0z /X2 + y2 + 22
XR+y+ 2 U+ yY+22 I+ y+
F(x,y,2) = e(yi + xj + k) 54. F(x,y, 2) = y228i + 2xyz3] + 3xy?z2k
i ] K [ j k
_l9 9 9|_ 4 : 9 9 9
curl F = ax ay az| = xe?i +yej§ # 0 curl F = Xy 9z =0
V&¥ x& €& y?z3 2xyz® 3xy?z?
Not conservative Conservative

f(xy,2 = xy?Z2 + K
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X

; y
iy

X2 +y
i ik
9 R
ax ay
_x ¥y
X2+y2 X2+y2

56. F(x,y,2) = 5tk

curl F =

Conservative

X
fxy. 2= m

y
X2 + y?

f,(xy.2 =

f,xy,2=1

X
f(X, Y, Z) = Jm dx

1

T2

meﬁ=f—l*

X2 + y?

In(x? + y?) + gy, 2 + K,
dy
1
= Eln(x2 +y2) + h(x, 2 + K,
fx,y,2 = fdz= z+ pxy + K,

fx,y,2 = %In(x2 +y) +z+K

60.

58.

F(x,y) = xeXi + yeYj
div F(x,y) = i[xex] + i[ eY]

=xeX+ e +yel + e

=eXx+1) +ely+1)

62.

66.

70.

F(x,y,2 = In(x2 + y?)i + xyj + In(y? + 29k
H — i 2 2 i i 2 2 — 2X 22
div F(x, y, 2) aX[In(x +y3)] + ay[xy] + az[In(y + )] 2y + X+ Vit 2
F(x,y,2) = xzi — 2xzj + yzk 64. F(x Yy, 2) = In(xy2)(i +j + k)
divF(xy, 2 = 2xz +y dWH&Ma=%+$ %
dvF(2-13 =1 deazn=%+%+1=%

See the definition of Conservative Vector Field on page
1011. To test for a conservative vector field, see
Theorem 14.1 and 14.2.

68. See the definition on page 1016.

F(x,y,2 = xi — zk

G(x,y,2 = X3 +yj + 2%k

i j ok
FxG=|x 0 —z|=yzi — (x22+ x22)j + xyk
Xy 7
i j k
_ |0 J J

yz —xz2 — X%z Xy

X+ 2xz2+x3)i — (y—vy)j + (=22 — 2xz — 2k

=x(x+2z+ 1)i — z2z+ 2x + 1Dk
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72. F(x,Y,2) = x2zi — 2xzj + yzk 74. F(x,y,2) = xi —zk
i j Kk G, Y,2 = X3 +yj + 22k
carlF=2 2 = (z+ 2X)i + x3] — 2zk ]k
62)( ay az FxG=|x 0 -—z|=yzi — (xz2+ x%2)j + xyk
Xz —2xz yz X2y 272
i j k
(; g ) divF x G) = 0
curl(curl F) = X by oz =j + 2xk

Z+2X X2 -2z

76. F(x,y,2) = x?zi — 2xzj + yzk

i j k
_|9 9 9|_ P y2i
curl F = by oz = (z+ 2x)i + x3j — 2zk

Xz —2xz yz

divicurlF)=2—-2=0

78. Let f(x, y, z) be ascalar function whose second partial derivatives are continuous.

of . of. of
SR LY L
V= Tayl
ik
a 9 4 2 2 2 2 12 2
g 9 0 o%f 0%f 9%f 0% . 0%f o°f
= = = = + _ —
curl(Vf) = Jox oy oz (ayaz azay) <axaz azax)J <axay ayax)k 0
of of o
ax ay oz

80. LetF = Mi + Nj + Pk and G = Ri + § + Tk.

|
FxG=|M = (NT = PS)i — (MT — PR)j + (MS — NR)
R

n Zz+-—
— U x

div(F x G) = %(NT - P9 + %(PR - MT) + aiz(Ms— NR)

NI NS P ORGP T M \5S  MGR iN
X X X X ay ay ay ay 9z 0z 9z

P oN oM 9P N oM oT  9S dR oT S IR
—[<@*E>R*(E*&>S+<&*Tyﬂ*[M(@*E)W(T&)*P(&Wﬂ

= (curlF) - G — F - (curl G)

82. LetF = Mi + Nj + Pk.

i j k
Jd 9 0
Vx(fF) = X ay oz
fM fN fP
of P of oN of P of oM of oN of oM
—(afyp‘i‘fafy—&N—fE)I (8X f&—*M—faz)j +<&N+f&—afy|\/|—faiy)k
ik
P oN). P oM. oN oM of of of
_f[(Ty_E» _(&_TZ% +<&_Ty)k}+ ax ay oz —f[VXF]+(Vf)XF

M N P
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84. LetF = Mi + Nj + Pk.

dP  oN). P oM oN oM
CUI’|F—<7—7>I <&—E)] +<&_Ty>k

. aP  ON P M afoN oM
div(curl F) = ax[ay az] ay[ax az]+8z[ax78y]

%P 9°N PP M N 9°M

+ + -=
T axdy  oxaz  ayox | dyoz | azox  9zdy

=0 (sincethe mixed partials are equal)
In Exercises 86 and 88, F(x,y,2) = xi +yj + zk and f(x,y,2) = [F(x,y, 2| = VX2 + y? + Z2

1 1
86. i

VX2 +y2 4+ 22

-y -z _ —Kityj+zk) F

1
<?> 0 + y2 27 T ey i ) Y e a2 T (Veryr2p  f°

83 W=;=; ﬂ_ 2X27_y2_22
f /X2 + y2 + 22 aXZ - (XZ + y2 + 22)5/2

w_ X W _ -
ox (X2 + y2 + 22)32 Y2 = (X2 + y2 + 2252
w _ y Pw_ 222 -x2—y?
dy (X2 + y2 + 22)3/2 822 (X2 + y2 + 22)5/2
w_ .z vow = LW PW 0w
0z (X2 + y2 + 72)3/2 Toox2 | oay? | 972

Thereforew = % is harmonic.

Section 14.2  Linelntegrals

ti + gtj, 0<ts<5
2 E+y§ 1 4. rt)=15i+ (9 —1j, 5st<9
(14 — v)i, 9<t< 14
cos?t + sn?t =1
X2
cos2t—16
2
coc YT
sinct 9
X = 4 cost
y = 3sint

r(t) = 4costi + 3sintj

0<st< 27
ti + t?j, 0O<sts<?
6. rt)y=14—-1i+4j, 2<st<4
8 —1)j, 4<t<8
8 ri)=ti+@2-1j,0<st<s2r)y=i—]j

f4xyds= fz4t(2— )1+ 1dt = 4ﬁf2(Zt —t9)dt = 4ﬂ[t2—§]z= 4\@(4—7) _16v2
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10. r(t) = 12ti + 5tj + 3k, 0 < t < 2; r/(t) = 12i + 5]

2 2
f 8xyz ds = f 8(12t)(5t)(3) /122 + 52 + 2 dt = f 18,720t2 dt = 18,720
C

0 0

12 r)=tj, 1<t<10 y
10

f(x2+y2) ds=f [0+ 1]/ 7 1t
C 1

10 !

=f t2dt o

1 P

1 10 |
=[=t3 = -
[St ]1 333

A
|
N
N
IS

14. r(t) = 2costi + 2sintj, 0 <t <

(NI

/2
f (X2 + y?) ds = f [4cos?t + 4sin?t]/(—2sint)?2 + (2 cost)? dt
C 0

/2
:j 8dt = 4x
0

t3 2
[g}o = 49,920

16. r(t) =ti+3tj, 0 <t <3 y
3 9+ 3,9)
f(x+4fy)ds:f (t+ 44/3) /T ¥ 9at
C 0]
o
2 3
= [\/TO(L + 8—ﬂtwﬂ sl
2 3 0
:—‘/E(27+144):57\@ -3 s
6 2
ti, 0<st=<?2 '
_J2i+(t—-2j,2=<st<4 Cs 2.2
B0 =16 _pi+2.4<t<6 §
(8 — v)j, 6<t<8 G
14 c,
2
f(x+4\fy)ds=Jtdt=2
C, 0 C 1 2 *
4
f (x+4\fy)ds:f(2+4\/t—2)ds:4+16:;0
c, 2
6
j(x+4fy)ds:j((e—o+4ﬁ))ds:z+sﬁ
Cs 4
8
J‘(x+4\fy)ds=J4\/8—tds=%ﬂ
C, 6
f(x+4\fy)ds=2+4+%‘ﬁ+2+8\ﬁ+1(5§ﬁ=8+‘r’—::5 2
C
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20. p(x,y,2) =z
r(t) = 3costi + 3sintj + 2tk, 0 < t < 4
r(t) = —3sinti + 3costj + 2k
[r'®) = V(=3snt)2 + (3cost)? + (22 = /13

A1
Ma$=Jp(x,y,z) ds=f 2t/13 dt = 1672./13
C

0

24, F(x,y) = 3Xi + 4yj
Crit)=ti+ J/4—-1?), —2<t<2
F(t) = 3ti + 44 — 17

o t
r(t)zl—ﬁ]

2 t272
fF-dr=f (3t—4t)dt=[——] 0
c -2 2]-2

xi +yj +zk
NCEY
rt) =ti +tj+etk, 0<st<2

28. F(x,y,2) =

ti +tj + etk
J2t2 + et
dr = (i +j + ek) dt

F(t) =

2 1
F-dr=| ———— (2t + e¥)dt = 6.91
JC JO J2t2 + eZI( )

30. F(x,y) = X2 — xyj
C: x = cos’t, y = sint from (1, 0) to (0, 1)

r(t) = cos®ti + sintj, 0 <t < 7—27
r(t) = —3cos?tsinti + 3sin’t cost;j

F(t) = cos®ti — cos®t sindtj

F-r'=—3cos’tsint — 3cos*tsin®t

—3costtsint(cos*t + sin*t)
—3cos*tsint[cos*t + (1 — cos?t)?]
= —3cos*tsint(2cos*t — 2cos?t + 1)

—6costtsint + 6cosPtsint — 3costtsint

22.

26.

F(xy) = xyi +j
C:r(t) = 4costi + 4sintj, 0 < t < 7—27
F(t) = 16sintcosti + 4sintj

r'(t) = —4sinti + 4 costj
/2
f F-dr = f (—64sin?tcost + 16 sint cost)dt
C 0

/2 40

64 . . . ]’T
=|-——= + 2
[ 3smt Ssmt0 3

F(x,y, 2 = x2i + y?j + 22k

C: r(t) = 2sinti + 2costj + %tzk, O<st<sw
F(t) = 4sin?ti + 4cos?tj + %t“k

r'(t) = 2costi — 2sintj + tk

JF-dr =f (85in2tcost—8c:os2tsint+ %t“‘) dt
C 0

_ 8. 8 tj’]"
—[Ssnt+3co§t+24o
_ 8 7 8_m 16

3 24 3 24 3

/2
Work=jF-dr =J [-6cosPtsint + 6cosPtsint — 3cos*tsint]dt
C 0

_ [2c0§t _ 6cos’t

3 7 5 0

3co§'t]”/2 _

B8
105
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32. F(x,y) = —yi — Xj 34. F(x,y,2) = yzi + xzj + xyk
C: counterclockwise along the semicircley = /4 — x? C: linefrom (0, 0, 0) to (5, 3, 2)
from (2,0)to (-2, 0) [ =5ti + 3t +2tk, 0<ts<1
r(t) = 2costi + 2sintj, 0<t< = (t) = 5i + 3j + 2k
r() = —2sinti + 2 cost] F(t) = 6t2i + 10t2j + 15t2k

F(t) = —2sinti — 2costj

F-r’ = 90t2
F-r'=4¢n?t — 4cos’t = —4cos2t 1
. ” Work=jF-dr=j90t2dt=30
Work:fF-dr:— J costht:[—ZsinZt] =0 c 0
c 0 0
306 rt)=ti +t?j,0<st<1
o xy | 00| Gi) | G2 | G | @y
r't) =i+ 2tj
1-0 F(x,y) 5i 35i+j | 21 +2 |15 +3 | i+5
LF Sdr =3y (51 44) + 2(4) + 4(6) + 11] () i | i+05 | i+j | i+15 |i+2
_16 F-r 5 4 4 6 11
3

38. F(x,y) = x2yi + xy¥?]
@ r)=(@t+2i+t}0<st<?2
r =i+ 2t
F(t) = (t + 122 + (t + Dt3j

2
f Fedr =f[(t+ 122 + 264t + 1] dt = 220
c, 0 3
(b) r(t) = (1 + 2cost)i +4c052tj,05tsg

r,/(t) = —2sinti — 8costsintj
F(t) = (1 + 2cost))(4 cos?t)i + (1 + 2 cost)(8 cos®t)]

256

/2
f F-dr = J [(1 + 2 cost)d(4 cos?t)(—2sint) — 8costsint(l + 2cost)(8cos®t) dt = — =
C, 0

Both paths join (1, 0) and (3, 4). The integrals are negatives of each other because the orientations are different.

40. F(x,y) = —3yi + Xj 42. F(X,y) = Xi +Yj
C:r(t) =ti —t3j C: r(t) = 3sinti + 3 costj
r'(t) =i — 3t? r'(t) = 3costi — 3sint;j
F(t) = 3t3i + tj F(t) = 3sinti + 3 costj
F-rr=3t3-3t3=0 F-r’=9sintcost — 9sintcost = 0
Thus,fF-dr=O. Thus,fF-dr=0.
C C

4. x=2t,y=10t, 0<st<1 [ y=50<sx<2

2 > 2
f (x + 3y?) dx = f (x + 75x?3)dx = [x— + 25)(3] = 202
c 0 2 0



416  Chapter 14  Vector Analysis

46. x =2t,y=10t, 0<t< 10 y=5x, dy=5dx, 0 < x<2

f(3y—x)dX+y2dy=f
C

0

2 2
(3(5x) — x) dx + (5x)%5 dx = f (14x + 125x3) dx
0

125 .J? 125 1084
_ 2 4 9.3 =2 (g) = —=—=*
[7x + 3 x]o 28 + 3 (8) 3

48. r(t) =tj, 0<st< 2
x(t) =0, y(t) =t 21
dx =0, dy = dt

2 3 2
f(Zx—y)dx+(x+3y)dy=f 3tdt=[§t2] =6
C 0

0

—tj, 0<t<3 y
50'r(t):{(t—3)i—3j, 3<t<5 e
1 2 3
Cp;: x(t) =0, y(t) = —t N
dx =0, dy = —dt , G
8 27 C
Ll(ZX—y)dx+(x+3y)dy=L 3tdt=7 " 2 @ -3

C,y x(t)=t—3 yt)=-3
dx=dt, dy=0

f (2xfy)dx+(x+3y)dy=f5[2(t73)+3]dt=[(t73)2+3t]5=10
c, 3 3

f(2x—y)dx+(x+3y)dy=2—27+10=f
C

52. x(t) =1, y(t) =t¥2, 0 <t < 4 dx=dt dy = gtl/z dt

4

JC (x—ydx+ (x+ 3y dy = f [(Zt —13/2) + (t + 3t3/2)<gt1/2ﬂ dt

0

479 1 3 1 4 1 592
= | [Zt2+ t32 + =|Zt3+ Zt52 + 12| =96+ = + 16 ="
L(Zt ot 2t>dt [zt st t]o 96 5(32) 16 ="

54. x(t) = 4sint, y(t) = 3cost, 0 <t <

NIE

dx = 4costdt, dy = —3sintdt

/2
f (2x—y)dx + (x+ 3y) dy = f (8sint — 3cost)(4 cost) dt + (4sint + 9cost)(—3sint) dt
C 0

/2
= f (5sintcost — 12 cos?t — 12sin?t) dt
0

[Bgrer— 17?5
—[ant 12t]0 =5 6
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56. f(x,y) =Yy 58. f(x,y) =x+vy
C: linefrom (0, 0) to (4, 4) C:x2+y2=1from(1,0)to (0, 1)
rt) =ti+tj,0<st<4

r(t) = costi + sintj, 0 <t < g
r) =i+j
Il = v2 r'(t) = —sinti + costj
: Ir ol = 1
Lateral surface area:
N Lateral surface area:
ff(x,y)ds=f t(V2)dt = 8./2 o
) i ff(x,y)d8=f (cost + sint) dt
C 0

/2
= [sint - cost]0 =2

60. f(x,y)=y+1
C.y=1-x?from(1,0)to (0, 1)
r)=L-ti+[1-1-t3j,0<t<1
r't) = —i + 2(1 - t)j
IF®l = V1 + 41 -1?

Lateral surface area:

f f(x,y) ds = fl[Z —(1—-123V1+ 41 — t)2dt
C 0

2f JI+ 41— 02dt - jl(l —12/1 + 4(1 — v2dt

Yoy AT AT w2 + VI AE 07|
+ 6—14[2(1 — D241 - 12 + 1]V + 4L — 12 — Inj2(1 — 1) + m@;
= %[2\@ +1n(2 + J5)] - 6—14[18f —1n(2 + 5]

= gJE + %jm(z +/5) = 6—14[46J§ +33In(2 + /5)| = 2.3515
62. f(x,y) =x2—y?>+ 4
C:x2+y?=4
r(t) = 2costi + 2sintj, 0 <t < 27
r(t) = —2sdinti + 2 costj
@] = 2

Lateral surface area:

27 21 24
ff(x,y) ds = j (4cos?t — 4sin?t + 4)(2) dt=8] (1 + cos2t) dt = [8<t+%sin2t>]o = 167
C 0 0
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64.

66.

68.

70.

74.

f(x,y) = 20 + %x

C:y=x%20<x<40
rt) =ti +1t%2), 0 <t <40

M) — i §1/z-
r(t) I+2tj

ol = 1+ (3

40
Lateral surface arear | f(x,y) ds = f <20 + 1 ) 1+ (Q)t dt
C 0 4 4

Letu= /1 + (It thent = 3(u — 1) and dt = Sudu.

NET
f 20 + t <J1 tdt f 20 + (u2 - 1)](u)( )du = — (u* + 179u?) du

w1790V 850,304./91 — 7184
81[5 T3 ]1 1215 = 667012
fixy) =y i
. ) 4y
C: y = x?from (0, 0) to (2, 4) o -
S=38 21
N
Matches c. /
3 2= )
A= R oY
X (2,4,0)
W=fF-dr=fde+Ndy y

C C
M = 15(4 — x2y) = 60 — 15x2(c — cx?) ° ’;

N = —15xy = —15x(c — cx?)
dx = dx, dy = —2cxdx

W= fl [60 — 15x%(c — cx?) + (—15x(c — cx?))(—2cx)] dx

= 120 — 4c + 8c? (parabola)
w=16c—-4=00 c= % yields the minimum work, 119.5. Along the straight line path, y = 0, the work is 120.

See the definition, page 1024. 72. (& Work = 0
(b) Work is negative, since against force field.
(c) Work is positive, since with force field.
False, the orientation of C does not affect the form 76. False. For example, see Exercise 32.

f f(x,y) ds.
C
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Section 14.3  Conservative Vector Fields and Independence of Path

2. F(x,y) = (X2 + y?)i — Xj
@ r,)=ti+Vtj,0<st<4
F) = i +2iﬁj

FO) = (2 + )i — tj

4 1
fF-dr=f (t2+t—§ﬁ>dt
C 0

B [g t2 t3/2]4 80

3t2" 3" 3

4. F(x,y) =vyi + X3

@r=2+t)i+@B-1j,0<t=<3

rt)=i—j
F(t) = (3 —t)i + (2 + t)?j

Lp-dr:f[(s—t)—(z+t)2]dt:[

O r,w=2+Inwi+ B-Inwj, 1<wse

1. 1.
ryw) = i =

Fw) = (83— Inw)i + (2 + Inw)?j

3

LF -dr = f: [(3 - Inw)(v—1v> -2+ InW)2<W

6. F(x,y) = 15x2y?i + 10x3yj

oN oM

— = 30x2 — = 30x2

X Xy ay xy

Sinceﬂ = ﬂ, F is conservative.
ax  ay

10. F(x,y,2) = sin(yz)i + xzcos(yz)j + xy sin(yz)k

curl F # 0, so F is not conservative.
12. F(x,y) = yevi + xej

@r)=ti—(t—93j,0=<t<3
rt)=i—j
F(t) = — (t — 3)e® 1% + te¥t %

3

fF-dr:f [—(t—3)e " - te
C (0]
3

=f (3 - 20) ot
0

- [estftzr —P-&=0

0

() rw) =w?i +wj, 0 sw<2
ry(w) = 2wi + j
Fw) = (W* + w?)i — w?j
2
f F-dr =f [2w(w* + w?) — wZ] dw
C 0

_[E+M,ET 80
132 3o 3

@t 2+ t)3]3: 69

3 0 2

2 3 1 2

)]dw: [_(3 —Inw? _ (2+ Inw)3]e3 _ 69

8. F(xy,2) =ylnzi — xInz] +X?yK

curl F # 0 so F is not conservative.

<£=§ _zzw)
ay z z 0z

(b) F(x,y) isconservative since

W e
ay X

The potential functionisf(x,y) = ¥ + k.
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14. F(x,y) = xy?i + 2x%yj

@ rl(t):ti+%j, 1<t<3 ®) rz(t)=(t+l)i—%(t—3)j, O<te?
r) = i —tizj r0) = i —%j
F(0) =%i + 2] F(t)=%(t+1)(t—3)2i —%(t+1)2(t—3)j
_[F.a car = (T2 Cap 2 _
LF-dr—L ot LF dr—L[g(t+1)(t 32+ 20+ DA 3)]dt
3 l 2
:[—|n|t|] ~ In3 :ff (35— 72 — 7t + 3) dt
1 9 Jo

R
9 4 3 2 27

16.[(2x—3y+ Ddx— 3x+y—5dy
C

Since IM/ay = aN/ax = —3, F(x,y) = (2x — 3y + 1)i — (3x + y — 5)j is conservative. The potential function is
f(x,y) = x2 — 3xy — (y%/2) + x + 5y + k.

(@ and (d) Since Cisaclosed curve,J' (2x—=3y+1)dx—(3x+y—5dy=0.
(o}

2 ©.1)
(b) j 2x—=3y+1)dx—(3x+y—5dy= [x2—3xy—y5+x+5y]( )= 10
(o} 0, -1
2 2,
(© | 2x—3y+1)dx—(3x+y—5dy= [xz—Sxy—y—+x+5y] :1(3—2e2—e4)
c 2 oy 2
18. J (x2 + y?) dx + 2xy dy 20. F(x,y,2 =i +zj + yk
C
Sincecurl F = 0, F (x, Y, 2) is conservative. The potential
Since oM/ay = dN/ox = 2y, functionisf(x,y,2) = x + yz + k.
F(x,y) = 0 + y2)i + 2xyj (8 ry(t) = costi + sintj +t2k, 0<t< =7
is conservative. The potential function is i q-107?
F-dr=|x+yz =-2
f(x,y) = (x¥3) + xy? + k. c L 10,0
X3 (8,4) 896 (b) rz(t) = (1 — 2t)| + 7T2tk, O<st< 1l
€) f (X2 + y?) dx + 2xydy = [— + xyz] =—
c 3 0,0 3 r 7(~1,0, 72
f F-dr=|x+yz =-2
X3 0,2 8 @ L 1(1,0,0
O [ o+ yaxr ayay = |54 - -2
c 3 (2,0 3

22. F(x,y,2) = —yi + xj + 3xz2k
F(x, Y, 2) is not conservative.
(@ ry(t) = costi +sintj +tk, 0<st< xw
r,/(t) = —sinti + costj + k

F(t) = —sinti + costj + 3t2costk

f F-dr= f [sin?t + cos?t + 3t2cost] dt = J [1 + 3t2cost] dt
C 0 0

= —57

=H +3[t25int] —GJ tsintdt=[t+3t25int—6(sint—tcost)]
0 0 0
—CONTINUED—

T
0
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22. —CONTINUED—
() r) =(1—2t)i + wtk, 0<t<1
ry(t) = —2i + 7k
F(t) = (1 — 2t)] + 37%2(1 — 2t)k

1 1
fF-dr=f 37T3t2(1*2t)dt:3773f (t? -
C 0 °

24. F(x,y,2) = ysinzi + xsinzj + xy cosxk
@ ryt)=t? +t?,0<sts<2
r/(t) = 2ti + 2tj
F(t) = t* cost2k

2
fF-erJOdt=O
c 0

(b) ry(t) =4ti +4tj, 0<t<1
r,(t) = 4i + 4j
F(t) = 16t2 cos(4t)k

1
JF-dr=J 0dt=0
C 0
[ (X)]Qﬂ,z)
arctan =
Y/l

ydx — xdy
28. Jcixhryz =

2X

2y
30. L(Xz Ty dx +

1 (1,5
(X% + y?)? dy = [_XZ + yz]w,a B

32. f zy dx + xzdy + xy dz
C

Note: Since F(x,y, 2) = yzi + xzj + xyk is conservative and the potential functionisf(x,y, 2 = xyz + k, theintegrd is

independent of path asillustrated below.

B 71,1, 1)

t3 t4l 773
3 = 3| — — | =
2t3) dt = 37 [3 2]

(4.3

2. f [20x + y)i + 2x + y)j] - dr = [(x + y)z]
[} (=32

= 49

@ | xyz =1
L (0, 0,0)
[ 7(0,0, 1) (1,12
(b) | xyz + [xyz] =0+1=1
L 1(0,0,0 (0,0,1)
B 7(1,0,0 (1,1,0) (1,1,2)
(© | xyz + [xyz] + [xyz] =0+0+1=1
L7 lo.00 (1,0,0) 1,10

34. f 6xdx — 4zdy — (4y — 202) dz = [3x2 — dyz + 1022]
Cc

2
36. F(x,y) = %i - %j is conservative.
x2]|®9 1 9 17
Work = | — == — =
[y](—a, 2 4 2 4

(4,3,1)
= 46
(0,0,0)
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38. F(x,y,2) = a;i + a,j + agk

Since F(X, Y, 2) is conservative, the work done in moving a particle along any path from P to Q is

Q=(qy, G, A
f(x,y,2 = |ax + ay + a5z
P=(py, P2 P2)

= a0 — p) T a0~ p) T (@3~ py) = F - PQ.

40. F = —150j
@ r(t)=ti+(B0—1)j, 0<t<50
dr=(G—j)dt
50
fF-dr:f 150 dt = 7500 ft - lbs
C

0

-y . x .

42, F(x,y)—x2+y2| X+ y2)
-
(a)M_X2+y2

M _ (X +y3)(D) —y@y) _ x*-y?

ay x2+y22 @ty
_ X
o x2+4y2
N _ (x2+y3)(=D +x(2x) _ x2—y?
ax (x2 + y?)? (X2 +y?)?2
oN oM
ThUS, & = Ty

(©) r(t) = costi —sintj, 0 <t < 7
F = —sinti — costj

dr = (—sinti — costj) dt

jF-dr=j (sin?t + cos?t) dt
(o} 0

X 1y . —X/y? .
e V(arctanf> = i+
© y) T o2 T 1ty
Y X
T4y ety F

(b) r(t) = ti + 25(50 — t)?
dr = (i — 5(50 — 1)j) dt

50
fF'dr=6J (50 — t) dt = 7500 ft - lbs
c 0

(b) r(t) = costi + sintj, 0 <t <

A
3

F = sinti — costj

dr = (—sinti + costj) dt

f F-dr :f (—=sin?t — cos?t) dt = [—t]w: —ar
c 0 0

(d) r(t) = costi + sintj, 0 <t <27
F = sinti — costj
dr = (—sinti + costj) dt

2
f F-dr =f (—sin?t — cos?t) dt
C

0

21
= |-t = -or
0

This does not contradict Theorem 14.7 since F is not
continuous at (0, 0) in R enclosed by curve C.

44. A lineintegral isindependent of path if f F - dr does not depend on the curve joining P and Q. See Theorem 14.6

C

46. No, the amount of fuel required depends on the flight path. Fuel consumption is dependent on wind speed and direction.

The vector field is not conservative.

48. True

50. False, the requirement is IM/dy = dN/ax.
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Section 144 Green’s Theorem

ti, 0<t<4
2. r(t) = 34i + (t — 4)j, 4<t<8 4
(12-1i+(12-tj, 8<ts<12 3t y=x

f y2dx + x2dy = J4[Odt + t2(0)] + JB[(t — 4)2(0) + 16 dt]
(e} 0 4

(4,4)

+J [(12 — 02(—d) + (12 - 97(—dv] = 0+ 64 — 20 = &
4 X 4 64
By Green's Theorem, JJ ——— dA = fJ (2x — 2y)dydx=J xzdx=§
0 Jo (0]
4. r(t) = costi + sintj, 0 <t < 27 y
2
f y2dx + x2dy = J [sin?t(—sintdt) + cos?t(cost dt)] L ;
C 0
2 /- «
=f (cos®t — sin3t) dt -1\J1
0
2 "y
= f [cost(1 — sin?t) — sint(1 — cos?t)] dt
0
cos3t 2"
7|:S|nt_T+ t_T]Oi

By Green’s Theorem,

1 (JI—x2
f " oy :JJ (2x — 2y) dy dx
- i

27 (1 . 2 2 . 2
= (2rc030—2rsm0)rdrd0:§ (cose—sme)d0:§(0):0.
0 0

0

6. C: boundary of the region lying between the graphsof y = xandy = x2

j xe¥ dx + exdy = f (xe* + 3x2e) dx + J (xe* + ) dx = 2.936 — 2.718 =~ 0.22
1

JJ — - dA jf (ex—xey)dydx—f (xe® — x3e) dx = 0.22

In Exercises 8 and 10, N - m =1
X ay

8. SinceCisandlipsewitha = 2and b = 1, then Ris an ellipse of area wrab = 2. Thus, Green’'s Theorem yields

j(y—x)dx+(2x—y)dy=ffldA=AreaofelIipse=27-r.
C R.

10. Risthe shaded region of the accompanying figure. y

f(y—X)dx+(2x—y)dy:ff1dA

= Areaof shaded region
= %77[25 — 9] =8~
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12. The given curvesintersect at (0, 0) and (9, 3). Thus, Green's Theorem yields

fyzdx-kxydy:ff(y—Zy)dA
C R

9 rVx O _\,21Vx 9 219
y X X 81
= —ydydx = —| dx=| —dx=|—-| = —F
Jofo ye L [ 2 ]0 Jo 2 [ 4 ]o 4
14. Inthiscase, lety = r sin 6, x = r cos 6. Then dA = r dr do and Green’'s Theorem yields

27 1+ cosf
f(Xz_yz)dx+gxydy:fJ4ydA:4f f rsin 6r dr do
C o Jo

2 (~1+ cosf
=4J J r2sing dr do
0 0
4 T

2
= *j sin (1 + cos )3 do
3 0

[ (1 + cos 9)4]2”
== =o
3 0

16. SinceM = —2e*sin2y = %We have

ay
IEREIE
&) Lox oy

18. By Green’s Theorem,

J (e¥/2 —y)dx + (Y72 + x) dy = ff 2dA = 2(Areaof R) = 2[m(6)2 — m(2)(3)] = 60.

20. By Green's Theorem, y
-1,1) + (@11
f x2eVdx + evdy = f f —3x%Y dA 2,2 @2
C R.
22 1 r2
=ff f3x2eydydx+f f —3x%eY dy dx
1J-2 —-1J1
-1 2 1 -1 ¢2-3 @-2
+ f f —3x%eY dy dx + J f — 3x2eY dy dx L=y @
-2J-2 -1J-2

=-7e-e?)—-2e*-e—-Te—-e?)-—2e't-¢e?

= —16e? + 16e 2 + 2e — 2L

22. F(x,y) = (e* — 3y)i + (& + 6X)j
C.r=2cosf

Work = f (e« — 3y)dx + (¢ + 6x) dy = JJ9dA = 97 sincer = 2 cos 6 isacircle with aradius of one.
C

24. F(x,y) = (3x2 + y)i + 4xy?j

C: boundary of the region bounded by the graphsof y = /X, y = 0, x = 4
4

4 JX
Work = f (3x2 + y) dx + 4xy?dy = f f (4y? — 1) dydx = f (5x3/2 — xv/2) dx = 42
Cc oJo 0
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26. From the figure we see that y
3 3 &
Cry= x dy—fdx0<x<2 N 29
C3
Cry=—3 X+ 4, dy = 5 dx 2T (o

Cyix=0,dx=0
1(%(3 3 1(°/ 1 x 1
AZEJ;) (EX_EX)dX+EL<_§X+§_4>dx+§(0)

1 0 2
:Ef (74)dx=2fdx:4
2 0

28. Since the loop of the folium is formed on theinterval 0 < t < oo,

3(1 — 289 3(2t — t4)
(t+ 1)2 (3 + 1)2

’ |

dx = dt and dy = dt,

we have
i 1 - e

t5+t2 2 OOM 7§ = 2(+3 -2 7[773]m7§
f (t3+1)3 2L (t3+1)3dt_2L B3 + 1) dt = 23+ 1o 2

30. See Theorem 14.9: A = %fxdy —ydx
C

32. (a) For the moment about the x-axis, M, = fJ ydA. LetN = 0and M = —y?/2. By Green's Theorem,
R.

S R A 1 I v Mc_ 1
M, JC 2dx 2chdxandy oA 2ACydx.

For the moment about the y-axis, M, = f J xdA. Let N = x2/2 and M = 0. By Green's Theorem,

- M 1
= Zdy== 2 =Y = 2
M, f dy fx dy and x oA ZALX dy.

(b) By Theorem 14.9 and the fact that x = r cos 6, y = r sin 6, we have

A:%fxdy— ydx:%f(rwse)(rmse)da— (rsin §)(—rsin e)d():%J r2de.
C

2
34. Since A = area of semicircle = %, we ha\/ei = é. Notethat y = 0 and dy = 0 aong the boundary y = 0.
Letx = acost, y=asint, 0 <t < 7, then

1 —_— a ) sn® t]”
— | a?cos?t(acost)dt = — co§tdt (1 — snt)costdt = —|sint — =0
ma J, T Jo 3 Jo

e
Il

-1 . . .
y=—5 azstt(—asmtdt)=§f sm3tdt=§[—cost+
T T l

cos® t]’T _4a
0 0

3 37
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. 1 1_1
36. Since A = 5(26)(0) =ac,wehaver, =,
Ciy=04dy=0
. —_ C - = C
CZ'y_b—a(x a): dy b_adX
. j— C = C _é X
Gy =Xt ah dy =gk
Thus,

s 1 ) 1[(° b, c e, c ] 1 [ 2abc] b
- - + 2 + 2 - + .
X~ 2ac CX dy 2ac[j_a0 L = adx J; b+ adx 2ac 0 3 3

y=—= 2dx:_—l[o+ b( ¢ >2(x—a)2dx+ _a( ¢ >z(x+a)2dx]
y 2acCy 2ac . \b—a , \bta

_ ;1[c2(b —a cHb+ a)] _c

~ 2ac 3 3 3

(xy) = (g g)

m 2 (m 2 ; - 2
38.A=1J a?cos230.do = & wde:g[ngsnG@] :”Z‘
0 0

2 2 ), 2 4 6

Note: Inthiscase Risenclosed by r = acos36 where0 < 6 < 7.

40. Inthiscase, 0 < 6 < 27 and we let

U= sin g ose=1_u2 _ _2du
1+ cosé’ 1+ u? 1+ u?

Now ud coas ] «andwe have

2du
AN 9 “ 1+u? “ 14w
A‘2<2>J0 (2—cos€)2d0_9J0 4_4(1—u2>+(1—u2)2_18J0 @+ap™
1+u?) (14 u?)?

- g || e [ Gaom e B0) [ [ el
_18fo 1+3u2du+18L (1+3u2)2d”_ \/éarctan\/éuo+\/§2 T3t | T2 ap®

0

- %(727) +%[ﬁ]:+ [\%arctanﬁu]:o: f’/ng 0+%:2ﬁw.

42. (a) Let C bethe line segment joining (x,, y;) and (X, ¥,).
Y2 %

=22 Ny 4
y Xz—xl(x X) + Yy
dy:yz_yldx

Xo = X

) T Yeew Yo Y1) | gy = [P (Y2222 -

L ydx + xdy = J;l [ X, — Xl(x X) =Y+ X<x2 — Xl):| dx L [Xl(xz — x1> Yl] dx
Yoo W) | P o [ (Y2 - -

R R I M R

X(Yo = Vo) = Vil — X)) = Xy — XYy

—CONTINUED—
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42. —CONTINUED—

(b) Let C be the boundary of the region A = %f —ydx + xdy = %JJ 1-(-1)dA= JJ dA.
C

Therefore,
deA=1[f —ydx+xdy+f —ydx + xdy + - - - +J —ydx+xdy]
2 C, C, Ca
where C, isthe line segment joining (x,, y;) and (X,, ¥,), C, is the line segment joining (X,, ¥,) and (X3, Y3), . . . ,and C, is

the line segment joining (X, y,,) and (X;, y;)- Thus,

1
fJ dA = E[(X1Y2 = X¥1) + (X¥s = Xg¥o) + v (X 1¥n — X Yao1) T (XaY1 — XqY) ]

44. Hexagon: (0,0), (2,0), (3,2), (2,4),(0,3), (-1, 1)
A=3[0-0+(@4-0+(12-4+6-0+0+3+(0-0]=%

46. Since f
C

JfDNgds=fng~Nds
C C

= fjdiv(ng) dA = ff(fdiv(Vg) + Vf- Vg) dA = ff(fvngr Vf - Vg) dA.

F-Nds=ffdideA,then
R

48, Lf(x)dx+g(y)dy=U[£g(y)—aiyf(x)]dAzu(o—O)dA=o

Section 14.5 Parametric Surfaces

2. r(u,v) = ucosvi + usinvj + uk 4. r(u,v) = 4cosui + 4sinuj + vk
X2+ y2 =22 X2+ y?=16
Matches d. Matches a.
6. r(u,v) = 2ucosvi + 2usinvj + Euzk 8. r(u,v) = 3cosvcosui + 3cosvsinuj + 5sinvk

2 2 — 21 —
z=%u2,x2+y2=4u2 0 z=%(x2+y2) X% +y2 = 9c0s’vcos® u + 9cos?vsin?u = 9cos’ v

X2 + y2 22

z _ iy =
Paraboloid 9 + % cov + sinfv =1
, NV
¢ —+ T+ ==
4f 9 9 25 !
\\!‘.—-—j Ellipsoid
A Ty s

-
3y
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For Exercises 10 and 12,

r(u,v) =ucosvi+usinvj +u%k, 0su<20

Eliminating the parameter yields

10.

12.

14.

18.

22.

26.

30.

z=x2+y% 0<z< 4

s(u,v) =ucosvi + u?j +usinvk, 0 su<2 0<svs<

y=x2+ 72

The paraboloid opens along the y-axis instead of the z-axis.

s(u,v) = 4ucosvi + 4usinvj + u?k, 0 su<2 0<v
_X+y?

T

The paraboloid is “wider.” Thetop is now the circle x? + y? =

r(u,v) = 2cosvcosui + 4cosvsinuj + sinvk,

Osu<2m 0sv< 27 z

X2 y2 7 B 5

TR

r(u,v) = cos’ucosvi + sinfusinvj + uk,

OSusg,OSVSZW

42 +y2=16

r(u,v) = 2cosui + 4sinuj + vk

z=x2+ y?insidex? + y? =9,

r(uv) =vcosui + vsnuj + v?k, 0 < v < 3

Functionnz=4—-y?, 0<y <2
Axis of revolution: y-axis
Xx=(@4—-udcosv,y=u, z= (4 — udsnv

0Osu<2 0<vVv<2n

IN

IN

IN

21

2

2

64. It wasx? + y? = 4.

16. r(u,v) = 2ucosvi + 2usinvj + vk,

0Ogsu<l1l 0<sv<3nm

7= arctan<¥>
X

20.z=6—x—-Yy

r(u,v) =ui +vj + (6 —u—vk

N

N
245+ T =1

r(u,v) = 3cosvcosui + 2cosvsinuj + sinvk

28. Functioniy =x%2, 0 < x < 4
Axis of revolution: x-axis
X=uU, y=U¥2cosv, z=u¥2snv

0O<su<40<v<2n
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32.

36.

38.

r(uv) =ui +vj + Juvk, (1,1, 1) 34. r(u,v) = 2ucoshvi + 2usinhvj + %uzk,
. % . u r (u,v) = 2coshvi + 2sinhvj + uk

r.(uv) =i+ k, r(uv)=j+ k u

WUy v) =i > v (Uv) =] > Joe

r,(u,v) = 2usinhvi + 2u cosh vj
At(1,1,1),u=1andv =1 At(=4,0,2), u= —2andv = 0.

rol,1) =i+ %k, r(,1)=j+ %k r(—2,0) =2 — 2k, r(—2,0) = —4j
ik N=r,xr,=—8 — 8k
N=r,L1)xr(L1)=1[1 0 3|=-3i—-3j+k Direction numbers: 1, 0, 1
01 3 Tangent plane: (x + 4) + (z—2) =0
Direction numbers: 1,1, —2 X+z=-2
Tangentplane: (x — 1) + (y—1) —2z—1) =0

X+y—2z2=0

r(uv) =4ucosvi + 4usinvj + w’k, 0 su<2 0<v<2r

r,(u,v) = 4cosvi + 4sinvj + 2uk

ryu,v) = —4usinvi + 4ucosvj
i j k
rgxr,=| 4cosv 4sinv 2u| = —8u?cosvi — 8u?sinvj + 16uk

—4usinv 4ucosv O

Ir, > r)l = /64u* + 2562 = 8u /U2 + 4
27 (2 2

A=j j 8u\/u2+4dudv=J (128ﬂ—m>dv=%(2ﬂ— 1)
0 0] (0]

3 3 3

r(uv) = asinucosvi + asinusinvj + acosuk, 0 su<m 0<vVv<27

r,(u,v) = acosucosvi + acosusinvj — asinuk

ru,v) = —asinusinvi + asinucosvj
i j k
rgxr,=|acosucosv acosusnv —asinu| = a?sinfucosvi + a?sinPusinvj + a?sinu cosuk
—asinusinv asnucosv 0

[r, > r| = a2sinu

27 (7
A:f j a?sinududv = 47a?
0 0

. r(u,v) = (@a+ bcosv) cosui + (a+ bcosv)sinuj + bsinvk, a>b, 0su<2m 0<vVv<2r

ru,v) = —(a+ bcosv)sinui + (a + b cosv) cosuj
ru,v) = —bsinvcosui — bsinvsinuj + bcosvk
i j k
rgxr,=|—(a+bcosv)snu (a+ bcosv)cosu 0
—bsinvcosu —bsinvsinu b cosv

= bcosucosv(a + bcosv)i + bsinucosv(a + bcosv)j + bsinv(a + bcosv)k

[r, x rl = b(a + bcosv)

27 (27
A= f j b(a + bcosv) dudv = 472ab
0 0
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42. r(u,v) = sinucosvi + uj + snusinvk, 0 su< 7 0<v <27
r,(u,v) = cosucosvi + j + cosusinvk
ru,v) = —sinusinvi + sinucosvk

r

X r,=snucosvi — cosusinuj + sinusinvk

u

Ir, x rJl =sinu+/1+ cos?u

\%

27 (T ) \/é+ 1
A= snu/1+ cofududv = 7|22+ In
o Jo J2-1
44. See the definition, page 1055.
46. Graphof r(u,v) = ucosvi + usinvj + vk
O<su<m0<v< wfrom
(@ (10,0,0) (b) (0,0, 10) (c) (10, 10, 10)
i B i
3. —S-L -?"'.r. 34
- o ':‘ - ¥
P >y | B y p =
) :
i , e

48. r(u,v) = 2ucosvi + 2usnvj + vk, 0 s u<1,0<v<3rm

@ Ifu=1 (b) va=2—;7:
r(1,v) = 2cosvi + 2sinvj + vk
r(u,z—w)=—ui+ J3uj +2—Wk

X2+y2:4 3 3
0<z< 37 y = —3x

. 2
Hel _£m

ix 3

Line

(c) If one parameter is held constant, the result is a curve in 3-space.
50. x2+y2—22=1

Letx =ucosv,y = usinv,andz = /u? — 1. Then,

r,(u,v) = cosvi + sinvj + B —

uls JiZ—1

r,(u,v) = —usinvi + ucosvj.

At(1,0,0),u=1andv = 0.r,(1, 0) isundefined and r,(1, 0) = j. The tangent plane at (1, 0, 0) isx = 1.
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52. r(u,v) = ui + f(uycosvj + f(uysinvk, a<sus<bh 0<v<s2r

rou,v) =i+ f(u) cosvj + f/(u) sinvk

r,(u,v) = —f(u) sinvj + f(u) cosvk
i j k

rgxr,=11 f(uycosv f(u)sinv| = f(uf(u)i — f(u) cosvj — f(u) sinvk
0 —f(u)sinv f(u) cosv

Iry < rf =fWv1+[f(wpP
27 (b
A=J J f(uy/1 + [f(u2dudv

= Zwaf(x)\/l + [f/(x)]2dx (sinceu = x)

Section 14.6  Surface Integrals

2.Sz=15-2x+3y,0< X< 2 Osys4,%:—2,g—;:3,d32 JI+ 4+ 9dydx = Iddydx

fJ(x—2y+z)dS:J;2f04(x—2y+15—2x+3y)\/17fdydx

= \/ﬁfzr(ls—”y)dydx: 128./14
0Jo

4. S z:gxe'/z,Osxsl,Osysx,g:xl/Z,——
3 X ay

1x
fJ(x— 2y +2dS= f f <x— 2y + gx3/2)\/1 + (x1/2)2 + (0)2 dy dx
0Jo 3
1x
=”<x_zy+2x3/z)mdydx
0Jo 3
2 1
:§f \5/2 X T Lk
0

21, 15[t
= 2| =¢5/2 3/2| _— 3/2
3[4x 1+ x) ] 12fx 1+ xdx

0 0

= |:1X5/2(l + x)3/2]1 - £<1>[x3/2(1 + x)3/2]1 2 1xl/z\/l + xdx
6 o 12\3 o 24),

V2 5/2 5 p

—3—18+240\/x+xdx

V2 5(* < 1)2 1
=8 T, VXT3 T

=38 )| [ )T gl 3]+ v
—§+ﬂ§[x+§ +foIn X+§+ X<+ X
J2 5[3 1 |3 1 1]
—18+482ﬁ 4In‘2+ﬂ‘+4|n2

V2 152 5, 1 | 61/2 5

= + R — P —
18 96 192"(3+2/2 288 192

L

In|3 + 22| =~ 0.2536
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0z 0z
= —_y2 = _— =
6. Sz=h 0sx<2 0<sy< V4 X’ax 3y

(e 1(? 1 X412
dxdsS = — = 2 _ oy _ 2T
fJ LJO Xy dy dx 2Lx(4 x2) dx 2[ZX 4]0 2

=0

1
8.Sz=%xy,05xs4,05ys4g=l 9z _

y’ay_ix
2
fnyds ff [1+L +X—dd—3904 16%\/5
10. S z=cosx, 0 < gOSysg

w/2 [X/2 /2 X3
jJ(xz—ny)dS=f (x2—2xy)\/1+sin2xdydx=f "y 1+ sin?xdx = 052
0 0 0

12. 5 z= Va2 — x2 —y? :
p(x.y,2) = kz

Ukzds jfk\/m 1+

[

2 — 2
=) (T @
m JaE—xE

7dA

= kaadA = kafJ dA = ka(2ma?) = 2kadw

14. S r(u,v) = 2cosui + 2snuj + vk, 0 < u < =

2
Osvs?2

[ryxrJl =|2cosui + 2sinuj|| = 2
2 (/2
fJ(x+y)dS=ff (2cosu+ 2sinu)2dudv = 16
0Jo

16. S r(u,v) = 4ucosvi + 4usinvj + 3uk, 0su<40<svsT

[r,xrJl =||-12ucosvi — 12usinvj + 16uk|| = 20u
T (4
fJ(x +y)dS= f f (4ucosv + 4usinv)20u dudv = 107;40
0 Jo
18. f(x,y,2 = =

Sz=x2+y% 4<x2+y2<16
fJf(xy, das= f x2+ /1 + 4% + 4y? dydx—f j%ﬂwsgx/l—qudrde

T 21 4
:f J r<1+ 4r2sin 6 cos 6 dr d0:J [1—12(l+4r2)3/2
0 2

] sin 6 cos 6 do
0 2
B [65\/65 — 17/17(sin? o>]2ﬂ “o
- 12 \ 2 )l
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20. f(x,y,2 = VX2 +y2+ 2°
Sz=Ux2+y4 (x—12+y2<1

[ (s, ey ey
_ 5 /2x*+y?
—J'J\/Z(x +y?) X+ y2 dy dx

7 (f2cos 6
:ZJJ\/x2+y2dydx:2ff r2dr do
o Jo

=%f cos® 9do = —J (1 — sin? 6) cos 6 do
0

16/ . sin 0\ |™
[3<S”9_ 3 )]0_0

22. f(x,y,2) =x2+y2+ 22

S x?4+y?2=9,0<x<3 0<z<X
Project the solid onto the xz-plane; y = /9 — x2

JJf(x,y,z)dS=J:JOX[XZ+(9—X2)+22]\/1+(\/%>2+(0)2dzdx

f J 9+ 22) dz dx = J:[ﬁ(w + ?)]: dx

3 3 3
= ox + >dX—f 27x9—x2*1/2dx+f x3(9 — x?)~ Y2 dx
L /79—X2 ( ) ) ( )
Letu = x2 dv = x(9 — x3)~V2dx, thendu = 2xdx, v= — /9 — x2

= [—27@]2 + [[—xzmﬁ + J: /9 - x2 dX]

3
= [81 - %(9 - X2)3/2] =81+ 18=99
0

24. F(x,y,2) = xi + Yj y
S 2Xx+3y+z=6 (first octant)

Gx,y,2 =2x+3y+z—-6
VG(x,y,2) = 2i + 3j + k

—(2x/3)+2
JJF-NdS=fJF-VGdA=JJ (2x + 3y) dy dx
0 Jo
o 4 3 2 2
— _—y2 = =
L[ 3x +4x+2< 3x+2)]dx

4 3/ 2 313
— | 23 2_2f_<& =
[ 9x + 2X 4< 3x+2) ]O 12
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26. F(x,y,2) = xi +yj + zk }
S x2+y2+ z2=36 (first octant) 2
z= 36— x? - y? .
G(x,y,2 =z— /36— x2—y? Z
VoY 2) = 36 —Xx2 - y2i B —yx2 - yzj e 1 x

X2 y? 36

F-VG= + +z=
36— xZ—y? 36— xZ—y? V36 — xZ — y?

fJF-Nds—fJF-VGdA—fJ\/ﬁz_yZdA

/2 (6
= f ir drdé  (improper)

o V36 — r2
= 1087
28. F(x,y,2) = xi +yj — 2zk | m
S 7= JEXE—y? L
G(x,y,z)=2—m /\
_ X . y ; h :
VG(x,y,z)—ml+ml+k \_/
2 2 2 2 — 222 )
Ve X N y _Zm:w
a2 —x2— 2 JaZ —xZ—y?

_X2_y
X2 + 3y? — 2a?
[ nas [[rvomn- [[2r2roary,

f” 33r2 — 2g2

\/ﬁrdrde
0 as —

dr do — 2a2 dr do

a r3 T (a r
=3 _— _—
2w a 21 a
BU [—rz a2 — rz—g(az—r2)3/2] de] - 2a2j [—\/ﬁ] do
0

0 0 0

2772 2m
=3f fa3d9—2a2f adg=0
0 3 0

30. F(x,y¥,2 = (x+y)i+yj+zk
Sz=1-x2-y%2z=0
Gx,y,2 =z+x2+y?—1
VG(x Y, 2) = 2xi + 2yj + k
F-VG=2xx+y) +2y(y) + (1 —x2—y9) = x2+22xy+y2+1

fJF-NdS:fJF-VGdA:fJ(x2+2xy+y2+l)dA

27 (1
=j f(r2+2rzcosesjn9+1)rdrd0
0 0

2m -
3 1. 3 snfol?™ 3r
—L (Z+§snocose)d9—[ze+ 7 L =5

The flux across the bottom z = 0 is zero.
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32. A surfaceis orientable if aunit normal vector N can be 34. Orientable
defined at every nonboundary point of Sin such away that
the normal vectors vary continuously over the surface S.

36. E = yzi + xzj + xyk
Sz=J/1-x2-y?

JJE -NdS= JJE (g y)i — gy(x,y)j + k) dA
ZJJ( i+xz'+xk)-( a i+ y
ey m Ty

1 V/1-x2
ff 2z =+ xy = fJfﬂxydA = f f 3xydydx =0
J1I-x2-y? -1J-vi—e

38. x2+y2+2722=a?

z=+/aZ - xZ—y?
2 -y 2
T (e Iy ———" o
_X2_y a2_x2_y2

a o
=2&K| | —————=dA = 2ka ————dr déf
LJ /az_xz_yz Lfo /a2 — 2
a
= 2ka[— Va2 — rz] (2m) = 4nka?
0

I, = 2ka(x2+ y?) dS
r3

27 (a
a
= 2k X2 4+ Yy ———=oo—dA = 2ka ————dr df (useintegration by parts
Lf( Y ==y LLW (use integration by parts)

a
= 2ka[—r2 a®—r2— g(a2 - r2)3/2] (2m)
o]

j+k)dA

= 2ka< a3>(27-r) fa2(47-rka2) fa2m

Letu=r2 dv=r(@ —rd-2dr, du=2rdr, v= —a2 —r2

40. z=x>4+y%3 0<z<h 2

Project the solid onto the xy-plane.

= f (2 + yA(1) dS \
N AT

= f f (X2 + y2)/1 + 4x2 + 4y? dy dx z
- hl- e

27 vh
= f f r2/1 + 4r2r dr do
0 0

h 1 2
— — + 3/2 _ _— + 5/2 + ==
277[ 12(1 4h) 120(1 4h) } 120

3/2
_ A+ a)em gg) T10h — (1 + 4n)] + 6% = 6%[(1 + 4h)¥2(6h — 1) + 1]
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42. S z= /16 — x2 — y?

F(x Y, 2 = 0.5zk

prF-NdS=prF'(—QX(X,Y)i —g,(x, y)j +k)dA
:fJO.szk-[ X i+ A J+k]dA
16 — x2 — y? 16 — x? —y?

=ffO.szdA:fJO.SleG—xZ—yZdA
R.

27w (4 27
= 0.5pf J V16 —rerdrdo = 0.5pf G—;de = @
0 0 0

Section 14.7  Divergence Theorem

2. Surface Integral: There are three surfaces to the cylinder.

Bottom: z=0, N= -k, F- N= -2
fJOdS=O
S,

Top: z=h, N=k, F-N=2
jfh2ds= h2(Areaof circle) = 47h?
S

Side: r(u,v) = 2 cosui + 2sinuj +vk,0<su< 27 0<vs<h
r,= —2sinui + 2cosuj, r, = k
ryxry,=2cosui + 2sinuj

F-(,xr,)=8cos?u— 8sin?u

h 27
ffF-NdS=f (8cos’u — 8dnu)dudv=0
s,

0 Jo
Therefore, L[F +NdS= 0+ 47h2 + 0 = 47h2

Divergence Theorem: divF =2 -2+ 2z2= 2z

27 (2 rh
ffszdef ijzrdzdrde%hz.
2 0 0 Jo

z
A

h

>y
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F(x,y,2 = xyi + zj + (x + y)k
S surface bounded by the planesy = 4, z = 4 — x and the coordinate planes
Surface Integral: There are five surfaces to this solid.

z=0,N=-k, F-N=—(x+y)

fff(ery)dS:f4f47(x+y)dydx= 7J4(4x+8)dx= -64
S, oJo 0

y=0N=—-j,F-N=-z

4 r4—x 400 o
ff—zdSsz —zdzdx = —f %dx= —3—32
S 0Jo 0

y=4 N=j,F-N=1z

jfzds ff zdzdxff (47)()2 %

x=0, N= —i,
[ [ves- e
x+z=4 N= 1K F~N*—[xy+x+y dS= J/2dA
, 7 7

J%J\z[xyaner]ﬂdA: L4L4(xy+x+y)dydx= 128

Therefore,UF-Ndsz—64—%+i§+o+128:64.

Divergence Theorem: Since div F =y, we have

4 4 LA—X
fff divFdVv = fff ydzdydx = 64
3 0JoJo

6. Sincediv F = 2xz%> — 2 + 3xy we have

a fa (fa a fa 2
ffjdideszff(szz—2+ 3xy) dzdydx=fj<fxa3— 2a + 3xya> dy dx
3 0Jo Jo 0Jo 3

a
- 4 243 )
2 3
L(Sxa 2a 2xa dx

1, 2, 3
= —gb — + —ad.
3a 2a 4a

8. SincedivF =y + z—y = z wehave

JaZ—x2—y? 27 (fa [VaZ—r?
jJJdIVFdV fJ zdzdydx—f fj zr dzdr d6
— /aZ XZ
a

a2r 3 Tazrz r4 24 _ qat
LT s [T L [
10. Sincediv F = xz, we have

43 V9-y? ars,
jfszdV=Jf xzdxdydzzjf £(0)dydz =0
2 0J-3)-Vo-y? 0J 32
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12. Sincediv F = y? + x? + €, we have

16 (/256 x2
JJ](X2+y2+eZ)dV jJ f (X2 + y? + €) dzdy dx
— V256 —x2 J(1/2)V/x*+y?

27 (16 8 2 16
f J (r2+ezrdzdrd0—j f 8r3+re8—§r4 rer/2>drd0

27
- f (131é°52 " 100e8> do = 2222+ 200807

0

14. Sincediv F = eZ + €% + &% = 3¢e% we have

fJfSeZ dv = f6f4f4_y3ezdzdydx = f743[e4‘y —1]dydx = jSS(e“ — 5)dx = 18(e* — 5).
Q

16. dvF =2

LJ'F.NdS=JlfdideV=J!f2dV.

The surface Sis the upper half of a hemisphere of radius 2. Since the volume is % (% 77(23)) = 16/3, you have

JJF N dS = 2(Volume) = Tw

18. Using the Divergence Theorem, we have

JqurIF-NdS= ffjdiv(curlF)dV
Q

i k
curl F(x,y,2) = % aiy % = (xz—ysinx)i — (yz+ xysinz)j + (yzcosx — xcos2)k.

XyCOSz yzSinXx Xyz

Now, div curl F(x,y,2) = (z—ycosx) — (z+ xsinz) + (ycosx + xsinz) = 0. Therefore,

LJ'curIF-NdS=fffdiv(curlF)dV:O.
Q

a fa a fa a
20. If div F(x,y, 2) > 0, then source. 2. v= J f xdydz = J J adydz = J a’dz = a®
0Jo 0Jo 0
If div F(x, y, 20 < 0, then sink. a ra a ra
i i — — a3
If div F(x, y, 2) = 0, then incompressible. Smllarly,LLydzdx JOLZdX dy = &

24. 1f F(x,y,2) = a,i + a,] + agk, thendivF = 0.
Therefore,

[ fferr s

26. If F(x,y,2 = xi +yj + zk, thendivF = 3.

e oo [ fow- & o

28. J'J(fDNg—gDNf)dS=fJfDNgdS—fJgDNde
=ij(fV29+Vf-Vg)dV—fff(gV2f+Vg-Vf)dV=ffj(fvzg—gvzf)dv
Q Q Q
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Section 14.8  Stokes's Theorem

2. F(x,y,2 = X2 +y?j + x?k 4. F(x,Y,2) = xsinyi — ycosxj + yz2k
[ i j k
curl F = %( % a% = —2Xj curl F = %( % a%
X2y X2 Xxsiny —ycosx yz?

= 7%i + (ysinx — xcosy)k

6. F(x,y,2) = arcsinyi + 1 — x2j + y2k

i i k
d 0 J
curl F = X ay 3z
acsiny J1—x y?
—X 1
= 2yi + - k
2 [ 1—-x° 1—y2]

X 1
= 2yi — + k
2 [ 1—-x? 1—y2]
8. Inthiscase Cisthecirclex? + y2 =4, z= 0, dz= 0.

Linelntegral:j F-dr :f —ydx + xdy
C C

27
—ydx + xdy = f 4dt = 8.

Let x = 2cost, y = 2sint, thendx = —2sintdt, dy = 2costdt, andf
0

C

VF 2xi + 2yj + k
DoubleIntegral: F(x,y,2 =z+ x2+y2—4, N= = , dS= /1 + 4x2 + 4y2dA
* (.2 y [VFI 1+ 4x2 + 4y? Y

curl F = 2k, therefore

2 (/i 2
jf(curlF)-NdS=jf2dA=f J 2dydx=2f 24 — x2 dx
R —-2J-V4—x2 -2

2 2
= 4f /4 — x2dx = 2[xd4 — X2+ 4arcsing]
-2 -

= 8.
2

10. LinelIntegral: From the accompanying figure we see that for
Ciy=0,2z=0 dy=dz=0
Cyz=y% x=0, dx=0, dz= 2ydy
Cyiy=a z=2a% dy=dz=0
Cpz=y? x=a, dx=0, dz= 2ydy.

Hence,
jF-dr:fzzdx+x2dy+y2dz
C C
=J 0+f 2y3dy+J a4dx+f a2dy + y4(2y) dy
C, C, Cs C,

a a 0 0 a 0
:f 2y3dy+f a4dx+f a2dy+f 2y3dy = [a4x]0+ [azy] =a—-at=ad%a - 1.
0 a a

0 a

—CONTINUED—
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10. —CONTINUED—
Double Integral: Since F(x,y, 20 = y?2 — z, we have

2 —k
N = —=——— and dS= /1 + 4y?dA.
1+ 4y? y

Furthermore, curl F = 2yi + 2zj + 2xk. Therefore,

ff(curIF)-NdS=ff(4y272x)dA=rfa(4y 72x)dydx=fa(a472ax)dx=[a4xfax2]a=a3(a271).
s R o Jo 0 0

12. LetA=(0,0,0), B = (1,1,1),andC = (0,0,2). ThenU = AB = i + j + k, and V = AC = 2k, and

UxV _21-2] i-]
TluxvlT 22 T V2

Hence, F(X,y,2) = x — y and dS = /2 dA. SmcecurIF— Y Sk, Wehweff(curlF) NdS= JJOdS=O.
R

14. F(x,y,2) = 4xzi +yj + 4xyk, S9—-x2—y% z<0
curl F = 4xi + (4x — 4y)j
GX,y,2 =x2+y>+z—-9
VG(X,y,2) = 2xi + 2yj + k

fj(curl F)- NdS= ff[SXZ + 2y(4x — 4y)] dA

S
f [8x2 + 8xy — 8y?] dy dx
-3J-/9-x2

= 16x2./9 — X2 — 7(9 - x)¥2|dx =
J{ )

16. F(x,y,2) = X3 + 2] — xyzk, Sz= V4 — X2 — y?

i j k
curl F = %( % a% = (—xz— 22)i + yz
X2 2 —xyz
GXx,y,2 =z— J4—x>—y?
VG(x,y, 2) = z [ Y

i+ '
4—x2—y? 47x27y2J

2:
ff(curlF . NdS= ff —AX+ 9x yz ]dA
_X2_y 4_X2_y2

ff[ X(X + 2) + y?|dA = ffﬂ . —x2 — 2x + y?) dy dx

Va—-x2
JA—x2

y
= — Y2y — +
J_L X2y — 2xy 3]7 — dx

2 -
:f —2x3/4 — x2 — 4x 4—x2+§(4—x2)\/4—x2]dx

—2L

2
=f —gxz 4 — X2 — 4x 4—x2+g\/4—xz]dx

—2L

33| x@e - ava—+ 16acsint| + 3032+ §(3)|xva e + aarcsin] |

3\8 -2

-
= [(-3)em + om + 3(-8m - S(-2m)] -
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18. F(x,y,2) =yzi + (2 - 3y)j + (x> + y3k

i j k
9 o o : .
crlF= a0 3y 9z | =2yt (y—2xj—zk

yz 2-3y x*+y?
S the first octant portion of x? + z2 = 16 over x> + y2 = 16

G(x,¥,2) = z— /16 — x?

VG(X, Y, 2) = ﬁl +k

. - 2
Lf(curlF) N ds Lf[m z]dA
J j 16 = - V16 — XZ] dA
J16—x2 ><2
J f 16 — - V16 - xz] dy dx
J16—x2
L [ T = x2y - V16 — xzy] dx
=f4[x 16 — x2 — (16 — x?)] dx
0

— _1 _ y2)3/2 _ Xj]4
[ 3(16 x?) 16x + 3o

20. F(x,y,2) = xyzi +yj + zk

i j kK
[ :
curlF =155 oy az| =XV —x&K

Xyz 'y z

S the first octant portion of z = x? over x2 + y? = a2 We have

2Xi —
——————=anddS = /1 + 4x2 dA.
N

jf(curIF)-NdS=ffﬂdA=fo3dA
S R R
a [ /@ e
=ff x3 dy dx
0 Jo

a
:f x3/a? — x2 dx
0

— |:_1X2(a2 _ X2)3/2 _ g(aZ _ XZ)S/Z]a
3 15 0

2 5
~ 152
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22. F(x,y,2) = —zi + yk

Sx2+y?=1
i j k
d d J L
curl F = x ay oz =i—j
-z 0 y

LettingN = k, curl F - N :Oandff(curlF) -NdS=0.
S

24. curl F measures the rotational tendency.

See page 1084.

26. f(x,y,2 = xyz gx,y,2) =2 Sz=J4— x2—y?
@ Vox,y.2) =k
f(x,y,2Vg(x, y, 2 = xyzk
r(t) = 2costi + 2sintj + 0k, 0 <t < 27

f [f(x,y,2Vg(x,y,2)]-dr =0

(b) VE(x,y, 2 = yzi + xzj + xyk

Vo(x,y,2) = k
i j k
Vi xVg=|yz xz xy|=xzi—yzj
0O o0 1
X . y .
N = + + k
4—x2—y2I 4—x2—y21

P )sz_i;dA
4 —x2—y? 4—x2—y? 4 —x2—y?
_ y?z 2
ff [Vi(x y, 2 x Vg(x,y,2)] - NdS = ff _X2_y 4_X2_y2] ﬁ—xz—ysz
([P
/_X2_y2

27 5.2 20 _ 2
:fj 2r2(cos? § — sin G)rdedr

_r2
2
Jamrlamn)],
= ~sin20 dr=0
L[ 4 —r2\2 0

Review Exercises for Chapter 14

2. F(x,y) =i —2yj 4. f(x,y,2) = x2ev?
F(x, y,2) = 2xe%i + x%ze¥?j + x?ye¥?k

= xe%(2i + xzj + xyk)
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6. Since IM/ay = —1/x? = dN/ox, F is conservative. FromM = dU/dx = —y/x?>and N = 9U/dy = 1/x, partial integration
yieldsU = (y/x) + h(y) and U = (y/x) + g(x) which suggests that U(x, y) = (y/x) + C.

8. Since aM/dy = —6By?sin 2x = dN/ox, F is conservative. From M = dU/ax = —2y3sin2xand N = 9U/dy = 3y%(1 + cos 2x),
we obtain U = y3 cos2x + h(y) and U = y3(1 + cos2x) + g(x) which suggests that h(y) = y3, g(x) = C, and

U(x,y) = ¥3(1 + cos2x) + C.

10. Since
M _ . N
ay ax
M _, _ P
Jz aX
N _ g, 0P
9z ay

F is not conservative.

14. Since F = xy?j — zx?k;
(@ divF = 2xy — x?
(b) curl F = 2xzj + y%k

18. SinceF = (X2 — y)i — (x + sin?y)j:
(@ divF = 2x — 2sinycosy
(b) curlF =0

22, (d) Letx=5t,y=4t,0 <t < 1, thends= /41dt.
1
nyds=j 20t? /4ldt = ZO\S/H
C ]

(b) C:x=1ty=00<t<4ds=dt
Caox=4—-4,y=2,0<t<1ds=2.5dt

Cix=0y=2-t0<t<2ds=dt

4 1 2
Therefore,f xy ds = j Odt = f (8t — 8t?)2/5dt + J Odt
C 0 0

_8/5

Csee[CC]

2 3o

dx

24. x=t—sdnt,y=1-cost,0 <t < 277,&:

des=J27(t—sint) (1—cost)2+(sint)2dt=f

12. Since
w:sinz:w M _ (:0527&E
ay x oz Y ax’

F is not conservative.

16. SinceF = (3x — y)i + (y — 22j + (z — 3x)k:
(@ dvF=3+1+1=5
(b) curlF=2i +3j +k

20. SinceF = i + Ej + Z2%k:
Xy

0

l—cost,d—y:sint

2
(t —sint)</2 — 2 cost dt

27 27 2w
= ﬂf [t\/l — cost — sinty/T — cost]dt = \/é[—g(l - cost)3/2]O + fzf tv/1 — costdt
0 0

2m
= ﬁf t/1 — costdt
0

= 87
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26. x = cost + tsint,y = sint —tsint,0 <t < —, dx = tcostdt, dy = (cost — tcost — sint) dt

m
2

/2
J (2x—y)dx + (x + 3y)dy = J [sintcost(5t2 — 6t + 2) + co?t(t + 1) + sin?t(2t — 3)] dt = 1.01
(o} 0

28. r(t)y=ti +1t3 +t32k,0<st< 4

X =1, y(0) = 2t () = 072
4 / 9
f (X2 +y2+ zz)ds:f (t2+t*+ 13 1+4t2+zt dt =~ 2080.59
C 0

30. f(x,y) =12 —-x—y
C:y = x2from(0,0) to (2, 4)
rt) =ti +t?j,0<t <2
r't) =i+ 2tj
Ir @ = v1+ 4t

Lateral surface area:

2
f f(x,y) ds = f (12 =t — t2)/1 + 4t2dt = 41.532
(o} 0

32. dr = [(—4sint)i + 3costj]dt
F = (4cost — 3sint)i + (4cost + 3sint)j,0 <t < 27

21 in2 127
F.dr = (12—7sintcost)dt=[12t—7sm t] = 24n
c 0 2 Jo

M x=2-t,y=2—-tz=J/4-t30<st<?2

2—t

dr = [—i—'+7
: 4t — t2

k] dt

F=(a—2t— Ja—t2)i + (VA — 2 — 2+ 1)j + Ok

2 t2 2
fF-dr=f (t—2)dt=[——2t] S
c 0 2 0

36. Letx = 2sint,y = —2cost,z=4sin*t,0 <t < 7.
dr = [(2cost)i + (2sint)j + (8sintcost)k] dt
F=0i+ 4j + (2sint)k

J'F-dr=J' (851'nt+163in2tcost)dt=[—Scost+%sin3t] =16
C 0

[0]
38.fF-dr=f (2x — y) dx + (2y — X) dy

c C

r(t) = (2cost + 2tsint)i + (2sint — 2tcost)j,0 <t < 7

fF-dr=4772+47T
c
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2000/5280

/2 tk, 0<t

40. r(t) = 10sinti + 10costj +

= inti + j + =
10sinti + 10 cost]j 33 tk
F = 20k

. . 25
= —
dr <10 costi 1OS|ntj + 335 k)

/2
500 250 .
LF-dr—L 337Tdt 33ml-ton

1 (4,4,4)
42, f ydx + xdy + =dz = [xy + In|z|]
c z ©,0,1)

44. x=a(f —sinf),y=a(l —cosh),0< 6 <27

1
(a A=5Lxdy—ydx.

N\:}

=16 +1In4

Since these equations orient the curve backwards, we will use c,

1
Ny

= 1J27T [a%(1 — cos 6)(1 — cos 6) — (6 — sin O)(sin 6)] d6 + ;fﬁa (0—0)do

2 Jo

> (2w
=%f [1—2cos6+ cos?d — 6sin g + sin? 6] dé
0

2 2
=& (2—2c030—03in6)d0=i

2 o 2

(b) By symmetry, X = ma. From Section 14.4,

y= = | y2
y 2Ac

46. fwdx+(x2+y2)dy:j2f2(2x—x)dydx
C 0Jo

2
=f 2xdx = 4
0

a- X2/3)3/2
y2dx + x#3dy = x1/3 - 2y> dy dx
-1J-(1- X2/3)3/2

4 1/3 (l xz/a)a/z d
= X X
J—l [3 Ty ]—(1—x2/3)3/2
18
= 7Xl/3(1 — X2/3)3/2 dx
.3
— |:_$X2/3(1 — X2/3)5/2 —

=0

dx = —J a3(1 — cos )41 — cos ) df =

67) = 3mal.

(3717& 5y2°(6m) =

48J(x2—y2)dx+2xydy JJ
:f O0dx=0

16 > ]1
2001 _ 2/3\5/2
35(1 Xr?) -1

4y dy dx
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. ..o
52. r(u,v) = eW4cosvi + e W4dnvj + ék

54, Sr(uv) =U+Vvi+Uu—-v)j+snvk, 0su<20<svsTnw

rouv) =i+j

ro(uv) =i—j + cosvk
i k

rpxr,=11 1 0 |=cosvi—cosvj— 2k
1 —1 cosv

ryxr,| = <2cos?v + 4

szdS ffsnv\/200§v+ dudv—2[f+ ﬂln<‘§+:§)}
56. (a) z= a(a— \/x2+y2),05 z< & H
z=00 X+ y*= I

(b) Sgxy) =z=2a2—as/x+y?

p(%,y) = kX2 + y? A
i h
J e(x,y,2 dS = a

:ka ¥+ y 1+ g2+ g2dA

2y2 2\/2

=kff\/m\/1+ ax 2y
R

X2+ Y2 xR+ y?

_ ”m(m)m
R.
27 (fa
=k\/a2+1j frzdrde
27 a3

= kJva2 + f —do

= %km adwr
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58. F(x,y,2) = xi +yj + zk
Q: solid region bounded by the coordinate planes and the plane 2x + 3y + 4z = 12
Surface Integral: There are four surfaces for this solid.

z=0 N = —Kk, F-N= -z JJOdS:O
S,

y=0, N=-j, F-:N=-y, ffoas:o @00
S,
x =0, N = —i, F-N=—x ff0d3=0
S,
3 _2i + 3 +4k (;) (9) /29
2x-i-3y+4z—12,N—7\/E ,dS= 1+ 2 + l6dA—74 dA

ffN . FdS=%J (2x + 3y + 42) dy dx
S

1 6 [(12—2X)/3 6( 2X> X216
—4J;f0 12dydx—30 4 — 3 dx—3[4x— 3]0—36

TripleIntegral: Sincediv F = 3, the Divergence Theorem yields.

ffj divFdVv = ffj 3dV = 3(Volume of solid) = 3[%(Areaof base)(Height)] = %(6)(4)(3) = 36.
Q Q

60. F(x,y,2 = (x — 2)i + (y — 2)j + x?k
S first octant portion of theplane 3x + y + 2z = 12

LineIntegral:
o _ 12— 3x _ 3
Ciy=0  dy=0 2 dz 2dX ©12,0 Y
12—y 1
Cix=0 =0 z==5-, dz = —5dy

Cyz=0, dz =0, y =12 — 3x, dy = —3dx

fF-dr=f(xfz)dx+(yfz)dy+x2dz
C C

:Ll[x_12;3X+x2<—g)]dx+fcz[y_122_y}dy+fcz[x+(12—3x)(—3)]dx

0 3 5 123 4
:f<—7x2+7x—6>dx+f <7y—6)dy+f(1ox—36)d><:8
4 2 2 0 2 0

Double Integral: G(x, Y, 2) = w -z

VGix .2 = —5i - 2j — k

curlF=i— (2x+ 1)j
4 [12-3x 4
fJ(curIF)-NdS=ff (xfl)dydx=f (—3x2+ 15x — 12) dx = 8
0Jo 0




