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CHAPTER 14
Vector Analysis

Section 14.1  Vector Fields
Solutions to Odd-Numbered Exercises

1. All vectors are parallel to y-axis. 3. All vectors point outward. 5. Vectors are parallel to x-axis for
Matches (c) Matches (b) y = nm.
Matches (a)
7. F(y) =i +] 9. F(x,y) = xi +j 11. F(x,y,2) = 3yj
IFll = /2 IFll = v +y*=c IFll = 3ly| = ¢

X2+y2:CZ

13. F(x,y) = 4xi +yj 15. F(x,y,2 =i +j +k 17. y
IFil = V16@ + y? = ¢ IFIl = V3 2
X2 )ﬁ _ % 1 4
02/16+0271 ‘ o
2 -1 1 2
714 N
-2
21. f(x,y) = 5% + 3xy + 10y? 23. f(x,y,2) = z— ye**
fx,y) = 10x + 3y f(Xy,2 = —2xyex’
f(x,y) = 3x + 20y f(xy, 2 =—e°
F(x,y) = (10x + 3y)i + (3x + 20y)j f,=1

F(x,y,2) = —2xye’i — ej + k

178
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25 gxy,2 =xylnx +y)

_ Xy
0% Y, 2 =ylIn(x +y) + X+
_ Xy
9y(x,y,2) = xIn(x +y) + - y
9% y,2) =0
[ oxy . Xy .
G(x Y, 2 = [7)( Ty + yIn(x + y)]l + [T Ty + xIn(x + y)]]
27. F(x,y) = 12xyi + 602 + y)j 29. F(x,y) = sinyi + X cosyj
M = 12xy and N = 6(x? + y) have continuous first M = siny and N = x cosy have continuous first partial
partial derivatives. derivatives.
N _ 12x = oM [0 Fisconservative. N _ cosy = M [0 Fisconservative.
ox ay ax %
31. M = 153 N = —5xy? 33. M= sezx/y, N = %Xezx/v
N _ —5y? # M _ 45y2 1 Not conservative N —2(y+ 2% oM
X y ay y OB 2V T N eagy = P 1 Conservative
X y3 a9
D i . 39|:(X)_xi+y.
35. F(x,y) = 2xyi + ¥?j 37. F(x,y) = xeY(2yi + xj) . Y T e+ V2 2 + yzl
i[z)(y] = 2x i[2xye’<2y] = 2xeXy + 2x3yex™y d|_ X _ 2y
ay ay ayl e+ y? 0@ + y2)2
i[xz] - o 9 [yeex®y] = 2xey + 2x3yex’y 9 [ y ] _ Xy
X X ax| X2 + y2 (X2 + y?)2
Conservative Conservative Conservative
fxy) = 2xy flxy) = 2xyey f00y) X
_ 2 Xy =
f(xy) = x2 fy((x, 3;) = x?e g X2+ y?
_ f(x,y) = &Y + K oy
f(xy) = x2y + K fxy) =57 ¥
f(x,y) = %In(x2 +y?) + K
41. F(x,y) = eX(cosyi + sinyj) 43. F(x,y,2 = xyzi +yj + zk, (1,2,1)
ai[excosy]=—exsiny Poyok
y curlE=|9 9 9 = xyj — xzk
0 _ X 9y 9z
&[exsmy]:exsmy Xyz y z

Not conservative crlF(L,21) =2 -k
45. F(x,y, 2 = e‘sinyi — e*cosyj, (0,0, 3)

i i k
J J J
ox ay 9zl = —2e* cosyk
eXsiny —e*cosy O

curl F(0,0,3) = —2k

curl F =
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47. F(x,y,2) = arctan()f);)i + InVx? + y?j + k

i j k
d J d
B =1 X (—x/yz)] 02X
curl F = X ay 0z| = [x2+y2 1+ (x/y)? _x2+y2k
X} 12 2y 1
arctan<y> 2In(x +vy?)
49. F(x,y,2 = sin(x — y)i + sin(y — 2)j + sin(z — x)k
i j k
F=| 2 . 5| = costy = 2 + cos(z — ) + coslx — y)k
curl F = ax 3y 92 = cos(y — 2)i + cos(z — x)j + cos(x — y
sin(x — y) sin(y — 2) sin(z — x)

51. F(x,y,2) = sinyi — xcosyj + k 53. F(x,y,2) = eXyi + xj + xyk)

ox ay oz|~ 0
Ye&& Xe* XyeH

i i k i k
_| 9 J 9| _ _ 1o a9
curl F = ox ay 0zl = 2cosyk # 0 curl F =

siny —xcosy 1

Not conservative Conservative

f(xy,2) = yer
fy(x, Y, 2) = X€?
f,(x, Y, 2 = xye?
f(x,y,2 = xye? + K

55. F(x,y,2) = )flli - %j + (2z - 1k 57. F(x, y) = 6X2i — xy?j

ok div F(x y) = 5 [6¢] + [~ xy?]
9 9 9 Y
curl F = |ox ay iz |=0 = 12x — 2xy
1 12 2z-1
y |y
Conservative
1
f(xy,2 = §

X
f(xy, 2 = R
f,x,y,2 =2z—-1

1 X
fx,y,2 = |=dx=-+ ,2) + K
*,2 fy y ay, 2 + K,
X X
f(x,y,z)=fdey=9+h(x,z)+K2

fx,y,2 = f(ZZ — 1)dz
=22-z+pxy + K

f(x,y,z)=§+zz—z+K
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59. F(x,y,2) = sinxi + cosyj + z2k

divF(x,y,2) = %[sin X] + %[cosy] + 8%[22] = CoSX — siny + 2z

61. F(x,y,2) = xyzi +vyj + zk 63. F(x,y,2) = e*sinyi — eXcosyj
divE(x,y,2 =yz+1+1=yz+2 divF(x,y, 2) = e¥siny + e*siny
divF(1,2,1) =4 divF(0,0,3) =0

65. See the definition, page 1008. Examples include velocity 67. Seethe definition on page 1014.

fields, gravitational fields and magnetic fields.

69. F(x,y,2) =i+ 2xj + 3yk
G(xy,2 =xi —yj +zk

ik
FxG|l 2x 3y|=(2xz+ 3y3)i — (z— 3xy)j + (—y — 2x9k
X -y z
i j k
d d d . . .
curl (F x G) = % ay 9z =(—1+4+1)i—(—4x—2x)j + (3y — 6y)k = 6x] — 3yk

2Xxz2+ 3y? 33Xy —z —y— 2X?

71 F(x,y,2) = xyzi +yj + zk 73. F(x,y,2 =i+ 2xj + 3yk
i G(x,y,2 = xi —yj + zk
J d d . L
curlF =12 2 91 =yxyj—xzk ik
ox 9y oz FxG=|1 2 3y
gk = (2xz + 3y?d)i — (z — 3xy)j + (—=y — 2x?)k
_{9 a9 9 |_
curl(curl F) = ax oy oz |- zj + yk div(F x G) = 27 + 3x
Xy —Xz

75. F(x,y,2) = xyzi +yj + zk

i i k

9 9 9| _
curl F = x ay oz = Xxyj — xzk

Xyz y z

divcurl F) =x—x=0

77. LeeF = Mi + Nj + Pkand G = Qi + Rj + Sk whereM, N, P, Q, R, and S have continuous partial derivatives.
F+G=M+Qi+(N+R)j+ (P+ 9k

i j K
0 d d
curl(F + G) = % ay 9z

M+Q N+R P+S

- _aiy(p +9 N+ R)]i - [%(p +9 M+ Q)}j + [%(N +R - aiy(M + Q)}k

P AN\, [(oP oM. (N oM S OR). (3S 4Q)\. (R Q
=l -—=i-|o-2i+tl o k+t =)o)+t |-k
ay oz X oz ax  ay ay oz ax oz ax oy

=curl F +curl G



182  Chapter 14  Vector Analysis

79. LetF = Mi + Nj + PkandG = Ri + § + Tk.

. d 0 d oM oR oN 9S oP 9T
dIV(F+G)_&(M+R)+@(N+S)+;Z(P+T)_&+&+Ty+?y+5+5

ax ay oz

ax ay oz

[ oy o) ey
=divF + divG

8l. F = Mi + Nj + Pk
V x [Vf + (V x F)] = curl(Vf + (V x F))
curl(Vf) + curl(V x F)  (Exercise 77)

curl(V x F) (Exercise 78)
=Vx(VxF)

83. LetF = Mi + Nj + Pk, thenfF = fMi + fNj + fPk.

t22, pdt

div(FF) = 2 (M) + 2Ny + Z(p) = 1M L 2 4
X ay 0z X X 0z 0z

(N (ot oty )
ox 9y | oz X Ay 9z

NN
P ay

=fdivF + Vf- F

In Exercises 85 and 87, F(x,y,2) = xi + yj + zk and f(x,y,2) = |[F(x,y, 2| = VX% + y2 + 22

85  Inf :%In(xz +y2 + 72
_Xxit+yj+zk F

_ X y . z _ _
Vinf) = * J+x2+y2—i-22 X2+y2+ 22 f2

[
X2+y?+22 X2+ y?+ 22

87. fr= (V& +y2 + 2)"
Vin=n(@+y2+ 2) 2 (e yE T 2) y

VX2 +y?+ 22 VX2 +y? + Z
- z
(X +y2+ 2) T ——k
( y ) X2 + y2 + 72

=n(VXZ+y2 + 22)" Axi + yj + zk) = nfr-2F

89. The winds are stronger over Phoenix. Although the winds over both cities are northeasterly,
they are more towards the east over Atlanta
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Section 14.2 Linelntegrals
ti, 0<st<
i+(t—3)j, 3<st<
L X +y?=19 3.1 = (9—&)i+:)’>Jj 6<ts
XY (12 - v)j, 9<ts<
9 g1

cos?t + sinlt =1

X2
coszt—9
. y2
2+ J
sin?t 9
X = 3 cost
y = 3sint
r(t) = 3costi + 3sintj
0<st< 27
Sr(t):ti-i-ﬁj, 0O<t<1
: @-1i+@2-tj, L<st<?2

7.r(t)=4ti+3tj), 0t <2 rt) =4i + 3j

2 2 272
f(xfy)ds=f (4t73t)‘/(4)2+(32dt=f 5tdt=[%] ~10
c 0 0 0

9. r(t) = sinti + costj + 8tk, 0 <t < g; r’(t) = costi — sintj + 8k

/2
f (X2 + y2+ 79 ds = J (sin?t + cos?t + 64t?)/(cost)? + (—sint)? + 64 dt
C 0

3 2

= f:/z\/@(l + 64t2) dt = [J@(t + %)]Z/Z = J@(E + 87”3> = ‘/fw

11. r() =ti, 0 <t < 3 y

f (x2 + y?) ds = f [t2 + 02|/ % Oct
c 0 A

3
ZJIZdt ; ; / x
0 1 2 3

_[1sP 2
7[3t]079
T y

13. r(t) = costi + sintj, 0 <t < )

-1+

/2
f (X2 +y?) ds= f [cos?t + sin?t]/(—sint)? + (cost)? dt
C 0

/2
:f dt =
0

Ny

o o w

(3 + 1673
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5. rt)=ti+tj,0<st<1

1
f (x +4y) ds = f (t+4vt)V/1+ 1dt T @
C 0
— g § 3/2):|1 — 19\/2 t X
B [ﬁ<2 3T e 1
ti, 0O<sts1 y
17.r) =@ —-0i+(t—-1j,1st=<2
(3 -1, 2<t<3 ©.1),
! 1 c,
J x+4\fyds—ftdt=f Cs
c 2
2 g, @o X
f (x + 4vy) ds—f (-t +a/t—1)V1+1dt
1
t2 8 5 ]2 192
= - =(t — /2 bt
ﬂ[Zt 5 +at—17) .
3 8 3 8
(x +4Vy)ds= | 4/3—tdt= [—7(3 - t)3/2] =_
C, 2 3 2 3
(X+4f)dS:;+19ﬁ+§:19+19ﬁ:19(1+ﬁ)
R y 276 '3 6 6
1
19. p(x,y,2) = E(XZ +y2+ 29
r(t) = 3costi + 3sintj + 2tk, 0 <t < 47
r'(t) = —3sdinti + 3costj + 2k
[r'®)| = V/(=3sint)2 + (3cost)? + (2)2 = /13
41
Mass = f p(X, Y, 2) ds= j %[(3 cost)? + (3sint)? + (2t)2]/13 dt
C 0
4 3\ 147
- @f (9 + 4t2) = [?(m + %)]0
2ﬁﬂ(27 + 647 ~ 4973.8
21. F(x,y) = xyi +Vj 23. F(x,y) = 3xi + 4yi
Cr)=4ti+t,0<t<1 C: r(t) = 2costi + 2sintj, 0 < t < g
F(t) = 42 + tj F(t) = 6 costi + 8sintj
r't) =4i + | r(t) = —2sinti + 2 costj
1 /2
JF - dr =f (16t2 + t) dt f F-dr =f (—12s€intcost + 16sint cost) dt
C 0 C 6]

1 /2
- [1—6t3 + 1t2] -3 - [ZSinzt] =2
0 0

3° 2 b 6
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25.

29.

31.

33.

F(x,y,2 = x3yi + (x — 2)j + xyzk
Crit)=ti+t3)j+2k,0st<1
F(t) = t4i + (t — 2)j + 2t3k
r'it)y =i+ 2tj
1
j F-dr =J' [t* + 2t(t — 2)] dt
C

0

5 2t3 1 17
=|—4+ = — 2 - _
[5 3 2 ]0 15

F(x,y) = —xi = 2yj

C. y=x3from (0, 0) to (2, 8)
r)) =ti+t3%,0<st<2
r(t) =i+ 3t?
F(t) = —ti — 2t3]

F-rr=—-t-6t°

2
Work = f F-dr= f (—t—6t5dt = [—ltz - te]
C 0 2

F(x,y) = 2xi + yj

27. F(x,y,2) = x?zi + 6yj + yz?k
rt) =ti +t3 +Intk, 1 <t< 3
F(t) = t2Inti + 6t2j + t2In2tk

dr = <i + 2t + %k)dt

3
f F-dr= f [t2Int + 12t3 + t(Int)?] dt
C 1

=~ 249.49

C: counterclockwise around the triangle whose vertices are (0, 0), (1, 0), (1, 1)

ti, 0O<ts1
r(t) =1i + (t — 1)j, 1sts<?2
B-ti+@B-1j,2<t<3
OnC;:  F(t) = 2ti, r'(t) =i
1
Work:f F -drzf 2tdt=1
C, 0
OnC, F) =2+ (t—1)j, rt) =]
2
Work=J F-dr=f (t—1dt=
C, 1
OnCy F(t) =23 —1t)i+ (3—-1vj, r(t
3
Work=f F~dr=f [-283—-1) - 3—t]dt=—=
G 2 2
TotalworszF-dr:1+1,§:0
c 2 2

F(x,y,2 = xi +yj — 5zk

C: r(t) = 2costi + 2sintj +tk, 0 <t < 27

r(t) = —2sinti + 2costj + k
F(t) = 2costi + 2sintj — 5tk
F-r=-5t

2m
Work=fF-dr =f —5tdt = —1072
C 0

1

35. r(t) = 3dnti + 3costj +—Otk, 0<sts< 2w

2
F = 150k

dr = <3costi — 3sintj + l—ik) dt

2

2
fF'drzf 1500 dt2[1500
c o 2 27

|

2w

0

= 1500ft - Ib
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37. F(x,y) = X2i + xyj

@ r=2ti+@t-1j,1<t<3 (b) ) =283-1i+@2-1j,0st<?2
ry(t) = 2i +j Lt = —2i —j
F(t) = 4t%0 + 2t(t — 1)] F(t) = 43 — 12i + 23 — )(2 — ¥)]
3 236 2
F-dr=] (8t +2t(t—l))dt:T fF'dr=f[—8(3—'[)2—2(3—t)(2—t)]dt
c 1 c, 0
Both pathsjoin (2, 0) and (6, 2). The integrals are negatives 236
of each other because the orientations are different. -3
39. F(x,y) =vyi —xj 41 F(x,y) = (x3 — 2x?)i + <x - %)J

C:r(t) =ti — 2tj
rt) =i— 2j
Ft) = —2ti — tj

C:r(t) = ti +t?
) =i + 2t
3 2)j t2_
Fer'=-2t+2t=0 F(t)’(t_m)”r(t_f)‘
2
Thus,fF-erO. F'r'=(t3—2t2)+2t<t—%>=o
C

Thus,J F-.-dr=0.
C

43. x=2t,y=10t, 0<st< 1 O y=5xorx=%,0sys10

10 y y? 10
J' (x + 3y3dy = f (E + 3y2)dy = [E + y3] = 1010
C 0

45 x=2t, y=10t, 0<t< 1 [J x:%,OSyle, dx = = dy

10/,,2 3 2710
Y _[ye, v2e 190
nyderydy L (25+y)dy [75+ 2]0 3 OR

y=5x dy=5dx, 0<sx<2

5x3 25x2}2 ~ 190
0 3

2
fxydx+ydy=f(5x2+25x)dx=[—+

47. r(t) =ti,0<st<5
x® =t yt)=0 ol
dx=dt, dy=0 1t

5

f(Zx—y)dx+(x+3y)dy=J2tdt=25 -1+
C

0
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ti, 0

4. 1) = {Si T+ -3 3
C; X)) =t yt) =0,
dx=dt, dy=0

ININ
o W

3

f (2x—y)dx+(x+3y)dy=J 2tdt=9
Cy

0
C,; xt)=3 yt)y=t—-3
dx =0, dy = dt
6
j(Zx—y)dX+(X+3y)dy:f [3+3(t—3)]dt=[%2—6t]6 45
C, 3 3

f(ZX—y)dx+(x+3y)dy=9+§=@
c 2 2

y
(33

51 x(t) =t, yt) =1—-1t, 0<t< 1 dx=dt dy = —2tdt
1
f (2x—y)dx + (x + 3y)dy=f [t —1+1t2) + (t +3— 3t2)(—2t)] dt
C 0

1 4 3 1
=f(6t3—t2—4t—1)dt=[3i—t——2t2—t] - u
0

2 3 0 6

53. x(t) =t, yt) =2t3, 0t <2
dx = dt, dy = 4t dt
2
f 2x —y)dx + (x+ 3y) dy = J' (2t — 2t3) dt + (t + 6t9)4tdt
C 0

2 2
= J' (2412 + 22 + 2t) dt = [6t4 + 2y tz] _ 316
o 3 0 3

55. f(x,y) = h 57. f(x,y) = xy
C: linefrom (0, 0) to (3, 4) C:x2 +y?2 = 1from(1,0)to (0, 1)
= 3ti + 4t]
r=stit4,0<t<1 r(t)=costi+sintj,05tsg
r'(t) = 3i + 4j

r'(t) = —sinti + costj

Ir'®l =5
Irol =1

Lateral surface area:

1
ff(x,y)ds=f 5hdt = 5h /2
¢ 0 ff(x,y) ds=f costsintdt
C 0

_ [sinzt]”/2 _1
2 o 2

Lateral surface area:




188  Chapter 14  Vector Analysis

59. f(x,y) = h
C.y=1-x2from(1,0)to (0, 1)
r=0Q-0i+[1-Q-tj,0<ts<1
r't) = —i + 2(1 — t)j
)] = V1+41-1?2

Lateral surface area:

j f(x,y) ds = fl hy1+ 4(1 — t)2dt
- -2[2(1 COVITAL P20 -0+ V1T AL |]:

_ g[zﬁ +1n(2 + /B)] ~ 1.478%

61. f(x,y) = xy
C.y=1-x2from(1,0)to (0, 1)
You could parameterize the curve C asin Exercises 59 and 60. Alternatively, let x = cost, then:
y=1-cos’t = sin’t
r(t) = costi + sin’tj, g < t < g
r(t) = —sinti + 2sint cost;j
[r'®)] = Vsin’t + 4sin?tcos’t = sinty/1 + 4 cos?t

Lateral surface area:

/2

/2
Jf(x,y) ds=f costsin2t(sint\/1+ 4coszt)dt=f sin?t[(1 + 4 cos?t)/2sint cost] dt
C 0

0
Letu=sinftanddv = (1 + 4 cos?t)¥/2sint cost, thendu = 2sintcostdt andv = —1—12(1 + 4 cos?t)3/2,

/2 /2
f f(x,y) ds = [—isin2 t(1 + 4 cos? t)3/2] + lj (1 + 4cos?t)¥2sint cost dt
c 12 0 6 Jo

/2
= [——smzt 1+ 4cos?t)¥2 — —(1 + 4 cos? t)5/2]
- _ = = (E)5/2 — _ ~
( 120) + 120(5) 120(25\@ 11) ~ 0.3742
63. (@ f(xy) =1+y? © z
r(t) = 2costi + 2sintj, 0 <t < 27 j
r(t) = —2s€inti + 2 costj
Irl = 2 1’
2 -3
S:ff(x,y)ds:f 1+ 4sin?t)(2) dt g Ty
C 0 X

2m
= [Zt + 4t — sintcost)] = 127 = 37.70 cm?
[0]

(b) 0.2(127) = %ﬂ- ~ 7.54 cm?3
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65. S= 25 z
wof
Matches b sl
!
=}
20:
10&
3y S

H,F-f"’" ! -
--r‘-F
3 3 e,
4 4 y
s

X

(b) Consider the portion of the surface in the first quadrant. The curve z = 1 + sin? 2t is over the curver,(t) = 3 costi +
3sintj, 0 < t < @/2. Hence, the total lateral surface areaiis

/2
4f f(x,y) ds = 4f (1 + sin?2t)3dt = 12<377T> = 97 5. cm
C 0

(c) The cross sections parallel to the xz-plane are rectangles of height 1 + 4(y/3)3(1 — y?/9) and base 2./9 — y?2. Hence,

3 2 2
Volume = 2j 29— y2<1 + 4%(1 - %)) dy ~ 42.412 cm?
0

69. Seethe definition of Line Integral, page 1020.
See Theorem 14.4.

71. The greater the height of the

surface over the curve, the greater the lateral surface area. y
Hence, ot
;<2 <2, < 2. 3t
2
o
T T I
73. False 75. False, the orientations are different.

1
fxyds: ﬁf t2dt
C (0]
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Section 14.3  Conservative Vector Fields and Independence of Path

1. F(x,y) = X2 + xyj
@ rt)=ti+t?,0<st<1

r,/(t) =i+ 2tj

F(O) = t2i + 3]

1
11
. - 2 4 dt =
LF dr fo(t+2t)dt s

3. F(xy) =yi —xj
(@ ry(0) = sechi + tan 9j, 0 < 9 <

r,/(6) = sec ftan Oi + sec? 6
F(0) = tan 6i — sec 6j

jF-dr
C

/3
= —J sec 6df = [—In|sec 6 + tan 6@
0

() r)=Vt+1i+Jtj, 0<t<3

, i 1.
U e LW
F) = Vti — Vit + 1

w(y

LF'dr:F[thﬁTl_Jz?

0

13 1
:_ﬂ;h+u®P—W®
= —E[In(% + 2\/§> - In(

2

5. F(x,y) = e‘sinyi + e*cosyj

m=e><cosy M=excosy

ax ay

Sincew = ﬂ, F is conservative.
X ay

9. F(x,y,2 = y?zi + 2xyzj + xy%k

curlF=0 O Fisconservative.

(b) ry(0) =singi +sin?gj, 0< 6 <

N[y

r,(6) = cos6i + 2sin 6 cos 6j

F(t) = dn?0i + sind 0]

/2
fF-dr :j (sinf@cos H + 2sin* 6 cos H) do
C 0

[sin3 0, 2sin° 0]”/2 _u
3 5 lo 15

/3

/3
f (sec@tanze—seéa)d(?:f [sec 6(sec?  — 1) — sec® 6] do
0

0

w/
. 7 ~In(2 + /3) =~ —1.317

]dt——lfsldt——lfs 1 dt
C2)y BT 1 2y STrt+ (1/d) - (1/D)
dt = [—%In (t + %) + \/tthHz

—%In(? +4/3) =~ -1317

7. ROy = g+ i

y
N _ 1 m_ 1
X y? ay y?
Sincew * M, F is not conservative.
ax oy
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11.

13.

15.

17.

21.

F(x,y) = 2xyi + x?]

@ rt)y=ti+t3),0<st<1
rt) =i+ 2tj
F(t) = 2t30 + t?]

1
jF-dr=j4t3dt:1
c 0

F(x,y) = yi = Xj

@r)=ti+tj, 0<st=<1

(b) ro(t) = ti + t2j,

() r() =ti +t3j,0<st<1
ry(t) =i+ 3t?]
F(t) = 2t4 + tj

1
fF-dr=f5t4dt=1
c 0

O<sts1 (© rg)=ti +1t3, 0<sts1

rl/(t) =i +j r2’(t) =i+ 2t] rs/(t) =i+ 3tZJ
F(t) = ti —tj F(t) = t2 — tj Ft) = t3i — tj

1 1 1 1
IF'df=0 fF-dr=fft2dt=ff JF-dr:ffzﬁdt:ff
c C 0 3 c 0 2

J y2dx + 2xy dy
C

Since dM/ay = aN/ox = 2y, F(x,y) = y?i + 2xyj is conservative. The potential function isf(x, y)

can use the Fundamental Theorem of Line Integrals.

(4, 4)

) f y2dx + 2xydy = [xzy} =64
C 0,0

xy? + k. Therefore, we

1,0
=0
(-1,0)

(b) f y2dx + 2xydy = [xzy}
C

(c) and (d) Since C is aclosed curve, J' y?2dx + 2xydy = 0.

C

f 2xy dx + (x2 + y?) dy
C

Since IM/ay = dN/ax = 2X,
F(x, y) = 2xyi + (x2 + y?)j is conservative.

y?

The potentia functionisf(x,y) = X2y + 3 + k.

y31©4 64

2 2 — | y2 AN -
@ Lnydx+(x + y?) dy [x y + 3](5’0) 3

37(0, 4)
(b J 2xydx + (x2 + y?) dy = [xzy + y§] _ &
C

2o 3
F(x,y,2 = 2y + x)i + (% — 2] + (2y — 42k
F(x,y, 2) is not conservative.
@ ryt)=ti+t3) +k,0<st<1
r/t) =i+ 2tj
F(t) = (2t2 4+ t)i + (12— 1)] + (2t2 - 4k

' 2
fF-dr=f (22 + 22— t)dt = 3
C 0

—CONTINUED—

19. F(x,y,2) = yzi + xzj + xyk

Since curl F = 0, F(x, y, 2) is conservative. The potential
functionisf(x,y, 20 = xyz + k.

@ ryt)=ti+2j +tk, 0<t<4

(4,2,4)
f F-.dr= [xyz]
c 0,2,0)

(b) ry(t) =t%i +tj +t%k, 0t <2

(4,2,4)
fF-dr=[xyz] =32
C (0,0,0)
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21.

23.

27.

29.

31

33.

35.

—CONTINUED—
(b) r() =ti+tj + (2t — 1%k, 0<st<1

) =i+j+ 42— 1k

F(t) = 3ti + [t2— (2t — 1)?]j + [2t — 4(2t — 1)?]k

fF-dr=f1[3t+t2—(2t—1)2+8t(2t—1)—16(2t—1)3]dt
c 0

1 3 2 —1)3 1
= f [17t? — 5t — (2t — 1)* — 16(2t — 1)%] dt = [ﬁ JS_ @A 1)4] -3
| 3 2 6
(3,8
F(x,y,2) = eX(yi + xj + xyk) 2. J i+ ) - dr = [Xy]< )~ 2
c 0,0

F(x, Y, 2) is conservative. The potential function is
f(x,y,2) = xye* + k.

(@ rq(t) = 4costi + 4sintj +3k, 0 st < =

(-4.0,3)
JF-dr=[xyeZ] =0
c (4.0,3)

(b) ry() =(4—8)i+3k 0<st<1

(-4,0,3)
fF~dr=[xyez] =0
C (4,0,3)

. . (3m/2, 7/2)
cosxsmydx+smxcosydy=[smxsmy] ) =-1
C 0, —m
(27, 0)
Jexsinydx+excosydy=[exsiny] =0
c (0,0)

f(y+22)dx+(x732)dy+(2x73y)dz
C

F(x, Y, 2) is conservative and the potential function is f(x,y, z2) = xy — 3yz + 2xz.

[ (1,1,1)
@ xy—3yz+2xz] =0-0=0
(0,0,0)

(1,1,1)

[ (0,0,1)
(b) xy—3yz+2xz] +[xy—3yz+2xz](00):0+0:0
L ,0, 1

r (1,0,0) 11,0
(© xy*3y2+2x2] +[xy 3yz + 2xz ]
L (0,0,0) (1,0,0)
(7/2,3,4)
f—sinxdx+zdy+yd [cosx+yz] ) =12-1=11
c 0,0

F(x, y) = 9x2y2i + (6x3y — 1) is conservative.

5,9)
Work = [3x3y - y] 0" = 30,366

(1,1,1)
+[xy73yz+2xz] =0+1+(-1)=0
(1,1,0
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37.

39.

41.

47.

51.

r(t) = 2cos2mti + 2sin 2xtj
r'(t) = —4msin 2mti + 47 cos 27tj

a(t) = —8w2cos2nti — 872 dn 2xt]j

2
F() =m-a(t) = 3—12a(t) = —%(cosZrti + sin27t])

2
W= j F-dr = f —%(coszmi + sin 27tj) « 4a(—sin 27rti + cos2wtj) dt = —773f 0dt=0
C (o} C

Since the sum of the potential and kinetic energies remains constant from point to point, if the kinetic energy is decreasing at a
rate of 10 units per minute, then the potential energy isincreasing at arate of 10 units per minute.

No. The force field is conservative. 43. See Theorem 14.5, page 1033.

. (8) Thedirect path along the line segment joining (—4, 0) to (3, 4) requires less work than the path going from

(=4, 0) to (—4, 4) and thento (3, 4).

(b) The closed curve given by the line segments joining (—4, 0), (—4, 4), (3, 4), and (—4, 0) satisfiesf F-dr#0.
C

False, it would be true if F were conservative. 49. True
Let
F = Mi + Nj :?—fi—a—fj.
ay X
) 2; 2
Then M _ i(ﬁ) = d—‘; and N _ i(_if) = —a—fz. Since
ay  ay\ay ay X Ix\ ax ax
aieraif: Oweha/eﬂ=w
X2 ay? ay  ax

Thus, F is conservative. Therefore, by Theorem 14.7, we have

of of
fdx—fd)=jde+Nd =fF-dr=0
L(ay pis)’ C( y) i

for every closed curvein the plane.

Section 14.4 Green’s Theorem

1

ti, 0O<st<4 y
(O = 4i+(t—4)j, 4<t<s8 . “9
(12 -1)i+4j, 8<t<12 A
(16 — t)j, 12<t<16
4 8 1
f y2dx + x2dy = f [0dt + t2(0)] + J' [(t — 4)2(0) + 16dt] it
c 0 4
1 2 13 4 *

+ flz [16(—dt) + (12 — t)2(0)] + Jle [(16 — t)2(0) + O(—dt)]

=0+64-64+0=0

, aN oM 4 4
By Green's Theorem, — - —|dA= (2x — 2y)dydx = | (8x— 16)dx = 0.
r) \OX dy oJo 0
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4 y

ti + t%/4j, 0<t
r(t)=[ /41 o

B-1Ni+@B-1j, 4=t

IN N

4ria t 8
fo V2 + X2 dy = L [E(dt) ; tZ(Edt)] ; f [(8 — )2(—db) + (8 — D2(—db)]

4

4 8
N I S o a2 22412832
—L[16+2]dt+ﬁ 28— o = 21 128 _ %2

By Green's Theorem,
x3 x4 32
o _ v _ _ 2 _ A A _ 9<
jj JoLm X — 2y)dy dx = f( > +16)dx 15

5.C: x2+y*=4
Letx = 2costandy = 2sint, 0 £t < 27,

f xe¥ dx + exdy = j [2 coste?snt (—2sdint) + €2%st(2 cost)] dt =~ 19.99

JA—x2 2 o N
f =42 f f — xe¥) dy dx = f [ZM@ — xev4—2¢ 4 xe*J“*"z} dx =~ 19.99
-2 JW -2
In Exercises 7 and 9, N _ M _ =1
X ay
2 X y
7. f(yfx)der(foy)dy:ff dy dx 2.2
C 0 Jx2—x L

2
:f (2x — x3) dx
0

_4
3
9. From the accompanying figure, we see that R is the shaded region. Thus, Green's y
Theorem yields +
(-5,3) 47 (5.3
(y—x)dx+(2x—y)dy=jf1dA 1127 @y
jc R —— I::I o
= Areaof R CL-9TT (1?—1)4
= 6(10) - 2(2) B B
= 56.

11. Sincethecurvesy = 0andy = 4 — x?intersect at (—2, 0) and (2, 0), Green’s Theorem yields

12xydx+(x+y)dy ff(l—Zx)dA fij(l—Zx)dydx

4—x2
f [y — 2xy] dx
5 0

2
J (4 — 8x — x2 + 2x3) dx
-2
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13.

15.

17.

10.

21.

23.

25

Since Ristheinterior of the circle x2 + y? = a2, Green’'s Theorem yields

f (x2 — y?) dx + 2xy dy :f (2y + 2y) dA
C
a (Jai— a
=ff 4ydydx=4f 0dx = 0.
—a)-Va—x2 -a

Sinceﬂ— x_ _ N
Iy  X+y: X

we have path independence and
N oM
Lﬂ&‘a*y)d‘\*o-

By Green’s Theorem,

fsinxcosydx+(xy+cosxsiny) dy:JJ[(y—sinxsiny)—(—sinxsiny)]dA
(o}
1 \/; 1 2 371
_ _1 e = HXE X _ 1
—LJX ydydx—zjo(x x?) dx 2[2 3]0 o
By Green’s Theorem,

nydx+(x+y)dy=JJ(l—x)dA

27 (3 2m 26
:J f (1—rcose)rdrd9:j (4——cose>d0:87r.
0 1 0 3

Fix,y) = xyi + (x + y)j
Cx2+y?=4

27 (2 2
Work=fxydx+(x+y)dy=f (1fx)dA=f f (1frcosa9)rdrd0=f (ngcosé))d0=47r
C 0 0

0

Fx,y) = (x¥2 = 3y)i + (6x + 5./y)]
C: boundary of the triangle with vertices (0, 0), (5, 0), (0, 5)

Work = f (x3¥/2 — 3y) dx + (6x + 5./y) dy = JJ 9dA = 9(})(5)(5) = &
C

. C. letx = acost, y=asint, 0 < t £ 27. By Theorem 14.9, we have

1 1 2 1 2 az 2
A=Z| xdy —ydx == [acost(acost) — asint(—asint)]dt == a2dt= [—t] = maZ
2)c 2 ), 2}, 2 Jo
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27. From the accompanying figure we see that y
Cry=2x+1, dy=2dx
C,y y=4—-x% dy=—2xdx

Thus, by Theorem 14.9, we have

A=t f @) - (2x+ D]k + & f P20 - (4 - X)) dx e
2) . 2),

1(* 1]3
== —1dx + = —x2 — 4) dx
ZL( ) 2], ( )
1

1 1t _1f 2 _;[ xj}l_g
72f,3( 1)dx+2f3(x +4)dx72J’3(3+x)dxf2 3X + 3.~ 3

29. See Theorem 14.8, page 1042. 31. Answerswill vary.
Fixy) =yi +x
Foxy) = %% + y?
Fax, y) = 2xyi + X3

3:|2 32 y

2 X
33.A=J (47x2)dx=[4xf—
. 3

o1, 1
= + — 2
= oa Clx dy 2ALX dy

For C,, dy = —2xdx and for C,, dy = 0. Thus,

X = Z(Tl/s‘)jziz X3(—2xdx) = [% <—X§4)L_2 =0.

To calculate y, note that y = 0 along C,. Thus,

oo —1 - 22 gy = 3 ’ 2 4 _i[ 87)(3 st]z _8
y—2(32/3)f2 (4 x)dx—64£2(16 8x +x)dx—6416 3+5_2—5.

sv) = (08
(x,y)—<0,5>
! X2 x4t 1 1
35. SinceA= | (x—x¥dx= [— - —] = —,wehave -~ = 2.0OnC, we havey = x3, dy = 3x2dx and on C, we have
0 2 4) 4 2A
y = X, dy = dx. Thus,
)’(=2Jx2dy=2f x2(3x2dx)+2j X2 dx y
C C, C,
1 0
6 2 8
= 4 2y =2 _4_°%
6Lxdx+2£xdx 5 3715
y=—2]y2dx
C
1 0
2 2 8
— 6 _ 2 = -4+ ===
ZLXdX ZLXdX 7 3 o1
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2
37. A= %J a%(1 — cos 6)?do
0

a2 2”( 1 cosZO) 3 a2[30 . 1. ]2” _a?,_ . 3ma?
=2 1-2c0sf+ 5+ |do="17 25m6+4sm200—2(377)— 5
. . .27 A7
39. In this case the inner loop has domam? <6< 3 Thus,

1 47/3
A=7J (14 4cos6 + 4cos? 6) do
2m/3

47/3 47/3
:*f (3+4cos€+200320)d0:1[30+4sin9+sin20] :77—3—\/3
20/3 2 27/3 2

a1 | =J7yd’2(_xzdy
c Xty

y X
X+ R

@ LetF =

Fis conservativesjncew _M_ Xy
x ay (X +yy?%

F is defined and has continuous first partials everywhere except at the origin. If Cisacircle (a closed path) that does
not contain the origin, then

fF-dr=fde+Ndy=JJ(w—M)dA=0.
c c X ay

(b) Letr = acosti — asintj, 0 <t < 27 beacircle C, oriented clockwise inside C (see figure). Introduce line segments
C, and C; as illustrated in Example 6 of this section in the text. For the region inside C and outside C,, Green’s Theorem
applies. Note that since C, and C; have opposite orientations, the line integrals over them cancel. Thus,
c,=C,+C,+C+ C;and

fF-dr=fF-dr+fF-dr=O.
C, C, c

But,
f I jzv[(—asint)(—asint) N (—acost)(—acost)] d&t

a?cos?t + a?sin’t  a?cos?t + a?sint

0

27 2
= f (sin?t + cos?t) dt = [t]o = 2.
0

Finally,f F-dr = —j F-.dr =-2m
c (o8

Note: If C were orientated clockwise, then the answer would have been 2.

43. Pentagon: (0, 0), (2,0), (3,2), (1, 4), (—1,1)
A=35[0-0+@4-0+(12-2+1+4+(0-0]=%
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<

45fydx+x"dy f — -
For the line integral, use the two paths

Cirx)=xi, —asx<a /‘\;2
C,: 1,(x) = xi + Va? —x?j, x=atox= —a

B 3
f y"dx + x"dy = 0
Cl

—a —x

dx + x"d [a2—x2n/2+xn7]dx

r o f &I e
JaZ—x2

WG [ e ey
(8) Forn = 1,3,5,7, bothintegrals give 0.
(b) For neven, you obtain

n=2:-3a n=4:-3a° n=6:-%a’ n=8:-%2a°

(¢) If nisoddand 0 < a < 1, then the integral equals 0.

47. J'(fDNg—gDNf)ds:ffDNgds—fgDNfds
] C C

=jf(fvzg+Vf-Vg)dA—f (gV2f+Vg-Vf)dA=ff(fV29—gV2f)dA
R R

49. F = Mi + Nj

N _ oM _ N aM:
X ay ax

[0 s (2 2o [ -

Section 14.5 Parametric Surfaces

1. r(u,v) = Ui + vj + uvk 3. r(u,v) = 2cosvcosui + 2cosvsinuj + 2sinvk
z=Xxy xX2+y2+z2=4
Matches c. Matches b.
. Y
5. r(u,v)=U|+v1+§k 7. r(u,v) = 2cosui + vj + 2sinuk
2 2 —
y—27=0 X2+ Zz 4
Plane Cylinder

45 |
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For Exercises 9 and 11,

r(u,v) = ucosvi + usinvj + u2k, 0

Eliminating the parameter yields

z=x2+y3 0<z< 4.

9. s(u,v) =ucosvi +usinvj —u?k, 0 < u

2= (¢ +y)

IN

2,0

<

Vv

IN

The paraboloid is reflected (inverted) through the xy-plane.

2T

11. s(u,v) = ucosvi —usinvj + u%k, 0 s u<3 0<v<2r
The height of the paraboloid is increased from 4 to 9.

13. r(u,v) = 2ucosvi + 2usinvj + u“k,

O<su<l 0<v<2n
(X2+y2)2
16

17. r(u,v) = (u — sinu) cosvi + (1 — cosu) sinvj + uk,

Osu<sm0<vs2r

19.z=y

r(u,v) = ui + vj + vk

23. z=x2

r(u,v) = ui +vj + u?k

X
>
AXxis of revolution: x-axis

27. Functionty =, 0 < x< 6

u u .
X=1U y=5cosV, z=2snv

0<u<6 0<v<27

0su<2 0<v<2n

15. r(u,v) = 2snhucosvi + sinhusinvj + cosh uk,

21. X2 + y?2 =16

r(u,v) = 4cosui + 4sinuj + vk

25. z=4insidex?® + y2 = 9.

r(uv) =vcosui +vsnuj +4k, 0 sv<3

29. Function: x =sinz, 0 < z< =

Axis of revolution: z-axis

X =s8nucosv, y=shusinv, z=u

Osu<sm0<sv<2r
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3L r(u,v) = U+ Vv)i+ @Uu-vj+vk (1,-1,2) 33. r(u,v) = 2ucosvi + 3usinvj + u?k, (0,6, 4)
rquv) =i+j, rfuv)=i—-j+k ro(u,v) = 2cosvi + 3sinvj + 2uk
At(1,-1,1),u=0andv =1 r(u,v) = —2usinvi + 3ucosVj
01 =i+j r01n=i-j+k At(0,6,4),u=2andv = m/2.
N=r,01xr(01)=[1 1 O0=i—-j—2 ru(2,§> = 3j + 4k, rv(2,§> — —4
1 -1 1
Tangent plane: (x — 1) —(y+1) —2z—-1) =0 N = ru<2, 7—27) X rv<2, 7—;)
X—y—22=0
. g i i k
(The original plane!) =1 0 3 4 =-16 + 12k
-4 0 0
Direction numbers: 0, 4, — 3
Tangent plane: 4y — 6) — 3(z—4) =0
y —3z=12
V.V
35. r(u,v):2w—§j +§k, 0O<sus<20<svs<l

37.

39.

rou,v) = 2i, rfu,v) = —%j + %k

i j k
rexr,=12 0 0=-j-k
0o - 3

Iy > vl = v2

12
A:ff J2dudv = 22
0Jo

r(uv) =acosui +asinuj +vk, 0 su<27 0<sv<bh

r,u,v) = —asinui + acosuj

r,u,v) =k
i j k

r,xr,=|—asinu acosu 0| =acosui + asinuj
0 0o 1

Iy <) =a

b 2w
A=ff adudv = 27ab
0Jo

r(uv) =aucosvi +ausinvj +uk, 0 su<b 0<sv<2r

ru,v) = acosvi + asinvj + k

r,u,v) = —ausinvi + aucosvj
i j k
rgxr,=| acosv asinv 1|= —aucosvi— ausinvj + a2uk

—ausinv aucosv 0

[ro = rJ = auv/1 + a2

27 (b
A=f j a1 + a?ududv = 7ab?./1 + a?
0 0
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41. r(u,v) = Jucosvi + Jusinvj +uk, 0su<40<v<2r

cosv. = Sinv,

r(uv)=——i+—=j +k
u(u, V) NN
r(u,v) = —Jusinvi + J/ucosvj
i j k
cosV sinv

- 1= _ - invi + 1
ryxr, 2 /u > /o Jucosvi — Jusiny; + 5k

—Jusinv Jucosv 0

Iryxr)l = <Ju+ >
u Vi 4
27 (4 1 .
A=f f JJu+Sdudv = = (1717 - 1) = 36.177
o Jo 4 6
43. See the definition, page 1051. 45. (@) From (—10, 10, 0)
(b) From (10, 10, 10)
(c) From (0, 10, 0)
(d) From (10, 0, 0)
47. (@) r(u,v) = (4 + cosv) cosui + (o) r(u,v) = (4 + 2cosv) cosui +
(4 + cosv) sinuj + sinvk, (4 4+ 2cosv) sinuj + 2sin vk,
0su<27 0<vVv< 27 0O<su<270<vVv< 27

(© r(uv) = (8+ cosv)cosui + (d) r(u,v) = (8 + 3cosv) cosui +
(8 + cosv) sinuj + sinvk, (8 + 3cosv) sinuj + 3sinvk,
Osus<2m0<svs2y 0su<2m0<vs 2y

The radius of the generating circle that is revolved about the z-axisis b, and its center is a units from the axis of revolution.
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49. r(u,v) = 20sinucosvi + 20sinusinvj + 20cosuk 0 € u < 7/3, 0 < v < 27
r,= 20cosucosvi + 20 cosusinvj — 20 sin uk

r,= —20sinusinvi + 20sinu cosvj

[ j k
ro,xr,=|20cosucosv 20cosusinv —20sinu
—20sinusinv 20sinucosv 0

= 400sirfucosvi + 400sinfusinvj + 400(cosusinucos’v + cosusinusin? v)k

= 400[ sinfucosVi + sinfusinvj + cosusin uk]

r, < ryl = 400/sin*ucos’v + sinfusin?v + co? usin?u

= 400./sin*u + cofusinu
= 400./sinPu = 400sinu

27 (73 2w /3
S=deS=f 4003inududv=j [—4OOCOSU] dv

o Jo 0 0

2T

:f 200 dv = 4007 m?
0

51. r(u,v) =ucosvi + usinvj + 2vk, 0 su<3, 0<v< 27y

r,(u, v) = cosvi + sinvj

ru,v) = —usinvi + ucosvj + 2k
i i k
r,xr,=1| cosv snv 0|=2snvi— 2cosvj + uk
—usinv ucosv 2

ol = VAT @
2 ("3

A= f f V4 + Pdudv = w[&/ﬁ + 4In<3+2\/ﬁ>]
0 0

53. Essay
Section 14.6  Surface Integrals

a9z Iz

1.Sz=4—x,0sxs4,05ys4,&=— ,a—y—O
4 4
f (x—2y+z)dS:j Xx—2y+4—-xV1+ (—1)2+ (02dydx
0 Jo

=ﬂj4f4<4—2y>dydx=o
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Jdz 9z
= 2 21 ===
3. S z=10, x +y_1,ax 3y

1 V1-x2
jJ(x—2y+z)dS:jf (x — 2y + 10)/1 + (0)2 + (0)2dy dx
-1J-v1=x2
27 (1
:f f(rcosO—erin0+lO)rdrd0
0 0

2T
1 2 .
—L (gcosefgsmeJrS)de

1 . 2 2w
=|=zsn® + -cosH + 560 = 107
3 3 0

z_ ,
ay

6 3—(x/2)
fnydS=jf xy+/1 + (—1)?2 + (—2)?dy dx
0Jo

6 yn/2713— (x/2)
= xy*
\@L[Z]o dx
= [ lo -2+ 3]
= 0x9 3x+4x dx

S R 2
21 2 16 |o 2

5. S z=6 — x— 2y, (first octant) %: -1,

g

7.8z2=9-x3,0<x<2 0<y<x

9Z_ 5 97 _
X )

212
ijdezfjxy‘/1+4x2dxdy=%
oly

0

9.Sz=10—-x2-y20<x<20<sy<?2

2 12
j (x2—2xy)dS=ff(x2—2xy)\/1+4x2+4y2dydxx —11.47
0Jo

11. S 2x + 3y + 6z = 12 (first octant) [ z=27%xf%y y

p(x%,y,2) = x2 +y?

(NS R

I T
}

4—(2x/3)
J (x2 + y?) dy dx

_7
6Jo
;

6

6
2 1 2 \3 7| 4 1 1 2 \41% 364
-1 2(p _ & =q_ & _N32pB3_Zya_=p_ & _ 2
GL[X (4 3x>+3<4 3x)]dx 6[3)( 6x 8(4 3x> ]O 3

0 S
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13.Sr(u,v):ui+vj+%k,0$us1,0sv52
NG
Iroxrd = | =5+ k| =5

fJ(y+ 5)dS=L2L1(v+5)\fdudv:6\@

15. S r(u,v) = 2cosui + 2sinuj + vk, 0 € u < g Osvs<?2

[r, x rJl = 2 cosui + 2sinuj|| = 2
2 rm/2
LJ'xde:ff 8cosusnududv =8
0Jo

17. f(x,y,2 = x2 +y?+ 22

Sz=x+2 x2+y?<1
\/1 X2
fJf(x y,2) dS = f J [x2+y2+ (x + 22V/1 + (1)?2 + (0)2dydx
-1J-V/1-x2
27 (1
= ﬂf f [r2 + (r cos @ + 2)2]r dr do
0 0

27 (1
=ﬂf f[r2+r2c0320+4rcost9+4]rdrd0

fJ +—co§0+icose+2r]d0

3
f 1+c0320 ﬂcos@]d@
2 '3
B 1 4 . 187 = 192w
f[ 8(0+25|n20>+35m6]0 —ﬁ[ 4 +4]— 2

19. f(x,y,2 = VX2 +y2 + 22
Sz=Ux2+y, x2+y2< 4

JJ (x,y,2)dS= ﬁJ_ . x2+y2+(\/m)2\/1+(\/XZXTyZ>2+(\/X2yfy2>2dydx

X2 +y?+x2+y?

_fJ,J . Xz\/m\/ X2 4 y?

dy dx

Va—xz
—2] VX2 + y?2dydx

2) - J/a—xz

2n{ r3 16 1?27 327
=2 2 =2 | Zdg= 20| =
f f dr dé = j [3] do [30]0 3
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21 f(x,y,2 =x2+y2+ 22
S x?+y?2=90<x<30<y<30<z<9
Project the solid onto theyz-plang; x = V9 —y23, 0 <y < 3, 0< z< 9.

fJf(xy,z)dS fj (CERY +y2+22]\/1+ \/7 +(O)2dzdy

fo 0(9+ 22)7\/37)/2 dzdy = J'[\/i< Zs)] dy
= 324 L ﬁdy = [972 arcsin(%ﬂ (— - o) 4867

23. F(x,y,2) = 3zi — 4j + yk y
S x+y+z=1 (firstoctant)

Gxy,2=x+y+z—-1 g

VG(x,v,2 =i+j+k

1,1-x ) X
fJF-NdS:fJF-VGdA:fJ (32— 4 + y) dydx
0Jo

=fjlx[3(1—x—y)—4+y]dydx

1,1-x
:jf (=1 —-3x— 2y)dydx
0Jo
1 1-x
j[—y—Bxy—yz] dx
0 0

ffl[(l - %) + 31 —-x + (1 - x?dx
0

1
—f(z—zxz)olx:—i1
o 3

25. F(x,y,2 =xi +vyj +zk y
Sz=9-x2-y2,0<z *]

Gx,¥,2 =x2+y2+z—-9 ﬁ-

VG(x, Y, 2) = 2xi + 2yj + k -4 Kj 4
oL
JJF -NdS= JJF - VGdA = JFJ(ZX2 + 2y? + 2 dA ot

=fj[2x2+2y2+(97x27y2)]dA
=ff(x2+y2+9)dA
:fsz's(r2+9)rdrd0

271 4 273
r or 2437
= — 4+ = = &2
L [4 2]0d6 2
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27.

29.

31.

33.

F(x,y,2 = 4i — 3j + 5k y
Sz=x2+y% x2+y?<4
Gxy,2 = —x2—y?+z ///T\:\\
VG(x,y,2) = —2xi — 2yj + k e J "
all
[[f-nes= [[r-vomn [[ransors s

27 (2
:f f[—8rcose+6rsin9+5]rdrd0
0 0

21 8 5 2
=f [—fr3cosf)+ 2r3sin6+fr2] de
o 3 2 Jo

27
:j [—%COSG—F 16sin 6 + 10] de
0]

:[_

F(x,y,2) = 4xyi + %] + yzk i
S unitcubeboundedbyx =0, x=1, y=0,y=1,2=0,z=1

2m

sin — 16 cos 6 + 106] = 207

w|R

0

S,: Thetop of the cube

N=k,z=1
ff 1r1 1 . =Y
F-NdS=ffy(1)dydx=f s
S, 0Jo 2 &
S,: The bottom of the cube S;: Thefront of the cube
N=-k, z=0 N=i,x=1

ffF-NdS:ff —y(0)dydx = 0 ffF-NdS=flfl4(1)ydyd222
S oJo S, oJo

Sii The back of the cube S Theright side of the cube

N=j,y=1

N=—-i,x=0
1r1 1
LJF'NdS_Lfo ~4Oydydx =0 JJF-NdS:ff zzdzdx:%
S 0Jo

S;: Theleft side of the cube

1

N=-j,y=0
1rl 1
ffF-NdS=ff —zzdzdx=—§
S oJo
Therefore,
1 1 1 5
fJF-NdS—§+O+2+O+§—§ >

The surface integra of f over a surface S, where Sis given by z = g(x, y), is defined as

fJf(x,y,z)dS= lim S f(x, ¥, z)AS. (page 1061)
lal-0<4

See Theorem 14.10, page 1061.

See the definition, page 1067.
See Theorem 14.11, page 1067.
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35 (@ (b) 1f anormal vector at apoint P on (©) r(u,0) = 4cos(2u)i + 4sin(2u)j
the surface is moved around the Thisi ircl

Mobius strip once, it will point in Isisacircle.
the opposite direction. z
N

-2

X 2

y
4
(d) (construction) (e) You obtain astrip with a double twist and twice as long as

the original Mobius strip.

37.z=Ux?+y3,0<z<a

m=kads:ka\/1+<\/xzxfy2)2+(\/Xzyfyz)sz= fJ\/EdA=ﬂk7ra2

I, = ka(xz +y?)dS= ij(x2 +y3)J/2dA

27 [a 4
= 2kf f r3drdo = /2ka 2m)
0 0

4

4 2 2
N R

30. x2+y2=a%0<z<h

pxy,2) =1
y==J/a?—-x?

Project the solid onto the xz-plane.

IZ:4JJ(x2+y2)(l) ds
h ra —x 2
=4LJ;|:X2+(a2—X2):|\/l+ <ﬂ) + (0)2dx dz

dx dz

h ra 1
— 4a3f - -
oJo /a2 — X2

h a
= 4ad f [arcsiné] dz = 4a3(7—7>(h) = 27mach
alo 2

0

41. S z=16—-x>—-y2 220
F(x Y, 2 = 0.5zk

prF- NdS=JJpF-(—gX(x,y)i - g,xyj +k)dA = fJO.szk - (2xi + 2yj + k) dA

= ffO.sz dA = jJO.Sp(lG - x2—-y?dA
R R

2m (4 2m
= O.SpJ f (16 — r9)rdrdo = 0.5pf 64 do = 64mp
o Jo 0
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Section 14.7  Divergence Theorem

1. SurfacelIntegral: There are six surfaces to the cube, each with dS = J1dA.

z=0, N = —Kk, F-N=—-2 ijdA:O
S,

a fa
z=a N=k, F-N=2 Jfaszzjfazdxdyza“
S, oJo

x =0, N = —i, F-N=-2x fdeA=0
Sy

X = a, N =i, F-N=2x ffZadydz=ff2adydz=2a3
S, oJo

y =0, N =—j, F-N=2y, fdeAZO
S

y=a N=j, F-N= -2y, jf—ZadA=fJ—2adzdx=—2a3
S oJo

Therefore, f E-NdS=a*+ 2a3 — 238 = a4,

Divergence Theorem: Since div F = 2z, the Divergence Theorem yields

a fa (fa a fa
fffdideV=ffszdzdydx=ffa2dydx=a4.
3 0Jo Jo o0 Jo

3. Surface Integral: There are four surfaces to this solid. z

z=0,N= -k, F-N= -z

[

y=0, N=—j,F-N=2y —z dS=dA = dxdz L, |
6 [6-2 6 &
ff—zdSsz —zdxdz=J(22—6z)dz= —36
S 0Jo 0
x=0, N=—i, F-N=y—2x, dS= dA = dzdy

3 r6—2y 3
ffyd8=ff ydzdy = | (6y —2y?)dy =9
S oJo 0

i+2] +k 2X—5y+ 3z
X+2y+z=6N=—="—— F-N="—"2L"—""dS= /6dA
Zy /6 NG

3 6—2 3
jf(Zx—SerBz)dzdy:ff y(18—><—11y)dxdy=J’(90—90y+20y2)dy=45
S, oJo 0

Therefore,UF-Nds=0—36+9+45=18.

Divergence Theorem: Sincediv F = 1, we have

jff dV = (Volume of solid) = %(Areaof base) x (Height) = %(9)(6) = 18.
Q
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5. Sincediv F = 2x + 2y + 2z, we have

a fa fa
jffdideV=fff(2x+2y+22)dzdydx
0JoJo
Q

a (a a
= j j (2ax + 2ay + a?) dy dx = J (2a%x + 2a3) dx = [azx2 + 2a3x] = 3a%
oJo 0 0

7. Sincediv F = 2x — 2x + 2xyz = 2xyz
a (27 [7/2
jffdideV=jijxyzdv=jf j 2(p sin ¢ cos 6)(p sin ¢ sin 6)(p cos ¢)p? sin ¢ dep db dp
0Jo ]
Q

Q
a (2w (/2

=ff j 2p5(sin 6 cos H)(sin® ¢ cos ¢) d¢p do dp
0Jo 0

a (2 a :
I = [T o -
—LJO P schosOd()dp—Jo[(z > o dp = 0.

9. Sincediv F = 3, we have

f J J3 dVv = 3(Volume of sphere) = 3[%77(2)3] = 327

11. SincedivF =1+ 2y — 1 = 2y, we have

4 3 /99—y 4 3 4, 4 3
ffnydV=Jj f 2ydxdydz:JJ 4y\/9—y2dydz=J[—7(9—y2)3/2] dz=0.
2 0J-3J-Vo-y? 0J-3 0 3 -3
13. Sincediv F = 3x? + x? + 0 = 4x?, we have

6 (4 [4—y 6 4 6
jffoZdV:ffj 4x2dzdydx = fj4x2(4—y) dydx:f32x2 dx = 2304.
) 0Jo Jo 0Jo 0

15. F(x,y,2) = xyi + 4dyj + xzk
dvF=y+4+x

[[r-nos[[[avea=[[forensan

Q Q
3 [ (2w

=jj (psingsing + psing cos O + 4)p?sin ¢ do de dp
0Jo Jo
3w (27

=jjf [pPsin? ¢ sin O + psin? ¢ cos O + 4p?sin ¢] d d¢p dp
0Jo Jo
3 (m 2

=ff [—p3sin2¢cos¢9+p3sin2¢sin0+4p25ind>- 0] d¢ dp
0Jo 0
3w

=fJ 8mp?sin ¢ d¢p dp
0Jo

3| T
= j [—87Tp2 COS¢} dp
0 0

3 373
= j 16mp? dp = [leﬂ] = 144
o 3 o
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17. Using the Divergence Theorem, we have

churIF~NdS= fffdiv(curlF)dV
Q

i i k
curl F(x,y,2) = % aiy (;92 = —6yi — (22 — 22)j + (4x — 4x)k = —6yi
axy + 22 2x% + 6yz 2xz

div (curl F) = 0.

Therefore, f f f div (curl F) dv = 0.
Q

19. See Theorem 14.12, page 1073.

21. Using the triple integral to find volume, we need F so that

divF:M+ﬂ+a,—P:1.
ax oy oz

Hence, we could have F = xi, F = yj, or F = zk.

) . i+ f,j+fk
For dA = dy dz consider F = xi, x = f(y, 2), then N = ————= anddS= V1 + 2 + f2dydz
N
3 ) o i+ ik B —
For dA = dzdx consider F = yj, y = f(X,2),then N = ————— anddS= /1 + {2 + f,2dzdx.
V1412 + 17
. fiii +fj +k
For dA = dx dy consider F = zk, z= f(x,y), then N = ————— anddS= /1 + {2 + f 2dxdy.
V1+ 12412

Correspondingly,wethenhaveV:fJF-NdS:fdeydz:nydzdx:szdxdy.

23. Using the Divergence Theorem, we have churI F-NdS= ijdiv(curl F) aV. Let
Q
F(x,y,2 = Mi + Nj + Pk

0P  oN). P oM\, ON oM
curl F = (ay B az>I B (ax B az)J + <ax B ay)k

i PP @PN 9P M PN oM
dvieurlF) = ——-———-—"—~+ _—_-+__—_ — =
IXay 9X0z ayox ayoz 0Z0X 029y

Therefore,churlF-NdS=ij0dV=O.
Q

25. If F(x,y,2) = xi +yj + zk, thendivF = 3.

HF.Nds:jﬂdivpdv:fﬂadvzav.

27. ijDNgdS:fJng-NdS
:jffdiv(ng)dV:J'ff(fdivVg+Vf-Vg)dV:fjf(fVZg+Vf-Vg)dV
Q Q Q
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Section 14.8 Stokes's Theorem

1 F(xy,2 = (2y — 2i + xyzj + ek

i ik
d J J L
curl F =1 o5 ay oz | = W + (yz— 2)k
2y —z xyz €*

3. F(x,y,2) = 2zi — 4x?j + arctan xk

i j k
curIF—i 9 9 —Z—L'—Bxk
T lox oy iz |~ 1+ x2)

2z —4x% arctanx

5. F(x,y,2) = e’ + &7 + xyzk

ik

_| 9o 9 2

curl F = ax 9y oz
ety e+ 2 xyz

= (xz — 2ze¥**?)i — yzj — 2ye’* ¥k
= zx — 2&¥°*?)i — yzj — 2ye’**TYk

7. Inthiscase, M = —y+z N=x—z P=x—yandCisthecirclex? + y2=1, z= 0, dz= 0.

Linelntegralzj F-dr =f —ydx + xdy
C C
Letting X = cost, y = sint, wehavedx = —sintdt, dy = costdt and
2
f —ydx + xdy = f (sint + cos?t)dt = 2.
C 0

Double Integral: Consider F(x,y,2) = x> + y? + 22 — 1.

Then
_ VF i+ 2yj +2zk . '
N_||VFH_2 X2+y2+zz—X|+yJ+zk.
Since
—2X =X -y X2 y? 1
2122 7 =—2__12 =7 = 24 rlgda==
z 1-x Y2, Z, > Z,andzy Z,dS 1+Zz+22dA ZdA.

Now, since curl F = 2k, we have

ff(curl F) - NdS= f f22<%> dA = f f2dA = 2(Areaof circleof radius 1) = 2.
S R R



212  Chapter 14  Vector Analysis

9. Linelntegral: From the accompanying figure we see that for
Cp:z=0,dz=0
Cyx=0 dx=0
Cyy=0,dy=0.

Hence, j F-dr =jxyzdx+ydy+zdz
C C

:f ydy+j ydy+zdz+f zdz
c, c, C,

3 0 6 0
=fydy+fydy+fzdz+fzdz=0.
0 3 0 6

Double Integral: curl F = xyj — xzk
Considering F(x,y, 20 = 3x + 4y + 2z — 12, then

VE 3 +4j + 2k

= VF] ~ NS and dS = /29 dA.

N

Thus,

jf(curl F) - NdS= f j(4xy— 2x2) dy dx
S R
4 (—3x+12)/4
= f f [4xy - 2x(6 -2y - gxﬂ dy dx

4 [(12—-3x)/4
= f f (8xy + 3x? — 12x) dy dx
0Jo

4
:f 0dx = 0.
0

11. LetA=(0,0,0),B=(1,1,1)andC = (0,2,0). ThenU =AB =i + j + kandV = AC = 2j. Thus,

N UXV _—2ib 2k itk
U V| 2.2 V2

Surface S has direction numbers —1, 0, 1, with equationz — x = 0 and dS = V2 dA. Sincecurl F = —3i + j — 2k, we have

J'f(curl F)-NdS= f f%(ﬂ) dA= f jdA = (Areaof trianglewitha=1,b = 2) = 1.
S R R

13. F(x,¥,2 =221 + x?j +y?k, Sz=4—-x>—-y%, 0< z
j k
curl F = | =5 2 9 = 2yi + 2zj + 2xk
ay 9z y ]

ZZ X2 y2
Gxy,2=x2+y2+z-4

VG(X,y,2) = 2xi + 2yj + k
2 (/i
ff(curIF) . NdS=ff(4xy+4yz+ 2x)dA=f f [4xy + 4y(4 — x2 — y?) + 2x] dy dx
S R —2J-Va=x2

2 (/i
= f f [4xy + 16y — 4x?y — 4y® + 2x] dy dx
—2J-Va=x2

2
:f IxJ/4—x2dx =0
2
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15. F(x,y,2) = Z2i + yj + xzk, Sz= V4 — x> —y?

i j k
— |9 9 0| __
curl F = |55 ay oz|= 4
zZ y
G(xy,2 =z— V4 —x2—y?
X . y .
VG(x, Y, 2) = + +k
02 ===t ey
yz yJa—x2—y fJ'/“ <
curl F) - FdS= ———dA = dydx =0
[Jonm-ros- || o | s [ e
17. F(x,Y,2 = —Iny/x2 + y2i + arctangj + k
i j k
_ 9 Kl R N B €0 y],[Zy]
curl F = X ay 9z _[1+(x2/y2)+x2+y2k_ x2+y2k

—1/2In(x?> + y? arctanx/y 1

S z=9 — 2x — 3y over onepeta of r = 2 sin 26 in the first octant.

G(x,y,2 =
VG(x,y,2 =2i + 3] + k

ffcurIF - NdS= ffz
+y
w/ 2sin26 :
=J f zriznerdrde
r
0 (o]

4 sin 6 cos 6
f f 2sin6dr do

8sin3 0] w2

X+3y+z-9

=f 8sin29coshdy = [
o 3

0

2Xi —

A aaids-

19. From Exercise 10, we have N =

1+ 4x?2 dA. Since curl F = xyj — xzk, we have

ara a ax4la a5
ff(curIF) . NdS:ffxsz:J j x3dydx=f axddx = [7] =—,
s R o Jo 0 4 Jo 4

21. F(x,y,2 =i+j— 2k

i j k

9 8 9| _
CUI’|F—& W 9z =0

1 1 -2

Letting N = K, wehavefJ (curl F) - NdS=0.
S

23. See Theorem 14.13, page 1081.
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25. (@ f fvg - dr = ffcurl[ng] - N dS(Stoke's Theorem)
C S

fvg = f 9|+f gj+fagk

ay
i j k
J J
curl (fvg) = aix ay 7z

=[G+ (G- [ 2h) + (2
[[(ee) - G- G

(GG
[+ GG - [+ GE)
ﬂ%@@ﬁﬂﬁX%@Wﬂ@@@W%

Therefore,J fvg-dr = ffcurl[ng] -NdS= fJ[Vf x Vg] - NdS
C S S

(b) f (fvf) - dr = fj(Vf x Vf) + N dS(using part a.)
c s

= 0since Vf x Vf =

© j (fVg + gVvf) - dr =j(ng)-dr +j(gi)-dr
C C C
= jJ(Vf x Vg) - NdS+ff(Vg><Vf) - N dS (using part &)
S S

=jf(foVg)-NdS+ff—(Vfng)-NdS=0

27. Let C = ai + bj + ck, then

1f(er)~dr:ljjlcurl(er)-NdS=1ff20-NdS=JfC-NdS
2C 25 28 S

since
i j k
Cxr=|a b c|=(bz—cyi— (az— cx)j + (ay — bx)k
X 'y z
and
i j k
curl(C xr) = %( % 8% = 2(ai + bj + ck) = 2C.

bz—cy cx—az ay— bx



