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Review Exercises for Chapter 14

1 F(xy,2=xi+j+ 2k 3. f(x,y,2 =8x2+ xy + 22
z F(x,y,2) = (16x + y)i + xj + 2zk

5. Since aM/ay = —1/y? # dN/ax, F is not conservative.

7. Since dM/ay = 12xy = aN/dx, F is conservative. From M = gU/ax = 6xy? — 3x>and N = 9U/dy = 6x%y + 3y2 — 7,
partial integration yields U = 3x?y? — x3 + h(y) and U = 3x?y? + y3 — 7y + g(x) which suggests h(y) = y® — 7y,
gx) = —x3, and U(x,y) = 3x?%y2 — x3 + y* — 7y + C.

9. Since
M _ N
ay ax
oM oP
0z 1# X’

F is not conservative.

11. Since
M _—1_N M _-1_oP N_ x _iP

ay  yZz ax oz yB ox 0z y*Z  ay

F is conservative. From

m=M_1 U _—x 5 _ =X

T X vz vy yxZ 0z y2

we obtain

X X X X
U=—+1f(y,2, U=—+9Kx2, U=—+hlxy O fxy,2=—-+K
e fy2 yz T 9x2 yz T hexY) xy.2 =1

13. Since F = X3 + y? + 22k:
@ divF =2x+ 2y + 2z

(b)curlF=<£—w>i—<£—ﬂ)j+(w—ﬂ>k=0i—0j+0k=0
ay oz X 0z ax  ay

15. Since F = (cosy + ycosx)i + (sinx — xsiny)j + xyzk:
(@ divF = —ysinx — xcosy + xy

(b) curl F = xzi — yzj + (cosx — siny + siny — cosx)k = xzi — yzj
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17. Since F = arcsinxi + xy?j + yz2k:

(a) divF:ﬁ+2xy+2yz

(b) curl F = z2i + y2k

21. (@) Letx=ty=t —1<t< 2thends= /2dt.

L(x2 +y?)ds= J212t2ﬂdt = [2\@(2)]

2
-1

19. Since F = In(x? + y?)i + In(x? + y?)j + zk:

(b) Letx = 4cost,y = 4sint,0 <t < 27, thends = 4dt.

2
f (X2 + y?) ds = f 16(4 dt) = 1287
C 0

dx

23. x = cost + tsint,y = sint — tcost,0 < t < 27,

dt

oo X 2y
(a)dlvF—ix2er2 x2+y2+1
_ &+
_X2+y2+1
X2
() curl F = T y?
=62
X _ g
= t cost, o =tsint

2 2
f (X2 +y? ds=j [(cost + tsint)?2 + (sint — t cost)?]/t2cos’t + t2sin?t dt=f [t3+ t] ot
C ] 0

= 2731 + 27?

25. (@ Letx=2t,y=-30<st<1

f (2x—y)dx + (x + 3y) dy = fl [7t(2) + (=7t)(—3)] dt = J'
C 0

1

35
35tdt = >

0

(b) x=3cost,y = 3sint,dx = —3sintdt,dy = 3costdt,0 <t < 27

2
j(Zx—y)dx+(x+3y)dy=J (9 + 9sintcost) dt = 187
(o} 0

27. f (2x+y)ds r(t) =acos®ti + asin®tj,0 <t <
C

X(t) = —3a - cos?tsint

y'(t) = 3a - sin’t cost

m
2

/2
f (2x+y)ds= f (2@ - cos’t) + a - sindt)/x(t)? + y'(t)?dt = g?az

29. f(x,y) =5+ sin(x +y)
C:.y = 3xfrom (0, 0) to (2, 6)
rt) =ti +3tj,0<st<?2
rt)y =i+ 3j
Ir ] = V10

Lateral surface area:

f f(x,y) ds = f2[5+sin(t+ 3t)]V/10dt = \/Efz(5+sin4t)dt=
c, 0 0

J10

7(41 — cos8) =~ 32.528
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3L dr = (2ti + 3t%)dt 33. dr = [(—2sint)i + (2cost)j + k] dt
F=tsi+t4,0<st<1 F = (2cost)i + (2sint)j +tk,0 <t < 27

1 21
fF-dr=f5t6dt=§ fF-dr:f tdt = 22
C (0] 7 C o]

35 Letx=ty=—-tz=2t2, -2<t < 2,dr =[i — ] + 4tk]dt.
F=(-t—2t9i + (2t2 - t)] + (2t)k

2
4132 64
. = 2 = | — = —
LF dr j_24t dt [3]72 3

37. Fory=x3r,t)=ti +t3,0<st<?2 "
Fory=2xr,() =(2—-ti+(4—-2)j,0<t<?2

i &
fxydx+(x2+y2)dy:J' xydx+(x2+y2)dy+f xy dx + (x2 + y?) dy 2l
C C, C,

1/ /c

100 4 1
=— 4 (- = — . , | |
3 T(=3) =3 A ‘

39. F = xi — Jyj is conservative.
1 2 @8 1 <2> 8
=[=x2 — £y32 == —(£)g32 = 2(3 —
Work [ZX 3 ](O’ 0 2(16) 3 8 3(3 4.2)

(1,4,3)

41. J' 2xyzdx + x%zdy + x?ydz = [xzyz] =12
c (0,0,0)

43. (a) J y2dx + 2xy dy = Jl [(1+1)23) + 2(1 + 3t)(1L + t)]at
= jlf:‘.(t2 +2t+ 1)+ 2(3t2+ 4t + 1)] ot

1
=f (9t2 + 14t + 5) dt
0

= [St?’ + 72 + St]: - 15
4 1

=f4(t+t)dt

4
e
1

(©) F(x,y) = y2i + 2xyj = Vf wheref(x,y) = xy2

Hence,

f F-dr=4(2°-11°=15
C

212 2
45.fydx+2xdy=fj(2—1)dydx=f2dx=4 47.fxyzdx+x2ydy=fJ(2xy—2xy)dA=0
C 0Jo 0 C
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1x 1
49, J'xydx+x2dy=ff xdydx=f (x27x3)dx=i
C 0 Jx? 0 12

51. r(u,v) = secucosvi + (1 + 2tanu) sinvj + 2uk
Osusg, 0<v<2r
53. (a) (b) :

(© (d)

The space curveis acircle:

r(u,%) = 3\2@cosui + L‘Zﬁsinuj + %k
(¢) r,= —3cosvsinui + 3cosvcosuj
r,= —3sinvcosui — 3sinvsinuj + cosvk
i j k
roxr,=|—3cosvsnu 3cosvcosu O

—3sinvcosu —3sinvsinu cosv

(3cos?veosu)i + (3co?vsinu)j + (9cosvsinvsin?u + 9 cosvsiny cos? u)k

= (3cos?veosu)i + (3cos?vsinu)j + (9cosvsinvk

ryxr, |l = +9cos*vcos?u + 9cos*vsin?u + 81 cos?vsin?v

= J/9cos*v + 8l cos?vsin?v
Using a Symbolic integration utility,

/2

2
f [r,xr, | dudv = 14.44
w/4 JO

(f) Similarly,

w/4 (/2
f f [r,xr,|dvdu = 427
0 0
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55. Sr(u,v) =ucosvi +usinvj + (u—1)(2—-uk, 0su<20<v<2ry
r,(u,v) = cosvi + sinvj + (3 — 2u)k
ry(u,v) = —usinvi + ucosvj
i j k
xr,=| cosv sinv 3 —2u|=(2u— 3)ucosvi + (2u — usinvj + uk
—usinv ucosv 0

[roxr,l=us/(u—-32+1
2 (2

JJ(ery)dS:f f (ucosv + usinv) uv/(2u — 3)2 + 1dudv
0 0

2 (27
= J j (cosv + sinv)u/(2u — 3)2+ 1dvdu=0
0 Jo

57. F(x,y,2) = X3 + xyj + zk
Q: solid region bounded by the coordinates planes and the plane 2x + 3y + 4z = 12

Surface Integral: There are four surfaces for this solid.

z=0 N = —Kk, F-N= -z JJOdS=O
S,

y=0, N-=-j, F-N=—xy, JJOdS=0
S,
x=0 N=—i, F-N=—x2 JJOdS=O
S
B C2i+ 3 +4k (;) (3) V29
2x+3y+4z—12,N—7@ L dS= 1+(7)+ 16olA——4 dA

JJF-NdS:%f (2x2 + 3xy + 42) dA
S

1(® 4—(2¢/3)
:ZJ (2x% + 3xy + 12 — 2x — 3y) dy dx
0Jo

1(° 2(12 — ZX) 3X<12 — 2X>2 <12 — 2X> (12 — ZX) 3(12 — ZX)Z}
== += + - -
4J;, [ZX 3 2 3 12 3 2 3 2 3 o

S PR U x4+ 38 5 6
== (- +x2+ + =4 =4+ =+ + =
6 L (=x% 4+ x2 + 24x + 36) dx 6[ 213 12x 36x]0 66

Divergence Theorem: SincedivF = 2x + x + 1 = 3x + 1, Divergence Theorem yields

6 (12— 2x)/3 [(12—2x—3y)/4
jfjdideV=ff J (3x + 1) dzdy dx
3 0 Jo 0

6 (12—2x)/3 _ _
= f f (3x + 1)(712 o Sy) dy dx
0 Jo 4

1(° 3 ]@2-20/3
= Zf (3x + 1)[12y —2xy — Eyz] dx

0 0
- if @+ 1] a12 - 29 - 2{ 25 2) - Y2 2x>2] dx

1(%2 1[3x4 35x3 6
== =(33 — 2 4 + == == - = 4 2 4 = .
2 L 3(3x 35x2 + 96x + 36) dx 6[ 2 3 48x 36x]O 66
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59. F(x,y,2) = (cosy + ycosx)i + (sinx — xsiny)j + xyzk
S portion of z = y? over the square in the xy-plane with vertices (0, 0), (a, 0), (a, a), (0, a)
LinelIntegral: Using the lineintegral we have:

Ciy=0 dy=0

Cyxx=0, dx=0, z=y? dz=2ydy
Cyy=a dy=0 z=2a? dz=0
Cix=a dx=0, z=y? dz=2ydy

J F-d = f (cosy + ycosx) dx + (sinx — xsiny) dy + xyzdz
C C

=f dx+f 0+f (cosa+acosx)dx+f (sina — asiny) dy + ay3(2y dy)
C, C, C; C,

a

a 0
:j dx + (cosa+acosx)dx+f
0 a 0

(sna— asiny) dy + f 2ay* dy
0

0 a y5 a
=a+[xcosa+asinx] +[ysina+ acosy] +[2a—]
0

a 5 0
286  2a°
—afacosafasmaJrasna+acosafa+? <
Double Integral: Considering f(x,y, 2 = z — y?, we have:
Vi -2y +k . .
N=-—-—=—""23—= dS= 1+ 4y2dA, and curl F = xzi — yzj.
IVl = 1+ 42 Y yd

Hence,
fJ(curlF) N dS = JJ 2y22dydx—ff 2y4dde*f 2—asdx——

Problem Solving for Chapter 14

1 @ VT = W[XI +vyi + zK]
N =xi + /1- x2k
ds= 1 d
T eV

Flux = fJ—kVT- N dS

X2 z
- 25ka[(X2 + V2 + )31 — xO)1/2 + (@ + y?2 + Z2)3/2] dA

x? 1-x2
= ZSKJ yado L 02+ y2 + 2)32(1 — x2)1/2 + 02+ y2 + 2921 — X2)1/2:| dy dx
1/2 1 1
= 25k _1/2 o (1 + Y221 — x2)1/2 dy dx
1 vz
= 25k o (1 + y)32 dy fl/Z(l — o)z dx

= 25k<\f>(g) = ZSk%T

—CONTINUED—
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1. —CONTINUED—
(b) r(u,v) = (cosu, Vv, sinuy
r,=(=sinuy,0,cosuy,r, = (0, 1,0)
r,xr,=(—cosu,0, —sinu)

—25

VT =Ga sy + 2erlXi + Y+ A

- m[cosui +Vj + sinuk]
VT (ryxr) = (217215)3/2(—003% dgn?u) = ﬁ
Flux = Ll J:Z/S(vz 1572 dudv = ZSk%T

r(t) = (3cost, 3sint, 2t)
r(t) = (=3sint, 3cost, 2), |Ir (t)|| = /13

2m
|, = f(y2 L P)pds = f Qs t + 42) /T3t = lmw(szﬂz 4 27)

ly, = j(x2 + 2)p ds—f (9co?t + 4t2)/13dt = ﬁw(sznz + 27)

2
I, = f(x2 + y9)pds = f (9cos?t + 9sin?t) /13 dt = 18713
C 0

5 %fxdy —ydx= %fzw[a(e — sin6)(asin6) do — a(1 — cos 6)(a(l — cos 6)) de]
C 0

2
:%azj [6sing — sin29 — 1 + 2cos H — cos? A] d
0

2
,azf (0sin® + 2cos 6 — 2)do
0
= —3ma?

Hence, the areais 3ma2.

7. (@ rt)=t,0<st<1
r=j

1
W= JF dr = f(tl+]) jdt=fdt=1
0

b r)=t—-ti+tj,0st<1
rt) =@ —2i+j

W=F-dr =f1((2t—t2)i + [t — 22+ 1]j) - (1 — 20i + ) dit
0

= fl[(l =202t —t?) + (t* — 23 + 12 + D] dt

13

1
— 4 __ 2 + + - =
L (t— 4+ 2t + Dt = ¢

—CONTINUED—
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7. —CONTINUED—

© r)=ct—t)i+tj,0st=s1
r(t) =c(d— 2ti+j
F-dr=(ct—1t?) + t)(c(l — 2t) + (At — 32 + (1

=CcA4—2c%2+ct —2ct2+ct+ 1

W= fF dr = —0277c+1
1

5
dc EC g-0H =3

ﬂv—i >0 c—§minimum
dcz2 ~ 15 T2 '
9. VXTI =(a,ay,ay X {XYVY,2)
=(a,z — agy, —a,Z + agX, a;y — a,x)
curl(v x r) = (2a,, 2a,, 2a;) = 2v

By Stoke's Theorem,

f(v xr)ydr = Lfcurl(v xr)+NdS
C
= fJZv - NdS

11. F(x,y) = M(x, y)i + N(x,y)j = [3xyi + (2y? — x9)j]

m
(Xz + y2)5/2
3mxy

T+ yee 3mxy(x? + y?)5/2

W~ amay| =56 + Y7529 | + 6 + y-S2am
3mx(x2 — 4y?
= e+ TSy + 2 + ) = SR
m(2y2 — x2
()((2)—:- y‘z)f—,/z) m(2y? — x?)(x* + y?)~5/2
N = miay? - x| -0 + v 2R | + 02+ y - 2m
= MO+ y) (Y2~ x)(=5) + (¢ + yA(-2)]
3mx(x2 — 4y2
= mx(x2 + y2) 72 (3X2 - 12y ) ()(2(+7y2)7/y2)
Therefore, IN_ M and F is conservative.

ax  ay



