CHAPTER 2
Differentiation

Section 21  The Derivative and the Tangent Line Problem . . 330
Section 2.2  Basic Differentiation Rules and Rates of Change 338
Section 2.3  The Product and Quotient Rules and

Higher-Order Derivatives . . . .. ... ... .. 344
Section24 TheChanRule . ... .............. 350
Section 25  Implicit Differentiation . . . .. ... ... ... 356
Section26 RelaedRates . . ... ... ... ... ..... 361
Review Exercises . . . ... ... ... .. . ... ... ... 367

ProblemSolving . ... ... ... ... ... . ... ..., 373



CHAPTER 2
Differentiation

Section 2.1  The Derivative and the Tangent Line Problem

Solutions to Even-Numbered Exercises

2. (@ m=

R

(b) m=

6. gx) = ngr lisaline. S|ope=g

h(=2 + At) — h(=2)

10. Slopeat (—2,7) = AItim0 AL
_ i (-2 +At)2+3-7
B Atlino At
_ 2 _
i 44 + (A2 — 4
At-0 At

m(—4 + At) = —4

=i
At-0

14. f(x) =3x + 2

0 = fim, £

— lim [B(x + AX) + 2] — [3x + 2]
Ax-0 AX

m 3%
Ax—0 AX

lim3=3
AX-0

330

f(4 —f1) _5-2_

4. (a) 2-1 3 1
f(4) —f(3) _5-475 _

a-3 1 0”

Thus, f(?_—;(l)> f(i)_—;(3)

(b) The slope of the tangent line at (1, 2) equals f'(1).
This dope is steeper than the slope of the line
through (1, 2) and (4, 5). Thus,

f(4) — (1)

) < f(12).

92 + Ax) — g(2)

8. Slopeat (2,1) = AIimO A
X —
. 5—(2+Ax2-1
= lim
Ax—0 AX
— _ — 2 _
— lim 5—4— 4Ax) — (Ax)2 -1
AX-0 AX

= lim,(~4= 30 = 4

12. gx) = =5
a0 = fim, P59
= Im
0
= Aimax =0
16. T =9— %x
P = fim, 100
i [0 (@/2)0x + A%] — [0~ (1/2)x]
AX-0 AX

m(-3) - -
T Ax-0 2) " 2
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18. f(x) =1—x2
f(x + Ax) — f(x)
AX
o[- (x+ A% - [1— %7
Ax

f/(x) = lim

1—x%— 2xAx — (Ax)2 — 1 + ¥
AX
—2XAX — (Ax)?
m —2aX = ax”
AX

= lim (—=2x — AX) = —2x
Ax-0

=x3+x2

f(x + Ax) — f(x)

= lim Ax

Ax-0

_ [(x + AX)® + (X + AX)Z] — [} + x2]
= lim
AX—-0 Ax

X + 3CAX + 3X(AX)? + (AX)® + X2 + 2XAX + (AX)?

- X=X

lim

Ax-0

Ax

m 3CAX + 3x(AX)? + (AX)® + 2XAX + (Ax)?
AXx

AIimO (3@ + 3xAX + (AX)? + 2x + (AX)) = 3¢ + 2x
AX —

= i
Ax-0

22. f(x)

24,

f(x) = lim Ax

lim X2 — (X + Ax)?
Ax-0 AX(X + Ax)%X2

im —2XAX — (Ax)?
Ax-0 AX(X + Ax)3@

— lim 28X
Ax-0 (X + AX)*x®

—
X

2

x3

4

f(x) = N
f(x + Ax) — f(x)

¥ = Ax

lim
Ax-0
4 4
IX+ A X

AX

im 4/x - 4/x+ Ax [ Ix+
Ax=0  AXYXV/X + AX IX A+
— lim 4x — 4(x + AX)

80 AX /XX + AX(VX + /X + AX)
= lim —4

80 /X% + AX(V/X + /X + Ax)

lim
AXx-0

X + Ax
X + Ax

-4 -2
NN NN N
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26. (@ fX)=x+2x+1

Fx) = Al)i([no f(x + AA>2 — f(x)

— lim [(x + AX)? + 2(x + Ax) + 1] — [x® + 2x + 1]

Ax-0 AX
. 2XAX + (AX)? + 2Ax
= lim
Ax-0 AX

AI)i(rqno(2x+ AX+2)=2x+ 2
At (=3, 4), the dope of thetangent lineism = 2(—3) + 2 = —4.
The equation of the tangent lineis
y—4=—4x+3
y=—-4-8

28. (@ f(x) =x+1

Fx) = Al)i([no f(x + Ax) — f(x)

AX
o x+ AR+ 1] -+ 1)
= lim
Ax-0 AX
— lim X3+ 3x3(AX) + X(AX)2 + (Ax)®P+1—-x3—-1
N Axlao AX

= AIim0 [3x2 + 3x(Ax) + (Ax)Z] = 3x2
At (1, 2), the dope of the tangent lineism = 3(1)?2 = 3.
The equation of the tangent lineis
y—2=3x-1)
y=3&x—-1

30. @ f(x) = Vx—1

o0 = im0

= |lim
Ax-0 AX

— i x+Ax—-1) —(x—1)
80 AX(VX + AX — 1+ X — 1)
. 1 1
= lim =
MAx-0 X+ AX—1+ Ux—-1 2Ux-—-1

X+ Ax—1-— x—l' X+ Ax—1+ Ux—1
X+ AXx—1+ Ux—1

At (5, 2), the Slope of the tangent lineis
1 1

m= — =

2J5-1 4

The equation of the tangent lineis
y-2=5x-9

~L.3
Y=4" 4

(b)

(b)

(b)

-2

(=3.4)

j((l, 2)
e

10
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%W@fwzxil (b) 3

f(x + Ax) — f(x)

FO) = Jim —— —
) . R

X+ Ax+1 x+1 -3
= lim
Ax—0 AX

— lim (x+1) —(x+Ax+1)
T oax-0 AX(X + AX + 1)(x + 1)

. 1
=AM R A+ DX+ 1)
1

(x + 1)2

At (0, 1), the Slope of the tangent line is

-1
T (0+1

m s=-1

The eguation of the tangent lineisy = —x + 1.

34. Using the limit definition of derivative, f/(x) = 3x2. Since 36. Using the limit definition of derivative, f(x) = 2(:711)32
the slope of the given lineis 3, we have X

3x2 =3 Since the slope of the given lineis —%, we have
x2=10 x= +1.
-1 _ 1
Therefore, at the points (1, 3) and (—1, 1) the tangent 2x— 1)%2 2
lines are parallel to 3x — y — 4 = 0. These lines have %
equations 1=(x-1
y—3=3x-1ady—-1=3x+1) 1=x-10x=2
y = 3x y=3x+4 At the paint (2, 1), the tangent line is parallel to

X + 2y + 7 = 0. The equation of the tangent line is

1
y—1=—5x-2)

y=—%x+2

38. h(—1) = 4 because the tangent line passes through (— 1, 4) 40. f(x) =x® O f(x)=2x (d)

h( 1)_3—(—1)_4_2
42. f’doesnot exist at x = 0. Matches (c) 44, y Answers will vary.

o
3l Sample answer: y = X
2
1
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f(x + 2Ax) — f(x) — lim f(x + Ax) — f(x) _

46. (9) Yes. A|>I<I;no 2Dx AX-0 AX

()
(b) No. The numerator does not approach zero.
im f(x + Ax) — f(x) — f(x — Ax) + f(X)

- f(x+ Ax) — f(x — Ax)
(© Yes. Alxlrpo 2AX B A|>I(~0 2AX
L fix + Ax) — f(x) = f(x — Ax) — f(X)
- AI>I<I:.nO [ 2AX * 2(—Ax) ]

1, 1.,
=§f(x)+§f(x)—f(x)

fx + Ax) — f(x) _

@ Yes M= ax e

48. Let (%, Yo) be apoint of tangency on the graph of f. By the limit definition for the derivative, f/(x) = 2x. The slope of the line
through (1, —3) and (%,, Y,) equals the derivative of f at X, y

_3_y0:
1-X
—3-Yo=(1—x)2%
—3 = X2 = 2%, — 2X2
X?2 = 2% —3=0
(X% =3Jx+1)=00 x%=3 -1

Therefore, the points of tangency are (3, 9) and (— 1, 1), and the corresponding slopes are 6 and — 2. The equations of
the tangent lines are

y+3=6x—-1 y+3=-2x-1)

2o

y=6x—9 y=-2x—-1
. X + AXx) — g(X
50. (8) f(¥ = ® g0 = Jim X0 =9
f(x) = lim w (x4 AxR — %
Ax-0 Ax = lim ———
AX-0 AX
2 _ 2
= lim &+ A2 = % X3+ 3xY(Ax) + 3x(Ax)2 + (Ax)® — X3
AX-0 Ax = lim
AX—-0 AX
2 2 _ y2
= |im % + 2(Ax) + (AX)? = X . AX(3%% + 3x(Ax) + (Ax)?)
AX—-0 Ax = lim
AX-0 AX
— jim XX+ A = lim (3¢ + 3x(Ax) + (AX)?) = 3x
Ax-0 AX AX-0
= AIim0 (2x + Ax) = 2x Atx = —1,g(—1) = 3 and thetangent lineis

y+1=3x+1 o y=3x+2

Atx = —1,#(=1) = —2and the tangent line is Atx = 0, g'(0) = 0and the tangent lineisy = 0.

y—1=-2(x+1 o y=-2x-1
Atx = 0, f/(0) = 0 and the tangent lineisy = 0.
Atx = 1,f(1) = 2and thetangent lineisy = 2x — 1. y—-1=3x-1) or y=3x-2

2 2

[~/ Al

3 -2

For this function, the slopes of the tangent lines are For this function, the slopes of the tangent lines are
always distinct for different values of x. sometimes the same.

Atx = 1,g’(1) = 3 and thetangent lineis
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52. f(x) = %xz

By the limit definition of the derivative we have f'(x) = x.

N~

X -2 | —-15 -1 —-05 0] 05 1 15 2 -2 2
f(x) 2 1.125 05 0125 0| 0125 | 05 | 1125 | 2 -1
fx) | —2 | —1.5 -1 -05 0] 05 1 15 2
f(x + 0.01) — f(x) 1
54. g(x) = 0.0L 56. f(2) = 2(23) =2, f(2.1) = 2.31525
= (3V/x + 0.01 — 3./3)100 _
f1(2) = 23525 -2 _ 54505 [Exact: f(2) = 3]
8 21-2
f
g
-1 8
-1
The graph of g(x) is approximately the graph of f/(x).
58. f(x) = ——3xandf(x) 2 -3
6
W
-9 \\ 9
I
-6
1
60. f(x) = x + "
2+ Ax) + -2
_f@+Ax -2, _ 2+Ax 2, 5
S (¥) = Y a— x—2 +f(2 = Ax (x—2) + >
22+ AX2+2-52+Ax), 5 _ (2Ax+3), . 5
= 2(2 + Ax) AX X=2+ 5= am* 273
g =2y _oy42_5. 05
(@ Ax = l.SAX—6(x 2)+2 6X+6 L/
. 4 5 4 9 A
Ax = 0.5 SAX:g(X*2)+§:gX+E _Gs)ss” 6
Ax=01:S —E(x—2)+§—gx+ﬂ SL/L
I ] 2 217 42
(b) AsAx - 0, the line approaches the tangent line to f at (2, %)

62. gx) =x(x—1) =x2-x,c=1

(x) (1) ”mxz—x—O: Iimx(x— 1)

g(l) X1 X—1 x-1 X—1

=limx=1
X-1
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64.

66.

68.

70.

72.

74.

76.

78.

80.

82.

84.

fx) =x3+2x,c=1

R e L R S L LR R
f00 = c=3

@ =t 13 = i g m 2 g im (5 -

gx) =(x+3¥3c= -3

913 = lim, =G = jim LI i s

Does not exist.

f(x) =|x—4[,c=4

ra = tim = 8= i A0 g B

Does not exist.

f(x) is differentiable everywhere except at x = +3. (Sharp turnsin the graph.)

f(x) is differentiable everywhere except at x = 1. (Discontinuity)

f(x) is differentiable everywhere except at x = 0. (Sharp turn in the graph)

f(x) is differentiable everywhere except at x = +2. (Discontinuities)

f(x) is differentiable everywhere except at x = 1. (Discontinuity)

f(x) = V1 - x2
The derivative from the left does not exist because
_ 2 — 2 — 2
im fO =@ _ “1 X0 iy 22X V12X 14X (Verticdl tangent)
quf x—1 X1~ x-1- X—1 J1 =X x-1 /1 — %2

The limit from the right does not exist since f is undefined for x > 1. Therefore, f is not differentiable at x = 1.

X, Xx<1
f(X) - {XZ, X > 1

The derivative from the left is

IimM: “mx—1: I|m 1=1
X-1" Xx—1 Xx—1 X1

The derivative from theright is

(0 -1 o -1 _
Jim = x—1 7><'LT*X*17XILT+(X+1)72'

These one-sided limits are not equal. Therefore, f is not differentiable at x = 1.
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%x+1,x<2

86. Notethat fiscontinuousat x = 2. f(x) = {\/5

The derivative from the left is
_ 1 _
lim M= lim w: lim
X2 X— 2 X2~ X— 2 X2~

The derivative from theright is

f(x) — f(2) lim V-2 J2x+2

xllj}1 X—2 - X—2

X 27

2x—4

— i . X=-4 0. 2X—-2) 2
IR Ve T k2D M e

2 + 2

X =2
Ix-2 _1
X—2 2

20x— 2) 1

The one-sided limits are equal. Therefore, f is differentiable at x = 2. (f/(2) = 3)

<

88. (@ f(x) = x2and f(x) = 2x

(b) gx) = xCand g'(x) = 3 y

(¢) The derivative is a polynomial of degree 1 less than the original function. If h(x) = x", then h’(x) = nx"~1,

(d) 1ff(x) = x4, thenf/(x) = lim

Ax-0 AX
4 _
— lim (x + Ax)* — x*
Ax-0 AX

f(x + Ax) — f(x)

im x* + 4x3(AX) + 6x2(AX)2 + 4x(AX)3 + (Ax)* — x*

Ax-0

AX

Ax-0

im AX(4x3 + 6x3(AX) + 4x(Ax)?2 + (Ax)®)
Ax

AIim0 (4x3 + 6X2(AX) + 4x(Ax)? + (Ax)3) = 4x3
X

Hence, if f(x) = x?, then f(x) = 4x® which is consistent with the conjecture. However, this is not a proof, since you must
verify the conjecture for all integer valuesof n, n=> 2.

90. False.y = |x — 2| iscontinuous at x = 2, but is not differentiable at x = 2. (Sharp turn in the graph)

92. True—see Theorem 2.1

94, 3

a4

-1

Asyou zoom in, the graph of y;, = X2 + 1 appears to be locally the graph of a horizontal line, whereas the graph of
y, = |x| + 1 always has asharp corner at (0, 1). y, is not differentiable at (0, 1).
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Section 2.2  Basic Differentiation Rules and Rates of Change
2. y=x1? (b y=x1 ( y=x32 (d y=x2
y = _%st/z y' = —x2 ' = —%)(5/2 y' = —2x3
y(1) = -3 y(1) = -1 y(1) = -3 y(1) = —2
1 -8
4. f(x) = -2 6. y=x° 8 y=_g=X 10. y = ¥x = x4
f/(x) = 0 y’ = 8x’ g P P
’_ —9 __ =X -
y'=87°=-5 Y'=1 4x3/4
12. g(x) =3x -1 14 y=t2+2t—-3 16. y=8-x° 18. f(x) = 23 — X2 + 3x
g'(x) = 3 y' =2t+2 y = —3x? f(x) = 6x2 — 2x + 3
5 5
20. g(t) = wcost 22. y=5+sinx 24. y= (223 +2008X = ox™ + 2 CosX
g(t) = —wsint y’ = COSX 5 —15
r— (_ —4 __ H — ~ q
y 8( 3)x 2sinx ad 2sinx
Function Rewrite Derivative Smpli
_2 _2. P W 4
26.¥=30 y=3 =73 Y'= 73
__7 — T2 /:_2777—3 /:_Zl
28.Y = (342 Y= y 9~ Y'7 "o
— 4 j— 3 [ 2 [ 12 2
30.y—F y = 4x y’ = 12x y’ = 12x
3 (3 5
2 f=3-5 (52 3. y=3C¢-6(218 36. f(x) = 3(5 — x)2, (5,0)
3 y =9 =32 - 30x + 75
0 = 52 y(2) = 36 f(x) = 6x — 30
ff(§) _5 f(5) =0
5/ 3
38. g(t) =2+ 3cost, (m —1) 40. f(x) =x2—3x—3x2 42, f(x) = x + x°2
g’(t) = —3sint f(x) =2x — 3+ 6x°3 f(x) =1—2x3
(m =0
9'(m) —x-3+2 —1-2
X X
4 hy = X =XKL g 46. y = 3x(6x — 5%2) = 18x2 — 153
X
, y’ = 36x — 45x?
1 2@-1
h/(X) =2 - ? = 2
48. f(x) = 3/x + 8/x = xt/3 + xi/5 50. f(f) = t2/3 — (/3 + 4

11 1 1
f(x) = gx 23 + gx 48 = 3x2/3 | Gy4/5

, 72—1/3
1) 3t

1 2 1

— ,t72/3 — —
3 3t1/3 3t2/3
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52. f(x) = %x + 3cosx = 2x~1/3 + 3 cosx

%

f’(x)=%2x—4/3—33inx=%—35inx
54. (@ y=x3+x
y'=3+1
At(—1,-2):y =3(-12+1=4
Tangent line: y+2=4x+1)
4x—-y+2=0

56. (@ y=(+ 22X+ 1)
=x3 4+ 3¢ + 2
y' =32+ 6x+2
At (1,6): y’ = 3(1)2 + 6(1) + 2 = 11.
Tangent line: y — 6 = 11(x — 1)
0=1lx—-y-5

58. y=x3+x
y'=3x2+ 1> Oforal x.

Therefore, there are no horizontal tangents.

62. y= /3x+ 2cosx, 0 < x < 27
y' = J/3—-2sinx=0

snx == 0 x gor%’

Atng,y= \/57;4-3

Atx=2—;, = 2‘/5737_3

Horizontal tangents: (7—; @) (27; &737—3)

66. k'x = x + 4  Equate functions
_k
2Jx

Hence, k = 2+/x and
2VX)Vx=x+40 2x=x+40 x=40 k=4

1 Equate derivatives

(b)

(b)

60.

68.

5
/
-5 5
-7
12
e i :
-2
y=x+1
y'=2x=00 x=0
Atx=0,y= 1

Horizontal tangent: (0, 1)

k — x2= —4x + 7 Equatefunctions
—-2X= -4 Equate derivatives

Hence, x=2and k—4=-8+70 k=3

The graph of afunction f y
such that f* > Ofor al x and
the rate of change the function
is decreasing (i.e.f” < 0)

would, in general, look like the
graph at the right.
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70. g(x) = —5f(x) O g’(x) = —5f(x) 2. Y

If f is quadratic, then its derivative is a linear function.

f(x) =ax2+ bx +c

f(x) =2ax+ b
74. m, isthe slope of the line tangent toy = x. m, isthe slope of the line tangent toy = 1/x. Since
1 -1
y=x0O y'=10 m1=1andy=; O y’=? O m=—.
The points of intersection of y = xandy = 1/x are
1

x=;D =10 x==1

Atx =1, m, = —1 Sincem, = —1/m,, these tangent lines are perpendicular at the points intersection.

2
76. 109 =, (5,0 78. f(4) =1
, 2 16
f(X) = —?
_2_0-y
X 5-x Nl AT sesee—
-1
—10 + 2x = —x
—-10+ 2x = —x2<g)
X
—10 + 2x = —2X
4x =10
L _5,_4
“2Y75s

The point (% é) is on the graph of f. The slope of the

tangent lineisf/(3) = — 2.

Tangent line: y — g = —§<x — §)

25y — 20 = —8x + 20
8 + 25y — 40 = 0
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80. (a) Nearby point: (1.0073138, 1.0221024) (b) f(x) = 3
_ Tx)=3x—1)+1=3x—2
Secant linet y — 1 = %(x - 1)
1.0073138 — 1 (c) The accuracy worsens at you move away from (1, 1).
y=3022(x — 1) + 1 2
(Answers will vary.) 2 /%1 2

/(1 1) -
g f
-3 3 T

@ Ax -3|-2|-1|-05 -01 001 0.5 1 2 3
fx) | -8 | -1 0 0.125 0729 | 1| 1331 | 3375 |8 |27 | 64

Tx) | -8 | -5 | —2| —05 0.7 1113 25 4 7 | 10

The accuracy decreases more rapidly than in Exercise 59 becausey = x3isless “linear” thany = x3/2,

82. True. If f(x) = g(x) + ¢, thenf’(x) = g'(x) + 0 = g'(x). 84. True. If y = x/m = (1/m) - X, thendy/dx = 1/7)(1) = 1/

-n

86. False. If f(x) = % = x" then f(x) = —nx "1 =

Xn+1
88. f(t) = 2 — 3,2, 2.1] 90. f(x) = sinx, [o, 7—67]
f(t) = 2t
f/(x) = cosx
Instantaneous rate of change:
Instantaneous rate of change:
210 (=22 =4
(0,00 O f(0) =1
(21,141 O (21 = 4.2
T 1 S 3
Average rate of change: <g‘ 5) O f (g) =, ~ 0866
fey -—f@_14-1_ Average rate of change:
21-2 0.1 '
f(m/6) —f(0)_ (1/2) -0 _ 3 _
(n/6)—0 (m/6)—0 = 0%
92. s(t) = —16t2 — 22t + 220 9. s(t) = —4.92 + vt + 5,
v(t) = —32t — 22 = —492 +5,= 0 when t = 6.8.
v(3) = —118ft/sec S = 4.9t2 = 4.9(6.8)2 = 226.6 m
s(t) = —16t2 — 22t + 220

112 (height after falling 108 ft)
—16t> — 22t + 108 = 0
-2t —-2)(@8t+27) =0
t=2
v(2) = —32(2) — 22
—86 ft/sec
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96. v 98. This graph corresponds with Exercise 75.
50— s
é— 404+ E _ 10t
= 1 8
> 30T o E 8T
= 1 1 1 [ =
§ ot Lo 5 (o
> 1 1 1 %
10+ 1 1 1 5 AT
1 1 1 5
S —tt 1+ @2
2 4 6 8 10 ! 2 62
Time (in minutes) ©.0) 12 ‘11 é é 110 t

Time (in minutes)

(The velocity has been converted to miles per hour)

100. s(t) = f%atz + cand s'(t) = —at.

sty + At) — sty — At)  [—(1/2)alty + AD)? + c] — [—(1/2)alt, — A)? + ¢)]

Average velocity: (o + AD — (4 — A0 AL
= (1/2)alty? + 2tAt + (AD?) + (1/2)alty® — 2tAt + (At)?)
B 2At
_ —2atAt
T 2At
= —at,

= s'(t,) Instantaneous velocity at t = t,
102 v=s -3¢
ds
When s = 40m,d—v = 48 cm?.

ds

104. C = (galonsof fuel used)(cost per gallon)

_ (15,000) (1.25) = 18,750
X X
dC _ 18750
dx X2
X 10 15 20 25 30 35 40
C 1875 1250 537.5 750 | 625 535.71 468.75
(STS(: —-1875 | —83.333 | —46.875 | —30 | —20.833 | —15.306 | —11.719

The driver who gets 15 miles per gallon would benefit more from a 1 mile per gallon increase in fuel efficiency.
The rate of change is larger when x = 15.

dT
106. - = K(T—T)
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110.

112.

y==,x>0
, 1
VT e

At (a, b), the equation of the tangent lineis

1

—f=—l(x—a) o y=
Y~ 3 2 y

x,2
a2 a

The x-intercept is (2a, 0).
. . 2
The y-intercept is <O, 5)'
. . 1 1 2
The area of the triangleisA = Ebh = E(Za)(;) =2
y=x
y’ = 2X

(8 Tangent lines through (0, a):
y—a=2xx—0)

X2 —a=2¢
—a=x2
+J/—a=x

The points of tangency are (+ /—a, —a). At (/—a, —a) theslopeisy’(v/—a) = 2./—a. At (— /—a, —a) the slopeiis

y’(—\/ja) =-2/-a

Tangent lines: y + a=2/—a(x — v/~a and y+a=-2/-alx+ /-a

y=2/-ax+a
Restriction: a must be negative.
(b) Tangent lines through (a, 0):
y—0=2x(x—a)
X2 = 2% — 2ax

0= x2 — 2ax = x(x — 2a)

The points of tangency are (0, 0) and (2a, 4a?). At (0, 0) the slopeisy’(0) = 0. At (2a, 4a?) the lopeisy’(2a) = 4a.

y=-2/-ax+a

Tangent lines: y — 0= 0(x — 0) and y — 4a2 = 4a(x — 2a)

y=0

Restriction: None, a can be any real number.

f,(x) = |sin x| is differentiable for all x # nar, n an integer.

f,(x) = sin|x| is differentiable for all x # 0.

y = dax — 4a?

You can verify this by graphing f; and f, and observing the locations of the sharp turns.
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Section 2.3  The Product and Quotient Rules and Higher-Order Derivatives

2 f(x) = (6x + 5)(x® — 2) 4. 908 = /4 — P =524 - &
/1 — 2 3 _ _
= 26¢ + 15¢ — 12 _A4-5¢
25t/2
6. gx) = /xsinx 8. gt) = ;ti
1 1
g’(x) = Vxcosx + sinxl—=| = /xcosx + —=sinx o 2=D2) -+ 2)(2 22— 14t — 4
<2\/;(> 2./x g'(t) = (2t — 7)2 - (2t — 7)2
s cost
10. h(S) = \/é 1 12. f(t) = tT
1 v _ t¥—sint) — cost(3t?) _  tsint + 3cost
h(s) = (Vs - s<55 1/2> o= (92 B t*
(Vs—1)*

1
RO
(Vs—17  2(J/s-17

14, f(x) = (6@ — 2x + 1)6E — 1) 16. f(x) = iJ_r i
f(x) = —2x+ 133 + (- 12— 2 o0 — (x = 1)(1) — (x + 1)(1)
=33x— 12+ 2(x— 12+ x+ 1) (x—1)?
=(xX— 1252+ 2x + 2 _x=-1-x-1
(1) =0 0= 12
_ 2
(x — 1)
7, _ 2 —
(2) = oo 2
sin x
18. f(X) = T
— (s 1
F(x) = (x)(cosx) - (sinx)(1)
_ XCOSX — sinX
=
f/(g) _ (7/6/(\/3/2 - (1/2)
6 72/36
_3./37-18
===
3376
= —
Function Rewrite Derivative Smplify
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22.

24. y

26.

30.

36.

38.

Function

X+ 3x+ 2
f(x)—ixz_1

=1DB%+3) — X+ 3x+ 2)(2

f(x) = - 17

Xt —6x2 —4x — 3
0e — 12

f(0) = Ix(Vx + 3) = x3(x¥/2 + 3)
i ) o 25+ a3 )
= 2X71/6 + X72/3

5 1

6)(1/6 + X2/3

Alternate solution:

f0) = ¥x(V/x+3

= x5/6 + 313

f(x) = gx*l/e + x23

Derivative Smpli
/= _§X—3 ’— _i
y 5 Y= T
[ g [ §X
y'=3 y'=7

=i 2]

pop (S ELELT NS
_ 2x3[ 2x(2)(++x1)—2 2]

2. h(x) =R —-12=x*—2%%+1
h(x) = 4x® — 4x = 4x(x®* — 1)

_.> .1
_6x1/6+x2/3
2 1 X2

—=x2[ £ = — oy —
90X X(x x+l) 2 X+ 1
,(X)zz_(x+1)2X—X2(1)=2(x2+2x+1)—x2—2x:x2+2x+2
9 (x + 1)2 (x + 1)2 (x + 1)2
fX) = —x+ D+ x+1)

X =2X—DXR+DR+x+ D+ -2 +x+1D +—-—x(x+1(2x+1)

=X+ 22+ X+ D F (R =2+ 2+ 20 + (€ — X2+ + X+ 1)

=20+ x4+ 3+ Xx—1+20 -2+ 26 — x4+ x3 - ¥ —x

=6 +43 -3 -1

0= S
o (@4 ) (=2¢) — (2 — x2)(2x)
P = (c + )2

— 4xc?

40. f(9) = (6 + 1)coso
(6 + 1)(—sin 6) + (cos 6)(1)

_.,

=

=2
Il

cosf — (0 +1)sing
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2 f(x):sjnx 44, y=x+ cotx
' X
y’=1-— cse?x = —cot?x
, XCOSX — SN X
f(X)_ X2
46, h(9 =% — 10cscs 48, y =X
s X
1 ,  XSecXtanx — secX
h(s) = —= + 10cscscot s = >
2 X
_ secx(xtanx — 1)
==2ra—=
50. y = xsinx + cosx 52. f(x) = sinx cosx
y’ = XCoSX + SinX — SiNX = X COS X f/(x) = sinx(—sinx) + cos x(cos x)
= CO0S 2X
2 _ _
54. h(6) = 50sec 6 + Otan 6 56. f(x):(%ile’)(xuﬁl)

h(6) = 50sec Htan 6 + 5sec 6 + 9sec? 6 + tan 0
X+ 23 + 2% —

2
0@+ 1)2 (form of answer may vary)

f(x) =2

60. f(x) =tanx cotx =1
f(x) =0

sin 6
58. f(9) = 1= cosd

1 _ cosf— 1
cosf—1 (1 — cosbh)? f(1) =0

f(6) =

(form of answer may vary)

62. f(x) = sinx(sinx + cosx)
f/(x) = sinx(cosx — sinx) + (sinx + cosx)cos X
=sinxcosx — SiPX + sinxcosx + cos? X

= sin 2xX + cos 2x

A7) — 50T m_
f(4) sm2+cos2 1

64. (@ f(x) =(xx— 1K —2), (0,2 (b) 4

fX)=x—1D2X) + X —2)(1) =3 —2x— 2 /\\ /
£(0) = —2 = dopeat (0, 2). - / )

Tangentline y — 2= —2xO y=—2x+ 2 ”

66. () f(x) = i; 1 (2, %) (b) 4

= -3

(x + 1)2 ~ X+ 12

(o = XD - 2 P

qoy — 2 _ 1 .
f(2) = 9= sIopeat(Z, 3>. 4

Tangent line: y—1=g(x—2)D y=gx—1
3 9 9 9
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68. (@) f(x) = secx, <7§T 2)

f/(x) = secxtan x
1) = - o
f(S) 23 slopeat(3,2>.
Tangent line:
y—2= 2\/§(x - 7§T>
6/3x—3y+6-2/3r=0

X
X2+ 1

0+ D2 -2 X
(x+ 1) T2+ 1)2

f(x) = Owhenx = 0.

70. f(x) =

f(x) =

Horizontal tangent is at (0, 0).

COS X
74. f(x) = — - = x""cosx
X
f(x) = —x"sinx — nx "1 cosx

= —x""Y(xsinx + ncosx)

XSinX + ncosx
- Xn+1

_xsinx + cosx

Whenn = 1: f/(x) = 2

_xsinx + 2cosx

Whenn = 2: f/(x) = v

XsinX + 3 cosx

Whenn = 3: f(x) = — @

_xsinx + 4 cosx

Whenn = 4 f/(x) = &

inx +
For general n, f/(x) = —>2nX T NCOSX

Xn+1
80. f(x) = secx
g(x) = cscx, [0, 2m)
f(x) = g'(x)
sec Xtanx = —cscx cot x [ secxtanx =-10
CSC X cot X
i3
X 10 taex=-10 tanx= -1
cos® X
37 77

COS X

(b) 6

x(cosx — 3) — (sinx — 3x)(1) _ xcosx — sinx

72. f'(x) =

X2 X2

, x(cosx + 2) — (sinx + 2x)(1) Xcosx — sinX

9’ = 2 = vz
inx —+ inx — 3x +
gx) = sinx 2x: sinx — 3x + 5x —f(0 +5
X X
f and g differ by a constant.
1
76. V= wr2h= 7t + 2)(Eﬁ)
1

= §(t3/2 + 2tY2) 7

() = Y342 71/2) 32
V(t) = 2<2t +t = 7r cubic inches/sec

k
78. P = v
ek
dv V2
. sinx
SX_ 4
sinx
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82. (a) n(t) = —9.664312 + 90.7414t + 77.5029

84. f(x) =x+ 3—3
v(t) = —276.4643t2 + 2987.6929t + 1809.9714 X
() A= VO _ ~27646C + 298769t + 180997 P =1- 2
n(t) —9.66t2 + 90.74t + 77.50 X
A represents the average retail value (in millions of f1x) = Lo
dollars) per 1000 motor homes. xt
o 40.46(x2 — 2.09x + 17.83)
© A =~ " 930x - 8.02?
2 —
86. f(x):%b(lzx+2—% 88. f(x) = secx
1 f/(x) = secxtan x
) = 1+5% f1x) = sec X(sec? x) + tan X(sec x tan )
2 = sec X(sec? x + tan? x)
f”(X) = _ﬁ
90. f"(x) =2 — 2x1 92. f@(x) = 2x+ 1 94. The graph of a differentiable func-
tionfsuchthatf > Oandf’ < O
2 fO(x) = 2 )
f7(x) = 2x2 = = for al real numbersx would in
X fO(x) = 0 general look like the graph below.
y
f
96. f(x) =4 — h(x) 98. f(x) = g(x)h(x) 100. y
0 = —h') () = g 'X) + h(x)g () \st
o
2 = —h(2) = —4 (2) = g@h'(2) + h2g'@) I / /
= (3@ + (-1)(-2) A N
=14 7
It appears that f is quadratic; so f’
would be linear and f ”would be
constant.
102. s(t) = —8.25t% + 66t Average velocity on:
= — . “+ —
v(t) 16.50t + 66 [0,1] i557i7i - 0 — 5775,
a(t) = —16.50
. 99 — 57.75
t(sec) 0 1 2 3 4 [1,2] is——7  —4L%.
s(t) (ft) 0 57.75 | 99 12375 | 132 12375 — 99
v(t) = () (ft/sec) 66 | 495 | 33 165 0 [2,3]is=———— = 2475.
a(t) = v/(t) (ft/sec?) —-16.5 | —16.5 —-165 | —165 —-16.5 B
[3,4]is 221275 _ g5,

4-3
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104 (@) f() = x7 @f@z%

fr'x) =nn—2(M -2 --(2)(1) =nl o = (=)"()(n — 1(n = 2) - - - (2)(D)

Xn+1
_ (=Dt
- xh+1
Note: nl =n(n—1)---3 -2+ 1(read “n factoria.")
106. [xf(x)]" = xf'(x) + f(x)
[XF(X)]” = xF"(x) + f/(x) + f/(x) = xF"(x) + 2f"(x)
[XF()]” = xt”(x) + £7(x) + 2f7(x) = xt”(x) + 3f"(X)
In general, [xf (x)]™ = xf™(x) + nf "~ 1(x).
108. f(x) = sinx f(;>=1
f/(xX) = cosx f/(g) =0
f’(x) = —sinx f”(?) =-1
@ P,x) =f(a)x—a) + f(a) = 0<x — E) +1=1 (b) 2 %)
1,, e 1 7\2 i N P
P,(x) = Ef (@x— a2+ f(a)x—a) + f(a) = 5(— 1)<x - E) +1

INE]
N

Y myz 2
=1 2(x 2>

(c) P, isabetter approximation than P;.

(d) The accuracy worsens as you move farther away fromx = a = g
110. True. yisafourth-degree 112. True 114. True. If v(t) = cthen
olynomial.
Py at) = vi(t) = 0.
dny
X Owhenn>4.

116. (a) (fg’ — fg)’'=fg”+ fg’'— fg’'— g
=fg"—-f1Q True
(b) (fg)”=(fg’ + f'g’
=fg"+fg ' +fg +fQ
=fg’+ 29’ + f'g
#fg’ + g False
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Section 2.4  The Chain Rule
y = f(9(x) u=g®x y =f(u)
2. y= L u=x+1 y=u1?
VX+ 1

4. y = 3tan(wx?) u= mx? y = 3tanu

6.y= cos% u i = cosu

Y =008y =2 y=

8 y=(23+ 1) 10. y = 3(4 — x?)s

12

16.

20.

24.

28.

32.

y’ = 2(2¢ + 1)(6x?) = 12¢(2x3 + 1)

(D) = (9t + 23
2 _ 6
f/(t) = g(gt + 2) 1/3(9) = é/m

gx) = V¥ —-2x+1=J(x—1)2=|x—1]

1, x>1
-1, x<1

g’(x)

s(t)
s’(t)

=@t2+3t—- 1
—1t2+3t— 1) %2t + 3

—(2t+ 3)
(2 + 3t — 1)2

o) = (2~ 2)¥2

g/ = ~5(& — 2)7¥2(2) =

(t2 — 2)3/2

y = V16— %

y = %x2<%(16 - x2)*1/2(—2x)> + X(16 — x?)%/2
—x3
216 — x?
_ o3 - 32

216 — x?

h(t) = 2( )((t3 + ?t)s(thr) 2—)2t2(3t2)>

224t -t 284 — 1)
T TEv2 | (2P

+ XJ/16 — x?2

t2
342

y’ = 15(4 — x?)(—2x) = —30x(4 — x?)

14. g(x) = 5 — 3x = (5 — 3x)¥/?

910 = 506~ 3 -3 = 5
18. f(x) = —3(2 — W)
109 = ~42 = 9 94-9) = g =g

22, y=—5(t+ 3)3

15

’ = -4 =2
y’ = 15(t + 3) T+ 9

26. f(x) = x(3x — 9)8
f(x) = X[3(3x — 92(3)] + (3x — 9)3(1)
=(3x — 999 + 3x — 9]
= 27(x — 3)%4x — 3)

30, y=—=
YT hara
(x4 + 4)Y2(1) — x%(x4 + 4)~Y2(4x3)
y'= X4+ 4
XA+ 4-2x4 4 - x4
(x4 + 432 T (x4 + 4)32
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o a0 = (53]

o o3 = 27 (2x + 3)(6x) — (3x2 — 2)(2)
g(x)_3<2x+3>( (2x + 3)2 )
_3(3x% — 2)A6x% + 18x + 4)  6(3x% — 2)2(3x* + X + 2
a (2x + 3)* h (2x + 3)*
36 y= Xf‘l 38, () = /X2 — %?
(x—2)(Bx—2)
[ — 1 f/(x) = 7=
Y = xx + 172 2/

" has no zeros. . .
y"has o zeros f where the tangent lines are horizontal.

y

-6 6 -3 6
-1
-2
4. y=(12-9Vt+2 42, gx) = X—1+ Sx+1

,_5t2+8t—9 90 = 1 Lt

2Jt+ 2 2Ux—=1 2Ux+1
The zero of y’ corresponds to the point on the graph of y g’ has no zeros.

where the tangent line is horizontal.

15
9
// :
y )
-3 -2 10

</ !

-15

44, y:x2tan% 6

1 L

Y — oxten

o o= B /Jm”y

The zeros of y’ correspond to the points on the graph of
y where the tangent lines are horizontal .

46. (@ y=sin3x b y= sin()z()
'=3 3
y Cos 3x - <;> 5<5>
y(0) =3 ' =12)\2
3cyclesin [0, 2] y(0) = 1
2

Half cyclein [0, 2]

The slope of sin ax at the origin is a.

The zeros of f” correspond to the points on the graph of



352 Chapter 2 Differentiation

48. =snwx

y
dy _
ax ~ TeosmX

52. y=cos(1— 2x)? = cos((1 — 2¢)?

y’= —sin(1 - 22(2(1 — 2x)(—2)) = 41 — 2x) sin(1 — 2x)?

54. g(6) = sec(%@) tan(%o)

1 11\1 1 1

o10) = s ) o 30)5 + an{59) sx{ 39)

()l

56. g(v) = % = CcosV - sinv

50. h(x) = sec(x?)
h’(x) = 2x sec(x?) tan(x?)

g’(v) = cosv(cosV) + sinv(—sinv) = cos?v — sin?v = cos 2v

58. y = 2tan3x

y’ = 6tan®x - sec?®x

62. h(t) = 2cot?(wt + 2)
h'(t) = 4 cot(wt + 2)(—cscX(wrt + 2)(m))
= —4qcot(mt + 2) csc3(wt + 2)

66. y = sinx¥3 + (sinx)/3

y = cosx1/3(%x‘2/3> + %(sin X)~2/3 cos x

_ ;[cosxl/3 Ccos X ]
3 x3 (sinx)?/?

1 2 -2 i
70. f(X) = m = (X - 3X) ) (4, 16)
Px) = —2(¢ — 39-3(2x — 3) = %
= -2

4. y= % + /COSX, <7—2T %)

, 1 sin x
y'=—-= -
X2 2/cosx

y’(7/2) is undefined.

60. g(t) = 5cos? 7t = 5(cos 7rt)?
gt

10 cos wt(—sin 7rt)(m)

= — 107 (sin 7rt)(cos 7rt) = —57 sin 27t

64. y = 3x — 5cos(mx)?

= 3x — 5cos(7?x?)

Q, q 2 w2 2
o 3 + 5sin(w? x?)(272x)

= 3 + 1072 sin(mx)?

68. y = (3 + 405 (2,2)

y' = %(3x3 + 4x)~9/5(9%2 + 4)
9%+ 4
5(3x3 + 4x)4/5

X+ 1

72. f(x) = o~ — 3

(2.3

=5

_ (2x=3)(1) - (x+ 1)

) (2x — 3)?

f(2) = -5

C(2x - 32
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76. (@) f(x) = %x\/xz 15 (22

F(x) = %x[%(xz n 5)‘1/2(2x)] +20e + 52

X2 1
=———+-UX¥+5
3/ +5 3
oy = A Ll 13
Tangent line:

y—2=%3(x—2)|:| 13x — 9y —8=0
(b) 6

80. f(x)=(x—2)1

7, —_ _ -2 — — 1
f(X) - (X 2) - (X _ 2)2

” — _ -3 — 2
f(x) =2(x— 23 = (x — 2)3

82. f(x) = sec?® wx
f/(x) = 2 sec wx(7 sec wx tan wX)

= 27 Sec? wx tan wX

78. (8 f(x) = tan?x, (7747 1)

f7(x) = 27 sec? wx(sec? wX)(m) + 27 tan wx(27 sec? X tan X)

= 2m2 sec? X + 4m2 sec? wx tan? wx
= 272 sec? wx(sec? wx + 2tan? mwx)

= 2m? sec® wx(3sec? wx — 2)

fis decreasing on (— oo, —1) so f” must be negative
there. f isincreasing on (1, co) so f” must be postive
there.

88. g(x) = f(x?
g'(® =) (2x) O g'(x) = 2xf(x?)

86.

f/(x) = 2tan x sec? x

f’<%) =212 =4

Tangent line:
y—1:4<x—%)D X—-y+(1-m=0
(b) 4

JAA

-

g
X
-1 | 4
b

The zeros of f” correspond to the points where the graph
of f has horizontal tangents.
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90. (@) g(x) = sim®x + cos?x =10 g’(x) =0 92. y=3cosl12t — 3 sin 12t
g’(x) = 2sinxcosx + 2cosx(—sinx) = 0 v=y' = %[—125in 12t] - 3[12 cos 121]
(b) ta®x + 1 = sec?x = —4sin12t — 3 cos 12t
gx) + 1 =1(x) Whent = 7/8,y = 0.25 feet and v = 4 feet per second.

Taking derivatives of both sides,
g'(x) = f(x).

Equivalently, f(x) = 2secx - secx + tanx and
g’(x) = 2tanx - sec? x, which are the same.

94. y = Acos wt

(& Amplitude: A = 3—25 =175 by v=y' = 1.75[—gsin %t]
y = 1.75 cos wt _ 70_35778"]%
ok _2m_m
Period: 100 w = 05
=175 coslt
y . 5
96. (a) Using agraphing utility, or by trial and error, you (c) T(t) = —22.15 cos(%t + 1)(%)

obtain amodel of the form

T(t) = 64.18 — 22.15 sin(%t + 1)

20

(0) 0 A~
/—'\ 0 \\\_\J/ 13

-20

(d) The temperature changes most rapidly whent = 4.1
(April) and t = 10.1 (October). The temperature
changes most slowly (T'(t) = 0) whent = 1.1
(January) and t = 7.1 (Jduly).

98. (@ gx) =f(x—20 g'(x) = f(x)

X 2| -1 0 1 2 3
(b) h(x) = 2f(x) O h'(x) = 2f(x) %) 4 % _% 121 a4
(© r(x) =f(=3x) O r(x) = f(=3x)(=3) = —=3f(—3x) g | 4 2| 11| -2] -4
Hence, you need to know f’(— 3x). h/(x) 8 % ,% 2| -4 -8
r0) = —3f(0) = (-3)(-3) = 1 r'(x) 12| 1
r(—1) = —3f/(3) = (—3)(~4) = 12 S | -3 | —1|-2| -4

(d) sx) =f(x+2) O s(x) =f(x+ 2

Hence, you need to know f/(x + 2).

s(—2) = f(0) = -3, etc.
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100. f(x + p) = f(x) for all x. 102. If f(—x) = —f(x), then
(@ Yes, f(x + p) = f/(x), which showsthat f’is d d
periodic as well. L (0] =2 [~f¥]
(b) Yes, let g(x) = f(2x), s0 g'(x) = 2f(2x). f(=x(-1) = —f(x)
Sincef’is periodic, soisg"”. F(=x) = F/(x).

Thus, f(x) is even.

104. lul = Vw2

%[IUI] = %[\/ﬁ] = %(uz)*l/z(ZUU’) = \/lfj— = ue |u| u#o0
106. f(x) = |x2 — 4 108. f(x) = |sin|

f(x) = <| X2 — j|) X % +2 f(x) = cosx<|smx|> X # kar
110. (@) f(x) = sec(2x) (b) s

f/(x) = 2(sec 2x)(tan 2x)
f7(x) = 2[2(sec 2x)(tan 2x)] tan 2x + 2(sec 2x)(sec? 2x)(2)

(6] = ={5) -2
1(§) =23 l3) = o3
(

) 4[2(3) + 2°] = 56

f

2JE]

//E
f6

P = 4/3(x — ) +2
P9 = 3@0)(x— Z) + 4v3(x - Z) + 2
= 28<><— %)2 + 4ﬁ<x - ’—67) 2

(d) The accuracy worsens as you move away

(c) P, isabetter approximation than P,.
from x = /6.

112. False. If f(x) = sin? 2x, then f(x) = 2(sin 2x)(2 cos 2x).

114. False. First apply the Product Rule.
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Section 2.5  Implicit Differentiations

2. X —-y>=16
2X—2yy'=0

y =2
y
6. Xy +yx= -2
Xy +2xy + Y2+ 2yxy’ = 0
0+ 2)y" = —(y* + 2xy)

,_ oYY+ 2
X(x + 2y)

10. 2sinxcosy =1
2[sinx(—siny)y’ + cosy(cosx)] = 0

, _ Ccosxcosy

snxsiny

= cotxcoty

14. coty =X—y
(-esc?yly’ =1-y’

1

=y

— 1 —_ 2
© —cot?y tany

18. @ ¥ —4x+4) +(y2+6y+9=-9+4+9
(x =22+ (y + 3)2= 4 (Circle)
(y+3P2=4-(x-27?
y=—3+/4— (x— 22
(c) Explicitly:
Yol x- 27 V-2 - 2
F(x—2
(V4 — (x — 2?2
. —x-2)
+/4 — (x = 22
—x-2
-3+ /4—(x—22+3

_—(x=2
 y+3

4.

12.

16.

XB+y =8
32+ 3y =0
4 Xz
V=g
()2 = x + 2y =0

1
E(xy)*l/z(xy/ +y)-1+2'=0

X Yy
=y +2=—1+2=0
2 2y y

Xy +y = 2V/xy + 4y =0

N

y' =

2%

N
+

(sinrx + cos wy)? = 2
2(sin wx + coswy)[7 cos wx — w(sinwy)y’] = 0

7 cos X — w(dnwy)y’ = 0

, _ C0S X
~ sinmy
1
X = sec-
1=—y—2$c1tan1
y y y
= s~ 7
=Y = — cos| — |cot| —
Y T sy any) - Ry

(d) Implicitly:

2X+ 2y’ — 4+ 6y’ =0
(y + 6y =-2x-2)

,_—(x=2
y+3
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20. (@ Y?=x>+9 (b) 4
2 2
=X X e et}
_,-d-""'_'_'d__-__\_\_""‘-m_
_xUX2+9
y= 3 —
+1(x2 + 9)7Y2(2x)
© Explicitly: & = 2 =X _ X __X
PHAEY ¢ 3 3UX+9 33y 9y
(d) Implicitly: 9y? — x2 =9
18yy’ — 2x =0
18yy’ = 2x
, _ 2X X
V' =18y Ty
2. x¥—-y=0 24. xX+ye=x3+y8
2x—3y%y'=0 X+ 3y + Bxy? + P =3+ R
S 3x%y + 3xy2 =0
V' =5y
X2y + xy2 =0
At (1,1): y’=§. X%y’ + 2xy + 2xyy’ + y> =0
0+ 29)y" = —(y* + 2xy)
y = Yy +2x
X(X + 2y)
At(=1,1):y = -1
26. Xty =dxy+1 28. xcosy = 1
3x2 + 3y’ = dxy’ + dy X —y’siny] + cosy = 0
(3y? — 4x)y’ = 4y — 3x? y = cosy
y = 4y — 3x? xsny
- 2 _
(3y? — 4x) _ ;coty _ co):y
4—-12 8
At(2,1),y = =—
3-8 5 At<22)' ,_ 1
3 )Y 2/3
30. 4-xy2=x3 32. xB+yi—6xy=0
(4 —x(2yy) + y*(—1) = 3% 3x2 + 32y’ — 6xy’ — 6y = 0
y =Xty y(3y2 — 6X) = by — 3¢
24 =X , _By—3¢ 2y—x?
At(2,2:y =2 Y T 32 —ex  y2- 2x

M(L2) y-U2D-089 3

33/ Y T (e4/9-(8/3 40 &5
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34. Cosy = X
—siny-y’'=1
, -1
y _siny’0<y<7r

sy + cos?y = 1

sy = 1 — cos?y

siny = /1 — cofy =
,_ -1
y J1-x?

36.

,—l<x<1

X2 —2x =3

2Py’ + 2xy2 —2=0

Xy’ +xy2—1=0

y' =

2y’ + X2y + xoyy” + 2xyy’ + y? =
axyy” + XY + Ry + Y =

4-axy?  (1— xyP?
+
X X2y?

1—x2

X2y

+ %y’ +y?=0

Axy? — byt + 1 — 22 + Xyt + xWBy” 4+ Xyt =0

3B.1l-—xy=x—-yYy

y—xy=x-1
x—1
y:1—x:7
y'=0
y’=0
x—1

2="—
2 Y=g

@+ 1)(1) - (x— (20

= 2 + 12
X+ 1- 2@+ 2X
(2 + 1)
, 1+ 2x—x?
y 2y(x2 + 1)?

V5. .,_ 1+4-4 1
At<2, ) y ——[(2\/5)/5](4+1)2 VG

5
NG

Tangentliney — —

105y — 10 = x — 2
x—10/By + 8=10

1
5 _10\@(X 2

y// —

XMy = 23y — 2xy? — 1

23 — 22 — 1
Xy
40. Y2 =4x
2yy’' =4
y' = 2
y
y'= -2y =
1
_%%5_):
-1 5
N




Section 2.5 Implicit Differentiation

359

03
At (0, 3) AR
Tangent line: y = 3 k_/

Normal line: x = 0.

At(2,/5): “

-2 /_ (2.V/5)
Tangentline:yf\/ézﬁ(xfz)ﬂ 2+ /By—9=0 " _/ .
Normal Iine:y—f=§(x—2)lj UBx — 2y = 0. =

46.  y? = 4X
2yy' =4
2

y’=§= lat(1,2)
Equation of normal at (1,2) isy — 2 = —1(x — 1), y = 3 — x. The centers of the circles must be on the normal and at
adistance of 4 units from (1, 2). Therefore,
x=1)2+[B-x —22P=16
2(x — 1)2 =16
x=1%2/2.
Centers of thecircles: (1 + 22,2 — 2/2) and (1 — 2/2,2 + 2./2)
Equations: (x — 1 — 2/2)2+ (y — 2 + 2/2)? = 16
(x—1+2/2%+(y-2-2/2)%=16

48. 2+ y? —8x+4y+4=0
8x+2yy'—8+4y’=0

, 8—-8_ 4-—4&
Y =y +4 y+2

Horizontal tangents occur when x = 1:
412+y?—-81) +4+4=0

V+44y=y(y+4=00y=0 -4
Horizontal tangents: (1, 0), (1, —4).
Vertical tangents occur wheny = —2:
H2+(-22-8+4-2+4=0
42 —8x=4x(x—2)=00 x=0,2

Vertical tangents: (0, —2), (2, —2).
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50. Find the points of intersection by letting y2 = x3 in the equation 2x2 + 3y? = 5.

22+3¢=5 ad 3¢+22-5=0 , [22+37=3]

- /,
Intersect when x = 1. /741 1)
-2 4

Points of intersection: (1, +1)

V2 =X 2x2 4+ 3y2 = 5:
- -2 2_ .3
ye=x
2yy’ = 3x2 4x +6yy’' =0
S

At (1, 1), the Slopes are:
At (1, —1), the opes are:

Tangents are perpendicular.

52. Rewriting each equation and differentiating,

xX¥=3y—-1 X8y —29) =3
b(3y—29)=3 15 ><3:3y‘ﬂ
; 1 L b

3
y=5+1 y:f<f+29)
3 3\x —\,IJ
’ ’ 1 -15 - 12
y =x y'=-% i
X

-3

For each value of x, the derivatives are negative reciprocals of each other. Thus, the tangent lines are orthogonal at both points

of intersection.

54. X2+ y?=C? y = Kx 2

x+2)y'=0 y =K

A .
,_ X
y_y X%=2

At the point of intersection (x, y) the product of the
slopesis (—x/y)(K) = (—x/Kx)(K) = — 1. The curves are orthogonal .

56. X2 — 3xy? + y® = 10
(@ 2x — 3y? — 6xyy’ + 3y’ =0 (b)zx——e,yzg—
(—6xy + 3yy’ = 3y? — 2x

K=-1 ™, c=1

-2

+3y20|y 0

, 3y2 — 2 (ZX - 3y2) (6Xy 3)/2
T 3y2 — 6xy
58. (8) 4sinxcosy =1 (b) 4sinx(—sjny) + 4cosx%cosy 0
4snx(—siny)y’ + 4cosxcosy = 0
COS X COS Y cosxcosy% = sinxsjnyy
= dt dt

snxsiny

)dy



Section 2.6 Related Rates

361

60. Given an implicit equation, first differentiate both sides 62.
with respect to x. Collect all termsinvolving y’ on the left,
and al other terms to the right. Factor out y” on the left
side. Finaly, divide both sides by the left-hand factor that
does not contain y”.

(I
it [ 3
‘\

Use starting point B.

64. IX+ Jy=Je
1 1 dy_

NAEN T
dy_
dx IX
Tangent line at (X,, Yo):

x-intercept: (X, + +%9/Yo, 0)
y-intercept: (0, y, + +/%ov/Yo)
Sum of intercepts:

(% + V3ov¥0) + (Yo + V¥ov¥o) = %o + 2V W0 + Yo = (Vo + V3o = (Vef = ¢

Section 2.6 Related Rates

2. y=2(x%2 - 3x) 4, X2+ y2 =25
Y _ 4 - g dx L 0y _
ot = X Oy X T = O
dx_ 1 dy dy _ ( )dx
dt  4x — 6 dt dt y/dt
(a) When x = 3ad &= 2 = [4(3) — 6](2) = 12 ax _ (_X)‘ly
dt dt x/ dt
(b) When x = 1and dy —5 % e - (@ Whenx = 3,y = 4, and dx/dt = 8,
dt 4(1)
dy = 7§(8) - _
dt 4

(b) Whenx = 4,y = 3, and dy/dt = —

dx 3 3
@ 27277
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1 8. y=sdnx
& V=11

dx
dx - =2
ox_ dt
dt 2

dx

o _[ -2 o & - ooy
dt (1 + x®2]dt

10.

14.

16.

20.

(@ Whenx = —2,
dy _-2(-2)2 _ 8

dt 25 25 O/
(b) Whenx =0,
dy_
i 0 cm/sec.
() Whenx = 2,
dy _ —22(2) _ -8
- 25 2 oS
dx . dy .
€)] pm negative [ at negative
dy .. ax ..
(b) at positive [J at positive
D= JVxX+y= /X2 + sin®x
dx
i 2
CL—? = %(x2 + siMx)~Y/2(2x + 2 sin X cos x)
A= 7r?
dA dr
E = Zﬂra

If dr/dt is constant, dA/dt is not constant.

dA dr
o depends on r and o
V=x
dx
o 3
v _ oo KX
a = X &
(@ Whenx =1,
dv

o 3(1)3(3) = 9 cm?3/sec.

(3 Whenx = 7/6,

% - (cos%)(Z) = /3om/sec.

(b) When x = /4,
% = <cos77:>(2) = /2 cm/sec.
(c) Whenx = #/3,

% = <cosg>(2) = 1cm/sec.

12. Answerswill vary. See page 145.

dx X+ sinxcosxdx 2+ 2sinXcosx

dt @+ smex dt X2 + sin?x
18. V= g'n'r3
dr
a2
av ,ar
a =
dv . .
(& Whenr = G,E = 47(6)3(2) = 288w in3/min.

Whenr = 24, %\t/ = 47(24)%(2) = 46087 in3/min.

(b) If dr/dt is constant, dV/dt is proportional to r2.

(b) When x = 10,

?T\t/ = 3(10)2(3) = 900 cm3/sec.
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_1 1 — 3 1 51 25 5 27 4
22. V—377rh—37-rr 3r) = =r 24. stwrhfsn- 144h 73(144)h
dr . . r h 5
bl r.n ==
dt <By similar triangles, 5T 12 Oor 12h.>
av _,  odr av _
a S a 0
(8 Whenr = 6, dv _ 257, dh @:(144)1\/
dv d 144 dt dt 257h?) dt
— = 37(6)%(2) = 2167 in3/min.
dt _,dh 144 9
When h = 8§, &t~ 25x(6d) (10) = 1O7Tft/m|n.
(b) Whenr = 24,
‘(’j—\t’ — 37(24)%(2) = 34567 in/min.
26. V = %bh(lz) — 6bh = 6 (sinceb = h) 28, 2+ y2 = 25
v pdhdh 1oV %y ¥ _g
@ G =2 %Y @ T ha ct dt
dx y dy 015y . dy
_ av_,d_ 1 1o —=-2.72 = 2T gnce= = 0.15.
When h = 1 and o 2, i 12(1)(2) = 6ft/mln dt X dt X dt
When x = 2.5
dh 3 av 3 . ’
(b) If —— =—-andh = 2, then— = 12(2)<7> = 9ft3/min.
d 8 dt 8 y= v1875, X = Y1875, 15 026m/sec

dat - 25

30. Let L bethe length of the rope.

@ LP=144+% ) 1F = 4 andL =13,
o O .

d 7 dt dL  xdx

dx _ L od_ 4 d_ dt Lt

i x Xsmcedt— 4 ft/sec. .

When L = 13, = Ts(_4)

Xx=JL2—- 144 = /169 — 144 = 5

dx _ 4(13) _ 52 _
G- 5 = 5 = —l04ft/sec

-20
=13 ft/sec

AsL - 0, % increases.

Speed of the boat increases as it approaches the dock.
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2. xX+y?=¢

LSNP -
2th+0_23dt (smcedt
dx _ sds
dt  xdt

Whens = 10, x = /100 — 25 = /75 = 53

dx 10 —480
X D (a0 = 22—
& 5,3 203

)

—160./3 =~ —277.13 mph.

20__y
36. (a) 6 y—x
20y — 20x = 6y
14y = 20x
_10,
y=73
dx
a——S
dy _10dx_10 . _ —S0
i S A

dly—x _dy dx_ —50

®) d  dt dt 7

38. x(t) = gsin X +y =1

(a) Period: 27” = 2 seconds

(b) Whenx = Z,y

alw

Il
[N
|
PR

Lowest point: (O, g)

34 £ =090+ x
X = 60

an/‘\ion
28
_x
s dt
When x = 60,
s= /90 + 60° = 30/13
ds 60 56

T 30\/E(28) = ﬁ ~ 15.53 ft/sec.

———————
|- o) >

|—— X —>1

_ 3 /i _(1p_15
(c)Whenx—lo,y— 1 (4)— 2 and

3 3. . 1 1
Efgsm’ﬁtlj Snﬂtfél:‘ '[76
%*§7TCOS7T'[
dt 5
x+y=1
Ly oy XX
2o T T O ¢ = y dt’
dy —-3/10 3 S(n')
Thus, — = .= —
St~ /15/4 57 “\6
_ — 97 _ N
25./5 125
-9/ 57
Speed—‘ 3 ‘~0.5058m/sec
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—\2
10, %{ZRLJFRL 42. rgtan 6 = v
1 2 32r tan 6 = V2, r is aconstant.
dR, do . d
=1 2000 _ OV
dt 32r sec gdt 2th
dR, dv 16
=15 dv _ 16r do
dt & v 0y
1 dR_ 1 dR 1 dR, o de v dv
= . = .= 4 —. - -7 2V
R d R2 d  R2 d Likewise, 4 = 76; 050 -
WhenR, = 50 and R, = 75,
R =30
R_ o] L as)
a = 0 5op® * G @)
= 0.6 ohms/sec.
44, sinf = 10
X
dx
- (—Dft/sec )
cos 0(d9> _ 10 ’
dt)  x2  dt 0
dg —10dx
- e >
-10, 25 0 1 2 221
_ 1) —— = = ~ 0.017 rad/sec
252 /22 — 102 25521 2521 525 /

X
46. tan 0 = 50
do .
i 30(27r) = 607 rad/min = 7rrad/sec

do 1 (dx
2 -~ (==
Sec 0<dt) 50(dt>

dX de |e——— X ——
i 50 sec? 9( dt>
(@) When 6 = 30°, ‘;’t( - %ft/sec. (b) When 6 = 60°, % — 2007 ft/sec.
(c) When 6 = 70°, g’: ~ 427437 ft/sec.
48. sin22 =2 50. (@) dy/dt = 3(dx/dt) means that y changes three times as
y fast as x changes.
Oz—é-%+1-% (b) y changes slowly when x = 0 or X = L. y changes
y y more rapidly when x is near the middle of the
dx interval.

5 . @ = | ° = i
a Ty d (sin 22°)(240) =~ 89.9056 mi/hr

22
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2

is constant,
dt?

12

o,

2
52. L2 = 144 + xZ acceleration of the boat = %
e erivaive o AL _ o O
First derivative: 2L e 2x ™
dL dx
L T X
ooooooodd dhodL . d3% | dx  dx
Second derivative: L a2 Ta d Sde T a o
e (st (85 (2
dt? X dt? dt dt
WhenL = 13,x = 5,% = —10.4, andd—L = —4 (see Exercise 30). Sinced—L
dt dt dt
LZX — 1 — A2 — (— 2
Gz 5[13(0) +(—4) (—10.4)7]
1 1
= 5[16 — 108.16] = 5[792.16] = —18.432 ft/sec?
54. y(t) = —4.9t2 + 20
dy _
i 9.8t
y(1) = —49+ 20 = 15.1
y(1) = —-9.8 20
- , 2 _ y
By similar triangles, v ©,0)
20x — 240 = xy.

Wheny = 15.1, 20x — 240 = x(15.1)
(20 — 15.1)x = 240

20
49’

20x — 240 = xy

Att =1,

dx _ 240/4.9
dt ~ 20 — 15.1

(—9.8) ~ —97.96 m/sec.

|e———— X ——>

X



