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50. Letf(x) = tanx,x = 0, dx = 0.05, f/(x) = sec? x. 52. Propagated error = f(x + Ax) — (),

dy

Then relative error = ‘dvy‘ and the percent error = ‘V

£(0.05) = f(0) + f/(0)dx
tan 0.05 = tan 0 + sec? 0(0.05) = 0 + 1(0.05).

x 100.

56. False
54. True,%=?=
X X Letf(x) = /X, x = 1,and Ax = dx = 3. Then
Ay=f(x+ Ax) —f(x) =f(4 —f(1) =1

and

dy = F/(x) dx = ziﬁ(s) - g

Thus, dy > Ay in this example.
Review Exercises for Chapter 3

2. (@ f(4) = —f(-4) = -3 (b) f(=3) = —fQ) = —(-4) = 4

(d) Yes. Sincef(-2) = —-f(2 = -(-1) =1and
f(1) = —f(—1) = —2, the Mean Value says that there
exists at least one value c in (—2, 1) such that
f) —f(-2 _-2-1_

Mo =—"1-"5 112 b

(e) No, Iirrg) f(x) exists because f is continuous at (0, 0).
X —

(f) Yes, fisdifferentiableat x = 2.
At least six critical numbers on (—6, 6).

X

e+ 1

Fx) = x[—%(xz + 1)‘3/2(2x)] o+ 1)1

4. f(x) = [0, 2] 6. No. fis not differentiable at x = 2.

_ 1
(x2 + 1)%2
No critical numbers
Left endpoint: (0, 0) Minimum
Right endpoint: (2, 2//5) Maximum

8. No; the function is discontinuous at x = 0 which isin theinterval [—2, 1].

10. f(x):%,lsxs4 12. fx)=/x—2x,0<x<4
1
, 1 fr(x) = —— — 2
o = - ™ =2
fh)—fl@ (1/9—-1 -3/4 1 flb) —f(@ _-6-0__3
b-a  4-1 3 4 b-a 4-0 2
1 3
, -1 1 flc)=—~—-—2=-3
f(c):?:_Z (C) Zﬁ 2

c=2 c=1
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14. f(x) =2 —-3x+1
f(x) =4x— 3
f(b)ff(a):2171:5
b-a 4-0

fc)=4—-3=5
¢ = 2 = Midpoint of [0, 4]

16. g(x) = (x + 1)3

Interval —c0o<Xx<-1|] -1<x<o0
y) = 2
9100 = S ) Sgnofg'9| g'x) >0 9’ > 0
Critical number: x = —1 . - .
Conclusion Increasing Increasing
18. f(x) = sinx + cosx, 0 < x < 27 a - 5+ | 5
Interval 0<X<Z Z<X<T T<x<27r
f/(x) = cosx — sinx
Sign of f/(x f(x) >0 f(x) <0 f(x) >0
Critical numbers; x = 77: X = 5777 g : 09 09 09
Conclusion Increasing Decreasing Increasing

3. X
20. Q(X):ES"'(%—l), [0, 4] Testinteval | 0<x<1+2 | 1+2<x<3+2|3+2<x<4
a o a o
g'(x) = g(g) cos(%x - 1) Sign of g'(x) g'(x) >0 g'x) <0 g'x) >0
Conclusion Increasing Decreasing Increasing
2 2
=0whenx=1+—3+ —
o o
Relative maximum: (l + g, §)
T 2
Relative minimum: <3 + 3, —§)
T 2
. 2w
22. (8 y = Asin(k/mt) + B cos(/k/mt) (b) Period: Jiom

y’=AJVk/m cos(\/k/mt) - B\/k/msin(\/k/mt)

snJk/mt A A
= 0when——2— = =0 tan(Vk/mt) = =.
cosv/k/mt B ( / ) B
Therefore,
sin(Vk/mt) = ——2—
VA? + B?
—— B
k/mt) = ———.
cos{ Vi/mt) = =

Whenv =y’ =0,

A B
v A tg) ol ) - A E

1
A 1
e N T,

%T\/k/m
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24, fx)=(x+2Ax—4) =x3—-12x— 16

f(x) = 3x% — 12
f”(x) = 6x = Owhenx = 0.
Point of inflection: (0, —16)

26. h(t)=t—4J/t+ 1 Domain: [—1, )

h)=1- 2 =00 t=3
t+1
7/ — l
h”(t) = e
h”(3) = é > 0 (3, —5)isareative minimum.
30, C= <9>s + <5>r
X 2
dc Qs 0
dx X2 2
Qs_r
X2
o 20s
r
(o /2
r
34. lim 2 _ lim 2/x =0

Xaoo3X2+5 Xﬂoo3+5/X2

X2
38. g(X) = m

im -2 _ im % _
Xﬁocxz“l‘z Xﬂoo1+(2/X2)

Horizontal asymptote: y = 5

=5

Test Interval —o00 <Xx<0 0 < X< oo

Sign of f”(x) f(x) <0 f(x) >0

Conclusion | Concave downward | Concave upward

28. y

| | P |
; —
-1 | 1234567

32. (8) S= —0.122213 + 1.3655t2 — 0.9052t + 4.8429
(b) 2

0

() S(t) = Owhent = 3.7. Thisis amaximum by the
First Derivative Test.

(d) No, because the t2 coefficient term is negative.

. 3
36. Iim ——— lim —/) =
X =00 /X xﬁoo‘/l+4/X2

m.f(X)I%
lim lim ——X/X
xmﬁ x~oo /X2 + 2/ /%2
— 3 —
AT 20
m X lim 3x/X
xomm SR 2 xS+ 2/(—R)
3

= |lim

o = /T 20D
Horizontal asymptotes: y = +3



440

Chapter 3 Applications of Differentiation

42.

46.

50.

fx) = =3+ 2x = [x(x — D(x — 2)|
Relative minima: (0, 0), (1, 0), (2, 0)
Relative maxima: (1.577, 0.38), (0.423, 0.38)

3

IAWE

f(x) =43 —x*=x34 — x)

Domain: (—oo, co); Range: (—oo, 27)

f/(x) = 12x2 — 4x3 = 4x33 — x) = Owhenx = 0, 3.
f(x) = 24x — 12x2 = 12x(2 — Xx) = Owhenx = 0, 2.

f7(3) < 0

Therefore, (3, 27) is arelative maximum.
Points of inflection: (0, 0), (2, 16)
Intercepts: (0, 0), (4, 0)

Cf() = (@ — 4)2

Domain: (—oo, oo); Range: [0, co)
f(x) = 4x(x* — 4) = Owhenx = 0, +2.

f7(x) = 4(3x> — 4) = Owhenx = 1%\@,
f10) < 0

Therefore, (0, 16) is a relative maximum.
f1(x2) >0

Therefore, (2, 0) are relative minima.
Points of inflection: (+2./3/3, 64/9)
Intercepts: (—2, 0), (0, 16), (2, 0)
Symmetry with respect to y-axis

f(x) = (x—3)(x+ 2?3
Domain: (— oo, o0); Range: [_1%25'00)

f(x) = (x—3)B)(x+ 22+ (x+ 28

= (4x — 7)(x + 2)2 = Owhenx = —2,1.

f(x) = (4x — 7()(x + 2) + (x + 2)2(4)

=6(2x — 1)(x + 2) = Owhenx = —2, 3.

>0
Therefore, (5, —%587) is a relative minimum.
Points of inflection: (—2,0), (3, —%2)

Intercepts: (—2, 0), (0, —24), (3,0)

,772
. gx) = 3 4 cosX + Cos 2X

Relative minima: (27rk, 0.29) where k is any integer.
Relative maxima: ((2k — 1), 8.29) where k is any integer.

10

-3 -2 -1 1 2 3
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52. f(x) = (x — 2¥3(x + 1)%/3
Graph of Exercise 39 translated 2 units to the right (x replaces by x — 2).
(=1, 0) is arelative maximum.
(1, — /4) is arelative minimum.
(2, 0) isapoint of inflection.
Intercepts: (—1, 0), (2, 0)

2X
Mt =11¢ :
sl
Domain: (—oo, oo); Range: [—1, 1] 2l
(1,1)
vy 20 =x1+x _ ’
f(x)_7(1+x2)2 = 0whenx = +1. ——t [ et
(-1,-1)
o 2B =% _ -2+
f (x)—i(lerz)3 = Owhenx = 0, + /3. N
(1) < 0
Therefore, (1, 1) is arelative maximum.
f7(—1) >0

Therefore, (—1, — 1) is arelative minimum.

Points of inflection: (—/3, —/3/2), (0,0), (/3, /3/2)
Intercept: (0, 0)

Symmetric with respect to the origin

Horizontal asymptote: y = 0

56. f(x) =

Domain: (— oo, co); Range: [O, %]

(1 + X929 — ¥4 _ 2L — )L + X)(L + )

6+ /33
3

=0whenx =+ 2

f(x) = 1+ 02 1+ 02 = Owhenx = 0, +1.
F1(x) = (1+x9(2 - 10x) — (2x = 2O)(2)(1 + xH(DE) _ 2(1 — 12x* + 3x8)

X = (1 + x4 BN CRRIE
f7(x1) <0

Therefore, (i 1, %) are relative maxima.

£7(0) > 0

Therefore, (0, 0) is arelative minimum.

Points of inflection: <¢ \“/677333 O.29>, (i </6+7333 0.40>

Intercept: (0, 0)
Symmetric to the y-axis
Horizontal asymptote: y = 0
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—-2X+4, X
1 x¥+1 )
58. f(x) = X2 + = = X 60. f(X) = |x — 1| + [x— 3| = {2, 1
X X
2X — 4, X

Domain: (—oo, 0), (0, o0); Range: (— oo, o) Domain: (— oo, 0)

3 _ .
) = 2 — 3 = X1~ gwhenx = —= Range: [2, oc)
X X ¥2 Intercept: (0, 4)
3
f”(x)=2+%=72(x :1)=0whenx=—1. y
X X
4\ 0,4)
1
(L) o
32 .1
1 3. . . s
Therefore, | ——=, —= | is arelative minimum.
Y24 et x
Point of inflection: (—1, 0) rozo3 e

Intercept: (—1,0)
Vertical asymptote: x = 0

= %(2 sin 7x — sin 27X)

62. f(x)

Domain: [—1, 1]; Range: _3\/3, 33
27T 277' X
f/(x) = 2(cos mx — cos 2mx) = —2(2cos wx + 1)(cos mx — 1) = 0 :

Critical Numbers: x = +g 0

3
f(x) = 2m(—sin X + 2sin 27x) = 27 sinwx(—1 + 4 cos wX) = Owhenx = 0, 1, +0.420.
By the First Derivative Test: <§ _;\T/é> is arelative minimum.

3 27
Points of inflection: (—0.420, —0.462), (0.420, 0.462), (+1, 0), (0, 0)
Intercepts: (—1, 0), (0, 0), (1, 0)
Symmetric with respect to the origin

<23Jé

> is a relative maximum.

64. f(x) = X", nisapositiveinteger.
@ f(x) = nxn—1
The function has a relative minimum at (0, 0) when n is even.
(b) f7(x) = n(n — 1)x—2

The function has a point of inflection at (0, 0) whennisoddandn = 3.

VvV A IA
[EEY

w
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66. Elllpse—+y2 1y:1 144 — 2 ,
144 16 ' 3
2l
= (2X)<3m) = gx 144 — x? 8"(x, %\/144—)@)
> C— ) x
‘jji::g[i;x _+ m] N
144 — X -8
-12
4| 144 — 2x2]
= -| ————== | =0whenx = V72 = 6J2.
3[ 144 — x2 V72 V2

The dimensions of the rectangleare 2x = 12./2 by y = g 144 — 72 = 4/2.

68. We have points (0, y), (x, 0), and (4, 5). Thus,

5 5-0 5x
-4 4-—x X —4

f1(x) = &+5% )P&éig]=o

100x

T
X[(x — 4)%3 — 100] = Owhenx = Oorx = 4 + $/100.
/ 3100 + 4
Jx—42+2 =" — V100?7® + 25 ~ 12.7 feet
42 ( ) 3/100

70. Label triangle with vertices (0, 0), (a, 0), and (b, ¢). The equations of the sides of the triangle arey = (c/b)x and
= [c/(b — a)](x — a). Let (x, 0) be a vertex of the inscribed rectangle. The coordinates of the upper left vertex are
(%, (c/b)x). The y-coordinate of the upper right vertex of the rectangle is (c/b)x. Solving for the x-coordinate X of the
rectangle’s upper right vertex, you get

c _ Cc
Bx—b_a(x— ) y-c (b, c)
b VY= peg(x-a)
(b —a)x=hx—a) c
(X'Ex) _______ a—aT_bx,%x
7(=b_ax+a=a—a_bx. |
b b !
Finally, the lower right vertex is ©0 (x0 a_b/ (2.0
a-=p=X 0
a—b
(a — X, O).
Width of rectangle: a — a; bx - X
Height of rectangle: %x (seefigure)
. . a—b a_\c
= (Width)(Height) = (a T X x)( ) (a - BX>6
dA_ <a - §X)9 + (Cx)<—§) X @x = Owhenx = b
dx b”/b b b b b? 2
b ab\/cbh a\(c 1 1/1 1 .
A<§> = <a - EE)(BE) = (§)<§> = Zac = §<§ac> = E(Areaof triangle)
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72. You can form aright triangle with vertices (0, y), (0, 0), and (x, 0). Choosing a point (a, b) on the hypotenuse
(assuming the triangle is in the first quadrant), the Slopeis

:y—b_beD I

0-a a—x"Y a-x

—bx \2
— 2=y 4+ 2 =2
Letf(x) = L2=x2 4+ y2 =X +<a—x>'

o= 2 2 0 )

2x[(a — x)3 + ab?]
(a—-x°
Choosing the nonzero value, we havey = b + 3/a%h.
L= J(a+ a2 + (b + ¥a?)
— (az + 3a%/3p2/3 + 332/3pt/3 + b2)1/2

= (a?/® + b%/3)3/2 meters

=0whenx=0,a + 3ab?

74. Using Exercise 73 asaguidewehavel, = acsc fand L, = bsec 6. ThendL/df# = —acsc fcot 6 + bsec ftan 6 = 0 when

JETTVE IR
VERIPR @R R

tan 9 = ¥a/b,sech = bi73 , CSC 273

(a2/3 + /312 (a2/3 + p¥/3)1/2
al/3 pl/3

L=L,+L,=acsch+bscoh=a = (a?/® + b¥3)%/2,

This matches the result of Exercise 72.

76. Tota cost = (Cost per hour)(Number of hours)

v2 110 1lv 825
T= (% * 750)(7) NE

dT 11 825 11v2— 41250

dv 50 vz 50v2
= Owhenv = /3750 = 25./6 =~ 61.2 mph.

d2T 1650
vz vl

> Owhenv = 25./6 so this value yields aminimum.

78. f(x) =x3+2x+ 1
From the graph, you can see that f (x) has one real zero.
fi(x) =3+ 2
f changes signin[—1, 0].

n X, f(x,) f/(x,) I,g”n)) o)

1 | —05000| —0.1250 | 2.7500 | —0.0455 —0.4545
2 | —04545 | —0.0029 | 26197 | —0.0011 —0.4534
Ontheinterval [—1, 0]: x = —0.453.
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80. Find the zeros of f(x) = sin wx + x — 1.

f(x) = mcosax + 1

From the graph you can see that f (x) has three real zeros.

0% | ) | P | fes |-
1 | 0.2000 | —0.2122 | 3.5416 | —0.0599 0.2599

2 | 02599 | —0.0113 | 3.1513 | —0.0036 0.2635

3 | 0.2635 0.0000 | 3.1253 0.0000 0.2635

n ok |t | P | -
1 | 1.0000 | 0.0000 | —2.1416 | 0.0000 1.0000
0% | ) | P || e

1 | 1.8000 | 0.2122 | 3.5416 | 0.0599 1.7401

2 | 17401 | 0.0113 | 3.1513 | 0.0036 1.7365

3 | 17365 | 0.0000 | 3.1253 | 0.0000 1.7365

The three real zeros of f(x) are x = 0.264, x = 1, and x = 1.737.

82. y=J36—-x

dy _ 1
dx 2

(36 — ) V/2(—2x) =

/36— e

—X

V36 — X2

Problem Solving for Chapter 3

2. (@

dV = 3x%dx = 3x2AX

AV = (x + Ax)® — x3 = 3x2Ax + 3x(Ax)? + (Ax)3
AV — dV = 3x(AX)2 + (Ax)® = [3xAX + (AX)Z]AX
| —

&

= ¢AX, wheree - 0asAx - O.

(b) Lete = % — f/(x). Then ¢ -~ OasAx - 0.

Furthermore, Ay — dy = Ay — f/(x)dx = sAx.

p:75—Zx

1 1
dp=—jox=— ()=,

Ap = p(8) — p(7)

)33

1
4

[Ap = dp because pislinear]
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4. Let h(x) = g(x) — f(x), which is continuous on [a, b] and H
differentiable on (a, b). h(a) = 0 and h(b) = g(b) — f(b).

By the Mean Value Theorem, there existscin (a, b) g
such that .
ho) = M) = ht@) _ glb) — f(b)

b-a b-a - ; ;

Sinceh’(c) = g’(c) — f(c) > 0andb — a > 0,
gb) —f(b) >0 O g(b) > f(b).

6. (@) f' = 2ax + b,f”= 2a # 0. No points of inflection.

(b) f"=3ax® — 2bx + ¢, f"=6ax+ 2b=0 O x=_—b

3" One point of inflection.

(© y' =kylL —y) =KLy — ky?
y”=kLy’ — 2kyy’ = ky’(L — 2y)

Ify= % then y” = 0 and thisis a point of inflection because of the analysis below.

d= J1Z + xz,sin0=§.

Let A be the amount of illumination at one
of the corners, as indicated in the figure. Then
ki klIx

A+ 1+

(X% + 169)%%(1) — x(g)(x2 + 169)%/2(2x)

A'(x) = ki (169 + x9° =0
O (@ + 169)%2 = 3x(x2 + 169)/2
X2 + 169 = 3x?
2x2 = 169
13
X = —= = 9.19 feet
V2

By the First Derivative Test, thisis a maximum.
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10. Let T be the intersection of PQ and RS. Let MN be the perpendicular to SQ and PR passing through T.
Let TM = xand TN = b — x.

N MR 5 =P xR
b — x X
NQ _PM _b-x
b—x_ x O NQ-= ” PM
SQ:b;X(MRJrPM):b_Xd
1. 1b-x). 1 (b—x)z]_;[zxz—szbZ]
A(x)—Area—de+2( ™ d)(b x)—zd[x+ ” —2d ”
_ — 2 2
A/(x)=1d[x(4x 2b) — (2x 2bx+b)]
2 X2
A(X) =0 0O 4x2 — 2xb = 22 — 2bx + b?
2¢ = I
b
V2
b-x, b-(b/v2)
H ) h = d= d= 2 — 1)d.
ence, we have SQ < o/ /2 (V2-1)

Using the Second Derivative Test, this is a minimum. There is no maximum.

S N Q
b-x T
7 b
: i
b
M R
l«——d—

12. (a) Let M > O begiven. Take N = /M. Then whenever x > N = /M,

you have
f(x) =x2> M.
. 1 1
(b) Lete > Obegiven. Let M = x Then whenever x > M = o
you have
>10 %<s O %—0 <e
e X X

(c) Lete > 0begiven. Thereexists N > 0 such that |f(x) — L| < & whenever x > N.

Letd =~ Letx ==
N. y
1 1 1
If0<y<6—N,then;<ND x > N and
1
fx—L=‘f 7>—L <e.
[f(x) — L| y




448  Chapter 3  Applications of Differentiation

14. Distance = V42 + X2 + /(4 — x)? + £ = f(x)

X n 4—-x _
42 + %2 (4 —x)? + 42

X4 = X2+ 2= (x—HJSP + ¥
x2[16 — 8x + X2 + 16] = (X2 — 8x + 16)(16 + x?)

fi(x) =

32x2 — 8x® + x* = x* — 8x3 + 32 — 128x + 256
128x = 256
X=2
The bug should head towards the midpoint of the opposite side.
Without Calculus: Imagine opening up the cube:

P

Q

The shortest distance is the line PQ, passing through the midpoint.

v %’(1000 %) .
16. (@ s= W =18V (b) The distance between the back of the first vehicle

3600 T and the front of the second vehicleis d(t), the safe
stopping distance. The first vehicle passes the given
v | 20 40 60 80 100 point in 5.5/s seconds, and the second vehicle takes
d(s)/s more seconds. Hence,

s | 556 | 11.11| 16.67 | 22.22 | 27.78

d| 51 13.7 27.2 442 66.4 T s s’
_ 6.227
d(t) = 0.071s? + 0.389s + 0.727 (@  T(9=0071s+ 0389 + ==
© 6.227 6.227
T(S):0.07l—?‘:| SZZm
0 s= 9.365m/sec
° * T(9.365) ~ 1.719 seconds
3600
T = 100715 + 03895 + 0.727) + 22 9.365 m/sec - o0 = 337 km/hr
s s
The minimum is attained when s = 9.365 m/sec. (e) d(9.365) = 10.597 m
18.
@ X 0 0.5 1 2

Y1+ x| 1] 12247 | 1.4142 | 1.7321

1
EX +1 1 1.25 1.5 2

(b) Let f(x) = /1 + x. Using the Mean Value Theorem on the interval [0, x],
thereexistsc, 0 < ¢ < X, satisfying
1 _f-f0_vi+x-1

2J1+c x—0 X '

X X
Thus Y1+ xXx=———+ 1< —+ 1(because V1 +c > 1).
2J1+¢ 2 ( )

f(c) =




