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CHAPTER 3
Applications of Differentiation

Section 3.1 Extrema on an Interval
Solutions to Odd-Numbered Exercises

L 109 = xz)fk 4
iy = B+ A2 — (F)(2x) _ 8
f(x) = (X2 + 4)? - (@ + 4)2
f(0) =0

5. f(x) = (x + 2)%3
2 _
f(x) = §(X + 2)-1/3
f/(—2) is undefined.
9. Critical numbers; x =1,2,3

x = 1, 3; absolute maximum

X = 2: absolute minimum

13. g) =tJ/4—1, t<3

g0 = {504 - 01| + @ - g2

= 2@ -0Vt + 24 - v
8 — 3t
2J4 —t

Critical number ist = g

17. f(x) =23 - x),[—1,2]
f/(x) = —2 [ No critical numbers
Left endpoint: (—1, 8) Maximum
Right endpoint: (2, 2) Minimum

3.

7.

11.

15.

19.

27 27
f(x)=x-i-ﬁ=x+fx2

X
f(x)=1-27x3= 1—%
m&=1—g:1—1:0

Critical numbers; x = 2

X = 2. absolute maximum

f(x) =x4(x — 3) = — 3
f(x) = 3x% — 6x = 3X(X — 2)

Critical numbers. x = 0,x = 2

h(x) = sin?x + cosx, 0 < x < 27
h’(x) = 2sinxcosx — sinx = sinx(2 cosx — 1)

On (0, 27r), critical numbers: x = 7—37 X=aX= %T

f(x) = —x2 + 3x,[0, 3]

f(x) = —2x+ 3

Left endpoint: (0, 0) Minimum
Critical number: (%%) Maximum

Right endpoint: (3, 0) Minimum
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21.

25.

29.

33.

f00 =% - 3¢, [-1,2]
f(x) = 3x2 — 3x = 3x(x — 1)
) 5\ ...
L eft endpoint: (—1, —§> Minimum

Right endpoint: (2, 2) Maximum
Critical number: (0, 0)

Critical number: <1, —%)

t2
t2+ 3

e 6t
90 =+ 3p

g(t) = [-1,1]

Left endpoint: (—1, %) Maximum
Critical number: (0, 0) Minimum

Right endpoint: (1, %) Maximum

f(x) = cos mx, [O, %]
f(x) = —msin wx

Left endpoint: (0, 1) Maximum

Right endpoint: (é ?) Minimum

(@ Minimum: (0, —3)
Maximum: (2, 1)

(b) Minimum: (0, —3)

(c) Maximum: (2, 1)

(d) No extrema

23. f(x) = 3x¥3 — 2x,[—1,1]

f(x) = 2x /3 — 2 = 2(1;7\/5&)

Left endpoint: (—1,5) Maximum
Critical number: (0, 0) Minimum
Right endpoint: (1, 1)

27. his) = ?12 [0,1]

h'(s) = =27

L eft endpoint: (O, f%) Maximum

Right endpoint: (1, —1) Minimum

31 y=

=" tgg =0
T X 4
85 g T

On the interval [1, 2], this equation has no solutions.

Thus, there are no critical numbers.

Left endpoint: (1, /2 + 3) = (1, 4.4142) Maximum

Right endpoint: (2, 3) Minimum

35. f(x) = x2 — 2x
(@ Minimum: (1, —1)
Maximum: (—1, 3)
(b) Maximum: (3, 3)
() Minimum: (1, —1)
(d) Minimum: (1, —1)
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2X+ 2, 0<x
452, 1<x

1

37. f(x) = { 3

ININ

Left endpoint: (0, 2) Minimum
Right endpoint: (3, 36) Maximum

36

41. (@ s

(7

0 — 1

(0.4398,%1.0613)

-2
Maximum: (1, 4.7) (endpoint)
Minimum: (0.4398, —1.0613)

43. f(x) = (1 +x3v2[0, 2]
() = 01+ )32
P00 = S0+ 401+ )72
f1(x) = —g(x6 + 203 — 8)(1 + x3) 752

Setting f”” = 0, we have X6 + 20x¢ — 8 = 0.
oo —20% /400 — 4(1)(-=8)

2
x=3/-10+ J108 = /3 -1

Intheinterval [0, 2], choose

x= 3-10+ /108 = /3 — 1~ 0.732.

f7(3/—-10 + ‘/108)‘ ~ 1.47 is the maximum value.

39, f(x) = X%’l (1, 4]

Right endpoint: (4, 1) Minimum

.

4

(b) f(x) = 3.2 + 5x3 — 3.5, [0, 1]
f(x) = 16x* + 15x2 — 35
16x* + 152 — 35=10
—15 + /(15)2 — 4(16)(—3.5)

2
X 2(16)
_ —15 + /449
32
— L /449 ~ 0.4398
32
f(0)=0
f(1) = 4.7 Maximum (endpoint)
f< _15;72 “449> ~ —1.0613

Minimum: (0.4398, —1.0613)

45 T = (x+ 1?30, 2]
F(x) = %(x + 1)1
2 .
f1(x) = —§(x + 1)74/3
8 .
00 = 2 (x+ 1) 7
fagg = —g—i(x + 1)1
560

f(s)(X) = %(x + 1)713/3

[f @) = % is the maximum value.
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47. f(x) = tanx

fis continuous on [0, /4] but not on [0, =]. Iin)2 tanx = oo.
X >am/2”

49, y 51. () Yes 53. (a) No
(b) No (b) Yes

Ly
—
-2 -1

I

W T D s o
f

Q
ot
at
ot
ot

<6<

3x? \@—COSG K ™
"6 2

55.P=VI —RI2=12] —051230< | < 15 57. S=6hs + — -
2 sin

P=0whenl = 0.

ds 3%
P — 675when| = 15. df0=7(—\@cscecot0+ csc? 6)
7 _ — 2
Pr=12-1=0 =3%csc(9(—\/§cot0+csce)=0
Critical number: | = 12 amps
_ csc = /3cot 9
When | = 12 amps, P = 72, the maximum output.
sec = /3

No, a 20-amp fuse would not increase the power output.

P isdecreasing for | > 12. 6 = arcsec/3 =~ 0.9553 radians

s(g) - ons + X(3)

s(g) ~ons+ 3(/3)

Yarcsec./3) = 6hs + 3752(\@)

Sisminimum when 9 = arcsec+/3 ~ 0.9553 radians.

59. @ y=ax® + bx+c y
A
y'=2ax+b B
The coordinates of B are (500, 30), and those of A are (—500, 45). o =
From the slopes a A and B, = vl

—1000a + b = —0.09

1000a + b = 0.06.
Solving these two equations, you obtain a = 3/40000 and b = —3/200. From the points (500, 30) and (— 500, 45),

you obtain
3 -3
30 = 20000 5002 + 500(200) +c
3 -3
45 = MSOOZ — 500(@) + C.
75

In both cases, ¢ = 18.75 = R Thus,

3 . 3 .75

Y= 20000% " 200% " 2

—CONTINUED—



Section 3.2

Section 3.2 Rolle’s Theorem and the Mean Value Theorem 107
59. —CONTINUED—
() X —-500 —400 —-300 —200 —100 0 100 | 200 300 | 400 500
d 0 .75 3 6.75 18.75 12 6.75 3 75 0

For —500 < x < 0,d = (ax2 + bx + ¢) — (—0.09x).
For0 < x < 500,d = (ax2 + bx + ¢) — (0.06x).

(c) The lowest point on the highway is (100, 18), which is not directly over the point where the two hillsides come together.

61. True. See Exercise 25.

1. Rolle's Theorem does not apply tof(x) = 1 — |x — 1|

over [0, 2] since fis not differentiable at x = 1.

D f(X) =xJx+ 4
x-intercepts: (—4, 0), (0, 0)

P = g0+ 4712 + (x + 42
=(x+ 4)*1/2(2 + (x+ 4))

f(x) = (gx + 4>(x +4)"Y2=0ax= _g

f(X) = (x— D(x— 2)(x — 3),[1,3]
f1))=f3) =0

fis continuous on [1, 3]. f is differentiable on (1, 3).

Rolle’'s Theorem applies.
fx) =x—6x2+ 11x — 6
f(x) = 3% — 12x + 11

6+ /3

3 —-12x+11=00 x = 3

C=6—\/§0=6+\/§
3 3

63.

3.

11

True.

Rolle’'s Theorem and the Mean Value Theorem

fx)=x2—x—-2=(x—-2)(x+1)
x-intercepts: (—1, 0), (2, 0)

f’(x)=2x—1=0atx=%.

. f(x) =x2 — 2x,[0, 2]

fO=f2=0

fis continuous on [0, 2]. f is differentiable on (0, 2).

Rolle's Theorem applies.
f(x) =2x— 2
2x—2=00 x=1

cvaue: 1

f(x) = x¥3 - 1,[-8,8]
f(-8 =f(8) =3

fis continuous on[—8, 8]. f is not differentiable on

(—8, 8) since f’(0) does not exist. Rolle's Theorem does

not apply.
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X —2x— 3
13. f(x) = 12 [-1 3]

15.

19.

f(-1)=f(3 =0

fiscontinuouson [—1, 3]. (Note: The discontinuity, x = —2, isnot in the interval.) f is differentiable on (— 1, 3). Rolle's

Theorem applies.

_(x+2(2x—-2) - (2 -22x-3(1) _
- (x + 2)? B

f(x) 0

X+ 4x—1
(x + 2

cvaue —2+5

f(x) = sinx, [0, 27]
f(0) =f(2m =0

fis continuous on [0, 27]. f is differentiable on (0, 277).
Rolle's Theorem applies.

f/(x) = cosx
. 3m
c values: >

f(x) = tanx, [0, 7]
fO=f(m) =0

f is not continuous on [0, 7r] since f (7/2) does not exist.

Rolle's Theorem does not apply.

17. f(x) = 6—; — 4sim?x, [o, 5}

21.

6

£(0) =f<g) -0

f is continuous on [0, 7/6]. f is differentiable on (0, 7/6).
Rolle’'s Theorem applies.

f(x) :%— 8sinxcosx =0

6 .
= 8sin X CcosXx

T
3 1.
an 2S|n2x
3 .
o sin 2x
1arcsin(i) =X
2 2
x = 0.2489

cvaue: 0.2489

fo) =Ix| -1, [-1,1]
f(-1) =f(1) =0

fiscontinuous on[—1, 1]. f is not differentiable on
(—1, 1) since f/(0) does not exist. Rolle's Theorem does
not apply.
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23. f(x) = 4x — tan 7x, [—4, 4] 25. f(t) = —16t2 + 48t + 32
4 4 (b) v = f/(t) must be 0 at sometimein (1, 2).
fis continuous on [—1/4, 1/4]. f is differentiable on f(t)= —32t + 48 =0
(—1/4,1/4). Rolle's Theorem applies. 3
f(X) =4 — wsec?mx =0 t_iseconds
Sec? X = 4
T

2
SeC X = £——=
T

1 2 1 T
X=+—arCeC—= = +— arccos£
T

J m 2
~ +0.1533 radian
cvalues. +0.1533 radian

0.5

-0.25

0.25

-0.5

27. y L

29. f(x) = ——
| () =~ [06]
tangent line
(¢, f(cy) f has a discontinuity at x = 3.
(@ f(a) f
5 (b, f(b))
ey 1)/ R

a ] \' b
tangent line  secant line

31. f(x) = x2iscontinuous on [—2, 1] and differentiable on

33. f(x) = x¥/3is continuous on [0, 1] and differentiable on
(—=2,2). 0, 1).
f)-f(-2 _1-4_ fO-fO _,
1-(-2 3 1-0
1 2
f(x) = 2x = —1whenx = 5 Therefore, f(x) = éx—l/s =1
1 _ <2>3 _ 8
€=73 3) 21
8
C =
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35. f(x) = /2 — xiscontinuous on [—7, 2] and

differentiable on (—7, 2).

f(2 —f(-7 _0-3 1
2-(-7 9 3
1

t2 — f(-1/2) _2/3— (-1)

x+1
@ L
tangent f
-0.5 2
secant
-1
(b) Secant line:
slope = 2-(-1/2)
2 2
y-3=3k-2
y-2=2x-4
y—2x+2=0

37. f(x) = sinxiscontinuous on [0, 7| and differentiable on

(0, m).
f(m) — f(0) _ 0-0

m—0 T

=0

f(x) = cosx =0

c=T
2
iy — L2
© "9 =Gr12 "3
(c+ 12 =3
X=-1=% *Z-li?
Intheinterval [—1/2,2],c = —1 + (/6/2)
(oo —tr(/62) -2+ 6 _ -2
-1+ (V6/2)] +1 V6 V6
ey 4 2 _ 6
Tangent line: y l+\/é > +1>
NG V6 2
yolt =X 3 t3

y-2x—-5+2./6=

+1



Section 3.2 Rolle’s Theorem and the Mean Value Theorem

111

41. f(x) = /X [1, 9]
(1, 1), (9,3)

(b) Secantlinet y — 1= %(x -1)

1 3
VT4
O0=x—-4y+3

43. s(t) = —4.9t2 + 500

(@ Vag 0 3

(b) s(t) is continuous on [0, 3] and differentiable on (0, 3).

_ (3 — s(0) _ 4559 — 500
3 —_

© wwzgﬁ;
f9 —f() 1
9-1 4
11
2/c 4
Je=2
c=4

(c.f(c) = (4,2

m=ﬂ®=%

Tangent linet y — 2 = %(x — 4)

y:%x+l

O0=x—4y + 4

45. No. Let f(x) = x2on[—1, 2].

= —147m/sec ) = 2x

f/(0) = 0 and zeroisin theinterval (—1, 2) but
f(—=1) # f(2).

Therefore, the Mean Vaue Theorem applies.

v(t) = s(t) = —9.8t = —14.7m/sec
_ —-14.7

t== 9.8

= 1.5 seconds

47. Let S(t) be the position function of the plane. If t = 0 correspondsto 2 pM., S(0) = 0, §(5.5) = 2500 and the Mean Vaue

Theorem says that there existsatimet,, 0 < t, < 5.5, such that

2500 - 0
S/(to) = V(to) = E5_0 =~ 454.54.

Applying the Intermediate Value Theorem to the velocity function on the intervals [0, t,] and [t,, 5.5], you see that there are at
least two times during the flight when the speed was 400 miles per hour. (0 < 400 < 454.54)
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49. (a) fiscontinuous on[— 10, 4] and changes sign,
(f(—8) > 0, f(3) < 0). By the Intermediate Value
Theorem, there exists at |east one value of x in
[—10, 4] satisfying f(x) = 0.

(€) No, f’ did not have to be continuous on [ — 10, 4].

51. fiscontinuous on[—5, 5] and does not satisfy
the conditions of the Mean Value Theorem.
O fisnot differentiable on (—5, 5).
Example: f(x) = |x|

T
4}
9
Al
———————
o
I

55. True. A polynomial is continuous and differentiable everywhere.

(b) There exist real numbers a and b such that
—10 < a < b < 4andf(a) = f(b) = 2. Therefore,
by Rolle's Theorem there exists at least one number ¢
in (—10, 4) such that f’(c) = 0. Thisiscalled a criti-
cal number.

(d)

<

1
©
|
A
1
L
> > S
———+—f——+—+—
4
x

53. False. f(x) = 1/x has adiscontinuity at x = O.

57. Suppose that p(x) = x2"*1 + ax + b has two real roots x; and x,. Then by Rolle's Theorem, since p(x;) = p(x,) = 0, there
exists cin (x;, X,) such that p/(c) = 0. But p’(x) = (2n + 1)x*" + a # 0, sincen > 0,a > 0. Therefore, p(x) cannot have two

real roots.

59. If p(x) = AX? + Bx + C, then

p(x) = 2Ax + B =

f(b) — f(a) _ (Ab? + Bb+ C) — (Aa®> + Ba+ C)

b—a b—a
A2 — a3 + B(b — a)

b—a
_(b—aJfAb + a + B]
B b-a
=Ab + a) + B.

Thus, 2Ax = A(b + a) and x = (b + a)/2 which is the midpoint of [a, b].

61. f(x) = 3 cosx differentiable on (— oo, o0).
f(x) = —3sinx

-1 < (0 <10 #(x < 1foral real numbers.

Thus, from Exercise 60, f has, at most, one fixed point. (x = 0.4502)



Section 3.3

Increasing and Decreasing Functions and the First Derivative Test

113

Section 3.3

1L fx)=x2—6x+8
Increasing on: (3, co)

Decreasing on: (—oo, 3)

1
5. f(x) = ? =x2

3
3.y=XZ—3x

Increasing on: (—oo, —2), (2, o)

Decreasing on: (—2,2)

7. gx)=x2—-2x—-8

Increasing and Decreasing Functions and the First Derivative Test

gx)=2x—2
s =2
9 = v Critical number: x =1
Discontinuity: x = 0 Testintervals: | —co <x<1|1<Xx<oo
Testintervals, | —oo < x <0 0<Xx<oo Sign of g'(x): g’'<0 g >0
Sign of f'(x): >0 fr<o0 Conclusion: Decreasing | Increasing
Conclusion: Increasing Decreasing
] Increasing on: (1, oo)
Increasing on (— oo, 0)
_ Decreasing on: (—oo, 1)
Decreasing on (0, co)
9. y=xJ16 — x? Domain: [—4, 4]
-2 — 8 -2
I = = X —2V2)(x + 22
y 16 — x2 16 — x2' /2 /2
Critical numbers; x = +2./2
Testintervalss | —4 < x < —2J/2 | —2J/2<x<2J/2|2J/2<x<4
Sign of y”: y' <0 y'>0 y' <0
Conclusion: Decreasing Increasing Decreasing
Increasing on (—2./2, 2./2)
Decreasing on (—4, —2./2), (2./2, 4)
11. f(x) = X2 — 6X 13 f(x) = -2+ 4x + 3
f(x) =2x—6=0 f(x) = —-4x+4=0
Critical number: x = 3 Critical number: x =1
Test intervals: —c0 < X<3 3<x< oo Test intervals: —oo <x<1 l1<x< oo
Sign of f/(x): f?<0 f?>0 Sign of f(x): f?>0 f?<0
Conclusion: Decreasing Increasing Conclusion: Increasing Decreasing

Increasing on: (3, co)
Decreasing on: (—oo, 3)

Relative minimum: (3, —9)

Increasing on: (—oo, 1)

Decreasing on: (1, o)

Relative maximum: (1, 5)
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15.

17.

19.

f(x) = 23 + 3x2 — 12x
f(x) =6x2+6x—12=6(x+2)(x —1) =0

Critical numbers; x = —2,1

Test intervals: —o00 < X< =2 —-2<x<1 l1<x<oo
Sign of f/(x): f?>0 f?<0 f?>0
Conclusion: Increasing Decreasing Increasing
Increasing on: (—oo, —2), (1, o)
Decreasing on: (—2,1)
Relative maximum: (—2, 20)
Relative minimum: (1, —7)
f) =x3-x =3C-x3
f/(x) = 6x — 3x2 = 3x(2 — X)
Critical numbers: x = 0, 2
Testintervals: | —co<x<0| 0<x<2 | 2<X<o0
Sign of f/(x): f"<0 f?>0 f’<0
Conclusion: Decreasing Increasing | Decreasing
Increasing on: (0, 2)
Decreasing on: (—oo, 0), (2, co)
Relative maximum: (2, 4)
Relative minimum: (0, 0)
x5 — Bx
f(x) = 3
f(x)=x*—1
Critical numbers: x = —1,1
Test intervals: -0 <Xx< -1 —1<x<1 l<x<oo
Sign of f(x): f7>0 f7<0 f7>0
Conclusion: Increasing Decreasing Increasing

Increasing on: (—oo, —1), (1, o0)
Decreasing on: (—1,1)
Relative maximum: (— 1, é)

Relative minimum: (1, —‘g‘)
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21.

f(x) = xt/3+1

1
3x?/3

f(x) = %x‘z/ 3=

Critical number: x =0

23, f(x) = (x — 1)2/3

, 2
FX = 35—

Critical number: x =1

Test intervals: —o00 <Xx<0 0<x<oo Test intervals: —oo <Xx<1 l<x<oo
Sign of f(x): f7>0 f7>0 Sign of f/(x): f’<0 f7>0
Conclusion: Increasing Increasing Conclusion: Decreasing Increasing
Increasing on: (—oo, co) Increasing on: (1, oo)
No relative extrema Decreasing on: (—oo, 1)
Relative minimum: (1, 0)
25. f(x) =5—|x— 5
— 1, X<5
) = =2 5=[
Ix=5 -1, x>5
Critica number: x =5
Test intervals: —oo < xX<5 5<x< oo
Sign of f/(x): f >0 f <0
Conclusion: Increasing Decreasing
Increasing on: (—oo, 5)
Decreasing on: (5, co)
Relative maximum: (5, 5)
1
. =X+ =
27. f(x) = x ~
1 xx-1
f/(X) =1- ; = 2
Critical numbers; x = —1,1
Discontinuity: x = 0
Test intervals: —o0 < X< —1 -1<x<0 0<x<1 l1<x< o
Sign of f/(x): f7>0 f?<0 f?<0 f7>0
Conclusion: Increasing Decreasing Decreasing Increasing

Increasing on: (—oo, —1), (1, o0)
Decreasing on: (—1, 0), (0, 1)
Relative maximum: (—1, —2)

Relative minimum: (1, 2)
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X2
29. f(x) = -9
t0 = P8 920 — (829 _ ~18
T T (R-9p

31.

33.

Critical number: x =0

Discontinuities: x = —3,3
Test intervals: —o0 < X< —3 -3<x<0 0<x<3 3<Xx< o
Sign of f/(x): f?>0 f?>0 f?<0 f"<0
Conclusion: Increasing Increasing Decreasing Decreasing
Increasing on: (—oo, —3),(—3,0)
Decreasing on: (0, 3), (3, o)
Relative maximum: (0, 0)
XX —2x+1
fx) = X+ 1
F(x) = x+1D2x—2)—(—-—2x+1)(1) *x®*+2x-3 (x+3)x—-1)
a (x + 1)2 Tox+12 0 (x+ 1)
Critical numbers: x = =3, 1
Discontinuity: x = —1
Test intervals: —00<X< -3 -3<x<-1|-1<x<1|l<x<owm
Sign of f/(x): f7>0 f?<0 f?<0 f?>0
Conclusion: Increasing Decreasing Decreasing Increasing
Increasing on: (—oo, —3), (1, o0)
Decreasingon: (—3,—1),(—1,1)
Relative maximum: (—3, —8)
Relative minimum: (1, 0)
X
f(x):§+cosx,0 < X< 27w
f(x) =%— sinx =0
Critical numbers: x = — Sm
) 6’ 6
Test intervals: 0<x<Z E<x<5—w @<x<2
' 6 6 6 6 m
Sign of f/(x): f?>0 f?<0 f?>0
Conclusion: Increasing Decreasing Increasing

aon (0 7 (57
Increasing on: (O, 6)’ ( 6 ,277)

Decreasing on: (z, 547)
6’ 6

Relative maximum: (

Relative minimum: <

T Tr+6\/§
12

)

57 5m — 63
6' 12

6

)
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35. f(X) = sin?x+ sinx,0 < x < 27

f(x) = 2sinxcosx + cosx = cosx(2sinx + 1) = 0

. 7 Tm 37 Ul
Critical numbers. x = 26" 2" 6
S | Tm | Tm 3w | 3w Ur | L7
Test intervals: 0<x<2 2<x<6 6<x<2 2<x<6 6<x<27-r
Sign of f/(x): f">0 f"<0 f?>0 f"<0 f?>0
Conclusion: Increasing Decreasing Increasing Decreasing Increasing
Increasing on: ( ) ( 347) (& 2 )
9 6" 2)\ 6"
Decreasing on: <E ﬁ) (3—77 L
gon- {276 )\ 2
7 1\ (117 1
Relative minima: < X 4> ( —4)
Relative maxima: (E > (ﬁ 0
2’ 2’
37. f(X) = 2x/9 — X3, [—3, 3]
29 — 2x?) 2(9 — 233
f === =/ == 2/
@ 0 ="5= © 5=
(o) t Critical numbers. x = +i = 13—‘/2
V2T 2
(d) Intervals:
. 3 3J2) [ 3/23/2 3.2 3
’ 2 2 2 2’
f(x) <0 f(x) >0 f(x) <0
Decreasing Increasing Decreasing

39. f(t) = t?sint, [0, 2]
@

=t2cost + 2tsint

= t(tcost + 2sint)

() >

=T t
I ;Zn
-10 2
-20 i

f isincreasing when f’ is positive and decreasing
when f’is negative.

(©) t(tcost + 2sint) =0
t=0ort=—2tant
tcott = —2
t = 2.2889, 5.0870 (graphing utility)
Critical numbers; t = 2.2889,t = 5.0870

(d) Intervals:
(0, 2.2889) (2.2889, 5.0870)  (5.0870, 27)
f(t) >0 f(t) <0 f(t) >0
Increasing Decreasing Increasing

fisincreasing when f’ is positive and decreasing when
f’is negative.
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X =S+ 3 (-1 —-3x _
-1 x2—1 h

41, f(x) = X —3x x# 1

f(x) = gix) = x3 — 3xforal x # 1.

f(x) =3 —-3=3x—-1),x#+1 f(x)+#0
f symmetric about origin
zeros of f: (0,0), (+/3,0)

No relative extrema Holesat (—1,2) and (1, —2)
43. f(x) = cisconstant 0 f/(x) =0 45, fisquadratic (1 f’isaline.
y y

4 ol

2 o1 1
\\\\\\\\\ f" X oy \”\ T
EIEREIREREE PEEANNY A

4 _/"

In Exercises 49-53,f(x) > 0on (—oo, —4), f(x) < 0on (—4,6) and f(x) > 0 on (6, o).

49. gx)=f(x) +5 51. gx) = —f(x) 53. g(x) = f(x — 10)
g'(¥) = f1(x) 9’0 = —f(x g'(x) = f(x — 10)
g0 =f(0) <0 g(—6)=—-f(-6) <0 g(0) =f(-10) >0

> 0, X < 40 fisincreasing on (— oo, 4).

55. f/(x) = {undefined, x =4

<0, X > 4 [ fisdecreasingon (4, co).

Two possibilities for f (x) are given below.

@ v . b
6+ : 24
1
44+ 1 1+
: — A x
2+ 1 1 3 4 5\
— X /
2 : 6 8 4
-2+ : -3+
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57. The critical numbers are in intervals (—0.50, —0.25) and
(0.25, 0.50) since the sign of f’ changesin these intervals.
f is decreasing on approximately (—1, —0.40), (0.48, 1),

and increasing on (—0.40, 0.48).

Relative minimum when x = —0.40.

Relative maximum when x = 0.48.

59. f(x) = X, gX) =sinx,0 < x < 7

@ [y 05 1 15 2 25 3
f(x) 0.5 1 1.5 2 25 3
g(x) 0.479 | 0.841 | 0.997 | 0.909 | 0.598 | 0.141
f(x) seems greater than g(x) on (0, ).
(b) =
. //_‘4 .
-2
X > sinxon (0, )
6l. v=k(R—rr2=k[Rrz—-r3 63. P=
v’ = k(2Rr — 3r?)
a
=krf2R—3r)=0 dr,
r= OorgR

Maximum when r = %R.

eyl

14

(©) Leth(x) = f(x) — g(x) = x — sinx

h(x) =1 — cosx > 0on (0, m).

Therefore, h(x) isincreasing on (0, ). Since
h(0) = 0, h(x) > 0on (0, m). Thus,

X—snx >0
X > sinx
f(x) > g(x) on (0, m).

VR;R,

m, v and R, are constant

(R, + R)AVR) — VRIR[2(R, + R)(1)]

VR(R, — R,

(R, + Ry)*

R, + R)°® =00 RL=R,

Maximumwhen R, = R,.

65. () B = 0.1198t* — 4.4879t% + 56.9909t> — 223.0222t + 579.9541

(b) 1500

20

(c) B’=0fort = 2.78, or 1983, (311.1 thousand bankruptcies)
Actua minimum: 1984 (344.3 thousand bankruptcies)

67. (d) Useacubic polynomial
f(X) = agx® + a,x2 + a;x + a,.

(b) f(x) = 3a3x2 + 2a,x + a,

(0, 0):

(2, 2):

0=2a
0=a
2 =8a; + 4a,

0= 12a; + 4a,

(f(0 =0
(10 =0
(f@ =2

(2 =0

Lo 1
(c) Thesolutionisa, =a, = 0,a, = g 8= 5"

(d)

__1s. 30
f(x) = X +2x.

4

(2.2

>
T3

-4
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69.

71.

75.

77.

79.

(@ Useafourth degree polynomial f(x) = a,x* + azx3 + a,x? + a;x + a,.
(b) f(x) = 4a,¢ + 3axx% + 2ax + a;
(0,0: 0=a, (f(0) =0
0=a, (f(0) = 0)
(4,0: 0= 256a, + 64a; + 16a, (f(4) =0)
0 = 256a, + 48a, + 8a, (f(4) = 0)
(2,4): 4=16a,+ 8a; + 4a, (f2 =49
0 = 32a, + 12a, + 4a, (f(2) = 0)

(c) Thesolutionisa, =a, =0,a,=4,8,= —2,8, = %
1
f(x) = ZX4 — 23 + 4x?
(d) 5
)
21709 @o |°
-1
True 73. Fase
Let h(x) = f(x) + g(x) where f and g are increasing. Then Let f(x) = x5, then f'(x) = 3x2 and f only has one
h’(x) = f(x) + g'(x) > 0sincef (x) > Oand g’(x) > O. critical number. Or, let f(x) = x® + 3x + 1, then

f/(x) = 3(x2 + 1) has no critical numbers.

False. For example, f(x) = x2 does not have arelative extrema
at the critical number x = 0.

Assumethat f/(x) < Ofor al xintheinterval (a, b) and let x; < x, be any two pointsin the interval. By the Mean Value
Theorem, we know there exists a number ¢ such that x;, < ¢ < X,, and

fx) — f(x)

X=X

f/(c) =

Sincef(c) < 0andx, — x; > 0, thenf(x,) — f(x;) < O, whichimpliesthat f(x,) < f(x,). Thus, f is decreasing on the
interval.

Letf(x) = (1 + x)" — nx — 1. Then
) =nl+x""t-n
=n@+x""1-1] >0sincex > 0andn > 1.
Thus, f(x) isincreasing on (0, oo). Sincef(0) = 00 f(x) > 0on (0, o)

@A+x"—nmx—1>00 1+x">1+nx
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Section 3.4

Ly=x—-—x—-2y' =2

Concave upward: (—oo, c0)

X2+ 1

432+ 1)

5. f(0 = 51, ¥

0 — 1

Concave upward: (—oo, —1), (1, o0)

Concave downward: (—1, 1)

9. y=2x—tanx, (—E E)

y' =2 — sec?x

Yy’ = —2sec?xtan

Concave upward: <— E, 0)

2’2

X

2

Concave downward: (O, g)

13.  f(x) = %x“ — 2x2

3. f(x) = y

Concavity and the Second Derivative Test

24, —144(4— )
0e + 12)3

x+127
Concave upward: (—oo, —2), (2, o)

Concave downward: (—2, 2)

7. f(x) =32 — x3

f/(x) = 6x — 3x?
f(x) = 6 — 6X
Concave upward: (—oo, 1)

Concave downward: (1, oo)

11, f(x) = x3 — 6x2 + 12x

f(x) = 3 — 12x + 12
f7(x) = 6(x — 2) = Owhenx = 2.

The concavity changes at x = 2. (2, 8) is a point of
inflection.

Concave upward: (2, co)

Concave downward: (—oo, 2)

f(x) = x® — 4x
f/(x) =32 — 4
2

f’(x) = 32 — 4 =0whenx = +——.

) NG

. 2 2 2 2
Test interval: —00 < X< ———= | ——=<X<—7= — < X<
” NI N /3| /3 ~

Sign of f”(x): f7(x) >0 f(x) < 0 f7(x) > 0
Conclusion: Concave upward Concave downward Concave upward

Points of inflection: <ii —@)

v3 9
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15. f(x) = x(x — 4)°

f/(x) = 3(x — 4?3 + (x — 4)°

= (x — 4)3(4x
f7(x) = 4(x — D[
= 4(x — 42

_4)
X — 4)] + 4(x — 4)2

X—1) + (x — 4)]

=4(x —4(Bx—6) =12(x — H(x — 2
f7(x) = 12(x — 4)(x — 2) = Owhenx = 2, 4.

Test interval: —o0 < X< 2 2<x<4 4 < X< oo
Sign of f”(x): f7(x) >0 f7(x) < 0 f7(x) > 0
Conclusion: Concave upward Concave downward Concave upward
Points of inflection: (2, —16), (4, 0)
17. f(x) = x/x + 3, Domain: [—3, o)
1 3(x + 2)
) =x5)x+3) Y2+ /x+3="""—=
R R v e
F/(x) = 6V/X+ 3 —3(x+ 2)(x + 3)71/2 _ 3x+4)
4x + 3) 4(x + 3)%2
f”(x) > 0 on the entire domain of f (except for x = — 3, for which f”(x) is undefined). There are no points of inflection.
Concave upward on (— 3, co)
X
19. f(x) = 211
vy 1—x2
0 = Ge 5 12
7 _ 2X(X2 — 3) _ —
f/(x) = e Owhenx = 0,£./3
Testintervals. | —oo < x< -3 | =/3<x<0 0<x< 3 J3<x< oo
Sign of f/(x): f7<0 f7>0 f7<0 f7>0
Conclusion: Concave downward | Concave upward | Concave downward | Concave upward
V3 3
Points of inflection: <—\/§, 4 0.0, ﬁ%
21 f(x) = sin(%),o < X < 4
Test interval: 0<x<2rw 27 < X < 47w
Fx) — %Co;@ Sign of £(x): f <0 >0
Conclusion: Concave downward Concave upward

f7(x) = —%{sin(%)

f7(x) = 0 when

Point of inflecti

X = 0, 27, 4.
on: (2m, 0)
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23.

25.

27.

31.

f(x)=sec<x—g),0<x<47r

w

f(x) = sec(x - 7—2T> tan(x - E)

2

f(x) = secB(x — 7—27> + sec(x - I) tan2<x - E) # 0 for any x in the domain of f.

2

Concave upward: (0, m), (2, 3m)
Concave downward: (1, 2m), (37, 4)

No points of inflection

f(x) =2sinx+sn2x,0 < x < 27
f/(x) = 2cosx + 2 cos2x

f7(x) = —2sinx — 4sin2x = —2sinx(1 + 4 cosX)

f7(x) = Owhenx = 0, 1.823, , 4.460.

Test interval: 0 < x< 1823 1823 < x < 7 T < X < 4.460 4460 < X < 27
Sign of f”(x): f7<0 f”7>0 f7<0 f7>0
Conclusion: Concave downward Concave upward Concave downward | Concave upward

Points of inflection: (1.823, 1.452), (m, 0), (4.46, —1.452)

fx) =x*—C+ 2 29. f(x) = (x — 5)?

f(x) = 43 — 12 = 4(x — 3) f(x) = 2(x — 5)

f7(x) = 12x2 — 24x = 12X(X — 2)
Critical numbers, x =0,x = 3

However, ”(0) = 0, so we must use the First Derivative
Test. f/(x) < 0ontheintervals (—oo, 0) and (0, 3); hence,
(0, 2) isnot an extremum. f”(3) > 0s0 (3, —25) isa
relative minimum.

f(x) =x3—3+3

f/(x) = 3x%2 — 6x = 3X(X — 2)

f’(x) =6x—6=06(Xx—1)

Critical numbers, x =0,x = 2
f(0)=-6<0

Therefore, (0, 3) is a relative maximum.
/(2 =6 >0

Therefore, (2, —1) is arelative minimum.

33.

f7(x) = 2
Critical number: x =5
f7(5) > 0

Therefore, (5, 0) is arelative minimum.

g(x) = x*(6 — x)°

g’(x) = x(x — 6)%(12 — 5x%)

g”(x) = 4(6 — x)(5x% — 24x + 18)

Critical numbers: x = 0, 2, 6
g7(0) = 432 > 0

Therefore, (0, 0) is arelative minimum.
g/(¥) = -15552 < 0

Therefore, (%2 268.7) is arelative minimum.
9"(6) = 0

Test fails by the First Derivative Test, (6, 0) is not
an extremum.
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35 f(x) =x¥3-3

, 2
P = 3ar

2
P00 = gars

Critical number: x =0

However, f”(0) is undefined, so we must use the First
Derivative Test. Since f/(x) < 0 on (—oo, 0) and
f/(x) > 0on (0, oo), (0, —3) is arelative minimum.

39. f(x) =cosx—x, 0< X< 4x

f(x) = —sinx—1<0

Therefore, f is non-increasing and there are no relative extrema.

41. f(x) = 0.2(x — 3)3,[—1, 4]
@ f(x) =0.2x(5x — 6)(x — 3)?
f7(x) = (x — 3)(4x? — 9.6x + 3.6)
= 0.4(x — 3)(10x% — 24x + 9)
(b) f7(0) < 0 (0, 0) is arelative maximum.
18) > 00 (1.2, —1.6796) is arelative minimum.
Points of inflection:

(3,0), (0.4652, —0.7049), (1.9348, —0.9049)

43. f(x) = sinx — %sin 3x + %sin 5%, [0, 7]

(@ f(x) = cosx — cos3x + cos5x

o) — _mT,_m, _57
f(x)—Owhenx—e,x > X=g"
f”(x) = —sinx + 3sin3x — 5sin 5x

S5

£7(x) = O when x = ’—67, x =, x = 11731, x ~ 1.9685

(b) f”(%) <00O (g 1.53333) is arelative maximum.

Points of inflection: (7—67 0.2667), (1.1731, 0.9638),

(1.9685, 0.9637), (%T 0.2667)

Note: (0, 0) and (7r, 0) are not points of inflection
since they are endpoints.

4
37. f(x) —x+;

00 =3

Critical numbers: x = +2
f(-2) <0

Therefore, (—2, —4) is arelative maximum.
f7(2) > 0

Therefore, (2, 4) is areative minimum.

fisincreasing when f” > 0 and decreasing when
f’ < 0. fis concave upward when f” > 0 and con-
cave downward when f” < 0.

©

The graph of fisincreasing when f” > 0 and decreas-
ing when f” < 0. f is concave upward whenf” > 0
and concave downward when f” < 0.
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45. (8

f” < 0 means f decreasing

f” increasing means
concave upward

47. Letf(x) = x4
f7(x) = 12x2

51.

55.

£7(0) = 0, but (0, 0) is not a point of inflection.

-2 -1

1 2 3
y
(e
I
! f
1
1
1
1
N
T NL_/, X
1 2
1
=
1
1

49.

53.

57.

)

(2,0) (4,0)

2 4 6

—2l

f”islinear.
f”is quadratic.

fiscubic.

f” > 0 meansf increasing

f” increasing means
concave upward

f concave upwards on (— oo, 3), downward on (3, co).
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59. @ n=1 n=2: n=3: n=4:
fx) =x-2 f(x) = (x — 2)2 f0) =(x-23 fx) =(x—27*
f(x) =1 f(x) = 2(x — 2) f(x) = 3(x — 2)? f(x) = 4(x — 2)°
f7(x) =0 f7(x) = 2 f7(x) = 6(x — 2) f(x) = 12(x — 2)?
No inflection points No inflection points Inflection point: (2, 0) No inflection points:
6 Relative minimum: 6 Relative minimum:
(2,0 } (2,0
-9 9 6 -9 {-\ - 9 6
Point of
/ inflection \ /
-6 -9 9 -6 -9 9
6 -6

61.

Conclusion: If n = 3 and nisodd, then (2, 0) isan inflection point. If n = 2 and nis even, then (2, 0) is arelative minimum.
(b) Let f(x) = (x—2)", f(X) =nx—2)"1 f(x) =nn—1)(x — 22

Forn = 3 and odd, n — 2 isalso odd and the concavity changes at x = 2.

Forn = 4 and even, n — 2 isaso even and the concavity does not change at x = 2.

Thus, x = 2 isaninflection point if and only if n > 3isodd.

f(x) =ad+bx2+cx+d

Relative maximum: (3, 3)

Relative minimum: (5, 1)

Point of inflection: (4, 2)

f/(x) = 3ax2 + 2bx + ¢, f”(x) = 6ax + 2b

f3)=27a+ 9%+ 3c+d=3
f(5) =125a+ 25b + 5c +d =1

f(3) =27a+6b+c=0, f7(4) = 24a+ 2b = 0
49+ 8 +c=-1 2da+2b= 0

}98a+ 16b+2c=—-20 49a+8b+c=-1

27a+6b+c= 0 2a+2b=-1
22a + 2b = -1 2a = 1
=3.b=-6c=%d=-24

f(x) = 3x® — 6x2 + Tx — 24
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63.

65.

69.

71.

fx)=a®+bx®+cx+d

Maximum: (—4,1)

Minimum: (0, 0)

@ f'(x) =3ax? + 2bx + ¢, f’(x) =6ax+ 2b

fO=00d=0 (b) The plane would be descending at the greatest rate at
the point of inflection.
f(-4 =10 —-64a+16b—-4c=1
f(-4 =00 48— 8+ c=0 f”(x)=6ax+2b=%x+g=0 O x=-2

f0)=00 =0
© ¢ Two miles from touchdown.
Solving this system yieldsa = 3% andb = 6a = %

1 3
f(x) = 38 + 36x2

D = 2x* — 5Lx® + 3L%? 67. C = 0.5x2 + 15x + 5000

/= ay3 _ 2 2y — 2 _ 2) = _
D 8x 15L %2 + 6L2x = x(8x 15Lx + 6L%) =0 C = % — 05x + 15 + 5(:(00

B 15l + /33 (15% /33 _

x=0orx= 16 = 16 L C = average cost per unit
By the Second Derivative Test, the deflection is dc _ 05 — 50(2)0 — Owhenx = 100
maximum when dx X

_ (15— 33) _ By the First Derivative Test, C is minimized when
5000t?
STsrp

... 80,000t
s = (8 + 122

. 80,000(8 — 3t9)
SO="g+ep
S(t) = Ofort = /8/3 = 1.633.
Sales areincreasing at the greatest rate at t = 1.633 years.

f(x) = 2(sinx + cosX), f(%) =22 4

7 g X

f/(x) = 2(cosx — sinx), f/(g) =0 o \' / \ / a
f7(x) = 2(—sinx — cosXx), f”(g) =-2J/2 -

P(X) = 22 + 0<x - g) =22
P,(x) =0

Py(x) = 22 + 0<x - %) + %(—2\@)<x - %)2 =22 - ﬂ(x - %)2

P, (x) = —2ﬂ<x - g)
P/ = —22

The values of f, P, P,, and their first derivatives are equal a x = /4. The values of the second derivatives of f and P, are
equal at x = /4. The approximations worsen as you move away from x = /4.
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73. f(x) = V1 - x f(0)=1 5
Pl
7, —_ 1 /) = _1
M= ror=-3 o )
) L N
f”(X) = *W, f (O) = 72 -3

P¥) =1+ <—%>(x—0) = 1—%

X2

P =1+ (%)(x —0+ %(f%)(x —op=1-2-%

Py (x) = —

Ak NI
NIx

P,(x) = —

The values of f, P, P,, and their first derivatives are equal at x = 0. The values of the second derivatives of f and P, are equal
at x = 0. The approximations worsen as you move away from x = 0.

75. f(x) = xs’n(%) 1

Point of inflection: (7—17 O)

When x > 1/, f” < 0, so the graph is concave downward.

77. Assume the zeros of f are al real. Then express the function asf(x) = a(x — r,)(x — r,)(x — ry) wherer, r,, and r, are the
distinct zeros of f. From the Product Rule for a function involving three factors, we have

f(x) = al(x = r)(x = ry) + (x = r)(x —ry) + (x = rp)(x = ry)]
ff) =al(x —r) + (Xx—ry) + (Xx=r) + (X =715 + (X =1y + (X —r5)]
=a[6x — 2(ry +r, +ry)]
Consequently, f”(x) = 0if

2ry+r,+r rp+r,+r
ry 62 J_h 32 ® = (Averageof r,, r,, andry).

79. True. Lety = ax® + bx® + cx + d,a # 0. Theny” = 6ax + 2b = Owhen x = —(b/3a),
and the concavity changes at this point.



Section 3.5 Limits at Infinity 129

8l. Fase. 83. False. Concavity is determined by f”.
f(x) = 3sinx + 2 cosx

f/(x) = 3cosx — 2sinx
3cosx — 2sinx=10
3cosx = 2sinXx
3 = tanx

Critical number: x = tanfl(g)
f(tan~13) ~ 3.60555 is the maximum value of y.

Section 3.5 Limitsat Infinity

1 f(x) = xzsfz 3100 = 575 5. f(x) = 425':"1
No vertical asymptotes No vertical asymptotes No vertical asymptotes
Horizontal asymptote: y = 3 Horizontal asymptote: y = 0 Horizontal asymptotes: y = 0
Matches (f) Matches (d) Matches (b)
760 = L
X 10° | 10t 102 108 104 10° | 108 -10 [ 10

f(x) 7 2.26 2.025 2.0025 2.0003 2 2

-10

lim f(x) = 2
X— oo
—6X
9. f(X) = —F/———— 10
® VAP +5
X 100 10t 102 108 104 10° 108 -0 b 10
f(x) -2 —2.98 —2.9998 -3 -3 -3 -3 —
limf(x) = —3
X— oo
1
11. f(X) =5-— m 6
]
X 10°0 10t 107 103 10* | 10° | 108
f(x) 4.5 4.99 4.9999 4.999999 5 5 5 k= 8

Xlim f(x) =5
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X3 — 3x2 + 10 10

13.@ hog =2 =0 _g 5, 10

lim h(x) = co  (Limit does not exist)
X - 00

X2+ 2
15.@ Jims—7=0
®) limXt2-

X 1

X2+ 2
© Jim 1=

ox — 1 2-(1/x) 2-0_

o m 2= M3 (20 350
5x2 ) 55X

L SN LU vy S

Limit does not exist.

f(x) 53 — 3x2 + 10 3 10
() hix) =5 =3 ——=5-"1+3
lim h(x) = 5
X— oo
ﬁ 52 -3¢+10_5_ 3 10
(C) h()_ X4 X X2+
limh(x) =0
X— oo
— 3/2
17. (8 Ilmzzizx—
5 — 2x3/2 2
(b) |Imm —§
.5 —2x3/2 . .
(© xILTo x_a = (Limit does not exist)
_ 1/x 0_
2L im e = M T e T 1 0
25. lim ——— = lim 1 (forx < Owehave x = — /5@)
xmmoo /X2 — X x-—oo /2 — X’
— VR
- lim ——1t  _
x—-oo /1 — (1/X)
1
2+ =
. X+ 1 . X
27. lim —== lim V———— (forx < 0,x= — /x?
x——0o /X2 — X X--oo [ /X% — X ( f)
-
= lim 230 _

x—o0 /X + (1/X)

29. Since (—1/x) < (sin(2x))/x < (1/x) for al x # 0, we
have by the Squeeze Theorem,

. 1 . sin(2x) 1
lim —= < lim ——= < |lim =
X -oco0 X X - o0 X oo X
0< lim 31 _ o
X — oo
sin(2x)

Therefore, lim =0.

31 lim #
X —o0 2X + SINX

(Limit does not exist)

2

3
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||
8@ W=7 \4 @
=—1| !
X »oo X + ﬁ'":'
im XL~y =
x--oo X+ 1
Therefore,y = 1andy = — 1 are both horizontal asymptotes.
35. lim xsin1 Ilms'—nt 1
X - oo X t-0* t
(Letx = 1/t.)
. . X— VX +3 . -3
37. lim (x+ VX¥+3)= Ilim [[x+ V/¥¢+3) - ———|= Im ——— = =
i (e vRT8) = tim [(cr TR X 3
2
39. lim (x — %@+ x) = lim [(x— NCESIE X+X+X}
X — 00 X — o0 X + X2+X
. —X . -1 1
= |lim———=1lm ————==—=
xooo X+ X+ X x-ol+ V14 (1/x) 2
411y 10°| 10 102 108 100 105 108 2
0
f(x) 1 0.513 0.501 0.500 0.500 0.500 0.500 4 8
. . \/ X2 — X X+ NG
| - -1))=1 =
Jfim (= 56C=D) = Jim = e :
=1
XLnQOX—F /X
= lim
ML ‘/1— (1/x)
_1
T2
B x 10° 10t 102 10° 10° 105 10° -
f(x) | 0479 | 0500 | 0500 | 0.500 | 0.500 | 0.500 | 0.500 R Y ,

Let x = 1/t.

. (1N sint/2) _ . 1lsin(t/2) 1
X'L”Qoxs‘n(zx>_t'ﬁo+ t 22 T2
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6]x — 2|
45. (&) 47. Yes. For example, let f(X) = —F—————.
@ P ) x—-22+1

49.

51.

(b) XIiﬁm f(x) =3 XILm f(x) =0

(c) Since lim f(x) = 3, the graph approaches that of a
X — oo

horizontal line, lim f’(x) = 0.
X - 00

:2+x
y 1-—x

Intercepts: (—2,0), (0, 2)
Symmetry: none

Horizontal asymptote: y = —1 since

Intercept: (0, 0)

Symmetry: origin
Horizontal asymptote: y = 0
Vertical asymptote: x = +2

53.

X2
Y=%+9
Intercept: (0, 0)

Symmetry: y-axis

Horizontal asymptote: y = 1 since

lim

X - —oo

Relative minimum: (0, 0)

X
X2+ 9

2

2

=1= lim 5——.
X oo X2 + 9
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55.

59.

63.

2
x2—4

y =
Intercept: (0, 0)

Symmetry: y-axis
Horizontal asymptote: y = 2

Vertical asymptote: x = +2

2X
1-x

y:

Intercept: (0, 0)
Symmetry: none

Horizontal asymptote: y = —2 since

y
2+
1
1o
o o e
-3-2-1/| 1 2 3 45
1
e S
,3,,I
1
-4+ 1
1
st
-6 1
1
y=3+-—
X

2_ 2 2( 2
cy=0=3+— - = — = —=(-=
Intercept: y=0=3 XD x 30 x 3( 0)

Symmetry: none
Horizontal asymptote: y = 3
Vertical asymptote: x = 0

57.

61.

X2 =4
Domain: x > 0
Intercepts: none
Symmetry: x-axis

Horizontal asymptote: y = 0 since

lim i:0: lim _ 2
X — oo \/)2 X — oo \/;(
Discontinuity: x = 0 (Vertical asymptote)
y
o
Nl
2

3
y=2-%

Intercepts: (i V3/2, 0)
Symmetry: y-axis

Horizontal asymptote: y = 2 since

. 3 . 3
(2= 3)=2= Jim (2~ 3).

Discontinuity: x = 0 (Vertical asymptote)

41
3

______ 73 -

\lﬁ /_—

———\t H————>x

-4 -3 -2 2 3 4
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x3 1 5@-1
65y:ﬁ 67.f(X)=5—*2: 2
Domain: (—oo, —2), (2, o) Domain: (—oo, 0), (0, o)
Intercepts: none f(x) = % O No relative extrema

Symmetry: origin
6 . . .
Horizontal asymptote: none f7(x) = —a 1 Nopointsof inflection

Vertical asymptotes: x = +2 (discontinuities) Vertical asymptote: x = 0

Horizontal asymptote: y = 5

@xo

!
1
1 ' P Ny
————+ ————>x
-5-4-3-2-1 1123 45
[ 1
1 -8T 1
N 1 -6 6
| 1
1
1

69. f(x) =

P4 ; ;
) = (XXZ i . \\k L :

=H¢Oforanyxinthedomainoff. [x=—2]-* [x=2
"(x) = (@ — HH—2x) + (¥ + 4) (2 — 4(2)
- (@ — 4)?
% = Owhenx = 0.

Sincef”(x) > 0on(—2,0) andf”(x) < 0on (0, 2), then (0, 0) is a point of inflection.
Vertical asymptotes: x = +2
Horizontal asymptote: y = 0

- f()— -2 X— 2
: 4x+3 (x— 1)(x — 3) d
f,()_(x2—4x+3)—(x—2)(2x—4)_—x2+4x—5¢0 . \ ks
0= (@ — 4x + 3)? (@ —ax+ 32 — \-
(g _ 02 = 4+ 3P(=2x+ &) — (= + dx — H))0E — 4 + (2 — 4 \\@ 5
x = 2
(X2 — 4x + 3)*

_ 2(x3 — 6x2 + 15x — 14)

0 — 2x + 3 = Owhenx = 2.

Sincef”(x) > 0on(1,2) andf”(x) < 0on (2, 3), then (2, 0) isapoint of inflection.
Vertical asymptote: x = 1,x =3
Horizontal asymptote: y = 0
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f(x) = X
3. N

9= ¢ 3

m [0 Norelative extrema

— 36X
(4x2 4+ 1)5/2

Point of inflection: (0, 0)

f7(x) = = Owhenx = 0.

Horizontal asymptotes: y = +

Nw

No vertical asymptotes

75. g(x)=sin< ),3<X<oo

X
X—2

X
-2 cos(x = 2)

g’(x) = (X _ 2)2

Horizontal asymptote: y = 1

Relative maximum: X _T O x= 2m
XxX—2 2 T —

No vertical asymptotes

x3— 3%+ 2 2
77. f(x) :W, g(X) = X+m
@ i L/
B 4
X2 -3+ 2
(b)f(X)ZW
_X(x—3) 2
T ox(x—3)  x(x—3)
2
=x+x(x_3)=g(x)
79. C = 0.5x + 500
c_C
X
C—O.5+@
X

(@2

(C) 70

-80 80

-70

The graph appears as the slant asymptotey = x.
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8L line Mx —y+4=0 83. (a) T,(t) = —0.003t? + 0.677t + 26.564
y (b) 90

-10

130

L s © o

2
|Ax, + By; + C|  |m(3) — 1(1) + 4 //
0

@ d= VAZ + B? B M+ 1 -10 120
_[3m+3] -
m + 1 T_1451+86t
2 B8+t
(b) 7
T (d) T,(0) = 26.6

76 _\/ 6 T,(0) = 25.0

-1

. 86
| =0
(@ lim dm) =3 = lim_dm (€ limT, =" =8

The line approaches the vertical line x = 0. Hence, the (f) Thelimiting temperature is 86.
distance approaches 3. T, has no horizontal asymptote.
85. Answers will vary. See page 195 87. Fase Letf(x) = % (See Exercise 2.)
) y. pag ) . . vt :

Section 3.6 A Summary of Curve Sketching
1. f has constant negative slope. Matches (D) 3. Thedopeis periodic, and zero at x = 0. Matches (A)

5. (@) f(x) =0forx=—2andx = 2 (c) f’isincreasingon (0, 00). (f” > 0)
f’isnegativefor —2 < x < 2 (decreasing function).

f’ispositivefor x > 2andx < —2
(increasing function).

(b) f”(x) = Oatx = 0 (Inflection point). (d) f’(x) isminimum at x = 0. The rate of change of f at
x = Oisless than the rate of change of f for all other
f”is positive for x > 0 (Concave upwards). values of X.

f”is negative for x < 0 (Concave downward).
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7.

X2
Y=%+3
R . S _
y —(X2+3)2—0whenx—0.
s 181 =) -
y’ = @ + 3 = Owhenx = 1.

Horizontal asymptote: y = 1

y y |y Conclusion

—oco < x< —1 - Decreasing, concave down

x=-1 ;11 - 0 Point of inflection

-1<x<0 + Decreasing, concave up

x=0 0 0 + Relative minimum

0<x<1 + + Increasing, concave up

x=1 3 | + | 0| Pointofinflection

1<Xx< o + - Increasing, concave down

1
y=y—2"3 Loy=5"1
1 -2x*+ 1) .

r— < = ———— < 0ifx # =1
y x— 27 Owhenx # 2. y o — 17

, 2 L, X+ 3)
y (X*2)3 = (X2_1)3—0|fX—0.

No relative extrema, no points of inflection

7 7
Intercepts: (5, 0),(0,—5)
Vertical asymptote: x = 2
Horizontal asymptote: y = —3

Inflection point: (0, 0)

Intercept: (0, 0)

Vertical asymptote: x = +1
Horizontal asymptote: y = 0
Symmetry with respect to the origin
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4
13. = T 0.1292, 4.064
g(x) = x + (0.1292, 4.064)
et © 4)\y/<?, 3.577>

vor 8  x*+2@—8+1 N
g =1 @t 17 o2 T 12 = Owhen x =~ 0.1292, 1.6085 (7@ i) ||

. 8(3x2 — 1) V3 | (1e0ss, 2724)
g”(x) = REE Owhenx = g crmof T

-3 -2 pal 1 2 3

g”(0.1292) < 0, therefore, (0.1292, 4.064) is relative maximum. / ol

g”(1.6085) > 0, therefore, (1.6085, 2.724) is a relative minimum.

Points of inflection: (—‘f 2.423), (‘f 3.577)
Intercepts: (0, 4), (—1.3788, 0)
Slant asymptote: y = x
2
15. f(x):X+1:x+% y
4 //
o1 1 _ I\ A P
f(x)—l—;—Owhenx—il. 1d
2 —L}—}zl/ﬁigiix
f(x) = 70 /,1‘1' 2
Relative maximum: (—1, —2) I
Relative minimum: (1, 2)
Vertical asymptote: x = 0
Slant asymptote: y = x
X2 — 6X + 12 4
17 y="—"—""=x-2+
X—4 X—4 y
4 ol /
=l-n T N\
y (x — 4) 0 e
IS P TP
(x—4) YRR
8 )/’T‘Z K
VT - ap |

y” < Owhenx = 2.

Therefore, (2, — 2) is arelative maximum.
y” > Owhenx = 6.

Therefore, (6, 6) is arelative minimum.
Vertical asymptote: x = 4

Slant asymptote: y = x — 2
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19. y=xJX — 4, y
1 (ﬁ A)
Domain: (—oo, 4] T ‘533
/= ——— = Owhen x = ~ and undefined when x = 4. T
y 2/4 — x 3 0,0 (4,0 .
-2 | 2 4
,_ 3X—16 _ 16 . _ |
y —74(4_X)3/2—0whenx— 3 and undefined whenx = 4. |
Note: x = % is not in the domain.
y y’ y” Conclusion
—o0 < X < g + — Increasing, concave down
8 16 . .
X=z — 0 - Relative maximum
3 3./3
g <x<4 — — Decreasing, concave down
X=4 0 Undefined | Undefined Endpoint
21. h(x) =x/9— x¢ Domain: —3<x<3
9 — 22 3 3./2
h(X) = —F—==0whenx =+— = +——
09 V9 —x2 V2 2
. X(2x2 — 27)
h(x):m:Owhenx:O
Relative maximum: 3—\@ 9
2°'2
Relative minimum: —S—ﬂ, _9
2 2
Intercepts: (0, 0), (+3, 0)
Symmetric with respect to the origin
Point of inflection: (0, 0)
23. y=3x¥3 - 2
, _ 2(1 — X3
y = 2X 1/3 _ 2 = T
= Owhen x = 1 and undefined when x = 0.
y’ = 3;4/3 < Owhenx # 0.
y y’ y” Conclusion
-0 <x<0 — - Decreasing, concave down
x=0 0 Undefined | Undefined Relative minimum
0<x<1 + - Increasing, concave down
x=1 1 0 - Relative maximum
1<x<oo — — Decreasing, concave down
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25 y=x2-32+3
y' =3 —6x=3xX(x—2) =0whenx=0,x =2
y'=6x—6=6(Xx—1) =0whenx=1

y y |y Conclusion
—00 <x<0 + - Increasing, concave down
x=0 3 0 - Relative maximum
0<x<1 - - Decreasing, concave down
X = 1 - 0 Point of inflection
l<x<2 - + Decreasing, concave up
X=2 -1] 0 + Relative minimum
2< X< oo + Increasing, concave up
27. y=2—-x—-x°
y'=—-1-3
No critical numbers
y”= —6x = 0whenx = 0.
y y |y Conclusion
—00 <Xx<0 - + Decreasing, concave up
x=0 2 - 0 Point of inflection
0< X < oo - - Decreasing, concave down

29. f(x) =3 —-9x+1
f(x) =9 —9=90x*—-1) = O0whenx = =1
f”(x) = 18x = Owhenx =0

f(x) | f(x) | f"(x) Conclusion
—oo <x< -1 + - Increasing, concave down
X=— 7 0 - Relative maximum
-1<x<0 — — Decreasing, concave down
x=0 1 - 0 Point of inflection
0<x<1 - + Decreasing, concave up
X = -5 0 + Relative minimum
l1<x<oo + Increasing, concave up

(-1.785, 0)
1 7 °

—67(0.112,0)
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3L y=3*+ 468

y =12x + 12x% = 12x3(x + 1) = Owhenx = 0,x = — 1.

Yy’ =36X2 + 24x = 12x(3x + 2) = Owhenx = 0, x = —%.

y y |y Conclusion
—oo <x< -1 - |+ Decreasing, concave up
x=-1 -1 0 + Relative minimum
—1<x< —3 + + Increasing, concave up
x= -2 -2+ 10 Point of inflection
—% <x<0 - Increasing, concave down
x=0 0 0 0 Point of inflection
0<X<oo + + Increasing, concave up

33. f(x) = x* — 43 + 16x

f(x) =dC—12x2+ 16 = 4(x + 1)(Xx — 2)2=0whenx = —1,Xx = 2.

f7(x) = 12x2 — 24x = 12x(x — 2) = Owhenx = 0, x = 2.

f(x) | f(x) | f"(x) Conclusion
—co <x< —1 - + Decreasing, concave up
x=-1 -11 0 + Relative minimum
-1<x <0 + + Increasing, concave up
=0 0 + 0 Point of inflection
0<x<2 + - Increasing, concave down
X=2 16 0 0 Point of inflection
2< X< oo + Increasing, concave up
35 y=x5—-5x

y'=5x*—5=5x*—-1) = Owhenx = +1.

y” = 20x® = Owhenx = 0.

y y |y Conclusion
—oo < X< —1 + | - Increasing, concave down
X= - 4 0 | — Relative maximum
—-1<x<0 - - Decreasing, concave down
x=0 0 - 0 Point of inflection
0<x<l1 - + Decreasing, concave up
X = -4 0 + Relative minimum
l1<x< o + Increasing, concave up

(-1.679,0)
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37. y=|2x— 3 y
y' = %undeﬁnedatx = %
y"=0
y y’ Conclusion .
—oo <x<3 - Decreasing
X = % 0 | Undefined | Relative minimum
S <x<o + Increasing

30. y=sjnxfisjn3x,0 < X< 27w

18 2
. 21 _ _m3m
y’ = cosx 6C053X—0Whenx— > o 1t
: > x
y’ = smx+25m3x—0whenx—0,6,6,77,6, 6 -1t
ol
- iame (749
Relative maximum: (2, 18>
. - (37 19
Relative minimum: ( > 18>
, e (T4 (o7 4 fm 4\ (11m 4
Inflection points: (6’ 9>, ( 6’ 9>, (, 0),( X 9>( 6 9>
T o
41, =2x—t —— < X< ¢
y nx Ty =xXs5 43. y:2(cscx+secx),0<x<7—27
y' =2 —sec?x = Owhenx = ig. y’ = 2(secxtanx — cscxcotx) = 0 [0 x = 7/4
y” = —2sec?xtanx = Owhenx = 0. Rel ative minimum: <% 4\@)
Relative maximum: (7—7,3 — 1) ) -
4’2 Vertical asymptotes: x = 0,x = -
; . T, T
Relative minimum: ( 7 1 2> y
16—
Inflection point: (0, 0) »l
Vertical asymptotes; x = ig T
ol
y t } X
Ml i 2
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37 37 20x 1 19¢¢-1
45, g(x)—xtanx, —7<X<7 47.f(X)—X2+1—;—X(X27+1)
oy Xt Sinxcosx _ 10
g(x)—icoszx =0 whenx=0 K
rn _ 2(c0sX + xsinx) e 1
g (X) - Cossx W
Vertical asymptotes: x = 3w _mom3m -
asymplotes 2’ 222

49.

Intercepts: (—r, 0), (0, 0), (7, 0)
Symmetric with respect to y-axis.

. T T 37
Increasing on (O, E) and (E’ ?)

Points of inflection: (+2.80, 0)

X
y= I+ 7

2
-4 4

(0, 0) point of inflection

y = *1 horizontal asymptotes

(any vertical trandlate of f will do)

51. fiscubic.

x = 0 vertical asymptote

y = 0 horizontal asymptote
Minimum: (—1.10, —9.05)

Maximum: (1.10, 9.05)
Points of inflection: (—1.84, —7.86), (1.84, 7.86)

f”is quadratic.

f”is linear.
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55. y y

(any vertical trandlate of f will do)

4x — 1)

57. Since the slope is negative, the function is decreasing on 59. f(x) = @ — x+5

(2, 8), and hencef(3) > f(5).
Vertical asymptote: none

Horizontal asymptote: y = 4

9

BN

-1

The graph crosses the horizontal asymptotey = 4. If a
function has a vertical asymptote at x = c, the graph
would not cross it since f(c) is undefined.

6 — 2x XX —-—3x—-1 3
. = . = - = T — _x4+1+
61. h(x) 3~ x 63. f(x) — X+ 1 —

_2B-x _

2, ifx+#3 3
3—-x

Undefined, ifx = 3 \ \
-3 6

The rational function is not reduced to lowest terms.

| \

-3

The graph appears to approach the slant asymptote

-2 4 y=-x+1

-1
hole at (3, 2)

COS? X

65. f(x) = ———, (0,4
0 == 0.4 |
b) F(x) = —cos wX(X cos X + 2w (X2 + 1)sin 7X) _ 0

(@ s ( 02 + 1)32

/\ Critical numbers = % 0.97, g 1.98, g 2.98, %

0 AV
The critical numbers where maxima occur appear to

-0.5

be integersin part (&), but approximating them using
On (0, 4) there seem to be 7 critical numbers: f” shows that they are not integers.

05,10,15,20,25,30,35
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71. f(x) =

67. Vertica asymptote: x = 5

Horizontal asymptote: y = 0

&
(X = b)?

(@) The graph has a vertical asymptote at x = b. If
a > 0, the graph approachesco asx - b. If a < 0,
the graph approaches — oo as x - b. The graph

69. Vertica asymptote: x = 5

Slant asymptote: y = 3x + 2

1 3x2— 13x— 9
y—3x+2+x_5— —

(b) Asb varies, the position of the vertical asymptote
changes: x = b. Also, the coordinates of the
minimum (a > 0) or maximum (a < 0) are changed.

approaches its vertical asymptote faster as |a| - O.

3x"

73. f(x):X4+ 1

(@) For neven, fissymmetric about the y-axis. For n odd,
f is symmetric about the origin.

(d) Thereisasdlant asymptotey = 3xif n = 5:

3 3x
(b) The x-axis will be the horizontal asymptote if the X1 X eyt
degree of the numerator islessthan 4. That is,
n=0123. @M To[1]2[3]4]5
(c) n = 4givesy = 3 asthe horizontal asymptote. Ml 1121321110
N 2|13 4]|5| 2|3
75. (8) 2750

(b) When't = 10, N(10) = 2434 bacteria.
() Nisamaximum whent = 7.2 (seventh day).

(d) Nt) = Ofort = 3.2

(&) Jim N(t) = @ ~ 1892.86
Section 3.7  Optimization Problems
1@ First Number, x | Second Number Product, P
10 110 — 10 10(110 — 10) = 1000
20 110 — 20 20(110 — 20) = 1800
30 110 — 30 30(110 — 30) = 2400
40 110 — 40 40(110 — 40) = 2800
50 110 — 50 50(110 — 50) = 3000
60 110 — 60 60(110 — 60) = 3000

—CONTINUED—
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1. —CONTINUED—

(0) [ First Number, x | Second Number Product, P
10 110 - 10 10(110 — 10) = 1000
20 110 - 20 20(110 — 20) = 1800
30 110 — 30 30(110 — 30) = 2400
40 110 — 40 40(110 — 40) = 2800
50 110 - 50 50(110 — 50) = 3000
60 110 - 60 60(110 — 60) = 3000
70 110 - 70 70(110 — 70) = 2800
80 110 — 80 80(110 — 80) = 2400
90 110 — 90 90(110 — 90) = 1800
100 110 — 100 100(110 — 100) = 1000

The maximum is attained near x = 50 and 60.

(©) P=x(110 — x) = 110x — x?

(d) 3500

0

(55, 3025)

0

120

The solution appearsto be x = 55.

C)

3. Let xand y be two positive numbers such that xy = 192. 5.

192

=X4+V=X+—
SxyxX

ds

dx
d?s

Y

192

1—-— =0whenx =
X

384

3 > Owhenx = /192,

Sisaminimumwhenx =y = /192,

V192

7. Let x be the length and y the width of the rectangle. 9.
2x + 2y = 100
y =50 — X
A= xy = X(50 — x)
%:SO—ZXZOWhenXZZS.
dx
d2A
@2 —2 < Owhenx = 25.

Ais maximum when x = y = 25 meters.

Ez 110 — 2x = Owhen x = 55.
dx

d2p

az- %<0

P isamaximum when x = 110 — x = 55.
The two numbers are 55 and 55.

Let x be a positive number.
S:x+;
X
ds 1
dx—lfxz—OWhenx—l.
d’s 2

@_?>Owhenx=1.

Thesumisaminimumwhenx = 1and 1/x = 1.

Let x be the length and y the width of the rectangle.
Xy = 64
_s
Y=X
P:2x+2y=2x+2(%>:2x+@
X X
e _ —QZOWhenx:B.
dx X2
d?P 256
@:? > Owhenx = 8.

P isminimum when x = y = 8feet.
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1. d = /(x — 42 + (Vx— 0
= /X —T7x+ 16

Since d is smallest when the expression inside the radical

is smallest, you need only find the critical numbers of
f(x) = x2 — 7x + 16.
f(x)=2x—-7=0

_7
X=3

By the First Derivative Test, the point nearest to (4, 0) is

(7/2, V772).

(% vX)

1+ d

} } } * X
1 2 3 (4,0)

15. i—g = kx(Qy — X) = kQux — kx?

d=Q

5o = KQ — 2k

= k(Q, — 2x) = Owhenx = %.
a*Q

=- -
e 2k < Owhenx = o

dQ/dx is maximum when x = Q,/2.

19. (d) A = 4(areaof side) + 2(areaof Top)
(@ A= 4(3)(11) + 2(3)(3) = 150 square inches
(o) A = 4(5)(5) + 2(5)(5) = 150 square inches
() A = 4(3.25)(6) + 2(6)(6) = 150 square inches

— 2

(€) S=4xy + 2x2 = 150 OJ yz%

150 - &) 75 1

=x2y=x[ =/ " | = Zx — =x3

V=xy X( ax ) 2 X7 2%
V’=75—§x2=OD X==5

2 2

13. d =

17.

(x =22+ [ - (1/2
= X — 4x + (17/4)

Since d is smallest when the expression inside the radical
is smallest, you need only find the critical numbers of

f(x)=x“f4x+%
fx)=43—-4=0
x=1

By the First Derivative Test, the point nearest to (2, 3) is
(11).

xy = 180,000 (see figure)

S=x+2y= (x + &)((U)) where Sisthe length
of fence needed.

oy 36(3('200 = 0when x = 600.

dx
2

g—f = 720’3 0, 0 when x = 600.
X X

Sisaminimum when x = 600 metersand y = 300
meters.

!
|

|e——————— X —————

(b) V = (length)(width)(height)
(@ V = (3)(3)(11) = 99 cubicinches
(b) V = (5)(5)(5) = 125 cubic inches
(c) V = (6)(6)(3.25) = 117 cubic inches

By the First Derivative Test, x = 5 yields the maximum volume. Dimensions: 5 x 5 x 5. (A cube!)
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21. (a) V:x(s—2x)2,0<x<§

3—\): =2X(s — 2X)(—2) + (s — 2¢)?
= (s— 2X)(s — 6X) = Owhenx = ;g
2
dT\zl = 24x — 8s
dav s
v < Owhenx = 5

3

2s3. . 5
V= >7 ismaximum when x = 6

(s/2isnot in the domain).

(b) If the length is doubled, V = Z(29)? = (2%33) Volume is increased by afactor of 8.

23, 16:2y+x+7-r<§>

32 =4y + 2x+ 7wx

-2 - 2x= mx
4
R
=8x—%x2—%x2+187)(2
FIPENES SIS SRNRNIRE |
= Owhenx = 1+(87;-/4) :41277.

y= 32 - 2[32/(4 + m)] — #32/(4 + m)] _

4 4+ 7

The areais maximum wheny = %feet and x =

y—-2 0-2
25. (a)O—l_x—l
2
y:2+x—1

L=Vx2+y =\/x2+<2+ 2 )2

Xx—1

8 4
— 2
\/x +4+x—1+(x—1)2’ X

—CONTINUED—

N
f—— < ——1

fe————— X ——

(2,587, 4.162)

0

L is minimum when x = 2.587 and L = 4.162.
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25. —CONTINUED—

1 1 2
= = Xy = = + ——— ) =x+
(©) Area= A(x) > 2x(z - ) X

1 x—1
A =1+ XD ox_ g L
(x =1y (x— 1)
(x—12=1
X—1==1

Xx=0,2 (sdect x = 2)
Theny = 4and A = 4.
Vertices: (0, 0), (2, 0), (0, 4)

27. A=2xy = 2x/25 — x> (seefigure)

aA _ (L) =2x o

323 ) 2B

_ 2( 25 — 2%?

V25 - x?

By the First Derivative Test, the inscribed rectangle of maximum area has vertices

i—sﬂ 0 i—sﬂ —Sﬂ .

2') 2" 2

f

):OWhenx:y:—z3.54.

Width: : Length: 5./2

29. xy = 300 y=%0

A=(x+ 2)(% + 2) (seefigure)

_ 2
@ _ (x + 2)( 30) + (@ + 2) 2€ =30 _ g ywhenx = /0.
dx X2 X2
30
== =30
y V30

67 (x,\/25—><2)
——{o— —o—— X
-6 -4 -2 2 4 6
o
44
le——— X+ 22— :
—— X —>|
y+2

|— < ———|

By the First Derivative Test, the dimensions (x + 2) by (y + 2) are (2 + /30) by (2 + /30) (approximately 7.477 by

7.477). These dimensions yield a minimum area.

31. V = #r?h = 22 cubicinchesor h = 2722
wr

@ Radius, r Height Surface Area
0.2 _2 277(02)[02 + ] 220.3
' 7(0.2)? (0 2)? '
04 22 277(04[04+ ~ 111.0
' m(0.4)? m(0.4)2 '
22 22
22 22
0.8 W (0. 8)[0 8 + 0.8) ~ 59.0

—CONTINUED—
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31. —CONTINUED—

(b) (©) S= 2mr2 + 2zrh
Radius, r Height Surface Area =2mr(r + h) = 27Tr[r + %] =22 + #
02 ﬁ 277(0.2)[0.2 + ﬁ] ~ 2203 @ o
22 22
04 27(0.4 [0.4 + 7] ~ 111.0 (152, 43.46)
woap | 2mON 04T oz . 4
-10
22 [ 22 | .
06 (0.6)2 27(0.6){ 0.6 + 0.6)2 ~ 75.6 The minimum seems to be 43.46 for r = 1.52.
22 [ 22 ] (e)is=4wr—ﬁ;:0whmr= 3/11/7 =~ 1.52in.
0.8 08? 27(0.8)[ 0.8 + oge| = 590 dr r
_ - h = % =~ 3.04in.
22 22
1.0 m1op | 2MLO[10+ Tan| = 503 Note: Notice that
ho2 2 (111/3> o
[ ] T ar2 . w1/ mR 73) = <
12 ﬁ 2m(12)| 12 + ﬁ ~ 457 ar?  w(1l/m) m
22 I 22 ]
14 L7 277(1.4)¥1.4 *wan| = 87
22 I 22 ]
22 I 22
18 ~L87 27(1 8)71 8+ |~ %8
2.0 % 2m(2.0)| 2.0 + ﬁ ~ 471

The minimum seems to be about 43.6 for r = 1.6.

33. Let x be the sides of the square ends and y the length of the package.
P=4x+y=108 O y= 108 — 4x
V = x?%y = x2(108 — 4x) = 108x? — 4x3
av

— = 216x — 12¢?
dx
= 12x(18 — x) = Owhen x = 18.
d2v
o 216 — 24x = —216 < Owhenx = 18.

The volume is maximum when x = 18 inchesand y = 108 — 4(18) = 36 inches.
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3. V= %wxzh = %wxz(r + V12— x9 (seefigure)

((jT\)Z = %W[%sxz +2r + M)] = #/Xfxz(zz +2r /7= -3 =0
224+ 2r I — % -32=0 ©n
2r/r2 — 3@ =32 — 2r2
Ar3(r2 — x?) = 9x* — 12x°r2 + 4r*
0= 9x* — 8xr2 = x2(9x2 — 8r?

2J2r
3 (x-vr2¢)

By the First Derivative Test, the volume is a maximum when

x=2‘frandh=r+\/r2—x2=%.

X =0,

Thus, the maximum volume is

1 (8r2\(4r 3R2m3
V= 577(?)<§) - cubic units.

37. No, thereis no minimum area. If thesidesarexandy, then2x + 2y =20 [0 y =10 — x.
The areais A(x) = x(10 — x) = 10x — x2. This can be made arbitrarily small by selecting x = 0.

39. Vv=12= %'Jﬂ':g + 7rr2h

_ 12— (4/3wr3_ 12 4

h ar? w2 3
S=4mr? + 2ath = 4mr2 + 27-rr<1—22 - ﬂr)
af 3
=4wr2+%—§wr2=ﬂwr2+%
r 3 3 r
(chrS: gwr —%= Owhenr = ¥/9/7 ~ 1.42cm.
d>s 8 48

az-3"t e Owhenr = ¥/9/acm.

The surface areais minimum whenr = 3/9/7cm
and h = 0. The resulting solid is a sphere of radius
r = 142cm.

41. Let x be the length of a side of the square and y the length
of aside of the triangle.

4x + 3y =10
1(/3
— 2 4 =yl X2
A x+2y<2y>
_ (10— 3y)p £2
“ T 1, Y
dA _ 1.0 a3
dy—8(10 3y)(—=3) + > ¥y=0
-30+9 +4/3y=0
__ 30
y 9+ 4/3
@:9+4\/§>0
dy? 8

A is minimum when

:Landx:M
y 9+ 4J/3 9+ 43
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2
43. Let Shbe the strength and k the constant of proportionality. 45 R= Yo© sin 26
Given h? + w? = 242 h? = 24?2 — w?,

S = kwh? dR _ 2v?

37
a0 9 cos 20 = Owhen 6 = .

T
44
S= kw(576 — w?) = k(576w — w?)

2| 2
as %=—%sin20<0When6=ﬂ.
ﬁ:k(576—3\/\/3):0WhenW:8\@,h:8\/6. 0 9 4
By the Second Derivative Test, R is maximum
d2 _ _
dTvSZ: —6kw < Owhenw = 8./3. when 6 = m/4

These values yield a maximum.

h

47 sna="0s= " 0<a<?
s sina 2
tana:DD h=2tana O s=2'.[ana=25e0a |
2 sina !
| _ksna _ ksna _k_ :
¢  dsa 4 T L
3—; = %[sin a(—2sina cosa) + cos? a(cos a)] o

k .
= ZCOSa[COSZa — 28 a

= g cosa[l — 3sinfa]

37 .
—,orwhensina = +

T
—OWhena—z, >

Gl

Since « is acute, we have

. 1 1 =
sna=—=0 h=2tan :2<—): 2 feet.
RV * V2 v

Since (d21)/(da?) = (k/4) sin «(9sin?a — 7) < Owhensina = 1//3, this yields a maximum.

49, S=UX+4L=J/1+3—-x?
2 2 %{\
Time=T = X +4+ x> —6x + 10 0 \‘\5:1/x2+4
2 4 0 .
1 X N 3-x
ar X X—3 =

dx 2/x2+4 4Ux2—6x+ 10
X 9-6x+x2
X2+ 4 42— 6x + 10)
-6 +9%+8—-12=0

You need to find the roots of this equation in the interval [0, 3]. By using a computer or graphics calculator, you can determine
that this equation has only one root in thisinterval (x = 1). Testing at this value and at the endpoints, you see that x = 1 yields
the minimum time. Thus, the man should row to a point 1 mile from the nearest point on the coast.
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X2+ 4 x2 — 6x + 10
+

5. T= v :
' i AR
LoN, 1
a__ x| x-3  _ 2N
X v+ 4 v —6x+ 10 S
1 - 1]
Since :/9 T
) Q
. Xx—3 . :
————==38n6f,and —F————== —siné 0
e+ 4 T U —6x+ 10 2
we have
sing, sin92:OD sin()l: sinozl
Vi \Z Vi V2
Since
oT___4 : >0
a2 v,0@ + 432 v,(x2 — Bx + 10)3/2
this condition yields a minimum time.
53. f(x) = 2 — 2sinx (a) Distance from origin to y-intercept is 2.
, Distance from origin to x-intercept is /2 ~ 1.57.
ol (b)) d= V¥ +y?= /X + (2 - 2sinx)?

3

\ X \\\wf

(0.7967, 0.9795)

T s
n T
> 4

INE)

-1

Minimum distance = 0.9795 at x = 0.7967.
(©) Letf(x) = d3(x) = x2+ (2 — 2sinx)2
f(x) = 2x + 2(2 — 2sinx)(—2 cos x)

Setting f'(x) = 0, you obtain x = 0.7967, which
correspondsto d = 0.9795.

55. Fcos§ = k(W — Fsin 6)

kW
cosf + ksiné

dF _ —kW(k cos 6 — sin 6) _ 0
do (cos 6 + ksin 6)2

kcosf=snhd k=tan9d 6 = arctank
Since

1 K2 o
+ — 2
Jerl Jeri- VerL

cosf + ksng =

the minimum force is

o Kw __kw
cosf+ ksng ke +1°
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5. @ [Base 1 Base 2 Altitude |  Area ®) | Base 1 Base 2 Altitude |  Area
8 8 + 16 cos10° | 8sin10° ~ 221 8 8 + 16 cos10° | 8sin10° =221
8 |8+ 16c0s20° | 8sn20° | =425 8 |8+16cos20° | 8sn20° | ~425
8 |8+ 16c0s30° | 8sn30° | =~59.7 8 | 8+16c0s30° | 88n30° | ~597
8 |8+ 16c0s40° | 8sn40° | =727 8 |8+ 16cos40° | 8sind0” | ~727
8 |8+ 16c0os50° | 8sn50° | =805 8 |8+ 16cos50° | 8sin50° | ~805
8 |8+ 16cos60° | 8sin60° | =831 8 |8+16cos60° | 8sn60" | ~831
8 8 + 16cos70° | 8sin70° ~ 80.7
8 8 + 16 cos80° | 8sin80° ~ 74.0
8 8 + 16 cos90° | 8sin90° ~ 64.0
The maximum cross-sectional area is approximately
83.1 square feet.
h dA . .
© A=(a+b)§ (d) d—9=64(1+cose)cos(9+(764$|n f)sin 0
:[8+(8+160059)]892n0 = 64(cos § + cos? § — sin? 0)
_ = 64(2cos?9 + cosH — 1)
=64(1 + cosf)sin9,0° < 6 < 9O°
= 64(2cos — 1)(cos 6 + 1)
(e) 100

0831 = Owhen 6 = 60°, 180°, 300°.

200 X
59. C= 100<? + Xt 30>, < X

r—q00( 20, 30
c'= 100( Rl 30)2)

Approximation: x = 40.45 units, or 4045 units
61. S = (4m— 1)2+ (5m— 6)2 + (10m — 3)2

IS0 _ 5tam — 1)(4) + 2(5m — 6)(5) + 2(10m — 3)(10) = 282m — 128 = Owhenm = 2.

dm 141
L, 64
Line y = 141x
64 64 64
S= \“(m) - 1\ ! Hm) - 6\ ! \1°(m) - 3\
256 320 640 858 .
7m—1‘+ E—G“i‘ m—3‘—m~6.1ml
|[4m - 1]  |5m - 6]  |10m — 3| S
63. S, = + +
S e+ 1 m+ 1 m+ 1

30—+

Using a graphing utility, you can see that the minimum occurs when x = 0.3. ol

Line y =~ 0.3x \\//-
10
_ 1403) — 1] + [5(0.3) — 6] + [10(0.3) — 3| 03,45

The maximum occurs when 6 = 60°.

S; J032+1 ~ 4.5mi. 1

+ m
3
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Section 3.8 Newton’s Method

1. f(x)=x>-3 f(
. %) f(x,)
n f f —
X, =17 1 | 1.7000 | —0.1100 | 3.4000 | —0.0324 1.7324
1.7324 0.0012 | 3.4648 0.0003 17321

3. f(x) = sinx
; f(x,) _ fx)
f/(X) = COS X n Xn f(Xn) f (Xn) f'(Xn) Xn f'(Xn)
X, =3 1 | 3.0000 0.1411 | —0.9900 | —0.1425 3.1425
3.1425 | —0.0009 | —1.0000 0.0009 3.1416

5 fx=x+x-1 ) M 7@
) = 3¢ + 1 niox o) | T 1 56 [0 i)

1 | 0.5000 | —0.3750 17500 | —0.2143 0.7143

0.7143 0.0788 2.5307 0.0311 0.6832

3 | 0.6832 0.0021 2.4003 0.0009 0.6823

Approximation of the zero of f is 0.682.

7. f(X) =3/Xx—1—Xx N Xn f(xn) f/(xn) f(xn) « f(xn)
3 flx) | ™ %)
o =c7="1 1 | 12000 | 01416 | 23541 00602 | 1.1398
1.1398 | —0.0181 3.0118 —0.0060 1.1458
Approximation of the zero of f is 1.146. 3 | 1.1458 | —0.0003 29284 | —0.0001 1.1459
Similarly, the other zero is approximately 7.854.
9. fx) =x3+ 3 f(x.) f(x.)
n f f’ n -
f/(X) — 3X2 Xn (Xn) (Xn) f'(Xn ) Xn f'(Xn)
Approximation of the zero of f is — 1.442. 1 |—1.5000] —0.3750 6.7500 —0.0556 —1.4444
2 |—1.4444| —0.0134 6.2589 —0.0021 —1.4423
3 |—1.4423| —0.0003 6.2407 —0.0001 —1.4422

11. f(x) = x3 — 3.9x2 + 4.79x — 1.881
f(x) = 3x2¢ — 7.8x + 4.79

, f (%) f (%)
n Xn f(Xn) f(Xn) f,(Xn) Xp — f,(xn)
1 | 05000 | —0.3360 | 1.6400 | —0.2049 0.7049
2 | 0.7049 | —0.0921 0.7824 —-0.1177 0.8226
3 | 08226 | —00231| 04037 | —0.0573 0.8799
4 | 08799 | —0.0045 | 02495 | —0.0181 0.8980
5 | 0.8980 | —0.0004 0.2048 —0.0020 0.9000
6 | 0.9000 0.0000 | 0.2000 0.0000 0.9000

Approximation of the zero of f is 0.900.

—CONTINUED—
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11. —CONTINUED—

f (%) f (%)
n f f7 -
1 11 0.0000 —0.1600 | —0.0000 1.1000
Approximation of the zero of fis 1.100.
f(x,) f(x,)
n f(x f7 Xy —
1 19 0.0000 0.8000 0.0000 1.9000
Approximation of the zero of fis 1.900.
13. f(x) =x+ sin(x+ 1) f f
X, Fx.) %) (%) (%)

f(x) =1+ cos(x + 1)

Approximation of the zero of fis —0.489.

fix,) | 7 Fix,)

—0.5000 | —0.0206 1.8776 —0.0110 —0.4890

—0.4890 | 0.0000 1.8723

0.0000 | —0.4890

15 h(x) =f(x) —gx) =2x+1—- V/x+ 4

1

e =2-5 A

Point of intersection of the graphs of f and g occurs

when x = 0.569.

17. h(x) = f(x) — g(x) = x — tanx

h(x) = 1 — sec?x

Point of intersection of the graphs of f and g occurs

when x = 4.493.

19. fx)=x2—a=0

f(x) = 2x
X2 —a
X1+1 XI_ 2X1
o 2x?-x?+a x2+a X, a
2 2 2 2
3X*+6
2.1 ="
i 1 2 3 4

15651 | 1.5651

4/6 ~ 1.565

h(x,) h(x,)
n h(x h’ — - X, —
1 | 0.6000 0.0552 1.7669 0.0313 0.5687
0.5687 | —0.0001 1.7661 0.0000 0.5687
h(x,) h(x,)
n h h' —
1 | 45000 | —0.1373 | —21.5048 | 0.0064 4.4936
44936 | —0.0039 | —20.2271 | 0.0002 4.4934
2+ 7
2L X4 = )QT
i 1 2 3 4 5
X | 2.0000 | 2.7500 | 2.6477 | 2.6458 | 2.6458

J7 ~ 2.646
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25. f(x) = 1 + cosx
f(x) = —sinx

Approximation of the zero: 3.141

27. y=2 -6+ 6x— 1 =1(x)
y' =6x2— 12x + 6 = f'(x)
X =1

f/(x) = 0; therefore, the method fails.

X | f00) | f06)
1| 1 0

31. Answers will vary. See page 222.

Newton’'s Method uses tangent lines to approximate ¢ such that f(c) = 0.

First, estimate an initial x; close to ¢ (see graph).

Then determine x, by x, = x; — f(x,)

Calculate athird estimate by x; = %, —

(%)

Continue this process until |x, — X, ;| is within the desired accuracy.

Let x,, , bethe final approximation of c.

33. Letg(x) = f(x) — x = cosx — X
g'(x) = —sinx — 1.

The fixed point is approximately 0.74.

o | e |t | R e )
1 | 3.0000 0.0100 —0.1411 | —0.0709 3.0709
2 | 3.0709 0.0025 —0.0706 | —0.0354 3.1063
3 | 31063 | 0.0006 | —0.0353 | —0.0176 3.1239
4 | 31239 | 0.0002 | —0.0177 | —0.0088 3.1327
5 | 31327 | 00000 | —0.0089 | —0.0044 3.1371
6 | 31371 | 0.0000 | —0.0045 | —0.0022 3.1393
7 | 3.1393 0.0000 —0.0023 | —0.0011 3.1404
8 | 3.1404 0.0000 —0.0012 | —0.0006 3.1410
29. y=—x3+ 6x2 — 10x + 6 = f(x)

y' = —3x% + 12x — 10 = f(x)

X, =2

X =1

X3 =2

X, = 1 and so on.

Fails to converge

y

Nl 9(x) 9'0%,) 3'(?2)) X~ g,((ixxf;))
1 | 1.0000 | —0.4597 | —1.8415 0.2496 0.7504
2 | 0.7504 | —0.0190 | —1.6819 | 0.0113 0.7391
3 | 0.7391 0.0000 | —1.6736 0.0000 0.7391
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35. f(x) =x3 =32+ 3, f(x) = 3x2 — 6x

@

4

LA

N

©x=32

2 M

-2

fo4) _
(%) -

2.405

Continuing, the zero is 2.532.

(e) If theinitial guess x, is not “close to” the desired zero
of the function, the x-intercept of the tangent line may
approximate another zero of the function.

39. f(x) = xcosx, (0, m)

f(x) = —xsinx + cosx = 0

Letting F (x) = f/(x), we can use Newton's Method as follows.

[F(x) = —2sinx + xcosx]
F(x,) F (%)
n X F F’ -
S I R B I
1 | 09000 | —0.0834 | —2.1261 0.0392 0.8608
0.8608 | —0.0010 | —2.0778 0.0005 0.8603

Approximation to the critical number: 0.860

(b) x, =1

_ ., fx)
2707 Ty

Continuing, the zero is 1.347.

~ 1.333

(d)

The x-intercepts correspond to the values resulting
from the first iteration of Newton’s Method.

Txnzaﬂﬁxnz@—a)=xn+xn—xn2a=2xn—xn2a=xn(2—axn)

y

I+ (0.860, 0.561)

I
T 7
2

21




Section 3.8 Newton’s Method 159

41. y=1fx)=4-x%(1,0) y
d=JV(x—12+(y—-02=J/(Xx—12+ (@4 —x)° =/ -T2 -2+ 17

disminimized when D = x* — 7x2 — 2x + 17 isaminimum. (1.939, 0.240)

gx) =D’'=4¢ - 14x — 2
g'(x) = 12¢ — 14

g(x,) _g(x)
9'(x,) g'(x,)
2.0000 | 2.0000 | 34.0000 | 0.0588 1.9412
1.9412 | 00830 | 312191 | 0.0027 1.9385

1.9385 | —0.0012 | 31.0934 0.0000 1.9385

n X g(x,) g'(x,)

X =~ 1.939
Point closest to (1, 0) is = (1.939, 0.240).

Distancerowed = Distance walked

43. Minimize: T = Rate rowed Rate walked
_ x2+4+ X2 — 6x + 10
3 4
T/ X X — 3

:3\/x2+4+4Jx2—6x+10:0
XX — 66X + 10 = —3(x — )V + 4
16x3(x2 — 6x + 10) = 9(x — 3)3(x2 + 4)
Xt — 4233 + 432 + 216x — 324 =0

Let f(x) = 7x* — 42 + 43x%2 4+ 216x — 324 and f'(x) = 28x® — 126x> + 86x + 216. Sincef(1) = —100 and f(2) = 56, the
solution isin theinterval (1, 2).

, f (%) f(%,)
) | o | k)
1.7000 | 19.5887 | 1356240 | 0.1444 | 1.5556
15556 | —1.0480 | 150.2780 | —0.0070 | 1.5626
3 | 1.5626 0.0014 | 49.5591 0.0000 | 15626

n X f(x,)

Approximation: x = 1.563 miles

45. 2,500,000 = —76x3 + 4830x%> — 320,000
76x° — 4830x% + 2,820,000 = 0

Letf(x) = 76x® — 4830x% + 2,820,000
f(x) = 228x2 — 9660x.

From the graph, choose x, = 40.

. f (%) f (%)
n X f(x,) f(%,) ) | )
1 | 40.0000 | —44000.0000 | —21600.0000 | 2.0370 | 37.9630
2 | 37.9630 | 17157.6209 | —38131.4039 | —0.4500| 38.4130
3 38.4130 780.0914 | —34642.2263 —0.0225| 38.4355
4 | 384355 2.6308 | —34465.3435 | —0.0001| 38.4356

The zero occurs when x = 38.4356 which corresponds to $384,356.
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47. Fase Letf(x) = (% — 1)/(x — 1). x = 1isadiscontinuity. It is not a zero of f(x). This statement would be true if
f(x) = p(x)/q(x) is given in reduced form.

49. True

51 f(x) = ¢ — 32 + 3x — 2

fy) = 3y2 _ 3 60
f(x) = 3% — 6x + 3 ol
Letx, = 12. o
vy P ok 5w
X Xn T
n f f/ n X, — i
1 | 12.0000| 7.0000 | 36.7500 | 0.1905 | 11.8095
11.8095| 0.2151 | 34.4912 | 00062 | 11.8033
3 | 11.8033| 00015 | 34.4186 | 0.0000 | 11.8033
Approximation: x = 11.803
Section 3.9 Differentials
1. f(x) = x2 X 1.9 1.99 2.01 2.1
fx) = 2x f(x) = x2 3.6100 | 3.9601 4.0401 | 4.4100
Tengent linet (2, 4): y — £(2) = £2)(x — 2) T(x) = 4x — 4 | 3.6000 | 3.9600 4.0400 | 4.4000
y—4=4x—-2)
y=4-—4
3 f(0)=x X 1.9 1.99 2| 201 2.1
f(x) = 5x* f(x) = x5 24.7610 | 31.2080 | 32 | 32.8080 | 40.8410
Tangent line at (2,32): y — £(2) = f(2)(x — 2) T(x) = 80x — 128 | 24.0000 | 31.2000 | 32 | 32.8000 | 40.0000
y—32=280(x—2)
y = 80x — 128
5. f(x) = sinx X 19 199 | 2 201 | 21
Fx) = cosx f(x) = sinx 09463 | 0.9134 | 0.9093 | 0.9051 | 0.8632
Tangent line at (2, sin 2): T(x) = (cos2)(x — 2) + sin2 | 0.9509 | 0.9135 | 0.9093 | 0.9051 | 0.8677
y -2 =f2x-2)
y —sin2 = (cos2)(x — 2)
y = (cos2)(x — 2) + sin2
7. y=1f(x) = %x3,f’(x) = %xz,x =2, Ax=dx=0.1
Ay = f(x + Ax) — f(x)
dy = f/(x)dx
=f(21) - (2 201
= /(2)(0.1
= 0.6305

= 6(0.1) = 0.6
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11.

15.

19.

21.

25.

29.

Ly=Ffx) =x*+ 1,f(x) = &3, x=—1,Ax = dx = 001

Ay = f(x + Ax) — f(x)
=f(—099) — f(-1)
=[(-0.99*+ 1] — [(—D* + 1] = —0.0394

y=3¢-14
dy = 6xdx
y=xJ/1-x°
—X 1-2¢
dy:<Xm+\/1X2>dX:ﬂdX

—1C05<67TX_ 1)
Y=3 2

dy = —wSin(%) dx

@ f(1.9) = f(2 — 0.1) =~ f(2) + {(2)(-0.1)
~1+ (1)(-0.1) =09
(b) f(2.04) = f(2 + 0.04) = f(2) + 1(2)(0.04)
~ 1+ (1)(0.04) = 1.04

(@ g(2.93) = g(3 — 0.07) = g(3) + g'(3)(—0.07)
~ 8+ (—3)(~0.07) = 8.035
(b) g(3.1) = g(3+ 0.1) = g(3) + g(3)(0.1)
~8+ (-3)01) = 7.95

A=x2
x=12
Ax =dx = 16%
dA = 2xdx
AA = dA = 2(12)(2&)

= +3 squareinches

dy = f/(x) dx
= f/(—1)(0.01)

= (—4)(0.01) = —0.04

X+ 1
2x—1

-3
dy = 7(2( — 1y dx

13. y=

17. y = 2x — cot®x
dy = (2 + 2 cot x csc? x)dx

= (2 + 2cot x + 2 cot3 x)dx

23. () f(1.9) = f(2 - 0.1) = f(2) + f(2)(-0.1)
~1+(-3)(-01) =105
(b) f(2.04) = f(2 + 0.04) = f(2) + f(2)(0.04)
~ 1+ (—3)(0.04) = 0.98

27. (8 9(2.93) = g(3 — 0.07) = g(3) + g'(3)(—0.07)
~ 8+ 0(—0.07) =8
(b) 931 = g@B+ 0.1) = g(3) + g((0.D)
~8+00.1) =8

3. A= qr?
r=14
Ar =dr = i%
AA = dA = 27t dr = 7(28)(3)

= +7 square inches
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33. (a) x = 15 centimeter
Ax = dx = +£0.05 centimeters
A=x
dA = 2x dx = 2(15)(=0.05)
= +1.5 square centimeters
Percentage error:

dA _ +15

A (152

= 0.00666. . . = %%

dA  2xdx 2dx
(b) AT e T x < 0.025

% < % = 0.0125 = 1.25%

37. V= 7r%h = 407r3r =5cm,h=40cm,dr = 0.2cm
AV = dV = 807r dr = 807(5)(0.2) = 807 cm3

3. (8 T=2nJ/L/g

dT = —2—dL
gvL/g
Relative error:
dT _ (wdu)/(gvL/g)
T 27/L/g
_d
T2

= %(relative errorinL)

= %(0.005) = 0.0025

Percentage error: d—TT(loo) =0.25% = %%

41. 0 = 26°45" = 26.75°

do = +15" = +0.25° 95
@& h=95csch b
dh = —9.5csc 6 cot 6 do
d—hh = —cot 6do
‘d—hh = (cot 26.75°)(0.25°)

Converting to radians, (cot 0.4669)(0.0044)
~ 0.0087 = 0.87% (in radians).

35. r = 6inches
Ar = dr = +0.02 inches

@ V= g'ﬂrs

dV = 4qr2dr = 47(6)3(x£0.02) = £2.887 cubic inches
(b) S=4nr?
dS = 8t dr = 87(6)(x0.02) = +0.967 square inches
dv _ 4mr2dr _ 3dr

(c) Relativeerror: \y ~ W =7

= 2(0.02) =0.01= 1%
) _ das _ 8ar dr _ 2dr
Relative error: S Amr2 r
_ 2(0.02)

= 0.000666 . . . = g%

(b) (0.0025)(3600)(24) = 216 seconds

= 3.6 minutes

(b) ‘d—;‘ = cot 6df < 0.02

do _ 002 _002tend

6 ~ 6(coto) 0
do _ 0.02ten 26.75° _ 0.02 tan 0.4669
6 = 26.75° 0.4669

~ 0.0216 = 2.16% (in radians)
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43 _L(f(,zg)
. r=55(En

Vo = 2200 ft/sec

0 changes from 10° to 11°

_ (2200)2
dr = T (cos26)de
a
0= 10< 180)
e
do = (11 — 10)1—80
Ar = dr
0 o) )
=16 “\180/\180) = 4961 Tet
~ 4961 feet

47. Letf(x) = 4% x = 625,dx = — 1.

1
f(x+ Ax) = f(x) + f'(x)dx = ¥x +
0+ 80 = 00 + 110 dx = Y+ =
1
f(x + Ax) = 4624~ 4625 + ——=———(—1
(x + &%) a@emp Y
1
=5~ go5 = 4998

Using acalculator, ¢/624 = 4.9980.

51. In general, when Ax — O, dy approaches Ay.

dx

45, Letf(x) = /X x = 100, dx = —0.6.
f(x + Ax) = f(x) + f/(x)dx

1
= X+ —=dx
XS

f(x + Ax) = /994

1
~ V100 + ———==(—0.6) = 9.97
2\/100( )

Using acalculator: /99.4 = 9.96995

49, Letf(x) = /% x = 4,dx = 0.02, f(x) = 1/(2V%).

Then
£(4.02) = f(4) + f(4)dx

V402~ /4 + %(o.oz) =2+ %(0.02).

2.4

53. True 55. True
Review Exercises for Chapter 3
1. A number cin the domain of fis acritical number if f(c) = O or f’ y
is undefined at c. r©ls 9 =0

3. g(x) = 2x + 5cosx, [0, 27|
g'(x) =2 —5sinx
= Owhensinx = .

Critical numbers; x = 0.41,x = 2.73
Left endpoint: (0, 5)

Critical number: (0.41, 5.41)

Critical number: (2.73, 0.88) Minimum
Right endpoint: (27, 17.57) Maximum

ISE]

18

undefined. >

(6.28,1757)

2w
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5. Yes. f(—=3) = f(2) = 0. fiscontinuouson[—3, 2], 7.f(x) =3 — |[x— 4

differentiable on (—3, 2). @ y
f(x) =(x+3)(3x—1) =0forx = % j
¢ = 3 satisfies f/(c) — 0. ot /\

f)=f(7 =0
(b) fisnot differentiable at x = 4.

9. fx) =x3,1<x<8 11. f(x) = x—cosx,—— < x <

m
2

NI}

f(x) = %x*m f(x) =1+ sinx
fb) —f@ _ (m/2) - (=m/2) _ |

f(b) — f — = B
(b)—f@ _4-1_ b—a (m/2) — (—7/2)

b-a 8-1

3
7
3
7

f(c) = 20‘1/3 =

fc)=1+snc=1

c=0
14\3 2744
c= <§> =759 ~ 3.764
13. f(x) = A%+ Bx+ C
f(x) = 2AX + B
fx) — f(x) _ AlX? = %) + B(X, — X;)
X = X X =X
=A(x +x)+B
fc)=2Ac+B=A(Xx +x) +B
2Ac = A(X, + X,)
X, + X
= % = Midpoint of [X,, X,]
15. f(x) = (x — 1)3(x — 3
0 = A ) Interval: o <x<l| l<x<f|f<x<oo
/ — — 1)2 + — —
F09 = (= (1) + (x — I — 1) s o0 | 050 | To<o | feoso
= x=DEx=7) Conclusion: Increasing Decreasing Increasing
Critical numbers: x = 1and x = %
17. h(x) = Vx(x — 3) = x¥/2 — 3x/2 Interval: 0<x<1l|1l<x<oo
Domain: (0, o) Signof h®): | h'x) <0 | hx) >0
h'(x) = gxl/ 2 — gx*l/ 2 Conclusion: Decreasing Increasing
3 3(x — 1)
=X Y3Ax — 1) =—"—F—
=) 2J/x

Critical number: x =1
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— L
19 h® =3t* - & Test Interval:too <t < 2 2<t<oo
h't) = t° — 8 = Owhent = 2. Sign of h'(t): h(t) < 0 h(t) > 0
Relative minimum: (2, —12) Conclusion: Decreasing Increasing
1 1.
21. y = = cos(12t) — = sin(12t)
3 4
v =y = —4sin(12t) — 3 cos(12t)
(8 Whent = T y= 1 inch and v =y’ = 4 inches/second.
8 4
P _ _ sin(12t) 3 _ 3
(b) y’ = —4sin(12t) — 3 cos(12t) = 0 when cos(121) 4D tan(12t) 7
. 3 4 . ) .
Therefore, sin(12t) = -5 and cos(12t) = & The maximum displacement is
BE)-3-9- 2
Y=\3M\5) "al"5) T 2"
g 2T
(c) Period: 25
Frequency: L = 6
equency: w/6
23. f(x) =x+cosx, 0 < x<2
* i Test Interval: 0<x< 2 7—T<x<% @<x<27-r
f(x) = 1—sinx 2 2 2 2
- 37 Sign of f”(x): f’(x) < 0 f’(x) > 0 f7(x) <O
f(x) = —cosx = Owhenx = 2y
Conclusion: Concave downward | Concave upward | Concave downward
- inflection: (2. ™) (37 37
Points of inflection: (2, 2)( 5 )

25.

27.

g(x) = 2¢(1 - x)
g’'(x) = —4x(2x?> — 1) Critical numbers: x = 0, i%
g’(x) = 4 — 24x?

g”(0) = 4 > 0 Relative minimum at (0, 0)

,,<+1>_
g _\/E -

—8 < 0 Redative maximums at ii,;
J2'2

(5.1(5))

[(0,0)2 3 4 5

29. Thefirst derivative is positive and the second derivative is
negative. The graph isincreasing and is concave down.
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31. () D = 0.0034t* — 0.2352t3 + 4.9423t2 — 20.8641t + 94.4025
(b) 369

Vs

0 29
0

(c) Maximum at (21.9, 319.5) (=1992)
Minimum at (2.6, 69.6) (=1972)
(d) Outlaysincreasing at greatest rate at the point of inflection (9.8, 173.7) (= 1979)

2x2 . 2 2 5cosx

: _ _ < im —= = i <
33. lim 3215 xl'fgo3 52 3 35. lim x 0,since |5cosx| < 5.
2x+ 3 3
37. h(x) = — 39.f(x)—x—2
Discontinuity: x = 4 Discontinuity: x = 0
o2X+3 2+ (3/x . (3
xltngc X—4 —X|Lrt.]01_(4/x)—2 xltngo<;_2>__2
Vertical asymptote: x = 4 Vertical asymptote: x = 0
Horizontal asymptote: y = 2 Horizontal asymptote; y = —2
243 x—1
=3+ 2 _x-1
41. f(x) = x® + ” 43. f(x) 1+ 32
Relative minimum: (3, 108) Relative minimum: (—0.155, —1.077)
Relative maximum: (—3, —108) Relative maximum: (2.155, 0.077)
200 0.2
N B |’

~200 -14

Horizontal asymptote: y = 0
Vertical asymptote: x = 0 s=ymp y
45. f(x) = 4x — X2 = x(4 — ) t
Domain: (— oo, o0); Range: (—oo, 4) | @
f(x) =4 — 2x=0whenx = 2. 3
f(x) = -2

Therefore, (2, 4) is arelative maximum. o -
Intercepts: (0, 0), (4, 0)
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47.

49.

51.

f(x) = x4/16 — X%, Domain: [—4, 4], Range: [—8, 8]
Domain: [—4, 4]; Range: [—8, 8]

16 — 2x2
V16 — x2

- 2002

f(-24/2) >0
Therefore, (—2./2, —8) isarelative minimum.
f1(24/2) < 0

Therefore, (Zﬂ, 8) is arelative maximum.

f(x) = = Owhenx = +2./2 and undefined when x = +4.

Point of inflection: (0, 0)

Intercepts: (—4, 0), (0, 0), (4, 0)
Symmetry with respect to origin
f(x) = (x — 1)3(x — 3)2 y

Domain: (—oo, co); Range: (—oo, co)

P09 = (X~ 1(x — 3)(5 — 11) = Owhenx = 1, 2,3,

5
f7(x) = 4(x — 1)(5x2 — 22x + 23) = Owhenx = 1, 11%@
f7(3 > 0 7
Therefore, (3, 0) is arelative minimum.
f”<%) <0
Therefore, <% %) is arelative maximum.
Points of inflection: (1, 0), <11—5\/é 0.60), (112\@ 0.46>

Intercepts: (0, —9), (1, 0), (3,0)

f(x) = x/3(x + 3)¥3
Domain: (—oo, c0); Range: (— oo, co)

Px) = (X%)l/la)@/a = Owhenx = — 1 and undefined when x = —3, 0.

f7(x) = is undefined when x = 0, —3.

X/3(x + 3)4/3

By the First Derivative Test (— 3, 0) is a relative maximum and (— 1, - 3/21) is
arelative minimum. (0, 0) is a point of inflection.

Intercepts: (—3, 0), (0, 0)
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X+ 1
53. f(x) = — 1

55.

57.

Domain: (—oo, 1), (1, 0); Range: (—oo, 1), (1, o0)

f(x) = < Oifx# 1.

2
(x — 1)
4
(x—1)p
Horizontal asymptote: y = 1
Vertical asymptote: x = 1
Intercepts: (—1,0), (0, —1)

f(x) =

4

o) = 1+ x2

Domain: (— oo, oo); Range: (0, 4]

—8x
]”(X) = m = Owhenx = 0.
o =81 -3 _ V3
f (X)_7(1+x2)3 = Owhenx = +==
f7(0) <0

Therefore, (0, 4) is arelative maximum.

Points of inflection: (+/3/3, 3)
Intercept: (0, 4)

Symmetric to the y-axis
Horizontal asymptote: y = 0

4
— 3 _
f(x) x+x+x

Domain: (—oo, 0), (0, o0); Range: (—oo, —6],[6, o0)

, 4 K +xR—4
f(X)=3X2+1—?=T

8 6x*+8
f7(x) = 6x+%: e

#0

f1-1) <0

Therefore, (— 1, —6) is arelative maximum.
/(1) > 0

Therefore, (1, 6) is arelative minimum.

Vertical asymptote: x = 0
Symmetric with respect to origin

=0whenx = +1.

st LE
" 3
(-1-6) _s|
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59. f(x) = |x2 — 9| y
Domain: (— oo, oo); Range: [0, co)
, (2 -9 . .
f(x) = e 0when x = 0 and is undefined when x = +3.
g J2E D
f(x) = =9 isundefined at x = +3.
f//(o) < O

Therefore, (0, 9) is a relative maximum.

Relative minima: (%3, 0)
Points of inflection: (3, 0)
Intercepts: (3, 0), (0, 9)
Symmetric to the y-axis

61. f(x) = x + cosx

Domain: [0, 27r]; Range: [1, 1 + 277]

@2m 2r+1)g ,

f(x) = 1 — sinx = 0, fisincreasing.

f”(x) = —cosx = Owhenx =

oo
2' 2
- inflection: (2. ™) (37 37
Points of inflection: (2, 2)( o 2)

Intercept: (0, 1)

63. X2 +4y> —2x— 16y + 13=0

@ (x2—2x+1) +4y>—4y+4)=-13+1+16 y
(x—12+4y—22=4 4t
x—1% (y—27? L@
+ =1 >
4 1
The graph is an ellipse: (
~
Maximum: (1, 3) ‘ (1]1) L
Minimum: (1, 1) h A

(b) X2+ 4y> —2x — 16y + 13=10

2x+8y%—2—16%=0

Yo, 1m0
5 (8 —16) =2 2x

dy _2-2x _1-x
dx 8y —16 4y-—38

The critical numbersare x = 1 andy = 2. These correspond to the points (1, 1), (1, 3), (2, — 1), and (2, 3).
Hence, the maximum is (1, 3) and the minimum is (1, 1).
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65. Lett = 0 at noon. (100 -/121, 0)
L = d2 = (100 — 12t)2 + (—10t)2 = 10,000 — 2400t + 24412 =2
dL 300
= 2400 + 488t = Owhent = =~ 4921,

Ship A at (40.98, 0); Ship B at (0, —49.18)
d2 = 10,000 — 2400t + 244t2

=~ 4098.36 whent =~ 4.92 =~ 4:55 pm..

d= 64km
67. We have points (0, y), (x, 0), and (1, 8). Thus, v
m:y—8:0—80r _ 8 109
0-1 x—19Y7x—1 81
N
8x \2
=1L2=x2+ [—— 44
Letf(x) =L X (x—l)' ]
(x,0)
oy X (x—l)—x]_ 6 b 1
f(x)—2x+128<xil)[ x— 12 =0
L S
(x—1)3

X[ (x — 1)3 — 64] = Owhen x = 0, 5 (minimum).
Vertices of triangle: (0, 0), (5, 0), (0, 10)

69. A = (Average of bases)(Height) s

T

VET-R, | |
_ (xer s) 3 +225x X (seefigure) :\/W :
AU NN g A S
ax 4[ hsz+25x—x2+ 38% + 25K — X =3 =
2(2s — x)(s + x)

=—————> =0whenx = 2s.

4./38% + 2x — X2

Aisamaximum when x = 2s.

71. You can form aright triangle with vertices (0, 0), (x, 0) and (0, y).
Assume that the hypotenuse of length L passes through (4, 6).
y—-6_6-0 6X

M=0-—a" 2—x"Y"x—2

6x \2
= 12=y2 4+ 2= x2
Letf(x) = L2=x+y2=x +<x—4)'

/| j— Xi 774 =
f(x) = 2x + 72<X — 4)[(x — 4)2] 0
X[(x — 4)3 — 144] = Owhenx = Oorx = 4 + /144,
L = 14.05 feet
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L

73. oscf=-Lorly = 6esco (seefigure)
csc(z— 0>=EorL =9csc<7—7— 9)
2 9 2 2
L:Ll+L2:6c9c0+9csc(7—27—0>:6csco+9sece
dL
%= —6cschcoth+ 9secHtan 6 =0

2 3/2
39— = = ——
tan° 6 3\:|tal‘10 y

3
32/3+22/3
o0~ VIF@ro- (J1+ (30 -

seco JFEE 2P

tan6 21/3

(32/3 + 22/3)1/2 (32/3 + 22/3)1/2
21/3 31/3

csc o =

L=6

75. Tota cost = (Cost per hour)(Number of hours)
v?2 110 11v 550
T= <@+5>(T> “e0 v
df 11 550  11v2 — 33,000

dv 60 vZ 60v2
= Owhenv = /3000 = 10./30 = 54.8 mph.

d2T 1100
dvz V8

> Owhenv = 10+/30 so this value yields a minimum.

77.f(x) =x¥ -3 -1

From the graph you can see that f (x) has three rea zeros.

fi(x) =32 -3
f(x,) f (%)
n X f f/(x X, —
" Oad | 0l gy |0 T
1 —1.5000 0.1250 | 3.7500 0.0333 —1.5333
2 —15333 | —0.0049 | 4.0530 | —0.0012 —15321
f(x,) f(x,)
n f(x,) (%) ; —
% % i) (%,
1 | —0.5000 0.3750 | —2.2500 | —0.1667 | —0.3333
2 —0.3333 | —0.0371 | —2.6667 0.0139 —0.3472
3 —0.3472 | —0.0003 | —2.6384 0.0001 —0.3473
f(x) f(xy)
n X f(x f’ -
1 | —1.9000 | 0.1590 | 7.8300 | 0.0203 1.8797
2 1.8797 | 0.0024 | 7.5998 | 0.0003 1.8794

The three real zeros of f(x) arex =~ —1.532, x = —0.347, and x = 1.879.

= 3(3%/3 + 22/3)3/2{t ~ 21.07 ft (Compare to Exercise 72 usinga = 9and b = 6.)



