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43 _L(f(,zg)
. r=55(En

Vo = 2200 ft/sec

0 changes from 10° to 11°

_ (2200)2
dr = T (cos26)de
a
0= 10< 180)
e
do = (11 — 10)1—80
Ar = dr
0 o) )
=16 “\180/\180) = 4961 Tet
~ 4961 feet

47. Letf(x) = 4% x = 625,dx = — 1.

1
f(x+ Ax) = f(x) + f'(x)dx = ¥x +
0+ 80 = 00 + 110 dx = Y+ =
1
f(x + Ax) = 4624~ 4625 + ——=———(—1
(x + &%) a@emp Y
1
=5~ go5 = 4998

Using acalculator, ¢/624 = 4.9980.

51. In general, when Ax — O, dy approaches Ay.

dx

45, Letf(x) = /X x = 100, dx = —0.6.
f(x + Ax) = f(x) + f/(x)dx

1
= X+ —=dx
XS

f(x + Ax) = /994

1
~ V100 + ———==(—0.6) = 9.97
2\/100( )

Using acalculator: /99.4 = 9.96995

49, Letf(x) = /% x = 4,dx = 0.02, f(x) = 1/(2V%).

Then
£(4.02) = f(4) + f(4)dx

V402~ /4 + %(o.oz) =2+ %(0.02).

2.4

53. True 55. True
Review Exercises for Chapter 3
1. A number cin the domain of fis acritical number if f(c) = O or f’ y
is undefined at c. r©ls 9 =0

3. g(x) = 2x + 5cosx, [0, 27|
g'(x) =2 —5sinx
= Owhensinx = .

Critical numbers; x = 0.41,x = 2.73
Left endpoint: (0, 5)

Critical number: (0.41, 5.41)

Critical number: (2.73, 0.88) Minimum
Right endpoint: (27, 17.57) Maximum

ISE]

18

undefined. >

(6.28,1757)

2w
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5. Yes. f(—=3) = f(2) = 0. fiscontinuouson[—3, 2], 7.f(x) =3 — |[x— 4

differentiable on (—3, 2). @ y
f(x) =(x+3)(3x—1) =0forx = % j
¢ = 3 satisfies f/(c) — 0. ot /\

f)=f(7 =0
(b) fisnot differentiable at x = 4.

9. fx) =x3,1<x<8 11. f(x) = x—cosx,—— < x <

m
2

NI}

f(x) = %x*m f(x) =1+ sinx
fb) —f@ _ (m/2) - (=m/2) _ |

f(b) — f — = B
(b)—f@ _4-1_ b—a (m/2) — (—7/2)

b-a 8-1

3
7
3
7

f(c) = 20‘1/3 =

fc)=1+snc=1

c=0
14\3 2744
c= <§> =759 ~ 3.764
13. f(x) = A%+ Bx+ C
f(x) = 2AX + B
fx) — f(x) _ AlX? = %) + B(X, — X;)
X = X X =X
=A(x +x)+B
fc)=2Ac+B=A(Xx +x) +B
2Ac = A(X, + X,)
X, + X
= % = Midpoint of [X,, X,]
15. f(x) = (x — 1)3(x — 3
0 = A ) Interval: o <x<l| l<x<f|f<x<oo
/ — — 1)2 + — —
F09 = (= (1) + (x — I — 1) s o0 | 050 | To<o | feoso
= x=DEx=7) Conclusion: Increasing Decreasing Increasing
Critical numbers: x = 1and x = %
17. h(x) = Vx(x — 3) = x¥/2 — 3x/2 Interval: 0<x<1l|1l<x<oo
Domain: (0, o) Signof h®): | h'x) <0 | hx) >0
h'(x) = gxl/ 2 — gx*l/ 2 Conclusion: Decreasing Increasing
3 3(x — 1)
=X Y3Ax — 1) =—"—F—
=) 2J/x

Critical number: x =1
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— L
19 h® =3t* - & Test Interval:too <t < 2 2<t<oo
h't) = t° — 8 = Owhent = 2. Sign of h'(t): h(t) < 0 h(t) > 0
Relative minimum: (2, —12) Conclusion: Decreasing Increasing
1 1.
21. y = = cos(12t) — = sin(12t)
3 4
v =y = —4sin(12t) — 3 cos(12t)
(8 Whent = T y= 1 inch and v =y’ = 4 inches/second.
8 4
P _ _ sin(12t) 3 _ 3
(b) y’ = —4sin(12t) — 3 cos(12t) = 0 when cos(121) 4D tan(12t) 7
. 3 4 . ) .
Therefore, sin(12t) = -5 and cos(12t) = & The maximum displacement is
BE)-3-9- 2
Y=\3M\5) "al"5) T 2"
g 2T
(c) Period: 25
Frequency: L = 6
equency: w/6
23. f(x) =x+cosx, 0 < x<2
* i Test Interval: 0<x< 2 7—T<x<% @<x<27-r
f(x) = 1—sinx 2 2 2 2
- 37 Sign of f”(x): f’(x) < 0 f’(x) > 0 f7(x) <O
f(x) = —cosx = Owhenx = 2y
Conclusion: Concave downward | Concave upward | Concave downward
- inflection: (2. ™) (37 37
Points of inflection: (2, 2)( 5 )

25.

27.

g(x) = 2¢(1 - x)
g’'(x) = —4x(2x?> — 1) Critical numbers: x = 0, i%
g’(x) = 4 — 24x?

g”(0) = 4 > 0 Relative minimum at (0, 0)

,,<+1>_
g _\/E -

—8 < 0 Redative maximums at ii,;
J2'2

(5.1(5))

[(0,0)2 3 4 5

29. Thefirst derivative is positive and the second derivative is
negative. The graph isincreasing and is concave down.
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31. () D = 0.0034t* — 0.2352t3 + 4.9423t2 — 20.8641t + 94.4025
(b) 369

Vs

0 29
0

(c) Maximum at (21.9, 319.5) (=1992)
Minimum at (2.6, 69.6) (=1972)
(d) Outlaysincreasing at greatest rate at the point of inflection (9.8, 173.7) (= 1979)

2x2 . 2 2 5cosx

: _ _ < im —= = i <
33. lim 3215 xl'fgo3 52 3 35. lim x 0,since |5cosx| < 5.
2x+ 3 3
37. h(x) = — 39.f(x)—x—2
Discontinuity: x = 4 Discontinuity: x = 0
o2X+3 2+ (3/x . (3
xltngc X—4 —X|Lrt.]01_(4/x)—2 xltngo<;_2>__2
Vertical asymptote: x = 4 Vertical asymptote: x = 0
Horizontal asymptote: y = 2 Horizontal asymptote; y = —2
243 x—1
=3+ 2 _x-1
41. f(x) = x® + ” 43. f(x) 1+ 32
Relative minimum: (3, 108) Relative minimum: (—0.155, —1.077)
Relative maximum: (—3, —108) Relative maximum: (2.155, 0.077)
200 0.2
N B |’

~200 -14

Horizontal asymptote: y = 0
Vertical asymptote: x = 0 s=ymp y
45. f(x) = 4x — X2 = x(4 — ) t
Domain: (— oo, o0); Range: (—oo, 4) | @
f(x) =4 — 2x=0whenx = 2. 3
f(x) = -2

Therefore, (2, 4) is arelative maximum. o -
Intercepts: (0, 0), (4, 0)
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47.

49.

51.

f(x) = x4/16 — X%, Domain: [—4, 4], Range: [—8, 8]
Domain: [—4, 4]; Range: [—8, 8]

16 — 2x2
V16 — x2

- 2002

f(-24/2) >0
Therefore, (—2./2, —8) isarelative minimum.
f1(24/2) < 0

Therefore, (Zﬂ, 8) is arelative maximum.

f(x) = = Owhenx = +2./2 and undefined when x = +4.

Point of inflection: (0, 0)

Intercepts: (—4, 0), (0, 0), (4, 0)
Symmetry with respect to origin
f(x) = (x — 1)3(x — 3)2 y

Domain: (—oo, co); Range: (—oo, co)

P09 = (X~ 1(x — 3)(5 — 11) = Owhenx = 1, 2,3,

5
f7(x) = 4(x — 1)(5x2 — 22x + 23) = Owhenx = 1, 11%@
f7(3 > 0 7
Therefore, (3, 0) is arelative minimum.
f”<%) <0
Therefore, <% %) is arelative maximum.
Points of inflection: (1, 0), <11—5\/é 0.60), (112\@ 0.46>

Intercepts: (0, —9), (1, 0), (3,0)

f(x) = x/3(x + 3)¥3
Domain: (—oo, c0); Range: (— oo, co)

Px) = (X%)l/la)@/a = Owhenx = — 1 and undefined when x = —3, 0.

f7(x) = is undefined when x = 0, —3.

X/3(x + 3)4/3

By the First Derivative Test (— 3, 0) is a relative maximum and (— 1, - 3/21) is
arelative minimum. (0, 0) is a point of inflection.

Intercepts: (—3, 0), (0, 0)
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X+ 1
53. f(x) = — 1

55.

57.

Domain: (—oo, 1), (1, 0); Range: (—oo, 1), (1, o0)

f(x) = < Oifx# 1.

2
(x — 1)
4
(x—1)p
Horizontal asymptote: y = 1
Vertical asymptote: x = 1
Intercepts: (—1,0), (0, —1)

f(x) =

4

o) = 1+ x2

Domain: (— oo, oo); Range: (0, 4]

—8x
]”(X) = m = Owhenx = 0.
o =81 -3 _ V3
f (X)_7(1+x2)3 = Owhenx = +==
f7(0) <0

Therefore, (0, 4) is arelative maximum.

Points of inflection: (+/3/3, 3)
Intercept: (0, 4)

Symmetric to the y-axis
Horizontal asymptote: y = 0

4
— 3 _
f(x) x+x+x

Domain: (—oo, 0), (0, o0); Range: (—oo, —6],[6, o0)

, 4 K +xR—4
f(X)=3X2+1—?=T

8 6x*+8
f7(x) = 6x+%: e

#0

f1-1) <0

Therefore, (— 1, —6) is arelative maximum.
/(1) > 0

Therefore, (1, 6) is arelative minimum.

Vertical asymptote: x = 0
Symmetric with respect to origin

=0whenx = +1.

st LE
" 3
(-1-6) _s|
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59. f(x) = |x2 — 9| y
Domain: (— oo, oo); Range: [0, co)
, (2 -9 . .
f(x) = e 0when x = 0 and is undefined when x = +3.
g J2E D
f(x) = =9 isundefined at x = +3.
f//(o) < O

Therefore, (0, 9) is a relative maximum.

Relative minima: (%3, 0)
Points of inflection: (3, 0)
Intercepts: (3, 0), (0, 9)
Symmetric to the y-axis

61. f(x) = x + cosx

Domain: [0, 27r]; Range: [1, 1 + 277]

@2m 2r+1)g ,

f(x) = 1 — sinx = 0, fisincreasing.

f”(x) = —cosx = Owhenx =

oo
2' 2
- inflection: (2. ™) (37 37
Points of inflection: (2, 2)( o 2)

Intercept: (0, 1)

63. X2 +4y> —2x— 16y + 13=0

@ (x2—2x+1) +4y>—4y+4)=-13+1+16 y
(x—12+4y—22=4 4t
x—1% (y—27? L@
+ =1 >
4 1
The graph is an ellipse: (
~
Maximum: (1, 3) ‘ (1]1) L
Minimum: (1, 1) h A

(b) X2+ 4y> —2x — 16y + 13=10

2x+8y%—2—16%=0

Yo, 1m0
5 (8 —16) =2 2x

dy _2-2x _1-x
dx 8y —16 4y-—38

The critical numbersare x = 1 andy = 2. These correspond to the points (1, 1), (1, 3), (2, — 1), and (2, 3).
Hence, the maximum is (1, 3) and the minimum is (1, 1).
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65. Lett = 0 at noon. (100 -/121, 0)
L = d2 = (100 — 12t)2 + (—10t)2 = 10,000 — 2400t + 24412 =2
dL 300
= 2400 + 488t = Owhent = =~ 4921,

Ship A at (40.98, 0); Ship B at (0, —49.18)
d2 = 10,000 — 2400t + 244t2

=~ 4098.36 whent =~ 4.92 =~ 4:55 pm..

d= 64km
67. We have points (0, y), (x, 0), and (1, 8). Thus, v
m:y—8:0—80r _ 8 109
0-1 x—19Y7x—1 81
N
8x \2
=1L2=x2+ [—— 44
Letf(x) =L X (x—l)' ]
(x,0)
oy X (x—l)—x]_ 6 b 1
f(x)—2x+128<xil)[ x— 12 =0
L S
(x—1)3

X[ (x — 1)3 — 64] = Owhen x = 0, 5 (minimum).
Vertices of triangle: (0, 0), (5, 0), (0, 10)

69. A = (Average of bases)(Height) s

T

VET-R, | |
_ (xer s) 3 +225x X (seefigure) :\/W :
AU NN g A S
ax 4[ hsz+25x—x2+ 38% + 25K — X =3 =
2(2s — x)(s + x)

=—————> =0whenx = 2s.

4./38% + 2x — X2

Aisamaximum when x = 2s.

71. You can form aright triangle with vertices (0, 0), (x, 0) and (0, y).
Assume that the hypotenuse of length L passes through (4, 6).
y—-6_6-0 6X

M=0-—a" 2—x"Y"x—2

6x \2
= 12=y2 4+ 2= x2
Letf(x) = L2=x+y2=x +<x—4)'

/| j— Xi 774 =
f(x) = 2x + 72<X — 4)[(x — 4)2] 0
X[(x — 4)3 — 144] = Owhenx = Oorx = 4 + /144,
L = 14.05 feet
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L

73. oscf=-Lorly = 6esco (seefigure)
csc(z— 0>=EorL =9csc<7—7— 9)
2 9 2 2
L:Ll+L2:6c9c0+9csc(7—27—0>:6csco+9sece
dL
%= —6cschcoth+ 9secHtan 6 =0

2 3/2
39— = = ——
tan° 6 3\:|tal‘10 y

3
32/3+22/3
o0~ VIF@ro- (J1+ (30 -

seco JFEE 2P

tan6 21/3

(32/3 + 22/3)1/2 (32/3 + 22/3)1/2
21/3 31/3

csc o =

L=6

75. Tota cost = (Cost per hour)(Number of hours)
v?2 110 11v 550
T= <@+5>(T> “e0 v
df 11 550  11v2 — 33,000

dv 60 vZ 60v2
= Owhenv = /3000 = 10./30 = 54.8 mph.

d2T 1100
dvz V8

> Owhenv = 10+/30 so this value yields a minimum.

77.f(x) =x¥ -3 -1

From the graph you can see that f (x) has three rea zeros.

fi(x) =32 -3
f(x,) f (%)
n X f f/(x X, —
" Oad | 0l gy |0 T
1 —1.5000 0.1250 | 3.7500 0.0333 —1.5333
2 —15333 | —0.0049 | 4.0530 | —0.0012 —15321
f(x,) f(x,)
n f(x,) (%) ; —
% % i) (%,
1 | —0.5000 0.3750 | —2.2500 | —0.1667 | —0.3333
2 —0.3333 | —0.0371 | —2.6667 0.0139 —0.3472
3 —0.3472 | —0.0003 | —2.6384 0.0001 —0.3473
f(x) f(xy)
n X f(x f’ -
1 | —1.9000 | 0.1590 | 7.8300 | 0.0203 1.8797
2 1.8797 | 0.0024 | 7.5998 | 0.0003 1.8794

The three real zeros of f(x) arex =~ —1.532, x = —0.347, and x = 1.879.

= 3(3%/3 + 22/3)3/2{t ~ 21.07 ft (Compare to Exercise 72 usinga = 9and b = 6.)



172 Chapter 3  Applications of Differentiation

79. Find the zeros of f(x) = x* — x — 3.
fx) =4a3—-1
From the graph you can see that f (x) has two real zeros.

f changessignin[—2, —1].

, f(x,) _ )
n Xn f(xn) f (Xn) f/(xn) Xn f/(xn)
1 —1.2000 | 0.2736 | —7.9120 | —0.0346 —1.1654
2 | —1.1654 | 0.0100 | —7.3312 | —0.0014 —1.1640
Ontheinterval [—2, —1]: x = —1.164.
f changes signin[1, 2].
f(x,) f (%)
n X, f fr(x —
n (Xn) ( n) f/(xn) f/(xn)
1 1.5000 0.5625 | 12.5000 | 0.0450 1.4550
2 1.4550 0.0268 | 11.3211 | 0.0024 1.4526
3 1.4526 —0.0003 | 11.2602 | 0.0000 1.4526
Ontheinterval [1, 2]; x = 1.453.

8l. y=x1— cosx) =X — XCOSX 83. S=4xr2 dr = Ar = £0.025
dy , dS = 8ar dr = 8m(9)(+0.025)
—= =1+ XsinX — CoS X
dx = +1.87 squarecm
dy = (1 + xsinx — cosx) dx ds 8t dr 2dr

5 (100) = =5 (100) = == (100)
= 220929 100) ~ +0.56%

V= g'rrl’3
dV = 4xr2dr = 4m(9)3(+0.025)

= +8.17 cubic cm

dv 4qrr2dr 3dr

‘if(loo)"(4/3)wr3(100)"“F7(100)
= 3(iOT'OZS)(lOO) ~ +0.83%

Problem Solving for Chapter 3

1. Assumey; < d <y, Letg(x) = f(x) — d(x — a). g iscontinuous on [a, b] and therefore
has a minimum (c, g(c)) on[a, b]. The point ¢ cannot be an endpoint of [a, b] because

9@ =f(@—-d=y, —d<0
g'(b) =f()—d=y,-—d>0
Hence,a < c< bandg’(c) =0 O f/c) = d.
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3. (@ Fora= —3,—-2,—1,0, phasarelative maximum at (0, 0).

For a = 1, 2, 3, p has arelative maximum at (0, 0) and 2 relative minima.

(b) p(x) =4ax® — 12x = 4x(ax?* — 3) = 0 [ X=0,i\/§

p’(x) = 12ax?2 — 12 = 12(ax? — 1)
Forx = 0,p”(0) = —12 < 0 O p hasareative maximum at (O, 0).

(© Ifa>0,x== \/g are the remaining critical numbers.

p”(i \/§> = 12(2) —12=24>0 O phasrelative minimafora > 0.

(d) (0,0) liesony = —3x2

Letx=:\/§.Then
a
3\2 3
CRLHELHE
_9_ 3V’
Thus, y = A 3(1\/;>

5 pxX) =x*+ax+ 1
(@ p'(x) = 4x* + 2ax = 2x(2¢2 + a)
p’(x) = 16x% + 2a

For a = 0, there is one relative minimum at (0, 0).

(b) Fora < 0, thereisarelative maximum at (0, 1).

. - a
(c) Fora < 0, there are two relative minimaat x = + \/—75

(d) There are either 1 or 3 critical points. The above analysis
shows that there cannot be exactly two relative extrema.

c
. =-+x2
7. f(x) L Fx
Y — C — C_ p—
f(x)——x2+2x—0E| o= 0 X3 =

V4 2C
f(X):g‘i‘Z

If c = 0, f(X) = X2 has arelative minimum, but no relative maximum.

Ifc>0x= Q/%isarelative minimum, becausef”<\3/g> > 0.

C. . -
Ifc<0x= \3/; is a relative minimum too.

Answer: dl c.
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f(b) — f(a) — f(a)(b — a)
(b —a)?

9. Set =k

Define F(x) = f(x) — f(a) — f(a)(x — a) — k(x — a)2
F(a) = 0,F(b) = f(b) — f(a) — f(a)(b—a) —kib —a)2=0

F is continuous on [a, b] and differentiable on (a, b).

Thereexists ¢, a < ¢; < b, satisfying F(c;) = 0.

F(x) = f(x) — f(a) — 2k(x — a) satisfies the hypothesis of Rolle’'s Theorem on [a, ¢,]:
F(@ =0,F/c,) = 0.

Thereexistsc,, a < ¢, < ¢, satisfying F”(c,) = 0.

Finally, F”(x) = f/(x) — 2k and F”(c,) = O implies that

_ f//(cz)
k= —

fb) — f(a) — fa)b —a) _

Thus, k = b= a2

M%) 0 1) = @ + H1alb — @) + 1o - a2

tan (1 — 0.1tan¢) _ 10tan ¢ — ta’ ¢

11. E(¢) =

0.1 + tan ¢ 1+ 10tan ¢
Ed) = (1 + 10tan ¢)(10sec? ¢ — 2tan p sec? ¢) — (10tan ¢ — tan? p)10sec? p 0
¢) = (1 + 10tan ¢) -

O (1+ 10tan ¢)(10sec? ¢ — 2tan ¢ sec? ¢) = (10tan ¢ — tan® )10 sec? ¢
[0 10sec? ¢ — 2tan ¢ sec? ¢ + 100 tan ¢ sec? ¢ — 20 tan? ¢ sec? ¢
= 100 tan ¢ sec? ¢ — 10tan? ¢ sec? ¢
O 10— 2tan¢ = 10tan? ¢
O 10ta? ¢ + 2tanp — 10 =0

-2+ /4 + 400
=5

Using the positive value, ¢ = 0.7356, or 42.14°.

~ 0.90499, —1.10499

13. v= —24007sin 6
v/ = —24007cosf =0

0= g + 2n77,37# + 2n7r, n an integer
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15. Thelinehasequationg + % =lory= —%x + 4.
Rectangle:
Area= A= xy = x(—ﬂx + 4) - Aot
3 3
() = 8 _ 8 _ _3
A(X) = 3x+4—0 O 3x—4 O x=3
. . 3
Dimensions: TR 2 Caculuswas helpful.
Circle: The distance from the center (r, r) to the Iineg + % —1=0mustber:
roor
— + JE—
_13 4 1‘2127r12‘=|7r12|
1 1 5l 12 5
— + —_
9 16
5r=|7r—12| 0 r=1orr=86.
Clearly, r = 1.
Semicircle: The center lieson thelineg + % = 1and satisfiesx =y =r.
ror 7 12
Thusé + i 10 Er =10 r= - No calculus necessary.
7. y=1+x3?
,  —2X
Y= @+ ey
2
”=72(3X 1) =00 X=ii=i£
(@ + 13 V3 3
+++———— ———— +++
y" | | .
3 0 V3
3 3
The tangent line has greatest slope at (—? i) and least slope at (f z>
¥-@r, 0.1 0.2 0.3 0.4 05 10
sinx | 0.09983 | 0.19867 | 0.29552 | 0.38942 | 0.47943 | 0.84147
sinx < X

(b) Let f(x) = sinx. Then f/(x) = cosx and on [0, x] you have
by the Mean Value Theorem,

_ )~ 1(0

uC x—0

,0<c<x

sinx
cos(c) = ~

Hence, % = |cos(c)| = 1

O |sinx| = |X|

O snx<Xx



