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CHAPTER 4
I ntegration

Section 4.1  Antiderivatives and Indefinite Integration

Solutions to Even-Numbered Exercises

d 1 1 d/2(x2 + 3) d(2
|+ =+ =43 - = =2 = = —(=x3/2 —1/2
2 dx<x4 ™ C) = 4. dx( 3 +C dx<3x +2x Y2+ C
B X2 —1
:X1/2_X3/2:W
dr dy: -3
6.@—# 8 dx 2
r=m6+C 2x2 -1
y= _2+C:?+C

. d _
Check: w0+ Cl=m

Check: Q[_—zl + c] = 23
dx| x
Given Rewrite Integrate Smplify
—1
10. J%dx fx‘zdx e Lic
X -1 X
x4 x2 1 3
2 3 i - 4 2
12.fx(x + 3) dx J(x + 3x) dx 4+3(2)+C 2% +2x +C
1 (., 1 x*1> -1
.= = =)+ — +
14 J(3X2)dx gfx dx 9<_1 c o C
2
16. J(S—x)dx=5x—xz+c 18. j(4x3+6x2—1)dx=x4+2x3—x+C
. d x? d
Check: —|5x — =+ C|=5—-x Check: —[x*+ 2x3— x+ C] = 4x3+ 6x2— 1
dx 2 ax
X4
20. [ (x®—4x + 2)dx=z—2x2+ 2x+ C
Check:g[g—sz-i-Zx-i-C] =x3—4x+ 2
dx| 4
1 1 ¥3/2  1/x1/? 2
. 4+ — — 1/2 + 5 *1/2) == _ 4 ,<7> + — £\3/2 + 1/2 +
22 f(\/;( 2\/)() dx f(x X dx 32+ 2\1/2 C =X X C
d(2., ) 1 1
. Y432 1/2 — y1/2 4 Ty-1/2 —
Check: dx<3x + X2+ C| = x¥2 + > IX A+ /s

450
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24, [(4¢ + 1) dx = (x3/4+1)dx=ﬂx7/4+x+C 26. | ox = x*4dx:X;3+C=—i+C
7 x4 -3 3x3
d(4., = d/ 1 1
R % /71 — y3/4 — 4/ 3 . — =
Check: dx<7x +x+C> X34+ 1=4x3+1 Check: dx< 3)(3+C> v
2 —
28, f%dx= f (X2 + 2x3 — 3x~Y)dx 30. f (22 — 12t = f (4t* — 422 + 1) dt
S S S _4s 4
=3t 5 —3*¢€ =gt-t+t+C
-1 1 1 -Qﬂs_ﬂa >_ 4 _ p2
=% etetC Check: dt(st 3t +t+C)=4t" -4+ 1
— (92 — 1)2
Check: Q[—1—i+l-irc]=x*2+2x*3—3><*4 @ =)
dx, x x* X3
_ X2+ 2x-3
x4
1 3
32. f(1+3t)t2dt:f(t2+3t3)dt:§t3+zt4+C 34. f3dt=3t+c
Check: g<1t3+§t4+c>=t2+3t3=(1+3t)t2 Check: E(3t+c)=3
dt\3 4 dt
36. f(tz—sint)dtzét3+cost+c 38. f(02+$@0)d0:%03+tm0+c
Check: Q<1t3+cost+c>=t2—sint Check: i<103+tan6>+c)=02+set:20
T dt\3 " do\3
COS X COS X 1 \/cosx
— = — 2 e — — = |24
40. fsecy(tany secy) dy f(secytany sec?y) dy 42, fl—co§xdx fsinzxdx J(sinx)(sinx)dx

= — +
secy —tany + C =jcscxcotxdx=—cscx+c

Check: dgy(secy— tany + C) = secytany — sec?y

Check:g[—cscx+C]=cscxcotx+.i-@
= secy(tany — secy) dx sinx sinx
_ _ cosx
1 — cos? X
— 1
4. f(x) = V/x 48. 1% =
fx) =-=+C
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%:2(X—1)=2x—2, (3,2

50. d

y=J2(x—1)dx=x2—2x+C

2=(32-2@+Cc0O C=-1

y=x2-2x-1
dy_ o4
54. (a) b o =*¥— L (-13
XS
y= § -x+C
_ (=
3= 3 (-1 +cC
3=-+1+C
7
€=3
R T
Y=3 3
56. g'(x) = 6x%,9(0) = —1 58.
g(x) = f6x2dx =23+ C
g0)=-1=202+CO C=-1
gx) =23 -1
60. f"(x) = x? 62.
f(0) = 6
f(0)=3
f(x) = szdx = %x3 +C,

f(0)=0+C, =60 C, =6

f(x) = %xe’ +6

1 1

= 3 — — 4

f(x) J<3x +6) dx = ox* + 6x + G
f0)=0+0+C,=30 C,=3

14
= —x*+ 6Xx +
f(x) X 6x + 3

52.

dy _

dx

l—_

X2 - X 2 (113)

1
= |—x2dx==+
nydxXC
3=-+C0O C=2

1
==+
y x 2, x>0

f(s) = 6s— 8s3 f(2) =3
f(s) = f(es — 8s%)ds= 3s2— 2s*+ C

f2)=3=3022-202*+C=12-32+CO C=23
f(s) = 3s2— 2s*+ 23

f(x) = sinx
f0 =1
f(0)=6

f(x) = fsinxdx = —cosx + C;

f(0)=-1+C,=10 C, =2

f/(x) = —cosx + 2
f(x) = f(—cosx +2)dx= —sinx+ 2 + C,

f0)=0+0+C, =60 C,=6

f(x) = —sinx+ 2x+ 6
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dP

64. —— =kJt, 0<t< 10

68.

72.

dt

2
P(t) = fktl/z dt = Jk¥2 + C
P(O)=0+C =500 0 C =500
P(1) = %k +500 = 600 1 k= 150

P(t) = %(150)@/2 + 500 = 100t¥2 + 500

P(7) = 100(7)%2 + 500 ~ 2352 bacteria

f1(t) = a(t) = —32 ft/sec?

f1(0) = v,

f0) =5

(1) = v(t) = f—sz dt=—-32t+ C,

f0)=0+C =v, 0 C,=v,
f(t) = —32t + v,

f(t) = s(t) = f(—32t + Vo) dt = — 1612 + vt + C,

f00=0+0+C,=5 0 C,=%

f() = —16t2 + vt + 5

From Exercise 71, f(t) = —4.9t2 + 1600. (Using the
canyon floor as position 0.)

f(t) = 0 = —4.9t2 + 1600
4.9t = 1600
_ 1600

t2 -

29 O t= /326,53 = 18.1sec

66. Since f”is negative on (— oo, 0), f’is decreasing on
(=00, 0). Since f”is positive on (0, o), f”isincreasing
on (0, co). f” has arelative minimum at (0, 0). Since f’is
positive on (— oo, oo), f isincreasing on (— oo, c0).

70. v, = 16ft/sec

S = 641t
€) s(t) = —16t> + 16t + 64 =0
-16t2-t—-4) =0
1+ /17
t=—"7"-—"—
2
Choosing the positive value,
t= 1%\/17 ~ 2.562 seconds.

v(t) = s(t) = —32t + 16

{ +2Jﬁ) o[ +2Jﬁ)

(b)

+ 16

—16/17 = —65.970 ft/sec

74. From Exercise 71, f(t) = —4.9t2 + vt + 2. If
f(t) = 200 = —4.92 + Vgt + 2,
then
v(t) = —98t+ v, =0

for thist value. Hence, t = v,,/9.8 and we solve

Vg \2 V,
—4.9(—0) + v0<—°> + 2 = 200

9.8 9.8
— 49 V02 V02
4+ 0
982 'og 1%

—49vy2 + 9.8v,2 = (9.8)2198
49v2 = (9.8)2198
V2 = 3880.8 O v,=~ 62.3 m/sec.



Chapter 4 Integration
76, fvdv=—env|f%dy 78. X(t) = (t — 1)(t — 3 0O<t<5
— {3 _ 2+ —
L, oM t3— 72+ 15t — 9
V= *¢ (@ v(t) = x(t) = 32 — 14t + 15 = (3t — 5)(t — 3)
Wheny = R v = v, alt) =vi(t) =6t — 14
%Voz:%\"jLC (b) v(t)>0wheno<t<§and3<t<5.
1 GM — 6 — 14— _7
C= EVoz - (c) at) = 6t — 14 = Owhen't 3
1, GM 1 GM 7\ _ Z>_ )(Z_ )Z <_Z>:_i‘
V2 =20 o2 2 V<3> (3<3 5 3 3 2 3 3

0 R

1 1

2 — y2 = _ =
V- V, +ZGM< R)

80. (a) a(t) = cost

v(t) = Ja(t) dt = fcostdt =sint + C, = sint (sincev, = 0)

f(t) = fv(t) dt = Jsintdt = —cost + C,

f(0)=3= —cos(0) +C,=—-1+C, 0 C,=4
f(t) = —cost + 4
(b) v(t) =0=sintfort=kmk=0,1,2,. ..

v(0) = 45 mph = 66 ft/sec
30 mph = 44 ft/sec
15 mph = 22 ft/sec

att) = —a

v(t) = —at + 66
S(t) = —gtz + 66t (Lets(0) = 0.)

v(t) = 0 after car moves 132 ft.

—at + 66 = Owhent = %6.

{2)- 4% +(2

= 132whena = 33 = 16.5.

2
a(t) = —165
v(t) = —16.5t + 66

s(t) = —8.25t2 + 66t

(8 —165t + 66 = 44

22
t= 165 1.333

22
S(ﬁ) ~ 73.33ft

(b) —16.5t + 66 = 22
a4

t= ﬁ ~ 2.667
44
5<16.5> ~ 117.33 ft
C
© &é‘ «Lé) &é,
£ yoo
S 'S S
& & &8
® S
e e
0 ‘ ‘ 132
7333 117.33
feet feet

It takes 1.333 seconds to reduce the speed from 45 mph to

30 mph, 1.333 seconds to reduce the speed from 30 mph
to 15 mph, and 1.333 seconds to reduce the speed from
15 mph to 0 mph. Each time, less distance is needed to
reach the next speed reduction.
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30

30
84. No, car 2 will be ahead of car 1. If v,(t) and v,(t) are the respective velocities, then f [v,(t)| dt > f [v,(D)] dt.
0 0

4 3 2
86. (@) v = 0.6139t3 — 5.525t2 + 0.0492t + 65.9881 (b) s(t) = f v(t)dt = 0.6t139t - 5'5§5t + O'Otgzt + 65.9881t
(Note: Assume s(0) = Qisinitia position)
s(6) =~ 196.1 feet
88. Let the aircrafts be located 10 and 17 miles away from the airport, as indicated in the figure.
VA(I) = k,t — 150 Vg = kgt — 250 Airport < A =B
1 1 ° 10 17
si(t) = K t2 — 150t + 10 %= 5k t2 — 250t + 17
(a) When aircraft A lands at time t, you have
Va(ty) = Kyty — 150 = —100 O k, = ?—O
A
1 2
sa(ty) = Ek“ t3 — 150t, + 10=10
1750\, _ -
2( i )tA 150t, = —10
125t, = 10
L1
AT 125
k=20 = 5o<%) — 62500 S,(t) = 1) = 22242 — 150t + 10
ta 10 2
Similarly, when aircraft B lands at time tg you have
Vp(tg) = kgtg — 250 = —115 O ky = %
B
1 2
s(tg) = EkB t3 — 250t + 17 =0
1<135)
| = |t§ — 250ty = —17
2 tB B B
8~ 17
L3
B 365
135 365 49,275 49,275 ,
= — = — = = = — +
Ks 0 135< 34) 2 O S(t) = St 68 t2 — 250t + 17
(b) = (c) d=s5(t) — sAt) 20
Yes,d < 3fort > 0.0505.
S d
/ 3
Sa /
0 0.1 0 0.1
0 0

90. True 92. True
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94. Fase. f has an infinite number of antiderivatives, each 96. dg[[s(x)]2 + [c(x)]z] = 25(x)s’(x) + 2c(X)c’(x)
differing by a constant. X

= 29(x)c(x) — 2c(x)s(X)
=0
Thus, [s(X)]? + [c(x)]? = k for some constant k. Since,
s(0) =0andc(0) =1, k= 1.
Therefore,
[sX)] + [c(]* = 1.
[Note that s(x) = sinx and c(x) = cos x satisfy these

properties.]
Section 4.2  Area
2. kik(k—z) =3(1) + 4(2) + 5(3) + 6(4) = 50 4, jij}:%+%+%:%
6. i[(i — 12+ + D] =0+8 + (1+27) + (4+64) + (9+ 125 = 238

i=1

=
(&)

0SB =SB A

15 15 10 10 10
16. 3 (2 - 3) =23 - 3(15) 18 3(@2-1=Yiz- 1
i=1 i=1 i=1 i=1 i=1
- 2[15(16)] — 45 =195 - [10(11)(21)] ~10 =375
2 6
10 10 10
20, Niiz+ 1) = Yit+ Ni 22 sum seq(x ()3 — 2x, %, 1, 15, 1) = 14,160 (TI-82)
i=1 i=1 i=1
5 . (15215+ 1)2 _15(15 + 1)
2, 2 3 _ = —
_ 10%(11) n [10(11)] — 3080 .Zl(l 2i) 2 2 >
4 2 :
2, 2
= % — 15(16) = 14,160
24.S=[5+5+4+2|(1) = 16 26.s=[5+2+1+§+%]=5—;
s=[4+4+2+0J(1 =10
s=[2+1+g+1+1]=9=45
3 2 3 2 '
1 1 1 1 3 1 1
28.8(8)—( 4+2>4+< 2+2>4+< 4+2>4+(ﬁ+2)4
5 1 3 1 7 1 1
+< 4+2>4+< 2+2>4+< 4+2>4+(ﬁ+2)4
_1 1. .v2 3 NERNC I >~
—4(16+2+2+2+1+2+2+2+ﬂ~6.038
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0 59-1) - (18) - V- () - V- G - V- (0T
AR ﬁ}

3(5):\/1— \/1 \/1—<:;>2<;>+\/1—<g>2<;>+020.659

, %n(n+1)(2n+1)]_g [n3+3n2+n]_% _ 64
32. n'LTORna) 6 = 5am e =@ =3
. I\nn+ 1] _ 1. n2+n]7; 1
34. n"m[<n2> 2 ]_2n"ﬂl[ A
4 +3_ 14, 1[4n(n+1 2n+5
36. Ean 2?2(4]+3)=?[%+3H]ZT=SH)
=1 =1

25
S(10) = 55 = 25

S(100) = 2.05
S(1000) = 2.005
S(10,000) = 2.0005

n 4|2(| -1 4. . 4[mn+ 12 nin+ 1)@2n+1)
38. Z = zl(l3 —-i?) = @[ 2 - 6
:i[n3+2n2+n_2n2+3n+1]
n3 4 6

= %[3@ + 6n? + 3n — 4n? — 6n — 2]

= $[3n3 + 22 — 3n — 2] = 9n)

S(10) = 1.056
S(100) = 1.006566
S(1000) = 1.00066567
S(10,000) = 1.000066657

0. tim 35(2)(2) = im £ 305 = tim (M) < tim {1+ 7)< 2

42. lim i(l+ i') <i> lim 3E(n + 2i)?

N-oo =7 n-oo N

I|m [:inz + 4n i:ili + 4i§li2]

n(n + 1)) N 4(n)(n + 1)(2n + l)}

= I|m 2[n3+ (4n)<

2 6
. 2.4 2 2
—ZJLn;[1+2+ +3+o +3n2]
4 26
=201+2+2)=%
2<l 2 3> 3
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44. lim i(l + gi)3<g> = 20im 53\ (n + 2i)°
T oo & n/\n n-oo NS4

= L Qe i 2 i3
=2lim r]4;1(n + 6n2 + 12ni2 + 8i3)

. 1
=2 lim —4[n4 + 6n2<
n-

il (i) () )

6 4

=2 lim (1+3+§+4+§+%+2+ﬂ+%)
n-oo n n n n n

=2 lim <1O+E+£2>:20
N-co n n

46. (8 0 ac=>"1-2

n
/ Endpoints:
a
2T / 1<1+g<1+ﬂ<<1+@:3
n n n
i

erfg el eren o) eneo)

(c) Sincey = xisincreasing, f(m) = f(x_,) on % _4, %]

) = 3, 1) Ax

S PRTRNC OIS RERC

(d) f(M;) = T(x) on[x_4, x]

w0 - S-Sl (13 - 8[ 313

(e | x 5 10 50 100
sn) | 36 | 38 | 39 | 3.98
Sn) | 44 | 42 | 404 | 4.02

2\|(2

o 8[r 0212 (o 202
o

o [ ) - g (0]

Z(nTJrl)]z lim [4+%]=4

N-oo

= lim [2 +
N-oo
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~

48.y = 3x — 4on[25]. <Note:Ax:5;2:%> ,
12+
) 3I 3 101
an = Sil2+ 7))
61
2n
- 2[3<2 + §> - 4}@) =18 + 3(§> yi-12 al
i=1 n n n) & 1
27((n+ 1)n) _ g( 1)
—6+#< 5 ) =6+ 51+
. 27 39
Area= lim Sn) =6 + -~ = =
50. y = x*+ 1on[0, 3]. (Note: Ax = Lﬂ" _ %) y
oo (3i/3 n/3i\2 3
so =31 (3)03) = 2 G) 1)
21 Q2. 3%
= n3.zll + nzll
_2Z7nn+Hn+1) 3 9207 +3n+1
= n 6 + n(n) = 2 2 + 3

Area = lim %ﬂ=%2+3:n
n-oo

52. y=1-x2on[-1,1]. Findareaof region over theinterval [0, 1]. (Note: Ax = %)

- S5 81 (1

SFEE LSRR N PR Y
=1 nszll =1 o =1 62+n+n2
1 - 1 2
SArea= limsn) =1-2=7
4
Areaf3

. y=2x—-x3on][0, 1]. <Note: Ax = l;no = 1)
Since y both increases and decreases on [0, 1], T(n) is neither an upper nor lower sum.

- S0 S

=3§n:| _1 niszn(n+1)_l[n2(n+1)2]
& nt & n? n* 4
1 1 2 1
1 3
Area= lim T(n) =1 -7 =7

20+

15+

0.5+

:
05 10
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56. y=x2— x3on[—1,0]. <Note: Ax = 0%(71) = %)
= S(-1 @) - e - (e
n) = -1+-)=) = —1+—) —(-1+=
izl n/\n izl n
B Y = G IR T S PR B PR O (P
—;1[(2 n na)(n>_2 n 21'+n3;1' n“;l'
_p_2_5,4,2 2 1 1 1
B 2 2n 3 n 3m 4 2n 4w
. 5 4 1 7
Are»a—nllargos(n)—2—54-5—27E
1 ) _4-2 2
58. g(y)—zy,25y34.<Note.Ay— N 7n>

32300
"

n n 2

Area= lim 9n)=2+1=3
n -oco

15

:;[3n+gn(n+l)7in(n+1)(2n+l)
n n 2 n? 6
_3+n+1_(n+1)(2n+1)
n 6
Area= lim S(n)=3+1—1=E
n-oo 3 3

62. hy) =y3+1,1<y< Z(Note Ay—7>
-3 1
2’1 n/\n
n i\® 1
=3J(eg) 1
1& i 32 3
—521(“*3 3
! 1rh+12 3nh+1@2n+1)  3n0n+ 1)]
n[Zn * nd 4 * n? 6 * n 2
_ (n+12? 1h+1@n+1) 3nh+1
=2+ w4 2 n2 R
. 1 3 19
Area—nILn;S(n)—2+Z+1+§—Z

|
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64. f(x) =x2+4x,0<x<4n=4 66. f(x) = sinx, 0 < xsg,n:4
X+ %1
= 1= 4+ X
I‘etCI 2 . LetCI:X1 2X1—1.
1 3 5 7
AXx=1cC=7,C=7C=,,C =73 T _ @ _ 3w _57 _I=w
2 2 2 2 AXx = 8’C1 16,c2— 16,c3— 16,(:4— 16
n 4
= = 2 =+ n 4
Area= ¥ (@) ax = 3[e? + a1 Area~ 3 1(G) Ax = E(gnq)@
i=1 i=1
(G 2)+ (3] (3 a0) (T3¢
=[{(=+2)+|-+6]+|—+10|+(—+ 14 m . T . 37 . 57 . T
4 4 4 4 —§<snE+snE+snE+anE)~1.006
= 53
68. f(x) = 211" [2, 6].
n 4 8 12 16 20
Approximate area | 2.3397 | 2.3755 | 2.3824 | 2.3848 | 2.3860
70. f(x) = cosv/x on [0, 2].
n 4 8 12 16 20
Approximate area | 1.1041 | 1.1053 | 1.1055 | 1.1056 | 1.1056
72. Seethe Definition of Area. Page 259.
74 f(x) =¥/x0< x< 8
n 10 20 50 100 200
s(n) 10.998 11.519 11.816 11.910 11.956
Sn) 12598 | 12.319 | 12.136 | 12.070 | 12.036
M(n) | 12.040 12.016 12.005 12.002 12.001
(Note: exact answer is 12.)
76. y 78. True. (Theorem 4.3)

—

ny
T

=
t

a. A = 3 sguare units
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2

80. (@) ="~

(b) sin0=?
h=rsnéo

fbh = fr(r sing) = fr2sm 0

(© A = n( r sinz:) = %gn% _ Nz(%%ﬂ)

Letx = 27/n.Asn - oo, X - 0.

lim A, = I|m ar <S§X> = 1) = 7r?

n-oo

82 (@ 2 =n(n+ 1) (b) 2.3 ”2(” 17

. — 12— +1) =
Theformulaistrueforn=1:2=11+1) =2 The formulais true for n = 1 because

Assume that the formulais true for n = k: 121+ 12 4
13 = =—=1
) 4 4
E k(k + 1). .
< Assume that the formulais true for n = k:
k+1 K . k2(k + 1)2
= + + 3 =
Then we have E 2i = 2 2 +2k+ 1) Z i 2
= +1) + + k+1
Kk + 1) + 20k + 1) Then we have 2 3= 2|3 + (k + 1)3
=k+ Dk+ 2
) . _ k(k + 1)?
Which shows that the formulaistruefor n = k + 1. == + (k+ 1)
_ & + 17 —Kk+ 4k + 1)]
+
= Bt Do

which shows that the formulaistrueforn = k + 1.

Section 4.3  Riemann Sums and Definite Integrals

_ i3
2-f(X)=§/x,y=0,x=0,x=1,ci=#

3 s 4o
AX_:l @i 1) _3i 3|+1

lim Ef(C)AX1 = lim E\/Is 37 3' + 1]

N—oo /= N— oo

T N
_JLTOH“;;L(SI 3i2+1i)

— lim %’3<n2(n2- 1)2) 3 3<n(n + 1)6(2n + 1)> N n(n; 1)}

1[3n*+6n°+3n> 2n*+3n*+n n2+n]
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4. y=xon[-2,3] <Note: AX =

n
> f(c) Ax =
=1
_ 25\nn+1)
— 10+ (B)rn D)
3xdx= lim <§+§> =32
2 n-w\2 2n/ 2

1

3-(=2 _
n

iif(‘“%)(g) = 3(-2+ ?)(g) - 10+ %2.

6. y = 3x?on[1, 3]. (Note: Ax = 3% = % Al - Oasn - oo)

n i\ 2
-3+ )0
i=1 n n
n i i2
=1 n n
6[ 4nn+1) 4 nin+1)@2n+ 1)]
=—{n+-= —
n n 2 n? 6
=6Jr12n+1+4(n+1)r522n+1)
3
. + + +
f3x2dx= lim [6+ 12(n + 1) + Aln + D(2n 1)]
1 n -oo n
=6+12+8=26
8. y=3x?+2on[—-1,2] <Note: Ax = 2%(_1)=%; ||A||ﬁ0asnaoo)

i:ilf(ci)Axi - iif(—l + %)(g)

S38[o 8 %)

=%[3nf§n(n+ 1)

=15 —

27nn+1)@2n+ 1) ]
n 2 n? 6 +an

27(n + 1) N 27(n+1(@2n+1)

n 2

n?

lim [15 -2

n -oo

2
J' (3x2 + 2)dx
-1

=15-27+27 =15

4

iGci(4 - C)?AX = f 6x(4 — x)2 dx

0

10. lim

IAI-0

on theinterval [0, 4].

2 2
14. f (4 — 2x) dx 16. f X2 dx
0

0

(n+1) 27(n+ 1)(2n + 1)
! n +7 n? ]

(3 °3
12 ul’\rpo IZK?) Ax = L?dx

ontheinterval [1, 3].

1 1 /4
18.f <o 20. f tan x dx
X+ 0
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2
22. J (y — 2%dy 24. Rectangle 26. Triangle
0
A = bh = 2(4)(a) A= lbh — 1(4)(2)
. 2 2
A= f 4dx = 8a 4
-a A= f —dx=4
02
y
y
sl
sl
E 3t E i Triangle i
: 2+ : Rectangle 14+ :
o : N
1 1 1 2 3 4
4 £ X ad
28. Triangle 30. Triangle 32. Semicircle
1 1 1
= — = — == 2
A= %bh - %(8)(8) — 3 A = Jbh = S(2a)a A=t
a r
1
8 — _ — a2 — 2 _ w2 )
A J (8 — ik = 32 A ﬁa(a |x|) dx = a A fir\/r x2dx = St
0

y

Semicircle

| N N
/ AN

o
Y °

IN
|
t

N
h
t

\
2 4 6 8\ 10

X

4 4 4
x3dx=60,fxdx=6,fdx=2.

In Exercises 34-40, f
2 2

2

2 7} 4
34. jX3dX: 0 36. flSdX: 15J dx = 15(2) = 30
2 2

2

4 4 4 4 4 4 4
38. f(x3+4)dx=fx3dx+4fdx:60+4(2)=68 40. f(6+2x—x3)dX=6fd><+2fxdx—fx3dx
2 2

2 2 2 2 2

=6(2) + 2(6) —60=—36

42. (a) fﬁf(x)dx—f3f(x)dx+16f(x)dx—4+(—1)—3 44. (a) fof(x)dx=flf(x)dxfflf(x)dx:075=
0] 0 3 -1 -1 0
0

(b) f’f(x) dx = —Jef(x) dx=—-(—-1)=1 (b) flf(x) dx — J' f(xydx=5—- (=5 =10

1

(©) f3f(x) dx=10 (© fl 3f(x) dx = 3f1f(x) dx=3(0) =0
3 -1 -1

(d) f6—5f(x) dx = —5f6f(x) dx=—-5-1)=5 (d) fle(x) dx = 3f1f(x) dx = 3(5) = 15
3 3 0 0
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46. (a) f:[f(x) + 2]dx=f

48.

52.

56.

60.

62.

5

f(x) dx+f

0

5

0

©) fsf(x) dx = Zfsf(x) dx=2(4) =8 (feven)

0

The right endpoint approximation will be less than the
actual arear <

f(x) = |x|/xisintegrable on [—1, 1], but is not contin-
uous on [—1, 1]. Thereis discontinuity at x = 0. To see
that

1
fmdx
1 X

isintegrable, sketch a graph of the region bounded by
f(x) = |x|/x and the x-axisfor —1 < x < 1.You see that
the integral equals 0.

3
2dx=4+10=14 (b)J f(x+2)dx:f
-2

5

0

f(x)dx = 4

5
(d)f f(x)dx =0 (f odd)

(Letu=x+2)

50. The average of Exercise 39 and Exercise 40 consists of a
trapezoidal approximation, and is greater than the exact
area: >

i 1 3
2 2 2

}
1

b. A= % square units

3
5
58. Jom dx
9]
8,
o n 4 8 12 16 20
5
g: L(n) 7.9224 7.0855 6.8062 6.6662 | 6.5822
3]
g, M(n) | 6.2485 | 6.2470 | 7.2460 | 6.2457 | 6.2455
123456789
R(n) 45474 5.3980 5.6812 5.8225 | 5.9072
c. Area= 27.
3
f X sin x dx
0
n 4 8 12 16 20
L(n) 2.8186 2.9985 3.0434 3.0631 | 3.0740
M(n) | 3.1784 3.1277 3.1185 3.1152 3.1138
R(n) 3.1361 3.1573 3.1493 3.1425 3.1375
Fase 64. True 66. False
1 1 1 4
fx\/)?an&(jxdx)(j\/;(dx) J' xdx = 6
0 0] 0] 2
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68. f(x) = sinx, [0, 27|
x0=0,xl=%,x2=g,x3: T Xy = 27T

T T 27
- AXZ—E,Axg—?

Ax1:4, JAX, =7

T T 2 37
R R T ]

N ¢ uj 2m 3m
iZlf(ci) Ax, = f(6> Ax, + f<3) Ax, + f( 3)Ax3+ f( >

) AXx,

() (58 (93 o= om

70. To find [5[x] dx, use a geometric approach.

I

b - -
o - =
w

Thus,

fz[[x]] dx=12-1 =1
0

Section 4.4  The Fundamental Theorem of Calculus

2. f(x) = cosx

ks
f cosxdx =0 0 .
0

7

6. f "3y [3\/]2 —3(7) - 3(2) = 15

2

2 2

8. fs(—3v+4)dv= [—gv2+4vﬁ= (—E+ 20) —(-6+8) =— >

4, f(x) = x/2 — X

2
j x+/2 — x dx is negative.

-2

39

3 2 3
10.f(3x2+5x—4)dx=[x3+5%—4x] =<27+i;—12>—(1+g—4)
1

1

-2
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16 [ wear= 3] = e~ 3 =0

18. J\/dx—ffxl/de f(le/Z] [2\/5]::8—2\@

20. f (2 - t)Jtdt = f (22 — t3/2) dt = [t3/2 §t5/2]2=[i(20—6t)]2 —f(zo—lz) 61‘f

-1 2 -1
X — X 1
22. dx == x2/3 — x5/3) dx
J—s 23/x 2,[8( )

_ U3 3 /3]’12[X/3 _ ]*l: 1 32 4569
Z[SX 21 = g0 @~ 159 |  = —g5(39) + 5144 = o7

24. f4(3—1x—31)dx=f3[3+(x—3)]dx+f4[3—(x—3)]dx
1 3

= fxdx + E(G — Xx) dx

-5+ [e3

(g3 fon-o- (-]
9 13

=4+16-18+5="

4 1 3 4 . .
26. f [X2 — 4x + 3| dx = f (X2 —4x + 3) dx — f (X2 —4x + 3) dx + f (X2 — 4x + 3) dx (split up the integral at the zeros
0 1 3

x=1,3)

x3 5 x3 5 3 x3 5 4
—[E—ZX +3x] —[E—Zx +3x]1+[§—2x +3x]3

:(1—2+3>—(9—18+9)+<%—2+3>+(6—;—32+12)—(9—18+9)

/44 A2 /4 /4
1—sn°9 T
28. fo 0 0 do = L do = [9]0 =2

/2 /2 —
3o.f (chsczx)dx—[2x+cotx] =(w+o)f(—+1)=371=” 2
/4 2 2
/2 /2 w2 w2
32.f (2t+cost)dt=[t2+sint] =<—+1>—<——1>=2
—/2 -/ 4 4
/2 2 /2 2
34 Pz—J sn9d0=[f—cose] =—-——0-1)=—=637%
0 o a
1 2
1.1t 8 1 11?2 1 1
= — x4 = " = — = — = _— = —— = —
36. A J_l(l x4) dx [x 5x]71 5 38. A flxzdx |:X:|1 2+1 >
m 2 T 2 2+
40.A=f(x+sjnx)dx=[x—fcosx] =T 12=1 4
o 2 o 2 2
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42. Sincey = 0on[0. 8],

8 3 .42 3
Area = j (1+ x¥3)dx = [x + fx4/3] =8+ >(16) = 20
. 4 o 4

3
- 9 [_op__1,9_
44. Sincey = 0on|0, 3], 46.£@dx—[ 2x2]1_ 2+2—4
3
3 32 9
= ) dx= 22| =2 —1) =
A J;(3x ) dx [Zx 3]0 2 HOE—1) =4
9
=
9
©=3
9
= 3/~
C \/2 1.6510
/3 /3 3,002 3 3
48. J cosxdx=[sinx] =3 50. i4[4()(7:1)dx=2f (1+x*2)dx=2[x—1]
—/3 —m/3 3—-1 1 X 1 X1
T T 1 16
ol3-[-3)- S
cosc = 33
2
¢~ +0.5971
w/2 /2
S2. ﬁf cosxdx = [zsinx] _2 B
(7/2) 0 T 0 ™ (0881, 2)
Average value =7—27 0 \\ 271
2 -0.5
COSX = —
a
X =~ 0.881
.,
7 jf(x) dx 8 4
54. (@) | f(x)dx = Sum of the areas (b) Averagevalue = “=———= ~ = —
. 7-1 6 3
=A A+ A+ A, (© A=8+(6)(2) =20
1 1 1 _20_10
= 5(3 +1) + E(l +2) + 5(2 + 1) + (3)(1) Average value = 6~ 3
=8 y

w IS
w A O o o~
S S
1
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6

f(x) dx — jzf(x) dx 58. fszf(x) dx = fZJZf(x) dx=—-2(—15) = 3.0

0 0 0

56. fsf (x) dx = (areaor region B) = j

2 0

=35—-(-15 =50

60. A dlue = 6f()ol —1(35)—05833 62 — 1 Rk(Rz—rz)drzh[Rerj]R:—
5 veragevue760xx76. = 0. .R_OO R 3o

64. P = 5(/t + 30)

@7 2 3 4 5 6
P | 155 | 157.071 | 158.660 | 160 | 161.180 | 162.247

954.158
6

Average profit = é(155 + 157.071 + 158.660 + 160 + 161.180 + 162.247) = ~ 159.026

6.5 6.5
(b) % f 5(/t + 30) dt = %[5@3/2 + 30t)] ~ BB _ 159010

05 5.0 6

(c) Thedefiniteintegral yields a better approximation.

66. (3) R = 2.33t4 — 14.67t3 + 3.6712 + 70.67t
(b) 100

VAV

-20

5 4 3 2

! 5 4 3 24
© f RO ot = [2.33t 1467 3678 70.67t]
0 0

= 181.957

68. (a) histogram N

(b) [6+7+9+12+ 15+ 14+ 11 + 7 + 2]60 = (83)60 = 4980 customers
(c) Using agraphing utility, you obtain

N(t) = —0.084175t% + 0.63492t% 4+ 0.79052 + 4.10317.
(d) 1

(© f QN(t) dt ~ 85.162
0

The estimated number of customersis (85.162)(60) =~ 5110.

7

(f) Between 3 PM. and 7 PM., the number of customers is approximately (f N(t) dt>(60) ~ (50.28)(60) =~ 3017.

3

Hence, 3017/240 = 12.6 per minute.
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X

X 4
70, F(x):f(t3+2t—2)dt:[L+t2—2t]
2 4 2

=(§+x2—2x>—(4+4—4)
=§+x2—2x—4
2
FQ) —4+4—4—4=0 [Note:F(Z)=J(t3+2t72)dt=0]
2

F(5) = 6%5 +25-10—4=167.25

84

F(8) =7 + 64 — 16 — 4 = 1068
*—2 X 1l 1 1
= | —dt = — Bt == == _ =
2 R0 = | L 23t tZL 1-2
1 1
F(2)74—470
1 1 21
FO=2"4" 100" %%
1 1 15
B I R

X X
74. F(x)=fsin0d0= —cose] = —cosX + cos0 = 1 — cosx
0 0

F(2) = 1 — cos2 ~ 1.4161
F(5) = 1 — cos5 ~ 0.7163
F(8) = 1 — cos8 ~ 1.1455

* * 1 1, 1 1 X2
2 = (@ =zttt 22| =S+ o=
76. (a) Lt(t + 1) dt fo(t + 1) dt [4t + 5t ]0 4x4+ X 4(x +2)

(b) %Ex“ + %xz] =X+ x=x(x2+ 1)

78. (@) | Jtdt= [g@/z] = gx:“/2 _16_ g(x3/2 - 8) 80. (a) secttantdt = [sect] =secx — 2
A 3 a3 3 3 s /3
Egs/z_LG]_l/z_ v g _ _
(b) dx[?,x 3| = = X (b) dx[secx 2] = secxtanx
X 2 X X
82. F(x) = ftthldt 84. F(x) = j(‘/tdt 86. F(x) = fsec3tdt
1 1 0
F = 5 F10) = ¥x F /() = sec*x

X2+ 1
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X

4
88. F(x) = f t3dt = [Z]X =0 Alternate solution

—X

F(x) =0 F(X):fxtht

—X

0 X
=J t3dt+ft3dt
—X 0
—f t3dt+ft3dt
0 0

F0) = —(=x)3(~1) + (6&) = 0

X -2 e 1p¢ -1 1
= -3dt = | —— = | ——= == = / — -5
90. F(X) f t—3dt [_ 2] [ th]z > T 8D F(x) = 2x

2 2
Alternate solution: F/(x) = (x2)~3(2x) = 2x~5

2

X
92. F(x) =f sin #2do
0

F'(x) = sin (x3? (29 = 2xsinx

B@ Ti[2l3lals |67 [s]lo]10

gx)|1|2|0|-2|—-4|-6|—-3|0[3]| 6

(¢) Minimum of g at (6, —6).
(d) Minimum at (10, 6). Relative maximum at (2, 2).

(e) On[6, 10] g increases at arate of 1742 =3

(f) Zerosof g: x = 3,x = 8.

9. () g(t) = 4—% (b) AKX) = L(A'_tﬂz)dt
tllrl.lg(t):4 =[4t+%])l<:4x+g—8

Horizontal asymptote: y = 4
42— 8x+4  Ax— 1)?

X X

lim A(X) = lim <4x+3—8)=oo+0—8=oo
X — OO

X 00

The graph of A(x) does not have a horizontal asymptote.

98. True 100. Let F(t) be an antiderivative of f(t). Then,

V(X) V()
f mmw{mﬂ — F(V() — F(U()
u(x) u(x)
v(X)
iuwmﬂ—&mw»¢wm
— FROONV() — F/u)u’(x)
— POV — FUM)UK.
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102. G(x) = f X[s f Sf (t) dt] ds

@ G(0) = f 0[5 f I dt} ds=0 () LetF(s) = s f T
0 (0] 0
() G"x) = x - f(x) + fxf (t) ot G(x) = f XF(s) ds
0 0
(d) G0) = 0-(0) + f o d =0 GX) = F(x) = x f F(0) dt
0 0

G(0) = Ofof (tH)dt=0

(0]
104. x(t) = (t — D)t — 32 =t3— 7t2+ 15t — 9
x'(t) = 32 — 14t + 15

Using a graphing utility,

5
Total distance = f [x“(t)|dt = 27.37 units
0

Section 4.5 Integration by Substitution

j f(g(x))g(x) dx u=g(x) du = g'(x) dx
2. fxz\/m dx X3+ 1 3x2 dx
4. Jsechtaandx 2x 2 dx
6. f;?;idx sinx cos x dx

02— 9
4

8. f (X2 — 9)3(2x) dx = +C

Check: E[

(@ —9¢ . ] 42— 9P
g +cl-

7 (29 = (¢ — 979

10, f (1 - 2015~ 40) dk = S(1— 2% + C

Eg _ 0y2\4/3 ]_§ﬂ _ oy2)1/3(_ — _ 9y2)1/3(_
Check: dx[4(1 2243 + C =2 3(1 2x3)Y/3(—4x) = (1 — 2x3)1/3(—4x)

1 1(@ + 5)° (® +5)°
2(33 ddx = = 63 43X dx = = =
12,Jx(x + B)*dx 3f(x + 9 dx =3¢ 5 " C
G[00 SR, o) S0 SN s, g
Check: dx[ 5 tC|= I = (¢ + 5)
1 1 (@2 + 3)4] (4 + 3)*
2 3 —— 2 3 = = — S
14. j X(4x* + 3PP dx = ¢ f (42 + 3)%(8x) dx 8[ 2 2 ' C
d[ (@ + 3)° ],w, 24 38
Check: dx[ o +C|= o = x4 + 3)
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16.

18.

20.

22.

24.

26.

28.

30.

32.

4 3/2
t*+5) "

1 1 1
3 /14 — = | (4 1/2( 43 — = — (4 3/2
Jt\/t + 5dt 4J'(t + 5)7/2(4t3) dt 4 32 C 6(t + 532+ C

Check: Q[ (t* + 5)%2 + c]

i g(t“ + B)V2(4f) = (t* + B)V2()

OH—\

1P +2¥2 | 2+ 22
3/2 +C= 9 +

fuz\/u3+ du = f(u3+21/2(3u2)d

3 3/2
Check: [% c] = 2. 3w+ 2a(@R) = (8 + 2208)
X Havraog o= -2a+mrvc=p Lo
(1+x4 41 + x%
d -1 _ i x3
Check: m + C —Z(1+X4) (4X)—m
Xiz _ 1 — \3)-2(_2y2 __E[M] -1
f(lﬁ—x3)2dx_ 3f(16 x3)7(—3x?) dx = 3 1 +C—3(16_X3)+C
. E; —1, — v3)—2 2) — X2
Check: dx[s(le_xa)+c]_3( 1(16 ~ X)236) = 2 a7
X 1 B 1(1+ x4y J1+ x4
————dx=" |1+ X)) dx=>"——+C="+
f‘/1+x4dx J( B R
dl{V/1+x* 1 1 x3
Y Il S+ X)) = ————
Check dx[ ; c] R U e e
1 x 1(x1 X 1 Xt —1
— 2 2 - i R - _ = —
ﬂ (3)2](1X f(x S )dx 3+9<—1)+C 3 xTCT o €
. 213_;71 :|_ 2 ; 2 — 2 1
Check: dx[sx o +C X2 + 9x X+ = 392

fzﬁdx Jxl/zd 1/2>+c JXx+C

. 4 -1
Check: dx[\&+ cl= 7

L8 2%~ (e + 292 ot = 292 + 292 4 ¢ = 2925 + 6n) + C
A 3 75 15

2
d[zts/z + ts/z + C] t/2 4 o13/2 = t+ 2t

V

e, 1 1., 1 > _E(E) E(E) 1, 1
f( 42>dt J(3t+4 “3\a) a1 +tC= 12t 4t+C

dl 1 1 1 1
= =t el — 43 L =
Check: [12 2 ] 3t + 12

T dt[ 3
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34. J 2my(8 — y¥/?) dy = 27 J 8y — y¥/9) dy = 277(4y2 - §y7/2> +C= 4”73’2(14 —y¥2) +C

. d[4n
Check: dy[ 7
10x2
BY= ) ™

d
dy

-3 f (1 + %) Y2(34) dx

e

=%\/1+x3+c

42

46.

50

52.

54.

. f4x3sinx4dx= fsinx4(4x3) dx = —cosx* + C

stin X2 dx = %J(sin x2)(2x) dx = —%cosx2 +C

ATV 04 - y3/?) + c] = —[27T<4y2 - %y7/2> + c] = 16wy — 2wy%2 = (27y)(8 — y¥/?)

X—4
——dX
V-8 +1

= %f(xz — 8x + 1)"72(2x — 8) dx

38 y=

_1fee -8+ 1)1/2]
h 2[ 1/2 +C

=Ux-8+1+C

dy _ 2
(b) i x cosx?, (0, 1)

y = jxcosxzdx=%Jcos(x2)2xdx
= 2sn0e) +C

0, 1): 1=%sjn(o)+CD c-1

y = %sin(xz) +1

44, Jcos6xdx = %f(cosz)(& dx = %sin 6x + C

. Jsec(l —xtan(l — x) dx = —J[sec(l —x)tan(l — x)](—1)dx = —sec(1 — x) + C

3/2
) f\/tanxseczxdx = (tag/x; +C= %(tan x)¥2 + C
snx o e o __(cosx)2
jcos’*xdx_ f(cosx) (—sinx) dx = —5

Joelg) - e

X

2

1

o

X
2

)+c

1
—ZCOSZX+C—§sec2x+C

56. f(x) = f’ITSQC’JTXtan’ITXdX: sec mx + C

Sincef(1/3) = 1 = sec(7/3) + C,C = —1. Thus

f(x) = secx — 1.
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1 1
58. u=2x + 1,x—§(u— 1),dx—§du
— 1 ~1
fx\/2x+ ldx = fi(u - 1)\/u§du

= lf(ug/2 —u"?du

4
7125/2_2 3/2>
4<5u 3u + C

w32
= E(SU — 5) + C
= S@x+ )3 +1) - 5]+ C
1
= S+ DA —2) + C

_1 3/2(32y
—15(2x+1) 3x—1+C

62. Letu=x+4,x=u— 4,du=dx

2X+1dx=f2(u_4)+1
Ix+4 Ju

= f(2u1/2 — 7u™Y2) du

du

= gue’/z —14u¥2 + C
2
= §u1/2(2u -21)+C
= %max +4)—-21]+C

= %‘/X + 4(2x — 13) + C

66. Letu = x3 + 8, du = 3x2 dx.

10¢ + 8)°

4 4
1
2(y3 2 _ = 3 2( 2 _
sz(x + 8)2dx 3f_z(x + 8)2(3x?) dx [3 3

_ %[(64 +8)° — (—8 + 8)F] = 41,472

68. Letu=1— x2 du= —2xdx.

leV 1-xdx= *%fl(l = X)V2(—2x) dx = [*%(1 - x2)3/2] =0+
0 0

70. Letu =1+ 2x2, du = 4x dx.

[
2 dx==
o1+ 2x2 4

1 f 2(1 + 2x3)~1/2(4x) dx = [%Jl + 2x2]

60. uU=2—-xx=2—udx=—du

f(x+ 1) 2—xdx:—f(3—u)ﬁdu

- f (3u”? - v*? du
= 7(2u3/2 - %us/z) +C

3/2
A yec

~22-x2q5 - (2 - 0]+ C

= 22w+ 3 +C

64 u=t—4,t=u+4,d =du

jt?/ — 4dt = j(u + 4)ut/3 du
= J (U*3 + 4uv/3) du

= %u7/3 +3u¥3 + C

4/3
= 3u7 u+7n+cC

=St-ae-9 7+ C

=3t- a9+

Wl
Wl

1
0

NIw
I
N =

2
0
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72. Letu =4 + x2, du = 2x dx.

2 2 2
f XYa+ =2 f (4 + XY dx = [2(4 T x2)4/3] =@ - a9 =6 - 294~ 3610
0 o 0

74. Letu=2x—l,du=2dx,x=%(u+l).

Whenx =1,u=1.Whenx =5,u= 9.

f f 1/2(U + 1) 1 f (UY2 + u=Y/2) du
= %Euw + 2u1/2]1

-y (zen +2w) - (2+2)

16

3

2

/2 /2 2 2 _ )
76.f (x+cosx)dx=[%+sinx] =(7T+1> (—+£>:5”+2 NE

72 2

o/ s \8 18 2

78. u=x+2,x=uU—2,dx=du

Whenx = —2,u=0.Whenx = 6,u = 8.

6 8 8
Area = J XYx + 2dx = J (u—22%udu= f (U/3 — 4u*3 + 4uV/3) du = [%Ulm 12
-2 0 0

80. A:J (sinx + cos2x) dx = [—cosx+ %sian] =2
0 0

82. Letu = 2x,du = 2dx.

/4 1 /4 1 /4 1
Area = CSC 2x cot 2xdx = = cchxcoth(Z)dx=[— cchx] =
/12 /12 2 w1z 2
2 5 /2
84. f X3V/x + 2dx = 7.581 86. f x2/x — 1dx = 67.505 88. f sin2xdx = 1.0
0 1 0
20 50 2
0 2
0 2
0

90. fsinxcosxdx = f(sinx)l(cosxdx) = S x +C,

fsinxcosxdx = —f(cosx)l(—sinxdx) = _cofx +C,
COS? X (1 -sn?x _sinx 1
5 +C,= > 2= "5 2+C2

They differ by aconstant: C, = C; + ;

8
— =Ly 4 3u4/3] =
7 0

4752

35
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92. f(x) = sin?xcosx iseven. 94. f(x) = sinxcosx isodd.
/2 /2 /2
f sinzxcosxdx=f sin? x(cos x) dx f sinxcosxdx =0
—m/2 0 —m/2
in3 /2
_ 2[sm x]
3 lo
_2
3
/4
96. (a) sinx dx = 0 since sin x is symmetric to the origin.
—/4
/4 /4 /4
(b) cosxdx = ZJ cosxdx = [2 sin x] = /2 since cos x is symmetric to the y-axis.
—1/4 0 0
/2 /2 /2
(© cosxdx=2f cosxdx=[2$jnx] =2
—/2 0 0
/2
(d) sinx cosxdx = 0 since sin(—X) cos(—x) = —sin x cos x and hence, is symmetric to the origin.
—/2
98. f (sin3x + cos3x) dx = f sin 3x dx + f cos3xdx =0 + Zf cos3x dx = EsinSx] =0
- - - (0] 0

100. If u=5 — x2 thendu = —2x dx and fx(S — x3)3dx = *%f(5 — x3)3(—2x) dx = f%fue’ du.

102. C{IQ = k(100 — t)? 104. R = 3.121 + 2.399 sin(0.524t + 1.377)

@ s

Q) = f k(100 — 2 dt = —g(loo 4 C

Q00 =C=0 \/

Q) = —5ao0 - 2 0

K . Relative minimum: (6.4, 0.7) or June
Q0 = _5(100) = 2000000 O k= -6 Relative maximum: (0.4, 5.5) or January

Thus, Q(t) = 2(100 — t)3. Whent = 50, Q(50) =

12
b f R(t) dt = 37.47 inches
$250,000. ® |

1(* 1
(©) §f R(t) dt = 5(13) = 4.33 inches
9

24

106. (@ (b) Volume = j R(t) dt = 1272 (5 thousand of gallons)

0

TN

Maximum flow: R = 61.713 att = 9.36.
[(18.861, 61.178) is arelative maximum.]
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108. () &

£

(c) The points on g that correspond to the extrema of f are
points of inflection of g.
(€

N AN
e

-4

The graph of histhat of g shifted 2 units downward.

() = J tf (%) dx

/2 t
f f(x) dx + f f(x) dx = 2 + h(t).
0 /2

110. False

fx(x2 + 1)2dx = %f(xz + 1)(2x) dx = %(x2 + 12+ C

(b) gisnonnegative because the graph of f is positive at the
beginning, and generally has more positive sections than
negative ones.

(d) No, some zeros of f, like x = /2, do not correspond to
an extrema of g. The graph of g continues to increase
after x = /2 because f remains above the x-axis.

112. True
b b b+ 27
fsinxdx = [—cosx] = —cosb + cosa = —cos(b + 27) + cosa = J' sin x dx
a a a
114. False
1 3
fsin22xc032xdx = %J(sin 2x)2(2 cos 2x) dx = %% +C= %sin32x +C

116. Becausefisodd, f(—x) = —f(x). Then
a 0 a

f f(x)dxzf f(x)dx+ff(x)dx
—a —a 0

—fﬁaf(x) dx + faf(x) dx.

Let x = —u, dx = —duinthefirst integral.

Whenx =0,u=0.Whenx = —a,u = a.

flf(x)dx=f

= —faf(u)du +

faf(fu)(fdu) + faf (x) dx
0 0

jaf(x) dx=0

0
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Section 4.6  Numerical Integration
1y x3 17
2. Exact: f<—+l)dx=[—+x] = - =~ 1.1667
o\2 6
[ 192 . (1/2)2 (3/4)2 12 75
Trapezoidal: L(E + 1) dx 8[1 + 2( ) + 2<T + 1) + 2( > + 1> (2 + 1) i 1.1719
172 2 2 2 2
- ‘e X _ 1] (1/4) ) ((1/2) ) ((3/4) ) <L )] _7
Simpson’s: J;<2+1)dx 12[1+4( > + 2 > + 1]+ 4 > +1]+ 2+1 =5 1.1667
4. Exact: f—d =|— —05000
. 4\2 4\2 42 1
Trapezoidal: f —dx == 1 + 2<§> + 2(6) + 2(?) + Z] ~ 0.5090
. L 2 4\2 4\2 1
Simpson’s: —dx ~ 1 + 4<5> + 2(6) + 4(7) + Z] ~ 0.5004
8 3 8
6. Exact: f ¥/xdx = [fx4/3] = 12.0000
o 4 0
8
Trapezoidal: f?/;(dx =~ %[o + 2+ 282+ 283+ 234+ 235+ 236 + 237 + 2] =~ 11.729
0]
8
Simpson’s; f%(dx =~ %[o + 4+ 232+ 433 + 234 + 43/5 + 23/6 + 437 + 2] =~ 11.8632
0
N ) PP 1 2
8. Exact: f(4fx)dx—[4xf§] =8-75 = -3~ 06667
. 3\2 5\2
Trapezoidal: (4 - X)) dx == 3 +2 4 -3 +20) + 2[4 —\3) |- 5; = —0.7500
. ; 9 5
Simpson’s: j (4 — x3) dx = 7[3 + 4(4 — Z) +0+ 4(4 - Z) - 5} ~ —0.6667
2 1 2 1
10. Exact: f XX+ 1dx = 3 (x2 + 1)3/2]0 = 5(53/2 — 1) = 3.393
0 L
2
Trapezoidal: jx\/x2 + 1dx z% 0+ 2( )\/(1/2)2 1+2()JV/12+ 1+ 2<§> (3/22+1+ 2/22 + 1] ~ 3.457
0
2
Simpson’s: jx\/xz + 1dx z% 0+ 4( )J(l/z)2 1+21)J/12+1+ 4< > (3/22+ 1+ 2/22 + 1] ~ 3.392
0
12. Trapezoidal: ~ 1[1 + 2( ! > + 2< 1 ) + 2( ! > + 1] ~ 1.397
' \/1 + x3 4 J1+ (1/2)3 J1+ 18 J1+(3/23/ 3 '
Simpson’s: dx = 1[1 + 4( ! > + 2< 1 ) + 4( ! > + 1] ~ 1.405
) 0o J1+ 6 J1+ (1/2)3 J1+ 18 J1+(3/28/ 3 '

Graphing utility: 1.402
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S L B £ S (5m 3r (3n 7w ()L o]
14. Trapezoidal: L/Z\/xsmxdx~16[\/2(l)+2\/8 sm(8)+2\/4sm<4)+2\/8 S|n<8>+0}~1.430

e 7 Asmvae T T4 /5T (5 3m (3m T (77 Lol o
Simpson’s: L/z\/;(snxdx~ 24[\/2 + 4\/8 sm( 8)+ 2\/4 sm( 4> +4\/8 sm( 8)+ O] ~ 1.458
Graphing utility: 1.458

16. Trapezoidal: L mtan(xz) dx = @_tan 0+ 2tan<@)2 + Ztm(@f + Ztm(@)z + tan( \/ ”)2_

8 | 4
= 0.271
J/4 /—al / 2 / 2 T IA\2 2]
Simpson’s: tan(x?) dx = /4 tan 0 + 4tan<L/4> + Ztm(ﬂ> + 4tan(w) + tan \/E
0 12 | 4 2 4 4) |
=~ 0.257

Graphing utility: 0.256

/2 .
18. Trapezoidal: j V1 + coxdx ~ 1%[\/2 +2J/1 + cos(m/8) +2/1 + cos(w/4) +2/1 + co(3w/8) + 1] ~ 1.910
0

/2 o
Simpson's: f V1 + coxdx ~ Z—Z[Jz +4J/1 + cos(m/8) +2/1 + cos(w/4) + 41 + co(3w/8) + 1] ~ 1.910
0

Graphing utility: 1.910

. snx 2sin(w/4) 2sin(w/2) = 2sin(37/4) ] _
20. Trapezoidd: J;—X dx = 8[1 + ) + /2 + 3m/4 + 0| = 1836
. s "sin x _m 4sin(w/4) 2sin(w/2) = 4s€in(37/4) ]~
Simpson’s: L X dx = 12[1+ ) + /2 + 3n/d + 0| = 1.852

Graphing utility: 1.852

22. Trapezoidd: Linear polynomials
Simpson’s; Quadratic polynomials

1

24. f(x) = T+ 1

-1

AT

2

0= e

—6

0 = G

24

M0 = 5 1

(1 -0
12(4?)

() Trapezoidal: Error < 2 = 9716 ~ 0.01 since

f”(x) ismaximum in [0, 1] when x = O.

1-05.. 1
180(4%) (24) = 1920 ~ 00005

(b) Simpson's: Error <

since f@(x) is maximum in [0, 1] when x = 0.
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26. t1x) =

Trapezoidal: Error <

_2
1+x?

(@ |f(x)| ismaximum when x = 0 and |f”(0)| = 2.

f (4 (X) =

(1 + x5

in [0, 1].

24i

1
12n?

n[o, 1]

(b) |F@(x)] is maximum when x = 0 and |f@(0)| = 24.

Simpson's. Error < T80

28, f(x) = (x + 1)2/3

@ f'(x) =

|£1x)| is maximum when x = 0 and |f”(0)

2
9(x + 143

Trapezoidal: Error <

(b) F9(x) =
[f@(x)| is maximum when x = 0 and | f@(0)| =

Simpson’s. Error <

be even.)

30. f(x) = sin(x?)
@ f1x) = 2f—2x2s€in(x?) + cos(xd)]in [0, 1].

|f”(x)| is maximum when x = 1 and |f"(1)| = 2.2853.

56

81(x + 1)193

Trapezoidal: Error <

180n*

1

n[o, 2].

12n*\9

in[0, 2]
32 (56

81

(1-03
12n?

2

9

56

81

(b) T@(x) = (16x* — 12) sin(x?) — 48x2 cos(x?) in [0, 1]

| f@(x)| is maximum when x = 0.852 and | f#(0.852)| ~ 28.4285.

— 5
Simpson’s. Error < (1-0

180n*

(2) < 0.00001, n? > 16,666.67, n > 129.10; let n = 130.

8 <g> < 0.00001, n? > 14,814.81,n > 121.72; letn = 122.

> < 0.00001, n* > 12,290.81, n > 10.53; let n = 12. (In Simpson’s Rule n must

(2.2853) < 0.00001, n? > 19,044.17, n > 138.00; let n = 139.

(28.4285) < 0.00001, n* > 15,793.61,n > 11.21; letn = 12.

32. The program will vary depending upon the computer or programmable calculator that you use.

34. f(x) = /1 - x2on[0, 1].

n | L M(n) R(n) T(n) S
4| 08739 | 0.7960 | 0.6239 | 0.7489 | 0.7709
8| 08350 | 0.7892 | 0.7100 | 0.7725 | 0.7803

10 | 0.8261 | 0.7881 | 0.7261 | 0.7761 | 0.7818

12 | 0.8200 | 0.7875 | 0.7367 | 0.7783 | 0.7826

16 | 0.8121 | 0.7867 | 0.7496 | 0.7808 | 0.7836

20| 08071 | 0.7864 | 0.7571 | 0.7821 | 0.7841

(24) < 0.00001, n* > 13,333.33,n > 10.75; let n = 12. (In Simpson’s Rule n must be even.)
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36. f(x) = won [1,2].

n L(n) M(n) R(n) T(n) Sin)
4| 07070 | 0.6597 | 0.6103 | 0.6586 | 0.6593
8| 06833 | 06594 | 0.6350 | 0.6592 | 0.6593

10 | 0.6786 | 0.6594 | 0.6399 | 0.6592 | 0.6593

12 | 06754 | 0.6594 | 0.6431 | 0.6593 | 0.6593

16 | 0.6714 | 06594 | 0.6472 | 0.6593 | 0.6593

20 | 0.6690 | 0.6593 | 0.6496 | 0.6593 | 0.6593

38. Simpson’sRule: n =8

8ff 1 smzad9~[,/ fsm20+4 /1—fsm21lé+2 /1—fsm277 o /1—§sin2727}

~ 17.476
40. (&) Trapezoidal:
2
j f(x) dx = 2(8)[4 .32 + 2(4.36) + 2(4.58) + 2(5.79) + 2(6.14) + 2(7.25) + 2(7.64) + 2(8.08) + 8.14] =~ 12.518
Simpson’s:
2
j f(x) dx =~ %[4.32 + 4(4.36) + 2(4.58) + 4(5.79) + 2(6.14) + 4(7.25) + 2(7.64) + 4(8.08) + 8.14] ~ 12.592

(b) Using a graphing utility,
y = —1.3727x3 + 4.0092x% — 0.6202x + 4.2844

2
Integrating, J ydx = 12.53
0

42. Smpson’'sRule: n =6

7T=41idxzi[l+ 4 + 2 + 4 + 2 + 4 +1]
o1+ %2 3(6) 1+(1/6)> 1+ (2/6)> 1+(3/6)> 1+ (46> 1+ (5/6)2 2

~ 3.14159

44, Area~ 23%[75 + 281) + 2(84) + 2(76) + 2(67) + 2(68) + 2(69) + 2(72) + 2(68) + 2(56) + 2(42) + 2(23) + 0]

= 7435sgm

46. The quadratic polynomial

p(x) = (X = %)(x = X5) (X = x)(X = %5 (X = x)(X = %)
(X = X)Xy = Xg) 1 (X — X)X = Xg) T2 (Xg — X)(Xg — Xp) 73

passes through the three points.



