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Logarithmic, Exponential, and Other Transcendental Functions

85. Ask increases, the time required for the object to reach the ground increases.

+ — X

87. y=coshx=ex Ze
— — X

y’=ex 2e = sinh x

91. y=wchx=ex+e_X

-2 e — e X
/= —X)—2 — aX) =
y'=—2Ae+e)He - e <e>< n e*x)<ex P

Review Exercises for Chapter 5

1. f(x) =Inx+ 3 v

Vertical shift 3 units upward
Vertical asymptote: x = 0

89.

y = cosh™1x
coshy = x
(snhy)(y) =1

_1 1 _ 1
sinhy cos?y — 1 x2—1

y/

sech x tanh x

H-1_ 1 (Xx-D2x+1) _1 B B )
3. In\5/4X2 1o 5Ir‘. o2+ 1 = 5[In(2x 1) + In(2x + 1) — In(4x2 + 1)]

5. In3+%ln(4fx2) —Inx=In3+1In¥4—-x2—Inx=In

7

7. Inyx+ 1
Vx

X

+ +
e
Il

2
e
et
et —

X 1 =~ 53.598

11. f(x) = x/Inx
f(x) = (g)(ln x)*l/z(%> + JVInx

1 1+ 2Inx
+ JInx = ——F7——
2VInx 2/Inx

15, y= —%In(a J;bx> = —%[In(aJr bx) — Inx]

g__l( b 1> 1

dx  ala+bx x/ x@+bx

)

9. gx) = InVx = %Inx

‘) — L
g(X)—2X

13. y:é[ln(a+bx)+afbx]
iy_i[ b ab ]_ X
dx  bla+bx (a+bx2] (a+ bx?

17. u= 7x — 2,du = 7dx

1 1 1 1
f?x — 2dx— 7f7x — 2(7) dx = ?In|7x— 2l +C
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19. SnX dx = — —snx dx
1+ cosx 1 + cosx

—In|1 + cosx| + C

/3 /3
23. J sec 0dg = [In|sec0+tan 0@
0

0

25. (@ f(x) =3x— 3
y=37x—3

20y +3) =x

2x+3) =y

f~1(x) =2x+ 6

27. @ f=Ux+1

- k1
y?—1=xX
XX—-1=y
fl=x-1,x20

29. (@ f)=%x+1
y=¥x+1

y-1=x

X$-1=y

fx)=x3-1

31 fx)=x3+2
f7ix) = (x — 2)¥/3

(179100 = 30— 272

1

1
H(—=1) = =(=1— 2)°2/3 =
(FH(=1)=3(-1-2 e
1
= 3573 ~ 0.160

4, 4 4
21. JX+1 X:J(l+1>dx:[x+ln|x|] =3+ 1In4
1 X 1 X 1

In(2 + /3)

(b) ;
A
il

-7

© fHf(x) =fix—3) =2(3x—3) + 6 =x
f(f-1x) =f(2x+ 6) =3(2x + 6) — 3=x

(b) d

© fFYf) =fY/x+1)= /0 - 12— 1=x
f(F1x) =f@-1) = V6 -1) + 1
= /% =xforx = 0.

(b) 4

- J 5
—

© U f) =f4¥x+1) =@+ 1°-1=x
f(f 1) =f0—1) =0 —1) + 1=x

33. f(x) = tanx
T 3
f<6>_ 3

f(x) = sec?®x
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35. @ f(x) =Inx (b) 2
_ [

y = InV/x A f

&= X -3 ( 3

ey =x -

&=y (© F-4f(x) = fY(In Vx) = @nvx = ghnx = x

f1(x) = e F(F-1(x) = _ _ _
(f-Yx) = f(e®) = In /e = Ine = x

37. y=e¥? 39. f(x) = In(e™®) = —x2

y fi(x) = —2x

41 g(t) = t%¢ 43 y= /& +e*
9'(x) = t% + 2te = telt + 2) PR v —2X) —1/2( 92X _ Da—2X _ e e
y—2(e2 + e 2)"1/2(2e> — 2e )_\/em
X2
45. g(x) = = 47. y(Inx) + y? =
1 dy dy\ _
g = e(2x) — ¥ _ X2 -%) y(;) + (In X)<&) + Zy(&> =0
e € & -y
(2y + In X)& = 7
dy -y

dx  x(2y + Inx)

49. Letu = —3x? du = —6xdx. 51. f#dx: f(e?X— e+ e ¥ dx

1 1
—3x2 = | a3 — = @ 3%
fxe dx ‘Je (-6 dx=—ce >+ C =%e3x—eX—e—X+c

e — 3e> — 3
=3 1 C
53. fxé*xzdx= —%fé*xz(—ZX) dx 55. Letu = e — 1,du = e*dx.
ex
:—%é*X2+C jex_ldx—ln|ex—1|+C
57. y = e{(acos3x + bsin 3x)

y’ = e(—3asin3x + 3bcos3x) + e{(acos3x + bsin3x)
= e{(—3a+ b)sin3x + (a + 3b) cos 3x]
y” = e{3(—3a + b) cos3x — 3(a + 3b) sin3x] + e{(—3a + b) sin3x + (a + 3b) cos 3x]
= ¢{(—6a — 8b) sin3x + (—8a + 6b) cos 3x]
y’— 2y’ + 10y = e{[(—6a — 8b) — 2(—3a + b) + 10b] sin 3x + [(—8a + 6b) — 2(a + 3b) + 10a] cos3x} = 0
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4 1 41
59. Area = f xe ¢ dx = [—fefxz] = —Z(e"16 — 1) =~ 0.500
o 2 0 2
61 y=3%2 63. y = log,(x — 1)
y y
A
M
2
1+ /
By S
X -2
3]
]
65. f(x) =31 67. y=x>*t1
f(x) = 3 1In3 Iny=(2x+ 1)Inx
Y _ x+1 + 2Inx
y
y' = y(2x 1, 2Inx) = x2x+1<M + 2Inx>
X X
1 > 11 >
69. g(¥) = logsv/1 — x = 5 logy(1 — X) 71 f(x + 15X+ dx = >nE 56t + C
W=z =t
9 =@ —%In3 ™ 2x— in3
73. (@ y=x* (b) y=a (0 y=x () y=2a
y/:aX371 y/:(|na)a>< |ny:X|nX y/ZO

1, 1
9y =X X+(1)Inx

y' =yl + Inx)
y' =x(1+ Inx)

75. 10,000 = Pel00n(s) 77. P(h) = 30
K — In(1/2)  —In2
© 18,000 18,000

P(h) = 30e(hn2)/18,000

P(35,000) = 30g~(35000In2)/18000 ~ 7 79 inches

79. P = Ceo g, H_X+3
' Todx X
2C = Ced015t
dy = (x + §) dx
2 = o015t X
In2 = 0.015t X2
y:E‘F 3In|x| +C
In2
t = —— = 46.21 years

~0.015
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83y —2xy=0

dy  x®+y? . . '
85. i 72xy (homogeneous differential equation)

(®+y)dx —2xydy =0
Lety = vx, dy = xdv + vdx.
(X2 + v&2) dx — 2x(vx)(x dv + vdx) = 0
(X2 + v3&2 — 233 dx — 2x3vdv =0
(X2 — x&2) dx = 2x3v dv
(1 —vddx=2x dv

dx 2v
j?fflfvzdv

Injx| = —=In]1 —v2] + C; = —In|]1 = v3| + InC
. C __¢c _ cx
L=V 1=y @y
Cx X
1:x2—y2 or C1=7X2_y2

87. y=Cx+ Cx®
y’=C, + 3C,%°
y” = 6C,X
X2y” — 3xy’ + 3y = x¥(6C,x) — 3X(C; + 3C,%3) + (Cx = C,x3)
=6C,x3 —3Cx — 9C,x® + 3C;x + 3C, =0
Xx=2y=0 0=2C, +8C, 0 C, =—4C,
Xx=2Yy =4 4=C, + 12C,

4= (-4C) +12C, = 8C, O C,=3 C; = -2
y= —2x+%x3
89. f(x) = 2 arctan(x + 3) y
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91.

93.

97.

99.

101.

105.

107.

111.

@ LetH:arcsin%
2
. 1 1
SHQ—E
6
sjn(arcsinl) =gn6= 1 V3
2 2
.1
(b) Let0=arcsm§
. 1
5|n9—2
in2) = cosp = 3
cos(arcsnz)—cose— 5>
. X
= tan(arcsinx) = —— 95. y = xarcsecx
= ten(aresnd =
X
1 - x3)Y2 4+ x3(1 — x3)~/2 ’= ——"—— + arcsecx
y = LI RA AR (g e VM1
y = x(arcsinx)? — 2x + 2./1 — X2 arcsin x
§ /1 — w2
’=w—ir(arcsinx)2—2+2 1o X arcsinx = (arcsin x)?
J1-—x2 1-—x 1—x
Letu = e du = 2e* dx.
1 I _1 1 ) — + X
ererefZde— 1+e4xdx—2f1+(ez)()2(2e2)dx—2arctan(e2)+C

Letu = X3 du = 2x dx.

(2x)dx=;arcsinx2+c

[ e

X 2
Letu = arctan<§>, du = 15 dx.

JMdX: 1f(arctanix 2 )dx = 1(arctan5

4 + %2 2 2)\4 + x2

Jos Vi

Yy /K
arcsm(A) \/mt+c

Sincey = Owhent = 0, you have C = 0. Thus,
~ k\_y
sm( mt>_A
. k
yAsm<\/mt>

Letu = X3 du = 2x dx.

103. Letu = 16 + X2, du = 2xdx.

16 +

X Y P _1 >
J16+x2dx_ ZJ X2(2x)dx 2In(16+x) +C

109. y = 2x — cosh/x

s o Lo oy sinhJX
y' =2 2\/;((smh\/x)—z 2

(2x) dx = 1In(x2 +UX¥—1)+cC

| ) e
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Problem Solving for Chapter 5

3
1 tan01=;

6
tan02=710_x

Minimize 6, + 6.

_ _ 3
f(x)—01+92—arctan(x)+arctan<10_x)
gy L (=3 1 6 _
f(X)_1+9<X2>+1+ (o) =
X2 (10 — x)?
3

¥+9 (10—x2+36

(10 - x2+36=2(x+9)
100 — 20x + x2 + 36 = 2x2 + 18

X2+ 20x — 118=0

_-20x VAP -A-118) 0. o

a=—10+ /218 ~ 47648 f(a) ~ 1.4153
0=m— (0, + 6,) ~ 17263 or 98.9°
Endpoints: a = 0: 6 =~ 1.0304

a=10: 0§ ~ 1.2793
Maximumis 1.7263 at a = —10 + /218 ~ 4.7648.

3. f(x) = sin(lnx)
(8) Domain: x>0 or (0,00)

() f(x) =1=snlnx O |nx:127+2k7r.

Two values are x = e7/2, g7/ +2m,

(© fx)=—-1=snlnx) O Inx= 3777 + 2K
Two values are x = e /2, g37/2,
(d) Sincethe range of the sine functionis[—1, 1],
parts (b) and (c) show that the range of fis[—1, 1].
(e f(x) = %cos(ln X)
f(x) =00 cos(lnx) =0 O Inx=g+ ke O

X = e"20n[1, 10]
f(e”?) =1
f(1)=0 Maximumislatx = e”2 ~ 4.8105
f(10) = 0.7440

2

f) 2

L

-2

Iirgl f(x) seemsto be —%. (Thisin incorrect.)
it

(g) For the points x = 72, e 372, e 77/2 |
we have f(x) = 1.
For the points x = e~ /2, @ 57/2, @ 97/2
we have f(x) = —1.

That is, as x — 0%, thereis an infinite number of
points where f(x) = 1, and an infinite number where
f(x) = —1. Thus Iir(p+ sin(In x) does not exist.

X

You can verifiy this by graphing f(x) on small
intervals close to the origin.
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Area sector t t t
5@ Areacircle 27 D Areasector = 277(77) 2
1 cosht
(b) AreaAOP = E(base)(height) - VX2 — 1dx
1
1 cosht
At) =§cosht-sinht— YX2 — 1dx
1

At) = %[coshzt + sinh?t] — Jcosh?t — 1sinht
1 . .
= E[coshzt + dnh?t] — sinh?t
Ll et — et = L
= 2[cosh t — sinh?t] >

A(t)=%t+C.But,A(O)=C=OD C=0

Thus, A(t) :%t or t=2A({).
7. y=1Inx 9. Letu=1+ /% /xX=u—-1x=uw2—2u+1,
1 dx = (2u — 2)du.
y' =2
X 4 1 3 2u-—2
Area= [ ————dx = du
1 1 IUX A+ X U=+ (WB—-2u+1)
y—b=>x—-a)
a f32(u—1)
= -— - du
1 . o U u
y=ax+b—1 Tangent line
32
= | —du
Ifx=0c=b—-1Thusb—c=b—-(b-1 =1 Lu
3
:[Zlnu]
2
:2In3—2In2:2In<g>
~ 0.8109
dy _
11. (a) a=yl-°1 (b) [y @+ody= |kdt
J'y*“’l dy = fdt yr_ kt + C
—e 1
y 0oL y*=—¢kt+C
“oor Tt &
yo ot
— 1/e
ﬁ— 001t + C (€ = akt)
y(o):y ZLE\ Cl/s:llj C:<l>s
por— 1 o cue Yo Yo
C — 0.01t 1
B 1 Hence,y=(l>1/€.
Y= (c~ 001 v °
(0):1‘1:iD C=1 For t 1
y : Cio —»ygsk,y_.oo.
Hence, :;
Y= 1 = o001

For T = 100, llirTnf y = co.
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13. Since% = k(y — 20),

1
[ 25w [xa

In(y —20) = kt + C

y = Ce + 20.
Whent = 0,y = 72. Therefore, C = 52.

Whent = 1,y = 48. Therefore, 48 = 52e< + 20, & = (28/52) = (7/13), and k = In(7/13).
Thus, y = 52€M7/13t + 20,

Whent = 5,y = 52¢5n7/13 + 20 ~ 22.35°,

das das 4
L S (@455 + ao- 9%
S = 1 o Isasolution because a2 = iy q) T 10— 9
ds e ~ _ ﬂ) _ g 98
5= —L(1 + Cek)"2(—Cke ™) In(9 (100 - 29 at
__LCke'® — owhenS=500r = ¢,
(1+ Ce )2 dt
<k\ L Cle™ Choosing S = 50, we have:
L/1+ Ce® 1+ Ce™ o 100
k L L 50= 1 + 9gn@/9t
- <E>1 + Ce M’ <L 1+ Ce‘kt) 2 — 1 + 9gn4/9t
K In(1/9)
= L — 9, wherek;, = —. =
1& ) 17 L In(4/9) t
L = 100.Also, S= 10whent =0 O C = 9.And, t = 2.7 months
S=20whent =1 O k= —In(4/9).
(d) N
. . 100 L
Particular Solution. S = w 1:3 T
100 +
_ 100 80 -
1 + Qg—08109 ig/
(€ us —_
1 2 3 a4

/ (e) Saleswill decrease toward thelineS= L.

0 10




