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CHAPTER 7
I ntegration Techniques, L’Hopital’s Rule, and Improper Integrals

Section 7.1  Basic Integration Rules
Solutions to Even-Numbered Exercises

2. @ %[In\/xz +1+0 = 1( x ) X

2 +1) e+1
o Y] - s o
(© o farctanx + C] = T
@ Sinoe + 1)+ ¢] = 2

X
fxz 1 dx matches (a).

4. (a) %[szin(x2 + 1) + C) = 2x[cos(x2 + 1)(2x)] + 2sin(x@ + 1) = 2[2x2 cos(x2 + 1) + sin(x2 + 1)]
(b) %[—%sin(xz +1) + C] = —%cos(x2 + 1)(2x) = —xcos(x® + 1)
© %Bs’n(xz oy c] = 2 cosi + 129 = xcosl + 1)

(d) %[—2x§n(x2 + 1) + C] = —2qcos(x? + 1)(2x)] — 2sin(x® + 1) = —2[2x?cos(x? + 1) + sin(x® + 1)]

J X cos(x? + 1) dx matches (c).

2t—1 2 —2X
6. ftz_t+2dt 8. fmdt 10.fmdx
u=t2—t+2,du=(2t— 1)dt u=2t—1,du=2dt,a=2 1
u=x2—4,du=2xdx,n=—=
2
du du
Use [ Use |5 -
u uz + a
Useju”du.
1
12. f sec 3x tan 3x dx 14.f dx
XJ/X2 — 4

u=3xdu=3dx
u=xdu=dx,a=2

Usejsecutanudu. f du
Use .
uJu? — a2

308
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16

20

24

26.f x dx:jde+f 8 dx = 2x + 8In|x — 4] + C
X—4 X—4

1 1 1( 1
J(&——1_3x+1)dx_§fap—ﬂ3dx

1 1
-z -1 -= +1+Cc==2
3In|3x 1] 3In|3x 1 +C In

O e L

28.

30.

. Let u=x—4,du=dx

JG(xf4)5dx= Gf(xf4)5dx= 6

6
=(x—-4°+C

. Letu=4— 2x2 du = —4xdx.

Jxm dx = —%J(4 — 2@)Y2(—4x)dx

:—gwqﬂw+c

. Letu=x2+ 2x — 4,du = 2(x + 1) dx.

X+ 1

X+ 2x— 4

=J/e+2x—-4+C

32. f sec 4x dx = %, f sec(4x)(4) dx

:%In|sec4x+tan4x| +C
36. Letu = cotx, du = —csc” x dx.

Jcsczxemlxdx = —fewtx(—csczx) dx = —e®x + C

(x=4°

m=gw+m—®W@W+ﬂm

18. Letu=t— 9,du = dt.

-2

2 -2 - =
J“_Qﬂn=4ﬁ—® dt=—5+C

22. f [x - (2x7i3)2] dx = fxdx - SJ(ZX +3)7%2) dx

X 3

272 -1 C
2 3

2 aa+$+c

(3) dx

1 [|3x—-1

X+ 1

+
e+

2

x+3+7+l2)dx=1x2+3x+3ln|x|71+C
X X X

34. Letu = cosx, du = —sinxdx.

sin X
COoS X

-2

dx = —f(cosx)*l/z(—sin X) dx

cosx + C

5 1 e X
38. fgex_zdx—5f<3€_2>(§)dx

e X
_5f3_
1

_of_1
2)3-

P dx

2 (2e7) dx

= gln|3 -2 +C
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—sinXx 1+ COSa
40. Letu = In(cosx), du = —— dx 42, | ———da = | cscada + |cotada
COS X sina
= —tan x dx = —In|csca + cota| + In|sina| + C

f(tan X)(In cos x) dx = —f (In cos x)(—tan x) dx

_ —[In(cos x)J2

5 +C
secx+1
44'f?)(secx—l) fsecx—l secx+1)d
_ secx + 1
3 tan? x
_ 2| secx 2 >
= 3| @i x dx+3fcotxdx
2 [ cosx 2
— = s + = 2 —
Sanzde 3j(cscx 1) dx
2 1 2 2
=Z-==]-3 - ox+
3< smx) 3cotx 3x C
2
:—g[cscx+cotx+x]+c
48. Letu = /3%, du = /3dx.

1
J’4+3x2dxf
T 2./3

52.

1
Fle (V392 ™
1 ctan(‘/§X> +C

2

f
dX
(X l)\/4X _8X+3

[2x = DIVI2x = D -1

46.

50. Letu—%

/t
[

o [t
1—4x—x2
dy
56. =~ = tan3(2x), (0, 0
¥ = ta(20, (0,0
€Y Y
58. 0,1 s
;;j;\i/
Pl o Fal
EAr A LA
/////:'1/////
NS AR
VI

f\/S— x2+4x+4

fm

=3

arctant + C

dx = arcsec|2(x — 1)| + C

du = _t—zl dt.
fel/t(il) dt=—e+C
t2 B
ar&sm(XJrZ> +C (a= 5)
NG

(b) f tan?(2x)dx = f (sec3(2x) — 1) dx = %tan(Zx) -x+C

(0,0: 0=C

y = %tan(2x) - X

1.

2

-12

/

1.2

e

-1

2

2 t
r=f(lzte‘) dt=fl+2é+e2dt

=J(e*‘+2+e‘)dt

é

—et+2t+e+C
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62. Letu = 2x,du = 2 dx. 64. Letu = sint, du = cost dt.

. 1. .
sin?tcostdt = [fsn?’t} =0
0 3 0

y=f ! dx=f 2 dx
X4 — 1 2XV/(2x)2 — 1

= arcsec|2x| + C

2, 2
66. Letu=1—Inx, du=—1dx. ss,fx 2dX:f<l—§>dx

1 X 1

X
e _ e _ 2

dex_ —f(l—lnx)<f1>dx :[X—ZInx] =1-1In4~= —-0.386
X 1 X 1

[—%(1 —1In x)2}e = %

1

4 4
70. #dx = [arcsinl] = arcsing =~ 0.927

o\/25—X2 5]o
6
X—2 1 ° 4 X+ 2
|5 dx == + 4x + - = +
72 f 2+ 21 13 dx 2In(x 4x + 13) 3arctan( 3 > C. ‘*\

-10 10

The antiderivatives are vertica trandations of each other.

e+ e X\3 1 _ B
74. f( 2 )dx=ﬂ[e3x+9ex—9ex—e3x]+c 76. fsecutanudu=secu+C

The antiderivatives are vertica trandations of each other.

5

7

du 1 4 )
. : == -+ ) :
78. Arctan Rule f 210 aarctan(a) C 80. They differ by a constant
sec?x + C; = (tan’x + 1) + C, = tan’x + C.
1 2 9 /2
— (y3 — 2 + - ~ = 1
82. f(x) 5(x X% 4+ 10x) 84. L N 1dx 4 86. A L sin 2x dx
5 Matches (d). 1 /2
Jf(x) dx < 0 because @ = [—ECOSZX]O =1
0 y
more area is below the x-axis y
than above. /
3+ N
5
21
1+ I+
0 5
12 5 4 } \ -
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2
88. f 2wX2 dx
0

(3 Letf(x) = 2wx? over the
interval [0, 2].

A= j 2(277x2) dx

V2 x over the
interval [0, 2]. Revolve this
region about the x-axis.

(b) Letf(x) =

(©) Letf(x) = x over theinterval
[0, 2]. Revolve this region
about the y-axis.

2
2
V = 27| x(X) dx
° V:'n-f(ﬁx)zdx fo ®)
y 0 2
2 — 2
BT fx=2m = f 27x2 dx B LZWX o
20 + 0
151 y {
T sl () =v2x 2+ [T =x
sl
-

-

R

%0. @ { /n§

1 S| 1 31
(b) (3)j31+x2dx [6arctanx]73—§arctan3

92. y=2/x
y/_i
VX
1+(y)2—1+1 x+1
S= 27Tf2f
227TJ’ 2VX + 1dx
0
2 9
- [4w<*>(x 4 1)3/2]
3 0

877

3 —7(10./10 — 1) ~ 256.545

12—+

Section 7.2 Integration by Parts

w/n

/n 7/n
f sin(nx) dx = lj sin(nx)(n) dx = [71 cos(nx)] _2
T Jo T 0 T

y:X2/3
,_ 2
REYIE

4

1+ (y)2P=1+—3 VI

s—f,/ 92/de~76337

2 %[Xzsinx + 2xcosx — 2sinx] = x2cosx + 2xsinx — 2xsinx + 2 cosx — 2cosx = X2 cosX. Matches (d)
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4, %[—x—% xIlnx] = -1+ x(%) + Inx = Inx. Matches (a)

6. fxzeZde 8. flnSxdx 10. fxzcosxdx
U= X2 dv=e*dx u = In3x dv = dx U = X2 dv = cosx dx
et -1
12. dv=e*dx O v= |eXdx= —eX 14. tTdIZ — el/t<t—2)dt:—e1/t+c

u=x O du=dx

ngdx: foefxdx
= 2[xeX - ffefx dx] =2[—-xe*—eX]+C

=-2x¢*—-2*+C

1%,

18. Letu = Inx, du—ldx

o jx(lnx f(lnx) (Inx) +C

x° X (1 x° 1
4 =2 - [ = == — = x4
fx In x dx 5Inx f5<x>dx Inx 5fx dx

x5 1 x5
—glnx—z—5x5+c —2—5(5Inx—1)+C

16. dv=x*dx O v=

u=Inx O du=

X1 o;

20. dv=izdx O v=f%dx=—1
X X X

u=Inx O du= ;dx
X
g I (L e 1
X X X
2 =ik [ V= (x2+1)‘2xdx:—#
: (@ + 1)2 202+ 1)
u = x%* O du= (23e® + 2xe®) dx = 2xe®(x2 + 1) dx
X3 x2e . x2e e’ e
@+ 102%™ e v +Jxex =+ 2 “Txern  ©

24. dv=£2dx O v=f£2dx= =
X X X

u=In2x O du=%dx

J'”(Zx)d = '”(fx)+f%dx:—@—%+c:—'”(2x%+c
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26. dv:;dx O v= f(2+ 3x)*1/2dx:g\/2+ 3x
V2 + 3X 3
u=x O du=dx
X 2x/2 + 3X 2f
dx = - - V2 + 3xdx
f\/2 + 3x 3 3
V2 + + V2 +
S XV2ZEX A gz c=2Y2 g oo+ =22 K g i c
3 27 27 27
28. dv=sinxdx [J v= —cosx
u=Xx 0 du=dx

fxsjndx= —XCOSX — jfcosxdx= —Xcosx + snx + C

30. Useintegration by parts twice.

(1) u=x?du= 2xdx, dv = cosxdx, v = sinx

fxzcosxdx: x2sinx — fosinxdx

32. dv=sechtanfdg 0 v = jsecetaned0=sece 34.

u==6 O du=de6

f@secetanade = 0sech — fsecede

= #sec — In|secd + tand| + C

36. Useintegration by parts twice.
Q) dv=exdx O v= fexdx: ex

u=cos2x [ du= —2sin2xdx

(2) U= Xdu=dx,dv=snxdx,v= —cosx

fxz cosxdx = X2sinx — 2[—xcosx + fcosxdx]

=x2sinx + 2xcosx — 2sinx + C

dv = dx O v=fdx=x
u = arccosx [ du:—#dx
J1—x2
X
4 [arccosx dx = 4| xarccosX + | ———=dx
f [ f\/l—xz }

= 4[xarccosx — /1 — x2] +C

(2) dv=eXdx O v=fexdx=eX

u=sin2x [0 du= 2cos2xdx

fe* cos 2x dx = eXcos 2x + Zfexsin 2xdx = e*cos 2x + 2<exsin2x — ZJeX costdx)

5feXCOSZXdX = eXcos2x + 2eXsin 2x

feXCOSZXdX = egx(coszx +2sn2x) + C

3. dv=dx O v=x

u=Inx O du:%dx

y=JInxdx=xInx— fx(%)dx=xlnx—x+ C=x(-1+1Inx)+C
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40. Use integration by parts twice.
D dv=x—-1dx O v= f(x— 1)1/2dx:§(x— 1)3/2
u=x? O du= 2xdx

(@ dv=(x—-1D¥dx O v= f(x — 1)%2dx = %(x — 1)%2

u=x 0 du= dx
y=jx2\/x—1dx
2 4 2 4] 2 2
— &E2(y — 1)3/2 _ = _ 1)\3/2 — &y2(y — 1\3/2 _ | & _ 1\5/2 _ & _ 1\5/2
3X (x—1) 3 f X(x — 1)%2dx X (x—1) 3[5X(X 1) 5J(x 1) dx]
_g 2y — 3/2_§ — 1)5/2 E — 1)7/2 _M 2
= 3% (x—1) 15x(x 1) +105(x 172+ C = 105 (15x2 + 12x + 8) + C
42. dv = dx O v=fdx=x
X 1 1 2
u—arctani[l du—m<§>dx—mdx
_ X gy = XXy X _ 2
y—farctande—xarctan2 fﬁH_xde—xarctan2 In(4 +x? +C
y- —X/3 q ( _E)
(b) ax € sin2x, | 0, 37

y = fe*x/3 sin 2x dx
Use integration by parts twice.

(1) u=sn2x du= 2cos2x

dv=e¥3dx,v= —3e %3

fe*x/39n 2xdx = —3e*3sn2x + f6e*x/3 coS 2x dx

(2) u=cos2x du= —2sn2x

=e¥3dx,v= —3e*3

J' —X/3gn2xdx = —3e¥3sin2x + 6[—3e*x/30032x - fGe*X/3§n 2xdx] +C

37| e *3sgn2xdx = —3e*3sn2x — 18e %3 cos2x + C

y = fe */35in 2x dx = 3—17[—3e‘x/3sin 2x — 18e7*/3 cost] +C

<_18> —18_ 1[0—18]+CD(: 0

37 37

y= ;771[3@% Sin 2x + 18e%/3 cos 2x]
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dy _ x -
46. X—ysmx,y(o) 4

q 48. See Exercise 3.

1 1
f x2exdx = [xzex — 2xe* + 2ex] =e—2=0718
0 0

2
B0. dv=sin2xdx O v= f§n2xdx: —%cost 52. dv = xdx O v= fxdx:%
u=x O du=dx 2%
u=arcsinx? 0 du=-———=dx
-1 1 J1-x
fx§n2xdx=7xcoszx+§f0032xdx , .
. X . X
xarcsnxzdx:—arcsnxz—fidx
-1 1 . J 2 /1 — x4
=7x0052x+zsn2x+c 5
= %arcsin X2 + %(2)(1 - xH2 + C

= %{(sin 2x — 2xcos2x) + C
= %[XZarcsinx2 +V1-x4+cC

Thus,f xsin2xdx = [%(sian - 2xcost)] = —g. 1 1 .
0
° Thus, f X arcsin x2dx = E[xz arcsinx2 + /1 — x4]
0 (0]
= %(77 - 2).

54. Useintegration by parts twice.

(1) dv=eXv=—e*u=cosx du= —sinxdx
fe*xcosxdx = —e XCoSX — fe*xsinxdx
(2) dv=e*dx,v= —e X u=sinx du = cosxdx

Je*xcosxdx = —e XCoSX — {—exsinx + fe*xcosxdx O ZJe*Xcosxdx = e XgnXx — e *CcosXx
Thus,

. e *sinx — e *cosx|?
e *cosxdx =
0 2 0

—e 2 . 1
= p— + —
> [sin2 — cos 2] >

56. dv = dx O v=jdx=x

2X
1+ x2

u=In1+x?) O du= dx

2x2
1+ x2

fln(l + x9)dx = xIn(1 + X3 — f dx

=xIn(1 + x3) —ZJ[l—%]dxlen(l—%xz) — 2Xx+ 2arctanx + C
1+ X

1 1
Thus,f In1 + x3) dx = [xln(l + X3 — 2x + 2arc’[anx]O =In2-2+ g
0
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58. U= x, du = dx, dv = sec2x dx, v = tan X Hence,

steczxdx: Xtanx — ftanxdx

/4 /4
f x sec” x dx = [xtanx+ In|cosx|]
0 0

T 1
=173 In2
1 1 1 1
3a—2x — v3[ —=p—2x| _— 2,72x+ _ a2 | — A 2X
60. fxe dx x( 2e ) 3x<4e ) 6x< 8e ) 6(16e )+C
Alternate | uandits v’and its
- _%e—2x(4x3 + 62+ 6x+3) +C signs | derivatives | antiderivatives
+ x3 e
_ 32 ,%e—zx
+ 6x e
— 6 _%e—Zx
+ 0 i
62. [x®cos2xdx = x3<lsin 2x) — 3x2(—10052x> + 6x<—lsin 2x> - 6(i cost> +C
2 4 8 16
1, 3 3. 3 Alternate | uand its v’and its
== + =x2 -= -= +
2X sin 2x 4X 00S 2x 4xsm2x SCOSZX ¢ signs derivatives | antiderivatives
3
=%[4x3sin2x+6x2c032x—6xsin2x—30052x]+C + X cos 2x
- 3x2 3 sin2x
+ 6x —3% 005 2x
- 6 —% sin 2x
+ 0 1*16 COS 2X
64. JXZ(X _ 2)3/2dx _ gxz(x _ 2)5/2 _ EX(X _ 2)7/2 + &(X _ 2)9/2 +C Alternate | uand its v’ and its
5 35 315 signs derivatives | antiderivatives
2 _ 9)3/2
- 3—is(x — 2)5/2(35x2 + 40x + 32) + C il X *x-2
- 2x E(x — 2)5/2
+ 2 & (x — 2)7/2
- 0 35 (x — 2)9/2

68. Yes. 70. No. Substitution.

u=Inx dv = xdx

66. Answerswill vary.
See pages 488, 493.

72. No. Substitution.

74. Ja“sin ma da = #[— (am)*cos ma + 4 am)? €n ma + 12(am)? cos wa — 24(aw) Sin ma — 24 cos wa] + C

1,171,875 arcsin(x/5)  x(2x% + 25)(25 — x?)%/2 N 625x(25 — x2)3/2 N 46,875x/25 — X2 [°
128 16 64 128 0

5
76. j X4(25 — x2)3/2dx = [

0

~ 14,381.0699
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78. (@ dv= V4 +xdx O v= J(4 + x)V2dx = %(4 + x)3/2

u=x O du=dx

jx\/m dx = %X(4 + X)¥2 — %f(4 + x)3/2dx

2 4 2
- = 3/2 _ 5/2 - = 3/2, _
3x(4 + X) 15(4 + X)%2 + C 15(4 + x)¥%%(3x — 8) + C

b)u=4+x 0O x=u—4anddx=du

jx 4+ xdx = f(u — Aut/2du = J’(uz‘/2 — 4u'/?)du

2., 8 2
= Zu2 — =32 + C = =P/ — +
zu 3u C 5Y (3u—20)+C
2
= 1—5(4 + x)¥q3(4+x) —20]+ C =

80. (8@ dv= V4 —xdx O v= J(4_ )2 dx

= 2 —x

u=x O du=dx

fx\/4 — xdx = —%x(4 — X)¥2 + %f@ — x)¥2dx
z_g _ 3/2_i \)5/2
3x(4 X) 15(4 x)%2 + C
2
= —1—5(4 — X)¥35x + 2(4 — x)] + C

— _£ — 3/2
= 15(4 X)¥2(3x + 8) + C

b)u=4—-—x0O x=4—-vuanddx= —du

fx\/ﬁ(dx= ff(4f u)~/udu

- f (4u¥/2 — u¥2) du

8 . 2
_3/2 + = 5/2 +
3u 5u C
= —£u3/2(20 —3u)+C
15

= —15@4-%¥{20-3(4-x]+C

7_2 — v)3/2
= 15(4 X)¥2(3x + 8) + C

84. dv=—cosxdx [0 v=snx

u=x" O du= nx""1dx

fx”cosxdx: X"sinx — njx“*lsinxdx

= — 3/2, _
15(4 + X)¥%(3x — 8) + C

82. n=0:fexdx=ex+c
n= 1:fxexdx=xe><—e*+c=xex—jexdx
n= Z:JXZedezxzexf 2xe< + 2+ C
= X% — ZJ'xede
n=3: Jx3e><dx= x3eX — 3x%e* + bxeX — 66 + C
= X% — SJXZede
n=4:fx4e>‘dx
= XX — 4x3e + 12x%e* — 24xe‘ + 24 +C
= x4 — 4fx3e>< dx

In general, [x"edx = x"eX — nfx"~lexdx.
(See Exercise 86)

86. dv = e dx [ v=§eﬁ>‘

u=x" O du=nx""1dx

n
fx”eax dx = X DJX”*@* dx
a a
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88. Useintegration by parts twice.

(1) dv=e>dx O v=§eﬁx (2) dv =eXdx [ v:ieax
u=coshx 0 du= —bsinbx u=snbx OO du= bcosbx
f@xcosbxdx=w+gféxénbxdx =eaxC;)be+g[eaxsénbx—gjéxcosbxdx]

_ eé‘xcosbx+ be**sinbx

b2
a 2 2 € cos bx dx

e*(acosbx + bsinbx)
a2

2
Therefore, <1 + %)Jeﬁx coshbxdx =

e*(acosbx + bsinbx)

i +C.

Jeﬁxcosbxdx=
90. n = 2 (Useformulain Exercise 84.)
fxz cosxdx = x2sinx — 2fxsinxdx (Use formulain Exercise 83.) (n = 1)
=x2snx — 2[—xcosx + fcosxdx] =Xx2sinX + 2xcosx — 2sinx + C

92. n= 3,a =2 (Useformulain Exercise 86 three times.)

3
fx3e2>‘dx=%—gfx2e2xdx (n=3a=2

_ X% 3[xe> y _ _
=5 2[—2 fxe2 dx] n=2a=2)
X3 3> 3[xe® 1|, | _ x> 3™ e 3 _ _
2 4 E{Ef_ifédq_ 2 2 T4 g tCh=la=2

=%(4x376x2+6x73)+c

9. dv=e¥3dx 0 v=—-3ex%3 96. A:j xsinxdx = [*XCOSX‘FSinX]
0 0
= O du=d .
u=x u X = 7 (See Exercise 83.)
3
Azlfxefx/sdx 3
9Jo
1 3 N
== [73xe*x/3] + 3| e*3dx
9 0 0
-1 4
— ; ;9 _ 7x/3]3> _
B 9( e [Qe 0 '

e
e e e

0.4

-0.1
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98. In Example 6, we showed that the centroid of an equivalent region was y
(1, w/8). By symmetry, the centroid of thisregionis (7/8, 1).

NE}

You can aso solve this problem directly.

1 1
A=J<7—277arcsinx>dx= [gxfxarcs'nxf ﬂ] (Example 3)
o 0

2 2
oM _ m_ _
X = A f arcsmx]dx 8
y= % J7T/2)+8I‘C‘S|nx|:2 arcsinx]dx=1

2 2
100. () Average = f (16tInt + 1)dt = [O.Stzlnt — 042 + t} =32(n2) — 0.2 = 2.018
1 1
4 4
(b) Average = J (1.6tInt + 1)dt = [o.sr2 Int — 0.4t2 + t] =128(In4) — 7.2(In3) — 1.8 ~ 8.035
3 3

102. c(t) = 30,000 + 500t, r = 7%,t, = 5

5 5
P f (30,000 + 500t)e~0207 gt = 500 j (60 + t)e=00™ gt
0 0

Letu= 60+t ,dv=e0dt du=dt,v= —@e‘o-‘m.

5 5
pP= 500{[(60 + t)< 100e70 O7t):| + @J e 0ot dt}
7 0 7 Jo

5 5
= 500{[(60 + t)( jgoe*o 07t):| _ [%e—o.ow] } ~ $131,528.68
0 0

2

g 2x 2 i
2 _x .
104. X cosnxdx—[—snnx+—2cosnx——3smnx]
o n n n -

2 2
o — cosnw + — cos( nw)

417
= — cosnm
n

:{ (4m/m?), if niseven
—(4m/m?), if nisodd

(—)"4r
o

106. For any integrable function, [ f(x) dx = C + [ f(x) dx, but this cannot be used to imply that C = 0.

/2 /2

xsinxdx < f X dX.

E],sinxsl O xsnx<x O f
0

108. On [O, > |
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110. f/(x) = cos/x, f(0) = 2

(a) It cannot be solved by integration. (b) You obtain the points
n| X Yn u
0|0 2 LT -
1| 005 | 205
2 | 010 | 2.098755 °% !
3 | 015 | 2146276
80 | 40 2.8403565

Section 7.3  Trigonometric Integrals

2. (@ y=secx [ y’=secxtanx = sinxsec?x. (b) y=cosx + secx [0 y’= —sinx + secxtanx
Matches (iii) = —sinx + sec?xsinx
=snx(—1 + sec?x)

sinxtan®?x Matches (i)

C y=x—tanx+ltan3x 00 y’'=1— sec?x + tan® x sec? X
3

—tan? x + tan? x(1 + tan? x)
= tan*x Matches (iv)
(d) y=3x+ 2sinxcos®x + 3sinxcosx [J
y’ =3 + 2cosx(cos’x) + 6sinxcos®x(—sinx) + 3cos? X — 3sin?x
=3+ 2cos*x — 6cos?x(1 — cos?xX) + 3cos? X — 3(1 — cos? x)
= 8cos*x Matches (ii)

4. fcos3xsin4xdx = jcosx(l — sin?x)sin® x dx 6. Letu = cosx du= —snxox
= j(sin“x — sin®x)cos x dx fsin3xdx = fsin x(1 — cos? x) dx
:sir155x_sin77X+C :fcos2x(—sjnx)dx+fsinxdx

:%cos‘”x— cosx + C

. X 1 X
8. Letu = sng, du = gcosgdx.

X g X\ g2 X
jcos”sdx f<0053><1 sin s)dx
— _ s X)(1 5)
3[(1 sin 3><30053 dx

cafanX _1gaX
—3(sm3 3sm 3>+C

. X .o X
=3sins — s> + C
Sln3 sm3
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sin°t .
10. dt = |sint(1 — cos?t)%(cost)~ Y2 dt
[5e ( P(cost)

= Jsint(l — 2cos?t + cos*t)(cost)~ Y2 dt

= f[(cost)—l/2 — 2(cost)¥2 + (cost)”/Zsintdt = —2(cost)¥/2 + g(cost)E/2 - g(cost)g’/2 +C

12. j§n22xdx::Jgi;%¥fgdx:=%(x—-%dn4x>+—C 14, fsn429d0:.[1_-§s40-1__§E40d0
—1(4x— sin4x) + C 1
8 = Zf(l — 2c0s46 + cos? 46) do
+
=%j<1— Zcos40+%>d0

1(/3 1
= 4f<§ — 2cos46 + 500380) de

=1[§071§n49+ isjn8(9] +C

4 2 2 16
3 1. 1 .
=== + = +
86 85|n4(9 645m8(9 C
16. Useintegration by parts twice.
. 1 — cos2x X sn2x 1 .
=g — - Uear -2 _ — T (ox —
dv = sil? x dx 5 O v 5 1 4(2x sin 2x)
u=x2 0 du=2xdx
. 1
dv =sin2xdx v=—50052x
u=Xx 0 du=dx
. 1 . 1 .
xzsmzxdx=zx2(2x—sm2x)—5 (2¢¢ — xsin2x) dx
1l oo Lta 1 g
—2x 4x sin 2x 3x +2 X sin 2x dx
1 1 1 1 1
T3 T2 q = = =
6x 4x S|n2x+2[ 2xc052x+2J0032xdx]
1 1 1 1
— Zyv3 _ 2 q I g
6x 4x sin 2x 4x0032x+85n2x+c
=2—14(4x3—6xzsin2x—6xc032x+35in2x)+c
w/2 1 /2
18. Let u = sinx, du = cosx dx. 20. f SiﬂZXdX=Ef (1 — cos 2x) dx
0 0
/2 /2 /2
cos® xdx = (1 — sin?x)?2 cosx dx =1[xflsin2x] =T
0 0 2 2 0 4

/2
=J (1 — 2sin?x + sin*x) cos x dx
0

= [sinx — gsin3x + ;sinf’x]ﬁ/2
3 5 0
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2. fsecz(Zx k= %tan(zx _p+c

26. ftanzxdx= f(sec2x— dx =tanx — x+ C

30. Letu = sec 2t,du = 2 sec 2t tan 2t

ftan32t-sec°'2tdt: J'(secZZt— 1)sec® 2t - tan 2t dt

= f(sec“Zt — sec? 2t)(sec 2t tan 2t) dt

_Ssech2t  secd2t
10 6

+C

X X X(1 X X
34. fseczétanidx—szc§<§sec§tan§>dx

=seczg+c

2 X X o 5(; 25)
or f%c 2tan2dx 2ftan2 2sec > dx

:tan2§+ C

tan? x sin? x
38. $C5X_jCO§X'CO§XdX

= fs'n2x-co§xdx
= jsin2x(1 — sin? x)cos X dx
= j(sinzx — sin* x)cos x dx

_sin®x  sin®x

3 5

+C

2. y= J\/tanxsec“xdx
= j tan'/2 x(tan? x + 1)sec? x dx
= j(tans/zx + tan/2 x) sec? x dx

= %tan7/2x+ %tanwx + C

24. fsec6 3xdx = f(l + tan? 3x)2 sec? 3x dx
= j(l + 2tan? 3x + tan* 3x)sec? 3x dx

1 2 1
== Z 3 5
3tan3x+9tan 3x+15tan X+ C

3 X XL
28.Jtan 259022dx 277_tan 2+C

32. Jtan5 2xsec? 2x dx = %tan‘S X+ C

36. J tan3 3x dx = f (sec? 3x — 1)tan 3x dx
1 1[—-3sn3x
= éftan 3X(3 sec? 3X) dx + gfm dx

= %tan2 3+ %In|cos:3x| +C

2

_ (1—005a)(1+005a)d _ 1—0052ad
2 2 “« 4 «

_ 14 1
—4fsm ada—sf(l cos 2a) da

_1[9_sn2a]+c

40. s= jsnzgco§%da

8 2
— L oa—sn2a) +C
16 o o
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44. (a) y

46. %’ = 3/ytan? x, y(0) =

w

-1 1

50. fsin(—4x) cos3xdx = —fsin 4x cos 3x dx

= —%J(sinx + sin 7x)dx

1 1
= —E[—cosx - 7cos7x] + C

1
== + +
1 4[7 cosx + cos7x] + C

54, u = cot 3x, du = — 3 csc? 3x dx

(b) % = sec? x tan? x, <0, —%)

y = fseczxtanzxdx U = tan x, du = sec? x dx

_ tan® x
3

+C

1 1 1
=) == = Ztadx — =
<O, 4>. co vy 3tanx

48. jcos 40 cos(—30) dg = fcos 40 cos 30 do

= %f(cos 76 + cos 6) df

_ sin70+ sin 0
14 2

X 1 X
52. Letu = tanE, du = Eseczédx

A X a X 4§<2§ )25
jtmzseﬁzdx ftmztm2+1$c2dx

_ 6 X 45)(1 25)
Zf(tan 2+tan > 2sec 2dx

_2 X 25X
—7tan2+5tan2+C

3 1-— i 2
56, fcot t gt — fcpftdt: ( s_mzt)costdt
sin?t sin?t

1
2 = = —
fcsc 3x cot 3x dx 3f00t3x( 3 cse? 3x) dx - coz,t dtffcostdt
sin?t
——lcot23x+C =
=5 =———gnt+C
sint
= —csct—sint+C
) _ _ 2
58. fwdx= wdx =f(secx—2005x)dx=In|secx+tanx|—25inx+c
COS X COSX

1- sect cost — 1
60. Jcost 4= J(cost -1 cost &

= fsectdt: Injsect + tant| + C

64. Letu = tant, du = sec?t dt.

/4 /4
f sec?t/tantdt = [% tan3/2t] 2
0

7/
0

/3 /3
62. j tanzxdx=J (sec®x — 1) dx
0 (0]

/3
:[tanx—x] =/3-7
0 3

66. f sin300059d9=%f (sin46 + sin26)do

- -

11 1 ™
= 75[2 cos 46 + ECOSZO],,T =0
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/2 /2 _
68.J (sin2x+1)dx=J (MJrl)dx

2

—/2 —/2

/2
:J <§—1c032x>dx:[3

70. fsinzxcoszxdx = 3—12[4x —sn4x] + C
2

O

sec*(1 — x)

74. fw(l—x)tm(l—x)dx: — 1

2

-35

a

8l 2 8

/2
78. f sinﬁxdx=;[g— Zsin2x+§sin4x+lsin32x
0

80. See guidelines on page 500.

82. (d) Letu = tanx, du = sec? x dx.
fseczxtanxdx: %tan2x+ C,
Or let u = secx, du = sec x tan x dx.
fsecx(secxtanx)dx:%seozx+ C

1 1
(c)iseczx+C—2(

+C

6

1
ta?x + 1) + C = Ztan?x +

1.
2x— sin 2x

]7’/2 _ 5w
.=

2
84. Disks y
R(X) = tan x 11
r(x) =0 2]
/a4 “ L
V= Zarf tan? x dx ST
0
ol

/4
wa (sec?x — 1) dx
0

/4

0

Zw[tan X — x]

277(1 - %) ~ 1.348

m/2 3
:|—7T/2_ 2
2 —
72. JtanP’(l —-x) dx = —w — Injcos(1 — x)| + C

2
=3 | —t— ,—..!'
2
/2 3 . 1. ™2
76. (1 — cos6)?do = [*9—251n9+fsm20]
o 2 4 0

32

(b) i

1
) =§tan2x+ C,

325
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/2 2

/2 /2
86. (@ V= co2xdx = = (1+c052x)dx:ﬂ[x+lsin2x] =T
0 2 ), 2 2 0 4

/2 /2
(b) A= f cosxdx = [sinx]O =1
0

Letu = x,dv=cosxdx,du = dx,v=snx.

/2 /2 /2 /2 - =2
X = xcosxdx:[xsinx] — sinxdx:[xsinx+cosx =——-1=
0 0 o Jo 2 2
1 /2
yzif cos? x dx y
0]
1 /2 14
= *j (1 + cos 2x)dx
4 ), )
1 1. 172 = ’
4[x+ anZX] =3 ; | )
o T—2 7 4 2
&y - (75 27)
88. dv=cosxdx [ v=snx
u=cos" 1x O du= —(n— 1)cos" 2xsinxdx

Jcos“xdx= cos" Ixsinx + (n — 1)fco§“*2xsin2xdx

=cos" Ixsinx + (n— 1)fco§*2x(1 — cos? X) dx

cos" Ixsinx + (n — 1)fco§*2xdx— (n— 1)fco§"xdx

Therefore, nfcos”xdx =cos" Ixsinx + (n — 1)fcos"*2xdx

-1 { —
jcoS“xdx= cos’ xsmx+ n N lJcos“‘zxdx.

n

90. Letu = sec"2x,du = (n — 2)sec" 2 xtan x dx, dv = sec? x dx, v = tan x.

fsec”xdx = sec" 2xtanx — j(n — 2) sec" 2 x tan? x dx
=sec" 2xtanx — (n — Z)J'wc”*zx(seczx— 1) dx
=sec" 2xtanx — (n — 2)Usec"xdx— fsec”‘zxdx]
(n— l)fsec"xdx =sec" 2xtanx + (n — 2)fsec”*2xdx

1 n—2
sec"Xdx = ——sec" 2xtan X + —— | sec" 2 xdx
n—1 n—1

cos® x sin x +
2 2

+%fcoszxdx= co§xsmx+§[cosxsnx 1fdx]

92. fcos4xdx= 2 2

=1co§'xsinx+§cosxsinx+§x+ C =%[Zcos3xsjnx+ 3cosxsinx + 3x] + C

4 8 8
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in3
94, fsin“xcoszxdx: —%+ 1fcoszxsinZde

_ _cos’xsn’x 1[_cos3xsinx+; coszxdx]
6 2 4 4

N

1 - 1 . 1[cosxsinx | x
= —=cos® — =cos? + |+ +
600 Xsindx 800 Xsinx 8[ > 2] C

= —%[800§xsin3x+ 6cos®xsinx — 3cosxsinx — 3x] + C

96. (@) nisoddandn =

/2 1 : /2 /2
cos' i xsinx n—1
j cos" xdx = [7} + ; J' cos" 2 x dx
0 0

n 0
— -3 i /2 _ /2
_n 1[[005” xsmx] LN 3 cos"*“xdx]
n n—2 0 n—2jJ,
— — -5y /2 — /2
_n-1mn 3[[co§1 xsmx] LN 5 cos“‘exdx]
n n—2 n—4 0 n—4)J

_h-1 n-3 n-5 o8 6 x dx
n n-2 n—4j

n-1 n-3 n-5 f”/z
= . . cos x dx
0

n n—-2 n—4

[n—l n—-3 n-— 5---(s'nx)]ﬂ/2
n n—-2 n—4 0

n—-1 n-3 n—-5
i n_2 n_a 1  (Reversethe order)

(S ()
-GG ()

(b) nisevenandn = 2

/2 /2
n-1 n-3 n-5
J; cos” x dx ; o n—4 L cos?xdx  (From part (a).)

:[n—l n-3 n-5 <§+ San)}’T/Z
n n-2 n-4 \2 0

:n—l.n—S.n—Sn_E
n n—-2 n—4 4

005
B 524

(Reverse the order)
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Section 7.4  Trigonometric Substitution

d 27— 1 ra= ]_ (X/m)"‘l 1 X 1 o=
2 dX[BIn"/x 16+ X + 5x/® -~ 16+ C|=8 e |t )t

8(x + /X - 16) . X2 . VX2 — 16
U —16(/F—16+% 2/ + 16 2

_16+x2+x2—-16

+ 1\/7 + 6x — X2

2U%x% — 16
X2
U - 16
Idef"t'talf X Matches (d
ndefinite integral: | ——— ches
eg T (d)
. _ _ — 2 —
4.d[8arcsmx SR S VUL S S :8[—1 ';:|+1(X—3)73 X
dx 4 2 V1I-[x-23m4p 41 2 VT + 6x— 32
B 8 B (x-32 16— (x— 37
16— (x— 32 2J16 — (x — 3)? 2
_16-(x*—-6x+9 +16 - (X*— 6x+ 9
2./16 — (x — 3)?
_ 216 - (x=3?]
216 — (x — 3)2
= /16 — (x — 3)2
= J7+6x— x2
Indefinite integral: j#? + 6x — x2dx  Matches (c)
6. Same substitution asin Exercise 5.
1 d 2 2 —2J25 — %2
fiodx:lo M:—fcséedez Zetg+c=2YBRIX ¢
X225 — X2 (25sin2h)(5cos0) S 5 5x
8. Same substitution as in Exercise 5
X2 25sin? 6 25
fmdx— 5COS€(500$0)d9— > J’(lfcoszo)de
25
2(9 - fsm20> C= —(0 —sinfcosh) + C
_ 25 . 25 — %2 1 S (x) _2]
= 2[ ( ﬂ +C= 2[25arcsm<5> Xv/25 — x4+ C
10. Same substitution as in Exercise 9
2 _
f‘x 44 ;tane(ZseCBtane)dG—thanzedo—zf(secze—1)d9

=2(tan0—9)+C=2[m—arcsec(;)}+C=m—Zarcsec(;)+C

2
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12. Same substitution asin Exercise 9

X3 dx = 8sec® 0
M —4 | 2tan6

=8](1+tan29)sec29d9=8(tan0+

_8(Vx*—-4 <3+x2—4
3 2 4

(2sec 9tan §) do = stec“edo

tan® 6
3

)+C=gtan0(3+tan20)+c

)+C:%\/x2—4(12+x2—4)+C:%\/x2—4(x2+8)+c

14. Same substitution as in Exercise 13.

3 3
J%dx=9 ti‘cgsecZada=9f(sec29— 1)se00tan0d0=9[?—39°9] +C

=3schsec?d—3)+C=3/1+x[1+x) -3]+C=3/1+x(x2-2)+C
16. Same substitution asin Exercise 13

X2 X2 tan? 0 sec? 6 do .
f<1+ o ® = f(m)4dx: IW: fs‘”z"d"

1 1 sin 26
—Ef(l—cos%)do—i[e— > ]

%[0— sinfcosf] + C

=1[arctanx— X L +C=1[arctanx— X ]+C
2 JI+ RN+ R 2 1+x2
18. Letu=x,a=1,anddu = dx.

f\/l + x2dx = %(x\/l + X2 + In’x+ V1+ xz‘) +C

X 1 1 . X
20, |—=—=dx=—Z[(9 — x® V2~ 2x) dx 2. |————dx=acsn= +C
j/ig,xz Zf( )~ YA(—2x) J S X = acsing
= —(9—-x3Y2+ C (Power Rule)

24. Letu = 16 — 4x2, du = —8x dx.

fx\/m dx = —%f(le — 4)VA(—8x)dx = [_T12(16 - 4x2)3/2] +C= —%(4 - X932+ C
26. Letu=1—t%du= —2tdt.
t — _1 _ $2)-3/2(_ — 1
J(17t2)3/2dt 2J(l t2)=3/2(—2t) dt erC
28. Let2x = 3tan 9, dx = gsec2 0do, V/4x% + 9 = 3sec 6. Vax2+9
2X
VAxE + gdx _ [ 3sec 0[(3/2) sec? 6 d6] _A
x4 (3/2)*tan* 6 3
8 [ cos 6
B 9Jsin40d9
-8
= 27amo " ©
= -8 6+C
27

= (4 + 92
27x3
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30. Let2x = 4tan 6, dx = 2sec? 0 d6, /4x2 + 16 = 4 sec 6.

2sec?0do
X /4)(2 + 1 2 tan 6(4 sec 0)
Sec 6 1
4 tanede 4f0$9d9

2
i'n“/x +X4+ 2‘ +C

= —%In|csc(9+cot0| +C=--

32. Letx = J/3tan 6, dx = /3sec20dy, 2 + 3 = 3sec? 6.

J3sec? 6do
j(x2 + 3)3/2d 3/3sec3 0

= %Jcosede

1.
== +
3smo C

X

=———+C
3UX%+ 3

34, Letu=x2+ 2x + 2,du = (2x + 2) dx.

j(x + 1)V + 2x+ 2dx = %f(xz +2x + 2V2x + 2) dx = %(x2 +2x+ 27%2+C

36. Let /X =sin 6, x = sin?6,dx = 2sin #cos 6 dh, /1 — X = cos 6.
j\/l— X4 Jcos()(Zsin 6 cos 0 d6)

sin 6

= 2|co?6d
fCOOO A

= J(l + cos26) dé

1-x

(6 +sinfcosh) + C

arcsingX + VxJ/1—-x+C

38. Letx =tan §, dx = sec? 9 do, X2 + 1 = sec? 6.

x3+x+1dX:1 43 + 4x dx + I &

X4+ 22+ 1 4 x4+ 22+ 1 (@ + 1)2 il
1 sec? 6 do
= 4 2
4I(x+2x+1)+f38046 _~

= %In(x2 +1) + %J(l + cos26) do

=%In(x2+ 1) +%(9+sjn60059) +C

Y X
fz[ln(x +1)+arctanx+x2+1]+c
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1 x2
———dx,dv=xdx O v=—
V11— %2 2

xarcsinxdx:x—zarcsinx— 1 Xizdx
2 2] J1-x
X =8n6, dx =cosfdh /1 — x2 = cosé

40. u = arcsinx, O du=

. 2 . 1 [sin? 2 . 1
fxarcsmxdx=x—arcsnx=fj'sm gcosodezx—arcsnx—zf(l— cos 26)d6

2 2 Jcosé 2
:X—Zarcsinx— 1[0—;sin20] +C= X—zarcsinx—é[a— sind cosf] + C
2 4 2 2 4
X2 1 . 1 .
= Sacsnx - Z[arcsmx— xJ1— x| +C= Z[(ZXZ — arcsinx + x/T— x| + C

42. Letx —1=snf,dx=cosfdf V1 — (x— 1?2 = /2x — X* = cos 6.

X2 B X2
f\/ZX*XZdX_ j\/lf (x — 1)2dx

_ [+ sin6)%(cos 6 do) Xt
cos 6 A
Vi-x-1f
=f(1+23in9+sin20)d0
3 . 1
—f(EJrZSmO*ECOSZG)dG
3 1 .
—50—20059—23n20+c
:§0—20036—15inecos(9+c
2 2
=garcsin(x—l)—2\/2x—x2—%(x—1)\/2x—x2+C
3 . 1
zéarcsm(x—l)—E\/Zx—xz(x+3)+C
44, Letx —3=2sec 9, dx =2secHtan 0do, V(x — 3)2 — 4 = 2tan 6.
+
j X dx=f X dX:f(Zsece 3)(ZSec(ﬂanB)d()
VX2 —6x+5 JX—32 -4 2tan 6
=J(29ec20+33e00)d0
=2tan 6 + 3ln|sec 6 + tan 6| + C,
_ [/ (x=33°-4 x—3 , J(x—-3?2-4
—2( 2 + 3In 2 + 2 |+Cl

=\/x2—6x+5+3ln’(x—3)+«/x2—6x+5’+C
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46. Same substitution as in Exercise 45

1 _ [cos6df _ 5
(a J’i(lftZ)S/zdt*f P —fsec“ede—f(tan 6 + 1) sec?6 do

3
o+ tno+c=1 ! +—t ¢
3 3\VI-¢ 1-t

Thus J L dt —[ e + t Vo
o - ET T [sa - T o)

3V3/8 | /32
:WAP)/MJF# J3+ /3 =23~ 3464

(b) Whent =0, 6 = 0. Whent = /3/2, 6 = 7/3. Thus,

V3/2 1 1 a1
f Wdt [3tan36+tan0] =§(\@)3+ V3 =23~ 3.464.
0

48. (d) Let5x = 3sing, dx = gcosede, V9 — 25x? = 3 cos 6.

J\/Q — 25x2dx = j(3cose)§cosod0

+
_gfl cos29 o

5 2

9 1
10[0+ 2smzo] +C

9 .
= TO[0+ snfcosd] + C

— 2
9{arcsi 5§+5x. NG 25X]+c

10 3 3

5% 5x\/9—25x2} 9[77] o

3/5
9 .
— 2 - = i
Thus,f0 V9 — 25x2dx = 10 arcsin 3 ) 10l 2 20"

, 0=

U'I\w
IMIE

(b) Whenx =0, 6 = 0. When x =

This [ VIR dx = | 20+ o " 9(”) S
us, ; — 25X x—[l—O(GJrsmOcosB)]o =10\2) = 20

50. (a) Letx = 3sec H, dx = 3sec tan Hdo, /X2 — 9 = 3tan 6.

VX —9 3tan 6
JT 956(:2035609'[81’10(10

2
_ |ten OdB
sec 6

in2
:Jsm Od(ﬂ
cos 6

:flfcosze

d
cos 6 o

= f(secaf cos 6) do

=Injsec§ + tan ] — sinf + C

X2 —9
X

X, /¥-9
3 3

+C

—CONTINUED—
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50. —CONTINUED—

JGQ dx = [I

Hence,

6
X X2 — 9 x2—9| V3
N3+ -3 ‘— < L—In|2+\@—2.
(b)Whenx:S,OZO;whenx:G,ezTr

§.
6 2 _ /3
Hence,fgdx = [In|sece + tan 6| — sin 0] =In2+ /3 - ?
0

52, f(x2+2x+11)3/2dX*f(x+l)(x2+2x+26) o+ X+ 1+ =2 In’\/x2+2x+1 +x+1]+cC

54. fxzmdx:%x3 x2—4—%x x2—4—2ln‘x+ \/x2—4‘+C

56. (a) Substitution: u = x* + 1, du = 2x dx

(b) Trigonometric substitution: x = sec 6

58. (@ ¥+ (y—k?=25 y (b) Area = square — %(circle)
Radius of circle = 5
—25-Lar=25(1-T
k2 =5+ 5 = 50 47 4
k=52

1 T
—r2 _ = r2—1r2[1—
(c) Area=r 477r r (1 4>

N7
¥ X
60. (a) Placethe center of thecircleat (0, 1); x> + (y — 1)2 = 1. The depth d satisfies0 < d < 2. Thevolumeis

d
v=3-2J JI-(y-12dy

=6- %[arcsin( -D+y-DJ/1-(y—- 1)2] (Theorem 7.2 (1))
= Jarcsin(d — 1) + (d — 1)1 — (d — 1)2 — arcsin(—1)]

3—277 + 3arcsin(d — 1) + 3(d — 1)/2d — d2

d
® ©) V=6fmdy
0
av _dv dd
JI-(d—172- _
& dd =6J/1—-(d—-12172-d1() =
0 2
0
0 d =
(c) Thefull tank holds 37 =~ 9.4248 cubic meters. The 24J1-(d-1)
horizontal lines (e) o3

37 37 9

y:j,yzj,yzj u

intersect the curve at d = 0.596, 1. 0, 1.404. The dip-
stick would have these markings on it. 0

The minimum occurs at d = 1, which is the widest

part of the tank.
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62. Letx—h=rsing,dx=rcosfdd /r2— (x — h)2=rcos6. y
Shell Method:
V=477J X/r?2 — (x — h)2 dx ‘ .
h—r hfr\th
/2 /2
= 47Tf (h + rsin §)r cos (r cos 6) do = 4wr2f (h + rsin ) cos? 6 do
—/2 —1/2
h /2 /2
=47rr2[ff (1+00520)d0+rj sin Bcoszede]
2 —/2 —m/2
) x-h
/2 m/2
= Zwrzh[e + 1sjn 20] - [47-rr3(coS3 0)] = 272%r?h e
2 —m/2 3 a2 - xn2

64. y = fxzy =x1+({y)»2=1+x
4
s= f Y1+ xdx = B(x\/x2 +1+ In|x + VX + 1] (Theorem 7.2)
0 0

%[4\/ﬁ +1n(4 + /17)] = 9.2936

66. (a) Alongline d, = Va2 + a*=aJ/1+ & y
Along parabola: y = X2, y’ = 2x (a.a?)
a
- J T80 dx
0
A .
= | 2B+ 1+ In[2x + VA& + 1] | (Theorem 7.2)
0 ©.0) i
= %[Za\/4a2 +1+In(2a+ Va2 + 1))
(b) Fora=1,d, = V2andd, = % + %In(Z + /B) ~ 1.4789.
For a = 10, d, = 10./101 ~ 100.4988
d, ~ 101.0473.
(c) Asaincreases, d, — d; - 0.
68. (@ 25 (b) y=0forx=72
-10 'l'-,_ 80
-5
©@y=x-2y=1-X14( ')2=1+<1—l)2
y 72Y e~V 36
= 1—— * dx = —36 1—— (—i)dx
B 36
36 X 2 x
_2|:<1_36> 1+<1—%>+In(1—%) l+ ?T
= —1g(-v2+In|-1+ V2)) - (V2 + In|1+ V2] = 3612 + 18In<:; 1) ~ 82,641
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70. First find where the curves intersect.

1
2-16— (x — 4)2 = —
y2=16—- (x— 4) 16x4

162 — 16(x — 4)2 = x4
162 — 16x2 + 128x — 162 = x4
x*+ 16x2 — 128x =0

XX—4Hx+4x+32) 0 x=0,4

4 4
1 1 1 16
— | 2y e 2- =3 =224 4x
A L4de+477(4) 12x]0+47-r 3 + 4

M, = f‘x[%xz] dx + fsx\/ 16 — (x — 4)2 dx

0 4

= %]: + fs(x —4)J/16 — (x — 4)2 dx + F4m dx

16 + [%1(16 — (x— 4)2)3/2]f1 + 2[16 arcsin X 2 4 x- wm]j

- 16 + %163/2 + 2[16(%)] - 16+ % + 167 = l—:lf + 167
M, = L4%(%x2)2dx + LS%(16 — (x — 4)?)dx
SN

My 112/3 + 167 112 + 487 28 + 127
16/3+ 47 16+ 127 4+ 37

416/15 04
(16/3) + 4w  5(4 + 3m)

(X, y) = (4.89, 1.55)

=~ 4.89

x|

1.55

A
o= My
Y=A

72. Letr = Ltan6,dr = Lsec?26d6, r? + L2 = L2 sec? 6.

1(f _am o 2ml [PLsec?0do
R Jo (r2 + L2372

R L3seci 6

a
b

_2m
RL J,

b
= [z—msin 6]

cos 6do

RL a
_|2m_r
RL /r2 + L2
2m

LVR? 4 L?

0
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0.8
74. (&) Finsce = 48J (08 —y)(2v/1—y>dy
-1
0.8 0.8
= 96[0.8[ V1—y2dy — J Y1 —y? dy]
-1 -1
08, . 1 08
=9 ?(arcsny +yJ/I -y + 3@ y?¥2| ~ 96(1.263) ~ 121.31bs

©) Fossoe = 64 04-9@VI=7 oy

0.4 0.4
= 128[0.4J J1—y2dy — f yv1-y2 dy}
-1 -1

0.4
= 128[();1(arcsiny +yJ1 - y2) + %(1 - y2)3/2] ~ 92.98
-1
76. S= /1520.4 + 111.2t + 15.8t2 78. False
2
@ % fvx 1dx=jtan6(secetan0d0)
H___)ﬂ___ff’ X Sec 0

= jtanz(?dﬁ

0 7
0

(b) S(t) = %(1520.4 + 111.2t + 15.8t2)~/2(111.2 + 31.61)
S(5) ~ 2.71

12
(c) Average value = % S(t) dt =~ 68.24
10

80. True

1 1
f X2/1 — x2dx = 2J X2 /1 — x2dx = ZJ
-1 0

0

/2 /2

(sin? 6)(cos H)(cos 6 dh) = ZJ sin? 6 cos? 0 do
0

Section 7.5 Partial Fractions

24x2+3_ A N B N C 4 x=—2 _ X—2 __A 4 B
"(x—5°% x—-5 (x—52 (x—-53 X2+ 4x+3 (xX+Dx+3) x+1 x+3
2x—1 _é+BX+C+ Dx + E
"x(x2+ 12 x  x2+1  (x2+ 1)
1 1 A B X+ 1 (x+ 1)
8. = = + _ = —_—
M2—9 (X-3)(2x+3 22-3 2x+3 1O'Jx2+4x+3dx J(x+1)(x+3)dx
1=A2x+3)+B2x— 23
= dx=Injx+ 3] +C
X+ 3

Whenx =3 1=6AA=1%.

3 1
Whenx = —3,1= —6B,B = —5.

1 [ 1 1
f4x2—9dx_6[f2x—3dx_j2x+3dx]

= inf2x - 3| — Inj2x + 3] + C

-1
12

2x— 3
2x+ 3

In

| +c
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52 —12x — 12 A B C
12 === +
Xx—2)(x+2 x x—2 x+2

5x2 — 12x — 12 = A(X2 — 4) + Bx(x + 2) + Cx(x — 2)
Whenx=0,—-12=-4A 0 A=3.Whenx=2,-16=8B 1 B= -2 Whenx=-2,32=8C [0 C=4.

5x2 — 12x — 12
x3 — 4x

3 -2 4
dx—f;dx+fx_zdx+JX+2dx—3ln|x| —2Injx =2 +4Injx+ 2| +C

w=x_l+L=X_l+ A + B
X2+ Xx—2 x+2(x—1 X+2 x-—-1

14.

2X+1=Ax—1) +B(x+ 2
Whenx = -2, -3 = —-3A/A=1Whenx=1,3=3B,B=1.

3 —x+3 1 1
fx2+x—2dx_f[)(1+x+2+x—l o

2 2
=X x4+ 2 +Inx-1+Cc=2—

X+ Inx2+x—-2] +C

2 2
X+ 2 A B 2Xx—3 A B
16'x(x—4)_x—4+§ 18'(x—l)z_x—lJr(x—l)2
X+ 2=A+B(x— 4 2X—3=Ax—1)+B
Whenx = 4,6 = 4A, A = 3. Whenx = 1,B = —1.Whenx = 0,A = 2.
— - _ _ _1
Whenx = 0,2 = —4B B = —3. -3, _ 2 1],
(x—1)2 Xx—1 (x—1)2
X+ 2 3/2  1/2
2 X 7_4_7@( 1
X=X X X =2Inx-1+-—-+C
3 1 x—1
=Zlnjx— 4| — = +
2In|x 4 2In|x| C
452 452 452 A B C

: = = = + +
20 XR+x2—-x—1 xXx+1)—-x+1) R-1Dx+1) x—1 x+1 (x+ 1)%?

42 =Ax+12+Bx—1x+1) +Cx—1)
Whenx = —-1,4=-2C 0 C= -2 Whenx=14=4A 10 A=1Whenx=00=1-B+2 [0 B=3

4x2 1 3 2
jx3+x2—x—1dx_fx—1dx+fx+ 1dx_j(x+ 1)2dX

2 +
x+ 1)

=Injx — 1] + 3In|x + 1| + C

6x 6x A Bx + C

22 -8 (X-20C+2x+4) x-2 X+2x+4

6x=AX+2x+4) + (Bx+ C)(x — 2)

Whenx =212 =12A 0 A=1.Whenx=0,0=4—-2C 0 C=2Whenx=1,6=7+B+2(-1) O B= -1

6X 1 —X+ 2 1 —-Xx—1 3
fx?’—sdx_fx—2dx+jx2+2x+4dx_fx—zdx+fx2+2x+4dx+f(x2+2x+1)+3dx

=Injx — 2| - %In|x2 +2x + 4| + \%arctan(x\;;) +C

+
=Inx — 2| — %In|x2 +2x + 4 + \/§arctan<\/§();l)> +C
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¥-x+9 A+B 6 Cx+D

2197 e+ @+ 9p

¥ —X+9=(AX+B)(x+9 +Cx+D
= AC + Bx2 + (9A + C)x + (9B + D)
By equating coefficients of like terms, wehave A= 0,B=1,D = 0,andC = —1.

XX—=x—-9 1 dx — X
R+9?2  [x+9 (2 + 9)2
1

-1 arctan<§> + 5o o
3 3/ 2+ 9)

+C

X2 —4x+ 7 A Bx+ C

26. (x+1)(x272x+3)=x+1 X2 —2x+ 3

X2 —4x+7=AX2—-—2x+3)+ (Bx+ C)(x+ 1)

Whenx = —1,12 = 6A.Whenx = 0,7 = 3A + C. Whenx = 1,4 = 2A + 2B + 2C. Solving these equations we have
A=2B=-1C=1.

X2 —4x+7 1 -x+1
jx3—x2+x+3dx_zfx+1dx +Jx2—2x+3dx

= 2In|x + 1] —%In|x2—2x+3| +C

x2+x+3 Ax+B, Cx+D

B erar  x@+3 @+ ap

X2+ xXx+3=(Ax+B)(x?+3)+Cx+D
=Ac+Bx2+ 3A+ C)x + (3B + D)

By equating coefficients of like terms, wehave A= 0,B = 1,3A + C = 1, 3B + D = 3. Solving these equations we have
A=0,B=1C=1D=0.

x2+x+3dx_ 1 N X dx
X*+6x2+9 J|x2+3  (x2+ 32

X 1
32+ ©

1
= —=arctan

V3

x-1 A B _ C

=+ — +
oxz(x+1) X X2 x+1

X—1=AMAx(x+1) +B(X+ 1) + Cx?

Whenx = 0,B= —1.Whenx= —1,C= —2.Whenx = 1,0 = 2A + 2B + C. Solving these equations we have A = 2,
B=-1,C= -2

5 5 5 5
x—1 1 1 1
sz(x+1)dx_2£ de—fl dex—zf1 x+1dX

1 5
= [2In|x| + == 2In|x + 1|]
X 1

5
—[ZIn X ’+1]
Xx+1 X1
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X+ 1

32 X2+ x+ 1

J;x2+x+1dX7JdX_J'

6x2+ 1 Xx—1 1 2 7
M.fde—Sln ’+;+X*1_m+c
1 1 2 7 1
: |l +z+-—-+C= =2 - =
(2,1 3In2’ >T17 3 C=10 C=2 3In2
X =Y a2
36. J(X2_4)2dX—2In|x 4| 2 +C
1 2 22 1
= —-—=-—+C= =— - =
(3,4) 2In5 5 C=40C 5 2|ﬂ5
X(2x — 9) _ B 1 5
38'fx3—6x2+12x—8dx_2|n|x 2|+7X_2 7(x—2)2+

(3,2: 0+1+5+C=20 C= -4

X2 =X+ 2
dex= —arctanx + In|x— 1| +C

(2,6): —arctan2+ 0+ C =60 C =6+ arctan 2

42. Letu = cosx, du = sinxdx.
1 _A_ B
uu+1 u u+1

1=Alu+1) +Bu

Whenu=0,A=1Whenu=—-1B=
du = —sindx.
_SnX. = — ;du
COSX + COS? X u(u + 1)

1
Ju+1d“_JGd”

=Inju+ 1] -

u+1l

|+c

- ‘cosx+ 1

+c
COS X

=1Inj1+ secx| + C

Inju| +C

—1,u = cosx.

M wu+D U

1
dx = [x—ln|x2+x+l|] =1-1In3
0

-
-4.7 ; 4.7

10

32
-10 |- 10

10

\/'@T)_—

1 A B
u+1

1=Alu+1) +Bu

Whenu =0A= 1
Whenu=-1,1=-B B= -1

sec? x dx _ 1 du
u(u + 1)

tan x(tan x + 1)
1 1
B J(G_ u+ 1) du

=Inju —Inju+1 +C

=In

+C
u+1‘
tan x

=Inl/—/——— +
ln‘tanerl’ c

+ ——, u=tanx, du= sec?xdx
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46. Letu = €, du = e*dx.

Bu+ C
w+1

1 A
WP+DHu—-1) u-—-1

1=AU2+ 1)+ (Bu+ C)u-—1)

Whenu = 1,A = 3.
Whenu=0,1=A—-C.

Whenu= —-1,1=2A+ 2B — 2C. Solvingth@eequationsweha/eA=%,B = —%,C= —% = eX du = e*dx.
&
(e2X+1)(ex—1) (u2+1)(u—1)
11 u+1 !
2 u—l 2+1
1
<In|u -1 - fln|u2 + 1| — arctan u) +C
1
= Z(Zln|ex — 1| — Inje® + 1| — 2arctane’) + C
1 A B 1 A B C
) = + S =—+ =
48azfx2 a—Xx a-+x S0 x¥(a+bx) x X2 a-+bx

1=Al@+x) + B(a—x

Whenx = a, A= 1/2a.
Whenx = —a, B = 1/2a.

de—i ( 1 + ! )dx
2-x 2alJla-x a-+x

1
=_—(—Inja— x| + +x|) +
2a( Injla— x| + InJa+ x|) + C

1

a+x
=_=In

+C
a—x

SRS
3 3 1
=2J;dX—14J;de

[inil ‘4+x
X

] (From Exercise 46)
0

= 6—£In7%2.595

. (d)

1 = Ax(a + bx) + B(a + bx) + Cx2

Whenx=0,1=Ba O B=1/a.
Whenx = —a/b, 1 = C(a2/b?) O C = b?/a2
Whenx=1,1=(a+bA+(@+bB+C O

A= —Db/a2
1 _ [{—b/a®  1l/a b2/a2>
fxz(a+bx)dxff( x T Taro®
—%In|x| _ 1 +%In|a+ bx| + C
a ax @
ax X
1 b X
" @ Maroy €
M: Al A2 +...+¢
D(x) px+4q (px+0? (px + g
N(X A, + Bx + B, x
(b) () 1 1 An n

DX @@+ bx + 0 @@+ bx + o

Nl N Nlo
I t I

i
\

t t
-3 -2 -1




Section 7.5 Partial Fractions 341

58. & v (e k=1L=3
. : 15
(Hy(0) =5 y= 5_ 263
i 1 3/2 _ 3
(||) y(o) = > y= (1/2) T (5/2)87& = 1+ 5e &
EERREEE :
(b) The slope is negative because the function is
decreasing.
(c) Fory >0, lim y(t) = 3. olL 5
@ YA, B 0 Y-y
yb-y) 'y L-y j
at ) - g
ay _ i ANV )
1=AL-y +By O Az%,Bz% a2 "N a )T Vg0
ay_ W
f dy :fkdt 0 vy ==y
yiL =y ]

1[ (1 1 B O y=5
! [ [y [va

From the first derivative test, this is a maximum.

inyl —nfL - y] =kt + ¢,

y
=KLt +
InL—y‘ kLt + LC,
y
it Y
C& Ly
_ Yo _ Y _ Y
Whent = 0, =C, 0 = ekt
L—-Y 2 L-y L-Y%

Yol

Solving for y, you obtainy = W .

3 > 3 2
60. () V=wf(X2X )dx=47-r X
0

3
1 1 . .
- 47TJ' (X2 +1 @+ 1)2) dx (partial fractions)

3
= 4w[arctan X — %(arctan X + ) i 1)]0 (trigonometric substitution)

3 3
] = 277[arctan 3- —] ~ 5963

= 27r[arctan X — . 10

X
X2+ 1

—CONTINUED—



342  Chapter 7 Integration Techniques, L'Hépital’s Rule, and Improper Integrals

60. —CONTINUED—

3 2x 3
(b)A:fX2+1dx:[ln(x2+l)] =1In10 y
0 [0]
1P 1 [° 2 T
X= A + 1% 10 0<2 @t 1> dx N A
—i[2x—2arctanx]3— 2 ——[3 — arctan 3] = 1.521 —
~In10 o Inl10 oz
N
e oo [
Y=a2),be+1) ¥ inw ), 0e + 12
2 3( 1 1 ) . .
= In10L 11 02+ 12 dx (partial fractions)
2 1 X 3 . . _—
~In1o arctan x — 2 arctan x + 2+ 1) (trigonometric substitution)
2 [1 X 3 x P 1 3
“n 10[ retanx = o0 + 1)]0 “in 1o[amanx A 1] In 1o[ardan3 B To] ~ 0412

(%, y) = (1.521, 0.412)

1 A B 1 1

62. (8 = + A= ,B=— (Assume y, +
Mo —=XZ =X Yo—X Z—X %~ Yo %~ Yo Yo* %
1 f( r 1 >dx:kt+C
Yo ) WYo— X Zp—X
! nﬂzkt+c,whent:0,x=0
L= Yo Yo— X
C= 1 Iné
- H=Yo Yo
Lmu _|n<é> = kt
Zo~ Yo| Yo —X Yo/ |
Yo(zo = X) |
In[i = (z5 — Yokt
Zo(yo_x), (ZO yO)
w:e(zofyo)kt
Zo(Yo — %)
_ yoafe R — 1]
zoe(zo yo)kt—y
(b) () Ify, < zo,tlim X =Y, (c) If yy = z,, then the original equation is
(@) 11Yo > 2, lim x = 2, fil 2dx:fkdt
(Yo — %)
(Yo =¥ t=k +C;
x=0whent=0 O l=C1
Yo
1 L _ky+1
Yo = X Yo Yo
Cy=_ Y
Yo = X kty, + 1
_y _ Yo
X=Yo kty, + 1

Ast - 00, X Yy = X
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2. By Formula13: (b = 2,a= —5)

2 1 _2(—1\ -5+ 4x
§fﬁ@x—af“_3( >L(5+2m hx ‘}+C
_ 8 X 2 (4x-5)
=375 2x - ‘ ZBxx—5 T C
4. By Formula29: (a = 3) 6. By Formula 41: f \/W j m
1 VX — /2 || 2
f Carcse g+ C ~lasntic
2 3
cos® V/x J' < 1 )
8. By Formulas 51 and 47: dx = 2| cos® /x| —= ] dx
y K Jx
cos’ V/xsin V/x ( > 2. )
[ 3 fcos\/izf —ssm\/;((cos Jx+2)+cC

1
u= VX du=—=dx
VX 2/x

10. By Formula 71:
1 1 1
jl T X gf 1 tansx O &

1/1 .
= 5<2>(u — Injcosu — sinu|) + C

1(5x — In|cos5x — sin5x|) + C
10
u = 5%, du = 5dx

12. By Formula 85: (a = —%, b= 2)

e ¥2gn2xdx = LX/2<—lsin2x — 2c052x> +C
(1/4) + 4\ 2

4 1
= Fax2f L
17e ( 2S|n2x 2c032x> + C

14. By Formulas 90 and 91: j(ln x)3dx = x(Inx)3 — SJ(In X)2 dx

=x(Inx)3 — 342 — 2Inx + (Inx)?] + C
=x[(Inx)® — 3(Inx)2 + 6Inx — 6] + C

16. (a) By Formula 89: fx“lnxdx— S[-1+ @+ 1)Inx] + C—Z—)S(SJr éx5lnx+ C

(b) Integration by parts: u = Inx, du = 1dx, dv = x*dx,v =

_x
5
Jx“lnxdx——lnx—J—fdx—

5
Xinx- > +¢c
nx 25

343
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18. (a) By Formula24: a = /75, x = u, and (b) Partial fractions:
fldllx‘/|+c 1 __ A B
X2 — 75 275 x + /75l x2—75 x— /75 x+ J75
V3 Ix= VT 1=Ax+ 75) + B(x — /75)
= =2 4 ¢
30 ix + J75
1 1 V3
X=J75: 1=2A/750 A= —F—x==—"—===——
275 10/3 30
~ /75 1= -2B/750 B = —g
j 1 dx:ﬂ J3/30 f/so]
x? =75 x—J75 x+ J75
/é| XZ VB¢
30 + /75
20. By Formula 21: J'L dx = —2(2 -XJ1+x+C
thatd ) V1+x 3
22. By Formula 79: J'arcsec 2xdx = %[Zxarcsec 2x — In|2x + V/4x2 — 1|] +C
u=2xdu=2dx
24. By Formula 52: stinxdx =g8nx — xcosx + C
26. By Formula7: | =X dx = <3 - +10In|3x—5|>+
- By " x— 52T 27 x-5
1 2 2X + 2
28. By Formula 14: fm dx = ﬁarctan< > ) + C=actan(x+ 1) + C
30. By Formula 56: 32. By Formula 71:
62 1 1 ) e 1 L
jl— sin03d9_ 3f1_ sin0339 do fl—tanede_ 2(ex Injcosex — sine¥|) + C

36.

38.

:%(tan93+sec93)+c U= e du = eax

By Formula 23: Jt[l +1(Int)2] dt = f 1T %Int)z(%) dt = arctan(Int) + C

u=Int,du= %dt
By Formula 26: f\/3 + x2dx = %(x\/x2 +3+3Inx+ X2+ 3)+C

By Formula 27: JXZ\/Z-F 3x)2 dx——J(Sx + (3x)%3dx

8(27)[3x(18x2 +2)J/2+ 92— 4lnj3x + V2 + 97| + C
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40. By Formula77: J' Vxarctan(x¥/2) dx = % f arctan(x3/2)(g\/;(> dx

= %[XW2 arctan(x32) — In V1 + 3] + C

i ex _ ex
42. By Formula 45: Jm dx = ﬁ + C

u= e du=e‘dx

44. By Formula 27:

f (2 — 32 /X — 37 T ddx = % f (2 — 322X — 37 T 4(2) dx

- %(2x —3)[(2x— 32+ 21X -3+ 4—Injx—3+ J>x— 32+ 4 +C

u=2x—3,du=2dx

COS X . .
46. By Formula3l: | ————=adx = In|sinx + /sin?x+ 1| + C
y JSngx+ 1 | |

u = sinx, du = cos x dx

48. 50. By Formula 67:
J\/g—x2 y
2
jtan39d0=tan G—Jtanede
=3f#dx+ ——X 2
V9 — %2 V9 — %2 tan 9
> T In|cosx| + C
:3arcsin§+ J9—x2+C
52. Integration by parts: w = u", dw = nu"~*du, dv = ﬁ,v -2 a+ bu
Ja+ bu b

un 2un 2n
———du=="—Va+bu——|u"1/a+ budu
f\/a + bu b bj

_ar a+bu——fu” 1/ by YA DU,

b Ja+ bu
A e 20 au"" !+ pun
b b a -+ bu
_ _2naf un? un
a+ bu ————du— 2n|————=du
b b J/a+bu f\/a + bu
u" 2 un?
Therefore, (2n + 1) [ —F———=du = —|u"/a + bu — na| ———=du| and
( )j\/a+ bu b{u ! Ja+ bu u}

2 [ un-1
= n + — - .
Ja+bu (2n+ 1)b[u atbu=na Ja+ bu du]

54. fu”(cosu) du=u"sinu — nju“*l(sjn u) du

w=u",dv=cosudu, dw=nu""1du,v=snu
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56. f(ln u"du = u(lnu)" — fn(ln u)”‘l<%>u du = u(lnu)" — nf(ln u" tdu

w = (Inu)", dv = du, dw = n(In u)”*1<%> du,v=u

58. fx\/x2 + 2xdx = %[Z(XZ + 2032 = 3(x + D)/x2+ 2x + 3Inx + 1 + /x2 + 2x|] + C

15

ANV

(6,0

(0,0 ¢[3Inf1]]+C =00 C=0

-15

V2 — 2x — x2 3+ /2 —2x—x? ©v2)
e T N = /2 2x — X2 — V2
60J 1 dx 2—-2x—x2— J/3In 1 +C T )

(0,v2): v2- V3In(v3+ V2) +C= 20 C=3In(/3 + v2) Y

-6

sin 6 1 —siné 1+sn6 0

. . =3 . +
62 (cose)(1+sn0)d 2[1+sn9 I‘ cos 6 H C
1l —sn@ 1+sné -8 8

- C= == ©.1)

©1:Cc=10y 2[1+sin9 ‘ cos 0 H+1 =2
2u

sin 9 —sing /2 1 ! 1+ u?

64. f1+00326d9_ J1+(c030)2d0 GG'L SfZCosodoffo 3_2(1fu2)

2
= —arctan(cos §) + C T+u
1
1
’2L5u2+1d“
2_arctan( V54|
= | —=arctan 5u]
N :
:iarctan\/é
V5
u=tan§
2

cos 6 cos 6(1 — cos 6) 1 1
68. |———do = d .| ———————do = -
J1+cos(9 (1 + cos6)(1 — cos 6) 0 0 fsece—tanede J(l/cos(:?)—(s1n(9/cos(9)dt9

0 — cos? 0
:ficosgnz(fgo de _ _|_=cos6 do
1-siné
:f(cscecota—cotzo)da = —Injl —sng| +C

u=1-sn6,du= —cos6do
:j(cscecote— (csc?2 0 — 1)) do

= —csch+cotd+ 6+ C
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2
X
2 A= X
fo1+ex dx

_1 ? 2xdx
2Jol+e” T
2

= ;[xz —In(1 + exz)] r I

N

N

0

=§[ In(1+e4)] fln2

=~ 0.337 square units
74. Log Rule: f % duyu=e+1 76. Integration by parts 78. Formula 16 withu = e
. . 500x
80. A reduction formula reduces an integral to the sum of a 82. W= \/;2
function and a simpler integral. For example, see Formula 26— Xx
50, 54.
= —250J' (26 — x?3)~/2(—2x) dx
0
5
= [—500\/26 — xz]o
= 500(./26 — 1)
~ 2049.51ft - Ibs
g1 1 2 5000 g = 2500 2 —19dt
2-0J,1+ et8 1 —-19 J, 1+ et81

— -2 (48— 190 1 + e4-8*1-gf)]z

- f@[(l —In(1 + &) — (48 — In(1 + €9)]

2500 1+e
= 19[38+I (1+e4_8)]~401.4

20

k
86. (a) j 6x2e*/2dx = 50

0
By trial and error, k = 5.51897. ‘
0 5.52

5.51897 -1
(o) f 6x2e /2 dx
0

88. True
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Section 7.7  Indeterminate Forms and L'Hopital’s Rule

2 limi—F~ 1 )
x -0 X
-1 1
X -01 —0.01 —0.001 0.001 0.01 0.1 "_————-h___h___h\
f(x) | —0.9516 | —0.9950 | —0.9995 | —1.00005 | —1.005 | —1.0517 -
. 6X 6
4. lim ————— = 34641 | exact: — 5
x~oo /32 — 2X < \/é)
X 1 10 102 108 104 10°
f(x) | 6 | 3.5857 | 3.4757 | 3.4653 | 3.4642 | 3.4641 o’ 100
2% —-x—-3 (2x—-3)(x+ 1) B
e T L
o2 —=x—-3_ . (d/d[2>d-x-3] .  4x-1_
® fim T =M T g ™ -

. sindx . sin4x\ _ sindx . (d/dx)[sin4x] . 4cosdx _
8@ lim 2x = Jimy ( 4x )72(1)72 (b) Jim, 2x = Jim (d/dx)[2x] = Jim 2
X+ 1 2/x)+ @/ _0_
10.@ Jim yerx=.m 4+ (1/%) =4=0
(b) x+1 _ im (d/dx[2x + 1] i 2
42+ X x-oo (d/dX)[4® + X] x-008x+ 1
Lo =x=-2 . 2x-1_ : 4—-x2 . —x/J4-x
12 xlirnl X+ 1 - xlirnl 1 B 3 14. xlle} X—2 B xltrTZ]* 1
= lim _ X _
= Jlim ———— =
16. lim -1+ li ex—zl 18. |im Inx2 = lim 2Inx
X 0" x -0*  3X x-1x2 — 1 x-1x2 — 1
_ e . 2/x
=M e T =M
1
“iMe =t
smax_ . acosax _ a .arctanx — (m/4) _ . 1/A+x3) 1
20 M Gnbx M b cosbx ~ b 22. lim x—1 =lim 1 )
x—1 . 1 . X3 3x?
2 m x+3 A Maxr2 0 2 im 1 my =
2
28. lim = = lim 2 lim 2 0

X—»:x:ex X—o0 €% X— o0 €%
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30. lim —2X— = im X = 32 lim 31X _
Txeoo 241 x-00 1+ (1/%)2 D xeeo X T

Inx4 4Inx . 4/x
34. xILTC x3 laoo X3 JLTO 3x2
4
x“j?o 3 =0

38. (a) xliqrg x3 cot X = (0)(c0)

x3 3x?
(b) I|m x3cotx = lim —— = lim o
x-0" tan X  x-0° SeC

42. (a) Iir(r)1 (&* + x)2/*x = 1o
X 07
(b) Lety = Iirgl (e* + x)&x,
ok
X
Iny = lim 2In(ex + x)
X - 0* X

~ 1im 2(e* + 1)/(eX + x)

X— 0" 1 =4

Thus, Iny = 4 [0 y = e*~ 54508,
(c) 60

N

36.

Note: Use the Squeeze Theorem for x > .

1 sinx 1
< <

X—m X—m X—1
. ex? . (1/2)ev2
Ilm—:hmi(/) =
X>o00 X X— oo 1

.@J@(um) (00)(0)
, 1 . tan(l/x)
© Jim xtans = Jim S0
_ i — (1)) sec’(1/%)
=m0
- fim s = 1.
© :
e
. A
. (@ JLTC<1+;) =1

(b) Lety = lim (1 + %)

— 00

Iny = lim [xln(l + %)] = xILTOM

1/x

[ (=1/%) ]
1+@)_ 1
(—1/x3) x—oo 1+ (1/X)

Thus, Iny =1 [0 y = €' = e Therefore,

X
lim (1 + 1) =e
X - 00 X

= lim

X— oo

=1
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46. (3) lim (1 + x4 = oo

(b) Lety = lim (1 + x)/x,

|ny:|imw
X— oo X
_ i M)
H"ﬂ( 1
Thus, Iny=0 0 y=¢€°
+ )1)(

Therefore, lim (1
X - oo

© =

50. (a) X”JR [cos(lzT - x)]x =Q°
(b) Lety= lim [cos(i; - x)]

Iny = lim xln[cos(
X- 0"

=0-0=0

Hence, lim [cos(
X - 0*

\H-H_\_‘_‘—\—\_

=0

m
o =X

2

© -

48. (@) Jim (30— 44 = 07
(b) Lety = xliﬁﬂ [B(x — 44
Xllr‘rll+ (x — DIn[3(x — 4)]

Iny =
_ In[3(x — 4)]
T x— 9

1/(x~4

AT - a2
Jim [~(x— 4] = 0

Hence, “T [Bx — 4)]4=1
om

© -

. 1 x—1
52 (@ xlin;+<x2—4_ x2—4>_oo_oo
. 1 x—1\ 1-Ux—-1
(b)xltn;‘<2—4_xz—4>_lerT2]+ X2 —4
~1/(2/x = 1)
= lim —/———~
X 2% 2X

(© 025

-0.25

10
54. (a) ><|I0+(Y*?)—OO*OO (C) 10
10 3 10x - 3 =
® Jip (% - 2) = () ==
56. (@) 2 (b) Lety = (sinx)*, thenIny = xIn(sin x).
i In(sinx) lim cosx/sinx lim = a lim —2X
xo00 1/x  x-0t —1/x¢  x-o'tanX x-0° SeCZX

I
NS

Therefore, sincelny = 0,y = 1 and Iirrg+ (sinxx=1
X —

0
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58.

60.

66.

70.

72.

76.

Limit is not of the form 0/0 or co/co.
L'Hopital’s Rule does not apply.

X2 6
@ ©) Jim = Jim 2= i = Jm g =0
-1 e 5
-3
See Theorem 7.4. 62. Letf(x) = x + 25and g(x) = x.
x3 . 6
Jim 5= lim o= Jim g = lim 555 =0
. (Inx)? _ (2Inx)/x xmo m-1
Jim = =lim 3x2 6s. JLTO e JLTO ne™
_ 2Inx m(m — 1)xm—2
= )im 33 Jm n2e™
— im 22X i 2 i M
= Jim o2 ) M o =0 T xllj]; nMen 0
X 1 5 10 20 30 40 50 100
% 2.718 | 0.047 | 0.220 | 151.614 | 4.40 x 10° | 2.30 x 10° | 1.66 x 10™® | 2.69 x 10%
y=x5x>0 74.y='“TX
lim x* = oo and Iirg x*=1 Horizontal asymptote: y = O (See Exercise 29)
X 00 X— 0"
No horizontal asymptotes dy x(1/x) — (nx)(1) 1—Inx _
= = = =0
dx X2 X2
Iny = xInx
Critical number: x=-¢e
ldy
v dx = x5 + Inx Intervals. (0, e (e, 00)
d Sign of dy/dx: + -
a{ =x{(1+Inx)=0 y = f(x): Increasing Decreasing
Critical number: x =e™? Relative maximum: (e, %)
Intervals: (0, e %) (e, 0) .
Sign of dy/dx: - +
-1 4
y = f(x): Decreasing Increasing (e, %)
. . _ el 1 [1\ve
Relative minimum: (e %, (e )¢ ") = (E’ (E) )
-4
4
1
J(; &
-1 4
-1
. oosnwx—1 . e 0o _
XILTC - =0  (Numerator is bounded) 78. XIer;o 11> 130 0

Limit is not of the form 0/0 or co/oo.
L'Hépital’s Rule does not apply.
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r\nt
80. A= P<1 +7)
n

InA=InP+ntIn(1+%>=InP+

i O] I - e )

SN T A LA _(L>
nt n’t

= lim |rt] ——

.
1+
n

Since lim InA = InP + rt, wehave lim A = ginP+1 = gnPgt = pdt Alternatively,
N-oo N- oo

. ) r\nt . r n/rrt
Iim A= Iim P(l + 7> = lim P[(l + 7> ] = pgt.
n_ oo n_ oo n n_ oo n

82. Let N be afixed value for n. Then

(N— DN - 2xN3

xN-1 (N — 1)xN-2
lim = lim = |lim
X— oo e>< X - oo X— oo
k _
84, f() = =1
k=1, fx)=x—1
_ B XO.l -1 B 01 _
k=01 fx = o1 - 10(x 1)
k XO.Ol _ 1 001
= 0.01, f(X) = W = 100(X = 1)
Coxk=1 . X(nx) _
k“ﬂ)k k k“ﬂ)k 1 = Inx

86. f(x) = % glx) = x2 — 4,[1, 2]

f(2 - (1) _ (o
92 — 91 gl

-1/2 _ —1/c?
3 2c
N

6 2c3
2c3=06
c= %3

90. False. If y = €/x2, then

X - 2xe¢ xe(x—2)  e(x—2)
Cooxr T 3

’

.= lim [M] =0. (SeeExercise 68)

-2

88. f(x) = Inx, g(x) = x3,[1, 4]

f(4) —f(1) _ f(o)
g4 — 9@ gl

In4 _1/c_ 1

63  3c2 3c3
3c3In4 = 63
21
C3_In4

21
= 3/ %= ~
c i~ 2474

92. False. Letf(x) = xand g(x) = x + 1. Then

lim

X .
Jim T 1, butxltrgo[xf x+1]=-1
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94.

96.

el x#0
0O Xx=0

9 —9© _ e

g(0)=)!|£no x—0 x-0 X
05—+
e ¥ e e 1 —1-xInx . .
)= ——— . Since

gx) = {

Lety = X ,thenlny:In( ?—Inx: 2 o —
-0.5+
) . Inx ) 1/x ) X2
2 = —_— = = -] =
fim = fim 775 = Jim =% = im (=)
—1 — y2
we have lim <172xlnx) = —oco.Thus, limy=e>=0 0 g0 =0.
X -0 X X -0

Note: The graph appears to support this conclusion—the tangent line is horizontal at (0, 0).

lim f (x)9® 98. lim x/n2/@+inx)
X —-a X 50"
y = f(x)9% Lety = x!n2/@+1n% then:
Iny = g(x) Inf(x) ny—_n2 . _ (n2)(nx
y 1+ Inx 1+ Inx

lim gx) Inf(x) = (—o0)(~o0) = oo

. - (In2)(Inx) ~ (In2)/x

Asx - a,lny O h = co. Th = = —

sx-alny oo, and hencey = oo. Thus, XIlﬂr{)hlny xIlﬂrg+ 1+ Inx lerQ+ 1/x

lim f(x)9% = oo, .

X »a = I|r(1)1 (In2) =1n2
AL

Thus, limy =¢€n2 =2,
X - o0

Section 7.8  Improper Integrals

2. Infinite discontinuity at x = 3.

4 1 4

- — i _ 2)-3/2
L(X ~ 32 dx bI|ﬂrr31+L(x 3) dx

i — — -1/2
bI im, [ 2(x — 3) ]

lim [—24— 2 ]:oo
b-3" vb—3

4
b

Diverges

4. Infinite discontinuity at X = 1.

| S | 2 1
fo(x - 128 o= fo(x - 123 o+ L(X - 1)%8 o

b 2
—dim | —L dx+ lim | —L_dx
b-1- Jo (X — 1)/ ce1t o (x — 1)%3
b T2
= lim [&3/x—1] + lim [3§/x—1] =0+3+(B3-0=6
b1~ 0 c-1" c
Converges
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6. Infinite limit of integration.

0 0
f edx = lim f e dx
—0 b- -0 b

. 1 o 1 1
—bl'ﬂlo[zezx]b‘ro—é

Converges

oo b
10. %dx= lim fidx
X b N

i ~oo )y X3

= |lim [—§x‘z]b _>
b- oo 2 1 2

oo b
14. f xe¥2dx = lim fxe*x/zdx: lim [efx/z(—Zx—4)]

0 b-oo Jg b- oo

oo b
16. f (x— e >dx = bIim f (x — De>xdx = bIim [—xe*x]
0 — OO — OO

0

e —ax( _ : _ c
18.f e-asinbxdx = lim [e (-asinbx bCOSbX)}
0 C— o a2z + b?
_,_ b b

a2+ a4

S " x - ° x -
ZZ'L (X2+1)2dX_JLn;LX2+1dX JLTOL(X2+1)2dX 24'f0 1+ e

1 b
2(x2 + 1)]0

o
JLTO [Zln(x +1) +

I
8
|
\

Diverges

“ X . x P
26. fo SlnédX—JLTo[*ZCOSE]O

. . X I
Diverges since cosE does not approach alimit asx - oo.

6 b
4 T 12
30. J;\/mdx—bll@ L4(6 X) dx
b
_ _ — \)1/2
i [ -st6 0]
= —8(0) + 8.6
=8.6

/2 b
34. f secHdf = lim [In|sec0+tan 0|] = oo,
o b (7/2) 0

Diverges

8. f e *dx # 0.You need to evauate the limit.
0

b b
lim [ eXdx = lim [—e*x]
b- o 0 b- oo 0

= lim [—e*b + l] =1

— 0o

oo 4 ] b
12. —dx = lim | 4x Y4dx
J, S |

b
= lim [gx“] = oo Diverges
b 3 1

b
= J/im e(=2b—4) +4=14
0 — o0

b —
= lim (—b + O) = 0 by L'Hopita’s Rule.
0 b- oo eb

oo b
2o.f INX i — Iimfm—xdx
1 X b- oo 1 X

[M]b = oo Diverges

=i
m 2 .

b- oo

b
dx = bIim [In(l + ex)] =00 —1In2
— 00 O

Diverges

8 8 4
28. ffdxz lim dex= lim [SInX} = oo
o X b-0" ], X b-.0* b

Diverges

e e
32. Jlnxzdx: lim fZInxdx
o b-0" Jo
e

= lim [lenx — ZX]
b-0* b

= l)lirg+ [(2e — 2e) — (2bInb — 2b)]

Il
o

2
1 . . (X
%. Lﬁdx =am [“Cﬂ“(é)]o =2
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38.

42.

46.

52.

56.

58.

60.

1= tim bl( t 1 )dx—|im[1|n‘2+x]b—oo—o
04— %2 b-2- Jo A2+x 2-X b-2-[4 |2 —x|]o

Diverges

3 2 2 3
e = — 2)-8/3 _ 9\-8/3
. J; (x — 283 dx J; 2(x—2) dx + L 2x—2) dx

b 3
= lim fz(x— 2)783dx + lim f2(x— 2)~8/3 dx
b-2" c-2" Jo

1

I|m [—g(x - 2)*5/3]: + lim [—g(x - 2)*5/3]:: = oo

b c-2"
Diverges
1 1 1
f dx = In[In|x| + C 44, pr=1,dex= lim Inx] = lim —Ina= oo
xInx o X a-0" a a-0°"
Thus, Diverges. If p # 1,
=) 1 1-p 1 1-p
1= —d 1dx—||m[x ]=|im[i—a .
;. xInx xIx o XP ~0|l1—pla a-0'[l—p 1l-p
= lim [In(ln X)]l + lim [In(ln X)]e : This converges to i 5 if1—p>0orp < L
Diverges

(a) Assume f oog(x) dx = L (converges).

a

Since 0 < f(x) < g(x) on[a, o0), O < foo

a

f(x) dx < J g(x) dx = L and J f(x) dx converges.

a

(b) f g(x) dx diverges, because otherwise, by part (a), if f
a

a

g(x) dx converges, then so does f f(x) dx.
a

1 3 -
. = = - COnverges. 50. X%e™* dx converges.
f w T T 2omee fo ?
SeeExerC|se44 p= 3) (See Exercise 45.)
Since L 1on [2, o0) and FO; dx diverges by Exercise 43 1 dx diverges.
Jx=1 X 2 X "o Ux—=1
1
. Since———— on[1, co) and dx converges by Exercise 43, 7dx converges.
f(1+ g < s onlhoo) J X2 gesby J N 9
# 1smce UxInx < xon[2, o). Smcef = dx diverges by Exercise 43, f dx diverges.
IxInx X YxIn
See the definitions, pages 540, 543.
Answers will vary. 62. f(t) =
@ R dx (b) mxdx F(s) = oot St = i l(—st—l) s
1t e . R N L P "
Converges (Example 4) Diverges 1
=—,s>0

szy
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64. f(t) = et 66. f(t) = sinat
F(s) =f egte s dt=J glla-9 gt F(s) :f e sgnatdt
0 0 0

i 1 é( )b g st b

— = ala—s = |i =  (—cq _
Jim [a— s ]0 b“ﬂl, [32 n a2( ssinat acosat)]o

N S | _ a a

=0 a-s s—a>~ 2 _0+s2+a2_s2+a2’8>0

68. f(t) = sinhat

o0 %) _ _at oo
F(s) = f e Ssnhatdt = f efﬁ(eat#e) dt = lf [e(-sta — g(—s—a]dt

0 0 2 0

B l 1 —s+a) _ 71 —S—3aj b— —1 1 — 1
:t)lirgi[(—s+a)et( ) (—s—a)et( )]0—0 2[(—s+a) (—s—a)]

_;1[ 11 ]_ a_
“2|(-s+a (-s-a] $£-a° 3

70. (a) A=J1 %dx= [—ﬂl -1 (b) Disk:

“1 . TP
V= 1x4dx_t,'1”;[_3x3]1_3
(c) Shell:
V=2 oo(—l)d = lim | 2#(Inx)
= wlxxz k= lim m(Inx

Diverges

b
= o0
1

72. x—22+y*=1
2x—2) + 2y’ =0

_—x-2)

Y y

T+ P = 1+w—mvﬂ=$mamw>a>

T x dx—4ﬂ x—2__, 2 dx
Ly VI (x— 27 Tl I-x—22 J1-(x- 22
= a“j? {477[— V11— (x— 2?2+ 2arcsin(x — 2)]b} = 47{0 + 2arcsin(1l) — 2 arcsin(—1)] = 872

b-3~

3
S:4wf Xix = 4x

[
@~ (40007

o _ b
W:f 80,000,000 dx = lim [ 80,000,000]
4000 X ~o0

74. () F(x) = K = 80,000,000

= 20,000 mi-ton

2 b X 4000

_ b _
®) w —~ 10,000 = |: 80,000,000] _ 80,000,000 + 20,000
2 X 4000 b

80,000,000

b = 10,000

b = 8000

Therefore, 4000 miles above the earth’'s surface.
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b

76. () j %e’z‘/5dt =f %e*2/5dt = lim [—e*m] =1

0 0
4 2 4
(b) f —e /5t = [—e*z‘/s] =-eb®5+1
0 5 0
=~ 0.7981 = 79.81%

b
(c) e 2t/5 dt = lim [—tezf/5 - §e*2‘/5] =2
— 00 2 0 2

5
78. (8 C = 650,000 + f 25,000(1 + 0.08t)e~ 0%t dit
0

1 1 5
— + —0.06t _ —0.06t + — —0.06t =~ i
= 650,000 + 25 000[ 0.06 —e 0. 08(0 068 (0.06)26 )]0 $778,512.58
10
(b) C = 650,000 + f 25,000(1 + 0.08t)e 0% dit
0
= 650,000 + 25,000 1 ooos _ 0.08 —0.06t 1 ooom ° 905,718
5 + 25, [ 68 (We + (0.06)29 )]0 = $ 5,718.14

oo

(c) C = 650,000 + J 25,000(1 + 0.08t)e 0%t dit
(0]

t t 1 b
= + - 0.06t _ - 0.06t + —0.06t ~ :
= 650,000 + 25,000 Imo]c[ 006e OOS(O 06e (0.06)2e )]0 $1,622,222.22
“1 . b
80. (@ ;dx = bI|m [In|x|]l = o0 (b) 1t would appear to converge.
l — OO
y
“1 . 1]e
fl o gm |5 - .l
0.75
j X—lndxwill convergeif n > 1 and will divergeifn < 1 080
1 025+
(c) Letdv =sinxdx [ v = —cosx -+ Aty
-025—+
u= 1 O du=— 12dx
X
b
f sinx . _ “m[_cosx] _j coszxd
1 X b-0 X 1 1
=cosl— J cozxd
1
Converges
82. (a) Yes, theintegral isnot defined at x = /2. (b)
() Asn - oo, theintegral approaches 4(m/4) = . ‘X
/2
4 .
@ o= f T+ (anxr & ‘ z
I, ~ 3.14159 N
I, =~ 3.14159
lg =~ 3.14159

l, ~ 3.14159
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84. (a) f(x) = g~ x=707%/18

fgof (x) dx = 1.0

50

0.4

50 90

—0?2
86. False. Thisisequivalent to Exercise 85.
Review Exercises for Chapter 7

2 1 .2
2. | xex ldx=§ e*~1(2x) dx

1,21
== +
2e C

5
6. f2x\/2xf 3dx = f(u“r 3u?) du =u§+ w+ C

_ 3/2
ZM(X‘FD‘FC
2
u= 2xf3,x=u ;3,dx=udu

(b) P(72 <
(©) 05— P(70 < x < 72) = 0.5 — 0.2475 = 0.2525

X < o0) ~ 0.2525

These are the same answers because by symmetry,
P(70 < x < o0) = 05
and
05=P(70 < X < o)
=P(70 <

X< 72) + P(72 < X < o0).

88. True

- —%f(l — %2)~1/2(— 2x) dlx

_; (1 _ X2)1/2
2 1/2

—J/I-R+C

X
4, | ———d
J’\/l—x2 X

8x4+2x2+x+1:1+ X
: (X + 1)2

XA+ 22+ 1
X+ 2+ x+1 1 2X
fwdx—fd”éfmdx

1
=X+ T C

10. f(xz, Derdx = (X — 1)e>‘72fxexdx=(xzfl)efoxe“erexdx:eX(xzf2x+ 1)+1

1) dv=edx O v=¢
u=x>—-10 du=2xdx
2 dv=edx O v=¢

u=x O du=dx

2
12. u = arctan 2x, du = 1+42dx dv = dx,v = X
Jarctan 2x dx = x arctan 2x — J1+4x2 dx

= xarctan?_x—%ln(l +4x3) + C

fln\/x2 ldx = ffln(xz — 1) dx

_ L e -1 - [X
—2xln|x 1 fxz_ldx

= %xln|x2 -1 - fdx f

1 1 1

= 2 _ _ _ =

2xIn|x 1] — x 2|nx+1‘ +C
dv = dx O v=x
u=Inx2—-1) O du=X2X dx

21
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X

e?
1+e2de

16. f e‘arctan(e’) dx = e* arctan(e’) — J

= e*arctan(e¥) — %In(l + e+ C

dv = e*dx 0 v=¢

e

u= arctane* [ du=mdx

18. s dx = 1(l — cos 7x) dx = 1[x - lsin wx] +C= i[7Tx —sinmx]+ C
2 2 2 ™ 27

20. Jtan@sec49d6=f(tm30+tane)sec26d6=%ftan40+%tan20+cl

or

ftanOSec“Bd():Jsec30(sec()tan0)d9:%sec49+C2

22. fcosze(sin 0 + cos 0)2do = f(cos2 0 — sin? f)(sin 6 + cos 6)2 dg

1, .
=(sin 6 + cosh)* + C

= j(sin0+ cos 0)3(cos 6 — sin ) do = 2

24f\/7d7J'3tan9

(3 sec 9 tan 6 do)
p x2-9
= 3Jtan2 0do A‘

ZSJ(secze—l)dB
=3(tanfh— 6 + C
= /X2 9—3arcsec<3> + C

X=3sech, dx =3sechtan 6dY, /x2 — 9= 3tan @

1 sin 6 -1 1 .
— A2 Ay — — — 7 _ - (_
26. f\/g 22 dx 2J\/9 (202 (2) dx 28. f1+200329d9 7 1+200529( J2sin6) do
1 . 2X -1
f[garcsn— + 2x/9 — 4x2] +C = —arctan(/2cos ) + C
2 3 V2
fgarcsm—Jr /9= Be + C u= 2cos6,du=—/2sin6do

4
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30. (a) jx 4+xdx=64ftan303ec39d9 (b) fx 4+xdx=2j(u4—4u2)du
2u8
= 64| (sec* § — sec? f)sec Htan 6 dO =E(3u2720)+c
_ 64l B _ 24+ x%2
== (3sec®9 —5) + C == (x-8 +C
3/2 2 — —
=2(4 Jisx) (3-8 + C Ww=4+xdx=2udu

X = 4tan? 6, dx = 8tan 0 sec? 6 d6,

4+ XxXx=2sech

€) |x/4+ xdx= [(u¥2— 4u u XV4 4+ xdx = (4 + %32 - = + X X
2 d (U2 — 4u/?)d d 4 d 2:;((4 )3/2 g 4 V3/2
23/2 2x 3 4
== — == /2 5/2
1 (Bu—20) +C 3(4+><) 15(4+X) +C
2(4 + x)%? 2(4 + x)¥/2
- — — == 7 — +
1 (3x—8)+C G (3x—8) +C
u=4-+xdu=dx dv =4+ xdx O v=§(4—|rx)3/2
u=x O du=dx
3 2 —
PRk SPVPNE S
Xe — X x x—-1
3 _ 2 _
f2x 5)2(+4X 4dx=f<2x—3+ﬂ— 3 )dx=x2—3x+4ln|x|—3In|x—1|+C
X2 — X X x-—1
4x — 2 A B

"Bx—12 x—-1 (x- 172
4 —2=3Ax—1) + 3B

Letx=1. 2=3B O Bzg

Letx=2: 6=3A+ 3B O A=g

4x — 2 4 1 2 1 4 2 2 1
jde—éJﬁdX‘i‘édeX—é“ﬂX—ll —m+C—§<2ln|x—l| —m>+c
sec? 6 1 1 1
3. ftane(tane—1)d0_fu(u—l)du_fu—1du_fudu

+C=1In|1—-cotg +C

—Inju—1| - Inju| + C = In‘w’

u=tan6,du=sec?26do
1 A B
+

1=Au-1) +Bu
Letu=0:1=-A0 A=-1
Letu=1.1=B
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X _ —2(4-3x X _1 o
38.f 2Jr3XdX— = V2 + 3x + C (Formula2l) 40. fl+e><2dx72f1+e”dx (u=x
6x — 8 1
=% V2+ 3+ C = E[u —In(1+ e9)]+ C (Formula84)

42 3dx (u=3x)

3 31
' f 2XJ/9%2 — 1 o = ZJ 3x/(302 — 1

= garcsec|3x| +C

1 1 1
44 f1+tan7rxdx_;fl+tan7rx(w)dx

(Formula 33)

= %[x2 - In(1+e’)]+C

(u= mx

= l1[7Tx + Injcos mx + sin x| + C  (Formula71)

72

46. ftan"xdx = ftan”*zx(seczx — 1) dx

= jtan”*zxseczxdx - ftan"*zxdx

1
= tann~1x — ftan“*xdx

n-—1
50.f 1+\/;(dx:fu(4u3f4u)du=f(4u474u2)du=
U= J1+ U%x=u*— 20+ 1,dx = (4u® — 4u) du
3
52_3x+4x_Ax+B Cx+D

+12 x+1 @+ 1?2

I +4x=(Ax+B)(X+1) +Cx+D
=AC+Bx2+ (A+C)x+ (B+D)

A=3B=0A+C=40 C=1,

B+D=00O D=0

33 + 4x X X
(x2 + 1)2dx_3fx2+ 1dx+ j(x2+ 1)ZOIX
1

=gln(x2+l)— C

2@+ 1) "

54. f(sin0+ cos 0)?do = f(sin20+ 2sin §cos 6 + cos? ) dg

2

SN 1
48.f A dx-ﬁfcsc@(\@)dx

= —/2lIn|cscv/2x + cotv/2x| + C

1
U= V2x,du = ——dx
V2%

—574—“3+c=%(1+ XA 3/x - 2) +C

3

= J'(1+sin20) do = 0—1c0526+ C:%(Za—cosze) +C
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_[4—% x2 2 cos 6(2 cos 6) df
X 4sn6

=J(cscefsin0)d0

[—In|esc 6 + cos 6] + cosd] + C

2+ /4%
X

4 — 2
2

=-In

+C

X=2sn6 dx =2cosfdh, /4 — x2 = 2cos 6

sin 6
58.y=|J1—cos@df = | —————db f1+cos(9 Y2(—sing)dd = —2/1 + cos @ + C
y j it oosi ( )"HH=sin6)

u=1+ cosf,du= —sin6do

x _ . T L _
GO.L(Xiz)(X74)dX—[2In|x 4] — In|x 2|]o 62.Lxe3 dx = 9(3x 1)0—9(5e6+1)~224.238
=2In3-2In4+1In2
9
—In§~0.118
64 Sde:[M 1+x]3:ﬂ+ﬂ:§ 66. A= | =1 ax
"o VI Ex 3 o 33 3 ' 025 — X2

_ [_i|
1 10

x — 5| 1,1 1
X+5:|0_ —Tolné—f)ln9~0.220

68. By symmetry, y = 0. 70. s= f V1 + sin?2xdx =~ 3.82
0

A= 7+ 47 =57

o Um + 44m)

7T+ 47
177
==7_-34
57 3
Xy = (34,0
. sinwX . T COS X 1 2 1
= = == 74. Ilmxelelm—zfllm— 0
2 lﬂOSinZTTX X 2mcos2ax 2 2 X~ o0 x~o0 @ xooo 2x€¢
76. y= lim (x — 1)\nx
X - 1%
Iny = Iin11 [(Inx) In(x — 1)]
i
1 1
— im [T D i | X | X i 7_2(")('“)
X - 1% i 7xal* <1>*1 7xﬁ1* Xx—1 7xﬁl* i
Inx x/1n2 x X X2

= lim 2x(Inx) = 0
X - 1"

Sincelny =0,y = 1.



