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CHAPTER 8
Infinite Series

Section 8.1  Sequences

Solutions to Even-Numbered Exercises

2n <2)n nw
2. = 4 =|—-= 6 = COS—
& ht3 & 3 an >
2 1 __2 e
Q=45 a 3 a = C0s5 0
4 a 4 a,=cosm=—1
a,=— , ==
S i a—cosﬁ=0
6 1 a 8 3 2
Ay = < = 3
© 6 2 a,=cos2w =1
8 16 5
a, = = a4_7 _ l:
47 81 a5 =cos— =0
10 5 _ 32
=874 %= "oa3
2 B 2.6 s
8 an=(—1)”+1<ﬁ) 10. 8, =10+ -+ 12 a,= Ty = 3
Q2_, a,=10+2+6=18 a, =31 =3
L =
1 = =
a2=10+1+g_2—25 a,=32=6
azz—gz—l a, =33 =9
2 as—10+§ §=3§ a, = 3(4) =12
ag =~ _ _
i o104l 3 %92
a=_2__1 4 2 8 8
, = —== -2
e 042, 8 _ 2
2 &= 5 25 25
as:g
k+1 1
14. 8, = 4,8, = < 2 )ak 16. a; = 6,8, 3%
1+1
a=(t5 = 8, = gat = 3(67) = 12
2+1
a3—< 2 )a2:6 a3:%322=%(122)=48
3+1
a“:< 2 )a3=12 a4:%a32:%(482):768
4+ 1
aﬁ:( 2 )a4:3° a5=%a42=%(768)2=196,608
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18.

22.

28.

38.

52.

56.

Because the sequence tends to 8 as n tends to infinity, it 20.

matches (a).

This sequence increases for a few terms, then decreases
a, = 2 = 8. Matches (b).

4 24. 10 26. 4
° YY)
-1 . et 12 .'. '.
..
° a ®oe, 1 -1 12

3 -1 -1

—o_ %0 10 a, = 8075 tn=12 10 L S 10
an_ nln_ . ’ . 1 1 &y 0 - n2+1, y e e ey

n+6 20 _, e 5 25 _ 232425
hTT POl T O & T 23 23

5+6 11 3 = 2(40) = 80 = (24)(25) = 600
BT T ag = 2(80) = 160

6+ 6
=5 T 6
n+2! n(n+ 1)n+2) @n+2! (@n)!'2n+ 1)(2n+ 2)
= 36. =
n! n! (2n)! (2n)!
=n+Dn+2 =2n+1)2n + 2
lim (5 - i) =5-0=5 40. lim = lim 5 42. lim cos<g> =1
n-oo " neoe N 4 n-co /1 + (4/n?) " oo n
5
=1- 5
2 46. 4

-1 12

-1

The graph seems to indicate that the sequence converges
to 0. Analytically,

1

1
nILTCa“ = I|m 7 I|m N & =0.
. lim [1 4+ (=D
n-oo
does not exist, (alternates between 0 and 2), diverges.
— n

lim % = 0, converges 54.
nN-oo

lim (0.5)" = O, converges 58.
nN-oo

50. |

12

-1

The graph seems to indicate that the sequence converges
to 3. Analytically,

. . 1
fim &, = jm (3~ ) =303
. In
im = 1, converges
n-eo In+ 1 g
lim Inv/n _ lim 1/2Inn
n-oo N n-oco n

1
= lim - = 0, converges
naooz

(L'Hépital’s Rule)

- lim —Y
_1)

lim (=2t
n-oo N(N

n-co !

= 0, converges
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. 2 2 . —2n? 1
60. lim (Zn +1 2n- 1) = Jm g 1~ o coverges
1
62. a, = nsmﬁ
1
Letf(x) = xsin=.
X
y — 2
lim xs;in1 = lim sin(1/x) = lim (=1/x%) cosl1/x) = lim cos1 = cos0 = 1 (L'Hépital’s Rule)
X—co X X—co 1/X X—co _1/X2 X— oo X
or,
lim sin(1/x) = lim siny) = 1. Therefore lim nsin1 =1
x-oo  1/X y-0t Yy n-co n
64. lim 2V/n = 20 = 1, converges 66. lim % = 0, converges 68. a,=4n—1
Nn-oo N-oo
(=1t _n+2 a3
70. a, = o 72. a, = r— 74. a, = (—1) 1
_ 2" -1 _ _ anl
76. a,=1+ on 78. a, = ] 80-311*(n,1)!
2n+1 — 1
T
3X 6 — ne—n/2
= (X) = ———— =ne
82. Let f(x) 7 Then f/(x) X+ 27 84. &,
Thus, f isincreasing which implies {a,} isincreasing.
a, = 0.7358
la,| < 3, bounded
a; = 0.6694

86.

o
a = _%
& _g
Q= _2%

Not monotonic; |a,| < 3, bounded

9. a, = &s”
a, = 05403
a, = —0.2081
a, = —0.3230
a, = —0.1634

Not monotonic; |a,| < 1, bounded

Not monotonic; |a,| < 0.7358, bounded

a=0)"<@"" =2,
Monotonic; lim a, = oo, not bounded

88.



372 Chapter 8 Infinite Series

92. (a)an=4f%
3
‘4—5 < 4 [0 bounded
3 4

an:4_ﬁ<3_m:aﬂ+lm monotonic

Therefore, {a,} converges.

9 @ a=4+5

1
‘4+? < 45 0O {a,} bounded
1 1
an=4+5>4+2n+1

=a,,; O {a,} monotonic

Therefore, {a,} converges.

96. A, = 100(101)[(1.01)" — 1]

(@ A, = $101.00 (b) Ag = $8248.64

A, = $203.01 (©) Ay = $99,914.79
A, = $306.04
A, = $410.10
Ag = $515.20
Ag = $621.35

100. Impossible. The sequence converges by Theorem 8.5.

104. P, = 16,000(1.045)"
P, = $16,720.00
P, = $17,472.40
P, ~ $18,258.66
P, ~ $19,080.30
P, ~ $19,938.91

108. a, = (1 + %)n

a, = 2.0000
a, = 2.2500
a, ~ 2.3704
a, ~ 2.4414
ag ~ 2.4883
a, ~ 25216

n
lim <1 + 1) =e
n-oo n

(b) =

L]
-1 12
0

lim (4 - §) =4
Nn-oo n

(b) o

lim (4+l)=4

N- oo 2"

98. The first sequence because every other point is below the
X-axis.

102. Impossible. An unbounded sequence diverges.

106. (a) a, = 410.9212n + 6003.8545

12,000
)’_‘_(OM

0 10
0

(b) For 2004, n = 14 and a, = 11,757, or

$11,757,000,000.
110. Since
lims, =L >0,

N-co
there exists for each € > 0, an integer N such that
|s, = L| < eforeveryn > N.Lete =L > Oandwe
have,

|s,— L <L -L<s,—L<Lo0O<s <2L

foreachn > N.
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Series and Convergence
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112. If {a,} is bounded, monotonic and nonincreasing, thena, = a,

then so does {a,}.
114. True
1 1
118. x, = 1,xn—§xn,1+a,n— 1,2,. ..
X, = 15 X = 1414214
X, = 141667  x, = 1.414214
X, = 1414216 X, = 1.414114
X, = 1414214  x, = 1.414214
X = 1414214 x,, = 1.414214
Section 8.2  Series and Convergence
2. S =3¢ =~ 01667
S, =%+¢~03333
S, =% +¢ + 2 ~ 04833
S,=t+i+5+%4&=~06167
S=g+ts+m+th+m=~07357
6.5 =1
S,=1-3=05
S,=1—3 + & ~ 06667
S,=1-3+%—% ~06250
=1-2+3%— 4% + 135 ~ 06333
10. >'2(—1.03)" Geometric series
n=0
[r| =103 > 1
Diverges by Theorem 8.6
S n
14 Y ——
ngl NV n+1

-8, < -8, < —a<---<-a < --

>

X

>---2a, 2 -.Then

is a bounded, monotonic, nondecreasing sequence which converges by the first half of the theorem. Since { —a,} converges,

The limit of the sequence appears to be /2. In fact, this sequence is Newton's Method applied to f(x) = x2 — 2.

. n . 1
lim ———— = lim —(————
n-co /N2 +1 n-co 1+ (1/m?)

Diverges by Theorem 8.9

=1+#0

4.

12.

16.

116. True

S5 =1
S,=1+3~ 13333
S,=1+3%+%~15333
S,=1+3+1+3~1644
S=1+3+c+s+i~1734
o0 4 n
> (*) Geometric series
“o\3
4
r = § > 1
Diverges by Theorem 8.6
i n
“n+ 3
. n 1
M onts 270
Diverges by Theorem 8.9
i n!
n:12n
I n!
UPTIS
Diverges by Theorem 8.9
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m S 1 2e b I e -
S)=1,Sl=g,8222.11,.... S)=%,Slzo.63,3325.1,...
Matches graph (b). Matches (d).
Analytically, the series is geometric: Analytically, the series is geometric:
i (g)“ _ 1 1 _ 3 i £(7§>“ _ 17/3  _17/3 _ 3
“o\3 1-2/3 1/3 “ 3 9 1-(-8/9 17/9

2 St Sl mia) BN BN G A

n=1 n=1
& 1 . . 1 1 1 1 1 1 3
n21n<n+z>—JL”;%—JL“;[frzmez<n+2)]—§+z—z
o] 1 n =]
24. Y 2(—7) 26. 3 (-06)"
n=0 2 n=0
Geometric series with |r| = ‘—%‘ <1l Geometric serieswith |r| = |-0.6] < 1.
Converges by Theorem 8.6 Converges by Theorem 8.6
& 4 S(1 1
8.3 n; nin+4) r;l(ﬁ S n+ 4)
(- G-F) G G-E) 0 B-d) e
2 3 4 0
1 1 1 25
—1+E+§+Z—E~2.0833
® [y 5 10 20 50 100

S 1.5377 1.7607 1.9051 2.0071 2.0443

© &

(d) The terms of the series decrease in magnitude slowly. Thus, the sequence of partial sums approaches the sum slowly.

S 3 . .
R B
30. (a) n213(0-85 T ogs — 20 (Geometric series)

(b) n 5 10 20 50 100
S, | 111259 | 16.0625 | 19.2248 | 19.9941 | 19.999998

(© =
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& 1\n—1 5 15
32. (a) 215(_3> 113 4 3.75 (© =
L]
e®0000cee
®) [ 5 10 20 50 100
S, 3.7654 3.7499 3.7500 3.7500 3.7500 °o "

(d) The terms of the series decrease in magnitude rapidly. Thus, the sequence of partial sums approaches the sum rapidly.

#3232

= 1
% X Gn D+ 3

1&( 1
’2,;1(2n+1_

& [ 4\" 6 .
38. E 6<g> = m =30 (Geometric)

n=0

2.3 s(g)n = 1%(3/4) =32

1

2n+3) :%[(

& 2(7\" &[9) 1 1 10 34
46. 0.7)" + (0.9)] = <—>+ <—>— = + —-2=="4+10-2==
2 [0+ 097 = F{35) + 210 1= (7/10) T 1- (9/10) 3 3
8= ) 50. 02155 = = + S S (LY
48. 08181 Zoloo( > 20 200<100>
Geometric serieswith a = £ and r = 155 Geometric serieswith a = 555 and r = 155
g__@a _ _8/100 _8_9 g_1l, a 1 320 71
1—-r 1-(1/1000 99 11 "5 1-r 5 99/100 330
& n+1
52.
,Zl 2n—1
n+ 1 1
r!LwZn 5 #0
Diverges by Theorem 8.9
Z85 330+
e ln(n+ 3 3 + 3
Ao 696D GGy ]
3 2 5 3 6 4 7 5 8 6 9
1( ; *) E converges
3t T2 18 g
[o'e) 3n
5. 3,15
lim g_ lim (In2)3" — lim (In2)23" — lim (In n)33n _
naoon Nn-oco n2 Nn-oo 6n nN-oo 6

(by L'Hopital’s Rule) Diverges by Theorem 8.9
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s8. S = 6. 3 2 62 §<1+5)"
. n=04n - nzllOO - n=1 n
ic serieswith r = L ic series with r = n
Geometric serieswithr = 3 Geometric serieswithr = 2 lim (1 N K) &40
Converges by Theorem 8.6 Diverges by Theorem 8.6 hoee n
Diverges by Theorem 8.9

N-oo

64. lim a, = 5 meansthat the limit of the sequence {a,} is 5. 66. If lim a, # 0, then iandiverges.
N-oo n=1

Ean =a + a,+ - - = 5meansthat the limit of the
=1

partial sumsis 5.

68. (a) (—x/2) isthe common ratio (0) PRERSE SRR S <_§)n= 1
' ' 2 4 8 nZo 2) T 1-(—x/2)
2 5
(C)Y1—2+X \i& _ 2 X <2
2+ X
X -5 ———s
=1-5 \: Geometric series:
i a:1,r=—§,—§<1g|x|<z

70. f()—z[ Osx] L

08 72. — < 0.0001

Horizontal asymptote: y = 10 10,000 < 2"

i 2<il>“ / This inequality istrue when n = 14.
- 5

n=0

(0.01)" < 0.0001
2

== 10,000 < 10"
S 1= (4/5) 10

Thisinequality istrue when n = 5. This series converges

The horizontal asymptote is the sum of the series. f(n) is ot afaster rate.

the nt" partial sum.

100[1 — 0.6"]

-1
74. V(t) = 225,000(1 — 0.3)" = (0.7)"(225,000) 76. nz 100(0.60)' = 1-086
i=0 -

V(5) = (0.7)5%(22 = $37,815.7
(6) = (0.7)%(225,000) = $37,815.75 = 250(1 — 0.6") million dollars

Sum = 250 million dollars

78. The bal in Exercise 77 takes the following times for 80. P 7<§>
each fall.
s, = —16t2 + 16 s, = 0ift=1 P) = 7<§>
— —16t2 + 16(0.81) = 0ift =09
> > & 1(2 /3
s, = — 1612 + 16(0.81)2 s, = 0if t = (0.9 233 1oyt
s, = —16t2 + 16(0.81)" 1 s, = 0ift = (091

Beginning with s,, the ball takes the same amount of
time to bounce up asit takes to fall. The total elapsed
time before the ball comestorest is

t=1+2309"=-1+2 3 09r
n=1 n=0

2

1-09 19 seconds.

= -1+
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82. (8 64 +32+ 16+ 8+ 4+ 2=126in2

& 1\" 64 .
(b) nZO 64(5) =“1-1/2 12 = 128in.2

1
Note: Thisis one-half of the area of the original square! @

l<—— 16in. —>1

L

1)
S

|

2 2
84. Surface area = 47 (1)? + 9(477(%) ) +92- 477(%) +--=4dr+7+ - ]=00

88. P=75r=0051t=25

1- 12(25)
12 (@ A=175 (Ol—gs)[(l + %) - 1] ~ $44,663.23
o257 '
- r 12 75(eP 05 — 1
- (b) A= W ~ $44,732.85
5
r 12
12t—1 _ P(l _ (er/12)12t) _ p(ert — 1)
nZo Plermr = 1-—¢g/12 e/
90. P = 20,r = 0.06,t = 50 92. T = 40,000 + 40,000(1.04) + - - - + 40,000(1.04)%
12(50) 39
@ A= 20(%)[(1 + %) - 1] ~ $75,743.82 = 2 40,000(1.04)"
. n=0
20(eP%50 — 1) B 1 — 1.04%
~ $3,801,020

9. x = 0.a,3,85. . . {a8g. . . &

1 1)\? 1)3
= 0.a,385. . . & 1+W+ 10 + 10 I
oc(]_)n
=0aa8;. . . —
1883 aknzolok

= 0.a,38;. . ak[m] = arational number

96. Let {S,} be the sequence of partial sums for the convergent series i a, = L. Then
n=1

lim S, = LandsinceR, = S a =L -,

N-oo k=n+1

we have

dR=lnl-S=lmL-lms=L-L=0

98. If X (a, + b,) converged, then X (a, + b,) — = a, = = b, would converge, which is a contradiction.
Thus, = (a, + b,) diverges.
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100. True 102. True; lim 1 #0
' ' n-oo 1000(n + 1) 1000
1,1 1, = n 1/r 1 ( .1 )
104 r r2+ st Zor<r) 1-(1/ry r—-1 smce‘r <1
This is a geometric series which converges if ‘% <1l < |r| >1

Section 8.3 Thelntegral Test and p-Series
® 2
nZ@n +5
Let f(x) = V=

f is positive, continuous, and decreasing for x = 1.

Jl 3)H_de— [gln(Sx—irS)]1 = o0

Diverges by Theorem 8.10

3 1
e n; 2n+1

1
Let f(x) = o+ 1

f is positive, continuous, and decreasing for x = 1.

o0 l oo
fl 2X+1dx—[|m/2x+1]1 = oo

Diverges by Theorem 8.10

10. i nke™n
n=1

Letf(x) = =

f is positive, continuous, and decreasing for x > k since

iy =270

for x > k. We use integration by parts.

J xke*de=[kae*X]l +kf xk—1lexdx
1

1

1k kk—1) Kl
==+ =
e e e e

Converges by Theorem 8.10

12.

nefn/2

D8

1

n
Let f(x) = xe ¥/

f is positive, continuous, and decreasing for x = 3.
Since f'(x) = 2 X/z < Oforx = 3.

[e']

J xe /2 dx = [—Z(X + 2)e*x/2] = 10e73%/2
3 3

Converges by Theorem 8.10

& n
n21n2+3

X
Let f(x) = N

f(x) is positive, continuous, and decreasing for x = 2

since

2
f(x) = m<0f0l’x22.

J'oc dx = [In\/m]j = oo

. X%+3

Diverges by Theorem 8.10

Let f(x) =

f is positive, continuous, and decreasing for x = 1.

<1 3 °°
fl Xl/sdx—[§x2/3]l =0

Diverges by Theorem 8.10
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14. — 16. =
nzlns/s nzl I"I2

18.

22.

26.

28.

30.

32.

Convergent p-serieswith p = g >1

Divergent p-serieswithp = 2 < 1

S, ~ 367

Matches (d)

Diverges—harmonic series

20.

24,

Convergent p-serieswithp =2 > 1

1
pnm

AR

Convergent p-serieswithp = 7 > 1

i 2 2+ 2 + 2 +
P 2
S5 =2

S, = 25

S, =~ 2722

Matches (c)

Converges—p-serieswithp = 2 > 1.

11

11

@
n 5 10 20 | 50 | 100
S, | 37488 | 375 | 375 | 3.75 | 3.75
The partial sums approach the sum 3.75 very rapidly.
(b)
n 5 10 20 50 100
S, | 14636 | 1.5498 | 1.5962 | 1.6251 | 1.635
2
The partial sums approach the sum % =~ 1.6449 dower than the seriesin part (a).
— N —X = N 1
E)= > nx=3% X
n=1 n=
Converges for x > 1 by Theorem 8.11.

If p = 1, then the series diverges by the Integral Test. If p # 1,

Converges for

The p-series converges if p > 1 and divergesif 0 < p < 1.

“Inx - NGRS
f —pdx= X PInxdx =
2 X 2 (

-p+1
-p+1<OQ0orp>1

. & 1. .
A series of the form nzlﬁ isap-series, p > 0.

34. The harmonic series 2
=1

s[-1+(—p+1In x]}2 . (Use Integration by Parts.)

n
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36. From Exercise 35, we have: 38.5=1+ % + % + = 1 ~ 1.0363
sS—Sst f(x) dx 1 _[_i]“’~
N Ros | gtx=|—gal, = 00010
< < + X
SsSsS JN Fx) ax 10363 < 3 1 < 10363 + 00010 = 1.0373

1 1 1 1
. 50 2(In2)3 * 3(In3)® = 4(In4)3 11(n 11)° 1.9821

R < J;O mdx = [_z[m(x T 1)]2]10 = 2(n 11) ~ 0.0870

o0 1
1.9821 < nzl (n + Dln(n + 1)]

3 < 1.9821 + 0.0870 = 2.0691

1 1 1 1 21 2
42. S4=E+?+g g~05713 44. 0 < RN f 3/2 [_W]N =ﬁ<0.001
) %) N*]-/2 A
R, < f exdx = [—eﬁ] ~ 0.0183 < 00005
4 4 N > 2000
05713 < 2 e < 05713 + 0.0183 = 0.5896 N > 4,000,000
6. Ry< | e2dx= [—2e*x/2]oo — 2 <0001 8 R < | 22 ax=2 L acan| X )
. W o A Nl W |
2 _2(m_ N
N/2 < 0.001 = \/§<2 arctan(\@» < 0.001
N/2
el > 2000 g— arctan(\%) < 0001118
N
5 > In2000 \
1.56968 < arctan<f>
N > 21n 2000 ~ 15.2 °
N
N > 16 > tan 1.56968
J5
N > 2004

50. (a)j L= X_pﬂ ]w

_ 1 > 1
“p+1ho ~(p-yioe P

(b) f(x) = 5

Rio(p) = i # < Areaunder the graph of f over the interval [10, co)
n=11

(c) Thehorizontal asymptoteisy = 0. As n increases, the error decreases.

) EI (n+17(n i InNn+ 1) +In(n—1) — 2Inn]

52, §|n<1—$):§2|< S

=3+ 1r1—2In2) + (Iwd + In2 — 2 3) + (A5 + A3 — 2nd) + (a6 + lrd — 24n5)
+ (A7 + 15 — 2476) + (A8 + In6 — 24n7) + A9 + A7 — 247 8) + - - - = —In2



Section 8.4 Comparisons of Series 381

4 2 56. 3) <=
n=2 n\/ﬁ ngl no-95
Letf(x) = — p-serieswith p = 0.95
-1 Diverges by Theorem 8.11

f is positive, continuous, and decreasing for x = 2.

oo#dx=[arcsecx]oo =27
2 XX2—1 2 2 3

Converges by Theorem 8.10
58. S (Lo75)" 60. 2 ( > 3231 e Sinn
n=0 n2 n3 nzlrI2 n::Ln:3 n=2
Geometric serieswith r = 1.075 Since these are both convergent lim In(n) =
. . . Nn-oo
. p-series, the difference is conver-
Diverges by Theorem 8.6 gent. Diverges by Theorem 8.9
& Inn
4 2
n=2
Letf(x) = NX
. " . . . , 1-3Inx
f is positive, continuous, and decreasing for x = 2 since f'(x) = B — < Oforx = 2
“Inx Inx]” 171 In2 17 In2 1
L ?dx— [_ﬁ]z +§J; de—?'F [_R]z —? f6(UseIntegrat|onby Parts)

Converges by Theorem 8.10. See Exercise 14.

Section 8.4  Comparisons of Series

2(a)§ Zn: T 5§ =2 an
& 2 2 2 o
St

S 4, 4 ... g~33 Thoes=. ﬁ
. e =~ 3. LIS oo
“ \/n 105 J15 /25 S &
. L . . 1 T R R R n
(b) Thefirst seriesisap-series. Itdlverges(p =35 < 1). [ LD S S S

(c) The magnitude of the terms of the other two series are greater than the corresponding
terms of the divergent p-series. Hence, the other two series diverge.

(d) The larger the magnitude of the terms, the larger the magnitude of the terms of the S
sequence of partial sums. 207 .
16: /U.

12+
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1 1 1
< > >
3 +2 3 6 Jn-1 ﬁforn 2
Therefore, Therefore,
n:13nz+2 n=2 n—1

8.

12.

16.

20.

converges by comparison with the convergent p-series

Wl

x 1

3" 3\"
< (2
4"+ 5 (4)
Therefore,

] 3n
nZO 4"+ 5

converges by comparison with the convergent
geometric series

S0

1 1
—_— >
4¥n—1 4¥n
Therefore,

i 1

n:14% -1

diverges by comparison with the divergent p-series

18 1
2/(3"—5) 2.3

B I LR g

Therefore,
X 2

235

converges by a limit comparison with the convergent
geometric series

26

5n — 3
lim n2—2n+5: im 5n2 — 3n _&
n-oo 1/n n-oh?—2n+5
Therefore,
i 5n — 3
“n—-2n+5

diverges by alimit comparison with the divergent p-series

$ 1

A=1h

14.

18.

22.

diverges by comparison with the divergent p-series

x 1
DI

converges by comparison with the convergent p-series

3/2"
nzln/

»
-1 3

Therefore,

(o] 4n
;13'1 -1

diverges by comparison with the divergent geometric series

MHE

2 __
lim =4 iy 30 g
N- oo /n N- oo n2 —
Therefore,
i 3
n=3vV n—4

diverges by alimit comparison with the divergent
harmonic series

NES

n:3n.

1
jim MEED iy
n-oo 1/n3 n-oo N3+ N
Therefore,

i 1
& n(? + 1)

converges by a limit comparison with the convergent
p-series

x 1
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+ n—1 2
24, jim WO D2 _ ~1 o T AURSE ) T
n-oo /(201 n.ooh+1 n-oo 1/n neeen+ VY2 +4 2
Therefore, Therefore,
S i he S
= (n+ 2t Sn+ U2+ 4
converges by a limit comparison with the convergent diverges by alimit comparison with the divergent
geometric series harmonic series
oo l)nfl x 1
nzl(2 . ,zln'
— 2 2|
28. lim ten(1/n) = lim (- 1/r?) sec®(1/n) _ = lim secz(l) =1
n-so 1/n n-oo -1/n? n-oe n
Therefore,
S tnf2)
n=1 n
diverges by alimit comparison with the divergent p-series
i 1
“n
o) 1 n (o] l
Converges Converges
- . oo’ 1
Geometric serieswithr = —% Limit comparison with E e
n=1
= 1 1 1 1 1 1 1 1 1
. - =(z-Z|+(z-)+|5-Z]+- =2
34n21<n+1 n+2) (2 3> (3 4) <4 5) 2
Converges; telescoping series
& 3
% nzl n(n + 3)
Converges; telescoping series
3 (5-7+3)
nzl n n+3
38. Ifj < k—1,thenk —j > 1. The p-serieswith p = k — j converges and since
. P(n)/Q(n)
M e >0
the series 2 P(n ))converg%by the limit comparison test. Similarly, if j = k — 1, thenk — j < 1 which implies that
i )
=1 Q(n)
diverges by the limit comparison test.
11,1 1 1 & 1 = 2
B e s Ml el NI - LI
V3 g B 2" -1 42 2w
which converges since the degree of the numerator is two diverges since the degree of the numerator is only one less

less than the degree of the denominator. than the degree of the denominator.
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n
44 fim (= lim = lim = oo # 0
Therefore,
E In ; diverges.

46. See Theorem 8.13, page 585.
One exampleis

diverges because I|m Yvn_-1 =1

XK 1
nzzx/n— ~ee 1/Un
and

E 1 dlverges (p-series).

=2

48. Thisis not correct. The beginning terms do not affect the
convergence or divergence of a series.

In fact,
1,1 & 1 _

B 1

1000 1001 n:;(mn diverges (harmonic)
and

l 1 o0
1+4+9 1 Z converges (p-series).
1.1 1 1 e 1
52@ ﬁ—i_ﬁ—i_@'i_"'_;lm,

converges

converges since the degree of the numerator is two less than the degree of the denominator. (See Exercise 38.)

111 < 1
0 20 20 20t T 2200 + 1on
diverges
54. (a) 1
' E (2n E 4n? —4n + 1
O, s 10 20 50 | 100
S, | 11839 | 1.02087 | 1.2212 | 1.2287 | 1.2312
© St ™ 5 0126
-2 8 >70
1 2
(d) n;lom = ? - § = 0.0277
56. True

58. False. Leta, = 1/n, b, = 1/n,c, = 1/n% Then, a, <

60. Since i a,, converges, then ianah = i a2
n=1 n=1 n=1

converges by Exercise 59.

lim & _ lim

nﬁocb nﬂml/nz n-oco N an 2?

1
converges, so does e

[ele)
b, + ¢, but > c, converges.
n=1

1 1\2 1
62. Eﬁconverge, and hencesodoe52<?> = EF'
1 1
(b) X = ETandEanEH.Smce
a_ . 1Jn_ ) .
lir&b n-oo 1/n = lim Vn=co and -

diverges, so does ) %



Section 8.5  Alternating Series 385

Section 8.5  Alternating Series

N ”167§ 6,.6_ . N “110 _0_10_ |
Z 1 4 9 Z‘ 2 8
S =6,S, =45 $ =558 =37
Matches (d) Matches (@)
o) (_1)nfl 1
6 = —=0.3679
nzl (n_ 1)'
@
n |1{2| 3 4 5 6 7 8 9 10

S |/1|/0]05| 0333 | 0375 | 0.3667 | 0.3681 | 0.3679 | 0.3679 | 0.3679

(b) 2

0 - 11

(c) The points alternate sides of the horizontal line that represents the sum of the series. The distance between successive
points and the line decreases.

(d) Thedistancein part (c) is always less than the magnitude of the next series.

oo l)n—
8. 2 = sin(1) = 0.8415
:1
@[n 1] 2 3 4 5 6 7 8 9 10
S, | 1| 08333 | 0.8417 | 0.8415 | 0.8415 | 0.8415 | 0.8415 | 0.8415 | 0.8415 | 0.8415
(b) 2 (¢) The points alternate sides of the horizontal line that repre-
sents the sum of the series. The distance between succes-
. sive points and the line decreases.
(d) Thedistancein part (c) is always less than the magnitude
05 1 of the next series.
==} )n+ 1n X (_ 1)”
10. 12. —
0 Z 2n—-1 “iIn(n + 1)
lim " -1 o, - 11 a
n-eo2n—1 2 1 Inn+2 In(n+1)

Diverges by the nth Term Test.
lim ————=0
n-oo IN(N + 1)

Converges by Theorem 8.14

oo (_1)n+1n o) (_1)n+1n2
. — 16. AN L L
14 nzl n?+ 1 6 nzl n’+ 5
_ n+1 < n__ i n2 1
1T 12+l 1 A+ 5

Diverges by nth Term Test

lim =0

naeoN?+ 1

Converges by Theorem 8.14
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(=) tIn(n + 1)
n+1

_In[(n+ 1) + 1] In(n + 1)
1T (n+1+1 n+1

lim Inn+1) _ lim 1/(n + 1)
n-oc N+ 1 n- oo 1

Converges by Theorem 8.14

18 S

n=1

forn > 2

=0

==

22. 2 %cosmr= i

n=1 n=1

(="

n

Converges; (see Exercise 9)

=) n+1
2 E Carss f
1/2

n
— i 1/6 —
I|m v nlljgn oo

Diverges by the nth Term Test

4( 1) n+1
30. § = Em D) = 27087

202

Converges; (see Exercise 9)

[(ZH 1)77] _ i (=pn*t

24. Z 2n n 1)|

&1 Gnra) S@nt o

1
M on+ 0

Converges by Theorem 8.14

n+ l(zen)

=) 2( 1)n+1 o)
- § o

28.
Zerer

2ex
e+ 1
oy 2821 — e¥)
"0 =" i1y
Thus, f(x) is decreasing for x > 0 which implies
81 < Ay
2e" 2e" 1

im g = i o = fim 5= 0

The series converges by Theorem 8.14.

Then

Let f(x) =

< Oforx > 0.

(o'} — 1 n
% nZo ((Zn))!

IR/ =|S— S| =38, = % ~ 1.9236; 0.7831 < S < 4.6303
n+1,
32 §= E( VN _ o875
Rl =IS— S| = a = %~ 0.05469; 0.1328 < S < 0.2422
o) (_1)n
34. nZO 2"nl

(a) By Theorem 8.15,

1
IR\ < aysq = AN T < 0.001.

Thisinequality isvalid when N = 4.
(b) We may approximate the series by

4 — n
sC_ 1,1 1.1 e

& 20l 2 8 48 348

(5 terms. Note that the sum begins withn = 0.)

(a) By Theorem 8.15,

1
IRl = ayyy = m<0-001-

Thisinequality isvalid when N = 3.
(b) We may approximate the series by

3 (— 1 1 1
2o "t 2t 24 720~ 0%

(4 terms. Note that the sum begins with n = 0.)
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38.

52.

E 1)n+1
(a) By Theorem 8.15, (b) We may approximate the series by
-1 oyt 111
Rul < @ves = gueagyy g < 000L 2 an T2 31927 0%
Thisinequality isvalid when N = 3. (3 terms)
o (_l)n+l =) (_1)n+1
ngl n* 2 ”Zl n+1
1 The given series converges by the Alternating Series Test,
By Theorem 8.15, [Ry| < ay., = (N + 1)% < 0.00L. but does not converge absolutely since the series
Thisinequality isvalid when N = 5. K 1
~n+1
diverges by the Integral Test. Therefore, the series
converge conditionaly.
o) (—l)"+1 =) (_1)n+1(2n + 3)
46. —_—
nzl nvn 21 n+ 10
S 1 which is a convergent p-series lim n+3_ 2 Therefore, the series diverges by the
Elnf E 3/2 gentp " n-e N + 10 ’ gesby
Therefore, the given series converges absolutely. nth Term Test.
o (_1)n o (_l)n+1
nZO enz 50 nzl nl'S
(=] l [e=)
> pr 2 - isaconvergent p-series.
n=0 n=
converges by a comparison to the convergent geometric Therefore, the given series converge absolutely.
series

o) (_1)n o

> 54. > (—Dr*larctann

i=ov/Nn + 4 n=1

The given series converges by the Alternating Series Test, but . . ,
g gesty J lim arctann = g # 0 Therefore, the series diverges by
o0 1 n-oo
Z the nth Term Test.

diverges by alimit comparison to the divergent p-series
S 1
n=1 \/ﬁ

Therefore, the given series converges conditionally.
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& 2 V)m/2 & (=1t
5. 3 sinl(2n — Ym/2] D ( r: 58. |S— S = |R| < a,., (Theorem 8.15)
n=1
The given series converges by the Alternating Series Test,
but
i sin[(2n — 1)77/2] 31
n= n:1n
is adivergent p-series. Therefore, the series converges
conditionaly.
oo(_l)n+1_ _1 1_1 . . .
60. nzl n =1 > + 3712 + (Alternating Harmonic Series)
[o'e) —1)\n (sl n—1 o
62. > ( %) 2 ) converges, but ' 1diverges
a=1 N n= =il
If p=0, then
1
M e =1

and the series diverges. If p > 0, then

1

. 1 1
nILn;; ﬁfoand(n+1)p < e

Therefore, the series converge by the Alternating Series Test.

= XN
n=1

converges absolutely (by comparison) for
—1l<x<1,

since

X
n

is a convergent geometric series for

< x| and > x

-1l<x<1l

68. True, equivalent to Theorem 8.16

72. Converges by limit comparison to convergent geometric

series 2%

76. Converges (conditionally) by Alternating Series Test.

(b) When x = —1, we have the convergent alternating series

=] 1n
2 )

n=1

When x = 1, we have the divergent harmonic series
1

H .
Therefore,
Z

converges conditionally for x = — 1.

:\><

& 3
. n21n2 +5

converges by limit comparison to convergent p-series
1

2

74. Diverges by nth Term Test. lim a, = g
N-oo

78. Diverges by comparison to Divergent Harmonic Series:

Inn
T>fforn>3
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The Ratio and Root Tests

Section 8.6
» (2k— 2! (2k — 2)! 3 1
K (2K(2k— D2k — 2)! T (2k)(2k — 1)

L M = 1. Assume that

4. Usethe Principle of Mathematical Induction. When k = 3, the formulais valid since = 1 6l

1 _2"'nl(2n - 3)(2n — 1)

1-3:5---(2n—-5) (2n)!
and show that
1 _2Yn+ DI(2n - 1)(2n + 1)
1-3:5---(2n—5((2n—-3) (2n + 2)!
To do this, note that:
1 _ 1 . 1
--+(2n-5 (@2n-3)

‘2n—=5@2n—-3) 1:-3-5

1-3-
_2'ni2r—3)2n - 1) 1
- (2n)! (2n—3)
_2mn@2n—-1 (2n+1(@2n+ 2
(2n)! @2n+1)(2n + 2

27°2)(n + H)n!'(2n — 1)(2n + 1)
@n)t!@n+ 1)@2n + 2)

_ 27 n+ 1)!'2n— )@2n + 1)

(2n + 2)!
The formulais valid for @l n 2
S (3\"/1\ 3 9/1 (1)"1444
. =)=+ =|z+ -t
6 ,Z‘l (4) (n!) 4 16 (2) 8 2 (2n)! 2 24
=2
S = g, ~ 1.03 St
Matches (b)
Matches (c)
4
10. E4e”—4+ +
n=0
S =4
Matches (e)
n+12+1
. e [Bnea] n+1! <n2+2n+2>< 1 )_
12. (a) Ratio Test: JLm | a | n“jgo e nlaOO ) ey 0 < 1. Converges
n!
b
(b) n 5 10 15 20 25
7.1548 7.1548 7.1548

S, | 7.0917 7.1548

() w (d) The sumis approximately 7.15485
(e) The more rapidly the terms of the series approach 0, the more rapidly the
sequence of the partial sums approaches the sum of the series.

11
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o 3n & [3\"
14. — 16. n<7>
nZO n! nzl 2
| [ faa| (D3t
n“ﬁ.l: a, JLH; (n+ 21! 3 nlIJIIo a, | n“jgo| n+l n3"
o B _ . 3n+1) 3
= Jgm =0 = Jim 2n 2

18.

22.

26.

30.

Therefore, by the Ratio Test, the series converges.

n

3/o9n+1
lim ‘a”?ﬂ‘= lim M

N-oo N-oo n3/2”
o+ )3 1
=hm o T2

Therefore, by the Ratio Test, the series converges.

_ 1)n— 1(3/2)n

nil ( n2

N £ Sy I N <772 L 1
n'L”;’ a | M2y ont 1 G/2n
2
= lim 3n 3.1

n-oo 2(N% + 2n + 1) 2

Therefore, by the Ratio Test, the series diverges.

(n+ D+t nl

(n+1)! nn

lim

n-oo

(n+ DH(n+ 1™t
(n + Hnin"

. <n+ 1
lim
n

im

I
n-oo

n-oo

n
Peenn

Therefore, by the Ratio Test, the series diverges.

oo (_1)n24n
nZO (2n + l)l
- | 2:*4  @n+ DY _
BELLLN e L e LI B L1

Therefore, by the Ratio Test, the series converges.

24

20.

24.

28.

n-o (20 + 3)(2n + 2)

Therefore, by the Ratio Test, the series diverges.

=) (_1)n+1(n + 2)

n=1 n(n + 1)
_ n+3 . nt2 _
1T hrDn+2 “nn+y N
. n+2
F!Lr[o]on(n+1)70

Therefore, by Theorem 8.14, the series converges.

Note: The Ratio Test isinconclusive since lim
n_ oo

The series converges conditionally.

& (2n)!
nzl n5
e o [@n+ 20 n®
AT | A s o)

(2n+2)2n + >
(n+ 15 B

= lim

n-oo

Therefore, by the Ratio Test, the series diverges.

& (nh)?
nZo(f%n)'
Ay [0+ DR @0
e | A G 3 (2

(n + 1)?

Therefore, by the Ratio Test, the series converges.

‘M
a,

=M Gy 3G+ d@En+ ) °

=1
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391

= (~1)"2-4-6- - -2n
2:5-8---(3n— 1)

Iim’a"“:Iim' 2:4- - 2m@2n+2  2-5---@n-1| . 2;n+2 2
n-o| a, neoo|2+5- - -(3n— 1)(3n + 2) 2-4---2n neeo3n+2 3
Therefore, by the Ratio Test, the series converges.
_ , o 2 2-4 2-4-6
Note: The first few terms of this series are > + 55 2.5.8 +
1
n=1
T L n* _ ( )4:
A, S Ty r Bt LU ey Bl
&1
CI
o (@nea L ( )p:
LN e R L T T A ey M
&K ([ 2n \" K —3n \n
36. n; (n + 1) 38, n:1<2n + 1)
. . 2n \" . . —3n
= n n, — 3n
tim 9] = tim /(525 tim el = im o/ |( )
= i 2n - _ “m( 3n )3_<§>3—§
Talnr 1 “a\on+1) T \2) T8

Therefore, by the Root Test, the series diverges.

. T . 1 1
m n, p— m —
nll_.oo |a"| nll_.oo \n/; e

Therefore, by the Root Test, the series converges.

s n+1 N

42, 4.2 =092
”ZO 3 nzlrI nzln
. . + . + Thisisthedi h i i
lim 9Ta] = lim n+1_ lim \f/nsil isis the divergent harmonic series.
n-oo n-oo n-oo

Let y=IlimYx+1
n-oo
Iny = lim (In Ix + 1)
Nn-oo
= lim 1In(x +1)
nooo X

In(x + 1) _ 1

=0.

= lim
n-oco X X+ 1

Sincelny =0,y =€’ =1, s0
Jn+1 1

l -
a3 3

Therefore, by the Root Test, the series converges.
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46. 21(%)“

Since 7/4 < 1thisis convergent geometric series.

=< 10
2 3/

i 10/3n%2 _ 10
nLTo 1/n¥2 3

50.

Therefore, the series converges by alimit comparison test
with the p-series

(o]

E 2n2 +1
n/(2r? + 1) n? _1
e AM ey 2 0

This series diverges by limit comparison to the divergent
harmonic series

i 1
n:ln
[e'=] 2n
52 HZI 4?2 — 1
n . (In220» . (In2322n
Mg -1 M e Mg

Therefore, the series diverges by the nth Term Test for
Divergence.

N
ngl n3/2.
& (=" & In(n)
>4 nzz nIn(n) 56. nzl n2
_ 1 <1 _ In(n) .1
aﬂ+1_(n+l)ln(n+1) = nln(n)_an n2 = nd?
lim 1 Therefore, the series converges by comparison with the
neeonlin(n) p-series
Therefore, by the Alternating Series Test, the series i 1
converges. & ndz
( l)n 3n
58. n; o
an+l _ 3+l on2n 3n 3
i, = nr 2t | T ont ) 2
Therefore, by the Ratio Test, the series diverges.
& 3:5:7---(2n+1
60. n; 18"(2n — n!
lim ’anﬂ lim 3-5-7---@n+1)@n+3) 18"2n—ynt | lim @n+3@n-1 2 1
neoo| @, | n-oo 18" 1(2n + 1)(2n — 1)n! 3:5-7---(2n+1)| n-w182n+1@2n-1 18 9

Therefore, by the Ratio Test, the series converge.

62. (b) and (c)

64. (d) and (b) are the same.

i -y 1 1 1
“ -1 2 2.2 3.2
& (-t 1 1 1

2 2-2 3.2

n=1
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Section 8.7 Taylor Polynomials and Approximations
. 3 (—3)« & (—3k2kK
66. Replace nwithn + 2. 68. kE::Ol 3 5. (kD k:07(2k)!(2k )
i 2n i 2n+2 ( )kk
= S (—6)FK
—2) ] - ATOR
=2 & nl & (2K + 1)1
=~ 0.40967
(See Exercise 3 and use 10 terms, k = 9.)
70. See Theorem 8.18. 72. Oneexampleis i (—100 + %)
n=1

74. Assume that

lim |a,,./a, =L > lortha lim |a,,,/a,| = co.
n-oo Nn-oo
Then there existsN > O such that |a,,,,/a,] > 1foraln > N. Therefore,
lans1] > la,/, n>NDO lima,# 00  a,diverges
n-oo

76. The differentiation test states that if

is an infinite series with real terms and f(x) is areal function such that f(1/n) = U, for all positive integers n and d? f/dx?
existsat x = 0, then

U,
n=1
converges absolutely if f(0) = f/(0) = 0 and diverges otherwise. Below are some examples.
Convergent Series Divergent Series
1 1
Eﬁ,f(x) =x3 Eﬁ,f(x) =X
E(l - cosé> f(x) = 1 — cosx > sin1 f(x) = sinx
n/’ n’

Section 8.7  Taylor Polynomials and Approximations

2.y=3x4—3x2+1 4. y=eVfix— 13- (x— 1) + 1]
y-axis symmetry Cubic
Three relative extrema Matches (b)
Matches (c)
6. f(X) = = =dc12 (8 =2 )
Ix
R NV M
f(x) e f1(8) - . .
P,(x) = f(8) + f(8)(x — 8) B

Il
N
+

P
|
[any
Rle
~
—
x

|
(ee)

=

P.¥) = ——x + 2
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8. f(x) = tanx f(%)zl 3/
F(x) = sec” f(%) _ 5 s
SERCS:
=1+ 2<x - %)
Py(x) = 2x + 1_127
10. f(x) = secx f(%)= Y 4
f/(x) = sec x tan x f/(f) . Kj/
f7(x) = sec®x + sec x tan? x f”(%) — 3.5 s | .

pao=1(3)+ (3 5) - 523

P, = V2 + ﬁ(x_%:) +gﬁ<x—g>2

X —215 | 0585 | 0.685 /4 0.885 | 0.985 1.785
f(x) | —1.8270| 1.1995 | 1.2913 | 1.4142 | 1.5791 | 1.8088 | —4.7043

P,(x) | 15.5414 | 1.2160 | 1.2936 | 1.4142 | 1.5761 | 1.7810 | 4.9475

12. f(x) = x%e,f(0) =0

@ f(x = (x2+ 2xe f(0) =0 (b) 2
2
f1Ax) = (X2 + 4x + 2)e f10) =2 . ﬂ
£ = (2 + 6x + B)e" £10) = 6 B )
() = (@ + 8 + 12 f@(0) = 12 o !
P = 2 = © 110 =2=P0)

£10) = 6 = P;(0)

6x3
= y2 + — = 2 + 3
P3(X) X 3 X X f(4)(0) =12 = P4(4)(0)

12x4 x4
P,(x) = x2 + x3 + s X2 4+ x3 + o (d) £™(0) = P,™(0)
14. f(x) =e* fo)=1
f(x) = —e* f(0) = -1
f(x) = e™* f10) =1
f/// X) = —g X f///(o) — _1
f(4)(x) = g X f(4)(0) =1
fO(x) = —ex fe0) = -1
_ ’ 0 , 110 o, f90) , 90 ., . x X x* X
Ps(x) = f(0) + f(0)x + o) + 3 X 2 x4 + 5 X° = x+2 6+24 120

NG



Section 8.7 Taylor Polynomials and Approximations 395

16. f(=e> 0 =1
f(x) = 3e*  f(0) =3
f1x) = 9% f7(0) = 9
f(x) = 276% £7(0) = 27
f@(x) = 816 f@(0) = 81
9 27 . 8l 9., 9. 27

= ~ w2 = 3 w4 — = w2 3 = 4
P,(x) 1+3x+2!x +3!x+4!x 1+3x+2x +2x+8x
18. f(x) = sinwx f0) =0 20. f(x) = x%ex f0) =0
f(x) = 7 cos X f(0) = = f(x) = 2™ — x%* f(0) =0
f1(x) = —m2sin wx £10) = 0 fx) = 267 — 4xe™* + XX f10) = 2
f(x) = — 73 cos 7 X £10) = — 73 f(x) = —6e7* + bxe X — x% X f(0) = —6
3 f@(x) = 1267 — Bxe > + x%&*  f¥(0) = 12
Pa(x)=0+7rx+2x2+ T3 =mx— =3 ) ©
2 3l 6 ) 6 1
P4(X) =0+ 0x + Exz + ?Xe’ + EX“’

1
=x2—x¥+xt
2

X _x+1-1

= = =1- -1 =
22, f(x) 1 1 1-(x+1) f(0)=0
fx)=(x+ 172 f(0) =1
fx) = —2(x + 1)73 f10) = -2
£7(x) = 6(x + 1)~ £(0) = 6
f@(x) = —24(x + 1)~° f@0) = -24
_ _ 2,,6; _ 24 oy — 2 3 _
P,x) = 0+ 1(x) X + & 24x4 X—x+x3—xt
24. f(x) =tanx f(0)=0
f(x) = sec?x f(0) =1
f/(x) = 2 sec? x tan x 0) = 0

f7(x) = 4sec? xtan? x + 2 sec* x f7(0) =2

P3(x)=0+1(x)+0+%x3=x+%x3

26. f(x) = 2x2 f(2) = %
_ 1
fx) = —4x3 f(2) = -3
_ 3
f1(x) = 12x~* (2) = 7
_ 3
f7(x) = —48x~5 f7(x) = 5

f@(x) = 240x© f@(x) = %

P = 3 = 20— 2) + Sk — 22 = Z(x— 2+ S (x — 2

N
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28. f(x) = x¥/3 f(8) =2 30. f(x) = x?cosx f(m) = —m2
7, — _ 2 o /| —
F(x) = %x‘m £(8) = le f/(x) = cosx — x?sinx f(m) 2
f(x) = 2cosx — 4xsinx — x2cosx fAm) = —2 + 72
i) = 253 ngy — L 2 _
P00 = —gx PO = "1a PX) = — 2 — 2m{x — m) + T2 5 Dix— mp
V4 — @ —8/3 ”, — E . i — 5
P00 = 57 718 = %7 % ~ wse
PiX) = 2+ =(x— 8) — —(x — 82 + (x - 8
3 12 288 20,736
1
32, f(x) = 1 2 -
—2X j\@\
/ - -3 3
0= e+ 1 3
2(3x2 — 1) %
7| — X" — -2
) = (x2 + 1)3
o 28X(1 — x?)
7 ="oe 5 1
24(5x* — 10x2 + 1)
(4) =
P60 02 + 18
@n=2c=0 (b) n=4,c=0
Pz(x)=1+0x+_2—!2x2= 1-—x2 P,(x) =1+0x+_2—!2x2+%x3+%x4=1—x2+x4
(©)n=4,c=1
_1 _1_%_22_3;3_4_1_1_ 1_2_1_4
Q) = > + ( 2)(x 1) + 2 (x—1)2+ 3!(x 1)3 + a (x—1)*= > 2(x 1)+ 4(x 1) 8(x 1)
34. f(x) =Inx
P.x) =x—-1

P = (x—1) — 5(x — 1)2+ 35(x — 1)® — z(x — )4

@

X

1.00

125

150

175

2.00

Inx

0.0000

0.2231

0.4055

0.5596

0.6931

P1(x)

0.0000

0.2500

0.5000

0.7500

1.0000

P4(X)

0.0000

0.2230

0.4010

0.5303

0.5833

(b) 2

(c) Asthe distance increases, the accuracy decreases.

36. (8 f(x) = arctanx (©) y
3 usn
Py(x) = x — X ’
3 xl
P3
®Fx | -075 |-050 |-025 |0|025 |05 | 075 3 I
f(x) | —0.6435 | —0.4636 | —0.2450 | O | 0.2450 | 0.4636 | 0.6435 f i
PJX) | —0.6004 | —04583 | —02448 | 0 | 0.2448 | 04583 | 0.6094 K
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38. f(x) = arctan x
Py y ’75 ‘Pl
N

X

— =t —
-3 -2 1 3

I\

I
Ry Pig Py P

42, f(x) = x2e X =~ x2 — X3 + %x“
1
f<g> ~ 0.0328

44, f(x) = x2cosx ~ — 2 — 2m(Xx — m) + (7722_ 2)(x — )?

T
f<§> =~ —6.7954

46. f(x) = e fO(x) = e« O Maxon|[0, 1]iset.
et
Ri(x) < = (1)® = 0.00378 = 3.78 x 103

24x(x? + 1)
(1—x2*

[J Max on [0, 0.4] isf@(0.4) ~ 22.3672.

48. f(x) = arctan x; f@(x) =

22.3672
Ry(x) < 2

(0.4)* = 0.0239

52. f(x) = cos(mx?)

_ B x2 x* x5
g(x)—cosx—175+mf§+- .

f(x) = g(7x?)

L, @, @ (e,

2 4 6l
Lt e a2
DR R TR

'7T2 77‘4 776
f(06) = 1 - 25, (06)* + 5 (06)° — - (0.6)* + - - -
Since thisis an alternating series,

,7T2n
R, ca,,,= w(OG)‘m < 0.0001.

By trial and error, n = 4. Using 4 terms f(0.6) =~ 0.4257.

40. f(x) = 4xe~x/4

50. f(x) = &

f(x) = e

Max on [0, 0.6] is €6 =~ 1.8221.
1821 o

R, < e D (0.6)"+1 < 0.001

By trial and error, n = 5.

. x3
54, f(x)=smx~x—§
sinz x4
|R3(X)| = T 4 < T < 0.001
x* < 0.024
x| < 0.3936

—0.3936 < x < 0.3936
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56. f(c) = P,(c), f(c) = P,(c), and f”(c) = P,”(c)

60. y

58. See Theorem 8.19, page 611.

The first four terms are the same!

64. Let f be an odd function and P,, be the nth Maclaurin polynomial for f. Sincefisodd, f”is even:

—X+ h) — f(—x)

—f(x — h) + f(x)

o FOE (=h) = (9

f(—x) = | |rrgf(

= lim
h-0

= lim ~h

= f/(x

).

62. (8 Ps(x) = x — g + *fOI‘f(X) =snx
4
PS/(X) 1_5'*‘1
Thisis the Maclaurin polynomial of degree 4 for
g(x) = cosx.
X2 x4 X6
(b) Qg(x) = 1—E+Z—gforcosx
XX
Qe/(x) ==X+ 3 g = —PS(X)
2 X3 X4
(C) R(X):1+X+§+§+E
2 XB
R(x)—1+x+§+§

Similarly, f”is odd, f"”is even, etc. Therefore, f, T/, f @, etc. are al odd functions, which implies that (0) = f7(0) =

Hence, in the formula

P.(x) = f(0) + f(0)x +

66. Let P,(x) = a; + a;(x — ¢) + a,(x — ¢)? +

a,kl = <f(k|i¥>k! =

Power Series

Py(c) = a, = f(c)

Forl<ksn, P®c=

Section 8.8

2. Centered at 0

- al the coefficients of the even power of x are zero.

=21

-+ a,(x — c)"wherea, =

f“)ﬁ

4. Centered at 7

o) (_1)nxn
8 nZO 2"
L= lim |/ = lim
nooo u n-oo
1
=5

)n+1xn+l

2n

=

2n+l

NS
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10.

14.

18.

20.

Interval: —1 < x <1
When x = 1, the alternating series i __(ar converges.
’ “o(n+ (n+2) )

& 1 - | =
When x = —1, the series nzo nrDn+2 converges by limit comparison to nzl e

Therefore, the interval of convergenceis—1 < x < 1.

i -1 nl(x — 4)n

n=0

N VY (=)™ Y n + DI x — 4t 3 o n+ Dx =4
Jim = im ‘ g1 Cormx— 4| ~ A =
R=0
Center: x = 4

Therefore, the series converges only for x = 4.

n=0 n!
L= lim Y% + 1| i (2n + 2)Ix*+2/(n + 1)! Since the series is geometric, it converges only if
neoo | U, | A (2n)!1xe/nl [x/k| < Lor —k < x < k.
_ i ‘(Zn +2)(2n + 1| _
n-oo (n + 1)

The series only convergesat x = 0. R = 0.

o) oo (3X)n

-1 Yn + 1)x" 16.
S+ 3
u | . (_1)n+2(n + 2)Xn+1 |U | . (3X)n+1 (Zl’l)!

lim [0 = h+1| _ .

LN vl L1 g v LN T L B e IR e
. |(n+ 2)x . 3x ‘
= lim = = [ S
dim S|~ M M [zn s 2@+ 1| = °
Interval: —1<x<1 Therefore, the interval of convergenceis —oo < X < co.
When x = 1, the series i (—=D"*Yn + 1) diverges.
n=0
When x = —1, the series i —(n + 1) diverges.
n=0

Therefore, the interval of convergenceis —1 < x < 1.

=) ( l)an
HZO (n+ D(n+ 2

[T (=Dt (n+ 1)(n + 2)‘ o |n+ x|

UL v UL i i TS v B Y e
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22.

24.

26. Y

28.

=) (X — 2)n+l
“o(n + 1)4n+1

i U] i (x=2m2  (n+ 4+ _ i - 2)(n + 1)‘ 9
n-oo | U neoe (N + 240727 (x — 21| ntee 4 (n+2)
R=4
Center: x =2
Interval: —4<x—2<40r—-2<x<6
(_ )n+l

When x = —2, the alternating series E ) converges.
When x = 6, the series i 1 diverges.

“n+1
Therefore, the interval of convergenceis —2 < x < 6.
i 1)““(x "
n=1
tim ] = pm [T |~ i 3~ e
R=c
Center: x = ¢

Interval: —c < x—c<cor0 < x< 2¢c
R’ -1,
When x = 0, the p-series >’ Y diverges.
n=1

(_ )n+l

When x = 2c, the dternating series E

o) (_ 1)nX2n+1

o 2n+1
u (=)rhents (2n + 1) .
|m n+1 — . = |m
S T AL e e G v B
R=1
Interval: —1<x<1
When x = 1, E (-1r converges.

2n+1

(_ )n+1

When x = —1, E o 1 1 Coverges.

Therefore, the interval of convergenceis—1 < x < 1.

i( 1)nX2n
n=0
. . -1 n+lX2n+2 n!
jim |Yes2] = i |2 . 5
n-oo | U, n-oo (n + l)' (—1)”X n
— im || =
T neee|n+1]

Therefore, the interval of convergenceis —oco < X < oo.

@2n+1
A [(2n + 3)F

converges. Therefore, the interval of convergenceis0 < x < 2c.

2:|2|

X nix?
30.
2, 0
[Unsq| (n+ Dixr*t (2n)!
LIS i LN P e e
. (n + 1)x ‘
=lim| s =
n-o |(2n + 2)(2n + 1)

Therefore, the interval of convergenceis —oo < X < oo.
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(=] 2‘4'6(2”) on4 1
3. n213-5-7- : -(2n+1)( )
lim Y] — ~ i | 2-4 (zn)(2n+2)x2n+3 3:-5---(2n+1)|_ ‘(2n+2)><2 .
neoo | U, %|3:5-7---(2n+D@2n+3) 2- (2n)x2n+1| an (2n +3)
R=1
When x = %1, the series diverges by comparing it to
«_ 1
2‘1 2n+1
which diverges. Therefore, the interval of convergenceis —1 < x < 1.
2 X n(x — c)
'nEll 3:5---(2n—-1)
N [ (n + DI(x — c)n+1 1-3:5---@n—-1|_ . (n+1)(xfc)‘7; B
A T AMm T3 s - Dent D) ni(x — c) = Jim T | T2k
R=2
Interval: —2 < x—c<20orc—2<x<c+2
The series diverges at the endpoints. Therefore, the interval of convergenceisc — 2 < x < ¢ + 2.
[ n(c+2-o" B n! 22 _ 2:4:6---(2n) >1]
1-3-5---(2n—1 1:-3:5---(2n—1) 1-3:5---(2n—1)
_ o) (_1)n+1(x — 5)n )n+1(x 2)n
36. (@ f(x) = ;lT,O <x<10 38. (@) f(x) = 2—,1 <x<3
1 n+1 — 5 n—1 o0
CECEDY % 0<x<10 ®) F00 = S (- ix - 241 < x<3
=1 n=1
) n+1 — — n—2 o)
© 1% = 2 —)™Hn 5n1)(x "% 5 < x < 10 © 0= S (-1 in-1x—-2"21<x<3
n= n=2
B = (_ 1)n+1(x _ 5)n+1 B =) (_1)n+1(x — 2)n+1
(d) jf(x)dx_nzl—n(nJrl)B" ,0< x< 10 (d) f(x)dx—nz1 N+ D) ,1<x<3
0. g(2) = i(g) —1+ 244, 42 g-2) = i(—g>na|tema¢ing Matches (d)
<\3 3 9 ' “~\ 3 '
S, =1, S, = 1.67. Matches (a)
44. The set of all values of x for which the power series converges is the interval of convergence.
If the power series converges for all x, then the radius of convergenceis R = oo. If the power
series converges at only ¢, then R = 0. Otherwise, according to Theorem 8.20, there exists areal
number R > 0 (radius of convergence) such that the series converges absolutely for |[x — c| < R
and divergesfor [x — ¢| > R.
46. You differentiate and integrate the power series term by term. The radius of convergence
remains the same. However, the interval of convergence might change.
= ) o xn X2 X3 X4
48. (a) f(x) = nzoﬁ’ —00 < X< oo (SeeExercise11) (© f(x) = nzln! =1+ Xt ottt

=] n—1 =] anl ® xn

_ _ f(0) =1
"0 2w

(d) f(x) = e

(b) f(x) = = f(x)
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3 (71)nx4n
50. y_1+n2122“n!-3-7-11--'(4n—1)

o (— 1) dnxén—1
y nlezw “3-7-11- - (4n—1)

i ( 1)”4n(,4w—/1’)x4” 2 s i (=1)" 4nxn-2
2 -3-7-11- - -(4n—T1) 22l -3-7-11- - -(4n - 5)

(_1)n 4nx4n 2 (_1)n X4n+2
7+ Xy = —x2 + + x?
yrrxy =X ,Zzzz”n!-S-?-ll- (4n — 5) 22”'n'-3-7-11---(4n—1) X
( )n+l4(n + l)x4n+2 ( )n+lX4n+2 22(n + 1)

=0

- 2 220 2(n + 1)1 -3+ 711 - - (4n — 1) E 2l -3-7-11- - -(4n— 1) 2%n + 1)

_ (,1)k X2k _ o (,1)k X2k+1
520100 = X 3 Sac ik + 11 2 22 Witk + 1]
Uea| (—DkrixAes A (k + 1)!‘ L (-0 |
@ im = S sk ik 2 (co et | e 2k + k< 1)] °
Therefore, the interval of convergenceis —oo < X < oo.
_ ) (_1)k X2k+1
(B J) = Z 22 3 (k + 11)
& (DR (2K + D)xe
%' = 2 2 Ta(k + 1)1
aoy - Q& (DK + 1)(2k)x* 1
L= ik + 1)1
& (CDK(K+ DERXEL & (—DK2K + Dxxl
2 ” ’ 2 __ —
XX 0= D= Y oAk + 1) & 22k + 1)!
< (—1)kx+3 < (—1)kxk+l
* 2 Ak DL 2 P kT D
_[8 (CLMKE D@ x| & (—DK2k + 1x
B [k:l 22+ (k + 1)! 2 kZl 22+ 1l (k + 1)!
=) (_ 1)kX2k+ 1 =) (_ 1)kx2k+3
B kZ«l 22+ 1 (k + 1)!] kZo 22+ (k + 1)!
& (DR (2k+ DK + (2k+ 1) — 1] & (—1)kkk3
B 21 22+1K (k + 1)! kZO 22+1Kl (k + 1)!

_ o) (_1)kX2k+14k(k + 1) (_l)kX2k+3
B kZl 22+1Kl (k + 1)! * kZo 22+1Kl (k + 1)!

_ i (,1)kx2k+1 N i (,1)kx2k+3
A 22k — DK 22K (K + 1)

( 1)k+1x2k+3 =) (_1)kx2k+3
- 2 o 221 (K + 1) go 223 (k + 1)1

( 1)kX2k+3[ 1) + 1]

E PEIEPTPEE R
x 1 1 1 & (DK I2(K + Dx+T gy (—1)k+ixk+l
=2 =3 =5 7 () = =
_ _ (_ 1)kX2k+1 _ (_ 1)k+ lX2k+l
T U0 == D Skt 1 2 2% Kk + 1]
" \ e s Note: Jy/(x) = —J,(x)

-4
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o) N x2n+1 .
54. f(X) = nzo(—l) m— sSin X
(See Exercise 47.)

2

© X2n+ 1 o) X2n— 1

582%@n+D!_2;Qn—D!

Replace nwithn — 1.

62. True

folf(x) dx = J:(E:Oaﬁx”)dx = [

a X+t

o0
nZO n -+

|

56.

60.

R N
07n20n+1

X2n+1

2n+ 1

=arctanx, -1 < x<1

f(x) = 2)(—1)"

(See Exercise 38 in Section 8.7.)

[SE

-

-25 25

(NE]

True; if

2 X"
n=0

converges for x = 2, then we know that it must converge

on(—2,2].

Section 8.9  Representation of Functions by Power Series

4 4/5

a

2. (@ f(x

_ [ee) ﬂ ln: [e=) 4xn

5-x 1-x/5 1-r

This series converges on (—5, 5).

ﬂ+ix+ix2+47x3+. -
5 25 125 625
(b) 5—x)4
4fgx
4
5X
4 4.,
5 25"
4
Pl
4, 4
25 125
43
125
e axt
625

125

4.

1 1 a
@ 1+x 1—-(-x 1-r
=2 = Y (=%
n=0 n=0
This series convergeson (— 1, 1).
1-x+x2—=x3+- -
(b) 1+x)1
1+ x
—X
_X_XZ
XZ
X2+ x3
_X3
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6. Writing f(x) in the form %, we have

4
7—-(x+2)

a

4/7 _
1-r

T1-17x+ 2

4 —
5—-x

Therefore, the power series for f(x) is given by

= Ear" §7< (x+2)>

=0
4(x + 2"
n+1

\MS

|x+2|<7or—5<x<9

8. Writing f(x) in the form a/(1 — r), we have

3 _ 3 _ 1 _a
X—-1 3+2x-2 1+@2/3(x-2 1-r
which impliesthata = 1andr = (—2/3)(x — 2).
Therefore, the power series for f(x) is given by
3 _ o0 n_ o0 _g B n
1= ngo arn = ZO[ 3(x 2)] ,
i (= 2)”(X - 2)“
n=0
|x — 2] <§or1<x<z
2 2 2
10. Writing f(x) in the form a/(1 — r), we have 12. Writing f(x) in the form a/(1 — r), we have
1:1:—1/5:a 4:4: 1/2 __a
2Xx—5 —-5+2x 1-(2/5x 1-r 3X+2 8+3x—-2 1+@3/8x—2 1-r

which impliesthat a = —1/5and r = (2/5)x. Therefore,
the power series for f(x) is given by

which impliesthata = 1/2 andr = (—3/8)(x — 2).

Therefore, the power series for f(x) is given by

o _00_1, _ 2n yn 4 :oo n:ool_§_ n
sms o= (S - -5 85 TEERDLIEDE B
S .2 5 1&(-3"(x-2
x| < SO —5 < x< 3 ZnZO & ,
Ix = 2] <for—§<x<%.
wo_X-7 3 2 _ 3 2 _ 32 2
T2+ 3 -2 x+2 -1 2+x —-1+2x 1+(1/2x 1-2x
Writing f(x) as a sum of two geometric series, we have
_ &7 3(3) (L S G n+1:| 1,-1 1
2X2+3X—2_nzo<2>< x) EZZX) _E[znu + 2 x",|x|<20r 5 <X< 5

16. First finding the power series for 4/(4 + x), we have

1 _ o 1 n_ =) (_1)nxn
1+(1/4)x_n20( 4") =2
Now replace x with X2,
4 _ i (_1)nX2n
4+ & o4

Theinterval of convergenceis|x?| < 4or —2 < x < 2since

) Uns 1 _ ( 1 n+1y2n+2 ) 4n _ Xiz _ M

am Ty n"fll‘ 41 v A IS
p— X — 1 -_— ; R N —_ ; G N
1800 = a7 =20 +% 2(1 —x 2 :0 - 220’(

_loc —_1\n — n_l — 2 _ 3 — 5 ..
—220[( 1) 1]x—2[0 2X + 0x2 — 23 4+ Ox* — 235 +

— ;i(_z)X2n+l - _ §X2n+1’ 1l<x<1
2n:o n=0
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d? 1 2
20. By taking the second derivative, we have — Ve [ 1] = m Therefore,

2 21 & non
(X+ 1)3 = @[nzo(_l) X:|

= dﬂx[i (_1)nnxn71] = i (=D"n(n — x"-2 = i(—l)"(n +2)(n+ 1)xn, —1 < x < 1.

n=0

22. By integrating, we have

= —In(1 - x) + C,.

fl+ dx = In(1 + x) + C; and

f(x) = In(1 — x3 = In(1 + X) — [—In(1 — X)]. Therefore,
ln(l_xz):flixdx_flixdx
x =] o] )" n+1 o0 n+1
-S| [[ S 0]ane [er 50T e £

n=0

( 1)n — 1]Xn+1 _2x2n+2 _ oo 1)X2n+2
C+E n+1 _C+E n+2 © Z n+1
To solve for C, let x = 0 and conclude that C = 0. Therefore,

X2n+2
-1<x<1

- =-3

“on+ 1

= 2x§ (—1)"x2" (See Exercise 23.)

=]

2 ( 1)n 2x2n+1
=0

e e s 1) = 2
Since i (In(x?2 + 1)) = 2+ Ve have
) i1 ( 1)nX2n+2
n n-+ = - -
In(x2 + 1) f[z —1)" 2x ]dx C+2 I I l<sxs 1l

To solve for C, let x = 0 and conclude that C = 0. Therefore,

=) (_ 1)nX2n+2

2 = -1 < <
In(x2 + 1) nzo I l1<x< 1
! 1 1 ) .
26. Since 22+ 1 dx = > arctan(2x), we can use the result of Exercise 25 to obtain
— ; n Nye2n — M 1 1
arctan(2x)—2f42+1d f[E( 14x]dx C+22 il 2 <XS5
To solve for C, let x = 0 and conclude that C = 0. Therefore,
( 1)n4nX2n+1 71 1
arctan(2x) = 22 o+l 2 <xs<3
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X2 x® x4

28.x75+§f4sln(x+1) 5
S
X2 @ x4 X !
< AT - = -
< X > + 3 2 + 5 » o
s
-3
X 00| 0.2 0.4 0.6 0.8 1.0

x2 x3 x4
Y + 377 0.0 | 0.18227 | 0.33493 | 0.45960 | 0.54827 | 0.58333

In(x + 1) 0.0 | 0.18232 | 0.33647 | 0.47000 | 0.58779 | 0.69315

x— X + XX X1 00| 018233 | 033698 | 0.47515 | 0.61380 | 0.78333

In Exercise 35-33  (—qp X
n Exercise , arctan X = nzo(— ) 1
x3 L XX X N
30. g(x) = x — 3 cubic with 3 zeros. 32. g(x) = x — 3 + T 34. The approximations of degree 3, 7,
11,. . .(4n—1L,n=1,2.. )
Matches (d) Matches (b) have relative extrema.
. =) N X2n+1
In Exercises 36 and 38, arctan x = nZo(—l) T 1
5 =) X4n+2
— —1)n S
36. arctan x 20( 1) ]
2d ) N X4n+3 C C 0
= )P+ =
arctanx?dx = 3 (=1" G gon v T O
3/4 ) (3/4 4an+3
2 — _a\n____\v
fo arctan x2 dx 20( 1) an+3@n T 1

oo N 34n+3
= 2V G gen v pane

27 2187 177,147
192 344,064 230,686,720

Since 177,147/230,686,720 < 0.001, we can approximate the series by itsfirst two terms: 0.13427

=) X2n+3
38. x2arctan x = nZ()(—l)n o 1
=] X2n+4
fxz arctan x dx = nzo(—l)nm

1/2 oo 1 1 1
2 = —)n a1
fo x2 arctan x dx rzo( 1) 2n+ A)2n + )22+4 64 1152 +

1/2

< 0.001, we can approximate the series by its first term: f x? arctan x dx =~ 0.015625.
0

. 1
Since 1152
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. 1 &,
In Exercises 40 and 42, %" nzox , |x]1.

40. Replace nwithn + 1 12 (a);in@)”:gin(g)n—l:g;:Z
- e ' @32 M3 To92 "3 9[L - 2/3)P
Enx”*:E(n+1)x" ioo <g>n_ioo (3)n71
=1 =0 ®) 35 2 "\10) =100 2, "\10
_9 1 g
T 100 [1- (9/10)]2
44. Replace x with x2. 46. Integrate the series and multiply by (—1).
48. (a) From Exercise 47, we have
arctanl—20 arctani = arctan@ + arctan( 1 )
119 239 119 239
3 (120/119) + (—1/239)] B (28,561) B 7
= arct [1 — (120/119)(—1/239) | ~ % (28561) = AL =7
1_ 1 1_ _21/9 | _ 10 S
(b) 2arctan 5= arctan 5 + arctan 5= arctan [1 — (1/5)2] = arctan —— o = arctan T
1_ 1 1 e 5 _ 265/12) | _ ... 120
4 arctan 5= 2 arctan— 5 + 2 arctan 5= arctan 12 + arctan o arctan[l — (5/12)2] = arctan 119
1 1 120
4arctang arctan@ arctanm - arctan@ — (see part (8).)
1 1_ (1/2) + (1/3)] <5/6) ks
50. (a) arctan2 + arc:tan3 = arctan[i1 — 1213 arctan 5/6 2
(b) 7= 4[arctan + arctan é]
4[1 (1/2)3 (1/2° _ (1/2)7] N 4[1 _ @R (@438 (1/3)7]
2 5 7 3 3 5 7
~ 4(0.4635) + 4(0.3217) ~ 3.14
. +1
52. From Exercise 51, we have 54. From Example 5, we have arctan x = E( n 2n T
o0 1 0 (_ l)n+1(1/3)n
E(,l)n+lT — 2 S/ A S At o) N _ =) N (1)2n+1
n=1 3"n n=1 n nzo(_l) - nzo(_l) oan+1

1 4
= |n(§ + 1) = In§ ~ 0.2877.

= arctan 1 = g ~ 0.7854
56. From Exercise 54, we have
% 1 = 1
—qy+1_ - 00 M1\ =
2 oy - 2V @ 1)

_ =) n(1/3)2n+1
B nZO( U o1
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2n+ 1
— n
58. From Example 5, we have arctan x = E (-1 1

o (_1)n ﬁ

ST T S e A
(—Dn(1//3)n2

fE 2n+ 1
= ﬁarctan%

- 3(3) =37
Section 8.10 Taylor and Maclaurin Series
2. For ¢ = 0, we have

f(x) =
f(x) = 3nex>* O fM(Q) = 3"

e3X—1+3x+92—’j2+%‘3+. . .::O(?;ﬁ)“
4. For ¢ = /4, we have:

f(x) = sinx f<g) %

f/(x) = cosx f’<%) = %

P10 = —sinx f”(g) - 2

f(x) = —cosx f/ (%) = \f

f@(x) = sinx f(@(%) %

and so on. Therefore we have:
& f(7/4)x — (/4]

sinx =
n=0 n!
2 7\ _ xX=(@/4F [x=(@/4P  [x - (a/4]
:2[1+( Z)_ T +]
V[ & (1P — (/A
- 2{20 (n+ 1) ! 1}

6. For c = 1, we have:
f(x) =
fOx)=e< O fO(1) =e

w [1+(X—1)+ (X;!l)2+ (X;!1)3+ (X;!1)4+ .. .]:eio%
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8. For ¢ = 0, we have:

f(x) = In(x2 + 1) f0)=0
f(x) = x2 n 1 f/(0) =0
V| — 2 — 2X2 | —
f(x) = e+ 12 f10) = 2
17 —_ 4X(X2 — 3) 1 j—
f1(x) = 7()(2 e f10) =0
12(—x* + 6x2 — 1)
(4) = (4) - _
F9) T 14(0)
48x(x* — 10x2 + 5)
(5) = (5) =
fO(x) o+ 15 f®0) =0
—240(5x8 — 15x4 + 15x2 — 1)
(6) = (6) =
fO(x) o + 1)5 f©®(0) = 240
and so on. Therefore, we have:
& f(“)(O)xn 22 03 12x*  Ox®  240x8
In(x2+1)—zO =0+ 0+ ot o — Tty
X4 XG =) 1)nX2n+2
— 2 _ 2
X 2 *t3 3 Z n+1
10. For ¢ = 0, we have;
f(x) = tan(x) f(0)=0
f/(x) = seci(x) f/(0) =1
f(x) = 2 sec3(x)tan(x) f10) =0
f(x) = 2[sec*(x) + 2 seci(x)tan3(x)] f10) = 2
f@(x) = g[sech(x)tan(x) + sec(x)tan3(x)] f@0) =0

fO(x) = 8[2secq(x) + 11 sech(x)tan?(x) + 2 seci(x)tan*(x)] fG(0) = 16

& fOox 23 16x° _ X2
tan(x)—nzo oS Xt gt —x+3+15x5+

12. The Maclaurin Seriesfor f(x

fn+1(x) = (—2)n+1e~2 Hence, by Taylor's Theorem,

f(n+l)(z) i1l _ (,2)n+le72z

— n+1
0 =[R9I = |y m+or
n+1yn+1 n+1
Since lim ‘% lim ((rf)jr ] = 0, it followsthat Rn(x) —» 0 asn - co.
N-oo Nn-co

Hence, the Maclaurin Series for e convergesto e for dl x.
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14, Since (1+ )+ = 1~ oo+ D (k + 1)?E|k + 2%
[ 0] o0 (D)o 2D 20E/RG/2R
=1+

+ - - -, wehave

I\)H—\

L@, (DE)EX
g+ 222!X * 233 o

-(2n — x°

® 1.3.5- -
_1+n21 2n!

16. Since (1 + x)* = 1 + kx + (k ;! )¢ | Kk = 1):§'k —29¢ . we have
(1+xV3=1+ (;)X N (1/3)(;!2/3>x2 . (1/3)(—2/33!,)(—5/3)x3
_ . X_ 20 2:5 2-5-8¢
3 32 3% 3%l
_ 1+ " 2( Pntip - 53nrz]s! ‘(3n—4)
18. Since (1 + x)¥2 =1 + g + 22 (-1nt1-3 '2n5n'! = 1)
wehave (1 + V2 = 1 + = 2 ril-3 Zf?n! (2n S)Xsn.
20. @:§0§71+x+—2+§+x—4+§+
22. cosx = E( (21:)(2” =1- ;—T + § - g o o4 sinx = E((Zrl])::@;;l
cos 5 = 20(’2"&”2” S 2ane - 25 LIRS
X2 3
26. e =14xt gt
e‘le—x+§—§+
e +ex=2+ 22"—‘2 + 4—3?4

2n

2cosh(x) = e+ e * = 22(2n)l
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—1)"1-3-5- - -(2n — 1)x

28. The formulafor the binomial seriesgives (1 + x)"%2 =1 + E , which implies that

~ 2"n!
- (—)"1-3-5- - -(2n — L)x2
(1+x2)V2 = 1+2 o
In(x + Vx2+ 1) =
o+ D) = [
 ®(-DM-3-5.. (20— pa
_X+n; 2(2n + Dn!
¥ 1.3 1-3-5¢

2:3 2-4-5 2:-4:-6-7

X2 x

acsnx _ &  (2nbhentt 1
30. Xcosx = x<1 o T A > 32 « EO(Z”nI)Z(Zn 1 x
_ X3 X5 _ =) (2n)!x2”
=X oty & (2n2(2n + 1) x#0
=) (,1)nX2n+1
& (2n)
X2 2x4 28 .
34€X+e'x—2—7+j—ﬁ+--- (SeeExermseSS.)
e+ e X2 x4 ><6 (=X
2 T ataTe E oy~ s
36. g(x) = €*cosx o
2 4 g4 X2 x4 -6
_(1+X+E+€+ﬂ+ )(1 E'f'ﬂ— > /
2 X2 X3 X3 X4 X4 X4 X3 X4 '
=1+x+ (== == = = + =1+x—7"-=
1+x (2 2) <6 2) (24 4 24) Tex=3 "% =
38. f(x) = e In(1 + x)
x2  x3 x4 X2 x3 x4 X
<1+X+E+E+ﬁ+ "><X—E+§—Z+g—"'>
Cxr (e E) e (R R) L (L e
2 3 2 2 4 3 4 6 5 4 6 12 24
LR 6 36
2 3 40

/Tl/ '
-3 3
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e X2 x84
40. f(x) = T+ x Divide the series for eby (1 + x). f(x) = 1+E_§+?_
R SR S 6
v -3t %" T
) X 3 x4 x5
1+x]1+Xx +E+ E+7+EO+ . .
1+ x _\'|
X2 X3 -6
+ =+ =
0 2 6
e
2 2
X3 x4
3 24
x_x
3 3
3x4 x5
8 10
X 3N
8 * 8
42 :x——+i 1—)(—2+X—4 ~ X COS X 4. y=x2— X3+ x*=x¥1 - x+ x?) = x?
y o 24 Y
Matches (b) Matches (d)
* b & (="' -3-5---(2n— 3t
3t — b
46.J0\/1+tdt L[1+2+n22 o ]dt
4 oo (_1\n—11 . . P _ 3n+17|x
=[t+t—+ (—)"11-3-5---(2n— 3t ]
8 & (3n + 1)2n! o
x* & (-)"1-3-5...(2n— 3N+l
=X+ =+
XT3 22 (3n + 1)2n!
. . ( l)nx2n+l 7)(73 X757X77 . .
48. Sincesin(x) = 2 @n + D) =X 3!+5! 7!+ , we have
oy g =y 1 1 1
sn(l)—go(2n+l)!—1 a5 ot ~ 0.8415. (4 terms)
] % xn X3 x4 o 1_ 1 1 1
50. Since et = Z—‘—l+x+—+§+—+§+. , we have e~ 1—1+§—§+—|
e—1 - 1 1 1 1 1 & (-t
and e =1-¢1 1—5 g—a‘i‘a—ﬁ‘l‘"'—z I =~ 0.6321. (6terms)
52. Since
)X2n+l_X_X73+X75_X77+
2 (2n+ 1! 35 7
sinx X2 oxt X :i(fl)“xﬁ‘
X 35 7 “~ (2n + 1)
snx _ S (=D
Wehavelm(]) X _!(IIT(])nZO(Zn+1)! h

1
-5

1

1+ X

)
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Section 8.10
1/2 1/2 2 a4 6 3 5 7 1/2
arctan x X2 xt X X3 x5 X
. ———dx = -+ =T+ =[x—-=+ =+
>4 L x & L (1 3"5 77 >dx [X 2R 7 ]0
Since 1/(9229) < 0.0001, we have
1/2
arctan x 1 1 1 1 1
L x dx~(§*ﬁ+5zs*ﬁ+@)~°-4872-
Note: We areusing lim actanx _ 1
X 0" X
1 1 2 3 2 3 4 5 1
X x2 x3 xt X X X X

. = 11—+ -+ == =[x- + - + —

> L.s 005 /xdx L( 274 68 )dx [X 221 T 3@~ 4(6) T 5(8) ]0.5

.5°) < 0.0001, we have

Since 7210,1600 a-o
1
1
~ _ _ =1 - 2 = (1 — 3_7 _ 4 _ 5[ ~
fcosﬁ(dx [(1 0.5) (1 05) + 2 (1 059 — 5251 05)+2011600(1 0.5)] 0.3243.

0.5

58. J'Mxln(x+ 1)dx=f

0

(1/4)°
Since ——— 5 < 0.0001,

1/4
f xIn(x + 1) dx = L;')S - LSA')A‘ =~ 0.00472.
0

60. From Exercise 19, we have
1 2 =) ( l)” X2n
—— | e *dx =
AV 27T£ vV 7T 1 nEO 2nn'
1 =) ( 1)n (2n+1 — 1)

T J2m& 2mi(2n + 1)
31 127 511 2047

[ 2. 1 37 2.2.5 ®.3.7 2-4-9 B.5-1

32,767 131,071 524,287 | _
ST 19] 0.1359.

[ i _|1()2:2-:+1l)]2

L 8l1
26613 27-71-15 286-8-17 2

62. f(x) = singln(l + Xx) \\
f
P(x) X2 3 Txr 1DSG -4 PN
=448 e \P
5

The polynomid is a reasonable approximation on the
interval (—0.60, 0.73).

64. f(x) = Ix- actanx,c=1
Py(X) ~ 0.7854 + 0.7618(x — 1) — 0.3412 [(’(;7,1)2] — 0.0424 [%] K
! ! -
(x—1* (x— 18 N ‘
+ 1.3025[ X n ]f 5.5913[ X = } 1 |

The polynomial is a reasonable approximation on the interval (0.48, 1.75).
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66. a,,., = 0 (odd coefficients are zero) 68. Answerswill vary.
70. 6 = 60°, v, —64k—i = -32
. 0= Vo = O K= e g=
_ - 32¢  (1/16)(32)%  (1/16)%32)x4
y 2(64)41/2  3(64)%(1/2)°  4(64)%(1/2)*
22x2 23x3 24x4
= V- 32[2(64>2 3(64°16 * 4(641(167 |
= V-3 j; 2 /- 32 jg s
n(64)"(16)" 2 5, N(32)" (16)n 2
In(x® + 1)
2.8 f) == 5
From Exercise 8, you obtain ®) 15
700 ( 1)nX2n+2 o (_l)nXZn \L
X2 ; n+1 nZO n+1
0 2
X ooxt X X8
Pml7%%37 4%
X 2
(@Hm=Jm£;9m
o t
X
G(x) = J Pg(t) dt

0

X 0.25 0.50 0.75 1.00 1.50 2.00

F(x) | 0.2475 | 0.4810 | 0.6920 | 0.8776 | 1.1798 1.4096

G(x) | 0.2475 | 0.4810 | 0.6920 | 0.8805 | 5.3064 | 652.21

(d) The curves are nearly identical for 0 < x < 1. Hence, the integrals nearly agree on that interval

74. Assumee = p/qgisrational. Let N > g and form the following
[1+1+£+ --+i]= 1 + 1 +
2! N (N+ 1) (N A+ 2)

Seta = N![e— (1+ 1+.. ’\1“)] a positive integer. But,
a:N||: 1 + 1 :|: 1 + l <i+#+...
TN+ 1) (N+2)! N+1 (N+ 1N+ 2 N+1 (N+1)?
1 1 1 1 [ 1 _1 -
_N+1[1+N+l+(N+l)2+ ]_N+l{ < 1 ) = —, acontradiction.
17
N+1
Review Exercises for Chapter 8
n 4 N 2" L6
Z'a“fn2+1 4. a,=4 2.3.5,3,... 6.an—6< 3> 16, —4,. ..
Matches (c) Matches (b)
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. 1
. a,=sh—/ 10. lim —==0
8. a, = sn > " n
2 Converges
L] ° L]
0 +——0——0——0——& 12
L] L]
-2
The sequence seems to diverge (oscillates).
sin%”: 1,0,-1,0,1,0,. . .
12 i i 1 . 1\n . 1\K]v/2 /2
A A 1n % 14. J‘Jll(l * %) = [(1 * EH -
Diverges Converges, k = 2n
16. Let y = (b"+ c")¥/n 18. (a) V, = 120,000(0.70)", n = 1,2,3,4,5
Iny — In(b" + c") (b) Vs = 120,000(0.70)° = $20,168.40
y n
i — |i =  (hn n
JLTCIny r,ILrDo b+ Cn(b Inb+ c"Inc)
Assumeb = c¢ and note that the terms
b"Inb + c'Inc _ b"Inb c"Inc
b"+c b+ b+
converge as n - co. Hence a,, converges.
20. (a b) 1
@ k 5 10 15 20 25 (b)
S| 03917 | 0.3228 | 0.3627 | 0.3344 | 0.3564 o
® o o 0
o © © o 0o
(c) The series converges by the Alternating Series Test. 0 12
0
2.@ [T s 10 15 20 25 b —
e0® L]
S | 0.8333 | 0.9091 | 0.9375 | 0.9524 | 0.9615 o
(c) The series converges, by the limit comparison test with E % 0 12
0
24. Diverges. Geometric series, r = 1.82 > 1. 26. Diverges. nth Term Test, lim a, = %
N-oo
oo n+2 o) <2>n ( )
28. =4y (Z] =43) =12
nZO 3n nE::O 3
See Exercise 27.
S| [2\" 1 S (2\" & 1 1
o 3|6 - wronra) - 26 - S ee)

R (G
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32. 0923076 = 0.923076[1 + 0.000001 + (0.000001)2 + - - -
923076 _ 12(76923) 12

0.923076

— N n— = = =
nZO (0.923076)(0.000001) 1- 0000001 999,999 13(76,923) 13

2 32,000(1 — 1.055%)
= n =
34. 5= ¥ 32,000(1.055) T 1oss
~ $4,371,379.65

S 1 & 1
38 E<1ﬁ:n21W

n=1

Divergent p-series, p = % <1

& n+1l

42 n; n(n + 2)
. h+Y/n(n+2 . n+1
im 1/n =AM

. . aoX_1 . )
By alimit comparison test with E e the series diverges.
n=1

oo (— n
46. EM
& n+1
:Jn+1< Jno_
Gnia n+t2 “n+1 ™
lim " _¢
n.oon+ 1

By the Alternating Series Test, the series converges.

& nl
50. —
nzlen
|
lim ’—a"“ — jjm [RELE €
nN-oo an N-oo e” n!
. n+1
= |lim = oo
N-oo

By the Ratio Test, the series diverges.

36. See Exercise 86 in Section 8.2.

w2

12 0.065)120
B 100(0.065>[<1 MY ) B 1]

~ $16,840.32

(1 1 K1 &1
40. n21<? B §) - nzlﬁ B nzl?
Thefirst seriesis a convergent p-series and the second

series is a convergent geometric series. Therefore, their
difference converges.

) &1 & 1
44. Since ;1§ converges, r;l 3n g converges by the
Limit Comparison Test.

48. Converges by the Alternating Series Test.

_3In(n+1)<3lnn_ .m3lnn
] n o Mnoo

n+1 2

&1-3-5---(2n—1)
52.
n2412-5~8---(3n—1)
lim ‘anﬂ — lim ‘1-3---(2n—1)(2n+1)_2-5---(3n—1): im _
n-oo | a, n-|{2+5---31—-1)3n+2 1:-3---2n—1) n-wo3n+2 3

By the Ratio Test, the series converges.
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54. (d) The series converges by the Alternating Series Test.
(b)
X 5 10 15 20 25
S, | 0.0871 | 0.0669 | 0.0734 | 0.0702 | 0.0721
(¢) os (d) Thesum is approximately 0.0714.
° ° ® [ ] d e®e
0 Lo 12
0
56. No. Leta, = 39227 '5, then a,; = 0.7. The seriesnzlsggz = is a convergent p-series.
2 4 6
58. f(x) = tanx fl-T) = -1 60. cos(0.75) ~ 1 — (0757 , (0791 _ (0.75° _ 7317
4 2! 4 6!
f/(x) = sec?x f’(—%) =2
f/(x) = 2 sec?x tan f’/(f%) = -4
f7(x) = 4 sec? xtan® x + 2 sec* x f’”(—%) =16
_ T m\2 8< 77)3
Py(x) = —1+2(x+ 4> —2<x+ 4> +t3\xt g
2 3 4
62. 0% ~ 1 025+ 02 (0257, (0257 _ ;4
2! 3! 4
64. f(x) = cosx 10 66. E(ZX)”
Py n=0
x2 x4 \ } . . . .
P,x =1- ata -10 10 Gtiometrlc series which converges only if [2x| < 1 or
: . f _ L 1
P6(X)_1 §+E*a -10
xooxt X8 x8 x0
P =1-5 "4 "a Te 10
oo 2N — n o] — n o) —_ n
6. E3(x 2) 0. 2 (x r]2) _ E<x 2)
n=1 n n=0 2 n=0 2
R 1V L3t (x — 2+t n Geometric series which converges only if
lim = lim .
n—oo | Uy, n-oo n+1 3(x — 2" =2
= 3x— 2| 5 <1 o 0<x<4
_1
3
Center: 2

Since the series converges at 3 and diverges at 3, the
interval of convergenceis? < x < .
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_ ] (73)nx2n
72. y= nzo o
, o] ( 3) Zn)XZn 1 ( 3)n+1(2n + 2)X2n+1
y'= nZl 2| E 2 1(n + 1)!
s Q (=320 + 2)(2n + x>
y'= nZo 2+1(n + 1)!
. , o0 ( 3)n+1(2n + 2)(2['1 + 1)X2n o) l)n+l3n+2(2n + 2)X2n+2 o0 (_l)n3n+lX2n
+ + = +
Y+ Yy = 20+ 1(n + 1)1 nZO 20+ 1(n + 1)! 2 o
==} ( 1)n+13n+1(2n + 2 X2n =) ( 1 n+13n+2y2n+2 =) (_l)n3n+lX2n
B ,240 2! Z 2! &, 2m
==} (_1)n3n+1X2n =) _1)n+13n+2X2n+2
= e + + + —_———
nZO 2! [=@n+1)+1] nZO 2m!
_ o] (,1)n3n+lX2n _ o) (,1)n+13n+2X2n+2
=2 Y 2!
_ o) (_1)n+l3n+1x2n ( 1)n3n+lX2n @
a nZl 2! (@n) + E 2-Yn—1)! 2n
_ e (_1)n3n+lx2n B _
= 2172,1“! [-2n+2n]=0
3 32 32  a (—Dn3xn+1
A XTI+ 2 1-(—x2) 1-r1 76. Integral: 2 o(n + D2+t
o § _l n_ =) (_1)n3xn
1 1 & o —(x— 3)]” 8
—_ — (y — 2 _ Z(y — 3 e = =
78.8 - 20— 3) + Jx— 3 — Sx— I+ 3 8[ y e
_ 32 __32 l<x<7

4+ (x—3 14X

80. f(x) = cosx
f(x) = —sinx
f(x) = —cosx
f(x) = sinx

o= § 1MC T WAL _ VB o Ty (SR, )

=0 n! 2 2 2.2 4 2-3 4 2.4
_ \/é[ ( 7T> & (— 1)+l x + (77/4)]n+1:|
= 1+ x+4+n2 TR

82. f(x) = csc(x)

f/(x) = —csc(x) cot(x)
f(x) = csc3(x) + csc(x) cot?(x)
f(x) = —5csc3(x) cot(x) — csc(x) cot3(x)

f@(x) = 5csc5(x) + 15 csc3(x) cot?(x) + csc(X) cot4(X)

e = S f /2)[x— (/2 _ 2|< _127>Z+%(X_127>4+. -
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84, f(x) = x¥/2

1
Zy—1/2
X

3l
o (33
B

f(x) =

f1(x) =

f@(x) =

=3 w
n=0
— 5 x—4 (x—42 1-3x—4°% 1-3-5x—4*
et T T s 23 21141
B (x— &(=1)"*11-3-5---(2n = 3J)(x — 4"
-2t Z 20— 1n|
86. h(x) = (1 + x)~3
h(x) = =31+ x4
h"(x) = 12(1 + x)~°
h”(x) = —60(1 + x)~
h@(x) = 360(1 + x)~7
h®)(x) = —2520(1 + x)~8
T 12x* 60X 360x* 2520x5 3 1)"(n +2Ix" & (—)(n+ 2)(n+ 1)x
R A R T 5! Z nZO 2
o0 J— n o0
g8, Inx= S (-1 X5y 0 e=3% —cx<oo
n=1 n o n!
= (6/5) — 1\ /N &
In(g) = Z(*l)”“(f 8 = HZO E 3n I ~ 1.9477
= E( 1)n+1— ~ 01823
. oo N X2n+1
92. snx= nzo(—l) m, —oo < X < oo
. (1 & 1
S|n<§> = nZ()(—l)" Frign Ty~ 03272
o) n X2
94, eX=nZO |=1+x+§+
o) Xn+l 3
Xet = =X+ x2+ -+
n=0 n! !
1

Lxexdx:[xex—ex]:’:(e—e)—(o—l):l

Xn+2

0n=0

loo ynt1 o 1 oo 1
f 2 n! ox = nZo[(n + 2)n!]o - HZO (n+2n
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%. (8 f(x) =sin2x £(0) = 0
f(x) = 2 cos 2x £(0) = 2
f(x) = —4sin2x £10) = 0
f7(x) = —8cos2x £10) = —8
f@(x) = 16 sin 2x f@(0) = 0
f©(x) = 32 cos 2x £5(0) = 32
f©O(x) = —64sin2x f©(0) = 0
f?(x) = —128 cos 2x f0(0) = —128
2 3 7

. e (_1)nX2n+1
(b) snx= > “on+ 1

& (—1)n(2x)2n+1 o (2%)3 . (205 ()7 e

sn2x = nZO 2n + 1) 3l 5| 7
— _87)@+372>(5_128x7+...—2X_ﬂx3+ix5_ix7+...
6 ' 120 5040 3 T 15Y T 35

(c) sin2x = 2sin x cos X

6 120 5040 2 24 720
X3 X3 X5 X5 x5 X7 x7 x7 X7
:2[”(‘E‘E)+<z+ﬁ+fo)+<‘ﬁo‘m‘%‘m)+'"]

3 5 7
:2|:X_27X+27X_%+ . .:|:2X_éx3+ix5_ix7+

3 15 3 15 315
0 _1)nt2n >x tn
98. -3 100. =3 =
cost = X “on 2o
o (—11\ntn >x tn
cos ! = i e-1=73 =
2 & 22(2n)! ~onl
X ﬁ s (_1)ntn+1 X et — 1 & tn—1
JOCC’S p = [ZO 222 (n + 1)]0 T T2
& (,1)nxn+l xet -1 _ oo th X _ oo XN
B nzfo 22(2n)(n + 1) o t dt = L; n- n!}o B n; n-nl
102, acsinx=x+ X 2 1085
' B 2:3 2:4-5 2-4-6-7
arcsinx:1Jr X2 Jrl-3x4 1-3-5¢
X 2-3 2-4-5 2-4-6-7
lim TN~
x-0 X

1
arcsinx _ (ﬂ) _
X



