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CHAPTER 8
Infinite Series

Section 8.1  Sequences
Solutions to Odd-Numbered Exercises

1\" N
— 2n = | == — -
1l a,=2 3. a, <2) 5. a, sn-,
=21 —
a=21=2 NETIE! -
a,=2=4 q=\"3) =73 a =sinz =
a;=22=8 o 1¢? 1 a=sn7=0
&=\"2) 71
a,=2*=16 . 37
1)3 1 ag=sn—=-1
2 = 2° = 32 %:(ﬁ):f,
2 8 a,=sn2r=0
a—(—l)A—i 57
47\ 2) 16 3 =sn— =1
:<_1)5:_i
&=\"2 2
_ (_ 1)n(n+1)/2 B 3 1 l B E
7-%*7# 9. a,=5 n+n2 11 &=
(—1)t a,=5-1+1=5 3
a = 12 =-1 1 31_523
a-5_1,1_19 '
0 CD° 1 2 2 4 4 o P9
2 — 2 2 > BN =
S PR U o
(=18 1 8 3 9 9 QT2
3 2  Qa 3 2 -
3 9 il 1.7 316
_(=p° 1 4 4 16 16 o3 8l
4 2 4 = =
4 16 1,1 1 4 24
LY N A o3
a = 52 o5 8 51 120
1
13 a4 =3,a.,=2a-1 15. a, = 32,8, , = 5a
a,=2a -1
~2a,-2@) =16
—23-1=4 L
a;=2@a,—1
2= 20, ) a3=%a2=%(16)=8
=24-1)=6
a, = 2(33 — 1) a, = %a3 — %(8) =4
=26-1) =10
as=2a, -1 a5 =58 = 5(4) =
=2(10-1) =18
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122 Chapter 8 Infinite Series

17. Becausea, = 8/(1 + 1) = 4anda, = 8/(2 + 1) = §,

19. This sequence decreasesand a; = 4, a, = 4(0.5) = 2.

the sequence matches graph (d). Matches (c).
21. 8 23. 18 25. 3
.. *
.o. .....o XX )
..‘. -1 ..'.‘-‘- 12 *
a ° 1 . -1 12
-1 -10 -1
2 a,=16(-05""4n=1,...,10 _.2n _
anzgn,n: , ., 10 a, n+1’n 1, 2, , 10
_ B 3 10! 81(9)(10)
27.8,=3n—-1 29. aﬂ—(_z)n_1 31'§_T
a;=3(5) —1=14 3 3 = (9)(10) = 90
a, = (_2)4 = E
as =36 —1=17
) 3 3
Add 3 to preceeding term. = = ——
P g T (Cop 32
Multiply the preceeding term by —%.
13 (n+ 1) _ni(n+ 1) 35 (2n — 1) _ (2n — 1)
) n! n! “(2n+ 1) @2n—-1'2n)@2n+ 1)
=n+1
-1
2n(2n + 1)
. 5n? : 2n : 2 (1
= 39. lim = lim =) =
3. mev2=® o PRl e It r]liris'n<n> 0
2
=1= 2
43. 3 45, 2
L] ° °
LT Y YR -1 12
-1 12 [ ) ° °
T1 -2
The graph seems to indicate that the sequence converges The graph seems to indicate that the sequence diverges.
to 1. Analytically, Analytically, the sequenceis
. . + . + . = — _
Ilman=llmn 1=I|mX 1:I|m1=1. {a,} =1{0,-1,0,1,0,-1,. . .1
N—-co Nn-oo n X—co X X— oo . .
Hence, lim a, does not exist.
N-oco
im (=1)n n) . 3m-n+4 3
47 Jim (=1) (n +1 4. Im o+ - g Oerges
does not exist (oscillates between —1 and 1), diverges.
. + (=" 3
51 tim 22— 0 converges 53. fim M) _ jjpy 310
n-oco n n-oo 2N n-oc?2 N
= lim §(;) = 0, converges
n-oo 2\N ' 9

(L'Hépital's Rule)
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55.

59.

63.

67.

73.

79.

83.

87.

n . + 1! . )
lim (%) = 0, converges 57. lim (n '1) = lim (n + 1) = oo, diverges
n-oo Nn- oo H nN-oo
(=1 __n \_ . (h=-12-n 61 lim ' = 0, converges
nlljgc< n n-— 1) = fim n(n — 1) n-co € 9
L (p>0n=z22
= r!ero!: Z_n 0, converges
k\" . sinn . o1
a,= <1 + ﬁ) 65. Jirg e JLTO (sin n)n = 0, converges
k n
lim (1 + f) = lim[(1 + uYu]k = €
n-oo n u-0
k
whereu = e converges
n+1
=3n-2 69. @, =n2 — 2 a, =
& =an =N L=
_(_1)n71 _ 1_n+1 _ n
&= on2 Boa=lry=m, 77'aﬂ_(n+1)(n+2)
(—1)n-1 (—1)"-127nl 1 1
= = i — — =< — -
hT1.3.5- - (2n-1) (2n)! Bl & =d4- <4 17 %
monotonic; |a,| < 4 bounded.
n ? n+1 1
iz 2 iz 8- & = (_1)n<ﬁ>
?
2030 > 20+ 2(n + 1) a=-1
?
2n=2n+1 a, = 1
2
1 2
>
n= L 1
Hence, n=1 s 3
onsn+1 Not monotonic; |a,| < 1, bounded
2730 > 2" 2(n + 1)
n n+1
on+2 = 2(n+1)+2
8 Z 81
True; monotonic; |a,| < §, bounded
2 2\n+1 . (N
a,=0">@"" =a. 89. a, = sn(g)
Monotonic; |a,| < 3, bounded a, = 0.500
a, = 0.8660
a, = 1.000
a, = 0.8660

Not monotonic; |a,| < 1, bounded
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91. (a)an=5+%

‘5+% < 6 O {a,} bounded
1 1

=5+= +

& =5 n>5 n+1

=a,,; O {a,} monotonic
Therefore, {a,} converges.

(b) =

lim (5+1>=5
N-oco n

rn
95.An—P[1+E]

(@ lim A, = oo, divergent. The amount will grow
n

arbitrari ly large over time.

b) A = 9000[1 + %]

A, = $9086.25 A, = $9530.06
A, = $917333 A, = $9621.39
A, = $9261.24 A, = $9713.59
A, = $9349.99 A, = $9806.68
A = $9439.60 A, = $9900.66

1
99. 3, =10 -

103. (a) A, = (0.8)"(2.5) billion
(b) A, = $2billion
A, = $1.6 hillion
A, = $1.28 hillion
A, = $1.024 billion

(@) r1|Lm (08" (25 =0

< - O {a,} bounded

1 1 1 1
% = 5(1 - 5) < 5(1 B 3>

=a,,; O {a,} monotonic

Therefore, {a,} converges.

(b) oz

[t 3)-3

97. (a) A sequenceis afunction whose domain is the set of
positive integers.

(b) A sequence convergesif it has alimit.

(c) A bounded monotonic sequence is a sequence that
has nondecreasing or nonincreasing terms, and an
upper and lower bound.

3n
4n+ 1

101 a, =

105. (a) a, = —3.7262n° + 75.9167n + 684.25

1500

e

-1 8
0

(b) For 2004, n = 14 and a,, ~ 1017, or $1017.
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10"
107. a, = W
10°
@ a9 =an =3
_ 1,000,000,000
362,880
_ 1,562,500
567

(b) Decreasing

(c) Factorialsincrease more rapidly than exponentials.

@ a=1 a,=8+5=13
a=1 a;=13+8=21
B=1+1=2 a,=21+13=34
a,=2+1=3 a,=34+21=55
a;=3+2=5 a;,=55+34=289
a;,=5+3=8 a,=89+55=144

(b) bn:a”azl,nz 1
1 13
blzizl be=§
2 21
bzzizz b7:E
3 34
by =3 by = o7
5 55
by = 3 by = =
8 89
b5:g bio %
113. True

117. a, = /2 =~ 1.4142

a,= 2+ /2~ 1.8478
=2+ J2+ /2~ 19616

NN AR Sy S
a = \/2+ \/2+ mzlgwe

{a,} isincreasing and bounded by 2, and hence convergesto L. Letting lim a, = L impliesthat 2+ L=L O L = 2

Hence, lim a, = 2.
N—-co

(© 1+

109. {a,} = {¥n} = (m/m}

a=1"1=1

a, = V2~ 14142
a; = I3~ 14422
a, = Y4~ 14142
as = 95 ~ 1.3797
ag = 96 ~ 1.3480
Lety = lim n%/n,

N- oo

Iny = lim <1In n>
y n

n-oo
—im N N

n-oo N nooo 1

Sincelny = 0, wehave y = € = 1. Therefore,

lim ¥n=1
1 1
=1+
b,y a/an 1
—1+ %2
a,
_Emt Ay A,
a, a, !

(d) If lim b, = p, then lim <1+ 1 ) = p.
Nn-oo N- oo bn—l

Since lim b, = lim b,_; we have,
n-oo n-oo

1+ (1/p) = p.
p+1=p?
0=p?—p—-1
1+J/1+4 1+.5
p= 2 T2

Since a,,, and thus b,,, is positive,
p=(1+ 5)/2~ 16180.

115. True
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Section 8.2  Series and Convergence
1.5=1 3.5=3
S, =1+ 1 =12500 §=3-3=-15
S =1+3+¢~13611 $=3-3+% =525
Si=1+7+5+15~14236 S =3-3+4-% =-4815
S=1+5+3+1 +3 ~ 14636 =3-3+% % +% =103125
5. S =
S =3+3=45
S,=3+35+3 =520
S$,=3+3+3+3 =562
S=3+3+3+3+1 =58125
[e) n o0 [e’e)
1> 3(§> Geometric series 9. ) 1000(1.055)" Geometric series 1. 3
n=0 2 n=0 nzln +1
r=g>1 r=105>1 Iimn+1=l¢0
Diverges by Theorem 8.6 e
Diverges by Theorem 8.6 Diverges by Theorem 8.9
& & 2+ 1
B3 15 3 S
. 2 o241 1420 1
My =170 MM een = Jim =5 =57#0
Diverges by Theorem 8.9 Diverges by Theorem 8.9
& 9/1\" 9 1.1 ] & 15/ 1\" 15 1.1
17. Y (5] =1+ -+~ + e e B e e
n204(4) 4[ 4" 16 19 ,;04< 4) 4[1 4" 16 ]
94 .9 5_4,_9 21 P
57257447 16>7 2716 2% =57 ST306
Matches graph (c). Matches graph (a).
Analyticaly, the series is geometric: Analyticaly, the series is geometric:
i (g)(;)” __94 _94_, = g(_;)n _ 154 154
“\4/\4 1-1/4 3/4 “~ 4\ 4) " 1-(-1/49 5/4
s 1 = (1 1 1 1 1 1 1
. —_— = = - =(1-Z)+|5-Z)+(—-= -+
2 nzl nn + 1) nzl(n n+ 1) (1 2) (2 3 4) (4 5)
s 1 . . 1
nZln(n+ 1) JLTCS“_J@O(l_ n+ 1) -1
(<] 3 n
2 S o3 25. 3 (0.9
n=0 4 n=0

Geometric serieswithr = 3 < 1,

Converges by Theorem 8.6

Geometric serieswithr = 0.9 < 1.

Converges by Theorem 8.6
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29.

31.

33.

35.

37.

4]1.

@ El n(n + 3) - 22‘1(% n i 3)
Al By -Gy
:2{1+%+%] %~3.667

®) |, 5 10 20 50 100

S, | 27976 | 3.1643 | 3.3936 | 3.5513 | 3.6078

0 11
0

(d) Theterms of the series decrease in magnitude slowly. Thus, the sequence of partial sums approaches the sum slowly.

@ S 2097 1= 209" = —2— = 20 © =
n=1 n=0 1-09
®) [T 5 10 20 50 100
S, | 81902 | 13.0264 | 17.5685 | 19.8969 | 19.9995 ole n

(d) The terms of the series decrease in magnitude slowly. Thus, the sequence of partial sums approaches the sum slowly.

= 10 40
n-1_— _ — _ = __
@ 310025) o~ 3 ~ 1339 © —
®) | n 5 10 20 50 100
S, | 13.3203 | 13.3333 | 13.3333 | 13.3333 | 13.3333 %o "

(d) The terms of the series decrease in magnitude rapidly. Thus, the sequence of partial sums approaches the sum rapidly.

=]

Z nio:z(nlizl_nl%/?l):%n <n—1_n11)
NN N
1432

P R LEXREESIEL I CRE IR RCRE R

§<%>n:1%m:2 30, Z(%)”:ﬁzg

n=0
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(1 1) &(1\" &(1) & 41
- nzo(z" 5)* n20<2> nz(,(s) 47.04= 2 )
_ 1 _ 1 Geometric serieswitha = 15 and r = 55
1-(1/2 1-(-1/3 _a _ 410 _a
_,.3_1 1-r 1-(1/100 9
2 2
— & 3/ 1\ & n+ 10
. 0. = —|— 1.
9. 00757 = 5 40( 100) 5.3 T
Geometric serieswitha = 5 and r = 155 _n+10 1
M Ion+1 107 °
s__2 _ 34 _5 B
1-r 99/100 66 Diverges by Theorem 8.9
31 1 1 1 1 1 1 1 1 1 3
53.n21<ﬁ*n+2> (1*§)+<§*Z) (§*§>+<Z*6)+ —1+§—E,Converges

55.

61.

65.

69.

K 3n-1 &S 4 & (1)"
5. Y 2 =43 (2
ichn+1 nzo2r1 nZO 2
3n—1_3

Converges by Theorem 8.6

i n

“,Inn

. n . 1

lim — = lim —/— = o
n-oo NN n-oo1/n

(by L'Hopital’s Rule) Diverges by Theorem 8.9

The series given by
Yan=a+ar +a?+---+a"+---,a#0
n=0

isageometric serieswith ratior. When 0 < |r| < 1, the

series converges to The series divergesif |r| = 1.

a
1-r

f(x) = 3[11__%‘?;]

Horizontal asymptote: y = 6

54
3

SE1-wo -

6

Geometric serieswithr = 3

59. E (1.075)"
n=0

Diverges by Theorem 8.6

63. See definition, page 567.

67. () xisthe common ratio.

(b)1+x+x2+---=§x”=
n=0

1
1-%

Geometric series;a = 1,r = X, x| < 1

1 3

© = 1

X }
Y, =1+X :j?""/

-15

10

The horizontal asymptote is the sum of the series. f(n) isthe nt" partial sum.

Geometric serieswithr = 1.075

x| <1

15
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71. < 0.001

n(n + 1)
10,000 < N2+ n

0 < n2 + n — 10,000

—1+ /12 — 4(1)(— 10,000)
2

n=

Choosing the positive value for n we have n = 99.5012. The first term that is less than 0.001 isn = 100.

1 n
<§> < 0.001
10,000 < 8"

Thisinequality is true when n = 5. This series converges at a faster rate.

ol . 8000[1 — (0.9)n—D+1] n-1 ~100[1 — 0.75(-V+1]
73. 8000(0.9)' = 75. 100(0.75)' =
iZO 1-09 ;0 1-0.75

= 80,0001 — 0.9, n >0 = 400(1 — 0.75") million dollars.

Sum = 400 million dollars

77. D, = 16
D, = 0.81(16) + 0.81(16) = 32(0.81)
L

up down

D, = 16(0.81)2 + 16(0.81)2 = 32(0.81)?

= 2
= 2 e e = — n— _ - =
D = 16 + 32(0.81) + 32(0.81)2 + 16 + 3 S2081" = ~16 + ;oo = 152421t
11\ (1 &1/l 1 1
=31 1 oty oty
79. Py 2(2) 8. @ 21(2) 22 (2> 21— (1/2)
1/1\¢ 1 (b) No, the seriesis not geometric.
P =H2) =1
22) "8 w (1\n
c nl=] =
) 1<7> V2 -1 @& <2>
n=0 2\2 1- (1/2)
83. Present Value = 250 ooo( ) 85. w = 2 001(2) = 2L =2) _ 5 010n _ g
1.06 12 :
18 50, ooo( 1 ) 1 (@) Whenn = 29; w = $5,368,709.11
o 1.06 11.06 1.06 (b) When n = 30: w = $10,737,418.23
50,0001 — 1.06-2 o
-2 ( — 06_1> (©) Whenn = 31 w = $21,474,836.47
~ $557,905.82

The present value is less than $1,000,000. After accruing
interest over 20 years, it attains its full value.
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87. P=150,r = 0.03,t =20 89. P =100,r = 0.04,t = 40
12 0.03\1220 12 0.04)12(40)
@ A= 50<@)[(1 + f) - 1] ~ $16,415.10 @ A= 100(m)[<1 + f) - 1] ~ $118,196.13
50 — (00320 — 1 100 e0.04(40) -1
(b) A= W = $16,421.83 (b) A= W = $118,393.43
91. (a) a, = 6110.1832(1.0544)* = 6110.1832¢"05297n 93. x=10749999. . .= 0.74 + 2 0.009(0.1)"
=0
10,000 o 009 !
= 0.74 + 1-01
= 0.74 + 0.01 = 0.75
0 P 410
6,000
(b) 78,530 or $78,530,000,000
9
(c) Total = 2 a, =~ 78,449 or $78,449,000,000
n=0
n n—1
95. By letting §, = O, wehavea, = > a — > a =S, — §_;. Thus,
k=1 k=1
4= 268-510=26-"S1tc-o=lc-§ ) (-]
n=1 n=1 n=1 n=1
o7 LetSa,= S 1and b, = S (-1, 9. Faise. Jim = = 0, but 3" ~ diverges
n=0 n=0 - n=1

101.

103.

Both are divergent series.

S(@, + by = 20[“ (-1] = 20[1— =0

False

& a
nzlarn7<lfr)_a

The formula requires that the geometric series begins with n = 0.

Let H represent the half-life of the drug. If a patient receives n equal doses of P units each of this drug, administered
at equal timeinterval of length t, the total amount of the drug in the patient’s system at the time the last dose is
administered is given by

T,=P+ Pet+ P2t 4 - . . + pegn-Dk

wherek = —(In 2)/H. Onetime interval after the last dose is administered is given by
T,., = Pt + PeXt + Pei + . . . + penk,

Two time intervals after the last dose is administered is given by
Topo = PeX + Pe¥t + Pedkt . . . + pein+ Dk

and soon. Sincek < 0, T,, .~ 0 as s oo, where sis an integer.
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Section 8.3

1
‘n+1

[\

n

1
X+ 1

Let f(x) =
f is positive, continuous and decreasing for x = 1.

foo] 1 [ee)
L XJr:de—[ln(erl)]l = o0
Diverges by Theorem 8.10

1

Let f(X) = m

f is positive, continuous, and decreasing for x > 1.

<1 “ om
L )(24_1dx—[arctanx]1 =7

Converges by Theorem 8.10

=) nk*l
K
= n +cC

kal
X<+ ¢

Let f(x) =

fis positive, continuous, and decreasing for
x > ¥c(k — 1) since

X<~k — 1) — x¥]

f(x) = X<+ 02 <0
forx > ¥ck — 1).
Toxert 1k ]oo _
Jl Xk+cdx—[kln(x +c) L, =
Diverges by Theorem 8.10
=) o) l
Divergent p-serieswith p = g <1

17. nzl ~

Convergent p-serieswith p = 5 > 1

oy

The Integral Test and p-Series

3. i en
n=1

Letf(x) = e %

f is positive, continuous, and decreasing for x = 1.

J’efxdx=[—e*>‘] :1
1 1 e

Converges by Theorem 8.10

& In(n+1)
£ Z n+1

In(x + 1)

Letf(x) = 1

f is pogitive, continuous, and decreasing for x = 2 since

vy 1—=In(x + 1)
P = =5+ 172

“Inx+1) . [In(x+ 1)1
fl X+ 1 dx_[ 2 L

< Oforx = 2.

Diverges by Theorem 8.10

1

n=1

Letf(x) = =

f is positive, continuous, and decreasing for x > 1.

QT
' 2x2 1 2

Converges by Theorem 8.10

K 1

15. :lm

Divergent p-serieswith p = % <1

193 e

Convergent p-serieswithp = 1.04 > 1
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x 2 2 2 2 x 2
= = = = . P 3/2 3/2 .
21. nzl e 1 + et g T 23. n; " 2+ 2/23/2 + 2/332 +
S =2 S =2
S, = 3.189 S, = 2.707
S, = 4.067 S, = 3.092
Matches (a) Matches (b)
Diverges—p-serieswith p = % <1 Converges—p-serieswithp = 3/2 > 1
25. No. Theorem 8.9 says that if the series converges, then the terms a,, tend to zero. Some of the seriesin Exercises 21-24

27.

29.

31.

35.

37.

converge because the terms tend to 0 very rapidly.

N1 1 1 1 1

r;lﬁ—l+§+§+z+"'+ﬁ>'\/l

@ (b) No. Since the terms are decreasing (approaching zero),
M 2 4 6 8 . : .

more and more terms are required to increase the partial

N 4 31 227 1674 sum by 2.

< _ 1

nZZ n(In n)p

If p = 1, then the series diverges by the Integral Test. If p # 1,

< N 1 o [(nx)—P+i]=
L x(Inx)PdX_f2 (Inx) dex—[ —p+1]z'

Convergesfor —-p+1<0orp > 1

Let f be positive, continuous, and decreasing for x = 1 33. Your friend is not correct. The series

and a, = f(n). Then, i 11 1oL
f‘,an and J F(0) dx _fFoon 10,000 ' 10,001
n=1 1

is the harmonic series, starting with the 10,000™ term,

either both converge or both diverge (Theorem 8.10). and hence diverges.

See Example 1, page 578.

Since f is positive, continuous, and decreasing for x = 1 and a, = f(n), we have,

N o
>, o = > 3, >0

n=N+1

Ry=S-8= 3 a-

n

[e]

f(x) dx < j f(x) dx. Thus,
1

N

Also,Ry=S— §, = ilansamﬁf

n=N+ N+

0<Ry< fwf(x)dx.

N

56:1+%+%+%+5—14+éz1.0811

< — = _— ~
Rs < L o [ 3X3]6 0.0015

1.0811 < 2 % < 1.0811 + 0.0015 = 1.0826
n=1
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1, 1 1 1 1 1 1 1 1 1
Se=5tet 1t % T3 e T e 1= Y
39. S 2 5 10 26 37 50 65 82 101 0.9818

Rp= < f idx = [arctan x]lo = 7—27 — arctan 10 = 0.0997

n=1
1 2 3 4 *1 17~ 1
.S ="+ + <+ =0 .0< < =dx=|—-—=— —
41. S, cT ettt as 0.4049 43. 0 < RN<L X4dx [ 3X3]N ENER 0.001
R, < ooxe‘xzdx: [—le‘xz]oo =56x 1078 E 0.003
7 ), 2 4 ’ NS
o) 3
04049 < 3 ne™ < 04049 + 56 x 10°° N> 333.33
n=1 N > 6.93
N=z7
°° 1 < e™W 47. Ry < widxz arctanx |
45. Ry = e >dx = [—fe*&] = —— < 0.001 ’ - X2+ 1 N
N 5 N 5 N
T
% < 0.005 =5~ arctan N < 0.001
&N > 200 —arctanN < —1.5698
5N > In 200 arctanN > 1.5698
In 200 N > tan 1.5698
N >
5 N = 1004
> 1.0597
22
49. (@) E n% Thisis a convergent p-serieswithp = 1.1 > 1.
n=2
E isadivergent series. Use the Integral Test.
&, ninn
j 1 dx = [In|lnx|] = oo
5 xlnx 2
§ 1 1 1 1 1
Zzﬁ ﬁ 311 + 21 + 5t + ki 0.4665 + 0.2987 + 0.2176 + 0.1703 + 0.1393
§ 1 1 1 1 1 1
=~ 0. + 0. + 0. + 0. + 0.
nEannn 2In2  3In3  4In4 5In5 6In6 0.7213 + 03034 + 0.1803 + 0.1243 + 0.0930
The terms of the convergent series seem to be larger than those of the divergent series!
1 1
© nti < ninn
ninn < ntt
Inn < not

Thisinequality holdswhenn > 3.5 x 10'5. Or, n > €. ThenIlne® = 40 < (e'0)%1 = ¢* = 55.
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51. (@) Letf(x) = 1/x.fis positive, continuous, and decreasing on [1, co). y
_ "1 Al

§—-1< fl de
SS—1<lInn 1l

Hence, §, < 1 + Inn. Similarly,

n+lq 1 2 Vo e

non

S = f ;dx: In(n + 1). n-1
1

Thus, In(n +1) < §, <1+ Inn.

(b) Sinceln(n +1) < §, <1+ Inn,wehaveln(n+ 1) —Inn £ S, — Inn < 1. Also, sinceInxis an increasing function,
In(n+ 1) —Inn > 0forn = 1. Thus,0 < §, — Inn < 1 and the sequence {a, } is bounded.

n+1
ldx— L
X n+1

(C)%—%+1:[%—Inn]—[&+l—|n(n+1)]:] >0

n
Thus, a, = a,,, and the sequence is decreasing.
(d) Since the sequence is bounded and monotonic, it converges to a limit, v.

(€) a0 = Sy — In 100 ~ 05822 (Actually y ~ 0.577216.)

53. )

Let f(x) =

2x -1

f is positive, continuous, and decreasing for x = 1.

oo 1 oo
fl 2xildX—[In\/Zx—l]l = oo

Diverges by Theorem 8.10
& 1 & 1 ) <2>n

55. = i 57. =
p-serieswithp = 3 Geometric serieswithr = 3
Converges by Theorem 8.11 Converges by Theorem 8.6
jole] n X 1 n

9. ) T 61. 1+=
DI 53
lim ——— = lim L 120 i <1+1)”_ 0
e S+ 1 n-e VIt (1D e n) ~¢7
Diverges by Theorem 8.9 Fails nth Term Test

Diverges by Theorem 8.9

= 1

63, HZZ n(In n)3

1

Let f(X) = W

f is positive, continuous and decreasing for x = 2.

<1 e Ll o [nx2” 1 17 1
L x(lnx)sc')‘*f2 (Inx) xdx*[ 2 ]2*[ 2(Inx)2]2 = 227

Converges by Theorem 8.10. See Exercise 13.
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Section 8.4  Comparisons of Series
& 6 6 6
1.(@r2%6553214-§§5+' .o %fZG
& 6 6 6 3
2wris atEriat T %,

= + + ..
er n/n +05 1J15 2./45

(c) The magnitude of the terms of the other two series are less than the corresponding
terms at the convergent p-series. Hence, the other two series converge. 1

(d) The smaller the magnitude of the terms, the smaller the magnitude of the terms 107

of the sequence of partial sums.

1 <1
"nP+1 P

Therefore,

=S 1
nZln2+l

converges by comparison with the convergent p-series

&1
2

n=1

1 1

L <
3I+1
Therefore,

i 1

3+ 1

converges by comparison with the convergent geometric
series

56

n

11. Forn > 3, >

P

Therefore,
K1

2

n=0
converges by comparison with the convergent p-series

&1
2w

n=1

__6 _
S As

(b) Thefirst seriesis ap-series. It converges (p = 3/2 > 1).

5.

13.

4.9

. Forn = 3,

o
L
t
:E

i

H
t
»
N e
de

B s
(i
t

b

t

L]
M=

(2]

»” =1 kv/k2+ 05
4{0“.““
o PR

1
n—1

>1forn2 2
n

Therefore,
== 1

nzzn_l

diverges by comparison with the divergent p-series

&1
nz'zn-

Inn 1
> .
n+1 n+1

Therefore,

Inn
n

filgt

[EnY

+
diverges by comparison with the divergent series
1

2+l diverges by the integral test.

Therefore,
XK1

2

n=0

converges by comparison with the convergent geometric
series

MG
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2
17, fim UYLy
1/n n-oo /M + 1

on/(P+1) . n?
15 Jim i/n MLt n-oo
Therefore, Therefore,
1

[\t

S N
o vt + 1

b) n?+1
diverges by alimit comparison with the divergent p-series

n=1

diverges by alimit comparison with the divergent p-series

1
l

D8

&1
nzln. n

n+3

2 —1
3+ 2n+1 ) 2n° — nd 2 . n(n+ 2 . n?+ 3n
= == 2. lim————=Ilim 5>——=1
1. rqlln; 1/nd A3t 2n+ 1 3 n-co 1/n n-co N + 2N
Therefore, Therefore,
2 -1 X n+3
“inin+2)

2‘1 3 +2n+1
diverges by a limit comparison with the divergent p-series

converges by alimit comparison with the convergent

&1
2o

p-series
i 1
=y n®
- yY(ns/Pr 1) P L Mh/nk+ 1) n
B Jim = e m et G L v et
Therefore, Therefore,
o 1 0 nkfl
nzln /n2+1 n:lnk+1
converges by a limit comparison with the convergent diverges by alimit comparison with the divergent p-series
p-series &1
i 1 nzl n
n=1 n2
27, 1im SN/ _ ;) (£1/n) cos(1/n) 2. S Vn_ D
’ N-oo 1/n N- oo _1/n2 ' n=1 n n=1\/ﬁ
= lim co 1) =1 Diverges
n-oo n . . _1
p-serieswithp = 35
Therefore,
3, sn(3)
> sin(=
A=1 AN
diverges by alimit comparison with the divergent p-series
i 1
n=1 I"I.
a1 3t c e
A3+ 2 T&2n+ 3 § A (P A+ )2
Converges Diverges, nth Term Test Converges,; integral test
o0 n
Direct comparison with ' <7> . _1
A M ony3 270
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37. JLTOF JLn;Io na, by given CondltlonSJIﬁ; na, isfinite 2 10 2% :1n2 1
and nonzero. which diverges since the degree of the numerator is only
Therefore, one less than the degree of the denominator.

[\

a,

1

>
Il

diverges by alimit comparison with the p-series

S 1

n=1 n'
& 1 nd n* 1

41. imnlz—%]=limzg——===%
2 ¥l 43. n'LrI.L“<5n4+3> M S +3 5 0
converges since the degree of the numerator is three less Therefore,

than the degree of the denominator.

© 3

r‘*diver es.
2 g + g diverg

47.
45. See Theorem 8.12, page 583. One example is E 1 10
converges because 081
1 1 fore) 1 0.6:
Pl 2 041
0.2
converges (p-series). i

For0 < a, <1,0< a2 < a, < 1 Hence, the lower
terms are those of = a2,

1 1 1 & 1 ] 1 1 1 1 & 1
L=t + == v oottt =+ == v — T
49 200 " 200 * 600 = 2, oo diverges 51 501+ 204 T 200 T 216~ 2, 200 + e COMVerges
53. Some series diverge or converge very slowly. You 55. False. Leta, = 1/n*and b, = 1/n2.0 < a, < b, and
cannot decide convergence or divergence of a series both

by comparing the first few terms.

converge.

57. True
59. Since 2 b, converges, lim b, = 0. There exists N such that b, < 1forn > N. Thus,
n=1 N-oo
ab, < a,forn > Nand i a,b,
n=1

converges by comparison to the convergent series E a,.
i=1

1

61 é and Y # both converge, and hence so does 2(%)(%) => pes
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= N. This means that

63. (8) Suppose Xb,, converges and X a,, diverges. Then there existsN suchthat 0 < b, < a,forn
1< a,/b,forn = N. Therefore, lim a,/b, # 0. Thus, = a, must also converge.
= N. This means that

(b) Suppose Z b, diverges and X a,, converges. Then there exists N such that O < a, < b, forn
N. Therefore, lim a, /b, # oo. Thus, X a, must also diverge.

0<a,/b, <1fornz
65. Start with one triangle whose sides have length 9. At the nth step, each side is replaced by four
smaller line segments each having % the length of the original side.
Length of sides
9

#Sides
3

3-4 9(2)

5@ oYy

1. The

3.4 9(3)"
At the nth step there are 3 - 4" sides, each of length 9( ) At the next step, there are 3 - 4" new triangles of side 9( )
area of an equilateral triangle of sidex isjz 1 /3 x2.Thus, the new triangles each have area

9£ 1\_ V31
3n+1 _432n

The area of the 3 - 4" new trianglesis

(/3 1) _3/3(4\
3- 4)( 4 32n>—4(9)
Thetotal areais the infinite sum
& 3V3(4 3/3( 1 _ 93 3/3(9| 183
2 4\9)_ 4 " a <1—4/9>_ 4 "4 (5)_ 5 °

The perimeter isinfinite, since at step n there are 3 - 4" sides of length 9(%)”. Thus, the perimeter at step nis 27( ) - oo,

Section 8.5 Alternating Series
& 10 10 , 10
=+ =+ -

1 4 9 3 2Tt g
S =6S=175 S =55 =625
Matches (c)

P
A8

Matches (b)

9 10
0.8131 | 0.7605

0.8349 | 0.7440 | 0.8209 | 0.7543

0.6667 | 0.8667 | 0.7238

(b) 12

L]
N T T Y

ol . .
0.6
(c) The points aternate sides of the horizontal line that represents the sum of the series. The distance between

successive points and the line decreases.
(d) Thedistancein part (c) is always less than the magnitude of the next term of the series.
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o) (_l)n—l _ l2 _

7. nzl o T i 0.8225

@
n |1 2 3 4 5 6 7 8 9 10
S, | 1| 075]| 08611 | 0.7986 | 0.8386 | 0.8108 | 0.8312 | 0.8156 | 0.8280 | 0.8180
(b) 12
L]
° [ ] Y Yy
° s 7
ol . . . . . .. . .. .11
0.6
(c) The points aternate sides of the horizontal line that
represents the sum of the series. The distance between
successive points and the line decreases.
(d) Thedistancein part (c) is always less than the magnitude
of the next term in the series.
© (_1)n+1 o (_1)n+1
o 3 R
_ 1 < 1_ _ 1 < 1 _
&1ty Sn T 81 2n+1) -1 2n—-1 &
.1 .
mn=0 AMon 10
Converges by Theorem 8.14. Converges by Theorem 8.14
=) (,1)nn2 =) (,1)n

13. S 15.
nzl n?+1 ngl \fn
lim " _ 4 1.1
neeo+ 1 R | o o
Diverges by the nth Term Test . 1

Iim—=20

nN-oo \/ﬁ

Converges by Theorem 8.14
& (=)"in+1 = [(Zn - 1)71-] &

17. — 10. sn——-——| = —1)n+t
nzl In(n + 1) nzl 2 nzl( ‘
lim " +1 lim 1 — lim(n+1) = Diverges by the nth Term Test
nminn+1) i1/ (n+1) niw -

Diverges by the nth Term Test

21. S cosnr= S (—1n 2z $ L
n=1 n=1 n=0 n!

Diverges by the nth Term Test 1 1

Converges by Theorem 8.14
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o = (-1 Y2) = (=1 3(2en
25. i -
nzl n+2 27 nzl e —en" nzl en—1
_ Jn+1 /n 2
aﬂﬂ—(nJrl)Jr2 n+2forn_2 Letf(x)—er_lThen
J/n , —2eX(e + 1)
Jmarz =0 =@ <°
Converges by Theorem 8.14 Thus, f(x) is decreasing. Therefore, a,, ; < a,, and
2 2e" 1
M1 = Mg = M =0
The series converges by Theorem 8.14.
n+1
29. § = E v 3 1) = 24325
IR = S-S < a = 4% ~ 0.0612; 2.3713 < S < 2.4937
2(=1)"
3L §= E o 0.7333

2
IRl = IS~ S = a = ¢ = 0.002778; 0.7305 < S < 0.7361

[o'e) _1n
33 nzo( 2

(a) By Theorem 8.15,

1
|RN| < aN+1:(N+71)! < 0.001.

Thisinequality isvalid when N = 6.
(b) We may approximate the series by

(—1)n L1101 1
n! 2 6

720
~ 0.368.

24

120

(7 terms. Note that the sum beginswith n = 0.)

( 1n+l

37. 2
(8 By Theorem 8.15,
IRy| = < 0.001.

Thisinequality is valid when N = 1000.

a'N-¢-1:N 1

(b) We may approximate the series by

1000(,1)n+1 1 1 1 1

—t=1l-=t+ ==+ = —

“ n 2 3 4 1000
~ 0.693.

(1000 terms)

35.

39.

(e}

_(=)

E o (2n + 1)!
(@) By Theorem 8.15,
1
[Ry| < ayss = BNT DI 0oL
Thisinequality isvalid when N = 2.

(b) We may approximate the series by

2 n

Z 2(n+1)1)l - 1_%+1%0~0842

(3 terms. Note that the sum beginswith n = 0.)

=) (_1)n+l
nzl 2n® -1

By Theorem 8.15,

|RN| < ays1 = m < 0.001.

Thisinequality isvalid when N = 7.
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o ( l)"+1
4l 2 (n + 1)2

n=1

converges by comparison to the p-series

s 1
21 (n+ 1)?
Therefore, the given series converge absolutely.

l)n+ 1 n2
(n+ 1)?

. n?

M 17

Therefore, the series diverges by the nth Term Test.

45, f

o0 — n
4. $ DN
n=p N° — 1

S n

En3—1

n=2
converges by alimit comparison to the convergent

p-series
S 1

n=2 n2'
Therefore, the given series converges absolutely.

S cosnr & (=)
53. “n+1 _anOnJrl

The given series converges by the Alternating Series Test,

but
|cosna| _ 1
E n+1 Z n+1

diverges by alimit comparison to the divergent harmonic
series,

. |cosn7r|/(n + 1)
r]lirg 1/n

converges conditionally.

D\H

= 1, therefore the series

w3
The given series converges by the Alternating Series Test,
but does not converge absolutely since

1)n+1

S 1

n=1 \m

isadivergent p-series. Therefore, the series converges
conditionaly.

The given series converges by the Alternating Series Test,
but does not converge absolutely since the series

$ 1

“,Inn
diverges by comparison to the harmonic series

&1
nzln

Therefore, the series converges conditionally.

=) (_ 1)n
5L > Gnr 1
&1
nZO (2n + 1)
is convergent by comparison to the convergent geometric

1 1
m —forn > 0.
Therefore, the given series converges absolutely.

& cosn = (—n
55. Z 7 - 2 >

is a convergent p-series. Therefore, the given

E

series converges absolutely.
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57. An alternating series is a series whose terms alternate in 59. Ya, is absolutely convergent if >'|a,| converges.
sign. See Theorem 8.14.
Y, is conditionally convergent if > |a,| diverges,

but »'a, converges.

61. (b). The partia sums aternate above and below the horizontal line representing the sum.

63. Since ) |a,| converges we have 65. i %converg&s, hence so does i %.
n=1 n=1 A=1

A Il =0

Thus, there must exist an N > 0 such that |ay| < 1 for
aln > Nanditfollowsthat 8.2 < |a,| foraln > N.
Hence, by the Comparison Test,

> al
n=1

converges. Let a, = 1/n to see that the converse is false.

& 10 & 1 .
67. Fase 609. nzlw = 10;1W convergent p-series
_ =
Leta, = P
71. Diverges by nth Term Test. lim a, = oo 73. Convergent Geometric Series (r = 4 < 1)
Nn-oo
75. Convergent Geometric Series (r = %) or Integral Test 77. Converges (absolutely) by Alternating Series Test

79. Thefirst term of the series is zero, not one. You cannot regroup series terms arbitrarily.

Section 8.6 The Ratio and Root Tests

n+1! (n+ H(n)(n — 1)(n — 2)!

L2 T (n—2)
=n+Nnnh-1)
!
3. Usethe Principle of Mathematical Induction. When k = 1, the formulais valid since 1 = % Assume that
_ (2n)!
1-3:5---(2n—-1) = o
and show that
3.5 .. (2n— _ _(@n+2)!
1-3:5 @n—-1D@n+1 = 27+ I

—CONTINUED—
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3. —CONTINUED—
To do this, note that:
1-3:5---(2n—-1D2n+1)=[1:-3:5---2n—-1D]2n+ 1)
_ (2n)!
= ol @n+1)
_ @)!2n+1) (@2n+2)
2"n! 2(n + 1)
_ (2n)!(2n + 1)(2n + 2)
2" 1nl(n + 1)
_ (2n+2)
T2t 4n + 1)
Theformulaisvalidforal n = 1.
© 3\n 3 9 )n+1 3B =3 < an )n 4 <8>2
. = =1 — - =+ 9 =—+ || +-
5 2 n<4) 1(4) - 2(16) * ’ E 2 2l5-3) 277
s =35 ~187 =9 =
4 Matches (f) Matches (a)
Matches (d)
. T - (n+ DX5/8"1 <n + 1)2§ _5
11. (a) Ratio Test: r]ILngo‘ a | nlaoo n2(5/8)" nlgngc . 8- 3 < 1. Converges
®) n 5 10 15 20 25
S, | 9.2104 | 16.7598 | 18.8016 | 19.1878 | 19.2491
(C) 20
° b °
L]
L]
. L]
L]
L]
olle 12
0
(d) The sumis approximately 19.26.
(e) The more rapidly the terms of the series approach 0, the more rapidly the sequence of the partial sums approaches the sum
of the series.
& nl & (3\"
13. - 15. n<*)
nZO 3" nzl 4
U T S R [ T L _ ‘an + 1‘ _ o [(n 4 D(E/AE
r!Lngo ’ a, | n“jg 3+l JLTC a, JLTO n(3/4)"
. n+1 . 13(n+ 1) 3
= lim = o0 = lim =—
n-oo Nn-oo
Therefore, by the Ratio Test, the series diverges. Therefore, by the Ratio Test, the series converges.
x n o] 2n
17. = 19. —
nzl 2" nzl "
im B — i [t 22 | o 2
JL“;‘ a, Mt r]lir[jo| | _JLn;|(n+ 12
= lim nti_1 *Ilmizn2 2
nooo 2N _2 naoo(n"r 1)2

Therefore, by the Ratio Test, the series converges.

Therefore, by the Ratio Test, the series diverges.



144  Chapter 8 Infinite Series
& (—ynon -
21. nzoin! 23, n; _
- e - 1 | lim [osa| — i [ D! 3
r!Ln;‘ a | oMty 2 neoe | @y | e |+ 3Ll
=i -0 = lim 2=
B nLTo n+1" n-oo 3

25.

27.

29.

o (_1)n+1n!

3> 135 @+ D
anea| | (n + 1! 1-83-5- @+ n+l_
n'LrIL‘an =M IT3 5 @+ D0+ 3 n | =AM o3

Therefore, by the Ratio Test, the series converges.

o] 4n
) an. | gn+1 E
JLTO‘ = m e  a

nzo (n+ 1)
age] 31+ 3n+lr <n+l)”_ (
im =M e | T M Mo lnre) T©

n n
Tofind lim (M) ety = lim (M) . Then,
nooco \N + 2 nooco \N + 2

Iny = Jlrgonln(z i ;) = 1im In[(n + i%](n +2)] :g

Iny = lim [@)/n+ 1_)](1_/r[]£)1)/(” 2l by L' Hépital’s Rule
—e1o 1
y=et=¢

o] 4n
231
A | 4T w1 AR +1) 4L+ 1/3) 4
J'ﬂ‘ B e e I A

Therefore, by the Ratio Test, the series diverges.

Therefore, by the Ratio Test, the series converges.

_ . L 1 2! 3l
Note: The first few terms of this seriesare —1 + 1.3 1_3_5+ 1.3.5.7

Therefore, by the Ratio Test, the series diverges.

1

2
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Section 8.6
8@ S
PAE
-~ agga] 1 o <n>3/2
im R Ty e R LS e
& 1
(b) 7z
nzl n'/2
ag| 1 NG ( n )1/2
r!Lrgo‘ a, r'!Lngo (n+1¥2 1 nILrDo n+1
S (_n Y & (-1
35 ,Z‘l (Zn + 1) 37 HZZ (Inn)"
lim ¥[a] = lim ( n )n lim Ya,| = lim \n (=1r
n-o° n- oo 2n + 1 n-oo n- oo (ln n)n
n 1
= Jim > — lim =0
n-co |INN|

n-oo 2N + 1 2
Therefore, by the Root Test, the series converges.

30. i (20 + 1)
lim Yfa = lim ¥(29n + 1) = lim (2 ¥n + 1)

To find Iim Yn, lety = Iim ¥x. Then

Iny = lim (In¥x) = Ilmflnx— Jim =% = lim ==

Therefore, by the Root Test, the series converges.

=0.

Thus, Iny =0,s0y = €’ = 1and lim (2% + l) = 2(1) + 1 = 3. Therefore, by the Root Test, the series diverges.

& 1
41. n23 (inny
1

. . 1 .
Jim Yla| = lim (Inn)n M o = 0

Therefore, by the Root Test, the series converges.

=]

3 _,& 1
2 i 32 e

Thisis convergent p-series.

)n3n3 2 ) 1(_§>n
" 20l 2

> 1, thisis a divergent geometric series.

=) (_1)n3n—2 =)
w0 3 Z

Since|r| =3

=) 1)n+15
_ 5 _5_
an+1 n+ 1 n aﬂ
Iim§:0
n-o N

Therefore, by the Alternating Series Test, the series
converges (conditional convergence).

X 2n
4t En+1

. 2n
lim 1—29&0

N-oo

This diverges by the nth Term Test for Divergence.

&K 10n + 3
51. n; o
. (On+ 3/ . 10n+3
M am, - 10

Therefore, the series converges by alimit comparison test
with the geometric series

56V
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& cos(n) *= n/n
53. 55. —
nzl 2 i=h n!

(n+pm+t | 7
(n+1r nm 7nILTcn70

n-oe

=2 i

cos\n)| 1 ’an+1‘
a,

Therefore, the series Therefore, by the Ratio Test, the series converges.

S
57. > .
‘M .
a,

(n+ 1) 3

lim = lim =0
N-oo n-oco N + 1

N-oo

Therefore, by the Ratio Test, the series converges.

o) (73)n
¥ 2357 @t D

—2\n+1 . .
Bl _ i (=3 3:5-7 (2n+1) — 1im 3

ngoo‘3‘5'7'"(2n+1)(2n+3). (=3)n ngm2n+3:0

Therefore, by the Ratio Test, the series converges.

61. (a) and (c) 63. (d) and (b) are the same.

=) @_ o0 (n+1)5n+l

241 nt ,20 (n+ 1)

252 3)B?®  @6E)*
T +(3! TR

65. Replacenwithn + 1. 67. Since 69. See Theorem 8.17, page 597.

n+1 310
4+t 210710

= 159 x 1075,

use 9 terms.

9 (_3)k
2 e = 07769

71. No. Leta, = 73. The series converges absolutely. See Theorem 8.17.
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75. First, let Second, let
lim Y]a,| =r <1 limY[a|=r>R> 1
n-oo n- oo

and choose Rsuchthat 0 < r < R < 1. There must exist
someN > Osuchthat ¥|a,| < Rforaln > N.Thus,
forn > N, we |a,| < R"and since the geometric series

)

R"
n=0

converges, we can apply the Comparison Test to conclude
that

> layl
n=1

converges which in turn implies that 2 a,, converges.
n=1

Section 8.7

Ly=-3x+1

Parabola
Matches (d)
5. f(X) = —==dx V2 f(1) =4
Jx
f(x) = —2x73/2 /() = -2

P,(X) = f(1) + f(D)(x — 1)
=4+ (-2(x—1)
P.X) = —2x+ 6

10

Then there must exist some M > 0 such that &|a,| > R for
aln > M. Thus, forn > M, wehave |a,| > R, > 1which
impliesthat lim &, # 0 which in turn implies that

N- oo

i a, diverges.
n=1

Taylor Polynomials and Approximations

y=eV(x+1) + 1]

Linear
Matches (a)

7. f(x) = secx f(%):ﬁ
f/(x) = sec x tan x f’(%) = /2

Py(x) = f(g) ; f/(%)(x B 77[)

P,(X) = V2 + ﬁ(x - %)

Rl (1,4
f
-2 6
-2
-1
9. f) = X —ax12  f(1) =4

/X X 0 08 | 09 |10/ 11 12 2
fi(x) = —2x-3/2 (1) = -2 f(x) | Error | 44721 | 42164 | 40 | 38139 | 3.6515 | 2.8284
f/(x) = 3x /2 (1) =3 PX) | 75 | 446 | 4215 | 40| 3815 | 366 35
P, = f(1) + F(D(x - 1) + %(x _p

=4—2(x—1)+g(x—1)2

10

Py
(1,4)




148  Chapter 8 Infinite Series
11. f(x) = cosx (o) f(x) = —sinx P,(x) = —x
P,(X) = 1 — 3x2 f(x) = —cosx P, (x) = —1
Pax) = 1 — 3¢ + gpx° 1(0) = P;(0) = ~1
PeX) = 1 = 22 + 5% — 730 (0 = sinx P,"/(%) = x
@ 2 f@(x) = cosx PAx =1
P P f@0) =1=P,*0
- %fﬁ\\% ’ f(S)((X§ = —sin>:1 © Ps®(x) = —x
- > f®(x) = —cosx PO(x) = —1
f©(0) = —1 = P®(0)
(©) Ingenera, f™(0) = P,™(0) for al n.
13. f(x) = e* f(0) =1 15, f(x) = & fo=1
f(x) = —ex  f(0) = —1 f(x) = 2% £(0) =2
P =ex PO =1 P =4 11(0) = 4
f7(x) = —e £70) = —1 f(x) = 8e* f”(0) = 8
fax) = 16  f@(0) = 16

Py(x) = f(0) + f(0)x +

10 , , 170

2! 3! 4 8 16
=1+2X+ x4+ x84+ —x4
. P,(x) =1+ 2x TR
=1-x+> -7
2 6 4 2
=1+ 2x+ 22+ x3+ x4
3 3
17. f(x) = sinx fO)=0 19. f(x) = xe f(0)=0
f/(x) = cosx f(0) =1 f/(x) = xe< + & f(0) =1
f(x) = —sinx f7(0) =0 f(X) = xe* + 2¢ f70) =2
f(x) = —cosx f0) = -1 f(x) = xe* + 3¢ f7(0) = 3
f@(x) = sinx f@0) =0 f@(x) = xe* + 4e¢  f@0) =4
fO(x) = f&0) =1
() = cosx © P4(x)=0+x+%x2+%x3+%x4
- 02, =1:,0.,,15 ' ' '
P5(x)—0+(1)x+2!x+3!x+4!x +5!x 1 1
=X+ x2+ -3+ x4
1, 1, 2 6
= X—BX +@X
o1 f(X):)Hl_l £0) = 1 23. f(x) = secx f0)=1
f/(x) = sec xtan x f(0)=0
/| 1 /|
f(x) = X+ 12 f(0) = -1 f1(x) = sec3x + sec X tan? X f70) = 1
2 1 1
"X) = ———— "0) = Px) =1+0x+_-x2=1+_-x2
0 = oy 12 f7(0) = 2 2(%) 2 >
f///(X) — _6 f///(o) — _6
T o(x+ 1) B
24
@ == @ =
f@(x) X+ D° f@(0) = 24
P,(x) = 1-x+ 232+ —0x3 4 22y

2!

3! 4

1-x+x2—x3+x4
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25 (%) :% f1) =1
M =->  f=-1
=2 (1) = 2
P == 1) = -6

o =22 e =24

P =1 (x— 1)+%(x71)2+_3—!6(x7 1)3+%(x71)4

—1-(x— 1)+ (x— 12— (x - 13+ (x — 1)*

27. f(x) = VX f) =1
F(x) = 2—\1& £(1) = %
#(x) = _4x1ﬁ< ) = -
() — 3 ", — §
0 = g () = 3
o = _16>:<L35\& 9w = -3¢

P = 1+ 30— 1) = S(x — 172

A s S 1
+16(x 1) 128(x 1)

3l f(x) =tanx
f/(x) = sec?x
f/(x) = 2 sec? xtan x
f7(x) = 4sec? xtan? X + 2 sec* X
f@(x) = 8sec? xtan® x + 16 sec* x tan x

fO(x) = 16 sec? x tan® x + 88 sec? x tan? x + 16 sec® x

6

o P2 2
f Qq

-6

N

29. f(x) = Inx

() = L
f(x) = »
1
P00 =~
177, p— 2
f7(x) = o
6
f@)(x) = ~

f(1) =0

(1) = 1
/(1) = —1
(1) = 2
f@(1) = -6

P = 0+ (x— 1) = S(x — 17

+ 30— 17 - 20— 1

@n=3¢c=0

2 1

P3(x)=0+x+2x2+—x3=x+fx3

2!
() n=51c=0

3! 3

2 0 16

0
Ps(x) = 0+ X+ - x2+ X + = x4+ Z-x°

2!

3! 4! 5!
2

1
=X+ ¢+ -8

3

(© n=3,c=77:
Qx) =1+ 2<x—

=1+2<x—

15

T 4 m\% 16
4>+2!(X_4> +3!<X_

T m\° 8
Z>+2<X—Z) +§<X—*
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33. f(x) = sinx
Pi(x) = x
Py(x) = X — X3
Ps(x) = x — X + 1358

1 1 1
P7(X) =X — gX?’ + ﬁx5 — ﬁﬂ

@ X 0.00 0.25 0.50 0.75 1.00

sinx | 0.0000 | 0.2474 | 0.4794 | 0.6816 | 0.8415
P,(x) | 0.0000 | 0.2500 | 0.5000 | 0.7500 | 1.0000
P4(x) | 0.0000 | 0.2474 | 0.4792 | 0.6797 | 0.8333
P<(x) | 0.0000 | 0.2474 | 0.4794 | 0.6817 | 0.8417
P,(x) | 0.0000 | 0.2474 | 0.4794 | 0.6816 | 0.8415

(c) Asthe distance increases, the accuracy decreases

35. f(x) = arcsinx

x3

(@ Py(x) = x + 6

(b)

-27

(b)

X -075 | -050 | -025 | 0| 025 | 050

0.75

f(x) | —0.848 | —0.524 | —0.253 | 0 | 0.253 | 0.524

0.848

Py(x) | —0.820 | —0.521 | —0.253 | 0 | 0.253 | 0.521

0.820

43 f(x) =Inx=(x—1) —3(x — 12+ 3(x — 1)® — 3(x — 1)*
f(1.2) = 0.1823

45, f(x) = cosx; fO(x) = —sinx O Maxon[0,0.3]is1.

R() < 5%(0.3)5 — 2025 x 10°5

Py

Ps

W

©
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47.

49.

53.

57.

61.

_ x(6x2 4+ 9)

f(x) = arcsinx; f@(x) = a—ar

7.3340
4

Ry(x) < (0.4)* = 0.00782 = 7.82 x 1073
g(x) = sinx
g+ (x) < 1forall x

1
(n+ 1)

R,(¥) = (0.3"+1 < 0.001

By trial and error, n = 3.

2 3

f(x)=€~1+x+%+%, x<0
Ry(x) = %Zx“ < 0.001
ex* < 0.024
xe?* < 0.3936
O < 03936, 2< 0
—0.3936 <x<0

See definition on page 607.

@ f(x) = e
_ 12,11 4
P4(x)—1+x+2x +6x +24x
g(x) = xe*
1 1 1
— 2 L Ty3 4 Tyd L T \5
Qs(x) = x + x +2x +6x +24x
Qs(X) = X P,(x)
(b) f(x) = sinx
X3 X
PS(X):X_§+§
g(x) = xsinx
x4 x8
QG(X)=XP5(X)=x2—§+§
snx 1 X2 x4
© g =="= PX=1-5+5

51.

55.

59.

63.

O Max on [0, 0.4] isf@(0.4) ~ 7.3340.

f(x) = In(x + 1)
—1\n+1nl
fO+D(x) = % O Maxon[0,0.5]isn!.
n! el (0_5)n+l
R, < T D (0.5) =1 < 0.0001

By trial and error, n = 9. (See Example 9.) Using 9 terms,

In(1.5) =~ 0.4055.

The graph of the approximating polynomia P and the

elementary function f both pass through the point (c, f(c))
and the slopes of P and f agree at (c, f(c)). Depending on

the degree of P, the nth derivatives of P and f agree at

(c,f(c)).

The accuracy increases as the degree increases (for values

within the interval of convergence).

@ Q¥ = -1+ %
(b) Ry(¥) = -1+ @

(c) No. The polynomial will be linear.
Trandations are possibleat x = —2 + 8n.

65. Let f be an even function and P,, be the nth Maclaurin polynomial for f. Since f is even, f”isodd, f”is even, f”” is odd, etc. (see
Exercise 45). All of the odd derivatives of f are odd and thus, all of the odd powers of x will have coefficients of zero. P,, will

only have terms with even powers of x.

67. Asyou move away from x = ¢, the Taylor Polynomial becomes less and less accurate.
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Section 8.8  Power Series
1. Centered at O 3. Centered at 2
S X" ) (2X)n
— n
5. nzo( D 7. n; =
u n+1yn+1 +
L= lim |2 = lim ‘( L L nl L= tim [Ynsa| = 20000 2
n—oo n—oo SR nees | U, neos (N + 12 (200
_ n+1,., _ 2n2x
lQl n+2 |X| X = JU& (n + 12 = 2[x|
X <10 R=1 1
2xl <10 R=7Z
2
o) (2X)2” % (x\n
9. 2
2, @) u 5(3)
L 1im | +1] i (2x)21+2/(2n + 2)! Since the series is geometric, it converges only if
T T a AT @20/ 2n)! X/2| < lor—2<x<2
_ (2)? ‘ _
=M@+ = °
Thus, the series converges for al x. R = oo.
© (_1)an < xN
13. 5> 5
;g; n ;g%n!
. un+1 _ ( 1)n+1xn+1 n ||m m _ “m Xn+1 E
fim u, | Jim n+1 (-1 n-o| U N+ x
: nx _
= im n+1‘:|x| nlin;n+1‘

17.

19 %

Interval: —1 < x< 1

— n
When x = 1, the alternating series 2 (bl ) converges.

When x = —1, the p-series i % diverges.
n=1

Therefore, the interval of convergenceis—1 < x < 1.

Unig

The series converges for dl x. Therefore, the interval of
convergenceis —oo < X < oo.

[2n +2)(2n + Dx _

2n + 2)Ixn+1 2n .
(2n )!x = lim

= Jim 1 2nix| Al

n_oo

n

Therefore, the series converges only for x = 0.

o (_ 1)n+1Xn
n=1 4n

Since the series is geometric, it converges only if [x/4| < 1or

2

-4 < X < 4.



Section 8.8 Power Series 153

o (_l)n+l(x _ 5)n

21. nzl e

) hea| ( 1)n+2(x _ 5)n+1 n5n _ n(x 1
AL v [ L1 oy e = W Yooy S 1| LN [ o 1) | 3|
R=5
Center: x =5
Interval: =5 < x—5<50r0 < x < 10
& -1,
When x = 0, the p-series — diverges.
p n; - 9
(_ )n+1

When x = 10, the alternating series 2 converges.
Therefore, the interval of convergenceis0 < x < 10.
o) (_l)n+l(x _ l)n+1

23. nzo—“ 1
o fua] (=D)"+3(x — Pn+2 n+1 (n+ 1(x — 1)‘ e
i, = Jim, ‘ n+ 2 D ix — =D e Tk
R=1
Center: x =1

25.

Interval: —1 < x—1<1lor0<x<2

When x = 0, the series i 1
“on+

( )n+l

When x = 2, the alternating series 2 1

Therefore, the interval of convergenceis0 < x < 2.

DR

n=1

tim [Poes| =t [N ] =
- " -

R=c

Center: X = ¢

Interval: —c < x—c<cor0<x<2c

When x = 0, the series i (=11 diverges.

When x = 2c, the series i 1 diverges.
n=1

Therefore, the interval of convergenceis0 < x < 2c.

1 diverges by the integral test.

converges.

N n n—1
27 8ty 2

U] _ [0+ D20 n+1
im L Jim n+2 n(—2x)n-1
i [(E20(n + 1)
= lim nn+2 | 2l
1
R=3
1 1
Interval: > < X < 5
When x = 1 the series L diverges
2 2 g dved
by the nth Term Test.
When x = thealternatln series wdlver es.
h 9 E n+1 g

1

Therefore, the interval of convergenceis 5 < x < >
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© X2n+l

2. 3 Gnr 1
R ¥ Y x*+3 - (2n+ 1)
m Uy | am (2n+ 3! x>+l

im |—2X
o len+ 2 + 3)‘ =0

Therefore, the interval of convergenceis —oco < X < oo.

& kk+1):- - (k+n—1xn
31. 2’1 -
o |Unaa| o [kk+ D) - (k+tn— Dk + nxntt n! ‘_ (k+ n)x|
am Ty *n"fi‘ (n + 1)! ke D ken—Dw| A her |~ M
R =
When x = +1, the series diverges and the interval of convergenceis—1 < x < 1.
[k(k+ ---k+n-1) > 1]
1-2--:n
o) (,1)n+13 .7-11- - .(4n — 1)(X _ 3)n
33. nzl T
fim Y1) — iy G287 11 - - (4n = D(@n + 3)(x — Yt 4
n—oo | Uy, n-oo g+t (=pr+1.3-7-11- - -(4n—(x — "
— lim (4n + 3)(x — 3) .
n-oo 4
R=0
Center: x = 3
Therefore, the series converges only for x = 3.
_ ) 5 n _ ) _ =) (,1)n+1(X, 1)n+1
35. (a) f(x) = nzo<2> ,—2 < X < 2 (Geometric) 37. (@) f(x) = nZO 1 ,0<x<2
(b) F(x) = i(ﬂ)(%nﬂ —2<x<2 ) F0) = S (1 ix — 1, 0 < x < 2
n=1 2)\2 ' n=0 ’
(C) f”(X) — i(ﬂ)(n - l)(l)n*Z o cx<D (C) f”(X) — i(_l)nJrln(x — 1)!’1*1 0<x<?2
n=2 2 2 2 l n=1 '
_ =) 2 5 n+1 B _ o) (_1)n+1(x_ 1)n+2
(d) jf(x)dx—h}::onJr 1(2) ,—2<x<2 (d) ff(x)dx— gl—er Hn < 2 ,0<sx<2
& (1\" 1 1 & (3.1\" .
39. g(1) = nzo<§> =1+ 3tgt 41. g(38.1) = nzo<?) diverges. Matches (b)
S, =1, S, = 1.33. Matches (c)
43. A series of the form 45. A single point, a, interval, or the entire real line.

Zan(x -or

is called a power series centered at c.
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47. (@ f(x) = i et —o0 < X< oo (SeeExercise29)
' “~ (n+ 1) '
_ 0 (_1)nX2n _
g(x) = nzo T TP S X<
, _ ey (_1)nX2n _
(b) f(x) = nzo T g(x)
, ( 1)nx2n 1 ( 1)n+lx2n+1 ( 1)n X2n+1 _
© 9 = 2 n— 1 ;0 2n + 1) 2 "(2n + D) f)
(d) f(x) = sinxand g(x) = cosx
o) 2n
49, B N
Y= 2 o
, o) ananl
y'= nZl 2"n!
. & 2n(2n — 1)x>n-2
= ,241 2nn!
oo, o_&2n@2n - Dx*2 & 2nx & X
y =X B ,121 2nn! < 2"l & 20nl
& 2020 —Dx*2 & (2n + Dx*n
erl 2"nl “, 2"n
& [(Zn +2)(@2n+ ) (2n+ )x* 2(n + 1)]
h nZO 20+1(n + 1)! 2"n! 2(n + 1)
S 2n+ Dx>[(2n+1) - (2n+ 1)] 0
,Zfo 27 n + 1)! -
_ o (*1)kX2k
51. Jy(x) = kzo Para
uk+1 o ( 1)k+l X2k+2 22k(k|)2 (—1)X2 _
@ m 7, =M e 0 Coodd T A 2k 12 -
Therefore, the interval of convergenceis —o0 < X < oo.
(b) = 3 Rar o
(2k + 2) x2«+1
k _ k+17
E( b 4" (kl)2 E( 44 (k + D12
= 2k(2k — 1)x*—2 & (2k + 2)(2k + 1)x*
”_ _1\k — _1\)k+1
W= 2V Ty 2V T [ P
2(2k + 1) X2k+2 o) X2k+2
217 ’ 21 — _1)k+1 K+ k
X"+ X"+ X0 = X (D G e T 2V 4k+1(k+ 1)'kI 2( Ve Ay
& (- 1)"x2‘<+2[ 2(2k + 1) ]
2 a7 Faberp TV (k+1)+1
& (- 1)kx2k+2[—4k— 2 2 4+ 4] o
E 4k (k1)2 dk+4  Ak+4 dk+4]

—CONTINUED—
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51. —CONTINUED—
_ x2 x4 x8 1 B (= D)k x
(€) Psx) =1— 7 64 230 (d) J; Jodx = f 0 (k)2 dx
3 o) 1)k X2k+1 1
-6 e ™ 6 kZO 4k(kl)2 2k + l)
1 i
kZO 44K)3(2k + 1)
-5
1 1
=1- E + % ~ 0.92
(exact integral is 0.9197304101)
8 _ 55, f(X) = S (— 1) = S (—x)n
53. f(x) HZO( n (2 n)l = cosX nz,o ngo
(See Exercise 47.) -+ 1 L
1= (—x) 1JrXfor l<xx<l1l
2 3
DA \
I"-~-\_\_\_\_\_\_\_
= -1 1
0
o0 X n
7. 5(2)
nZO 2
=) 3/4>n oo<3>n oo( 3/4>n oo< 3)n
a - = = b —-=
( ) nZO< 2 nZO 8 ( ) nZO 2 nZO 8
__ 1 _8_ _ 1
1-(3/8) 5 16 S 1-(-3/8 11 0.7272
1.80 1.10
L] v
L Py
-1 6 -1k L] . 6
0 0.60
N 3\n
(c) The dternating series converges more rapidly. The partial (d) 2 <§>
sums of the series of positive terms approach the sum from n=0
below. The partial sums of the alternating series alternate
sides of the horizontal line representing the sum. M]10 | 100 | 1000 | 10,000
N| 4 9 15 21

59. False;
[y (_ 1)nX”
iso N2

converges for x = 2 but diverges for x = —2.

61. True; the radius of convergenceis R = 1 for both series.
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Section 8.9  Representation of Functions by Power Series

1 12  a 1 12 _ a
L@y T 1w 1 3@ kT I (=) "1
_ =) l(é)n: o X0 _ =] 1(_§>n: =) (_1)nxn
nE::O2 2 nZO 2n+1 nE::O2 2 nZO 2n+1
This series converges on (— 2, 2). This series converges on (— 2, 2).
2 4 8 16 2 4 8 16
(b) 2—-x)1 () 2+ x)1
X X
- E 1+ 5
X _X
2 2
X _ % _x_x
2 4 2 4
X2 X2
4 4
X2 X3 X2 X3
) i)
x3 x3
8 8
X3 x4 x3 x4
8 16 8 16
5. Writing f(x) in the form a/(1 — r), we have 7. Writing f(x) in the form a/(1 — r), we have
1 _ 1 _ -1/3 3 _ -3 __a
2—-x -3-(x—-5 1+ (1/3)(x—5) X—-1 1-2x 1-r
whichimpliesthata = —1/3andr = (—1/3)(x — 5). which impliesthata = —3andr = 2x.
Therefore, the power series for f(x) is given by Therefore, the power series for f(x) is given by
1 o0 o0
s S 2 -3 -30-9] o= S an= S I
nzo( 3n+l, [x—5] <30r2 < x < 8. = —SHZO(ZX)", |2x| < lor—5 <x<3
9. Writing f(x) inthe form a/(1 — r), we have 11. Writing f(x) in the form a/(1 — r), we have
1 _ -1 3 _ 3 _ 32 _ a
2X—5 11— 2(x + 3) X+2 24+x 1+1/2x 1-r
_ -1/11 _a which impliesthat a = 3/2and r = (—1/2)x. Therefore,
T 1-(2/11)(x+3) 1-r the power series for f(x) is given by
whichimpliesthat a = —1/11 and r = (2/11)(x + 3). 3 _ i arn — i §(71X)”
Therefore, the power series for f(x) is given by X+2 & “2\ 2
=) 1 o) (_1)nxn 3= ( X>n
n = = = — —_—
2x ~5 E & nZO( 11)[ bt 3)] 3¥ e —22(72)
B 2(x+ 3" x| <20r—2<x<2
“~ 110+1
11 17 5
x+3] < Zor—F <x< .

2 2 2
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13.

15.

17.

19.

21.

23.

25.

3x _ 2 n 1 _ 2 n 1 _ 1 n -1
X2+x—2 x+2 x—-1 2+x —-1+x 1+(1/2x 1-x

Writing f(x) as a sum of two geometric series, we have

$:§0<“X> i Z[( 2)n‘1]xn'

The interval of convergenceis —1 < x < 1since

o Unea| [ (=2 xrt o (=2)n (l (=2 Yx| _
M| AT e 1-(-2 ”)x”| m e = X
2 _ 1 1
1-x2 1-x 1+x
Writing f(x) as a sum of two geometric series, we have
o= S Ser= Sas e = 3 e
n=0 n=0 n=0 n=0
) ) ) ) Unssg ) ox2n+2
Theinterval of convergenceis |x?| < 1or —1 < x < 1since lim |[=-=| = lim ’? = |x?.
n-oo n Nn-oo
1 = N — nyn
1+x ,240( X
1 (=] (=] (=]
1-x nzo(_l)n(_x " nZO(—l)Z"X” B nZOX”
h) = 52 = L= S e+ S = S+ 10
x2-1 1+x 1-x & =0 =0
=24+0x+ 22+ 03+ 2x*+ Ox®+ 2x8 + - - 2 2x2" —1 < x < 1(SeeExercise 15.)
By taking the first derivative, we have d[ 1 ]: -1 Therefore,
y 9 dx| x + 1 (x+ 1% '
1 2 = i(—l)“nx”*l
x+12 dx e &y

( D" in+ I)x", —1 < x < 1.

7[\48

By integrating, we have J' " i 1 dx = In(x + 1). Therefore,

In(x+1)=j[2( 1)“xn]dx—c+2( 1);";“, l1<x<l

To solve for C, let x = 0 and conclude that C = 0. Therefore,

=) ( 1)nxn+1

In(x + 1) = E

- n+1

—— -1 <x< 1

8

x2+1 E( Hn(x3)n 2 —'x: -1 <x<1

Since,

= (=1)"x", we have =Y (=)@ = Y (—Dnanx = Yy (=DM, -5 < x <
1 nZO a2+ 1 nZO nz'o nE::o 2

1

>
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X2 x2 X3
2. x5 shx+1) <x-5+%3 X 00 |02 |04 |06 |08 |10
2
5 X — XE 0.000 | 0.180 | 0.320 | 0.420 | 0.480 | 0.500
S
! In(x + 1) 0.000 | 0.180 | 0.336 | 0.470 | 0.588 | 0.693
4 8 X2 X3
\% X — > + 3 0.000 | 0.183 | 0.341 | 0.492 | 0.651 | 0.833
-3
29. g(x) = x, line, Matches (c) 31 gx) = x — 5 + X 3 Match&s @ 33. f(x) = arctan xis an odd function

(symmetric to the origin)

X2n+l

2n+ 1

In Exercises 35 and 37, arctan x = i (=2
n=0

(1/42n+1:§ (_1)n :l_i_i_i_i_
2n+1 &o(2n + 140+t 4 192 5120

35. arctan 2 (—n
n

Sincezzs < 0.001, we can approximate the series by its first two terms: arctanj ~  — 15 ~ 0.245.

actanx® & . x4n+1
87 x Z 2n+1
arctan x2 (— 1) xn+2
Z (4n+2)(2n + 1)
Y2 arctan x2 2 1 _1 1 n
o “h (4n +2)(2n+ 124t2 8 1152
1/2 2
Since 11152 < 0.001, we can approximate the series by itsfirst term: f ard%dx = 0.125
0
In Exercises 39 and 41, use— i X x| < 1.
n=0
1 df 1 d[ & &
39. () = —[ ] = —[ x“] = nx"~1 x| <1
(1-x2 dx1-—x] dx nZO n; X
()(1 xEnx"l—Enx" x| <1
1+ x 1 X =
(c) = + = ynx""t+x), [x <1
1-x2 (1-%2 (1-x? nzl 2

= Sn+xx <1
n=0

(d )((5-1_'1')())(3 = XEO(Zn + 1)x" = 20(2” + )X x| < 1
41. P(n) = (%)

E(n) _ oo np(n) _ oo n(;)nzl oo n(;)n—l
&0 =205 T2 21
1 1
2[1-(1/2F
Since the probability of obtaining a head on a single toss is%, it is expected that, on average, a head will be obtained
in two tosses.

2
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43. Replace x with (—Xx). 45. Replace x with (—x) and multiply the series by 5.

47. Let arctanx + arctany = 6. Then,
tan(arctan x + arctany) = tan 6

tan(arctan x) + tan(arctany) _ tan 0
1 — tan(arctan x) tan(arctan y)

XY iane
1-xy
Xty +y

arctan = 6. Therefore, arctan x + arctany = arctan{ -——— | for xy # 1.
1-x 1-—xy

1-(1/2)7 3

5 = acten + arctan 5 = arctan
1 4/3) — (1/7 25 T
(—7)——ar an[(/) (/)} arctan—— = arctan1 = —

49. (a) 2 arctan > 5 [2(1/2)] = arctané
1+ (4/3)(1/7) 25

2arctan1 - arctan1 = arctan%1 + arctan
055 (0.5)7] . 4[1 _ W, e <1/7>7] a1

2 7
3
(0572 ,

1
(b) 7r—8arctan§—4arctan 8[2 3 5 7

7 3 5 7

53. From Exercise 51, we have

51. From Exercise 21, we have
B =) (,1)nxn+1 o 1)n 1yn =) on o (,1)n+1(2/5)n
In(x + 1)—nz0 ] Z Z( 1+l n—nzlin
o )n+1xn _ <g ) _ Z _
Z —In5+l —In5~0.3365.

Thus, E( )n+1 1n Zl( 1)"+n1(1/2)”

1 3
= In(2 + 1> = In2 =~ 0.4055

55. From Exercise 54, we have
=] 1 (1/2 2n+1 1
n—  — —])ph—— = — =
Z( 1) 5 o0 + 1) HZO( 1) on T — actans ~ 0.4636.

[=%=) — n
57. The seriesin Exercise 54 converges to its sum at a slower 59. f(x) = E(—l)”“M, 0<x<2
rate because its terms approach O at a much slower rate. n=1 n
& (05" & @

i (1/ 2" _ 06031

Section 8.10 Taylor and Maclaurin Series

1. For ¢ = 0, we have:
f(x) =
fO(x) = 2ne O fO(0) = 20
4% 8x®  16x* :i

e2X—1+2x+?+3!+ YT 2
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3. For ¢ = 7/4, we have:

f(x) = cos(x) f@ _ §
f(x) = —sin(x) f/(g) - _?
f”(x) = —cos(x) f’/(g) - _ %

£(x) = sin(x) f(%) = %
2

f@(x) = cos(x) f(‘”(

~—
N

K
4
and so on. Therefore, we have:

& fO(a/4)[x = (a/4]"

COSX = 2 ni
_ /2 7\ _[xX= (/9P  [x= (@/4F | [x - (7/4]
_7[1_<X_Z)_ T T _]
_ V28 (P~ (/4
2 & n! '

[Note: (—pr+D/2 =1 -1 -1,1,1, -1, -1, 1,..]
5. For c = 1, we have,
f(x) = Inx f(1) =0

o = (1) = 1
P = -5 )= -1

2
f///(x) — ? f///(l) — 2

L)

900 = =2 19(1) = -6

900 =2 16(1) = 24

and so on. Therefore, we have:
< f(n) _ n
nx= $ 10@x=D

(x— 12  2x—1° 6(x—1*  24(x— 15
T2 T T aw T Te T

x—1% (x-1° (x-D* (x—-1p9
T2 Y3 T s T

_ ) n(x_l)n+1
=2 YT

n=0
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7. For c = 0, we have:

f(x) = sin2x f(0)=0

f(x) = 2 cos2x f(0) =2
f(x) = —4sin2x f{0) =0
f(x) = —8 cos 2x f0) = —8
f@(x) = 16 sin 2x f@0) =0
f®(x) = 32 cos 2x f®(0) = 32
fO(x) = —645n2x f®0) =0

f()(x) = —128 cos 2x fM(0) = —128

and so on. Therefore, we have:

) & fMO)x 0x2 83 Ox* 325 Ox¢ 128x7
=N T S 0 X+ o — o o e T
Snx= X Ty TOF X eyt e e T
8¢ 36 128¢7 = (—1)n(2x)2n+t
-3ty 7 2 on+ i

9. For ¢ = 0, we have:

f(x) = sec(x) f0)=1
f/(x) = sec(x)tan(x) f(0)=0
f(x) = sec3(x) + sec(x)tan?(x) f10) =1
f(x) = 5 sec3(x)tan(x) + sec(x)tan3(x) f10) =0
f@(x) = 5sec5(x) + 18 sec3(X)tan?(x) + sec(x)tan*(x) f@0) =5
& fO)x x2 = 5x4
SEC(X)= 20?=1+5+I+
. . & (=1xn
11. The Maclaurin seriesfor f(x) = cosx is .
o (2n)!
Because f("*D(x) = £sinx or +cosx, we have | f("+3(2)| < 1 for all z Hence by Taylor's Theorem,
_ f(n+1)(z) o1 |X|n+1
0= [RnGOl = G5 = v o
n+1
Since lim L = 0, it follows that Rn(x) — 0 asn - co. Hence, the Maclaurin series for cos x convergesto cos x for all x.

n-eo (N + 1)!

(k+ Dx*  kk+ Dk + 2)x3

13. Since(1+x)*'<:1—kx+k 5 3l + - - -, wehave
2 3 4
1+x2=1-2x+ 2(2’( - 2(3)3(f')x + 2(3)(;13(5)’( =1 X 43— A BXE—

8

= Y (=1"(n + 1)x".
0

n
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1 1 x\2]~1/2 L (-1)"1-3-5- n — 1)x"
= 2 /2 —
m <2>[1 + (2> ] and since (1 + x)~ 1+ E ] , we have
11 +§ ~1"1-3-5- - -@n-1x/2")_1 & (=)"1-3-5 - (20— 1w
N ~ 2nnl 2 HZ 2%n+1p] '
oo — n+1 . . e — n
17. Since (1 + X)l/z =1+ g + E (=1 1-3 2n5n' (2n — 3)x (Exercise 14)
n=2 .
= nt11.3.5. - -(2n — 3x"
2\1/2 — -1
we have (1 + x?) 1+ Z o .
x® X" 2 X3 X4 XS
19. é=;oﬁ—1+x+§+§+—+§+
=) 2 n =) 2n 2 4 3
e Q0N & kL xk xx 8
€= 2 T nZo o 1T e s T o
iy = Yt e e X
21. snx—nzo @n+ D) =X-gtg ot
( 1)n(2x)2n+1 =) ( 1)n 22n+ 1X2n+1 _ 87)(3 32X5 _ 128X7
sin2x = E en+ Dl T2 @yl XT3 T 7
_ oo (_1)nX2n _ _ X2 L4
23. cosx = nzo ET 1 ST
1) (XS/ 2)2n ( 1)n X3n X3 XG
3/2 — ( — — = -
cosx nZO (2n)! E 2y T ata
X2 3 x4 X
25. —1+X+§+§+*+§+"'
XTor "3 T a " om t
23 X X
eX— e X_2X+?+§+7+
. XS X7 oo X2n+1
= _ X) — i i _ = B ———
sinh(x) = (eX e =X + X 3 + 5 + = + - HZO n + 1)
1 X3 X8
27. cos(x) = 5[1 + cos(2x)] 29. xsinx = x(x 3ty )
1 (2x)? | (20" _ (20° ] X6
- = + — + — — — y2 -
2[1 1= 4 6! ¥~ 35
1 o) (_1)n(2x)2n o) (_1)nX2n+2
=1+ N S N R0l
2[ 2, @ ] 2 @n+ 1!

snx _ X— (x3/31) + (x5/51) — - - -

31
X X
X2 oxt
o) ( 1)nX2n

= 2 on+ X0
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o . (ix)2 = (ix)® (ix* _ . X2 i3 x* X X8
33. ex_l+lx+7+T+T+..._1+IX_E_§+E+§_6_...
o . (—ix)2 = (—ix)® = (—ix)* _ . X2 i3 x* X X8
exX=1-ix+ 21 + 3l + al +"'—l—IX—E+§+E—§—a+"'
. » . 23 2ix5 2ix7
e'x—e'X:ZIX—?-F?—T-F
eix_e—ix_ X73 i X77 _ =] (_1)nX2n+l_ .
2 XTats A’ _HZO ont o - S
35. f(x) = e*sinx 14
2 6 24 6 120
f
:X+X2+<£3_£3>+(X74_X74>+(X75_X75+X75>+... -6 11 6
2 6 6 6 120 12 24 2
2 X5
=X+ X+ =+
XTXT3 T30
37. h(x) = cosxIn(1 + x) 4
<1 X2 x4 >( X2 3 x4 5 ) P
=(1-F+=-— Nx—-=+=-=+=-
2 24 2 3 4 5 -3 9
RN
B (D) () ()
2 3 2 4 4 5 6 24 -4
h 2 6 40
snx .. ) . 5x3  bx4
39. g(x) = . Divide the seriesfor sin x by (1 + x). gxX) =x—x+——-—]+
1+ x 6 6
5x2 5x4 4
- R+ —-=+
X — X 5 6 ﬂ
x3 X3
2 . - -6 6
1+x>x+0x 6+Ox4+120+
X+ X2 Fa
x3 -4
—_y2 _ =
7 %
_X2_ X3
5x3
?+0x4
5x3  bx*
7+7
6 6
L X
6 120
5 5¢
6 6
x4 x3 x3 X2
—y2 = — _ ) = 1 — 2 e 2 ) ~
41. y =X 3!—x(x 3!)~xsmx. 43. y =X+ X +2!—x<1+x+2!>~xex.

Matches (a) Matches (c)



Section 8.10 Taylor and Maclaurin Series

165

X e _ X o (_1)nt2n 3
45.L(e 1) dt LK;O Y ) 1}dt

NS il PR T O S e
L J-; i

o | & (n+ 1) < (2n + 3)( 1.0_;0(2n+3)(n+1)!

) & (=) (x — 1+l x—12 (x—1° (x—1)7*
i O =DM + - +-
47. Since Inx 2 o) x—1 — > 3 2
we haveIn2 = 1—1+1—1+- Ce= i(—l)“+11~06931 (10,001 terms)
2 3 4 = no oo A
! & X x3
49. Since e = Z—l—l+x+—+§+
22 28 & 2"
wehave€=1+2+—-+ =+ = — =~ 7.3891. (12terms)
21 " 3l &l
51. Since
& (—1nxen ox2 o oxt e X8
= ~ = = = 4+ = -+ = —
cosx = 3 om B R
2 X4 XG XS o) (_1 X2n+2
— —i_i_l'_i_i
looosx=5 "4 s 2. (2n+ 2)!
1—-cos x x X X (=I)nxn+t
=7_7+7_7
X 2 4 6 8 E (2n + 2)!
. 1-cosx . & (=x>+l
wehavelim =— === 1im 3 o+ 21 -

sin x ( 1)nX2n B =) ( 1)n X2n+1 1 o) ( 1)n
53. f X K _f [n20(2n+1)l]d [E (2n+1)(2n+1)!] E o (2n + 1)(2n + 1)!
Since 1/(7 - 7') < 0.0001, we have

sinx 1 1
j—d 1- 3.3!+5.5!—---~0.9461.

. . snx
Note: We are using Ilr(r)w > 1
o O*

/2
o) ( 1)n X(4n+3)/2 o (, 1)n 2X(4n+3)/2 /2
nzo (4n + 3) B [nzo (4n + 3)(2n)! ]

o (, 1)nx(4n+ 1)/2]
0

/2 /2
55. VX cosxdx = f [
J;) 0 nZO (2n)!

Since (7/2)1%/2/766,080 < 0.0001, we have
f VX Cosx dx = 2[(7’/ 2% _ (w/29"2 | (w2 (w/2% | (=) 2)19/2] ~ 0.7040.

14 264 10,800 766,080
03 03 3 9 12 4 7 10 13 03
X x® X 5% X X X 5X
; J1+ 3dx = + - + - - +oe
> Ll 1+ Jm (1 2 816 128 ) o = [ 8 56 160 1664 ]0,1

Since 25(0.37 — 0.17) < 0.0001, we have

0.3
V1T x8dx = [(03— 0.1) + (034— 0.1%) ——6(037— 017)] ~ 0.2010.
0.1



166  Chapter 8 Infinite Series

59. From Exercise 19, we have

1 1 , 1)nx2n 1 [ = (—1n X2n+1]1 1 = (—1)n
—_— —X2/2 — _
V2w L e ¥/2dx = 0 ,20 nnl V27 ,Zo 2'ni(2n + 1) N n}::o 2nzn + 1)
~\/ZT|:1_2'1‘3+22'2!'5_23-3!-7:|~0'3414'
oosan— § LAnanns ) )
B 160 = xee 2= 3 63. f(x) = JxInxc=1

— 1)3 _ 1\4 15
2 P = (x— 1) — XL =Dt 7~ )

Ps(x) = x — 28 + - 24 24 1920

[Tl 1N
ARV T

-2
The polynomiad is a reasonable approximation on the

interval [—%, %]

IS

The polynomial is a reasonable approximation on the
interval [;11 2]

65. See Guidelines, page 636. 67. (&) Replacex with (—x). (b) Replace x with 3x.
(c) Multiply series by x. (d) Replace x with 2x, then replace
X with —2x, and add the two
together.

69.y=<tan0— g )x—gln<l— kx)

kv, cos 6 k2 V, COs 6
2 3 4
S I = p TS
kvocos6 kK VyCOS O 2 \V,Ccosd 3 \y,cos 6 4 \v, cos 0
_ X X gx2 ghoe gkx* o ]
= (tan O)x kvocoseJrkvocosf)Jr2v0200520+3v03cosgt9+4v04cos49Jr

X2 4 kgx® k2gx4
2v2cos? 0 3vcos®h  4vy*cost 0

= (tan O)x +

f(x) —f(0) . e -0
(b) f10) = lim x—0 =im—
—1/x2
Lety = lim . Then
x-0
: e /¢ . 1 . [—-1-x2Inx
Iny = limin =lim|—-—=—-Inx|=lim|————|[= —oo.

X=0 X x-0t ] X2 X0 X2

Thus, y = e = = 0 and we have f/(0) = 0.
n ) 2
© 2 f( (O) f(O)x N f1(0)x

=0+ 2!
This series convergesto f at x = 0 only.

+ - =0#f(X

Xn+1 n|

— im X
T nheen+1

73. By the Retio Test: lim ‘( TR,

= 0 which shows that i % converges for al x.
n=0""



