CHAPTER 9

Conics, Parametric Equations,

and Polar Coordinates

Section 9.1 ConicsandCaculus . . ... ... ... .. ....... 424
Section 9.2  Plane Curves and Parametric Equations . . . . . ... .. 434
Section 9.3  Parametric Equationsand Calculus . . . . . .. ... .. 439
Section 9.4  Polar Coordinatesand Polar Graphs . . . . .. ... ... 444
Section 9.5  Areaand Arc Length in Polar Coordinates . . . . ... .. 452
Section 9.6  Polar Equations of Conicsand Kepler'sLaws . . . . . .. 458
Review Exercises . . . .. . . . . ... 461

ProblemSolving . . ... ... ... ... .. . . ... 469



CHAPTER 9

Conics, Parametric Equations, and Polar Coordinates

Section 9.1  Conics and Calculus
Solutions to Even-Numbered Exercises

2. X =8y
Vertex: (0, 0)
p=2>0

Opens upward
Matches graph (a).

X2 y2
Lo+ o=
69 9 1

Circleradius 3.
Matches (g)

10. ¥ + 8y =0
X2 = 4(-2)y
Vertex: (0, 0)
Focus: (0, —2)
Directrix: y = 2

4. y>+6y+8x+25=0
y2+6y+9=-8—-25+9
(y+32=4-2)(x+2

Vertex: (=2, —3) y
Focus: (—4, —3) 8T
Directrix: x =0 T

424

4.

12.

16.

(x=27  (y+17_

16 4 1

Center: (2, —1)
Ellipse
Matches (b)

(x =~ 2)?
9

Y
=1

Hyperbola
Center: (—2,0)

Horizontal transverse axis.
Matches (d)

x—-12+8y+2=0
(x = 1)?=4(=2(y + 2

Vertex: (1, —2) y
Focus. (1, —4) T

Directrix: y =0

y2+ 4y +8x—12=0
y2+4y+4=—-8+12+4
(y+2?2=4-2(kx-2

Vertex: (2, —2) y
Focus: (0, —2) \
Directrix: x = 4 N

L
-6 -4 -2 4 6
T 1@-3
4t
-6
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18.

22.

26.

30.

y=—¢0@—8x+6) =
—6y=(x—4)2-10
—6y + 10 = (x — 4)2
(x — 42 = —6ly - 3)
(x = 42 = a(=3)y - 3)
Vertex: (4, %) 4
Focus: (4, %)

Directrix: y = %

(x+1)?=4-2(y -2
X2+ 2x+8 —-15=0

y=4—-—(x—22=4x—x
—4x+y=0
52 + 7y? = 70 y
2 2 &
L L e 1 4+
10 /;‘\
=14, =10,2=4 B jA
Center: (0, 0) T
Foci: (x2,0) 6T
Vertices: (+./14,0)
2 J14
T 7

16x2 + 25y2 — 64x + 150y + 279 = 0

16(x2 — 4x + 4) + 25(y?2 + 6y + 0)

(x=27 , (y+3 _
68 @/

5 2 9
22 R==%2=g2— 2=
a’8’b 5 ¢ b = 40

Center: (2, —3)

oot

Vertices. ( + ‘/T), —3)
3
5

C
e=—-=
a

—30 — 8x + 16 — 10)

10

—279 + 64 + 225
=10

20. 2 —2x+ 8/ +9=0

XX—2x+1=-8-9+1
(x—12=4=2)(y+ 1

2

Vertex: (1, —1)
Focus: (1, —3) -8
Directrix: y =1

~

24. Vertex: (0, 2)
(y=2?2=42(x-0
y2—8x—4y+4=0

28. From Example2: 4p=8orp =2
Vertex: (4, 0)
(x—42=8(y—-0
-8 -8 +16=0

-10

x+2?2 (y+ 472
32. + =1
1 1/4 —
1 3
= 2= 2=2
1, b 2 c2 2

Center: (—2, —4)
Foci: (—2 + ? —4>

Vertices, (—1, —4), (=3, —4)

N
2
y
N
RN A A
S
-2+ (2,-3)
ic
4

10
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36. 36x2 + 9y? + 48x — 36y + 43 =10
4 4
36<x2+§x+§) +9(y2—4y+4) =-43+16+ 36
=9
[x+ (/3P (y—27_
1/4 e =l
1 3
2 = 2= 2=2
a2=1Db 7 c? a
2
Center: (_5' 2)
2 3
Foci <—§, 2 + 7)
Vertices: (—f 3) (—g 1) 3
. 333
Solvefory: O
9(y2 — 4y +4) = —36x2 — 48x — 43 + 36 -4 2
_ 2 -1
(y— 22 = (36x2 + 48x + 7)
9
y=2= % —(36x2 + 48x + 7)  (Graph each of these separately.)

38. 2 +y?+ 48x — 64y + 312=0
50x% 4+ 25y? + 120x — 160y + 78 = 0

12 36 32 256
24+ X+ |+ 2——y+ - |=-78+72+ =
50<X 5 X 25) 25(y 5Vt o5 ) 78 + 72 + 256 = 250

[x + (6/5)] 4 [y — (16/9)]> _
5 10
@=102=5c=5
6 16
3
Foci: (—g : ﬁ) 7

Vertices: <—§ 16, \/TO) )

1

Center: (

5

I+

55
Solvefory: (y?2 — 6.4y + 10.24) = —2x*> — 4.8x — 3.12 + 10.24
(y—3822=712 — 4x — 2¢

y=132+ /712 — 4x — 2@ (Graph each of these separately.)

40. Vertices: (0, 2), (4,2) 42 Foci: (0, +5)
Eccentricity: % Major axis length: 14
Horizontal major axis Vertical mgjor axis
Center: (2,2) Center: (0, 0)
a=2c=10 b=.3 c=5a=70 b=J24
(=27 (y=27_ 2 Y

4 3 ! 24" 49
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6. LY g
44. Center: (1,2) "5 9"
Vertical major axis a=5b=3c= JETR= /3
Points on ellipse: (1, 6), (3, 2)
Center: (0, 0) y
From the sketch, we can see that y ) ki
h=1k=2a=4b=2 Vertices: (+5, 0)
(x — 1)2 . (y — 22 ., Foci: (i \/@, O)

4 16 3
Asymptotes: y = igx

+ 2 — 2
48. (y1221) K 524) -1 50. y2 — 92 + 36x — 72 =0
29X —4x+4)=72—-36=36
a=12,b=5c= Jaz+ b?2=13 y ( )
y? _ (x= 27
Center: (4, —1) %= 4 -1
Vertices: (4, 11), (4, —13)
Foci: (4, —14), (4,12) a=6b=2c= /& +=2/10
Asymptotes: y = —1 + %(x — 4) Center: (2,0)
Vertices: (2, 6), (2, —6)
\ Foci: (2,2./10), (2, —2./10)
0+
< Asymptotes: y = +3(x — 2)
\._/
N - y
5T \\\ /” N
R B N A
757/,” \\\\\ 54 ///
;/.\ L \‘\"/l‘ L
20+ 2 -1 ROV
52. 92+ 6x+9) —4(y2—2y+1) = -78+8l—4=—1 54. 92 — y2 + 54x + 10y + 55 =0
IX+ 32 —-4y—12=-1 9x2+6x+9) — (y?— 10y + 25 = —-55+ 81— 25
(y-1° (x+3°_, -1
1/4 1/9 X3 (-5,
a—lp_l._ /13 y 1/9 1
2 3 6
T _lpog =Y
Center: (—3,1) \ N a=zb=lc=-3 o
: 1 3 N _ ;
Vertices: (—3, 7), (—3, 7) K 1t Center: (—3,5)
2 2 I~ A
AN x - 1 :
1 -3 -1 Vertices: (—3 + 3 5)
Foci: (—3, 1+ é\/ﬁ> ol 3 » / ,
N J1 0
3 Foci: | —3 = 3 5
Asymptotes: y = 1 % E(X + 3)
Solvefor y:

y2— 10y + 25 = 9x? + 54x + 55 + 25
(y — 5)? = 9x2 + 54x + 80
y=5+ /9 + 54x + 80
(Graph each curve separately.)
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56. y2—x2+6x—12y=0 58. Vertices: (0, £3)
3(y2—4y+4)—-x—-6x+9=0+12—-9=3 Asymptotes: y = +3x
(y=-2% (x=37_ 1 Vertical transverse axis
1 3 a=3
Z;t:r,:b(; 2\)/3, c=2 \\:\x/:/,,/ :l:pes of_asymptotes‘ i% =+3
T us, b = 1. Therefore,
Vertices: (3,1), (3,3) Eeran = ~ 10 v X .
Foci: (3,0), (3,4) - 9 1
Solvefor y:

3(y2—4y+4) =x2—6x+ 12

X2 —6x + 12
_op_2 DA T £
(y—2 3
—o4 X2 — 6x + 12
y=e= 3
(Graph each curve separately.)

60. Vertices: (2, +3) 62. Center: (0, 0)
Foci: (2, +5) Vertex: (3, 0)
Vertical transverse axis Focus: (5, 0)
Center: (2,0)

Horizontal transverse axis

a=3c=5b2=c2—a2=16

a=3c=5Db=c2—a2=16

2 _ 2
Therefore, r_ u =1

9 16 XY
Therefore, 9 16 1
y2 X2
64. Focus: (10, 0) 66. (a) i Ly2— 2@ =4,2yy' — 4x =0,
Asymptotes: y = :§x ,  AxX 22X
° T
Horizontal transverse axis
. . - . ,_ *2(4) 4
Center: (0, 0) since asymptotes intersect at the origin. Atx =4y =26y =— = =+
c=10 4
b 3 3 At(4,6) y—6=——(xX—4ordx—3y+2=0
Slopes of asymptotes: +— = +—andb = —a 3
a 4 4
c2=a?+ b? =100 At(4,—6):y+6:—ﬂ(x—4)or4x+3y+2:0

3
Solving these equations, we have a®> = 64 and b® = 36.
Therefore, the equation is (b) From part (a) we know that the slopes of the normal

lines must be +3/4.

X2 y2

-2 =

64 36 At(4,6):y—6:—g(x—4)or3x+4y—36:o

3
At (4, —6): y+6=Z(x—4)or3x—4y—36=O
68. 42 —y2—4x—-3=0 70. 25x2 — 10x — 200y — 119 =10 72. Y —x—4—-5=0

A=4C=-1 A=25C=0 A=0C=1
AC <0 Parabola Parabola

Hyperbola
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74. 22— 2xy =3y — y2 — 2xy
2 +y2—-3y=0
A=2C=1AC>0
Ellipse

78. (d) Andllipseisthe set of all points (x, y), the sum of
whose distance from two distinct fixed points (foci)
is constant.

(x—h? (y—k? (x—h?  (y—k?
2 + b2 =1lor b2 + 2 =1

(b)

82. Assume that the vertex is at the origin.

(@ x2=4py
3
2 _ 9
8 4p< 100)
1600
-

1600 6400
2 — g 2y = 22
X 4( 3 ) 3 y

(b) The deflection is 1 cm when

2 /128
yfml:‘ X == ?~16.53meters

76. Ox2 + 54x + 81 = 36 — 4(y2 — 4y + 4)
Ox2 4+ 4y? + 54x — 16y + 61 =0
A=9,C=4AC>0
Ellipse

80.e=—,c=Ja2—-b* 0<e<1

c
2
For e = 0, the ellipse is nearly circular.

For e = 1, the ellipse is elongated.

84. (a) Without loss of generality, place the coordinate system

so that the equation of the parabolais x2 = 4py and,
hence,

-

Therefore, for distinct tangent lines, the slopes are
unegual and the lines intersect.

(b)) —4x—-4y=0

ox—a-4Y_g
dx
dy 1 _
w2t

At (0, 0), the slopeis —1: y = —x. At (6, 3), the
sopeis2: y = 2x — 9. Solving for x,

—X=2x—-9
—3x=-9
x=3
y=-3

Point of intersection: (3, —3)

86. Thefocus of x2 = 8y = 4(2)y is (0, 2). The distance from a point on the parabola, (x, X3/8), and the focus, (0, 2), is

d=\/(x—0)2+<%2—2)2.

Since d is minimized when d2 is minimized, it is sufficient to minimize the function y
X2 2 4
f(x)=x2+<§—2>. ’
0,2
, B X2 X _ X3 1
f(x)—2x+2<8 2)<4>—16+x.

f/(x) = 0 implies that

x3 X2
= = = .
716+X X<16+1) 00O x 0

Thisis aminimum by the First Derivative Test. Hence, the closest point to the focus is the vertex, (0, 0).
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88. (a) C = 0.0853t% + 0.2917t + 263.3559

(b) =20
L o e

0

© ‘l—? = 0.1706t + 0.2971

y

PN W A O
| h ! | I
t

t F———— X
-1 1 2 3 4 5
14

The consumption of fruitsisincreasing at a rate of

0.1706 pounds/year.

o/ x \? " x+/100 + x2
S= 2277:’A X 1+ (7125) dx =27 o “““‘i]j“““’(j)(

= [— £(100 + x2)3/2] = 7£[(200 + 232 — 1000]

10 3

96. (a) At the vertices we notice that
the string is horizontal and
has a length of 2a.

(b) The thumbtacks are located
at the foci and the length of
string is the constant sum of
the distances from the foci.

A-P

100. e:A+P

_ (122,000 + 4000) — (119 + 4000)
(122,000 + 4000) + (119 + 4000)

_ 121,881
"~ 130,119

~ 0.9367

102.

— T2
90. 4y

_1
2y

2
1+ )P=1+7

S—J,/l-l- dy = f\/md

= %[y\/4 +y2 + 4|n‘y + V4 + yZH
0

<

=%[4\/X)+4In‘4+ V20| - 4In2]

=2/5+In(2+ /5) ~ 5916

h
94. A= ZJ V4py dy
0

h
= 4fpj yY/2 dy

iG]

— E% 3/2
= 3\fph

08. e=S
a

Cc
149,570, 000

c ~ 2,497,819

0.0167 =

Least distance: a — ¢ = 147,072,181 km
Greatest distance: a + ¢ = 152,067,819 km

e
§+z:12(1y7ie2):1

Ase- 0,1 — € - 1andwehave

)(2 2
+y

P =1 or thecirdex? + y?
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X2 y2 _
(@57 " @25

2 = (4.5)2[1 -y ]

x=t§J@§7f?

104. 1 y

ﬂ\

= (Areaof bottom)(Length) + (Areaof top)(Length)

0.5
V= [%](16) 16 %/(2.5)2 ~V2dy (Recall: Areaof dlipseis mab))
0

R 05 .
= 907 + % 1[y\/(z 5)2 — y2 + (2.5)2 arcsm%] = 907 + %[0.5\/6 + (2.5)? arcsin%] ~ 3185 ft3
106. 9% + 4y? + 36x — 24y + 36 = 0
18X + 8yy’ + 36 — 24y’ = 0
(8y — 24)y’ = —(18x + 36)

—(18x + 36)
8y — 24

—

y’ = O0when x = —2.y"undefined wheny = 3.
Atx=—-2,y=0o0r6.

Endpoints of mgjor axis: (—2, 0), (—2, 6)
Aty =3, x=00r —

Endpoints of minor axis: (0, 3), (—4, 3)

(x+2°  (y=3°_,

Note: Equation of ellipseis )

4 J— _ 4
108, (@) A= 4| 2162k = I x/I6 - % + oacsny [ — 127
o4 2 4o

4
i _ S 6 ax = 27 _1 3]4_
(b) Disk: V= ZwL 16(16 X?) dx = 8 [(16X X, = 487
-/
Y = —3x
4./16 — x2
. 9X2
N2 — S
Vi) " 16(16 — %)

4 4 4
_ 3 e e /16016 =) + 9 3 e a6 -1 3 [ s
s—2(277)L 4\/16 X 16(16 — ) dx—471-0 4J16 X 416 = dx = 4 O\/256 7x2 dx

J7x 3 ( \/7>
— 2 — N~
f[fx\/256 7x> + 256 arcsin 16 ] 8f 48./7 + 256 arcsin 4 138.93

—CONTINUED—
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108. —CONTINUED—

4 4
(c) Shell: V= 477f x[%/lG - xz] dx = 377[(7%)(%)(16 - x2)3/2}O = 647t
0
_A oo
X = 3 9—vy
X = —4y

3./9 — y?
IR - 1+ 552

3 — y2 2
S = 2(2m) f N R Rk V) + 167 4y
0

99 —vy?)
34
= 4m| SVBL+ Ty dy
0
3
= %(%)[ﬁy\/m + 81In‘ STy + J/BLF 7y2‘]0
8
= =73 /7(12) + 81In(3./7 + 12) — 81In 9| ~ 168,53
9.7
X2 y2
110. (a) 2 + ol 1 (b) Slope of line through (—c, 0) and (X, Yo): M, =
% + ZE,Z =0 Slope of line through (c, 0) and (X,, Yo): M, =
,_ X2
y yaz

2
AtP,y’=—%-y&=m
0

Yo (JLXo)
m-m_ X—¢ %) @y + bPx(% — ©)

1+mzm_1+< Yo ><_%>_aZYO(X0_C)_b2XOYO
X —C

(0 tana =
a%,

_ Ay + X — e @ —bPxC  bH@® —x0) _  b*
XYo@ — b?) — a%y,C  XYoC? — 8%, C  Y,CX,C — ad) YoC

> >
o= Hdm(—i> = —Hdm(i>
YoC YoC

Yo <_ b2x0>

m —m X0+ C B aziy0 a2 + b?Xg(%o + ©)
tan ,8 = = > = 72 2
1+mm ., ( Yo )(_%) a%yo(xo + ©) — bXoYo
X +C ay,
_ @Y+ X%+ PPxe a?h? + b?x,c _ @@+ xc) b
a%gyo + a%cy, — bPXoYy  Xo¥o(@® — b?) + @y, Yo(XC + @) Y
b2
- o %)
A YoC

Yo
Xp+ C

Yo
X — C

Since |a| = |B|, the tangent line to an ellipse at a point P makes equal angles with the lines through P and the foci.
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112.

116.

118.

2 2 el i 1 _ _
@ e- c_vatb (e8)? — a2 — b2 Hence, 114. The transverse axis is vertical since (—3, 0) and (-3, 3)
a a are the foci.
(x— 0?2 (y— k2 (-33)
= + = =1 Center: 3, 5
x—h2 (y-K* _, c=2oa=om@=c-a=>
a2 2l-¢) 2 4
Therefore, the equation is
oy X=22, =3 >
4 Tai-e [y G/2P  (x+3? _

1

1 5/4

7

=

-1

(c) Ase approaches 0, the ellipse approaches acircle.

Center: (0, 0)
Horizontal transverse axis
Foci: (xc, 0)
Vertices: (xa, 0)
The difference of the distances from any point on the hyperbolais constant. At a vertex, this constant difference is
(a+c)—(c—a =2a
Now, for any point (x, y) on the hyperbola, the difference of the distances between (x, y) and the two foci must also be 2a.
Jx—cP+(y-02—-J(x+0?+ (y—02=2a
S E Ty = 2at ST A
(x—02+y2=4a%+ 4a/(x + 2 + y2 + (x + 02 + y?
—4xc — 422 = 4a/(x + 02 + y?

—(xc + @2 = a/(x + ¢)? + y? y

X2c? 4+ 2a%cx + a* = afx? + 2cx + 2 + y?]

XZ(CZ _ a2) _ a2y2 — aZ(CZ —_ a2)

X2 2 (-¢,0J(-a,0)
2 Y ;=1
a2 -4
Since @ + b? = 2, we have (x¢/a?) — (y?/b?) = 1.
X2 y2
¢ = 150, 2a = 0.001(186,000), a = 93, 120. S is=1
a2 b?
b= /1502 — 932 = /13,851 .
2x 2y’ , X
o, P Ay
932 13,851
_ Y= Yo = bzfx"(x )
Wheny = 75, we have 07 a2y,
752 2 22 — 2 oy 2
2 — Q32 a%yy — a%y,> = bXx — b
X2 = 93 <1 + 13,851> 2 02 2 02 2X0 2X0
b — a%y,% = b?XX — a?y,y
X = 110.3 miles. %o 0 %o 0

a?h? = bPxx — a?ypy

XX _Yo¥ _ ¢
a2 b2
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122. AC+ Cy?+Dx+Ey+F=0 (AssumeA # 0and C # 0; see (b) below)

D E
2 . 2 = —
A<x + AX) + C(y + Cy) F

D D? E E? Dz FE?
2 4 = = 2 4 = = = _ Y = _
A<x +Ax+4A2>+C(y +Cy+4C2) F+4A+4C R
D\ ? E\J?
Gl bl s
C A AC
(@ If A= C, wehave (b) If C =0, we have
D2 EV R D)2 D2
<X+£>+(y+i>—A A<X+ﬁ>f_F_Ey+4A.
which is the standard equation of acircle. If A= 0, wehave
(©) If AC > 0, we have ( E)Z - e E?
Cly + C F—Dx + ic:
D\? E\J? -
[x + <ﬁ)] [y + <%>] These are the equations of parabolas.
R R =1 (d) If AC < 0, we have
A C
2 E 2
which is the equation of an ellipse. [X + (ﬁ)} [y + (E)] B
A
A Cc
which is the equation of a hyperbola.
124. True 126. False. The y* term should be y2. 128. True

Section 9.2  Plane Curves and Parametric Equations

2. x=4cos? 6 y=2sn6

0<sx<4 —2<y<?2
O T 2] =]z © s
2| "3 4|2
-1 L_\\_\\‘ 5
x| o 2 |a]2]o0 -
y| -2 |-v2|0 V2|2 =
® ) X = o0
3 4
2
2
1 | ) yzzsinze
IR i
X ¥ _
. PR !

X=4-y,-2<y<?2

(e) The graph would be oriented in the opposite direction.
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4 x=3-2 6. x=2t2
y= 2+ 3t y = 41
3—X 2 2
y:2+3< 2 ) yz(%)—i—lzxz-i-l,sz
2y+3x—-13=0 For t < 0, the orientation is right to left.
i For t > 0, the orientation is left to right.
\W y

1
14

8 x=t2+t,y=t>—1t

Subtracting the second equation from the first, we have

x—y=2t ort:X;zy t| -2 -1/0|1]|2

X 2 0 0| 2 6

_x=y? x-y
Y= 2 y| 6 2 |00 |2

Since the discriminant is

B? — 4AC = (—2)2 — 41)(1) = 0,

the graph is arotated parabola.

1
10. x= ,t=20 12 x=1+7 14. x = |t — 1]
y=3-1 y=t-1 y=t+2
y=3-x4x20 x=|(y—2 -1 =|y- 3
=1+ =i i = —
y x=1 impliest 1 y
N
1
1 = -1
j\ y x—1
ERIREEEH F A y
-1+ 1
1+ 1
A\
-3+ } t t X
T .
.
N
16. x=e4%x>0 y 18. X = tan? 6 y
y=et-1 Z y = sec2 6 o1
y=x2 1:%—1,x>0 1 sec?§ = tan? 6 + 1 T
X 3 2 -‘1_1” N y=x+1 q
14
2T x=0
=T Ty 5 i
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20. X =2cos6 22. X = Cos 6 24. X=4+ 2cos6
y=6sn6 y=2sin26 y=—-1+2sng
2 2 = i — 42 =
e) +(%) o4 S =1 y=4sinfcosf (x — 4)2=4cos? 6
1-x=4dn?6 (y+ 1)2=4sn6
2
—+é:1ellipse y=#4xJ/1— % x—42+(y+12=4

y
éi X
-6 -4 €? 4 6

26. x=sech

y=tané \ /
-3
X2 = sec? 0
y2 = tan? 6 — .
30. x=1In2t 3
y=t /
_€ 2
=3
e2>< 12)( -
=TT
34

domains. These curves are all smooth.

(8 x=2cosh, y=2sn#6

(© x

3

2
W,

28. x=cos®0
y=sn%6
x2/3 = cos? 0

y?/3 = dn? 6

32 x=¢&*
y=¢
y?=x
y>0
y=Ixx>0

3

. By eliminating the parametersin (a) — (d), we get X + y2 = 4. They differ from each other in orientation and in restricted

V-1 1 1
O x=""r—=~/4"g Y=
X220 X#2 y#0
y
2
1
Eu D AN
-1
-2
d) x=-V4—-¢€&* y=¢
—-2<x<0 y>0
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36. The orientations are reversed. The graphs are the same. They are both smooth.

38. The set of points (x, y) corresponding to the rectangular equation of a set of parametric equations does not show
the orientation of the curve nor any restriction on the domain of the original parametric equations.

40. X =h+rcos6
y=k+rsné
X —h

cosf =
sin0:7y7k
r

Cos?  + sin? § =

r2 r2

(x = 02+ (y = K2 = r2

44, From Exercise 39 we have 46.
x=1+ 4t
y=4-6t

Solution not unique

50. From Exercise 42 we have 52.
a=1c=20 b=.3
x = /3tan
y = sec .
Center: (0,0)

Solution not unique
The transverse axisis vertical,
therefore, x and y are interchanged.

56. x =60+ sn6 58.
y=1-cosé
6
—GA _,-/.\\\-\-._ 6

-2

Not smoothat x = (2n — 1)

(=2 (y=K? _

42.

Xx=h+asec6

y=k+ btan o
X_h=sec6
a
L; =tan 6

x—h? (Y~ K2 _

a2

From Exercise 40 we have
x= -3+ 3cos6
y=1+3sin6.

Solution not unique

2
y x—1
Example
2
|
2
X=-ty=—

b2

48. From Exercise 41 we have
a=5c¢c=30 b=4
X =4+ 5cos
y=2+4sin6.

Center: (4,2)
Solution not unique

54, y = X2
Example
X =1, y = t?
x = t3, =16

60. x =20 —sin#
y=2—cosé

4

/N

0

Smooth everywhere
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62. x = % 2 64. Each point (x, y) in the plane is determined by the plane
\\ /:;} curve x = f(t), y = g(t). For eacht, plot (x, y). Ast
3 -3 3 increases, the curve is traced out in a specific direction
y= 1+t \ called the orientation of the curve.
-2
Smooth everywhere

66. (@) Matches (ii) because —1 < x < O0Oandl <y < 2 (b) Matches (i) because x = (y — 2)2 — 1for dl y.
68. x = cos® 0 70. x = cot 0

y=2sin? 6 y = 4sin 6 cos 6

Matches (a) Matches (c)
72. Let thecircle of radius 1 be centered at C. A isthe point of tangency on the line OC. OA = 2, y

74.

76.

AC =1,0C = 3. P = (xy) isthe point on the curve being traced out as the angle 6 changes
AB = AP.AB = 20and AP = o [ « = 26. Form theright triangle ACDP. The angle
OCE = (w/2) — 6 and

200 = o (F o) =ero-(g) =20 (3)

x = OE + Ex=35in<gf 0> +sin<307g) = 3cos f — cos 360

m

2

Hence, x = 3cos 6 — cos36, y = 3sin § — sin 36.

y:EC—CD:3sin0—cos<30— >:3sin0—sin30

Fase Letx = t?andy = t. Then x = y?2 and y is not a function of x.

(@ x = (v, cos )t
y = h + (V,sin O)t — 16t?

. X X 2
= =h+ ) _
vocos6 — Y h+ (vsin G}Vo pys (Vo o 0)
2
y = h + (tane)x—le;aegexZ
Vo
(b) y = 5+ x— 00052 = h + (tan )x — 025 O © w

0

h=5tno=1 ] e:%,and

| A i

2, L
0005 = 16=AT/4) _ 165 s
Vo Vo
Vg2 = % — 6400 O v, = 80. (d) Maximum height: y = 55 (at x = 100)

Range: 204.88
Hence, x = (80 cos(45°))t

y = 5+ (80 sin(45°))t — 16t2.
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Sy _dydt -1 o O _dy/do_ (-1/2e 2 1, -1
dx dx/dt (1/3)t~2/3 “dx  dx/de 2e? 4 4e30/2
6. x=Jt,y=3t—1 8. x=0+3+2y=2
dy _ 3 = =6 Whent=1 @2 :gwhentzo.
dx—l/(zﬁ)—ﬁﬁ—e dx 2t+3 3
dy  3/Vt dy -2/t +3 -4 -4 B
e 1/(2\/0 = 6 concave upwards v %+ 3 “@rar 9 whent = 0.
concave downward
10. x=cosh, y=3sin6
dy _ 3050 _ 500 Y isundefined when 6 = 0.
dx —siné dx
d?y _3csc?h . -3 d¥y. . _
o2 —sno S a is undefined when 6 = O.
2. x=Jty=J/t—-1 14. x=6—snh, y=1—cosd
@:1/(2“_1) dy _ SN0 heng = o
dx 1/(21) dx 1-cosd
oVt B [(1 — cos 6) cos O — sin? 6]
_m—ﬂwhmt—z ay (1 — cos 02
2 —
dy _ [Vi-1/(24) - VA2 /i— 1)/t - ) o (1 = cos6)
dx2 1/(24) - -1 _ 1 _
" (1-cosh)? 4 When 6 = m.
-1 —lwhent =2
(t —1)%2 ' concave downward
concave downward
16. x=2—3cosh,y=3+ 2sn6 18.x:t—1,y:%+1,t:1
dy _2cosf _ 2
o 3sng  3°°Y @ .,:
dy . . . T
At(—1,3), =0, andalsundeflned. 3 \ 5
Tangent line: x = —1 ”
At(2,5), 6= g and % = 0. (b) Att =1, (x,y) = (0,2), and
- dx_,dy _ _, dy_ _
Tangent line: y = 5 g b b ™ 1
4+3/3 7 dy 2.3 d
At(fl), BZ?, and x_ 3 (©) é= -1.At(0,2),y—2=—-1(x—0)
Tangent line: y=-—x+2
- (d) 4
2.3 4+ 3.3 =4
y-2="3 X3

2/3x—3y—-4/3-3=0 \
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20.

22.

24.

26.

30.

X=4cosh, y=3sin6, 0:37#

37 -4 3
a) 4 b) At =—, (x, =<—,—,> and
@ /_\ (b) 2 %Y NN
dx dy 3/2 dy 3
-6 —_ = - —_— = ——_— = = =
N ’ gt~ 22y 2 ' dx 4
~ (d) 4
S RNCE NS S e
3
y= ZX + 3\@ -4
Xx=1t—ty=1t— 3t — 1crossesitself at the point (x,y) = (2, 1).
Atthispoint,t = —1ort = 2.
dy _ 32— 3
dx 2t—-1
dy .
Att = 71,& = 0andy = 1. Tangent Line
dy 9 .
Att = Z,E: 3= 3andy — 1= 3(x — 2) ory = 3x — 5. Tangent Line
X =20, y=2(1- cosb)
Horizontal tangents: % =2sing=0when =0, =7, +27,. . ..
Points: (4nm, 0), (2[2n — 1], 4) where nis an integer.
Points shown: (0, 0), (2w, 4), (4, 0)
. dx
Vertical tangents: a0 2 # 0; none
X=t+1 y=t2+ 3t 28. x=t2—-t+2 y=t3-3t
Horizontal tangents: % =2t+3=0whent = —g. Horizontal tangents: % =3t2 -3 =0whent = +1.
Point: <_% _%) Points. (2, —2), (4,2)
Vertical tangents: i =2t—1=0whent= 1.
. dx dt 2
Vertical tangents: — =1 # 0; none
o Point: (z —E)
“\4 8

X =Ccos6,y=2sin20

, dy - _m3m 5m Im
Horizontal tangents: d0—4c0326—0When(9—4, 14 4
I ﬂ) J2 >< J2 J2
P0|nts.(2,2,<— 2,—2, - 2,2>,<2,—
. dx .
Vertical tangents: a0 —sin® = 0when 6 = 0, 7.

Points: (1, 0), (—1,0)
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32. x=4cos? 0, y=2sn6

~ dy _ _m3m
Horizontal tangents: q0 2cosf = 0when 0 = > o
Since dx/d# = 0 at /2 and 37/2, exclude them.
. dx .
Vertical tangents: a0 —8cosfsin® = 0when
60=0,m.
Point: (4, 0)

6. x=0?+1Ly=43+3-1<t<0

X _ o, dy 2<%>2 (dl>2_ 2 "
dt_2t’dt_12t'dt + o = 412 + 144t

0 0
s:j det:f —2t/1 + 362 dt
—1 -1

_ —(1 + 36t2)3/2:|0 _ ;l _ 3/2) ~
- [754 =, (1 - 37°%) ~ 4149

-1

t5 1 dx dy t* 1
X = = — 4+ — — = =2 —
4. x=ty 10  6t¥ dt L

2
t4 1)\2
S_L l+<5—%>dt—
2
/(t4 12
2
t4 1

_[E_i]z_@
10 6|1 240

2t4

. . dx
44, x =cosO + 6sinh, y=sinf — 6cosh, — = Ocosh

de
dy .
a0 6sino

34. x = cos? 6, y = cos 6
dy

do
Since dx/d@ = 0 at these values, exclude them.

Horizontal tangents: = —snf=0whenx =0, .

Vertical tangents: g)(; = —2cosfsinf = 0when
T 3
0= > o
(Exclude 0, 7.)
Point: (0, 0)
38. x=acsnt,y=In/1—-t30<t < %
%z;i&}( *Zt)z t
dt MA—d 21—t/ 1-1¢2

1/2

B dx\2 1y>2

S_L (dt) +(dt dt
1/2 1/2

:f \/u—*ltazdt:f e
0 0

1oe=1 12
_[72 “‘t+1]o
1 /1 1
= —Eln<§> = E In(3) ~ 0.549
_ —asng X _gne I _
42. x =acosh, y=asn 6, a0 asin 0, de—acose

/2
S=4f a2sin? § + a2 cos? 6 do
0]

/2 /2
= 4af dg = [4a0] = 27a
0 0
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4t 42
Bx=TrE Y 1o
dy (1 + t3)(8t) — 4t2(3t?)
(@ X3+ y® = 4xy ®) at (1+ 132
4
A2 -1) B s
2 —7(1+t3)2—0whent—00rt—ﬂ.
-6 6 3 3
\ Points: (0, 0), (4—;& %ﬂ> ~ (1.6799, 2.1165)

(0) s= zj \/ 4((11;%2) [A('tl(i t3tS) dt = ZJ \/(1 " t3)4[t8 + 4t6 — 4t5 — 4t3 + 42 + 1] dt

1
18+ 46— 45— 43+ 47+ 1
= sfo @+ 07 dt ~ 6.557
48. x = 3c0s6, y=4sn6 4

% ) o /’\
a0 3sin 6, 40 = 4cos 0 - .
27 \/

s:f 9sin? 9 + 16 cos? Hdg = 22.1 -4
0
dx dy 1 .
= =< = _ 52. x=-t,y=t+1,1<t< 2 y-axis
50xty42t0|t1,Olt 2 x3y y-axi
2
@ S=2m| (4-20/1+ 4dt X_pdy_
o dt dt
_ 2 _ 21 - 2
= [2J5w(4t - tz)] = 8mw/5 S= zwj §t3\/t4 + 1dt= 5[(x4 + 1)3/2]
0 1 1
2 - - 2 -
(b) S= 27 f t/1+ 4dt = [Jsm?]o = 47./5 = 7—97(173/2 — 23/2) ~ 2348
0
_ dx _ dy
54. x = acosh, y = hbsin 6, a0 asin 6, dg—bcose

/2

(a)S=47rJ bsin 0/a?sin? 9 + b? cos? 0 do
0

/2 > /2
= 47 absine\/l—( o b)c ? 6do = 4:b77f (—esin 01 — € cos? 6do
0 0

- /2 _ JR—
= %[ecos 91 — € cos” 6 + arcsin(e cos 9)]0 = ae}w[e\/l — &+ arcsin(e)]

2| 2 _ h2
2macb )arcsin(‘/a b>
/2 — b2 a

a2—-b2 ¢ .
e = ———— = —: eccentricity
a a

= 27h? + < = 27h? + 277(%) arcsin(e)

—CONTINUED—
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54. —CONTINUED—

/2
(b)S:47rf acos f/a?sin? 9 + b? cos? Hdo
0

/2 /2

N A . A~ A~ 4a N A . A -~

:47rf acose\/b2+czsm29d6:—cwf ccos /b2 + c2sn? 6 do
0] 0

2am| . . : - /2
== |csn 6V/b? + c2sin? 6 + b?Injcsin @ + /b? + c2sin? 4|
0

:2%7[(: b2+ + BInjc + V2 + 2| — B2Inb)

27rab? a+ Va2 — b2 2 1+e
= 2 = 2 4 (707
2ma +\/a2—b2|n‘ b 2ma +<e>|n‘l—e‘
56. (a) 0 58. One possible answer is the graph given by
(b) 4 X=-ty= -t y
ol
al
2
N
By R I
2l
sl
ol
b dx\2 = [dy)?
60. (d) S= 27 f o(t) (&) + (E) dt 62. Lety be acontinuous function of xona < x < b.
a Suppose that x = f(t), y = g(t), and f(t,) = a, f(t,) = b.
b 2 2 Then using integration by substitution, dx = f'(t) dt and
) s= 27| f(0 <%) +<@> dit g Integration by ®
N dt dt b t,
f ydx = f g(tf (t) dt.
a ty
64. x= VA4t y= XY oci<a
dt 2J/4 -1
0 1 2 1 ul?
A= ﬁ<_7) dt = f J4 — w2du = {u\/4 — 2+ 4arcsinf] =
L 2./4 —t o 2 2o 77

Letu= /4 —t thendu= —1/(2/4 —t)dtand Vt = /4 — 2
0 0 0
)—(:lf \/ﬁﬁ(,#)dt:,if ﬁdtz[figtw] -8
T )4 27T4

24 —t 273 4 37
a1 (_;> At __L[M f]tﬁ
27TL(”> Nf_tdt_ 4r], F_tdt_ 4 3 V4 i P

%9 - (o)

<
Il

dx

d9: —sin 6

66. Xx = cos 6, y = 3siné,

0
Y, ij (3sin H)3(—sin 9) do

/2

0
= —1877f sin® do = —1877[—0036 + = 127

/2

cos? 0}0
3 a2
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68. x =2coth, y=2sin? 4, g—)g(: —2csc? 6

0 0

ao | -86] - ar
2

/2

0
A=2J (2sin? )(—2csc? 0) dg = —BJ
/2 w/

70. gwaz is area of asteroid (b). 72. 2wa?isareaof deltoid (c). 74. 2mrab is area of teardrop (€).
— — w2
7. @ y= —12In<%) — J144 — 2 (b) x = 12$eché, y=t-— 12tanhﬁ, 0<t
0<x<12 60
60
0 12
0
°o * Same as the graph in (a), but has the advantage of showing
the position of the object and any given timet.
dy  1-—sech’(t/12 .t y
© & = “sech(t/12) tan(t/12) = 912 2t
Tangent line: y — <t - 12tanht—°) - —sinht—o(x - 1zsecht—°) h
9 Y \b 12 12 12 7
12—+
—t _ [dpnto 8t
y=r1 <smh 12>x J

y-intercept: (0, t,)
2 2
Distance between (0, tp) and (x, y): d = \/(12 sech%) + (—12 tanh %) =12

d=12foranyt = 0.

78. False. Both dx/dt and dy/dt are zero when t = 0. By eliminating the parameter,
we havey = x2/3 which does not have a horizontal tangent at the origin.

Section 9.4  Polar Coordinates and Polar Graphs

2 (—2, 7{) 4. (o, _Lg 6. (—3,—157)
. ~ 7m\ X = —3cos(—1.57) = —0.0024
X = —2cos<7>= -2 X*0°°5<_€>*0 y = —3sin(—157) = 3
y= 72§n<777r> - /2 y= ow(—%”) 0 y) = (‘HO'OOZ“' 3
xy) = (-v2 v2) (xy) = (0,0) ]
% LZT ¢ (-0.0024, 3)
€2 1 1
| . (0,0) ‘ | ‘ .
h %
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8. (r,6) — (—2, %) 10. (r, 6) = (8.25,1.3) 12. (x,y) = (0, —5)
= (x,y) = (2.2069, 7.9494) r=+5
by = (-7 y , tan 6 undefined
y
8+ o 37 37 T
2 6. (22069, 7.94;4) 0=25> <5, ?) (—5, E)
(-1.7321, 1) L
[ ] 1 24 y
+— . S I T A R A
_at -1+
N -61 o]
-2+ 8T -3+
o
-54 (0,-5)
14. (xy) = (4,-2) y
r=+J/16 + 4=+2./5 >
Ll
1 -2
eno=-3="3 Wt
0 ~ —0.464 ol
(2/5, —0.464), (—2./5, 2.678) T
16. (x,y) = (3v/2,3V2) 18. (x,y) = (0, —5)
(r, 6) = (6,0.785) (r. 6) = (5, —1.571)

20. (a) Moving horizontally, the x-coordinate changes. Moving vertically, the y-coordinate changes.
(b) Bothr and 6 values change.

(¢) In polar mode, horizontal (or vertical) changes result in changesin both r and 6.

2. X¥+y>—2ax=0 z 24, x =10 z
r2—2arcosf =0 rcosd = 10 T
r(r — 2acos) =0 r =10sec 6
r = 2acos A " IERERE KIS
26. xy =4 28. (+y?)2—-90—y?)=0
(rcosO)(rsing) =4 (r3)2 — 9(r2cos2 9 —r2sinf9) =0
r2=4seccsco rdr? — 9(cos26)] = 0
= 8csc20 r2 = 9cos26

iz
— iy

N ﬁ
o «@@—» 0
A |
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5
30. r=-2 32. r =5cosé@ 34. 0= 67T
re=4 r2 = 5r cos 6 -
x2+y2:4 x2+y2:5x tan0=tan€
25 25 y V3
y 2 _ = — .
X 5x + 2 + Y 7 v 3
5\, 2 _ (5 - _@
(=S o= (3) v
§ * y Y
4 pan
3
2 fun
1
cal\issa) s m— e
2 L
-3
) L
36. r=2csc 38. r=51—-2sn¥) 40. r = 4 + 3cos 6
rsng=2 0<0<227 0<0<227
y = 2 3 6
-10 T e T 1C
y-2=0 J (T
y -4 (-R_/ 10
3l
-18 o
N
1 I T
- 2 4= 3sn(@> 46. 12 = %.
"= 4 " 3sne ' 2
h
Traced out onceon 0 < 6 < 27 0<6<dm Graph as

_1
N
It istraced out once on [0, co).

15

[-——

. (e

&)
_o—'—'_"'-',)l

-15
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48. (a) The rectangular coordinates of (r,, 6,) are (r, cos 6,, r, sin 6,). The rectangular coordinates of (r,, 6,) are
(r, cos 6,,r,sin 6,).

d2 = (% — %)% + (Y, — y)?

= (r,cos 6, — r, cos 6,)> + (r,sin 6, — r, sin 6,)?

r,2cos? 6, — 2r;r, cos 6, cos 6, + r;2cos? 6; + r,2sin? 6,2 — 2r;r,sin 6, sin 6, + r,;2sin? 6,

r,2 (cos? 6, + sin? 6,) + r,?(cos? 6; + sin? 0;) — 2r,r,(cos 6, cos 6, + sin 6, sin 6,)

r2+r2 — 2r;r,cos(6;, — 6,)

d= Vr2+r2—2ryrycos(6, — 6,)

(b) If 6; = 6,, the points lie on the same line passing through the origin. In this case,

d= r?+r2— 2rr,cos0)
= V- =In-r)
(c) If 6, — 6, = 90°, then cos(6, — 6,) = 0and d = /2 + r,2 the Pythagorean Theorem!

(d) Many answers are possible. For example, consider the two points (r,, 6;) = (1, 0) and (r,, 6,) = (2, 7/2).

d= \/l+22—2(1)(2)cos<0—727)—\/§

Using (ry, 6,) = (=1, m) and (r,, 6,) = [2, (57/2)],d = \/(—1)2 + (22— 2(-=1)(2 cos<77 - 5%) = /5.

You always obtain the same distance.

50. (10, %T),(s, ) 52. (4,25), (12, 1)
- d= /42 + 122 — 2(4)(12) cos(2.5 — 1)
_ 2 2 _ fmT
d \/ 107 + 3 - 2103) °°S< 6 ”) — /160 — 9% cos 15 ~ 12.3
- /109 - 60 cos% - J109 - 303~ 76
54. r = 2(1 — sin 6) 56. (a),(b) r =3 — 2cos 6

dy _ —2cosfsing + 2cos (1 — sin )
dx —2cosfcosf — 2sinH(1 — sin o)

4
At (2,0), %’ = -1 ° L )
-4

7w\ dy. .
At|3,—|, == defined.
( 6) ox 'S Uneenn o) =(1L0 0O (xy) =(10)

At <4 3777> dy _ 0 Tangent line: x =1
"2 ) dx
(c) At =0, %’ does not exist (vertical tangent).



448  Chapter 9 Conics, Parametric Equations, and Polar Coordinates

58. &, (b) r=14 60. r=asné

d . .
: Y — asingcos 6 + acosfsin

do
-8 <:> = 2asinfcosf =0

©

T 37
~ 0 =0, o T o
_ ™ _ dx . .
a(r,6) = 4,0 ky = (2v/2,2/2) Frin —asin?g + acos? § = al — 2sin26) =0
Tangent line: y — 22 = —1(x — 2./2) _ 1 w 37 57 I
sinf =+——, 022, 7, T' 7
y=-x+42 2
_mdy _ _ Horizontal: (0, 0), (a, 3)
(© Ato = 1. 2
o (av2 m\ (av2 3«
Vertical: <72 ,4>,(72 ) 4>
62. r=asngcos’ b 64. r = 3cos20secd
dy . - ' 2
@=asneco§9+[—2asm fcosh + acos® 6]sin 6 \
= 2a[sin 6 cos® § — sin® 6 cos 6] -2 ~ 4
= 2asin cos §(cos’>  — sinh) = 0

-2

=0, tanlh=10= g, 377 Horizontal tangents: (2.133, +0.4352)
. (/2a 77) (ﬂa 377)
Horizontal: ( 2202 2) (0,0
66. r = 2cos(30 — 2) 68. r =3coso I
2 r2 = 3r cos 0
X2 + y? = 3x
-3 3 }
( 3)2 9 4
_ = + ==
XT3) TY T,
-2
Horizontal tangents: Circle: r = g
(1.894, 0.776), (1.755, 2.594), (1.998, — 1.442) 3
Center: (*, 0)
2
o
Tangent at pole: 6 = 2

70. r = 3(1 — cos h)

[NIE}

Cardioid
Symmetric to polar axis sincer is afunction of cos 6.

T | | 27
0032377
3 9
r02326
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72. r = —sin(56) 74. r = 3cos26
Rose curve with five petals Rose curve with four petals
Symmetric to 6 = g Symmetric to the polar axis, § = 127 and pole
Relative extrema occur when Relative extrema: (3, 0), <_ 3, 127> (3, m), (_ 3, 3—277)
dr 7 37 57 77 97
do 5cos(50) = 0at 6 = 10’ 10’ 10’ 10’ 10° Tangents at the pole: 6 = % 3777
7 27 37 4
Tangents at the pole: 6 = 0, 55 55 0= 57?7 and 7777 given the same tangents.
3 3
0 0
76.r=2 78. r=1+sn6 80.r=5—-—4sn6
Circleradius: 2 Cardioid Limagon
X +y =4 n Symmetricto 6 = g

- (=)
ol |
Ny
<!
oly
(6] o
w| oy
Ny

6 _1
82 = 2sn6-3cos6 Br=y
2rsinf — 3rcosf =6 Hyperbolic spira
YT H=0 AEEEIREE
Line 4024|742
5 A N I I N
2/ T | 7| 37 57 | 37

o
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86. r2=4sn6

(NI

Lemniscate

Symmetric to the polar axis, 6 = 7—27 and pole T

Relative extrema: <12, g)

o | T
0101 5 121 %

rlo|xs/2 |22 +2J/2|0

Tangent at the pole: 6 = 0

88. Since 90. r = 2cos 260 sec 0

r:2+c300:2+_i, Strophoid

sin 0 -
rd —ocoas6ld o
the graphs has symmetry with respect to 6 = /2.
Furthermore, —at
! rOooasoll —

rd cocasod O

(0 coasol] o r=2cos20sec = 2(2cos? 0 — 1) sec 6

rcosf =4cos 9 — 2

1 r r
=2+—=24+—-——=2+-

Also, T =2 siné 2 sné 2 y X=4c0s? 0 — 2
ry=2y+r 8Ii+m/2(400320—2)=—2
r= &y . -

y—1 Xz 2
Thus,r 0 *ooasy [ 1.
-3 PN PN
4
f—\_‘x‘h_\\ =
-4 4
y=1
-2
92. x=rcosf,y=rsné 94. Slope of tangent lineto graph of r = () at (r, 0) is
y dy _ f(#)cos 6 + f(6)sin 6

2 4 \2 =72 == -
Xy =ritan g = dx  —f(6)sin 6 + f(6)cos 6

If f(e) = 0and f(a) # O, then § = « istangent at the

pole.
96. r = 4 cos 26 98. r =2sech
Rose curve Line

Matches (b) Matches (d)
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100. r = 6[1 + cos(6 — ¢)]
(@ ¢ =0,r=6[1+ cosd]

©

C N\,
L/

() 6

15

-6

The graph of r = 6[1 + cos 6] is rotated through the

angle /4.
102. (@ sin( 6 — =) = g E)_ <E>
@ sm(@ 2) s|n0cos<2 cos fsin| 5
= —cosf
. o
r = f[sm(e — E)]
= f(—cos 6)
. 37 . 37 . (37
(© sm(ﬂ - ?> =sn 6cos<7> - cosesm<7>
= cos 6

r= f[sin(@ - 3%)] = f(cos 6)

104. r = 2sin20 = 4sin 6 cos O

@r= 4sin<0 - %) cos(@ - g)

2

)

©r= 4sin<0— %) cos<9 B 27;)

2

ol

(b)

@ r

-3

©6=7
6

oo )

= 6[1 + cosBcosE + sin Hsinz]

2 2
= 6[1 + sin 6]
15
-12 C_j 12

-3

The graph of r = 6[1 + cos 6] is rotated through the
angle 7/2.

(b) sin(6 — @) = sinfcosw — cosHsin
= —sing
r = flsin(6 — m)]
= f(—sin )

r= 4sin<6—7—27> cos<0—7—27> = —4sn6coso

2

L0
ZN

-2

w

= 4dn(0 — 7) cos(0 — ) = 4sin Hcos O

Qz
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106. By Theorem 9.11, the slope of the tangent line through A and P is

3 Radial line
fcos® + f'sin @ \
_— Polar curve / \| @ L7
—fsin® + ' cos 0 r=1(6) ~
Thisisequal to e I
tan 0 + tan sin 6 + cos 6 tan — Tangent
tan(é) + (l’) = 2 = . l/j , line
1—tanftanyy cosO — sinOtan A8 .
A

Equating the expressions and cross-multiplying, you obtain
(fcos6 + f/sin H)(cos § — sin Htan ¢) = (sin 6 + cos O tan y)(—fsin 6 + ' cos )

fcos? 0 — fcosfsinftanyy + f'sinfcos — f'sin? Otan oy = —fsin? @ — fsinfcosOtanys + f'sin Hcosh + f' cos? O tan s

f(cos? 0 + sin? §) = f’tan (cos? 6 + sin? h)

f r
ey =5 = /e
_r3(1-cosH) __f __A4sn2
108. tan ¥ = g = > 3gnp 1Ot = 4746 = 8cos20
37 1+(V2/2) _2+ 2 ™ sn(m/3) _ /3
_ 37 _ - , AtO =T tany = — 12 _ N3
ALO =7 tan i ¥ 7 0= &= csn/3d) ~ 2

Y= arctan<2 +ﬂﬂ) ~ 1.041(~ 59.64°)

g = arctan(%) ~ 0.7137(= 40.89°)

5

3, v
N

-5

r 5 . T
112, tan ¢ = dr/d0_6undefmed O (p—z.

6

e
NZAN

-6

114. True 116. True
Section 9.5 Areaand Arc Length in Polar Coordinates
1\ (™2 2
2. (@ r=3cosh 1 (b) A= 2<§>f [3cos 0] de
0

/2
= gf cos? 6dé
0

/2
= J (1 + cos26) do
2 Jo

(). g
W,

9 sin 202 9

A2 T2
2

A:’7T<3>=97T
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Section 9.5  Area and Arc Length in Polar Coordinates
1 /4 /4 1 /10 5
4. A=2 Ef (6sin20)?do| = 36[ sin? 20 do 6. A= 2[2f (cos56) de]
0 0 0
/4y /10
1 — cos46 1 1 T
= —d = — g =
SGL > 0 2[6 + 10 sin(10 0)}0 20

I
=

] /4
8[0 _sin 40]

4 1o
T 97
- 18[2] -3

1 /2 1 /2
8. A—Z[f (1—sin9)2d0] 10. A=27f (4 — 6sin 9)2do
2 0 arcsin(2/3)
/2 - /2 . _
=[§6+20050—15in20] _3r—8 :f [16 — 48sin 6 + 36sin” 6] do
2 4 0 4 arcsin(2/3)
/2 _
:f [16— 48sin 6 + 36(M>] do
arcsin(2/3) 2
/2
= [340 + 48cos 6 — 9sin 29] =~ 1.7635
arcsin(2/3)
2
-8 8

12. Four timesthe areain Exercise 11, A = 4(77 + 3\/5). More specifically, we see that the area inside the outer loop is

/2 /2
2[2] (21 + 2sin 0))2d0] =J (4 + 16sin 0 + 16sin? §) d0 = 87 + 6/3. 6
— /6 — /6

The areainside the inner loop is

37/2
21U (2(1 + 2sin 6))2d6} = 47 — 6/3.

2 77/6

Thus, the area between the loops is (87 + 6/3) — (47 — 6/3) = 47 + 12./3.

14. r = 3(1 + sin 6) 16. r =2 —3cos6
r=31-sné r = cos 6
Solving simultaneously, Solving simultaneously,
31+ sn6d =3(1—sinb) 2 — 3cosf = cosf
2snf=0 1
cos = >
0=0,m.
g=T 57
Replacingr by —r and 6 by 6 + = in the first equation 3" 3
and solving, —3(1 — sin ) = 3(1 — sin6),sin 6 = 1, Both curves pass through the pole, (0, arccos 2/3), and
6 = /2. Both curves pass through the pole, (0, 37/2), (0, 7/2), respectively.

and (0, 7/2), respectively.
i f intersection: Lom (L5 (0,0)
Points of intersection: (3, 0), (3, m), (0, 0) Points of in “\23) 23 )0
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18. r=1+coso 20.6=77: z
r=23cosé r=2
Solving simultaneously, Line of Slope 1 passing through
1+ cosf=3cosd the pole and acircle of radius 2
centered at the pole.
cos f = % Points of intersection:
o a
675" 23 (-25)
33
Both curves pass through the pole, (0, ), and (0, 7/2),
respectively.
(3 (35w
Points of intersection: (2, ) (2, 3 > 0,0
2. r=3+sn#o z Points of intersection:
r=2cco /--\ ( 17+3,arcsin<'1 _3>>,
2 2
L) (4753 1 eanfT=9))
1 1 2
\_/ (3.56, 0.596), (3.56, 2.545)

The graph of r = 3 + sin §isalimagon symmetric to

0 = /2, and the graph of r = 2 csc 6§ is the horizontal
liney = 2. Therefore, there are two points of intersection.
Solving simultaneously,

3+sinf=2csch

s+ 3snfh—2=0

sng = -3+ J17
2
§ = arcsin (T) ~ 0.596.
24. r = 3(1 — cos 6) A

r=
1-cosf

5

6

I’:1—c036

y

The graph of r = 3(1 — cos 6) is a cardioid with polar axis symmetry. The graph of 0 \i(
r=6/(1 — cos6)

_ _ -5
is a parabola with focus at the pole, vertex(3, ), and polar axis symmetry. Therefore, there are two \M
points of intersection. Solving simultaneously,

6
3(1 - COSO) = 1_7(:030

(1 —cosh)?=2
cosf =1+ 2
6 = arccos (1 — /2).
Points of intersection: (3+/2, arccos (1 — /2)) = (4.243, 1.998), (3./2, 27 — arccos(1 — /2)) =~ (4.243, 4.285)
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26. r =4sn6
r=2(1+sné)

Points of intersection: (0, 0), (4. g)

The graphs reach the pole at different times (6 values).

6

RO

— 6

\
2lr=2(1+sng

30. r=5—3sinfandr =5 — 3 cos 0 intersect at

0 = w/4and 7 = 57/4.

1 S5m/4
EJ (5—3sdn G)Zdt‘)}

/4

A=2

S5m/4
= [5—90 + 30cosh — gsinze]
2 4 /4

_ (5957 V2 9\ _(59(m v2 9
7<2(4) 305 4) (2<4>+3°2 4
:%T—soﬂzso.zsl

8

b

34. Area = Areaof r = 2acos § — Area of sector —
twice area betweenr = 2acos 6 and the lines

J‘7T/2
/3

(1 + cos20) do

T ™
073,072.

A= maZ — (g)az — 2[:,12
2ma

2 /2
w2 f
3 /3

(2a cos )2 dG]

2ma? ) [ sin 20]77/2
= - +
3 A0,
_2m® |7 _m_ /3| _ 2ma®+ 3.3
3 2 3 4 6

1 /2
28. A = 4[2 f 9(1 — sin ) de]
0

/2
32 A= 2|:1f
2 /6

)

36.

/2 9
=18f (l—SinG)de:E(Sw—S)
0

(from Exercise 14) 7

(1)
»

~

/2
(3sin G)ZdOf%J

(2—-4dno? dO]
/6

/2
:j (—4cos26 + 4sin 6) do
/6

. /2
= [—Zsm(ze) - 40050] 6

3/3

4

Jainy
»

-4

IS

r=acosfr=asnd

tano = 1,0 = w/4

1 /2
A fo (acos #)?2do
20
azj”/ﬁ + cos 26
0

> do

i /4
az[a L Sn 29]
2 1o
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38. By symmetry, A, = A, and A; = A,.

/6 /4
A=A = % [(2acos 6)? — (a)?]de + %j [(2acos 0)? — (2asin 6)?]do
—/3 /6
a2 /6 /4
=— (400320—1)d0+2a2J cos 26 do
2 —/3 /6
_a? ; /6 2| o 7/4_‘12<E ) 2< £>_ 2(71 )
= 2[0+sn20]_ﬁ3+a[sn20]7/6— > 2+\/§ +a?(1 > ) =a 4+1
_ _1(m\ ,_ma®
A3_A4_2(2)a 4
_15m\ L, ([T 012
A = 2<6>a 2<2>Lﬂ/6(2asm 6)2d6
2 T
=5£—2a2f (1 — cos26) do
12 57/6
_ 5ma? 2[ ; ]v _ 5ma? 2| T ﬁ Y ﬁ
ST ¥ 20osn2d =T T ) Tt
1 /6 1 /4
A6=2(7)J (2asin0)2d0+2<f>f azde
2 0 2 /6
/6 /4
=2a2f (1—00520)d6+[a20]
0 /6
. w/6  ma? x  J3\ ma? 57 /3
= a2?| 29 — 2 4+ 5% o M2 s o 27 V2
a[e sn 0]0 2 a(s 2>+ © a<12 2
1 /4
A = 2(7) [(2asin 0)?2 — (a)?]de
2 /6
/4 /4
=a? (4sin20—1)d0=a2[0—sin20} =a21—1+£
/6 /6 12 2
Note: A, + + A, + A, = a2 = areaof circle of radius a
[ i 7 4
a a
. = — - < =
40 r=sec6— 2cosé, 2<0 > y '
rcosf=1—2cos? 0 E
r2 cos? 0 X2 ! .
X=1-2 2 _1_2<x2+y2> :
(X2 + y2)x = x% + y2 — 2x2 E
yAx—1) = —-x2 = x8 '
X4(1 + x)
2 AT A
y 1-X
1 /4
A=2<§>f (sec @ — 2 cos 6)? do
0
/4 /4 /4 -
:f (sec26—4+400320)d0:f (86020—4+2(1+00520))d6:[tal‘16—20+sin20]0 :2—5
0 0
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42. r = 2acosf 44, r =8(1+ cos6),0< 6 < 2w
r’'=—2asng r'=-—8sné6
w/2 T
s= f (2acos H)?2 + (—2asin #)2do s= Zf [8(1 + cos 9> + (—8sin 6]2dp
—m/2 0
w/2 /2 T
=f 2ad0=[29] 2=27Ta =16f 1+ 2cosf + cos? 6 + sin? 6dg
—m/2 - 0
= 16ﬂf V1 + cos6de
0
’T V1 —cosé
=16V2| Y1+cosh:|—F—|do
fL <\/1—cos¢9
T &né
= 16/2| —F—————=db
fL V1 — cosh
= [32\@\/1—0030]
(0]
= 64
46.r=sece,0s9sg 8. r=e%0<0< 7w 50. r = 2sin(2cosh), 0< < 7

-25

A

-5 -

-3

Length ~ 1.73 (exact /3) Length ~ 31.31 Length ~ 7.78

52. r = acos6

r'=—asné

/2
S= 277[ acos 6 (cos §)/a2cos § + a?sin? 6 do
[0]

/2

/2
=2wa2f 00329d9=7-ra2f (1 + cos26) do
0 0

sin26\ =2 m2a?
2| 4+ == —
[77& (0 2 )]0 2

g
f

a(l + cos 0)

—asing

_‘
N
Il

S= 217[ a(l + cos ) sin /a%(1 + cos H)?2 + a2sin? Hdh = 2wa2f sin 6(1 + cos 0)/2 + 2 cos Hdb
[0] 0

m 2 T 2
= —Zﬂwazf (1 + cos 6)3%4(—sin ) do = —4\/?76 [(1 + cos 0)5/2] = 32;7&
0 0
56. r=106 58. The curves might intersect for different values of 6:
rr=1 See page 696.

S= 27Tf 0sin 662 + 1 do =~ 42.32
0
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60. (@) S= waﬁf(e)sin 0/F(0)Z + 1102 do

(b) S= 277J,3f(0)cos 0/F(6)Z + F(6)2d6

62. r =8c0s6,0< 0 < 7

@ Azlerdozlj 64cos29do:32f md(a:lﬁ[(wr
2 0 2 0] 0 2

sin 29]#

2 =16n

0

(Areacircle = 712 = 7142 = 167)

(©), (d) For; of area (47 =~ 12.57): 0.42
For % of area (87 ~ 25.13): 1.57 (7/2)
For 2 of area (127 ~ 37.70): 2.73

(b) 6| 02 0.4 0.6 0.8 1.0 12 14

A| 632 | 1214 | 17.06 | 20.80 | 23.27 | 24.60 | 25.08

(e) No, it does not depend on the radius.

64. Fase. f(6) = 0 and g(6) = sin 26 have only one point of
intersection.

Section 9.6 Polar Equations of Conics and Kepler’s Laws

2e 2e
2 1 =1 ecoso 4'r71+esin6)
2
(a)e—l,r—l_cose,parabola €) e—l,r—1+sin9,parabola
(b) e=05,r = 1 = 2 elipse (b) e=05,r = 1 = elipse
- 1-05c0s0 2—cose o'P - 1+05sn6 2+sng P
(c) e=15r1= 3 = 6 hyperbola (c) e=15rT= 3 = 6 hyperbola
2= 1 15c0s9 2- 3cose VP > =1+ 15sn6 2+3sng P
4 9
\/e=1.5\f’f§ /
o /N e=15
&___FJ AN e=1
-9 9
/ e=05 &
-4 e=05 -3
4
6.r=1_ 0.4 cos 6
(a) Becausee = 0.4 < 1, theconicis an ellipse with (b) r = m
vertical directrix to the left of the pole. '
© , . The ellipse is shifted to the |eft. The vertical directrix isto

the right of the pole

The ellipse has a horizontal directrix below the pole.
7 -5

8. Ellipse; Matches (f) 10. Parabola; Matches (e) 12. Hyperbola; Matches (d)
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4 r=—"-— 16. r = > = L 18. r(3 — 2cosf) = 6
' 1+ cosé " 5+3sn6 1+ (3/5sn6 '
Parabolasincee = 1 ) _ 3 r = %
Vertex: (3, 0) Ellipsesincee = 5 <1
2
I . 5\ (537 =
2 . (2T (2 o7 1-(2/3)cosH
\7 Vertices. (8’ 2>,<2, 2)
\ 1 EIIipsesinceezg <1
t } 0 T 6
/4 1 TN\ o Vertices: (6, 0), <§’ ﬂ')
T, 1 2
/’ | 2
)
\7 12345
_ -6 _ -2 _ 4
2.1 =5 76ng 11 (7/38n6 22 1 = T 20086

24.

28.

Hyperbola since e = % > 1

s (L3 ) (33
Veruees.( 5,2),<2, 2)

[NIE]

\
\

4 Hyperbola

r=——H——7——— M

a
+ — =
1 cos(@ 3)

Rotate the graph of r = m

counterclockwise through the angle g

6

‘-\ 10

\

-14

-10

Hyperbolasincee=2 > 1

Vertices: (g 0), (—4, m

n
2

26. 4 Hyperbola
- _,_..‘\ 6
-4
-6
01 =3 76n0 + 27/3)
-6
Rotate graph ofr = m

Cl

ockwise through angle of 27/3.

J// 6

-4
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32. Change 00 § — lg: r= ;ﬁ 34. Parabola
l+s'”(9_€> e=1ly=1d=1
[ = ed _ 1
" 1+esng 1+sng
36. Ellipse 38. Hyperbola 40. Parabola
3 Vertex: (5, m)
e=—y=-2d=2 e=—,x=-1d=1
4 2 e=1d=10
r= 76(1 . r= r = ed = 10
1-esné 1—ecosd 1— cosé
_ . 23/4 _
1—(3/4)sing 1 — (3/2) coso
-6 __ 3
4 — 3sing 2 — 3cosH
42. Ellipse 44. Hyperbola
Vertices (2, 127) ( 4 i;) Vertices: (2, 0), (10, 0)
e_3,4_10
e= % d=8 2 3
r= e«
o e 1+ ecosf
1+ esné
_ 5
_ 8/3 "1+ (3/2) cosh
1+ (1/3)sing
__ 10
= L 2 + 3cosé
3+ sné
46. r = ———— isaparabola with horizontal directrix above the pole.
1+sn6

(a) Parabolawith vertical directrix to left pole.

(c) Parabolawith vertical directrix to right of pole.

X2 y2
48(8.) ;4—&21

x2b2 + y2a2 = a2p?
b2r2cos? 0 + a%r?sin? 9 = ab?
r3[b2cos? 6 + a%(1 — cos? 6)] = a%b?

r2[a? + cos?6(b? — a?)] = a%h?

2= a’h? _ a%p?
a2+ (b2 — a?) cos?f a? — c?cos?f
b2 b2

T1- (c/a)? cos?6 " 1- e2cos?9

(b) Parabola with horizontal directrix below pole.
(d) Parabola (b) rotated counterclockwise /4.
x?b? — y?a? = a%h?
b2r2 cos?6 — a?r?sin?6 = a%h?
r3[b2 cos?6 — a2(1 — cos?6) = aZ?

r’[—a? + cos?6(a® + b?)] = a%h?

2 aZp? _ b2
—a? + c2c0s?0 —1+ (c?/a?) cos?o
_ b2
" 1- e?cos?9
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50.a=4,c=5,b=3,e=£§1 52.a=2,b=1,c=\/§,e:§
2 -9 2 1
rs=-——=—"———"—"7F7"—">-" rf=————
1 — (25/16) cos?6 1 — (3/4) cos?6
1 /2 < 2 )2 /2 1
. A=2(- — =4 ———5d6 = 337
>4 [2 fw/z 3-—2sné do a2 (83— 28in6)? do =33
56. (@) r = . (b) The perihelion distanceisa —c=a —ea= a(l — e).
1 — ecosé
Whenf=0,r=c+a=ea+a=all+e). Whenezw,r:%:a(l—e).
Therefore, The aphelion distanceisa + c = a + ea = a(1 + e).
+ — _
al+e) l1-e When0=0,r=(1lﬂl=a(1+e).
al+e(l—e =«
a1l —e?) = ed.
_(1-eda
Thus, r = 1 ecost’
58. a = 1.427 x 10°km 60. a = 36.0 x 108 mi, e = 0.206
e = 0.0543 = (1-eda - 34.472 x 10°
_ (L—eda _ 1422792505 x 10° 1~ ecosy 1-0:206c0s
1 — ecosh 1 — 0.0543 cosh Perihelion distance: a(1 — e) = 28.582 x 10° mi

Perihelion distance: a(1 — e) = 1.3495139 x 10° km
Aphelion distance: a(1 + e) = 1.5044861 x 10° km

62. r =asnf + bcoso
r2 = arsiné + br cosé
X2+ y? =ay + bx

X2 + y2 — bx — ay = Orepresentsacircle.
Review Exercises for Chapter 9
2. Matches (b) - hyperbola
6.y2— 12y —8x+20=0

y2 — 12y + 36 = 8x — 20 + 36
(y—6?2=42)((x+2

16

12+

Parabola
Vertex: (—2, 6)

Aphelion distance: a(1 + e) = 43.416 x 106 mi

4. Matches (c) - hyperbola
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8 4x2+y>—-16x+15=0 y
4x2—4x+ 4) +y?2=—-15+ 16
(x=22, vy _,
1/4 1
Ellipse
Center: (2,0) ol
Vertices: (2, +1)
10. 4% —4y? —4x+ 8y —11=0 y

4<x2—x+%>—4(y2—2y+1)=11+1—4

x-(1/2]7 (y-1%_

2 2 ! - X
4
Hyperbola
(1
Center: ( > 1>
. 1
Vertices: (5 + /2, 1)
1
Asymptotes. y = 1 + (x - 5)
12. Vertex: (4, 2)
Focus: (4, 0)
Parabola opens downward
p=-2
(x =472 =4(=2)(y -2
x2—8+8 =0
14. Center: (0, 0) 16. Foci: (0, +8)
Solution points: (1, 2), (2, 0) Asymptotes; y = +4x
Substituting the values of the coordinates of the given Center: (0, 0)

pointsinto . .
Vertical transverse axis

2 2
() (&)=

a

we obtain the system y =X = 4xasymptote - a = 4b
<é>+($)=1,4/b2=1. b= —af= 64— (4o O 17b =64
. 0w=2pn 2192

Solving the system, we have 17 17

_16 _a () L (A DG S

a? = andb® = 4, (Z) + (173) =1 1024/17  64/17

Y _ _ _ _J21

18. 7 + % = l,a=5b=2c= \/21,e——5

By Example 5 of Section 9.1,

/2 21
CZZOJ 1 - —=sin?6do = 23.01.
s V15
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1
20.y= 200x
1
(8 x? = 200y (b) y = ﬁXz
X2 = 4(50)y 1
Focus: (0, 50) Y'= 10

100
N2 —

I+ )= /1 1oooo

s=2n| x,/ 10000dx~3829449

22. (@ A= 4J =Ja? — x2dx = ( )[xm+ azarcsm(;)] = mab

2ma?

27a? 1.1° 4
2 — 2y — =3 = 2. 52
y?) dy b2 [by 3y]0 37Tab

b2
(b) Disk: V = 2wj %(b2 —y)dy =
(o]

b
a Vb* + (a2 — b2)y2>
S=d4m| S/bZ—y? d
”L b y( ooz —yz )

= 477aJ Vb* + cy?dy = 271-a[cy\/b“ + ¢?y? + b*In|cy + Vb* + c?y |]
277"j‘[|02c\/b2 + G + b*Injch + by/b? + ¢ — b In(b?)]

2 + 2 2 +
= 2ma® + mab? In(c a) = 2ma? + (Lb ) In(1 e)
[ e e 1-e

s L.\ *b? 2 2 _ 2mb? 2 2 2 _27Tb2[2 : 3]6_4 i
© Dlsk.V—wa 612(a x2) dx = 2 O(at x?) dx = 2 | 3% 3X 0—377ab

0

a m
s=2(2w)JZ\/a2—x2< a’— (a b)x>dx

aJ/a? — x?2

477bf Jat — cxdx = —b[cx\/a“ — 22 + a* arcsm(cx)}o

= aﬂb[azc\/az —c2+ at arcsm(i)] = 27b? + 2w<a—:> arcsin(e)

a%c

24, x=t+4,y=+t 26. x=3+3cosf,y=2+5sn6 28. x =5sin® 0,y = 5cos® 0
— oy — — A2 _ a\2 _ 9\2 2/3 2/3
t=x—40 y=(x—4) (x33>+<y52): (g) +<%> _1
Parabola

(X,3)2+(y,2)2=l x2/3+y2/3=52/3
9 25

11234567

Ellipse
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30. x—h?2+(y—k?2=r?
x—52+(y—-32=22=4

34. x = (a — b) cost + bcos(a; bt)

a—b
b Q

X = cost + cost = 2 cost

y:(a—b)sint—bsin<

@ a=2b=1

y=snt—sint=0

(da=10,b=1
X = 9cost + cos ot
y=9sint — sn9t
10
0

=1

36. Xx=t+ u=rcosh+rosind
= r(cosf + 6sino)

y=V-—Ww=rsnf — rocosf

r(sind — 6 cos6)

() a=3b=1

X = 2cost + cos 2t

y=2sint —sin2t

4

2 2 2 y2
32.a=4,c=5 p=cc—& —Q,E
Y weoand X = tan?
Let16 szet:@and9 tanZ6.
Thenx = 3tanf andy = 4 sech.

(coa=4b=1

X = 3cost + cos3t

y=3sint —sn3t

4

N

/
<

-6 }\/:::_ 6 -6
(e a=3b=2 fla=4,b=3

t
X = cost + 2cos—

y

. .t
=sd8nt — 2sn;

2

2

. .t
y=snt—3sn;

-4

t
X = cost + 30055

3

e
\

6 LN

N

B.x=t+4
y=t

dy _ 2, _ _
€) X 1—2t—0whent—0.

Point of horizontal tangency: (4, 0)

b) t=x—4
y = (x— 42
©




Review Exercises for Chapter 9

465

40.

L1
t

y=t

dy 2
@ dx  —1/t2 2

No horizontal tangents (t # 0)

1
(o) t=12
1
Y=%
(© y
ol
ol
2L
L
EE S A
. X = 6.cosé
y=6sn6o
dy  6cosf _ _ _m3m
@ X~ —6sne cotG—OwhenG—z, >

Points of horizontal tangency: (0, 6), (0, —6)

o5« & =

(© Y

. X =20 —sn6
y =2 — cosf
@, (0 8
-4
_mdx _ /3
(b) At0—6,d9~1134,<2 > )

dy _ dy _
& = 05, and 5 ~ 0441

42.

46.

50.

XxX=2t—1
_ 1
Y=
dy _ —(t2—20)722t—2)
@ dx 2
1-t
= m = 0whent = 1.
Point of horizontal tangency: (1, —1)
X+ 1
() t="
Y T+ D/2P - 2(x + 1/2] ~ (x— 3)x + 1)
(0 y
3 T
x =gl
y=e"
dy_—e'_ 1_ 1
@ dx e @ e X
No horizontal tangents
(o) t=Inx
y = e Inx = eln(l/x) — 1’ X >0
X
( v
2l
N
Nl
A S S
X = 6 cos6
y=6sné
% = —6snd
dy _
a0 6 cosh

s:f 36sin20+3600520d0:[66]0 = 67
0

(one-half circumference of circle)
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52. (xy) = (—1,3)

r=J/—DZ+ 3= J10 19 +
2
0 = arctan(—3) =~ 1.89 (108.43°) L
(r, 6) = (1/10, 1.89), (— /10, 5.03) B
b
ol
sl
1
54. r=10 56. r= 5 coso
2 —
' 100 2r—rcosf=1
2 + 2 —
X2+ y2 = 100 A=/ +y?) —x=1
4x2 +y?) = (x+ 1)?
32+ 4y?2-2x—-1=0
™ 4 37
58. r= 4990(6 - 3) = cos[0 — (7/3)] 60. 0= 2
_ 4 tang = —1
(1/2) cos6 + (/3/2) sing
Y_ 1
r(coso + /3sing) = 8 X
x+ /3y=38 y=—x
2
62. X2+ y?—4x=0 64. (x2 + y2)<arctan )%) = a?
r2 — 4rcosf =0 (262 — a2
r = 4cosé
— 1 LZT = 1 = = m
66. 0 B ] 68. r =3csch rsng=3,y=3 z
Line Horizontal line
t 0 |
1 2 L
70. r = 3 — 4.coso
Limagon
Symmetric to polar axis
H
T | | 27w
019 3|23 |
0
r{-1/1|3| 5 |7
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72. r = 20
Spiral
Symmetricto 0 = /2

o| ™| @| 37 57 | 37
42| 4| " 4|2
T 37 57
0 g T 7 2 7 37
74. r = cos(56) H
Rose curve with five petals
Symmetric to polar axis
. . 7\ (1 27\ (_q 37\ (1 47 L —
Relative extrema: (1, 0), ( 1, 5), <1, = ) ( 1, = > (1, 5 ) ] Do
g ™ 3T m Im Om
Tangents at the pole: 6 = 10' 10’ 2° 10’ 10
76. r2 = cos(26) T T H
) 0| 0 = — I
Lemniscate 6 4 1
Symmetric to the polar axis rolo+1 1—% 0 T
Relative extrema: (+1, 0) D . 0
Tangents at the pole: 6 = 7—7, 37 T
4’ 4 +
78. r = 2sinf cos?6 075 80. r = 4(secH — cosb) 3
Bifolium Semicubical parabola /
Symmetricto 6 = /2 0 Symmetric to the polar axis -1 5
- ' r 0 ooash O >
-0.25 N -3
r 0 oocash O T
2
82. r2 = 4sin(20)
dr) _ dy _ rcosé + [(4cos26sin6)/r]
@ 2r<d0> = 8.cos(26) ®) dx ~ —rsing + [(4 cos 26 cos6)/r]
dr _ 4 cos(26) _ cos(20) sin@ + sin(26) coso
de r cos(26) cos® — sin(20) sino
H 1 -
Tangents at the pole: 6 = 0,7—27 orizontal tangents
dy . .
=2 + 2 =
© , ix 0 when cos(20) sing + sin(26) cosé = 0,

»

1

tang = —tan(26), = 0, 7§T (0, 0), <¢ J2Y3, g)

Vertical tangents when cos 20 cosf — sin26sinf = 0O:

tan20tanf = 1, 6 = 0, g, (0, 0), <¢‘/2\/§, g)
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84. False. There are an infinite number of polar coordinate representations of a point. For example, the point (x, y) = (1, 0)

has polar representations (r, 6) = (1, 0), (1, 2m), (— 1, m), etc.

86. r = asing, r = acosé
The points of intersection are (a/ﬁ, 77/4) and (0, 0). Forr = asing,

_dy acosfsing + asingcosé _ 2singcosé
dx acos’f — asin?6 C0s 29

my

At (a/ﬂ, 77/4), m, is undefined and at (0, 0), m; = 0. For r = a cos6,

—asin?f + acos?6 cos 20

_dy _ _
~ —asinfcosfd — acosfsind —2sin6coso’

T odx

m,

At (a/ V2, 77/4), m, = 0 and at (0, 0), m, is undefined. Therefore, the graphs are orthogonal at (a/ V2, 7/ 4) and (0, 0).

88. r =5(1 — sing) 90. r = 4sin30
1 (32 - 1 w3 5
A=2>| [5(1-sin6)]?|do~117.81 <75—) A=3|5| (4sn30)?do
2 /2 2 0
. ~ 1257 (4m)
4
-6 6
-4
92. r =3,r>2=18sn20 4
9=r2=18sn20
-6 6
. 1
sin20 = >
-4
T
T
1 /12 1 57/12 1 /2
A=2[J 185in29d9+*f 9d0+*f 185in20d9]
2 0 /12 2 5m7/12

~ 1.2058 + 9.4248 + 1.2058 =~ 11.84

9. r=e%0<0< 7
1 m

A== f (e7)2dg ~ 133.62
2 0]

10

-25 5

9. r = acosZ(),g

4 —2asin 26

/4
s=8[ a2 cos? 20 + 4a2sin? 26 do
0

/4
= SaJ V1 + 3sin?20d9 (Simpson’sRule: n = 4)
0

~ 7%&‘[1 + 4(1.1997) + 2(1.5811) + 4(1.8870) + 2]

~ 9.69a



