Review Exercises for Chapter 9 461
50.a=4,c=5,b=3,e=£§1 52.a=2,b=1,c=\/§,e:§
2 -9 2 1
rs=-——=—"———"—"7F7"—">-" rf=————
1 — (25/16) cos?6 1 — (3/4) cos?6
1 /2 < 2 )2 /2 1
. A=2(- — =4 ———5d6 = 337
>4 [2 fw/z 3-—2sné do a2 (83— 28in6)? do =33
56. (@) r = . (b) The perihelion distanceisa —c=a —ea= a(l — e).
1 — ecosé
Whenf=0,r=c+a=ea+a=all+e). Whenezw,r:%:a(l—e).
Therefore, The aphelion distanceisa + c = a + ea = a(1 + e).
+ — _
al+e) l1-e When0=0,r=(1lﬂl=a(1+e).
al+e(l—e =«
a1l —e?) = ed.
_(1-eda
Thus, r = 1 ecost’
58. a = 1.427 x 10°km 60. a = 36.0 x 108 mi, e = 0.206
e = 0.0543 = (1-eda - 34.472 x 10°
_ (L—eda _ 1422792505 x 10° 1~ ecosy 1-0:206c0s
1 — ecosh 1 — 0.0543 cosh Perihelion distance: a(1 — e) = 28.582 x 10° mi

Perihelion distance: a(1 — e) = 1.3495139 x 10° km
Aphelion distance: a(1 + e) = 1.5044861 x 10° km

62. r =asnf + bcoso
r2 = arsiné + br cosé
X2+ y? =ay + bx

X2 + y2 — bx — ay = Orepresentsacircle.
Review Exercises for Chapter 9
2. Matches (b) - hyperbola
6.y2— 12y —8x+20=0

y2 — 12y + 36 = 8x — 20 + 36
(y—6?2=42)((x+2

16

12+

Parabola
Vertex: (—2, 6)

Aphelion distance: a(1 + e) = 43.416 x 106 mi

4. Matches (c) - hyperbola
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8 4x2+y>—-16x+15=0 y
4x2—4x+ 4) +y?2=—-15+ 16
(x=22, vy _,
1/4 1
Ellipse
Center: (2,0) ol
Vertices: (2, +1)
10. 4% —4y? —4x+ 8y —11=0 y

4<x2—x+%>—4(y2—2y+1)=11+1—4

x-(1/2]7 (y-1%_

2 2 ! - X
4
Hyperbola
(1
Center: ( > 1>
. 1
Vertices: (5 + /2, 1)
1
Asymptotes. y = 1 + (x - 5)
12. Vertex: (4, 2)
Focus: (4, 0)
Parabola opens downward
p=-2
(x =472 =4(=2)(y -2
x2—8+8 =0
14. Center: (0, 0) 16. Foci: (0, +8)
Solution points: (1, 2), (2, 0) Asymptotes; y = +4x
Substituting the values of the coordinates of the given Center: (0, 0)

pointsinto . .
Vertical transverse axis

2 2
() (&)=

a

we obtain the system y =X = 4xasymptote - a = 4b
<é>+($)=1,4/b2=1. b= —af= 64— (4o O 17b =64
. 0w=2pn 2192

Solving the system, we have 17 17

_16 _a () L (A DG S

a? = andb® = 4, (Z) + (173) =1 1024/17  64/17

Y _ _ _ _J21

18. 7 + % = l,a=5b=2c= \/21,e——5

By Example 5 of Section 9.1,

/2 21
CZZOJ 1 - —=sin?6do = 23.01.
s V15



Review Exercises for Chapter 9 463

1
20.y= 200x
1
(8 x? = 200y (b) y = ﬁXz
X2 = 4(50)y 1
Focus: (0, 50) Y'= 10

100
N2 —

I+ )= /1 1oooo

s=2n| x,/ 10000dx~3829449

22. (@ A= 4J =Ja? — x2dx = ( )[xm+ azarcsm(;)] = mab

2ma?

27a? 1.1° 4
2 — 2y — =3 = 2. 52
y?) dy b2 [by 3y]0 37Tab

b2
(b) Disk: V = 2wj %(b2 —y)dy =
(o]

b
a Vb* + (a2 — b2)y2>
S=d4m| S/bZ—y? d
”L b y( ooz —yz )

= 477aJ Vb* + cy?dy = 271-a[cy\/b“ + ¢?y? + b*In|cy + Vb* + c?y |]
277"j‘[|02c\/b2 + G + b*Injch + by/b? + ¢ — b In(b?)]

2 + 2 2 +
= 2ma® + mab? In(c a) = 2ma? + (Lb ) In(1 e)
[ e e 1-e

s L.\ *b? 2 2 _ 2mb? 2 2 2 _27Tb2[2 : 3]6_4 i
© Dlsk.V—wa 612(a x2) dx = 2 O(at x?) dx = 2 | 3% 3X 0—377ab

0

a m
s=2(2w)JZ\/a2—x2< a’— (a b)x>dx

aJ/a? — x?2

477bf Jat — cxdx = —b[cx\/a“ — 22 + a* arcsm(cx)}o

= aﬂb[azc\/az —c2+ at arcsm(i)] = 27b? + 2w<a—:> arcsin(e)

a%c

24, x=t+4,y=+t 26. x=3+3cosf,y=2+5sn6 28. x =5sin® 0,y = 5cos® 0
— oy — — A2 _ a\2 _ 9\2 2/3 2/3
t=x—40 y=(x—4) (x33>+<y52): (g) +<%> _1
Parabola

(X,3)2+(y,2)2=l x2/3+y2/3=52/3
9 25

11234567

Ellipse
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30. x—h?2+(y—k?2=r?
x—52+(y—-32=22=4

34. x = (a — b) cost + bcos(a; bt)

a—b
b Q

X = cost + cost = 2 cost

y:(a—b)sint—bsin<

@ a=2b=1

y=snt—sint=0

(da=10,b=1
X = 9cost + cos ot
y=9sint — sn9t
10
0

=1

36. Xx=t+ u=rcosh+rosind
= r(cosf + 6sino)

y=V-—Ww=rsnf — rocosf

r(sind — 6 cos6)

() a=3b=1

X = 2cost + cos 2t

y=2sint —sin2t

4

2 2 2 y2
32.a=4,c=5 p=cc—& —Q,E
Y weoand X = tan?
Let16 szet:@and9 tanZ6.
Thenx = 3tanf andy = 4 sech.

(coa=4b=1

X = 3cost + cos3t

y=3sint —sn3t

4

N

/
<

-6 }\/:::_ 6 -6
(e a=3b=2 fla=4,b=3

t
X = cost + 2cos—

y

. .t
=sd8nt — 2sn;

2

2

. .t
y=snt—3sn;

-4

t
X = cost + 30055

3

e
\

6 LN

N

B.x=t+4
y=t

dy _ 2, _ _
€) X 1—2t—0whent—0.

Point of horizontal tangency: (4, 0)

b) t=x—4
y = (x— 42
©
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40.

L1
t

y=t

dy 2
@ dx  —1/t2 2

No horizontal tangents (t # 0)

1
(o) t=12
1
Y=%
(© y
ol
ol
2L
L
EE S A
. X = 6.cosé
y=6sn6o
dy  6cosf _ _ _m3m
@ X~ —6sne cotG—OwhenG—z, >

Points of horizontal tangency: (0, 6), (0, —6)

o5« & =

(© Y

. X =20 —sn6
y =2 — cosf
@, (0 8
-4
_mdx _ /3
(b) At0—6,d9~1134,<2 > )

dy _ dy _
& = 05, and 5 ~ 0441

42.

46.

50.

XxX=2t—1
_ 1
Y=
dy _ —(t2—20)722t—2)
@ dx 2
1-t
= m = 0whent = 1.
Point of horizontal tangency: (1, —1)
X+ 1
() t="
Y T+ D/2P - 2(x + 1/2] ~ (x— 3)x + 1)
(0 y
3 T
x =gl
y=e"
dy_—e'_ 1_ 1
@ dx e @ e X
No horizontal tangents
(o) t=Inx
y = e Inx = eln(l/x) — 1’ X >0
X
( v
2l
N
Nl
A S S
X = 6 cos6
y=6sné
% = —6snd
dy _
a0 6 cosh

s:f 36sin20+3600520d0:[66]0 = 67
0

(one-half circumference of circle)
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52. (xy) = (—1,3)

r=J/—DZ+ 3= J10 19 +
2
0 = arctan(—3) =~ 1.89 (108.43°) L
(r, 6) = (1/10, 1.89), (— /10, 5.03) B
b
ol
sl
1
54. r=10 56. r= 5 coso
2 —
' 100 2r—rcosf=1
2 + 2 —
X2+ y2 = 100 A=/ +y?) —x=1
4x2 +y?) = (x+ 1)?
32+ 4y?2-2x—-1=0
™ 4 37
58. r= 4990(6 - 3) = cos[0 — (7/3)] 60. 0= 2
_ 4 tang = —1
(1/2) cos6 + (/3/2) sing
Y_ 1
r(coso + /3sing) = 8 X
x+ /3y=38 y=—x
2
62. X2+ y?—4x=0 64. (x2 + y2)<arctan )%) = a?
r2 — 4rcosf =0 (262 — a2
r = 4cosé
— 1 LZT = 1 = = m
66. 0 B ] 68. r =3csch rsng=3,y=3 z
Line Horizontal line
t 0 |
1 2 L
70. r = 3 — 4.coso
Limagon
Symmetric to polar axis
H
T | | 27w
019 3|23 |
0
r{-1/1|3| 5 |7
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72. r = 20
Spiral
Symmetricto 0 = /2

o| ™| @| 37 57 | 37
42| 4| " 4|2
T 37 57
0 g T 7 2 7 37
74. r = cos(56) H
Rose curve with five petals
Symmetric to polar axis
. . 7\ (1 27\ (_q 37\ (1 47 L —
Relative extrema: (1, 0), ( 1, 5), <1, = ) ( 1, = > (1, 5 ) ] Do
g ™ 3T m Im Om
Tangents at the pole: 6 = 10' 10’ 2° 10’ 10
76. r2 = cos(26) T T H
) 0| 0 = — I
Lemniscate 6 4 1
Symmetric to the polar axis rolo+1 1—% 0 T
Relative extrema: (+1, 0) D . 0
Tangents at the pole: 6 = 7—7, 37 T
4’ 4 +
78. r = 2sinf cos?6 075 80. r = 4(secH — cosb) 3
Bifolium Semicubical parabola /
Symmetricto 6 = /2 0 Symmetric to the polar axis -1 5
- ' r 0 ooash O >
-0.25 N -3
r 0 oocash O T
2
82. r2 = 4sin(20)
dr) _ dy _ rcosé + [(4cos26sin6)/r]
@ 2r<d0> = 8.cos(26) ®) dx ~ —rsing + [(4 cos 26 cos6)/r]
dr _ 4 cos(26) _ cos(20) sin@ + sin(26) coso
de r cos(26) cos® — sin(20) sino
H 1 -
Tangents at the pole: 6 = 0,7—27 orizontal tangents
dy . .
=2 + 2 =
© , ix 0 when cos(20) sing + sin(26) cosé = 0,

»

1

tang = —tan(26), = 0, 7§T (0, 0), <¢ J2Y3, g)

Vertical tangents when cos 20 cosf — sin26sinf = 0O:

tan20tanf = 1, 6 = 0, g, (0, 0), <¢‘/2\/§, g)
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84. False. There are an infinite number of polar coordinate representations of a point. For example, the point (x, y) = (1, 0)

has polar representations (r, 6) = (1, 0), (1, 2m), (— 1, m), etc.

86. r = asing, r = acosé
The points of intersection are (a/ﬁ, 77/4) and (0, 0). Forr = asing,

_dy acosfsing + asingcosé _ 2singcosé
dx acos’f — asin?6 C0s 29

my

At (a/ﬂ, 77/4), m, is undefined and at (0, 0), m; = 0. For r = a cos6,

—asin?f + acos?6 cos 20

_dy _ _
~ —asinfcosfd — acosfsind —2sin6coso’

T odx

m,

At (a/ V2, 77/4), m, = 0 and at (0, 0), m, is undefined. Therefore, the graphs are orthogonal at (a/ V2, 7/ 4) and (0, 0).

88. r =5(1 — sing) 90. r = 4sin30
1 (32 - 1 w3 5
A=2>| [5(1-sin6)]?|do~117.81 <75—) A=3|5| (4sn30)?do
2 /2 2 0
. ~ 1257 (4m)
4
-6 6
-4
92. r =3,r>2=18sn20 4
9=r2=18sn20
-6 6
. 1
sin20 = >
-4
T
T
1 /12 1 57/12 1 /2
A=2[J 185in29d9+*f 9d0+*f 185in20d9]
2 0 /12 2 5m7/12

~ 1.2058 + 9.4248 + 1.2058 =~ 11.84

9. r=e%0<0< 7
1 m

A== f (e7)2dg ~ 133.62
2 0]

10

-25 5

9. r = acosZ(),g

4 —2asin 26

/4
s=8[ a2 cos? 20 + 4a2sin? 26 do
0

/4
= SaJ V1 + 3sin?20d9 (Simpson’sRule: n = 4)
0

~ 7%&‘[1 + 4(1.1997) + 2(1.5811) + 4(1.8870) + 2]

~ 9.69a
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98.r=# =1 100. r = 4 4/5

T+cos0®™ 5-3sn6 1- (3/5sn6°

Parabola Ellipse

8 4 5 :
02 1= 5 cese  1- (5/2)cos 6’ © ~ 2 104. Line
Slope: /3
Hyperbola Solution point: (0, 0)

y= J/3xrsinf = /3rcosb,

™

%
ﬁ tan6:\/§,0:§
& 0

106. Parabola 108. Hyperbola
Vertex: (2, 127) Vertices: (1,0), (7,0)
. (0,0
Focus. (0, 0) Focus: (0,0) 4 7
e=1d=4 a:3|c:4’e:§‘d:21
_ 4
~ 1+sing a\/7
O BE
+
1+ (90050 3 + 4cosh

Problem Solving for Chapter 9

2. Assume p > 0.
Lety = mx + p be the equation of the focal chord.

(0. p)

First find x-coordinates of focal chord endpoints:

X2 = 4py = 4p(mx + p)
X2 — 4pmx — 4p? =0

+ /1602nE + 1602
x — 4pm = 162pmz+16p =2pm+ 2p/m2 + 1

X2 =dpy,2x=4py’ 0 y' = 2—);

(8) The slopes of the tangent lines at the endpoints are perpendicular because

2—1p[2pm + 2pJ R+ 1]2—1p[2pm — 20/ + 1] = $[4p2m2 — 422 + 1)] = 4ip2[—4p2] =-1

—CONTINUED—

~5

3
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2. —CONTINUED—

(b) Finaly, we show that the tangent lines intersect at a point on the directrix y = —p.
Letb = 2pm + 2p/n¥ + 1and ¢ = 2pm — 2p/n? + 1.

b? = 8p?n¥ + 4p? + 8p°my/n¥ + 1
c? = 8p2n? + 4p? — 8p°my/n¥ + 1

b;=2pm2+p+2pm\/mz+1

4p
c?
4—p:2pmz+p—2pm\/mz+l
, o _b _bx_ b
Tangent lineat x = b: y - ZD(X b O y= 2p
. y_C_c_ _x_c
Tangent lineatx = c: y - 2p(x o y= T

bx b>2 ox

20 4p 2p 4p
2bx — b?2 = 2cx — 2
2x(b — ¢) = b2 — 2

Intersection of tangent lines:

2x(4p /P + 1) = 16p?mJ/n? + 1

X = 2pm

Finaly, the corresponding y-valueisy — p, which shows that the intersection point lies on the directrix.

X2 y2

4.g—gzl,a2+b2=c2,MF2—Mfl=2a
,_ b
y _azy
. b,
Tangent lineat M(X, ¥o): Y = Yo = @(x — %)
0
Wo = Yo' _ XX — %
b2 a2
XX Yoy _ %, Yo'
@2 a2
XX oY _ 4
a2 b
2 2
Atx =0, - K4 Q:<0,—3>
Yo Yo
4
QF, = QF, = 2+ ==d
0
2\ 2
MQ = x02+<yo+—)=f
Yo

—CONTINUED—

F,(-c, 0)

By the Law of Cosines,
(F,Q?? = (MF,)? + (MQ)? — 2(MF,)(MQ)cos «
d? = (MF,)? + f2 — 2f(MF,)cos «

(F1Q? = (MF)? + f2 — 2f(MF)cos 8
d2 = (MF,)2 + 2 — 2f (MF,)cos 8.

_ (MF,)?f2 — d? _(MF)? + 2 - ?
Csa =i ME,y) BT T ot Ry
MF, = MF, + 2a. Let z = MF,.
Yo —b? b?
Slopes. MF: i QF ;. —; QF,: —
P 1X0—CQ1yOCQ2y0C
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4. —CONTINUED—

To show « = B, consider

[(MF,)? + 2 — d?*[2f(MFy)] = [(MF)? + £2 — d?][2f (MF,)]

- [(z+ 2a)2 +f2 —d?[z] =[2 + f2 — d?][z + 2a]
= 2+ 2az=12-d?
b2\?2 b?
- (xo—c)2+y02+2az=(x02+(yo+y—o>>—<c2+y—02)
= az—xc+a=0
- av/(x — €2 + yo? = X€ — &
PN onbz _ azyoz = a?p?
Yo g
= & b
Thus, @ = B and the reflective property is verified.
6 @ -t e 0o o e = oo of 10 )
B (1 - t2> sin? §(1 + r cos ) = cos? H(1 — r cos h)
1;§: 1t§ :%Zztz rcos@sin?6 + sin? 6 = cos? 6 — r cos® 9
! (1+ tz) r cos (sin? @ + cos? ) = cos? § — sin? @
Thus, y2 Xz(i ; i) r cos 0 = cos20

r = cos26 - sech

T 37
(C) % (d) I'(O) =0for g = Z, 7
Thus,y = xandy = —x are tangent lines to curve at
the origin.
t 0
2
1+3)(1—-3) — (t— )2 1— 42—t
© yin = LT D130 — - O@) o

1+ 0P 1+ 0P

Giaf-1-00 £= 2+ 50 x=t 2=VA_ 375
1+(-2= /5) -1+ /5
_3-V5 J5-1
-1+ 5 2

J5-1 J/5-1
( 7t —2+\/§>



472 Chapter 9

Conics, Parametric Equations, and Polar Coordinates

8. (d)

Generated by Mathematica

t 2 t 2
(b) (=x, —y) = (—fcoswudu, —fsinwudu> ison
o 2 2

0
the curve whenever (x, y) is on the curve.

mt?

5 X2+ 7 = 1

(©) x(t) = cos%tz, y(t) = sin

Thus, s = f dt = a.
0

on[—m, 7], s=2m

12. Let (r, 6) be on the graph.

r’+1+2rcosf/r>+1—2rcosf=1
(r2 + 1)2 — 4r2c0s 0 = 1
re+2r2+1—4r2cos?=1

r(r2 —4cos6+2) =0

r2=4cos? 9 — 2
r2=2(2cos?6 — 1)

r2 = 2cos26

14. @ r=2 4
Circleradius 2

(b) r =2+ cos @

IS

Convex limagon /]

-4

16. The curve is produced over the interval

0< 6 < 9m

ab T
101 = sno+boose 0= =2

r(asin @ + bcos ) = ab

ay + bx = ab

y , X

Z 4+ — =

b a !
Line segment
Area=1ab

2

(c)r=2+ 2cos0

Cardioid f

(d r=2+ 3cosh

Limagon with

inner loop -6

QD Y]



