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Cotnting and Binomial Cocfficicnts

In 10k clwpte: om brrsdues che casde coamtdng metvods, e E2oteriad fane-
tior wnd Fo: inaoesfaleerF dienta “hest aee of fundesaencel importencr to che
sidajuet mesuter ol sylerg eml Coapesne. R elar, with e basde princeale.

1.1 Basic Principles
] Lhe mulliplication princivle. Supzaoss chat oo sctioily vondete of &
tE EUSL I F 7 vl thrith TN ks wirFed emacin dFe-rmt. e, i["l_'{"El'n-l'_":l.'i A

el 2w o L st ane aertial ot Fhom g odng’ e waivityr can e amoiied
AL S i e, BRLE.

Example 1.1

& PrasEoTANL SV shreo Lypig of ELArsr, I mesn 2onsTod ond Rae deasccta.
3 B tHYoR-2ller tanl Chh e choasm I oo B B = Gl weaya

(b} The addivdues priomsiphe 772, 0 Ay oo painddee dimcie =ct= {ie
sl A4, = B maneewer 1 2 §1, Lhen t1e rnlier of giemenks -a they naiar 5

AL LA = A+ g = YL
=1

Exumple 1.2

Tu Lhe ahove excampile, e ane-ee ciferenb tarc-coares meels (iocluding 3 mau:
cOMLe] 2re theoe”
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1.2 Factorials

Hive wiiazy watez e L ol pliodong oo b maed oo vowe™ 'Lhicwe ar sie wiss,
i -

am, ack, e, RSt cah, s
Mo hen lwer e Sletn el obecss Foeothae Gt plaser, hoe T B 1e frcaad,
and e qusl oews Sor the airc s by doe meulbiplicadibon prinecle tooee aee
Iwdwl =0 potdble erdecibps, Ingowes e defics /) C'n feanin” T

Ao—nam— 1 -2 21

Lo wg L

Theprem 1.1

T-amur = af e of plating « ogeess in arder sl

E=s=~plz 1.3

Fowr progal, A, 0087 D Sorz s nienonn, O is Lo e progsicmn, oze seomalany,
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&R et
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=1 LOb— e B0 5 U4 w10
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2ol utaenn
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1.3 Selectinng
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Exumple 1.4
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Exzmple L8
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rjch apaquAnces j8 37" (he total nurher of seqrenres of kph s - 10 mne
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3.2 The Avxifiary Bguation Methood
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hotechet, ain-e | o7 the seecmd bermo- e 7] dends b an m = oo, Tiving
F'.|+: = 14 '\'."IE

5

ihe Er_'ulujr- =#sin

" 9
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Eaample 2.0
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Woo-hojuwogelnaus recutrence relations
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2.3 Generating Functions
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2.5 Rarling Algorithins
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Mheeo

Sam T Lak powertices, wd pabaz 0T el bave Jeoelil Ly Shan ge Bo teee
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| hooparm 2.4
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G T ia | cene;
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Proof
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Cefpmtion 3.6
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A weated probdom v ind Tlal. ohe amwber of nod-isow T ohic rees wils
Eorecteecs. W bose 01 s T o TYA) = I oo, Ba the ceader should Shed
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wertices abelad T2 8 s ghewr o Figoee 07 Tk was astahbiche:] by Caylerin
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Example 3.7
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buer b 2eairad to find aospar -ing troe A sipalhest poes - e todal weighl Tom
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sivwlue o tauiunuen =gl Toe addidion ol e o 07 wes, coeses aoovcke O
=o' sk apels croes s enmdaine an H']EE < xhlrh 35 et in T, YWow u.'{r:'] > I'l_':"_:l_
ez M wl el e cwle] Lo et wnsi] Lo Teenn clogien ey Lhe groedy zle willeorn
tcie HE e S i wor perm e o Frearm O e aulhin A 3pee - g Reee B aie 1Al
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Tixe Tm'a aizon il Swrling Ak & Choeee B, thro 544, thee AR,
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Ther aron v —n beath £ and 1] haee equal lenguis Let o e the bawl
verseE of FI2) whick w also oo Py possitdy e — el Thes thre pant of Pix



54 Lirstrote Mathomatc:

Lranan sor de x osd L panl o 00 Do oo g oweoes T o] oo’ laoplh, wd

glere Ly Eaer ooy se 10 eocanmn, ey roues, with edpe sy foon an ond ¢da £
Du: ¥ hae 0 cebd oycles, mo she assorption of cbe ewsbecce o7 the odge 1y, 0
Jrst b Zabee, Sa chesr g Bo e with bath edaen W 5y rliilasly thotaota g -
b m Ll Dol odpes 0 W :

Covellay 3.6 i

Alb treen dre hipart-e.

Definition 3.9 [Complete bipartte zaphs)

A o _le bipartibe graph sl weree st I MM ix comaplaba i ey
vertex ot B3y jodoec w0 oeDry mctex in BV |3 = moann W= shioprat
ix denwbes o WL ob v af, o Dot ecire e, Phe dicmss graph of e 3o
'8 A1, amd the cothans praph of Tinure 3.6 e &, 4.

I'_!l:_::-'rlz."l_ K., o har ;40 werbices ans mnoedaes; mon” the woreices b dosie
., And & of the wamloes haes dogoe m.
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4.7 Polvhodris
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Travelling Kound a Graph

T 1his cdwgrbes wns erandel = darieng ool oo oelesing b the cwdstense of oot s
cepes al walk oo pragl:. The recclee wloguld evcadl Qe abel s pa of waldl:, pati.
ryele ard wraal groes m Newriray G020 The Karepsaorg brider oraklar reasceins
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W szodr sach [ 2n-ocian) traik b cnore detail, bz Sost = Lok st 2 rolated Bype
of pronke as3ecloted w0l the nome of the Treh mobhomenshclan SIe williun
Bowi o aMcgy (18O HTG),

4.1 Hamiltonian Craphs
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Eaznple 4.2
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Ewercise f 11

Tl !Ji;inj.llu- o cpasicwcy a ey whedd of el 9 cogfaioing i
=l lerr ary asquences (foctoesd Termm gle pata 001 2] Toen bl qne
for afl 3-Zigit Teroary esguonces,

Exrhrass 478

Dominoes. an voo 4rcaole the 25 dominc e of an ordinaoe ot o a
clzgeed baop, so Lhet e 1 oatches with its nzipghbow Cn -he wsal wa
Com roa do so if afl dectinoca with o F on ten arc romond® Coo o
Fats 2 grmeral thecran abgeon domnsoes wikh omekeers U100 .8 03
K ® (At eonaider eich domdnd Do an odee of & goopk with vetieos
Jadwellewd 3, L, L ] :
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Partitions and Colourings

Ththae b aater Wen eonrldier prctitions ol 1 eat, Joeen e ng vhe Snidlng waencom
wwl Ll Badl ogiglmese. W Loes:_ cosiai e e beo smd ooy = e lonwdomes ol 4 grapde,
sle= bbe vertew Aass a1d ctha edoe meb are parttiatsd by the aoloura.

.1 Partilions of a Set,

Lpnrhitiom of a 2 8 ‘02 m Creicn of oonoeenedy b 5L S nf B
ik 2 potirwiee disjoil amd whes: Cow iy 50 The oy 5 oo cellel
e parts 6° the paetican. For fcecpie {02,400 {3, 6} 10 {R] i n pattitian
¢{L... €] .nt7 thres paris Nae that i doee oot 2attor iz whae order (be
parts Epfar

Gamzle 5.1

oA wame oF brdge. the 5 carde of o ooraediod pack are distnibsted amone
ks magale whe secvioe 13 cels eede. To I mapys waes o the peadk of 32
el L e il wns ] it ok aeta 0l aies |37

fehisicn

W gan chowe 10 Zapds 0 Gi} werd Lvom sl rema ik 38 we can choose a
kether 13 in 45 wupd. and thon feom boe eemuining 23 we can choose 13 in
::'::I wen, Tois baves a Jusy] sl ol 13 cemlse o we L

m\fahi i !—._I‘E_“ 531
(' 'J ap sl TR mde T (e

-]
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waya of fartiiloning ehe pede Buk theas pariidesrs ace noc all dlztloed, sws
e 1 adigtiteee s Lol akiges 1 4 wars, dege alioy, 20 whoch 20 ule loue o=y 2
ir i choaca fivsk, which i3 choeen sooons. nod seon S0 the resuired oomoers:
BT
15 1340
{a wass U e, s er then LORTY

Livee i3 auulien way of & -prcachmg Lhis coomoling pooblenn, Dovstlder a oo A
&¢ aprs grouped oo Zur g of 13

Tl sadds ore Tie plaucss] 1 Ebe apacea i B2 wegen, WD 2ach g oy toe-=am
1A wave of vy auping Lhe vaam LF cancy, 2od Lose dilzZeml avoaogs - ae
irrFlevins Finee thwey cive e to €20 soowr wart of the cartizion, an oF hae= o
divide by 1419, one 131 fo- eacs arcap. Then the S ar greape chamsel e ma
It ar—verpes oo A s snowe 1 ave e aivide o 4l ey, Hhe sone arser o
ber fursim

Thiz imgnrient cadly moocrddivcs, t0 give the followizg nznh,

Taecrarm bl
& A1 o nn chiecta gam he partidonsd meo s oo of g o Ln

(.
STRRLLY §

U Tl woays

4
'
i
Curolary 5.2 “

a5t 2 B3R oldects oan b panntooed less o podea i

{2m
Ty
Citherens waya,
Exainple 5.2
The mumber of weys ol sroing 15 coama in a forcbadl 2oz dres 13
m
naar = 20T UES

The cami trpz o acpunmb s be appisd olam cha parse of the raqursl
—aarraines are ok all ol the arse s,
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In how mam wars cao o class of 25 onpile Be pleced ima four turorlal o
cf gige 5 cewo of siZe 4 and ome o1 xive 3Y
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Consirler ol e FaHlovring gt 3 of 235 aerars
e B} S )

The 2 pagpa ko oo S0 o foeerd Lo b Poaces 237 wayrs Tooeonnl diet Lot sarnltior
w bane oo g o ancoumk Loe wang o oeckering L pusile sibdiie thez prowps -
vt divide tre (5 PANESD ome b the v oy of ordedng 426 zroups vheooclves
R divicer by A1 an meronns o o banes eronps o aize § ond b Wan actoyns
o 1hE 1orz proups of elzc 1. So the crouaires wumber iz
Tl ) C
AT = LE - LOMT,

Jefin<ian 5.1

Ewrudem ol Al r-flemens aet concasting of e subeets of i, L S - £
whage 37 fxr w3 de calkel 3 paatiuion of pe 1™, 0™,

(raerabving: Fremple 5.3 giviw Lae foliao - vk

-

Fenen 5.3
LEndmber o phrtitizad o cpme 2570 0 ol anostelemarmt grt s
.
ot ol

Errsiphe B4

e nmber of wave of groupiong L0 poopls ke tem gooape of dze & end one
g of 2122 4 iv the noroser of parctitzans of tepe Liat.‘l-l' and =0 is

i

i = -

3.2 Stirling MWumbers
wllis gwbion wr thick abus pachidionn.g aore inloca 2ives: cnmmber =f ~orea

[finminn € 2

it S0, &) Aenote the nembes of Wy of pascitiotuny amoarasl iole acpotie g
(gt Than 5[, &) je 2allzd o Sticling numder of the second kind.
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Thesa mmbets are neel aftes the Scatriagh meshemaddrlan JTecea Birleg
(1EAE-100, wlew s alaoe bvowss Dor Ly appeosciioalon ol el
@~ AR T
Foi by, also e s oeas o Cus Bess bood waioed 25720 Eluy zes Lixencise 510
Wa noa study ¥im, &) Cleeoly, for ol = 1,

AT o ] =1 . 131)

Example 4.4 _

We shew that S[4.X) =7 Here wee the wryen waya nf paticoning |1,7,3 4
o vmo partg; (11000 B G0 2y LS 4} {300 11,2 A [d) 2402, 30 41, 2L
{54 ,murfral and - 4]0 0

Tleary, Bor arae v, e oeed 3 bester way of evaluat.—e St kY than ast wdier
oz adl il paotiiome. Suco a coelhod cs gieen br bhe Jolioein recurenc
Telotion.

Thearan 5.4
Sl k=T =] k— 1] — & S |,k iy
ehicneT L § o=

MroaF

In cay pectitian of [1,... 0} itke & parte, 136 comant & may 3ppeat 5 Lt
g & Jevdevml s el 00 Il wanes oce o woa Lagzy 3ot M0 appears by el
then rhe remalr!ng m L piemenca have to form o peedeicn of 1., 7 |
itte & — | mnsetn, 2wd Boere are S — & — 11 amgs o whach B can b- coeee
On i cohor hand, 17 he elowend i s i oaaek of slze ot leass bwo, we oo ot
I padciosdng 1., .. 01— 2] Lol & gets - this cea be done o 20— 1 k| wep
- 6rd thon of intredee —g & ime onc of 1he & acts =0 fermed - and thes /o
waps 00 it this 5o, by bae adoibicn and wntipdicedog oviccipl=s  me La.c
Fa . k)=Fm Lk L+ &S+ L.

Example 5.2 {again)

Fid,3 = 53,104 5 8L

= 1 +ZIS{2 1) 2HA T

1 12114 =T
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o0 mE-hxmntics, Inrboding M af Aarberuefied, an idingyrrats bwo-ve 1mne
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Fur alin =1 I
=l I"" § 'Ill

LTEY.

The <ok coarnt of che et boing particionzd wi. appedr o wie af 1 eeie o
th:z patilom along with j = 0ct-er rlrmr-rlis. ThReTe e :"'j Y wr :rlf |'-|||:'|'-.".:|_l||..
theae 7 erpenes T Swain s 7 — 1 — 3 pleeeuots can Liee T il Lo ] i

fi=—1 —# whka 50
r.—ll_.l_]_lq
Swl=3 | . JHne-1-4]
Ex 7 ]

=il .
SN . jﬁfh_r {om putking & — 2 —5 = k).
L .

=i

Feample 5.6
d n
¢ EYy
By ="y Ak
D=, 5

=1 +87 U522 35 BV LR 4 BRI — AT 4 1AL
— 1147

¥or ca inbarestiog (B saclez! Pooals for B, oot Exescios B0

.3 Cowmding Funclions

Llee Zaifling ouwkbets adee patotsdy mo the aumeralion of ol fooctione
F F 4 ¥ ehich coc e desned frem o m-set X do wo et 0 Txx
ere o such Janckivna sicce [oreach & COX ), bnere ane e poesble voless ko
Tzl

Eercafl b e Soagma o0 § 0 X — F e Lhe sel ol womecenls of 17 wleli b ac il
Aae 3 Posddoa fie) for same = X

mf — Y w— izl soume ¥ £ X |

Eah fiacton F 0 X — Y has a3 63 .mare 3 subset of ¥ How many 515
[uicuions have an itoaxe of size k2 17§ tabes precisely & values toen X cau be
pecttioncd Qoo & parts, the ith of whick will comaist of thoge elementa of 0
whic: 27z capped cubo che sk roermbe of im0 S0 Tucction F X =)
with -mage of gizc & cam oo eonetencted ae fallows:
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(b pecTitlon Y into b pEcte S, ... v [chla£an he dzne Lo S)m, &) waya]:
[i| rorense sha imsare sof of size & in F (ukls can be Come in I:f} woysl
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w k! sl

S the voomber al e Fo X 4 Y wilk ienge of see i Stm 1T K
Thas st k vea Labe an> valoe Coos 1 ke e, &od sicoe Juzes g ™ T Loons
I o Y sinogether, we cbbnime

Thears BT
Lt |'|| _ ¢ anid |T —@nere iy 21
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|:|:|'|

'|~ .I'm\
O r':jl[ k}k!- Yy
k=1 L

Myusy g0 o gpeciad caee thee e nonnbes ol sorpoe Gons Town ¥ L Y, 2 e lun=-
Hrns whose brnage ank i U108 weivole o 77,48 5 B a0,

Example 9.7
We check 04" o b aae s —d M — 0

1 -

e . - ; .r
38, ’*’3[&,} )= 45(3,11 1 123533 . 24T R &) - 2AZ[0,4)
. .

4 — M0 4 &k 4 240 = 10w = 47

i that I we deloe S0 05 — 1 fot all mo = L, ans FUOL0) =1 chan we can
nEwmT 02 {3.4) A
n .
n
~ St et kL
S S| ')
A=l

“hs dderciby cam ke amee-ies

“hearer 5B

Tea = lr=imen,
ic

- r B
mbairn. ) — L:— l‘,"‘*{ Ir:] [ (2.5
b

k—u
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5.4 Vertex Colourings of GGraphs

oo Uee vecldess ol a prage: OF s Lo assings 2 cobon s doosactn cecles b swet
roway thal o len Al maeemt adin=s o W Che == rndee, TEwn defie o
indepeadond se of vertives of Ot De aeal of vetice oot of whidh =
7 diameuk, thmr = vertex rn|'h|11':-|5 ran he '.|'|-"-11E;|'|.‘. iof o o TATLItInT i the et T
ot iees o Lo epenckes o sl s D we s ccneerie, wilh U s el
venbae - 0 ol oo v aread, cos 1 Tee kR beie mamber af i - pendent sels bk
parlition ¥oowe cald i wae ser o Cooanalic omaker of O

Cr=sinitkon 5 3
The chromatic numbce 1706 of A graph: O s el aczadbest vl of & Sor whicd
bhe wergex <ot ob £ can be pacditcoes inte  mdrponoent anbsets

Yoo have mak t] e idea - of oo donwmg, ver1iees alreedyr; i Serton 5.5 w2 notes the
Le.;oaar ilwe prapales saw Licocogsatme, so0 10 €7 0a Do oav e widde al cesed wowes edu U

w07 = 20 Al thr o aolonr rtheorem azserta that 300 4 4 Sor ol plu -

Wo= .l 3.

Troere™ 5O
i vl —

] il =2k eeran; {0V ] 4ol wad Sdd.

B rnof

U Mo v pentioos cou memi thic saome colour dnce ey ooe acljaceol

-

r
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The grapz of Flgure 5103 hea chegmatls aemsar 5 L6 aeeds st leesc thres
fhotles 4_ze DL eontaans O, and thees csloava aee onaffickee-t) ne shoem im Fip-
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F'il_qllﬁ" LA |

foce thal cha cose of O m odd, comtradichs by Gelisd o some anatawr far-
LI TN FTI EOAE, SRat 0 faph oecds 5 cocome cnke 1038 Comtolog A 35
ceuberaple Agodlee s otz S ol La dloy Deliel el grapls o0 Foewe & L)
stk erda Sour colmars (ks ™y alchough it docs oo eantoin 5.

There = oo 2as- way of Ending (0 for a giren gaph 5. The prasd v aleo-
dbhem, whic: wo newr destribe, will £ ve an wpepor bownd Sor g 00 reCabed o she
maximur verter degmee Inools desoipeiom o2 *hz algurshes we dercts gokower
oy L Ty, L oand sadl £ zhE ih Zodour.

The gpreedy algorithm for vertex colouring

Task =he wemtwes oo same neder L Ll g
3 Asdng, olous £ bow .

1 AL taps i+ L, when o, hes Juse Seen argimoest 1 oenonm, armizm o g D
cedoe, O wilh 5 28 smzll ac poscilibe wleich les o wel Do ozl 10 e
(MRS U A Hivur (A TR T

Examgle 5 10

We wetz b wresdy abeor Wl Lo cobowr vhes wraph of Fipe s 5.3 fore gach o7 she
e mmbe g arderiogs Shean.
Wil veeplices Lobes. aw Go (), we pesdun cpbooes as fodloowe:

. 1 2 & 4 & R T
&y 11 1 4 1 2
Thx ~al=nr=g maes fomr coimrs Mawewer, wit™ <hs e cFare lalwellal 28w (L),

e
" I 2 I 1 5 & 7
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Sapure 5.0

Thiz sevuisd colcuring gums hat §[0) < 3 in&a »0G) — 3 anm & 2oy
hljsreita.

Llearly, o ocweed bar g1 S0 ol vaioes. Dy Lle alperccdi:: Jdegarock conelwe -
Lomlas carades i weboek chir owesliesa are cncaiered. Bul ccte ik, of aoretfec
Tiac chear=e o Lo, wlka, o izl suew of e oo Le aelpned o codoar, at mo o1f
@ molotiea Ara e ikl sooil miet B picen some el O wtere 45 o 4 )
Tl = we hwe e Dullewe o, o mocl

Theoeem 510

I7 5 lias mmacom wertex Jezrse O, then €ae aeeody clgotithun wU] aolocr e
wie e g Of OF ueingd ol eoet A+ 1 colole. 2o Llal #0E) 2 A4 L

Exaraple 5.1l (A tim2=abling prablam)

Tre Tlmversie o Deim Caledmns =as reoae virsprnepabs, Toockesso:
AcEL . 1, whe Eerve on et commitberr Toe mernzacekipe of sbe owo
mikiea i s Bl

Dotucsisles 2 A4 26 6% D 5. 4 H, J
204 & u B 6: & ! F
LI ST AR oo oS
R L ) g. & I

bBrca romruteas 4 1o roech for A daws wo £ ramnbnsbess wilt fomemse
couamews. Car soaeel o Ll sacoe ey Fiock the scoadles) mam e of da.ys STRIA sk
e aozlingd can takr jclacs

Sclution
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i ek ok dayy reiines i1 she dinwnatc onmbier o7 the pwge
saren o Figaee .3, Moee shal veriows L33 A Dm0 By, we e Tevsl, Traw
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{1,7 YL A KL (2, 6) L [4)

i oa pacdliew vl 431,000 8) b inceprade ) sels. So g0 Z — 4 ao Lour clae
ave & augl

5.5 I'dre Colourings of Grapha

Ay wier colowring of ogonzh & 33 ad asoigomiens of coloess tooche odes of
[ ows chias so 4w edEme woobl & comeoe, vurles ragdive sbee vz colom. T
M-t cm —malies of en'onts 1ﬂ'l.'=r:'d in am -h'!EF! 1"']'_!.|:I'I'I'i1'|E of (7 51 Alled =he
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tes et LiTerenl e Jesies, s ' [ B — L ow emch e

Frample 5.12
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as sbicown i Figurs sl
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iz 5.4
Threorarmn 5.11
R I ST R LIS R

(it y'[Ka)=xr-11nis >wen
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[i: 77 ia add, any matching m K. e hnees anoet 3l 1) odgrs. So Rt mea
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Example b.13
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The inclusion—Exclusian Principle

laskis ehapbe we diuss & methol of conntdng wliko Las boen need for o
waas SOOI vers. Qe ol s frst msee wes o Ul stady o oy, o we.
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6.1 The Drinciple
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ar- Ther
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Ttz newn zoplication of (4,11 & oeh lesa trivial
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nae &L @il v e inddwtrd Store tomm abre, a0oa wennd raionate neigh
he A+ |F]+ [ - A0 = 0] — [27A] Sut elamsiis o adl L s
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< 174 which are dividiblz by 2, @ (1] = 33. Emilarly N2} = 14 Fioaly
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ey s nnbe of L PrereToIes.
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Exarmple 5.4
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P ilerete the property fhak vaber 13 im poaiiom 20 T mowe wank the nndwer
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rwr-het 19 _
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cs Booed ard e tTemaiting 7 — 1 nomien s Can lee periated Mmoo Ay wdl me
like, Scailocly, A a0 == 2)), and 50 en. Mote alw thes there ure {7 mrma
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Thi: nestt exomnple itrodoeza inoes wiich &l he caefinl dn gae-inn B4,

Example 5.7
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Exwr e 0013
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L atin Squares and Hall's Theorem
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E § = 2 3 4
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Ea.origbion of icxbnd, will sondst o ¢ Zdewoliny, Seew: 5 - Gcloninalion Sheasly
prr-s Boomdpe colen o 57 1T grapd: wik Lhe e pnasihbe ooicknee o
v ok, ], coeverks: 1y, meem-oabeeeiog of o0 b eegJar of verrza depres
A, w4 ocedon ooy elearly goeea a 1-Tactorirotion, wo e

[ hecreamn 3.2

& peaular grapk Lr wits 2g wurciges by 2 T-tacioricescn Harcd L“hl}' 1t 1= ~lezs
1.

Thee, by Lxample 5,175, tha Feterean grapl does wam Dave 2 Telaimonisal an

Eeomple 8.3

Boor macy L-faceorlsations dos Xy Teow: Lot K Tawe vor om0 7, ane
mpoose thabare ot <hs " dhedars i- a2 Tabatorisabum ek, e Tnoaos cocher
1 Zmetol o cough b cdgr ae. Ther? are ovly ben coesioe it e

s te g ar  an b, de



I L . o C EeEestc Meteniatic

Fat. the 1- ackarisation in-luding

i rf
bz i

ZERFR &

can e complacern ko only onF wey 1Check thizl) o= can

n1 ool e f
Rz bf de
n
e
.l:f

o thrra are foly own -laceomalona condair: she |-fachar ek, e, 2. Sirn
larly -hiere are uiily ewe 1-facso-dzabons concainime any ataer 1-factcr. Bul che
babal mombes oof Lebamews is post trc nureber o ways af partiteoning a el o5
vlen cale by e zaies, aud oy by Corcllazy 5 2,5 8, = 15, For cock of e
1h chouetn re |1-Frtor, there are bvn meys o rrter cing i o a0 J- Lo b koo,
Rlvimg HF ~factcnessions alcopother, Bub cuch disdn:y - fmctarisosion asdae
L tinpes i his wege, dipesc g, wn whiock of tlee Bve lac.ome ooi e celen
Frat A tine nrnher of diatinet * daooeiseions o 8 g,

Thus K es six iffpenl -Geolurisacions. The oumber of L-faccorlsaons of
Knp, mines dramutically wilh n- for fg 1oere ane 8240, an? Bo Loy Lbewe zre
1250 e T2,

Bchodules for 26 | 1 teamy

TF A beagme schodube is cn e arcanaed foo #n-+ L uzaend, Lhen thece can Le eLjuos,
n pawnas oo ey o day, wili cne tewm ceeting, Zoch s aeiedule eovrazecTi
LN Hﬂt;" LELRHETTIT o g g amne £a 4 1 colours, a5 in [hoaeeto O 11 1he
mAseE wry o nbtaln =nthoa schrdnde 12 nze tre oes e weshod B conetuct a4
gchmn” dJee Do 2oe 4+ 2 e ol Loweee oowil A0l Lo pe unen juneolvigg, oo

Exsmplc B4
Suppoat wt wink & echoduls Moo e bopmor, Toae the schedube for ok teams
Zivon by the corcle cathed:

sl o S d

ceYd lvd duh

zrd ¥vd Lyl

aredl Ash vk

mva de]l Tl
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Marit =11 trr ppaees Iwvnivimg o, to st

e odvd
1v3 4w
. drd Av|
=5 1+1

1Tr] T=43.

Trin iv 9 Pt the schedr = imed in e years fr thr Five Wesione gy
dowprcwoiy ovclving Fogland, Fopowe, Todawd, Sakband ancd Wi, Tor ex-
amigles o b Tl wear ol A-ab cderonpenwbop D190 Hlae ey amac

= Enzland, = Framee 3 = Sectand, © = Wolen, b = Treland
Lot U oeg 2000 Lheer Guge g puirpendiiy Sooceps chie Sy Batpns chaspponship wi:
=omocwclnane ol '|I.-|.'|:.r. The nbedabe ] wems Liat bt ned fddmes foar sir beerns

wizh the firer roan! v v 1, 20 54 v 3 ann with sho parnog -mwalddng oo Toing
Avedn silitald: Ticane Awd swey Oeienc s oo, This gz e

wr a1 ByD gD
Ivoo dv1l Gv
“Aver Awl 1o
owwd Bed gl
Lo Lwi Hwld

el by o= Tlale, I = Fodlan ¥ = YWales, 4 = Dveoowed 3 = Boglam], 35—
Frunrse In tlt Fron Madion s i:'.'l."ﬂ'l'ip!-‘!ll'.'.'l'lp tTie el lie ::'|1.-"!I'l'||."u'.ii!.:|l|:' rorn el
T Loy lor sl Fooale Toeons amel awsy, wanes This iz oo, pueailide Bo o,
Pueht Bnrrber oF beRima [aoe Toegreae w0} 1T the pharee, carh cean had o
Proak® o the altemmating oT wacues.

DL TG, wpr, W havt thy ;l'uilf.'l?l.n;z thsgporoo.

Theuswm 4.2

(i] Iatzilm > 1 taere frists an A Tangouacnt oF Ehe lf?:l — =1 delzmest
submete of {1, ..., ¥} ko 35— 1 clogzed, naeh el aea constsskng of 7 disori
pRAE.

yii] Far oll 7 = 1, shore eeats oo covangeeoone of che (P97 = at3n + L) 3-
e.amerd qubeese of {1, 0 2o — 1) fowo a4 1 clasees, each comelsbing of
7 di oimt paird, with cech ecmont =ring atecat fram 1ae poity inoexastly
waeni alinss.

I'zexe v 2 npzural geoealsazion o4 [11 Can the [H;'r — Ln[%n — 133 — 4
Fclernent aubaced [sedples) of [1,...,3n] be dranged into 3030 13m0

vlasma vach vomsliog of e cispaol Lrogles? Toas i 1= 2 is Loivoad, siooe
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evFry friple can b paired odth Ha compleasst. The rase no = 3 was sleed -
aplveale . Heww b2 su elew ol s ubion,

Example 8.5

T prs Ui 84 Sclernont suosets of {1,... .9} hito 28 yooups of Liree trizles
am e that -he Lples = oeeh groos e aparbiteennd {10 40

Sulutian

Tinrqidar -hr F.ll'le:ru.ﬁ'nE AT A1 AT RPET

123 27 Thd ME L3S WE R
458 136 T 426 430 401 458
Tid AR IkH TR YEM Tho TR

i e~ roray e gee lowr sreage of WLottipoes, cre bhe Trss, Bhe on tingns,
ehie forwmars emclng “boppnaks” and bhe backward losding diagonole The fiee
MRy ELVES

125, <96, "Ed {ri.mi)

147, 294, 364  f{eculumna)
162, 297, ¥4 (hoeweard Jiapnals)
L3, 249 407 (hsrckward diagoma k).

Shnil: Ay =e chrain fonr partitions of 41,... 9] ko each of the pshar
artkys, Alizpe bz we chlan 28 goups of Lees blpbes, cooieinimg belwest
oo | the 84 o-clemoemk aikacts.

I'here iv & remarkabde treaem dae -o Barorgad [:I ST} wich e whake aditler
priof, A prool can he fenpcl v '1e)

Trankem 4.4

Th~ act of ol [T;] & ormont suhsctz of {1, ., ,ni ¢ca b partitionod ins

l.‘.u:.l' - Iﬂl'l'] cleskes, eaci, Jue wusistiag ol nodisfic . E=cleceol 2L sex,

5.2 Bipartite Tournaments and 1-Factorisations
of K .

Ewaniple H&

Twear eehonba, Alphe Acecrmy snd Bria High Sohwen. areadiae & tensls watch
in which eech sobicl v poprovseniod by 4 plavcs. Bad dapec s Lo play wach



3 Schedules erd 1- Fackoriselione 41

Zlaper -he= rppeeing term ancs, and the garmes 28 b be: Aran gred m fonr
moumds, veeriue plaving o cach roysd. Acrange o ecosduls.

rlutinn

Zan e pdavers of Alpha Acadazr be A, - A and oee of Bota Digh 3cho)
]'I' H!.-.. |'El'

Homd 1 4, v By Agw Mg Axw Mg, Apw Ty
Mowmd 4, v By Aov By Ay vty Ay v 5
Fowad 3 &, v By Agv By Ay v 5y, 4y« Ty
Hommd ¢ Apv My Asv Iy Aav i Ay i

hote chat Lhig schedule can 7 -rpeeaented by g lasin aquare M m chz Wh
clumes of M st the subcerpte of she dpposents of 2y in ocdeT

[1 2 3 1
g a il
M=
g4 1 1
RN
Crmversely, Aty Catta eguarr 2T L, d cea b Cnterineted asoa srhedale for

a bipas ile bowroao eat, iy rewsssing bis poocesse Flop pipaie Lo ouepenss
(i boaLrtudr chta hetweet 1w woams 0 whoch sl playes of coe Teeen o sy
avacy plaves of the cihar -zam} are equivaler: bo Iazlo squeccs,

Meke & un thas the saler=ias oo I‘.r.ﬂ.mpln R.6 ram ke r3-gxaTsered in terms of @
C-ledpcisal ca ol e grazll Kaoo In Figuee 2.2, tle cdgee of Ky ¢ ame codosred
uving, Mt & e, enmrepone g Lo c-he ranrnlaic arhieh Bie grones {reprsserood
by wdige ) ars plaved, Thus . 1-"actordeation uf fo -tk rqudvaden, to s hipartio

trmiraar enk for tome brame of sire n.

Figuie £.2



13 o ] ] __ [nzcreie Matwmets:

Sinck thes 9 4 tn gpuare af crder = - all 2 > 10 o b the i’ omiae
el

Theosm .k
Fozall o= Ko o 33w 1fastarsstion.

Thee 5 wootlor way of opremesing a biparibe soormamesd o L i sopsooe.
Foedane + i Lt coprem o = {mg 1 by

T, =&K& piave 5y o round £,

Er—the se-erdy mn Lxarrmle » B we ab-icn

"1 2 3 d 'i
4 1 v 4
= .
i 4 1 32|
A4 o1
The somare M cx orenjngate ko the squane W0, £t omy, — IR BTy

coniag e o0 AT are cotaiued simikcly b opermiog £ £ Rale bt tlo
tranasise MT 07 AF s vorr ke ol r"r‘: =rdrm: =k

Another l-faclorisalion af K,

Tl evistyaes o] a4 1-Gw 'y opsalde. ol .R'.,I_l eogbdis we w0 g acyloer persd
mri=ad of coms-urilog a 3-Metadrathon of K, difeent 2o oo one ark-feg
Leoww dhe Z3bede pcllooes, We'e e ioe DL Ly tewaa o o keagur selied wle

Coven eriosramy, bl A%un T, . S0t e o3 W can thea sooctracs o
Lzl 2o Loz ameeen . wiowle, g moooweezs, i ko co sy ol mich every o, Ligs
CWETF ¥ oben. Woithoot loss of georrally, we con aaqune shat, for onch 4,2,
[Hr ¥ 1, 0 the fiesk vonc-

W Low e ddeT lwo gases.

(3] M @ ia cwven, we can 4aen poar R lengoe of &0 L ronnda involring the ogin
pekat W wily a hagu Joor Jviegy b we, This will wive 5 — 7 Dolher cumoos.
thos ro—ipkesing <ha reon ol taarnarosnr. EereJF an exampos with n=1.

Exampu 3.7

Wiy Febm DAYV SV
dpVgr o Aabkpy kv Satoe
SIYEE IzWi TaTi TSYET
1ML T3t IgF L STy
L1 Wilr TIyWae Y4 T e
:1'.1 F T3 Tak T E_l'l Ly s :fa v ah

Tl %oy LaVTn Wi vaoa Vi



d. Sehedules and L-Fattonizat ong

L

(u} 0w s oeld, 1006 Sden doee ol ewck, the Bipatie oo omoen. ee ool
be wxbarded to a full 2chuduly Anie the punes insobring <he odd ourc-oe
N T TEIE % Mithe- neuRds 1ie- e can adz -t the wea Imbrodnone 4=
now SCAME M., 0y, afld iane Sho oorele conetr sefton Sooabtain o0 ced ) es

Sy Sp Ch{oog,r), .. A pand feny ..

. Lumy cegperavely, mowhibcl cog

plve o, and o, plare ¢, in round 1. For the b round of e requlrac
seordnley Lokor Hlee ath il raanes Gl S wow] S0 sl replaes the pames
o= Ty md a0y e e by che oo gome xow g, The resndting v roonde, glong
witq all tint Lhe frsk o] oF tha h'F..a;rt".e ot AR, Ei'l.'e =k 're-quirnrl

ecilul:.

Example 2B

Yo comaenok oo whedode e = & Hiree 55 00

oan”

L

1 S O

e T iy, I

m I:i|_|.;|r|:.i1'.r' {raram-nil -5

I YL
o F Ly
] F B

Toon fiersi el lu ix

T ¥ o,
T2 ¥ AL
EE e
W ¥ W

bl i o R

1V R
Lal
2 Y K1,

Lu¥ ¥y,
Y I T
wy ¥ oEy,
Wil Y Bk

Vi

Xu

i VR
T VL

Ty 7.

TR
FalC ]
w1 Yy
Cok B |
1V L

.4 ‘Tonrnarmetds oo Orlhogonal Latin
Squares

Cour balaoge
Sllppdee now that e o teinns crakeh of Expecale & B, Saur eoores wee nvaileb o
of diffesing guality, =od i e mypwstes thas e petas wondd by sorap el o
shad ot only Aces every A, plar wrery Ty ones, Tk #acn plaver ples Sner
ol ol

e way 0 galve trin problom i 1o talx ko Jimn af twe MR af arder 4,

de



ME Drigcrets Methematis

Il 23 3 44
HO1x 42 M

5241 1a 32

J3F M 3 1g o

Trke the tows A3 eocresparnding ba o sovada. and (e calumma as coerespocd-
L au L eourle, The Latio propecly ensuevs Ut each plaver plape ooz o
each roumd ans coefF oo esch conut crthogonslity saared et A¥ely A pho
avely M, omee. Soowd obtae che adutob given in Caoe 81

Tahix 5.1
tvem=t 1 Senr Y Dan-t 3 Elanrt 4

“Hound 1 | Ay vl Apedk A vl Ay v Hy
Rowwd 2 | A wilfi Ay v fk AyvB2e Ay B
Bemnd O | Asvlfy Agvihy Ayl Airv il

Howanld | 4wy dgw iy A vl 4, v

hikead dAnihlea

4 nci-hier coAF of rnrl]'u'l-E_r'-lLi] lal.:- SI[CANEE B 15 remstneedoem al reever doweie
EOUTNANM TR, Suppoe? toal Alphe Acaderty and e Bigh Soon o el
Lol woooeer] ehy al:feg: wach selool poscickess loo: beags o) oo peels, und cid.
plawnT is wa pley in Soor game, —arkoering avch peesen F 1ie appe e e
Wy, AL LEpokiing e Zaavey of she ol e cpes, Tho 16 gamee bawe L
ke aremneed in fmar -eads cach of four parnes cpch player Bedna g ved in
ome game It cach roand.

Lt Lx depese Alphd's bews b L), 0 2y BB Lbecs's birpd by Bq, -, b
elzdarly wne derm e Altha plrle oy &y ... G 2] 2EE Y B e .. L 0. Tom
alew the MIOLY A, My, Mz 1t Kusaupls 7Y

We iaverormt M. 05 giviog shr partmers of the Mzha boves U toe 040
antey i5 & toen B part—exa Oy ophen pontog Bgainet b, SGeoolarly Yo poes
Lee pactners of the Boeed nove I dhe O, 1tk antry of Ay 0 f Then by pathom
ol plaving cpatnal B Zoias My e ace lalie syuanss, s osepe. b I
Jimrk-1eKa 5z . Sance The 3gie 4 fre mebhogonal, v 60 oo sneker gl
usy lhas waice,

F it abtained the paroas of the remqin:msd achesdule, iF o "smadn A ko amar g
veem 030 3w counde. Thlz ke achieved by using Ady: IF the (4, i1t sk of 3
&, e Lhe gope caoleing L, awd 3, dnooound k. Sugepeozz cale ceslled 2gid
7 pdRying (o paros Inoround kB TLaen s wouls moer two swmca B, v B,
aus B0 ¥ aemy, inotound & ul tocw ehe (ros500 and by, = hn rrbyics of
oro boh i and ihe {r, aps and (e, 2ith ectocn of M an teth 2, contradicticg
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cebhngcnalily of 40 acd @fg. Gaeoarly 1hee orbeegonalily of e eod A5 pr=venls
any il o plaving twice [ cne roumd,

Lhae, Jor cxcaziphe, sinee the [0 2} encebes of A8y eond 8 aee 4 amed 2 o of
te zumes <Al ke 8.5y v Baay, Sence A7 nus 3 o the (3, 2) poeilian, we RAFign
Lhie waweei L. coenpad 20 B dyjs way o wbdaien the Lollogiong scoeglole:

Foud 0 BiGh vl Balovien Dalfevumse Bulav i
Fawnd 2 BGavieg Beliviyg Bl veam Bulliving
Fouadd Byl wlygy HpFgwliy Balfyvocgy By vy
Toundd Bithavlog Jah v legn Batlrvmp Bt v ing

Exerciges

Frercioe 1

TTee thr. c.m6le mechad oo conasret & Irogoe acnnde e for L ccome:. Crrduie
A leiegue webiolinas for B Lewous.

Ewpreine 5.2

TTew Lo wpethuss, of Txmople 8.5 Lo covisloucl o Jeswwue 2obedale Bao 10

SHATIA.

Exercrse 2.5
Supposy chat 1o firet r roondz of & biparlite tourwar e betwen tom

—uamd ol Avee o Mave een conskonebee 1™ < n} Can -heme r o+ alemys
Trewmanded o a finll hipaotie Torneenrme”

Exetitar & 4

Flud a1 fgesr, I ose exlss, B () she SCe0dom grapn. Chy the cuboane
proaph e e 340, ) b wripals ol an wotabes oo, cob Lhee graph ol &
radar..

Exeritie 5.5

L'z biticn dhez erpez 20 4w s b o an octabedson wbo e digjoina ari-
toaiat cyclen Deocuce what <he prapk hea o 1 Jackorication,



14E

Dizcrats Mathemalic

Exscise B.6

Whi-h of rles o abnired, griaphs et s -5 al o 7

Lewrise 8.7

‘oove thazx ary har - ltr1man Er.rl.]'uh in whirli each weiey ras |'|r-.;l;r-_'|-. Jhw
a1 fwrterearlns.

Bxorcize 3.5

ul Lty BExaopl: 8.0 Sr L af 3 plicesa.
] T b & Fehesiuls it wli boaacT sl egee o oo o ceal s

Everrins 5 0

b Conetroct 3 mixsd doctles towrpamoit beeweco Gacncna Cracono
ool al Do sl L Do prebens. s, wille & bwoes ad §oplcke
carh AT,

b od e theas e boosue e aealable, Uocsiswci o seode e e which
zach plaomr plays acily coce oz cath ot

Fuereima 5. 10

T oA Tespgune =elodinle Jne 20 teung e o2 desdiers ' (had, revh 1sun el

elean . ale boue and aveae Zxtnse 25 wnch as peasible. 4 gepeli i of

benwe (or avway! fxbures Lo wo congoodblve pncs 9 called wobroak

Ein enenpee i Bampele B2 g G plave ST A834T ol oo aas g

buaks,

(/] e thab any 3eoedi’e kw20 -caznd o bave &l meaah e [eace
with 1 Dovaks, s deedogi tial Lmes omes b al lezel 200 — 2 browaks
s tapether.

(b b bl 2 scheduly wilh exp Ly B — 2 boeade e Le congtroted
[:111 Figure K. wneo b heeme besenn ae those allecmale ¥ oar I, Tt
cnde of cherda, and albemcs: o bhonm ond s Shoouzhiout,)

Exarcize 811

Supsosna leopoe erhedule ae bean ronaceotod Sov Bnoceand. TIRT o0 M
L ol per Dezw pcammeal blpme 1oat o305 poes 2o Lo atigfo vomn e o
thal, in cach roumd, predecdy ooe of she Twe sCms of ecch fitss recar
ECTe 13 ab hvwina,
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Intraduction to Designs

- el e

W mercduwes the les o7 2 Tadane: < mooemeeleee Blodks Seim, ead ook at somme
speriel fammibes of aoch rlea.mr, raoe’y Gnile jmgestive pleces, atfine Slanes,
Oomer L= svelaon sl Fadaanzid desigas Tle wiooesGos, Daggesan Jiceda
poojoetive plansa cod oo lebe set: of YOS 33 cataoliated. We roan daacribe
Lhe uscbuloess of adilleauoce syalencs o Ui consaome iz of Jesiges, Fioglly we
e a ol inkraducii-nn Lanee il he e Tecomd emer- ot poooles,

1.1 Balanced Incomplete Block THesipns

Example 9.1

Gevem pedlers are Ianend @ wrek s hdickay At a sendude tesre whie b e ars e
qalznednl gt vniwinee, Thes devads aen wicde eionubl pbee & ool o gall on
narh rf <h: wven dips, Lhey wse deeizo shst oo veen dey chey shondd aplt
iCte lwo prowge, e of sime 3 Lo pday coocee cous:, and Ui atleer of sige 4
e ployr on b attee? roarars, T Kbe genns be ateesped an Thalo sech - nf
pildars playve degether oa ooz oF 3 Pl wanss ww bee o Lanss, &aia] iseh e
pofFs topesher an 3 pronp of £ the seme nomaber of timeat

T

Home v cwe amalie o, Wl e o B wicd Do s s lemsnns T e Tue camilyr chiechosd

142



15, Chizg cte Mlathens lit

the- o Tadr I-\-|.1_1.':1 'rrf;"'l":rr cmrE in ® greup cif = oamed 1wice i- A gronp - 4

Deel (5,24} {45.6,7]
Ty [W,350 LB 7,1
Ty 3 34,00 i57,0,2]
Ty 4 {4 Y5 (R A)
Jup 5|5 1- {7.2,3,4)
TRy i [A, T, [1.5.4 4]
Thap T 7,12 T4 5,6

What w2 hase denc o te muke w3 AfF che conipmeation krosm as the 3erer
posul plage, slwwen o Figooe 9010 Lo il, e age goven peoinls maonl sove;
lines, with vach o corteining thaeec oaloes. =nd erAd pros of Beeis beopsic
cxariy oue lime The growaps ol siee 4 are Che compleonente of tha Coan ol e
(8 1T e N B

Figuwee 9.0 Tlee mvenepoinl i:Jagz

Czample .2

The: fol | Zeriz g subscte of (1.0 . 6] have the peopory thal ¢od Sukbct has ?
comncade wud escl pait AF eleasen s ooouee o Lo ol b s sl s

[roman fomas, TLaa) {Léa R} 41,5 RY,
{2,580 (24,55 2 %60 {20 8} {3, 1.6)-

Phis =xa cle was wiven by L alabisbician F, Yabee 0 1932 10 o pageer wlee
dizes ase:] I man of hadmnre desipna fu e o al eocl e 0l mpraalenral eep-
am-nla, Mlesy axanaple ol eonl, desigo- Iiead Leen decaceas] Dy o aniddcis s
oy b nroripas hicndecd rrovs, beos B3 noper eryatalliaed che ades ard Trad
4 amee b wurs up Use sl L bolb statslicisne and matismurisians.

Dehiniticr 9.2

Al 5 A) desipn it oo rollzetior of & clotnenh anoacta Lalesd Bloeks) of 2
elepwemt se1 &) wehery kg o macs tEil wach paiv of eooweuts of & osow Lopzrlie
In exdebly A Blorks. Soch a design 12 alsg kbvowo 09 0 badateicd intorophs:
Lluck esipro fLALELLY ).



L Wieend g7 m Ll L=t 131

The arljactive *halanred” tefera ta the existenes of 3, amd “iocunpleiz" el
bz Ll o =cpuipeseml. 1l & < 3 ose Lhan oo Dlock containg al <he elemente), Wa
bavs mleersiy g o Fcmarcy'es of b aneesl des: g,

Cample 4.4

W Leagat sudwecygles, The wamek o 3 osne sochidale oo Inoceams forr o
o, 2 1) deslee W wch ram o b e twd e Tnn asmem, the sames
Joanee A i, 20 deign.

di) The aeaea roist placc (Forme 201 @ s (7,3, 1] dedgs
(1] The deshpn ol Bl 322 iz a (b, 3,20 Snipn,

J7] An eTne piome of order 5 Jegcribed £4 the ead of Saetion 7oL e a (0F a0
g

Th yetien “ar #n affee plaow of order o 2 900, 1) dern. Tt cooaets of 10
blorza of fize 3. suck trat every poir of alamente cocir tomashet cmce 15 o Mok,
ozl desmme with & — 3 and A — L wewe somong Loe best desigos bo be s uzied.

[F=fri=ion & 2

A e 3 a) denton e oralled 3 Skeinoey tpiple syefom of ooy v oacd is often
denozed e BTEG,

Seizes v syploom can e oy for arbain wdwes of o T pore this, we
fitsd cltain thee Bl peners” st

Theareir B2

Huo e Lhizlow e §a] desin s o O Biedes, T o cach el-npeol oiazons i poes
raly v Dlocks. whera

Vo—li=rk—1) aml  BE— e (9.11
Proscaf

Creoef 33 altnent £, god soppose L cdcusk o or blocha Lo waca wb Liose
- hlsels it mungs a3 pode with & L cthex clercentr: o albopsther thixe arc
AF - 1] aigs e W Dheke Juvwcsing, o0 Buk pois el wik]y ced 00 e =
ceh odemw na A L oA, A0 L s nbee ol pRive neniln g s alae M- 1. Go
Me—1v  rid—1] Lhis ghowro han v s lodepesindoal 20 Ve o of &, <duce
9 ouniquids detrmieed oo e omd A

Zooqargvs Loal ok = er . paoder Desd Uload e Blook D B ool s | wend o e &
Woras -vnla - &k eleoac 3 aufieeel Bee Joebaroe 2 eepel.dsinab. Bt mach @lesoens
codnsr Lunes ic Ue shmhke. porowe oust bave ofs = wr .



LT o ~_ Lhacrete Mathom s

Example 9.4

o an nne Slams nf ordee 5, i e a8 :_:rr.:E T, 1) ceags wehavs 1 I::rr:‘— I, = [w=Tir,

Err=m- Al =0 i =aln+ b= 4 ar 0 Sl YL

Examplke 9.5

Mo {17, B, 2 s con enlel, Floer It s et 2710 1] =die L = 1,
ad GE — 4d, whoch is cl=m ]y Lpogsibde.

Thearom 3.2

A FTE e kb ey 0o 57 o 3ogeed By

Prcaf

Fuappeae a (1,3, 1) Sralgh erinde The 1—1 = 2r atrl Ab = s s tmmow = #r—
twhic s pld] an! b= Jefe =) Lw=0ue 5 ilmn b= Fiem — Bhii—d) i

it AN EREST: % WR s, b s = 1or :_'|I:I'I'||'l.'] Fi).

Jote: shan + =7 and 9, drandy denn with, are of inde Eore,. Etolucr sestotng oo
&3 S becanme btainer _Cwciosed o o o 1HG3 pagesr, Laviow colie weooss
hob i & pomecnicd sobzing, Dut % Ead alecedy boon ahewss by Kirlomro o
1827 that non oty wed the comdibion v 5 1 o kmwed 0 nacassecy bul it was
ok IiFlelent, S STEL c¥nzH and cnly f v = 1 of S(mod &

Exaimu 9.4

The seén 12 6% {36}, .. {2 165,30, {20.10.1},... ,{13,1 4, and -Le
sebd {1,4,00,48.4,1d), .. (5,7 13), (65,1, (1{LE] form e ETSI).
Mg i Uk Blocks ace g Loowed e [1,2, 31 ane 1,3, 9} b acsdiog, 1 s01-
-I'I_H-Ii‘?"t'." tr roeh eloamiesil, amrl lulul'l:ll'll:i.IIE wreAr i 14 T imie dmiler b the F'.."I'ﬁ{'.’:.
ol Figws: P21 wrhi e i asbeizue gel Tene wlogingnie, Tk {122, 4 3o workiog, il
ube 7. Why this works w1 aeersluned m Sectiom B2

Porthor progicy ob desigzs e aesleted be she tepeosomtatlom of doglem: o
173k 0 .

Duefiniting 8.3

Trc imcidcoes mstrix o a (v, £, ) doglgn i the 2w e nakcix A = (3 dfing
br
L ke ath blnsk moieina the jih Aemsane,
Iy =

n ehe-wine.



¥ I adestion to D gna . . Ly:

Tom ercampilr, rhe inckdener roare @ of the sescenspeolon tlane of Fiouiee 201, wits
Wota 1,2 4], {205, ... . {7 L7}

1 1 0 1 7107
a1 1 71 a0n
a1 1 4 1N
oo 11001 |- ‘B2,
1 7 201 1 3
-1 1o 1 1
NR R B R VR I B

Tome fiesl new Las 1 ap posiliowa 1.3,4 siugy bz Lol bhedk & 01,7 <), Noalg
thal The Toves comeespear £ on Bhas Tidoochs ancd The colinmne coomesquice e Fhe
eleowewles, Mour oo Lol e aonlaia A degaeds oo Uk vede: 0 which Ll
Moska and (ac olsmenda ars tokon, Hoeewver, in tiona ouk thal the ioepoetant
veopertivy of A do ol deces, oo by paclicu.ar cedery dhose,

Thepem 4.2

U oA s vl wendeoce iat s 20 8 00 B8 deapu, Lhen

AT A = r— Nr 4 A KN

.

wheoe P AR TH AL, ant wherr 03 the 1w oo ratrix with eoers gty equal
0 -

Fraul

Tow (o, 90tk ortey of AT A ds 1o sealag prowdart of the SEh vow ef A¥ onZ the gsh
eclwme of 4 Lol e b and b oodwios of A Thos Uee D30 diageeal extoy
is the wali peodinck of she oh ol of A wlth haglf, amd 20 15 che cimoker
aof 1n o ovbe il eolwne By Lhis ix juss Use oo bec ol Lok oo e Lne
enli Aber-enk. wieh D3

I # 7, e sealaw prodduct of il oy baned Ao duoees & ust We oeonls; ol
ples in which bowh erlomnz hive 2 2 Ths k& rhe acaher of Bloeks coneeloing
LT L= arc sodd pLln elzgwec Ly, woueh i3 5 Sooadl Lizeowal eoucies of AT A me
& anl all ton-Zaognerad erodes B N,

AT Impoclan. cozpegquenes of Wi peeull v won feon Lok & (o, B A i
cemapk oanei— Fewer Boacks 1han elementis. TAis re-molr wex fiter odbair md 1'1“1'
ibo ssiztician Bea, Tasher o 1920,

Theorem 9.4
I amy (v, K, A) deslgn, &=

Proaof

Wi goeramrlx peocd, ot Themeeen 13 aned hag.o prospernios of atos mbe e
Ve ousely crmaliie Sterlal pecaof is coutlieed o Exercise 92101
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Tak 4 hre e in-idees naer € of Pl ﬁr::'iE_'n. T‘ha-l. l.""'._l'l'l.:I'IE; the = =ternginant
of 2 metizn M by A, wiz baew

oA Y LA r A A L
L | A—qv v ) g C
) r =1 r il r A g
LI . Yo a d v T A

v a1bimetine toe fost row fom cach of the oohey vowa We mow rdd o the
firsk columm dhe =i of Al Lhe okler columme Lo oltio

r+ -1 A A .- A

[y r—21 1] 1]
|_4T_,4 _ d Lk r—1 .. Lk
| I} 1] . |

= {r4{u— LA}r—a"

- Fk[" :"‘:'.l 1

goawne Ly (I, r+ie—1[d = 4wk =] =rk Spw b n oz by (1,55 A
anl oo r.".r..-ﬂ gk O Mo AV A 3 cw e roriv wind 8w rink ".'1'-'1"".".! TR
a1 3l ;.I:.'ir.-i:l s, wlene or dd ool of gowes ol Aj s ,r.l[,,,-iT.-ﬂ.: e
Tona 1 o A ex pecnired. -

Ewarmplz &.T

e Lol shew that o (22, 10 6 coglegn cam cadet IFib did, shen (901) woul: gise
Te— U ad DL =20x pde o vy = B oapc] b ALl Bal Ll gives DT o,

A |7, gy A clesten with & = ¢ 2 oolloi] n ey romeet b desigss Nole hal ifTh=«
it (ulbawes Noran, (010 Wi r = & aind

My y=kk- 1. HEY
Alstr, [0 pel o doe
ATa=(r XNF: M i,

A snaboele .o deaicn 36 ook ao Zaswed becawse ke imeeleqce wal i @ e paaceliic
- wmuadly 1L s ned! - bud ecauen a2 a aymmener botivern 3ome of Hee Arnrerties
of the blecks aps the elemetza. o a pemmenrle Zoelgn we have, dooe F =R,

eesery Ldoade owling B oeletn wly,
rarey Flarremt is 9 & Tlocsa



% Inzsoduckion b DesErs Lh3

T mlan fare
EPICT P Ul elesuents 8 o 3 ey
arnd e are WAW g g bnoeTtakdiah theat

wrery paie of blecks imteescl i 3 Sherowee,

Thes=am 1.5
7 d1e rha twidence marmix of 2 ayneseic Ceclgn chan 44T - 4T 4,

Mroof

gimer A5 = G5 omand S nF, S fdllows S r o= v AJ = Jel Troos
Acomenas wob F)owml e 4 oo omles e Ok — ) 4+ AT = AT 4 Toue
A = Al —0T+ A1 "= [E =0T+ AT P =k -+ AT = AT A

Comflary & &

Ir o spomeetcc fa,k, &) douan, eoery peoc 07 hoaces incereect e b rlemeks,

Mroct

Ite @ b eociy of AAY i3 che poodest of vae &h row of 4 and thr 53k
Tiyinm o ..-'l."'.I Lo Lo greamBun Lol b elb and gl ecmws of &) Dk 0vis i sl e
wumser 0f e limanss e wleh the shoaod Sthorowe =0l have 1, 1.0 the oambar
X elewents i beobly L 717 and frh blocke by Cheorem 805 chis nnmher s i
ohane ver 1w g,

Qo comosscoeryee ol L grnuz ey proge: G 09 Lhab it wie bece Uhee e o owce
rateiz A of foaytoreteis desizn ond insecrharze ost aed columns (22 obtoin
A7) he AT ik ko e okl st el wla syooczoarc s, cablod e dosd
Cesign. EoT EvAmTe, the FTATIS - H o the iocdenes —atr « of tha .-|-='.'1'|'-.1:|-]'u.'|lr|'
p.anz of Tiguee 9 1 36

100 el 0l
1100 0E 10D
r1106a0:
101160600
D101 10
6 0 1L 01 10
Dooooo D

whith (3 12 Locizcwoe mogbris of Fhe seven-pre il plane »-h blocks {15, 7).
(L23), [Ea 7 (58 1, [A 45, {55 6], L6 7). [XNoe however Lhs, the
tabelliog 1 = T2 —= 0 .0 7 — Licveals that (hie socopd pla-e isin bect toe
rl2inai nae Lo disguiact
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Clomaplementary designs

Given @ (v, &, AY draizn D, we 2an chtain anctoor desizn 2 freen ikin which e
hotrs 213 thee con. slerncnks of the blocks of & 17 i calke” Lo compbemnenbary
deaign of 11, [ Examgle 9.1, the blcels of sz 4 form anck = dezign which ia

aonrypoean by Lo Ll gew e poled, pliowe,

Thegrem 9.7
Ll £3 b = (v, &, A eesien on st 5, wish blocks Dy, My, Then e e
B =872 foon e fooe — kY lmige whoem N =00 3 0 A poovided o2 0,

Prank

Sines Bo| = k for 2ach {, It iz cles- that & = v — & S oagh i P b 1o
show that every pair ot clerrents of & Le io exartly A' of 1be blwks ;. Kow T
oo, e roe © 5 poeciady wle neither = noc y beleng: 1o M, 3o o
thre e varin-er herm poocanbe, the iombee -7 hbecks Fl; comtainio e eiths -
nar y le

S= vt e Tk wae Laiiing, £y = -, 0f blocks covaining 40
— e of Blacka erdaining B roand gy
=k—dr— A
Exomple 9.4

Th o deog atary Jesigo to L suvaepeded plane is w {7,4,2] aign zies
Meb=Ur+d=I-fi+1= /. The Mok of this de<igr ar= the g7 ox of aice
1 ip Byaanp] i1,

Theorem 0.8
Pl coonpeleeeml of g 5 vaiuet iz desg Do slay avowoele
Pruaf

It & is symmoesric, b < @, amd »o £F also has B — v boocks.

9.2 Hesolvahle Designa

Example 9.9 [ The Kirkman scheelgirks problem)

Lo ZBIA, Kirhoan scsed Erve folloprine problern:; “Litbeon voumgg Jadies o a : kool
walk ot shreo abreast or ceson dusy mosrescesicn: il I meguined w0 arcsige
t-ra drily, an that no vw- she| ek teace abmeasst,



3, bnzrzduAien to Dedigns 15

HWanc: an errangaacnl ewishs the teiplos of girls will faen oz 5TSOLL0 Acvord-
ing to the prol of Theorer: 0.3, ary soch dusign lae & — 415,34 — 35 blowks;
ihe problern & -re oo e e kel wks it sPrem FTATORA of 5 hl:vks, she Blrads
m Each g formlng a paorilem ot the 27t 0 15 aeodc!rla. This romnserohi
m gl Lo that S tlwe gaomes iuoa lesgae scredule for & beaeme, where Lo
TATeE IT3iTR) are arreages insh 2 — 1 groupr of n o Jamee, the peita o each
FLONT “CTTUTIE A, prcttiom of Fhe - of foeama

Definiticn &4

AT ke, A desdgn v g oy, b oar vepclvble ol blod s viog e covangen] oo -
e A A0 1At tach gennp fences 3 Zortitdny of T Toe grols e the adlsd
tle rasoludion of wexallel classes.

(w24 why Ghent hase toobe roarsupe: cach cloment ooesrd ino = blocks and
e de veur jo presdsdy oo Lol of cach growp. Bole Loo Lial s owshadelz
dra.zn cen o anly exist when &]: 0

Hore, for macesle, 15 o pohadoe 10 the Rivemae achoclgick poobian, 16 chia
el alde (15, 3. .I.:l deagn Lo Lloeche e peoecetl ool sews a goongs ol 5 blolg,
e e pEnThienlng 1,0 1A} Boacl e geinifin b aetae ot

1,813 2400 v 0P 469 Bl 1A L4
2,913 As5dt 41,11 4,710 12 14,6
ANLLE 46517 5 4014 7111 mlr',l_'
£1L35 57,13 AR Lad12 14,910
12,15 B0 44 7,40 27111 51G,11L
#1515 T&F  L5I0 %414 4,112

|
TA4L16 1,45 P00 435H 101713
Atline planex

Alinee plasaea waae conameien] o Seckien T, Saelingg sl o ooenplete s of
MUOLE nf ardes o, w2 ondtm ctesl an &Fme pde-e m-h % peeats and 8 4+ 5
Lhes Ve alro aaw |hes she licer could he mrouped boco s + 1 groups o a
peoi led lines D0 ovaer wore s, Ehe affine clanc 52 obtained oras resolvable. Wwe
woe <o TTind @Bl (=7, e ) desiemoe, o ag e o Lhey ace clsained, mea be
resalvable.

Theorem 9.%
Lorery Il'u=I f, 1 ceaign is ceache cle -
F ool

Feorm (9.0}, v heva r — n — 1 and & — n® 4+ . We dear show thos, givom
ey black B =16 ... b, B g9 elomest =& B taoke I 4 unigue bk
omutainic 2 7 which doss not sotarssct B (Crrspors thlz eAth the Fodomsng:
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g a lite ¢ and 2 poéml P qat o S thers 35w igue ne pimongh 2 oakick
does amat queel F (e, wrbi s b pearadlel o PR

ur sk By £ B, Crae afoonisur hlork &, roatrering bosh b and = Cloady
B, # E; wheodyer § 7 4, for ooberwion o sud oy would e coeacoed Lo Lot B
rod I, comtradieang she faes that b = 1 Sa we ot o blacks B ramlaicng r
eu] Jotemuer i M B L ellogm her here e v =0 4] Dlocss cowlaioioe oo
Lhere tert b exactly uoe blods contuiniog 2 an digjidint from I,

Blewr war ok hial 765 eul O aee e L hlocks didjueal Do B jbau 0
ol 3y oo not Inceraest. For agppoae o0 £ 109 then & would be iv rroe
Lhne vne Clowch wlleh is diginics Dow 2, coolrare 1o wlol we liacet jual provel

e eocsder troa? = chesens pot im JT For cach sieh 2, thers i oo
bl_ch connainiog x wel e vl Leggy B Sl waeds Jocs bees gdare e we Cigrsjiase
biere % =n — 1 hloeka digjodn. frorn & endd dEodoe fron onr eaclker And
rhs b e & cesabaliem slsy w oL M Socach Wk is comrained i s peamutin
clace of & buocks, 2nd 60 wne design ¥ resulvabug, tvo Blocks beig In the saow:
Vase il zad oudy if Lhey e dispoins.,

We oan noew e sl L Toogen ool o 1flee sranca oo MOTS

Theaaram &, 10

A athwe plawe of orcer @ exists s a complete 571 of = = 1 RO LG ol wader %
caiaca,

F o

The proal ol &= wha given o Jecdam YA an we uoew cos ke Ehe: “frae—e -l
calian Suppure toiat 4 rnfn, D) delen exlats, I 8 oecawssily reeclesln, ans
it rax v — 74 | oevaliliem o oasses Sele b aoch rlammaa A I:'.'TLI .f'l']
apd 0y, - oL St el peins of b plao lies ocxaect]y one By gad ux
£, wr ran e it oadope “roewdinesen [ )

Thiroe recniain vt — 1 cina raohation rhce, and we sondgtroet o latin sgroe:
inr eaes. Tor therracintion da= - P, .0 R :

by N

':-, refine - mwmmeorir £ :i_'"-;

E.. = & where b prant [ ¥ e, Ky

Fizac wa cbeck 1nat B ois e lalo gyiwen e —er wich 7 78 thm 1, 50 anl
i, ,.f': Vgin Mg bk alanm 0 enT et ok Y1 Saneeram of I les L e lel
& ookl Lad & Sitnilal sl ot upplies o coluius,

Fmelly we chags that 2 {F, - L} 15 apotzer rasahation :Jass then & ane
F ore velogondl. 52 supooen e, = orr(= B ad 5 = fro(= €. Then (4.4
anwl [0, A1 Db L2 oo g sod 2oeo 0 P anaie condsasdic o A =1,

o s ohtam 7 1 msudlly arvior-oel Iesio aguarcs o coaquined.
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E=airagls O Ch
Tak= e abb o plee conetimciaal Lo Exaonpde TLE Tabee

=433}, E.={146}, S.={%n30}
iy — LA T L =1%,5%,  Oy={3,0,0h
Lo (L35, Fa={149], £ ={3.57].
£y -8, %.0) R Rl o A Fr = {3.4,5}.

Taen, or excowple, choporzt §1, 3ie (L2122 RNER S Lt B, =
Lidmeds Ha e —Feim2 05 8, eqx — L 1o abis wayp o aldain

1 2 1 1 2 3
B | M oH 1 and [ I B I
T 3

%01 2

9.3 Finite Prajective TManes

In gzareting for wyromefxie derlens Lk 18 nate=:l for Inck feg ruch desbios wilt
L—1 T Seurb a0 il '_:'I.rmn it cime g ch dE‘”F“ In [;:'nﬂ'?f il wa Tamue A dmﬁﬁr
witn ka4 land ) — D lhey du— 1 - btk —Thgives v =1 — o7 471, 30 Lial
the deign isa [WE4+m+1n+ 1 1 drdps imeraely, eny G o — L+ 1 L
dreanmud Ty |l hwent e =yesnd bR =m0 45 4+ D pe Lnat
¥—mt e~ doand b —w® 4o L -1 g0 he desigs ¢ us e sy et

Dehnition 8.5

Loz p > Bz Snite prejective plaue (¥ of ords ris st +a4l.n-L, 11
drgs g1,

L'ane o e PEY chare aee ogqosl nombere o Blocke and eleiwen ls, Lhsye piimic the
Ty e '|'.|I'I-ir|"= af Froamri=y' nIqy foea blor ke :l11'|1-":| iTorraraet im oo adewere,
fpemel], sl ey Leeoopaod ils Tie o g gecicige Jins Tlee sempan-punn ) plecon iy oa
TT'T of nedoy .

Ewanppa 811 _

e hbocks  J1 WA IR 4L 5T {54, F 10 45T 18] {3,681 .,
A8 1L L2 L TY R, LE, 14, 1,5.9) ara e Imes of o FPP of
ot 1 ie the hlncks foemoa 1301 1) dedugn, Muole the cyelc matwe of L
desdiez. fmoule W51 Wois iow Jooon thuc guch & celie FTT of erder poexdets
G all privwed p fmochelo 3# 4+ 5 4 1)

W e shoo L fundarealy, cocoeorion boresen poojzetive srd afine pleoes.
An ar-idd dnes et deaw paril A ©oes axparalle | the -wo sides of 2 vaad cor serps
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Es the roarl Jiaapreara lonn e d arante, The artlal iz using preoje ve g ety
L CwpTeoeul woclizdean e weocetyy, S0 Yol ua bolow Wls doca, aod, [ mal,
ol the it L rooclotion «.anars of an oohne Plece of onder n, add o “pww il at
iloite® Lol Mok of UCal Jass. Thus, ke w2 << a4 30 e 2dd womex
pritim Ay w0 eRch block a2 the b rlesa. The Slovsn now b alee o+ 1, b
Ek st e =1 poircs, a il ghw ubl be cl2a ha e poopete ol =iy Lec paooss
l¥ing on & 22ique Jne L preservod, execpt that thers i oo e concrasing ey
Lol Ll “ew POl o0, 30 0 we mfioduce ons cewe lice Jon, oo ey, )
we beve n (R w1 L L LD dedem. i o FPE of aeder = 'Phe e the

incrediee- ok somiet ey culled the Bme sk iofiaiky

Exampla & 1%

Take: th= Effine place o oodder 3 sl o0 Focrncde 9000 w00l mcroduee toor
“oumbe al lafinite”, wiich we Jdeocte by 10,115, 12, 13, We obtun o FPP ol

v-der 3 =ith the I aming lines

(1.4, M0 {45 67U {78 W

(L4701 12,2.8.21) [3.6,9,11]
168,19 {Fsmnyy (35719
[1,%,7,13- {2,670 [543,12
10,11 12,13

We ~ave thns rszslinhed ore b [ ol che ddlneging teogem,

Theeren 411

‘Lhere =xists a M1']' o ouder & <4 chete eadats B aZioe plane ol ey,

Frool

Wi haver dralt wach +— abee Maonowe sippese: chzre exiats o 1 of ocde 1,
Toke oy Foe £ = [, ... ot} of the plase, (A% are going to tocat itrea T
w wers le Une ab infnily 1 Sance f imeasects eveny oler Loce in apoactly oo
poiot earhoothor Coe conbrlos excarisy one of the ry. S bf e Lhitos osay £ amid
e ety piass wherever Jliey ooews, we end op n b0 40 Dows s w i
ta poec b Ay b i e inoesae by e D, omely e cenman- od t-e e
of the FPF +m whick -har luy. o we avs an sfine prano of order &, In <hid
far ear- I -h~ reminamis of che Tin-s of 192 TTT Coalvee v oy FontT a wesme alion,

T

Cambirng Tarnrems T 10 and D11 togechar we obdaw the Ellowimg cemarie
ey naenle.

Theorem .12

TLu Followicy s o ls wre cagquisaliat.



9. Wiiroducten 1 4 Deagns ] ] 46l

(1] Toere cxiels @ comgpel=te el ol R — L BACILS o Lrist n.

(@) Tacce cdewe s cfiot plane of ordet m.

) 'L'aeve exists a Hol e zrojec e plecae of o-dor =

T vl oF Thearrm 7.2 and 190 note falaw.ne FPPs of privee powrr onder
Faug~ s cagjertored L-at of o s ok g poimae powsy th-n na FT 7 nl oarder r
axdsle, This has Leen cordrcod for w — § and 10, but oo case t — 12 b2 will
i‘lFTI.

0.4 Hadamard Matrices and Designs

o bepin Lifs secloo Ly ielrodm jog o Feaile ol smecciens all ol wosmsas morioy
are =L Frove Theas roakelres an lnparonnt Samdly of Sesimns w00 S alilaisol,

Two wex 205 Wil be called oxdbogoaal 6 thes scalar prodoer s L Fo e
LMp.C, AL TR PR pestolt i ht metbiy

1 1 1 1 . -
-1 1 = R
__ 1 1 1 I:g._ll
-1 =1 |
ora :l"l:'l'u'ugml: A Coe Gy bman rolimna
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=fant VA = a7 Sollows from theather, Mote <o that (PP T is pres_eely
e propme by Usal oy owes vowe ol N e octbogone” anel Afoalarly 8YH — af
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amnd, fom ear- o 2 1, nefine TT L incoernerl b
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Treaw 1 1= astralghtforwerd to check 12a1 Sy s a HeComoeed moanls of nrdes
U crmsider e sradae prcclue . ob 8y lwo ot 23 Tows, e Dor =xbao e, L.
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T Brcooller viahees of 0 odoes o Hadaiesd vatsie of under 11 enixd”

e zhall 3lww tbhat 1f - > & chea 5 S to oo someclsipse of 0 Belosa pravlas
1-is, it is =elph! Lo neeke 4 at if we 1ace e Heapmerd mptdew a0 we |_u'1ll,,j;|J_.. ey
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of chee 123 &l colwnues ie paege v, S0 we chu el wayve avrwadine a Wade naed
AT, e adic ovey ecdoyic <l firat row vwd the 203 molumn ecual ko 1L

Theorem .13

I Lheors e -4 a0 Alarleuagd welei & of rdur g 2> 50 baa n st ba o oulzipls
ot 4.
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“hs first hawe +15 oogether m exactly o poaces
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Hadamard desipns L '
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Thesram 3 15
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AJ1ALE .
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A In ohich sy row aad avery o olgmn har Ssaga o e 119,

Ve uespunt A an e oocidepes swalix of & (oecesseily asnozasens] cisigo.
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ane] racl ele e Lied o P — 1 blocks loocide” pow any wo shancols. s
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Lo a 42,4, ¢ reagieeaaddy
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,"'ﬁ"«"Eu A Madamard drs:rl;n._ L'-tl-u'..u'e w1 1T s ircdene e oy h:- =1 s ads
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deslgn raive
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ilerd b Bk ea @ Sar e Lemg oo,

s
=T s
- N
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~urs Swedbioclv, Lhe bleck - 10E b 009 ) was wewis i Dikanagle 9.4 1o wldaan
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=1, =2 =i T EA R e L2yl 5, 2 all ke mon-
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vach cozvirmng e, Mo Leak che st et v o acdeagr, ekl oy =1, owdd
Bl recom ] cooed s L oa s with A - 4,

Definiticn 9.8

fi) Leb 2. dapols lie lubeeeers jumed o 0o & Seoanend sotael M (a0 o)
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Leansdate ol 21

T:uahz sevan-polo: poape of Exarpla9.: sondets of toa oaoelatea o {2, 2,4

Tzisic aapccial rasz ot the o oming gemece | Tesvin



1h& Lozcrote Mathzmatic

Theare-n 9,17

H iV = {afy,. oy} s awpelic |k d) clifferenn e amt shen Fhe teeoislarce
ra e o= Loare he D ke JJ s gyaeton e kA crim
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wami- rrandace &4 = ifqod rr|1.'|3' iF-. 14 -J.;._u a+a: - smime 1 £ e
w—n—uu—a=d, e (r—a,n—a] s ooe ol e b cales (o, e ) sach thac
i, =, =r -
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[y 402 7, 18,20 J0f 1= & {31, 4 1) dilleceoce st Jegaling o FL'F of imdeer 5
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Ceed The wel 44,07, 8, 10, 11}, which (8 L oo olewcewl o Choe Jlillzg v e s,
of (i, 15 ilaef A (116 X) “itference mel, Loa wabdesra of woich ame the
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Thy o ulswedlvmweti: Zaels cecoilal B bhe ool can be Bead 20 e ape
pradie.
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Ter p = o — 0 be primz. Then 108 nor-zemnr aqusrsk in Zp formon
o, 5:}"' b, }ll_r_:-—.‘:ﬂ:l diFmanra mat.
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S {—m]* = 0%l apunre arises tedne, ws shomn i be apoendoe, sracthe
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Tiadl o G s eliaoeatk of B eepmsuese Thus Kb e E IR BN T TR Y
£ 11ATAE.

Let w be ury oim-zaro sgaara, eay i = 3 (mod 5°. Theo for sach “Bpraeetl-
tatom b oo % — 5% an o diftecone: of semaces, where cormespands the repae-
£ . Coreriidy, I oo oin the invene of #wed 2, Ao
eorrrapnonme L tach emcrseorabom 30w 2 — 0% o hvee A eepresemt adiom
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o oEl uf tepresencaiw. s 26 & A Terence I &2 0a1es.

Further, sinec p_ 3(mod 4] 1 Zon 4 aquars in e and —he non- squars s
mecis-ly the negrcivea of 1oe sroinres  Ho, coriespoindimge b any sepreset adion
z=az1 o of the ann squarz &, we bivee the peprogontation —r = pf — &7 of
e scoake —<. oo oall ouo-syner-a 2od yuaies lhave tbe sarwe Dowbel, =By 4,
of rrprederenlong nd m Afcrrnes of aguarea. The wwlae of A la obeland BEoea
Mu—=10 = ki =11 we bave a{p—11 — Sler=1) -0 whewe A — il:Ll N[}

kentadion w = [1r]

T:io aifeaen e method con i oeterded 50 mon 3=muy ctric Jslana. Fox oxgiple
consLaer Bhe cunftraction of a ]-E:.p;uz 3ehed-cbes hir Yo PeEcng a3 Sagoprlhbed L
Sectiom £.1. Apeire from We game Inyeelvelog oo, ton firet couns sames wece

Ly fn-T Zui—3), ...0—1]r.

T:a paite {1,2% — 24 [P — )., {n — 1,0 b diflersmees 1 (20
n, .:_|:114 - .E_‘_ ek b meeny pe i mnber of .

A gman, cawnaidiet “hs 5T of ardar Ld proactibed m Execniplke .7, The block: are
ihn tranetate of toe tws fufial Mook 41,250 aud <1, 5,90, Those L asaa
havr: differrnezs 11, 4 and 12, G IR ir all the ram-rarn Tembsra of
Ez, wech vxanly coma.

Eramale 8.1

Taichlocks <1 4} 17 5 1710 5 1] have cliferencea § L, 27, 55 =2 214
+16, +=1, 44 +14 (meed 13}, Lro sarh mmrrn deners of i once Su tle
Lriaslal = will lwin = ITEL 1S,

9.6 Hadamasrd Maloces saud Codes

A Lamery oode is o cooection of ~-sigit tinary sequemees. called mmdewonda,
If voderurmds wee teencizted the: it o poxible thar mrors wll anise due o
fwleche oy el s Lbe cececmel codeesods oay diller inosaecr Slaces Froam
Uk Lbal wen penc. The Zarls t2ea bebind au eona-sorraeing code 3 Lo oo
L= vialewaeds Lo 32 gufficiencly difarent from exr- ct=er o thad evea o aane
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erra- im trana— sl Secnr ARk recHved word BOSeicaer” po 4 tramsnilber
wodewes 2 Llaw doozagv o iz e Bave Dec e ble Tooeoep s o0 e dis laoce Libwasa,
wd ennieweddd nemcle the nember of pleecs in which they diffee. I all twe
aalzwor sy are elneen wo tlal caghy pade Ll i, heal M+ 1 place dea
eren IF B mrrimrs are ke bnothe Asme-are saloen ol a codeear:], che v edeed ey
sy gl o] e chomen Do Ll coogioal Uiew Lo oamy vl anc oo can, e
rorvrely Arcodsd as the sed-owerd aeorcas to it,

Lref 1 ziow 9 #

A Tmare cade 07 longbh wo1s eoser 7 of oediest Binars sequensea, -abled cndes
worde The [Hammio distawes &%, %1 boteeen 2oy ton codewrgn]s ¥,y 2
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Example 9.1V .

Thr four cod-worcs QURNCARR L1110 L, LOLC LOL, L3 Lk differ ferm enel. nther
oal bt 3 oplaces. k]l o fauw s l-ervescroeaing code Bor exaocle,
T 16T -5 ment, ane 2 or bt inderfe-rmes 1T iy orecrowed, THIDID0 15 o lomer
so 102000 thea o wne woher codewer? and heoer =l be doceded comrant]y
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Mresw 4z maiee Ui ok calne = arf tae mat—iy ZF it comtaine g, Oz and by da, than
we by = A ] o s oaf Ve e s wives o didloecpea w0l toa b
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Sl n elbher foema @ 1-cpme o ibs amen or 4z e sl e deleeo s Do b o ol
1 sin b — 1! permntabwons of ©, . 0 — | [Hank ol e aeted Afer ane
of 1he ook o =1 clernen <, wlh, 20 = R w0020 = 274,

O B I T
li..e Encn colzur aan br used b moet o0 choce.
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(h! wtoea &l peccodour:1.1.2.5, 4,24 5,1
Seod g Veelizs 8,530, 02, kA et venes 11,2315
(1 b & BOWY N R Mpeh oo L2834 204, L
B.1F Colour dous vorslees wish coloorz &, o0 L &2, Toen ooder vwdome e tliae all
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Jil AT nrroeleas L
517 Culnar elgee of Tiarn coadan cpele ustap 2 echows, Renainilg edges 2ol 2
thir~ mal-nr.
5.15 {a! Ta Treoren 3.1, {b) Ary matching gan huw al mosl £ oolon o
XN 2 gk b ey
B.12 g1 Inducilzn seep Henows & pencanr werter vt T — v can by coloanad
B ALA =177 weps, 2od Laew o Zan be colcured dn (L — 1) wRys
! Tnacodonring S{G oand ponaAr et sme coloeer, 90 Sabrack faa7Th
Fuer clescimctdenn, 8 ioduc oon 0w tlee tambes af coges.

(1! FAew _pienem g — Afa= 10 0 —p e, — {8 — Ring_ {R
Dpany O Awcdary eyuatiom s [rob lifn —a—1)=1L



So uters 18+

Lhuapter 4

il

4.2
fi. b
i
L

G
G

HM
!
511
li Ll

6Lz

g =

014

[AUVE.TLD = by B+ O [B 0] |and]- AR 3
P = [ = L B 4 A
A g s
IR - ATTHC L

o S0 = c—4H gleesa TV

W T -9 — M —Fi— 354 g s =12,

wo)— 12— a4 12 +I0—-86— 0 =TI

cep |2y e v P Fitie] s LA — I — SIS M Ea e o T3S =100 2 7R,
i1 &= min =100, 0T s amle - mm=oth =2 m
luisiner Fuaanple 6.7 (57 - G- 19 - (TS + A+ -

Take M- pckert 12 cermbd .., By: pabteen 75 ocouea N0 = 7l N5 4] =
dr, ete. DbAain B — 4.7 000 — 421 4 4] — 2400,

Take 020 pogiHon g [ <2 2 40 Gak 24024 again.
El =8 7T»E—036 Gut 336 -7 =B+ 38 - . — WU

Lt 5 L w07 B peroristabaranas Hm |5| W Tube B thr bwo 3 aee
sdjasens. Ther 1= 5. NIL3 = & oete Gt -G #1105 - 100
== T :?I-EI-IELI'

ginl - %Y o= nllyail - §
g Ly = 40, ﬂﬂﬂ':l"_l = &I.
falty) — 4™ T NE VLG A=A ool e ol edye

2ok wame alr) Alse TR P = An T [FLobe fue RN CARNS? B, £y TIAY OT
Crgw net have s oo wo vimlze - gl A" F bo Do locases ] Aiso, Wis JLL) —
AE ol ey, ey, o RO3-mrcle, and s A0 ¥ osberwiae

= Greeee g 0 1w o G F oo s e vaduz $ Suwbes ol
throws o wlach Al immhora apperr = B3] - 50 06D + 5 A(E 40 =
FrE_cw =1 iy a1 plingrr g gl " . —3 -
i |_l_]-J +{E:H G350 I:'j'll RELE A4 T oot probe iy,
sivide oy 673

2 — el ol all pas Lkiony i - | = ML) Lal # . vy ina
dAnmisbon 2. 50 M) = S0 AL AL 0 = B8, 20 e, dnawnr B SOLC 41
(U= 4 L 552 - 1.5 807, 1) = pa50. Allerrivdy, wacl oaubes

.- . L] algl 3.1 & 1
nf__.mr.l An1s nT e 13! -r 290 L 5'-LE|'3T ﬁgﬁ-




I'm ] o Ciscoote Matnenas o

Chapter 7

I A
2 amd 2
& L

- L3 P
[ST
ha Ly =

]
i

L3

T2 Rl 1 1w 2,5vwd Avf Rewn” 20 v 2,2v 3.4+ 5 wlr
r ]
7.3 :E:.:'. 1= !—,ch-l:rI.a+ 1].

Fl gy~ l+f-2=HH+Jd-2j=T=5=.L
Ry P -SR] B v = e w
pod, So A 9 & lesio squese, Smmilady for £
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