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Quadratic Formula
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Inequalities and Absolute Value
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Geometric Formulas

Formulas for area A, circumference C, and volume V:
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Distance and Midpoint Formulas
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Lines

Slope of line through Pi(xy, y1) and Pa(Xa, Y2):
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LYy
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Point-slope equation of line through Pi(x1, y1) with slope m:
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Slope-intercept equation of line with slope m and y-intercept b:
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Circles

Equation of the circle with center (h, k) and radiusr:

(x=h?+(y-K?*=r?
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TRIGONOMETRY
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Preface

A great discovery solves a great problem but there is a grain of discovery in the
solution of any problem. Your problem may be modest; but if it challenges your
curiosity and brings into play your inventive faculties, and if you solve it by your
own means, you may experience the tension and enjoy the triumph of discovery.
GEORGE POLYA

The art of teaching, Mark Van Doren said, is the art of assisting discovery. | have tried to
write a book that assists students in discovering calculus—both for its practical power and
its surprising beauty. In this edition, as in the first six editions, | aim to convey to the stu-
dent a sense of the utility of calculus and develop technical competence, but | also strive
to give some appreciation for the intrinsic beauty of the subject. Newton undoubtedly
experienced a sense of triumph when he made his great discoveries. | want students to
share some of that excitement.

The emphasis is on understanding concepts. | think that nearly everybody agrees that
this should be the primary goal of calculus instruction. In fact, the impetus for the current
calculus reform movement came from the Tulane Conference in 1986, which formulated
as their first recommendation:

Focus on conceptual understanding.

I have tried to implement this goal through the Rule of Three: “Topics should be presented
geometrically, numerically, and algebraically.” Visualization, numerical and graphical exper-
imentation, and other approaches have changed how we teach conceptual reasoning in fun-
damental ways. The Rule of Three has been expanded to become the Rule of Four by
emphasizing the verbal, or descriptive, point of view as well.

In writing the seventh edition my premise has been that it is possible to achieve con-
ceptual understanding and still retain the best traditions of traditional calculus. The book
contains elements of reform, but within the context of a traditional curriculum.

- Alternative Versions

I have written several other calculus textbooks that might be preferable for some instruc-
tors. Most of them also come in single variable and multivariable versions.

= Calculus, Seventh Edition, Hybrid Version, is similar to the present textbook in
content and coverage except that all end-of-section exercises are available only in
Enhanced WebAssign. The printed text includes all end-of-chapter review material.

= Calculus: Early Transcendentals, Seventh Edition, is similar to the present textbook
except that the exponential, logarithmic, and inverse trigonometric functions are cov-
ered in the first semester.

Xi
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= Calculus: Early Transcendentals, Seventh Edition, Hybrid Version, is similar to Cal-
culus: Early Transcendentals, Seventh Edition, in content and coverage except that all
end-of-section exercises are available only in Enhanced WebAssign. The printed text
includes all end-of-chapter review material.

= Essential Calculus isamuch briefer book (800 pages), though it contains amost all
of the topics in Calculus, Seventh Edition. The relative brevity is achieved through
briefer exposition of some topics and putting some features on the website.

= Essential Calculus: Early Transcendentals resembles Essential Calculus, but the
exponential, logarithmic, and inverse trigonometric functions are covered in Chapter 3.

= Calculus: Concepts and Contexts, Fourth Edition, emphasizes conceptual understand-
ing even more strongly than this book. The coverage of topicsis not encyclopedic
and the material on transcendental functions and on parametric equations is woven
throughout the book instead of being treated in separate chapters.

= Calculus: Early Vectors introduces vectors and vector functions in the first semester
and integrates them throughout the book. It is suitable for students taking Engineering
and Physics courses concurrently with calculus.

= Brief Applied Calculus isintended for students in business, the social sciences, and
the life sciences.

I What's New in the Seventh Edition?

The changes have resulted from talking with my colleagues and students at the University
of Toronto and from reading journals, as well as suggestions from users and reviewers.
Here are some of the many improvements that I’ ve incorporated into this edition:

= Some material has been rewritten for greater clarity or for better motivation. See, for
instance, the introduction to maximum and minimum values on page 198, the intro-
duction to series on page 727, and the motivation for the cross product on page 832.

= New examples have been added (see Example 4 on page 1045 for instance). And the
solutions to some of the existing examples have been amplified. A casein point: |
added details to the solution of Example 1.6.11 because when | taught Section 1.6
from the sixth edition | realized that students need more guidance when setting up
inequalities for the Squeeze Theorem.

= Chapter 1, Functions and Limits, consists of most of the material from Chapters 1
and 2 of the sixth edition. The section on Graphing Calculators and Computersis
now Appendix G.

= The art program has been revamped: New figures have been incorporated and a sub-
stantial percentage of the existing figures have been redrawn.

= The datain examples and exercises have been updated to be more timely.

= Three new projects have been added: The Gini Index (page 351) explores how to
measure income distribution among inhabitants of a given country and is a nice appli-
cation of areas between curves. (I thank Klaus Volpert for suggesting this project.)
Families of Implicit Curves (page 163) investigates the changing shapes of implicitly
defined curves as parametersin afamily are varied. Families of Polar Curves (page
688) exhibits the fascinating shapes of polar curves and how they evolve within a
family.
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= The section on the surface area of the graph of a function of two variables has been
restored as Section 15.6 for the convenience of instructors who like to teach it after
double integrals, though the full treatment of surface area remains in Chapter 16.

= | continue to seek out examples of how calculus applies to so many aspects of the
real world. On page 933 you will see beautiful images of the earth’s magnetic field
strength and its second vertical derivative as calculated from Laplace’s equation. |
thank Roger Watson for bringing to my attention how this is used in geophysics and
mineral exploration.

= More than 25% of the exercises are new. Here are some of my favorites: 2.2.13-14,
2.4.56, 2.5.67, 2.6.53-56, 2.7.22, 3.3.70, 3.4.43, 4.2.51-53, 5.4.30, 6.3.58, 11.2.49-50,
11.10.71-72, 12.1.44, 12.4.43-44, and Problems 4, 5, and 8 on pages 861-62.

- Technology Enhancements

= The media and technology to support the text have been enhanced to give professors
greater control over their course, to provide extra help to deal with the varying levels
of student preparedness for the calculus course, and to improve support for conceptual
understanding. New Enhanced WebAssign features including a customizable Cengage
YouBook, Just in Time review, Show Your Work, Answer Evaluator, Personalized
Study Plan, Master Its, solution videos, lecture video clips (with associated questions),
and Visualizing Calculus (TEC animations with associated questions) have been
developed to facilitate improved student learning and flexible classroom teaching.

= Tools for Enriching Calculus (TEC) has been completely redesigned and is accessible
in Enhanced WebAssign, CourseMate, and PowerLecture. Selected Visuals and
Modules are available at www.stewartcalculus.com.

- Features

CONCEPTUAL EXERCISES The most important way to foster conceptual understanding is through the problems that
we assign. To that end | have devised various types of problems. Some exercise sets begin
with requests to explain the meanings of the basic concepts of the section. (See, for
instance, the first few exercises in Sections 1.5, 1.8, 11.2, 14.2, and 14.3.) Similarly, all the
review sections begin with a Concept Check and a True-False Quiz. Other exercises test
conceptual understanding through graphs or tables (see Exercises 2.1.17, 2.2.33-38,
2.2.41-44,9.1.11-13, 10.1.24-27, 11.10.2, 13.2.1-2, 13.3.33-39, 14.1.1-2, 14.1.32-42,
14.3.3-10, 14.6.1-2, 14.7.3-4, 15.1.5-10, 16.1.11-18, 16.2.17-18, and 16.3.1-2).

Another type of exercise uses verbal description to test conceptual understanding (see
Exercises 1.8.10, 2.2.56, 3.3.51-52, and 7.8.67). | particularly value problems that com-
bine and compare graphical, numerical, and algebraic approaches (see Exercises 3.4.31-
32,2.7.25,and 9.4.2).

GRADED EXERCISE SETS Each exercise set is carefully graded, progressing from basic conceptual exercises and skill-
development problems to more challenging problems involving applications and proofs.

REAL-WORLD DATA My assistants and | spent a great deal of time looking in libraries, contacting companies and
government agencies, and searching the Internet for interesting real-world data to intro-
duce, motivate, and illustrate the concepts of calculus. As a result, many of the examples
and exercises deal with functions defined by such numerical data or graphs. See, for
instance, Figure 1 in Section 1.1 (seismograms from the Northridge earthquake), Exercise
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PROJECTS

PROBLEM SOLVING

DUAL TREATMENT OF EXPONENTIAL
AND LOGARITHMIC FUNCTIONS

2.2.34 (percentage of the population under age 18), Exercise 4.1.16 (velocity of the space
shuttle Endeavour), and Figure 4 in Section 4.4 (San Francisco power consumption).
Functions of two variables are illustrated by a table of values of the wind-chill index as a
function of air temperature and wind speed (Example 2 in Section 14.1). Partial derivatives
are introduced in Section 14.3 by examining a column in a table of values of the heat index
(perceived air temperature) as a function of the actual temperature and the relative humid-
ity. This example is pursued further in connection with linear approximations (Example 3
in Section 14.4). Directional derivatives are introduced in Section 14.6 by using a temper-
ature contour map to estimate the rate of change of temperature at Reno in the direction of
Las Vegas. Double integrals are used to estimate the average snowfall in Colorado on
December 20-21, 2006 (Example 4 in Section 15.1). Vector fields are introduced in Sec-
tion 16.1 by depictions of actual velocity vector fields showing San Francisco Bay wind
patterns.

One way of involving students and making them active learners is to have them work (per-
haps in groups) on extended projects that give a feeling of substantial accomplishment
when completed. | have included four kinds of projects: Applied Projects involve applica-
tions that are designed to appeal to the imagination of students. The project after Section
9.3 asks whether a ball thrown upward takes longer to reach its maximum height or to fall
back to its original height. (The answer might surprise you.) The project after Section 14.8
uses Lagrange multipliers to determine the masses of the three stages of a rocket so as to
minimize the total mass while enabling the rocket to reach a desired velocity. Laboratory
Projects involve technology; the one following Section 10.2 shows how to use Bézier
curves to design shapes that represent letters for a laser printer. Writing Projects ask stu-
dents to compare present-day methods with those of the founders of calculus—Fermat’s
method for finding tangents, for instance. Suggested references are supplied. Discovery
Projects anticipate results to be discussed later or encourage discovery through pattern
recognition (see the one following Section 7.6). Others explore aspects of geometry: tetra-
hedra (after Section 12.4), hyperspheres (after Section 15.7), and intersections of three
cylinders (after Section 15.8). Additional projects can be found in the Instructor’s Guide
(see, for instance, Group Exercise 4.1: Position from Samples).

Students usually have difficulties with problems for which there is no single well-defined
procedure for obtaining the answer. | think nobody has improved very much on George
Polya’s four-stage problem-solving strategy and, accordingly, | have included a version of
his problem-solving principles following Chapter 1. They are applied, both explicitly and
implicitly, throughout the book. After the other chapters | have placed sections called
Problems Plus, which feature examples of how to tackle challenging calculus problems. In
selecting the varied problems for these sections | kept in mind the following advice from
David Hilbert: “A mathematical problem should be difficult in order to entice us, yet not
inaccessible lest it mock our efforts.” When | put these challenging problems on assign-
ments and tests | grade them in a different way. Here | reward a student significantly for
ideas toward a solution and for recognizing which problem-solving principles are relevant.

There are two possible ways of treating the exponential and logarithmic functions and each
method has its passionate advocates. Because one often finds advocates of both approaches
teaching the same course, | include full treatments of both methods. In Sections 6.2, 6.3,
and 6.4 the exponential function is defined first, followed by the logarithmic function as
its inverse. (Students have seen these functions introduced this way since high school.) In
the alternative approach, presented in Sections 6.2*, 6.3*, and 6.4*, the logarithm is
defined as an integral and the exponential function is its inverse. This latter method is, of
course, less intuitive but more elegant. You can use whichever treatment you prefer.

If the first approach is taken, then much of Chapter 6 can be covered before Chapters 4
and 5, if desired. To accommodate this choice of presentation there are specially identified
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problems involving integrals of exponential and logarithmic functions at the end of the
appropriate sections of Chapters 4 and 5. This order of presentation allows a faster-paced
course to teach the transcendental functions and the definite integral in the first semester
of the course.

For instructors who would like to go even further in this direction | have prepared an
alternate edition of this book, called Calculus, Early Transcendentals, Seventh Edition, in
which the exponential and logarithmic functions are introduced in the first chapter. Their
limits and derivatives are found in the second and third chapters at the same time as poly-
nomials and the other elementary functions.

TOOLS FOR TEC isacompanion to the text and is intended to enrich and complement its contents. (It
ENRICHING™ CALCULUS is now accessible in Enhanced WebAssign, CourseMate, and PowerL ecture. Selected
Visuals and Modules are available at www.stewartcalculus.com.) Developed by Harvey
Keynes, Dan Clegg, Hubert Hohn, and myself, TEC uses a discovery and exploratory
approach. In sections of the book where technology is particularly appropriate, marginal
icons direct students to TEC modules that provide alaboratory environment in which they
can explore the topic in different ways and at different levels. Visuals are animations of
figures in text; Modules are more elaborate activities and include exercises. Instruc-
tors can choose to become involved at severa different levels, ranging from simply
encouraging students to use the Visuals and Modules for independent exploration, to
assigning specific exercises from those included with each Module, or to creating addi-
tional exercises, labs, and projects that make use of the Visuals and Modules.

HOMEWORK HINTS Homework Hints presented in the form of questions try to imitate an effective teaching
assistant by functioning as a silent tutor. Hints for representative exercises (usually odd-
numbered) are included in every section of the text, indicated by printing the exercise
number in red. They are constructed so as not to reveal any more of the actual solution than
is minimally necessary to make further progress, and are available to students at
stewartcal culus.com and in CourseMate and Enhanced WebAssign.

ENHANCED WesAssicn  Technology is having an impact on the way homework is assigned to students, particularly
in large classes. The use of online homework is growing and its appeal depends on ease of
use, grading precision, and reliability. With the seventh edition we have been working with
the calculus community and WebAssign to develop a more robust online homework sys-
tem. Up to 70% of the exercisesin each section are assignabl e as online homework, includ-
ing free response, multiple choice, and multi-part formats.

The system also includes Active Examples, in which students are guided in step-by-step
tutorials through text examples, with links to the textbook and to video solutions. New
enhancements to the system include a customizable eBook, a Show Your Work feature,
Just in Time review of precalculus prerequisites, an improved Assignment Editor, and an
Answer Evaluator that accepts more mathematically equivalent answers and allows for
homework grading in much the same way that an instructor grades.

www.stewartcalculus.com This site includes the following.
= Homework Hints
= Algebra Review
= |ies My Calculator and Computer Told Me
= History of Mathematics, with links to the better historical websites

= Additional Topics (complete with exercise sets): Fourier Series, Formulas for the
Remainder Term in Taylor Series, Rotation of Axes

= Archived Problems (Drill exercises that appeared in previous editions, together with
their solutions)

= Challenge Problems (some from the Problems Plus sections from prior editions)
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Diagnostic Tests

A Preview of Calculus

1 Functions and Limits

2 Derivatives

3 Applications of Differentiation

4 Integrals

5 Applications of Integration

6 Inverse Functions:
Exponential, Logarithmic, and
Inverse Trigonometric Functions

71 Techniques of Integration

8 Further Applications
of Integration

= Links, for particular topics, to outside web resources
m  Selected Tools for Enriching Calculus (TEC) Modules and Visuals

- Content

The book begins with four diagnostic tests, in Basic Algebra, Analytic Geometry, Func-
tions, and Trigonometry.

Thisisan overview of the subject and includes alist of questions to motivate the study of
calculus.

From the beginning, multiple representations of functions are stressed: verbal, numerical,
visual, and algebraic. A discussion of mathematical models leads to a review of the stan-
dard functions from these four points of view. The material on limits is motivated by a
prior discussion of the tangent and velocity problems. Limits are treated from descriptive,
graphical, numerical, and algebraic points of view. Section 1.7, on the precise epsilon-delta
definition of alimit, is an optional section.

The material on derivativesis covered in two sectionsin order to give students more time
to get used to the idea of a derivative as a function. The examples and exercises explore
the meanings of derivatives in various contexts. Higher derivatives are introduced in Sec-
tion 2.2.

The basic facts concerning extreme values and shapes of curves are deduced from the Mean
Value Theorem. Graphing with technology emphasizes the interaction between cal culus and
calculators and the analysis of families of curves. Some substantial optimization problems
are provided, including an explanation of why you need to raise your head 42° to see the
top of arainbow.

The area problem and the distance problem serve to motivate the definite integral, with
sigma notation introduced as needed. (Full coverage of sigma notation is provided in
Appendix E.) Emphasisis placed on explaining the meanings of integrals in various con-
texts and on estimating their values from graphs and tables.

Here | present the applications of integration—area, volume, work, average value—that
can reasonably be done without specialized techniques of integration. General methods are
emphasized. The goal is for students to be able to divide a quantity into small pieces, esti-
mate with Riemann sums, and recognize the limit as an integral.

As discussed more fully on page xiv, only one of the two treatments of these functions
need be covered. Exponential growth and decay are covered in this chapter.

All the standard methods are covered but, of course, the rea challenge is to be able to
recognize which technique is best used in a given situation. Accordingly, in Section 7.5, |
present a strategy for integration. The use of computer algebra systems is discussed in
Section 7.6.

Here are the applications of integration—arc length and surface area—for which it is use-
ful to have available al the techniques of integration, as well as applications to biology,
economics, and physics (hydrostatic force and centers of mass). | have also included a sec-
tion on probability. There are more applications here than can realistically be covered in a
given course. Instructors should select applications suitable for their students and for
which they themselves have enthusiasm.
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9 Differential Equations Modeling is the theme that unifies this introductory treatment of differential equations.
Direction fields and Euler’s method are studied before separable and linear equations are
solved explicitly, so that qualitative, numerical, and analytic approaches are given equal
consideration. These methods are applied to the exponential, logistic, and other models for
population growth. The first four or five sections of this chapter serve as a good introduc-
tion to first-order differential equations. An optional final section uses predator-prey mod-
elstoillustrate systems of differential equations.

10 Parametric Equations  This chapter introduces parametric and polar curves and applies the methods of calculus
and Polar Coordinates  t0 them. Parametric curves are well suited to laboratory projects; the three presented here
involve families of curves and Bézier curves. A brief treatment of conic sections in polar

coordinates prepares the way for Kepler's Laws in Chapter 13.

11 Infinite Sequences and Series  The convergence tests have intuitive justifications (see page 738) aswell asformal proofs.
Numerical estimates of sums of series are based on which test was used to prove conver-
gence. The emphasisison Taylor series and polynomials and their applications to physics.
Error estimates include those from graphing devices.

12 Vectorsand The material on three-dimensional analytic geometry and vectorsis divided into two chap-
The Geometry of Space  ters. Chapter 12 deals with vectors, the dot and cross products, lines, planes, and surfaces.

13 Vector Functions  This chapter covers vector-valued functions, their derivatives and integrals, the length and
curvature of space curves, and velocity and acceleration along space curves, culminating
in Kepler'slaws.

14 Partial Derivatives Functions of two or more variables are studied from verbal, numerical, visual, and alge-
braic points of view. In particular, | introduce partial derivatives by looking at a specific
column in atable of values of the heat index (perceived air temperature) as a function of
the actual temperature and the relative humidity.

15 Multiple Integrals ~ Contour maps and the Midpoint Rule are used to estimate the average snowfall and average
temperature in given regions. Double and triple integrals are used to compute probabilities,
surface areas, and (in projects) volumes of hyperspheres and volumes of intersections of
three cylinders. Cylindrical and spherical coordinates are introduced in the context of eval-
uating triple integrals.

16 Vector Calculus  Vector fields are introduced through pictures of velocity fields showing San Francisco Bay
wind patterns. The similarities among the Fundamental Theorem for lineintegrals, Green’s
Theorem, Stokes' Theorem, and the Divergence Theorem are emphasized.

17 Second-Order Since first-order differential equations are covered in Chapter 9, this final chapter deas
Differential Equations ~ With second-order linear differential equations, their application to vibrating springs and
electric circuits, and series solutions.w

- Ancillaries

Calculus, Seventh Edition, is supported by a complete set of ancillaries developed under
my direction. Each piece has been designed to enhance student understanding and to facil-
itate creative instruction. With this edition, new media and technologies have been devel-
oped that help students to visualize calculus and instructors to customize content to better
align with the way they teach their course. The tables on pages xxi—xxii describe each of
these ancillaries.
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[ Ancillaries for Instructors

I Ancillaries for Instructors and Students

PowerlLecture

ISBN 0-8400-5414-9
This comprehensive DVD contains all art from the text in both
jpeg and PowerPoint formats, key equations and tables from the
text, complete pre-built PowerPoint lectures, an electronic ver-
sion of the Instructor’s Guide, Solution Builder, ExamView test-
ing software, Tools for Enriching Calculus, video instruction,
and JoinIn on TurningPoint clicker content.

Instructor’s Guide

by Douglas Shaw

ISBN 0-8400-5407-6
Each section of the text is discussed from several viewpoints.
The Instructor’s Guide contains suggested time to allot, points
to stress, text discussion topics, core materials for lecture, work-
shop/discussion suggestions, group work exercises in a form
suitable for handout, and suggested homework assignments. An
electronic version of the Instructor’s Guide is available on the
PowerLecture DVD.

Complete Solutions Manual
Single Variable
By Daniel Anderson, Jeffery A. Cole, and Daniel Drucker
ISBN 0-8400-5302-9
Multivariable
By Dan Clegg and Barbara Frank
ISBN 0-8400-4947-1
Includes worked-out solutions to all exercises in the text.

Solution Builder
www.cengage.com/sol utionbuilder

This online instructor database offers complete worked out solu-
tions to all exercises in the text. Solution Builder allows you to
create customized, secure solutions printouts (in PDF format)
matched exactly to the problems you assign in class.

Printed Test Bank
By William Steven Harmon
ISBN 0-8400-5408-4

Contains text-specific multiple-choice and free response test
items.

ExamView Testing

Create, deliver, and customize tests in print and online formats
with ExamView, an easy-to-use assessment and tutorial software.
ExamView contains hundreds of multiple-choice and free
response test items. ExamView testing is available on the Power-
Lecture DVD.

Stewart Website

www.stewartcal culus.com
Contents: Homework Hints = Algebra Review = Additional
Topics = Drill exercises m Challenge Problems = Web Links =
History of Mathematics m Tools for Enriching Calculus (TEC)

Tools for Enriching™ Calculus
By James Stewart, Harvey Keynes, Dan Clegg, and
developer Hu Hohn

Tools for Enriching Calculus (TEC) functions as both a power-
ful tool for instructors, as well as a tutorial environment in
which students can explore and review selected topics. The
Flash simulation modules in TEC include instructions, writ-
ten and audio explanations of the concepts, and exercises.
TEC is accessible in CourseMate, WebAssign, and Power-
Lecture. Selected Visuals and Modules are available at
www.stewartcalculus.com.

WebAssign Enhanced WebAssign
www.webassign.net

WebAssign’s homework delivery system lets instructors deliver,
collect, grade, and record assignments via the web. Enhanced
WebAssign for Stewart’s Calculus now includes opportunities
for students to review prerequisite skills and content both at the
start of the course and at the beginning of each section. In addi-
tion, for selected problems, students can get extra help in the
form of “enhanced feedback™ (rejoinders) and video solutions.
Other key featuresinclude: thousands of problems from Stew-
art’s Calculus, a customizable Cengage YouBook, Personal
Study Plans, Show Your Work, Just in Time Review, Answer
Evaluator, Visualizing Calculus animations and modules,
quizzes, lecture videos (with associated questions), and more!

Cengage Customizable YouBook

YouBook is a Flash-based eBook that is interactive and cus-
tomizable! Containing all the content from Stewart’s Calculus,
YouBook features a text edit tool that allows instructors to mod-
ify the textbook narrative as needed. With YouBook, instructors
can quickly re-order entire sections and chapters or hide any
content they don’t teach to create an eBook that perfectly
matches their syllabus. Instructors can further customize the
text by adding instructor-created or YouTube video links.
Additional media assets include: animated figures, video clips,
highlighting, notes, and more! YouBook is available in
Enhanced WebAssign.

M Electronic items W Printed items
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;‘CourseMate CourseMate well as summary and focus questions with explained answers.
WWWw.cengagebrain.com The Study Guide also contains “Technology Plus™ questions,
CourseMate is a perfect self-study tool for students, and and multiple-choice “On Your Own’" exam-style questions.

requires no set up from instructors. CourseMate brings course

concepts to life with interactive learning, study, and exam CalcLabs with Maple

preparation tools that support the printed textbook. CourseMate Single Variable By Philip B. Yasskin and Robert Lopez
for Stewart’s Calculus includes: an interactive eBook, Tools ISBN 0-8400-5811-X

for Enriching Calculus, videos, quizzes, flashcards, and more!
For instructors, CourseMate includes Engagement Tracker, a
first-of-its-kind tool that monitors student engagement.

Multivariable By Philip B. Yasskin and Robert Lopez
ISBN 0-8400-5812-8

CalcLabs with Mathematica

Maple CD-ROM ) ) )
Maple provides an advanced, high performance mathe- Single Variable By Selwyn Hollis
matical computation engine with fully integrated numerics ISBN 0-8400-5814-4
& symbo!ics, all accessible from a WYSIWYG technical docu- Multivariable By Selwyn Hollis
ment environment. ISBN 0-8400-5813-6

CengageBrain.com Each of these comprehensive lab manuals will help students
To access additional course materials and companion resources, learn to use the technology tools available to them. CalcLabs
please visit www.cengagebrain.com. At the CengageBrain.com contain clearly explained exercises and a variety of labs and
home page, search for the ISBN of your title (from the back projects to accompany the text.

cover of your book) using the search box at the top of the page.
This will take you to the product page where free companion

A Companion to Calculus
resources can be found.

By Dennis Ebersole, Doris Schattschneider, Alicia Sevilla,

and Kay Somers
I Ancillaries for Students ISBN 0-495-01124-X
Written to improve algebra and problem-solving skills of stu-
Student Solutions Manual dents taking a Calculus course, every chapter in this companion

is keyed to a calculus topic, providing conceptual background

and specific algebra techniques needed to understand and solve
calculus problems related to that topic. It is designed for calcu-
lus courses that integrate the review of precalculus concepts or

Multivariable for individual use.
By Dan Clegg and Barbara Frank

ISBN 0-8400-4945-5

Single Variable
By Daniel Anderson, Jeffery A. Cole, and Daniel Drucker
ISBN 0-8400-4949-8

Linear Algebra for Calculus

Provides completely worked-out solutions to all odd-numbered by Konrad J. Heuvers, William P. Francis, John H. Kuisti,
exercises in the text, giving students a chance to check their Deborah F. Lockhart, Daniel S, Moak, and Gene M. Ortner
answers and ensure they took the correct steps to arrive at an |SBN 0-534-25248-6
answer This comprehensive book, designed to supplement the calculus
S . course, provides an introduction to and review of the basic
tudy Guide

) ) ideas of linear algebra.
Single Variable

By Richard St. Andre
ISBN 0-8400-5409-2

Multivariable

By Richard St. Andre

ISBN 0-8400-5410-6
For each section of the text, the Study Guide provides students
with a brief introduction, a short list of concepts to master, as

M Electronic items W Printed items
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Reading a calculus textbook is different from reading a news-
paper or a novel, or even a physics book. Don’t be discouraged
if you have to read a passage more than once in order to under-
stand it. You should have pencil and paper and calculator at
hand to sketch a diagram or make a calculation.

Some students start by trying their homework problems and
read the text only if they get stuck on an exercise. | suggest that
a far better plan is to read and understand a section of the text
before attempting the exercises. In particular, you should look
at the definitions to see the exact meanings of the terms. And
before you read each example, | suggest that you cover up the
solution and try solving the problem yourself. You’ll get a lot
more from looking at the solution if you do so.

Part of the aim of this course is to train you to think logically.
Learn to write the solutions of the exercises in a connected,
step-by-step fashion with explanatory sentences—not just a
string of disconnected equations or formulas.

The answers to the odd-numbered exercises appear at the
back of the book, in Appendix I. Some exercises ask for a verbal
explanation or interpretation or description. In such cases there
is no single correct way of expressing the answer, so don’t
worry that you haven’t found the definitive answer. In addition,
there are often several different forms in which to express a
numerical or algebraic answer, so if your answer differs from
mine, don’t immediately assume you’re wrong. For example,
if the answer given in the back of the book is v/2 — 1 and you
obtain 1/(1 + ﬁ) then you’re right and rationalizing the
denominator will show that the answers are equivalent.

The icon /47 indicates an exercise that definitely requires
the use of either a graphing calculator or a computer with graph-
ing software. (Appendix G discusses the use of these graphing
devices and some of the pitfalls that you may encounter.) But
that doesn’t mean that graphing devices can’t be used to check
your work on the other exercises as well. The symbol is

http://www.meetyourbrain.com - Ask/Answer Questions. Homework Help.

To the Student

reserved for problems in which the full resources of a computer
algebra system (like Derive, Maple, Mathematica, or the
T1-89/92) are required.

You will also encounter the symbol [&], which warns you
against committing an error. | have placed this symbol in the
margin in situations where | have observed that a large propor-
tion of my students tend to make the same mistake.

Tools for Enriching Calculus, which is a companion to this
text, is referred to by means of the symbol and can be
accessed in Enhanced WebAssign and CourseMate (selected
Visuals and Modules are available at www.stewartcalculus.com).
It directs you to modules in which you can explore aspects of
calculus for which the computer is particularly useful.

Homework Hints for representative exercises are indicated
by printing the exercise number in red: 5. These hints can be
found on stewartcalculus.com as well as Enhanced WebAssign
and CourseMate. The homework hints ask you questions that
allow you to make progress toward a solution without actually
giving you the answer. You need to pursue each hint in an active
manner with pencil and paper to work out the details. If a partic-
ular hint doesn’t enable you to solve the problem, you can click
to reveal the next hint.

I recommend that you keep this book for reference purposes
after you finish the course. Because you will likely forget some
of the specific details of calculus, the book will serve as a
useful reminder when you need to use calculus in subsequent
courses. And, because this book contains more material than
can be covered in any one course, it can also serve as a valu-
able resource for a working scientist or engineer.

Calculus is an exciting subject, justly considered to be one
of the greatest achievements of the human intellect. | hope you
will discover that it is not only useful but also intrinsically
beautiful.

JAMES STEWART
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Diagnostic Tests

Success in calculus depends to a large extent on knowledge of the mathematics
that precedes calculus: algebra, analytic geometry, functions, and trigonometry.
The following tests are intended to diagnose weaknesses that you might have in
these areas. After taking each test you can check your answers against the given
answers and, if necessary, refresh your skills by referring to the review materials
that are provided.

n Diagnostic Test: Algebra

1. Evaluate each expression without using a calculator.

(@ (=3 (b) —3* (c) 34

52 2 -2 B
@ o © <§> (f) 16
2. Simplify each expression. Write your answer without negative exponents.
(@ v200 — /32

(b) (3a%0®)(4ab?)?
3X3/2y3 -2
o (5%)
3. Expand and simplify.

(@ 3(x + 6) + 4(2x — 5) (b) (x + 3)(4x — 5)
© (Va+b)(Va—vb)  (d) @x+37
(e (x+ 273

4. Factor each expression.
(@) 4x*— 25 (o) 2x2+ 5x — 12
(©) x®—3x2—4x + 12 (d) x*+ 27x
(€ 3x¥2 — ox¥? + 6x 2 (f) X%y — 4xy

5. Simplify the rational expression.
X2+ 3+ 2 2x2—x—-1 x+3

@ X2 —x—2 () -9  2x+1
y_Xx
x2 X+ 1 X oy
© X2—4 x+2 (d)l_l
y X

XXiv
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6. Rationalize the expression and simplify.

@ ﬁz 0 =2

7. Rewrite by completing the square.
@ x*+x+1 (o) 2x? — 12x + 11
8. Solve the equation. (Find only the real solutions.)
2x  2x-1
x+1 X
(d 2x*+4x+1=0

(f) 3|x — 4| = 10

(@ x +5=14 — 3x (b)

(© ¥*-x—12=0

(e x*—3x*+2=0

(@) 2x(4 — )2 =34 —-x =0
9. Solve each inequality. Write your answer using interval notation.

@ -4<5-3x=<17 (b) x2<2x+ 8

XXV

(© xx—1(x+2 >0 (d |[x—4|<3
2x — 3 _
© Xx+1
10. State whether each equation istrue or false.
@ (p+af=p*+q? (b) vab = Jab
(© VaZTb*=a+b @1
1 1 1 x 1
(e)xfy_x y (f) a/x—b/x a-b
- Answers to Diagnostic Test A: Algebra
1. (a) 81 (b) —81 © & 6. (a) 5v2 + 2,10 (b) — L
(d) 25 © 3 (f) & vath+2
2. (a) 62 (b) 48a%’ (© % 7@ (x+3)7+2 (b) 2(x — 32— 7
3. (@ 11x -2 (b) 4x%+ 7x — 15 8. (a6 (b) 1 (© -3,4
(a—b (d) 4x*>+ 12x + 9 a1 P 2 2
(e) x>+ 6x2+ 12x + 8 Ed; » 1£5V2 @ =L=V2 (1) 53
95
4. () 2x — 5(2x + 5) (b) 2x — 3)(x + 4)
(© (x=3)(x = 2(x+2) (d) x(x +3)(x* =3 + 9 9. (a [~4,3) (b) (=2, 4)
(&) 3 YAx — D(x — 2) (f) xy(x = 2)(x + 2) © (=2,0) U (1, ») d (1,7
_ () (—1,4]
5.(a)§f§ (b)i_;
1 10. (a) False (b) True (c) Fase
(© w— (d) —(x+y) (d) False (e) False (f) True

If you have had difficulty with these problems, you may wish to consult
the Review of Algebra on the website www.stewartcalculus.com
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n Diagnostic Test: Analytic Geometry

1. Find an equation for the line that passes through the point (2, —5) and
(& hassdope —3
(b) isparalel to the x-axis
(c) isparadlél to the y-axis
(d) isparale totheline2x — 4y = 3

2. Find an equation for the circle that has center (—1, 4) and passes through the point (3, —2).
3. Find the center and radius of the circle with equation x? + y> — 6x + 10y + 9 = 0.

4. Let A(=7,4) and B(5, —12) be pointsin the plane.
(@) Find the slope of the line that contains A and B.
(b) Find an equation of the line that passes through A and B. What are the intercepts?
(c) Find the midpoint of the segment AB.
(d) Find the length of the segment AB.
(e) Find an equation of the perpendicular bisector of AB.
(f) Find an equation of the circle for which AB is a diameter.

5. Sketch the region in the xy-plane defined by the equation or inequalities.

@ —-1sy=<3 (b) |x|] <4and|y| <2
(© y<1-3x (d y=x>-1
(e x> +y*< 4 (f) 92 + 16y2 = 144

- Answers to Diagnostic Test B: Analytic Geometry

. @y=-3x+1 (b)) y=-5 5. (@ y (b) y () y

() x=2 (d) y:%x—6 S 2l D~ 1 yZI—%x
2 (x+ 12+ (y -4 =52 0 . I4 \0\2/

-+ - 14 x S.x

3. Center (3, —5), radius 5 -1 L__i____.
4. (8 —3

éb)) ?x 1+ 33:1)+ 16 = O; x-intercept —4, y-intercept —% @ © 6"

Cc) (—1, — 2 2_

(d) 20 N /\

(6) 3x — 4y = 13 o/ ,\’0 . _ !

(f) (x + 1) + (y + 4> = 100 ) (R NI \\/ x

If you have had difficulty with these problems, you may wish to
consult the review of analytic geometry in Appendixes B and C.
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n Diagnostic Test: Functions

5 1. The graph of afunction f is given at the left.
(a) Statethevaueof f(—1).

(b) Estimate the value of f(2).

1 (c) For what valuesof x is f(x) = 2?

\ / (d) Estimate the values of x such that f(x) = 0.
\ 0l 1 X (e) State the domain and range of f.

f(2+h) —1(2

2. If f(x) = x5, evaluate the difference quotient and simplify your answer.

h
3. Find the domain of the function.
FIGURE FOR PROBLEM 1 ox + 1 \3&
= = —_— = — 2 _
@ f(x) N (b) g(x) NN (© h(x) =v4—-x+x*—-1
4, How are graphs of the functions obtained from the graph of f?
@ y=-fx (b) y=2f(x) =1 (© y=fx-3 +2
5. Without using a calculator, make a rough sketch of the graph.
@ y=x° (b) y=(x+1p ©y=(x—-2°+3
@dy=4-x* ©® y=vx () y=2Vx
(@ y=-2 (n y=1+x"1
1-x% ifx<0
6. Letfl) = {2x+ 1 if x>0

(a) Evaluate f(—2) and f(1). (b) Sketch the graph of f.

7. 1f f(x) = x? + 2x — 1 and g(x) = 2x — 3, find each of the following functions.
@ feg (b) gof (€ gegeg

- Answers to Diagnostic Test C: Functions

1. (@ -2 (b) 2.8 ()N e ®
() -3,1 (d) —25,03 4
(e [-3,3].[-2,3] / \ ‘ |
0| 2 X 0 i X 0 i x
2. 12 4 6h + h? / \
3. (@ (—», —2) U (=2,1) U (1, »)
(C) (7001 71] ) [11 4] ,,,,l,&
0 + +
4. (a) Reflect about the x-axis N op 1 x
(b) Stretch vertically by afactor of 2, then shift 1 unit downward \
(c) Shift 3 unitsto the right and 2 units upward
5 6.(d —3,3 7. (@) (fog)(x) =4x>—8x + 2
: © v (b) (b) (gof)(x) =2x2+ 4x — 5

(©) (gegegi(x) =8x —21

]

@ b
1|/ 1
ﬂ i x /—1 0 X

If you have had difficulty with these problems, you should look at Sections 1.1-1.3 of this book.

http://www.meetyourbrain.com - Ask/Answer Questions. Homework Help.

Copyright 2010 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s).
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.



wxviii pidh A iWw . meetyourbrain.com - Ask/Answer Questions. Homework Help.

TCOT

n Diagnostic Test: Trigonometry

1. Convert from degrees to radians.
(a) 300° (b) —18°

2. Convert from radians to degrees.
(@ 57/6 (b) 2

3. Find the length of an arc of a circle with radius 12 cm if the arc subtends a central angle of
30°.

4. Find the exact values.
@ tan(r/3) (b) sin(77/6) (c) sec(57/3)

5. Expressthe lengths a and b in the figure in terms of 6.

24 . 6. If sSnx = and secy = S where x and y lie between 0 and 7/2, evaluate sin(x + ).
9 1. Provetheidentities.
b (& tan6 sin® + cosh = secH
FIGURE FOR PROBLEM 5 (b) Lanxz = sin2x
1 + tan“x

8. Find al valuesof x suchthat sin2x = sinxand 0 < x < 2m.

9. Sketch the graph of the function y = 1 + sin 2x without using a calculator.

- Answers to Diagnostic Test D: Trigonometry

1. (@ 57/3 (b) —m/10 6. =(4 +6y2)

2. (a) 150° (b) 36077 ~ 114.6° 8. 0, w/3, m,5m/3, 27
3. 2 cm 8.

4. (3 V3 (b) —: (© 2

5. (a) 24sin6 (b) 24 cos6

If you have had difficulty with these problems, you should look at Appendix D of this book.
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A Preview of Calculus
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By the time you finish this course, you will be able to estimate the
number of laborers needed to build a pyramid, explain the forma-
tion and location of rainbows, design a roller coaster for a smooth
ride, and calculate the force on a dam.

© Brett Mulcahy / Shutterstock
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Calculus is fundamentally different from the mathematics that you have studied previously: calculus

is less static and more dynamic. It is concerned with change and motion; it deals with quantities that
approach other quantities. For that reason it may be useful to have an overview of the subject before
beginning its intensive study. Here we give a glimpse of some of the main ideas of calculus by showing
how the concept of a limit arises when we attempt to solve a variety of problems.
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MEGULUY
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FIGURE 1

[ The Area Problem

The origins of calculus go back at least 2500 years to the ancient Greeks, who found areas
using the “method of exhaustion.” They knew how to find the area A of any polygon by
dividing it into triangles as in Figure 1 and adding the areas of these triangles.

It is a much more difficult problem to find the area of a curved figure. The Greek
method of exhaustion was to inscribe polygons in the figure and circumscribe polygons
about the figure and then let the number of sides of the polygons increase. Figure 2 illus-
trates this process for the special case of a circle with inscribed regular polygons.

NN N

FIGURE 2

In the Preview Visual, you can see how

areas of inscribed and circumscribed polygons
approximate the area of a circle.
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Let A, be the area of the inscribed polygon with n sides. As n increases, it appears that
A, becomes closer and closer to the area of the circle. We say that the area of the circle is
the limit of the areas of the inscribed polygons, and we write

A= r!Tl Aq
The Greeks themselves did not use limits explicitly. However, by indirect reasoning,
Eudoxus (fifth century Bc) used exhaustion to prove the familiar formula for the area of a
circle: A = 7r?

We will use a similar idea in Chapter 4 to find areas of regions of the type shown in Fig-
ure 3. We will approximate the desired area A by areas of rectangles (as in Figure 4), let
the width of the rectangles decrease, and then calculate A as the limit of these sums of
areas of rectangles.

(1,1) (1,1 (1,1)

FIGURE 3
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FIGURE 4

The area problem is the central problem in the branch of calculus called integral cal-
culus. The techniques that we will develop in Chapter 4 for finding areas will also enable
us to compute the volume of a solid, the length of a curve, the force of water against a dam,
the mass and center of gravity of a rod, and the work done in pumping water out of a tank.

I The Tangent Problem

Consider the problem of trying to find an equation of the tangent line t to a curve with
equation y = f(x) at a given point P. (We will give a precise definition of a tangent line in
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FIGURE 5
The tangent line at P

FIGURE 6
The secant line PQ

y

FIGURE 7
Secant lines approaching the
tangent line

Chapter 1. For now you can think of it as a line that touches the curve at P as in Figure 5.)
Since we know that the point P lies on the tangent line, we can find the equation of t if we
know its slope m. The problem is that we need two points to compute the slope and we
know only one point, P, on t To get around the problem we first find an approximation to
m by taking a nearby point Q on the curve and computing the slope mpq of the secant line
PQ. From Figure 6 we see that

[1] . f(x) — f(a)

po =
N X—a

Now imagine that Q moves along the curve toward P as in Figure 7. You can see that
the secant line rotates and approaches the tangent line as its limiting position. This means
that the slope mpq Of the secant line becomes closer and closer to the slope m of the tan-
gent line. We write

m = lim mpq
QP

and we say that m is the limit of mpq as Q approaches P along the curve. Since x approaches
a as Q approaches P, we could also use Equation 1 to write

[2] m = lim f0=-f@

Xx—a X—a

Specific examples of this procedure will be given in Chapter 1.

The tangent problem has given rise to the branch of calculus called differential calcu-
lus, which was not invented until more than 2000 years after integral calculus. The main
ideas behind differential calculus are due to the French mathematician Pierre Fermat
(1601-1665) and were developed by the English mathematicians John Wallis
(1616-1703), Isaac Barrow (1630-1677), and Isaac Newton (1642-1727) and the German
mathematician Gottfried Leibniz (1646-1716).

The two branches of calculus and their chief problems, the area problem and the tan-
gent problem, appear to be very different, but it turns out that there is a very close con-
nection between them. The tangent problem and the area problem are inverse problems in
a sense that will be described in Chapter 4.

Il Velocity

When we look at the speedometer of a car and read that the car is traveling at 48 mi/h, what
does that information indicate to us? We know that if the velocity remains constant, then
after an hour we will have traveled 48 mi. But if the velocity of the car varies, what does it
mean to say that the velocity at a given instant is 48 mi/h?

In order to analyze this question, let’s examine the motion of a car that travels along a
straight road and assume that we can measure the distance traveled by the car (in feet) at
I-second intervals as in the following chart:

t = Time elapsed (s) 0 1 2 3 4 5

d = Distance (ft) 0 2 9 24 42 71
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As a first step toward finding the velocity after 2 seconds have elapsed, we find the aver-
age velocity during the time interval 2 < t < 4:

change in position
time elapsed

42 — 9

4 -2

= 16.5ft/s

average velocity =

Similarly, the average velocity in the time interval 2 < t < 3 is

2
average velocity = 3-2 " 15 ft/s

We have the feeling that the velocity at the instant t = 2 can’t be much different from the
average velocity during a short time interval starting at t = 2. So let’s imagine that the dis-
tance traveled has been measured at 0.l-second time intervals as in the following chart:

t 2.0 2.1 2.2 2.3 24 2.5

d | 9.00 10.02 | 11.16 | 1245 | 13.96 | 15.80

Then we can compute, for instance, the average velocity over the time interval [2, 2.5]:

15.80 — 9.00

average velocity = 25 _ 2

= 13.6 ft/s

The results of such calculations are shown in the following chart:

Time interval [2,3] | [225] | [224] | [223] | [222] | [221]

Average velocity (ft/s) 15.0 13.6 12.4 11.5 10.8 10.2

The average velocities over successively smaller intervals appear to be getting closer to
a number near 10, and so we expect that the velocity at exactly t = 2 is about 10 ft/s. In
Chapter 1 we will define the instantaneous velocity of a moving object as the limiting

d . S
value of the average velocities over smaller and smaller time intervals.
In Figure 8 we show a graphical representation of the motion of the car by plotting the
distance traveled as a function of time. If we write d = f(t), then f(t) is the number of feet
00.£0) traveled after t seconds. The average velocity in the time interval [2, t] is
1, f()
. change in position f(t) — (2
average velocity = _g P = ® @
time elapsed t—2
- which is the same as the slope of the secant line PQ in Figure 8. The velocity » whent = 2
is the limiting value of this average velocity as t approaches 2; that is,
01 frese) i) - @)
¥ + + + + v= Ilm
0f 1 2 3 4 5 ' t>2 t—2
and we recognize from Equation 2 that this is the same as the slope of the tangent line to
FIGURE 8 the curve at P.
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FIGURE 10

Thus, when we solve the tangent problem in differential calculus, we are also solving
problems concerning velocities. The same techniques also enable us to solve problems
involving rates of change in all of the natural and social sciences.

I The Limit of a Sequence

In the fifth century Bc the Greek philosopher Zeno of Elea posed four problems, now
known as Zeno’s paradoxes, that were intended to challenge some of the ideas concerning
space and time that were held in his day. Zeno’s second paradox concerns a race between
the Greek hero Achilles and a tortoise that has been given a head start. Zeno argued, as fol-
lows, that Achilles could never pass the tortoise: Suppose that Achilles starts at position
a; and the tortoise starts at position t;. (See Figure 9.) When Achilles reaches the point
a, = 1y, the tortoise is farther ahead at position t,. When Achilles reaches a; = t5, the tor-
toise is at t;. This process continues indefinitely and so it appears that the tortoise will
always be ahead! But this defies common sense.

a a, as a, as
Achilles

tortoise
t t, ty ty

One way of explaining this paradox is with the idea of a sequence. The successive posi-
tions of Achilles (aj, az, as, ...) or the successive positions of the tortoise (ti, to, t3, .. .)
form what is known as a sequence.

In general, a sequence {a,} is a set of numbers written in a definite order. For instance,
the sequence

NI
Wi
Bl
LI
—

{1

can be described by giving the following formula for the nth term:

1
ah=—
n

We can visualize this sequence by plotting its terms on a number line as in Fig-
ure 10(a) or by drawing its graph as in Figure 10(b). Observe from either picture that the
terms of the sequence a, = 1/n are becoming closer and closer to 0 as n increases. In fact,
we can find terms as small as we please by making n large enough. We say that the limit
of the sequence is 0, and we indicate this by writing

1
lim—=20
n—o N

In general, the notation
lima,=1L

n—o

is used if the terms a, approach the number L as n becomes large. This means that the num-
bers a, can be made as close as we like to the number L by taking n sufficiently large.
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The concept of the limit of a sequence occurs whenever we use the decimal represen-
tation of a real number. For instance, if

a; =31

a, =314

a; = 3.141

as, = 3.1415
as = 3.14159
as = 3.141592

a; = 3.1415926

then lima,=mw

n—w

The terms in this sequence are rational approximations to .

Let’s return to Zeno’s paradox. The successive positions of Achilles and the tortoise
form sequences {a,} and {t.}, where a, < t, for all n. It can be shown that both sequences
have the same limit:
lima,=p=Ilimt,

n—ow

n—ow
It is precisely at this point p that Achilles overtakes the tortoise.

[ The Sum of a Series

Another of Zeno’s paradoxes, as passed on to us by Aristotle, is the following: “A man
standing in a room cannot walk to the wall. In order to do so, he would first have to go half
the distance, then half the remaining distance, and then again half of what still remains.
This process can always be continued and can never be ended.” (See Figure 11.)

-

FIGURE 11 2 4 8 16

Of course, we know that the man can actually reach the wall, so this suggests that per-
haps the total distance can be expressed as the sum of infinitely many smaller distances as
follows:

1 1 1 1 1
3] l==F "+ F -ttt
2 4 8 16

2|’1
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Zeno was arguing that it doesn’t make sense to add infinitely many numbers together. But
there are other situations in which we implicitly use infinite sums. For instance, in decimal
notation, the symbol 0.3 = 0.3333... means

3 3 3 3

+ + + +oe
10 100 1000 10,000

and so, in some sense, it must be true that

3 3 3 3 1

R + + + + e e =
10 100 1000 10,000 3

More generally, if d, denotes the nth digit in the decimal representation of a number, then

ﬂ + d2 d3 dn

. = — Attt
0.chddsd. 10 102 10° 10"

+ ..

Therefore some infinite sums, or infinite series as they are called, have a meaning. But we
must define carefully what the sum of an infinite series is.
Returning to the series in Equation 3, we denote by s, the sum of the first n terms of the

series. Thus
s1=3=05
S$s=3+;=075
S$s=3+;+3=0875
Se=3+3+3s+1=09375
Ss=3+ 3+ 35+ %+ 5 =0096875
Ss=3+:+z:+=+2+ 4 =00984375
S;=3+i+s+ .t at g+ = 09921875

Sio= 1L+ g ~ 0.99902344

1 1 1
515=E+Z+"'+Fz0.99998474

Observe that as we add more and more terms, the partial sums become closer and closer
to 1. In fact, it can be shown that by taking n large enough (that is, by adding sufficiently
many terms of the series), we can make the partial sum s, as close as we please to the num-
ber 1. It therefore seems reasonable to say that the sum of the infinite series is 1 and to
write

1 1 1
—_—t — 4+ — 4+ e+ —+ =1
2 4 8
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In other words, the reason the sum of the series is 1 is that

lims,=1
n—ow

In Chapter 11 we will discuss these ideas further. We will then use Newton’s idea of
combining infinite series with differential and integral calculus.

B Summary

We have seen that the concept of a limit arises in trying to find the area of a region, the
slope of a tangent to a curve, the velocity of a car, or the sum of an infinite series. In each
case the common theme is the calculation of a quantity as the limit of other, easily calcu-
lated quantities. It is this basic idea of a limit that sets calculus apart from other areas of
mathematics. In fact, we could define calculus as the part of mathematics that deals with
limits.

After Sir Isaac Newton invented his version of calculus, he used it to explain the motion
of the planets around the sun. Today calculus is used in calculating the orbits of satellites
and spacecraft, in predicting population sizes, in estimating how fast oil prices rise or fall,
in forecasting weather, in measuring the cardiac output of the heart, in calculating life
insurance premiums, and in a great variety of other areas. We will explore some of these
uses of calculus in this book.

In order to convey a sense of the power of the subject, we end this preview with a list
of some of the questions that you will be able to answer using calculus:

1. How can we explain the fact, illustrated in Figure 12, that the angle of elevation
from an observer up to the highest point in a rainbow is 42°? (See page 206.)

. How can we explain the shapes of cans on supermarket shelves? (See page 262.)

. Where is the best place to sit in a movie theater? (See page 461.)

. How can we design a roller coaster for a smooth ride? (See page 140.)

. How far away from an airport should a pilot start descent? (See page 156.)

. How can we fit curves together to design shapes to represent letters on a laser
printer? (See page 677.)

7. How can we estimate the number of workers that were needed to build the Great

Pyramid of Khufu in ancient Egypt? (See page 373.)

8. Where should an infielder position himself to catch a baseball thrown by an out-
fielder and relay it to home plate? (See page 658.)

9. Does a ball thrown upward take longer to reach its maximum height or to fall
back to its original height? (See page 628.)

10. How can we explain the fact that planets and satellites move in elliptical orbits?
(See page 892.)

11. How can we distribute water flow among turbines at a hydroelectric station so as
to maximize the total energy production? (See page 990.)

12. If a marble, a squash ball, a steel bar, and a lead pipe roll down a slope, which of
them reaches the bottom first? (See page 1063.)

(=22 L R — B L I
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Functions and Limits

A ball falls faster and faster as time
passes. Galileo discovered that the
distance fallen is proportional to the

square of the time it has been falling.
Calculus then enables us to calculate the
speed of the ball at any time.

© 1986 Peticolas / Megna, Fundamental Photographs, NYC

The fundamental objects that we deal with in calculus are functions. We stress that a function can be
represented in different ways: by an equation, in atable, by a graph, or in words. We look at the main
types of functions that occur in calculus and describe the process of using these functions as mathematical
models of real-world phenomena.

In A Preview of Calculus (page 1) we saw how the idea of alimit underlies the various branches of
calculus. It is therefore appropriate to begin our study of calculus by investigating limits of functions and
their properties.
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m Four Ways to Represent a Function

Vertical ground acceleration during
the Northridge earthquake

Population
Year (millions)
1900 1650
1910 1750
1920 1860
1930 2070
1940 2300
1950 2560
1960 3040
1970 3710
1980 4450
1990 5280
2000 6080
2010 6870

FIGURE 1

Functions arise whenever one quantity depends on another. Consider the following four
situations.

A. The area A of acircle depends on the radius r of the circle. The rule that connects r
and A is given by the equation A = 7rr2. With each positive number r there is associ-
ated one value of A, and we say that A is afunction of r.

B. The human population of the world P depends on the time t. The table gives estimates
of the world population P(t) at timet, for certain years. For instance,

P(1950) =~ 2,560,000,000

But for each value of thetimet there is a corresponding value of P, and we say that P
isafunction of t.

€. The cost C of mailing an envelope depends on its weight w. Although there is no
simple formula that connects w and C, the post office has a rule for determining C
when w is known.

D. The vertical acceleration a of the ground as measured by a seismograph during an
earthquake is a function of the elapsed time t. Figure 1 shows a graph generated by
seismic activity during the Northridge earthquake that shook Los Angelesin 1994.
For a given value of t, the graph provides a corresponding value of a.

a
(cm/s’)
100
50 T+ ‘
el "llﬂ‘ll ” n‘l\‘.l‘mulﬂnll TiTes
A TR “'l o) BRI 7 (seconds)
—50+
Calif. Dept. of Mines and Geology

Each of these examples describes a rule whereby, given a number (r, t, w, or t), another
number (A, P, C, or a) isassigned. In each case we say that the second number is a func-
tion of the first number.

A function f isarule that assigns to each element x in a set D exactly one ele-
ment, called f(x), inaset E.

We usually consider functions for which the sets D and E are sets of real numbers. The
set D is caled the domain of the function. The number f(X) isthe value of f at x and is
read “f of x.” The range of f isthe set of al possible values of f(x) as x varies through-
out the domain. A symbol that represents an arbitrary number in the domain of a function
f iscalled an independent variable. A symbol that represents a number in the range of f
is called a dependent variable. In Example A, for instance, r is the independent variable
and A is the dependent variable.
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X — i — f(x)
(input) (output)
FIGURE 2

Machine diagram for afunction f

D f 5 E
FIGURE 3
Arrow diagram for f

y
1

0] 1 X
FIGURE 6

The notation for intervals is given in
Appendix A.

NCTION 1

OOt

It's helpful to think of afunction as a machine (see Figure 2). If x isin the domain of
the function f, then when x enters the machine, it’'s accepted as an input and the machine
produces an output f(x) according to the rule of the function. Thus we can think of the
domain as the set of all possible inputs and the range as the set of all possible outputs.

The preprogrammed functions in a calculator are good examples of a function as a
machine. For example, the square root key on your calculator computes such a function.
You press the key labeled /~ (or /x ) and enter the input x. If x < 0, then x is not in the
domain of this function; that is, x is not an acceptable input, and the calculator will indi-
cate an error. If x = 0, then an approximation to \/x will appear in the display. Thus the
V/x key on your caculator is not quite the same as the exact mathematical function f
defined by f(x) = /X

Another way to picture afunction is by an arrow diagram asin Figure 3. Each arrow
connects an element of D to an element of E. The arrow indicates that f(x) is associated
with x, f(a) is associated with a, and so on.

The most common method for visualizing afunction isitsgraph. If f isafunction with
domain D, then its graph is the set of ordered pairs

{(x, f(x)) | x € D}

(Notice that these are input-output pairs.) In other words, the graph of f consists of all
points (x, y) in the coordinate plane such that y = f(x) and x isin the domain of f.

The graph of afunction f gives us a useful picture of the behavior or “life history” of
afunction. Since the y-coordinate of any point (x, y) onthe graphisy = f(x), we can read
the value of f(x) from the graph as being the height of the graph above the point x (see
Figure 4). The graph of f also allows us to picture the domain of f on the x-axis and its
range on the y-axis asin Figure 5.

Y (x, £(x)) YL
range
0‘ X
FIGURE 4 FIGURE 5

70N The graph of afunction f is shown in Figure 6.
(a) Find the valuesof f(1) and f(5).
(b) What are the domain and range of f?

SOLUTION
(a) We see from Figure 6 that the point (1, 3) lies on the graph of f, so the value of f
at 1is f(1) = 3. (In other words, the point on the graph that lies above x = 1 is 3 units
above the x-axis.)
When x = 5, the graph lies about 0.7 unit below the x-axis, so we estimate that
f(5) = —0.7.
(b) We seethat f(x) is defined when 0 < x < 7, so the domain of f isthe closed inter-
val [0, 7]. Notice that f takes on all values from —2 to 4, so therange of f is

{y| 2=<y=<4=[-24] -
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y
y=2x—1
0 /1 X
1V 2
FIGURE 7
y
(2.4)
y=x?
=11 1
0 ; X
FIGURE 8

The expression
f(a+h) —f(a)
h

in Example 3 is called a difference quotient
and occurs frequently in calculus. As we will
see in Chapter 2, it represents the average
rate of change of f(X) between x = a and
x=a+h

[E7YZTF] Sketch the graph and find the domain and range of each function.
@ fx)=2x—-1 (o) g(x) = x?

SOLUTION
(@) The equation of the graphisy = 2x — 1, and we recognize this as being the equa-
tion of aline with slope 2 and y-intercept —1. (Recall the slope-intercept form of the
equation of aline: y = mx + b. See Appendix B.) This enables us to sketch a portion of
the graph of f in Figure 7. The expression 2x — 1 isdefined for all real numbers, so the
domain of f isthe set of all real numbers, which we denote by R. The graph shows that
therangeisaso R.
(b) Sinceg(2) = 2> = 4and g(—1) = (—1)*> = 1, we could plot the points (2, 4) and
(=1, 1), together with a few other points on the graph, and join them to produce the
graph (Figure 8). The equation of the graphisy = x?2, which represents a parabola (see
Appendix C). The domain of ¢ is R. The range of g consists of all values of g(x), that is,
all numbers of the form x2. But x? = 0 for all numbers x and any positive number y is a
square. So therange of g is{y | y = 0} = [0, ). This can also be seen from Figure 8.
[

fa+h) —f(a)
0

SOLUTION Wefirst evaluate f(a + h) by replacing x by a + h in the expression for f(x):

EETEEE] If f(x) = 2x2 — 5x + 1and h # 0, evaluate

fa+hy=2@a+h?—5a+h)+1
=2(a?+2ah +h? —5@+h) +1
=2a%?+ 4ah + 2h? — 5a — 5h + 1

Then we substitute into the given expression and simplify:

f(a+h) —f(a (2a®+ 4ah + 2h* — 5a — 5h + 1) — (2a® — 5a + 1)

h h
_2a®+4ah +2h*—5a—-5h+1-2a"+5a—1
h
+ 2h? —
=4.’:1h ih 5h=4a+2h—5 —

I Representations of Functions
There are four possible ways to represent a function:

= verbally (by adescription in words)
= numerically (by atable of values)
= visualy (by agraph)

= algebraically (by an explicit formula)

If asingle function can be represented in all four ways, it’s often useful to go from one
representation to another to gain additional insight into the function. (In Example 2, for
instance, we started with algebraic formulas and then obtained the graphs.) But certain
functions are described more naturally by one method than by another. With thisin mind,
let’ s reexamine the four situations that we considered at the beginning of this section.
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A. The most useful representation of the area of a circle as a function of itsradiusis

probably the algebraic formula A(r) = #rr?, though it is possible to compile a table of
values or to sketch a graph (half a parabola). Because a circle has to have a positive
radius, the domainis{r | r > O} = (0, =), and the range is aso (0, ).

i B. We are given adescription of the function in words: P(t) is the human population of
¢ F();F?ﬁliztr'g; theworld at timet. Let’s measure t so that t = O corresponds to the year 1900. The
table of values of world population provides a convenient representation of this func-
0 1650 tion. If we plot these values, we get the graph (called a scatter plot) in Figure 9. It too
10 1750 isauseful representation; the graph allows us to absorb all the data at once. What
20 1860 about aformula? Of course, it’s impossible to devise an explicit formula that gives
30 2070 the exact human population P(t) at any timet. But it is possible to find an expression
40 2300 for afunction that approximates P(t). In fact, using methods explained in Section 1.2,
50 2560 we obtain the approximation
60 3040
70 3710 P(t) = f(t) = (1.43653 X 10°) - (1.01395)"
80 4450 Figure 10 shows that it is a reasonably good “fit.” The function f is called a mathe-
90 5280 - . L . . .
100 6080 matical model for population growth. In other words, it is a function with an explicit
110 6870 formulathat approximates the behavior of our given function. We will see, however,
that the ideas of calculus can be applied to atable of values; an explicit formulais not
necessary.
P P
5x10° + 5X10° 4
0 20 40 60 80 100 120 ! 0 20 40 60 80 00 120 !
FIGURE 9 FIGURE 10

A function defined by a table of values is called a

tabular function.

w (ounces) C(w) (dollars)
O<w=1 0.88
I1<w=2 1.05
2<w<3 122
3<w=<4 1.39
4<w=<5 1.56

The function P istypical of the functions that arise whenever we attempt to apply
calculus to the real world. We start with averbal description of a function. Then we
may be able to construct a table of values of the function, perhaps from instrument
readings in a scientific experiment. Even though we don’t have complete knowledge
of the values of the function, we will see throughout the book that it is still possible to
perform the operations of calculus on such afunction.

Again the function is described in words: Let C(w) be the cost of mailing a large enve-
lope with weight w. The rule that the US Postal Service used as of 2010 is as follows:
The cost is 88 cents for up to 1 0z, plus 17 cents for each additional ounce (or less)
up to 13 oz. The table of values shown in the margin is the most convenient represen-
tation for this function, though it is possible to sketch a graph (see Example 10).

The graph shown in Figure 1 is the most natural representation of the vertical acceler-
ation function a(t). It's true that a table of values could be compiled, and it is even
possible to devise an approximate formula. But everything a geologist needs to
know—amplitudes and patterns—can be seen easily from the graph. (The same is
true for the patterns seen in electrocardiograms of heart patients and polygraphs for
lie-detection.)
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FIGURE 11

2w
FIGURE 12

In setting up applied functions as in
Example 5, it may be useful to review the
principles of problem solving as discussed on
page 97, particularly Step 1. Understand the
Problem.

Domain Convention

If a function is given by a formula and the
domain is not stated explicitly, the convention is
that the domain is the set of all numbers for
which the formula makes sense and defines a
real number.

In the next example we sketch the graph of afunction that is defined verbally.

[E7EE When you turn on a hot-water faucet, the temperature T of the water
depends on how long the water has been running. Draw arough graph of T asafunction
of thetimet that has elapsed since the faucet was turned on.

SOLUTION Theinitial temperature of the running water is close to room temperature
because the water has been sitting in the pipes. When the water from the hot-water tank
starts flowing from the faucet, T increases quickly. In the next phase, T is constant at

the temperature of the heated water in the tank. When the tank is drained, T decreases

to the temperature of the water supply. This enables us to make the rough sketch of T as
afunction of t in Figure 11. [ |

In the following example we start with a verbal description of a function in a physical
situation and obtain an explicit algebraic formula. The ability to do thisis a useful skill in
solving calculus problems that ask for the maximum or minimum values of quantities.

7 IE7XTETE A rectangular storage container with an open top has avolume of 10 m®,
Thelength of itsbaseis twice itswidth. Material for the base costs $10 per square meter;
materia for the sides costs $6 per square meter. Express the cost of materials as a func-
tion of the width of the base.

SOLUTION We draw adiagram as in Figure 12 and introduce notation by letting w and 2w
be the width and length of the base, respectively, and h be the height.

The area of the baseis (2w)w = 2w?, so the cost, in dollars, of the material for the
base is 10(2w?). Two of the sides have area wh and the other two have area 2wh, so the
cost of the material for the sidesis 6[2(wh) + 2(2wh)]. The total cost is therefore

C = 10(2w?) + 6[2(wh) + 2(2wh)] = 20w? + 36wh

To express C as a function of w alone, we need to eliminate h and we do so by using the
fact that the volume is 10 m®. Thus

w(2w)h = 10

10 5
hich gi h = =—
which gives o = 2

Substituting this into the expression for C, we have

5 180
C = 20w?® + 36w<—2> = 20w? + —
w w
Therefore the equation
180
C(w) = 20w? + — w>0
w
expresses C as afunction of w. [ |
7T Find the domain of each function.
(@ f00 =V + 2 (b) g0 = 5~
SOLUTION

(a) Because the square root of a negative number is not defined (as areal number),
the domain of f consists of all vaues of x such that x + 2 = 0. Thisis equivalent to
X = —2, so the domain isthe interval [ -2, ).
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(b) Since

g(x)zxz—xzx(x—l)

and division by 0 is not allowed, we see that g(x) is not defined when x = 0 or x = 1.
Thus the domain of g is

{x|x#0,x#1}
which could also be written in interval notation as
(==,0 U (0,1) U (1,%) L

The graph of afunctionisacurvein the xy-plane. But the question arises. Which curves
in the xy-plane are graphs of functions? This is answered by the following test.

The Vertical Line Test A curve in the xy-plane is the graph of afunction of x if and
only if no vertical line intersects the curve more than once.

The reason for the truth of the Vertical Line Test can be seen in Figure 13. If each ver-
tical line x = a intersects a curve only once, at (a, b), then exactly one functional value
isdefined by f(a) = b. But if aline x = a intersects the curve twice, at (a, b) and (a, c),
then the curve can’t represent afunction because afunction can’t assign two different val-

uesto a.

y y _
xX=a Xx=a

(a,c)
N i D

(a,b)

\
0 a X 0 a X
FIGURE 13

For example, the parabolax = y? — 2 shown in Figure 14(a) is not the graph of afunc-
tion of x because, as you can see, there are vertical lines that intersect the parabola twice.
The parabola, however, does contain the graphs of two functions of x. Notice that the equa-
tionx = y? — 2impliesy? = x + 2,0y = +/x + 2. Thus the upper and lower halves
of the parabola are the graphs of the functions f (x) = /x + 2 [from Example 6(a)] and
g(x) = —/x + 2. [See Figures 14(b) and (c).] We observe that if we reverse the roles of
x and y, then the equation x = h(y) = y? — 2 does define x as a function of y (with y as
the independent variable and x as the dependent variable) and the parabola now appears as
the graph of the function h.

y y ;
-2
-2.0N) X - > — -
\
FIGURE 14 @x=y'—2 ©)y=Jri2 -
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-1

FIGURE 15

For a more extensive review of absolute values,

see Appendix A.

FIGURE 16

I Piecewise Defined Functions
The functionsin the following four examples are defined by different formulasin different
parts of their domains. Such functions are called piecewise defined functions.

V| A function f is defined by

1-x ifx=s-1
f =
) {x2 ifx > -1

Evauate f(—2), f(—1), and f (0) and sketch the graph.

SOLUTION Remember that afunction isarule. For this particular function the rule is the
following: First look at the value of the input x. If it happens that x < —1, then the value
of f(x) is1 — x. On the other hand, if x > —1, then the value of f(X) is x2

Since -2 < —1,wehavef(-2) =1 - (—-2) = 3.
Since—1< —1,wehavef(-1) =1-(-1) = 2
Since0 > —1, we have f(0) = 02 = 0.

How do we draw the graph of f?We observethat if x < —1, thenf(x) = 1 — X, s0
the part of the graph of f that lies to the left of the vertical linex = —1 must coincide
with theliney = 1 — x, which has slope —1 and y-intercept 1. If x > —1, then
f(x) = x?, so the part of the graph of f that liesto the right of thelinex = —1 must
coincide with the graph of y = x?2, which is a parabola. This enables us to sketch the

graph in Figure 15. The solid dot indicates that the point (—1, 2) isincluded on the
graph; the open dot indicates that the point (—1, 1) is excluded from the graph. [ |

The next example of a piecewise defined function is the absolute value function. Recall
that the absolute value of a number a, denoted by |a|, is the distance from a to 0 on the
real number line. Distances are always positive or 0, so we have

|a] =0  for every number a
For example,

13]=3 |-3]=3 |0|]=0 |V2-1=v2-1 [3-7|=m—3

In general, we have

laj=a ifa=0

la]=—-a ifa<O0

(Remember that if a is negative, then —a is positive.)

Sketch the graph of the absolute value function f(x) = | x|.
SOLUTION From the preceding discussion we know that
x| = X if x=0
—x if x<0

Using the same method as in Example 7, we see that the graph of f coincides with the
liney = x to the right of the y-axis and coincides with the liney = —x to the left of the
y-axis (see Figure 16). [ |
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[E7YZTF] Find aformulafor the function f graphed in Figure 17.

y

FIGURE 17 \

SOLUTION The line through (0, 0) and (1, 1) hasslopem = 1 and y-intercept b = 0, so
its equation isy = x. Thus, for the part of the graph of f that joins (0, 0) to (1, 1), we

have
f(x) = x ifosx<1
Point-slope form of the equation of a line: The line through (1, 1) and (2, 0) has slope m = —1, so its point-slope form is
y = yi=m(Xx = X1)
See Appendix B. y=-0=(=Dx~-2 or y=2-x
So we have f(x) =2—x if l<x<2
We also see that the graph of f coincides with the x-axis for x > 2. Putting this infor-
mation together, we have the following three-piece formulafor f:
X if 0sx=<1
fx)=92—-x ifl<x<2
0 if x>2 [
70T In Example C at the beginning of this section we considered the cost C(w)
of mailing alarge envelope with weight w. In effect, thisis a piecewise defined function
c because, from the table of values on page 13, we have
1.50
o 088 ifo<w=1
— Y 105 ifl<w=<?2
P - Cw =112 if2<w=3s
| 139 if3<w=4
0.50 + .
0 1 2 3 A 5 w  The graph is shown in Figure 18. You can see why functions similar to this one are

called step functions—they jump from one value to the next. Such functions will be
FIGURE 18 studied in Chapter 2. [ |

I Symmetry

If afunction f satisfies f(—x) = f(x) for every number x in its domain, then f iscalled an
even function. For instance, the function f(x) = x?is even because

f(=x) = (—x)?=x*=f(x)

The geometric significance of an even function is that its graph is symmetric with respect
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to the y-axis (see Figure 19). This means that if we have plotted the graph of f for x = 0,
we obtain the entire graph simply by reflecting this portion about the y-axis.

y y
Fl=x) ¥ +f(x) —y 0 f(x)
—x 0 X x x X
FIGURE 19 Aneven function FIGURE 20 An odd function

If f satisfies f(—x) = —f(x) for every number x in its domain, then f iscalled an odd
function. For example, the function f(x) = x*is odd because

f(—x) = (—x)® = —x®= —f(x)

The graph of an odd function is symmetric about the origin (see Figure 20). If we already
have the graph of f for x = 0, we can obtain the entire graph by rotating this portion
through 180° about the origin.

7 XTI Determine whether each of the following functions is even, odd, or
neither even nor odd.

@ f(x) =x°+x (o) g(x) =1 —x* (€) h(x) = 2x — x?

SOLUTION

@) f(=%) = (=%)° + (=x) = (=1*° + (=X)
=—x>—x=—(x*+x)
= —f(x)

Therefore f is an odd function.

(b) g(=x) =1 - (=x"=1-x*=g(x)

So g iseven.

(o) h(=x) = 2(—x) — (—x)* = —2x — x?

Since h(—x) # h(x) and h(—x) # —h(x), we conclude that h is neither even nor odd.
[ ]

The graphs of the functions in Example 11 are shown in Figure 21. Notice that the
graph of h is symmetric neither about the y-axis nor about the origin.

y y y
1+ f 1 g I+ h
—'l i X X i X
71 4
FIGURE 21 (a (b) (©
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I Increasing and Decreasing Functions

The graph shown in Figure 22 rises from A to B, fallsfrom B to C, and rises again from C
to D. Thefunction f issaid to beincreasing on theinterval [a, b], decreasing on[b, c], and
increasing again on [c, d]. Notice that if x; and x, are any two numbers between a and b
¢ with X; < Xz, then f(x;1) < f(x2). We use this as the defining property of an increasing

FIGURE 22

A function f is called increasing on an interval | if

f(x1) < f(x2) whenever x; < Xz in |

y Itis called decreasing on | if

f(x1) > f(x2) whenever x; < X in |

In the definition of an increasing function it is important to realize that the inequality
f(x1) < f(x2) must be satisfied for every pair of numbers x; and x, in | with x; < Xa.
You can see from Figure 23 that the function f(x) = x? is decreasing on the interval

FIGURE 23 (=0, 0] and increasing on the interval [0, ).

m Exercises

1. Iff(x) =x++/2—-xandg(u) =u + /2 —u,isittrue
that f = ¢g?

2. If

X2 — X

x—1

f(x) = and g(x) = x

isit truethat f = ¢?

3. The graph of afunction f is given.
(a) State the value of f(1).
(b) Estimate the value of f(—1).
(c) For what values of x isf(x) = 1?
(d) Estimate the value of x such that f(x) = 0.
(e) State the domain and range of f.
(f) On what interval isf increasing?

y

4. The graphsof f and g are given.
(a) State the values of f(—4) and g4(3).
(b) For what values of x is f(x) = g(x)?

1. Homework Hints available at stewartcal culus.com

(c) Estimate the solution of the equation f(x) = —1.
(d) On what interval is f decreasing?

(e) State the domain and range of f.

(f) State the domain and range of g.

y

. Figure 1 was recorded by an instrument operated by the Cali-

fornia Department of Mines and Geology at the University
Hospital of the University of Southern Californiain Los Ange-
les. Use it to estimate the range of the vertical ground accelera
tion function at USC during the Northridge earthquake.

. In this section we discussed examples of ordinary, everyday

functions: Population is a function of time, postage cost is a
function of weight, water temperature is a function of time.
Give three other examples of functions from everyday life that
are described verbally. What can you say about the domain and
range of each of your functions? If possible, sketch arough
graph of each function.
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7-10 Determine whether the curve is the graph of a function of x.
If it is, state the domain and range of the function.

1. y 8. y
F 1
0N 1 X 01/ 1 X
I
9 YA AN 10 y
1 1
0l 1 X 0] 1 X

11. The graph shown gives the weight of a certain person as a
function of age. Describe in words how this person’s weight
varies over time. What do you think happened when this
person was 30 years old?

200 T
weight 1507
ounds
(pounds) 1
50T

4 4 4 4 4 4 4
t t t t t

0 10 20 30 40 50 60 7 age
(years)

12. The graph shows the height of the water in a bathtub as a
function of time. Give a verbal description of what you think
happened.

height
(inches)

151
10T
st

0 5 10 15 time
(min)

13. You put some ice cubes in a glass, fill the glass with cold
water, and then let the glass sit on a table. Describe how the
temperature of the water changes as time passes. Then sketch a
rough graph of the temperature of the water as a function of the
elapsed time.

14. Three runners compete in a 100-meter race. The graph depicts
the distance run as a function of time for each runner. Describe

in words what the graph tells you about this race. Who won the
race? Did each runner finish the race?

y (m)
A B C
100 T
0 20 t(s)

15. The graph shows the power consumption for a day in Septem-
ber in San Francisco. (P is measured in megawatts; t is mea-
sured in hours starting at midnight.)

(a) What was the power consumption at 6 Am? At 6 Pm?
(b) When was the power consumption the lowest? When was it
the highest? Do these times seem reasonable?

P
800 =

600 /’/ ™

400 A 4

200

0 3 6 9 12 15 18 21 t
Pacific Gas & Electric

16. Sketch a rough graph of the number of hours of daylight as a
function of the time of year.

17. Sketch a rough graph of the outdoor temperature as a function
of time during a typical spring day.

-

8. Sketch a rough graph of the market value of a new car as a
function of time for a period of 20 years. Assume the car is
well maintained.

-

9. Sketch the graph of the amount of a particular brand of coffee
sold by a store as a function of the price of the coffee.

20. You place a frozen pie in an oven and bake it for an hour. Then
you take it out and let it cool before eating it. Describe how the
temperature of the pie changes as time passes. Then sketch a
rough graph of the temperature of the pie as a function of time.

21. A homeowner mows the lawn every Wednesday afternoon.
Sketch a rough graph of the height of the grass as a function of
time over the course of a four-week period.

22. An airplane takes off from an airport and lands an hour later at
another airport, 400 miles away. If t represents the time in min-
utes since the plane has left the terminal building, let x(t) be
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24.
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26.
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the horizontal distance traveled and y(t) be the altitude of the
plane.

(a) Sketch a possible graph of x(t).

(b) Sketch a possible graph of y(t).

(c) Sketch a possible graph of the ground speed.

(d) Sketch a possible graph of the vertical velocity.

The number N (in millions) of US cellular phone subscribers is
shown in the table. (Midyear estimates are given.)

_ 1 _u+1
35. h(X)—ﬁ 36. f(U)—il
1+
u+1

3. F(p)=vZ— Jp

t 1996 1998 2000 2002 2004 2006

N 44 69 109 141 182 233

(a) Use the data to sketch a rough graph of N as a function of t.

(b) Use your graph to estimate the number of cell-phone sub-
scribers at midyear in 2001 and 2005.

Temperature readings T (in °F) were recorded every two hours
from midnight to 2:00 pm in Phoenix on September 10, 2008.
The time t was measured in hours from midnight.

t 0 2 4 6 8 10 12 14

T 82 75 74 75 84 90 93 94

(a) Use the readings to sketch a rough graph of T as a function
of t.
(b) Use your graph to estimate the temperature at 9:00 Am.

If f(x) =3x?—x + 2, find f(2), f(—2), f(a), f(—a),
f(a + 1), 2f(a), f(2a), f(a®), [f(a)]% and f(a + h).

A spherical balloon with radius r inches has volume

V(r) = 3arr® Find a function that represents the amount of air
required to inflate the balloon from a radius of r inches to a
radius of r + 1 inches.

27-30 Evaluate the difference quotient for the given function.
Simplify your answer.

27. f(x) =4 + 3x — X2,

f(3+h) —f(3)
h

f(a+h) —f(a)

28. f(x) = x5, -
29, f(x) = % 7]‘()2 — fa(a)
30, f(x) = zii f(xi:fl(l)

38. Find the domain and range and sketch the graph of the

function h(x) = /4 — x2.,
39-50 Find the domain and sketch the graph of the function.
39. f(x) =2 — 0.4x 4. F(x) =x2—2x + 1

) 4 —t?
M. () =2t +t 42, H(t) = 5
43. g(x) = VX —5 4. F(x) =|2x + 1|
3X +
45, G(X) =X7|X‘ 46. g(x) = |x| — x
x+2 if x<0
47"‘(’0_{1—x if x =0
)3 —ix ifx=2
48 f(x){zx—s if x> 2
X+2 ifx<s-1
49, =
5. 10 {x? if x> —1
Xx+9 if x< -3
50. f(x) =1{ —2x if x| =<3
—6 if x>3

31-37 Find the domain of the function.

31. f(x) =

Bf(H)=v2t-1

2x3 -5
x2+x—6

M gt) =3 -t -2+t

X+ 4
x2—9

32, f(x) =

51-56 Find an expression for the function whose graph is the
given curve.

51. The line segment joining the points (1, —3) and (5, 7)
52. The line segment joining the points (=5, 10) and (7, —10)
53. The bottom half of the parabola x + (y — 1)>=10

54. The top half of the circle x> + (y — 2)2 =4

55. y 56. y
—1 1
0 1 0 1

57-61 Find a formula for the described function and state its
domain.

57. Arectangle has perimeter 20 m. Express the area of the rect-
angle as a function of the length of one of its sides.
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58.

59.

60.
61.

cuaptabtD i www.megtyourbrain.com - Ask/Answer Questions. Homework Help.

A rectangle has area 16 m?. Express the perimeter of the rect-
angle as a function of the length of one of its sides.

Express the area of an equilateral triangle as a function of the
length of a side.

Express the surface area of a cube as a function of its volume.

An open rectangular box with volume 2 m® has a square base.
Express the surface area of the box as a function of the length
of a side of the base.

62.

63.

64.

65.

66.

A Norman window has the shape of a rectangle surmounted by
a semicircle. If the perimeter of the window is 30 ft, express
the area A of the window as a function of the width x of the
window.

A

A box with an open top is to be constructed from a rectangular
piece of cardboard with dimensions 12 in. by 20 in. by cutting
out equal squares of side x at each corner and then folding up
the sides as in the figure. Express the volume V of the box as a
function of x.

1 20 1
’ X X
X X
12
X X
‘ X X

A cell phone plan has a basic charge of $35 a month. The plan
includes 400 free minutes and charges 10 cents for each addi-
tional minute of usage. Write the monthly cost C as a function
of the number x of minutes used and graph C as a function of x
for 0 < x < 600.

In a certain state the maximum speed permitted on freeways is
65 mi/h and the minimum speed is 40 mi/h. The fine for vio-
lating these limits is $15 for every mile per hour above the
maximum speed or below the minimum speed. Express the
amount of the fine F as a function of the driving speed x and
graph F(x) for 0 < x < 100.

An electricity company charges its customers a base rate of
$10 a month, plus 6 cents per kilowatt-hour (kWh) for the first
1200 kWh and 7 cents per kWh for all usage over 1200 kWh.
Express the monthly cost E as a function of the amount x of
electricity used. Then graph the function E for 0 < x < 2000.

67. In a certain country, income tax is assessed as follows. There is
no tax on income up to $10,000. Any income over $10,000 is
taxed at a rate of 10%, up to an income of $20,000. Any income
over $20,000 is taxed at 15%.

(a) Sketch the graph of the tax rate R as a function of the
income 1.

(b) How much tax is assessed on an income of $14,000?
On $26,000?

(c) Sketch the graph of the total assessed tax T as a function of
the income 1.

68. The functions in Example 10 and Exercise 67 are called step
functions because their graphs look like stairs. Give two other
examples of step functions that arise in everyday life.

69-70 Graphs of f and g are shown. Decide whether each function
is even, odd, or neither. Explain your reasoning.

BN /\\/
N

f

X

I

71. (a) If the point (5, 3) is on the graph of an even function, what
other point must also be on the graph?

(b) If the point (5, 3) is on the graph of an odd function, what
other point must also be on the graph?

72. Afunction f has domain [—5, 5] and a portion of its graph is
shown.
(a) Complete the graph of f if it is known that f is even.
(b) Complete the graph of f if it is known that f is odd.

73-78 Determine whether f is even, odd, or neither. If you have a
graphing calculator, use it to check your answer visually.
2

X
73. f = 74. f =
3. 109 X%+ 1 Y x4+ 1
75. f(x) = X 76. f(x) = x| x|
: Tox+1 . N

77. f(x) =1+ 3x* — x* 78 f(x) =1+ 3x3—x°
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79. If f and g are both even functions, is f + g even? If fand g are 80. If fand g are both even functions, is the product fg even? If
both odd functions, is f + g odd? What if f is even and g is and g are both odd functions, is fg odd? What if f is even and

odd? Justify your answers.

g is odd? Justify your answers.

m Mathematical Models: A Catalog of Essential Functions

Real-world Formulate
problem

!

A mathematical model is a mathematical description (often by means of a function or an
equation) of a real-world phenomenon such as the size of a population, the demand for a
product, the speed of a falling object, the concentration of a product in a chemical reaction,
the life expectancy of a person at birth, or the cost of emission reductions. The purpose of
the model is to understand the phenomenon and perhaps to make predictions about future
behavior.

Figure 1 illustrates the process of mathematical modeling. Given a real-world problem,
our first task is to formulate a mathematical model by identifying and naming the inde-
pendent and dependent variables and making assumptions that simplify the phenomenon
enough to make it mathematically tractable. We use our knowledge of the physical situation
and our mathematical skills to obtain equations that relate the variables. In situations where
there is no physical law to guide us, we may need to collect data (either from a library or
the Internet or by conducting our own experiments) and examine the data in the form of a
table in order to discern patterns. From this numerical representation of a function we may
wish to obtain a graphical representation by plotting the data. The graph might even sug-
gest a suitable algebraic formula in some cases.

Mathematical Solve Mathematical Interpret Real-world
model conclusions predictions
Test

FIGURE 1 The modeling process

The coordinate geometry of lines is reviewed
in Appendix B.

The second stage is to apply the mathematics that we know (such as the calculus that will
be developed throughout this book) to the mathematical model that we have formulated in
order to derive mathematical conclusions. Then, in the third stage, we take those mathe-
matical conclusions and interpret them as information about the original real-world phe-
nomenon by way of offering explanations or making predictions. The final step is to test our
predictions by checking against new real data. If the predictions don’t compare well with
reality, we need to refine our model or to formulate a new model and start the cycle again.

A mathematical model is never a completely accurate representation of a physical situ-
ation—it is an idealization. A good model simplifies reality enough to permit mathematical
calculations but is accurate enough to provide valuable conclusions. It is important to real-
ize the limitations of the model. In the end, Mother Nature has the final say.

There are many different types of functions that can be used to model relationships
observed in the real world. In what follows, we discuss the behavior and graphs of these
functions and give examples of situations appropriately modeled by such functions.

[ Linear Models

When we say that y is a linear function of x, we mean that the graph of the function is a
line, so we can use the slope-intercept form of the equation of a line to write a formula for
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20 1

T=—10h+20

FIGURE 2

10 +
00 1 é h
FIGURE 3

the function as
y=f(x)=mx+b

where m is the slope of the line and b is the y-intercept.

A characteristic feature of linear functions is that they grow at a constant rate. For in-
stance, Figure 2 shows a graph of the linear function f(x) = 3x — 2 and a table of sample
values. Notice that whenever x increases by 0.1, the value of f(x) increases by 0.3. So f(x)
increases three times as fast as x. Thus the slope of the graph y = 3x — 2, namely 3, can be
interpreted as the rate of change of y with respect to x.

y
X f(x) =3x—2
y=3x—2

1.0 1.0
11 1.3
1.2 1.6
0 . 13 1.9
-2 1.4 2.2
15 2.5

V] EXAMPLE 1|

(a) As dry air moves upward, it expands and cools. If the ground temperature is 20°C
and the temperature at a height of 1 km is 10°C, express the temperature T (in °C) as a
function of the height h (in kilometers), assuming that a linear model is appropriate.
(b) Draw the graph of the function in part (a). What does the slope represent?

(c) What is the temperature at a height of 2.5 km?

SOLUTION
(a) Because we are assuming that T is a linear function of h, we can write

T=mh+b
We are given that T = 20 when h = 0, so
20=m-0+b=0hb

In other words, the y-intercept is b = 20.
We are also given that T = 10 when h = 1, so

10=m-1+20
The slope of the line is therefore m = 10 — 20 = —10 and the required linear function is
T= —10h + 20

(b) The graph is sketched in Figure 3. The slope is m = —10°C/km, and this represents
the rate of change of temperature with respect to height.

(c) Ata height of h = 2.5 km, the temperature is

T = -10(2.5) + 20 = —-5°C [ ]
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If there is no physical law or principle to help us formulate a model, we construct an
empirical model, which is based entirely on collected data. We seek a curve that “fits” the

data in the sense that it captures the basic trend of the data points.

I IET0ETF Table 1 lists the average carbon dioxide level in the atmosphere, measured
in parts per million at Mauna Loa Observatory from 1980 to 2008. Use the data in Table 1

to find a model for the carbon dioxide level.

SOLUTION We use the data in Table 1 to make the scatter plot in Figure 4, where t repre-

sents time (in years) and C represents the CO, level (in parts per million, ppm).

c
TABLE 1 380+
CO;, level CO;, level
Year (in ppm) Year (in ppm) 3701
1980 338.7 1996 362.4
1982 341.2 1998 366.5 3607
1984 344.4 2000 369.4
1986 347.2 2002 373.2 3507
1988 351.5 2004 3775
1990 354.2 2006 381.9 340 T
1992 356.3 2008 385.6 # # # # # # #
1994 358.6 1980 1985 1990 1995 2000 2005 2010 ?
FIGURE 4 Scatter plot for the average CO, level
Notice that the data points appear to lie close to a straight line, so it’s natural to
choose a linear model in this case. But there are many possible lines that approximate
these data points, so which one should we use? One possibility is the line that passes
through the first and last data points. The slope of this line is
385.6 — 338.7 469
= = 1.675
2008 — 1980 28
and its equation is
C — 338.7 = 1.675(t — 1980)
or
[1] C = 1.675t — 2977.8
Equation 1 gives one possible linear model for the carbon dioxide level; it is graphed
in Figure 5.
c
380 +
370 +
360 +
350 +
340+
FIGURE 5 ‘ ‘ ‘ ‘ ‘ ‘ ‘
Linear model through 1980 1985 1990 1995 2000 2005 2010 !
first and last data points
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A computer or graphing calculator finds the
regression line by the method of least squares,
which is to minimize the sum of the squares of
the vertical distances between the data points
and the line. The details are explained in

Section 14.7.

FIGURE 6
The regression line

Notice that our model gives values higher than most of the actual CO; levels. A better
linear model is obtained by a procedure from statistics called linear regression. If we use
a graphing calculator, we enter the data from Table 1 into the data editor and choose the
linear regression command. (With Maple we use the fit[leastsquare] command in the
stats package; with Mathematica we use the Fit command.) The machine gives the slope
and y-intercept of the regression line as

m = 1.65429 b = —2938.07

So our least squares model for the CO, level is
(2] C = 1.65429t — 2938.07

In Figure 6 we graph the regression line as well as the data points. Comparing with
Figure 5, we see that it gives a better fit than our previous linear model.

C

380 T
370 1
360 T+
350 1

340 1

1980 1985 1990 1995 2000 2005 2010 !
|

1 IETYEEE] Use the linear model given by Equation 2 to estimate the average CO,
level for 1987 and to predict the level for the year 2015. According to this model, when
will the CO; level exceed 420 parts per million?
SOLUTION Using Equation 2 with t = 1987, we estimate that the average CO, level in
1987 was

C(1987) = (1.65429)(1987) — 2938.07 =~ 349.00

This is an example of interpolation because we have estimated a value between observed
values. (In fact, the Mauna Loa Observatory reported that the average CO; level in 1987
was 348.93 ppm, so our estimate is quite accurate.)

With t = 2015, we get

C(2015) = (1.65429)(2015) — 2938.07 ~ 395.32

So we predict that the average CO; level in the year 2015 will be 395.3 ppm. This is

an example of extrapolation because we have predicted a value outside the region of

observations. Consequently, we are far less certain about the accuracy of our prediction.
Using Equation 2, we see that the CO, level exceeds 420 ppm when

1.65429t — 2938.07 > 420

Solving this inequality, we get
3358.07

m ~ 2029.92
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FIGURE 7
The graphs of quadratic
functions are parabolas.

FIGURE 8

27

We therefore predict that the CO; level will exceed 420 ppm by the year 2030. This
prediction is risky because it involves a time quite remote from our observations. In fact,
we see from Figure 6 that the trend has been for CO; levels to increase rather more rap-

idly in recent years, so the level might exceed 420 ppm well before 2030.

I Polynomials

A function P is called a polynomial if

where n is a nonnegative integer and the numbers ao, ai, az, . .

P(x) = anX" + a1 X"t 4+ - + ax? + a;x + ao

., a, are constants called the

coefficients of the polynomial. The domain of any polynomial is R = (—o0, ). If the
leading coefficient a, # 0, then the degree of the polynomial is n. For example, the

function

P(x) = 2x% — x* + 2x° + 2

is a polynomial of degree 6.

A polynomial of degree 1 is of the form P(x) = mx + b and so it is a linear function.
A polynomial of degree 2 is of the form P(x) = ax? + bx + c and is called a quadratic
function. Its graph is always a parabola obtained by shifting the parabola y = ax?, as we
will see in the next section. The parabola opens upward if a > 0 and downward if a < 0.

(See Figure 7.)

@y=x*+x+1

/

i\x

(o) y=—2x>+3x+1

A polynomial of degree 3 is of the form

P(x) = ax® + bx2+ cx + d

a#0

and is called a cubic function. Figure 8 shows the graph of a cubic function in part (a) and
graphs of polynomials of degrees 4 and 5 in parts (b) and (c). We will see later why the
graphs have these shapes.

@y=x*—x+1

(b) y=x*—3x"+x

20T

(€) y=3x"—25x>+ 60x
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TABLE 2

Time
(seconds)

Height
(meters)

o

© 00N OB WN -

450
445
431
408
375
332
279
216
143

61

Polynomials are commonly used to model various quantities that occur in the natural
and social sciences. For instance, in Section 2.7 we will explain why economists often use
a polynomial P(x) to represent the cost of producing x units of a commodity. In the fol-
lowing example we use a quadratic function to model the fall of a ball.

[E70ZT A ball is dropped from the upper observation deck of the CN Tower, 450 m
above the ground, and its height h above the ground is recorded at 1-second intervals in
Table 2. Find a model to fit the data and use the model to predict the time at which the
ball hits the ground.

SOLUTION We draw a scatter plot of the data in Figure 9 and observe that a linear model
is inappropriate. But it looks as if the data points might lie on a parabola, so we try a
quadratic model instead. Using a graphing calculator or computer algebra system (which
uses the least squares method), we obtain the following quadratic model:

(3] h = 449.36 + 0.96t — 4.90t*

h h
(meters)

400t 400 -

200 1 : 200 7

0 # t 0 t
2 4 6 (seconds)
FIGURE 9 FIGURE 10
Scatter plot for a falling ball Quadratic model for a falling ball

In Figure 10 we plot the graph of Equation 3 together with the data points and see
that the quadratic model gives a very good fit.
The ball hits the ground when h = 0, so we solve the quadratic equation
—4.90t* 4 0.96t + 449.36 = 0

The quadratic formula gives

_ —0.96 + /(0.96) — 4(—4.90) (449.36)

t 2(—4.90)

The positive root is t = 9.67, so we predict that the ball will hit the ground after about
9.7 seconds. [ |

[ Power Functions

A function of the form f(x) = x? where a is a constant, is called a power function. We con-
sider several cases.
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(i) a = n, where n is a positive integer

The graphs of f(x) = x" forn = 1, 2, 3, 4, and 5 are shown in Figure 11. (These are poly-
nomials with only one term.) We already know the shape of the graphs of y = x (a line
through the origin with slope 1) and y = x?2 [a parabola, see Example 2(b) in Section 1.1].

—_ 2 — .3 I — 5
y=x y=x y=x y=x
y y y y y
y—‘C
11 1 14 11 1
0 4 X 0 | x 0 | X 0 1 X 0 X

FIGURE 11 Graphs of f(x)=x"forn=1,2,3,4,5

The general shape of the graph of f(x) = x" depends on whether n is even or odd. If
n is even, then f(x) = x" is an even function and its graph is similar to the parabola
y = x2 If nis odd, then f(x) = x" is an odd function and its graph is similar to that of
y = x3. Notice from Figure 12, however, that as n increases, the graph of y = x"
becomes flatter near 0 and steeper when | x| = 1. (If x is small, then x? is smaller, x* is
even smaller, x* is smaller still, and so on.)

FIGURE 12
Families of power functions

(i) a = 1/n, where n is a positive integer

The function f (x) = x¥/" = \/; is a root function. For n = 2 it is the square root
function f (x) = /X, whose domain is [0, %) and whose graph is the upper half of the
parabola x = y?. [See Figure 13(a).] For other even values of n, the graph of y = Ux is
similar to that of y = \/7 For n = 3 we have the cube root function f (x) = i/)?whose
domain is R (recall that every real number has a cube root) and whose graph is shown
in Figure 13(b). The graph of y = {/x for n odd (n > 3) is similar to that of y = ¢/x.

(L1 (1,1

FIGURE 13
Graphs of root functions @) fx)= J} (b) f(x)= x
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FIGURE 14
The reciprocal function

FIGURE 15

Volume as a function of pressure
at constant temperature

Yy \
\J
| |
I 20+ }
|

{ 0 é X

\ \

\ \

\ \

\ \

[ [
FIGURE 16

23— x2+1
flx)= -4

(iii) a= —1

The graph of the reciprocal function f(x) = x~* = 1/x is shown in Figure 14. Its graph
has the equation y = 1/x, or xy = 1, and is a hyperbola with the coordinate axes as its
asymptotes. This function arises in physics and chemistry in connection with Boyle’s
Law, which says that, when the temperature is constant, the volume V of a gas is
inversely proportional to the pressure P:

1

where C is a constant. Thus the graph of V as a function of P (see Figure 15) has the
same general shape as the right half of Figure 14.

Vv

Power functions are also used to model species-area relationships (Exercises 26-27),
illumination as a function of a distance from a light source (Exercise 25), and the period
of revolution of a planet as a function of its distance from the sun (Exercise 28).

I Rational Functions

A rational function fis a ratio of two polynomials:
P(x)
Q(x)

where P and Q are polynomials. The domain consists of all values of x such that Q(x) # 0.
A simple example of a rational function is the function f(x) = 1/x, whose domain is
{x|x # 0}; this is the reciprocal function graphed in Figure 14. The function

f(x) =

2x4 —x2 + 1
f(x) = ————
0 x*— 4

is a rational function with domain {x | x # *2}. Its graph is shown in Figure 16.

I Algebraic Functions

A function fis called an algebraic function if it can be constructed using algebraic opera-
tions (such as addition, subtraction, multiplication, division, and taking roots) starting with
polynomials. Any rational function is automatically an algebraic function. Here are two
more examples:

f(x) =+vx2+1 g(x)=xj(1—i?_:2+ x—2)Iyx +1

When we sketch algebraic functions in Chapter 3, we will see that their graphs can assume
a variety of shapes. Figure 17 illustrates some of the possibilities.
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y y y
# X
-3 1 W 1
o s x 0 1 x
FIGURE 17 @) f(x)=x/x+3 (b) g(x)=4x2—25 (€) h(x) = x*(x — 2)

An example of an algebraic function occurs in the theory of relativity. The mass of a
particle with velocity v is

m
m=f() = ————oxn
V1 — v?/c?
where m is the rest mass of the particle and ¢ = 3.0 X 10° km/s is the speed of light in a
vacuum.
I Trigonometric Functions
The Reference Pages are located at the front Trigonometry and the trigonometric functions are reviewed on Reference Page 2 and also
and back of the book.

in Appendix D. In calculus the convention is that radian measure is always used (except
when otherwise indicated). For example, when we use the function f(x) = sin x, it is
understood that sin x means the sine of the angle whose radian measure is x. Thus the graphs
of the sine and cosine functions are as shown in Figure 18.

/
)
v

N T N 3
LI N DN CRFANIPZ O N

2 2

|
3
SIEIE S

@) f(x)=sinx (b) g(x)=rcos x

FIGURE 18

Notice that for both the sine and cosine functions the domain is (—0, ) and the range
is the closed interval [—1, 1]. Thus, for all values of x, we have

or, in terms of absolute values,
|sinx| <1 |cosx| <1
Also, the zeros of the sine function occur at the integer multiples of ; that is,
sinx =20 when X = nw nan integer

An important property of the sine and cosine functions is that they are periodic func-
tions and have period 2. This means that, for all values of x,

sin(x + 2m) = sin x cos(X + 2r) = C0S X
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FIGURE 19
y=tanx
y y
1 1
O‘ 1 X 0‘ 1 X
(@y=2" (b) y=1(0.5"
FIGURE 20
) y=log, x
y=log, x
]A
0 1 X
y=logs x
y=log,,x
FIGURE 21

The periodic nature of these functions makes them suitable for modeling repetitive phe-
nomena such as tides, vibrating springs, and sound waves. For instance, in Example 4 in
Section 1.3 we will see that a reasonable model for the number of hours of daylight in
Philadelphia t days after January 1 is given by the function

.| 27
=12 + 2. —(t —
L(t) =12+ 2 SSln[ 365 (t 80)]
The tangent function is related to the sine and cosine functions by the equation

sin x
COS X

tan x =

and its graph is shown in Figure 19. It is undefined whenever cos x = 0, that is, when
X = *a/2,+37/2, .... Itsrange is (—o, ). Notice that the tangent function has period 7:

tan(x + ) = tan x for all x

The remaining three trigonometric functions (cosecant, secant, and cotangent) are
the reciprocals of the sine, cosine, and tangent functions. Their graphs are shown in
Appendix D.

I Exponential Functions

The exponential functions are the functions of the form f(x) = a*, where the base a is a
positive constant. The graphs of y = 2*andy = (0.5)* are shown in Figure 20. In both cases
the domain is (—o, =) and the range is (0, ).

Exponential functions will be studied in detail in Chapter 6, and we will see that they
are useful for modeling many natural phenomena, such as population growth (if a > 1)
and radioactive decay (ifa < 1).

I Logarithmic Functions

The logarithmic functions f(x) = logax, where the base a is a positive constant, are the
inverse functions of the exponential functions. They will be studied in Chapter 6. Figure 21
shows the graphs of four logarithmic functions with various bases. In each case the
domain is (0, «), the range is (—<0, =), and the function increases slowly when x > 1.

2.G\H1=4] Classify the following functions as one of the types of functions that we
have discussed.

(@) f(x) =5 (b) g(x) = x°

(©) h(x) = —%

1w

(d) u®=1-1t+5t*

SOLUTION
(a) f(x) = 5" is an exponential function. (The x is the exponent.)

(b) g(x) = x*is a power function. (The x is the base.) We could also consider it to be a
polynomial of degree 5.

1+ x
¢) h(x) = ——=is an algebraic function.
© o = T g

(d) u(t) =1 — t + 5t*is a polynomial of degree 4. [
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1-2 Classify each function as a power function, root function,
polynomial (state its degree), rational function, algebraic function,
trigonometric function, exponential function, or logarithmic

function.

1. (@) f(x) = logax

(b) g0 = 4%

(c) h(x) = 12_)(3)(2 (d) u(t) =1 — 1.1t + 2.54t2
(e) »(t) = 5 (f) w(0) = sin 6 cos?6
2. (y=m" (b) y=x"
)y =x32 — x® (d) y=tant — cost
s _WUxE-1
©y=177 (f)y——l+\3&

3-4 Match each equation with its graph. Explain your choices.
(Don’t use a computer or graphing calculator.)

3. (@ y=x? (b) y=x° © y=x°
Y g
h
0 X
f
4, (a) y = 3x (b) y=3*
©y=x° @ y=-Ix
y
F
g

e

5. (a) Find an equation for the family of linear functions with
slope 2 and sketch several members of the family.

(b) Find an equation for the family of linear functions such that

f(2) = 1 and sketch several members of the family.
(c) Which function belongs to both families?

Graphing calculator or computer required

6. What do all members of the family of linear functions
f(x) =1 + m(x + 3) have in common? Sketch several mem-
bers of the family.

7. What do all members of the family of linear functions
f(x) = ¢ — x have in common? Sketch several members of
the family.

8. Find expressions for the quadratic functions whose graphs are
shown.

Y y
(=2,2)
0,1

(4.2) 0 X
g
0‘ 3 X (1,—2.5)

9. Find an expression for a cubic function f if f(1) = 6 and
f(-1) =f(0) =f(2) =0.

10. Recent studies indicate that the average surface tempera-
ture of the earth has been rising steadily. Some scientists
have modeled the temperature by the linear function
T = 0.02t + 8.50, where T is temperature in °C and t
represents years since 1900.

(a) What do the slope and T-intercept represent?
(b) Use the equation to predict the average global surface
temperature in 2100.

11. If the recommended adult dosage for a drug is D (in mg), then
to determine the appropriate dosage c for a child of age a,
pharmacists use the equation ¢ = 0.0417D(a + 1). Suppose
the dosage for an adult is 200 mg.

(@) Find the slope of the graph of c. What does it represent?
(b) What is the dosage for a newborn?

12. The manager of a weekend flea market knows from past expe-
rience that if he charges x dollars for a rental space at the mar-
ket, then the number y of spaces he can rent is given by the
equation y = 200 — 4x.

(a) Sketch a graph of this linear function. (Remember that the
rental charge per space and the number of spaces rented
can’t be negative quantities.)

(b) What do the slope, the y-intercept, and the x-intercept of
the graph represent?

13. The relationship between the Fahrenheit (F) and Celsius (C)
temperature scales is given by the linear function F = 2C + 32.
(a) Sketch a graph of this function.
(b) What is the slope of the graph and what does it represent?
What is the F-intercept and what does it represent?

14. Jason leaves Detroit at 2:00 pm and drives at a constant speed
west along 1-96. He passes Ann Arbor, 40 mi from Detroit, at
2:50 pMm.

(a) Express the distance traveled in terms of the time elapsed.

1. Homework Hints available at stewartcalculus.com
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(b) Draw the graph of the equation in part (a).
(c) What is the slope of this line? What does it represent?

Biologists have noticed that the chirping rate of crickets of a

certain species is related to temperature, and the relationship

appears to be very nearly linear. A cricket produces 113 chirps

per minute at 70°F and 173 chirps per minute at 80°F.

(a) Find a linear equation that models the temperature T as a
function of the number of chirps per minute N.

(b) What is the slope of the graph? What does it represent?

(c) If the crickets are chirping at 150 chirps per minute,
estimate the temperature.

The manager of a furniture factory finds that it costs $2200

to manufacture 100 chairs in one day and $4800 to produce

300 chairs in one day.

(a) Express the cost as a function of the number of chairs pro-
duced, assuming that it is linear. Then sketch the graph.

(b) What is the slope of the graph and what does it represent?

(c) What is the y-intercept of the graph and what does it
represent?

At the surface of the ocean, the water pressure is the same as

the air pressure above the water, 15 Ib/in% Below the surface,

the water pressure increases by 4.34 Ib/in? for every 10 ft of

descent.

(a) Express the water pressure as a function of the depth below
the ocean surface.

(b) At what depth is the pressure 100 Ib/in*?

The monthly cost of driving a car depends on the number of
miles driven. Lynn found that in May it cost her $380 to drive
480 mi and in June it cost her $460 to drive 800 mi.

(a) Express the monthly cost C as a function of the distance
driven d, assuming that a linear relationship gives a suitable
model.

(b) Use part (a) to predict the cost of driving 1500 miles per
month.

(c) Draw the graph of the linear function. What does the slope
represent?

(d) What does the C-intercept represent?

(e) Why does a linear function give a suitable model in this
situation?

19-20 For each scatter plot, decide what type of function you
might choose as a model for the data. Explain your choices.

19.

6) (b)

y y

20.

@ v

21. The table shows (lifetime) peptic ulcer rates (per 100 popu-
lation) for various family incomes as reported by the National
Health Interview Survey.

A 22.

Ulcer rate

Income (per 100 population)

$4,000 14.1

$6,000 13.0

$8,000 13.4
$12,000 125
$16,000 12.0
$20,000 12.4
$30,000 10.5
$45,000 9.4
$60,000 8.2

(a) Make a scatter plot of these data and decide whether a

linear model is appropriate.

(b) Find and graph a linear model using the first and last data

points.

(c) Find and graph the least squares regression line.
(d) Use the linear model in part (c) to estimate the ulcer rate

for an income of $25,000.

(e) According to the model, how likely is someone with an
income of $80,000 to suffer from peptic ulcers?

(f) Do you think it would be reasonable to apply the model to
someone with an income of $200,000?

Biologists have observed that the chirping rate of crickets of a
certain species appears to be related to temperature. The table
shows the chirping rates for various temperatures.

Temperature | Chirping rate || Temperature | Chirping rate
(°F) (chirps/min) (°F) (chirps/min)
50 20 75 140
55 46 80 173
60 79 85 198
65 91 90 211
70 113

(a) Make a scatter plot of the data.
(b) Find and graph the regression line.
(c) Use the linear model in part (b) to estimate the chirping rate

at 100°F.
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23.

A 2.

25.

26.

The table gives the winning heights for the men’s Olympic
pole vault competitions up to the year 2004.

Year Height (m) Year Height (m)
1896 3.30 1960 4.70
1900 3.30 1964 5.10
1904 3.50 1968 5.40
1908 3.71 1972 5.64
1912 3.95 1976 5.64
1920 4.09 1980 5.78
1924 3.95 1984 5.75
1928 4.20 1988 5.90
1932 4.31 1992 5.87
1936 4.35 1996 5.92
1948 4.30 2000 5.90
1952 4.55 2004 5.95
1956 4.56

(a) Make a scatter plot and decide whether a linear model is
appropriate.

(b) Find and graph the regression line.

(c) Use the linear model to predict the height of the winning
pole vault at the 2008 Olympics and compare with the
actual winning height of 5.96 meters.

(d) Is it reasonable to use the model to predict the winning
height at the 2100 Olympics?

The table shows the percentage of the population of
Argentina that has lived in rural areas from 1955 to 2000.
Find a model for the data and use it to estimate the rural per-
centage in 1988 and 2002.

Percentage Percentage
Year rural Year rural
1955 30.4 1980 17.1
1960 26.4 1985 15.0
1965 23.6 1990 13.0
1970 211 1995 11.7
1975 19.0 2000 10.5

Many physical quantities are connected by inverse square
laws, that is, by power functions of the form f(x) = kx 2 In
particular, the illumination of an object by a light source is
inversely proportional to the square of the distance from the
source. Suppose that after dark you are in a room with just
one lamp and you are trying to read a book. The light is too
dim and so you move halfway to the lamp. How much
brighter is the light?

It makes sense that the larger the area of a region, the larger
the number of species that inhabit the region. Many

21.

28.

35

ecologists have modeled the species-area relation with a
power function and, in particular, the number of species S of
bats living in caves in central Mexico has been related to the
surface area A of the caves by the equation S = 0.7A%%,

(@) The cave called Mision Imposible near Puebla, Mexico,
has a surface area of A = 60 m? How many species of
bats would you expect to find in that cave?

(b) If you discover that four species of bats live in a cave,
estimate the area of the cave.

The table shows the number N of species of reptiles and
amphibians inhabiting Caribbean islands and the area A of
the island in square miles.

Island A N
Saba 4 5
Monserrat 40 9
Puerto Rico 3,459 40
Jamaica 4,411 39
Hispaniola 29,418 84
Cuba 44,218 76

(a) Use a power function to model N as a function of A.

(b) The Caribbean island of Dominica has area 291 m?. How
many species of reptiles and amphibians would you
expect to find on Dominica?

The table shows the mean (average) distances d of the plan-
ets from the sun (taking the unit of measurement to be the
distance from the earth to the sun) and their periods T (time
of revolution in years).

Planet d T
Mercury 0.387 0.241
Venus 0.723 0.615
Earth 1.000 1.000
Mars 1.523 1.881
Jupiter 5.203 11.861
Saturn 9.541 29.457
Uranus 19.190 84.008
Neptune 30.086 164.784

(a) Fit a power model to the data.
(b) Kepler’s Third Law of Planetary Motion states that

“The square of the period of revolution of a planet
is proportional to the cube of its mean distance from
the sun.”

Does your model corroborate Kepler’s Third Law?
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m New Functions from Old Functions

In this section we start with the basic functions we discussed in Section 1.2 and obtain new
functions by shifting, stretching, and reflecting their graphs. We also show how to combine
pairs of functions by the standard arithmetic operations and by composition.

I Transformations of Functions

By applying certain transformations to the graph of a given function we can obtain the
graphs of certain related functions. This will give us the ability to sketch the graphs of
many functions quickly by hand. It will also enable us to write equations for given graphs.
Let’s first consider translations. If ¢ is a positive number, then the graph of y = f(x) + ciis
just the graph of y = f(x) shifted upward a distance of c units (because each y-coordinate
is increased by the same number c). Likewise, if g(x) = f(x — c), where ¢ > 0, then the
value of g at x is the same as the value of f at x — ¢ (c units to the left of x). There-
fore the graph of y = f(x — c) is just the graph of y = f(x) shifted c units to the right (see
Figure 1).

Vertical and Horizontal Shifts Suppose ¢ > 0. To obtain the graph of
y = f(x) + c, shift the graph of y = f(x) a distance c units upward
y = f(x) — c, shift the graph of y = f(x) a distance ¢ units downward
y = f(x — c), shift the graph of y = f(x) a distance c units to the right
y = f(x + c), shift the graph of y = f(x) a distance c units to the left

Y y
oI y=cfl)
(c>1)
|
|
y=fate  Cly=fo  y=fa-o
% ﬂ y=fx)
e y= "1
0 X 0 X
y=fx)—c
y=—f(x)
FIGURE 1 FIGURE 2

Translating the graph of f

Stretching and reflecting the graph of f

Now let’s consider the stretching and reflecting transformations. If ¢ > 1, then the
graph of y = cf(x) is the graph of y = f(x) stretched by a factor of c in the vertical
direction (because each y-coordinate is multiplied by the same number c). The graph of
y = —f(x) is the graph of y = f(x) reflected about the x-axis because the point (x, y) is
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replaced by the point (x, —y). (See Figure 2 and the following chart, where the results of
other stretching, shrinking, and reflecting transformations are also given.)

Vertical and Horizontal Stretching and Reflecting Suppose ¢ > 1. To obtain the
graph of

y = cf(x), stretch the graph of y = f(x) vertically by a factor of c

y = (1/c)f(x), shrink the graph of y = f(x) vertically by a factor of ¢
y = f(cx), shrink the graph of y = f(x) horizontally by a factor of ¢
y = f(x/c), stretch the graph of y = f(x) horizontally by a factor of ¢
y = —f(x), reflect the graph of y = f(x) about the x-axis

y = f(—x), reflect the graph of y = f(x) about the y-axis

Figure 3 illustrates these stretching transformations when applied to the cosine function
with ¢ = 2. For instance, in order to get the graph of y = 2 cos x we multiply the y-coordi-
nate of each point on the graph of y = cos x by 2. This means that the graph of y = cos x
gets stretched vertically by a factor of 2.

y y=2c0Sx y
2 /y:COSx 2t y:COS%X

é}%y=;con % 1 l /\
0 1 > M/ —

N | 7.2

1 | y=C0Sx

FIGURE 3 y=c0s2x

(=]

7 IETZTEN Given the graph of y = /X, use transformations to graphy = /x — 2,
y=+vx—2,y=—JX,y=2Vx,andy = /-x.

SOLUTION The graph of the square root function y = +/x, obtained from Figure 13(a)

in Section 1.2, is shown in Figure 4(a). In the other parts of the figure we sketch

y = +/x — 2 by shifting 2 units downward, y = v/x — 2 by shifting 2 units to the right,
y = —+/x by reflecting about the x-axis, y = 2/ by stretching vertically by a factor
of 2, andy = v/—x by reflecting about the y-axis.

y y y y y y

1+ /
OiXO/XO'zxo x0 x of

_2 +

@y=vx () y=x—2 ©y=vx-2 dy=—x (€) y=2x (f)y=-x
FIGURE 4 [ ]
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~

FIGURE 5

y=sinx

[E7XZTF] Sketch the graph of the function f(x) = x® + 6x + 10.

SOLUTION Completing the square, we write the equation of the graph as
y=x>+6x+10=(x+3°+1

This means we obtain the desired graph by starting with the parabola y = x? and shifting
3 units to the left and then 1 unit upward (see Figure 5).

y y
(=3.1) T
0 X -3 ' _'1 0 X
(@) y=x* () y=@x+3)>+1 |

[E70ITE] Sketch the graphs of the following functions.
(a) y = sin 2x (b) y=1—sinx
SOLUTION

(a) We obtain the graph of y = sin 2x from that of y = sin x by compressing horizon-

tally by a factor of 2. (See Figures 6 and 7.) Thus, whereas the period of y = sinx is 2,
the period of y = sin 2x is 277/2 = .

FIGURE 6

AN

FIGURE 8

FIGURE 7

(b) To obtain the graph of y = 1 — sin x, we again start with y = sin x. We reflect
about the x-axis to get the graph of y = —sin x and then we shift 1 unit upward to get
y = 1 — sin x. (See Figure 8.)

2 |

[E7ZT Figure 9 shows graphs of the number of hours of daylight as functions of the
time of the year at several latitudes. Given that Philadelphia is located at approximately
40°N latitude, find a function that models the length of daylight at Philadelphia.
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FIGURE 9

Graph of the length of daylight

from March 21 through December 21
at various latitudes

Lucia C. Harrison, Daylight, Twilight, Darkness and Time
(New York, 1935) page 40.

y
—1 0 1 X
@y=x-1
y
-1 0 1 X
(b) y=1[x*—1|
FIGURE 10

39
20
18
\\
16
14 //’;:/O—\O\\\O\\
1 2%//0—-’_‘"\0-5‘;&§
Y%\O__o 20°N
Hours 10 \\‘;\{F 30°N
| 40°N
8 =1 50°N
6 .
60°N
4
2

Mar. Apr. May June July Aug. Sept. Oct. Nov. Dec.

SOLUTION Notice that each curve resembles a shifted and stretched sine function. By
looking at the blue curve we see that, at the latitude of Philadelphia, daylight lasts about
14.8 hours on June 21 and 9.2 hours on December 21, so the amplitude of the curve (the
factor by which we have to stretch the sine curve vertically) is 3(14.8 — 9.2) = 2.8.

By what factor do we need to stretch the sine curve horizontally if we measure the
time t in days? Because there are about 365 days in a year, the period of our model
should be 365. But the period of y = sint is 247, so the horizontal stretching factor is
c = 2m/365.

We also notice that the curve begins its cycle on March 21, the 80th day of the year,
so we have to shift the curve 80 units to the right. In addition, we shift it 12 units
upward. Therefore we model the length of daylight in Philadelphia on the tth day of the
year by the function

| 27
L(t) =12+ 2.8 sm[ﬁ(t — 80)] [ |

Another transformation of some interest is taking the absolute value of a function. If
y = | f(x)|, then according to the definition of absolute value, y = f(x) when f(x) = 0 and
y = —f(x) when f(x) < 0. This tells us how to get the graph of y = | f(x)| from the graph
of y = f(x): The part of the graph that lies above the x-axis remains the same; the part that
lies below the x-axis is reflected about the x-axis.

I IE7XEE Sketch the graph of the functiony = [x* — 1].

SOLUTION We first graph the parabolay = x* — 1 in Figure 10(a) by shifting the parabola
y = x? downward 1 unit. We see that the graph lies below the x-axis when —1 < x < 1,
so we reflect that part of the graph about the x-axis to obtain the graph of y = |x* — 1]
in Figure 10(b). [ |

I Combinations of Functions

Two functions f and g can be combined to form new functions f + g, f — g, fg, and f/g
in a manner similar to the way we add, subtract, multiply, and divide real numbers. The
sum and difference functions are defined by

(f+9)(x) =f(x) + g(x) (f = 9)(x) =f(x) — g(x)
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If the domain of f is A and the domain of g is B, then the domain of f + ¢ isthe intersec-
tion A N B because both f(x) and g(x) have to be defined. For example, the domain of
f(x) = /X isA = [0, ) and the domain of g(x) = v/2 — X isB = (—, 2], so the domain

of (f+¢)(x) =X ++2—xisANB=[0,2]
Similarly, the product and quotient functions are defined by

_ o =1
(fg)(0) = F(0g(x) <g>(x) =20

The domain of fg is AN B, but we can't divide by 0 and so the domain of f/g is
{x e AN B | g(x) # 0} Foringtance, if f(x) = x?and g(x) = x — 1, then the domain of

the rational function (f/g)(x) = x%(x — 1) is{x | x # 1}, or (=0, 1) U (1, o).

There is another way of combining two functions to obtain a new function. For exam-
ple, supposethaty = f(u) = v/u andu = g(x) = x? + 1. Sincey isafunction of u and u
is, inturn, afunction of x, it follows that y is ultimately a function of x. We compute this

by substitution:
y="Ffu)=f(g(x) =f(x*+ 1) =yx2+1

The procedure is called composition because the new function is composed of the two

(input) given functions f and g.

In general, given any two functions f and g, we start with a number x in the domain of
g and find its image g(x). If this number g(x) isin the domain of f, then we can calculate
the value of f(g(x)). Notice that the output of one function is used as the input to the next
function. The result is anew function h(x) = f(g(x)) obtained by substituting g into f. It is
called the composition (or composite) of f and g and is denoted by fo g (“f circle g”).

Definition Given two functions f and g, the composite function f o g (also called
the composition of f and g) is defined by

(fog)(x) = f(g(x)

x)) (output)

FIGURE 11

The fog machineis composed of
the g machine (first) and then

the f machine. ure 11 shows how to picture f o g in terms of machines.

ETNTEE If f(x) = x?and g(x) = x — 3, find the composite functions fo gand g © f.
SOLUTION We have

(feg)(x) =f(g(x) = f(x — 3) = (x = 3)*

(g f)x) =g(f(x) = g(x?) =x*>—3 -

@ NOTE You can see from Example 6 that, in general, fog # g o f. Remember, the
notation f o g means that the function ¢ is applied first and then f is applied second. In
Example 6, f o g isthe function that first subtracts 3 and then squares; g © f isthe function

that first squares and then subtracts 3.

http://www.meetyourbrain.com - Ask/Answer Questions. Homework Help.

The domain of f o gistheset of al x in the domain of g such that g(x) isin the domain
of f. In other words, (f ° g)(x) is defined whenever both g(x) and f(g(x)) are defined. Fig-
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V| If f(x) = v/x and g(x) = v/2 — x, find each function and its domain.

@ feg  (b) gof (© feof ) gog
SOLUTION
€ (fog)() =f(gx) =f(V2=x) = V2 —x =2 —x

Thedomainof fogis{x|2 — x =0} = {x|x < 2} = (—, 2].

@) (g° 10 = g(f(x) = g(vx) = V2 = X

For /X to be defined we must have x = 0. For v/2 — /X to be defined we must have
If0<a=<h,thena?<bh2 2 — Jx =0, thatis, v/x < 2, or x < 4. Thuswe have 0 < x < 4, o the domain of

g ° f isthe closed interval [0, 4].

© (fo ) =F(f(x) = f(vx) = ViX = ¥x

The domain of feo f is[0, ).

C) (9° 90 = g(g(0) = g(v2 = x) =2~ 2= x

This expression is defined when both2 — x = 0and 2 — /2 — x = 0. Thefirst
inequality means x < 2, and the second isequivalentto /2 — x < 2,0r2 — x < 4, or
x = —2.Thus —2 < x < 2, sothedomain of g o g isthe closed interval [ —2,2]. ==

It is possible to take the composition of three or more functions. For instance, the com-
posite function f o g o h is found by first applying h, then g, and then f asfollows:

(feogeoh)(x) = f(gh(x))

GRS Find fogohif f(x) = x/(x + 1),¢9(x) = x,andh(x) = x + 3.
SIS Find fog e hif f(x) = x/( ), g(x) = x*°, and h(x) 3

SOLUTION (fogeoh)(x) =f(g(h(x))) = f(g(x + 3))
_ oy (x+3°
—f((X+3))—(X+3)1o+1 —

So far we have used composition to build complicated functions from simpler ones. But
in calculus it is often useful to be able to decompose a complicated function into simpler
ones, as in the following example.

ETYTETE] Given F(x) = cos’(x + 9), find functions f, g, and h suchthat F = fo g o h.

SOLUTION Since F(x) = [cos(x + 9)]? theformulafor F says: First add 9, then take the
cosine of the result, and finally square. So we let

h(x) =x+ 9 g(x) = cosx f(x) = x?
Then (fegeh)(x) =f(g(h(x))) = f(g(x + 9)) = f(cos(x + 9))
= [cos(x + 9)]* = F(x) _—
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m Exercises

1. Suppose the graph of f is given. Write equations for the graphs -7 The graph of y = +/3x — x2 is given. Use transformations to

(a) Shift 3 units upward. (b) Shift 3 units downward.

(c) Shift 3unitstotheright.  (d) Shift 3 units to the left. y
(e) Reflect about the x-axis. (f) Reflect about the y-axis.
(g) Stretch vertically by afactor of 3.
(h) Shrink vertically by afactor of 3.

2. Explain how each graph is obtained from the graph of y = f(x). 0 3 X
@y="f(x +38 (b) y="1(x+8)
(©y =8 @ y= (&) 6
@y=—f0—1 (f) y =8f(5x)

3. Thegraph of y = f(x) is given. Match each equation with its ’ —4 10 x
graph and give reasons for your choices. U -
@y="fx-4 B y=f+3 s

\ 2 5 X

©y=3f(x () y=—-f(x+4 0
(e y=2f(x + 6)

_ 42
5 y—\/3x X

y 1 y

@

8. (@) How isthe graph of y = 2 sinx related to the graph of
y = sinx? Use your answer and Figure 6 to sketch the
graph of y = 2sinx.

© (b) How isthe graphof y = 1 + \/>? related to the graph of
y = /X ? Use your answer and Figure 4(a) to sketch the
graphof y = 1 + VX.

-6 6 9-24 Graph the function by hand, not by plotting points, but by
starting with the graph of one of the standard functions given in Sec-
tion 1.2, and then applying the appropriate transformations.

9. y= 1 0. y=(x— 13
4. The graph of f isgiven. Draw the graphs of the following X+ 2
functions. 2
1M1,y = —Jx 122 y=x*+6x+4
@y="fx -2 B y="f(x—2) y= - y
(€ y= —2f(x) dy=f(3x)+1 By=yx-2-1 14. y = 4sin3x
y . 2
5 15. y = sin(3x) 6.y ="~ 2
17. y = 3(1 — cosX) 18By=1-2/x+3
0 1
‘ 19.y=1-2x—x2 20 y=|x|-2
5. The graph of f isgiven. Useit to graph the following 2. y=|x— 2| 2 y= ltan(x — ”)
functions. 4 4
_ — (L
@y =20 (b) y = (3x) 2. y=|J/x — 1| 28, y = |cos 7x|
(©y="F(-x (d) y=—f(—x)

25. The city of New Orleans s located at latitude 30°N. Use Fig-
1 ure 9 to find a function that models the number of hours of
daylight at New Orleans as a function of the time of year. To
check the accuracy of your model, use the fact that on March 31
‘ the sun rises at 5:51am and sets at 6:18 Pm in New Orleans.

1. Homework Hints available at stewartcal culus.com ] ]
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26. A variable star is one whose brightness aternately increases
and decreases. For the most visible variable star, Delta Cephei,
the time between periods of maximum brightnessis 5.4 days,
the average brightness (or magnitude) of the star is 4.0, and its
brightness varies by +0.35 magnitude. Find a function that
models the brightness of Delta Cephel as a function of time.

21. () How isthe graph of y = f(\ X |) related to the graph of f?
(b) Sketch the graph of y = sin|x]|.
(c) Sketch the graph of y = /| x|.

28. Use the given graph of f to sketch the graph of y = 1/f(x).
Which features of f are the most important in sketching
y = 1/f(x)? Explain how they are used.

y

0 l\/x

29-30 Find (&) f + g, (b) f — g, (c) fg, and (d) f/g and state their
domains.

29. f(x) = x>+ 2x% ¢g(x) =3x*—-1

30. f(x) =3 —x, gx)=+x2—-1

41-46 Expressthe function in the form f o g.
4. F(x) = (2x + x?)* 42. F(x) = cos’x

_ K =

43.F(x)—1+\3& 4t|.G(x)—\/1JrX
o __tent

45, (t) = sec(t?) tan(t?) 8. u®) = T

47-49 Express the function in the form fo g o h.

41. R(x) = Vy/x — 1 48. H(x) = ¥2 + |x]
49. H(x) = sec*(vx)

31-36 Find the functions (a) feg, (b)geof,(c) fof,and(d)gog
and their domains.

M f(x)=x2—1, gx)=2x+1
R2.fx)=x—-2, gx)=x>+3x+4
33. f(x) =1— 3%, ¢g(x) =cosx

3. f(x) =X, g(x)=I1—x

1 X+ 1
365 f(x) =x + — =
(x) =x < g(x) 12
36. f(x) = X (x) = sin 2x
) 1+x 9

37-40 Find fog o h.

3. f(x) =3 — 2, g(x) =sinx, h(x) =x?
3B.1() = |x— 4], g0 =2, h(x) =X
39 f(x) = VX — 3, g(x) =x% h(x)=x*+2
8. F(0 =tanx, g0 =, h(X =3

50. Use the table to evaluate each expression.
(@ f(g(1) (b) g(f(1))
(d) g(g(2) (€ (g°H)d)

() f(f(1)
(f) (fo9)(6)

X 1 2 3 4 5 6

f) | 3] 1| 4] 2|25

gx) | 6 | 3 | 2 | 1] 2|3

51. Usethe given graphs of f and g to evaluate each expression,
or explain why it is undefined.

@ f(9(2) (b) g((0)
(d) (g°f)6) (€ (g°9)(=2)

y

(©) (fo9)(0)
(f) (fe1)(@)

52. Usethe given graphs of f and g to estimate the value of
f(g(x)) for x = =5, =4, =3, ..., 5. Use these estimates to
sketch arough graph of fo g.

y
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53.

54.

55,

56.

57.
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A stone is dropped into alake, creating a circular ripple that

travels outward at a speed of 60 cm/s.

(a) Expresstheradius r of this circle as a function of the
timet (in seconds).

(b) If Aisthe area of thiscircle as afunction of the radius, find
Ao r and interpret it.

A spherical balloon is being inflated and the radius of the bal-

loon isincreasing at arate of 2 cm/s.

(a) Expresstheradiusr of the balloon as a function of the
timet (in seconds).

(b) If V isthe volume of the balloon as a function of the radius,
find V o r and interpret it.

A ship ismoving at a speed of 30 km/h parallel to a straight
shoreline. The ship is 6 km from shore and it passes a light-
house at noon.

(a) Express the distance s between the lighthouse and the ship
as afunction of d, the distance the ship has traveled since
noon; that is, find f so that s = f(d).

(b) Express d as afunction of t, the time elapsed since noon;
that is, find g so that d = ¢(t).

(c) Find f o g. What does this function represent?

An airplaneisflying at a speed of 350 mi/h at an altitude of

one mile and passes directly over aradar station at timet = 0.

(a) Express the horizontal distance d (in miles) that the plane
has flown as a function of t.

(b) Express the distance s between the plane and the radar
station as a function of d.

(c) Use composition to express s as a function of t.

The Heaviside function H is defined by

H(t) = {(1)

It isused in the study of electric circuits to represent the
sudden surge of electric current, or voltage, when a switch is
instantaneously turned on.

(a) Sketch the graph of the Heaviside function.

(b) Sketch the graph of the voltage V(t) in a circuit if the
switch isturned on at timet = 0 and 120 volts are applied
instantaneously to the circuit. Write aformulafor V(1) in
terms of H(t).

ift<oO
ift=0

m The Tangent and Velocity Problems

58.

59.

60.

61.

62.

63.

64.

(c) Sketch the graph of the voltage V(t) in a circuit if the
switch isturned on at timet = 5 seconds and 240 volts are
applied instantaneously to the circuit. Write a formula for
V(t) in terms of H(t). (Note that starting at t = 5 corre-
sponds to a translation.)

The Heaviside function defined in Exercise 57 can also be used
to define the ramp function y = ctH(t), which represents a
gradual increase in voltage or current in acircuit.

(a) Sketch the graph of the ramp functiony = tH(t).

(b) Sketch the graph of the voltage V(t) in acircuit if the
switch isturned on at timet = 0 and the voltage is gradu-
aly increased to 120 volts over a 60-second time interval.
Write aformulafor V(t) in terms of H(t) for t < 60.

(c) Sketch the graph of the voltage V(t) in acircuit if the
switch isturned on at timet = 7 seconds and the voltage is
gradually increased to 100 volts over a period of
25 seconds. Write aformulafor V(t) in terms of H(t) for
t=< 32

Let f and g be linear functions with equations f(x) = mix + b
and g(x) = myx + by. Is fo g also alinear function? If so,
what is the slope of its graph?

If you invest x dollars at 4% interest compounded annually,
then the amount A(x) of the investment after one year is

A(x) = 1.04x. Find A°c A, Ac Ao Ajand Ao Ao Ao A What
do these compositions represent? Find a formula for the com-
position of n copies of A.

(@ If g(x) = 2x + 1and h(x) = 4x2 + 4x + 7, find afunction
f such that f o g = h. (Think about what operations you
would have to perform on the formulafor ¢ to end up with
the formulafor h.)

(b) If f(x) = 3x + 5and h(x) = 3x* + 3x + 2, find afunction
g suchthat fog=h.

If f(x) =x + 4andh(x) = 4x — 1, find afunction g such that
gef=nh.

Suppose g is an even function and let h = f o g. Ish always an
even function?

Suppose g isan odd function and let h = f o g. Ish dways an
odd function? What if f isodd? What if f iseven?

In this section we see how limits arise when we attempt to find the tangent to a curve or

the velocity of an object.

I The Tangent Problem

The word tangent is derived from the Latin word tangens, which means “touching.” Thus
atangent to acurveisalinethat touchesthe curve. In other words, atangent line should have
the same direction as the curve at the point of contact. How can this idea be made precise?
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FIGURE 1
y
Ox,x*) /1
— 42
y=x P(, 1)
0 X
FIGURE 2
X Mpo
2 3
15 25
11 2.1
1.01 2.01
1.001 2.001
X Mpqg
0 1
0.5 15
0.9 19
0.99 1.99
0.999 1.999

15

For acirclewe could simply follow Euclid and say that atangent isaline that intersects
the circle once and only once, as in Figure 1(a). For more complicated curves this defini-
tion isinadeguate. Figurel(b) showstwo lines| and t passing through a point P on a curve
C. Thelinel intersects C only once, but it certainly does not look like what we think of as
atangent. Thelinet, on the other hand, looks like a tangent but it intersects C twice.

@ (b)

To be specific, let’s ook at the problem of trying to find atangent line t to the parabola
y = x?in the following example.

I IE7XTEEN Find an equation of the tangent line to the parabolay = x?2 at the
point P(1, 1).

SOLUTION We will be able to find an equation of the tangent line t as soon as we know its
slope m. The difficulty isthat we know only one point, P, on t, whereas we need two
points to compute the slope. But observe that we can compute an approximation to m by
choosing anearby point Q(x, x2) on the parabola (as in Figure 2) and computing the slope
Mepq Of the secant line PQ. [A secant line, from the Latin word secans, meaning cutting,
isalinethat cuts (intersects) a curve more than once.]

We choose x # 1 sothat Q # P. Then

x2—1
x—1

Mpo =

For instance, for the point Q(1.5, 2.25) we have

225-1 125
= =2
15-1 0.5 °

Mpo =

The tables in the margin show the values of meq for several values of x closeto 1. The
closer Q isto P, the closer x isto 1 and, it appears from the tables, the closer mpq isto 2.
This suggests that the slope of the tangent line t should bem = 2.

We say that the slope of the tangent line is the limit of the slopes of the secant lines,
and we express this symbolically by writing

2

[im mpg = m and lim =
Q—P x—1 X — 1

Assuming that the slope of the tangent line isindeed 2, we use the point-slope form
of the equation of aline (see Appendix B) to write the equation of the tangent line
through (1, 1) as

y—1=2(x—-1) or y=2x—-1
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y
0
0
y
0
0
FIGURE 3

Figure 3 illustrates the limiting process that occurs in this example. As Q approaches
P aong the parabola, the corresponding secant lines rotate about P and approach the

tangent line't.
y y
t t
0
0
P P
0 X 0 X
Q approaches P from the right
y y
t t
P P
Q0 0
0 X / X

Q approaches P from the |eft

In Visual 1.4 you can see how

the process in Figure 3 works for additional
functions.

Many functions that occur in science are not described by explicit equations; they are
defined by experimental data. The next example shows how to estimate the slope of the
tangent line to the graph of such a function.

t Q
0.00 100.00
0.02 81.87
0.04 67.03
0.06 54.88
0.08 44.93
0.10 36.76

I [ETXTETF The flash unit on a camera operates by storing charge on a capacitor and
releasing it suddenly when the flash is set off. The datain the table describe the charge Q
remaining on the capacitor (measured in microcoulombs) at timet (measured in seconds
after the flash goes off ). Use the data to draw the graph of this function and estimate the
slope of the tangent line at the point wheret = 0.04. [ Note: The slope of the tangent line
represents the electric current flowing from the capacitor to the flash bulb (measured in

microamperes).]

SOLUTION In Figure 4 we plot the given data and use them to sketch a curve that approx-

imates the graph of the function.

04 (microcoulombs)
100

90

80 A

70 ~P

60 \\

50 B C \\

L
0 0.02 0.04 0.06 0.08 0.1 ¢ (seconds)
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R Mpr
(0.00, 100.00) —824.25
(0.02, 81.87) —742.00
(0.06, 54.88) —607.50
(0.08, 44.93) —552.50
(0.10, 36.76) —504.50

© 2003 Brand X Pictures/Jupiter Images/Fotosearch

The physical meaning of the answer in
Example 2 is that the electric current flowing
from the capacitor to the flash bulb after
0.04 second is about —670 microamperes.

The CN Tower in Toronto was the tallest free-
standing building in the world for 32 years.

15

Given the points P(0.04, 67.03) and R(0.00, 100.00) on the graph, we find that the
dlope of the secant line PR is

100.00 — 67.03
_ PO g5
Mer = 70,00 — 0.04 824.25

The table at the left shows the results of similar calculations for the slopes of other
secant lines. From this table we would expect the slope of the tangent line at t = 0.04 to
lie somewhere between —742 and —607.5. In fact, the average of the slopes of the two
closest secant linesis

2(—742 — 607.5) = —674.75

So, by this method, we estimate the slope of the tangent line to be —675.

Another method is to draw an approximation to the tangent line at P and measure the
sides of the triangle ABC, asin Figure 4. This gives an estimate of the slope of the tan-
gent line as

|AB| 80.4 — 53.6
- ~— — —670 -
|BC| 0.06 — 0.02

I The Velocity Problem

If you watch the speedometer of a car as you travel in city traffic, you see that the needle
doesn't stay till for very long; that is, the velocity of the car is not constant. We assume from
watching the speedometer that the car has a definite velocity at each moment, but how isthe
“instantaneous’ velocity defined? Let’ s investigate the example of afalling ball.

1 IETEEE] Suppose that aball is dropped from the upper observation deck of the CN
Tower in Toronto, 450 m above the ground. Find the velocity of the ball after 5 seconds.

SOLUTION Through experiments carried out four centuries ago, Galileo discovered that
the distance fallen by any freely falling body is proportional to the square of the time it
has been falling. (This model for free fall neglects air resistance.) If the distance fallen
after t seconds is denoted by s(t) and measured in meters, then Galileo’s law is expressed
by the equation

s(t) = 4.9t2

The difficulty in finding the velocity after 5 sisthat we are dealing with asingle
instant of time (t = 5), so no time interval isinvolved. However, we can approximate the
desired quantity by computing the average velocity over the brief time interval of atenth
of asecond fromt =5tot = 5.1:

change in position
time elapsed

average velocity

s(5.1) — s(5)
0.1
4.9(5.1)2 — 4.9(5)?

= o1 — 49.49 m/s
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FIGURE 5

The following table shows the results of similar calculations of the average velocity over
successively smaller time periods.

Time interval Average velocity (m/s)
Eb<t<®6 53.9
b=st=<51 49.49
5<t=<505 49.245
E=<t=<501 49.049
5<t=5.001 49.0049

It appears that as we shorten the time period, the average velocity is becoming closer to
49 m/s. The instantaneous velocity whent = 5 is defined to be the limiting value of
these average velocities over shorter and shorter time periods that start at t = 5. Thus
the (instantaneous) velocity after 5 sis

v=49m/s [ ]

You may have the feeling that the calculations used in solving this problem are very sim-
ilar to those used earlier in this section to find tangents. In fact, there is a close connec-
tion between the tangent problem and the problem of finding velocities. If we draw the
graph of the distance function of the ball (as in Figure 5) and we consider the points
P(a, 4.9a%) and Q(a + h, 4.9(a + h)?) on the graph, then the slope of the secant line
PQis

- 49(a + h)®> — 4.9a2
FQ (a+h —a

which is the same as the average velocity over the time interval [a, a + h]. Therefore the
velocity at timet = a (the limit of these average velocities as h approaches 0) must be
equal to the slope of the tangent line at P (the limit of the slopes of the secant lines).

s =491 s=4.9¢

slope of secant line

= average velocity slope of tangent line
P P = Instantaneous velocity

0 a a+th t 0 a t

Examples 1 and 3 show that in order to solve tangent and vel ocity problems we must be
ableto find limits. After studying methods for computing limitsin the next four sections, we
will return to the problems of finding tangents and velocities in Chapter 2.
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m Exercises

1. A tank holds 1000 gallons of water, which drains from the
bottom of the tank in half an hour. The values in the table show
the volume V of water remaining in the tank (in gallons) after

t minutes.

t (min) 5 10 15 20 | 25 | 30
V(gad) | 694 | 444 | 250 | 111 | 28 | ©

() If P isthe point (15, 250) on the graph of V, find the slopes
of the secant lines PQ when Q is the point on the graph
with t = 5, 10, 20, 25, and 30.

(b) Estimate the slope of the tangent line at P by averaging the
slopes of two secant lines.

(c) Use agraph of the function to estimate the slope of the
tangent line at P. (This slope represents the rate at which the
water is flowing from the tank after 15 minutes.)

. A cardiac monitor is used to measure the heart rate of a patient
after surgery. It compiles the number of heartbeats after t min-
utes. When the data in the table are graphed, the slope of the
tangent line represents the heart rate in beats per minute.

t (min) 36 38 40 42 a4
2530 | 2661 | 2806 | 2948 | 3080

Heartbeats

The monitor estimates this value by calculating the slope of

a secant line. Use the data to estimate the patient’s heart rate
after 42 minutes using the secant line between the points with
the given values of t.
(@t=36 and t=42
(c)t=40 and t=42
What are your conclusions?

t=42
t=144

(b) t=38 and
@) t=42 and

. The point P(2, —1) lieson the curvey = 1/(1 — x).

(@ If Q isthepoint (x, 1/(1 — X)), use your calculator to find
the slope of the secant line PQ (correct to six decimal
places) for the following values of x:

(i) 1.5 (ii) 1.9 (iii) 1.99 (iv) 1.999
(v) 25 (vi) 21 (vii) 201  (viii) 2.001

(b) Using the results of part (a), guess the value of the slope
of the tangent line to the curve at P(2, —1).

(c) Using the slope from part (b), find an equation of the
tangent lineto the curve at P(2, —1).

. The point P(0.5, 0) lies on the curvey = cos 7x.

(& If Q isthe point (x, cos 7rx), use your calculator to find
the slope of the secant line PQ (correct to six decimal
places) for the following values of x:

(i) o (ii) 04 (iii) 0.49 (iv) 0.499
v) 1 (vi) 0.6 (vii) 051  (viii) 0.501

(b) Using the results of part (a), guess the value of the slope

of the tangent line to the curve at P(0.5, 0).

Graphing calculator or computer required

Y
KK

(c) Using the slope from part (b), find an equation of the
tangent line to the curve at P(0.5, 0).

(d) Sketch the curve, two of the secant lines, and the tangent
line.

. If aball isthrown into the air with avelocity of 40 ft/s, its

height in feet t seconds later is given by y = 40t — 16t2,
(a) Find the average velocity for the time period beginning
when t = 2 and lasting
(i) 0.5second (ii) 0.1 second
(iii) 0.05second (iv) 0.01 second
(b) Estimate the instantaneous velocity whent = 2.

. If arock isthrown upward on the planet Mars with a velocity

of 10 m/s, its height in meterst seconds later is given by

y = 10t — 1.86t>

(8) Find the average velocity over the given time intervals:
(i) [1, 2] (ii) [1,1.5] (iii) [1,12.1]
(iv) [1,1.01] (v) [1, 1.001]

(b) Estimate the instantaneous velocity whent = 1.

. The table shows the position of a cyclist.

t (seconds) 0 1 2 3 4 5

s (meters) 0 14 51 | 10.7 17.7 25.8
(8) Find the average velocity for each time period:

(i) [1,3] (i) [2,3] (iii) [3,5] (iv) [3,4]

(b) Use the graph of s as a function of t to estimate the instan-
taneous velocity whent = 3.

. The displacement (in centimeters) of a particle moving back

and forth along a straight line is given by the equation of
motions = 2 sin rt + 3 cos «rt, wheret is measured in
seconds.
(a) Find the average velocity during each time period:
(i) [1, 2] (i) [1, 1.1]
(iit) [1, 1.07] (iv) [1, 1.001]
(b) Estimate the instantaneous velocity of the particle
whent = 1.

. The point P(1, 0) lies on the curve y = sin(107/x).

(@) If Q isthe point (x, sin(107/x)), find the slope of the secant
line PQ (correct to four decimal places) for x = 2, 1.5, 1.4,
13,1.2,1.1,05,0.6,0.7, 0.8, and 0.9. Do the slopes
appear to be approaching a limit?

(b) Use a graph of the curve to explain why the slopes of the
secant linesin part (a) are not close to the slope of the tan-
gent line at P.

(c) By choosing appropriate secant lines, estimate the slope of
the tangent line at P.

1. Homework Hints available at stewartcalculus.com
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m The Limit of a Function

fx)

approaches

4.

\

FIGURE 1

.

As x approaches 2,

Having seen in the preceding section how limits arise when we want to find the tangent to
acurve or the velocity of an object, we now turn our attention to limitsin general and nu-
merical and graphical methods for computing them.

Let's investigate the behavior of the function f defined by f(x) = x? — x + 2 for val-
ues of x near 2. The following table gives values of f(x) for values of x close to 2 but not
equal to 2.

X f(x) X f(x)
1.0 2.000000 3.0 8.000000
15 2.750000 25 5.750000
18 3.440000 29 4.640000
1.9 3.710000 21 4.310000
1.95 3.852500 2.05 4.152500
1.99 3.970100 2.01 4.030100
1.995 3.985025 2.005 4.015025
1.999 3.997001 2.001 4.003001

From the table and the graph of f (a parabola) shown in Figure 1 we see that when x is
close to 2 (on either side of 2), f(x) iscloseto 4. In fact, it appears that we can make the
valuesof f(x)ascloseasweliketo 4 by taking x sufficiently closeto 2. We express this by
saying “the limit of the function f(x) = x? — x + 2 as x approaches 2 isequal to 4.” The
notation for thisis

Iirr;(xz—x+2)=4

In general, we use the following notation.

[1] Definition Suppose f(x) is defined when x is near the number a. (This means
that f is defined on some open interval that contains a, except possibly at a itself.)
Then we write

limf(x) =1L

X—a

and say “the limit of f(x), as x approaches a, equalsL”

if we can make the values of f(x) arbitrarily closeto L (ascloseto L aswe like) by
taking x to be sufficiently close to a (on either side of a) but not equal to a.

Roughly speaking, this saysthat the values of f(x) approach L as x approachesa. In other
words, the values of f(x) tend to get closer and closer to the number L as x gets closer and
closer to the number a (from either side of a) but x # a. (A more precise definition will be
givenin Section 1.7.)

An alternative notation for

limf(x) =1L

X—a
is f(x) —L as X—a

whichisusually read “ f (x) approaches L as x approaches a.”
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FIGURE 2 lim f(x)= L inall three cases

x—a

@

Qb —————

x<1 f(x)

0.5 0.666667
0.9 0.526316
0.99 0.502513
0.999 0.500250
0.9999 0.500025
Xx>1 f(x)

15 0.400000
1.1 0.476190
1.01 0.497512
1.001 0.499750
1.0001 0.499975

Notice the phrase “but x # a” in the definition of limit. This means that in finding the
limit of f(x) as x approaches a, we never consider x = a. In fact, f(x) need not even be
defined when x = a. The only thing that mattersis how f is defined near a.

Figure 2 shows the graphs of three functions. Note that in part (c), f(a) isnot defined and
in part (b), f(a) # L. But in each case, regardless of what happens at a, it is true that
limy_af(x) = L.

(b) (0

x—1
x2—1"

SOLUTION Notice that the function f(x) = (x — 1)/(x? — 1) is not defined when x = 1,
but that doesn’t matter because the definition of lim,_., f(x) saysthat we consider values
of x that are close to a but not equal to a.

The tables at the left give values of f(x) (correct to six decimal places) for values of x
that approach 1 (but are not equal to 1). On the basis of the values in the tables, we make
the guess that

EETE Guessthevalueoflirr}

ox—=1
lim =

lim—— =05 —

Example 1isillustrated by the graph of f in Figure 3. Now let’schange f dlightly by giv-
ing it the value 2 when x = 1 and calling the resulting function g:

-1
X if x # 1
g =1% "1
2 if x=1

This new function g still has the same limit as x approaches 1. (See Figure 4.)

y y
2T [
_ox—1
Y= y=gx)
0.5+ 0.5~-\\<\
0 4,;% X 0 *,L; X
FIGURE 3 FIGURE 4
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Ji2+9 -3

t TR
+0.0005 0.16800
+0.0001 0.20000
+0.00005 0.00000
+0.00001 0.00000

www.stewartcalculus.com

For a further explanation of why calculators
sometimes give false values, click on Lies My

Calculator and Computer Told Me. In particular,
see the section called The Perils of Subtraction.

0.2

JVt2+9 —3

[E7YZTF] Estimate the value of !mg e

SOLUTION The table lists values of the function for several values of t near 0.

Ji2+9 —3

t e
+10 0.16228
+0.5 0.16553
+0.1 0.16662
+0.05 0.16666
+0.01 0.16667

Ast approaches 0, the values of the function seem to approach 0.1666666 . . . and so we
guess that

. AJt2+9 -3 1

In Example 2 what would have happened if we had taken even smaller values of t? The
table in the margin shows the results from one cal culator; you can see that something strange
seems to be happening.

If you try these calculations on your own calculator you might get different values, but
eventually you will get the value 0 if you make t sufficiently small. Does this mean that
the answer is really 0 instead of 3? No, the value of the limit is %, as we will show in the
next section. The problem is that the cal cul ator gave false values because 4/t + 9 isvery
close to 3 when t is small. (In fact, when t is sufficiently small, a calculator’s value for
V2 + 91is3.000. .. to asmany digits as the calculator is capable of carrying.)

Something similar happens when we try to graph the function

N1 9 -3

f) = e

of Example 2 on agraphing calculator or computer. Parts (@) and (b) of Figure 5 show quite
accurate graphs of f, and when we use the trace mode (if available) we can estimate eas-
ily that the limit is about ¢. But if we zoom in too much, asin parts (c) and (d), then we get
inaccurate graphs, again because of problems with subtraction.

0.1

: i

(@[5, 5] by [-0.1,0.3]
FIGURE 5

J \ \ J

(b) [—0.1, 0.1] by [—0.1, 0.3] (©) [-107%, 10°] by [—0.1, 0.3] (d) [-1077, 10 "] by [0.1, 0.3]
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sinx
X ~nA
X

+1.0 0.84147098
+0.5 0.95885108
+0.4 0.97354586
+0.3 0.98506736
+0.2 0.99334665
+0.1 0.99833417
+0.05 0.99958339
+0.01 0.99998333
+0.005 0.99999583
+0.001 0.99999983

Computer Algebra Systems

Computer algebra systems (CAS) have
commands that compute limits. In order to
avoid the types of pitfalls demonstrated in
Examples 2, 4, and 5, they don't find limits by
numerical experimentation. Instead, they use
more sophisticated techniques such as com-
puting infinite series. If you have access to a
CAS, use the limit command to compute the
limits in the examples of this section and to
check your answers in the exercises of this
chapter.

FIGURE 7

. sinx
1 IETNETE] Guess the value of Img—x .
X—>

SOLUTION Thefunction f(x) = (sin x)/x is not defined when x = 0. Using a calculator
(and remembering that, if x € R, sin x means the sine of the angle whose radian mea-
sureis x), we construct atable of values correct to eight decimal places. From the table at
the left and the graph in Figure 6 we guess that

lim 21X — g

x—0 X

Thisguessisin fact correct, as will be proved in Chapter 2 using a geometric argument.

y .
_sinx
-1 0 i X
FIGURE 6 L

¥ B Inv&eﬂgatelmg sm?.
X—

SOLUTION Againthe function f(x) = sin(#/x) is undefined at 0. Evaluating the function
for some small values of x, we get

f(1) =snw=0 f(2) =sn27 =0
f(3) =sin37 =0 f(3) =sn4m =0
f(0.1) = sin107 = 0 £(0.01) = sin1007 = 0

Similarly, f(0.001) = f(0.0001) = 0. On the basis of this information we might be
tempted to guess that

. . aa
limsn—=0
X

x—0

but this time our guess is wrong. Note that although f(1/n) = sinn# = 0 for any integer
n, itisaso truethat f(x) = 1 for infinitely many values of x that approach 0. You can
see this from the graph of f shown in Figure 7.

Al
|

y=sin(m/x)

\
A IV, |
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s, COS5X
X
10,000
1 1.000028
0.5 0.124920
0.1 0.001088
0.05 0.000222
0.01 0.000101
5, COos5x
X
10,000
0.005 0.00010009
0.001 0.00010000
y
1
|
FIGURE 8

The Heaviside function

The dashed lines near the y-axis indicate that the values of sin(/x) oscillate between
1 and —1 infinitely often as x approaches 0. (See Exercise 43.)
Since the values of f(x) do not approach a fixed number as x approaches 0,

. . an .
Imgsm; does not exist [
Cos bx
ETEEE Find lim | x3 + .
xﬂo< 10,000>

SOLUTION As before, we construct a table of values. From thefirst table in the margin it

appears that
. s , COS5X
+ —_— =
fim (X 1o,ooo> 0

But if we persevere with smaller values of x, the second table suggests that

cos 5x
li S+ = 0.000100 =
0 (X 10,000 >

10,000

Later we will see that lim,_.o cos5x = 1; then it follows that the limit is 0.0001. [

@ Examples4 and 5illustrate some of the pitfallsin guessing the value of alimit. Itiseasy

to guessthe wrong valueif we use inappropriate values of x, but it is difficult to know when
to stop calculating values. And, as the discussion after Example 2 shows, sometimes cal-
culators and computers give the wrong values. In the next section, however, we will de-
velop foolproof methods for calculating limits.

1 ETYTEIES The Heaviside function H is defined by

0 ift<O
H(t)_{l if t=0

[This function is named after the electrical engineer Oliver Heaviside (1850—1925) and
can be used to describe an electric current that is switched on at timet = 0.] Itsgraph is
shown in Figure 8.

As't approaches 0 from the left, H(t) approaches 0. Ast approaches 0 from the right,
H(t) approaches 1. There is no single number that H(t) approaches as t approaches 0.
Therefore lim,_.o H(t) does not exist. [ |

[ One-Sided Limits

We noticed in Example 6 that H(t) approaches 0 as t approaches 0 from the left and H(t)
approaches 1 ast approaches 0 from the right. We indicate this situation symbolically by
writing

[imH(t) =0 and [imH({t) =1

t—0~ t—0*

The symbol “t — 0™ indicates that we consider only values of t that are lessthan 0. Like-
wise, “t — 0" indicates that we consider only values of t that are greater than O.
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FIGURE 9
y
4<>
3<>
T =g
b
0 2 03 4 5 X
FIGURE 10

(2] Definition We write
lim f00 =L
and say the left-hand limit of f (x) as x approaches a [or the limit of f(x) as x

approaches a from the left] isequal to L if we can make the values of f(x) arbi-
trarily closeto L by taking x to be sufficiently closeto a and x less than a.

Notice that Definition 2 differs from Definition 1 only in that we require x to be less
than a. Similarly, if we require that x be greater than a, we get “the right-hand limit of
f(x) as x approaches a isegual to L” and we write

Iim+ f(x) =L

Thusthe symbol “x — a*” means that we consider only x > a. These definitions areillus-
trated in Figure 9.

y y
-
f) L . f)
0 X — a X 0 a <« x X
@lim fx)=L (b)lim f(x)=L

x—a x—a

By comparing Definition | with the definitions of one-sided limits, we see that the fol-
lowing istrue.

@ limf(x) =L ifandonlyif lim f(x)=L and Iim+f(x)=L

V| The graph of afunction g is shown in Figure 10. Use it to state the values
(if they exist) of the following:

@ limgx O limgx) (9 limgx
@ limgo) (@ limgx  (f) limg()

SOLUTION From the graph we see that the values of g(x) approach 3 as x approaches 2
from the left, but they approach 1 as x approaches 2 from the right. Therefore

@ Jimgo0 =3 ad () limg0) =1

(c) Sincetheleft and right limits are different, we conclude from [3] that limy—.» g(x)
does not exist.

The graph also shows that
(d) Iirg gx) =2 and (e) Iiry+ gx) =2
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(f) Thistime the left and right limits are the same and so, by [3], we have
Iingg(x) =2

Despite this fact, notice that g(5) # 2. [

I Infinite Limits

T R
EXAMPLE 8 Q110! 1@3; if it exists.

SOLUTION As x becomes closeto 0, x? also becomes close to 0, and 1/x? becomes very

X iz large. (Seethe table in the margin.) In fact, it appears from the graph of the function
X f(x) = 1/x? shown in Figure 11 that the values of f(x) can be made arbitrarily large by
+1 1 taking x close enough to 0. Thus the values of f(x) do not approach a number, so
405 4 limy_o (1/x?) does not exist. L
+0.2 25
+0.1 100 To indicate the kind of behavior exhibited in Example 8, we use the notation
+0.05 400
+0.01 10,000 lim-—t — o
+0001 | 1,000,000 x—0 x?
This does not mean that we are regarding o as a number. Nor does it mean that the limit
exists. It simply expresses the particular way in which the limit does not exist: 1/x? can be
made as large as we like by taking x close enough to 0.
In general, we write symbolically
[im f(x) =
to indicate that the values of f(x) tend to become larger and larger (or “increase without
bound”) as x becomes closer and closer to a.
FIGURE 11
E] Definition Let f be afunction defined on both sides of a, except possibly at a
itself. Then
[im f(x) = «
means that the values of f(x) can be made arbitrarily large (as large as we please)
by taking x sufficiently closeto a, but not equal to a.
Another notation for lim,_, f(x) = «is
y
Y= ) f(x) — oo as X—a
Again, the symbol <0 is not a number, but the expression lim,_., f(x) = « is often read as
\/0 ” > “the limit of f(x), as x approaches a, is infinity”
x=a or “f(x) becomes infinite as x approaches a”
or “f(x) increases without bound as x approaches a”
FIGURE 12
lim f(x) =0 This definition isillustrated graphically in Figure 12.
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When we say a number is “large negative,” we A similar sort of limit, for functions that become large negative as x gets close to a, is
mean that it is negative but its magnitude defined in Definition 5 and isillustrated in Figure 13.
(absolute value) is large.

' [5] Definition Let f be defined on both sides of a, except possibly at a itself. Then

X=a
/\ lim f(x) = —o
0 P > means that the values of f(x) can be made arbitrarily large negative by taking x
AN v= ) sufficiently close to a, but not equal to a.
The symbol lim,_., f(x) = —o can be read as “the limit of f(x), as x approaches a, is

FIGURE 13 negative infinity” or “ f (x) decreases without bound as x approachesa.” As an example we
lim f(x)=—c0 have

x—a

lim )= =
x—0 x2)

Similar definitions can be given for the one-sided infinite limits

lim f(x) = lim f(x) = o
lim f(x) = — Iim+ f(x) = —oo

remembering that “x — a™” means that we consider only values of x that are less than a,
and similarly “x — a™” meansthat we consider only x > a. lllustrations of these four cases

aregivenin Figure 14.

|/ | — Il /

0 a X 0| a \\x 0 \a X 0 a(\/ X
(@ lim f(x)=c0 (b) lim f(x)=co (@) lim f(x)=—co (@) lim f(x)=—c
FIGURE 14

6] Definition Thelinex = aiscalled avertical asymptote of the curvey = f(x)
if at least one of the following statementsistrue:

lim f(x) = o lim f(x) = o lim f(x) = e
lim f(x) = — lim f(x) = — lim f(x) = —

For instance, the y-axis is a vertical asymptote of the curve y = 1/x® because
limy_o (1/x?) = oo. In Figure 14 the line x = a is a vertical asymptote in each of the four
cases shown. In general, knowledge of vertical asymptotesisvery useful in sketching graphs.
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2X
20 Find lim —— and lim .
EIEE] Find lim ——— and lim ——
SOLUTION If x isclose to 3 but larger than 3, then the denominator x — 3 isasmall posi-
tive number and 2x is close to 6. So the quotient 2x/(x — 3) is a large positive number.
Thus, intuitively, we see that
2X

lim =
x—3t X — 3

Likewise, if x is close to 3 but smaller than 3, then x — 3 isasmall negative number but
2x is still a positive number (close to 6). So 2x/(x — 3) isanumerically large negative
number. Thus

The graph of the curvey = 2x/(x — 3) isgiven in Figure 15. Theline x = 3 is a verti-
cal asymptote.

FIGURE 15 .

[T Find the vertical asymptotes of f(x) = tanx.
SOLUTION Because

there are potential vertical asymptotes where cosx = 0. In fact, since cosx — 0" as
X — (7/2)” and cosx — 0~ asx — (7/2)", whereas sin x is positive when x is near
/2, we have
lim tanx = o and [im tanx = —oo

x—(m/2)~ x—(m/2)*
This shows that the line x = 7/2 is avertical asymptote. Similar reasoning shows
that thelinesx = (2n + 1)7/2, wheren is an integer, are all vertical asymptotes of
f(x) = tanx. The graph in Figure 16 confirms this.

y

SIER
o

FIGURE 16
y=tanx |
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m Exercises

1. Explain in your own words what is meant by the equation
Ian; f(x) =5
Isit possible for this statement to be true and yet f(2) = 3?
Explain.
2. Explain what it means to say that

lim f(x) =7

x—1F

Ii|111 f(x) =3 and

In this situation is it possible that limy_.; f(x) exists?
Explain.

3. Explain the meaning of each of the following.
€] Iir[13 f(x) = (b) Iirﬂ f(x) = —

4. Usethe given graph of f to state the value of each quantity,
if it exists. If it does not exist, explain why.

@ lim 60 (b)) lim f(x)  (c) limf(x)

(d) (2 (f) f(4)

(e) limf(x)

5. For the function f whose graph is given, state the value of each
quantity, if it exists. If it does not exist, explain why.

@limfe (O lim {0 (© fim f(0)

(@ lim f(x) (e 13

/l

6. For the function h whose graph is given, state the value of each
quantity, if it exists. If it does not exist, explain why.

@ lim h(9 (B lim h(9 (9 lim h(

Graphing calculator or computer required

@h-3 (@ limhe

(h) h(0)

(f) lim h(x)

(@) lim h(x) (i) limh(x)

(i) h@) (0 limhx () lim h(
y
TN
/1]
\
/
—4 -2 | 0 2 4 6
[T

1. For the function g whose graph is given, state the value of each
quantity, if it exists. If it does not exist, explain why.

@ fimg® O limg® (9 limg(t)
(@ lim g(t)

(9) 92

(& Jim g

(h) lim g()

(1) lim g(t

8. For the function R whose graph is shown, state the following.
@ Iin; R(x) (b) Iing R(x)
(c) Iirﬁr;f R(x) (d) Iim3+ R(x)

(e) The equations of the vertical asymptotes.

1. Homework Hints available at stewartcalculus.com
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9. For the function f whose graph is shown, state the follow- 15-18 Sketch the graph of an example of afunction f that
ing. satisfies al of the given conditions.
@ lim f00 (b)) lim f00  (c) lim f(x) 15, lim 100 = —1, lim f(x) =2 £(0)=1

(d) Iirg f(x) (e Iirg f(x)
(f) The equations of the vertical asymptotes. 16. lim f(x) =1, lim f0) = -2, lim f(x) =2,

fO)=-1, f3) =1

E l
/\\ //\\ \ 7. lim f00 =4, lim f =2 lim f() =2
[\ f3=3 f(-2=1
-7 -3 o \L1 6 X|
\\ // : 8. lim f) =2, lim f(x) =0, lim f(x) =3,
| | lim f(x) =0, f(0) =2 f@4 =1

X—4

10. A patient receives a 150-mg injection of a drug every
4 hours. The graph shows the amount f (t) of the drug in the
bloodstream after t hours. Find 19-22 Guess the value of the limit (if it exists) by evaluating

the function at the given numbers (correct to six decimal places).
lim f©  and  lim () 9 ( places)

X2 = 2x
and explain the significance of these one-sided limits. 13. LL”; X2 —x —2'
x = 25,21, 205, 2.01, 2.005, 2.001,
(1) 1.9,1.95,1.99, 1.995, 1.999

| \ 20. lim M
Txmmixt—x -2
\ x =0, —0.5, —0.9, —0.95, —0.99, —0.999,
150‘\

-2,—-15,-11, —-1.01, —1.001

sinx
; ; . ; 21. lim—————, x = =*1, =05, =0.2, =0.1, =0.05, +0.01

' X—> + '
0f 4 8 12 16 ! o X+ tanx
. (2+h®—-32
) , , 22. lim————,

11-12 Sketch the graph of the function and use it to determine h—0 h
the values of a for which lim,_., f (x) exists. h = =*0.5, £0.1, =0.01, =0.001, +0.0001

1+x ifx<-1
1. f(x) = {x? if —1sx<1 ) o

2y ifx=1 23-26 Use atable of values to estimate the value of the limit.

If you have a graphing device, use it to confirm your result

1+sinx if x<O graphically.

12. f(x) = { cosx if0s=x=<m X+ 4 —2 tan 3
- . 2, lim Y22 2. lim -
sin X if x> X—0 X x—0 tan 5x
¥ 13-14 Use the graph of the function f to state the value of each 25. Iim# 26. lim -5
limit, if it exists. If it does not exist, explain why. =1x =1 =0 X
@ Iirp f(x) (b) Iirg]+ f(x) (© Iing f(x)
1 f(0) = 1 1. f(x) = X2 + X /A 21. (a) By graphing the function f (x) = (cos 2x — cos x)/x?
’ 1+ 2% ) JX3E F x2 and zooming in toward the point where the graph crosses

the y-axis, estimate the value of limy_.o f(X).
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(b) Check your answer in part (a) by evaluating f(x) for
values of x that approach 0.

/A 28. (a) Estimate the value of

. sinx
lim—
x—0 SN 77X
by graphing the function f (x) = (sinx)/(sin 7x). State
your answer correct to two decimal places.
(b) Check your answer in part (a) by evaluating f (x) for
values of x that approach 0.

29-37 Determine the infinite limit.

29

35.

lim > %, lim X2
T x>-3t X + 3 T x->-3 X + 3
|imi 32 ”mx;l
Tx-1 (x — 1)2 "0 XAX + 2)
lim X1 34. lim cot x
x—-2+ X4(X + 2) T x—m
l %, lim 2
xJQ)*XCSCX er]zl X2 —4x + 4
. x?—2x-—18
. lim

x—2" x? — 5X + 6

Y
<]

39

A

A a0

. (@) Find the vertical asymptotes of the function

_ x*+1
3x — 2x?

(b) Confirm your answer to part (a) by graphing the function.

. 1
1 and XILrR G 1
(a) by evaluating f(x) = 1/(x® — 1) for values of x that
approach 1 from the left and from the right,
(b) by reasoning as in Example 9, and
(c) from agraph of f.

Lo 1
. Determine lim ——-
x—1" X —

. (a) By graphing the function f(x) = (tan 4x)/x and zooming
in toward the point where the graph crosses the y-axis,
estimate the value of limy_o f(X).

(b) Check your answer in part (a) by evaluating f(x) for
values of x that approach 0.

a.

42.

Y
<]

44.

]
[¢

Y
<]

] 45.

46.

(a) Evaluate the function f(x) = x> — (2*/1000) for x = 1,
0.8, 0.6, 0.4, 0.2, 0.1, and 0.05, and guess the value of

x? — 2
1000
(b) Evaluate f(x) for x = 0.04, 0.02, 0.01, 0.005, 0.003, and

0.001. Guess again.

(a) Evaluate h(x) = (tan x — x)/x°for x = 1, 0.5, 0.1, 0.05,
0.01, and 0.005.

.t
(b) Guess the value of I|rr3

lim

x—0

anx — X
X3
(c) Evaluate h(x) for successively smaller values of x until
you finaly reach avalue of 0 for h(x). Are you still confi-
dent that your guess in part (b) is correct? Explain why
you eventually obtained O values. (In Section 6.8 a
method for evaluating the limit will be explained.)
(d) Graph the function h in the viewing rectangle [ -1, 1]
by [0, 1]. Then zoom in toward the point where the graph
crosses the y-axis to estimate the limit of h(x) as x
approaches 0. Continue to zoom in until you observe
distortions in the graph of h. Compare with the results of
part (c).

. Graph the function f(x) = sin(#/x) of Example 4 in the

viewing rectangle [—1, 1] by [—1, 1]. Then zoom in toward
the origin several times. Comment on the behavior of this
function.

In the theory of relativity, the mass of a particle with
velocity v is
m = S —
V1 —v?/c?

where m, is the mass of the particle at rest and ¢ is the speed
of light. What happensasv — ¢~ ?

Use a graph to estimate the equations of all the vertical
asymptotes of the curve

y = tan(2sinx) —-T<XSsnT

Then find the exact equations of these asymptotes.
(8) Use numerical and graphical evidence to guess the value
of the limit
x3—-1

lim———
x —1

x—1

(b) How close to 1 does x have to be to ensure that the func-
tion in part (a) is within adistance 0.5 of its limit?
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m Calculating Limits Using the Limit Laws

Sum Law
Difference Law

Constant Multiple Law

Product Law

Quotient Law

7

FIGURE 1

In Section 1.5 we used cal culators and graphs to guess the values of limits, but we saw that
such methods don’t always lead to the correct answer. In this section we use the following
properties of limits, called the Limit Laws, to calculate limits.

Limit Laws Suppose that ¢ is a constant and the limits
lim f(x) and lim g(x)
X—a X—a

exist. Then

1M F0) + g(0] = lim () + lim g(x)
2. lim[f(x) — g00] = lim f(x) — lim g(x)
3. lim[cf()] = clim f(x)

4. lim [£()g(0] = lim £(x) - lim g(x)

o _lmf
M0  limgrg | ARIN 7O

These five laws can be stated verbally as follows:
1. The limit of a sum is the sum of the limits.
2. Thelimit of adifference is the difference of the limits.

3. Thelimit of a constant times a function is the constant times the limit of the
function.

4. The limit of a product is the product of the limits.

5. The limit of a quotient is the quotient of the limits (provided that the limit of the
denominator is not 0).

It is easy to believe that these properties are true. For instance, if f(x) iscloseto L and
g(x) iscloseto M, it isreasonable to concludethat f(x) + g(x)isclosetoL + M. Thisgives
us an intuitive basis for believing that Law 1 istrue. In Section 1.7 we give a precise defi-
nition of alimit and use it to prove this law. The proofs of the remaining laws are given in
Appendix F.

Use the Limit Laws and the graphs of f and g in Figure 1 to evaluate the fol-
lowing limits, if they exist.

@ Jim (100 + 5001 © Im[foge] (0 i
SOLUTION
(a) From the graphs of f and g we see that

Iiry2 f(x) =1 and Iiry2 gix) = -1
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Therefore we have

Jim [£(x) + 59001 = lim £(x) + lim [S9()]  (by Law 1)

= Iin_12f(x) +5 Iiry2 g(x) (by Law 3)
=1+5-1)=-4

(b) We seethat lim,_.; f(x) = 2. But limy_; g(x) does not exist because the left and
right limits are different:

IirPf gx) = -2 Iir{1+ gx) = -1
So we can't use Law 4 for the desired limit. But we can use Law 4 for the one-sided
limits:
lim [f)g(x)] =2 (-2) = -4 lim [f)g(x)]=2-(-1) = -2
The left and right limits aren’t equal, so lim,_.1 [ f(x)g(x)] does not exist.

(c) The graphs show that
Iirgf(x) ~ 14 and Iin; g(x) =0

Because the limit of the denominator is 0, we can’t use Law 5. The given limit does not
exist because the denominator approaches 0 while the numerator approaches a nonzero
number. [

If we use the Product Law repeatedly with g(x) = f(x), we obtain the following law.

Power Law 6. lim[f(x)]"= [Iim f(x)]n where n is a positive integer

In applying these six limit laws, we need to use two special limits:

7. limc=c¢ 8. limx=a

X—a X—a

These limits are obvious from an intuitive point of view (state them in words or draw
graphsof y = c and y = x), but proofs based on the precise definition are requested in the
exercises for Section 1.7.

If we now put f(x) = xinLaw 6 and use Law 8, we get another useful special limit.

9. limx"=a" where n is a positive integer

X—a

A similar limit holdsfor roots as follows. (For square roots the proof is outlined in Exer-
cise 37 in Section 1.7.)

10. lim{Yx = {a  wheren isa positive integer

X—a

(If niseven, we assume that a > 0.)
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Root Law

Newton and Limits

Isaac Newton was born on Christmas Day in
1642, the year of Galileo's death. When he
entered Cambridge University in 1661 Newton
didn't know much mathematics, but he learned
quickly by reading Euclid and Descartes and
by attending the lectures of Isaac Barrow. Cam-
bridge was closed because of the plague in
1665 and 1666, and Newton returned home to
reflect on what he had learned. Those two years
were amazingly productive for at that time he
made four of his major discoveries: (1) his repre-
sentation of functions as sums of infinite series,
including the binomial theorem; (2) his work on
differential and integral calculus; (3) his laws
of motion and law of universal gravitation; and
(4) his prism experiments on the nature of light
and color. Because of a fear of controversy and
criticism, he was reluctant to publish his dis-
coveries and it wasn't until 1687, at the urging
of the astronomer Halley, that Newton published
Principia Mathematica. In this work, the great-
est scientific treatise ever written, Newton set
forth his version of calculus and used it to
investigate mechanics, fluid dynamics, and
wave motion, and to explain the mation of
planets and comets.

The beginnings of calculus are found in
the calculations of areas and volumes by
ancient Greek scholars such as Eudoxus and
Archimedes. Although aspects of the idea
of a limit are implicit in their “method of
exhaustion,” Eudoxus and Archimedes never
explicitly formulated the concept of a limit. Like-
wise, mathematicians such as Cavalieri, Fermat,
and Barrow, the immediate precursors of New-

ton in the development of calculus, did not actu-

ally use limits. It was Isaac Newton who was
the first to talk explicitly about limits. He
explained that the main idea behind limits is
that quantities “approach nearer than by any
given difference.” Newton stated that the limit
was the basic concept in calculus, but it was
left to later mathematicians like Cauchy to clar-
ify his ideas about limits.

More generally, we have the following law, which is proved in Section 1.8 as a conse-
quence of Law 10.

1. li_rgm = n/mf(x)

[If n is even, we assume that lim f(x) > 0.

where n is a positive integer

[E7ZTF Evaluate the following limits and justify each step.

x2+2x2 -1
lim(@2x% — 3x + 4 b) Im ————
(& lim (2x X + 4) O lim ——=
SOLUTION
(a) lim (2x2 — 3x + 4) = lim (2x?) — lim (3x) + lim 4 (by Laws 2 and 1)
x—5 x—5 x—5 x—5
=2limx%? - 3limx + lim4 (by 3)
x—5 x—5 Xx—5
= 2(5%) — 3(5) + 4 (by 9,8, and 7)

=39

(b) We start by using Law 5, but its useis fully justified only at the final stage when we
see that the limits of the numerator and denominator exist and the limit of the denomina-
tor is not 0.

¥3 4 2x2 — 1 Iim2 x>+ 2x2 -1
lim =X by Law 5
x—-2 5 —3x I|n_12(5—3x) (by Law'3)
Iim2x3 + 2 Iim2x2 - Iim21
= X=>= X—oo x> by 1,2, and 3
lim 5 — 3 lim x (by 1.2, and 3
X—>—2 X——2
(=2 +2(-22 -1
= by 9, 8, and 7
5-3-2 (by and 7)
1
- = [
11

NOTE If welet f(x) = 2x? — 3x + 4, then f(5) = 39. In other words, we would have
gotten the correct answer in Example 2(a) by substituting 5 for x. Similarly, direct substi-
tution provides the correct answer in part (b). The functions in Example 2 are a polynomial
and arationa function, respectively, and similar use of the Limit Laws proves that direct
substitution always works for such functions (see Exercises 55 and 56). We state this fact
asfollows.

Direct Substitution Property If f isapolynomia or arational function andaisin
the domain of f, then

IiLn f(x) =f(@)
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T LAWS 65

(98]
=

y=9()

FIGURE 2
The graphs of the functions f (from
Example 3) and ¢ (from Example 4)

(95}
=

Functions with the Direct Substitution Property are called continuous at a and will be
studied in Section 1.8. However, not al limits can be evaluated by direct substitution, asthe
following examples show.

x2—1

SR Find lim

x—1 X —

SOLUTION Let f(x) = (x> — 1)/(x — 1). We can’t find the limit by substituting x = 1
because f(1) isn't defined. Nor can we apply the Quotient Law, because the limit of the
denominator is 0. Instead, we need to do some preliminary algebra. We factor the numer-
ator as a difference of squares:

x*=1 (x—1Dkx+1)
x—1 x—1

The numerator and denominator have a common factor of x — 1. When we take the limit
as x approaches 1, we have x # 1 and so x — 1 # 0. Therefore we can cancel the com-
mon factor and compute the limit as follows:

X2 =1 . (x—-DKx+1

lim = lim

x—1 X — 1 x—1 x—1
=Iirq(x+l)
=1+1=2

The limit in this example arose in Section 1.4 when we were trying to find the tangent to
the parabolay = x? at the point (1, 1). [

NOTE |n Example 3 wewere able to compute the limit by replacing the given function
f(x) = (x* — 1)/(x — 1) by asimpler function, g(x) = x + 1, with the same limit. Thisis
valid because f(x) = g(x) except when x = 1, and in computing alimit as x approaches 1
we don’t consider what happens when x is actually equal to 1. In general, we have the fol -
lowing useful fact.

If f(x) = g(x) whenx # a, thenlim f(x) = lim g(x), provided the limits exist.

SUENEN Find lim g(x) where
19
X—>

(x) = Xx+1 ifx#1
9 n if x =1

SOLUTION Hereg isdefined at x = 1 and g(1) = 7, but the value of alimit as x
approaches 1 does not depend on the value of the function at 1. Since g(x) = x + 1 for
X # 1, we have

Iirqg(x)=|in1(x+ 1)=2 [

Note that the values of the functions in Examples 3 and 4 are identical except when
x = 1 (see Figure 2) and so they have the same limit as x approaches 1.
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+ h)? —
'V EXAMPLE 5 EvaluateLirrgu.

SOLUTION If we define
B3+h?2-9

Fh) =~

then, asin Example 3, we can’'t compute limy,_.o F(h) by letting h = 0 since F(0) is
undefined. But if we simplify F(h) algebraicaly, we find that

(9+6h+h%—9 6h+h?

=6+h
h h

F(h) =

(Recall that we consider only h #* 0 when letting h approach 0.) Thus

2 _
lim 3+h?—-9

h—0

. . AJt2+9 -3
EXAMPLE 6 Flndllng '[—2
t—

SOLUTION We can't apply the Quotient Law immediately, since the limit of the denomi-
nator is 0. Here the preliminary algebra consists of rationalizing the numerator:

JEr9-3 | JE¥9-3 JPT9+3

=r|]ir‘r(1)(6+h)=6 [

1L"3 t2 t—0 t2 Jti2+9 + 3
. t?+9 -9
=lim—-—-
0 t3(t2 + 9 + 3)
t2

0 t2(t2 + 9 + 3)

: 1
=lim———

=0 /t2+ 9 + 3

1
B \/!ing(t2+ 9 + 3

__1t _1
3+3 6
This calculation confirms the guess that we made in Example 2 in Section 1.5. [

Some limits are best calculated by first finding the left- and right-hand limits. The fol-
lowing theorem isareminder of what we discovered in Section 1.5. It saysthat atwo-sided
limit existsif and only if both of the one-sided limits exist and are equal.

(1] Theorem  limf(x) =L if and only if lim f(x) =L = lim f(x)

When computing one-sided limits, we use the fact that the Limit Laws also hold for one-
sided limits.
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STV Show that lim |x| = 0.
X—

SOLUTION Recall that

x| = x ifx=0
—x if x<0

The result of Example 7 looks plausible

from Figure 3. Since | x| = x for x > 0, we have
! lim [x| = limx =0
x—0+" x—0*"
y=|x|
For x < Owe have | x| = —x and so
lim |x| = lim (=x) =0
x—0~ x—0~
0 * Therefore, by Theorem 1,
FIGURE 3 Iirr3|x| =0 _—
X .
V| Prove that I|rr3|—x‘ does not exist.
X—
. X X .
y SOLUTION IImuz lim—=1Iliml=1
‘x| x—0t X x—0t X x—0+
e x|
X —X
lim — = lim —=lim (-1) = -1
0 X x—0" X x—0" X x—0~
-1
Since the right- and left-hand limits are different, it follows from Theorem 1 that
limy—o | x |/x does not exist. The graph of the function f(x) = |x|/x is shown in Fig-
FIGURE 4 ure 4 and supports the one-sided limits that we found. [ |
If
F(x) — VX =4 if x>14
8—2x if x<4
determine whether lim,_.4 f(X) exists.
It is shown in Example 3 in SOLUTION Sincef(x) = /x — 4 for x > 4, we have
Section 1.7 that limy_o- v/X = O.
limf(x) = limyx—4=,4—-4=0
x—4+ x—4+
Since f(x) = 8 — 2x for x < 4, we have
y lim f() = lim (8 — 2) =8~ 2-4=0
The right- and left-hand limits are equal. Thus the limit exists and
0 4 x Iinj1 f(x) =0
FIGURE 5 The graph of f isshown in Figure 5. [ |

http://www.meetyourbrain.com - Ask/Answer Questions. Homework Help.

Copyright 2010 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s).
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.



68 chaplakbDiliww  meetyourbrain.com - Ask/Answer Questions. Homework Help.

Other notations for [x] are [x] and | x|. The
greatest integer function is sometimes called

the floor function.

y

4+ —0
3+ —0
2l e y=lal
1 —o

FIGURE 6

Greatest integer function

FIGURE 7

[E7XTZ0ETN The greatest integer function is defined by [x] = the largest integer
that is less than or equal to x. (For instance, [4] = 4, [4.8] = 4, [=] = 3, [[\/5]] =1,
[ %] = —1.) Show that lim, 5 [x] does not exist.

SOLUTION The graph of the greatest integer function is shown in Figure 6. Since[[x] = 3
for 3 < x < 4, wehave

dpbd=fip3=3
Since[x] = 2for 2 < x < 3, we have
Jim I = fim 2 =2

Because these one-sided limits are not equal, limy_3 [x] does not exist by Theorem 1.
[ ]

The next two theorems give two additional properties of limits. Their proofs can be
found in Appendix F.

@ Theorem If f(x) < g(x) when x isnear a (except possibly at a) and the limits
of f and g both exist as x approaches a, then

lim f(x) < lim g(x)

[3] The Squeeze Theorem If f(x) < g(x) < h(x) when x is near a (except
possibly at a) and

limf(x) =limh(x) =L

then limg(x) =L

The Squeeze Theorem, which is sometimes called the Sandwich Theorem or the Pinch-
ing Theorem, isillustrated by Figure 7. It says that if g(x) is squeezed between f(x) and
h(x) near a, and if f and h have the same limit L at a, then g is forced to have the same
limit L at a.

. 1
'V EXAMPLE 11 | Showthatlmgxzsm; =0.
SOLUTION First note that we cannot use
. 1 . o1
limx?sin— = limx? - limsin—
x—0 X x—0 x—0 X
because lim,_.o sin(1/x) does not exist (see Example 4 in Section 1.5).

Instead we apply the Squeeze Theorem, and so we need to find a function f smaller
than g(x) = x? sin(1/x) and afunction h bigger than g such that both f (x) and h(x)
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approach 0. To do this we use our knowledge of the sine function. Because the sine of
any number lies between —1 and 1, we can write

(4] —lssin%sl

Any inequality remains true when multiplied by a positive number. We know that x? = 0
for all x and so, multiplying each side of the inequalitiesin [4] by x2, we get

Y 1
—x? < x?2sin— < x?
X
/\ ) asillustrated by Figure 8. We know that
fAvis
0 « limx*=0 and  lim(-x*) =0
Taking f(x) = —x2, g(x) = x?sin(1/x), and h(x) = x? in the Squeeze Theorem, we
obtain
FIGURE 8 1
y=x2sin(l/x) limx?sin—=20 -

x—0 X

m Exercises

1. Given that 3-9 Evaluate the limit and justify each step by indicating the
appropriate Limit Law(s).

Iirr;f(x):4 Iin’; g(x) = =2 IirT;h(X)ZO
3. Iing(Sx3 — 3%+ x—6)
find the limits that exist. If the limit does not exist, explain why.

(8) im[ () + 59(x)] (b) lim[g(0T° 4. Jim (x° = 300 + 5+ 3)

: . 3f(x) tt—2

I f d) | L lim ———— i 4
(c) lim/ (x) (d) lim ) 5 ‘ILrPZ 32 6 UILn_wzx/u +3u+6

- g9(x) - g(x)h(x) 2 2
(e) lim——- (f) lim———— . s vz 3 . t*—2

x~2 h(x) w2 f(x) 7. lim L+ H)e-oc+x) 8 e —a+s

2. Thegraphsof f and g are given. Use them to evaluate each
limit, if it exists. If the limit does not exist, explain why. | \/2X2 +1
9. lim
5 5 J x—2 X -2
y=fx) y=9x)
l I ! 10. (a) What is wrong with the following equation?
1 0| 1 5
X+ Xx—6
— =X+
\ p— X+ 3

@ Iin;[f(x) + g(x)] (b) Iirq[f(x) + g(x)] (b) In view of part (a), explain why the equation

) o f(x) oXP+x—-6
(© lim[f(x)g(x)] (d) X'gplm im——>—=lim&x+3
(e Iirr;[xe’f(x)] (f) Iirq\/s + f(x) is correct.

Graphing calculator or computer required 1. Homework Hints available at stewartcal culus.com
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11-32 Evauate the limit, if it exists. [ 35. Use the Squeeze Theorem to show that
< — Bx 4+ 5 <2 — ax lim, o (x2 cos 20mx) = 0. lllustrate by graphing the
1. Iimi5 12. Iimﬁ functions f(x) = —x?2, g(x) = x2cos 207X, and h(x) = x? on
s X A XE T eX the same screen.
13, ”mw 14 lim _XEo A 36. Use the Squeeze Theorem to show that
x>5 X —5 x—-1 X2 —3x — 4
i /y3 2 g 1 —
5. lim =t 9 6. lim 201 VTSI
T 224 Tt + 3 Txe1 x2—2x— 3 - ; i
Ilustrate by graphing the functions f, g, and h (in the
_ (-5+h?-25 (2+h3-38 notation of the Squeeze Theorem) on the same screen.
17. Lln‘gf 18. Llngi
- - 37. If4x—9sf(x)sx2—4x+7forx>0,find|in1f(x).
a_
19. lim — 2 20. |img 38. If 2x < g(x) =< x* — x? + 2for al x, evauate lim g(x).
-2 X3+ 8 -1 t3 -1 x=1
2
_ _ 39. Prove that limx*cos— = 0.
V9 + Vau +
2. jim Y2t =3 2. lim YAt =3 0 X
h—0 h u—2 u—2
%0. Prove that lim VX [1 + sin?(27/x)] = 0.
% ty 2+ 2x+1
2. lim X 2. lim % 41-46 Find the limit, if it exists. If the limit does not exist,
s 4t X o xP-1 explain why.
/ _ 1= . . 2x+ 12
25. IimM 26. lim 11 a. I|m(2x +|x - 3|) a2, lim 2122
0 t o\t t24t X3 x> |X + 6]
4 X _@3+ht-3t Lo 2x -1 L2 |x]
A SAN ~ J = 3. lim ——— 4. lim ——
2. lim - —3 2. lim . m_ 12¢ — x| oM ST
. 1 1 . 4x2+9 -5 1 1 1 1
29. lim|{—— — — 3. lim —— i = = i - =
o <t¢m t) s X+ 4 4. im <x x| pNL S Y
1 1
. (x+hP-=x3 . (x+h? ox?
3. lim—— —— 32. lim N 47. The signum (or sign) function, denoted by sgn, is defined by
-1 if x<O0
/9 33. (a) Estimate the value of sgnx=+{ 0 if x=0
lim X 1 if x>0
covEEemd () Sketch the graph of this funct
_ . a) Sketch the graph of this function.
by graphing the function f (x) = x/(y1 + 3¢ — 1). (b) Find each of the following limits or explain why it does
(b) Make atable of values of f(x) for x close to 0 and guess not exist.
thevalue_of .the|lmlt. . (i) lim sgnx (i) lim sgnx
(c) Use the Limit Laws to prove that your guess is correct. IXfO* ) IXfO’
iii) lim sgn x iv) lim|sgn x
A 34. (a) Use agraph of (1) iy =9 () H0|sg |
f(x) _ /3 + X — \/g 48. Let
X f(x)_{x2+1 ifx<1
to estimate the value of lim,__, f (x) to two decimal (x=27 ifx=1
places.
(b) Use atable of values of f(x) to estimate the limit to four (@ Find limy 1~ f(x) and limy 1+ f(x).
decimal places. (b) Does limy—; f(x) exist?
(c) Use the Limit Lawsto find the exact value of the limit. (c) Sketch the graph of f.
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50.

51.

52,

53.

54.
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T LAWS n

x2+x—6
N P
(a) Find
(i) lim g0 (ii) lim g(x

(b) Does limy_., g(x) exist?
(c) Sketch the graph of g.

Let

X if x<1
3 if x=1
2—x% ifl<x<?2
Xx—3 ifx>2

g(x) =

(a) Evauate each of the following, if it exists.
(i) limgeo (i) limgo (i) g
(iv) lim g(x) (v) lim g(x) (Vi) limg(x)
(b) Sketch the graph of g.

(a) If the symbol [ || denotes the greatest integer function
defined in Example 10, evaluate

(i) Jim D (i) Jim (i) tim [x]
(b) If nisan integer, evauate

(i) im [ (i) Jim [x]
(c) For what values of a does lim,_., [x] exist?
Letf(x) = [cosx], -7 < x < .

(a) Sketch the graph of f.
(b) Evaluate each limit, if it exists.

(i) lim £(x) (i) XJE%, f(x)
(iif) _fim £(x (iv) lim (%

(c) For what values of a does limy_., f(x) exist?

If f(x) = [x] + [—x], show that lim
equal to f(2).

f(x) exists but is not

X—2

In the theory of relativity, the Lorentz contraction formula

L = Lov/I — v%c2

expresses the length L of an object as a function of its velocity
v with respect to an observer, where L, is the length of the
object at rest and c is the speed of light. Find lim,_..- L and
interpret the result. Why is aleft-hand limit necessary?

55. If p isapolynomial, show that lim,_,, p(x) = p(a).

56. If risarational function, use Exercise 55 to show that

lim,_,, r(x) = r(a) for every number a in the domain of r.
51. If Mr} f(x)%ég = 10, find lem f(x).
58. Ifliir?) f)((>2() = 5, find the following limits.

@ tim 100 (0 lim 12
59. If

Fo = x> if xisrational
~ o if xisirrational
prove that limy_., f(x) = 0.

60. Show by means of an example that limy_.. [ f(x) + g(x)] may
exist even though neither limy_., f(x) nor limy_., g(x) exists.

61. Show by means of an example that limy_a [ f(x) g(x)] may
exist even though neither limy_., f(x) nor lim,_., g(x) exists.

V6 —Xx —2
J3—-x -1’

63. Isthere a number a such that

62. Evaluate Iing
.

. ?’+ax+a+3
lim ————r—
Xx——2 X+ x—2

exists? If so, find the value of a and the value of the limit.

64. The figure shows afixed circle C; with equation
(x — 1) + y2 = 1 and a shrinking circle C, with radius r and
center the origin. P isthe point (O, r), Q is the upper point of
intersection of the two circles, and R is the point of intersection
of the line PQ and the x-axis. What happensto R as C, shrinks,
that is,asr — 0*?

y

P

G
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m The Precise Definition of a Limit

It is traditional to use the Greek letter &
(delta) in this situation.

The intuitive definition of a limit given in Section 1.5 is inadequate for some purposes
because such phrases as “x iscloseto 2" and “ f (x) gets closer and closer to L” are vague.
In order to be able to prove conclusively that

: 5, Cosbx . sinx
m + =0 m— =
>I<I—>o (x 10, 0) 0.0001 or LO < 1

we must make the definition of alimit precise.
To motivate the precise definition of alimit, let’s consider the function

f(x)={§x_l if x#3

if x=3

Intuitively, it is clear that when x is close to 3 but x # 3, then f(x) is close to 5, and so
lim,_3f(x) = 5.

To obtain more detailed information about how f(x) varieswhen x is close to 3, we ask
the following question:

How close to 3 does X have to be so that f(x) differs from 5 by less than 0.1?

The distance from x to 3is |x — 3| and the distance from f(x) to 5is |f(x) — 5|, so our
problem is to find a number 6 such that

| f(x) -5/ <01 if |x —3| <& butx#3

If |[x — 3] > 0, then x # 3, so an equivalent formulation of our problem isto find a num-
ber & such that

[f(x) = 5| <01 if 0<|x—3|<$é
Notice that if 0 < |x — 3| < (0.1)/2 = 0.05, then
[f(x) = 5|=|(2x—1) —5|=|2x — 6| =2|x — 3| < 2(0.05 =01
that is, [f(x) —5/<01 if O0<|x—3]<005

Thus an answer to the problem is given by 6 = 0.05; that is, if x is within a distance of
0.05 from 3, then f(x) will be within a distance of 0.1 from 5.

If we change the number 0. in our problem to the smaller number 0.01, then by using
the same method we find that f(x) will differ from 5 by less than 0.01 provided that x dif-
fers from 3 by less than (0.01)/2 = 0.005:

| f(x) — 5] < 0.01 if 0 < |x — 3| <0.005
Similarly,

|f(x) =5/ <0001 if 0<|x— 3|< 00005

The numbers 0.1, 0.01, and 0.001 that we have considered are error tolerances that we
might allow. For 5 to be the precise limit of f(x) as x approaches 3, we must not only be
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A LIMIT 13

able to bring the difference between f(x) and 5 below each of these three numbers; we
must be able to bring it below any positive number. And, by the same reasoning, we can! If
we write ¢ (the Greek letter epsilon) for an arbitrary positive number, then we find as
before that

] 1f(x) —5|<e if O<|x—3|<6=%

Thisisaprecise way of saying that f(x) iscloseto 5 when x is close to 3 because [1] says
that we can make the values of f(x) within an arbitrary distance ¢ from 5 by taking the val -
ues of x within a distance ¢/2 from 3 (but x # 3).

Note that |1 can be rewritten as follows:

¥
{é’l‘”“ss if 3-5<x<3+05 (x#3) then 5-s<f(X)<5+e
here \ 5_ .
and this is illustrated in Figure 1. By taking the values of x (# 3) to lie in the interval
(3 — 9,3+ ) wecan make the values of f(x) lieintheinterval (5 — &,5 + ¢).
Using | 1] asamodel, we give a precise definition of alimit.
0 / 3 X
3-8 3+6 (2] Definition Let f be afunction defined on some open interval that contains the
whenxisin here number a, gxcept possibly _at a itself. Then we say that the limit of f(x) as x
(x#3) approaches a is L, and we write
FIGURE 1 lmf(x) =L

if for every number ¢ > 0 thereis a number 6 > 0 such that

if 0<|x—a|<d then |f(x) —L|<e

Since|x — a| isthedistancefromx toa and | f(x) — L | isthe distance from f(x) toL,
and since ¢ can be arbitrarily small, the definition of a limit can be expressed in words
as follows:

limy_, f(x) = L meansthat the distance between f(x) and L can be made arbitrarily small
by taking the distance from x to a sufficiently small (but not 0).

Alternatively,

limy_, f(x) = L meansthat the values of f(x) can be made as close aswe pleaseto L
by taking x close enough to a (but not equal to a).

We can also reformulate Definition 2 in terms of intervals by observing that the in-
equality |x — a| < § is equivalent to —8 < x — a < §, which in turn can be written
asa—-8<x<a+d Also 0<|x —a| is true if and only if x —a # O, that is,
x # a. Similarly, the inequality | f(x) — L| < & is equivalent to the pair of inequalities
L —e< f(X) <L + &. Therefore, in terms of intervals, Definition 2 can be stated
asfollows:

limy_, f(x) = L meansthat for every e > 0 (no matter how small ¢ is) we can find
8 > Osuchthat if x liesinthe openinterval (a — 8, a + &) and x # a, then f(x) liesin
theopeninterval (L — &, L + ¢).
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We interpret this statement geometrically by representing a function by an arrow diagram
asin Figure 2, where f maps a subset of R onto another subset of R.

FIGURE 2 x a fla) fx)

Thedefinition of limit saysthat if any small interval (L — &, L + g)isgivenaroundL, then
we can find an interval (a — §,a + 6) around a such that f maps al the points in
(a — 8,a + 6) (except possibly a) into theinterval (L — ¢, L + &). (See Figure 3.)

f
X f(x)

1y 7

FIGURE 3 a—686 49 a+d

Another geometric interpretation of limits can be given in terms of the graph of afunc-
tion. If € > 0 isgiven, then we draw the horizontal linesy =L + eandy =L — ¢ and
the graph of f. (See Figure 4.) If limy_., f(x) = L, then we can find a number § > 0 such
that if we restrict x to liein the interval (a — 8, a + ) and take x # a, then the curve
y = f(x) lies between the linesy = L — e andy = L + &. (See Figure 5.) You can see
that if such a 6 has been found, then any smaller & will also work.

It is important to realize that the process illustrated in Figures 4 and 5 must work for
every positive number &, no matter how small it is chosen. Figure 6 showsthat if asmaller
& ischosen, then asmaller 8 may be required.

y y y
- / y=L+e - y=L+e L+e
& =L+e
B o (e P 2
L e v isin{ Lgi—————— Brjp=——== e e Ay e
Je / here | |J® / A y=L— A
L—¢ y=L-=
y=L—¢ \_/ y=L—¢
0 ; X 0 / M \ x 0 21\ x
a—2~6 a+éd a—§6 a+o
when x isin here
(x# a)
FIGURE 4 FIGURE 5 FIGURE 6

2.GWIHES Use agraph to find anumber 6 such that
if |x—1/<8& then |[(x®*-5x+6)—2|<02
In other words, find a number & that corresponds to ¢ = 0.2 in the definition of alimit

for the function f(x) = x® — 5x + 6witha=1and L = 2.
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*3‘/ 3

FIGURE 7

2.3

0.8 1.2
1.7

FIGURE 8

In Module 1.7/3.4 you can explore the
precise definition of a limit both graphically and
numerically.

S1PEH 2o IMIT 75

SOLUTION A graph of f isshownin Figure 7; we are interested in the region near the
point (1, 2). Notice that we can rewrite the inequality

|(x* = 5x +6) — 2| <02

as 18<x®—5x+6<22

So we need to determine the values of x for which the curvey = x* — 5x + 6 lies
between the horizontal linesy = 1.8 and y = 2.2. Therefore we graph the curves
y=x®—-5x+ 6,y =18, andy = 2.2 near the point (1, 2) in Figure 8. Then we use
the cursor to estimate that the x-coordinate of the point of intersection of theliney = 2.2
and the curvey = x® — 5x + 6isabout 0.911. Similarly, y = x* — 5x + 6 intersects
theliney = 1.8 when x = 1.124. So, rounding to be safe, we can say that

if 092 <x < 112 then 18<x®—Bx+6<22

Thisinterval (0.92, 1.12) is not symmetric about x = 1. The distance from x = 1 to the
left endpoint is1 — 0.92 = 0.08 and the distance to the right endpoint is 0.12. We can
choose 6 to be the smaller of these numbers, that is, § = 0.08. Then we can rewrite our
inequalities in terms of distances as follows:

if |x—1/<008 then |(x*-5x+6)—2|<02

Thisjust says that by keeping x within 0.08 of 1, we are able to keep f(x) within 0.2
of 2.

Although we chose 6 = 0.08, any smaller positive value of & would also have
worked. [ |

The graphical procedure in Example 1 gives an illustration of the definition for ¢ = 0.2,
but it does not prove that the limit is equal to 2. A proof hasto provide a é for every e.

In proving limit statements it may be helpful to think of the definition of limit as a chal-
lenge. First it challenges you with anumber . Then you must be able to produce a suitable
8. You have to be able to do thisfor every & > 0, not just a particular «.

Imagine a contest between two people, A and B, and imagine yourself to be B. Person A
stipulates that the fixed number L should be approximated by the values of f(x) to withina
degree of accuracy e (say, 0.01). Person B then responds by finding a number & such that if
0<|x—a|<éthen|f(x) — L| < e ThenA may become more exacting and challenge
B with asmaller value of ¢ (say, 0.0001). Again B has to respond by finding a correspon-
ding 6. Usually the smaller the value of ¢, the smaller the corresponding value of 6 must be.
If B always wins, no matter how small A makes ¢, then limy_., f(x) = L.

'Vl EXAMPLE 2 | Provethatlin?](4x -5 ="1

SOLUTION
1. Preliminary analysis of the problem (guessing a value for §). Let ¢ be agiven
positive number. We want to find a number 6 such that

if 0<|x—3/<& then |@x-5-7|<s

But |(4x — 5) — 7| = |4x — 12| = |4(x — 3)| = 4|x — 3|. Therefore we want &
such that

if 0<|x—3|<8 then 4x-3|<e
that is, if  0<|x—3|<é then |x—3|<%

This suggests that we should choose 6 = /4.
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y=4x—75

FIGURE 9

Cauchy and Limits

After the invention of calculus in the 17th cen-
tury, there followed a period of free development
of the subject in the 18th century. Mathemati-
cians like the Bernoulli brothers and Euler were
eager to exploit the power of calculus and boldly

explored the consequences of this new and won-

derful mathematical theory without worrying too
much about whether their proofs were com-
pletely correct.

The 19th century, by contrast, was the Age of
Rigor in mathematics. There was a movement to
go back to the foundations of the subject—to
provide careful definitions and rigorous proofs.
At the forefront of this movement was the
French mathematician Augustin-Louis Cauchy
(1789-1857), who started out as a military engi-
neer before becoming a mathematics professor
in Paris. Cauchy took Newton's idea of a limit,
which was kept alive in the 18th century by the
French mathematician Jean d'Alembert, and
made it more precise. His definition of a limit
reads as follows: “"When the successive values
attributed to a variable approach indefinitely a
fixed value so as to end by differing from it by
as little as one wishes, this last is called the
limit of all the others.” But when Cauchy used
this definition in examples and proofs, he often
employed delta-epsilon inequalities similar to
the ones in this section. A typical Cauchy proof
starts with: “Designate by & and & two very
small numbers; . . ." He used & because of the
correspondence between epsilon and the French
word erreurand & because delta corresponds to
différence. Later, the German mathematician
Karl Weierstrass (1815—1897) stated the defini-
tion of a limit exactly as in our Definition 2.

2. Proof (showing that this § works). Given e > 0, choose § = ¢/4. If
0 < |x— 3| < 8§, then

|(4x—5)—7|=|4x—12|=4|x—3|<48=4<%>=s

Thus

if 0<|x—3/<8 then |@x-—-5-7|<e

Therefore, by the definition of alimit,
Iin; (4x =5 =7

This exampleisillustrated by Figure 9. [ |

Note that in the solution of Example 2 there were two stages—guessing and proving.
We made a preliminary analysis that enabled us to guess avalue for 8. But then in the sec-
ond stage we had to go back and provein acareful, logical fashion that we had made a cor-
rect guess. This procedureistypical of much of mathematics. Sometimesit is necessary to
first make an intelligent guess about the answer to a problem and then prove that the guess
is correct.

The intuitive definitions of one-sided limits that were given in Section 1.5 can be pre-
cisely reformulated as follows.

IE] Definition of Left-Hand Limit

lim f(x) =L

if for every number ¢ > 0 thereisanumber 6 > 0 such that

if a—-8<x<a then |f(x) —L|<e

E] Definition of Right-Hand Limit

lim f(x) =L

x—at
if for every number ¢ > 0 there isanumber 6 > 0 such that
then

if a<x<a+$ |f(x) —L|<e

Notice that Definition 3 isthe same as Definition 2 except that x isrestricted to liein the
left half (a — §, a) of theinterval (a — 8, a + 8). In Definition 4, x isrestricted to liein the
right haf (a, a + d) of theinterval (a — 8,a + §).

7 IE7ETE] Use Definition 4 to prove that Iirg\/f =0.

SOLUTION
1. Guessing a value for 6. Let & be a given positive number. Herea = O and L = 0,
so we want to find a number & such that

if 0<x<9d then

|\/;—0|<8
\/;<8

that is, if 0<x<é then
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A LIMIT 17

or, squaring both sides of the inequality VX <&, we get
if 0<x<& then x<g¢g?

This suggests that we should choose 6 = &2
2. Showing that this 6 works. Givene > 0, let § = €2 1f 0 < x < §, then

X <6 =2 =¢
o |\/; -0]<e
According to Definition 4, this shows that lim, .o+ v/X = 0. [ |

[E70EIT Prove that Iin; x2=0.

SOLUTION
1. Guessing a value for 8. Let ¢ > 0 be given. We have to find a number 6 > 0
such that

if 0<|x—3/<8é then |x*—-9|<e

To connect |x? — 9| with |x — 3| wewrite |[x* — 9| = | (x + 3)(x — 3)|. Then we
want

if 0<|[x—3|/<& then |[x+3]||x—3|<e
Notice that if we can find a positive constant C such that | x + 3| < C, then
|x +3||x = 3| < C|x — 3]

and we can make C|x — 3| < e by taking |x — 3| < &/C = 6.
We can find such a number C if werestrict x to liein some interval centered at 3.
In fact, since we are interested only in values of x that are close to 3, it is reasonable
to assume that x is within adistance | from 3, that is, |[x — 3| < 1. Then2 < x < 4,
s05 < x + 3 < 7. Thuswe have |[x + 3| < 7,and so C = 7 is asuitable choice for
the constant.
But now there are two restrictions on |x — 3|, namely
& &
Ix-3]<1 and | x 3|<C 5
To make sure that both of these inequalities are satisfied, we take & to be the smaller of
the two numbers 1 and £/7. The notation for thisis § = min{1, &/7}.

2. Showing that this 8 works. Givene > 0, let § = min{1, &/7}. If 0 < |x — 3| < §,

then|x — 3| <1 => 2<x<4 = |x+ 3| <7 (asinpartl). Wealso have
|x — 3| <¢&/7, %0

|x2—9\=|x+3||x—3|<7-§=8
This shows that lim, .3 x2 = 9. [
As Example 4 shows, it is not always easy to prove that limit statements are true
using the &, & definition. In fact, if we had been given a more complicated function such as

f(x) = (6x* — 8x + 9)/(2x* — 1), aproof would require a great deal of ingenuity. Fortu-
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Triangle Inequality:
la+b[=<la|+[b]

(See Appendix A.)

nately thisis unnecessary because the Limit Laws stated in Section 1.6 can be proved using
Definition 2, and then the limits of complicated functions can be found rigorously from the
Limit Laws without resorting to the definition directly.

For instance, we prove the Sum Law: If lim,_,f(x) = L and limy_. g(x) = M both
exist, then

im[f(x) + gx)]=L + M
The remaining laws are proved in the exercises and in Appendix F.
PROOF OF THE SUM LAW Let & > 0 begiven. We must find § > 0 such that
if 0<|x—a|<$é then [f(X) +g(x) —(L+M)|<e
Using the Triangle Inequality we can write

(5] [ 00 +g0) — (L+ M)[=[(f(x) = L) + (9(x) — M)]
< [f(x) = L| + |g(x) — M|

We make | f(x) + g(x) — (L + M) | lessthan e by making each of theterms | f(x) — L |
and |g(x) — M| less than &/2.
Since /2 > 0 and lim,_, f(x) = L, there exists a number §; > 0 such that

it O0<|x—a|l<é  then |f(x)—L|<%

Similarly, since limy_, g(x) = M, there exists anumber §, > 0 such that

it O0<|x—a|<6, then |g(x)— M|<%
Let § = min{dy, 82}, the smaller of the numbers 8, and .. Notice that

if O0<|x—a|<d then O0<|x—a|<é and O0<|x—al<é;
& €
and so \f(x)—L|<§ and |g(x)—M|<§
Therefore, by [5],

1100 + 900 = (L + M) < [f(X) — L]+ [g(x) — M|

< + =&

£.,°2
2 2
To summarize,

if O0<|x—a|<sé then [f(x) +g(x) —(L+M)|<e
Thus, by the definition of alimit,

I@[f(x)+g(x)]=L+M [ ]
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y
M y=M
0 / a \ X
a—2~4 a+é
FIGURE 10
y
a—~6 + 6
\o/
0 X
N =
FIGURE 11

[ Infinite Limits

Infinite limits can also be defined in aprecise way. Thefollowing isaprecise version of Defi-
nition 4 in Section 1.5.

[ 6] Definition Let f beafunction defined on some open interval that contains the
number a, except possibly at a itself. Then

lim f(x) = «

X—a
means that for every positive number M there is a positive number 6 such that

if 0<|x—al]<é then f(x) >M

This says that the values of f(x) can be made arbitrarily large (larger than any given
number M) by taking x close enough to a (within a distance 8, where & depends on M, but
with x # a). A geometric illustration is shown in Figure 10.

Given any horizontal liney = M, we can find anumber 6 > 0 such that if we restrict x
tolieintheinterval (a — 8,a + &) but x # a, then the curve y = f(x) lies above the line
y = M. You can see that if alarger M is chosen, then asmaller § may be required.

. 1
7 EXEET Use Definition 6 to prove that lim 5 = =

SOLUTION Let M be agiven positive number. We want to find a number 6 such that

if 0<|x|<é& then 1/x*>M

1 1
But S>M = x2<ﬁ = |X|<W

Soif we choose 8 = 1/y/M and 0 < |x| < & = 1/y/M, then 1/x?> > M. This shows that
1/x? — o asx — 0. [

Similarly, the following is a precise version of Definition 5 in Section 1.5. It isillus-
trated by Figure 11.

Definition Let f be afunction defined on some open interval that contains the
number a, except possibly at a itself. Then

limf(x) = —

X—a

means that for every negative number N there is a positive number & such that

if 0<|x—al<é then f(x) <N
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1. Use the given graph of f to find a number & such that

if [x—1| <8 then |f(x)—1|<02
y
1.2
1< _____ L —
0.8 |
|
|
!
0 07 1 1.1 X

2. Usethe given graph of f to find a number 6 such that

if 0<|x—3|<d8 then [f(x)—2|<05
y
2.5
o
1.5 |
|
|
!
0 263 38 x

3. Use the given graph of f(x) = /X to find a number & such that

if |[x—4|<é then |Jx-2|<04
y
y=vx
2.4
2
1.6 |
|
!
0 2 4 2 X

4. Use the given graph of f(x) = x?to find a number & such that

if  [x—1|<& then [x2—-1|<3
y
— 2
1.5 y
1< __________
|
0.5 |
|
0 " 1 2 X

Graphing calculator or computer required

M
K<

Y
I

5. Use agraph to find a number & such that

if x—% <& then |tanx — 1| <02
6. Use agraph to find a number & such that
2
if  [x—1/<& then |————04|<01
X+ 4
1. For the limit
Iing(x3— X+4)=6
illustrate Definition 2 by finding values of & that correspond to
e =02ande = 0.1
8. For the limit
imX*1_ 45
x—2 3X — 4 '

illustrate Definition 2 by finding values of 6 that correspond to
e=05ande = 0.1.

9. Given that limy_./»tan’x = o, illustrate Definition 6 by
finding values of & that correspond to (@) M = 1000 and
(b) M = 10,000.

10. Use agraph to find a number & such that

A

I

Computer algebra system required

X2

VX =5

11. A machinist is required to manufacture a circular metal disk

with area 1000 cm?

() What radius produces such a disk?

(b) If the machinist is allowed an error tolerance of =5 cm?
in the area of the disk, how close to the ideal radiusin
part () must the machinist control the radius?

(c) Interms of the g, & definition of lim,_., f(x) = L, what
isx?What is f(x)? What isa? What is L? What value of &
is given? What is the corresponding value of §?

> 100

if 5<x<5+ 56 then

12. A crystal growth furnace is used in research to determine how
best to manufacture crystals used in electronic components for
the space shuttle. For proper growth of the crystal, the tempera-
ture must be controlled accurately by adjusting the input power.

Suppose the relationship is given by
T(w) = 0.1w? + 2.155w + 20

where T is the temperature in degrees Celsius and w is the

power input in watts.

(&) How much power is needed to maintain the temperature
at 200°C?

(b) If the temperature is alowed to vary from 200°C by up
to =£1°C, what range of wattage is allowed for the input
power?

1. Homework Hints available at stewartcal culus.com
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(c) Interms of the g, & definition of lim,_., f(x) = L, what
isx?What is f(x)?What isa? What is L? What value of

e isgiven? What is the corresponding value of §7?

13. (@) Find anumber & such that if [x — 2| < §, then
| 4x — 8| < &, wheree = 0.1.
(b) Repeat part (a) with e = 0.01.

14. Given that lim,_.,(5x — 7) = 3, illustrate Definition 2 by
finding values of & that correspond to e = 0.1, e = 0.05,
and e = 0.01.

15-18 Prove the statement using the ¢, & definition of alimit and

illustrate with a diagram like Figure 9.

16. lim(2x — 5 =3

X—4

18. Iirp2 (3x+ 5 =-1

15, 1im (1 + 3x) = 2

17. lim (1 40 =13

19-32 Prove the statement using the &, & definition of alimit.

.2+ 4x .

19. lim =2 20. lim (3 - 2x) = -5
x—1 x—10

X2+ Xx—6 9 — 4x?

21. Im—— =5 22. lim ——=6
x—2 X — 2 x—-15 3 + 2X

23. limx=a 24. limc=c
X—a X—a

25. limx?=0 26. limx®*=0
x—0 x—0

21. Iirrg|x| =0 28 lim J6+x=0
X— X—>—

29. Iin;(x274x+5)=l 30. |iI’T21(X2+2X*7)=1
X— X—

3. lim (x>—1) =3 32. limx*=38
X—>—2 X—2

33. Verify that another possible choice of & for showing that
limy_3x% = 9in Example 4 is § = min{2, ¢/8}.

34. Verify, by a geometric argument, that the largest pos-
sible choice of & for showing that lim,_sx? = 9is
6=4+9+¢e& — 3.

35. (@) For thelimit lim,_.; (x* + x + 1) = 3, useagraph to
find avalue of & that correspondsto ¢ = 0.4.

m Continuity

36.

37.

38.

39.

40.

a.

42

43.

44

(b) By using a computer algebra system to solve the cubic
equation x*> + x + 1 = 3 + ¢, find the largest possible
value of & that works for any given ¢ > 0.

(c) Put e = 0.4 in your answer to part (b) and compare with
your answer to part (a).

Provethatlim£=l.
x—2 X 2
Provethat lim v/x = /a ifa> 0.
. [x —al
Hint: Use —Jal|l=—F——F+—.
[ |Vx - val X+ a

If H is the Heaviside function defined in Example 6 in Sec-
tion 1.5, prove, using Definition 2, that lim,_., H(t) does not
exist. [Hint: Use an indirect proof as follows. Suppose that
the limitis L. Take & = 3 in the definition of alimit and try
to arrive at a contradiction.]

If the function f is defined by
F(x) — 0 if xisrational
1 if xisirrationa
prove that limy_.o f(x) does not exist.

By comparing Definitions 2, 3, and 4, prove Theorem 1 in
Section 1.6.

How close to —3 do we have to take x so that

1

1
Prove, using Definition 6, that |im ———— =
ve, using Definiti ) XL-3X+3)4 o

Provethat lim L: —

=1 (x + 1)°

Suppose that lim,_., f(x) = o and limy_., g(x) = ¢, where ¢
isarea number. Prove each statement.

(@) im [£() + g(x)] = =
(b) im[ f(x)g(0] = > if ¢>0

© lim[f()g()] = —= if c<0

We noticed in Section 1.6 that the limit of afunction as x approaches a can often be found
simply by calculating the value of the function at a. Functions with this property are called
continuous at a. We will see that the mathematical definition of continuity corresponds
closely with the meaning of the word continuity in everyday language. (A continuous
processis one that takes place gradually, without interruption or abrupt change.)
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As illustrated in Figure 1, if f is continuous, . ) . .
then the points (x, f (x)) on the graph of f |I] Definition A function f iscontinuous at a number a if
approach the point (a, f (a)) on the graph. So
there is no gap in the curve. limf(x) = f(a)
X—a
! y=7f)

fx) ! Notice that Definition | implicitly requires three things if f is continuous at a:
approaches + f(a)

fla). ! 1. f(a) isdefined (that is, a isin the domain of f)

2. lim f(x) exists

/ o

3. limf(x) =f(a)
0 x—a

|
T
X

s g

As x approaches a,

The definition saysthat f iscontinuous at a if f(x) approaches f(a) as x approaches a.
Thus a continuous function f has the property that a small change in x produces only a
small changein f(x). In fact, the changein f(x) can be kept as small aswe please by keep-
ing the change in x sufficiently small.

If f isdefined near a (in other words, f is defined on an open interval containing a,
except perhaps at a), we say that f isdiscontinuous at a (or f hasadiscontinuity at a) if
f isnot continuous at a.

Physical phenomena are usually continuous. For instance, the displacement or velocity
of a vehicle varies continuously with time, as does a person’s height. But discontinuities
do occur in such situations as electric currents. [See Example 6 in Section 1.5, where the
Heaviside function is discontinuous at 0 because lim;_ H(t) does not exist.]

Geometrically, you can think of a function that is continuous at every number in an
interval as a function whose graph has no break in it. The graph can be drawn without
removing your pen from the paper.

FIGURE 1

2.0 IJES Figure 2 shows the graph of afunction f. At which numbersis f discontinu-
Y ous? Why?

SOLUTION It looksasif there isadiscontinuity when a = 1 because the graph has a break
] there. The official reason that f is discontinuous at 1 isthat f(1) is not defined.
\/ The graph also has a break when a = 3, but the reason for the discontinuity is differ-
ent. Here, f(3) isdefined, but lim,_.5 f(x) does not exist (because the left and right limits
0 1 2 \3 :1 5 > are different). So f is discontinuous at 3.

What about a = 5? Here, f(5) is defined and limy s f (x) exists (because the left and
right limits are the same). But

FIGURE 2 lim f(x) # f(5)

So f isdiscontinuous at 5. [

Now let’s see how to detect discontinuities when afunction is defined by aformula.

1 BT Where are each of the following functions discontinuous?

s 1.

@ 100 =22 bt ={xz "T*70
X 1 ifx=0
X2—x—2 .

©f={ x—2 "*72 @ 0 = [x]

1 if x=2
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SOLUTION
(a) Noticethat f(2) is not defined, so f isdiscontinuous at 2. Later we'll seewhy f is
continuous at all other numbers.

(b) Here f(0) = 1isdefined but
: 1
fim £ = im 2

does not exist. (See Example 8 in Section 1.5.) So f is discontinuous at O.
(c) Here f(2) = 1isdefined and

2 _x-2 S+ 1
imfx) = lim XX =2y X=X D =3
X—2 X—2 X — 2 X—2 X — X—2
exists. But

Iin’zlf(x) # f(2)

s0 f isnot continuous at 2.

(d) The greatest integer function f(x) = [x] has discontinuities at all of the integers
because lim,_., [x] does not exist if n is an integer. (See Example 10 and Exercise 51 in
Section 1.6.) [ |

Figure 3 shows the graphs of the functionsin Example 2. In each case the graph can't be
drawn without lifting the pen from the paper because a hole or break or jump occursin the
graph. The kind of discontinuity illustrated in parts (a) and (c) is called removable because
we could remove the discontinuity by redefining f at just the single number 2. [The func-
tiong(x) = x + 1liscontinuous.] The discontinuity in part (b) is called an infinite discon-
tinuity. The discontinuitiesin part (d) are called jump discontinuities because the function
“jumps’ from one value to another.

Y y y y

1 1 1 o 14 — o
IR ; x o IR
—
1 . xX2—x—-2 .
I—x—2 — ifx#0 —= if x#2
@ fr) =25+ b fo =1 = ©fw=1 x—2 " (A £ =[x]
. 1 ifx=0 1 if x=2

FIGURE 3
Graphs of the functions in Example 2

[2] Definition A function f is continuous from the right at a number a if

ILrZ\+ f(x) = f(a)

and f iscontinuous from the left at a if

'qu f(x) = f(a)
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y

| fw)

1—x2

FIGURE 4

[E7ITE] At each integer n, the function f(x) = [x] [see Figure 3(d)] is continuous
from the right but discontinuous from the left because

Ii%m+ f(x) = Iiﬁm+ [x] = n=f(n)

but lim f(x) = lim [x] =n — 1% f(n) [ |

[3] Definition A function f is continuous on an interval if it is continuous at
every number in the interval. (If f is defined only on one side of an endpoint of the
interval, we understand continuous at the endpoint to mean continuous from the
right or continuous from the left.)

BT Show that the function f(x) = 1 — /1 — x2 is continuous on the
interval [—1, 1].

SOLUTION If =1 < a < 1, then using the Limit Laws, we have
limf(x) = lim (1 — V1 — x?)
X—a X—a
=1-1lim1—x?2 (by Laws 2 and 7)

X—a

=1-— _/lim(1 — x?) (by 11)
=1-.1-a? (by 2, 7, and 9)
= f(a)

Thus, by Definition |, f iscontinuous at a if —1 < a < 1. Similar calculations show that

EETL f(x) =1="f(-1 and ILrp f(x)=1="f(1)

so f iscontinuous from the right at —1 and continuous from the left at 1. Therefore,
according to Definition 3, f is continuouson [—1, 1].
The graph of f issketched in Figure 4. It is the lower half of the circle

X2+ (y—12=1 [ ]
Instead of always using Definitions 1, 2, and 3 to verify the continuity of afunction as

we did in Example 4, it is often convenient to use the next theorem, which shows how to
build up complicated continuous functions from simple ones.

E] Theorem If f and g are continuous at a and ¢ is a constant, then the following
functions are also continuous at a:

1.f+yg 2 f—yg 3. cf
f

4. fg 5. — ifga)#0
9
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PROOF Each of the five parts of this theorem follows from the corresponding Limit Law
in Section 1.6. For instance, we give the proof of part 1. Since f and g are continuous at

a, we have
limf(x) = f(a) and limg(x) = g(a)
Therefore
lim(f + g)(x) = lim[f(x) + g(x)]

= lim f(x) + limg(x) (by Law 1)

=f(a) + g(a)

= (f+g)(@)
This shows that f + g is continuous at a. [

It follows from Theorem 4 and Definition 3 that if f and g are continuouson aninterval,
then so arethe functionsf + g, f — g, cf, fg, and (if g isnever 0) f/g. The following theo-
rem was stated in Section 1.6 as the Direct Substitution Property.

Theorem

I%] Any polynomial is continuous everywhere; that is, it is continuous on
R = (=, »).

(b) Any rational function is continuous wherever it is defined; that is, it is contin-
uous on its domain.

PROOF
(a) A polynomial is afunction of the form

P(X) = CoX" + CraX"h + - o+ + CiX + Co
where ¢y, Cy, . . ., C, are constants. We know that

lim co = Co (by Law 7)
X—a

and limx™=a" m=12...,n (by 9)

X—a
This equation is precisely the statement that the function f(x) = x™ is a continuous
function. Thus, by part 3 of Theorem 4, the function g(x) = cx™ is continuous. Since P
isasum of functions of this form and a constant function, it follows from part 1 of
Theorem 4 that P is continuous.

(b) Arationa function is afunction of the form

where P and Q are polynomials. The domain of f isD = {x € R | Q(x) # 0}. We know
from part (a) that P and Q are continuous everywhere. Thus, by part 5 of Theorem 4,
f is continuous at every number in D. [ |
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y
P(cos6,sin 0)
L7
0
0 1,0) X
FIGURE 5

Another way to establish the limits in [£] is

to use the Squeeze Theorem with the inequality

sin 0 < 6 (for > 0), which is proved in

Section 2.4.

Asanillustration of Theorem 5, observe that the volume of a sphere varies continuously
with its radius because the formula V(r) = 37r® shows that V is a polynomial function
of r. Likewisg, if aball isthrown vertically into the air with a velocity of 50 ft/s, then the
height of the ball in feet t seconds later is given by the formulah = 50t — 16t% Again this
isapolynomial function, so the height is a continuous function of the elapsed time.

Knowledge of which functions are continuous enables us to evaluate some limits very
quickly, as the following example shows. Compare it with Example 2(b) in Section 1.6.

x3+2x2 -1
Find lim ——
| EXAMPLE 5 Jim, ————
SOLUTION The function
X3+ 2x2 -1
f X)) = ———
) 5—-3x

isrational, so by Theorem 5 it is continuous on its domain, which is{x | x # §}
Therefore

X+ 2x-1
am s om0 =12
(-2 + 2(—27% -1 1
= = - _—
5—3(—2) 11

It turns out that most of the familiar functions are continuous at every number in their
domains. For instance, Limit Law 10 (page 63) is exactly the statement that root functions
are continuous.

From the appearance of the graphs of the sine and cosine functions (Figure 18 in Section
1.2), we would certainly guess that they are continuous. We know from the definitions of
sin 6 and cos 6 that the coordinates of the point P in Figure 5 are (cos 6, sin 6). As § — 0,
we see that P approaches the point (1, 0) and so cos § — 1 and sin § — 0. Thus

(6] limcos6 =1 limsing=0
6—0 6—0

Since cos0 = 1 and sin0 = 0, the equations in [6] assert that the cosine and sine func-
tions are continuous at 0. The addition formulas for cosine and sine can then be used to
deduce that these functions are continuous everywhere (see Exercises 60 and 61).

It follows from part 5 of Theorem 4 that

is continuous except where cos x = 0. This happens when x is an odd integer multiple of
/2,50y = tan x hasinfinite discontinuitieswhen x = *7/2, +37/2, =57/2, and so on
(see Figure 6).

FIGURE6 y=tanx

-3 t-——===

——— g ===

Theorem The following types of functions are continuous at every number in
their domains:

polynomials rational functions

root functions trigonometric functions
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This theorem says that a limit symbol can be
moved through a function symbol if the function
is continuous and the limit exists. In other words,
the order of these two symbols can be reversed.

[E7XZTEE On what intervals is each function continuous?

24+ 2x +
(a) F(x) = x® — 2% + 75 (b) g(x) = Xxf—flﬂ

X+ 1
X2+ 1

(@) ho = Vi + 2 -

SOLUTION

(a) fisapolynomial, so it is continuous on (—°, ) by Theorem 5(a).

(b) g isarationa function, so by Theorem 5(b), it is continuous on its domain, which is
D ={x|x*—1# 0} ={x | x # =1}. Thusg is continuous on the intervals (—, —1),
(=1, 1), and (1, ).

(c) We can write h(x) = F(x) + G(x) — H(x), where

X+ 1 X+ 1
x—1 HO) = X2+ 1

F(X) = vx G(x) =

F is continuous on [0, «) by Theorem 7. G is arational function, so it is continuous
everywhere except when x — 1 = 0, that is, x = 1. H isaso arationa function, but its
denominator is never 0, so H is continuous everywhere. Thus, by parts 1 and 2 of Theo-
rem 4, h is continuous on the intervals [0, 1) and (1, ). [ |

nx
2.0 FE Evauate lim ——.
[ EXAMPLE 7| M cosx
SOLUTION Theorem 7 tellsusthat y = sin x is continuous. The function in the denomi-
nator, y = 2 + cosx, isthe sum of two continuous functions and is therefore continuous.
Notice that this function is never O because cosx = —1forall xandso 2 + cosx > 0
everywhere. Thusthe ratio
sinx
fx) =—7——
) 2 + cosx

is continuous everywhere. Hence, by the definition of a continuous function,

. sin 0
=M =fm = eer ~ 21 ° -

im———-
x—m 2 + COSX

Another way of combining continuous functions f and g to get a new continuous func-
tion is to form the composite function f o g. This fact is a consequence of the following
theorem.

Theorem is continuous at b and lim g(x) = b, then lim f(g(x)) = f(b).
If fi i b and li (x) = b, thenlim f(g(x) f(b)
In other words, e e

lim(g00) = f(1img(x)

Intuitively, Theorem 8 is reasonable because if x is close to a, then g(x) is close to b,
and since f iscontinuous at b, if g(x) iscloseto b, then f (g(x)) iscloseto f(b). A proof of
Theorem 8 is given in Appendix F.
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Let’s now apply Theorem 8 in the special case where f(x) = X, with n bei ng a posi-
tiveinteger. Then

t(g00) = Vg(x)
and f(limg(x)) = "lim g(x)
If we put these expressions into Theorem 8, we get
lim y/g(x) = /lim g(x)

and so Limit Law 11 has now been proved. (We assume that the roots exist.)

(9] Theorem If g iscontinuous at a and f is continuous at g(a), then the compos-
ite function f o g given by (f o g)(x) = f(g(x)) is continuous at a.

This theorem is often expressed informally by saying “a continuous function of a con-
tinuous function is a continuous function.”

PROOF Since g is continuous at a, we have
lim g(x) = (@)
Since f iscontinuous a b = g(a), we can apply Theorem 8 to obtain
limf(g() = f(g())

which is precisely the statement that the function h(x) = f (g(x)) is continuous at a; that
is, f o giscontinuous at a. [

7 EEEEE] Where are the following functions continuous?

(8 h(x) = sn(x?) ) F0 = Ty

SOLUTION
(8) Wehaveh(x) = f(g(x)), where

g(x) = x2 and f(x) = sinx

Now g is continuous on R since it is a polynomial, and f is also continuous everywhere.
Thush = f o g is continuous on R by Theorem 9.

(b) Noticethat F can be broken up as the composition of four continuous functions:

F=fo ge hok or F(X) = f(g(h(k(x))))

where  f(x) =% gx)=x—4 h(x) = /X k(x) =x2+ 7
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We know that each of these functions is continuous on its domain (by Theorems 5 and
7), so by Theorem 9, F is continuous on its domain, which is

(xeER| 2+ 7 #4} ={x|x# +3 = (-0, -3) U (-3,3) U (3, ) mmm

An important property of continuous functions is expressed by the following theorem,
whose proof is found in more advanced books on calculus.

The Intermediate Value Theorem Suppose that f is continuous on the closed
interval [a, b] and let N be any number between f(a) and f(b), where f(a) # f(b).
Then there exists anumber ¢ in (a, b) such that f(c) = N.

FIGURE 7

y

fla)
y=fx)

N y=N
fib)

ol 4 b
FIGURE 8

The Intermediate Value Theorem states that a continuous function takes on every inter-
mediate val ue between the function values f(a) and f(b). Itisillustrated by Figure 7. Note
that the value N can be taken on once [asin part ()] or more than once [asin part (b)].

y y
f(b) fib)
N y=fx)
N
fla) y=£) fa)
ol . c b X ol 4 ¢ & e b X

@ (b)

If we think of a continuous function as a function whose graph has no hole or break,
then it is easy to believe that the Intermediate VValue Theorem istrue. In geometric termsit
saysthat if any horizontal liney = N isgiven betweeny = f(a) andy = f(b) asin Figure 8,
then the graph of f can’'t jump over theline. It must intersect y = N somewhere.

It isimportant that the function f in Theorem 10 be continuous. The Intermediate Value
Theorem is not true in general for discontinuous functions (see Exercise 48).

One use of the Intermediate Value Theorem is in locating roots of egquations as in the
following example.

7 E7XTEIEE] Show that there is aroot of the equation

43— 6x*+ 3 —2=0
between 1 and 2.

SOLUTION Let f(x) = 4x3 — 6x% + 3x — 2. We are looking for a solution of the given
equation, that is, anumber ¢ between 1 and 2 such that f(c) = 0. Therefore we take
a=1"Db=2andN = 0inTheorem 10. We have

fl)=4—6+3-2=-1<0
and f2)=32-24+6-2=12>0
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-3

FIGURE 9

0.2

—0.2

FIGURE 10

m Exercises

Thus (1) < 0 < f(2); that is, N = 0 is a number between f(1) and f(2). Now f is
continuous since it is a polynomial, so the Intermediate Value Theorem says there
isanumber ¢ between 1 and 2 such that f(c) = 0. In other words, the equation
4x% — 6x2 + 3x — 2 = O has at least one root ¢ in the interval (1, 2).

In fact, we can locate a root more precisely by using the Intermediate Value Theorem
again. Since

f(12) = -0128<0 and f(1.3) =0548>0
aroot must lie between 1.2 and 1.3. A calculator gives, by trial and error,
f(1.22) = —0.007008 <0  and f(1.23) = 0.056068 > 0
so aroot liesin theinterval (1.22, 1.23). [ |

We can use a graphing calculator or computer to illustrate the use of the Intermediate
Value Theorem in Example 9. Figure 9 shows the graph of f in the viewing rectangle
[—1, 3] by [—3, 3] and you can see that the graph crosses the x-axis between 1 and 2. Fig-
ure 10 shows the result of zooming in to the viewing rectangle [1.2, 1.3] by [—0.2, 0.2].

In fact, the Intermediate Value Theorem plays a role in the very way these graphing
devices work. A computer calculates a finite number of points on the graph and turns on
the pixels that contain these calculated points. It assumes that the function is continuous
and takes on all the intermediate values between two consecutive points. The computer
therefore connects the pixels by turning on the intermediate pixels.

. Write an equation that expresses the fact that a function f 4. From the graph of ¢, state the intervals on which g is

is continuous at the number 4.

2. If f iscontinuous on (—<, «), what can you say abott its

graph?

3. (a) From the graph of f, state the numbers at which f is

discontinuous and explain why.

continuous.
y

G s S\ 6 8¢
(b) For each of the numbers stated in part (a), determine

whether f is continuous from the right, or from the left,

or neither.

5-8 Sketch the graph of afunction f that is continuous except for
the stated discontinuity.

5. Discontinuous, but continuous from the right, at 2

6. Discontinuities at —1 and 4, but continuous from the left at —1
and from theright at 4

Graphing calculator or computer required

. Removable discontinuity at 3, jump discontinuity at 5

8. Neither left nor right continuous at —2, continuous only from
theleft at 2

1. Homework Hints available at stewartcalculus.com
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9. Thetoll T charged for driving on a certain stretch of atoll
road is $5 except during rush hours (between 7 Am and 10 AM
and between 4 pm and 7 pPvm) when the toll is $7.

(a) Sketch agraph of T as afunction of the time t, measured
in hours past midnight.

(b) Discuss the discontinuities of this function and their
significance to someone who uses the road.

10. Explain why each function is continuous or discontinuous.

(a) The temperature at a specific location as a function of
time

(b) The temperature at a specific time as afunction of the
distance due west from New York City

(c) The altitude above sealevel as a function of the distance
due west from New York City

(d) The cost of ataxi ride as a function of the distance trav-
eled

(e) The current in the circuit for the lightsin aroom as a
function of time

11. Suppose f and g are continuous functions such that
g(2) = 6 and lim,_, [3f(x) + f(x)g(x)] = 36. Find f(2).

12-14 Use the definition of continuity and the properties of limits
to show that the function is continuous at the given number a.

122 f(x) =3x*—5bx+ Jx2+ 4, a=2
13. f(x) = (x + 2x3)* a=-—1

2t — 3t2
14. h(t) ::I.Tt?” a=1

X% = x
if 1

0 f={x2—1 "*7 a=1
1 if x=1
COS X if x<O0

21. f(x) =40 if x=0 a=0
1-x% ifx>0
2EZK=3 L3

22, f(x) = X —3 =3
6 if x=3

23-24 How would you “remove the discontinuity” of f? In other
words, how would you define f (2) in order to make f continuous
a 2?

X2—x—2 x®—8

23. f(x) = — 24, f(x)=x2_4

15-16 Use the definition of continuity and the properties of limits
to show that the function is continuous on the given interval.

+
15. F(x) = ZXX_ 23,

(2,)

16. g(x) = 2/3 — x, (—,3]

17-22 Explain why the function is discontinuous at the given
number a. Sketch the graph of the function.

1
17.1‘(x)—xJr2 a=—-2
1 .
B i ={x+2 TX772 a=-2
1 if x=-2
1-x2 ifx<1
19 f(’()_{1/x it x=1 a=1

25-32 Explain, using Theorems 4, 5, 7, and 9, why the function
is continuous at every number in its domain. State the domain.

2x2—x—1 X%+ 1
25 F = 26. G =
) X2+ 1 ) 2x2—x—1
Ix — 2 sinx
27. Q(x) = NER— 28. h(x) = w——1
tan x
29. h(x) = cos(1 — x2 30. B(X) = —
(x) S( ) (x) T

[ 1
M) = [1+

32. F(x) = sin(cos(sinx))

{4 33-34 Locate the discontinuities of the function and illustrate by

graphing.

3. y= 34 y = tan /X

1+ sinx

35-38 Use continuity to evaluate the limit.

.5+ X N .

35. lim—— 36. limsin(x + sinx)
x—4 /5 + X X—1r

37. lim x cos®x 38 lim(x*— 3+ 1)°°
x—m/4 x—2
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39-40 Show that f is continuous on (—o, ).
x? if x<1
39. f(x) = .
®) {ﬁ if x=1
sinx
COS X

if x< /4
if x=m/4

40. f(x) = {

41-43 Find the numbers at which f is discontinuous. At which
of these numbersis f continuous from the right, from the left, or
neither? Sketch the graph of f.

1+x? ifx=0

M f(x) =92 —x ifo<x<2
(x—2? ifx>2
x+1 ifx<1

42. f(x) =41/x if 1<x<3
VX =3 if x=3
x+2 if x<O0

43. f(x) = { 2x? if0osx<1
2—-x ifx>1

44. The gravitational force exerted by the planet Earth on a unit
mass at a distance r from the center of the planet is

Mr
3

if r<R

F(r) =

M
Gz if r=R
r

where M is the mass of Earth, R isitsradius, and G isthe
gravitational constant. Is F a continuous function of r?

45. For what value of the constant ¢ is the function f continuous
on (—o, ©)?

if x<2

if x=2

cx? + 2x
f(x) =
) {x3cx

46. Find the values of a and b that make f continuous
everywhere.

2 _

x4 it x < 2
F(x) — X—2

ax?2—bx+3 if2=x<3

2x —a+b if x=3

47. Which of the following functions f has a removable disconti-
nuity at a? If the discontinuity is removable, find afunction g
that agrees with f for x # a and is continuous &t a.

x4 —1
@f0="—7. a=1

X3 —x2 — 2x
(b)f(X):?, a=2
() f(x) =[sinx], a=m

48. Suppose that afunction f is continuous on [0, 1] except at
0.25and that f(0) = 1 and f(1) = 3. Let N = 2. Sketch two
possible graphs of f, one showing that f might not satisfy
the conclusion of the Intermediate Value Theorem and one
showing that f might still satisfy the conclusion of the Inter-
mediate Value Theorem (even though it doesn’t satisfy the
hypothesis).

49. If f(x) = x2 4+ 10sinx, show that there is a number ¢ such
that f(c) = 1000.

50. Suppose f is continuous on [1, 5] and the only solutions of

the equationf(x) = 6arex = 1landx = 4. If f(2) = §,
explain why f(3) > 6.
51-54 Use the Intermediate Value Theorem to show that thereis
aroot of the given equation in the specified interval.
5. x*+x—3=0, (12 52 x =1—-x, (0,1
0,1 1,2

53. COSX = X, 54. sinx = x? — x,

55-56 (&) Prove that the equation has at |east one real root.
(b) Use your calculator to find an interval of length 0.01 that
contains a root.

55. cosx = x?3 56. x> —x2+2x+3=0

[ 57-58 (a) Prove that the equation has at least one real root.

(b) Use your graphing device to find the root correct to three
decimal places.
1

5. x> —x2—-4=0
X+ 3

58. J/x — 5 =

59. Provethat f iscontinuous at a if and only if
!ing f(a+h) =f()
60. To prove that sine is continuous, we need to show that

limy_.,sinx = sina for every real number a. By Exercise 59
an equivalent statement is that

I!in?]sin(a +h) =sina

Use[6] to show that this is true.
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Prove that cosine is a continuous function.

(a) Prove Theorem 4, part 3.
(b) Prove Theorem 4, part 5.

For what values of x is f continuous?

f(x) = {2

For what values of x isg continuous?

g(x) = {S

Is there a number that is exactly 1 more than its cube?

if xisrationa
if xisirrational

if xisrational
if xisirrational

If a and b are positive numbers, prove that the equation

a b

=0
x3+2x2—-1 x3+x-—-2

has at |east one solution in the interval (—1, 1).

n Review

Concept Check

1.

67.

68.

69.

Show that the function

_x*sin(1/x) if x#0
o = {o if x=0

is continuous on (—oo, ),

(a) Show that the absolute value function F(x) = | x| is
continuous everywhere.

(b) Provethat if f isa continuous function on an interval, then
sois| f|.

(c) Isthe converse of the statement in part (b) also true? In
other words, if | f | is continuous, does it follow that f is
continuous? If so, proveit. If not, find a counterexample.

A Tibetan monk leaves the monastery at 7:00 Am and takes his
usual path to the top of the mountain, arriving at 7:00 pm. The
following morning, he starts at 7:00 Am at the top and takes the
same path back, arriving at the monastery at 7:00 pm. Use the
Intermediate Value Theorem to show that there is a point on the
path that the monk will cross at exactly the same time of day
on both days.

(@) What is a function? What are its domain and range?

(b) What is the graph of a function?

(c) How can you tell whether a given curve is the graph of
afunction?

. Discuss four ways of representing a function. Illustrate your
discussion with examples.

. (8 What is an even function? How can you tell if afunctionis
even by looking at its graph? Give three examples of an
even function.

(b) What is an odd function? How can you tell if afunctionis
odd by looking at its graph? Give three examples of an odd
function.

. What is an increasing function?
. What is a mathematical model?

. Give an example of each type of function.

(a) Linear function
(c) Exponentia function
(e) Polynomia of degree 5

(b) Power function
(d) Quadratic function
(f) Rational function

. Sketch by hand, on the same axes, the graphs of the following
functions.
@ f(x) =x (b) g(x) = x*
(© h(x) = x* @ jox) = x*

10.

1.

. Draw, by hand, a rough sketch of the graph of each function.

(@8 y = sinx
©@y=2"
@ y=I[x|

(b) y = tanx
(d) y=1/x
() y=vx

. Suppose that f has domain A and g has domain B.

(a8) What isthe domain of f + g?
(b) What is the domain of fg?
(c) What isthe domain of f/g?

How is the composite function f o g defined? What isits
domain?

Suppose the graph of f is given. Write an equation for each of
the graphs that are obtained from the graph of f as follows.
(a) Shift 2 units upward.

(b) Shift 2 units downward.

(c) Shift 2 unitsto the right.

(d) Shift 2 units to the left.

(e) Reflect about the x-axis.

(f) Reflect about the y-axis.

(g) Stretch vertically by afactor of 2.

(h) Shrink vertically by afactor of 2.

(i) Stretch horizontally by afactor of 2.

(j) Shrink horizontally by afactor of 2.
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12. Explain what each of the following means and illustrate with a 15. State the following Limit Laws.

sketch. (&) Sum Law (b) Difference Law

(@ limf(x) =L (b) lim f(x) =L (c) Constant Multiple Law (d) Product Law

. e (e) Quotient Law (f) Power Law

(c) im 00 =L (@ fim fo) == (9) Root Law

(€) fim f(x) = —e° 16. What does the Squeeze Theorem say?
13. Describe several waysin which alimit can fail to exist. Illus- 17. (a) What does it mean for f to be continuous at a?

trate with sketches. (b) What does it mean for f to be continuous on the interval

) ) ) ) (=00, 0)? What can you say about the graph of such a

14. What does it mean to say that the line x = a isavertical function?

asymptote of the curvey = f(x)? Draw curves to illustrate the

various possibilities. 18. What does the Intermediate Value Theorem say?

True-False Quiz

Determine whether the statement is true or false. If it is true, explain why. 13. If limy_, f(X) exists but lim,_., g(x) does not exist, then

If it is false, explain why or give an example that disproves the statement. limy_.[ f(x) + g(x)] does not exist.
1. If fisafunction, then f(s + t) = f(s) + f(0). 18. I lim,_s [ f(x) g(x)] exists, then the limit must be  (6) (6).
2. 1f f(s) = f(t), thens = t. 15. If p isapolynomial, then lim, ., p(x) = p(b).
3. If f isafunction, then f(3x) = 3f(x). 16. If limy_o f(X) = o0 and limy_.0 g(x) = o, then

_ _ _ limo[f(x) = g(x)] = 0.
4. If x; < X2 and f isadecreasing function, then f(x;) > f(x,).

17. If thelinex = 1lisavertica asymptote of y = f(x), then f is

5. A vertical line intersects the graph of a function at most once. not defined at 1.
6. If x isany real number, then /x2 = x. 18. If f(1) > Oand f(3) < 0, then there exists a number ¢
between 1 and 3 such that f(c) = 0.
7. lim x___8 = lim % lim 8 19. If fiscontinuous at 5 and f(5) = 2 and f(4) = 3, then
4a\X -4 Xx—4) xoax—4 xax—4 lime_, f(4x2 — 11) = 2.
x4 ex—7 lim(x*+6x-7) 20. If fis continuouson [—1, 1] and f(~1) = 4 and f(1) = 3,
8. |XILTI 2156 Iirq(xz ¥ 5 — 6) then there exists anumber r such that | r| < 1and f(r) = .
X—>
21. Let f be afunction such that limy_., f(x) = 6. Then there
X — 3 1qu(x—3) exists a number & such that if 0 < | x| < §, then
9. lim = [f(x) — 6] <1

x—1 X2+ 2Xx — 4 Ixinl(xz%— 2X — 4)
22, If f(x) > 1forall x and lim,_o f(X) exists, then
10. If limy_s f(x) = 2and limy_sg(x) = O, then limy_o f(x) > 1.
limy_s[ f(x)/g(x)] does not exist.
23. The equation x** — 10x?> + 5= 0 hasaroot in the
1. If limy_s f(x) = 0and lim,_5g(x) = 0, then interval (0, 2).
lim,_s [ f(x)/g(x)] does not exist.

24. If fiscontinuous at a, sois| f|.
12. If neither limy_., f(x) nor limy_., g(x) exists, then

lim,_, [ f(x) + g(x)] does not exist. 25, If | f|iscontinuous at a, soisf.
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Exercises
1. Let f be the function whose graph is given.

(a) Estimate the value of f(2).
(b) Estimate the values of x such that f(x) = 3.
(c) State the domain of f.
(d) State the range of f.
(e) On what interval is f increasing?
(f) Is f even, odd, or neither even nor odd? Explain.

y

2. Determine whether each curve is the graph of a function of x.
If it is, state the domain and range of the function.

(@ y (b) y

3. If f(x) = x® — 2x + 3, evaluate the difference quotient
fa+h) —f(a
h
4. Sketch arough graph of the yield of a crop as a function of the
amount of fertilizer used.

5-8 Find the domain and range of the function. Write your answer
in interval notation.

5. f(x) =2/(3x — 1)
7. y=1+ sinx

6. g(x) = /16 — x*

8. F(t) =3 + cos2t

©y=2-1(x @ y=:3f0-1
y
L
1
L
o1
|

11-16 Use transformations to sketch the graph of the function.

9. Suppose that the graph of f is given. Describe how the graphs
of the following functions can be obtained from the graph of f.
@y=f(x)+8 (b) y="f(x+8)
(©y=1+ 2f(x) dy=fx—2 -2
€ y=-f(x (f) y=3-1(x

10. The graph of f isgiven. Draw the graphs of the following
functions.

@y="f(x-9 (b) y=~-f(x

1. y = —sin2x 12 y=(x — 2)?
13y =1+ 3x° 1B y=2-x
1+x ifx<O
15. f(x) = 16. f(x) = .
® X+ 2 ) {1+x2 if x=0
17. Determine whether f is even, odd, or neither even nor odd.

18.

19.

20.

21.

(@ f(x) =2x>—3x>+2
(o) f(x) =x3—x"

(c) f(x) = cos(x?)

(d) f(x) =1+ sinx

Find an expression for the function whose graph consists of
the line segment from the point (—2, 2) to the point (—1, 0)
together with the top half of the circle with center the origin
and radius 1.

If f(x) = X and g(x) = sinx, find the functions (a) f g,
(b)gof,(c) fof,(d)geg,andtheir domains.

Express the function F(x) = 1//x + /X as acomposition of
three functions.

Life expectancy improved dramatically in the 20th century. The
table gives the life expectancy at birth (in years) of males born
in the United States. Use a scatter plot to choose an appropriate
type of model. Use your model to predict the life span of a
male born in the year 2010.

Birthyear | Life expectancy Birth year Life expectancy
1900 48.3 1960 66.6
1910 511 1970 67.1
1920 55.2 1980 70.0
1930 574 1990 718
1940 62.5 2000 73.0
1950 65.6
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22. A small-appliance manufacturer finds that it costs $9000 to
produce 1000 toaster ovens a week and $12,000 to produce
1500 toaster ovens a week.

(a) Expressthe cost as a function of the number of toaster
ovens produced, assuming that it is linear. Then sketch the
graph.

(b) What is the slope of the graph and what does it represent?

(c) What is the y-intercept of the graph and what does it
represent?

23. Thegraph of f isgiven.
(@) Find each limit, or explain why it does not exist.

(i) XIiﬁry+ f(x) (ii) Xﬂr_ny f(x)
(iii) ILrpr(x)
(V) Iiirgf(x) (vi) “j‘, f(x)

(b) State the equations of the vertical asymptotes.
(c) At what numbersis f discontinuous? Explain.

(iv) lim f(x

y

1\

24. Sketch the graph of an example of afunction f that satisfies all
of the following conditions:

Iirp+ f(x) = -2, Iirg} f(x) =1, f(0) = -1,

Iirg f(x) = oo, Iirp+ f(x) = —

25-38 Find the limit.

25. lim cos(x + sinx) 26 ”mx27—9
x>0 "3 x24+2x — 3
27. lim )(2779 28. lim &
Tx--3x24+2x— 3 Txott X2+ 2x— 3
2 fim =D+ 1 20, lim b4
’ hL>O h ’ th t:—8
\/F 4 —v
. lim—— 32. lim
r—o (r — 9)* =4 (4= p|
. ut—1 WX+ 6 =X
u—1 u® + 5u? — 6u x=3 XT — 3X
4— /s 2+ 20— 8
35. lim 36. lim—————
s—16 § — 16 v—2  p* — 16

— _ 2
37, lim LYt = X* Vxlx

x—0

38. lim 1 + 1
Tx-1\X—1  x2—3x+2

39. If 2x — 1 < f(x) < x2for 0 < x < 3, find lim,_. f(x).
40. Prove that limy_o x? cos(1/x?) = 0.

41-44 Prove the statement using the precise definition of alimit.
a. lim (14 - 5x) = 4 42. |inge&=o

2
43. lim (x2 — 3x) = —2 4, lim —— =
X~>2( ) x—4t /X — 4
45, Let
V=X if x<O0
f(x) =¢3—x if 0=x<3

(x — 32 if x>3
(a) Evaluate each limit, if it exists.
(i) XIiﬂrp+ f(x) (ii) XILr(gl f(x)
(iv) XILr131 f(x) (v) XIL@ f(x)

(b) Whereis f discontinuous?
(c) Sketch the graph of f.

(iii) lim £(

(vi) lim ()

46. Let

2x —x2 ifosx=<2
2—X if 2<x<3
X —4 if 3<x<4
T if x=4

g(x) =

(8) For each of the numbers 2, 3, and 4, discover whether g is
continuous from the left, continuous from the right, or con-
tinuous at the number.

(b) Sketch the graph of g.

47-48 Show that the function is continuous on its domain. State
the domain.

/y2
47. h(x) = ¥x + x3cosx 48. g(x) = sz—_zg

49-50 Use the Intermediate Value Theorem to show that thereisa
root of the equation in the given interval.

49. x> —x*+3x—-5=0, (1,2
50. 2sinx =3 —2x, (0,1)
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There are no hard and fast rulesthat will ensure success in solving problems. However, itis
possible to outline some general stepsin the problem-solving process and to give some prin-
ciplesthat may be useful in the solution of certain problems. These steps and principles are
just common sense made explicit. They have been adapted from George Polya’ s book How
To Solve It.

Thefirst step isto read the problem and make sure that you understand it clearly. Ask your-
self the following questions:

What is the unknown?
What are the given quantities?
What are the given conditions?

For many problemsiit is useful to

draw a diagram

and identify the given and required quantities on the diagram.
Usually it is necessary to

introduce suitable notation

In choosing symbols for the unknown quantities we often use letters such as a, b, ¢, m, n,
X, andy, but in some casesit helps to useinitials as suggestive symbols; for instance, V for
volume or t for time.

Find a connection between the given information and the unknown that will enable you to
calculate the unknown. It often helpsto ask yourself explicitly: “How can | relate the given
to the unknown?’ If you don’'t see a connection immediately, the following ideas may be
helpful in devising a plan.

Try to Recognize Something Familiar Relate the given situation to previous knowledge.
Look at the unknown and try to recall amore familiar problem that has a similar unknown.

Try to Recognize Patterns Some problems are solved by recognizing that some kind of
pattern is occurring. The pattern could be geometric, or numerical, or algebraic. If you can
see regularity or repetition in a problem, you might be able to guess what the continuing
pattern is and then proveit.

Use Analogy Try to think of an analogous problem, that is, a similar problem, arelated
problem, but one that is easier than the original problem. If you can solve the similar, sim-
pler problem, then it might give you the clues you need to solve the original, more difficult
problem. For instance, if a problem involves very large numbers, you could first try asim-
ilar problem with smaller numbers. Or if the problem involves three-dimensional geome-
try, you could look for a similar problem in two-dimensional geometry. Or if the problem
you start with is ageneral one, you could first try a special case.

Introduce Something Extra |t may sometimes be necessary to introduce something new,
an auxiliary aid, to help make the connection between the given and the unknown. For
instance, in aproblem where adiagram is useful the auxiliary aid could be anew line drawn
in adiagram. In amore algebraic problem it could be a new unknown that is related to the
origina unknown.
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Take Cases We may sometimes have to split a problem into several cases and give adif-
ferent argument for each of the cases. For instance, we often have to use this strategy in
dealing with absolute value.

Work Backward Sometimesit is useful to imagine that your problem is solved and work
backward, step by step, until you arrive at the given data. Then you may be able to reverse
your steps and thereby construct a solution to the original problem. This procedure iscom-
monly used in solving equations. For instance, in solving the equation 3x — 5 = 7, we sup-
posethat x isanumber that satisfies3x — 5 = 7 and work backward. We add 5 to each side
of the equation and then divide each side by 3 to get x = 4. Since each of these steps can
be reversed, we have solved the problem.

Establish Subgoals 1n acomplex problemit is often useful to set subgoals (in which the
desired situation is only partialy fulfilled). If we can first reach these subgoals, then we
may be able to build on them to reach our final goal.

Indirect Reasoning Sometimes it is appropriate to attack a problem indirectly. In using
proof by contradiction to prove that P implies Q, we assumethat P istrueand Q isfalseand
try to see why this can’t happen. Somehow we have to use this information and arrive at a
contradiction to what we absolutely know is true.

Mathematical Induction In proving statements that involve a positive integer n, it is fre-
quently helpful to use the following principle.

Principle of Mathematical Induction Let S, be a statement about the positive integer n.
Suppose that

1. Siistrue
2. Sy.1 iStrue whenever Si is true.

Then S, istrue for al positive integers n.

This is reasonable because, since S, is true, it follows from condition 2 (with k = 1)
that S, is true. Then, using condition 2 with k = 2, we see that S; is true. Again using
condition 2, this time with k = 3, we have that S, is true. This procedure can be followed
indefinitely.

In Step 2 a plan was devised. In carrying out that plan we have to check each stage of the
plan and write the details that prove that each stage is correct.

Having completed our solution, it iswiseto look back over it, partly to seeif we have made
errors in the solution and partly to see if we can think of an easier way to solve the prob-
lem. Another reason for looking back is that it will familiarize us with the method of solu-
tion and this may be useful for solving a future problem. Descartes said, “Every problem
that | solved became a rule which served afterwards to solve other problems.”

These principles of problem solving are illustrated in the following examples. Before
you look at the solutions, try to solve these problems yourself, referring to these Principles
of Problem Solving if you get stuck. You may find it useful to refer to this section from time
to time as you solve the exercises in the remaining chapters of this book.
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Asthefirst exampleillustrates, it is often necessary to use the problem-solving principle
of taking cases when dealing with absolute values.

ETYITE Solvetheinequdity |x — 3| + |x + 2| < 11
SOLUTION Recall the definition of absolute value:

Ix| = X if x=0
—x if x<O

X—3 ifx—3=0
It follows that - 3| =
W x =3 {—(x—3) ifx —3<0
_Jx—3 ifx=3
—x+3 ifx<3
X+ 2 ifx+2=0
imilarl + 2| =
Similarly [x+2] {—(x+2) ifx +2<0
_)x+2 ifx= -2
—x -2 ifx< -2
Take cases These expressions show that we must consider three cases:
X< =2 -2=x<3 X =3

CASE | If x < —2, we have
[x = 3]+ |x+2| <11
—X+3-x—-2<11
—2x < 10

x> -5
CASE Il If —2 =< x < 3, thegiveninequality becomes

—X+3+x+2<11
5<11 (awaystrue)

CASE Il If x = 3, theinequality becomes

X—3+x+2<11
2x < 12

X<6

Combining cases |, I1, and I11, we see that the inequality is satisfied when —5 < x < 6.
So the solution isthe interval (=5, 6). [ |
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In the following example we first guess the answer by looking at special cases and rec-
ognizing a pattern. Then we prove our conjecture by mathematical induction.

In using the Principle of Mathematical Induction, we follow three steps:
Step1 Provethat S, istruewhenn = 1.
Step2 Assumethat S, istruewhenn = k and deducethat S, istruewhenn = k + 1.

Step3 Conclude that S, istruefor all n by the Principle of Mathematical Induction.

ETTEEFE If fo(x) = x/(x + 1) and fy =foo fy,forn=0,1,2,.. ., findaformula
for f.(x).

Analogy: Try a similar, simpler problem SOLUTION We start by finding formulas for f,(x) for the special casesn = 1, 2, and 3.

X
f1(x) = (foo fo)(x) = fof fo(x)) = fo(x - 1)
X X
_ x+1  x+1 X
X 2x + 1 2x + 1
+1
Xx+1 X+ 1

fa(x) = (foo f1)(x) = fo fu(x)) = fo< X )

2x + 1
X X
X+ 1 2x+1 X
X o3 +1  3x+1
2x + 1 2x + 1

fa(x) = (foo f2)(x) = fo f2(%)) = fo( X )

X+ 1
X X
Look for a pattern _ X+ 1 _ X+ 1 _ X
X . 4x + 1 4x + 1
X +1 X +1

We notice a pattern: The coefficient of x in the denominator of f,(x) isn + 1inthe
three cases we have computed. So we make the guess that, in general,

@ fa(x) = X

n+Dx+1

To prove this, we use the Principle of Mathematical Induction. We have aready verified
that [4] istrue for n = 1. Assume that it istrue for n = k, that is,

X

00 = K+ x + 1
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Then  fea() = (foo ) (x) = fo fux) = fo<;>

k+Dx+1
X X
 k+Dx+1 (k+Dx+1 X
B X +1_(k+2)x+1_(k+2)x+1
k+Dx +1 k+Dx+1

This expression shows that [4|istrue for n = k + 1. Therefore, by mathematical induc-
tion, it istrue for all positive integersn. [ |

In the following example we show how the problem solving strategy of introducing
something extra is sometimes useful when we evaluate limits. The ideaisto change the vari-
able—to introduce a new variable that is related to the original variable—in such away as
to make the problem simpler. Later, in Section 4.5, we will make more extensive use of this
general idea.

. Yl+4+cx —1
7] Evauate lim ——————

x—0 X

, Where ¢ is a constant.

SOLUTION Asit stands, this limit looks challenging. In Section 1.6 we evaluated several
limits in which both numerator and denominator approached 0. There our strategy was to
perform some sort of algebraic manipulation that led to a simplifying cancellation, but
hereit’'s not clear what kind of algebrais necessary.

So we introduce a new variable t by the equation

t=J1+ cx
We also need to express x in terms of t, so we solve this equation:
-1
t3=1+ cx X = (ifc # 0)

Notice that x — 0 isequivalent to t — 1. This allows us to convert the given limit into
one involving the variable t:

Jl+cx =1 t—1 ct—1
lim =lim— = lim (3 )
x—0 X t—1(t° —1)/c 1 t° -1

The change of variable allowed us to replace arelatively complicated limit by a simpler
one of atype that we have seen before. Factoring the denominator as a difference of

cubes, we get
lim ct—1 im c(t—1)
t>1 -1 o1 (t—DP+t+ 1)
c c

“iMe i1 3
In making the change of variable we had to rule out the case ¢ = 0. But if ¢ = 0, the

function is O for all nonzero x and soitslimit is 0. Therefore, in all cases, the limit isc/3.
[

The following problems are meant to test and challenge your problem-solving skills.
Some of them require a considerable amount of time to think through, so don’t be dis-
couraged if you can’t solve them right away. If you get stuck, you might find it helpful to
refer to the discussion of the principles of problem solving.
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10.

1.

12.

13.
14.

15.

. Draw the graph of the equation x + |x| =y + |y]|.

Sketch the region in the plane consisting of al points (x, y) suchthat |x — y| + x| — |y| < 2.

If fo(x) = x2 and frea(x) = fo( (X)) forn = 0,1, 2, ..., find aformulafor fy(x).
(@) Iffo(x) = 27ix and fror =foofyforn=0,1,2,...,findan expression for f,(x) and

use mathematical induction to proveit.
(b) Graphf,, fi, f2, f3 on the same screen and describe the effects of repeated composition.

3 _
Evaluate lim \& 1.
x—1 \/)? -1
Jax+b —2
Find numbers a and b such that Iingaxf =1

— 1] —|2x +
Evaluatelinglzx 1‘)(‘2’( 1

The figure shows a point P on the parabolay = x? and the point Q where the perpendicular
bisector of OP intersects the y-axis. As P approaches the origin along the parabola, what
happens to Q? Does it have alimiting position? If so, find it.

Evaluate the following limits, if they exist, where [ x] denotes the greatest integer function.
[xI

@ lim== () limx{1/x]

Sketch the region in the plane defined by each of the following equations.
@MPP+IylP=1 O X*-[ylI?=3 @© [x+yl*=1 (@ [xI+lyl=1
Find al values of a such that f is continuous on R:

f(x)={x+l

X2

if x<a
if x>a

A fixed point of afunction f isanumber ¢ inits domain such that f(c) = c. (The function

doesn’t move c; it stays fixed.)

(a) Sketch the graph of a continuous function with domain [0, 1] whose range also lies
in [0, 1]. Locate afixed point of f.

(b) Try to draw the graph of a continuous function with domain [0, 1] and range in [0, 1] that
does not have a fixed point. What is the obstacle?

(c) Usethe Intermediate Value Theorem to prove that any continuous function with domain
[0, 1] and range in [0, 1] must have afixed point.

If limea[ F(X) + g(0)] = 2 and lima [ F(x) — ()] = 1, find lime_a [ £(X) g(x)].

(@) The figure shows an isosceles triangle ABC with 2B = 2 C. The hisector of angle B
intersects the side AC at the point P. Suppose that the base BC remains fixed but the
altitude | AM | of the triangle approaches 0, so A approaches the midpoint M of BC.
What happens to P during this process? Does it have a limiting position? If so, find it.
Try to sketch the path traced out by P during this process. Then find an equation of this
curve and use this equation to sketch the curve.

(b)

(a) If we start from 0° latitude and proceed in a westerly direction, we can let T(x) denote
the temperature at the point x at any given time. Assuming that T is a continuous function
of x, show that at any fixed time there are at least two diametrically opposite points on
the equator that have exactly the same temperature.

(b) Doestheresult in part (a) hold for points lying on any circle on the earth’s surface?

(c) Doestheresult in part (a) hold for barometric pressure and for atitude above sea level?

ﬁ Graphing calculator or computer required
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For a roller coaster ride to be smooth,
the straight stretches of the track need
to be connected to the curved segments
so that there are no abrupt changes in

direction. In the project on page 140
you will see how to design the first
ascent and drop of a new coaster for a
smooth ride.

© Brett Mulcahy / Shutterstock

In this chapter we begin our study of differential calculus, which is concerned with how one quantity
changes in relation to another quantity. The central concept of differential calculus is the derivative,
which is an outgrowth of the velocities and slopes of tangents that we considered in Chapter 1. After
learning how to calculate derivatives, we use them to solve problems involving rates of change and the
approximation of functions.
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m Derivatives and Rates of Change

°l/

FIGURE 1

Point-slope form for a line through the
point (X1, y1) with slope m:

Yy = y1=m(X — Xi)

The problem of finding the tangent line to a curve and the problem of finding the velocity
of an object both involve finding the same type of limit, aswe saw in Section 1.4. This spe-
cial typeof limit is called aderivative and we will see that it can be interpreted as arate of
change in any of the sciences or engineering.

I Tangents

If acurve C has equation y = f(x) and we want to find the tangent line to C at the point
P(a, f(a)), then we consider anearby point Q(x, f(x)), wherex # a, and compute the Slope
of the secant line PQ:

_ fx) —f()
P X—a
Then we let Q approach P along the curve C by letting x approach a. If meq approaches a
number m, then we define the tangent t to be the line through P with slope m. (This
amounts to saying that the tangent line is the limiting position of the secant line PQ as Q
approaches P. See Figure 1.)

E] Definition The tangent line to the curvey = f(x) at the point P(a, f(a)) isthe
line through P with slope

lim f(x) — f(a)
x—a X—a

m =

provided that this limit exists.

In our first example we confirm the guess we made in Example 1 in Section 1.4.

7 [E7YTEIEN Find an equation of the tangent line to the parabolay = x? at the
point P(1, 1).

SOLUTION Herewehavea = 1and f(x) = x? sotheslopeis

— 2 _
m— im0 -t X1
X—>1 X—l X—>1 X—l
- +
— i XD+
x—1 x—1

Iiml(x+1)=1+1=2
Using the point-slope form of the equation of aline, we find that an equation of the
tangent lineat (1, 1) is
y—1=2(x—-1) or y=2x—-1 [
We sometimes refer to the slope of the tangent line to a curve at a point as the slope of

the curve at the point. Theideaisthat if we zoom in far enough toward the point, the curve
looks almost like a straight line. Figure 2 illustrates this procedure for the curvey = x2in

http://www.meetyourbrain.com - Ask/Answer Questions. Homework Help.

Copyright 2010 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s).
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.



http://www.meetyourbrain.com - Ask/Answer Qulesti

105
Visual 2.1 shows an animation of Example 1. The more we zoom in, the more the parabolalooks like aline. In other words,
Figure 2. the curve becomes almost indistinguishable from its tangent line.
2 1.5 1.1
e R e R e R
0 -2 0.5\‘ ' — 1.5 0.9\‘ ' 11
FIGURE 2 Zooming in toward the point (1, 1) on the parabola y = x?
Ola+ h, fla+ h)) There is another expression for the slope of a tangent line that is sometimes easier to

use. If h = x — a, then x = a + h and so the slope of the secant line PQ is

fa+h) —f
- (a+h) (@)

(See Figure 3 where the case h > O isillustrated and Q is to the right of P. If it happened
that h < 0, however, Q would be to the left of P.)

Notice that as x approaches a, h approaches 0 (because h = x — a) and so the expres-
FIGURE 3 sion for the slope of the tangent line in Definition 1 becomes

0

@ m:me(aJrr:])—f(a)

[E7YZTF] Find an equation of the tangent line to the hyperbolay = 3/x at the
point (3, 1).

SOLUTION Let f(x) = 3/x. Then the slope of the tangent at (3, 1) is

3 1 3—-(3+h)
. f(83+h) —1(3) . 3+h i 3+h
m = lim = |lim =|im———
h—0 h h—0 h h—0

_ 1

: —h
TMhG e  BT3en 3

x+3y—6=0

Therefore an equation of the tangent at the point (3, 1) is

0 X y—1=—%(x—3)
\ which simplifies to X+3y—-6=0

FIGURE 4 The hyperbola and its tangent are shown in Figure 4. [ |

I Velocities

In Section 1.4 we investigated the motion of aball dropped from the CN Tower and defined

its velocity to be the limiting value of average velocities over shorter and shorter time

periods. )
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position at position at In general, suppose an object moves along a straight line according to an equation of
timer=a timer=a+h motions = f(t), wheres is the displacement (directed distance) of the object from the ori-
gin at time t. The function f that describes the motion is called the position function

0 R % of the object. In the time interval from t = a to t = a + h the change in position is
fla+h) = fla) f(a + h) — f(a). (See Figure 5.) The average velacity over thistime interval is
| f@ Average velocity — displacement  f(a + h) — f(a)
\ fla+h) ——— X y time h
FIGURE 5 which is the same as the slope of the secant line PQ in Figure 6.
Now suppose we compute the average velocities over shorter and shorter time intervals
N Q(a+h, fla+ h) [a,a + h]. In other words, we let h approach 0. As in the example of the falling ball, we
define the velocity (or instantaneous velocity) »(a) at timet = a to be the limit of these
Pla, f(a)) average velocities:
! fa+ h) - f(a)
(3] v(a) = lim —
0 a a+h t
fla+h - fla) Thismeansthat the velocity at timet = a isequal to the slope of thetangent lineat P (com-
Mpo=""77"" pare Equations 2 and 3).
= average velocity Now that we know how to compute limits, let’s reconsider the problem of the fall-
FIGURE 6 ing ball.
7 IETYEEE] Suppose that aball is dropped from the upper observation deck of the
CN Tower, 450 m above the ground.
(a) What isthe velocity of the ball after 5 seconds?
(b) How fast isthe ball traveling when it hits the ground?
Recall from Section 1.4: The distance SOLUTION We will need to find the velocity both when't = 5 and when the ball hits the
(in meters) fallen after t seconds is 4.9t ground, so it’s efficient to start by finding the velocity at a genera timet = a. Using the

equation of motion s = f(t) = 4.9t% we have

fla+h —f@ _ im 49(a + h)?> — 4.9a2

h—0 h

49(@%+ 2ah + h? —a? . 49(2ah + h?)
= |lim
h—0 h h—0 h

= LIFT(]) 4.9(2a + h) = 9.8a

v(@a) = lim
h—0

(a) The velocity after 5 sisv(5) = (9.8)(5) = 49 m/s.
(b) Since the observation deck is 450 m above the ground, the ball will hit the ground at
the time t; when s(t;) = 450, that is,
4.9tf = 450
This gives
450 450

E and = E’*‘«QGS

tf =

The velocity of the ball asit hits the ground is therefore

450
v(t) = 9.8t; = 9.8 4—9 ~ 94 m/s |
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[ Derivatives

We have seen that the same type of limit arisesin finding the slope of a tangent line (Equa-
tion 2) or the velocity of an object (Equation 3). In fact, limits of the form

L'ﬂg f(a + r;) — f(a)

arise whenever we calculate a rate of change in any of the sciences or engineering, such
as arate of reaction in chemistry or amarginal cost in economics. Since this type of limit
occurs so widely, it is given a special name and notation.

E] Definition The derivative of a function f at a number a, denoted by f'(a), is

f'(a) is read "f prime of a ." fi(a) = Ling f(a + hh) — f(a)

if this limit exists.

If wewritex = a + h, thenwehaveh = x — a and h approaches 0 if and only if x
approaches a. Therefore an equivalent way of stating the definition of the derivative, aswe
saw in finding tangent lines, is

f(x) — f(a)
X —a

B rl@ = i

1 IEXETEA Find the derivative of the function f(x) = x? — 8x + 9 at the number a.
SOLUTION From Definition 4 we have

f(@a+ h) —f(a

e = lim =
_ [@a+h?—8@-+h)+9]—[a?— 8+ 9]
= [im
h—0 h
i a®’+2ah+h’-8-81+9—-a’+8 -9
_hLO h
2ah + h? — 8h
—im 22T O i 2a+h - 8)
h—0 h h—0
=2a—8 |

We defined the tangent lineto the curvey = f(x) at the point P(a, f(a)) to be theline that
passes through P and has slope m given by Equation 1 or 2. Since, by Definition 4, thisis
the same as the derivative f'(a), we can now say the following.

The tangent linetoy = f(x) at (a, f(a)) istheline through (a, f (a)) whose slopeis
equal to f'(a), the derivative of f at a.
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y
y=x>—8x+9
0 X
(3’_6)
y=-2x
FIGURE 7
Q(xz’ f(xz))
y

average rate of change = npg

instantaneous rate of change =
slope of tangent at P

FIGURE 8

If we use the point-slope form of the equation of aline, we can write an equation of the
tangent line to the curvey = f(x) at the point (a, f(a)):

y — f(a) =f'(a)x — a)

7 ETYTEE Find an equation of the tangent line to the parabolay = x? — 8x + 9 at
the point (3, —6).

SOLUTION From Example 4 we know that the derivative of f(x) = x? — 8x + 9at the
number a is f'(a) = 2a — 8. Therefore the slope of the tangent line at (3, —6) is
f'(3) = 2(3) — 8 = —2. Thus an equation of the tangent line, shownin Figure 7, is

y —(—=6) = (=2)(x — 3) or y = —2X [ |

I Rates of Change

Supposey isaquantity that depends on another quantity x. Thusy isafunction of x and we
writey = f(x). If x changes from x; to x», then the changein x (also called the increment
of x) is

AX =X, — X1

and the corresponding changeiny is

Ay = f(x2) — f(x1)
The difference quotient

ﬂ: f(x2) — f(X2)
AX X2 — X1

iscalled theaverage rate of change of y with respect to x over theinterval [xs, 2] and can
be interpreted as the slope of the secant line PQ in Figure 8.

By analogy with velocity, we consider the average rate of change over smaller and
smaller intervals by letting x, approach x; and therefore letting Ax approach 0. The limit of
these average rates of changeis called the (instantaneous) rate of change of y with respect
to x at x = Xy, which is interpreted as the slope of the tangent to the curve y = f(x) at
P(x1, f(X1)):

' oAy (k) — F(x)
@ instantaneous rate of change = A';Lno Ax Xlz'ﬂll Xo — Xq

We recognize this limit as being the derivative f'(xy).
We know that oneinterpretation of the derivative f'(a) isasthe slope of the tangent line
tothe curvey = f(x) when x = a. We now have a second interpretation:

The derivative f'(a) is the instantaneous rate of change of y = f(x) with respect
to x when x = a.
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FIGURE 9
The y-values are changing rapidly
at P and slowly at Q.

Here we are assuming that the cost function
is well behaved; in other words, C(x) doesn't
oscillate rapidly near x = 1000.

109

The connection with the first interpretation is that if we sketch the curvey = f(x), then
the instantaneous rate of change is the slope of the tangent to this curve at the point where
X = a. This means that when the derivative is large (and therefore the curve is steep, as
at the point P in Figure 9), the y-values change rapidly. When the derivative is small, the
curveisrelatively flat (as at point Q) and the y-values change slowly.

In particular, if s = f(t) isthe position function of a particle that moves along a straight
ling, then f'(a) is the rate of change of the displacement s with respect to thetimet. In
other words, f'(a) is the velocity of the particle at time t = a. The speed of the particleis
the absolute value of the velocity, that is, | f'(a) |.

In the next example we discuss the meaning of the derivative of a function that is
defined verbally.

¥ ETEET A manufacturer produces bolts of a fabric with a fixed width. The cost of
producing x yards of thisfabricis C = f(x) dollars.

(@) What is the meaning of the derivative f'(x)? What are its units?

(b) In practical terms, what does it mean to say that f’(1000) = 97

(c) Which do you think is greater, f'(50) or f'(500)? What about f'(5000)?

SOLUTION

(@) Thederivative f'(x) isthe instantaneous rate of change of C with respect to x; that
is, f'(x) means the rate of change of the production cost with respect to the number of
yards produced. (Economists call this rate of change the marginal cost. Thisideais dis-
cussed in more detail in Sections 2.7 and 3.7.)

Because
AC

Fx) = AIXITO AX

the units for f'(x) are the same as the units for the difference quotient AC/Ax. Since
AC ismeasured in dollars and Ax in yards, it follows that the units for f'(x) are dollars
per yard.
(b) The statement that f'(1000) = 9 means that, after 1000 yards of fabric have been
manufactured, the rate at which the production cost isincreasing is $9/yard. (When
x = 1000, C isincreasing 9 times as fast as x.)

Since Ax = 1issmall compared with x = 1000, we could use the approximation

AC AC
f'(1000) =~ E = T = AC

and say that the cost of manufacturing the 1000th yard (or the 1001st) is about $9.

(c) Therate at which the production cost isincreasing (per yard) is probably lower
when x = 500 than when x = 50 (the cost of making the 500th yard is less than the cost
of the 50th yard) because of economies of scale. (The manufacturer makes more efficient
use of the fixed costs of production.) So

f'(50) > f'(500)

But, as production expands, the resulting large-scale operation might become inefficient
and there might be overtime costs. Thus it is possible that the rate of increase of costs
will eventually start to rise. So it may happen that

f(5000) > f'(500) [
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In thefollowing example we estimate the rate of change of the national debt with respect
to time. Here the function is defined not by a formula but by atable of values.

V| Let D(t) bethe US national debt at timet. The table in the margin gives

t D(t
® approximate values of this function by providing end of year estimates, in billions of dol-
1980 930.2 lars, from 1980 to 2005. Interpret and estimate the value of D'(1990).
1985 1945.9
1990 32333 SOLUTION The derivative D’(1990) means the rate of change of D with respect to t when
1995 4974.0 t = 1990, that is, the rate of increase of the national debt in 1990.
2000 5674.2 According to Equation 5,
2005 7932.7 , . D(t) — D(1990)
D’(1990) = tﬂlrpgo ~{_ 1990

D(t) — D(1990) So we compute anq tabulate values of the differeljce quotient (the average rat&_ of
t T 190 change) as shown in the table at the left. From this table we see that D'(1990) lies some-
where between 257.48 and 348.14 hillion dollars per year. [Here we are making the

1980 230.31 reasonable assumption that the debt didn’t fluctuate wildly between 1980 and 2000.] We

1985 257.48 estimate that the rate of increase of the national debt of the United States in 1990 was

1995 348.14 the average of these two numbers, namely

2000 244.09 .

2005 313.29 D’(1990) ~ 303 billion dollars per year

Another method would be to plot the debt function and estimate the slope of the tan-

A Note on Units gent line when t = 1990. [ |

The units for the average rate of change AD/At S . _
are the units for AD divided by the units for AL In Examples 3, 6, and 7 we saw three specific examples of rates of change: the veloc

namely, billions of dellars per year, The instan- ity of an object is the rate of change of displacement with respect to time; marginal cost is

taneous rate of change is the limit of the aver- the rate of change of production cost with respect to the number of items produced; the

age rates of change, so it is measured in the rate of change of the debt with respect to time is of interest in economics. Hereis a small

same units: billions of dollars per year. sample of other rates of change: In physics, the rate of change of work with respect to time
is called power. Chemists who study a chemical reaction are interested in the rate of
change in the concentration of areactant with respect to time (called the rate of reaction).
A biologist isinterested in the rate of change of the population of a colony of bacteriawith
respect to time. In fact, the computation of rates of change isimportant in all of the natu-
ral sciences, in engineering, and even in the social sciences. Further exampleswill be given
in Section 2.7.

All these rates of change are derivatives and can therefore be interpreted as slopes of
tangents. This gives added significance to the solution of the tangent problem. Whenever
we solve a problem involving tangent lines, we are not just solving a problem in geome-
try. We are also implicitly solving a great variety of problemsinvolving rates of changein
science and engineering.

m Exercises

1. A curve has equation y = f(x). [—-0.5, 0.5]. What do you notice about the curve as you zoom
(a) Write an expression for the slope of the secant line in toward the origin?

through the points P(3, f(3)) and Q(x, f(x)).

(b) Write an expression for the slope of the tangent line at P. 3. (a) Find the slope of the tangent line to the parabola

y = 4x — x? at the point (1, 3)

A1 2. Graphthecurvey = sinx in the viewing rectangles[—2, 2] (i) using Definition 1 (ii) using Equation 2
by [—2,2],[—1,1] by [—1, 1], and [-0.5, 0.5] by (b) Find an equation of the tangent line in part (a).
Graphing calculator or computer required 1. Homework Hints available at stewartcalculus.com
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a3 (c) Graph the parabola and the tangent line. As a check on
your work, zoom in toward the point (1, 3) until the
parabola and the tangent line are indistinguishable.

4. (@) Find the slope of the tangent line to the curvey = x — x3
at the point (1, 0)
(i) using Definition 1 (ii) using Equation 2
(b) Find an equation of the tangent line in part (a).
(c) Graph the curve and the tangent line in successively
smaller viewing rectangles centered at (1, O) until the
curve and the line appear to coincide.

Y
¢

5-8 Find an equation of the tangent line to the curve at the
given point.

5.y =4x — 3x% (2, —4) 6. y=x*-—3x+1, (29
2x + 1
1Ly=vx, (11 8.y==—> @1

9. (8) Find the slope of the tangent to the curve
y = 3 + 4x? — 2x* at the point where x = a.
(b) Find equations of the tangent lines at the points (1, 5)
and (2, 3).
(c) Graph the curve and both tangents on a common screen.

Y
<]

10. (a) Find the slope of the tangent to the curvey = 1//x at
the point where x = a.
(b) Find equations of the tangent lines at the points (1, 1)
and (4,3).
3] (c) Graph the curve and both tangents on a common screen.

11. (a) A particle starts by moving to the right along a horizontal
line; the graph of its position function is shown. When is
the particle moving to the right? Moving to the left?
Standing still?

(b) Draw a graph of the velocity function.

s (meters)
4

0 2 4

6 t(seconds)

12. Shown are graphs of the position functions of two runners, A
and B, who run a 100-m race and finish in atie.

s (meters)
80 A
40
B
=
0 4 8 12 t (seconds)

(a) Describe and compare how the runners run the race.

13.

14.

15.

16.

17.

18.

19.

20.

(b) At what time is the distance between the runners the
greatest?
(c) At what time do they have the same velocity?

If aball isthrown into the air with a velocity of 40 ft/s, its
height (in feet) after t secondsis given by y = 40t — 16t2,
Find the velocity whent = 2.

If arock isthrown upward on the planet Mars with a velocity
of 10 m/s, its height (in meters) after t secondsis given by

H = 10t — 1.86t2.

(a) Find the velocity of the rock after one second.

(b) Find the velocity of the rock whent = a.

(c) When will the rock hit the surface?

(d) With what velocity will the rock hit the surface?

The displacement (in meters) of a particle moving in a
straight line is given by the equation of motion's = 1/t?,
wheret is measured in seconds. Find the velocity of the par-
ticleattimest =a,t=1,t=2andt = 3.

The displacement (in meters) of a particle moving in a
straight lineis given by s = t? — 8t + 18, wheret is mea-
sured in seconds.

(a) Find the average velocity over each time interval:

(i) [3,4] (i) [3.5,4]
(iii) [4,5] (iv) [4,4.5]

(b) Find the instantaneous velocity whent = 4.

(c) Draw the graph of s as a function of t and draw the secant
lines whose slopes are the average velocities in part (a)
and the tangent line whose slope is the instantaneous
velocity in part (b).

For the function g whose graph is given, arrange the follow-
ing numbers in increasing order and explain your reasoning:

0 4¢(=2 40

g'2)

g'(4)

Find an eguation of the tangent line to the graph of y = g(x)
ax=5ifg(5) = -3andyg'(5) = 4

If an equation of the tangent line to the curvey = f(x) at the
point wherea = 2isy = 4x — 5, find f(2) and f'(2).

If the tangent linetoy = f(x) at (4, 3) passes through the
point (0, 2), find f(4) and f'(4).
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21. Sketch the graph of afunction f for which f(0) = 0,
f'(0) =3, f'(1) =0,and f'(2) = —1.

22. Sketch the graph of afunction g for which
9(0) = g(2) = g(4) = 0,9'(1) =¢'(3) = 0,4'(0) = g'(4) = 1,
g'(2) = —1, lim,_s5- g(x) = o, and limy__1+ g(X) = —cc.

23. If f(x) = 3x® — x5, find f'(1) and use it to find an equation of
the tangent line to the curvey = 3x? — x* at the point (1, 2).

24. If g(x) = x* — 2, find g’(1) and useit to find an equation of
the tangent line to the curvey = x* — 2 at the point (1, —1).

25. (a) If F(x) = 5x/(1 + x?), find F'(2) and use it to find an
equation of the tangent line to the curvey = 5x/(1 + x?)
at the paint (2, 2).
(b) Hlustrate part (a) by graphing the curve and the tangent
line on the same screen.

26. (a) If G(x) = 4x? — x3, find G'(a) and use it to find equations
of the tangent lines to the curvey = 4x? — x* at the
points (2, 8) and (3, 9).
(b) lustrate part (a) by graphing the curve and the tangent
lines on the same screen.

27-32 Find f'(a).

2. f(x) =3x%?—4x + 1 28. f(t) =2t3+t

_2t+1 R
29. f(t) = 73 30. f(x) =x
4
31. f(x) =+4/1— 2x 32. f(x) = N

33-38 Each limit represents the derivative of some function f at
some number a. State such an f and a in each case.

o (1+n*-1 . Y16+ h =2
33. I|m¥ 34, lim——
h—0 h h—0 h
3, lim 22 %, lim 21X~ 1
"x=5 x—5 " xola X — /4
. cos(m+h)+1 ottt —2
37. lim————~ 38. lim——
h—0 h -1 t—1

39-40 A particle moves along a straight line with equation of
motion s = f(t), where s is measured in meters and t in seconds.
Find the velocity and the speed whent = 5.

39, f(t) = 100 + 50t — 4.9t2 0. f(H) =t —t

41. A warm can of sodais placed in a cold refrigerator. Sketch the
graph of the temperature of the soda as a function of time. Is
the initial rate of change of temperature greater or less than
the rate of change after an hour?

42. A roast turkey istaken from an oven when its temperature has
reached 185°F and is placed on atable in aroom where the
temperature is 75°F. The graph shows how the temperature of

the turkey decreases and eventually approaches room tempera-
ture. By measuring the slope of the tangent, estimate the rate
of change of the temperature after an hour.

T (°F)
200
\.P\
100 ——
0] 30 60 90 120 150 t (min)

43. The number N of US cellular phone subscribers (in millions)
is shown in the table. (Midyear estimates are given.)

t 1996 1998 2000 2002 2004 2006

N 44 69 109 141 182 233

(a) Find the average rate of cell phone growth
(i) from 2002 to 2006 (i) from 2002 to 2004
(iii) from 2000 to 2002
In each case, include the units.

(b) Estimate the instantaneous rate of growth in 2002 by
taking the average of two average rates of change. What
areits units?

(c) Estimate the instantaneous rate of growth in 2002 by mea-
suring the slope of a tangent.

44. The number N of locations of a popular coffeehouse chain is
given in the table. (The numbers of locations as of October 1
are given.)

Year 2004 2005 2006 2007 2008

N 8569 | 10,241 | 12,440 | 15,011 | 16,680

(@) Find the average rate of growth
(i) from 2006 to 2008  (ii) from 2006 to 2007
(iii) from 2005 to 2006
In each case, include the units.

(b) Estimate the instantaneous rate of growth in 2006 by
taking the average of two average rates of change. What
areits units?

(c) Estimate the instantaneous rate of growth in 2006 by mea-
suring the slope of a tangent.

(d) Estimate the intantaneous rate of growth in 2007 and com-
pare it with the growth rate in 2006. What do you conclude?

45. The cost (in dollars) of producing x units of a certain com-

modity is C(x) = 5000 + 10x + 0.05x>.

(a) Find the average rate of change of C with respect to x
when the production level is changed
(i) fromx = 100to x = 105
(ii) fromx = 100to x = 101

(b) Find the instantaneous rate of change of C with respect to
x when x = 100. (Thisis called the marginal cost. Its sig-
nificance will be explained in Section 2.7.)
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If acylindrical tank holds 100,000 gallons of water, which can
be drained from the bottom of the tank in an hour, then Torri-
celli’s Law gives the volume V of water remaining in the tank
after t minutes as

V() = 100,000(1 — &t)> 0<t=<#60

Find the rate at which the water is flowing out of the tank (the
instantaneous rate of change of V with respect to t) as afunc-
tion of t. What are its units? For timest = 0, 10, 20, 30, 40, 50,
and 60 min, find the flow rate and the amount of water remain-
ing in the tank. Summarize your findings in a sentence or two.
At what time is the flow rate the greatest? The least?

The cost of producing x ounces of gold from a new gold mine

isC = f(x) dollars.

(a) What is the meaning of the derivative f'(x)? What are its
units?

(b) What does the statement f'(800) = 17 mean?

(c) Do you think the values of f’(x) will increase or decrease
in the short term? What about the long term? Explain.

The number of bacteria after t hours in a controlled laboratory

experiment isn = f(t).

(a) What is the meaning of the derivative f'(5)? What are its
units?

(b) Suppose there is an unlimited amount of space and
nutrients for the bacteria. Which do you think is larger,
f'(5) or f'(10)? If the supply of nutrientsis limited, would
that affect your conclusion? Explain.

Let T(t) be the temperature (in °F) in Phoenix t hours after
midnight on September 10, 2008. The table shows values of
this function recorded every two hours. What is the meaning of
T'(8)? Estimate its value.

52.

the oxygen content of water.) The graph shows how oxygen

solubility S varies as a function of the water temperature T.

(a) What is the meaning of the derivative S’(T)? What are its
units?

(b) Estimate the value of S'(16) and interpret it.

N
(mg/L)
161

0 '8 16 24 32 40 T(0C)

Adapted from Environmental Science: Living Within the System
of Nature, 2d ed.; by Charles E. Kupchella, © 1989. Reprinted by
permission of Prentice-Hall, Inc., Upper Saddle River, NJ.

The graph shows the influence of the temperature T on the
maximum sustainable swimming speed S of Coho salmon.
(a) What is the meaning of the derivative S'(T)? What are
its units?
(b) Estimate the values of S’(15) and S’(25) and interpret them.

s
(cm/s)
ol /_\
0 10 20 T(°C)

t 0

2

4

6

8

10

12

14

T 82

75

74

75

84

90

93

94

53-54 Determine whether f’(0) exists.

The quantity (in pounds) of a gourmet ground coffee that is

sold by a coffee company at a price of p dollars per pound

isQ = f(p).

(a) What is the meaning of the derivative f'(8)? What are its
units?

(b) Is f'(8) positive or negative? Explain.

The quantity of oxygen that can dissolve in water depends on
the temperature of the water. (So thermal pollution influences

1
xsin; if x#0

53. f(x) =
0 if x=0
1
x2sin— if x#0
54. f(x) = X
0 if x=0
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EARLY METHODS FOR FINDING TANGENTS

The first person to formulate explicitly the ideas of limits and derivatives was Sir saac Newton in
the 1660s. But Newton acknowledged that “1f | have seen further than other men, it is because |
have stood on the shoulders of giants.” Two of those giants were Pierre Fermat (1601-1665) and
Newton’s mentor at Cambridge, |saac Barrow (1630—1677). Newton was familiar with the meth-
ods that these men used to find tangent lines, and their methods played arole in Newton’s eventual
formulation of calculus.

The following references contain explanations of these methods. Read one or more of the
references and write a report comparing the methods of either Fermat or Barrow to modern
methods. In particular, use the method of Section 2.1 to find an equation of the tangent line to the
curvey = x3 + 2x at the point (1, 3) and show how either Fermat or Barrow would have solved
the same problem. Although you used derivatives and they did not, point out similarities between
the methods.

1. Carl Boyer and Uta Merzbach, A History of Mathematics (New York: Wiley, 1989),
pp. 389, 432.

2. C. H. Edwards, The Historical Development of the Calculus (New York: Springer-Verlag,
1979), pp. 124, 132.

3. Howard Eves, An Introduction to the History of Mathematics, 6th ed. (New York: Saunders,
1990), pp. 391, 395.

4. Morris Kline, Mathematical Thought from Ancient to Modern Times (New York: Oxford
University Press, 1972), pp. 344, 346.

m The Derivative as a Function

In the preceding section we considered the derivative of afunction f at afixed number a:

II] .f,(a):mg f(a+r;3—f(a)

Here we change our point of view and let the number a vary. If wereplacea in Equation 1
by avariable x, we obtain

@ f'(x):rl]ifgf(x-i_hr:_f()()

Given any number x for which thislimit exists, we assign to x the number f’(x). So we can
regard f’ asanew function, called the derivative of f and defined by Equation 2. We know
that the value of f’ at x, f'(x), can be interpreted geometrically as the slope of the tangent
line to the graph of f at the point (x, f(x)).

Thefunction f' iscalled the derivative of f becauseit has been “derived” from f by the
limiting operation in Equation 2. The domain of f’ isthe set {x | f'(x) exists} and may be
smaller than the domain of f.
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y 7 IETYEIEN The graph of afunction f isgivenin Figure 1. Use it to sketch the graph
y=f(x) of the derivative f".
1 SOLUTION We can estimate the value of the derivative at any value of x by drawing the
tangent at the point (x, f(x)) and estimating its slope. For instance, for x = 5 we draw
0 1 X thetangent at P in Figure 2(a) and estimate its slope to be about 3, so f'(5) =~ 1.5. This
allows usto plot the point P'(5, 1.5) on the graph of f’ directly beneath P. Repeating

this procedure at several points, we get the graph shown in Figure 2(b). Notice that the

FIGURE 1 tangents at A, B, and C are horizontal, so the derivative is 0 there and the graph of f’
crosses the x-axis at the points A, B, and C’, directly beneath A, B, and C. Between A
and B the tangents have positive slope, so f'(x) is positive there. But between B and C
the tangents have negative slope, so f'(x) is negative there.

X
C
Visual 2.2 shows an animation of @
Figure 2 for several functions.
y
1l y=1fw
A, i B, i
0 1 X
FIGURE 2 (b) _—

V| EXAMPLE 2.
(a) If f(x) = x®— x, find aformulafor f'(x).
(b) Hlustrate by comparing the graphs of f and f'.
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2 SOLUTION
f ) (@) When using Equation 2 to compute a derivative, we must remember that the variable
f ish and that x is temporarily regarded as a constant during the calculation of the limit.
-2 2 3 3
. f(x+h —f . +hP—(x+h]- -
/ £(x) = lim xR =fx _ o M= kW] = [x* = x]
h—0 h h—0 h
~ - x4+ 3N+ 3Xh2+hP—x—h—x%+x
-2 = lim
h—0 h
2

- ~  3%*%h + 3xh?+h®—h
=lim
-2 2

=|I1in(1)(3x2+3xh+h2—1)=3x2—1

L ) (b) We use agraphing deviceto graph f and f’ in Figure 3. Notice that f'(x) = 0 when
-2 f has horizontal tangents and f'(x) is positive when the tangents have positive slope. So
FIGURE 3 these graphs serve as a check on our work in part (a). [ |

ET0TEE If f(x) = /X, find the derivative of f. State the domain of f'.

SOLUTION
+ h) — VX +h —
F(x) = lim K =T VX VX
h—0 h h—0 h
- . (\/x+ - X w/x+h+\/§>
Here we rationalize the numerator. = [im .
h—0 h WX+ h + X
i X e
=0 h(yX +h + yx) p=0 X +h + X
B 1 1
NN PN
We see that f'(x) existsif x > 0, so the domain of f’ is (0, «). Thisis smaller than the
domain of f, whichis[O0, «). [ |

Let’s check to see that the result of Example 3 is reasonable by looking at the graphs of
fand f' in Figure 4. When x is close to 0, v/x isaso closeto 0, so f'(x) = 1/(2+/x ) is
very large and this corresponds to the steep tangent lines near (0, 0) in Figure 4(a) and the
large values of f'(x) just to theright of 0 in Figure 4(b). When x islarge, f'(x) isvery small
and this corresponds to the flatter tangent lines at the far right of the graph of f and the
horizontal asymptote of the graph of f'.

y y
1t 14
0 1 X 0 i X
1
FIGURE 4 - B) £ = L
@ flx)=vx (0) f'(x) »
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Leibniz

Gottfried Wilhelm Leibniz was born in Leipzig
in 1646 and studied law, theology, philosophy,
and mathematics at the university there, gradu-
ating with a bachelor’s degree at age 17. After
earning his doctorate in law at age 20, Leibniz
entered the diplomatic service and spent most
of his life traveling to the capitals of Europe on
political missions. In particular, he worked to
avert a French military threat against Germany
and attempted to reconcile the Catholic and
Protestant churches.

His serious study of mathematics did not
begin until 1672 while he was on a diplomatic
mission in Paris. There he built a calculating
machine and met scientists, like Huygens, who
directed his attention to the latest develop-
ments in mathematics and science. Leibniz
sought to develop a symbolic logic and system
of notation that would simplify logical reason-
ing. In particular, the version of calculus that he
published in 1684 established the notation and
the rules for finding derivatives that we use
today.

Unfortunately, a dreadful priority dispute
arose in the 1690s between the followers of
Newton and those of Leibniz as to who had
invented calculus first. Leibniz was even
accused of plagiarism by members of the Royal
Society in England. The truth is that each man
invented calculus independently. Newton
arrived at his version of calculus first but,
because of his fear of controversy, did not pub-
lish it immediately. So Leibniz's 1684 account
of calculus was the first to be published.

1_
Find f/ if f(x) = 2+§
SOLUTION
1-(x+h) o 1-x
+ h) — + (x + +
£0x) = lim f(x + h) — f(x) _lim 2+ (x + h) 2+ X
h—0 h h—0 h

1L-x—-—h2+x)—@A—-—x)(2+x+h)

=1im h2 + x + 2+ %)
_”m(2—x—2h—x2—xh)—(2—x+h—xz—xh)
h—0 h(2 + x + h)(2 + x)
= lim —3h
h—o h(2 + x + h)(2 + x)
= lim 3 ___3 -
h—0 (2 + x + h)(2 + X) (2 + x)?

[ Other Notations

If we use the traditional notationy = f(x) to indicate that the independent variableis x and
the dependent variableisy, then some common alternative notations for the derivative are
asfollows:
s o, dy df d B B
f'(x) =y " dx f(x) = Df(x) = Dy f(x)
The symbols D and d/dx are called differentiation operators because they indicate the
operation of differentiation, which is the process of calculating a derivative.

The symbol dy/dx, which was introduced by Leibniz, should not be regarded as aratio
(for the time being); it is simply a synonym for f'(x). Nonetheless, it is a very useful and
suggestive notation, especially when used in conjunction with increment notation. Referring
to Equation 2.1.6, we can rewrite the definition of derivativein Leibniz notation in theform

dx  ax—o0 AX

If we want to indicate the value of a derivative dy/dx in Leibniz notation at a specific num-
ber a, we use the notation
d
o« 2
x=a dX X=a

dy
dx

whichisasynonym for f'(a).

@ Definition A function f is differentiable at a if f'(a) exists. It is differen-
tiable on an open interval (a, b) [or (a, ) or (—o°, @) or (—, )] if it is differ-
entiable at every number in the interval.
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1 ETEES Whereisthe function f(x) = | x| differentiable?

SOLUTION If x > O, then | x| = x and we can choose h small enough that x + h > 0 and
hence |[x + h| = x + h. Therefore, for x > 0, we have
+h| - + h) —
F = lim 2L X e = x
h—0 h—0 h

=Iim£=|im1=1
h—o h h—0
and so f is differentiable for any x > 0.
Similarly, for x < 0 we have |x| = —x and h can be chosen small enough that
X +h<O0andso|x + h| = —(x + h). Therefore, for x < 0,
iy — i X=X ) — (%)
Fi00 = fim = = lim

. —h
L

and so f isdifferentiable for any x < 0.
For x = 0 we have to investigate

0 = tim 100 ~ {0

h—0 h

= lim
h—0

+h| -
w (if it exists)

Let’s compute the left and right limits separately:

. |o+h|—=Jo] . |h| . h B
Jim h =lm—===Imo=1lmi=1

jo+hl-fo] _ . n|_ . ~h_
and hIchr>1 h N h|Lrg1 h hILrp* h hIchr)l( h=-1

y Since these limits are different, f'(0) does not exist. Thus f is differentiable at all x
except 0.
A formulafor f' isgiven by

0 i >
X f,(x)z{];l if x>0

if x<O
and its graph is shown in Figure 5(b). The fact that f'(0) does not exist is reflected geo-

metrically in the fact that the curve y = | x| does not have a tangent line at (0, 0). [See
FIGURE 5 Figure 5(8).] .

Both continuity and differentiability are desirable properties for afunction to have. The
following theorem shows how these properties are related.
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An important aspect of problem solving is
trying to find a connection between the given
and the unknown. See Step 2 (Think of a Plan)
in Principles of Problem Solving on page 97.

E] Theorem If f isdifferentiable at a, then f is continuous at a.

PROOF To provethat f iscontinuous at a, we have to show that lim,_, f(x) = f(a). We
do this by showing that the difference f(x) — f(a) approaches 0.
The given information is that f is differentiable at a, that is,

f(x) — f(a)
X

f'(a) = lim .

X—a

exists (see Equation 2.1.5). To connect the given and the unknown, we divide and multi-
ply f(x) — f(a) by x — a (which we can do when x # a):

f(x) —f(a) =

f(xx) 1@

Thus, using the Product Law and (2.1.5), we can write

f(x) — f(a)

im[f(0) —f@]=lim— ——(x -2
= IimM “lim(x — a)
X—a X —a Xx—a
—f@-0=0

To use what we have just proved, we start with f(x) and add and subtract f(a):
imf(x) =lim[f(a) + (f(x) - f(a))]
= limf(a) + lim[f(x) — f(a)]
=f(@) +0="1(a)
Therefore f is continuous at a. [

NOTE The converse of Theorem 4 isfalse; that is, there are functions that are contin-
uous but not differentiable. For instance, thefunction f (x) = | x| iscontinuous at O because

Iirrgf(x) = Iirr(1)|x] =0=1(0)

(See Example 7 in Section 1.6.) But in Example 5 we showed that f is not differentiable
ao.

I How Can a Function Fail to Be Differentiable?

We saw that the function y = | x| in Example 5 is not differentiable at 0 and Figure 5(a)
shows that its graph changes direction abruptly when x = 0. In general, if the graph of a
function f has a“corner” or “kink” in it, then the graph of f has no tangent at this point
and f isnot differentiable there. [In trying to compute f'(a), we find that the left and right
limits are different.]
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y ical t . Theorem 4 gives another way for afunction not to have aderivative. It saysthat if f is
:’iﬁre' angen not continuous at a, then f is not differentiable at a. So at any discontinuity (for instance,
~ \+ ajump discontinuity) f failsto be differentiable.
A third possibility is that the curve has a vertical tangent line when x = a; that is, f
is continuous at a and
lim | f'(x)| =
X—a
0 a X This means that the tangent lines become steeper and steeper as x — a. Figure 6 shows one
way that this can happen; Figure 7(c) shows another. Figure 7 illustrates the three possi-
bilities that we have discussed.
FIGURE 6
y y y
0 a X 0 ,; X 0 a X
FIGURE 7
Three waysfor f not to be
differentiable at a (a) A corner (b) A discontinuity (c) A vertical tangent

A graphing calculator or computer provides another way of looking at differentiabil-
ity. If f isdifferentiable at a, then when we zoom in toward the point (a, f(a)) the graph
straightens out and appears more and more like a line. (See Figure 8. We saw a specific
example of thisin Figure 2 in Section 2.1.) But no matter how much we zoom in toward a
point like the ones in Figures 6 and 7(a), we can’t eliminate the sharp point or corner (see

Figure 9).

y y

0 a X 0 a X
FIGURE 8 FIGURE 9
f isdifferentiable at a. f isnot differentiable at a.

I Higher Derivatives

If fisadifferentiable function, then its derivative f' isalso afunction, so f’ may have a
derivative of its own, denoted by (f’)’ = f”. This new function " is called the second
derivative of f because it isthe derivative of the derivative of f. Using Leibniz notation,
we write the second derivative of y = f(x) as

d (dy)_d¥y
dx \dx/ dx2
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FIGURE 10

In Module 2.2 you can see how changing
the coefficients of a polynomial f affects the
appearance of the graphs of f, f/, and f .

EETEEA If f(x) = x3 — x, find and interpret f”(x).
SOLUTION In Example 2 we found that the first derivativeisf’(x) = 3x? — 1. So the
second derivativeis

f'ix+h) —f'x) _ lim [3(x + h)?2 — 1] — [3x? — 1]

h—0 h

F00 = (7)) = lim

Z+6xh+3n*—1-3x*+1
— lim 3+ bx 3h 3 — lim (6x + 3h) — 6x

Thegraphsof f, f’, and f” are shown in Figure 10.

We can interpret f”(x) asthe slope of the curvey = f'(x) at the point (x, f'(x)). In
other words, it is the rate of change of the slope of the original curvey = f(x).

Notice from Figure 10 that f”(x) is negative wheny = f'(x) has negative slope
and positive when y = f'(x) has positive slope. So the graphs serve as a check on our
calculations. [

In general, we can interpret a second derivative as arate of change of arate of change.
The most familiar example of thisis acceleration, which we define as follows.

If s = s(t) isthe position function of an object that movesin astraight line, we know that
itsfirst derivative represents the velocity »(t) of the object as afunction of time:

o) =50 = <

Theinstantaneousrate of change of velocity with respect to timeis called the acceleration
a(t) of the object. Thus the acceleration function is the derivative of the velocity function
and is therefore the second derivative of the position function:

a(t) = v'(t) = s"(t)

or, in Leibniz notation,
_dv  d%

=0t T de?

The third derivative f” is the derivative of the second derivative: f” = (f”)’. So
f”(x) can be interpreted as the slope of the curve y = f”(x) or as the rate of change of
f"(x). If y = f(x), then alternative notations for the third derivative are

d (d? d?
ym — f/r/(x) - <_y> — _y

dx \ dx? dx?®

The process can be continued. The fourth derivative f" is usually denoted by f“. In gen-
eral, the nth derivative of f is denoted by f™ and is obtained from f by differentiating n
times. If y = f(x), we write

d"y

(n) — f(n) —
y (x) e

If f(x) =x%— x, find f”(x) and f“(x).

SOLUTION In Example 6 we found that f”(x) = 6x. The graph of the second derivative
has equation y = 6x and so it is a straight line with slope 6. Since the derivative f"”(x) is
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the slope of f”(x), we have
f”(x) =6

for all values of x. So f" is a constant function and its graph is a horizontal line. There-
fore, for all values of x,
f9x) =0 [

We can also interpret the third derivative physically in the case where the function is
the position function s = s(t) of an object that moves along a straight line. Because
s" = (s")" = a’, the third derivative of the position function is the derivative of the accel-
eration function and is called the jerk:
da  d%
dat  dt®

Thus the jerk j is the rate of change of acceleration. It is aptly named because a large jerk
means a sudden change in acceleration, which causes an abrupt movement in a vehicle.

We have seen that one application of second and third derivatives occurs in analyzing
the motion of objects using acceleration and jerk. We will investigate another applica-
tion of second derivatives in Section 3.3, where we show how knowledge of f"” gives us
information about the shape of the graph of f. In Chapter 11 we will see how second and
higher derivatives enable us to represent functions as sums of infinite series.

m Exercises

1-2 Use the given graph to estimate the value of each derivative. 3. Match the graph of each function in (a)—(d) with the graph of
Then sketch the graph of f'. its derivative in I-1V. Give reasons for your choices.
1. (@) f/(=3) (b) f'(-2) (c) f'(-1) (a) Y (b) Y
(@ 10 @ f') " f2) \
(9 ')
0 X 0 X
y \
[
1 (© Y (d) Y

2. (a) £(0) () (1) ©) 2 | y n y

(ORKE) () '(4) (f) £ / \
(9) '(6) (h) £'(7)

Graphing calculator or computer required 1. Hom_ework Hints available at stewartcalculus.com ]
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4-11 Trace or copy the graph of the given function f. (Assume that 13.
the axes have equal scales.) Then use the method of Example 1 to
sketch the graph of ' below it.
4, y
0 X
5 y 6. y
/ 0 X 5
* 14,
7 y 8. y
0 X 0 X
9. y 10. y
0 X 0 X
1. y
15.
0 X
12. Shown is the graph of the population function P(t) for yeast
cells in a laboratory culture. Use the method of Example 1 to
graph the derivative P’(t). What does the graph of P’ tell us
about the yeast population?
PA (yeast cells)
5001
I 16.

15 1 (hours)

A rechargeable battery is plugged into a charger. The graph
shows C(t), the percentage of full capacity that the battery
reaches as a function of time t elapsed (in hours).

(@) What is the meaning of the derivative C'(t)?

(b) Sketch the graph of C’(t). What does the graph tell you?

C
100 +

80

percentage
of full charge

401
204

4
t

of 2 4 &

8 10 12  t(hours)

The graph (from the US Department of Energy) shows how
driving speed affects gas mileage. Fuel economy F is measured
in miles per gallon and speed v is measured in miles per hour.
(@) What is the meaning of the derivative F'(v)?

(b) Sketch the graph of F'(v).

(c) At what speed should you drive if you want to save on gas?

F A (mi/gal)
30 +
20 +
10 +
0/ 10 20 30 40 50 60 70 v(mi/h)

The graph shows how the average age of first marriage of
Japanese men varied in the last half of the 20th century.
Sketch the graph of the derivative function M'(t). During
which years was the derivative negative?

M

27+

25+

4 4 4 4 4 4 4 4 4

1960 1970 1980 1990

2000 ¢

Make a careful sketch of the graph of the sine function and
below it sketch the graph of its derivative in the same manner
as in Exercises 4-11. Can you guess what the derivative of the
sine function is from its graph?
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15 COTV ATV

B 17. Let £(x) = x2 33. The unemployment rate U(t) varies with time. The table

. , , , , from the Bureau of Labor Statistics) gives the percentage of
a) Estimate the values of f/(0), f'(3), f'(1), and f'(2) b ( .
@ using a graphing device to zoofri)in on the graph sz unemployed in the US labor force from 1999 to 2008.

(b) Use symmetry to deduce the values of f ’(—%), f'(=1), ¢ ) 1 Ul
and f'(—2).

(c) Use the results from parts (a) and (b) to guess a formula 1999 4.2 2004 55

for f'(x). 2000 4.0 2005 5.1

(d) Use the definition of derivative to prove that your guess 2001 | 47 2006 | 4.6

in part (c) is correct. 2002 5.8 2007 4.6

2003 6.0 2008 5.8

A4 18. Letf(x) = x3.
(a) Estimate the values of f'(0), f’(%), f'(1), f'(2), and f'(3)
by using a graphing device to zoom in on the graph of f.

(a) What is the meaning of U’(t)? What are its units?
(b) Construct a table of estimated values for U'(t).

(b) Use symmetry to deduce the values of ’(—%), f'(—1), 34. Let P(t) be the percentage of Americans under the age of 18
f'(—=2), and f'(—3). at time t. The table gives values of this function in census

(c) Use the values from parts (a) and (b) to graph f". years from 1950 to 2000.

(d) Guess a formula for f'(x).

(e) Use the definition of derivative to prove that your guess t P(t) t P(t)

in part (d) is correct. 1950 311 1980 28.0

1960 35.7 1990 25.7

19-29 Find the derivative of the function using the definition of 1970 34.0 2000 25.7
derivative. State the domain of the function and the domain of its
derivative. (a) What is the meaning of P’(t)? What are its units?
19, f(x) = ix — 1 20. f(x) =mx + b (b) Construct a table of estimated values for P'(t).
(c) Graph P and P'.
21. f(t) = 5t — ot? 2. f(x) =15x% — x + 3.7 (d) How would it be possible to get more accurate values
for P'(t)?

1

2. f(x) =x*—2x° 24. g(t) = N3 35-38 The graph of f is given. State, with reasons, the numbers
at which f is not differentiable.

2 _

2. g(x) = VA = X % 100 =3 —
1-2t
21. = ] — x372
G(t) 3Tt 28. f(x) =x

29. f(x) = x*

30. (a) Sketch the graph of f(x) = /6 — x by starting with the
graph of y = +/x and using the transformations of Sec-
tion 1.3.
(b) Use the graph from part (a) to sketch the graph of f".
(c) Use the definition of a derivative to find f'(x). What are
the domains of fand f'?
a3 (d) Use a graphing device to graph f’ and compare with your

sketch in part (b). 39. Graph the function f(x) = x + +/|x|. Zoom in repeatedly,
first toward the point (=1, 0) and then toward the origin.
31. (a) If f(x) = x* + 2, find '(x). What is different about the behavior of f in the vicinity of
F  (b) Check to see that your answer to part (a) is reasonable by these two points? What do you conclude about the differen-
comparing the graphs of f and f'. tiability of f?
/A 40. Zoom in toward the points (1, 0), (0, 1), and (—1, 0) on
32. (a) If f(x) = x + 1/x, find f'(x). the graph of the function g(x) = (x? — 1)¥3. What do you
a3 (b) Check to see that your answer to part (a) is reasonable by notice? Account for what you see in terms of the differen-
comparing the graphs of f and f'. tiability of g.
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41. The figure shows the graphs of f, f’, and f”. Identify each
curve, and explain your choices.

[A4 45-46 Use the definition of a derivative to find f'(x) and f”(x).

Then graph f, f’, and f” on a common screen and check to see if
y your answers are reasonable.
a

/\ 45, f(x) =3x>+ 2x + 1

M( b 46. f(x) = x® — 3x

9 a1, 1f £(x) = 2x? — %3, find f'(x), £"(x), f"(x), and f@(x).
Graph f, f’, ", and " on a common screen. Are the graphs
consistent with the geometric interpretations of these
derivatives?

42. The figure shows graphs of f, f’, f”, and f”. Identify each

curve, and explain your choices. 48. (a) The graph of a position function of a car is shown, where s

is measured in feet and t in seconds. Use it to graph the
ab cd velocity and acceleration of the car. What is the accelera-
tion at t = 10 seconds?

43. The figure shows the graphs of three functions. One is the posi-
tion function of a car, one is the velocity of the car, and one is

. . ] . . b) Use the acceleration curve from part (a) to estimate the
its acceleration. Identify each curve, and explain your choices. (b) part ()

jerk at t = 10 seconds. What are the units for jerk?

a
49, Letf(x) = IX.
b c (a) If a # 0, use Equation 2.1.5 to find f'(a).
(b) Show that f'(0) does not exist.
M > (c) Show thaty = ¢/x has a vertical tangent line at (0, 0).

y

(Recall the shape of the graph of f. See Figure 13 in
Section 1.2.)

50. (a) If g(x) = x%3, show that ¢'(0) does not exist.
(b) If a # 0, find g'(a).

44. The figure shows the graphs of four functions. One is the (c) Show that y = x?° has a vertical tangent line at (0, 0).
position function of a car, one is the velocity of the car, one is (d) lllustrate part (c) by graphing y = x?°.
its acceleration, and one is its jerk. Identify each curve, and

explain your choices. 51. Show that the function f(x) = |x — 6] is not differentiable

y at 6. Find a formula for f’ and sketch its graph.

52. Where is the greatest integer function f(x) = [ x] not differen-
tiable? Find a formula for f’ and sketch its graph.

0 ! 53. (a) Sketch the graph of the function f(x) = x|x]|.
(b) For what values of x is f differentiable?
(c) Find a formula for f'.
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54. The left-hand and right-hand derivatives of f at a are defined (c) Where is f discontinuous?
by (d) Where is f not differentiable?
, f(a+ h)y —f(a) 55. Recall that a function f is called even if f(—x) = f(x) for all
f*(@ = lim h X in its domain and odd if f(—x) = —f(x) for all such x. Prove
each of the following.
and f'.(a) = lim fa+h —f(a (a) The derivative of an even function is an odd function.
h—0* h (b) The derivative of an odd function is an even function.

if these limits exist. Then f'(a) exists
sided derivatives exist and are equal.

56. When you turn on a hot-water faucet, the temperature T of the

if and only if these one- .
water depends on how long the water has been running.

(2) Find '(4) andf'.(4) for the function (a) Sketch a possible graph of T as a function of the time t that

has elapsed since the faucet was turned on.

0 if x<0 (b) Describe how the rate of change of T with respect to t

varies as t increases.

5—x ifo<x<4

f(x) =

(c) Sketch a graph of the derivative of T.

1 . . .
— ifx=4 57. Let € be the tangent line to the parabola y = x? at the point

5—x

(b) Sketch the graph of f.

(1, 1). The angle of inclination of € is the angle ¢ that € makes
with the positive direction of the x-axis. Calculate ¢ correct to
the nearest degree.

m Differentiation Formulas

y
c y=c
slope =0
0 X
FIGURE 1

The graph of f(x)=c is the
liney=¢, so f'(x)=0.

y
y=x
slope =1
0
x
FIGURE 2

The graph of f(x)= xis the
line y =x,s0 f'(x)=1.

If it were always necessary to compute derivatives directly from the definition, as we did
in the preceding section, such computations would be tedious and the evaluation of some
limits would require ingenuity. Fortunately, several rules have been developed for finding
derivatives without having to use the definition directly. These formulas greatly simplify
the task of differentiation.

Let’s start with the simplest of all functions, the constant function f(x) = c. The graph
of this function is the horizontal line y = ¢, which has slope 0, so we must have f'(x) = 0.
(See Figure 1.) A formal proof, from the definition of a derivative, is also easy:

f(x+h)_f(x)=IimC_C=Iim0=0
h h h—0

f'(x) = lim
( ) h—0 h—0

In Leibniz notation, we write this rule as follows.

Derivative of a Constant Function

a(C)ZO

I Power Functions

We next look at the functions f(x) = x", where n is a positive integer. If n = 1, the graph
of f(x) = x is the line y = x, which has slope 1. (See Figure 2.) So

d

(1] E(X)Zl
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(You can also verify Equation 1 from the definition of a derivative.) We have already
investigated the cases n = 2 and n = 3. In fact, in Section 2.2 (Exercises 17 and 18) we
found that

2y i 3\ _ ay2
[2] I ) = 2 £ () =3

For n = 4 we find the derivative of f(x) = x* as follows:

f(x +h) — f + h)* — x4
Fx) = lim X =T ()T = X
h—0 h h—0
o x4+ 4x3h + 6x%h? + 4xh® + h* — x*
= Jim h

_4x%h + 6x%h? + 4xh® + h*
= Jim h

= I!lngJ (4x® 4+ 6%x%h + 4xh? + h®) = 4x3
Thus
3] 4 (x*) = 4x3
dx

Comparing the equations in [1], [2], and [3], we see a pattern emerging. It seems to be a rea-
sonable guess that, when n is a positive integer, (d/dx)(x") = nx"". This turns out to be
true. We prove it in two ways; the second proof uses the Binomial Theorem.

The Power Rule If n is a positive integer, then

d n — n—-1
i (x") = nx

FIRST PROOF The formula
x"—a"=(x—ax"t+x"%a+ - ---+xa"?+a"?)
can be verified simply by multiplying out the right-hand side (or by summing the second

factor as a geometric series). If f(x) = x", we can use Equation 2.1.5 for f'(a) and the
equation above to write

. f(x) —f(a o x"—=a"
f'(a) = lim ) ()=I|m
x—a X—a x—a X — a
=limx"t*+x"%a+---+xa"2+a"!)
X—a
=a"'+a" %+ - +aa"?+amt
=na"!?
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The Binomial Theorem is given on
Reference Page 1.

GEOMETRIC INTERPRETATION OF
THE CONSTANT MULTIPLE RULE

/\ y=2f(x)
y=fx)

—~

y

Multiplying by ¢ = 2 stretches the graph verti-
cally by a factor of 2. All the rises have been
doubled but the runs stay the same. So the
slopes are doubled too.

SECOND PROOF

+ h)" — x"
fim X = X

h—0 h

F(x) — ,!'Lno f(x + hh) — f(x) _

In finding the derivative of x* we had to expand (x + h)*. Here we need to expand
(x + h)" and we use the Binomial Theorem to do so:

(n—-1

n
[x” + nx"'h + 5 X" 2h2 4+ .-+ + nxh™?t + h”] —x"

) = im ;
nin —1)

= lim 2
o hLO h

nx"*h + X"2h% + -« 4+ nxh™?t + h"

. nin—1
rl]lng [nx”l + %x”’zh 4+ -+ nxh"? + hnl:|

=nx"?
because every term except the first has h as a factor and therefore approaches 0. [ |

We illustrate the Power Rule using various notations in Example 1.

EXAMPLE 1
(a) If f(x) = x5 then f'(x) = 6x°. (b) Ify = x¥% theny’ = 1000x°®.
dy d
_ 14 Y 443 2 (r3) — 2p2
(c) Ify =t* then L (d) ar (r’) = 3r _—

I New Derivatives from 0ld

When new functions are formed from old functions by addition, subtraction, or multiplica-
tion by a constant, their derivatives can be calculated in terms of derivatives of the old func-
tions. In particular, the following formula says that the derivative of a constant times a
function is the constant times the derivative of the function.

The Constant Multiple Rule If ¢ is a constant and f is a differentiable function, then

d d
I [cf(x)] = X f(x)

PROOF Let g(x) = cf(x). Then

g(x + h) — g(x) . cf(x + h) — cf(x)
h h—0 h

g'(x) = lim

i C[ f(x + h) — f(x)]

h—0 h
. f(x+h) —1f(x) .
=cC r!m h (by Law 3 of limits)
= cf'(x) [ |
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| EXAMPLE 2 |
d 4N i 4y __ 3\ 3
(a)a(Sx)—3dX (x*) = 3(4x°) = 12x

d d d
0) < (0 = - [(~Dx] = (~1) -~ (0 = —1(1) = 1 =

The next rule tells us that the derivative of a sum of functions is the sum of the
derivatives.

The Sum Rule If f and g are both differentiable, then
Using prime notation, we can write the
Sum Rule as

d d d
(f+g =1 +g a[f(XHg(x)]:&f(xwag(X)

PROOF Let F(x) = f(x) + g(x). Then

F(x) = lim F(x + hrz — F(x)

i LEOCH D)+ g0x 4 W] = [£00 + g0]

h—0 h

h h

h—0

i [ fx+h) —f(x) , gx+h) - g(x)]

f(x + h) — f(x) g(x + h) — g(x)

= '!llrg 0 + 'll_r)r‘(lj 0 (by Law 1)
=f'(x) + g'(x) [

The Sum Rule can be extended to the sum of any number of functions. For instance,
using this theorem twice, we get

(f+g+h' =[(f+g +h=(f+g) +h =Ff+g +H

By writing f — g as f + (—1)g and applying the Sum Rule and the Constant Multiple
Rule, we get the following formula.

The Difference Rule If f and g are both differentiable, then

d d d
TIx LT = 9] = = F(0) = = g(x)

The Constant Multiple Rule, the Sum Rule, and the Difference Rule can be combined
with the Power Rule to differentiate any polynomial, as the following examples demonstrate.
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CITV/AATTVED

[ EXAMPLE 3

_ddx (x® + 12x° — 4x* 4+ 10x®* — 6x + 5)
d ., d d d d d
- + . 5\ __ . 4 + . 3y _ . + —
dx () + 12 dx o) =4 dx (%) + 10 dx )~ 6 dx 9 dx ©)

=8x’ + 12(5x*) — 4(4x%) + 10(3x?) — 6(1) + 0

= 8x’ + 60x* — 16x° + 30x> — 6 [
Y V| Find the points on the curve y = x* — 6x2 + 4 where the tangent line is
0,4 horizontal.
; SOLUTION Horizontal tangents occur where the derivative is zero. We have
0 X dy d 4 d d
\ / i / = = - 6—(x)+— (4
dx dx(x) dx(x) dx()
(—V3.-5) (V3,-9) =4x° — 12x + 0 = 4x(x? — 3)
FIGURE 3 Thus dy/dx = 0 if x = 0 or x* — 3 = 0, that is, x = *++/3. So the given curve has
The curve y = x* — 6x2+ 4 and horizontal tangents when x = 0, v/3, and —+/3. The corresponding points are (0, 4),
its horizontal tangents (v/3, -5), and (—+/3, —5). (See Figure 3.) [

BT The equation of motion of a particle is s = 2t® — 5t? 4+ 3t + 4, where s is
measured in centimeters and t in seconds. Find the acceleration as a function of time.
What is the acceleration after 2 seconds?

SOLUTION The velocity and acceleration are

ds
t)=——-=6t"— 10t + 3
v® = o

dv
-~ —12t—-1
a(t) at t 0

The acceleration after 2 s is a(2) = 14 cm/s2 [

Next we need a formula for the derivative of a product of two functions. By analogy
with the Sum and Difference Rules, one might be tempted to guess, as Leibniz did three
centuries ago, that the derivative of a product is the product of the derivatives. We can see,
however, that this guess is wrong by looking at a particular example. Let f(x) = x and
g(x) = x2 Then the Power Rule gives f'(x) = 1 and g'(x) = 2x. But (fg)(x) = x3, so

@ (fg)'(x) = 3x2 Thus (fg)’ # f'g’. The correct formula was discovered by Leibniz (soon
after his false start) and is called the Product Rule.

, o The Product Rule If f and g are both differentiable, then
We can write the Product Rule in prime

notation as d d d
(1g) = Ty’ + gt S [F00900] = 1) [g(0] + 900 - [F(x)]
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PROOF Let F(x) = f(x)g(x). Then

F(x + h) — F(x)

i = i S

_im f(x + h)g(x + h) — f(x)g(x)

h—0 h

In order to evaluate this limit, we would like to separate the functions f and g as in
the proof of the Sum Rule. We can achieve this separation by subtracting and adding the
term f(x + h)g(x) in the numerator:

f(x + h)g(x + h) — f(x + h)g(x) + f(x + h)g(x) — f(x)g(x)
h

F 0 = fin

g(x +h) — g(x) N

h g(x)

f(x + h) — f(x)
h

= !L”?J [f(x + h)

gx +h) — g(x) f(x + h) — f(x)

= iyt + 0 - fig ==+ i - i

=f(X)g'(x) + g(x) f'(x)

Note that limy_.o g(x) = g(x) because g(x) is a constant with respect to the variable h.
Also, since f is differentiable at X, it is continuous at x by Theorem 2.2.4, and so
limy_o f(x + h) = f(x). (See Exercise 59 in Section 1.8.) [ |

In words, the Product Rule says that the derivative of a product of two functions is the
first function times the derivative of the second function plus the second function times the
derivative of the first function.

IETEE Find F'(x) if F(x) = (6x3)(7x%).
SOLUTION By the Product Rule, we have

' _ 3 i 4 4 i 3
F'(x) = (6x°) i (7x*) + (7x*) i (6x°)
= (6x3)(28x3) + (7x*)(18x?)
= 168x° + 126x° = 294x5 [

Notice that we could verify the answer to Example 6 directly by first multiplying the
factors:

F(x) = (6x3)(7x*) = 42x” = F'(x) = 42(7x®) = 294x°

But later we will meet functions, such as y = x2sin x, for which the Product Rule is the
only possible method.
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V| If h(x) = xg(x) and it isknown that g(3) = 5and ¢'(3) = 2, find h'(3).
SOLUTION Applying the Product Rule, we get

d d d
h'(x) = d—X[Xg(X)] =X [g(x¥)] + g(x) I [x]

= xg'(x) + g(x)

Therefore h'(3) =34'3) +¢9(3)=3-2+5=11 [ |

The Quotient Rule If f and g are differentiable, then
In prime notation we can write the Quotient

Rule as

d d
f)'_gf’—fg' i[ f(x)] _ g(X)&[f(X)]—f(x)a[g(x)]
(9 a 9 dx | g(x) [g(X)]2

PROOF Let F(x) = f(x)/g(x). Then

f(x + h) B f(x)
gx+h)  g(x

F(x+h) - F(X) _

P = lim h i h
_lim f(x + h)g(x) — f(x)g(x + h)
h—0 hg(x + h)g(x)
We can separate f and g in this expression by subtracting and adding the term f (x) g(x)
in the numerator:
v i FXF ) g(x) = F(X)g(x) + f(X)g(x) = F(x)g(x + h)
P =i hg(x + g0
4(%) f(x + r;]) —fx) F(x) g(x + hri —g(x)
i g(x + Mg
Liﬂgg(x) . me _ LL”S f(x) - me
- lim g(x + ) - lim g(x)
_ g f'x) — f(x)g'(x)
[g(x)]?
Again g is continuous by Theorem 2.2.4, so limp_o g(x + h) = g(x). [

In words, the Quotient Rule says that the derivative of a quotient is the denominator
times the derivative of the numerator minus the numerator times the derivative of the
denominator, all divided by the square of the denominator.

The theorems of this section show that any polynomial is differentiable on R and any

rational function is differentiable on its domain. Furthermore, the Quotient Rule and the
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We can use a graphing device to check that
the answer to Example 8 is plausible. Figure 4
shows the graphs of the function of Example 8
and its derivative. Notice that when y grows
rapidly (near —2), y" is large. And when y
grows slowly, y’ is near O.

1.5

f

-1.5

FIGURE 4

other differentiation formulas enable us to compute the derivative of any rational func-
tion, as the next example illustrates.

X2+ x—2
M B Lety = —————.Then

X°+ 6

d d
3 2 _ _ (y?2? _ —— (x3
, (x +6)dx(x +Xx—2) — (x*+x 2)dx(x +6)

y:

(x® + 6)

(¥ +6)(2x + 1) — (x* + x — 2)(3?)
(x® + 6)°

_(2x*+ x®+ 12x + 6) — (3* + 3x® — 6x)
(x® + 6)°

—x*—2x3+ 6x*+ 12x + 6

B (x3 + 6)2 -

NOTE Don't use the Quotient Rule every time you see a quotient. Sometimes it’s eas-
ier to rewrite aquotient first to put it in aform that is ssimpler for the purpose of differenti-
ation. For instance, although it is possible to differentiate the function

using the Quotient Rule, it is much easier to perform the division first and write the func-
tion as

F(x) = 3x + 2x 2
before differentiating.

I General Power Functions

The Quotient Rule can be used to extend the Power Rule to the case where the exponent
is a negative integer.

If nisapositive integer, then

d
a(x’”) = —nx "?
PROOF d X" = i i
dx dx \ x"
d
B d_(l)_l_(x) x"+0—1-nx""?
- (Xn)z - X
_nxn71 n—1-2n —n—1
= XT = —nXx = —NnX |
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In Example 11, a and b are constants. It is
customary in mathematics to use letters near the
beginning of the alphabet to represent constants

and letters near the end of the alphabet to repre-

sent variables.

| EXAMPLE 9 |
dy d 1

_i =7 __ -1y — g2
(@ Ify= X,then " dx (x™) X 2

18

4 -

d (6 — i -3y — /(—2) 4 —
) <t> =6 (1) =63t =

So far we know that the Power Rule holds if the exponent n is a positive or negative
integer. If n = 0, then x° = 1, which we know has a derivative of 0. Thus the Power Rule
holds for any integer n. What if the exponent is afraction? In Example 3 in Section 2.2 we
found that

1

2Vx

d
o V* o
which can be written as
d

a (X1/2) — %X—l/z

This shows that the Power Rule istrue even when n = 1. Infact, it also holds for any real
number n, as we will prove in Chapter 6. (A proof for rational values of n isindicated in
Exercise 48 in Section 2.6.) In the meantime we state the general version and use it in the
examples and exercises.

The Power Rule (General Version) If nisany real number, then

d n — n—1
™ (x") = nx

| EXAMPLE 10
(@) If f(x) =x", then f'(x) = =x™ %
1
(b) Let V=
dy _d o am 2@
Then " dx (x™#°) = —5x
— —2y53 [

[ETITERN Differentiate the function f(t) = v/t (a + bt).
SOLUTION 1 Using the Product Rule, we have

f’(t)=\/t_%(a+bt)+(a+bt)%(\/f)

=Jt-b+ (a+bt)-st*?

= byt +

a+bt a+ 3bt

2t 2Wt
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SOLUTION 2 If wefirst use the laws of exponents to rewrite f(t), then we can proceed
directly without using the Product Rule.

f(t) = a/t + btyt = at¥? + bt¥?
f/(t) = 2at™ Y2 + ptl/?

which is equivalent to the answer given in Solution 1. [

The differentiation rules enable us to find tangent lines without having to resort to the
definition of a derivative. They also enable us to find normal lines. The normal line to a
curve C at point P is the line through P that is perpendicular to the tangent line at P. (In
the study of optics, one needs to consider the angle between alight ray and the normal line
toalens.)

[E7NTZTFF] Find equations of the tangent line and normal line to the curve
y = VX /(1 + x?) at the point (1, 3).
SOLUTION According to the Quotient Rule, we have

d d
Qy @+ x%) - (VX) = VX @+ x?)

dx (1 + x?)?

:<1+xz)%—ﬁ(zx>

(1 + x?)?

A+ x)—4x® 1- 3%
2UX (1 + x2)? 22X (1 + x?)?

So the slope of the tangent line at (1, %) is

dy, __1-3-2° 1
, dx o1 24/1(1 + 127 4
normal We use the point-slope form to write an equation of the tangent line at (1, %)
1+
—tengent yoi=—ix-D o y=—ix+d
The slope of the normal line at (1, %) is the negative reciprocal of —3, namely 4, so an
; equation is
0 2 * 1 7
y—3:=4x—-1 o y=4x—3
FIGURE 5 The curve and its tangent and normal lines are graphed in Figure 5. [

[E7XTEEE] At what points on the hyperbolaxy = 12 is the tangent line parallel to the
line3x +y=07?

SOLUTION Since xy = 12 can be written asy = 12/x, we have

d B 12
= lZW(X 1)= 12(—X 2)= —?

dy
dx
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FIGURE 6

Table of Differentiation Formulas

m Exercises

1-

3x+y=0

L et the x-coordinate of one of the points in question be a. Then the slope of the tangent
line at that point is —12/a? This tangent line will be parallel to theline3x + y = 0, or
y = =3, if it has the same slope, that is, —3. Equating slopes, we get

12
-—=-3 o a’=4 o a==*2
a

Therefore the required points are (2, 6) and (—2, —6). The hyperbola and the tangents
are shown in Figure 6.

We summarize the differentiation formulas we have learned so far as follows.

d — d ny — n—-1

dX(c)—O dX(x)—nx

(cf) = cf’ (f+g =f+g (f—g' =f—g
Y f' —fg'

(fg)r — fgr + gfr (_) _ 9 > g
) 9

22 Differentiate the function.

1. f(x) =2%

3.f()=2—3t

5 f(x)=x3—4x+6

7. g(x) = x*(1 — 2x)

9. g(t) =2t"%*

1. A(s) = —1—3

13.8(p=+p - p

15. R(a) = (3a + 1)?

.y — X%+ 4x + 3
N

19. H(x) = (x + x™1)®

21.

u= ¥t +4Jt5

10.

12.

14.

16.

20.

23. Find the derivative of f(x) = (1 + 2x?)(x — x?) in two ways:

f(x) = 72 by using the Product Rule and by performing the multiplication
first. Do your answers agree?

F(x) = 3x° . o .

24. Find the derivative of the function
f(t) =3t° — 3t* +t
®=: F(X)_x4—5x3+ﬁ

h(x) = (x — 2)(2x + 3) x?

B(y) = cy in two ways: by using the Quotient Rule and by simplifying
first. Show that your answers are equivalent. Which method do

y = x5 — x23 you prefer?

25-44 Differentiate.

y=vx(x—1) 25. V(x) = (2x¢ + 3)(x* — 2%)
S(R) = 4wR? 2. L(x) = (1L + x + x)(2 — x%
_ X + X 1 3
x? 21. F(y) = (yz - y4)(y + 5y°)

g(u) = y2u + y3u

()

28. J(v) = (v — 20)(w * + v ?)

1+ 2x Xx—3

, f(X) = ——
3 — 4x 30. 1) X

29. g(x) = T3

Graphing calculator or computer required

1. Homework Hints available at stewartcalculus.com
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N — X3 32 _L
IR YTy 2
03— 20\/v t
By=—-—"T— % Y= —

y » Y=t =1y

t2+ 2 t— .t
BY "W arr1 %. 90 =~
B C
3.y=ax>+bx+c 38.y=A+;+?
2t cX
39. f(t) = —= 40. y =
® 2+ Jt Y T T ex
*—2u'+5
My=E2+t+th a2y =" u‘j
X ax + b
43. f(x) = . =
(x) a4. f(x) v
X+;

51-52 Find an equation of the tangent line to the curve at the
given point.

5. y = , (1,1

X+ 1

52 y =x*+ 2x>—x, (1,2

]
1<

45. The genera polynomial of degree n has the form
P(X) = anXn + anflxnil R a2X2 + aiX + ao
where a, # 0. Find the derivative of P.

/A4 46-48 Find f'(x). Compare the graphs of f and f’ and use them
to explain why your answer is reasonable.

46. f(x) =x/(x*—1)

1
47. f(x) =3x®—5x*+ 3 48. f(x):x+;

53. () Thecurvey = 1/(1 + x?) iscalled awitch of Maria
Agnesi. Find an equation of the tangent line to this curve
at the point (—1, 3).
(b) Hlustrate part (a) by graphing the curve and the tangent
line on the same screen.

54. (a) Thecurvey = x/(1 + x?) is called aserpentine.
Find an equation of the tangent line to this curve at the
point (3, 0.3).
(b) Hlustrate part (a) by graphing the curve and the tangent
line on the same screen.

55-58 Find equations of the tangent line and normal line to the
curve at the given point.

55y =x + X, (1,2 5. y = (1+2x? (L9

N

X+ 1’

57 X +1
Ve

(1,2 58, y = (4,0.4)

49. (a) Use agraphing calculator or computer to graph the func-

tion f(x) = x* — 3x® — 6x? + 7x + 30 in the viewing
rectangle [—3, 5] by [—10, 50].

(b) Using the graph in part (a) to estimate slopes, make
arough sketch, by hand, of the graph of f’. (See
Example 1 in Section 2.2.)

(c) Calculate f'(x) and use this expression, with a graphing
device, to graph f'. Compare with your sketch in part (b).

/A4 50. (a) Use agraphing calculator or computer to graph the func-

tion g(x) = x¥(x? + 1) in the viewing rectangle [ —4, 4]
by [-1, 1.5].

(b) Using the graph in part (a) to estimate slopes, make a
rough sketch, by hand, of the graph of ¢'. (See Example 1
in Section 2.2.)

(c) Calculate g'(x) and use this expression, with a graphing
device, to graph ¢’. Compare with your sketch in part (b).

59-62 Find the first and second derivatives of the function.

60. G(r) =+r +Ir

59. f(x) = x* — 3x® + 16x

X2

1+ 2x

63. The equation of motion of aparticleiss = t* — 3t, wheres
isin metersand t isin seconds. Find
(a) the velocity and acceleration as functions of t,
(b) the acceleration after 2 s, and
(c) the acceleration when the velocity is 0.

64. The equation of motion of a particleis
s=t'—20+t*—t

where s isin metersand t isin seconds.

(a) Find the velocity and acceleration as functions of t.

(b) Find the acceleration after 1 s.

(c) Graph the position, velocity, and acceleration functions
on the same screen.
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Boyle's Law states that when a sample of gasis compressed

at a constant pressure, the pressure P of the gasisinversely

proportional to the volume V of the gas.

(a) Suppose that the pressure of a sample of air that occupies
0.106 m® at 25°C is 50 kPa. Write V as a function of P.

(b) Calculate dV/dP when P = 50 kPa. What is the meaning
of the derivative? What are its units?

Car tires need to be inflated properly because overinflation or
underinflation can cause premature treadware. The datain the
table show tirelife L (in thousands of miles) for a certain
type of tire at various pressures P (in lb/in?).

P 26 28 31 35 38 42 45

L 50 66 78 81 74 70 59

(a) Use agraphing calculator or computer to model tire life
with a quadratic function of the pressure.

(b) Use the model to estimate dL /dP when P = 30 and when
P = 40. What is the meaning of the derivative? What are
the units? What is the significance of the signs of the
derivatives?

Supposethat f(5) = 1, f'(5) = 6,9(5) = —3,and g'(5) = 2.
Find the following values.
(@ (fg)'(5)
(©) (¢/f)'(5

(b) (¥/9)'(5)

Findh'(2), giventhat f(2) = —3,4(2) = 4, f'(2) = -2,

andg'(2) = 7.

(@ h(x) = 5f(x) — 4g(x)
f(x)

(©) h(x) = W

(b) h(x) = f(x) g(x)

_9x
@ ") =7"F 0
If f(x) = v/X g(x), where g(4) = 8 and ¢'(4) = 7, find f'(4).

If h(2) = 4andh'(2) = -3, find

d h(x)
dx X
If f and g are the functions whose graphs are shown, let

u(x) = f(x)g(x) and v(x) = f(x)/g(x).
(@) Find u'(2). (b) Find »'(5).

x=2

[]

12.

13.

14.

15.

76.

11.

18.

19.

81.

82.

83.

84.

Let P(x) = F(x) G(x) and Q(x) = F(x)/G(x), where F and G
are the functions whose graphs are shown.

(@ Find P'(2). (b) Find Q'(7).
A\
F| _+—
1 G
0 1 X

If g isadifferentiable function, find an expression for the
derivative of each of the following functions.

_ X _ 9
(b)y y= 700 ©y <

If f isadifferentiable function, find an expression for the
derivative of each of the following functions.

@y = xg(x)

@y =x(0 0y =
RS 1+ xf(x)

Find the points on the curvey = 2x° + 3x? — 12x + 1
where the tangent is horizontal.

For what values of x does the graph of
f(x) = x® + 3x2 + x + 3 have ahorizontal tangent?

Show that the curve y = 6x° + 5x — 3 has no tangent line
with slope 4.

Find an equation of the tangent line to the curvey = x+/x
that isparallel to theliney = 1 + 3x.

Find equations of both lines that are tangent to the curve
y =1+ x®and are paralel to theline 12x — y = 1.
Find equations of the tangent lines to the curve

x—1

x+1
that are parallel to thelinex — 2y = 2.

Find an equation of the normal line to the parabola
y = x? — 5x + 4 thatisparallel tothelinex — 3y = 5.

Where does the normal line to the parabolay = x — x? at the
point (1, 0) intersect the parabola a second time? |llustrate
with a sketch.

Draw a diagram to show that there are two tangent lines to
the parabolay = x? that pass through the point (0, —4). Find
the coordinates of the points where these tangent lines inter-
sect the parabola.

(a) Find equations of both lines through the point (2, —3)
that are tangent to the parabolay = x? + x.
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(b) Show that there is no line through the point (2, 7) that is
tangent to the parabola. Then draw a diagram to see why.

(a) Use the Product Rule twice to prove thet if f, g, and h are
differentiable, then (fgh)’ = fyh + fg'h + fgh'.
(b) Teking f = g = h in part (a), show that

d 3 _ 2%
&[f(X)] =3 F(x)]*T'(x)

(c) Use part (b) to differentiatey = (x* + 3x® + 17x + 82)°.

Find the nth derivative of each function by calculating the first
few derivatives and observing the pattern that occurs.
@ f(x)=x" (b) f(x)=1/x

Find a second-degree polynomial P such that P(2) = 5,
P'(2)=3,andP"(2) = 2.

The equation y” + y’ — 2y = x?is caled adifferential
equation because it involves an unknown function y and its
derivativesy’ and y”. Find constants A, B, and C such that the
function y = Ax? + Bx + C satisfies this equation. (Differen-
tial equations will be studied in detail in Chapter 9.)

Find acubic functiony = ax® + bx? + cx + d whose graph
has horizontal tangents at the points (-2, 6) and (2, 0).

Find a parabola with equation y = ax? + bx + c that has
doped at x = 1, slope —8 at x = —1, and passes through the
point (2, 15).

In this exercise we estimate the rate at which the total personal
income is rising in the Richmond-Petersburg, Virginia, metro-
politan area. In 1999, the population of this area was 961,400,
and the population was increasing at roughly 9200 people per
year. The average annual income was $30,593 per capita, and
this average was increasing at about $1400 per year (alittle
above the national average of about $1225 yearly). Use the
Product Rule and these figures to estimate the rate at which
total personal income was rising in the Richmond-Petersburg
areain 1999. Explain the meaning of each term in the Product
Rule.

A manufacturer produces bolts of afabric with a fixed width.
The quantity q of this fabric (measured in yards) that is sold is
afunction of the selling price p (in dollars per yard), so we can
write g = f(p). Then the total revenue earned with selling
price p isR(p) = pf(p).
(2) What does it mean to say that f(20) = 10,000 and
f'(20) = —350?
(b) Assuming the valuesin part (a), find R’(20) and interpret
your answer.

Let
if x<1
if x=1

f(x)z{x2+1

X+ 1

Is f differentiable at 1? Sketch the graphs of f and f'.
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95.

96.

97.

98.

99.

100.

101.

102.

103.

104.

105.

106.

At what numbers is the following function g differentiable?

2X if x<0
gx)=<{2x —x? if0<x<2
2—x if x=2

Give aformulafor g' and sketch the graphs of g and ¢'.

(8 For what values of x isthe function f(x) = |x* — 9]
differentiable? Find a formula for f".
(b) Sketch the graphs of f and f'.

Where isthe function h(x) = |x — 1| + |x + 2| differenti-
able? Give aformulafor h’ and sketch the graphs of h and h'.

For what values of a and b isthe line 2x + y = b tangent to
the parabolay = ax? when x = 2?

@ If F(x) = f(x)g(x), where f and g have derivatives of all
orders, show that F” = f"g + 2f'g" + fg".

(b) Find similar formulas for F” and F .

(c) Guess aformulafor F™.

Find the value of ¢ such that theliney = 3x + 6 is tangent to
the curvey = cv/x.

Let
x?2 if x<2
f(x) =
) {mx+b if x> 2
Find the values of m and b that make f differentiable
everywhere,

An easy proof of the Quotient Rule can be given if we make
the prior assumption that F'(x) exists, where F = f/g. Write

f = Fg; then differentiate using the Product Rule and solve the
resulting equation for F'.

A tangent lineis drawn to the hyperbolaxy = ¢ at apoint P.

(a) Show that the midpoint of the line segment cut from this
tangent line by the coordinate axesis P.

(b) Show that the triangle formed by the tangent line and the
coordinate axes aways has the same area, no matter where
P islocated on the hyperbola.

1000 __ 1

Evaluate lim
x—1 X — 1

Draw a diagram showing two perpendicular lines that intersect

on the y-axis and are both tangent to the parabolay = x2.

Where do these lines intersect?

If ¢ > %, how many lines through the point (0, ¢) are normal
lines to the parabolay = x2? What if ¢ < 3?

Sketch the parabolasy = x?and y = x> — 2x + 2. Doyou
think there is aline that is tangent to both curves? If so, find its
equation. If not, why not?
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BUILDING A BETTER ROLLER COASTER

~
S
S
=]
2
2
5
=
7]
~
=2
b=
2
(7]
=
S
=
5
]
fr

Suppose you are asked to design the first ascent and drop for a new roller coaster. By studying
photographs of your favorite coasters, you decide to make the slope of the ascent 0.8 and the slope
of the drop —1.6. You decide to connect these two straight stretchesy = L;(x) and y = L »(x) with
part of a parabolay = f(x) = ax? + bx + ¢, where x and f(x) are measured in feet. For the track
to be smooth there can’t be abrupt changes in direction, so you want the linear segments L, and L
to be tangent to the parabola at the transition points P and Q. (See the figure.) To simplify the
equations, you decide to place the origin at P.

1. (@) Suppose the horizontal distance between P and Q is 100 ft. Write equationsin a, b,
and c that will ensure that the track is smooth at the transition points.
(b) Solve the equationsin part (a) for a, b, and ¢ to find aformulafor f(x).
A4 (c) Plot Ly, f, and L, to verify graphically that the transitions are smooth.
(d) Find the difference in elevation between P and Q.

2. The solution in Problem 1 might look smooth, but it might not feel smooth because the
piecewise defined function [consisting of Li(x) for x < 0, f(x) for 0 < x < 100, and
L »(x) for x > 100] doesn’t have a continuous second derivative. So you decide to improve
the design by using a quadratic function q(x) = ax? + bx + ¢ only on the interval
10 =< x =< 90 and connecting it to the linear functions by means of two cubic functions:

g(x) =kx®+ Ix>+ mx +n 0=x<10
h(x) =px®+gx®?+rx+s 90<x = 100

(8 Write asystem of equations in 11 unknowns that ensure that the functions and their
first two derivatives agree at the transition points.
cAs|  (b) Solve the equationsin part (a) with a computer algebra system to find formulas for

q(x), g(x), and h(x).
(c) Plot Ly, g, q,h, and L,, and compare with the plot in Problem 1(c).

@ Graphing calculator or computer required
Computer algebra system required

m Derivatives of Trigonometric Functions

A review of trigonometric functions is given in
Appendix D.

Before starting this section, you might need to review the trigonometric functions. In par-
ticular, it isimportant to remember that when we talk about the function f defined for all
real numbers x by

f(x) = sinx

it is understood that sin x means the sine of the angle whose radian measure is x. A simi-
lar convention holds for the other trigonometric functions cos, tan, csc, sec, and cot. Recall
from Section 1.8 that all of the trigonometric functions are continuous at every number in
their domains.

If we sketch the graph of the function f(x) = sin x and use the interpretation of f'(x)
as the slope of the tangent to the sine curve in order to sketch the graph of f' (see Exer-
cise16in Section 2.2), thenit looks asif the graph of f’ may be the same asthe cosine curve
(see Figure 1).
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Visual 2.4 shows an animation

of Figure 1.
y
y=f)
0 z 7=T X
2
FIGURE 1
Let’stry to confirm our guess that if f(x) = sin x, then f'(x) = cosx. From the defini-
tion of aderivative, we have
. f(x+h) —f(x . Sin(x + h) — sinx
f’(x)=llmw=l|m ( )
h—0 h—0 h
We have used the addition formula for sine. _ . sinxcosh + cosx sinh — sinx
See Appendix D. = lim
h—0 h

. sinx cosh — sinx cosx sinh
= [im +

h—0 h h
. [ <cosh—1> <sinh>]
=|im]snx| ————| + cosx
h—0 h h
L . cosh—1 . _sinh
1] = lim sin - im ===+ fim cos x - fim ==

Two of these four limits are easy to evaluate. Since we regard x as a constant when com-
puting alimit ash — 0, we have

Aingsinx=sinx and }Lirrgcosx=cosx

The limit of (sin h)/h is not so obvious. In Example 3 in Section 1.5 we made the guess,
on the basis of numerical and graphical evidence, that

2] MMy 1

We now use a geometric argument to prove Equation 2. Assume first that 6 lies between
0 and /2. Figure 2(a) shows a sector of a circle with center O, central angle 6, and
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CITV/AATTVED

D radius 1. BC is drawn perpendicular to OA. By the definition of radian measure, we have
arc AB = 6.Also |BC| = | OB|sin 6 = sin 6. From the diagram we see that
B
|BC| < |AB| < arc AB
1 E . sin 6
Therefore sno <6 SO 2 <1
6 Let the tangent lines at A and B intersect at E. You can see from Figure 2(b) that the
0 C A circumference of acircle is smaller than the length of a circumscribed polygon, and so
@ arc AB < |AE| + |EB]|. Thus
N, 6 = acAB < |AE| + |EB|
( A\ - < |AE| + |ED|
A = |AD| = |OA|tan 6
\ ) =tan 0
() (InAppendix F theinequality 6 < tan 0 isproved directly from the definition of the length
of an arc without resorting to geometric intuition as we did here.) Therefore we have
FIGURE 2 .
sin 6
<
cos 0
sin 6
SO cosf < o <1
We know that limy_o1 = 1andlimy_ocos 6§ = 1, so by the Squeeze Theorem, we have
. sné
lim —=1
6—07F 0
But the function (sin 6)/6 is an even function, so its right and left limits must be equal.
Hence, we have
sin
Hm——ﬁzzl
6—0 @
so we have proved Equation 2.
We can deduce the value of the remaining limit in [1] asfollows:
We multiply numerator and denomipato_r by - cosf—1 ) cos®—1 cosh+ 1 ) cos — 1
cos O + 1 in order to put the function in a form lim——— = Ilim . =lmMm—=
in which we can use the limits we know. 0=0 0 =0 0 cosf + 1 6—0 6 (cos 0 + 1)

. —sin®g _ sin @ sin
lim————— = —lim .
0—0 0 (cos O + 1) 6—0 0 cosfh+ 1

. sné . sin 6
—lim < lim
60 0 -0 COSH + 1

0 .
-1- (1 n 1) =0 (by Equation 2)
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Figure 3 shows the graphs of the function of
Example 1 and its derivative. Notice that

y’ = Owhenever y has a horizontal tangent.

5
e N
y y
—4 4
- J
-5
FIGURE 3

143
If we now put the limits [2] and [3] in [1], we get
L . _cosh—1 . . sinh
f'(x) =limsinx « lim——— + limcosx * lim——
h—0 h—0 h h—0 h—0 h
= (sinx) + 0 + (cosx) + 1 = cosx
So we have proved the formulafor the derivative of the sine function:
(4] g (sin x) = cos x
dx
I [E7XTIEN Differentiatey = x?sin x.
SOLUTION Using the Product Rule and Formula 4, we have
dy , d . . d .,
—_ = —_ + —_
i X ™ (sinx) + sinx i (x*)
= Xx2C0S X + 2Xsin X [

Using the same methods as in the proof of Formula 4, one can prove (see Exercise 20)
that

d .
[5] a(cosx)— —sin x

The tangent function can aso be differentiated by using the definition of a derivative,
but it is easier to use the Quotient Rule together with Formulas 4 and 5:

i(tanx)= d <sinx>

dx dx \ cos x

cosxi(sin X) — sinxi(cosx)
dx dx

cosX

COSX * COSX — SN X (—sin x)
cos

cos$X + sin’x
cos’X
1

T cox sec’
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(6] %(tan X) = sec’

The derivatives of the remaining trigonometric functions, csc, sec , and cot , can also be
found easily using the Quotient Rule (see Exercises 17-19). We collect all the differentia-

tion formulas for trigonometric functions in the following table. Remember that they are
valid only when x is measured in radians.

Derivatives of Trigonometric Functions
. d
o o — (sin Xx) = cos x — (csc x) = —csc x cot X
When you memorize this table, it is helpful dx dx
to notice that the minus signs go with the der- q q
ivatives of the “cofunctions,” that is, cosine, v — _q u _
cosecant, and cotangent. dx (COS X) sinx dx (SBC X) Sec x tan x
a (tan x) = sec g€ (cot x) = —csc?
dx dx
. . Sec X
SN[ Differentiatef(x) = Tt For what values of x does the graph of f
have a horizontal tangent? anx
SOLUTION The Quotient Rule gives
d d
(1 + tanx) — (secx) — secx — (1 + tanx)
F(x) = dx dx
(1 + tanx)?
~ (1 + tanx) sec X tan X — Sec X - sec’X
(1 + tan x)?
3
- ~ _secx(tanx + tan’x — secX)
j (1 + tan x)?
-3 5 _ secx(tanx — 1)
\ / (1 + tan x)?
N J
-3 In simplifying the answer we have used the identity tan’x + 1 = sec’.
FIGURE 4

Since sec x is never 0, we see that f'(x) = 0 when tan x = 1, and this occurs when
The horizontal tangentsin Example2 X = na + ar/4, where n is an integer (see Figure 4). [

Trigonometric functions are often used in modeling real-world phenomena. In particu-
lar, vibrations, waves, elastic motions, and other quantities that vary in a periodic manner

can be described using trigonometric functions. In the following example we discuss an
instance of simple harmonic motion.
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FIGURE 5
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FIGURE 6

Look for a pattern.

Notethat sin 7x # 7 sin x.

1 IETXTETE] Anobject at the end of avertical spring is stretched 4 cm beyond its rest
position and released at timet = 0. (See Figure 5 and note that the downward direction is
positive.) Its position at timet is

s = f(t) = 4 cost
Find the velocity and acceleration at time t and use them to analyze the motion of the
object.
SOLUTION The velocity and acceleration are

ds d d .
v _E_EMCOSD = 4E(cost) = —4sint

dv d . d .
a_a—a(—4smt) = —4E(snt) = —4cost

The object oscillates from the lowest point (s = 4 cm) to the highest point
(s = —4 cm). The period of the oscillation is 27, the period of cost.
The speed is |v| = 4| sint|, which is greatest when | sint| = 1, that is, when
cost = 0. So the object moves fastest as it passes through its equilibrium position
(s = 0). Itsspeed isOwhen sint = 0, that is, at the high and low points.
The accelerationa = —4 cost = Owhen s = 0. It has greatest magnitude at the high
and low points. See the graphsin Figure 6. [ |

Find the 27th derivative of cosx.

SOLUTION Thefirst few derivatives of f(x) = cosx are as follows:

f'(x) = —sinx
f"(x) = —cos x
f”(x) = sinx
f@(x) = cosx
fO(x) = —sinx

We see that the successive derivatives occur in acycle of length 4 and, in particular,
f™(x) = cosx whenever n is amultiple of 4. Therefore

f @ (x) = cosx
and, differentiating three more times, we have
f@)(x) = sinx [
Our main use for the limit in Equation 2 has been to prove the differentiation formula

for the sine function. But thislimit isalso useful in finding certain other trigonometric lim-
its, as the following two examples show.

... sSn
BN Find Ilrr(1J
X—>

X

SOLUTION In order to apply Equation 2, we first rewrite the function by multiplying and
dividing by 7:

sin7x _ 7(sin7x
4x 4\ 7x
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lim sin 7x —zlim sin 7x
x—0  4X 4 x—o0 7X
7. sSné 7 7
=—lim—=—:1=— _
4 0—0 0 4 4

'Vl EXAMPLE 6 | Calculatelingxcot X.

SOLUTION Here we divide numerator and denominator by X:

. . X COSX
limxcot x = lim—;
Xx—0 x—0 SN X
_ jim 05X _ lim cosx
x—0 SN X i sinx
x—0 X
cosO o ) )
= 1 (by the continuity of cosine and Equation 2)
-1 [
728 Exercises
1-16 Differentiate. 20. Prove, using the definition of derivative, that if f(x) = cosx,
1. f(x) = 3x> — 2cosx 2. f(x) = /x sinx then '(x) = —sinx.
3. f(x) = sinx + 3 cot x 4. y=2seCX — CCX 21-24 Find an eguation of the tangent line to the curve at the given
5. y=sech tanf 6. g(t) = 4sect + tant point.
7. y =ccost + t?sint 8. y=u(a cosu + b cotu) 2. y=scx  (7/3,2) 2. y={1+xcosx, (01)

X 23. y =cosx — sinx, (m—1) 24 y=x+tanx, (m m

9. y=—"——"" 10. y = sin6 cosf
y 2 — tanx y 0
sech CoS X 25. (a) Find an equation of the tangent line to the curve
n.f0)=—— 12.y=——— = 2x sinx at the poi 2
1+ sech 1— snx y = 2x sinx at the point (7/2, ).
(b) Hlustrate part (a) by graphing the curve and the tangent line

tsint 1— secx
13.y = " y=—"-2 on the same screen.

1+t tan x

26. (a) Find an equation of the tangent line to the curve
15. h(h) = fcsc § — cot 6 16. y = x*sinx tanx y = 3x + 6cosx at the point (m/3, 7 + 3).

A4 (b) lllustrate part (a) by graphing the curve and the tangent line
q on the same screen.
17. Provethata (Cﬂ: X) = —CSC X cot X. 27. (a) If f(X) = secx — X, find f/(X).
Ad  (b) Check to seethat your answer to part (a) is reasonable by
graphing both f and ' for | x| < /2.
28. (a) If f(x) = /xsinx, find f'(x).
(b) Check to see that your answer to part () is reasonable by
graphing both f and f’ for 0 < x < 2.

d
18. Prove that i (sec X) = sec x tan x.

M
K<

d
19. Prove thata (cot X) = —cse.

Graphing calculator or computer required 1. Horr!ework Hints available at stewartcalculus.com ]
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29. If H(6) = 6 sin, find H'(9) and H"(6).
30. If f(t) = csct, find f"(/6).

31. (a) Usethe Quotient Rule to differentiate the function

(b) Simplify the expression for f(x) by writing it in terms
of sinx and cos x, and then find f'(x).

(c) Show that your answers to parts (a) and (b) are
equivalent.

32. Supposef(7/3) = 4and f'(7/3) = —2, and let
g(x) = f(x) sinx and h(x) = (cosx)/f(x). Find

@ g'(7/3) (b) h'(/3)

33. For what values of x does the graph of f(x) = x + 2sinx
have a horizontal tangent?

34. Find the points on the curve y = (cos x)/(2 + sin x) at which

the tangent is horizontal.

35. A mass on a spring vibrates horizontally on a smooth

level surface (see the figure). Its equation of motion is

X(t) = 8sint, wheret isin seconds and x in centimeters.

(8 Find the velocity and acceleration at time't.

(b) Find the position, velocity, and acceleration of the mass
at timet = 27/3. In what direction is it moving at that

time?

equilibrium
position

0 X X
/9 36. An eastic band is hung on a hook and a mass is hung on the
lower end of the band. When the mass is pulled downward
and then released, it vibrates vertically. The equation of
motioniss = 2cost + 3sint,t = 0, where s is measured
in centimeters and t in seconds. (Take the positive direction
to be downward.)
(a) Find the velocity and acceleration at time't.
(b) Graph the velocity and acceleration functions.
(c) When does the mass pass through the equilibrium
position for the first time?
(d) How far from its equilibrium position does the mass
travel?
(e) When is the speed the greatest?

37. A ladder 10 ft long rests against a vertical wall. Let 6 be the
angle between the top of the ladder and the wall and let x be
the distance from the bottom of the ladder to the wall. If the

bottom of the ladder slides away from the wall, how fast does

x change with respect to 6 when 6 = 7/3?

[AM

A

147

38. An object with weight W is dragged along a horizontal plane
by aforce acting along a rope attached to the object. If the
rope makes an angle 6 with the plane, then the magnitude of
theforceis

_ W
©nsind + cosé

where u is a constant called the coefficient of friction.

(a) Find the rate of change of F with respect to 6.

(b) When is this rate of change equal to 0?

(c) If W= 501Iband u = 0.6, draw the graph of F as afunc-
tion of # and use it to locate the value of 6 for which
dF/d6 = 0. Isthe value consistent with your answer to
part (b)?

39-48 Find the limit.

. sin3x . sin4x
39. lim 40. lim—

x—0 x—0 SN 6X

. tané6t . cosf—1
4. lim— 42. lim——

t—0 Sin 2t 0—0 Sinf

. sin 3x . sin3x sin 5x
43, lim———— 44, im———————

x—0 5x% — 4x x—0 x?

. sing __sin(x?
45, lim— 46. |Im¥

6—0 0 + tan 6 x=0 X

. 1 - tanx . sin(x — 1)
47. lim — 48. lim

x—m/4 SINX — COSX x—1 X2+ X — 2

49-50 Find the given derivative by finding the first few deriva-
tives and observing the pattern that occurs.
9 35

49. 55 (sinx) 50.

(x sinx)

51. Find constants A and B such that the function
y = Asinx + B cosx satisfies the differential equation
y"+y' — 2y =snx.
. 1
52. (a) Evaluate lim x sin o
. o1
(b) Evaluate Img X sm;.
(c) Nlustrate parts (a) and (b) by graphing y = x sin(1/x).

53. Differentiate each trigonometric identity to obtain a new
(or familiar) identity.

sin x
(a) tanx = (b) secx =
COS X COS X
. 1 + cot x
(c) sinx + cosx = ———
CSC X
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15 COTV ATV

54. A semicircle with diameter PQ sits on an isosceles triangle 55. The figure shows a circular arc of length s and a chord of
PQR to form aregion shaped like a two-dimensional ice- length d, both subtended by a central angle 6. Find
cream cone, as shown in the figure. If A(6) is the area of the lim S
semicircle and B(6) is the area of the triangle, find gﬂl d

. A(9) s
lim =~ n
9—0t B(G) V
P 0
B(6) 7 X
56. Letf(x) = ———=.
10 cm 10cm v1-—cos2x . .
(a) Graph f. What type of discontinuity does it appear to
P have at 0?
(b) Calculate the left and right limits of f at 0. Do these
R values confirm your answer to part (a)?

IR The Chain Rule

Suppose you are asked to differentiate the function

Fx) = VX2 F 1

The differentiation formulas you learned in the previous sections of this chapter do not
enable you to calculate F'(x).
See Section 1.3 for a review of composite Observe that F is a composite function. In fact, if we let y = f(u) = /u and let
functions. u=g(x) = x? + 1, then we can write y = F(x) = f(g(x)), that is, F = f o g. We know
how to differentiate both f and g, so it would be useful to have arule that tells us how to
find the derivative of F = f o g in terms of the derivatives of f and g.

It turns out that the derivative of the composite function f o g is the product of the
derivativesof f andg. Thisfact isone of the most important of the differentiation rulesand
is caled the Chain Rule. It seems plausible if we interpret derivatives as rates of change.
Regard du/dx as the rate of change of u with respect to x, dy/du asthe rate of change of y
with respect to u, and dy/dx asthe rate of change of y with respect to x. If u changes twice
asfast as x and y changes three times as fast as u, then it seems reasonable that y changes
six times as fast as x, and so we expect that

dy _ dy du
dx du dx

The Chain Rule If g isdifferentiable at x and f is differentiable at g(x), then the
composite function F = f o g defined by F(x) = f(g(x)) is differentiable at x and
F' is given by the product

F'(x) = f'(g(x)) - g'(x)
In Leibniz notation, if y = f(u) and u = g(x) are both differentiable functions, then

dy _ dy du
dx du dx
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James Gregory COMMENTS ON THE PROOF OF THE CHAIN RULE Let Au be the change in u corresponding to
The first person to formulate the Chain Rule achange of Axinx, that is,
was the Scottish mathematician James Gregory
(1638—1675), who also designed the first practi- Au = g(x + Ax) — g(x)
cal reflecting telescope. Gregory discovered the
basic ideas of calculus at about the same time Then the corresponding changeiny is
as Newton. He became the first Professor of
Mathematics at the University of St. Andrews
and later held the same position at the Univer- Ay = f(u + Au) — f(u)
sity of Edinburgh. But one year after accepting . . .
that position he died at the age of 36. Itis tempting to write
d A
y _ lim 2y
dx a0 AX
. Ay Au
1] — lim L. 2
Ax—0 Au - AX
jim 2. i A
Ax—0 AU Ax—0 AX
— y i Au (Notethat Au — OasAx — 0
- AULO Au A)!TO Ax since g is continuous.)
_dy du
du dx
The only flaw in thisreasoning isthat in [ 1] it might happen that Au = O (even when
Ax # 0) and, of course, we can’t divide by 0. Nonetheless, this reasoning does at |east
suggest that the Chain Ruleistrue. A full proof of the Chain Ruleis given at the end of
this section. [

The Chain Rule can be written either in the prime notation

[2] (fog)(x) = f'(g(x) - g'(x)
or, if y = f(u) and u = g(x), in Leibniz notation:
dy _ dy du
[3] dx  du dx

Equation 3 is easy to remember becauseif dy/du and du/dx were quotients, then we could
cancel du. Remember, however, that du has not been defined and du/dx should not be
thought of as an actual quotient.

ETEEN Find F/(x) if F(x) = /X2 + 1.

SOLUTION 1 (using Equation 2): At the beginning of this section we expressed F as
F(x) = (fog)(x) = f(g(x)) wheref(u) = Ju and g(x) = x? + 1. Since

1
flu) =2uv2= Nl and  g¢'(x) = 2x

we have F'(x) = f'(g(x)) - g'(x)
1 X

sl X er1
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See Reference Page 2 or Appendix D.

SOLUTION 2 (using Equation 3): If weletu = x*> + 1andy = /u, then

dydu 1

1 X
du dx  2Ju (29 = 2/X2 + 1= X2 F1 —

When using Formula 3 we should bear in mind that dy/dx refers to the derivative of
y when y is considered as a function of x (called the derivative of y with respect to x),
whereas dy/du refers to the derivative of y when considered as a function of u (the deriva-
tive of y with respect to u). For instance, in Example 1, y can be considered as a function
of x (y = /X% + 1) and also as afunction of u (y = \/U) Note that

F'(x) =

dy X dy 1
L —F(x) = —— h L) =——
dx 9 Ser1 sy W 2\u

NOTE In using the Chain Rule we work from the outside to the inside. Formula 2 says
that we differentiate the outer function f [at the inner function g(x)] and then we multiply
by the derivative of the inner function.

d

J— ’ !
™ f (gx) = f (gx) - g
outer evaluated derivative evaluated derivative
function at inner of outer at inner of inner
function function function function

7 [E7EIFA Differentiate (a) y = sin(x?) and (b) y = sinéx.

SOLUTION
(a) If y = sin(x?), then the outer function is the sine function and the inner function is
the squaring function, so the Chain Rule gives

dy d

=— dn (x3) = cos (x3) - 2X
outer evaluated derivative evaluated derivative
function at inner of outer at inner of inner
function function function function
= 2x cos(x?)

(b) Note that sin’x = (sin x)2. Here the outer function is the squaring function and the
inner function is the sine function. So

dy d . .
d—=d—(sm X)) = 2 - (snx) - cOsX
X X — — —
inner derivative evauated derivative
function of outer at inner of inner
function function function

The answer can be left as2sin x cos x or written as sin 2x (by a trigonometric identity
known as the double-angle formula). [

In Example 2(a) we combined the Chain Rule with the rule for differentiating the sine
function. Ingenerd, if y = sin u, whereu isadifferentiable function of x, then, by the Chain
Rule,

dy _dydu _ ooodu
dx  dudx o Wdx

d . du

Thus a(smu)—cosua
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Inasimilar fashion, al of the formulasfor differentiating trigonometric functions can be
combined with the Chain Rule.

Let’s make explicit the special case of the Chain Rule where the outer function f isa
power function. If y = [g(x)]", then we can writey = f(u) = u" whereu = g(x). By using
the Chain Rule and then the Power Rule, we get

dy _dydu ., du_
ool L =n[g(x)]" *g'(x)

[4] The Power Rule Combined with the Chain Rule If n is any real number and
u = ¢g(x) is differentiable, then

d n — n—ld_u
dx (") = nu dx
Alternatively, dd_x [g(¥)]" = n[g(x)]"™" - g'(x)

Notice that the derivative in Example 1 could be calculated by taking n = 3 in Rule 4.

[E70ZTF] Differentiatey = (x® — 1),
SOLUTION Takingu = g(x) = x®* — L and n = 100 in 4], we have

dy _d 4 d
2= = (x* - 1 =100(x* - ¥ —— (x* — 1
it ) (x )" 5 X )
= 100(x® — 1)® - 3x2 = 300x2(x® — 1)*® ]
o 1
V| Find f'(x) if f(x) e ixil
SOLUTION First rewrite f: f(x) =(x>+x+ 1)7V3
’ _ 12 —4/3 d 2
Thus f'(x) = —3(x* +x + 1) a(x +x+1)
= =502+ x+ 1) ¥32x + 1) -

[E7ETE Find the derivative of the function

-2 9
g(t)=<2tt+1>

SOLUTION Combining the Power Rule, Chain Rule, and Quotient Rule, we get

i _of 12\ d [t=2
g0 = 9<2t+ 1) dt <2t+ 1)
o tm2 V¥ @+ -1-2t-2) 45t - 2)°
N\ 2t+1 (2t + 1) S o2+ )P
http://www.meetyourbrain.com - Ask/Answer Questions. Homework Help.

Copyright 2010 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s).
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.




Jneetyourbrain.com - Ask/Answer Questions. Homework Help.

o
N
[x]
=
=
g
E
o
N
=
=

STYTIE Differentiate y = (2x + 1)%(x® — x + 1)%

SOLUTION In this example we must use the Product Rule before using the Chain Rule:

The graphs of the functions y and y' in

Example 6 are shown in Figure 1. Notice that dy s d 5 . 3 . d c

y' is large when y increases rapidly and — =X+ D)X =x+ D)+ -x+ D) —2x+ 1)
: dx dx dx

y’ = 0 when y has a horizontal tangent. So

our answer appears to be reasonable.

=(2x+1)5-4(x3—x+1)3%(x3—x+1)

10

+(x3—x+1)“-5(2x+1)4%(2x+1)

=42x + 1°(x* = x + 1°3x* = 1) + 5(x* — x + 1)*2x + 1)* - 2

-2 1
y Noticing that each term has the common factor 2(2x + 1)*(x® — x + 1), we could
factor it out and write the answer as
-10
d
FIGURE 1 % =2(2x + 1)*(x® = x + 1)%(17x® + 6x% — 9x + 3) [

The reason for the name “Chain Rule” becomes clear when we make a longer chain by
adding another link. Suppose that y = f(u), u = g(x), and x = h(t), where f, g, and h are
differentiable functions. Then, to compute the derivative of y with respect to t, we use the
Chain Rule twice:

dy _dy dx _ dy du de
dt dx dt du dx dt

1 IETXTEEE] If f(x) = sin(cos(tan x)), then

f’(x) = cos(cos(tan x)) % cos(tan x)

cos(cos(tan x))[ —sin(tan x)] % (tan x)

—cos(cos(tan x)) sin(tan x) secx

Notice that we used the Chain Rule twice. [

2.G\HAS Differentiate y = +/sec x3.

SOLUTION Here the outer function is the square root function, the middle function is the
secant function, and the inner function is the cubing function. So we have

dy _ ! d (sec x®)

dx 24/sec x3 dx

_ sec x3 tan x3 g (x3)
2./sec x?3 dx
3x2sec x° tan x3

B 2.+/sec x?®
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N How to Prove the Chain Rule
Recall that if y = f(x) and x changes from ato a + AXx, we define the increment of y as

Ay = f(a + Ax) — f(a)
According to the definition of a derivative, we have

Ay .,
Jim o =@

So if we denote by ¢ the difference between the difference quotient and the derivative,

we obtain
1 — H Ay ! — f/ _ ! —
Alem0 e = AIX@o(AX f (a)) =f'a) —f'(a) =0
Ay
But e = Ax "(a) > Ay = f'(a) Ax + £ AX

If we define e to be 0 when Ax = 0, then & becomes a continuous function of Ax. Thus, for
a differentiable function f, we can write

(5] Ay =f'(@a) Ax + e Ax  where £—0 as Ax—0

and ¢ is a continuous function of Ax. This property of differentiable functions is what
enables us to prove the Chain Rule.

PROOF OF THE CHAIN RULE Suppose u = g(x) is differentiable at a and y = f(u) is differ-
entiable at b = g(a). If Ax is an increment in x and Au and Ay are the corresponding
increments in u and y, then we can use Equation 5 to write

(6] Au = g'(a) AX + &1 Ax = [g'(a) + &;1] AX
where &; — 0.as Ax — 0. Similarly
Ay = f'(b) Au + &, Au = [f'(b) + &2] Au

where g, — 0 as Au — 0. If we now substitute the expression for Au from Equation 6
into Equation 7, we get

Ay = [f'(b) + e2][g'(@) + &1] Ax

so L~ 111 + exllg'@ + ]
As Ax — 0, Equation 6 shows that Au — 0. So both &; — 0 and &, — 0 as Ax — 0.
Therefore
X~ jim 2~ im [10) + ex]lg/@ + ]
=f'(b)g'(a) = f'(9(a)g'(a)
This proves the Chain Rule. [ |

http://www.meetyourbrain.com - Ask/Answer Questions. Homework Help.

Copyright 2010 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s).
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.



1-6 Write the composite function in the form f(g(x)).
[Identify the inner function u = g(x) and the outer function

kR Alwwmeetyourbrain.com - Ask/Answer Questions. Homework Help.

15 CITV/AATTVED

y = f(u).] Then find the derivative dy/dx.

1
3
5

Ly =4J1+ 4x 2
.y = tan mx 4
.y = 4/sinX 6

47-50 Find the first and second derivatives of the function.

7-46 Find the derivative of the function.

1.

9.

1.

13.
15.
17.
18.
19.

21.

23.

25.

21.

29.

31.

33.

35.

317.
39.
a.

43.

45

F(x) = (x* + 3x? — 2)° 8.
F(x) = V1 — 2x 10.
1

f(z) = 12.
(2) z2+1

y = cos(@® + x?) 14

y = X sec kx 16.

f(x) = (2x — 3)*(x?> + x + 1)°

9(x) = (¢ + 170 + 2

h(t) = (t + 1)?3(2t> — 1)°* 20
o (x2+1Y 2

y x2—1

y = sin(x cos X) 24.

z—1

F(z) = p—) 26.
S 28

y Jrz+1 '

y = siny/1 + x2 30.

y = sin(tan 2x) 32.

y = sec’ + tan’x 34.

1 - cos2x \'

=|—)- 36.

y (1 + cos 2x)

y = cot?(sin 6) 38

y=[x*+(1-3x° 40

y =X+ Jx 2

g(x) = (2rsinrx + n)? 44

. Yy = c0s+/sin(tan rx) 46

47. y = cos(x?) 48. y = cos’x
= (2x3 + 5)* 49. H(t) = tan 3t 50. y = ax
-y VX +1
.y = sin(cot x)
.y =sin VX 51-54 Find an equation of the tangent line to the curve at the given
point.
51. y = (1 + 2x)*, (0,1) 52 y =1+ x3 (2,3)
F(X) = (4x — x?)1® 53. y = sin(sinx), (, 0) 54. y = sinx + sin’, (0, 0)
f(x) = (1 + sec x)? 55. (a) Find an equation of the tangent line to the curve
\ y = tan(wx%/4) at the point (1, 1).
f(t) =1 + tant i (b) Nlustrate part (a) by graphing the curve and the tangent line
on the same screen.
.y =a® + cos’x )
56. (a) The curvey = |x|/y/2 — x2 is called a bullet-nose curve.
y = 3cotné Find an equation of the tangent line to this curve at the
point (1, 1).
A (b) Hlustrate part (a) by graphing the curve and the tangent line
on the same screen.
— _ 4 -3
FO =@t -1+ 57. (a) If F(x) = xv/2 — X2, find £'(x).
s+ 1 A (b) Check tp see that your answer to part (a) is reasonable by
. f(s) = 71 comparing the graphs of f and f'
Flx) — X 58. The function f(x) = sin(x + sin 2x), 0 < x < 7, arises in
(x) = /7 — 3x applications to frequency modulation (FM) synthesis.
(a) Use a graph of f produced by a graphing device to make a
G(y) = (y-1* rough sketch of the graph of f".
y (y? + 2y)° (b) Calculate f'(x) and use this expression, with a graphing
- €0 77X device, to graph f’ Compare with your sketch in part (a).
sin X + cos X 59. Find all points on the graph of the function
. f(x) = 25sin x + sin® at which the tangent line is horizontal.
v
Fl) = <1}3+1> 60. Find the x-coordinates of all points on the curve
y = sin 2x — 2sin x at which the tangent line is horizontal.
= sec’(mo
y (mé) B1. I F(x) = f(g(x), where f(—2) = 8, f/(—2) = 4, f'(5) = 3,
y = xsin 1 g(5) = —2,and ¢'(5) = 6, find F'(5).
X 62. Ifh(x) = /& + 3f(x), where f(1) = 7and f'(1) = 4,
[t find h'(1).
f() = /75—
® t?+4 63. A table of values for f, g, f’, and ¢’ is given.

.y =(ax + Xz +b2)?
.y = sin(sin(sin x))

Y = VX X X
.y = cos*(sin®x)

.y =[x + (x + sin?x)*]*

Graphing calculator or computer required

Computer algebra system required

x | f00 | g0 | )| g0
1 3 2 4 6
2 1 8 5 7
3 7 2 7 9

@) If h(x) = f(g(x)), find h'(1).
(b) If H(x) = g(f(x)), find H'(1).

1. Homework Hints available at stewartcalculus.com
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64.

65.

66.

67.

68.

69.

10.

n.

172,

73-74 Find the given derivative by finding the first few derivatives
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Let f and g be the functions in Exercise 63.
@ If F(x) = f(f(x)), find F'(2).
(b) If G(x) = g(g(x)), find G'(3).

If f and g are the functions whose graphs are shown, let
u(x) = f(g(x)), »(x) = g(f(x)), and w(x) = g(g(x)). Find each
derivative, if it exists. If it does not exist, explain why.

(@ u'(n) (b) v'(D) (©) w'(1)
y
N
AVANEE
0 ! X

If f isthe function whose graph is shown, let h(x) = f(f(x))
and g(x) = f(x?). Use the graph of f to estimate the value
of each derivative.

@ h' () g'(2)
y 1]
y=fw!/
R\
—1
0 ‘1 Xl

If g(x) = /f(x), where the graph of f is shown, evaluate g'(3).
y

—1

0 X|

Suppose f isdifferentiable on R and « isarea number.
Let F(x) = f(x*) and G(x) = [ f(x)]*. Find expressions
for (a) F'(x) and (b) G'(x).

Let r(x) = f(g(h(x))), whereh(1) = 2, ¢(2) = 3, h'(1) = 4,

g'(2) =5,and f'(3) = 6. Find r'(2).

If g isatwice differentiable function and f (x) = xg(x?), find
f”intermsof ¢, ¢’, and g".

If F(x) = f(3f(4f(x))), wheref(0) = 0and f'(0) = 2,

find F’(0).

If F(x) = f(xf(xf(x))), wheref(1) = 2,f(2) = 3,f'(1) = 4,
f'(2) = 5,and f'(3) = 6, find F'(1).

and observing the pattern that occurs.

13.

D% cos 2x 74. D® x sin mx

15.

76.

71.

18.

19.

80.

CAS| 81.

The displacement of a particle on a vibrating string is given by
the equation s(t) = 10 + ; sin(107t) where's is measured in
centimeters and t in seconds. Find the velocity of the particle
after t seconds.

If the equation of motion of a particleis given by

s = A cos(wt + §), the particleis said to undergo simple
harmonic motion.

(a) Find the velocity of the particle at time't.

(b) When is the velocity 0?

A Cepheid variable star is a star whose brightness aternately
increases and decreases. The most easily visible such star is
Delta Cephei, for which the interval between times of maxi-
mum brightness is 5.4 days. The average brightness of this star
is 4.0 and its brightness changes by +0.35. In view of these
data, the brightness of Delta Cephei at timet, wheret is mea-
sured in days, has been modeled by the function

. [ 27t
=40+0. —
B(t) = 4.0 0355m< 54 )
(8 Find the rate of change of the brightness after t days.
(b) Find, correct to two decimal places, the rate of increase
after one day.

In Example 4 in Section 1.3 we arrived at a model for the
length of daylight (in hours) in Philadelphia on the tth day of
the year:

| 27
L(t) =12 + 2.8 Sn|:365(t - 80):|

Use this model to compare how the number of hours of day-
light isincreasing in Philadelphia on March 21 and May 21.

A particle moves along a straight line with displacement s(t),
velocity v(t), and acceleration a(t). Show that

at) = o(t) %

Explain the difference between the meanings of the derivatives
dv/dt and dv/ds.

Air is being pumped into a spherical weather balloon. At any
time t, the volume of the balloon is V(t) and its radiusis r(t).
(8 What do the derivatives dV/dr and dV/dt represent?

(b) Express dV/dt in terms of dr/dt.

Computer algebra systems have commands that differentiate
functions, but the form of the answer may not be convenient
and so further commands may be necessary to simplify the
answer.

(a) Use a CASto find the derivative in Example 5 and
compare with the answer in that example. Then use the
simplify command and compare again.

(b) Use a CAS to find the derivative in Example 6. What hap-
pensif you use the simplify command? What happens if
you use the factor command? Which form of the answer
would be best for locating horizontal tangents?
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82. (a) Use a CAS to differentiate the function 87. Use the Chain Rule to show that if 6 is measured in degrees,
then
X' —x+1 d ™
0=\ ixr1 ag 5% = 1gg c80
and to simplify the result. (This gives one reason for the convention that radian mea-
(b) Where does the graph of f have horizontal tangents? sure is always used when dealing with trigonometric func-
(c) Graph f and f’ on the same screen. Are the graphs con- tions in calculus: The differentiation formulas would not be
sistent with your answer to part (b)? as simple if we used degree measure.)
83. Use the Chain Rule to prove the following. _ 88. (a) Write |x| = /x2 and use the Chain Rule to show that
(a) The derivative of an even function is an odd function.
(b) The derivative of an odd function is an even function. d x| X
x| =
84. Use the Chain Rule and the Product Rule to give an dx X|
alternative proof of the Quotient Rule. ) ] /
[Hint: Write f(x)/g(x) = f(x)[g(x)]—ll] (b) If f(x) = |sin x| find f.(x) anq sketch the graphs of f
) o and f'. Where is f not differentiable?
85. (a) If nis a positive integer, prove that (c) If g(x) = sin | x|, find g'(x) and sketch the graphs of g
d and g'. Where is g not differentiable?
— (sin"x cos nx) = nsin"*x cos(n + 1)x o
dx 89. If y = f(u) and u = g(x), where f and g are twice differen-
(b) Find a formula for the derivative of y = cos"x cos nx tiable functions, show that
that is similar to the one in part (a). d2y - d2y du 2 N dy d2u
86. Suppose y = f(x) is a curve that always lies above the dx2  du? \ dx du dx?
x-axis and never has a horizontal tangent, where f is differ-
entiable everywhere. For what value of y is the rate of 90. Ify = f(u) and u = g(x), where f and g possess third deriv-
change of y® with respect to x eighty times the rate of atives, find a formula for d®y/dx? similar to the one given in
change of y with respect to x? Exercise 89.
WHERE SHOULD A PILOT START DESCENT?
An approach path for an aircraft landing is shown in the figure and satisfies the following
y 4 HH .
- 4 conditions:
a2
(i) The cruising altitude is h when descent starts at a horizontal distance ¢ from touch-
down at the origin.
y=P(x) " (ii) The pilot must maintain a constant horizontal speed » throughout descent.
(iii) The absolute value of the vertical acceleration should not exceed a constant k (which
is much less than the acceleration due to gravity).
0 ¢ | X 1. Find a cubic polynomial P(x) = ax® + bx? + cx + d that satisfies condition (i) by

imposing suitable conditions on P(x) and P'(x) at the start of descent and at touchdown.

2. Use conditions (ii) and (liii) to show that

6hv?

7sk

3. Suppose that an airline decides not to allow vertical acceleration of a plane to exceed
k = 860 mi/h If the cruising altitude of a plane is 35,000 ft and the speed is 300 mi/h,
how far away from the airport should the pilot start descent?

A 4. Graph the approach path if the conditions stated in Problem 3 are satisfied.

Graphing calculator or computer required
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m Implicit Differentiation

FIGURE 1

xX*+y?=6xy

FIGURE 2 The folium of Descartes

The functions that we have met so far can be described by expressing one variable explic-
itly in terms of another variable—for example,

y=x2+1 or y = xsin x

or, in general, y = f(x). Some functions, however, are defined implicitly by a relation
between x and y such as

(1] x?+y?=25
or
(2] x% + y® = 6xy

In some cases it is possible to solve such an equation for y as an explicit function (or sev-
eral functions) of x. For instance, if we solve Equation 1 for y, we gety = +/25 — x2,
so two of the functions determined by the implicit Equation | are f(x) = /25 — x? and
g(x) = —+/25 — x2. The graphs of f and g are the upper and lower semicircles of the
circle x*> + y? = 25. (See Figure 1.)

N N ]
L/

(a) x*+y*=25 (b) f(x)= \/25 —x? ) gx)= —\/25 —x?

It’s not easy to solve Equation 2 for y explicitly as a function of x by hand. (A com-
puter algebra system has no trouble, but the expressions it obtains are very complicated.)
Nonetheless, is the equation of a curve called the folium of Descartes shown in
Figure 2 and it implicitly defines y as several functions of x. The graphs of three such func-
tions are shown in Figure 3. When we say that f is a function defined implicitly by Equa-
tion 2, we mean that the equation

X3+ [f(X)]° = 6xf(X)
is true for all values of x in the domain of f.

y y y

A~

AN
FIGURE 3 Graphs of three functions defined by the folium of Descartes
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Fortunately, we don’t need to solve an equation for y in terms of x in order to find the
derivative of y. Instead we can use the method of implicit differentiation. This consists
of differentiating both sides of the equation with respect to x and then solving the result-
ing equation for y’. In the examples and exercises of this section it is always assumed that
the given equation determines y implicitly as a differentiable function of x so that the
method of implicit differentiation can be applied.

(a) 1£x? + y? — 25, find &

&.
(b) Find an equation of the tangent to the circle x? + y? = 25 at the point (3, 4).

SOLUTION 1
(a) Differentiate both sides of the equation x? + y? = 25:

d , »n_d
Oy = - (25)
d , . d
J— + — 2\ —
) () =0

Remembering that y is a function of x and using the Chain Rule, we have

a4y, Y
OIX(y)—dy(y)dx ZydX
dy
+ —_—
Thus 2X + 2y ™ 0
Now we solve this equation for dy/dx:
dy _ _x
dx y

(b) At the point (3, 4) we have x = 3and y = 4, so

dy _ 3
dx 4
An equation of the tangent to the circle at (3, 4) is therefore

y—4=—3(x—3) or 3x+4y=25

SOLUTION 2

(b) Solving the equation x® + y? = 25, we gety = +./25 — x2. The point (3, 4) lies on
the upper semicircle y = /25 — x2 and so we consider the function f(x) = /25 — x2.
Differentiating f using the Chain Rule, we have

f'(x) = 5(25 — xz)*/Z% (25 — x?)

X

1 — y2)-1/2(_ - __
2(25 — x%)"V4(=2x) N
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Example 1 illustrates that even when it is
possible to solve an equation explicitly for y in
terms of X, it may be easier to use implicit

differentiation.

(3.3)

FIGURE 4
4
s A\
J
0 4
FIGURE 5

3 3
So f) = ——rmm—m——=—
®) 25 — 32 4

and, as in Solution 1, an equation of the tangent is 3x + 4y = 25. [ |

NOTE 1 The expression dy/dx = —x/y in Solution 1 gives the derivative in terms of
both x and y. It is correct no matter which function y is determined by the given equation.
For instance, fory = f(x) = v/25 — x? we have

dy _ x_ X

dx y /25 — x?

whereas fory = g(x) = —/25 — x2 we have

d_y_ X X X

dx y__—\/25—x2=\/25—x2

VI EXAMPLE 2.

(@) Findy’ if x* + y* = 6xy.

(b) Find the tangent to the folium of Descartes x* + y* = 6xy at the point (3, 3).
(c) At what point in the first quadrant is the tangent line horizontal?

SOLUTION

(a) Differentiating both sides of x* + y* = 6xy with respect to x, regarding y as a func-
tion of x, and using the Chain Rule on the term y* and the Product Rule on the term 6xy,
we get

3x% + 3y?y’ = 6xy’ + 6y
or X2+ y2y' = 2xy’ + 2y
We now solve for y': yly' —2xy' =2y — x?

(y* = 20y" = 2y — x*

,_y—-x
y Cy?—2x
(b) When x =y = 3,
,_2-3—32__1
Y T 23

and a glance at Figure 4 confirms that this is a reasonable value for the slope at (3, 3). So
an equation of the tangent to the folium at (3, 3) is

y—3=-1x—-13) or X+y==6

(c) The tangent line is horizontal if y’ = 0. Using the expression for y’ from part (a),
we see that y’ = 0 when 2y — x2 = 0 (provided that y> — 2x # 0). Substituting y = 3 x?
in the equation of the curve, we get

x* + (3x%)° = 6x(2x?)

which simplifies to x® = 16x3. Since x # 0 in the first quadrant, we have x® = 16. If

X = 163 = 2*3 theny = 3(2%®) = 2°°. Thus the tangent is horizontal at (243, 2°?),
which is approximately (2.5198, 3.1748). Looking at Figure 5, we see that our answer

is reasonable. [ |
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Abel and Galois

NOTE 2 There is a formula for the three roots of a cubic equation that is like the quad-
ratic formula but much more complicated. If we use this formula (or a computer algebra
system) to solve the equation x® + y* = 6xy for y in terms of x, we get three functions
determined by the equation:

\3/—%X3 + Vix5

y=1(x = —8x® + V—1xt— /Ix" - 8x®

and

y=i[-f00 = V375 + Vi —xs — V=2 — Vix — 8x )]

The Norwegian mathematician Niels Abel

proved in 1824 that no general formula can be
given for the roots of a fifth-degree equation in
terms of radicals. Later the French mathematician

(These are the three functions whose graphs are shown in Figure 3.) You can see that the
method of implicit differentiation saves an enormous amount of work in cases such as this.
Moreover, implicit differentiation works just as easily for equations such as

Evariste Galois proved that it is impossible to find

a general formula for the roots of an nth-degree

y® + 3x%y? 4+ 5x* =12

equation (in terms of algebraic operations on the

coefficients) if n is any integer larger than 4.

for which it is impossible to find a similar expression for y in terms of x.

[T Find y’ if sin(x + y) = y?cos x.

SOLUTION Differentiating implicitly with respect to x and remembering that y is a func-
tion of x, we get

cos(x +y) + (L +y') = y4(—sinx) + (cos x)(2yy’)

(Note that we have used the Chain Rule on the left side and the Product Rule and Chain

Rule on the right side.) If we collect the terms that involve y’, we get

cos(x + y) + y?sin x = (2y cos X)y’ — cos(x + y) -y’

-2 2 S , _y’sinx + cos(x +y)
° y 2y cos X — cos(x + y)
Figure 6, drawn with the implicit-plotting command of a computer algebra system,
- shows part of the curve sin(x + y) = y?cos x. As a check on our calculation, notice that
y' = —1when x =y = 0 and it appears from the graph that the slope is approximately
FIGURE 6 —1 at the origin. [ |

Figures 7, 8, and 9 show three more curves produced by a computer algebra system with
an implicit-plotting command. In Exercises 41-42 you will have an opportunity to create
and examine unusual curves of this nature.

3 6 9

C

B

7]

S

25

Ji

T \\\\\% Senllfise

Y-y —4) =22 —4) in(xy) = x> — ysin 3x = xcos 3y

( —1)s
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The following example shows how to find the second derivative of a function that is

defined implicitly.

Find y” if x* + y* = 16.
SOLUTION Differentiating the equation implicitly with respect to x, we get

Solving for y’ gives

3]

Figure 10 shows the graph of the curve

x* + y* = 16 of Example 4. Notice that it's
a stretched and flattened version of the circle
x2 4+ y? = 4. For this reason it's sometimes

called a fat circle. It starts out very steep on the .

left but quickly becomes very flat. This can be y = &

seen from the expression

simplifies to

4x% + 4ydy' =0

To find y” we differentiate this expression for y" using the Quotient Rule and remember-
ing that y is a function of x:

3

_X_3> Y /A00) — X (d/d0(y?)
y

- y3 . 3X2 _ X3(3y2y/)

(y%y?

6

y

If we now substitute Equation 3 into this expression, we get

3x2y® — 3x3y2<—x—3>
y3

6

y

3¢y +x%) Ayt +xY)

7

y’ B y

But the values of x and y must satisfy the original equation x* + y* = 16. So the answer

3x?(16 x?
FIGURE 10 "= —# = —48 — _—
y y
m Exercises
1-4 7.x2+xy —y2=4 8 2x°+ x%y —xy® =2
(a) Find y’ by implicit differentiation. . o, s os .
(b) Solve the equation explicitly for y and differentiate to get y’ in 9. x(x +y) =y B —y) 10. y* + x7y* =1+ XYy
terms of x. 1. ycosx = x? + y? 12. cos(xy) =1 + siny
(c) Check that your solutions to parts (a) and (b) are consistent by L s on
substituting the expression for y into your solution for part (a). 13- 4cosxsiny =1 1.y sin(x®) = x sin(y®)
— — 2,2
1o —y2=1 2 2+ x4+ xy=1 15. tan(x/y) = x +y 16. x +y =1+ x%
11 17. Jxy =1 + x% 18. xsiny +ysinx=1
3. +—=1 4. cosx + 4y =5 _ y
Xy 19. ycos x = 1 + sin(xy) 20. tan(x — y) = 5
1+x
5-20 Find dy/dx by implicit differentiation. 21. If f(x) + x*[f(x)]* =10and f(1) = 2, find f'(1).
5 x3+yi=1 6. 2vX +y =3 22. If g(x) + xsin g(x) = x2, find ¢'(0).

Graphing calculator or computer required

Computer algebra system required

1. Homework Hints available at stewartcalculus.com
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23-24 Regard y as the independent variable and x as the depend- 39. If xy + y® = 1, find the value of y” at the point where x = O.

ent variable and use implicit differentiation to find dx/dy. ] )
40. If x* + xy + y* = 1, find the value of y” at the point where
23 xy? — x% 4+ 2xy* =0 24. ysecx = xtany X =1

#1. Fanciful shapes can be created by using the implicit plotting
capabilities of computer algebra systems.
(a) Graph the curve with equation

y(y? = Dy = 2) =x(x = )(x — 2

26. sin(x +y)=2x — 2y, (m, m ) ] )

) ) ) At how many points does this curve have horizontal
2. X +xy+y* =3 (L1 (elipse) tangents? Estimate the x-coordinates of these points.
2. x>+ 2xy —y>*+x=2 (1,2 (hyperbola) (b) Find equations of the tangent lines at the points (0, 1)

25-32 Use implicit differentiation to find an equation of the tan-
gent line to the curve at the given point.

25. ysin2x = xcos2y, (m/2, m/4)

and (0, 2).
2 2 2 2 _ 2 2/3 2/3
2. X Jlr =@+ 2y" = %7 30 x4y 4 (c) Find the exact x-coordinates of the pointsin part (a).
(0, 5) (—3\/5, 1) (d) Create even more fanciful curves by modifying the equa-
(cardioid) (astroid) tion in part (a).

Y ; 42. (a) The curve with equation
2y +y? —yS=x4—2x*+ x?
x 0 g X has been likened to a bouncing wagon. Use a computer
agebra system to graph this curve and discover why.
(b) At how many points does this curve have horizontal

tangent lines? Find the x-coordinates of these points.
31. 2(x? + y?)? = 25(x2 — y?) 32. y(y? — 4) =x*3(x2 - 5)
@1 (0, -2
(lemniscate) (devil’s curve)

43. Find the points on the lemniscate in Exercise 31 where the
tangent is horizontal.

44. Show by implicit differentiation that the tangent to the ellipse

f\yb\ y
XZ y2
PO
0 X .
at the point (Xo, Yo) iS

XoX Yoy _

a? b? 1
33. (@) The curve with equation y2 = 5x* — x2iscalled a 45. Find an equation of the tangent line to the hyperbola
kampyle of Eudoxus. Find an equation of the tangent ) )
line to this curve at the point (1, 2). sz _ LZ -1
A4 (b) lllustrate part (a) by graphing the curve and the tangent a b

line on a common screen. (If your graphing device will
graph implicitly defined curves, then use that capability.
If not, you can still graph this curve by graphing its upper 46. Show that the sum of the x- and y-intercepts of any tangent
and lower halves separately.) lineto the curve /x + +/y = /¢ isequal toc.
34. (a) The curve with equation y? = x® + 3x?is called the
Tschirnhausen cubic. Find an equation of the tangent
line to this curve at the point (1, —2).
(b) At what points does this curve have horizontal tangents?
Ao Ilustrate parts (a) and (b) by graphing the curve and the 48. The Power Rule can be proved using implicit differentiation
tangent lines on a common screen. for the case where n is arational number, n = p/q, and
] T o y = f(x) = x" is assumed beforehand to be a differentiable
35-38 Find y” by implicit differentiation. function. If y = x4, then y = xP. Use implicit differentia-
3 92 +y’=09 3. VX +Vy =1 tion to show that

3. x3+yi=1 38 x‘+y*=a’ y = 2 oo

at the point (Xo, Yo).

47. Show, using implicit differentiation, that any tangent line at
apoint P to acircle with center O is perpendicular to the
radius OP.

q
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49-52 Two curves are orthogonal if their tangent lines are
perpendicular at each point of intersection. Show that the given
families of curves are orthogonal trajectories of each other; that
is, every curve in one family is orthogonal to every curve in the
other family. Sketch both families of curves on the same axes.

49. x> +y?2=r% ax+by=0
50. x>+ y?=ax, x?+y?=hy
5. y =cx? X2+ 2y2=k

52y =ax® x?+3y’=h

53. Show that the ellipse x%/a? + y%b? = 1 and the hyperbola
x?/A* — y%/B? = 1 are orthogonal trajectories if A> < a? and
a? — b% = A% + B?(so the elipse and hyperbola have the
same foci ).

54. Find the value of the number a such that the families of
curvesy = (x + ¢) tandy = a(x + k)V/® are orthogonal
trajectories.

55. (&) Thevan der Waals equation for n moles of agasis

<P + nza)(v ~nb) = nRT

V2

where P is the pressure, V is the volume, and T is the tem-
perature of the gas. The constant R is the universal gas
constant and a and b are positive constants that are charac-
teristic of a particular gas. If T remains constant, use
implicit differentiation to find dV/dP.

(b) Find the rate of change of volume with respect to pressure
of 1 mole of carbon dioxide at avolume of V = 10 L and
apressure of P = 2.5 atm. Usea = 3.592 L?-atm/mole?
and b = 0.04267 L /mole.

56. (8) Useimplicit differentiation to find y’ if
X2+ xy +y*+1=0.

CAS

57.

58.

59.

60.

61.

62.

(b) Plot the curve in part (a). What do you see? Prove that
what you see is correct.

(c) Inview of part (b), what can you say about the expression
for y' that you found in part (a)?

The equation x* — xy + y? = 3 represents a “rotated €llipse,”
that is, an ellipse whose axes are not parallel to the coordinate
axes. Find the points at which this ellipse crosses the x-axis
and show that the tangent lines at these points are parallel.

(@) Where does the normal line to the ellipse
X2 — Xy + y? = 3 at the point (—1, 1) intersect the ellipse
a second time?

(b) lustrate part (a) by graphing the ellipse and the normal
line.

Find all points on the curve x?y? + xy = 2 where the slope of
the tangent line is — 1.

Find equations of both the tangent lines to the ellipse
x? + 4y? = 36 that pass through the point (12, 3).

The Bessel function of order 0, y = J(x), satisfies the differ-
ential equation xy” + y’ + xy = O for all values of x and its
valueat 0isJ(0) = 1.

(& Find J'(0).

(b) Use implicit differentiation to find J"(0).

The figure shows alamp located three units to the right of
the y-axis and a shadow created by the elliptical region
x? + 4y? < 5. If the point (=5, 0) is on the edge of the
shadow, how far above the x-axis is the lamp located?

y

=l
/k/////// \//‘ |
\

-5 0 J 3 X
/

x>+ 4y = \5\\"”‘”’*—/’

—

FAMILIES OF IMPLICIT CURVES

Computer algebra system required

In this project you will explore the changing shapes of implicitly defined curves as you vary the
constants in a family, and determine which features are common to al members of the family.

1. Consider the family of curves
y? — 2x%(x + 8) = c[(y + D*(y + 9) — x?]

(a) By graphing the curves with ¢ = 0 and ¢ = 2, determine how many points of inter-
section there are. (You might have to zoom in to find all of them.)

(b) Now add the curves with ¢ = 5 and ¢ = 10 to your graphsin part (a). What do you
notice? What about other values of c?
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2. (a) Graph several members of the family of curves
X2+ y?+oxy?=1

Describe how the graph changes as you change the value of c.

(b) What happens to the curve when ¢ = —17? Describe what appears on the screen.
Can you prove it algebraically?
(c) Findy’ by implicit differentiation. For the case c = —1, is your expression for y’

consistent with what you discovered in part (b)?

m Rates of Change in the Natural and Social Sciences

mp, = average rate of change

m = f'(x,) = instantaneous rate

FIGURE 1

of change

Weknow that if y = f(x), then the derivative dy/dx can beinterpreted astherate of change
of y with respect to x. In this section we examine some of the applications of thisideato
physics, chemistry, biology, economics, and other sciences.

Let’'srecall from Section 2.1 the basic idea behind rates of change. If x changes from x;
to x», then the changein x is

AX = X2 — X1
and the corresponding changeiny is

Ay = f(x2) — f(x1)
The difference quotient

Ay fxe) = flx)

AX X2 — X1

is the average rate of change of y with respect to x over the interval [x;, X2 ] and can be
interpreted as the slope of the secant line PQ in Figure 1. Itslimit as Ax — 0O isthe deriva-
tive f’(x1), which can therefore be interpreted as the instantaneous rate of change of y
with respect to x or the slope of thetangent line at P(x4, f(x1)). Using Leibniz notation, we
write the processin the form

dy _ . AY
dx _AI:TO AX

Whenever the function y = f(x) has a specific interpretation in one of the sciences, its
derivative will have a specific interpretation as arate of change. (As we discussed in Sec-
tion 2.1, the units for dy/dx are the units for y divided by the units for x.) We now look at
some of these interpretationsin the natural and social sciences.

I Physics

If s = f(t) isthe position function of aparticle that ismoving in astraight line, then As/At
represents the average velocity over atime period At, and » = ds/dt represents the instan-
taneous velocity (the rate of change of displacement with respect to time). The instanta-
neous rate of change of velocity with respect to time is acceleration: a(t) = »'(t) = s"(t).
This was discussed in Sections 2.1 and 2.2, but now that we know the differentiation for-
mulas, we are able to solve problems involving the motion of objects more easily.
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7 IETXTZEN The position of a particle is given by the equation
s=f(t) =1t3— 6t2+ ot

wheret is measured in seconds and s in meters.

() Find the velocity at timet.

(b) What isthe velocity after 2 s? After 4 s?

(c) When isthe particle at rest?

(d) When is the particle moving forward (that is, in the positive direction)?
(e) Draw adiagram to represent the maotion of the particle.

(f) Find the total distance traveled by the particle during the first five seconds.
(9) Find the acceleration at timet and after 4 s.

(h) Graph the position, velocity, and acceleration functionsfor 0 <t < 5.
(i) When isthe particle speeding up? When is it slowing down?

SOLUTION

(@) The velocity function is the derivative of the position function.

s=1f(t)=1t®— 6t>2+ ot

ds
t)=—=3t"- 12t + 9
u(t) at

(b) The velocity after 2 s means the instantaneous velocity whent = 2, that is,

v(2) = % - 327 - 12(2) + 9= —-3m/s

The velocity after 4 sis
v(4) =3(4)?%—12(4) + 9=9m/s

(c) The particleis at rest when »(t) = 0, that is,
M2 —12t+9=3t*—4t+3)=3t—- 1Dt —-3)=0

and thisistruewhent = 1 ort = 3. Thusthe particleis at rest after 1 sand after 3 s.
(d) The particle moves in the positive direction when »(t) > 0, that is,

M2 —12t+9=3¢t—1{t—3)>0

Thisinequality is true when both factors are positive (t > 3) or when both factors are
negative (t < 1). Thus the particle moves in the positive direction in the time intervals
t<landt > 3. It moves backward (in the negative direction) when 1 <t < 3.

(e) Using the information from part (d) we make a schematic sketch in Figure 2 of the
motion of the particle back and forth along a line (the s-axis).

(f) Because of what we learned in parts (d) and (€), we need to cal culate the distances
traveled during the time intervals [0, 1], [1, 3], and [3, 5] separately.

5 The distance traveled in the first second is

~

1)
I
S W

~

L]

TR Y

o=

t
N

0
0

v~

|[f(1) —f(0)|=|4—-0|=4m
FIGURE 2
Fromt = 1tot = 3 thedistance traveled is

1f(3) — f(1)| = [0 — 4] = 4m
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g

Fromt = 3tot = 5 the distance traveled is

|f(5) —f(3)| =20 — 0| =20m
Thetotal distanceis4 + 4 + 20 = 28 m.
(g) The acceleration is the derivative of the velocity function:

d?% dv

a(t) = =—=06t—12

dtz  dt
a(4) = 6(4) — 12 = 12 m/s?

(h) Figure 3 shows the graphs of s, », and a.

(i) The particle speeds up when the velocity is positive and increasing (v and a are
both positive) and also when the velocity is negative and decreasing (v and a are both

—-12

FIGURE 3

negative). In other words, the particle speeds up when the velocity and acceleration
have the same sign. (The particle is pushed in the same direction it is moving.) From
Figure 3 we see that this happenswhen 1 < t < 2 and whent > 3. The particle slows
down when » and a have opposite signs, that is, when0 <t < landwhen2 <t < 3.
Figure 4 summarizes the motion of the particle.

a

v

In Module 2.7 you can see an animation
. . . 54 S
of Figure 4 with an expression for s that you can
choose yourself. N
0 o i
75 4
forward backward forward
slows speeds slows speed
FIGURE 4 down up down up L

70T If arod or piece of wireis homogeneous, then its linear density is uniform
and is defined as the mass per unit length (p = m/I) and measured in kilograms per
meter. Suppose, however, that the rod is not homogeneous but that its mass measured
from itsleft end to apoint x ism = f(x), asshown in Figure 5.

\ |
\ X \
[ I I ]

FIGURE 5 This part of the rod has mass f(x).

The mass of the part of the rod that lies between x = x; and x = X, is given by
Am = f(x2) — f(x1), so the average density of that part of therod is

A_m _ f(x2) — f(x1)

average density = Ax N——
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FIGURE 6

If we now let Ax — O (that is, X, — X1), we are computing the average density over
smaller and smaller intervals. The linear density p at x; is the limit of these average
densitiesas Ax — O; that is, the linear density is the rate of change of mass with respect
to length. Symbolically,

_ i Am _dm
P 550 Ax dx
Thus the linear density of the rod is the derivative of mass with respect to length.

For instance, if m = f(x) = v/x, where x is measured in meters and m in kilograms,
then the average density of the part of therod givenby 1 < x < 1.21is

Am _ f12) -f@1) _ V12 -1

Ax | 12-1 02~ 048kg/m
while the density right at x = 1is
dm 1
=— = = 0.50 kg/m |
p dX x=1 2\/; x=1 g/

7 IETYTEEE] A current exists whenever electric charges move. Figure 6 shows part of
awire and electrons moving through a plane surface, shaded red. If AQ isthe net charge
that passes through this surface during atime period At, then the average current during
thistime interval is defined as

40 _ Q-

average current =
« At -1

If we take the limit of this average current over smaller and smaller time intervals, we
get what is called the current | at agiven time t;:

. AQ dQ
= lim —=—
Ao At dt
Thus the current is the rate at which charge flows through a surface. It is measured in
units of charge per unit time (often coulombs per second, called amperes). [ |

Velocity, density, and current are not the only rates of change that are important in
physics. Others include power (the rate at which work is done), the rate of heat flow, tem-
perature gradient (the rate of change of temperature with respect to position), and the rate
of decay of aradioactive substance in nuclear physics.

I Chemistry

[E7XIE A chemical reaction results in the formation of one or more substances
(called products) from one or more starting materials (called reactants). For instance, the
“equation”

2H; + O,— 2H,0

indicates that two molecules of hydrogen and one molecule of oxygen form two mole-
cules of water. Let’s consider the reaction

A+B—C
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where A and B are the reactants and C is the product. The concentration of a reactant A
is the number of moles (1 mole = 6.022 X 10% molecules) per liter and is denoted by
[A]. The concentration varies during areaction, so [A], [B], and [C] are all functions of
time (t). The average rate of reaction of the product C over atimeinterval t; < t < tyis

AlC] _ [Cl(t) - [Clt)
At L—14

But chemists are more interested in the instantaneous rate of reaction, which is
obtained by taking the limit of the average rate of reaction as the time interval At
approaches O:

A[C]  d[C]

rate of reaction = |lim —— =
At—0 At dt

Since the concentration of the product increases as the reaction proceeds, the derivative
d[C]/dt will be positive, and so the rate of reaction of C is positive. The concentrations
of the reactants, however, decrease during the reaction, so, to make the rates of reaction

of A and B positive numbers, we put minus signs in front of the derivativesd[A]/dt and
d[B]/dt. Since[A] and [B] each decrease at the same rate that [ C] increases, we have

dic]  d[A]  d[B]
dt dt  dt

rate of reaction =

More generally, it turns out that for a reaction of the form

aA + bB—cC + dD
we have
1 d[A] 1 d[B] :id[C] _1 d[D]

a dt b dt c dt d dt

The rate of reaction can be determined from data and graphical methods. In some cases
there are explicit formulas for the concentrations as functions of time, which enable usto
compute the rate of reaction (see Exercise 24). [ |

[E7EET One of the quantities of interest in thermodynamicsis compressibility. If a
given substance is kept at a constant temperature, then its volume V depends on its pres-
sure P. We can consider the rate of change of volume with respect to pressure—namely,
the derivative dV/dP. As P increases, V decreases, so dV/dP < 0. The compressibility is
defined by introducing a minus sign and dividing this derivative by the volume V:

1 dv
isothermal compressibility = g = _VS_P

Thus 8 measures how fast, per unit volume, the volume of a substance decreases as the
pressure on it increases at constant temperature.

For instance, the volume V (iin cubic meters) of a sample of air at 25°C was found to
be related to the pressure P (in kilopascals) by the equation
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av) _ 53
dP [p=s0 P2 P=50
53
= ——— = —0.00212 m¥k
2500 0.00212 m*/kPa
The compressibility at that pressureis
1dv 0.00212 3 3
== =———=0. o
B VP e 53 0.02 (m*/kPa)/m

50

[ Biology

ETNTEIET Let n = f(t) bethe number of individualsin an animal or plant popula-
tion at timet. The change in the population size between thetimest = t; andt = t, is
An = f(t;) — f(t1), and so the average rate of growth during thetime periodt; < t < t,
is

An f(tz) — f(tw)

average rate of growth = — =
ag g At Lb—1

The instantaneous rate of growth is obtained from this average rate of growth by let-
ting the time period At approach O:

rowth rate = lim ﬂ = d_n
9 at—0 At dt

Strictly speaking, thisis not quite accurate because the actual graph of a population
function n = f(t) would be a step function that is discontinuous whenever a birth or
death occurs and therefore not differentiable. However, for alarge animal or plant
population, we can replace the graph by a smooth approximating curve asin Figure 7.

FIGURE 7

A smooth curve approximating 0 t
agrowth function
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To be more specific, consider a population of bacteriain a homogeneous nutrient
medium. Suppose that by sampling the population at certain intervalsit is determined
that the population doubles every hour. If the initial population is ny and thetimet is
measured in hours, then

f(1) = 2f(0) = 2n
f(2) = 2f(1) = 2%,
f(3) = 2f(2) = 2%,

E. coli bacteria are about 2 micrometers (um) and, in general,
long and 0.75 pum wide. The image was pro-
duced with a scanning electron microscope.

f(t) = Ztno

The population functionisn = n2".

Thisis an example of an exponential function. In Chapter 6 we will discuss exponen-
tial functionsin general; at that time we will be able to compute their derivatives and
thereby determine the rate of growth of the bacteria population. [ |

[E7EEA When we consider the flow of blood through a blood vessel, such asavein
or artery, we can model the shape of the blood vessel by a cylindrical tube with radius R
and length | asillustrated in Figure 8.

™ =
_J____Ilj_}___ e
] o —
FIGURE 8 -~ =
Blood flow in an artery } I 1

Because of friction at the walls of the tube, the velocity » of the blood is greatest along
the central axis of the tube and decreases as the distance r from the axis increases until »
becomes 0 at the wall. The relationship between v and r is given by the law of laminar
flow discovered by the French physician Jean-Louis-Marie Poiseuille in 1840. This law
states that

P
[1] v=—-(R?>—1r?
4l
For more detailed information, see W. Nichols

and M. O'Rourke (eds.), McDonald’s Blood Flow

in Arteries: Theoretical, Experimental, and Clini- where 7 is the viscosity of the blood and P is the pressure difference between the ends

cal Principles, 5th ed. (New York, 2005). of the tube. If P and | are constant, then » is a function of r with domain [0, R].
The average rate of change of the velocity as we move fromr = r; outwardtor = r;
isgiven by

ﬂ _o(r2) — o(ry)

Ar r—r;

and if we let Ar — 0O, we obtain the velocity gradient, that is, the instantaneous rate of
change of velocity with respect to r:

Av do
velocity gradient = lim “= = -

Using Equation 1, we obtain
dv Pr

- _(_ )—__

p
dr  4nl 27l
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For one of the smaller human arteries we can take n = 0.027, R = 0.008 cm, | = 2 cm,
and P = 4000 dynes/cm?, which gives

4000
’ 7 40.027)2

~ 1.85 X 10%6.4 X 1075 — r?)

(0.000064 — r?)

At r = 0.002 cm the blood is flowing at a speed of

»(0.002) =~ 1.85 X 10%64 X 10°® — 4 X 10°°)
= 1.11cm/s

and the velocity gradient at that point is

dv|  _ _40000.002)
ar bose 200202 (cm/s)/cm

To get afeeling for what this statement means, let’s change our units from centi-
meters to micrometers (1 cm = 10,000 wm). Then the radius of the artery is 80 pm. The
velocity at the central axisis 11,850 um/s, which decreases to 11,110 pm/s at a distance
of r = 20 wm. The fact that dv/dr = —74 (um/s)/m means that, when r = 20 um, the

velocity is decreasing at arate of about 74 wm/s for each micrometer that we proceed
away from the center. [ |

I Economics

V| Suppose C(x) isthe total cost that a company incursin producing x units
of acertain commodity. The function C is called a cost function. If the number of items
produced isincreased from Xx; to X,, then the additional cost isAC = C(x,) — C(xy), and
the average rate of change of the cost is

AC _ C(x2) — C(x1) _ C(x; + Ax) — C(x1)
Ax X2 — X1 Ax

The limit of this quantity as Ax — 0, that is, the instantaneous rate of change of cost
with respect to the number of items produced, is called the marginal cost by economists:

marginal cost = |im A—C— d—C
9 Ax—0 AX dx

[Since x often takes on only integer values, it may not make literal senseto let Ax
approach 0, but we can aways replace C(x) by a smooth approximating function asin
Example 6.]

Taking Ax = 1 and n large (so that Ax is small compared to n), we have

C'(n)=C(n+ 1) — C(n)

Thus the marginal cost of producing n unitsis approximately equal to the cost of pro-
ducing one more unit [the (n + 1)st unit].
It is often appropriate to represent atotal cost function by a polynomial

C(x) =a + bx + cx? + dx®
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where a represents the overhead cost (rent, heat, maintenance) and the other terms
represent the cost of raw materials, labor, and so on. (The cost of raw materials may be
proportional to x, but labor costs might depend partly on higher powers of x because of
overtime costs and inefficiencies involved in large-scale operations.)
For instance, suppose a company has estimated that the cost (in dollars) of producing
X itemsis
C(x) = 10,000 + 5x + 0.01x2

Then the marginal cost function is
C'(x) = 5 + 0.02x

The marginal cost at the production level of 500 itemsis
C’(500) = 5 + 0.02(500) = $15/item

This gives the rate at which costs are increasing with respect to the production level
when x = 500 and predicts the cost of the 501st item.
The actual cost of producing the 501st item is

C(501) — C(500) = [10,000 + 5(501) + 0.01(501)?]
— [10,000 + 5(500) + 0.01(500)2]
— $15.01

Notice that C'(500) = C(501) — C(500). [

Economists also study marginal demand, marginal revenue, and marginal profit, which
are the derivatives of the demand, revenue, and profit functions. These will be considered
in Chapter 3 after we have devel oped techniques for finding the maximum and minimum
values of functions.

I Other Sciences

Rates of change occur in all the sciences. A geologist is interested in knowing the rate at
which an intruded body of molten rock cools by conduction of heat into surrounding rocks.
An engineer wants to know the rate at which water flows into or out of a reservoir. An
urban geographer isinterested in the rate of change of the population density in acity asthe
distance from the city center increases. A meteorologist is concerned with the rate of change
of atmospheric pressure with respect to height (see Exercise 17 in Section 6.5).

In psychology, those interested in learning theory study the so-called learning curve,
which graphs the performance P(t) of someone learning a skill as afunction of the training
timet. Of particular interest is the rate at which performance improves as time passes, that
is, dP/dt.

In sociology, differential calculusis used in analyzing the spread of rumors (or innova-
tions or fads or fashions). If p(t) denotesthe proportion of a population that knows a rumor
by time t, then the derivative dp/dt represents the rate of spread of the rumor (see Exer-
cise 63 in Section 6.2).

I A Single Idea, Many Interpretations

Velocity, density, current, power, and temperature gradient in physics; rate of reaction and
compressibility in chemistry; rate of growth and blood velocity gradient in biology; margina
cost and marginal profit in economics; rate of heat flow in geology; rate of improvement of
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performance in psychology; rate of spread of a rumor in sociology—these are all special
cases of asingle mathematical concept, the derivative.

This is an illustration of the fact that part of the power of mathematics lies in its
abstractness. A single abstract mathematical concept (such as the derivative) can have dif-
ferent interpretations in each of the sciences. When we develop the properties of the
mathematical concept once and for all, we can then turn around and apply these results to
all of the sciences. This is much more efficient than devel oping properties of special con-
ceptsin each separate science. The French mathematician Joseph Fourier (1768—1830) put
it succinctly: “Mathematics compares the most diverse phenomenaand discoversthe secret

analogies that unite them.”

m Exercises

1-4 A particle moves according to alaw of motion s = f(t),

t = 0, where t is measured in seconds and s in feet.

(a) Findthe velocity at timet.

(b) What isthe velocity after 3 s?

(c) When isthe particle at rest?

(d) When isthe particle moving in the positive direction?

(e) Find the total distance traveled during the first 8 s.

(f) Draw adiagram like Figure 2 to illustrate the motion of the
particle.

(9) Find the acceleration at time't and after 3 s.

(h) Graph the position, velocity, and acceleration functions
for0<t<8.

(1) When isthe particle speeding up? When is it slowing down?

1. f(t) = t3 — 12t + 36t 2. f(t) = 0.01t* — 0.04t3

3. f(t) = cos(wt/4), t=<10 4. f(t) =t/(1 +t?

5. Graphs of the velocity functions of two particles are shown,
where t is measured in seconds. When is each particle speed-
ing up? When is it slowing down? Explain.

@ v (b) v

6. Graphs of the position functions of two particles are shown,
where t is measured in seconds. When is each particle speed-
ing up? When is it slowing down? Explain.

@ (b) s

Graphing calculator or computer required

10.

1.

. The height (in meters) of a projectile shot vertically upward

from a point 2 m above ground level with aninitia velocity
of 245m/sish = 2 + 24.5t — 4.9t after t seconds.

(a) Find the velocity after 2 sand after 4 s.

(b) When does the projectile reach its maximum height?

(c) What is the maximum height?

(d) When doesiit hit the ground?

(e) With what velocity does it hit the ground?

. If aball isthrown vertically upward with a velocity of

80 ft/s, then its height after t secondsiss = 80t — 16t2,

() What is the maximum height reached by the ball?

(b) What is the velocity of the ball when it is 96 ft above the
ground on its way up? On its way down?

. If arock isthrown vertically upward from the surface of

Mars with velocity 15 m/s, its height after t seconds is

h = 15t — 1.86t2

() What is the velocity of the rock after 2 s?

(b) What is the velocity of the rock when its height is 25 m
on its way up? On its way down?

A particle moves with position function

s =t* — 4t — 20t? + 20t t=0

(a) At what time does the particle have a velocity of 20 m/s?
(b) At what time is the acceleration 0? What is the
significance of this value of t?

(a) A company makes computer chips from square wafers
of silicon. It wants to keep the side length of a wafer very
close to 15 mm and it wants to know how the area A(x)
of awafer changes when the side length x changes. Find
A’ (15) and explain its meaning in this situation.

(b) Show that the rate of change of the area of a square with
respect to its side length is half its perimeter. Try to
explain geometrically why thisistrue by drawing a
square whose side length x isincreased by an amount Ax.
How can you approximate the resulting change in area
AAif Ax issmal?

1. Homework Hints available at stewartcalculus.com
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12. (a) Sodium chlorate crystals are easy to grow in the shape of 19. The quantity of charge Q in coulombs (C) that has passed

cubes by allowing a solution of water and sodium chlorate
to evaporate slowly. If V is the volume of such a cube with
side length x, calculate dV/dx when x = 3 mm and explain
its meaning.

(b) Show that the rate of change of the volume of a cube with
respect to its edge length is equal to half the surface area of

through a point in awire up to time t (measured in seconds) is
given by Q(t) = t* — 2t + 6t + 2. Find the current when
(@ t=05sand (b) t = 1s. [See Example 3. The unit of cur-
rent is an ampere (LA = 1 C/s).] At what time is the current
lowest?

the cube. Explain geometrically why this result is true by 20. Newton's Law of Gravitation says that the magnitude F of the
arguing by analogy with Exercise 11(b). force exerted by a body of mass m on abody of mass M is

13. (a) Find the average rate of change of the area of acircle with F= szM

respect to itsradius r as r changes from r
(i) 2to3 (if) 2to 25 (iii) 2t021 where G is the gravitational constant and r is the distance

(b) Find the instantaneous rate of change whenr = 2. between the bodies.

(c) Show that the rate of change of the area of acircle with (a) Find dF/dr and explain its meaning. What does the minus
respect to itsradius (at any r) is equal to the circumference sign indicate?
of the circle. Try to explain geometrically why thisis true (b) Suppose it is known that the earth attracts an object with
by drawing acircle whose radiusisincreased by an amount aforce that decreases at the rate of 2 N/km when
Ar. How can you approximate the resuiting change in area r = 20,000 km. How fast does this force change when
AAif Ar issmall? r = 10,000 km?

14. A stone is dropped into alake, creating a circular ripple that 21. Theforce F acting on a body with mass m and velocity v is the
travels outward at a speed of 60 cm/s. Find the rate at which rate of change of momentum: F = (d/dt)(mv). If m is constant,
the area within the circleisincreasing after (@) 1 s, (b) 3 s, this becomes F = ma, where a = du/dt is the acceleration. But
and () 5's. What can you conclude? in the theory of relativity the mass of a particle varies with v as

- = /1 — p2/p2 i

15. A spherical balloon is being infl at_ed. Find the rate of i_ncrease L?a:rlt(i) g: aT restn;;é clis thl:e geegilv lc?ﬁ?g?:t[.} ;tgx I:;;:S of the
of the surface area (S = 47r?) with respect to the radius r
whenris(a) 1ft, (b) 2 ft, and (c) 3 ft. What conclusion can F— Moa
you make? (1 — v?/c?)%?

16. (a) The volume of a growing spherical cell isV = 3arr3, where 22. Some of the highest tides in the world occur in the Bay of

the radius r is measured in micrometers (1 pm = 10 ®m). Fundy on the Atlantic Coast of Canada. At Hopewell Cape the
Find the average rate of change of V with respect to r when water depth at low tide is about 2.0 m and at high tide it is
r changes from about 12.0 m. The natural period of oscillation is alittle more
(i) 5to8 um (ii) 5t06 pm (iii) 5t05.1 pm than 12 hours and on June 30, 2009, high tide occurred at
(b) Find the instantaneous rate of change of V with respect to r 6:45 am. This helps explain the following model for the water
whenr =5 pm. depth D (in meters) as a function of the timet (in hours after
(c) Show that the rate of change of the volume of a sphere with midnight) on that day:
respect to itsradius is equal to its surface area. Explain D(t) = 7 + 5 cos[0.503(t — 6.75)]
geometrically why this result is true. Argue by analogy with
Exercise 13(c). How fast was the tide rising (or falling) at the following times?
(a) 3:00 Am (b) 6:00 Am

17. The mass of the part of ametal rod that lies between its | eft (c) 9:00 Am (d) Noon
end and a point x meters to the right is 3x? kg. Find the linear
density (see Example 2) when x is (a) 1 m, (b) 2 m, and 23. Boyle's Law states that when a sample of gas is compressed at
(c) 3 m. Where is the density the highest? The lowest? a constant temperature, the product of the pressure and the vol-

ume remains constant: PV = C.

18. If atank holds 5000 gallons of water, which drains from the (a) Find the rate of change of volume with respect to pressure.
bottom of the tank in 40 minutes, then Torricelli’s Law gives (b) A sample of gasisin acontainer at low pressure and is
the volume V of water remaining in the tank after t minutes as steadily compressed at constant temperature for 10 min-

utes. Is the volume decreasing more rapidly at the begin-
vV =5000(1 - 5t)> O0=t=40 ning or the end of the 10 minutes? Explain.
(c) Prove that the isothermal compressibility (see
Find the rate at which water is draining from the tank after Example 5) isgiven by g = 1/P.
(a) 5min, (b) 20 min, (c) 20 min, and (d) 40 min. At what time
is the water flowing out the fastest? The slowest? Summarize 24. |If, in Example 4, one molecule of the product C is formed

your findings.

from one molecule of the reactant A and one molecule of the
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reactant B, and the initial concentrations of A and B have a
common value [A] = [B] = a moles/L, then

[C] = a’t/(akt + 1)

where k is a constant.
(a) Find the rate of reaction at timet.
(b) Show that if x = [C], then

dx
22— ka — x)?
at (a—x)
(c) What happens to the concentration ast — «?
(d) What happens to the rate of reaction ast — ?
(e) What do the results of parts (c) and (d) mean in practical
terms?

The table gives the population of the world in the 20th
century.

Population Population
Year (in millions) Year (in millions)
1900 1650 1960 3040
1910 1750 1970 3710
1920 1860 1980 4450
1930 2070 1990 5280
1940 2300 2000 6080
1950 2560

(a) Estimate the rate of population growth in 1920 and in
1980 by averaging the slopes of two secant lines.

(b) Use a graphing calculator or computer to find a cubic
function (a third-degree polynomial) that models the data.

(c) Use your model in part (b) to find a model for the rate of
population growth in the 20th century.

(d) Use part (c) to estimate the rates of growth in 1920 and
1980. Compare with your estimates in part (a).

(e) Estimate the rate of growth in 1985.

The table shows how the average age of first marriage of
Japanese women varied in the last half of the 20th century.

t A(t) t A(t)
1950 230 1980 25.2
1955 238 1985 255
1960 24.4 1990 25.9
1965 24.5 1995 26.3
1970 24.2 2000 27.0
1975 24.7

(a) Use agraphing calculator or computer to model these
data with a fourth-degree polynomial.

(b) Use part (a) to find amodel for A'(t).

(c) Estimate the rate of change of marriage age for women
in 1990.

(d) Graph the data points and the models for A and A'".

21.

28.

29.
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Refer to the law of laminar flow given in Example 7. Con-
sider ablood vessel with radius 0.01 cm, length 3 cm, pres-
sure difference 3000 dynes/cm?, and viscosity n = 0.027.
(a) Find the velocity of the blood along the centerliner = 0,
at radiusr = 0.005 cm, and at thewall r = R = 0.01 cm.
(b) Find the velocity gradient at r = 0, r = 0.005, and
r = 0.0l
(c) Where is the velocity the greatest? Where is the velocity
changing most?

The frequency of vibrations of a vibrating violin string is
given by
1T
2L p

where L is the length of the string, T isitstension, and p is

its linear density. [See Chapter 11 in D. E. Hall, Musical

Acoustics, 3rd ed. (Pacific Grove, CA, 2002).]

(a) Find the rate of change of the frequency with respect to

(i) thelength (when T and p are constant),
(ii) thetension (when L and p are constant), and
(iii) thelinear density (when L and T are constant).

(b) The pitch of a note (how high or low the note sounds) is
determined by the frequency f. (The higher the frequency,
the higher the pitch.) Use the signs of the derivativesin
part () to determine what happens to the pitch of a note

(i) when the effective length of a string is decreased by
placing afinger on the string so a shorter portion of
the string vibrates,

(ii) when the tension is increased by turning a tuning
peg,

(iii) when the linear density is increased by switching to
another string.

The cogt, in dollars, of producing x yards of a certain fabric is

C(x) = 1200 + 12x — 0.1x? + 0.0005x*

(a) Find the marginal cost function.

(b) Find C'(200) and explain its meaning. What does it
predict?

(c) Compare C'(200) with the cost of manufacturing the
201st yard of fabric.

The cost function for production of a commaodity is
C(x) = 339 + 25x — 0.09x? + 0.0004x°

(a) Find and interpret C'(100).
(b) Compare C’(100) with the cost of producing the 101st
item.

If p(x) isthetotal value of the production when there are
x workers in a plant, then the average productivity of the
workforce at the plant is

(& Find A'(x). Why does the company want to hire more
workersif A'(x) > 0?
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(b) Show that A'(x) > 0if p'(x) is greater than the average
productivity.

If R denotes the reaction of the body to some stimulus of
strength x, the sensitivity S is defined to be the rate of change
of the reaction with respect to x. A particular example is that
when the brightness x of alight source is increased, the eye
reacts by decreasing the area R of the pupil. The experimen-
tal formula

_ 40 + 24x°4
1+ 4%

has been used to model the dependence of R on x when R is

measured in square millimeters and x is measured in appro-

priate units of brightness.

(a) Find the sensitivity.

(b) Hlustrate part (a) by graphing both R and S as functions
of x. Comment on the values of R and S at low levels of
brightness. Is this what you would expect?

The gas law for an ideal gas at absolute temperature T (in
kelvins), pressure P (in atmospheres), and volume V (in
liters) isPV = nRT, where n is the number of moles of the
gasand R = 0.0821 is the gas constant. Suppose that, at a
certain instant, P = 8.0 atm and is increasing at a rate of
0.10 atm/min and V = 10 L and is decreasing at arate of
0.15 L /min. Find the rate of change of T with respect to time
at that instant if n = 10 mol.

In afish farm, a population of fish isintroduced into a pond
and harvested regularly. A model for the rate of change of the

m Related Rates

According to the Principles of Problem

35.

fish population is given by the equation

P (PO,
o r (1 =) >P(t) BP(t)

where ry is the birth rate of the fish, Pc is the maximum

population that the pond can sustain (called the carrying

capacity), and 3 is the percentage of the population that is

harvested.

(a) What value of dP/dt corresponds to a stable population?

(b) If the pond can sustain 10,000 fish, the birth rate is 5%,
and the harvesting rate is 4%, find the stable population
level.

(c) What happensif Bisraised to 5%7?

In the study of ecosystems, predator-prey models are often
used to study the interaction between species. Consider popu-
lations of tundra wolves, given by W(t), and caribou, given
by C(t), in northern Canada. The interaction has been
modeled by the equations

OI—C=aCbeW d—W=7cW+dCW
dt dt
(8 What values of dC/dt and dW/dt correspond to stable
populations?

(b) How would the statement “The caribou go extinct” be
represented mathematically?

(c) Supposethat a = 0.05, b = 0.001, ¢ = 0.05, and
d = 0.0001. Find all population pairs (C, W) that lead to
stable populations. According to this model, is it possible
for the two speciesto live in balance or will one or both
species become extinct?

If we are pumping air into a balloon, both the volume and the radius of the balloon are
increasing and their rates of increase are related to each other. But it ismuch easier to mea-
sure directly the rate of increase of the volume than the rate of increase of the radius.

In arelated rates problem the idea is to compute the rate of change of one quantity in
terms of the rate of change of another quantity (which may be more easily measured). The
procedure is to find an equation that relates the two quantities and then use the Chain Rule
to differentiate both sides with respect to time.

7 IETEEER Airis being pumped into a spherical balloon so that its volume increases
at arate of 100 cm®/s. How fast is the radius of the balloon increasing when the diameter

is50 cm?

Solving discussed on page 97, the first step is

to understand the problem. This includes read-

ing the problem carefully, identifying the given

and the unknown, and introducing suitable
notation.

and the unknown:

the given information:

SOLUTION We start by identifying two things:

the rate of increase of the volume of air is 100 cm¥s

the rate of increase of the radius when the diameter is 50 cm
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The second stage of problem solving is to
think of a plan for connecting the given and the
unknown.

Notice that, although dV/dt is constant,
dr/dt is not constant.

wall
10
y
B
X ground
FIGURE 1
s,
dt :
y
—‘ X
dx
o =1
FIGURE 2

In order to express these quantities mathematically, we introduce some suggestive
notation:
Let V be the volume of the balloon and let r be its radius.

The key thing to remember is that rates of change are derivatives. In this problem, the
volume and the radius are both functions of the time t. The rate of increase of the vol-
ume with respect to time is the derivative dV/dt, and the rate of increase of the radiusis
dr/dt. We can therefore restate the given and the unknown as follows:

\Y
Given: z_t = 100 cm¥s

Unknown: % whenr = 25cm

In order to connect dV/dt and dr/dt, we first relate V and r by the formula for the
volume of a sphere:
V= %wr3

In order to use the given information, we differentiate each side of this equation with
respect to t. To differentiate the right side, we need to use the Chain Rule:

v _dvdr o dr
dt  dr dt 7 dt
Now we solve for the unknown quantity:

dr_ 1 dv
dt 47r? dt

If we put r = 25 and dV/dt = 100 in this equation, we obtain

dr 1 1
R 1 _—
dt 471(25)? 0 257
The radius of the balloon isincreasing at the rate of 1/(257) = 0.0127 cm/s. [ |

[E70ZTF] A ladder 10 ft long rests against a vertical wall. If the bottom of the ladder
slides away from the wall at arate of 1 ft/s, how fast is the top of the ladder sliding down
the wall when the bottom of the ladder is 6 ft from the wall?

SOLUTION Wefirst draw adiagram and label it asin Figure 1. Let x feet be the distance
from the bottom of the ladder to the wall and y feet the distance from the top of the ladder
to the ground. Note that x and y are both functions of t (time, measured in seconds).

We are given that dx/dt = 1 ft/s and we are asked to find dy/dt when x = 6 ft (see
Figure 2). In this problem, the relationship between x and y is given by the Pythagorean
Theorem:

x? +y? =100

Differentiating each side with respect to t using the Chain Rule, we have

dx dy
2X—+2y—=0
“at T Y at
and solving this equation for the desired rate, we obtain

dy _ xdx
dt y dt
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When x = 6, the Pythagorean Theorem givesy = 8 and so, substituting these values
and dx/dt = 1, we have

dy 6 3
<L - —1)=-"1t
ot~ g W

The fact that dy/dt is negative means that the distance from the top of the ladder to
the ground is decreasing at a rate of 3 ft/s. In other words, the top of the ladder is sliding
down the wall at arate of 3 ft/s. _—

[E70ITEFE] A water tank has the shape of an inverted circular cone with base radius 2 m
and height 4 m. If water is being pumped into the tank at arate of 2 m*/min, find the rate
at which the water level isrising when the water is 3 m deep.

SOLUTION Wefirst sketch the cone and label it asin Figure 3. Let V, r, and h be the vol-
e Ky ume of the water, the radius of the surface, and the height of the water at timet, wheret is

measured in minutes.
¢ We are given that dV/dt = 2 m®/min and we are asked to find dh/dt when h is 3 m.

T 4 The quantities V and h are related by the equation
h
JL V = iar?h

FIGURE 3 but it is very useful to expressV as afunction of h alone. In order to eliminate r, we use
the similar triangles in Figure 3 to write

n

and the expression for V becomes

1 h\2 T

Now we can differentiate each side with respect to t:

N _ 7 dn
dt 4 dt
S0 dh 4 dv
dt wh? dt

Substituting h = 3 m and dV/dt = 2 m*/min, we have

dh 4 8

dt 7(3)? "2 97

The water level isrising at arate of 8/(97) =~ 0.28 m/min. [
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Look back: What have we learned from
Examples 1-3 that will help us solve future
problems?

@ WARNING A common error is to
substitute the given numerical information
(for quantities that vary with time) too early.
This should be done only after the differenti-
ation. (Step 7 follows Step 6.) For instance, in
Example 3 we dealt with general values of h
until we finally substituted h = 3 at the last
stage. (If we had put h = 3 earlier, we would
have gotten dV/dt = O, which is clearly
wrong.)

FIGURE 4

=

20

FIGURE 5

It is useful to recall some of the problem-solving
principles from page 97 and adapt them to related rates in light of our experience in
Examples 1-3:

1. Read the problem carefully.

2. Draw adiagram if possible.

3. Introduce notation. Assign symbols to all quantities that are functions of time.
4. Express the given information and the required rate in terms of derivatives.

5

. Write an equation that relates the various quantities of the problem. If necessary, use
the geometry of the situation to eliminate one of the variables by substitution (asin
Example 3).

6. Usethe Chain Rule to differentiate both sides of the equation with respect to t.
7. Substitute the given information into the resulting equation and solve for the
unknown rate.

The following examples are further illustrations of the strategy.

1 ETET Car A istraveling west at 50 mi/h and car B istraveling north at
60 mi/h. Both are headed for the intersection of the two roads. At what rate are
the cars approaching each other when car A is0.3 mi and car B is 0.4 mi from the
intersection?

SOLUTION We draw Figure 4, where C isthe intersection of the roads. At agiventimet, let
x be the distance from car A to C, let y be the distance from car B to C, and let z be the
distance between the cars, where x, y, and z are measured in miles.

We are given that dx/dt = —50 mi/h and dy/dt = —60 mi/h. (The derivatives are
negative because x and y are decreasing.) We are asked to find dz/dt. The equation that
relates x, y, and z is given by the Pythagorean Theorem:

22 = x2 + yz
Differentiating each side with respect to t, we have

dz , dx dy
20 "% a Y

dz 1 dx  dy
at 2 \Car Y

When x = 0.3 mi and y = 0.4 mi, the Pythagorean Theorem givesz = 0.5 mi, so

dz 1
— =—1[0.3(—50) + 0.4(—
i 05 [0.3(—50) + 0.4(—60)]
= —78mi/h
The cars are approaching each other at arate of 78 mi/h. [ |

W E7YTETE A man walks along a straight path at a speed of 4 ft/s. A searchlight is
located on the ground 20 ft from the path and is kept focused on the man. At what rate is
the searchlight rotating when the man is 15 ft from the point on the path closest to the
searchlight?

SOLUTION Wedraw Figure 5 and let x be the distance from the man to the point on the
path closest to the searchlight. We let 6 be the angle between the beam of the searchlight
and the perpendicular to the path.
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We are given that dx/dt = 4 ft/s and are asked to find d6/dt when x = 15. The equa-
tion that relates x and 6 can be written from Figure 5:

X
— =tan o x = 20tan 0
20

Differentiating each side with respect to t, we get

dx de
T ZOseCZOE
de 1 dx
E = %COSZOE

1
=2 cos’h (4) = — 00326

When x = 15, the length of the beam is 25, so cos § = ¢ and

dt 515 125

2
Y (2) -2 -oms

The searchlight is rotating at arate of 0.128 rad/s. [ |

m Exercises

. If V isthe volume of a cube with edge length x and the cube
expands as time passes, find dV/dt in terms of dx/dt.

2. (9) If Aistheareaof acirclewith radiusr and the circle
expands as time passes, find dA/dt in terms of dr/dt.

(b) Suppose oil spills from a ruptured tanker and spreadsin a
circular pattern. If the radius of the oil spill increases at a
constant rate of 1 m/s, how fast is the area of the spill
increasing when the radius is 30 m?

3. Each side of asguareisincreasing at arate of 6 cm/s. At what
rate is the area of the square increasing when the area of the
square is 16 cm??

4. The length of arectangleisincreasing at arate of 8 cm/s and
itswidth isincreasing at arate of 3 cm/s. When the length is
20 cm and the width is 10 cm, how fast is the area of the rect-
angle increasing?

5. A cylindrical tank with radius 5 mis being filled with water
at arate of 3 m*/min. How fast is the height of the water
increasing?

6. The radius of a sphereisincreasing at arate of 4 mm/s. How
fast is the volume increasing when the diameter is 80 mm?

7. Supposey = /2x + 1, where x and y are functions of t.
(@ If dx/dt = 3, find dy/dt when x = 4.
(b) If dy/dt = 5, find dx/dt when x = 12.

Graphing calculator or computer required

8. Suppose 4x? + 9y? = 36, where x and y are functions of t.
(a) If dy/dt = 3, find dx/dt whenx = 2 andy = 3./5.
(b) If dx/dt = 3, find dy /dt when x = —2 and y = 2./5.

9. Ifx2+ y2+ z2 =9, dx/dt = 5, and dy/dt =
when (x,y,2) = (2,2, 1).

4, find dz/dt

10. A particleis moving along a hyperbolaxy = 8. Asit reaches
the point (4, 2), the y-coordinate is decreasing at a rate of
3cm/s. How fast is the x-coordinate of the point changing at
that instant?

11-14

(@) What quantities are given in the problem?
(b) What is the unknown?

(c) Draw apicture of the situation for any time't.
(d) Write an equation that relates the quantities.
(e) Finish solving the problem.

11. A plane flying horizontally at an altitude of 1 mi and a speed of
500 mi/h passes directly over aradar station. Find the rate at
which the distance from the plane to the station is increasing
when it is 2 mi away from the station.

12. If asnowball melts so that its surface area decreases at a rate of
1 cm?min, find the rate at which the diameter decreases when
the diameter is 10 cm.

1. Homework Hints available at stewartcalculus.com
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13. A street light is mounted at the top of a 15-ft-tall pole. A man 21. At noon, ship A is 100 km west of ship B. Ship A issailing
6 ft tall walks away from the pole with a speed of 5 ft/s along south at 35 km/h and ship B is sailing north at 25 km/h. How
astraight path. How fast is the tip of his shadow moving when fast is the distance between the ships changing at 4:00 pPm?
he is 40 ft from the pole?
22. A particle moves along the curvey = 2 sin(wx/2). As the par-
14. At noon, ship A is 150 km west of ship B. Ship A is sailing east ticle passes through the point (% 1), its x-coordinate increases
at 35 km/h and ship B is sailing north at 25 km/h. How fast is at arate of \/10 cm/s. How fast is the distance from the par-
the distance between the ships changing at 4:00 pv? ticle to the origin changing at this instant?
23. Water isleaking out of an inverted conical tank at arate of
. . 10,000 cm?/min at the same time that water is being pumped
15. Two cars start moving from the same point. Qne travels south into the tank at a constant rate. The tank has height 6 m and the
fat 60 m.'/h and the other travelsyveﬂ at. 25 mi/h. At what ;ate diameter at the top is4 m. If the water level isrising at arate
Is the distance between the cars increasing two hours later of 20 cm/min when the height of the water is 2 m, find the rate
16. A spotlight on the ground shines on awall 12 m away. If aman a which water is being pumped into the tank.
2 m tall walks from the spotlight toward the building at a speed 24. A trough is 10 ft long and its ends have the shape of isosceles
of 1.6 m/s, how fast is the length of his shadow on the build- triangles that are 3 ft across at the top and have a height of 1 ft.
ing decreasing when he is 4 m from the building? If the trough is being filled with water at arate of 12 ft3/min,
. . . . how fast is the water level rising when the water is 6 inches
17. A man starts walking north at 4 ft/s from a point P. Five min- deep?
utes later a woman starts walking south at 5 ft/s from a point
500 ft due east of P. At what rate are the people moving apart 25. A water trough is 10 m long and a cross-section has the shape
15 min after the woman starts walking? of an isosceles trapezoid that is 30 cm wide at the bottom,
80 cm wide at the top, and has height 50 cm. If the trough is
ball and runs toward first base with a speed of 24 ft/s. water level rising when the water is 30 cm deep?
(a) At what rateis his distance from second base decreasing
when heis halfway to first base? 26. A swimming pool is 20 ft wide, 40 ft long, 3 ft deep at the
(b) At what rate is his distance from third base increasing at shallow end, and 9 ft deep at its deepest point. A cross-section
the same moment? is shown in the figure. If the pool is being filled at a rate of
0.8 ft%min, how fast is the water level rising when the depth at
the deepest point is 5 ft?
*
\—/—l 13
3 - < l 6
. 1 1 1 f—
;,; 90 ft 6 12 16 6
27. Gravel is being dumped from a conveyor belt at a rate of
. . L . . 30 ft¥/min, and its coarseness is such that it forms a pile in the
19. The altitude of atriangle isincreasing at arate of 1 cm/min shape of a cone whose base diameter and height are always
while the area of the triangle is increasing a arate of equal. How fast i the height of the pile increasing when the
2 cm?/min. At what rate is the base of the triangle changing pileis 10 ft high?
when the altitude is 10 cm and the areais 100 cm?? '
20. A boat is pulled into adock by arope attached to the bow of

the boat and passing through a pulley on the dock that is1 m
higher than the bow of the boat. If the ropeis pulled in at arate
of 1 m/s, how fast is the boat approaching the dock when it is
8 m from the dock?
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A kite 100 ft above the ground moves horizontally at a speed
of 8 ft/s. At what rate is the angle between the string and the
horizontal decreasing when 200 ft of string has been let out?

Two sides of atriangle are 4 m and 5 m in length and the
angle between them isincreasing at arate of 0.06 rad/s. Find
the rate at which the area of the triangle is increasing when
the angle between the sides of fixed length is /3.

How fast is the angle between the ladder and the ground
changing in Example 2 when the bottom of the ladder is 6 ft
from the wall?

The top of aladder sides down avertical wall at arate of

0.15 m/s. At the moment when the bottom of the ladder is
3 m from the wall, it dides away from the wall at a rate of
0.2 m/s. How long is the ladder?

A faucet isfilling a hemispherical basin of diameter 60 cm
with water at arate of 2 L /min. Find the rate at which the
water isrising in the basin when it is half full. [Use the fol-
lowing facts: 1 L is 2000 cm®. The volume of the portion
of a sphere with radius r from the bottom to a height h is
V = 7(rh? — 1h?), aswe will show in Chapter 5]

Boyle's Law states that when a sample of gas is compressed
at a constant temperature, the pressure P and volume V sat-
isfy the equation PV = C, where C is a constant. Suppose
that at a certain instant the volume is 600 cm?®, the pres-
sure is 150 kPa, and the pressure isincreasing at arate of
20 kPa/min. At what rate is the volume decreasing at this
instant?

When air expands adiabatically (without gaining or losing
heat), its pressure P and volume V are related by the equation
PV* = C, where C is a constant. Suppose that at a certain
instant the volume is 400 cm?® and the pressure is 80 kPa and
is decreasing at arate of 10 kPa/min. At what rate is the vol-
ume increasing at this instant?

If two resistors with resistances R; and R, are connected in
paralel, asin the figure, then the total resistance R, measured
in ohms (), is given by

If Ry and R, areincreasing at rates of 0.3 ()/sand 0.2 )/s,
respectively, how fast is R changing when R; = 80 Q) and
R, = 100 Q7

36.

31.

38.

39.

40.

a.

42.

Brain weight B as a function of body weight W in fish has
been modeled by the power function B = 0.007W #°, where
B and W are measured in grams. A model for body weight

as afunction of body length L (measured in centimeters) is
W = 0.12L%%, If, over 10 million years, the average length of
acertain species of fish evolved from 15cmto 20 cm at a
constant rate, how fast was this species’ brain growing when
the average length was 18 cm?

Two sides of atriangle have lengths 12 m and 15 m. The
angle between them isincreasing at a rate of 2°/min. How
fast is the length of the third side increasing when the angle
between the sides of fixed length is 60°?

Two carts, A and B, are connected by arope 39 ft long that
passes over a pulley P (see the figure). The point Q is on the
floor 12 ft directly beneath P and between the carts. Cart A
is being pulled away from Q at a speed of 2 ft/s. How fast is
cart B moving toward Q at the instant when cart A is 5 ft
from Q?

¥
|
|

12ft

L w

\
1
Q

A television camerais positioned 4000 ft from the base of a

rocket launching pad. The angle of elevation of the camera

has to change at the correct rate in order to keep the rocket in

sight. Also, the mechanism for focusing the camera has to

take into account the increasing distance from the camera to

the rising rocket. Let’s assume the rocket rises vertically and

its speed is 600 ft/s when it has risen 3000 ft.

(a) How fast is the distance from the television camerato the
rocket changing at that moment?

(b) If the television camerais always kept aimed at the
rocket, how fast is the camera s angle of elevation chang-
ing at that same moment?

A lighthouse is located on a small island 3 km away from the
nearest point P on a straight shoreline and its light makes
four revolutions per minute. How fast is the beam of light
moving along the shoreline when it is 1 km from P?

A plane flies horizontally at an atitude of 5 km and passes
directly over atracking telescope on the ground. When the
angle of elevation is 7r/3, this angle is decreasing at a rate of
/6 rad/min. How fast is the plane traveling at that time?

A Ferris wheel with aradius of 10 misrotating at a rate of
one revolution every 2 minutes. How fast is arider rising
when his seat is 16 m above ground level ?

http://www.meetyourbrain.com - Ask/Answer Questions. Homework Help.

Copyright 2010 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s).
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.



http://www.meetyourbrain.com - Ask/Ang

183
43. A plane flying with a constant speed of 300 km/h passes over a 45. A runner sprints around a circular track of radius 100 m at
ground radar station at an altitude of 1 km and climbs at an a constant speed of 7 m/s. The runner’s friend is standing
angle of 30°. At what rate is the distance from the plane to the at a distance 200 m from the center of the track. How fast is
radar station increasing a minute later? the distance between the friends changing when the distance
between them is 200 m?
44. Two people start from the same point. One walks east at 46. The minute hand on awatch is 8 mm long and the hour hand
3 mi/h and the other walks northeast at 2 mi/h. How fast is is4 mm long. How fast is the distance between the tips of the

the distance between the people changing after 15 minutes? hands changing at one o’ clock?

m Linear Approximations and Differentials

y

FIGURE 1

We have seen that a curve lies very close to its tangent line near the point of tangency. In
fact, by zooming in toward a point on the graph of adifferentiable function, we noticed that
the graph looks more and more like its tangent line. (See Figure 2 in Section 2.1.) This
observation is the basis for a method of finding approximate values of functions.

The ideaisthat it might be easy to calculate avalue f(a) of afunction, but difficult (or
even impossible) to compute nearby values of f. So we settle for the easily computed val-
ues of the linear function L whose graph isthe tangent line of f at (a, f(a)). (See Figure 1.)

In other words, we use the tangent line at (a, f(a)) as an approximation to the curve
y = f(x) when x isnear a. An equation of thistangent lineis

y="f(a) + f'(a)(x — a)
and the approximation
[1] f(x) = f(a) + f'(a)(x — a)

is caled the linear approximation or tangent line approximation of f at a. The linear
function whose graph is thistangent line, that is,

@ L(x) =f(a) + f'(a)(x — a)
iscalled the linearization of f at a.
7 IETXTZEN Find the linearization of the function f(x) = /x + 3 ata = 1 and useit

to approximate the numbers ,/3.98 and 1/4.05. Are these approximations overestimates
or underestimates?

SOLUTION The derivative of f(x) = (x + 3)¥?is
1

2\x + 3

and so we have f(1) = 2 and f'(1) = 3. Putting these values into Equation 2, we see
that the linearization is

() =1(x + 3 2=

L) = (D) + F(D(x — 1) =2+ 3(x - 1) =%+

B>

The corresponding linear approximation [1] is

7
\/x+3zz+% (when x is near 1)
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<

In particular, we have
V398 ~1+%¥=1995 and 405 ~;+ 2 =20125

A\
/ 1.2 y=x+3 The linear approximation isillustrated in Figure 2. We see that, indeed, the tangent
x % line approximation is a good approximation to the given function when x is near |. We

_ 0 S e _ S
3 ! * dsoseethat our approximations are overestimates because the tangent line lies above the
curve.
FIGURE 2 Of course, a calculator could give us approximations for 4/3.98 and 4/4.05, but the
linear approximation gives an approximation over an entire interval. [ |

In the following table we compare the estimates from the linear approximation in
Example 1 with the true values. Notice from thistable, and also from Figure 2, that the tan-
gent line approximation gives good estimates when x is close to 1 but the accuracy of the
approximation deteriorates when x is farther away from 1.

X From L(x) Actual value
V39 0.9 1.975 1.97484176 . . .
V/3.98 0.98 1.995 1.99499373 . . .
Ja 1 2 2.00000000 . . .
\/4.05 1.05 2.0125 2.01246117 . ..
Va1 1.1 2.025 2.02484567 . . .
NG 2 2.25 2.23606797 . . .
V6 3 25 2.44948974 . . .

How good isthe approximation that we obtained in Example 1? The next example shows
that by using a graphing calculator or computer we can determine an interval throughout
which alinear approximation provides a specified accuracy.

[E7NIF For what values of x isthe linear approximation

ﬁ?@:%+l

4
accurate to within 0.5? What about accuracy to within 0.1?

SOLUTION Accuracy to within 0.5 means that the functions should differ by less
than 0.5:

,
JX+3 - <Z+i> <05

4

Equivalently, we could write

X —O.5<%+%<«/x+3+0.5

This says that the linear approximation should lie between the curves obtained by shift-
ing the curvey = /x + 3 upward and downward by an amount 0.5. Figure 3 shows
FIGURE 3 the tangent liney = (7 + x)/4 intersecting the upper curvey = \/x + 3 + 0.5a P
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3

( ‘

y=yx+3+0.1

-2

FIGURE 4

If dx # O, we can divide both sides of
Equation 3 by dx to obtain

dy

dx

We have seen similar equations before, but

now the left side can genuinely be interpreted
as a ratio of differentials.

=f'(x)

and Q. Zooming in and using the cursor, we estimate that the x-coordinate of P is about
—2.66 and the x-coordinate of Q is about 8.66. Thus we see from the graph that the
approximation

7 X
X+3~=—+—

4 4
is accurate to within 0.5 when —2.6 < x < 8.6. (We have rounded to be safe.)

Similarly, from Figure 4 we see that the approximation is accurate to within 0.1 when
-11<x<309. [

I Applications to Physics

Linear approximations are often used in physics. In analyzing the consequences of an equa-
tion, a physicist sometimes needs to simplify a function by replacing it with its linear
approximation. For instance, in deriving a formula for the period of a pendulum, physics
textbooks obtain the expression ar = —g sin 6 for tangential acceleration and then replace
sin 0 by 6 with the remark that sin 0 isvery closeto 0 if 6 isnot too large. [See, for exam-
ple, Physics: Calculus, 2d ed., by Eugene Hecht (Pacific Grove, CA, 2000), p. 431.] You can
verify that the linearization of the function f(x) = sinxata = 0isL(x) = x and so thelin-
ear approximation at 0 is

sinx = X

(see Exercise 40). So, in effect, the derivation of the formulafor the period of a pendulum
uses the tangent line approximation for the sine function.

Another example occurs in the theory of optics, where light rays that arrive at shallow
angles relative to the optical axis are called paraxial rays. In paraxial (or Gaussian) optics,
both sin® and cos6 are replaced by their linearizations. In other words, the linear
approximations

snf =6 and cosf =1

are used because 6 iscloseto 0. Theresults of calculations made with these approximations
became the basic theoretical tool used to design lenses. [ See Optics, 4th ed., by Eugene
Hecht (San Francisco, 2002), p. 154.]

In Section 11.11 we will present several other applications of the idea of linear approxi-
mations to physics and engineering.

[ Differentials

The ideas behind linear approximations are sometimes formulated in the terminology and
notation of differentials. If y = f(x), where f is a differentiable function, then the differ-
ential dx is an independent variable; that is, dx can be given the value of any real number.
The differential dy isthen defined in terms of dx by the equation

(3] dy = f'(x) dx

So dy isadependent variable; it depends on the values of x and dx. If dx is given a specific
value and x is taken to be some specific number in the domain of f, then the numerical
value of dy is determined.
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(S
dx=Ax

FIGURE 5

Figure 6 shows the function in Example 3 and
a comparison of dy and Ay when a = 2. The
viewing rectangle is [1.8, 2.5] by [6, 18].

y=x'+x*—2x+1

FIGURE 6

0 / X X+ Ax X
y=fx)

The geometric meaning of differentials is shown in Figure 5. Let P(x, f(x)) and
Q(x + Ax, f(x + Ax)) be points on the graph of f and let dx = Ax. The corresponding
changeinyis

Ay = f(x + Ax) — f(x)

The slope of the tangent line PR is the derivative f'(x). Thus the directed distance from S
toRisf’(x) dx = dy. Therefore dy represents the amount that the tangent linerises or fals
(the change in the linearization), whereas Ay represents the amount that the curvey = f(x)
rises or falls when x changes by an amount dx.

[E7EEE] Comparethe valuesof Ay and dy if y = f(x) = x3® + x> — 2x + 1land
x changes (a) from 2 to 2.05 and (b) from 2 to 2.01.

SOLUTION
(a) We have
fQQ=224+22-22+1=9
f(2.05) = (2.05)* + (2.05)2 — 2(2.05) + 1 = 9.717625
Ay = f(2.05) — f(2) = 0.717625
In general, dy = f'(x) dx = (3x* + 2x — 2) dx

When x = 2 and dx = Ax = 0.05, this becomes
dy = [3(2)2 + 2(2) — 2]0.05 = 0.7
(b) f(2.01) = (2.01)® + (2.01)* — 2(2.01) + 1 = 9.140701
Ay = £(2.01) — f(2) = 0.140701

When dx = Ax = 0.01,
dy =[3(2)? + 2(2) — 2]0.01 = 0.14 [

Notice that the approximation Ay = dy becomes better as Ax becomes smaller in
Example 3. Notice also that dy was easier to compute than Ay. For more complicated func-
tions it may be impossible to compute Ay exactly. In such cases the approximation by dif-
ferentialsis especially useful.

In the notation of differentials, the linear approximation [1] can be written as

f(a + dx) = f(a) + dy
For instance, for the function f(x) = +/x + 3 in Example 1, we have

dx
dy = f'(X)dX = ———
y 09 dx 2JX + 3
If a=1anddx = Ax = 0.05, then
0.05
dy = ————= = 0.0125
Y =% /i+3
and V4.05 = f(1.05) = f(1) + dy = 2.0125

just aswe found in Example 1.
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m Exercises

Our final example illustrates the use of differentials in estimating the errors that occur
because of approximate measurements.

7 E7XTEIA The radius of a sphere was measured and found to be 21 cm with a pos-
sible error in measurement of at most 0.05 cm. What is the maximum error in using this
value of the radius to compute the volume of the sphere?

SOLUTION If the radius of the sphereisr, then its volumeis V = 3#r. If the error in the
measured value of r is denoted by dr = Ar, then the corresponding error in the calcu-
lated value of V is AV, which can be approximated by the differential

dV = 4zr2dr
Whenr = 21 and dr = 0.05, this becomes
dV = 47(21)?0.05 =~ 277

The maximum error in the calculated volume is about 277 cm?®. |

NOTE Although the possible error in Example 4 may appear to be rather large, a
better picture of the error is given by the relative error, which is computed by dividing the
error by the total volume:

AV dV _ Aaridr g dr

V v s -
Thus the relative error in the volume is about three times the relative error in the radius.
In Example 4 the relative error in the radius is approximately dr/r = 0.05/21 =~ 0.0024

and it produces a relative error of about 0.007 in the volume. The errors could also be
expressed as percentage errors of 0.24% in the radius and 0.7% in the volume.

1-4 Find the linearization L(x) of the function at a.
1. f(x) =x*+3x% a=-1

3.f(x) =X, a=4

11-14 Find the differential of each function.
1. (a) y = x2sin 2x (b)) y=V1+1t2
12. (@ y=s/(1+2) (b) y = ucosu

2. f(x) =sinx, a= nw/6
4. f(x) =x¥4 a=16

A 5. Find the linear approximation of the function f(x) = /1 — x

1— 92
1+ 02

13. (@) y = tanV/t (b)y=

at a = 0 and use it to approximate the numbers 4/0.9 and

+/0.99. lllustrate by graphing f and the tangent line.

A4 6. Find the linear approximation of the function g(x) = ¥/1 + x
at a = 0 and use it to approximate the numbers /0.95 and
v1.1. lllustrate by graphing g and the tangent line.

/A4 7-10 Verify the given linear approximation at a = 0. Then deter-
mine the values of x for which the linear approximation is accu-

rate to within 0.1.
7. Y1+ 2x = 1+ 3x

9. 1/(1 + 2x)* =~ 1 — 8x

(b) y=+z+1/z

14. (@ y = (t + tant)®

15-18 (a) Find the differential dy and (b) evaluate dy for the
given values of x and dx.

15. y =tanx, x= w/4, dx= —0.1

16. y = cosmx, X =3 dx= —0.02

1.y =3+ x%, x=1, dx=-01

X+ 1
x—1

8 1+x3=1-3
18. y =

x=2, dx=0.05
10. tanx = Xx

Graphing calculator or computer required

1. Homework Hints available at stewartcalculus.com
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19-22 Compute Ay and dy for the given values of x and dx = Ax.
Then sketch adiagram like Figure 5 showing the line segments
with lengths dx, dy, and Ay.

19.y=2x—x% x=2, Ax= —04
20.y=+x, x=1, Ax=1
2.y =2/x, x=4, Ax=1
2. y=x3 x=1, Ax=05

23-28 Use alinear approximation (or differentials) to estimate the
given number.

23. (1.999) 24. sin1° 25. /1001
26. 1/4.002 21. tan44° 28. \/99.8

29-30 Explain, in terms of linear approximations or differentials,
why the approximation is reasonable.

29. sec0.08 = 1 30. (1.01)® = 1.06

31. The edge of a cube was found to be 30 cm with a possible error
in measurement of 0.1 cm. Use differentials to estimate the
maximum possible error, relative error, and percentage error in
computing (@) the volume of the cube and (b) the surface area
of the cube.

32. Theradius of acircular disk is given as 24 cm with a maxi-
mum error in measurement of 0.2 cm.
(8) Use differentials to estimate the maximum error in the cal-
culated area of the disk.
(b) What is the relative error? What is the percentage error?

33. The circumference of a sphere was measured to be 84 cm with
apossible error of 0.5 cm.
(a) Use differentials to estimate the maximum error in the
calculated surface area. What is the relative error?
(b) Use differentials to estimate the maximum error in the
calculated volume. What is the relative error?

34. Usedifferentials to estimate the amount of paint needed to
apply acoat of paint 0.05 cm thick to a hemispherical dome
with diameter 50 m.

35. (@) Usedifferentialsto find a formula for the approximate vol-
ume of athin cylindrical shell with height h, inner radiusr,
and thickness Ar.

(b) What is the error involved in using the formula from

part (a)?

36. One side of aright triangle is known to be 20 cm long and the
opposite angle is measured as 30°, with a possible error
of +1°.
(a) Use differentials to estimate the error in computing the
length of the hypotenuse.
(b) What is the percentage error?

37. If acurrent | passes through aresistor with resistance R, Ohm’s
Law states that the voltage drop isV = RI. If V is constant and

38.

39.

40.

a.

42.

R is measured with a certain error, use differentials to show
that the relative error in calculating | is approximately the same
(in magnitude) as the relative error in R.

When blood flows along a blood vessel, the flux F (the volume
of blood per unit time that flows past a given point) is propor-
tional to the fourth power of the radius R of the blood vessal:

F = kR*

(Thisis known as Poiseuille's Law; we will show why it
istruein Section 8.4.) A partially clogged artery can be
expanded by an operation called angioplasty, in which a
balloon-tipped catheter is inflated inside the artery in order
to widen it and restore the normal blood flow.

Show that the relative change in F is about four times the
relative change in R. How will a5% increase in the radius
affect the flow of blood?

Establish the following rules for working with differentials
(where ¢ denotes a constant and u and » are functions of x).

@ dc=0 (b) d(cu) =cdu
(c) d(u + ») =du + do (d) d(uv) =udv + vdu

u vdu — udo
C) d(y) =7

On page 431 of Physics: Calculus, 2d ed., by Eugene Hecht
(Pacific Grove, CA, 2000), in the course of deriving the
formulaT = 2a+/L /g for the period of a pendulum of length
L, the author obtains the equation ar = —gsin 6 for the tangen-
tial acceleration of the bob of the pendulum. He then says, “for
small angles, the value of 0 in radiansis very nearly the value
of sin #; they differ by less than 2% out to about 20°.”

(a) Verify the linear approximation at O for the sine function:

(f) d(x") = nx""tdx

sinx = x

(b) Use a graphing device to determine the values of x for
which sin x and x differ by less than 2%. Then verify
Hecht’ s statement by converting from radians to degrees.

Suppose that the only information we have about a function f

isthat f(1) = 5 and the graph of its derivative is as shown.

(a) Usealinear approximation to estimate f(0.9) and f(1.1).

(b) Are your estimates in part (a) too large or too small?
Explain.

y
\

Suppose that we don’t have a formula for g(x) but we know
that g(2) = —4 and g'(x) = v/x2 + 5 for al x.
(8 Use alinear approximation to estimate g(1.95)
and ¢(2.05).
(b) Are your estimatesin part (a) too large or too small?
Explain.
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/| TAYLOR POLYNOMIALS

The tangent line approximation L(x) is the best first-degree (linear) approximation to f(x) near

x = a because f(x) and L(x) have the same rate of change (derivative) at a. For a better approxi-
mation than alinear one, let’s try a second-degree (quadratic) approximation P(x). In other words,
we approximate a curve by a parabolainstead of by a straight line. To make sure that the approxi-
mation is a good one, we stipulate the following:

(i) P(a) =f(a) (P and f should have the same value at a.)
(ii) P'(a) =f'(a) (P and f should have the same rate of change at a.)
(iii) P"(a) = f"(a) (The slopes of P and f should change at the same rate at a.)

1. Find the quadratic approximation P(x) = A + Bx + Cx? to the function f(x) = cos x that
satisfies conditions (i), (ii), and (iii) witha = 0. Graph P, f, and the linear approximation
L(x) = 1 on acommon screen. Comment on how well the functions P and L approximate f.

2. Determine the values of x for which the quadratic approximation f (x) = P(x) in Problem 1 is
accurate to within 0.1. [Hint: Graphy = P(x),y = cosx — 0.1, andy = cosx + 0.1 on a
common screen.]

3. To approximate afunction f by a quadratic function P near a number a, it is best to write P
in the form
P(x) = A + B(x — a) + C(x — a)?

Show that the quadratic function that satisfies conditions (i), (ii), and (iii) is

P(x) =f(a) + f'(@)(x — a) + 3f"(@)(x — a)

4. Find the quadratic approximation to f(x) = +/x + 3 near a = 1. Graph f, the quadratic
approximation, and the linear approximation from Example 2 in Section 2.9 on a common
screen. What do you conclude?

5. Instead of being satisfied with alinear or quadratic approximation to f(x) near x = a, let's
try to find better approximations with higher-degree polynomials. We look for an nth-degree
polynomial

To(X) =Co+ ci(x —a) + co(x —a)?> + ca(x —a)® + -+ - + co(x — @)

such that T, and itsfirst n derivatives have the same valuesat x = a as f and itsfirst n
derivatives. By differentiating repeatedly and setting x = a, show that these conditions are
satisfied if ¢, = f(a), ¢, = f(a), c2 = 2 f"(a), and in general

_ f(k)(a)
<K
wherek! =1:2-3-4-. --- k. Theresulting polynomial
" ()
To(x) = f(a) + f'@@)(x — a) + f2(la) (x—a)P+- -+ fn'(a) (x —a)r

is called the nth-degree Taylor polynomial of f centered at a.

6. Find the 8th-degree Taylor polynomial centered at a = 0 for the function f(x) = cos x.
Graph f together with the Taylor polynomials T, Ta, Ts, Ts in the viewing rectangle [—5, 5]
by [—1.4, 1.4] and comment on how well they approximate f.

ﬁ Graphing calculator or computer required
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n Review

Concept Check

1. Write an expression for the slope of the tangent line to the 1.

curvey = f(x) at the point (a, f (a)).

2. Suppose an object moves along a straight line with position

f(t) at timet. Write an expression for the instantaneous veloc- 8.

ity of the object at timet = a. How can you interpret this
velocity in terms of the graph of f ?

3. If y = f(x) and x changes from Xx; to X, write expressions for
the following.
(a) The average rate of change of y with respect to x over the
interval [Xy, X2].
(b) The instantaneous rate of change of y with respect to x

ax= X1.
4. Define the derivative f'(a). Discuss two ways of interpreting
this number. 10.
5. () What does it mean for f to be differentiable at a? 1.

(b) What is the relation between the differentiability and
continuity of a function?
(c) Sketch the graph of afunction that is continuous but not

What are the second and third derivatives of afunction f ?
If f is the position function of an object, how can you inter-
pret f”and f”?

State each differentiation rule both in symbols and in words.

(@) The Power Rule (b) The Constant Multiple Rule
(c) The Sum Rule (d) The Difference Rule
(e) The Product Rule (f) The Quotient Rule

(g) The Chain Rule

. State the derivative of each function.

(@y=x" (b) y = sinx (c) y = cosx
(d) y = tanx (e) y = cscx (f) y = secx
(9) y = cotx

Explain how implicit differentiation works.

Give several examples of how the derivative can be interpreted
as arate of change in physics, chemistry, biology, economics,
or other sciences.

} . - 12. (a) Write an expression for the linearization of f at a.
differentiable at a = 2. (b) If y = f (%), write an expression for the differential dy.
6. Describe several ways in which a function can fail to be (c) If dx = Ax, draw a picture showing the geometric mean-
differentiable. Illustrate with sketches. ings of Ay and dy.
True-False Quiz
Determine whether the statement is true or false. If it is true, explain why. L . d ()
If it is false, explain why or give an example that disproves the statement. 6. If f isdifferenticble, then dx f(\/;) o 2\& ’
1. If f iscontinuous at a, then f is differentiable at a. d
! _ 7. — | x>+ x| =|2x + 1]
2. If f and g are differentiable, then dx
910 + g0] = £ + g0 8. If £/(r) exists, then lim,., f(x) = f(1).
dx
3. If f and g are differentiable, then 9. If g(x) = x° then Iing(Z) — 80.
X—2 X —
d !, I}
ax LT = F(0g'(%) o d?y _ <dy>2
4. 1f f and g are differentiable, then dx* - \dx
d . , 11. An equation of the tangent line to the parabolay = x?
ax |1 (900)] = £/(900)g 00 a (=2, 4)isy — 4 =2x(x + 2).
L . d f'(x) d d
5. If f isdifferentiable, then— /f(x) = . . — (tanX) = — 2
dx 9 2JF(x) 12 dx (tar) dx (sc)
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Exercises

1. The displacement (in meters) of an object moving in a straight

lineisgivenby s = 1 + 2t + 3t wheret is measured in
seconds.
(a) Find the average velocity over each time period.

(i) [1,3] (i) [1,2]
(iii) [1, 1.5] (iv) [1,1.1]

(b) Find the instantaneous velocity whent = 1.

2. Thegraph of f isshown. State, with reasons, the numbers at
which f is not differentiable.

y

e 2\4]6*

3-4 Trace or copy the graph of the function. Then sketch a graph
of its derivative directly beneath.

3. y 4. y

S/

/ 0

5. Thefigure showsthe graphs of f, f', and f”. Identify each
curve, and explain your choices.

y
a
/\
— \
0 X

6. Find afunction f and a number a such that

+ h)® —
Iimi(2 h) 64

lim 0 =f'(a)
1. Thetota cost of repaying a student loan at an interest rate of
r% per year isC = f(r).
(a) What is the meaning of the derivative f'(r)? What are its
units?
(b) What does the statement f’(10) = 1200 mean?
(c) Is f'(r) dways positive or does it change sign?

Graphing calculator or computer required

10. f(x) =

8. The total fertility rate at timet, denoted by F(t), is an esti-

mate of the average number of children born to each woman

(assuming that current birth rates remain constant). The graph

of the total fertility rate in the United States shows the fluctua-

tions from 1940 to 1990.

(a) Estimate the values of F’(1950), F'(1965), and F'(1987).

(b) What are the meanings of these derivatives?

(c) Can you suggest reasons for the values of these
derivatives?

y

baby
boom

35T
3071

2571 baby

boomlet
2.0t

1.5

1940 1950 1960 1970 1980 1990 U

. Let C(t) be the total value of US currency (coins and bank-

notes) in circulation at time t. The table gives values of this
function from 1980 to 2000, as of September 30, in billions of
dollars. Interpret and estimate the value of C'(1990).

t 1980 | 1985 | 1990 | 1995 | 2000

C(t) | 1299 | 187.3 | 271.9 | 409.3 | 568.6

10-11 Find f'(x) from first principles, that is, directly from the def-
inition of a derivative.

4 —X
3+ x

"N fx)=x>+5x+ 4

15, y =

17. y = x?sin X

12. (a) If f(x) = v/3 — 5x, use the definition of a derivative to

find f'(x).

(b) Find the domains of f and f".

(c) Graph f and f’ on acommon screen. Compare the graphs
to see whether your answer to part (a) is reasonable.

13-40 Calculatey’.

1 1
13. y = (x> + x3)* 14 v=—— —
y=( ) V=K T e
x> —x+2 16, v X
N3 Y71 T cosx

1\
18. y = X+F
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ot e 52. (@) If f(x) = 4x —tan X, —7/2 < x < 7/2, findf" and f".
9.y th+ 1 20. y = sin(cos x) (b) Check to see that your answers to part (a) are reasonable
1 by comparing the graphs of f, f, and f ".
21,y =tany/1 — x 2 y=—"— Y compering fhe greb
sin(x — sinx) 53. At what points on the curvey = sinx + cosx, 0 < X < 27,
23, xy* + X%y = x + 3y 2. y = sec(l + x°) is the tangent line horizontal ?
54. Find the points on the ellipse x* + 2y? = 1 where the
25 y = _se20 26. x?cosy + sin2y = xy tangent line has slope 1.
1+ tan 26
i 55. Find aparabolay = ax?® + bx + c¢ that passes through the
— (1 — y-1)1 — 1/8/
2.y =1 -x7) 8.y =YIx+x point (1, 4) and whose tangent linesat x = —land x = 5
29. sin(xy) = x> —y 30. y = /sin JX have slopes 6 and —2, respectively.
(X + A)* 56. How many tangent lines to the curvey = x/(x + 1) pass
31. y = cot(3x* + 5) 32 y= gy through the point (1, 2)? At which points do these tangent
lines touch the curve?
— — sin mx
33. y = /x cos /X Hoy=— 57. If f(x) = (x — a)(x — b)(x — ¢), show that
35. y = tan¥(sin 0) 3. xtany=y — 1 f) 1 P
(x — 1)(x — 4) f(x) xX—a Xx—b x-c¢
37. y = Jxtanx B y=—"-"--—"-
y y (x = 2)(x = 3) 58. (a) By differentiating the double-angle formula

39, y = sin(tan /1 + x3) 40. y = sin’(cos\/sin 7x )

4. 1 f(t) = /4t + 1, find 7(2).
42. If g(0) = 0sing, find g"(/6).
43. Findy”if x® + y®= 1.

44. Find f™(x) if f(x) = 1/(2 — x).

45-46 Find the limit.

. SEC X ) t®
45. lim—— 46. lim——
x—0 1 —sinx t—0 tan®2t

47-48 Find an equation of the tangent to the curve at the given
point.

2 _
a1,y = 4simx, (m/6,1) 18, y — % © -1

49-50 Find equations of the tangent line and normal line to the
curve at the given point.

9. y= .1+ 4snx, (0,1

50. x>+ 4xy +y> =13, (2,1

]
<]

Y
<]

51. (@) If f(x) = x+/5 — x, find f'(x).

(b) Find equations of the tangent lines to the curve
y = X+/b — x at the points (1, 2) and (4, 4).

(c) lustrate part (b) by graphing the curve and tangent lines

on the same screen.

(d) Check to see that your answer to part (@) is reasonable by

comparing the graphs of f and f".

COS2X = COSX — SInX

obtain the double-angle formula for the sine function.
(b) By differentiating the addition formula

sin(x + a) = sinx cosa + cosx sina
obtain the addition formula for the cosine function.

59. Suppose that h(x) = f(x)g(x) and F(x) = f(g(x)), where
f(2) =392 =542 =4, (2 = -2 ad f'(5) = 11
Find (a) h'(2) and (b) F'(2).

60. If f and g are the functions whose graphs are shown, let
P(x) = f(x)g(x), Q(x) = f(x)/g(x), and C(x) = f(g(x)).
Find (a) P'(2), (b) Q'(2), and (c) C'(2).

y
9
/
f
L /
01 X

61-68 Find f' intermsof ¢'.
61. f(x) = x%g(x)

63. f(x) = [g(0)]
65. f(x) = g(g(x))

67. f(x) = g(sinx)

62. f(x) = g(x?)
64. f(x) = x%g(x")
66. f(x) = sin(g(x))

88. f(x) = g(tan vx)
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69-71 Find h" intermsof f" and g'.

69.

n.

f(x)g(x)
f(x) + g(x)

h(x) = f(g(sin 4x))

f(x)

heo = g(x)

70. h(x) =

72,

13.

4.

5.

16.

1.

18.

19.

A particle moves along a horizontal line so that its coor-

dinate at timetisx = /b2 + c2t2,t = 0, whereb and ¢

are positive constants.

(a) Find the velocity and acceleration functions.

(b) Show that the particle always moves in the positive
direction.

A particle moves on a vertical line so that its coordinate at

timetisy =t3— 12t + 3,t = 0.

(a) Find the velocity and acceleration functions.

(b) When is the particle moving upward and when is it
moving downward?

(c) Find the distance that the particle travelsin the time
interval 0 < t < 3.

(d) Graph the position, velocity, and acceleration functions
for0<t=<3.

(e) When is the particle speeding up? When isit slowing
down?

The volume of aright circular coneisV = 37rr?h, where

r isthe radius of the base and h is the height.

(a) Find the rate of change of the volume with respect to the
height if the radius is constant.

(b) Find the rate of change of the volume with respect to the
radius if the height is constant.

The mass of part of awireis x(l + ﬁ) kilograms, where
x is measured in meters from one end of the wire. Find the
linear density of the wire when x = 4 m.

The cost, in dollars, of producing x units of a certain com-
modity is
C(x) = 920 + 2x — 0.02x2 + 0.00007x?®

(a) Find the marginal cost function.

(b) Find C’(100) and explain its meaning.

(c) Compare C’(100) with the cost of producing the
101st item.

The volume of a cube is increasing at arate of 10 cm®/min.
How fast is the surface area increasing when the length of an
edgeis 30 cm?

A paper cup has the shape of a cone with height 10 cm and
radius 3 cm (at the top). If water is poured into the cup at a
rate of 2 cm®/s, how fast is the water level rising when the
water is 5 cm deep?

A balloon isrising at a constant speed of 5 ft/s. A boy is
cycling along a straight road at a speed of 15 ft/s. When he
passes under the balloon, it is 45 ft above him. How fast is
the distance between the boy and the balloon increasing 3 s
later?

80

81
Al 82

83
A

84

85

. A waterskier skis over the ramp shown in the figure at a
speed of 30 ft/s. How fast is sherising as she leaves the
ramp?

Tor

-

—15ft N

. The angle of elevation of the sun is decreasing at a rate of
0.25 rad/h. How fast is the shadow cast by a 400-ft-tall
building increasing when the angle of elevation of the sun
is7/6?

. (8) Find the linear approximation to f(x) = /25 — x?
near 3.
(b) lHlustrate part (&) by graphing f and the linear
approximation.
(c) For what values of x isthe linear approximation accurate
to within 0.1?

. (a) Find the linearization of f(x) = J/1 + 3x at a = 0. State
the corresponding linear approximation and use it to give
an approximate value for ¢/1.03.

(b) Determine the values of x for which the linear approx-
imation given in part (@) is accurate to within 0.1.

. Evaluatedy if y = x® — 2x> + 1, x = 2, and dx = 0.2,

. A window has the shape of a square surmounted by a semi-
circle. The base of the window is measured as having width
60 cm with a possible error in measurement of 0.1 cm. Use
differentials to estimate the maximum error possible in com-
puting the area of the window.

86-88 Expressthe limit as a derivative and evaluate.

17 4
— + —
8. lim - * g7, limVeth-2
x—1 X — h—0 h
88 lim cosf — 0.5
" oem3 0 — /3
1+t —J1+s
8. Evaluate im Vit tanx x3\/ S
90. Suppose f is adifferentiable function such that f(g(x)) = x
and f'(x) = 1 + [ f(x)]% Show that g'(x) = 1/(1 + x?).
91. Find f’(x) if it is known that
d
—[f(2x)] = x?
1 [F@0] =x
92. Show that the length of the portion of any tangent line to the

astroid x%/® + y?® = a%? cut off by the coordinate axes is
congtant.
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Before you look at the example, cover up the solution and try it yourself first.

[E70EN How many lines are tangent to both of the parabolasy = —1 — x2 and
y = 1 + x??Find the coordinates of the points at which these tangents touch the
parabolas.

SOLUTION Togaininsight into this problem, it is essential to draw a diagram. So we
sketch the parabolasy = 1 + x? (which isthe standard parabolay = x? shifted 1 unit
upward) andy = —1 — x2 (which is obtained by reflecting the first parabola about the
x-axis). If wetry to draw aline tangent to both parabolas, we soon discover that there are
only two possihilities, asillustrated in Figure 1.

Let P be a point at which one of these tangents touches the upper parabola and let a be
its x-coordinate. (The choice of notation for the unknown is important. Of course we
could have used b or ¢ or x, or x; instead of a. However, it’s not advisable to use x in
place of a because that x could be confused with the variable x in the equation of the
parabola.) Then, since P lies on the parabolay = 1 + x?, its y-coordinate must be
1 + a2 Because of the symmetry shown in Figure 1, the coordinates of the point Q
where the tangent touches the lower parabola must be (—a, —(1 + a?)).

To use the given information that the line is a tangent, we equate the slope of the line
PQ to the slope of the tangent line at P. We have

1+a’—(-1-a*» 1+a’
a— (—a) a

Mpg =

If f(x) = 1 + x? then the slope of the tangent line at P is f'(a) = 2a. Thus the condi-
tion that we need to use is that

1+ a2
a

= 2a

Solving this equation, we get 1 + a? = 2a? soa? = 1 and a = *+1. Therefore the
points are (1, 2) and (—1, —2). By symmetry, the two remaining points are (—1, 2) and
1, —2). [ |

1. Find points P and Q on the parabolay = 1 — x?2 o that the triangle ABC formed by the
x-axis and the tangent lines at P and Q is an equilateral triangle (see the figure).

A1 2. Find the point where the curvesy = x® — 3x + 4and y = 3(x? — x) are tangent to each

other, that is, have a common tangent line. Illustrate by sketching both curves and the
common tangent.

3. Show that the tangent lines to the parabolay = ax? + bx + ¢ at any two points with
x-coordinates p and g must intersect at a point whose x-coordinate is halfway between p
and g.

4, Show that

d < sin?x COS?X
+

- = —C0S 2X
dx\1+cotx 1+ tanx)

5. 1f f(x) = |imw, find the value of f'(m/4).

t—x

Graphing calculator or computer required

Computer algebra system required
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6. Find the values of the constants a and b such that

lim Jax+b -2 5
x—0 X 12
dn
y 7. Prove that e (sin®x + cos’x) = 4"* cos(4x + nw/2).
2
y=x

8. Find the nth derivative of the function f(x) = x"/(1 — x).

9. The figure shows a circle with radius 1 inscribed in the parabolay = x2. Find the center of
1 1 the circle.

10. If f isdifferentiable at a, where a > 0, evaluate the following limit in terms of f'(a):

. fx) =1
NN

11. The figure shows arotating wheel with radius 40 cm and a connecting rod AP with length
1.2 m. The pin P slides back and forth along the x-axis as the wheel rotates counterclockwise
at arate of 360 revolutions per minute.
~ (a) Find the angular velocity of the connecting rod, de/dt, in radians per second,
A when 6 = /3.
(b) Expressthe distance x = | OP | in terms of 6.
0 a (c) Find an expression for the velocity of the pin P in terms of 6.

y
o P(x,0) * . )
12. Tangent lines T, and T, are drawn at two points P, and P, on the parabolay = x? and they

intersect at a point P. Another tangent line T is drawn at a point between P, and P; it inter-
sects T; at Q, and T, at Q.. Show that

FIGURE FOR PROBLEM 9

FIGURE FOR PROBLEM 11 [PQu| | [PQa|
| PP, | | PP, |
y 13. Let T and N be the tangent and normal linesto the ellipse x%/9 + y%/4 = 1 at any point P on
the ellipse in the first quadrant. Let x+ and yr be the x- and y-intercepts of T and xy and yy be
Yt T the intercepts of N. As P moves along the ellipse in the first quadrant (but not on the axes),
what values can xr, yr, Xn, and yy take on? First try to guess the answers just by looking at
5 the figure. Then use calculus to solve the problem and see how good your intuition is.
P
. sin(3+x)?—sn9
/ XN X7 14. Evauate lim sin( X) sn .
0 3 X x—0 X
N
% 15. (a) Usetheidentity for tan(x — y) (see Equation 14b in Appendix D) to show that if two
linesL; and L, intersect at an angle «, then

tan o — 2T
FIGURE FOR PROBLEM 13 “T T mam,

where m; and m, are the slopes of L; and L ,, respectively.

(b) Theangle between the curves C; and C, at a point of intersection P is defined to be
the angle between the tangent linesto C; and C; at P (if these tangent lines exist). Use
part (a) to find, correct to the nearest degree, the angle between each pair of curves at
each point of intersection.

(i) y=x* and y=(x—27?
(i) x>—y?2=3 and x>?—4x+y>+3=0

195
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16. Let P(x4, y1) be apoint on the parabolay? = 4px with focus F(p, 0). Let o be the angle
between the parabola and the line segment FP, and let B be the angle between the horizontal
liney = y; and the parabola as in the figure. Prove that « = B. (Thus, by a principle of geo-
metrical optics, light from a source placed at F will be reflected along aline parallel to the

P(xy, y1) x-axis. This explains why paraboloids, the surfaces obtained by rotating parabolas about their
< > axes, are used as the shape of some automobile headlights and mirrors for tel escopes.)

17. Suppose that we replace the parabolic mirror of Problem 16 by a spherical mirror. Although
y2=dpx the mirror has no focus, we can show the existence of an approximate focus. In the figure,
C isasemicircle with center O. A ray of light coming in toward the mirror parallel to the axis
along the line PQ will be reflected to the point R on the axis so that ZPQO = 2 OQR (the
FIGURE FOR PROBLEM 16 angle of incidence is equal to the angle of reflection). What happens to the point R asP is
taken closer and closer to the axis?

18. If f and g are differentiable functions with f(0) = g(0) = 0 and ¢'(0) # O, show that
f(x) (0
im——=
x>0 g(x)  ¢'(0)

sin(a + 2x) — 2sin(a + x) + sina
5 .

19. Evauatelim
x—0 X

20. Givenanéllipse x¥a? + y¥b? = 1, wherea # b, find the equation of the set of all points
from which there are two tangents to the curve whose slopes are (a) reciprocals and (b) nega-
tive reciprocals.

FIGURE FOR PROBLEM 17 21. Find the two points on the curve y = x* — 2x? — x that have a common tangent line.
22. Suppose that three points on the parabolay = x? have the property that their normal lines
intersect at a common point. Show that the sum of their x-coordinatesis 0.

23. A lattice point in the plane is a point with integer coordinates. Suppose that circles with
radius r are drawn using al lattice points as centers. Find the smallest value of r such that
any line with slope £ intersects some of these circles.

24. A cone of radius r centimeters and height h centimetersis lowered point first at a rate of
1 cm/sinto atall cylinder of radius R centimeters that is partialy filled with water. How fast
isthe water level rising at the instant the cone is completely submerged?

25. A container in the shape of an inverted cone has height 16 cm and radius 5 cm at the top. It
is partidly filled with aliquid that oozes through the sides at a rate proportional to the area
of the container that isin contact with the liquid. (The surface area of a coneis #rrl, wherer
isthe radius and | is the slant height.) If we pour the liquid into the container at a rate of
2 cm®/min, then the height of the liquid decreases at arate of 0.3 cm/min when the height
is10 cm. If our goal is to keep the liquid at a constant height of 10 cm, at what rate should
we pour the liquid into the container?

CAS| 26. (@) The cubic function f(x) = x(x — 2)(x — 6) has three distinct zeros: 0, 2, and 6. Graph
f and its tangent lines at the average of each pair of zeros. What do you notice?
(b) Suppose the cubic function f(x) = (x — a)(x — b)(x — ¢) has three distinct zeros:
a, b, and c. Prove, with the help of a computer algebra system, that a tangent line drawn
at the average of the zeros a and b intersects the graph of f at the third zero.
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Applications of
Differentiation

FPO
New Art to
come
The calculus that you learn in this chapter will enable you to explain the location of
rainbows in the sky and why the colors in the secondary rainbow appear in the opposite o
order to those in the primary rainbow. (See the project on pages 206—207.) O g i SilliEried

We have already investigated some of the applications of derivatives, but now that we know the differen-
tiation rules we are in a better position to pursue the applications of differentiation in greater depth. Here
we learn how derivatives affect the shape of a graph of a function and, in particular, how they help us
locate maximum and minimum values of functions. Many practical problems require us to minimize a
cost or maximize an area or somehow find the best possible outcome of a situation. In particular, we will
be able to investigate the optimal shape of a can and to explain the location of rainbows in the sky.
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m Maximum and Minimum Values

Some of the most important applications of differential calculusare optimization problems,
in which we are required to find the optimal (best) way of doing something. Here are
examples of such problems that we will solve in this chapter:

= What is the shape of a can that minimizes manufacturing costs?

= What is the maximum acceleration of a space shuttle? (This is an important
question to the astronauts who have to withstand the effects of acceleration.)

= What is the radius of a contracted windpipe that expels air most rapidly during
acough?

= At what angle should blood vessels branch so as to minimize the energy expended
by the heart in pumping blood?

These problems can be reduced to finding the maximum or minimum values of afunction.

y Let’sfirst explain exactly what we mean by maximum and minimum values.
We see that the highest point on the graph of the function f shown in Figure 1 is the
—4 point (3, 5). In other words, the largest value of f isf(3) = 5. Likewise, the smallest value
isf(6) = 2. We say that f(3) = 5isthe absolute maximum of f and f(6) = 2 is the abso-
—2 lute minimum. In general, we use the following definition.
0 2 | 4] 6 | [1] Definition Let c be anumber in the domain D of afunction f. Then f(c) is the
FIGURE 1 = absolute maximum value of f on D if f(c) = f(x) for al x in D.
= absolute minimum value of fon D if f(c) < f(x) for all xin D.

An absolute maximum or minimum is sometimes called a global maximum or mini-
mum. The maximum and minimum values of f are called extreme values of f.
Figure 2 shows the graph of a function f with absolute maximum at d and absolute
minimum at a. Note that (d, f(d)) isthe highest point on the graph and (a, f (a)) isthe low-
fd) est point. In Figure 2, if we consider only values of x near b [for instance, if we restrict our
attention to the interval (a, c)], then f(b) isthe largest of those values of f(x) andiscalled
fla) alocal maximum value of f. Likewise, f(c) is called a local minimum value of f because
f(c) < f(x) for x near c [intheinterval (b, d), for instance]. The function f also hasalocal
minimum at e. In general, we have the following definition.

FIGURE 2 :
Abs min f(a), abs max f(d), (2] Definition The number f(c) isa

loc min fic), fie), loc max f(b), fd) = local maximum value of f if f(c) = f(x) when x is near c.

= local minimum value of f if f(c) < f(x) when x is near c.

y

1 loc

X and N . Lo

67 ] loc abs In Definition 2 (and elsewhere), if we say that something is true near ¢, we mean that
41 loc mex @ it istrue on some open interval containing c. For instance, in Figure 3we seethat f(4) = 5
51 min is a local minimum because it's the smallest value of f on the interval I. It's not the

1 | J K absolute minimum because f (x) takes smaller values when x is near 12 (in the interval K,
o — T4 Ty 5% forinstance). Infact f(12) = 3isboth aloca minimum and the absolute minimum. Simi-

larly, f(8) = 7 is alocal maximum, but not the absolute maximum because f takes larger

FIGURE 3 values near 1.
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FIGURE 4
Minimum value 0, no maximum

FIGURE 5
No minimum, no maximum

y
(-1,37) y=3x*—16x>+ 18x2
1,5)
-1 1 5 X
(3,-27)
FIGURE 6
FIGURE 7

[E7XZTEN The function f(x) = cos x takes on its (local and absol ute) maximum value
of Linfinitely many times, sincecos 2n7 = 1forany integernand —1 < cosx < 1for
all x. Likewise, cos(2n + 1) = —1lisitsminimum value, wheren isany integer.

If f(x) = x?, then f(x) = f(0) because x> = 0 for al x. Therefore f(0) = 0
is the absolute (and local) minimum value of f. This corresponds to the fact that the origin
isthe lowest point on the parabolay = x2. (See Figure 4.) However, there is no highest
point on the parabola and so this function has no maximum value. [ |

[E7YZTFE] From the graph of the function f(x) = x3, shown in Figure 5, we see that
this function has neither an absol ute maximum value nor an absolute minimum value. In
fact, it has no local extreme values either.

7 IETXZTA The graph of the function
f(x) = 3x* — 16x° + 18x2 —1sx<4

is shown in Figure 6. You can see that f(1) = 5isaloca maximum, whereas the
absolute maximum is f(—1) = 37. (This absolute maximum is not alocal maximum

because it occurs at an endpoint.) Also, f(0) = Oisaloca minimum and f(3) = —27 is
both alocal and an absolute minimum. Note that f has neither aloca nor an absolute
maximum at x = 4. |

We have seen that some functions have extreme values, whereas others do not. The
following theorem gives conditions under which a function is guaranteed to possess
extreme values.

@ The Extreme Value Theorem |f f is continuous on a closed interval [a, b], then
f attains an absolute maximum value f(c) and an absolute minimum value f(d) at
some numbersc and d in [a, b].

The Extreme Value Theorem isillustrated in Figure 7. Note that an extreme value can be
taken on more than once. Although the Extreme Value Theorem is intuitively very plau-
sible, it is difficult to prove and so we omit the proof.

y y y

NG TN AV

0‘ 21 c dl; X 0‘ (; ¢ d;b X 0‘ :lcl d o b X
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Figures 8 and 9 show that a function need not possess extreme values if either hypothe-
sis (continuity or closed interval) is omitted from the Extreme Value Theorem.

y y
3<>

|
|
|
|
|
|
|
19 1 |
|
!
2

FIGURE 8 FIGURE 9
This function has minimum value This continuous function g has
f(2) =0, but no maximum value. Nno maximum or minimum.

The function f whose graph is shown in Figure 8 is defined on the closed interval [0, 2]
but has no maximum value. (Notice that the range of f is[0, 3). The function takes on val-
ues arbitrarily closeto 3, but never actualy attainsthe value 3.) This does not contradict the
Extreme Value Theorem because f is not continuous. [Nonethel ess, a discontinuous function
could have maximum and minimum values. See Exercise 13(b).]

The function g shown in Figure 9 is continuous on the open interval (0, 2) but has nei-
ther a maximum nor a minimum value. [The range of g is (1, ). The function takes on
arbitrarily large values.] This does not contradict the Extreme Value Theorem because the
interval (0O, 2) is not closed.

The Extreme Value Theorem says that a continuous function on a closed interval has a

; maximum value and a minimum value, but it does not tell us how to find these extreme val-
ues. We start by looking for local extreme values.

d, £(d) Figure 10 shows the graph of a function f with a loca maximum at ¢ and a local
minimum at d. It appearsthat at the maximum and minimum points the tangent lines are hor-
0 ¢ d * izontal and therefore each has slope 0. We know that the derivative is the slope of the tan-
gent line, so it appearsthat f'(c) = 0 and f'(d) = 0. The following theorem says that this
FIGURE 10 isawaystrue for differentiable functions.
Fermat E Fermat's Theorem If f hasaloca maximum or minimum at ¢, and if f'(c)

exists, then f'(c) = 0.

Fermat's Theorem is named after Pierre Fermat
(1601-1665), a French lawyer who took up
mathematics as a hobby. Despite his amateur
status, Fermat was one of the two inventors of ~ PROOF  Suppose, for the sake of definiteness, that f hasaloca maximum at c. Then,
analytic geometry (Descartes was the other). according to Definition 2, f(c) = f(x) if x issufficiently closeto c. Thisimpliesthat if

His methods for finding tangents to cuves and 1, ¢ o fficiently close to 0, with h being positive or negative, then
maximum and minimum values (before the

invention of limits and derivatives) made him a f(C) > f(C + h)
forerunner of Newton in the creation of differ-
ential calculus. and therefore

(5] fc+h —f(c)=0

We can divide both sides of an inequality by a positive number. Thus, if h > 0and h is
sufficiently small, we have

f(c + h) — f(c) _
- 0
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FIGURE 11
If f(x)= x> then (0) =0 but f
has no maximum or minimum. @
y
y=|x|
0‘ X
FIGURE 12

If f(x)=]x]|, then f(0)=0isa
minimum vaue, but f'(0) does not exist.
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Taking the right-hand limit of both sides of thisinequality (using Theorem 1.6.2), we get

lim w < limo=0
h—0+ h h—0+

But since f’(c) exists, we have

lim f(c +h) —1f(c)

h—0+ h

(o) = L”(‘, f(c+ hh) —fle) _

and so we have shown that f'(c) < 0.
If h < 0, then the direction of the inequality [5]is reversed when we divide by h:

f(c +h) —1f(c) _

0 h<o0
h

So, taking the left-hand limit, we have

i _ e T+ h)—f) . f(c+h) —f(c)

o =fim = = Jipg————— =0

We have shown that f'(c) = 0 and also that f'(c) < 0. Since both of these inequalities
must be true, the only possibility isthat f'(c) = 0.

We have proved Fermat’s Theorem for the case of alocal maximum. The case of a

local minimum can be proved in a similar manner, or we could use Exercise 70 to deduce
it from the case we have just proved (see Exercise 71). [

The following examples caution us against reading too much into Fermat’s Theorem:
We can’t expect to locate extreme values simply by setting f'(x) = 0 and solving for x.

EEEE If f(x) = x5, then f/(x) = 3x? s0 f/(0) = 0. But f has no maximum or min-
imum at 0, as you can see from its graph in Figure 11. (Or observe that x* > 0 for x > 0
but x® < 0for x < 0.) Thefact that f'(0) = 0 simply means that the curvey = x®has a
horizontal tangent at (O, 0). Instead of having a maximum or minimum at (0, 0), the curve
crosses its horizontal tangent there. [ |

[EZYEEA Thefunction f(x) = | x| hasits (local and absolute) minimum value at 0, but
that value can’t be found by setting f'(x) = 0 because, as was shown in Example 5in
Section 2.2, f'(0) does not exist. (See Figure 12.) [ |

WARNING Examples 5 and 6 show that we must be careful when using Fermat’s
Theorem. Example 5 demonstratesthat even when f'(c) = 0 there need not be a maximum
or minimum at c. (In other words, the converse of Fermat’'s Theorem is false in general.)
Furthermore, there may be an extreme value even when f’(c) does not exist (as in
Example 6).

Fermat’ s Theorem does suggest that we should at least start looking for extreme values
of f at the numbers c where f’(c) = 0 or where f’(c) does not exist. Such numbers are
given aspecial name.

6] Definition A critical number of afunction f isanumber ¢ in the domain of f
such that either f'(c) = 0 or f'(c) does not exist.
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Figure 13 shows a graph of the function f 1 IETXETEA Find the critical numbers of f(x) = x¥5(4 — x).
in Example 7. It supports our answer because .
there is a horizontal tangent when x = 1.5 SOLUTION The Product Rule gives
and a vertical tangent when x = 0. 3(4 — x)
f/(x) = x¥%(=1) + (4 — )(Ex %) = —x¥° + ———
. (0 =x7%(=1) + (4 = 0 (Ex ") T
e A
"5+ 34 -x 12— 8
B 5x2/5 - Bx¥5
-0.5 5 [The same result could be obtained by first writing f(x) = 4x%° — x®°] Therefore
f'(x) = 0if 12 — 8x = 0, that is, x = 3, and f'(x) does not exist when x = 0. Thus the
critical numbers are § and 0. _—
-2
FIGURE 13 In terms of critical numbers, Fermat’s Theorem can be rephrased as follows (compare
Definition 6 with Theorem 4):

If f has alocal maximum or minimum at ¢, then ¢ is acritical number of f.

To find an absol ute maximum or minimum of a continuous function on aclosed interval,
wenote that either itislocal [in which caseit occurs at acritical number by [7]] or it occurs
at an endpoint of the interval. Thus the following three-step procedure always works.

The Closed Interval Method To find the absolute maximum and minimum values of
a continuous function f on aclosed interval [a, b]:

1. Find the values of f at the critical numbers of f in (a, b).
2. Find the values of f at the endpoints of the interval.

3. The largest of the values from Steps 1 and 2 is the absolute maximum value;
the smallest of these values is the absolute minimum value.

1 EXEE] Find the absolute maximum and minimum values of the function

f) =x>—3&2+1 —3<x<4

SOLUTION Since f is continuous on [—%, 4], we can use the Closed Interval Method:
f(x)=x3—3x?>+1
f'(x) = 3x2 — 6x = 3x(x — 2)

Since f'(x) existsfor al x, the only critical numbers of f occur when f'(x) = 0, that is,
x = 0or x = 2. Notice that each of these critical numbers liesin the interval (—% 4).
Thevalues of f at these critical numbers are

f(0)=1 f(2)= -3
The values of f at the endpoints of the interval are
f(—3) =43 f(4) = 17

Comparing these four numbers, we see that the absolute maximum valueis f(4) = 17
and the absolute minimum valueis f(2) = —3.
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Note that in this example the absolute maximum occurs at an endpoint, whereas the
absolute minimum occurs at a critical number. The graph of f is sketched in Figure 14.
_

If you have a graphing calculator or a computer with graphing software, it is possible
to estimate maximum and minimum values very easily. But, as the next example shows,
calculusis needed to find the exact values.

[ EXAMPLE 9|

(a) Use agraphing device to estimate the absolute minimum and maximum values of
the function f(x) = x — 2sinx, 0 < x < 2.
(b) Use calculus to find the exact minimum and maximum values.

SOLUTION

(a) Figure 15 shows agraph of f in the viewing rectangle [0, 2] by [—1, 8]. By mov-
ing the cursor close to the maximum point, we see that the y-coordinates don’'t change
very much in the vicinity of the maximum. The absolute maximum value is about 6.97
and it occurs when x = 5.2. Similarly, by moving the cursor close to the minimum point,
we see that the absolute minimum value is about —0.68 and it occurs when x = 1.0. It is
possible to get more accurate estimates by zooming in toward the maximum and mini-
mum points, but instead let’s use calculus.

(b) Thefunction f(x) = x — 2sinxiscontinuouson [0, 27]. Since f'(x) = 1 — 2 cos X,
we have f'(x) = 0 when cos x = 3 and this occurs when x = /3 or 57/3. The values
of f at these critical numbers are

o . T ar
f(7T/3) —3— 25”3_3 3 =~ —0.684853
5 57 5
and f(577/3)=?77—25m?77=?77+ 3 ~ 6.968039

The values of f at the endpoints are
f(00=0 and f(2m) = 27 =~ 6.28

Comparing these four numbers and using the Closed Interval Method, we see that the
absolute minimum valueis f(7/3) = 7/3 — /3 and the absolute maximum value is
f(5m/3) = 57/3 + /3. The values from part (a) serve as a check on our work.

[ET0TIETN The Hubble Space Telescope was deployed on April 24, 1990, by the space
shuttle Discovery. A model for the velocity of the shuttle during this mission, from liftoff
at t = Ountil the solid rocket boosters were jettisoned at t = 126 s, is given by

o(t) = 0.001302t* — 0.09029t? + 23.61t — 3.083

(in feet per second). Using this model, estimate the absol ute maximum and minimum
values of the acceleration of the shuttle between liftoff and the jettisoning of the boosters.

SOLUTION We are asked for the extreme values not of the given velocity function, but
rather of the acceleration function. So we first need to differentiate to find the acceleration:

d
a(t) = »'(t) = — (0.001302t* — 0.09029t> + 23.61t — 3.083)
dt

0.003906t* — 0.18058t + 23.61
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We now apply the Closed Interval Method to the continuous function a on the interval
0 <t = 126. Itsderivativeis

a'(t) = 0.007812t — 0.18058

The only critical number occurs when a'(t) = 0:

0.18058

= ooorerz ~ 2>1?

1

Evaluating a(t) at the critical number and at the endpoints, we have

a(0) = 23.61

a(ty) = 21.52 a(126) =~ 62.87

So the maximum acceleration is about 62.87 ft/s> and the minimum acceleration is

about 21.52 ft/.

m Exercises

1. Explain the difference between an absolute minimum and a
local minimum.

2. Suppose f is a continuous function defined on a closed
interval [a, b].

() What theorem guarantees the existence of an absolute max-

imum value and an absolute minimum value for f?
(b) What steps would you take to find those maximum and
minimum values?

3-4 For each of the numbersa, b, ¢, d, r, and s, state whether the
function whose graph is shown has an absolute maximum or min-
imum, alocal maximum or minimum, or neither a maximum

nor a minimum.

3.y 4. vy

7-10 Sketch the graph of afunction f that is continuous on [1, 5]
and has the given properties.

1

10.

. Absolute minimum at 2, absolute maximum at 3,
local minimum at 4

. Absolute minimum at 1, absolute maximum at 5,
local maximum at 2, local minimum at 4

. Absolute maximum at 5, absolute minimum at 2,
local maximum at 3, local minima at 2 and 4

f has no local maximum or minimum, but 2 and 4 are critical
numbers

5-6 Usethe graph to state the absolute and local maximum and
minimum values of the function.

5. [y G'ﬁ ]

Graphing calculator or computer required

1.

12.

13.

14

(a) Sketch the graph of afunction that has alocal maximum
at 2 and is differentiable at 2.

(b) Sketch the graph of afunction that has alocal maximum
at 2 and is continuous but not differentiable at 2.

(c) Sketch the graph of afunction that has alocal maximum
at 2 and is not continuous at 2.

(a) Sketch the graph of afunction on [—1, 2] that has an
absolute maximum but no local maximum.

(b) Sketch the graph of afunction on [—1, 2] that has alocal
maximum but no absolute maximum.

(a) Sketch the graph of afunction on [—1, 2] that has an
absolute maximum but no absolute minimum.

(b) Sketch the graph of afunction on[—1, 2] that is discontin-
uous but has both an absolute maximum and an absolute
minimum.

. (8) Sketch the graph of afunction that has two local maxima,
one local minimum, and no absolute minimum.

1. Homework Hints available at stewartcalculus.com
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(b) Sketch the graph of afunction that has three local 47. f(x) =2x>—3x2—12x + 1, [-2, 3]
minima, two local maxima, and seven critical numbers.
48, f(x) =x*—6x2+5, [-3,5]
15-28 Sketch the graph of f by hand and use your sketch to . . 5
find the absolute and local maximum and minimum values of f. 9. f(x) = 3" — 4 —12x* + 1, [-2,3]
(Use the graphs and transformations of Sections 1.2 and 1.3.) 50. () = (X — 1)°, [~1,2]
15. f(x) =3(3x — 1), x<3 1
16. f(X) —2_ %X, X=—2 51. f(X) =X+ ;, [02, 4]
17. f(x) = 1/x, x=1 52. f(x) = —— —. [0,3]
18. f(x) =1/x, 1<x<3 X X
19. f(x) = sinx, 0<x< /2 53. f(t) =tv4 —1t2, [-1, 2]
2. f(x) = sinx, 0<x< w/2 54, f(t) = Jt(8—1), [0, 8]
21. f(x) = sinx, —w/2<Xx< /2 55. f(t) = 2cost + sin2t, [0, 7/2]
22, f(t) = cost, —3m/2<t<37w/2 56. f(t) =t + cot(t/2), [m/4, Tm/4]
2. fX)=1+Kx+1? -2=<x<5
2. f(x) = [x| 57. If a and b are positive numbers, find the maximum value
25 f(x) =1— X of fx) =x*(1-x"0=<sx<1
2. f(x) =1—x° /| 58. Use agraph to estimate the critical numbers of
f(x) = |x® — 3x? + 2| correct to one decimal place.
2 f(x)_{l—x if 0<x<2
2x—4 if2=sx=<3 P 59-62
4-x2 if —2<x<0 (a) Use agraph to estimate the absolute maximum and minimum

28. f(x) = {

values of the function to two decimal places.

2x—1 if0=sx=<2 ) . -
0 (b) Use calculusto find the exact maximum and minimum values.

. . . 59 f(x) =x>—x*+2 —-1sx<1
29-42 Find the critical numbers of the function.

— 4 _ 3 2 _ <y<
29. f(x) = 4 + 3x — 2x2 30. f(x) = x3 + 6x2 — 15x 60. fO) =x*— 3"+ 3K —x 0=x=2
31, f(x) = 2x° — 3x? — 36x 32. f(x) = 2x% + x? + 2x B1. (%) = xv/x = x?
Bogt) =t ++t2+1 34. g(t) = |3t — 4| 62. f(x) =x —2cosx, —2<x<0
-1 -1
B gy) = 3. h(p) = = o
y°—y+1 p°+ 4 63. Between 0°C and 30°C, the volume V (in cubic centimeters)
37. h(t) = t¥/4 — 2t¥* 38. g(x) = x¥3 — x ¥° of 1 kg of water at atemperature T is given approximately by
the formula
39. F(x) = x¥5(x — 4)? 40. g(0) = 40 — tan @
V = 999.87 — 0.06426T + 0.0085043T ? — 0.0000679T 3
M. f(9) = 2 cosh + sin’6 42. g(x) = /1 —x2
Find the temperature at which water has its maximum
43-44 A formulafor the derivative of afunction f is given. How density.
many critical numbers does f have? 64. An object with weight W is dragged along a horizontal plane
210 sin x 100 cos?x by aforce acting along a rope attached to the object. If the
.. f'(x) =1+ Z—6x+ 10 . f'(x) = BT 1 rope makes an angle 6 with the plane, then the magnitude of
theforceis
S\ —
45-56 Find the absolute maximum and absolute minimum values ~ psiné + cosé
of f on the given interval.
f) = 12 + 4 2 05 where w is a positive constant called the coefficient(s) of fric-
4. f(x) =12+ 4x —x% [0,5] tion and where 0 < 0 < 7/2. Show that F is minimized
46. f(x) =5+ 54x — 2x3 [0, 4] when tan 0 = u.
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A model for the US average price of a pound of white sugar
from 1993 to 2003 is given by the function

S(t) = —0.00003237t> + 0.0009037t* — 0.008956t°
+ 0.03629t* — 0.04458t + 0.4074

wheret is measured in years since August of 1993. Estimate
the times when sugar was cheapest and most expensive dur-
ing the period 1993-2003.

On May 7, 1992, the space shuttle Endeavour was launched
on mission STS-49, the purpose of which wasto install a
new perigee kick motor in an Intelsat communications satel-
lite. The table gives the velocity data for the shuttle between
liftoff and the jettisoning of the solid rocket boosters.

Event Time (s) Velocity (ft/s)

Launch 0 0
Begin roll maneuver 10 185
End roll maneuver 15 319
Throttle to 89% 20 447
Throttle to 67% 32 742
Throttle to 104% 59 1325
Maximum dynamic pressure 62 1445

Solid rocket booster separation 125 4151

67.

(@) Use agraphing calculator or computer to find the cubic
polynomial that best models the velocity of the shuttle for
thetimeinterval t € [0, 125]. Then graph this polynomial.

(b) Find amodel for the acceleration of the shuttle and use it
to estimate the maximum and minimum values of the
acceleration during the first 125 seconds.

When aforeign object lodged in the trachea (windpipe)
forces a person to cough, the diaphragm thrusts upward caus-
ing an increase in pressure in the lungs. This is accompanied
by a contraction of the trachea, making a narrower channel
for the expelled air to flow through. For a given amount of

68.

69.

10.

n.

12.

air to escape in afixed time, it must move faster through the

narrower channel than the wider one. The greater the velocity

of the airstream, the greater the force on the foreign object.

X rays show that the radius of the circular tracheal tube con-

tracts to about two-thirds of its normal radius during a cough.

According to a mathematical model of coughing, the velocity

v of the airstream is related to the radius r of the trachea by

the equation

v(r) = k(ro — r)r?
wherek is a constant and r, is the normal radius of the
trachea. The restriction on r is due to the fact that the tracheal

wall stiffens under pressure and a contraction greater than 3o

is prevented (otherwise the person would suffocate).

(a) Determine the value of r in the interval [%ro, rgf at which
v has an absolute maximum. How does this compare with
experimental evidence?

(b) What is the absolute maximum value of » on the interval?

(c) Sketch the graph of » on the interval [0, ro].

Ihh<r<r

Show that 5 is a critical number of the function
g(x) =2+ (x — 5)°
but g does not have alocal extreme value at 5.
Prove that the function
fX)=x+x%+x+1
has neither alocal maximum nor alocal minimum.

If f has alocal minimum value at ¢, show that the function
g(x) = —f(x) hasalocal maximum value at c.

Prove Fermat’'s Theorem for the case in which f has alocal
minimum at c.

A cubic function is a polynomial of degree 3; that is, it has

theform f(x) = ax® + bx? + cx + d, wherea 5 0.

(8) Show that a cubic function can have two, one, or no criti-
cal number(s). Give examples and sketches to illustrate
the three possihilities.

(b) How many local extreme values can a cubic function
have?

THE CALCULUS OF RAINBOWS

observer
Formation of the primary rainbow

of rainbows.

Rainbows are created when raindrops scatter sunlight. They have fascinated mankind since
ancient times and have inspired attempts at scientific explanation since the time of Aristotle. In
this project we use the ideas of Descartes and Newton to explain the shape, location, and colors

1. The figure shows aray of sunlight entering a spherical raindrop at A. Some of the light is
reflected, but the line AB shows the path of the part that enters the drop. Notice that the light
is refracted toward the normal line AO and in fact Snell’s Law saysthat sin « = k sin 3,
where « is the angle of incidence, B is the angle of refraction, and k = § is the index of
refraction for water. At B some of the light passes through the drop and is refracted into the
air, but the line BC shows the part that is reflected. (The angle of incidence equals the angle
of reflection.) When the ray reaches C, part of it is reflected, but for the time being we are
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more interested in the part that leaves the raindrop at C. (Notice that it is refracted away
from the normal line.) The angle of deviation D(«) is the amount of clockwise rotation that
the ray has undergone during this three-stage process. Thus

rays from sun D@ =(a—B)+(m—2B) +(a— B) =7+ 2a — 4B

Show that the minimum value of the deviation is D(«) = 138° and occurs when o =~ 59.4°.
The significance of the minimum deviation is that when @ = 59.4° we have D'(«) = 0, SO

AD/Aa = 0. This means that many rays with a = 59.4° become deviated by approximately

the same amount. It is the concentration of rays coming from near the direction of minimum

deviation that creates the brightness of the primary rainbow. The figure at the left shows

that the angle of elevation from the observer up to the highest point on the rainbow is

180° — 138° = 42°. (This angle is called the rainbow angle.)

2. Problem 1 explains the location of the primary rainbow, but how do we explain the colors?
Sunlight comprises a range of wavelengths, from the red range through orange, yellow,
green, blue, indigo, and violet. As Newton discovered in his prism experiments of 1666, the
index of refraction is different for each color. (The effect is called dispersion.) For red light
the refractive index isk = 1.3318 whereas for violet light it isk = 1.3435. By repeating the
calculation of Problem 1 for these values of k, show that the rainbow angle is about 42.3° for
the red bow and 40.6° for the violet bow. So the rainbow really consists of seven individual
bows corresponding to the seven colors.

3. Perhaps you have seen a fainter secondary rainbow above the primary bow. That results from
the part of aray that enters araindrop and is refracted at A, reflected twice (at B and C), and
refracted as it leaves the drop at D (see the figure at the |eft). This time the deviation angle
D(«) isthe total amount of counterclockwise rotation that the ray undergoes in this four-stage
process. Show that

D(a) = 2a — 6B + 27

and D(«) has a minimum value when

k?—1
8

Formation of the secondary rainbow Ccos a =

Taking k = 2, show that the minimum deviation is about 129° and so the rainbow angle for
the secondary rainbow is about 51°, as shown in the figure at the | eft.

4. Show that the colors in the secondary rainbow appear in the opposite order from those in the
primary rainbow.

© Pichugin Dmitry / Shutterstack
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m The Mean Value Theorem

We will see that many of the results of this chapter depend on one central fact, which is
called the Mean Vaue Theorem. But to arrive at the Mean Value Theorem we first need
the following result.

Rolle Rolle’s Theorem Let f be afunction that satisfies the following three hypotheses:
Rolle’s Theorem was first published in 1691 1. f iscontinuous on the closed interval [a, b].

by the French mathematician Michel Rolle " . .
(1652-1719) in a book entitled Meéthade pour 2. f isdifferentiable on the open interval (a, b).

resoudre les Fgalitez. He was a vocal critic of 3. f(a) =f(b)

the methods of his day and attacked calculus Then there is anumber ¢ in (a, b) such that f'(c) = O.
as being a “collection of ingenious fallacies.

Later, however, he became convinced of the
s:lsﬁu"lt':' correctness of the methods of Before giving the proof let's take a look at the graphs of some typical functions that
' satisfy the three hypotheses. Figure 1 shows the graphs of four such functions. In each case
it appears that there is at least one point (c, f(c)) on the graph where the tangent is hori-

zontal and therefore f'(c) = 0. Thus Rolle’'s Theorem is plausible.

N TN

/ N

@ (b) (© (d)

FIGURE 1

Take cases PROOF There are three cases:

CASE | f(x) =k, a constant
Then f'(x) = 0, o0 the number ¢ can be taken to be any number in (a, b).

CASE Il f(x) > f(a) for some x in (a, b) [asin Figure 1(b) or (c)]

By the Extreme Value Theorem (which we can apply by hypothesis 1), f has a maximum
value somewherein [a, b]. Since f(a) = f(b), it must attain this maximum value at a num-
ber ¢ inthe open interval (a, b). Then f hasalocal maximum at ¢ and, by hypothesis 2,

f isdifferentiable at c. Therefore f'(c) = 0 by Fermat’s Theorem.

CASE Il f(x) < f(a) for some x in (a, b) [asin Figure 1(c) or (d)]

By the Extreme Value Theorem, f hasaminimum valuein [a, b] and, since f(a) = f(b), it

attains this minimum value at anumber c in (a, b). Again f’(c) = 0 by Fermat’s Theorem.
[ |

SUNTSN Let'sapply Rolle's Theorem to the position function s = f(t) of amoving
object. If the object is in the same place at two different instantst = a andt = b, then
f(a) = f(b). Rolle's Theorem saysthat there is some instant of timet = ¢ between a and
b when f'(c) = 0; that is, the velocity is 0. (In particular, you can see that thisis true
when aball isthrown directly upward.) [ |

[E70ZTF] Provethat the equation x* + x — 1 = 0 has exactly onereal root.

SOLUTION First we use the Intermediate Value Theorem (1.8.10) to show that aroot
exists. Let f(x) = x* + x — L. Then f(0) = —1 < Oand f(1) = 1 > 0. Since f isa
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Figure 2 shows a graph of the function

f(x) = x® + x — 1discussed in Example 2.
Rolle’s Theorem shows that, no matter how
much we enlarge the viewing rectangle, we can
never find a second X-intercept.

3

FIGURE 2

The Mean Value Theorem is an example of
what is called an existence theorem. Like the
Intermediate Value Theorem, the Extreme Value
Theorem, and Rolle’s Theorem, it guarantees
that there exists a number with a certain
property, but it doesn't tell us how to find the
number.

209

polynomial, it is continuous, so the Intermediate Value Theorem states that thereisa
number ¢ between 0 and 1 such that f(c) = 0. Thus the given equation has aroot.

To show that the equation has no other real root, we use Rolle's Theorem and argue
by contradiction. Suppose that it had two rootsa and b. Then f(a) = 0 = f(b) and, since
f isapolynomial, it is differentiable on (a, b) and continuous on [a, b]. Thus, by Rolle's
Theorem, there is a number ¢ between a and b such that f'(c) = 0. But

f'(x)=3%2+1=1 for all x

(since x? = 0) so f'(x) can never be 0. This gives a contradiction. Therefore the equation
can’'t have two real roots. [ |

Our main use of Rolle's Theorem isin proving the following important theorem, which
was first stated by another French mathematician, Joseph-L ouis Lagrange.

The Mean Value Theorem Let f be afunction that satisfies the following
hypotheses:

1. f iscontinuous on the closed interval [a, b].
2. f isdifferentiable on the open interval (a, b).

Then thereis anumber ¢ in (a, b) such that

v t0) —f(a)
[1] f'(c) = .
or, equivalently,
[2] f(b) — f(a) =f'(c)b — a)

Before proving this theorem, we can see that it is reasonable by interpreting it geomet-
rically. Figures 3 and 4 show the points A(a, f(a)) and B(b, f (b)) on the graphs of two dif-
ferentiable functions. The slope of the secant line AB is

f(b) — f(a)
b—a

@ Mg =

which is the same expression as on the right side of Equation 1. Since f'(c) is the slope of
the tangent line at the point (c, f(c)), the Mean Vaue Theorem, in the form given by Equa-
tion 1, says that there is at least one point P(c, f(c)) on the graph where the sope of the
tangent line is the same as the slope of the secant line AB. In other words, there is a
point P where the tangent line is parallel to the secant line AB. (Imagine aline parallel to
AB, starting far away and moving parallel to itself until it touches the graph for the first
time.)

y y

B(b, f(b))

FIGURE 3 FIGURE 4
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210
Y PROOF We apply Rolle’s Theorem to a new function h defined as the difference between
f and the function whose graph is the secant line AB. Using Equation 3, we see that the
equation of theline AB can be written as
f(b) — f(a)
— f _—_— —
y —f(@ b_a X3
f(b) — f
0 or as y=f(a)+u(x—a)
b—a
So, asshown in Figure 5,
FIGURE 5
f(b) — f(a)
E h(X)=f(X) —f(a) —ﬁ(x—a)
Lagrange and the First we must verify that h satisfies the three hypotheses of Rolle' s Theorem.

Mean Value Theorem

1. The function h is continuous on [a, b] because it is the sum of f and a first-degree

The Mean Value Theorem was first formulated polynomial, both of which are continuous.

by Joseph-Louis Lagrange (1736—1813), born in

Italy of a French father and an Italian mother. 2. Thefunction h is differentiable on (a, b) because both f and the first-degree poly-
He was a child prodigy and became a professor nomial are differentiable. In fact, we can compute h’ directly from Equation 4:
in Turin at the tender age of 19. Lagrange made

great contributions to number theory, theory of f (b) —f (a)

functions, theory of equations, and analytical h'(x) = f'(x) —

and celestial mechanics. In particular, he b—a

applied calculus to the analysis of the stability

of the solar system. At the invitation of Freder- (Notethat f(a) and [ f(b) — f(a)]/(b — a) are constants.)

ick the Great, he succeeded Euler at the Berlin

Academy and, when Frederick died, Lagrange _

accepted King Louis XVI's invitation to Paris, 3. h(a) = f(a) — f(a) — f(bb) @ @a-a=0

where he was given apartments in the Louvre o

and became a professor at the Ecole Polytech- f(b) — f(a)

nique. Despite all the trappings of luxury and h(b) = f(b) — f(a) — (b —a)

fame, he was a kind and quiet man, living only b —

for science. — f(b) _ f(a) _ [f(b) _ f(a)] — 0

Therefore h(a) = h(b).

Since h satisfies the hypotheses of Rolle’s Theorem, that theorem says thereis a num-
ber cin (a, b) such that h’'(c) = 0. Therefore

0=hc) = f(c) - —f(bb) - ;(a)
vy _ 10— f(a)
and so f'(c) = b_a [

1 ETYTEIEE] Toillustrate the Mean Value Theorem with a specific function, let's
consider f(x) = x®* — x,a = 0,b = 2. Since f isapolynomial, it is continuous and
differentiable for all x, so it is certainly continuous on [0, 2] and differentiable on (0, 2).
Therefore, by the Mean Vaue Theorem, thereisanumber ¢ in (0, 2) such that

f(2) — f(0) =f'(c)(2 — 0)
Now f(2) = 6, f(0) = 0, and f'(x) = 3x? — 1, so this equation becomes

6= (3c2 — 1)2 = 62 — 2
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y y=x'—x
B
0 +
¢ 2
FIGURE 6

which gives c2 = %, that is, ¢ = =2/4/3. But ¢ must liein (0, 2), so ¢ = 2//3.
Figure 6 illustrates this calculation: The tangent line at this value of ¢ is parallel to the
secant line OB. [ |

1 IEX0ETEA I an object movesin astraight line with position function's = f(t), then
the average velocity betweent = aandt = b is

f(b) — f(a)
b—a

and the velocity at t = cis f'(c). Thus the Mean Value Theorem (in the form of Equa-
tion 1) tells us that at sometimet = ¢ between a and b the instantaneous velocity f'(c)
is equal to that average velocity. For instance, if a car traveled 180 km in 2 hours, then
the speedometer must have read 90 km/h at least once.

In general, the Mean Vaue Theorem can be interpreted as saying that there is a num-
ber at which the instantaneous rate of change is equal to the average rate of change over
an interval. [ |

The main significance of the Mean Vaue Theorem is that it enables us to obtain infor-
mation about a function from information about its derivative. The next example provides
an instance of this principle.

1 ETYTEE Supposethat f(0) = —3 and f/(x) < 5for all values of x. How large can
f(2) possibly be?

SOLUTION We are given that f isdifferentiable (and therefore continuous) everywhere.
In particular, we can apply the Mean Value Theorem on the interval [0, 2]. There exists a
number ¢ such that

f(2) — f(0) =f'(c)(2 - 0)
6] f(2) =f(0) + 2f'(c) = —3 + 2f'(c)

We are given that f'(x) < 5for all x, so in particular we know that f'(c) < 5. Multiply-
ing both sides of thisinequality by 2, we have 2f’(c) < 10, so

f(2)=-3+2f'c) = -3+10=7
The largest possible value for f(2) is7. [
The Mean Value Theorem can be used to establish some of the basic facts of differen-

tial calculus. One of these basic facts is the following theorem. Others will be found in the
following sections.

@ Theorem If f'(x) = Ofor al x in aninterva (a, b), then f is constant on (a, b).

PROOF Let x; and x, be any two numbersin (a, b) with x; < x,. Since f is differen-
tiable on (a, b), it must be differentiable on (x4, X,) and continuous on X1, X2 ]. By apply-
ing the Mean Value Theorem to f on the interval [X4, X2 ], we get a number ¢ such that

X1 < C <X and

@ f(x2) — f(x0) = f'(c)(x2 — x1)
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Since f'(x) = Ofor al x, we have f'(c) = 0, and so Equation 6 becomes

f(x2) —f(xy) =0 or

f(x2) = f(x1)

Therefore f has the same value at any two numbersx; and x; in (a, b). Thismeansthat f

isconstant on (a, b).

Corollary If f'(x) = ¢g'(x) for al x inaninterva (a, b), then f — g is constant
on (a, b); that is, f(x) = g(x) + ¢ where ¢ is a constant.

PROOF Let F(x) = f(x) — g(x). Then

F0) = (0 — g/0) = 0

for al xin(a, b). Thus, by Theorem 5, F is constant; that is, f — g is constant. [

NOTE Care must be taken in applying Theorem 5. Let

X 1 if x>0
f(x)_m_{—l if x <0

Thedomainof fisD = {x | x # O} and f'(x) = Ofor al x in D. But f isobviously not a
constant function. This does not contradict Theorem 5 because D is not an interval. Notice
that f is constant on the interval (0, «) and aso on the interval (—<, 0).

m Exercises

1-4 Verify that the function satisfies the three hypotheses of

Rolle's Theorem on the given interval. Then find al numbers ¢ that

satisfy the conclusion of Rolle’'s Theorem.
1. f(x) =5— 12x + 3x?, [1,3]

f(x)=x>*—x*—6x+2 [0,3]

f(x) = vx —3x [0,9]

. f(x) = cos2x, [n/8, 77/8]

s oW oN

5. Let f(x) = 1 — x%°. Show that f(—1) = f(1) but there is no
number c in (—1, 1) such that f'(c) = 0. Why does this not
contradict Rolle' s Theorem?

6. Let f(x) = tan x. Show that f(0) = f(#) but thereis no
number c in (0, 7) such that f'(c) = 0. Why does this not con-
tradict Rolle's Theorem?

1. Usethe graph of f to estimate the values of ¢ that satisfy the
conclusion of the Mean Value Theorem for theinterval [0, 8].

' ||
y =fx)

—

1

0 1 X|

Graphing calculator or computer required

8. Usethe graph of f given in Exercise 7 to estimate the values of
¢ that satisfy the conclusion of the Mean Value Theorem for the
interval [1, 7].

9-12 Verify that the function satisfies the hypotheses of the Mean
Value Theorem on the given interval. Then find al numbers ¢ that
satisfy the conclusion of the Mean Value Theorem.

9. f(x) =2x>—-3x + 1, [0,2]
0. f(x) =x3>—3x+2 [-22]
1. f(x) = ¥, [0, 1]

12. f(x) = 1/x, [1,3]

13-14 Find the number c that satisfies the conclusion of the Mean

Value Theorem on the given interval. Graph the function, the
secant line through the endpoints, and the tangent line at (c, f(c)).
Are the secant line and the tangent line(s) parallel?

13. f(x) = vx, [0,4]
14. f(x) =x>—2x, [-2 2]

15. Let f(x) = (x — 3) 2 Show that thereis no value of ¢ in (1, 4)
such that f(4) — f(1) = f'(c)(4 — 1). Why does this not con-
tradict the Mean Vaue Theorem?

1. Homework Hints available at stewartcalculus.com
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Let f(x) = 2 — |2x — 1]. Show that there is no value of ¢ such
that f(3) — f(0) = f'(c)(3 — 0). Why does this not contradict
the Mean Value Theorem?

17-18 Show that the equation has exactly one real root.

17.

2x + cosx =0 18. 2x — 1 —sinx=0

22.

23

24.

25

26

Show that the equation x* — 15x + ¢ = 0 has at most one root
intheinterval [—2, 2].

Show that the equation x* + 4x + ¢ = 0 has at most two
real roots.

(a) Show that a polynomial of degree 3 has at most three
real roots.

(b) Show that a polynomial of degree n has at most n real
roots.

(a) Supposethat f is differentiable on R and has two roots.
Show that f’ has at least one root.

(b) Suppose f istwice differentiable on R and has three roots.
Show that f” has at least one real root.

(c) Canyou generalize parts (a) and (b)?

If f(1) = 10and f'(x) = 2for 1 < x < 4, how small can f(4)
possibly be?

Suppose that 3 < f'(x) < 5 for al values of x. Show that
18 < f(8) — f(2) < 30.

Does there exist afunction f such that f(0) = —1, f(2) = 4,
and f'(x) < 2for all x?

Suppose that f and g are continuous on [a, b] and differ-
entiable on (a, b). Suppose aso that f(a) = g(a) and

oG

m How Derivatives Affect the Shape of a Graph

2]1.

28.

29.

30.

3.

32.

33.

34.
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f'(x) < g'(x) fora < x < b. Provethat f(b) < g(b). [Hint:
Apply the Mean Value Theorem to the function h = f — g.]

Show that /1 + X < 1 + 3xif x > 0.

Suppose f isan odd function and is differentiable every-
where. Prove that for every positive number b, there exists
anumber ¢ in (—=b, b) such that f'(c) = f(b)/b.

Use the Mean Value Theorem to prove the inequality

|sina —sinb| <|a—b| forall aandb

If f'(x) = c (c aconstant) for al x, use Corollary 7 to show
that f(x) = cx + d for some constant d.

Let f(x) = 1/x and

if x>0

g(x) =

1+— ifx<o0
X

Show that f'(x) = ¢g'(x) for al x in their domains. Can we con-
clude from Corollary 7 that f — g is constant?

At 2:00 Pm a car’'s speedometer reads 30 mi/h. At 2:10 pwm it
reads 50 mi/h. Show that at some time between 2:00 and 2:10
the acceleration is exactly 120 mi/h?,

Two runners start arace at the same time and finish in atie.
Prove that at some time during the race they have the same
speed. [Hint: Consider f(t) = g(t) — h(t), whereg and h are
the position functions of the two runners.]

A number a is called afixed point of afunction f if
f(a) = a. Provethat if f'(x) # 1 for all real numbers x, then
f has at most one fixed point.

Many of the applications of calculus depend on our ability to deduce facts about afunction
f from information concerning its derivatives. Because f’(x) represents the slope of the
curvey = f(x) at the point (x, f(x)), it tells us the direction in which the curve proceeds at

FIGURE 1

each point. So it is reasonable to expect that information about f’(x) will provide us with
information about f(x).

I What Does f’ Say About f?

To see how the derivative of f can tell us where a function is increasing or decreasing,
look at Figure 1. (Increasing functions and decreasing functions were defined in Section
1.1.) Between A and B and between C and D, the tangent lines have positive slope and so
x  f'(x) > 0. Between B and C, the tangent lines have negative slope and so f'(x) < 0. Thus

it appearsthat f increases when f'(x) is positive and decreases when f'(x) is negative. To

prove that this is always the case, we use the Mean Value Theorem.
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Let's abbreviate the name of this test to

the I/D Test.

20

in.com - Ask/Answer Questions. Homework Help.

Increasing/Decreasing Test
(a) If f'(x) > 0onaninterval, then f isincreasing on that interval.
(b) If f'(x) < Oonaninterval, then f is decreasing on that interval.

PROOF
(a) Let x; and x, be any two numbersin theinterval with x; < x,. According to the defi-
nition of an increasing function (page 19), we have to show that f(x;) < f(x2).

Because we are given that f'(x) > 0, we know that f isdifferentiable on [x,, X2]. So,
by the Mean Value Theorem, there is a number ¢ between x; and x, such that

[1] f(xa) — f(x1) = F/(C)(X2 — X1)

Now f’(c) > 0 by assumption and x, — x; > 0 because x; < x,. Thusthe right side of
Equation 1 is positive, and so

f(xo) — f(xy) >0 or f(x1) < f(xo)

This showsthat f isincreasing.
Part (b) is proved similarly. [ |

I IE7XTEEN Find where the function f(x) = 3x* — 4x® — 12x? + 5isincreasing and
where it is decreasing.

SOLUTION f'(x) = 12x® — 12x% — 24x = 12x(x — 2)(x + 1)

To use the | /D Test we have to know where f'(x) > 0 and where f'(x) < 0. This
depends on the signs of the three factors of f'(x), namely, 12x, x — 2, and x + 1. We
divide the real line into intervals whose endpoints are the critical numbers —1, 0, and 2
and arrange our work in a chart. A plus sign indicates that the given expression is posi-
tive, and aminus sign indicates that it is negative. The last column of the chart gives

the conclusion based on the I /D Test. For instance, f'(x) < 0for0 < x < 2,0 f is

decreasing on (0, 2). (It would also betrueto say that f isdecreasing on the closed inter-

-2

A

FIGURE 2

—30

val [0, 2].)
Interval 12x X—2 x+1 f'(x) f
x< -1 - - - - decreasing on (—o, —1)
-1<x<0 - - + + increasing on (—1, 0)
0<x<?2 + - + - decreasing on (0, 2)
X>2 + + + + increasing on (2, «)
The graph of f shown in Figure 2 confirms the information in the chart. [ |

Recall from Section 3.1 that if f hasalocal maximum or minimum at ¢, then ¢ must be
acritical number of f (by Fermat’s Theorem), but not every critical number givesriseto a
maximum or a minimum. We therefore need a test that will tell us whether or not f has a
local maximum or minimum at a critical number.

You can see from Figure 2 that f(0) = 5 is alocal maximum value of f because f
increases on (—1, 0) and decreases on (0, 2). Or, in terms of derivatives, f'(x) > 0 for
—1<x<0and f'(x) < 0for 0 < x < 2. Inother words, the sign of f'(x) changes from
positive to negative at 0. This observation is the basis of the following test.
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The First Derivative Test Suppose that ¢ is a critical number of a continuous
function f.

(a) If f' changes from positive to negative at ¢, then f has alocal maximum at c.
(b) If f’ changes from negative to positive at ¢, then f has aloca minimum at c.

(c) If f" does not change sign at ¢ (for example, if ' is positive on both sides of ¢
or negative on both sides), then f has no local maximum or minimum at c.

TheFirst Derivative Test is aconsequence of thel /D Test. In part (a), for instance, since
the sign of f'(x) changes from positive to negative at c, f isincreasing to the left of ¢ and
decreasing to theright of c. It follows that f has alocal maximum at c.

It is easy to remember the First Derivative Test by visualizing diagrams such asthosein

Figure 3.
Y y y y
fix)<0
fx)>0 flx)<o0 ,
f) >0 ) <0
fx)<0 fx)>0 fx)>0
0 / c \ X 0 c X 0 ! c X 0 c | X
(a) Loca maximum (b) Local minimum (c) No maximum or minimum (d) No maximum or minimum
FIGURE 3

1 IEXETEF Find the local minimum and maximum values of the function f in
Example 1.

SOLUTION From the chart in the solution to Example 1 we see that f'(x) changes from
negative to positive at —1, so f(—1) = Oisalocal minimum value by the First Deriva-
tive Test. Similarly, f’ changes from negative to positive at 2, so f(2) = —27 isadsoa
local minimum value. As previously noted, f(0) = 5isalocal maximum value because
f'(x) changes from positive to negative at 0. [ |

BTN Find the local maximum and minimum values of the function

g(x) = x + 2sinx Osx<2mw

SOLUTION To find the critical numbers of g, we differentiate:
g'(x) = 1 + 2 cosx

S0 ¢'(x) = 0 when cosx = —3. The solutions of this equation are 27r/3 and 4/3.
Because g is differentiable everywhere, the only critical numbers are 277/3 and 47/3
and so we analyze g in the following table.

Interval g'(x) = 1 + 2 cosx g
The + signs in the table come from the fact that - -
g'(x) > Owhen cosx > —3. From the graph of 0<x<2m/3 + increasing on (0, 27/3)
y = cosx, this is true in the indicated intervals. 2m/3 <X < 4m/3 - decreasing on (27/3, 4m/3)
A7/3 < X < 21 + increasing on (4/3, 2m)
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216
Because g'(x) changes from positive to negative at 27/3, the First Derivative Test tells us
that there is alocal maximum at 277/3 and the local maximum valueis
6
- 21 . 2w 27 \/5 2
2 =—+2dN—=—+2|— | =—+ ~ 3.
9(2m/3) = = sn—- = (2 3 V3 ~ 383
Likewise, g'(x) changes from negative to positive at 47/3 and so
: ‘ v 4 4 4 3 4
0 27 g(4w/3)=?w+25in?ﬂ—=?ﬂ-+2<—§>=?7T— 3 ~ 246
FIGURE 4
gx)=x+2snx ) o o )
isalocal minimum value. The graph of g in Figure 4 supports our conclusion. [ |

I What Does f” Say About f?

Figure 5 shows the graphs of two increasing functions on (a, b). Both graphs join point A
to point B but they look different because they bend in different directions. How canwe dis-
tinguish between these two types of behavior? In Figure 6 tangents to these curves have
been drawn at severa points. In (@) the curve lies above the tangents and f is called con-
cave upward on (a, b). In (b) the curve lies below the tangents and ¢ is called concave
downward on (a, b).

y B y B
9
f
A A
0 a b X 0 a b X
FIGURE 5 @ (b)
y B y B
¥ g
A A
0 X 0 X
FIGURE 6 (a) Concave upward (b) Concave downward

Definition If the graph of f lies above al of itstangents on an interval I, thenitis
called concave upward on I. If the graph of f liesbelow all of itstangentson I, it
is called concave downward on .

http://www.meetyourbrain.com - Ask/Answer Questions. Homework Help.

Copyright 2010 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s).
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.



http://www.meetyourbrain.com - Ask/An

oG

&=GRAPH 217

Figure 7 shows the graph of afunction that is concave upward (abbreviated CU) on the
intervals (b, ), (d, e), and (e, p) and concave downward (CD) on theintervals (a, b), (c, d),
and (p, q).

y

0| a b c d e P q X
FIGURE 7 | CcD | cu l— CD —— CU — CcU —~CD ~

Let’s see how the second derivative helps determine the intervals of concavity. Look-
ing at Figure 6(a), you can see that, going from left to right, the slope of the tangent increas-
es. This means that the derivative ' is an increasing function and therefore its derivative
f” ispositive. Likewise, in Figure 6(b) the slope of the tangent decreases from left to right,
so f' decreases and therefore f” is negative. This reasoning can be reversed and suggests
that the following theorem is true. A proof is given in Appendix F with the help of the
Mean Value Theorem.

Concavity Test
(a) If £"(x) > O0for al x in I, then the graph of f is concave upward on |.
(b) If f"(x) < Ofor al xinl, then the graph of f is concave downward on .

Figure 8 shows a population graph for Cyprian honeybees raised in an
apiary. How does the rate of population increase change over time? When isthisrate
highest? Over what intervalsis P concave upward or concave downward?

P

80

Number of bees 60T

(in thousands)
40+

20+

0 306 9 12 15 18 ¢t
FIGURE 8 Time (in weeks)

SOLUTION By looking at the slope of the curve ast increases, we see that the rate of
increase of the population isinitialy very small, then gets larger until it reaches a maxi-
mum at about t = 12 weeks, and decreases as the population begins to level off. Asthe
population approaches its maximum value of about 75,000 (called the carrying capac-
ity), the rate of increase, P'(t), approaches 0. The curve appears to be concave upward on
(0, 12) and concave downward on (12, 18). [ |
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y

(4.6)
6+
3t (2,3)

I R

«— dec —}«— inc —}«— dec —

CcuU | CD
FIGURE 9
y
f
P
fle=0 fx)
flc)

0 c X X

FIGURE 10

f"(c) >0, fisconcave upward
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In Example 4, the population curve changed from concave upward to concave down-
ward at approximately the point (12, 38,000). This point is called an inflection point of the
curve. The significance of this point isthat the rate of population increase has its maximum
valuethere. In general, an inflection point is a point where a curve changes its direction of
concavity.

Definition A point P on acurvey = f(x) is caled an inflection point if f is con-
tinuous there and the curve changes from concave upward to concave downward
or from concave downward to concave upward at P.

For instance, in Figure 7, B, C, D, and P are the points of inflection. Notice that if a
curve has atangent at a point of inflection, then the curve crosses its tangent there.

In view of the Concavity Test, there is a point of inflection at any point where the sec-
ond derivative changes sign.

[E70ZT Sketch apossible graph of afunction f that satisfies the following
conditions:

(i) fO0=0, f2=3, f@ =6 fO=Ff4=0
(i) f'(x) >0for0<x<4, f'(x) <Oforx<Oandforx >4
(iii) f"(x) >0forx <2, f"(x) <Oforx>2

SOLUTION Condition (i) tells usthat the graph has horizontal tangents at the points (0, 0)
and (4, 6). Condition (ii) saysthat f isincreasing on the interval (0, 4) and decreasing on
theintervals (—o, 0) and (4, ). It follows from the | /D Test that f(0) = Oisaloca min-
imum and f(4) = 6isalocal maximum.

Condition (iii) says that the graph is concave upward on the interval (—°, 2) and
concave downward on (2, «). Because the curve changes from concave upward to con-
cave downward when x = 2, the point (2, 3) is an inflection point.

We use this information to sketch the graph of f in Figure 9. Notice that we made the
curve bend upward when x < 2 and bend downward when x > 2. [ ]

Another application of the second derivative is the following test for maximum and
minimum values. It is a consequence of the Concavity Test.

The Second Derivative Test Suppose f” is continuous near c.
(@) If f'(c) =0and f"(c) > 0, then f hasaloca minimum at c.
(b) If f’(c) =0and f”"(c) < 0, then f hasalocal maximum at c.

For instance, part (a) is true because f”(x) > 0 near ¢ and so f is concave upward
near ¢. This means that the graph of f lies above its horizontal tangent at ¢ and so f has
alocal minimum at c. (See Figure 10.)

7 IE7XETEE Discussthe curvey = x* — 4x3 with respect to concavity, points of
inflection, and local maxima and minima. Use this information to sketch the curve.

SOLUTION If f(x) = x* — 4x5, then

f'(x) = 4x® — 12x2 = 4x%(x — 3)
f7(x) = 12x% — 24x = 12x(x — 2)
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inflection 23
points

(3,-27)

FIGURE 11

Use the differentiation rules to check
these calculations.

oG

To find the critical numbers we set f'(x) = 0 and obtain x = 0 and x = 3. To use the
Second Derivative Test we evaluate f” at these critical numbers:

£7(0) =0 f7(3) =36 >0

Since f'(3) = 0and f"(3) > 0, f(3) = —27 isaloca minimum. Since f"(0) = 0, the
Second Derivative Test gives no information about the critical number 0. But since
f’(x) < Ofor x < 0and asofor 0 < x < 3, the First Derivative Test tells us that f does
not have alocal maximum or minimum at 0. [In fact, the expression for f’(x) shows
that f decreases to the left of 3 and increases to the right of 3.]

Since f”(x) = 0 when x = 0 or 2, we divide the rea line into intervals with these
numbers as endpoints and compl ete the following chart.

Interval f'(x) = 12x(x — 2) Concavity
(=2, 0) + upward
0,2 - downward
(2, ) + upward

The point (0, 0) is an inflection point since the curve changes from concave upward to
concave downward there. Also (2, —16) is an inflection point since the curve changes
from concave downward to concave upward there.

Using the local minimum, the intervals of concavity, and the inflection points, we
sketch the curve in Figure 11. [ |

NOTE The Second Derivative Test isinconclusive when f”(c) = 0. In other words, at
such a point there might be a maximum, there might be a minimum, or there might be nei-
ther (asin Example 6). Thistest also failswhen f "(c) does not exist. In such casesthe First
Derivative Test must be used. In fact, even when both tests apply, the First Derivative Test
is often the easier one to use.

[E7XIT#] Sketch the graph of the function f(x) = x%3(6 — x)¥2.
SOLUTION Calculation of the first two derivatives gives

4 — X -8

f'(x) = X173 f(x) = x¥3(6 — x)°°

(6 _ X)2/3

Since f'(x) = 0 when x = 4 and f’(x) does not exist when x = 0 or x = 6, the critical
numbers are 0, 4, and 6.

Interval 4 —x x1/3 (6 — x)?® f(x) f
x<0 + - + - decreasing on (—, 0)
0<x<4 + + + + increasing on (0, 4)
4<x<6 - + + — decreasing on (4, 6)
X>6 - + + — decreasing on (6, »)

To find the local extreme values we use the First Derivative Test. Since f' changes
from negative to positive at 0, f(0) = Oisaloca minimum. Since f’ changes from
positive to negative at 4, f(4) = 2%%isaloca maximum. The sign of f’ does not change
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In Module 3.3 you can practice using at 6, so there is no minimum or maximum there. (The Second Derivative Test could be
information about f', f", and asymptotes to used at 4 but not at 0 or 6 since f” does not exist at either of these numbers.)

determine the shape of the graph of f. Looking at the expression for f”(x) and noting that x*® = 0 for al x, we have

f’(x) <Oforx <Oandfor0< x < 6and f"(x) > 0for x > 6. So f isconcave down-
ward on (—c°, 0) and (0, 6) and concave upward on (6, «), and the only inflection point

Try reproducing the graph in Figure 12 with is (6, 0). The graph is sketched in Figure 12. Note that the curve has vertical tangents at
a graphing calculator or computer. Some (0, 0) and (6, 0) because | f'(x) | —>owasX— 0andasx — 6.

machines produce the complete graph, some

produce only the portion to the right of the y

y-axis, and some produce only the portion

between x = 0 and x = 6. For an explanation 41 (4,2%3)
and cure, see Example 7 in Appendix G. An 3+
equivalent expression that gives the correct 24
graph is 1
6 — x S )
— (y2)1/3 . _ v |13 ——t —t t
y = (x?) ‘G_X‘IG x| 0 1 2 3 4 5 7 X

y= xZ,’3(6 _ x)l,’S

FIGURE 12

m Exercises

1-2 Use the given graph of f to find the following.
(@) The openintervals on which f isincreasing.
(b) The openintervals on which f is decreasing.

5-6 The graph of the derivative f' of afunction f is shown.
(@) Onwhat intervalsis f increasing or decreasing?
(b) At what values of x does f have alocal maximum or

(c) The open intervals on which f is concave upward. minimum?
(d) The open intervals on which f is concave downward. 5 y 6. vy
(e) The coordinates of the points of inflection. y=f'(x)

OVZ 4\6X 0\/ \

L - / 7. In each part state the x-coordinates of the inflection points
of f. Give reasons for your answers.
0| 1 0] 1 (&) The curveis the graph of f.

(b) The curveisthe graph of f'.

(c) The curveisthe graph of f”.

3. Suppose you are given aformula for afunction f. y
(a) How do you determine where f isincreasing or

decreasing? /\/\
(b) How do you determine where the graph of f is concave - -

upward or concave downward?
(c) How do you locate inflection points?

(=]
[\S]
N~
[*)}
)

=

4. (a) Statethe First Derivative Test.

(b) State the Second Derivative Test. Under what circum- 8. The graph of thefirst derivative f’ of afunction f is shown.
stances is it inconclusive? What do you do if it fails? (8) Onwhat intervalsis f increasing? Explain.
Graphing calculator or computer required Computer algebra system required 1. Homework Hints available at stewartcal culus.com
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(b) At what values of x does f have alocal maximum or
minimum? Explain.

(c) Onwhat intervalsis f concave upward or concave down-
ward? Explain.

(d) What are the x-coordinates of the inflection points of f ?

Why?
y=£1 /J
9-14

(@) Find theintervals on which f isincreasing or decreasing.
(b) Find thelocal maximum and minimum values of f.
(c) Findtheintervals of concavity and the inflection points.

9. f(x) = 2x° + 3x2 — 36x
10. f(x) =4x>+3x2—6x + 1

y

1. f(x)=x*—2x>+ 3 12. f(x) =

X
X2+ 1
13. f(X) =sinx + cosx, 0<x <27

14. f(x) = cos’x — 2sinx, 0<x<27w

&=GRAPH 221

2 f'(1)=f(-1)=0, f'(x)<O0if|x| <1,
f'(ix) >0if1<|x| <2 f'(x)=-1if |x|>2
f"(x) < 0if =2 < x <0, inflection paoint (0, 1)

23. f'(x) > 0if x| <2, f'(x) <O0if [x|>2,
f'(=2)=0, lim[f'()| =2, {0 >0ifx#2

2. f(0)=f (0 =12 =14 =1'(6)=0,
f'(x) >0if0<x<20r4<x<6,
f'(x) <0if2<x<4orx>6,
f'"(x) >0if0<x<lor3<x<5
f"(x) <0if1l<x<3orx>5 f(—x)=7F(x)

25. f'(x) < Oand f"(x) < Ofor al x

15-17 Find the local maximum and minimum values of f using
both the First and Second Derivative Tests. Which method do you
prefer?

2

15. f(x) = 1 + 3x? — 2x°3
(x) m—

17. f(x) = VX — ¥

16. f(x) =

18. (@) Find the critical numbers of f(x) = x*(x — 1)%.
(b) What does the Second Derivative Test tell you about the
behavior of f at these critical numbers?
(c) What does the First Derivative Test tell you?
19. Suppose f” is continuous on (—o°, ).
(@ If f'(2) = 0and f"(2) = —5, what can you say about f?
(b) If f'(6) = 0and f”(6) = 0, what can you say about f ?

20-25 Sketch the graph of afunction that satisfies all of the given
conditions.
20. Vertical asymptotex = 0, f'(x) > 0if x < =2,

f'(x) <0ifx> —2 (x # 0),

f'(x) <0ifx <0, f"(x)>0ifx>0

21. f/(0)=f'(2 =f'(4) =0,
f'(x) >0ifx<0or2<x<4,
f'(x) <0if0O<x<2o0rx >4,
f'(x) >0if1l<x<3 f"(x)<0ifx<lorx>3

26. Supposef(3) = 2, f'(3) =3, and f'(x) > 0and f"(x) < O for
all x.
(a) Sketch a possible graph for f.
(b) How many solutions does the equation f (x) = 0 have?
Why?
(c) Isit possible that f'(2) = 2 Why?

27-28 The graph of the derivative f’ of a continuous function f
is shown.
(@) Onwhat intervalsis f increasing? Decreasing?
(b) At what values of x does f have aloca maximum?
Loca minimum?
(c) Onwhat intervalsis f concave upward? Concave downward?
(d) State the x-coordinate(s) of the point(s) of inflection.
(e) Assuming that f(0) = 0, sketch a graph of f.

21. [y

28. 1y ‘ ‘
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29-40

(a) Find theintervals of increase or decrease.

(b) Find thelocal maximum and minimum values.

(c) Find the intervals of concavity and the inflection points.
(d) Usetheinformation from parts (a)—(c) to sketch the graph.

29.

31.

33.

35.

31.

39.

40.

Check your work with a graphing device if you have one.
f(x) =x>—12x + 2 30. f(x) = 36x + 3x? — 2x°
f(x) =2+ 2x2 — x* 32. g(x) = 200 + 8x3 + x*
h(x) = (x + 1)°—5x —2 34. h(x) =5x>— 3x°

F(X) = xv/6 — x

C(x) = x3(x + 4)

36. G(x) = 5x¥° — 2x%°
38. G(x) = x — 4yx
f(#) =2cosh + cos, 0<6<22m

S(x) =x —sinx, 0s<x<4nw

a1.

42,

Suppose the derivative of afunction f is
f'(x) = (x + 1)A(x — 3)%x — 6)*. On what interval is f
increasing?

Use the methods of this section to sketch the curve

y = x3 — 3a% + 2a® where a is a positive constant. What
do the members of this family of curves have in common?
How do they differ from each other?

43-44
(@) Useagraph of f to estimate the maximum and minimum

values. Then find the exact values.

(b) Estimate the value of x at which f increases most rapidly.

Then find the exact value.

43 f(X) _Ll
' W2+ 1
44, f(x) =x +2cosx, O0<Xx<27m
P 45-46

(@) Useagraph of f to give arough estimate of the intervals of

concavity and the coordinates of the points of inflection.

(b) Useagraph of f”to give better estimates.

45. f(X) = cosX + 3 cos2x, 0<x=<2x

46. f(x) = x3(x — 2)*

47-48 Estimate the intervals of concavity to one decimal place
by using a computer algebra system to compute and graph f”.

4 3 1 13 2 5
a1. f(x)=% 48. f(x)=%

49. A graph of a population of yeast cellsin anew laboratory

culture as a function of time is shown.

(a) Describe how the rate of population increase varies.

(b) When is this rate highest?

(c) On what intervals is the population function concave
upward or downward?

(d) Estimate the coordinates of the inflection point.

700 +
600 +

Number % T
of 400t

yeast cells 300 +
200 +
100 +

0f 2 4 6 8 10 12 14 16 18
Time (in hours)

50. Let f(t) be the temperature at timet where you live and sup-

pose that at timet = 3 you feel uncomfortably hot. How do
you feel about the given data in each case?

@f'Q]=2 f"(3 =4

(b)f'}) =2 "} =-4

©f'}=-2 f(3=4

d) '} =-2 Q) =-4

51. Let K(t) be ameasure of the knowledge you gain by study-

ing for atest for t hours. Which do you think is larger,
K(8) — K(7) or K(3) — K(2)? Isthe graph of K concave
upward or concave downward? Why?

52. Coffeeis being poured into the mug shown in the figure at a

constant rate (measured in volume per unit time). Sketch a
rough graph of the depth of the coffee in the mug as a func-
tion of time. Account for the shape of the graph in terms of
concavity. What is the significance of the inflection point?

53. Find acubic function f(x) = ax® + bx? + cx + d that has

aloca maximum value of 3 at x = —2 and alocal minimum
valueof Oatx = 1.
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54. Show that the curvey = (1 + x)/(1 + x?) has three points
of inflection and they all lie on one straight line.

55. (a) If the function f(x) = x* + ax?® + bx has the local mini-
mum value —3./3 at x = 1/4/3, what are the values of a
and b?
(b) Which of the tangent lines to the curve in part (&) has the
smallest slope?

56. For what values of a and b is (2, 2.5) an inflection point of
the curve x?y + ax + by = 0? What additional inflection
points does the curve have?

57. Show that the inflection points of the curvey = x sinx lieon
the curve y?(x? + 4) = 4x2.

58-60 Assume that all of the functions are twice differentiable
and the second derivatives are never 0.

58. (a) If f and g are concave upward on I, show that f + g is
concave upward on I.
(b) If f ispositive and concave upward on |, show that the
function g(x) = [ f(x)]?is concave upward on I.

59. (a) If f and g are positive, increasing, concave upward func-
tions on I, show that the product function fg is concave
upward on |.

(b) Show that part (a) remains true if f and g are both
decreasing.

(c) Suppose f isincreasing and g is decreasing. Show, by
giving three examples, that fg may be concave upward,
concave downward, or linear. Why doesn’t the argument
in parts (a) and (b) work in this case?

60. Suppose f and g are both concave upward on (—, ©).
Under what condition on f will the composite function
h(x) = f(g(x)) be concave upward?

61. Show that tanx > x for 0 < x < 7r/2. [Hint: Show that
f(x) = tan x — x isincreasing on (0, 7/2).]

62. Provethat, for all x > 1,

2ﬁ>3—%

63. Show that a cubic function (a third-degree polynomial)
aways has exactly one point of inflection. If its graph has

m Limits at Infinity; Horizontal Asymptotes

A 64

65.

66.

67.

68.

69.

70.

n.

223

three x-intercepts xi, X2, and xs, show that the x-coordinate of
the inflection point is (x; + X + X3)/3.

. For what values of ¢ does the polynomial

P(x) = x* + cx® 4+ x? have two inflection points? One inflec-
tion point? None? Illustrate by graphing P for several values of
¢. How does the graph change as ¢ decreases?

Prove that if (c, f(c)) isapoint of inflection of the graph
of f and f"” existsin an open interval that containsc, then
f”(c) = 0. [Hint: Apply the First Derivative Test and
Fermat’ s Theorem to the functiong = f'.]

Show that if f(x) = x*, then f”(0) = 0, but (0, 0) isnot an
inflection point of the graph of f.

Show that the function g(x) = x| x | has an inflection point at
(0, 0) but ¢"(0) does not exist.

Suppose that f " is continuous and f'(c) = f "(c) = 0, but
f"(c) > 0. Does f have aloca maximum or minimum at c?
Does f have apoint of inflection at ¢?

Suppose f isdifferentiable on an interval | and f'(x) > 0O for
al numbers x in | except for asingle number c. Prove that f is
increasing on the entire interval |.

For what values of ¢ is the function

f(x)=cx+x2Jr3

increasing on (—o, ©)?

The three cases in the First Derivative Test cover the situations
one commonly encounters but do not exhaust all possibilities.
Consider the functionsf, g, and h whose values at 0 are all 0
and, for x # 0,

oo L
g(x)=x<2+smx>

o 1
h(x)—x( 2+snx>

(8 Show that 0 isacritical number of al three functions but
their derivatives change sign infinitely often on both sides
of 0.

(b) Show that f has neither alocal maximum nor alocal mini-
mum at 0, g has alocal minimum, and h has alocal
maximum.

1
f(x) = x*sin—
(x) xsmx

In Sections 1.5 and 1.7 we investigated infinite limits and vertical asymptotes. There we let
x approach a number and the result was that the values of y became arbitrarily large (posi-
tive or negative). In this section we let x become arbitrarily large (positive or negative) and
see what happens to y. We will find it very useful to consider this so-called end behavior

when sketching graphs.
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« £(x) Let’ s begin by investigating the behavior of the function f defined by
0 -1 x2—1
+1 0 f0 =1
*2 0.600000
+3 0.800000 as x becomes large. The table at the | eft gives values of this function correct to six decimal
+4 0.882353 places, and the graph of f has been drawn by a computer in Figure 1.
*5 0.923077
+10 0.980198 y
+50 0.999200 y=1
+100 0.999800
+1000 0.999998 f

FIGURE 1

As x grows larger and larger you can see that the values of f(x) get closer and closer
to 1. Infact, it seems that we can make the values of f(x) as close aswe like to 1 by taking
x sufficiently large. This situation is expressed symbolically by writing

.ox2-1
lim — =
x—wo X+ 1

1

In general, we use the notation
limf(x) =L

X—>%0

to indicate that the values of f(x) approach L as x becomes larger and larger.

E] Definition Let f be afunction defined on some interval (a, «). Then
limf(x) =L

X—> 0

means that the values of f(x) can be made arbitrarily close to L by taking x suf-
ficiently large.

Another notation for limy_.. f(x) = L is
f(x)y >L as x—>»

The symbol e does not represent a number. Nonetheless, the expression lim f(x) = L is
often read as o

“the limit of f(x), as x approaches infinity, isL”
or “the limit of f(x), as x becomesinfinite, isL”

or “the limit of f(x), as x increases without bound, isL”

The meaning of such phrasesis given by Definition 1. A more precise definition, similar to
the &, & definition of Section 1.7, is given at the end of this section.
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| =L
y=7)
0
FIGURE 2

Examplesillustrating ILm fx)=L

y
y=7x)
y=L
0
y
y=flx)
y=L
0
FIGURE 3

Examplesillustrating Ilrfl fx)=L
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Geometric illustrations of Definition 1 are shown in Figure 2. Notice that there are many
waysfor thegraph of f to approachtheliney = L (whichiscalled ahorizontal asymptote)
aswe ook to the far right of each graph.

y y

Referring back to Figure 1, we see that for numerically large negative vaues of x, the val-
uesof f(x) arecloseto 1. By letting x decrease through negative values without bound, we
can make f(x) ascloseto 1 aswe like. Thisis expressed by writing

ox2-1
lim N
x—-e= X+ 1

The general definition is as follows.

[2] Definition Let f beafunction defined on some interval (—, a). Then

lim f(x) =L

X——c0

means that the values of f(x) can be made arbitrarily close to L by taking x suf-
ficiently large negative.

Again, the symbol —co does not represent a number, but the expression lim f(x) = L
is often read as S

“the limit of f(x), as x approaches negative infinity, isL”

Definition 2 isillustrated in Figure 3. Notice that the graph approachestheliney = L as
we look to the far left of each graph.

@ Definition Theliney = L iscaled a horizontal asymptote of the curve
y = f(x) if either

limf(x) =L or lim f(x) =L

X—>0

For instance, the curveillustrated in Figure 1 hastheliney = 1 as a horizontal asymp-
tote because

2

lim =1
x—= X2 4+ 1
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Thecurvey = f(x) sketched in Figure 4 hasbothy = —1 andy = 2 as horizontal asymp-
totes because

XIimgf(x) =-1 and XIirpmf(x) =2
y
2 y=2
y=fx)
0 y=—1 X
_1\_//—

2GVHISH Find the infinite limits, limits at infinity, and asymptotes for the function f
whose graph is shown in Figure 5.

SOLUTION We see that the values of f(x) become large as x — —1 from both sides, so
Iirp1 f(x) = o0

Notice that f(x) becomes large negative as x approaches 2 from the left, but large posi-
tive as x approaches 2 from the right. So

Iir;} f(x) = —o0 and Iir’2n+ f(x) =
Thus both of thelinesx = —1 and x = 2 are vertical asymptotes.

As x becomes large, it appears that f(x) approaches 4. But as x decreases through
negative values, f(x) approaches 2. So

lim f(x) = 4 and lim f(x) =2

This means that bothy = 4 and y = 2 are horizontal asymptotes. [ |

EXAMPLE 2| Findlim%and lim <.

X—>00 Xx——0 X

SOLUTION Observe that when x islarge, 1/x is small. For instance,

1 1
100 0.01 10000 0.0001 m = 0.000001

In fact, by taking x large enough, we can make 1/x as close to 0 as we please. Therefore,
according to Definition 1, we have

Similar reasoning shows that when x is large negative, 1/x is small negative, so we also
have

X—>—0 X
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It follows that the liney = 0 (the x-axis) is a horizontal asymptote of the curvey = 1/x.
(Thisis an equilateral hyperbola; see Figure 6.) [ |

Most of the Limit Laws that were given in Section 1.6 also hold for limits at infinity. It
can be proved that the Limit Laws listed in Section 1.6 (with the exception of Laws 9 and
10) are also valid if “x — a” is replaced by “x — «” or “x — —.” |n particular, if we
0 * combine Laws 6 and 11 with the results of Example 2, we obtain the following important
rule for calculating limits.

(4] Theorem If r > Oisarational number, then

FIGURE 6 1
limL =0, 1imL=0 fim=r=0

x—© x——w©

If r > Oisarational number such that x" is defined for al x, then

1
[im —=20

X—>—00 Xr

I EOVEEE] Evaluate
lim AX2—x—2
x—= Bx2 + 4x + 1

and indicate which properties of limits are used at each stage.

SOLUTION As x becomes large, both numerator and denominator become large, so itisn’t
obvious what happens to their ratio. We need to do some preliminary algebra.

To evauate the limit at infinity of any rational function, we first divide both the
numerator and denominator by the highest power of x that occurs in the denominator.
(We may assume that x # 0, since we are interested only in large values of x.) In this
case the highest power of x in the denominator is x2, so we have

X2 —x—2 3 1 2

. 32 —x-2 ) X2 . YO
lim————— = lim—————=lim

x—» Bxe 4+ 4x + 1 x—e BXS +4x + 1 x>0 4 1

R E— Sto+t3

X X X

= (by Limit Law 5)

4 1
lim (5 + — + —2>
X—>00 X X

. o1 1
lim3 — lim— — 2lim—
X—>00 x—o X x—0 X
= 1 (by 1, 2, and 3)
lim5+ 4lim— + lim—
X—>0 x—0 X x—0o X
3-0-0 (by 7and Th 4)
T an eorem
5+0+0 Y
3

5
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y A similar calculation shows that the limit as x — — is also 3. Figure 7 illustrates the
y=06 results of these calculations by showing how the graph of the given rational function
\ o771 > approaches the horizontal asymptote y = 3. [ |
/ [E7YZT Find the horizontal and vertical asymptotes of the graph of the function
F(x) — Vax? + 1
3x—5
SOLUTION Dividing both numerator and denominator by x and using the properties of
limits, we have
1
FIGURE 7 Nerary 2+ 7
3P —x—2 lim————=lim (since /x2 = x for x > 0)
YT S ax+1 o= 3K =5 e 3_2
X
1 1

lim 2+? Iim2+|im?

lim <3_i> lim3 — 5 lim —

X—>% X X—>% X—0w X

J2+o V2

3-5-0 3

Therefore the line y = /2/3 is a horizontal asymptote of the graph of f.
In computing the limit as x — —oo, we must remember that for x < 0, we have
VX2 = |x| = —x. So when we divide the numerator by x, for x < 0 we get

1 — S — 1
SV L= =2+ 1=~ [2+ =
V2 \/X—Zx/x \/ N

Therefore
— 2 _|_ -_—
tim Y21 x
% 3 -5 .
X X 3 2
1
—1/2+ lim =
B x> X2 _ 2
- 1 3
3—-5Ilim —
X— -0 X

Thus the liney = —/2/3 is also a horizontal asymptote.
A vertical asymptote is likely to occur when the denominator, 3x — 5, is 0, that is,
when x = 3. If x is close to ; and x > 2, then the denominator is close to 0 and 3x — 5

is positive. The numerator 4/2x? + 1 is always positive, so f(x) is positive. Therefore

V2x2+1

lim
x—@E/3)t 33X — 5
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If x is close to % but x < % then 3x — 5 < 0 and so f(x) is large negative. Thus

Vvaxz+1

lim
x—6/3)~ 3X — 5

— 00

The vertical asymptote is x = 2. All three asymptotes are shown in Figure 8.

y
2
-8
X
2
B
FIGURE 8
CV2x+1 v=3
Y= T37-5 3 _
ETNEEA Compute lim (VX2 + 1 — x).
X—>
SOLUTION Because both 4/x? + 1 and x are large when x is large, it’s difficult to see
We can think of the given function as having what happens to their difference, so we use algebra to rewrite the function. We first mul-
a denominator of 1. tiply numerator and denominator by the conjugate radical:
X2+ 1+ X
lim(yx2+1—-x)=Ilim({yx?+1—-X)—F———
Hw( ) X%( )\/x2+1+x
SIS o ek SIS
y = X2+ 14X e X2 L+ X
y=yr+1-x Notice that the denominator of this last expression ( X2+ 1+ x) becomes large as
1 X — o (it’s bigger than x). So
o X Iim(\/x2+1—x)=lim;=0
X xoe (/X2 4+ 1+ X
FIGURE 9 Figure 9 illustrates this result. [
.1
2. GWIFEEE Evaluate lim sin L
X—> 00
The problem-solving strategy for Example 6 SOLUTION If we lett = 1/x, thent — 0™ as x — . Therefore
is introducing something extra (see page 97).
Here, the something extra, the auxiliary aid, is 1
the new variable t. limsin— = limsint=20
X—> X t—0+
(See Exercise 71.) -
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FIGURE 10

lim x* = oo,

x—®

in.com - Ask/Answer Questions. Homework Help.

[E7YZTF Evaluate lim sin x.

X—x

SOLUTION As X increases, the values of sin x oscillate between 1 and —1 infinitely often
and so they don’t approach any definite number. Thus limy_... sin x does not exist. ==

I Infinite Limits at Infinity

The notation
lim f(x) =

X—>%

is used to indicate that the values of f(x) become large as x becomes large. Similar mean-
ings are attached to the following symbols:

lim f(x) = o0 lim f(x) = —o Er[loc f(x) = —o0

X——00 X—>00

SR Find lim x®and lim X3

X—> 0 X—>—0

SOLUTION When x becomes large, x° also becomes large. For instance,

10° = 1000 100°® = 1,000,000 1000°® = 1,000,000,000
— 3

e In fact, we can make x* as big as we like by taking x large enough. Therefore we can

write
> lim x® = o
Similarly, when x is large negative, so is x3. Thus
lim x® = —oo
lim x*=—co These limit statements can also be seen from the graph of y = x2 in Figure 10. [ |

P—

ETEEE Find lim (x2 — X).

X—>%

[@ soLuTiON It would be wrong to write

lim (x2 — x) = limx2 — limx = © —
X— X—>0

X—>0

The Limit Laws can’t be applied to infinite limits because o is not a number
(0 — oo can’t be defined). However, we can write

lim (x2 — x) = limx(x — 1) =«

X—>%

because both x and x — 1 become arbitrarily large and so their product does too. =

2
+
EOEE Find lim ’; X

X—> 00 —

SOLUTION As in Example 3, we divide the numerator and denominator by the highest
power of X in the denominator, which is just x:

Iimx2+x_|_ x+1 _
o 3 — X 3
= -1
X
because X + 1 — o and 3/x — 1 — —1as x — o, [ |
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The next example shows that by using infinite limits at infinity, together with intercepts,
we can get a rough idea of the graph of a polynomial without computing derivatives.

7 IETXTZTFEN Sketch the graph of y = (x — 2)%(x + 1)%(x — 1) by finding its inter-
cepts and its limits as x — o and as x — —oo.
SOLUTION The y-intercept is f(0) = (—2)*(1)}(—1) = —16 and the x-intercepts are
found by setting y = 0: x = 2, —1, 1. Notice that since (x — 2)* is positive, the function
doesn’t change sign at 2; thus the graph doesn’t cross the x-axis at 2. The graph crosses
the axisat —1 and 1.

When x is large positive, all three factors are large, so

lim(x — 2*(x + 1)3(x — 1) = =
When x is large negative, the first factor is large positive and the second and third factors

are both large negative, so

lim (x — 2*(x + 1)3(x — 1) = =

X——c0

Combining this information, we give a rough sketch of the graph in Figure 11.

y
- 0 1 2 X
FIGURE 11
= (y— 30— —16
y=(x—=2)*x +1)y°’x—1) -

Il Precise Definitions
Definition 1 can be stated precisely as follows.

@ Definition Let f be a function defined on some interval (a, «). Then

lim f(x) =L

X—>%0

means that for every ¢ > 0 there is a corresponding number N such that

if x>N then [f(x) —L|<e

In words, this says that the values of f(x) can be made arbitrarily close to L (within a
distance &, where ¢ is any positive number) by taking x sufficiently large (larger than N,
where N depends on &). Graphically it says that by choosing x large enough (larger than
some number N) we can make the graph of f lie between the given horizontal lines
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y=L —gandy=L + ¢ as in Figure 12. This must be true no matter how small we
choose e. Figure 13 shows that if a smaller value of ¢ is chosen, then a larger value of N
may be required.

y
y—L+e y=fx)
Te flx)is
Llte } in here
y=L—¢
0
FIGURE 12 N '
'JIE Jx)=L when x is in here
y=fx)
y=L+e
L
y=L—¢
FIGURE 13 0 N x
lim f(x)=L
Similarly, a precise version of Definition 2 is given by Definition 6, which is illustrated
in Figure 14.
@ Definition Let f be a function defined on some interval (—c°, a). Then
Iin_1 f(x) =L
means that for every £ > 0 there is a corresponding number N such that
if x<N then [f(x) —L|<e
y
y=17x
y=L+e
L
FIGURE 14 N 0 X
lim f(x)=L

X0

In Example 3 we calculated that

.32 —x-2 3
x—e BX +4x + 1 5

In the next example we use a graphing device to relate this statement to Definition 5 with
L=2{ande =0.1.
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In Module 1.7/3.4 you can explore the
precise definition of a limit both graphically and

numerically.

y=0.7

y=0.5

Yo S v ax+1

_ 3x2—x—2

0

FIGURE 15

- 15

[ET0TIEF Use a graph to find a number N such that

X2 —x—2
if x>N then —F =06/ <01
5% + 4x + 1

SOLUTION We rewrite the given inequality as

X2 —x—2

0OE<———mm<
5x2 + 4x + 1

0.7

We need to determine the values of x for which the given curve lies between the horizon-
tal linesy = 0.5 and y = 0.7. So we graph the curve and these lines in Figure 15. Then
we use the cursor to estimate that the curve crosses the liney = 0.5 when x = 6.7. To
the right of this number it seems that the curve stays between the lines y = 0.5 and

y = 0.7. Rounding to be safe, we can say that

3x2—x —2
if x>7 then |————— —06<01
"X 5x2 + 4x + 1

In other words, for £ = 0.1 we can choose N = 7 (or any larger number) in Definition 5.
[

. 1
[E7XTTZFE] Use Definition 5 to prove that lim — = 0.

Xx—o0 X

SOLUTION Given & > 0, we want to find N such that

<e

if x> N then %—O

In computing the limit we may assume that x > 0. Then 1/x < & < x > 1/e. Let’s
choose N = 1/e. So

# xeN=t e i—o‘=l<e
€ X X
Therefore, by Definition 5,

1
lim—=0

x—ow X

Figure 16 illustrates the proof by showing some values of & and the corresponding val-
ues of N.

=02 £=0.1

FIGURE 16
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y Finally we note that an infinite limit at infinity can be defined as follows. The geometric

y=M / illustration is given in Figure 17.
M
Definition Let f be a function defined on some interval (a, ). Then
lim f(x) =
0 N X X

FIGURE 17 means that for every positive number M there is a corresponding positive number
i N N such that
Im f(x) = .
v if x>N then f(x) >M

Similar definitions apply when the symbol o is replaced by —cc. (See Exercise 72.)

<}/ Exercises

1. Explain in your own words the meaning of each of the y \
following.
(@) xlﬂ f(x) =5 (b) Xlimx f(x) =3 \
1 N
M\
2. (a) Can the graph of y = f(x) intersect a vertical asymptote? \[ /1) x
Can it intersect a horizontal asymptote? Illustrate by I \ /
sketching graphs. \ /
(b) How many horizontal asymptotes can the graph of y = f(x) l I

have? Sketch graphs to illustrate the possibilities.

. o . A 5. Guess the value of the limit
3. For the function f whose graph is given, state the following. ,

(&) lim () () lim f(x |im%
() lim f(x) (@ lim f(x)

. by evaluating the function f(x) = x?/2* forx = 0, 1, 2, 3,
(€) The equations of the asymptotes 4,5,6,7,8,9, 10, 20, 50, and 100. Then use a graph of f

to support your guess.

6. (a) Use a graph of

I 1 [A f(x)=(1—2)x

X

—
]
<]

~— \ ] to estimate the value of lim_... f (x) correct to two
\ / decimal places.
l/ (b) Use a table of values of f(x) to estimate the limit to

four decimal places.

4. For the function g whose graph is given, state the following. 7-8 Evaluate the limit and justify each step by indicating the

(@) XIim g(x) (b) XIirp g(x) appropriate properties of limits.
. . 2 3
(c) lim g(x) (d) lim g(x) 7. lim X —x+4 8. lim 12X - 5x+2
x—0 x—2 T xo» 2X2 4+ 5x — 8 T xoe 1+ 4x? + 3x°
(e) Iiry+ g(x) (f) The equations of the asymptotes
X
Graphing calculator or computer required 1. Homework Hints available at stewartcalculus.com
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9-30 Find the limit or show that it does not exist.

n.

13.

15.

17.

19.

21.

23.

25.

21.

29.

lim =X — 2 o, lim—2 =X
x—e 2X + 1 Taxmexd-x+ 1
lim xX-2 12. lim w
x—-= X2+ 1 T 2x3 = 4x + 5
. t o+ t? . t—tyt
lim il . 14. |Im3/2—f
toe 2t — t t—= 2t%% 4+ 3t — 5
. (2x? + 1)? . x2
lim-———m——— 16. lim —
x—= (X — 1)*(x* + x) x—= x4+ 1
. /X8 —x . A/9xE —x
lim ——— 18. lim ———
x—e X7+ 1 x—-= X°+ 1
lim (vox? + x — 3x) 20. lim (x + Xz + 2x)
e alal
lim (VX2 + ax — /X + bx ) 22. lim cos x
X—>% X—>%
x4 — 3x? + x
lim——— 24. lim x2 + 1
x—x X3 — X + 2 x—c0
1+ x®
. 0 s .
XLm_wx(x + X°) 26. XL"IL 1
lim (x — /) 28. lim (x? — x*)
X baid
. o1 . 1
lim x sin — 30. lim /X sin—
X—>00 X X—>00 X

A 3.

A 32

33-38 Find the horizontal and vertical asymptotes of each curve.
If you have a graphing device, check your work by graphing the

(a) Estimate the value of
lim ( x2+x+1+x)
x>0

by graphing the function f(x) = v/x2 + x + 1 + x.
(b) Use a table of values of f(x) to guess the value of the
limit.
(c) Prove that your guess is correct.

(a) Use a graph of

f(X) =+/3x2+ 8X + 6 — /32 + 3 + 1

to estimate the value of limy_... f(x) to one decimal place.
(b) Use a table of values of f(x) to estimate the limit to four

decimal places.
(c) Find the exact value of the limit.

curve and estimating the asymptotes.

p y o 2Xx*1 Uy — x®+ 1
A YT -2
- 2P+ x—1 % 1+

-y X2+ x—2 -y x2 — x4

235

B S B F) = —— 0
YT Tex+ 5 ' JAXZ 3 2

39.

40.

4.

42.

43.

Estimate the horizontal asymptote of the function

3x® + 500x?

f(x) =
%) = 5 500x? + 100x & 2000

by graphing f for —10 < x < 10. Then calculate the
equation of the asymptote by evaluating the limit. How do
you explain the discrepancy?

(a) Graph the function

V2x? 4+ 1

fog = 3x—5

How many horizontal and vertical asymptotes do you
observe? Use the graph to estimate the values of the
limits
2x2 + 1
3x—5

2x%2 + 1

lim —————
33X —5

X—>—%

lim and

e

(b) By calculating values of f(x), give numerical estimates
of the limits in part (a).

(c) Calculate the exact values of the limits in part (a). Did
you get the same value or different values for these two
limits? [In view of your answer to part (a), you might
have to check your calculation for the second limit.]

Find a formula for a function f that satisfies the following
conditions:

Iirp f(x) =0, Iirrg f(x) = —, f(2)=0,

Iin31 f(x) = oo, Iir};+ f(x) = —

Find a formula for a function that has vertical asymptotes
x = 1and x = 3 and horizontal asymptote y = 1.

A function f is a ratio of quadratic functions and has a ver-
tical asymptote x = 4 and just one x-intercept, x = 1. It is
known that f has a removable discontinuity at x = —1 and
limy_._; f(x) = 2. Evaluate

(a) f(0) (b) lim f(x)

44-47 Find the horizontal asymptotes of the curve and use them,
together with concavity and intervals of increase and decrease, to
sketch the curve.

a4

46.

1+ 2x? 5 _1-x
YT YT
- X 4 y=—

y Jx2+1 YT
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236
48-52 Find the limits as x — o and as x — —<o. Use this infor- 60.
mation, together with intercepts, to give a rough sketch of the
graph as in Example 11.
4.y =2x* — x*
49. y = x* — x®
50. y = x3(x + 2)2(x — 1)
51. y = (3 — x)(1 + x)*(1 — x)*
52. y = x*(x> — 1D)*(x + 2)
61.
53-56 Sketch the graph of a function that satisfies all of the
given conditions.
53. f'(2) =0, f(2=-1, f0) =0,
f'(x) <0if0<x<2 f'(x)>0ifx> 2, 62
fr(x) <0if0<x< lorifx >4, '
f'(x) >0ifl<x<4, lim_.f(x)=1,
f(—=x) = f(x) for all x
5. f'(2) =0, f(0)=1 f'(x)>0if0<x<2
f'(x) <0ifx>2 f"(x)<0if0<x<4,
f’(x) > 0if x> 4, lim,..f(x) =0,
f(—x) = —f(x) for all x
. . /H 63.
55. f(1) =f'(1) =0, limy_pf(x) =00, limy_, f(x) = —oo,
lime_of(X) = —o0, limy_._..f(x) =00, Ilim...f(x)=0,
f’(x) > 0forx>2, f"(x) <O0forx < 0and for
0<x<?2
A9 64
. 1]
56. g(0) =0, g¢"(x) <Oforx =0, limy_._.g(x)= o,
limy—.g(x) = —o, lim_o g'(x) = —o0,
limy_—o- g'(x) =
. sinx
57. (a) Use the Squeeze Theorem to evaluate lim "
o A
A (b) Graph f(x) = (sin x)/x. How many times does the graph 65
cross the asymptote?
/A 58. By the end behavior of a function we mean the behavior of
its values as x — « and as X — —oo,
(a) Describe and compare the end behavior of the functions
P(x) = 3x° — 5x® + 2x Q(x) = 3x*® 7 6.
by graphing both functions in the viewing rectangles
[-2,2] by [—2, 2] and [—10, 10] by [—10,000, 10,000].
(b) Two functions are said to have the same end behavior if
their ratio approaches 1 as x — oc. Show that P and Q
have the same end behavior.
59. Let P and Q be polynomials. Find 67.
lim £
== QM)

if the degree of P is (a) less than the degree of Q and
(b) greater than the degree of Q.

Make a rough sketch of the curve y = x" (n an integer)
for the following five cases:

(i) n=0

(iii) n >0, n even
(v) n<0,neven
Then use these sketches to find the following limits.

(ii) n >0, nodd
(iv) n<0,nodd

(@ Iirp+ X" (b) Iir(r)l X"
(c) limx" (d) lim x"
Find lim,_... f(x) if

4x — 1 4x2 + 3

for all x > 5.

(a) A tank contains 5000 L of pure water. Brine that contains
30 g of salt per liter of water is pumped into the tank at a
rate of 25 L/min. Show that the concentration of salt
after t minutes (in grams per liter) is

30t

CO = 200 1 1

(b) What happens to the concentration as t — ?

Use a graph to find a number N such that

2+ 1
if x> N then — 15/ <005
2X°+x+1
. For the limit
L oWAx2+1
lIim———=2

X—>%

Xx+1

illustrate Definition 5 by finding values of N that correspond
toe =05and e = 0.1.

. For the limit

T S

-2
x——= X+ 1

illustrate Definition 6 by finding values of N that correspond
toe=05and e = 0.1.

For the limit

.o 2x+1
lim =

x—e X+ 1

illustrate Definition 7 by finding a value of N that corre-
sponds to M = 100.

(a) How large do we have to take x so that 1/x? < 0.0001?
(b) Taking r = 2 in Theorem 4, we have the statement

c 1
lim— =0
x—x X

Prove this directly using Definition 5.
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68. (2) How large do we have to take x so that 1/y/x < 0.0001? 7. Prove that
(b) Taking r = 3 in Theorem 4, we have the statement lim f(x) = t'"gl f(1/1)
1 . o
Jmf _ and xllrl f(x) tllT— f(1/1)

if these limits exist.

Prove this directly using Definition 5.

72. Formulate a precise definition of

—_ 1 i = —
69. Use Definition 6 to prove that lim X 0. xllmx fx) >
Then use your definition to prove that
70. Prove, using Definition 7, that lim x3 = o, lim (1 +x%) = —=

X—>%

X—>—0%

m Summary of Curve Sketching

30 y=8x’—21x*+18x+2
.

R )’

—10

FIGURE 1

y=8x*—21x*+18x+2

So far we have been concerned with some particular aspects of curve sketching: domain,
range, symmetry, limits, continuity, and vertical asymptotes in Chapter 1; derivatives and
tangents in Chapter 2; and extreme values, intervals of increase and decrease, concavity,
points of inflection, and horizontal asymptotes in this chapter. It is now time to put all of
this information together to sketch graphs that reveal the important features of functions.

You might ask: Why don’t we just use a graphing calculator or computer to graph a
curve? Why do we need to use calculus?

It’s true that modern technology is capable of producing very accurate graphs. But even
the best graphing devices have to be used intelligently. As discussed in Appendix G, it is
extremely important to choose an appropriate viewing rectangle to avoid getting a mis-
leading graph. (See especially Examples 1, 3, 4, and 5 in that appendix.) The use of calcu-
lus enables us to discover the most interesting aspects of graphs and in many cases to calculate
maximum and minimum points and inflection points exactly instead of approximately.

For instance, Figure 1 shows the graph of f(x) = 8x® — 21x* + 18x + 2. At first
glance it seems reasonable: It has the same shape as cubic curves like y = x*, and it appears
to have no maximum or minimum point. But if you compute the derivative, you will see
that there is a maximum when x = 0.75 and a minimum when x = 1. Indeed, if we zoom
in to this portion of the graph, we see that behavior exhibited in Figure 2. Without calcu-
lus, we could easily have overlooked it.

In the next section we will graph functions by using the interaction between calculus and
graphing devices. In this section we draw graphs by first considering the following infor-
mation. We don’t assume that you have a graphing device, but if you do have one you
should use it as a check on your work.

I Guidelines for Sketching a Curve

The following checklist is intended as a guide to sketching a curve y = f(x) by hand. Not
every item is relevant to every function. (For instance, a given curve might not have an

0 2 asymptote or possess symmetry.) But the guidelines provide all the information you need
6 to make a sketch that displays the most important aspects of the function.
FIGURE 2 A. Domain It’s often useful to start by determining the domain D of f, that is, the set of val-

ues of x for which f(x) is defined.

http://www.meetyourbrain.com - Ask/Answer Questions. Homework Help.

Copyright 2010 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s).
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.



238

o\ F
(a) Even function: reflectional symmetry

y

M \ X
(b) Odd function: rotational symmetry
FIGURE 3

FIGURE 4
Periodic function:
trandational symmetry
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B. Intercepts They-intercept is f(0) and thistells us where the curve intersects the y-axis.

To find the x-intercepts, we set y = 0 and solvefor x. (You can omit thisstep if the equa-
tion is difficult to solve.)

. Symmetry

(i) If f(=x) = f(x) for all x in D, that is, the equation of the curve is unchanged
when x isreplaced by —x, then f isan even function and the curve is symmetric about
the y-axis. This means that our work is cut in half. If we know what the curve looks like
for x = 0, then we need only reflect about the y-axis to obtain the complete curve [see
Figure 3(a)]. Here are some examples: y = x% y = x% y = |x|,andy = cos x.

(ii) If f(=x) = —f(x) forall xin D, then f isan odd function and the curve is sym-
metric about the origin. Again we can obtain the complete curve if we know what it looks
like for x = 0. [Rotate 180° about the origin; see Figure 3(b).] Some simple examples
of odd functionsarey = x,y = x3,y = x% andy = sin x.

(iii) If f(x + p) = f(x) for al x in D, where p isapositive constant, then f iscalled
aperiodic function and the smallest such number p is called the period. For instance,
y = sin x has period 27 and y = tan x has period 7. If we know what the graph looks
likein aninterval of length p, then we can use trandlation to sketch the entire graph (see
Figure 4).

a—p 0| « a+tp a+2p X

. Asymptotes

(i) Horizontal Asymptotes. Recall from Section 3.4 that if either limy_... f(x) = L
or limy_._.. f(x) = L, thentheliney = L isahorizontal asymptote of the curvey = f(x).
If it turns out that limy_... f(x) = oo (or —), then we do not have an asymptote to the
right, but that is still useful information for sketching the curve.

(ii) Vertical Asymptotes. Recall from Section 1.5 that the line x = a is a vertical
asymptote if at least one of the following statementsis true:

(1] lim f(x) = o lim f(x) = o
lim f00 = —  lim f(x) = —o

(For rational functions you can locate the vertical asymptotes by equating the denomi-
nator to O after canceling any common factors. But for other functions this method does
not apply.) Furthermore, in sketching the curve it is very useful to know exactly which
of the statementsin [1] istrue. If f(a) isnot defined but a is an endpoint of the domain
of f, then you should compute lim,_..- f(x) or limy_,+ f(x), whether or not thislimitis
infinite.

(iii) Slant Asymptotes. These are discussed at the end of this section.

E. Intervals of Increase or Decrease Usethe |/D Test. Compute f'(x) and find the intervals

onwhich f'(x) ispositive ( f isincreasing) and the intervals on which f'(x) is negative
(f isdecreasing).
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F. Local Maximum and Minimum Values Find the critical numbersof f [the numbersc where
f’(c) = Oor f'(c) doesnot exist]. Then usethe First Derivative Test. If f' changesfrom
positive to negative at a critical number c, then f(c) isalocal maximum. If f’ changes
from negativeto positive at c, then f(c) isalocal minimum. Although it isusualy prefer-
ableto usetheFirst Derivative Test, you can use the Second Derivative Test if f'(c) = 0
and f”(c) # 0. Then f"(c) > Oimpliesthat f(c) isalocal minimum, whereas f"(c) < 0
impliesthat f(c) isaloca maximum.

G. Concavity and Points of Inflection Compute f ”(x) and use the Concavity Test. The curve
is concave upward where f”(x) > 0 and concave downward where f”(x) < 0. Inflec-
tion points occur where the direction of concavity changes.

H. Sketch the Curve Using the information in items A—G, draw the graph. Sketch the
asymptotes as dashed lines. Plot the intercepts, maximum and minimum points, and
inflection points. Then make the curve pass through these points, rising and falling
according to E, with concavity according to G, and approaching the asymptotes. If
additional accuracy isdesired near any point, you can compute the value of the derivative
there. The tangent indicates the direction in which the curve proceeds.

2x2

7 [ETXTEITEN Usethe guidelinesto sketch the curvey = MR

A. Thedomainis

X[ x2=1#0={x|x# £1} = (=, -1) U (-1,1) U (1, %)

B. The x- and y-intercepts are both 0.
€. Since f(—x) = f(x), thefunction f iseven. The curve is symmetric about the y-axis.

I y K «2
D. lim ——=Ilim-———5=2
I I xore X2 — 1 x—re 1 — 1/X2
___2___4__4_____—_
g : : Thereforetheliney = 2 isahorizontal asymptote.
| 5 | Since the denominator is 0 when x = =1, we compute the following limits:
I I X
' ' i 2x? i 2x?
[ [ I|m2—=oc I|m2—=—oo
x=-=11| [|x=1 x—1t X — 1 x—1- X°— 1
FIGURE 5 _ 2x? _ 2x?
- lim = —o© lim =
Preliminary sketch x—-1+ X2 — 1 x—-1- x2 — 1
We have shown the curve approaching its . N _ . .. .
horizontal asymptote from above in Figure 5. '_rhgrefore thelinesx = 1landx = —1are verUcaI qsymptotes. T_hls i nformation apout
This is confirmed by the intervals of increase and limits and asymptotes enables us to draw the preliminary sketch in Figure 5, showing
decrease. the parts of the curve near the asymptotes.
E £ = (x> —1) — 2x*-2x  —4x
' (x* = 1y° (x* = 1)°

Since f'(xX) > Owhenx < 0(x # —1)and f'(X) < Owhenx >0 (x # 1), f is
increasing on (—oc, —1) and (—1, 0) and decreasing on (0, 1) and (1, ).

F. Theonly critical number isx = 0. Since ' changes from positive to negative at 0O,
f(0) = Oisaloca maximum by the First Derivative Test.

6 P = A0~ 1+ A 207 — 1)2x _ 12¢7 + 4
' (x* - 1 (x? — 1
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A
| |
| |
______ JI____:.______
y=2
| |
| o |
I I
| | X
| |
| |
x=-1] jx=1
FIGURE 6 .
Finished sketch of y = rzil
I y
|
|
|
:
| y= X
: x+1
|
| 0 X
x:*1|
FIGURE 7
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Since 12x? + 4 > Ofor al x, we have

f'x) >0 < x*-1>0 < |x|>1

and f"(x) <0 <= |x| < 1 Thusthe curveis concave upward on the intervals
(=20, —1) and (1, ) and concave downward on (—1, 1). It has no point of inflection
since 1 and —1 are not in the domain of f.

H. Using theinformation in E-G, we finish the sketch in Figure 6. [ |

X2

[E7IF] Sketch the graph of f(x) = Nt

Domain={x | x + 1> 0} ={x | x> —1} = (—1, =)
The x- and y-intercepts are both 0.

Symmetry: None

Since

oo w®mp

2

X
lim =
x== X+ 1

there is no horizontal asymptote. Since/x + 1 — 0asx — —1" and f(x) isaways

positive, we have .

lim =
=1t X+ 1
and so thelinex = —1isavertical asymptote.
E F1(x) = XX + 1 — x?- 1/(2yx + 1) _ X(Bx+4
' X+ 1 2(x + 1)¥?

We seethat f'(x) = Owhenx = O(noticethat —3isnot in the domain of f), so the
only critical number is 0. Since f'(x) < Owhen —1 < x < 0and f'(x) > 0 when
x > 0, f isdecreasing on (—1, 0) and increasing on (0, ).

F Since f'(0) = Oand f’ changes from negative to positive at 0, f(0) = Oisaloca (and
absolute) minimum by the First Derivative Test.

2(x + 1D¥3(6x + 4) — (3x% + 4x)3(x + 1)¥2 _ X2+ 8 +8
4(x + 1)° 4(x + 1)%2

G. f(x) =

Note that the denominator is always positive. The numerator is the quadratic
3x% + 8x + 8, which is always positive because its discriminant ish? — 4ac = —32,
which is negative, and the coefficient of x?is positive. Thus f”(x) > 0 for all x in the
domain of f, which meansthat f isconcave upward on (—1, «) and there is no point
of inflection.

H. The curveissketched in Figure 7. [ ]

COS X
[E7ETE] Sketch the graph of f(x) >+ Snx”
A. ThedomainisR.
B. They-intercept is f(0) = 3. The x-intercepts occur when cosx = 0, that s,
X = (2n + 1)7r/2, wheren is an integer.
c. f isneither even nor odd, but f(x + 27) = f(x) for al x and so f is periodic and
has period 27r. Thus, in what follows, we need to consider only 0 < x < 27 and then
extend the curve by trandlation in part H.
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FIGURE 8

FIGURE 10

1 E7XTEIE Sketch the graph of f(x) =

A. ThedomainisR = (—o, ).
B. The x- and y-intercepts are both 0.
€. Since f(—x) = —f(x), f isodd and its graph is symmetric about the origin.

D. Asymptotes: None

(2 + sinx)(—sinx) — cosx(cosx) ~ 2sinx+1
(2 + sinx)? (2 + sinx)?

f'(x) =

Thus f'(x) > Owhen2sinx + 1 <0 < snx<-—3; <
7m/6 < x < 117/6. So f isincreasing on (777/6, 117/6) and decreasing on (0, 77/6)
and (117/6, 2m).

. From part E and the First Derivative Test, we see that the local minimum value

is f(77/6) = —1//3 and the local maximum valueis f(117/6) = 1/y/3.

. If we use the Quotient Rule again and simplify, we get

2cosx (1 —sinx)
(2 + sinx)®

£7(x) = —

Because (2 + sinx)® > 0and 1 — sinx = 0 for al x, we know that f”(x) > 0 when
cosx < 0, that is, /2 < x < 37/2. So f isconcave upward on (7/2, 37/2) and
concave downward on (0, 77/2) and (37/2, 27). The inflection points are (77/2, 0)
and (37/2, 0).

H. The graph of the function restricted to 0 < x < 27 is shown in Figure 8. Then we

extend it, using periodicity, to the complete graph in Figure 9.

— W 27 3w X

FIGURE 9 .

vl—) <

Il Slant Asymptotes
Some curves have asymptotes that are oblique, that is, neither horizontal nor vertical. If

XIi%rr;l[f(x) —(mx+Db)]=0

then the line y = mx + b is called a slant asymptote because the vertical distance
between the curve y = f(x) and the line y = mx + b approaches 0, as in Figure 10. (A
similar situation exists if we let x — —.) For rational functions, slant asymptotes occur
when the degree of the numerator is one more than the degree of the denominator. In such
a case the equation of the slant asymptote can be found by long division as in the follow-
ing example.

X3

x2+1°
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D. Sincex? + 1isnever 0, thereis no vertical asymptote. Since f(x) — « asx — « and
f(Xx) = —o asx — —», thereis no horizontal asymptote. But long division gives
x3 X
f — — —
0 X+l X2+l
1
X X
f(x)—x=—x2+1=— 1%0 as X— *o
1+ —
X
Sotheliney = x isaslant asymptote.
A2+ 1) —x¥e2x  xX3A(x*+ 3
E. f'(x) = ( 2 ) 2 = (2 2)
x>+ 1 x*+1
Since f'(x) > Ofor al x (except 0), f isincreasing on (—o, ©).
F. Although f'(0) = 0, f’ does not change sign at 0, so there is no local maximum or
minimum.
e F1(x) = (4x® + 6x)(x* + 1) — (x* + 3x?) - 2(x* + 1)2x _ 2x(3 — x?)
' (x2+ 1)* (x2+ 1)°
y 3 Since f"(x) = Owhenx = 0 or x = *./3, we set up the following chart:
YT
4
/// ‘) Interval X 3 —x? (x2+ 1)° f"(x) f
7/
7 (\/3¥) x < —/3 - - + + CU on (—=, —/3)
B T ~J/3<x<0 - + + - CD on(—+/3,0)
(-3 28) o X 0<x<.3 + + + + cuon(0,v3)
’ 4
/7/\ inflection x>3 + - + - CD on (\/§, °°)
/7 points
//
rer The points of inflection are (—/3, —2/3), (0, 0), and (v/3, 2/3).
FIGURE 11 H. Thegraph of f issketched in Figure 11. [
m Exercises
1-40 Use the guidelines of this section to sketch the curve. o v X 0.y — X2 — 4
1.y = x® — 12x? + 36x 2.y=2+3x2-x3 A MR
3.y =x*—4x 4. y=x"—-8*+38 _ x — x? __ X
"y 2— 3+ x? 2.y x> —9
5.y =x(x — 4)° 6. y = x> — 5x
1 RS
7.y = x5 — 2x3 + 16x 8. y=(4—-x%° By="7"9 Wy=T2.9

1. Homework Hints available at stewartcal culus.com
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5.y = — Boy=1+++ =
BRI -y X X2
my=21 18 y = —>
Y x? SR
x? x3
19, y = 2. y=
¥ =13 Y=y
2.y =(x — 3Vx 22. y=2Jx —x
23 y=x2+x—-2 2. y=x2+Xx —X
X
25y =—F—— 26. y =X4/2 — X2
y VX2 + 1 y
/1_ 2
27.y = Voo X 2. y= -
X Vxz—1
29, y = x — 3xY® 30. y = x® — 5x%3
N y=Ix*-1 2. y=9x3+1
33. y = sin’x 34. y = x + cosx
35. y=xtanx, —7w/2<x<7/2
36. y =2x —tanx, —7/2<x<m/2
37.y=2x—sinx, 0<x< 37
38. y = secx + tanx, 0<x < 7w/2
39, v — sinx 0. v — sinx
Y7 T4 cosx YT o cosx
41. In the theory of relativity, the mass of a particleis
m = LU —
V1 —v?c?
where my is the rest mass of the particle, m is the mass when
the particle moves with speed » relative to the observer, and ¢
is the speed of light. Sketch the graph of m as a function of ».
42. In the theory of relativity, the energy of a particleis
E = /m¢c* + h?c?/A?
where my is the rest mass of the particle, A isits wave length,
and h is Planck’s constant. Sketch the graph of E as afunction
of A. What does the graph say about the energy?
43. The figure shows a beam of length L embedded in concrete

walls. If aconstant load W is distributed evenly along its
length, the beam takes the shape of the deflection curve

W

W WL W
24E|

+ —_
1261 ¢ 2aE1 ¥

4 2

y:

where E and | are positive constants. (E is Young's modulus of
elasticity and | is the moment of inertia of a cross-section of
the beam.) Sketch the graph of the deflection curve.

44. Coulomb’s Law states that the force of attraction between two
charged particles is directly proportional to the product of the
charges and inversely proportional to the square of the distance
between them. The figure shows particles with charge 1 located
at positions 0 and 2 on a coordinate line and a particle with
charge —1 at a position x between them. It follows from Cou-
lomb’s Law that the net force acting on the middle particle is

F(x) = 7L+ K

<2 W 0<x<?2

wherek is a positive constant. Sketch the graph of the net force
function. What does the graph say about the force?

45-48 Find an equation of the slant asymptote. Do not sketch the
curve.

5 X’ +1 1 22X+ X"+ x+3
AR Y X% + 2x
e AP -2x"+5 8 B+ X+ x
IR C— T e 12

49-54 Use the guidelines of this section to sketch the curve. In
guideline D find an equation of the slant asymptote.

9y — x? _— 1+ 5x — 2x°
A - Y X—2
YT YT e
53 v — 23+ x°+1 _— (x + 1)°
-y X2+ 1 -y (x — 17

55. Show that the curvey = /4x2 + 9 has two slant asymptotes:
y = 2x and y = —2x. Use thisfact to help sketch the curve.

http://www.meetyourbrain.com - Ask/Answer Questions. Homework Help.

Copyright 2010 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s).
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.



ain.com - Ask/Answer Questions. Homework Help.

244

56. Show that the curvey = /X2 + 4x _has two slant asymptotes: This shows that the graph of  approaches the graph of y = x?,
y=x+2andy = —x — 2. Usethis fact to help sketch the and we say that the curve y = f(x) is asymptotic to the
curve, parabolay = x?. Use this fact to help sketch the graph of f.

51. Show that thelinesy = (b/a)x andy = —(b/a)x are slant
asymptotes of the hyperbola (x%/a?) — (y?/b?) = 1.

58. Let f(x) = (x® + 1)/x. Show that

lim [f(x) —x2]=0

X—*w

59. Discuss the asymptotic behavior of f(x) = (x* + 1)/x in the
same manner as in Exercise 58. Then use your results to help
sketch the graph of f.

60. Use the asymptotic behavior of f(x) = cosx + 1/x? to sketch
its graph without going through the curve-sketching procedure
of this section.

m Graphing with Calculus and Calculators

If you have not already read Appendix G, you
should do so now. In particular, it explains
how to avoid some of the pitfalls of graphing
devices by choosing appropriate viewing
rectangles

The method we used to sketch curves in the preceding section was a culmination of much
of our study of differential calculus. The graph wasthe final object that we produced. In this
section our point of view is completely different. Here we start with a graph produced by
agraphing calculator or computer and then we refine it. We use calculus to make sure that
we reveal al the important aspects of the curve. And with the use of graphing devices we
can tackle curves that would be far too complicated to consider without technology. The
theme is the interaction between calculus and calculators.

[ETYZTE] Graph the polynomial f(x) = 2x° + 3x® + 3x® — 2x2 Usethe graphs of f’
and f"” to estimate all maximum and minimum points and intervals of concavity.

SOLUTION If we specify a domain but not a range, many graphing devices will deduce a
suitable range from the values computed. Figure 1 shows the plot from one such device
if we specify that —5 < x < 5. Although this viewing rectangle is useful for showing
that the asymptotic behavior (or end behavior) isthe same as for y = 2x°®, it is obviously
hiding some finer detail. So we change to the viewing rectangle [ —3, 2] by [ 50, 100]
shown in Figure 2.

41,000 100

. ;| |

-1000 —50

FIGURE 1 FIGURE 2

From this graph it appears that there is an absolute minimum value of about —15.33
when x = —1.62 (by using the cursor) and f is decreasing on (—, —1.62) and increas-
ing on (—1.62, ). Also there appears to be a horizontal tangent at the origin and inflec-
tion points when x = 0 and when x is somewhere between —2 and —1.

Now let’s try to confirm these impressions using calculus. We differentiate and get

f'(x) = 12x° + 15x* + 92 — 4x

f"(x) = 60x* + 60x% + 18x — 4
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When we graph f’ in Figure 3 we see that f'(x) changes from negative to positive when
X = —1.62; this confirms (by the First Derivative Test) the minimum value that we found
earlier. But, perhaps to our surprise, we also notice that f'(x) changes from positive to
negative when x = 0 and from negative to positive when x = 0.35. This meansthat f
has alocal maximum at 0 and alocal minimum when x = 0.35, but these were hidden

in Figure 2. Indeed, if we now zoom in toward the origin in Figure 4, we see what we
missed before: alocal maximum value of O when x = 0 and alocal minimum value of
about —0.1 when x = 0.35.

FIGURE 3 FIGURE 4

What about concavity and inflection points? From Figures 2 and 4 there appear to
be inflection points when x is alittle to the left of —1 and when x isalittle to the right
of 0. But it’s difficult to determine inflection points from the graph of f, so we graph the
second derivative f” in Figure 5. We see that f” changes from positive to negative when
X = —1.23 and from negative to positive when x = 0.19. So, correct to two decimal
places, f isconcave upward on (—o, —1.23) and (0.19, «c) and concave downward on
(—1.23, 0.19). The inflection points are (—1.23, —10.18) and (0.19, —0.05).

We have discovered that no single graph reveals al the important features of this
polynomial. But Figures 2 and 4, when taken together, do provide an accurate picture.

_

7 [E7XTEIF Draw the graph of the function

X2+ 7x + 3
="

in aviewing rectangle that contains al the important features of the function. Estimate
the maximum and minimum values and the intervals of concavity. Then use calculus to
find these quantities exactly.

SOLUTION Figure 6, produced by a computer with automatic scaling, is a disaster. Some
graphing calculators use [ —10, 10] by [ —10, 10] as the default viewing rectangle, so
let’s try it. We get the graph shown in Figure 7; it's a major improvement.

The y-axis appears to be a vertical asymptote and indeed it is because

X2+ 7x + 3
rrTXTs

lim >

x—0 X

Figure 7 aso alows us to estimate the x-intercepts: about —0.5 and —6.5. The exact val-
ues are obtained by usi ns; the quadratic formulato solve the equation x? + 7x + 3 = 0;

wegetx = (-7 = /37)/2.
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10 To get a better look at horizontal asymptotes, we change to the viewing rectangle
[—20, 20] by [—5, 10] in Figure 8. It appears that y = 1 is the horizontal asymptote and
y=f(x) thisis easily confirmed:

y=1 X2+ Tx+3 7 3
—20 20 I|mX—=I|rI1 1+;+X— =

-5 To estimate the minimum value we zoom in to the viewing rectangle [ —3, 0] by
[—4, 2] in Figure 9. The cursor indicates that the absolute minimum value is about —3.1
when x = —0.9, and we see that the function decreases on (—, —0.9) and (0, «) and
increases on (—0.9, 0). The exact values are obtained by differentiating:

FIGURE 8

6

3

X+ 6
-3

) = —
3 / 0 T = x> X

This shows that f'(x) > 0 when —5 < x < 0and f'(x) < 0 whenx < —5 and when
Y= x > 0. The exact minimum valueisf(-$) = =% ~ —3.08.
Figure 9 aso shows that an inflection point occurs somewhere between x = —1 and
—4 x = —2. We could estimate it much more accurately using the graph of the second deriv-
FIGURE 9 ative, but in this case it's just as easy to find exact values. Since

, 14 18 27x+9)
PO =t =

we see that f”(x) > Owhenx > —2 (x # 0). So f is concave upward on (—2, 0) and
(0, ) and concave downward on (—, —2). The inflection point is (—2, —2).
The analysis using the first two derivatives shows that Figure 8 displays all the major

aspects of the curve. [ |

X%(x + 1)°
(x = 2%(x — 4*

10 SOLUTION Drawing on our experience with arational function in Example 2, let’s start
by graphing f in the viewing rectangle [ —10, 10] by [ —10, 10]. From Figure 10 we have
the feeling that we are going to have to zoom in to see some finer detail and also zoom
y=rw) out to see the larger picture. But, as a guide to intelligent zooming, let’s first take a close
look at the expression for f(x). Because of the factors (x — 2)? and (x — 4)*in the
denominator, we expect x = 2 and x = 4 to be the vertical asymptotes. Indeed

1 IEXYETE] Graph the function f(x) =

0 IimM—w and IimM—
FIGURE 10 =2 (x — 2%(x — 4)* x—4 (X — 2)%(x — 4)*

To find the horizontal asymptotes, we divide numerator and denominator by x°:

X+ 1P 1(1 N £>3
x%(x + 1)° _ x3 x3 _ X X
(x — 24x — 4)°* (x—2? (x—4)?* < 2)2( 4)4
X2 X 1-—J{1-=
X X

This shows that f(x)—0 asx— =, so the x-axis is a horizontal asymptote.
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The family of functions

f(x) = sin(x + sincx)
where ¢ is a constant, occurs in applications to
frequency modulation (FM) synthesis. A sine
wave is modulated by a wave with a different
frequency (sin cx). The case where ¢ = 2 is
studied in Example 4. Exercise 19 explores
another special case

1.1

—1.1
FIGURE 15

-

—-1.2
FIGURE 16
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It is also very useful to consider the behavior of the graph near the x-intercepts using
an analysis like that in Example 11 in Section 3.4. Since x? is positive, f(x) does not
change sign at 0 and so its graph doesn’t cross the x-axis at 0. But, because of the factor
(x + 1), the graph does cross the x-axis at —1 and has a horizontal tangent there. Put-
ting all this information together, but without using derivatives, we see that the curve has
to look something like the one in Figure 11.

Now that we know what to ook for, we zoom in (several times) to produce the
graphs in Figures 12 and 13 and zoom out (several times) to get Figure 14.

0.0001 500
y=flx) y=ie
-1.5 0.5
-1 10
—0.0001 —10
FIGURE 13 FIGURE 14

We can read from these graphs that the absolute minimum is about —0.02 and occurs
when x = —20. Thereisalso alocal maximum = 0.00002 when x = —0.3 and alocal
minimum = 211 when x = 2.5. These graphs also show three inflection points near —35,
—5, and —1 and two between —1 and 0. To estimate the inflection points closely we
would need to graph ", but to compute f” by hand is an unreasonable chore. If you
have a computer algebra system, then it’s easy to do (see Exercise 13).

We have seen that, for this particular function, three graphs (Figures 12, 13, and 14)
are necessary to convey all the useful information. The only way to display al these
features of the function on a single graph isto draw it by hand. Despite the exaggera
tions and distortions, Figure 11 does manage to summarize the essential nature of the
function. [

[E7EIE Graph the function f(x) = sin(x + sin 2x). For 0 < x < 7, estimate all
maximum and minimum values, intervals of increase and decrease, and inflection points.

SOLUTION Wefirst note that f is periodic with period 2. Also, f isodd and | f(x)| < 1
for all x. So the choice of aviewing rectangle is not a problem for this function: We start
with [0, 7] by [—1.1, 1.1]. (See Figure 15.) It appears that there are three local maxi-
mum values and two local minimum values in that window. To confirm this and locate
them more accurately, we calculate that

f'(x) = cos(x + sin2x) « (1 + 2 cos 2x)

and graph both f and f' in Figure 16.
Using zoom-in and the First Derivative Test, we find the following approximate
values;

Intervals of increase: (0,0.6), (1.0,1.6), (2.1,25)
(0.6,1.0), (1.6,2.1), (25, 7
f(06) =1, f(1.6) =1, f(25 =1

f(1.0) ~ 0.94, f(2.1) ~ 0.94

Intervals of decrease:
L ocal maximum values:

Loca minimum values:
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The second derivative is

f"(x) = —(1 + 2cos2x)?sin(x + sin2x) — 4sin 2x cos(x + Sin 2x)
Graphing both f and f” in Figure 17, we obtain the following approximate values:
(0.8,1.3), (1.8,2.3)
(0,0.8), (1.3,1.8), (2.3, 7
(0,0), (0.8,0.97), (1.3,0.97), (1.8,0.97), (2.3,0.97)

Concave upward on:
Concave downward on:

Inflection points:

AAAL

=2

1.2

2

L

Having checked that Figure 15 does indeed represent f accurately for 0 < x < r,
we can state that the extended graph in Figure 18 represents f accurately for
=27 =< X < 2.

1.2 -1.2

FIGURE 17 FIGURE 18

Our final example is concerned with families of functions. As discussed in Appendix G,
this means that the functionsin the family are related to each other by a formula that con-
tains one or more arbitrary constants. Each value of the constant gives rise to a member of
the family and the idea is to see how the graph of the function changes as the constant
changes.

NS}

w 1 ETYTEET How doesthe graph of f(x) = 1/(x? + 2x + ¢) vary asc varies?
SOLUTION The graphsin Figures 19 and 20 (the special casesc = 2 and ¢ = —2) show

two very different-looking curves. Before drawing any more graphs, let’s see what mem-
bers of this family have in common. Since

FIGURE 19
c=2

. 1
-2 lim ———
x—te X<+ 2X + C

for any value of c, they all have the x-axis as a horizontal asymptote. A vertical asymp-
1 tote will occur when x? + 2x + ¢ = 0. Solving this quadratic equation, we get
x=—1=*,/1~- c.Whenc > 1, thereis no vertical asymptote (asin Figure 19).

When ¢ = 1, the graph has a single vertical asymptote x = —1 because

. 1
lim

= lim ——— =
4 x=>-1X2+2x + 1 x=-1(x + 1)?

When ¢ < 1, there are two vertical asymptotes: x = —1 = /1 — ¢ (asin Figure 20).

FIGURE 20
c=-2

Now we compute the derivative:

2X + 2

o0 =~ (x2+ 2x + ¢)?
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This showsthat f'(x) = Owhenx = —1 (if ¢ # 1), f'(x) > Owhen x < —1, and
f’(x) < Owhen x > —1. For ¢ = 1, thismeans that f increaseson (—c, —1)

and decreases on (—1, «). For ¢ > 1, there is an absolute maximum vaue
f(-1)=1/(c—1).Forc <1, f(-1) = 1/(c — 1) isaloca maximum value and the
intervals of increase and decrease are interrupted at the vertical asymptotes.

Figure 21 isa“dlide show” displaying five members of the family, all graphed in the
viewing rectangle [—5, 4] by [—2, 2]. As predicted, ¢ = 1 isthe value at which a transi-
tion takes place from two vertical asymptotes to one, and then to none. As ¢ increases
from 1, we see that the maximum point becomes lower; thisis explained by the fact that
1/(c — 1) — O0asc — . Asc decreases from 1, the vertical asymptotes become more
widely separated because the distance between themis2,/1 — ¢, which becomes large

See an animation of Figure 21 in

Visual 3.6. asc — —oo,

as ¢ — —oo, Again, the maximum point approaches the x-axis because 1/(c — 1) — 0

!

FIGURE 21 Thefamily of functions f(x) = 1/(x* + 2x + ¢)

0 c=1

Thereis clearly no inflection point when ¢ < 1. For ¢ > 1 we calculate that

23x2+6x+ 4 —0)
(x2+ 2x + ¢)®

f //(X) —

and deduce that inflection points occur when x = —1 + /3(c — 1)/3. So the inflection
points become more spread out as ¢ increases and this seems plausible from the last two

parts of Figure 21.

m Exercises

1-8 Produce graphs of f that reveal al the important aspects of the
curve. In particular, you should use graphs of f’ and f” to estimate
the intervals of increase and decrease, extreme values, intervals of
concavity, and inflection points.

1. f(x) = 4x* — 32x° + 89x? — 95x + 29
2. f(x) = x® — 15x° + 75x* — 125x3% — x
3. f(x) = x® — 10x® — 400x* + 2500x®

x2—1 X
_— 5 f(X) = 4¥————
0% +x + 1 9 x2+x2+1
6. f(x) = 6sinx — x?

1. f(x) = 6sinx + cot X,

4, f(x) =

-5=<=x=<3
—TSsSXSsT

sinx
8. f(x) = —2r< X< 27w

9-10 Produce graphs of f that reveal all the important aspects of
the curve. Estimate the intervals of increase and decrease and inter-
vals of concavity, and use calculus to find these interval s exactly.

1 2 X 108
10. f(X):F_ 4

1 8 1
9. fX)=1+—+— +—
™) x  x2  x°

11-12 Sketch the graph by hand using asymptotes and intercepts,
but not derivatives. Then use your sketch as a guide to producing
graphs (with a graphing device) that display the major features of
the curve. Use these graphs to estimate the maximum and
minimum values.

1. f(x):%(x_g)2 12. ]‘()()Z%Z(X_Z)5

x4x — 1) x3(x — 5)2

Graphing calculator or computer required

Computer algebra system required

1. Homework Hints available at stewartcal culus.com
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13. If f isthe function considered in Example 3, use a computer

algebra system to calculate f’ and then graph it to confirm
that all the maximum and minimum values are as given in
the example. Calculate f” and use it to estimate the intervals
of concavity and inflection points.

14. If f isthe function of Exercise 12, find f’ and f” and use
their graphs to estimate the intervals of increase and
decrease and concavity of f.

15-18 Use a computer algebra system to graph f and to find f’

and f". Use graphs of these derivatives to estimate the intervals
of increase and decrease, extreme values, intervals of concavity,
and inflection points of f.

15 f(x)_m
' XXX+ 2
x2/3
16100 =k
17. f(x) = /x + 5sinx, x<20
2x — 1
B = e T

19. In Example 4 we considered a member of the family of
functions f(x) = sin(x + sincx) that occur in FM synthesis.
Here we investigate the function with ¢ = 3. Start by graph-
ing f in the viewing rectangle [0, 7] by [—1.2, 1.2]. How
many local maximum points do you see? The graph has
more than are visible to the naked eye. To discover the hid-
den maximum and minimum points you will need to exam-
ine the graph of f' very carefully. In fact, it helpsto look at
the graph of f” at the sametime. Find al the maximum and
minimum values and inflection points. Then graph f in the
viewing rectangle [ -2, 277] by [—1.2, 1.2] and comment
on symmetry.

m Optimization Problems

20-25 Describe how the graph of f varies as ¢ varies. Graph
several members of the family to illustrate the trends that you
discover. In particular, you should investigate how maximum
and minimum points and inflection points move when ¢ changes.
You should also identify any transitional values of ¢ at which the
basic shape of the curve changes.

20. f(x) = x® + cx

21. f(x) = /x4 + cx2 22, f(x) = x4/C2 — X2

cX 1

23. f(x) = 1+ o2 24, f(x) = (1- X272 + ox?

25. f(x) = cx + sinx

26. Investigate the family of curves given by the equation
f(x) = x* + cx? + x. Start by determining the transitional
value of ¢ at which the number of inflection points changes.
Then graph several members of the family to see what
shapes are possible. There is another transitional value of ¢
at which the number of critical numbers changes. Try to dis-
cover it graphically. Then prove what you have discovered.

2]. (&) Investigate the family of polynomials given by the equa-
tion f(x) = cx* — 2x? + 1. For what values of ¢ does
the curve have minimum points?

(b) Show that the minimum and maximum points of every
curve in the family lie on the parabolay = 1 — x2 lllus-
trate by graphing this parabola and several members of
the family.

28. (@) Investigate the family of polynomials given by the equa-
tion f(x) = 2x® + cx? + 2x. For what values of ¢ does
the curve have maximum and minimum points?

(b) Show that the minimum and maximum points of every
curve in the family lie on the curvey = x — x3.
Illustrate by graphing this curve and several members of
the family.

The methods we have learned in this chapter for finding extreme values have practical
applicationsin many areas of life. A businessperson wants to minimize costs and maximize
profits. A traveler wants to minimize transportation time. Fermat’ s Principle in optics states
that light follows the path that takes the least time. In this section we solve such problems
as maximizing areas, volumes, and profits and minimizing distances, times, and costs.

In solving such practical problems the greatest challenge is often to convert the word
problem into a mathematical optimization problem by setting up the function that isto be
maximized or minimized. Let’ srecall the problem-solving principles discussed on page 97
and adapt them to this situation:

1. Understand the Problem The first step isto read the problem carefully until it is
clearly understood. Ask yourself: What is the unknown? What are the given
quantities? What are the given conditions?
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2. Draw a Diagram |n most problemsiit is useful to draw a diagram and identify
the given and required quantities on the diagram.

3. Introduce Notation Assign a symbol to the quantity that is to be maximized or
minimized (let’s call it Q for now). Also select symbols (a, b, c, ..., X, y) for
other unknown quantities and label the diagram with these symbols. It may help
to use initials as suggestive symbols—for example, A for area, h for height, t for
time.

4. Express Q in terms of some of the other symbols from Step 3.

5. If Q has been expressed as a function of more than one variable in Step 4, use
the given information to find relationships (in the form of equations) among
these variables. Then use these equations to eliminate all but one of the variables
in the expression for Q. Thus Q will be expressed as a function of one variable x,
say, Q = f(x). Write the domain of this function.

6. Use the methods of Sections 3.1 and 3.3 to find the absolute maximum or mini-

mum value of f. In particular, if the domain of f isa closed interval, then the
Closed Interval Method in Section 3.1 can be used.

[ETEEEN A farmer has 2400 ft of fencing and wants to fence off a rectangular field
that borders a straight river. He needs no fence along the river. What are the dimensions
of the field that has the largest area?

Understand the problem SOLUTION Inorder to get afeeling for what is happening in this problem, let’s experiment

Analogy: Try special cases with some special cases. Figure 1 (not to scale) shows three possible ways of laying out

Draw diagrams the 2400 ft of fencing.

1000 400
1000 1000
2200 700 700
100 | 100
Area= 100 - 2200 = 220,000 ft? Area= 700 - 1000 = 700,000 ft? Area= 1000 - 400 = 400,000 ft>

FIGURE 1

We see that when we try shallow, wide fields or deep, narrow fields, we get relatively
small areas. It seems plausible that there is some intermediate configuration that produces
the largest area.

Figure 2 illustrates the general case. We wish to maximize the area A of the rectangle.

Introduce notation Let x and y be the depth and width of the rectangle (in feet). Then we express A in terms
of xandy:
y A =xy

Y A Y We want to express A as afunction of just one variable, so we eliminate y by expressing
it in terms of x. To do this we use the given information that the total length of the fenc-
ing is 2400 ft. Thus

2x +y = 2400
FIGURE 2 From this equation we have y = 2400 — 2x, which gives

A = X(2400 — 2x) = 2400x — 22
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Notethat x = 0 and x < 1200 (otherwise A < 0). So the function that we wish to maxi-
mizeis

A(X) = 2400x — 2x2 0 < x < 1200

The derivative is A(x) = 2400 — 4x, so to find the critical numbers we solve the
equation

2400 — 4x =0

which gives x = 600. The maximum value of A must occur either at this critical number
or at an endpoint of the interval. Since A(0) = 0, A(600) = 720,000, and A(1200) = O,
the Closed Interval Method gives the maximum value as A(600) = 720,000.
[Alternatively, we could have observed that A"(x) = —4 < Ofor al x, so A isalways
concave downward and the local maximum at x = 600 must be an absolute maximum.]
Thus the rectangular field should be 600 ft deep and 1200 ft wide. [ |

7 [ETXTEIEF A cylindrical canisto be madeto hold 1 L of oil. Find the dimensions
that will minimize the cost of the metal to manufacture the can.

SOLUTION Draw the diagram asin Figure 3, wherer isthe radius and h the height (both
in centimeters). In order to minimize the cost of the metal, we minimize the total surface
area of the cylinder (top, bottom, and sides). From Figure 4 we see that the sides are
made from arectangular sheet with dimensions 271 and h. So the surface areais

-— — ——

A = 27r? + 27rh
FIGURE 3

1000 cm?. Thus

<2#1'\ To eliminate h we use the fact that the volume is given as 1 L, which we take to be
7rr?h = 1000

»  Wwhich givesh = 1000/ (#r?). Substitution of this into the expression for A gives

A=27r?+ 27-rr< 1000) 2000

— | = 2mr? + ——
ot r
Area2(mr?) Area (27r)h Therefore the function that we want to minimize is
FIGURE 4 2000
A(r)=27-rr2+T r>0

To find the critica numbers, we differentiate:

Y 2000  4(mr® — 500
A(r) =4nr — —— = (mr 2 )

1000 4 y=A(r) Then A'(r) = 0 when 7rr® = 500, so the only critical number isr = ¥/500/ 7 .

Since the domain of A is (0, ), we can’t use the argument of Example 1 concerning
endpoints. But we can observe that A'(r) < 0 for r < /500/#7 and A'(r) > 0 for
r > 500/, so A is decreasing for all r to the left of the critical number and increas-
# ing for all r to the right. Thusr = ¢/500/7 must give rise to an absolute minimum.
0 10 g [Alternatively, we could argue that A(r) — < asr — 0" and A(r) — % asr — «, S0

there must be a minimum value of A(r), which must occur at the critical number. See

FIGURE 5 Figure 5.]
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In the Applied Project on page 262 we investi- The value of h corresponding to r = ¥/500/ 7 is
gate the most economical shape for a can by
taking into account other manufacturing costs. 1000 1000 500
h= - =29 =2
ar? (500/ )3 T

Thus, to minimize the cost of the can, the radius should be ¥/500/7 c¢m and the height
should be egual to twice the radius, namely, the diameter. [ |

NOTE 1 The argument used in Example 2 to justify the absolute minimum is a variant
of the First Derivative Test (which applies only to local maximum or minimum values) and
is stated here for future reference.

Module 3.7 takes you through six addi- First Derivative Test for Absolute Extreme Values Suppose that ¢ isa critical number of
tional optimization problems, including animations a continuous function f defined on an interval.
of the physical situations. , , .

(@) If f'(x) > 0foral x <cand f'(x) < 0foral x > c, then f(c) isthe absolute
maximum value of f.

(b) If f'(x) < Oforal x <cand f'(x) > 0for al x > c, then f(c) isthe absolute
minimum value of f.

NOTE 2 An aternative method for solving optimization problemsisto useimplicit dif-
ferentiation. Let’slook at Example 2 again to illustrate the method. We work with the same
equations

A = 27r? + 27rh ar?h = 1000
but instead of eliminating h, we differentiate both equations implicitly with respecttor:
A = 4zr + 27h + 27rh’ 27rh + 7r?h’ =0

The minimum occurs at a critical number, so we set A' = 0, simplify, and arrive at the
equations

2r+h+rh"=0 2h+rh" =0
and subtraction gives2r — h = 0,orh = 2r.

7 IETXTETE] Find the point on the parabolay? = 2x that is closest to the point (1, 4).
SOLUTION The distance between the point (1, 4) and the point (x, y) is

d = Vix— 17+ (y - 47

y
(.4) yr=2x (See Figure 6.) But if (x, y) lies on the parabola, then x = 3y?, so the expression for d
o becomes
d=(ty2 = 1)2 Y
NPl VY- 1P+ (y - 9
N 3 : > (Alternatively, we could have substituted y = /2x to get d in terms of x alone.) Instead
of minimizing d, we minimize its square:
d2=f(y) = (3y* — )2+ (y - 47
FIGURE 6 (You should convince yourself that the minimum of d occurs at the same point as the
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minimum of d?, but d? is easier to work with.) Differentiating, we obtain
iy =23y2 -2y + 2y —4 =y° -8

so f'(y) = Owheny = 2. Observethat f'(y) < Owheny < 2 and f'(y) > 0 when

y > 2, so by the First Derivative Test for Absolute Extreme Values, the absolute mini-
mum occurs when y = 2. (Or we could ssimply say that because of the geometric nature
of the problem, it's obvious that there is a closest point but not a farthest point.) The
corresponding value of x isx = 3y2 = 2. Thus the point on y? = 2x closest to (1, 4)
is(2,2). [

[E70ZT A man launches his boat from point A on abank of a straight river, 3 km

< 3km— wide, and wants to reach point B, 8 km downstream on the opposite bank, as quickly as

possible (see Figure 7). He could row his boat directly across the river to point C and then
C run to B, or he could row directly to B, or he could row to some point D between C and B

FIGURE 7

and then run to B. If he can row 6 km/h and run 8 km/h, where should he land to reach B
X as soon as possible? (We assume that the speed of the water is negligible compared with
the speed at which the man rows.)

SOLUTION If welet x be the distance from C to D, then the running distanceis
8km |DB| = 8 — x and the Pythagorean Theorem gives the rowing distance as
|AD| = /x? + 9. We use the equation

distance
rate

time =

Then the rowing timeis/x2 + 9/6 and the running time is (8 — x)/8, so the total time
T asafunction of x is
VX2 +9 8 —x

T(x) = 5 + 3

The domain of this function T is[0, 8]. Notice that if x = 0, herowsto C and if x = 8,
he rows directly to B. The derivative of T is

T =—2X 1
6/%x%>+ 9 8
Thus, using the fact that x = 0, we have
X 1
T'(x)=0 Y =— < 4X=3yx*+9
) 6/%x%>+ 9 8

& 16x2=9(x2+ 9 <= T"x?’=181

Pe— XZW

The only critical number isx = 9/,/7. To see whether the minimum occurs at this criti-
cal number or at an endpoint of the domain [0, 8], we evaluate T at all three points:

T(0) = 15 T<i> -1+ VT 1.33 T(8) = @ ~ 142

J7 8
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FIGURE 8

(x, ¥)

2x

- <)

FIGURE 9

r Cos 6

FIGURE 10

Since the smallest of these values of T occurs when x = 9/4/7, the absolute minimum
value of T must occur there. Figure 8 illustrates this calculation by showing the graph
of T.

Thus the man should land the boat at a point 9/,/7 km (= 3.4 km) downstream from
his starting point. [ |

1 IE7YTEIE Find the area of the largest rectangle that can be inscribed in a semicircle
of radiusr.

SOLUTION 1 Let’stake the semicircle to be the upper half of the circle x? + y? = r2with
center the origin. Then the word inscribed means that the rectangle has two vertices on
the semicircle and two vertices on the x-axis as shown in Figure 9.

Let (x, y) be the vertex that liesin the first quadrant. Then the rectangle has sides of
lengths 2x and y, so its areais

A = 2xy

To eliminate y we use the fact that (x, y) lieson the circle x? + y? = r? and so

y = /r2 —x2.Thus

A =2x\/rz2 —x2
The domain of this functionis0 < x < r. ltsderivativeis
2x2 2(rz — 2x2
A =2r2—x2 — _ 2 )

o Jirox

which is 0 when 2x? = r? that is, x = r/y/2 (sincex = 0). Thisvalue of x givesa
maximum value of A since A(0) = 0 and A(r) = 0. Therefore the area of the largest
inscribed rectangle is

AL =2L r2_r_2=r2
V2 V2 2

SOLUTION 2 A simpler solution is possible if we think of using an angle as avariable. Let
0 be the angle shown in Figure 10. Then the area of the rectangleis

A(6) = (2r cosf)(r sinf) = r3(2sind cosh) = r2sin 260

We know that sin 26 has a maximum value of 1 and it occurs when 20 = 7/2. So A(0)
has a maximum value of r2 and it occurs when 6 = /4.

Notice that this trigonometric solution doesn’t involve differentiation. In fact, we
didn’t need to use calculus at all. [ |

I Applications to Business and Economics

In Section 2.7 we introduced the idea of marginal cost. Recall that if C(x), the cost func-
tion, isthe cost of producing x units of a certain product, then the marginal cost isthe rate
of change of C with respect to x. In other words, the marginal cost function is the deriva-
tive, C'(x), of the cost function.

Now let’s consider marketing. Let p(x) bethe price per unit that the company can charge
if it sellsx units. Then p is called the demand function (or price function) and we would
expect it to be adecreasing function of x. If x units are sold and the price per unit is p(x),
then the total revenueis

R(x) = xp(x)
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and R iscalled the revenue function. The derivative R’ of the revenue functioniscalled the
marginal revenue function and is the rate of change of revenue with respect to the num-
ber of units sold.

If x units are sold, then the total profitis

P(x) = R(x) — C(x)

and P iscalled the profit function. The marginal profit function isP’, the derivative of the
profit function. In Exercises 57—62 you are asked to use the marginal cost, revenue, and
profit functions to minimize costs and maximize revenues and profits.

1 IE7XTEEET A store has been selling 200 Blu-ray disc players aweek at $350 each. A
market survey indicates that for each $10 rebate offered to buyers, the number of units
sold will increase by 20 aweek. Find the demand function and the revenue function. How
large a rebate should the store offer to maximize its revenue?

SOLUTION If x isthe number of Blu-ray players sold per week, then the weekly increase in
salesis x — 200. For each increase of 20 units sold, the priceis decreased by $10. So for
each additional unit sold, the decrease in price will be s X 10 and the demand function is

p(x) = 350 — 2o(x — 200) = 450 — X
The revenue function is
R(x) = xp(x) = 450x — :x>
Since R'(x) = 450 — x, we see that R’(x) = 0 when x = 450. This value of x gives an
absolute maximum by the First Derivative Test (or simply by observing that the graph of
R is a parabolathat opens downward). The corresponding price is

p(450) = 450 — 3(450) = 225

and the rebate is 350 — 225 = 125. Therefore, to maximize revenue, the store should

offer arebate of $125.

Exercises

1. Consider the following problem: Find two numbers whose sum
is 23 and whose product is a maximum.
(a) Make atable of values, like the following one, so that the
sum of the numbers in the first two columns is always 23.
On the basis of the evidence in your table, estimate the
answer to the problem.

First number Second number Product
1 22 22
2 21 42
3 20 60

Graphing calculator or computer required

Computer algebra system required

(b) Use calculus to solve the problem and compare with your
answer to part (a).

. Find two numbers whose difference is 100 and whose product

isaminimum.

. Find two positive numbers whose product is 100 and whose

sum is a minimum.

. The sum of two positive numbersis 16. What is the smallest

possible value of the sum of their squares?

. What is the maximum vertical distance between the line

y = X + 2 and the parabolay = x?for —1 < x < 2?

. What is the minimum vertical distance between the parabolas

y=x*+1landy =x — x2?

1. Homework Hints available at stewartcal culus.com
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1. Find the dimensions of a rectangle with perimeter 100 m
whose areais as large as possible.

8. Find the dimensions of a rectangle with area 1000 m*> whose
perimeter is as small as possible.

9. A model used for theyield Y of an agricultura crop as afunc-
tion of the nitrogen level N in the soil (measured in appropriate
units) is

kN

L
wherek is a positive constant. What nitrogen level gives the
best yield?
10. Therate (in mg carbon/m?h) at which photosynthesis takes
place for a species of phytoplankton is modeled by the function

~ 1001
1Z+1+4

where | isthe light intensity (measured in thousands of foot-
candles). For what light intensity is P a maximum?

-

1. Consider the following problem: A farmer with 750 ft of
fencing wants to enclose a rectangular area and then divide it
into four pens with fencing parallel to one side of the rect-
angle. What is the largest possible total area of the four pens?
(a) Draw several diagramsillustrating the situation, some with
shallow, wide pens and some with deep, narrow pens. Find
the total areas of these configurations. Does it appear that
there is amaximum area? If so, estimate it.

(b) Draw adiagram illustrating the general situation. Introduce
notation and label the diagram with your symbols.

(c) Write an expression for the total area.

(d) Use the given information to write an equation that relates
the variables.

(e) Use part (d) to write the total area as a function of one
variable.

(f) Finish solving the problem and compare the answer with
your estimate in part (a).

12. Consider the following problem: A box with an open top is to
be constructed from a square piece of cardboard, 3 ft wide, by
cutting out a square from each of the four corners and bending
up the sides. Find the largest volume that such a box can have.
(a) Draw several diagrams to illustrate the situation, some short
boxes with large bases and some tall boxes with small
bases. Find the volumes of several such boxes. Does it
appear that there is a maximum volume? If so, estimate it.

(b) Draw adiagram illustrating the general situation. Introduce
notation and label the diagram with your symbols.

(c) Write an expression for the volume.

(d) Use the given information to write an equation that relates
the variables.

(e) Use part (d) to write the volume as a function of one
variable.

(f) Finish solving the problem and compare the answer with
your estimate in part (a).

13. A farmer wants to fence an area of 1.5 million square feet in a
rectangular field and then divide it in half with afence parallel

14.

16.

17.

21.

1 22.

23.

24.

25.

30.

31.

to one of the sides of the rectangle. How can he do this so as to
minimize the cost of the fence?

A box with a square base and open top must have a volume of
32,000 cm®. Find the dimensions of the box that minimize the
amount of material used.

. 1f 1200 cm? of material is available to make a box with a

sguare base and an open top, find the largest possible volume
of the box.

A rectangular storage container with an open top isto have a
volume of 10 m®. The length of its base is twice the width.
Material for the base costs $10 per square meter. Material for
the sides costs $6 per square meter. Find the cost of materials
for the cheapest such container.

Do Exercise 16 assuming the container has alid that is made
from the same material as the sides.

. (a) Show that of all the rectangles with a given area, the one

with smallest perimeter is a square.
(b) Show that of al the rectangles with a given perimeter, the
one with greatest areais a square.

. Find the point on theliney = 2x + 3that is closest to the

origin.

. Find the point on the curvey = /x that is closest to the

point (3, 0).

Find the points on the ellipse 4x? + y? = 4 that are farthest
away from the point (1, 0).

Find, correct to two decimal places, the coordinates of the
point on the curvey = sin x that is closest to the point (4, 2).

Find the dimensions of the rectangle of largest area that can be
inscribed in acircle of radiusr.

Find the area of the largest rectangle that can be inscribed in
the ellipse x?/a® + y¥b? = 1.

Find the dimensions of the rectangle of largest area that can be
inscribed in an equilateral triangle of side L if one side of the
rectangle lies on the base of the triangle.

. Find the area of the largest trapezoid that can be inscribed in a

circle of radius 1 and whose base is a diameter of the circle.

. Find the dimensions of the isosceles triangle of largest area that

can beinscribed in acircle of radiusr.

. Find the area of the largest rectangle that can be inscribed in a

right triangle with legs of lengths 3 cm and 4 cm if two sides of
the rectangle lie dong the legs.

. Aright circular cylinder isinscribed in a sphere of radiusr.

Find the largest possible volume of such a cylinder.

A right circular cylinder isinscribed in a cone with height h
and base radius r. Find the largest possible volume of such a
cylinder.

A right circular cylinder isinscribed in a sphere of radiusr.
Find the largest possible surface area of such a cylinder.
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32,

33.

34.

35.

36.

37.

38.

39.

40.

a.

42.
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A Norman window has the shape of a rectangle surmounted

by a semicircle. (Thus the diameter of the semicircle is equal to
the width of the rectangle. See Exercise 62 on page 22.) If the
perimeter of the window is 30 ft, find the dimensions of the
window so that the greatest possible amount of light is admitted.

The top and bottom margins of a poster are each 6 cm and the
side margins are each 4 cm. If the area of printed material on
the poster is fixed at 384 cn?, find the dimensions of the poster
with the smallest area.

A poster is to have an area of 180 in? with 1-inch margins at
the bottom and sides and a 2-inch margin at the top. What
dimensions will give the largest printed area?

A piece of wire 10 m long is cut into two pieces. One piece
is bent into a square and the other is bent into an equilateral
triangle. How should the wire be cut so that the total area
enclosed is () amaximum? (b) A minimum?

Answer Exercise 35 if one piece is bent into a square and the
other into acircle.

A cylindrical can without atop is made to contain V cm? of
liquid. Find the dimensions that will minimize the cost of the
metal to make the can.

A fence 8 ft tall runs parallel to atall building at a distance of
4 ft from the building. What is the length of the shortest lad-
der that will reach from the ground over the fence to the wall
of the building?

A cone-shaped drinking cup is made from a circular piece
of paper of radius R by cutting out a sector and joining the
edges CA and CB. Find the maximum capacity of such a cup.

A B

A cone-shaped paper drinking cup is to be made to hold 27 cm®
of water. Find the height and radius of the cup that will use the
smallest amount of paper.

A cone with height h isinscribed in alarger cone with
height H so that its vertex is at the center of the base of the
larger cone. Show that the inner cone has maximum volume
whenh = %H.

An object with weight W is dragged along a horizontal plane
by aforce acting along a rope attached to the object. If the rope
makes an angle 6 with a plane, then the magnitude of the force
is
_ pW
©msin @ + cos o

where w is a constant called the coefficient of friction. For
what value of 0 is F smalles