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Preface

Intersection orapha provide theery o udecle ek ol seapdy theory, Ther
epitomize 2raph-1heomtic struslore and hase thedr oven distize-ive coneepis
and cmphasis, Theyr iubseme concepns ke standard as line graphs and as
bomstanclare] B roleranes grapha. Uhey have real applicarions tno mopics
like bindogy, eomputing, matrix analysin, and matiaties (with many of theas
wamHirAtInma not wall ke,

While tiere are of hetr bonks smweeing wariags tapics of interaactinn graph
thenry, these ool ke foms and imeent that are different from onrs. Even
thawse: Whal aoe gul of cate ale 31 velueble souece: thiot e ubpe our readers
Lo gopanadt furnler. Golueehin, 1940|, with da pertizl epdating in (Goelipmbic,
1484|, rrmainz mstandard. reecllont source, organized aronnd pedfort grapha,
There 1z euch reluled conleol bn Toberts, 1876, 19780, bokl of which emn-
phiasies bodemeslicn a=apaha ol applivadion: Ao alheres, rHF!:I'I:i'F'-. 1955]
demveinpa many of the ganeral concepts i cerme of hypergrapha, [Fishhum,
2485] and “Trotser, 1992° stoezs an erder-theoretic vicwpeint, [loky, 1994]
erphuosizeys teevwidib, and Trisner, 19%5] loowses oo grapl vpuerators, [Ma-
hadev £ Pebed, 2945 ir devoted te threshold araphs. [Bracdstadt, 1994] and
[Bramcisliadl, Le, & Spincad, to appear] ciaoss ware ol ole velevant geaph
elasre. [Zykere, TYAT Lacledes valunlle relorences ro fhe Thissian litersturs
e e Lhial dalo.

WG D LR £ peritie 0 condize ol packel with cootend . Thae e foar
chtaptors freria oo wlat o fecd ave the most dovelopet tapics af tccrsection
araph thower, cwphasiciog choslal, loteresl, acd ooogscLition geaphs aod
thoir voderlviug coouoens Lheasy; Chaplor O odiscceses 1he alliod topic of
threshold props:, Chispdeasr 6 extesids Lhe corncnen Lheary o peiodstaectiob,
multigraphe, and Loleeance, Chaper 7 adeptz o differont spinit, serving 48 a
giidn taan active, srafterad ltevatnree: we hane it oommteizates the favan
af waninys Lopira of intaraectim graph themy by offeting tasczs of enoygh
vliffarent zrpira tn Inre interested redders into peeiing the citaziona and
learaing morn. Ve bave pointed 1oos multitade of direetioae, while reviating



il PREVALCE

WIying T paint i all diveccions.

We have made tEe hoak salf-omeaingd me<hilo the hagica prezent in any
intrrdnuctory graph sheory tex!, whether qne like [Chartrand & Lespiak,
1996| with virtoally oo overlap with oor tupdes, or o like [West, 1996] chat
inbroduces several of Lhe same topics. We hope (1 can serve as a platlenoo
fuom wrhich one can Jaunch mare detailed investigations of che biroad array of
topics that involve intersection sraphs. The more than one hundred mmple
vRreisca ackttiornd througheut the fiest six chaptera are moant to be doac
b tley weewr, Loochdvre: aod vavend 1he Jizcwassion,

1o spete of ks ve, e Bibliography dees not pretend 10 be complete.
Many ralavant papera are ot incihnded—even pome of our own—partly by
design and partly refecting our ignorance and prejudices. YWe hope chat
even connoisssurs will Aod u few surprises, thouph. We have made a specisl
offort to taclede corly pepers ancd reccot popors with poed bibliographios,
et e have typically treciodec, very few papers thac swphasize aclving per-
ticular problems (cop., ooloring, dommution, idertifrine mpoeligeas, sad o
host of others] or bhot eimphosive doebols of deorithores aod complexitr, Pa-
pirs marhed as “to appear” Lad oot Desn published whe uhis ooz wiss
romlated and shld be Inoked for tsing she American Mathematical So-
cicty'a MathSciMNet, We sl intend fimited vpdufing (including, meitably,
votleclionst on & web sice locacalble thoweh e aubbor® hayse inzAiluzlons.

T'he follvedng Are amnong the poskible var of this haoke (i) AR & RoEres
oook for metheinodcul suicntiste and olhiore whe are oot fumilineg with this
material; (it AR B mide for a toseacch seminar, utilizineg the references to
eoplore aodibivnel topivs o Jeptdy (i) a8 a8 58 week “ulil” inoan adyvanced
undermraduate eraduaie level course in gruph cheory.

Wi anleneorwledlge Bl vabaa Ble sl of sooeayrreoies resiewears aand Liee en
raiTEgement and incerest of meny colieszucs, Pecer [Iammer in parcicaiar,
We vhank Jead Lehet in particular for columents on cartaln partiors cof the
marscript, while of corse we repain all respsongibilicey o lagpses ancl 2hoeg-
POTNIT IS,

{2dc)p?



Chapier 1

Intersection Graphs

The: ond of thic chepzer = o prosent basie defioitions snd results for -
rorzeetioh grophs of acbivrary Towilics of sels. Thiz wochinery will Lthen be
1ar? a3 che basiz for che move speeisalized topica o the follosdne chaptera.
3Mul: of the viewpoiob of this chepler relocts [Roborks, 1983

1.1 Basic Concepts

We fpllowr the stardard evminalogr ad potation that s cownon oo st
graph thenmy texts, auch as |Chartrand &z Lesniak, 1994] ar [VWest, 1986 . For
instanee, ¥l ol ENCY reder respactively to the vets of vortics: and edpes
af o graph & of prder 'EIE)] and, oo € V), e telere bo the sdge
‘oining wand 1. Uncommonly, we sllos tha miell suberonh of (7, meaaing the
gTaph Ry raving W (Ag) = @ = F[Ap). In partienlar, fhe mill seagraph is
w conplets subereoh of evary nraph wection 4.2 will show one eeson why
this i3 deaivaliled.

Hr a femaly {51, ....50 ] of arte o7 grapha we mean a madtiz=t, whickh
allows bhe poestbility they 5« 5 even Lhoneh v 30 Toless wo speciBeslly
wgy clherwise all wraphs and digraphs aidll Te it g greple will e
neithar loopa ner mnltiple edges.

ez e woprpzsiigae ol a grapah Lo be gl coes o Aele s ibgmph Lol 38 ot
prooecly condageed i aaelber complete suberapln, SWarwing: somde aubbors
use Feligae” for whas we call fmaxclique.” white for many oviers & clique
can e oegp aomatete geaph.) Bar inecanee, ke graph shoe on the left in
Fimice 2.1 has tvvo measechogues, of orcdoes torn and -hres.

Les F =48 ... 80 beoany family of setz. Whe dnterrection aroph of
#,oclenored £3F), 5 the graps having & as vertax set writh 5, adjacent to



2 CHAT'TEL 1. INTEHSECTION CILATHE

S——— B oH

DA NN

T1EqTh
Figure L1 Aq wnfersection graph G, beth "plotn® ane oet lnbefed

Aidond valy 0 7 7 ad 508 #0 A4 graph G i acl aefersecton groph if
bEwere existe o Famnily JF such dhat & = D0F), where wae trpically displey tlhis
igomorpldam by wriving Vil = <, ... .0, } with egch 1y cormesponding to
5y thua ey £ I if and only i £; M 5; £ B, When & 22 10 F), F ia theo
cillcd a sef repressatation of &,

Bxample 1.2 Sunpose £ = {51 Ha, 5, &} where &) = {m )}, &0 = {=).
Tz, o3h, 83 — {zq), snd &) < Jr EpyEq 5} Then & = 037 is shewn
in Flgure L1, It is sometitoes usetm oo label the watices of an intelzeciion
graph G owith the actual sets of 2 [abteeviating {2, o0, 2} a8 2reuka, e10.),
prowucing che graph nn the tight in Pigore 1.1, which we call 8 sed-labeled
intersendion grupk.

Suppose 7 = (WF) where F = [8,..., 8] sod cech vy © V(5 cor-
reAponcA o 5 £ F under the iromorphizm.  For each © £ GF 5, met
T == {0 0 6 5k I s engy Lo zee Lial codh Gy jnduces o canplete gropb
of & of order {irxe K} =1

Example 1.1 {cuntinued) ¥For the wiven fwmily F oaml = 00,
Fay = fo, e, e} (Ul Teing the vertices cormsponding g e Lo 505%
that ouacain #) )0 dmilarly G = 1, [ = |Gz, | = 2 and |G, | = 1-

An sdie eligue comer 0F 2 say fumily £ = {4, .., Ly | uf coinplete
aubgruphs of OF sucl Lhet every cdpe of O 35 iboab bost ooe of BT
E(iJy]; in other words, Ty € E(F) implies ry < ULIE[Q;]. Rememhur
that any of these (J;'s may be the oull ashgraph of (7. We custcmarily u==
t9's [oftcn wich subseripts, supcrecripts, or other omementation] to denats
complete euberaple of O or, interchaypennly, (e verles st ol complots
pubEraphs.

Clearly, vlie set ol all swiaclyue: ol aoy graph & Deoms ao elge cligue
oover of €7, a3 does the aet E7G) when each edgs is viswed ag o Felement
eibamy of 17[f7]. Bk A graph aan bave many ather edge clique corers.



1.1, BASIT COKCERLS K

Eacammple 1.1 {contlnued} For e given graph (7, taking OF = (3
= {o1, v, w), B2 = G, = {mh @ = Oy = {eam) - Oy
[va,vg} wad Ge = O, = {wq} frme o S-mewmbe wdge cligoe cove £
af . Alternatively, £ = {in, #e, Wl G = {0} 0 = {m} and
iy = (15,14} formo a d-mamber edge clique rover OF of (7

The demember edes cligue vover cobadensd i Beaople 1.1 illomeates
anw each et represengation F o= {5, ..., %) of any imrersection graph &
decarmines a dual rdge elipue cover £[0F] of 7 drined to be the family

BlRA ={Gs x5}, whera each (. =21 v € S{_}.—|

BN each 1 & VIGD correspoand we b € 5 uwifes Lhe ot phist 22

P
Sappose @ s aony proph wich W& = {=;,. .. v, b Every poacticular wlge
rigue cover £ o= G- Gl of O detennioes o dieod fet reprsseniation

Fi&) of L defined to be the family

Fler=1%,... 5], wheraanch 5; = {1:1 263}

for cuch ¢ ¢ {1,...,n), Obeecove that each 5 in a deul wot ropreseototion
FIET 5o 2ot ol nlegers, and thel 505 #4 F vud voly 1w € E(G),

Example 1.1 {contlbuad) For the Snember odee clique cover S0F
Az shove, the rual rek Tepreseneation FUE(F ) ronriztz of &, = {§: 1 €
Geb = {21 82 0 dpcve s Q) = {320 5 — {4, and & - {1, 3.4.50
Kotice hows this et representation correspanda, aet br aec, to the F at che
heginning of the reample.

Far the 4-member edme clique aover £ = 10, 6%, &4, 3} given aartier,
“he due] edge clique cover FTET wonsists ol 5 = {75 £ @5 = 1,2},
2= 1}, 8z = {45 4} and 3y = {1, 2.4} '

Exercize 1.1 fziven aar graph & wich edge cliqne rover & annee thar
the dual eat vepresentation F = F(E] defined abrwe actnaliy 45 a aen rap-
sesnbdbim; in other words, ahow that &= J(F) with each o € V67
vormesonding to 5: ¢ T

Exercise 1.2 Show that if €2 & waw interaeetion greph with zet rapme-
sentation F. shen FIE(F)) corresnionds. et by pet. to 5. Similarly, i &7 s
any interaectivn greph wich adge clique oovery £, then E{F(E ] corresponda.
ert oy oot to £,



& CHAPTER 1. INTERGECTION CIRATI'HS

Thi: baclk-and-forth intorplay- -duakicy - between sot represcatetions and
edge cliqua covers is & characteristic feature of intersection graph theory, We
will mae hewr 3t allowss the inkerrelatinn of toan differean sorta of shrgctures,
vnch of which can he viewed a2 bring represented by the other. Sections 1.4
sd 1.5 will sbowe esnrmnles of this, with meny nthers appearing in kater
whiepturs, This interplay widl chowr up o oy of the resulta »= preeent; it
18 i Lk parl of whet makes U work, (We present one entiobng soemple
in gection 4.3; lotersection graphs are uzed ta coneider whelisr coolopfiea)
“fonr webs™ can be represented by “competition graphe.” and then whether
thase graph vepresentationa in turm baso “nterval represoncationr”  hark
et oril wiad ek apain betveesn seb cepreseoietions aod sdre digue cow-
ETE. )

Brvery graph & hews the edee cligoe wowmr £ = B[, or at the other
extrene & colld consist of all the mascligues of & Thus Exdercise L] proves
the “first theorem™ of intersection graph theory, fror (Aarczewski, 1943

Theopor 1.1 (Marceewskl] Bvery graph e o dnfersection gruph, O

Whilv cvery goeplh has o dot eepeescolation, ioterseslion erwph theoryr
naeA propetties of the eet representations and wanious conditione imposed
thereon, rether than the cowventiopnl prapl-theoretic properiies Lt “{or-
get” the aets, Fno many ioteresting exemplea & pet represeniaticn F of &
praph & actaally consists of The vertex sets of subgraphs of anolhe: graph
I We will oftan ideetily the wertox seta of snbaraphs wish the subgranhe
1beynselvrs wnd sor thal F ooonslsis of e suberaphs Yehen Loz happoens,
we call (7 the guest proph, & the host gmph, aod the eet repreeentation a
proph repveseniatdon of & Tocorow 11 cun T stoogtlenod o show Lhat
every praph has o graph representntiog.

Theorcm 1.2 Fecry preph & . the mteraection griph of o family of
subwruphs of o rreph.

Proof. Suppore (7 39 uoy praph, £ = {0, ... Qn) ¥ any edpe clique
eover ol &, and F — F[E) ik the duul et repreeentation of & desermined
fromm & Lhus 7 & f2(F). Dedine A to bawve vertex sen {1, ... m} with
i € E(H) it and ooly if {¢, 3} C 8% for pome X € F, Then each 5. & F
induces a complete subgraph of H and, since F iz & set represencation of G,
thess indieeed eomplete aubgrapha will fovoa & geaph epresenlalion of & O



1.1, BASIC CONCERTS &

NI/
5 seea

Figure 1.2: A host groph /T fer the graph (3 in Figure 1.0 (e [ a8 a
sri-labeled mmtersection graph a8 Lemme 1.5).

Eicatnple 1.1 {oontinwecl) wWe Tlustoate 1l conshigoiion i bhe sl
of Thentem 1.2 wring the graph (7 and the S-member sdge clique cover
F given corlior 1 Fxaenple b1, The bost proph M ocomrcsponding: 1o thias
Erexl graph Or iz shown Lo Figwre 132, The subgraph 5 of /i lnduced b
{1} mure {4y ir the only member of £ chat contaias o), and & iz indoced
by {1.2.3} since 6y, Dy, and €y wre the meebers of £ that contain g
stnilatly, Sy i2 induced v {4} and ¥y by {03, 4.0}

Exercise 1.3 Suppose the pwira G_F and JT, F arc 45 o the proof of
Theoresn L2 Show Wt 32000 - &5 € &% = 2|8 - B = FL

Fowcuzicey o 1ie goaph & opslracied o the prool of Theoeern 5.2 the
fullonedng lenuma showes lwowe to go from a granh & with eelee elinee sover £
b g graph T owitly elge clisge cover Foowds chat &= HF] aod 5 = 00E).
Firure 1.2 ghowe [T Gom Fxamnple 1.1 a5 the ast-lebeled imtersection reanh
fUEY, Nobice Lk syiametry—we G go either diveclion bedwesy H. P azuld
‘r. 5. and an earh zraph ran he thompeht of a5 a hast for the nther.  We
expoeit tlis dae] eelalionship belweon peive of scaphes o swclion 14 aod
haber Chagacera,

Lemma 1.3 Suppose (3 42 ary praph and £ =400, .. .. Qm} iz ony eoge
ctigue coner of . Lol F and B beoas in the poef of Theormm 1.2, Then F

v an edge clegee cover of H, & = &0, anid B =[S

Froof. Ti:s cau be proved v n sheaightforsard extendon of the pronf
of Theorezz 1.2, wich aech ¢ € V(I corrasposding to 0 & £ nader the
isomorphism H = ((E]. L

Exercize 1.1 Bill in the details @ the prosaf of Tomma 1.4,



I CHAFPTHER 1. INTERSECTION GRAFHS

1.2  [Inierseclion Classes

Theorem 1.1 ahowy that for cvery graph O there is a frmily ¥ of asts such
thet (7 2 {3.F), Intcresting probleme arice wheno eestricttona are placed on
3wl Fo Bpeecilicalty, lel O be g oset of graphs aod B Le o sel of sels, We
wrie G = 0EY I each graph & € G s j0mo:phic 1o an iolersection praph
G = THF for eome Banily 05 of sets from & and, vice versa, coch & = (HF)
for o Lamily F from 3o osomorphic to a G & ¢ R i3 oot always the case
that aach & has a 5 for waich & = 1178, and the sitnadion in wiich it does
Lwppran will Tea of vonsidezabbe intere! to ws (for justanes with 5 the set of
all subitpess af & teer in Chapter 2 and £ the set of all intervals of the real
line i Chaptar ). Meen of thia section iR hased on [Scheinerman, 19853,
in which g st & of eraphe i defned o e an nterseciion ofags if there iz e
¥ osuch tlud O = THEY

A e, & of grapehs (o, eqnivalently, a properly of qrapls) is oeeed wnder
indueed sndgraphs if {7 & & whenever {7 b5 an indneed mibgraph of Boeme 7 £
. Equivalentty, clasaos {properties) of graphs that are cloeed under induced
subpraphs o preciscly thesc chat can be dofined by e list of fochidden
induced suberapha—a potentially infinite sy, with [Meliee, 1978 dezcribing
what mora in needed to ensure 8 Anita list. As exampler, the set of all planar
saphs (or the s-aph-thooretic propecty of being plaeer) 3= closed ander
induced subgraphs, ot the et of all connectad graphs is not, e following
axarcios chows that the connected erephs do not form an interscction ciaac,

Eorercice 1.6 show that every intersection clars ia clored undar indyeed
subprophe:,

Ietie & act O of craphs to be closed wnder serfer erpengion if €& c
wleneyer & msubes oo G & G by popealedly eplecing an oxdstiag yuries
i by a palr w1 of newr 2rljanent, wertices. each having rhe soe pre-oosting
neighbore as o did. The 2ec oF all conmected graphe is closesl under vertex
expansion. bt the ssc nf all plasar graphs s ook

Exercisc 1.6 Show Lhat cwerny intescesion class s closed woder vertex
DX P Lo

A wet § ol prephs has o comnposibion serzes 1 thore exiets s countaole
secuence (075, &, ol graphs G osech chay wach Gp i s Induced sub-
graph of gy and sach & € & i the induced subgraph of somte €5, Nutice
that it the eer & i closed voder digjoint nniong. chow & hoe o compusition
serien where, for inAtance, each €, can e taken 10 be the Esjon union of
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7 £ ¢« W = i}. Thia shows that the 2et nf &l alanae wraphs hoas
n oomoosicion aoricy; somewhot sioalerls, wo does the sct of ell conncetod
E-aphsz,

Exorclao 1.7 [Scheinerman] Show chat the seo of all grophe ohat <o
ool ronfaip bodh eyales € and £ as wrdueed athgrapha doss oot hase a
ceortepmsation geries.

Tetama 1.4 (Scheinerman) If G i an dedersendiog olige, then shere
i o pommeable Fogied that § = LR ond © e o cempoadiion feriee.

Proof., Consider ar indersection clogs G = L E] Sinoe thore anc ondy
[inicely wmany graphs of ench poszible order, & i cortalacy countable—soy,
ir = {[4;. (7, ...} where each 7 = LA, and each 2 T X Sinee each
V({5).] is Buite, for eset: 3 thure is o findte S, © 7 such that Gy =2 DA
Lzt & L the conntable suhset PO F L - of &, Then G = (HE'.

T'herefare, we can assnme thet G = (NI wheve & = {8 5y, .. ] in
ronstable. Define praphs I, i, .. o whero coch 1T hes

ViH = {1-':1 ilsit khand L < p k|

voed
Fl M= i_ﬂf:.__'? Dipd] # (9,30 and S0 5 # B

Lot puch F be the fomdly vonsistieg of & oopies of cach of &), ... 5. Theo
uwtinkiog each Lr':' crnmesaniel ta S proaliess au sowerplisem e 2 0GR
Bliars H), iz esaily seen o be an indneed subaraph of My 0 Fovoesch 72
suppode 0= SHF whoeee F O 2 andd lon b L Lhoe usicoon subooript
for which & wertex of (7 corcespands to an & € F nnder -hat ianmosmhisim.
Selling & — masd fe, Y050} ensoes Lhol 3 b oo nedueed subpraph of Hy,
I'nerafore, {H). N, . ) i A eompoaition aeries b g O

Theorem 1.8 {Scheincrrman) A sef § of prophs 12 on entersection
crexx o cepeed oty o asd Nevae of Bhe feldloveineg comififions wre owlixfied

§1% 17 is elpaed wnder dncdluced yobgronbar

v2) § &5 elsand under vordor cepirwsion;

§A) G Rows o cotngiose B oTEes,
Morevser, of repealed membars af 20 ore nol wllowesd tn the 5, Hfoone conai-
bty 10 wnel (A0 wrE neceagery ol saifoieed,

Proof, Exvroases L atd §.6 a0d Lewwna, 1.4 prove the "ol £ dicoe-
tion, For the "iY diccelion, supoosc & selmlis conditsons (17, (27, wndd (3]



& CHAMER 1. INTERSECTTON CRAFIE

anfl bes o compreitlon series (G, Fa, 000 By 410 wue can insrre additinnal
meners ieko the comnposition sorics ahdl, snice cach £ w0 wce meduced sub-
graph of &4, 7 can aven asagme that each 0 = {1y, .. o} Toresch
i define

Sy = L) s O f il wpry € BHGH FLTE 5] 7 =00

Lol =458, &, .} [wowerd showiog Wlis & = [T

Farh £ = 00{5), . ... Sgp) minee, o 4 F S b 8005 #= Wi and ouly
S8 N Ey == {02, 4]} that iz equivalent eo ey € (670, and ac oo 230, £ ().
Euch & &= & Is. by pondilion [3), an indueed subpraph of some &, and =0
7 2 Q[F) such aat F O X b Bxercise 150 This sleeas ooe diccction of
G = (3}

Comversely, soppose 3 = {[F) where FE 5, Lee 7 = {5, 5.}
o 1he subse! of F coustetlog of one copy of cach distinet membac of F
iTenember that che family F may have wepoated membess), Dediee oosruph
' om versex aet S, 1eg ) where e, £ BUCR) W and anly i p st g el
3,115, # U This wakes &7 o fodoned subgraph of (7, sith & resulting
from ' by wertex expansion, Sioe G e ao duced subgreph of G wrhere
b=t .. dn ), condition (1) imples ckak & € G, andl o condilioo (2)
tnplies that &' e 2,

The “Mokeower” portion of the theoecm Faifows Ty aosimilas arpeneod., &

Fxercise 1.5 Fil' in the dolails o the proof of the "Moreowver™ portion
af the theorem, inclnding cheexing txetcige 1.5 and Lenmn 1.4 win Lhe
F'ain ¥ mre roquircd to oo sets racher thao families.

While Scheineran’a theomemn can be naec oo shoar that 2 particiler e
G i pn inbersestion claes, that i s lowe =y bom acteally finding & enitahle
oand prowing that it warks. Foristonce, Chapter 3 will doBne "chocdal
rraphe” a2 mraphs that bave oo indweed cecles lanmer Ghan triaegles, and
Huse sraphy can casily be shown toe sakizfy all theee conditioas end se form
an mcersection class. Yeo chordal graphs wele studied for msny veacs before
an inbevgeclion chaactevization wos found (oo Looked for): seetiou 2.1 wells
the story. Ar ancther sscamle, planar grapyhe seoisfy condilions {17 and (31—
bt not condition (2] - wnd an slemys ean be chararmersed aa incetsection
mraphs of familier of distinet aste; yet in apite of this, no natural incerseclion
characternization i= nnam fior themn.

Sehcinermen's appronch is extended in [Seheinaemnan, 1480c, 1956]. and
[(fuillicl, 10&3] provents an abetoact approach to stenilar questinne in & hy-
et rap ]y colueh,
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[Moarhouse, 10, to sppeeria)] perforo o shodlar annlrsis ke grasple
huged ittersection clasres, the intarsection mraphs of thmilies ot sibemopns
oY a eet X oot gropha. Berhapa surpriringly, thie greater reevdction oo the
nhjccts hoing tetersociod aliaws loss mostniction oo che sroplis. Moorhosse
shows Lhel O s oo proph-bosed motoseclzon oless iU aoad ondy oD G 1 slosed
ader wlucesl subprapls urd clozed uodor verlbe expapsicn. Moveaeer, il
opeated pembets o Boare nol allemed o tbe Fa tlen O being closed
aniler icduced Sibgraphs s aereasary ol setiicient. ©his wor ©is e v ed
:n [Meorhouse, b appesrib] |

1t ahandd ne rted that whils Schrineerana and Mosr innas"a woek fves
raty tReennable ckaracterizacinns of those classes of srapks thet s dofin-
ubile w2 erscelion preplhe, 163 otoiapent ulerprotalion:s oo aossalble, Thae
Tllrieg exerrize, migmerted anly for thaes fond of atears, oncaing wn in-
zemsrtion charncterization” of hamiltominn svaphs (& ¢lazs of craphs thar is
sl owin closed doeder induced sl rapbiaty,

Ewercize LA {sen Damnfiveson (973,74 Shose Lhal o graph fF i hare
somian if and coly if there exieta & famdle F = {00 O of covles of oF
ench that the folrwine thre: conditiena holc.

+ ovrry rertex of O e oo fenst one eyele in 5

+ the intoreection-lile ecoph F™* = o tree, whese % o= dedoed to hawe

Vif* = F winh 0 € B E™ Y I awnd only i1l su'prapl: O 710
ernRiste Trecieely of a ringla edge: and

# the incersection graph 110F] 42 & tree, whess anch O iz noae v o] ag

4 subees of Vi,

1.3 TParsimonious Set Hepresentations

inne evETy graph noan irrersectiom graph, At omar zenm thad necen anece
ture b Lo be meguiecd ol Lhe wel, reprossasation o ordes oo csi ictorocng
gueslicus gloul paertic sior graphs. Bal soverol chellvopios peoble s sois:
insrantdy, including Broing smallest zec sepirccertabiens and idootileing waon
a ARk eepresensatinn i@ unigue. TDefine cns interaanidon perber W] ta b
the miniminm cardinalicy of a z=6 5 aach that 3 05 an iacesec o glape ol

a family of anhe=pze of 5.

Eaveredae 100 Show -hae ifhyy = 1, GF = 2, (02K = 2 andd
‘i:l::Rﬁ:l = 1.
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"~ S
1\/\/ a2
o \/ 0 -if

Fimre: 1.5 A groph F wiEh feterscction aumber 3. [ Ghreph 7 will be fr-
pimaned i Seclion 1.0.)

Our next resule characterizez ¢(3 in termoe of the more “internad” po-
tameter A7), the minimnm candinality of an edge clique cover of (7. 7he-
arero 16 was proved in [Erdis, Goodmoan, & Déea, 1066) and hes been
rodizcorered severs] cimes by other authors in slkehtly different contestts,

Theorern 1.6 {Xrdoe, Goodman, & Pasa) For every greph 7, (7]
.

Proof. Lok £ be au edpe clique crver of 3 with €] = #(E7). Then the
sel epregentation F o= FIE] of & lus | {5 5 € F}| — #i5), o that
fiG0 = B0, Conversely, sinee 7 lag & get representation by Thesremn 1.2,
we can pick F s have |_- {5 5: & FH mioiweol, Thea F deloimings U
eclge cliqne crver & = E[F) of & with (8] = | L {8 & = F}| = (L7, s
thot G( 07 = (7). -

Exarnple 1.2 If & is ax o Figuee 1.3, theo MO = 3 daking £ o
erndtah of £y = {op.mp, wgd, e = [, wg), and €35 = Jog, oy, 1} shirass
Lhot o S-seaobier edew elique cover = mufcieot, and it i coay to o that ©o
Lewes Lhan Uheee will work, Obserwe ek FE) = {1} {1,2), {2}, 1.3}
[2,3F {31} s & set represencation of OF with 12{% @ 5 € F} of miniraum
eari¥ralitr

Tt in nat sy in general to dezermoine 8&0 ar (71— o facs [Kow, Steck-
meyer, & Wong, 1978) chows it to be ¥P-hard -hut they have bern detrer.
mincd for some sproin] cascs. [tecall that & rengle-froe groph is a oraph

1l deszs et contalu A oos o subgraph,

Covallary 1.7 Every groph L3 s 900 = | B, waih 405 = B
if argh prly if F dn traewgle-Trea. d
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N cdafine %007 b Tie tho subndeoan eardioalicr of oqee & sl thet O
wo jlerrction graus of dagtinet aubeecs of & Clrarly €007 < 7107 B every
graph (. [ Waming: Sene anthers call i*07) the "intersection mimber” and
W fhe Mresndoirrecescdon muwlect of S

Exerciae 111 Show &/ ) =2, SR =4 U =4, and [ By =

Exarciae 1.12 hndifr -he proof of Theoremwn 1.1 to ahow thas every
graph js e beemseelion gropb of o luuidy ol distinc, see

Mo VG, Lhon The Aloisd aeiphborfomd of o, detcied 5], i e st
af all vertives of (7 adiaraat troo rogerher with o frself. & graph O is posnd
determining i€, for all w, v & V) with v 3 1w, M| £ Nl Sk, 15739
inerodnes this metion, ol [Liv, LBTE], calling them sopeormompact grophs,
cenleine waoy clhiaraclerisations awl properties,

Excrcize 1,13 fsec [Sloter, 19T6]) Show thut i O 35w 2oiel delelini-
nabing graph With oo irolabed wa tiess, then 400 = (G

Corollary L8 ff (7 45 triangle-free ard cach compenens ins ab leass
threr vorbons, thoen G070 = 007, a

Corollary 1.9 If (7 &5 aonoeted praph wah |FI0)] & 4, then 00 =
[ 4 woet om0 60 42 fripgla free. I

Exeredae 10l Shew Lhal 0= converae e Baeriees 113 b gusl Lrge.

Note that if €7 ia & trianple, then *((F] = 2 = | &5, =0 the vpothesis
ef [T 2 4 s necessery in Croeollary 10

Theorem .10 [#e= Mrdfis, Goaeddmar, & Priga, 1966 For any graph
& with o= VIR f681 s [wfrd),

Prool, Tirst wols dhal we may assouoe chak O contadiod o soluged
vartices. Ve show the stn:u;!___t' result thel there s an edpe cligue cosver of
{r that mmsists of ar moet {0 ,.-1 ecdres wnned criwnplos of €.

Thar oesult 1w casiiy chwcked [or v = 2,3 By way of induetion, ageume the
eesult b true Loz ol preals Sl bese oo rpoeee chag v 2 sortiees, and wp
pose |FIE)| = n+2, Pl ey £ £ atl conzider he praph & = &5 o, 68,
By she inductive hypothesiz, G hag 20 edmo clgue coror Lhad coasisie of ac



12 CHAPTIER 1. INITRRSECTION GRAFHS

miost |4 edges and triangies. By considering for each @ £ 1[G whether
the aubgraph induced hy {20008 32 Ky, Py, nr K 0K, it e alear that w
mast v + 1 additinnal edges ar triangles are needed to make an edea clique
eover of G Swnee [+ 23204 ] = |n%/d) + n 4 1, zhe proof ja complate.

A elightls differont proof tochnique then abowe showe that, for wny eraph
02 with o= [V = 4, MG £ [nE/4].

Enercise 115 Show wdul W wanber |20%4] s Lasl pussibic in The
akems 1.1 by finding a graph of otder n that requires |n#/4] memlbers in
every edee cliqua cover,

We now tuen briefly fo tle question of ooirjueness, Let F e w graph Lt
ig & intereection graph of a family of dirtinet subeets of & wheps | 8] = G
Then ¢ iz said to be animeely intersecéahle if, for svery tawn families F and
Fo ol digtct suheets of &, D05 = (F =2 3 boplics vk 5 con be
oktained faom Fy b permuting the alements of 5.

Example 1.3 Tite cycle £ i uniquely interseclalle sluoe 2*{Cy] = 4
and, for each x £ ¥ where |5 = 4, @ ia In exmetly twn seta in any F, with
foeir distinct subscty coquired.

TLe cocnmiowe graph Ay iy oot muquelyr ocecsecetable. Toosec this, ficst
noke Thet &Y = 3. Tat & = {e boek Now, T10F)) 7 (F) ™ (3, wlee
Fi = [{a, 4], |a,c}, [b o)) sod Fg = [{e}, (e bh, (2, b0} ). Dlertly F) can-
nor be obteined frang 5y permiating the elements of 5.

Coraollery 1.9 showa that the condition of being triangle-Ffree coa lead to
a wice resll. The Following v aoclier example of 1his.

Excrclac 1,16 (s [Aller & Wiagz, 1977]) Show tlmt every toanele-ree
Eralh is uniquely intersaciabbe,

Alter and Wung aleo show thet oo A, with = = 3 &8 nniquely inters
eartahle and give meny types of nniquely intersrctable praghs.  Homeyver,
the problers of viving o eomplete charapetemzabion of woiguey intersentable
graphs manxns open, [Mabades b Waog, 1997, to appest] comaing more
recent developments, [Ers & Tawchive, 19%1] and \Tenchiva, 1994 discuse
interrretinn umbers when conditions are placad cn che family F of aubsetz
cf 5. for irstence when # is An antichofn, meaning that an e mambens of
F wre comporsbhe,
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(Lim & Teng, 1092] defines anigquely psswdomitersectuie mopds by dem-
ping the “equirement thar the wem bers of 7 and Fa be dirtince in the defini-
tinn of unigquely inzeresrtable grapha and showea that the nofons of wniguelr
IirtarrectrRble and wnigque reewdointerseceabls arc equismalend foc st detoe-

oy rogde,

Exerciae 1.17 Show rhat the ramplate praph 705 i3 nniquely peondoin-
lerseeeablye,

1.4 Cligne Graphs

Hecall ihue & mascligne of a greph ia s cornplete subeoapt 1hed s ool prag-
erly coutwined in wnother complete subsreaph,

Foevcise 118 CGveny mapcliquen @ and JF of £ with » & £ such that
w I, shoee tharn there ecidts 1 £ 7 sueh Lhal o & @ ol o' & E[G).

We dufine the cligoe graph cprrofor &[] wuch that, bor any preph H,
AIHG s vhe intersection graph of aff the waxcliqees of . 4 graph iz &
eligis graph ¥ 1 I8 isomorphic o /L) for some graph £

Cligue graphs (and the rlique graph cperator] wdill be important te os
in later elepters, They are charsctenzed n Robeos & Speocer, 1971] in
berons ol Ll Jllowine condilion:, & Zemiby F =459, ..., &kt ol sobsets of &
a0 & & 2aid tnogatialy rthe Hedly condition if tre follomring boldr: Frr esercr
aubfavnily F' C F, if the membera of & intersect pairedse, then all Lo
members have & eano elepenl—in oeher wncla, it gesry 5, 5 € F' nas

SinEF 0 e S S THAR

Loetma 1,11 Sappese a prepd O bay cdre efyue gover £ = (.0 0t
drictrmtindtg the dual agt pepreaenfation F = FIE) af 0. Define o groph JT
e VI = {1, om0 such Seat B = 0{E) anth eeeli s € V0H| correapods
g £ 0 ondar thet isomorphisn. Then £ satigfizs She Helly nomdition if
and ol iF F renetndne stsry tparcsinue of H.

Prook Suppoes ¢, &, F wnd 1T ame ae o0 the sealeooesol ol L leanos,
By Lowoene 1.3 F is an edere oligee wover of B, maddos eoch 5; € F uedaco
avormplete subaraph of &, and IF = [1(£].

Suppeze £ solisfes e Holly conclticn and 8 Qs any meclione of B
(rravard showdug Lhal 2 F) Wi k€ 2, “hew fk S BUH ) o s QNG
ot B2 QUEY: fhoa vhe sublawily {3, j € RS of & has pairwsiae nonempty
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mberseclions, By the Hebly condition, theee I some @ € N{GY 1§ € B} o
J € Kimplies a3 € €4, waich fmplisr 7 € 5 = {7 2w € £} by the definitico
of FiF]. Thua B C &; and ap, since K is 4 maxclique, A = &; € F.
Conversely, awppose F = F{£) — {81, ..., 5, contains every maxclique
of H merd we woe ghven £° 25 thal has paiteise nonemply intetsections
fresmard ghowing that some w € V7] i= in every £ € £ Thus, far eyery
'Q_;i:{'_il.l.: & £ thero ic some ©; £ er'{;?kl gnd =0 J,k € 8 = '[j o LS l:"r-,_}
Ly the definition of FIE); sl 5 inducis o aopdese suleroph of H, Aas
impYes j& € EZH) Thes {4 @ Qp £ £'} inducez a complete subgraph of
H and a0 is contained n aome 5% £ F tha: iz & maaxlique of H. By the
definition of F{F), 1y ia then cootained in avery f; € £'. Zl

Motlere that ¢he Hosl conclusion on the duel scb represcatatlon & in
Lemnma ].11 cap e peatabed AR fallowe: For evary subeet V' C T70H ), if avery
two elementa of V' ace in 8 common member of 7, then sl the clement= of
V' oare v a coroen member of F. Thiz aituskion is zometimes described s
F patiafying the rerformality sonditien, dual to the Helly condition.

Thearem .12 (Aoherts & Spencer) A graph 5 a oligue gmph 1f
and anly if & Ane an edge cligue rever thot roficfles the Hally condifion.

Froof. Given roy graph H = S0, let £ be 1he edge cliguu vorer of
£F momRizting nf the maxcliques of o7 thus F = (0 E]. Then F = F{&) is an
wodgr eligue cvver of F e Lemees 1.3 aod ssbeflos the Hellyr oondleeon by
Letuma 1.11.

Cormveraaly, suppose a sraph & has an edge cliquo cover £ that aatisfics
b Helly condition. Let A and F = {%,... 5} be az in Lemma 1.3, g0
(7 = Q[F). Define I on VIH*} = T EHWF tobhave B{) = E(H W5
JEEY. Ench 5; ¢ F by aoverloxt of A7 el 3s 10 a unigue meceelate of F4—
nowely, S U5 Sees Foeooleing evory moacclique of H by Lemos 1,11
each maxclique ol 7 couloins 4 unigoe vereex & € F. Thus & 2 [(F)
enaes that G2 XA, showing that {3 i indead a oligue grapa. d

¥xerciea 1.1% Tiss the proof of Tleoreme 1,12 to fod an 7 such that
F(H) e the graph in Figore L1, Bepeal Jor the geapd in Figors 712,

Exercisa 1.20 Show that the graps & in Figure 1.3 & oot s clique
LTHIML.
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Figire bd: The gimphs that cetond i fodensd swwrraphe of dne grosfo.

1.5 Line Graphs

Wi inclode a Jisrnarion of line graphe sinre thoy form che Sxet intorssetion
el oo Yoo Rridely stielies] moel since ey Gepily suwch s G oot 19 oall
inberavcrinn classes. TEey wee also actoealial opposite W nataes to cligque
gTopls, which ore bosed oo weewligues, o thal T grepies are basal on
e, which could e called “ininelignes.®

W dolne o Moo gl operadae DU soch thae, Fe any geanh £F, L1
is the intameecticn miaph of ol the edges of I eren viessed we o 2-alemenl
sulsct of FUH A sraph is o fmee groph 1130 s eonnosphic Lo LOH) Fr sare
graph o. [Hemminger & Bemeke, 1978] surveys cos fdenaive iTerakir o
ling mrapha up ta that daze, and |Priaser, 19%6a] dizouedes many more roenl
vesults and zenecalizations.

Example 1.4 Show that TIE;] = LR 3] (K3 is the upper-Lolt grapd
i Plgure L4y, [Whitsey, 1932] slows Uil aliese aee Ll ooly Lea nouliivial
Erapbe thal hve teottoerpiie loe praphs.

T'he fallowing rhaorera, frem [TOeanas, 17948], i the protosTH of whal. aoe
svmetimea called Artusz-fype sharecforizebions, mesning 1he clacae lersa-
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tion of an intersection: cluks by roquiroe eacl praph of thes oluse to poscas
Lianily ol vumplste subgraphs Lasl sacishes sorw sort of properly milimately
related 1o the specific interaecciom class being stadied. Thia is nbviomaky caly
a rongh descripiion; wee mive several examples 1o this monograph, and [Bdo-
[, 1990a) conteins formal details and shows a sense n which Rranse-lype
characterigations can be. typically ir hindsight, mechanicei ¥ construczed
frrm the interrection defritions. hia anelysie remquirea formulating graph-
theoretie propertics within & formnal losjeal system. This is similar to what
s doze u Melee, 1891d] fur cerloin characleristions of chondal graphs
iChantar 2] ard of juterval geaphs (Chaprer 4), for ingtance ghowing how
their intarreccion dafinitione can lead, again in hindaghe, to ather chavae-
trrizetions.

The [olluweiane theoremn can e choaght of ws Lrubslabing Eoe poogeeriiag
“ewry el g [0 ospaedly cern webticoes T and aodwo edges have two vertices in
cormuen"  in sther vords, no Joopa or parellal edges  into simple conditiona
oo an edpr Gigues cover, This soct of LewwsBalion s coomon W ey ol our
thepramg: Teryms 1,10 2 alen he viemed B3 an exanple, tranflating “esery
complete auhgraph iz pantained in & mececlique” into the Helly condition on
oo edee clique cover,

Theorarn 1.23 {Krausz) A graph & is o Bae mroph of and only iF i
Ay wr eofyr ohigue coder & saclh that bolll e Jollewing cendilfons hald:

1) emery verter of O fo in evantly oo meemebery of £

T2y enery eolme oF 7oy i evactly one mranher af £,

Fraof. First suppoac O = L[ H) and let * be the edgo dique cover of
B Lhih vowedsts ol the edpee of H, Thus & 22 030F ), k] we san suppose
snheTiHA ara pRAigned w0 that each 1y & V(G mommeaponda to 5 & F
winder Lhul iscnorphian, Lo £ = ECF) be the duel edge cigne esver of &
detenninel o F, Theo for vach w € VIE), o iw E M =He s €
S =18 =2, and so condition (1) bolds. Similarly for each agn; € E(G),

fwrwpy €} =imrx e 55 H £ 71 and egualz 1 singe & i3 an dge
cinne covar, and an condininn 72 haelda.

Cruversely, mppose (7 has an edae clique comer £ = {60, ..., m ] that
cuticfies conditions {1y and (2), Let & — 50£) and dac F — F(£] ba the dual
vel represvatutivn of G Thas & = 107), ool we can suppose sulocripots
are aszigned so char each 5 € F oomesponds to 1y = VoY) under that
iromorpkism. Fer each edge (h(h of H theve awistz gnme o £ 00 N0,
and so mome S exiata thak contrine both § and k. By eandition (1], aach

pdi = 42 vy € 6] = 2 and so each Q0% = R} correspands to
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=1

Bi= {1 &)} £ F. Mareowrr, by enndition J2, esckh 80005 — d o £
] < L, so the members of F oare disacl, Theseloee, 25 - ETE T and 2o

GEH = LAY, stowing 1hel & i Duleed niing grapsh. =

Exomple 1.5 Tn Fipgwe 1.3, & e the e graph of 5. To 1l Gee
part of the preaof of the theavem, taking & = {a.nb, 5 = {2} 5 =
fredd, & ={ee), S5 — [d.oo. and Sg = {2, F) for F leads 10 G, — ],
o — {anh G = fveoe ]y abd sooeu lur £ Do pruvice, Hie oo,
cabing & = [Vt tal G = flw i ah s = [ranimi G = Jinh
(z={1g}. and {g = {ng} o7 £ lrada ta &) = 1,4}, 59 — 7,2}, ad anoom
far .

Exercise 1.21 Tlse the praof o° ‘Theorem 1.73 e frel am A anch tiar
L{II] iz the graph in Figure 1.1,

Exorcise 1,22 Clioose wiy ihree scaphe o Fisare 1.4 sod shew 1l
They e not Jine eraphs.

Unlike for clique grophs, other charackerisalions are available or e
erapins that cn no invola G ding edge olique rovers. B instanea, Theineka,
1365| shows that a craph iz & line mraph i€ and ooy iF ik hes casee of coe
eragns ju Frooore e as au odoced suberes oo, Ellcicnl rceoeailion alss
tithma appear in [Remszanas ina, 1474] and [Leant, 147,

Lion grapha can he generalized to many nther sorta of ickerscenow grapha.
for inslance usioe Lhe inlerseclion of olhor inds of ndoced subecaphs (-
stead ot edges—rchose snlaraphs jsamerphic 1o AL wiens #ach is viswned
an ol ol =l elber Rinds of isased] sulbgrophs (st o worsice ting
stabipragtha ftmnorphie v AL st Cornedl, b Proskes ronaedbd . THSR] d3=mzies
.-‘.Ill',"|| Hﬁl‘l{":l'f\.“'.".;ll.:l:l|l‘gi

1.6 Ifypergraphs

Muiny of che conceprs of inteesecvion graph thenty wavas natural aoalmmes
Lur Lvpemrrapbs ederd, Loryr Taese Fogueeelly Twoo deweloped willae Lo
pergraply theory. Doecnase ol chns, e melade soclions oo by pererapls o Lo
Lrse tloess chaplers, iotroduciog erpinology as cesdeds ey perprapls @lao
appear theonghooee Chapter T.Fhe present aactinn: shosm hose krperpranpha
intercounect the ideas from errlier in the oeessnot chapter

A hamergraph IF = (X X consints ol s finits st Xoof wrtares wnd o
Lwpady £ - |8, ... 840 of edger sonemnpty sulwcls ol XL Derge, 19803
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1w slenderd selerene for by perprrsp theory, wlihonrl we warn the reader
thae terwinolagy ancl onsation ore Lo om standardized, [Drachet, 10998 15
a recAnt choroigh sumey.

A byperaraph o & £) 2 s swnoee Agpergraph when the tanily £ 8 a sef,
that is wheo ol e edges ace diedinet, Thus, grephs are prociscly the
suuple Ly pevecopelis o which eech edge coulaene cxnclly Lwe voréicess, A
hyTergrarh (X, ) ir & Helly fgeermgph wien £ caticBes the Holly condition
frozr mectirm 1.4 Pecanae Helly hypergraphs will be very Doportant to us
later. we include the llewing wseml Gilmesre criterion from Raoberta &
Spencer, 19710,

Excrcise 1.23 [Borge & Glhoore) Shew that o byperpreph (X, £ is
a Helly boepergrapl iF s only if tor every g.e e © & Cere eists o € X
gzt tloat envery wilpe o £ thes comtaing at least foen of 1, 000 alan enntains
me CHEBL Use dndeaction on |E], £ 2 £ doc the harder direction,)

The faie grsplt of 1he hypergraph (X, £ is delosal to e SH{EY Thes-
rem 1.2 inplies that ey graph e somorphic to the Jine graph of a hyper-
stuph, but the followins thevtem shows that more ia tee.

Theorer 1,14 Every gioph & somorphic te Bee Bine graph of o Helly
AT

Proofl, Suppose & i any graple snd £ = G, .} o5 the edpe
elimue eoever of 47 ornaisting of the maxcligne of 7. Let F = F[E] be the
wot roproscotation of & determioed from £, end Iet IT be the hypereraph
({1.....m}FL ‘Then {z = 5EF) implies chat 2 & LIH), and A can be
shown to b o Hellyr Lypragrcoph. m

Exercize 1.24 Finish the praof of the pmceding 1heotem by sbowine
that F zaristies the el condition,



Chapter 2

Chordal Graphs

A praph is a chorda! grephif it has no indueed mncles laraer than triengles. A
chordd of o epole s an edge Swetuyean DopconsecuLIve verlices of e cecle; Lhus
a graph ik chordel 2 and only if every sels larga ennngh to bave & chord does
buve o chord, The sindy of chordsl praphs poes back to [Hajnal & Surdoe,
13568, Ireguently woder vhe haomes vigid-ciewi! grupfiy or (rienguieled gromtes,
Chanptar 4 of [(Eolurohic, T960] iz the standaed rederenes tor chordal geanhs.
|Bleir &5 Peyton, 1303 is more up to aate vnd meors in the siyls presentad
b,

In spite of thers bavinzg bean cousiderable activiter durirg the 19k, 17
woog 1ot ool el 19702 1Lt chaado] gropls soere cooroe lerized i terns of
interseciiom grapha. Many of che most saphisticated applicatinng of Gaordal
eraphs:. which we sketch in section 2.4, ceme lacer snd involved the rediz-
covery of clordal graph Ulieory 1 statistics and ialr aaalyss. Fhe reeont
drtes o0 meny of ouwr roferencea shuowe chat chosdal sraphs ace il being
inkenzively atudisd taday.

Conbrary to historr, we hegiy wilh the inersection graph appeosach Lo
rhorcal graphea.

2.1 <Chordal Graphs ag Intersection Graphs

T Lo purpowe of Lhis section ooly, we defise oogouph to e s spbiees graoh
il in s the wlersection prapl of o Luoily of sublbives of a teee. But youo
shomlrl keep in mind 1hat ' hecrem 24 al B end ol Vs seclion will shoew
that Hee aubdres gropha ere prenieng the ahorded gaepba! The cree and tamily
nf anhrrees in the definition are callad a dreg sapressntotion of the g rh-mee
gramth an<d, while a tres 32 A topolagical ahjer-, iv i3 cleet that it can abaays

13



20 CHATTER & CHORDAL GRATTHS

S N AN
LRA, LA /:L

J=—5 1 b 46T 1

Figume £.1: A chordol graph and fue tree repreasntatinns.

b token to be o trec In the rraph-theocolic soose.

Example 2.1 The graph F shown on the left, n Figuree 2.1 i3 o mibtes
araph isomerphic to fH{T1,....T7}) where each T} i= the subtrea of the
treo in the middle indhiced by those sertices that contain . Ior enstanca.
Vi{T;1 = {15, 243, 34586, 4567, 0}, Thove are, of course, many such teoo
repregencationg of 7. For instance, the tres phowm on the rvight i A teee
repreaencation for (7, but now the wertenx: ret. in praviarly the set of maxcliques
L

IL is ewsy oo zee Llhat & & o Sallbee gmph i stod ooy iUl has ab edpe
eliepee eonvey £ whoss members can be aseociabed odch wertices of & fres T
such clat, for eveny » € (G {0 e = @ € £} indutes o wililoee T, of
T. This is A wery transparent tranalation of being 8 subtres preph into &
condivion o an edpe cligue aover, Theorer 2.1 shiows that the edee cligue
cover cRn always he taken to be the ret of the maxcliqes of 7. 'Ehecrem 4.3
then shkrers hioer 1o toat whether the measccliques of F cuan be armaogred intao o
tree aa just descril-ed.

Whett & Liee tepiesentation sxizmg whose vertey ot iz the =<t af tmhax-
cligues of &, then it ie called a chgur free raprassntadion (o a slipue tres
for) €. Bauivalently, a cliqne toee 17 a apanning tree of the cligue graph
E[{7) such that, for each & & F(7), T, iv vonnected, (Lemma 2.4 wdll
2ivie an slberoalive eemlibivo Lo cheeck) Given ooy cligue beec T lur O and
any bwo maccliues O and @ of & et TQ Q4] dence Lhe parl n I
eonnecting O and ;.

Exercise 2.1 Showr shat in any clique tree ' for a chordal graph &, the
family 4T 1 £ ¥[F]} of subtress of T, with aach anbores viewed 2z a st
of serticea of T, satisfics the ITellr condition.
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Theorem 2.1 4 arapk 49 0 auhiree graph i ond oxly of ¢ has 4 clague
IrT reeErTHEbin L C

Erercise 2.2 L Lemuna 111 ta prose "Lheorrm 2.7,

Figernise 2.3 Shew that every anhdres graph ia the intrresction graph of

1 tamily of distinct subtress of a rree. Ts every mbtrea graph the interaection
orapk of a family of cistinck avatresa of a aligur tree?

T'he follming latnma easential' v arpesra in [Acharys & Tew Verpuas,
1089 {eee aleo Levin, %33} modnle knewing other mesults chat e prove
in bhos seccion wodd the next; Bhe lomeos seeccs to Lesl appeesar 10 Lns 2inple
"rliegee teer check? form in Cklrkes, TRYE]

Lemuma 2.2 A spenning eaptree T of f£07] 45 0 clgue free for o con-

ne=cted groph 7 of ena owdy f
[T I S TR S AT X} (21)

PEIT) 64 S EIT)

Proof. Suppese T i a gpaming cree of &0 For each » £ V(G
the awhgraph 1) sheisfien 1 < V15| — [T )], with equality i and only of
T is conmoczed and thus 5 a scbtree, Summoing cver oll & £ VD proves
equality (2,11, a

Exampla 2.2 'Tha nrele £y ie not a mbtvea oraph: coech of the four
spunning reas of 10y ) laaves one T, disconnected, aml 4 < &8 3 10 equal-
ity (217

Exorelse 2.4 Show tlal g sublree geaph ol order » caty have akb mast #
maelicgies.

Thessieemn 23 will 320w Ty easy 148 0 Snd clicue tree reprezentations
of subrree eraphs. It firax apprazed in [Derashein 4 Goodwan, 1981 in the
coulpaler seieser veulest wie divewss 1 section 204, aod 1t hos Tt rodizeos
aved e Times. Tdavril, TET] aned [Shibata, 98] give nine rreatmerts.

It s irsporsant co sealize that the approach in Theorem 2.0b requires
bnerwring all the naerlinner of f=, a rongutationally hand problem n guecal--
the aurber of maxcliques of & ran arowe exponentially 1o the: oumber of wer-
bivest of O wab pres thued can be b effieacacly o sulbleoc sropbe: hecuose of
Exvroise 2.4, I cortuise applivetion:, Do pesbaaee ehe owe io 2wl lios 2.4.4
butew, O 35 piavn ok the stact oy thoe scloof ots vascligoes,
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Exercise 2.5 Show that the order-2j complote p-partite graph il 2
b 27 migpeligqomy.

For uny groph &, define the wogfeded Slipue grapfe K] Lo bu b cliyne
groph A0 wilh eack: edge Qe given weight |Gy NcH| Theoren 2.4 will
involve maxiniwn spanting trees of KW, which can be tmmd afficiently
by nRing Krekal'a well-lnovwm greeay algroithm, Recsll that the nsua! mind-
mum spanning tree varaon of mekal s elsorithm finds 811 miokunm spao-
wing Lrecls! of o connected segebbed graph by repeatedly chaosing an edge
of emallest weighs tiat does ant form a eyele with presdossly chosen sdges.
The masinam spanaing tree veraion that we 1ae i che some, cxoopt that we
now wlorve chonse i odee writon lorges woipht that dows nob form a cyrcle
willl previowsly cluosen odaes,

Example 2.3 For the graph &' on the left in Figure 2.1. & maximum
spanning tvee aof A E) mnst oontain the weight-three edpe joining vertex
J456 ta 4567, oo of the two woight-tero cdpes incident with 245, snd voe of
the chree woight-one odges Incident with 1%; one maxitiim Spanning tres is
shomm on tha righe in che Ggure. Checldng tha: such a tree i a clique tree
requires either checkiog thet cuch of Bhe seven T3y s commected or cheaddug
1hat 7= 21 — 14 1o eguality (2,10,

Thoorem 2.3 4 connuesded :.rm_in-.i'! fx 4 e pialrdr=e gru.pn'.;. e'lllr rarud -!:lrin!y t'f
ame ManmHan apaning tree of (G 5 @ chigoc froe for O Mercover,
thas o6 cuetoelend do every st spotinditg teae of KOF(E) being @ eligues
trae for 7, ond enery cligue tree of ¢ i3 sach a morimom speaning drea.

Proof. If some maximum spenning trec of 5] is o clique tree for 3,
then or defnloen O Ls o conpected subtrce graph,

Cunverecly, suppose 7 is o coobeclad snbliee grapl with elgue cree
1. Thue T i6 & anaonning tree of %G, Tae rippoes, arguing toward m
contradiction, that T' A cot & mestmem rpeening stee nf (0], Ao sl
m=dmum sproning treay of K0, thoose T to heve s maxitnum eueber
of edpes in common with T. Pick any edzo ¢ = ;:6); & B(TV) E{T) having
weinhe Ok 710;] as larre s posslble, Sinee T s 4 Leee reprosentatlon of &,
vach v € V() thet v ie Q; NG wust alse by ik every vorbex of the pach
T{0:, Q) In Ty, and so each edee of this path must have weight at leass
|62 N E}y]. There must be some eCge £ of this path that i@ oot in £{7), But
the spanning tres Y™ =" —¢ 4+ § then har togal weight at least a3 large an
the wcight of T°. Thua T ia 5 maxdmum spanning tree of A™{&) heving
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. ,fT

.-4"}7"' ]\-.
e;’-'f”
Faguyn 220 1 gacpd hossons three mdndteal verbiey separliore,

e v wWlpge o ooommon wiek T e doos 795 contruliviing the cloiee ol
T.

Thorelore, being o cligue Cree Jwplics 20me makmam spanning cies of
K'"if7) ik A clinme rmee. “I'he vest GF the theotrm follmes Tom Leomma 202
siner every meeedmum spanoisg eree T ool A0 vl o L s el
woighl e g [GOTEY 3

Aoact 8 of vwerddees of O s B mdnimal verter sepgreter of O whenoweor
Lhere st o, ¢ = TG such thot every pall conneciing o acd o canrtaing a
vertew in & ang po proper subset of Y haz tais sone pronerc.

Example 2.4 In the graph shesm in Fignoe 2.2, tke minimal wortox
seperulors ace |24, [4), and {4,6}.

The follmviug Lwo eactedses show heor [Wenzkal™s algorithn Treases rhe
mimuidl wertes sopacabore ol w subloee graph ane That, veear Umngh @ auberes
grepb can hevws many clinus: toes ¥, the muoltiser (G 00 0 el & BT
% wninuels detarmainesd-

Exerclee 2.6 (w0 Daeretl, Johososo, & Lindewist, 1530]) wd [Ho b
Lee, 10400 Suppase & iR a4 cannecred auhtres graph with clique trer T und
&2 V) Show thet 5 ks o ]]:llill.iJ'.Lli.'l-I. verlux separiabar of Gl andd only il
there exists G101, € F7T) eneh that 5 — £ 17 05

Exercize 2.7 For a muberes graph ¢ with clique toee T, shovar ther the
oaleiplicity of cach ;016 1 the mwitiset {60016 - G5 & BUMT oyal:
v [eomer $loon tha mominer of cormponeots 1o U sulsraph of & wdweed Ly
tlusse vurtices that prw wiljaeens te every wertest o Gh 014

Excroise 2.8 Conetruct seversl cligque Lo for the chordal prapl: o
Fopwse 2.2 and Lhen s Lhean Lo laslesie Exercis 2.7
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Exercise 2.9 For any muaph (7, define & 2 ViI0" w0 he pomisbnal varton
enk separater of {7 if chere ex3eh cwo weThicrs in ke eommon cormEmnens of
the sulmrusa of & indocsd by W50 4 & soely that the destaoes betoesn the
oo verbers i groater inothalk suberaph than w @, Call an edge U500 of
K0 w "dondosled chord® of & cligoe Lece T ol & U 40, F (T and
102711 < 1Q 157 for every QO € BV1(01,2,)).

Slhicrer that 5 is & minimal vertew weak separagor of 3 2F end aaly if there
eiaie 4 dominated chond (00 of T woch that § = 645106k,

The aext thearsn s lermn - Buonernan, 1974], [GGaesdl, 139748, and [Walter,
1974 (lur areument Soflows 3hibusa, 1028]

Theorem 2.4 (Buneman, Gaveil, and Walter) A goph &8 g sob
fewe grepfi I otod eelly 57 6 45 2 ehardal pmagh.

Froaf. First, suppmge 7 is 8 mbiree graah with clique wree I, Arguipg
rorararid A cantTAdiction, suppose thet & ponkaing an induccd oyele © whose
vorchcos are, 11 order, €1, ..., 8%, T1 whers & 2 £ DPuotbing @y = 6p and
Lepr =, we krow that, for e = {1k Yty #F 1 #F N M T,
mmt, Aiece O35 indnesd, T, 8, = 0 for all other vertices x; of . Thus thers
exdsita & path II through T connediog some vertox of T wikh some vrtex
el T, aodd exetaining along the wiay veeties from each O, with b < k.
But iy is aloo adjacent oo e, eo 3 MF, # @ ith 2, M2, Mé = B for
vy werlex Qal T T, where | < o<k This contradicts T being a Loee.

Conversely, Aunpess £ contaite o rdnced cycle [atger than a friangte
and thet T i any mavimom spuneing tree of (0] Arguing towerd o
vt rielicliog, suppode Lthal ther are nonadjaeent, vertioes £ and J° aof T
snck that (1) there ia sume vertex o T0Q, §%) clot ducs nol contain 76"
and, ameng all sk, thaat (i) |G N EF| = K is &R arge ar ooasible. Move-
over, ganong all such CF, 6, svppose that {31 T{E), €F] i ax =bort & puth as
possible. Say TIGY Q7 s £ = €1, Gy oan, Boca, B = G, where o= 3.

For each ¢ _ {1.....p 1), define & = (& T Gy NG NEE © V(D).
Lot el |6 M| = & (1 =07 < ), Bluee T s a tnadmurn spanning lrooe
for AY(F) wod Q° € EiT), each & = k. By /i), @ 14F 2 o far each
€ 13, p— L}, Thetetors, sach Sy # 8. Sinee By © G, the
siberaph of & induced ber IR i3 comnected and we can pick a shortest path
Ty, Ty, -. . ¥y thevein snenchat v; € B) and 25 £ Ry ). For eack » € NGY,
v will be adjawnt te £y scd £; vod &0 v, 31000, T, v Wil be B oeycle ia 0
Sloce e pakly @, ., 2 W0 Chioden to be shortest aod siaee & bay oo
itEteed cweled largor thon riangles, eack 2 most be adjcectl to o, Sipee o
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o

a4 OTRER CHARACTRERIZATTONE

s crengein Ar it pgevi by e (NG ic mgas be chad . toreach i 1,00 =11
thete is a mexclinue 5; of 7 corsaining { 5z, w1 JUROE Set 5p - 2 and
8y — G oand note thet cael 50501 72 GO Mz} s iFNTS0 = K
So by (5], 5 08— is conteined in ceel vories wloag 05, 50 Lor cacl
& |0 g - L Thas Qg 818G, b contolned in vach verlex aloog
TGO, coxeadicring ). |

B [[han ke &In, 19015 for a Unoastime wlgorithm for Sndiug o cligue
Lowe of o claowdad graph, Ocer nulhors pay olleolion Lo whas serls of cligque
treod a chomdal mrph can hawe Foe ingtance, [Blair & Pepron, 1994 xiven a
linear-time algoricam for finding minimum diametar clique srees of a chordal
nrapk, whife [Lil, 18035 investisubes toding oligue frees Lthsl Lase palls L
whivh oll verticvs wee eleee, TLin, Melow, &0 Woesl, Lo appear] iuvestigares
tligue trov: baving o wibieowrn et of becees, ool [Prisoee. 1402) studics
chorrial g vhiat e cligque teea with only theee beaver. Chapner 3% @
Asvnted tn rhordal arapba that hase cliqe trees with onlyr twn e

[Chen b Lily 10%0) and |Baudell & Prseer, L091] chavncleriee cheodal
graphs whose cligue eralab 2 ool chorded aonel show that i &9 b5 cliardal the
WA iR chiord sl 3ectinm 7.0 s devated to the climue grapha of chordal

sruple,

Exerclse 2,10 [Chen & Lih and Buwulell & Frisner) Give an ox-
sanple ol o clhurde] gropdy of ooder Gglil whose cligue grapd s ool chosdad.

[Rearclindbiari, 1938) mves o polyoomis] sipozilbm ©be Godeong e oter-
seclion jgumber ol 3 chordal grapl,

2.2 Other Characterizations

e meAasure of the richneza of chrrdal graph cheorr e the larpe number
of differcnl chiracterizotions of Chordel sropls i bhe Hterstuce see The-
atern 747, Benraien, Crama, Doches, Hammer, & Waffray, 19490), and
|Balonyd i Tohnson, “9H96] for just a fear exampleds. This saction considers
soveral auandrerd chirracterizatinma, oo hecanse of cur focus oo oligue troece
acti tohecseetion seapshs on shoods are ool aecessaoly L stioslanl oo,

Exerciae .11 [see [Dirac, 2901] Sheear that & graph is chintdel 3F s
rmly if every minimal warter setwratar is cranplete.

We need twn standard definitiona far henremn 2.3, from |Frlleraen
(arrmz, TUGS| ond |Hose, 1Y) A& vereex iz a zimplicial vartew of a araph if
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ite neighhors indoee a comnplete graph (which, remismber, incluces the cese
of the null graphl. Equivalenciy, & vertex is sinplicial it it 2 oo wigoe
mucliqua, An ordering (v, - .- eg) of All the vertices of & s B perfecr
elirtination ordering of 3 3, for each i {1... ., R}, o 14 4 simgplictal verkex
of the subgraph induced b {22, ..., w0}

IExamopla 2.5 In the prwels oo Lhe el o Fipguee 208, vortews 1, 2,3, snd
T arce the sanphcial vorices, The wertices have Doy Dalseled s Lhal cheir
Fukarical orrlering i ane prasible nerfard climination ardering.

Theorem 2.5 (Fulkerson & Gross and Raosey A grapk i cheoul 4
end oitly iF i@ Fed g peifect elistinefion ordaring.

Proof. Fivar, suppose £F i7 a snhoess graph aith cligque tres 7. Ve argue
by nduction or the order of I with the rasult tovial when the goder s one,
Supprm OF i oany meccclique ol & correspondiog Lo o el of T Sloee o
Eraclique el be comtainad in any other, £ gnigs oomtain some @ £ V)
thak oocuwd in only that one maxcliqne, and ac o ia simplicial. Let 0 oeault
fom < by reruoving v, sd let T nesall from T beye comoving o foous can
vertox of T Thoo ©F 18 5Ll & choudied graph, 2ince it hoe thes reprosentation
T~ Br inductive hypothesia, (2 e a pesfect elimination orderiog Lhar,
when @ i3 inzeted at che beginning, makes & parfect alimivation orderieg
for

Convorsely, suppose (U, ..., 1:.',-,_} is A et elioduation ardering foc G
We armue by induckion on w with the resmlt triviel when = = 1. Suppore
4 i the mawclicpie of & conAiating of 1y and all g neighhars, et 27 he
the aubaraph of & jnduced by §oy, .0, va ) Sioes foe 01w oo perlect
elimination ordering for ¢, the inductive hyoathesiz implies tht thete is 4
sligue tree T for O, Nolave tht 7 — 8w} well e ool vined in some
verrew Hof 7. If )~ = R then let ' reanlt by aimply insercing v into &
IR ik propecly containsd in . thon et T oeaclt b eresting 4 new vectex
G} aned making it wdjocsnt do B Do eithor case, T 33 s lcoe reprosentation for
. W

Exarcizsa 2.12 Show chat a sraph = chorded if and oniy if crery incneod
subgrapn has o sitnpkeeial veres

Excrvise 2,13 Show Lat Loding perleoy elisainalbion oodeciops s 7 eol-
ot i the geree thac, W07 haz a perfret alimination nededing, then taling
ang simyplicial #ercex - af € aa a fireh verte, then any simplicial vertex of
the anhgraph Inchwesd by T70C0 o) as B seeonct, snd w00, wid abragm
reenlt oo peorfest clianimateen eodecinp of &
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Exearcise 2,14 Shomr hoor & perfert alimination aorcorins for € can be
weeed cooglve Booiecl coostooction of o ecligue toew for &

Wa conclyde this sagtiof with & charaeterization from [Thzjan 2 ¥an-
nalea’s, LHE84] thiot can be implemented m OV 00|« BUG time; see alse
Croluinhic, L984] ar [Shier, 1984] A mgwévan corfmelily scorrl "inacks”
the vertices of (f as follows: Fiost mack an achitrary veetex; then repeated|sr
mark any previouely uncoarked werteer having Az mwany marked seichbors es
possible. Stup when all vertices heve been narkel,

Exatnple 2.5 {conlinted) i the graph io Figuee 2.7, lakiog the ver
tices in the gpposite of thelr oumerical order showe ore poesible order in
which they might be markec by a maximum cardinality search. I vertices
3, 6, vod 7 {in any order: arc the first theee mosked, then the romainioe
verthoez st be cacked D Lhe order 4,32, 1.

Thoorem 2.G {Terjan & Yeonekakis) A graph ¢ 46 chordal {f ana
ondy 4§ S meaiman cotdlehnlity el of G, rk eaah nerter fearies
merkad, iba prenioesly marked aeighbors are primctan sdjocaed i (7. Mare-
ovnr, tis 48 eguivalend fo, L oevery menimagn corTinelity ceaenh oef O oo
cach verder beownoy warked, s vremouwsfy tnarked vomgliders are peimunse
wtiocetf i .

Froof. If some maximurn rarcimality search macke the verlices of & n
WL alew ep. 000 v such Lhial Lhe nelghlars ol s, aoosg o), 0, 50 oe s
wizn pdjRccnc in CF, then (i, ..., ) ia entonatically a perfect elimization
crdering the &, and an {z ig rhoecal by Thecram 2.5,

Convoracty. suppoase {0 is canmected sad chardal eath cligque teec T
Sappose & massiroarn coardieality sesch marks e oweriames af 47 0 Lbe nr-
des vy, ... (Wa rhow hnw moasdmonm eardinality spareh lonates masx-
cligues of & Mo matlelr whicls o) was cliosen, verbioss vy, .. [ S0me
k=< nbwll farm a maseclinne 1 of 5. hecanae of Always mecking & vertex
zhat is adjacent to pe many previonsly marked vartiesa s prasibin, and an
{1, .. wp} = & & VT for the putpoar of this proaf, cell such a vorbex
a “saturatcd werten” nf T, Smmee T i3 8 masimum 2penning tree of YO
by Theoren 2.3, the nesc wertex v marked o &6 will ocour o soaw wephbor
CF b i in T ofor which G rt QF (e preevicusly marked voriices thar o 3=
adjacent oo 8 as lapps a9 peasible, Aoy unmarzed vercees coeurticg in O
vl nowr b2 adjacert to more thao [Q Q" previorsly markerdt wertices, and
g0 these wrill be marked nest. making & ratnratad. Ihis process contiones
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b mkke zaturesed vertices of T ooe ac & time, with the verticer aaturated
atuyy Lo alveas ooy o subtes: of T Sieer cocte wewly weked vertex
al & ie olways T oche ssime mocickogue az ik proviowsly marided neighbors,
thear nrighbon will be pairwise adjaoane. d

BExcercise 3,15 Suppese 3w chardal, The Livst povegraph of thae proot of
Thearer 2.6 shaws: thar every maxdnmm cardinatity aearch of G correaponds
tr a rverand perfect elimination ordering of . Show by example that the
comve®e falla—that & perfect eliminatinn ordering of & chordal graph need
oot oTespndd ta m reversed masdnunn cardinality seatch warkinge.

Exercire 2.1G {Rlair. England, & Thamason) Prim’s algareithm
eoustrucdr afll] maximum spanning tree(e] of A weighted staph hy Foart-
1o s e arbitewry vorles wed repeacedly choaosiog ao edee of lersgst aojght
that jring o verdex alregdy in che dres Wity o vertex Uon st n e b
(i Tarpan, 193] and [Grabam L Tell, 1955] contaln datailed asalysiz of both
the Timakal and Frim elposithme. ] Discass hoa the recond paragraph of the
proct of Theoram 26 illustrates the contral theme of [Blaic & Pevton, TY9H]:
Lhet ™Lhw cnexicooro esndiooliby svocch slgoitheo 3 jost Tran's wlgeritoc: io
¢lize iz,

S [Pundw, 1906] lor desper discussion of amsdmien ceedinily-krpe
alparithes, and "“Hmmen, 1995 for the role of minimal wertex separatore in
TR cafdinakily - by e geaieh alparithme oo chovdal praphs. [Galinger,
Habily, &2 Punl, 1995) cuntlaion e informat ion on cligue brees aond Ehuie role
in algrrithma. [Kumat & Vent Madhavan, 1948 presents asimple lines-;ime
aponthm for tescing the planerty of a chordel praph oescd on a chordal
araph being planar it and only if it 2 fg-free snd each 3-vertex minimal
viriosx sepwrator hes multiplicity one,

2.3 Treo Hypergraphs

Comtinng the digoission of rectinm 1.6, a hgpergraph (5. £) i6 & frae by
prergrapk it there is & e T with X = ViT ) aach that, far earh 5; € £, there
i o subitoes TLof T owith WITE) = 55

Exercise 2.17 Shaw that the bvpergraph {{o. 5o d}, £ #rith £ = {{a},
fed, [Bdb {n % d), {a.b e d) | s nteee hypersraph, and thar the tree 1 in
1he definition caam be any kree with vertex ast Y2 b, . d} 50 loog a7 it rontaing
ibe edme el uned oo of the cdged a2, od.
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Clearly, tae line graph THET of o tree hepoergropl (XY = oa sulleee
graph, asd an s a chowerdal geaph by Theorem 2.4, The nesd example, how-
ewvar, ahowr that beiny a tree hayperpraph reguires mere than ‘vel baving o
chordel line zraph.

Example 2.6 Ths hypergreph ({1,232, &) Laviog £ .- {{L 2}, {1,3}.
{2,3}} has s chordo] boe praple (2 A5), ol s owl o oo ]J:.-pl.'Tgmle: s
[ollowinyg exercise hows Lol {al Jeest part of ) the problem is thas £ drea
Tar zakizty the Helly conedition.

Execreisce 3,18 Slhow that evory bree Lypereraph i o Bl o paeceraas.

The Iollwing Fhecmem spposred ipdepeadeotly o [Dechwt, 1973, Tla-
wenl, 19981, wod [Skaber, [9E]; oar arpnment Tollvws Staler's

Theorem 2.7 [Duchet, Flament, and Slater} & bgpergraph éa o tre
};ypt:,ly'ru_i-_nr; ff Qi u.l.:flr AT ST Y HPfﬂy hy_l:n‘! ':llll"l.!:.lll:l: ath o ediorgod L A1 S

Froaf, W howve alresdy obsecvec e oplication noe way For <he
cmttvRess, suppose LY, E) e a Belly hypeegeaph ane ins cinn graph 7 = G287
ig chintdal. Hay £ = 1&8,...., 5=} We Armuc hy induction on ne Por <he
m = 1 baris, (X, ¥ i3 & tree hyperpreph dor wioch T cap by ory tme winls
wectex et &) Suppese w > L Sioee & wochordul Lheorsoa 2200 allowe:
g e Tecnder he 575 A3 nweceszary an that &) i3 & siplicial vertes of 17
and {8, .., S} ioduces the migue maxelique of 07 that contenes 50 We
gy sy b2 2 oslowee A0 ko= L, aweaning Lo 5y bsoaw isoliboed ceriees
in £, thetn the rauaincds of che argmment hecranes Lewsial, By the elly
crpnl i, thens s seawe o 5 1S Pol 87 = S0 [ ami B = 80 AT
when ¢ 2 2. Note that b = § << m 'l'I:I:I.'pll-l?.'H YR ‘: . B oane 5 RB
Suppuse +oaod g oare suoln WVse B0 o 0 om ll S ﬁ then
Sin&y A ’*]"' 20 5, £9, I:]'.E'n1=11"|=-"_-,l‘“_-.i..mc1_ DO T .‘r, Fa R
m':,l;i’ra.u:l “I.E-“ = (& ‘:?'J’I,Eu = & 1.5 ?‘-'l'uuu-:.t.:- l’]bf 0 s
L g qil an,-ul |:-|_|J¢ : "rl",{-,-'“’ £ 0 b tlos wae {55,050 racisfies the
Tlelly covudition amd P S S R qu] i :hmrl:-ﬂ S by
the induckicn beepochedia, (8 5 "'f" r*:-, ...... 3001 0w boes hypergraph wil
respeet b osems leee T Tono T lru.r.u T Ly ..r_du%, Loy sl elemesn of 57,
A pew verbe ol Gepre oo adjaoenl oo Toes mrch S, s the verrex sst o7
& arbtree of 2 and VI = X L

Excreise 2,79 3luw Lhel & praph iz chordan aed oale 0w s Woe Lne
wratph of wtres o peceoagdin,
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Lat A = {X £) be o lprpereraph. & poriiel dymergroph of 7T 5 2 5y
porgrspll BT — (X8 where £ C F ol X' = Upgee IEA C X <he
stebfrgperemute of X Seefuced doy A s dhe bapetpraph H4 = (A £4) whoers
Ep={&Nd-Ye K}

Whi'e sections 2.1 and 2.2 showr that every induced subgraph of a sub-
brow prapl &5 itbsalf & subteew gruph, Lhe olosiog example showe that this
heroeditary property Buile for e hapergraphs,

Example 2.7 Conzider the troe hyperpeaph (§1,2,3,4}, &) in which £
= {{1,2.3}. {1.2,4}, {2.3,4}}. I A = {1,3.4}, 1hen Theomn 2.7 shows
thar A4 ia nnt a tree hypergraph.

T'he dval kjgerpmgph B = (X7 8] of a hypergraph & = (K, &) has
A* = Eith £* = {8 -z & X) wherecach & =[S c £ : ¢ £ &
wone Ll J7 =2 H. Given a praph G, the clgue Tgporprepd of & ix she
hypergraph (V)& wiare £ is che 3ot of alt waxclignes of &,

Fxercise 2.20 Show thar o graph & is chioedel of 2od only iF H= is o
tree hypergraph wrhere ff is the cligee hvpergraph of &,

Exercise 2.21 Show that the degal of a subhypergraph of he hyper-
proph T s ssornerpliie te o pactind hypecpoesph of £

Srction 3,42 will sketch an applivetion of tooe hrpergraphs e detwbays
thoory, See [MNairarn &= Wynn, 1042 for an application in probability theory
it «lnals nf rras hypssrmraphe I:-|'::'1.'||r°'|'] “peneralized simple Dalpes® there].

A cycle of length & in the kypergraph A = (X, £] i3 a sequence vy, 57, ¢,
TP, By whETE By, S e clisuinet edyes, vy, .. - 50 are disbinek ver-
Pigeny, e, Mg = 55 Poralbd =0, . k=1, and . £ Sy A tetally heloncad
Fappeirapd 1 8 LvpergrapE e which evory cyele of Jength wreakes tlian o
crmtaios an edge & that sontaind at Jenat shree of the vertices v, ... g of
tlie o L

Exercize 3,22 Buppore M is aoy totally halaneed hypergraph. Showe
that ff* and sll the perticl bypecataphs aod mibbhynergraphs of £ e alao
robally Dadwneed wed that 5 masy be o Hellr hyperacaph.

The Eollovrng Eheorern cun be found in [Lehel, 1933, 1983 and [Ryser,
1564].

Theorsm 2.8 4 Fypergreph 4 tobedln baaeesd & and oady 8 fucis of #ls
subioergropls oo tree yeeryraph.



3. TRER HYPFRGRAFPHS dl

Proof, onppoae I is 6 entally halancod ypereraph. Dxoreisc 2,22 shows
el vy sulbliypergeogiy of s o Lelally balionced Hally bameargraph that,
by Fhe definitien of tatally balanced, haa & chordal like sraph. Theores: 2.7
then implies that svevy sahlnpergraph of 77 i 6 trec byperzraph,

Dmreeter'y, appose every sehkypergraph of & i a free hypargraph, et
supegs T bas s svcla of length three with nome of its edoea concaining throe
wvarhicea of the cycle. If this cycle has lenpth threc, then those thoee verlioos
vrowld induer a subbsTetgraph of I that s not a Iely byporeroniy if iF hos
lemplh gresler tlam Lhees, Uien ils verlices would idece @ 3obng pereaph
rd M omense [T Erapd 2 nol chordal. Hicher caze eombradices Uhearam 2.7, 1

A Expargraph s a steons feliy fypetgrensn if each of ita mbhyergraphs
in a Ileily hyvoergrapk. Compare the followding with the Siloerc criterdon ju
BEmereise 1,23,

Theoremn 2.8 {(Lehel} A fypevgraph B = (X&) 42 o atrong Nelly by-
pergrph 3 end enly <f for all wov i £ X, there exiaba 10 Ju, v w) such
thiad cvery cdgs an £ thet conbaena o lomar Bea of i, o w odsa contusns o,

Froof. Thiz follows froem spplying Boercsse 121 to w] the subbepse-
prophs induced e ditinel w v & X |

Corollary 2.10 [Lehel} [ o bypergroph {0 tetelly dolonced, Shern € 35
Dotk a tren Bypergroph and o slreng Heily hpermrepd,

Froof. Supmnse H iz totallr balanced. 'Uheorem 2.5 inplien H is a tree
bvpurgraph. Sincs owery eycle of 7T of leopth theoe hes an cdpe contuining
at leass tluee wertioss of cle cyvols, Theorer 59 can be used to show chan
H e stroog v U

Exarciae 2,23 se the hypergraph & = ({0, 1,2.1.4}, |51, 59, 53- 54}
with & := {'l-ll:.ﬁ: a4} Ea = {1, H:-'i}, 8 = {f] L '1-} and £ = '['l-.l: l_.?] o uhaer

Lhat el senzvense ta Comoilars 2,10 Cails,

Totally badanes] loypergaphs alze play an imporcant eole with resnect.
tn utromgly chord =] grapha” sz cirenrsed in rectiom 718, AR dnostrong Tlal v
rperpranhs with vespect to "hereditary clique-Elelly eraphs” inaectino 7.3
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2.4 Some Applications of Chordal Graphs

Bach of the Ellowing subsections s merely o Drict skicteh of ane applicn-
tion of chiovclal graphs. As an example of & e of application (bay s wos
trpresentad in ooy m'i]er'ﬂrm "Chandragekaran & Taadr, 1952] ztudies The
lneasinn of “supply cenreta’ on o network having A troe stoocoure. Sec-
tivn 3.1 onnuiste of sdditiony] exemples when the breo reproescotetion: oo
roguired Lo L pathe,

2.4.1 Applications to Biology

Let 5 denwie vomven set of wofecelar sequeices, where coch seguewce cecre-
spnids ta o teron (oo oTganiznn), For simplitication, asssme each seguence
in & haa langth k and is built o tae foar lecter alphabet B = [ACG T
thus euch cormepends to s NN cegquence oo the Dour bears 8, C, G, aod
T- (1Proleie seguences aec siailecy wll o s 20 tebiee alpbolel ) o e
language of numerical Ty, the 12aa (organisma) ave deseeilbed by b
chnracfera, each baving one nf four possible steies. These chatactera can he
reproscnted ws fuoetions .0 T where fi 0 &+ 5 with i) 1he bz as
TwiRion & for tagou o = 8. Mole that each character §, indunes a pactitian
of the aec § of taxs indc ac meoar fosr norempty equivelence clesses, the
priimwges ol the boees do 4.

Crovnpodvbiliter pmwlysis seehs bo Aod collections ol clacaeters eow ainong
fioooo, fr thet arc compatible [consistont) w Lhst (o exasts o dree T owith
g2 VY oo which, for each f in the collection, 2ach eguivalence glars
of f: comepaudy so s sabtree of T I u owolleetion of cheraciers i owos
ol le—il thera iy vn goeh tres—then insolar ar the evnlntiom ary 1VUstaey
for & 13 B tree, tho dmic ovolutionary bastornye for 5 is not refleecec o those
chayaciers. Thus comypatibilive anelysie, conpidersd] as a covaistency teat, ia
s valuable method in that it can toll oe seoncluieg defioete (albait oogntioe
albonl cvolutiomary aspaels of cetloie clacactors,

WNow aupposs B is any finite set of 31;31.'-“3 ard each character f, morre
BEWVLICE T & pullicion 2 = {‘{"1, ..... w.,} of &, with ach v <[B! 2nd
X: (i) # 0. Mobe thas 1t s possible to h:vnm;h .i"im amied ..51": L equzl as seta, aven
thrgn 1 = §, Define the pordition interection groph TP, P & = 8
tirr have versices . 'lim} ,!{,[L i’lk] e XI wth J‘f :'ad_]a-:'ﬂn’r ’r-n
."I:'l"f:' i ane anly if i £ § n11-:‘| a"i' r'| }:"""J £ [ Motice tha: D0A, . Fliag
k-pariite graph witn chonmatic 1111n1h|=.t' . anl each taznn m & & mrmﬂpnﬁﬂﬂ
Lue e wosselinpue of oorlec k. Wehloers & Mesctan, 1983 cheraererizes all
Erophe Lhot urise bhs v
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Theorem 2,11 {Mchlorris & Ddeacham) A areph with chromotio
nurber & = 1 v ou partion mderscctiow aregek o and ondy o oF ol fu no
tauloted sertioes: ond hiy o Sdge Sfgue vover, each tenther of which fas
oreker kL

Pracf. Assums {3 has caromsatic mamber £ = 1 iy

Firar aupposa (F 2 TP, .., P). Cheek that (1) each x5 ¥ hes
ut 1{-:!&-:—:1 k1 = 1 nwiphhors; (2] for esch theoon w0 5 wnd such B £ 5,
{. ML = B imlaces o complere subgonph of order & i G oo [3) Ehe
Bunily of all suea indvced subgraphs s an edge cligque somer of G

Cnoversely, mippoae £ = (... . @n | i e ocdee cigue cover for G
where vach £ — &, & Bes bren properfy k-cofored [mescing that oo bew
acjacend vertices Gave Lhe 2ame colec), abd oo owertex of G solated, @
rach 2 £ VG, st £ = {0, 1w £ Q0] Hinee sach « £ ¥} la onoat lesst
ek eilme of 7 and that ecge i= v ak leaac one member of she edge cligoe
cover &, cuch £ £ 4 Suppore {91, ..., 1} s any ooc of the & coler clasees,
Theo voch ) & £ will conlain exactly ooe oF 14, ., e aand 20 will Be con-
cained inoevactly eme of B0 &y Hines 2.0 ame disjodnt sibaets
of £, thoy partition £, 5o cach of che kb calor clisaca oormeaponda to one of
L paclilions By Prol 8 Moreover, wo £ B0 0L awd eoly i0, Tur oo |,
hath i, 10 £ 0 wrhere o apd 1w a2 in ditferent crlor clagees. Bust this tr equiv-
alemt to 0); = £, 17 £ with £, £, 1 different partitions emous 5L Py
which in turn & equivalent to £.8, being an edge of DY, P Hence

WA, P |

I she ciwse ol just bwn chiuraclers & oond ), Being compacille i eociv-
alent o the biparite graph L85, £ heing acwclic. Pritedae compatibility
cen b unsed 1o wonsboeet o ocompuibea omaaf, wsws Lhe Curoelors ws vwer-
rines with adjacency sorrerponding to privwice compatibilicy. Compatibility
prilvs:s wks the [broest colicocions of compatible characters, I the specisl
reme where avery chararter has anly mamn angsible a*acea, [.".'11'-I"r1n|'1'i|==: HET]
liorens thnt maxcliques of Le cocpabimbly sraph cormespond to nwsimel
caatywab bl sollecliony nl choescrers. Sen alse [Gosfeld, 19491]. However,
LLas Lails Tu genetal, s oo o Fitcle 1977 awel by oan infinite family of
exarpies 1 [Werrham, 19:5]

By agsigning eacl character f; (and 30 earh corvespemding partition P,
af 51 & rolor 1 and rowcting each vertax .f_;i" af LA ... By wAth rnlor a, e
have o chromatic charfed compledzan problom, ad i [Cuccman, 1374): {iven
moarapd whess vortiors aro pooparh brolomg], determine whether edees can
b peddsnd Lolwovr vorlices ol dilfeeens colorz o cedor oo make 1 groph
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Figure 2.3; A qruph itk no chromatic chardiad conmplalzon,

chordal, Edper can be added in this way iF aod axaly o the collectino of
charueters is conpatible.

Fxampla 2.8 The arapl chowrn in Figure 2.3, Fvalored with eolord”
1. 2, und 3, cwonot be mede chordod by sdding edpes eteroen vertioos of
differedt colors: The secom] 2-3 edige wonlf aaee o e added Lo elininsge
the length-fonr 151,38 cyrle, rreating & wewr length-fonr 20429 myrela
Ehat cowd st b eliminosed,

Finding tha eoag plead iy of the ehramatic chardal comnplation prohlem sz
praed in |Aohdnrriz £z Meacham, 1983 Mota that, the chromatio netriction
ia impottant since an arhitrany nocalored sraph cRn nberknAly he made intn
1 chordul gruph; thas the ouly problem o Lhe sgogle coler case is to find
minitral and minimurm such =ota of edzes. Sen Roae b Tarian, 1075] and
[Roxe, Tarjan, é= Lucker, 1978) for the complenty of these prollems,

Rewraily, there hus Teen @ [nd nfl weliaty in aseessing Lhe coinputatbamal
complexity of a1l the variationa on the chromatie chordel! completion proh-
I, See [Brailasnder & Kioks, 19931, [MoMotoe, Wk, & Winer, 19941,
|Awarwala & Ferninder-Baca, to wppear, [Kannes & Whrooes, 1092, 19094]
[fndury Lo Schoefter, 1993, and [Hediaendear, Fellows, d Warnow, 1992),

Thers s =till a ot of theendical work to do betore these oesalts can
hea nzefil for comnpanibility analysis.  Foe edample. Dowr cxt p lergest sof
of crmpatible characters be selacted when chromalic chondal completion i@
impoasible?

2.42  Applicatioos to Cormputing

The spplication dismased in sibeeceion 2.4.1 i an momple of A senera] “Ail-
datich” problein, determining wrhetlicr corbein dwsa or abjocts wie compatible
with wrrengemens i o biee pactern. Corpespondiog “seristion” problese,
with arrangement in a linear pextern, will be disensaed in Chaprer 3.
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Avrother filiation applicetion roeges i compuler scisnce. A afalshese
enhenae can be thought of a8 a collection of tablea  for instance, & wman-
urer v trble with eolumns for "amplover wame," Fwociad socucty ooombor,”
“position,” “job ckills." ete; a payroll tehle with columns for "aocial aocoariey
alnber,” “date of ewplovioenl,” “sulecy,” ete; o receplicwsns Lable wilh
palamnma for Cerrplowes waons ™ “relephone cxlension,® houre” et an @
nn—with the tahles called mizdions and theic columme salled atirditades,

Sappose v datehase acheroe conrias of A fanily T8 of relations and nact X
ol wibribules (o (X, B i a byporprapb), Thos is an ecpobic dufobese sofeerns
if che rolations in B coen boe arrnged os 1he verlioos of o woe. commonly
called] a jnin tree, auch that the verticss containing any given atbriknre indigre
a snhtree. Trin rrees ane ke tore reprerentationse, and paths shthin the jrin
iree ponutitute urique retrieval paths for drte. Having a join tres represen-
satien Ls one of a large number of doarable proportios of catehazse schemes—
tatters of ennristency, oficiercy, and campatibiity—rchac are shawn B b
equivalent to each other in |Berrd, Fagin, Maier, & Yannaialds, 1683, which
sl cites ovidonoe that dotabess schomen thet possesa those desirable prop-
erties are “suffiziency general o encompass most ‘real-world’ sinaticns”
Dolumbic, 1988] provides a rimple introduction.

In terms of eraphs. defion (2 — GR) to have V060 — X with NG, —
[z € 02 RY ba R iw s edae elique oover of R

Froposition 2.12 A deiabosc acheme T fa an gopclie databaas schemea
i and only of cach romplets sobgraph of CTRD w2 canduined dn oo commrea
atnher of Boanad GURY 2 @ chordol grapl, o

In Lecms of boperpraphs, B 1s oo scrclic database schen:e if und anly iE
tha durl nf the hypergrash (X, W] & A ree hypergraph; Proopodition 2.12
hen corroapobcs Lo Theorsn 207, [Werntey: Thure wee oy dalfemnl -
sionA of “cpele® and “acyelic® in nse fior hypergraphs, amd being “acyclic”
very oflen moesys ssmelhiog dillorenl owo ool boviep o “cvele”; acypclic
drtahare arhemes cormespond ta what are cfen oallad oe-sevelic™ hyper-
Eraphs. |

Snbaection 2.4.4 will vasmtiog o pomew sy ceiabed role of chordal graphs
vonnected with expert aratams.

Herp ia another, completely diflerent, anabication o ocompating: Wy
problems that pre NP-complets in genersl become tractrhle, sometimes reen
solvwidde in hoeer tnoe, when restricted to chordel sraptis, While for meny
people thin i Lhe mosl bopertsot apsication oF chordal eraple, 10 clien
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Figure 2.4: A matne M and s graph QM.

il yes 11008 of Lie specilic nubame of chordal graphes as neerssction graphs—
other highly strcewred families can do az well, [Klein, 1908] discusses similar
cnmoputationsl roncerns for parallal onopnting.

[Chaung &z Mimboed, 1904 ia an example of much computational eoneerna,
lurdine wich poobbieoy wrisiog i compulo wizion, The spescifie probheo faeed
i5 ton Aty it havnds in the nomber AF pdgas needed tohe added foomake &
nonchorda graph chardal  the minimum fli-in probiem —and an enacepsible
to wore elicient clgorithme, Kloks, Bodlsender, Miller, & Kratsch, 1983],
[Kloks & Kratzch, 19|, and (Parra & Scheffler, 1905, 1967, for Instance,
ilizonga haw to wse the minimal sertec separatars of the nonchordal graph
to detormine howr vo add A minimal pet of edges. Similar comeerna alan argse
with spuerse matrir computibion 1 subsecuiog 2.4 07 sad ropcinee likeliheod
celnuedion o qulseclion 2.4.4.

2.4.3  Apphcakiomy ko Matrices

Gavesinn elimination on anon oo matrisc M = (i) involved the choice of 2
e Pt eoley tresg, Lhen weing elomentioy row aucl wolumn opeekions
tro change it nto 1 and all nther ith rowr and §th ondumn entries intn (1. An
eainiaion scheine 15 0 sequence of v pivacs uzed Lo codues o oabbix t0 the
ideutity matrix, and A perfoct clinvdnedion echeme haz the further property
that i zero entrv i ewer made nonrero Alnng the way. Perfaet elimination
weherned mirdmize both comprtation and dete storam.

The grogh af A, denoted G4, has vartex sct {1,...,n], with verticee
i 7 adiacent of wnd ooly IF exther trg; 35 0 ok ey 7 O

Example 2.9 Figure 24 gavws o mactix «md its graph,
FProposition 2,18 is from [Fose, 1970 and hes led to muel farther nork;

soi [Rose, 1072], Chapter 12 of [Golumbic, 19801, [Gulwubic, 1054], and
yitous pupers in [George, Gidberl, & Liu, 1933],
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Proposidon 2.13 (Rosc) A cpmivielrds mebriz A witk nonzero dieg-
il sniricg Aas o perfect alingelian sofifns wging £35 daganal FAiTied as
piurds 4f and medy F OV 05 chardel

Prool akeloeh, FPrvoliop oo e, cosudls o vonceing all 1he ecgss jnsicleg:e
fovertex §in (AL and simaltaneonsiy creating & new edge A whenever
w2 0 e my; bue ey, =01, fe helome

Lz o I”'I._]

Wy ven D

[(Other macrias might alao inadvertenthy beramne zero @n M, eod an ocker
o disaproas froo: G010 Tlenee i wermo cobcy 38 uewls mmweso io 20
prociecky when cvery two aelchlors of © L sod 3 abews] oee wiljpeeat m
G AT 1y eepivalently. when g a ritmplicial wertey. (Fov instance, in the wa-
trix in Ewamule 2.4, vou cmald pivoe nn either of the eotries 7 or 2 T
ot o 4.) A perfeee alimcnation schemme oo the dispozs] entries ol 390w
wonresponids Lo o poecfoct elirizativn ooderioe loe AT, and 2uch o perti,
eliminatian archame existz iF aacd only F O s charelal. O

The wupadoder of Lhis subweclicn wrill descril=e o dezs pracical, Su) o
SLFLTisInE, appearsnee of chordal praphs in mateix snalvsis

ik iz retrial o compute Uhe deleepiaann of A omhen A7 s A rlagrnal
waatebe del A — [Ting sy, There are abo simple meflods to sarpule dee
whemever 4 ' ir koown oo be Coricdizgonal” meaning that the encries 11
of A7 pre wero whemewer i | > I Oberove thar G7A°°) is then o
nnicnn oF pabhe, Too v carly 380, Lhis was pencealivor e argee fomiliss nf
matrires. wclndiog, in |Klein, 18590 when 477 is "traadiapazal” {ezeaning
thit &el -1 i ooee]. This work owodeated o Propeorition 214 Chom
[Borretl & Johosoe, L934) (Mrineeneing” chosled sraphe). See Barel,
Jubmzen, B Lwsliguist, LY cwel [Jobhosen, TO00 oF wobe weenl surseye of
whare this ool next. For ony n o= »nomatviy & acd any st & C 1. n}
|ar any sukgraph 5 aof (7(A9 |} et MY descte wee snbmatrie determieen
by fiaee towa 1nd cxlmuos of A indesed by the clementa af &
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YT 0D B
AN “'*-.‘3,#-’5 b3 s
o * 70 | \.
a!tor 4 34

Figuee 2.0 A fomély of madrices baing e somes chordol oroph 7, uddh one
sHpur tree for Ol

Froposition 2.14 (Barrett & Johnson) If (A7) s chordal with
s e T, fhen

Ngerir det AW

es d = ,
Ma.g, emrr; det Al N Q)

12-d]

prowided the deraominaior i nonsero,

Examypde 2,30 Suppuse 4 s any watris whose boese A76 s ws slowo
in Figure 2.5, with the 7 entriem unspecified [poesibly zerc). 'Fhe graph
(A" iz ehowm in the middle, end one of the two poseible clique trees T
Sur G AT I sl at ¢lee cighls for eivber cgue leee, BT = {42,353
Forroidli 24.2) benoines

el A1, 2,34 - el A[{2 3,51 - del A3, 4]

tlat 4 = -
det A[12. 3} - det A[f31]
1 g Ty Trg ™ fgs i1 03
des | o2 opp ey |-dety am om o35 Id&t(ﬂm ﬂ:)
13 B4t
_ Oyl O3z Amy @ 0a3 055
'I.l'
des o - f3d
e 4583

Proof shelch, Suppose & = GLA™Y ix clordel with digue tee T
Snpprae 05 any leaf vertew of 1 and K ig the et of ail entries chat are in
vertirer of T other shan £, Thur L N A cnteesponds o fae edge joining L
to the vost o T We showr that

det A[L) - cet A[R]
det AL 0 A,

det A = (2.3)
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Tom which Propesision 2-14 followrs inductively.

Suppose, 07 cousenienca, that the elements of D5 0 vome fr=t o the
mrlrices A amel A7) wdlh thoee 1 Lo coining next and sbaose notoin £
coning last. Thus the matricss consist of nozpmpty nlocks as shown balow:,
with twa blocks of 4 * consisting entirely oF zare eutrres, reftectiag that no
vertex dn Ly JF s adjacent to any vertex oot in -

T

CAn g | Ay B | B, 0
e ARt o =
Az Agz | Aas b | Bsz ' By
lt. % @amyr to verify that
I 0 '.
der &) - det s = dat ( u II e ) : (2.4}

By & resull of Joceld [oos 1854 releling meinees of A and 471

det Oy - det A = dist ( gy | Ay j .

Ay | Agy
Ay | A1z
det By ook A = dpt | ——= 1},
* ( Ay | Az
{ Fyr, 0
andl det | —=—+ = — | - det A = dat Ay
L 1)

Multiplying both sdes of [2.d) by {det ..-'-1_‘.!E and theo weng these S hree eguul-
Il g
Ay Ags A | Ay .
et (m] et (W - et Az et 4

-

Trvog wliich (208 Dollows Loy dividig Wreugh by des Ava. O

Poafiocr Goussiow climiustion nud dewerninantol Feovalae, Ui teo tnpics
of this mibsection, can he interreleted s in [Bakooyd, 1992

Exvcrcise 2,24 [wee [Grone, Jolowoy 56, & Wolkowics, LOS4)) Show

1hat, i aeye cheosglal wraph, new egdpes ca b nsected oge aloa Tioe, slwvavs
raaintrining a chardal graps. all the way np -n A eompere graph.

T'his exeveiga s ibeportan in another heoad topin- Smateis completion
problems.” Sea iJohngon, 199); [Bakornyi & Jahnson, 1993, and Johnsoa.
Jores, & Kraschel, 199%) for evamples. [Brkangi & Johosen, 1AE) deala

cCiroctl with several almebrain characterizatioons nf chomdnl zranhs,
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2.4.4  Applications to Statistics

The applicatinn of chordal prapha to atatiztics detca from the =cminal] pa-
per [Ducroch, Lantiteen, & Spoced, VR0 (aucther “minvenlion” of eloolal
gluphs), Rocont boctbook wicsluckiore: e this we of graphs indwde [Saot-
ner & Dulfy, 1989, Wickens, 1339, [Chiisteusen, 19590], AWhilteker, 1990],
andl (Lantiteen, 1906]. [Khamia & BrKaa, T97) e a poide te rhie Brerammne
written for praph theorieta, whila |MoKes L Khamiz, 1086 and |Khamiz,
19" present a robcigraph approach 1o some of the same topics. [Leuritzen
& Spiegellalter, 1085 [Pearl, LUE8] and (Neapolitan, FHA0] e on imo
the propagation of probabilistic evidence in expert reatenes.

Tor asst {1.....d} of feciors, a lewed & of facter § is an atlveehle wmlue
of fuetor 20 Woe deoate the connnon oocurrenee of bevels £, ¢ inr the
vopjuncticon A0 2 1 =8 < oL A [Fdaliewsivnasl Licrarcacal Jogkrear)
ended M conaista of & get of gererators: tcomparalle sutmets of 1., d},
Generators ontrespoiwd o inclusion-mrsdmel eets of factors heving interre
|atinoehips taken io be significart wichin the model, The istereciion graph
wf A, deneled GEADY, Les Lhe [nclors ms verlises, with weo adjoeent whan-
Fver the factors are inoa commnn genaratar Thng the ganeratoes of & form
an fdze clique cover of (), If the generstors of Af are pracisaly the
e finues of A Whea M i called o geopficel modsl

Example 2.11 Suppoce f = T wlers [acbor 1 oortesponcds o “sex” witl
i1 £ {mnie, femalz], facter 2is "age” with Fa O [under S0, 5045 H6,
ovar fill}, and ra an. Buppase che meneratoes are {106}, {3,453} {5 4,5, 6},
sud {4,568, T}, s0 G2 is the graph showm on <he left in Figure 210 In
chis model, che igerastlon of faccor 1 [ Msex™) i wan Laies a8 Dmpogtant vl
factnr X [“age" ), but only with factor & {perhaps "occupetion”].

Choozing wlnel, joocde] W spply ta obscrend clata Drvelves viwions stasls
tical terhnivnes chac are not of cooesm here. By nos all mndela are equally
ey oo make infarences from. Thase with pacticulaciyr desicable properties,
ngvally colled decormposabie medels wite shown s [Chanocds, Luariteen, b
Spaeed, 29506]) 10 ke precipely thoss hat have chotcal inseraciion graphs.

Suppoze 8 largs population ie sampded and, for that sasmple. the pombes
af individuals Laving each poasible cnmbination af Zevels of factars T2 deter-
mined. The principal advmntage of A decrmopraable mode] with o graeratnTa
for these datr i= that the predutive vl of wil the date s conteined ‘e
Enowring these opumber: for o smoll oumber of apocial acty of Betroa: the g
soncrelany amd a cortio g - 1 idersectivos ol pades of reoecalams. Propo-
siting 2,15, Trotw Teactoch, Leawvibeen, S Spenl, 1R800, shorrs how this i
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done. g this propraiticn. for any & C 41,0 @), @Ak 1 £ 3} e
ootes the purober of mdividuals o the swceple el b Do cowisoaten
Mk i e S of fevels ol Bwclors in 5, divide] Ly the 1oial numbes of indi-
viduals in the gample, This proposision actlally rharacserizes drooraposablz
twlela, and ra chordal ncereaction oraphs, Ao replarss terstive soeclode
tkat are naeded in che general case.

Propositivn 2.15 (Darroch, Lawrileen, & Spocd] 007G o aliordod
sidh cliaries Lees T thea fer foery shodea £ 8y nff leeela of the faeitore,

J{,I'I'\ i = 1} [ocverg Ade 1= 21
! X ARSI T J;l ]_-l.lf:ll:l:""-ll_cll_u'Flrllhll -l“ R L_}:.-I*'! "ﬁ_‘-‘_l:l.

12.5;

prepcied the denorrangéor 15 nonsers,

Froof sketch. Enp‘pnﬂ# £ = ([ M) ia canedal oeith clque teee T dnp-
pose 5o oany Teef wermes of Toand 7w The w0 of wll Taclocs Thal wee 2
varticad of T ocher than £, Thua L0100 wormcsponds to 1the odege juining L
to Lhe rost of T Yo szow that

f":f.'k {5t i*'[{}'J}J A e L pladl i e K

T piAde i e EOVHT

Lionnss wehiieds Propeosition 3010 folwrs od wetively,

Vot amy sec & ot tackorr. lat A % abhbreviate toe comnowae eveat of caclh
Loclor 3 0 & haviep evel £ Then F[A0% v 0 &) aoprosdmates, Lor U
crbioe pupitstion ssonpded, the joinl prolbabiine of vae cotupoinnd <vent 5 5
abbrowiate Lhiz probability b Pr[A F] Lhen D205 correspards T

S n
i

Ir[A Vi) - P”"‘“‘! 'Pf[’! LG Vhs
: Ce[f 0 Hi
gt L0 A coreaspouds Le Lhs eldes ol 0 jeining, oo Le e al
every patl from s verzex of L5 1 ne avertex of S0 ) passes thoous ™ o vestex
of LoV A This means chan fn componneg evenpda ATELRY and A7 50 0] aen
copedilionally adencodent, eonditieniog au A2 OJ0 o sendyae,

Pr[ALE AN AL B AR | AL (2
— BriAL R U TBLY | AL
By vle definitien of soodilionnl srobaldity,

Fep i

el i ArLe m - : .
FABETALR o R
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Tt F R]
Pr AL AL AR = m

EYH

I A LVEO L) | AL N
AR ALY Pe[ A V]
Pr[fgde r ] DAL R

Ui tlwse lirex: wopunlition i (28] and tlaen mulbiplving throwsh by Do A4 L0
RI? gives

rr[A L] Pr[AR] =Pr AV Pr A RY

Lrony whicl §2.7] [ullows Uy dividing iheough by Pe[ALL M 7)) and ul—mg
PriAS] = AALA 16 2 51 agein. =

Togkmicions 2.1+ aned 2,15 are alwirmmly simdlar o oo, each wsing a
proclusl ver FITT diveded Ty o producl over E(T). Thiv shwdlerily e o
crinedelenme, ae ay be senred fromn the proct shetchea, it a wmare abetpact
viewpolnk & oecthed o oolor Lo e procese; |[3peed & ivers, 1958) aod
MfeToe, LRG3 prosenl sweh vicurpoinds.

2.5 Split Graphs

A graph @ da a aplit grogh iF O can be parfiticoed into GO T, where
2 induces o complete praph aod Fooduces e edaclese praoly; tlee & has
THieH — 1)/2 adEen wichin & and smverhere fiom meco ta |G - |I| other
odprs, selwoeen ©F aml £ Splil groapls were ntrodeoel e [Faidee & Hom-
ower, 107747 alen see Chapter § of [Golembiv, 1980]. (Wharning: [Fildea &
Harnrnoe, 1077B] pives o (iferent meaniog to "plit.” !} They sero indepen-
denlly wodicd in [Tydkevit & Cornjak, 19780, L9T8L, 19790, While aplit
FTA0AS My seem ton special b be of jorerest, the theorem and corallary in
This rectiok guarantos the place of rplit graphe in nrersection graph theosy,

Exorcisa 2,35 3lover that Lhe duefasition o7 apht gpraphs eould haso eqguiv-
elently pocuizvad 1het OF Lo o maxclsgue of G-

Theoram 216 (Fildes & Hammer) A graph 7 dé o aplt groph if
and ey if ot G oand it complameant O are chordal
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Proof. First suppose & s o splic graph, Then 11 is casy 10 soe tul G
is s mplit andd thew hach £ and 27 are chardal.

Crversely, suppoee that (¢ and (7 arc both chordal, Sappose T ix a
oupinuem-diametsr (Hgue tres of & and, wreaine lowod wocoolrediction,
thut the divmcker of T 19 at least theoe, snd o T 35 pot w atar, Theo Lheere
sl visrlives - omud Cra Lol ave e widad b Leo werbioes oo an ialoees] Fy
it T'. Amcng che nther neighlinez of () in 1 thers roust be a {3 for which
thare cxdsts A verbow 5 & [Go M6 Ny, since otherwdse sll the neighbors
(ebbwr thab Gy) of € i T eodd be made sdjacent 1o Gy nstead of 4
narel = cheats a clisgue Leee Toc G oweith 2maller diameter than 1. Lef o be s
verten i Gl Gl Sirnilaedy, there s a neighbor Qg £ 0 of (o and wertioms
w & (i NGy, aod e O Then [wv,w, ) indoees e osubpooph
of £ wich vdpe st {owwr). Dut thet woeld foroe sn indoced €3 in a,
conlrsdicting thal & is chosdal. o

Excrcise 2.26 (Foldes & Hapumer) Show char a graph iz o splic
praph if and ouly i nome of ita ndnsed anharaphs is soaorphie e 285, Oy,
or £y

The [ollewine corellacy, [an [MaoMorris S Shicr, 1983, cloracloripes
aplit grapha as fnberaccking grapha. [Gompeese (6 with bxercise L3 Heeadl
chat & abar ie # graph isomorphie toe B (i 2 000 o other worda, & tres T
with diarncter ut most teo, A substar of » star @ then sSopl 2 subtooe of
e star.

Cornllary 217 (Mehiorris & Bhier) A agraph is @ apidt graph if and
sty af 2 v the irlovscolion groed of @ ce? of istmet auwbstary of & v,

Proof. First sippose 7 e a aplit praph. Then 7 i3 chorda. by Lheo-
ce 216 aod 1oy ibs ool aoy oooioooo-dieaeeeer chigue leee T Lo & Jos
dirmeter lors than threr and znia a star. Then {7 iz the mtereaction mraph
of the mbstars [T, i v € V00| of that gtar, 1 the diometor of T is Lwo,
L Uleess sallves are disnioel; 3D o dieoneloe oo, e leases con be
added lor gach v € ¥ {00 Lo procuoe Exlinct subrmees,

Cowersaly, suppose i3 e ikwerese ling gaol of a sen of elistines sob-
atata af a stavy 1L We cap sippose that o' is a cliqne wee for ¢ and that
& 2 V[T = adjarent. to all other vertirer o~ 7. Ther (7 ia spdit, ee sheem
Loy the: prtition: of Y7000 mato b corapslete: seeraph O and tha: inedepeodont
subwer T — FIC0EH (]
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Exercice 227 Find an excample of & graph ther iz not s aplit graph, et
is cha inkersection graph of a fmily of [not necersarily dirtinct) subatars of
A stRL. [What doea Thenrem 1.5 have to do with thia?)



Chapter 3

Interval Graphs

An inerved preph 3ol wo Be aey srapb Lhed e asoeaonecphoc 1o e -
cepsntion weaph ol o [enlly of Loie closed imervals of the reaal line, with
#ch westex 0 comrestonding oo a clcard inceesal J the family of intorvala
w5 ckllend ga drelovvad represordelion Ioo Lhe olorvad eroaph,

Interva) peaphs were firar stydied in [Hajia, 19537]. The standard vrwi-
e are Arctinn 2.4 of |Haherts, 1976) and Chapeer 8 of [GGoloobie, 19803,

dxample 3.1 'The graph showse on the lefz in Pigure 50 eonld hase
the representusion Jy = [L4], B = [1, L {2 siegle-poln dlused mtwrvall,
Jo= L2 e = (2,3 0 = [3.4) vod Jr o= [404 Iy are sqlestnisk abul
JongdL-wern levvls, yon coudd of cowese uze Jo = 1, L1 amal S = [3.1,4]
inatesmd. You cnnld alan gze all apen inkeralz, 1'11:4're-9;n'| af rlneed.

3.1 Definitions and Charactorizations

Juch aw in Chapter 2 for subtceea of & toen, it s aeey to soe that wo con
ooujvalently define inLopval graphs using 2avpabhs of 2 path and 20 talk abenk
path representaiona. Since subpathe of & path resiefy the Ilallr condition,
Lowaroa L1 con bre weed tosoome thisd every iotervid graph s o cdumee pelf
regressttatiot, oF chigue poth (parallefing Theorem 2.1 for trees).

Example 3.1 {eontinued) The groph shewn it Pigoee 3.1 has tae
cliene peth P shewm there i owehich Fy bas lemgth thees, By oand Py have
lemgrh mern, and F.. B, and F, have length nme.

Sine pakks are trees, imervel graphs are clierdal grapha, and ea the eycle
£y 8 & cherp examiple of & graph that 12 nor An incerval geaph. A =igrif-
eantly different example woald vernlt foon adding sn edpe dg to the gzaph

i
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Figwe 3.1 A inderve! gropf wsil @ pall represerbotion.

Figure 3.20 Sonee graphs thet are not interpe! graphs; eock of the lower T
has ernder ot Lot sir,

an the lefi in Figure 3.1, producing she upper-right graph in Figure 3.2, (Ic
might be ipstructive tn attempt to find an interzl repregentaticn or 2 path
representation for thut praph right now., instesd of wmiting £ the characcee
dt1ons Just aheid in thiz chupter that show why it I8 impoeaiale.] Tndeed,
nione of the graphs shows o Figore 3.2 iz o intervi] goaph, while the graph
in Fipare 2.2 i an intarval geeph.

The folinwing theorem eoasolidates the conmection hetween interval and
chordal praphe, axtending 8 well-kaowm theorem from [Fulkerron &z tdross,
1965].

Theorem 3.1 A cownected groph 17 65 on mterval proph i ond ondy F
B0 RULEITIN sppnning free of the weiphted clivne groph KY[G) 0 o clique
path far (. Morpcver, this 4 eguivelend fo every ot spanning free of
e weiplted cligue grepl A7) that ik A path being o cfirue wetk for (7,
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Frowl, This e immediace frony Theooem 2.0, -

Curollary 8.2 (Fulkarson & Cross) A graph s oo mdeteod geoph 2f
ard oy ) Mer edge clrgae comor of Al yusrofunier cone b ogewepgesd Golo @
eligien poth representnfon, C

N iw imaprecieal 1o ook for clgue palb seprescatations ey gsing lousla)l's
a.garithm te fiud all Lbe maxiniun spaoning L and they teying ie coll
the evryaths (leodeed, Tedng alle oo Ul woull be Sanbamos g toosslving
the NP-hara pranlam of reenonizing graphs ther have hamitronian pachs].
Yer lmtervel erepbs can b recommized officiently. [Bootl b Leuloer, 1976]
cbiaius Ly elasegcal, loesse- Lo reeowmlion alzarillon, u=ing Lie iolloensial
"PLi-trea” data atnweture chalb was inteodaced Bor theo putpose; eee kim0
sovtion 8.3 of [Goluesbic, 1980, [Biwon, 1091), [[Lxa & 3x, 10%1, [Hau,
19493]. and [Creseil. Olarin, & Stewart. LIIE] contain meose renent rerngs Tion
b.prorithios.

Theoren 4.1 relutos to two prescinnt applicetiocs: Bonzer’s L1510 study of
the B scenetwre of the gone, cwd Poveic’s Lode sioecectln ceebeky wobs with
archasnlngical seriarion (wen [Roberts, 1970 or [Ealnedic, T80 5 Interval
graphs aoeht have been nasd in chess rrmseses, bine won king stk the apnmo-
priale iodklencs mabrioey 45 in Corollury 3.4 wrue quize suficient, Section 3.4
woptuios “read” aoplcalions of inteoval soaphe:

Tl e Lives Lo s wler sl Leipds 2 oprapb O 00 Doe eacl twee, Ll
eziebe wpelh conteinimne those cpeo but no aeishbor of the ibhivd, Bor instenes:,
Lie threr vorlices ol duerse oue in the aooer-lell prapl. i o 3.2 loon
i asteonielal tripls. Motice thac no teno vertices 0f an asrernidal tripla can
e adjarent. (.‘-_-‘.nn;i-nu 70 will dizewss Lhegn gean®e Hhid Teses oo pstoeniclal
trinles. |

Excrcise 3.3 Shuer Lhil vt of the weopshs we Dipoe 202 lee wouuoigoe
astermarlal triple.

Thecrem 3.4 i from Tekkerkerler & Brolanc, 1963, Recell o Chaq
ter 2 thit v geaph ia chordal i and oy i€ sontaing ne eyele ) hoedne £ 201
85 nu .thicel auberaph.

Thenrem 3.3 {Lekkerlerker & Boland} A gragk e e dnt el graph
if end pody 47 O i vhardal and hoe no astersidol bl

Proof. Pir:t suppose O e oo ichecwal gropn wish a clioce oalh 05 Az
we s alvesly obeerved, B e oalse o cligue Leee and a0 €F ochondal by
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Thvorew 2.8, Supposc a, 5, a0 e padrwise aonsdjeccot aod, without Losy of
Eeneraiity, bhat F, iz In Lorwesn B, and £ along P Sicce PP i o clique
path, every natk fron ¢ koo in 7 wdll bave rooermtain 8 neighbne of o, 2rd
#n 1A, 1, W ranmon be wnoasweroidal fripie.

Cinverzely, suppoes €7 is a chordal graph and, among all eligue brees
frr 43, chac T has a mesimem nwmher of leases and that nymhber is at Jeaat
thres; woe rherer thist ©F oonedt then eomtadne snadteroidal triple. Scpposa oy,
(o wud Gl bre Lhree dillurent legos o T oand lel, respookively, 0, G, sed
% frnn necessalily chigbingt] b thsir anicwe peighbors in T

Frr amch 7= 1,2 4, chomse 1y, € 0] such that oy & V{00 ) We show
taat |, vp. 35 5 wn weteroidal tnple. Suppoaa rether, without leas of gen-
wrislily, weoing wewiarsd & cosdnwlction, Whal every peil in & connscbisge 19
a1 vy rrmaina & neighhar af oy Mot eveey edge of the path 000, Oyl im T
can onntain a neannaighbnr af an. sinee otherwies thase nonneizhhors cond
T sl Lo iocleeoy wooq-lievrs patk oo & theal contsiced oo oeiphbor of .
Thewelown, the palh 00, Q) in T owowld conlain somwe cdge OV eith
™1 vonsisting conilely of noighbors of o, mekhg G MQ™™ C Qa1
Wirhonr loas of gereralicy, suppross % 13 cinsar to &t In T chan is G, Ther
riploeing edg: OO arith w o cope Qs would crenta a cliquee tree For
G uhak hiss oo bewer Soal tloa T which Js o controdicieon. O

ang Cheorany 4.3, Leldorkerker & Boland, 196 proves that & mraph is
aninlerval geapl il an:d onle €91 3 chardal and comtaing none of he geaphs
in Figure 3.2 6s en indueed subgraph, [Horary & Kebell, 1984 contsins &
rRitTIaT raracterizaniom of “infinitainreriad grapha® in which the intervaln
are salor to Le oo or teee-teey infinite intersele of the resl lina.

Fxervise 3.2 Lo O boe w splic vesply. Show Ebal & s wn interwd zruaph
if and noly 3 47 containa wone of the graphs in Figure 3.4 as an indaeed

aubernph,

Lafore etating the oo characterization of interval praphe, e need 4o
roview sumne tenninowogy and sesults wbhont dircotod sraphs [digraphs). A
Ligrapts £ i utined 2o bave o over.ex st V(D] wed asel ACD) of srcs, where
it 2 ALY cetotas anoane from vertex o foverlex o, W psodroe Ehat Lheres
are na nltiple arcs (meaniog thal theee ae never oo ares foee v o w,
alrhongh it ts peesible to hasve hath o, we = A} and, in this chapter, ko
loom= (meaning ao vv € A{ 2. A digraph ie freneifiee if. forw =0 € VO),
wir, v T AR with e £ e implies that war £ A7), Given any syaph &, Ao
orienfation of b o odigoygl onred by spradbdog & dicection for each edge



31, DELFINITIONS AND CHABRACTERIZATIONS £

Tigiaoe 535 Three spidt graphs hab ere nar iideroed gnaphs.,

of &, producing an eeteptsd grvgle, The Orientallon is o Lt o clite
if the ariented graph i trensitive.

Exercise 4.3 Showr chat the ow-le 0 bar a {ransiciv aneotatem bas
Vil 0 cloes et

A dyvveled Somiiloren poth ol o digroph ks o diccotol path glat ipelades
every velbes, A fooruonedd Isoan creulalion D ol o cougplele grapl; oo
o £ WX And s ¢ dmply than gither we g AT o e £ A5TH Lt nas
both. Thy following iz from [Feedss, 19034

Leouna 4.4 (Heded) Dvery bouriomeont hoe o dinecied honwtocian goik.

Prool, Suppose O i a toumacent,. We acgne by oindduarrian em o no2
VLD, widle 1he zosull Loivisd Foe e <0 20 Suppese o = 3 and v Y008 By
imductinn hyanclesiz. ¢he toorpaneent 22— s g cdirseted Ladniltonisn pasi
it e e = ALDY, theno v, v, oL i) LA A divecksd hamittemiag
nath in L) Chkerwiee, 1 & A[LY) and wa chanse § gy 08 The fargest inregee
for waich v ALDY If 2 = nthen v 0= v is 0oditecked haodltominn
pack o L LE T e, then t oy € ACEY, miakine vy, . Lm0 g o Ve
a direrted heeailtorian path in D3 C

Exercise 3.4 5hew Lhol every lrousivive Lewrosaoenl of order o Lo o
nniqua vertes of gans prasihle ont-degres b w — 1 andd thar taring these
in oricr determincgs a ditrcted hariltonian pach.

Exercire 3.5 Show that every transitise ronepament Far a wnges oF
roccad harnilocaian park.

Recall hak, [or w praps 7 Lhe comrplement of 07, deawied 5. s L
graph hawing Vi) = V{60 whebe, o abs <istinel semioes b and = of £
wid = FUERS 0E amel only if vor & RIET).
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Wi arys fraally reasdy fostacs waud poeese the chara ctenization from Gilmore
ke TRoflinuz, 1964,

Theorem .5 [Gilmeore 8 Jlefman} A groph 19 on nferee! graph if
ard iy i i does ot conibam O as an nduced refproph ond #s5 compirment
A0S o transaie srleaielion,

Proof. First suppose < is an interval graph wich cliqee pach F lald ool
horizontaily. Siace 3 ot be ehordal, it eannet sontain an induced 5.

Torr v orlented mraots & by putbiog wr .»1.[{7_.'.] i and oxty if B, 13 totally
oo bhe lett of £, i £ (Le, every vertex 22 B, i3 to the 180 of every yortox
nf M1, noting chat S 4[@] irpliaa A, MY, =0 and ao e @ AT Ot s
peEsy oo Ace that thia is & transitive orlentasion of (7.

ConrarEe]y, sl CF coudalns we joducial Cy and et © has s tron-
sitive e ation €, W koo digraph £} e lowe verlioes wre procieely 1o
taxclicues of &, wirh arcs a3 follows: Bor wvery two makcligues €, O of
pick v o B and = i ' soek that s’ ¢ FiC), mad then pot Q03 £ A7) if
pod w1dy il v’ O A[E::I. CIF vounse wre muost show that 0 eslly e weil de-
fined. Arguwing wward a contradiction, suppose that woe € Q and o, o' € ¢F
wrhbere wa, e’ F D0 and e ' g .‘i[[?:l. Ohzarve that sither ' & A1)
arate F BTG, siee e oyele o, w’, wf, o connod e joduced 1o -.’:3 Withoot
|-:|~ﬂ af ,E:Fnemht:., e ALl ppae that E B L'hus sither we' € Ao L
T :llfl:”J IFoun' & A7 e"‘“- fhm wet, w e A{I‘.“‘ fovcea a1 o 4[(;:1 Finre 03
ik 1 kL L_' aricnlee]. Hlll ilieen e £ F‘I"{'!-” -:n:_:-[|_|r1-:_'||1_ |_j_[|]5 Elead o asaed v are
in a coveneon maxclinue of G. & similar eontradiction ceenrs if v'a £ A(GF).
Thus £7 15 well defined,

Tt iz rasv to cherk that £7 ia tranaitive sinee {7 i trangitise, e O 2 a
braralive toucndincnd. By Leoood 3.4, B Las o diceceed Lamiltonian peth
P A, Ve niowr shaw thet Fois s clique peth for 7. Snpprae that

£ VIE) iw in Len nondeljnenal verlioes ©00% ol 07 vel, argodug Leevsd
a confracicl gn. that o £ 8 far same (F £ PIRIQ ™. Witlou oz of
aenrrality, we can weame taat QO © A( D). Pick a0 2 6 snek that w @ E]
apd ws ff B0, while w i 0F and we §F EI(C) Then 2o, wo 2 .=1{!f=.'
e 7 1¢ ool by craneitivity, avze = _1.I|Gl"a But then ww § B[S, mntmdmtmg
Lhit w,we & 08, Tl

Eocarnple $.2 Tisore 3.4 ghews ooe possible tranzitive orentatioo of 7,
wlwers O 15 the proph o Fieare 310 Cheex Lhet the ocly other trensicivz
wrienbalioll is s ieverie of chis one. The corveapoading Clhraph O ased
in the preceding proanf iz sleo ahown. Hociea that the dimactes] hamiiconian
pach 1= I enrreaponds: to the clique peth in Fiaee 301
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i d &hr ;‘r el
¥
f—a—f acf

£ —E— e

Figwers 3.4 A fransrfeely orentzd dipmeh o JSlestrede the vroe of Theo-
ht A5,

|Chpsut. & Roberte, 198E] shows chat the incerraction numhbar of an in-
tervul rruph equals biie number ol 1ouxcliques mminuws the nuoher of isalated
rirLices,

3.2 Interval Hypecrgruphs

rmtinning the discyasion nf tree hypergraphs in section 225, a hypergraph
(X, €] 1 a0 mberoe! Igpoevgroph i ihere i3 oa peth IF oedek X = 70 F) such
thee, Bar earch 5 £ &, there s o auigalh 23 o it P01 == &,

Exetcize 3.6 Show Lol e Drpergrapl given i Exercize 2,17 2 oo
iotervel hypergraph,

Precizels oz o the easzy Brection o Tleswem 2.7 vvory olerys, bypsc-
praph mouet be s Helly hoypagrapds with wo doterwat Lo geseple But, ik
whal beppeoed Lor teoe Byporpraphs, Wie fellowing exorcize shoas thet the
enmveran fails.

Exercise 3.7 Shovw that the bypergraph {{ e, b.oe, 4} £ with E = {{n. <},
sk, {iod}} iz & Helly hypergraph adl 3t T geaph §8E ) v an inlerwl
eruph, but no path P exicta sw requiced ia the definicom of sk interval hoe-
FETCTHIR

A path m o igpergrepk (XL ] A E Aanmenes un &0, S, 8. i where
S ... S aredistinet ecdews, 2., 1 TR dietioes vertces, and eacay . €
&3 sk a pakh is seid bo forn the wectices g ead oy The loqergrapn (5, £)
i conmerted if ewery twor vertices wre joined by m path. A vercex o d6 2RI o
dpe B bvenn vartiens woand w0 inow hyperpraph it every path in cha hyperoraph
Lhial Jeins w and w contiins su edge thut contains v, Duched, 1HH, 10at]
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contuit proofs of the following chavacuerization tlal §» in {he spirl of the
Fulkerzon—Gepas temlt in Copollare 3.2.

Theorem 2.6 (Duchet) A vonnected Rypergraph €5 an interand kyper
graph i and onby i, for evary three tetdices, ene of themn Hes befween the
ather fi0n.

Proof, First, suppose (.8 i@ any connected lopergraph and bhere e
& path F with X = [ P] for which rach &, € £ corvesponds te & subpath
F, of F such that V(] = 5. Then & vertex ¢ lies hetwean vertices o and
z wlong F* if and only if y lica betwcen « and z in the hypergraph.

Cotvensaly, suppose that {X_F] sedisfes the condition in the theorans
s [or vvery 1hees vertess, oo of themn Lies Bebaeen che other two, Choose
o hypergraph (X, £*) with & C £* such that, smong by pergrapls saGstring
the condition in the thearemn, £* ia maximal. Tec £ be the sat of minimal
adges & of £° for which |5 = 1.

Suppiceic wosud & oee distioct vertices in 5 < £ IS # {a k], then
[o. 8] & £ and sa the hopesgraph (X £ Lo {{e, 031 will nol satisfy e
coodicion in the theoram X eomtaina «, g, z and (X, £* 11{{a. &} }] concaina
witirnal-wetplh peths

B By with 2 By O L e

LEL G ELewitho g B UL E,

o B B ity E B -2 B
whera {2, b} £ (B, . ELF S ELET BT Bat if each noenreence
vf {e, 0} wmmong the E:'s, BNy and Es s rpleced by S5 € £%, then by
the condition in the theorero nme of 2 wAll e berween the other oy
willowd luss ol peeradily, say 1hal y s betwesn o aod 20 Thoet means that
{c.f] = B forvome I <4 <5 andane # y £ b and 3 £ 5 Without
loms ol geaerality, using the mivimadisy of che path o« EY, ., Bl 7, we can
Fuppoen thar @ £ I | (or, presibly, o = ¥} Ty the assumed maximalicy
of £7, we can wsmw thet 4 = EY O U B o E7 for, if a = 7, that
A — la} € £*}. Thue there eximte 4 ¢ £* such that 2.z € A aod by ¢ 4.
Simalurly, chere wosts 0 £ £F such thet b,z 2 F aod 6. p & £, Apain nsing
the pssumed maximalily of £7, e con aseorne the! S"-,_:l, FBe £ und so
e oatd B ore connectes by the salh o, 58 VA Y o (XL E9),

TRz we lave shown that every pair of vertices n an edpe 5 & 5% ame
linked bor & path in (XN, £7) whose edges are mibsess of 5, and that every
edre & = E' haa cardinality twa, aicce ctherwise &40 ¢ £ wonld contradioe
8% wwsurned] winiznelity, Therefore, (5, 2% 15 8 graph. The assnmesd maxd-
mality of £7 implies char X € %, 2o [X, £ & cotmected, uod Lhe condition



33 FPLOPER INTERVAL CRAPHS 23

L Ly
|
W—tn ATy ] =Ly T t,1—1n
|
l EH] 1 !
i g ety — e "ﬂn-l'l—“h Vo —=plg=— +-a = Up_j1—=1,

Figure 3.8: The four novcyele forbidden subhgoergraphs for av saderval By
pergraph.

it e beorrm implies that (8, £° ia & palbe Tinwly, every edge 5 ¢ £
ran b seen to Le a connected subest of (X8 by an indnetive ard Tt
an | Sl O

[Tucker, 1972] orevis Lhist s hypergeaph s wn interval avporerapl if
and anly 1f it eonkaing pone of the following five teduead subhypergo. e
drecan b E) vee Pignee 3.5 Lor the Last four:

ez daud £- [dag o) L, 1C PO TR PR 5

(2 = 5 oaned & = {Jo, Ly B LT T I LTI PAE v §-

) n 8 wad £ = {{e, ), (o o0, TR N I T X 3

(1) » = dand £ = Hagmd, .o [T S R =1t

LTTS TR T Y

v ganl &= Hurngho o, oy PR PR L P AT Y S
“Irofoer Jo Moora, 14TH] gives o shorter pronl, [Duchet, 1984] containe
w zhort peonl g Theoram 5.6

Sew Lehel. 146] and [Dueliet, 1944, 1995] and their mefencenoes for mora
on SAMANS sarls of representading of kypaegraphe by inlervala,

3.3 Proper Tnterval GGraphs

A pevgeranteree! graph is the hiernscetion graph of o fumily of ¢lnged juduryvls
of the real line, noae of whish is properly contained in aoother. This i
acuivatent to boing the interreetion graph of & family ol subpeatha of - palh,
nene of which is o proper snbpath of woother; snel o il b calba a PIGER
refh repreieatetivn of the graph. By insteacs, Fignee 3.0 slows & prones
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O .

/’"ﬂ‘lt ettt i
Nx“*:'r N

B G i e 12 e B e i e e p e —s 0 —

Fipure 3.6: A proper inferval grovh wntll ¢ proper poth represcnfafion.,

iblorya graph and & peoper path representerion for jt. (Nokice thar we
cannot bave the werticoes of the path just he the masclignes, 8 s tooe for
cligua petls * Proper intervel praphs weee introduneed in Roborts, 10604
s “indiberence graphs,” lor mmeons woe dipcuss in subeection 3-4.2; see also
zection 4.0 of Golumbic. 1940]. They alac were introduced in epidemiolegy
aA “time graphs”®; see [[Tadman, 1584).

Exerclee 3.8 Show that o proper inlerval graph canonol coolam [y
(the graph on the left in Figure 3.7} aa an indnesd awbpraph, snd 3o that
the praph in Figues 3.1 19 oot a proger ioterssl prepla.

Exerclse 3.9 Shew than the cligue graph of an inlerval graph muast be
n Proper inbterval sraph.

Exercize 3.10 Showr that every chordul preph hus o “proper trew rop-
resenfakion,” meslng b oees repiesentation T o which ne ¥y i properly
cancained In B T,

‘Theorem 3.7 (Raberts) A graph iv o preper interiad greph if nnd enty
if 5 e an indeorwod graph feat deer not centain an indued sulgreph dromer-
e 0 K a.

Proof. Fperrire 3.8 gives the imnlicatinn one wav. For the couverre,
auppnee 3 hea a clique pack, 2 and eonzains o indueed soberaph isnmaorphic
to K 5. Buppose the acbpath Py, i properly eonteined in K. We first show
that there cronat be vortices OF, ©F tn £, with F, in hotwmen aoch that
Lhore are o 2 ijf".,{lf;l (e D and y e Q- & B}, singe olberwise
o oy wonrld andoer w Ay conteeed an w, Thas we cop wssuine that 7,
ond B, zhore one conuoon eod-verlen Withoul losy of prncmlity, masumme
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Frgure 37 Thrve grephs et ere mod prepor sndemead gronids,

(7 i their covnman left sud-wertex. o modifs B by neertinge a near veroos
G just Lo the lefe of & wick §F = @ lw & i 2 Tt cudeverex of P oand
Fi by proporly contadued in £43 Afer Wby moedidicolivn, £ s 51 o palh
raprredentation of 0 bt P s ro longer conanem] o A Tee ooany of L
F.'s in the definitinm of (¥). Hapeating thiz lengthena £ inta 3 proper path
representarion of €7, C

Exercise 53,11 U Lhe ccustrucbion w (e prool of Theoren 37 o
vk s clingue pasdl Coe Lo preagaf ju Figace 306 i o praper palby reproesco-
£ R,

Exercise 3.12 (Iloberts) Show thaz a sraph s a poopet intineval zeaph
0 astd only L20c conlain: o cpcle of Tongih greoler Whas o coued e lowr wd
containA none of the grapha of Fignee 3.7 a3 ind il sebwrayle.

[Weguer, 1367] and [olerls, 196%] deline a wnd rtersed proph to b
the inecmseetion sraph of 1 family of closed intersis of she raal line. all of
whiclh hawe: che swaes bength Cwlich s ollen wolas Lo b oner Tois s orgace-
alerc to being the incersertion mraph of & family of bpatha of & path. all
of whicls bowe 1he some lepgeely suel o potl b coliod o wrd poth represcn-
fatdon nf Fhe graph. Siane ewery ynit path neprescotation is o proner [ath
CERCCSeIrabiei, every umit mterv, Traph i & proper iceeve) goaph. Bue the
frllamring rhermem /e Thal nineh e 15 Toe.

Thevrean 3.8 (Toberts] A grepd o prsper el geopd 5 and saly
o rdors o aned emberond grapd.

Crenfl. As wo ehecrwed, L sophoedabion coc oy L woroelsie, To
privee Lhe colerss, suppose O = o proper ioweval goopl, Arguimg oolas
tively, anppange that, o evory proper salgvaph 07 ol O cvoery propa pall
representatiom af 2 can be made ibta a anit path representaciow ol G oo
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simply insersine duplicntes of acrac of the verticea into the path. Snppoae
i n proper path reprssentation for 7 and pick 4 v & V() that aecem
o og eod-vertes of 7. Obeain o proper path repoesontetion & from P
Ly Loserling duplicale werlives wue 07 se 1hay, moooviog al] caaroenos of o
fromte P+ sould Deande aowodt pach peprescotation of the subgrapl indeeesl
oe TGN Jeeds W ke assmae thas o #2000 acears in wn ohd-voersex of /4
Vel & — TWUEEY for each w2 g0 Then b 2 |FIFT, since 21 g still 2
prorer et representation, amd e addiug B - VRS )| nowe vertices, esch
arjiial boe ek 1o the pmrd-vertew thar contagns o will preduce a unic path
representation af & C

[Fackoreels, 12| defines wn aotee! triple i a nrapd e thee vertiooa such
that, for chels two, there costs o peth contmimmne those teeo but nok che thard
wir L bhwl does uaol Lave tvo consecubive verlices Uad s peizidaees of Lhae
Chaced. Bor staacs, tho tlres verlioes of degree o ib the grapl on the lelt
i Figuee 8.7 form an kstral teiple (hue not an asternidal friple). Pavalleliag
the ¢hararterization of ioterval sraphs in Thearem (L3, Jarkoemld peoves
Lhil v preph s o prooer odervel srepds i aodd ooly i 36 contaios no adgtmal
LEipli,

Cxercise 3.13 {Jackowski] Show thet cviery nonchordal sraph con-
Lidats arn astral Loeple of verUioe..

Fur sy praph oF will verlioes odeeed bae {1, 000we) sud mseeclieg nes
indewes] bar 1, m}, define tha marcligue-vertar mateie M7 tn e the
v 2 0 matcx with cotry s -2 1 the éth mewelique conteing the jth
verdex, sl gy = 0 obherwize For Gsbance, the granl i Figare 3.0 has
thw soasdinue-verleox melris

1 1 0 4 vl 1
ocaol 1l alad
11'_ I|' -
1) 11114904
opon a1 1T 11

whare the colnmne corresponid te the verticer in alphehetical nrder and the
rows orTespand to the maxcliques mn the arder 2b, deg, biade, e fgh.

A oconbeix has b eomscewlive ones proterly for o oodurers if ik rose oan
bu permomteed soows lo molkae all Ehe 1 entries 11 cach coluenn conesentive, The
congcosiive ones proewcely for rows 1s delined sodlendy, For nsbaocee, yon g
showy Lhal sl abwwe merviz has the conseanlive oles aeoperty B aolomba
Iar bnzerehanging the apmcmc and thied rowea; ic alsn has ghe onnaecubive ooes
rronetts for rowa. The following meraly vephresaa Caorallaey 3.2
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Corollary 0% A griph & 5 an mierved groph o ond ey of M0 o
e ponrsculiowg ones property for colatiig, U

The [ollorring cesnll svems Lo Lave Leen Jiet =latel o Uhis Dacm e [Dhe-
pacn & Gopuialuishnan, to appedr | jo comection with Lhe spplication o
ieczion 3,403, although ol] che pieces were corsainly in [Raberes, 19635, Soc-

tion 7.1 containe more abont variations of the consscntive anes propertiea.

Theorem .10 A graph {7 &4 a preper diterwal graph of ond ondy f M 00D
kas #he snaccatine onca praperdn for Soth nova and columans,

Fronf. Firet aappass F hee s pooper path tepresencation PO Coegl-
lary LY abomes Blat A4 ,00) hes the converntive oo property for columme.
Lot v, .0 a%, 2o the sertioes 1o zhe ooder of thedr leftoast apposrance alone
i ‘*L.;quu_ i e koo ey e E(SY. Then B Othe subypislh ol P ooume
spculing b g1 el ulirzect Py and so also P cnsucimg Lhal ooy € B o,
Ferangs Fy, ranmoc he proerly sontained in i':‘.l. ikl £ owdll ha.w o b
toracet By . cnenting thas vey @ L67). Thna, sech nm:.-:rlmnF of ¢ will
vercespond o cunseeulive voriees nese oererizge o, 8, and this means
Lhar MG Do ol consecitise ones propaty Lok poes,

Comversely, swamase M(0F] hos the consecntive anes property for boch
cehimne aml rows, The fozoee of Llose oplics <hau ©F i= s ioteeval by
Cnpallary 34 The latter implies that O cdoss ook cantan Ky o an in-
chiced anhgeaph. and an ' i3 1 propet inkerval graph b Bxerciae 3.7 |

Seetiobz 242, VL ad 7.2 cewtein olher characterizetions of proper
interval sraphs, and Guoemez & Chmbifia, 1996 conksine vationg obder
theoretic characlerisslions. [Gulicrres & Onbins, 19358 shows that cvery
proper iaterva tTATR aatiafles

[T 150 > 2ol - LRGN,

wibiere 00 0w 1he clique praph operator leow secieo 14 aod of -1 couots s
mmbes of maeclirgeea and then ‘eweskigate: the graphs e which rguality
hilde.

See [Ooraril, Kin, Matarajan, (Harin, & Sprage, 1995), [Hell & Huang.
]!-}!;Iﬁ], and [da Figneitedn, Mrdania, & de Melln, 1995] for reeognitinm Al
gorithma far proper toreeva] graphs, eod [Hell & Boeng, 19495, and Deng.
Hell, & Hunare. 1994 for teproesertatico algorichane.

[Li:ibmviiz, Acutnan, & Peck, lEIEE] penerulises the notion of B unit in-
brvat #raph by deiioing the “ionkeroesl cosnt” of en nlerml etoph to be the
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minimur mmmbes of different lemmrthe of interea = peeded inoan inderwal porr .
asentatinm. f?h:nm 1!;I'-."I-1] chatanterizea graphs that hawe ioretval oognt pung,
where one of the allrwed lencths is =era - athar words, the inkerescTion
Eroples of poiets aod unit kereds; section 3.2 w1l show thet “threahold”
Eraglis ale of (his Lyue.

[Pe'er & Shwmir, 1385] inwestipates w haet of rescrections on incerval
stuphs, including bounding the naaxdomurn lenptas of intervels,

3.4  Somoe Applications of Interval Graphs

Each af the fnlinwing mbsermiows i metely & bref skrtch of one Applicatiom of
interval prapha, As we did 1o swdion 2.4, w1 heve seloctod applications that
ke eswentiol aee of the ntersection defiuilion of joterve] erapls, ralher
than rther imporzant, apricatona that inmwe imterval grapha. One seample
of the tntter imrolres sn-line coloming algorthma: & graph i presentad owa
vertex al o cime, along with its neichbors among «avlier vectloss, ad b
graph i5 to be property eolored witk as few colova as passible. Thiz s &
highly prarticn] problem in otany contexts, dmamic staraee probleme for
on. Papurs such o Wipdelis & Lehel, 1885, [E:uluﬁum}:, 108%, Elierateail,
196]] and [Kicrslead &2 Qin, 1993] contain resolts foo wilerwl groples; e
first f thess alan stiwdiza proper iorerval graphs, while [Slesarei 1943 and
[Marathe, ITont, & Ravl, 19%96] stady cicoslar-are nzaphs (section 7,17

3.4.1 Applicadlons 1o Bialogy

Probebly toc first poper oo intereel praohs w05 an application in biolear
Althoupln stides! in lerms of incidence matices tather than gropls, the ques-
tion in [Benzer, 1957% wra whethor certatn frogment osorlep dets on the
DA mnlom up o buederind pone woas consistent sich: the gene bavieg o lin-
ear structure—in ather words, waecher the graph conscmetad from che daca
was an inkerval graph. Of conrse tnday we knowr thar the gene iz indeed
8 Minear arvangeinews awl, &5 mentioned in sectinn 2.4.1, DNA strancds are
reqences [words] huilt from the foer letter alphabens {ACG. T

Ooe of the peoklomne ivolving DMA s to Ly e wsseanbie suleequenons
invalving possible overlaps into longer sequences. Cestedaly one woutd e
pect inmerval graphs And their varance tn be ueefitl, and indeed thiz has
becn the casc. [Tangck, Dick, & Dick, 104%] i & vory reedable introduetary
paper. Sea [Follows, Hallett, & Wircham, 193], Goldberg, Culumhic, Ka-
plar, & Shomir, 1995], and Nichclpon, 1993 for more recont views,  Mirkin
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k& Brodin, 1%34] wnd [Wisterwan. 183 are two cxeellad books w1 w-deplh
TCRlECIERILL -

W nomr Lwivlly proezctt smn ovemsinplified bacleryaund mlevass to what
3 rallad mhyaicnd mapping of DNAL Bequence fragmentas called elanes mro
ohtained from an unkooen DA cequence ard forimn o “cone Ebroaer” Bx-
poritnents e lee corvied out thist coon decide 3F a0 weer shoet medoe e, coded
4 proie, overlaps esch clone. The goa: i oo recrnstenet the piacemek of The
monmes along the B3N A apqnenee, the rerquence having heen destroged dunng
the conrtriactiou of the clone libeare I coly soawe of the clones wee weed
as probes, then the overiap tnformativn s oot avrailalle boetereen clones 1hal
are ool protis.  Bhang, o aphest] Dlrodused the fellowing sonetslization
ol jobervw] @oaphis Lo deal och Lhis sdtaation.

A praph & iz o prode amderval graph I FOS) can be partitiooe] ioko
smbgers Foand & (porresponding to the probes and norpmobest and eacn
1€ V' {s) ran he apaipned to ao inbecval I el that we © B007 of and only
if both I, " &, = { amd uf foast one of o sod v i O P Derwd gropls ane
simply prooe inceival graphe =ith & =,

Excrvise 3,14 Show shol, slilouph & aond Lhe groph o the oiddle of
Figure 3.7 are nol meerval prapha. chey are both probe interval graphe.

Results on poolee doteoval acaphs aod Lhair vemanlz: oo De lennsd @
[£hang, to anpeae], Meodlarrie, Wang, & Zhang. to appear|, |Wan. Lee,
Wang, & Zhang, o appesr| snd [Shenp, Wang, & Zhang, to appeerl; sl
mee |Atlons i Aiddeoderf, 1996], The following cosult comaelersbly costricts
M pwnrhle fleaetuve of peohe inteeeal grapls; che graphs dese vibed Lpeein
ace bhe werklr ofiordal araafis Lhal are discussed luciber Do ozeclivg 7.3,

Theorerm 311 {MohTorris, Wang, & Zhaog} Vevlfer o prode inter
and giraph nor i camplamatt pan aonted, an indierd spele of iength greoter
thar or cgueal Do floe,

Froof. Suppoze (7 1k a prubs interval praph with respect 1o the partition
VT — PL N, with {, the interval assianed to cech v & W05, Lec &7
Y defined preciely 1he same og G except wilth wve © BGG) C aod valy i
£.7 E #F W (usthoot the sddition {1, v # £ 9 assnmpaiicn). Clearly (7 =
all ioterval graph. Soppase O i3 aninduced oorele of & of legelh e least e
and w2 £ M are adjacent along 2. Since the nnly eages in RO RIGD are
aetween wersices of &, o and o have the same neiphborcondz in & aed .
Dut then some subzct of the westices of &F would indues a chardleas eyeie
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containioe wood v ol leogth ul dease leur i O™, contradictie that &7 is an
nleval [aar] g0 chordal] graph, Thestors, eermves of £ aml N adic-pace
o O and ao & has oo indnecad cweles of odd length greater than theee.

Mow guppeae ©F i3 an indoced evcle of & oof even leoghl al beost <.
Lot g.v. 2 £ P he nonadjrcent wertices slong O, anc let paths By, Fe. and
2 be, reapactively, the sexmentys of O betwesn ¢ aod y, betwesn o aad =,
rod brtwoon z and & thius 2 s aot adjecent to any vertex on £Y, ¥ ia not
ecdjscenl by woy vetlox o P, and oy oot adjseorct to sny vertex om By
Sinew: 2, g, 7 & 7, vhey hase oo nessr seighbora in €7 andd 80 form un asteroidal
Ledple i &%, agatin concracicriog that &7 i an juterval graph, Therefors, &
prohe frgrrvel graph has no induced cvelea of |engbh greater than nr eqnal
to fve.

Un ahner thet 7 comtainA on romplament of &0 indueed syele of lengsh
larrer thoa Sonec, first notice thet Lhee coaplement of sn mduced cyele of
Length Lore wonld alsn b on bndueed erele of length Bve, which we pooee
kner ia itpeeaible o (5. Therefore, we only need o shome thes ¢F cootaina
no complament of an indncsd syele of length s or more. 3uppore tn the
contoury thot {vp, ..o oup} oduces o complewent of oo ndoeed opde in 6
with @ = b, where p1e, £ B0 2rd each oy 1 € E(6F). while oll olher
'R are in BV Laea ap oy g, 05,0, wit be an indoced eycle in & and
& o oean wawme without loss of renerality that ©), 10 € Fand oy, v £ V.
Therelorn, wate © B inplies that v € P aad v € B Doplles tla
g = P Buk than 1w, ue_ oy, vg, 2 would be s lengthfour chorcisss oycle
i > having three wercices from P, oomtradicting vertioe from Poaod N
sloermsding arowued Jyduced eveles jo O -

Foerciee 818 (Fhoong) Show chat “enhencing™ o proba intervad geaphb
by adding odges berweon peirs of nonprobes thac huve twe nonodjaccnot
[roolais o crmiin neighloms pendnees a chordal gragah.

Alo relales] to DNA matiers, [Bodlasoder & Je Fluiler, 1996] diseusies a
*rhromatie intereal completion prokdam,” paralleling the chromatic chordal
completion problun  ineecling wdpes w0 ox to make on interml greph in
socklon 2041, Guinyg the olber vy, [Wang, 19%¢) discuszes emoving olpes
frean o bipareits graph o a8 [0 leame an interval graplh,

342  Applicsrions o Psychology

¥i'hile alasrical theories nf measurement are bared on tha physical seiences,
mmch wack hrA Ao boen done on notions of moeasavennent chat sre ore
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ewibislile For thae soctal soienges, Mucl ol this work hizs been vzl 3 he: can-
taxt of poychalogy. (har dizenssicon beolew iy based oo [Roberza, 2376, 10720,
Toberls, 1979] s » velazed treatinent of various aspects of “ruasueeRest
1igac ™

Suppuse A j& o set of alteraabives, ach s tepes of carz o Brod poce-
urtr. and a persan had reeferenced amaong the erlementa of 4. Toee, D96
mativates sackivge o rewl-valaed fonetion f on A suck tho-, for 2.0 & A,
prefureive wlbernative o e aliezpataee b eplies o) = T8+ 8, whors Lhe
posilive consbail & eeprcsenls a feeshiofd or Twsd weodscsalls e T
Uweent alleypakives,

Theline & Bimary relatien B oo Bnite set A 1o be oo determed givfer LT
aatirfipa the twn following asdome.

Axiom 1: Foralla A, nod afin.
Aviom 21 Forollo. b o.d e d, o ald end otid, then csifher o or aHh.

Exercise 3,16 Suopaze J iz 2 ceal vadued lwection delivsd] cu A, wd
wfth iz defined roowean chax fia) = f(B) + a8, whare & 75 a praitive remstant.
Shorer that A 1= en intervui order oo A4

For unr bnary celation ff co awy foite oek 4, define the graph 008 e
Lawe TIETED — A i ob € AR wnd andv i ceidber w8 e St
adpes thevehyr corrermrmd to tindifferancs® with rampecs to A OWareieg Ao
“indiference praph™ per se s delined somewhet Jdifeoeetl weel i coobsaden
Lex T progesr iohecwd graph] The Talleeripg rosuM ds frem [Piskban,
18T0a, 10724,

Propasition 8.12 {(Fishbarn] A finery melaion oF omop fincde sel Ao
o dtdarand order g A A eed andp B e trarisdliee and AT s e M el
R,

I'vaof skedch. Firsl zappose I zalisCe: Ao | osud 2 Lonsilivily
follimes directly, Theoeem 3.5 shaw that {7 = SUR) s an ivteraal geaph a2
follimes: o7 cammat noncain an ideeed meele o b dloo sines ae b £ B700
wroild iy both Jafle v offw] and (W or o, A each of the foy
pussille ceees wonld Jewed Lo o contzadiciien wsioe Acaoe: 2 snd s el
i Lracisilive arieicalivn of .

CHnverAuly, saockose s Lewisitive arel 3 = S0 §3 an interesl erap.
Asmn 1 folowe Toan O Boing leopioss, Arwsny foward a sonkooadictiag
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reith Axiein 2, guppose ofb wnd oftd, so ab, ed f B, vt neither aAd ner
ocfil, Then Ly lransicivity, meitler o Be nor e, so edode € B[, Toons-
tivity similarly shomea e, bd € LG, produring an induesd orele o, a0 hoe o,
cortradivsing Theorem 3.5, O

Fixcrelse 3,17 Discus: whether or oot our proof of roposition 212
ackually shows something strotuger: that o binery oelation A ol o folte sos
A iz aninteeval order on A if aad anly it B s reansitive and G HY concains
oo ircuceed O

Drefine o ooy eelokion 12 on o Bodbe sot A bo T o semiéerder if it aatisfics
Axictng 1 and 2 and alse the following sxiom.

axiom X2 Forollo boede 4 if aRb nnd bR, then sither o Ad o dRL.

Exterclse 318 Suppose [, &, A, and 7 are a5 in Bxeecdse 316, Shoor
that & iz & semwicrder of A.

We state the following tesult of [[oherta, 14989, 1971), as stated in
[[izbibonem, 1985], without prool.

Froposition 3.13 (Itoberts} A kroary relation B on e finfke zet 4 is
i asteintdar nn A i end only iF B 46 dranatboe aned G R) 64 0 proney inbsrund
graph,

Amain wick [Loce, 1036 as wotivatins, [Roberta, 1071] defines & graph &
la e represertelle by jost notcea®e difervoces if, for cuch v g ViZ), there
exisla a real rnvaber vy cantained Boa choeed iaterval Jy, of the real [ine such
thut wir 7 E{D) if end oaly if r, © Jy {or. eguivalentiy, ry £ ) (Comprre
thig with the coneept of “catch praphs” n section 7.5 While we stale Lle
follresding teanlt without proof, Fxescise 3.19 will he a simpler speciad cose,

Fropusition 3.14 (Hoberts] A goph o represendoble by jost notive-
able deiforeroes o and vrdy o 30w @ pruper inlerogl graph,

Exercise 3.19 {Hoberts} Bhow thet o praph £ is a pooper intamml
erapl U and ooly i, fur cech o« V0%, there sover & meal oumber «, mnd
o vlosel wred! iowewval S cenfersd o v, such thet wv ¢ B[O if and oaly iF
e E S
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Move general applicatioms 7o osychaloEy irmnbve panerel senation prob-
lerns. Thr instance in developaicakal osychelosy, [Coowbs & Smoth, 1975
shudies whether peychudopioal “rraits” amld wacesmood b cdioolosiced
intersule  interval graph models wrould denrly be wwebul bere, |[[ubars, 1974]
sicveys Ller role ol tnlecval o] proper meersal grapls o seealian probleoss
Ly payehology. [Troxell, 1905 wlwo coasiders proper inweeeal grsphs.

3.4.3 Applicatione to Computicg

Appliratiaas of increval graphr tand to be examplea nf gensral “seriation™
roohlema, Jetemniniag wasther cortain deta or abjects ars compatible with
arTanEctsnl i A liwesr patteso. Such socacoples ace aften seledwiing prool-
lomes. wilh 1l Laewr diocasion correaponsdiog: Le Ome, A cornn sxacephe
wranlvs o zroph hoyiog, uoiveosly ooz us verlices, will Swo wortieos wed-
jacent i aodd eoly i che wouses overlap in live of day and so canwoh be
azgigmed 4 etimimen foon. Sueh A graphk will be an intarval graph, and find.
ing e mininm numher of reoma neaded crrreapatds ro fnding tha graph’a
chronabic ouober, o orobhew sl s reech casier T iolerve. eroples Lleo in
geneeal. [Making o hiard—n thia caze NP catrmplere—problam cractable iz
an impartert rele of interval grapha in computing, ;rach ad we rentioned for
chnrdal orephs at che ewd of snbsection 2.3; [(Xarin, Schading, & Zhang,
LS| e om up-te-dude diseuawion.] [Kerdall, L'WY contuing wnother well
Enown *soesiakicn o tine”® problem to whish oneeew | gvophs ame applicable,
i tlis case Lo arrhaenlogy.

Thers ate wewy applications 1o conpuling i wlich Lo soretion i ool
willy respest oo chate, [olionde, T9R4] gives one inberestng saample, aod
Lhere are otlers i sectivn 5.4 of [Golwolds, 15800 Oor Becussiou 15 in
terms of the oriderlr studiad tapic of consecutive recrieval -Hle nreanimation.
Tle arigizwl idea apprersd w0 [Ghosh, 1972, e [Eseoran, 1975 ok
it to intereed mraphz. 'CGhosh, Kambayeshi, & Lipski, 1983 15 a mollection of
arvicles an chis snlgect, with [Lipsel, (983 Lsting ainest 200 celerences oo
cotserittrae retrivval and intervel grapha

Fuppear M i o sob onf soeoraz (filea) wad §F i34 a sot of queries, fRch
linkeri co & partooclar sek oo celesant records & thes each quany 0 = LOF
can be identified with o culeer of ®. Snen R oand ¢ are endd o esasty the
conarcsie rebisres! oreperty I Lhe mooocds eotovant o cach guery oo he:
slarez] comsteiieecly oo e slaraes: withaul tooonliog oooocls,

Fxarple 3.3 Suppose A B, CO M B B G H, Face obae 1econli with
= {A.B,C) = [DE,F, ,'- Qs = 10,0, H 1, G = LN}, and £ =
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{0 E HIE Plen ane way to satisfy ohe cotsecutive eriviove] propeely is
gy by e Lnear wrrsp@ensnt
A-B-—(C—-—H-I-DO-E-F-@.

Cleerly | oand o satisfy the conaective recrievat property if and oty
it B = {R_{}] ia an nterval hyperpraph. As we obwerved i ossction 3.2,
bhilz mecsos thet M the meeords of & owa be acranges so os to soklstr the
conzecative mtrioval propeers wick roepect 1o the querics in <2, then the Uns
geaph Q[Q] of H woust he an interval geaph. But, a3 we alen ahgerved in
acctinn 3.2, the converse faila. This is a mbtle, bt meportant, point that can
canse confasion in werowk serintion applieations, The snbelety i aliown by
He inoorret inclusion n: o theores: o Ghosh, 1077] eod its tranoval frem the
wecoand edition, [Glosi, 1836]). Thaa S5 Q0 i wu ielerval propl cerres pozuds b
£ heing reprereniahble by intervalr, not ta the awangement of the mewvbers
of K. The kapergranhe of Exanple 2.6 and Brercise 4.7 can both e thaoghit
of oy wismpes of B wod @ where $10@) Is ao jteovad graph, st oo records
cannnt be lineery areanpged so o to falis0e b coscalive boteieval progserty,
[Cengun & Gopalsbrisloan, e apapear proves Lhe following.

Froposition 3.16 (Deopun & Gopalakrishnan] Suppase the Ayper-
graph I (R, Q0 iz such dhod there ore mof dun 0560 © O asdh O S O
Then he recevths 1 B ean be erranged sooas (o sobefy e cemsecitioo -
drferel prmpetr winth redpeet ro 9 2f andd only of Me Hoe geoph of Ak den-
pecrpding fe e oligec grapk of the Ioe graeh of the dive Temenrapd 7 ol
thia clgue amaph iz o wooper mterinl prenh

T'ha rongecmtive 1t rieval penpeety haz bean peneralizasd inowarions aays,
oy of them in Shosh, Komboyachi, & Lipedd, 1023], In puectieulu,
[LVanaka, 1985) irvesligales replacing lineast sooage wikdh stocage of Lees,
Lhwaratye replacing Setervat hypereraphs with tree hymergrephe.



Chapter 4

Competition Graphs

Tl vhapuer woossilors mmlemseclion prapbs of saciows soris of ooehborlcosls:
in graphz and digraphs, 1he neat studisd af which are the "emnneeition
graphat in sectian 4.8 Bt ih 4 generie 2ensa, they all can be thaught of in
berroes ool *renmyeetition.”

The dewelaatnent of theese tepies differs oo tha! of cowedul o Tntereal
gbalalis fu baol bey are interssclion grapls of the s of eflayhgrarhe (neigh-
tthoodds] o 6 cervain sors, tather tan an arbicrary mndtiset nf thwto. Tl
meaetitble clique and line praphs in this erard. Io partiowlar, cach of Ll
topics has an essocisted sxopk oporatnr that iy disousssd more thoroup iy
in [Prisner. 1995].

4.1  Neighborhood Graphs

Hecwll thut for sny preph (7 oand awy « & VWG the open neghborhood
af 1w depated A0y 2 1l subgraph Judieed e {re @ owe £ BV} e
elneed neighbeinang of « in G denated Sefz]. (e che mbemaph indocod o
Mool L) We wole Miv) sod & wben & s cloar Fom uhe cotuloxs.

4.4.1 Sguared Graphs

For any cTaph 7, the ameare of &7, dennted &7, has the satne vections ws 45,
with trao pectices woand o adjseent i wod ondy 3F dfw, o) < 3w & whene
i, ol denotes e wsuol praphy distaoces; this con e Lhoughl of as saeiog
that 1 and « ars cloze enough to “compete® in some zense. A graph {F ig a
aquared progh iF €7 77 B for somee maph H.

Example 4.1 The graph & in Fignee 4.7 35 the suycare of the geaph F1L

5
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Figmte 4.1: A grash 2 oned ity sguare F = 2

Foxercige 4.1 12esctibe the mriatinnehip bermeen the neidenes matrices
of G and <.

Theoram 4.1 A graph iz o agrared jroph if and ovdy if # & the inters
aceiintt graph of all the closed neightorhoots of & vertices af amne Foph,

Proof. Thiz Iodlews immediotely Trenn the obeereation s, obr o £ o,
Ao DA e £ i and omby if dlu, o) = 2 (]

duared graphs criginered fio ‘llarary & Hosa, 1960)], wrhers the agrares
of trees wore chorsetorissl, Souared propds i goosronl wene coareeioerized io
[Mukhopadhzay, 1967, MNotice haw "o £ N [»]" tranelater dnte condition (L)
oot i edge elique cover inthe follewing theoser, and "s ¢ W|v| if and only
if ue W[w" translates inte coadition (2],

Theotem 4.2 (Mukbopadhyay) A greph G aif TG = 15, ... )
b w spacred prapl of eed ondy I O fer on cdge cltgue cover £ - {04, .., )
auch thod both the fullowit Rold:

17 for enery i, 0 £ O

(2 for every i 2§, 2 € 0Fs i ond ondy i v e 0

Proof. Fint supposs & bhas vootex set (v, .., w, ) and edes clique cover
£ = {0 ey Gn ] sabisfying conditions (1) aed (23 Pat F = FE), tha dusl
sg; represencation of G determined trom &, Thos & = [WF)] whers, Lo the
definition of F[&), F={5.. .., 8.} and each 5 = {j: 1 € {4/}

Dehne s graph & on VH) =41....,.n} where b & B[] if and only if
3 # kand w, € ¢}, noting thet adiaceney s indesd evmmetcoic by (2, Fix
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kg WM. 'Then § & Wyp[w' if and only if either gk & E[H 1 or ) = k. 30
Ly 1), 5 < Ng[&] b voudvalent 1o v & O, ol s0 te § £ S Thus #och
L= Mg okl aocl s0 47 is & aguared graph by Theorem 0.

Consersely, suppoce O 2 HE where e convenienee we azeome V(71 =
VI = fer- v} with each o € FI) eneespanding o 15 £ ¥
nnder the somarphiara, "Fhae ¢ 2 (F) wheee £ = {81,085} and cach
i = Nyleg]. Puc £ = £{F), the dnal cduc digue cover of O dolormines by
£ thns £ = (gh, .. ..} wheme, in the deliniveu of £(F], vy

=1 = {mroy & &Y =g e & Ny sl Wyla|.

Canditiom (13 anlda since each w € Wlegj, and [2) kol sizee ;2 Vgl
is eyuivelent to v, £ Nyl o

Exampls 4.1 (continaed) For the squered graph & in Fipoee 1.1,
th = {on, v, vs, v Gl = (B0 ve el W = L, veovw ) ©a = (o,
ot Wn = T80, 15 vt s = {1, vg, weh O = Jin, o, vk [ormoan edps
clicque cowver as described in Theetom 4.2

4.1.2 Two-ivtep Graphs

For any sraph 7, che dwe-atep groph (or two-path groph) of £, dunobed O,
Biws Gl sarmee verlives s OF, witll Lo wertices woaond o adjaosnt 05 aewd only
if there ia 8 path of [fnpth seactly twn somnecting v snd @ incd. A gragh 7
b5 8 twi-step graph 11 & = Il for svios groph S,

Example 4.2 The graph & m Figare 4.7 02 Lhe peneslep eraph ol the
graph A.

Theorem 4.5 A weph w o fwo-stopr aruple 5 and only o 30 25 e ireler-
aartinh giwhoaf all the apet eighborieots af the certinee of moras grase.

Froof. 1his follows immediately from the oheervation 7hat. for w £ v,
MAva] T (] # i and only if there iz a peth of lengek: two connecting o
aned 1. 3

iFacalante, Momtejano. & Rejaon, 1974, i3 A gond reference on teeo-atop
graphs. which were tharacerized i Acharva & Vartak, 1975), antiug tho
“rtrilong zimilasitey” with acpared grapha
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Fignra 4.1: A praph H mod s toe-step groph (5 = o

Uy 4

Theorem 4.4 {Acharya &z Vartak)] A graph & et VG = {oq,
cotin] don fwe-step groph 6F and oaly iF &7 hne an edpe climee paer £ =
[thi-. k] soch st beth the following hold:

(1] Jor wowey 1, 1y &0,

(23 For mmerp i 2 J, 25 € €y if and onfy if n £ 0,

Prool, Tihw ewa be prowsd by o wmioor wediBestion of the proof of
T'hemrez: 475 ]

Exercise 4.2 Find the edpe odique cover & we in 'Theorem 4.4 for the
twor shea graph 2 in Piguce 4.2.

LExercise 4.3 Verify the detailz in ‘he procf of Theorem 4.4,

4.2 Compelilion Graphs

Fecall that & digyaph £ con e defined o howe 2 foite vopics sel (00 awd
aact AlD] of area, where o £ AI D) dencter an aer from vertex o o varhex
w, W assurne that thare aee no woaltiple arck [ mewning that thers ate neyar
twio BLCE Lol 6 tooay although 11 3y paoessible b v bath v, e € ALY
In ghis chuales, we will somecimes allow fuops [mesvisy o arc we), Tor
aach o € A(ZY), define che eut-neighborfeod of ¢ in D, denoted NE() or
MM, to he the subdigraph of £ induced by {w - v € A{LN]. (Notice
that & € N0 if and only F T containg a doop ab 1) A sink of IF ix o
wertaee o & FLD) wmach that N0t = 0. Similarly, the in-neiphbnorhond of «
in I, depoted NG (o) or N7r), denotes the subdizeaph of D induced by
{w:we € AN}, A soureeof IF ix o vertex v € V(D) such that V(0 = @
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Figure 4.3: A dgruph O oo it eosvpetitenn givpl (7 = 000,

Crnmpeeition grephe were inteewdneed by foel Cahen i 1968 o 1le cou-
text of a food weh [an wewelic digrapl) D' whose vortiows e speces wilh
tar £ AL wWhenevel stecies 5 faedi oo specices o. (Compesiticn grapha ase
sommetimes called wicke avterlop grphs o nonstmer gropha forT this reasor.
[Waming: Craph theorista diveet area fenm "predetors™ toeeacd "poer’ but
Hicalneriz<e nae e ogapees e diretions for che wees seben Ligey dese oodwesle, b
[Coben, 19¥8) and [[oberts, 1976, 1075%)] contain el sooes infrenatine.
This Uielogical nelivation ala eagplams che Teequeal verrviction ta acgolic
(rnd Ay, autnmatirelly, to lonplesal dizrapha. [Londgzen, 1050] is oo mocenc
HLCWCY,

The comypelifion waph 0] ol o @igraph £} bas verres 2t 1LY and
adara an pA ta make 007N 2= QU{N Hl e 2 VD)) Notiee chat o sink i
D owill e an isoleled venex i GI:D:I: snd Lha! av & BN O and ooly
U thete 13 sotoe w0 € FIIY such thal i wae, e £ AT —whirh means i
and only if & and © arc in some comwai N {w]. In nu‘iPI wnTilA, tenn Ananias
are adjeent m the competition scoph 3 aod ool 32 e compete Lo Cbolh
ferd nm ] anmie eoTIIROAL PERY.

Exeraopla 4. The graph (7 in Fignoe 4. ia the mompetitinen coeph of
e sl digeapls D sbowss e, For osbauce, ey £ E(G beia)e
Wojmp b T W) = fe g b |y} £ @ spewies 1) and oy councpete
Levr spaeries w—wliile oy oy 6 F{G0) boouose ;"'r"' e 1A T feg = Joa, 0
lag} = B—speciea o) and oy de vot both feed onoa commnm spaces. Yertex
1z is isolated in 7, alncr it iz A gink i 2. The vertex eheela uaed in Figuoe 4.3
ate A5 nezcriberd i the folineing lesma,

Leming 4.6 f o duprepii 0 e acgelie. thes Y001 oo be wbsieg s
fory oot w0 ERal vy & ACD areplios et 1 <

Proaf. Suppase 0 s sevelie. W esery verrex of £2 hacd anaivive in-domrec,
then moiving beckward wlone accs wonld esoetoally determinge B Girecrod
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crcle, Thus some vercex moust bave in~degree zero; label it vs and remoar it
froon The Sigraph. Hepest this proceciure—each cime babeling a werlox ailh
in-legree gevn ngingg the next avadlabie labe]l—uanti] all vercices are labeled.
Arguing Eravand a contradictian, supprese ey € AF2) wet o= §0 When
1 heeoroes lahelad, ©, will alveady hase beonme lehelzd within & dipraph
voulaleing the wertex that beeemes v But this means thet 1 had pasitive
Dbl e wown i becwee Inlelod, whics s & conlradictioon. I.i

Exercise 4.4 FProwe the conversa of Lemma 4.5

The Uusic cheretierisation of compelition grapls of acrelic dieraplhe is
i1 both [Erestor & Brigham, 1983 and \Lukdgren & Maybes, 1983a]. Recall
that the definition of an edge cligue cover £ i rectinn 1.1 ailows soy ¢, = £
to ke the oull subhgraph.

Theorem 4.6 (Dhtton & Brigham and Lundgren & Maybee) 4
graph €7 ik o conpefificn graph of an soyelic deraph if and only & T3] oin
e bebelod as {o, .0 w ) oned & hes an edge dgoe cover £ = {Gh... ., G )
swch thel o & Qy fmpliesd < .

Proof, Firsl suppose 3 Lis vortex 20 {61,000, #q ] s edge cigue aover
E={ - ., Qulsueh that w & 0y itaplicz § < §. Define a digraph £ with
D) = V[, where wpv; © A[D) if and only if o § Q. poting thed 0 i
acyrlin by Fwercize 44, Then syiy & B i and anly 3 o, £ O for same
4. Dur thrat ia equivalont oo veog, wey © ACDH and so to wp v © N7 (ay).
making & a cospelition grapl by definicion.

{amvemely, aunmase 7 = O D, where 0 ik acpelic with V(50 = {fuwy... .,
i b By Lemnmo 4.5, weo cun wssuoowe the wectioes of 2 hee been labeled so
that vy £ A[D) tapiies 4 < §. Chedle chat N () = Gh. o o N [, ] = &
Iy mu edere cligue cover of 3. Morcover, o € G b sgaivelenl 1o wey £ AL,
whicdy unplios 1.3 4, a

Hxample 4.3 [continmed} For the competiting graph & in Pigure 4.3,
£ =9, Qv = {o | o = {1, Qe = 4,0}, and O = 1w 1w} form

an edge clinne cover a3 deacribed in 'Thareen 4.0

Emcreise 4.5 Ty Lie [irst poarspraph of the peoof of Theovem 4.6, show
that FIE] =15, ..., 8} the dnal eet representation of & demermined from
£, carreaponds to tha family of ant-neishbnrheodr of £, ety each f e 5; &
wid only iF w0 N )
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Lo wue ol pacugraph of the gnoef, G Ras the set repoegentation F =
I im, A iag ) Shew ghat £00F) — 1L G0 ), the dusl edpe
cover of & datermnined fram | corresponda bo the Barnile of s-acighborhoeds
of D, with cheh Oy, = W)

Carepetition graphs of arbitsary (ot neceasss3ly aoyelic] digrapha are
eharkcterized in iTngtom Az Tirighearn, 1933)] ws Bollows,

Theorem 4.7 (Dullon & Brigham) A yriget 3 i o comagpetiion prsnh
iyl ity bttty dpemph if apd ool 3F G hos an edge efigue aoer £ puch Hhat

€= VIED.

Proof, Tlis can Le proved by a tincr woslification of the proaf of
Theorem 4. O

Exorcize 4.8 Fill 1o 1be detwils o e pooel of Theeeso 4,7

Leendl fromm sectico 1ot that 0000 deuokes thwe moindor:ucn cerdionlity o2 sn
cilue Sligue vovesr af O, Thecootn 4.7 can be eplivags] a2 Lllmes.

Crorollary 4.8 (Dutton & Brighao) o1 grapede O w0 cofiegodtson ek
ef ai orinirary digeept 3 and sy 1 #1000 S (WG O

A5 an elapant, ot noutrivial, modiicatinn of this cerallary, [Foberty &
Seed, L&) shows that weraph 67 §s o compelilisn graph ol o foopless digzapi
e only L FUET) < VG a7 %8 Ay, The peowl of Theotan 2.6 ran be
ekl ified L preddoce the [ndlewing more straightforeased chararterizarion.

Exercise 4.7 [Dutton & Brigham) Show that a graph 7 ik 4 com-
petilion praph of o loopless digraph i and oy 7 F ) can e Jabeled o
(v, ...ty And 7 hes an edee clique rover £ — {5 0L} sk Ehat
# B O] implies ¢ 8 .

[Franghnwigh, Taodarens, Ve, Marhes, b Poldlran, 183 and [Gaiehard,
1H] deacrihe compatitinn geaphs of stroogly conrocced dipgrephe end of
baniltominon diprapke.

Crreen nocompetition erenh ) the comgpobeion number of &) doenoted
k((T], 15 the minimnm omber of isclated wortioes that have to Be added ta
CF L gpake 10 0o s compenizion graph of ab ocpele digrapsh,

Exercise 4.8 (e [Foberta 197680 Shawr that &7 i wel drficed by
ahnwing that at mnst |R(07)] ian]ated vartices need o be added to any greph
' b make it ke e cnoopectzion sraph of an acyelic dipreph,
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sLizndgren, 1989 sod [Kiw, 1893] servey the och thesry of competi-
taoy el Vet Bas deweloped, wwd NE-canplacness s showo o [Upsaet,
1984). This last paper also consaing Opsied’s confecture If reery v € VG
fea N o) ronertble By oad mest teo complets auhpiepha of I then MG = 4
[Kim & Tiobertr, 1991, 1997 end Wenp, 1992, 190530 forther dirmse som-
puotition numbrers sad varisnte of OQpaut’s conjectens,

Mot thak cvory competcion eroph of an aecedic digroph bas ot least
one izolated weortes, since ovory acvolic digraph hoz at beast one zink; 1he
follawing rerelt fraon [Hoherss, 19750 iz a sart of momverse do that.

Fxercise 4.9 {Robherts} Suppase (F 15 a chrordsl groph that cortains en
ianlates] vortex. Prove that F s a eovtetition graph ol s acyclie digrapl,
[Hint: Llze the tact that (F mvast contain a simplicial werhex )

T'he coterem stirtey prupgh (oF regowme graph) of a digraph £ e the inter
sermion graph LA (0] o € WL} domprtition- coniion e qromha,
in which w v & V(D) are sdjeent wheaever boif S0 0N ) # 0 end
ANl PN le) # 0, aud meefes pragss, i wrhich ailjacency movas Ll eitker
NHO PN (5] 20 er Nl TV B Dave Deen sludied exlensively,
slomg with the covmeapnneding avalages of competicion nmibere—again, 2o
[Lundpran, 1993, and [Fim. L80]] for details snd resulzr, along with [An-
derson, 1995], Andersen, Jores, Lunderen, & Svager, 1991, [Hefner, Jones,
Kim, Lundmren. & Roborts, 1891]. and [Weang. 1985l [Ravcbandhoe &
DRarlaarta, 1533 disorsses other procralizelions aud applicatiens of o peti-
tion graphe.

4.3 Interval Competition Graphs

The tnpeotus boebind the wheosiee study o competitiou prapies was Jool G
hen®s provocative 19685 obee rvation, leading o e book [Coben, L978], 1has
nrturally reeumring fond weba tend do have tmesval competition geapha
Insnfar as this iz trae, thers would be potantial ramificatione for the ronlog-
iral 2ction of "niche space. [Colcn & Palle, 1990 pad [Coben, Driand, &
Muwreriary, 190] e eecnnk seurces descrilbiog Lle leeratoee spawned Ty these
questions and Lhe stuwe of Coben’s obsorvation. (Bulding on the proses
aection, we collinae L lod wel story in the middde of secrion 6.2,

The fundsmentsl open problem in chis srvea & to characterize those
aeyolic digrapha whoee competition. oraph is an intersab graph.  Lendgren,
13584 disenscss this in detall. but we only wuclude che one following vesnle
Froen [Luocleran & ¥avtaw, 1084
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Cian b wevdiv digroph 2, o congedilion cover TP = (Lo dhal
of 1 ds a aet of subwets ol V{8 syeh thar, Baowil sy £ WAL hath
=ty € D bor some Ly & 10 if snd only of buoth wpog, wpoe © ALDY for sumc
v D VLN, A competilipo eovor T b s censooudiee g U Ty motmbors
ciall b arcocaeed ae verlices of a path £ oanch that, for each 12 £ VG,
{1 £ Ty = ikik indnices a subpazh af £

Thenrem 4.8 (londgren & MMayhee) Ao acpefls digrnh e 2 dn-
terun aomtpefifion rooph O angd ol 66 oa o ammpotdion coger Bl bas
LIRS LI TUTERLY.

Froof. Suopose 00z an soyelic digrapd wilb comgpetilicon grageh O 40,

Firat supprae €000 Is an cbeevl praph, sy weith oligne pakr £ oaa in
section .1, Take I = ¥i(F'. Then w1, £ Dy £ D for epme ¢ it And
ouly il & S[CTDY), ol so i eed voly 2w, vy € ACDY loe s G
Plorecwer. P oetermings o onsscyliag ranking of T

Cowverseby zupposs T s s compe Lilion cosear o 27 Ll Diss o conlseo L ive
rankicg By o path Po Thon w,e € 25 € T for samne &5 mnel only if
Wy, 1y O ATE) far same Bpoand sa i and enly if v £ FUOTDNL Be D
ir um elpe cligue cower of S0 and s oa pakh reoccssnoanion for G700
Tlerelooe, OO0 iz an meenad nrupi. O

Farereise 4. 10 1022 "Fheseerm 4.0 10 sheee Ehan 1he disraph in Figpore 4.5
haa an interval competition graph, bt the digraph produecd foom he graph
al e iEfI m F-lf{l_u'l-e 4.4 |_|-.'.- |._|iJ'vl-an:'.I,.i_|||-_l_h TR I I.-_H._l;i:'.ﬂ. evas el a1l

Ay far bk A Chon. TBTR, questions weie ulse raised ahoyt Digragde
that rawe chordel compesition graphe. Swpihees, T984] conaidas vz
ralicbadcs Tooexoiwin wloe ool ilion eeapes Gand cuwosn charny erapbz)
At nawarally moeneang foar, webs might Leal Lo be chorlal, seeoalas 1o,
14l far an ensdomy Gesctlenk™s Pabrocctiion to interral and chendes come
potilivn graples ace [3olee, DMEe for several sreplereul~1 oo pls Lhee
ave poiercially reloscot,

Landpren &2 Mearz, 1504] cortains mome characterizenons of duigraais
ot hewe ioterwal or chorcal ccmpreition graphs,. Luodzgre, Moy, 8 T
mzsel, P03 contams chaurecterivalicos of digraphs thar haee iuterval o
choral semarcl grivobs. [Luwdlpres, Mavlo, Muere, & Basmuzsen, 14980]
discnsaes diglanhs that nave zerval oF chorclal eo-geen gepls.
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Fignre 4,30 A poact mith dia uaper hound proph

4.4 Upper Bound Graphs

A purtielly orlered sel, o pesct, (X, <) consists of a Donctpty set & wilh
s ireedlanive, trabzitive Linsey melacion < defined on it The wpper bowd
avaple of (A, 1] 7 the graph & with 7)) = X apd e = 800 i and onidv
tfu £ v ancd thers existe 10 & X auch thet a = t wnd « < w7 in other wards,
a4 and v ere distinet and heve s coonimon uppes bound, A greph s oo wpper
fowrd gropk i 3L 15 Tsonworepesdc e the gpper ound graph of soine posce.

Example 4.4 'T'he Boure oo the 1eft in Figurs 4.1 shewea a paoset, wrhere
ap 2 vy 1F sl eady iF Lhere 15 a dosmsard path fron s; o o The apper
bound graph of thia praets ia the poaph o the right.

Bwercise 4.1 Fra any aeyclic digraph [ and € V(2), define rhe
anscsfor sef of v to be the aubdigraph of D2 iecueed by {w = v:there iz a
directed w-to-o pabo io £2}, Show that a graph I8 au wpper bound graph
if rod ooly if it is che ioterscotion seaph of aocestor sets of some seyolic

digrans.

Upper bound srasies wero ielbrodeced sod dharscterized o Moo &
Zarlaraky, Z993E],

Thaoremn 4.10 {(Mehorris & Zaclanslyy A greph 45 an apser hownd
orerpli if ond andy of G her sre edge cligue cover £ = {01, G} such P,
Foreavk 2 {1, kY, Mhere eilsle iy € VG0 sueh tholwy £ Q; by, & 0
for 12 1.

4 v

Pronof. First auapase ©F i3 the upper boend graph of ({vg, .. g}l <]
Withont loes of penevality, asmime that oy v [k 2 1) mre the macdmal

clesaens of (X, <) Doreack ¢ € {1...0k6), Lel 2 = {o i1 5 13} T
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s vasy to check lal §4, 000 G Yo wil eclge oligque govcer of G and erch
wp 80 Fard £ i {1, 0 2y meximal fmplies thal w2 and w0
oy i 0

Conversely, sappose £ 15 sn eldpe ciigae cover ol & s Cescribel i the
thoeron. Dhetite <on 00 = e o by < o Wand nnly if € < F <
and vy € Gy Theo ey € BEIG wilh ¢ 2 il asmd aoly Heithe § £ k< j =ith
w1y € O ov there exists b =k <00 -2 § wich w3 € Qn) these nappen if
aned ouly it 14 and w; have a cominon npper bonodd (yesnectively, 14 o7 gy, 7

Mplice Ll 2e 1l posel prod-oeed e secomd pacy of de albove proaf,
each 2 i either & matial alenepr Dwlhen 20 4 o o inimal element
{ovhen ¢ = k) that iz, "heigbt-one prarts anffice”

Excrcise 4,12 Fird whe edge chque cover £ as i Thoeotern 4,10 for the
wpper beund groph oo tae pighl in Figme 4.4, Then Bod che paset [X )
for O s oyoduced o the woel. Al sbow 1hey vemmoviag werfex 2 from
winld produce & graph chat ia nos an anper bond araph.

Exvroise 4.13 {dcMorriz & Zasloeshy )] Show Loul bhe cdpe cligoe
vivesr & L e slatemenl of Theearew 4010 ca alway = Le eequiex] o consist
o miExclinnes of 7.

Revull frosn sectien 2.2 thit o shoplhcias veriex 1s delieed o be oo ower
tex whoss aeighlors induce o coogplete sulpraph Cehich may be e anll
submraph}.

Exercige 41.141 (saa |Bavgstrand £ lones, 148%] =od |Cheston, ITare,
Hedv niemi, 8: Laskar, 1958]1, Shorer thot aowraph is ao opper bewnd graph
it acc an ot esery ooge is i Lhe clagsd nnigbhorTeed of o =inplicial setta,

Tl Ballopeing mowe Canclasecabial chararterisadion o upapser ool g
appoated an ! Lnndaron é Magbes, 10680h.

Thenrem 4.1 1 [Tamdgren & hMarhee] 4 graph O 08 an epmer Aint
araph if and only if VA oo he labeled on v oo i) ard € R an edga
chque e £ )L G0} such fhat Both the folloaemg hold:

(1) wohov, £ 3

() af oy O id;, fhen 1= and s © 0

Proofl, Thkis can be prowvel Toe meslilvioe e proot of Thooeen 4,10
w2ing idon: fronn Exercise 411 woel Lhee proo® of Theseetn 2446, d
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Exereise 415 Proae T'henmem 471

[Seown, 1986 characterizes those posels 1hat have lerval aol ckerdal
upper bound graphs,  [Moklorviz & Mvers, 1333] discreses upper bound
zraphe that coveespane to & uninne poet.

[Lundgren, Mavher, & McMorris, 1988 rontaina vatioua related tnpics
samcerning upper bound gruphs (abd dmilarly defioed lower bonod smphs)
in eelubivn bu aunpetition graphs [aod coumon enemy graphs), [Brrpstrond
& Jouea, 1%84], Hergstrand. Joves, & Sherman, to appesr], and [Em &
Tauchiya, 1H¥T, 190%| discuss more relationa betemes upper sod lower bound

sTupha,



Chapter 5

Threshold Graphs

Lecall frinm archinn 2.5 that & praph & 35 o =plil graph 0 ¥ van Le
partytlomsd into £ L, where Q) mcduec: v ocownplete sroph abd Jonduoss
mal el proph DU i, T s oan iodependent sel]. Theshoin grapina ars
spurcial splin praphs that wers introduced in [Chvdsal S Hammer, 197 and
That aare heen excengively aindied rinee that time. In keeping with the style
of the previos chaptera, this chapmer will presada anly i short iIntroduction
1o Lhresliold grophs; [Mabades & Deled. T3R5] @5 o vory nice comprehamsive
stz

5.1 Definitions and Charactorizations

The definition that we pive o Ehis seotion s o [Chedned & Hammer,
1497 | in which ast-packing svoblemas are stndied. Tor cach wvertes z of o
groph F, et vy denote & nonbegalive real number, the weaght of 1. A graph
fr is A threehndd graphk if there i7 an assigrment of wmedichts to the vertices
vl €2 andl w rtl_:-||J'|,¢;:l5a_-|.Li_1"r_* cew]l nuloler &, Wlie .'.".'r'&.:-'.l'.'-.':'n!r."_, Aiach Lhat, faw SR
A C i, X s an independen: sk iF and ondy iF 3 oo w5 2 —n wlher
veoels, il woiglts vui be wssigued oo the werlioss of €7 gn that a mhsat of
verticoea iz independent if and anly if che total waeishe of the set 9 noe greater
thun a virtain cpostaot chroshold, Fizore 51 shoews weo loeshold staphs
erills welzhl axssimsenks wod Lhrcesoolds.

The posicn of degres particion of A werter set is croclal to the ander-
atandiag of chreshnld grapha. Let @ be A zrash whose nonisoipbed verlices
nave the distinet degrens 8; <0 &y =00 = L, Bot & = Dand 8,0 = V|1,
midl Tet 2y e the aet o wll verlives haviog depeee 6 Ioc 2 =0, 0 Toe
seceemss Do D 2 cellod the demrze pertilzon of €5

T
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Ty tin) )
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gy 1) b5 S

Figure 0.1: Thwun threshold graphs hosing theesholds 4 and 7, emectively
ety ey b0 deseele [hal derlon o funs weighl w, — 2

Figare 5.2: Arother view of the graph on the right in Fgore 5.1, o8 erplainsd
in e lezf

Example 3.1 The thveshoied graph om the belt in Figuwes 5.1 has e =13
wich f) =1, §23 =4 D=0 0 = {a. b.d e} anc I = {<}. The threshald
graph on gl right lus oo = 4 with Ty = @, &y = {d}, v = {d e, 1.
Dy — {r}, and Ty — a}.

Figure 5.2 ghows anclher wiew of the praph on t3e sight in Figure 0.1,
with 118 werlices ooy prouped o “oells® cocrespondlng oo Lhe degroe pec-
zitinn. 'The ik% in the #f colume reprerent indrpendent sata, the L)'z in
she right colutnn reprosent complete scheraphs, and o line betworn oolls D
ancl [y means that every vertai v [ i3 adjacent to every veited in LY.

Mebice thel e graph m Exanple 500 jv a splil graph, witly the whon
of the eells ou 1l el i Figures 3,2 boviniog bbwe idepeadent sel £ oaod Lhe
‘winn of those on the tight inducing the complese suagmaph ¢ Also oot
chat the apen neighborhonds of the wertioss it the lelt column of cells are
nruted with respert e sat inclnaiom in tharn the open neighhnrhond of everyr
warteor o tha left column ia contained o tha cpen neighborhnad nf every
vertex belew 3t; alnilarly. the closed neighhovhocds of vertine in the right
voluow are pested in ther the clooed pegrhborkcad of cwery vwortex o the
#ighl eodurmn 3 vonazoed ot clesed peighberhood ol cvery vortes abwore
it. e of the ropsequensas of Thenrem 3.7 will be that this gorm of straccure
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chiapscte ives Lhesthl graabes TR thesreern B Fermn [Chedtai 8- Harnmoer,
14974}, with the eqnivalenes of condikiems [T) and (3] iccependeoncly founid
in Tlenderwm & Anlestein. TA7T].

Thevrem 3.1 [Chvital & Hammner) Lef & — |1, B e o goaph naih
degree portabon D 8, Thea e fodlmang stelegends g sgudlalen:

(1) 43 2o MReaafald graple

(2)forr e [4 and y 2 Iy, cp £ L of ond ondy F 44 3 2omy

(3] there cnet nownegatnog fndeger werglhds wy, Ted theeshold | sack L,
For dstinef oorfices w ognd vows o Bl ond ondy oTuy - >0

(2] O dewr miod comdemn 7, O, or 3R s an iedaosd seihgraphy;

(01 £F dx oo apdl grapt wieete M cpen pedphiey ety of B nertivs af the
dapetidant et 1 can be nesfed with rapeat o sef inalusion,

iH] O ran be abtaived From & by reoeraderdy addieg cithor an olofod
LOTRET 0T @OVETERT adieren? b avery amiafing ertor,

Pranf. (1 = 71 Assume 0r @2 a threshold praph with weignes s,
threehala b, and demree partition Ly, Dy, and aupmose 000§ 20 e
Cour prowl 3 Ty sudue Lo oo, wille Ll - EI v wlmy "'wr I aalunliee—
immedinte Mow aszaome Lhal y e Py wnd o @ 10 Thes Ehiee is o werte o
anch that xs & F(dr], A thar

Eolay, foaomouly 0 wg

which ipelies Wl vy & BUET Thos evesy verbos o B s sl jaoent b geery

annisnlated vertes, aud w0 o, = ' — £ — 1. 1his shewes eoeclitioa [2)
when y =i, Forreise D01 will slvawe thal 4 — |i'_.|',I | heds <=owesng, cine Tt
2] whkon v = | Suppmae w1, andd Dot ¥V o2 T - Dy o B oamd 6 e
Ll subprpdy of & decluced Ty 17 Ther & 62z I.J.u“utii: el eriaply willy e e
pertizion D, ... D0 ; where fRcl JX = My The Seduetion "11.1}r1’rh:*1-.z'1
rals Th-F"l [ IJ-\.EI:! i 020 L mboews Lhal coiad iz jon I'_" lieasind- wlizn '.: = . — .
! = % repeticion shows tnat condition (2] halds m gereral,

(2 = 31 Thiz bllows by asdzoioe Le weighl 5w every vertex io 4,
and Jerting 1 = 1.

i — 4] Suppnee each wertew v £ VG ia assigned weight a anc
there & B throsturld ¢ as in eondition (3. Soppess el = V00 wich
alyod © B while ad. be @ B, Then sy 4w = 08 i |oayg 24,
wet wy L wod wh T ow, < F, o juconstleol sel ol inegoalilics,

e == G Let {f b o largest ceecligque of & ewod T — O80, Suopose thep:
ejet @y £ F quch thar vy = (G Berawse QA a luegess maxeliquse, there
wonld exiat vertices w0 € (possibly v = o) snch than ww ye FOEGT
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leading in svery cagse oo an induced By, Oy, or 2R 1'hus & is a splil grapd,
Mowr let x. i & [ have open neighborhonds N and Ayl 1 N (2] © Myl
and Ninl L N2l then it i3 easy 1o aee that o and p wonld 28 in ap induced
Ioowr 2R e G

(2 = 0] Buppose ©F satisties condlion (5), Sibee the el of s
janlated] werten or o verrex adjaoent to every ocher verten resulns o a praph
that still =arisfies conclition (0). it aaffices to gnow that @7 contains such &
werteee. Assumae 2 3 and ¢ hes no taolaced wartices. Pick o < F ench chat
Niz) T Ny for overy yr € 7. Thew any = £ Nx) is adjseenr to every
vierlox o O,

(0= 11 Asgwine & aatislies condition (6% ond procesd by inductdon oo
[V (. Clearly { 35 a shresha.d geaph if 'W(5} = L 2,3, Now aszmme chat
{3 is & thrashold graph with weighte w,. and threehold ¢ If we add & wertex
2 bt 15 adjecest to all the vertices o7 ) s2spn r e welpht £ end leaw:
the athar weighte and theeskold unchavged. 1F we add an isolated vertse y
to (7, then amapn weizh: dw, to sach o £ V], maka tha aswr threshold
2L+ 1, uid bssipn to o the wrodight 1, 3

Exercise 11 In the [1 = 2} step of the proof of Thenrem 5.1, rhawr
thust wercioes i B arc ooy ac jacecot o vworticss in D

Motioe e condilive, (27 of Theorsw &0 weans Lhad, Sor each v £ D,

i.
M= U Doy fur X =1, o e f2]

11

Aol

I

N = U D o ki k=12 — L. .- am

i=l
Thwrefore, the opical threshiold praph OF has the structure showm 1 IFie-
ure 5.3, zenetalldog Figwre 02 Dy, o 0, 6 1he degree portitlon of &
with Ly possibly emply ane B-o o present only if mois odd A dine be-
tween o2lla Ly and 0 means thes every wertex in J); s adjacent o every
vertez: in 1. ‘Lhe L'z in the laft colnmn veuresend aclependant zetz, with
the open neighbathands af their wertices ordered by inckasion dresaweacd,
g Lhe 2%z i ke ripht column repeesent eoo:plele sulgraphs, witll zhe
rleged pejgiilborbusoels al their vertices nedered by inclusion upaeaisl

Exercige 5.2 Show that (7 iz a threahold graph it and enly if V[ can
ba ordered #;....,1, auch thet 14 ia Acjacent to either nane or all of the
verlices dn the subeeaple foolacel by {00}
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ST
i,y
£
Dy
[ [ ]
[ ] [ ]
[ ] [ ]
i) LT

Fimure S50 The stractore of a tppooal tresfinld grogd,

Alsa, i such an vedecing of the vertices ol the grapl: cn the <ight in
Figuea 5.1.

Corollary B.2 W somplencens of o threshond prapl s ¢ Soreskald grash,

Froof. I'his follows imooecianely from comditiom 04] of Taceoom 201 and
the bacls thot 5y bz scl-complemenzacy sl thel O and 28 aee vomple-
menrs nt each npboy, L

Exorcige 5.4 Show the- £ graph is & theeshold graph f and coly if
aettlior i aor ik cunplement comlais Py oo O a6 00 od weed suberaph,
t8nch £, Cy-looe pruphs ace disousss] fucther 101 section 745

5.2 Threshold (raphs as Intersection Graphs

Sivee Theorsoo B chosed chac thresbicld praple are split ecaples, e -
temscction charootorisetion of Apit scapbs 1o Corelleay 207 s b azed o
pevrd e Sioe [odlowioe Clow scberzgalion el Lhecsliold groplas
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Exovciovw 0.4 Show Lhil o goapb s a Weeshold eeapl 1 wod oy 100
i1 tha interaersion graph of A art of diatinet anbetare of & ztar wieee che
subeturs containing the cootor of Ehe stor wre nesad with sesnect too aek
Leeclusdoozs.

Lt (7 e om interval graph. & dresnold dntereal teprasentation or & is
kn interml reprerentiation for 7 thet eonsiets of & family of inceewaly [0 b
srch that J. iz either the interval [0, r,) nr tha trivial interval |4, 5] where
gy 2 &) Lor Wl G F 6oumd whore 3; # v lor wll § sod k0 The ollowing ia
leoe [Melwodey 4 Deded, 1995],

Theorem 6.3 A araph iv @ fereslold gropd 6 and only if i i en dnborind
areph widh g tereshold inberval represcndefion,

Prool, Aenme O ke ao wlorved prapl with a threshold interval eepre-
zeefbilicn. Thon 1he soutrivinl intersals in the represemroation correspotid 1o
vertdoss Lok jmdeee a wascligue O of &, Ghe 1rivial intervals aocrespond 1o
wrrtined that faen an inderendent st §in (7, &and the neighbow honds of e
tices in F ave nested in the order in wrhich their reproacnting wrivial intorvala
ppeid long Lae roul boe, Theolove, & s o ulueshold grapls by part (5] of
Thanmn ],

Dameetsely, nuppose thae & ia a tareshold geaph. By paes {0 of 'Thec=
cen 5.1, &7 i split grepl wich ¥IG] pewrlitieocd inte the complele subprapl
) and the independent saz T with the neiphbwerhaods of T octeated. Ascisn
g vertex v 10 G oo olerval O, = [0, 0] uch thae Mw] € N i and only
ifry “ryfnrala, v e Fareach w2 T, ber riw) = mex{r, : wo & B{7)]}.
Eacl sl w cer: b wsihaned o triviel interval 5, that is o small discanes ¢,
tr: the left of r{o! in snes & way thet the intorvels orm o threshold intcoral
cepreseulatios or o G

Bxarple 5.2 I» flastvale the proof of ‘Thesrem 3.3, the threealwald
grapk om rhe e an Fignre 3.1 nomld receive the threshold interval repre-
sentation deternined by 0 =0 8, = 2y = 25 < 5 < 7 The thoebiold scuph
o e ciplet couald receiee W Lheesholbd ioleeval cepresentalion dederooioes]
Ly 0o g o2 8 Do D g Y

Lxercira 5.9 Yerify chac if eucs of the wolls o o seeeead thressioldd
soapt: chown o Figurs 5.3 5 Lhe singlelor 1 = e} fueud 0F rm du add),
brzenn oy ehotee of 778 amd g% os w IFeoare 504 sould Seteroooe & thoosold
vderval ropresenteion of Lke srapbn



5.2 THEESHOLL GRAPHS AS INTERSECTION GRAVAS kS

L LI Y ST 731 FUEL LRI AP L LA R SR S
|1 u ) | ) U | U L

Faigure 54 A ersshold Milcruol representalion for a Dpoood teeshaold qranl

ng g Mg DL

Figure 3.0 An interuad graph ot megtires ondfy S Tenagths af nteroain, et
1 nol o Bersbold graph,

Ercall that & unit interual graph ia an interval greph wich an jotersa)
rapresrntation uming intervala all of the =ame lengeh. ‘I'here are threshald
Erophe thit are wodt interva. sraphs (70, for cxample] sad othees hat sre
ael el wlervol graphs (R, for ccample). Howewer, as fine cherved
i Teibowitz, L1978, o 1hrewhold graph eill newer peguire anore Lo L
dimtinct lengzhs nf interiali in it interral epresantagion.

Theorer 3.4 (Leilbow(lzs) Every theoshold gromh Roas on wlersol rop-
reAerdation whase interonis Roif ot mnst Uy diatier (entha.

Proof, Lel O Le w Lhroshold craph wich V000 pactilioned inco Jhe
mwrelique @) end indeprudont ace I, snd euppede |J) = o theesnald in-
berva, sepresculialion os copstoucled oo che peoot of Theore:n 5.3, By s
ranrkraction, thera exirts a = £ ) ench chas v = e, tor all x = 12 For
cuch a4 ameign the jolenw] & |r — rey oy o while for esch w & T e
Jeo= Jue Then I iE an irnerval reomesanation for O wsiog ey bhes 1w
L ITEARITER PTIE N n

Tl corvverse to Theoree 5.4 Boilz: saoee the nontheeshold sepls By i £
wiih el grigel,

Fxerciso §.8 Sanw chat the nomthreeshold graph in Figure G0 i an in-
berval yroaph whiess: inkercl reprrsentatinne requite meen kuk onlar ten ditfereat
imervil leapgths, | [3kren, 1981 chavactaeizea all anch geaphal)
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] I~
= iy
LE: 1!2 w \\i‘:

Fyurs 3.8: Fy i e difference graph with weghts ay) =3, we, =2, wy, =
=2, wyy v ~1, end T — &, 5 is a5 in Theorem 5.5 veing X — {3, 50}

5.3 Difference (Graphs and Ferrers DVigraphs

This section @ a bricf intraduct:en to teo types of prephe that are clasaly
refared to threshiold graphs, [Mahadey & Peled, 1995 conbeins o more thor-
cugh treatment and extenzive meferences.

Duofine u differcnee groph to be o graph & = (V| I} suen thet cach vortesx
v & can be wipres] o rewl nouber weight w,e and Lhere exists o positive
teal rurmnher T zuch that both the fllowing hald:

{1} |y < T for all w £ 175

29 iE v 7 o, thew ww € E il ond onty 3f [ay —awy| =T
Diffurene: graphs weee frst ttmwodwad i [Hammer, Peled, & Sen, 1990,
emphagizing chelr similarity to threshold grapha. Motice that every di-
terence graph £f is hipartite, since 17(%] can be partittoned into che ten
indopendent sets X = [v:ay, = 04} and ¥V = {&: ay < 0}, Thos B i= &
threrbild praph thet is not A difference smph. Figure A6 axsigns weights
L £y o shoear thal it 1= a difference prapb that, e Theoon 301, 3 nol e
threahold graph.

Lat & = (1. &) be any bipartive graph with ¥ partitloned lonto indapen-
dimt scts X and ¥, and define the spiit graph &y = (V. 2 Ay} to have
Fy = {unzw, v € X and u # 0}; =e Figore 2.0,

Thenrenm 6.3 (Hammer, Peled, & Sun] 4 gmph & = (V.8 19 «
mifferenee greph if ond ondy if there @ a pordifion of V' indo fndependent rets
X oound ¥ such that G iy o Shrealiold proph,

Proof. Let &=, B} be a diffecence graph witd veetesx weiglds w,, for
W B ¥ oand with 7 partifionsd inkba the mdependenl sels X = {u:w, = 0}
and ¥ = {i-we, <0} Toeach o € X assigm vhe newr weight ay, = T+ wiy,
and to each w £ Y asmige the uew weight g = —wy. Tet 2 = 87 TF
cop & X, then el | ow), = ¢z beth wpw, =00 Fre X oand p 2 V.,
1bon ol + 1;.';:r & 4l amed ouiy ol oy —wyy =0 IHanw £ Y, then -u.';‘, fud, 2t
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:?*Zi e O ) € R A

Fipwre 4.7 Forlidden corfiyurations e o Formers digage: i ek, if the
Ty A9d amiz o, e gt et ane of the g dnshed erey mosd oonur

et beth g, wy| @ F. Therefore, cuodition (3] of Thearem 5.1 ihows
Lot £y iz 8 Unoesheld grapl wilh woiglts w] and threshold 2.

For the comoerse, suppose ¥l partitiooesd ito cdepoeondent sels X anl
Y ocueh thot Oy s oo Lhreshold groph wilh deproes posticicn Dy, ..o Dy
furthwemore:, ar v osone that X ool Yoo aleee s thit

]:"- = Il.;'“ li--- UD_E“I;EJ a'l'lll'l o= _r}lml.'zj+l N I | .Il.:'m

‘U ach ¢ € £ X asaign ey =i — |m/2,. and toeach v © D; Z F aasizn
try = §— | 8] -1 Thoer for o 2 0w 0 ELEY Hand voly i w, +w,. 2 0,
and oowcdibion wy =0 for o < X awd wy o O ier g2 ¥ Pick i such that
VE gt o mE Xk oapd T maxd—ay oy E Yo lneach & £ X assian
wh = N, amdd to ek e ¥ askine ‘?.L';, = =ty 0 IL s sy eoochesk thid
enfpdivieos (L) el (20 ol Lhe definitlon of o dillerense graph o satiafied. O

Theorem 58 [Hammer. Palad, & Sun} A grepk o o difference groph
1f end ondy iF 4 docs nok condom Ao O, v 3R a8 o indwcrd siolgrand.

Lxerciee 5.7 FProve Theorsm 5.6,

lntrochices o Riguer, 18017, a ferrers dipmphis a digraph = [V, A}
with loops pllowred—suchk that for wll 2, 5,1, 2 2 T fuob necessacily dislncl
aXcepn Lhial 1 3 pand, £ 2 z), 1t s ot che case that war pr € Aand oy
A I'hir rays that 17 sagisties Axiom ¥ from eerrinn @012 a tooplesa digrepit
i3 a Ferrers d praph if and cnly if it iz e interval order.) Firzoee 5.7 iludt ol
what in forbidden in Frrrers cipraphs, teking the sleend conlescence of
w2y i, 2 ioto wecount.

Exercise 5.8 blwrw that the digroph oo che Jefl m Figure 3.4 s nok
Ferrems digriph,
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Lsercize b.8 Showr that 0 .= 117 A} 1= a Farmers digraph it and aclr if
the: out-rrighborheods W4v) for ¢ £ V' oere nested (or, equivelently, the
in-nejghboriomls 5w} for o € 17 are neseed),

Excrclse 5,10 (Cogizs) Shew that if £ = {1, A] iz a0 ;yTometric Forrers
digrapo—"aymeretric’ meaninr that uo € 4 if and anly if v £ A—chen the
noderlying greph of D [discard'ng any loops) is a threakold eraph, ([Cogis,
1032] nles showvs Tow to go Bom an arbltrary threshold graph Le o sylomelrie
Ferrers graph with propeely chraen laops. ]

Far a digraph £ = (V. 4) wizh 7 = {n, .., ), define the bipar-
Hic remrosentafion of D to boe the bipartite graph BT} on V(B(D]) =
{1 Enile e fin ) wikh 2oy, & E(B DY) exsctly when wey & A For
stapes, e groph & m Fignee 7.6 i the Lipartike tepresentabion of the
digeapa I ahowm there.

Exercise n.11 Show that & digraph I iz & Ferrera digraph if and anly
if ita hipartite repreaentation B0 in a diffrrenes graph.

5.1  Some Applications of Threshold (GGraphs

The menely ol threshobl grapha lwgan o [Cledtal & Haamer, 1373, 1977
with spplicotions 19 the “werrepstion” of hueor tedualilics s mbeger pro-
gismmiag end set packing prablema. Thers hasve hean Aeveval nther moali-
cakivn uriws such as Lhe srocloomivaiion of peradbel processes in | Golombis,
1478, [Aendersom & Laleateim, 1977), and [Ordmen, 148Y], and to cyckc
scheduling in [Kueep, 1956, This svcbua leuss ot oo apolicabion in the
rocinl aciennes that fita in more neturelly wdth our appreach ta threshold
graphs.

duppoae & ic a Aet of “anbjecte® aod J iz R et of “tems,” where for
vxamnple the {5, 7 puiss micht be Jstodects, lses), {scldiens, cotbat dito-
aticus) or [people, opinion poll gquestions). Awwume furthar thet thers is a
hinsry relation o ‘betworn 5 aod £; for che three previows oomples o might
bee, respestivoly, “can pass,” “leare,” mud “aorees witl,™ I e often desined
to linear ovdor &0 3o that the » relation iz pregerved, Bormally, o Gudlman
sgnde g a mApping 0 5 L T — R such that for each v € S aad v = S, wpy if
and anly if glu) < qlx).

MMustiating thiz with the polling sxample. the exiatence of a Guttman
erAle means that the peomle and apinions tan be linearly orderad [Meealed™)
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enn elal vy paerson aprees switl Lo oploieus succenlznr o in Re sea'e andd
rigagrees with each opininn precacling her in the ar1 e

We wane to determine fir which £ 1, and pa Guottman wcale cxesta. To
¢ thig. sonsider the bipareite graph & in whick VOCT — S0 T, 5 anrl T oame
mdependent aad, for v = Y wnd v £ T, 0 £ NG of apd o0y of e Lt
¢rz b the split eraph formed frown oF by addine all cdaoes hotvessn worlaces:
e & o aslor Lo mealie 5 coompicle.

Tl Fallomedng Wby Leom [Cosgens & Leilowile, [98d] sl Ladboawite,
UTH rombines with Theorem 503 4o show that e pacote graph of a
Covztrnan ecals s a diferenioes araph.

Theorenm 5.7 [Unoerena and Leihowika) A Fitrmeo acele srisfy of
oral ity i G A o theeahald gropd.

Progt. Suppose (rg i3 a shreshald graph. Than ke conditien (6 nf
‘Lhaotem [.1. the werticas of (Fq can be lnearly cecerad enea chan evary
voriox In % i3 adjarsnt to cvrry vertesr preceding it iz the ooder Rt to ne
ollwers, Tl coverse of s ordor bscds Toonowopipong g Jlal salisic: U
Aefinicion of 4 (ruttman sssle,

Mo mernre that (75 has a Guklman aralks g et ik nat & sheerhold grepa.
Gy comdition (41 of Theorem 3.1 mnd e Bering aplit, tasn eadas pe indnoed
I suy o, oo, otk boe = 8wk el o T OThYs fmplivs The conlcidic Lazy
insg uadivioe o] <@ v g and giu] = giet gl O

[f."u:-:;:irna.-l &z Leilwrits, 1987] containg further disenasion of Bhe eonnestion
betwoon Cuttovan sculee and craphs
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Chapter 6

Other Kinds of Intersection

Criven a family F = { %], ..., ¥y} af nonempty astr, the exirrence nf edars in
the sntersection prapk (3 F depende only co whethse 5 0 &8 7 . Clenrly,
brvrcrer, 1he cardinalivy of 1he mtersections: awel alber Teatore can alao ae
relevant. T'his chapter considers <hree of the ather kinds of interapctinm
that have bean worked on and shows bor eacly o the bawic theory [bom
Chapter 1 con b moalificd aod whot soelopoes cxlsl lor vorious sotls of
s Lo grapls we liove siudaad.
Chapter 7o oantaina ather examples of ditferent kinds of jutersection.

6.1 p-lnferscction Graphs

Far each integer 1 2= 1, she p-inbsrsenidon grapk (0P of the farily 0P —
158, . 5, of cubsets of 2 fnsfecet & is dofioed *o be the eoaph O Beevioe
Ve = Fooith &8, € 2 ifand onlv 32 3 § pod 508! 200 A areph
O iy o p-inbevrecdon graph (0 Lhers cxists o landly F osach Ll {8 2 00F),
and F i= then called a p-inderierton aet repreaentolion for 0. This ths
L anterse Lo graple sre prociscely tiae oedioory Intersecbion grais on Aniks
sedm. Ehe coneept ol Lhe peiulaiecting graph saz memadinos] in [Jarobsin,
Meddarcis, &z Scheinermrio, 991 sew also [bleles, VR Lai pud |Him, 3R o,
Medlurris, A Robucts, L95],

Example 6.1 Suppose F = {8, 35 where 5 = {a b0t b =
fha el By ={b e, ool Sy =ded & fok, and &, = {n,d ¢} Theo the
diprersectior. granh O T (0F) i abewn on che left in Figore B, with a
set-lalwrled wrrgion on the fgne. The graah S50F ) cowrespEnnds 0 the pall
Fa Sty mnd v dsuluted wertices, 10700 ecorresponds o bhe edge 5205 aod
thre: isnlpted woredoes, S0 050 i erdeeloss for & = 4, and {3107 3w complese,

3
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Figure t.1: A ZF-intemaection grapf.

Exercise 6.1 Shew that every greph ia & printerasction graph for svery
r>L

‘The keyr coueeph for peintersection graph theory B8 a peadge sligune cHer
of & graph &, which is a family {V, ..., Fql of not aeeasardy distinet
mtmesr of V() sush that, or every set 54y, ... % of p disfined subscTipes,
T =% N---n¥, indues 8 conplete subgraph of & racall that 7 may
be the null aubgraph of & end suca thet the colleetion of aets of the form
T i oan edue eligue cover al &, The prool of Theorem 6.1 will shew Lhat
W Ha ) s e peedge clique caver of G307 and only 0F sy € BIG) I
nqavalent o w; and 1 being in at least p common Aets 1. Thia fhowa that
redpe clique covens ore what are celled pogeneradors o [Chung & ¥is,
100k

Exerciae 5.3 Bhow thao 19 = 18 5 W = {5, 5, 581 1 = 158, 5.
&, 'S‘I:i]':- Ty = {5—'3,53_..5'.1,55}, 15 = {SJ&SE_I'! L {SE--S-{}s- and ¥ -
L8y, M) is a Z-edge cligue cover of the graph & in Example 6.1, Show
that &%) = {5 B, Vo = [&, 53}, Vo = [5;. 8, 53f, Yy = {8, 5y, 53),
Vo= [52,8), 16 = (85,8} Ve = {84,855}, and ¥ = {5, 5c] i snother

Zeedze cligque cover,

Exercige 6.3 Check that being & l.edge cliqgue sover s the suome as
being an edge clique cosse.

Theoretn 6.1 Suppose 3 i the pontensection geph of ¥ = 05 8
oms bhe sob 8, For each element o €5, po! b = {8, e VK z € 5L Then
Hee fomalr of these Vo5 foraes & p-sdge efpns coter Jor 7,

Praof. Soppose O and F oape as i the vhevvem wod {003} i
a art of distinet elements of §F aod 5,5 € 4 = Vo, M---N,. Lhew
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[Toa. .o iph & 05, 80 |55 = poml g0 55 € B0 This T indnees
a compleca athgraph (pasAibly the mll subgraph) of &, Tio shoer the sets of
boreme T concer EEY), suppose 8;8; & ENG). This implive i%: 0 &, = poawl

thue thore cmwst dishiock o, € 80715 By definitior of fae V', we
Nave 8y, 5y € Vo, 100 ¥ |

Exerciee f.4 Shaw thas the firet 2-edge cligue cover lieted in Bxer-
cise 6.9 1A the saorc described in Thoeoremn 6.1, Alao eheck thet wo really ave

shoam that pige rligne covera are the Aune o pepeneralons (pe delloed
alare],

Exercise 8.3 Suppoac & has podpe Jigque cover 1F5, .0, V). Purcads
1y € WIS = {1, .. el dofine B = o s € ¥yt Bhowr thar K. .o. Ay
i A p-interaection fet TepTesentation B O

Far any graph &, the p smterssction nambar of & is che miniommm card-
nalivy of a aet 5 surh chax F iz & p-Inzereection greph oo 8. The Zollowiop
1w anelonoos to Theorem LB,

Theoremn 6.2 Ffur posy g & U weinbersesfion ienider of & ameada
thea meindmmim cardiuality of 4 peadas aliqea amvsr af £

Proof. T'his fadlnws by a similar acgneoent ta that weed foc Thearern 1.6,
wsing Theorem 6.1 and Exercis 6.5, |

..':'u:‘:‘tlm]]].-' fi.l:'l.l.:.il'lr.-; ]‘:I—Irl'-l'-il'.-sl.-!l":l.lllhl'l s i h:i.l'-||: el 1 L o= A E LR
ser 1Chune & Wist, [094], [Suoter, Cronag, & Mulby, 1854], [Juealsen,
Hémdy, & Weet, 19901, and [Fatcn, 79975 For ineranss, Janohsor, Keérdy,
and Weat show thet the 2-ntersection onmber of the s-wetex polh B s
avroprolie o 2070 Alen wee [Brghaeo, Thatton, & Mebforris. 19920 1993].
‘Tatom, CGoald, & Ridl, 1996). and (Fiizedi, 107"

TMazalleliong sevtion 1.3, defoe a graph Lo e o pe-clgue grash 0 0L s
isarmetnkic to the peinbersentmn graph of all nesclimes of some graph. Icis
nnn hard to showr thee the divece analogee of ‘Thecrem 1,712 haids: A araph
‘w4 poliqee graph if and aniv i1 it bas s padee cligue covet shat satiafics the
Helly conditivn; e [Mekae, 19%.a], which alio shows that pulique graphs
ary cligue prophs,

Excrclse 6.6 Show vl o eveey o2 1, o propl 3= the s-lolersect ion
eriaplt ol a Guoily of subleess of o deee 7 aod ooly i 1he graph - choscdad.
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Thus chordal arapha do not heve interestine p-pnalomnes, snd the rame
Is Tree ey inlervs]l graphs, proper oterval graphs, onit intsreal praphe, and
e grophs Buwewor, parts of nlersection greph theory cen hese iotee-
eeling p-laloecess log gropl soalcgoe: o ocoexpecte] ways, Do purlicolar,
soction 4.2 moliveles e sowc-studied topic it p-iblerseotion grsph tleory:
pcotezs it arupdes, eaning graphs porrorghic lo e e iobereecticn graph
nf the cur-nrighhoehands of rartinea af a digraph. Wi, Mebee, Wehdo-
ria, & Eobertr, L1393 ia the most gerera! scurce, althouph not the aerliert.
Lor iastonce, the following dircck onsbosuae of Thoorem 4.7, the Duttcn and
Rrigham charvactarization, anpeaad in [1saak, Kim, kinKee, WTnviorris, I
Buoberta, 1992

Theorem G.3 A gpraph & &9 the p-oompetition gmph of an arkdnory of-
grogeh if and only 4F (2 has e p-adge clinun couer of aordineliiy V0]

Froof First appose {7 ig the p-rompetition graph of 3 where VG =
VID) = {v,....0n}. I+ is eRsy to chodk that [& (3] 0 1 £ 4 2 n}, the
esnily af all in-neizaborhonds of D, iy & podee cligse ooer of £

Comvensely, supposs O his o geodge cligue coves (19,22, V1), where » =
™ e bepeTitions are allnwsd, s can aasmme that + = n. Tefine a digraph
Frwith W00 — ¥ with ayny o A(D) i ani only if o; ¢ 15 Ik in essy to
check claat 05 3w U pecompetiion coaph of £, C

Exvrcilae 6.7 Show thar O is aot the Z-competition graph of an srhbi-
trary digraph.

Howover, wor eeverylliog pous weor dicectly [row competilion grapls
o provnlerition graphs. Feor instance, ‘Fheorem 4.7 made it easy to tell
which complete bipartite zouphs Kp 2 omv competition graphs of wlitrory
digvapha: precisety thore for which mm < m4n. 1ng only partial Tesults Are
knowy even for which complete bipectite eruple sre 2-competition graphs of
arbitrsry P praphes:; for melasce [Issak, Kin, Mo{ee, bloMorre, & [olserss,
1992] shomre that M., i the 2-competitinn graph of an arbitrary digraph i€
and ooly = =1 ar v = Y, and [lacohaon, 1442) shows chat A o, i3 the
F-competition graph of an arbitrary digreph ©f And only if m — I. Thems
are wlho analogous questions far perompetition armdees of pewphe in ],
MeKae, MeMoriia, & Roborta, 1903

Kira, 2eles, Mebloerss, & Robores, 1050 alse shows tloe dicec, soa-
Eurs—repiuciog *eoapetition” with pecoraperition” ancd Medgecligque cover™
winly “pr el ponyplele cover™ —ol “Uheorarn 4.6, Tar acyolic digraphs, stel Hxe
prrise AT, for loopiees digraphe. But no simple analogne ia kecwen for the
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chisvseletivalon W [Boberls & Swill LBEE Liae & granh & s s eompetitinn
graph of a laapisss digraph if anc anly 3¢ 0000 = V0] awd 00 F Ky,

Zer [Muicr &z MeMorsin, 190, for pintersection prople anslopucs of wur
i otler intemsection srash comsphs, Lunderco, MeIewns, Mers, & Ras-
musaen, 1995 o wppewr], [Londgoese MeKenna, Langley, Mevn, & Has
mssen, 1997, and [Andersun, Laugley, Lundgren, MeKenna, & dare, 19411
are gome nf the renknt naprrs on jeoamnatitinn grapha of apecial omes of
digraphe and other ralated topics.

[Bubon b Grwie, 1996]) and [Meldorris & Waegz, 196 disouss ponousg
retatad oo penterscetion graphs, such as having 508, 2 P depend onocha
congroence clasR of |55 19| medubne s given number o partienlur, whee
[ &5 1755 is odid,

6.2 Intersection MMuliigraphs and Pseudographs

The interverction multigraph 0, (F) of the famdy F {5, 00, 50} ol suleeols
of o finite set & 15 the nltimrapt 3 having Vi o 7 erith 8 and 55 juiae!
Bae |4 70 5] porallel cdges wlhenevee § 25 70 When |8, 008, 2 T, 55 b= -
multipls edge withe maultipleity |5 0 5] Len 205 be the ses of alb woclaple
cdpos of A, A mmltigreph M i 2o Giberreskion mailagreeh E thore cosls o
Earnily F sach thal M & {1, [F)

Fer any adtigeaph, WA etderipeng pwph 3= nhtained by replacing eacl:
ceolebple eelpe bre v rdmegde odyge, an cdpe of oofoplicily ome Thos e o:
dioary jnterseceion meapl D051 s the wedalving zap® of the interesetion
ranligreph ULF)

Example 8.2 Suppors F = [, ... 85 wheme B - daabe], O
l:'h. [:.rlf]-, Ty = {I'J:-_'., o, f. y}: L= {n::! PLA |_',r}, | = {u.. '.".r:'!-. Fluen whie
intrreeccion multimrapk Af 24 800 5 shomen on the et in Pipore 6.2, wvith e
27 dabeedes] wersingo o Ll vighn . Nanher Teoe Laeomondoigeagsh aomeNansonn s x

dieplag= all the (377 trom Cxample 5.1,

Fwereiae iR Shosr that evney wmltigraph iz an i nremaction mmiticrans,

Ao sdge clinue pariibiar of o mltggraph 3 oo Doaodle of2, 00 L02) el
b mepeesacely drsberet complele sulecapls of e woderiving srapse ol o8
such Lhel vack sy € E(MY hos nmlbiplicily ok we: © 2G0T Thos a9
cuts be Llwozhl o ws Lhe supeeposilion of oy, ., G, ddeiiilywg weri e
while psllecting ealees i Tegoellezs of g Telaaloncs.,
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Figure 6.2: An inferaschon mufiigreph.

Example 6.2 (continued} The comphere aubgraphs induced ke 155,
S:h 'Ell.h S-‘ll 55}1 {-S]g S'.il Sﬂ }'1 {'5'11 Sﬂ' -'SIli}: {Sdl -Sﬂ]'l {'E'Iﬂ-r S-‘l.}l- Md {E:II- Sd.}
fnrm one sdge clique partition of the multdgreph M in Figure 6.2, Aunother
consists of the 18 Ki's

Paralleling sertirm 1.4, define A mdticraph to he the clique madtimmeph
of @ graph O if it w somorphic to Bhe iotersection cwltiereph of all o
eligues o G, I is 2raighlicrwatd so modify $he proof of Theotem 1,12 from
‘Rnberta & Spercer, 1371] oo show that £ multigraph i a clique mnltigraph
of o eraph 1f ano ooly if it hes ao odpe cligue parkition thuet stsfies tha
Helly condition, [Mol{ee. 19%1c] conteins more aboug clique muligrapshs,

Exearcize 8.% Tl the ubove-ucutioned cheracterisation el cligue eolli-
arapls 1o showr that removing an edpe from £y produces a clique graph that
15 ot oootique maltigrsuls.

e analegzes ol Theorsm 4.8, character zsing sguared erephs, and LRe
orem 4.3, charmterizing tvo-step praphs, ae adso stralphtforwand; sees [Woe-
Boes, 199004 . In fact, |Havaer & boliee, 14994] showa that the "squared rmltis
graph” of a chordal graph s porticulorly nice o thet ks “square root'- —the
chordel groph whose sqnare i3 the given meltisraph—eae be uniquely com-
strieied. cVrizner, e appess] shows an advaseage of considering “triangle
wultigrann: " —riberaection mutigraphs of the KyCs of & graph—yrathe: than
"twiamgle grapha”® hefes, 1989 introcuces "upper boond waleigraphs,”
chowring heme they deteyming thely aranriated prertz np to ecmorphiar.
Andareom, Tones. Tandgren, & M Hee, 19%)] discusees “rompetition multi-
graphs”’ amd "multicnmpeticion mumbers,” and [Bylim & Komer, 1997| con-
siclers lotuerseelion nuembers of jolerzeetion mulcpreple:,

Tlrkes, |H)E] characserizes chondal maffamphs, the interzection multi-
graph# of snhitera of o tree, Rnd micral maltignemhs, the intersection moulti-
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Fognie ol A etwded spodtigiegd nith o frae represantotion.

praphy of subpaths of & path. Tor iostuoae, Firuee 6.8 shows o chodal
wdigeroph wilh w toes represcetobion.

Yo sbiabe miud prove Wi chimcler eabion ol cherdad multgraphs: he gor-
respintuling Lheorsin for interval molkigrenss is more imecleed.

Thenrem .4 (Mokes) A waltipernph W with wnderiging groph {7 8
o choraal reeltieraph i and only of otk e followang Rold-

M1 The powlivolicily of ewch wr & EUAT) & grecfer o o eguod b Re
waonber of thoerelimiees in G4 thor contoin Welhoa o ey

[2) € ip chardel

Froof. Finst cuppose that A7 22 the moteesection maulkgeaph ol o By
ol suliloess of soroe bree T oooad & bs Loy vwededlviog erapls of A7, Sines T s
alan A traa penresentation fre 77, conditiom (2] fofiewes from 'Fheorem 24, T
S BT har mnalHplicicy go, then ", 7 I = and e} il be o of
e wwrtices of T kol wre maecclogues of & (v che prool of Theorew 2,03,
Conditirn 1) taen finllawea.

Chonversely, suppies &0 T anederlyion graph & ownd satisfies conili-
tiong [1F amdd 2%, Conetruct o nwodticvaph 37" fren A es follomes: Tor
paci edge wr & £ with waMiplicicr e ot & be the nomber of maor
eligques of CF that contin e, by comdizion (13, e cen sreate p- &2 0 oewr
aiplicial vertices, soon Jolesd Sonbe) oo zad s by sigple eedges in 197
fUhes M ratiefies comdition (11 with equality alenys Rolding.] Tet 71 he
the uniderlving prepl of A7 | and cote that & s chordsl by condilion (2.
Let T Le oo clyne tmee for OF, aad coustroel T Cror T Uy cemoorine
crowreeres of werlicey in FOAMEYY VAT Dom wertices of TF, Then e s
slrvighl lorward 2o vty 1hal A8 2= Q[ w2 VI, 0

Exercles 610 Shoor 1lat g o cnoedol andliprepl A, cvery i, ol
leuptle gamaler ba vr egual Lo Foey gusl voetoin ab least Lwg Hssible
pAre e charla.
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Erxercise 6.11 Shew that the mmltigranh obtained by pemoving, edgs
&g frown the multipreph in Fipore 6.2 3 oot o chordal multigrapk. Alan
shiver thet tha trew mepreseotetion for the chordal ewdt:preph o Fimme 8.3
il e annstewcees) as in 1he procf of Theorsm 6.4

We now return bo Lie wopic of aection 4.3, Lhe premise of [Coben, 1078)
that =...it ie pessible for nichie overlops to be dezciibod in aene-disenziotsl
niche anace it and cnly 32 the niche orerlan graph [rompetition grank] i3 an in-
terval mraph." Define a competition mndfiaraph of a dirraph ¥ ta he a onlti-
gruph amocplic b the ioleewcticeo oultigraph of 1be ant-neighhachons
of verliees of 0, aod recull Bhut o food web is sn acgediz dircapin.

Thecorem &0 A multigraph M {8 0 sompetition meltigrapnh of an geypelic
tigruph if ond enly F V(M) cer be lobeled os Jop, . o2, and M hes an
edge cligue pertition £ = {00 Gt such thed 15 €& inpliey § < 4.

Proof, This lollows Ty o roodliflestion ul 1he poool af Thoepren 4.6, O
Excroise 6.12 Complow Lhe detuils of the peoof of Theorpen 6.35.

[MoKer, 19400 nhrrrrer that the competitien multigraphe of the stan.
dard food web exesinpbes are 1ot oven chordal, Lot alme interval muoltisraphs
[ Bl shanaled T for o one-dirmensioons] niche space;. [Acee, 1995a] cun-
mifers othet deficiencies of food web nucoels and wses competition mtlti-
grapls (sud peeddosnesls] 1o predicl possihle omezsions e obserae] ood
wel.

ek, 1994] introduces dnterses bon pseudogrophs, ormed by creating
|-%| paralel loopa at erch vertex 5; in M 20 D J1E), L 30 ) When |5 =
L, thews is 2 emadtiple loop al 5 with maftsypleedty |55 wll such maltple Joups
are also inchnded o 203,

Example 8.3 Suppze F = {5 - %) where 5y = {a}. 5o = {&],
Sy =da.boo}, by = {0 bodn, 85 ={ade Foand Se={cd e f1, Then
the intrsmsetinn psaudograph of F is showm on the [efo in Figuare §.4 adth a
set-laba pd wrrriom nn the rigar.

Exarcize 8.13 Show toat cwery peeodonguph i@ an intersection peeudo-
Evaph,

We describe intersaction paawdagranha in faetler devadl in avdes to illna-
Lewler crmesaprbs that aoe unpmtunt ju weakioe witl Tinh interseetioa mnlke-
grapls el inlerenetion peedographs, A mewclgoe A of o peevdogreph iz o
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Fipgure 6.4: An sdersvoivon prosdsyragl Soeli soaibiple loops 1,

:}

,/'

mcoulique, toeether with oo Ioop ak eech wectox, of She praso obtaioed by
replocing cuch omtipsle cdpe aod melliple looo o ST by o siupele odge
ot e, U'hns a meseclicue cnorvains exactly rne edgs and one loop fram
cach buodle of paeetlel edpes ot loops baving the swoe sodpoiots o M. T
it i possible Lo e sl ool L edges oo Ioops of skl wbe max
cliques of M, chen the seryiting peeydegraph in denared e If, moreover,
this provess can be rapeated, forming rirAS,, ete., nntil all adoes and loops
arv geow, then M s culled o redueible prepdegruph ond he fonoly (ollowios
Temeniticns] of all waxclicues ol M, AL (e A0 e thie readifiu cligiees
of A

Fxample 6.2 {contlnued) The jiplessobicn peewlogiaph 36 in Exsu-
pls bt i roducioie, with r4 and #(+{30)) shown in Figwee G0 "Thia M Laa
gin Tesidnal cligues: {87, S Ha b L8, Sy S, Sg), and {5, Sk, Sg ), The ma-
elicuve of A5 { &y, Sap sl {5y, 85, Sq ). the meeeliques of « M and {55, 551
the maaxrlioque ol +0[1]).

Exercize .14 Show uhal the inlersection pseudogiapl of the Laandly F
in Faample 5.2 1= redneible, wich etght megidnal clignes. Alan showes thet the
mtersection paendngraph of the ramily & = {{a}, {a. b}, &}, [h )} 5 noe
nedueible.

D the vvsiatienl cligue puetdoprepd K0 of o coduntble oze adlograyd
MObo e 1 be Itesseclion parudopreoin of ol e rezidual <lgues of Ad. 'Lhe
rarjdinal cligue piewdogTaph of the pssudograph M fTom Exampl: 4.3 i3
shoram in Figure $.6. I B 7440 05 alzo redueible amd of & [FO0]Y = A then
5204 ] ia called the panuds desdaf
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Fignre 6.5 Redweed peeadagrephs aof Figees B4

5 A B

K85y — .5'334.5'533 — S Fr S

a5 &7

T ——— Sy S —— 5 5
9 U
Figure 6.6: The revidual cligee psendograph of Tuyeore 6.4,

Exercise 615 Show that the psencograph in Exampla 6.3 has a pasudo
dual.

Exercise 8.18 Verifrthat the intoeraection paendoereph M of the family
F =8 057 witk 5 — {w RBed) S - feboecoe), 52— {su b, £
Ay =Aeed gt S =100 Sk = gl &= {o el i Fselfdual” in the
aepsa that Af = H{a4].

[MuKee, 19540 charneterizes tiese prelograpis Lot hioe peeade dusls,
Moreover, by defining fmbsrnol peerdorramphs 10 e ntersection peawlograpls
of snbipsthe of patha, every interal pseudograph cen be shown o have &
peeudo dusl. [Fulkerson & Groas, 1965 shows algebraically, and [Dnchet,
1984] eraten pat-thenretically, thar interval nsaudographs hase anbparh rep-
racnlelions thet are nnigne wp to =xocrphism.
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R definrng corpetifion prendarprrdr 1o he iteeseo o pseldopesaphs of
e c-neigkberkonda of digraphea. swery comnmetizion parndagcaph of A aepefie
digraph thaz atan = an interval geendopreph can fe shoeen ta lase apecade
dunai- namely, the digraph’s “rommon-eneny peeudogrsph,” paralleliog see-
tian 4.2 [Wclies, 1995a] relates thiz ti che fralogical snplication s
tinm 4.3

8.3 Tolerance Interzection Graphs

Suppuse & = {8 8.} is o family of subsers ol o fonle s & o9 0
a symmettic binary foclion takicg paiv: of positive reals 1o nooegarivee
reals. 1 s a nnary function taking enbzecr of ¥ e ronnegative reals, and
erch 5 19 praipned a nositive real tulerance #;. The A-talemonie inferapsfion
graph & of the family F with respect to o, p, and the #:'s haa vertex wet
FICY = F will 8j8; € B(C if sed vady 31 22 3 wnd g5 080 = el L),
A graph & Dy & e fodernmee indersectwny grapd il Uers esdst F, oo, aod L'
srich that & ia Romorphic o the aetaleranes intersection grapt of F with
Teapact to g, . end che b e

"Thir wery general notion of geroderance was irbrodiced in (Jacaheor, M-
Morriy, & Mulder, 1991] and [Jacobson, MeMorris, & Scheinerman, 18H1).
Froguendly, o messorey the cordinelity of Boeet or toe leozth of oo oter-
vl Mabaral Desic chowes lor obe 5's joclude wkine Uaen all 2 cooslaot
a7 matting each £ = pidy). MNatural ehndees for g inciude the minimm,
g, produoct, sum, anc ahsodute differcuc: fonetions, resnlting in the
Billuswiog v pres al laleraoe wropbi:: sen-lolempiee wndereoelion arapis oo
ek o, gl = pin{ =, y}, mas-telrrence inferavefion graphe foom dim ) —
mae{x, g}, prodedtoleanor interseciion gmphs tem Sfe. gl = o9, som-
woferance tnderecefion graphs from @la ) = ¢ = 8, and ehdiff-baleraner in-
tergerbingy grapfis Cronn @l 00 = o — g, The Sallueing, ooerclse prisenls eus
exireine cwee of g-tolerance intersecrion grapha.

Exercize 6.17 Show thac £ p(5) = |89 [or each 5 Z 5. cach & =
Wi, anc ol e, ] = p s posithee integen) s & constant [ouction, then the
g-talepance interaencinn graphe of a faimily F are precizely the p-intersaccicn
graphe of &

Exercise 6.18 Show that pvery graph iz a g-tolerancs ictersection graph
Tor wwvery o,
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Theorern 6.6 {(Jacobzon, Mebborris, £ Mulder) Foery groph dv a
man-loferemes ol ereeskion guph of stlelees of o stor wih off the ' eqorl
10 comatant.

Proot. Les & be a zraph spd e = | E1GF)|. Label the pendant vercices
ot the stAr /(| » with the elemeoms of BG). For each v € V7], let &,
denote the mbstae of K| o that coorista of the ceotral werme together wich
thore ooedant wercioes luheled writh the rdges that are incident with @ tn €7
Thus we & B[ 7 atel ooy if &, sod 5, bave au cdes of K, 1o comrmon,
nerety the cdge bolwoan the sentral soetex and che pondant veidex Lebeled
air. Uhus F Is the min-telerance inbersection graph of the substars 5, of
fC) m with each &, = 2 and pH1 = 150, a

Mote that Theorens £.6 showa that ooy grapr ia the “ordge intaraection
souph® ol sulwtars of o slar, s shown o [Golmnbic & Jeadsor, 1985,
H0H]; alse com e 1his with Corelary 2.17.

The dafinition of ge-toleranee interaection grapha waa moocivated b the
following speeaal rare mom [Colwnbic & Moonma, 1932] sod (Oedumbic,
Monew, & Trolber, 1082]. & mein-felerancs intorvel gruph is s nin-tolerener
indermection eraph ol a Gaily of intereads ol B inowhicls & oesoces bhoe Jength
of intervicr. (Warning: in che lteratyre, mic-tolerance interval graphs ate
Ireynently referred to dmply ay “tolerauce praghs™) I other worda, the
vorglees of O cormeapone o inteewls S, ... 5 with teen werbicos 5 oand By
adjarent in (7 if and endy if |5; N 55| = min{#;, £ | for the cotreapanding in-
tervaly, [Golumbic, Mooms, & Trotter, 1954) discwsses posuible applicativns
that invalve trlerating cetcain desresa nf overlap of intervala.

Exereiae 6,19 Rhowr rkat the ~pele Oy, althongk not aw iotereal graph,
1% o min-tolcroncs: intersad praoh,

Exercine 6,30 Jmre [Golumbic & Menma, 1942]) Show thas if alf the
f;'® eqnal & conetant o, then toe reauiting min-talerance intarval pranhs ate
nnerved propls, Comversely, lor every mterved praph ) show thet there
15 o vonstonl ¢ sud thal & Is w lolo-toberaoee Tuterwal praph with ewery
o= oo [Beiog vhe resuls on Peopleimmeik sraphe™ b seolion T, I weech
4= |5, then vhe msuluiong minetolecanees intervial graphs coan e shown to
be “permuiation fraphst as in section 7.6, and comersely.)

A wide variecy of papark hase osan written ae win-tolerance inberral
graphs, indading [Monma, Mecd, & Trotter, 1983, MNaragmhan & Man-
Ler, 1892], iAndrene, Hebknly, & Tarra, 18931 Telawer, 1093), und [Holm &
Hngart, ta appeeat].
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[Tawmbeon, Moboniis, & Scheinernoan, L9H1] lovestigaes s, s
and prodiect-talerat g drsimad grapha, where these are deficed in tie same
ravh of Ry A3 min-tlerance incereal Eraphe.

Theoreen 6.7 [Jecobion, hobMokbrss, § Scheinctman) Bwry froe
15 o rremceleerunioe aolersad grupl,

Prool The prool i by odocduction sod shoes somethony cqovn slengec:
evely Tree iR o nas- Loleranne iolerval graph swch that . foc gach verle, fese
id w remmementacion in which the interel eorrarponding, ro that vemes is “laft-
moet,” mewwns that ite left-hand epdpoiot is lees thun or coual to o1l zhe
other lef-hound endpoicks of intervols 1o the representation, To szart <he
mduction, note thay zuch ropresvriations <xsl bee wrees hoving oy cne of
= wRETtices.

Blowe Tet 1 he a Leee with w wertices aned sasunwe chab all rrees wisth
fesrar than = werhices are inax-tnletance intemve! araphs whero each sortox
cae be mede Lo correspond we s Jolt-most ooeeval. Puc soy e O T
Let Ti.. .. f De the conecked cotoponants of 0 — & oand Boap be she
wrorx of T, wdjecent fa & in 7. By the induction nypotlwais, each T Bad v
o= Lolersnoy nterval represcntosion witll x; correspending to o lefi-rosst
interval, Mote tha., or each Loall the reecvals io oo represeatslion ol 15
cav he franalated woothab the lebg-haned enepont o aach 1897 wnar interea
ia . Asanme that thiz bar been dome. Let o dennta the largest réghthanc
crdpodint of Lo tepresestation for T3, and let s be 2hee lenaeh of The lomes,
wlervel over wll of these represcodetions for 77, . ., T, Choose 0 5 e and
gk M = mas( Lay by B Mow esteod Lhe Jefdl Laod endpoinn of coch
inlerval corcespouding e an w: down e —md, Bach of (e felecvals is
now i’ unita lonmer and there sre no new interrertions aminnz the 2750 Sef
W i

W 10wy define 4 maseLolerance terval represealation of 3 having o«
corcetptnd 1o o Jefl-meet interval. Lec & o [0oae 1 28Emnd] sod 6 — 6
with the remaining toleranees as efore aml all The intereals o che Ths g
tranalated @ + we upits ta the right. The pew inwervals coprsapending o
verkicrs in T anoant intereect BFoae comrespanding ta verticez in T, for i oL
hecause they hawe breo moved sufficiently far aprrt o the traselazions to
1l vazhl. Tlas e andy need checks theose sdjeosncics consead oy fouervads
milerscckiong 5o, Smes F o omoand vach interwal oot carrespoccing to e oor
pil ofp hos eogth ot owest e oweriex e coee only possibly be adjoionl e ca
i Each Sp | =y s BoOF ] 2o 2omasiie, S, and seon s adiueent
oo oeach of oL o O
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Tieure 6.7 A froc fhat is not o men-folerence inforned gruoh,

Execcise 6.21 [Jacohson, beworrie, & Schelnerman) Show chat
cwery Leew s o smo-tolerauer: iptervad graph sod o arodoet-roleemes andorval
graph. (Yot thot the sane prgument swould work wheneser § satisfies
iz o g2, 1) = o)

Im rongrast ta thear reankts, [Gninmbie, Monma, & Teotter, 19%4] shomes
that Dot every tree i a min-toleranes intervsl grapk - indeed that atree e a
niin-tolerence interval praph if and only if it contatus no subtres isomorphbic
to ther tree shosvrnt i Figure 6.7,

Mrtiwrated by Theorem 3.8 froan [Roberts, 146Ha), that the proper in-
ieteal prapls e precisely die wpic cibeeyal grapks, a natural coecion e
whather every g-talerance proper interval praph is o @-tolorunee onit ietec-
val graph. Az ewpoched, o - felerates proper dukerel cingh i 2 4 colerance
inteve. proph of a family of intervels where o intenvsl iy properly con-
trined 1 annther, and i g-faleranne uandt dntesed graph iR a dennlerance
interva, rraph of a family of unit-length tntacvals, Golumbic, Monmy, and
‘Lrotter litel posed slis question for nieboleranee kerval graphs and it wis
mirprizingly answered in the negetive in [Bogart, Fishbwrn, lsaak, & Lang-
ley, 1095]. The gquestion remains apen for max-toterance, [Shull & Trenk,
1997 proves the equivalence of “unit® and “proper? for btnleranne inierpol
drgrepls, wherse the two endpointa are allowed to have different talerances.
Jucotkun $2 Medorriz, 199]] weswers the questicn in the sfirmecive for
swn-toeerance inlarval vraphs, This resnlt ok appeatr as Thearen 611,
atter w2 congider & rouple of closelyr related claszes of tolerancs graphs,

Jenzret. Fishbomn, Isark, & Lanpley, 1095, definer & 50K toleraeg graph
to b A mmin-tnlerance interisl graph repoesentad by the inbArvala 5 with
adersneu: & = 5|2,
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Theovern 6.8 (Bogart, Wishburn, [saalk, & Lenglsy] A graphian
ML snferrner groph £F amd andy 1f it ie o min-telnronon andd inforead graph

Proof, Suppose O s o ido-Lolecanee wnic inbwal iepresent ation wsing
Ehee undl Bikerwals b and tolevaces £ Mote thak each f; rar be picked so
that ¢ =7 |l — 1. Let v be the renter of & pod st & .- 1 - ¢, Create the
wewr dmervels ) — o - f.ep ] with toleruonces &, Theie intervals and
tolernnees give v ropreseilation [or &7 os a J0 tolerance gpaplh.

Clversely, supsors & has o 205 tolerance tepTraetation waing intenmlr
A7 wnd toranoe: ¥ = 3 f2. Seals the reprasentation so et 6 < 1 for wll
¢t sud lat ¢ chen be the center of the ¢th intervul, Croste the ooer ioterals
H2o= [ — .'_IEJ.", = 5] witle wolerwnces & = 1 — ¢, This new cepreseatation
Paibers 13 A Tnintaeranes anit inteecal praph. |

Exercise 6,232 Vorlr the last siep o cocl porwerraph of e prool of
Thuprerm 8.

[Tanobaon, MoMarmiz, & Mulder, 1891] and |[Jaccbaon, Lehal, &5 Lesnink,
19987 study Lhe e-toferoace ofiesn giephs Teowlick: Lhe Guaoily &, -0, Sn B o
rhodn afl Lnite solz witll pespect Uoosee fuchusion, with B S --- 2 by and
ragapering casdinality.

Excreise 6,48 Show thet e greph is £ g-boloreaee chuin goaph if aod
culy IE L i Lo getolerauee nlersection seaph ol e =0 85 = 410,00, &)
where erelt &, s an indegor and 1 22 By 2 -- 20 R,

Exwrcisw 6.24 Skow Lhat o greph v e o-Lolorsser ocludn rmph il and
vly if it is o d-colcrance interve. praph where the intervala & = U, 1y whooe
Eargd vy 18 el el Qo re S A - T

The et omerose Jemonstrates whoet happons when the bwo patucal
1ertrictiaons are plars] on Lhe taterances and —he MrARSIITE o

Exercise 6.25 Show Lo Tolloarleg:

i1] A graph iz o ¢ tolerance dnain graph with constant tnlarancer if and
anly iF it conaista of & complele graph e solated verticea.

(2] A praph ik & min-tnlerance chain geaph with toleranees equs b sek-
sigee if and only if it iz a completc craph.

i3] A wraph iz o mwax-lowrames: dodn graph with lolsrasees ogoual G
ger-21xes 17 wiel ondy 0L 06 s o adiggoine weaei of cottpaete graphs,

i A prapk s oo suoc-lelersnce chuin graph with wlerances soual o
aer-3izes 1f and onar it it is an edgeless gyapl,
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fre now incroduce some convenient natakicn, I 6F i Lhe o-dalenance
interval graph of she nervels [F,r] with ooreesponding toleranoes i Lor
v Loooom, we simply say chak F bhes the represendefion [f v b -
o f]s b (0r il Eercise 624 chows il o prapl oo getolcranee
chaln graph I ood only B it b o cvpeescolction Dm0, m]i g,
waere U< vy & oo g, Lhe following lemima i eagy 0 prove.

Lemma 6.8 Suppose & {3 a o-folerarce ditertdl grapd,

V) I £ hog the vepregentefion U, v’ d, then O hig (he represendghiom
I 4+ Forp 4+ E) & Jor siisry o

12) Suppose @ sofiufies e condibion that gkx ky) — hzy] for all
rosclare K, Then 2 os e mepreseotabon [Lon e of and orly of O has the
regresendudiog [bly, kg bty for esary poaitioe &, |

Thaecrem 6.10 {Jacobszon & hMehicrris) Eueryc:- -tlemanee chain graph
iv @ d-folcrance proper intoroal graple.

Proof. Let & = {V B} be a detolerance chnin prapk with represemtation
i r]; o wilh ry < vy whemiresr 2 < 0 IF Oy eomplets we sre dema, T nor,
thew it « = mn {04, 4] — miar:, m) o owy € B Sioee £ 3 oot complete,
o =0, Now zee 5 = [-_—Eéﬁﬂ:.rj ‘E‘i] Clearly |85, = + 5 It Eclloaes
that |5; N5, = ef#. 40 if and anly i minfe,r] = if L) Themfore,
A1idr. e ooy Ty b 15 | proper Indervs] copresentbution of GO |

Thaoram 6.11 (Jacobson Ko hMeblorris) 4 groph di g sum-folarenee
proper inberiad grapd §F ond ondte 4580 Oop o stir-toleronioe anil fnbeeral g,

Proof, It ia eeew to zee that every aum-nolarence ynic ngened graph ia
& sto-bleranes pouper iotersal graph. Lot F be o osum-loleroes: proper
inkervat graph havipg vepeesentabion 1, o)t o [l eals fo- By Lot 6.9
w2 arh done if we ahow that I has 4 representation vaing Ineervals of aqual
leppelh, Uiy inchuction, assinrog: chat the Bret & inteevals heae equal exeth.
Ik = e are duoe, 0 sssuoe that & < n.

We now ahosw how 1o construch a representation for O where Lie lrel &+1
intervala al] have the same length. Lec % = [ +3]. Assame |5 = S
and aet & = |5 — |5, ;|. Form the intervalp %) az follows: For § <k ot
S'-‘:‘ H.LLL!J]n_r.J-ﬁ]:"rS [i—:zr_.r-l—g TF-H’._?T oroall 42k oand
t" =Ty £ for § = k. It i5 casy to show that Biity 6 o ripresentution for
(" for Pa:'h i=1,-.. n Girilarchr if |5 < S:-+1| et & = Sir: — [ S el
set 5y = 9 bor j = k. For § € k166 S5 = il — £ ry + 51 and define the new
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bodermnues by o =0 fue < and 1 =1 —'F: e 2 & C

T Lier ool bheoen Lhusopeauy cdepuonsboabe Llwe robcsbioess ol g-welo s caain
griehis.

Thearoon 6,12 (Jacubson & MoBRIorrizd A gropt s o owe Cermme
pooaper antersal greph of wed ondy o5 15 e svrae-dodemaes 2Rl gna

Proof, Frow Theoretn B every sutw-toleraner ciiedo geapl s oo sum-
Lolereave progrer oerval sraph. To poove the wopeoase, S0 OF e sue
Lo b ey poeep Bt eead o weitdy pepessenalion [fLe L [l e e
Simoe the intevala are pToper ww may asmime shat )< - £, and iy <

o e Oy Lemme 6.9, we can take 61 <0 00 W naer showr chat &7 s o
eyntaloraner choin oraph ericly et acien [0or =5 4L+
blidg Tz For 10 g [y + 4] VU0 = 5 = 0k + 00+ =it and
only vy —F =64+ 45— 1, =1, ifand rrnh ifrg -8 24 1,4 red eole o
|'|.z 1'-,]I||! 5 |-_[-, - b l..

Theorem .13 {Jacobeon, heddorria, & MMalder) 3 grophda o e
talerenor chamy graph of erd andp &t {5 an apterand gragk.

Franf. Sunneas O ig a8 mas-talezance chain graph with, by Hzencise 8201,
ewch 5; = {1,..., &} wheve 1 = &) = . = oo Cooseouently, wwotiees
sarrespetulitg we S ol &) are adjosul o & 0 sl oy 3 ik kT
maxdt,. ¢y}, W Ay asstme thac eaecr & 9 & sinee if 4 2 KL theo 5
vorrmponds to o soloted veesex of 2 and cen be dspesarced, Soooesliees
rorreaponding o M, oA ‘5_. arc ol ol 00 ool ooyl :.';,.l-:,: “1 [l':..,.'ﬁ;._- # 0.
Tls, 1hes v elsraoce chido grads of & S o Joesrwed weapls al vy sl
{jt:. %3] 1 =1,...,n}. Urmvameely, it is pagi oo ghows that eemry interal

_—

prapl bes aointerwal representetion of this [oco: =

Theorcm 6,14 {Jacohson, Meldorrts, & dulder) A groeh s o smo-
tolaranar chadn araph 1F epd onlfy 7 40 65 o frreahold aragk.

Prant. Suppose £ s o oin-toleraoe Clede sraph wille o e s raking
ety o [ ] e wrhere by 2 -0 22 0 w]th I LA T '-*flmﬂn-:lmg T
[0 ] By Thearem 3.1, ir suffices o show hat svery weh ©F cither Ras
vertax adjacent to ali other werticas or has &n izclated satew F &) < .
then o ki adjpeess oo all other vectines of £0 J68 = v and ) e nor 2mowd od,
ledd g Th: modjreent ere . 3k implies ther £; 2 r;, oand this o wocdjorsot
bo wll other werbioss of O
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Nhm | i

-:]'2‘}:‘1" Di 1 -E'lm. ‘[!-:":"'l"""']'iJE
{t,2.35m RN Doy {L,3,....mHh3
{12, Z,4]m £y - {1. 5., ]l

L] n

- .

- .

2 lafalhm ) D) Dlwgrl4r| L2, omb|m2] 4+

I

Figurs 6.5 A Bereshold graph wath o seineloleronos mepresenbodiemn for He
wronf af Phamyent §. 14

For the conversa, Figure 6.8 showa a min-toloranes repoesentation for
£ wypice] slmeAanld graph oF (a8 in Figure 030 Do, D i3 she degree
lertition of & =itk L possibly ceepty sod Djp e present ooly if mois add.
A T bubomsen vells D auedl 12y misans that every vertes i D) 56 adjeoent
evrry vertex i Ty, The A in the left colnmu reprasent independent. zeta,
with Wby apeo weghloarlonds ol thedr woertioes wodecal Lee inelusion dowe-
ward, and the I%* n the rnpht column represent momplete aubgraphe, with
Ll clwssd cotelilochoods o oo verbices ordesed by mcBusion cpwant. Thye
TEREETETE 2PT AT LalAraToR aTe TAYE fn earch (L. L}

Thers are ather reresting wnys o exmend the nocioo of thoestbiold sTaphes.
[Jocolion, Luebicl, & Lesatule, 1993] cells o prapn G s de-throshold graph if
there cxiste o positive pomlber o assipues] Lo o wad a positise ecixht oy
azFigrec Lo each worter o such thod

ui' € B if and only i€c = o(w,, w,].

Hince the complement of & threshold graph is a threshold graph b Corol-
lavy B2, the ardinary threshnld grapbr ace precieely the aum thresholl
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srophs.  [Jatobiai, Lelwd, b Tagajale, 19093] goes rn ko characterize g
threshold praphe where ¢ = ol® + ¥ + b — g,

[Wamina, Teed, & Trorter, 1588 defioee s sraph O L e o deeshodd
todermmer praph I bs poseible to pesipn b posibive weighl e, o casl veeles
wuf (7 snd o posilive Leleranee G Lo each v sl Lhal

£ () and omis ity 4 uy = minge, 1.

Thus b o] the tderances e coaul o a theeshold tolorsuce graph, o s
san ouelivary Ureslol] grapl, Compbeseerls of 1lwestueld colerance praphe,
called an'T praopha, ave characterized in (xlonma, Heed, & lrovter, 19KS)
T eing the swme paramctara A= abowrs, adipoonoy ina onT'T graph 5 defioned
by

1y 4wy +Z minf by, ]

Bar chaaging the &5 & owp’2 aned then the s e 173, it is dear finm
Fooercise G024 chat ool mraphe are precizely sum-toletance chain grapha.
The falloweing mienewarise these resnltd oo awro-bolasaoa: chusin eowgale.

Theorem €.1& {Jacobaon, Mehlorris, & hulder} Lot he 2 praph.
Then Jee Julleacrar slefemends are ool

.:I} OF i T YTy

CAV O e avte-toletustee chadn grap;

1) 07 6 avtn-tolemner andt interead graplh;

) &F w5 @ aum-tidemance proper fndsrsal graph, O

(Brigham. Modlomiz, & Vilrosy, TS| sindies g-toforanoe compoiiion
graphs, defeec the aame war that comperition geaphs and pcompetition
graples were i sectioons 4.2 and 6.1, Spocificaily, let 6 e a syeneacrre Moacr
function that takea paimre of NoneEative iNtegaTa T NoNnREAIIEE InkegaTe.
The groph O b5 b o-tolerenoe cormoelition aeaph i O 36 warnorphic fe b
seroleranee interaection graph af the rnt-natghbihaods of che vertices nf
sotue diprapl, Thus

w2 BT and only if [N 0w ooV TG = 8l 8D

Ler soaze Lideranes By, ..ot Am oxpented, thoee B eliegne wover aoaloeoe
of Theorem 6.3, Let ¢ be va alave and T — i3y, .. d, ] be oo w-oopde el (ool
pevessarily distinet] norncgative infegors, A @ -T-odge cligus coser of the
sraph 7 is a banily {19, ..., V] of snbscls of VIET meh thal w4y © EG)

it g omly iF se awed vy noe clecent: of al leas? oy, &) comuoao sets W
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Fxerciae 6.26 (Rrigham, WeMaorris, & Vitray) Shew (Aol e graph
(- i7 A d-Inlentree conpatiticn grapd £f and anly if thera 49 @ g -T'-fdie cGue
coner af G with |V elements.

While there are many resnlts conesming warinms @tolergace mmpeti.
lion graphe, ma’or quections renwin opoen, I 19 ook sven koown whather
there are graphs { posstblr even Uripactive grepls] (il are not mio-olsrance
competition graphs, Related papers include [Anderzon, Langley, Lund-
pren, MeKenna, & Merz, 1804| and |[Brighem, Meblorria, & Vitray, 1985
Driphem, Cermington, A Vitroy, to apocar) intreduces abdif-tolernner com-
probltben pragdis sl einraciorlbas these complege Tapartite graphs Lhel ate
abdiff-talorance compelition graphs,



Chapter 7

Gulde to Related Topics

This chapter consists of sestions mvolving clusters of conoepta related to
intersection grapha. Arvanged alphabetically, thes can be raad in any roder
and the index Ahauld kelp in nawigeting Satween 12lated topicn.

Farh mection enmtaing seleceed definitians and ataces memlts wAnhont
proul, copceutretine oo the flavar of the topic aod pointers to both the
orighmd papors audl mecal werk, cspecindly Lo survers wilb extoosye bl
lingrapliea. |[Hrandstiiz, 193] somsaing ooee anformation s many of the
Bunilics of graphs considered (and ,Drandstdde, Le, & Spinrad, to sppear]
wrill suendy coblnde dch geere),

W are wrll swore chat wo have oot coverod wsny bopies o which work
1 Loabg s, bod dwl owe have oot goven comnplels ocovetoge aof eyt of
LR dopios—cluse ore sl wress of sotiee roscerch.  Also, while ooy of
these familics are widely atiuclivd fa el ol e conspotat ional conoplexidy
af prablems like domination snd colorlog, o attention is eoncontrated on
structurial aupacts,

7.1 Agsorted {(zeometric Intersection Graphs

LU 35 slesar vy pussavbe, apd sometimes uscful, to consider imntersect on eraphs of
ali sorts of coemetric olioees; aecuasienally, nice resulle Lovee sicfaced, Wle
we ara gdmiteed y speonty e o Lesnlosnt of Ve argay ol possibileies, o
eniphasice what sem o be pidwrsl ssample, w0 Loy W weotin & Bw of
the niexperned o ingmance, [Maiee, 1993] studies che ingarsection giapshs
of madmal rectangle in prolpominoes ).

Blorivaned By Lloe swesess ol wberval pruphs, cod sioee juiecysls are e
eoves auhsata nr 151 PR Ii}lﬁ?] shuwrs 1hat B, writh each edfge biipcted

104



LI CIIAPLER 7. GUIDE 10D BELAVELD IOPMHCS

VAN =y
NVAV - =

Figure 71 A bomivily two greph with o 2-ber repressntation.

i on exateple ol 4 grapiv Lhat @ oot an interzscilon gmph of conves subacks
of % 'I'ne problem of characteriging thoze graphs that ave intersoction
prophs of eomrex aubscts of B is =il open, but the followineg teo meenlts
from [Duchet, 1978, 1884] and [Wepner, 1967] ave kuown,

Theorem 7.1 {Duchew) Every chordel graph is e interaaction graph
of eoted Hehpwophs of he plhe,

Theorain T.2 (Weazner] Euory groph €4 the intersention graph af o
ver subsels of B2,

A d-diseensional bor tc the cartesian product of intervaly [a,, &) for L 5
i< d A pgraph ia ad-for grophif it iz the interarmtinm graph of d-divnengisnal
bexes in B2, Hoones interwnl sruphs ore pressely the 1-box pruphs, Just as
mterval graphs can aleo be viewed aa ineersection grapha of mbpatha of
paths, d-box graphe can be viewsd me intersaction graphs of mbgride of
d-dirmensiene! grids: d-dienensiooo] integer Iattics painss, with two pointa
acljacen, 10 and owly I Elay dlRr B T owl coe eoordinete position aod oot
at all ar the other positicns,

[Raberks, 19650° obaecvea thar every grash of arder = ja an e-2ueg geagsh,
This the Sowtedfyr of a graph 07 can Te defined to be the mininme d for which
O is o d-bom groapl, Fipure 7,0 slicrans an exasaple of o praph of boxicicy tans,

Thoorem 7.2 (Robeorts) Bocry complehc mudiipartite graph Ko, o,
hes Bavicaty couol Lo (J6 0ne = 1.
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Honee O = Az b Docacily deeo and e imlahed s Bp e it D
ity theee, showing that the lolowing reguize teomn 1Scheinarman, 1584] and
[I"hotazsen, 1986] are hest posaible. [Rerall thac o graph iz owderpeloaer il
it. can be embadcad in the plans =rth all af itz vertices o che nobounded
fiwe.)

Thoewrean Tod (Sclicioerman) Beeey cubermiorar geoph b Sepiole o
mipcadal din.

"I'henram TR {’l'hm‘nnssen} Frary plenar geph has erimfy of st
fhive,

Hoberta, 19499 corfaina & short symvey of known reanln: abent d-Doc
erophy aod Deodcity, meludine KP-completeness wwl ol releoesces, bas
surprishgy Tble e kooww o opeovcal. Quest & Wegoee, 1940 gives &
matrie-based characterization of prapha thet have boeicite £t mawst towe,
uod [Rim & Nakajima, 1995 discnses conpubsdioenl probleas oo 2-box
grapls. [Ureller & Wesl, IDET. proscels @ related ootioon ol pepessentability,
eepdacing nones I d-apace with intetvels in d-dimengional paetinily orderad
S

Copersheing d-bas eraphy d-dimensiona] boeees o -0 mensonas] sricls—
Hurtwan, Mewmar, b Zv, 1910 and [Belluolesd, Horloon, Praylrels, &
Whiterides, 1993] define (he grid dimenaier of o praph oo e the smaliec
f such that the araph is Kke intersemion graph of d-ditnenaivny. brxces e
g i Lr-disnensional wrild.

Theorem 7.6 [Ballantoni, Hartman, Przytycka, §r Whitcaides}
FlIEsy et fan onid s mipeied fcen oeee s tloor S0E Sealiid,

A hapertils graph o hodioitn bees fhan or oquad b e L5 e sy ol o
ferd el dimeeision Tuss M ot cpal o pes,

daehura, 1984b| aod Trdis, Godel, Kraots, &2 Peosone, 10858] study
fiteesections graphs ol b= in E™, aicd Ea—u:h._ 19'4=1| stud’ee BReir Langeney
graphe. (Clavk, Colbowren, S Jobnsen, 199 and (Marathe. Bren, Huno,
Ravd, & Hozenkeanta, 1905] congider computational weelyema im the special
chpe nf il diah graphs, AN inlerseetion eimas itk ehvicma applicatioez tn
celludar telephione rstwesrk.

A cevular-ove grooh O 19 Buorplie Lo Lbke iolersectaen seapl o o Lol
wl clusesl arcs of @ amcle o, equividently, of o fsioly of cocneolal subuzapi s
of o crele Taweval ernpls clesely ace cocular-pes nrapks, Bui Circtlap-are
graphe ate, in genera’, sy lifewnt from ineesal geapha sinee they aesc nar
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Fipwe 7.2 A avvalor-wn graele wilfe corvesponding suipolils e oypcle

gver he rhovdal: eer ceele 00 iR aocirenlar-ame grapk. Fipire 7.2 ahows a
cirplpr-are svaph with o subpeths-ob-e-oycle ntereection representetion that
can vasdy b smoottesd b o ans-al-a-cinele epoeseobation. Sechion B.EG
of [Gaomahie, T9HT, [Incker, THTH]. and [Flotoes. 19967 discrisa appicratiems
of ciroular-ace grapha, sad |[Gaveil, 1974b) ik & kay paper. Becogrition al-
gerithind [or elrenlac-wc graphs wee discussed o [Escben & Spinrwd, 1993]
fusing choedsl ipartibe graphs), o, 1995]) rud [Hell & Hoao, 1997),
tbivks, Moracaeh, & Wiang, 1996] gives a enbie algoritbin far Lhe mibitonm
A1l pefidem.

Cirtular-are grapha do oot heve the graph-thecretic charanberizaticns
thae nighn be experced from tFeir eparficial resemblance tr interval ztaohs,
largedy dne e aris Duhaose I Flgore T2 eoprespnhding to wertlees 3, 3, and
4, for imatauce! 22 a civele not havine to eatiefy the Ilelly condition.

Feeall 1he masdique verles mibric 806G of o graph 7 delioed in secs
tion b4, ard that {7 17 en irtervn! graph if and only i€ 346} has the con-
seclive ones propoerty for volomos, Define MO w0 dove the ofrcaler oncs
praEerty for cpfemnz if all the 1 ensries in eaca colummn A7 conzecntive when
the matgx is thoogh: nf aa srapped around & horizontal eylindar. If Ad{L7]
has the eircular ones property for colnmoa, then €4 35 & cirrnlar-are sraph,
Ll el ameonnple: i Bigeere T.% shoses that the converse Eails, [Goeril, 1074h]
deftues o poaph W e oo Befly cdredor wrc geaeh 16 16 5 dsomotokic we e
mteyaection graph of & family of ates of a civcle that sasisfies the Helly cous
ditior, and proves that M5} her the cireular ones property for oolumns
if wnd woly if 7 ir a H=lly cireaier-ere gzaph. Chapicr 4 of |[Celnmbie,
19800 anl [Comeens & Malader, 1989] conlsin wom oo U ceoseculive o
AtopeEtly and ks genralizations.

Desline 1he wugrmende! admeency mebidfc AT of e sraph & Lo be is
aeliacency warrie wich cach disgonsl coter 2ot cousl to Lo (Rebupts, 1DGE]
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proved that & i u proper interwal sraph i aod ooy o1 AT0ET SBas e evo-
ABCILL i s Tabeepeety oo coalorons. ;'rl..l_:kr-ei': |9'.7|: rn e il sl 4+|:1'}:|
hes the vicowkar noes propecty for colnmna, then O o0 carondss-nee saapt,

boct the cxucople 1o Ficuee 7.2 sgan ahooes Thel Lo cooeces: Liide, Tackor
depis lprackeriss Lircubin-are graples by A7 T satislyi e 2 Sgoasl viogTar
OISS PTOpRIh”

[Tarker, 1971, 1474] give chavacieigatinns of gropst ciadar as ggilts—
graphe wicly a eipenlar-ars repregenlatiog in which none of the aros peapeely
ranzAing Anather—arrn wnds cinmdare-am gropds - sraphs with o cirenlar-nrs
reprearntAvion of equal-lsoxth arrs. Uinlike what happened in aertion 0.3,
el cairewlar-wre eruphs furm o proper subclase of the peeper cocalsr-ues
graphe. 1'he nonintersecrion of chords that wbtend nesied arcs of 3 oeels

-r L

lewdz to the followdng ronnection with circle graphs (gection 730
Theorem T.T Leery proper chowlar- o araeh o circle gegph.

The telloaing characterivabice ol propere cipcilar are granhs i in [Skoisn,
19R2° . {The same statement shn be ngad to craractetize prorer isterval
eruphy v also requining the crientation to be acvolic)

Theoremn T.8 (SErien) A cooneled groph o preper vl o goapd
if and anly 7 i fins en orientolion thal contaas o fndesed anbdiagl e
TMOTIIAC £ bt [T e

[IIe3 &= ITnazy, 1945 aud [Deng, IRl & Ilvang, 1996 conteic nroper
sircubur-ate pouph wlrerichroa,  Stueckls, TMazea, b Tooguisen. 1593] coo-
taing an apo.ication of proper circiuat-ace craphe o guestions invnlving bow
grapls can Le deawin, Baog- Jeneen £ Bell, 199] discosses chordal propaer
plrowikr-are sraplis,

Stepping up from B [Ehohek, Even, & lsrjen, 1975 acd [FEracsdivd
e Mapondol, 19U4] study Lhe inwriection grophs of lwe sofoeats in g2
showing that teengnizing suea orapha ia MP-tiard even wrhen &l the cagments
Liez o a Liged oownber (prenter than oo} of dooections . Section VA alesowsees
aemeral arleer epoecisl voscs Lol are more ey Db,

[Elalicl, Bven, % Tugfan, 13% a0l Rrolociedl, 198%1a, (39100 <lwly
stritg grophs, the Intrassctive graphs of arbitzary oucves o 15 TF ke curies
g all Freaphe™ al eonlitingus Tuectinng an ghe clase] gnin interad, then
|Golnmbic, Toeem, & Ly, 193Y] showa that the ianessetion pre vas s
prenisely the nomplernents of #he comparani it staphs (sectioe TH1L Onthe
ather hand. svery mraon ia rhe inkerssecien graph of arbizrery mres o B
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Fignre 7.4: A tropeseid graph anlh en dulerssetion representafion.

[Cloeneil iz Hamuls. [DE7] sud [Degsn., Golumpic, & Pinter, 1088 genw-
alize insorval praphs o anocher way. Sippeac I oand A are two puralle] lines
ol which, respectively. {6, o Lo} ooud Ao de ] ave families of intervals,
Ihem, each ¢ £ {1,... %} determines a trapeeoid having parallel sides £
and J, {aluwing degererale rraporoids with either § nr J; o sisgle point),
A praph i o frepezedid graph iF it ia somorphic to the inbersection graph of
suell v Catuibe of frapemnida.

Evury ihlorval graph iz s crapezoid aruph, taking each pair £; and J; 5o ar
vy mabe e Lrapeanid & rectunpgle, Every permwlation graph [aection 7.4)
s a trapesnid graph, laking each f; = {0} and Ji = {#(5)} whoere v @s o
permmtalion o 1, ... .w}. Phe oraph chown in Figom 7.8, Dom [Correit &
anula, 1457], shows o trapuevid praph that i neither an intarvel prapl
not & pertnnietion prapl. [Qheal & Coencll, 1906] contados meare o the
srmetinte af tragseoid praplis wod their relpsion to pervattation graphes.

|Fiohomr, 1205 iolrwdures higher-dimensional analopues of brapceod
mraohs, [Felsner. Miiller, & Wernisch, 1907] contoibg 1pany velesmnt ideas,
includitg & more geocral uoliva ol o "eIrels trapesoid graph® that subsvmes
botte cirele wraphs (geetion 7.3] and rfrenlar-ane g, The DLW 196
v o [Clorneedl & Harpale, 19277 g, [Mebaner, 1893] Aok traperoid
grarha with cocomparabibicy grapbs (serion T.H].

Thearem 7.4 {Corneil]  Foeey teapezeid greph v o corerepemubelily
frgc

Thearem T.10 [Kamola and Felsner} Poery covomgporeddity proph
that aa nlee @ min-loforaace Gltersesiion araph 45 1 depezeid grph,

Clvatter Jn Hatary, 1975 and [Griges & West, 1974] indeperiently in-
troaddnee A natnral geoerslisetion ol wlerval grapha by allewing each veriex
of a zrual to Lo represensed by a wdon of inbervala. The mmforval nawloer
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of & groph & i ol anuslbest pamber ©such chan 2 is an rtersection greph
with anch vertex cotrespnnding to & mnion of at mwost §otenads The io-
tervn] prophs are, of counse, prociecly €lhe ceapbs et biiervsl oatobeor
e, Every eyche O ep,w vy Wik w0 20 d choaly Las inreysal nom
b to, LRinE Twan incervals Lo cnoerespoen] to g anel one each for the teat.
[Weat & Shraoga, 19| shiws that recngmizing graphs having w Gved interil
number is NP-complete. [Scheinerman & West, 1083 contains an extenaive

dircussion, incuding thet Az p hae Intoreal number three and che followdng

1 harmrem.

Theorem T.11 (Scheinermen & West} Frery planar graph fes m-
ferivn number &1 sost hees,

Uhe interval puiaber of & L= boutded sbaa by Lhe madiorim degree
of 7. by [OVIGY — 1147 fomn Grigga, 1979], and by 1+ [TRIGH4]
from Mrorad, Wijsgan., & e, 1987]. While rhordal graphs can heve
selitronly large intervel oumbers, [Behoinermen, 10580) discusses spocific
upper boundz, rawale b Wosl, lEIEFS 1986] i, ulhwr porscetess 1l
reArtrhle innereral mumbera [Joseph, Meidanis, & liweard, 1992 cnntais A
mMacudar binlomy application of mrapke having interval nomber 5t moat toen.
[There haudbmri, 19920 wees maltiple intesmw] ey prments in e ere e phosioe
ST

Fartinlly mativated B [liumar & Uen, YHM] [Gydarfds & Wist, TUYS
disousses madtinaed wderond graphs in which vertices cnevespomed 1o intor-
wols from separate vopics of (ke ceal line ¢ “paralicl eacke ), [ Scheinermuan,
LU comtaina o voery goneeal frensmient ol waliple-sc L repriselet o,

A wr chanpe cur faona fecan intervml orephs to chovdal graphs, obaorve
Lhiat o gragds O b g oxdieily a8 mast o can be eooivadeol]r phrased as
raving that it is the “intersection® o nineval graphs 470, . .. Crg. wWhere thig
menos thee VG TS = -0 = TG apd i = L"{"l ([P L N
i The equivelones can e apen hie wiewing the peajections o fwa-dinensiomai
Tz b Elie - oo g-sooes as indervals, 1 bMotivacied by this. s geapl i saidd Lo
have spordabdy ar mnsn G 3 0 s similazly au intersection af o choedad graphs.
For inatanee, Figure T.4 shows that & ia Khe ivkgraectjon of pwne chovdal
araphe wod se has chordalife twa, Uhe mitehadmrn e e chordality
eow. Every bipactibe preon bee chordalilr sl sose B sioes ik Lie
wlersectivn of oo split avaphs. The acelomics of Therreow 7.4 ond 7.5
Lal! sinws chordwlily i dlaes 3ags chan or squal to lzedeiey, Ciseeos 4
Hesterls 19800 und [Me@loe & Scheinerzoan, LW contain many boveds ued
atlier eesults v choadality, of wnich we mentiow oty oo,
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Figree 740 A eyele a1 fhe indereection af tun chominl grapfiz.

A K-frer can be deloesd os oo chocdial praph thot b o porfeet ciming-
tiom ordering (... g0 such that each e hea degees min{k, n — i} in the
subgrapt induced by w ..,y (o the 2-trers sre exactly the treea),. The
drepuidtfy of 07 1s the west & such that & 15 a pertiel X-troe, moanine that ¢
iz a subgraph of 4. feoree, [Kloks, 1984] contains an excensive dlseussion ol
tragwidth and orher topics that have geoswn out af the piondoering worl ol
LRobertann and Sevmour- ees, for inrtence, [‘Rnhartn:-n & Sronenr, 1945 —
including calmlsting wnd appresdnnting the treewidth of mmsny of the same
Famnilees of grophs thet s study,

Theoram T.12 (MeKee & Scheinerman) Koery yroph s chordeliy
feas e o cpuod to 10y irecwidtf,

T the rerves-prareliel ymepfs—the perlisl 2loes—hove chordadity at
mn=t e, 0 eomtkAat ta an prample in [MeKer & Scheinerman, 19493 of &
acrics-porallel graph thet haa hoxicity throe.

|[Kratochydl & Piama, 14944] ad [Linéng & Eubéra, T3] discwsa more
gencral “lalerseclion dimeosionsT [ elusees of graphs, RMimdekiog mlbi-
teacd interval graphs, [Chang, Jacobann, Monma, & Wear, 79031 gives nesufis
invalving uniens of enbtroes (ur substars] of fooos,

Motivated hy chardal grapha being the interseciion grapha of mbroeees
of trees, |Reos, 1070] choretorises Whe juterseclion grophs of sebpefi of o
tree. apd [Gavrll, 1974 gives a recognition algorithi.- [Golwebic & Jami.
pon, 19A3a; 1945h] and [Hyslo, 1945) investipate what happens whea the
paclis e eonsidered w sely of edges (rather an sebs of vortio), [Mone
3z WWei, 1030) presents an extensive study of pedi grapfe, including many
garte oF inzerscction graphs mwolving warious swis of fupiliss of suboaths
af & cr=. Viewing each subpath ag a b of veytices, chere are Lhoee possis
hle intersaction clamses: (7Y inrerseetion grapies of nndisected paths of an
undirected tree. D% intaracctinn. grapha of direeted patha of @ direeted ceee,
wod OV iotereevcion eraphs of dimeced pothy of 2 cootzl directed tres;
Lhree olhur puseible inlorsecuion classas —GE, DB, apd D5, rewpectivaly -
el b viewiod ewch subparh a a sel ol edges, In perticalsr, oo
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Figure 7.5 A biporlile dnfsrreclion graph G fom &2, = {a. b}, 52, = (e},
. = {h v}, Ty = {a}. 15y = {r}, onad fle awaeeieind indersecfon digmpf,

o,

and Wei present ¢ligue tree charactevizatinma nf therr rlasses, in the atvls of
Trenrem 2.17.

Theorem 7.13 (Mowma & Wei) The siz intergestion clasers are dia-
tinct and relabed o fiellows BIDY = DV = TV =2 chordal, and HPT =
E = UE. [ @ et sramplde of 2 graph in B thet is nof ehordal

Thearein 7.14 (Monma & Wel and Golumbic K Jamison) Aene-
bersfidp i TV D, KDY, DB, or RNIE man be ireagnized by e wrdfingd palimn-
maal edgarithan, bt reeagrizing merthers of TS [or coon mooogaizing whe Ber

o ineriber of TV {45 m UREY 15 NP-complicte,

[FPanda & Mohanty, 1995 dizcusses some of these o' asses furcher. |CGavzl,
1994, 1996], |[Gravril & [rmtia, 14%1], and [FPomer. 19494] po socther way
fremn ehordol grapha by locldnp at ioterseotion geuphe of wriony wacks of
Aibanrees of clagees ol gaphe That ws more geoeral than oeees.

T.2 Dipartite Intersection Graphs, Intersection Di-
avaphs, and Catch (TH}Graphs

[Flurary, Eoabell, b Mehioreis, 1982 cebies w mpartile graph O with #{07) =
TLY and X1 — 0 to bo a leparfute mfersection groph, sorocbimee afwl
uo erdevsecban Marzph, D el o 0 X e B azzigeial oosen Sy s cach
y £ I woeel I auch that wp & B i swd ooy iL 5, 0T 7 & Flgure 7.5
PLUES AL ERAIL e,

iBen, Das, Fooy, & Wesn, 48] defines a dirccued arapd D) with loops
allpwed, to he po ndsreection dupreph it each v € VDN can be assigoeal teo
sels & wnd T, such thot wor & ALD I ad ondy L8 N e = B Ths iz



11% CIIAFTER v, GUIDE TO KELATED TOFLCS

I Zu
b ]
b \\¢ e I
1.1;, T 7t Z
LI Fin |

Figute TH: An inferaaction lfagi'r‘ﬂph I ofom S = {ab, Ty, = {bo), & =
I}, T, = {r.d), So, = 1d}, T, = da}. S, = {eb, T, = {ed, e}, and i
ceavctated hiporéife inferscciton yroph [,

a ppecialization of the eaclier notion of "connection digraph.” ineroduged in
|Beineke & Zamfresen, 1982 ) Figure 7.6 gives an example.

EBipartite irteirretion geaphs ann imtereection digraphs are intimately
interrcleted, a feature taet v frogueotly weclul in thedr stady, For insteocs,
each bipartice interssction graph 7 a8 above leads to an intersection digraph
Lron V(D) =X 0¥ by etting T, =0 for each ¢ £ X and 5, =@ for each
% « ¥ this means that D results from O by dirccting coach cdpe zy € (D)
Irow w e & wvied p = 7, See Flgwee 7.0,

Cowsmrsely, ool mtoerssclion digrapl LY as abonee laads oo Diparlite
interaection graph & on V0 = {Fem 0 v € V()] hy sefting, for ench
e V(D &8, =81, =0 5, =0 and T, =T, this mcans that [
rrglta Tbean OF b divectiag each Age g £ &) fram oy, towsard gy, and
then identifring cash T, y» peir. Scc Figum 7.6,

[Haroey, Kabell, & MMchlorns, [952) focuses on Mpartite mlervel grophs,
where ach 5, and 1y if an interval of & Kne; [Miller, 1947, updatesz work
buerird e chorwe ledralion, (Sve, Dos, Fov, & ek, 1980]—ses al:o [Wost,
13- similarly focnscs on interval digraphs, where cach &, and T s an
Interval of o lime. Sen, Das, oo Viess give an elegant adjacency Imatrix
choractorization of interval digraphs, ‘Lhe analogy berwesn incerval grashe
G and intervel digraphs 2oinynlwes replaciog che fundamentrl eols of a
poplete anbgraph §f of {7 with A.mbdigraph of 2 formed from X, Y © (DY)
with ww £ 4[D) if and only if @ € X und wr £ ¥, snd with w loop at vy
vertex in A NY. [Willer, 1507] gives a polynorial cdgorithm Sor recopnizing,
il cligraphs, wol g Bor recnghiziog Tpertlle ntervs] grophs, | Leogley,
Lundgren, 4 Ber, 1995] stadies 1le coripelition goapls of intervsl digrephs,

[Hen & Sawyal, 1994] jutroduces nouivs of wrsl snteraad, proper faler-
tal, strd mdiference drraphe as the natursl maglifieationa o the undimeeted
Totions Grom sectinnz 3.3 and 3.4.2; see alea |Teat, 1943].
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Theorem T.10 (San & Sanyall Tho preperiics of beeag o el adee-
wid digrapdy, o pmaper wdered ool orown acdelferemor digvagd, s wlf

oquvedon,

[Suuizeer, D396 gives o fecwr rocoguilion wlpoci oy e Lhe Cigeagrhs in
Thesern: T.05; [Lin & Wear, 1945 characterizes cham with fovsldcer sub-
matticer. [Fanyal & Sen, 196] stodies ather clesas: of laecrval digraphe.

[Ben, Drag, & Weat, 1980, 19493 introduce sireodar-ere dugraphs, 0 eral-
agy with cirenlasare graphes [zecrion 7.1% and |Sen, Swnpal. b2 West, LOGE]
atadien warious ather =orte of interseceinn dieteohs, incndice diected coo-
thinment graphd it saoslogy #Hth aeckion 7.6,

Tn lapking for Anaingiea o chordal graph=, it 48 aleo netucal to onsider
Biportite auhtres gropie (and awbires digeopfe) inowehich all vhe sozs 50T, {ur
5. Tu] are subtzees of o crer T. Doz oo as olserved i [Haovary, okl
b Mehlorres, 1952], every biparlits graph o s o Dipastite Auatmes greph
anel, sz observed in [Sen, Pas, & West, TU8R], pvery digraph I iz 2 achires
digraph. For the laiter, 1" can be faken to he the bipastike srann /G g
baving VT = ViDN L 4w} where = ¢ VD) awd EIT) [weovo VID));
thus seb Sy = el wnd T,o0= 3w del — qocav © AN O {i} o wll
£ (1),

Varivus otz ootions of “bipectiie vhorcal gropls,”® defimed by s
ather thas fnreranetion, hivee Tien prapazed in Calombie Az (s, 1975] o
aection 124 of [Trohombic, T4H0, MokKee, 1967), and Drsndecadr. 1891
Goleibio intraduced the aow-stecdacd notion of cherdid bepartie grooh,
0 bipertibe groplk o wlhich cvery epcle of leoeth greoter thae lour nas o
chord, that iz diveasced io detsll in section 7.5, Cdbar bipartite snalopnes o1
interarctinn graphs are comsideral i [Feoat, Jacobsan, Kabell, b Moelorrie,
1040 and [Miiller, 1997].

[Hovwry, Faboll, & Muodorri:, 199 inrocduees o Qilleoond sool ol mree
gection acyelic digeaph. For irstance, & digraph 03 i= an inteensd argaele
egruph af cach v € VoD e bieopseiasedd aooantoervad & ool Lo real L
risch thet che My's all hawn cliztinet et engpaints and e = AR it and
arly if 5.8y # A and the lefr endpnint of &5 iz lras shau the Infr cod-
raint of . Mehoreis &2 Mulder. 1944 rarrects the forbidden il
suberaph chiersctenzeton of Wwherval sovelie disraph 2teted o e cockior
paper.) [Ilarery, Kabell, & MoMormis, 1982] extonds jnleral acvclic 5
grapliz o sudfree acpode dopmepks, with verlice: Sorwespobdine Lo subites
af a ronted tree and with the male of et anddpeinta nf interwala nnee alayed
b we-tjess of the anforvess jhan are oineeat o the roee's vont, the subtres
argye lic Cigrapha constitute & proper sniwet oF the aerelic digraphs.
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Figure 7.7: Aniomtsraol anteh groph e an wd ervod represeniation Toidh bode
Jeimet By Bl wrriar i abdek § 72 anderlined )

‘I'neorem 7.18 (Harary, Kabell. & hMchorris) Ar eopclie digrph
2 a auhiree acgcie digrap® o and only oF o condaine no sndooed subdigraph
ISV ERAC L et

Compare Lhis with Theoress 2.5, which esseabinlly sesw thet a praph 1
cliordal i sod eoly i i bes a0 acrohic wrisolation thet coutaine g ldaesl
aubdigraph Isomorphic to the digraph in Theorewn 7.16; pee [Faoze, LHT0H].
[MrMereis fo Muldar, 19%6] alac conaiders avhpeth aepclic digrnpda {maing
auhparha of a tree, ansioga to the path graphe in sectinn T.1).

Beloted coneepty were doteodueel (wsing diferent teeminoloerr than v
need o Bolusts, 1%, 1T1] and {Maehars, 19849 . Givsn o ses 5 call
& diztimguished elerent b € ¥ a boee point of 5. {Fven A family F =
(8L DS b )} of sebs with Duse poinse pointed st ), the cateh
wumugeb 0of 7 ia che digvaph £ with (L) = {1,...,n} and 47 € A7) i
pod coly 124 % § and Ty € 5. The cebol graph of & s the groph & with
WieD = {1, o] wnd i £ FC) I aod only if 7 £ 9 wod pither by = & o
fy = Sy

(Roberta, 196498, LT foons on wetersnl coteh grophs, in which the 5%
frc: idervals of @ line and the Bage paincs are chosen wo that &y & S+ by €
4. Fignre 7.7 shevesz an ktecval eatch graph with corresponding inteswalbs
ishaw aa subpaths o2 » patl: as &2 Chapter 3 and bare pointa (showm b
undarliriog]: [or justuocr, iF the path ghoaen Lhore s Ieheled, loft o right,
ny I e beogeh e, Lhen 8 = {0 b dh b= bond 8 = {o, b0l by = o
Roberls slwen) 1has Sie and @y canalways e caken so thal by js the
midpoine 5; and sll the 3;'s huse the sume lenpth: moreover, re was his
original moivation, Interenn cotch sraphs are precisely the grephs repre-
seczhabile T jost pottecoble clillereaenes se o Lhe sppliculin o pgrcholesy in
culselioy 3.4.2.

I"heorem 7.17 [Roberls) Trierool cetck graphs ors pracissly the proper
niteral grapha
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[fcker, 195%2] spnecalizes socoe of Helscess worke b catch gropbs of
awintrees of trees, The Dllowing, Froeo [Oeden b Ralieans, 19300 conLeases
Ly el hagppenr for Intervalr Jeonven mbarts of & lina).

Theorern T.18 {Dgden £ Roberis) Soery grooh ie the saell puph
of conver subaels of o plaee,

adackara, Lo foouses oo cateh digraptes of p-dimsnsional <plezes and
bogees when 1l Base paint i3 the midpoint. [Sen, Das, Beoe & West, 1939
sl [Prisner, 19849 stndy eateh disrapha of inktereals, [Byvaoier, Brewaldi,
b omeyd, 19495] studiea paeado-indeoriel graphs  the mderiving grapha of
ietierval cateh Cigruphe.

7.3 Chordal Bipartite and Weakly Chordal Graphs

Choraled bagerrtale graphs weee nlroduced o [Guluobic & Goss, 1975 wx Lhe
biportice prephs 1o sl ewery cvcle of fenglh peoster L Foar Luce oochuosd,
equivaent’y, cte gwaphs in which every Wdueed crcle iz o £y (Warning:
As 7y iieelf showra, chotdal bipartize grapha need oot be chordas. moech s
complete bipareete prapls noed ool bee comnplete

The ariginal mativation far chardal hipastite geaphe rame oo applica-
Rinma b oonsyTomekoic watrices, Thess applications, semowhat pacellebinge
Lt proseiled inosecticn 2.4.3, are deseribed in JSFolmmbic & Goss. 197E]
[fachmabic, 1940], aad [Baleny: & Bare, 1997 (o ganaziae edmination in
aparse matricea); in 'Hoffrasn, Kolen, & Salsrowitch, 1953) [tn irteeer pro-
gramming); and in Johoean A& Whitney, 1991] and |Iohnson & Millar, 1947)
(e aontriz sz,

Beluehs of the eretune oo chueedal bipactite prophs iosolves sialopies w.tl
chneda] geapas, anawsgies that are often edge bosed becaise of the matrix
applications.

For instance, [Cnlombiz & Gosa, 1974 defines an adge war & 1) to he
o breemphiciad sy L Mo) 1N (1s) indvee: s complete bipacile subgraph of
G Al ordering (e, .- . 8! of all the edges of s poperfant alpe elinne
Giwm aederamy of GOl fov eack i £ [1.combl iy s a Disimpliciel eclge of the
spey ing shgranh of §F hasdng fder wefh e, ... &y, For inataroe, Fignte T.H
shora a eherdal bipartits grapa that haa a perfeet edme sliminadion ordering
Lwginning {18, 280 2r 3, ., witle the reoindning sdaes teken o any ocree.
Parfert edge elimination orderingy sere msrodneed (wick cifferent narmes; in
Mrandazids, 1093 rod [Bakonyd & Donao 19070 [Millier, 1057 and Kloks b
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Figure 7.8 A cfiordal wpariile gropl,

Eratach, 1995] disenas slgarithmir aapecss of perfert adge elimination ordee-
inga snd rerognitien of chordal bipartice praphs, [[Golumbic & Gows, 1975)]
mtrocduces y volaled Lul different nocion of "perfeed chimnaulion echatme™ bt
s relevant o the matriix opplications bus for ehich e fofowiag teootemn
failz.)

Thearem 7.19 (Brandslicdt and Bakonyl & Bono) A lipertdte
proph iy cherndel bipartida of end ondy i é flos o perfect edge =Mrotnatuon ar-
dering,

The ©lhawviog aualegr of Divacs chacacterisation of chorde] graphs 15
from Crnlombic b Goss. 1974H]; =ee alan [Golnmbin, 14978h]. (Warning: The
caly f direction of Theorven 4 of the latler paper Bili—see [Gelunbie,
19H0Y A set & C I((F) i p mundimal edge separedor of (7 whenaver there
exist e, £ & BGE) that sre o différent cetnponents o the suberapbe nduced
b ¥ [{71% &, and no proper subaet nf 5 fas this geme property. For instance,
¥ = Ta a2} 13 0 pinirnpl cder separotor o Lhe groph an Figore 7.8, Ao
indepandent, gen of vertices s frid to indeee a oo plete biparete sulgraph ™
cf o hipartite seapk & if anc anly if cvwerr tvo of its werbioss ace oo cven
cibonce apart in O Lo, all ik2 vorticas ave of the satne “colop.”

Theorem 7.20 {Columbic & Cosa) A hiportitc graph O s chorda!
bipowfele &F ond ondy oF veeey renieocd coge sopvetae oedanes o complele
Eipasfdle sulygraph of €7,

Recall from Theorem 2.5 that & graph is chardal iF and only if ics vertices
can he eliminated ame At m time, where each elimineted verteor i gimplicial -
wairh can he thomght of ar meaning that tha vertex ia not the renter wartex
cf an indnced path of Tt o in Eoe subsrapl induced by the rensining
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Theorem 7.21 {Hammer, Mafray, & Prefsamenn) 4 gsraph ie
chordal bipartite i and only & 4% verdoes cen de etdvoneled cne af o s,
where each elinnated serleT iF nal the cender vertar af an induced peth of
lengife four dn the suhgeopd indioced by the remaindng zertices.

[Hammer, Maffray, & Preisemann, 'I'EPEQI klsc Ahewrs -hat ifF = 15 a vertox
of a chordal hiparcite arapl {0 thac iz oot tEe cootor wrlex of oo incdveed
patn of length four wad if w s w pedghbor of o of smwalet degoes, e e
bs o pidroplicie] edpe of OF thas o verlex clilipasicon alecine 08 cewceribod
11 Tl T.21 alzn geterpine a petfert eclp= efminacion ovdering.

idromwweer, Dachet, & Scheijver, 1963] oontaing she fodlowing chenreto,
which shovld be compared el Theorem: 707, (Lheoren 770 a0 Lhe
pabagaph lollawing i ronteie related chasactarizations of choxdad bipastite
grapha.}

Theotem 7.22 (Browwer, Dluchet, & Scheljver) A mph 3 &
clevridel ipartite 3F ged oaiy i She hgpergrapl (VIGLE), il E ohe fome-
ty of afl opet reinhberhocda of G, 48 tntedly belonced.

Drofine: thea dfpardite odiecency ruadrar o B Wpartile araph & wilh coler
clusees {ar, .o and and {ho, oo Bk o be the b B 0L eomatein M = (i)
where ni; = 1 and ouly if ;% £ Bi7]. HoTman, Kelen, & sakarvaviceh,
1935 shows thet 2 graph & s churda] wpartite 'S and oxty i the ruws ool
colnnz of its bipartite adjacency Iatrix can e permated 0 a8 10 ooanain
o {H} gribimatrix. Further refinements af this appear in 'Lizotw. 1932 1957)
and [Bpinred, 1903, 1306 . This spproeck allese: chorde] biportite graple to
he uéeu:l a5 & wral bn :rec;n}g-ni::i,:tg atu] stddxing varinue rpectal kinds of graphe.
For instanee, |Esclwen & Spaured, L9&3] use then fur ciealu-use sraphs aned
Hrchen, Hesraard, Sainrad, & Srvicharan, to appesat] aze them e weakls
chardal comparability graphs and weakly chordal cocomperanility arapha.

CHascpws that the complement of o cherdol graph cankot cortoin ak ia-
duced evcle of lenoth rreater thun oy, 'Chis motiveses the following desd-
pition Irown [Hueword, 19851 A grepls is werkly ol eeey ollen galled
weakly Trigigudvsed)] if neither oo noe ta complement containg an inchicedd op-
cle of lemath greater than four. Thor reery chnrdal sraph i wesldy choodal,
and a0 i3 the rraph in Biram T.B. In fact, it is eagv to see the follosdne.

Theeram 728 A groph 4 chendil Bportite F and only if # 49 ot
sorkly rhordad nd dmrkife,

T'he followaing ia fecan [Spinvad S Srirdaran, 1995] and [Hawaard, 14996).
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Thenrem 7.21 [Spinrud & Srithoran and Fayward} 4 graph 4
weaddy chordel o end ordy o s edges cun b chmonefes onc ot a &me, vhere
enet elhvninatod edge f red G comter edpe of an mduaced poth of lengtl e
we e sedgeapfl covnsdmyg of the remofatg wlges,

Aleacithrns oo weekly chianfal graphs, includies tecopnition alzurichms,
make use of the following characterization from [Hagsrard, Hodng, & Maf-
fray, 148H). |Spinrad & Sritharan, 1905] containg more dexails on alporithmic
AEJHCALE

Theorerm 7.25 (Hayward, Hodng, & Maffray) A proph is wesklr
chordyl i pred onliy if ey tndwead subgreph de either complets ar sentodns
b wanadinrent verfices such thot cach indueed path ronneorting themt Aa
gl Tue,

7.4 Circle Graphs and Permutation Graphs

A graph iz & cdrele grapk if it is isomosphie to an intersection graph of chards
of & drele. (For simplicity, all the chords cen be telen to haws distinet cnd-
puinle, Oicle pragne aee cholaclerised i [Even & Ilaf, 19711, ancd ther
aarly higstory and spolicationz ere the subject of Chaprar 11 of [Gelumbis,
1020], where they arc introdueed se "stock sorting grupha" Using stereo-
Brapnsie projoclion, Lhose ace ol exaclly e sulemows vverpegy amapds—ILLe
aracne aomorphic to srephy obtained from intervals of & boe with sdjs-
ccney ol beea wertioos corresponding b Bl Ibtervals Wabetsecting withonl
githet onntaiting the otter.

Olher churacterizations of cirele g=aphs appear in [Fournier, L978], [Frogy:-
geiz, 1884|. |Waji, 10%5] {us the comdatency of B wt of linesr squetione
[Gupse, 1997]) cnnmaing a mimpler pront, and Bouchec, 1934].  Bpinead,
1H4] mives a rpomgnition algorithm thet ia quadratie in the order of the
srapn, and [Klobw, Eratecl, &2 Wone, 1086) gvee a cubic alpprichm far the
minizans filkio problen,

For any vertex v ol o praph &, dofiee o locad comploneniotaen of & oat
w Lo e Lhe graooke otained by roplocing & w—the graph inducel by the
nvipliioes ol v—hby s connplewsnl, Twe glaphs ale el spaissiend il coe
e b obtained Torn che ather by a segaence af Ineal completnentations.

Theorein 7-26 (Bouchet) A oraph is o cimle et i i ondy o i
mtitams an wubgraph thef is tonally epndealent to one of the prophe sl i
Figure T.0.
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Fignee 7.4 Theee grophs deat are naid cimnle prpihe.

lf the radine of tha citele iv thoupght of A3 infinitely large. then the chorda
become iotorsecting or peruilcl Loes wind the associabed intersecklon soapshe
are procisely tles congplets oudltipartite priephs Deith parallel closses ol lines
eotyespnirling oo independent "parts” of the graphi-—if wee pappan fo aen
the rurlidean plane. To elliptic renmetts there are no pareliel lines, aod so
the mitersection praphs of (incs are previsely the romplete araphs, Whils the
guesbion woald seeny Lo b ool bordar io Leperbodic pooened ey, Lhe oo nion
“Heltiami Elein rircle wodet,” s for inatance in [Greenberg, 19607, =hars
that the intersection prapha of lices s1¢ somn preciecly che vicoles graphe.

[Blmallah & Scowert, 200 defoes s E-pelygon greph to bo o osraph
isarpuc Lo e inlecsecion geeph of Tne svewents deewo e lwocn poiols
an figtinet gides af o f-gided polrgen. Uhe circle graphs ars preciaely the
srapbs that are E-polyenn goapha Inr sowe k.

The ancalleat & bor which €4 68 & t-paolygon graph i g mnowsate of o far
{7 3w froem bedng o pevmewlafsorn groedd, v duloseetion pragst of Soe seproenl=
e bitweeen Lwee pacallsl ey (o0 sort ol 52 polyaor @reph” 1 Denou-
tution proph: we froouenlly vaelul in specilic comoatasione] problee:, o
en chey hava been Inndked Ao i a wide wariesy af rontexte. We, —owewer,
orly roenbwa Lheir sbractors] propertis Chapoer 7 ool [Golombie. 1980 =
a rtandaed ecferpnes, and [Paoeli, Lempel, & Eeen, TUTL i3 & bew aapes.
Perwalalion griphs s special soris ol loapaseodd sraphe seclion 7,07 aol
of asteroddsd triple-ines granba (aection T.6.

The faldrwing mativetes the came fpammmtatian™  Suppress © da any
peromtatior: of {1,....rp and consider the mesalting list =il .. =(ndl
The: permedation grapk G07) L owereloes o, witli ro cdee bBerseo:
1 e oy whenree caand g oocour "out ol oolee” i Che Ll Tooethae e,

vag & U] il aned voly il v < 9 a0 2 3 o thoe oight ol s ulwe L

mevaing Lhat o730 s 57100, Allcroolivedy, i yon place fL.oL 0t arl
el '\ o b 3 b wit
iy, aon] on pacalhel ines anel cleses The o e seaesen Toe vech



Ll CHAFPTER 7. GUILE TO RELATED TOFICR

r[ll=4 1 1 1—32
T2 —2 2 2 \ |
il =1 3 i 3 g
T4 = 3 | 3 o

Figure 7.10: A pemrulation gtovh enenpic

s L,

Ax o exwmple, suppose no= 4, with #(L) = 4, 7(2) = 2, m(3) = 1,
and #{4y = 3. Lhen the list s [4,2,1,3] and foar line segiment: wod ihe
pertalion graph are sa ahewn in Figuee 7.70.

Hy lopking at the permutation with reversed liat, [4,1.2, 4] in the sooam-
pli, ik i vasy to see that the somplement © of o permutstion sraph O s
alse & permntation graph. [Poueli, Lempel, & Even, 1971] relakcz permuta-
tioh gerphe with rontainment and romparabilicy geaphs (Reetion 78] nain
Theoram 7.6,

Theoraw 7.27 (Foueli, Lemupal, & Fyven) 4 grph (7 1 @ permade-
Bon groph of end ondy of beth & ond O ore compzraldfity oraphs ond se if
and otdy 9F G748 tha conininrert groph of inderoely of o e,

This led Lo ceusvivralls: worls on polvocmiod recopnition alsoritho;s far
permutatinng graphs, mlminating in a linear-time resogmition slgarithm in
[MeConoell & Spinrad [904).

7.0 Cligue Graphs of Chordal Graphs and Cligue-
Helly Graphs

T'he eligue grapha of choredal grapts wete indepenclently studied in [Brawd-
rrfide, Uragan, Chenoi. & Voloahing 1984] a5 fyally efordad grapls (called
"HT-grapha" in earlier work in, for inateuce, Miragan, 1993]), in [Sewarcfiver
& Darnareir, 1991] ss Pexpanded treen” and in [Gutierres & Ontana, 19946
se Uhree-cllgee prople” [bessd oo oeaclor werk in [Betledet, 1990]). We
wchusle ondy sotne of et chacaslerisalbiois,

Theorcan 7.28 {Bzwarcfiler & Borustein] 4 groph & i the clgus
oot el w v el §5 eid oty iF G fuer o spenaring ree T such tieat, for
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Figure T.11: A cherde! graph O and dits eliyue graph 3000,

eroh wn £ E((x], the vertices of the w-to-u subparh dn 0 dnehene o comglele
subgraph i {3,

I"hiz anpears in a slightly different foom in [Hrendstidt, Dragan, Chepei,
& Voloshin, 18| and |Gutierrer & Oubina, 1996 : €7 15 che choue praos of
i chords] gripl iF and only 3 & hae g spponing tree T socl Lhat, e each
maxchigue § of &, Lhe vortices of Q ladoee & sublres of T

Figure 7.11 shrws & chioridal graph {7, which 18 oot the chgue oraph of
5 chendal graph, end its cliger oroph 007, which @5 cub o caosds] groph.
The spauning loee of BTG deverilual e Lhe prececliog Qheorer congiats of
e four spnkes of the wheel.

The maotivation for calling these "dually ckovdal eraphs” i thet, io the
Lerpauolosr ol section 2.3, O s thee cligne vraph of o chosedad graply 1wl
andy iF e cligue bvpoegraph iz o weee hrpotgraph, whereas €7 i a chordal
mraph iF and noly if che dual of 5 clique hyperoeaph i3 & tree hypergraph,

Thewsrean 7.23% {Broodetédt, Dreagan, Chepoi, & Voloshin} A
qrapi {7 18 the oliges graph of o sebedal geaph o and ondy i VWG can be
ordecet U, ongh such dhal, for eech g, Wiere s aozp aelhoj F O g e,
relating dn the gulgiepd of O iednerd S, N S N [iy] fer each
w0 = N,

[Brandsuadl. Chepol, b2 Dragan, 13] gives o recognition algorithm that
Audds sch verlex ordesings, Brandslidl, Dregan, Chepol & Yolashin, T994]
gavws Lhal iF &7 1 Lhe cligqoe graph ol o chordal grapl, they so is ewery
power of G Uhat paper alwa conains Thi follosdn e rommecting wits stromal
choodal graphs (section 7020

Thenen T30 {Brandsliadt, Dragan, Chepol, & VYoloahin A
giaph (3 i shrunaly sfordad o wnd ondyp P evsen dnduced abaraph o af 4
the ripme gropi oF g edorded gropaf.
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Figure 7.12: A chgue groph thaf is nnt o alyne-Helly pranh.

[Bandalt & Priaer, 1991] ahowns that, A'{) i chardab whenever o iz the
clique pruph of o chordu] pruph.

A pruph ©F 8 o clpue Hedfy groph I vhe lomily of ull the mwoeliques of
& aotisfies the Hetly condirior, - -if the membeaa of aow Gonily of meascligues
of (7 interapct peimwdse, then chey all have A rommon elrment. Cligne-Hally
arupiie worw Inst stodied o [Hemelink, [96E8], showing thet diqoe-Helly
graphs ame clique graphs, Figure 7.12 shows o clique graph {Exercise 1.19)
that is not cligue-Helly, [Escalance, 1973, strengthens Hamelinky resell.

Theorem 7.31 {Escalunte)] A graph & 15 ;:'Ea-gue-ﬂ'eiig araph iF and
enty If G = W(H" wheve H b5 anether chigoe Hetly gmgphi,

T pvery Lotangle weees 0l a graph O ek Gl alenote Lhe subgraph of
G oindoved by Lhasse verlices ilol ace adjeceol o gt leost e of w w, .
[Semrarcfiter, 1907 proves that & mrand 17 ia eligee Belly if and only iF sverr
such Oy contsins bororbe sojuccet 1o wll the other wertices of & Thia
At ghves an efticient, recognition adgorichun.

Lot K™F-(C0 = R{A™OY), where K = K(7). The foliowing ia
Fronn [Brandstaelt, Theagan, Chapad, & Vnloshin, 1954],

Theorem 7.32 [Brandetidt, Drapen, Chepoi. & Vologhin) A4
graph €7 4x hofh chordal and climee-Helly of and enln F 0 = R’E[H} tofers
H s o chordsd gmal [anid 50 of ohd cnlp of O = K[H) whoere 5 dr 2 cliue
grogh of p ohonfal gropd.

Mscelsate, 197) snd Dandelt & Trisncer, 1H1] rhow thet every chiogue-
Helly araphe & has paraucters p <2 2 and = sach that KPP0 = K500,
Tlhis leads o many quiestions inveloms ilerabuag 1he eliqee preply eparator:
sery Sor Instanes, Bapdelt & Urisier, 1998, DPriseer, 1935, aud [Berostein
& Spwarcfite:, 1935%
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[Prismer. LAHE] and Walls & Shang, 1990 amudy Acreditary cligue-Tielly
grophy—gropbs Zor which every indoee] sulbereply s oo cligue-Hede praph.
A family F = {8, ... 8} ol sulsews of » set F i said to aatisfy she strong
Belly comatlion i, ior =very subfamity &7 C F.

:m{.ﬁ-} D5 e e = mind |5 EI'J| : 51..?_5 e Fapd i = i}
By inilauziun, this s sapuvelant to, for crery theee members 5, 5 5 2 F,
|55 .':E'f 8| = min{|& |"“|."::'_I |15 M 5. |5;- & k-

It cam Le showen chan F satisfies Lhe srrong Hebly conditicn if and coly if the
hymererann (¥, Fr i3 a strong Helly hyprroraph (arotion 2000

Theoren 738 (Prisncer) A graph 3 is o heivdifory rligue- Helly araph
if und only if $es famdly of ol the marcliguer of & satiafies the strong Helly

Coni T,

[Wallia & Zhang. 1930] cletines a graph 7 to be fredneible if sach ous-
chique of O vontaivs an ofdge chae is in no other masclique, Based on thot
wotk, Prisusr pives o orbidden indoce] colberapk chareeterisation of bhered-
icary cligque-Helly proqals sod shows thal @ graph is & heveditarr eligue-Helly
graph if and only 17 each of its induced subpranhs s medurnibia,

Theoremn 7.34 (Prisnar) 4 grapA & /e a beredifory ciigae- Ja iy graph
sf and ondy of O = A[IT) wkere IT w0 onetier hevedifory elaqoe- Sl gt

[McKer, 138 defines a notion of su -abeulolely cigue-Helly paeudo-
groeplh” that charsiterizess hose peandaprephy Eroan section 6.2 clhal howe
paenacdes Juas.

7.6 Containment, Comparability, Cocomparabil-
ity, and Asteroidal Triple-Free Graphs

A gruph O is o centeinmeat graph of some Bamly F o= {&, ..o, 8, ) of
woueniply sels L V0 = F owod 58 6 E[G) L sod ooly 3L vioe of 5
and S 8 properhy coktaiiesl i the ather, Becall that (X, <) & a partially
ot srb Ot bnget) 11 < o an 2rellexive, cransitive hinary relacion on the
nomempty ARt XL [anlumbie £ Seteineymiac, THEY) nbaerved that w ol O
A a mosmaionent graph if and onlr 1€ 13 & somperacilvy greph of & posel
[, =], whara thiz weans that VG = X pod w2 900 aued only iluilher
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Figure 715 A poset nad e comparahdity groph.

L'k

o< 4ran 1 <% e Alternatively, a graph & is & comparability eyl o and only
if #[F) can he fmastitoely oricnied meaning that an orientation £r of (5
bus wre set ALY sueh thet we, v & 4000 bnplies v £ 470N Figure 713
shows a poset oo the lefl, with o; < o wheoraver o; 3= below w2y om & path,
atml Is som powability graph O an the righe; & §5 olso 1Lhe conlainment foaph
of the “drwneets” 55 = {7 'y = wr and can be transitively cciented by
diresting all arra dowmward. Chapter § of [Golmnlae, 1950] s a atowland
reference on vompurubility graphs, and [Hell & ITbang, 1995) giver an up-
to-dute deseripiion of algocidis,

The folinwing ewo mesnlts, from [Golnmbic &2 Scheineiman, 1989] wul
Thushnik b Miller, 1941), regpeceively, show thed contwineent gruaphs be-
have weryr diforently from inteeectinn graphen will mysd G che Lapies in
Clhapters 2 and 3.

Thearem T34 (Galwmbde £ Schelnermant Sery conbainmesd
groph ia fhe contotnment graph of @ fomily of subfreea of o free.

Theorem T.36 (Dushntlc & Miller) 4 greph & i the conleainmend
gruph of g fomdly of wteysals of the veod kne f ond onbhy if bl & and ks
cenplement T are conbainment s

Ar a rorcllary of thes and Theorery 727, 7 iR the containment graph of
g sbgenidy of iotervals of £l real B i el coly 35 € 98 pecsutation preph
fwpction T4), Tloshnik & Miller show Lhol these conbbdoment grophs src
also precisely the compurability graphs of possta of “dimension twoe.”

Farallaling saction 1.2, [Gr&-hnul':-i-r_ &z Seheinertan, lEIEEI] cla s eE T T
cntaitinent clngaica, Fets of grapha that are exactly those iscmorphic te
onntainmens graphs of achitreny fsmilies F of members of same set 3 af ot
ifor makence, the =t o ol sabtmes of A troo oo of all inbervala of the reat
lieey, Dufie aosel O of grapls Lo be closed ander oerfoos mediiplinadion iF
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&' E G whoneve: &F pegults from 7 € &4 by vepeatedlsr replacing an axisting
rertax o by & peir 1, 0" of new nonadjeeent vertoss, esch Levus he game
pro-cxisting oeichbors as v Q.

Theorem 7.37 (Golumbic & Scheinerman) A sef § of comparalil-
Hy graphy i o oottt clacr of ensd el Af ol Neree of the Jolicuehy
condiiions are sates e

[L) @ ds closed wtiler indneed saborapha;

(2) & e rlosed wnder perter maitiplicafion;

[3) G hwy 1 cwmposiiaon seTies,

Muoreaver, if rapaofed members of © ore nnt allowed {n the Fe, then zondi-
tiona (1] and (3] ame neccseery and suffinicnd.

[Grhumbic & Scheinerman, 1984 alao characterizes crirtad kinda of mraphs
and rlasrer hrsrd on mverlep wnd disjointedsess, instemd of ictercecton or
eotpparalbility.

[Gen, Sangal, & West, 1993] considers 8 divected veesian ol comtainrment,
grapha. [Ma & Spinrad, 19910 studies chordal romparabiline graphs and
[Eschen, Huaward, Spinrad, & Sritharan, io appesr studies wealdy chordal
conpurebility graohs,

[Columabic & Scheinermen, 198% aiso contaiss rusults oo & box cootain-
ment, porallcliog scotion T (Molee & Moborris, 1902 discosses @ou-
parchbllicy molsigrapls, pesalleling section 6.2, [bokloe. 18990 introduoes
“connection graphe” generalizing beth intersaceion and eoutainmene grapha
(s wlso catole propse oy io section 7.2, cmphasizing the appropsiate aos-
Ingues of edge <lique correrr anc characteriztiug “cattenkion clasaes™

A preph & ix a cocomporeiebty graph if its complement @ % o conpa-
1anility grapk (nr. equivaleatly, a coutadnman: grapnl. Theoren 3.5 aavs
thet & praph 9 wo iotecval ecapl if s onlr 32t b o cocon parelalive greph
that gontaing an indnsed cyele £ and Thearem 7.27 anys that a graph ia
a preroutetion praph i awd soly i1l s both w cornporabslily graph and o
counmprasabiliny grupl,

[Craneil & Kamnle, 1987 chawea <hac ey trapesoid graph (seccion 7.15
it & rooomparabilicy grapk, Aol wo that i= aleo tme of inderval graple sl
permutation graphs. Ceoversely, [Felaner, 1993 showa that every cocompa-
rabiiizy gran! that ia Rlro B min-tolerrnos inkerval graph mmnac be o trapazod
graph. Langley, 1%9d] shooes that eeerye vipactite cocamnpacabdlioy sraph i
a min-tolerance mterval sraph.

The following & from [Golumebic, Botens, & Creada, 1953]
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Theorem T.38 (Golumbric, Rotem, & Urtutla) A yroph s o cocore-
poreibty mruph of ohd oly of 11 5 the ndsrssetion oragf & corliditaots fune-
Morss [ [0 1] -+ B, czeh wéowrd gy o sol of puinds i EE.

net sz inrerval, permatatinn. and trapeenid grapks rave linear ame-
tures, s0 dr cocnmpacability prapha: a mraph €7 ia & eocomparabihity graph
il amel ooly if iew werticed can Be armamgs 0 6 pedh swch Sl we B
i snd oclhv 3 For cach vertesx © 1o betecn w oned o oo the path, cilboer
we = B oo € E(G),

[nrerval, pevivezation, trapeanid, and cooomparability graphs are all spe-
vial caser of naterzidal traple-free graphs -sraphe thas contain no artecoidal
triples [aection 311 iQornedl. Qlardn, & Stewnrr, 1997] ia an excellent surver
il srpdhesrs of wll wepeety ol thewe ooly mecotly studicd praphy {ncloding,
for qustoooy, @ cubic recopilion algotithim). The following two tleomeoms
are fronn that paper, with cos divection of the eecond fromn Moluing, 19946,
[Metice the ramifications for the minium fll-in probdern.] Hecell thas
& C VI domemetes O U crery 10 € VG i cithor i & or 35 aljucend to o
wertex in 5.

Thoorern T.39 {Corncil, Olariu, & Stowart] Every commocied oo
teroddal Iriple-firee groph 7 conbains o poir o & oof veriicas such tho! every
u, -path dominofes 7 (and o cor be found aneh fhat their distance in G
srul: e diewetor of 3,

T'heorem 7.4U0 {MZhriog and Coroeil, Olarin, & Stewart) A graph
€ 5 wilermided Seiple-free o ond oty o wdding o sitimod seb of new adoes
In & & a4 k0 eroddie 0 chorfal gronh alwayy creates an fndorvel grupdh,

T.7 Infinite lotocrsection Graphs

LAltueneh e fave bere malkop the omman ssoapb-theoretic resbriction to
fininy wortex w48 Aluowgloul e el of this oonogeaph, fwch «ork oo
interseciiogl grapis bas ivolved Wfinize graphs. [Dhiests], 198] 33 & recenh,
exhauvative guevey of mary aspects of this work.

Intereasinglr the onelese papar oo chandal graphs, [Hajnal & Surdnyi,
1958, war maet definitelr intereated in the infinite cage i conecsion with
thr “Sonalin bypothesia® (that the veal line crn be characterized aa & denas
Lnger order without ondpeings, complete noder the Inrmasion of supa and
iz, such Lhel oveey colleclion of paereise disjoial opoeo secvals 3w ooeet-
abile’ "WWnlk, 1969 aleo ingroduced Fy-fre chordal graphs (section 7,97 with
tha Brnzlin heprsheads aa motivation.
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Deboe so wafinde suliser groph to be cle nelensed Lo geaph ol soondinite
Eamily of subtiess of an infinite reee and an éyinite rhardad graps ta be a
praah thar ronmtaina co iodneed oycles lareer than triaogdes. While every
infmite subtres svaplt ia An infnite chaval araph, the convers s disproced
in [Hlobn, 1924 even bur gruphe with just B covanebly infudils vwrlee ol
[Dicstel, 1988] gives the followizg cxsmple vl o counbolde chordal geaph A-
Wial 3z pol o osubleee wraphb; Woke Y[H = fenee 880000 and
ETH = {rare - £ 2 FF o fme, 0 L £ 00 G0 L fagsy 00§ 2 1)
fa9 1 i = 1%, Another cxample is given by s, which s obboined (o
H b ncloding sl edges wiw, whore 1,00 2 1 Dicstel ithen preowes that a
ool odide grapls 38 o subbtee proph o and anly (T30S chordal asd concains
niedther By wor Ay oas o "sioplicial oooee”

Kote thel voeh of Dacsbel's twro probleecuslic subgrepbs contain: an ju-
luile complece subgraph, [Halin, 19584] ciprscterises (e linibe ackees
graphe it termis of & suitable vergon of perfer eliminstiog oriteringa from
which the following ia s corollary,

Theorem T.41 (Ilzlin} A gmoh with ne infivdite compleic subyruphs
an wfnite soltbre groph if and ondy o 5w e tiginete shorneal g

iHalin, 1483 alsa considers infinite fmborval graphs. mearing the intor-
section sraph of an infnite mmber of intervals of tie Terd Lioe.

Thenrem T.42 (Halin} A graph 3 or dnfnite inderead groph & enid
only of cvery finde induced suhgraph i an interoel groph aud iy equavelond
T eterly Bhres muoniligees ity e Luel sepceeles o other o,

7.8 Miscellancous Tapics

Cornpletien Sequences, A sorsploiion seguence [or o prapi & within a
clara af graphsa s a sequence of &lgas of 1he complenent, & aich char. when
there pdger ara inserted ane at a time, fach of the remlting graphs from O
up to A s ia abso in the claas. This notion was infroduced o @Grone,
Jokmson, 84, & Winlkewiem, 1954], where it i sbureen thit the eless of chosin
presles pllows suck completion sequences,  Masauesen, FHY] sheve Lo
the cipsues of chordal, wwesvel, proper interael, split, vicculac-acc, ropes
citeclab-ate, chnperability., wbd pormutetion graphs allow cowaplelion soe-
guenoes. (dewn & R, L995] edos stooogly chozdal greplis o this
list and emnthazzes palynomial ajgarithms for finding cempletion erquences.
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[Bakoayi & Bemo, 1997] cataina the enrrespanding remic for chordal hipar-
tite prapha. See [Spintad & Sritharan, 1495] for a-atated anproach to weakly
chorda] stuphs,

Dot Produst Heprescntations. [Fiduceis, Seheinerteon, Tronk, &2 Zilo,
1549 definea the det praduct gmph of & family F of k-ouples of reals to
hrre werteor apt F with vertom ©60 € F adjseent if and anly if 797 2 1.
Thi= meoerslizes the intersection graph (49, ..., 5, 1) in that erch sex &;

'u:zii.ruuds to w charaslristie weoler % o {0, 1}""‘5” aad S; 8y 2 W 5 and
anly if it - & = 1.

Fn‘llgrrnl thﬂneﬂﬂau: Trenle, & Zito defier the dof prodiet diveansion
of &' tn be vhe minjroum k such thet & 36 the dod product graph of & et of
E-vertord. The dot product disnension of & praph ia lues than or eque. to the
wlersevtion number of the groph. Ameoe o eealth of ealts oo dot prod-
net graphs (and Hheir genevalisagions?), they showr that every iuterval graph
hos dot product dirnension at roosl twe sod every charde! prspn & bog dat
prwduct dirnepsgon ut et ooe pluz the order of the lirpest moxelique in S

Fuzry I[ntersection Graphs. A furey s:tis 5 set in which each pohen-
tiol elernent is B the sl with o pacticolar wlue (“degree of memnbership? )
Lstwien O wned 10 Pugay sel (eory (aloog, wilde losey logie aod e Tike) s
enTrRrEhr popalar afnong certain mashematiciang and cympater scieantises, A
luezy sraph® I8 a grapl in which cach pedr of vortier: is joined by e "fuszy
eclge” wilh o walue Delween 0 ool 1. Fusay inderacction grepfe—detinag
i Levees of “[ugsy intorscetion” of lusg sty —aro disugeed o MeAlbter,
1K),

Sce [Craine, 19%4] for another notion of fuzry interscokion prephs with
an analogne nf Maresaweki’r thentem [Uheorem 1.1] and a notion of “Himey
imtervel proaph™ Lt hee au woedegoee of e Gilmose -Hodnen characbarion-
tion [1'keorermnt 3.5) Lol not of Ghe Fulberaon—Gross characterization (Seeol-
lary 3.2%

Intersection Ghraphs from Desizns. Dwaipn theory is one of the cen-
iral wreas of combinatorics snd has ey applimmiions. A desipn o A pe
1t & eollooctton of subscts, culicd bocks, such that every peir of clemcnta of
1he uneleclyioy sel b conlabes] in o [eeed wmoleer of Dlocks,  The Seck-
inrersartint amvepdl of & oesige (Aot tn be eonfiged stk a raph-theoretic
“black graph®] ia the isnersection graph of ite blacke. fee [Alapach & Hare,
1491 aud its references for remals on (and eatending) the hamiltemicity of
Flie blocle-interseenon mpaph, wnd Tlare & MeCuoads, 1903 for diacussion of
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guesteeus of coupgeeivily,

Intereaction Grapha of Algebraic Structures,  Csibisy & Pollik.
1R Aefined the gmph af safgroaes nf o growep 7 o be the iolacses Jon
sruziy of every JF 5 (o}, where IT i u proper, oentrieis] subgrooup of Gl
£ 1= Lo wenkiy eleueny of F, The study ol Lhe wlerplay of 1he stonchires
af Fhe gretpe and ita graph s nomrinued in ARlinka, 197%a). Al sorte of
algebraie pbmetnpes can be gipblariy mreaned, with Hossk, 17T eonsidesdng
the sraph of eubaleehrer of an alzebra.

Summe: of tle eurliost wor's wrolved the graple 157 of subvemigroups of
a veruigeonp of ©ogreap S, the intersecton gropic ol all the propor st
groups of & This bugan wilh [Bosdk, 1984] and continved over the nexs
devele, congidedng such Things as the commucsivire diameter, and givta of
C[%); eea | Shevin & Qvsyannikey, 1943 for referencea. The topic was res-
urpested e [Luediron & Medfocees, L986), charoctorising when 780 1s a
teee, ahd in [Ackermon, Motdoriz, & Bl 1903 feoysing on the cueation
of when €78} iz chavdal. [Tuedeman & WeMorris, 1936 also stndies the
tntersection grapls of daht tdeals, [Luedeman, 1987] the incerseetion srophs
of quasi ilenls and bi-idesls of smipeoups, aod [Pondidck, v aposat] W
interrection grapha of ssroigroups in which svery element is ideviporent.

[r in pagy to see that graphs O = G051 for s semigroup & are upper
bound grapha, it a complene characcarizacion of awh rraphs remaioa an
Loteres Ling wpen arobieer.

Intergection Graphs of Graphs. [Felinks, 19750 defines the interseciion
grpde of o gragh O o e thie intersection prapbe of the edge scta of all the
proper induced asbaraphs of &, 'Lhe paper robntaine veailts and examplea
cribterpnipng 1he congeoturs thaal cvory grapls of order ab beast Jour s unigquely
seslarcned iy it intecsshiom orandh.

Fartition Graphs. Marticion grapha (oot to he conboes] with the "pavci-
tlown interzecton grupls” described fw soetion 247 wero intreduce] o [Die-
Temple. Baterlson. & Hararw L084]. A pertifior graplh is on inlersection
graciy O of o lareily of suleets of wosel 5 auch e Ue verlioes inoevery k-
mal indepeedens athset of 100 coreespemd fnoa partition of % Fhe graph in
Figam 7.14 iz an avamnple nf & pavsition graph on theset &= 13 2. 3,4, 5], aa
is wiloesed by the sed-laheled itterseecion represerehation showm theoer thu:
wxitndm e penelem subsets of TIET] are fa, o) A3 £} {odY, {2.d, FL
uned each cormsponds to s pareition of 5

[Fe Ay, Bolerteat, A DeTomale, 193] chareteizes parlition Srapli+
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Tipure 7.14: A pardition graph O on the set {1,205, 4,3},

b the existence of an slge cligue oower G such shat cach ¢ i8 a maxclique
that haa a nonempty intersaciion wAnth every maximal indepeadent sat of
vertives, [DeTemple, THoesu, Roberlson, & MoAvmwy, 193] cobbains ro-
lated details.

Bundom Iotersection Graphs, The verous wwodels for rendom oraphs
provide powochd tools for wodersbeuding sy proph-thepretic concepts,
inclading intersection zvaphs. [Janson & Keatochwll 19892] has a broad
dismirsion: are alan [fl.']F_ehara: 1991

Randrm interval grapha are dircussad in [Scheinerman, 19880, 15H00]
und applicd +3 gneding theory i Nawigs, 1901]. See [Scheinerman, 108l
Fow sonneslions sibh axboew b oonbers as jaseckion T, 1 [Muhorris & Schein-
e, 1991] discussea randomy chordal grephe, and [Mashara, 8500 dis
cusses rendom cireuls = ore prophy (as 1o section 7.1

7.8 FPree Chordal Graphs and Cographs

The Py-free chondal graphs ave ergily seen oo he the 3ame a3 the Oy, Py-tree
mrapha: the graphs that haw® no induced d-vertex mycle or path. Thesrs
staphy Eorm one of seeral well-atudicd forhiddeo-~uberaph anbclaasaes of
clhordod prople: e fnelude s secklon on this pectivuler ome Leoause of itz
eebny relokionshipy 1o ther coeepts we bost considered, These grspha Brst
appeearsl in [Wolk, 1962, 1965

Theorom T.43 (Wolk) A groph év o Fy-free cherdal gragh of and enly
i i a5 U commparabisdy graph of e fee poscl,

More divectly relevant to intersecrion grapha, Skrien, 1532] defines &
sruph s be m nested intemal graph if it 45 the imtemection graph of & family
of nesied ntorvala of the real line, mewning that twn intervala in the family
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hwee w ponvropry iolemection only wbeo one oF Lhow @ oconlaoonl o Lo
osher. Eyuivalently, wgraph is a nectad interval groanh if aod only 326 1= Lae
rontainment, graph (#ection TA) of edted interamla.

Theorem T.44 (Skriem] A graph e Fy-free cliordn graph of end endy
o i e @ nested inderval greph.

A graph 5 5 perfect i, ot ewry indneed sahataph 7 of <, the candi-
nnlity of the lacpest mdeprnident. et in 437 synale tho wininommu mmber of
muxelgues needed o oweer T7C", (Perfert gmuphy, inkbrodoees by Bueres io
vhe eardy LOE0:, hivve i ioemense Blreraicae Ll cdodes  Goluotee, 19801,
the elassic trathonk on reisaction @rEp® thenryn) {Fohnnbic, 1974a] de-
Hoes u mruple & to be triviolly perrect if, for avery cueced snbe-aph & of
&, the carcimality of tlie largest Indepezdeet wel 30 & cgquals Lie nurmlber of
mavct mies af ('

Theorew T 43 (Golambic) A graph és @ Fy-free shordal grapl §f oo
anly if it {5 tedinkly perferd

A et 5 C VIG domdiater a greph 0 U every verlsx of {7 ia eitler in 3
o kas A neighbor in 5. The deminaticn ammeer of O, denated 005, is she
srouillest curdinalicy of B et & that domiowte: & For any coroplate suberapa
G af &, cladioe M0, Uie comgmoen aefphderfioed oS, e be 8] - 0 € G
The fallowing thentems are fom Mokes, 193010, t0 appeatial’, reapermively;
Thaerey i relatee? migterind o (Kelleher 80 Cozreas, 1004

Thevten 7.46 (heles} A groph O de 3 I -froe chardal groph if and
et 4F VO come b geviersed oo owed ibere pach w domeinales 1ne comege
et in e snbomph of O ndieeed bl

Theorem T.47 (Mclea) For siery qoapdh 0,

3=l £
o

whers the aum e brken emer 2l manempty remplede adgronha ) nf O st
equedity koldmg of ond anly 4 00 4i 2 Fy-free cherdu preph. | The wcquality
arso felds when e perameter @6 mopleond wedl Bir namber of compencnis.
wilfe cpuelly Men holdmg i and omly o7 3 2 chordal)
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Define £ errgth 0 bA & femditary upper dowad greph if svery induaced
suzbpraph s an apper bound groph, Myers, 1032 chows thet o graph dan Fy-
Lree chardal prepl i ad coly 305 is o beosiizacy oppor boond graph, [Ma,
Willis, & Wa, 1989 characlerizce Fy-leee chorla! graphs as guosi-tbresfald
sraphs, o weakeniug ol 1he notion of threshold grapbs ot Chopler 5 Yo,
Chen, & Chang, 1090] dizcusses quasi-threshold graphs furcher. Fi-frec
rhrrdal @raphs 420 shaw npy in [Feyion, Pethen, & Ynoan, 1995] in conmection
with sparas masTiv crnptaticna.

[Blrica, 153%) relern (equivalenlly] to Lhe Py-Lose cordul grapls o being
the #y-free fntersel maphs. Replacing Hy with the Jovertex tree F Laving
degrees L1, 1, 7, and 3 (like the lecter F), |MeFar, 19880 ahows char B-free
fuzerved praphs gre thease fr wehitch clique pach Tepressmationd ace radacerd
L w smaple-ended sreedy poth wlesontben obaoe] oy meelifyinp Knaskel's
algorit o Lo e ey chuouss au edie of laogeat weaght tlat doss ool form
pither a saele o0 & weveer nit degrer threr wits previnealy chogen erdges, This
gives an analoge of che choedal graph greeds: trae algorichn of Theotem 2.3:
The Fy-frer incerva: grepha (rinivalently, the nested interval grapha) ave
preciscly the praphs for which the simple-minded preedy path eieorithm
produces o, oested interval reproeentation,

I'hivae Fy-free granhs that are pok uecesparily chordal hse also besn in-
copcndently investipated and ere also koown by many diffecent aames, the
mrast dreoienl beluy comeleneens redieible ongpler o, oece ofben, oegreplis.
I el Lercha, & Szewart Burlinghsin, 18917 iz che key peper, organizing
rtany peaple’s work Gom the 19708, with an a3sortment of characterlzs.
tirme snd applicaticna. 'Chailen, Murrsy, & Rosenthe!, 1339 containa sven
mory, abunos o appiicablon 10 autonnabel theoremn provoye,. Copraphs
formn a enbelars of the prrovtation graphs (section 7445 The “complement
reclucalle” mwaee cozaes Toom the followng:.

Theorem T.48 ({Toroeil. Lerchs, & Stewart Burlingham} A arapl
i 7 oograph o and oy i i ren B redvend fooan edeelese groph by repeat-
cebly Sodnny commplorrenty wilthin components, Tn sther worts, 3 OV = &
rdd U G s wnden of Mo complemenis of ofl e corgronenls of -Gﬁ:,
ten G is a cograph of ond enly i these 271 Al evigt ond berome edgeless
Fror snfRcdently Tame 4.

Fipuee 715 shows an example of & cograpb 6 and (39 and 713 the
U8 wich § > 3 uge all edealese. Tryine the same pracess an Py rlaarly nrvar
eves boegiog b oead 1o sy odeelesss s,

Taraileding Theonen 743, v eroph s 0 copeepl 12 and coly 15 it ia the
careparalbilicy grapl. of a aorics paralle]l pozet, Meralleling Theoroe: 7.45,
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Figwe 1B A cograph O wiih 485 aonedgeloss subsidiary cogrupha &4,

(z i5 & cgraph if and ooly 12 in every induced subgraph 7 of (F, ewery
maxclipee and ovwry maximel ndopendent st have axactly ome seroesr in
vcorenei, (lher steaple cli selargsalions elucde <l Gollowinge:

o ln every pootrivial [earieg VG = 1) induced salgoaph & of &,
theye are werrines e, w Anch ekan (05 fo w} = hn s oo in &

» For vvery nenzdviel daced snlborapl & of 00 edther 6 ar bs oo
eduicel, OF 15 el cotuecrol,

s [eery connecrad inducaed srcbersph of OF has dismeter at most ewo.

v (5 can be genetaced tram crivial Zraphs v & sequense of digjoint unimns
end jolas,

[MeFCa, 18900] fiugther sindies the copmeconons siuong coptaphs, e
smetion grapha, sand comparabilitg geaphs (as well as 1heiv poultigraph ans
ITegaes], wwsludicg Lo staterosul of the oliowog, Sodd? odecsection chir-
acterizgrtion.  Oall v sraph v wdd dntsternfror graph of a family F =
{81, -0 &) of sty il 0L bue F ooy ils verles sob wilh 5 and 85 adjuecnt
i and andy BF LS 5] s ond

Theorem T.49 A graph & 05 4 cograph o o ey o there easls o
raated tree I with ne nanrood verter of dogree Two auel Erat O i iemmarphin
frr the odd snbersecteen gruph of =il Bhe roof-to-leef poths of T

These trew ace essenliolle e cogrees o Ovroedl, Lerche, S0 Suewarl
Buvliggham, T981]. P inatanes, & codves reprosectaticn far che cograph
in Figyee 7.15 = ahowm in Figoee 710, eotice hew its sularesa covrespaonsd
ta the components of the G0V |Chomedl, Perl, & Seewert, 19830 rontoins
mara infarmation an eographa. inclecing & linear algorithnm o vecogniziag
rographe ATd crmacmcking ontree repTesrmatiome.
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Fimura T.16: A cofres reprezentefion for the nograph in Piguse T.16.

F.:it:';u:e T.17 A chordal graph whese squoere ie nnt chordal

7.10 Powers of Intersection Graphs

GGeneralizing the notion of souared graph feom sectiom 4.1.1, che k-power of
a graph (7, denoted G, has Lie sanne verlioes as 6, with em verkioos woand
u) adjacent. if and anly if dlw, w) < &, whers dlx, w) denotar the wmal graph
dezliner o &7, Sectivn 16,2 of [Priu:u_'r.. 1955] discusses powers of sll sorts of
nrersartion grapha.

Muby ntersection Cussne G are cloged trcder powens eaninge thel O = ©
impliea that (7% £ ¢ for all & = 1. An infersection clasa §f 8 strongly closed
under powery if, for evary & > 1, % 2 F implies that G £ ;o other
words, if a power of & i in the closs, then o aee all lnghor peasers.

[Laatear & Shier, 148 effectively began the study of powers of cluordal
srarha, noting that the olrer of Rl chotdal prapha is eok cloaed ider prwees:
the example in Figure T.1T7 is & chordal praph whoes squara ia not choridal.
|Liasbonr &: Shier, 1983] aud [Wallis & W1, 193] both charecterize when the
sruate of a cheordel preph is chordul.

Theorem 7.50 [Walliz & Wul A chordsd grpit ©F her &7 chordal 3f
and ordy if the cligue praph () of €2 8 chorgdal. For any graph O, K0
chovdal implies G2 ir chordal.
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ICrachet, 14ad], [Balakrizhran & Panlraja, 1944|, snd [Flotowr, 18497] cone
i furkler results po powere of chordn] proplie, Call ke pregh lormed [ron
w Crimaele Iy adding vao noosdjsceol peodaont edees (e e leller &7 an
A-praph, and vecall thel R, i@ vhe upper-iefl graph in Figuree T4,

Thearem 7.51 (Duchet) Jf (7" 15 chordpl, then 3o i3 G5 IF & and
£ are bath rhandel, then ot padeers af G ore shardal

Theorem 7.52 [Balakrishnan & Paulraja) G 4 chordel and & i
ot Phen £2% iy chowdud, PO i eholad prd G 13 not chonded, then pone
of the edpes of any chardless enele of &4 @ on edpe of G© forr < 3k

Theorem 7.53 (Flotow) JfO contains uo wmeeboced A-gruph or K0 o
C with 0z 2k =3, Dhen OF &5 chordal I O condaing no sadueed Ky or
Ca with 7 2 4, then erery power of ©F 48 chordel, I & condains no sadicsd
fpa or &y with 0 2 6, ther arary add wrwer G5 B 200 of 43 chordal.

[Bramdstal, Chepot, & Drrapan, 1996] shows: 1hat 303 and 3% ase bulh
canrdal, taen they have @ eomon pertert elmipatinn ordering that can be
byund cticicotly asing o wodificd mecdmom cardinedity acarch.

[Raschoodhn, 1987], Trisner, YHGL|, and [Flocow, 6] investizee
the clagers of [Proper? lnbetval graphe and cimolat-ure oapls.

Thecrem 7.54 [(Rayvchaondhuri] The ittereection clusies of finterial
prupls oabervedal toyple-free graphs, end proper fntervel graphs are sEronuly
rlneed AtEr PNERE.

Theorem T.5% (Prisner) s infersection ciags of proper carilarayn
graphe e strangly cloged ander pooers,

Theorsam 756 (Floton ) The misrascidon olmae of cimufor ave s
if clneed wnder poavere, and for afl k= 2 L% a rirealarore graph smphes
Mat OFF2 g crruler-ere groph.

Tke vezult of Tubiw, 1982] and 'Dahihans & Dueled, [087] thar strongly
clirdal grophs (soctlon 702 wee closecl under poseess e sloengtbened in
Haruhawdhuri, 1932a].

Theorem T.537 [Haychandhurl) The stersection olars of sty
chordal gropha 48 atrongly closrd wiuder pagers.
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[Lundgren, Mers, & Rasmdesen, 1993) mvestigntes chamcterizsing graphs
whese squares e interval graphs. [Bramdsticil, Diregan, Chepai, & Volochin,
189d] showrs bnat the intersection class of cligque grophs of chordal graphs
(arction T.3) 18 closed] under oowers.

[Jamison, to appear! shewa thet every power of & block greph is chordad,
where u dldeet graph iy any graph somerpioe to the inersection graph of the
werteys =els of all sle blocks—moximal 2=viwected subprapls—ol & prapb.
(Black graphs ate act ©o be contuzed with the block-intersection graphs of
degipnz in section T.8).) |Harary. 1963 charactorizes block prapbs aa the
praphs o which every ook 35 complete.

7.11 Sphere-of-Influence (Graphs

Supposc A Is auy fnite set of poines in E® acd ench o € X i= assacloted
with the npen hall ceotered et 2 with radine eepeal tn the smatlest distance
from r to any cther point of &' A praph is5 6 sphere-of-influcnce graph if it
1% bearacrphie oo che Iascrsection geaph of such open balls for same &' © B2,
[Lipmian, 1%92] ahows that the painte » can always he assvmed o be lastice
poimzr af the plane. (losed sphere-of-influence arephs ate defived sizndlarly
uslng elogud bally, The saaietrle delicacy Tnwalwed i these deflnltioos
be glitnped in Figore 7.18, which shows that the eyele £F i3 & aphore-ox
inflnenoes prapi- Note she tanmency of the wpper el aod appec vt sireles;
L Thearem 7.50%, O 13 oot a cicsed splerc-ofinflucnes praph.

Sphere-of-inflnence srapha mpew out the [Loveaaint, 1985 disenasion of
pattern revognition ard ommpalet wision; [Jaromeeyk & Towsalnt, 1992
conbaine references and dircussion of general prowimsy graphs of this sort.

Muen work hag besn done atteropeing to charactorize which gimphs are
[closod) aphereofinfluence graphs, but the gencral problems remain open.
O wwkvvwrd Gl I Llal (e classes of all sphece-ofiofluence graphs and of
ali closed spharecolinfaence graphs ate not closed under induced subgraphs,
et an are nor pgtereection rlarges in the senae of section 1.2.

& 1@, ..., Gp}-factor of a graph ia A spanning subgraph consisting of
vartax-diajnivt copiea of graphs isomorphic te graphe each of which is iso-
marphic to one of 0y, .., () a { Ko ]-Ectng ik a perfert matching. ‘The fal-
Lomrinug; resnilbs are frotn [lacolesn, Liprown, & Meddncos, 1995]) and [Michael
& Qint, to appear]. (Hecull that 2, denetcs wopacl: selbh 7 — 1 odpes,)

Theorem 7.68 {Jacobson, Lipman, & MeMorzria) 4 tree ie o sphere-
of~ffinence groph & and ondy of # las ¢ perfoct mofehing and 19 0 olosed
sphere-ofinfluence groph iF and onfy €548 hes w { T, By <focter.
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Fizun: 718 O hefls ahowine el O s o safarre-o g luence ananl

Theorem 7.5% (Jacobson, Lipman & Dchlorcis) Every betere-
Frea cloged splere-al-ipfuence praph ez o netfent maiching.

Theorem T.60 (Michael & Ouint] Keery trdogle-frer spher-of-
influeree groph or trangle-free closed sphere-wf-mfAvence gropt w planoe

Elven dTe dlategs ol comnpleles wiapls = oroh Tolly Boewere Hieoe iz o8 200
Dctwrcreny A, whici i ozoown te b s splrooc-ol-iodleenee aoapin wned i,
whick iz knomm wnt to e by che follovdes eeenlt of Azdy & Boohicsd,
L987]. [Bugary, Jecobsun, Lipinan, S MoMords, 19973, conjociures tbal Ky

ir nnt A rphere-of-influenne grapk.

Theorern T.61 [Kizdy & Kublcki) K2 i not o sphere-ufmfluer oo
aroph.

Plicloul & Choink, 1994° sumvavs spliere-obulocms: grapbs ol s o
Leilaliperu phiy tlo is cormplote bhooel [D0E0 Ly mlso shieaws Do Loue eoby om
spbuere-ulljullusose praphe Ancs nolural expresion wlen eavepded lyoachi-
treoew mRtTEn Apaces. [Ohen, Choanlel, Jaonha, Scehelp, & West, 1992 ann
[Harary, Jacrangon, Liptaan, & RedToreds, 1904 resent a velated notion of
inflneron gragh, repleciar euclidesa diatance wizh the naial errah-shoarenic
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diztanee metvic,  [Guicas, Pach. & Sharie, 1994d] fnvestlpates zphece-of
influenre graphe in higher dimenzions. (Holm & Bngart, tn appeart] atudiee
min- wid sum-tolerancs aphere-of-influcoce: praphs.

Thecrem 7.62 [Helm & Bogart] Every troe is loth o smin-tolerunce
spheetr-ofanfloence graph aril & sure-Iedetance sphere-afanfueioe afuph.

Lizman, 19%] studies mex-toluranee sphereolmluence grophs ol
zlows that oot cvery troe s oaomase kelerance sphere-of-infeceoe grapl,

Theorcn 7.83 {[Liproan) The comgplete bipariste g K| 4 6y o mes-
falernmed spherc-of-inflacrioe greph i and otdyr i1 = n = 4.

tMoblortis & Weog, 1 oppest| niciite: the stady of sphere- of alivoetion
aropha, mativated by applicatione to marketing in [Crams, Hansom, & Jan-
word. 10H5], Thewo wre dvined by tvwo sets X sod AL of polots, wiios:
elements con Lo thought of as, regpectively, “cuztomers” and “prodncts.”
with hella [open o cloged] ceatered st pointe of X, wrere gach rading i de-
termined by the shomest distance to & point ju Ay, Mebdorzis & Wanog prove
thut, in BY, clowed sphurc-of-ubtreotion zmphs e proper intervel groapls,
and thes give a farbidden subgraph characterizatien of the B closed sphere-
md-actrretinn graphe. 'Lhay alro show that every proner interval graph is an
B? closed sphere-of-atiraction graph.

Thecrem T.G4 {Mchinrris & Wang) 4 ériengle-free graph is on BY
spherreufatttuction muph (or, euielents o sloged B2 sthere.ofs pdtimelion
araph! if and onky if it i planar.

T.12 Sicongly Chordal Graphs

A chordel praph 5 adrngly chordel if it hes the additional property thaet
every vrole O of even lenpth o feasy s hos a chord las divides © inko
e ncd-leagth paths, Stmogly chovdal graphs faem an intermediats EBin-
il betwren the families of interwal grapha and chordal praphs. They haye
bewr: prrhic larly iImpnrtant ecanse certain araph-theoretical problems have
cfficient computational snlutiens for mbEamilies of the Bamily of stronply
charda] graphs. Mowover, oo will Boeus on sbrocturs] proporties, pricsrily
Fre che Fioclstnental papey Fapber. 1983],

Tiefine a fmigpoline, someriues called a & sun, to be a graph formed
from En een-langta ewcle oy, g, by oadding edges betvseen evan.
suberptad wertices so that {wg, @y, ...t} nduces & complete subgraph,
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Figwre 7.200 A cflordal, dal ol strotaly cionful, groph and € e trer,

Frr instance. the sraphe oo the left in Fipnrea 711 and Pigore 7.14 e
trampolives. [Waroing: Jome antlems wse *“lrampoliog” soc o™ wll
Chv s wweabiong wxoepl widhy "vozuplete” seplacasl wich et the T
presnings are pglivalent in 1he follawing charaeterization Ly resnita in Far
bey, 19834 and [Chang & Xennauger. 1934

Theorem T.6GF (Facher] A poupd fe sbravigln clorgded 35 oo wely 3
@ chordad and sondaine a6 indared dromecline.

Duefioe novorwex v 0 V0T 1o bw sdmpde o, Dor every wow 30 &, 1he:
rlasac neighhozhonds &' and N[ie] are onmparabie by inciusion.  bor
inezumess, vertcee 1oin Flauee 710 4= simple oo M1 - (2,54, 57 ond

N[ Z NI C W[4 = M 3): the graph in Fignre 7oH1 kAR un Simnle wermec
Cuil B0 ordernp (ep.. ... vy of 8]l the vertieos of O o spdy chemiee
grderwy of & 1L Lor voeeh £ @ 1o owd oy i siople wrrles ol che /b
graph ndueed by owy.oooovqs Uhe wertices i the ateomg’y chaselas graph in
Figura 7.14 are numhbered ir a simple eliminstion osdedop. Toe foilowos
theorom parellela the nedfert eliminption ordesng chnroeterientios o2 chordal
graphe io Theorew 2.5, Farler, P83 alao inoroduces o dillene, szl
lags sunple wotcon of “stoooy cliuoedion arelering™ That e charaslarises
atremple clionelsl graple.]

Theorem T.86 (Farber] A groph ¢ stroaghy chorded o aod ondy 1 <
e v siaple sheusnadion andeeog.
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Chong & MNemhauser, 19484] cheerres that & graph is chosdal if and only
i, far everyr eyole 2 of length greater than thres, there is & triangle conaisting
nf two sdges of £ and one chord of . [Dakihans, Mannel, & Millar, 1455]
provcy thut v chordel geaph s stronply cherdal i und only i, for crery ovele
C7 ol lonprdh proalor than e, leee 12 o tridogle conzisbugg of obe edzbe of £
auel Lwar chespals ol O,

[Brawdsladl, Dragmy, Cheps, & Voloshiv, 1994 showe Lol @ praph is
atremgle chewdal iFare o ¥ i eerny indured ankbgreaphoig the clique graph of
a choedal graph [reetinn 7.5). [Bandelt & Priznes, TH81] rhows that a graph
{7 i strenely chordal iF eod coly i &7 .- K{I} where H is another scrongly
choedal graple. Raychuudbori, 1988] glvoz an slgorichmn for the intersect lon
nimber oF sorangly chordal graphs.

Scrongly chordal praphy coe iotimatcly relotcd o totally belaneed by-
prrg-aphs in "Ansee & Farber, 1984); sere also [Lubiw, 1957]. The sesoud
park of the fallowing theoren alan appears in [Brouwer, Lnchet, & Seheijver,
108, which nontains the wery similar charneterization of chordal biparkice
errlis stuterl in Theoren 7220 [Ma & W, 1990 shows -hat Theomem 767
15 also Loz wlen £ 2w Lher Taonily of 2l toituonwd vor bex separabors of 8ocbondel
Brag Or.

Theorem 7.67 (Yarber] A greph O iy strongly cherdal if and ondy i
the fapetavaph (V0 E], adlth £ the Jondly of oll maselpoes of &, i fe-
Lally blanced; movecwer, the same 12 druc when £ 8 e formdy of all closed
ﬂ{-fn_',ln'.;.l'ln;..r'n'n:n;h’_:—.:.ﬂ;; u_,r it ined r}__l'r{;.

Coll a chigue tooe T o strurer chgoe (e represendalron for s praph & wien
theve are ted veTtioes s, ... € VI and Gy, e & VT, & 7 8, auch
that ¢} 1w in a0 and 2y, v win T and T, .., &nd )y i5 1o T and 11,
with oo Oy inemy other T3 Do 5 < {1, k). For bnstoroe, Lhe elique
rree o Fiwame T.20 geap [0 geen oot o beoa steong oligqee toes by taking
o B o= Aowy o= 7oAand o) — 1245, Ole = 4567, 0z = 2idT [in nther
vroncds, T i not A strooyy cdlique ires Decuoee of the “eyehe” areanpomens of
the subtrecs Ty, T3, aed T5), Thic b= exprosssd in Lerow of oicher of the
b perrephe (R, T and (VT {1 0w & VIE oot heing strongly
balanced. 1The fellmeing sharackerization, narallsling 'Checrrm 2.1, follomr
frann Vhearem T.07, isarcige 2210, and Corollary 2,10

Theoren T A& A4 graph iz stronaly chordod i cod ooy if o bos ¢ stioter
wlune fre vepresat o ok,
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[Mikee, bo appese! b)) chavacterizea sneh steomp clique o represerta-
tiona T of £ by, for ell # £ T[%), cech T, T, ... buing counccted, whuere
{minuicking scotion 2.1) T Ls defnec 1o be any maxiio) spanining cree of
the weipliteel intesection praot K% ETTT ol the s §000 2 € KT} 1Y
ia defined aimilarly in terms of £™(ETT). pad w0 o

Heflecting their conueetion tn fodally balanosd hyperprapis, strongly
chorda. grapha ate alan intimately related to chordal bipartite srapks o
Miahthana, 19A9|, [Ilffmen, Kulen, & Sabarositeh, 1935], (Hamaner, Mofroy,
& DPrewsemsnn, 1'93'!3], bl ;Bru.ud:i‘..id‘l. lﬁEl'l}. For snstunee, Brodelidt's
piper icludes procds ol e lelowioe vweo results (which shoald be oo oaared
with Hxercire 311 anrd Theorem 0.5,

Theoram 7.68 (Brandstédt and Miiller} 4 gregh& on VIS = [,
ooy v b s strovngly chordal of and ondy o B{T) e chordel inporiéte, whers
HIGEY ds defined b be the bapeortits praph oa VBN = Jo, ooty o
Yn} dtife il € BUAG ) canectly avfse wither 7= § o opy € TG

‘Pheorem 7.70 (Uehlhaus) A fSéperfite pragt {5 4 nharel Bipariite if
ernd ondy ¥ the split greph olbtedned from O by wmacking one af s twa coler
clesses cornplet; i stromeily hoedal.

Parslleling Tlecremn 768, [Blolos te appear|b]] el dofine o “strang
tirightrorhonel tree represeincation™ ¥ in the same way &2 renmg clinne tree
repmerentations, ae b mesdimum spannine tree T of the seighted intersection
pruph KY[ASCN) of the st MY [N [2) o v ¢ VIO} of o] open neigh-
bocleads of wertices of £7 sach Lhet overye T 70, T, s coaneceed . Then,
eeosbanl v Theoeom 722 or V.90, b prupb iz chords] lapactite i e ool af
in b ebrong neigkBertoud Leee represeestalom.™
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